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ABSTRACT

Transport through nanostructures is studied at the many-body level using exact

diagonalization and nonequilibrium Green’s functions. Organic molecular junctions

are a particular focus because of their technological promise.

Work is presented regarding: (1) A π-electron model of organic molecular junc-

tions developed using effective field theory; (2) series transmission and transmission

node structure in interacting systems; (3) the effect of interactions on quantum in-

terference and thermoelectricity in polycyclic junctions; and (4) nanoscale transport

calculations using self-consistent statistical ensembles.
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CHAPTER 1

INTRODUCTION

The work in this thesis is broadly relevant to the study of transport in interacting

nanostructures. In particular, a central theme is transport in single-molecule junc-

tions, which have been probed experimentally within the past two decades. Such

systems are of interest both as a means to understand fundamental physics, as well

as for potential device applications.

Before presenting original material, it seems appropriate to give the reader a

broader sense of the present state of this field. A literature review is therefore the

first order of business. Although this touches briefly on theoretical work, special

attention is paid to influential experimental results. The remainder of this thesis

covers the theoretical issues in detail.

Following the review, a synopsis of the original work presented in this thesis is

provided.

1.1 Background

The theoretical proposal of a single-molecule rectifier[9] advanced by Ratner and

Aviram in 1974 is widely cited as the genesis of molecular electronics. Motivated

by analogy to semiconductor diodes based on p-n junctions, the authors sought a

device consisting of a conductive electron-rich molecular subunit joined to a con-

ductive electron-poor system via an insulating bridge, which serves to maintain the

imbalance in electron density (Figure 1.1). To this end they suggested conjugated1

systems–which are relatively conductive due to the presence of delocalized π-bonds–

be tuned via substituents and linked via a saturated bridge serving as a tunneling

barrier.

1I.e. hydrocarbons with alternating single and multiple bonds.
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Figure 1.1: A schematic of a molecular rectifier proposed by Ratner and Aviram [9].
Current is suppressed when the energy levels of the p-type and n-type molecular
subunits are far from the Fermi levels of the source and drain respectively. Due to
the level alignment, the response of this device is largest under forward bias.

The importance of this work lies not so much in the device concept itself, but

rather the broader notion that individual molecules could function as electronic

components. Interest in this possibility built gradually (Figure 1.2); a proposal for

a molecular transistor was put forward fourteen years later by Aviram[8] together

with several device concepts related to logic and memory. However, robust interest

in molecular electronics has been driven recently by a series of striking experimental

achievements:

In 1995, the first direct measurement of the IV characteristics2 of a single

molecule was reported by Joachim[81] et al. in an STM experiment in which C60 was

adsorbed on gold. This was followed shortly by another STM experiment measuring

the conductance of long conjugated and saturated molecules[29] forming “molecular

wires” bonded to a gold surface via thiol (i.e. sulfur) linkers. The results sup-

ported the notion that conjugated systems, which have delocalized π-electrons, act

as molecular conductors whereas saturated systems are comparatively insulating.

The extent to which these and subsequent experiments successfully probed the

characteristics of individual molecules is a persistent matter of controversy. Com-

pared to STM techniques, experiments using mechanically controllable break junc-

tions are arguably more convincing because this permits the formation of stable

junctions and facilitates repeat measurements. In this scheme, a metal wire is fixed

2I.e. the relationship between current and applied bias voltage.
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Figure 1.2: Publications per year concerning molecular electronics, as determined
by a Web of Knowledge search using the phrase “molecular electronics”.
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Figure 1.3: A depiction of a typical mechanically controllable break-junction. A
gold wire is prepared atop a flexible substrate (top), which is subsequently bent by
an actuator (e.g. via the piezoelectric effect). This permits forming and healing a
gap in the gold wire with atomic precision, which may be used to form molecular
junctions (bottom).
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Figure 1.4: Data obtained via repeated measurement of the conductance of Au-
Au (top) and Au-1,4-benzenedithiol-Au (bottom) junctions using a mechanically
controllable break-junction [195]. The conductance of the gold-on-gold junctions
is quantized in units of G0 = 2e2

h
, whereas the benzenedithiol junctions exhibit

conductances that are integer multiples of ≈ 1.1 × 10−2G0. Plateaus due to con-
ductance quantization can be seen in the data associated with the stretching of
individual junctions. Adapted with permission from Xiao, X., B. Xu, and N. Tao
(2004). Measurement of single molecule conductance: Benzenedithiol and ben-
zenedimethanethiol. Nano Letters, 4(2), pp. 267–271. Copyright 2004 American
Chemical Society.

to a flexible substrate that is controllably bent by a piezoelectric actuator (Fig-

ure 1.3). This allows the formation of a gap in the wire that can be opened and

closed with atomic precision and bridged by individual molecules. This technique

had been applied earlier[100] to create quantum point contacts and was used by

Reed[151] et al. in 1997 to measure the conductance of a single benzenedithiol

molecule between gold electrodes. This yielded a value of ≈ 6 × 10−4 G0, where

G0 = 2e2

h
≈ 1/(12.9 kOhm) is the fundamental quantum of conductance that was

discovered earlier[90, 187] in the context of mesoscopic systems.

A similar technique was used more recently by Tao[195] et al. to carry out

measurements on ensembles of gold-benzenedithiol-gold junctions, permitting a sta-

tistical analysis of the data (Figure 1.4). The value reported for the conductance,

≈ 0.011 G0, is far greater than that from earlier work. Although subsequent reports
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from Reed[167] et al. (≈ 0.013 G0) are consistent with a larger conductance, the

wild variability between experiments seen here is a recurring theme and presents a

challenge to the fabrication and characterization of molecular devices.

It has been suggested that reproducibility can be improved via a judicious choice

of linker groups, e.g. using linkers based on nitrogen rather than sulfur[188] (amine

instead of thiol). Regardless, even within single experiments there are large varia-

tions in measured junction characteristics, which reflects variation in the microscopic

details of the junctions formed. This can be seen, for example, in dispersion of the

conductance values in Figure 1.4. In spite of this, experiments have successfully

vetted general trends, e.g. that the conductance of saturated linear systems (e.g.

n-alkanedithiol) decays exponentially with their length[196], and that in polycyclic

systems the conductance goes as cos2 θ where θ is the torsion angle[125] between

neighboring phenyl groups. These results are consistent with the notion that trans-

port in conjugated molecules is coherent and dominated by π-electrons.

Despite the challenges discussed above, an impressive array of proof-of-concept

devices have been constructed. The first report of a single-molecule transistor came

in 2000 in the form a C60-based device[135] fabricated via an electromigration-based

break junction.3 Beyond being a practical milestone, this device was novel in that

it permitted the preliminary observation of Coulomb blockade[63, 199, 6, 59] in

a single-molecule junction, an effect subsequently observed unambiguously in junc-

tions based on linear organic molecules by Kubatkin[102] et al. (Figure 1.5). Around

the same time, single-molecule transistors exhibiting the Kondo effect[96] were pro-

duced using molecular complexes[136] and individual large organic molecules[112]

(Figure 1.6).

Despite being of fundamental interest, the presence of e.g. Coulomb blockade

and the Kondo effect in such single-molecule transistors has led to controversy. In

particular, it is debatable whether such devices demonstrate current modulation due

3In this study current was passed through a gold nanowire created via electron-beam lithogra-

phy, which was then “shorted out” by electromigration induced by an applied current, creating a

nanometer-sized gap.
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Figure 1.5: The differential conductance spectrum of an organic molecular junction.
The current is suppressed by Coulomb blockade off resonance, leading to diamond-
shaped regions wherein the molecular charge is quantized in units of e. Adapted
by permission from Macmillan Publishers Ldt: Kubatkin, S., A. Danilov, M. Hjort,
J. Cornil, J.-L. Brédas, N. Stuhr-Hansen, P. Hedegard, and T. Bjornholm (2003).
Single-electron transistor of a single organic molecule with access to several redox
states. Nature, 425(6959), pp. 698–701, copyright 2003.
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Figure 1.6: The differential conductance spectrum of a junction based on an organic
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hibits a sharp resonance at zero bias characteristic of the Kondo effect. Adapted by
permission from Macmillan Publishers Ldt: Liang, W., M. P. Shores, M. Bockrath,
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to a shift in a molecular energy level induced by an applied gate voltage, which is

required for a device that is completely analogous to a conventional field-effect tran-

sistor. Direct evidence of this with an electrochemical gate was reported by Tao[197]

et al. in 2005 and later in 2009 by Reed[167] et al. in a benzene-based junction with

a physical gate electrode. The setup for the latter experiment is depicted in Figure

1.7. A voltage applied to the gate electrode shifts the molecular energy levels due

to electrostatic coupling. When the highest occupied molecular orbital (HOMO) is

shifted toward the metallic Fermi level, the energy barrier associated with electron

tunneling via the molecule decreases, leading to an increase in current.

Molecular switches that can be toggled between persistent states, e.g. to create

memory registers, have also been constructed. The first was presented in 2001

by Joachim[126] et al. and operated via a conformational change in a large organic

molecule induced mechanically by an STM tip. Shortly thereafter, one-way optically

induced switching was demonstrated[48] in mechanically controlled break junctions

formed from organic molecules and gold.

Perhaps ironically, the earliest device proposal–a molecular diode–has been one

of the most difficult to realize. Evidence of rectification in a similar device was

reported by Evers [51] et al. in 2005 in an experiment using a mechanically controlled

break junction. The setup there was actually somewhat different than the original

proposal due to Ratner and Aviram[9] in that Evers et al. used a molecule in which

two conjugated π-systems bond directly without a σ-electron bridge. Nevertheless,

consistent with early predictions, the device showed evidence of rectification only

when the substituents of the π-electron systems were distinct, i.e. when one was an

electron donor and the other an electron acceptor.4

More recently, in 2007 the first measurements of the thermopower of a molecular

junction was conducted by Segalman[150] et al. using an STM-based technique.

Shortly thereafter, thermopower was observed[119] to depend linearly upon molec-

ular length, but with the sign of the dependence contingent upon the molecular

4This arrangement was brought about by choosing more electronegative substituents (e.g. flu-

orine) for the electron acceptor.
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species (positive for conjugated polycyclic molecules and negative for saturated lin-

ear molecules). Thermoelectricity in molecular junctions remains an area of active

experimental interest[11, 176] and can, for example, be used to probe whether trans-

port is mediated primarily by electrons or holes.

Overall, proof-of-concept devices have progressed rapidly. However, the prospect

of fabricating complex molecular circuits remains daunting. It is not yet clear that

this, if possible, will ever be economically viable for industrial applications. Specula-

tion that conventional CMOS technology would not scale below 100 nm has proved

false. At the time of writing, Intel is prepared to mass produce consumer micropro-

cessors with a feature size of 14 nm in 2013, and has expressed “confidence” in the

realization of 5 nm technology within a decade. Experimentally, silicon-based tran-

sistors with a feature size of 3 nm have already been demonstrated [109]. Alternative

technologies–e.g. those based on carbon nanotubes[177, 26] and graphene[18]–are

also advancing, and are a less radical departure from existing techniques compared

to molecular devices.

Given the massive investments in existing fabrication paradigms, it seems molec-

ular electronics must offer more than a few extra iterations of Moore’s law to be

attractive. One possibility is that molecular circuits could turn out to be less costly

to fabricate than those based on conventional CMOS technology, e.g. in the case of

massively parallel devices. This idea–arguably foreseen by Feynman[56] fifty years

ago–is rooted in the notion that molecular devices could be fabricated from the

“bottom up” via self-organization e.g. using synthetic chemistry [17]. Alternatively,

single- or few-molecule devices might exhibit characteristics that are impossible to

realize by conventional means. Useful molecular devices might therefore be radically

different from existing technology[35] rather than scaled down versions of standard

components.

These possibilities, together with the fundamental importance of single-molecule

transport physics, justifiably drive continued effort in this area. Despite this, the-

oretical work in this field is not yet mature and is marked by a lack of consen-

sus [114, 129]. Present techniques can be broadly divided into two groups: those
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that are an outgrowth of mesoscopic physics and the physics of strongly-correlated

systems, and those based on methods that are the mainstay of quantum chem-

istry. In the former case, one begins with a quantum dot Hamiltonian or extended

Hubbard model[76, 133, 36] and adapts it to treat the molecular junction problem

[130, 24, 152]. In the latter [43, 46], density functional theory[95, 74, 183] is typically

used to treat electronic structure. Some approaches, like those in which the GW

approximation[71] is used to perturbatively correct DFT [173, 180], lie somewhere

in between.

In most cases, transport is treated as a scattering problem via the formalism

pioneered by Landauer[105, 106], Büttiker[32] and Wingreen[122] et al. In this

technique, the molecule is an open quantum system that is treated using nonequi-

librium Green’s functions as described in Chapter 2 [45, 86]. Other methods involve

an equation of motion for the molecular density matrix [97, 130, 160, 139, 66, 61].

In general, there is huge[114] (multiple orders of magnitude) variability in the theo-

retical predictions reported for most measurable quantities. Arguably, this reflects

the wiggle room afforded to theory by experimental uncertainty and speaks to a

need for more decisive experimental input.

1.2 Synopsis

The broad focus of this thesis is transport in interacting nanostructures and, in

particular, in molecular junctions. Alternatively, all of this work is concerned on

some level with understanding open quantum systems in the presence of strong

interactions. The main tools employed are exact diagonalization[103, 127, 60, 70,

41]–namely exact solutions of Hubbard-like[134, 137, 133, 144, 38, 36, 31, 149, 76]

models–and the nonequilibrium Green’s function transport formalism [86, 105, 106,

32, 45]. The required theoretical background is developed in Chapter 2.

The first major work appears after this in Chapter 3. Here an effective field

theory is developed to describe the dynamics of interacting π-electrons in a conju-

gated organic molecule. In the context of molecular electronics, these play a role
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Figure 1.8: (a) A stylized depiction of π-electron density isosurfaces within a
benzene-based molecular junction, as modeled via π-electron effective field theory.
(b) Two identical systems, A and B, linked by a matrix element between orbitals 2
and 2′. Even with interactions only within each system, series propagation is funda-
mentally broken by the processes depicted diagrammatically and in Figure 1.9. This
can cause striking anomalies in the low-energy node structure of the propagator, e.g.
permitting transmission between 1 and 1′ (green arrow) when it is forbidden between
1 and 2 (red arrow).
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Figure 1.9: A process that permits transmission between 1 and 1′ even when it is
forbidden between 1 to 2 at the same energy. Concurrent electron lines have the
same color. Processes like this are inconsistent with the notion of series transmission
and are a generic interaction effect.

analogous to that of the conduction band in a conventional semiconductor. They

also constitute an open quantum system in that, even when the molecule is isolated,

the π-electrons are coupled to other degrees of freedom, especially those associ-

ated with σ-electrons. In a molecular junction they also experience long-ranged

Coulomb interactions with electrons in electrodes, and are directly coupled to the

metallic conduction band via tunneling. All of these effects are considered here,

resulting in an approach that is similar to those based on existing π-electron models

[134, 137, 133, 144, 38, 36, 31, 149], but that, aside from potentially being more

realistic, is formulated more physically and is therefore more extensible.

Following this, Chapter 4 presents a series of generic results regarding propa-

gation node5 structure in interacting systems, e.g. within an organic molecule or

molecular junction. Such nodes may have technological relevance[23] and, moreover,

provide insight into the interplay between quantum interference and interactions.

Perhaps the most striking result is that the notion of series propagation generi-

cally breaks down in the presence of interactions. Remarkably, this is found to hold

5These are closely related to transmission nodes and, intuitively, may be regarded as equivalent.
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Figure 1.10: The location of nodes (solid lines) and minima (dashed lines) in an
element G27 of the retarded propagator as interactions are dialed on in an eight-site
extended Hubbard model. Degenerate nodes require fine-tuning, are sensitive to
perturbation, and occur at the transition between node splitting and node lifting.

even when there are no interactions between the units arranged in series (Figure

1.8b). The reason is ultimately fundamental: Amplitudes in interacting systems

can not be expressed as a sum of geometric Feynman paths. All field configuration

histories contribute coherently to a propagator, and degenerate nodes are found

to be strikingly sensitive to this, even at low energies. Consequently, degenerate

geometric nodes are found to generically require fine-tuning in the presence of inter-

actions. Other generic properties developed in Chapter 4 are exemplified by Figure

1.10 and described in the accompanying caption.

In Chapter 5, the aforementioned work is combined with Lanczos diagonal-

ization to study the effects of Coulomb interactions on quantum interference and

transport in biphenyl(n,m′)dithiol junctions. This disconfirms the hypothesis[165]

that degenerate nodes expected on the basis of series propagation are protected in

polycyclic molecules. Instead, interactions disrupt a degenerate node exhibited by

biphenyl(3,3′)dithiol in noninteracting models, which suppresses the thermopower.

However, thermoelectricity is still enhanced on resonance . It is also suggested that

junctions with an odd number of meta-connected phenyl groups in series may exhibit



37

larger thermopower on average than those with an even number of such rings.

The final work, Chapter 6, focuses on interacting nanostructures that can be

treated exactly in isolation, and considers the propagator after tunnel coupling is

introduced. In earlier work, this quantity was determined by assuming the self-

energy due to coupling is unaffected by interactions, or was corrected[24] via self-

consistent Hartree-Fock [67, 57, 164]. These methods do not satisfy a fundamental

sanity condition, namely that the steady-state propagator be independent of the

pre-coupling statistical ensemble in the distant past. This is a violation of the

Bogoliubov principle[27] of weakening correlations.

To overcome this, a self-consistency condition is formulated for the steady-state

statistical ensemble of a nanostructure. This is based on a Gedankenexperiment

in which the density matrix of a nanostructure happens to be correct for steady-

state before coupling to the electrodes is introduced. Since the density matrix and

Green’s function formalisms are both exact, under this circumstance it is argued

that densities and equal-time correlations within the nanostructure are unaffected

by coupling to the electrodes. This relates statistical fluctuations at steady-state–e.g.

as characterized by a density matrix–to the dynamical response of the system–e.g.

as characterized by a dressed propagator.

The method developed resolves physical inconsistencies apparent in earlier ap-

proaches, and satisfies Bogoliubov’s principle by construction. Despite being non-

perturbative, it also zeros out the Hartree-Fock correction within the models consid-

ered. However, perturbative methods based on self-consistent Hartree-Fock, while

plausible, appear to worsen unphysical features. Transport in organic molecular

junctions seems comparatively well described when noninteracting tunneling self-

energies are used without correction. Despite the shortcomings noted earlier, this

suggests the approach in Chapters 3 and 5 is practical.

Before these works are presented, the required theoretical background is devel-

oped in detail. This follows next.
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CHAPTER 2

THEORETICAL BACKGROUND

Although this chapter does not directly follow other work, it is no doubt influ-

enced by the texts on many-body physics [118], transport [45, 68], condensed matter

physics [89], and field theory[54] from which the author was educated.

2.1 Motivation for the Green’s function formalism

In quantum mechanics, the propagatorK(~x′, t; ~x, 0) gives the amplitude for a particle

initially localized at ~x to be observed some time t later at ~x′. Equivalently, it is the

time-dependent wavefunction of a particle that initially satisfies ψ(~x) = δ(~x− ~x′).
For closed systems without interactions, K is important mostly for conceptual

reasons. In this case, it is typically easier to evaluate a physical quantity by find-

ing energy eigenstates directly rather than via a procedure involving a propagator.

However, propagators are essential in the context of interacting systems. To see

why, consider the difference in “information content” between sets of single-particle

and many-body eigenstates:

Given a complete set of single-particle energy eigenstates {|η〉} the associated

propagator can be expressed as:

K(~x′, t; ~x, 0) =
∑

η

〈~x′|η〉〈η|~x〉e−iEηt

where Eη is the energy associated with |η〉 and we have taken ~ = 1. Conversely,

{|η〉} is uniquely determined by K.1 Thus the information content of the propagator

in this case is the same as a complete set of eigenstates.

Contrast this with the many-body case: For a system of N interacting particles,

a complete set of many-body energy eigenstates {|Ψ〉} determines all calculable

1This follows from, for example, the fact K is a matrix element of the time evolution operator,

which is the time translation operator generated by the Hamiltonian.
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quantities. For example, this includes the amplitude for particles to be observed at

{~x′1, . . . , ~x′N} at time t given that particles were observed at {~x1, . . . , ~xN} at time

zero. In the language of field theory, having {|Ψ〉} is tantamount to knowing the

time evolution of all field configurations.

In most cases, this is overkill. Many quantities can be expressed in terms of

entities that incorporate interaction effects in an aggregate way. To this end, it is

useful to consider the amplitude for a particle to be observed at ~x′ at time t given

that one was created at ~x at time zero. This quantity is well-defined even for a many-

particle system, and can be used to define a “single-particle Green’s function” that

generalizes the noninteracting propagator. Formally, for t > 0:

G(~x, t; ~x′, 0) = −i〈ψ(~x′, t)ψ†(~x, 0)〉 (2.1)

where ψ† and ψ are respectively field creation and annihilation operators and the

factor of −i is inserted for subsequent convenience. It is standard practice to refer

to variants of this definition as different sorts of Green’s functions.

The information content of G(~x′, t; ~x, 0) is far less than that of a complete set of

many-body eigenstates. For example, suppose particles are initially observed at ~x

and ~y. The single-particle Green’s function provides no information regarding how

the amplitude to observe a particle at ~x′ at time t is influenced by the condition

that a particle also be observed at ~y′.2 Nevertheless, many physical quantities can

be expressed in terms of G. When this is possible, it is often a major simplification

to do so.

Like the the density matrix, Green’s functions also facilitate the treatment of

open quantum systems, because the Green’s function within an open quantum sys-

tem is a well defined quantity, whereas the wavefunction of such a system is not.

Similarly, with a suitable definition of the expectation value in Eq. (2.1), Green’s

functions can unify the treatment of quantum mechanical and statistical effects.

For these reasons, a significant portion of modern theoretical physics is dedicated

2This level of detail is instead provided by a two-particle Green’s function, which is proportional

to 〈ψ(~x′, t)ψ(~y′, t)ψ†(~y, 0)ψ†(~x, 0)〉.
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to devising techniques for determining Green’s functions. In high-energy physics

when the coupling constant is low, diagrammatic perturbation theory serves this

purpose and allows the calculation of Green’s functions with impressive accuracy.

Similar techniques are used in the context of low-energy physics, though they are

frequently less accurate. Regardless of the tact taken, the use of a propagator in

place of unwieldy many-body wavefunctions is often essential.

2.2 Diagrammatic perturbation theory

2.2.1 The expansion of the S-matrix

The problem tackled by the standard approach to diagrammatic perturbation theory

can be stated thusly: Consider a Hamiltonian

H = H0 + V (2.2)

that can be decomposed into an “easy” part H0 and a “hard” part V in the sense

that the exact propagator (Green’s function) is known for the Hamiltonian H0 but

unknown for H = H0 + V . A procedure is desired for evaluating Green’s functions

associated with H.

To develop an expression for this quantity it will prove convenient to work in the

interaction picture[184, 161] wherein operators evolve according to:

Ô(t) = eiH0tÔ(0)e−iH0t (2.3)

and states according to:

|ψ̂(t)〉 = S(t)|ψ̂(0)〉. (2.4)

Here the interaction picture time evolution operator (“S-matrix”) is defined as

S(t) = eiH0te−iHt to ensure physical observables are the same in the interaction

and Schrödinger pictures. It is conventional to assume that the Schrödinger and

interaction operators and states agree when t = 0.

The advantage of the foregoing transformation is that, in a certain sense, it

factors out the part of the time-dependence of states that is attributable to the
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unperturbed HamiltonianH0. More precisely, in the interaction picture states satisfy

an analog of the Schrödinger equation:

i∂t|ψ̂(t)〉 = V̂ |ψ̂(t)〉 (2.5)

as can be verified by explicit differentiation of |ψ̂(t)〉 = eiH0te−iHt|ψ(0)〉 and making

use of the fact that |ψ〉 satisfies the ordinary Schrödinger equation. This is the

Schwinger-Tomonaga equation [184, 161].

Eq. (2.4) implies S(t, 0) also satisfies this expression:

i∂tS(t, 0) = V̂ S(t, 0) (2.6)

Integrating both sides of this and iterating the result on S(t, 0) yields a series ex-

pansion:

S(t, 0) = 1 + (−i)
∫ t

0

dt1 V̂ (t1) + (−i)2

∫ t

0

dt1

∫ t1

0

dt2 V̂ (t1)V̂ (t2) + . . . (2.7)

We now introduce the time-ordering operator T defined such that

T
[
V̂ (t1) . . . V̂ (tn)

]
= V̂ (tσ(1)) . . . V̂ (tσ(n)) (2.8)

where σ is the permutation that satisfies tσ(1) ≥ . . . ≥ tσ(n) (put simply, earlier

operators operate first). This allows us to write the series expansion for S as (c.f.

the limits of integration):

S(t, 0) =1 +
(−i)

1!

∫ t

0

dt1 T
[
V̂ (t1)

]

+
(−i)2

2!

∫ t

0

dt1

∫ t

0

dt2 T
[
V̂ (t1)V̂ (t2)

]
+ . . . (2.9)

which can be succinctly expressed via the mnemonic:

S(t, 0) = Te−i
∫ t
0 dt1V̂ (t1) (2.10)

This is a Dyson series[49] for the S-matrix, and allows for a perturbative expansion

of the time-evolution operator.
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2.2.2 The expansion of the time-ordered Green’s function

To develop a perturbative expansion for G we will develop an expression for the

Green’s function in terms of the S-matrix and then make use of the expansion

developed in the preceding section.

In the Heisenberg picture where O(t) = eiHtO(0)e−iHt and physical states are

time-independent, the time-ordered single-particle Green’s function of a system at

zero temperature is:

Gt
nm(t, 0) = −i〈Φ|T

[
dn(t)d†m(0)

]
|Φ〉

= −i〈Φ̂|T
[
d̂n(t)d̂†m(0)

]
|Φ̂〉, (2.11)

Here |Φ〉 is the ground state of the Hamiltonian H0 + V and d†n creates a particle in

the nth element of some single-particle basis. For the sake of clarity, we will denote

Gt
nm(t, 0) as Gnm(t) when there is no risk of ambiguity.

To develop a perturbative expansion for this Green’s function we imagine dialing

on the perturbation V adiabatically. Typically this is done starting in the infinite

past,3 e.g. via a Hamiltonian such as:

H = H0 + e−|ε|tV (2.12)

with ε −→ 0.

Naively, one might expect the ground state of a system perturbed in this manner

to be given by |Φ〉 = S(0,−∞)|Φ(−∞)〉. However, this expression is specious in

the sense that:

lim
ε→0

S(0,−∞)|Φ(−∞)〉 (2.13)

does not generally exist. As per the Gell-Mann-Low theorem[62] it is:

|Φ〉 =
S(0,−∞)|Φ(−∞)〉

〈Φ(−∞)|S(0,−∞)|Φ(−∞)〉 (2.14)

that converges to an eigenstate of the perturbed Hamiltonian (2.12) as ε −→ 0. This

seemingly technical point is the origin of the important vacuum amplitude.

3For some applications, e.g. the calculation of transient response in molecular junctions [80],

the perturbation must be initiated at a finite time.
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At zero temperature it is conventional to assume that the ground state of the

system is unique so that the wavefunction of the system in distant past differs from

that in the distant future by at most a phase factor:

|Φ(∞)〉 = eiθ|Φ(−∞)〉 (2.15)

For now we will follow this approach, but with the caveat that this will prove

overly restrictive when we later consider systems away from equilibrium. With this

assumption the Gell-Mann-Low theorem also implies:

〈Φ| = 〈Φ(∞)|S(∞, 0)eiθ

〈Φ(∞)|S(∞, 0)|Φ(∞)〉 (2.16)

Taking the inner product of this with Eq. (2.14) gives:

1 = eiθ
〈Φ0|S(∞,−∞)|Φ0〉

〈Φ0|S(∞, 0)|Φ0〉〈Φ0|S(0,−∞)|Φ0〉
(2.17)

i.e.:

〈Φ0|S(∞,−∞)|Φ0〉

= 〈Φ0|S(∞, 0)|Φ0〉〈Φ0|S(0,−∞)|Φ0〉e−iθ, (2.18)

where we have introduced the abbreviated notation |Φ0〉 for the unperturbed ground

state |Φ(−∞)〉. Altogether Eqs. (2.14) through (2.18) imply the Green’s function

(2.11) can be written as:

Gnm(t, 0) = −ie
iθ〈Φ0|S(∞, 0)d̂n(t)d̂†m(0)S(0,−∞)|Φ0〉
〈Φ0|S(∞, 0)|Φ0〉〈Φ0|S(0,−∞)|Φ0〉

(2.19)

= −i〈Φ0|S(∞, 0)d̂n(t)d̂†m(0)S(0,−∞)|Φ0〉
〈Φ0|S(∞,−∞)|Φ0〉

(2.20)

Making use of the time-ordering operator then yields:

Gnm(t) = −i
〈Φ0|T

[
d̂n(t)d̂†m(0)S(∞,−∞)

]
|Φ0〉

〈Φ0|S(∞,−∞)|Φ0〉
(2.21)

This is the desired connection between the S-matrix of a perturbed system and

its Green’s function. We now proceed to expand this using the expression for the

S-matrix developed earlier, i.e. Eq. (2.9).
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We focus first on the numerator. Expanding the S-matrix gives:

〈Φ0|T
[
d̂n(t)d̂†m(0)S(∞,−∞)

]
|Φ0〉

= 〈Φ0|T
[
d̂n(t)d̂†m(0)

]
|Φ0〉

+
(−i)

1!

∫ ∞

−∞
dt1 〈Φ0|T

[
d̂n(t)d̂†m(0)V̂ (t1)

]
|Φ0〉

+
(−i)2

2!

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 〈Φ0|T

[
d̂n(t)d̂†m(0)V̂ (t1)V̂ (t2)

]
|Φ0〉

+ . . . (2.22)

Since V̂ has some expression in terms of field creation and annihilation operators,

evaluating the integrands above is equivalent to evaluating expressions such as:

〈Φ0|T
[
d̂n(t)d̂†m(0)d̂l(t1)d̂†k(t2)

]
|Φ0〉 (2.23)

Because the field creation and annihilation operators are in the interaction repre-

sentation and because |Φ0〉 is a noninteracting eigenstate4 (i.e. it can be chosen as

a Slater determinant), the preconditions for Wick’s theorem[192] are satisfied. This

allows the integrands in Eq. (2.22) to be evaluated by forming all possible pairs of

creation and annihilation operators while taking into account any Fermionic phase

factors.

For example, the foregoing expression, Eq. (2.23), is equivalent to:

〈Φ0|T
[
d̂n(t)d̂†m(0)

]
|Φ0〉〈Φ0|T

[
d̂l(t1)d̂†k(t2)

]
|Φ0〉

∓〈Φ0|T
[
d̂n(t)d̂†k(t2)

]
|Φ0〉〈Φ0|T

[
d̂l(t1)d̂†m(0)

]
|Φ0〉 (2.24)

where the second term is negative in the Fermionic case and positive for Bosons.

This transforms each of the integrands in Eq. (2.22) into the product of Green’s

functions of the unperturbed system. It is worth noting that making this step

possible is essentially the entire point of working in the interaction representation.

As an example, we consider the case where V̂ is a local two-body interaction:

V̂ (t1, t2) =
1

2

∑

nm

Unm(t1, t2)d̂†n(t1)d̂†m(t2)d̂m(t2)d̂n(t1) (2.25)

4More precisely, an eigenstate of a Hamiltonian bilinear in creation and annihilation operators.
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G0
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G0

U

p1

p2m

n

Figure 2.1: A Feynman diagram associated with a local two-body interaction with
matrix elements Up1p2(t1, t2). Here G0 is the unperturbed time-ordered Green’s
function.

We allow Unm to be retarded (time-dependent) for the sake of generality, and because

this will turn out to be convenient later.

Wick’s theorem then allows Eq. (2.22) to be expressed as:

G0
nm(t, 0) +

∞∑

N=1

(−i)N+1

N !

∫ ∞

−∞
dt1 . . . dtN

∑
p1,...,pN

σ

G0
npσ(1)

(t, t1) (2.26)

× Unpσ(1)
(t1, t2)G0

pσ(1)pσ(2)
(t1, t2) . . .

× Upσ(N−1)pσ(N)
(tN−1, tN)G0

pσ(N−1)pσ(N)
(tN−1, tN)G0

pσ(N)m
(tN , 0)

where the inner sum is understood to be taken over all possible permutations {σ}
of the indices {p1, p2, . . . , pN} as well over the indices themselves. This gives the

numerator in Eq. (2.21), the expression for the Green’s function.

To ease the burden of working with expressions of the foregoing form, each of

these permutations can be represented pictorially using what have come to be known

as Feynman diagrams[53] (alternatively, Stückelberg diagrams[174]). For example,

the term involving:

∫
dt1 dt2

∑

p1p2

G0
np1

(t, t1)Up1p2(t1, t2)G0
p1p2

(t1, t2)G0
p2m

(t2, 0) (2.27)

corresponds to the diagram depicted in Figure 2.1. In general, a term is associated

with a diagram by way of the Feynman rules, which, in the time domain, prescribe

summation or integration over all internal coordinates and times, as well as the

inclusion of a phase factor. It is also frequently convenient to use the Fourier con-

volution theorem to evaluate such diagrams in the energy domain, e.g. in the case
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of the above:
∫
dΩ

2π

∑

p1p2

G0
np1

(E)Up1p2(Ω)G0
p1p2

(E − Ω)G0
p2m

(E) (2.28)

Here the conservation of energy has reduced the number of integrals by one as

compared to the time domain expression.

The denominator in Eq. (2.21) that was set aside earlier:

〈Φ0|S(∞,−∞)|Φ0〉 (2.29)

is called the vacuum amplitude and, just as the numerator, can be expanded in

terms of unperturbed Green’s functions. The result is a series wherein the terms

correspond solely to disconnected diagrams, i.e. diagrams that include a factor of

G0
nm(t, 0). The linked-cluster theorem[92] implies that dividing the numerator, Eq.

(2.22), by the vacuum amplitude to determine the Green’s function is tantamount

to discarding all such diagrams.

This allows us to formulate a simple rule: To evaluate a Green’s function per-

turbatively, we may use Eq. (2.22) as above but must omit disconnected diagrams.

This is actually still more work than necessary, because this procedure includes di-

agrams that are identical up to the relabeling of internal coordinates. In particular,

there are N ! equivalent diagrams of order N . To deal with these we may simply omit

the factor of 1
N !

in Eq. (2.22) and remember to only count topologically distinct

diagrams.

Overall, this leads to the final mnemonic:

Gnm(t) = G0
nm(t) (2.30)

+ (−i)2

∫ ∞

−∞
dt1 〈Φ0|T

[
d̂n(t)d̂†m(0)V̂ (t1)

]
|Φ0〉 connected,

distinct

+ (−i)3

∫ ∞

−∞
dt1

∫ ∞

−∞
dt2 〈Φ0|T

[
d̂n(t)d̂†m(0)V̂ (t1)V̂ (t2)

]
|Φ0〉 connected,

distinct

+ . . .

where the subscript reminds us to keep only connected, topologically distinct dia-

grams when evaluating the integrands using Wick’s theorem. In practice, the above
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Σ∗ Σ∗ G0G0G0

Figure 2.2: A schematic representation of the Dyson equation. Here G is the per-
turbed time-ordered Green’s function, G0 is the unperturbed time-ordered Green’s
function. Diagrams included in the proper time-ordered self-energy Σ∗ are summed
to all orders. When all diagrams that can not be severed by cutting a single Green’s
function are included, the Dyson equation gives the exact Green’s function.

is usually not used explicitly. The simplest practical approach is to draw a series of

diagrams (either up to a certain order or based on physical intuition) each of which

corresponds to a term in the expression above. These are then evaluated using the

Feynman rules to produce expressions like Eq. (2.27) or Eq. (2.28).

2.2.3 The Dyson equation

As an alternative to calculating the contribution of a finite number of diagrams to

the Green’s function , one can instead sum classes of diagrams to all orders by taking

advantage of the following observation: All diagrams that arise in the evaluation of

the preceding expression for the Green’s function, Eq. (2.30), are of the form:

∫ ∞

−∞
dt1 dt2

∑

p1p2

G0
np1

(t, t1)Σp1p2(t1, t2)G0
p2m

(t2, 0) (2.31)
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for some Σp1p2(t2, t1), a quantity referred to as a self-energy. In more schematic

notation, this may be written as:

∫
d2 d3G0(1, 2)Σ(2, 3)G0(3, 4) (2.32)

where the numeric indices now represent combined “space-time” coordinates (spoken

plainly, they include both the n’s and the t’s).

If one defines the proper self-energy Σ∗ as the sum of all self-energies associated

with connected, topologically distinct diagrams that can not be disconnected by

severing a single line associated with a Green’s function, then the perturbative

expression for G, namely Eq. (2.30), is equivalent to:

G(1, 2) = G0(1, 2) +

∫
d3 d4G0(1, 3)Σ∗(3, 4)G(4, 2) (2.33)

This is the Dyson equation[49]. It follows from the observation that any diagrams

that can be disconnected by cutting a single electron line are automatically generated

by iterating the above to generate a Dyson series:

G(1, 2) = G0(1, 2) +

∫
d3 d4G0(1, 3)Σ∗(3, 4)G0(4, 2)

+

∫
d3 d4 d5 d6G0(1, 3)Σ∗(3, 4)G0(4, 5)Σ∗(5, 6)G0(6, 2)

+ . . . (2.34)

The use of the proper self-energy here ensures there is no double-counting of dia-

grams.

Eqs. (2.33) and (2.34) are depicted in Figure 2.2. A common strategy for

evaluating G is to approximate the proper self-energy Σ∗ by selectively including

physically relevant diagrams, and then use the Dyson equation to sum these to all

orders. Alternatively, the self-energy Σ∗ can be approximated phenomenologically,

which e.g. leads to a formulation of Fermi liquid theory [104].
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2.3 Nonequilibrium Green’s functions (the Keldysh formalism)

2.3.1 The Keldysh-time contour

The formalism developed in the preceding section assumes that when a perturbation

is adiabatically dialed on and then off, that the system under consideration begins

and ends this process in the same statistical and quantum mechanical state. At zero

temperature and for a nondegenerate ground state, this condition is clearly valid.

It is reasonable also for processes wherein at all times the system is maintained at

equilibrium, because in this case the ensemble of states is always a function of ther-

modynamic parameters and the instantaneous spectrum of the system. However,

for processes that involve a departure from equilibrium, a transient perturbation

can dramatically alter the statistical occupancy of a system.

As an example of this, consider a system consisting of two electrodes with dif-

fering potentials (Figure 2.3). If this arrangement is perturbed by shorting these

electrodes with a conductor, charge will flow and diminish the potential imbalance.

In this situation, after the perturbation is removed the new statistical ensemble of

the system clearly differs from the initial one.

The formalism presented in the preceding section does not apply to such situ-

ations “out of the box.” However, in 1964 Keldysh[86] cut the Gordian knot via

an ingenious solution to this predicament: Begin and end diagrams at the same

point in time. This technique maps the standard method for diagrammatic pertur-

bation theory onto an alternative that is structurally equivalent. Consequently, it

salvages all of the results from the preceding section, albeit at the expense of a little

book-keeping.

To understand this approach, suppose again we wish to calculate for t > 0 the

Green’s function as in Eq. (2.11):

Gnm(t) = −i〈Φ|d̂n(t)d̂†m(0)|Φ〉 (2.35)

Here we use a schematic notation wherein the expectation value over the perturbed

state |Φ〉 should be interpreted as a quantum-statistical average over a fixed en-
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Initial state

Final state

Figure 2.3: A pair of electrodes before (top) and after (bottom) being shorted
together by a conductor. Although the Hamiltonian of the system is the same
before and after the perturbation, the initial and final quantum-statistical states
are not.
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t = +∞t = −∞

Figure 2.4: A schematic representation of the Keldysh time contour. Instants τ1,2 on
the contour are associated with real times t1,2. However, the ordering of instants in
Keldysh time depends upon the branches they inhabit. E.g., if τ1 and τ2 are respec-
tively on the upper and lower contours, then τ2 > τ1 regardless of the corresponding
real times t1 and t2.

semble.5 As the reader may convince him- or herself, the following yields the same

result when the density matrix is included explicitly.

As before, we use the Gell-Mann-Low theorem [62]:

|Φ〉 =
S(0,−∞)|Φ(−∞)〉

〈Φ(−∞)|S(0,−∞)|Φ(−∞)〉 (2.36)

but, in contrast to the conventional approach, wish to do so without making as-

sumptions about the relationship between |Φ(−∞)〉 and |Φ(∞)〉. Taking the inner

product of the preceding with itself yields:

1 =
〈Φ(−∞)|S(−∞, 0)S(0,−∞)|Φ(−∞)〉

〈Φ(−∞)|S(−∞, 0)|Φ(−∞)〉〈Φ(−∞)|S(0,−∞)|Φ(−∞)〉 (2.37)

i.e.:

〈Φ(−∞)|S(−∞, 0)S(0,−∞)|Φ(−∞)〉

= 〈Φ(−∞)|S(−∞, 0)|Φ(−∞)〉〈Φ(−∞)|S(0,−∞)|Φ(−∞)〉 (2.38)

Altogether, this implies the Green’s function is given by:

Gnm(t) = − i 〈Φ(−∞)|S(−∞, 0)d̂n(t)d̂†m(0)S(0,−∞)|Φ(−∞)〉
〈Φ(−∞)|S(−∞, 0)|Φ(−∞)〉〈Φ(−∞)|S(0,−∞)|Φ(−∞)〉

= − i〈Φ(−∞)|S(−∞, 0)d̂n(t)d̂†m(0)S(0,−∞)|Φ(−∞)〉
〈Φ(−∞)|S(−∞, 0)S(0,−∞)|Φ(−∞)〉 (2.39)

Inserting S(0, T )S(T, 0), which is simply unity, then gives:

5The perturbation does not affect the ensemble because the perturbed Hamiltonian H0 + V is

that of a closed system.
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Gnm(t) = − i〈Φ(−∞)|S(−∞, T )S(T, t)d̂n(t)S(t, 0)d̂†m(0)S(0,−∞)|Φ(−∞)〉
〈Φ(−∞)|S(−∞, T )S(T,−∞)|Φ(−∞)〉

(2.40)

or equivalently, with the abbreviated notation |Φ0〉 = |Φ(−∞)〉 for the unperturbed

state in the infinite past:

Gnm(t) = − i〈Φ0|S(−∞, T )S(T, t)d̂n(t)S(t, 0)d̂†m(0)S(0,−∞)|Φ0〉
〈Φ0|S(−∞, T )S(T,−∞)|Φ0〉

(2.41)

To recast this in a form amenable to conventional diagrammatic techniques, we

interpret this expression in the following manner:

The system begins in the infinite past in an unperturbed state. A perturbation is

then dialed on adiabatically until it reaches full strength at some point before t = 0,

and remains on through time t. The Green’s function evaluated is thus that of the

fully perturbed system. So far this does not differ from the standard perspective.

However, to complete an interpretation of the foregoing expression, we infer that

at some time T > t the arrow of time is reversed and that the system propagates

backwards to its initial state |Φ0〉. In particular, we follow convention and take

T −→ +∞ for the sake of convenience.

By itself, this interpretation adds nothing to the formally rigorous expression

above. However, it motivates the introduction of a “Keldysh time contour” consist-

ing of distinct upper and lower branches (Figure 2.4). An instant in “Keldysh time”

on the lower branch of the contour is always considered to occur after an instant on

the upper branch.

This notion is formalized by the Keldysh contour ordering operator, defined by:

T [A(τ1)B(τ2)] =





T [A(t1)B(t2)] if t1, t2 ∈ upper contour

T̄ [A(t1)B(t2)] if t1, t2 ∈ lower contour

A(t1)B(t2) if t1 ∈ lower contour, t2 ∈ upper contour

∓B(t2)A(t1) if t1 ∈ upper contour, t2 ∈ lower contour

(2.42)

Here τ1,2 are instants on the Keldysh time contour, t1,2 are the associated real

times, T is the ordinary time-ordering operator, T̄ the anti-time-ordering operator,
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and the minus sign in ∓ corresponds to the Fermionic case. Overall, the foregoing

is tantamount to the following rules: (1) Keldysh times on the lower contour are

always considered to occur later than times on the upper contour, regardless of their

numerical values; (2) numerically smaller times precede larger times on the upper

contour, but on the lower contour the reverse holds.

With this definition we may rewrite Eq. (2.41) as:

GTnm(τ) ≡ −i〈T
[
dn(τ)d†m(0)

]
〉

=− i
〈Φ0|T

[
d̂n(τ)d̂†m(0)S(−∞,−∞)

]
|Φ0〉

〈Φ0|S(−∞,−∞)|Φ0〉
(2.43)

where it is understood that S(−∞,−∞) refers to a contour with both endpoints at

t = −∞ but with a midpoint at time T −→ +∞. The advantage of this reformu-

lation is that the above, which is valid even away from equilibrium, is of the same

form as Eq. (2.21), which is the basis for the diagrammatic expansion in the conven-

tional formalism. We may thus expand (2.43) diagrammatically over the Keldysh

time contour. Doing so is conceptually no different than the standard approach, but

requires some extra book-keeping to deal with the fact that the Keldysh contour

has two branches.

In particular, we must account for the fact that the Keldysh contour-ordered

Green’s function, i.e. Eq. (2.43), encompasses four cases: When τ1 and τ2 are both

on the upper contour T reduces to the ordinary time ordering operator and the

expression reduces to the standard time-ordered Green’s function Gt. Conversely, if

τ1 and τ2 are both on the lower contour, T is equivalent to the anti-time-ordering

operator and yields the so-called anti-time-ordered Green’s function Gt̄. When τ1 is

on the upper contour and τ2 the lower contour, the ordering of the operators is fixed

and the result is the greater Green’s function G>. The converse of this situation
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yields the lesser Green’s function G<. Explicitly:

GTnm(τ2; τ1) =





Gt = −i〈T
[
dn(t2)d†m(t1)

]
〉 if τ1, τ2 ∈ upper

Gt̄ = −i〈T̄
[
dn(t2)d†m(t1)

]
〉 if τ1, τ2 ∈ lower

G< = i〈d†m(t1)dn(t2)〉 if τ1 ∈ lower, τ2 ∈ upper

G> = −i〈dn(t2)d†m(t1)〉 if τ1 ∈ upper, τ2 ∈ lower

(2.44)

Similarly, diagrams on the Keldysh time-contour can also be labeled as time-

ordered, anti-time-ordered, greater or lesser according to the branches on which

their endpoints are located. The Dyson equation on the Keldysh time contour then

includes contributions from all of these diagrams. For example, for a process that

begins and ends on the upper contour, we have, schematically:

Gt = Gt
0 +Gt

0ΣtGt +Gt
0Σ>G< +G>

0 Σ<Gt +G>
0 Σt̄G< (2.45)

The right hand side of this is simply the sum of all the ways a particle can

propagate between two points on the upper branch of the Keldysh contour. The first

term is unperturbed propagation, and the last four terms account for the processes

depicted in Figure 2.5. Similar expressions exist for the other Green’s functions

Gt̄, G>, and G<. Keeping track of all of these separately would be laborious,

but fortunately expressions like the foregoing can be conveniently captured if one

represents the contour-ordered Green’s function as a 2× 2 matrix:

GT =


 Gt G<

G> Gt̄


 (2.46)

and similarly for the self-energy:

ΣT =


 Σt Σ<

Σ> Σt̄


 (2.47)

In this case the Dyson equation on the Keldysh contour becomes:

GT = GT0 + GT0 ΣTGT (2.48)

Eq. (2.45) is then given by the (1, 1) element of this matrix expression.
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t = +∞t = −∞
0Gt

Σt
Gt

Gt
0

G<

Σ>

G<G>
0

Gt

G>
0

Σ<

Σt̄

Figure 2.5: Four of the possible ways a particle can propagate between two points on
the upper branch of the Keldysh contour. When these are added to the contribution
from direct propagation via the unperturbed Green’s function G0 as in Eq. (2.45),
the result is the Dyson equation on the upper branch of the Keldysh contour.

2.3.2 The Dyson equation on the Keldysh contour (the Keldysh equa-

tion)

To obtain simpler relations among the elements of Eq. (2.48) it is convenient to

perform a change of basis defined by the unitary transformation [86, 108]:

U =
1√
2

(1− iσy) (2.49)

where σy = ( 0 −i
i 0 ). This yields:

UGTU† =


 0 GA

GR GK


 (2.50)

where the (1, 1) element vanished above based on the identity G> +G< = Gt +Gt̄,

which follows from Eqs. (2.44). The other elements of the transformed representa-

tion define the retarded GR, advanced GA and Keldysh GK Green’s functions. An

analogous transformation of ΣT defines retarded ΣR, advanced ΣA and Keldysh ΣK



56

self-energies. Eq. (2.44) implies:

GR = −iΘ(t2 − t1)〈{dn(t2), d†m(t1)}〉 (2.51)

GA = iΘ(t1 − t2)〈{dn(t2), d†m(t1)}〉 (2.52)

GK = −i〈
[
dn(t2), d†m(t1)

]
〉 (2.53)

where {A,B} is the anticommutator of the operators A and B.

More generally, an expression involving the product of contour ordered Green’s

functions and self-energies is equivalent to a set of expressions involving retarded,

advanced, lesser and greater real-time Green’s functions and self-energies, with the

equivalence given by Eq. (2.49). For example, the contour-ordered expression C =

AB is equivalent to:

CR = ARBR

CA = AABA

C< = ARB< + A<BA

C> = ARB> + A>BA, (2.54)

which follows from expanding the matrix product UCU† = UABU† and making

use of identities given above. When expressed in explicit form rather than as matrix

product, expressions such as these are known as Langreth relations [107].

Applying the transformation from Eq. (2.49) to the Dyson equation on the

Keldysh contour, i.e. to Eq. (2.48), gives:

GR = GR
0 +GR

0 ΣRGR (2.55)

G< = GRΣ<GA + (1 +GRΣR)G<
0 (1 + ΣAGA) (2.56)

The first equation is identical in form to the conventional Dyson equation and the

latter is known as the Keldysh equation [86]. These are the central equations in the

Keldysh formulation of nonequilibrium perturbation theory. It is worth reiterating

that collectively they are the Dyson equation on the Keldysh contour.
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2.3.3 The Lehmann representation of the single-particle Green’s func-

tion

The nonequilibrium Green’s functions of a closed system can be expressed exactly

in terms of its many-body energies and eigenstates.

For simplicity we assume here that all the degrees of freedom correspond to one

species of Fermion. The retarded Green’s function can then be written explicitly as:

GR
nm(t) = −iΘ(t)〈{dn(t), d†m(0)}〉 = −iΘ(t)

∑

µν

ρµν〈ν|dn(t)d†m(0) + d†m(0)dn(t)|µ〉

(2.57)

where |µ〉 and |ν〉 are many-body eigenstates and ρµν is the density matrix. Intro-

ducing a complete set of states gives:

GR
nm(t) =− iΘ(t)

∑

µν

ρµν〈ν|dn(t)|ν ′〉〈ν ′|d†m(0)|µ〉

− iΘ(t)
∑

µν

ρµν〈ν|d†m(0)|ν ′〉〈ν ′|dn(t)|µ〉

=− iΘ(t)
∑

µνν′

ρµνe
−i(Eν′−Eν)〈ν|dn|ν ′〉〈ν ′|d†m|µ〉

− iΘ(t)
∑

µνν′

ρµνe
−i(Eµ−Eν′ )〈ν|d†m|ν ′〉〈ν ′|dn|µ〉 (2.58)

where Eν is the many-body energy associated with the state |ν〉 and we have taken

advantage of dn(t) = eiHtdne
−iHt.

In the energy domain this is:

GR
nm(E) =

∑

µνν′

ρµν
〈ν|dn|ν ′〉〈ν ′|d†m|µ〉

E − [Eν′ − Eν ] + i0+
+

+
∑

µνν′

ρµν
〈ν|d†m|ν ′〉〈ν ′|dn|µ〉

E − [Eµ − Eν′ ] + i0+
(2.59)
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Re-indexing then gives:

GR
nm(E) =

∑

µνν′

ρµν
〈ν|dn|ν ′〉〈ν ′|d†m|µ〉

E − [Eν′ − Eν ] + i0+
+

+
∑

µνν′

ρν′µ
〈µ|d†m|ν〉〈ν|dn|ν ′〉

E − [Eν′ − Eν ] + i0+

=
∑

µνν′

ρµν〈ν|dn|ν ′〉〈ν ′|d†m|µ〉+ ρν′µ〈µ|d†m|ν〉〈ν|dn|ν ′〉
E − [Eν′ − Eν ] + i0+

(2.60)

which is an exact expression for the retarded Green’s function. Introducing the Dirac

delta function implies this can be written in a Lehmann representation[84, 110] as:

GR
nm =

∫
dω

2π

Anm(E)

E − ω + i0+
(2.61)

where

Anm(E) = 2π
∑

µ,ν,ν′

[ρµν〈ν|dn|ν ′〉〈ν ′|d†m|µ〉 +

+ ρν′µ〈µ|d†m|ν〉〈ν|dn|ν ′〉]δ(E − [Eν′ − Eν ]) (2.62)

is the so-called spectral function. The above appears more commonly in the special

case where the density matrix is diagonal, in which case re-indexing gives:

Anm(E) = 2π
∑

νν′

[ρνν + ρν′ν′ ] 〈ν|dn|ν ′〉〈ν ′|d†m|ν〉δ(E − [Eν′ − Eν ]) (2.63)

The other nonequilibrium Green’s functions have expressions in terms of many-

body eigenstates analogous to Eqs. (2.58) and (2.59). For example, repeating

the foregoing procedure with the definition of the lesser Green’s function G<
nm =

i〈d†m(0)dn(t)〉 ultimately yields:

G<
nm = 2πi

∑

νν′

ρνν〈ν|d†m|ν ′〉〈ν ′|dn|ν〉δ(E − [Eν − Eν′ ]) (2.64)

where we have again taken the density matrix to be diagonal. Similarly, for the

greater Green’s function:

G>
nm = −2πi

∑

νν′

ρνν〈ν|dn|ν ′〉〈ν ′|d†m|ν〉δ(E − [Eν′ − Eν ]) (2.65)
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At equilibrium:

ρνν′ = δνν′
eβ(Nνµ−Eν)

Z (2.66)

where µ is the chemical potential, β = 1
kT

, and Nν is the number of particles in state

|ν〉. The grand partition function is given by:

Z =
∑

ν

eβ(Nνµ−Eν) (2.67)

Inserting this into the expressions for the Green’s functions developed earlier and

re-indexing gives:

G<
nm =2πiZ−1

∑

ν,ν′

e−βEν−µNν 〈ν|d†m|ν ′〉〈ν ′|dn|ν〉δ(E − [Eν − Eν′ ]) (2.68)

G>
nm =2πiZ−1

∑

ν,ν′

e−βEν′−µNν′ 〈ν|d†m|ν ′〉〈ν ′|dn|ν〉δ(E − [Eν − Eν′ ]) (2.69)

A straightforward corollary of these expressions is the quantum fluctuation-

dissipation theorem [34, 132, 68]. To arrive at this, let Eν′ = Eν−E in the expression

for G> based on the δ-function and take Nν′ = Nν +1 based on the matrix elements.

After a little algebra this gives:

G>
nm −G<

nm = −(1 + eβ(E−µ))G<
nm (2.70)

I.e.:

Anm = i
(
GR
nm −GA

nm

)
= i (G>

nm −G<
nm) = −i 1

f(E)
G<
nm (2.71)

where f(E) is the Fermi-Dirac distribution. The fluctuation-dissipation theorem:

G<
nm = if(E)Anm (2.72)

then follows.

The intuitive significance of the foregoing expressions for G< and the spectral

function Anm is best understood by examining the relationship between nonequilib-

rium Green’s functions and one-body observables, which is discussed next.
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2.3.4 One-body equal-time observables

The quantum-statistical expectation value of an arbitrary one-body observable as-

sociated with the operator:

O(t) =
∑

n,m

Onmd
†
n(t)dm(t) (2.73)

can be expressed in terms of the lesser Green’s function as:

〈O(t)〉 =
∑

n,m

Onm〈d†n(t)dm(t)〉 = −i
∑

n,m

OnmG
<
mn(t, t) (2.74)

= −iTr{OG<(t, t)} (2.75)

Thus, the equal-time lesser Green’s function plays a role similar to that of the density

matrix.

In the energy domain this becomes:

〈O〉 = −i
∑

n,m

∫
dE

2π
OnmG

<
mn(E) (2.76)

At equilibrium the fluctuation-dissipation theorem implies the above is equivalent

to:

〈O〉 =
∑

n,m

∫
dE f(E)

1

2π
AmnOnm (2.77)

Thus 1
2π
Anm can be interpreted as a generalization of the density of states.

2.3.5 Nonequilibrium Green’s functions associated with a one-body

Hamiltonian

For later convenience, it is also useful to develop here expressions for the Keldysh

Green’s functions of an isolated system with the diagonal Hamiltonian:

∑

k

εkd
†
kdk (2.78)
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In this case dk(t) = dke
−iεkt and hence:

GR
kl =

∫
dt eiEt · −iΘ(t)〈{dk(t), d†l (0)}〉

= i

∫ ∞

0

dt eiEte−iεkt · 〈δkl〉 =
δkl

E − εk + i0+
(2.79)

G<
kl =

∫
dt eiEt · i〈d†l (0)dk(t)〉

= i

∫
dt eiEte−iεlt · 〈d†ldk〉 = 2πiδ(E − εk)f(εk)δkl (2.80)

Similarly for the advanced and greater Green’s functions:

GA
kl =

δkl
E − εk − i0+

(2.81)

G>
kl = −2πiδ(E − εk)(1− f(εk))δkl (2.82)

2.4 Application to transport

2.4.1 The Meir-Wingreen formula

An important field that makes extensive use of nonequilibrium quantum-statistical

mechanics in open systems is quantum transport. One of the strengths of the

nonequilibrium Green’s function formalism (the Keldysh formalism) is that it per-

mits a rigorous solution to a variety of problems in this context.

In particular, we consider a scenario involving two coupled quantum systems.

The first, system A in Figure 2.6, consists of a set of orbitals associated with

Fermionic creation and annihilation operators c†k and ck, and is governed by the

Hamiltonian:

HA =
∑

k

εkc
†
kck (2.83)

This could be, for example, a Fermi gas associated with a metallic electrode. The

second system, labeled B here, consists of a set of orbitals associated with Fermionic

creation and annihilation operators d†n and dn and is otherwise arbitrary (e.g., it

may be interacting). The only extra assumption we make about the Hamiltonian

of system B is that it is coupled to the Hamiltonian of system A by a term of the
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System A
(noninteracting)

εk
Vnk

n

System B
(arbitrary)

Figure 2.6: Here system A (blue) has a one-body Hamiltonian, namely Eq. (2.83),
with energy levels εk depicted by the blue planes,. The Hamiltonian for system B
(green) is expressed in terms of some discrete basis but is otherwise arbitrary. The
matrix element Vnk gives the amplitude for a particle to hop from the nth site of
system B to the kth energy level in system A.

form:

HAB =
∑

kn

Vnkc
†
kdn + H.c. (2.84)

In particular, it must not otherwise involve creation or annihilation operators for

particles in system A.

We wish to determine the rate at which particles flow between these systems un-

der general conditions. To do this, we consider the time-derivative of the expectation

value of the number operator for system A:

I =
d

dt

〈∑

k

c†kck

︸ ︷︷ ︸
NA

〉

= −i
〈[∑

k

c†kck, HA +HB +HAB

]〉
(2.85)

which defines the number current I. The second equality follows from the Heisenberg

equation of motion.
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Since:

[NA, HA] = 0 (from conservation of particle number in isolation) (2.86)

[NA, HB] = 0 (since HB involves no c†k or ck) (2.87)

[NA, HAB] =

[∑

k

c†kck,
∑

nl

(
Vnlc

†
ldn + V ∗nld

†
ncl

)]

=
∑

ln

Vnl

[∑

k

c†kck, c
†
l

]
dn +

∑

nl

V ∗nld
†
n

[∑

k

c†kck, cl

]

=
∑

ln

Vnlc
†
ldn −

∑

nl

V ∗nld
†
ncl (2.88)

This is equivalent to

I = −i
[∑

ln

Vnl〈c†ldn〉 −
∑

nl

V ∗nl〈d†ncl〉
]

(2.89)

i.e.:

I = −
[∑

ln

VnlG
<
nl(t, t)−

∑

ln

V ∗nlG
<
ln(t, t)

]
(2.90)

where G<
nl and G<

ln are components of the lesser Green’s function of the composite

system A+B, i.e.:

G<
ln(t2, t1) = i〈d†n(t1)cl(t2)〉 (2.91)

G<
nl(t2, t1) = i〈c†l (t1)dn(t2)〉 (2.92)

At equal times the above implies G<
ln(t, t) = − [G<

nl(t, t)]
∗. Thus, the number current

is a function of the equal-time lesser Green’s function:

I = −2Re
∑

ln

VnlG
<
nl(t, t) (2.93)

The Dyson equation on the Keldysh contour implies that the element GTnl is

given by the diagram that appears in Figure 2.7, i.e.:6

GTnl(τ1, τ2) =
∑

km

∫
dτ3 G

T
nm(τ1, τ3)V ∗mkg

T
kl(τ3, τ2) (2.94)

6This expression can also be established nonperturbatively, e.g. using the equation of motion

method (see Ref. 122).
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gT

GT

nm

kl

V ∗

Figure 2.7: An element of the full contour-ordered Green’s function GTnl of system A
+ B expressed by way of the Dyson equation. Here gT is the unperturbed Green’s
function for system A and GT is the full Green’s function of system B.

V ∗

gT

nm

kl

V

Figure 2.8: The time-ordered tunneling self-energy associated with the perturbation
induced by the coupling of A (blue) to B (green), as in Eq. (2.83). Here gT is the
unperturbed time-ordered Green’s function of system A, and V and V ∗ are hopping
matrix-elements between systems A and B.

where gT is the bare Green’s function of system A (i.e. not dressed by its coupling

to B) and GTmn is an element of the dressed (i.e. exact) Green’s function of system

B. Switching to the energy domain and using the convolution theorem then yields:

GTnl =
∑

m

GTnm(E)V ∗mkg
T
kl(E)

= GTnm(E)V ∗mkg
T
ll (E) (2.95)

The final equality follows from our earlier assumption that the Hamiltonian of system

A is diagonal in the basis employed, i.e. gTkl = δklg
T
ll .

The Langreth relations derived earlier then imply:

G<
nl(E) =

∑

m

V ∗ml
(
GR
nm(E)g<ll (E) +G<

nm(E)gAll (E)
)

(2.96)

Thus, inserting this into Eq. (2.93):

I = − 2Re

∫
dE

2π

∑

lnm

V ∗mlVnl
(
GR
nm(E)g<ll (E) +G<

nm(E)gAll (E)
)

(2.97)
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The tunneling advanced and lesser self-energies associated with the coupling of sys-

tems A and B depicted in Figure 2.8 are given by:

ΣA,tun
nm =

∑

kl

V ∗nkg
A
klVml (2.98)

Σ<,tun
nm =

∑

kl

V ∗nkg
<
klVml (2.99)

Here the superscript “tun” reminds us that the full self-energy includes corrections

that go beyond just the tunneling self-energies above. These are discussed in more

detail later. Regardless, the foregoing expressions still allow us to rewrite Eq. (2.97)

exactly as:

= − 2Re

∫
dE

2π

∑

nm

(
GR
nm(E)Σ<,tun

mn +G<
nm(E)ΣA,tun

mn

)
(2.100)

To determine the tunneling self-energies we may use Eq. (2.81) and Eq. (2.80)

to evaluate gA and g<, giving:

ΣA
nm =

∑

l

V ∗nlVml
E − εl − i0+

=
∑

l

V ∗nlVmlP
(

1

E − εl

)
+ i

Γnm
2

(2.101)

Σ<
nm = 2πi

∑

l

f(E)V ∗nlVmlδ(E − εl) = if(E)Γnm, (2.102)

where we have introduced the customary definition of the “tunneling-width matrix”:

Γnm = 2π
∑

l

V ∗nlVmlδ(E − εl) (2.103)

and used the Sokhotski-Plemelj identity:

1

x± i0+
= P

(
1

x

)
∓ iπδ(x).

Here P denotes a Cauchy principal value.

Using the exact expression for the lesser tunneling self-energy above and switch-

ing to matrix notation reduces Eq. (2.97) to:

I = 2

∫
dE

2π
f(E)Tr

[
Im GRRe Γ + Re GRIm Γ

]

− 2

∫
dE

2π
Tr
[
Re G<Re ΣA − Im G<Im ΣA

]
(2.104)
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If we observe that Γ is self-adjoint (this is implied by Eq. (2.103)), we can evaluate

the trace above in a basis in which Γ is diagonal and hence purely real. Doing so

implies the first term of the foregoing is given by:

2

∫
dE

2π
f(E) Tr

[
Γ Im GR

]
(2.105)

= − i
∫
dE

2π
f(E) Tr

[
Γ(GR −GA)

]
(2.106)

where we have used the fact that the trace is invariant under cyclic permutations.

The same argument gives for the second term:

− 2

∫
dE

2π

∑

nml

VmlV
∗
nlP

(
1

E − εl

)
Re G<

nm −
∫
dE

2π
Tr [ΓIm G<] (2.107)

= − 2

∫
dE

2π

∑

nml

VmlV
∗
nl [iπδ(E − εl)] Re G<

nm −
∫
dE

2π
Tr [ΓIm G<] (2.108)

= − i
∫
dE

2π
Tr [ΓG<] (2.109)

where the integral over the principal value has been evaluated via the residue theo-

rem, and the definition of Γ from Eq. (2.103) has been used.

Overall, this yields our goal:

I = − i
∫
dE

2π
Tr
{

Γ
(
f(E)

[
GR −GA

]
+G<

)}
(2.110)

This is the well-known Meir-Wingreen formula[122, 123, 124] and provides the foun-

dation for a general formalism for expressing the flow of charge, spin, heat, etc.

between an arbitrary system (here, B) and a system with a one-body Hamiltonian

(here, system A). An important aspect of Eq. (2.120) is that it expresses the exact

current entirely in terms of the dressed propagator within system B.

2.4.2 Multiterminal Büttiker formulas for number, charge and heat cur-

rent

To generalize the preceding, we suppose system A is partitioned into a set of non-

interacting subsystems {Aα} indexed by α = 1, . . . , N . We assume these are not
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System A
System B

U

G0

V

g

Figure 2.9: A diagram that is not part of the noninteracting tunneling self-energy
from Figure 2.8, but is nevertheless induced by the coupling of systems A (blue)
and B (green), provided B is interacting.

coupled directly to each other but are linked to system B in a manner described by

tunneling-width matrices {Γα}. From Eq. 2.102 the lesser self-energy is then:

Σ< = Σ<,tun + ∆Σ< =
∑

β

ifβ(E)Γβ + ∆Σ< (2.111)

where Σ<,tun is again the tunneling self-energy from Figure 2.8 and ∆Σ is, for the

moment, a catch-all that includes any extra corrections (e.g. if B is interacting the

diagram in Figure 2.9 arises).

To make use of this, we first rearrange the Meir-Wingreen formula, Eq. (2.120),

and use the Keldysh equation, Eq. (2.56), as follows:

Iα = − i
∫
dE

2π
Tr {Γα (fα [G> −G<] +G<)} (from G> −G< = GR −GA)

= − i
∫
dE

2π
Tr {Γα (fαG

> + (1− fα)G<)}

= − i
∫
dE

2π
Tr
{

Γα
(
fαG

RΣ>GA + (1− fα)GRΣ<GA
)}

(from Keldysh equation)

− i
∫
dE

2π
Tr
{

Γα(1 +GRΣR) [fαG
>
0 + (1− fα)G<

0 ] (1 + ΣAGA)
}

(2.112)

Energy dependence is left as implicit here for clarity.

The term involving G<
0 gives a transient response due the onset of coupling

between {Aα} and B. For steady-state transport it can be neglected, and doing so
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while making use of Eq. (2.111) for Σ< gives:

Iα = − i
∫
dE

2π

∑

β

Tr{ΓαGR
[
(−i)fα(1− fβ)Γβ + i(1− fα)fβΓβ

]
GA

+ i

∫
dE

2π
Tr{ΓαGR [fα∆Σ> + (1− fα)∆Σ<]GA} (2.113)

i.e.

Iα =

∫
dE

2π

∑

β

(fβ − fα) Tr{ΓαGRΓβGA}

− i
∫
dE

2π
Tr{ΓαGR [fα∆Σ> + (1− fα)∆Σ<]GA} (2.114)

This is an exact rearrangement of the Meir-Wingreen formula for steady-state trans-

port.

If we define the elastic transmission matrix as:

Tαβ = Tr
{

ΓαGRΓβGA
}

(2.115)

the first term may be interpreted as arising from elastic transport and is equivalent

to a Büttiker[32] formula for the number current, i.e.:

Iα =
1

h

∑

β

∫
dE Tαβ [fβ(E)− fα(E)] (2.116)

where ~ has been restored. The second term in Eq. (2.114) is due to inelastic

processes. It arises from the correction term ∆Σ<, which may be present when

the Hamiltonian for system B is not a one-body operator (e.g. in the presence of

interactions). The charge current is just −e times the number current:

Ieα =
−e
h

∑

β

∫
dE Tαβ [fβ(E)− fα(E)] (2.117)

If it is assumed that each system Aα is at equilibrium and has chemical potential

µα, then the process of transferring a particle with energy E to system Aα dissipates

an amount of heat equal to:

dQ = dE − µαdN

= (E − µα) (since dN = 1) (2.118)



69

An analogous argument applies for holes with energy −E and thus the overall heat

current is [163]:

IQα =
1

h

∑

β

∫
dE (E − µα)Tαβ [fβ(E)− fα(E)] (2.119)

Alternatively, a more general expression may be developed[25] by applying Eq.

(2.118) directly to the Meir-Wingreen equation or while deriving it as above, in

which case one arrives at:

I(ν)
α = − i

∫
dE

2π
(E − µα)ν Tr

{
Γ
(
f(E)

[
GR −GA

]
+G<

)}
(2.120)

where ν = 1 and ν = 0 correspond to the heat and number current respectively.

2.4.3 Linear response formulas

To develop linear response formulas, we first assume that the occupancy of orbitals

in the noninteracting systems Aα is given by the Fermi-Dirac distribution:

f(E) =
1

eβ(E−µ) + 1
(2.121)

Here µ and T are respectively the chemical potential and temperature, and β =

1
kT

. Despite similar notation, context should prevent any confusion between the

transmission function and temperatures in what follows.

First, we define µα − µβ = ∆µβα and Tα − Tβ = ∆Tβα. It follows that:

µβ = µα + ∆µβα, (2.122)

and

Tα = T + ∆Tβα (2.123)

with
∑

α ∆µβα = 0 and
∑

α ∆Tβα = 0. We can then expand Eq. (2.116) to linear

order in ∆µα and ∆Tα:

Iα =
1

h

∑

β

∫
dE Tαβ

{
∆µβα

∂f

∂µ
+ ∆Tβα

∂f

∂T

}
(2.124)
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where the derivatives of the Fermi-Dirac distribution can be evaluated at µα and Tα

for convenience. These quantities are given by:

∂f

∂µ
= −βeβ(E−µ) −1

(eβ(E−µ) + 1)
2 (2.125)

=
βeβ(E−µ)

(eβ(E−µ) + 1)
2 (2.126)

and:

∂f

∂T
=
−1

kT 2

∂f

∂β
= −(E − µ)

kT 2
eβ(E−µ) −1

(eβ(E−µ) + 1)
2 (2.127)

=
(E − µ)

T

βeβ(E−µ)

(eβ(E−µ) + 1)
2 =

(E − µ)

T

∂f

∂µ
(2.128)

Eq. (2.124) is then:

Iα =
1

h

∑

β

∫
dE Tαβ

{
∆µβα + ∆Tβα

(E − µα)

T

}
∂f

∂µ
(2.129)

Taking the limit of equal temperatures, ∆Tβα = 0, and introducing bias voltages

via ∆µβα = −eVβα then gives a multiterminal Büttiker formula [32]:

Ieα = −eIα =
∑

β

GαβVβα (2.130)

with temperature-dependent conductance given by:

Gαβ =
e2

h

∫
dE Tαβ

∂f

∂µ
= −e

2

h

∫
dE Tαβ

∂f

∂E
(2.131)

In the special case that there are only two systems, the thermopower can be

arrived at by stipulating that Iα = 0 and solving Eq. (2.129) for Sαβ =
Vβα

∆Tβα
. This

gives [163]:

Sαβ =
e

hTGαβ

∫
dE Tαβ · (E − µα)

∂f

∂µ

= − e

hTGαβ

∫
dE Tαβ · (E − µα)

∂f

∂E
(2.132)

More generally, a matrix thermopower S can be defined by ∆~V = S∆~T and the

requirement that Iβ = 0 for all β.
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Low-temperature (kT � µ) approximations for the thermopower and conduc-

tance can be developed by expanding the transmission function Tαβ in E, which

is valid insofar as ∂f
∂µ

is sharply peaked near E = µ. E.g. taking Tαβ(E) ≈
Tαβ + T ′αβ · (E − µα) gives:

Gαβ =
e2

h

∫
dE Tαβ(E)

∂f

∂µ
≈ e2

h

∫
dE

[
Tαβ + T ′αβ · (E − µα)

] ∂f
∂µ

(2.133)

Keeping only the leading-order term yields the Landauer[105, 106] formula for the

conductance:

Gαβ =
e2

h
Tαβ (2.134)

Sometimes this result is stated with an extra factor of two for spin, but here this is

accounted for by the transmission function.

Similarly, a low-temperature expansion for the thermopower yields the Mott

formula [128]:

Sαβ ≈
π2

3

(
k2T

e

)
d lnGαβ

dE
(2.135)

We now provide a simple example demonstrating the use of the transport for-

malism described above.

2.4.4 Example: Transport through a spinless resonant level

We consider perhaps the simplest possible application of the foregoing transport

formalism, namely the scenario depicted in Figure 2.10. System B (green) is assumed

to have only a single, spinless noninteracting energy level ε, i.e. it is a system with

the Hamiltonian:

HB = εc†c

Here c† creates an electron in the lone energy level under consideration.

Systems A1 and A2 are noninteracting Fermi gases and, in accordance with e.g.

Eq. (2.101), we suppose that their tunneling self-energies can be characterized by

energy-independent level-width functions. In light of the fact that system B has a

one dimensional state space, these are just complex numbers Γ1 and Γ2 given by
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µ1

µ2

ε

I

Figure 2.10: A single spinless energy level (green) coupled to two noninteracting
electrodes (gold and blue) maintained at chemical potentials µ1 and µ2. The dashed
Lorentzian shows the broadening of the energy level induced by coupling. Particles
flow from left to right.
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Figure 2.11: The zero-temperature number current (solid red) associated with Figure
2.10 as a function of half the bias. The transmission (dashed green) is evaluated at
the edge of the bias window. Here Γ/ε = 0.2, the electrode Fermi level is at E = 0,
and ~ = 1. The current is an integral over the transmission as per Eq. (2.116).
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Eq. (2.103). Neglecting the energy dependence of Γ1,2 is the so-called broad-band

limit[80] and is often reasonable when systems A1,2 are metallic electrodes.

In this case, Eq. (2.79) implies the retarded Green’s function of system B in

isolation is an energy-dependent function:

GR
0 =

1

E − ε+ i0+

and the advanced Green’s function is the complex conjugate of this. Similarly, the

conjugate of Eq. (2.101) implies that the retarded tunneling self-energy associated

with the coupling of B to A1,2 is:

ΣR = −i(Γ1 + Γ2)

2

Because system B is noninteracting, this is in fact the full self-energy associated

with the coupling of system B to systems A1 and A2.

The Dyson equation, i.e. Eq. (2.55), then implies the dressed Green’s function

is given by:

GR = GR
0 +GR

0 ΣRGR (2.136)

Equivalently:

GR =
1

(GR
0 )−1 − ΣR

=
1

E − ε+ i
2
(Γ1 + Γ2)

(2.137)

where we have dropped the infinitesimal i0+.

The elastic transmission function associated with the transmission of a particle

between A1 and A2 by way of system B is given by Eq. (2.115):

T12 = Tr {Γ1G
RΓ2G

A} =
Γ1Γ2

(E − ε)2 +
(

Γ1+Γ2

2

)2

From this we may calculate the number current that flows from A1 to A2 via the

Landauer-Büttiker equation, i.e. Eq. (2.116):

I =
1

h

∫
dE [f1(E)− f2(E)]

Γ1Γ2

(E − ε)2 +
(

Γ1+Γ2

2

)2

Here f1,2(E) specify the statistical occupancy of the energy levels in systems A1,2.

The charge current is simply −eI, and similarly the heat current is given by Eq.
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U

n

m

Figure 2.12: A cartoon of an extended Hubbard model. Particles occupy a discrete
set of sites (red) coupled by a one-body Hamiltonian, but with the addition of long
ranged Coulomb interactions. The interaction depicted corresponds to the matrix-
element Unm.

(2.119):

IQ2 =
1

h

∫
dE [f1(E)− f2(E)] (E − µ2)

Γ1Γ2

(E − ε)2 +
(

Γ1+Γ2

2

)2

At low temperature and large bias f1(E) − f2(E) ≈ 1 in the integrands above.

This corresponds to the situation suggested by Figure 2.10, wherein the window

defined by µ1 and µ2 encloses almost all the spectral weight of the broadened energy

level. In this case:

I =
1

h

∫
dE

Γ1Γ2

(E − ε)2 +
(

Γ1+Γ2

2

)2

=
1

h

∫
dE

2πΓ1Γ2

Γ1 + Γ2

· 1

π

1
2
(Γ1 + Γ2)

(E − ε)2 +
(

Γ1+Γ2

2

)2

=
1

~
Γ1Γ2

Γ1 + Γ2

(2.138)

where we have taken advantage of the normalization condition for the Lorentzian

distribution. If the coupling is symmetric, i.e. Γ1 = Γ2 ≡ Γ, the expression becomes

even simpler: I = Γ/(2~).

2.5 Model Hamiltonians

2.5.1 The extended Hubbard model (π-electron semi-empirical models)

In this section we introduce very briefly several model Hamiltonians that are used

extensively throughout this thesis.
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The first is essentially a simple discretization of the standard Coulomb interac-

tion. In particular, if we consider a system consisting of a finite number of localized

orbitals (i.e. sites), then interactions of the extended Hubbard[76] form are given

by:

1

2

∑

nm

UnmNnNm (2.139)

where Nn is the number operator associated with the nth site:

Nn =
∑

σ

d†nσdnσ (2.140)

and Unm is a positive, symmetric matrix that characterizes the interactions. Here

d†nσ creates a particle with spin σ on the nth site. If we add to this an arbitrary

one-body term we obtain the most general form for the Hamiltonian of the extended

Hubbard model:

H =
∑
nm,
σσ′

H
(1)
nσ,mσ′d

†
nσdnσ′ +

1

2

∑

nm

UnmNnNm (2.141)

This is depicted schematically in Figure 2.12.

When modeling π-electrons in an organic molecule, it is common practice to

adjust the above so that there is particle hole symmetry. This yields a so-called

Pariser-Parr-Pople[134, 137, 144] semi-empirical model, which is the same as the

foregoing but with interactions of the form:

1

2

∑

nm

Unmρnρm (2.142)

Here ρn ≡ Nn−N gives the the net charge on the nth atom in units −e. Frequently

a softened Coulomb interaction[133, 38, 36, 31, 149] of the form:

Unm =
U√

1 + αr2
nm

(2.143)

is taken for Unm. Alternatively, if interactions are altogether neglected, the resulting

π-electron model is referred to as Hückel theory in honor of the pioneering work[78,

77, 79] of E. Hückel, who developed the rules for parameterizing such Hamiltonians.
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2.5.2 The Hubbard model

The standard Hubbard model[76] is a special case of the extended Hubbard model

that includes only point-contact interactions. In particular, it is given by Unm =

Uδnm and

H(1)
nσ,mσ =




−tδσσ′ if sites n and m are nearest neighbors

0 otherwise
(2.144)

Although the Hubbard model has been studied extensively, a discussion of this

is beyond the scope of this thesis.

2.5.3 The constant interaction model

In contrast to the Hubbard model, the constant interaction model arises from the

extended Hubbard model in the limit of maximally long-ranged interactions. In

particular, it is given by a distant-independent interaction matrix Unm = U , which

yields the Hamiltonian:

H =
∑
nm,
σσ′

H
(1)
nσ,mσ′d

†
nσdmσ′ +

1

2
UN(N − 1) (2.145)

where N =
∑

nNn is the total particle number operator.

The constant interaction model is noteworthy in that it has a simple exact so-

lution: The energies are just the noninteracting values plus the “charging energy”

1
2
UN(N − 1). The eigenstates are the same as those of the noninteracting system,

i.e. in first quantization they are Slater determinants.7

7To see this, note that the eigenstates of the noninteracting term have definite particle number

and therefore are automatically eigenstates of the interacting term when Unm = U .
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CHAPTER 3

EFFECTIVE FIELD THEORY OF

INTERACTING π-ELECTRONS

This work was published in Refs. 16, 20 and 21.

3.1 Canonical perturbation theory

Consider two systems, A and B, described in isolation by Hamiltonians HA,B with

corresponding energy scales EA,B. A and B do not need to be spatially separated,

but it is assumed they correspond to distinct parts of state space.

In this case the overall Hamiltonian is:

HA+B =

(
HA 0
0 HB

)
(3.1)

We now consider the possibility of introducing a coupling term V with energy

scale V so that the above becomes:

HA+B =

(
HA V
V† HB

)
(3.2)

A common assertion is that, when EB−EA
V � 1, the degrees of freedom associated

with B are “frozen out” and consequently the low-energy behavior of the aggregate

system may be treated via an “effective Hamiltonian” that has the same dimension-

ality as HA. For example, this line of reasoning can be used to justify treating the

core electrons in an open-shelled atom via a mean-field Hamiltonian. Although such

lines of reasoning can be abused–i.e. the distinction between phenomenological and

“effective” theory is sometimes subjective–the intuitive assertion just made can be

made more rigorous.

To this end, consider a transformation from the basis {|n〉}, in which the Hamil-

tonian above was initially specified, to a new basis {|ñ〉} defined by:

|n〉 −→ eiS|n〉 ≡ |ñ〉 (3.3)
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Here S is the generator associated with the change of basis; we assume that S is

self-adjoint, which implies eiS is unitary [155]. It is important to note that neither

of the basis sets above are required to be energy eigenbases.

The matrix elements of the overall Hamiltonian are then, in terms of this new

basis:

〈ñ|H|m̃〉 = 〈n|eiSHe−iS|m〉 (3.4)

The interior of the expression on the right may be evaluated via the Baker-Hausdorff

lemma[89, 69, 12] giving:

eiSHe−iS =H + i [S,H] +
i2

2!
[S, [S,H]] + . . .

=H0 + V + i [S,H0] + i [S, V ]

− 1

2
[S, [S,H0]]− 1

2
[S, [S, V ]] + . . . (3.5)

If S is selected so that V + i [S,H0] = 0, then the above becomes:

eiSHe−iS = H0 + i [S, V ]− 1

2
[S, [S,H0]] +O(V 3) + . . .

= H0 +
i

2
[S, V ] +O(V 3) + . . . (3.6)

An explicit expression for the matrix elements of S may be developed from the

foregoing condition on V together with the observation that 〈n|V |m〉 = 0 whenever

|n〉 and |m〉 are associated with the same system. In terms of a basis {|φi〉} of

eigenstates of the unperturbed Hamiltonian, this is:

〈n|S|m〉 =
∑

i,j

〈n|φi〉〈φi|V |φj〉〈φj|m〉
Ei − Ej

∼ V
EB − EA (3.7)

Consequently the matrix elements of [S, V ]:

〈n| [S, V ] |m〉 =
∑

i,j,l

〈n|φi〉〈φi|V |φl〉〈φl|V |φj〉〈φj|m〉
{

(En − El)−1 − (El − Em)−1
}

vanish whenever |n〉 and |m〉 are associated with different systems.

Thus, in terms of the new basis {|ñ〉}, the full Hamiltonian up to first order in

V
EB−EA is:

H̃A+B =

(
H̃A 0

0 H̃B

)
(3.8)
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where H̃A,B are given by the matrix elements of H0 + i
2

[S, V ]. Here we see the

transformation employed has given us a new basis in terms of which the Hamiltonian

has two sectors that, as in Eq. (3.2), have energy scales EA,B. However, these sectors

are decoupled to first order in V
EB−EA .

When EB � EA the spectrum of H̃A is the same as the low-energy spectrum

of HA+B, but in terms of a space of states that have a one-to-one correspondence

with those of system A in isolation. Strictly speaking, |ñ〉 do not belong to system

A–e.g. Eq. (3.3) shows they have, loosely speaking, a little of B mixed in. However,

it is conventional and convenient to think of them as effective or dressed states for

A. With this perspective, if HA is a one-body Hamiltonian, the renormalization of

states in A is given by the one-body part of 1
2

[S, V ], whereas the N -body part, if

present, gives N -body interactions mediated by virtual states in B.

An example is in order: A well-known case involves the Hubbard model:

H = −
∑

nσ,mσ

tnmd
†
nσdmσ + U

∑

n

nn↑nn↓ (3.9)

with fixed total particle number and U � t. In this scenario system A consists of

all the states with a given number of double occupancies and system B consists of

everything else. For example, if the low energy spectrum is of interest, A would

consist of states with the minimal number of double occupancies and the most

significant elements of B would be those with one extra double occupancy (and

consequently, an extra double vacancy as well). In this case one has
(
EB − EA

)
∼ U

and V ∼ t.

If one carries out the procedure above for this scenario the result is the so-called

t-J model [39]. This provides an effective Hamiltonian for a given number of double

occupancies that includes an effective interaction that, consistent with Eqs. (3.6)

and (3.7), goes as t2

U
. In the special case where there is a single particle at each site,

this is, up to a constant, an antiferromagnetic Heisenberg Hamiltonian[72, 2] with

Jnm = 2t2nm
U

:
∑

n,m

Jnm

(
~Sn · ~Sm −

1

4

)
(3.10)
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Here ~Sn is the spin of the particle at the nth site.

Frequently the foregoing method does not need to be carried out explicitly.

Rather, it is often possible to determine the form of an effective Hamiltonian by

imposing symmetry constraints. The result typically depends on one or more ad-

justable parameters that could, in principle, be determined a priori via e.g. canonical

perturbation theory. However, it is often more practical to determine these directly

by fitting (“renormalizing”) them to experiment. In the remainder of this chapter,

this tactic is used to develop an effective field theory for the π-electron degrees of

freedom within a conjugated organic molecule.

3.2 π-Electron effective field theory

Due to the profound versatility of the carbon-carbon bond, organic molecules form

the basis for a myriad of potential nanotechnology applications. Many of these

make use of the ability of conjugated organic molecules to conduct electricity, in

which case the system of delocalized π-electrons plays a role analogous to that of

the conduction band in a conventional semiconductor. In such devices, the most

important degrees of freedom from a technological perspective are those associated

with these current-carrying π-electrons.

Although the standard paradigm for transport calculations in molecular

junctions–based on density functional theory (DFT)–includes these degrees of free-

dom, it does so among many others. This makes it difficult to treat some aspects

of electron correlation, which to date has made it challenging to capture impor-

tant interaction effects such as Coulomb blockade within the context of DFT [130].

An alternative approach is to formulate a model including only the degrees of free-

dom essential to describing the π-electron dynamics, thereby reducing the over-

head associated with treating interactions. Electron transport can then be treated

e.g. using many-body Green’s function techniques [24, 152], the Master equation

approach,[97, 160, 139, 66, 61] or quantum impurity solvers [28].

This procedure begins with the observation that processes in systems of π-
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Figure 3.1: Two isosurfaces of the average π-electron density 〈ψ†(~x)ψ(~x)〉 depict
the electronic structure of gas-phase benzene within π-EFT.

electrons take place at characteristic length, energy and time scales all ultimately

dictated by the strength of the π-electron bond. Intuitively, one expects that

only degrees of freedom with scales comparable to these need to be explicitly in-

cluded. Semi-empirical models based on this notion have been in use for over fifty

years,[134, 137, 133, 144] and work to improve their accuracy is ongoing [38, 31, 36].

However, these techniques ultimately all rely on phenomenological parameteriza-

tions [133, 38, 36, 31, 149].

In contrast to this, effective field theory (EFT) provides a concise, systematic

method of constructing a π-electron Hamiltonian starting from first principles by

performing an expansion in a small parameter and then imposing symmetry con-

straints. The result contains a few physically meaningful parameters, which are

then renormalized (fit) to include the aggregate effect of the degrees of freedom not

explicitly retained. In this section we proceed along these lines, first expanding the

full electronic Hamiltonian of a conjugated organic molecule in a basis of atomic

orbitals and then dropping terms involving energies far from the π-electron bond

energy.
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Imposing symmetry constraints and performing an expansion in powers of the

interatomic bond length then allows us to construct an effective Hamiltonian for

the π-electrons in a conjugated organic molecule that, to an extent, accounts for the

effects of σ-electrons virtually.1 As an example of this, we consider the particular

case of gas-phase benzene, for which we formulate an effective Hamiltonian with

four adjustable parameters: the on-site repulsion U , the nearest-neighbor hopping

matrix element t, a dielectric constant ε, and the π-electron quadrupole moment Q.

In principle, these could then be renormalized ab initio, e.g. by using perturbation

theory to freeze out degrees of freedom far from the π-electron energy scale; however,

since this is cumbersome and would not enhance the predictive power of the resulting

model, we instead fit the parameters directly to experiment.

Next, we show how screening from metallic electrodes can be incorporated into

this scheme by considering the multipole moments of image charge distributions.

We then use this method of screening to calculate the screened HOMO-LUMO

gap of benzene near a metallic electrode, as well as to formulate a model of a

gold-benzenedithiol-gold junction, including effects arising from the presence of the

thiol side groups. The differential conductance spectrum of the junction is also

calculated as a function of the gate and bias voltages in the experimentally relevant

regime [167]. Finally, we use π-electron effective field theory (π-EFT) to compute

the π-electron contribution to the van der Waals interaction between benzene and

a metallic electrode.

3.3 Bare Hamiltonian

Using the Born-Oppenheimer approximation, the one-body term in the electronic

Hamiltonian for an isolated molecule can be written as

H(1) =
∑

σ

∫
d3xψ†σ(~x)

(−~2

2m
∇2 + V

)
ψσ(~x) (3.11)

1Within EFT, the σ-electrons can be included explicitly at the expense of a larger basis, and

this may be necessary in order to explain transport in some experiments [188].
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where V is the interaction between the electrons and the atomic nuclei. The operator

that creates an electron with spin σ in the nth element of a basis of atomic orbitals

{φn} can be expressed as:

d†nσ =

∫
d3xφn(~x)ψ†σ(~x)

Multiplying this by the inverse of the overlap matrix Snm = 〈φn|φm〉 and summing

over m implies

∑

m

d†nσS
−1
nmφ

∗
m(~x) =

∫
d3x′

∑

m

φn(~x′)S−1
nmφ

∗
m(~x)ψ†σ(~x′)

= ψ†σ(x) (3.12)

where we have made use of the completeness relation for a non-orthogonal basis:[179]

∑

nm

φn(~x′)S−1
nmφ

∗
m(~x) = δ(~x− ~x′)

Combining equations (3.11) and (3.12) then gives:

H(1) =
∑

nmσ

Hnmd
†
nσdmσ (3.13)

where

H(1)
nm =

∫
d3xφ∗n(~x)

(−~2

2m
∇2 + V

)
φm(~x) (3.14)

and

Hnm =
∑

kl

S−1
nkH

(1)
kl (S−1

ml )
∗. (3.15)

If we keep only nearest-neighbor terms this reduces to the Hückel Hamiltonian

H(1) =
∑

n

εnd
†
nσdnσ −

∑

〈n,m〉,σ

tnmd
†
nσdmσ

where tnm = H(1)
nm and εn = H(1)

nn .

Similarly, the two-body term in the electronic Hamiltonian can be written as

H(2) =
1

2

∑

σσ′

∫
d3x1d

3x2 ψ
†
σ(~x1)ψ†σ′(~x2)

e2

|~x1 − ~x2|
×

ψσ′(~x2)ψσ(~x1),
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which, in terms of the atomic orbital basis, is equivalent to

H(2) =
1

2

∑

nmlkσσ′

Unmlkd†nσd†mσ′dlσ′dkσ (3.16)

where

Unmkl =

∫
d3x1d

3x2 φ
∗
n(~x1)φ∗m(~x2)

e2

|~x1 − ~x2|
×

φk(~x2)φl(~x1)

and

Unmkl =
∑

opqr

S−1
no S

−1
mpUopqr(S

−1
kq )∗(S−1

lr )∗. (3.17)

Together, equations (3.13)-(3.15) and (3.16)-(3.17) give the full electronic Hamil-

tonian from first principles:

H = H(1) +H(2),

but do so in terms of a basis that is impractically large for use within existing

many-body techniques. To overcome this difficulty, in the next section we formulate

an effective Hamiltonian in a reduced basis, explicitly retaining only the degrees of

freedom necessary to describe the π-electron dynamics.

3.4 Effective Hamiltonian

The first step in constructing the effective Hamiltonian is culling elements of the

basis that lie far from the energy scale of interest. To this end, we first exclude

atomic orbitals that do not participate in chemical bonding (those corresponding

to core or excited electrons), which, in a π-electron system, leaves an effective s

orbital and three effective p orbitals at each atom. The former hybridize with

the effective px and py orbitals giving rise to three sp2 hybrids that form the σ

bonds between the atoms. The remaining effective pz orbitals, which, for a planar

molecule, cannot hybridize with any of the σ-electrons without breaking inversion

symmetry, are occupied by one electron on each atom and form π bonds with weaker

binding energies. Because of this energy difference we also omit the atomic orbitals
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participating in the σ bonds, though this approximation could be relaxed at the

expense of a larger basis.

The Hamiltonian for the remaining effective p orbitals can then be determined

using equations (3.13) through (3.17) if the effective orbitals are known. In principle,

these could be calculated directly, e.g. by using canonical perturbation theory to

decouple them from degrees of freedom far from the π-electron energy scale; however,

as noted previously we find it more practical to parametrize these expressions by

imposing symmetry constraints.

To do this, we work initially in the asymptotic limit where the interatomic bond

length is large compared to the size of the effective orbitals. This condition implies

that matrix elements Unmkl with n 6= l or m 6= k and overlap integrals Snm with

n 6= m are exponentially suppressed, allowing us to reduce the interaction matrix

(Eq. (3.17)) to:

Unmkl = Unmkl

= δnlδmk

∫
d3x1d

3x2
e2|φn(~x1)|2|φm(~x2)|2

|~x1 − ~x2|
≡ δnlδmkUnm (3.18)

where φn are now effective instead of bare orbitals. Although it is known[133] that

the terms neglected are not a priori negligible at typical interatomic distances, it has

been suggested that this approximation can be justified by the use of orthogonalized

orbitals[153] and that it is accurate for π-conjugated systems [10].

Here we offer a perspective more consistent with the spirit of EFT, namely

that the neglected terms are accounted for “virtually” when the parameters in the

Hamiltonian are renormalized. We also note that Eq. (3.18) is equivalent to the

neglect of differential overlap approximation[145, 146] that has been used extensively

elsewhere, but that in the context of EFT it is simply the requirement that the

effective Hamiltonian be local.

Expanding Eq. (3.18) in powers of the interatomic bond length leads to a mul-

tipole expansion. Assuming the effective p orbitals possess azimuthal and inversion
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Figure 3.2: A stylized depiction of a π-orbital based on the isosurface of an atomic
pz orbital.

symmetry, we can then parameterize Unm up to the quadrupole-quadrupole interac-

tion in terms of the on-site repulsion Unn and the zz component of the quadrupole

moment Qn associated with each orbital, as well as a dielectric constant ε included

to account for the polarizability of the σ electrons.

Explicitly, this gives:

Unm = Unnδnm

+ (1− δnm)
(
UMM
nm + UQM

nm + UQM
mn + UQQ

nm

)

+O(r−6), (3.19)

where UMM is the monopole-monopole interaction, UQM is the quadrupole-

monopole interaction, and UQQ is the quadrupole-quadrupole interaction. For two

orbitals with arbitrary quadrupole moments Qij
n and Qkl

m separated by a displace-
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ment ~r, the expressions for these are:

UMM
nm =

e2

εr
(3.20)

UQM
nm =

−e
2εr3

∑

ij

Qij
mr̂ir̂j (3.21)

UQM
mn =

−e
2εr3

∑

ij

Qij
n r̂ir̂j (3.22)

UQQ
nm =

1

12εr5

∑

ijkl

Qij
nQ

kl
mWijkl, (3.23)

where:

Wijkl = δliδkj + δkiδlj − 5r−2(rkδlirj + rkriδlj

+ δkirjrl + riδkjrl + rkrlδij) + 35r−4rirjrlrk

is a rank-four tensor that characterizes the interaction of two quadrupoles. Alto-

gether, this provides an expression for the interaction energy that is correct up to

fifth order in the interatomic distance.

To reduce the number of free parameters we simplify the effective Hamiltonian

by imposing particle-hole symmetry. Although this is not strictly necessary, the

success of Pariser-Parr-Pople type[133, 36] semi-empirical models–which implicitly

assume particle-hole symmetry–suggests it is reasonable to do so. Eq. (3.14) then

gives:

H(1)
nm =

∫
d3xφ∗n(~x)

(
−~2

2m
∇2 +

∑

l

Vl(~x)

)
φm(~x) (3.24)

for the one-body Hamiltonian, where Vl(~x) is the effective potential due to the ionic

hole at site l:

Vl(~x) =

∫
d3x′
−e2|φl(~x′)|2
ε|~x− ~x′| . (3.25)

Using Eq. (3.18) then gives:

H(1)
nm = δnm

(
ε(at)
n −

∑

l 6=n

Unl

)
+ (1− δnm)tnm, (3.26)

where we have defined the atomic on-site energy as:

ε(at)
n =

∫
d3xφ∗n(~x)

(−~2

2m
∇2 + Vn(~x)

)
φn(~x) (3.27)
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Defining ρn =
∑

σ d
†
nσdnσ and rearranging the two-body term then yields:

H(1) +H(2) =
∑

n

ε(at)
n ρn −

∑

〈n,m〉,σ

tnmd
†
nσdmσ

+
1

2

∑

nm

Unm(ρn − 1)(ρm − 1)

+
1

2

∑

n

Unnρn −
1

2

∑

nm

Unm

Finally, adding the mutual repulsion of the ionic cores 1
2

∑
n6=m Unm gives the full

effective molecular Hamiltonian:

H =
∑

n

ε(at)
n ρn −

∑

〈n,m〉,σ

tnmd
†
nσdmσ

+
1

2

∑

nm

Unmqnqm

+
1

2

∑

n

Unnqn

Here we have introduced the net charge operator defined by qn = ρn−1. In conjunc-

tion with Eq. (5.6), this gives the π-EFT Hamiltonian for an arbitrary π-electron

system in terms of the tight-binding matrix tnm, the on-site repulsion Unn, a dielec-

tric constant ε, and the π-electron quadrupole moment Qn.

The remainder of this chapter focuses on benzene as a benchmark system, in

which case the Hamiltonian reduces to:

H = µ
∑

n

ρn − t
∑

〈n,m〉,σ

d†nσdmσ +
1

2

∑

nm

Unmqnqm, (3.28)

where Unn = U and Qzz
n = −2Qxx

n = −2Qyy
n ≡ Q by symmetry. The molecular

chemical potential µ is fixed by the experimental ionization energy[75, 99, 162, 91,

158] and electron affinity:[30]

µ =
IE − EA

2
= −4.06 eV, (3.29)

whereas the four other parameters must be fit to experiment. This is done next.
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Exp. π-EFT PPP PPP
Castleton et. al Ohno

Ionization Energy (eV) 9.23 9.26 9.05 9.78
Electron Affinity (eV) -1.12 -1.14 -0.93 -1.67
Neutral Spectrum (eV)

Singlet 4.90 4.87 4.76 4.23
6.21 6.08 6.30 5.52
6.93 7.59 6.93 6.81

Triplet 3.93 4.10 3.99 3.52
4.75 4.92 4.74 4.32
5.60 6.17 5.84 5.58

RMS Relative Error (%) N/A 4.2 6.0 19.0

Table 3.1: Experimental data for the vertical ionization energy,[75, 99, 162, 91,
158] vertical electron affinity,[30] and optical spectrum,[73, 47, 58, 93] of gas-phase
benzene compared to the predictions of π-EFT, a recent PPP-type model,[36] and
the Ohno parametrization [133, 149]. The best fit parametrization of π-EFT was
determined to be t = 2.70 eV, U = 9.69 eV, Q = −0.65 eÅ2 and ε = 1.56.

3.5 Renormalization: Fitting the gas-phase spectrum

We renormalized the π-EFT parameters for gas-phase benzene by fitting to experi-

mental quantities that should be accurately reproduced by a π-electron only model.

In particular, we simultaneously optimized predictions of 1) the vertical ionization

energy, 2) the vertical electron affinity, and 3) the six lowest singlet and triplet

excitations of the neutral molecule.

This was done by exactly diagonalizing Eq. (5.5) with the interatomic bond

length[175] fixed at 1.40 Å. In particular, we performed a global minimization[186]

of the RMS relative error of the predictions for the quantities in the first column of

Table 3.1. The result of this procedure is summarized in column two. The optimal

parametrization for π-EFT was found to be t = 2.70 eV, U = 9.69 eV, Q = −0.65

eÅ2 and ε = 1.56 with a RMS relative error of 4.2 percent.

Also appearing in Table 3.1 are the predictions of a recent Pariser-Parr-Pople

type semi-empirical model[36] as well as those of the Ohno parametrization [133,

149]. Compared to the former, π-EFT fits the optical spectrum of gas-phase benzene
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with similar accuracy and gives better results for the ionization energy and electron

affinity. The parameters common to both models have comparable values, namely

those given above for π-EFT and t = 2.64 eV, U = 8.9 eV, and ε = 1.28 for the model

of Castleton et al. [36]. The π-EFT on-site repulsion is also in qualitative agreement

with RPA-based calculations of the effective Coulomb repulsion in graphene [190].

Although the effective quadrupole moment has no direct counterpart in phe-

nomenological models, its value can be compared to the bare quadrupole moment

of a hydrogenic 2pz orbital. This is given by

Qzz = −24e(a0/Z)2, (3.30)

where a0 is the Bohr radius and +Ze is the nuclear charge. This implies the π-orbital

quadrupole moment reported here corresponds to a hydrogenic p orbital bound by

an effective charge of +3.22e, or, equivalently, with an effective Bohr radius of 0.16

Å. This is consistent with the expectation that the sp2 orbitals forming the σ bonds

provide only weak screening of the atomic core, which has a net charge of +4e. The

effective hydrogenic orbitals can be used to render a stylized depiction of the average

π-electron density 〈ψ†(~x)ψ(~x)〉, as shown in Figure 3.1.

3.6 Screening by metallic electrodes

In this section, we extend the preceding model to include screening effects from

metallic electrodes, which for simplicity are modeled as planar or spherical con-

ductors. When the characteristic response time of the metallic electrons is much

shorter than the timescale of the π-electron dynamics, this can be done using the

method of images via an extension of Eq. (5.6). This is expected to be the case

for conjugated organic molecules near gold electrodes, in which case the metallic

plasma frequency[113] ωp ≈ 9 eV/~ is larger than the frequency scale of π excita-

tions ωπ ≈ 2t/~ ≈ 5 eV/~. The leading order correction to the metallic dielectric

function, given by the GW approximation, then goes as (ωπ/ωp)
2 ≈ 0.3. Explicit

GW calculations also suggest that corrections to the image charge method tend to

be small for organic molecules adsorbed on a metallic surface [131].
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In the following subsections, the multipole moments of the image charge distri-

bution generated by an orbital near planar and spherical conductors are described.

To determine the screened interaction matrix, interactions between these and the or-

bital multipole moments are included in Unm using equations (3.20) through (3.23).

Overall, the two-body Hamiltonian should give the energy required to prepare the

molecular charge distribution by bringing in each of the orbitals from infinity while

maintaining the electrodes at fixed potentials. This can be ensured via a variety of

counting schemes, but we take one that gives a symmetric interaction matrix:

Ũnm = Unm + δnmU
(i)
nn +

1

2
(1− δnm)(U (i)

nm + U (i)
mn), (3.31)

Here Unm is the unscreened interaction matrix, U
(i)
nm is the interaction between the

nth orbital and the image of the mth orbital, and Ũnm is the screened interaction

matrix. Since the image multipole moments of an orbital change as it is brought in

from infinity, one might expect a prefactor of 1/2 in the second term above; however,

this is already present in the Hamiltonian itself.

When multiple electrodes are present, an image in one conductor causes images

in the others in a manner reminiscent of a hall of mirrors (Figure 3.3). We deal

with this by including these “higher order” multipole moments iteratively until the

difference between successive approximations of Ũnm drops below a predetermined

threshold. This procedure converged rapidly.

Within the foregoing scheme, electrodes with nonzero potentials can be modeled

by including image charges that contribute to the one-body Hamiltonian rather

than to Ũnm. For example, a spherical contact with radius R at potential V can be

treated by placing a hypothetical point charge q = V R at its center. This technique

is useful when calculating transport in molecular junctions, as it provides the full

junction Hamiltonian at finite bias. This can supplant phenomenological models[24]

of capacitive lead-molecule coupling.
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Figure 3.3: A cutaway showing the isosurface of a π-orbital (center) that is screened
by two spherical electrodes.

3.6.1 Screening by a planar electrode

In classical electrostatics, a charge distribution near a planar conductor induces a

mirror image of itself. More precisely, an orbital with monopole moment q and

quadrupole moment Qij located a distance r from a conducting plane leads to an

image inside the conductor at depth r with multipole moments q̃ = −q and Q̃ij =

−∑kl TikTjlQ
kl. Here Tik is a transformation matrix representing a reflection about

a plane parallel to the surface of the conductor, i.e.

Tik = δik − 2n̂in̂k, (3.32)

where n̂ is the unit vector normal to the electrode.

3.6.2 Screening by a spherical electrode

An orbital with monopole moment q and quadrupole moment Qij located a distance

r from the center of a spherical electrode with radius R induces an image distribution

at r̃ = R2/r with monopole and quadrupole moments:

q̃ = −qR
r
− R

2r3

∑

ij

Qij r̂ir̂j (3.33)

Q̃ij = −
(
R

r

)5∑

kl

TikTjlQ
kl, (3.34)
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Here Tik is a transformation matrix representing a reflection about the plane normal

to r̂, similar to Eq. (3.32).

Thus the orbital quadrupole moment induces a higher order image monopole

moment, as well as an image of itself that is deformed and reflected. An image

dipole is also generated, but its interaction with the orbital charge distribution is of

order r−7. This is neglected here.

3.7 Screening of the HOMO-LUMO gap

Although π-electron models like the one considered here describe many properties

of conjugated organic molecules, the focus here is transport in molecular junctions.

While recent π-electron models[36] reproduce the low-lying excitations of gas-phase

benzene, their predictions of certain quantities relevant to transport, e.g. the funda-

mental (HOMO-LUMO) gap, are potentially less accurate. Moreover, in a molecular

junction this quantity is reduced by screening from metallic electrodes.

Here we evaluate the spectral function of gas-phase benzene via exact diagonal-

ization and the nonequilibrium Green’s function formalism as described in Chapter

2 and Appendix 3.A. Figure 3.4 shows this quantity, along with experimental values

for the vertical ionization energy (9.23 eV), vertical electron affinity (−1.12 eV),

and the first optical excitation of the molecular cation (3.04 eV). As a guide to

the eye, the spectrum has been broadened artificially via a tunneling-width matrix

of Γnm = (0.2 eV)δnm. As expected, there is the close agreement between the ex-

perimental values and the maxima of the spectral function. The accuracy of the

theoretical value for the lowest optical excitation of the cation is noteworthy, as this

quantity was not fit during the renormalization procedure.

Screening effects are present when the molecule is brought close to the sur-

face of a planar electrode. Figure 3.5 shows the reduction of the ionization energy

and electron affinity as a function of electrode-molecule distance in this case. The

HOMO-LUMO gap, given by IE −EA, shrinks commensurately. These results are

also consistent with recent GW-based investigations of screening [131, 181].
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Figure 3.4: The spectral function of gas-phase benzene broadened artificially. The
dashed orange lines are fixed by (left to right) the lowest lying optical excitation
of the molecular cation [99, 162, 91, 158, 13], the vertical ionization energy of the
neutral molecule [75, 99, 162, 91, 158], and the vertical electron affinity of the neutral
molecule [30].
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Figure 3.5: The ionization energy and electron affinity of benzene oriented parallel
to the surface of a screening plane.
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SS

5 Å

Figure 3.6: The geometry[142, 111] of the benzenedithiol junction associated with
the spectral function from Figure 3.7. The screening surface lies one covalent
radius[40] beyond the outermost gold nucleus, a convention that has been inves-
tigated elsewhere[141] in the context of atom-surface van der Waals interactions.

We also considered the prototypical benzene-gold junction, consisting of benzene

linked to gold electrodes via thiol side groups. Although this junction has many

microscopic realizations, we took the geometry shown in Figure 3.6. The electrodes

are modeled as metallic spheres with radii of 0.5 nm and the partially ionic character

of the gold-sulfur bond was accounted for by placing point charges of −0.67e at

the locations of the sulfur atoms. The latter value was determined in conjunction

with the tunneling-width matrix (Γ11 = Γ44 = 0.44 eV) via a simultaneous fit of

experimental thermopower[11] and conductance[195]. The upper panel in Figure 3.7

shows the spectral function of this junction with the same tunneling-width matrix

as in Figure 3.4, a choice which simplifies comparison.

Screening from the electrodes reduces the HOMO-LUMO gap by 12.5 percent

compared to the gas-phase, and the dipole formed by the charged sulfur atom and

its image shifts the molecular chemical potential up by 1.4 eV. The spectral function

of the same junction with planar rather than spherical electrodes is shown in Figure

3.7. In this case the screening is maximal and the HOMO-LUMO gap is reduced

by 19 percent. These results agree qualitatively with GW-based investigations of

screening in which a molecule is adsorbed on a metallic surface,[131, 181] as well

as with recent GW calculations for benzenedithiol-Au junctions [173]. Compared

to Ref [173]., the HOMO and LUMO resonances in Figure 3.7 are shifted slightly
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Figure 3.7: Top: The room temperature spectral function of the Au-
benzene(1,4)dithiol-Au junction shown in Figure 3.6, together with the gas-phase
density of states from Figure 3.4. To facilitate comparison, the same broadening has
been used in both cases. The dotted orange line at −5.1 eV shows the experimental
chemical potential of clean gold [50]. Bottom: The spectral function of the same
junction with planar rather than spherical electrodes.



97

Gate voltage (V)

Bi
as

 v
ol

ta
ge

 (V
)

 

 

−30 −20 −10 0 10 20 30

−2

−1

0

1

2

10-4

10-3

10-2

10-1

 Abs. di�erential conductance (G0)

Figure 3.8: The differential conductance of a Au-1,4-benzenedithiol-Au junction
at room temperature versus gate and bias voltages. The junction geometry is that
of Figure 3.6, with the addition of a spherical gate electrode of radius 3Å (not
shown) centered 5Å above the benzene ring. The molecular charge is quantized
within the diamond-shaped regions centered on the horizontal axis due to Coulomb
blockade. Resonant tunneling through excited states at high bias, as well as nodes
from destructive interference at low bias, are visible.

upward in energy, but the gap between them is comparable.

Compared to models of screening including only the π-orbital monopole

moment,[83] the reduction of the HOMO-LUMO gap predicted here is somewhat

smaller, presumably because the monopole-quadrupole and quadrupole-quadrupole

terms soften short-ranged Coulomb interactions. Conversely, compared to DFT-

based treatments of similar junctions,[148] the HOMO-LUMO gap in Figure 3.7 is

significantly larger. We also note that, for both of the electrode geometries consid-

ered here, the two-fold degenerate HOMO and LUMO resonances are split by the

Au-S dipole, which breaks particle-hole symmetry.

3.8 Differential Conductance Spectrum

As a preliminary application of π-EFT, we have calculated the differential conduc-

tance spectrum of an Au-benzene(1,4)dithiol-Au junction, as shown in Figure 3.8.

The geometry is that from Figure 3.6, with the addition of a spherical gate electrode

centered 5Å above the benzene ring and with a radius of 3Å. The tunneling width

matrix determined earlier, Γ11 = Γ44 = 0.44 eV, is used again here.

The molecular charge is quantized within the diamond-shaped regions centered

along the horizontal axis. This suppresses the differential conductance, a phe-
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nomenon known as Coulomb blockade. Such effects have been observed experimen-

tally in junctions based on larger dithiolated molecules,[102, 143, 44] in which case

the charging energy is significantly smaller. Charge quantization effects like these

are arguably beyond the scope of local density functional theory and many-body

perturbation theory [130, 140, 22].

Resonant tunneling through excited states at high bias, as well as nodes from

destructive interference at low bias, are also visible in Figure 3.8. This differen-

tial conductance spectrum is similar to one obtained previously[24] using an earlier

π-electron model [133]. The main differences are that the sizes of the Coulomb dia-

monds are reduced due to screening from the electrodes, and particle-hole symmetry

is broken by the S-Au dipoles.

3.9 π-electron contribution to the van der Waals interaction

As a final application of the image-multipole method, we consider the π-electron

contribution to the van der Waals interaction between a molecule and a metal-

lic electrode. Experimentally, such interactions are important when a molecule is

adsorbed on a metal surface, or in single-molecule junctions in which a molecule

bonds directly to metallic electrodes, as in the Pt-benzene-Pt junctions investigated

recently by Kiguchi et al [88]. Theoretically, the van der Waals interaction also rep-

resents a unique challenge in that it is a true many-body phenomenon arising from

quantum correlations induced by long-range interactions. As such, it is challenging

to treat within density functional theory, and modeling van der Waals interactions

using nonlocal functionals is a topic of ongoing research [37, 191, 156]. In contrast

to this, the preceding treatment of screening, in conjunction with a full many-body

treatment of the π-electrons on the molecule, makes it possible to calculate the

π-electron contribution to van der Waals interaction straightforwardly.

In particular, by exactly diagonalizing the few-body molecular Hamiltonian with

and without the effects of screening included in Unm, it is possible to infer the van

der Waals interaction at between a molecule and a metallic electrode by comparing
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Figure 3.9: The π-electron contribution to the van der Waals interaction between
benzene and a spherical electrode with a radius of 10 nm, plotted as a function of
the distance from the conducting surface. At all distances the molecule is oriented
parallel to the surface of the electrode. The dashed green and orange lines show the
expected asymptotic dependence in the near and far fields respectively. Inset: The
same quantity very near the surface of the electrode, including a phenomenological[4]
gold-carbon hard-core repulsion.

the expectation values of the Hamiltonian in these two cases:

EvdW = 〈H̃〉 − 〈H〉

This procedure was carried out at zero temperature for benzene oriented paral-

lel to the surface of a spherical electrode over a large range of electrode-molecule

distances, and the results are shown in Figure 3.9. When the molecule is near the

surface of the electrode EvdW = −C3

r3 , which is the expected asymptotic dependence

for the van der Waals interaction between a molecule and a planar conductor. Con-

versely, when the molecule is far from the electrode EvdW = −C6

r6 , which is the usual

asymptotic dependence of the van der Waals interaction as given by the Lennard-

Jones potential. A clear transition between the two regimes can be seen around 10

nm, the radius of the electrode. In the near-field region the constant of proportion-

ality predicted by π-EFT is C3 ≈ 1.56 eV Å3. We also investigated the orienta-

tion dependence of the van der Waals interaction between a planar electrode and a
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Figure 3.10: The orientation dependence of the π-electron contribution to van der
Waals interaction between a planar electrode and a benzene molecule centered 2 nm
from the metal surface. The molecule is initially oriented parallel to the electrode
and then rotated by an angle θ⊥ about the axis perpendicular to the plane of the
molecule, followed by a rotation of θ‖ about an axis within the plane of the molecule.

benzene molecule, as depicted in Figure 3.10, which shows a significantly stronger

attractive interaction when the plane of the molecule is oriented perpendicular to

the surface of the electrode.

The van der Waals coefficient C3 is fundamentally related to the molecular po-

larizability tensor αij. Thus, for an axially symmetric molecule such as benzene,

a simplified single-oscillator model can be used to derive semi-empirical formulas

relating αij to C3 with the molecule oriented either parallel or perpendicular to the

surface of a planar electrode:[115]

C
‖
3 ≈

Ed
32

(2α⊥ + 2α‖) (3.35)

C⊥3 ≈
Ed
32

(α⊥ + 3α‖) (3.36)

Here Ed is the energy of the principal dipole-allowed optical transition, and α‖

and α⊥ are respectively the molecular polarizabilities parallel and perpendicular

to its plane of symmetry. As an internal consistency check and to demonstrate

that our technique captures the basic physics of the van der Waals interaction, we

have calculated these quantities within π-EFT (Ed = 7.59 eV, α‖ = 3.24 Å3 and
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α⊥ = 0.00 Å3), and used them to deduce C
‖
3 ≈ 1.54 eV·Å3 and C⊥3 /C

‖
3 = 1.5, which

are in close agreement with the values of C3 obtained via direct calculation.

Experimentally, α‖ = 12.31 Å3, α⊥ = 6.35 Å3 and Ed = 6.93 eV for benzene,

and in this case Eq. (3.35) gives C
‖
3 ≈ 8.08 eV Å3, which is roughly five times larger

than that predicted by π-EFT. This discrepancy can be attributed to the significant

contribution of the σ-electrons to the molecular polarizability, as evidenced by the

large experimental value of α⊥, which arises from σ-π transitions. Consistent with

this and the notion that all of the valence electrons contribute more or less equally

to the molecular polarizability, the angular average of the π-EFT polarizability, i.e.
α⊥+2α‖

3
, is roughly a quarter of the same quantity calculated using experimental

values. This underscores the importance of the σ-electron dynamics in the context

of van der Waals interactions, which arise from the long-range spatial correlation

of purely virtual processes. As noted previously, the σ-electrons dynamics could be

explicitly included within effective field theory at the expense of a larger Hilbert

space, and we believe that such a πσ-EFT would accurately reproduce the full van

der Waals interaction between a conjugated molecule and a metallic electrode.

3.10 Conclusions

We have shown how effective field theory can be used to model π-electron systems by

performing a multipole expansion, imposing symmetry constraints, and renormaliz-

ing a few adjustable parameters. In particular, we have optimized the parameters

appearing in an effective Hamiltonian for gas-phase benzene, namely Eq. (5.5),

by fitting to experimental data for 1) the vertical ionization energy, 2) the vertical

electron affinity, and 3) the six lowest singlet and triplet excitations of the neutral

molecule. The accuracy of this method is comparable to traditional PPP models

[133, 149, 36], and the parameters obtained were U = 9.69 eV for the on-site repul-

sion, t = 2.70 eV for the nearest-neighbor hopping matrix element, ε = 1.56 eV for

the dielectric constant, and Q = −0.65 eÅ2 for the π-electron quadrupole moment.

The values of U , t, and ε are consistent existing π-electron models [149, 36, 190],



102

whereas Q is a new parameter in the present approach, which takes the place of the

phenomenologically softened Coulomb interactions used in PPP models.

We also used π-EFT to model the screening of intramolecular Coulomb interac-

tions by metallic electrodes. Within this approach, lead-molecule coupling is treated

via a two-step process in which long range Coulomb interactions are included nonper-

turbatively before lead-molecule tunneling is accounted for using Dyson’s equation.

The ability to include finite bias and screening effects via image multipoles is poten-

tially an advantage of π-EFT over PPP models. For an Au-benzene(1,4)dithiol-Au

junction considered here, screening reduced the HOMO-LUMO gap by 10 to 20

percent.

In contrast to the standard DFT-NEGF approach, the method presented here

straightforwardly captures Coulomb blockade and screening from metallic elec-

trodes. Its main disadvantages compared to DFT and DFT + GW are (i) certain

aspects of the junction are treated phenomenologically (e.g. the linker groups) and

(ii) the exact diagonalization techniques used scale poorly. The latter makes it dif-

ficult to study larger molecules, although in Chapter 5 the Lanczos technique puts

biphenyl based junctions within reach. Alternatively, π-EFT Hamiltonians can be

solved approximately.

Despite these shortcomings, π-EFT seems to capture the physics essential for

describing transport in organic molecular junctions. Like other π-electron models,

it is also conceptually simple.

3.A Many-body transport formalism

Within the non-equilibrium Green’s function approach to studying transport in

molecular junctions, a quantity of central importance is the retarded Green’s func-

tion G of the molecule coupled to the electrodes. In the energy domain and using

matrix notation, this can be expressed via the Dyson equation, Eq. (2.55), as:

G = Gmol +GmolΣG, (3.37)
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where Gmol is the interacting Green’s function of the molecule without coupling

to the electrodes, but including long-range Coulomb interactions between the π-

electrons and their image multipole moments in the leads. The self-energy Σ can be

partitioned into contributions from a tunneling self-energy ΣT that is exact in the

absence of interactions, as well as a correction to the Coulomb self-energy ∆ΣC :

Σ = ΣT + ∆ΣC .

Here we take the approximation ∆ΣC ≈ 0, which is considered further in Chapter

6. We also model the leads as noninteracting, in which case the tunneling-self energy

is given[45] by:

ΣT = V g(E)V †,

Here g(E) is the retarded Green’s function of the lead and Vnk are the matrix

elements coupling the lead and molecule. In the broad-band limit[80] where the

density of states in the electrodes varies slowly near the metallic Fermi level, the

self-energy reduces to an imaginary matrix with no energy dependence:

ΣT = − i
2

∑

α

Γα. (3.38)

Here the tunneling-width matrix Γα associated with lead α is:

Γnσ,mσ = 2πρ(εf )VnV
∗
mδσσ′ ,

where ρ(εf ) is the density of states at the metallic Fermi level, and Vn is the ma-

trix element between the nth π-orbital and the lead states near the Fermi level.

The diagonal elements of this equation are equivalent to Fermi’s golden rule, with

Tr {Γα/~} giving the rate at which electrons in lead α are injected into the molecule.

Aside from the self-energy, the other ingredient needed to evaluate Eq. (3.37)

is the Green’s function of the isolated molecule. This is determined exactly as

described in Section 2.3.3, i.e. by first finding the many-body eigenstates {|ν〉} and

energies Eν of the gas-phase molecule, and then using these to explicitly evaluate a

Lehmann representation[84, 110, 68, 24] of the molecular Green’s function:

Gmol =
∑

ν,ν′

[P (ν) + P (ν ′)]C(ν, ν ′)

E − (Eν′ − Eν) + i0+
(3.39)
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Here P (ν) is the statistical occupancy of the νth eigenstate, which are evaluated

here via the grand canonical ensemble, and

Cnσ,mσ′(ν, ν
′) = 〈ν|dnσ|ν ′〉〈ν ′|d†mσ′ |ν〉

are many-body matrix elements. In the present context d†mσ creates an electron with

spin σ in the mth π-orbital.

Altogether, equations (3.37), (3.38) and (3.39) provide an approximate method

for calculating the dressed molecular Green’s function, which may be used to calcu-

late physical quantities of interest. For example, as discussed in Section 2.3.4, the

spectral function is given by:[45]

A(E) = −2 ImG,

the trace of which is proportional to the effective single-particle density of states:

ρ(E) =
1

2π
Tr {A}

Transport quantities can be determined as described in Section 2.4. In particular,

the elastic transmission function between two electrodes is given by Eq. 2.115, i.e.:

Tαβ = Tr
{

ΓαGΓβG
†} ,

where Γα and Γβ are tunneling-width matrices associated with leads α and β. This

quantity may be used to evaluate transport quantities of interest, such as the charge

current:

Ieα =
−e
h

∑

β

∫
dE Tαβ (fβ − fα)

and the thermal current:

IQα =
1

h

∑

β

∫
dE (E − µα)Tαβ (fβ − fα)

flowing into lead α. Here fα(E) and µα are respectively the Fermi-Dirac distribution

and chemical potential associated with lead α.
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CHAPTER 4

NODE STRUCTURE IN INTERACTING

SYSTEMS

A preprint of this work appears in Ref. 15.

4.1 Introduction

Absent interactions, the path integral formalism provides an intuitive relationship

between the geometry of a quantum system and the interference effects exhibited by

it. However, the nature of this correspondence in interacting systems is not obvious.

Moreover, while much is known about the structure of transmission resonances,

which are directly related to transitions between energy levels, the generic structure

of transmission nodes is poorly understood.

In this chapter we consider in particular nodes from destructive interference that

arise in the retarded Green’s function and consequently the transmission function

associated with extended Hubbard models. As in Chapter 3, such models[76, 133,

36, 16] have been used to describe transport[130, 152, 16, 24, 23, 28, 122, 123, 80]

through molecular junctions and mesoscopic systems. In this context there is a

great deal of experimental and theoretical evidence that most nodes present within

noninteracting models persist in the presence of interactions.[157, 138, 198, 171, 189,

85, 166, 65, 94, 120, 87, 24, 120]

However, in contrast to this, degenerate nodes present in interacting systems

were previously observed[165] to be split by Coulomb interactions within many-

body calculations.,1 Here we propose that the foregoing observation is the result of

1After preparation of this manuscript, we became aware via private correspondence that J.

Bergfield has recently observed node splitting within a Hubbard model of a molecular junction in

unpublished work.
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Figure 4.1: (a) Two identical systems, A and B, linked by a matrix element V be-
tween orbitals 2 and 2′. Even with interactions only within each system, a definition
of series propagation is fundamentally broken by the processes depicted in (b). This
can cause dramatic changes in the low-energy node structure of the propagator, e.g.
permitting transport between 1 and 1′ when it is forbidden between 1 and 2.
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an inherent incompatibility between the presence of interactions and a definition

of series propagation that can be formulated diagrammatically. Remarkably, we

find violations of this definition cause large disruptions of degenerate nodes even

when there are no interactions between the units arranged in series. The reason

is fundamental: Amplitudes in interacting systems are not expressible as a sum

of geometric Feynman paths. All possible field configuration histories contribute

coherently to a propagator, and degenerate nodes are found to be strikingly sensitive

to this (Figure 4.1).

We also show for the first time that degenerate nodes do exist in interacting

systems. However, in light of the aforementioned breakdown of series propagation,

we find that they generically require fine-tuning and that their sensitivity to pertur-

bation and tuning increases with their order. Moreover, we provide the first reports

that degenerate nodes can be lifted by interactions instead of split, that they gener-

ically lie at the boundary between regimes of splitting and lifting, that this splitting

or lifting is an ill-conditioned function of parameters in the Hamiltonian, and that

for high degeneracy there is a tendency toward lifting. These effects influence the

properties of the nanoscale devices modeled subsequently in Chapter 5.

To provide a simple conceptual framework for understanding the node structure

in extended Hubbard models, we also develop a simple but remarkably accurate

functional form for the eigenvalues of the low-energy retarded Green’s function that

qualitatively characterizes the node structure of the models we consider. It is rem-

iniscent of two-pole approximations that have been applied to the Hubbard model

[76, 154], and it is found to be equivalent to mapping each eigenvalue of the retarded

Green’s function onto the Green’s function of a Fermi-liquid-like[104] renormaliza-

tion of the Anderson model [3].

Using this, we show that so-called “Mott nodes”, reported previously in theo-

retical predictions of molecular transmission spectra[19] and in the Hubbard model

[172], are associated with nodes in the eigenvalues of the retarded Green’s function

in extended Hubbard models. We note that such nodes also appear at high energies,

and identify them as being generically due to the interference of field configuration
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histories. In this context, “eigenvalue nodes” responsible for Mott nodes are in-

terpreted as being due to the destructive interference of particle-like and hole-like

processes mediated by the same single-particle orbital. This refines earlier work[19]

advancing the interpretation that the Mott node itself is directly due to particle-hole

interference, which, while true in the context previously considered, turns out to be

a special case.

Finally, we also cast the nodes of the retarded Green’s function as the roots of a

polynomial, which provides a formal connection between the perturbation of nodes

and the perturbation of the coefficients of a polynomial. While this formalism gives

the nodes of the Green’s function exactly at all energies, we find it practical to

develop a reduced-order polynomial that characterizes low-energy node structure.

In this context, split and lifted degenerate nodes correspond respectively to the real

and complex roots of this polynomial.

The organization of this chapter is as follows: In Section 4.2 we develop a defi-

nition of series propagation and remark briefly upon the connection between propa-

gation in an isolated system and transmission through it. In Section 4.3, we provide

an overview of the relationship between the breakdown of this definition of series

propagation and the disruption of degenerate nodes in the presence of Coulomb in-

teractions. In Section 4.4, we describe a connection between electronic structure and

node structure in extended Hubbard models that characterizes low-energy nodes in

such systems at arbitrary filling. This is then used to provide insight into a few

generic properties of the node structure in interacting systems.

Many of the results that are described in Sections 4.3 and 4.4 are based upon a

detailed series of case studies of nodes in simple extended Hubbard models. For the

sake of clarity, these do not appear in the main text and instead have been organized

in Appendix 4.A. Similarly, the technical details regarding the connection between

nodes in the transmission function and nodes in the retarded Green’s function ap-

pear in Appendix 4.B. Finally, a derivation of the two-pole approximation for the

eigenvalues of the Green’s function used in Section 4.4 appears in Appendix 4.C.
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4.2 A definition of series propagation

Consider the system depicted in Figure 4.1 consisting of two interacting systems

A and B linked by a single matrix-element V . For the sake of concreteness, we

take an extended Hubbard model[76] with spin and particle-hole symmetry for the

interactions, in which case the Hamiltonian of the composite system A+B is of the

form:

HA+B =−
∑

i,j,σ

HA
ijd
†
iσdjσ +

1

2

∑

i,j

UA
ijρiρj

︸ ︷︷ ︸
System A

−
∑

i,j,σ

HB
ij c
†
iσcjσ +

1

2

∑

i,j

UB
ij ηiηj

︸ ︷︷ ︸
System B

−
∑

σ

(
V c†nσdmσ + H.c.

)
+

1

2

∑

i,j

UAB
ij ρiηj

︸ ︷︷ ︸
Coupling

(4.1)

where ρi =
∑

σ d
†
iσdiσ − 1 and ηi =

∑
σ c
†
iσciσ − 1. Here c†nσ and d†nσ respectively

create electrons with spin σ on the nth site of systems A and B .

The amplitude for a particle added to the αth orbital of system A at time 0 to be

observed in the βth orbital of system B at time t is proportional to a Green’s function

Gβα(t, 0) = −i~Θ(t)〈dβ(t)d†α(0)〉. We define series propagation in this context via

the requirement that Gβα be expressible as a coherent sum over Feynman paths

[55], each corresponding to a process wherein a particle propagates back and forth

through each system in series, eventually ending up in the βth orbital of system B.

The most general expression for Gβα under these conditions is:

Gβα(t, 0) =

∫ t

0

dτ1 G
B
βm(t, τ1)∆GA

nα(τ1, 0)

︸ ︷︷ ︸
Direct transmission

+

∫ t

0

dτ1

∫ t

τ1

dτ2

∫ t

τ2

dτ3 G
B
βm(t, τ3)∆GA

nn(τ3, τ2)∆∗GB
mm(τ2, τ1)∆GA

nα(τ1, 0)

︸ ︷︷ ︸
Transmission mediated by reflections at times τ1 and τ2

+ . . . (4.2)
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where ∆ is an amplitude associated with hopping between A and B, and GA and

GB are amplitudes associated with propagation within A and B. These do not need

to be Green’s functions of the isolated systems, though they can be. We merely

assume all the amplitudes are causal in the sense that Gij(t, 0) = 0 for t < 0.

In this case, time translation invariance implies:

Gβα(t, 0) =

∫ ∞

−∞
dτ1G

A
nα(τ1)∆GB

βm(t− τ1)

+

∫ ∞

−∞
dτ1 dτ2 dτ3G

A
nα(τ1)∆GB

mm(τ2 − τ1)∆∗GA
nn(τ3 − τ2)∆GB

βm(t− τ3)

+ . . . (4.3)

which is a Dyson equation[49] with the self-energy Σij(τ) = ∆δ(τ)δinδjm. Applying

the convolution theorem then yields a geometric series in the energy domain:

Gβα = GA
nα∆GB

βm +GA
nα∆GB

mm∆∗GA
nn∆GB

βm + . . .

=
GA
nα∆GB

βm

1−GB
mm∆∗GA

nn∆
=

GA
nαV G

B
βm

1−GA
nnG

B
mm|V |2

(4.4)

The last equality follows from the condition that the hopping amplitude ∆, which

has not been specified till now, is equal to V . This ensures that the foregoing

definition gives the exact result for noninteracting systems, as the self-energy Σ

above is then the tunneling self-energy associated with V . For clarity, the energy

dependence of the amplitudes Gij is left as implicit.

We note here that, although the intuitive case of Gβα(t, 0) = −i~Θ(t)〈dβ(t)d†α(0)〉
was considered first to formulate our definition of series propagation, the preceding

applies equally to the retarded Green’s function from the Keldysh formalism [86]:

Gβα(t, 0) = −i~Θ(t)〈{dβ(t), d†α(0)}〉. As discussed in 2.4, transport related quanti-

ties are elegantly expressed via this quantity, as it combines the amplitudes for both

particle-like and hole-like processes [68, 122, 123].

Thus, throughout the remainder of this work we consider only the retarded

Green’s function, though the preceding is not specific to it. The explicit relation-

ship between this quantity and the elastic transmission function associated with a

two-terminal device is discussed in Appendix 4.B. We also note that when one of the
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systems is a set of metallic electrodes and bare Green’s functions are taken for GA,B,

the definition presented here reduces to the so-called elastic cotunneling approxima-

tion that has been considered before[64, 7, 24, 147] and is further investigated in

Chapter 6.

We now consider the relationship between this definition of series propagation

and node structure in interacting systems.

4.3 Topology and node structure: The breakdown of series propagation

Eq. (4.4) implies that a node at energy E in GA
nα is sufficient to cause a node at

the same energy in Gβα provided GB
βn is bounded in the vicinity of E. Equivalently,

within the foregoing formulation of series transmission, if a virtual particle with

a given energy can not propagate from α to n, it can not propagate from α to β

by way of coupling between n and m. In particular, if GA
nα and GB

βm both vanish

according to a power law, i.e. G ∝ (E −E0)η, then Eq. (4.4) implies the amplitude

Gαβ exhibits a degenerate node, vanishing as (E − E0)2η.

With interactions these properties do not hold because the foregoing definition

of series propagation, and consequently Eq. (4.2), breaks down. This is true even

absent interactions between systems A and B. In the case studies presented in section

4.A, we find that even when there are no Coulomb interactions between the systems,

and even when GA and GB are dressed exactly by the coupling of A to B, violations

the foregoing definition of series propagation dramatically alter the structure of

degenerate nodes at, for example, molecular energy scales. Ultimately, the reason

is fundamental: Amplitudes in interacting systems are not expressible as a sum

of geometric Feynman paths. All possible field configuration histories contribute

coherently to a propagator. Thus, the factorization defined by Eq. (4.2) omits

processes like those represented by the Feynman diagrams depicted in Figure 4.2:

Diagrams of class (a) and (b) are present only when there are long-ranged

Coulomb interactions between A and B, and can be interpreted as dressing the

Green’s function in Eq. (4.2). Diagrams of class (c) can be viewed in the same man-
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System B

System A

System B

System BSystem A

GA

GB

VGA GB

a.

c.

e.

b.

d.

Figure 4.2: Diagrams depicting processes that are inconsistent with a definition of
pure series propagation between system A (blue) and system B (green). Diagrams
(a) - (c) are consistent with a weak definition of series propagation, whereas (d)
and (e) are not. We find the presence of either (d) or (e) destroys degenerate nodes
otherwise expected on the basis of series propagation.
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Figure 4.3: The geometry and extended Hubbard parameters associated with the
interacting supernode depicted in Figure 4.4.

ner but exist even absent intersystem interactions. The nonlocal exchange in (d)

does require long-ranged Coulomb interactions, but can not be treated by dressing

GA. It is formally equivalent to introducing new matrix elements between A and B

that alter their mutual connectivity. The final class (e) is inconsistent with series

propagation in the purest sense – it exists generically, can not be treated within any

formalism that involves only single-particle Green’s functions for A and B, and does

not arise from Coulomb interactions between the systems.

In the case studies presented in Appendix 4.A, we find that for two identical

systems arranged in series, the presence of diagrams of the form (d) or (e) is neces-

sary and sufficient for the disruption of degenerate nodes that would otherwise be

expected on the basis of series propagation. When present, diagrams of the form

(d) usually correspond to self-energies that are quantitatively larger than those as-

sociated with the higher-order diagrams (e). However, we find either (d) or (e) is

capable of imparting very large changes to interference effects otherwise expected

on the basis of series propagation. Under some circumstances, we find they compete

and lead to novel node structure.

A curious example of this is furnished by an interacting supernode present in

a four-site extended Hubbard model depicted in Figure 4.3, which is studied in

more detail in Appendix 4.A. In the present context the pertinent observation is

that, while this system exhibits a higher-order node at the particle-hole symmetric

point due to series propagation when there are no interactions, in the presence of
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Figure 4.4: The node locations (a) in a four-site extended Hubbard model presented
in section 4.A plotted as a function of an element U14 = U41 of the interaction matrix.
A degenerate node exists at E = 0 for a critical value (U14 ≈ 1) but is either split
or lifted at other values. In the lifting regime, the eigenvalues of G corresponding
to the HOMO and LUMO make the dominant contribution everywhere within the
HOMO-LUMO gap (a-c). In the splitting regime, the dominant contribution is from
the HOMO - 1 and LUMO + 1 eigenvalues in the region bracketed by the nodes
(b-d).
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Figure 4.5: The element G23 of the retarded Green’s function for the depicted tight-
binding model (t12 = t23 = t34 ≡ t = 3 eV, t14 ≡ ∆). This system exhibits a
degenerate node at E = 0 when ∆ = 0 eV (black), but for ∆ = ±0.1 eV the node is
respectively lifted or split. Although in this case there are no interactions, we find
that degenerate nodes generically sit at the boundary between node splitting and
lifting.

Coulomb repulsion this feature is contingent upon the fine-tuning of an interaction

matrix element. When this element deviates from a critical value, the degenerate

node is rapidly split or lifted (Figure 4.4 panel a). In Appendix 4.A, it is shown that

the node lifting in this case is attributable to diagrams of the form (e) in Figure

4.2. More generally, we find that degenerate nodes generically lie at the boundary

between the regimes of splitting and lifting.

Similar behavior can be observed in a noninteracting system wherein a degen-

erate node is either split or lifted depending upon the sign of a perturbation to a

hopping matrix-element (Figure 4.5). Indeed, the splitting or lifting of the degen-

erate node discussed above can be interpreted in topological terms by considering

an effective Hamiltonian defined by H̃ = H(1) + ΣC
0 . Here H(1) is the noninteract-

ing part of the extended Hubbard Hamiltonian and ΣC
0 is the Coulomb self-energy

evaluated at the node location E = 0. In this simple system, such a Hamiltonian

accurately reproduces the Green’s function at half-filling over a wide energy range

that includes the HOMO-LUMO gap.

Moreover, in Appendix 4.A it is shown that at the critical tuning associated with

the degenerate node in Figure 4.4, the (1, 4) element of this Hamiltonian vanishes

due to cancellation between nonlocal exchange and higher-order processes. When

this occurs H̃ has the same topology as H(1), consistent with the existence of a

degenerate node despite the presence of nontrivial Coulomb interactions between all
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the sites.

As a more general alternative to this topological interpretation, it is also possible

to understand the crossover between node lifting and node splitting in terms of

electronic structure. We pursue this in the next section, ultimately describing a

simple model that can qualitatively explain the node structure at arbitrary filling

in the extended Hubbard systems considered in this work.

4.4 Connecting electronic structure with node structure

The node structure of an interacting system can also be understood in terms of

electronic structure. To this end, it is useful to consider the eigenvalues of the

retarded Green’s function G, which are analogous to transmission eigenvalues. In

particular, the retarded Green’s function of a system with no coupling to external

degrees of freedom can be expressed exactly as:

G(E) =
∑

ν

λν |ν〉〈ν| (4.5)

where |ν〉 is an energy-dependent normalized eigenvector of G and λν is the corre-

sponding eigenvalue. In Appendix 4.C, it is shown that at zero temperature λν is

given exactly by an expression of the form:

λν =
∑

η

Zη
ν

E −∆Eη + i0+
(4.6)

Here the index η runs over all possible particle- and hole-like transitions out of

occupied many-body ground states, and ∆Eη and Zη
ν are corresponding transition

energies and spectral weights.

The foregoing expressions, which are exact, can be used to characterize node

structure formally, by casting casting nodes as the roots of a polynomial, or in-

tuitively, by decomposing the Green’s function into contributions from molecular

orbitals. These complementary approaches are described below.



117

4.4.1 Decomposition into transport through orbitals

In principle, the number of terms in the sum from Eq. (4.6) is huge–at least equal

to the number of N ± 1 particle many-body states, where N is the filling of the

system. However, absent orbital degeneracy, at energies near the Fermi level each

eigenvalue is given approximately by an expression of the form:

λν(E) ≈ Z̃p
ν

E − ε̃p
ν + i0+

+
Z̃h
ν

E + ε̃h
ν + i0+

(4.7)

where ε̃p,h is an effective parameter that gives the energy cost of creating a particle

or hole with state |ν〉 and Z̃p,h
ν is a corresponding spectral weight. This expression is

developed in Appendix 4.C and the justification for the use of effective parameters is

considered carefully there. Here it suffices to note that we find this approximation

to be remarkably accurate for the systems considered herein. With long-ranged

interactions, ε̃p,h can be approximated in terms of noninteracting energies and the

charging energy of the system; similarly, Z̃p
ν + Z̃h

ν ≈ 1.

Together, Eq. (4.5) and Eq. (4.7) provide an essentially complete qualitative

characterization of the low-energy node structure of a wide range of extended Hub-

bard models. This is demonstrated by way of example in Figure 4.6, which shows the

exact eigenvalues of a symmetric two-site extended Hubbard model from Appendix

4.A.

The approximation expressed by Eq. (4.7) corresponds primarily to neglect-

ing the correlation-induced resonances at high energy (those in the shaded region),

which are inaccessible to a particle propagating at the Fermi level. Due to the

(anti)symmetry of the eigenvectors corresponding to the bonding and antibonding

resonances, the nodes in an element of G occur where two of the eigenvalues are

equal in magnitude. In more general cases the correspondence is modestly less intu-

itive, but the framework provided by Eq. (4.7) still characterizes the node structure

accessible at the Fermi level.

In particular, the node structure depicted in Figure 4.4, explained topologically

in the preceding section, can be understood straightforwardly in terms of the inter-

ference of the eigenvalues of G (panels a-c). In the case of a molecular junction, each
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Figure 4.6: Panels (a-d) depict the magnitude of the eigenvalues of the retarded
Green’s function for a symmetric two-site extended Hubbard model (system A). In
(a), (b), and (c) the system is filled by two, one, and zero electrons respectively,
whereas in panel (d) the Green’s function is evaluated at the Fermi level. Panel (e)
shows the the matrix-elements Gnm of the retarded Green’s function, also evaluated
at the Fermi level. Nodes in Gnm correspond to intersections of the eigenvalues in
panel (d) above.
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of these gives the transport contribution from a molecular orbital. The crossover

between lifting and splitting occurs as the pair of orbitals making the dominant

contribution to G near E = 0 switches from the HOMO and LUMO to the HOMO

- 1 and the LUMO + 1. For a second-order degenerate node, the precise alignment

of all four orbitals is required. Since two of these are excited states, this explains

heuristically the unusual sensitivity of degenerate node structure to correlations.

Eq. (4.5) also describes the node structure away from half-filling in Figure 4.6.

In Appendix 4.A it is shown that the nodes in Gnm in the N = ±1 filling regions

occur due to a node in one of the eigenvalues λν , and that their locations are

dependent upon the node structure in the half-filling region. More generally, such

nodes λν occur in open-shelled systems. Like the correlation induced nodes at high

energies, they are a signature of non-geometric destructive interference between field

configuration histories.

4.4.2 Nodes as the roots of a polynomial

Formally, Eq. (4.6) implies the energies of nodes in Gnm are given exactly by:

∑

ν,η

Aην
E −∆Eη + i0+

= 0 (4.8)

where Aην = Zη
ν 〈n|ν〉〈ν|m〉 and η ranges over all transitions between many-body

ground states and many-body states with an extra particle or hole. Putting the

terms in this sum over a common denominator yields the expression:

∑

ν,η

Aην
∏

γ 6=η

(E −∆Eγ) = 0 (4.9)

where we have neglected infinitesimal imaginary terms.

A degenerate node then corresponds to a degenerate root of the polynomial in

Eq. (4.9), and perturbation of the associated Hamiltonian is equivalent to pertur-

bation of the polynomial coefficients. Since the degenerate roots of a polynomial

are known[193] to be an ill-conditioned function of its coefficients, this implies that

degenerate roots are generically sensitive to perturbation. In principle, even the
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location of nondegenerate nodes (nondegenerate polynomial roots) can be an ill-

conditioned function of parameters in the Hamiltonian, although this is expected to

be a rare case.

The transition between lifting and splitting depicted in Figure 4.4 can be for-

malized in terms of the roots of Eq. (4.9): Split nodes occur when both roots lie

along the real axis, whereas lifting occurs whenever the roots are complex. More-

over, in the presence of time-reversal symmetry, the polynomial in Eq. (4.9) has

real coefficients and its roots occur in complex-conjugate pairs. This implies that

the “parity” (evenness or oddness) of a degenerate node is preserved upon splitting.

The same conclusion can be drawn intuitively from the geometry of the eigenvalues

discussed earlier.

The order of the polynomial in (4.6) is large because it describes the location of

all nodes, i.e. even those due to correlations at very high energies. Applying Eq.

(4.7) renders it more intuitively useful, in which case we have:

∑
ν
{p,h}

Ãp,h
ν

∏

µ6=ν

(E − ε̃p,h
µ ) = 0 (4.10)

where both µ and ν range over single-particle eigenvectors. The degree of the

polynomial is then at most 2(N − 1), where N is the number of single-particle

eigenstates. If we take into account the considerations in Appendix 4.C, it can be

seen that a polynomial of order N −1 suffices when the system is in a closed-shelled

state. In practice, only a few of these roots are present at low-energies. Put another

way, the number of nodes at low energy is at most half the number of eigenvalues

competing in this region.

4.4.3 Generic node structure

The equivalent perspectives above generalize readily to the case of more complex

systems, and imply that the node structure in similar models satisfies a few generic

conditions: (1) upon perturbation, the parity (i.e. evenness or oddness) of the num-

ber of nodes is preserved ; (2) all degenerate nodes lie at the boundary between the
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regimes of node splitting and node lifting ; (3) nodes in the eigenvalues of the Green’s

function occur in open-shelled states and at high energies due to non-geometric in-

terference between field configuration histories and are responsible for the Mott nodes

in Gnm; (4) the sensitivity of a node to perturbation or the tuning of a parameter

increases with its degeneracy ; (5) the tendency of degenerate nodes to lift rather than

split increases with their degeneracy.

These properties are exemplified by the extreme sensitivity of degenerate geo-

metric nodes to any perturbation inconsistent with series propagation. For exam-

ple, for two systems arranged in series that do not interact with each other but are

themselves interacting, we find in Appendix 4.A that processes fundamentally in-

consistent with the notion of series propagation are sufficient to dramatically destroy

degenerate nodes. Remarkably, in the same models these small deviations from pure

series propagation have little effect on other low-energy features.

4.5 Conclusions

The retarded Green’s function of an interacting system has the potential to exhibit

rich and nontrivial node structure. However, in this work we have made a few

generic observations: In extended Hubbard models (1) there is a strong tendency

toward the preservation of the parity (i.e. evenness or oddness) of the number of

nodes; (2) degenerate nodes require fine-tuning in the presence of interactions and

sit at the boundary between regimes of node splitting and node lifting; (3) nodes

in the eigenvalues of the Green’s function occur in open-shelled states and at high

energies due to non-geometric interference between field configuration histories; (4)

the sensitivity of a degenerate node to the tuning of a parameter increases with

its degeneracy; and (5) the tendency of degenerate nodes to lift upon perturbation

rather than split increases with their degeneracy.

These properties can be understood in terms of electronic structure by way

of a simple approximation that qualitatively explains the node structure of the

extended Hubbard models we considered, regardless of filling. More formally, nodes



122

1

2 3

4

System A

1

2

System B

t

V

t

a.

b.

t

Figure 4.7: Top (a): Two sites in an extended Hubbard model linked by a matrix
element t. Bottom (b): Two systems of the form in (a) linked by a matrix element
V and possibly with some Coulomb interactions between them. This is a realization
of Figure 4.1 if we identify sites one and two as system A and sites three and four
as system B.

of the retarded Green’s function are the roots of a polynomial. In some cases, node

structure can also be understood in topological terms. However, in the presence of

interactions, we find that geometric degenerate nodes predicted to exist on the basis

of series propagation are present if and only if a definition of series propagation

formulated herein is satisfied. This is true even when there are no interactions

between the units arranged in series.

The reason for this is fundamental: Amplitudes in interacting systems are not

expressible as a sum of geometric Feynman paths. All possible field configuration

histories contribute coherently to an interacting propagator. Among the low-energy

interference features in interactions systems, degenerate nodes appear to be uniquely

sensitive to this. Although remarkable by itself, in Chapter 5 this sensitivity shows

the potential to strongly influence nanoscale device characteristics.
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4.A Case studies: Detailed analyses of the node structure in select ex-

tended Hubbard models

In the following we present detailed analyses of the node structure in select two and

four site extended Hubbard models. We also touch briefly upon the node structure

in larger systems. The material presented herein forms the basis for many of the

observations made earlier in this work, but is necessarily more detailed and more

technical than what has come before this point. The reader is encouraged to study

the portions of interest to him or her.

Our starting point is Figure 4.7, which depicts a pair of two-site systems, A

and B, joined by a single hopping matrix element V . The interactions are of the

extended Hubbard form so that the full Hamiltonian is:

HA+B =
∑

n,m,σ

H(1)
nmd

†
nσdmσ +

1

2

∑

nm

Unmρnρm (4.11)

where ρn =
∑

σ d
†
ndn − 1, which ensures particle-hole symmetry, and:

H(1)
nm =

(
HA HAB

H†AB HB

)
=




ε −t 0 0
−t∗ ε −V 0
0 −V ∗ ε −t
0 0 −t∗ ε




Unm =

(
UA UAB

U†AB UB

)
=




U Uα Uβ Uγ

Uα U Uα Uβ

Uβ Uα U Uα

Uγ Uβ Uα U




This system has been studied as a model of a cross-conjugated molecule else-

where [19], but here we do not concern ourselves with detailed models of electronic

structure that might obscure conceptual issues. Instead, we take a deliberately

simple parametrization and tinker with it. In particular, we begin with:

ε = 0 eV, t = 3 eV, U = 10 eV, Uα = 6 eV,

Uβ = 4 eV, V = t, Uγ = Uα (4.12)
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This parametrization is roughly consistent with interactions that might be expected

on the molecular scale[16, 133, 36] for a system respecting the symmetries of Figure

4.7b. In Chapter 5, node structure is considered in more realistic models based on

the work from Chapter 3.

4.A.1 Two sites (System A)

We first consider system A in isolation. The elements Gnm of the retarded Green’s

function in this case are plotted in Figure 4.6 panel (e) in the zero-temperature2

limit but with the system maintained at a fixed chemical potential µ set equal to

the energy E. Here, µ simply dictates the filling of the system. Panels (a-d) show

the eigenvalues of the retarded Green’s function either at fixed filling (a-c) or with

the chemical potential equal to the energy (d). The shaded blue areas are the regions

that are inaccessible to particles propagating at the Fermi level, i.e. the regions that

do not contribute to linear response transport [68, 45].

We now comment upon several noteworthy features in this figure:

The node in G22 at E = 0 eV: The noninteracting Green’s function (not shown)

exhibits a node at half-filling at E = 0. Formally, this is an antiresonance that occurs

at the on-site potential of site one regardless of the matrix element t. Alternatively, it

manifests as destructive interference between propagation mediated by the bonding

and antibonding orbitals, i.e. the eigenstates of the Green’s function with positive

and negative parity respectively.

In panel (e) it is evident that this node persists in the interacting Green’s function

G22. In fact, there is a simple symmetry argument that requires this: While in

the interacting case there are no single-particle orbitals, the eigenvectors of G are

still dictated entirely by symmetry and therefore identical to their noninteracting

counterparts. In the present case, this observation is sufficient to imply that the node

in g22 must also exist in G22. Alternatively, this could be viewed as a consequence

2Room temperature calculations were carried out and yielded results visually indistinguishable

from those presented here.
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of the Luttinger theorem [116, 117, 19].

Singularities in the bonding and antibonding eigenvalues: In Appendix

4.C, the eigenvalues λν are given by the coherent sum of amplitudes associated with

processes wherein a particle or hole is added to a many-body ground state. Absent

interactions, each of these processes is simply the addition of a particle or hole to

a noninteracting orbital, and the energy cost for corresponding particle-like and

hole-like processes differs only in sign. Under these circumstances, the resonances

for both kinds of processes occur at the same energy and there is one singularity

per eigenvalue. With interactions this breaks down for two reasons: (1) When the

system is charged (here, away from half filling) the energy cost of adding a particle

to the system is no longer equal in magnitude to that of a hole; (2) transitions

between ground states and correlated excited states lead to narrow resonances at

high energies.

Reason (1) gives rise to Coulomb blockade[6, 59, 63, 199] in the context of trans-

port, and occurs generically in presence of repulsive long-ranged interactions. It can

be examined separately from (2) by taking Unm = U , in which case the repulsive

Coulomb energy depends only on the net charge of the system and the eigenvec-

tors {|ν〉} are exactly equal to the noninteracting ones. In either cases (1) or (2),

each singularity corresponds to some physical process wherein a particle or hole is

added to the system in a manner that respects the symmetry of the corresponding

eigenvector. This leads to novel node structure, as described below.

The node in the bonding eigenvalue at N = 1 near E = −10 eV: When

N = 1 the bonding orbital is half-filled and thus accommodates both particle-like

and hole-like addition. As noted above, in the presence of Coulomb interactions

the resonances associated with these processes occur at distinct energies. Midway

between them (E ≈ −10 eV) the energy needed to create a virtual particle in this

orbital is equal to that of a virtual hole, and so these processes contribute opposite

amplitudes, completely suppressing propagation mediated by this orbital.
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Note that the crucial fact here is that the destructive interference is between two

processes with different amplitudes that are mediated by the same orbital.3 This

is totally alien to noninteracting systems and thus beyond the scope of geometric

Feynman paths, instead arising from the interference of field configuration histories.

Nodes of this form are actually a generic phenomenon that can be seen to arise

between other singularities in the eigenvalues of G.

The nodes in Gnm at N = 1 near E = −10 eV: The aforementioned nodes

in the eigenvalues of G are associated with nodes that occur in the elements of G

around the same energy. Related nodes have been reported previously in the theoret-

ical transmission spectrum of molecular radicals[19] and in the Hubbard model [172].

In the present context, a node in the bonding eigenvalue can be seen around −10 eV

in the N = 1 region. At this energy the positive parity eigenvector makes no contri-

bution to the Green’s function and G is perfectly antisymmetric, i.e. G11 = −G12.

This feature is bracketed by nodes in G11 and G12 that occur due to destructive

interference between propagation through the bonding and antibonding resonances,

i.e. at the locations where the magnitude of the eigenvalues intersect in panel (d).

Between these nodes, propagation is mediated almost entirely by the antibonding

resonance, despite the proximity of the bonding resonances.

Considering energies from left to right in the figure, as the bonding resonance

is suppressed all the nodes in Gnm in the half-filling region reappear to the left of

the node in the eigenvalue around −10 eV. As the bonding resonance opens back

up, one node appears for each element of G that does not exhibit a node in the

half-filling region. Thus the location of a node in Gnm at N = 1 is related to the

existence or nonexistence of a node in the same element of Gnm at half-filling. An

exceptional case is when the suppressed eigenvector is the only one that contributes

to a particular element of the Green’s function; in this situation the node in that

element of G coincides with the node in the eigenvalue. Till now this is the only case

3More precisely, associated with the same eigenvalue of G; the notion of a single-particle orbital

here is formally justifiable when Unm is constant.
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that has been studied, but here we point out that it is the exception rather than the

rule. Overall, this behavior generalizes to larger systems, although the structure of

the eigenvalues there is richer and can be complicated by, e.g., avoided crossings.

We now consider in a similar manner the node structure associated with the

composite system A+B.

4.A.2 Four sites (System A + B)

We now consider the composite system depicted in Figure 4.7b, in which system A

is coupled to an identical system B by a matrix element V , forming a composite

system A+B. The node spectrum in this case is depicted in Figure 4.8 in a manner

analogous to Figure 4.6, which depicts the node structure of system A alone and is

discussed at length in the foregoing section.

Most of the observations made there carry over to the case of the four-site system

under consideration here. For example, the node structure at odd filling is related

in the same way to nodes in the eigenvalues of the Green’s function. However, for

the remainder of this section we focus our attention on the case of half-filling. In

particular, the node structure of G23 is noteworthy here:

Without interactions (not shown) the Green’s function of system A+B is given

by Eq. (4.4). In this case, the node at E = 0 in G22 in system A and its counterpart

in system B give rise to a degenerate node at E = 0 in system A+B where G23 ∝ E2.

However, as reported previously [165], in the presence of interactions this is not the

case. Instead, the degenerate node is split into two ordinary nodes which appear

around ±4 eV in panel (e) for the parametrization given by Eq. (4.12). Since this

is contrary to the predictions of Eq. (4.4), this node splitting is inconsistent with

the definition of series propagation discussed earlier. It is thus attributable to some

amalgam of the diagrams in Figure 4.2.

To shed light on what is happening, we use exact diagonalization to isolate

several interesting combinations of these diagrams,4 as well as consider a variety

4To be precise, nonperturbative effects are included as well; therefore, in this context the

diagrams mentioned should be viewed as a conceptual device used to classify processes. The only
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Figure 4.8: Panels (a-d) depict the magnitude of the eigenvalues of the Green’s
function for system A + B in a manner analogous to Figure 4.6. The associated
eigenvectors (not shown) are now energy-dependent, but can still be classified based
on symmetry. Panels (e) and (f) show the elements of the interacting and noninter-
acting Green’s functions Gnm. The G23 element exhibits a pair of nodes that arise
from the splitting of a degenerate node present in the absence of interactions. In
the odd-filling regions a node in an eigenvalue of G causes clusters of nodes in Gnm.
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of qualitatively interesting variations on the parametrization given by Eq. (4.12).

Along the way, we demonstrate results highlighted earlier in this work via a careful

consideration of these cases. In particular, we show that the node splitting phe-

nomenon just discussed occurs because degenerate nodes are extremely sensitive to

the breakdown of series propagation, even when there are no interactions between

systems A and B.

The cases considered are organized into the panels in Figure 4.9, which we now

remark upon individually:

Figure 4.9a. Node structure with no diagrams from Figure 4.2: By cal-

culating the exact Green’s functions of systems A and B in isolation and inserting

these into Eq. (4.4), we may calculate the Green’s function of system A+B exclud-

ing precisely the diagrams depicted in Figure 4.2. This is equivalent to enforcing

the strictest definition of series propagation proposed in section 4.2, i.e. one wherein

GA and GB in Eq. (4.4) are not dressed by the coupling of system A to system B.

The Green’s function of A+ B calculated in this manner is shown in panel (a),

and a degenerate node can be seen in G23. This occurs because the elements GA
22

and GB
33 of the isolated Green’s functions of A and B (not shown) exhibit nodes

at E = 0, and, with series propagation enforced, these necessarily give rise to a

degenerate node in the composite system.

We now probe the effects of including one or more diagrams that are inconsistent

with at least one of the definitions of series propagation considered earlier.

Figure 4.9b. Node structure with diagrams of the form (a) + (b): A

priori, (a) and (b) in Figure 4.2 are plausible candidates for the splitting of the

degenerate node in G23, and we can include these diagrams selectively via exact

diagonalization. For combinations of (a) and (b) this entails calculating GA and GB

including intersystem Coulomb interactions but with V = 0. Inserting these into

Eq. (4.4) then gives the desired Green’s function, which is consistent with a weak

calculation performed diagrammatically was self-consistent Hartree-Fock.
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Figure 4.9: The absolute elements of the retarded Green’s function of systemA+B at
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definition of series propagation wherein GA,B are dressed to account for correlations

caused by long-ranged Coulomb interactions between A and B.

The Green’s functions GA,B calculated during this procedure (not shown) still

exhibit nodes at E = 0. Consequently, the Green’s function of A+ B calculated in

this manner, which is depicted in panel (b), has a second order degenerate node.

Thus, correlations induced by long-ranged Coulomb interactions between A and B

are not responsible for splitting the degenerate node in this case.

Figure 4.9c. Node structure with diagrams of the form (c): Diagrams

of the form (c) can also be included selectively using exact diagonalization. To

this end, the full Green’s function of A + B is first calculated without long-ranged

Coulomb interactions but with V 6= 0. The corresponding Coulomb self-energy is

then determined using the Dyson equation, and the parts of this associated with

self-energies for systems A and B are extracted. These are used to determine the

Green’s functions GA,B dressed by the diagram shown, which are in turn used in

Eq. (4.4).

The elements GA
22 and GB

33 of the dressed Green’s functions of systems A and B

that are obtained during this procedure (not shown) still exhibit nodes at E = 0.

Consequently, the degenerate node in the Green’s function of system A+B persists.

Figure 4.9d. Node structure with diagrams of the form (a) - (c) Com-

binations of diagrams (a)-(c) may be selected for via exact diagonalization using

almost the exact same procedure as for diagrams (c) alone. The only change neces-

sary is to include long-range Coulomb interactions in the initial exact calculation of

the Green’s function of system A+B.

Again, the dressed Green’s functions of A and B (not shown) possess nodes at

E = 0 that cause degenerate nodes in the Green’s function for system A+B when

it is calculated using Eq. (4.4).
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Figure 4.9e. Node structure with diagrams of the form (a) + (d) (self-

consistent Hartree-Fock): To probe the effects of diagrams of the form (a)

and (d), self-consistent Hartree-Fock calculations were performed to determine the

Green’s function of system A + B. The degenerate node is split, and calculations

including only the Hartree diagram (not shown) indicate that the Fock diagram is

responsible.

Thus nonlocal exchange is sufficient to split the degenerate node; however, it

is not necessary or even the dominant contribution to the node splitting, as the

remaining cases demonstrate.

Figure 4.9f. No interactions between systems A and B: Here the Green’s

function of A + B is calculated exactly with no interactions between A and B (i.e.

UAB = 0). The degenerate node is split by roughly 3 eV and, on the basis of the

foregoing cases and the fact that there are no intersystem interactions whatsoever,

we conclude that diagrams of the form (e) are responsible.

Figure 4.9g. Hubbard interactions: Here the Green’s function of A + B is

calculated exactly with Hubbard interactions (i.e. Unm = δnmU). Again, a very

large splitting is present despite no long-ranged interactions whatsoever. In light of

the other cases, we conclude diagrams of the form (e) are responsible.

Figure 4.9h. Constant interactions: As it is mentioned repeatedly in this

work, we consider here the case of constant interactions, i.e. Unm = Ū where Ū is

the average of the full interaction matrix from Eq. (4.12). Again a large splitting is

present in G23.

Figure 4.9i. Fixed Coulomb self-energy: As it is relevant elsewhere in this

work, we present here the case wherein the Coulomb self-energy ΣC is fixed to its

value at E = 0. The splitting shown is attributable to the elements of the Coulomb

self-energy that connect systems A and B. These are precisely the elements that

arise from diagrams of the form (d) and (e), or amalgams thereof.
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Figure 4.9j. System B strictly noninteracting: Here system B is strictly

noninteracting. Diagrams of the form (d) and (e) are not present in this scenario,

and consistent with this the degenerate node survives.

Figure 4.9k. Hubbard interactions with weak intersystem hopping: Here

the Green’s function for system A + B is calculated with Hubbard interactions

Unm = δnmU and V = t/3 rather than V = t as in the other cases. This scenario

has the weakest overall coupling between the systems, and consistent with this,

the smallest splitting of the degenerate node. However, the node splitting is still

significant.

Figure 4.9l. All interactions: Here the Green’s function is calculated exactly

with the full interaction matrix from Eq. (4.12).

Figure 4.4. A degenerate node from fine-tuned interactions: Finally, we

present an example of a degenerate node that exists within an interacting system

despite the presence of diagrams that are inconsistent with series propagation. The

cost is that instead of its existence being ensured by the geometry of the system,

the degenerate node requires fine-tuning of, for example, an interaction matrix ele-

ment. Moreover, this example also demonstrates that a perturbation can destroy a

degenerate node by lifting rather than splitting.

We consider the system A + B with the parametrization given by U = Uα =

Uβ = 5 eV, Uγ = 0 eV. In this case the supernode present within noninteracting

models is not split, but completely lifted. This persists as U14 = Uγ is increased,

up to a critical value of ≈ 1 eV near which there is a sharp transition between the

regimes of node lifting and splitting. At the critical value a degenerate node exists

despite the presence of interactions that are inconsistent with series propagation,

but at the cost of fine-tuning.

To investigate this phenomenon, it is instructive to use the exact Coulomb self-

energy ΣC(E) to define a formal mapping of the many-body system A + B onto a
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Figure 4.10: The absolute matrix elements of the family of single-particle Hamiltoni-
ans defined by Eq. (4.13). The parameters of the four-site extended Hubbard model
are tuned such that H̃14 ≈ 0 near E = 0. Since H̃11, H̃22, and H̃13 are suppressed
at this point by particle-hole symmetry, the system has a “low-energy topology”
that exhibits a degenerate node in the element G23 of the associated Green’s func-
tion. This approximation breaks down near nodes in the eigenvalues of the Green’s
function (singularities in the self-energy), as can be seen around ±8 eV.

family of single-particle systems with Hamiltonians:

H̃ = H
(1)
A+B + ΣC(E) (4.13)

where H
(1)
A+B is the noninteracting portion of the Hamiltonian of system A+B. This

reproduces the exact one-body Green’s function by construction. The elements of H̃

are plotted in Figure (4.10) for the critical value U14 ≈ 1 eV. Regardless of tuning,

elements corresponding to next-next nearest neighbor hopping (e.g. ΣC
13) break

particle-hole symmetry and are therefore suppressed at half-filling near the particle-

hole symmetric point (E = 0). At the critical value of U14, nonlocal exchange cancels

exactly with higher-order diagrams and the element ΣC
13 also vanishes, whereas for

larger (smaller) values of U14 it is respectively of the same or opposite sign as the

hopping matrix elements in H
(1)
A+B. Thus, in this case, the competition between

diagrams (d) and (e) leads to the switch over between node lifting and splitting

depicted in Figure 4.4. Conclusive proof of the important qualitative role of higher-

order processes is furnished by self-consistent Hartree-Fock calculations (not shown),

which do not lead to node lifting for this model.

As an aside, we note here that the approximate Hamiltonian obtained by setting

E = 0 in the exact expression (4.13) is valid only away from nodes in the eigenvalues
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of the Green’s functions (singularities in the Coulomb self-energy).

Figure 4.11. A degenerate node from fine-tuning between a hopping ma-

trix element and a charging energy Ū with constant interactions: The

generic dependence of degenerate nodes upon fine-tuning in the presence of inter-

actions can be seen by considering the amplitude G23(E) evaluated at E = 0 as a

function of parameters in the Hamiltonian. For simplicity, this is done in Figure

4.11 for system A+B with all the interaction matrix elements set to a constant Ū ,

with V = t, and with a hopping matrix element ∆ introduced between sites one and

four. A degenerate supernode traces a path that corresponds to a family of models

wherein H̃14 = 0. Just below this region the node is split, and above it, lifted.
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from Figure 4.2), panel (b) shows the results with the inclusion of diagrams (a)-(c),
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The case ∆ = t is also special in that symmetry then precludes the existence of

a node at E = 0 regardless of the charging energy Ū . This can be argued formally

based on the eigenvectors of the Green’s function, which here are just equal to

the noninteracting ones. More generally, the same claim holds for non-constant

interactions because in the presence of such symmetry, the interacting eigenvectors

can be taken as equal to the noninteracting ones.

Figure 4.12. Broken symmetry between A and B: Up to this point we have

only considered cases wherein systems A and B are identical. If this is not so, then

it should perhaps not be surprising that a degenerate node expected on the basis of

the alignment of nodes in A and B is disrupted. Figure 4.12 explores this, depicting

the Green’s function when the on-site potential of site 3 is shifted up by 3 eV:

Here panel (a) has only diagrams of the form (c) from Figure 4.2, which, as before,

do not perturb the node structure in GA,B (not shown) and therefore do not disrupt

the nodes in GA+B. Panel (b) has all diagrams of the form (a)-(c) and collectively

these do split the degenerate node now. Since series propagation is enforced here,

this must occur via a disruption of the relevant nodes in GA,B. Moreover, to cause

splitting these nodes must be shifted by different amounts, which requires that A

and B be distinct. In this case it also necessitates broken particle-hole symmetry
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so that the nodes are not pinned at E = 0.

It is interesting to note, however, that diagrams (a)-(c) still only make a small

contribution to the overall node splitting, as can be seen in panel (c), which shows

the exact solution. Thus, at least in this case, the disruption of the degenerate node

is not due primarily to changes in the electronic structure of A or B as defined by

the dressing of GA,B.

4.A.3 Greater than four sites

We discuss only briefly cases involving more than four sites. In particular, we

consider an eight-site extended Hubbard model depicted in Figure 4.13 together

with its node structure. Here the positions of local minima (dashed lines) and

nodes (solid lines) in the element G27 of the retarded Green’s function are shown as

a function of a dimensionless prefactor γ that premultiplies the interaction matrix

Unm. When this prefactor is unity, the parameters in the Hamiltonian are consistent

with those for an organic molecule with the appropriate symmetry.

With γ = 0 this system exhibits a fourth order degenerate node where G27 ∝ E4.

This splits into two local minima as interactions are introduced. As the strength of

interactions passes some critical value γc these minima bifurcate and produce two

lowest order nodes. Each of these three cases (i.e. γ = 0, 0 < γ < γc, and γ > γc)

can be understood in terms of the properties of the roots of the polynomial from

Eq. (4.10).

4.B The connection between propagation and transmission

In section 4.2 we assumed little about the Green’s function except that it van-

ishes when t < 0. In particular, although the intuitive case of Gβα(t, 0) =

−i~Θ(t)〈dβ(t)d†α(0)〉 was considered first to formulate a definition of series prop-

agation, the preceding applies equally to the retarded Green’s function[86] from the

Keldysh formalism: Gαβ(t, 0) = −i~Θ(t)〈{dβ(t), d†α(0)}〉. Transport related quan-

tities are elegantly expressed via this quantity, as it combines the amplitudes for
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in the element G27 of the retarded Green’s function associated with the depicted
eight-site extended Hubbard system. Here γ is a dimensionless parameter that
scales the strength of the interactions. The calculation was performed via exact
diagonalization.

particle-like and hole-like processes, both of which contribute to e.g. charge and

heat transport.

For a nanostructure wherein orbitals µ and ν are coupled to a metallic elec-

trode via hopping matrix elements, the corresponding tunneling self-energy is of

the form[68, 45] ΣT
nm = ΣT

µδµnδµm + ΣT
ν δνnδνm. Under these conditions the Dyson

equation for the dressed retarded Green’s function: G [86, 45]:

G = G+GΣTG

implies:

Gµν =
Gµν

(1−GµµΣT
µ )(1−GννΣT

ν )−GµνΣT
νGνµΣT

µ

. (4.14)

Here we have assumed that the full self-energy associated with coupling is equal to

the tunneling self-energy, i.e. taken the so-called elastic cotunneling approximation

[64, 7, 147, 24].

In the broad-band limit[80] ΣT
µ = − iΓµ

2
and ΣT

ν = − iΓν
2

in terms of elements Γµ

and Γν of a tunneling-width matrix. In this case the transmission function between
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the electrodes coupled to µ and ν is then given by [105, 106, 32, 45]:

Tµν = ΓµΓν |Gµν |2 ∝ |Gµν |2

With regard to this work, the most important implication of the foregoing is that a

node in Gµν is sufficient for a node in Gµν and consequently Tµν .

4.C A two-pole approximation for the eigenvalues of the retarded

Green’s function in extended Hubbard models

As discussed in Chapter 2, the retarded Green’s function of an interacting system

has a Lehmann representation in terms of many-body energies and eigenstates [84,

110, 68, 24]. In particular, at zero temperature:

Gnm =
1

ΩN

∑

Ψ∈B0
N

Ψ′∈BN+1

〈Ψ|dn|Ψ′〉〈Ψ′|d†m|Ψ〉
E − [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Particle-like propagation

+
1

ΩN

∑

Ψ∈B0
N

Ψ′∈BN−1

〈Ψ|d†m|Ψ′〉〈Ψ′|dn|Ψ〉
E + [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Hole-like propagation

(4.15)

where B0
N = {|Ψ〉} is an orthonormal set of statistically occupied N -particle ground

states, BN±1 = {|Ψ′〉} is an energy eigenbasis for the space of (N±1)-particle states,

and EΨ and EΨ′ are many-body energies. In the present context d†n creates a particle

on the nth spin-orbital in an extended Hubbard model, and ΩN is the number of

statistically accessible N -particle ground states. For the sake of brevity, we consider

the spin degrees of freedom to be implicit in the index n.

As an alternative to working in a localized basis, one can consider creation

operators d†ν(E) defined by:

d†n =
∑

ν

〈n|ν〉d†ν(E) (4.16)

or equivalently:

d†ν(E) =
∑

ν

〈ν|n〉d†n (4.17)
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Here {|ν(E)〉} is an energy-dependent single-particle basis chosen to diagonalize the

retarded Green’s function, i.e. such that:

G =
∑

ν

λν |ν〉〈ν| (4.18)

where λν(E) are the eigenvalues of G. This is always possible for an isolated system

because the retarded Green’s function is a normal matrix5 in this case. Without loss

of generality, we also assume that {|ν(E)〉} are eigenvectors of a set of generators

for all the one-body symmetries of the system under consideration.

Formally, Eq. (4.15) and the definition of {|ν〉} implies:

λν =
1

ΩN

∑

Ψ∈B0
N

Ψ′∈BN+1

ZΨ→Ψ′
ν

E − [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Particle-like propagation

+
1

ΩN

∑

Ψ∈B0
N

Ψ′∈BN−1

ZΨ′→Ψ
ν

E + [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Hole-like propagation

(4.19)

where ZΨ→Ψ′
ν = |〈Ψ′|d†ν |Ψ〉|2 are spectral weights associated with the transitions be-

tween many-body states. Since all Ψ ∈ B0
N are associated with the same degenerate

ground-state energy, this is equivalent to:

λν =
∑

Ψ′∈BN+1

ZΨ′
ν

E − εΨ′
ν + i0+

+
∑

Ψ′∈BN−1

ZΨ′
ν

E + εΨ′
ν + i0+

(4.20)

where:

ZΨ′

ν =
1

ΩN

∑

Ψ∈B0
N

ZΨ→Ψ′

ν (4.21)

and:

εΨ′

ν = EΨ′ − EΨ (4.22)

In the sum above, when Ψ′ corresponds to a correlation-induced excited state,

it contributes a narrow resonance at high-energy, e.g. in the shaded region inac-

cessible at the Fermi level in Figures 4.6 and 4.8. In the white regions in the same

figures, these can be neglected or, as seen shortly, treated by renormalizing spectral

5I.e. G commutes with its adjoint.
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weights. This suggests that, in the absence of orbital degeneracy, the eigenvalues λν

be approximated as:

λν ≈
Zp
ν

E − εp
ν + i0+

+
Zh
ν

E + εh
ν + i0+

(4.23)

where:

Zp
ν =

1

ΩN

∑

Ψ∈B0
N

Ψ′∈B0
N+1

ZΨ→Ψ′

ν (4.24)

and:

Zh
ν =

1

ΩN

∑

Ψ∈B0
N

Ψ′∈B0
N−1

ZΨ→Ψ′

ν (4.25)

Here, εp,h
ν are energies associated with the particle-like and hole-like transitions

with nonzero spectral weight closest to the Fermi level. Due to our choice of |ν〉,
the foregoing is also valid in the presence of an orbital degeneracy if it is due to a

symmetry not broken by interactions.

To explore the approximation described by Eq. (4.23), it is useful to consider

briefly the limit of constant interactions [97], i.e. Unm = U , in which case it is

equivalent to its exact counterpart Eq. (4.20). In this case, the many-body states

are Slater determinants and the eigenvectors |ν〉 are just the noninteracting ones.

The spectral weights ZΨ→Ψ′
ν are then zero or unity depending the occupancy of the

spin-orbital |ν〉 in |Ψ〉 and |Ψ′〉. Likewise, the energies εp,h
ν are given exactly by

εp
ν = εν +U([N −N0] + 1

2
) and εh

ν = −εν −U([N −N0]− 1
2
). There are therefore no

correlation induced resonances at high-energies, and the resonances in Eq. (4.23)

for λν correspond to the addition or removal of a particle from the single-particle

state |ν〉.
If distance-dependent interactions are dialed on, i.e. Unm = U −→ U + ∆Unm,

the eigenvalues λν in Eq. (4.20) and potentially the eigenvectors {|ν〉} deviate from

those with constant interactions. At low energies (e.g. the white region in Figures

4.6 and 4.8), this comes primarily from a shift in the positions of the dominant

resonances, which correspond to those present with constant interactions, as well as
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Figure 4.14: The retarded Green’s function of the four-site extended Hubbard model
considered in section 4.A calculated exactly or using zeroth or first order approxima-
tions for the eigenvalues of the Coulomb self-energy. The eigenvectors are evaluated
with the energy fixed at E = 0. The linear approximation is essentially exact be-
low E ≈ ±8 eV, where the Coulomb self-energy becomes non-analytic due to a
singularity associated with a node in an eigenvalue of G.

a reduction of their spectral weights Zp,h
ν . The latter occurs as spectral weight is

transferred to the correlation-induced resonances at high energy.

Overall, we find that in the simple cases considered herein, an expression of the

form (4.23) with “effective” parameters ε̃p,h
ν , 0 < Z̃p,h

ν < 1, and Ũ > 0 reproduces

the low-energy Green’s function with high accuracy. Moreover, with long-ranged

interactions these parameters are typically near to their bare values. While this

method is similar to two-pole approximations applied to the Hubbard model[76, 154],

it is expected to work best when the length scale of the interactions is larger than

or comparable to the size of the system considered.

This approximation may also be cast in terms of the eigenvalues of the Coulomb

self-energy Σν , which, from the Dyson equation[45, 86], are related to the eigenvalues

above simply by:

λν =
1

E − εν − Σν

(4.26)

where εν are the noninteracting energies. Eq. (4.23) then corresponds to a Laurent

expansion of the Coulomb self-energy with the form:

Σν = c−1 (E − E0)−1 + c0 + c1 (E − E0) (4.27)

If there is particle-hole symmetry so that Z̃p
ν = Z̃h

ν ≡ 1
2
Z̃ν , then E0 = ε̃ +

Ũ [N −N0], c−1 = Z̃−1
ν

(
Ũ
2

)2

, c0 = E0 − εν , and c1 = 1 − Z̃−1
ν . Here N0 is the

number of sites in the extended Hubbard Hamiltonian. The residue is associated
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with the nodes in λν and the linear term adjusts the spectral weight of the dominant

resonances in λν in a manner reminiscent of a Fermi liquid [104]..

The assumption of particle-hole symmetry above is appropriate when |ν〉 is ex-

pected to be half-filled. If, for example, |ν〉 is instead expected to be completely

empty, then Z̃h
ν = 0. In this case E0 = ε̃ν + Ũ([N −N0] + 1

2
), c−1 = 0, c0 = E0− εν ,

and c1 = 1 − Z̃−1
ν . In general, this approximation breaks down near correlation-

induced nodes in the eigenvalue, which correspond to singularities in the exact

Coulomb self-energy that render it non-analytic.

As a concrete example of the foregoing, we offer Figure 4.14, which shows

the element G23 of the Green’s function of system A + B (Figure 4.7) with

long-ranged Coulomb interactions as specified by Eq. (4.12). This is calculated

at half-filling using zeroth- or first-order approximations for the eigenvalues Σν

and with the eigenvectors |ν〉 held constant. The linear (n = 1) approxima-

tion is excellent below E ≈ ±8 eV, where the Coulomb self-energy becomes

non-analytic due to a correlation-induced singularity in one of its eigenvalues.

Equivalently, at this location there is a node in an eigenvalue of the Green’s function.
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CHAPTER 5

MANY-BODY CALCULATIONS OF

THERMOELECTRICITY IN

BIPHENYL(n,m′)DITHIOL-GOLD

MOLECULAR JUNCTIONS

5.1 Introduction

Due to their multiply connected topology, polycyclic molecules exhibit novel ef-

fects of interest both from the perspective of fundamental science as well as for

their potential device applications. In particular, it has been posited[23, 165]

that the transmission spectra associated with certain polycyclic molecules–e.g.

biphenyl(3,3′)dithiol or polyphenyl ether–exhibit higher order nodes arising from

quantum interference, and that corresponding to these are regions of strongly en-

hanced thermoelectricity [23]. Although the thermopower of polycyclic molecular

junctions has been the subject of a series of recent experimental works [150, 119, 176],

none of these directly probe this issue.

Theoretical work suggests the transmission spectra of benzene(1,4)dithiol junc-

tions possess a node situated roughly one eV above the Fermi energy of gold [24, 16].

Intuitively, one can understand this phenomenon by interpreting meta-connected

benzene as a molecular interferometer in which the path-length difference between

the two arms gives rise to the perfect reflection of incoming electrons at a criti-

cal wavelength. Insofar as biphenyl(3,3′)dithiol can be understood as two meta-

connected phenyl rings in series, one would expect the transmission spectrum for

this junction to exhibit a similar but higher order transmission node.

Calculations based on tight-binding (Hückel) models have supported this [23]. It

has also been proposed that degenerate nodes in polycylic junctions would persist
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in the presence of interactions despite the observation that such nodes are split in

interacting models of cross-conjugated molecules [165]. Perhaps in contrast to this,

in Chapter 4 it was found that a definition of series propagation is broken by nearly

any form of of interactions, and that this causes a generic splitting or lifting of

degenerate geometric nodes.

In this chapter, these issues are addressed by way of many-body calculations of

transmission and thermoelectricity in biphenyl(n,m′)dithiol junctions. This discon-

firms the earlier hypothesis that such junctions exhibit robust degenerate nodes in

the presence of interactions. Instead, the second-order node expected in a model of

a biphenyl(3,3′)dithiol junction is found to be lifted. This is consistent with Chapter

4, where it was suggested that the realization of a degenerate node in an interacting

system, while possible, requires fine-tuning. This results in a suppression of ther-

mopower in the midgap region, but destructive quantum interference is still found

to enhance thermoelectricity near resonance.

This chapter is organized as follows: Section 5.2 describes the Lanczos technique

that was used to determine the molecular Green’s function. After this, Section

5.3 provides a brief description of the model Hamiltonian and transport calcula-

tions used here, which are based on results from Chapter 3. Section 5.4 presents

the transmission function, thermopower, and figure of merit ZT associated with

biphenyl(n,m′)dithiol on gold molecular junctions. Finally, concluding remarks ap-

pear in Section 5.5.

5.2 Methods

5.2.1 Lanczos diagonalization

The Lanczos[103] technique is a member of a broad class of so-called large-scale

eigensolvers that require only the repeated application of an operator A on a vector

~v. Since this does not require storing the matrix elements of A in memory, such

algorithms are ideally suited to problems defined over huge vector spaces. For

example, solving an N site extended Hubbard model requires diagonalizing a matrix
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with
(
N
N/2

)
×
(
N
N/2

)
∼ N !2 elements if a large-scale method is not used.1

The Lanczos technique in particular is a so-called Krylov solver because it diag-

onalizes the projection of A in a Krylov[101] subspace. The latter is defined by the

span of a Krylov basis:

B = {|v0〉, A|v0〉, A2|v0〉, . . . , AN |v0〉} (5.1)

that is seeded by an initial vector |v0〉.
For the sake of efficiency, this is not done using B directly but rather by iter-

atively constructing an orthonormal basis for the Krylov subspace. In particular,

given the first m elements of this basis {|v0〉, . . . , |vm−1〉} the next element is enu-

merated by calculating |ψm〉 ≡ A|vm−1〉 and then orthonormalizing this against the

existing basis vectors to produce |vm〉.
By construction the Nth order Lanczos basis spans the Nth order Krylov sub-

space associated with the initial vector |v0〉. Moreover, in this basis the ma-

trix elements of the operator A are a tridiagonal matrix. To see this, note that

|ψn+1〉 = A|vn〉 is contained by the span of the (N + 1)st order Lanczos basis by

construction. The condition

〈vm|A|vn〉 = 〈vm|ψn+1〉 = 0 for all m > n+ 1 (5.2)

is then ensured by the orthogonalization procedure.

To estimate a few of the largest eigenvalues of A (and perhaps the associated

eigenvectors), one first calculates the Lanczos basis up to some order N and then

uses a standard diagonalization procedure, e.g. QR decomposition, to determine

the spectrum of the tridiagonal representation of A projected into the Krylov space.

The resulting eigenvalues and eigenvectors are known as Ritz values and Ritz vectors

respectively. The former provide a direct estimate of the eigenvalues of A, whereas

the latter specify linear combinations of the Lanczos vectors {|vn〉} that approximate

the eigenvectors of A.

1This assumes one wishes to diagonalize the system at half-filling and does not exploit spatial

symmetries or sparsity.
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Naive implementations of this procedure are simple but usually unsatisfactory.

A significant problem is that the Lanczos basis can quickly become nonorthonormal

due to the accumulation of numerical error. For this reason it is common to use

the implicitly restarted Lanczos method [168, 169], which limits the size of the

Lanczos basis by periodically restarting the diagonalization procedure using a new

seed vector |v0〉.

5.2.2 The retarded Green’s function via Lanczos

A variant of the Lanczos procedure can be used to directly evaluate correlation

functions, in particular the retarded Green’s function. To this end, recall that Eq.

(2.59) from Chapter 2 expresses the retarded Green’s function in terms of many-

body energies Eν and eigenstates |ν〉. That is:

Gnm(E) =
∑

ν,ν′

[Pν + Pν′ ]
〈ν|d†n|ν ′〉〈ν ′|dm|ν〉

E − [Eν′ − Eν ] + i0+
(5.3)

where Pν are statistical factors and d†n creates a particle in the nth spin-orbital of a

discrete basis. Here we have assumed the density matrix is diagonal.

To calculate Gnm directly via the Lanczos technique we first make the rearrange-

ment:

Gnm(E) =
∑

ν,ν′

[Pν + Pν′ ] 〈ν|d†n
( |ν ′〉〈ν ′|
E − [Eν′ − Eν ] + i0+

)
dm|ν〉 (5.4)

The sum above may be approximated by taking it over some set of low-lying many-

body eigenstates {|ν〉}, each of which is determined via Lanczos diagonalization as

described in Section 5.2.1. Following this, dm|ν〉 and (〈ν|d†n)† = dn|ν〉 are used to

seed a second round of the Lanczos procedure, which produces the virtual states

|ν ′〉 and associated energies Eν′ . These can be used to directly calculate each term,

or a continued fraction[127, 70, 60, 41] expansion may be employed.

5.2.3 Implementation

The present work was carried out by extending a framework for many-body calcula-

tions that has been under continuous development since 2009 [14] in MATLAB [178],
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Figure 5.1: The geometry assumed for Au-biphenyl(n,m′)dithiol-Au junctions. Here
the intra- and interphenyl bond lengths are 1.4 Å and 1.48 Å respectively, the angle
between the phenyl rings[125] is 36.4◦, and the electrode radius of curvature is 1 nm.
The distance from the electrode surface to the nearest carbon atoms was estimated
based on typical Au−S and S−C bond lengths, but, to facilitate comparison, was
not varied between the connectivities considered.

a fourth-generation domain-specific language for scientific computation. Primarily,

this entailed substituting the Lanczos technique described above for a calculation

of the molecular Green’s function based on standard matrix diagonalization (e.g. a

QR-decomposition).

This was done in a manner consistent with the overall design of the software,

which consists of & 30,000 physical source lines of code and is implemented in an

object-oriented fashion. Although object-oriented programming has seen limited

acceptance in scientific contexts, the potential of extensible class-based APIs is

largely unrealized in this domain. The software described here is significantly more

sophisticated in this regard, although, at present, it is still pre-alpha software and

not suitable for release.
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5.3 Model

5.3.1 Hamiltonian

Figure 5.1 depicts the geometry used for the Au-biphenyl-(n,m′)-dithiol-Au junc-

tions considered. The phenyl groups were assumed to be rotated at an angle of 36.4◦

with respect to each other [125], and the intra- and interphenyl bond lengths[36] were

taken to be 1.40 Å and 1.48 Å respectively. The electrodes were assumed to be

spheres each with a radius of 1 nm, and were placed according to the prescription

developed in Chapter 3 based on estimates of the Au− S and S −C bond lengths.

To facilitate comparison, this geometry was used for all the junctions considered in

this chapter, regardless of the connectivity.

Transport through these junctions was assumed to be mediated exclusively via

the π-electron system, which is supported by recent experimental[125] work. In

particular, the model used was based on the π-electron effective field theory devel-

oped in Chapter 3, which yields a molecular Hamiltonian similar to that of other

semi-empirical π-electron models[36, 133]. Explicitly:

H = µ
∑

nσ

d†nσdnσ − t
∑

〈n,m〉,σ

d†nσdmσ +
1

2

∑

nm

Unmqnqm, (5.5)

where d†nσ creates an electron with spin σ in the nth π-orbital, and qn =
∑

σ d
†
nσdnσ−

1 is the net charge operator in units of −e. The first two terms are equivalent to

a tight-binding (Hückel) model. In the absence of screening from the electrodes,

the second term expresses the Coulomb repulsion in terms of an on-site repulsion U

when n = m, or in terms of the π-orbital quadrupole moment Q otherwise. That is:

Unm = Uδnm

+ (1− δnm)
(
UMM
nm + UQM

nm + UQM
mn + UQQ

nm

)
, (5.6)

where UMM , UQM and UQQ are the monopole-monopole, quadrupole-monopole, and

quadrupole-quadrupole interactions between π-orbitals. Additionally, these interac-

tions are assumed to be screened by a uniform dielectric ε arising e.g. from the

presence of the σ-electrons. This model is described in detail in Chapter 3.
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Based on the renormalization (fit) of the π-EFT Hamiltonian to the gas phase

spectrum of benzene conducted in Section 3.5, we took U = 9.69 eV for the on-

site repulsion, Q = −0.65 eÅ2 for the π-orbital quadrupole moment, µ = −4.06

eV for the on-site energy, t = 2.7 eV for the intraphenyl hopping matrix-element,

and ε = 1.56 for the dielectric constant. The interphenyl tight-binding parameter

was inferred to be t = (2.49 eV) cos θ based on earlier semi-empirical π-electron

models[36], including a factor of cos θ to account for the relative orientation of the

phenyl groups.

The consistency of this model is supported by the observation that, using the gas-

phase torsion angle[82] θ = 44.4◦, it makes reasonable predictions for the vertical

ionization potential (IPtheory = 8.46 eV vs IPexp ≈ 8.37 eV [1, 1]) and vertical

electron affinity (EAtheory = −0.34 eV vs EAexp < 0.13 eV [194]) of biphenyl.

Similarly, the predictions this model makes for low-lying (i.e. / 6 eV) optical

excitations are consistent[36] with experiment, although it should be emphasized

that the comparison is complicated by the broadness of the experimental spectrum.

To model transport the tunneling Hamiltonian from Section 2.4 is introduced,

which permits hopping between the αth electrode and the π-orbitals in the molecule.

In the broad-band limit[80] this can be characterized by a constant tunneling-width

matrix Γαnm. Long-ranged lead-molecule Coulomb interactions are modeled via a

screened interaction matrix Ũnm calculated via the image charge method, described

in Section 3.6. Explicitly:

Ũnm = Unm + δnmU
(i)
nn +

1

2
(1− δnm)(U (i)

nm + U (i)
mn), (5.7)

where U
(i)
nm is the interaction between the nth orbital and the image of the mth

orbital.

To model biphenyl(n,m′)dithiol junctions, the left and right electrodes were as-

sumed to bond only to the nth and m′th π-orbitals respectively. In this case, tun-

neling width matrices of the form Γleft
ij = δniδnjΓ and Γright

ij = δm′iδm′jΓ were used.

The value of Γ was fixed by comparison to experiment together with the effective

electrode chemical potential µleads, which is shifted relative to metallic work func-
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tion e.g. by lead-molecule charge transfer. This is similar to what was done for the

benzene(1,4)dithiol junction considered in Chapter 3.

Based on experimental measurements of the conductance[125] and

thermopower[150] in biphenyl(4,4′)dithiol junctions (12.9 ± 2.2 µV/K and

(1.7 ± 0.2) × 10−4 G0 respectively), the procedure described above gives Γ ≈ 0.21

eV and µleads ≈ −6.44 eV. Without accounting for the approximate nature of the

model or transport calculations, we find the experimental uncertainties correspond

to 0.20 eV < Γ < 0.23 eV and −6.61 eV < µleads < −6.21 eV.

Compared to the corresponding parameters for benzene(1,4)dithiol discussed in

Chapter 3, the foregoing value of µleads is similar. The tunneling-width Γ is smaller

by a factor of two to three, but this seems plausible given the uncertainty in the

bonding configuration between the thiol linkers and the gold electrodes. It should

be noted that, within the model used here, the splitting or lifting of a degenerate

node is independent of these parameters.

5.3.2 Transport calculation

Transport through the model described above was calculated using the nonequi-

librium Green’s function formalism[45, 86] described in Chapter 2, in conjunction

with an exact diagonalization of the isolated molecular Hamiltonian. Similar meth-

ods have been applied previously to smaller systems [24, 16]. Here the Lanczos

technique was used to investigate systems roughly twice as large as these.

In brief, the transport calculation entails first determining the Green’s function

of the π-electron Hamiltonian from Section 5.3.1 and then coupling this to the

electrodes via the Dyson equation. The latter is done using the tunneling-self energy

from Section 2.4 which, in the broad-band limit [80], is taken to be:

Σtun =
∑

α

− i
2

Γα (5.8)

Here Γα is the tunneling-width matrix associated with lead α. Once the dressed

retarded Green’s function G is determined, the elastic transmission function is
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Figure 5.2: A schematic representation of the biphenyl(4,4′)dithiol (blue),
biphenyl(4,3′)dithiol (green) and biphenyl(3,3′)dithiol (red) molecules considered.

given[122] by Eq. 2.115, i.e.:

Tαβ = GΓαG†Γβ (5.9)

Linear response transport quantities are then calculated within the Landauer-

Büttiker formalism[163, 105, 106] as described in Section 2.4.

Beyond the shortcomings of the Hamiltonian described earlier, the key approxi-

mation here is the use of a noninteracting tunneling self-energy, Eq. (5.8), to dress

an interacting Green’s function. The accuracy of this is investigated further in

Chapter 6.

5.4 Transmission, thermopower and ZT of biphenyl(n,m′)dithiol junc-

tions

Figure 5.3 shows the transmission functions of the biphenyl(4,4′)dithiol,

biphenyl(4,3′)dithiol, and biphenyl(3,3′)dithiol junctions (blue, green and red re-

spectively), which are depicted schematically in Figure 5.2. In the junction with

(4,4′) connectivity to the electrodes (blue), both phenyl rings are connected in the

para sense and no destructive quantum interference is apparent. This is consistent

with the notion that a para-connected phenyl group acts as a molecular interferom-
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Figure 5.3: The transmission function of the biphenyl(4,4′) dithiol (blue), biphenyl-
(3,4′)dithiol (green), and biphenyl-(3,3′)dithiol (red) junctions. With interactions,
the degenerate node in the (3,3′) junction is lifted due to the breakdown of series
transmission.
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Figure 5.4: The thermopower of the biphenyl(4,4′)dithiol-Au (blue),
biphenyl(3,4′)dithiol (green), and biphenyl(3,3′)dithiol (red) junctions.
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Figure 5.5: The dimensionless figure-of-merit ZT of the biphenyl(4,4′)dithiol (blue),
biphenyl(3,4′)dithiol (green), and biphenyl(3,3′)dithiol (red) junctions.

eter in which both arms are of equal length, leading to constructive interference. In

the junction with (4,3′) connectivity (green), one of the phenyl groups is connected

in the para sense and the other meta, and corresponding to the latter ring there is

a single transmission node in the middle of the HOMO-LUMO gap.

The case of the (3,3′) junction (red) is the most noteworthy. Within noninter-

acting (Hückel) calculations[23] this junction was reported to exhibit a degenerate

transmission node midway between the HOMO and LUMO resonances. However,

in contrast to this, within the present work this node is lifted by interactions. In

Chapter 4 this effect was studied in smaller systems, and was shown to arise from

the breakdown of a definition of series propagation induced by interactions of nearly

any form. It was also shown that the parity (evenness or oddness) of the num-

ber of nodes is preserved upon perturbation, which explains the preservation of the

lowest-order node exhibited by the (4,3′) junction.

Figure 5.4 shows the thermopower of the junctions considered. Because this

quantity is related to the energy derivative of the transmission function e.g. by

Eq. (2.135), the lifting of the degenerate node suppresses the thermopower near

midgap in the (3,3′) case. Similar considerations apply to the dimensionless figure
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of merit ZT shown in Figure 5.5. However, double-meta connectivity still leads to

the largest thermopower on resonance, which is attributable to the rapid variation

of the transmission function induced by quantum interference.

It should also be emphasized that, as per Chapter 4, degenerate nodes like the

one considered here can be split as well as lifted, and that the issue of splitting versus

lifting is very sensitive to modeling and microscopic details. If the node in the (3,

3′) junction were split, enhancements of thermopower would occur near midgap.

5.5 Conclusions

Previously, it was postulated[165] that higher order transmission nodes observed

in noninteracting models of polycyclic molecular junctions[23] might survive inter-

actions. This was based on the notion that degenerate nodes expected based on

series transmission in polycyclic molecules might be more robust than in the case of

linear systems. Although plausible, this hypothesis was largely disconfirmed in this

chapter:

Within the biphenyl(3,3′)dithiol junction investigated here, the degenerate node

expected to persist in the middle of the HOMO-LUMO gap is instead lifted by inter-

actions. Fundamentally, this occurs because, as observed in Chapter 4, degenerate

nodes are strikingly sensitive to a breakdown of series propagation induced by inter-

actions. Since the node happens to be lifted here rather than split, thermoelectricity

is strongly suppressed in the midgap region for the (3,3′) junction. Conversely, the

nondegenerate node in the (4,3′) junction survives interactions, which is consistent

with the conclusion from Chapter 4 that the parity (evenness or oddness) of the

number of nodes is preserved. This suggests junctions with an odd number of meta-

connected phenyl rings in series might exhibit larger thermopower on average than

those with an even number of these rings.

In contrast to the case of nodes, large enhancements of thermopower are still

observed on resonance within all the junctions considered. This effect is most pro-

nounced for the (3,3′) junction, which exhibits the most destructive quantum inter-
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ference. Thus, despite the challenges associated with fabricating devices that oper-

ate near resonance, doing so may be a plausible strategy for translating destructive

quantum interference into enhancements of thermoelectricity. An important consid-

eration is that such enhancements appear to scale well as the degree of destructive

interference increases, whereas degenerate nodes were predicted to be fragile and

favor lifting in Chapter 4. On the other hand, if split nodes do occur in practice,

they may be close to the metallic Fermi level.

While the qualitative observations discussed above are robust, the quantitative

results for the (3,3′) junction should be interpreted with caution: As shown in Chap-

ter 4, degenerate nodes are exceptionally sensitive and require delicate cancellation

between excited-state and ground-state transmission. Small changes in modeling,

microscopic geometry, or approximations (e.g. for the tunneling self-energy) may

significantly alter predictions for transport quantities near a degenerate node, e.g.

whether it split or lifted.

Given the shortcomings of the π-electron Hamiltonian used here with respect

to excited states, and since we have considered a single microscopic geometry, the

present work should be regarded as predicting either node splitting or node lifting.

Realistically, a conclusive characterization of thermoelectricity in these junctions

will requires experimental input.

Nevertheless, this does not detract from the significance of this work, which shows

a potentially far-reaching relationship between thermoelectricity and the generic

node structure investigated in Chapter 4.
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CHAPTER 6

TRANSPORT IN INTERACTING

NANOSTRUCTURES WITH

SELF-CONSISTENT ENSEMBLES

Characterizing steady-state transport that occurs between bulk systems connected

by a nanostructure is a far reaching problem. After decades of effort [122, 123, 86,

33, 105, 106], this problem, depicted in Figure 6.1, is essentially solved if A and C are

noninteracting provided the dressed propagator can be determined within B. The

latter quantity is generally straightforward to calculate if B is also noninteracting,

in which case it is exactly determined by a tunneling self-energy that has a simple

closed form [45].

However, if B exhibits even the most trivial interactions, the problem is excep-

tionally difficult. This is exemplified by the Anderson impurity model[3] where B is a

single Hubbard site. Although this case is sometimes exactly solvable [121, 98, 185],

more complicated models are so far intractable. The fundamental reason is that

interactions of any form lead to correlations (entanglement) between B and its en-

vironment that complicate the solution of the open quantum problem. As a result,

even if the interactions within the nanostructure can be treated exactly in isolation,

the dressed propagator is difficult to determine after coupling.

Many approximate methods have been proposed to deal with this [24, 28, 123,

180, 181, 160, 170, 159, 42]. Perhaps the simplest is to assume that the tunneling

self-energy that exactly dresses a noninteracting propagator for B also provides a

reasonable approximation when used to dress an interacting propagator. Although

this clearly disregards archetypal correlation effects (e.g. the Kondo effect[96]), the

focus of this chapter is a simpler effect that is also missed:

The density of states (more precisely, retarded Green’s function) of a noninter-
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System B
(arbitrary)

System C
(noninteracting)

System A
(noninteracting)

Figure 6.1: Two bulk noninteracting systems (blue) connected via tunnel coupling
to an interacting nanostructure (green).

acting system has no statistical dependence (e.g. it is independent of the probable

charge state). Consequently, retarded tunneling self-energies that are exact in the

absence of interactions are not equipped to enforce Bogoliubov’s principle of correla-

tion weakening [27]. This is inadequate in the presence of interactions, in which case

the single-particle density of states can depend on statistics. In particular, when

a noninteracting tunneling self-energy is used to dress an interacting propagator,

the latter quantity retains an unphysical memory of the statistical ensemble in the

distant past.

This issue can be approached diagrammatically e.g. within the Keldysh[86]

formalism. However, this essentially means treating the time-evolution of an initial

ensemble just to carry it into steady-state. Since details of the relaxation process are

not of interest, this is in some sense wasteful. Here a different approach is pursued:

a subtle self-consistency condition is formulated that relates statistical fluctuations

at steady-state–characterized by the density matrix–to the dynamical response of

the system–characterized by the dressed propagator.

This begins with the observation that both the density matrix and the Green’s

function formalisms are in principle exact: If the correct density matrix is known
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in a basis of the many-body eigenstates of a nanostructure, then this may be used

directly to evaluate the exact quantum-statistical average of observables at steady-

state. Conversely, if the exact self-energy due to environmental coupling is known,

the Dyson equation yields the exact dressed propagator, which at steady-state is

independent of the pre-coupling statistical ensemble. Of course, these simple-minded

descriptions belie the difficulty of executing either approach.

The corollary of these observations relevant to this work manifests when the

density matrix of the nanostructure before coupling happens to be the correct one

for steady state. Although this is implausible, it is physically possible. The foregoing

considerations then imply that equal time observables are the same before or after

the introduction of exact tunnel coupling via the Dyson equation. In particular,

densities and equal-time correlation functions within the nanostructure should be

self-consistent in this sense.

By minimizing a measure of proximity to this condition, the density matrix is

determined “self-consistently” in this work. Doing so leads to a mixed density ma-

trix for the nanostructure even in the zero temperature and bias limit, reflecting

nanostructure-environment entanglement (correlation). This is found to resolve a

physical inconsistency that manifests within an earlier approach [24], where the non-

interacting tunneling self-energy was used with a density matrix that is appropriate

only in the limit of infinitesimal coupling. Moreover, the method considered here

satisfies the Bogoliubov principle by construction because steady-state dynamics

dictate the steady-state ensemble.

The overall method leverages the complementary strengths of the density matrix

and nonequilibrium Green’s function formalisms. The former is used to describe the

instantaneous quantum-statistical state of the system at steady-state, which is not

easily calculated by evolving a realistic pre- or infinitesimal-coupling ensemble within

the Green’s function formalism. The latter is used to describe dynamics, which

makes it simple to treat quantum coherent phenomena–e.g. level broadening– that

occur in the noninteracting limit but nevertheless require sophisticated treatment

within the density matrix formalism [139]. The proposed method is also exact both
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in the noninteracting limit and the limit of infinitesimal coupling, which are two

oft-cited virtues of Green’s function and density matrix approaches respectively.

It is important to note that the intent of this work is not to supplant alternative

methods for determining the self-energy of a nanostructure. The method presented

here should be applicable to any formalism wherein a steady-state Green’s function

is contingent upon a density matrix.

This chapter is organized as follows: Section 6.1 characterizes the diagrams that

are omitted when self-energies corresponding to different perturbations are summed

without correction. Section 6.2 casts the use of a noninteracting tunneling energy

to dress an interacting propagator as a special case of this, and illustrates some of

the physical anomalies that arise in this scenario. In Section 6.3 the groundwork is

laid for the self-consistency procedure described above, and following this Sections

6.4 and 6.5 present two applications of the proposed method.

6.1 Self-energy “cross terms” in the Dyson equation

Suppose some system A with a one-body Hamiltonian1 is perturbed by a potential

V (1), i.e.:

H =
∑

n,m

HA
nmd

†
ndm + V (1) (6.1)

This perturbation is associated with a self-energy Σ(1). Similarly, when the Hamil-

tonian is perturbed by a different potential V (2):

H =
∑

n,m

HA
nmd

†
ndm + V (2) (6.2)

there is an associated self-energy Σ(2).

If both perturbations are applied at once so that:

H =
∑

n,m

HA
nmd

†
ndm + V (1) + V (2) (6.3)

1I.e. quadratic in creation and annihilation operators.
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the total self-energy can expressed as Σ(1+2) = Σ(1) + Σ(2) + ∆Σ(1,2). To understand

the origin of the last term, consider the Dyson equation for the dressed Green’s

function of system A when ∆Σ(1,2) is omitted:

G = G0 +G0

(
Σ(1) + Σ(2)

)
G (6.4)

Here G0 is the Green’s function of the unperturbed system. This equation generates

diagrams e.g. of the form:

G0Σ(1)G0Σ(2)G0Σ(2)G0 × . . .×G0Σ(1)G0 (6.5)

In such a diagram, at any instant there may be virtual particles associated with

V (1) or those associated with V (2) but never both simultaneously. While all of these

diagrams do contribute to the full self-energy Σ(1+2), they are not exhaustive. More

formally, diagrams that can not be separated by cutting only lines associated with

V (1) or only lines associated with V (2) contribute to ∆Σ1,2.

6.2 Corrections to tunneling self-energies

We now consider the case where system A is a nanostructure and V (1) is a tunneling

Hamiltonian that provides hopping to one or more noninteracting electrodes. The

latter are assumed to have a one-body (noninteracting) Hamiltonian in terms of

creation and annihilation operators c†k and ck. Then:

V (1) =
∑

nk

Vnkd
†
nck + H.c. (6.6)

It was shown in Chapter 2 that when there is no other potential, a tunneling

self-energy:

Σ(1)
nm =

∑

kl

V ∗nkgklVlm (6.7)

gives the exact Green’s function G when inserted into the Dyson equation. Here g

is the (bare) Green’s function associated with the electrodes.

Provided V (2) is not also a simple tunneling Hamiltonian, its presence induces a

correction to the overall self-energy so that:

Σ(1+2) = Σ(1) + Σ(2) + ∆Σ(1,2) (6.8)
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as described in the foregoing section. In particular, if V (2) is a two-body potential

that describes interactions within the nanostructure, e.g.:

V (2) =
1

2

∑

nm

Unmρnρm (6.9)

then ∆Σ(1,2) ≡ ∆ΣC is the so-called “tunneling correction to the Coulomb self-

energy.” Alternatively, it may also be considered a Coulomb correction to the tun-

neling self-energy.

The approximation ∆ΣC ≈ 0 has been considered before in the case of transport

through nanostructures[68, 7, 64] and, more recently [24], applied to study transport

in molecular junctions. In these cases V (1) is usually assumed to provide coupling to

a Fermi gas and the associated self-energy treated within the wide-band limit [80],

i.e. Σ(1) ≈ −iΓ
2

for some real-symmetric tunneling-width matrix Γ.

Although this disregards archetypal correlation effects (e.g. the Kondo effect)

as well as inelastic cotunneling processes, this approximation has other limitations.

As noted before, taking Σ ≈ ΣC + ΣT fails to enforce the Bogoliubov principle,

which in this context requires that physical observables be independent of the initial

quantum-statistical state of the nanostructure in the distant past, i.e. before finite

coupling is introduced.

In particular, when the pre-coupling statistical occupancies are determined in

the infinitesimal coupling limit by solving semiclassical rate equations,2 omitting

∆ΣC leads to unphysical predictions for the electron density in the nanostructure.

This is shown in Figure 6.3 (dashed green) in the case of a quantum dot modeled via

the Anderson model. In the region where d〈n〉
dµ

< 0, the average number of electrons

in the nanostructure decreases when the electrode chemical potential is increased.

This sort of anomaly can be understood as follows: If the initial statistical occu-

pancies are determined in the infinitesimal tunneling limit, the pre-coupling Green’s

function changes abruptly over a narrow window of width ∼ kT when the nanostruc-

ture changes charge state. Although level broadening induced by a noninteracting

tunneling self-energy smooths out some of this variation in the dressed Green’s

2I.e. when the unperturbed system is treated in the sequential tunneling limit.
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Z
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Figure 6.2: The magnitude of the Green’s function G(E) of an isolated quantum dot
occupied by zero (top) or one (bottom) electrons. After coupling to electrodes, the
dressed G(E) should resemble a superposition of these near the charging resonance
at E = E0 because of the statistical effects of lead-dot correlation. When the dot’s
density matrix is given by the canonical ensemble, the Green’s function instead
makes an unphysically abrupt transition between the two forms above as µ crosses
E0. The result is a spurious discontinuity in the spectral weight of the resonance.
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Figure 6.3: The occupancy of a quantum dot coupled to two metallic electrodes, cal-
culated within an Anderson model[3] with U = 10 eV and Γ = 1 eV. The calculation
is either performed with an uncorrected tunneling self-energy ΣT (dashed green),
with a Hartree-Fock corrected self-energy ΣT + ∆ΣHF (dashed blue), or with the
bare occupancy chosen so that it is unaffected by the introduction of the tunneling
self-energy ΣT (solid red). Due to the effect depicted in Figure 6.2, the uncorrected
and Hartree-Fock corrected densities exhibit unphysically abrupt variations over a
window of width ∼ kT as the nanostructure charges.

function, there is still an unphysical discontinuity in the spectral weight Z(µ) of the

charging resonance. This is depicted schematically in Figure 6.2 and described in

the accompanying caption. Fundamentally, the presence of the residual energy scale

∼ kT here is a violation of Bogoliubov’s principle–the dressed propagator should

not remember the pre-coupling statistical ensemble.

In the past, attempts have been made to fix this in the case of a two-site extended

Hubbard (i.e. PPP-type) model of a diatomic molecule. This was done via a self-

consistent diagrammatic calculation of ∆ΣC to Hartree-Fock order[24], which in

principle provides a leading order approximation for ∆ΣC . However, the results

of this, which appear in Figure 6.3 (dashed blue), are questionable. Although the

sanity condition d〈n〉
dµ

> 0 is restored, the discontinuity in Z(µ)–arguably the more

fundamental issue–is even more evident in the occupancy and transmission.

An alternative to this method can be formulated via a careful consideration of
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the interplay between the initial statistical ensemble of a nanostructure and the

subsequent introduction of tunneling coupling to the electrodes. This is pursued

next.

6.3 Self-consistent initial conditions

In Chapter 2 it was shown that the retarded Green’s function of an isolated nanos-

tructure has a Lehmann representation [84, 110]:

G =

∫
dω

2π

A(ω)

E − ω + i0+
(6.10)

in terms of an exact spectral function:

Anm(E) = 2π
∑

µ,ν,ν′

[ρµν〈ν|dn|ν ′〉〈ν ′|d†m|µ〉 +

+ ρν′µ〈µ|d†m|ν〉〈ν|dn|ν ′〉]δ(E − [Eν′ − Eν ]) (6.11)

Here |ν〉 is a many-body eigenstate, Eν is the associated energy, and ρµν is the

density matrix. In particular, this is true if the system in question has internal

Coulomb interactions, in which case G in Eq. (6.10) includes a Coulomb self-energy

implicitly.

We may then consider a scenario where coupling is introduced between this

system and its environment via a perturbation to the Hamiltonian of the form of

Eq. (6.6). In the context of the Keldysh formalism this means that the retarded

Green’s function after coupling is given by the Dyson equation:

G = G+GΣG (6.12)

where:

Σ = Σtun + ∆ΣC (6.13)

with the tunneling self-energy given by Eq. (6.7). As an aside, we reiterate for the

sake of clarity that this is formally equivalent to G = G0 + G0ΣtotalG where G0 is

the noninteracting Green’s function and the total self-energy:

Σtotal = ΣC + Σtun + ∆ΣC (6.14)
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includes a Coulomb self-energy ΣC satisfying G = G0 +G0ΣCG.

In many physical situations of interest, e.g. when G is used to calculate steady-

state transport quantities, it is necessarily the case that the Green’s function after

coupling should have no explicit dependence upon the density matrix ρµν before

coupling. When this is so, the correction to the self-energy ∆Σ has an explicit

dependence upon ρµν that, loosely speaking, cancels with the dependence of ΣC on

ρµν . This suggests it is possible to enforce the Bogoliubov principle by defining ∆ΣC

implicitly.

To this end we use the self-consistency condition touched upon earlier: The

density matrix and Green’s function formalisms are both exact. Thus, if the density

matrix before coupling happens to be correct for steady-state, equal-time observables

must not be affected by the introduction of the self-energy due to the electrodes. In

particular, densities and equal-time correlation functions should be the same before

and after coupling:

〈d†ndm〉0︸ ︷︷ ︸
before coupling

= 〈d†ndm〉︸ ︷︷ ︸
after coupling

(6.15)

The statistical ensemble is determined here by minimizing a measure of proxim-

ity to this condition. Although the foregoing argument is only rigorous when the

tunneling self-energy describes the dynamics exactly, Bogoliubov’s principle is sat-

isfied by construction: Since the statistical ensemble is determined self-consistently

from the steady-state propagator, unphysical memory effects do not arise.

Before developing the nuts and bolts of this method, it is useful to make some

preliminary assumptions:

First, we suppose the off-diagonal elements of the density matrix are negligible at

steady-state. This approximation has been used elsewhere[182] and such elements

are generically suppressed exponentially by quantum decoherence [200, 201]. For

elements between degenerate eigenstates, this assumption can be justified via a

symmetry argument [52].

Second, we restrict our attention to the case where only ground states are sta-

tistically occupied. In terms of transport, this covers most cases at low (relative to
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the energy scale of the Hamiltonian) temperatures and biases. More precisely, this

approximation is plausible if Γ/∆E � 1 where ∆E is the energy gap between the

ground and excited states. A novel exception to this arises when transport mediated

by many-body ground states is suppressed by quantum interference, as described in

Chapter 4. In this case excited states are relevant.

Under these assumptions Eqs. (6.10) and (6.11) reduce to:

Gnm =
∑

Ψ∈B0
N

Ψ′∈B0
N+1

PΨ
〈Ψ|dn|Ψ′〉〈Ψ′|d†m|Ψ〉
E − [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Particle-like propagation

+
∑

Ψ∈B0
N

Ψ′∈B0
N−1

PΨ
〈Ψ|d†m|Ψ′〉〈Ψ′|dn|Ψ〉
E + [EΨ′ − EΨ] + i0+

︸ ︷︷ ︸
Hole-like propagation

(6.16)

where B0
N = {|Ψ〉} is an orthonormal set of statistically occupied N particle ground

states, EΨ are many-body energies, and PΨ is the statistical occupancy of state

|Ψ〉. The overall strategy pursued here is to choose the statistical factors PΨ so that

the self-consistency condition discussed earlier is satisfied. Before pursuing this,

however, it useful to consider a special case that has been investigated before as an

ansatz.

6.4 Special case: The Anderson model

A special case of the technique described above is closely related to an ansatz that

has been suggested previously [68]: Suppose the system under consideration consists

of a single spin-degenerate energy level ε with an on-site Coulomb repulsion U , i.e.:

H = εN +
1

2
U(N − 1)2 (6.17)

Here N =
∑

σ d
†
σdσ is the number operator. When this system is coupled to a

noninteracting environment via a Hamiltonian of the form Eq. (6.6), the result is

the Anderson model [3].

In isolation, a system described by Eq. (6.17) has no excited states. Eq. (6.16)
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then implies the retarded Green’s function is:3

G↑↑ = P−−
〈− − |d↑| ↑ −〉〈↑ −|d†↑| − −〉

E −
[
ε− 1

2
U
]

+ P−↓
〈− ↓ |d↑| ↑↓〉〈↑↓ |d†↑|− ↓〉
E −

[
(2ε+ 1

2
U)− ε

]

+ P↑−
〈↑ −|d†↑| − −〉〈− − |d↑| ↑ −〉

E +
[

1
2
U − ε

]

+ P↑↓
〈↑↓ |d†↑|− ↓〉〈− ↓ |d↑| ↑↓〉
E +

[
ε− (2ε+ 1

2
U)
]

=
P−− + P↑−

E −
[
ε− 1

2
U
] +

P↑↓ + P−↓

E −
[
ε+ 1

2
U
] (6.18)

G↓↓ = G↑↑ (6.19)

G↑↓ = G↓↑ = 0 (6.20)

Moreover, from spin-symmetry P↑− = P−↓, which implies the average pre-coupling

occupancy is 〈n〉0 = 0 · P0 + 1 · P1 + 2 · P2 where P0 ≡ P−−, P1 ≡ P↑− + P−↓ and

P2 ≡ P↑↓. Overall:

G↑↑ =
1
2
(1− 〈n〉0)

E −
[
ε− 1

2
U
] +

1
2
〈n〉0

E −
[
ε+ 1

2
U
] (6.21)

This allows the calculation of the average occupancy after coupling via Eq.

(2.76):

〈n〉 = − i
∫
dE

2π

[
G<↑↑ + G<↓↓

]
= −2i

∫
dE

2π
G<↑↑

= − 2i

∫
dE

2π
GR↑↑Σ<GA↑↑ =

1

π

∫
dE Γf(E)|G↑↑|2 (6.22)

where we have neglected G<
0 in the Keldysh equation, Eq. (2.56), and taken Σ< =

if(E)Γ in accordance with Eq. (2.102). Here f(E) gives the statistical occupancy

of the energy levels in the environment (e.g. electrodes).

In the past[68] 〈n〉0 = 〈n〉 has been suggested as an ansatz, in which case Eqs.

(6.22) and (6.21) together with the Dyson equation, Eq. (6.12), provide a self-

consistency condition for the density. This can be used to determine 〈n〉0 which

3Alternatively, Gσσ′ can be evaluated using the equation of motion method [123, 68].
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Figure 6.4: The corrected (solid red) and uncorrected (dashed green) transmission
function associated with the same quantum dot as in Figure 6.3 and calculated using
the same techniques.

gives G and G. The occupancy resulting from this procedure is shown in Figure

6.3 (solid red). The transition region between the two charging plateaus goes as

∼ Γ, which is qualitatively correct. For comparison, the density is also shown with

∆Σ = 0 (dashed green) and with ∆Σ calculated via self-consistent Hartree-Fock

(dashed blue) as described earlier. The associated transmission appears in Figure

6.4.

A subtle point is that 〈n〉0 does not uniquely determine the statistical factors Pi.

For the Anderson model this does not impede the self-consistency procedure because

the bare Green’s function is expressible in terms of the occupancy 〈n〉0. However,

since the converse is not true, associating statistical factors with a particular Green’s

function requires imposing a constraint. This was done to produce Figure 6.5, which

shows the “self-consistent” P1 near the N = 0 −→ N = 1 charging step based on

the constraint P2 = 0 (solid red).4 For comparison, the infinitesimal-coupling value

of P1 (i.e. given by the grand canonical ensemble) is also shown (dashed green).

4It bears repeating that this constraint does not affect the Green’s function or physical observ-

ables.
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Figure 6.5: The statistical factor P1 associated with the same quantum dot as in
Figures 6.3 and 6.4. The red line is inferred from the self-consistent occupancy 〈n〉
subject to the constraint that P2 = 0; the dashed green line is given by the grand
canonical ensemble.

Figure 6.6: The self-consistent Hartree-Fock correction to the Coulomb self-energy.

In general, e.g. when the nanostructure is treated via an extended Hubbard

(i.e. PPP-type) model, the bare Green’s function is not a simple function of the

occupancies of the sites. This necessitates a more general procedure, as described

next.
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6.5 General case: The extended Hubbard model

As a convenient and physically motivated measure of proximity to the self-

consistency condition discussed in Section 6.3:

〈d†nσdmσ′〉0︸ ︷︷ ︸
before coupling

= 〈d†nσdmσ′〉︸ ︷︷ ︸
after coupling

(6.23)

the Hartree-Fock contribution to ∆Σ is used here. As depicted in Figure 6.6, this

quantity is given by ∆ΣHF ≡ ΣHF − ΣHF
0 where:

ΣHF
nm,σσ′ = δσσ′

[
δnm

∑

lλ

Uml〈d†lλdlλ〉 − Unm〈d†mσ′dnσ〉
]

(6.24)

=− iδσσ′
[∑

lλ

δnmUml

∫
dE

2π
G<
lλ,lλ − UnmG<

mσ′,nσ

]
(6.25)

The Green’s functions (or expectation values) are those associated with the isolated

system for ΣHF
0 and the dressed (coupled) system for ΣHF . We seek to minimize

∆ΣHF as a function of the statistical factors appearing in Eq. (6.16).

Note that this should not be confused with the diagrammatic self-consistent

Hartree-Fock calculations discussed earlier. Although ∆ΣHF = 0 holds after such

an approach, the present method realizes this in a more physical manner: The

many-body state of the full lead-nanostructure system may be expressed as

|Ω〉 =
∑

νη

cνη|Ψν〉|φη〉 (6.26)

where |Ψ〉 and |φ〉 are elements of basis sets for the nanostructure and leads re-

spectively. In this context the density matrix optimized here is related to a reduced

density operator resulting from a partial trace over the electrode degrees of freedom:

ρ = Trleads |Ω〉〈Ω| =
∑

νν′

∑

η

cνηc
∗
ν′η

︸ ︷︷ ︸
ρνν′

|Ψν〉〈Ψν′| (6.27)

=
∑

νν′

ρνν′|Ψν〉〈Ψν′| (6.28)
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Correlation (entanglement) between the nanostructure and the electrodes therefore

leads to a mixed density matrix for the nanostructure.

Conversely, self-consistent Hartree-Fock calculations of ∆Σ can never reproduce

the self-energy correction associated with a mixed density matrix, since the latter

quantity is energy-dependent. Moreover, it was noted earlier that such an approach

exacerbates unphysical memory effects. As such, the use of a Hartree-Fock self-

energy as a norm in this work should not be viewed as an essential ingredient for

this method. It is merely convenient and consistent with the more fundamental

condition expressed by Eq. (6.23).

To facilitate comparison, the procedure described above was carried out for two

junctions based on two- and four-site extended Hubbard models from Chapter 4.

For the reasons discussed in Section 6.3, it was assumed that only the diagonal

elements Pν ≡ ρνν contribute to the retarded Green’s function.

6.5.1 Two sites

The two-site model considered here is depicted in Figure 6.7 and treated via an

extended Hubbard model described in the accompanying caption. Figure 6.8 shows

the transmission calculated using optimized statistical factors and Figure 6.9 shows

the relative difference between this and the uncorrected quantity. The systematic

error in the uncorrected spectral weight discussed earlier (see Figure 6.2) causes

over- or underestimation of the transmission when the electrode chemical potential

is above or below the resonance respectively. A similar effect can be anticipated for

other transmission resonances between open and closed shell states.

With parameters appropriate for an organic molecule bonded to gold electrodes

(Γ ≈ 0.5 eV), the magnitude of the error is 10 to 20 percent. The uncorrected

value is most accurate when µ is far from the resonance or when the transmission

is saturated5 near T ≈ 2.

Figures 6.10 and 6.11 show the thermopower after optimization and the difference

5The maximum transmission here is equal[20] to the rank of the spin-dependent tunneling-width

matrices Γleft,right
nσ,mσ′ ≡ δσσ′Γleft,right

nm .



173

1 2

Figure 6.7: The geometry of the nanostructure associated with Figures 6.8 and 6.9.
A particle-hole symmetrized (i.e. a PPP-type[36, 133, 16]) extended Hubbard model
is used with t = 3 eV for the hopping parameter, U = 10 eV for the on-site repulsion,
and with U12 = 6 eV. Coupling to the electrodes is treated via the tunneling-width
matrices Γleft

nm = Γ1δn1δm1 and Γright
nm = Γ2δn2δm2. With Γ ≈ 0.5 eV, these parameters

are plausible for an organic molecule bonded to gold electrodes [16].

between this and the uncorrected quantity. Although the maximal discrepancy (≈
10 µV/K) is not trivial, the corrected thermopower is still enhanced near resonance.

This supports the plausibility of the enhancements of thermopower near resonance

discussed in Chapter 5.

Figures and 6.12 and 6.13 show the root mean square of the Hartree-Fock self-

energy correction before and after optimization of the statistical factors. The self-

energy in the two figures differs by more than a factor of ten, implying the Hartree-

Fock correction is primarily due to the anomalous spectral weight discontinuity

discussed earlier. As shown explicitly for the four site case below, self-consistent

Hartree-Fock does not correctly describe this phenomenon.

6.5.2 Four sites

The four-site model considered here is depicted in Figure 6.14 and treated via an

extended Hubbard model described in the accompanying caption. The occupancy

calculated using the optimized (solid red) and unoptimized (dashed green) statis-

tical factors is shown in Figure 6.15 near the N = 3 −→ N = 4 charging step.

For comparison, we also show this quantity with ∆Σ determined via self-consistent

Hartree-Fock (dashed blue). The latter method has been carried out previously

[24], but was limited to two-site systems due to numerical challenges that have been
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Figure 6.8: The optimized transmission for the two-site nanostructure from Figure
6.7 plotted as a function of the electrode chemical potential µ and the tunneling
width Γleft = Γright ≡ Γ.
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Figure 6.9: The relative difference (T corrected − T uncorrected)/T corrected ≡ ∆T/T be-
tween the optimized and unoptimized transmission functions for the two-site nanos-
tructure from Figure 6.7. This is plotted as a function of the electrode chemical
potential µ and the tunneling width Γleft = Γright ≡ Γ.
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Figure 6.10: The optimized thermopower for the two-site nanostructure from Figure
6.7. This is plotted as a function of the electrode chemical potential µ and the
tunneling width Γleft = Γright ≡ Γ.
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Figure 6.11: The difference Scorrected − Suncorrected ≡ ∆S between the optimized and
unoptimized thermopower for the two-site nanostructure from Figure 6.7. This is
plotted as a function of the electrode chemical potential µ and the tunneling width
Γleft = Γright ≡ Γ.
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Figure 6.12: The root mean square of the Hartree-Fock self-energy correction for
the two-site nanostructure from Figure 6.7 before optimization. This quantity is
plotted as a function of the electrode chemical potential µ and the tunneling width
Γleft = Γright ≡ Γ.
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Figure 6.13: The root mean square of the Hartree-Fock self-energy correction for
the two-site nanostructure from Figure 6.7 after optimization. This quantity is
plotted as a function of the electrode chemical potential µ and the tunneling width
Γleft = Γright ≡ Γ.
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1

2 3

4

Figure 6.14: The geometry of the nanostructure associated with Figures 6.15
through 6.19. A particle-hole symmetrized (i.e. a PPP-type[36, 133, 16]) ex-
tended Hubbard model is used with t = 3 eV for the hopping parameter and
U = 10 eV for the on-site repulsion. The long-ranged interactions are given by
U12 = U23 = U34 = U14 = 6 eV and U13 = U24 = 4 eV, and coupling to the
electrodes is modeled via the tunneling-width matrices Γleft

nm = (0.5 eV)δn2δm2 and
Γright
nm = (0.5 eV)δn3δm3. These parameters are plausible for an organic molecule

bonded to gold electrodes [16].

overcome in this work. The charge susceptibility [5]:

χ =
d〈n〉
dµ

(6.29)

is shown in Figure 6.16, and is more sensitive to the correction considered here than

the occupancy itself.

Transmission and thermopower for the same nanostructure are plotted in Figures

6.17 and 6.18. Compared to the two-system system considered above, the use of

optimized statistical factors has a smaller effect here. This is primarily because

doubling the number of sites while keeping Γ fixed reduces the broadening of the

transmission resonances by approximately a factor of two.

It is noteworthy that, although ∆ΣHF ≈ 0 after optimization over the statistical

factors (Figure 6.20), the physical predictions of this procedure are quite different

than within the self-consistent Hartree-Fock method discussed above. This suggests

the following: If a nanostructure is assumed to have an initial statistical ensemble

that is unreasonable at steady-state, the consequent deviation of ∆ΣHF from zero

should be viewed as symptomatic. At fixed µ the statistical factors mainly affect

spectral weights, and there is nothing sensible a Hartree-Fock self-energy, which has

no energy-dependence, can do to account for this.
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Figure 6.15: The occupancy associated with the nanostructure depicted in Figure
6.14 at room temperature (T = 300 K). The calculation was either performed with
an uncorrected tunneling self-energy ΣT (dashed green), with a Hartree-Fock cor-
rected self-energy ΣT + ∆ΣHF (dashed blue), or with the initial statistical factors
chosen so that the densities and equal-time correlation functions are minimally af-
fected by coupling to the electrodes (solid red). The uncorrected occupancy exhibits
an unphysical jump over a window of width ∼ kT , but this is not pronounced.
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Figure 6.16: The corrected (solid red) and uncorrected (dashed green) charge sus-
ceptibility associated with the nanostructure depicted in Figure 6.14 at room tem-
perature. The calculations were carried out as described in the caption to Figure
6.15. Filtering was performed to remove numerical noise on the scale of ±0.05 eV−1.
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Figure 6.17: The corrected (solid red) and uncorrected (dashed green) transmission
function associated with the nanostructure depicted in Figure 6.14 at room tem-
perature. The calculations were carried out as described in the caption to Figure
6.15.

−6 −5.5 −5 −4.5 −4 −3.5
−150

−100

−50

0

50

100

150

200

 

 

S(
μ)

  (
μV

/K
)

µ (eV)

Figure 6.18: The corrected (solid red) and uncorrected (dashed green) thermopower
associated with the nanostructure from Figure 6.14 at room temperature. The
calculations were carried out as described in the caption to Figure 6.15.
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Figure 6.19: The initial statistical factor P4 associated with the nanostructure de-
picted in Figure 6.14 at room temperature (T = 300 K). The solid red line is
optimized to minimize the effect of coupling to the electrodes on the densities and
equal-time correlation functions within the nanostructure; the dashed Green line
shows the same statistical factor as given by the grand canonical ensemble.
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Figure 6.20: The elementwise RMS of the Hartree-Fock correction to the Coulomb
self-energy associated with the nanostructure depicted in Figure 6.14 at room tem-
perature. The calculations were carried out using the uncorrected Green’s function
(dashed green) and the Green’s function after optimization of the statistical factors
(solid red). When |∆ΣHF | = 0 the densities and equal-time correlation functions
within the nanostructure are unaffected by coupling to the electrodes.
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6.6 Conclusions

In this chapter we have considered the problem of characterizing transport between

noninteracting electrodes bridged by a nanostructure that, in isolation, is exactly

diagonalizable. It is well known that this problem is difficult and, at present, admits

an exact solution only in special cases such as the Anderson model [121, 98, 185, 3].

Some approximate schemes in this context do not enforce a sanity condition that

arises from the Bogoliubov principle[27] of weakening correlations:

At steady-state, the dressed propagator within the nanostructure should retain

no memory of the initial statistical ensemble that holds prior to the introduction

of finite tunnel coupling to the electrodes [86]. This suggests the density matrix of

the nanostructure be determined self-consistently so that it depends only upon the

solution of the transport problem at steady state.

Here this was done by minimizing a measure of proximity to a formally exact self-

consistency condition. Roughly speaking, this allows one to characterize the post-

coupling dynamics via a self-energy and then use this to generate the appropriate

statistical ensemble self-consistently. In the prototype calculations presented here,

this resulted in a density matrix that is mixed near resonance even at zero bias

and temperature, consistent with the presence of electrode-nanostructure correlation

(entanglement). Moreover, this technique fixed anomalies arising in earlier methods

that stem from violations of the sanity condition discussed above.

It bears repeating, however, that the results presented herein are approximate.

Archetypal correlation effects like the Kondo effect are missed, as well as e.g. inelas-

tic cotunneling processes. This is because the statistical ensembles calculated self-

consistently here were still generated via an inexact characterization of the steady-

state dynamics. In particular, the latter was treated via a noninteracting tunneling

self-energy that has well-known shortcomings beyond failing to independently en-

force the principle of weakening statistical correlations.

That said, the method prototyped in this chapter can be used as-is with a refined

approximation for the self-energy due to tunnel coupling. Moreover, for dithiolated
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Figure 6.21: The corrected (solid red) and uncorrected (dashed green) thermopower
associated with the same nanostructure and approximations as in Figure 6.3. The
uncorrected thermopower exhibits an unphysical jump around −5 eV corresponding
to the discontinuity in spectral weight discussed in Section 6.2.

molecular junctions, the results here suggest broadening out the charging resonances

using a noninteracting tunneling self-energy, as was done in Chapters 3 through 5,

gives reasonable results even without any correction. For junctions with four or

more sites this was found to be true for both the thermopower and transmission,

especially the latter.

6.A Anderson model thermopower and self-energy correction

Figures 6.21 and 6.22 depict the thermopower and self-energy correction associated

with the single-site (Anderson) model discussed in Section 6.4. Here U = 10 eV,

Γ = 0.5 eV, and all calculations are carried out at room temperature.
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Figure 6.22: The Hartree-Fock self-energy correction associated with the same
nanostructure as in Figure 6.3 before optimization of the density. After optimiza-
tion, the self-energy correction is identically zero.
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CHAPTER 7

CONCLUSIONS

In this thesis, a series of works regarding transport in interacting nanosystems were

presented. The most novel aspects of these are summarized here.

Chapter 3

In Chapter 3, a derivation of a PPP-type (i.e. extended Hubbard) Hamiltonian

for the π-electrons in a conjugated organic molecule or molecular junction was pre-

sented. This was then parameterized by comparison to experiment using exact

diagonalization. Although similar models are well known, the unique twist there

was the use of effective field theory. The most novel aspects of this formulation are:

− Effective field theory allows intramolecular π-electron interactions to be de-

termined from symmetry principles and a multipole expansion. The soften-

ing of short-ranged interactions is then dictated by a physical parameter–the

π-electron quadrupole moment–rather than via phenomenological functional

forms.

− Within π-electron effective field theory, the screening of intramolecular inter-

actions by metallic electrodes can be modeled via effective interactions based

on a multipole expansion. This reflects the general extensibility of effective

field theories.

− Within such models of screening, the π-electron contribution to the van der

Waals binding between an organic molecule and a metallic electrode is straight-

forward to calculate.
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Chapter 4

The focus of Chapter 4 was the structure of nodes in the retarded Green’s function

(propagator) of an interacting system. These features are related to nodes in the

transmission spectra of nanostructures. A series of generic results were presented,

the most novel of which are:

− Absent fine tuning, degenerate geometric nodes expected on the basis of series

propagation are generically split or lifted in the presence of interactions. This

is due to an inherent incompatibility between interactions and several precisely

formulated definitions of series propagation.

− Remarkably, degenerate geometric nodes are destroyed even when there are no

interactions between the units arranged in series. This is due to an exceptional

sensitivity of such nodes to the distinction between sums over Feynman paths

and sums over field configuration histories.

− Fine-tuned degenerate nodes can exist in the presence of interactions, and

these are generically located at the boundary between regimes of node splitting

and node lifting.

− Degenerate nodes are highly sensitive to perturbation and their sensitivity in-

creases with their degeneracy. Moreover, for high degeneracies there is a ten-

dency toward lifting rather than splitting. These observations follow formally

from known results[193] regarding the response of the roots of a polynomial

to the perturbation of its coefficients.

− Upon the splitting or lifting of a degenerate node, the parity (evenness or

oddness) of the number of lowest-order nodes is preserved.

− The eigenvalues of the retarded Green’s function for an interacting system

generically exhibit nodes arising from non-geometric interference between field

configuration histories.
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− In open-shelled systems with nontrivial charging energies, low-energy “eigen-

value nodes” arise from the destructive interference between particle-like and

hole-like transport mediated by the same single-particle orbital. Fundamen-

tally, this is the origin of the “Mott nodes” previously predicted to occur in

the transmission spectra of molecular radicals [19].

− A simple but remarkably accurate model of low-energy node structure was

developed by mapping each eigenvalue of the retarded Green’s function onto

a Fermi-liquid like renormalization of the Anderson model. The exact self-

energy for this model was provided.

Chapter 5

In Chapter 5 thermoelectric effects were investigated in a series of gold-

biphenyl(n,m′)dithiol-gold molecular junctions using the π-electron effective field

theory from Chapter 3 and the Lanczos technique for exact diagonalization. Con-

sistent with the results of Chapter 4:

− The degenerate node expected on the basis of series propagation in a gold-

biphenyl(3,3′)dithiol-gold junction was lifted by interactions. Given the sen-

sitivity of this outcome, e.g. to the precise alignment of excited states, node

splitting is also plausible. Regardless, either case disconfirms an earlier hy-

pothesis that degenerate nodes in polycyclic molecules might be protected

against splitting or lifting.

− Because the node is lifted rather than split, the thermopower is suppressed in

the region between the HOMO and LUMO resonances.

− Consistent with noninteracting models [23], large enhancements of thermo-

electricity were observed on resonance and depended upon the placement of

the electrodes, i.e. upon the values of n and m′. Placements conducive to de-

structive quantum interference led to larger thermoelectric effects, suggesting

that, despite the challenges associated with fabricating devices that operate
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on or near resonance, doing so may be a plausible strategy for realizing tech-

nologically relevant enhancements of thermoelectricity.

− Compared to devices based on nodes, devices that operate on resonance may

scale better as the number of series units is increased. This is supported by

the observation from Chapter 4 that higher order nodes are fragile and favor

lifting over splitting.

− Since the parity (evenness or oddness) of node degeneracy was seen to be pre-

served in Chapter 4, node-based devices with odd numbers of meta-connected

phenyl rings in series may exhibit higher thermoelectricity than those with

even numbers of such rings. In the present work, this was observed in device

models with one or two meta-connected rings.

Chapter 6

The final work, Chapter 6, put forward a method for treating transport in interact-

ing nanostructures based on self-consistent statistical ensembles. More abstractly,

an interacting system that is numerically solvable in isolation was considered, and

the propagator within this was determined after coupling to bulk noninteracting

systems. The most novel aspects of this work are:

− A subtle self-consistency condition is formulated that relates statistical fluctua-

tions at steady-state–e.g. as characterized by a density matrix–to the steady-

state dynamical response of the system–e.g. as characterized by a dressed

propagator. This is based on a simple gedanken experiment and the mutual

exactness of the density matrix and Green’s function formalisms.

− This self-consistency procedure eliminates an unphysical memory of the distant

past that is inconsistent with Bogoliubov’s principle of weakening statistical

correlations. This is an issue within earlier techniques [24], where the nanos-

tructure’s propagator was dressed by a noninteracting tunneling self-energy

and optionally corrected up to Hartree-Fock order.
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− In particular, when the density matrix is determined via the golden rule[24]

rather than self-consistently, the spectral weights of resonances exhibit spu-

rious discontinuities over windows of width ∼ kT . The proposed method

resolves this and reveals that, although this effect makes a large contribution

to the Hartree-Fock self-energy, self-consistent Hartree-Fock corrections lead

to spurious results.

− Although the density matrix itself is significantly affected, the self-consistency

procedure considered has only a small effect on linear-response observables

(e.g. conductance and thermopower) in models representative of room-

temperature molecular junctions. In such cases this suggests it is reasonable

to dress the isolated propagator via a noninteracting tunneling self-energy,

provided diagrammatic corrections are not performed. This was the approach

used in Chapters 3 and 5.

− Large enhancements of thermopower are still observed on resonance. As dis-

cussed in Chapter 5, this effect may have technological significance.
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[33] Büttiker, M., Y. Imry, R. Landauer, and S. Pinhas (1985). Generalized many-
channel conductance formula with application to small rings. Phys. Rev. B,
31, pp. 6207–6215. doi:10.1103/PhysRevB.31.6207.



192

[34] Callen, H. B. and T. A. Welton (1951). Irreversibility and generalized noise.
Physical Review, 83(1), pp. 34–40.

[35] Cardamone, D. M., C. A. Stafford, and S. Mazumdar (2006). Controlling
quantum transport through a single molecule. Nano letters, 6(11), pp. 2422–
2426.

[36] Castleton, C. W. M. and W. Barford (2002). Screening and the quantitative
pi-model description of the optical spectra and polarizations of phenyl based
oligomers. The Journal of Chemical Physics, 117(8), pp. 3570–3582. doi:
10.1063/1.1489994.
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[48] Dulić, D., S. J. van der Molen, T. Kudernac, H. T. Jonkman, J. J. D. de Jong,
T. N. Bowden, J. van Esch, B. L. Feringa, and B. J. van Wees (2003). One-
Way Optoelectronic Switching of Photochromic Molecules on Gold. Phys.
Rev. Lett., 91, p. 207402. doi:10.1103/PhysRevLett.91.207402.

[49] Dyson, F. (1949). The S matrix in quantum electrodynamics. Physical Review,
75(11), p. 1736.

[50] Eastman, D. E. (1970). Photoelectric Work Functions of Transition, Rare-
Earth, and Noble Metals. Phys. Rev. B, 2(1), pp. 1–2. doi:10.1103/PhysRevB.
2.1.

[51] Elbing, M., R. Ochs, M. Koentopp, M. Fischer, C. Von Hänisch, F. Weigend,
F. Evers, H. B. Weber, and M. Mayor (2005). A single-molecule diode. Pro-
ceedings of the National Academy of Sciences of the United States of America,
102(25), pp. 8815–8820.

[52] Elste, F. and C. Timm (2005). Theory for transport through a single magnetic
molecule: Endohedral N@C60. Phys. Rev. B, 71, p. 155403. doi:10.1103/
PhysRevB.71.155403.

[53] Feynman, R. (1961). Quantum Electrodynamics:. Advanced Book Classics.
Addison-Wesley. ISBN 9780201360752.

[54] Feynman, R. (1972). Statistical mechanics: a set of lectures. Frontiers in
physics. W. A. Benjamin.

[55] Feynman, R. P. (1948). Space-Time Approach to Non-Relativistic Quantum
Mechanics. Rev. Mod. Phys., 20, pp. 367–387. doi:10.1103/RevModPhys.20.
367.

[56] Feynman, R. P. (1960). There’s plenty of room at the bottom. Engineering
and Science, 23(5), pp. 22–36.



194
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