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ABSTRACT

Three techniques are presented for generating 
unavailable states to realize a desired closed-loop 
response. Since all configurations realize the same 
closed-loop responseB they are compared on the basis of 
peak and; integral sensitivity. The system that is the 
least sensitive to changes in plant parameters is con
sidered the best. The first two techniques discussed 
result in undesirable systems. The third, system results 
In a new control system configuration that is a compro
mise between a state-variable feedback system and the
corresponding H (s) system.eq

viii



CHAPTER I 
INTRODUCTION

Modern control theory states that the optimal con
trol law should be a function of all the state variables. 
Schultz and Melsa (1 9 6 7) develop this state-variable feed
back configuration in detail for linear systems. White 
(19 67) has shown that the state-variable feedback config
uration has sensitivity advantages over a system using 
series compensation, designed by the Guillemln-Truxal 
technique discussed in Chapter 5 of Truxal (1955)• In 
addition, any desired response can be achieved by feeding 
back all the states in the proper combination.

In most practical problems, all the states are not 
available for control, and in some cases, only the output 
is available. Schultz and Melsa (19 67) describe how un
available states can be generated by block diagram manipu
lations. These techniques are limited and do not always 
realize the sensitivity advantages. White (1 9 67) moves 
all the feedback to the output by block diagram manipula
tion, resulting in the Hequivaient(s) configuration. He
then shows'that Tor the Ha_(s) configuration the sensi-eq
tivities of plant parameters are as good as or better



than the state~variable feedback configuration. However, 
the resulting system is not realizable, except for the 
special case where the plant has the same number of poles 
and. zeroes.

The problem attacked in this work is to find a 
way to generate these unavailable states while retaining 
some of the sensitivity advantages of state-variable feed
back. Three techniques for generating unavailable states 
are discussed. These three configurations and state-vari
able feedback are discussed on the basis of sensitivity 
largely through the use of examples. Sensitivity is used 
as the criterion since all the techniques realize the 
same closed-loop transfer function. -

Only linear, noiseless„ time-invariant systems 
with single input and output are considered. It is also 
assumed that a desired closed-loop response has been 
specified in terms of a desired transfer function. Dial 
(1967) has shown a correspondence between a quadratic 
performance index and the specification of a closed-loop 
response.

Chapter II contains background material. State- 
variable feedback is discussed, and it is shown how to 
solve for the required feedback coefficients„ given a 
plant and a desired response. Different sensitivity 
measures are also discussed briefly.
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Chapter III explains the parallel simulation con

figuration, where the unavailable states are ;fed back from 
a parallel simulation of the plant. It is shown how this 
configuration is nothing more than series compensation, 
and an example is presented.

In Chapter IV, the observer system of Luenberger 
(1964) is used to feed back the unavailable states. Here 
another linear system, whose order is equal to the number 
of unavailable states of the plant, is introduced into the 
problem. This new system is driven by the available states 
and the input to the plant. The states of the new system 
are a linear transformation of the unavailable states of 
the plant» New feedback coefficients are defined for the - 
available states of the plant and the states of the new 
system. Examples of the technique are given.

Chapter V develops a new control system configur
ation that is a modification of the observer system of 
Chapter IV. This new configuration is a compromise between 
a state-variable feedback system and the corresponding 

(s) system. It is shown how this new system may be 
synthesized directly from the desired closed-loop response. 
Examples are presented that show how the technique may be 
applied when only the output is available, or when addition
al states are also available.

The final chapter contains a conclusion, and offers 
suggestions for further work.



CHAPTER II 
GENERAL THEORY

This chapter discusses pertinent background materi
al . State-variable feedback and the determination of the 
feedback coefficients to realize a given closed-loop re
sponse are described. Sensitivity measures are discussed 
briefly.

2.1 State-Variable Feedback
It is assumed that the given linear plant is repre

sented in block diagram form. A typical plant is shown in 
Figure 2.1. The plant transfer function, Gp(s), is given 
by

Gp(s) * G^(s ) Gg(s) ... Gn (s)

and

4 ^ 1  = G(s) = KG (s ) u(s) V

If the plant transfer function possesses a pair of complex 
conjugate poles, it is represented as two integrators with 
feedback. For example, the open-loop transfer function

4



can be represented in block diagram form as in Figure 2.2.
If a state is associated with each block of the 

plant, as in Figure 2.1, the plant can be represented as 
a system of first-order linear differential equations.
In matrix notation, these equations are

x = A x + b u

y = cT x (2.1)

where
X is an (n x 1) state vector
A is an (n x n) plant matrix
b is an (n x 1) input vector
c is an (n x 1) output vector
u is the scalar input
y is the scalar output

The open-loop transfer function in matrix notation can be 
found by taking the Laplace transform of equation (2.1) 
with zero initial conditions, as
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u > G 1iIcX H ro G t x i =
un 2 U1

Figure 2.1 General Plant

Figure 2.2 Representation of Complex Conjugate Roots

V
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This may be rearranged to give 

(si - A)x(s) = b u(s) 

such that

x(s) = (si - A)“1 bu(s)

or

x(s ) = £(s) bu(s) (2.2)

where
S(s) » (si - A)"1 

The open-loop transfer function is

_ y(s) _ oT x(s) cT B(s) bu(s)
G(s) " 5717 H f T T ------m T)-------

or

G(s) = oT $(s) b (2.3)

Schultz and Melsa (196?) show that any closed- 
loop response of the same order as the plant can be 
achieved by feeding back all the states with the proper 
weighting. The zeroes of the plant show up as zeroes of 
the closed-loop response. If zeroes other than the in
herent zeroes of the plant are desired, they are added 
to the plant using a series compensator that contains



the desired zeroes and additional poles. The order of 
the plant is then increased by the order of the compen
sator, and additional states are created that should also 
be used for control. The control input, u, for state- 
variable feedback is given by

u = r - kT i • (2.4)

where
r is the closed-loop system input 
k is an (n x 1) vector of feedback coefficients

Substituting equation (2.4) into (2.1) for u, the closed- 
loop system can be represented by the set of equations

i - (A - b kT ) x + b r

y = cT x (2.5)

where
(A - bk^) is the closed-loop system matrix

Equation (2.5) may be transformed to the frequency-domaln 
and solved for y(s)/r(s). This expression for y(s)/r(s) 
in terms of the feedback coefficients is then equated to 
a desired response and the feedback coefficients found by 
simple algebraic manipulations.

It is simpler to convert the representation of 
Figure 2.3 to the Hequ^vaient(s) configuration as shown



In Figure 2.4. The expression below can be used to find

be used to find Heq(s) by moving the origins of the feed
back paths to the output. The closed-loop response for
H-n (s) configuration is given by 
“4

Equation (2.6) may be equated to the desired response 
and the feedback coefficients found. The output block, 
G^# often contains an integrator, and in this case, k^ 
is set equal to one to insure zero steady-state position 
error for step function Inputs.

plant shown in Figure 2.5. It is desired to realize 
the closed-loop transfer function

Heq(s) = kT 6(a) b
cT 6(s) b

Well known blcok diagram manipulations may also

y(s ) „ o(s)______
r(s ) 1 + G(s ) Hgq(s) (2.6)

As an example of the technique, consider the

y(s) _ 8080 (2.7)

Figure 2.6 shows the plant with feedback. The forward 
gain, K, is assumed adjustable, and k^ is set equal to
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xi = y

Figure 2.3 Plant with State-Variable Feedback

Figure 2.4 H (s) Configurationeq



11

2 x3 5 x2 1 = y
s +5 s + 1 s

Figure 2.5 Plant for Third-Order example

Figure 2.6 State-Variable Feedback System

Figure 2.7 System with Feedback Moved to Node
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one to realize the desired zero steady-state position 
error for step function Inputs. In Figure 2.7, all the 
feedback has been moved to the node. Heq(s) Is found 
by combining the three feedback paths to be

or

Heq(s) = 1 + k2s + ik^s(s + 1)

H (s ) = !Lls2 ♦ ( - 2 . + k 2 ) s + l  (2.8)
eq 5 5

The open-loop transfer function Is given by

°1’ 1 - a(, . S » ,  ♦ 5) <2'”

Substituting equation (2.8) and (2.9) Into equation (2.6) 
gives the overall response In terms of the feedback coef
ficients as

y(s)
r(s)
_____________________10K______________________   '

■ + iokic2 )s + iok
(2.10)

Equating coefficients In equation (2.10) with the desired 
response equation (2.7) gives the following equations:

10K = 80
2Kkg = 8
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and

2Kk3 + 10Kk2 = 43

Solving the first for K, the remaining equations become 
linear with the solution,

K = 8

k2 = 7/16

k3 = 1/2

The closed-loop system is now realized as shown in Fig
ure 2.6.

It would be ideal if all the state variables were 
always available for control, so that state-variable feed
back could be applied directly. Often, however, this is 
not the case. The state variables may be too difficult 
or too costly to measure, or the measurements may be cor
rupted by an excess amount of noise. In these cases, the 
state variables can not be measured, and alternate means 
must be used to realize the desired closed-loop transfer 
function. In each case, the alternate means described 
here realize the same closed-loop transfer function.
Hence, they can not be compared on an input to output 
or transfer function basis. The method of comparison 
used here is that of sensitivity.
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2.2 Sensitivity Measures

It Is Important to have measures of how the re
sponse or overall system transfer function changes with 
system parameters. Several sensitivity measures are des
cribed here that may be applied to this problem.

The definition of classical sensitivity given 
here is from Truxal (1955)• The sensitivity of a fre
quency function, T(s, p) , with respect to a parameter, p, 
is defined as

ST = dlnT = £dT 
P d Inp T dp

The classical sensitivity expresses the percentage change 
in T for a percentage change in a parameter, p. Here, T 
is indicated as a function of s as well as p because the 
application usually involves transfer functions.

An application of classical sensitivity to the 
comparison of the sensitivities of plant parameters for 
two control system configurations results in two frequency 
functions that must be compared. If the magnitude of one 
classical sensitivity were smaller for all frequencies, 
then the corresponding system would be the least sensitive. 
Usually, the magnitude of one classical sensitivity is 
smaller for some frequency range, and it is not clear what 
system is the least sensitive; that is, interpretation is 
difficult.
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For an example of classical sensitivity, consider 

the classical control system configuration of Figure 2.8. 
The overall response is given as

= w ( s )  ___ 21=)_______r(s) K ' 1 + G(s) H(s)

The sensitivity of W(s) with respect to G(s) is given by

Sw = GdW , G d _ ( Gl£l_____
G W dG W dG V1 -f G(s ) H(s )

1 + G(s) H(s)

which is approximately equal to

G(s) H(s)1 ifG(s ) H(s) »  1

By making the loop gain large, the effect of parameter vari« 
ations in the forward path is made small.

Classical sensitivities are relatively easy to cal
culate. Unfortunately, they are a function of frequency 
and are difficult to interpret. In order to avoid the fre
quency dependence of classical sensitivity, three time-do- 
main measures of sensitivity may be utilized.

The sensitivity function. Up(t ), is defined by 
Tomovic (1964) as the change in the response, y(t), to a
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G(S)
— > I

H(s)

Figure 2.8 Classical Control System Configuration
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step Input, for a percentage change in a system parameter

v*> ■
Here Up(t) is a function of time, and this is also diffi
cult to interpret.

White (1967) discusses two new sensitivity meas
ures that give a number that can be used to compare the 
different control system configurations. He defines the 
peak sensitivity. , of a parameter, p, as

U* = U_(T)

up(t)where T equals the value of t such that 
mum. Also defined is the Integral sensitivity of the 
system with respect to a parameter, p, as

is a maxi-

S p  = Jo Up(t) dt

when this integral exists. White shows that integral sen
sitivity is related to classical sensitivity by the rela
tionship

S_ = jrir IX2n '-oo
W(Jw) 
2—w'

W
!pS„ (Jw) dw

where W(Jw) is the overall transfer function with s 
replaced by jw.
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Peak and integral sensitivities give a number as 

a sensitivity measure, rather than a frequency or time 
function. Thus, peak and integral sensitivities are easy 
to interpret and will be used to compare the examples of 
the following chapters. However, except for simple cases, 
a computer is required for the generation of and Sp 
(see White, 196?),



CHAPTER III 
PARALLEL SIMULATION

This chapter and. the following two describe three 
alternate means of realizing a desired closed-loop trans
fer function when all the state variables are not avail- 
able„ The technique used in this chapter is that of 
parallel simulation, and only single-input, single-output 
systems are discussed. The case where only the output is 
available is stressed as a "worst" case.

The plant and parallel simulation for generating 
the unavailable states in the worst case is shown in Fig
ure 3.1. Stars are used to denote the.generated states, 
which are only estimates of the actual states, Assume 
Gp(s) is the unalterable plant of nth-order, where

Gp(s) a G1 G2 0 °0 Gn

It is only necessary to simulate n - 1 of the states since
the output is assumed available for feedback. The blocks,
G*0 through G* „ are. simulations of the corresponding G9 n £
through Gn of the plant. Each G^ contains one pole, or 
one pole and a zero, If Gp(s) contains complex conjugate 
roots, these can be simulated using two Integrators with 
feedback, as discussed in Chapter II. If Gp(s) is a

19
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linearized model of the actual plant, the simulated states 
are only equal to the actual states near some operating 
point where the. linear model is valid.

The state-variable feedback coefficients may be 
found as if all the states were available, but the unavail
able states are fed back from the parallel simulation. Fig* 
ure 3,2 shows the closed-loop system with the unavailable 
states generated by the parallel simulation. The transfer 
function from node eg to e^ in Figure 3.2 is equivalent to 
the Guillemin-Truxal series compensator as discussed in 
Truxal (1955). Assuming the desired closed-loop response, 
y(s)/r(s), is known, the Guillemin-Truxal compensator, Gc, 
is found from the relation

G° * G p U ^  y / D  , (3:i>

The Guillemin-Truxal configuration is shown in Figure 3.3.
White (1 9 6 7) has shown that the sensitivities, 

both classical and sensitivity functions, for a state- 
variable feedback configuration are considerably better 
than those achieved using series compensation. Although 
sensitivities do vary in general with the system config
uration, the sensitivities of the plant parameters in 
Figure 3*2 are only dependent on the overall function,
Gc, and not how it is realized,. This is true in' general
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Figure 3•1 Plant and Parallel Simulation

ei
— > I

Figure 3.2 Closed-Loop System



t+

Figure 3.3 Series Compensated Syst
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since any system compensated by the parallel simulation 
technique can always be reduced to the configuration of 
Figure 3.3. Here, Gc must equal the Gulllemin-Truxal 
equalizer, since if two systems are identical except for 
one block, then that block must also be the same.

As an example, consider the third-order plant of 
Figure 3.4. It is assumed that only the output is avail
able for control, and zero steady-state position error is 
desired. The desired closed-loop response is

y(s) = ________BO __________
r(s) (s + 10)(s^ + 4s + 8)

The problem is first solved using the Gulllemin-Truxal 
approach and then using a parallel simulation.

The desired series compensator is found using 
equation (3.1) as

G = 8(3 + l)(s + 5)
(s + 6)(s +8)

The closed-loop system is shown in Figure 3.5.
The feedback coefficients and forward gain for the 

parallel simulation system were found in Chapter II as

K = 8.0 
k^ = 1.0
k2 - 7/16
k3 = 1/2
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s +?2

K1 = 1 P2 = 1
k2 = 5 p3 = 5
k3 = 2

Figure 3.4 Open-Loop Plant

(s + l)(s + 5) 
(s + 6) (s + 8)

Figure 3.5 Series Compensated System

Figure 3.6 Parallel Simulation System

r-f| M
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The parallel simulation system Is shown In Figure 3.6.
The corresponding series compensator calculated from this
configuration is

G = 8(s » 5)(s * 1) 
c (s + 6 ) ( s > “8T

This is the same as was found using the Guillemln-Truxal
approache and the parallel simulation scheme is simply a 
way of mechanizing the required equalizer. Of course, 
the sensitivity of the closed”loop system to plant param™ 
eter variations is unaffected by how Gc is realized.

The peak and integral sensitivities of the plant 
parameters for the series"compensated (or parallel Simula” 
tion) system were calculated. Also Calculated were the 
sensitivities for the state-varlable feedback configura
tion and the corresponding (s) system of Chapter II.
A computer program» written from White's (196?) thesis, 
was utilized to obtain the sensitivities which are listed 
in Table 3.1.

The sensitivities of the gain, K^» in the output 
block are the same for the series-compensated, system and 
for the state-variable feedback configuration. The sensi
tivities of the parameters in the inner blocks are reduced 
appreciably for the state variable system. The inner most 
block of the state-variable feedback system is the least 
sensitive, because it is surrounded by the greatest number 
of feedback paths. All blocks of the Hg^(s) system exhibit
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Table 3»1 Sensitivities for Parallel Simulation Example

i' ":

Param
eter 1

System
2 3

■ Ki .593 .140 .593

K2 .3 2 1 ' .140 .593

f  b .140 .140 .593

P2 .148 .061 .329

p3 .120 .120 .548

Peak Sensitivity

Param
eter 1

System
2 3

% .286 .012 .286
k2 .06? .012 .286
k3 .012 .012 . 286

P2 .019 .0031 .133

p3 .0096 .0096 .260

Integral Sensitivity

System Description
1 State-Variable Feedback
2 : Heq(s) System
3 Series Compensation or Parallel Simulation
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sensitivities of the same order of magnitude as the inner 
most block of the state-variable feedback configuration, 
but, unless the plant has the same number of poles as 
zeroes, the resulting Heq(s) is not physically realizable. 

Observe that Heq(s) is driven only by the output of 
the system, and not by the input. Therefore, the system 
used to generate the unavailable states should be weighted 
heavily on the output of the plant. The next two chapters 
look at schemes for generating unavailable states that are 
dependent on both the input and the output of the plant.

An intuitive feeling for the poor sensitivity 
characteristics associated with the parallel simulation 
configuration can be obtained by considering Figure 3.?.
If a parameter in one of the blocks of the plant is per
turbed, say G^, the control, u, is not affected immedi
ately, as it would be if the states were fed back directly 
from the plant. By using state-variable feedback, the 
control always knows what the plant is doing.

The parallel simulation configuration may be 
looked at as merely a block diagram manipulation where 
the origins of all the feedback coefficients (except the 
output) are moved to the input of the plant. This tech
nique may be of value when a small percentage of the states 
are unavailable, as discussed in Chapter 9 of Schultz and 
Melsa (1967). However, it should not be considered when 
only the output is available for control.



Figure 3*7 Third-Order System



CHAPTER IV 
OBSERVER SYSTEM

This chapter discusses another method of gener
ating unavailable state variables» An observer, as 
developed by Luenberger (1963), is used to generate the 
unavailable states„ The observer is a second linear sys
tem that is driven by the available outputs and the input 
to the plant„ The states of the.new system are related 
to the unavailable states of the plant by a linear trans
formation.

The generated states, along with the available 
states of the plant, are fed back to realize a desired 
closed-loop response. New feedback coefficients are 
defined, but, as the poles of the observer are moved 
put to improve the sensitivities of the plant parameters, 
the new feedback coefficients become very large.

4.1 Observer Theory

The theory is developed in matrix notation. Most 
modern control theory texts, such as Schultz and MeIsa 
(196?), describe the representation of control systems 
using matrices.

29
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The time-invariant linear plant of nth order Is 

described by the matrix differential' equation (2.1), 
repeated here as

x - A x ^ b u (4.1)

where
x is an (n x 1) state vector
A is an (n x n) system matrix
b is an (n x 1) input vector
u is the scalar control input

The state vector, x, completely describes the 
present state of the system, and the future behavior is 
governed by the first-order matrix differential equation 
(4.1).

If it is only desired to generate the unavailable 
states of the plant, then the observer is of mth order, 
where m is the number of unavailable states. The observer 
is also described by a first-order matrix differential 
equation of the form

z s Dz * Fx -fr gu (4.2)

where
z is an (m x 1) state vector
D is an (m x m) system matrix
F is an (m x n) input matrix



31
£ is an (m x 1) input vector 
x and. u are as defined in equation (4.1)

It is assumed that the states of the observer and 
the plant are related by a linear transformation

z - Tx T'W'1'1 (4.3)

Equation (4.3) is substituted into equation (4.2) for z . 
and z to find the relations that the observer matrices 
must satisfy. If this is done, then

Tx = (DT + F)x + gu (4.4)

Equation (4.1) is pre-multiplled by T to give

Tx = T A x  + T b u  (4.5)

and (4.5) shows

(4.6) 

and

Comparing equations (4.4) 

DT '+ P * TA

or

TA - DT = F

S = I k (4.7)
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The matrices A and b are known. If the observer is chosen,
equation (4.b) may be solved for T, if A and D have no com
mon eigenvalues.

It is originally assumed that £ and x were related 
by a linear transformation. That this is a valid assump
tion may be shown in the following way. Equation (4.5) is 
subtracted from equation (4.2), giving

i - Tx = DZ - T A X  + Fx + (& - Tb)u (4.6)

Using equation (4.6) to substitute for TA in the above 
equation gives

£ - T x = D(z - Tx )u (4.9)

By choosing £ = T b , the above differential equation can 
be Integrated giving

z = Tx + e ̂  ̂  z(0) - Tx(0)J (4.10)

If the initial conditions are also related by the linear 
transformation, the second term drops out, and

z * Tx

It is probable that the initial conditions do not 
match; therefore, the eigenvalues of D should be chosen 
sufficiently far out in order for the initial condition 
term in equation (4.10) to be small after a short time.
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This initial condition term represents the error between 
£ and Tx , and the sooner it disappears, the better.

4.2 An Example
As an example of how the equations are solved, 

consider again the example of Chapter III. The plant is 
shown again in Figure 4.1. It is assumed that Xg and x^ 
are unavailable. The system matrix for the plant is

0 1 0
A = 0 -1 5 ■

0 0 -5 _

and for K =* 8, the input vector, b, is

0
b = 0

16

The observer, with its poles chosen at
is shown in Figure 4.2. The system matrix for the obser
ver is

D
-7

0

1

-6



Kj = 1.0 Pg = 1.0
k2 = 5.0- P3 = 5.0

= 2.0

Figure 4.1 Open-Loop Plant

Figure 4.2 Observer



The ( 2 x 3 )  transformation matrix, T, is found 
using equation (4.6), and it is repeated here as

T A - D T = F

where

T = h i  ti2 ti3

t21 t22 t23

and the input matrix for the observer is

After substituting the appropriate matrices into equation
(4.6), the result is

tll t12 t13
fc21 fc22 t2J

0 1 0
-7

0 -1 5 —
0

0 0 -5

hi ti2 h3
h i  t22 t23.

0 0 0 
1 0  0

Performing the above matrix multiplications and equating



corresponding elements results In the following set of 
equations for the elements of T:

7tll ~ *21 = 0

tll + 6t12 * fc22 = 0

13 . 23

6t2i 55 1

^21 + = 022

5t22 4- t23 = 0

The preceding equations may be solved to give

T =
1
z

1
105

1
30

Now the control Input vector for the observer Is found from
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The unavailable states of the plant are now found In terms 
of the available states of the plant and the states of the 
observer using equation (4.3) as

Z1

z2

1
105
130

2$
xi
x2

x3

Solving for and gives

x 2 = 7*^ + 84z1 - 54z.

x* = |x 84 24
1 + ~ Z1 - T z:

where the stars have been Introduced to Indicate that x 2 
and Xj are only estimates of the actual states of the 
plant.

Figure 4.3 shows the plant and observer with the 
generated states. The feedback coefficients, that were 
found In Chapter II for this problem, could now be fed 
back from x^, x^, and x^ to give the desired closed-loop 
response. Rather than actually finding x^ and x^ , It 
Is simpler to find new feedback coefficients that are fed 
back directly from z^, Zg, and x^. The next section 
defines new feedback coefficients In terms of the trans
formation matrix and the original feedback coefficients.
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Z2

Figure 4.3 Plant and Observer with Generated States



4.3 Closeti-Loop System
This section discusses the closed-loop system 

and defines new feedback coefficients. The state-vari
able feedback coefficients can be found as If all the 
states are available, and the available states of the 
plant and the generated states can be used for control.
It is simpler to find new feedback coefficients that may 
be fed back directly from the available states and the 
states of the observer.

It should be pointed out that the overall re
sponse using an observer is of n plus m order. However, 
the poles of the observer show up as poles and zeroes of 
the overall response and cancel to give the desired nth- 
order response. If any of the parameters of the system 
are perturbed, the cancellation is inexact and the response 
is of m + m  order.

The new feedback coefficients, k*, are found as 
follows. The k and x vectors and the T matrix are parti
tioned as



where
x Is the available states ((n - m) x 1)
*2x Is the generated unavailable states (m x 1) 
corresponds to the available states ((n - m)

2k corresponds to the unavailable states (m x 1) 
Is an ((n - m) x m) matrix

2T Is an (m x m) matrix

In terms of the partitioned matrices, equation (4.3) Is 
solved for the unavailable states, as

1Hxl
1

x*2_

or

x*2 = (T2)-1 (z - T1 !1)

The feedback Is

k ^ x 1 * k 2Tx*2

pSubstituting for x* gives
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The new feedback vector Is

*T k^tT2)-1 i (k1T k2T(T2)"1 T1)

(4.11)

The closed-loop system configuration, in terms of the new 
feedback coefficients, is as shown in Figure 4.4 for the 
case where only the output is available. The steps in
volved in solving a closed-loop problem are listed in 
Figure 4.5.

4.4 Closed-Loop Example
A second-order plant with one unavailable state 

is chosen. The single pole of the observer is left arbi
trary to show the effect of different pole locations. The 
example is almost trivial, but it suffices to demonstrate 
how the new feedback coefficients become large as the 
poles of the observer are moved out.

The plant to be controlled and the chosen obser
ver are shown in Figure 4.6. The desired closed-loop 
response is

y(s) =  6_____
r(s) s + 3s + 6

Letting ^  equal unity for zero steady-state position



42

KG

Figure 4.4 Closed-Loop System

Step Description
1 Find k and K as if all states were available
2 Choose an observer of mth order
3 Solve T A - D T = F for T
4 Find & using & = Tb
5 Find new feedback coefficients using

k*T - k2T(T2)-1 1 (k1T - k2T(T2)~1 T1)
1 __

Figure 4.5 Steps in Solving Closed-Loop Problem

H*



s + a

Figure 4.6 Plant and Observer

1 - a

s + a

a(l - a)

Figure 4.7 Closed-Loop System

s (a + 2) +3a
3(s + a)

s(a + 2) -f 3a

Figure 4.8 Modified Closed-Loop System



44
error, the k vector and K are

1.0 1/3

K = 6.0

kT =

The A and b matrices are

0 1 0
A = b =

0 -1 6

The D matrix reduces to a scalar, -a, for this problem. 
Solving TA - D T = F for T , gives

T = 1 - a

The Input vector for the observer Is

S. = a(l - a)

The new feedback coefficients are

*T ~ (1 - a) - (2 + a)

The closed-loop system Is shown In Figure 4.7.
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As "a" is increased in Figure 4.7, the new feed

back coefficients become large. One feedback coefficient 
goes towards plus infinity and the other towards negative 
infinity, while the weighting on u becomes small. It is 
suspected that letting "a" go to infinity would result in 
Hequivalent(s^• slnce Heq(s ) has its poles at Infinity 
(if the plant contains no zeroes) and has zero weighting 
on u. As "a" becomes infinite in Figure 4.8, the network 
that is driven by u goes to zero while the feedback net
work becomes Heq(s); that is,

limit — ,---- -4---rr- = 0a— ►*> s(a + 2) + 3a

and

limit V = is + 1a— 3(s + a) 3

The configuration of Figure 4.7 still gives zero 
steady-state error, since the original k^ was unity, even 
though k *2 is not unity. For a step input, in the steady- 
state, there is still a signal being applied to the obser
ver. The feedback from the observer and the plant add up 
to one in the steady-state to give zero position error. 
Unfortunately, the new feedback coefficients become large 
as the observer pole is moved out. The next section shows,
by example, the effect of observer pole location on plant 
sens itivities.



4.5 Sensitivity Example
This section considers again the third-order 

example of Chapter II and III. The problem was started 
in section 4.1 with the poles of the observer at s = -6 
and s = -7» but the new feedback coefficients have yet 
to be found. The plant sensitivities and final system 
for the same problem with the observer poles at s = -10 
and s as - 1 2  are also given.

The feedback coefficients to realize the closed- 
loop response

r(s) (s + 10)(s2 + 4s + 8) 

for the plant of Figure 4.1 were found in Chapter II to be

The new feedback coefficients are found using equa
tion (4.11), repeated below

y(s) 80

kT 1.0 1
2

k i (k1T - k2^ ! 2)-1 T1)2TZm2,-l

where



The new feedback vector becomes

or
*T

903 1041 341
20 " 40 80

45.15 -26.02 4.26

The final closed-loop system Is shown In Figure 
4.9. The parameter values that result If the observer 
poles are picked at 10 and 12 are also given. Moving 
the observer poles about twice as far out has Increased 
the feedback coefficients tremendously.

Table 4.1 lists the peak and Integral sensitiv
ities of the plant parameters for both observer systems. 
The sensitivities for the state-variable feedback con
figuration, the H (s) configuration, and the serles-eq
compensated system are also shown again for comparison. 
The data for the Heq(s) system is included because it is 
the least sensitive system, but It Is not physically 
realizable.
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s + a

Parameter Poles of Observer at

a & b 6 & 7 10 & 12

Sl 1.86 .0456

62 2.77 H -O 
'

CO

«
k l 45.2 866.2

k 2 -26.1 -177.2

...k 3 _  _ 4.26 11.5

Figure 4.9 Closed-Loop System

H*



Table 4.1 Sensitivities for Observer System

Param
eter 1 2

System
3 4 5

Ki .593 .140 .593 .401 .317
k2 .321 .140 .593 .401 .317
k3 .140 .140 .593 .401 .317
P2 .148 .061 .329 .190 .144
P3 .120 .120 00-d-xn COin .279

Peak Sensitivities

Param
eter 1 2

System
3 4 5

Ki .286 .012 .286 .106 .063
k2 .06? .012 .286 .106 .063
k3 .012 .012 .286 .106 .063
pl .019 .0031 .133 .032 .017
?2 .0096 .0096 .260 .092 .053

Integral Sensitivities

System Description
1 State-Variable Feedback
2 Hgq(s) Configuration
3 Series Compensation or Parallel Simulation
4 Observer System with Poles at s = -6 and s = -7
5 Observer System with Poles at s = -10 and s = -12
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It appears that the observer approach may be of 

value if the large feedback coefficients can be avoided. 
The next chapter looks at a modification of the observer 
system that attempts to eliminate the large feedback 
coefficients„



CHAPTER V 
MODIFIED OBSERVER SYSTEM

This chapter discusses a modification of the
closed-loop observer system. This new configuration has 
been developed in an attempt to avoid the large feedback 
coefficients that result when the observer poles are 
chosen far out. The modified observer system is devel
oped for the "worst" case where only the output state is 
available. It is also shown how the technique may be 
applied when additional states are available.

5.1 System Configuration

manipulating second and third order observer systems. A 
second order example is shown in Figure 4.8. The general 
system configuration is shown in Figure 5.1. The feedback 
is a function of both the input, u, and the output of the 
plant as in the observer system. In Figure 5.1# KGp(s) 
is the plant and associated gain. If n is the order of 
the plant, A ( s) is defined as

The new system configuration was discovered by

+ a1s + a0
+ h]_s + h0 (5.D

51



A(s)

H(s)

G (s) => G1(s )«G2(b ) ... Gn (s)

Figure 5.1 General System Configuration
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and H(s) is defined as

+ h^s + h0
+ b^S + h0

The denominator of A(s) is the same as the numerator of 
H(s). The n - 1 roots of the denominator of H(s) are 
chosen in the same manner as the poles of the observer. 
These roots may be distinct or all the same.

tivities of the plant parameters Improve as these poles 
are moved further out. As the poles of H(s) are moved 
out, the weighting on u decreases and H(s) looks like an 
approximate realization of Heq(s). White (196?) showed 
that for the H„(s) configuration the sensitivities of

“ 4.

the plant parameters were, in general, better than the 
sensitivities for a state-variable feedback system. If 
the plant has no zeroes, Heq(s) has its poles at infinity, 
and the weighting on u is zero.

It is simpler to solve directly for the transfer 
functions A(s) and H(s) rather than manipulating an obser
ver system. To solve a problem using this new configura
tion, y(s )/r(s) is found from Figure j).l in terms of the 
transfer functions.

The example of section 5*2 shows that the sensi-

y(s) _
r(s)

KGD(s) (5.2)
1 - H(s ) KGp(s) + A(s)
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If Gp(s), H(s), and A(s) are written in terms of numera
tor and denominator polynomials as,

Vs > - I
h (s )

A ( S ) = E  (5.3)

then y(s)/r(s) can be written In terms of these polyno
mials by substituting the equations (4.3) into (5.2) as

y(s) _ K • GN• HD• AD
r(s ) HD-GD-AD + K• GNeHM eAD + AN• GD• HN

Since AD was chosen equal to HN, the AD*s can be cancelled, 
in the above expression to give

y(s) e K'GN-HD
r(s) HD-GD + K-GN-HN + AN-GD (5.4)

where GN and GD are known, HD is chosen, K is the same as 
for a state-variable feedback system, and HN and AN are 
unknown. Assuming the desired closed-loop response is 
known, its numerator and denominator can be multiplied by 
HD to give the actual response that is realized. Now the 
coefficients of the actual response and equation (5.4) can 
be equated and the unknown coefficients of A(s) and H(s) 
found.
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In general, the denominator of the closed-loop 

response, equation (5.4), is of (2n - 1) order. To see 
this, consider a fourth-order plant as an example. The 
denominator of the closed-loop response is

HD'GD + K-GN-HN + AK«GD (5.5)

where, from equation 5«1

AN = 828^ 4. a^s + aQ

and
HN = h^s3 4. h^sZ + h^s 4- hQ

The denominator of the plant transfer function is repre
sented by

GD = s^ + g^s3 + g 2s2 4- g-ĵS 4- g Q

and the numerator is a constant, that is

GN = K

Since the first term in equation (5.5) is known, let it 
be represented as

HD'GD = s? + c£s  ̂+ ••• + cis + c0

These polynomials are substituted into equation (5.5), 
multiplications are performed, and like powers combined,
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to give

s7 + (c6 + g^a2 )s6 + (c^ + g^a2 + g/|a1 )s^

+ (c4 + e2a2 + e3ai + a0 ŝ^ + (c3 + eia2

3
+ &2al + &3ao + Kh3)s + (°2 + &oa2 + &iai 

2+ S2ao + Kh2)s + (0% + + g1aQ + Khĵ Js

+ (c0 + g0a0 + Kh0)

In the above expression, the a*s and h*s are the unknowns. 
Starting with the highest power of s, each successive term 
contains a new unknown, so that any ?th order polynomial 
could be realized by the proper selection of the a's and 
h's. Section 5*2 shows the equations for a third-order 
example. In the general case, the characteristic equation 
is of the form

s2n”1 + <c2n-2 + enan-2>s2n"2 + < c2n-3 + «nan-3

+ «n-lan-2)s2n'3 + ... + (Oi + gGa1 +

+ Kh1)s + (co + gQa0 + Kho)

where a new "a" term appears in each successive term, such 
that the sn term contains aQ through an„2• The first "h" 
term, h^_^, appears in the sn"^ term, with a new "h" 
appearing in each successive term.
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If the plant possesses zeroes, the h's will appear 

In higher order terms. If an nth-order plant contains 
one zero, there Is an hn„^ term In the sn term. There
fore, the sn term will contain two new unknowns over the 
sn+! t.erme Although (2n-l) equations and (2n-l) un
knowns still result If the plant does contain zeroes, It 
Is not.possible to say that the equations are always Inde
pendent. The next section presents a third-order example 
with no zeroes.

5.2 Example One
As an example, consider again the problem of 

Chapter II, III, and IV. The plant is shown in Figure 
3.4. The desired closed-loop transfer function Is

y(s) _   80____
r(s) s5 + l4s^ + 48s + 80

The poles of H(s) are chosen at s = -10, giving

HD = (s + lO)^

The y(s)/r(s) that must actually be realized Is

y(s) = ___________ 80 (s + 1 0 )2____________ (5e6)
r(s) (s3 + 143^ +  48s + 80)(s + 10)2

or
y(s) =   80 (s + 10)2_________
r( s) s5 + 34s^ + 428s3 + 2440s2 + 6400s + 8000
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The polynomials of equation (5*3) are 

GN = 10

GD = s(s + 1)(s + 5)

AN = a-̂ s + aQ

HN = h0s2 + hnS + hc l o

HD = (s + 10)2 (5.7)

The polynomials, equations (5.7)# are substituted 
into equation (5.4) to give

y(s) _ ____________10K(s2 + 20s + 100)_______
r(s) s5 + (26 + a^)s^ + (225 + a0 + 6a^)s^

+ (700 + 5a^ + 6a0 + 10Kh2)s^

"+ (500 + 5 a 0 + 10Kh1)s +10Kho

(5.8)

Equating the coefficients of equations (5.6) and (5.8) 
gives the following set of equations:

10K = 80

26 + a^ = 34

225 + a^ + 6a^ = 428



700 + 5&i + 6a0 + 10Kh2 = 2440

500 + 5a0 + 10Kh1 = 6400
10Kho = 8000

which may be solved to give

K = 8.0 
=  8.0 
= 155.0 

h2 = 9.625 
= 64.0625 

hQ = 100.0

The closed-loop system Is shown In Figure 5.2 along with 
the resulting system If the poles of H(s) are chosen at
s = -50. The high frequency gain of H(s), h2, becomes
prohibitively large for the system with poles of H(s) 
at s = -50. The system with poles of H(s) at s = -10 
has a reasonable value for h2.

Table 5*1 lists the sensitivities of the plant 
parameters for both systems. The results are also In
cluded for the systems considered In the previous chap
ters for comparison. The modified observer system with 
poles of H(s) at s = -10 results in sensitivities of the 
same order of magnitude as for the observer system with 
poles of s = -10 and s = -12.
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O
8 3 + 1 1

s

als + a0
+ h^s + h(

7
■ 6

h2S2 + h^s + hQ
(s + b)^

Parameter Poles of H(s)
b 10 50
ao 155-0 795.0

al 8.0 8.0
^0 100.0 2500.0
hl 64.0625 1394.0

h2 9.624 244.625
K 8.0 8.0

Figure 5*2 Modified Observer System for Example One
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Table 5,1 . Sensitivities for Modified Observer System

•Param
eter . ,a:: . 2 3

System
4 5 6 7

%  i .593 ,140 °593 . .401 .31? .332 .189

%  ■■ ■.321 . ,140 .593 .401 .317 .332 .189

K3 . 140 .593 .401 .31? .332 .189
pl ,148 .061 .329 .190 .144 .152 .086

P2 ,120 .120 . 548 .358 .279 .293 . 166

Peak Sensitivities

Param
eter 1 ^ ' 2 3 ^

System
4 5 6 7

K1 .286 ,012 .286 .106 .063 .070 .022

K2 .06? .012 .286 .106 ,063 .070 .022

k3 .012 .012 .286 ,106 .063 .070 .022

Pl" .019 .0031 .133 .032 .017 .019 .0062

p2 .0096 .0096 .260 .092 .053 .059 .018

Integral Sensitivities

System Description
. 1 State-Variable Feedback
2 Heq(s) Configuration '

3 Series Compensation or Parallel Simulation
4 Observer System with Poles at s = -6 and s *» - 7

.5 Observer System with Poles at s a -10 and s - —12

6 Modified Observer Systems Poles at s = “10

7 Modified Observer System, Poles at s = “ 50



62
It was stated in Chapter IV that the weighting 

on the available outputs of the plant increased, while 
the weighting on the input decreased, as the poles of 
the observer were moved out. The poles of H(s) have the 
same effect. To see this, consider the frequency re
sponses (Bode) of A(s) and H(s) in Figures 5.3 and 5*^ 
respectively for the example of this section.

H(s) is about the same as an approximate realiza
tion of the corresponding fleq(s). From Chapter II,
H (s) was found to be eq

Heq(s) = w sZ + 8 0 S + 1

If H__(s) were approximately realized by adding two poles eq
at s = -10, the result is

2u' ,„N _ 10s + 53.7 S + 100
eq(S) (s + 10)2

The corresponding H(s) for the same pole location is

ut*\ - 9.524 s2 + 64.1s + 100
( T T I o p -----

Therefore, the modified observer system is like an approxi
mate H_n(s ) system, but the modified observer system realizes eq
the desired response exactly.

The configuration of Figure 5.2 gives zero steady- 
state position error, but only if the "100" terms in the



A(s)

w
TooTo

.01-
-10- Poles

- Poles of H(s) at s = -50

Figure 5.3 Approximate Frequency Response of A(s)

H(s)

100

10

U)

Poles of H(s) at s * -10
  - -Poles of H(s) at s = -50

Figure 5.4 Approximate Frequency Response of H(s)



numerator and denominator of H(s) are equal. As an alter
nate realization of H(s), consider the configuration of 
Figure 5.5. Here H(s) has been divided out to give

H(s) = 1 + s(8.625s + 44)
+ 20 s + 100

Now zero steady-state position error is assured by the 
unity feedback and the integrator at the output of the 
plant.

5.3 Example Two
It was stated at the beginning of the chapter 

that the technique could also be applied when addition
al states are available. This section demonstrates the 
procedure using the running third-order example of this 
study. The problem is first solved with x^ and x2 avail
able and then with x^ and x^ available.

It is necessary to assume that the state-variable 
feedback coefficients and forward gain, that were found 
in Chapter II, are known. Figure 5*6 shows the state- 
variable feedback system. The technique is exactly the 
same as when only the output was available, but the trans
fer function from r to x2 is the desired response. From
Figure 5 .6 , this transfer function is
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 , 8s + 155
9.6s + 64s +100

Figure 5«5 Alternate Closed-Loop System



Figure 5.6 State-Variable Feedback System

h| co
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and the corresponding plant transfer function is

*2(s) = ______80______
u(s) (s + l)(s + 5 )

Choosing the pole of H(s) at s = -10, the polynomials of
equation (5 *̂ ) are

GN = 80

GD = (s + l)(s +5)

HN » h1s + hQ 

HD = s + 10 

AN = a0

Substituting these equations into equation and.
combining like terms gives

x2 | _  80(s + 10)_____________
s3 + (16 + a@)s2 + (65 + a0 + 80h1)s

+ (60 + 5a0 + 80ho)

The actual response that is realized is found by multi
plying numerator and denominator of equation (5 .9 ) by 
(s + 1 0) to give

x2 (s)__________80( s + 1 0 )
r2(s) s3 + 24 s^ + 188 s + 480
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Equating coefficients of like powers of s in the two 
expressions for X2 (s)/r2(s) gives the following set of 
equations:

aQ + 16 = 24
65 + 6a0 *f 80h^ = 188
60 + 5aQ + 80hQ = 480

which may be solved to give

aQ = 8.0
hi = .938
h0 = 4 .7 5

Since there is only one additional state, which 
is available, the problem is solved. The resulting 
closed-loop system is shown in Figure 5*7•

The second case considers x^ and x^ as available. 
From Figure 5 .6 , the transfer function from r^ to x^ is

hilL = 16
r^(s) s + 13

In this case, H(s) reduces to a constant, hQ, and A(s) is 
zero. Of course, the constant, hQ, is Just the state- 
variable feedback coefficient .
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Figure 5.7 Modified Observer System with
and %2 available
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Now the technique is applied at the node with 

a new plant transfer function, which is

80x1(s)
u(s) s(s + l)(s + 13)

With the poles of H(s) again at s = -10, the polynomials 
of equation (5«M are

GN = 80

GD = s (s + 1) (s + 13)

AN = a_,s +1 o

HN = h2s2 + h^s + hQ

HD = (s + 10)^

These polynomials are substituted into equation (5.4) to 
give

y(s)  __________ 80(s + 10)2_______________
r(s) s5 + (34 + + (393 + + a0)s3

+ (1300 + 13a0 + SOh^is + 80ho



The actual response that Is realized Is
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y(s) _ _____________ 80(s + 10)2_______________
r(s) s3^r^4sF^n^28s^T^440s^r^400Z^r^000

Equating coefficients In the two expressions for y(s)/r(s) 
and solving for the unknowns gives

a^ = 0

ao - 35 
^2 = 3.525 
hx = 58.0625 
hQ = 100

The overall system configuration is shown in Figure 5.8. 
Figure 5.9 shows the alternate configuration that results 
if H(s) is divided out to give

The configuration of Figure 5 .9 assures zero steady-state 
position error.

Peak and integral sensitivities were found for 
both configurations of this section. Table 5-2 lists the 
sensitivities for these systems along with the state-vari
able feedback system and the modified observer system with 
only available for comparison. The plant parameters are 
as defined in Figure 3.4. For most parameters, the
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o -
— > I

3.6s + 58s +100

3.6s + 58s ♦ 100
s2 + 20s +100

Figure 5.8 Modified Observer System with and 
Available

- A

3,6s + 58s -f 100

3.6s + S8s ♦ 100
s2 + 20s + 100

Figure 5.9 Alternate Configuration with x^ and x^ 
Available
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Table 5.2 Sensitivities for Example Two

Param
eter 1

Syst
2

;em
3 4

K1 .593 .332 .498 .412
k2 .321 .332 .246 .412

P2 .148 .152 .111 .197

P3 .120 .293 .217 .156

Peak Sensitivities

SystemParam
eter

286 28?0?0 113
067 038070 113
019 034019 010
0096 016059 032

Integral Sensitivities

System Description
1 State-Variable Feedback
2 available, Poles of H(s) at s = -10

3 and %2 available, Poles of H(s) at s 0r-i1n

4 and x^ available, Poles of H(s) at s = -10
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sensitivities are slightly better for the system with 
and. Xg available. The system with and Xg available 
is also the most appealing with the unity feedback from

xl’ .

5=4 Physical Realizability
Since the poles of H(s) are chosen, it should

always be realizable. If H(s) has zeroes in the right-
half plane, then A(s) will have poles in the right-half
plane and will not be physically realizable„

There is no way to be certain beforehand that
the zeroes of H(s) will be in the left-half plane. Since
B(s) is approximately the same as H -(s), it is possible
to find H „ ( s ) as if all the states were available and .

. eq
see if its zeroes are in the left-half plane.

If Heq(s) does have zeroes in the right-half plane, 
it Is possible that re-specifying the closed=?loop response 
will result in an H (s) with zeroes in the left-half 
plane. A pole-zero-plot of the plant and proposed closed- 
loop response could also be examined to determine approxi
mately where the zeroes of H (s) would have to be located,sq

5*5 Summary
The modified observer system avoids the large feed

back coefficients, but has the sensitivity advantages of an 
observer system. The feedback network, H(s), is comparable
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to an approximate Heq(s) that was realized by adding poles„ 
and the modified observer system has the added advantage 
of giving the desired response. If the (s ) for the 
corresponding state-variable feedback system has zeroes 
in the right-half plane9 H(s) may also have zeroes in the 
right-half plane and A(s) will have poles in the right- 
half plane. Making additional states available does not 
necessarily improve sensitivities, but results in a more 
appealing system.



CHAPTER VI 
CONCLUSIONS

Three configurations have been presented that may 
be used when not all the states are available for feed
back, A parallel simulation, an observer system* and the 
modified observer system were described. All three gave 
the desired response exactly if the parameters of the 
system did not vary.

The parallel system configuration was shown to 
be the same as a series compensated system. The system 
was only driven by the input to the plant and not by the 
available output. In practical problems there may be a 
tendency for the two systems to drift apart* since they 
would only be exact around some linearized operating 
point of the plant.

The second configuration discussed was the obser
ver system. The poles for the observer system could be 
selected far out so as to improve the sensitivities of the 
plant parameters. Unfortunately, the new feedback coeffi
cients become large in magnitude as the poles are moved 
out. Moving the poles out increases the dependence of the 
observer on the available outputs of the plant while de
creasing the weighting on the input of the plant. The

. 76
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observer poles show up as poles and zeroes of the overall 
response so that the desired response Is achieved through 
cancellation. The poles of the observer should be chosen 
far enough out so that the response Is not appreciably 
affected If exact cancellation does not occur. Sensitiv
ities of plant parameters can be made nearly as small as 
those achieved using state-variable feedback by placing 
■the observer poles far enough out. The resulting large 
values for the new feedback coefficients, makes this 
impractical.

The modified observer system was developed in 
order to avoid the large feedback coefficients of the 
observer system. Although individual coefficients of 
the observer system go to infinity, thier sum is finite. 
Sensitivities of plant parameters in the outer blocks 
can be Improved over a state-variable feedback system 
by picking the poles of H(s) far enough out, while the 
high frequency gain of H(s) is still reasonable. To be 
physically realizable, the Original Heq(s), found as if 
all the states were available, should have no poles or 
zeroes in the right-half s-plane. It was shown how the 
modified observer system could be synthesized directly 
by algebraic manipulation of polynomials in the fre
quency domain. The technique could be applied when 
only the output was available, or when additional states
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were also available„ Unity feedback of the output could 
be employed with the new configuration to Insure zero 
steady-state position error.

As an overall conclusion from this work. It was 
concluded that any system used to generate unavailable 
states should be weighted as heavily as possible on the 
available outputs and as little as possible on the Inputs 
of the ‘plant to be controlled. If block diagram manipu
lations are used when only one state is unavailable, it 
is best to move the origin of the feedback towards the 
output.

The author believes that only the modified obser
ver system is worthy of any further work. More definite 
realizability conditions for A(s) are needed. If A(s) 
has poles in the. right^half s-plane, re-specifying the 
closed-loop response or picking new poles for H(s) may 
help. Input and output noise disturbances in the plant 
could also be considered as a criterion for picking the 
poles of H(s). Although the technique worked well for 
the examples of this work, it needs to be applied to a 
practical problem.



REFERENCES

Dial0 J. H.» "The Specification and. Synthesis of High- 
Order Control Systems,81 M.S. ThesisB The Univer=> 
sity of Arizonai June 19^7 '

Luenberger, D. G., "Observing the State of a Linear
System,u IEEE Transactions on Military Electronics. 
April 1964. .

Schultz, D. G. and J. L. Melsa, State Functions and 
Linear Control Systems„ McGraw-Hill, 1967.

Tomovic, Rajko, Sensitivity Analysis of Dynamic Systems„
McGraw-Hill," 1964.

Truxal, J. G,, Automatic Feedback Control System 
Synthesis, McGraw-Hill, 1955»

White, R. C.e "Sensitivity and State-Variable Feedback,61 
M.S.,Thesis, The University of Arizona, August 
19^7.

79


