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MiÔT I  ON" o o o o o o o & o e o e a o o o o t i o o s o o o o o e o o o o o o  10

IjI I  3̂ a « o ® e e e e e © © © o f f l 0 e © 0 O © c ® o 0 o < B t i e  ^

3 CONCLUSIONS © © » ® © ® © © « » o e e e 0 © 0 o - ® a e © < » 0 ® ® o e ©  39

jR DIX -A>. ©o©©©o®o®ve<a©e®©®©i »e©»®@©©e©»e©®©»©»oo 3

-̂5̂ SsN %)IXL c . o © © » e 6 < a © » © 0 © © e © » e © e o © © © © © e 6 > e a © » ® ® o ® © e  3 3
LIST OP REi^ERLNCES ©©©©©©©©©©©©©a.®©©®®®©©®©©©©©©© 6 1

Iv



LIST OP ILLUSTRATIONS

1 Trajectory in Augmented State Space ..»
2 e Integrator
3 Time Optimal Trajectory for 3Cp(tQ)=0
4 Time Optimal Trajectories for

ir ( t ) oeeoeeoeee6ea»oeeeei»ii*#6*eeefleo2 o
5 Time Optimal Switching Boundaries .....
6 Optimum Controller for Double 

Integrator o e e e o e o e e o o e e s o e e o c i e s e e e e o e

Switching Boundaries for Optimum 
Controller oee@<»eo®6>eeeoe>(9 offie»e©oo6»o0e

8 Relationship of R. and 6. to x .......i i
9 Relationship of and % ..........
10 Geometrical Relationship of <5v|a and .
11 Determination of a Prom R ............o
12 Simplified Switching Boundaries
13 Optimal Trajectory and Optimal 

Swltchihg Boundaries .

<9 © © S O

oooo®eoo® o o e> cp o o o

14 Variation of I.P. With Changes in u
15 Variations of Componet Parts of H .

I m m
6

22
26

26
29

30

30
32
34
34
35
36

38
45
48

V



ABSTRACT

A method of solving time optimal problems is 
developed from consideration of the Hamiltonian of a 
non-time varying time optimal system. The boundary 
conditions which the system must satisfy are introduced into 
the problem by modifying the performance index to include 
step functions. The resulting conditions constrain the 
adjoint system which» in turn, constrains the form of the 
optimal control signals.

The proceedure is shown to lead to switching 
boundaries which are much simpler than those in the 
present literature. The simplified switching boundaries 
are dependent upon initial conditions and require re
calculation for each new set of initial conditions. The 
resulting control is,neither open or closed loop but 
combines certain advantages $ and disadvantages, of both.

Application of the method is made. Two well 
known second order problems a the double integrator and 
the harmonic oscillator are considered.



CHAPTER 1

INTRODUCTION

There is a close parallel between the problems 
arislhg in optitimm control and those of classical mechanics, .. 
Such a correspondence is to be expected for a control 
system is* in the broadest sense of the term, a mechanical 
system. The purpose of any control system is to expend 
energy to effect some desired change in the controlled . 
environment. Whether the energy in the system has the form 
of kinetic energy of motion^ gravitational potential* 
current in an inductor* charge on a capacitor or other 
forms such as a hydrolie fluid under pressure? the 
basic equation for stored energy is §Kx^. This Is the S:W- 
same form as that of both kinetic and potential energy in S .. 
mechanical systems. A second fact which calls .attentlon^vvf 
to -'the parallel nature of optimum control and classical; 
■mechanics is the similarity of the results of the applicatIdnr. 
of calculus of variations to both. The Euler-Lagrange 
equations which arise from the calculus of variations ̂ 
solution of the Lagranglan formulation' of an optimum 
control problem (Merriam 1964* page 82) yield differential:.. 
equations exactly equivalent to Lagrange6s equations of 
motion and Hamilton®s cannonic equations (Synge and
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Griffith 1959)• In this correspondence the state variables 
of the control problem correspond to the generalized co
ordinates In the mechanical problem, the Lagrange multi
pliers to the generalized momenta.

Such a correspondence leads to speculation con
cerning the possibility of using techniques from classical 
mechanics to solve or to simplify optimum control problems.

To limit the scope of the problem only non-time 
varying systems are considered and the type of performance 
sought is time optimal^which encompasses an extremely 
important class of problems. The solutions presently 
available involve solution of a two point boundary value 
problem, difficult whether done analytically or by trial 
and error. Closed-loop solutions require Implementation 
of switching boundaries which are difficult to. implement 
for systems with real eigenvalues and practically impossible 
for systems with complex eigenvalues (Pontryagln, et. 
al., 1962).

The solution obtained in this thesis is the result 
of treating an augmented state space representation of the 
system as a mechanical system. A .Hamiltonian function is 
defined and shown to be zero on an optimal trajectory.
This function is used to impose necessary conditions at 
the terminal point as constraints on the initial values 
of the generalized momenta of the system. A second 
constraint on the adjoint system is obtained by imposing



the condition that the Hamiltonian be zero at the initial 
point. These generalized momenta are shown to be exactly 
the adjoint variables of Pontryagin. The necessary 
terminal conditions are obtained by the imposition of a 
performance index which constrains the final state of the 
system to the desired terminal point. The performance 
index contains the final boundary conditions and system 
trajectories which minimize the performance index auto
matically satisfy the final boundary conditions. As a 
results the solution is not obtained by solving a two- 
point boundary value problem in n variables but in 
n-2 variables.

The constancy of the Hamiltonian calls attention 
to consistancies within the system. The solution of 
sample problems indicates how these consistancies can lead, 
in some eases, to simplified switching boundaries which are 
far easier to implement than.those in the present literatur 

To insure that no confusion arrises concerning 
notation, the following notational conventions are 
observeds

1. An underlined quantity is a vector a or a vector 
function of a scalar £(a) or a vector function 
of a vector £(a).

2. The subscripts o and f will be used to indicate 
the constant equal to the variable so subscripted 
in the Initial and final states respectively.



4
3. The standard notation for functional dependence 

is also used to indicate functions evaluated
at a specified time. This will be done even 
though the function is not explicitly a function 
of time. Context will clearly indicate what is 
intended.

4. For the sake of compactness, the inner product
of a vector with itself will be written:
T 2 2 2 2X x=x1+x_+...+ x = x  — — 1 2 n —

5. Time derivates are indicated by a dot:

6. Functions after a coordinate transformation are 
indicated as primed quantities. If 0 represents 
some transformation:
0(x)=x'

7. Capital letters represent matrices.
8. Optimal quantities are denoted by *.



CHAPTER 2

MECHANICS OF THE STATE POINT FOR OPTIMAL SYSTEMS

Let a system be represented by a set of n differential 
equations

ij, = f1(x1,...txnfu r*n (1)
where x4 is the ith component of the state vector x , 
and u is the control signal. This can be rewritten in 
vector notation as

x = f(x,u) (2)
At any particular instant the state of the system is com
pletely described by specifying the n components of the 
state vector x.

Now consider a performance index, which is to 
be minimized, of the form

P.I. = h(x,u)dt , (3)
Define an augmented state variable x* such that

£? = x, l^i-n
1 1 (4)

tn*l = h(i*a-) Xn+1(0) = °
This augmented state space is n + 1 dimensional

and contains the original n dimensional state space as a
hyper-plane. Values of the performance index, or rather
of x^^, appear as separations of the augmented state
point from the hyper-plane containing the original state



space. An attempt to portray the Imbedding of a two 
dimensional state space into an augmented three dimen
sional state space is shown in Figure 1.

Figure 1. Trajectory in Augmented State Space

Also define a Hamiltonian for the augmented system
n+1

H* = = (2 * (x,u)
j=lwhere the pj is defined to be

n+1.
d K* v a*s<&,u> ,V d xi(̂

r  " 2  a*. -
or in vector notation

(5)

(6)

(7)

The £ # is easily recognized as the vector expression for 
the adjoint variables of Pontryagin (Pontryagin, et. al.9



1962). The question of the compatibility of the definitions 
may be raised. That equations (5) and (6) are indeed 
compatible is easily seen by the fact that they represent 
n+2 equations in p9, x®, and H*, one equation from (5) 
and n+1 from (6). The variables p®, x®9 and H® are 2m-3 
in number so equations (5) and (6) leave m-1 degrees of 
freedom in the system. Thes number$ n+1s is exactly the 
number of constraints imposed on the system by the original 
n plant equations and the requirement that the performance 
index9 g  must be a minimum. Thus the system has
exactly the same number of constraints as degrees of free
dom.

Reguarding the state point as a mechanical system, 
with H® and £® as defined aboveg and applying the standard 
techniques of Hamiltonian dynamics yields four useful 
theorems. These theorems are not new for they appear, 
in different form, in standard texts on classical mechanics 
and optimum control. In the calculus of variations ap
proach to optimum control the adjoint variables are 
Lagrange multipliers, nothing more. The idea of treating 
the state point as a mechanical system tends to give the 
adjoint system significance. This concept may not appeal . 
to some, however, its acceptance is not essential. It 
was this view of optimum processes which first attracted 
the author8s attention to the proposed method of solution 
of optimum control problems.
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The mechanical system viewpoint is not of central 

importance, but for completeness derivations of the 
theorems from this viewpoint are included in Appendix A. 
These derivations are not intended to be proofs in all 
cases for excellent proofs are available elsewhere in the 
references cited in Appendix A.

It is assumed throughout that an optimum control law
exists as a function of the state and adjoint variables. 
That is, on an optimal trajectory.

defines an optimal control signal.
Theorem 1 ... If H* (jd* ,xe) is not explicitly a func

tion of time, then H* is a constant along optimal trajec
tories. (Synge and Griffith 1959 and Pontryagin, el. al.,
19&2).

Theorem 2 ...If the performance index is of the form 
specified in equation (3)» any subinterval of an optimal 
trajectory is itself an optimal trajectory.

Theorem 3 ... If He (£e,xe) is not explicitly a function 
of time and if the (n+l)st state variable has the property

then H# on an optimal trajectory is an extremel with res
pect to the control signal u throughout the trajectory 
(an optimal trajectory being one with x^^(tf) = min).

Theorem 4 ... If the restrictions In Theorem 3 apply.

U = £(*»£) (8)

(9)



if the control signals are limited by |u | 9 and if1 X

the control signals are separable from the state variables 
in x(x$u)9 then the optimum control signals are piece- 
wise constants.

The above theorems will be applied to time optimal 
control problems in the next chapter.



CHAPTER 3

IMPOSITION OF CONSTRAINTS ON SYSTEM MOTION

The problem to be solved, the time optimal prob
lem, is stated as follows. Assume a given system described 
by a set of n differential equations

X = A(x)X + B(y)u (10)
where equation (1) is now taken to represent a time 
invariant control system with separable control signals, 
written in vector notation as equation (10) in view of 
the result of Theorem 4. Further, assume specified initial 
and final states x(tQ) and x(t^). The problem is to deter
mine the u^, as a function of either the state variables or 
adjoint variables, which will result in minimization of 
the transition time from x(t ) to x(t ). There is also—* o —  I
a constraint on the u^

lû l̂ -m̂  1 = 1, 2,... ,r^n (11)
which imposes the real world limitation requiring forces to 
be finite.

One method of solution of such a problem (Pontryagln, 
et. al., 1962 and Tou 1964) is to define an augmented 
system in the following manners the state vector x* of 
the augmented system is an n+1 dimensional vector whose 
components are specified by

10



n+1 
x; =

so that x* is
1 —

11

(12)

n+1 = 1

i; = %
(13)

1 =  1 * n
Then (1) must be rewritten, for the augmented system, as

|a (x ) o] B(x ) 0 u
x* = x* + = A* (x)xe + Bv (x)ue (14)0 oj [ 0 IJ [ij

The augmented system obviously satisfies theorems 1 thru 
4 under the assumption that the optimum control law 
which determines the u^ is a function of x* and o’.

As stated above the desired result is to obtain 
the control signals, u^, as a function of £* and x*, or in 
other words, the optimum control law. No proof of the 
existance of such a control law is offered. It Is rather 
in the realm of a practical engineering assumption that 
time optimal problems do have solutions in those cases 
in which the terminal states specified are not incompatible 
with each other or the plant or control signal limitations.

Now apply the results of Chapter 2 to the time 
optimal problem. The adjoint vector £* has components 
specified by

n
1 = 1,2,...,n+l (15)
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or In vector form

and the Hamiltonian Is

(16)

n+1 (17)
P*(*p = (£' )Tr  = (a')^'(%)z' + (2 ')^B'(x)u'

1=1To extremallze He with respect to u v, u* must
be chosen with the largest possible component either

Tparallel or anti-parallel to the vector (jd* ) Bf(x). If 
u* Is chosen with the largest possible parallel component 
Hf Is a maximum, and If u* Is anti-parallel, H* Is a mini
mum. with respect to u e. The control law then takes the 
form

Equation (18) seems to be at variance with most authors who 
either maximize or minimize H, but are very specific as 
to which is done.

every term in the differential equations (16), the Hamil 
tohlan (17)» and the optimum control law (18). If each

the optimum control signal specified by equation (17). 
Exactly the same system performances follows if the negative 
of the control is taken. This gives the same u^ as was

(18)

The equivalence of these two seemingly different 
proceedures lies in the fact that a p* is a factor of

p* is replaced by -p*, the Hamiltonian changes sign as does
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obtained before changing p® to -p®„ Now optimum u® mini
mizes H® If H® were maximized before. The requirement 
that the system satisfy the final boundary conditions
insures that the p. will have the proper sign no matter1
which sign is chosen for the control law, equation (18).,

The search for the optimum control signals becomes,
clearly, a search for the values of the p®. If the value .1
of jD® can be found for one instant, the value of jd® for 
all time can be found from equation (16). If the value of 
2° can be determined for the initial time, then the 
system of equations (16) may be simulated, the p®(tQ) put 
in as Initial conditions, and the u^ obtained by implemen
tation of equations (18) with switches actuated by the

Pl°
Now from Theorem 1 the value of H* is known to be 

constant so
H® (tQ) = H*(tf) (19)

This equation relates conditions in the final 
state to those in the initial state. Hopefully, a con
straint on the initial state of the adjoint- variables can 
bb obtained. To obtain this end, conditions in the final 
state must be determined. Now assume that A6(x) vanishes . 
in the final state, that is, once the system has arrived 
at the desired final state, it will remain if no further 
control signals are applied. Then (19) becomes
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T.

(20)

+ Pn+l(tf>in+l(tf )

where x*̂  1 is always 1. It can be shown that £>• = 0n+i n+1
and hence that p* is a constant. Equation (20) becomesn+1

(2(t0))Ti(t0) = (2(tf))T (i(fcf )) = (2(tf) ) \ ’(tf) (21)

The p*(t) for a given set of initial conditions can be
found from equation (15). Of course, if the given system
is nonlinear such values of p •(t) will be functions of the
x*(t) as well as t. In either linear or nonlinear case,
equation (21) represents a relation in the initial values
of the p* and t . Knowledge of t or a reasonably i f r
accurate estimate yields a constraint on the Initial values 
of the p*. Notice that equation (18) indicates that the 
magnitudes of the p* are arbitrary as reguards the optimal 
control signal so that one of the p*(tQ) may be chosen arbi
trarily, except for sign. Then n equations serve to deter
mine the remaining n initial conditions. Equation (21) 
represents one additional constraint, leaving n-1 degrees
of freedom in the set of p*(t ). Unfortunately equation1 o
(21) also introduces a new variable t which indicates thatf
the gain is not all that was hoped for.

The reason for the failure of the above proceedure 
to yield the desired result, that is, the initial conditions 
of the p*, can be seen by the following reasoning. The
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Index of performance in no way specifies the end point of
the trajectory, but merely requires that the state point
must reach each successive state in the minimum time.
There is an n-fold Infinity of possible endpoints for the
time optimal system of order n which begin with a given
initial condition x(tQ ). By specifying a final time,
tf, and a final value of the velocity, x(t^), the number
is reduced to an n-2 fold infinity. In other words, the
possible endpoints of optimal trajectories lie in an n-2
dimensional hyper surface In the n dimensional state
space, n-2 additional conditions are needed to define
the exact endpoint desired. Since each endpoint corresponds
to a set of initial conditions of the adjoint variables,
p*(tQ), it follows that the p*(tQ) from an n-2 dimensional
surface in the p*(tQ) space, which also requires n-2
conditions. Since n*(t ) is n+1 dimensional it follows*“ o
that three conditions must have been imposed. These con
straints are that the Hamiltonian is zero at t , at t ,o* f f
and that the p* have arbitrary magnitude so that one of 
the p* may be chosen arbitrarily.

Now in generating (21) it was not t that was 
specified but x(t^). Now knowledge of x(t^) and x(t^) 
will, of course, allow t to be determined, however, 
to do so requires knowledge of the optimal trajectory* 
which is unknown. In view of the above discussion, it is 
apparent that (21) should be rewritten as
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(tQ) = £(tf )i(tf) (22)
for It cannot be assumed that t(tf ) = u(tf) In general.
This then Is the problems force equation (22) Into the
form of (21) and force the system to satisfy the final /
boundary constraint. For a given t the system may not
have reached the desired final state or may have passed It.
The motion will still exactly satisfy the given Index of
performance. The final condition of the system Is open
or unspecified as reguards t^. Looking at (21) It Is
apparent that the affect (21) only In so far as
they determine t . Thus, either t must be obtained asf f
a function of x*(t^) and x*(t^) (which requires either 
prior knowledge or trial and error solutions of the two 
point boundary value problem Inherent In time optimal con
trol^ or the Index of performance must be modified to 
exclude possible solutions which do not match tne boundary 
conditions. Because methods of solution using the boundary 
value problem solution approach are common, the second 
possibility will be pursued here.

To include the boundary conditions into the 
performance Index calls for a performance Index which will 
require time optimal performance until the desired final 
state is reached and minimum state error about the final 
state thereafter. To do this requires the inclusion of 
step functions in the performance Index. Such a perfor
mance Index Is



The non-symmetrical step functions are used to insure that 
the desired type of system behavior is confined to the 
specific intervals of the trajectory. Such an index 
involves functions of time and is not desirable. To 
alleviate this objection rewrite equation (23) as a 
function of the state variables.

I.P. =1 |u+ i(t0)T (x-x(t0)) u+ x(tf)T (x(tf)-x)
^ to + (x-x(tf))2u_ x(tf)T (x-x(tf)) jdt (24)

Using this performance index to form the augmented system 
yields differential equations for the adjoint variables 
containing Impulse functions. These equations are inte- 
grable. The resulting adjoint system has the form

/ X (25>
♦ / i ' < V  ±'(tn) \£ = xl2 - ut-(t-to)77;~~7:2r £'(T»(t ))

where jd* is a solution, with arbitrary constant terms,
to the augmented system formed with x* =1. The con-n + 1
stant terms in £* must combine with the first term of 
equation (24) to yield valid solutions of the augmented 
system. The result in equation (25) is generated from 
equation (24) by straight forward integration of the adjoint 
system. The actual work is in Appendix B to avoid breaking 
the text at this point. The Inclusion of time dependent



terms In (25) could be avoided by substituting more com
plex state variable equivalents. The use of time depen
dent terms should be reguarded as a notational conven
ience.

Now consider the system after it has arrived at 
the final state. The performance index requires minimum 
state error about the final state, so x*(t^) = 0. Then

= (,e*(tf))Ti»(tf) = o (26)

Then H* is zero throughout the trajectory since the Hamll--,
tonian is not explicitly a function of time. Note that it is 
not necessary to assume A°(x*(t^)) is zero. The performance 
index requires that x*(tf) be zero.

Now some components of x* do not asymptotically 
approach zero as the state point approaches the origin.
For any such components the associated components of jd*
must be zero at t = t^ for some change in u must occur to
cause x* to become zero. Such a change would result in a 
change in the Hamiltonian unless the associated component 
of £* is zero. This, of course, assumes that A 1(x*) 
contains no discountinuitles. Note also that equation 
(25) indicates that the £* have e jump discountinuity at 
t = t^. This leads to the conclusion that



The xf In equation (25) are the same variables as the
x* in the interval (tQ +, t -).

A similar proceedure can be applied to the initial
point. Let the system be on a trajectory thru x*(t^) for
which H* = 0. Then at t = t +o

**(t0+)£*( V )  = £.(t5) + — — _ 2P*+1 (28)
— o

where the p*(t -) is the adjoint vector on the trajectory o
to x(tQ) with H* = 0.

In addition there is one additional relation

H* = (2*)Ti* = 0 (29)
"Jhich must hold thru out the trajectory.

A slight simplification can be achieved at this
point. It was stated that the adjoint system contains
an arbitrary constant determining the relative magnitude
of the adjoint system, the sign of the adjoint system,
and the sign of the optimal control law. Nothing is lost
if this constant is specified. A simple way to do this is
to set p* equal to -1. Then the optimum control law is n+1
obtained by maximizing the Hamiltonian with respect to u 

u^ = +m^sgn^2*)^B*(x*)|lj (30)

Eouatlons (27) and (28) become
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(32)

and the Hamiltonian can be slightly expanded and written 
as

The 2 and i are the adjoint vector and the derivative of 
the state vector of the unaugmented system, which consti
tute the first n components of £* and x*. Note the 
similarity of equation (33) to the Hamilton-Jacobi equa
tion (Merrlam 1964).

(30) thru (33) will be as follows. Using equation (31) 
the final values of the components of £* can be found if 
the associated component of ±* is non-zero as the system 
approaches the final state. This is due to the require
ment that £*(t^+) is zero for such components. Thus a 
certain number of final constraints can be imposed upon 
the £* system by equation (31). These final values of the 
£* can be written as functions of £*(t ) and t^. To 
obtain another constraint to offset the appearance of t 
as another variable, impose the constraint that H* be 
zero on the trajectory to the final state. x*(t^-t) and 
£*(tf-t) can be found reasonable easily. If a trajectory 
thru x(t ) with H* = 0 for t^t can be found in such a

H* = -1 + (£)Tx = 0 (33)

The solution of a given problem using equations

o o



manner that the adjoint system, or some components of the 
adjoint system are trivially determined then, equation (32) 
can be used to place initial constraints of the jo*. If 
the adjoint system can be completely determined for t&t^ 
then equation (32) will completely solve the problem.
This complete solution is too much to hope for in the 
general case. In fact $ in most cases the state for 
t=tQ will be completely unknown and equation (32) will 
be of no use. Equation (33) can also be used to provide 
the additional constraint that H*(to+) = 0, In the ease 
of a system with one control signal, the order of the prob
lem will be reduced by two due to the constraints imposed 
at the endpoints. This will completely solve second order 
system.



CHAPTER 4

APPLICATIONS

A detailed analysis of two problems Is presented. 
These problems are the double Integrator and the harmonic 
oscillator. These problems were chosen because they and 
their standard solutions are well known. In the case of 
the harmonic oscillator, the switching boundaries of the 
general solution (Pontryagln, et. al., 1962) are almost 
impossible to implement. The use of these particular 
examples is intended to afford the reader a basis for 
comparison with familiar problems.

DOUBLE INTEGRATOR

Consider a system composed of two integrators as 
shown in Figure 2.

u 1 %2 1 *1 yS s

Figure 2. Double Integrator 
22



The differential equations for the system are
23

0 l" o 0, o'- X *f
0 0 0 1 u

lui ± m (34)

for which the adjoint system is specified by 
0 0 

-1 0
The desired final state is the origin. Now the solution 
to equation (3*0 is almost trivial and can be written 
by inspection.

(35)

p^(t) — constant = c^
P (t) = c2 - c1t

(36)

The optimal control law is, from equation (29),
Tu = + sgn (p*) B* (x*) j 

= sgn (0,p* 9 0)^ = sgn(p*) (37)

Now write the expressions for the components of £*.
ii(t.) ii(tf)

P* = U^( t-tQ) --— p - U+(tf-t)__
(i(t0))‘
±2( V

2 + C1

(*(tQ))2 +
±2(tf)

(38)

(i(tf))2 ' "2
P*t

The fact that the Hamiltonian is zero can be used to solve 
for c^ and c^ by providing one constraint at each endpoint. 
But t^ becomes involved at the terminal endpoint requlr-



ing another constraint. This can be obtained by writing 
the expression for the Hamiltonian on the trajectory to 
the origin. This process introduces one more variable, 
t^, but imposes three constraints on tf, c^, and c^ which 
is sufficient to yield a solution.

A more effective proceedure is to solve the 
problem for the special case in which x^{tQ) = 0 so that 
i ^ t  ) = 0 and = u(tQ). Since, from equation (34),

= u(tf) and (tf) = 0 equation (38) becomes

P* = ct
1 1 (39)

P% = *  (t-t )-----  - U (t - t ) ------- +  C - o t2 + 0  u(to) + f u(tf) 2 1

The requirement that H* be zero at t = tQ-t- is ex
pressed

H»(t ) = -1 + (c.)x»(t ) + I +c -c.t )i*(t ) (40)0 1 1 0  \u (t ) 2 1 o/ 2 o
o

u (t0 )— —1 + ------ + c0 = C- = 0
U ( t  ) 2 2o

The requirement that H* be zero at t = t^- and that the 
system remain at the origin are both satisfied if p* has 
the jump discountinuity at t = t^ specified in equation
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which yield a value for of

1 1 1
  -   )—
u(tQ) u(tf ) tf

(42)

Then for the Interval t^t^t^ becomes
1 1 I t

  )—
u (t ) u(t ) t o I f

(43)

The appearance of t^ In equation (43) Is not a hlnderance 
but an advantage for It normalized the equation with 
respect to t. The requirement that equation (42) be zero 
when the system switches yields the switching time as a 
fraction of the total time. Assuming that the limits on 
the upper and lower limits of u are equal it Is apparent 
from the form of equation (34) that the system response 
has the same form for either maximum positive or maximum 
negative u. Then equation (43) becomes

Now p* is zero when t = Jtjw The optimal trajectory will 
appear as shown in Figure 3» Because of the symmetry of

= Jx^(O). Now instead of writing the optimum control law 
as a function of the non measurable vector p* it can be 
written as

(44)

the trajectory the switching point will occur at x*(t)

u = m (45)
which is a function of measurable state variables
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x.

Figure 3* Time Optimal Trajectory for x0 (fc ) = 02 o

>x.

Figure 4. Time Optimal Trajectories for (tQ) = 0
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This yields a foim of control somewhere between open and
closed loop control. Equation (45) does not represent
a truly closed loop control for it requires J-x^(t0) to
be set for each problem. Disturbances occuring between
the initial and switching points may cause errors in the
switching point. The system is not completely open loop
either, for it uses measured values of the state variables
and will correct for some variations in system changes.
Equation (45) is useful only for those cases in which
x0(t ) = 0, which is not the desired general solution 
c. o
to the problem.

To modify the control law for any initial condi
tions make use of Theorem 2. Consider the trajectories 
shown in Figure 4. Trajectory /SO is a subinterval of 
BSO. But the optimum control signal for B30 is known.
The form of the solutions to the adjoint system and the 
control law insure that, for this problem, u is either 
a maximum or a minimum and can change sign at most once 
between the initial and terminal points. This is suffi
cient to allow the conclusion that points A, B and S all 
lie on the system trajectory thru the four given points 
with u equal to u(t^). This will be a parabola of the 
form

( x *)2x* - BO - |-- —  = 0 (46)
u <to)

The same reasoning leads to the conclusion that BSO is a



subinterval of CSO. Thus to extend the control law to 
arbitrary initial conditions it is only necessary to 
solve for BO in equation (46) and substitute BO for 
x^(t0'in the control law, equation

(3\(t )3u = m<sgn (4?)

The proper initial sign of u is chosen by noticing that
sgn(u) must be the same as sgn(u(t )). Note also thato
in the first and third quadrants of the state space no 
switching can occur. Thus an auxiliary switching equa
tion should be attached to equation (47).

sgn(x*) = - sgn(x*) if switching is to occur. (48)

Equations (4?) and (48) are equivalent to the 
well known switching boundaries for the double integra
tor (Pontryagin, et. al., 1962). This can be seen by 
replacing x* in equation (46) by (tQ) and finding the 
curve along which the argument of the sgn function is 
zero. This yields the curve

i  -  0 = o (49)1 0  u(t )O
Equation (48) requires that the first and third qua
drant portions of equation (49) be ignored. This leaves 
the curve plotted in Figure 5 which are easily recognized
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as the familiar switching boundaries for this system.

(u= +1)

Figure 5* Time Optimal Switching Boundaries

A possible realization of the proposed system is 
shown in Figure 6. The switch will change only if x* 
approaches the critical value from below if the output of 
the switch is initially positive or from above if the 
output is initially negative. This gives rise to switching 
boundaries like that shown in Figure ?•

Note that nowhere has a two point boundary value 
problem been solved explicitly. The solution of the 
boundary value problem was trivially accomplished by 
equation (44) which contains normalized time, and the 
recognition of the symmetry of the system on trajectories
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Plant

Switches sample 
x at t—t

Computer

Figure 6. Optimum Controller for Double Integrator

Figure ?. Switching Boundaries for Optimum Controller
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to and from the switching point. Had it not been assumed 
that the control signal was symmetric the boundary 
value problem would have been more explicit. The problem 
would not be a two point boundary value problem even then. 
It would be a straightforward solution for t given the 
endpoint (x(tQ),0) and the ratio of the time on the two 
parts of the trajectory given by setting equation (43) 
equal to zero.

HARMONIC OSCILLATOR

The differential equations describing the harmonic 
oscillator are

X —

'1 o o o O'
x +

-1 0 0 1. u
u am (50)

The initial conditions = x^(t^ #nd x^ = x2(tQ) 
are assumed to be given and the requirement is to drive the 
system to the origin in mimlmum time. The differential 
equations describing the adjoint system, obtained by 
application of the definition of the adjoint variables, 
are

2 = (5D

The solutions of both systems may be written by inspection



= -R^Cos(t+4) + 
X2 = R^Sln(t+0 )̂

— —A Cos (fc+xl/) 
p = A Sin(t+l//)

(52)

The subscript I is intended to denote that the constants 
and 3^ are dependent on . The state point x moves 

in circles of radius about the point (u^90). The mag
nitude of R^ and the phase 0  ̂ are dependent on the initial 
conditions. For R^ and as shown in Figure 8, the control
law is

u = '♦'■m sgn (p*)TB'(x*)|2j = +m|sgn(p*)j (53)

where m is the maximum allowable magnitude of u. To 
determine the optimum control signal p* must be com
pletely known.

Figure 8. Relationship of R^ and 0^ to x 

Application of equations (34) and (32) yield
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E*(t0+ ) = E (t0-) (54)

p^(t0-)and p̂ (tQ-r) are the adjoint variables of a 
trajectory thru the given initial conditions for which the 
Hamiltonian is zero. Such a trajectory is one with 
Q0 =\J/+ 7T u = 0. The Hamiltonian for this trajectory is

H = -R Sln(t+Q0)ACos(t-*t//) + R^Cos(t+QQ)ASln(t+^/) (55)

Equation (54) specifies components to be added 
to ]D*at t=t^. These components alter the £* vector solu
tions for t>t . The process is equivalent to the vector o
addition graphically shown in Figure 9- The vectorjjD* is

x*(0) 1 x*(0)
(X*(0))2 H |i*(0)|o

The angle between -3)* and x^iSv/z, will determine the phase 
of jd* and hence the zero crossings of p*. The main point 
is that - -]D* lags x* in time by an a n g l e W h e n  p* = 0, 
the angle of x* to the positive x, axis is~8 l̂  orTT-Sl^ 
depending on wether the angle of jd* is 0 or 7T.

There is one constraint available on Sljl • At t=t^

H(t^)=-1 + £ fx =-1 + R ACos(|T4-^) =-l+R ASln(SVz) = 0 (57)
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S a

X

Fl,=5ure 9. Relationship of £, £*, and x

The final segment of the trajectory must be a 
circle about either (u,0) or (~u,0) passing thru the origin. 
The state point arrives on this trajectory after some in- 
determinant number of S" itching. At t - *S
zero so that switching may occur. TT-O seconds later when 
the state point has reached the origin.

H =-1 + ^2^n^X2^n^ **" ASlH0n^O^)(-u(t^)) = 0 (58)
Comparison of (57) and (58) leads to the conclusion

(59)

x(t0>

a

x*(ti)

Figure 10. Geometrical Relationship of and 0^



This Is shown graphically in Figure 10. Now note that there 
Is a relationship between the x* coordinates on successive 
switching points. Each successive x* coordinate of the 
switching point is 2 |u| closer to the origin. Thus

q = 0,1,2,... (60)

for some specific integral value of q which yields a value

u^ + 2q | u|

for x*(t^) between -lul and +|ul. Now instead of solving 
for ^/note that a is the absolute value of the x* coordin
ate for the first and last switching points. Is it the 
x* coordinate for all switching points? It is, for the 
form of the adjoint variables dictates switching every 
TT seconds. In 7T seconds x* rotates 180° around the point 
(u,0). If the system switches at point (xj9-a) the next 
switch will be at point ((-x*+2|u|),+a). Finding a be
comes a simple exercise in trigonometry applied to the 
triangle in Figure 11.

Figure 11. Determination of a from R



a = +
H^-i|q|u| - |u | 2 '2

4q|U|
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(61)

This analysis gives switching boundaries of the type shown 
in Figure 12. Switching occurs only if the state point 
approaches the switching boundary in a clockwise sense.
This or an equivalent condition is necessary to prevent 
erroneous switching on the final segment of the trajectory. 
The q in equations (60) and (61) need not be the result 
of a trial and error process but may be given by

(62)q = Round to nearest integer

Figure 12. Simplified Switching Boundaries

A difficulty is apparent in that the initial
u(t) must be known before the position of the switching
boundaries can be determined, for u(0) determines R •o
While this is true it is a problem only for a limited 
range of initial conditions, namely those with (0)>0, 
- | a|<x2(0)<0 and x^(0)<0, la I >x2 (0)> 0.
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For the non-symmetrical case where |max(u)| % |min(u)| 

replace |u| In equations (59) and (60) by

|max(u)| + |mln(u)|
Ksl - --------    <63)

The expression (61) for a Is, unfortunately, complicated. 
This Is offset by the simplicity of actually implementing 
the switching boundaries shown in Figure: 12. Also, It Is 
only necessary to evaluate (61) once, whearas. If the 
switching boundary of semicircles obtained by Pontryagln 
(Pontryagln, et. al., 1962) Is implemented, a calculation 
of the same order of difficulty as (61) must be performed 
on a continuing basis.

Figure 13 is a composite construction showing both 
the simplified switching boundaries, the general switching 
boundary and the corresponding optimal trajectory.
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CHAPTER 5

CONCLUSIONS

The treatment of the state point as a dynamic body 
for the special case of non-time varying systems and perfor
mance indices lead to the following properties of optimal 
systems

1) The Hamiltonian is constant
2) The control signals are piecewise constants
3) The optimum control signal extremelizes the

Hamiltonian
Further specialization to time optimal systems and 

the use of step functions in the index of performance
yielded constraints on the adjoint system

1) E * < V )  = £(to) - ̂ r ^ - )2 (64)

£(tf)
2) £*(t^-) = — (t ̂ — — 2̂ (65)

3) H* = -1 + (n)Ti = 0 for tQ<t^tf (66)

These constraints were applied to sample problems 
and the optimal control signals were obtained as a function
of the state variables. It was shown that the results 
could be obtained in the form of switching conditions 
dependent on the initial conditions of the state vari-

39
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ables. This contrasts with the usual method of solution 
which yields switching boundaries independent of specific 
initial conditions. The general switching boundaries 
can be obtained from the switching conditions by consid
ering several different sets of initial conditions.

The simplified switching conditions would seem to ■ 
be particularly useful in those control applications in 
which digital on-line computers are employed. A large 
amount of effort is required to calculate and store optimal 
switching boundaries and retrieve and compare them with 
actual system states, or to compute decision functions to 
implement optimum switching boundaries on a continous 
real time basis. This effort would seem to be far greater 
than that to compute the switching conditions and then 
Implement them with analouge elements. The reduction 
of computation, effort should allow a given size computer 
to handle more on-line systems or devote more time to 
off-line calculations. Alernately a smaller, and con
sequently cheaper. Computing system could perform a given 
control operation.

Such a saving would not be without cost. The 
switching conditions implement essentially open loop ; 
control. Perterbations which occur after the switching 
conditions are set may not be corrected and the result 
will be other than optimal system performance. Periodic 
updating of the switching conditions would overcome such



4i
problems9 at the cost of additional computational effort„
If updating is done sufficiently often the process is 
identical to computing decision functions on a real time 
basis. It should be noted that no consideration has been 
given to the system behavior after reaching the final 
state. It is assumed that the final state will be surrounded 
by some small region of linear control to afford stable 
operation in the final state and to turn the control signal 
off as the system approaches the final state.

The results of this study are essentially the same 
as those obtained by the application of calculus of 
variations to the problem of time optimal control.
Admittedly9 the particular approach to the problem which 
was used is less general than that of the calculus of 
variations9 but it covers an Important class of problems.
The general approach will also yield the same simplified 
switching conditions9 once it is apparent that they exist.
The general approach focuses attention on complete solu
tions while the method presented here attempts to solve 
the given problem from the given boundary conditions.

Since the exact proceedure will vary from problem 
to problem only a general form of proceedure can be 
stated.

1) Write the form of the adjoint system.
2) Examine the constraints imposed on the initial 

and final values of the adjoint system by equa-
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tlons (64) thru (66), In general two constraints 
on the adjoint system will result,

3) Seek a set of degenerate initial conditions 
which simplify the solution for the arbitrary 
constants in step (2). Use theorem 2 to relate the 
solution to the given initial conditions.

4) In the case of systems with complex eigenvalues
> examine the Hamiltonian for consistencies in the

system at switching points.
5) If system is of order n>2 and steps 3 and 4

do not result in a. solution, solve the resulting 
two point boundary value problem in n-2 free 
variables.
An interesting area for further study Is the use of 

the property that H = 0 for system identification. An 
arbitrary constant control signal will place the system 
on a time optimal trajectory. Assuming that the form of 
the system is known, the system parameters in the adjoint 
system may be changed as the system is in motion to yield 
a calculated Hamiltonian which is zero. This will iden
tify the system. It might be possible to apply this 
proceedure to adaptive systems.



APPENDIX A 

Given the system of equations

r n  (A-1)xi
n

H = p ^  = H(x,2 9u) (A-2)

n
•(x «.##9 X S e • • )J 1_____  n__1___ r

i.t
P (A-3)
j

Identify the as generalised coordinates of a dynamic 
system, H as the Hamiltonian, and as the generalized 
momenta coordinates. Equations (A-i) thru (A-3) can be 
taken to represent an n-dlmensional dynamic system if there 
exists some relationship yielding the u^ as functions of 
x and 2 so that H may be written H(x,jD). This is the 
case for optimum control problems for it is implicitly 
assumed that at least one optimal trajectory exists.
Knowing the optimum x yields the optimum x which allows 
solution for the optimum u.

Theorem 1 ... If H(£,x) is not explicitly a function 
of time, then H is a constant along optimal trajectories 
(Synge and Griffith 1959 and Pontryagln, et. al., 1962).

Proofs If H can be written as H(x,jd) then the system
43



is conservative. Then H, which is total generalized 
energy, is constant. This is easily shown. By the chain 
rule

c)H <)H dt
H = ——  5 +   p * —  —1 ^)pi 1 J t  dt

(A-4)

-p x, + > x, p + 0  = 01 i /  1 i

If H is zero then H is constant.
Theorem 2 is more easily proven is stated in an 

alternate, but equivalent, fom.
Theorem 2 ... If

f= ti h(%^ ,...% , U , e e . Un I l n-1 1x = y h(x,,...% ^,u^,...u )dt r^n-1 (A-5)

1
Any motion of the system which corresponds to minimum
x at the endpoint of the trajectory corresponds to n
minimum x over any subinterval of the trajectory (Chang I96I). n

Proof: Consider a subinterval (t^,t^) of the given
trajectory defined on the interval ) where t ^ t  ,
tg^t^. Now assume a control signal u* defined on the
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f f2
* ...,u )dtr

(A-6)

Now extend the definition of u • to the entire interval 
(tQ,tf) by letting u f = u except in the interval 
Then

/•T /*T
I h(x^,...,x^_^,u^,...u^)dt < I h(xl9...9xn,u1# 

«/o */o ..9u^)dt (A-7)

which is a contradiction, for u was assumed to minimize
x (t ). If u* results in a smaller x (t ) then u can n f — n f —
not be the optimal control. Then one must conclude that 
if u is optimal no u • can be found which is "better"

I.P.

Figure 14. Variation of I.P. With Changes in u.



46
over any subinterval. The argument is shown graphically 
in Figure 14. Thus u defined on the interval (t^,t^) 
will minimize (xn (t2)-x^(t^)) and is optimal. Note that 
this does not assume that u is unique, only that no u • is 
better. Uniqueness is neither proven nor implied.

Theorem 3 ... If H(£,x) is not explicitly a function 
of time and if the nth state variable h s the property

0 i ,  (£»u)  ----  = 0 for all 1 = 1,2,...n (A-8)
d Xn

then H on an optimal trajectory is an extremel with
respect to the control signal u thruout the trajectory
(an optimal trajectory being one with x (t _) a minimum).n f
This theorem is a weakened statement of the maximum 
principle.

Proof: The existance of an optimal control law

u - g (x,£) j = 1,2,..., r&n (A-9)
J J

is assumed. Now suppose the problem has been solved so
that a set of optimal £, x and u are known. Now assume
the control law to be altered a small amount causing a
change in u . If the original u yielded a minimum of J j
x then the new value of x obtained with the new u n n j
must be greater than minimal for any small change in u^.
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Now assume that the changes produces in n and H are small 
and may be neglected. The jd is not directly a function 
of the control law, and in many practical cases is com
pletely decoupled from the x system and the effect of a 
change in u is second order at most. It is also reason
able to expect H to remain constant with unchanged initial 
conditions on the x and jd.

Now H can be broken into two parts 
n

H = p x_ + \  p x1 (A-10)p x + \  p x
1=1

where p is a constant as a result of equation (A-S). n
If there is a change in over some finite interval and
p is a constant then the second term in equation (A-10) n
must change by an equal but opposite amount in order for
II to remain constant. This change is that caused by
the change in u. Since optimal x^ is a minimum all
changes in u result in an increase in :: and hence then
change in the second term of equation (A-10) is always of
the same sign. Then, It is apparent that H Is an extremal
with respect to u on an optimal trajectory. Note that since
the sign p is not known it is not possible to state n
wether II is maximized or minimized wit a respect to u.
An attempt to portray this relationship graphically is 
shown in Figure 15>
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H

u

Figure 15. Variations of Component Parts of H

The above does not prepresent a mathematical
proof. Such proofs are available in the literature
(Merriam 1964, Pontryagin, et. al., 19&2 and Ton 1964).

Theorem 4 ... If the conditions specified in Theorem
3 are satisfied, if the control signals are limited by
|u |£m and if the control signals are separable from V j
the state variables in x, then the optimum control signals 
are piecewise constants (Pontryagin, et. al., 1962).

Proofs From Theorem 1 it follows that H is a constant 
of the motion. Now assume a small variation u^ in the 
1th component of the control signal u.
Then

1 u1) = £(x) + r(u^u1) (A-11)
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n

H(£>2 .SU«) = H(2 ,x) + P r (u,1 J J

from which It Is apparent that
n

H ( £ , x , § u 1 ) = y  P , S r j ( a ^ u j )

(A-12)

(A-13)

Expanding H as a Taylor’s Series In about yields
n

If the variations are small, then second and third order 
terms may be neglected

n
n ~ r)r .(u) 

(A-15)) =
V- ^  (a)p OU  i--
J 1 d Ui

Now divide by Su and take limit as vu^-> 0

Llm 0 h (2»x »u ) O r  (u )
§u.-> 0 ----   ^ = —  = ------

<Dui d u! 0 \
(a-16)

It Is again assumed that the optimal control law exists 
so that u is a function of x and 2.9 and that the f ̂ (x»H) 
is a monotonic function of the u^. If H is not explicitly



a function of t and u = ^(x’jd*) then equation (A-16) can 
be written

f  . y P y  ,A„171
d ui Zld d xk 5 pk <D*i

Theorem 3 established that the optimum control signal is 
one for which H is an extremel so that equation (A-l?) 
must be zero at all points on the trajectory. The p

j
are not generally zero and the^ x^/^u^ and3 Pk/& Ul are
not necessarily zero. A sufficient condition which satisfies
equation (A-l?) is

, 0

, 0 (A-lSb,
d K

These conditions lead to the conclusion that
r (x,p) = constant (21)1 -

Now it is not possible to show that (21) holds for all 
time, for the p^ may be certainly be zero at a few points 
on the trajectory. Thus the conclusion is that r^(x»£) 
is a piecewise constant unless = 0 for finite Intervals 
along the trajectory. Consider the case in which p^ = 0



for some interval along the trajectory. If p„ is zero 
over, some interval then = 0 over the same interval.
Then x = is an ignorable coordinate (Synge and Griffith 
1959)• The motion of the system is independent of ig
norable coordinates. This implies that x c should not 
be included in the set of state variables as it does' not 
contribute to the specification of the state of the
system. Then one is forced to conclude that if x. isJ
important to the specification of the state p _ = 0 overj
an interval.

.Thus r (x.p) is a piecewise constant. A similari *"
analysis applies to the other components of r. Note that 
a general system may have singular solutions which may 
invalidate the above arguments. That is, the system 
may have stationary or autonomus states which satisfy 
the requirements of the problem. Singular solutions 
will not cause difficulty in the case of the time optimal . 
control problems to be considered unless, for example$
.some degeneracy of the plant equations places the desired 
final state in an unattainable location, in which case the 
problem has no solution anyway.

The four theorems above are not completely new 
or original. They are a combination of elements from 
classical mechanics and optimal control theory available 
in various forms in the literature(Merriam 1964, Synge 
and Griffith 1959s Pongryagin, et. al., 1962 and Tou



1964)„ They represent an alternate formulation and 
condensation of those facts.



APPENDIX B

Consider an Index of performance of the form

I.P. = u x(to ).(x-x(to)) 
+ (x-x(t_))2u_

u i(t ).(t )
1Z)J (B-lf  ' f I (B-l)
dt

where It Is assumed that the step functions step only once
on the trajectory from x(t ) to x(t ). The functiono —’ f
under the Integral Is 1 In the Interval (tQ*t ). After 
arriving at x(t^) the function under the Integral "becomes 
state error from desired state squared. The system Is 
Initially assumed to be on a trajectory which passed thru 
x(t^). The system must then have time optimal behavior 
until It reaches x(t^) where It must remain.

Using the I.P. In equation (B-l) form the aug
mented system

x*n+1 ~ U+ ( X (tQ). (x-x (t0 )]u+ [ (t (t f). (x ( )  -X )

x! = x.

x(tf).(x-x(tf))

T1

(B-2)

The adjoint variables are defined by
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n+1

^  ■ "Z Si, ■0J=1 "+1 , ,n-f-1 n (B-3)

”  i 1 j=l 1

Now equation (B-3) can be Integrated to find the p* in 
terms of initial conditions.
These solutions are

p* = constant 
n+1 (B-4)

I t '-— / 2

'dt

O o
The constant term and the second integral con

stitute a solution of the differential equation defining 
p^, the ith component of the system before augemtation. 
Equation (B-4) can be rewritten as

t

1

V ^ d t  + p^(t) (B-5)

o
Now to evaluate the remaining integral, perform the indi
cated partial differentiation



f  d * n +l . dt = , f
J  ^  n+ lj f

J

s +

x(to ).(x-x(to ))

‘"■S' x(tf)-x.

+ ±(\)'(x-x(t ))1i(to )^_ / x-x(t )u+ t(tf). (x(tf)-x)
d xi °/

+(x-x(tf))25- *(tf).(x-x(tf))

d

*(t )C/_ x-x(t ) (B-6)

+ 2(x-x(tf))
d  i

x-x(tf )| u+ x(tf).(x-x(tf)) dt

To perform the indicated integration expand the (x-x(t^)) 
and (x(t^)-x) as Taylor’s Series about t = t and t = t^, 
respectively, and neglect second and higher differential 
terms.

f  ^
J . d S

t

- u + [ 1P (t )(t-t ) o o _

/

+5+[i2(t0)(t“to)] u+[
♦§_ i2 (tf) (t-t J  t^(tf) (t-tf)2

X2(tf) x1(tf)(t-tf)4- 2u

- c.

(B-7)

d xi
r 9 i x,(t )

- f
4- U

r p X, (t )
x (to)(t-to)]-2

1 (to) (B-8)
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Evaluating the integrand at the specified limits yields 

t

i

n+lp* dt = p*n+1 n+1 u.

r 2 - Z,(t )
+ u+[ i i (t ).

(B-9)

the p*(t) given In equation (B-4) now becomes

pi (t) = p;+i k (t -t)r
x (t ) r

r ( t f) -irct )
o

* p1(t>
(B-10)

The Hamiltonian for the augmented system is 
n+1 n

H • .  ^  = C i ^ + i p ^ i

1+1
which can be written

(B-ll)

H* = Pn+1Iu+ i(t ).(x-x(t )° o J u +

f U- “ f f+ (x-x(t )) - x(t^).(x-x(t^))
n

+ fPn+l
r (t )

'  u+
(t-t )--&— 0-1+ p^

(B-12)

A brief comment is in order to justify the inclusion 
of time dependent teams in the Hamiltonian, for this would
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seem to make those theorems requiring time to be explicitly

that the terms which contain t are constants except at 
the endpoints of the trajectory and their variation at the 
endpoints is included by expressing the time dependent 
functions as functions of the state variables at the end
points and including these effects in the system. The use 
of time explicitly is then reguarded as a notational con
venience. It is, of course, possible that the state 
variable function arguments of the step functions do become 
zero at points other than the desired points, however, in 
performing the integration to obtain the p*(t) such ex
traneous zero points are ignored because their effect is not 
wanted. As far as the quantities that appear in equation 
(B-12) show, they do not occur. Thus, it is possible to 
further simplify (B-12) by replacing the remaining state 
variable arguments of the step functions by their time 
equivalents.

excluded Inapplicable. It is only necessary to point out

1

As a check on the integration, examine the behavior 
of the system at the endpoints to insure that the system 
does behave as desired. Evaluate the Hamiltonian at the
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tine t^+, that Is, just after the system arrives at

n

The performance Index used requires that the (tf+) be 
zero. If the x^(t -f) are not zero the state point does 
not remain at x(t^) and the state error squared becomes 
positive and x ^ ^  increases. Thus

±^(t )x1(t )
^ ( t f+) t2(t )

= o 
(B-15)

Now evaluate H* at t^-.

H '(V ) = C i  1 +
1=1

*,(t )
x i ( V )

Equations (B-15) and (B-16) must satisfy two 
conditions. First, the Hamiltonian H* must be zero in 
both cases because the Hamiltonian is a constant of the 
motion. Secondly, by purely intuitive reasoning, the 
p*(t^+) must be zero for all 1 such that x^(tf-) is not 
zero. This condition is necessary to insure that any



not equal to zero can be made exactly zero by 
changing the associated . But a change In the can 
occur only If the associated p*(t^+) Is zero. Consider 
this second condition Imposed on p*(t^+).

/*,(tj *,(t )\ 
p:<tf li

Now solve for p^(t^+)

/X,(t )
- pn.i F I T ) (I

Now substitute for p^(t^-) In equation (B-16). The 
p^(t) is continuous and p^(t^+) = so

n
*« t V
2 (t0 )

# p . , A (l o ) _ W
n*! \x^(t ) x2(tf)

1=1 1

(E

i-17)

i-13)

i-19)

Now note that
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so that

L ^ \ ,  o

which Indicates that both required conditions are satisfied 
by the (tf+) in equation (B-10).
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