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ABSTRACT

The general theme of the thesis is the interplay between magnetization dynamics

and spin transport. The main presentation is divided into three parts.

The first part is devoted to deepening our understanding on magnetic damping of

ferromagnetic metals, which is one of the long-standing issues in conventional spin-

tronics that has not been completely understood. For a nonuniformly-magnetized

ferromagnetic metal, we find that the damping is nonlocal and is enhanced as com-

pared to that in the uniform case. It is therefore necessary to generalize the con-

ventional Landau-Lifshitz-Gilbert equation to include the additional damping. In

a different vein, the decay mechanism of the uniform precession mode has been

investigated. We point out the important role of spin-conserving electron-magnon

interaction in the relaxation process by quantitatively examining its contribution to

the ferromagnetic resonance linewidth.

In the second part, a transport theory is developed for magnons which, in addi-

tion to conduction electrons, can also carry and propagate spin angular momentum

via the magnon current. We demonstrate that the mutual conversion of magnon

current and spin current may take place at magnetic interfaces. We also predict

a novel magnon-mediated electric drag effect in a metal/magnetic-insulator/metal

trilayer structure. This study may pave the way to the new area of insulator-based

spintronics.

In the third part of thesis, particular attention is paid to the influence the spin-

orbit coupling on both charge and spin transport. We theoretically investigate mag-
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netotransport anisotropy and the conversion relations of spin and charge currents in

various magnetic systems, and apply our results to interpret recent experiments.
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CHAPTER 1

INTRODUCTION

If you can’t explain it simply, you don’t understand it well enough.

–Albert Einstein
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Spintronics is a vigorous field of solid state physics, which studies non-equilibrium

phenomena related to electron spin. Aside from fundamental interest in the quantum

nature of substance, this field has also been fueled by its fruitful application towards

information technology. One of its most remarkable achievements was the Nobel

prize winning discovery of giant magneto-resistance which triggered a giant leap in

the data storage density of hard disk drives (HDD). However, the HDD technology

is just the tip of the iceberg, as the pursuit of spin-based electronic devices such as

magnetic random access memories (MRAM) and etc. have been intensified.

Although the main achievements of the field in the past two decades including

tunneling magnetoresistance, spin transfer torque and etc. are now directed towards

commercial applications, there are still many remaining and emergent problems that

are of fundamental and practical interests. In this chapter, we will focus on some of

the currently interesting problems. We will introduce the essential physical concepts

and provide a brief overview of our approaches as well as the main results. Detailed

derivation and calculation will be presented in later chapters.

1.1 Interplay between spin transport and magnetization dy-

namics

1.1.1 Background

Interplay between spin transport and magnetization dynamics has become the

main theme of spintronics ever since the discovery of the spin transfer torque[2,

3]. One of the most important applications of spin transfer torque is the current

driven domain wall motion[4]. As shown schematically in Fig. 1.1, when conduction

electrons flow through a (transverse) domain wall in a ferromagnetic metal, the

domain wall moves in the same direction of the electron flow.

The physical origin of the spin transfer process lies in the exchange interaction

among electron spins. In a ferromagnetic metal, this interaction may be effectively
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Figure 1.1: Schematics of domain wall motion driven by spin transfer torque. This
figure is taken from [1]

described by the following s − d model Hamiltonian

Ĥsd = −Jsdŝ · Ŝ (1.1.1)

where Jsd is a positive definite exchange coupling coefficient. In this model, two types

of electrons have been distinguished: the itinerant electrons (with spin operator ŝ)

and the localized electrons (with spin operator Ŝ). The former refers to electrons

near the Fermi surface which are responsible for spin transport, whereas the latter

involves all electrons well below the Fermi surface which take part in magnetization

dynamics 1 . Roughly speaking, when the electrons travel through the domain wall,

due to the above exchange coupling, they tend to align their spins with the local

magnetization which will in turn receive a spin torque (indicated by the smaller

white arrows in Fig.1.1). Indeed, the spin torques drive the domain wall to move in

the direction of the electron flow. This is a typical example of spin polarized current

induced magnetization dynamics in ferromagnetic metals.

To think reversely, one will raise the following question: in ferromagnetic metals,

will magnetization dynamics generate spin or(and) charge current(s)? The answer

is affirmative. For layered structures, this phenomena is known as spin pumping

[5, 6], while for a continuous magnetic texture such as domain walls, the current

1In real transition metals, there are strong hybridization with d bands and between s and
d bands, so it is impossible to unambiguously separate electrons in this manner. However, the
s − d model has been very useful to provide physical insights and even reasonable quantitative
estimations.
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generated by the temporal and spatial varying background magnetization is often

discussed in the context of spin motive force [7]. In this thesis, our focus will be

on the latter case. We will briefly present our model and results in the following

subsections and leave more detailed discussion in Chapter 2.

1.1.2 Effective electric and magnetic fields

To see how electron transport property is affected by a magnetic texture varying

in both time and space, the minimum model one can think of is the following

Hamiltonian for a single itinerant electron

He =
p2

2m∗
e

− Jsdσ · m (r,t) (1.1.2)

where ψ is the spinor wave function, m∗
e is the effective mass of the electron and

the exchange interaction is treated in the simple s−d model with σ being the Pauli

spin matrix vector, and the unit vector m (r,t) representing the direction of local

magnetization. By performing a canonical transformation that rotates the spin

quantization axis to align with the local magnetization and solving the resulting

Schrödinger equation perturbatively (assuming m (r,t) varies slowly in space and

time), one arrives at the following gauge invariant electric and magnetic fields [8–

10] acting on the electron

E±
i = ± (�/2e) (∂tm × ∂im) · m (1.1.3)

and

B±
i = ∓ (�/4e) εijk (∂jm × ∂km) · m (1.1.4)

where εijk is the Levi-Civita symbol, ∂t and ∂i are shorthand notations for the time

and spatial derivatives. Due to the exchange interaction, the influence of a magnetic

texture m (r,t) on a conduction electron is equivalent to these electric and magnetic

fields. Detailed derivation of these effective field is given in Sec. 2.2. In the rest

of the section as well as in Chapter 2, our main focus will be on the effect of the
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effective electric field; we will briefly discuss the effective magnetic field in Sec. 2.4.

1.1.3 Spin motive force (smf) and damping tensor

If spin-flip scattering is negligible, we can adopt the simple two current model

[11] to find the induced charge and spin currents

jch
i = c+E+

i + c−E−
i =

pc0�

2e
(∂tm × ∂im) · m (1.1.5)

and

jspi =
gμB

2e

(
c+E+

i − c−E−
i

)
m =

gμB�c0

4e2
(∂tm×∂im) (1.1.6)

where c± denote the conductivities for spin-up and spin-down electrons, c0 = c++c−

is the total conductivity, p = (c+ − c−) / (c+ + c−) is the polarization, and g is the

electron g-factor. For an open circuit, the above charge current will result in an

electric potential difference which is now known as the spin motive force [7].

In order to study the effect of the spin current, let us consider the following

generalized spin continuity equation for the itinerant electron spin density [12]

∂tns +
∑

i

∂ij
sp
i = −ns × m

τex

(1.1.7)

where τex = �/Jsd. One can thus identify the divergence of the spin current as a

spin torque acting on the spin density, i.e.,

τ s = −
∑

i

∂ij
sp
i (1.1.8)

Since the exchange interaction conserves the total spin angular momentum, the local

magnetization will in turn receive a reaction torque from the conduction electron

τm = −τ s =
∑

i

∂ij
sp
i (1.1.9)

One would expect this torque to be dissipative, since from physical point of view, the
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conduction electrons will take away the spin angular momentum from the local mag-

netization during their interaction. We will rigorously prove this point in Sec. 2.2.

Therefore, to better describe the magnetization dynamics of a non-uniformly magne-

tized ferromagnetic metal, the conventional Landau-Lifshitz-Gilbert (LLG) equation

should be generalized to incorporate the additional damping torque, i.e.,

∂tm = −γm × Heff + m× (D · ∂tm) (1.1.10)

where the damping tensor reads

Dαβ= λ0δαβ + η
∑

i

(m×∂im)α (m×∂im)β (1.1.11)

where δαβ is Kronecker delta, λ0 is the Gilbert damping constant and the pre-factor

η is measurement of the strength of the additional damping torque and is given by

η ≡ gμB�c0

4e2Ms

(1.1.12)

We note η is proportional to the conductivity c0. This agrees with our previous

physical picture in that more conduction electrons will surely make the magnetic

damping more effective.

In the presence of spin-flip scattering, the above two-current model is no longer

valid and we have to take spin diffusion into account. In Sec. 2.3, this case will be

investigated by solving the spin dependent Boltzmann transport equation including

the effective electric field and spin-flip scattering. We will show that both smf and

the additional damping torque will become nonlocal in the diffusive regime.
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1.2 Spin wave relaxation and transport

1.2.1 Background

Concept. Among the local spins on lattice sites, there also exists an inter-atomic

exchange coupling, i.e.,

Hdd = −Jdd

∑
i�=j

Si · Sj (1.2.1)

where Si denotes the local spin on the i-th lattice site. This exchange coupling is

responsible for the ferromagnetic long range order and hence the Curie temperature

TC . The excited eigenstates of the above Hamiltonian correspond to collective exci-

tations of ferromagnets, which are known as spin waves or magnons. Each magnon

carries angular momentum −� and energy Eq. Below, we shall analyze magnon en-

ergy dispersion relations especially for thin films where the demagnetization energy

becomes more influential.

Dispersion. If we only consider the above exchange Hamiltonian, the magnon

dispersion simply takes the quadratic form

Eexch
q = Dq2 (1.2.2)

where D is the exchange stiffness. Note that for the energy of an exchange magnon

only relies on the magnitude of the wave vector and is irrelevant to its direction. In

this case, the energy of the q = 0 magnon, also known as the uniform precession

mode (UPM), is smaller than magnons with finite wave vectors.

However, if one takes into account the demagnetization energy, the magnon

energy will also be dependent on its propagation direction as shown in Fig. 1.2. Re-

flected in dispersion relation, instead of a single dispersion curve as in the exchange

magnon case (Eq. (1.2.2)), we now have a magnon band (or magnon manifold) con-

sisting of a set of infinite number of dispersion curves, each of which corresponds to

a specific angle φq ∈ [0, π
2

]
.

It is necessary to point out two unique features of this dispersion: 1) for any spe-
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Figure 1.2: Schematic illustration of the influence of demagnetization energy on the
magnon dispersion. (a) magnon manifold. (b) Bulk demagnetization field in the
case of H0 ⊥ q (the precession axis is along the applied field H0 direction). (c) Bulk
demagnetization field in the case of H0 ‖ q.

cific q, the larger the angle φq, the higher the magnon energy; 2) the q = 0 magnon

can be degenerate with magnons of finite wave vectors. These characteristics can

be understood by examining the demagnetization energy, which in general can be

calculated as follows

ED = −1

2

∫
drM · HD (1.2.3)

where the demagnetization field HD can be divided into two parts: one from the

contribution of the bulk magnetic charge ∇ · M (r) and this other from the surface

magnetic charge n ·M. Two extreme cases of φq = π
2

and φq = 0 are demonstrated

in Fig. 1.2(b) and (c). We note that the bulk demagnetizing field is simply zero

when φq = 0 and is −4πM⊥ (r) in the case of φq = π
2

where (M⊥ denotes the

transverse component of the moment relative to the precession axis H0). Therefore,

for any specific q, the demagnetization energy and hence the magnon energy for

φq = π
2

is always larger than that for φq = 0. Furthermore, for q �= 0 magnons, the

demagnetization energy due to the surface magnetic charge should be smaller than

the q = 0 magnon, since the magnetization oscillates along the surface of the film
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and thus will result in cancelation when carrying out the integration to calculate

the demagnetization energy. Therefore, the energy of the q = 0 magnon could be

higher than the magnons with φq = 0 and of small q as shown in Fig. 1.2(a). This

degeneracy is of crucial importance to the relaxation of the q = 0 magnon, as we

shall see in the next subsection.

1.2.2 Relaxation of uniform precession mode (UPM)

In an idealized ferromagnetic resonance (FMR) experiment, the rf field first

excites only the uniform precession mode, i.e., the q = 0 magnon. For a ferromag-

netic metal thin film, conduction electrons are expected to play an important role

in the relaxation of magnons due to the strong exchange coupling as discussed in

last section. Unfortunately, the effect was not quantitatively understood previously

[13, 14].

Stemming from the s − d exchange coupling as given in Eq. (1.1.1), there are

two different types of electron-magnon scatterings (EMS), i.e.,

Hem =
Jsd

2N

∑
k,q,q′,σ

σa†
qaq′C†

k+q′σCk+qσ − Jsd

√
S

2N

∑
k,q

(
a†
qC

†
k↑Ck+q↓ + a−qC

†
k↓Ck+q↑

)
(1.2.4)

where σ = +(−) or ↑ (↓) corresponds to spin up (down), C†
kσ and Ckσ are the elec-

tron creation and annihilation operators, a†
q and aq denote the magnon generation

and destruction operators respectively, N is the total number of lattice sites in the

sample. The first term involves two magnons in each scattering process and thus

conserves the electron spin due to total angular momentum conservation, while the

second term involves only one magnon in each scattering process and hence flips the

electron spin.

Let us first show that the spin-flip EMS is not responsible for the relaxation of the

q = 0 magnon. First note that in each EMS process, the total angular momentum

as well as energy should be conserved. For the spin-flip EMS, energy conservation

demands εk↓ − εk↑ = E0, which requires the q = 0 magnon energy to be comparable
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to the exchange splitting of the conduction electron bands, i.e., Jsd. Unfortunately,

this is usually not the case in FMR measurements which are performed at frequencies

ranging from 9.5 ∼ 73 GHz [15]. That is to say, the maximum energy of the q = 0

magnon is on the order of 10−3 eV whereas the typical exchange splitting Jsd for

transition metals is about 0.5 eV . Therefore, the spin-flip EMS is not able to trigger

the relaxation of the UPM.

However, the spin-conserving EMS is not restricted by the large exchange split-

ting. Furthermore, it can remain operative even at zero temperature as long as there

exist degenerate magnon states as shown in Fig.1.2(a). In this case, the UPM can

still decay into low-lying magnon states with a conduction electron being excited to

an available state above the Fermi surface.

as long as there exist magnons degenerate with the q = 0 magnon, the spin

conserving EMS can remain operative for the relaxation of the uniform mode even

at T = 0 K since a magnon can be scattered into a nonzero-q magnon state of lower

energy with the excitation of an electron just below Fermi surface to a state just

above it.

In chapter 3, we will extensively examine relaxation of the UPM induced by

the spin-conserving EMS. Particular attention will be paid to FMR linewidth of

ultrathin ferromagnetic metals which are of practical interests.

1.2.3 Magnon transport

Recently, a wave of experimental studies [16–19] have demonstrated that, in ad-

dition to conduction electrons, magnon can also be a promising candidate for prop-

agating angular momentum. Theoretical studies on these magnon-based transport

phenomena are thus highly desired. Since methods of direct detection of magnon

current are still not available, we have to appeal to indirect measurements. For ex-

ample, in transport measurements, this is realized via the conversion between spin

current and magnon current in magnetic multilayers such as Pt/YIG/Pt [16] and

etc. Therefore, in what follows as well as in Chapter 4, we adopt a layer-by-layer

approach to study the transport process in several magnetic multilayers involving
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a magnetic insulator where the angular momentum propagation entirely relies on

magnons. A Boltzmann equation will be introduced to study the magnon transport

in the magnetic insulator and proper boundary conditions will be established for

the metal/magnetic-insulator interface.

Magnon distribution and magnon current. We first define the magnon current

in the same manner as the charge current, i.e.,

jm = (−2μB)
∑
q

vqNm(q, r) (1.2.5)

where Nm(q, r) is the magnon distribution and vq = ∂Eq/�∂q is the magnon group

velocity. At equilibrium, magnons obey the Boson distribution, i.e.,

N0
m(q) =

1

eEq/kBT − 1
(1.2.6)

It is evident that the equilibrium magnon current is identically zero since there are

an equal number of magnons propagating in opposite directions. Finite magnon

current is possible only when the magnon system is driven out of equilibrium.

To find the non-equilibrium magnon distribution in a bulk ferromagnetic insu-

lator , we employ the following Boltzmann equation

v·∂Nm

∂r
+ v · ∇T

∂Nm

∂T
+ v · ∇H

∂Nm

∂H
+ q̇·∂Nm

∂q
= −

(
∂Nm

∂t

)
scatt.

(1.2.7)

where in general we have assumed the non-equilibrium distribution function Nm to

be dependent on position r, temperature T (r), and the magnetic field H (r). The

last term on the left side of the Boltzmann equation takes into account ”forces” that

may alter the momentum of the magnons [20]. These terms suggest several possible

ways to generate magnon current including boundary magnon accumulation, tem-

perature gradient, spatially variation of magnetic field and etc. The right hand side

of the equation describes the magnon scattering processes. In chapter 4, we will

solve the above magnon Boltzmann equation in the relaxation time approximation.

Interfacial boundary conditions. Although a charge current flows perpendicu-
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lar to a metal/magnetic-insulator interface will be completely blocked (assuming

the thickness of the insulator is much larger than the electron mean free path of

the metal), its spin counterpart may have a different fate due to the presence of

interfacial electron-magnon interactions. These interactions conserve total angular

momentum. Thus, in an ideal case that all other spin-dependent scatterings can be

negligible, our first boundary condition would be the continuous of the total angular

momentum current jt (assuming the interface is located at x = 0),i.e.,

js(0
−) = jm(0+) (1.2.8)

Note that in the metal layer (x < 0) jt is same as the spin current js whereas in the

magnetic insulator layer (x > 0) it is just the magnon current jm.

The other boundary condition associates the interface spin (magnon) accumula-

tion with the magnon (spin) current, i.e.,

Gemδms(0
−) − Gmeδmm(0+) = jt(0) (1.2.9)

where δms and δmm represent the spin and magnon accumulation respectively. The

coefficients Gem and Gme, which have been termed the ”spin convertances”, quantita-

tively characterize the effectiveness of the conversion. We will derive the expressions

of the spin convertances in Chapter 4.

Magnon mediated transport. With the above formulation as well as the well-

established spin transport equations in metal layers, we predict some interesting

spin transport phenomena for several layered structures with a magnetic insulator

layer (MIL). In particular, we anticipate a novel electric drag mediated by magnons

in a metal/MIL/metal trilayer: as shown in Fig. 1.3, an applied electric current

in one metal layer induces an electric field in the other metal layer separated by

a thick magnetic insulator. The physical process of this effect can be anatomized

as follows: first, the applied charge current in the left metal layer induces, due to

spin Hall effect [21, 22], a transverse spin current which is converted to a magnon

current in the magnetic insulator layer at the left interface; then the magnon current
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Figure 1.3: Schematic illustration of the magnon-mediated electric drag effect in a
metal/MIL/metal trilayer structure.

propagates towards the other metal layer and converts back to spin current at the

right interface; eventually, this spin current gives rise a charge current owing to

inverse spin Hall effect [23]. We will quantitatively calculate the drag current with

given input in Sec. 4.4.

Also, our theory provides a new perspective on the longitudinal spin Seebect

effect [18] from the point of view of magnon current driven by the thermal gradient

across a MIL. We discuss the dependence of these phenomena on temperature,

materials properties, and geometric parameters in Chapter 4.

1.3 Spin and charge transport in the presence of spin orbital

coupling

So far, we have mainly been concerned with the exchange interaction, which lies

at the heart of conventional spintronics. It is used in magnetic materials to generate

spin polarized current or magnon current. In another recently vigorous direction of

spintronics, the spin-orbital coupling (SOC) is exploited in magnetic or nonmagnetic
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layered structures to create spin current or to manipulate nanomagnets. We will

discuss some interesting issues in this area.

1.3.1 Magnetotransport anisotropy

In bulk ferromagnetic metals, anisotropic magnetotransport phenomena such as

anisotropic magnetoresistance (AMR), anomalous Hall (AH) effect and etc. have

been studied for more than a century [24, 25]. It is well known that the magnetore-

sistance can be expressed in the following general form

ρ = ρ0 + Δρ cos2 θ (1.3.1)

where θ is the angle between the magnetization m and the charge current je, and

Δρ =
(
ρ‖ − ρ⊥

)
/
(
ρ‖ + ρ⊥

)
with ρ‖ and ρ⊥ being the resistances corresponding to

m parallel and perpendicular to current respectively.

One mystery of AMR was discovered in 1970s, Chen et al. experimentally found

that for Ni thin films, anisotropy in magnetoresistance also appears when the mag-

netization is varied in the plane normal to the applied current [26]. Since the effect

is only seen in ferromagnetic thin films, it is frequently referred to as ”geometrical

size effect”, but the mechanism behind it is yet clear.

Among other things, AMR effect is not peculiar to ferromagnetic metals. Re-

cent experiments demonstrated the presence of AMR in various nonmagnetic-

metal/ferromagnetic-insulator hybrid structures [27–31]. Although several inter-

pretations have been made including the spin Hall magnetoresistance, magnetic

proximity and etc., there are still some controversies in understanding the experi-

ment results such as the thickness and angular dependence of the AMR.

In general, the physical origin of AMR lies in the combined effect of spin depen-

dent scattering and SOC. Based on this idea, we develop several models to take into

account the bulk spin Hall, spin dependent scattering, interfacial Rashba SOC and

etc., and calculate the transport coefficients for various magnetic systems. Specific

models and detailed calculations will be presented in Chapter 5. Our theory can
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partially explain the unconventional AMR effects that are mentioned above.

1.3.2 Conversion of spin and charge currents

Recently, two types of experiments have drawn much attention in the field.

One is on the magnetic excitation [32] or switching [33–35] in nonmagnetic-

metal/ferromagnetic-metal bilayers (e.g. Pt/Co and Ta/CoFeB) by applying an

in-plane current, and the other is on the charge current induced by vertical spin

injection onto Rashba spin-orbital coupled interface of layered structures such as

Au/Bi or Py/Bi2Se3 [36, 37]. The interpretation of the above observations has not

been definitive, and the main disagreement is on whether the dominant contribution

is from the bulk or interfacial SOC.

In Sec. 5.2, we try to unify the spin and charge current conversion rules in several

experimentally relevant systems including normal metals, ferromagnetic layers, and

interfaces with Rashba SOC. We find that the interpretation of spin current is highly

non-trivial. It is desired to classify spin current into two categories, i.e., pure and

composite spin currents. For a Rashba SOC interface, we demonstrate that the spin

transport is much closer to that in ferromagnets than in non-magnetic materials.

In particular, we show that an in-plane charge current in layered structures will

generate a pure spin current flowing perpendicular to the Rashba spin-orbit coupled

interface, and vice versa. Application of the spin-charge current conversion in several

experimental realizations will be discussed.

1.4 Outline of the thesis

In this thesis, we theoretically explore spin transport and dynamical phenomena

in various magnetic systems. The thesis is organized as follows.

In Chapter 2, we investigate the interplay between spin transport and dynamics

of magnetic textures in ferromagnetic metals. We first study a simple case in which

spin-flip is neglected in Sec. 2.2 and then extend our discussion to the spin diffusive

case in Sec. 2.3. A summary of this topic as well as related future directions will be



31

given in Sec. 2.4.

In Chapter 3, we examine the contribution of the spin-conserving EMS to fer-

romagnetic relaxation in transition metals. In section 3.2, we provide several com-

pelling arguments about the importance of the EMS as an intrinsic damping source.

We then derive a general expression of the magnon relaxation rate due to the EMS

in Sec. 3.3. The application of the formulation to the FMR linewith of ultrathin

ferromagnetic metals will be presented in Sec. 3.4. We summarize the main results

and draw conclusion in Sec. 3.5.

In Chapter 4, we study magnon transport in ferromagnetic insulators. A magnon

Boltzmann transport theory will be developed in Sec. 4.2, and boundary conditions

at metal/magnetic-insulator interfaces will be established in Sec. 4.3. We then ex-

ploit our formulation to study spin and magnon transport in several layered struc-

tures in Sec. 4.4. A summary and future directions of the topic will be discussed in

Sec. 4.5.

In Chapter 5, we focus on the spin and transport influenced by SOC. In Sec. 5.1,

we address the magnetotranport anisotropy, especially some unconventional AMR

angular dependence, that is induced by SOC. In Sec. 5.2, we qualitatively investigate

conversion relations of spin and charge currents in nonmagnetic metals, ferromag-

netic metals and layered structures with a Rashba SOC interface. A summary and

outlook on this topic is provided in Sec. 5.3.
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CHAPTER 2

DYNAMIC PHENOMENA OF FERROMAGNETIC

METALS

2.1 Background

Magnetoelectronics rely on the mutual dependence of electron transport prop-

erties and magnetic properties. Giant magnetoresistance is the result of the

magnetization-configuration dependence of electron conduction [38, 39]. The spin

transfer torque uses the electron current to manipulate magnetization configura-

tions [2, 3]. The strong correlation between the magnetic properties and transport

properties in transition-metal based ferromagnets is not surprising due to itinerant

ferromagnetism of these materials. In the Stoner model, the itinerant electrons are

responsible for both spin-dependent conduction and magnetization. However, there

is an important distinction between the electrons of conduction and of magnetiza-

tion when one describes their dynamics. The magnetization which is the sum of

spin moments of all electrons below the Fermi level is usually treated classically and

its dynamics is described by the classical Landau-Lifshitz-Gilbert (LLG) equation,

while the electron conduction near the Fermi level is usually treated quantum me-

chanically (or at least semiclassically). Thus the magnetization experiences slow

dynamics, of the order of the nanosecond timescale, about three to five orders of

magnitude slower than the non-equilibrium conduction electrons.

In this chapter, we adopt the above picture that the magnetization is represented

by a slowly varying and spatially dependent classical vector m(r, t) whereas the con-
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duction electron states are fully described by quantum wave functions. The coupling

between them is treated in the simple s − d model, i.e., −Jsdσ · m (r,t) ( where σ

is the Pauli spin matrix vector). We show that this model can capture most of the

spin-dependent phenomena involving mutual influence between magnetization and

conduction. Among other things, domain wall motion of magnetization generates ef-

fective spin-dependent electric and magnetic fields that induce both spin and charge

currents. The induced spin current in turn provides a mechanism of magnetization

damping.

We start with the following Schrödinger equation for a single itinerant electron

i�
∂

∂t
ψ =

[
p2

2m∗
e

− Jsdσ · m (r,t)

]
ψ (2.1.1)

where ψ is the spinor wave function and m∗
e is the effective mass of the electron.

Further, since we are interested in magnetization dynamics at temperatures well

below the Curie temperature, the condition |m (r,t)| = 1 is well observed. In gen-

eral, Eq. (2.1.1) cannot be solved exactly due to the space and time variation of

m. We shall treat it perturbatively. Before doing that, we first perform a SU(2)

gauge transformation to rotate the spin quantization axis from ez to m (r,t) so

that it becomes parallel to the z−axis (which is selected as the spin quantization

direction)[7–9]; This can be done by substituting ψ = Uϕ and multiplying U † on

both sides of Eq. (2.1.1) from left. Here the unitary operator U = e−i π
2
σ·n, which

corresponds to a rotation about the axis n
(
≡ ez+m(r,t)

|ez+m(r,t)|

)
by an angle of π. Equation

(2.1.1) becomes

i�
∂

∂t
ϕ =

⎡
⎢⎣
(
p̂−eÂσ (r,t)

)2

2m∗
e

+ eV̂ σ (r,t) − Jsdσ̂z

⎤
⎥⎦ϕ (2.1.2)

which is now containing the gauge scalar and vector potentials

V̂ σ (r,t) = (�/e) σ· (n × ∂tn) (2.1.3)
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and

Âσ (r,t) = (�/e) σ· (n × ∂in) (2.1.4)

where ∂tn ≡ ∂n/∂t and ∂in = ∂n/∂xi. As long as the magnetizations m (r,t) vary

very smoothly in space and slowly in time and the exchange is strong 1, these

potentials can be treated as small perturbations to the unperturbed Hamiltonian

H0 = p2

2m∗
e
− Jsdσ̂z whose spinor eigenfunctions are

ϕ+
0 =

(
1

0

)
exp (ik+ · r) (2.1.5)

and

ϕ−
0 =

(
0

1

)
exp (ik− · r) (2.1.6)

where ± represent spin-up and spin-down. The first order perturbation of these two

potentials with respect to the two spin-dependent bands yield the following effective

electric and magnetic fields

E±
i = −

[
∇
〈
V̂ σ
〉
±
− ∂t

〈
Âσ
〉
±

]
i

= ± (�/2e) (∂tm × ∂im) · m (2.1.7)

and

B±
i =

[
∇×

〈
Âσ
〉
±

]
i

= ∓ (�/4e) εijk (∂jm × ∂km) · m (2.1.8)

where the triangular brackets 〈..〉± denote the expectation values in the unperturbed

states given by Eqs. (2.1.5) and (2.1.6), and εijk is the Levi-Civita symbol. The

subscripts i (= 1, 2, 3) correspond to the spacial coordinates (x, y, z) respectively.

These gauge invariant effective fields were first derived two decades ago [8], but

it is still worthy to reproducing them here since the derivation itself demonstrates

several important features of these effective fields, which we shall mention here.

First, only the itinerant electrons inside the ferromagnetic metal are able to ”see”

these effective fields. Second, these fields are spin dependent and the total effective

1For transition metals and their alloys, this is usually the case; the exchange coupling is typically
1 eV.
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Lorentz force acting on an electron with velocity v is F±=±(E± + v × B±). These

spin dependent gauge invariant fields do not cause spin mixing of the minority and

majority electronic bands, since they are derived from the diagonal elements of

the gauge potentials in Eqs. (2.1.3) and (2.1.4). The spin mixing may take place

when one considers the higher order perturbations, which may be related to other

magnetotransport phenomena such domain wall resistance [40]. Third, the electric

field exists when the magnetization has both spatial and temporal dependence,

while the time dependence of the magnetization is not essential for the presence of

the effective magnetic field. However, the existence of the magnetic field relies

on the topology of a magnetic texture. For example, the magnetic field exists

in a vortex domain wall but not in a transverse domain wall. This may become

more transparent if one parametrizes the magnetization m in spherical coordinates

(θ, φ), in which case the magnetic field in Eq. (2.1.8) can be cast into the form

B±= ∓ (�/2e) sin θ (∇φ) × (∇θ). Since the magnetizations of a transverse domain

wall are coplanar, the effective magnetic field vanishes. However, in the region

surrounding the vortex core, both ∇φ and ∇θ are finite and hence the effective

magnetic field is present near the vortex core. For a vortex core with diameter about

20 nm, the resulting magnetic field is around 10 T , which is rather significant.

In the following two sections, our focus will be on the effect of the effective

electric field on charge and spin transport in ferromagnetic metals. We will leave

the discussion of the consequence of the effective magnetic field to the last section.

2.2 Roles of the effective electric field

2.2.1 Charge current and spin motive force

As I mentioned above, the effective electric field, Eq. (2.2.2), acts on the conduc-

tion electron orbitals. This may result in a charge current in a closed circuit. When

the spin-flip scattering is unimportant2, we can simply obtain the charge current by
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using the phenomenological Ohm’s law for each spin channel

jch
i = c+E+

i + c−E−
i =

pc0�

2e
(∂tm × ∂im) · m (2.2.1)

where c+(−) is the conductivity for the spin up (down) band., c0 (≡ c+ + c−) denotes

the total conductivity, p
(
≡ c+−c−

c++c−

)
represents the spin polarization of conductivity.

In general, the conductivities should depend on the magnetic field as well owing to

the ordinary magnetoresistance. However, since it is usually very small for ferro-

magnetic metals that we are concerned (even when the magnetic field is as large

as several Teslas), we neglect this magnetic field dependence of the conductivities.

Alternatively, if one considers an open circuit condition, the induced voltage reads

Vemf = c−1
0

∫
jch
x (x, t)dx =

p�

2e
(∂tm × ∂im) · m (2.2.2)

Note that the induced emf signal, i.e., Eq. (2.2.1) or (2.2.2), is proportional to

the spin polarization p. This is because the effective electric fields are opposite in

direction for majority and minority spins.

Barnes and Maekawa [7] first identified this spin emf (or smf) by generalizing

the Faraday’s law E = −dΦ/dt (where Φ is the magnetic flux in a closed circuit).

Since Φ is related to the Berry phase that an electron charge picks up when traveling

along the circuit, i.e., γe = (−e)Φ/�, they suggested that the generic emf should

consist of Berry phases of both electron charge and spin, i.e.,

E = − �

(−e)

d

dt
(γe + γs) (2.2.3)

Assuming the electron spin adiabatically follows the local magnetization, they found

the resulting spin Berry phase is gauge dependent (see Eq. (7) in their paper) while

its time rate of change, i.e., the smf is gauge independent. This derivation of the

smf is equivalent to the one stemming from the effective electric field. Unlike the

conventional charge Berry phase [41], which reveals the physical meaning of the

2We will justify the validity of neglecting the spin flip in the next section.
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vector potential, the spin Berry phase itself does not provide extra physics because

it is gauge dependent.

2.2.2 Dissipative spin current and damping tensor

The effective electric field can generate spin current as well, whose consequence

will be studied intensively in the present and the following subsections. Recall that

in the derivation of the effective electric field, we require the exchange coupling Jex to

be much stronger than fictitious potentials in Eqs. (2.1.3) and (2.1.4); for a sample

containing a domain wall, this demands Jsd � �ωa0/Δw where ω denotes the pre-

cession frequency, a0 is the lattice constant and Δw is the domain wall width. This

condition is usually well satisfied by strong ferromagnets for which the characteris-

tic time of magnetization dynamics is about 10 GHz and a0/Δw ∼ 0.1. Therefore

�ωa0/Δw ∼ 10−8 eV , which is much smaller than Jsd ∼ 1 eV . This guarantees

conduction electrons have their spins adiabatically follow the varying magnetization

direction when travel through the magnetic texture. In other words, the spin current

is mainly longitudinal. Keeping this in mind, we are ready to write the longitudinal

spin current defining as the difference of the spin-up and spin-down currents

jspi =
gμB

2e

(
c+E+

i − c−E−
i

)
m =

gμB�c0

4e2
(∂tm×∂im) (2.2.4)

Note that in general the spin current is a tensor, which characterizes both orien-

tations of spin polarization and charge carrier flow. One might be puzzled by the

absence of spin polarization, since the spin current driven by an external electric

field is proportional to the spin polarization p. The ”missing” p in the spin current

in Eq. (2.2.4) again origins from the spin dependence of the effective field. We

also note that this spin current breaks time reversal symmetry and hence causes the

dissipation of the magnetization, as we will show below, even without other spin

relaxation scatterings.

Interestingly, the above induced spin current can also be understood in terms of

the spin-pumping formulation [10] where the spin current flows from the ferromag-
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netic layer to the neighboring nonmagnetic metal layers as a result of precessional

motion of the ferromagnet. The spin current may be expressed as Arm × ∂tm,

where Ar is proportional to the conductance of the nonmagnetic metal [10]. In or-

der to mimic the spin pumping in continuous medium, we adopt the finite element

principle and consider two identical ferromagnetic metal layers of same thickness a0

in contact. Specifically, we let interface locate at x = 0, and thus the centers of

the left and right layers are at x = −a0/2 and x = +a0/2 respectively. According

to spin pumping theory, the spin current pumped from the left (right) layer to the

right (left) layer at the interface is jsp
x=0+(−) = Ar (m × ∂tm)x=−a0/2(x=+a0/2). As-

suming the magnetization directions of the two layers differ by a small angle, the

net spin current across the interface x = 0 is just the difference between jspx=0+ and

jspx=0− , i.e.,

jspx=0 = Ar (m × ∂tm)x=−a0/2−Ar (m × ∂tm)x=+a0/2 = −Ara0∂i (m × ∂tm) (2.2.5)

The above spin current encompasses both a transverse spin current j⊥x=0 =

−Ara0 (m × ∂t∂im), and a longitudinal spin current j
‖
x=0 = −Ara0 (∂im × ∂tm) =

−Ara0m · (∂im × ∂tm)m (recall that |m| = 1). Although both spin currents are

non-conservative, they are subject to different decay lengths. In strong ferromag-

netic metals, j⊥x=0 decays over the spin dephasing length which is typical of the order

of several angstrom, whereas j
‖
x=0 decays overs spin diffusion length which is usu-

ally about several tens of nanometers. Therefore it is legitimate to keep only the

longitudinal spin current j
‖
x=0, which is precisely the same as the spin current we

deduced in Eq. (2.2.4).

This dissipative spin current is responsible for the transfer of angular momen-

tum from magnetization to conduction electrons, and hence results in an additional

damping torque. To see this, we begin with the generalized spin continuity equation

(ignoring the spin-flip relaxation)

∂tns +
∑

i

∂ij
sp
i + τ s = 0 (2.2.6)
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where ns is the conduction electron spin density and τs consists of all the torques

received by the conduction electrons. We explicitly carry out the divergence by

placing Eq. (2.2.4) into Eq. (2.2.6) and obtain

− τ s = ∂tns +
gμB�c0

4e2

{
m
∑

i

∂i [m· (∂tm×∂im)] +
∑

i

∂im [m· (∂tm×∂im)]

}

(2.2.7)

where we have exploited of |m| = 1 and subsequently

∂tm×∂im = m· (∂tm×∂im)m. The associated reactive torque on the mag-

netization is simply the opposite to that acting on the conduction electron spin.

In order to preserve the length of the magnetization, we are only interested in the

transverse torque whose direction is perpendicular to m, i.e.,

τm =
gμB�c0

4e2

∑
i

∂im [m· (∂tm×∂im)] (2.2.8)

By integrating this additional torque into the LLG equation, we arrive at a general-

ized LLG equation for conducting ferromagnet with spatial and temporal dependent

magnetization

∂tm = −γm × Heff + m× (D · ∂tm) (2.2.9)

where γ is the gyromagnetic ratio and Heff is the effective magnetic field defined as

the functional derivative of the magnetic free energy (including anisotropy, exchange,

Zeeman energy and etc.), i.e., Heff = ∂mF [m]. Instead of a constant damping in the

conventional LLG equation, in Eq. (2.2.9), what we have now is a 3× 3 differential

damping tensor

Dαβ= λ0δαβ + η
∑

i

(m×∂im)α (m×∂im)β (2.2.10)

where δαβ is Kronecker delta, λ0 is the constant damping parameter accounting for

other dissipative sources and the enhanced damping prefactor reads

η ≡ gμB�c0

4e2Ms

(2.2.11)
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where Ms is the saturation magnetization. Note that η is proportional to the con-

ductivity, which means a ferromagnetic metal with higher conductivity favors larger

damping. This is rather reasonable since the larger the conductivity, the more effi-

ciently the conduction electrons take away angular momentum from the local mo-

ments. We now perform a rough estimation of the enhanced damping for Permalloy.

If we choose c0 ∼ (5 μΩcm)−1 , Ms ∼ 800 emu/cc and the wavelength of the mag-

netic texture is about l = 30 nm, we find η ∼ 0.5 nm2 and thus the equivalent

damping would be η · (2π/l) ∼ 0.02. This is comparable to the damping parameter

of ferromagnetic metals due to other sources.

It is also very instructive to inspect the energy flow in the system. To do so,

we take the cross product of ∂tm on both sides of Eq. (2.2.9) and eliminate the

common factor of m,

0 = −γ∂tm · Heff + λ0 (∂tm)2 + η [m· (∂tm×∂im)]2 (2.2.12)

By defining the time rate of change of the magnetic energy density as d�/dt =

−Ms∂tm · Heff , we find

d�

dt
= −Ms

γ

{
λ0 (∂tm)2 + η [m· (∂tm×∂im)]2

}
(2.2.13)

Both terms on the r.h.s. of Eq. (2.2.13) are negative definite, indicating energy dis-

sipation. On the other hand, the Joule heating density associated with the currents

induced by the effective electric field can be computed by evoking Eq. (2.2.2),

Q = c+
(
E+
)2

+ c−
(
E−)2 =

Ms

γ
η [m· (∂tm×∂im)]2 (2.2.14)

where we have utilized Eq. () and the expression of the gyromagnetic ratio γ =

gμB/�. Note that this Joule heating is exactly the opposite of the second term on

the r.h.s. of Eq. (2.2.13). This is not surprising since the magnetic energy damped

via the conduction electrons must dissipate through the Joule heating.

We summarize this subsection with a brief overview of other suggested LLG
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forms and compare them with Eq. (2.2.9). We leave the effects of the tensor

damping derived in Eq. (2.2.10) to the next subsection. A tensor form of damping

was first proposed [Safanov02] to account for the anisotropy in magnetic energy due

to confined sample geometry (such as shape anisotropy in thin film). However, since

each element of their damping tensor is independent of the spatial configuration of

magnetization, their damping term is not able to capture the damping process of

nonuniform magnetization. Our damping tensor, specifically the second term in

Eq. (2.2.10), is able to reflect such nonlocal damping. To take into account the

shape induced rotational anisotropy [42], the first term of Eq. (2.2.10) should be

also replaced by a tensor. Foros et al. [43] considered an enhanced damping due

to fluctuation of spin current where they also relate the spin torque to the spin

current in a similar way. However, their resulting damping term is nonanalytic and

hence it is unclear how the LLG equation can incorporate these nonanalytic results.

Tserkovnyak et al. [44] recently developed diffusive type of damping ζm×∂t∇2m

where the prefactor ζ is proportional to the transverse spin conductivity σ⊥ [45].

They argued that for small perturbation in m, their term is of lower order than our

damping term. However, this is not true, since their damping term originates from

the transverse spin current which decays much faster than the longitudinal spin

current. Furthermore, the calculation of σ⊥ involves disorder and electron-electron

scattering, whereas our formulation is essentially based on the angular momentum

conservation, which is more general.

2.2.3 Effects of the damping tensor on magnetization dynamics

In this subsection, we consider the effect of the damping tensor in Eq. (2.2.10)

on the domain wall motion. Two types of domain walls will be investigated: a

transverse wall in a nanowire and a vortex wall in a nanostrip. We first present

analytical results.
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Figure 2.1: Schematics of a head-to-head transverse domain wall of width Δw in a
magnetic nanowire lying along the z-axis. The direction of the magnetization are
parametrized by angles θ and φ. A magnetic field Ha is applied in the z direction
to drive the domain wall.

Analytical models

We start with a head-to-head transverse domain wall subject to an external

magnetic field, as shown in Fig. 2.1. The Walker’s trial function [46]

θ (z, t) = 2 arctan

[
exp

(
z − qc(t)

Δw(t)

)]
, φ ≡ φ (t) (2.2.15)

is employed to model the domain wall profile in a magnetic nanowire. θ (z, t) and

φ (t) are the polar and azimuthal angles (with respective to the z-axis) parametrizing

m (z, t). qc(t) and Δw(t) are the domain wall center and wall width respectively. By

introducing the Lagrangian density [47]

L = � +
Ms

γ
φ̇ cos θ (2.2.16)

where � represents the magnetic energy density

� = −MsHa cos θ + K sin2 θ sin2 φ (2.2.17)

including the Zeeman and uniaxial anisotropy energy density. The second term

of Eq. (2.2.16) is analogous to kinetic energy. It is also necessary to introduce a
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dissipative function density corresponding to the damping tensor in Eq. (2.2.10) by

recalling Eq. (2.2.13),

F =
Ms

2γ

{
λ0 (∂tm)2 + η [m· (∂tm×∂im)]2

}
=

λ0Ms

2γ

(
θ̇2 + sin2 θφ̇2

)
+

ηMs

γ

sin4 θ

Δ2
w

φ̇2

(2.2.18)

Note that in the derivation of the second term we have used the relation ∂θ/∂x =

sin θ/Δw. By following a standard procedure of Lagrangian formulation [47], one

obtains the following dynamic equations for qc(t) and φ (t)

q̇c

Δw

− φ̇

(
λ0 +

η

3Δ2
w

)
= γHK

sin 2φ

2
(2.2.19)

λ0
q̇c

Δw

+ φ̇ = γHa (2.2.20)

where HK ≡ 2K/Ms and Ha are the sizes of the anisotropy and applied magnetic

fields respectively. Note that we have approximated a static wall width. It is easy

to verify that the above set of equations can also be obtained by expressing the Eq.

(2.2.9) in terms of the angles θ and φ and integrating out the resulting equation over

z. The Lagrangian formulation is useful for constructing the solution to the LLG

equation for a given magnetic structure.

By letting φ̇ = 0, one finds that the enhanced damping, representing by the

prefactor η, doesn’t alter the steady state wall velocity. This is also reflected in Eq.

(2.2.18): additional dissipation occurs only when there is wall precession. Elimi-

nating q̇c in Eqs. (2.2.19) and (2.2.20), we get the dynamical equation for the wall

precession angle

φ̇ =
γ

1 + λ2
0 + λ0η

3Δ2
w

(
Ha − λ0HK

2
sin φ

)
(2.2.21)

From Eq. (2.2.21), one realizes that the steady state exists only when the applied

magnetic field is smaller than the Walker breakdown field, Hw = λ0HK/2. When

Ha > Hw, the domain wall performs precession about z-axis and its frequency can
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Figure 2.2: Magnetization pattern of a head-to-head vortex domain wall in a mag-
netic nanostrip of width w and thickness t. A magnetic field is applied to drive the
vortex wall. This vortex wall pattern is generated by using the OOMMF code.

be obtained by solving Eq. (2.2.21)

〈
φ̇
〉

=
γ
√

H2
a − H2

w

1 + λ2
0 + λ0η

3Δ2
w

(2.2.22)

Placing Eq. (2.2.22) into Eq. (2.2.20) and averaging over a precession period, we

find the averaged wall velocity in this regime

〈q̇c〉 =
γHa −

〈
φ̇
〉

λ0

=
γHaΔw

λ0

(
1 −

√
H2

a − H2
w

1 + λ2
0 + λ0η

3Δ2
w

)
(2.2.23)

Using the typical value of η = 0.5 nm2 for a transition metal and assuming the wall

width is Δw ∼ 10 nm, we find the influence of the enhanced damping torque on the

domain wall motion in a nanowire is quantitatively small.

Vortex wall in a magnetic nanostrip, as shown in Fig. 2.2, is a more complex

magnetic texture than the above transverse wall. It contains three elementary struc-

tures: a vortex core in the bulk as well as two half anti-vorticies located at the two

lateral edges. Consequently, the vortex wall exhibits much richer dynamical features

and the above Walker’s formulation fails to quantitatively characterize the vortex

wall motion. Tretiakov et al. [14] generalized Thiele’s steady state formulation [48]
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to include a set of collective coordinates parametrizing the slow dynamics of vortex

core. They showed that their approach is capable of giving a quantitative description

of the vortex wall motion for both steady state motion and the oscillatory motion

beyond the Walker breakdown. Here, we adopt this formulation. Assuming the

magnetization dynamics is dominated by a few soft modes of the magnetic texture

with long relaxation times, whose dynamics are characterized by collective coordi-

nates ξ (t), i.e., m (r,t) = m (r, ξ (t)). For a vortex wall, ξ (t) are chosen to be the

position vector of vortex core. After some vectorial algebra [48], Eq. (2.2.9) can be

rewritten as

Gij ξ̇j + Fi −
(
Γ

(λ0)
ij + Γ

(η)
ij

)
ξ̇j = 0 (2.2.24)

where Fi (ξ) = −∂E/∂ξi is i−th component of the generalized conservative force.

The gyrotropic tensor Gij, the Gilbert damping tensor Γ
(λ0)
ij and our enhanced damp-

ing tensor Γ
(η)
ij can be expressed as a function of ξ

Gij =
Ms

γ

∫
dV m·

(
∂m

∂ξi

×∂m

∂ξj

)
(2.2.25)

Γ
(λ0)
ij =

λ0Ms

γ

∫
dV

∂m

∂ξi

·∂m

∂ξj

(2.2.26)

and

Γ
(η)
ij =

ηMs

γ

∫
dV

[
m·
(

∂m

∂x
×∂m

∂ξi

)
m·
(

∂m

∂x
×∂m

∂ξj

)
+ m·

(
∂m

∂y
×∂m

∂ξi

)
m·
(

∂m

∂y
×∂m

∂ξj

)]
(2.2.27)

We point out that each term in Eq. (2.2.24) is equivalent to a fictitious force acting

on the vortex wall. The first term Gij ξ̇j is analogous to a Lorentz force, which

leads to a transverse motion of the vortex core, the second term can be viewed as

a conservative driving force and the last two terms could be regarded as fictitious

frictional forces that hinder the wall motion. We will come back to this point later.

The longitudinal and transverse motion of the vortex core can be described by two

collective dynamical variables ξ0 = X and ξ1 = Y . Since the magnetic texture

moves rigidly near the core, we are allowed to change variables ∂/∂X → −∂/∂x
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and ∂/∂Y → −∂/∂y. It is also useful to express the damping tensors into the

angular form

Γ
(λ0)
ij =

λ0Ms

γ

∫
dV
(∇θ∇θ + sin2 θ∇φ∇φ

)
(2.2.28)

and

Γ
(η)
XX = Γ

(η)
Y Y =

ηMs

γ

∫
sin θ [ẑ · (∇θ ×∇φ)]2 dV (2.2.29)

where θ and φ are the angles parametrize the magnetization direction, t is the strip

thickness and rc is the radius of the vortex core region with out-of-plane magneti-

zation component. By solving Eq. (2.2.24)[49], we get the steady state velocity

v = Ẋ =
2Mswt

Γ
(λ0)
XX + Γ

(η)
XX

Ha (2.2.30)

and the Walk breakdown point for the vortex wall

Hw =
kγ
(
Γ

(λ0)
XX + Γ

(η)
XX

)
16πM2

s t2
(2.2.31)

where k is the restoring constant [50] and Γ
(λ0)
XX = 2πλ0Ms

γ

(
0.418 w

lex
+ π

2
ln w

rc
− 0.797

)
in which w and lex are the width of the strip and the exchange length respectively

[51]. If we choose rc = 10 nm, w = 128 nm, lex = 3.8 nm, η = 0.5 nm2 and

λ0 = 0.01, we find Γ
(η)
XX = 0.0242πMst/γ and Γ

(α)
XX = 0.103πMst/γ. Equations

(2.2.30) and (2.2.31) show that, for a vortex wall, both steady state velocity and

breakdown point are altered by the damping tensor, as opposed to its inertness for a

transverse wall. This difference arises from the dynamical feature of the additional

soft mode contained by vortex wall, namely, the vortex core. When an external

magnetic field is applied along the strip (i.e., in the x-direction), except for moving

along the strip, the vortex also shifts laterally towards one of the edges due to the

gyrotropic term Gijvj in Eq. (2.2.24) (where vj denotes the j-component of the

vortex core velocity) which is finite only when the core is present. This can be

seen by using the identity Gijvj = (g × v)i with the gyrotropic vector defined as
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gi = −1
2
eijkGjk. By inserting the vortex wall profile [52], we find

g =
Ms

γ

∫
dV sin θ (∇θ ×∇φ) (2.2.32)

which is non-vanishing only in the core region and is normal to the strip (i.e., the

z-direction). In a moderately small external field (below the breakdown point),

the transverse component of the gyrotropic ”force” g × v is balanced out by the

”frictional forces”, i.e., the last two terms of Eq. (2.2.24). The angular forms of the

two damping tensor, Eqs. (2.2.28) and (2.2.29), demonstrate that, while Γ
(λ0)
ij exists

everywhere in the wall, the enhanced damping tensor Γ
(η)
ij is only present at the

core part where both gradients ∇θ and ∇φ are nonzero. Therefore, the enhanced

damping tensor Γ
(η)
ij plays a role of preventing the transverse motion of vortex core,

which consequently changes the steady state velocity as well as the breakdown point

of a vortex wall.

Micromagnetic Simulations

To verify the analytical result we discussed above, 2-D micromagnetic simulations

are carried out on defect-free permalloy wires and strips respectively. The geometry

of the nanowire is 12 nm wide, 8 nm thick and 1 μm long whereas that of the

nanostrip is 128 nm wide, 8 nm thick and 1 μm long. For the longitudinal direction

(x-direction), to prevent the DW collides with the ends of the wire (strip), we

shift the wall to the center after every small displacement. For the lateral edges,

we apply Neumann boundary condition. The material parameters are: saturation

magnetization Ms = 800 emu/cm , exchange constant A = 1.3 × 10−6 erg/cm,

uniaxial anisotropy K = 5.0 × 103 erg/cm.

For transverse domain wall motion in nanowires, the effect of the enhanced

damping is negligibly small. Figure 2.3 shows averaged domain wall velocity as a

function of the applied magnetic field for the enhanced damping prefactor η = 0 and

η = 50 nm2. Note that in order to show the difference, we have chosen an artificially

large η. Even with such a large η, the enhanced damping still has no effect on the
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Figure 2.3: Averaged transverse domain wall velocity as a function of the applied
magnetic field in a nanowire. The lines are guides to the eyes.

steady state velocity and the Walker’s breakdown point (which is about 42 Oe in

the present case). However, we do see the average wall velocity is enhanced beyond

the breakdown point. These observations agree with our analytical prediction.

The vortex wall motion in nanostrips can be divided into three regimes. First,

at a very low field, the vortex core is shifted a bit along the lateral direction and

eventually reach a steady state with the wall structure pretty much retained. Fig-

ure 2.4 shows the steady state velocity as a function of applied magnetic field for

the cases of η = 0 and η = 10 nm2. The inset shows the corresponding transverse

displacement of the vortex core. The enhanced damping slows down the vortex

wall and inhibits the side shift of the vortex core. One can imagine the vortex core

will be expelled when the external magnetic field continues to increase. There ex-

ists an intermediate phase at a moderately large field in which the vortex wall is

transformed into a transverse domain wall and continues steady state motion. Fig-

ure 2.5 displays the vortex wall velocity as a function of the applied magnetic field in

this particular phase. Such a wall transformation cannot be captured by the above

analytical model, but we can see that the enhanced damping also suppresses the
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Figure 2.4: Steady state velocity of a vortex wall in a nanostrip as a function of
applied magnetic field. Inset shows the instantaneous displacement of the vortex
core in the transverse (y) direction. The lines are guides to the eyes.

Figure 2.5: Steady state domain wall velocity in a nanostrip as a function of applied
magnetic field below Walker’s breakdown point. Two domain wall states are shown
as featured by a jump in the mobility as the vortex wall transforms into a transverse
wall.
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Figure 2.6: Time evolution of the domain wall velocity in the vicinity of the Walker’s
breakdown point.

steady state velocity in this intermediate phase. When the magnetic field is further

increased and reaches the Walker’s breakdown point, than the vortex wall starts

to undergo some complicated oscillatory motion and transformations, depending on

the geometry of the strip as well as the material parameters. Figure 2.6 shows the

time evolution of the domain wall velocity in the vicinity of the breakdown point.

One can clearly see that the enhanced damping raises the breakdown point, which

verifies our analytical prediction in Eq. (2.2.31).

While it is possible to compare our theory with existing data, e.g., in [53], the

vortex core dynamics have been studied in great details, we do not carry out such

comparison at this time. The primary reason is the uncertainty in other parameters

such as geometric parameters, spin-polarization factors, and anisotropy constants.

The variation of these parameters would make the comparison rather inconclusive.

We point out that the experimental evidence for the enhanced damping for a nar-

row wall has seen, for example, in [54] where the larger resonant linewidth for the

end mode in permalloy nanodots may be attributed to the our spatial-dependent

damping tensor.



51

2.3 Diffusive regime

Up until now, the spin flip scattering has been neglected and simple Ohm’s law

was used to obtain spin dependent currents (as in Eqs. (2.2.4) and (2.2.1)). For a

typical transition metal, the spin flip relaxation time is usually much larger than the

spin-conserving relaxation time, i.e., τsf � τs, so spin diffusion is generally present.

Since it has been well established that the spin transport properties depend on spin

diffusion in magnetic inhomogeneous structure [55] where the local Ohm’s law for

each spin channel is usually not valid, a natural question is: how does spin diffusion

alter the spin emf and the enhanced damping? The answer will be revealed in the

following subsections by a reexamination of the effective electric field Es given by

Eq. (2.2.2) in a broader Boltzmann transport theory with the spin flip scattering

included.

2.3.1 Generalization of spin diffusion equation

We start with the semiclassical Boltzmann equation for each spin channel within

the relaxation time approximation,

∂f s

∂t
+ v · ∇rf

s + eEs · v∂f 0

∂ε
= −f s − f s

τ s
− f s − f−s

τ sf
(2.3.1)

where s = ±1 labels spin channel (up or down), f s = f s(p, r, t) and f 0 = f 0(p)

are the non-equilibrium and equilibrium distribution functions respectively, τ s

and τ sf are the spin-conserving and spin-flip relaxation times, p = mv, and

f s =
∫

d3pf s(p, r, t)/
∫

d3p. The explicit time dependence of the non-equilibrium

distribution function f s(p, r, t) is completely due to the time dependent magneti-

zation vector m(r, t), i.e., f s(p, r, t) = f s(p, r,m(t)). It is noted that although the

gauge magnetic field, Eq. (2.1.8), exerts a non-zero force (ev×Bs) on the electron, it

does not enter the above Boltzmann equation if isotropic band structure is assumed,

i.e., ∇vf
s · (v × Bs) ∝ v · (v × Bs) = 0.

Before we proceed to solve the above Boltzmann equation, we should bring up
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a controversial issue. In the earlier papers by Duine [56] and by Tserkovnyak and

Mecklenburg [9], the dissipative force, (β�/2e)∂tm · ∂im, whose origin is the mis-

tracking of conduction electron spins with local magnetization, has been emphasized.

The reason why they think it’s important is because its counterpart, the nonadia-

batic spin torque, plays a crucial role in the current driven domain wall motion[12].

As is well known, the nonadiabatic spin torque is proportional to current density:

when the applied current density is about 107 − 108A/cm2,the nonadiabatic spin

torque is capable of competing with the damping torque and thus can significantly

affect domain wall motion[57]. However, even for a very fast wall velocity the cur-

rent density induced by domain wall motion is only about 104 − 105A/cm2, which

is too small to have a remarkable effect on the domain wall motion. Besides, as we

shall show in subsection 2.3.3, the spin emf signal owing to the gauge electric field,

Eq.(2.2.2), is on the order of 0.1−1μV , whereas the additional voltage produced by

the dissipative force would be in the range of 1− 10nV which is also experimentally

uninterested. Based on the above considerations, we may discard the dissipative

force term and limit ourselves to the two component Boltzmann equation (other-

wise one has to resort to the spinor Boltzmann equation to deal with the transverse

electron spin distribution function).

Next we write f s as the sum of the equilibrium part (i.e.,Fermi-Dirac distribu-

tion) f 0(p) and small perturbations induced by Es:

f s(p, r, t) = f 0(p) +

(
−∂f 0

∂ε

)
[gs(p, r, t) + eμs(r, t)] (2.3.2)

where gs(p, r, t) is the anisotropic part satisfying
∫

d3pgs(p, r, t) = 0 and eμs(r, t) is

the isotropic part. For a spherical band structure, one can conjecture that gs = p·g1

where g1 is a vector parallel to the field Es. By inserting Eq.(2.3.2) into Eq.(2.3.1)

and separately writing the equation for the anisotropic and isotropic parts [58], we

have
∂gs(p, r, t)

∂t
− eE′s · v = −gs(p, r, t)

τ s
(2.3.3)
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and

e
∂μs(r, t)

∂t
+ < v · ∇rg

s(p, r, t) >= −e
μs(r, t) − μ−s(r, t)

τ sf
(2.3.4)

where E′s ≡ Es−∇rμ
s and <> denotes the average over the momentum. It is noted

that the charge continuity equation, ∂n(t)/∂t + ∇r · je = 0, can be readily derived

from Eq. (2.3.3) by simply summing over the two spin channels. In solving the

non-equilibrium distribution function explicitly, we may discard the time derivative

terms in both Eq. (2.3.3) and (2.3.4). This is because both gs(p, r, t) and μs(r, t)

depend on time only through the time dependence of m(r, t) and thus they vary on

the timescale of nanoseconds; whereas the spin-conserving and spin-flip relaxation

times are of the order of τs ≈ 10−14 s and τsf ≈ 10−12 s for metallic ferromagnets.

Therefore the first terms on the left sides of Eqs. (2.3.3) and (2.3.4) are much

smaller than those on the right sides of the equations. We note that while the

above approximation makes the solutions much simpler, the apparent drawback is

the violation of charge conservation: neglecting ∂n(t)/∂t would make the current

density divergenceless. We will further discuss this approximation when consider

the solution in one-dimensional case in the next subsection.

By dropping the time derivative terms in Eqs. (2.3.3) and (2.3.4), we have,

gs(p, r, t) = eτ sE′s · v (2.3.5)

and

eμs(r, t) − eμ−s(r, t) = −τ sf < v · ∇rg
s(p, r, t) > (2.3.6)

By placing Eq.(2.3.5) into Eq.(2.3.6) and carrying out the integration over a spherical

Fermi surface, we have

∇2μs(r, t) =
μs(r, t) − μ−s(r, t)

(Λs)2
+ ∇ · Es (2.3.7)

where Λs = vF

√
τ sτ sf/3. By replacing s to −s in Eq. (2.3.7), and by adding and
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subtracting the resultant equation with Eq. (2.3.7), we find

∇2μa(r, t) =
μa(r, t)

(Λ)2
+ ∇ · E (2.3.8)

and

∇2μ	(r, t) = pΛ∇ · E (2.3.9)

where we have used E−s = −Es (note that Es = sE, see Eq. (2.2.2)). Several param-

eters have been introduced: the diffusion length Λ is defined via (Λ)−2 = (Λs)−2 +

(Λ−s)−2, μa ≡ (μ↑−μ↓)/2 is the spin accumulation, μ	 ≡ (Λ↑2μ↑+Λ↓2μ↓)/(Λ↑2+Λ↓2)

is the weighted average of the chemical potential and pΛ = (Λ↑2 − Λ↓2)/(Λ↑2 + Λ↓2)

is the spin diffusion length polarization. With specific boundary conditions, one can

solve Eqs. (2.3.8) and (2.3.9) for μs(r, t). Once the chemical potential is determined,

gs is found through Eq. (2.3.5) and the distribution f s of Eq. (2.3.2) is obtained.

The current density for spin s is

js(r, t) =
e

h3

∫
d3pvsf s(ps, r, t) = σs(Es −∇rμ

s) (2.3.10)

where we have used −(∂f 0/∂εs) = δ(εs−εF ) and we have defined the Drude conduc-

tivity σs ≡ nse2τ s/m for spin s with ns = k3
F /6π2 being the corresponding electronic

density.

It is interesting to compare our spin diffusion equation, Eq. (2.3.8), and the gen-

eralized Poisson equation, Eq. (2.3.9), with the conventional spin diffusion equation

associated with a static external electric field [55]. When current is driven by an

external electric field, the divergence of the electric field is zero and thus there are no

such source terms as in either Eq. (2.3.8) or Eq. (2.3.9). However, the effective field

induced by magnetization dynamics, Eq. (2.2.2), is fundamentally different from a

static electric field in that both the curl and divergence of Es is not zero in gen-

eral. This source term in the diffusion equation, Eq. (2.3.8), is the origin of the

spin transport phenomena to be discussed below. To make concrete statements on

the role of the spin diffusion, we shall explicitly solve Eqs. (2.3.8) and (2.3.9) with



55

a proper boundary condition. We will take a simple case where the magnetization

vector depends on one coordinate only, i.e., m = m(x, t) and thus the diffusion

equation becomes one dimensional and can be readily solved.

2.3.2 Solutions for one-dimension nanowires

In the present case, the electric field in Eq. (2.2.2) has only x-component, i.e.,

E(x, t) = E(x, t)ex. Eqs. (2.3.8) and (2.3.9) become

d2μa(x)

dx2
=

μa(x)

(Λ)2
+

dE

dx
(2.3.11)

and
d2μ	(x)

dx2
= pΛ

dE

dx
(2.3.12)

We’ve suppressed the time variable for the moment in view of the fact that the

chemical potentials depend on time only through the magnetization m(x, t) whose

time variation is much slower than spin relaxation. To specify the boundary condi-

tions, we consider an infinite long magnetic nanowire where these is only one domain

wall at any time. The wall center Xc(t) varies with time and the induced electric

field, Eq. (2.2.2), is non-zero when −W/2 < x−Xc(t) < W/2 where W is the width

of the moving domain wall. The boundary conditions are thus E(±∞) = 0, or
dμa(x)

dx
|x=±∞= 0 and

dμ�(x)

dx
|x=±∞= 0. We obtain the solutions of Eqs. (2.3.11) and

(2.3.12)

μa(x, t) =
1

2

∫ ∞

−∞
[θ(x − x′) − θ(x′−(x−x′)/ΛE(x′, t)dx′ (2.3.13)

and

μ	(x, t) =
1

2
pΛ

∫ ∞

−∞
[θ(x − x′) − θ(x′ − x)]E(x′, t)dx′ + A (2.3.14)

where A is an arbitrary constant for defining zero chemical potential at any given

position, and θ is the step function, i.e., θ(x) is 0 for x < 0 and 1 for x > 0.

The physical meaning of the two step functions in Eqs. (2.3.13) and (2.3.14) is the

electron diffusion to the left x′ < x and to the right x′ > x. Since μa and μ̄	 are

linearly related to μ↑ and μ↓ (see their definitions after Eq. (2.3.9)), the above two
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equations determine the chemical potentials μ↑,↓. Subsequently, we can obtain the

current density by placing these μs into Eq. (2.3.10),

js
x(x, t) =

sσs(Λ−s)2

Λ[(Λs)2 + (Λ−s)2]

[∫ +∞

−∞
e−|x−x′|/ΛE(x′, t)dx′

]
. (2.3.15)

Thus the spin current density is

jsp
x (x, t) ≡ j↑ − j↓ =

Csp

Λ

[∫ +∞

−∞
e−|x−x′|/ΛE(x′, t)dx′

]
(2.3.16)

where we have defined Csp = (σ↑Λ↓2 + σ↓Λ↑2)/(Λ↑2 + Λ↓2) and the charge current is

jch
x (x, t) ≡ j↑ + j↓ =

Cch

Λ

[∫ +∞

−∞
e−|x−x′|/ΛE(x′, t)dx′

]
. (2.3.17)

where we have defined Cch = (σ↑Λ↓2 − σ↓Λ↑2)/(Λ↑2 + Λ↓2).

By inspecting the coefficients Csp and Cch, we realize that the spin current is

always larger than the charge current; this is because the spin-up and spin-down

electrons travel in opposite directions. Furthermore, Csp is always non-zero but

Cch could be zero when σ↑Λ↓2 = σ↓Λ↑2; in fact, this is the case when we use the

definition of Λσ after Eq. (2.3.7) for a spin-independent Fermi velocity. Therefore,

the effective electric field generates spin current but not charge current. In general,

however, charge current also exists when σ↑Λ↓2 �= σ↓Λ↑2.

We point out that the position dependence of the charge current density in the

1-d case does not violate the charge conservation. It is noted that the effective

electric field generated by magnetization dynamics is time-dependent. Therefore,

both charge densities and currents are time-dependent. In fact, the charge conser-

vation, ∂ne/∂t + ∇rje = 0, is automatically satisfied by the Boltzmann equation,

Eq. (2.3.1). In our calculation of the current density, we have neglected ∂ne/∂t for

the reasons given after Eq. (2.3.4). In principle, one could keep this time-dependent

charge density in Eq. (2.3.4) with the resulting diffusion equation becoming a partial

differential equation in space and in time.



57

It is interesting to examine the limiting cases. When the spin diffusion length is

much smaller than the domain wall width, the variation of the electric field over the

diffusion length is small so that we can replace (1/Λ) exp(−|x−x′|/Λ) by 2δ(x−x′)

in Eqs. (2.3.16) and (2.3.17), we find

jsp
x (x, t) = 2CspE(x, t), jch

x = 2CchE(x, t).

These local relations between the current and the electric field are Ohm’s laws we

used previously [10] for Λ↑ = Λ↓; they are valid only in this limiting case (Λ � W ).

In the opposite case where the spin diffusion length is much larger than the domain

wall width (Λ � W ), by approximating |x−x′|/Λ = |x−Xc+Xc−x′|/Λ ≈ |x−Xc|/Λ

in Eqs. (2.3.16) and (2.3.17), we have

jsp
x (x, t) = CspĒΛ exp(−|x − Xc|/Λ), jch

x (x, t) = CchĒΛ exp(−|x − Xc|/Λ)

(2.3.18)

where ĒΛ = (Λ)−1
∫∞
−∞ E(x′, t)dx′ can be viewed as an average electric field over the

spin diffusion length. Although the induced electric field is confined to the region

of the domain wall width, the spin and charge currents can be found one diffusion

length away from the domain wall. Clearly, this latter case represents a non-local

relation between the current and the electric field; we will discuss further in the next

Section.

2.3.3 Nonlocal smf and damping torque

One of the most important consequences of the induced electric field, Eq. (2.2.2),

is the generation of a measurable voltage across a moving domain wall, or emf.

To measure a local potential, one needs to specify the voltmeter probe at a given

location. Let’s assume the voltmeter probe is made of a nonmagnetic material

which does not interfere with the magnetization of the wire. The measured chemical

potential is then μ(x) = (μ↑ +μ↓)/2. If the probe is far away from the domain wall,

μ↑ = μ↓. Thus the voltage drop between x = ∞ and x = −∞ can be readily
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obtained from Eq. (2.3.14),

Vemf ≡ μ(∞) − μ(−∞) =
pΛ�

2e

∫ +∞

−∞
m · (∂tm × ∂xm)dx (2.3.19)

where we have used the effective field defined in Eq. (2.2.2). Interestingly, the emf is

independent of the diffusion length. We point out that the emf signal is finite even

if the charge current is zero in the special case we have discussed after Eq. (2.3.17);

this is because the measured voltage is directly related to the charge accumulation

rather than the electric current. For a fixed spin polarization pΛ and for a given

domain wall motion, the emf is indeed universal, i.e., the emf is independent of the

transport parameters such as the conductivity and spin diffusion length. However,

one should bear in mind that domain wall motion could display a very complicated

pattern. For example, a large applied magnetic field induces wall motion via wall

transformation, distortion and oscillation. Thus the emf signal is far from a simple

universal constant.

It is interesting to have a close look at the emf signal when a domain wall is

injected into a nanowire in realtime. Consider a domain wall is initially outside the

voltmeter as shown schematically in Fig. 2.7(a). When a magnetic field is applied,

the domain wall moves toward the voltmeter and later leaves the voltmeter. As

translational domain wall motion does not generate the electric field, see Eq. (2.2.2),

it is necessary to apply a magnetic field larger than the Walker’s breakdown field

[46] so that the wall motion contains both translational and rotational components

shown in Fig. 2.7(b). In the process, a voltage begins to show up when the domain

wall approaches one of the probe tips within a spin diffusion length. Quantitatively,

the measured electric potential by a non-magnetic probe tip at any location in the
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nanowire can be obtained from Eqs. (2.3.13) and (2.3.14),

V (x, t) =
μ↑ + μ↓

2

=
pΛ�

4e

∫ ∞

−∞
[θ(x − x′) − θ(x′ − x)]

(
1 − e−(x−x′)/Λ

)
m ·

(
∂m

∂t
× ∂m

∂x′

)
dx′

(2.3.19)

The example shown in Fig. 2.7(b)-(d) is obtained via 1-D micromagnetic simula-

tion with following parameters: the width, thickness and length of the nanowire

are 128 nm, 8 nm and 5 μm respectively, the saturation magnetization Ms =

800emu/cc, the exchange constant A = 1.3 × 10−6erg/cm, the uniaxial anisotropy

K = 5.0 × 103erg/cm3, the spin polarization p = 0.4, and the Gilbert damping

constant α = 0.01. It is noted that the electron spin diffusion will give rise to an

additional damping (to be discussed next), we will simply ignore this term in the

determination of the induced voltage. This is justified due to the large domain

wall width for a transverse wall in the present case which results in an insignificant

contribution of the additional damping to the wall motion [10, 59, 60].

Once the magnetization is computed, the measured voltage as a function of time

is numerically obtained through Eq. (2.3.19). The oscillation of the voltage shown in

Fig. 2.7(c) reflects the oscillatory motion of the domain wall. The smooth red curve

is obtained by filtering high frequency components, i.e., one only keeps those Fourier

components with frequencies lower than the domain wall oscillation frequency. In

Fig. 2.7(d), we compare the filtered voltage signals for three different spin diffusion

lengths. Note that tA and tB are the times when the domain wall center reaches

one of the probes. The voltage displays obvious time-dependent behavior: 1) the

rising time is given by the spin diffusion length divided by the domain wall velocity

during which the domain wall enters the voltmeter probe, 2) when the domain wall

is completely inside the voltmeter probes, the average emf stays saturated, and 3)

the domain wall leaves the probe with the decaying time same as the rising time.

Next, we utilize our spin diffusion equation to derive an enhanced damping due
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to the induced electric fields. While there are many sources of damping, here we

consider an additional damping due to the transfer of the angular momentum of the

moving domain wall to the spin current. The spin transfer torque is defined as the

divergence of spin current [61]. Before we explicitly relate the spin torque with the

magnetization, we note that spin current is a tensor which consists of two vectors:

the direction of electron flow and spin polarization vector of the transport electrons.

Since the electric field is in x-direction, the spin current also flows in x-direction.

Thus jspx = mjsp
x where jsp

x is given by Eq. (2.3.16). The spin transfer torque is,

τ st ≡ −∂jspx
∂x

= −gμB�

4e2

Csp

Λ

[∫ +∞

−∞
e−|x−x′|/Λm ·

(
∂m

∂t
× ∂m

∂x′

)
dx′
]

∂m

∂x
(2.3.20)

We show below that the above torque is a damping torque, i.e., the torque decreases

the magnetic energy. The rate of magnetic energy density change is dE/dt ≡ −Heff ·
∂tM = −Heff ·τ st where we only consider the energy change due to the spin torque.

By using Eq. (2.3.20), we have

dE

dt
= −gμB�

4e2

Csp

Λ
γ0

∫ +∞

−∞
dx

[∫ +∞

−∞
dx′−|x−x′|/ΛHeff · ∂m

∂x′

]
Heff · ∂m

∂x
(2.3.21)

where we’ve made a first order approximation by replacing ∂tm in Eq. (2.3.20) by

−γ0m×Heff with γ0 being the gyromagnetic ratio. Let us first consider two limiting

cases. When the spin diffusion length is much smaller than the domain wall width

we have
dE

dt

∣∣∣∣
Λ�W

= −gμB�

2e2
Cspγ0

∫ +∞

−∞
dx

∣∣∣∣Heff · ∂m

∂x

∣∣∣∣
2

and the opposite limiting case gives

dE

dt

∣∣∣∣
ΛW

= −gμB�

4e2

Csp

Λ
γ0

[∫ +∞

−∞
dxHeff · ∂m

∂x

]2

In both cases, the magnetic energy decreases and thus the spin current of conduc-

tion electrons takes away the angular momentum and energy from the magnetization

dynamics. Subsequently, both angular momentum and energy carried by the spin
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Figure 2.8: The time averaged rate of change of the total magnetic energy as a
function of spin diffusion length, where the solid line is simple data fitting. Inset
shows the time evolution of the instantaneous total magnetic energy rate of change
for diffusion length of 40 nm. We use Csp = 0.08(μΩcm)−1 for the nanowire.

current dissipate into lattice via spin flip scattering and Joule heating. In Fig. 2.8,

we show the total magnetic energy rate of change as a function of the spin diffu-

sion length. Clearly, when spin diffusion length is small, the dissipation of angular

momentum and magnetic energy is more effective.

Finally, we emphasize that the enhanced damping torque, Eq. (2.3.20), is non-

local since the damping at one location depends on the magnetization at other

locations within the spin diffusion length. Such non-local damping has already been

pointed out by Foros et al. [43] where they have used the dissipation-fluctuation

relation to approximately estimate an enhanced damping due to spin current. Al-

though the physics of the damping described here is similar to theirs, the details

differ significantly. The advantage of our theory is a broader usage of the analytic

damping torque which is valid for a wide range of the spin diffusion length.
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2.4 Summary and outlook

In this Chapter, we have shown that many spin-dependent phenomena in ferro-

magnetic metals involving the interplay between the magnetization dynamics and

the electron conduction can be understood in terms of the simple s − d model.

A unitary transformation which rotates the spin quantization direction to the lo-

cal magnetization direction diagonalizes the exchange interaction, and concurrently

generates the effective electric and magnetic fields that are acting on conduction

electrons. The roles of the effective electric field has been thoroughly investigated

in terms of spin and charge transport. On one hand, it induces a charge current

which is known as the smf. On the other hand, it also generates a spin current that

depends on the spacial and temporal profile of the magnetic texture. Remarkably,

this spin current is dissipative, i.e., it takes away angular momentum and magnetic

energy from the local magnetization; or in other words, it enhances the magnetic

damping. We have proposed a generalized LLG equation by including a tensor

damping derived based on the preceding picture. The advantage of our generalized

LLG equation over the conventional LLG is that the nonlocal feature of magnetic

damping is captured via the tensor damping. We have carried out both analytical

and numerical calculations to examine the effect of the tensor damping on a variety

of domain wall dynamics, and multiple new characteristics of domain wall motion

due to the tensor damping are found.

Among other things, in order to find out how spin diffusion would alter the spin

and charge transport as well as magnetization dynamics induced by the effective

electric field. We have generalized the spin diffusion equation to include the diver-

gence of effective electric field as an additional source term. By exactly solved the

generalized spin diffusion equation for a ferromagnetic nanowire, we have found that

the previously assumed local spin and charge currents are only valid in the limiting

case that the spin diffusion length is much smaller than the domain wall width. Be-

yond this limit, the smf, the damping torque manifest nonlocal features depending

on the relative length scales of diffusion length and the domain wall width.
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While particular attention has been paid to examining the effect of the effective

electric field, the effective magnetic field has remained to be less explored. As men-

tioned in the introduction, the effective magnetic field also exerts on the orbitals of

conduction electrons and only exists when a magnetic texture contains certain topo-

logical structure. Recently, Muhlbauer et al.[62] associated the effective magnetic

with the small depinning current of skyrmions in the chiral ferromagnet MnSi. Stoof

et al. [63] employed the magnetic field in constructing hydrodynamic equations for

spin-1
2

Bose gas at arbitrary temperature. In the future work, it would be interesting

to investigate the effect of the effective magnetic field in quantum transport, such as

the topological Hall effect due to the presence of Skyrmions [62, 63], the suppression

of weak localization and etc.

Up till now, we have only considered the diagonal components of the effective

scalar and vector potentials, i.e. Eqs. (2.1.3) and (2.1.4), while the role of the

off-diagonal components has yet been investigated. Generally, these off-diagonal

elements mix the spin-up and spin-down bands, and thus would introduce additional

resistance. For a static domain wall, the additional domain wall resistivity has

been calculated and experimentally measured[40]. By taking into the off-diagonal

components of these potentials, one may extend the model of domain wall resistivity

to a moving domain wall. Furthermore, it is desired to take spin diffusion into

account in the study of domain wall resistivity, just as spin diffusion is of crucial

importance in determining the giant magnetoresistance in spin valves for the current-

perpendicular-to-plane configurations [55].

It is kind of neat that, so many interesting phenomena in various systems with

nonuniform magnetic textures can be interpreted and predicted by a simple s − d

Hamiltonian and a canonical transformation; and maybe there are even more!
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CHAPTER 3

INTRINSIC DAMPING OF FERROMAGNETIC METALS

3.1 Background

The spin dynamics in metallic ferromagnetic ultrathin films are currently of par-

ticular interest due to the promising applications of magnetic tunnel junction to a

variety of magnetic sensors and storage devices such as MRAM. The performance

of such magnetic devices, for example the magnetization reversal time, the crit-

ical temperature for a thermal assisted switching, the critical current for a spin

transfer torque switching and etc., is closely related to magnetization relaxation

processes. Therefore a thorough understanding of magnetization relaxation mech-

anisms in metallic ultrathin films is highly desired and has attracted considerable

attentions over decades[14, 15, 64].

Compared to bulk ferromagnet, ultrathin films have their own unique proper-

ties. One of the most remarkable features is that, as mentioned in chapter 1, the

demagnetization effect elevates the energy of uniform precession mode (UPM) from

the bottom of the magnon band so that it becomes degenerate with certain finite

wave vector magnons [64]. The existence of such degeneracy is essential to extrinsic

source of damping such as the two-magnon scattering [65, 66]. Furthermore, metal-

lic thin film usually has large spin relaxation rate than its insulating counterpart

owing to the additional damping channel through the conduction electrons.

Conduction electrons may be coupled with magnetization through spin-orbit

interaction[67] and exchange interaction. Mitchell[13] first calculated the relaxation
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time of magnons with finite wave vector for bulk nickel based on the following spin-

flip electron-magnon interaction

Hflip
el−mag = Jsd

√
S

2N

∑
k,q,σ

(
a†
qC

†
k↑Ck+q↓ + a−qC

†
k↓Ck+q↑

)

which origins from the exchange coupling between electron spins. He found longitu-

dinal relaxation relaxation to be about 5 ns. Later, Berger[68] calculated relaxation

time for finite wave vector magnons by employing an anisotropic exchange coupling

and concluded that such exchange interaction may be dominant in the relaxation of

large wave vector magnons.

In the present work, we point out that the spin-flip electron-magnon interaction

is energetically inoperative for magnons with small wave vectors especially for UMP

(or equivalently, the q = 0 magnons). This is because energy conservation demands,

for the spin-flip electron-magnon process, that εk+q↓−εk↑ = Eq. For q = 0 magnons

this requires εk↓ − εk↑ = 2Jsd = E0, but in reality the energy of a q = 0 magnon in

FMR measurement is much smaller than 2Jsd. Then a question would be naturally

raised: how do the q = 0 magnons decay intrinsically? We will show in this chapter

that the spin-conserved EMS, which also stems from the exchange coupling, may be

responsible for triggering the decay of UMP.

3.2 Spin-conserved electron-magnon scattering (EMS)

It is well known that the electron-magnon interactions germinate from the ex-

change coupling of conduction electron spins and local spins, so we set off from the

contact-type exchange Hamiltonian[69]

Hexch = −V

N

∑
l,m

Jsdδ(Rl − rm)Sl·sm (3.2.1)

where the upper case symbols Rl and Sl represent the position and spin operator

of the local site l while the lower case symbols describe the conduction electrons. V
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Figure 3.1: Schematic illustration of the spin-conserved electron-magnon scattering.

and N are volume and number of primitive cells of the sample. Second quantization

of the above Hamiltonian writes

Hexch = − SJsd

2

∑
kσ

σC†
kσCkσ +

Jsd

2N

∑
k,q,q′,σ

σa†
qaq′C†

k+q′σCk+qσ

− Jsd

√
S

2N

∑
k,q,σ

(
a†
qC

†
k↑Ck+q↓ + a−qC

†
k↓Ck+q↑

)
(3.2.2)

where the spin-conserved EMS can be identified as

HSC
em =

Jsd

2N

∑
k,q,q′,σ

σa†
qaq′C†

k+q′σCk+qσ (3.2.3)

Note this form of Hamiltonian was first derived by Mitchell[13], and then repeated

by White and Woolsey in their discussion of ferromagnetic semiconductor[69, 70],

but neither of them provided detailed derivation, so it may be still worthwhile to

giving an elaborate derivation (see Appendix A).

By applying the random-phase approximation (RPA) to Hexch in Eq. (3.2.2),

one finds the first two terms give rise to conduction electron and magnon band



68

energy shift[70],

ε′k,σ = εk + σJsd +
σJsd

2N

∑
q

nB(E ′
q) (3.2.4)

and

E ′
q = Eq +

σJsd

2N

∑
k

[nF (ξk+q,↑) − nF (ξk+q,↓)] = Eq +
Ne

2N
pJsd (3.2.5)

where εk = �
2k2

2m∗ is conduction electron kinetic energy, ξk ≡ εk − μ, nF (ξk) = 1
eβξk+1

and nB(Eq) = 1
eβEq−1

are Fermi and Bose distributions respectively, p denotes spin

polarization, and Ne is the number of conduction electrons. The energy shift arising

from the spin-conserved EMS calculated by RPA (i.e., the last terms of Eqs .(3.2.4)

and (3.2.5)) can be proved to be the first order self-energies of electrons and magnons

due to HSC
em (refer to Appendix B for details).

Before we move on to the next section to calculate the second order self-energy

and the damping rate of the magnons based on the spin conserved EMS, it is nec-

essary to first identify the difference between spin-conserved and spin-flip EMSs in

general. The major difference between the two is that for spin-conserved EMS, the

total number of magnons is conserved and hence there is no angular momentum

transfer between magnons and conduction electrons, while for spin-flip EMS, the

total number of magnons is not conserved so that mutual angular momentum ex-

change takes place between magnons and conduction electrons. Furthermore, if one

bridges microscopic quanta of magnons to macroscopic magnetization through the

following relations

Mz = MS − γ�

(∑
q�=0

nB(Eq) + nB(E0)

)
(3.2.6)

with MS being the magnitude of saturation magnetization, then it becomes clearer

that the spin-conserved EMS only relaxes the transverse component of the magneti-

zation while the longitudinal magnetization component relaxation is relevant to the

spin-flip EMS. With this point bearing in mind, we’re in a position to calculate the
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(q,iEn)

(k+q', ipw+iEs)

(q',iEs)

(k+q, ipw+iEn)

(q,iEn)

Figure 3.2: The ”sunrise” type second order magnon self-energy diagram of the spin-
conserved electron-magnon interaction. The dashed line and solid line represent
magnon line and electron lines respectively.

relaxation rate of UPM.

3.3 General expression of magnon relaxation rate

As aforementioned, the first order magnon self-energy due to the spin-conserved

EMS is real so that it is not relevant to damping. We thus turn to the second order

and find there is only one ”sunrise” type self-energy diagram (see Fig. 3.2) which

contains an imaginary part.

According to Fig. 3.2, one may write down the magnon self-energy with wave

vector q in terms of Matsubara frequency

π(2)(q,iEn) = −
(

Jsd

2Nβ

)2 ∑
k,q′,σ

∑
s,w

G(0)
σ (k + q, ipw + iEn)G(0)

σ (k + q′, ipw + iEs)D
(0)(q′,iEs)

=

(
Jsd

2N

)2 ∑
k,q′,σ

{
nB(ωq′)

[
nF (ξk+q′σ) − nF (ξk+qσ)

]
+ nF (ξk+q′σ) [1 − nF (ξk+qσ)]

εk+q′ − εk+q − Eq′ + iEn

}
.

(3.3.1)

where G
(0)
σ and D(0) represent the unperturbed electron and magnon Green’s
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functions respectively. We then extract the imaginary part with the alternation

iEn −→ E + iδ,

Im
[
π(2)

c (q,E)
]

= −π

(
Jsd

2N

)2 ∑
k,q′,σ

{
nB(Eq′)

[
nF (ξk+q′σ) − nF (ξk+qσ)

]
+nF (ξk+q′σ) [1 − nF (ξk+qσ)]

}
δ
(
εk+q′ − εk+q − Eq′ + E

)
(3.3.2)

If the real part of the self-energy is small compared to the zeroth order band energy

Eq, then a first order approximation may be obtained by replacing E with Eq[71]

in Eq. (3.3.2). Therefore after a straightforward rearrangement, we arrive at the

relaxation rate for magnons with arbitrary wave vector q

ΓSC
q � −2

�
Im

[
π(2)

c (q, Eq)
]

=
2π

�

(
Jsd

2N

)2

×
∑
k,q′,σ

{
[nB(Eq′) + 1] nF (ξk+q′σ) [1 − nF (ξk+qσ)] − nB(Eq′)nF (ξk+qσ)

[
1 − nF (ξk+q′σ)

]}
× δ

(
εk+q′ − εk+q − Eq′ + Eq

)
(3.3.3)

Acute readers may find that Eq. (3.3.3) is exactly the result following Fermi’s golden

rule. In the curly brackets, the first term refers to a forward reaction process in

which a q = 0 magnon is annihilated with the creation of a q(�= 0) magnon, i.e.,

a†
qa0C

†
kσCk+qσ, while the second term represents a ”back reaction” process, namely,

a†
0aqC

†
k+qσCkσ. By simply setting q = 0, one gets the decay rate of UPM merely

due to the spin-conserved EMS,

ΓSC
0 � π

�

(
Jsd

N

)2 ∑
k,q,σ

{
[nB(Eq) − nB(Eq − E0)]

(
∂nF

∂εk

)
(Eq − E0)

}

× δ (εk+q,σ − εk,σ − Eq + E0) (3.3.4)
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where we have utilized the identity

nF (ξk+qσ) [1 − nF (ξkσ)] = [nF (ξkσ) − nF (ξk+qσ)] nB(ξk+qσ − ξkσ)

and have assumed that nF (ξkσ) − nF (ξk+qσ) �
(

dnF

dεk

)
(ξkσ − ξk+qσ). This assump-

tion is justified for the cases that we are interested in, since in transition metals,

the relevant magnons have wave vectors around 105 cm−1 which is quite small in

comparison with the size of Fermi wave vector (k ∼ 108 cm−1) conduction electrons

near Fermi surface.

For ultrathin films, it is legitimate to assume that the spin waves only propagates

in plane[72, 73], i.e., qz = 0 for all magnons. With this assumption, we may cast

the above expression into integrals

ΓSC
0 =

J2
sdv

2
0m

∗2

16�5π3d

∑
σ

∫ 2π

0

dφq‖

∫ π/a0

0

dq‖ [nB(Eq) − nB(Eq − E0)] (E0 − Eq) nF (εm−εF )

(3.3.5)

where v0 is the volume of a primitive cell of the sample, d denotes the thickness of

the film, q‖ represents in-plane magnon wave vector, a0 is the lattice constant1 and

εm is given by

εm ≡
(
εq‖ − Eq‖ + E0

)2

4εq‖

Before we apply Eq. (3.3.5) to specific cases, we would like to uncover some

physics reflected by this equation. At zero temperature, since the states below the

Fermi surface are completely occupied, the relaxation of the q = 0 magnons via the

spin-conserved EMS is possible only if there exist magnons with Eq > E0; otherwise,

the process would be energetically prohibited. However, as elevated temperatures,

even if the magnon dispersion satisfies Eq > E0 for all q, the spin-conserved EMS

would still be operative for the relaxation of UPM, since there are available electronic

states below Fermi surface due to thermal excitation. This feature is in contrast to

1We take the upper limit of the integration over q‖ to be π/a0 because the magnon wavelength
can not be shorter than 2a0.
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q

φq

Figure 3.3: Schematics of an ultrathin film of thickness d and the coordinate system
used in this paper. The external magnetic field Hext and the magnetization MS are
both on the XZ plane. φq‖ denotes the angle between X-axis and the spin wave
propagating direction q‖.

the extrinsic two magnon scattering[66, 74]. We can see that the above physical

processes are nicely captured by the integrand of Eq. (3.3.5).

3.4 Applications: Relaxation of uniform mode in ultrathin

films

In this section, we shall apply the general expression of the relaxation rate of

the UPM to study various features of the FMR linewidth due to the spin conserved

EMS in ultrathin ferromagnetic films.
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3.4.1 Magnon dispersion relation

While the bulk exchange magnon dispersion takes a simple quadratic form, i.e.,

Eq ∝ q2, the thin film magnon dispersion exhibits a more complex form due to

the surface and volume demagnetization energy. Generally, it may be expressed as

follows[64, 72, 74, 75]

Eq‖ = γ�

√
H1

(
q‖
)
H2

(
q‖
)− H2

12

(
q‖
)

(3.4.1)

in which

H1

(
q‖
)

= Hext cos (φH − φM) − (Hs + 4πMS) sin2 φM

+2πMSq‖d sin2 φq‖ + Dq2
‖/γ (3.4.2)

H2

(
q‖
)

= Hext cos (φH − φM) + (Hs + 4πMS) cos (2φM)

−2πMSq‖dη
(
φM , φq‖

)
+ Dq2

‖/γ� (3.4.3)

and

H12

(
q‖
)

= −πMSq‖d sin φM sin
(
2φq‖

)
(3.4.4)

where d is the thickness of the film, D represents the spin wave stiffness, γ is the

gyromagnetic ratio, η
(
φM , φq‖

)
≡ cos (2φM) + sin2 φM sin2 φq‖ , Hext and Hs are

the external magnetic field and the effective surface anisotropic field respectively 2.

As defined in Fig. 3.3, the angles φq‖ , φH and φM describe the in-plane magnon

propagation direction and the deviations of the external magnetic field and the

magnetization from the film plane respectively. For given angle φH , φM can be

determined by the equilibrium torque relation M × Hext +M× (Hs + Hd) = 0 with

the demagnetizing field Hd = −4πMzẑ. This relation can be be easily cast into the

2we follow the sign convention that the normal to film plane is an easy axis when Hs < 0



74

following angular form

Hext sin (φH − φM) + (Hs + 4πMS) sin φM cos φM = 0 (3.4.5)

There are several remarkable features about this thin film magnon dispersion.

First, in addition to the quadratic term Dq2
‖/γ, the thin film magnon dispersion

relation also contains a linear term in magnon wave vector due to the dipolar energy.

This can be seen by assuming both 2πMSq‖d and Dq2
‖/γ are small compared to

H1 (0) and H2 (0) which is valid in the long wave length range, and then expanding

Eq. (3.4.1) up to first order

Eq‖ = E0−π�
2γ2MSq‖d

E0

[
H1 (0) η

(
φM , φq‖

)
− H2 (0) sin2 φq‖

]
+

Dq2
‖

2E0

�γ [H1 (0) + H2 (0)]

(3.4.6)

where E0 is the q = 0 magnon energy. If the coefficient of the linear term is negative,

then the minimum of the magnon energy occurs at certain finite q‖ rather than

at q‖ = 0; in other words, there exists certain magnons with finite q‖ which are

degenerate with the UPM. This gives rise to the scattering space for the two-magnon

scattering as well as the spin-conserving EMS at low temperature. By letting the

coefficient of the linear term to be less than zero, one can also show that such

degeneracy only occurs when φM < π/4 [74, 75]. Secondly, since the thin film

magnon dispersion is a function of φq‖ as well, it consists of a set of curves for all

values of φq‖ , also known as magnon manifolds, which is different from the bulk

magnons whose dispersion is single parabolic curve. A schematic demonstration of

the thin film magnon dispersion is given in Fig. 3.4.

3.4.2 Ferromagnetic resonance (FMR) linewidth

In FMR experiments, the rf field first excites the UPM mode with the FMR

frequency fFMR. Therefore, the FMR linewidth of the UPM due the spin conserving
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Figure 3.4: Schematics of thin-film magnon dispersion. Three cases are shown: (a)
φM < 45◦, (b)45◦ < φM < 90◦, and (c) φM = 90◦.

EMS can be computed via the following relation

∣∣∣∣ dE0

dHext

∣∣∣∣ΔHSC = ΓSC
0 (3.4.7)

where E0 and ΓSC
0 are given by Eqs. (3.4.1) and (3.3.5) respectively. In what follows,

we shall examine sequentially how the ΔHSC contribution will depend on FMR

frequency fFMR, field angle φH , temperature and film by carrying out numerical

integrations based on Eq. (3.3.5). The common material parameters we use are

appropriate for Py: the lattice constant a0 = 3.55 Å, saturation magnetization

Ms = 800 emu/cc, the spin wave stiffness D = 10−28 erg · cm2, Fermi energy

εF = 11 eV , gyromagnetic ratio γ = 1.76× 107 (Oe · s)−1 and surface perpendicular

anisotropy Ks = −0.6 erg · cm−2.

The frequency dependence of ΔHSC at two temperatures T = 4 K and 300 K

and for various angles φH are shown in Fig. 3.5(a) and (b) respectively. Note that for

given angle φH and FMR frequency for which 2π�fFMR = E0, we employ Eqs. (3.4.1)

and (3.4.5) to determine Hext and angle φM . At low temperature, ΔHSC increases

with decreasing angle φH for large FMR frequencies where φM becomes closer to φH .

This is expected since the more the magnetization tilted out of film plane, the less

scattering space the UPM has, according to the thin film magnon dispersion that we
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Figure 3.5: The frequency dependence of spin-conserving EMS contribution to the
FMR linewidth for several fixed φH . We demonstrate the numerical results for two
different temperatures: (a) T = 4 K; (b) T = 300 K

discussed in the last subsection. For small frequency range, ΔHSC is approximately

linear in fFMR. Also note that when φH > 45
◦
, ΔHSC will be suppressed at large

frequencies (or large external field) which verifies our prediction of the critical angle

φ
(c)
M = π/4 for the presence of degeneracy magnon modes. At room temperature,

ΔHSC grows significantly as compared to that in the low temperature case, which

is not surprising since more electronic states below the Fermi level become available

due to thermal excitation so that the UPM can also be scattered into q �= 0 magnon

states with higher energies.

In Fig. 3.6, we show ΔHSC as a function of φH , for several FMR frequencies at

room temperature. We note that the linewidth for φH = 90
◦

is larger than that for

φH = 0
◦

for small frequencies, which seems to contradict with our physical picture

on scattering space of UPM obtained above. However, one should realize that the

magnon dispersion is not a monatomic function of φM or φH ; rather, it is a function

of multiple variables including the φH , Hext and etc. For fixed FMR frequency,

the resonance field also varies with φH . Therefore, one should not be too surprised

about this result at low frequency for which the resonance field strongly depends on

φH . However at higher frequencies, the resonance field grows monotonically with

increasing FMR frequency and almost independent of the angle φH . In this case,

the UPM scattering space predominantly relies on the angle φM which is rather
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Figure 3.6: The φH dependence of spin-conserving EMS contribution to the FMR
linewidth at T = 300 K for several fixed FMR frequency fFMR.

close to φH at the high frequency regime. Therefore we see in Fig. 3.6 that at

fFMR = 60 GHz, the linewidth for φH = 0
◦

becomes greater than that for φH = 90
◦
.

Such angular dependence of the FMR linewidth has been experimentally observed

[65, 66, 75] and were previously explained by extrinsic source of the two-magnon

scattering process due to the presence of surface or interface defect. Here we argue

that such phenomena may arise intrinsically via the spin conserving EMS.

In Fig. 3.5 we have already seen that the linewidth ΔHSC increases with tem-

perature, the result of the numerical calculation of the temperature dependence is

shown in Fig. 3.7. We find the temperature dependence to be T 2. This can be

physically interpreted as follows. On one hand, in the present two dimensional case

(for the ultrathin film), the total number of final magnon states that the UPM

can be scattered into is proportional to kBT ; on the other hand, the available elec-

tron states near Fermi surface also scales with kBT . The combination of these two

factors gives rise to the T 2 temperature dependence of the ΔHSC induced by the

spin-conserving EMS. Experimental observation of this temperature dependence of

intrinsic damping is quite challenging since one needs to prepare the sample with
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Figure 3.7: The temperature dependence of spin-conserving EMS contribution to
the FMR linewidth for fFMR = 60 GHz. Two typical cases of φH = 0◦ and φH = 90◦

are investigated.

great care to eliminate defects. With defects, other extrinsic damping channels,

like the two-magnon process, may compete with the spin-conserved EMS. If the ex-

trinsic damping is more efficiently, then the FMR linewidth would be temperature

insensitive[76]. Ingvarsson et al.[77] observed resistivity-like FMR linewidth for Py

thin films. We know that at low temperatures, the resistivity may exhibit a T 2 tem-

perature dependence due to electron-electron or electron-magnon interactions. This

could be an evidence for the intrinsic spin-conserving EMS damping mechanism.

Lastly, we show the thickness dependence of ΔHSC in Fig. 3.8. A universal 1/d

dependence is found. In experiments, such thickness dependence of damping is well

known for ferromagnetic metal thin films especially for layered structures, which

may be induced by various damping mechanisms [75, 78]. Here, we simply propose

another possible mechanism, i.e., the intrinsic spin-conserving EMS, which may be

responsible for the 1/d thickness dependence of the FMR linewidth.
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Figure 3.8: Room temperature thickness dependence of spin-conserving EMS con-
tribution to the FMR linewidth for fFMR = 60 GHz. Two typical cases of φH = 0◦

and φH = 90◦ are calculated.

3.5 Summary

In this chapter, we have theoretically studied the contribution of the spin-

conserved EMS to FMR linewidth of transition metal thin films. We find that,

at room temperature, this intrinsic source of the FMR linewidth can be compara-

ble to experimental data and exhibits similar features to the well-studied extrinsic

two-magnon scattering mechanism such as frequency, thickness, angular dependence

and etc. Besides, the EMS mechanism leads to a T 2 temperature dependence, which

may be responsible for the resistivity-like damping observed in experiments at low

temperatures. We thus conclude that the spin-conserved EMS, which had been

overlooked in the study of ferromagnetic relaxation, plays an important role in the

magnetic damping of ferromagnetic metal thin films.
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CHAPTER 4

MAGNON MEDIATED SPIN TRANSPORT

4.1 Background

In conventional metal-based spintronics, spin current, which is defined as the

difference of electric currents of spin-up and spin-down conduction electrons, plays

a pivotal role in propagating spin information from one place to another. Many

spin dependent properties, such as giant (tunnel) magnetoresistance [38, 39], spin

transfer torques [2, 3] and spin Hall effect [21, 22], are directly related to spin

current. Spin current has several unique properties compared to charge current:

1) it is considered as a flow of angular momentum while the conventional current

is a flow of charge, 2) the total spin current is not a conserved quantity even in

the steady state condition; it can be transferred and/or lost due to spin-dependent

scattering, and 3) spin current has both transverse and longitudinal components

whose decaying length scales are quite different in a ferromagnetic medium.

Besides conduction electrons, it is well known that spin waves or magnons, which

are collective excitations of ferromagnets, can also carry angular momentum. How-

ever, since magnons are not directly coupled with electric field and no net magnon

current is present in thermal equilibrium (for as many magnons are going one way as

another), magnon transport has been overlooked in a ferromagnetic metal. Recently,

it was shown experimentally [16] that spin information can also be propagated by

magnons in a ferromagnetic insulator layer (FIL) where conduction electrons trans-

port is completely suppressed due to the large band gap. However, since there is



81

still no direct way to measure the magnon current, it is indirectly tested in layered

systems by converting the magnon current to a charge current. Therefore, a sys-

tematic transport theory for electrons and magnons in such layered structure with

a FIL is desired and will be rather promising.

4.2 Magnon transport equations

Since the spin dependent Ohm’s law has been well established for a metal layer

[22, 55] (see also Appendix C for a neat spinor form of the spin dependent drift-

diffusion equations.), here we only focus on the development of the magnon transport

equations in a FIL.

Let us start with a general magnon Boltzmann equation in the presence of spa-

tially dependent temperature T (x) and magnetic field H(x),

vx
∂Nm

∂x
+ vx

∂Nm

∂T

dT

dx
+ vx

∂Nm

∂H
· dH

dx
+ q̇·∂Nm

∂q
= −

(
∂Nm

∂t

)
scatt.

(4.2.1)

where Nm (x,q,T (x),H(x)) is the magnon distribution. The first term describes

magnon diffusion. The second and third terms are responsible for the magnon

transport in the presence of temperature and magnetic field gradients, which have

been recently studied in the content of spin calorics [19, 79–81]. The last term on

the left side of Eq. (4.2.1) is associated with the acceleration of magnons by external

forces such as a confining potential at boundaries [20]. The scattering term on the

right side of the Eq. (4.2.1) may be modeled by the relaxation time approximation

(
∂Nm

∂t

)
scatt.

=
Nm − N̄m

τm

+
Nm − N0

m

τth

(4.2.2)

where N̄m(x) =
∫

dqNm(x,q)/
∫

dq is the momentum averaged magnon distribution

while N0
m(x,q) = 1/

[
eεq/kBT (x) − 1

]
is the local equilibrium magnon distribution,

where εq = Dq2 + �g is the magnon dispersion, D is the spin wave stiffness, �g is

the spin wave gap, and vx = ∂εq/�∂qx is the x component of the magnon velocity.

The first relaxation term describes those processes which conserve the number of
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magnons. For example, magnon scattering by a paramagnetic impurity has the

form of Vqq′a+
q aq′ ; i.e., non-magnetic impurity or surface roughness [64, 82] scatters

a magnon q′ to a magnon q. As long as we neglect the wave number dependence

of the scattering matrix Vqq′ , this process can be modeled by the first term on the

r.h.s. of Eq. (4.2.2). The second term on the r.h.s. of Eq. (4.2.2) does not conserve

the number of magnons. The non-equilibrium magnons relax to equilibrium ones

via, for example, magnon-phonon interactions [14].

We first consider the case of uniform temperature and magnetic field, and assume

there is no external force on magnons. Then, Eq. (4.2.1) and (4.2.2) reduce to

vx
∂Nm (x,q)

∂x
= −Nm (x,q) − N̄m (x)

τm

− Nm (x,q) − N0
m (q)

τth

. (4.2.3)

We may proceed to solve Nm by the same way as for the electron distribution

in magnetic multilayers [55]. Particularly, one may expand the non-equilibrium

distribution by the Legendre polynomials,

Nm(x,q) = N0
m(q) +

∂N0
m(q)

∂εq

[
μm(x) +

∞∑
n=1

g(n)(x)Pn (cos θ)

]
(4.2.4)

where μm(x) is the n = 0 component of the non-equilibrium distribution and θ is

the angle between q and x axis. By placing the above equation into Eq. (4.2.3) and

by utilizing the orthogonality property of the Legendre polynomials, one can arrive

at a series of algebraic equations for the coefficients g(n)(x). In Appendix D, we

show the solutions in some limiting cases. Once the distribution functions Nm(x,q)

are determined, we can find the magnon current and magnon number density via

jm(x) =
−2μB

(2π)3

∫
dqvxNm(q, x); δnm(x) =

1

(2π)3

∫
dq
[
Nm(q, x) − N0

m(q)
]

(4.2.5)

where μB is the Bohr magneton. Note that a magnon carries spin moment −γ�(=

−2μB) where γ is the gyromagnetic ratio.

We may further simplify the solution of the non-equilibrium magnon distribution
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by discarding high orders (n ≥ 2) of the polynomials. Consequently, we find a local

relation between magnon accumulation and magnon current,

d

dx
jm(x) = −δmm(x)

τth

(4.2.6)

and

jm(x) = −Dm
d

dx
δmm(x) (4.2.7)

where δmm(x) ≡ (−2μB) δnm(x) is defined as the magnon accumulation and Dm is

the magnon diffusion constant given by the relation lm =
√

Dmτth with lm being the

magnon diffusion length. An analytical expression of lm is given in Appendix D.

We point out that this local current expression is valid in the limit τth � τm

which is a good approximation for ferromagnets [14] (see Appendix D). By com-

bining Eqs. (4.2.6) and (4.2.7), we obtain the diffusion equation for non-equilibrium

magnons,
d2

dx2
δmm(x) − δmm(x)

l2m
= 0 (4.2.8)

At room temperature (T = 300 K), for YIG with �g ∼ 10−5 eV , τm ∼ 10−7 s

and τth ∼ 10−6 s, lm is estimated at 0.05 cm, consistent with the measurement [83].

Equation (4.2.8) has the general solution,

δmm(x) = AF e−x/lm + BF ex/lm (4.2.9)

and thus the magnon current density reads

jm(x) = − lm
τth

(−AF e−x/lm + BF ex/lm
)

(4.2.10)

where AF and BF are integration constants to be determined by boundary condi-

tions.
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4.3 Boundary conditions at magnetic interfaces

In order to self-consistently solve for the transport coefficients of a given layered

magnetic system, we need to determine the boundary conditions. While the outer

boundary conditions are somewhat trivial (for example, both spin and charge current

vanish at an open boundary), the interface boundary conditions rely on the detailed

properties of the magnetic interface. In this section, we consider an ideal magnetic

interface where only spin-flip electron-magnon scattering is present.

4.3.1 Summary of boundary conditions

We consider a simple bilayer consisting of a metallic layer in contact with a

magnetic insulator layer (MIL). The angular momentum in a metal is carried by

conduction electrons while in a MIL, it is carried by magnons. In the semiclassi-

cal approximation, spin transport properties can be described by the distribution

functions of electrons and magnons [84]. The boundary conditions are to link the

non-equilibrium electron distribution function of the metal to the magnon distribu-

tion function of the MIL. Within the model of the s − d exchange interaction (see

the next subsection), the total angular momentum is conserved and thus for an ideal

interface the first boundary condition would be

jt(0
−) = jt(0

+) (4.3.1)

where jt is the total angular momentum current, and we assign the interface at

x = 0. If we consider the left layer as a non-magnetic metal (x < 0), the angular

momentum is carried by conduction electrons only and thus jt(0
−) = js(0

−) where

js denotes the conventional spin current density. For the MIL on the right, the

angular momentum is carried by magnons only and thus jt(0
+) = jm(0+) where jm

corresponds to the magnon current density. Therefore, we may rewrite Eq. (4.3.1)

as

js(0
−) = jm(0+) (4.3.2)
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Note that for a magnetic metal, both spin and magnon currents contribute to the

total angular momentum current.

The second boundary condition is the relation among the spin accumulation

δms(0
−), the magnon accumulation δmm(0+), and the total angular momentum

current jt(0) [85],

Gemδms(0
−) − Gmeδmm(0+) = jt(0) (4.3.3)

where the two coefficients Gem and Gme will be calculated within the s−d model in

the next subsection. The physics of this boundary condition is rather transparent:

the first term represents the generation of the magnon current in the presence of spin

accumulation and the second term describes the spin current produced by magnon

accumulation. The combination of these two processes at the interface yields the

total interface spin current. We immediately note that Eq. (4.3.3) is analogous to the

case of spin current between two metallic layers in which the boundary condition

is Gσμσ(0+) − Gσμσ(0−) = jσ(0) where μσ denotes the spin dependent chemical

potential (σ = ±1 or ↑ (↓) corresponds to spin-up (down)) which is proportional to

spin accumulation, and Gσ characterizes the interfacial spin conductance [55]. With

this analogy, we may identify the coefficients Gem (Gme) as the interface conductance

for the conversion of the spin (magnon) accumulation to the magnon (spin) current;

we simply call Gem and Gme spin convertances for convenience hereafter.

We point out that the boundary condition, Eq. (4.3.3), is different from what we

proposed in the earlier paper [84] where we related the spin and magnon accumula-

tions via a local magnetic susceptibility. Clearly, such approximation corresponds to

an ideal case in which the interface spin resistance is zero or the spin convertances

are infinite. In the next subsection, we shall calculate these spin convertances and

show that they are in fact finite and thus the magnon mediated electric drag effect

predicted in Ref. [84] was overestimated by one order of magnitude.
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4.3.2 Microscopic calculation of spin convertance

We start with the s − d exchange coupling at a metal|MIL interface,

Ĥsd = −Jsd

√
S

2Ns

∑
q,k,k′

(a†
qc

†
k↑ck′↓ + aqc

†
k′↓ck↑)δk′=q+k (4.3.4)

where c†k↑ (ck↑) and c†k↓ (ck↓) are the creation (annihilation) operators for spin-up

and spin-down electrons respectively, a†
q (aq) is the creation (annihilation) operator

for magnons, S is the spin per atom of the MIL, and Ns is the number of atomic

spins of the MIL at the interface. The exchange coupling strength Jsd is given by the

exchange integral with the overlapped wave functions of the conduction electrons

and the magnetic ions at the interface. Since we do not know the detailed orbitals

for the interface states, the magnitude of Jsd at interface is less known compared to

that in bulk materials and we will treat it as a parameter.

The above exchange interaction gives rise to angular momentum transfer be-

tween the electron spins at the metallic side and the magnons at the MIL side. In

equilibrium, the net spin current across the interface is zero. At non-equilibrium

when there is a spin accumulation at x = 0− or a magnon accumulation at x = 0+,

a net magnon/spin current may be present across the interface. In Fig. 4.1, we

illustrate two angular momentum transfer processes. The total angular momentum

current across the interface should be caused by both processes. We shall calculate

them separately below.

Magnon current generated by spin accumulation at the interface is defined as

je→m ≡
〈

μB

i�AI

[∑
k

(c†k↑ck↑ − c†k↓ck↓), Ĥsd

]〉
(4.3.5)

where <> refers to the thermal averaging over all states and AI is the area of

the interface. By explicitly working out the above commutator and by using the
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Figure 4.1: Spin angular momentum transfer at a metal|MIL interface. The upper
(lower) panel describes magnon current je→m (spin current jm→e) generated by spin
accumulation δms (magnon accumulation δmm) at the interface.

Fermi-golden rule, we have

je→m =
2πμBS

AI�

(
Jsd

Ns

)2 ∑
k,q,k′

[(Nq + 1)(1 − fk↑)fk′↓ − Nq(1 − fk′↓)fk↑] δ(εk+Eq−εk′)

(4.3.6)

where Nq and fkσ are the magnon and electron distribution functions respectively.

We have considered a rough interface such that there is no correlation between

the electron and magnon momentum for the magnon emission/absorption processes

(i.e., we do not impose k′−k = q). We first consider the process in the upper panel

of Fig. 4.1, i.e., magnon current due to spin accumulation. Accordingly, we take the

equilibrium distribution function for magnons, i.e., Nq = N0
q = [exp(Eq/kBT )−1]−1

where the spin-wave energy is Eq = Aq2 + Δg, the exchange stiffness is associated

with the Curie temperature via A = 3kBTca
2
0I/π

2(S + 1) [86], and Δg is the spin

wave gap due to magnetic anisotropy. The electron distribution function can be

conveniently separated into equilibrium and non-equilibrium parts,

fkσ = f 0
k +

∂f 0
k

∂εk

[−δμσ(x) + gσ(k, x)] (4.3.7)
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where f 0
k is the Fermi distribution function, δμσ(x) is the local variation of the chem-

ical potential and gσ(k, x) is the anisotropic part of the non-equilibrium distribution

function (
∫

d3kgσ(k, x) = 0). By placing the above equilibrium magnon distribu-

tion function and non-equilibrium electron distribution function into Eq. (4.3.6), we

arrive at

je→m = Gemδms(0
−) (4.3.8)

where we have defined δms = μBge(εF )(δμ↑ − δμ↓) as the spin accumulation with

ge(εF ) being the interface electron density of states at Fermi level. The spin conver-

tance can be formulated by

Gem =
πS

2�kBT
J2

sdge(εF )a2
0Ma5

0I

Emax∫
Δg

dEqgm(Eq)Eqcsch
2

(
Eq

2kBT

)
(4.3.9)

where a0M and a0I are the lattice constants of the metal layer and the MIL respec-

tively, gm(Eq) is the interface magnon density of states, and Emax (� 3kBTc/(S+1))

is the maximum magnon energy. If a parabolic magnon dispersion is assumed, then

the dominant temperature dependence of Gem is (T/Tc)
3/2. The above result has

already been obtained in [87, 88].

The spin current induced by magnon accumulation at the metal|MIL interface

can be similarly calculated. We define this interface spin current as

jm→e ≡
〈

2μB

i�AI

[∑
q

a†
qaq, Ĥsd

]〉
. (4.3.10)

After working out the ensured commutator, we find the spin current has exactly the

same expression as Eq. (4.3.6); this is not surprising because the s − d interaction

conserves the total angular momentum. To evaluate the spin current induced by

magnon accumulation (see the process displayed in the lower panel of Fig. 4.1), we

replace the electron distribution by the equilibrium value, fkσ = f 0
k, and separate the

magnon density into equilibrium and non-equilibrium ingredients Nq = N0
q + δNq.
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We then find from Eq. (4.3.10),

jm→e = Gmeδmm(0+) (4.3.11)

where δmm ≡ (2μB)
∫

dEqgm(Eq)δNq is defined as the magnon accumulation. The

spin convertance can be expressed as [85]

Gme =
πS

�
J2

sdg
2
e(εF )a2

0Ma5
0IĒm (4.3.12)

with

Ēm =

Emax∫
Δg

dEqgm(Eq)EqN
0
q

Emax∫
Δg

dEqgm(Eq)N0
q

(4.3.13)

where we have replaced the non-equilibrium magnon energy by the average magnon

energy Ēm by assuming a near equilibrium magnon distribution. A rough esti-

mation for simple parabolic bands of both magnons and electrons gives Gme ∼
(πSa5

0I/�a0M)J2
sdge(εF )

(
T
TF

)
where TF is the Fermi temperature of the metal layer.

By combining Eq. (4.3.8) and (4.3.11), we attain Eq. (4.3.3) with the spin con-

vertances Gem and Gme given by Eqs. (4.3.9) and (4.3.12).

4.4 Applications: electron and magnon transport in mag-

netic multilayers

To experimentally realize the conversion between spin current and magnon cur-

rent and to quantify the spin convertance, one needs to create a non-equilibrium

condition such that a spin current or a magnon current can be generated, manipu-

lated, and more critically, detected. The non-equilibrium states may be created in

several ways. In this section, we study both electrical injection into a metal layer

and thermal gradient across a MIL. In Fig. 4.2, we show three hypothetical devices

to explicitly demonstrate the magnon-mediated electrical drag.
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Figure 4.2: Schematics of three hypothetical devices: (a) NM|MIL|NM trilayers, (b)
MM|MIL|MM trilayers, and (c) NM|MIL bilayers. In (a) and (b), a spin current
is generated by an injected electric current via spin Hall effect, while in (c), a
magnon current is induced by applying a thermal gradient. In all three cases,
the magnetization directions of the MIL and the magnetic metal (MM) layers are
oriented in +z.

4.4.1 NM|MIL|NM trilayers

In Fig. 4.2(a), a magnetic insulator layer (MIL) is sandwiched between two non-

magnetic metal (NM) layers. By applying an in-plane electrical current in the NM1

layer, a spin current flowing perpendicular to the layers would be generated due

to the spin Hall effect. In this geometry, a partial spin current would flow into

the MIL via transfer of spin current to magnon current. If the magnon diffusion

length is larger than the thickness of the MIL, the magnon current would reach

the other side of the MIL and subsequently, converts back to spin current in the

NM2 layer. Finally, an electric current parallel to the layer is generated owing to

the inverse spin Hall effect [23]. Such an electric drag phenomenon, namely, an

electric current in one NM layer induces an electric current in the other when the

two NM layers are separated by a MIL, would be a proof of the magnon/spin current

conversion at magnetic interfaces. Although we have already calculated the drag

coefficient in Ref. [84], we find the improved boundary conditions presented in this

paper quantitatively modify the earlier result.
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Referring to the coordinate system in Fig. 4.2, one can establish the relation of

the spin accumulation, spin current, magnon accumulation, and magnon current in

each layer. For the NM1 layer with an applied in-plane current density j
(1)
e , we have

δms(x) = A1 exp(x/λsf ) (4.4.1)

where λsf is the spin diffusion length, A1 is a constant to be determined via boundary

conditions. We have taken the thickness of the layer much larger than the spin

diffusion length such that the term proportional to exp(−x/λsf ) has been dropped.

The spin current flowing perpendicular to the plane of the layers is given by

j(1)
s (x) = −γshj

(1)
e − Ds

∂δms

∂x
(4.4.2)

where the first term represents the spin Hall effect: an electric current j
(1)
e in the y-

direction generates a transverse spin current proportional to the spin Hall angle γsh

which is defined as the ratio of the spin Hall conductivity to the electric conductivity.

Note that we have adopted e = μB = 1 for notation convenience so that the electrical

current and the spin current would have the same unit. The second term corresponds

to the spin diffusion where Ds is the spin diffusion coefficient which may be related

to the conductivities c↑ = c↓ by the Einstein relation: c↑(↓) = e2ge(εF )Ds. For the

MIL layer, we have

δmm(x) = A2 exp(x/lm) + A3 exp(−x/lm) (4.4.3)

and

jm(x) = −Dm
∂δmm

∂x
(4.4.4)

where A2 and A3 are integral constants from the magnon diffusion equation, lm is the

magnon diffusion length, Dm is the magnon diffusion constant associated with the

magnon diffusion length by lm =
√

Dmτth with τth being the magnon-nonconserving
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relaxation time [84]. For the NM2 layer, we have

δms(x) = A4 exp(x/λsf ) + A5 exp(−x/λsf ) (4.4.5)

and

j(2)
s (x) = −Ds

∂δms

∂x
(4.4.6)

where A4 and A5 are two integration constants. The four boundary conditions of

Eqs. (4.3.2) and (4.3.3) at the two interfaces x = 0 and x = d, along with the

outer-boundary condition at x = d + L2 where j
(2)
s (x = d + L2) = 0, determine

the five constants Ai (i = 1 − 5). After a straightforward algebra, we find the spin

current density j
(2)
s (x) which in turn converts to an in-plane charge current in the

NM2 layer via the inverse spin Hall effect, i.e., j
(2)
e (x) = γshj

(2)
s (x). Explicitly,

j(2)
e (x) =

−ab sinh
[

d+L2−x
λsf

]
csch

(
L2

λsf

)
γ2

shj
(1)
e[

b1 + b2 coth
(

L2

λsf

)]
sinh

(
d
lm

)
+
[
b3 + ab coth

(
L2

λsf

)]
cosh

(
d
lm

) (4.4.7)

where we have introduced the dimensionless constants a ≡ λsfGem/Ds, b ≡
lmGme/Dm b1 = 1 + a + b2, b2 = a + a2, and b3 = (2 + a)b. We may define an

average electric current density by averaging over the thickness of the NM2 layer,

j̄
(2)
e = (1/L2)

∫
dxj

(2)
e (x). Then the ratio of the averaged current density to the

injected current density, i.e., η ≡
∣∣∣j̄(2)

e /j
(1)
e

∣∣∣, can be obtained as

η =
λsfγ

2
sh

L2

ab tanh
(

L2

2λsf

)
[
b1 + b2 coth

(
L2

λsf

)]
sinh

(
d
lm

)
+
[
b3 + ab coth

(
L2

λsf

)]
cosh

(
d
lm

)
(4.4.8)

The electrical drag coefficient η may be readily estimated. In the case of d � lm, η

becomes independent of Gme, but increases with Gem; this is understandable since

in this case the magnon current does not decay and thus the magnon accumulation

is unimportant, η depends predominantly on the efficiency of the magnon current
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generation by spin accumulation which is measured by Gem. A quick numerical

check also indicates that Gem is usually larger than Gme. We consider a trilayer

of Ta|YIG|Ta whose material parameters at room temperature (T = 300K) are

taken as follows: for the Ta layers [35], the conductivity cTa = (190μΩ · cm)−1, the

spin diffusion length λsf = 5 nm and the spin Hall angle γsh = 0.15, the lattice

constant a0M = 3.3Å, and the Fermi energy εF = 5 eV ; for the YIG layer [14], the

Curie temperature Tc = 550 K, the lattice constant a0I = 12.376Å, the spin wave

gap Δg = 10−6 eV , and the magnon relaxation time τth = 10−6s. In Fig. 4.3, we

show η as a function of the thicknesses of the NM2 layer for several different MIL

thicknesses. Fig. 4.4 shows η as a function of the interface exchange coupling Jsd

with several different magnon diffusion lengths.

Finally, we discuss the sign of the drag current. The induced electric current

always flows in the opposite direction of the injected electric current for any magne-

tization direction of the MIL . To see this, we first recall the spin Hall and inverse

spin Hall effect in a single layer: an electric current induces a perpendicular spin

current (spin Hall) which in turn produces an electric current (inverse spin Hall).

The physical principle is that the combined actions of the spin Hall and the inverse

spin Hall are to reduce the original driving current. Now consider the trilayer sys-

tem. Since the spin current injected into the NM2 layer remains parallel to the

spin current in the NM1 layer, the electric drag current in the NM2 layer must be

antiparallel to the applied electric current in the NM1 layer.

4.4.2 MM|MIL|MM trilayers

Next, we consider a trilayer structure where the two metallic layers are magnetic,

as shown in Fig. 4.2(b). Since the direct contact between the magnetic metal (MM)

layer and the MIL would make it difficult to rotate the magnetization of each layer

independently, one may insert a thin non-magnetic layer at the interface to break

direct magnetic coupling. When an in-plane current is applied to the MM1 layer, an

anomalous Hall current perpendicular to the layers is generated if the magnetization

is oriented in the z-axis. Although the physics of anomalous Hall and spin Hall
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Figure 4.3: Electrical drag coefficient as a function of the NM2 (Ta) layer thickness
for three different thicknesses of the MIL (YIG). See the main text for the parameters
used in the figure.
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Figure 4.4: Electrical drag coefficient as a function of Jsd/εF for three different
magnon diffusion lengths of the MIL (YIG). See the main text for the parameters
used in the figure.
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effects are the same, the anomalous Hall current has both spin and charge currents.

The charge current, however, is unable to penetrate the MIL; this leads to a charge

accumulation at the interface so that the net charge current is exactly zero in the

steady state. The spin current, on the other hand, is able to propagate into the MIL

via the conversion to the magnon current, as discussed in the previous section. To

gain a quantitative understanding, we carry out the following calculation.

The x-components of spin and charge currents of the MM1 layer can be expressed

as

jx(1)
s = −pDs

∂δn
(1)
0

∂x
− Ds

∂δm
(1)
s

∂x
− γahj

(1)
e (4.4.9)

and

jx(1)
e = −Ds

∂δn
(1)
0

∂x
− pDs

∂δm
(1)
s

∂x
− pγahj

(1)
e (4.4.10)

where p = (c↑ − c↓)/(c↑ + c↓) is the spin polarization of the conductivity, γah is the

anomalous Hall angle defined as the ratio of the Hall conductivity to the longitudinal

conductivity, δn0 is the charge accumulation and j
(1)
e is the current density applied

in the y-direction as before. We have assumed a spin-independent spin diffusion

coefficient Ds. Since j
x(1)
e = 0, we may eliminate the charge accumulation term

from the above equations and get

jx(1)
s = −(1 − p2)Ds

∂δm
(1)
s

∂x
− (1 − p2)γahj

(1)
e (4.4.11)

For the MIL, Eqs. (4.2.9) and (4.2.10) remain valid, while for the MM2 layer, we

similarly have

jx(2)
s = −(1 − p2)Ds

∂m
(2)
s

∂x
(4.4.12)

By comparing Eqs. (4.4.11) and (4.4.12) with Eqs. (4.4.2) and (4.4.6), one should

realize that the induced electric current j
(2)
e in the MM2 layer can be simply obtained

by replacing Ds by (1−p2)Ds and γsh by (1−p2)γah in Eq. (4.4.7). Consequently, the

electrical drag current is reduced by a fact of (1−p2)2 for the MM|MIL|MM trilayer

if one approximates γsh ≈ γah. This might be counter-intuitive at first glance, since
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one would expect the magnetic metals to provide more spin signals. However, if we

realize the interplay between the charge and spin currents, one can readily explain

the above conclusion: consider the extreme case of p = 1, i.e., spin current generated

by the anomalous Hall is fully polarized such that the spin current is same as the

charge current. Since the charge current is completely blocked by the MIL, it is

inevitable that the spin current is also being completely blocked.

4.4.3 NM|MIL bilayers

In this subsection, we consider a NM|MIL bilayer. In this case, the magnon

current in the MIL is induced by a temperature gradient, see Fig. 4.2(c). From the

magnon Boltzmann equation within the relaxation time approximation, the non-

equilibrium magnon distribution is,

δNq = −vx
qτm

∂N0
q

∂T

dT

dx
− vx

qτm
∂δNq

∂x
. (4.4.13)

where vx
q denotes the x-component of the magnon velocity and τm is the

magnon-conserving relaxation time. By defining the magnon current as jm ≡
(2μB)

∫
dqvx

qδNq and following the derivation in the Appendix D, we find

jm = −κ
dT

dx
− Dm

∂δmm

∂x
(4.4.14)

with

κ =
2
√

3(S + 1)μBτmk2
BTcξ

9π�2a0I

(
T

Tc

) 3
2

(4.4.15)

and ξ =
∫∞

0
dxx3/2ex/(ex − 1)2 � 3.4. The magnon accumulation satisfies the

magnon diffusion equation whose solution can be taken as a simple form,

δmm(x) = B1 exp(x/lm) (4.4.16)

where we have assumed the thickness of the MIL to be much larger than the magnon

diffusion length lm and hence dropped the term exp(−x/lm) in the solution. The
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spin accumulation in the NM layer can be written as

δms(x) = B2 exp(x/λsf ) + B3 exp(−x/λsf ) (4.4.17)

and the spin current perpendicular to the plane is given by js = −Ds∂δms/∂x.

These three integral constants Bi (i = 1, 2, 3) can be determined by the two inter-

face boundary conditions Eqs. (4.3.2) and (4.3.3), along with the outer boundary

condition js(x = d + L2) = 0. After a straightforward algebra, we get

js(x) =
bκ sinh

(
d+L2−x

λsf

)
(1 + b) sinh

(
L2

λsf

)
+ a cosh

(
L2

λsf

) dT

dx
(4.4.18)

Again, the above perpendicular-to-plane spin current can generate an in-plane elec-

tric current whose average density over the thickness of the NM layer can be obtained

by j̄e = (γsh/L2)
∫

js(x)dx. By taking the temperature gradient as a constant, we

have

j̄e =
λsf

L2

γshbκ
[
cosh

(
L2

λsf

)
− 1
]

(1 + b) sinh
(

L2

λsf

)
+ a cosh

(
L2

λsf

) dT

dx
. (4.4.19)

The direction of the electric current is in the plane of the layer and perpendicular

to the directions of the magnetization as well as the temperature gradient of the

MIL. It is interesting to compare the current driven electric drag, Eq. (4.4.8), with

the thermally driven electrical drag, Eq. (4.4.19). Firstly, in the former case, the

electric drag is proportional to the square of the Hall angle because the first metallic

layer converts the electric current to the spin current via spin Hall effect and the

second metal layer converts the spin current into the electric current via inverse spin

Hall effect, while in the latter case, the spin current is directly injected from the

thermally driven magnon current and thus the drag current is linearly proportional

to the spin Hall angle. Secondly, in the NM|MIL|NM case, both spin convertances

Gem and Gme are important, while for NM|MIL, the convertance relating the magnon

accumulation to the spin current, Gme, plays a dominant role. A rough estimation
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yields the induced current density in a Pt|YIG bilayer is about 10 A/cm2 for a

moderately small temperature gradient of dT/dx = 10 K/cm if one chooses the

following parameters: γsh = 0.05 [32, 89], Jsd = 1 meV , L2 = λsf = 7 nm, cPt = 0.1

(μΩ · cm)−1, a0M = 3.9 Å, a0I = 12.376 Å, τm = 10−8 s [14], τth = 10−6 s, lm = 1

mm, S = 5
2

and Tc = 550 K.

In other approaches, for example, Xiao et al. [19, 90] described the magnon

density through a quasi-equilibrium effective magnon temperature which differs from

the lattice temperature. Adachi et al. [91, 92] considered the linear response theories

and their numerical solutions [93] on the longitudinal spin Seebeck effect [18] in

ferromagnetic insulators. These approaches also provide alternative physical insights

on the roles of magnons in non-equilibrium transport [94].

4.5 Summary and outlook

In this chapter, we have emphasized on the role of magnons as spin information

carriers in non-equilibrium conditions. By exploiting of the semiclassical Boltzmann

approach, we have explicitly derived the non-equilibrium magnon distribution and

the magnon current in ferromagnetic insulators. In some limiting cases, we have

found that the magnon density satisfies the diffusion equation, similar to the elec-

tron spin diffusion equation. At the interface between a metal and a magnetic

insulator, we have shown that the spin current of the metal and the magnon current

of the insulator are mutually transferable. We have introduced a concept of spin

convertance that quantitatively measures the magnon current induced by electron

spin accumulation and the spin current generated by magnon accumulation at the

interface. With the above formalism, we have predicted some interesting spin trans-

port phenomena for several layered structures with a magnetic insulator layer. In

particular, we anticipate a novel electric drag mediated by magnons: an applied

electric current in one normal metal layer induces an electric field in the other metal

layer separated by a thick magnetic insulator spacer. Our theory also provides a

new perspective on the longitudinal spin Seebect effect: the magnon current, gen-
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erated by a thermal gradient flows perpendicular to a metallic layer, converts itself

into the electron spin current, resulting in an electric current in the metal layer.

We have also discussed in details the dependence of these predicted phenomena on

temperature, materials properties, and geometric parameters.

The above magnon transport theory we have put forth is far from complete, and

there are many interesting directions one can continue to explore. In what follows I

shall mention three related topics I want to pursue in the near future.

First, in our previous work of ”magnon mediate electric drag effect” [84, 85], we

only studied a special case in which the magnetization in the MIL is perpendicular

to the applied current in the metal layer, and thus the resulting spin accumulation

at interface would be aligned with the magnetization. This made the derivation

of the interface boundary conditions more straightforward, since the second quan-

tized spin-flip electron-magnon interaction, from which the boundary conditions

were derived, prescribes the spin quantization direction of conduction electrons to

be parallel to the magnetization. However, it is desired to extend to the general

case in which the magnetization forms an arbitrary angle with the applied current.

For one thing, such angular dependence can be easily tested experimentally. For

another thing, one should realize that so far in the studies of spin valves with non-

collinear configuration, the boundary relations among transverse component of spin

current, spin accumulation and the spin transfer torque have been established by

neglecting the interface spin-flip scattering. Therefore, re-examination of the effects

in the presence of spin-flip scattering may complete our understanding of the spin

transfer process at the interface as well.

Second, in bulk ferromagnetic metals, the exchange interaction gives rise to two

types of electron-magnon interactions: the spin-flip scattering (as mentioned above)

and the spin-conserving scattering
∑ (

a†
qaq′C†

kσCk+q−q′σ + h.c.
)
. Since these inter-

actions conserve both momentum and angular momentum, we expect an interesting

interplay between electron spin current and magnon current, as was implied by the

magnon-drag thermopower studies[95]. By establishing a set of entangled bulk elec-

tron and magnon transport equations as well as the boundary conditions (taking
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into account the interfacial spin-flip interaction) at a magnetic metal/non-magnetic

metal interface, we can explore many novel magnetic systems. For example, we

may revisit spin valve structures and recalculate the magnetoresistance; since the

interface spin-flip is included, we anticipate some long-standing mysteries such as

the ”spin memory loss” [96] could be understood.

Third, it would also be interesting to extend the magnon mediated electric drag

effect to other magnetic systems. The commonly used ferromagnetic insulator YIG

has a rather large lattice constant (about 12 Å) as compared to that of the metal

layers (usually about 4 Å), this discrepancy will certainly create distortions that

make the interface rather rough for angular momentum transmission. Therefore,

the combination of metal/YIG/metal may not be the best choice to observe our

drag effect. This lattice mismatching issue could be resolved if one replaces the

YIG layer by an antiferromagnet (AFM) (e.g., Ni/NiO/Ni), but in this case another

complication arises: we need to deal with antiferromagnetic magnons which contains

two degenerate modes for each k. The key to this problem would be to lift the

degeneracy and to establish proper boundary condition at the metal/AFM interface.

I am quite interested in figuring out these problems and developing a theory on this

antiferromagnetic magnon mediated electric drag effect.

Among other things, topics such as magnon current drive domain wall motion

[97] and coherent magnon transport [98] are also quite tempting but have received

little attention so far. I will continue working on these subjects and enhance our

understanding on magnon transport in various magnetic systems.
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CHAPTER 5

SPIN-ORBIT COUPLING AND RELATED TRANSPORT

PHENOMENA

5.1 Angular dependence of anisotropic magnetoresistance

(AMR)

5.1.1 Background

Anisotropic magnetoresistance (AMR) was first discovered 150 years ago by

William Thomson (later Lord Kelvin) [24], a British mathematician and engineer.

He found in experiment that the resistance of Iron and Nickel depends on the relative

orientations of the current and the magnetization. Although it has been known that

AMR is in general originated from the combined effect of spin-dependent scatter-

ing and spin orbital coupling (SOC) [99], the underlying physics of some emergent

features of the AMR in bulk materials as well as some layered structures remains

mysterious. This section is devoted to addressing these unsettled issues and deep-

ening our understanding on this renewed topic.

In bulk polycrystalline ferromagnetic metals, the resistance usually depends on

relative directions between magnetization m and charge current je in the simple

form[25]

ρ = ρ0 + ρ1(̂je · m̂)2 (5.1.1)

Such simple relation1 is expected from symmetry considerations. First, charge cur-

1The AMR angular dependence of single crystalline ferromagnetic metals may take far more
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rent and magnetization are the only two vectors entering the magnetotransport, so

the magnetoresistance must be a function of the angle formed by these two vectors.

Second, since the resistance should remain unchanged when the current direction is

reversed, only even order terms of ĵe · m̂ are allowed. Therefore, to the lowest order,

the magnetoresistance has to take the form of Eq. (5.1.1), with higher order terms

(̂je · m̂)2n (n > 1) discarded.

Among other things, AMR may also be induced due to confined geometries,

which is known as geometrical size effect (GSE). Such effect has been observed in

Nickel [26] and Cobalt [100] thin films in which the longitudinal resistivity is larger

for magnetization perpendicular to both current and film plane normal than that for

magnetization parallel to the film plane normal. Little theoretical effort [100, 101]

has been made to explain this GSE and its mechanism is still unclear.

Recently, an unconventional angular dependence of AMR was experimentally

discovered in layered structures [27–31]. For example, it was found that the AMR

of Pt/YIG bilayers[28] exhibits the following angular dependence

ρ = ρ0 − ρ1[(̂je × ẑ) · m̂]2, (5.1.2)

where ẑ represents the unit vector normal to the layers and m is the magnetization

vector of the YIG layer. One should be noted that the AMR effect of Pt/YIG is not

surprising since the nonmagnetic metal Pt has strong SOC and electrons scattering

off the interface of the magnetic insulator YIG are spin dependent. A theory based

on the SH effect has been proposed[102]: a SH current generated in the Pt layer

is absorbed by the contacting YIG with the absorbing efficiency depending on the

relative angle between the spin polarization of the SH current z × je and the mag-

netization m of the YIG layer. This model has successfully captured the anomalous

AMR angular dependence found in the experiments, but it requires, in order to fit

the data, that the spin diffusion length of the Pt layer to be of the order of 1 nanome-

ter (even smaller than the electron mean free path). In this case, a bulk SH current

complicated forms than Eq. (5.1.1), since the resistance may rely on the crystal orientation as well.
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can hardly play the role of a spin current generator. Other alternative interpre-

tations of the AMR also exist. For instance, some experimental evidence[103–105]

showed that the interface of a Pt layer in contact with a ferromagnet becomes mag-

netized due to the magnetic proximity effect, and thus the AMR may arise from the

induced magnetic moments at the interface of the Pt layer. However, it is not clear

why the resulting AMR angular dependence takes the form of Eq. (5.1.2) rather

than the conventional form of Eq. (5.1.1). Therefore, the mechanism of the AMR is

far from conclusive and a fundamental study of AMR is called for.

5.1.2 spin Hall AMR in bulk ferromagnetic metals

In ferromagnetic metals, the linear response of spin current to an electric field

can be captured by the generalized spin-dependent Ohm’s law [22, 85],

js = csE+sθshm̂ × js (5.1.3)

where s =↑ (↓) or +(−) denote spin-up and spin-down respectively. We should

emphasize two points on Eq. (5.1.3). First, Eq. (5.1.3) is a two component equation

instead of a full 2×2 spinor form[84]; this is because, in a ferromagnetic metal bulk,

the spin polarization is projected onto the direction of magnetization m, leading

to the second term on the r.h.s. of Eq. (5.1.3). Second, the spin Hall current is

one of consequences of the spin orbital coupling. There are other ways to affect

the Ohm’s law. For example, the spin mixing of itinerant s with localized 3d via

spin-orbit coupling states[99, 106], can contribute to the AMR as well. Thus, the

AMR derived from Eq. (5.1.3) does not imply a full AMR signal.

We show below that quantitative relations among AMR, AH and PH induced

by the SH effect can be established through two parameters: spin polarization p ≡
(c↑− c↓)/(c↑ + c↓) and the SH angle θsh. To see this, we assume that θsh � 1, which

is the case for all known materials. By expressing the electric field in terms of total
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charge current je
(
= j↑ + j↓

)
, we find, from Eq. (5.1.3), up to θ2

sh,

1

ρ0

E =

[
1 − θ2

sh

(
1 − p2

) (
m̂·̂je

)2
]
je + pθsh(je × m̂)

+θ2
sh

(
1 − p2

) (
m̂·̂je

)
je ×

(̂
je × m̂

)
(5.1.4)

where ρ0 = (c↑ + c↓)−1 is the total resistivity. From Eq. (5.1.4), one immediately

identifies the AMR angle as

θamr ≡ ρ|| − ρ⊥
ρ|| + ρ⊥

= −θ2
sh

(
1 − p2

)
, (5.1.5)

where ρ|| (ρ⊥) is the resistivity for the current parallel (perpendicular) to m, the

AH angle as

θah = Pθsh, (5.1.6)

and the PH angle as

θph = θ2
sh

(
1 − p2

)
. (5.1.7)

We note that these three terms in Eq. (5.1.4) are mutually perpendicular. The

AMR varies with sin2 θ while the PH changes as sin θ cos θ. Also, we point out that

the AH effect is first order in spin polarization and SH angle while both AMR and

PH effects are of second order.

The AMR induced by SH has a simple geometrical interpretation as illustrated

in Fig. 5.1. Consider electrons move along the current direction. An electron with

up-spin, due to SOC, tends to turn right (as viewed along the electron moving

direction) when it collides with a scatterer. A subsequent collision would make the

electron another right turn; thus the two consecutive scatterings lead to an electron

backflow. Similarly, two consecutive scatterings of spin-down electrons make two

left turns, and hence a back flow is generated as well. When the magnetization is

parallel to the current, the SH scattering is prohibited, resulting in a minimum in

resistivity. This picture also explains why the AMR is negative.

Another interesting point is that the AMR is maximum for p = 0, and is zero
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(a) (b)  

Figure 5.1: Schematics of the SH induced anisotropic magnetoresistance in a ferro-
magnetic metal. (a) magnetization parallel to the current–no spin Hall current; (b)
magnetization perpendicular to the current–a back flow current is via spin Hall and
inverse spin Hall processes.

when p = 1. This might seem a bit counterintuitive at first glance since one would

expect the magnitude of AMR to increase with the polarization. However, this ex-

traordinary p dependence of the AMR can be readily justified by an examination

of the transverse boundary condition: an open boundary condition requires no cur-

rent flow in the transverse direction in steady state, which is achieved by charge

accumulation (as well as spin accumulation) established at lateral sides; for p = 1,

the spin current generated by SH equals the AH charge current which is completely

suppressed by the boundary condition, thus, there is no SH induced AMR for fully

polarized ferromagnets.

We emphasize again that the SH induced AMR may not be the only AMR

sources for transition metal ferromagnets. In fact, the other mechanisms, such as

s − d scattering[99, 106], makes important contribution to the AMR as well. It is

not surprising that the observed AMR are positive and larger for Ni, Fe, and Co

based magnetic alloys.

5.1.3 Geometric size effect (GSE)

In the last subsection, we have investigated the spin Hall induced AMR in ferro-

magnetic metal bulk for which the influence of boundaries was neglected. For thin

films, spin accumulation becomes important.
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In this subsection, we show that the combined effect of spin Hall and spin accu-

mulation may introduce anisotropy in the resistance in thin film geometry.

For a ferromagnetic metal thin film, the generalized Ohm’s law, i.e., Eq. (),

should be modified by replacing the external electric field by the following spin

dependent one

Eσ (r) = Eext −∇μσ (r) (5.1.8)

where μσ (r) represents the spin dependent chemical potential. To be specific, we

let the the film plane perpendicular to the z−axis and the applied electric field in

the x−direction.

If the film length l and width w are much larger than the spin diffusion length

λ, then we can further simplify the problem by ignoring the diffusion in the x and

y directions. In this case we may write down the component form of Eq. (5.1.3) up

to the first order in θsh

jσ
x = cσEx + σθsh

(
myj

σ
z − mzj

σ
y

)
, (5.1.9)

jσ
y = σθsh (mzj

σ
x − mxj

σ
z )

O(θsh)� σθshmzc
σEx, (5.1.10)

and

jσ
z = cσEσ

z + σθsh

(
mxj

σ
y − myj

σ
x

) O(θsh)� cσEσ
z − σθshmyc

σEx (5.1.11)

where

Eσ
z = − d

dz
μσ (z) (5.1.12)

and

μσ (z) = Ae−z/λ + Bez/λ (5.1.13)

By using the open boundary conditions (assuming the film thickness is t)

jσ
z (z = 0) = 0 and jσ

z (z = t) = 0 (5.1.14)
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together with Eq.(5.1.11), we can determine the two constants in Eq.(5.1.13)

A = σ
et/λ − 1

2 sinh
(

t
λ

)λmyθshEx and B = σ
e−t/λ − 1

2 sinh
(

t
λ

)λmyθshEx (5.1.15)

Combining Eqs.(5.1.15), (5.1.13), (5.1.12) and (5.1.11), we obtain

jσ
z = σcσmyθshEx

[
sinh

(
t−z
λ

)
+ sinh

(
z
λ

)
sinh

(
t
λ

) − 1

]
(5.1.16)

Placing Eqs. (5.1.16) and (5.1.10) into Eq. (5.1.9), we find the local charge current

density in the x−direction

jch
x (z) = j↑x + j↓x = c0Ex

{
1 + m2

yθ
2
sh

[
sinh

(
t−z
λ

)
+ sinh

(
z
λ

)
sinh

(
t
λ

) − 1

]
− m2

zθ
2
sh

}

(5.1.17)

where c0 = c↑ + c↓ is the total conductivity. Thus the averaged current density is

j̄ch
x =

1

t

∫ t

0

dzjch
x (z) = c0Ex

{
1 − m2

yθ
2
sh

[
1 −

(
2λ

t

)
tanh

(
t

2λ

)]
− m2

zθ
2
sh

}
(5.1.18)

The resulting anisotropic resistivity, due to spin Hall and the thin film geometry,

can be obtained as

ρ = ρ0

{
1 + m2

yθ
2
sh

[
1 −

(
2λ

t

)
tanh

(
t

2λ

)]
+ m2

zθ
2
sh

}
(5.1.19)

where ρ0 = c−1
0 . Note that when thickness becomes much larger than the spin

diffusion length, i.e., t � λ, then ρ → ρ0{1 + θ2
sh − θ2

shm
2
x} which is consistent with

the bulk spin Hall AMR case as in Eq. (5.1.4).

The angular dependence of AMR in Eq. (5.1.19) arises from the spin Hall effect

and the geometrical asymmetry of thin films. On the one hand, the spin Hall in-

duced spin current leads to a current backflow (i.e., an increase in resistivity) due

to the inverse spin Hall effect. On the other hand, the spin Hall spin current is

diminished at the open boundaries due to spin accumulation. When the magneti-
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zation is perpendicular to the plane, the spin Hall induced spin current flows in the

y−direction where is spin accumulation is unimportant (since w � λ), and thus

we have the most spin Hall spin current which results in a maximum in resistivity.

This corresponds to the last term in Eq. (5.1.19). When the magnetization in the

y−direction, the spin Hall spin current is along the z−direction and could be sig-

nificantly reduced by the spin accumulation. This leads to the second term of the

Eq. (5.1.19). Indeed, when the thickness t → 0, the m2
y term goes to zero since the

spin Hall spin current would be completely suppressed in this limiting case.

Based on this spin Hall and spin accumulation mechanism, the longitudinal re-

sistivity for magnetization in the z−direction is larger than that for magnetization

along the y−direction, i.e., ρ⊥
xx < ρt

xx. This is qualitatively agrees with a recent mea-

surement on a Fe/MgO bilayer[107]. In Appendix E, we present a demagnetization-

field based mechanism , which quantitatively agrees with the previous observed GSE

in Nickel thin films[26].

5.1.4 AMR of NM/FI bilayers

Up till now, we have discussed the AMR of bulk ferromagnetic metals as well

as that of a single ferromagnetic metal layer. Here we extend our discussion to a

NM/FI bilayer structure of recent interests. The key to understand observed AMR

effect is clearly the interface. On the one hand, a magnetic interface provides a spin

dependent scattering source, and on the other hand, the electronic structure of the

interface layer is altered by the Rashba SOC due to inversion symmetry-breaking.

For the interface layer, the conduction electron can be simply described by the

following Rashba Hamiltonian[108], i.e.,

Ĥ =
p̂2

2me

+
αR

�
ẑ· (σ̂ × p̂) . (5.1.20)

where we have set the plane normal to be along the z−axis. The breaking spatial

inversion symmetry of Rashba SOC gives rise to a splitting in the electron energy

spectrum εks = �
2k2

2me
+sαRk where s = ±1 denote the two Rashba bands, and the cor-
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responding eigenstates are momentum-spin entangled, i.e., φks(r) = 1√
2A

(
1

−sieiγk

)
eik·r

with tan(γk) = ky/kx and A being the area of the sample.

In what follows, we derive the AMR owing to the above Rashba SOC and a short

range spin dependent scattering potential,

V̂scatt. =
∑

i

[V + jσ̂ · m] δ(r − Ri), (5.1.21)

where m is the direction of the magnetization. In the case of Pt/YIG bilayers, the

spin-dependent scattering occurs at the interface and m denotes the magnetization

of the YIG layer. If we restrict ourselves to the dilute impurity limit, i.e., nij, niV �
αRkF where ni represents the impurity density or interface roughness, we can use

the Boltzmann equation for the two Rashba bands[109–111]

eExv
(x)
ks

(
−∂f 0

ks

∂εks

)
=
∑

s′

∫
d2k′

(2π)2W k′s′
ks (fks − fk′s′) , (5.1.22)

where Ex is the electrical field applied in x-direction, vks ≡ ∂εks/�∂k is the group

velocity, and f 0
ks is the Fermi distribution. The scattering probability can be com-

puted by W k′s′
ks = 2π

�

∑
i

∣∣∣〈φks| V̂scatt. |φk′s′〉
∣∣∣2 δ(εks−εk′s′) where the summation is over

all impurity sites. We find the first order nonequilibrium distribution of Eq. (5.1.22),

gks = fks − f 0
ks

=

(
∂f 0

ks

∂εks

)
e�4

nim2
e

kxEx

V 2 + j2 + 2sV jẑ·
(
m × k̂

) . (5.1.23)

By integrating over momentum in the plane of the layers and by summing up the

current for each band, we obtain the total longitudinal charge current

j(x) = e
∑

s

∫
d2k

(2π)2v
(x)
k gks

=
e2

�

ε2
F

πniV 2k2
F

[
1 + χ2

(
m2

x + 3m2
y

)]
, (5.1.24)
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where 2χ = j/V and we have taken the limit of j � V in order to arrive at the

above simple analytical expression. The corresponding resistivity reads

ρ = ρ0

[
1 − χ2

(
m2

x + 3m2
y

)]
, (5.1.25)

where ρ0 ≡
(

e2

�

ε2F
πniV 2k2

F

)−1

.

The model calculation given above has explicitly shown that the angular de-

pendence of AMR has a more complicated form than the conventional AMR in

Eq. (5.1.1). The AMR of Eq. (5.1.25) is different from the experimental result of

Pt/YIG bilayers[28], but similar to Pt/Co/Pt multilayers[27]. We emphasize that

our calculations neglect many possible contributions to the AMR. For example, the

proximity effect[30, 103, 104] at the Pt layer surface has not been taken into account,

and the model Hamiltonian is far too simple for realistic interface bands.

5.2 Conversion of spin and charge current

5.2.1 Background

Spin current plays pivotal roles in spintronics. Magnetization switching and

control, based on spin Hall effect [21, 22], spin torques [2, 3] and spin pumping

[5], are achieved via proper spin current manipulation. Recently, there are inten-

sive theoretical and experimental studies on the spin transfer and spin Hall effects

in various layered systems where spin-orbit coupling at interface and in the layers

becomes important [16, 33, 35, 36, 89, 105, 109, 110, 112–118]. The interpretation

of some experimental results has not been definitive. For example, it remains un-

clear whether magnetization switching and excitations of a non-magnetic/magnetic

bilayer in the presence of an in-plane current is due to the spin current generated

at the interface or in the non-magnetic layer [33, 35, 118].

The central question is how to determine local spin current in relevant systems,

which typically consist of a few dissimilar layers. The spin current, unlike the charge

current, is not directly measurable. There are a few indirect measurement available.
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First, a spin current would lead to spin accumulation at the edge of a sample. The

spin accumulation can be detected by Kerr spectroscopy [119, 120] or by a Silsbee-

Johnson electric device [121] which converts spin accumulation to a voltage. The

second method is to utilize the spin transfer torque [2, 3] which relates magnetization

dynamics to the transverse spin current. Finally, a third method is to convert spin

current to charge current via inverse spin Hall effect [23, 36, 89, 112]. In this section,

we unify the spin-charge conversion rules in three experimentally relevant systems

including normal metals, ferromagnetic layers, and interfaces. We show that the

conversion of spin and charge currents in different material systems could take quite

different forms.

5.2.2 Summary of spin-charge conversion relations

We start with the definition of charge current and spin current tensor

je ≡ Trσ (̂j) and J ≡ Trσ(σ ⊗ ĵ) (5.2.1)

where σ is the Pauli matrix vector, ĵ = e
∑

k v̂kf̂k is the current density, and f̂k is the

(non-equilibrium) distribution function. Note that v̂, ĵ and f̂ are 2 × 2 matrices in

spin space. After the trace on the spin degree of freedom is performed in Eq. (5.2.1),

the resulting spin current tensor may have two distinct forms. A “pure” spin current

has the form of jsea ⊗ eb where js represents the magnitude of the spin current, the

first unit vector ea denotes the direction of the spin polarization and the second unit

vector eb characterizes the spatial direction of the electron spin flow. Another form

is the “composite” spin current which consists of two or more independent “pure”

spin currents. In this case, the spin polarization and the spin flow are ill-defined; we

will discuss the pure and composite spin currents in details. We note that, due to

non-conservative nature of the spin current, there are other alternative definitions

of the spin current. For example, Shi et al. have included a spin torque in the

definition of the spin current [122].

Three interesting systems, a ferromagnetic metal, a paramagnetic metal and a
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Rashba spin-orbit coupled (RSOC) interface, will be considered. Although the spin-

charge current conversions in the first two systems have been studied in details, we

should place them, together with the RSOC system, in a unified form. In Table I,

we summarize these relations and derive them next[123].

Table 5.1: Conversion between spin current (SC) and charge current (CC)

CC induced SCa SC induced CCb

Paramagnetic metal J = θsh [en ⊗ (je × en) − (je × en) ⊗ en] je = θshm0 × (m0 · J )

Ferromagnetic metal J = m ⊗ (P je + θshm × je) je = θshm × (m · J )

RSOC interface J = θR (ez × je) ⊗ ez je = θR (J ·ez) × ez

a en is an arbitrary unit vector perpendicular to je, m is a unit vector of magnetization, ez is a unit

vector normal to the interface, and θsh and θR are the spin Hall angles for normal metals and for

Rashba bands.
b m0 is a unit vector denoting the spin polarization direction of a pure spin current injected to the

ferromagnetic, paramagnetic and Rashba layers.

5.2.3 Derivation

We should separately consider the three conventional metallic systems and derive

their respective rules of spin-charge conversion in this Section. Our particular focus

will be on the different characteristics of spin current tensors in these systems.

Ferromagnetic metals

For a diffusive ferromagnetic metal, the simplest spin-dependent transport model

is the ohm’s law which relates the spinor current density ĵ to the electric field E,

ĵ = ĈE + θsh(σ · m)m × ĵ (5.2.2)

where Ĉ = c0(1̂+Pσ ·m)/2 is the spinor conductivity with spin polarization P . The

second term is known as spin Hall current with the spin Hall angle parameter θsh

defined as the ratio of the spin Hall conductivity to the normal conductivity. Note
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that the conduction electron spin is quantized in the direction of the magnetization.

By placing Eq. (2) into Eq. (1), we immediately have, up to the first order in θsh,

J = m ⊗ (P je + θshm × je). (5.2.3)

Equation (5.2.3) simply states that a charge current je generates a spin current whose

spin polarization is always parallel/antiparallel to m, but the flow of the spins has

two directions: the first term is parallel to the charge current je, which represents

the spin-polarized current, and the second term is perpendicular to je, known as the

anomalous Hall current. Thus, in ferromagnetic metals, the spin current is always a

pure spin current, i.e., the spin polarization and direction of the spin flow are well-

defined. Conversely, the charge current induced by the spin current can be similarly

determined,

je = θshm0 × (m0 · J ), (5.2.4)

which represents an inverse anomalous Hall effect: a spin current injected to a fer-

romagnetic metal would generate a charge current. There are two existing methods

to inject a pure spin current to a ferromagnetic metal: one is by a thermal gradi-

ent as demonstrated experimentally [124] and the other is via spin pumping from a

neighboring ferromagnetic layer [36, 89, 125].

Non-magnetic or paramagnetic metals

In paramagnetic materials, the quantization axis of an electron spin is arbitrary

and thus the spin current tensor from Eq. (5.2.1) contains unspecified directions

of the spin polarization and spin flow. More specifically, if one defines the charge

current direction as je = jeez and takes a spin independent conductivity c0 in the

Ohm’s law (see also Appendix C), i.e.,

ĵ = (c0/2)E + θshσ × ĵ, (5.2.5)
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the spin current tensor becomes a composite spin current,

J = θshje(ey ⊗ ex − ex ⊗ ey). (5.2.6)

There are two terms with an equal magnitude. Some ambiguities may arise: what is

the direction of spin polarization of this spin current at a given location? To answer

this question, one can view J as consisting of two independent pure spin currents

shown in Fig. 5.2. The summation of these two terms would generate any directions

of spin polarization and spin flow. In fact, one may generally write the above spin

current as

J = θsh[(je × en) ⊗ en − en ⊗ (je × en)] (5.2.7)

where en is an arbitrary unit vector perpendicular to the charge current je. Thus

the spin current tensor at a given spatial location is ill-defined for this composite

spin current unless one specifies a particular direction of the flow.

In linear algebra, a tensor in the form of a⊗b is known as a rank-one tensor since

there is only one independent column or row. The composite spin current, Eq. (7),

is a rank-two tensor. In general, the composite spin current can also take the form

of a rank-three tensor. Only the pure current has a definitive spin polarization and

the flow direction. The composite spin current describes the correlation between

the spin polarization and the electron flow, but it does not have a unique value

of the spin polarization or the electron flow direction at a given spatial location.

However, an interesting and physically meaningful property of the above composite

spin current, Eq. (5.2.7), exists

eu · J = θsheu × je and J · eu = θshje × eu (5.2.8)

for any unit vector eu normal to je. Consider, for example, near the sample edge

where the spin angular momentum conservation ∇·J +(∂m/∂t) = −δm/τ demands

a boundary condition

δm = −τJ · eN = τθshje × eN (5.2.9)
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J1
J2

J = +J1JJ J2JJ
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J2JJ
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J 22
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Figure 5.2: A charge current flown along z-axis in a cylindrical non-magnetic metal
generates a composite spin current (tensor) J made of two pure spin currents flow-
ing in two orthogonal directions ex (green or dark grey arrows) and ey (blow or
light grey arrows) directions respectively. The composite spin current produces a
circularly distributed spin accumulation (blue or dark grey arrows) at the surface
of the wire. The spin current and accumulation are uniform throughout the entire
cylinder although they are only shown in a cross section.

in the steady state, where τ is the spin relaxation time, δm is the surface spin

accumulation density at the sample edge and eN is the unit vector normal to the

boundary. Thus, the spin accumulation is well-defined at the edge despite of the

ill-defined spin current in the bulk. If a charge current flows in a cylinder-shaped

wire, a non-equilibrium spin accumulation would be generated at the lateral surface

of the cylinder with the direction of the spin tangential to the surface, see Fig. 5.2.

Next we consider the inverse effect. Depending on the types of spin currents,

pure or composite, the induced charge currents would be different. If the spin Hall

current is composite as Eq. (5.2.7), we can readily see from Eq. (5.2.5) that a charge

current whose direction is opposite to its initial charge current would be induced.

Thus, the spin Hall effect results in an extra resistance which reduces the charge

current from je to (1 − θ2
sh)je [126]. A more interesting case is that a pure spin



116

current is injected to a non-magnetic layer through its neighboring ferromagnetic

layer [89, 125]. For example, a precessing ferromagnetic layer can inject a spin

current to the neighboring non-magnetic layer, known as spin pumping. In this

case, the pure spin current is J = jsm0 ⊗ en where m0 is a unit vector parallel to

the precession axis of the magnetization, en is the normal direction of the interface

between magnetic and non-magnetic layers, and js is the magnitude of the spin

current determined by the mixing conductance and precessing frequency [5]. With

this well-defined pure spin current, the charge current can be readily obtained from

Eq. (5.2.5),

je = θshm0 × (m0 · J ). (5.2.10)

The above inverse spin Hall effect has already been applied to understand several

experimental results [16, 89, 125].

Metallic interface with spin-orbit coupling

The main focus of the paper is to formulate the spin and charge conversion in the

presence of spin-orbit coupled bands. For a RSOC interface embedded in a layered

structure, the single particle Hamiltonian can be modeled as follows [116]

H =
p2

2m
+ Vσ(z) + αRδ(z)(ez × p) · σ (5.2.11)

where Vσ(z) is the spin-dependent potential which may be treated as piece-wise

constant in each layer, and δ(z) is the δ-function which limits the Rashba interaction

at the interface z = 0. In earlier studies of the spin Hall effect in 2d electron system

with strong Rashba spin orbit coupling, an intrinsic “universal spin current” in the

form of J = (e2/4π�c0)ez⊗je has been proposed [127]. Later studies, however, have

proven that such intrinsic spin Hall is strongly reduced in the presence of disorders

[128–130]. Our focus would be on spin-charge current conversion for a diffusive

interface embedded in a three-dimensional layered structure.

For the above Hamiltonian, the in-plane momenta, i.e., px and py, are still con-
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Eyk

xk

k

(a) (b)

S=-1 S=+1

S=-1

Figure 5.3: (a) 3d Fermi surfaces with Rashba spin orbit splitting. For a fixed
E⊥, the two Fermi surfaces become two 2d circles where the red and yellow arrows
denote the spin directions of the s = −1 and s = +1 subbands respectively. (b)
When an electric field is applied in the ex direction, the equilibrium Fermi surface
(only a slice of the s = −1 subband at certain fixed E⊥ is drawn as the dotty circle)
is shifted by an amount δk, resulting in a net spin accumulation mainly in the ey

direction as shown by the solid red or dark grey arrow.

served, so they remain to be good quantum numbers, but pz is no longer a good

quantum number. While the wave function and energy-dispersion for the above

Hamiltonian can be determined for a given Vσ(z), we may generally write the spin-

dependent energy-momentum relation as

ε(E⊥, kx, ky) = E⊥ +
�

2(k2
x + k2

y)

2m
+

1

L
sαR�

√
k2

x + k2
y (5.2.12)

where s = ±1 represents two spin-split subband bands, L is the thickness of the

layered structure, and E⊥ denotes the eigen-energy for fixed kx, ky and s. While

E⊥ depends on the details of the potential within the layers, we may schematically

show the Fermi spheres for the Rashba induced two subbands. For a fixed E⊥, the

Fermi surfaces are circles as shown in Fig. 5.3. In the presence of an applied electric

field E, the non-equilibrium Boltzmann distributions of the two subbands, under
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the relaxation time approximation, can be written as

fks = f
(0)
ks +

(
−∂f 0

ks

∂εF

)
(−e)τE · vks (5.2.13)

where τ is the relaxation time. Thus, the centers of the Fermi surface sheets for

both subbands are shifted by the electric field. As seen from Fig. 5.3(b), the non-

equilibrium spins have a net spin accumulation in the direction of ez × E for one

subband band, and −ez ×E for the other. The non-equilibrium spin density of each

subband from the above distribution is

δms = s
( em

4π�2

)
τpFsez × E (5.2.14)

where pFs = −sαR +
√

α2
R + p2

F are the Fermi momenta of the two subbands with

pF ≡√
2εF /m. Therefore, in the presence of Rashba splitting, the total spin accu-

mulation is non-zero. The above simplified picture implies a profound consequence:

the non-equilibrium electrons which contribute to transport are fully spin-polarized

in the direction of ±ez × E for the Rashba bands, similar to a ferromagnetic metal

where the majority and minority bands are polarized in the direction of magnetiza-

tion m. In another word, the interface is non-magnetic in equilibrium, but magnetic

in non-equilibrium, as far as electron transport is concerned.

One point we should emphasize is that the Rashba bands shown in Fig. 5.3

does not generate non-equilibrium spin current. To see this, one notices that the

spin current carried by those non-equilibrium electrons (shaded area in Fig. 5.3b)

is ey ⊗ ex for the shaded area on the right, and is (−ey) ⊗ (−ex) for the shaded

area on the left; thus they are equal. However, the shaded area on the left (right)

represents the excess (deficiency) of the number of electrons and therefore, the total

non-equilibrium spin current is zero.

The spin current may be generated by these non-equilibrium electrons if a spin-

orbit impurity scattering (or interface roughness) is present, just as the conventional

spin Hall effect. The spin-orbit scattering potential of impurities can be conveniently

modeled by Vimp =
∑

i[Vi + η(∇Vi × p) · σ], where Vi is the impurity potential at
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the site i and η is the spin-orbit parameter. The spin current can be obtained either

from skew scattering [99] or anomalous velocity [131, 132] (side jump). If one follows

the perturbation method of Lyo and Holstein [133], the anomalous velocity for the

above scattering potential is

ωks = 〈ks| (1/i�)[r, Vimp] |ks〉 (5.2.15)

where the scattering state |ks〉 is calculated by treating the impurity scattering as

a perturbation. A tedious but straightforward calculation results in the anomalous

velocity

ωks = (A/τ) 〈k × σ〉ks (5.2.16)

where A is a constant depending on the strength of the spin-orbit coupling and

on the detail of the impurity potential. Since our objective is not to provide a

quantitative value of the spin current, we model A as a simple parameter. We note

that the numerical value of A can be significantly enhanced in a spin-orbit coupled

band compared to the free electron band [134]. By using the distribution function,

Eq. (5.2.13), we obtain the spin current J = e
∑

ks(σ ⊗ ωksfks),

J = θR(ez × je) ⊗ ez, (5.2.17)

where θR ≡ mA/τ�. As explained earlier, the above spin current is a pure spin

current whose spin polarization is parallel/antiparallel to ez × je and the spin flows

perpendicular to the layers; this is in stark contrast with the “intrinsic spin Hall”

where the spin polarization is along ez and the spin flows along ez × je.

The inverse effect can be similarly formulated. If a pure spin current, J =

jsm0 ⊗ ez, is injected onto the Rashba interface, the impurity scattering would

create a charge current

je = θR (J ·ez) × ez = jsθRm0 × ez. (5.2.18)
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5.2.4 Applications

We now turn to the application of our model by analyzing several representative

experimental results. The spin-charge current conversion typically involves a few

layers and interfaces. Each layer and interface would contribute in accordance to

the conversion coefficients. Let us start with the experiment by Liu et al. who

found that an in-plane charge current can rotate or excite the magnetization of the

magnetic layer in a bilayer of Pt|Co or Ta|CoFeB [32]. The results were explained

via combined effect of the spin Hall and spin transfer phenomena: the charge current

in the Pt layer generates a spin current (via spin Hall effect of Pt) which propagates

to the interface and subsequently, the magnetic layer receives a spin transfer torque

by absorbing the (transverse) spin current. By fitting the experimental data to a

diffusive model of spin Hall current, one would find that the spin diffusion length

of Pt or Ta is only about 1 nm [34, 35] which is much smaller than that obtained

by other measurements [89, 135]. Such small spin diffusion length, much less than

the mean free path, would invalidate the model of spin Hall current generated in

the Pt or Ta layer. Alternatively, another existing interpretation is focused on

the charge current generated interfacial magnetic field based on the Rashba model

[109, 110, 114], but this mechanism alone would not be able to reconcile with the

experiment of Liu et al. [34]. Within our formalism, we propose that it is the

interface spin-orbit coupling that creates and propagates the spin current, Eq. (16),

into a ferromagnetic layer. Since the Rashba interaction is limited within a few

atomic layers of the interface, 1 nm of Pt layer is sufficient to create a maximum

value of spin current. Although both the spin Hall current from the Rashba interface

layer and from the Pt layer can explain the observed magnetization dynamics, the

thickness dependence measurement of the similar structure [118] has clearly pointed

to the dominant role of the interface.

A recent experiment on spin current to charge current conversion of NiFe|Ag|Bi

layered structure has unambiguously identifies importance of the interface [36]: the

induced charge current in NiFe|Ag|Bi samples is much larger than that in either
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NiFe|Ag or NiFe|Bi devices where a spin current is generated from the nominally

same precessing NiFe layer. Sanchez et al. [36] have interpreted their results in terms

of the spin accumulation in a 2-dimensional Rashba layer. We treat the interface

layer as a 3-dimensional conducting layer since the interface layer is embedded in

the metallic Ag and Bi layers. If we approximate that the total charge current

is a simple sum from Ag, Bi and the interface of Ag/Bi, the Rashba conversion

coefficient θR would be orders of magnitude larger than the spin Hall angles in Ag

and Bi, i.e., θR � θBi, θAg. We notice that Shen et al. [130] have recently studied a

similar inverse effect in the Rashba system. In their work, the spin pumping current,

Jsex ⊗ ez is completely absorbed by the interface layer and a swapping spin current

(the interchange of the spin polarization and propagation direction [136]) J ′
sez ⊗ ex

is generated by the Rashba field. The swapping spin current is then converted

to a charge current due to the inverse spin Hall. Clearly, both mechanisms point

to the importance of the Rashba coupling. Our picture relies on the spin current

continuously crosses the interface layer while Shen et al. [137] assumed complete

absorption of the spin pumping current by the interface.

Finally, we mention other experiments on the spin-charge current conversion. In

Py|YIG bilayers, a thermal gradient in YIG is used to generate a spin current which

is converted into a voltage in the Py layer termed as the inverse anomalous Hall

effect [124], the results are consistent with Table I. Vlaminck et al.[125] and Feng et

al.[89], have also measured the induced electric voltage in Pt|Py when the Py layer

is excited by a microwave magnetic field. While the experimental results have been

consistent with the Rashba spin/charge current discussed here, the contribution

from the inverse spin Hall of bulk Pt cannot be ruled out. A systematic study on

the dependence of the layer thickness as well as of inserting thin layers with different

materials combination may help to shed light on the relative contribution from the

interface and the bulk.
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5.3 Summary and outlook

In summary, the conversion of spin and charge currents is formulated for ferro-

magnetic, paramagnetic and RSOC systems. We find that a charge current produces

a pure spin current in a ferromagnetic metal and in a RSOC interface, and a com-

posite spin current in a paramagnetic metal. Further studies on other systems, such

as antiferromagnetic metals and superconductors, would provide a complete pic-

ture on the different forms of spin currents to be used for explaining and predicting

experimental results.
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APPENDIX A

ELECTRON-MAGNON SCATTERING: SECOND

QUANTIZATION

We derive here the second quantized exchange Hamiltonian, i.e., Eq. (3.2.2) from

the contact-type exchange interaction:

Hexch = −V

N

∑
l,m

Jsdδ(Rl − rm)Sl·sm (A1)

Assuming plane-wave wave function for the conduction band electrons: φk↑(rm) =

1√
V

eik·rm
(
1
0

)
and φk′↓(rm) = 1√

V
eik′·rm

(
0
1

)
, We may cast the exchange Hamiltonian

into a second quantized form

Hexch = −JsdV

N

∑
l,m;k,k′,σ,σ′

δ(Rl − rm) 〈kσ|Sl·sm |k′σ′〉C†
kσCk′σ′

= −Jsd

N

∑
l,m;k,k′,σ,σ′

∫
d3rme−i(k−k′)·rmδ(Rl − rm)

×
[
σ′

2
Slzδσσ′ +

1

2

(
S†

l δσ↓δσ′↑ + S−
l δσ↑δσ′↓

)]
C†

kσCk′σ′

= −Jsd

2N

∑
l;k,k′,σ

σe−i(k−k′)·RlSlzC
†
kσCk′σ − Jsd

2N

∑
l;k,k′

e−i(k−k′)·Rl

(
S†

l C
†
k↓Ck′↑ + S−

l C†
k↑Ck′↓

)
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By employing the following Holstein-Primakoff transformation,

Slz = S − a†
l al,

S†
l =

√
2S

(
1 − a†

l al

2S

) 1
2

al �
√

2Sal,

S−
l =

√
2Sa†

l

(
1 − a†

l al

2S

) 1
2

�
√

2Sa†
l

as well as Fourier transformation of the magnon operators a†
l = N−1/2

∑
q

e−iq·Rla†
q

and al = N−1/2
∑
q′

eiq′·Rlaq′ , Eq. (A3) yields

Hexch = −Jsd

2N

∑
l;k,k′,q,q′,σ

σe−i(k−k′)·Rl

(
S − 1

N
e−i(q−q′)·Rla†

qaq′

)
C†

kσCk′σ

− Jsd

2N

∑
l;k,k′,q,σ

√
2S

N
e−i(k−k′−q)·Rl

(
aqC

†
k↓Ck′↑ + a†

−qC
†
k↑Ck′↓

)

= −Jsd

2N

∑
k,k′,q,q′,σ

σ
(
NSC†

kσCkσ − δk−k′+q−q′=0a
†
qaq′C†

kσCk′σ

)

− Jsd

2N

∑
k,k′,q,σ

√
2SNδk−k′−q=0

(
aqC

†
k↓Ck′↑ + a†

−qC
†
k↑Ck′↓

)

= −SJsd

2

∑
kσ

σC†
kσCkσ +

Jsd

2N

∑
k,q,q′,σ

σa†
qaq′C†

k+q′σCk+qσ

− Jsd

√
S

2N

∑
k,q,σ

(
aqC

†
k↓Ck−q↑ + a†

−qC
†
k↑Ck−q↓

)
(A3)

From Eq.(A3), we see that the first term causes a conduction electron band split-

ting and the second and third terms are recognized as spin-conserved and spin-flip

electron-magnon scattering respectively.
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APPENDIX B

FIRST ORDER SELF-ENERGY CORRECTIONS TO

ELECTRON AND MAGNON BANDS

Here, we prove that the energy shift due to the spin-conserved electron-magnon

scattering (see the Hamiltonian in Eq. (3.2.3)) obtained by RPA are nothing but

the first order electron/magnon self-energy.

We first calculate the first order magnon self-energy. Matsubara Green’s function

for magnon writes

D(q, τ) = −
∞∑

n=0

(−1)n

β∫
0

dτ1 · · ·
β∫

0

dτn 0

〈
Tτ âq(τ)ĤSC

em (τ1) · · · ĤSC
em (τn)â†

q(0)
〉

(B1)

The n = 1 term in the S-matrix expansion is

D(1)(q, τ) =
Jsd

2N

β∫
0

dτ1

∑
k,p,p′,σ

σ 0

〈
Tτ Ĉ

†
k+p′σ(τ1)Ĉk+pσ(τ1)

〉
0

〈
Tτ âq(τ)â†

p(τ1)âp′(τ1)â
†
q(0)

〉

=
Jsd

2N

∑
k,σ

σnF (ξq+k,σ)

β∫
0

dτ1D
(0)(q, τ − τ1)D

(0)(q, τ1) (B2)

By Fourier transformations and its inverse D(q, iωn) =

β∫
0

eiωnτD(q, τ) and
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D(q, τ) = 1
β

∑
n

e−iωnτD(q, iωn), we arrive at

D(1)(q, iωn) =
J

2N

1

β2

∑
k,σ

σnF (ξq+k,σ)
∑
l,m

D(0)(q, iωm)D(0)(q, iωl)

β∫
0

dτeiτ(ωn−ωm)

β∫
0

dτ1e
iτ1(ωm−ωl)

= D(0)(q, iωn)2 π(1)(q, iωn)

where the first order magnon self-energy reads

π(1)(q,iωn) =
J

2N

∑
k

(nF (ξk↑) − nF (ξk↓)) =
Ne

2N
pJ (B3)

This gives the 1st order energy shift of conduction electron, which is the same as

the RPA result!

Starting with the Matsubara Green’s function for electron

Gσ(p, τ) = −
∞∑

n=0

(−1)n

β∫
0

dτ1 · · ·
β∫

0

dτn 0

〈
Tτ Ĉpσ(τ)ĤSC

em (τ1) · · · ĤSC
em (τn)Ĉ†

pσ(0)
〉
(B4)

and carrying out a similar procedure, one may easily get the first order electron

self-energy

Σ(1)
σ (p, ipn) =

σJ

2N

∑
q

nB(ωq) (B5)

This gives the 1st order magnon band energy shift, which is again the same as the

RPA result!
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APPENDIX C

SPINOR FORM OHM’S LAW WITH SPIN HALL

For the NM layers, a spin dependent Ohm’s law has been well established and

may be written in the following form [84],

ĵ =
c

2
Ê+

ch

4

(
Ê × σ − σ × Ê

)
(C.0.1)

where the spinor current density ĵ and the electric field Ê are 2×2 vector matrices in

spin space, σ is a Paul vector matrix, and c and ch are the electric conductivity and

spin Hall conductivity respectively. The second term is the spin Hall current whose

anti-symmetric form is essential for ĵ to be an Hermitian in spin space (also noted

that Ê×σ �= −σ×Ê due to non-commutativity of the Pauli matrices). The electrical

field is related to the spinor chemical potential μ̂ via Ê = −(1/e)∇μ̂ where e(< 0)

denotes the electron charge. While it is possible to work with an arbitrary choice

of the spin quantization, we proceed below to a special case where the magnetic

moment of the FIL is oriented in the z direction and the electric current flows in

the y direction. If we choose the spin quantization axis parallel to the z-axis, one

can simply work on the two-component (spin-up and spin down) form of the Ohm’s

law; i.e.,

jα
y (x) =

c

2
Eα

y (x) − α
ch

2
Eα

x (x) (C.0.2)

and

jα
x (x) =

c

2
Eα

x (x) + α
ch

2
Eα

y (x) (C.0.3)
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where α = ±1 represent spin-up and spin-down. To determine the spin dependent

electric field, we recall the spin diffusion equation [55]

d2

dx2
[μ↑(x) − μ↓(x)] =

μ↑(x) − μ↓(x)

λ2
sf

(C.0.4)

and its solution

μ↑(x) − μ↓(x) = Ae−x/λsf + Bex/λsf (C.0.5)

where λsf is the electron spin diffusion length, and the constants A and B are to be

determined by the boundary conditions.
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APPENDIX D

MAGNON DIFFUSION EQUATION

In this subsection, we derive the magnon diffusion equation, Eq. (4.2.8), from the

magnon Boltzmann equation, Eq. (4.2.1). By placing Eq. (4.2.4) into Eq. (4.2.1),

we have

vx
∂N0

m(q)

∂εq

∂g(x,q)

∂x
+

∂N0
m(q)

∂εq

(
1

τm

+
1

τth

)
g(x,q)

= −vx
∂N0

m(q)

∂εq

dμm (x)

dx
− ∂N0

m(q)

∂εq

μm (x)

τth

− μm (x)

τm

[
∂N0

m(q)

∂εq
−

¯∂N0
m

∂εq

]
− N0

m(q) − N̄0
m

τm

(D.0.1)

where
¯∂N0

m

∂εq
≡ ∫

dq∂N0
m(q)

∂εq
/
∫

dq, N̄0
m ≡ ∫

dqN0
m(q)/

∫
dq, and g(x,q) =

∞∑
n=1

g(n)(x)Pn (cos θ) is the Legendre polynomial expansion of the non-equilibrium

magnon distribution when a rotational symmetry is assumed. The non-equilibrium

magnon density and magnon current, as defined in Eq. (4.2.5), are simply the zeroth

and first components of the Legendre polynomials,

δnm(x) = 4πI0μm(x) (D.0.2)

jm(x) = −8πμB

3
I1g

(1)(x) (D.0.3)

where we have defined

In ≡ 1

(2π)3

∫
d3qvn ∂N0

m(q)

∂εq
(D.0.4)
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v = (q/q) · ∇εm(q)/� is the magnitude of magnon velocity. The relations among

g(n) can be readily obtained by multiplying Eq. (D.0.1) by vn
x and integrating over

q,
d

dx
jm(x) = 2μB

δnm(x)

τth

, (n = 0) (D.0.5)

2I2

5

d

dx
g(2)(x) + I1

(
1

τm

+
1

τth

)
g(1)(x) = −I2

d

dx
μm (x) , (n = 1) (D.0.6)

and

In+1

[
n

2n − 1

dg(n−1)

dx
+

n + 1

2n + 3

dg(n+1)

dx

]
+ In

(
1

τm

+
1

τth

)
g(n) = 0, (n ≥ 2)

(D.0.7)

where we have used the following orthogonal relations for the Legendre polynomials

1∫
−1

duPn′ (u) Pn (u) =
2

2n + 1
δn,n′ (D.0.8)

and

1∫
−1

duP1 (u) Pn′ (u) Pn (u) =
2 (n + 1)

(2n + 1) (2n + 3)
δn′,n+1 +

2n

(2n + 1) (2n − 1)
δn′,n−1

(D.0.9)

At this point, the problem of solving the magnon distribution is equivalent to de-

termining the infinite function series g(n)(x). To simplify the problem, we assume

τth � τm, which is generally valid for most insulating ferromagnetic materials [14].

In this case, the ratio of g(n+1)/g(n) is about
√

τm/τth. To see it, we first neglect g(2)

in Eq. (D.0.6) and substitute the resulting expression for g(1) into Eq. (D.0.5). One

immediately sees that the spatial derivatives of both μm and jm scale as 1/
√

τmτth.

Putting this scaling back to Eq. (D.0.6) and (D.0.7), we confirm that neglecting

g(n) (n ≥ 2) is justified as long as τth � τm. Combining Eqs. (D.0.2), (D.0.3),

(D.0.5) and (D.0.6), we arrive at the magnon diffusion equation in the main text,

Eq. (4.2.8). We emphasize that the validity of the magnon diffusion equation rests

on the condition that the magnon conserving scattering is much stronger than the
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magnon non-conserving scattering, i.e., τth � τm; this condition is similar to the spin

diffusion equation for electrons where the momentum scattering (spin-conserving) is

stronger than the spin-flip scattering [55]. Thus, the magnon diffusion equation can

be used for the length scale larger than the spin-conserving scattering length (e.g.,

it is the mean free path in the electron case) which is considered much smaller than

the magnon (spin) diffusion length.
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APPENDIX E

GSE DUE TO DEMAGNETIZATION

In a ferromagnetic metal, the effective field acting on the orbital of a conduction

electron has been shown [138] to be the magnetic induction B rather than the

external magnetic field H. For thin films with laterally restricted geometries, the

magnetic induction is reduced by the demagnetization field, i.e.,

B = H+4πM (1 − D) (E.0.1)

where D represents the demagnetization factor of the film in the M direction. We

show below that the difference in the demagnetization factors for the width and

thickness directions of the film may lead to an anisotropy in the transverse magne-

toresistance.

We first determine the ordinary magnetoresistance in the presence of magnetic

induction B by solving a simplified semiclassical Boltzmann equation in the relax-

ation time approximation1

e

(
E+

1

c
v × B

)
·∂f (k)

�∂k
= −f (k) − f 0 (k)

τ
(E.0.2)

where f(k) and f 0(k) are the non-equilibrium and equilibrium electron distribution

function, e < 0 denotes the electron charge, and τ represents the electron momen-

tum relaxation time. To solve the above Boltzmann equation, we divide the non-

1Note that since our focus is on the GSE arising from the demagnetization field, we assume
the transport is spin unpolarized and ignore, for the moment, other effects due to the laterally
confined geometries such as the spin and charge accumulations at the boundaries.
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equilibrium distribution into two parts: an equilibrium part and a non-equilibrium

part due to external perturbation (i.e., the electric and magnetic forces).

f (k) = f 0 (k) + g (k) (E.0.3)

Inserting this equation into Eq. (E.0.2), we find

eE · v
(

∂f 0

∂εk

)
+

1

c
(v × B) ·∂v (k)

�∂k
· ∂g (k)

∂v
= −g (k)

τ
(E.0.4)

where v (k) = ∂εk/�∂k is the group velocity and ∂v (k) /�∂k ≡ M−1 is defined as

the inverse of the effective mass tensor. By assuming a spherical Fermi surface, one

may take M−1 = m∗−1
as a multiplicative factor (but not necessary a constant) and

further simplify Eq. (E.0.4)

eE · v
(

∂f 0

∂εk

)
+

1

m∗c
(v × B) · ∂g (k)

∂v
= −g (k)

τ
(E.0.5)

By placing the ansartz g (k) = v·Q (with Q being independent of v) into Eq. (E.0.5),

we may solve for Q in terms of E and B and then the resulting g (k) writes [139]

g (k) = −eτ

(
∂f 0

∂εk

)
v·E+ (eτ/m∗c)2 E · BB+ (eτ/m∗c)B × E

1 + (eτB/m∗c)2 (E.0.6)

The charge current density can be calculated via j =e
∫

dkg (k)v

j =c0

[
1 + (eτB/m∗c)2]−1 [

E+ (eτ/m∗c)2 E · BB+ (eτ/m∗c)B × E
]

(E.0.7)

where c0 = e2k3
F τ/3π2m∗ is the bulk conductivity for B = 0. One may note that

Eq. (E.0.7) indicates that the longitudinal magnetoresistance (as E ‖ B) vanishes

up to O
[
(eτB/m∗c)2] . This is true for an isotropic metal (meaning a metal with

spherically symmetric Fermi surface) with elastic isotropic scatterings [140], which

are the conditions for the relaxation time approximation in Eq. (E.0.2) to be valid.

In general, both transverse and longitudinal AMR are present.
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Figure E.1: Coordinate system of a ferromagnetic metal thin film. The external
electric field is applied in the x−direction. The longitudinal magnetoresistance is
measured as the the magnetic field (and consequently the magnetization) is tuned
in the y − z plane.

Since we are only interested in the GSE, Let us now focus on the longitudinal

resistivity when E ⊥ B. As shown in Fig. E.1, assuming the electric field is applied

in the x direction, we may obtain the longitudinal resistivities for magnetizations

along the y and z directions respectively, i.e.,

ρt
xx = ρ0

[
1 + (eτ/m∗c)2 (H+4πM (1 − Dy))

2] (E.0.8)

and

ρ⊥
xx = ρ0

[
1 + (eτ/m∗c)2 (H+4πM (1 − Dz))

2] (E.0.9)

Therefore the transverse AMR reads

ρ⊥
xx − ρt

xx

ρ0

= (eτ/m∗c)2 4πMs (Dy − Dz) [2H+4πMs (2 − Dz − Dy)] < 0 (E.0.10)

Note that longitudinal resistivity is smaller when magnetization is along z−direction

than that when the magnetization is along y−direction, which is agree with the

observed GSE [26, 100]. For a thin film of practical interests for which w � d, the

two demagnetization factors can be roughly approximated as Dy = 0 and Dz = 1.
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Table E.1: single crystal Fe, Co and Ni at T=77 Ka.

ρ0 (μΩ · cm) 4πMs (Gs)
ρ⊥−ρt

ρ0
(%)

Fe 0.64 21800 0.25
Co 0.84 17900 0.12
Ni 0.69 6350 0.06

a. the date of electrical resistivity and demagnetization
field are given by McGuire and Potter [25]. The free
electron density is taken to be ne = 1023 cm−3 [140].

With these simplifications, Eq. (E.0.10) yields

ρ⊥
xx − ρt

xx

ρ0

� − (eτ/m∗c)2 8πMs (H+2πMs) = −8πMs (H+2πMs)

(ρ0neec)
2 (E.0.11)

where ρ0 = m∗/nee
2τ is the bulk resistivity and ne is the free electron density. Ta-

ble. I shows a rough estimation of this transverse AMR for single crystalline Fe, Co

and Ni thin films at 77 K with an external magnetic field H = 5 T (large enough to

achieve a uniformly magnetized film with magnetization direction aligned with the

external field). These AMR values at 77 K are comparable with the experimental

measurement [26]. Since the resistivity increases with temperature, the above trans-

verse AMR decays rapidly as temperature rises. For instance, at room temperature,

the resistivity of Fe is about ρ
(Fe)
0 = 9.6 μΩ · cm and thus the resulting demagne-

tization field induced AMR is only about 10−6, which is two orders of magnitude

smaller than the experimentally measured value [26]. Also, a recent measurement

[107] on the GSE of Nickel films showed that the transverse AMR decays with film

thickness on the length scale of tens of nanometers (when film width was tens of

microns) which is much short than that expected from the demagnetization field

mechanism (which would be of the order of microns). Therefore, there may be other

mechanisms that are also responsible for the overall GSE.
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