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ABSTRACT 

This dissertation presents a method for designing control sys

tems that are minimally sensitive to variations in one or more plant 

parameters. The design method is based upon choosing from a set of ac

ceptable transfer functions the one transfer function that has the lowest 

sensitivity measure. A transfer function is judged acceptable if the 

time response to a test input associated with it falls within a speci

fied envelope. 

After a review of sensitivity measures previously presented in 

the literature, the integrated output sensitivity is introduced. This 

is a sensitivity measure based on the system's closed-loop response to a 

test function input. A simple form for this measure is derived for a 

single-input single-output system written in canonical form. 

A set of acceptable transfer functions is defined within the 

framework of the theory of fuzzy sets, taking into account the 

closed-loop response as well as the sensitivity measure. The most de

sirable transfer function is chosen from this set of output equivalent 

transfer functions. 

A detailed design example is presented, and extensions to time 

varying and multivariable systems are discussed. 
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CHAPTER 1 

INTRODUCTION AND ORGANIZATION OF THE DISSERTATION 

Two areas of investigation that are basic to the design of con

trol systems are (1) achieving a desired response to a test input and 

(2) minimizing sensitivity. There is a large body of work in each of 

these areas, but not enough has been done to combine them into a single 

design technique. The goal of this study is to develop such a procedure, 

to be called the minimal sensitivity envelope (MSE) design technique. 

Based on the observation that a given response can be approximated by 

systems having different transfer functions, the MSE procedure yields a 

controller that achieves a desired response while minimizing a specified 

sensitivity measure. 

The method of defining acceptable system response by specifying 

an envelope that must contain the closed-loop response has appeared 

previously in the literature (Gibson, Rekasius, McVey, Sridhar, and 

Leedham, 1961; Horowitz, 1964). In fact, the design of fly-by-wire air

craft control systems has been based on this type of envelope specifica

tion (Hunter, 1974). The present work uses the same idea but puts the 

problem into a precise mathematical framework using the concept of fuzzy 

sets. It is this mathematical structure that easily joins the problem 

of specification and the problem of sensitivity. 

The final results yield a single index used to choose the "best" 

controller. However, such simplicity is paid for with the loss of 
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detailed information because several averaging processes enter into the 

computations. 

The material in this study is divided into two parts. Chapters 

2 and 3 provide the theory behind the design. Chapters 4 and 5 present 

an example that demonstrates the details of the design method for a 

single-input single-output system and discuss extensions of MSE to more 

complicated systems. 

Chapter 2 is devoted to the question of sensitivity. It begins 

by defining the notation used to describe the plant and closed-loop sys

tem in both physical and canonical variables; the problem of converting 

from one set of variables to the other is discussed. The major portion 

of the chapter is devoted to a review of previous sensitivity measures 

and introduction of the output sensitivity. 

Chapter 3 presents the theory behind the envelope specification 

procedure and the problems of specifying a set of output equivalent 

transfer functions. The structure of the closed loop system is also 

discussed. 

The present study was motivated by the need to minimize sensitiv

ity problems encountered during work on a controller for the NERVA rocket 

engine (Kendrick, 1972). Before the MSE technique was completed, how

ever, the NERVA program was canceled. Thus the large-scale NERVA simu

lation was no longer available and the MSE technique could not be tried 

in the real-time control of the system for which it was intended. 

The steps necessary to implement the MSE procedure are illustrated 

in the example of Chapter 4. The plant chosen is linear, single-input 

single-output, with several parameters subject to variation or having 
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values imprecisely known. The purpose of the present example is solely 

to demonstrate the computations required to carry out the MSE design. 

The last chapter presents suggestions for using the design 

method with multivariable and time-varying systems and the problems 

encountered when desired transfer functions are switched during system 

operation. This chapter also summarizes the results presented in the 

main body of the study. 



CHAPTER 2 

SENSITIVITY 

Previous efforts to define sensitivity have resulted in measures 

that typically relate a change in pole position or state variable to a 

change in some system parameter. The approach taken here permits the 

sensitivity of the closed-loop system output to be investigated with 

respect to a change in one or more plant parameters. The sensitivity 

measure defined indicates the ability of the system to achieve a desired 

response. In the following sections it is shown that, for a single-input 

single-output system in canonical form, the sensitivity can be expressed 

as a simple relation without the necessity of any matrix inversion. 

The chapter begins with a description of the system and the ca

nonical form to be used. After a brief review of previously used sensi

tivity measures, output sensitivity is defined and the rationale for its 

use is given. Next, several definitions and theorems used in finding 

expressions for output sensitivity are introduced. Finally, two expres

sions for output sensitivity are found, and the problem of finding an 

integrated output sensitivity is discussed. 

Notation and System Description 

In the notation convention used here, scalar quantities are rep

resented by lower-case letters, vectors by arrows over lower-case letters, 

and matrices by capital letters. All vectors are assumed to be column 

vectors. A column of a matrix is indicated by a lower-case letter with 
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the column number written as a superscript in parentheses; a row of a 

matrix is indicated by a lower-case letter with the row number written 

as a subscript in parentheses. Matrix elements are denoted by lower-case 

letters with double subscripts. Elements of a vector are denoted by 

lower-case letters with single subscripts. 

For example, an nxM matrix H has rows 

h3 — 1,2, • • • >n 

and columns 

,c*o k =  1 , 2 , m  

and elements 

h.. or h. .. 

The n vector v is written in terms of its elements 

v = 

Vl 

vz 

Jn 

Throughout the text, the term plant refers to the open-loop 

plant, usually the physical system for which the control system is being 

designed. Unless otherwise specified, the term system refers to the 

closed-loop system, including feedback and series compensator (where 

applicable). 
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Before the problems of sensitivity are discussed, the notation 

used to describe the plant and the closed-loop system is defined. It is 

also necessary to distinguish between system equations written in terms 

of physical variables and system equations written in terms of canonical 

variables. 

The following sections are concerned primarily with linear, 

single-input single-output systems. Extensions to nonlinear or time 

varying systems are made later, but the basic notation remains unchanged. 

In terms of physical variables, the single-input single-output 

plant is described by 

K =  + % u p >  

(2-1) 

vp = cp V 

A 777 A T 

where Xp € E , y € El, «p € E1, and Ap, bp, and Cp are m*-m, m* 1, and 

1 xu, respectively. 

It is assumed that the plant described by Eq. (2-1) is completely 

controllable. That is, the controllability matrix 

[ f
P i  I - i^ , fJ 

is of full rank. 

To transform Eq. (2-1) to canonical form, consider the linear 

transformation 

A 
->• _ 

Xp = P Xp , (2 -2 )  
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where P is an m xm matrix. The plant equations become 

where 
li 

: Ap*p + 

•+T + 
vP • '  C p V  

: P jL P" 
P P 

ty. = •• P t_ 
P P 

+ T + T 
CP 

= cp . 

(2-3) 

(2-4) 

The plant matrix A^ has the form 

1 

0 

0 0 0 

l Pm,2 Pm, 3 • m,m 

(2-5) 

and the input vector is 

(2-6)  
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The plant characteristic polynomial Ap(s) is given by 

Ap(s) = \SL - AP| = |SI - AP| (2-7) 

and is invariant under a linear transformation. 

Numerous algorithms are available to construct the transforma

tion matrix P. One of the best known is that described by Tuel (1966), 

Chidambara (1965), Rane (1966), and Johnson and Wonham (1964). It is 

iterative in nature and easily adapted to digital computer application. 

The sensitivity index defined later in this chapter measures the 

change in closed-loop output for a change in plant parameters. In the 

most general case investigated in Chapter 3, the closed loop involves a 

series compensator and state variable feedback from the plant. The 

closed-loop system is of order n, where n > m (m = the order of the 

plant), and the series compensator is used to compensate for the differ

ence between n and m. For the sake of simplicity, consider the case 

n = m and take 

Up = g (^ - Xp) • (2-8) 

The system of Fig. 2-1 is used for the remainder of this chapter. 

r V 9 

Fig. 2-1. Plant with State Variable Feedback. 



The equations of the closed-loop system are 

x  =  A x + g b r  

y  
-*T 
c x 

where 

A = Ap - . 

_>y T 
For this simple case, 5? = 3fp, # = ftp, and c = tp . 

Assuming Eqs. (2-9) are in canonical form, we have 

A = 

1 

0 

0 

1 

0 0 0 

am,2. am, 3 

0 

0 

1 

am,m 

where 

(2-9) 

(2-10) 

(2-11) 

Vj = aPrn>j - gfo • 
(2-12)  

Use of the canonical form leads to a simple expression for sys-

tem sensitivity owing to the form of A and d. In dealing with real 

systems, the neat mathematical relations obtained by using canonical 

variables can obscure the meaning of the results. For example, if the 

feedback coefficients for the system of Fig. 2-1 are found in canonical 

form, they must be transformed back into physical coordinates to be 

meaningful. However, the canonical form does lead to simple expressions 

and will be used here. 
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Definitions of Sensitivity 

Sensitivity measures generally relate the change in some system 

measure to the change in one or more plant parameters. For example, the 

system measure could be the open-loop transfer function, the state vec

tor, or the system output. The plant parameter could be a pole or zero 

location, or an element (or elements) of the A^ matrix. Plant parameter 

changes reflect a change in the physical nature of the plant. Such 

changes can be brought about by component aging, different regions of 

operation defined by nonlinear elements, or actual changes in the plant 

(such as the change in mass of a rocket due to fuel consumption). Param

eter changes can also be brought about by changes in the plant's envi

ronment. An example of this is the wide range of dynamic pressure over 

which a high-performance aircraft must operate. 

The designer has a choice of how to best express the effects of 

changes in the plant. For instance, should the sensitivity measure be 

taken with respect to the elements of the plant matrix Ap or with respect 

to some parameter q? There is also the choice of whether to express the 

sensitivity measure as a function in the time domain or as a function in 

the Laplace domain. 

The object of this section is to define some of the different 

sensitivity measures that have been used. This serves as a background 

to the output sensitivity defined at the end of this section. 

The best known sensitivity measure is the classical, or Bode, 

sensitivity (Melsa and Schultz, 1969), defined as the percent variation 

of some system measure M with respect to the percent variation of a pa

rameter q as follows: 
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SM = MM = d£lna 
q dq/q d{lnq) 

Quite often the system measure is taken to be the closed-loop transfer 

function T(s), and the parameter is set equal to the gain g. In this 

case the classical sensitivity becomes 

Sa CS) = 1 rr . »r , ' (2"14) » 1 + g G(s) H(_s) 

where G(s) is the transfer function of the open-loop plant and tf(s) is 

the feedback transfer function as shown in Fig. 2-2. The quantity 

1 + gG(.s)H(.s) is commonly referred to as the return difference (Melsa 

T 
and Schultz, 1969). The magnitude of Sg (s) is decreased by increasing 

the magnitude of the return difference. 

Fig. 2-2. A Closed-Loop System Illustrating Classical 
Sensitivity Parameters. 

This is the first indication that the sensitivity of a 

closed-loop transfer function with respect to a plant parameter can be 

controlled using feedback. If there is no feedback, i.e., if H(s) = 0, 

T 
the return difference equals one, leaving no control over Sg (s). 
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A sensitivity measure frequently described in the literature 

Pi zi 
(Porter, 1965) is the pole or zero sensitivity, S and S , respec-

H H 

tively. These indicate the change in pole or zero location with respect 

to some parameter q and are defined in the same way as the classical sen-

M T 
sitivity S . Ur (1960) has derived an expression relating S (s) and 

S^(s) Cand 5^(s)]. 

The main concern in the following chapters is how the closed-loop 

output changes for a given change in the plant. Consider the question 

of how changes in pole and zero locations affect the closed-loop re-

Pi zi 
sponse. The measures S^ and Sq do not provide a direct answer to 

this question. In fact, it is shown in the next chapter that pole and 

zero locations can change considerably while the step or impulse response 

changes very little although the chances of this happening for random 

changes in pole and zero location may be small. The pole and zero sensi

tivities yield no precise information as to the ultimate effect of these 

changes on the output. 

Closely related to the pole sensitivity is the concept of eigen

value sensitivity. For the closed-loop system described in state varia

ble form, the eigenvalue sensitivity is given by 

= 3V3aij> (2-15) 
1c 

where is the kth eigenvalue and the ijth element of the A matrix. 

This form of sensitivity measure has been studied by Singer (1969) for 

continuous systems and by Mantey (1968) for discrete systems. Singer 

considers the case where all the elements of the A matrix are subject 

to change. The same criticism made of the pole and zero sensitivities 
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holds for eigenvalue sensitivity: The effect of the change of eigen

values is not directly related to the output for a given test function. 

System sensitivity is also studied by comparing the sensitivity 

of the open-loop plant to that of the closed-loop system. Following the 

notation of Kreindler (1968), let 

£(s) = 37(e)/3q, (2-16) 

where I(s) is the output. Let the subscripts o and a represent open and 

closed loop, respectively. Then 

Ie(e) = 5(8) I0(s), (2-17) 

where the matrix sensitivity function S{s) is given by 

5(s) = [I + P0(s) F(S)3"1 (2-18) 

with 

P0(s) = C{sI-Ay lB 

and F(s) = feedback matrix. This kind of sensitivity measure is also 

referred to by Perkins and Cruz (1965) as the comparison sensitivity. 

The matrix sensitivity is essentially the result obtained using Bode sen

sitivity in matrix form. S-1.(s) is analogous to the return difference. 

Using this formulation, it is seen again that the change in output for a 

given change in plant parameter q can be decreased using feedback. 

Consider the case of state variable feedback where F(s) = F, a 

constant matrix of feedback coefficients. By proper choice of f.. (the 
l-d 

elements of F), «S(s) can be found to make the |Ic(s) | less than |£0(s)|. 

It might be possible to minimize the ratio |£c(s)| to |£0(s)|, thus 
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indicating some kind of closed-loop minimal sensitivity system. Note, 

however, that in the process the closed-loop step response is also 

changed. It is the goal of MSE design to achieve a minimally sensitive 

system while at the same time maintaining a desirable test response. 

In some design methods, a sensitivity measure is incorporated in 

a performance index and the problem is viewed as one in optimal controls. 

A form of comparison sensitivity is usually used. Consider a parameter 

q changing from its nominal value q$ by an amount Aq so that 

It is shown by Perkins, Cruz, and Gonzales (1968) that EQ < E , where E 

is a weighted square of E, integrated over the s plane. 

The notion of terminal sensitivity is related to the optimal 

control problem. Here the goal is to make the terminal conditions (sys

tem output, or final values of the state vector) insensitive to parame

ter variations. This problem has been discussed by Holtzman and Horing 

(1965); the related problem of terminally insensitive open-loop optimal 

control has been investigated by Sawaragi, Inoue, and Asai (1969). 

With the system described in terms of state variables, it is 

common to use a time domain sensitivity function like that defined by 

Wilkie and Perkins (1969): 

q = qQ + fiq. (2-19) 

The output error E{s,q) is used as the sensitivity measure 

E(s,q) = Y(s,q0) - Y(s,q). (2-20) 

(2-21) 
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where is the ^th state variable and q0 is the nominal value of the 

plant parameter q. Neuman and Sood (1971) define a higher-order sensi

tivity measure along these same lines by using a tensor quantity. 

A measure of sensitivity such as that defined in Eq. (2-21) is a 

function of time; this is not always convenient. To compare two systems 

on the basis of sensitivity, the sensitivity measure should be a single 

number. The price for having this convenience is a loss of detailed in

formation. Consider the case where a function of time has been found. 

To eliminate the time variable, an averaging process is used. An exam

ple of this is the integral sensitivity defined by 

S q< un}(t) dt, (2-22) 
0 

where ua . (t) is defined in Eq. (2-21). Another possibility is to use the 

of the square root of As might be expected, there is a relation-

rp  
ship between SA. and the classical S (s) (White, 1967). 

H 

The sensitivity measure can be viewed as a performance index J 

and the design problem approached as one in which the parameter vector q 

is chosen to minimize <7"(<7). To solve this problem it is necessary to 

use the equations of state and the sensitivity equations (of the 

form of Eq. (2-21)) to compute V^J, where is the gradient 

used in minimizing the performance index. If the state vector is 

n-dimensional and q is m-dimensional, it is necessary to solve n(m+1) 

first-order differential equations to obtain the sensitivity gradient. 

The equations can be computed simultaneously, integrating forward in 

time. As m increases, the computational burden can become quite heavy. 
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To avoid this problem, Kokotovic and Heller (1967) suggest using 

the adjoint form of in which equations are written in terms of the 

adjoint system and an end condition specified at the final time. In this 

case the state equations are integrated forward in time while VqJ is 

found by integrating backward in time. The problem solution now requires 

two passes. There is a method allowing all the equations to be solved 

simultaneously by backward integration; however, the technique is prone 

to problems in numerical stability. 

The advantage to the adjoint formulation is that there are just 

2n first-order differential equations to solve. The size of the compu

tational problem does not depend on the dimension of q. 

Director and Rohrer (1969) have used the adjoint form to produce 

a computer algorithm for network design. The goal of their work is to 

choose network component values (and topology) to minimize the sensitiv

ities of network responses to element variations, an approach similar in 

philosophy to the control problem under consideration here. 

The sensitivity measures discussed above are meaningful in the 

context of the problems for which they were defined. This study attempts 

to relate sensitivity to desired system response to some test function; 

as a result, the sensitivity measure used relates the change in system 

output to the change in some variable (or variables) in the plant. The 

simplest way to do this is to define output sensitivity as 

S (*) = 3J/C*)/3<7. (2-23) 

where q is any plant parameter. It is seen in the next section that 

working with S~(s) is analytically convenient when the system is in 
H 
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canonical form. If a digital computer with a continuous time simulation 

routine is available, working in the time domain has computational ad

vantages. This is discussed further following the example of Chapter 4. 

The designer must choose an input test function appropriate for the 

problem at hand. 

The MSE design technique uses a sensitivity measure as a crite

rion to compare several closed-loop systems; thus it is convenient to 

have a sensitivity measure that yields a single real number. To do this, 

the integrated output sensitivity is defined as 

{T 
S - i 
q ~ T ] 

Sq{t) dt, (2-24) 

0 

where T is some characteristic response time. The convenience of using 

5 must be paid for by the loss of information inherent in any averaging 

process. 

The next section presents a. state variable form for and 
H 

addresses itself to the problem of finding S-+, where q (and S+) are now 
4 H 

vector quantities. In this way the problem of sensitivity with respect 

to more than one parameter can be studied. 

Mathematical Preliminaries 

To be able to write the output sensitivity in a form requiring 

little computation, a chain rule is used that involves the derivative 

with respect to a vector. There are several general definitions leading 

up to this chain rule. The definitions presented here are consistent 

with the well established rules of differentiation. 
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Definition 2-1: Let S be an m xn matrix. The column operator 

(•)\° is defined as 

S 

?iC2) 

h 00 

(2-2S) 

Definition 2-2: Let z be an v x1 vector and H be an m xn matrix. 

The matrix derivative of z with respect to S is the r *mn matrix 

where 

and 

3z_ 

3 H 

3 s 

3ff 

& _ 

9^2 

"iF1 IF 

3Sjl J 

TTT ! U 3?i 

3h m 
• [  

3 

~w 

IT 

3 h 

3s0 

3ft 00 

3?z, 2^ 

(2-26)  

(2-27) 

(2-28) 

This definition is analogous to the conventional gradient operation. 

Using Definition 2-2, the derivative of a scalar w with respect to an 

nx1 vector v is written as 

3u 3u 3u 3u 1 

3v - 3yj 3W2 dVn J 

As a result of these definitions it is possible to state two 

properties of the matrix derivative that can be easily verified by 

writing out the relationships in component form. 

(2-29) 
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Property 2-1: Let H be an m * n matrix; 3 {')/M is a linear 

operator. 

Property 2-2 (chain rule): Let z = s(#) be a scalar where 

H = is an m xn matrix and q is a scalar. Then 

3s _ 3s 3# 
3 q ~ 3 H 3 q 

(2-30) 

For example, consider the case where m - 1 and n - 4. The matrix H is 

given by 

B = (7*1 (q), h2tq), h3(q), M<?)). 

From Eq. (2-29), 

3£ 
3 H 

T 32 3z 3z 3z "I 
|_ 3hi ' 3?Z2 ' 3̂ 3 ' 3 î+ J ' 

1 U | ̂ 
and the quantity is given by 

3S 
3 q 

%h\ (?) 3?i2 (?) 3^3 (?) 3fttt(<7) 
3q ' 3<? ' 3? ' 3<7 

Thus the chain rule, Eq. (2-30), yields 

- ? 3z 3̂ Ct?) 
3<? " A %(<?) 3? 

Finally, two theorems are needed. The second theorem is analo

gous to results derived in the theory of multivariable systems. 



20 

Theorem 2-1: Let R  be a nonsingular n * n  matrix such that 

H = H(q), where q is a scalar; then 

Mlilal = _ ff-lfo) M2l . (2-31) 

Proof: 

Let P = ff-1. 

Then PH = I 

and d(PH)/dq = 0. 

1- if* • 

- pM n-l 
dq ~ dq 

and since P = H~l, the theorem is proved. 

Theorem 2-2: For matrices A and b of the form 

0 

0 

1 0 

0 1 

0 

0 

0 0 0 

•am, 1 
<3! •m,m J 

$ 

where A is m x m and b is m x 1, 

(sJ - A)"1 t = 
I m 
A (8) ' 

(2-32) 
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where A(s) = det(sl - A) and 

m = [ 1 , s, •••, sm~l f . (2-33) 

Proof: 

( a I - « -  -  J f l . .  

Thus 

(si - A)"1 t = 
Cadj(sJ - A)] S 

Ms) 

Because all the elements of b are zero except the last, the numerator 

becomes a column vector that is just the last column of adj (sJ - A~). 

This is given by 

Using the above results, it is possible for the output sensitiv

ity to be written in a form that requires no inverse matrices. It is 

shown that 5 (s) can be written by inspection if the system equations 

are in canonical form. 

Output Sensitivity 

Consider a system in which the plant has r parameters that are 

subject to variation or whose values are not known exactly. The output 

sensitivity S+ is an r-dimensional vector in either the time or the 
H 

Laplace domain. The first problem considered in this section is finding 

a convenient form for 5Hs). Calculating SJKs) involves finding 
4, H 

(si-A)-1; in terms of physical variables this can be quite cumbersome. 

The problem can be simplified by putting the system equations in canoni

cal form. 
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Two cases are investigated. In case 1, q (€ !Rr) appears only in 

the A matrix; in case 2, q appears only in the output vector c. Since 

->J77 
the system is assumed to be in canonical form, b = (0,0,•••,0,1), elim-

inating the necessity of considering a third case where b = b(q). The 

case where q appears in both A and c is a combination of case 1 and 

case 2 (and is illustrated in the example of Chapter 4). Here the out

put sensitivity is found by adding the results of cases 1 and 2. 

It should be noted that the output sensitivity is found with re

spect to the output of the closed-loop system. 

Case 1, A = A(q), is as follows: 

By using the chain rule expressed in Eq. (2-30), the output sen

sitivity can be written as a lxr vector 

37 (s) 3Y(s) 
S+Cs) = = -—sr-
1 H ^ 

T 
9a(n) 

(2-34) 

where a^ is the last row of the n * n  matrix 4(q). Recall that through

out this section it is assumed that the system equations are in canoni

cal form. As a notational convenience, define the nxr matrix 

3 a 
r = (w) _ 

3 q 

3a! 3ai 
3?i 3^2 3 qv 

3 a2 3a2 3 a 2 

a?
| 

• •
 

^
 

i—•
 dq2 dqp 

3fln 3 an 
3 qi dq2 dqv 

(2-35) 
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Consider the first term on the right-hand side of Eq. (2-34). 

Using Eq. (2-29), this can be written 

area) _ 
T 

3a 
(n) 

ar(s) 
3 a 
ni 

9IC s) 

3 Onn . 
(2-36) 

The problem now becomes one of finding each component of Eq. (2-36). 

From Eq. (2-9) the output in the Laplace domain is given by 

JTCa) = g-c7 (si - 4(q))"1Si?(s) . (2-37) 

Thus 

3*Cs) _ +T 3 
3 a . 
ni 

9c | (si - ̂ (q))"1! $i?(s) . (2-38) 
Tit' 

By application of Theorem 2-1 this derivative becomes 

= -g c (si - A (q)) ~1 3 (sI-Afq))"1 t i?(s). 
ni "'z-

(2-39) 

Owing to the canonical form of 4(q), the partial derivative with respect 

to a . becomes 
ni 

3 (si-4(g)) 
9 <2 . 

ni 

^ (n-1) x n 1 

0 •" T 0 J ' 
(2-40) 

where the 1 appears in the ith column of the last row. Using Theorem 

2-2 and Eq. (2-40), we get 
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cax-zKqjr1 
m 

A (s) 
ad j (sJ - A (q)) 

S-l 

A (s) 
(2-41) 

where A(s) is the characteristic polynomial of 4(q). Substituting this 

result back into Eq. (2-39) we get 

3 TO 
da . 
nv 

~*T j!" 1*" 1 a r \ go.1 <pn s i?(s) 

A2 (s) 
(2-42) 

Each component of Eq, (2-36) can be expressed in this form. Replacing 

the components of Eq. (2-36) by their representations corresponding to 

Eq. (2-42) and factoring out common elements yields 

arts) 
T 

-g^tn (i, ..., 8n-1) fl(a) 

3 a 
00 

A (s) 

I* T T> /" •. 

~9 c $n $n ^(®3 

A2 (s) 
(2-43) 

The output sensitivity for case 1 can now be written as 

s*(s, = -f&ML') r m , 
<r J A2(s) 

(2-44) 
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where 

1 s s 2 n 

s) 2 tn tn = (2-45) 

sn s2(n-l) 

Although this expression may not appear simple, it allows the 

sensitivity to be written almost by inspection. The only term that needs 

to be found is r. The other terms, g, c, and i?(s), are all known. Since 

A is in canonical form, the coefficients of the characteristic polynomial 

A(s) are also known. 

Case 2, c = c(q), is as follows: 

Assume the variable plant parameters q appear only in the output 

vector c. As before, the chain rule is used to set up the expression 

for output sensitivity 

37(s) = 37(s) 3c 

3q 3c 
(2-46) 

3q 

Using Definition 2-2 and Eq. (2-3), the first term on the right-hand 

side becomes 

37(s) 

3c 

3(cr x (s)) 

3c 

x(s)) 
3 o\ 

HCT X(5)) 
3 Q. n 

(2-47) 
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However, 

d(c? x(s)) _ f . 
3SI ' *iSB> 

(2-48) 

and thus 

S£Cs) = t%) • ( S ) - (2-49) 

where x(s) is the Laplace transform of the state vector x(t). The sec

ond term on the right-hand side of Eq. (2-49) can be expressed as 

3 G\ 

3<? i 

3C?2 

dq x  

3cx 
3?2 

3 Oi 
3^2 

3qT 3 

3CJ! 

3C2 
dq%, 

3cn 

(2-50) 

Theorem 2-2 can be used to obtain 

• Mfcrr1- <2-51> 

Putting Eqs. (2-50) and (2-51) back into Eq. (2-46), the expression for 

output sensitivity for parameter variation in the c matrix becomes 

5£Ca) = 9 0 i?Cs) . (2-52) 
q A(s) 



27 

For notational convenience, the output sensitivity of case 1 

CEq. (2-44)] is written S:^(s) and the sensitivity of case 2 [Eq. (2-52)] 
4 

is written S+°(s). 
q 

The first thing to notice about the sensitivity equations is 

their computationally simple form. Once the canonical form of the state 

equations is known, 5^(s) and S^fs) can be written without any compu-
4 n 

tations more involved than finding the derivative matrices r and 0. 

Theorem 2-2 removes the need for finding (sT-i4)-1. 

Results similar to those presented here have been reached using 

different methods (Neuman and Sood, 1971) for single parameter 

sensitivity. 

If v > 1 (i.e., if there is more than one sensitivity param

eter), the output sensitivities S^(s) and S ĉ(s) are lxr vectors. Be

fore a final measure of output sensitivity is achieved, two steps need 

to be taken. First, the output sensitivity is written as a function of 

time and integrated over some characteristic interval T 

1 f 
5q = ¥ I 5qCt) dit) • (2~53) 

0 

This results in a time average sensitivity measure. is still a 1 xr 

vector whose components represent sensitivities with respect to each of 

the sensitivity parameters. A scalar measure is obtained by taking the 

Euclidian norm of the integrated output sensitivity 

^ • (2-54) 
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For purposes of illustration, the unit step and unit impulse are taken 

to be the test inputs, and thus i?(s) = 1/s or i?(s) = 1. 

Finding the inverse Laplace transform of Sq(s) can be done using 

existing tables or numerical algorithms; a similar comment applies to 

finding S1̂ . 

The problem of finding a multiparameter sensitivity measure use

ful for design problems has been investigated, and integrated output 

sensitivity has been defined. The problem that remains is how to use 

the information obtained from S^ in designing a control system. The 

next chapter addresses itself to this problem. 



CHAPTER 3 

MINIMAL SENSITIVITY ENVELOPE DESIGN 

This study was originally motivated by the observation that two 

different transfer functions can yield essentially the same step re

sponse. The question that followed is: how can this fact be used and 

related to the general design problem? The result is the MSE procedure, 

which defines the steps necessary to find a desired transfer function 

that minimizes sensitivity to plant parameters. 

It is possible to describe the MSE design technique without pre

cise mathematical definitions of the steps involved. However, this 

leads to more handwaving than is necessary, and provides no sound plat

form from which the method can be judged and improved upon. With this 

in mind, the present chapter provides a precise mathematical description 

of the elements of the MSE design method. 

After a brief description of the traditional system specifica

tion parameters, there is a discussion of output equivalence and its re

lation to the sensitivity measure. Output equivalence is a concept born 

of practical design constraints rather than being a subject simply for 

mathematical manipulation. The next sections deal with output equivalent 

transfer functions and the method used to find them. Since the sensitiv

ity parameter used here is a measure of closed-loop sensitivity, the 

structure of the closed-loop system is of interest in the design process, 

and a section is devoted to this topic. 

29 
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For the sake of simplicity, the discussion is limited to 

single-input single-output systems. The material presented here is 

brought together in the example of Chapter 4. 

System Specification 

Before designing a controller, one must know how the closed-loop 

system is expected to behave. One performance goal is to ensure the 

system's stability; although this is necessary, it .does not pin down 

the behavior of the system beyond saying that state variables or outputs 

will remain bounded for bounded inputs. More information is needed con

cerning the system's desired behavior. Other characteristics commonly 

used are system accuracy and speed of response. Table 3-1 lists parame

ters that can be used to describe the system's transient behavior in both 

the frequency and time domains. It is possible, using these parameters, 

to generate a desired closed-loop (s-domain) transfer function (Dial, 

1968). 

Table 3-1. System Specification Parameters. 

Specification 
System 
quality Frequency domain Time domain 

Stability M peak (AL) 
Peak frequency (to ) 
Phase margin (<j>m) 
Gain margin 

Percent overshoot 
Settling time (7g) 

Accuracy Error coefficients: 
Position (J£p) 
Velocity (J£y) 
Acceleration ('Ka) 

Final value of error 

Speed of 
response 

Bandwidth (BW) Delay time (Tj) 
Rise time (Trj 
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In the present study the parameters of Table 3-1 are not used 

directly. Instead, the desired system response is specified by an enve

lope in the time domain; if the test function response for the system 

falls within the envelope, the design goal has been achieved. The enve

lope can be made large or small at the discretion of the designer. It 

is acknowledged that, by choosing such an envelope, more than one test 

response can lead to satisfactory system performance. 

Output Equivalent Systems 

The concept of system equivalence as defined by Zadeh and Desoer 

C1963) is based on not being able to distinguish between the systems in 

question. If an experiment were performed with systems £1 and Zz> treat

ing each as a black box, and if it were impossible to tell which sys

tem was in the box regardless of the input, then Ei and £i would be 

equivalent. Ogata (1967, p. 346) proposes the following definition: 

"Two systems are equivalent if the transfer functions are the same and if 

the basis functions of one system are linear combinations of the basis 

functions of the other system, and vice-versa." 

These definitions and other variations based on the same princi

ples are concerned with the exact equality of states and/or outputs. 

However, the practical design problem does not require this exact equal

ity. It is sufficient for two (or more) systems to behave "about the 

same." What is important is having system outputs that are "sufficiently 

close" to be "acceptable." The definition of equivalence used here calls 

for a single test function as the input and admits the possibility of 

distinguishing between the outputs of the systems being compared. It is 
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possible to put the rather nebulous concepts of "sufficiently close" or 

"good enough" into mathematical form using the structure of fuzzy sets. 

First, however, some notation and terminology must be clarified. 

The design problem is defined on the metric space (C,d). C is 

the set of all continuous functions from the interval into the 

reals QR) . Taking f(t) and git) to be functions in C, the distance be

tween fit) and git) for each t £ LO.tpl is given by d(f,g) with the 

properties 

(i) d(f,g) > 0 

(ii) dtf.f) = 0 (3-1) 

(iii) d(f,g) =d(g,f). 

Define the epsilon-ball bic,f) centered at f[t)£ C as the set of func

tions G C C such that 

= ig € C | d(f,g) < e} (3-2) 

for all With the above definitions as background, it is now 

possible to give a precise definition to "output equivalent" as used in 

the current design problem. 

Definition 3-1: A system £•£ is a member of the set of output 

equivalent systems (U) if y^it), the response to a specified test func

tion input, falls within b(e,yM(t)), where yMit) is the model response. 

The set of output equivalent transfer functions gives the universe of 

discourse for the fuzzy set of least sensitive transfer functions. The 

test input is commonly chosen to be the unit step or impulse. 
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On the basis of this definition it is possible to find a set of 

transfer functions whose associated responses yield acceptable system 

performance. 

Although it is practical to give a precise definition to output 

equivalent systems, the question of an acceptable system in view of the 

output sensitivity discussed in the last chapter is not as clearcut. A 

system's performance for a fixed test input varies over the range of q 

as well as being a function of time. In order to have a measure that 

allows comparison of a number of systems, the sensitivity was in

tegrated over a characteristic time interval (0,20 to yield the inte

grated output sensitivity S+. The price paid for the convenience of hav-
H 

ing a single number as a sensitivity index is a loss of information. 

For example, it is possible for system Ei to have a lower £>+ than system 

E2 and still be substantially more sensitive than Z2 over some time in

terval. This is illustrated in Fig. 3-1. 

Fig. 3-1. Sensitivities of Systems Sj and E2 as 
Functions of Time. 
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The choice of a "best" system depends upon how closely the model 

response is matched and upon the variation in system performance for 

values of q that are not nominal. To determine which system is best, it 

is convenient to use the concept of fuzzy sets as defined by Zadeh (1973), 

The key to using fuzzy sets is the way in which the membership function 

is defined. Since the membership function used here is fairly compli

cated, it is developed step by step to bring out the reasoning behind 

its final form. 

Let U be a set of output equivalent systems (£.£, i = 1,•••,«); 

then V is a fuzzy set of systems with good sensitivity properties with 

membership function . For notational convenience, this will be 

written simply where Vy £ [0,1]. 

The first step is to define a normalized measure of how the sys

tem tracks the model response. This is provided by the function 

/ 0 , d > e 

= < 1 - d/e , 0 < d < E (3-3) 

' 1 , d = 0 

where d = d(y and e define the limit of the output equiv

alent set U. Since vy is a function of time, let 

T 
= y ^ (3-4) 

0 

to eliminate the time dependence (where T is the same characteristic 

time used to find 5-*-) . Now the sensitivity of each system is introduced 

using 



= C^/T1 VytZi) 
"7s 
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(3-5) 

Although v* includes all the information needed to indicate the 

best system, the final measure must be normalized. To achieve a normal

ized measure, define the vector 

v*(£i) 

v*(Z2) 

v*(ZM) 

(3-6) 

t£Bn since it has been assumed that there are n members in U. Finally 

the membership function for the fuzzy set V is 

VV&i) ~ 

with vvVi) € Co,!]. 

(3-7) 

Output Equivalent Transfer Functions 

Output equivalency has been defined on the basis of test response 

in the time domain; however, the actual controller parameters are found 

using a desired transfer function. This poses no problem since any 

transfer function 2"(s) has an associated test response given by 

^?~1{i?(s) TCe)}. Thus a set of output equivalent systems U can be defined 

by a set of output equivalent transfer functions {Tq^^s)}. 
An optimization technique is used to find elements of {Tq^{s)}. 

To employ this procedure, it is first necessary to define the rational 

function form for F(s), i.e., choose the number of poles and zeros. The 
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pole-zero excess of the closed-loop system is restricted not to exceed 

the pole-zero excess of the plant. An optimization procedure is then 

used to find {Tq^(S)} by fitting responses derived from different trans

fer functions to the model test response. A numerical example is given 

in Chapter 4. 

The optimization technique used here is the method of parallel 

tangents (PARTAN). It employs a gradient search to which an acceleration 

step has been added to increase the rate of convergence. For functions 

with elliptical error contours, the routine converges to the minimum 

value of the error criterion very rapidly. It has proven to be reason

ably efficient for other error contours as well. The steps in the PARTAN 

algorithm are listed below (and illustrated in Fig. 3-2). The first 

step is an initialization procedure; following this, the gradient and 

acceleration steps alternate. 

The gradient PARTAN procedure is as follows: 

1. Calculate the gradient at the initial point x°; do a 

one-dimensional search in the negative gradient direction to obtain the 

second point x2. 

2. Compute the gradient at x2; do a one-dimensional search in 

the negative gradient direction to obtain x3. 

3. Define the search direction as the line passing through the 

points x° and x3; do a one-dimensional search to obtain x4. 

4. Continue alternating between gradient and acceleration steps 

until the minimum is reached. At points x2̂ , gradient steps are taken, 

and at points x2̂ +1 acceleration steps are taken (k = 1,2,3,•••)• The 
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search direction for the acceleration steps is defined by the vector 

-••2 k ->-2fc-2 
X - X 

A Acceleration step 

G Gradient step 

Fig. 3-2. Gradient PARTAN. 

Structure of the Closed-Loop System 

The sensitivity measure used here is found in terms of the state 

equations for the closed-loop system and thus is affected by the choice 

of structure chosen for the controller. To compute the integrated out

put sensitivity, the closed-loop transfer function must be written in 

terms of the variable plant parameters. 
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To achieve the desired transfer function, a controller is de

signed using state variable feedback and series compensation such that 

the order of the numerator and denominator of the closed-loop transfer 

function is the same as a transfer function that would characteristically 

yield the model response. The values of the feedback coefficients and 

unknown compensator parameters can be found by equating denominator poly

nomials in the closed-loop and desired transfer functions. Values of 

compensator zeros are chosen to coincide with zeros in the desired trans

fer function. This method is described in Schultz and Melsa (1967). 

Consider first the case where the zeros of the plant and the de

sired transfer function are identical and the order of the denominators 

is the same. In this simple case only state variable feedback is re

quired; no series compensator is needed. 

In general, however, the plant zeros are not the same as the 

zeros of TQ^(s). A series compensator is now needed to introduce zeros 

in the desired locations and to cancel any unwanted plant zeros. The 

general structure of the closed-loop system is shown in Fig. 3-3. Note 

that states from the series compensator are not fed back. 

Plant 
Series 

compensator 

Feedback 
coefficients 

Fig. 3-3. General Structure of the Closed-Loop System. 
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To facilitate writing a control algorithm, the plant and compen

sator equations are separated and a composite equation is written to 

describe the over-all closed-loop system. 

The plant is described by the state equations 

*, • ap % "P 
-> T •+ V = cp *p 

where En is the plant state vector. The series compensator is des

cribed by a similar equation 

K = acK + %u C3_9)  

where xc£ if. In general, the input to the plant is 

u = v^ x+ d u (3-10) 
P C 

where d represents any feed forward teirms necessary to put the equations 

into state variable form. Taking ?p to be the vector of feedback coef

ficients, the controller input is 

u = g(r - Ip7 Xp). (3-11) 

Equations (3-9) through (3-11) can be written in composite form by de

fining the (n+m)-dimensional state vector 

= C ZpT i ] (3-12) 

and feedback 

?T= c t* : o: . (3-i3) 
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The state equations for the closed-loop system become 

where 

x  =  j l  x  +  g b r  

A = 

Ap - 9 d % % T  Sp v- " 
i ^4

-

4. . 

(3-14) 

(3-15) 

fr = 

d b" 

(3-16) 

and y remains a linear combination of the states of the plant; or, in 

terms of the composite state vector. 

r- !T ' /% y =  [ c p  | o 3  x  .  (3-17) 

The pole locations are determined by the characteristic equation 

(| sJ ->11 = 0); the values of ? and some of the compensator parameters 

are found by equating the coefficients of the characteristic equation 

with the denominator coefficients of the desired transfer function. 

A word about plants with time-varying parameters is in order. 

Once the desired transfer function is known, the values of feedback co

efficients and series compensator parameters can be found. It is as

sumed that all the plant states are available for measurement and any 

plant parameters that change with time can also be measured. Once all 

the necessary parameters have been measured, A , ft , and c are consid

ered constant matrices and the required control signal is calculated. 
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At a time At later, new measurements are made and a new control signal 

is found. Since the control at t^ must be valid until the next update 

At seconds later, the update interval At must be kept short and the 

amount of required computation kept to a minimum. The system is treated 

as a series of linear, constant-coefficient systems; this is not the 

same as linearizing about an operating point by expanding the system 

equations in a Taylor series. 

Conclusions 

On the basis of a knowledge of the desired test response and how 

much deviation from this response can be tolerated, the designer can 

choose a desired transfer function that yields a closed-loop system whose 

output is in some sense minimally sensitive to a set of plant parameters. 

The next chapter illustrates the MSE design procedure one step at a time 

for a plant model with three parameters whose values are not known 

exactly. 



CHAPTER 4 

AN EXAMPLE OF MSE DESIGN 

To demonstrate the application of the MSE design technique, con

sider a single-input single-output system with three plant parameters 

subject to variation, or about which knowledge is imperfect. The object 

is to find controller parameters that yield a system step response 

within some specified bounds and at the same time minimize the output 

sensitivity with respect to the three plant parameters. The problem 

is also investigated using an impulse response. The chapter begins with 

a description of the plant and follows the MSE design procedure step by 

step. First, a set of output equivalent transfer functions is found. 

Then the structure of the closed loop is defined and the choice of the 

most desirable transfer function is cast in the theory of fuzzy sets. 

Finally the results of the example are discussed. 

The Plant 

The plant is a motor with a load that is modeled by the transfer 

function 

W s V"l"° (4-1) 
PCs) s(J s + fL + TQ/NO) L J 

where the parameters and their values are given in Table 4-1. The param

eter is neglected in the following sections since TQ/NQ » This 

is the same model and motor (Kearfott, R119) used by Gonzales (1966) and 

Thaler and Brown (1960). For convenience, write Eq. (4-1) as 
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where 

and 

6i(s) 

PCs) 

A = 

s(s + B) 

JNiV o 

B = -ISL 
N0J 

43 

(4-2) 

(4-3) 

(4-4) 

Since the values of stall torque, load inertia, and speed are not known 

exactly, the sensitivity parameter vector is 

q = ffo, J ,  N o )  - (4-5) 

With the nominal values for (To> J, No), the plant transfer function is 

. 8 2  

nominal 
s(s + 4.62) ' 

(4-6) 

Table 4-1. Parameter Values for Kearfott Motor Model R119. 

Symbol Parameter Value 

Angular position of output shaft 
(rad) 

V  Control voltage (volts) 

T o  Stall torque at rated voltage 4.26 x 101* dyne-cm ± 10% 

J  Inertia seen by the motor 15.74 g-cm2 ± 0.722 

h  Viscous damping of the load as 
seen by the motor 

0.01 dyne-cm/rpm 

^0 Rated voltage 110 V (at 400 Hz) 

*1 Load-to-motor gear ratio 30:1 

No-load speed nominal: 586 rad/sec 
max: 607 rad/sec 
min: 523 rad/sec 
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Figure 4-1 shows the step response associated with the nominal 

open-loop plant as well as the effects of the changes in plant sensitiv

ity parameters. The problem is to design a controller that will yield 

the desired step response and be insensitive to plant parameter 

variations. 

0.4 

Minimum values^ 

Nominal values^ 

0.3 

Maximum 
values 

3 2 1 0 
Time (sec) 

Fig. 4-1. Open-Loop Step Response for a Plant with Nominal, 
Maximum, and Minimum Parameter Values. 

The form of the closed-loop system is given in Fig. 4-2. Note 

that it is assumed that shaft speed can be measured and is fed back as a 

state variable. Since the plant is type 1, the feedback coefficient 

for the output (shaft position) is set to unity to obtain zero steady 

state position error. 
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Plant (motor) 

s + B 8 + p  

Fig. 4-2. The Closed-Loop System. 

Output Equivalent Transfer Functions 

The closed-loop transfer function is assumed to have the form 

+ l4"7' 

with desired step response data given in Table 4-2. Since the form of 

the desired step response is known, the PARTAN optimization routine is 

used to obtain a set of transfer functions with approximately the same 

step response as that of Table 4-2. 

To obtain different transfer functions the zero location is cho

sen to be some fixed value, and values for a, d, and e are found from 

the optimization routine. To have zero steady-state error, the gain, g, 

is set equal to ec/z. The error criterion for the PARTAN optimization 
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Table 4-2. Points along the Desired Step Response. 

Time (sec) 
Normalized 
step response Time (sec) 

Normalized 
step response 

6.0 x 10" 3 3 9 x 10"2 1.5 X 10"1 1.02 

2.4 x 10"2 4 0 x 10"1 1.7 X 10_1 1.02 

4.2 x 10"2 7 7 x 10"1 1.9 X 10-1 1.01 

6.0 x 10"2 9 8 x 10"1 2.0 X 10-1 1.01 

7.8 x 10"2 1.06 2.2 X 10"1 1.01 

9.6 x 10"2 1.07 2.4 X 10"1 1.01 

1.1 x 10"1 1.05 2.6 X 10"1 1.00 

1.3 x 10"1 1.03 2.8 X 10-1 1.00 

routine is a measure of how well the step response associated with the 

(a,d,e) found by optimization matches the desired step response (data 

given in Table 4-2). The form of error criterion used in this example is 

P 

ERROR = T (mj-rj)2 (4-8) 
• , v d 
<7=1 

where p is the number of data points, m- are the values of the model 
V 

step response at time t., and r. are the values of the step response 
J J 

found using PARTAN's transfer function. The procedure used for finding 

(Tqe(.S)} is illustrated in Fig. 4-3. 

Note that nothing has yet been said about how good the members 

of iT0Ets)} are or how many transfer functions it has to include. The 

first choice of how many transfer functions to find seems to be arbitrary. 

For the example of this chapter, seven transfer functions are found, 

with zeros over the range [-6.4, -24.4]. 
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Obtain a set of 
points along model 

step response 

Error NO 

min, 

PARTAN YES 

Choose a 
new zero 
location 

Choose a value 
for the zero 

Fig. 4-3. A Procedure for Finding a Set of Output 
Equivalent Transfer Functions. 

The pole and zero locations for each member of {f^Cs)} are 

listed in Table 4-3 and plotted in Fig. 4-4. There is a large spread of 

values; however, Ti(s) through 2*7(3) all have step responses close to 

the model step response. This is shown in Fig. 4-5, where the response 

is plotted for 2*i(s), 2V(s), and the model response. These two transfer 

functions have the largest spread in pole and zero locations. 



Table 4-3. {^^(s)} Found Using PARTAN Optimization Routine. 

W a 9 a d e 

1 6.4 2547.43 6.65 70.89 2449.97 

2 9.4 2593.87 9.95 72.59 2449.9 

3 12.4 2618.64 13.42 73.46 2418.75 

4 15.4 2649.47 16.97 73.84 2403.71 

5 18.4 2763.65 20,78 76.60 2447.31 

6 21.4 2706.55 23.91 73.96 2422.67 

7 24.4 2573.44 28.57 69.31 2197.47 

toe ̂  
g(s + a) 

(s + a) (s2 + ds + e) 

7 6 5 4 3 2 1 
_^_+i -

-30 -20 -10 

(a) Zero location. 

7 6 5 4 3 2 1 
•+-

-30 -20 -10 

(b) Real pole location. 

6 *2 
V3 .7 5. 4 ' 

-38 -36 -34 

• • 
•f. 

-ih 

70 

60 

-60 

-70 

(c) Complex conjugate pole locations. 

Fig. 4-4. Pole and Zero Locations for the Set of Output 
Equivalent Transfer Functions (Unit Step Test 
Function). 



49 

1 

0 
0.3 0 . 1  0 

Time (sec) 

Fig. 4-5. Step Responses for TiCs), 2*7(3), and the Model Step 
Response. 

With the set of transfer functions and form of the closed-loop 

system in hand, it is now possible to find the output sensitivity and 

the membership function associated with each member of 

Choosing the Best Transfer Function 

The quantity of prime interest is now the sensitivity measure 

described at the end of Chapter 2. Since there are three plant parame

ters whose values are either not known exactly or subject to variation, 

S+ is a vector of three components. In addition, it will be seen that 

variable parameters occur in both the A matrix and the c vector. Sensi-

_ £ 
tivities with respect to parameters in the A matrix are written S ; 

H 
• Q 

similarly, sensitivities with respect to the c vector are written S . 
H 

It is sometimes more convenient to write the system equations in 

state-variable (time-domain) form rather than in the Laplace domain. The 
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problem could be solved entirely in either the s or the time domain; 

each offers certain advantages. The s domain offers a nice way to 

write the sensitivity equations, but numerical computations are carried 

out in the time domain to make use of existing software. Changing from 

one domain to the other does not change the problem and should cause no 

confusion. 

To use the sensitivity equations CEqs. (2-44) and (2-52)3, it is 

necessary to write the closed-loop equations of state in canonical form. 

From Fig. 4-2, the equations of state are 

0 10 "0" 

4-x = 0 0 1 x + g 0 

a3l a3z a33 1 

y = ZzA A 0] x (4-10) 

where 

a31 = -gAz 

<232 = -Hps + gA(fz + H (4-ii) 

a33 = -(p + B*gAf). 

The derivative matrices r and 0 are detailed in Appendix A. The symbol 

A in Eqs. (4-10) and (4-11) refers to the quantity defined in Eq. (4-3). 

The use of A should be clear from the context in which it is used. 

Values for p and f are found in the usual way by equating the 

coefficients of the characteristic equation Cdet(sJ-A)3 and the coeffi

cients of the denominator of the desired transfer functions. If the 
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desired transfer function is 

n, r ^ 9(s + z) 
- 3 2 > a ss + ajS'' + a2s + ot3 

then 

l gA P a i - B 

B gAz _ f_ a2 - gA 

which yields the required values for p and f (found in Table 4-4). 

Table 4-4. Compensator Values for Nominal (TQ,J,NQ). 

Transfer 
function z g P f 

1 6.4 3. .106 x103 48.14 0. ,979 x io~2 

2 9.4 3. ,163 x 103 31.47 1, ,797 x 10-2 

3 12.4 3. ,193 x103 29.69 2. ,014 x10-2 

4 15.4 3. ,231 x103 29.45 2. ,148 x10"2 

5 18.4 3, .37 x 103 31.16 2. ,235 x 10"2 

6 21.4 3. ,3 x 103 30.38 2. ,329 x 10"2 

7 24.4 3. .138 x 103 33.85 2. ,315 x 10"2 

Now that all this analysis has been done, it is possible to 

write the equations for the output sensitivity of the system. The work 

of Chapter 2 led to equations for the cases 4(q) and c(q). Note that 

since the derivative operator is linear, the system sensitivity 
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becomes the sum of 5-^ and S+°. Furthermore, since q£ fl3, it is neces-

A Q 
sary to use Eq. (2-54) to find the Euclidean norm of and S+ . 

The system equations have been written in canonical form CEqs. 

(4-9) - (4-11)] and the matrices r and 0 have been found (Appendix A), 

so the equations for the output sensitivity can be written by inspection. 

For example, 

st0 = rfer C9n + s 02i:) ' C4~14) 

where 

'11 = 
JVqN i (4-15) 

- 7m C4-163 

and A(s) is the characteristic polynomial 

A(s) = det(sJ-/l) 

= s3 + (p + B + gAf)s2 + ZpB + gA (fz + l)3s + gAz. 

(4-17) 

A A A o 
Similar equations are given in Appendix A for S^ , Sj , S^ , Sj , and 

S,f. The integrated output sensitivity for each of the above is then 
«0 

and 

-a A 1 
i ~ T 

S C - -
b% " T 

\S.A\ dt (4-18) 1 V ' 
0 

T \S.a\ dt. (4-19) 
' 1 ' 
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A _ q 
To go from the s-domain sensitivity equations to S^ and S£ , zero 

initial conditions are assumed and the usual method of writing state 

variable equations from Laplace-domain equations is used. A continuous 

systems modeling program (such as CSMP or DARE P) performs the necessary 

integration. For T = 0.3 sec, the resulting integrated output sensitiv

ities are given in Table 4-5. Nominal values for TQ, NQ, and J are used 

in the computations. 

Table 4-5. Integrated Output Sensitivity for Step Input Test 
Function = 0). 

Transfer 
function ST* (xlO-5) sf (xlO-2) s A 

No 
SyoC; (xlO"5) Sf (xlO"2) 

1 2.391 6.481 1. .706 x 10"5 2.356 6.376 

2 2.357 6.369 3, ,036 x 10"6 2.352 6.367 

3 2.350 6.365 6. ,779 x 10"7 2.351 6.354 

4 2.530 6.351 1. .258 x 10"7 2.345 6.353 

5 2.342 6.349 0. ,715 x 10"8 2.344 6.351 

6 2.353 6.359 0. ,558 x 10~8 2.348 6.384 

7 2.377 6.341 0. ,691 x10"8 2.379 6.427 

The values from Table 4-5 can now be used to find S-+, with the 
H 

results shown in Table 4-6. The main column of interest is the first. 

This is the case under discussion, where there are three sensitivity pa

rameters. However, since the sensitivity with respect to J is several 

orders of magnitude higher than Tq or Nq, it is of interest to observe 
the S-+- for cases with q = (To,No)-

H 
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Table 4-6. Values of Sg- for Different Sensitivity 
Vectors (Unit Step Test Function). 

Transfer q = ( .To,  J ,No)  h> q = Wo,No)  
function H (xl0-2) 

q 
(xlO"5) 

1 12.857 5.29 

2 12.736 4.730 

3 12.719 4.701 

4 12.704 4.695 

5 12.700 4.686 

6 12.743 4.701 

7 12.768 4.756 

In terms of S-+, the choice is 2*5 (s) when variation of the load inertia 
H 

is considered. A word of caution must be given here. The path to S has 

two averaging processes (a time average and a matrix norm), so informa

tion has been lost along the way. This sacrifice is accepted so that a 

single number can serve as the sensitivity index. 

The last quantity needed before the complete membership function 

can be found is Vp(2^), the measure of how well the system (based on 

transfer function i) follows the model step response for nominal values 

of the plant parameters. vy(Z^) and v^(Z^) are given by Eqs. (3-3) and 

(3-4) and can be found by using a continuous systems modeling program. 

A value for e is chosen; here values of 0.05 and 0.1 are used. These 

values lead to the results of Table 4-7. As expected, as e becomes 

smaller so does ~y(_Z^), since the required accuracy is increased. T\(s) 

is the "best" at tracking the model step response. 
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Table 4-7. Measures of How Well the Output Equivalent 
Systems Track the Model Step Response. 

Transfer vy(E-£) 
function e = 0.05 e=0.1 

1 0.958 0.979 

2 0.927 0.964 

3 0.802 0.901 

4 0.882 0.941 

5 0.837 0.919 

6 0.811 0.905 

7 0.848 0.924 

Finally, S and are combined to form the membership func

tion for the fuzzy set. First values for the unnormalized 

= j: 'v̂ -0 ( 4 ~ 2 ° )  

are computed. The resulting vector is then normalized according to Eqs. 

(3-6) and (3-7). 

From the sensitivity results alone, T\(s) would be the choice 

for the model transfer function; however, the ability to track the de

sired test response has also been included in the membership function 

pT/(Z .). For this example, it turns out that T\ (s) has a step response 
V 1* 

closest to what is desired, and the choice based on sensitivity alone 

does not carry through (see Table 4-8). In a situation like this where 

all the members of {Tq^(_s)} provide a step response so close to the 
model response, it might be fruitful to weight the membership functions 

to downgrade the effect of the model-following criterion. 
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Table 4-8. Membership Functions (Unit Step Test Function). 

Transfer Transfer 
function uv(. z-ti function 

e = 0. OS, IKII = 18 e = 0.1 » II vFII = 18.5 

1 7.45 0.414 1 7.61 0.411 

2 7.28 0.404 2 7.57 0.410 

3 6.31 0.350 3 7.08 0.382 

4 6.94 0.39 4 6.94 0.375 

5 6.59 0.36 5 6.59 0.356 

6 6.36 0.20 6 6.36 0.344 

7 6.64 0.37 7 6.64 0.359 

The steps taken to arrive at are summarized in Table 4-9. 

It may appear that a lot of computing is required, but the programs are 

straightforward and not too time-consuming. 

Table 4-9. Steps in the MSE Design Process. 

Design step Equation Comments 

Choose model step response — Based on design requirements 

Find a set of output equiva — Using PARTAN 
lent transfer functions 

Choose form for closed-loop — 

system 

Compute compensator parameters — Using CSMP, DARE P, etc. 

Find (i) S+4(s) (2-44) 

CiiJ (2-52) 

Compute (i) SZA > ~S-?a 
M C| 

(2-53) 

CiiJ S+ (2-54) 

Select e — Based on design constraints 

Compute Ci) (3-4) 

(ii) v^CZi) (3—S) 

(iii) uyCZi) (3-7) 
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System Response 

The MSE design procedure is now complete. A desired transfer 

function has been chosen to minimize the output sensitivity to specified 

plant parameters (TQ,J,NQ) and remain within an envelope about the model 

response (here chosen to be the step response). 

To observe the effect of the choice of transfer function, con

sider three conditions under which the plant might operate, defined by 

the minimum, nominal, and maximum values of TQ, J, and ZJQ. AS the plant 

parameters assume different values, A and B CEqs. (4-3) and (4-4)3 become 

Minimum Nominal Maximum 

A 0.705 0.82 0.946 

B 3.83 4.62 5.96 

Since the controller is assumed to be fixed in this example, values for 

g, p, and f are chosen corresponding to nominal values of A and B and 

remain the same for the maximum and minimum cases. Figures 4-6 and 4-7 

represent the step responses for T\(s) and ^(s) for each of the three 

cases. Although T\(s) has a higher-valued membership function than 

Tsfs), its sensitivity index is also higher. The designer must be care

ful in a situation like this to investigate both transfer functions. In 

this case Figs. 4-6 and 4-7 indicate that Tsts) does indeed remain closer 

to the model response than Ti (s) as vary to give A and B maxi

mum and minimum values. The actual difference between the closed-loop 

step response and the model step response is shown in Figs. 4-8 and 4-9. 

In both cases is seen to have a smaller error than fits) even 

though Ti(s) is closer to the model response for nominal plant parameter 

values. Note that the tail of the error curve for achieves some 



58 

-A § B min 

1 

Model 

0 
0.3 0.2 0 . 1  0 

Time (sec) 

Fig. 4-6. Step Responses for TiCs)—Plant Parameters Not Nominal. 

Model 

1 
'A § B min 

0 
0.3 0 

Time (sec) 

Fig. 4-7. Step Responses for TsCs)—Plant Parameters Not Nominal. 
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0 

- 0 . 1  
0.3 0 . 2  0 . 1  G 

Time (sec) 

Fig. 4-8. Deviation from Model Step Response for 2*i(s) and ^(s) 
When A and B Are Maximum; 

0 

- 0 . 1  
0 0.1  0 . 2  0.3 

Time (sec) 

Fig. 4-9. Deviation from Model Step Response for Tits) and 2*5(3) 
When A and B Are Minimum. 
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constant value while the tail of the Ti(s) error curve tends to zero as 

time increases. If an integrated error measure were used to evaluate 

how well Ti(s) and Z^Cs) followed the model response in this case, T\ (s) 

might be judged better if the integration time were long enough because 

of the tail of the error curves. This would be misleading if one were 

interested in the transient portion of the response. Here it is advisa

ble to weight any model-following index to emphasize the transient por

tion of the system response. 

A Note on Test Functions 

The example just presented is based on the use of a unit step 

test function. This may not be the best test function for the problem; 

the MSE technique is in no way limited to any one test function. The 

same kind of analysis outlined in Table 4-9 can be carried out for any 

other test function, say the unit impulse function. 

Choosing a model impulse response and carrying through with the 

optimization procedure to find a set of output equivalent transfer func

tions {Toe(S)}, one can find the four transfer functions given in Table 

4-10. The impulse response corresponding to each of these transfer func

tions is plotted in Fig. 4-10. In this case the steady-state value of 

the response was not constrained in the optimization procedure (as it 

had been for the step responses), accounting for the variation in re

sponse as time increases. The analysis for the MSE design is carried 

through as before (Tables 4-11 to 4-14) to arrive at a best transfer 

function {Ti(s) or T2(s)} to serve as a model upon which to choose con

troller values when an impulse response is used as the test function. 
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Table 4-10. {Tq^{s~) > for Unit Impulse Test Function. 
Transfer 
function 9 d b a w 

1 18.10 17.644 -1.00 -18. 23 8.83 

2 23.86 7. -0.58 -14. 99 11.44 

3 17.91 6. -0.61 -12. 05 1.02 

4 16.76 7. -0.766 -11. 87 0.22 

m f«,1 = 9 Cs + d) 
Cs - £>)C(s - a)2 + u2] 

o.s 

0 
0 1.2s 2.S 

Time (sec) 

Fig. 4-10. Unit Impulse Responses for ^(s), ^(s), and ^(s). 

Table 4-11. Integrated Output Sensitivities for Equivalent Impulse 
Response Transfer Functions. 

Transfer -= A •=• A A -x c a -z a 
function bT0 *J *N0 °T 0 DN0 

1 2.25 xlO"5 6.07 x 10"2 2.06 x 10"1* 3.86 x 10"5 0.104 0 

2 2.63 xlO"5 7.12 xlO-2 0.68 x lO"1* 2.59 x 10"5 0.975 0 

3 9.17 x 10"5 24.9 xlO-2 3.13 xlO-1* 2.56 xlO"5 1.14 0 

4 5.49 xlO"5 7.69 xlO-2 3.24 xlO"1* 2.99 x 10"5 0.959 0 
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Table 4-12. Values of for Different Sensitivity 
Vectors (Unit Impulse Test Function). 

Transfer 
function 

5 = (.Tq.J 
q c*io ) 

1 0.165 2.46 

2 1.05 0.99 

3 1.39 3.52 

4 1.03 3.59 

Table 4-13. Measures of How Well Output Equivalent 
Systems Track the Model Impulse 
Response. 

Transfer 
function 

e = 0.1 e = 0.2 

1 0.363 0.537 

2 0.225 0.492 

3 0.159 0.466 

4 0.172 0.538 

Table 4-14. Membership Functions for the Fuzzy 
Set V (Unit Impulse Test Function), 
R = ,Nq) . 

Transfer 
v/Cty function v/Cty 

1 2.200 0.990 

2 0.214 0.096 

3 0.114 0.051 

4 0.167 0.075 

e = 0.1, ||vjH| = 2.22 
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Conclusions 

The MSE design technique has been illustrated step by step for a 

single-input, single-output linear plant with three sensitivity parame

ters. It has been assumed here that once a choice is made for desired 

transfer function the controller values are fixed. This assumes that 

the relative values of the membership function remain fixed in time. 

This is not always the case; an approach to the time-varying problem and 

some of the complications associated with it are mentioned in the next 

chapter. 



CHAPTER 5 

CONCLUDING REMARKS 

At the University every great treatise is postponed until its 
author attains impartial judgment and perfect knowledge. If a 
horse could wait as long for its shoes and would pay for them 
in advance, our blacksmiths would all be college dons. 

—George Bernard Shaw 
Man and Superman (3.903) 

Since a dissertation is completed in a finite period of time, it 

is inevitable that some of the questions that arise during its prepara

tion remain unanswered. The author claims neither "impartial judgment" 

nor "perfect knowledge." A more modest aim has been to present a prob

lem in control system design from a new point of view. 

The problem of controller design has been approached from the 

standard method of specifying a desired transfer function and matching 

polynomial coefficients in the desired and closed-loop transfer func

tions. The addition made to this technique is a way of choosing the 

desired transfer function. The result is a closed-loop system that is 

more insensitive to variations in specified plant parameters than a sys

tem whose desired transfer function is chosen without using the MSE 

technique. 

The first step in producing the MSE technique was to define an 

appropriate sensitivity measure. It seems logical for a situation where 

the goal is matching a desired test response that any sensitivity mea

sure chosen should reflect changes in the system output. Thus the 

64 
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"output sensitivity" measure was defined and a convenient form for 

canonical systems was found. Since the design method calls for compar

ing systems on the basis of the sensitivity, a single number rather than 

a function of terms is desirable; thus the integrated output sensitivity 

is used in the MSE technique. 

It has been pointed out that integrating the output sensitivity 

results in a loss of information. There is another aspect of using S-+ 

that might lead to problems. There are no bounds on the allowed values 

of plant state variables. This is something that must be considered in 

dealing with physical systems. 

It is now clear on the basis of S-+ which member of a set of 
q 

transfer functions is the best; however, sensitivity is not the only 

criterion upon which the choice of transfer function is based. It is 

also required that, for nominal plant parameter values, the model test 

response be followed as closely as possible. At this point, the notion 

of output equivalent systems is introduced and is defined in terms of an 

envelope about the model response. 

The notion of fuzzy sets is used to provide a rigid mathematical 

framework for the index used to choose the "best" transfer function. In 

its present form, MSE design does not use any of the mathematics of 

fuzzy sets, but only the idea of assigning a membership function to in

dicate the strength of an element's membership in the set. The "best" 

transfer function is taken to be the one with the highest membership 

function. 

The systems discussed in this study are single-input, 

single-output, linear, time-invariant, and subject to variation in one 
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or more plant parameters. A closed-loop structure is chosen using con

stant gain feedback, and state-variable equations are written for the 

general system. The next section discusses the more complicated case 

where it is necessary to switch the desired transfer function during 

system operation. 

Chapter 4 presents a detailed example] the MSE design process is 

followed step by step for a plant (in this case a motor) with three pa

rameters subject to variation. The design steps are summarized and a 

table of pertinent equations is also presented. Since the plant is lin

ear and time invariant, once the choice of model transfer function is 

made the values of compensator parameters are fixed and there is no need 

to measure q during plant operation. This is not necessarily the case 

with nonlinear or time-varying plants. 

Further Study 

The plant used as an example in the last chapter is made very 

simple so as not to obscure the design steps of the basic MSE procedure. 

It is possible to have a plant where the A matrix is a function of x^ or 

time. In this case the vector of feedback coefficients and compensator 

parameters must be updated at a rate high enough to ensure proper system 

operation. This is the kind of scheme discussed by Kendrick (1972). 

It is also possible that the membership functions v^t^) will 

vary in magnitude as q takes on different values. That is, the most de

sirable transfer function will change as plant parameters q vary. This 

might be the case, for instance, in an aircraft pitch control system 

where the plane goes through large changes in dynamic pressure. 
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For problems such as these, a q-space map can be defined indi

cating the best choice of desired transfer function for different re-

gions in q-space. This has the restriction that values of q must be 

measured along with the plant state variable. A scheme for implementing 

this type of controller is given in Fig. 5-1. The major problem en

countered with this typed of controller is the jump in the state vector 

at the time the desired transfer function is switched. This problem is 

considered briefly in Appendix B. 

q-Space Map 

Change 
desired transfer 

function? 

Obtain new 
desired transfer 

function 

Compute feedback 
coefficients 

and compensator 
parameters 

Command 

U 3 - V ^ p p 

Aa xQ + ba u 

•o
K It xQ + du 

PLANT 

y 
> 

Output 

Fig. 5-1. Real-Time MSE Control Scheme with q-Space Map. 
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In the most general case, an adaptive controller using an iden

tification scheme could handle changes in the order of the plant's model 

transfer function as well as changes in the plant's pole and zero loca

tions. Because of the computational burden required for such a scheme, 

a procedure of this complexity generally cannot be implemented in real 

time. The identification process is both complicated and time-consuming 

MSE design does not use this approach. It relies on a plant model with 

a fixed number of poles and zeros. The numerical values of the coeffi

cients in the model are free to vary as the plant or its environment 

changes. The trade is considerable decrease in computational complexity 

for complete dependence on a predetermined' plant model. This seems rea

sonable since most controllers are designed on the basis of a fixed 

plant model. 

The result is a control algorithm that seeks to keep the 

closed-loop system relatively insensitive to changes in specified plant 

parameters. Using the increased plant insensitivity and doing the bulk 

of the numerical computation off-line (defining the q-space map) results 

in reducing on-line controller computations and increasing the required 

update time. 

Several other questions have come up during the course of the 

study. 

First, there is the question of the best way to find the set of 

output equivalent transfer functions. Is there an optimization routine 

or combination of routines, better than PARTAN? How large should this 

set be to achieve a transfer function that is minimally sensitive? In 

fact, can a transfer function corresponding to an absolute minimum 
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integral output sensitivity be found? There is also the question of how 

fine the grid on the q-space map needs to be. 

Second, there is the problem of numerical accuracy and stability. 

No attempt has been made to relate the stability of the control algorithm 

to numerical accuracy required in the computations. Related to stabil

ity is the problem of how the control algorithm switches between desired 

transfer functions. A potential problem is system oscillation caused by 

a variable in the sensitivity map oscillating about the switch points. 
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III. A Matrix Output Sensitivity Equations 
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IV. a Matrix Output Sensitivity Equations 
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APPENDIX B 

SWITCHING THE DESIRED TRANSFER FUNCTION 

Specifying a system's behavior with a transfer function assumes 

the initial conditions on the state variables are zero. Changing numer

ical coefficients in a controller during operation of the plant could 

lead to large discontinuities in the output with disastrous results. 

Two, questions that arise are: (1) what is the error in the step response 

caused by switching transfer functions when the state variables are not 

zero, and (2) how could the resulting discontinuities be avoided? 

To answer the first question, consider a closed-loop system in 

the usual time-domain form: 

4- ->• -> 
x = Aax + gbr 

*T+ (B-1) 
y = c x 

where 

Aa = A - g&l2, . 

Assume there are nonzero initial conditions given by . Taking the 

Laplace transform of Eq. (A-l) and substituting #(s) into the expression 

for y(s), we get 

y (s) = g t RCs) + c^Csi-^r 1  H a  

= 2/0(s) + yz(S) , (B-2) 

where yeCs) describes the output resulting from the initial conditions. 

73 
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If an error state vector is defined as 

xe(s) = Csl-Ac)-1 xia, (B-3) 

the time-domain expression for xE is 

xg(t) = Aq xe(t) + x£c 6Ct), (B-4) 

where 6 is the usual delta function. The output error is 

ye(t) - cT x£(fr). (B-5) 

For example, if x £ i?2, y (fc) is either a sum of decaying expo

nentials (if the closed-loop poles are real and negative), or a decaying 

sinusoid (if the closed-loop poles are a complex conjugate pair with neg

ative real parts). In either case, the further the poles are from the 

imaginary axis, the faster decays. For a given transfer function 

T. (s), the magnitude of the error y (t) at the time T • (s) is "turned on" 

is proportional to ||x . || . 

The use of gain scheduling in operating control systems is evi

dence that the problem of discontinuities can be overcome. Gain sched

uling is widely used in flight and engine-control applications for 

aircraft. The MSE controller could in fact be viewed as a means of 

specifying a schedule of gains. 

To solve the discontinuity problem, the controller is often ar

ranged such that there is at least one integration following the block 
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in which a gain (or coefficient) change takes place. Any discontinuity 

is thus integrated over time and smoothed out. Another method commonly 

used is to blend the "old" and the "new" control signals so that the 

"new" signals enter in an exponential fashion. This requires more com

putation than the first alternative. 

Finally it is possible in the case of an MSE controller to switch 

desired transfer functions in such a way that controller parameters do 

not take large jumps and the resulting output discontinuities remain 

small (as discussed in Chapter 4). Whatever approach is taken, it seems 

that the controller should not change parameters (i.e., desired transfer 

functions) until the initial condition effects of the last switch have 

become sufficiently small. 
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