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ABSTRACT 

The development of a quantitative phase microscope (QPM) has allowed the 

ability to acquire real-time phase movies of biological processes.  All the tools to acquire 

the measurements are implemented, however the image processing required to make 

these datasets scientifically useful has not been previously discussed in the literature.  

The phase data must be consistent throughout the course of a measurement as well as 

minimizing any background fluctuations due to residual background shape or mean value 

changes.  The research presented in this work takes the raw measurement data and 

discusses methods to effectively convert it into useful sequences of phase data that can 

then be used to quantify changes within real-time studies of living cells.   

This process begins by exploring two-dimensional phase unwrapping and 

discussing the most effective ways to estimate the measured phase surface.  The 

unwrapping algorithms’ performance will be quantified using tests such as the Gradient 

of First Failure method as well as testing known surfaces and calculating unwrapping 

accuracy.  A novel method will be introduced that characterizes the accuracy of the phase 

unwrapping using the continuity of derivatives.  The case will be made that the most 

accurate phase estimates are made using modulation data in combination with a quality-

guided phase unwrapping method (QUAL-M unwrapping).   

After applying a two-dimensional phase unwrapping method to all frames of data 

within a measurement, it is often found that there are background fluctuations due to 

residual surface shape (tilt, etc.) as well as mean phase value fluctuations due to the 

environment fluctuations.  Traditionally, manual methods are implemented where a user 
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chooses a region known to be background, then any background shape is characterized 

and removed.  Due to the large streams of data that need to be analyzed for the QPM, an 

automated background removal method is introduced that automatically discriminates the 

background from feature of interest and characterizes and removes the background shape 

from all frames within a sequence of data.  No user intervention is required and it is 

shown that the automated method rivals the effectiveness of manual methods.   

The final step in processing phase data from a QPM such that it can quantify 

relative changes within a biological system is to ensure consistent phase unwrapping over 

an entire dataset.  This is a topic that has never been previously discussed within the field 

of quantitative phase microscopy.  The two-dimensional phase unwrapping methods 

result in reasonable phase estimates of the measured sample however there are often 

inconsistencies in local regions amongst sequential frames of data.  This work introduces 

a new method, Smart Temporal unwrapping that minimizes temporal inconsistencies.   

The image processing methods presented in this work combine to allow phase 

data acquired using a QPM to quantify relative changes in biological samples.  These 

processing steps effectively minimize errors due to system vibration, residual 

measurement aberration, and phase unwrapping inconsistencies.   
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1. INTRODUCTION 

Within the life sciences field, new observations methods are being developed that 

allow the viewing of living cells in environments that are mimic natural environments.  

No contrast agents are used because they are toxic to cells.  Low light levels are 

employed to minimally alter the biochemistry of the observed specimen.  These new 

methods allow cells to be observed over time as drugs or other environmental changes are 

made.  This allows observations to be made regarding changes in morphology, cellular 

interactions, cilia motion, and other life cycle processes.  The instruments that make this 

possible are quite different from the current state of the art in microscopy.   

In most scientific labs, the most common state of the art microscope is a confocal 

microscope.  It is normally implemented with fluorescence to provide contrast within a 

sample.  Generally, confocal microscopy allows the ability to acquire three-dimensional 

information of thick biological samples.  The sample is optically sectioned by rejecting 

light from out of focus planes by use of a confocal pinhole (Pawley, 1995).  In order to 

acquire a full object reconstruction, the object must be scanned, point by point.  No 

motion can occur during image acquisition.  Typically, samples measured using confocal 

microscopes are stained with one or more fluorescent dyes to enhance contrast of certain 

features within the sample.  There are several points regarding the use of confocal 

microscopy that make it less than ideal for viewing live specimens and tradeoffs must be 

made.  The cells start to suffer phototoxicity and photobleaching from excess 

illumination causing abnormal behavior in the living sample as well as a reduced 

fluorescence signal and possible cell death.  Additionally, the finite time it takes to 
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complete a scan poses a problem for living cells whose internal motions could exceed the 

image acquisition time.   

There is potentially a large need within the scientific community for an alternative 

imaging modality that can image living cells at high frame rates without the need for 

contrast agents and harmful amounts of light.  One possible solution is quantitative phase 

microscopy (QPM).  This method allows variations in the phase of an object via changes 

in optical path length, thickness or index of refraction to be observed (Z. Malacara and 

Servín, 2010; Popescu, 2008).  The index of refraction and thickness can never be 

decoupled using these methods alone.  However, because index of refraction is not well 

known for biological specimens and can change depending upon environmental 

conditions, cell health and cell function, what is being observed is how the combination 

of index and thickness change in time.   

There are several kinds of instruments that can provide quantitative phase 

information about biological samples.  Several variations of phase shifting microscopy 

have been proposed and implemented (Dunn and Zicha, 1992; Popescu, 2008; Tychinsky, 

et al., 2008; C. Yang, et al., 2001).  Hilbert phase microscopy has been used to retrieve 

phase information from single interferograms (Ikeda, et al., 2005).  Digital holography 

has also been proven a method to provide quantitative phase-contrast microscopy results 

(Cuche, et al., 1999).  Another method is to use Fourier phase microscopy to observe cell 

growth and mass changes (Popescu, et al., 2008).   

The method of quantitative phase microscopy that will be focused on for this 

work is using a Linnik interferometer and pixilated polarization phase mask to obtain 
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quantitative phase (Creath and Goldstein, 2012).  This instrument has advantages over 

other standard biological microscopes.  To obtain contrast in a brightfield microscope, the 

sample must be prepared, sliced and stained.  In the case of the QPM, the contrast comes 

from interference between a test sample and reference surface.  Samples are placed in 

liquid on a high reflectivity mirror and covered with a thin (100-200 microns thick) cover 

glass.  The reference surface is a high quality, high reflectance mirror.  The optical layout 

of the QPM referred to throughout this work is seen in Figure 1.1.   

The QPM uses phase-shifting interferometry to obtain quantitative phase 

information.  Four interferograms are obtained instantaneously, in one camera frame, 

using a pixilated mask.  The mask consists of a wire grid micro-polarizer array.  Over 

each set of four pixels in the detector, four phase-shifted interferograms are produced (B. 

T. Kimbrough, 2006).  Chapter 2 will provide a brief overview of the concepts of 

interference and how interferometry can be used to extract phase or surface information.  

The specifics of using pixilated phase mask technology for simultaneous phase shifting 

interferometry will be discussed in Section 2.4.1.  For a more thorough description of the 

QPM’s operation, please refer to the references.   
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Figure 1.1:  Optical layout of the QPM (Creath and Goldstein, 2012) 

The output from a measurement with the QPM is the phase or optical thickness 

(integrated index of refraction and thickness) of the specimen.  Recovering a true phase 

estimate of the measured specimen from the four interference measurements is a non-

trivial task.  As it will be shown in Chapter 3, the recovered phase is bounded on the 

range -π<ϕ≤π radians due to the periodic nature of the phase of the light.  Unwrapping the 

phase, so it is not limited by the range of the arctangent function, is an extensive field that 

has been under development for decades.  There are many different approaches to 

generating an estimate of the true phase of a measured object.  This will be discussed 

extensively in Chapter 3 and 4.  Generating an accurate estimate of the measured phase 

over multiple frames of data taken sequentially in time is the major emphasis of this 

research.   

One example where measurements from a QPM have led to novel scientific 

observations has been with the use of rat cardiac myocytes under the influence of 
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different drugs (Lancaster, et al., 2010).  These cells spontaneously beat on their own, 

much like our hearts, but without electrical stimulation.  By observing these cells using a 

QPM, the strength and frequency of the beating can be quantified.  Two still images are 

shown in Figure 1.2 of the rat cardiac myocytes before and after treatment with IPHC 

(isoproterenol hydrochloride), a drug that increases beating frequency. 

 
Figure 1.2:  Rat Cardiac Myocytes measured using a QPM shown before (left) and after 

(right) application of IPHC. 

  It was observed that when the drug IPHC is applied to the cells, the beating frequency 

increases by a factor of eight, and the strength increases by a factor of three as is shown 

in Figure 1.3.   

 
Figure 1.3: Beating rat cardiac myocytes optical volume shown before (red) and after (blue) 

application of IPHC, a drug intended to induce increased beating frequency.   
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Determining that the strength changes with IPHC application is not something 

that can be easily accomplished using conventional microscope techniques.  By observing 

relative changes of the integrated optical volume of a fixed region as a function of time, 

the beating was quantified and characterized in a way that has never before been possible.  

Quantitative phase microscopy allows scientists to characterize the behavior of cells 

using relative measurements of optical thickness.   

The beating rat cardiac myocytes is an excellent example of processed results 

from a quantitative phase microscope.  The image processing is what makes these results 

reliable and accurate, eliminating sources of error within the measurement and phase 

unwrapping.  The purpose of this body of work is to address the kinds of image 

processing techniques necessary to obtain quantitative phase results that are consistent as 

a function of time and limit the error propagation due to unwrapping errors and 

background fluctuations.   It is useful to isolate and identify what kinds of unwrapping 

errors are to be minimized in this work as well as what problems are created as a result of 

background fluctuations and how they can be minimized. 

1.1. Phase Unwrapping Inconsistencies 

The ability to accurately estimate the true phase of a measured object consistently 

over multiple frames of data is a major discussion point of this dissertation.  The problem 

with quantitative phase microscopy is that many sequential frames of unwrapped phase 

data often result in different estimates of a scene that is nominally the same, as is shown 

in Figure 1.4.      
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Figure 1.4: Rotifer showing inconsistent phase unwrapping between four frames of 

measurement data. 

This figure highlights two problems commonly occurring with biological phase data.  

The first is inconsistent phase unwrapping.  Each frame of data is unwrapped differently.  

Which frame reflects the most accurate phase estimate?  It is typically left to the observer 

to manually choose the image that appears to be the most realistic estimate.  Furthermore, 

it is quite possible that the phase unwrapping method used to analyze the datasets shown 

in Figure 1.4 may not be the optimal method.  A thorough exploration into phase 

unwrapping applied to QPM has not previously been addressed in the literature and will 

be thoroughly addressed here in Chapters 3 and 4.  Some of the most relevant phase 

unwrapping algorithms will be reviewed and a method will be determined that has the 

highest likelihood for success when applied to quantitative phase data.   

The other important point when considering the phase images in Figure 1.4 is 

unwrapping consistency among the multiple frames of data.  The inconsistent phase 

unwrapping makes these four frames useless for looking at relative changes over the 

entire scene.  The user’s only choice would be to dismiss the frames that are unwrapped 

differently, resulting in a loss of temporal resolution in observing a biological process.  

There has been some previous discussion of methods to ensure phase unwrapping 
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consistency for other applications, however this is a topic never before considered for 

quantitative phase microscopy.  Chapter 6 will address methods to ensure consistent 

phase unwrapping and eliminate the need to throw out frames of data due to inconsistent 

phase unwrapping.   

1.2. Background fluctuations 

Another common error source within data acquired using QPM is the variability 

of the background phase values.  As was briefly mentioned, all the necessary information 

to obtain the samples’ phase is recovered in one snapshot.  This implies that the 

microscope used for this work does not need to be vibration isolated.  The interference 

fringes being observed with this microscope will move between measurements due to 

environmental vibrations.  Since the motion causes a variation in the distance from the 

microscope objective to the sample, the effect is that the sample appears to have different 

phase values depending on the vibration.  The total peak-to-valley measurement height of 

the object is still the same, but the mean phase value of the frame changes with vibration.  

Another consideration for this microscope system is that the user must align the sample to 

the microscope, minimizing tilt between the sample and the reference objective.  There is 

almost always going to be some residual tilt present in the measurement since this is a 

user-performed process.     

It is critical that the measurement of a motionless object has a continuous, non-

varying phase value as a function of time, regardless of the presence of vibration.  Any 

relative changes observed need to be due to biological changes within the sample and not 

environmental perturbations.  This creates two image processing requirements for the 
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QPM data: 1) the mean phase value of the background needs to be consistent throughout 

a measurement and 2) any background fluctuations due to non-nulled measurement 

conditions (e.g. tilt) need to be removed from the measurement results.  An example of a 

phase measurement of two paramecium with significant background tilt and mean value 

variation is shown in Figure 1.5.   

 
Figure 1.5: Measurements of two paramecium with large tilt present and mean value 

fluctuation between frames.  

The background fluctuations need to be minimized by eliminating the near 

constant amount of tilt across the field as well as minimizing the mean value fluctuation 

between frames.  In most cases for other instruments relying on phase data, manual 

methods are used to identify background regions and remove background shape and 

mean value fluctuations.  For this work, automated methods will be introduced that are 

effective on QPM data and are preferable because there will be large volumes of data to 

process.  This will be discussed in detail in Chapter 5.   

1.2.1. Significance of this work   

The image processing routines discussed in this work serve to minimize errors 

within the phase unwrapping process, converting the raw measurements from the QPM 

Frame 57 Frame 58 
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into scientifically meaningful data.  These topics have not been previously investigated in 

the literature.  For QPM to be a relevant scientific tool, errors within the phase retrieval 

process must be minimized.  There are several points within the image processing that 

errors can be introduced.  The first is the two-dimensional phase unwrapping process.  A 

method is discussed that can handle larger noise levels at high slopes, making it a more 

robust choice.  With each frame of data unwrapped individually, steps must be taken to 

connect all frames to one another.  This involves two separate steps.  The first is the 

automated background leveling.  The mean phase value of the background is assumed to 

be zero.  All phase changes are measured relative to the background.  The assumption 

that is being made in this work is that the background fluid index of refraction is less than 

that of a cell.  Because of this assumption, it would be unphysical to assume background 

regions with negative optical thickness.  Additionally, if the background regions are 

stable over time, then it is a safe assumption that the biological object of interest will also 

have a stable measurement over time.  This is the purpose of the automated background 

leveling methods introduced in this work.  The only residual errors that can be present are 

due to inconsistent phase unwrapping, causing local regions to have phase values that 

jump large values between frames.  This is overcome by introducing a new method, 

called Smart Temporal Unwrapping (STU).  This method temporally unwraps and filters 

the phase data such that small motion between frames is accounted for and phase data is 

unwrapped consistently between frames.  The combination of all these methods result in 

the creation of phase data that is stable over time by minimizing errors introduced within 

the processing of the raw data.    
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2. INTERFERENCE, INTERFEROMETRY & POLARIZATION 

This section provides a brief overview of some necessary terminology and 

background on electric fields, polarization, and interference phenomena required to 

understand the concepts discussed in this dissertation.  A brief introduction of 

interferometry will be provided as well as some basic phase-shifting methods to obtain 

phase from an interferometric measurement.   For a more thorough treatment of these 

topics, please see the references.  

2.1. Electric Field Description & Polarization Properties 

An electric field contains both amplitude and phase.  Measurement devices such 

as CCDs can only measure the amplitude of an incident electric field.  Phase is not a 

directly measurable quantity.  Many methods have been developed to indirectly obtain 

the phase of a signal.  Interferometry is one method by which phase recovery is possible.  

To understand interference, a working description of electric field is necessary.  The 

mathematical descriptions in this chapter follow the conventions of Hecht (Hecht, 1998).   

An electric field propagating in the z-direction can be described by the equation:  

 ���, 
� = E�� cos�kz − ωt + ϕ�� x� + E��cos �kz − ωt + ϕ��y�, 2.1 

where ��� and ��  are the amplitudes of the electric field in the x-direction and y-

direction, k is the wave number (
!"
# � where λ is the wavelength of light, $ is the angular 

frequency of the light, and %� and %  describe the phase of the x- and y-components.   

Take the case where two electric fields are positioned at the same point in space.  

The superposition can be written as the sum of the two electric fields: 
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 � = �& + �' 2.2 

where �& and �' are described by 

�(�), 
� � ��( cos�*( ∙ ) � $
 � ,(� 

and 

�!�), 
� � ��! cos�*! ∙ ) � $
 � ,!�. 

A simple example of superposition of two electric fields with the same wave number and 

./4 radians out of phase with each other is shown in Figure 2.1.  Depending on the 

relative phase and amplitude of the two electric fields, the resultant interference can be 

constructive or destructive.  

 
Figure 2.1: Interference of two slightly out of phase electric fields 

The superposition of two electric fields can be used to help establish an 

understanding of polarization.  All electric fields have a polarization state which 

describes the orientation of the electric field with respect to its propagation direction.  In 

general, the polarization state describes how the orientation and magnitude of the electric 

field change in time.  The orientation of the electric field can remain fixed, as is the case 
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of linearly polarized light, or can vary in time as in the case of elliptically or circularly 

polarized light.  The categorization is based on the shape the electric field traces in time.  

For the case of propagation in the z-direction, the factors that determine the polarization 

state of the light are the relative phases between the two components of the E-field, %� 

and % , and the relative strength of the electric field, ��� and �1 .  Consider an electric 

field propagating in the z-direction consisting of two separate fields, one in the x- and one 

in the y-directions, with a relative phase shift of ,.  The electric fields now under 

consideration are: 

 ����, 
� = 2̂���cos �4� − $
� 2.3 

and 

 � ��, 
� = 5̂�� cos�4� − $
 + ,�. 2.4 

Their superposition is: 

 ���, 
� = ����, 
� +  � ��, 
�. 2.5 

If the phase difference, ,, between the two components, �� and �  is zero or a multiple 

of ±2π radians, then the components are said to be in phase and the resultant field, �, is 

linearly polarized.  Its orientation is determined by the relative strength of ��� and �� .  

When ��� = �1 , then the light is linearly polarized at 45° as is seen in Figure 2.2. 
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Figure 2.2: Linear polarization, E0x = E0y, � = 0 

When the electric fields have a phase difference that is an odd integer of ±π, then 

the beams are considered out of phase, and the plane of linear polarization is rotated 90° 

with respect to.  This is the general case of linear polarization (LP).  The other case of 

note is when the components �� and �  are equal in magnitude and have a phase 

difference, ,, of  
"
! + 27. where 7 = 0, 91,92,… In this case the summed electric field 

traces a circle along the time axis as is shown in Figure 2.3 and is categorized as 

circularly polarized.  The light can be either right-circularly polarized (RCP) or left-

circularly polarized (LCP).  If the time axis is compressed and the tip of the electric field 

is traced as a function of time, the direction traveled is a circle whose direction describes 

the orientation, right or left, of the circular polarization.     
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Figure 2.3: Left Circular polarization 

It is helpful to understand an electric field’s polarization state when superposition 

of multiple electric fields is considered.  Any electric field can always be reduced to its 

propagation direction (z) with orthogonal components (x and y) that describe the 

propagation orientation and magnitude.  

2.2. Interference 

It is useful to look at the superposition of electric fields, however the parameter 

that can be measured by a CCD is the irradiance, a measure of average energy per unit 

area per unit time.  Irradiance is proportional to the time-averaged magnitude of the 

electric field squared or mathematically,  

 < ∝ 〈�'〉@ = 〈�(
!〉 + 〈�!

!〉 + 〈2�( ∙ �!〉 = <( + <! + <(!, 2.6 

where the irradiances of each field are <( and <! and <(! is the interference term.  The 

time-average operation denotes a time average over an interval long when compared with 
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the period of light (
!"
A �.  The strength of the interference term is a function of the dot 

product between the two electric fields (see Eq. 2.6).  If the electric fields are orthogonal 

to one another, the interference term will be zero and the irradiance will be constant 

across the field.  Looking more closely at the interference term, it can be rewritten as 

 <(! = ��( ∙ ��!BCDE 2.7 

where  

 E = *( ∙ ) − *! ∙ ) + ,( − ,! 2.8 

is the phase difference between �( and �! due to differences in path length and initial 

phase angle.  If the initial phase angles are equal, *( ∙ ) = *! ∙ ), then the phase 

difference, E is only the result of path length differences as can be seen in the following 

equation: 

 E = !"
#F

ΔH 2.9 

where I� is the wavelength of the light in vacuum and ΔH is the difference between 

optical paths for the two fields.  Making the appropriate substitutions, the irradiance 

associated with this superposition can then be written as 

 < = <( + <! + 2J<(<! cos�E). 2.10 

This equation is the interference equation in its most popular form.  The irradiance varies 

with the cosine of the phase difference between the two fields, and there is always a 

clearly defined maxima and minima (provided E ≠ "
!).   The maxima occur when  

 <LM� = <( + <! + 2J<(<! 2.11 

or when 
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 |E| = 0,2., 4., …. 2.12 

The irradiance minima occur when  

 <LOP = <( + <! − 2J<(<! 2.13 

or when 

 |E| = ., 3., …. 2.14 

The visibility, R, also called modulation of the resultant interference pattern can 

be calculated as: 

 R = STUVWSTXY
STUVZSTXY

. 2.15 

The terms visibility and modulation will be used interchangeably in this work.  This 

metric indicates the quality of the interference pattern.  Figure 2.4  shows how 

interference patterns with varying modulation appear.  Phase recovery in interferometry 

can become a problem when the modulation of a signal at a detector falls below a given 

threshold.   

 
Figure 2.4: Interference with varying fringe visibility 
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The modulation or visibility of an interference pattern is both a function of the 

interference between the two electric fields as well as the effects of the imaging system 

used to visualize the interference pattern. 

2.3. Interferometry 

Phase is generally related to a physical property of a system being measured.  

Interferometry is a measurement philosophy that utilizes interference with induced phase 

shifts in a reference beam to obtain information about an unknown test beam.  In 

interferometry, phase is directly related to optical path difference between the test and 

reference surface.  There are many types of interferometers, well-documented methods of 

creating interference conditions that provide information about a test surface.  For a more 

thorough treatment of interferometry, see Malacara’s Optical Shop Testing (D. Malacara, 

2007).   

One common interferometer, the Twyman-Green interferometer, is shown in 

Figure 2.5.  Generally, it consists of a monochromatic point source that is collimated.  

The reference mirror is a very flat, high quality optical surface.  The test mirror needs to 

have similar reflectance of the reference mirror such that high contrast interference 

fringes are obtained.  There is an imaging lens which images the test and reference 

surface to a detector.   
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Figure 2.5: Twyman-Green Interferometer, illumination and imaging paths 

It is easier to examine the Twyman-Green from an optical standpoint by 

examining the wavefront, or planes of equal phase, as the light traverses the system as is 

shown in Figure 2.6.  The source emits a collimated plane wave.  The assumption is that 

the beamsplitter is of high quality such that when the plane wave passes through each 

prism half of the beamsplitter, the wavefront is minimally deviated.  The degree to which 

this is true depends on the precision of the beamsplitter cube.  Reference measurement 

can be made in an effort to characterize any aberrations present in the beamsplitter cube.    
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Figure 2.6: Twyman-Green Interferometer with test and reference wavefronts 

The reference and test wavefronts combine at the detector and form an interference 

pattern as described by Eq. 2.10.  The path difference between the two beams 

corresponds to a phase difference which is recorded in the interference pattern.     

Prior to the ability to send frames from a camera directly to a computer, the only 

way to extract phase information from an interferometric measurement was to capture an 

interferograms with film and digitize the location of fringe centers (Creath, 1988).  CCDs 

have long since replaced film and the digitization step is now unnecessary and often 

taken for granted.  By taking multiple images of an interference pattern with varying 

conditions, it is possible to combine multiple interferograms to extract phase at each pixel 

location automatically using software.  This general technique is called Phase Shifting 

Interferometry.   
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2.4. Phase Shifting Interferometry  

Phase shifting interferometry (PSI) is a measurement technique that uses multiple 

phase-shifted interferograms to recover the phase difference between the reference and 

test beams.  For a thorough treatment of phase shifting interferometry, refer to Optical 

Shop Testing, Chapter 12 (D. Malacara, 2007).  One of the most common methods of PSI 

is Temporal Phase Shifting.  In this method, the reference arm position is varied while 

multiple measurements are made in time as is shown in Figure 2.7.  It is desirable to 

cause very small phase shifts, corresponding to fractions of π radians.   

 
Figure 2.7: Simple representation of the varying position of the reference mirror in time in 

a temporally phase-shifting Twyman-Green interferometer. 

Many different phase shifting algorithms exist using different numbers of 

measurements and phase shifts.  The phase shifting algorithm used for this work is the 

four step algorithm.  In this method, four interferograms are captured, each with a relative 

phase shift of ./2 radians.  The four interference equations that describe this 

measurement are: 

  



36 
 

 [�\, ]� � (
! ^<_ � <̀ � 2J<1 <̀ cosab%�\, ]�cd	, 2.16 

 e�\, ]� � (
! f<_ � <̀ � 2J<1<̀ cos gb%�\, ]� � "

!hi	, 2.17 

 j�\, ]� � (
! ^<_ � <̀ � 2J<1<̀ cosab%�\, ]� � .cd	, 2.18 

 k�\, ]� � (
! f<_ � <̀ � 2J<1 <̀ cos gb%�\, ]� � l"

! hi	. 2.19 

An example set of four ./2 phase shifted interferograms is shown in Figure 2.8.  

 
Figure 2.8: Set of four π/2 phase shifted interferograms for arbitrary wavefront.  The top 
row shows the interferograms.  The bottom row shows a line profile through the center of 

each interferogram. 

For an accurate phase measurement to be made, the imaging system cannot move 

between measurements.  For this reason, interferometers that use temporal PSI techniques 

need to be vibration isolated.  If there is significant motion between interferograms, then 

errors in the calculated phase will result.  Assuming no motion, the phase (modulo 2π 

radians) can be extracted from these four measurements and the ATAN2 function using 

the equation,  

 m�\, ]� � [n[o2 gp��, �Wq��, �r��, �Ws��, �h. 2.20 

The ATAN2 function calculates the principal value of the arctangent function on 

the range -π<ψ≤ π.  By evaluating Eq. 2.20 at every pixel, the phase can be recovered at 
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the corresponding (x, y) coordinate of the test surface.  The quality of the phase 

calculation at each pixel position can be calculated by finding the normalized modulation 

of the measurement,   

 R�\, ]� = !J�StWSu�uZ�SvWSw�u

SvZSuZSwZSt
 2.21 

This modulation data will be very important as it can be used as a quality metric in some 

phase unwrapping algorithms to be discussed in Chapter 3.   

2.4.1. PSI via pixelated polarization phase mask 

There are many different methods to implement phase shifting interferometry.  

Temporal methods include stepping the phase (discrete mirror positions), scanning the 

phase (ramping a PZT, smooth motion), and stepping or scanning the wavelength.  

Spatial methods include spatial carrier frequency methods, using laterally displaced 

images with polarization to induce phase shifts, or utilizing a pixelated polarization phase 

mask (J. E Millerd, et al., 2004).  For a thorough treatment of commonly used methods, 

see the references (D. Malacara, 2007).     

The PSI method that is implemented in the quantitative phase microscope utilized 

for this work is phase shifting via a pixelated polarization phase mask.  This method was 

first introduced in 2004 (J. E. Millerd, et al., 2004).  Figure 2.9 shows a polarizer mask 

which is bonded to a detector array.  This sits at the image plane in an interferometer.  

Over each set of four pixels, also called a unit cell, are four polarizers rotated 45° from 

each other.   When RCP and LCP light are incident on this detector, four phase shifted 

images of approximately the same point are captured.   
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Figure 2.9: A pixelated polarization phase mask is bonded to a detector array used in the 
imaging plane of an interferometer.  When RCP and LCP light are incident on the phase 

mask, four phase shifted values of the same point in the object plane result under each pixel 
in the unit cell (Creath and Goldstein, 2012).   

Interpolation techniques and associated errors using this kind of detector mask have been 

analyzed and the references can be referred to for additional explanation (B. T. 

Kimbrough, 2006; J. E. Millerd, et al., 2004; Novak, et al., 2005).    

Obtaining the phase (modulo 2π radians) via an interferometric measurement is a 

very important step in obtaining unknown surface information.  However the resultant 

phase must be unwrapped such that it is no longer modulo 2π radians and represents an 

accurate and continuous estimate of the measured surface.  The remainder of this 

dissertation will focus on the larger issues pertaining to making accurate estimates of 

unwrapped phase.   
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3. PHASE UNWRAPPING 

The quantitative phase microscope acquires four phase-shifted interferograms as 

discussed in Chapter 2.  To obtain an estimate of the object under test, the phase must be 

unwrapped so it is no longer restricted on the range -π<ψ≤ π.  This chapter contains basic 

theory of phase unwrapping as well as a detailed overview of several commonly used 

phase unwrapping algorithms.  Most unwrapping algorithms are application specific, and 

the advantages and susceptibilities of the different algorithms will be noted.  As these 

methods are described, the same dataset will be unwrapped using each phase unwrapping 

technique presented.  The differences in unwrapping behavior for each case can help 

clarify the strengths of the different methods.  This can be a valuable tool as the phase 

unwrapping algorithm provides a phase estimate of the measured surface.  Because phase 

unwrapping alters the original data, it is important to induce as few errors as possible 

through this process.  The goal within this work is to implement and identify the phase 

unwrapping algorithms that provide the most accurate phase estimates for biological 

datasets.  

The notation that will be used in this chapter is consistent with that of Ghiglia and 

Pritt’s work on two-dimensional phase unwrapping (Ghiglia and Pritt, 1998).  The 

wrapped phase will be denoted by the greek letter psi, ψ.  The phase will be denoted by 

using either φ or ϕ, where φ is the true phase of a measurement and ϕ is a phase estimate. 
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3.1. Phase Unwrapping  

For a perfectly coherent source, it is impossible to tell the difference between the 

interference pattern between two electric fields that are zero radians out of phase and 2π 

radians out of phase. The interference pattern looks identical.  The result of an 

interferometric measurement is the wrapped phase, only holding information about the 

principle values of the phase, ambiguous in phase by 2π radians.  The periodic nature of 

electric fields, and the inability to distinguish between phase differences that are a 

multiple of 2π radians are the reason why the phase must be “unwrapped”.   

The true phase of a signal, φ, is always mapped onto the range -π<ψ≤ π radians 

when measured using interferometry.  The phase correlates to the real quantity of optical 

path differences which can be linked to surface height deviations or optical thickness 

differences.  The purpose of phase unwrapping is to make an estimate of the true phase 

(ϕ) and therefore have an estimate of the real physical properties of the surface under test.   

In an interferometric measurement, four interferograms are captured and the 

wrapped phase can be calculated using Eq. 2.20.  The wrapped phase difference is 

bounded on the same range as the arctangent function, -π<ψ≤ π radians.  This is the 

mathematical reasoning behind why the phase has to be unwrapped; the effects of the 

arctangent function have to be “undone” which is achieved in the unwrapping process.   

The arctangent (ATAN2) function can be thought of as a nonlinear wrapping 

operator, W, which forces all phase values to be between –π and π radians through the 

operation: 

 m�
� = x�
� + 2.4�
) = yzx�
){ 3.1 
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where k(t) is an integer function that forces the true phase, φ, to be in the range -π<ψ≤ π 

radians.  The unwrapping process can be thought of as the inverse operation of the 

wrapping operator.  Choices must be made about the appropriate value of k, such that the 

phase estimate is as accurate as possible. 

3.2. Historical background of phase unwrapping  

Phase unwrapping techniques have been adapted to many different applications 

and measurement modalities.  Interferometry is the field of importance for this work, 

however SAR, Fourier Transform Profilometry and Magnetic Resonance Imaging (MRI) 

also require phase unwrapping to convert raw measurements into useful data.  Two-

dimensional phase unwrapping techniques are necessary to convert SAR images into 

useful topographical data of the earth (Goldstein, et al., 1988; Zebker and Goldstein, 

1986).  There have been many reviews on the general subject of phase unwrapping 

(Ghiglia and Pritt, 1998; D. Malacara, 2007) as well as analysis of how well unwrapping 

algorithms work on datasets for particular applications such as InSAR (Zebker and Lu, 

1998) and Fourier Transform Profilometry (Zappa and Busca, 2008).  Two-dimensional 

phase unwrapping is a mature field with immense amounts of literature on the subject.  It 

is useful to discuss not only the phase unwrapping methods, but also the application in 

which they were developed as well as any susceptibilities they may have.  General 

unwrapping performance will be discussed throughout the chapter as it relates to 

unwrapping biological phase measurements.    

Several dozen algorithms exist for two-dimensional phase unwrapping.  They can 

generally be divided into three main categories: flood-fill, path-following and cost-
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minimization algorithms.  Flood-fill algorithms are the simplest variety, starting at a pixel 

location and continually unwrapping nearest neighbors.  Path-following algorithms define 

the order in which pixels are unwrapped using various metrics or define boundaries that 

cannot be crossed during the unwrapping process.  In the case of Goldstein’s algorithm, 

branch cuts or lines of discontinuity will be defined such that when unwrapping occurs, 

the nearest neighbors that can be unwrapped will be a limited set (Goldstein, et al., 1988).  

Some other path-following algorithms include quality guided path-following algorithms 

(Ghiglia and Pritt, 1998), and Flynn’s minimum discontinuity approach (T. J. Flynn, 

1997).  Cost-minimizing algorithms, or minimum-norm methods attempt to solve for the 

unwrapped phase such that the unwrapped slopes most closely match the measured 

slopes.  These are in general much more computationally expensive (approximately 80X 

slower) than path-following methods (Ghiglia and Pritt, 1998).  Using least-squares 

methods for phase unwrapping was first suggested in 1994 (Pritt and Shipman, 1994) and 

was later generalized to the Lp -norm solutions (Ghiglia and Romero, 1994).  Several of 

these algorithms will be discussed in further detail in the following sections.  In order to 

understand two-dimensional phase unwrapping, it is easiest to start in one-dimensional 

space.   

3.3. One-dimensional phase unwrapping via Itoh’s Method 

In an effort to explain the fundamentals of phase unwrapping as well as show 

sources of error within phase unwrapping, it is easiest to start with a one-dimensional 

case of phase unwrapping.   This example highlights the effects of under-sampling and its 

effect on measured slopes.  Itoh’s method of one-dimensional phase unwrapping will be 
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introduced as a way to recover the unwrapped phase.  This example comes from the 

classical text on two-dimensional phase unwrapping by Ghiglia and Pritt (Ghiglia and 

Pritt, 1998).  

Suppose there is a signal with phase, 

 x�
� = 10 sin�10
), 0 ≤ t ≤ 1. 3.2 

The sampling interval can be defined as Δ
 = 1/o, where N is the number of samples 

made across the time interval defined in Eq. 3.2. In accordance with sampling theory, and 

in the words of Shannon, “If a function f(t) contains no frequencies higher than B cps 

(Hz), it is completely determined by giving its ordinates at a series of points spaced 1/2B 

seconds apart” (Shannon, 1949).   

For phase measurements, sampling theory implies that the maximum absolute 

phase gradient that can be measured and unwrapped accurately is π radians.  It is useful 

to know how many sampling points are necessary such that no aliasing occurs.  The local 

gradient of Eq. 3.2 between two pixels can be calculated as: 

 Δx = xΔ
 3.3 

where x = ~x/~
.  The requirement that no phase gradient greater than π must be 

imposed can be written mathematically as: 

 |Δx| < ., 3.4 

which implies 

 �(��
� cos�10
)� < .. 3.5 

Solving for N yields the result that  
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 o � (��
" � 31.83. 3.6 

Since N must be an integer, if the signal is sampled with 32 points or more, the signal can 

be fully recovered.  If the signal is sampled 31 times or less, the phase cannot be 

accurately recovered.  For this example, Figure 3.1 shows the original phase as described 

in Eq. 3.2, the wrapped phase, and the sampled wrapped phase for N=32 (above Nyquist 

sampling frequency) and N=31 (below Nyquist) sampling points.   

 
Figure 3.1: Known phase, wrapped phase, and sampled wrapped phase of a sinusoidal 

signal. 

 The next step in the process of phase recovery is unwrapping.  In the one-

dimensional case, Itoh’s method will uniquely solve the problem (Itoh, 1982).  Itoh 

realized that the one-dimensional phase unwrapping problem consisting of solely of 

wrapping and integrating operations.  For the equations shown below, there are data 

points located from n=0 to n=N.  The wrapping operator, W, was previously defined 
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in Eq. 3.1 and maps all values to the interval -π<ψ≤ π radians.  The difference operator, 

Δ, acts on functions φ and k, as shown below in Eq. 3.7 and calculates the local slope 

between adjacent data points.  

 Δzx���{ = φ�� + 1) − φ��)  

 Δz4��){ = 4�� + 1) − 4��),     n=0,1,2,…N-2 3.7 

The difference of wrapped phases can be computed by combining Eqs. 3.1 and 3.7: 

 ΔzWaφ�n)c{ = Δaφ��)c + 2.a4(��)c 3.8 

The wrapping operator can once again be applied to the above result to obtain the 

equation for the wrapped differences of wrapped phases: 

 y�Δzyaφ��)c{) = yzΔam��)c{ = Δaφ��)c + 2.zΔa4(��)c + 4!��){ 3.9 

The wrapping operator constrains Δaφ��)c to the interval -π<ψ≤ π radians, which implies 

the second term in Eq. 3.9 equals zero.  This equation can be manipulated to give the 

result: 

 φ�7) = φ�0) + ∑ y�Δzyaφ��)c{)LW(
P�� . 3.10 

The result that Itoh found was that phase can be recovered by integrating the 

wrapped differences of the wrapped phases.  In the one dimensional case, the solution, φ, 

is the true phase if Δaφ��)c lies in the interval -π<ψ≤ π radians, and is otherwise an 

unwrapped estimate, %.   
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Itoh’s method can also be written as pseudocode.  For a dataset consisting of N 

points: 

• Compute the wrapped phase differences, Δ��� = yam�� + 1) − m��)c 

• Initialize the first unwrapped value, %�0) = m�0) 

• Unwrap by summing the wrapped phase differences, %��) = %�� − 1) +

Δ�� − 1), �C� � = 1, … , o − 1 

For the sinusoid example, there are two different sampling intervals, N=32 (above 

Nyquist frequency) and N=31 (below Nyquist).  When N equals 31 samples, the 

maximum slope between two adjacent data points is 3.2 radians/second, whereas when 

N=32, the maximum slope is 3.1 radians/second.  Therefore, when the phase is 

unwrapped, it is expected that the N=31 case will not be able to accurately recover the 

measured phase since the maximum slope is greater than ..  Therefore it is a phase 

estimate (ϕ), not the true phase (φ).  The one-dimensional phase unwrapped via Itoh’s 

method is shown below in Figure 3.2.  Notice the unwrapping errors for the N=31 

sampled version has errors relative to the accurate reconstruction of the N=32 sampled 

points.   
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Figure 3.2: One-dimensional unwrapped phase via Itoh’s method.  The original phase is 

shown in black.  The unwrapped phase for a sampled measurement containing N=32 
measurements is denoted with blue triangles.  The unwrapped phase for a sampled 

measurement containing N=31 data points is denoted by magenta circles.   

The term “unwrapping errors” will be used loosely to reference any case where 

the phase is not unwrapped accurately if the true phase is known, or for real datasets with 

no known true phase, when there appears to be incorrect phase estimates due to 2π radian 

phase jumps in the unwrapped phase estimate.  When the true phase is known, then an 

absolute statement can be made about the accuracy of the unwrapping.  Otherwise, it is 

the user’s opinion based on field knowledge that indicates an unwrapping problem.  It is 

illustrative to look at Figure 3.2 and consider where the unwrapping errors occur. It 

should be clear to the reader that the unwrapping errors are occurring in the same 

locations as the regions of maximum absolute slope.  This verifies Itoh’s statement of the 

solution, φ, being the true phase if Δaφ���c lies in the interval -π<ψ≤ π radians, and is 

otherwise an unwrapped estimate (and not necessarily a very accurate one), %.   
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3.4. Residues and Charge 

In interferometry, there are multiple sources of error that can negatively impact 

the captured interferograms and their interpretation into unwrapped phase: noise, low 

modulation, object discontinuities, and violation of sampling theorem as shown in the last 

example (Andrae, et al., 1991).  For other applications such as InSAR and MRI, 

modulation of the captured interferograms is not a relevant calculation.  In these 

applications, other methods must be used to determine the quality of the interference 

measurement.   

Sources of error often result in the presence of residues in the wrapped phase 

data.  The ability to calculate the locations of residues provides useful information that 

can help determine better unwrapping paths within a dataset.  The residue is often 

assigned a charge value, either positive or negative, based on the sum of the wrapped 

phase differences around any four pixels.  This will be described fully using Eq. 3.17.  

Before the practical notions of detecting the presence of residues are described, a brief 

review of path independence and connecting those concepts to phase unwrapping will be 

presented to better understand the importance of residues. 

The mathematical equivalent to Itoh’s method, “the phase can be unwrapped by 

integrating the wrapped differences of the wrapped phases,” (Ghiglia and Pritt, 1998) is 

embodied in the equation:  

 x�)� = � ∇x ∙ �) + x�)�)s  3.11 
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where C is any path in the domain D that connects the points ) and )�, and ∇x is the 

gradient of x.  In general, this equation can be classified as a more general line integral, 

 < = � ���� ∙ �)s . 3.12 

The result, I, depends on the endpoints of the curve, C, and on all the points along 

C.  When this is brought into the context of phase unwrapping, the desired outcome is to 

have the unwrapped phase be independent of any start and end points.  This is commonly 

referred to as path independence.  It is instructive to look at the case when Eq. 3.12 is 

path independent.  There are four conditions that summarize the condition of path 

independence, but only one that is traditionally used as a test in two-dimensional arrays.  

That condition is that the integral around every closed path is zero, or mathematically,  

 ∮ ���) ∙ �) = 0. 3.13 

Two-dimensional arrays can be tested to find any points that violate this 

condition.  Violators of this condition are referred to as residues or points of 

discontinuity, and may be referred to as having a positive or negative charge.  Some 

phase unwrapping implementations strive to “balance” the charges by connecting a 

positive and negative residue with branch cuts.  This will be described in more detail in 

Section 3.5.2 when discussing Goldstein’s Branch Cut Algorithm.  

The first step in testing path independence in a two-dimensional array is being 

able to calculate wrapped phase differences.  Since all two dimensional phase 

unwrapping algorithms center around integrating the wrapped phase differences across an 

array, this is a formula that must be easily implemented.  For an M by N array, M 
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columns, N rows, the general two-dimensional phase unwrapping problem can be 

described mathematically, where mO,� is the calculated wrapped phase, as 

 mO,� = %O,� + 2.4,    k is an integer 

 −. < mO,� ≤ ., � = 0, … , � − 1, � = 0, … , o − 1. 3.14 

The wrapped phase differences in both the x and y directions can be described as: 

ΔO,�
� = y^mOZ(,� − mO,�d, � = 0, … , � − 2, � = 0, … , o − 1 

 ΔO,�
� = 0 C
ℎ����D� 3.15 

and  

ΔO,�
 = y^mO,�Z( − mO,�d, � = 0, … , � − 1, � = 0, … , o − 2 

 ΔO,�
 = 0 C
ℎ����D�. 3.16 

Notice that the right most column (x) and the bottom row (x) will always be zero based 

on the above definitions.   

Checking the integral through closed paths in an array is simple but very useful 

since it indicates the points of discontinuity in a dataset.  It is straightforward to calculate 

the closed path integral from the wrapped phase differences.  Take the example dataset 

shown in the below figure: 
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Figure 3.3: Example dataset to show presence of residues 

The sum of wrapped phase differences around any four adjacent pixels can be 

calculated as: 

 � = ∑ �X
!�

�
O�(  3.17 

where the Δ’s are defined as: 

Δ( � yzm�7, � � 1� � m�7, ��{ 

Δ! � yzm�7 � 1, � � 1� � m�7, � � 1�{ 

Δl � yzm�7 � 1, �� � m�7 � 1, � � 1�{ 

 Δ� � yzm�7, �� � m�7 � 1, ��{. 3.18 

For the example shown in Figure 3.3, Δ( � �1.2, Δ! � �0.7, Δl � �2.6, and Δ� �

�0.7.  The pixels involved in the calculation of the Δ’s are shown graphically in the 

Figure 3.4. 
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Figure 3.4: Computation of residues, example 1 

The charge, q, can now be calculated and is found to be zero.  That implies there is not a 

residue between these four pixels.  Now consider four pixels shifted to the right by one 

column.  Repeating the calculation, the Δ’s are, Δ( � �2.6, Δ! � �1.2, Δl � �2.88, and 

Δ� � 0.4.   

 
Figure 3.5: Computation of residues, example 2 

When the charge is calculated for the closed loop defined in Figure 3.5, it is found 

to be -1.0.  There is a negative charge in this location.  The convention for most 

algorithms utilizing residues’ locations is to place a flag at the top left corner pixel of the 

four pixels that define the residue.   
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The mathematical basis for residues has been established but it is useful to see 

what residues look like in real datasets.  Discontinuities tend to be visible to the eye as is 

the case in Figure 3.6.   

 
Figure 3.6: Phase, � = �(r), -� to � 

 The sharp change from black to white in the figure corresponds to an interference fringe 

which seems to disappear.  Figure 3.7 shows the wrapped slopes in both the x- and y-

directions.   

 
Figure 3.7: Dx and Dy, wrapped phase differences of above figure 
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A residue map is shown in Figure 3.8.   

 
Figure 3.8: Residue map for Figure 3.6, white = +1 charge, black = 0 or no charge, residue is 

placed at top left corner of four pixels which define the residue. 

This provides confirmation that fringes appearing and disappearing from nowhere 

correspond with the presence of residues.   

3.5. Two dimensional phase unwrapping 

With an understanding of one-dimensional phase unwrapping and residues, 

several two-dimensional phase unwrapping algorithms can be generally discussed.  For 

this work, only non-iterative algorithms will be discussed.  The intention is that any 

suitable two-dimensional phase unwrapping algorithm will be implemented using 

pipeline processing for real-time (15 fps) phase unwrapping.  Iterative solutions tend to 

be too computationally intensive for this kind of implementation.  The goal in examining 

many existing two-dimensional phase unwrapping algorithms is to become familiar with 

their theory of operation and to understand which methods are best suited for the 

biological applications discussed in this work.    
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3.5.1. Itoh’s two-dimensional method, a.k.a. Raster Unwrapping 

A very brief introduction into two-dimensional phase unwrapping via Itoh’s 

method is instructive in understanding the calamitous effects residues can have upon 

retrieving phase estimates of real datasets.  The one-dimensional version of Itoh’s method 

unwraps along a single row or column.  To extend Itoh’s method into two dimensions, 

the first column is unwrapped as a one-dimensional array.  Then each row is unwrapped 

as a one-dimensional array using the initial unwrapped value of the first column as its 

starting point.  Itoh’s method is often termed Raster unwrapping because the path taken is 

very similar to a raster scan.  This is shown diagrammatically in Figure 3.9.   

 
Figure 3.9: Computation of Itoh’s method shown visually, (left) unwrap the first column, 

(center) unwrap each row using the first column pixel as the starting value, (right) continue 
unwrapping through the bottom row of the data. 

Itoh’s method can also be used in a flood-fill sense.  Generally, flood fill methods 

choose a constant starting position, such as the center of the array.  The nearest neighbors 

are unwrapped and slowly the unwrapped region grows from the center of the array out to 

the corners.  This is shown visually in Figure 3.10.   
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Figure 3.10: Example of flood fill algorithm operation.  (A) The center pixel is marked as 
unwrapped.  (B) The nearest neighbors are unwrapped until (C) all the pixels in the array 

have been unwrapped. 

It is common for algorithms to use a flood fill approach, unwrapping towards 

nearest neighbors after some initial criteria for unwrapping has been set.  This will be 

seen with Goldstein’s branch cut algorithm.  

One might simplistically ask: can Itoh’s method be used to accurately unwrap any 

array?  The answer is no for most real measurements.  The presence of residues indicates 

that the path an unwrapping algorithm takes matters and therefore cannot be so simplistic.  

By ignoring residues and unwrapping via Itoh’s method, the typical result is the 

generation of 2π jumps throughout the data.  The errors due to the presence of residues 

propagate using this method.  There is a characteristic look of data unwrapped with Itoh’s 

method used in a raster sense.  Striping, corresponding to lines of data that are 2π radians 

different than neighboring pixels, stand out in the unwrapped phase maps.  This can be 

seen in the case of rat cardiac myocyte cells shown in Figure 3.11.   
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Figure 3.11: Cardiac myocytes A) Wrapped Phase, B) Residues and C) Unwrapped phase 

computed using Itoh’s method 

There are two residues, one positive and one negative, which cause some lines of 

the unwrapped phase to have jumps relative to the rest of the data.  Raster unwrapping is 

generally too simplistic a method to effectively deal with residues in real measurements.  

This is the primary reason why so many alternative phase unwrapping methods have been 

developed.  Researchers are always searching for more robust methods to unwrap their 

data with respect to the residues or error sources present.   

3.5.2. Goldstein’s Branch Cut Algorithm 

When Figure 3.11C is further scrutinized, the suggestion might be made to 

connect the residues and not allow the unwrapping algorithm to cross the line that 

connects the residues.  This idea forms the basis for Goldstein’s branch cut algorithm.  It 

is also the first formal discussion of path-following algorithms in this work.  In general, 

path-following algorithms have conditions are placed on the path that the unwrapping 

algorithm must follow.  The conditions may be dependent on residue locations or quality 

value between pixels. 

Goldstein’s Algorithm was first proposed in 1988 for use with unwrapping InSAR 

images (Goldstein, et al., 1988).  The operation of this algorithm is generally as follows: 
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1) residues are located, 2) positive and negative charges are connected by branch cuts or 

to nearby edges to “balance” the charge, and 3) the phase is unwrapped without crossing 

any branch cut lines. 

Goldstein’s branch cut algorithm is used to unwrap the myocyte data and is 

shown in Figure 3.12.  Notice that the region where the branch cut is placed in Figure 

3.12C is obvious in the unwrapped image.  Pixels on the left side of the branch cut are 

associated with the background, whereas pixels on the right side of the branch cut appear 

to belong to the cell cluster.  It is impossible to know the “correct” unwrapped values of 

this section of the image.  It is likely that the region was corrupted by noise or the 

gradients were too steep in this region to be sampled accurately by the interferometer.  

Because this is a real dataset, it is ambiguous.   

 
Figure 3.12: Goldstein’s unwrapping algorithm applied to cardiac myocytes.  (A) shows the 
wrapped phase, (B) residue map, (C) branch cuts generated and (D) the unwrapped phase 

integrating around the branch cut. 

Data that has been unwrapped by creating and unwrapping around branch cuts can 

have a characteristic sectioning appearance as can be seen by scrutinizing the region of 

the branch cut.  The straight lines created by the branch cut often do not mimic the 

contours seen in biological specimens.  When the unwrapped phase from this unwrapping 

method is compared to others, the sectioning appearance appears more pronounced.   
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3.5.3. Quality-guided path-following Methods 

There is a large class of unwrapping algorithms considered to be quality-guided 

path-following (QUAL) methods.  The unwrapping path is chosen based on a calculated 

quality metric of the dataset.  In general, path following algorithms can operate in a 

flood-fill sense or they can section and tile the data, as will be discussed in Section 3.5.4.   

One very general, and surprisingly robust method for phase unwrapping is to 

unwrap the pixels based on a quality metric.  Starting at a point in the array, the four 

neighboring pixels are examined.  The pixel of the highest quality is determined and 

unwrapped.  The other pixels that are not unwrapped are added to a list where the highest 

quality pixel is always extracted from that list and unwrapped, then its neighbors are 

added to the list.  The unwrapping algorithm continues in this way until all pixels are 

unwrapped.  It is, in a sense, a smart flood fill method.  The quality metrics most 

commonly found in the literature are local slope, modulation (based on interference 

quality), and correlation coefficients (for InSAR data).  

The myocyte dataset can be unwrapped using a quality-guided path-following 

method.  Figure 3.13 shows this algorithm using (A) local slope as the quality metric and 

(B) modulation as the quality metric.  Notice the area around the residues is handled 

differently for both of these quality metrics.   
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Figure 3.13: Quality guided path following unwrapping with (A) slope and (B) modulation 

used as the quality metric 

From now on, QUAL methods using modulation as a quality metric are referred 

to as QUAL-M.  QUAL methods can also use local slope magnitude as a quality metric 

and will be referred to as QUAL-S methods.  

3.5.4. Quality-guided Sectioning via Herraez’s algorithm 

Quality-guided sectioning or tiling methods are similar to QUAL methods.  The 

major difference is that pixels are unwrapped independently according to their quality 

metric whether or not they already have an unwrapped neighbor.  Groups are joined when 

a mutual edge pixel between two groups is encountered.  There are several different 

implementations of this method presented in the literature (Herraez, et al., 2002; Hock, et 

al., 1995; Xu and Ai, 1993).     

One path-following tiling method, presented by Herraez, et al, was converted into 

executable code and its implementation is depicted in Figure 3.14.  A quality map is first 

calculated for the dataset.  A list is made of the pixels and their relative quality, which is 

then sorted.  The highest quality pixel (1, in the figure) is unwrapped, then the next 

highest quality (2).  These pixels are not necessarily neighbors, so there are multiple 
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individual regions that are being unwrapped independently of one another.  This is shown 

by having the regions color-coded.  In the algorithm implementation, they are typically 

given a group number.  When a pixel that borders two different regions is unwrapped, the 

larger region engulfs the smaller region by adjusting all of the smaller region’s values by 

an integer multiple of 2π such that the two regions’ phase differences are minimized 

across the boundary.   

 
Figure 3.14: Visual description of Herraez unwrapping algorithm.   

This algorithm can be compared to Goldstein’s Branch Cut method and a side-by-

side comparison of both algorithms unwrapping myocyte data is shown in Figure 3.15.   
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Figure 3.15: Myocytes unwrapped with A) Herraez algorithm and B) Goldstein’s Branch 
Cut methods with line profiles along the row marked shown below.  Notice the differences 

in the unwrapping in the region where the branch cut occurs in Goldstein’s method.   

When the two unwrapped myocyte images are compared, it is evident that the placement 

of the branch cut in Goldstein’s algorithm may not be ideal for this dataset.  It appears to 

create more of a discontinuity than the Herraez method when comparing the line profiles 

shown above.  The branch cut is situated such that its total length is minimized.  When 

the unwrapped image from the Herraez algorithm is analyzed, the cells’ edges and the 

background define a curve, whereas with Goldstein’s algorithm, the cells’ edge and the 

background define a line which is dictated by the branch cut. This alludes to the fact that 

Goldstein’s algorithm is likely a poor choice for unwrapping biological datasets.   

3.5.5. General Minimum L p-norm unwrapping methods & Unweighted least 

squares 

Global phase unwrapping methods are also an important class of algorithms to 

discuss.  The basic premise of a global method is that the entire two- or three-dimensional 

dataset is mathematically considered at the same time.  One concrete example of this is 
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unwrapping according to an unweighted least squares method.  The goal in general Lp-

norm methods of phase unwrapping is to find the unwrapped phase whose local 

derivatives most closely match the measured derivatives of the wrapped phase (Ghiglia 

and Pritt, 1998).  

Mathematically, the goal is to minimize J in Eq. 3.19: 

 J = ϵ£ = ∑ ∑ ¤ϕ¥Z(,¦ − ϕ¥,¦ − Δ¥,¦
� ¤£§W(

¦��
¨W!
¥�� + ∑ ∑ �ϕ¥,¦Z( − ϕ¥,¦ − Δ¥,¦

� �
£§W!

¦��
¨W(
¥��  3.19 

where ϕ is the estimated unwrapped phase and Δ¥,¦
�  and Δ¥,¦

�  are the wrapped phase 

differences.  These are defined over the entire dataset of a M x N grid.  It can be shown 

that this equation can be generalized to another, whose solution solves the minimum Lp-

norm problem. 

©%OZ(,� − %O,� − bO,�
� ª«��, �� + ©%O,�Z( − %O,� − bO,�

 ª¬��, �� − 

 ©%O,� − %OW(,� − bOW(,�
� ª«�� − 1, �) − ©%O,� − %O,�W( − bO,�W(

 ª¬��, � − 1) = 0  

 Where «��, �) = ¤%OZ(,� − %O,� − ΔO,�
! ¤W! �� � = 0, … , � − 2, � = 0, … , o − 1 

 «��, �) = 0 C
ℎ����D�, 

 ¬��, �) = ¤%O,�Z( − %O,� − ΔO,�
 ¤W! �� � = 0, … , � − 1, � = 0, … , o − 2, 

 ¬��, �) = 0 C
ℎ����D�. 3.20  

One way to examine the general Lp-norm problem is to look at a specific case, 

p=2, which is known as the least squares solution.  This was adapted to phase 

unwrapping from its first implementations in wavefront reconstruction (Fried, 1977; 

Hudgin, 1977).  If this situation is considered and U=1 (or 0 on boundaries), V=1 (or 0 on 

boundaries), the discrete version of Poisson’s equation is shown below:  
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 �∇!%�O� = (
��u ©%OZ(,� + %OW(,� + %O,�Z( + %O,�W( − 4%O�ª = ®O�  3.21 

where 

  ®O� = ©ΔO,�
� − ΔOW(,�

� ª + ¯Δ¥,¦
 − ΔO,�W(

 °. 3.22 

Classical methods of solving discrete Poisson’s equation include Gauss-Seidel relaxation 

methods, but it can also be solved using Fourier or Cosine transforms as well as with 

multi-grid methods (Ghiglia and Romero, 1994; Pritt and Shipman, 1994). 

The mathematical details behind solving Poisson’s equation via direct cosine 

transforms (DCT) is well documented in the literature (Pritt and Shipman, 1994).  It can 

be shown that the unwrapped phase, %, can be retrieved by taking the inverse cosine 

transform of %±O,�, seen in Eq. 3.23. 

 %±O,� = ²³X,´
! µ¶·¯¸X

¹°Z! µ¶·¯¸´
º °W�

 3.23 

It is important to note that the result is not congruent with the input wrapped 

phase if residues are present.  This means that if the result is re-wrapped, the original 

wrapped phase is not equal to the re-wrapped result.  Steps must be taken to ensure 

congruency to result in an accurate solution.  The simplest mathematical way of doing so 

is by calculating the congruent unwrapped phase, %»�\, ]�, as:  

 %»�\, ]� = %�\, ]� + yam�\, ]� − %�\, ]�c,  

where m is the wrapped phase, and y is the wrapping operator.  The myocyte dataset can 

be unwrapped using unweighted least squares methods and the result is shown below in 

Figure 3.16. 
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Figure 3.16: Myocyte dataset unwrapped using unweighted least squares phase unwrapping 

method 

Notice the area that looks unrealistic is located in the vicinity of the residues.  It 

starts to become obvious why there are so many different unwrapping routines in the 

literature based on how differently each unwrapping algorithm treats the regions 

surrounding residues.  Different behavior is more or less ideal for the application whose 

data needs unwrapping.     

3.6. Summary of unwrapping methods 

The unwrapping algorithms discussed in this chapter developed out of specific 

needs that were application driven.  None of the algorithms discussed were originally 

intended to unwrap the phase of biological specimens.  It is useful to compare the 

unwrapping behavior on a real biological dataset in the presence of residues and noise to 

determine how well these algorithms operate on datasets they were not necessarily 

designed for.  This has been done throughout the algorithm descriptions in this chapter.  

It can add additional insight into the algorithms’ effectiveness by qualitatively comparing 

the unwrapped results of the myocyte data for each algorithm.  The unwrapped phase 

results are compared side-by-side for each algorithm described in this chapter as is shown 

in Figure 3.17.   
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Figure 3.17:  Myocyte dataset unwrapped with different unwrapping algorithms discussed 

in Chapter 3.   

The unwrapping behavior differs between algorithms in the regions surrounding the 

residues.  As a reminder, the residue map is shown in Figure 3.18.   

 
Figure 3.18:  Residue map of myocyte dataset. 

The methods that appear to unwrap the myocyte data the most accurately are the 

QUAL-M and Herraez methods.  The Raster unwrapping causes undesirable striping.  

Goldstein’s method creates straight branch cuts which do not follow the natural contours 

of the structures within the biological specimen.  The unweighted least squares treats the 

region around the residues very different from all other cases.  It creates a curved contour 

that effectively joins the residues, however the end result is highly unphysical for this 

dataset.  The behavior of the different unwrapping methods is summarized in Table 3.1.   
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Table 3.1: Comaprison of Unwrapping Algorithm performance 
Unwrapping 
Algorithm 

Application 
algorithm was 
Developed for or is 
most relevant 

Pros Cons 

Raster General surfaces, 
Continuous 
surfaces with 
limited noise 

Fast Striping occurs due 
to the presence of 
residues 

Goldstein’s Branch 
Cut 

SAR 
measurements, 
Discontinuous 
surfaces 

After branch cuts 
are made, 
unwrapping is very 
fast 

Straight branch cuts 
between residues 
are not appropriate 
for biological 
datasets 

QUAL Fourier fringe 
analysis,  
Phase-shifting 
Interferometry, 
continuous and 
non-continuous 
surfaces 

Uses quality cues 
within the dataset 
to guide the 
unwrapping 

The unwrapped 
phase is only as 
good as the quality 
map used 

Herraez/Quality-
guided sectioning 

SAR, Phase-
shifting 
interferometry, both 
continuous and 
non-continuous 
surfaces 

Fast, no long lists 
to sort 

Groups are 
combined based on 
lower quality 
boundary pixels 
where it’s easier to 
make the wrong 
choice about 
unwrapping 

Unweighted Least 
Squares 

Wavefront 
reconstruction, 
continuous surfaces 
with no residues 

Robust for some 
cases, smooth 
continuous surfaces 

Assumes smooth 
surface, treats 
residues as bubbles 

 

The myocyte data that is most accurately unwrapped is calculated using the 

QUAL-M and Herraez Quality-guided sectioning methods.  These were both originally 

written with the intention to have applications in interferometry where quality factors 

such as modulation are important.  They are good at limiting error propagation due to 
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residues even though they do not explicitly calculate the locations of the residues.  Both 

techniques are able to accomplish this by placing low unwrapping priority on pixels of 

poor quality.  By treating these low quality pixels last, their potential to propagate errors 

via their lower quality neighbors is limited.   

Much can be learned by comparing the general phase unwrapping differences 

between algorithms on one biological dataset as this section has shown, however this is 

not a complete treatment as it is highly qualitative.  There have been some suggestions on 

how to quantitatively examine the performance of phase unwrapping algorithms.  The 

following chapter will be devoted to comparing phase unwrapping algorithms’ 

performance using well-documented methods.  Additionally, some novel analysis 

methods to test unwrapped phase accuracy will be introduced. 
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4. COMPARISON OF TWO-DIMENSIONAL PHASE UNWRAPPING 

ALGORITHM PERFORMANCE 

The quantitative phase microscope has acquired four phase-shifted interferograms 

and now the measured surface data can be estimated by unwrapping it using one of the 

phase unwrapping methods presented in Chapter 3.  As was discussed in Chapter 1, 

analysis methods for the QPM need to consistently treat individual frames of data within 

a measurement stream.  However, how does one go about choosing which unwrapping 

algorithm is most likely to accurately treat the broad range of biological organisms that 

may be measured using the QPM?  At the end of the previous chapter, the qualitative 

comparison between algorithm performances on one dataset gives a hint as to which 

algorithms may be best suited for biological datasets, however it is not definitive.  This 

chapter will quantitatively explore the algorithms’ performance using several different 

metrics and determine which algorithm is best suited for this work.  This will be achieved 

using several different analysis techniques.  There have been phase unwrapping 

performance comparison metrics previously presented in the literature and several of 

those will be implemented and their results shared.  In addition, a new method will be 

described that uses continuity of derivatives to determine, between two comparison 

datasets unwrapped using different methods, which has superior phase unwrapping.   

The inherent limit of this analysis is the inability to predict the wide variety of 

datasets that the phase unwrapping algorithms will be required to handle.  It is for this 

reason that there are many different methods of comparison presented.  The intention is 

to find consensus among the different analysis methods to select the superior phase 
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unwrapping algorithm.  The intention is to identify the unwrapping algorithm that 

provides the most robust performance and will serve to introduce the fewest unwrapping 

errors and vulnerabilities to noise during image processing.   

4.1. Gradient of First Failure Tests 

An initial attempt was made at evaluating unwrapping algorithms’ performance 

independent of experimental measurements by finding the Gradient of First Failure 

(GOFF).  The performance of different unwrapping algorithms can be compared by 

generating a synthetic parabolic dataset and calculating the slope at which the algorithm 

fails as a function of the signal to noise ratio (Ettl and Creath, 1996).  This test was 

intended to test unwrapping methods applied to interferometric measurements such as 

phase stepping and Fourier analysis of carrier fringes.  The synthetic datasets are injected 

with noise that approximates shot noise, but includes no other realistic noise sources.  

Modulation data cannot be created for these artificial datasets that is independent of the 

introduced noise without making some assumption about the quality of data which would 

unduly influence the results of the test.  Despite these limitations, the GOFF test can be 

used as a first attempt to determine unwrapping algorithm performance for methods that 

do not rely on modulation data as a quality metric.  

4.1.1. GOFF Test Dataset Creation 

Following the guidelines of Ettl and Creath, two-dimensional 128X128 point 

parabolic datasets were created and used to generated interferograms and wrapped phase 
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maps with varying amounts of zero-mean Gaussian noise.  The original parabolic phase is 

shown in Figure 4.1.   

 
Figure 4.1: True Phase of parabolic dataset used for GOFF Test 

For each dataset, four phase-shifted interferograms of this phase map were 

created.  Zero-mean Gaussian noise was added to each phase-shifted interferogram to 

create datasets with signal-to-noise (SNR) ratios ranging from 0.65-5.2.  The wrapped 

phase was then calculated and saved for later analysis by different unwrapping 

algorithms.  Figure 4.2 shows the calculated wrapped phase for three different SNR 

levels.  As the noise increases, the presence of residues increases and the datasets become 

harder to unwrap accurately.  In reality, SNR needs to be greater than 2.5 for decent 

results.   

Each of the 50 datasets was unwrapped with each of the five unwrapping 

algorithms presented in Section 3.5.  The unwrapped datasets were then compared with 

the original true phase, and the slope at which inaccurate results started occurring was 

recorded.  One useful way of visualizing the breakdown of the unwrapping algorithm as a  
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Figure 4.2: Wrapped phase of parabolic datasets with noise for A) SNR = ∞, B) SNR = 1.3 

and C) SNR = 0.65. 

function of noise is to look at a line profile from each of the SNR levels as seen in Figure 

4.3.  As expected, as the SNR decreases, the slope at which the unwrapping algorithm 

starts to yield inaccurate results decreases.   

  
Figure 4.3: Unwrapped phase line profiles from each noise level for the QUAL-S 

unwrapping method. 

The GOFF results for all considered phase unwrapping algorithms can be seen compiled 

in Figure 4.4.   
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Figure 4.4: GOFF Results show that QUAL-S unwrapping algorithms tend to have the 

highest resilience to noise. 

The unwrapping method that was the most accurate at low SNRs was the QUAL-

S method both for minimum SNR as well as a value of 2.5 (common minimum 

acceptable value for real measurements).  It was able to unwrap to much greater slope 

values at high noise levels.  The tiling method performed very poorly in this test.  There 

are two main reasons why this result should be noted and questioned.  The first is the 

quality metric that was used for the tiling method.  In this case, it was a local slope 

calculation since modulation data is unavailable for artificial datasets.  The other is based 

on the philosophy of the unwrapping algorithm.  It is intended to partition the data into 

many sections.  It is not surprising in that case that this method breaks down at lower 

slope values than the other methods due to the partitioning of the data.  What is obvious 

from this test is that for continuous surfaces with potentially high noise levels, tiling 

methods are ill-suited.  An alternative to looking at the GOFF is to perform a test of 

absolute accuracy using the parabolic phase maps.  This will be explored in the next 

section.   
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4.2. Accuracy calculation with known phase 

The most obvious means of comparison between unwrapping algorithms and one 

of the most popular is to compare the absolute accuracy of the phase unwrapping results 

with the known phase being simulated or measured.  This is the method that prevails in 

the InSAR community.  This method considers the difference between the calculated and 

known phase.  The number of pixels that have the correct phase within 2π, 4π, and 

greater than 6π radians are generally presented in a table for a known dataset (Hooper and 

Zebker, 2007).  Absolute accuracy percentages can then be reported by only counting the 

pixels that are accurate within 2π radians.  This is most often used when characterizing 

performance of unwrapping algorithms for InSAR measurements because ground height 

data of known terrains can be compared to the unwrapped phase data.  If a known dataset 

is created and corrupted with noise, as was discussed in the GOFF method, that data can 

also be analyzed using an accuracy calculation.   

A good test of the reliability of the GOFF test is to see how the results compare 

with an accuracy calculation.  The results of both the accuracy calculation as well as the 

GOFF results are shown in Figure 4.5.  In general, the results from the GOFF test agree 

with the accuracy calculations, especially as the noise within the datasets increases.  Both 

tests identify the QUAL-S method as the most robust when considering measurements 

with zero-mean Gaussian noise.   
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Figure 4.5: (Left) Accuracy calculation of GOFF data showing the percentage of pixels 

calculated accurately within 2π radians of the parabolic phase. (Right) GOFF results.  The 
comparison methods show nearly the same result particularly as the SNR decreases.   

Although QUAL-S algorithms outperform the other unwrapping methods 

considered in this comparison, it is not a complete study.  Algorithms that use modulation 

data as the quality metric were not considered since a corresponding modulation map 

could not be created for the simulated GOFF test datasets.  As previously mentioned, the 

zero-mean Gaussian noise simulating shot noise is not a realistic noise model for real 

measurements.  Despite the unrealistic nature of the GOFF and accuracy tests, they are 

still useful tools in evaluating some aspects of unwrapping algorithm performance.   

The lack of realism in the GOFF and accuracy tests creates the need for an 

improved and more realistic test of phase unwrapping accuracy.  Objects, such as 

cylindrical or spherical mirrors can be measured and serve as test cases that can help 

settle the score of which unwrapping method is the most robust under real conditions.  

Cylindrical mirrors have been used to test phase unwrapping accuracy for Fourier 

Transform Profilometry applications but to the author’s knowledge, this has not been 

implemented for interferometric measurements (Zappa and Busca, 2008).  As previously 
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mentioned, phase unwrapping algorithms are normally written to process wrapped phase 

acquired from a particular instrument.  The instrument will have its own noise 

characteristics which will end up embedded within the measurement data.  This often 

causes residues and errors within the unwrapped phase that can be directly modeled.  In 

addition, using real phase measurements will allow comparisons to be made among 

unwrapping algorithms that rely upon quality metrics such as modulation.   

By considering alternative quality metrics, the intention is to say with certainty if 

there is an obvious advantage to using one quality metric over another for the case of 

quantitative phase microscopy.  There is a significant amount of literature that suggests 

that phase unwrapping methods that use modulation data as a quality metric can help 

improve the accuracy of the unwrapping (T. Flynn, 1996; Su and Chen, 2004).  

Implementing a test that allows the inclusion of additional quality metrics is helpful to 

better understand the benefits and limitations of each approach.  The GOFF and accuracy 

tests indicated that the QUAL algorithm out-performed all other algorithms considered.  

This is the algorithm that will be used to compare performance considering different 

quality metrics as the search for the best unwrapping method is explored.   

4.3. Cylindrical Mirror GOFF Tests 

To mimic the GOFF tests under more realistic circumstances, a cylindrical mirror 

was obtained and measured on the QPM 50 times using a 2X Michelson Objective with a 

2X FOV lens.  The QUAL algorithm was modified to be able to use quality metrics of 

either slope (QUAL-S) or modulation (QUAL-M).  Each of the 50 datasets was 
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unwrapped using both algorithms independently.  One image of the wrapped phase of the 

cylindrical mirror is shown in Figure 4.6.   

For both QUAL-S and QUAL-M methods, each row of data was analyzed to 

determine the maximum slope at which the algorithm ceased to unwrap the measurement 

accurately.  The two unwrapped images were compared to one another clearly showing 

the point at which the algorithms unwrapped solution starts disagreeing.   

 
Figure 4.6: The wrapped phase for one measurement of a cylindrical mirror. 

Figure 4.7 shows one half of a line profile through a cylindrical mirror measurement 

unwrapped using both quality metrics. 

Wrapped Phase of Cylindrical Mirror
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Figure 4.7: Line profile comparison of unwrapped phase of cylindrical mirror using QUAL-
M and QUAL-S unwrapping algorithms. For this measurement, the QUAL-M method has 

better accuracy. 

The QUAL-M unwrapping method outperformed the slope-based method 58% of 

the time while the QUAL-S method provided better results 12% of the time.  30% of the 

time, the slope breakdown difference between methods occurred within two pixels and 

was recorded as a tie.  As predicted in the literature, using modulation as a quality metric 

was more consistent and provided more accurate results than using slope data alone.  The 

results using other measurement techniques such as Fourier-transform profilometry 

agreed with the results shown in this work that quality-guided path-following algorithms 

are the most accurate method, as well as the fastest, to obtain the most accurate phase of 

the measured object (Zappa and Busca, 2008).   

Beyond a comparison of two-dimensional unwrapping algorithms, the cylindrical 

mirror measurements can also be used to demonstrate inherent limitations in the QPM 

system.  It is known that using a pixelated phase mask to make phase measurements 

inherently restricts the instrument transfer function and the ability to measure spatial 

frequencies (B. Kimbrough and Millerd, 2010).  This can be overcome by oversampling 
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at the detector to achieve performance more consistent with sampling theory (Creath, 

1991).  The cylindrical mirror can be used to help characterize the maximum slope value 

that can be reliably measured using this QPM as was shown in Figure 4.7.  Because of 

under-sampling occurring at the detector, the maximum slope that can be measured using 

this system is 1.12 radians.  This slope value can be tied to a modulation value since the 

modulation falls off with increasing slope.  Figure 4.8 shows that at a slope value of 1.12, 

the modulation is approximately 14%.  Therefore whenever modulation falls below this 

value, caution must be taken with the data since the retrieved phase may not be accurate 

with such low modulation quality.    

 
Figure 4.8:  Modulation as a function of local slope for cylindrical mirror measurements.  

The best fit line (magenta) can be calculated from the original data (blue) to show that at a 
local slope of 1.12 radians, the modulation is approximately 14%.  At slopes greater than 

1.12 radians or modulation values lower than 14%, it is likely that inaccurate phase 
estimates will result. 
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The ability to look at real objects such as the cylindrical mirror is a valuable 

means to compare phase unwrapping performance but it is still limited in scope when 

considering the complex nature of the biological datasets that are acquired using the 

QPM.  In typical QPM measurements, the SNR will widely vary across an image due to 

the biological features being measured.  Objects with varying slope in addition to varying 

thickness will affect the quality of the unwrapping in real measurements.  The rest of this 

chapter is devoted to exploring novel methods to compare phase unwrapping 

performance of biological datasets.  

4.4. Continuity of Derivatives to test real unwrapping algorithm performance 

The goal of this section is to introduce new quantitative methods to analyze 

unwrapping performance of real datasets.  In order to define new metrics, it is illustrative 

to begin by analyzing the qualitative differences between unwrapping methods.  This will 

serve to help identify what a quantitative analysis method should be identifying as 

improved unwrapping performance characteristics.   

4.4.1. Biological Datasets Unwrapping Comparison 

A large collection of datasets was acquired using the QPM and processed with 

both the QUAL-M and QUAL-S unwrapping methods.  Dozens of datasets were 

compared.  In many cases, both quality metrics converged on the same unwrapped phase 

result, as was also seen with the cylindrical mirror datasets.  In cases where the 

unwrapped phase was significantly different in large regions, a trained observer can 
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qualitatively determine which routine is the most successful.  Figure 4.9 shows the 

unwrapped phase of several objects.  

Qualitatively, a trained observer can determine which dataset is unwrapped more 

accurately.  In all cases shown above, the QUAL-M solution provides a noticeably better 

solution. This is partly due to the assumption, which is valid for these datasets, that the 

 
Figure 4.9: Unwrapped phase from QUAL-M and QUAL-S for, from left to right, a glass 

bead, a collection of glass beads, a paramecium, and a rotifer tail.  In all cases, modulation-
based unwrapping methods provided a better solution. 

object being measured is continuous.  Quantitative metrics to predict the accuracy of the 

unwrapped phase can utilize this concept of searching for regions that appear more 

continuous and are desirable to characterize the data without requiring user feedback 

which inherently introduces bias.  This idea will be explored in the following section.   

4.4.2. Continuity of Derivatives Test for Real Datasets 

When unwrapping the phase of measured object known to be continuous, the 

expected result is a continuous phase map.  Unwrapping errors due to the presence of 

noise or excessively large slopes cause 2π radian jumps that are seen as discontinuities.  

When comparing the differences between the unwrapped images in Figure 4.9, QUAL-M 
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unwrapping appears more accurate because of the presence of fewer discontinuities or 

phase jumps.  This is most easily seen in Figure 4.10 by looking at line profile through a 

region of the glass bead that is discontinuous.   

Despite the observation that both unwrapped phase results exhibit a phase jump 

on the left side of the profile, only the QUAL-S method also shows the discontinuity on 

the right side.  The QUAL-M algorithm results in a more realistic unwrapped phase of the 

spherical glass bead.  Being able to recognize these discontinuities is the key in being 

able to characterize accuracy.  The spherical glass bead data will be used for an 

exploration of phase map derivatives and how they vary for QUAL-M vs. QUAL-S 

unwrapping methods.  

 
Figure 4.10: Line profiles through the center of the glass bead unwrapped using either a 

modulation or slope-based path-following algorithm shows discontinuities.  The 
modulation-based unwrapping method provides a more accurate measurement of the small 

bead.   
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4.4.3. Examining unwrapped phase derivatives 

One potential starting point in evaluation of phase unwrapping accuracy is 

evaluating the number of slopes that are still present in the unwrapped phase map that 

exceed 2π radians.  This has been suggested for use in Fourier Transform Profilometry as 

well as Electronic Speckle Pattern Interferometry (Huang, et al., 2012; Parkhurst, et al., 

2011).  Intuitively, this would appear to be an effective method; however this method 

quickly breaks down and provides inconsistent results when looking at the real datasets 

studied in this work.  The deficiencies of this analysis method have never before been 

discussed in the literature.  An example where simply looking at first derivative data does 

not provide accurate results is shown in Figure 4.11.    

 
Figure 4.11: Comparison of the same glass bead unwrapped using QUAL-M and QUAL-S 

methods.  QUAL-M results in 49 points that have neighboring slopes greater than 2π 
whereas QUAL-S has 1 point with a slope greater than 2π.  QUAL-M is a more continuous 

unwrapped surface and is the more accurate estimate.   

The glass bead’s overall spherical shape is unwrapped more accurately using the 

QUAL-M method despite the large number of discontinuities seen along the top edge.  

Counting the number of neighboring pixels whose slope difference is greater than 2π 
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radians for the QUAL-M case yields 49 points whereas the QUAL-S method only results 

in one point.  This is partly due to the operation of the phase unwrapping algorithms.  The 

QUAL-S algorithm is by definition going to yield fewer large slope jumps since the 

unwrapping path follows that of minimum slope.  Analyzing several other datasets by 

counting 2π radian phase discontinuities also proved inconsistent when compared to a 

qualitative comparison done visually.  For general use, this method is not recommended 

for biological phase datasets.     

To further disprove the effective use of first derivatives, Figure 4.12 shows the 

derivatives of the glass bead for modulation and slope-based QUAL methods.  The 

magnitude of the slope along the x- and y-axis is displayed.  One disadvantage of using 

the first derivative maps exclusively is that the local slope information of the object is not 

easily differentiable from the unwrapped phase errors of 2π radians or greater.  The 

number of pixels affiliated with unwrapping errors is small with respect to the rest of the 

image.  For the case of the glass bead, 1.7% of the pixels have differences greater than 2π 

radians in the x-direction.  It is clear that first derivative maps alone do not provide 

enough information to be a reflection of measurement accuracy.  The information 

contained in the slope maps is not unique enough between unwrapping methods and does 

not emphasize information that is related predominantly to unwrapping error. 
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Figure 4.12: First, Second and Third Derivatives in x- and y- of the glass bead’s unwrapped 

phase acquired using QUAL-M and QUAL-S unwrapping algorithms.   

Second derivative maps provide information related to curvature changes.  The 

line profiles in Figure 4.10 have distinctive curvature changes when the phase goes 

through a 2π radian phase jump.  The second derivative phase maps are shown in the 

second row of Figure 4.12.  It is likely that these regions are being sampled below the 

Nyquist frequency and this becomes immediately evident when looking at the second 

derivative map.  Features that are sufficiently sampled should exhibit smooth second 

derivatives.  Borrowing from Sub-Nyquist Interferometry theory, if the surface being 

measured is continuous and sampled sufficiently, the second (and higher order) derivative 
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maps can also be assumed to be continuous (Greivenkamp, 1987).  For the case of the 

glass bead, there are obvious problem areas around the edges of the glass bead.  The 

second derivative maps of the QUAL-S unwrapping algorithm show discontinuities along 

nearly the entire perimeter of the bead.  The QUAL-M unwrapping algorithm does have a 

discontinuity along one edge which is also emphasized in the second derivative map but 

is less pronounced than the QUAL-S case.  Whether the discontinuities in the derivative 

maps are due to unwrapping errors or under-sampling, they can be used in either case to 

indicate unwrapping performance. 

The same differences between the QUAL-M and QUAL-S unwrapping 

algorithms can be seen in the third derivatives maps as shown in the third row of Figure 

4.12.  This is sometimes referred to as the Aberrancy, which “measures the asymmetry of 

a curve about its normal” (Schot, 1978) or the skewness, associated with the third 

moment in probability theory.  It quantifies the aspheric nature of the surface.  This can 

be used in the same way as the second derivatives, assuming continuity of the derivative 

maps as an indicator of superior phase unwrapping.  To the author’s knowledge, the 

second and third derivatives have never been used as a calculation aid in the 

characterization of unwrapped accuracy of real datasets.   

Considering either the second or third derivatives, the majority of points are 

centered about a mean value.  The outliers are points that are due to slope discontinuities 

connected with poor phase unwrapping.  If the frequency of outliers of the two 

unwrapping algorithms is compared, it is expected that the more accurate unwrapping 
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algorithm will be the one with fewer outliers away from the mean, a.k.a. the smoother 

high-order derivative map corresponds to the more accurate unwrapped phase map. 

To perform this test, the same level derivative from each unwrapping method is 

compared via their histograms.  Since the majority of data points lie about a mean value, 

only the outlier information needs to be considered.  A threshold is automatically 

determined that corresponds to the mean separation between peaks in the histograms.  

This is a simple, fast, but approximate estimate of the location of the minimum location 

between peaks.  It is an approximate method since not all datasets considered have well-

defined zero points between the maximum and side lobes.  The same threshold must be 

applied to both sets of the histogram data.  The histograms of the second derivation in the 

y-direction are shown below in Figure 4.13. 

 
Figure 4.13: Histograms of the Dy2 data for slope- and modulation-based unwrapping 

methods.  The cutoff values for both are calculated and displayed in red on the histograms.  
It is evident that the slope-based unwrapping method has many more outliers outside of the 

main peak.  

This method was shown to be consistent for all datasets shown in Figure 4.9.  The 

use of second or third derivative outliers correctly selected QUAL-M as the preferred 

method for all example datasets in this section.  The examples in this section show how 

using higher order derivative outliers can be used to predict accuracy of phase 

unwrapping between two methods.  For the applications relevant in this dissertation, large 
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numbers of frames will be acquired using the QPM.  It is useful to have a metric that can 

characterize which frames of data are the ‘best’ reliably and automatically. 

4.5. Thresholding in QUAL-M and QUAL-S Unwrapping Method s 

One final method of comparing the QUAL-M and QUAL-S algorithms is to 

perform a comparison study by thresholding the modulation and unwrapping only those 

pixels whose modulation is above a given threshold.  This will provide some insight 

regarding the stability of the phase unwrapping methods.  The question that will be 

proved for each dataset is: what modulation threshold is necessary to obtain the same 

unwrapped phase for QUAL-S and QUAL-M unwrapping methods?  This will be 

investigated for several datasets.  The points that are ignored due to thresholding will be 

interpolated in the presented unwrapped phase.   

The first dataset considered is that of the group of glass beads.  Figure 4.14 shows 

the effect of setting the modulation threshold at 20% for the top row and 20.5% for the 

bottom row.  The unwrapped phase converges to the same answer for a modulation 

threshold of 20.5%.  The threshold value is not necessarily of great importance, but rather 

the fact that unwrapped phase result for the data that has been thresholded converges on 

the same unwrapped phase result for both unwrapping algorithms.   
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Figure 4.14: Group of glass beads unwrapped with modulation threshold of (top row) 20% 

and (bottom row) 20.5%.  The unwrapped phase converges to the same result for the second 
case. 

Likewise, consider the rotifer tail dataset as shown in Figure 4.15.  As the modulation 

threshold is raised from 14% to 15%, the phase unwrapping paths become the same.  The 

result converges to the QUAL-M result.   

A very important observation of these results is that the unwrapped phase is stable 

as a function of adjusting the modulation threshold for the QUAL-M method.  The value 

in examining these datasets is showing the susceptibility to failure of the QUAL-S 

method due to points of low modulation.  One might ask: what is happening in the 

unwrapping algorithms as the modulation threshold is raised?  Why does it cause an 

unwrapping difference?  The answer is simple.  The path that the QUAL-S method takes 

as the modulation threshold is increased gets restricted.  With a large enough modulation 

threshold, both unwrapping methods are effectively forced to take the same path, hence 

resulting in the same unwrapped phase result.  There is some innate bias since 
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modulation is being used to threshold the data and is also the quality metric for one 

algorithm.   

 
Figure 4.15: Rotifer Tail unwrapped using modulation thresholding for QUAL-S and 

QUAL-M methods.  The unwrapped phase converges when the threshold is above 15%. 

In general, the conclusion can be made that QUAL-M phase unwrapping methods 

are generally more accurate and provide more stable results when compared with QUAL-

S unwrapping.  With this piece of knowledge, the phase unwrapping algorithms can now 

be applied to many sequential frames of data to consider the consequences.  The 

following chapters will explore necessary techniques to minimize changes within and 

among multiple frames of data.  Chapter 5 will address background fluctuations, both in 

individual frames and minimizing relative changes amongst many sequential frames of 

data.  Chapter 6 will be a discussion of how to minimize differences in the phase 

unwrapping results between frames.  All of these steps are necessary to result in phase 

data that can accurately and quantitatively account for changes within biological systems 

as a function of time.   
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5. AUTOMATED BACKGROUND SHAPE REMOVAL 

Within quantitative phase microscopy, very little effort has been made to 

document the effect of background fluctuations and how they contribute as an error 

source within phase measurements.  The intention of this chapter is to address these 

problems and offer a new and automated background shape removal process that can 

minimize errors within a measurement.  The goal is to have the phase measurement of an 

object of interest not to be influenced by variations in the measurement condition (e.g. 

coverglass thickness variations, slight mirror deviations, alignment error, vibration, etc).  

Within the field of quantitative phase microscopy, background fluctuations are 

problematic for several reasons.  When there is tilt between the reference and test arm of 

the interferometer (Linnik objective in this case), the cells appear to have the wrong 

thickness.  Additionally, fluctuations in the mean value of the data results in temporal 

optical thickness changes that are inaccurate.       

The background fluctuations are largely due to two factors.  The first is the lack of 

vibration isolation which is not necessary for the QPM used for this work.  Because 

vibration isolation is not required, the post-processing must be able to account for 

fluctuations in the mean value of the data that result from natural vibrations.  The second 

factor is the residual background shape due to non-null measurement configuration 

(residual tilt fringes and potentially higher order terms).  In addition, there are also 

persistent and systematic optical deviations within the interferometer that can be removed 

by making a reference measurement.  This is a well-known technique used in 

interferometry to remove optical aberrations characteristic to the interferometer and 
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remove them from the measurement (Creath and Wyant, 1990).  The focus of this chapter 

will be on time-variant error sources within the measurement due to vibration and 

residual background aberrations.   

The approach that is being taken in this work is significantly different than what 

has been previously documented.  Within digital holographic microscopy, a form of 

modified polynomial fitting has been applied to remove background fluctuations 

(Khmaladze, et al., 2012).  This method was applied to datasets acquired by the QPM and 

the modified polynomial methods were found to be insufficient for obtaining a zero mean 

background.  This will be further discussed in Section 5.1.  There has been some 

discussion about looking at phase fluctuations of background regions using digital 

holographic microscopy (Rappaz, et al., 2009).  The work presented in Section 5.5 will 

take advantage of using residual phase fluctuations as a method to determine the 

effectiveness of the background leveling approaches discussed.   

The approach implemented to automate background leveling is adapted from 

classical edge detection techniques as well as background shape removal within 

interferometry.  The main difference in application is that quantitative phase microscopy 

needs the background defined separately from the object of interest with the added 

requirement of the mean background value of the measurement needing to be consistently 

zero radians as a function of time.  In this work, the measurements that are of most 

concern are relative optical thickness values over time.  In order for the object of interest 

to be characterized accurately, there must be a relative standard to compare it to.  In this 
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case, it is the background regions.  The stability of the background regions will imply 

stable feature measurements over time.  

As a starting point for the discussion of background shape removal, the changing 

mean value between sequential frames of phase data will be observed.  In addition to 

mean value fluctuations, other background shape, such as tilt present from a measurement 

made in a non-null condition is nearly always present at some level.  This background 

shape needs to be removed in a way that isolates only the background and is not 

influenced by the contours of potential features of interest in an image.   

To illustrate this generally, first take the case of two frames of unwrapped phase 

of a paramecium.  There is background shape, primarily tilt, as well as variations in the 

mean value as shown in Figure 5.1.  

 
Figure 5.1: Two sequential frames of unwrapped phase of a paramecium.  Notice the 

background tilt as well as the mean value change between the two images.  The vertical 
scaling is identical for both frames.   

In this example, the feature of interest, the paramecium, is small with respect to 

the background.  If both frames are independently characterized, tilt is removed and the 

mean value is forced to be the same, the result appears to be consistent as is shown in 
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Figure 5.2.  The background looks flat and there is no noticeable change in mean value of 

the background. 

 
Figure 5.2: Removing background shape from two sequential frames of paramecium data.  

The entire frame is considered.  Since the paramecium is small with respect to the 
background, the result is a background that looks flat and no noticeable mean value change 

between the frames. 

Because the paramecium is very small with respect to the background, the shape 

of the paramecium does not appear to influence the background shape removal.  

However, large problems occur if the feature of interest is large with respect to the 

background.   This can be seen in a set of human embryonic kidney (HEK293) cells 

shown in Figure 5.3.   

 
Figure 5.3: A set of HEK293 cells to illustrate the effect of background shape removal.  In 
(A) the raw phase measurement is shown.  (B) shows the effect of removing background 

shape across the entire field of view.  (C) shows the removal of background shape by only 
considering pixels that are associated with the background in the top half of the image. 

The HEK293 cells are only present in the bottom half of the image, yet there is a 

large amount of tilt present as can be seen in Figure 5.3A.  When tilt is characterized 
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using the entire image and removed, the residual image is shown in Figure 5.3B.  There is 

still a large amount of tilt present in the background although the orientation of the tilt is 

now along the direction of the cells.  This artificially makes the cells appear to be thicker 

in the middle of the field than at the bottom.  When the background shape is removed by 

only considering the region in the top half of the image that is solely background, the 

result is shown in Figure 5.3C.  Notice that the relative height of the cells at the very 

bottom of the image now appear thicker than they did in Figure 5.3A or B.  This is the 

main negative result of ignoring background shape within a phase measurement.  The 

optical thickness of the object can be incorrectly calculated if care is not taken.   

In the remainder of this chapter, the concept of background shape removal will be 

discussed and its application both manually and automatically will be explored for 

different datasets.  Lastly, the effectiveness of the automated background shape removal 

algorithm will be analyzed by looking at variations in residual background shape over a 

sequence of images.   

5.1. Existing methods 

There are very few references in the literature to researchers paying specific 

attention to an automated background leveling routine within the field of quantitative 

phase microscopy.  The only significant mention has been for digital holographic 

microscopy methods.  A modified polynomial fitting routine was first suggested by 

Lieber for removing fluorescence signals from Raman spectra (Lieber and Mahadevan-

Jansen, 2003).  This was adapted to be applied to digital holographic microscopy 

(Khmaladze, et al., 2012; Shaked, et al., 2012).  There are two variations of this modified 
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polynomial fitting routine suggested in the literature.  The first is a straight-forward 

modified fitting routine and the second is a slightly altered version that is supposed to not 

over compensate the background removal.  For further details, please refer to the 

references.  It is useful to see the effects of these methods on the HEK293 cells and they 

are summarized in Figure 5.4.   

 
Figure 5.4: (left) The original unwrapped phase is background leveled using a modified 
polynomial fitting method (middle) as well as a method intended to not overcompensate 

background leveling (right). 

The background leveling suggested by the literature is not sufficient for figures 

with significant amount of tilt and imbalance in the image (large portion of object in one 

part of the field).  The existing methods are not sufficient for the general kinds of datasets 

that are measured with the QPM.  New methods are suggested in this chapter that more 

efficiently isolate the background from the features of interest and remove background 

shape and mean value fluctuations.   

5.2. Background Shape Identification 

The background shape that needs to be removed for the majority of datasets 

acquired using the QPM is a best fit plane.  There is typically a mean value fluctuation 
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due to environment fluctuations as well as tilt in the measured surface due to non-null 

measurement conditions.  The best fit plane (BFP) can be generally written as: 

 e¼½�\, ]� = ¾ ∗ \ + À ∗ ] + B,  5.1 

where a and b are the coefficients of tilt in the x- and y-directions and c is the mean value 

associated with the best fit plane.  This is typically solved using least squares fitting 

methods.  If this best fit plane is fit to the entire measured phase, the residual surface will 

have a mean value of zero.  This usually implies that the background mean is now less 

than zero.  This is an unphysical result.  The measurement of interest is the relative 

optical thickness value of the feature of interest.  Since the background shape removal is 

a necessary step, restricting the background mean value to be zero is a trivial yet 

necessary adjustment to the data.   

When the background shape is removed via fitting a best fit plane, what is 

actually being calculated is the residual surface, 

 Á�D�~Â¾Ã DÂ��¾B� = xÄPÅÆMÇÈ − BFP. 5.2 

What is of the utmost importance in this work is the consistency of the calculated residual 

surface over time.  If the residual background surface is consistent, then it can be inferred 

that the objects in the field of view are being quantified consistently.  This is the crux of 

background shape removal within quantitative phase microscopy. 

5.3. Manual removal of background shape 

Removing the background shape within biological phase datasets can be done 

manually.  This is the method typically used within the interferometric community, 
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particularly for the measurement of objects such as steps.  This is not an efficient method 

for datasets with hundreds of frames of data, however it serves as a baseline means of 

comparison for exploring automated techniques.  Regions can be chosen that are known 

to be part of the background.  The HEK293 cells presented earlier will be the primary 

example.  

 
Figure 5.5: HEK293 Cells with a manual background subtraction.  (A) shows the original 
unwrapped phase.  (B0 shows a manual region selection to which fit a background shape.  
(C) shows the 3-term surface to remove and (D) shows the residual phase surface with the 

background shape removed resulting in a relatively flat background. 

The original unwrapped phase is shown in Figure 5.5A.  A region that appears to 

be only background can be manually selected as is shown in Figure 5.5B.  The best fit 

plane is fit to this segment and extrapolated over the entire area of the image as shown in 

Figure 5.5C.  The residual surface is calculated and shown in Figure 5.5D.  The 

background has gone from being dominated by tilt to appearing very nearly flat. 

A manual selection of background corrects for background shape very well.  

However there are severe limitations owing to manually select background regions to 

characterize surface shape.  For a large sequence of data, if objects start moving in and 

out of the field of view, the manually chosen regions can start to contain pixels that are 

no longer purely attributed to the background.  In this case, a user would have to 

manually adjust the background region throughout the sequence of data.  This becomes 
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too time-intensive to be feasible for general use.  As a solution, an automated method will 

be presented that can successfully operate on a broad range of objects, determine 

background pixels for each frame and remove background shape without the need for 

user intervention.   

5.4. Automated background leveling technique 

An automated background leveling technique has been developed to 

automatically determine regions that only consist primarily of background pixels.  This 

routine operates by taking advantage of multiple pieces of knowledge about the kinds of 

datasets that are measured using the QPM.  As this technique is discussed, the feature of 

interest, or object, needs to be differentiated from the background.  In order for the 

technique to be effective on many different datasets, it must be very general and have 

built in redundancy to be able to differentiate objects from background when the objects 

have varying spatial frequency content as well as different magnitudes of background 

variation such as tilt.   

One calculation that will be used for the automated background leveling 

technique is the phase gradient magnitudes.  The phase gradient magnitudes (PGM) can 

be a useful tool in analyzing the phase data to find edges of objects.  The PGM is a useful 

metric because it calculates the effective local slope on a pixel-by-pixel basis.  Not only 

is the PGM useful for automatic background detection, but due to its sensitivity to object 

boundaries, PGM calculations mimic the behavior of dark field microscopy 

measurements.  For the case of creating a background detection mask, the first step is to 

calculate the PGMs.  This is a commonly used approach for edge detection in classical 
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imaging processing routines (Weszka, 1978; Yanowitz and Bruckstein, 1989). The PGMs 

are proportional to the sum of the squares of the x- and y-phase gradients (Kekre, et al., 

2010): 

 ½Ì� ∝ ¯ÍÎ
Í�°

!
+ ¯ÍÎ

Í °
!
. 5.3 

The conventional PGMs and the value calculated above are related through a square-root.  

To minimize the effects of noise, the square-root will be omitted for the PGM 

calculations in this work.   

There are several assumptions that are used to create an automated background 

leveling technique useful for quantitative phase data of biological objects.  The first is 

that the background can be a small percentage of the total area.  What this implies is that 

the automated technique must be able to handle both large and small background regions 

relative to the full field of view.  The second assumption is that larger PGMs are 

associated with the object.  Phase gradient magnitudes are a measure of local slope, so in 

general, pixels having larger local slope values will be associated with objects.  This is 

generally valid for cells and single-celled organisms.  The last assumption is that larger 

phase values are associated with the object.  This in general is always true when there is 

very little tilt present in a measurement.  The background regions will appear to have 

smaller phase values than the objects of interest.  When there is substantial tilt, this 

assumption is incorrect and the automated background leveling technique presented 

shows how to deal with this sometimes invalid assumption.   

The steps of the automated background leveling technique can now be presented 

in detail: 
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1. Calculate PGMs and associate larger PGMs with the object. 

2. Associate larger phase values with the object. 

3. Fill holes, a.k.a. regions that are completely surrounded by object pixels 

are also associated with the object.  At this point, the object mask is now 

fully defined.  

4. Calculate BFP from background pixels. 

5. Calculate residual surface by removing background surface from original 

phase data.  

It is helpful to visualize the steps of this technique by considering an example.  For all 

binary masks shown, object pixels are displayed in white and background pixels are 

black.  The example of the HEK293 cells will once again be used.   

The first step is to calculate the PGMs and associate larger values with the object, 

as shown in Figure 5.6.  It is important that the PGMs determine continuous object 

boundaries as these boundaries will be essential in the third step of the technique when 

‘holes’ are filled in.  This is a large reason why the square root in the original PGM 

calculation is omitted.  The noise that is brought out by implementing the square route 

creates non-continuously connected boundaries.     

The second step is to associate any large phase values with the object.  The 

background leveling technique up to this point is excellent at isolating boundaries of 

objects, however there are often unmasked areas corresponding to flatter regions in the 

middle of a cell or organism.  By associating larger phase values with the object, it 

provides a quick method of eliminating these problematic regions.  As previously 
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Figure 5.6: Step 1 of the automated background leveling technique is to calculate the PGM 

and associate larger PGM values with the object (shown in white). 

mentioned, one obvious downside of this step is that measurements with large tilt present 

will have background regions incorrectly associated with the object.  This is seen in 

Figure 5.7.  By iterating the automated background leveling technique several times, the 

residual tilt can be decreased gradually such that this step no longer incorrectly associates 

the background with the object.  With decreased levels of tilt across the image, the 

assumption that the background always has a smaller phase value will always be a valid 

assumption.   

 
Figure 5.7:  Step 3 associates large phase values with the object.  (A) shows iteration #1, (B) 

shows iteration #2 as the tilt in the background is slowly eliminated. 

It is common to have regions that are unmasked in the middle of a cluster of cells.  It is 

for this reason that the ‘holes’ are filled in as is shown in Figure 5.8.  This is a key point 

to effectively masking objects from the background.  Object boundaries must be 

continuously connected in order for this step to be effective.     
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Figure 5.8: Step 4 fills in any ‘holes’ that may be present in the mask. 

The final step is to apply the final mask to the original unwrapped phase data and remove 

the best fit surface.  This process is summarized in Figure 5.9.    

 
Figure 5.9: The results of automatic background leveling technique are shown as the 

original unwrapped phase (A) is used to create a mask that isolates that background (B) 
such that a low-order polynomial surface can be fit to the background (C) which is 

subtracted from the original unwrapped phase (D). 

By iterating this algorithm several times, the background mask is refined as the amount 

of background tilt is minimized.  In this way, the background is more effectively selected 

and the background shape removal is successfully performed. 

The automatic background leveling technique works well on the HEK293 cells 

yielding results that appear quite similar to the manual background selection that was 

discussed in Section 5.2.  Another example of the automated background leveling 

technique applied to a real dataset is that of a paramecium as shown in Figure 5.10. 



104 
 

 
Figure 5.10: Automatic background applied to paramecium dataset shows (A) the 

unwrapped phase, (B) the mask created to find the background, (C) the best fit surface to 
the background and (D) the residual background leveled phase. 

With an automated technique that appears to effectively work on both large 

single-celled organisms as well as cells, it is useful to quantify the performance of this 

technique over many frames of data.   

5.5. Performance comparison of automatic background leveling technique 

The purpose of creating an automated background leveling technique is to reduce 

background shape as well as decrease fluctuations in the mean value of the background 

for biological datasets with large numbers of frames.  The performance of the automated 

background leveling technique was compared to a manual background removal.  The 

HEK293 cells and paramecium datasets previously mentioned were used as examples.  It 

is important to validate that the automated technique performs well over many frames of 

data and yields consistent results.  The original unwrapped phase for these datasets is 

shown in Figure 5.11.     
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Figure 5.11:  Datasets to quantify performance of automatic background leveling technique 

are (A) the HEK293 cells and (B) a paramecium. 

The performances of the background leveling techniques are quantified using two 

different metrics.  The first will compare the residual tilt magnitude for each background 

leveled image.  The second will examine the variations in the phase value of a small 

background region.  In this way, the performance of the automated leveling technique can 

be compared to manual removal techniques as well as comparing the data against the 

original unwrapped phase. 

5.5.1. Tilt Magnitude as Background Leveling Performance Metric 

The known background regions can be used to characterize the performance of 

the background removal types presented.  The tilt magnitude in the background region 

can be calculated using the a and b coefficients from Eq. 5.1: 

 n�Ã
	�¾Ï��
Â~� � √¾! � À! 5.4 

For this set of tests, there are two background regions considered.  The first is a large 

region (Region A) that is used to perform the manual background leveling.  The second is 

a small region (Region B) used to test how effectively tilt was removed over that region.  

It is imperative that both regions consist for the majority of pixels associated with the 

background across all frames of data being considered.  Any variation within these 
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regions reflects the noise present in the measurement.  These regions are shown below in 

Figure 5.12.   

 
Figure 5.12: Region A used for manual background subtraction for (left) HEK293 cells and 

(right) Paramecium 

For all test cases, Region B was used to calculate the residual amount of tilt present.  This 

is shown in Figure 5.13.   

 
Figure 5.13: Region B used for testing effectiveness of background removal for (left) 

HEK293 cells and (right) Paramecium 

For the presented analysis that follows, there are four test cases considered for 

each dataset.  They are 1) the unwrapped phase without any background leveling (black 

line, labeled “No BG level”), 2) an automatic background leveling procedure applied to 

each individual frame (blue line, labeled “Auto BG level”), 3) an automatic background 

leveling procedure on the first frame then removing that surface from all other frames in 

the dataset while maintaining the same mean for the background (green line, labeled 
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“Auto BG from frame 1”), and 4) a manual background leveling using Region A to 

define the background (red line, labeled “Manual BG level”).   

The residual tilt magnitude for the HEK293 cells are shown in Figure 5.14.   

 
Figure 5.14:  HEK293 Cells 

In this case, the HEK293 Cells had a significant amount of tilt initially present.  All 

background leveling routines substantially flattened the background.  A manual 

background removal resulted in better correction than either of the automated methods.   

The other dataset considered was the paramecium.  The tilt magnitude results from the 

background removal tests are shown in Figure 5.15.  In this case, manual background 

removal was also superior to any automated method.  This is not surprising since the 

feature of interest is significantly more complicated than in the case of the HEK293 cells.  

One reason is because there is significant motion over the 20 frames of data considered as 

opposed to the HEK293 cells where there are only five frames of data and very little 

motion.  Ideally, one would like the residual tilt magnitudes to be close to zero for all 

background removal cases, however this is not generally feasible.   Due to the general 

nature of the automated background removal technique introduced, there are limitations 
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to its ability to find and isolate background regions.  It is meant to be a general technique 

that operates relatively well on a large set of potential cases.   

 
Figure 5.15: Paramecium Tilt magnitude 

5.5.2. Variation in background phase values as Background Leveling Performance 

Metric 

The tilt magnitude is only one way of considering the background removal 

performance.  It does not infer anything about the consistency of the background removal 

nor the changes in mean background phase value as a function of time.  For an automated 

method to be trusted and widely used for accurately characterizing optical thickness over 

time, the data needs to be analyzed with respect to fluctuations over time.  For real 

measurements, there will be background fluctuations due to the fact that the media 

surrounding the cells and organisms of interest is not purely one solution of one singular 

refractive index.  There are tiny particles that are barely resolvable, variations in 

refractive index and other error sources that cause background fluctuations on a small 

scale with respect to the features of interest.  These are ultimately the limiting error in 

these measurements.  It is important to characterize the performance of the background 
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removal techniques with respect to these background fluctuations.  This can be 

accomplished by looking at the mean value of the phase in the known background area, 

Region B.  The mean value can be observed as a function of frame and it can also be 

quantified by looking at the variations in the phase value via the standard deviation of the 

mean of all the frames in the dataset.   

The mean phase value of the HEK293 cells in the background Region B was 

calculated and is shown in Figure 5.16.  The mean value of the case of no background 

leveling was forced to be zero for direct comparison to the background leveled data.   

 
Figure 5.16: The mean phase value of Region B for HEK293 cells over five frames of data. 

The mean phase value of the paramecium in the background Region B was calculated and 

is shown in Figure 5.17.   
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Figure 5.17: The mean phase value per frame for the paramecium data in background 

Region B over 20 frames of data. 

In both cases, the mean phase value of the background is much more stable when a 

background subtraction has been performed.  This is not surprising.  Because the system 

was not vibration isolated when measurements were being made, this is the largest 

contributor of error amongst the phase value of the background region.   

The simplest universal method of characterizing the stability of the background 

removal techniques is by calculating the standard deviation of the mean phase values of 

background Region B for each dataset.  The background removal technique that results in 

the smallest standard deviation over all frames has the greatest stability and will be the 

best technique to apply to future datasets.  The standard deviation values for the HEK293 

cells and the paramecium are shown in Table 5.1. 
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Table 5.1: Stability of background removal techniques over background Region B 
Dataset Name HEK293 Paramecium 

ÑÒÓÔÕ Ö×ÔØÓ of unwrapped phase, no background removal .963 .510 
ÑÒÓÔÕ Ö×ÔØÓ of background removed every frame .020 .051 

ÑÒÓÔÕ Ö×ÔØÓ of background removed frame 1 applied to all .030 .021 
ÑÒÓÔÕ Ö×ÔØÓ of manual background removal 4.5E-14 .018 

 

The measurement that is most stable for all cases in the manual background 

removal; however requiring a user to perform this task for large datasets is in reality 

unfeasible.  It serves as an excellent point of comparison since it is by far the most stable 

technique.  Both automated background leveling methods resulted in very similar 

performance.  Using an automatic background leveling technique on each individual 

frame of a dataset can provide some benefit relative to the original unwrapped phase data, 

however it does not seem necessary to create reliable zero mean data if the in-plane 

motion is small (less than 5% of full field).       

5.6. Conclusions on Background Leveling Techniques 

For future implementation, it is recommended that the background surface shape 

be characterized in the first frame of data and be subsequently removed from all other 

future frames of data.  It is necessary to adjust the mean value of the background of each 

individual frame relative to the first frame to ensure the best results.  This method results 

in the smallest amount of background mean value fluctuation.  This in turn implies the 

least variations in the phase value of the feature of interest within a dataset.  The 

automated background leveling method successfully handles the problem of removing the 

error sources within a measurement due to small variations in measurement condition.   
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It is quite possible to adapt the automated background leveling technique such 

that it is better suited to treat either the HEK293 cells or the paramecium, however 

creating one algorithm that reasonably removes background shape from both cases and is 

general enough to treat other cases is non-trivial.  For implementation in the future, if a 

user knows the kind of datasets being examined, the algorithm could be tailored to the 

specific nature of the cells being measured.  Particularly when concerned about 

computation speed, this sort of tailoring of algorithms is highly recommended for future 

use because the need for iteration can likely be removed.  However, since the quantitative 

phase microscope used in this work is currently a research tool measuring biological 

samples with many different potential applications, the background leveling technique 

needs to be as general as possible.  
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6. SMART TEMPORAL PHASE UNWRAPPING 

An unwrapping algorithm was chosen in Chapter 4 that generally leads to the 

highest quality unwrapped phase data.  However, there are often inconsistencies between 

frames of unwrapped data; small regions that have phase values that jump ±2π radians 

between frames.  These inconsistencies cause errors that are due to the image processing, 

not the measurement itself.  Consider again the case of the rat cardiac myocytes, tracking 

the strength and frequency of contractions, shown in Figure 6.1.   

 

Figure 6.1: Beating rat cardiac myocytes optical volume shown before (red) and after (blue) 
application of IPHC, a drug intended to induce increased beating frequency.   

If the relative optical volume is calculated as a function of time and the phase 

unwrapping is not consistent over the region being tracked, the results are going to be 

inaccurate.  Ensuring that the phase unwrapping is consistent as a function of time is 

essential for accurate measurements using a quantitative phase microscope.  

Within the field of quantitative phase microscopy, the issue of consistent temporal 

phase unwrapping has never been formerly discussed.  In practice, the convention 
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appears to be that datasets that have significant unwrapping problems are discarded and 

not considered.  This leads to an incomplete picture when biological processes are being 

observed; data points will be missing.  By considering methods such as Smart Temporal 

phase unwrapping (STU), introduced in this chapter, it allows the use of phase data that 

would otherwise be considered unusable and would be thrown out.  The phase 

unwrapping inconsistencies can be remedied in a straightforward manner and will be the 

focus of discussion for this chapter.     

6.1. Background on existing methods 

There have been suggestions on how to deal with inconsistent phase unwrapping 

within the InSAR and MR communities.  The methods considered in the literature are 

predominantly temporal phase unwrapping, three-dimensional phase unwrapping and 

spatio-temporal phase unwrapping.  Temporal phase unwrapping is a one-dimensional 

process (Huntley and Saldner, 1993).  The first frame of data is used as a reference and 

the data are unwrapped in time on a pixel-by-pixel basis using one-dimensional phase 

unwrapping.  Three-dimensional phase unwrapping typically involves considering the 

entire dataset of many frames as one large array and unwrapping the array as one object.  

Spatio-temporal phase unwrapping is a general term that refers to methods that reconcile 

motion between frames and unwrap the data either as a three-dimensional array or use 

temporal unwrapping methods to ensure the phase data are self-consistent as a function of 

time.  In any algorithm, the assumption must be made that the phase change between any 

two pixels, either spatially or temporally adjacent, is less than π radians as discussed in 

Section 3.3.  For datasets with large amounts of motion (<10 pixels), the validity of this 
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assumption comes into question.  Another case that cannot be simply considered is that of 

an object entering and leaving the field of view.  Features of this nature can be kept track 

of by counting the number of features present in an image, but this problem is outside the 

scope of this work.  

All of the methods introduced are providing access to an additional dimension of 

information.  In the case of MR, volumes are being characterized.  Using InSAR, changes 

in land deformation can be observed for many months or years.  The details of both of 

these techniques are beyond the scope of the work, but relevant algorithms will be briefly 

discussed.  By providing access to meaningful data that extends into an additional 

dimension, new science can be accomplished.  It is with this in consideration that other 

researchers have tried to make the additional space or temporal dimension useful.    

The opportunity to observe objects in time or in multiple dimensions has spurred 

the generation of a new phase unwrapping theory.  MR techniques have been applied to 

observe cardiac motion.  Measurements are acquired without spatially-wrapped phase; 

the phase is only wrapped in the temporal direction.  For these data sets, temporal 

unwrapping via Itoh’s method is sufficient and has been implemented by several different 

researchers (Huntley and Saldner, 1993; Xiang, 1995).  By using very short time delays 

between measurements, the assumption that there is no phase aliasing in the temporal 

axis is valid.  Since this is a one-dimensional operation, it is also very fast.  One major 

disadvantage of this technique is the potential propagation of noise. 

A more complex case considers when the spatial and temporal phase information 

contains wrapped phase values while interframe motion stays minimal.  It has been 
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proved that unwrapping the phase of N-dimensional datasets is theoretically possible 

(Jenkinson, 2003).  This has led to more theory exploring residue loops in three-

dimensional space (Huntley, 2001; Salfity, et al., 2006)  and other three-dimensional 

phase unwrapping strategies (Cusack and Papadakis, 2002).   

There are only a few algorithms that have been developed to process 

measurements in which there is significant interframe motion and phase wrapping in 

three dimensions (Lamberton, et al., 2007; Liu and Prince, 2010; G. Z. Yang, et al., 

1996).  These algorithms typically divide the unwrapping process into several discrete 

steps:  first applying some form of motion registration technique, then sequentially 

spatially and temporally unwrapping the phase data.  Spatio-temporal phase unwrapping 

techniques have been developed to process InSAR deformation series.  In this type of 

measurement, scientists are trying to observe topographical changes to land masses 

(Hooper, et al., 2007).  Several different techniques have been developed to address these 

unwrapping problems, most of which are different variations on using Lp -norm methods 

to find the optimal unwrapped phase (Hooper and Zebker, 2007; Pepe, et al., 2011; 

Shanker and Zebker, 2010).  There is a strong emphasis on quantifying noise sources in 

the estimated phase to limit error propagation as the phase is unwrapped.  Since this is a 

remote sensing technique, individual measurements are taken at different positions in 

orbit with varied look angles.  The interferograms are re-sampled to account for these 

differences and minimize registration error.  Once look angle is accounted for, the 

interframe motion between adjacent pixels is assumed to have phase differences less than 

π radians and three-dimensional phase unwrapping techniques can be applied to the data. 
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The application of these existing techniques to quantitative phase imaging 

provides several challenges and creates new potential sources of error.  Temporal phase 

unwrapping assumes no motion which is not generally a valid case.  Additionally, the 

noise propagation that occurs due to the fact that individual frames of data are spatially 

wrapped makes this an unattractive method to pursue.  Using three-dimensional phase 

unwrapping without motion registration techniques provides a potentially interesting 

approach and this will be briefly covered in the next section to better understand the 

benefits and shortcomings of this method. 

Applying motion registration techniques to phase data is problematic for several 

reasons.  The motion registration algorithm could be applied to the intensity data, 

wrapped phase, or unwrapped phase from a QPM measurement.  Intensity data provides 

the most consistent data from frame to frame because it contains no height information 

which is subject to error from the unwrapping process.  The features that can be tracked 

using intensity are limited to those that have enough inherent contrast.  Wrapped phase 

cannot be used because the mean value fluctuations between frames cause the point at 

which the data wraps to vary.  There are too many additional features which may distract 

a motion registration technique if the wrapped phase is used.  The unwrapped phase is a 

suitable candidate for motion registration however the features that are inconsistent 

between frames may not register properly since they appear to be very different in 

sequential frames.   

The biggest problem with motion registration techniques is the necessity to 

resample the data on a new grid of points.  This inherently limits the resolution of the 
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resultant unwrapped phase data.  Within the field of quantitative phase microscopy, it is 

desirable to not lose image resolution in any post-processing steps.  Motion registration 

always involves re-sampling the image on an alternative grid of points thereby changing 

the image sampling and resolution.  For this reason, motion registration techniques will 

not be considered at this time.  For now, it will be shown that the inconsistent phase 

unwrapping problem can be solved using less involved techniques.   

6.2. Three-Dimensional Qual-M Phase Unwrapping 

The most common approach in MR and InSAR data processing is to use a three-

dimensional phase unwrapping algorithm.  For the case of InSAR, data is motion 

registered, then the three-dimensional phase unwrapping occurs.  For MR measurements, 

if motion is minimal, the three-dimensional phase unwrapping algorithm can be directly 

applied to the raw phase data.  This section is devoted to exploring the effect of three-

dimensional phase unwrapping when applied to quantitative phase microscopy 

measurements.   

The two-dimensional QUAL-M phase unwrapping algorithm has been adapted to 

process three-dimensional arrays.  One obvious disadvantage with this implementation is 

that computation time increases significantly due to the increased number of nearest 

neighbors for each pixel in the array.  By applying this algorithm directly to quantitative 

phase microscopy data, the assumption is made that the phase difference between any 

two adjacent pixels in any dimension is less than π radians.  The effects of violating this 

assumption will be seen in the next few examples.   
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Similar datasets that were used to test the two-dimensional phase unwrapping 

algorithms are also be used in this section.  Figure 6.2 compares the two- and three-

dimensional QUAL-M phase unwrapping routine applied to the phase data of a group of 

glass beads.   

 
Figure 6.2: The group of glass beads are unwrapped with a two-dimensional (top row) or 

three-dimensional (bottom row) QUAL-M unwrapping algorithm.  The noticeable 
difference is in frame 2 where there is a noticeable local jump on the bottom right of the 

lower bead.  

In this case, the three-dimensional QUAL-M algorithm provides a consistent phase 

unwrapping solution over the three frames of data while the two-dimensional algorithm 

results in inconsistencies between frames (circled in black).  In this case, there is no 

motion between frames and the slope in all directions is less than π radians.   

The next example dataset is that of the paramecium.  In this case, the main portion 

of the body moves very little but the cilia motion is significant. The two- and three-

dimensional phase unwrapping results are shown below in Figure 6.3. 
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Figure 6.3: The paramecium data is unwrapped with a two-dimensional (top row) or three-

dimensional (bottom row) QUAL-M unwrapping algorith m.  The major discrepancies 
between the two methods are the regions of the cilia, particularly along the bottom of the 3D 

QUAL-M frames.  

In the regions where cilia motion is significant (see regions circled in black), the three-

dimensional phase unwrapping provides a poor solution when compared to the two-

dimensional unwrapped phase.  This is due to the fact that the local slopes are exceeding 

π radians.  In this example, three-dimensional phase unwrapping methods create errors in 

the unwrapped phase as opposed to minimizing them.   

The last example is a small paramecium that exhibits a large amount of motion.  

The results of two- and three-dimensional QUAL-M phase unwrapping are shown in 

Figure 6.4.  In this case, the two-dimensional QUAL-M phase unwrapping is self-

consistent while the motion between frames causes significant source of error in the 

three-dimensional case.   
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Figure 6.4: The small paramecium data is unwrapped with a two-dimensional (top row) and 
three-dimensional (bottom row) QUAL-M unwrapping algorithm.  The major discrepancies 

between the two methods is the interior region of the paramecium unwrapped in three-
dimensions.  The two-dimensional QUAL-M data is self-consistent among the five frames 

while the three-dimensional algorithm appears to have additional errors introduced into the 
measurement.     

These three examples show that in general, using three-dimensional phase 

unwrapping methods when there is motion within a dataset yields more phase 

unwrapping errors than using two-dimensional phase unwrapping on individual frames of 

data.  This is not a surprising result, but it helpful to understand what happens when 

three-dimensional unwrapping is applied to general datasets acquired using the QPM. 

6.3. Smart Temporal Unwrapping 

The rejection of existing techniques as a solution for reconciling phase differences 

among adjacent frames has spurred the creation of a Smart Temporal phase unwrapping 

method (STU).  It is a simple approach based primarily on temporal phase unwrapping 

with a filtering step and operates on data that has been previously unwrapped using a 

two-dimensional QUAL-M algorithm.  This section will be devoted to explaining the 
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motivating datasets for creating this algorithm as well as the steps necessary to unwrap 

the data using this new method.   

6.3.1. Phase Unwrapping errors that need fixing 

Prior to discussing the STU algorithm in detail, it is useful to visualize the 

different cases that need to be handled by this method.  The first example is that of the 

rotifer tail.  It contains both small and large regions where phase unwrapping is 

inconsistent.  This entire measurement was taken over the course of six seconds, however 

towards the end of the measurement time, there are some extreme things happening with 

the unwrapped phase as the tip of the rotifer tail starts to leave the field of view.  This is 

shown in Figure 6.5. 

 
Figure 6.5: As the entire measurement of a rotifer tail is unwrapped using the two-

dimensional QUAL-M unwrapping method, large inconsistent phase unwrapping errors are 
seen that vary significantly in time.   

These data are unwrapped using the QUAL-M method which is the method that 

yields the highest rate of success for biological datasets; however the data shown in 

Figure 6.5 is not usable.  The inconsistencies in the phase unwrapping cause drastically 

different volumetric analyses for each of the four frames shown.  The steep edges of the 

rotifer are hard to successfully unwrap and are violating the assumption that they must be 
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less than π radians in slope.  The errors in the phase calculations at those steep slopes are 

impacting the resultant phase value of the background in the top right corner of the 

images such that the background no longer has the same mean phase value in the 

physically separated regions.  Notice that the most accurate unwrapped phase is shown in 

Frame 87.  By using STU, the other three frames displayed can be fixed by correcting the 

local unwrapping behavior such that it is consistent.   

A smaller local region that displays phase unwrapping inconsistencies within the 

rotifer tail is shown in Figure 6.6.   

 
Figure 6.6: Inconsistent phase unwrapping is shown in regions of the zoomed-in rotifer tail.  

The regions that change as a function of time are circled in black.    

In this case, there are small regions that flash dark blue to light blue as a function of time.  

They are circled in black so it is more obvious which regions show inconsistencies.  The 

other example that will be used in this section is that of the group of glass beads which 

was shown in the three-dimensional phase unwrapping comparison in Section 6.2.  These 

examples show the variety of small and large features that have erroneous two-

dimensional phase unwrapping estimates.     

It is important to consider the quality of the overall measurement.  Since the 

rotifer tail example is taken over the course of six seconds, one might consider the quality 

of the measurement frame by frame.  The easiest way to characterize the measurement 
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quality is by looking at the modulation as a function of time.  For the purpose of the STU 

algorithm to be presented in the next section, the first frame is assumed to have the 

highest quality.  This is generally valid because in practice, after the QPM is aligned and 

the modulation maximized, the measurement is immediately made.  The first few frames 

have the highest mean modulation value and have the highest quality within the dataset.  

This is validated using the rotifer tail dataset and a plot of the modulation as a function of 

frame is shown in Figure 6.7.   

 
Figure 6.7: Average modulation as a function of time for the rotifer tail dataset.   

Using the first frame as the highest quality data point, the remainder of the data can be 

unwrapped with respect to this frame.  The complete unwrapping process, including the 

introduction of Smart Temporal unwrapping, can now be reviewed.   

6.3.2. Smart Temporal Unwrapping (STU): The algorithm 

A Smart Temporal phase unwrapping method (STU) has been created to locally 

correct for phase unwrapping inconsistencies as a function of time.  The algorithm 

consists of two main steps: a localized temporal phase unwrapping and a filtering step.  
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For the explanation that follows, two frames of phase data, A and B will be considered.  

Frame A is the initial frame and is assumed to be the best individual frame of data within 

the set based on the arguments presented in the previous section.  The complete 

unwrapping process is as follows: 

• Two-dimensional phase unwrapping:  Unwrap frame A & B using the two-

dimensional QUAL-M method. 

• Background Leveling: Remove the background shape of both frames using 

the automated leveling routine from Chapter 5. 

• STU, Part 1:  Temporally unwrap frame B with respect to frame A.  Only 

temporally unwrap inconsistent regions of size 15 pixels or more.  This avoids 

temporally unwrapping singular noisy pixels.  Note that this step does not 

account for any image motion. 

• STU, Part 2:  Filter the temporal unwrapped frame B to account for artifacts 

due to motion.  Test the region using continuity of derivatives to determine 

whether or not temporal unwrapping provides a better local solution. 

This procedure can then be repeated for all subsequent frames of data, replacing frame A 

with frame B’s unwrapped phase values until all data has been processed.  With the initial 

steps laid out, each step will be discussed in finer detail.   

The processing method begins by performing a two-dimensional QUAL-M phase 

unwrapping on frame A and frame B and removing the background shape as well as any 

mean value fluctuations.  The results for Frame 1 and 6 of the rotifer tail dataset are 
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shown in Figure 6.8.  Non-adjacent frames of data were chosen for this example to show 

the effects of greater motion, although it is still minimal for this example (~6 pixels).   

 
Figure 6.8: Steps 1, QUAL-M unwrapping, and Step 2, background leveling, results for 

Frames A and B.  Notice that in Frame B, there are small regions that have regions where 
the phase unwrapping appears to be different from Frame A.    

In this case, the differences between Frame A and B are subtle, highlighted by the black 

circles, these regions have slightly varying unwrapped phase values near the boundaries 

of the rotifer body.  For this case, the errors are small.  The effect when viewing video-

rate data of the rotifer tail is a distracting localized flickering in regions where the phase 

unwrapping varies temporally.  This is one particular kind of phase unwrapping error that 

can be corrected using the Smart Temporal unwrapping procedure.   

The STU scheme can now be applied to the data.  The first step is to temporal 

unwrap Frame B with respect to Frame A.  The two frames are shown next to each other 

after performing a temporal phase unwrapping operation as seen in Figure 6.9.  Once 

again, the differences are subtle, so the undesirable artifacts are circled in black.  The 

temporal unwrapping does not account for motion, so it is quite likely that regions, such 

as those circled in black, create unrealistic phase jumps.  By filtering the data, step (4), 

local regions are tested to see if the temporally unwrapped phase is really an 
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Figure 6.9: Temporal unwrapping of Frame B with respect to Frame A.  Notice the regions 
in black that are circled.  Within these regions are pixels that, due to motion, are temporally 

unwrapped incorrectly. 

improvement upon the original QUAL-M phase unwrapping.  To begin, regions need to 

be identified that exhibit unwrapping differences in Frame B between the original 

unwrapped phase and the temporally unwrapped version. 

Identifying the local regions to test the validity of the temporal unwrapping is a 

critical step.  A very obvious choice would be to isolate all pixels whose phase values 

were changed during the temporal unwrapping.  Currently, the temporal unwrapping 

occurs for groups of 15 pixels or greater that exhibit changes between sequential frames.  

If that group size is increased to a larger value, say10% of the array size, only large 

features with inconsistent phase unwrapping will be fixed using a temporal unwrapping.   

These large features are less likely to move distances greater than their own size 

between two subsequent frames and will therefore likely be temporally unwrapped 

accurately.  Therefore, the regions that need to have their temporal unwrapping 

questioned are the small isolated regions within the image, not the larger regions.  These 

smaller regions are more likely to have artifacts created by the temporal unwrapping due 
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to motion between the frames that need to be accounted for and filtered appropriately, as 

was seen with the rotifer tail in Figure 6.6.  One simple way to find the regions that need 

to be analyzed and filtered is by considering the PGMs (previously introduced in Chapter 

5).  The difference of the PGMs between the original and temporally unwrapped version 

of Frame B can be calculated.  A threshold can then be applied to the difference data to 

create a mask.  Any difference value that is outside the mean by greater than one standard 

deviation will be tested.  This effectively isolates regions where the temporal phase 

unwrapping has caused considerable changes in the local slope.  For the example shown 

in Figure 6.9, the PGM can be calculated and the mask based on their differences created.  

It is shown below in Figure 6.10. 

 
Figure 6.10: The temporally unwrapped frame is compared to the original QUAL-M 

unwrapping and a mask is created that highlights regions where the PGM varies more than 
one standard deviation within the mean of the differences. 

Once the PGM mask has been created, each individual region can be analyzed and 

tested to see if the temporally unwrapped results are superior to the original QUAL-M 

unwrapping.  The continuity of derivatives test used previously in Chapter 4 is 

implemented to test for phase unwrapping accuracy.  Each masked region within the 



129 
 

PGM mask is individually considered.  The mask is grown to incorporate nearest 

neighbors to create a more accurate test of the local region.  The mask is applied to both 

the original and temporally unwrapped Frame B and the continuity of derivatives are 

tested.  If the temporal unwrapping creates more discontinuities than it resolves, the 

temporal phase unwrapping is undone in that region.  In this manner, all closed regions 

within the PGM mask are addressed and the unwrapping in each local region is tested.  

This is shown visually in Figure 6.11.   

 
Figure 6.11: Step 4 of the Smart Temporal phase unwrapping process is to filter the PGM 
difference mask (A) and test each region (B) using continuity of derivatives to determine 

whether temporal unwrapping provides a more accurate unwrapping than the initial 
QUAL-M method.  The final correction mask (C) is modified according to the results of the 

continuity of derivative test.  

With a final correction mask now determined, the original QUAL-M unwrapping is only 

applied to masked regions whereas the rest of the frame is the result of the temporal 

unwrapping.  A summary of the STU applied to this dataset is presented in Figure 6.12.  

This example shows that STU can correct for phase unwrapping errors that occur in the 

temporal domain.   

 



130 
 

 
Figure 6.12: Smart Temporal Unwrapping applied to rotifer tail dataset frames 1 and 6.  

There are very small flickering regions that are remedied by applying the Smart Temporal 
unwrapping method.   

A more interesting case is that of later frames of the same rotifer tail dataset.  As 

was shown in Figure 6.5, the phase unwrapping results start varying wildly towards the 

end dataset.  These frames of data become usable once the Smart Temporal unwrapping 

procedure is applied as is shown in Figure 6.13. 
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Figure 6.13: Comparison of QUAL-M phase unwrapping to ST unwrapping for the rotifer 
tail dataset.  The QUAL-M phase unwrapping for each frame yields very different results 

however applying the ST unwrapping makes these frames of data usable.   

Another successful ST unwrapping is shown in Figure 6.14 of the zoomed in 

region of the rotifer tail. 

 
Figure 6.14: Small region of rotifer tail with (top) QUAL-M phase unwrapping and 

(bottom) with ST unwrapping to correct for inconsistent phase unwrapping.   

The last example is that of the group of glass beads.  A comparison of QUAL-M 

unwrapping with and without ST unwrapping is shown in Figure 6.15.   
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Figure 6.15: Group of glass beads unwrapped using QUAL-M phase unwrapping without 

(top) and with (bottom) ST unwrapping.   

The STU successfully provides continuity in Frame 2.  Data is made to be more 

consistent while frames that contain significant motion are treated appropriately and 

overall phase unwrapping appears to be creating accurate estimates of any shape changes 

consistently over time.   

6.4. Comments and future work 

The STU method introduced in this chapter operates successfully on several 

different kinds of biological datasets acquired using a quantitative phase microscope.  

The purpose of this routine is to generally fix inconsistent phase unwrapping within a 

sequence of phase images by combining the two-dimensional QUAL-M phase 

unwrapping with automated background leveling and the STU method.  By going 

through these steps, the phase data becomes much more useful since relative changes can 

be observed once all frames of data are unwrapped as similarly as is possible.   



133 
 

This processing of the phase data has been shown to be effective for a broad 

variety of biological datasets however the STU method presented has some inherent 

limitations.  Because there is no formal motion registration performed, assumptions have 

to be made about the size of regions that are allowed to vary temporally.  For the 

implementation presented here, all groups containing 15 pixels or more that display 

inconsistent phase unwrapping are temporally unwrapped.   The ability to accurately 

determine whether or not the application of temporal unwrapping to these smaller groups 

is necessary is a dependent on the accuracy of the continuity of derivative test.  The 

accuracy of that test has not been quantified on a large scale due to lack of significant 

statistics.  Generally, the continuity of derivative test appears to be largely consistent with 

the qualitative results of a trained observer choosing their preferred unwrapped frame as 

was previously discussed in Chapter 4.   

There are some modifications and future work that could be done to make STU 

simpler and potentially more robust.  As has been the case with the majority of all 

algorithms presented in this work, they are intended to operate well on a broad range of 

datasets that come from many different applications.  If more information about the kinds 

of biological objects being measured was known, the filtering step could be simplified 

and possibly eliminated.  What is critical for STU is to have an understanding of the 

motion of an object relative to its size.  When those details are understood, the algorithm 

can be modified to act efficiently on that specific kind of dataset.  This is going to require 

repeated measurements of similar samples to gather a significant representation of phase 

data that needs to be analyzed.  The most important piece of information that needs to be 
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known is the minimum size of regions that exhibit inconsistent temporal phase 

unwrapping.  The group size in the temporal unwrapping step can then be modified and 

the necessity of the filtering step can be questioned at that point.   

The ideas and algorithms presented in this chapter fully characterize the necessary 

steps to make quantitative phase information useful in individual frames of data as well 

as over the course of a measurement.  Without this work, performing volumetric studies 

of a biological object are likely to be error-prone.  The elimination of local phase 

fluctuations due to phase unwrapping errors is an essential step in being able to conduct 

analyses that requires consistent and accurate phase information.  The methods explained 

and examples of datasets have shown that STU forces consistent temporal phase 

unwrapping, allowing a consistent estimate of the optical thickness of biological objects 

to be made. 
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7. FUTURE WORK & CONCLUSIONS 

7.1. Future Work 

There are several areas in which future work could be pursued within the analysis 

of data acquired using a quantitative phase microscope.  Algorithm computation time is 

one of the most obvious and potentially critical improvements that needs to be made for 

the processing methods presented here to be useful in a complete microscope system.  

The speed of computations has not been discussed for any of the methods presented in 

this work.  This is due to the fact that all routines were implemented in Matlab as a 

general proof of concept.  Because this is not compiled code, a discussion of computation 

speed is inappropriate.  A future task is to implement these algorithms as compiled code 

into the control software of a quantitative phase microscope.  Additionally, if further 

speed increase is desired, hardware can be chosen to optimize performance.  One option 

would be to conduct the phase unwrapping in a GPU to provide substantial speed 

increases (Karasev, et al., 2007; Mistry, et al., 2009).   

Another avenue to explore is motion registration within Smart Temporal 

unwrapping.  The original reasoning behind not pursuing this method was the 

computational complexity and potential loss of spatial resolution from needing to re-

sample the phase image.  It is speculated that there may be alternative ways in which to 

implement motion registration techniques without the loss of spatial resolution.  One 

example would be to motion register the images using intensity information, then solve 

for the temporal unwrapping adjustments that need to be made while the images are 

motion registered, and lastly apply the temporal unwrapping to the unregistered frames.  
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One potential downfall is that if many small features exist within the field of view and 

those features are nearly identical, finding the same cell in both frames is not trivial.  This 

is a task that would need addressing in the future.  These suggestions of future work 

potentially add significant computation time to the processing of the phase data but also 

could provide a more robust phase unwrapping solution for biological datasets. 

7.2. Applying STU to  other applications 

The STU method introduced in this work can be applied to data from other 

applications as well as to that acquired using quantitative phase microscopy.  Any 

dynamic interferometer that is being used to measure a surface that is changing in time 

could benefit by considering the methods discussed here.  Some examples of the 

measurements are using speckle interferometry to watch coatings or paint dry (Amalvy, 

et al., 2001), speckle interferometry used to measure a Pockels cell vibrating at 1 kHz 

(Huntley, et al., 1999), as well as tear film measurements made by a Twyman-Green 

interferometer (Primeau, et al., 2011).  Rarely do these applications of dynamic 

interferometry reference problems regarding phase unwrapping however the methods 

described in this work may be directly applicable to some of these different applications. 

7.3. Closing statements 

The work presented here offers complete image processing methods to make 

phase data collected using quantitative phase microscopy scientifically relevant and 

accurate.  For the phase data to be useful to the broader scientific community, it must be 

consistent in time and have any errors due to mean value changes, residual background 
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shape, or phase unwrapping inconsistencies removed.  Methods have been determined to 

make the most accurate phase estimates of data via two-dimensional QUAL-M phase 

unwrapping.  Background fluctuations, such as mean value fluctuations and tilt, are 

removed automatically using a background leveling routine.  The Smart Temporal phase 

unwrapping method has been shown to take the raw interferograms of several frames of 

data and have as the output a consistent set of data that can show relative changes of 

optical thickness within the observed sample.  Errors due to inconsistent phase 

unwrapping or environmental fluctuations are eliminated.  The algorithms presented in 

this work have been discussed in detail and have been shown to operate successfully on 

real datasets acquired using a quantitative phase microscope.  
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