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ON THE MODELING AND COMPUTATIONAL ASPECTS OF 

DYNAMIC PROGRA/IIIING WITH APPLICATIONS IN 

RESERVOIR CONTROL 

by 

Moshe Sniedovich1 and Sidney J. Yakowitz
2 

A discrete stochastic multistage decision model is developed, in the framework of which the dynamic 
programming algorithm is defined. It is demonstrated that the algorithm may be used as a solution pro
cedure for non-routine reservoir control problems. The studY demonstrates that analytical considerations 
may be used to significantly reduce the amount of computation needed for the implementation of the 
algorithm. Two reservoir control problems are studied: The "reliability problem" in which one seeks a 
minimum-cost operation rule under a constraint which specifies the maximum probability of shortage 
allowed during the life-time of the project, and the "range problem" in which the objective is the mini
mization of the expected value of the range of fluctuation around a critical storage level. 

INTRODUCTION 

Although the dYnamic programming is frequently used in the context of reservoir control problems 
there are indications (Askew, 1974b) that certain difficulties are involved in its implementation. 

More specifically, there seems to be no modeling framework for complex reservoir control problems 
(as far as the hydrologic literature is concerned). An attempt is made in this paper to develop such a 
framework. For this purpose Yakowitz's (1969) model is modified so as to represent decision processes 
with non-additive reward functions. 

The dynamic programming algorithm is defined in the context of the model, under the hypothesis of 
certain monotonicity properties of the reward function. The potential use of analytical consideration in 
reducing the number of iterations involved in the implementation of the algorithm is demonstrated. 

Contrary to certain statements made recently in the hydrologic literature (Askew, 1974a, 1974b, 
1975) it is shown that the dYnamic programming algorithm can be used as a solution procedure for reser
voir control problems in which reliability constraints are imposed on the process. 

In particular, it is shown that reliability constraints imposed on the process in the form of the 
maximum probability of shortage during the life of the process can be incorporated into the dynamic pro
gramming approach. 

It is also demonstrated that the dynamic programming algorithm can be used as a solution procedure 
in which the objective is the minimization of the expected value of the range of fluctuation of the 
storage levels around a critical value. 

DISCRETE STOCHASTIC MULTISTAGE DECISION MODEL 

The discrete stochastic multistage decision model under consideration is a tuple Z = (N,n,D,p
0

,P,r) 
where: 

(l) N is a positive integer indicating the number of decision stages involved in the decision
making process. The decision stages are denoted by n, l<n<N. For example, N may define the number of 
periods (month, season, year, etc.) to be considered while-operating a reservoir, and n indicates the 
n-th period. 

(2) n is a fi.nite set of elements x called states. The elements x are used for the description of 
the state of the process at the different decision stages. In the reservoir control problem xn may 
indicate the storage level in the reservoir at the beginning of the n-th period. 

(3) D = {Dn}l<n<N is a sequence of maps identifying the decision elements that are available at the 

different decision stages when the states xn are observed. More specifically, Dn(xn) is the set of 
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fsaeibte dsai.eione dn available at the n-th decision stage when the state xn is observed. For example, 

in the reservoir control problem Dn(xn) includes all the feasible target releases associated with the 

n-th decision stage when the storage level xn is observed. 

(4) p
0 

is a counting density on 11 called the initi.at dietl"i.bwti.on, 1.e., OSJ0 (x)~l, Vlt£11 and 

I p (x) = 1. p (x) indicates the probability of starting the process at n=l with the state x. In the 
X£11 0 0 

context of the reservoir control problem p
0 

is the probability mass function of the initial storage 
level. Notice that for processes for which the first state of the process is given, by x• for example, 
the function p

0 
has the following form: p

0
(x•) = 1, p

0
(x) = 0, 't'X~x·. 

(5) P = {pn}l<n<N is a sequence of transition l.co.le. More specifically, Pn(·lxn' dn) is a counting 

density on 11, 1.e. ,-Os>n(xn+llxn,dn)~l and I pB(xn+llxn,dn) = 1. In other words, Pn(xn+llxn' dn) may 
xn+l" 

be viewed as the conditional probability of the state xn+l at the (n+l)st decision stage given that the 

state xn is observed at the n-th decision stage and the decision dn is made. 

(6) r is a real-valued function defined on the sequences (xl'dl'x2,d2, ... , xN-l' dN-l'xN,dN), 
called the ~jUnction. 

The decision-making procedure is determined by a strategy 6 = (61'62, ... ,6N) where 6n is a function 
which associates decisions with states at the n-th decision stage. More specifically, 6n(xn) = dn is the 

decision made at the n-th decision stage when the state xn is observed. 

The strategy 6 = (61'62, ... 6N) is said to be feaeibZe if 6n(xn)"Dn(xn)' "t'11=1,2, ..• ,N, xnel1. The set 
of all such strategies is denoted by fl and is assumed to be non-empty. 

The application of the strategy 6efl generates a process which schematically·may be described as 
follows: the process starts at the first decision stage n = 1 where the state x1 is selected from 11 

according to the initial distribution p
0

; then the decision d
1 

= 61 (x1) is made whereupon the process 

moves to the second state, n = 2 where the state x2 is selected from 11 according to the transition law 
P1C·Ixl'd1); then the decision d2 = 62(x2) is made and the process moves to the third decision stage, 

n = 3 where the state x
3 

is selected from 11 according to the transition law p2(·1x2, d2) etc. Finally 

the process reaches the last decision state, n "' N where the state xN is observed and the decision 

dN = 6N(xN) is made. As a result of observing the sequence (x1,d1, •.• ,xN,dN) the reward 

r(xl'dl' .•• ,xN,dN) is realized and the process terminates. 

The preference order used for the evaluation of the elements 6 of fl is specified by E6[r] where 

E6[r] = I r(h)·po(xl)·pl(x21xl,dl) .•. pN-l(xNixN-l,dN-l) 

(x1,x2, .•• ,xN)e11N 

and 

(1) 

E6[r] is called the e:cpected vaZus of the :t'eW:t'd associated with the strategy 6. The strategy 6* is 
said to be opti.maZ feaeibZe 1f 6*efl and 

E6*[r] = max E6[r]. (2) 
6efl 

The set of all the optimal feasible strategies is denoted by ll* and its elements by 6*. It is 
assumed that ll* is not-empty, i.e., that there exists at least one optimal feasible strategy. For 
example, if Dn(xn) consists of finitely many elements for all l~n~N and xnel1 then it is guaranteed that 
ll* is non-empty. 

TYPE-M PROCESSES 

In many situations the process under consideration is such that there.exist sequences {rn}l~n~N' 
and {pn}l~n<N of real valued functions such that 
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(4) 

and 

(5) 

where 

and dn = 6n(xn>· 

Moreover, in many processes Pn is such that· pn(xn,dn,·) is monotonically increasing. This type of 

processes wi 11 be referred to as type-M processes. 

Examples: 

( 1) Consider the reward function r for which 

where tn is a real valued function. 

Define: 

and 

for any rea 1 number a. 

Thus, 

and 

and hence any process having the reward function r is a type-M process. 

(2) Consider the reward function r for which 

where tn is a real valued function. 

Define: 

and 

for any positive real number a. 

Thus, 

and 

N 
= exp { E tn(xn,dn)} 

m=n 
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and hence any process having the reward function r is a type-M process. 

An algorithm for the construction of optimal-feasible strategies for type-M processes is introduced 
in the next section. 

THE DYNAMIC PROGRAMMING ALGORITHM FOR TYPE-M PROCESSES 

Let Z be any type-M process, {rn}l<n<N and· {pn}l<n<N any sequences associated with Z which satisfies 

equation 3 and 5 respectively. Consider the following Procedure for the construction of the subset 1!. 0 

of 1!.: 

Step 1 For n = N and any arbitrary xNdl let rN(xN) be the set of all the elements dNeDN(xN) satisfying 

the equation 

(7) 

Set; 

Step 2 For l~n<N and any arbitrary xnell let rn(~) be the set of all the elements d~ eOn(xn) satisfying 

the equation: 

where 

Step 3 Set: 

fn(xn,d~) =max fn (xn,d) , d~ern(xn) 
deDn(xnl 

fn(xn,d) l: Pn(xn,d,f~+l (xn+l)) Pn(xn+llxn,d) 
xn+lell 

"'· 

The recursive procedure defined above is called the dynamia p1'01}1'111m!'lng (DPJ aZgo:ri.thm and the 
strategies d0 el!.0 the dynamia programming soZutions. 

(8) 

(9) 

(10) 

It was shown (Sniedovich 1976) that the dYnamic programming solutions are optimal-feasible for all 
type-M processes. 

Consider the type-M process Z = (N,n,D,p
0

,P,r) where 

ll = {x: x = 0,1,2,3, ••• ,M}, D = {On}l~n~N with Dn(xn) = {dn: dn = 0,1, ••• xn}. 

The total nulriler of equations T to be solved using the OP algorithm is given by 

T = N"(M + 1) (ll) 

If each of these equations is solved by searching over the entire set Dn(xn)' the total number of itera
tions required is given by 

TT _ N·(M+l)·(M+2) 
- 2 

which for N = 100, M = 20 yields TT = 23,100. 

The question is whether certain properties of the process allow a reduction in the number of 
iterations needed for the implementation of the DP algorithm. 

ANALYTICAL CONSIDERATIONS IN THE IMPLEMENTATION OF THE DP ALGORITHM 

(12) 

Suppose that while implementing the DP algorithm in the context of a certain type-M process it is 
found that rn(xnl = {d•} for some l~n<N and xnen. The question is whether while solving the equation 

for some other element x~ of n it is possible to make use of d0 by restricting the search only to a 
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certain subset of Dn(x~) determined by d". 

It will be demonstrated that in certain processes there exists a very close relationship between 
the sets rn(xn) and rn(x~), xn,x~en. 

Examples 

(1) Consider the process Z ~ (N,n,D,p
0

,P,r) where: 

(i) n = O,l,2, ••• M, D ~ {Dn}l~n~N· Dn(xn) = {0,1,2, ••• ,xn}• 

(ii) P = {pn}l~n<N' where 

where Q is a discrete random variable for which Prob (Q = negative integer) = 0. 
N 

(iii) r(xl'dl' ..• ,xN,dN) = E tn(dn) 
n=l 

where 1n is a monotone increasing concave function. 

For the above process Sniedovich (1976) had shown that there exists an optimal feasible strategy 6* 
with the property that 

Thus, while implementing the dynamic programming algorithm only two decisions are to be considered while 
solving the equation for xn~O. More specifically, for all l~n~N the first step of the algorithm implies 

rn(O) = {0} and the set rn(xn) is constructed from the set rn(xn-1) by checking only two decisions at a 

time, those included in the set rn(xn) and those which are greater from the elements of rn(xn) bY one. 

For e~ample, if for n = 21 and xn = 6 it was found that r 21 (6) = {4} then while constructing the set 

r 21 (7) only the decisions d21 = 4 and d21 = 5 are to be considered. 

(2) The same as the previous example with 1n being a monotone increasing convex function. For this case 

Sniedovich (1976) has shown that there exists an optimal feasible strategy with the property that 
dn(xn)t{O,xn} so that also in this case only two decisions are checked while solving the equations 

associated with the DP algorithm. 

In order to compare the relative efficiency of the results mentioned above notice that for the two 
examples the total number of iterations needed for the implementation of the dynamic programming 
algorithm is given by 

TT' = N· (1+2M) 

Let e be the ratio (in percent) of TT' and TT, i.e., 

Thus, 

which for M = 20 yields e•l8. 

e = Ir_ · 100 TT 

_ p+2M) · 2 
e -M+l (M+2) . 100 

(13) 

(14) 

(15) 

In other words, the properties of the reward function and the other elements of the process enable 
one to reduce the number of iterations involved in the DP algorithm bY 82%. Notice that for large M e 
can be approximated by 

(16) 

so that the reduction in the number of iterations is proportional to M. 
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APPLICATION TO RESERVOIR CONTROL PROBLEMS 

The two example's introduced in the previous section can be used for the modeling of the reservoir 
control problem for which 

N = number of periods (years, months, seasons) under consideration. 

xn = the storage level at the beginning of the n-th period with M being the maximum capacity 

of the reservoir. 
dn = the release from the reservoir during the n-th period. 

Q = the inflow to the reservoir (a random variable) 

.r.n = the reward associated with the release during the n-th period, and the objective in the 

maximization of the expected value of the reward. 

It should be noted that concave reward functions are often used in the context of reservoir control 
problems (Dorfman, 1962; Arunkumar, 1975; Askew, l974b}. 

THE RELIABILITY PROBLEM 

In the previous examples it was assumed that the release is not allowed to exceed the storage level 
observed at the beginning of the period under consideration. If this constraint is relaxed then the set 
A of feasible strategies contains elements which generate shortages with positive probabilities. 

There are indications (Askew, l974a, l974b, 1975) that even if a penalty is imposed whenever a 
shortage is realized the optimal feasible release strategy may still generate shortages with positive 
probabi 1 i ty. 

While the penalty imposed on the process whenever a shortage is realized reflects the direct con
sequences associated with the shortage (including its magnitude) it does not reflect the non-economic 
aversion to failure (shortage) based on practical and socio-political considerations. 

In order to guarantee a certain level of reliability as far as shortages are considered one can 
impose reliability constraints on the release strategies. For example, Askew (1974a} introduces the 
following three reliability constraints: 

(1} The probability that the system will fail to supply its target release in a given year must not 
exceed a fixed maximum. 

(2) The probability that the target release will not be supplied in one or more years in the life 
of the project must not exceed a given maximum. 

(3} The average number of occasions during the life of the project on which it will be unable to 
supply its forecast release must not exceed a given maximum. 

Askew (1974b} also indicates that in many cases optimal release strategies designed to maximize the 
expected net benefit allow the system to fail on an appreciable number of occasions. Thus, if the prob
ability of such failures is greater than the maximum allowed, a procedure is needed for deriving release 
strategies that are optimal under the reliability constraint under consideration. 

While the incorporation of the first constraint indicated above in the dynamic programming algorithm 
seemed to be a straightforward procedure (Askew, l974b, p. 1100) the other two constraints seem to cause 
a modeling problem. More specifically, when discussing the potential use of the dynamic programming 
algorithm when one of these constraints is imposed on the process Askew (1974b, p. llOO) argues the 
following: 

"These constraints limit the magnitude of parameters that are function of system variables computed 
over the entire life of the system; therefore they cannot be introduced as normal constraints .... Our 
inability to control directly the probability of system failures may therefore be compensated for partly 
by our abi 1 ity to compute its magnitude .... " 

Askew's statement is strange in two ways. First, since the system variables (state elements) are 
determined subjectively (to a certain degree}, their "normality" depends on the definition of the state 
elements and, as will be demonstrated below, by modifying the definition of the state elements, the con
straints become normal. Secondly, once the state elements are appropriately redefined it is possible to 
control the probability of system failure, as will be demonstrated below. 

It seems as if the difficulty in incorporating the above constraints in the dynamic programming 
algorithm is due to the defects in the modeling stage of the problem. The discrete stochastic multistage 
decision model introduced above will be shown to be a convenient framework for solving the reliability 
problem. 

Let C2 and C3 denote the second and third constraint introduced above, respectively. It will be 
shown now that the DP algorithm may be used to solve the reservoir control problems associated with Cl 
and C2. 
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THE RESERVOIR CONTROL PROBLEM UNDER C2 

Let s be maximum allowed probability of at least one failure (shortage) during the life of the 
system. The constraint C2 can be written then as follows: 

Prob [at least one shortage during the N years] ~S 

or alternatively, 

Prob [no shortage during the N years] >1-S = a 

Also let q denote the values the random inflow Q takes with positive probability and assume that 
qe{0,1,2 .... ,MQ}. 

(17) 

(18) 

The objective is then to formulate the reservoir control process as a stochastic multistage decision 
process using the model introduced above and to show that the DP algorithm can be used as a solution pro
cedure. In other words, the elements N,ll,D,p

0
,P,r associated with the above problem are to be specified. 

The positive integer N obviously indicates the number of years (periods) the reservoir is to be 
operated. As far as the state space ll is considered, its elements should specify the following: the 
storage level in the reservoir at the beginning of any of the periods under consideration, the probabil
ity of having no shortage during the first (n-l)st periods, n-1,2, ... N and the degree of shortage (if 
any) during any of the periods under consideration. 

It seems then as if the elements x of ll should be three dimensional vectors. However, it is possi
ble to describe the storage levels at the beginning of the n-th period and the degree of shortage during 
the (n-1 )st period by the same variable so that only two coordinates are needed for the construction of 
the state elements. More specifically, since the shortage cannot exceed the quantity M+MQ, (l can be 
formally def i ned as fo ll ows : 

(l = {x: x = (x(l), x(2))}, where 

(i) x(l)d-{M+MQ),- (M+MQ-l), ... ,O,l,2, ... ,M+MQ} 

indicates the storage level in the reservoir with the convention that x(l)~O indicates that the reservoir 
is empty. 

(ii) x(2)e[a,l] indicates the probability of no shortage during the (n-l)st periods, where n is the 
period under consideration. 

Notice that strictly speaking the state space ll does not satisfy the requirement of the model since 
ll (through x(2)) contains uncountably infinitely many elements. In other words, the interval (a, 1] 
should be discretized in order for ll to be properly defined. This subject will be discussed later. 

In order to guarantee that the constraint C2 is satisfied by all the feasible strategies, the set 
On (xn) is defined as follows: 

Dn(xn) : = {dn: dnd0,1,2, ... xn+MQ}, xn(2) · Prob (Q>dn-xn(l)) > a} 

Notice that the relation between xn,dn and xn+l (2) is specified (deterministically!) by: 

xn+l(2) = xn{2) · Prob (Q>dn- xn(l)) 

and thus the above structure of Dn(xn) guarantees that all the feasible strategies indeed satisfy C2. 

The initial condition of the process, specified by p
0 

can be expressed as follows: 

P
0

(xi) = 1, x1(1) =initial storage level, x2{2) = 1. 

Often it is assumed that x1{1) = M, i.e., it is assumed that the reservoir is full at the beginning 
of the first period. 

The transition 1 aw P can be written then as follows: 

0 , otherwise 
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where 'f (xn) := max {O,xn}. 

The reward function r is assumed to have the following structure: 

where tn(xn,dn,xn+l) depends on xn(l ), dn, and Xn+l (1) and J.N depends on xN(l) and dN' Notice that 

xn+l (1) indicates the shortage during the n-th period, and if the reward associated with the last year is 

affected by the shortage during the last year tN(xN'dN) may be viewed as the expected value of the last 

reward given the storage level Y(xN(l)) and the target release dN' 

It is obvious that the process Z = (N,Il,D,p
0

,P,r) is a type-M process and thus the dynamic program

ming algorithm can be used as a solution procedure. 

It is still left to be determined how the range (a, 1] is to be discretized. It should be noted that 
in principle the range (a,l] can,.be discretiled by choosing some positive integer, say I and constructing 

the set A= {ate, at2e, ... ,l}, e~. Then the dynamic programming algorithm can be applied using one of 

the standard interpolation techniques (Casti, 1975). Although the real optimal solution may not be 
found, the integer I may be increased so as to guarantee that the solution provided by the DP algorithm 
is in a pre-specified range from the real optimum. 

THE RESERVOIR CONTROL PROBLEM UNDER C3 

The constraint C3 can be formally expressed as follows: 

E [number of shortages during the N periods] ~ N 
where N is the maximum expected number of shortages allowed during the life of the system. 

As far as modeling is concerned, this problem is similar to the previous one with the following 
minor modifications: 

(1) xn(2)e[O,N] is defined as the expected value of the number of shortages during the first 

(n-l)st periods. 

(2) xn+l(2) = xn(2) + Prob (Q<dn- 'f(xn(l))) 

(3) Dn(xn) = {dn:dne{O,l,2, ..• ,xn+MQ}, xn(2) + Prob (Q<dn-'f(xn(l))<N} 

(4) xj(2) = 0 

Prob (Q•xn+l(l) + dn- 'f(xn(l))), xn+l(l )<M, xn+2(2) • xn(2) 

+ Prob (Q<dn-'f(xn(l))) 

Prob (ce_M+dn-'f(xn(l))), xn+l(l) = M, xn+2(2) = xn(2) 

+ Prob (Q<dn-'f(xn(l))) 

0 , otherwise 

The same methods used for the discretization of the range [a, 1] is the previous problem can be used 
in this case for discretizing the range [o,A]. 

THE RANGE PROBLEM 

Consider the reservoir control problem where the objective is to minimize the expected value of the 
range of fluctuation of the storage levels around some critical value yo. This problem may represent 
situations where the reservoir is operated for recreational purposes. 

The process Z = (N,Il,D,p
0
,P,r) may be used as a framework for solving the above problem where: 

(1) N is the number of periods under consideration 

(2) ll ={X: X= (X(l), X(2), X(3)), X(i)d0,1,2, ... M}, i = 1,2,3} with: 

xn(l) = the minimal storage level observed during the first (n-1 )st periods 
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xn(2) = the maximal storage level observed during the first (n-1 )st periods 

xn(3) = the storage level observed at the begfnning of the n-th period. 

(3) D = {Dn}n~N' Dn(xn) = {d: d£{0,1,2, ••• xn}}. 

It is assumed then (for simplicity) the release is not greater than the storage level. 

(4) p
0

(Xj} = l,Xj(l) = Xj(2) = Xj(3) = y•. 

It is assumed that the initial storage level 1s equal to the cr1t1cal storage level y•. 

(5) P = {pn}l~n<N' where 

Prob (Q=xn+l(l)+dn-xn(3)), O~xn+l(3)<M, xn+l(l) = max{xn(l), xn+l(3)} 

xn+l(2) = min{xn(2), xn+l(3)} 

Prob (Q>M+dn-xn(3)), xn+l(3) = M, xn+l(l) = max{xn(l), xn+l(3)} 

xn+l(2) = min{xn(2), xn+l(3)} 

0 , otherwise. 

In order to use the dynamic programming algorithm there is a need to find the sequences {r n }l <n<N 

and {pn}l~n~N that will preserve the type-M properties of the process. --

Let rN(xN,dN) =max {xN(l), xN(3)}- min{xN(2), xN(3)} 

thus, 

E6[rnlxN'xn+l] = E6[rn+llxn+l]' wet. 

so that pn(xn,dn,a) =a, a= E6[rn+llxn+l] and rn preserve the monotonicity property of the process, and 

hence the reservoir control problem defined above is a type-M process for which the DP algorithm provides 
optimal feasible solution. 

The recursive equation associated with the DP algorithm are as follows: 

~ 

f~(xN) = rN(xN,dN) =max {XN(l), XN(3)}- min {XN(2), xN(3)} 

Step 2 

f~(xn) = min { l: f~+l(xn+l) · Pn(xn+llxn,dn)}, l~n<N 
dneDn(xn) xn+leo 

which in terms of the density PQ(q) can be written as follows: 
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xn+l(2)1q = min{xn(2), xn(l)- dn + q} 

{ 

xn ( 1) - dn + q, xn ( 1 ) - dn + q<M 

xn+l (3) lq = 

M , xn ( 1 ) - dn + ce_M 

with x](l) = x](2) = xj(3) = y•. 

COMPUTATION EXAMPLE 

Consider the following values for the elements introduced in the above problem: 

M = maximum storage capacity at the reservoir = 10 units 
MD = maximum release capacity = 3 units per period 
N = number of years of operation = 15 
x• = critical storage level = 7 units 
P = the probabi 1 i ty mass function of the inflow Q 

PQ(O) = 0.20; PQ(l) = 0.30; PQ(2) = 0.30; PQ(3) = 0.20 

The multistage decision problem associated with the above values was solved by the DP algorithm. 
The optimal value of the reward function was found to be 2.92. Portion of the optimal feasible strategy 
is presented in Table 1. 

SUMMARY 

A discrete stochastic multistage decision model is developed and demonstrated to be a suitable 
framework for the solution of reservoir control problems. The dynamic programming algorithm is defined 
and shown to be a potential solution procedure for a variety of reservoir control problems. Analytical 
techniques are demonstrated to be useful for the reduction of the number of iteration needed for the 
implementation of the algorithm. It is shown that the model and the dynamic programming algorithm pre
sented in this paper can handle non-routine reservoir control problems. 
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Table 1. Portion of the Optimal Feasible Strategy a~(x) Associated with the Range Problem. 
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