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ABSTRACT

There are a number.of practical problems that involve the dif

fraction of electromagnetic waves by a plane interfacee The general 

problem is considered with the intent to develop a method in which the 

incident field, the diffracted field, and the interface are related in 

a formulation useful in analysis and design* The two-dimensional prob

lem is considered with a current source or field component assumed to 

be defined in a plane parallel to the interfacee The total field above 

the interface is formulated as an.integral equation, and the integral 

evaluated by the saddle point method* The poles of the integrand, 

their location in the complex plane, and the form of the fields - above 

the interface due to the poles are considered for a source-excited 

half-spaceo The interpretation of the pole contribution follows that 

found in the literature for a plane interface excited by a line source. 

The loci of poles in the complex plane for the dielectric slab are 

given as an illustration, and a criterion for establishing the accuracy 

of the method developed is described0 Several advantages and disadvan

tages of the method are discussed, in addition to areas for further 

study.

vi



I

INTRODUCTION

This report is concerned with electromagnetic fields in the 

. presence of a reflecting plane ihterface* It is the intent in this 

study to describe a method of analysis that appears to be useful in a 

wide class of interface problems0 Brief descriptions of two specific 

problems which were the motivation for the present investigation will 

serve as illustrations of the class of problems to which the present 

effort is directed.

Problem No, 1 - In coupling electrical energy to high-frequency 

acoustic surface waves9 a radiating electromagnetic source and a planar, 

possibly stratified, medium supporting the surface waves are involved.

In order to optimize the coupling, a method of analysis is needed re

lating the electromagnetic source and the electrical field at the in

terface.

Problem No. 2 - Certain uses of the laser, i.e., communication 

systems, require that the phase and amplitude integrity of the laser 

beam be maintained over a transmission path that might involve many 

reflections of the beam. A method of analyzing the effects of reflec

tions on the.beam to supplement the present ray ,tracing technique is 

desirable.

The problems posed by the two examples can be restated in a 

form which is more suitable for direct"solution:

1



. Given an electromagnetic wave propagating obliquely toward a 

plane interface of known input impedance.^ let a component of 

. either.the electric or magnetic field vector (or the current 

• source causing the wave) be defined in a plane parallel to the 

interface*

. Relate the defined field (or current source) to the diffracted 

electromagnetic field.in such a way as to be able to recognize 

the effects of changes in the defined field component (or cur- 

. rent source) and changes in the interface impedance*

The field component (or current source).will have amplitude and phase 

defined in a plane* Other than this requirement, the fields are sub

ject only to MaxwellJs equations and will not in general be represented 

by a plane wave * The interface structure is assumed to be of a planar 

configuration but may consist of an arbitrary stratification.of loss

less and lossy dielectric layers* Isotropic, dispersionless media are 

assumed*

In this study, the two-dimensional problem is considered, and a
** j xharmonic time variation of the f orm .0 4s assumed * The characteris

tic Green1 s function for the problem is found for a line current exci

tation and the Green’s function is used to extend the field equations 

to a more general source* Use is then made of an equivalence principle 

to extend the field equations to the.case where field components are 

defined in the source plane* The. applicability, of the saddle point 

method of integration to “the present problem and the relationship of



3

the present problem to similar problems in. the literature are noted in

. Section IIIe The saddle point method is then applied to the field

equation* The poles of the integrand? their location in the complex •

plane? and the form of the fields due. to the poles are considered in

Section IV for a source-excited half-space* This section follows
1closely the work of Tamir and Olinere An example of pole location in 

the,complex.plane is given for the dielectric slab in Section V? and a 

criterion for establishing the accuracy of the saddle point method is 

considered in Section VI0

In Section VII? some advantage's and disadvantages of the method 

presented are discussed in addition to areas for further study*



II

FORMULATION OF THE FIELD EQUATIONS

2.1 The Characteristic Green's Function

Consider an electric or magnetic line source above a plane in

terface of known impedance as shown in Fig. 1. The line source and 

interface are assumed invariant in the ^-direction. Fields in the re

gion %>0 are solutions of

where //J(> and 60 are the free space permeability and permittivity, re

(electric source) (1)

v 2 Hy + /?2 M y (magnetic source) (2)

spectively, and fa is the free space wave number.

-E y (electric source) (3)

Define

(magnetic source) (4)

Describing the source with the Dirac delta function notation, (1) and 

(2) can be written

V 2G f X , ^ ) ^ ZG ( x , ^ )  =£ ( X - h ) ^  U -J L )  .

4

(5)
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Figure 1

Geometry for a plane interface excited by a line source.



A solution of this last equation and its boundary conditions is re

quired. Using the Fourier transform pair

/

OO

Q (x4 ) = Yrr f

the characteristic equation can be obtained,

[ j - z +/r2) 9 - f X ^ ) ^ ( ' X - h ) e - ^ 1

where = .

The solution for C^(%£) can be obtained by using solutions 

the homogenous equation in the conventional manner, thus

kejK% h

6 1e ‘̂ ^ 6 ? G j/c‘x

with conditions,

(a) +&-Q('X-)t) z O | (impedance condition)
b 'X 7L= O

(b) ^  fh+, ̂  ‘ ̂  (h , £ ) (continuity of field)

(6)

(7)

(8)

of

(9)

(10)

(11)

(12)
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(c) —
a-%

= e (discontinuity of ,,„x 
field derivative)

where the source is defined in the plane ')C=h (Fig. 1). Using (9) 

through (13), the following expression for Cj ('X,£) results:

- J

2/r X  -h (14)

O ^ x ^ h  (15)

where Tfe) is given by

Pfxr) =

- Zo

(electric source) (16)

(magnetic source) (17)

and zTq and are the free space electric and magnetic impedances,

respectively:

y G &JyC/o 
- K

m
Quo

The terms in (14) and (15) when referenced to Fig. 1 represent 

physically:

(a) (1st term equation 14) Wave traveling up from the
source



(b) (2nd term equation 14) Reflected wave traveling up
from the image of the source

(c) (1st term equation 15) Wave traveling down from the
source

(fO (2nd term equation 15) Reflected wave traveling up
from the image of the source

The field due to a line source is found from (14) and (15) using the

transform relation given in (7)

G  ^  f  e J * + X i o  . (18)
-o°

Advantage has been taken of the absolute value notation to allow (18) 

to be written as one equation. Since fields above the interface are 

the only fields of interest in this study, the description, X - O , will 

henceforth be omitted in the field equations.

2.2 Field Equations for a More General Source

The Green’s function for the line source found in Section II

2.1 can be used to find the field of the more general current source 

Jf/cjlSCX-h) , a y-directed electric or magnetic current density. The 

y-component of the field is given by

Fy ( - X , ^ ) = J  [ j ( ^ ) 6 f " X - h ) ]  d - X ' d ^ '  (19)

-■o'3 -oo

where the primed characters represent the source coordinates. The



field term Fy(X,^) is a solution of the wave equation

(20)

and the boundary condition previously specified. The normalization 

remains as defined in (3) and (4). Using the delta function property 

(19) can be written as

(21)
o°

Substituting from (18) for G  in (21),

Fy(X
~oo

Equation (22) can be rearranged to the form

Fy (X
~ K

oo

(23)

The second integral is recognized as the transform of the current den

sity J(A-) . This transform will be identified by the notation:
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r°°

§•(■<)5 I J ( ^ ) e " A 3 ' d ^ .  (24)
- oo

Thus (23) can be rewritten

OO

Fy (M )=W  / ^ir e J V  . (25)
-oo

2.3 Field Equivalence

Four terms are identifiable in (25) when the regions h - X  and

O^X-h are considered. The interpretation of these terms is very much

like that given the terms of (14) and (15), the differences being the

two-dimensional variation appropriate in the description of Fy (X,4j) ,
0 (£)

and the effective weighting function multiplying each term of

(25). Figure 2 illustrates the regions above an interface described by 

the individual terms of (25). The regions in the figure are labeled as 

in the interpretation given the one-dimensional problem following (14) 

and (15). The fields are shown for a somewhat directed source. If it 

is assumed that the fields in region (c) of Fig. 2 are the result of 

some remote source, the current source in the plane "X -h can be effec

tively replaced by using the discontinuity relations

Jgt - H * (W - ^ ) (26)

Jim = (EL+-E") < n (27)
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X
Re m o t e
s o u r c e

<j\y\.r\rK/^-

Figure 2

Regions above a plane interface defined for a general 
two-dimensional current source.
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with the understanding that the fields in region (ja) do not exist for 

the case of a remote source, i.e., t s for an incoming wave. The

tangential fields n and n must of course be known if advantage

is to be taken of (26) and (27). A correction factor of 1/2 is re

quired for the source strength in all of the previous equations when 

the equivalence is made. This factor provides for the conservation of 

energy in that the current source is now assumed to radiate into a 

half-space only. Using the source-field equivalence, the field above 

an interface can be written from (25) when the tangential fields in the 

plane *X=h are known.

Let and represent, respectively, the transforms of

the ^-directed components of the magnetic and electric fields in the 

plane. The field above the interface can then be represented as

'Ky(t) e j^ |x'h l r M e ^ r%+h) e ^ c U
- o°

(electric source) (28)

-  oo

(magnetic source) (29)

By using the free space impedance relations, and Z™-

(28) and (29) can be written in terms of the y-directed field compon

ents in the %=h plane. Recognizing that
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^  Z® = " Ej/ and -pfT a y

the field equations can be written

Ey(X,
p OO r . •

$--pf t y t t )  eĴ l'x'hlr(Ar)e-lK|,x+h) eĵ d(
- Co

(electric source) (30)

oo

- O o

(magnetic source) (31)

where the script notation again represents the transform of a field 

function.

Equations (25), (28), (29), (30), and (31) represent the fields 

above an interface resulting from as general an excitation as can be 

specified in the problem under consideration. These equations repre

sent the fields in an exact integral formulation depending only upon 

excitation and interface impedance.

Reflections from a general layered structure have been consid- 
2ered by Brekhovskikh. He has shown that the reflection coefficient 

P (£f) for the layered configuration shown in Fig. 3 is given by

r {k ) - (32)
h 4 n + 1
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n -i

n-2

Figure 3

Geometry of a generalized plane interface of H layers.



~£am. j _7

and

cti = ̂  dx A.* \,llzJ....r\,<;n+\)

Kji t the phase constant in the 'X-direction

i the thickness of thexth layer

OCyi , the phase shift through the x th layer

Z” ̂  (electric source)

2 > =
(magnetic source) .

Using the dispersion relation, , and Snell's law,

> the expression for T(K) can be written in terms of the 

variable of integration, £. The development is valid for both lossless 

and lossy layers.

Using Brekhovskikh1s expression for F  (AfJ in any of the preced

ing field equations gives the solution to Maxwell's equations for a 

very general class of problems involving planar interfaces.



Ill

ASYMPTOTIC EVALUATION OF THE FIELD EQUATIONS

3.1 The Saddle Point Method

Attention is now turned to the task of obtaining a more useful 

form of the field equations derived in the last section. The integral 

in each of the equations is of the more general form

This form is common in diffraction theory, and the integral is normally

reduced to a more convenient form by the saddle point method of inte- 
2gration. This method involves the analytic continuation of the inte-

the contour of integration so as to localize integrand contributions to 

specific points in the complex plane. With a power series expansion, 

the integral is then approximated at the specific points. The accuracy 

of the method is directly related to the magnitude of y). The parameter 

yO is normally of the form: (propagation constant * distance).

I (33)
C

grand (if necessary) into the complex plane and the rearrangement of

The asymptotic behavior of I as defined in (33) is dependent
upon the saddle point specified by , and the

singularities of F(£) , specified by £ . The several considerations

16
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involving these singularities which are important in the application of
3the saddle point method are, for convenience, listed here.

1. The values of ^  or ^  which cause f(£) to be real or have a 

small imaginary component are of the greatest importance in the evalua

tion of I .
2. The contour of integration must be deformed over the saddle 

points of -I-(if) such that along the contour

3. If there is more than one saddle point, the relative impor

tance of each contribution is determined by the nearness of the saddle 

point to the real axis.

4. When Ff£) is analytic, the main contribution to I results 
from the evaluation of the integral near the saddle point with the small

est imaginary part. The contribution along the contour falls off expo

nentially away from the saddle point.

5. If there are singularities of F(2f), the contour away from 

the saddle point must be deformed so as to avoid the singularities; 

however, any singularities unavoidably swept across in the saddle point 

deformation must be accounted for in the evaluation of I.

6. Singularities of F(£) near the saddle point limit the use

fulness of the saddle point method. This limitation will be discussed 

in Section VI.

given by

The individual contributions to the integral evaluation are
2,3
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1) saddle points (1st order)

(34)

and 2) simple pole singularities swept over by contour

j/° (35)

(Sign for CCW pole encirclement)

The evaluation of I by the saddle point method is given by

M M
I - E  Is + E  Ip a(p,s) (36)

where U.(p,S) is the unit step function, having unit value when a pole 

is swept over by the contour and zero value otherwise, and N and M are 

the number of saddle point and pole singularities, respectively. It is 

assumed that branch point singularities (except for the branch points 

-V/£2 -K*" ) which may appear in the integrand are sufficiently far

removed from the real axis in the complex plane so as to have insignif

icant contribution to the integral.

3.2 Similar Problems in the Literature

Tamir and Oliner^ have considered in a very general way the 

fields above an interface due to a line source. They have investigated
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by means of the saddle point method the electromagnetic fields repre 

sented by the equation

Green’s function for a planar structure. In their study they use the 

saddle point method to investigate the possible contribution of poles 

in various parts of the complex plane.

A number of studies have been made by others of similar prob

lems using similar techniques. These studies, however, have in general

been concerned with either specific interface configurations and spe- 
4-7cific sources, i.e., line source; or they have been concerned with a 

particular mode of propagation, i.e., surface wave^ ^  or leaky wavej"^  ̂

excited by various sources. The work of Tamir and Oliner* is consistent 

with the general approach taken in this report, and many of their re

sults are directly applicable to the present problem.

their common basis the Green's function. For a unit source, the inte

grand of any one of the field equations developed in Section II should 

be represented by the integrand of (37). It is clear that there will 

be no pole contribution due to the excitation transform (Parseval's 

Theorem). The wave number in the integrand, in the form ~jr~ , will be 

removed by means of a variable transformation in the next section. The

(37)

The integrand in (37) is assumed by Tamir and Oliner^ to represent the

Both the work of Tamir and Oliner and the present work have as
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poles of the integrand must therefore be the poles of the reflection 

coefficient P(k) , the source of the poles in the work of Tamir and 
Oliner.

From this point on, only the term in an integrand representing 

the diffracted fields, the fields of region (b) and (cp of Fig. 2, will 

be considered. It is from this term that the more interesting field 

configurations arise. If &(£) is allowed to represent any of the exci

tation transforms in (25), (28), (29), (30), and (31), and if the vari

ous constants in these equations are suppressed, the following two 

basic forms are evident

M l o s )

/
•OO
& ( O e j < h T,(K)ej 'o i e J^ d £  % > o . (39)

In the following section the saddle point method will be applied to

(38) and (39).

3.3 Application of the Saddle Point Method

It is common*- when applying the saddle point method to

equations of the form of (37) to make two transformations. The first 

involves the wavenumbers £ and Af . This transformation removes the
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branch points, K = :tvA?z-£2 from the plane of integration. The second

transformation is a change from rectangular to polar coordinates. This 

change causes the saddle point of the integrand to be identically the 

angle defining the field point (see Fig. 1). The transformation involv

ing wavenumbers is made in two basic steps. First, a branch cut is 

made in the £-plane and Riemann sheets are defined for proper field be

havior at infinity; secondly, the change of variables, £=/£ SIM ^ and 

K~fe.COS$ transforms the two sheets of the Riemann plane into sets of 

four infinite strips in the ^-plane. The polar coordinate change can 

be made at this point. In Fig. 4, the £- and /-planes are shown. The 

original path of integration is identified in both planes by the letter 

P . The branch cut is made along the Imag K-0 locus in the £ -plane; 

this allows the top sheet of the £-plane to represent the upper half of 

the Af-plane (Imag K>0), hence all modes on the top sheet of the %-plane 
behave properly at infinity. Quadrants of both top and bottom sheets 

of the £-plane are labeled in the /-plane,
2The path of steepest descents is given by

cos (£,-0) cosh >7 =1 (40)

where £ and are the real and imaginary coordinates in the /-plane 

(the real and imaginary parts of the variable/), and 0 is given by the 

coordinate change

"X = r cos Q, ^  = r siM 0 .

The steepest descents path is labeled SDP in Fig. 4.



22

K' >o l<'< O

-/e

k' > o

(b)

5DP

-if

Figure 4

Paths of integration and branch cuts.

(a) Top sheet of the %-plane
(b) Steepest-descent ^-plane
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With the transformations made, the saddle point and pole con

tributions given in (34) and (35) can be written for the two basic 

forms (38) and (39). Using the first significant term in the series, 

the saddle point contributions are

I ^ C U * } e j* cos* h M l h r rr (41)

£  a  (6?)cos s e 3* cos e h r(@)f§" e j {k r'5I) (42)

afs) c o s d e ^ C 0 5 e h rf(9)](gEp . (43)

2
The disappearance of the first term in the series for Ic, near 

requires the use of the second term given in (43). In (43) the second 

derivative of the quantity in brackets with respect to ^ is indicated 

by the double primes. The pole contributions are given by

K- K,

(44)

c
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2
ip'-m'j (£-£„)tcos <j> a.(£)ej* h rfe>

p

< - < P 
K  - Afp

e j * r c o s ^ p .e>u (  } (45)

P

where a pole is given in the three planes by

V - £ p + j £ p

0 p  - 5 p * j n p  •

The unit step function is used in (44) and (45) to indicate capture or 

non-capture of the pole by the steepest descent path. The angle 9c is 

taken as the angle of definition for a pole; it is defined on the real 

axis of the plane by the crossing of the SDP as the SDP goes through 

the pole.

In (44) and (45), the terms within the brackets are not a func

tion of spatial coordinates; hence, if I0$p) and are taken

as the values of Ip and Ip evaluated at the origin, and I0(^p) is 

allowed to represent both terms for the present, (44) and (45) can be 

rewritten as

j ^ j £p /Q-
or

e (46)

I p ( r , s ) - - I o e<z)p) e ' a | - r e j / 3 r r  (47)
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where ,

a r --k s m  ( e - 4 p) sinh r/ (as)

/3 r  --k C05(5-4p) COSh Y[p . (49)

Tamir and Oliner* have shown that

& P -0 if 7 P > 0

0 - ^ P if
and under these conditions, tify. is always positive. Equation (47) then

indicates that the pole contribution decays exponentially in all direc

tions from the origin. There are two conditions evident in (48) that 

have an effect on the strength of the pole contribution. The attenua

tion factor dy. becomes arbitrarily small as either (0'%p )-► O  or

. Both of these conditions are physically realizable. The re

lation 6?= formally defines the direction of propagation with no 

attenuation, and the direction of maximum attenuation and no propaga

tion is seen from (49) to be orthogonal to E,p.
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POLES IN THE COMPLEX PLANE AND THEIR CONTRIBUTION 
TO THE DIFFRACTED FIELD

The material in this section is taken from the work of Tamir 

and Oliner1 insofar as that work applies to the present problem.

4.1 Pole Location in the Complex Plane

The poles of the integrands of (38) and (39) are the poles of 

VU) . As can be seen from (16) and (17), the poles of are the

roots of

(K)+ Z 0 fAf) = 0  . (50)

In lossless media, the poles of F(kf) appear in pairs. A pole and its 

image across the imaginary axis in the XT-plane are both roots of (50);

i.e., kp--/fp , Poles do not necessarily appear in pairs in lossy media 

and each pole must be considered separately.

As a result of the dispersion relation and the

transformation , K~/ZC05(fi t the poles in either lossless or

lossy media appearing in the A'-plane appear twice in the £-plane and 

plane. This mapping is shown in Fig. 5, Symmetry in the various 

complex planes is indicated by the dashed lines. From the Af-plane to 

^plane mapping, it is evident that poles in the first quadrant of the 

Af-plane result in backward waves in the ■‘•/^-haIf-space, and poles in the
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Typical locations of poles for lossless interface configurations.
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second quadrant of the /'-plane result in forward waves in the same 

half-space.

If the source of radiation (defined in the present problem in 

the X=h plane) is assumed to radiate into the ♦^-half-space only, 

those poles in the and ^-planes representing propagation in the

-^.-half-space will be excited with zero amplitude. Figure 6 indicates 

the regions of interest in the plane if 1) the source is assumed to 

radiate into the ̂ -haIf-space only, and 2) the regions of the ^-plane 

in which it is impossible to capture poles are disregarded. The con

tributions due to poles in the regions of Fig. 6 are inhomogenous plane 

waves. This is evident in (46) and (47); amplitude is not constant 

across a phase front.

Referring to Fig. 5, it can be seen that

1. Region Tj maps from the second quadrant of the Zf-plane and 

the first quadrant (top sheet) of the £-plane.

2. Region maps from the first quadrant of the Af-plane and 

the second quadrant (top sheet) of the £~plane.

3. Region maps from the fourth quadrant of the /<-plane and 

the third quadrant (bottom sheet) of the £-plane,

4.2 The Form of the Pole-Contributed Fields

Using this quadrant information in (46), the form of the fields 

in the +^.-haIf-space can be described. This is done in Fig. 7. In this 

figure, the improper behavior of the fields due to poles in region 

is clearly evident.



Figure 6

A specific region of pole contribution in the ^-plane.

The shaded area represents the regions in the ^-plane 
in which poles might contribute to the field above an 
interface when the source radiates into the +^-haIf-space 
only.
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From the definition of the pole contribution, i.e., (44) and

(45), the unit step function indicates that the pole can contribute to 

the field only in certain angular regions. These angular regions and 

their relationship to pole location will now be considered. Figures 8, 

9, and 10 indicate possible pole locations in regions Tj , Tg , and , 

respectively. Only the locations that might contribute are shown. 

Figures 8 and 9 indicate a special circumstance possible in regions Tj 

and , namely, a pole located on £?pz* • Under this condition,

propagation occurs along the interface with no attenuation. This is 

the well-known surface wave and it is a mode to be encouraged if the 

coupling described in Problem No. 1 in the Introduction is to be opti

mized. In addition to typical pole locations, each of the figures show 

the angular regions (wedges) of contribution for the poles considered 

in each region of the ^-plane. The form of the field determined in (46) 

and Fig. 7 is indicated in each of the wedges of contribution. The 

contribution from region 2>j, evident in Fig. 10, is limited to 0> 0C . 

Under all circumstances > hence the contribution is always

bounded in amplitude. Figures 8, 9, and 10 make quite clear the rela

tionship of pole location in the complex plane to the field configura

tion above an interface.
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Figure 8

Characteristics of region pole contributions.

(a) Pole locations in the {6- plane
(b) Angular region of contribution for pole location 1
(c) Angular region of contribution for pole location 2
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Characteristics of region pole contributions.

(a) Pole locations in the ^-plane
(b) Angular regions of contribution for pole locations 1 and
(c) Angular region of contribution for pole location 3
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Characteristics of region pole contributions.

(a) Pole location in the ^-plane
(b) Angular region of contribution for pole



V

AN EXAMPLE - THE DIELECTRIC SLAB

Barone** has considered the electromagnetic fields above a di

electric slab. In his work, Barone mapped the loci of poles (roots of 

the equation = O  ) in the three complex planes discussed

in Sections III and IV of this report. Both grounded and ungrounded 

slabs were considered. The dielectric slab is a relatively simple 

interface configuration and the difficulty encountered in deriving even 

an approximate analytical expression for the loci of poles is an indi

cation of a limitation of the present method.

The approximate loci in the (5-plane are sketched in Fig. 11. 

Even-numbered modes, i.e., M = O, 2,4,..., are for the ungrounded slab; 

odd-numbered modes are for the grounded slab. The poles move along the 

loci as functions of the parameter 5- given by <L • The permit

tivity is assumed constant and CL can be considered to increase with 

slab thickness d or with excitation frequency. The loci are symmetri

cal across the line £  = and, except for the N-C> and M-1 modes, move 

from ?̂ =oo(d. =o) to the line -g- with increasing CL. The poles of

the loci meet and split at and with increasing OL one pole ap

proaches and the other pole approaches-7^ . The pole for mode 

W  =0 starts at ,7^-0 and moves to '7^^ . The pole for mode M M

starts at Y{-oo and moves through 7 ^  and 1^-0 to The mode num

ber N is an indication of the thickness of the slab, measured in

35
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Geometry and loci of poles for the dielectric slab.

(a) Slab geometry
(b) Pole loci for both the open and short-circuited slab
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multiples of a wavelength. Note that for large M (thickness), the path 

of the poles in region Bj travels near the {^-axis. In (48), the pole 

contribution was seen to attenuate exponentially with distance where 

GC^CKSIUhlfJp is the attenuation factor. Hence, as the slab becomes 

thicker, Ŷ p + O , and the possibility of significant pole contribution 

to the field above a slab becomes a reality.



VI

ACCURACY OF THE METHOD

With the possibility of poles near the saddle point in practi

cal applications, the question of accuracy is raised. Bernard and 
18Ishimaru have considered this problem and have compared results of

the ordinary saddle point method (the method used in this report) with

results of the modified saddle point method developed by Van Der Waer- 
19den. The modified method accounts for the nearness of a pole to the

saddle point, and accuracy is determined by the number of terms taken
18in a series. Bernard and Ishimaru found the ordinary and the modi

fied methods to be in substantial agreement when the following inequal

ity is maintained:

2 / ? r  |s m 2( £ j p £ )  > l o  . (51)

Assuming ■ to be small, the approximation

2 2
can be made and the criterion of (51) expressed as

k r  \<pp-9 \ >  l o . (52)
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The inequality (52) can be used as an accuracy criterion when a pole is 

near the saddle point.

This criterion depends only upon field point location and pole 

location in the j^-plane for a given problem. The inequality (52) can 

be used very simply, as shown in Fig. 12. The concentric circles in 

this figure can be envisioned as moving with the saddle point, each 

circle graded in convenient multiples of the distance | - 0  | , satis

fying (52).
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SOP

Figure 12

A geometrical interpretation of the accuracy 
criterion for the saddle point method.



VII

CONCLUSIONS

701 Advantages and Disadvantages of the Method

In this report, a general method of analysis has been pre

sented 6 The method should be useful„for a wide class of problems0

Whereas the development in Section II is exact, inaccuracies, in the

general method arise from the integral evaluation by the saddle point 

techniquee Accuracy of the saddle point method is determined by 1) 

the magnitude of the term (fer) and 2) the remoteness of poles from the 

saddle point0 While the example, problems given in the Introduction 

have favored the very short wavelength, the general.method- remains 

limited only by these two accuracy considerations and may be applied to 

any two-dimensional problem with this und erst and ing0 The method might 

be compared to the method of control system design and analysis in the 

complex planee In both cases, the advantage of the method to the user 

depends upon the user's ability to interpret pole location in the com

plex plane6

There are two difficulties encountered when applying the

method i

1 o Pole location in the complex ^-plane is a result of solv

ing simultaneous transcendental equationsc This is a difficult task 

when accomplished without the aid of a computer0

41
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2e In practical problems, poles can approach arbitrarily neat 

the saddle point and, as stated, the saddle point method becomes inac

curate under this condition* This difficulty can be compounded* For 

certain common interface configura'tibhSj not only do poles appear near . 

the real axis of the 0-plane, but they appear in close proximity to one 

another*

. The second difficulty mentioned involves what appears to be an 

inherent limitation of the method of this study, and an evaluation must 

be made based upon the criterion of Section VI for each specific prob

lem*

70 2 Areas for Further, Work ,

„ Areas in which effort might be profitably spent are the follow-
. - ' • ' mg; •

I* A search of the literature might uncover methods used in 

transmission line theory or control theory that would simplify pole lo

cation in the complex plane*

2* A digital computer program could be written which would

simplify greatly the location and tracking, of poles in the complex 

plane*

3* The possibility of using the modified saddle point method 

to increase accuracy when poles approach the saddle point should be in

vestigated*

The value of any method of analysis is measured by its useful

ness, and its usefulness is determined only through its use* The



elements of the method presented in this paper are all well proven* It 

remains to use these elements‘in the context of this study to prove the 

worth of the method presented0



REFERENCES

1o T 0 Tamir and A 0 A 0 Oliner, "Guided complex waves: Part I* Fields
at an interface," Proc* IEE§ vol0 110, pp0 310-324, February 19630

20 L0 M 0 Brekhovskikh, Waves in Layered Media0 New York: Academic
Press, 1960o

30 L0 B 0.Felsen, "Quasi-optic diffraction," Symposium on Quasi-Optics, 
Polytechnic Institute of Brooklyn, New York, pp0 1-40, June 8-10, 
1964.

40 C0 To Tai, "The effect of a grounded slab on the radiation from a
line source," J* Appl. Phys.9 vol. 22, ppQ 405-414, April 19610

5o S0 Barone, "Leaky wave contributions to the field of a line source
above a dielectric slab," Microwave Research Institute, Polytechnic 
Institute of Brooklyn, Rept. R-532-56, PIB-462, AFCRC-TN-173, 
November 1956.

6. R. Eo Collin, Field Theory of Guided Waves. New York: McGraw-Hill 
Book Company, I960.

7. T 0 Tamir and L. B. Felsen, "On lateral, waves in slab configurations 
and their relation, to other wave types," IEEE Trans, Antennas and 
Propagation, vol. AP-13, pp. 410-422, May 1965.

8. S. Atwood, "Surface wave propagation over a coated plane conductor,"
J a Appl. Phys., vol. 22, pp. 504-509, April 1951.

9 o H 0 E, Mo Barlow and. A. L. Cullen, "Surface waves," Proc* IEE, vol.
100 (pt. III), pp. 329-347, November 1953.

10o G 0 Goubau, "On the excitation of surface waves," Proc. IRE, vol. 40?
pp. 865-868, July 1952.

11o H. M. Barlow and F. Brown, Radio Surface Waves. London: Oxford
University Press, 1962.

12. E. S. Cassedy and M. Cohn, "On the existence of leaky waves due to.
a line source above a grounded dielectric slab," IRE Trans. Micro-
.wave Theory and Techniques, vol. MTT-9, pp. 243-247, May 1961.

13. R. E 0 Collin, "Analytical solution for a leaky-wave antenna," IRE
Transo Antennas and Propagation, vol. AP-10, pp. 561-565, September 
1962:

44 . J .



45

14o A e Hessel? n0n the influence of complex poles on the radiation
pattern of leaky-wave antennas9n IRE Trans. Antennas and Propaga
tion (Letters) 9, vol. AP-IO, pp. .6464647* September 1962.

15o T e Tamir and A. A c Oliner9 "The influence of complex waves on the
radiation field of a slot-excited plasma layer," IRE Transc An
tennas and Propagation  ̂vol* AP-10, pp. 55-65, January 1962. ..

16o P© Ce Clemmow* The Plane Wave Spectrum Representation of Electro
magnetic Fields. London: Pergamon Press* Ltd., 1966,

17© A© Banos* Jr,* Dipole Radiation in the Presence of a Conducting
Half-Space. London: Pergamon Press, Ltd ©, 1966.

18. Go D. Bernard and A© Ishimaru, "On complex waves," Proc. IEE9 vol.
114* pp. 43-49, January 1967.

19. B c L0 Van Der Waerden, "On the method of saddle points," Appl.
Sci. Res., vol© 132* pp. 33-45, 1951. .


