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ABSTRACT 

This research contributes to the state of practice in solving a very important and 

computationally challenging problem in the areas of urban transportation systems, 

operations research, and public policy. Being a very active topic of research during the 

past few decades, the problem of developing an efficient and practical strategy for 

evacuation of cities in case of disasters from different causes, quickly enough to be 

employed in immediate disaster management, has been identified as one of the most 

challenging and yet vital problems by many researchers in the field. 

More specifically, this research develops fast methods to find the optimal 

integrated strategy for traffic routing and traffic signal control to evacuate real-sized 

urban networks in the most efficient manner. In this research a solution platform is 

proposed, developed and tested which is capable of solving these problems in very short 

computational time.  

An efficient relaxation-based decomposition method is proposed, implemented 

for two evacuation integrated routing and signal control model formulations, proven to be 

optimal for both formulations, and verified to reduce the computational complexity of the 

optimal integrated routing and signal control problem. The efficiency of the proposed 

decomposition method is gained by reducing the integrated optimal routing and signal 

control problem into a relaxed optimal routing problem. This has been achieved through 

an insight into intersection flows in the optimal routing solution: in at least one of the 

optimal solutions of the routing problem, each street during each time interval only 
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carries vehicles in at most one direction. This property, being essential to the proposed 

decomposition method, is called “unidirectionality” in this dissertation. The conditions 

under which this property exists in the optimal evacuation routing solution are identified, 

and the existence of unidirectionality is proven for: (1) the common Single-Destination 

System-Optimal Dynamic Traffic Assignment (SD-SODTA) problem, with the objective 

to minimize the total time spent in the threat area; and, (2) for the single-destination 

evacuation problem with varying threat levels, with traffic models that have no spatial 

queue propagation. 

The proposed decomposition method has been implemented in compliance with 

two widely-accepted traffic flow models, the Cell Transmission Model (CTM) and the 

Point Queue (PQ) model. In each case, the decomposition method finds the optimal 

solution for the integrated routing and signal control problem. Both traffic models have 

been coded and applied to a realistic real-size evacuation scenario with promising results.  

One important feature that is explored is the incorporation of evacuation safety 

aspects in the optimization model. An index of the threat level is associated with each 

link that reflects the adverse effects of traveling in a given threat zone on the safety and 

health of evacuees during the process of evacuation. The optimization problem is then 

formulated to minimize the total exposure of evacuees to the threat. A hypothetical large-

scale chlorine gas spill in a high populated urban area (downtown Tucson, Arizona) has 

been modeled for testing the evacuation models where the network has varying threat 

levels. 
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In addition to the proposed decomposition method, an efficient network-flow 

solution algorithm is also proposed to find the optimal routing of traffic in networks with 

several threat zones, where the threat levels may be non-uniform across different zones. 

The proposed method can be categorized in the class of “negative cycle canceling” 

algorithms for solving minimum cost flow problems. The unique feature in the proposed 

algorithm is introducing a multi-source shortest path calculation which enables the 

efficient detection and cancellation of negative cycles. The proposed method is proven to 

find the optimal solution, and it is also applied to and verified for a mid-size test network 

scenario. 
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1. INTRODUCTION 

The last few decades have witnessed many man-made and natural disasters, 

including hurricanes, wildfires, bomb threats, chemical spills, etc. Evacuation of citizens 

from the threat area has always been an effective strategy to decrease adverse 

consequences of such disasters. However, as many experiences have revealed, the urban 

transportation facilities are usually overwhelmed by the abnormally high evacuation 

demand which is not necessarily similar to the conditions for which the transportation 

infrastructure has been designed, especially if the evacuation plan is not well-studied and 

optimized for the specific scenario.  

Therefore, the recently increasing number, intensity, and diversity of disasters in 

major urban areas have raised interest in preparing optimal plans to quickly re-allocate 

the available resources for efficient evacuation. The resulting evacuation optimization 

problems have been extensively studied by many researchers with a variety of approaches, 

with different decision variables, objective functions, and constraint sets. Moreover, the 

solution methods represent a wide spectrum of approaches, suitable for the problem-

specific purpose, context, capabilities, and performance. 

This dissertation research develops fast and effective techniques for finding the 

optimal strategy of routing and intersection control of traffic in the case of no-notice 

evacuations of real-sized urban traffic networks with several threat zones and non-

uniform threat levels. The objective of the proposed optimization problem is minimizing 

the total exposure of traffic to the threat, where the exposure of the traffic is defined as 
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the product of the link threat level and the dynamic traversal time of the link, with the 

consideration of flow-dependency of travel times and intersection delays.  

The toolbox of strategies to optimize the evacuation plan includes traffic advisory 

information (consisting of evacuation routes, destinations, and departure times), and 

traffic signal timings to ensure the efficient and safe flow of traffic when evacuating the 

network.  

The evacuation optimization framework in this dissertation is an “integrated” 

System Optimal Dynamic Traffic Assignment (SODTA) and dynamic signal control 

strategy. The integration between the two models (optimal traffic routing and optimal 

intersection signal timing plan) is meant to capture the two-way interaction between 

demand and supply in an integrated manner: the optimal traffic routing is based on the 

intersection control plan, while the intersection control plan is reconfigured to minimize 

the intersection delay for the routed traffic.  

The integrated routing and control problem in the evacuation context has been 

studied for a few decades now. However, there has always been a trade-off between the 

accuracy of the optimal solution and the computational expense of the solution method. 

This has limited the opportunities to apply exact solution methods to real-sized 

evacuation problems. In the past few years some innovative avenues of research have 

contributed to improving the modeling accuracy and computational efficiency.  

In this research, an important theoretical property of optimal evacuation traffic 

flows at intersections is identified, which has led to proposing a decomposition solution 
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method to solve the integrated problem efficiently. Also, benefiting from the efficiency of 

network flow algorithms in solving the linear optimization problems, this research has 

developed a solution platform that generates the exact and practical optimal evacuation 

strategy for large and real-sized networks and generates this strategy quickly enough to 

apply to no-notice (or short-notice) urban disaster scenarios.  

In this dissertation, the integrated optimal traffic routing and signal control 

problem is modeled with two different formulations. Although the same decomposition 

method has been applied to each of the two formulations, the objective functions, 

constraint sets, and as a result the solution methods for each formulation differ. The 

modeling details, solution methods, and methodological motivations behind each of the 

two formulations of the integrated problem are closely discussed in Section 3 of this 

dissertation.  The optimal solution generated by our proposed method for both model 

formulations is a dynamic optimal signal plan with zero total intersection delays for the 

routed traffic.  

A case study scenario of a chlorine spill disaster for Tucson, AZ, is modeled and 

employed to test and verify the performance of the proposed optimization platforms. A 

realistic large-scale gas dispersion model is developed, from which the evacuation threat 

zones and threat levels for Tucson evacuation scenario are extracted. The proposed 

solution method is applied to this scenario and the results are reported and further 

analyzed. 
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This dissertation consists of four sections in this summary and four appendices (A, 

B, C, and D). In this summary, Section 1 (the current section) is the introduction to the 

problem and to the proposed solution method. Section 2 presents a brief review of the 

existing models in the literature that are related to this dissertation, with a focus on 

modeling features, solution approaches, computational aspects, and quality of the 

solutions for the existing models.  Section 3 summarizes the proposed decomposition 

method and presents the analysis of the results for the two alternative formulations: a Cell 

Transmission Model (CTM-based) traffic flow; and a network-flow approach. Section 4 

in this summary presents the conclusions, contributions of this dissertation, and potential 

future directions of the research. 

Appendix A (Nassir et al. 2013a), under the title of “Integrated Cell Transmission 

Single-Destination System Optimal Dynamic Traffic Assignment with Optimal Signal 

Timing,” presents the proposed decomposition method with the CTM-based formulation, 

proof of optimality, its real-size network application, and the analysis of results.  

Appendix B (Nassir et al. 2013b), under the title of “Network Flow Solution 

Method for Optimal Integrated Traffic Routing and Signal Timing to Evacuate Urban 

Networks with Varying Threat Levels,” presents the proposed decomposition method 

with the network flow models, proof of optimality of method, its real-size network 

application, and the analysis of those results. 

Appendix C (Nassir et al. 2012), under the title of “An Efficient Negative Cycle 

Canceling Algorithm for Optimal Traffic Routing to Evacuate Networks with Various 
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Threat Levels,” presents the network-flow algorithm that solves the network flow 

conditions of the proposed decomposition method. This paper was accepted and 

presented at the Second International Conference on Evacuation Management, Chicago, 

IL, August 12-15, 2012. 

Appendix D (Nassir et al. 2013c), under the title of “Optimal Traffic Routing for 

Large-scale Evacuation in Urban Networks with Various Threat Levels,” presents 

another network-flow solution method that exploits commercial optimization software, 

CPLEX. This paper was accepted and presented at the 92nd Annual Meeting of The 

Transportation Research Board (TRB), Washington, D.C., January 13-17, 2013. 
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2. LITERATURE REVIEW  

Among all the various approaches to modeling and optimizing evacuations in the 

literature, a few specific branches are closely related to the evacuation problem in this 

dissertation. This section provides a brief review of what has been accomplished in these 

branches over the past few decades, and what motivates the modeling approaches in this 

dissertation. 

Many applications of the Single-Destination System Optimal Dynamic Traffic 

Assignment (SD-SODTA) problem have been associated with evacuation modeling, 

where a system-optimal solution is desired in the routing of vehicles to safe locations. 

The optimal traffic routing problem for evacuation can be modeled as a SD-SODTA 

problem by representing the set of safe locations as a single node (a “super-sink”). Hence, 

over the past few decades, the state of the art in solving both problems (evacuation 

routing and SD-SODTA) has been enhanced by researchers in both fields of evacuation 

routing and of dynamic traffic assignment.  

In this dissertation the two terms “optimal traffic routing” and “SD-SODTA” are 

used interchangeably. 

2.1. Integrated Traffic Routing and Signal Control 

In general, the integrated System Optimal Dynamic Traffic Assignment (SODTA) 

and intersection control problem is known to be much more complex than the SODTA 

problem itself. The reason is that in such models the optimal value of the decision 
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variables has to be identified for both the routing and the control strategies. Adding the 

traffic control decision variables (which are usually binary variables) to the original 

routing problem increases the complexity of the problem in a combinatorial manner. 

Despite this level of complexity, the significance of delays at intersections has motivated 

a large body of research in the past few decades dedicated to finding a harmonized 

configuration for integrated optimal traffic routing and signal control. 

Abdelfatah and Mahmassani present a closed form formulation for the combined 

SODTA and signal control problem (Abdelfatah and Mahmassani 1998). Their solution 

approach is a good example of a simulation-based optimization platform. Their traffic 

simulation uses DYNASMART for dynamic network loading; the traffic assignment is 

based on dynamic origin-destination marginal travel times, and by applying the Method 

of Successive Averages (MSA). Within this assignment, the signal timings are set to 

minimize the intersection delays at each iteration. The overall assignment iterations 

continue until a convergence criterion is met among time-dependent path flows. Their 

solution method was implemented and applied to the network of Dallas-Fort Worth, and 

results indicate improvements of the average travel times in the generated solution as 

compared to the SODTA solution without signal optimization. However, the optimality 

of the generated solution is not guaranteed. 

Cova and Johnson presented an analytical model for static lane-based evacuation 

routing in which the evacuees are assigned to non-conflicting paths with a limited 

number of merging movements (Cova and Johnson 2003). They added integer constraints 
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to the static traffic assignment network flow formulation and solved their mixed-integer 

program to optimality using a commercial optimization package, CPLEX. They applied 

their method to a mid-sized sub-network (20 intersections, 314 nodes, 415 links) of Salt 

Lake City, Utah, and found the optimal static non-conflicting traffic routing. 

Lin and Wang proposed a mixed integer linear formulation to optimize the 

combined SODTA with the signal control plan (Lin and Wang 2004). Their model 

benefits from the Cell Transmission Model (CTM), and it explicitly treats the undesired 

non-realistic vehicle holding that may appear in analytical SODTA solutions. Their 

method was tested for an illustrative example in a network with one street and two 

intersections. Later in 2010, He et al. proposed three heuristics to solve the traffic signal 

control problem formulated as a 0-1 mixed-integer linear programming problem with 

CTM (He et al. 2010).  

Ukkusuri et al. formulated the combined SODTA and signal control problem as a 

linear mathematical program, which significantly improves the solution method as 

compared to prior formulations that have integer variables (Ukkusuri et al. 2009). In their 

model, additional signal control variables, intersection cells and connectors are 

introduced for each intersection to model the signal green time split among the 

conflicting intersection movements; these take the form of linear constraints. The 

additional variables in their model, however, increase the size of the problem. Their 

model was successfully tested for an illustrate example in a network with one intersection. 
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Xie et al. present a bi-level simulation-based model for optimizing the network 

evacuation performance subject to lane-reversal and crossing elimination (Xie et al. 

2010). They developed an integrated Lagrangian relaxation and Tabu search method to 

find the optimal solution. Liu et al. proposed a simulation-based genetic algorithm to 

solve a mixed-integer model for arterial signal control strategies during an emergency 

evacuation (Liu et al. 2008). Liu and Lou solved the problem through crossing 

elimination and signal optimization using a bi-level simulation-based genetic algorithm 

(Liu and Luo 2012). 

Xie et al. proposed a mixed integer formulation to minimize the number of 

conflicts among the intersection movements for an isolated intersection. They developed 

a simplex-based heuristic to solve the problem (Xie et al. 2011).  

Kimms and Maassen incorporated non-uniform threat levels in their integrated 

routing and intersection control evacuation model (Kimms and Maassen 2012). They 

proposed a mixed-integer CTM-based SODTA formulation that minimizes the weighted 

travel times, while prohibiting intersection movement conflicts. They proposed a fast 

heuristic to solve the problem for several real network scenarios. However, the optimality 

of their heuristic method is not guaranteed. 

Bretschneider and Kimms proposed a relaxation-based two-stage heuristic that 

finds a “close-to-optimal” solution for their mixed-integer evacuation routing problem 

while prohibiting intersection conflicts (Bretschneider and Kimms 2011, 2012). The two-

stage relaxation-based method that they proposed is very similar to the relaxation-based 
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decomposition technique proposed in this research; however, their proposed heuristic 

does not guarantee the optimal solution.  

Table 1 presents a quick review of the above-mentioned solution approaches with 

emphasize on the optimality and scalability of the proposed method to real-size problems.  

Table 1 Review of Existing Evacuation Integrated Models 

Proposed by Modeling Approach Optimality Scalability 

Abdelfatah and Mahmassani, 1998 Simulation-Based MSA Not guaranteed Scalable 

Cova and Johnson, 2003 Mixed Integer Linear Model Optimal, but static Scalable 

Lin and Wang, 2004 Mixed Integer Linear Model Optimal Not tested 

Liu et al., 2008 Simulation-Based Meta-Heuristic Not guaranteed Scalable 

Ukkusuri et al., 2009 Linear Optimization Model Optimal Not tested 

He et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Xie et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Liu and Luo, 2012 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Bretschneider and Kimms, 2011, 2012 Relaxation-Based Decomposition Not guaranteed Scalable 

Kimms and Maassen, 2012 Mixed Integer Linear Model Optimal Not tested 

 

When reviewing the existing literature of evacuation models and their 

applications to real-sized networks, it can be observed that the existing solution 

approaches for integrated SD-SODTA and signal control are not capable of solving the 

problem to optimality with computational guarantees for large networks. At least, there 

are no indications in the literature that any of the proposed exact solution methods has 

been successfully tested with real-sized problems. Therefore, the main motivation of this 
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research was to improve the state of the practice in solving the integrated routing and 

signal control to optimality in real-sized problems.  

2.2. Network Flow Algorithms for Optimizing Evacuation 

Network flow approaches are powerful and efficient methods for modeling and 

solving linear optimization problems which have constraints sets with the desired graph 

structures. However, modeling the details of realistic traffic flow dynamics is not easy (or 

even possible) in a graph structure.  

Evacuation traffic routing problems with constant link travel times can be 

formulated as general dynamic network flow problems and thus can be solved very 

efficiently. A set of dynamic flow problems could favor methods for evacuation 

optimization. Specifically, minimizing the network clearance time is one of the 

commonly-seen objectives in the evacuation literature. Its dynamic network flow model 

counterpart is known as the Quickest Flow Problem (QFP) (Burkard et al. 1993; Fleischer 

1998; Fleischer and Skutella 2007; Miller-Hooks and Patterson 2004). Another 

evacuation optimization objective is to minimize the total travel time spent by all 

evacuees in the evacuation process; such a model is formulated as the Minimum Cost 

Dynamic Flow (MCDF) problem. While solutions to the QFP minimize the time horizon, 

the Earliest Arrival Flow (EAF) problem (Baumann and Skutella 2009; Zheng et al. 2011; 

Zheng et al. 2013) aims at optimizing the evacuation process (i.e., maximizing the 

amount of evacuees reaching safety) not only at the ultimate clearance time, but also at 
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every intermediate time point. Hence, the EAF problem is a multi-dimensional 

optimization problem on top of the QFP, exploited in several evacuation studies recently 

(Baumann 2007; Zheng et al. 2010). It is noteworthy that all of these dynamic flow 

models are presented in a single destination structure; this, however, does not restrict the 

evacuation problem because multiple destinations could be connected to a virtual super 

sink so that the single destination structure applies. For a thorough survey on modeling 

dynamic network flow for evacuation studies, see (Hamacher and Tjandra 2002). 

The existing literature on QFP and EAF generally assume constant link travel 

times. However, when a disaster is placed in a congested urban network, the assumption 

of constant link travel times may not be realistic; and, incorporating more detailed traffic 

flow dynamics may become necessary for effective evacuation modeling. Modeling 

traffic flow dynamics is where important traffic flow characteristics, such as queuing and 

congestion formation and dissipation are modeled. In general, how traffic dynamics are 

modeled makes a substantial difference in terms of the properties of the solution method. 

Incorporating sophisticated traffic flow dynamics in the constraint set generally destroys 

the problem’s graph structure and makes the problem harder to solve (Carey and 

Subrahmanian 2000; Kohler and Skutella 2002).  

In the literature, a few dynamic traffic flow models with flow-dependent travel 

times have been proposed and encompassed in SD-SODTA models, such as exit-flow 

function based models (Carey 1987; Merchant and Nemhauser 1978a, b; Nie 2011), delay 

function-based models (Friesz et al. 1989), the Point Queue (PQ) model (Smith 1991; 
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Vickrey 1969; Zawack and Thompson 1987), the Spatial Queue (SQ) model (Drissi-

Kaaitouni and Hameda-Benchekroun 1992; Nassir et al. 2013c), and the kinematic wave 

(LWR) model or cell transmission model (CTM) (Daganzo 1994, 1995; Ziliaskopoulos 

2000).  

Among these approaches PQ and SQ are the only models that can be easily 

embedded in a typical network graph structure.  

In this research, for the first formulation of the integrated problem (Appendix A), 

CTM is adapted in the formulation as a dynamic flow model that is capable of modeling 

the realistic traffic flow dynamics such as backwards shockwaves, congestion spillback, 

and queue formation and dissipation.  

In order to take advantage of the efficiency of network flow algorithms, in the 

second formulation of the integrated problem in this dissertation (Appendix B), PQ is 

adapted as the traffic flow propagation model that embeds in the graph structure, and also 

has the capability to capture the flow-dependency and dynamics of travel times on the 

links.  

2.3. Incorporation of Varying Threat Levels 

Another feature of this research is the incorporation of differing threat levels in 

the optimal routing strategy. Safety aspects in evacuation routing problems have been 

recently incorporated in different contexts. These approaches not only aim at optimizing 

the experienced delay in the evacuation, but also optimize some measure of safety in the 
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evacuation. Opasanon and Miller-Hooks propose a pseudo-polynomial network flow 

algorithm (SEscape) that finds the optimal routing plan which maximizes the minimum 

chance of escape for all the evacuees (Opasanon and Miller-Hooks 2008). Liu et al. 

applied a System Optimal Dynamic Traffic Assignment (SODTA) model to minimize the 

weighted travel time among all evacuees in the network (Liu et al. 2006), where the 

weights are proportional to the level of urgency (or priority) of each zone. Yao et al. also 

developed a robust linear programming model to minimize the weighted travel times 

(Yao et al. 2009), where the weights are proportional to the threat level on each link. 

Kimms and Maassen also incorporated non-uniform threat levels in their integrated 

routing and intersection control evacuation model (Kimms and Maassen 2012).  

The objective of optimization in the second formulation in this research is 

minimizing the total exposure of traffic to the threat during the evacuation, where the 

threat level may vary across different links in the network. The exposure of the traffic is 

defined as the product of the link threat level and the dynamic traversal time of the link, 

with the consideration of flow-dependency of travel times on the links.  
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3. PROPOSED SOLUTION FRAMEWORKS 

3.1. Formulation 1: CTM-Based Integrated Model 

3.1.1 Why CTM? 

CTM is popular for its capability in modeling realistic traffic flow dynamics such 

as backwards shockwaves, congestion spillback, and queue formation and dissipation. 

The other advantage of using CTM in optimization models is the linearity of the CTM 

constraints. Because of these characteristics, many of the existing Dynamic Traffic 

Assignment (DTA) problems, including integrated SD-SODTA and optimal signal timing 

models, have accepted and adapted CTM as their embedded traffic flow model. 

Therefore, by choosing a CTM-based problem formulation, the optimization 

model benefits from the desired characteristics of CTM in modeling traffic flow and in 

easing computation. In addition, this problem formulation will provide the opportunity to 

introduce, test and compare the proposed relaxation-based decomposition method with 

existing solution methods for comparable problems.  

The objective function in formulation 1 is to minimize the total time spent in the 

threat area. This objective function is chosen because of its simplicity (linear) and 

popularity. In addition to the linear objective function, the traffic flow constraints in this 

formulation are also linear constraints which facilitate use of linear optimization 

algorithms for finding the optimal routing of traffic. 
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3.1.2 Overview of the Model 

The integrated traffic routing and intersection control model presented in 

Appendix A is formulated as an optimization problem with the objective to minimize the 

total time vehicles spent in the evacuation network, where the traffic flow dynamics are 

represented by CTM. The problem is formulated based on the linear SODTA model 

proposed by Ziliaskopoulos (Ziliaskopoulos 2000), with additional integer constraints to 

encapsulate the intersection signal timing. 

The SD-SODTA problem is assumed to be in the context of evacuation routing 

and control, where the optimization tools are traffic advisory information (evacuation 

routes, destinations, and departure times) and associated intersection control (signal 

timings) to ensure the least travel time when evacuating the network. 

The decision variables in this mathematical formulation are the matrix X 

including the cell flow variables, the matrix Y including the connector flow variables, and 

the matrix M including the signal green times. 

3.1.3 Summary of the Proposed Method 

The proposed decomposition method consists of two stages: 1) solving the original 

problem with relaxed integer signal control constraints; and, 2) finding a feasible solution 

to the original problem from the solution found in stage 1.The task in stage 1 of the 

proposed method is referred to as solving sub-problem 1 (SP1) or the routing sub-

problem; and similarly, the task in stage 2 is referred to as solving sub-problem 2 (SP2). 
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The routing sub-problem (SP1) includes optimizing the departure times, 

evacuation paths, and destinations of vehicles in the network. When solving SP1, the 

constraints related to traffic control at each intersection are relaxed. In other words, the 

intersections in SP1 are simply modeled as interchanges without flow interruptions.  

After the optimal solution to the routing sub-problem is found, an intersection 

control plan is generated in stage 2 (SP2) that guarantees the uninterrupted flow of traffic 

for the SP1 solution. An algorithm is proposed for solving SP2 which is called “Right-

Through-Left”, or RTL. RTL is proven to always find a non-conflicting feasible instance 

of the optimal solution of SP1. This is made possible by identifying an important 

property of the SD-SODTA solution that is called “unidirectionality” in this dissertation. 

A traffic routing solution is unidirectional if each street, during each time interval, only 

carries vehicles in at most one direction.  

A mathematical formulation with a lexicographic objective function is proposed 

for SP1 that has an optimal solution which is proven to be unidirectional (Appendix A). 

In addition, multiple scenarios of a real-sized case study confirm the unidirectionality of 

the generated SP1 solutions.  

The simplified steps of the proposed decomposition method for the CTM-based 

formulation are as follows. 

1) A linear optimization algorithm (primal simplex) solves the relaxed routing 

model, SP1, and the optimal variables X* (matrix of optimal cell flow values), and Y* 

(matrix of optimal connector flow values) are generated. 
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2) RTL generates a matrix of non-conflicting connector flow variables Y’, based 

X* and Y*, in a way that (X*, Y’) is feasible to the original integrated problem. 

3) As a simple function of Y’, a matrix of binary values of optimal signal green 

times M is generated. The set {X*, Y’, M} is proven to be optimal to the integrated 

problem. 

The proposed solution method is proven to be optimal. The method is 

implemented and applied to a real-sized evacuation scenario in the transportation network 

of Tucson, AZ. The method is stress-tested with inflated demand scenarios and the 

computational features are reported.  

3.1.4 Summary of the Real-Size Case Study  

The Union Pacific Railroad passes hundreds of chlorine railcars through 

downtown Tucson every year (Volante 2007). For the common atmospheric conditions 

and geographical features of Tucson, a gas dispersion model was developed assuming a 

hypothetical spill of chlorine containers. Figure 1 shows the Tucson roadway network 

map showing the threat zone with a chlorine concentration of 20 ppm (outside of 

buildings). This area is chosen as the evacuation threat area in this case study. In this 

evacuation network, there are 508 nodes (388 intersections and 120 centroids), 1660 links 

(913 streets and 747 centroid connectors), and 70 safe locations outside the threat area. 

With a 15-second time interval for the cell-based network, the threat zone includes 2263 

cells and 4465 connectors.  
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The total evacuation demand in the baseline scenario generated by this method is 

7,866 vehicles (which was an estimate of the background traffic), scattered across the 

chlorine spill threat area (Figure 1). In order to stress-test the solution method with larger 

demand scenarios, the same demand pattern was scaled up by factors of 1.5, 2.0, 2.5, and 

3.0, for which the computational results are reported. 

The proposed decomposition method is applied to all 5 scenarios, and the optimal 

solutions for all scenarios are generated. The correctness of the RTL algorithm is also 

tested and verified for all of the scenarios.  

 

Figure 1 Chlorine Evacuation Threat Zone and Network, Tucson, AZ 

Figure 2 shows the computational times for the two stages of the proposed 

decomposition method when applied to the 5 scenarios of the Tucson chlorine spill.   
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Figure 2 Computational Times for Stage 1 and Stage 2 

One important observation from the application of the CTM-based decomposition 

method to the real-size case study is that the computational times required for the second 

stage of the proposed method are negligible for all the scenarios, which indicates that the 

computational time associated with the decomposition method is practically equal to the 

time required for solving the first stage of the decomposed problem, the relaxed SD-

SODTA problem without integer intersection control constraints. This could be 

considered the main advantage of the proposed decomposition method. 

However, the results also indicate that the computational times of the CTM-based 

decomposition approach are sensitive to the evacuation demand. This sensitivity is 

related to the problem formulation of the first stage. The sensitivity to demand is the 
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direct result of the increase in the number of variables and the number of constraints in 

the CTM-based model. Larger demand requires more time to evacuate the network, and 

this larger time window means that there are more discretized time intervals. This results 

in more variables and more constraints associated with the cells in CTM that are then 

generated in the problem formulation.  

3.2. Formulation 2: Network-Flow Integrated Model 

3.2.1 Why a Network-Flow Model? 

Although the proposed decomposition method has the computational advantage to 

reduce the integrated routing and signal optimization problem into an optimal routing 

problem in the relaxed network, the CTM-based routing formulation may not be the best 

option for solving large-scale evacuation problems with high evacuation demand. This is 

especially true for no-notice and short-notice disaster scenarios when the optimal solution 

has to be generated in a very short time.  This challenge occurs for two main reasons: 

1) The employed solution algorithm for solving the CTM-based routing sub-

problem is the simplex method which is well known for its efficiency in solving general 

linear optimization problems. The simplex method is chosen because the CTM traffic 

flow constraints are not in the form of graph structure. However, if the constraint set in 

the routing sub-problem is modeled in a graph structure, network-flow algorithms could 

be applied which take advantage of the special structure of the constraints and perform 

more efficiently than general linear optimization methods. 
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2) The fine space-time discretization in CTM-based models, although improving 

the quality of traffic flow model, creates sensitivity of the computational time to the 

evacuation time window and evacuation demand.  

Among the alternative approaches for modeling the traffic flow models, the PQ 

and SQ models are the only models that have the advantage to be embedded in a typical 

network structure. In this second formulation of the integrated optimization problem in 

this dissertation, in order to take advantage of the efficiency of network flow algorithms, 

PQ is adapted as the traffic flow models. However, the high efficiency that is gained by 

modeling the traffic flow using PQ in formulation 2 comes at the cost of limitations in 

capturing the fine features of traffic flow dynamics such as queue spillback and 

backwards shockwaves. 

3.2.2 Overview of the Model 

The integrated traffic routing and intersection control model presented in 

Appendix B of this dissertation is formulated as a network-flow problem. One of the 

important features of the optimization model in this formulation of the integrated problem 

is the incorporation of the threat levels in the optimal routing strategy, so that the 

objective is minimizing the total exposure of traffic to the threat during the evacuation. 

The exposure of the traffic is defined as the product of the link threat level and the 

dynamic traversal time of the link, with the consideration of flow-dependency of travel 

times in the links. The flow-dependency of travel times in the model are guaranteed by 

using PQ or SQ as the traffic flow models. The routing sub-problem is formulated as a 
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Minimum Cost Flow (MCF) in the link-based time-expanded network, where the PQ or 

SQ constraints are incorporated in the graph structure using a network transformation.   

3.2.3 Summary of the Proposed Method 

For solving this version of the integrated optimal routing and signal control 

problem, the same decomposition method has been adapted and adjusted to comply with 

MCF routing sub-problem. 

The relaxed routing sub-problem generates the optimal time-dependent link flows. 

An adapted version of RTL generates the non-conflicting intersection movements based 

on the optimal link flows. Then, the optimal signal times and intersection movements are 

generated based on the optimal movements from RTL. Appendix B presents the model, 

solution method and the results from the application to the Tucson chlorine spill scenario. 

One important subject that is explored and briefly discussed in Appendix B is the 

property of unidirectionality in the optimal solution of SP1 when the objective is to 

minimize the total threat exposure. The conclusion is that, although the unidirectionality 

is necessary for the algorithm RTL to perform effectively, the optimal solution to SP1 is 

not necessarily unidirectional if SQ is adapted as the traffic flow model. Yet, 

unidirectionality is guaranteed in the optimal solution of SP1 with PQ. 

For solving the MCF formulation of SP1, two alternative approaches are proposed. 

A negative cycle canceling algorithm is proposed and tested in Appendix C. In Appendix 

D, the modeling process and computational results of applying commercial software 
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(CPLEX) to a real-sized MCF relaxed routing sub-problem is presented for different 

demand scenarios. 

3.2.3.1 Proposed Negative Cycle Canceling Algorithm 

A new network-flow solution method is designed for efficiently finding the 

optimal solution to the relaxed MCF routing problem (Appendix C). The objective 

function is to minimize the total exposure (duration and severity) to the threat for all 

evacuees during the evacuation. The problem is formulated as a Minimum Cost Dynamic 

Flow (MCDF) problem, coupled with constraints for the traffic dynamics using the well-

known Point Queue (PQ) and Spatial Queue (SQ) models in a time-expanded network 

representation.  

The key to efficiency of the proposed method is that the algorithm can find and 

cancel multiple negative cycles, including the cycle with the largest negative cost, by 

using a single shortest path run. This is made possible by applying a proposed 

transformation to the original problem. A cost transformation function and a multi-source 

shortest path algorithm are proposed that facilitate negative cycle detection and 

cancelation. The cycle cancelation is performed on a zone-by-zone basis, applied at the 

border links of the zones. The solution method is proven to generate the optimal solution. 

The algorithm is implemented, tested, and verified to be optimal for a mid-sized example 

problem.  
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3.2.3.2 Commercial Software Application to MCF 

Appendix D presents a practical and exact approach to find the optimal solution to 

SP1 in a real-size evacuation problem with high evacuation demand. The traffic flow 

models used are the PQ and SQ models, and the objective function is minimizing the total 

exposure to the threat during the evacuation. 

IBM ILOG CPLEX Optimization Studio 12.1 is used to solve the problem 

(CPLEX 2009). CPLEX has a network optimization module that is customized for the 

Network Simplex method to solve MCF problems more efficiently.  

Experiments with CPLEX in solving large-scale evacuation routing problems 

indicate the capability of the tool in finding optimal solutions in short computation time 

(Appendix D). In one example, a relaxed SP1 evacuation routing problem uses the PQ 

traffic flow model for a demand of about 150,000 in an urban network with about 500 

nodes, 1600 links, 70 safe locations, an evacuation time window of 90 minutes, and a 30-

second time discretization. In this case, CPLEX generates the optimal solution in about 

60 seconds, using a regular 32-bit desktop computer with an AMD Phenom 8250e Triple-

Core Processor at 1.90GHz and 3.25GB of usable memory.  

These experiments indicate that CPLEX is an effective optimization tool to solve 

real-size SP1 problems with large evacuation demand, even for no-notice evacuation 

scenarios. 
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3.2.4 Summary of the Real-Size Case Study  

The chlorine spill scenario has been modeled with three threat zones, zone 1 with 

1000 ppm chlorine concentration, zone 2 with 430 ppm chlorine concentration, and zone 

3 with 20 ppm chlorine concentration.  

 

Figure 3 Tucson Chlorine Spill Threat Zones from Dispersion Model 

As shown in Figure 3, the gas disperses across a very large residential area. The 

threat zone 1 covers the whole University of Arizona campus and a large proportion of 

downtown Tucson. The threat zones 2 and 3 also cover several square miles of residential 

areas in the center and northeast of Tucson.  
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In the link-based network of Tucson, there are 508 nodes and 1643 links in zone 3; 

211 nodes and 600 links in zone 2, and 159 nodes and 438 links zone 1. The optimization 

was conducted on the master network that consists of zone 3 plus 70 sink nodes outside 

the threat zones.  

Figure 4 presents the computational time for stages 1 and 2 of the network-flow 

decomposition method, as applied to the Tucson chlorine spill scenario with different 

demand scenarios.  

 

Figure 4 Computational Times for Stage 1 and Stage 2 

The results in Appendix B indicate that the required computational times to solve the 

integrated problem are reasonably short. The results also confirm the negligible 

computational time associated with stage 2 of the decomposition method. 
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Given the objective function of minimizing the total exposure to threat, it is 

expected that the optimal evacuation flow is affected by the topological features of the 

disaster threat zones.  Figure 5 shows two screen-shots of the simulated optimal 

evacuation flows that were generated for a total demand of 11,506, by the proposed 

method in this research. Figure 5a is for the case that the threat levels equal the actual 

chlorine concentration in the Tucson chlorine scenario; and Figure 5b is a uniform threat 

scenario (no difference among zones 1-3).  The effects of threat zones features can be 

observed in comparing the two evacuation flow patterns. 

 

Figure 5 Optimal Evacuation Flow Pattern for Non-uniform and Uniform Threats 
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4. CONCLUSIONS 

In this dissertation, a relaxation-based decomposition method is proposed that 

reduces the computational complexity of the optimal integrated routing and signal control 

problem. This is achieved through an insight into an important property of the optimal 

routing solution called “unidirectionality.” 

The proposed decomposition method is presented for two different formulations, 

a CTM-based formulation and a network-flow formulation. The proof of optimality is 

provided for both formulations.  

A real-size evacuation scenario was developed for testing purposes. The solution 

methods with both formulations were implemented, coded and applied to the case study. 

Results of the scenarios indicate that both formulations are capable of finding the optimal 

solution for the baseline demand scenario and for multiple inflated demand scenarios.  

The case study computational times related to the second stage of the 

decomposition method have been found to be negligible. This affirms the capability of 

the proposed decomposition in reducing the computational complexity of the integrated 

optimal routing and signal control problem. It also implies that the computational time of 

solving the integrated routing and signal control by the proposed decomposition method 

can be as low as the most efficient solution approach to the relaxed optimal routing 

problem. This is true as long as the unidirectionality condition holds. 

Figure 6 shows the computational times required for solving the optimal 

integrated routing and signal timing problem in the case study network.  
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Figure 6 Computational Times for CTM-Based and Network-Flow Formulations 

The sensitivity of computational times with the problem input size indicate that, 

although both models are capable of solving the problems to optimality, for the 

evacuation of larger networks or larger demands, the network-flow approach might be a 

better option, especially if the optimal solution has to be generated in a short time.  
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4.1. Contributions and Uniqueness 

The main contribution of this dissertation is the development of an optimal 

integrated traffic routing and signal timing solution platform which is capable of solving 

real-sized evacuation problems in reasonably short computation times. The essential 

feature that has contributed to this efficiency is the proposed relaxation-based 

decomposition method.  

The significant methodological advantage of the decomposition method is 

reducing the computational complexity of the integrated problem to essentially just one 

of its components, the relaxed traffic routing problem. This is made possible through an 

insight into the “unidirectional” property of the optimal solution to the traffic routing that 

is proven to exist for both problem formulations in this dissertation. Another practical 

advantage of the proposed decomposition model is the applicability of the method to 

different objective functions and traffic flow formulations. 

The identification of this “unidirectionality property” in the single-destination 

optimal routing solution, together with the proposed techniques to exploit this property, is 

also a significant and unique contribution of this dissertation.  Further explorations of the 

identified unidirectionality concept in other evacuation models (e.g. optimal contraflow 

design, optimal cross elimination and movement prohibition strategies, system optimal 

static assignment, etc.) may also result in improvements to the state of practice in those 

fields.  



42 

 

 

  

Another methodological contribution is the new negative cycle canceling 

algorithm proposed in Appendix C. The main feature of this algorithm is the capability of 

detecting multiple negative cycles, including the cycle with the largest negative cost, 

using a single shortest path run. The cost transformation function and the proposed multi-

source shortest path algorithm that facilitate this algorithm may be applied to other 

network-flow optimization problems to improve the efficiency. 

4.2. Future Work 

One important avenue of future research is investigation of the unidirectionality 

property and efficient methods to achieve this desired property from among all the 

alternative optimal solutions of the relaxed routing problem. There is a discussion section 

in Appendix B that presents some potential challenges in finding the unidirectional 

solutions in more general evacuation problem formulations. This topic can be explored to 

provide more insight into the existence of this property and the techniques necessary to 

achieve it in general formulations of single-destination routing problems. 

Another possible avenue of research is exploring the possibility of solving other 

integrated routing and control problems, by taking advantage of the desired 

unidirectionality property. 

Applying and testing the proposed decomposition method in this research to other 

existing model formulations would also be a potential direction of research that may 

improve the state of practice. 
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Abstract 

This paper proposes an exact and efficient method for solving the integrated Single-

Destination System Optimal Dynamic Traffic Assignment (SD-SODTA) with optimal 

intersection control. The traffic flow dynamics in the problem formulation is based on the 

well-known Cell Transmission Model (CTM). The proposed solution approach is adapted 

from a general relaxation-based decomposition method proposed by the authors to solve 

the CTM-based formulation. The decomposition method is developed based on insights 

into the optimal solution of the SD-SODTA problem.  

In terms of efficiency, the computational time associated with the decomposition method 

for solving the integrated SD-SODTA and signal control problem is shown to be 

practically equal to the time required for solving the same SD-SODTA problem (without 

optimizing the intersection control plan) when applying any existing solution method. 

The proposed solution method is proven to be optimal. The method is implemented and 

applied to a real-sized evacuation scenario in the transportation network of Tucson, AZ. 

The method is stress-tested with some inflated demand scenarios and the computational 

aspects are reported.  

 

Keywords: signal optimization, dynamic traffic assignment, evacuation planning  
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1. INTRODUCTION AND LITERATURE REVIEW 

In general, the integrated system optimal dynamic traffic assignment and intersection 

control optimization problem is known to be much more complex than the dynamic 

traffic assignment problem itself. The reason is that in such models the optimal value of 

the decision variables has to be identified for both the routing and the control strategies. 

Adding the control decision variables to the original routing problem increases the 

complexity of the problem in a combinatorial manner. Despite this level of complexity, 

the significance of delays at intersections has motivated a large body of research in the 

past few decades dedicated to finding a harmonized configuration for integrated single-

destination, system optimal dynamic traffic assignment (SD-SODTA) and signal control. 

Many applications of the SD-SODTA problem have been associated with evacuation 

modeling, where a system-optimal solution is desired in the routing of vehicles to safe 

locations. The optimal traffic routing problem for evacuation can be modeled as a SD-

SODTA problem by representing the set of evacuation safe locations as a single node 

(super-sink). Hence, over the past few decades, the state of the art in solving both 

problems has been enhanced by researchers in both fields of evacuation routing and of 

dynamic traffic assignment. 

In early 1980’s, Sheffi et al. developed NETVAC1 (Sheffi et al. 1982), a dynamic 

simulation-based evacuation model that incorporates signal optimization in the dynamic 

traffic assignment process. The path assignment in NETVAC1 is modeled as turning 

decisions made at intersections that are based on: 1) the direction of the intersection’s 

downstream links, 2) simulated traffic conditions at the intersections and on these 

downstream links. In turn, the signal timings in each iteration are set to minimize the 

delays for the link flows in that iteration.  

Abdelfatah and Mahmassani present a closed form formulation for the combined SODTA 

and signal control problem (Abdelfatah and Mahmassani 1998). Their solution approach 

is a good example of a simulation-based optimization platform. Their traffic simulation 

uses DYNASMART for dynamic network loading; the traffic assignment is based on 

dynamic origin-destination marginal travel times, and by applying the Method of 

Successive Averages (MSA); the signal timings are set to minimize the intersection 

delays at each iteration; and the iterations continue until a convergence criteria is met 

among time-dependent path flows. Their solution method was implemented and applied 

to the network of Dallas-Fort Worth, and results indicate improvements of the average 
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travel times in the generated solution as compared to the SODTA solution without signal 

optimization. However, the optimality of the generated solution is not guaranteed. 

Cova and Johnson presented an analytical model for static lane-based evacuation routing 

in which the evacuees are assigned to non-conflicting paths with a limited number of 

merging movements (Cova and Johnson 2003). They added integer constraints to the 

static traffic assignment and solved their mixed-integer program to optimality using a 

commercial optimization package, CPLEX. They applied their method to a mid-sized (20 

intersections, 314 nodes, 415 links) sub-network of Salt Lake City, Utah, and found the 

optimal static non-conflicting traffic routing. 

Lin and Wang proposed a mixed integer linear formulation to optimize the combined 

SODTA with the signal control plan (Lin and Wang 2004). Their model benefits from the 

Cell Transmission Model (CTM), and it explicitly treats the undesired non-realistic 

vehicle holding that may appear in analytical SODTA solutions. Their method was tested 

for an illustrative example in a network with one street and two intersections. Later in 

2010, He et al. proposed three heuristics to solve the traffic signal control problem 

formulated as a 0-1 mixed-integer linear programming problem with CTM (He et al. 

2010).  

Ukkusuri et al. formulated the combined SODTA and signal control problem as a linear 

program, which significantly improves the solution method as compared to prior 

formulations that have integer variables (Ukkusuri et al. 2009). In their model, additional 

signal control variables, intersection cells and connectors are introduced for each 

intersection to model the green time split among the conflicting intersection movements; 

these take the form of linear constraints. The additional variables in their model, 

however, increase the size of the problem. Their model was successfully tested for an 

illustrate example in a network with one intersection. 

Xie et al. present a bi-level simulation-based model for optimizing the network 

evacuation performance subject to lane-reversal and crossing elimination (Xie et al. 

2010). They developed an integrated Lagrangian relaxation and Tabu search method to 

find the optimal solution. Liu et al. proposed a simulation-based genetic algorithm to 

solve a mixed-integer model for arterial signal control strategies during an emergency 

evacuation (Liu et al. 2008). Liu and Lou solved the problem through crossing 

elimination and signal optimization using a bi-level simulation-based genetic algorithm 

(Liu and Luo 2012). 
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Xie et al. proposed a mixed integer formulation to minimize the number of conflicts 

among the intersection movements for an isolated intersection. They developed a 

simplex-based heuristic to solve the problem (Xie et al. 2011).  

Kimms and Maassen incorporated non-uniform threat levels in their integrated routing 

and intersection control evacuation model (Kimms and Maassen 2012a). They proposed a 

mixed-integer CTM-based SODTA formulation that minimizes the weighted travel times, 

while prohibiting intersection movement conflicts. They proposed a fast heuristic to solve 

the problem for several real network scenarios. However, the optimality of their heuristic 

method is not guaranteed. 

Bretschneider and Kimms proposed a relaxation-based two-stage heuristic that finds a 

“close-to-optimal” solution for their mixed-integer evacuation routing problem while 

prohibiting intersection conflicts (Bretschneider and Kimms 2011, 2012). The two-stage 

relaxation-based method that they proposed is very similar to the relaxation-based 

decomposition technique proposed in this research; however, their proposed heuristic 

does not guarantee the optimal solution.  

Table 1 presents a quick review of the above-mentioned solution approaches with 

emphasize on the optimality and scalability of the proposed method to real-size problems.  

Table 1. Review of Existing Evacuation Integrated Routing-Control Models 

Proposed by: Modeling Approach Optimality Scalability 

Abdelfatah and Mahmassani, 1998 Simulation-Based MSA Not guaranteed Scalable 

Cova and Johnson, 2003 Mixed Integer Linear Model Optimal, but static Scalable 

Lin and Wang, 2004 Mixed Integer Linear Model Optimal Not tested 

Liu et al., 2008 Simulation-Based Meta-Heuristic Not guaranteed Scalable 

Ukkusuri et al., 2009 Linear Optimization Model Optimal Not tested 

He et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Xie et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Liu and Luo, 2012 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Bretschneider and Kimms, 2011, 2012 Relaxation-Based Decomposition Not guaranteed Scalable 

Kimms and Maassen, 2012 Mixed Integer Linear Model Optimal Not tested 

 

 2. MOTIVATION AND CONTRIBUTION 

When reviewing the existing literature of evacuation routing (or SD-SODTA) models and 

their performance in real-sized networks, it can be observed that the existing solution 

approaches for an integrated optimal routing and intersection control strategy are not 

capable of solving the problem to optimality with computational guarantees. At least, 
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there are no indications in the literature that any of the proposed exact solution methods 

has been successfully tested with real-sized problems. Therefore, the main motivation of 

this research was to improve the state of the practice in solving the integrated routing and 

signal control to optimality in real-sized problems.  

The major contribution of this research is the proposed decomposition method. This 

method reduces the computational complexity of the original integrated optimal routing 

and signal control problem into just an optimal routing problem that is followed by a fast 

post-processing stage. What differentiates this technique in this research from similar 

recent methods (Bretschneider and Kimms 2011, 2012) is that in our method the optimal 

solution is generated after only one run of each sub-problem. In other words, there is no 

need for feed-back or iterative loops to integrate the two sub-problems. This feature, 

which significantly decreases the computational time, is made possible by an insight into 

the optimal solution of the routing problem in single-destination problems. 

The proposed solution technique has been implemented and applied to a hypothetical 

large-scale chlorine spill evacuation scenario placed in downtown Tucson, Arizona. The 

optimal routing and signal control problem for the evacuation of background traffic from 

the threat area is modeled and optimized. The method is also stress-tested with some 

inflated demand scenarios. The results indicate that the proposed method is capable of 

solving the problem to optimal in the original and inflated demand scenarios. However, 

the computational time is found to be sensitive to the total evacuation demand and the 

evacuation time span. 

 

3. PROBLEM SPECIFICATION 

The integrated traffic routing and intersection control problem is formulated as an 

optimization problem, with the objective to minimize the total time vehicles spend in the 

evacuation network, where the traffic flow dynamics are represented by CTM. The 

problem is formulated based on the linear SODTA model proposed by Ziliaskopoulos 

(Ziliaskopoulos 2000), with additional integer constraints to encapsulate the intersection 

signal timing. 

The single-destination optimization problem is assumed to be in the context of evacuation 

routing and control, where the decision variables are traffic advisory information 

(consisting of evacuation routes, destinations, and departure times) and associated 

intersection control plan to ensure the least travel time when evacuating the network. 
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3.1. Mathematical Formulation  

Consider a cell-based network G(C,H) where C is the set of all cells (including source 

cells CS, sink cells CT , and intersection cells CI), and H is the set of connectors.  

By introducing the following notation, the integrated traffic routing and signal control 

problem can be formulated as the Mixed Integer Linear Problem (MILP), PIRC.  

T:  Time horizon, 

𝜏:  Index for the discrete time step, 

  
 :  Variable for the number of vehicles in cell i during time interval 𝜏, 

X:  Matrix of values  
 ,        𝜏    , 

   
 :  Variable for the number of vehicles on connector (i,j)∈ H during time interval 𝜏, 

Y:  Matrix of values   
 ,            𝜏    , 

  
 :  Maximum vehicles that can be accommodated in cell i during time interval 𝜏, 

  
 :  Maximum vehicles that can pass in/out of cell i during time interval 𝜏, 

  :  Evacuation demand in a source cell   (all demand enter the network at time 0), 

  :  Ratio of backward shockwave speed to free flow speed,  

Γ(i):  Set of successor cells of cell i, 

Γ
-1

(i):  Set of predecessor cells of cell i, 

      :  Binary parameter indicating conflict between connectors (i, j) and (m, n) 

(      =1 if they conflict, and       =0 if not) 

   
 :  Binary variable indicating the green time to connector (i, j) during time 𝜏,  

(   
 =1 if is green, and    

 =0 if not) 

M:  Matrix of values   
 ,            𝜏   , 

E:  Set of intersection nodes, 

Ω (e):  Set of connectors at intersection  ,  

 

                                     ∑ ∑   
 

 ∈         

  (1) 

Subject to: 
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Equation (1) is the objective function of PIRC, which is to minimize ZIRC, the algebraic 

sum of the flow in the cells in the evacuation over all time intervals.  
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Equations (2)-(4) are conservation of flow constraints at cells. Equation (5) indicates that 

the initial evacuation demand is loaded at the source cells at time 0. Equations (6)-(9) are 

the discretized kinematic wave traffic flow constraints, which are common among all 

CTM-based models. Equations (10) and (11) are the initial state (boundary conditions) of 

the network; and equation (12) ensures non-negativity. 

While equations (2)-(12) are the typical CTM-based SD-SODTA constraints as first 

proposed by Ziliaskopoulos, the equations (13)-(15) are linear integer constraints to 

model the traffic signal phasing. Equation (13) is to guarantee that the flow at each 

movement connector only happens when the green time is assigned to it. Equation (14) 

specifies that conflicting movements have to have non-overlapping green times, and 

equation (15) indicates that the decision variable for assigning the green time to 

movement connector is binary. 

 

4. METHODOLOGY 

4.1. Overview of Decomposition Method  

The proposed solution method consists of two stages: 1) solving the original problem 

with relaxed signal control constraints; and, 2) finding a feasible solution to the original 

problem from the solution found in stage 1. The task in stage 1 of the proposed method is 

referred to as solving sub-problem 1 (SP1) or the routing sub-problem; and similarly, the 

task in stage 2 is referred to as solving sub-problem 2 (SP2). 

The routing sub-problem (SP1) includes optimizing the departure time, evacuation paths, 

and destinations of vehicles in the network. When solving SP1, the constraints related to 

traffic control at each intersection are relaxed. In other words, the intersections in SP1 are 

simply modeled as interchanges without flow interruptions. After the optimal solution to 

the routing sub-problem is found, an intersection control plan is generated in stage 2 

(SP2) that guarantees the uninterrupted flow of traffic for SP1 solution. An algorithm is 

proposed for solving SP2 which is called “Right-Through-Left”, or RTL. RTL is proven 

to always find a non-conflicting feasible variant for the optimal solution of SP1. It is 

proven in Section 4.4 that although the proposed decomposition technique dramatically 

improves the computational efficiency of the solution method, it does not sacrifice the 

optimality of the solution to the integrated problem, PIRC. However, the proposed 

decomposition technique is restricted to the single-destination traffic assignment 

problem, by which many evacuation problems can be modeled. 
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4.2. Sub-Problem 1 (SP1) 

4.2.1. Relaxation of Intersection Constraints 

In the routing sub-problem the intersection traffic control constraints are relaxed. 

Essentially, in this sub-problem we model each intersection in the real transportation 

network as an interchange with uninterrupted flows. By applying this relaxation, the only 

variables that affect the traffic flow in the whole network, from one cell to another, would 

be the free flow capacity of connectors between cells and the congestion state in the 

downstream cell. In other words, the flow propagation constraints in the relaxed routing 

problem use uninterrupted kinematic wave constraints.  

One possible mathematical formulation for this relaxed problem would be P1: 

                                ∑ ∑   
 

 ∈         

  (16) 

Subject to:  Equations (2) – (12) 

The problem P1 does not include equations (13)-(15) which are associated with the signal 

green time splitting. Therefore, the optimal solution to P1 is not necessarily feasible at the 

intersections for the original problem PIRC. 

4.2.2. Unidirectionality Property 

Although P1 is one possible formulation of SP1, there is a desired property that the 

optimal solution to P1 does not necessarily have. This property is called 

“unidirectionality”. 

Unidirectionality Property: A traffic routing solution is unidirectional if each street, 

during each time interval, only carries vehicles in at most one direction in the final 

solution.  

At least one of the optimal solutions of P1 is unidirectional. This is intuitive because in 

the optimal routing strategy, the vehicles are not supposed to be routed in opposite 

directions of the same link, since they are all evacuating to the same super-sink node. 

Routing the vehicles in the opposing directions of the same street is equivalent to 

unnecessary traffic circulation in the network. 

However, not all the optimal solutions of P1 are necessarily unidirectional. For instance, 

imagine if during a period of time all the exit paths from an evacuation zone are blocked 
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due to severe congestion. In this case, it might be possible that in the P1 optimal solution, 

instead of waiting in the bottleneck queue, the vehicles circle around in the evacuation 

zone before they get to exit the network. 

In order to guarantee that the optimal solution from SP1 is unidirectional, which is 

necessary for the proposed decomposition method, an alternative problem formulation, 

P1-U, is proposed which is proven to have an optimal solution that is necessarily 

unidirectional. In order to avoid unnecessary movements and circulations that violate the 

unidirectionality of the optimal solution, an infinitesimal moving penalty term is added to 

the objective function of P1-U: 

                                      ∑ ∑   
 

 ∈         

  ∑ ∑    
 

     ∈      

  (17) 

Subject to:  Equations (2) – (12) 

The objective function in P1 is to minimize ∑ ∑   
 

 ∈         , which finds the solution 

that has minimal total time spent inside the threat zone. In contrast, the problem P1-U has 

a lexicographic objective function. The “prior” objective in P1-U is the same as P1, 

minimizing the total time spent in the threat zone. However, the “secondary” objective is 

to minimize the term ∑ ∑    
 

     ∈      , which is the total number of vehicles flowing 

on all connectors, over the entire evacuation time window; and can be interpreted as a 

measure of total traffic movements in the evacuation network. In other words, the 

problem P1-U searches among the optimal solutions of P1 and finds the solution which has 

minimal traffic movements/circulation. Therefore, the optimal solution of P1-U, while 

avoiding unnecessary movements, will remain optimal to P1 too.  

The lexicographic properties in P1-U (optimality to P1 and minimum movements) can be 

guaranteed by choosing a very small coefficient β in Eq. 17 (β << 1; e.g. β =10
-10

). 

Proposition 1: The optimal solution to P1-U is unidirectional. 

The following outline presents the logic underlying the proof to Proposition 1. 

- Assume there is one optimal solution (X*, Y*) to P1-U that is not unidirectional. 

- We show that non-unidirectionality of (X*, Y*) results in existence of a positive 

dynamic cyclic flow f. 
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- By canceling the cyclic flow f from (X*, Y*) and propagating the possible 

resulting flow perturbations, we generate an alternative feasible solution (X’, Y’). 

- Given the lexicographic objective function in P1-U, we show that the primary 

objective value calculated for the alternative solution (X’, Y’) is equal to the 

primary objective value for (X*, Y*). 

- We show that the secondary objective value calculated for (X’, Y’) must be 

smaller than the secondary objective value for (X*, Y*), which contradicts the 

optimality of (X*, Y*), and concludes the proof. 

Proof: We assume P1-U is not unidirectional and we show the contradiction with a general 

example.  

Consider a cell-based evacuation network G(C,H). Let (X*, Y*) be the optimal evacuation 

solution to P1-U for network G(C,H). Assume in the optimal solution (X*, Y*) there is at 

least one street in the evacuation network (e.g. Broadway Street at intersection A, during 

time interval 𝛳, as in Figure 1) whose flow in the optimal solution violates 

unidirectionality. Without loss of generality, there is only one cell in each direction of 

Broadway, cell E in eastbound and cell W in westbound. Assume at intersection A, during 

time interval 𝛳, that in the optimal solution (X*, Y*) there are positive flows    
    >0 and 

   
    >0, into and out of Broadway, which violates unidirectionality. 

 

 

Figure 1 Simple Example Section of An Evacuation Network 
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Given the lexicographic objective function of P1-U (Eq. 17), we show that there exists an 

alternative solution (X’, Y’) that results in a lower objective value than (X*, Y*) which 

contradicts the optimality of (X*, Y*). 

In order to find a cyclic flow with positive amount f along Broadway in the optimal 

solution (X*, Y*) we identify two time intervals t1 and t2, during which some positive 

flow enters from B to W (at t1) and from E to B (t2). Define t1= {max (t)|    
   >0, 0≤t<  } 

and t2= {min (t)|    
   >0,   <t≤ T}. Time intervals t1 and t2 exist, because the cells on 

Broadway (E and W) are not sink cells nor demand cells (note: all demand cells and sink 

cells are assumed to be at intersection nodes, and not along the streets). Therefore, in the 

optimal solution (X*, Y*) the flow on cells E and W, has to enter, and exit the cell at some 

time during the evacuation time window [0,T]. As a result of finding such t1 and t2, a 

dynamic cyclic flow exists with positive amount of f = min (   
   ,    

   ,    
    ,    

    ) along 

Broadway, which we cancel to generate the alternate solution (X’, Y’). 

The proposed solution (X’, Y’) is constructed initiating from (X*, Y*) and by canceling 

the flow circulation of size f along Broadway. We now show that after this cancelation 

the same profile of arrivals to the super-sink, as in the optimal solution (X*, Y*), can be 

achieved by (X’, Y’), i.e. the cancelation does not degrade the primal objective of 

minimizing ∑ ∑   
 

 ∈         , which is equivalent to minimizing ∑ ∑  𝜏         ∈        

   
   that is a simple function of the profile of arrivals to the super-sink (note: the referred 

equivalency is shown in Zheng et al., 2011). 

We construct (X’, Y’) by initially assigning the same values as (X*, Y*) to the variables of 

cell and connector flows. However, as a result of the proposed flow cancelation along 

Broadway, the flow at cell B would temporarily increase by amount f during the time 

intervals t1+1 and t2, because instead of circulating the vehicles along Broadway, we 

hold the flow at cell B during the time intervals t1+1 and t2. This temporary excess of 

flow at cell B may cause perturbation. The perturbation depends on the congestion state 

at the upstream cells, and if it happens it would form backward waves propagating in the 

upstream cells of B, and consequently to the rest of the network. By investigating this 

perturbation, we show that these possible backward waves, despite changing the flow 

patterns, do not affect the profile of arrivals to the super-sink.  

The possible perturbation initiates at cell B as a result of temporary excess of flow during 

time intervals t1+1 and t2. Consequently, the CTM traffic flow constraint regarding the 

inflow(s) to cell B (backward wave constraint, Eq. 9) gets tighter as a result of decrease 

of the residual capacity in cell B. Therefore, with the existing amount of connector flow 
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in (X*, Y*), this might create an infeasible flow in CTM (excess vehicles in B), in which 

case, in order to maintain the feasibility of solution we need to decrease the amount of 

inflow from the upstream node(s) into cell B. The decrease of inflow to cell B increases 

the amount of flow at the upstream cell(s), which itself may perturb the inflow(s) from 

the upstream cells, in a similar fashion. This perturbation propagates along upstream 

branches until it dissipates. The dissipation in branches would happen if the original 

connector flow in (X*, Y*) is feasible to the backwards shockwave constraint in that 

connector, even after the downstream cell is perturbed; therefore, no drop in the 

connector flow is necessary when generating (X’, Y’), and perturbation ends in that 

branch. The extreme-case scenario is when the network is fully congested and the 

perturbation does not dissipate and it spills back all the way to the origin cells, where 

delays may happen for the evacuation flow at the origins. 

The important characteristic of this type of perturbation is that it does not propagate 

downstream. The reason is that the increase in the flow of perturbed cells can only result 

in increase of flow at the upstream cells (if it does). Therefore, the perturbation only can 

appear as an increase in the cell flows. And given the CTM flow constraints (Eq. 6-9), an 

increase in upstream cell flow does not impose any additional limits to the outflow, and 

therefore, does not affect the flow downstream. As a result, the perturbation does not 

reach the super-sink, and we should expect an arrival profile identical to (X*, Y*). 

Therefore, ∑ ∑  𝜏      
         ∈        = ∑ ∑  𝜏     

           ∈         and equivalently 

∑ ∑    
 

 ∈          = ∑ ∑   
   

 ∈         . This means that solution (X’, Y’) has the same 

primary objective value as (X*, Y*). 

On the other hand, the secondary objective value ( ∑ ∑    
 

     ∈      ) for  (X’, Y’) is 

strictly smaller than its value for (X*, Y*), because, when canceling the cycled flow along 

Broadway, we reduce the value of connector flows      
   ,     

   ,     
    , and     

    by the 

positive amount f. The summation of connector flows values for the remainder of the 

network remains the same, because the connector flow values in (X’, Y’) are originally 

assigned, and later perturbed in a manner consistent with (X*, Y*). The connector flows 

in (X’, Y’) might be slightly delayed as compared to the flows (X*, Y*) in the perturbed 

connectors, but the total flow over the entire evacuation time window for each connector 

(except for the connectors on Broadway) is equal in the two solutions (X*, Y*) and (X’, 

Y’). Therefore, this decrease in the secondary objective value leads to a lower 

lexicographic objective value for (X’, Y’) that contradicts the optimality of (X*, Y*). ■ 
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4.2.3. SOLVING      

In the problem formulation of      , the entire integer (non-convex) constraints of the 

original problem (PIRC) are relaxed and eliminated. As a result,      is a linear 

optimization problem. The linearity of the feasible set and of the objective function are 

the desired properties of      that facilitates use of the well-known and efficient Simplex 

Method for solving it (Dantzig et al. 1955).  

In this research the “Primal Simplex” solver in the commercial optimization package 

“MOSEK 7.0” (Mosek 2007) has been employed to solve      . Experiments with the 

MOSEK linear optimization tool in solving real-sized evacuation routing problems 

indicate the capability of the tool in finding optimal solutions in short computation times. 

However, the computational time for solving      is very sensitive to the level of time 

and space discretization. In other words, in using the MOSEK linear optimization tool, 

there is a limit to the smallest size of the time discretization (and also space 

discretization) in solvable real-sized problems. More details on the performance of 

MOSEK in solving a real-sized routing problem are provided in Section 5. 

Once the unidirectional optimal pattern of evacuation traffic flows is found by solving P1-

U, the intersections are transformed back to the real conditions in the network and the 

optimal dynamic intersection control plan is generated in SP2). 

After solving SP1 using     , two solution matrices are generated by the solver: matrix 

X*, which includes the optimal decision values of flow at cells over all of the time 

intervals (  
  ), and matrix Y* that has the optimal decision values of flow on all 

connectors over all time intervals (   
  ). X* and Y* are the input matrices to SP2. 

4.3. Sub-Problem 2 (SP2) 

4.3.1. Overview 

In the stage 2 of the method, SP2 finds another matrix Y’ (including all    
  ), based on 

optimal solution of P1-U (X* and Y*), in a way that Y’: 1) does not have any intersection 

movement conflicts; and, 2) complies with matrix X* and flow constraints in P1 (or P1-U). 

In other words, during stage 2 of the solution method, the conflicting movements in Y* (if 

they exist) are replaced with non-conflicting connector flows, while still maintaining 

feasibility for P1 (or P1-U). The algorithm RTL that generates matrix Y’ from X* and Y* is 

presented in 4.3.2 and is proven to be correct. 
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Once non-conflicting connector flows Y’ are generated by RTL, another matrix M with 

binary values is generated that includes the optimal values for the signal control 

variables    
  . Given the fixed matrix Y’, generating M indicates how to satisfy the integer 

constraints of intersection control in PIRC (equations 13-15). This is made possible by 

setting    
 as follows. 

   
  {

       
  
 

     

       
  
 

    
   (18) 

Setting    
  as in equation (18) directly satisfies equations (13) and (15).   

Constraint (14) is also satisfied because, if the binary parameter          meaning that 

connectors       and       are conflicting, at least one of the connectors must have zero 

flow. This is true because after RTL is applied the matrix of connector flows Y’ does not 

have any pair of conflicting connectors with positive flow on both connectors,      
  

           
    . As a result, and based on equation (18) by which matrix M is 

generated, at least one of the two binary variables     
  or    

  has to be zero 

therefore    
     

    ; then the left hand side of equation (14) has to be less than or 

equal to 1. 

Generating matrix M based on equation (18) means that the optimal signal green phase at 

each time interval is equal to the set of intersection movements that have positive flow in 

matrix Y’. In addition, however, at each intersection during each time interval there is just 

one green phase in the optimal control solution, that allows only movements with      
  > 

0. Thus, the solution M has only non-conflicting movements at intersections. 

The set of matrices {X*, Y’, M} is the optimal solution to the integrated SD-SODTA and 

optimal intersection control problem, PIRC, where, X* and Y’ present the optimal traffic 

routing variables and M presents the optimal intersection control plan.   

Section 4.3.2 presents how the matrix Y’ with the above-mentioned property can always 

be generated.  

4.3.2. Generating Non-Conflicting Movements (Matrix Y’) 

An algorithm “Right-Through-Left” (RTL) is proposed that finds a feasible set of non-

conflicting movements for the optimal solution found in SP1. In other words, RTL 

generates the matrix Y’ from X* and Y*.  
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Algorithm Right-Through-Left (RTL): For each intersection at each time interval, we 

reassign all the flow in the intersection (total inflow to, and total outflow from, the 

intersection found in the optimal solution of P1-U) to a set of non-conflicting intersection 

connectors. The reconfigured intersection movement flows conserve the total inflow and 

outflow for each of the cells at the intersection. However, the reconfigured connector 

flows generated by RTL are not necessarily the same as the original connector flows from 

the optimal solution of PSP1-U.  

It is important to note that, because the reconfigured intersection movement flows (matrix 

Y’) generated by RTL conserve the total inflow and outflow for each of the cells at the 

intersection (from optimal solution of P1-U), Y’ satisfies the conservation of flow 

constraints (equations 2-4) and connector flow upper bounds (equations 4-8) in P1-U. 

Therefore, the solution set {X*, Y’} is still feasible to P1-U.  

For each intersection, RTL assigns the connector flows     
  with a predefined movement 

prioritization scheme. The priorities in the process of assignment (and the algorithm 

steps) are as follows: 

 

FIGURE 2. FOUR-WAY INTERSECTION MOVEMENT NUMBERING  

Step1- Since the right turn movements (movements 9, 10, 11, and 12 in Figure 2) do not 

have any crossing conflicts with other movements, the first priority is to assign flow 
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to the right turns. For all the cells with positive inflows to the intersection, the 

algorithm searches for possible right turn movements. If there is a possible right turn 

movement to a cell with positive outflow from the intersection, the algorithm assigns 

the maximum possible flow to this right turn movement. This is completed for all 

possible right turn movements. 

Step 2- The second priority is with through movements (movements 2, 4, 6, and 8). For 

all cells with positive remaining inflows to the intersection after step 1, the algorithm 

searches the through movements. If there is a possible through movement (with 

positive inflow and outflow), the algorithm assigns the maximum possible flow to 

this through movement. This is repeated for all through movements. 

Step 3- The last priority is with left turn movements (movements 1, 3, 5, and 7). For all 

the cells with positive inflows to the intersection after steps 1 and 2, the algorithm 

assigns the remaining flow to the left turn movements.  

What remains is to prove that the solution generated by this algorithm creates no 

conflicting movement in the intersection. 

Proof of Correctness: The right turn movements do not conflict with any other 

movements. Therefore, the only possible conflicts may occur between through-through, 

through-left, and left-left movements. Each case is explored separately as follows. 

- Through-through conflicts (e.g. movement 2 with 4 in Figure 2) cannot exist in the 

assignment solution. For an intersection with four legs, two crossing through 

movements would only occur after the maximum right turns have been assigned. 

However, any two crossing movements necessarily create a positive flow for at least 

one right turn movement (e.g. movement #9), which has priority in the assignment 

process. Therefore, such crossing through movements cannot exist (with positive 

flows) after Step 1. 

- Through-left crossing conflicts are two types, head-on conflicts (e.g. movement 2 

with 1) and perpendicular conflicts (e.g. movement 2 with 3).  Neither of these two 

conflicts can exist in the assignment solution, because both conflicts require at least 

one street with positive inflow and positive outflow during the same time interval. 

This contradicts the unidirectionality of the P1-U optimal solution. 

- Left-left crossing conflicts can also be characterized as head-on conflicts (e.g. 

movement 1 with 5) and perpendicular conflicts (e.g. movement 1 with 7 and 

movement 1 with 3).  Head-on left-left conflicts cannot exist in the assignment 



67 

 

 

  

solution, because any such left-left head-on conflicting movement necessarily creates 

a positive flow for at least one right turn movement (e.g. movement 9 or 11), which 

has priority in the assignment process. Therefore, head-on left-left conflicts cannot 

exist (with positive flows) after Step 1. Perpendicular left-left conflicts cannot exist 

either, because this type of conflict requires at least one street with positive inflow 

and positive outflow during the same time interval. This again contradicts the 

unidirectionality of the P1-U optimal solution. 

Therefore, the solution from this RTL algorithm has no crossing conflicts of any kind. ■ 

4.4. Optimality of the Proposed Decomposition Method 

What is left to prove for the proposed relaxation-based decomposition method is that it 

finds the optimal solution to the integrated routing and intersection control problem, PIRC.  

Proposition 2: The solution set {X*, Y’, M} generated by SP1 and SP2 is optimal to the 

integrated routing and intersection control problem, PIRC.  

Proof: We need to show that:  

1- The solution set {X*, Y’, M} is feasible to PIRC, i.e. solution set {X*, Y’, M} 

satisfies equations (2-15). 

2- The value of objective function of PIRC for {X*, Y’, M} is equal to the 

minimum possible value ZIRC (X*). 

Frist we show the feasibility. As was noted in 4.3.2, when generating Y’ by algorithm 

RTL, all the flow conservation and capacity constraints remain satisfied. That is, {X*, Y’} 

is feasible to the relaxed problem formulations P1 and P1-U , i.e. {X*, Y’} satisfies 

equations (2-12). And since Y’ has no conflicting movements with positive connector 

flows, a matrix M (matrix of green phases) can be built upon Y’ based on equation (18). 

As was demonstrated in 4.3.1, {Y’, M} will satisfy the integer signal control constraints 

in PIRC, equations (13)-(15). Therefore, the solution set {X*, Y’, M} satisfies equations (2-

15) and is feasible to PIRC. 

Now we show the optimality of {X*, Y’, M}. The solution set {X*,Y’} is optimal to P1, as 

shown in 4.2.2.  
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In addition, problem P1 is the relaxed version of the original problem, PIRC, with the same 

objective function (Z1 = ZIRC). As a result the optimal value of P1 is a lower-bound to the 

problem PIRC. And since X* is optimal to P1 and feasible for PIRC, then ZIRC (X*) = Z1 

(X*) = lower-bound of ZIRC. Therefore, the solution set {X*, Y’, M} generated by the 

proposed decomposition method is optimal to PIRC.   

 

5. REAL NETWORK CASE STUDY  

The proposed solution method in this research has been applied to a hypothetical chlorine 

spill evacuation scenario from Tucson, AZ.  

5.1. Tucson Chlorine Spill Scenario 

The Union Pacific Railroad passes hundreds of chlorine railcars through Tucson 

downtown every year (Volante 2007). The railcars are normally 90-ton tankers that carry 

liquefied chlorine. In case of a spill happening in the chlorine containers, due to an 

accidental crash or an intentional terrorist attack, under Tucson atmospheric situations 

with a northeast wind direction, a poisonous chlorine cloud may spread over Tucson 

downtown, the University of Arizona campus area, and a large residential area in the 

center and north of Tucson, and endanger hundreds of thousands of people. To mimic the 

poisonous cloud spread, a gas dispersion model was developed using the software 

ALOHA (Areal Locations of Hazardous Atmospheres), an atmospheric dispersion model 

developed by the US Environmental Protection Agency (EPA), widely used for 

evaluating releases of hazardous chemical vapors (ALOHA 2007). 

Figure 3 shows the Tucson roadway network map showing the threat zone with a chlorine 

concentration of 20 ppm (outside of buildings). This area is chosen as the evacuation 

threat area in this case study. In this evacuation network, there are 508 nodes (388 

intersections and 120 centroids), 1660 links (913 streets and 747 centroid connectors), 

and 70 safe locations outside the threat area. 

The evacuation demand for the case study in this paper is the background vehicular 

traffic, driving on the roads inside the threat area at the time when the disaster happens. 

The underlying evacuation policy assumption is that the population indoors will be 

advised to stay inside and not to evacuate the region. Later, though, the evacuation model 

in this study is stress-tested for inflated evacuation scenarios. 
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FIGURE 3. CHLORINE EVACUATION THREAT ZONE NETWORK, TUCSON, AZ 

Assuming the spill happens at the morning peak hour on a weekday (the worst case), the 

vehicular traffic on roads is extracted from the mesoscopic traffic simulation and 

assignment model DynusT (DynusT 2012). In order to model the regular day traffic 

pattern with DynusT for the Tucson network, the typical 12-hour demand table was 

provided by the Pima Association of Governments (PAG) for Pima County, AZ, in a 

zone-to-zone, hour-by-hour resolution. At the time of the chlorine spill, on-road vehicular 

traffic extracted from the simulation is assigned as the evacuation demand on the streets. 

The total demand generated by this method was 7,866 vehicles, scattered across the 

chlorine spill threat area (Figure 3). In order to stress-test the solution method with larger 

demand scenarios, the same demand pattern was scaled up by factors of 1.5, 2.0, 2.5, and 

3.0, for which the computational results are reported. 

With a 15-second time interval for the cell-based network, the threat zone includes 2263 

cells and 4465 connectors. The linear optimization problems P1-U and P1 for testing 

purposes were coded for this cell-based network and solved with the MOSEK linear 

optimization tool. 

5.2. Optimization Results and Analysis 

Using the MOSEK 7.0 Primal Simplex Solver on an Intel Core i3 @ 2.27 GHz CPU, 

with 3.73 GB memory, both linear optimization problems P1-U and P1 were solved for the 

original evacuation demand scenario as well as for the 4 inflated demand scenarios with 

factors 1.5, 2.0, 2.5, and 3.0. As for the pre-processing stage, a MATLAB script is 

developed that generates the input matrices of the linear optimization problem from the 
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cell-based evacuation scenario data. The processing time related to this stage ranges 

between 11 to 15 seconds for all the scenarios in this research. 

The algorithm RTL was also coded using C++ and was run for the optimal solutions of 

the two problems P1-U and P1 in all the evacuation scenarios. The purpose in performing 

both stages in the solution method with problem formulation P1, whose optimal solution 

is not necessarily unidirectional, was to test the performance and correctness of RTL 

algorithm in finding non-conflicting intersection movements. 

Table 2 shows the optimization results for stage 1 of the solution, including the optimal 

objective functions, evacuation network clearance times, computational times, and the 

number of iterations of the primal simplex method, when applied to P1 and P1-U, for all 5 

demand scenarios. 

TABLE 2. LINEAR OPTIMIZATION RESULTS FOR P1 AND P1-U (β = 10
-6

) 

Stage 1 Optimization Results (SP1) 

Problem Scenario 

ID 

Demand 

(veh.) 

Optimal 

Obj. 

(veh.×15sec) 

Time 

Horizon (15 

sec) 

Clearance 

Time (15sec) 

Comp. 

Time (sec) 

Num. of 

Iterations 

P1: 
Minimize 

∑∑  
 

  s.t. 

Eqs. 2-12 

Base 7866 98010 30 29 61.67 102174 

X1.5 11799 170616 34 32 121.29 155167 

X2.0 15732 272541 42 41 323.65 249048 

X2.5 19665 398477 50 50 604.75 357533 

X3.0 23589 557838 60 58 1121.77 481210 

P1-U: 

Minimize 

∑∑  
  

 ∑∑   
 

 

s.t. Eqs. 2-12 

Base 7866 98010.0835 30 29 77.61 106036 

X1.5 11799 170616.131 34 32 164.11 164907 

X2.0 15732 272541.185 42 41 446.74 280347 

X2.5 19665 398477.229 50 50 794.45 385839 

X3.0 23589 557838.274 60 58 1854.12 639983 

As it can be observed from the optimal objective values in Table 2, the parameter β in P1-

U is chosen to be small enough (β = 10
-6

) that the penalty to the optimal objective value in 

each scenario differ by less than one unit. This means that the optimal solution to P1-U for 

each scenario is necessarily optimal to P1. Consequently, the network clearance times for 

the two problems are found equal for each scenario. 
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In terms of the computational times and the number of iterations for the two problems, 

problem P1-U has about 6% to 65% larger computational times; and 4% to 33% more 

iterations for finding the optimal solution, as compared to problem P1. This can be 

justified by the fact that the objective function in P1-U is more computational demanding 

than in P1, due to additional terms to penalize the unnecessary movements. Nonetheless, 

we achieve a unidirectional optimal solution. 

For all the optimal solutions generated in stage 1, the RTL algorithm is run “twice” and 

the results are reported in Table 3. The second RTL run is performed for the purpose of 

testing the correctness of the first run, by checking and recording the number of detected 

intersection conflicts in the output of the first run. In other words, if any intersection 

conflicts are detected in the output of the first run, the RTL performance will not be 

satisfactory. 

TABLE 3. RTL RUNS FOR THE OPTIMAL SOLUTIONS OF P1 AND P1-U 

Stage 2- RTL Algorithm 

RTL Run 

for 

optimal 

solution 

of: 

Scenario 

ID 

Demand 

(veh.) 

Time 

Span 

(15sec) 

Detected 

Conflicts 

Comp. 

Time (sec) 

Remaining  

Conflicts after 

RTL run 

P1: 
Minimize 

∑∑  
 

       

s.t. Eqs. 2-12 

Base 7866 30 78 0.042 2 

X1.5 11799 34 183 0.059 6 

X2.5 15732 42 297 0.082 20 

X2.5 19665 50 350 0.098 26 

X3.0 23589 60 432 0.116 36 

P1-U: 

Minimize 

∑∑  
  

 ∑∑   
 

   

s.t. Eqs. 2-12 

Base 7866 30 68 0.042 0 

X1.5 11799 34 151 0.056 0 

X2.0 15732 42 214 0.073 0 

X2.5 19665 50 241 0.087 0 

X3.0 23589 60 256 0.098 0 

 

As interpreted from the results in Table 3, the RTL algorithm has not been successful for 

any of the P1 solutions from stage 1. The evidence supporting this interpretation is that 

the total number of remaining conflicts after the first run of RTL is found to be positive 

for all the scenarios (ranging between 2 and 36 remaining conflicts). However, the results 

indicate that when RTL is applied to the solutions of P1-U, the algorithm is effective and 
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correct for all scenarios, leaving no intersection conflicts behind in any scenario. This 

behavior can be associated to the unidirectionality of the input to RTL. As was stated in 

Section 4, unidirectionality of the solution that is input to RTL is a necessary condition 

for correctness of the algorithm.  

In addition to that, the fact that there is no intersection movement conflicts after applying 

RTL to the solution generated by P1-U verifies the correctness of the RTL algorithm, i.e. 

the optimality of the proposed method. 

Although the optimal routing solutions to P1-U scenarios are proven to be unidirectional 

and then verified by the case study results, investigating the case study optimal patterns 

of flow reveals that these optimal solutions, despite being unidirectional over all 

individual time intervals, do not necessarily maintain a constant direction of flow over the 

entire evacuation time window for all the streets. For example, there are 3 streets in the 

optimal solution of Baseline P1-U over which the evacuation flows change direction at 

least once over the time window. This however, does not violate unidirectionality of the 

optimal solutions and does not affect the correctness of RTL. However, it does mean that 

the generated optimal signal timing plan may not be static for all intersections, and some 

intersections may have dynamic timing over the evacuation time window.  

One important observation from Table 3 is that the computational times required for the 

RTL algorithm are very small. Figure 4 shows how the computational times for the two 

stages of the proposed decomposition method compare, when the method is applied to 

real-sized evacuation problems.   
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FIGURE 4. COMPUTATIONAL TIMES FOR STAGE 1 AND STAGE 2 

Another important observation about the computational times is the sensitivity of 

computational time of stage 1 to the evacuation demand. This sensitivity is related to the 

evacuation time window. Larger demand requires more time to evacuate the network, and 

this larger time window means that there are more discretized time intervals. This results 

in more variables and more constraints in the problem formulation.  

 

6. CONCLUSIONS 

This paper proposes an exact and efficient relaxation-based decomposition method for 

solving the integrated Single-Destination System Optimal Dynamic Traffic Assignment 

(SD-SODTA) with optimal intersection control. The method is proven to be optimal and 

is implemented and applied to a real-sized evacuation problem, with promising results.  

Results of multiple real-sized case study applications verified the correctness of the 

proposed method. Results also indicated that the computational time associated with the 

decomposition method is practically equal to the time required for solving the first stage 
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of the decomposed problem, which is the relaxed SD-SODTA problem without integer 

intersection control constraints.  

In other words, the proposed decomposition solution method in this paper largely reduces 

the integrated routing and signal optimization problem into a relaxed routing problem 

with no signal control constraints. As a result, the proposed RTL algorithm can couple 

with any possible solution method that solves the relaxed SD-SODTA, as long as the 

solution is unidirectional. In this way, RTL improves the SD-SODTA solution method to 

solve the integrated SD-SODTA with signal optimization, at practically no additional 

computational expense. 
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Abstract 

This paper proposes an efficient two-stage network flow approach for finding the optimal 

integrated traffic routing and signal timing for evacuating real-sized urban networks with 

several threat zones, where the threat levels may be non-uniform among the zones. The 

objective is to minimize the total exposure (severity times the duration) to the threat for 

all evacuees during the evacuation.  

The traffic flow dynamics in the problem formulation are based on the well-known Point 

Queue (PQ) model in a time-expanded network representation. The proposed solution 

approach is adapted from a general relaxation-based decomposition method in a network 

flow formulation. The decomposition method is developed based on insights into the 

optimal flow of traffic at intersections in the solution of the evacuation routing problem.  

In terms of efficiency, the computational time associated with the decomposition method 

for solving the integrated optimal routing and signal control problem is shown to be 

practically equal to the time required for solving the same optimal routing problem 

(without optimizing the intersection control plan), as the computation time for 

determining the optimal signal control is negligible. 

The proposed solution method is proven to be optimal. The method is implemented and 

applied to a real-sized evacuation scenario in the transportation network of Tucson, AZ. 

The method is stress-tested with some inflated demand scenarios and the computational 

aspects are reported.  

 

Keywords: signal optimization, dynamic traffic assignment, evacuation planning 
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1. INTRODUCTION  

The recently increasing number, intensity, and diversity of disasters in major urban areas 

have raised interest in preparing optimal plans to quickly re-allocate the available 

resources for efficient evacuation. The resulting evacuation optimization problems have 

been extensively studied by many researchers with a variety of approaches, with different 

selections of decision variables, objective functions, and constraint sets. Moreover, the 

solution methods have generated a wide spectrum of approaches, suitable for the 

problem-specific purpose, context, capabilities, and performance. 

Tactical decisions that provide the scope and context of the evacuation plan have been 

chosen in various different ways, based on the evacuation tools that are available to 

decision makers. Common decision variables selected for optimization are the “traffic 

routing variables”, which usually include variables regarding the evacuation traffic 

advisory information, such as departure time, evacuation route, and destination choices 

for evacuees (Chalmet et al. 1982; Chiu et al. 2007; Chiu et al. 2008; Choi et al. 1988; 

Cova and Johnson 2003; Sbayti and Mahmassani 2006). Additional tactical decisions 

may regard optimization of traffic control and network reconfiguration, to take advantage 

from the flexibilities in the network, and to favor a more efficient evacuation plan (Chiu 

et al. 2008; Kim and Shekhar 2005; Tuydes and Ziliaskopoulos 2006). 

In general, the combined routing and traffic control problems are complex and 

computationally expensive problems to solve. The reason for this complexity is that in 

mathematical models, the optimal values of the decision variables have to be identified 

for both the routing and the control strategies. Adding the control decision variables 

(which are usually binary variables) to the routing problem increases the complexity of 

the problem in a combinatorial manner. The integrated optimal traffic routing and signal 

timing problem is no exception, and it is known to be much more complex than the 

optimal traffic routing problem itself. Despite this level of complexity, the significance of 

delays at intersections has motivated a large body of research in the past few decades 

dedicated to finding a harmonized configuration for integrated optimal traffic routing and 

signal control. 

In this research an exact network flow-based analytical solution method is developed for 

generating the optimal integrated routing and signal control plan for real-sized urban 

evacuation problems, fast enough to apply to no-notice (or short-notice) urban disaster 

management scenarios. This is made possible by: 1) proposing a relaxation-based 
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decomposition technique; and 2) taking advantage of the efficiency of network flow 

algorithms in solving linear optimization problems with graph structures. 

Another feature of the optimization problem in this research is the incorporation of 

different threat levels in the optimal routing strategy. Safety aspects in the evacuation 

routing have been recently incorporated in evacuation modeling in different contexts. 

These approaches not only aim at minimizing the experienced delay in the process of 

evacuation, but also optimize some safety measures for the evacuation plan. Opasanon 

and Miller-Hooks propose a pseudo-polynomial network flow algorithm (SEscape) that 

finds the set of paths and volumes which maximize the minimum chance of escape for all 

the evacuees (Opasanon and Miller-Hooks 2008). Some other approaches also 

incorporated non-uniform threat levels in the objective functions of their optimization 

evacuation models to minimize the total threat-weighted time (Kimms and Maassen 

2012b; Liu et al. 2006; Yao et al. 2009). The objective of the optimization problem in this 

paper is also minimizing the total exposure of traffic to the threat during the evacuation. 

The exposure of the traffic is defined as the product of the link threat level and the 

dynamic traversal time of the link, with the consideration of flow-dependency of travel 

times in the links. With a similar objective function, Nassir et al. formulated and solved 

an optimal routing problem in a real-sized urban network chlorine spill scenario (Nassir 

et al. 2013) by modeling the problem as a Minimum Cost Flow (MCF) problem and 

solving it to optimality using CPLEX. In the current paper, the same evacuation routing 

problem is integrated with signal timing optimization and is solved with the proposed 

relaxation-based decomposition. 

 

2. LITERATURE REVIEW 

The two major components of the proposed solution method that make the application to 

real-sized networks possible, are: 1) formulating the evacuation routing problem as a 

network flow problem, which facilitates the use of efficient network flow algorithms in 

the evacuation traffic routing; and, 2) the proposed decomposition method to efficiently 

handle the integration between the routing and the signal control problems. A brief 

literature review on these two aspects of the problem is provided in this section. 

2.1. Network Flow Algorithms for Optimizing Evacuation 

Network flow approaches are powerful and efficient methods for modeling and solving 

linear optimization problems which have constraints sets with the desired graph 
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structures. However, modeling the details of realistic traffic flow dynamics is not always 

easy (or even possible) in a graph structure.  

Evacuation traffic routing problems with constant link travel times can be formulated as 

general dynamic network flow problems and thus can be solved very efficiently. A set of 

dynamic flow problems could favor methods for evacuation optimization. Specifically, 

minimizing the network clearance time is one of the commonly-seen objectives in the 

evacuation literature. Its dynamic network flow model counterpart is known as the 

Quickest Flow Problem (QFP) (Burkard et al. 1993; Fleischer 1998; Fleischer and 

Skutella 2007; Miller-Hooks and Patterson 2004). Another evacuation objective is to 

minimize the total travel time spent by all evacuees in the evacuation process; such a 

model is formulated as the Minimum Cost Dynamic Flow (MCDF) problem. While 

solutions to the QFP minimize the time horizon, the Earliest Arrival Flow (EAF) problem 

(Baumann and Skutella 2009; Zheng et al. 2011) aims at optimizing the evacuation 

process (i.e., maximizing the amount of evacuees reaching safety) not only at the ultimate 

clearance time, but also at every intermediate time point. Hence, the EAF problem is a 

multi-dimensional optimization problem, on top of the QFP, that has been exploited in 

several evacuation studies recently (Baumann 2007; Zheng et al. 2010). It is noteworthy 

that all of these dynamic flow models are presented in a single destination structure; this, 

however, does not restrict the evacuation problem because multiple destinations could be 

connected to a virtual super sink so that the single destination structure applies. For a 

thorough survey on modeling dynamic network flow for evacuation studies, see 

(Hamacher and Tjandra 2002). 

The existing literature on QFP and EAF generally assume constant link travel times. 

However, when a disaster is placed in a congested urban network, the assumption of 

constant link travel times may not be realistic; and, incorporating more detailed traffic 

flow dynamics may become necessary for effective evacuation modeling. Modeling 

traffic flow dynamics is where important traffic flow characteristics, such as queuing and 

congestion formation and dissipation, are modeled. In general, how traffic dynamics are 

modeled makes a substantial difference in terms of the properties of the solution method. 

Incorporating sophisticated traffic flow dynamics in the constraint set generally destroys 

the problem’s graph structure and makes the problem harder to solve (Carey and 

Subrahmanian 2000; Kohler and Skutella 2002).  

In the literature, a few dynamic traffic flow models with flow-dependent travel times 

have been proposed and encompassed in SD-SODTA models, such as exit-flow function 

based models  (Carey 1987; Merchant and Nemhauser 1978a, b; Nie 2011), delay 
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function-based models (Friesz et al. 1989), the Point Queue (PQ) model (Smith 1991; 

Vickrey 1969; Zawack and Thompson 1987), the Spatial Queue (SQ) model (Drissi-

Kaaitouni and Hameda-Benchekroun 1992), and the kinematic wave (LWR) model or 

cell transmission model (CTM) (Daganzo 1994, 1995; Ziliaskopoulos 2000). Among 

these approaches PQ and SQ are the only models that can be easily embedded in a typical 

network graph structure. In this research, in order to take advantage of the efficiency of 

network flow algorithms, PQ is adapted as the traffic flow model.  

2.2. Integrated Traffic Routing and Signal Control 

The significance of delays at intersections has motivated a large body of research in the 

past few decades dedicated to finding a harmonized configuration for integrated optimal 

traffic routing and signal control. Abdelfatah and Mahmassani present a closed form 

formulation for the combined SODTA and signal control problem (Abdelfatah and 

Mahmassani 1998). Their solution approach is a good example of a simulation-based 

optimization platform. Their traffic simulation uses DYNASMART for dynamic network 

loading; the traffic assignment is based on dynamic origin-destination marginal travel 

times, and by applying the Method of Successive Averages (MSA); the signal timings are 

set to minimize the intersection delays at each iteration; and the iterations continue until a 

convergence criteria is met among time-dependent path flows. Their solution method was 

implemented and applied to the network of Dallas-Fort Worth, and results indicate 

improvements of the average travel times in the generated solution as compared to the 

SODTA solution without signal optimization. However, the optimality of the generated 

solution is not guaranteed. 

Cova and Johnson presented an analytical model for static lane-based evacuation routing 

in which the evacuees are assigned to non-conflicting paths with a limited number of 

merging movements (Cova and Johnson 2003). They added integer constraints to the 

static traffic assignment and solved their mixed-integer program to optimality using a 

commercial optimization package, CPLEX. They applied their method to a mid-sized (20 

intersections, 314 nodes, 415 links) sub-network of Salt Lake City, Utah, and found the 

optimal static non-conflicting traffic routing. 

Lin and Wang proposed a mixed integer linear formulation to optimize the combined 

SODTA with the signal control plan (Lin and Wang 2004). Their model benefits from the 

Cell Transmission Model (CTM), and it explicitly treats the undesired non-realistic 

vehicle holding that may appear in analytical SODTA solutions. Their method was tested 

for an illustrative example in a network with one street and two intersections. Later in 
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2010, He et al. proposed three heuristics to solve the traffic signal control problem 

formulated as a 0-1 mixed-integer linear programming problem with CTM (He et al. 

2010).  

Ukkusuri et al. formulated the combined SODTA and signal control problem as a linear 

program, which significantly improves the solution method as compared to prior 

formulations that have integer variables (Ukkusuri et al. 2009). In their model, additional 

signal control variables, intersection cells and connectors are introduced for each 

intersection to model the green time split among the conflicting intersection movements; 

these take the form of linear constraints. The additional variables in their model, 

however, increase the size of the problem. Their model was successfully tested for an 

illustrate example in a network with one intersection. 

Xie et al. present a bi-level simulation-based model for optimizing the network 

evacuation performance subject to lane-reversal and crossing elimination (Xie et al. 

2010). They developed an integrated Lagrangian relaxation and Tabu search method to 

find the optimal solution. Liu et al. proposed a simulation-based genetic algorithm to 

solve a mixed-integer model for arterial signal control strategies during an emergency 

evacuation (Liu et al. 2008). Liu and Lou solved the problem through crossing 

elimination and signal optimization using a bi-level simulation-based genetic algorithm 

(Liu and Luo 2012). 

Xie et al. proposed a mixed integer formulation to minimize the number of conflicts 

among the intersection movements for an isolated intersection. They developed a 

simplex-based heuristic to solve the problem (Xie et al. 2011).  

Kimms and Maassen incorporated non-uniform threat levels in their integrated routing 

and intersection control evacuation model (Kimms and Maassen 2012a). They proposed a 

mixed-integer CTM-based SODTA formulation that minimizes the weighted travel times, 

while prohibiting intersection movement conflicts. They proposed a fast heuristic to solve 

the problem for several real network scenarios. However, the optimality of their heuristic 

method is not guaranteed. 

Bretschneider and Kimms proposed a relaxation-based two-stage heuristic that finds a 

“close-to-optimal” solution for their mixed-integer evacuation routing problem while 

prohibiting intersection conflicts (Bretschneider and Kimms 2011, 2012). The two-stage 

relaxation-based method that they proposed is very similar to the relaxation-based 

decomposition technique proposed in this research; however, their proposed heuristic 

does not guarantee the optimal solution.  
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Table 1 presents a quick review of the above-mentioned solution approaches with 

emphasize on the optimality and scalability of the proposed method to real-size problems.  

Table 1 Review of Existing Evacuation Integrated Routing-Control Models 

Proposed by: Modeling Approach Optimality Scalability 

Abdelfatah and Mahmassani, 1998 Simulation-Based MSA Not guaranteed Scalable 

Cova and Johnson, 2003 Mixed Integer Linear Model Optimal, but static Scalable 

Lin and Wang, 2004 Mixed Integer Linear Model Optimal Not tested 

Liu et al., 2008 Simulation-Based Meta-Heuristic Not guaranteed Scalable 

Ukkusuri et al., 2009 Linear Optimization Model Optimal Not tested 

He et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Xie et al., 2010 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Liu and Luo, 2012 Simulation-Based Meta-heuristic Not guaranteed Scalable 

Bretschneider and Kimms, 2011, 2012 Relaxation-Based Decomposition Not guaranteed Scalable 

Kimms and Maassen, 2012 Mixed Integer Linear Model Optimal Not tested 

 

When reviewing the literature, it can be observed that the existing solution approaches for 

integrated SD-SODTA and signal control are not capable of solving the problem to 

optimality with computational guarantees for large networks. At least, there are no 

indications in the literature that any of the proposed exact solution methods has been 

successfully tested with real-sized problems. Therefore, the main motivation of this 

research is to improve the state of the practice in solving the integrated dynamic routing 

and signal control to optimality in real-sized problems.  

 

3. METHODOLOGY 

The analytical optimization model in this research is an integrated traffic routing and 

signal control strategy, with the objective to minimize the total exposure of traffic to the 

threat, where the exposure of the traffic traversing each link is defined as the product of 

the link threat level and the dynamic traversal time of the link. Travel times on the links 

may also be flow-dependent. The decision variables to optimize for the evacuation plan 

are traffic advisory information (consisting of evacuation routes, destinations, and 

departure times), and signal timing to ensure the most efficient and safest flow of traffic 

when evacuating the network. 

3.1. Overview of the Proposed Decomposition Approach  

In the proposed solution platform, the integrated routing and intersection control (IRIC) 

optimization problem is first decomposed into two major sub-problems: 1) Optimal 
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traffic routing sub-problem, or sub-problem 1 (SP1); and, 2) optimal signal control plan 

sub-problem, or sub-problem 2 (SP2). The routing sub-problem includes optimizing the 

departure time, evacuation paths, and destinations of vehicles in the network. When 

solving the optimal routing sub-problem, the constraints related to traffic control at each 

intersection are relaxed: the intersections in SP1 are simply modeled as nodes without 

turning movement constraints. Once the optimal solution to the routing is found, the 

optimal signal control plan that facilitates the flow of traffic for the routing solution is 

generated. It is proven in Section 3.4 that although the proposed decomposition technique 

dramatically improves the computational efficiency of the solution method, the 

optimality of the solution is guaranteed. The proposed decomposition technique is 

restricted to single destination traffic assignment problems, by which many evacuation 

problems can be modeled. 

3.2. Dynamic Traffic Routing Sub-Problem (SP1) 

3.2.1. Relaxation of Intersection Constraints in SP1 

As was stated in the overview, in the routing sub-problem the intersection traffic control 

constraints are relaxed, and thus the intersections are modeled as simple nodes. In order 

to better imagine how the intersections in this sub-problem would look after relaxation, it 

can be assumed that in this sub-problem each intersection in the real transportation 

network is modeled as an interchange with uninterrupted flows and infinite capacity for 

all movements, as shown in Figure 1. 

 

Figure 1. a) Actual Intersection with Movement Conflicts, b) Intersection Modeled as an 

Interchange in SP1. 
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By applying this relaxation, the only variables that affect the traffic flow from one link to 

another would be the capacity and congestion state in the upstream and the downstream 

links. As a result of this relaxation, the dynamic flow feasibility constraints in SP1 would 

only consist of the traffic flow propagation constraints at links, and the conservation of 

flow at nodes. Once the optimal pattern of evacuation traffic flows is found for SP1, the 

intersections are transformed back to the real conditions in the network and the optimal 

dynamic intersection control plan is generated. 

3.2.2. Problem Formulation for SP1 

The objective of SP1 is to find the optimal routing strategy for evacuating the traffic such 

that the total risk exposure during the evacuation is minimized. The exposure of an 

evacuee on each link is defined as the product of the travel time and the threat level for 

each link at the specific time. The decision variables of the optimization problem are the 

evacuees’ combined choices of departure time, route, and destination.  

In this research SP1 is formulated as a Minimum Cost Dynamic Flow problem (MCDF), 

with additional constraints to capture traffic flow dynamics at the links. The Point-Queue 

(PQ) traffic flow model is adapted for its simplicity and popularity in reflecting flow-

dependency of link travel times. Furthermore, PQ can be incorporated in the constraints 

without destroying the model’s graph structure (Drissi-Kaaitouni and Hameda-

Benchekroun 1992; Zawack and Thompson 1987). The PQ model (Vickrey 1969) 

assumes that traffic flow traverses at the free flow speed on the whole link until its end, 

where a queue may develop. The flow that exits the queue (or the link) is bounded by the 

bottleneck capacity. The queue depository can hold all of the excess flow from one time 

interval to another. As a result, the link travel times in PQ depend on the amount of flow 

on the link, and hence the PQ travel times are dynamic and flow-dependent.   

3.2.3 Mathematical Formulation  

Consider a network        where   is the set of nodes and   is the set of links.   is 

divided into a set of mutually exclusive and collectively exhaustive subsets 

            , i.e.,              and                      

           .                      is a sub-network that includes the node 

subset located in the threat zone  , denoted by   , and the link subset including the links 

whose tail nodes are in the threat zone  , denoted by   .  A threat zone   is associated 

with a hazard level, denoted by   . For simplicity, the set of risk zones      are ordered 

in decreasing   , i.e.,           . The safe area outside the disaster threat zones 

is zone  , and its hazard level     . 
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Introducing the following notation, the evacuation problem in our study can be modeled 

as PSP1.  

 : Time horizon, 

   :  Indices for the discrete time step, 

   
 : Number of vehicles in link       during  , 

  : Threat level at node  , 

   
 : Number of vehicles that flow into link       during  , 

   
 : Number of vehicles that flow out of link       during  , 

   : Free flow travel time of link      , 

  
 : Time-dependent demand in a source node   during  , 

  : Total demand in a source node   for the entire horizon, i.e.,    ∑   
 

 ∈     , 

   : Bottleneck capacity of the link      , 

  : Set of all successors on node i, 

  
  : Set of all predecessors on node i, 

 

                     ∑ ∑ ∑       
 

     ∈             

  (1) 

Subject to: 

   
       

     
     

        ∈         ,  (2) 

∑    
    

 

     ∈  
  

 ∑    
 

     ∈  

   ∈         ,  (3) 
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  ∑    
 

 

       

       ∈         ,  (4) 

∑  
 

 

   

      ∈  ,  (5) 

    
          

            ∈         ,  (6) 

   
      ∈         ∈           (7) 

   
       

       
      

      ∈         ∈           (8) 

   

The objective function in PSP1 is to minimize the sum of the flow being exposed to the 

defined threat on each link. The sum is over all the links, in all the threat zones, and for 

all time intervals. Equalities (2) and (3) are the conservation of flow at links and nodes. 

Inequality (4) guarantees the legitimate propagation of flow on the links, with sufficient 

travel time from entrance to exit on a link. Inequalities (5-8) are respectively, demand, 

queue bottleneck capacity, and non-negativity constraints. Equation (7) specifies that the 

evacuation flow for all the links at the start time is zero. It is assumed that every link at 

the initial state is empty, and that all the initial evacuation demand (including the 

background traffic) originates from the nodes.  

Model PSP1 is a Minimum Cost Dynamic Flow (MCDF) problem, since the terms in the 

objective function of PSP1 are directly associated with the flow on the links, and the 

constraints set in PSP1 has a graph structure. In order to solve PSP1 the problem is 

transformed into a Minimum Cost Flow (MCF) problem in a time-expanded 

representation. The only thing that should be taken into consideration in such a 

transformation is that the PQ constraint (equation 6) has to be reflected in the network 

structure. More detailed discussion about this transformation (link transformation) is 

provided in section 3.2.4. 

3.2.4 Solution of SP1 

In order to model the PQ traffic flow constraints in the evacuation problem, a link 

transformation, LT, is adapted that was originally proposed by (Zawack and Thompson, 

1987).  
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Figure 2 shows the LT transformation for a simple example network, with 1 source node, 

2 sink nodes, and 2 links. As it is shown in the transformed network, for all the time 

intervals and at each time-copy of the network, a dummy node (shown with black dotted 

squares in Figure 2) is generated for each link in the base network, which represents the 

queue at the link. The flow exiting the source node to the links can either exit and 

proceed to the sink nodes, or stay (hold-over) in the queue for another time interval 

(depending on the congestion state at the link). The exit flow to the sink has a capacity 

equal to the bottleneck capacity of the link, Cij ; and the hold-over flow in the queue has 

the capacity equal to the capacity of storage at the link, Sij. 

Both PQ and SQ can be modeled by assigning the appropriate flow capacity on holdover 

arcs (Sij). In the former, the link hold-over capacities are infinite; and in the latter, the 

hold-over capacities are set to the actual capacity of storage at the link. But, in this 

research, only the PQ model is used. 

 

Figure 2. Example of Link Transformation 

With this transformation the problem PSP1 can be formulated as a Minimum Cost Flow 

(MCF) problem in the time-dependent network with the embedded PQ traffic flow 

model. The arc costs for each link are the time elapsed on each link multiplied by the link 

threat level. This PSP1  formulation can be solved with any number of efficient network 

flow algorithms such as Network Simplex, Out-of-kilter, Negative Cycle Canceling, etc. 
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(Ahuja et al. 1993). There are also standard commercial software packages that can be 

exploited to solve large-scale MCF problems in reasonable computation time.  

IBM ILOG CPLEX Optimization Studio 12.1 was used in this research to solve the MCF 

formulation of PSP1 , (CPLEX 2009). Experiments with the CPLEX network optimization 

tool indicate the capability of the tool in finding optimal solutions in short computation 

time. For example, for a PSP1 evacuation routing problem with PQ traffic flow model for a 

demand of about 150,000 in an urban network with about 500 nodes, 1600 links, 70 safe 

locations, and an evacuation time window of 75 minutes with a 30-second time 

discretization, CPLEX generates the optimal solution in about one minute, using a regular 

32-bit desktop computer with an AMD Phenom 8250e Triple-Core Processor at 1.90GHz 

and with 3.25GB of usable memory. For detailed information about the performance of 

CPLEX in solving the evacuation routing MCF problems with both PQ and SQ traffic 

flow models, please refer to (Nassir et al. 2013). 

These experiments indicate that CPLEX would be an effective optimization tool to be 

exploited in our optimization platform, to solve large-scale PSP1 problems for no-notice 

evacuation scenarios. 

3.3. Optimal Intersection Control Plan (SP2) 

3.3.1. Feasibility of SP1 Routing Solution 

Up to this point, the solution generated for the evacuation routing problem PSP1, is an 

optimal set of “link flows” that minimize the total exposure of evacuees to the threat, 

while satisfying the constraints regarding the evacuation demand, dynamic traffic flow 

propagation on the links, and the conservation of flow at the links and nodes for all time 

intervals. These optimal evacuation link flows are used to generate the optimal advisory 

evacuation paths. However, every generated path flow solution from the optimal link 

flow solution is NOT necessarily feasible at the intersections. This is because in the 

model PSP1, the intersection control constraints were relaxed and intersections were 

modeled as simple nodes. Figure shows an example of a feasible solution to PSP1 (Figure-

a) that can correspond to two different sets of path flows: infeasible movements (Figure-

b) and feasible movements at the intersection (Figure-c).  

As an example, assume a time discretization interval of 30 seconds, during which the 

capacity of flow for each of the links 1-4 is 30 vehicles. Assume in the  optimal solution 

to PSP1, during one time interval, that links 3 and 4 are performing at a capacity of 30, and 

that links 1 and 2 have arbitrary non-zero flows, 15 on each. The reason that movements 
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in Figure-b are infeasible during the 30 second time interval is that this set of movements 

requires more than one phase, because they are conflicting movements. Therefore, given 

a total 30-second cycle length in each time interval, the green time for each phase in 

Figure-b has to be strictly less than 30 seconds. Therefore, the flow of 30 from link 3 to 

link 4 (which has the ultimate capacity of 30 vehicles during the whole 30 seconds) 

would be infeasible in a green time that is strictly less than 30 seconds. 

 

Figure 3: a) Link Flow Solution, b) Infeasible Path Flows, and c) Feasible Path Flows 

However, Figure-c shows that there exists another set of movements, corresponding to 

the same set of link flows, which can take place in a single phase. 

It is proven in Section 3.3.2 that for every SD-SODTA with relaxed intersection control 

constraints (e.g. PSP1), there exists a feasible solution with non-conflicting path flows. 

The proof to this claim is through a proposed algorithm that is shown to always find a 

non-conflicting set of intersection movements satisfying the link flows from the optimal 

solution of SP1. It is then proven in Section 3.4 that the intersection control plan that is 

generated based on the non-conflicting solution for the optimal link flows in PSP1, is 

optimal to the integrated problem, IRIC.   

3.3.2. Algorithm Right-Through-Left (RTL) 

An algorithm Right-Through-Left (RTL) is developed that finds a feasible set of non-

conflicting movements for the optimal solution to PSP1; or, in general, for the optimal 

solution of every SD-SODTA with relaxed intersection control constraints. 

Before the algorithm is presented, there are two essential properties of SP1 “optimal” link 

flow solutions that need to be discussed: 
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Property 1: At each intersection the flow from any link with positive inflow can 

be routed to any of the links with positive outflow. This character is exclusive to 

“single destination” system optimal dynamic traffic assignment problems and it 

does not hold for general SODTA problems (Xie et al. 2011).  

 

Property 2 (unidirectionality property): The second property is that the optimal 

solution of the PSP1 when modeled with PQ traffic flow constraints is 

“unidirectional”. Being unidirectional means that in the routing solution, each 

street during each time interval only carries vehicles in at most one direction. This 

is intuitive because in the optimal routing strategy, the vehicles are not supposed 

to be routed in opposite directions of the same link, since they are all evacuating 

to the same super-sink node. Routing the vehicles in the opposing directions of 

the same street is equivalent to unnecessary traffic circulation in the network. The 

proof for unidirectionality of the optimal routing solutions (PSP1) is provided in 

Section 3.5. 

 

Given properties 1 and 2 for the optimal link flow solutions of PSP1, an algorithm (RTL) 

is proposed that finds the set of non-conflicting positive-flow movements (NCPFM) at 

each intersection for any given time interval that satisfies the intersection inflows and 

outflows. By NCPFM we mean a set of intersection movements for each time interval 

with positive assigned flow in such a way that none of the movements pass over (or 

cross) another. However, this set may include merge and/or diverge movements.  

The problem of finding the non-conflicting movements at each intersection is in the form 

of a static network flow problem, and the solution algorithm is a flow-augmenting 

algorithm that generates the solution after a finite number of iterations. The proposed 

algorithm RTL assigns the intersection inflows to the intersection outflows following a 

predefined movement prioritization scheme. The priorities in the assignment and the 

algorithm steps are as follows: 

Step1- Since the right turn movements (movements 9, 10, 11, and 12 in Figure 4) do not 

have any crossing conflicts with other movements, the first priority is to assign the right 

turns. At the first step, for all the streets with positive inflows, the algorithm searches for 

possible right turn movements. If there is a possible right turn movement to another street 

with positive flow, the algorithm assigns the maximum possible flow to this right turn 

movement.  This is completed for all possible right turn movements. 
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Figure 4. Four-way Intersection Movement Numbering  

Step 2- The second priority is with the through movements (movements 2, 4, 6, and 

8Figure). For all remaining positive inflows after step 1, the algorithm searches for a 

possible through movement. If there is a possible through movement (positive inflow and 

outflow), the algorithm assigns the maximum possible flow to this through movement. 

This is repeated for all through movements. 

Step 3- The last priority is with left turn movements (movements 1, 3, 5, and 7). For all 

the streets with positive remaining inflows after steps 1 and 2, the algorithm assigns the 

remaining flow to the possible left turn movements.  

The set of movement flows generated with RTL complies with the link inflows and 

outflows, because the inflows and outflows are directly considered in the algorithm steps. 

What remains to prove is that the solution generated by this algorithm creates no 

conflicting movements in the intersection. 

Proof of Correctness: 

The right turn movements do not conflict with any other movements. Therefore, the only 

possible conflicts may happen between through-through, through-left, and left-left 

movements. Each case is explored separately as follows: 
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- Through-through conflicts (e.g. movement 2 with 4 in Figure) cannot exist in the 

assignment solution. For an intersection with four legs, two crossing through 

movements would only occur after the maximum right turns have been assigned. 

However, any two crossing movements necessarily create a positive flow for at 

least one right turn movement (e.g. movement #9), which has priority in the 

assignment process. Therefore, such crossing through movements cannot exist 

(with positive flows) after Step 1. 

 

- Through-left crossing conflicts are two types, head-on conflicts (e.g. movement 2 

with 1) and perpendicular conflicts (e.g. movement 2 with 3).  Neither of these 

two conflicts can exist in the assignment solution, because both conflicts require 

at least one street with positive inflow and positive outflow during the same time 

interval. This contradicts the unidirectionality of SP1 optimal solution. 

 

- Left-left crossing conflicts can also be characterized as head-on conflicts (e.g. 

movement 1 with 5) and perpendicular conflicts (e.g. movement 1 with 7 and 

movement 1 with 3).  Head-on left-left conflicts cannot exist in the assignment 

solution, because any such left-left head-on conflicting movement necessarily 

creates a positive flow for at least one right turn movement (e.g. movement 9 or 

11), which has priority in the assignment process. Therefore, head-on left-left 

conflicts cannot exist (with positive flows) after Step 1. Perpendicular left-left 

conflicts cannot exist either, because this type of conflict requires at least one 

street with positive inflow and positive outflow during the same time interval. 

This again contradicts the unidirectionality of SP1 optimal solution. 

Therefore, the solution from this algorithm has no crossing conflicts of any kind. ■ 

The signal control in this research is simply generated based on the output of RTL. At 

each time interval the movements have the green time if only they carry positive flow in 

the movement solution generated by RTL. 

3.4. Optimality of the Decomposition Method 

The main contribution of the proposed optimization platform is solving the integrated 

routing and intersection control problem (IRIC) to optimality in a short time. This section 

presents the proof of optimality of the solution found by the proposed framework to the 

problem IRIC. 
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Proof of optimality: The two problems IRIC and PSP1 are identical except for the 

intersection traffic flow constraints in IRIC that have been relaxed in PSP1. Therefore, the 

optimal (minimal) objective value to PSP1 is a lower bound to the IRIC optimal objective 

value.  

Based on the correctness of RTL, for every optimal solution of PSP1 a feasible set of 

intersection movements can be generated by the RTL algorithm that conserves the PSP1 

optimal link flows and thus conserves the optimal objective value of PSP1. Therefore, the 

solution generated by PSP1 and RTL is feasible to IRIC (due to correctness of RTL) and 

has the minimal possible objective value of IRIC. Then it is optimal for the IRIC. ∎ 

3.5. Discussion of Unidirectionality 

As was stated in section 3.3, the unidirectionality property is necessary for effectiveness 

of RTL algorithm in finding the set of non-conflicting positive-flow movements 

(NCPFM) for intersections. Therefore, it is also necessary for correctness of the proposed 

decomposition method.  

In general, the unidirectionality of the optimal evacuation traffic routing strategy is 

intuitive, in the sense that the vehicles are not supposed to be routed in opposing 

directions, since they are evacuating to the same super-sink node. Routing vehicles in 

opposing directions of the same street is equivalent to unnecessary traffic circulation in 

the network. However, experiments in this research indicate that in real network 

applications, the optimal solution to PSP1 is not necessarily unidirectional, unless it is 

especially treated to be.  

For example, with a simple objective function of minimizing the total time spent in the 

threat area, the optimal routing solution might have instances that violate the 

unidirectionality. This may happen upstream of a bottleneck, where in the optimal 

solution, instead of waiting in the queue at a bottleneck, vehicles might circle around in 

the neighborhood until the gridlock dissipates and they can start to discharge. Circling 

around in this situation does not degrade the objective function of total time spent in the 

threat area, and therefore, this solution may be optimal for the routing problem. 

This phenomenon can be treated by introducing a lexicographic objective function, with 

two priority levels in the objective function. The primary objective would be the same as 

the objective function in the integrated problem, such as minimizing the total time spent 

in the network, or minimizing the total exposure in the network (as in this paper). The 

secondary objective would be to minimize the total distance traveled for evacuation, or 
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any similar objective that can prevent the unnecessary circulation. This low-priority 

objective can be easily modeled in the minimum-cost flow formulation of PSP1 by 

infinitesimally increasing the link costs for moving links as compared to hold-over links. 

In this research, the costs of moving links are increased by a constant of β = 10
-6

. 

Therefore in solving PSP1, the solution method searches among all the optimal solutions 

of the original problem and finds the solution with minimum traffic movements (or, 

consequently, zero circulation).  

The proof for the unidirectionality of the MCF solution to problem PSP1 with the 

proposed lexicographic arc costs in this paper is straightforward. We first assume the 

MCF solution to PSP1 is not unidirectional. Then with a general example, we show that a 

non-unidirectional flow always leads to a negative cycle in the residual network, which 

contradicts the optimality of the MCF solution. 

Proof: Assume, in the MCF solution for the simple example network in Figure 5a, there 

is at least one street, (A, B) between intersections A and B that has positive flow in both 

directions (Figure 5c & 5f). Figure 5c shows the time expanded representation of an 

example in which a positive flow exists on the both directions between A and B during 

the time interval 1. And Figure 5f depicts another example that has positive flow both 

into and out of the intersection A, during the time interval 2. This situation at intersection 

A (Figure 5f), during the time interval 2, is exactly what we are trying to avoid, when 

applying the RTL algorithm to intersection flows at A.  

Assume that the street (A, B) with a free-flow travel time equal to one unit, is located in 

threat zone hα, with a threat level equal to α>0. Then, the lexicographic arc costs in the 

time-expanded transformation (Figure 5b) would be α for holding arcs, and α+β (where 

0<β<<1) for moving arcs. If the optimal MCF solution in this network is non-

unidirectional at intersection A, similar to the example flow patterns shown in Figure 5c 

and 5f, then in the residual network, there has to be a cycle with a negative length that 

consists of the cancellation of flow along the non-unidirectional street, plus holding the 

canceled flow at some nodes. For example, Figure 5d shows the residual network for the 

solution shown in Figure 5c, which includes the additive cancelation arcs (B2, A1) and 

(A2, B1) with negative arc costs. As it is shown in Figure 5e, by augmenting flow along 

the shown cycle, which is equivalent to canceling flow along arcs (B2, A1) and (A2, B1), 

and augmenting flow along  holding arcs (A1, A2) and (B1, B2), we can decrease the total 

cost by 2β. The capacity of augmented flow along this cycle is positive, because, 1) the 

original flows along (B2, A1) and (A2, B1) are assumed to be positive, (therefore the 

capacity of cancelation arcs in the residual network are positive), and 2) the holding arcs 
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have infinite capacity, due to the PQ traffic flow assumptions. Figure 5f-h depicts another 

example that confirms the existence of negative cycle with positive capacity in the 

residual network of a non-unidirectional flow. The positive flow on both directions of one 

street at a time always results in a negative cycle in the residual network, in a MCF 

problem in time-expanded network with the proposed lexicographic arc costs and PQ 

traffic flow model. The existence of such a negative cycle with positive residual capacity 

in the residual network contradicts the optimality of the solution. [For more information 

regarding the optimality conditions of a MCF problem please refer to (Ahuja et al. 

1993).] Therefore, the optimal solution has to be unidirectional.∎ 

 

Figure 5. Non-Unidirectional Example Solution to Lexicographic PSP1 
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In general, the proposed lexicographic approach is effective in generating unidirectional 

PSP1 optimal solutions for many problem formulations, such as minimizing the total time 

spent in the network modeled with PQ, SQ, or CTM traffic flow constraints (proven in 

Appendix A for CTM). The same is true for the formulation of PSP1 with the objective of 

minimizing the total exposure, if the traffic flow model does not model the queue spill-

back (e.g. the PQ traffic flow model used here).  

However, when the problem of minimizing the total exposure is modeled with a traffic 

flow model such as SQ or CTM, which can capture queue spillback, generating a 

unidirectional optimal routing solution becomes more complicated. The proposed 

lexicographic approach is not always effective with such models, because the set of 

optimal solutions to the primary objective may not include a solution without any 

circulation. Therefore if a zero circulation solution does not exist among the optimal 

solutions of the primary objective, the lexicographic problem will find a solution which 

includes circulation and thus may not be unidirectional.  

The optimal solutions to the primary objective may not include a solution without any 

circulation, if circulating in the network improves the objective value. This rare case only 

happens when a bottleneck queue spills back so far that the end of the queue may reach 

another threat zone with higher threat level. This spillback would block the discharge of 

other vehicles from the higher threat zone to the lower threat zone. Therefore in such 

situations, in the optimal solution, the vehicles may circle around inside the lower threat 

zone to make space in the lower threat zone for the vehicles arriving from the higher 

threat zone.  Figure 6 shows an example of such a situation in a network with two threat 

zones, one node in the high threat zone (node 1), two nodes in the low threat zone, one 

sink node in zero threat zone (node 4), and four links. Assuming a bottleneck on the link 

from node 2 to node 4, the traffic in the optimal solution would circulate from node 2 to 

node 3 (and from node 3 to node 2) to make space in the low threat area for vehicles that 

are arriving from node 1. In this case the optimal solution cannot be unidirectional and 

the RTL algorithm will not find a solution with non-conflicting movements at node 2. 
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Figure 6. Queue Spill-Back from Low Threat Zone to High Threat Zone 

This case only happens when the objective function is to minimize the threat exposure 

and the traffic flow model is capable of modeling queue spillback (e.g. CTM or SQ). 

Finding the unidirectional optimal solution for such problems requires further 

investigation and may require more complicated techniques. 

Since spillback does not occur with PQ, the lexicographic approach has been applied, and 

multiple real-network examples have verified the effectiveness and correctness of the 

decomposition technique. As long as a unidirectional routing plan must be generated, the 

proposed decomposition method in this paper is correct and exact. 

 

4. CASE STUDY 

A large-scale chlorine spill scenario was modeled for Tucson, AZ, with three threat 

zones, zone 1 with 1000 ppm chlorine concentration, zone 2 with 430 ppm chlorine 

concentration, and zone 3 with 20 ppm chlorine concentration. The threat level in each 

zone is assumed to be constant over time and equal to these chlorine concentrations. 

As shown in Figure 7, the gas disperses across a very large residential area. The threat 

zone 1 covers the whole University of Arizona campus and a large proportion of 

downtown Tucson. The threat zones 2 and 3 also cover several square miles of residential 

areas in the center and northeast of Tucson.  



99 

 

 

  

In the network there are 508 nodes and 1643 links (including centroid connectors) in zone 

3; 211 nodes and 600 links in zone 2, and 159 nodes and 438 links zone 1. The 

optimization was conducted on the master network that consists of the three threat zones 

plus 70 sink nodes outside the threat zones. The evacuation time window for all the 

scenarios were 75 minutes and the discretization time interval was 30 seconds. 

The lexicographic PSP1 was modeled and solved for 6 demand scenarios. The baseline 

demand scenario was generated based on the background vehicular traffic on the network 

from a typical weekday traffic assignment. The existing number of vehicles on each street 

and on each centroid connector at the time of disaster was assigned to the downstream 

node as the evacuation demand in the baseline scenario. For stress-testing purposes, the 

same pattern of demand was scaled up with factors of 2, 4, 8, 12, and 16 which 

constituted the other five demand inflated scenarios. 

As for the lexicographic objective function, a penalty cost of β=10
-6

 was applied to 

movement links. All of the optimal solutions were verified to be unidirectional. However, 

investigating the optimal patterns of flow reveals that these optimal solutions, despite 

being unidirectional over all individual time intervals, do not necessarily maintain a 

constant direction of flow over the entire evacuation time window for all the streets. For 

example, there are 5 streets in the Baseline scenario optimal routing solution over which 

the evacuation flows change direction at least once over the time window. This however, 

does not violate unidirectionality of the optimal solutions and does not affect the 

correctness of RTL. However, this does imply that the generated signal timing optimal 

plan may not be static for all the intersections, and some intersections may have dynamic 

timing over the evacuation time window. 

The RTL algorithm was coded in C++ and applied to the PSP1 optimal solutions for all 

scenarios, and the NCPFM for all intersections at all the time intervals were generated. 

Table 2 presents the optimization results of the two stages of the decomposition method 

for Tucson evacuation problem with all the demand scenarios. 
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Figure 7. Tucson Chlorine Spill Threat Zones from Dispersion Model 

 

Table 2. Case Study Computational Results 

Total 

Demand 

Evacuation 

Time Intervals 

(τ = 30 sec) 

Network 

Clearance 

Time 

(intervals) 

Minimal Total 

Exposure 

(ppm×30-sec) 

CPLEX 

Computation

al Time (sec) 

RTL 

Computation

al Time (sec) 

11,506 150 27 21,966,680 2.45 0.22 

23,012 150 31 54,867,400 3.9 0.31 

46,024 150 45 160,940,480 7.38 0.82 

92,048 150 85 547,876,020 15.88 1.29 

138,072 150 125 1,168,062,660 31.12 2.12 

184,096 150 150 2,036,849,680 60.12 3.63 
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The most important observation in reviewing the optimization results is the 

computational times that are fairly low, which indicates that the proposed model can be 

applied to large-scale “short-notice” or “no-notice” disaster scenarios, and the optimal 

routing solution can be generated in a reasonably short time. Another point regarding the 

computational times is, with the increase of the evacuation demand, the computational 

times increase. The comparison between the computational results of the two stages 

(CPLEX runs versus RTL runs) confirms the negligible computational time associated 

with stage 2 of the decomposition method. 

In terms of the evacuation clearance time, as the evacuation demand increases, the 

network clearance time grows from 27 time intervals (13.5 minutes) to 150 time 

intervals, which is assumed to relate to the effect of congestion on the traffic flow. 

Another insight into the optimization results is that in the last scenario with the total 

demand of 184,096, unlike every other scenario, the network clearance time is equal to 

the evacuation time window (150 intervals or 75 minutes). This implies that the 

evacuation time window that is set to 150 intervals might be a binding constraint with a 

non-zero shadow price. Therefore, it could be expected that with an increase in the time 

horizon the optimal objective value would decrease. 

Given that the objective function in this research is to minimize the total exposure to 

threat, it is expected that the optimal evacuation flow is affected by the topological 

features of the disaster threat zones.  Figure 8 shows two screen-shots of the simulated 

optimal IRIC evacuation flows that were generated for total demand of 11,506, by the 

proposed method in this research. Figure 8a is for the case that the threat levels equal the 

actual chlorine concentration in the Tucson chlorine scenario; and Figure 8b is a uniform 

threat scenario (no difference among zones 1-3).  The effects of threat zones features can 

be observed in comparing the two evacuation flow patterns. 
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Figure 8. Optimal Evacuation Flow Pattern for Non-uniform and Uniform Threats 

 

5. CONCLUSIONS 

The major contribution of this research is developing a framework to solve the real-sized 

optimal integrated routing and signal control (IRIC) problems in short time. This is made 

possible by a proposed decomposition method that reduces the computational complexity 

of the original IRIC problem into an optimal routing problem that is followed by a fast 

post-processing stage. What differentiates this technique from similar relaxation-based 

methods is that in our method, the optimal solution is generated after just one run of each 

sub-problem. In other words, there is no need for feed-back or iterative loops to integrate 

the two sub-problems. This feature, which significantly decreases the computational time, 

is made possible through the “unidirectionality” of the optimal routing solution. 

The identification and proof of unidirectionality in the single-destination optimal routing 

solution, together with the proposed techniques to achieve and exploit this property, is 

also a significant and unique contribution of this research. Further explorations of the 

unidirectionality concept in other evacuation models (e.g. optimal contraflow design, 

optimal cross elimination and movement prohibition strategies, system optimal static 

assignment, etc.) may also result in improvements to the state of practice. In addition, 

identifying cases for which spillback models (e.g. SP and CTM) produce unidirectional 

solutions is a subject of further research. 

The proposed solution technique has been implemented and applied to a hypothetical 

large-scale chlorine spill evacuation scenario placed in downtown Tucson, Arizona. The 
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optimal routing and signal control problem for the evacuation of background traffic from 

the threat area is modeled and optimized. The method is also stress-tested with some 

inflated demand scenarios. The results indicate that the proposed method is capable of 

solving the problem to optimal in a very short computational time, for the original and 

inflated demand scenarios. 
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Abstract 

This paper presents a new network-flow solution method that is designed for efficiently 

finding the optimal routing of traffic to evacuate networks with several threat zones, 

where the threat levels may be non-uniform across different zones.  

The objective is to minimize the total exposure (duration and severity) to the threat for all 

evacuees during the evacuation. The problem is formulated as a Minimum Cost Dynamic 

Flow (MCDF) problem, coupled with traffic dynamic constraints. The traffic flow 

dynamic constraints are enforced by well-known Point Queue (PQ) and Spatial Queue 

(SQ) models in a time expanded network presentation.  

The key to efficiency of the proposed method is that for any feasible solution, the 

algorithm can find and cancel multiple negative cycles, including the cycle with the 

largest negative cost, by a single shortest path run. This is made possible by a applying a 

proposed transformation to the original problem. 

A cost transformation function and a multi-source shortest path algorithm are proposed 

that facilitate negative cycle detection and cancelation in an efficient manner. The cycle 

cancelation is performed on a zone-by-zone basis, canceling the negative cycles at the 

border links of the zones. The solution method is proven to be optimal. The algorithm is 

implemented, tested, and verified to be optimal for a mid-sized example problem.  

 

Keywords: negative cycle canceling, multi-source shortest path, dynamic traffic 

assignment, evacuation  
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1. INTRODUCTION 

Last few decades have witnessed many man-made and natural disasters, including 

hurricanes, buildings on fire, bomb threats, chemical spills, etc. The increasing number 

and intensity of emergencies raise interest in an optimal preparation of an evacuation plan 

before the emergency occurs. These evacuation problems have been extensively studied 

by many researchers in a variety of modeling paradigms, with different selection of 

decision variables, objective functions, and constraint sets; moreover, the solution 

methods have generated a wide spectrum of approaches, suitable for the problem-specific 

purpose, context, capabilities, and performance. 

Evacuation management policies can be modeled, enhanced and optimized by 

mathematical optimization techniques. Tactical decisions that provide the scope and 

context of the evacuation plan have been chosen in various different ways, based on the 

evacuation control tools that are available to the decision makers. Common decisions 

selected for optimization concentrate on generating the evacuation advisory information 

including departure time, evacuation route, and destination choices for evacuees 

(Chalmet et al. 1982; Chiu et al. 2007; Choi et al. 1988; Cova and Johnson 2003; Sbayti 

and Mahmassani 2006). Additional tactical decisions may regard optimization of traffic 

control and network reconfiguration, to take advantage from the flexibilities in the 

network, and to favor a more efficient evacuation plan  (Chiu et al. 2008; Tuydes and 

Ziliaslopoulos 2006).  

Without considering fine details of traffic flow dynamics on the roadways, an evacuation 

can be formulated as a general dynamic network flow problem, namely by optimizing 

evacuation objectives as a network flow problem on a dynamic network. A set of 

objectives of dynamic flow problems could favor methods for evacuation optimization. 

Specifically, minimizing the network clearance time, is one of the commonly seen 

objectives in the evacuation literature. Its dynamic flow model counterpart is known as 

the Quickest Flow Problem (QFP) (Burkard et al. 1993; Fleischer 1998; Fleischer and 

Skutella 2007; Miller-Hooks and Patterson 2004). Another evacuation optimization 

objective is to minimize the total travel time spent by all evacuees in the evacuation 

process; such a model is formulated as the Minimum Cost Dynamic Flow (MCDF) 

problem. While solutions to the QFP minimize the time horizon, the Earliest Arrival 

Flow (EAF) problem (Baumann and Skutella 2009; Zheng et al. 2011) aims at optimizing 

the evacuation process (i.e., maximizing the amount of evacuees reaching safety) not 

only at the ultimate moment of clearance time, but also at every intermediate time point. 

Hence, the EAF problem is a multi-dimensional optimization problem on top of the QFP, 
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exploited in several evacuation studies recently (Baumann 2007; Zheng et al. 2010). It is 

noteworthy that all of these dynamic flow models are presented in a single-destination 

structure; this, however, does not restrict the evacuation problem because multiple 

destinations could be connected to a virtual super sink so that the single destination 

network structure applies. For a thorough survey on modeling dynamic network flow for 

evacuation studies, see (Hamacher and Tjandra 2002). 

Network flow solution algorithms are powerful and efficient methods for modeling and 

solving evacuation optimization problems. However, the details of traffic flow dynamics 

in real world is not easy (or even possible) to model in a network structure. Modeling 

traffic flow dynamics is where important traffic flow characteristics, such as the queuing 

discipline and congestion formation and spreading are modeled. In the literature, several 

traffic dynamic models have been proposed and encompassed in single-destination 

System Optimal Dynamic Traffic Assignment (SODTA) models, such as exit-flow 

function based models (Carey 1987; Merchant and Nemhauser 1978a, b; Nie 2011), the 

delay function-based models (Friesz et al. 1989), the Point Queue (PQ) model (Smith 

1991; Vickrey 1969; Zawack and Thompson 1987), the Spatial Queue (SQ) model 

(Drissi-Kaaitouni and Hameda-Benchekroun 1992; Nassir et al. 2013), and the kinematic 

wave (LWR) model (Daganzo 1994, 1995; Ziliaskopoulos 2000).  

In general, how traffic dynamics are modeled makes a substantial difference in terms of 

the properties of the solution and of the solution algorithms. Incorporating sophisticated 

traffic flow dynamics in the constraint set generally destroys the problem’s graph 

structure and makes the problem much harder to solve (Carey and Subrahmanian 2000; 

Kohler and Skutella 2002). As a result, most analytical evacuation models that are solved 

by network flow algorithms either lack the detailed dynamic flow features, or employ 

simple ones such as queue models. 

In this research, in order to take advantage from the efficiency of network flow 

algorithms, two simple traffic flow models (PQ and SQ) that have the advantage to be 

embedded in a network structure are adapted as the traffic flow propagation models. PQ 

and SQ can be modeled in time-expanded network structure with simple network 

transformations (Drissi-Kaaitouni and Hameda-Benchekroun 1992; Zawack and 

Thompson 1987). 

Another feature of the optimization problem in this research is the incorporation of the 

threat levels in the optimal routing strategy. Safety aspects in the evacuation routing 

problems have been recently incorporated by researchers in different contexts. These 
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approaches not only aim at optimizing the experienced delay in the process of evacuation, 

but they also optimize some safety measures for the evacuation plan. Opasanon and 

Miller-Hooks propose a pseudo-polynomial network flow algorithm (SEscape) that finds 

the set of paths and volumes which maximize the minimum chance of escape for all the 

evacuees (Opasanon and Miller-Hooks 2008). Liu et al. applied an SODTA model to 

minimize the weighted travel time among all evacuees in the network (Liu et al. 2006). 

Yao et al. also developed a robust linear programming model to minimize the weighted 

travel times (Yao et al. 2009). Kimms and Maassen incorporated non-uniform threat 

levels in their integrated routing and intersection control evacuation model (Kimms and 

Maassen 2012). They proposed a mixed-integer CTM-based SODTA formulation that 

minimizes the weighted travel times, while prohibiting the intersection movement 

conflicts. 

 

With a similar objective function to the optimization problem in this research, Nassir et al. 

formulated and solved an optimal routing problem that minimizes the traffic exposure to 

threat in a real-sized network chlorine spill scenario (Nassir et al. 2013) by modeling the 

problem as a Minimum Cost Flow problem (MCF) and solving it to optimal by CPLEX. 

However, in this paper the same problem formulation is tackled by developing a new 

network flow solution algorithm that takes benefit from the special pattern of links costs 

in this specific problem. 

The remainder of the paper is organized as follows. Section 2 presents the problem 

statement; Section 3 illustrates the proposed cost transformation, and the proposed cycle 

canceling algorithm. Numerical studies are conducted in Section 4 to numerically verify 

the results. Section 5 provides some conclusions on this work.  

 

2. PROBLEM SPECIFICATION 

2.1 Overview 

The objective of this research is to design an optimal routing for evacuation traffic such 

that the total risk exposure during evacuation is minimized. The exposure of an evacuee 

on each link in a certain threat zone is defined as the product of the dynamic travel time 

and the threat level of the zone. The decision variables for the optimization problem are 

the evacuees’ departure time, route, and destination.  
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What differentiates this optimization problem from typical evacuation models that 

usually optimize the clearance time or system travel time, is the consideration of threat 

levels (or exposure severity) on different links in the network. This feature not only 

introduces new parameters to the model, but also changes the objective function and the 

solution method required to solve the problem. The Single-Destination, SODTA (or SD-

SODTA) approaches, which are the most common approaches to evacuation problems, 

are no longer applicable to the specified problem because of the difference in the 

objective function.  

The formulation of the min-exposure evacuation problem in this paper is similar to that of 

the Minimum Cost Dynamic Flow problem (MCDF), with additional constraints to 

include traffic flow dynamics. The two traffic flow models that are selected for this 

research are the PQ and the SQ models, for their popularity in measuring queuing effects 

(formation and dissipation) in the evolution of traffic dynamics. In addition, PQ and SQ 

can be embedded in the constraints without destroying the model’s graph structure.   

The PQ model, first proposed by Vickrey (1969), assumes that traffic flow traverses at 

the free flow speed on the whole link until its end, where a queue may develop. The flow 

can exit the queue (or the link) with a limited capacity called the bottleneck capacity 

which is equal to the maximum number of vehicles that can traverse a link during one 

time interval. The queue depository can hold the excess flow with a finite or infinite 

capacity. The SQ model is similar to the PQ model, except that queue length is bounded 

by the maximal number of vehicles that the link can physically accommodate at jam 

condition. In the PQ model, flow entering a link is not bounded, meaning the queue never 

spills over to its upstream links. In the SQ model, however, queue spillover may occur; 

when the queue length reaches its capacity, no vehicles are allowed to enter the link.  

 

2.2 Mathematical Formulation 

 Consider a network        where   is the set of nodes and   is the set of links.   is 

divided into a set of mutually exclusive and collectively exhaustive subsets 

            , i.e.,              and                      

           .                      is a sub-network that includes the node 

subset located in the threat zone  , denoted by   , and the link subset including the links 

whose tail nodes are in the threat zone  , denoted by   .  A threat zone   is associated 

with a hazard level, denoted by   . For simplicity, the set of risk zones      are ordered 
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in decreasing   , i.e.,           . The safe area outside the disaster threat zones 

is zone  , and its hazard level     . 

Introducing the following notation, the evacuation problem in our study can be modeled 

as P.  

 : Time horizon, 

   :  Indices for the discrete time step, 

   
 : Number of vehicles in link       during  , 

  : Threat level at node  , 

   
 : Number of vehicles that flow into link       during  , 

   
 : Number of vehicles that flow out of link       during  , 

   : Free flow travel time of link      , 

  
 : Time-dependent demand in a source node   during  , 

  : Total demand in a source node   for the entire horizon, i.e.,    ∑   
 

 ∈     , 

   : Bottleneck capacity of the link      , 

   : Capacity of storage at the link      , 

  : Set of all successors on node i, 

  
  : Set of all predecessors on node i, 

 

         ∑ ∑ ∑       
 

     ∈             

  (1) 

Subject to: 

   
       

     
     

        ∈         ,  (2) 
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     ∈  
  

 ∑    
 

     ∈  

   ∈         ,  (3) 

   
     

  ∑    
 

 

       

       ∈         ,  (4) 

∑  
 

 

   

      ∈  ,  (5) 

    
          

            ∈         ,  (6) 

   
      ∈         ∈           (7) 

   
       

       
      

      ∈         ∈           (8) 

   

The objective function in P is to minimize the sum of the flow being exposed to the 

defined threat on each link. The sum is over all the links, in all the threat zones, and for 

all time intervals. Equalities (2) and (3) are the conservation of flow at links and nodes. 

Inequality (4) guarantees the legitimate propagation of flow on the links, with sufficient 

travel time from entrance to exit on a link. Inequalities (5), (6), and (8) are respectively, 

demand, bottleneck capacity, and non-negativity constraints. Equation (7) specifies that 

the evacuation flow for all the links at the start time is zero. 

While the traffic flow constraints in model P are written to comply with the PQ model, 

adding inequality (9) to the constraint set adjusts P to SQ model. Inequality (9) is the 

storage capacity constraint.  

   
            ∈           (9) 

Model P, in both PQ and SQ versions, is a Minimum Cost Dynamic Flow (MCDF) 

problem, since the terms in the objective function of P are directly associated to the flow 

on the links, and the constraints set in P has a graph structure. In order to solve P the 

problem is transformed into a Minimum Cost Flow (MCF) problem in the time-expanded 

representation. The only thing that should be taken into consideration is that in such a 

transformation, the PQ and SQ constraints (equations 6 and 9) have to be reflected in the 
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network structure. More detailed discussion about this transformation (link 

transformation) is provided next. 

 

3. METHODOLOGY 

In the solution method proposed in this paper, instead of solving P as a linear 

optimization problem, the problem is transformed to a special minimum cost flow 

problem in a time-expanded network that has a set of specially defined “turnstile costs” at 

the thereat zones’ borders. In order to make this happen, two transformations are applied 

to the base roadway network in problem P, Link Transformation (LT) and Cost 

Transformation (CT).  

 

3.1. Link Transformation (LT) 

In order to model the SQ (or PQ) traffic flow constraints in the evacuation problem, a 

link transformation, LT, originally proposed by Drissi-Kaaitouni and Hameda-

Benchekroun, 1992, is adapted.  

Figure 1 shows the LT transformation for a simple example network, with 1 source node, 

2 sink nodes, and 2 links. As it is shown in the transformed network, for all the time 

intervals and at each time-copy of the network, a dummy node (shown with black dotted 

squares in Figure 1) is generated for each link (that is in the base network) which 

represents the queue at the link. The flow exiting the source node to the links can either 

proceed to the sink nodes, or stay (hold-over) in the queue for another time interval 

(depending on the congestion state at the link). The moving flow to the sink has a 

capacity equal to the bottleneck capacity of the link, Cij ; and the hold-over flow in the 

queue has the capacity equal to the capacity of storage at the link, Sij. 

PQ and SQ can be modeled with assigning the appropriate flow capacity on holdover arcs 

(Sij). In the former, the link hold-over capacities are infinite; and in the latter, the hold-

over capacities are set to the actual capacity of storage at the link. Therefore, the rest of 

the solution procedures in this paper will be on the LT transformed network and the same 

for both PQ and SQ.  
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Figure 1. Example of Link Transformation 

3.2. Cost Transformation (CT) 

A cost transformation function,    
  , has been proposed in this paper which is inspired by 

“turnstile cost” first introduced by (Hamacher and Tufekci 1987). In this section the 

proposed turnstile cost,    
 , is presented, and it is proven that the problem of finding the 

minimum turnstile cost flow P’ is equivalent to the original problem P. 

Denote the sets of boundary (inter-zonal) links (that cross between two different threat 

zones) by              ∈     ∈        , where node   belongs to risk zone   and 

node   belongs to risk zone  , and    . Let    be the severity of threat associated with 

zone   , and    that associated with zone  . The proposed turnstile cost function    
  for 

link       at time 𝜏 would be:  

   
  𝜏                                                                           ∈      𝜏          (10) 

Where node   belongs to risk zone   (i.e  ∈   ) and node   belongs to risk zone   

      ∈   ). The resulting turnstile cost      
   for link       at time 𝜏 is equal to the 

differential threat level at the two ends of it, multiplied by the time index 𝜏. Therefore, 

   
  = 0 for all the links that have equal threat levels at the two ends, or simply the links 
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lying inside the zones. Such links may be called intra-zonal links, as opposed to inter-

zonal (or boundary links) which have non-zero transformed costs. 

The mathematical formulation of the transformed cost problem (min-turnstile-cost 

problem) is: 

           ∑ ∑    
     

 

     ∈      

  (11) 

Subject to: Equations (2-9) 

Theorem 1.  The problem P is equivalent to the min-turnstile-cost problem P’.  

Proof:  The only difference between the two problems is in the objective functions. We 

prove that the objective functions are equivalent. 

Rewrite the objective function of P as follows:  

∑ ∑       
  

     ∈      

∑ ∑     ∑    
 

     ∈  

 

           

                                          (12)  

The term ∑    
 

     ∈  
  in the right hand side of (12) is the total time spent in threat zone a, 

(where Aa is the set of links whose tail nodes are located in threat zone a), and can be 

rewritten as: 

∑    
 

     ∈  

 ∑ ∑  𝜏      
  

     ∈          

 ∑ ∑  𝜏      
  

     ∈          

 ∑ 𝜏     
 

 ∈  

      (13)  

The term ∑  𝜏     
 

     ∈  
     in the right hand side of equation (13) is related to the 

evacuation demand   
 at zone a. Therefore, it is constant and can be eliminated. 

Using equation (13), the right hand side of (12) can be rewritten as: 

 ∑ ∑  ∑ ∑     𝜏      
  

     ∈          

 ∑ ∑     𝜏      
  

     ∈                     

        (14)  

Which can again be rewritten as:  

 ∑ ∑    ∑ ∑         𝜏      
 

     ∈                     

     (15)  
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   ∑ ∑         𝜏      
 

           

  ∑ ∑    
     

 

     ∈      

 

Since the right hand side of (15) is the objective function of P’, the proof is concluded. □ 

 
 

Figure 2. Example of CT Transformation: (A) Original Network with Two Threat Zones, 

(B) LT Transformed Network, (C) LT and CT Transformed Network. (bold black arcs 

have non-zero costs) 

 

Figure 2 shows how CT transformation is applied. What makes P’ easier to solve is that 

in the network representation of P’ (the CT transformed network) the links with non-zero 
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costs (the bold connectors in Figure 2) are just restricted to inter-zonal links, as opposed 

to the original case in which all the links with positive travel times had positive arc costs.  

3.3. Solution Method 

3.3.1. Overview 

The solution method in this paper is based on the Negative Cycle Canceling method of 

solving the MCF problem (Ahuja et al. 1993). Taking benefit fom the special structure of 

the proposed turnstile cost, an efficient way is proposed to identify the greatest negative 

cost cycle on the transformed network.  

 

Figure 3. (A) Original Network with Two Threat Zones, (B) SS1 and SS2 in “LT” And 

“CT” Transformed Network 

The solution method has multiple stages, where the number of stages is equal to the 

number of threat zones in the evacuation. At the first stage, the solution process starts 

with the innermost threat zone (which is the one that contains no other threat zones), sets 

it as the Study Sub-network, and isolates it from the rest of the network. Then, for the 

first Study Sub-network (SS1), a feasible flow is generated in a way to evacuates all the 

demand from SS1. Next, a proposed Negative Cycle Detection (NCD) algorithm 

iteratively finds the negative cycles and cancels them until there are no negative cycles 

left for SS1. Then, the study subset moves one threat zone out to the second Study 

Subnetwork (SS2). Same steps are repeated for SS2, with the only difference that at the 
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feasible flow to begin with in this stage evacuates all the demand inside SS2 plus all the 

flow from SS1 at stage 1. The algorithm continues until the last stage k, in which the SSk 

is the whole evacuation area. Figure 3 shows an example of a CT transformed network 

and the associated Study Subnetworks for the solution algorithm.  

3.3.2. Negative Cycle Detection and Cancelation 

A Negative Cycle Detection (NCD) algorithm is proposed in this research that is 

basically a Multisource Shortest Path (MSP) algorithm running on the residual network to 

find the negative cycles. MSP algorithm is a very efficient tool in solving optimal 

location problems (Nassir et al. 2012). MSP algorithm is similar to typical labeling 

shortest path algorithms, with the only difference that the labeling process in MSP starts 

with more than one node, being the sources or the roots of the shortest path tree. This 

way, when an MSP algorithm terminates, the final calculated label at each node is the 

distance (or shortest travel time, etc.) of that node measured from the whole set of the 

sources, i.e. from whichever source node that is closer to the labeled node. As a result, 

the MSP algorithm can be considered as a location choice (source/destination choice) 

problem solver too.  

At each iteration of NCD, a label and a path are found for all the border nodes
*
 i of the 

study sub-network. The associated path is the optimal path which has the largest negative 

cost of flow going to i from another node j (which is optimal node among all candidate 

nodes in that border). Note that the path to i that is found optimal determines the optimal 

upstream node j too. And the label of i equals the total cost associated with the path from 

j to i.  

In NCD at each iteration, the labels and paths for all the border nodes are calculated with 

a single run of MSP. This is made possible by setting the initial labels of all the border 

nodes to zero and running the MSP with all those nodes as sources.  

Having all the node labels, the NCD searches for the node with the largest negative label, 

and augments the maximum possible flow to the path that is associated with that 

label/node. This way, the largest negative cycle among all possible cycles from all the 

border nodes to all of them is detected and canceled.  

                                                 

*
 Border nodes of the Study Sub-network “SS”, are the nodes outside SS that are connected to at least one 

node inside SS. 
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As it can be understood from the method, NCD is not exactly a negative “cycle” 

detection module, but more precisely a negative “path” detection algorithm. The only 

reason that it is called “cycle cancelation” in this paper is that readers can associate it 

with the well-known cycle cancelation network flow optimization method that has similar 

algorithmic steps. For general information about “residual network”, “cycle canceling 

algorithm”, and “flow augmentation”, see Ahuja et al. (1991). 

The step by step NCDM algorithm for Study Sub-network i (SSi) in the residual network 

is as follows. 

0. Start with a feasible flow to evacuate SSi in the LT transformed sub-network and 

update the residual network based on that, 

1. Label all the SSi border nodes to zero, 

2. Run MSP with “all SSi border nodes at all the time intervals” as the set of sources,  

3. The border node with the smallest label is the downstream node of an augmenting 

path which represents the cycle with the greatest negative cost. The augmenting path 

and the upstream node can be found by back tracking the sequence of predecessors, 

4. All of the border nodes with negative labels (as they correspond to negative cycles) 

get augmented to the largest possible flow along the associated path, in an increasing 

order of labels, 

5. i := i+1; go back to step 0. 

It is important to note that negative cycles never exist inside the Study Sub-networks, 

even at the beginning of stage i. The reason is that all possible negative cycles that could 

have existed in SSi, are canceled in stage      , on the borders of SSi-1. Otherwise, the 

NCD algorithm would fall into an infinite loop during the shortest path run. Again, all the 

flows that are augmented in our algorithm are augmented along negative cost paths in the 

Study Sub-network, rather than along negative cost cycles. 

As a simple example to an NCDM run for a sub-network with 3 nodes inside the sub-

network (nodes 1-3) and a single border node (node 4), Figure 4(a) shows a feasible flow 

in SSi, 4(b) shows the residual network and the NCDM run. The run starts by setting the 

labels to zero for the copies of node 4 in all time intervals; then, after a multisource 

shortest path calculation, the labels get updated. The smallest label is -4, which belongs 

to the node that is selected as the downstream node of the augmented flow. Figure 4(c) 

shows the augmented flow path and 4(d) shows the result after the augmentation, which 

is the optimal solution. 

 



122 

 

 

  

 

Figure 4. Example of NCDM: (a) One Feasible Flow, (b) Residual Network and NCDM 

Run Labels “L”, (c) Augmented Flow, (d) Optimal Solution 

It is worth noting that the solution algorithm is effective only under the condition that all 

arc costs inside the threat zones are zero. This condition is achieved by the proposed cost 

transformation. By isolating the Study Subsets from the rest of network, the solution 

algorithm traces the negative cost cycles at the borders. Once all the cycles at the first 

border are removed, the algorithm moves to the outer sub-netwrok. Therfore, negative 

cycles never exist inside Study Subnetworks, and all the cancelations happen at the threat 

zone borders.  

After one run of the NCDM on Study Sub-network i (SSi) in the LT transformed network, 

the number of detected cycles are at most equal to (Number of time intervals in the 

horizon)  (Number of SSi border nodes). The negative cycle with the greatest negative 

cost is among the detected negative cycles. The negative cycles detected by NCDM will 

be augmented to their capacity limit, one by one, starting from the greatest negative cycle 

and proceeding in a decreasing order. However, after each augmentation the residual 

network has to be updated, and after each update there is a chance that some or all of the 
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remaining negative cycles disappear (having zero remaining capacity), due to possible 

overlaps between the canceled cycle and the remaining cycles. The cancelation continues 

until all of the detected cycles are either canceled or disappear. Then, NCDM is run again. 

The same canceling and NCDM runs continue until the NCDM detects zero negative-cost 

cycles. The resulting flow is the optimal for the SSi evacuation. Next step is moving to 

SSi+1.  

 

3.4. Proof of Optimality 

Theorem 2 (Negative Cycle Optimalty Condition) A feasible solution x* is an optimal 

solution of a MCF problem if and only if the residual network Gr(x*) has no negative 

cycles. 

Proof: The proof is provided in Ahuja et al. (1991), Theorem 9.1. 

Because the problem P’ is a MCF problem, based on Theorem 2, if we can prove that the 

proposed algorithm generates a solution in a residual network with no negative cost 

cycles, the optimality of the solution is proved. 

Our proof is based on mathematical induction. Therefore, we need to prove two 

propositions:  

Proposition I. There are no negative cost cycles inside the residual network of SS1. 

Proof: Based on the definition of turnstile cost in the CT transformation, there are no arcs 

with a negative (or non-zero) arc cost inside SS1. Therefore there is no arc with negative 

costs inside the residual network of SS1. Therfore, there are no negative cycles inside the 

residual network of SS1. 

Proposition II. If there are no negative cycles inside the the residual network of SSi, it 

can be concluded that at the end of stage i there are no negative cycles inside the the 

residual network of SSi+1.  

Proof: Since there are no negative cycles inside the the residual network of SSi, then if 

there is a negative cycle inside the the residual network of SSi+1, it has to cross the SSi 

border on at least two arcs. Therefore, it generates a negative path inside the SSi from one 

of the arcs to another. But, a negative path inside SSi is a contradiction of the fact that 

stage i of the algorithm has finished. Thus, it can be concluded that at the end of stage i 

there are no negative cycles inside the the residual network. 
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Based on Propositions I and II, and using mathematical induction, we can infer that at the 

end of the last stage of the algorithm there will be no negative cycles inside the the 

residual network of whole evacuation area. This concludes the proof of optimality.  □ 

 

4. IMPLEMENTATION AND VERIFICATION 

The solution algorithm in this paper was coded (in C++) and applied to a mid-size test 

network, and the quality of solution was verified for several different scenarios that were 

generated for verification purposes.  

When implementing the solution algorithm, in order to generate a feasible solution to 

start each stage, an all-or-nothing traffic assignment is performed on the roadway 

network, for the evacuation demand inside the Study Subset and the inflow from the 

previous stage.  

The test network is a grid network with 100 nodes and 360 links. Three threat zones, with 

threat levels h1, h2, and h3 are defined for the test network, which are respectively equal 

to 3, 2, and 1 (see Figure 6). In the test network, the threat level outside zone 3, which 

represents the safe area, is set to zero. 

All of the links in the network are two-way streets with two lanes each way, with a free 

flow travel time equal to one minute. The storage capacity for the links is calculated 

based on 30 feet of space occupation for each vehicle in the queue. The time resolution is 

1 minute and the number of time intervals is set to 50. Ten different scenarios were 

designed with randomly generated demand patterns, with total demand ranging from 

7,127 to 32,927 vehicles.  

For verification purposes, the original MCF problem for each scenario was coded and 

solved with the commercial optimization software package CPLEX (IBM ILOG CPLEX 

Optimization) (CPLEX 2009). For all of the generated scenarios the quality of solutions 

was confirmed. In other words, the objective values found by our solution method were 

equal to the ones found by CPLEX when solving the original MCF, for all of the 

generated scenarios. Table 1 shows the results for 10 scenarios. 
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Figure 6: Test Network with Three Threat Zones 

Table 1: Test Results for the PQ Model 

Scenario  Total 

demand 

Total 

number of 

MSP runs 

Total 

number of 

canceled 

cycles 

Optimal 

objective 

value 

Computational 

time (seconds) 

Optimal 

objective 

value of SQ 

model 

1 7127 27 161 26979 7 26979 

2 7927 33 184 35504 7 35504 

3 10327 41 267 53402 15 53402 

4 13927 72 429 85131 32 85131 

5 14427 82 478 83723 39 83723 

6 18027 131 702 117940 62 117940 

7 18927 119 744 138723 49 138723 

8 20827 154 792 170450 110 170450 

9 21927 195 1006 223631 172 223631 

10 32927 290 1772 456868 282 456868 
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The interesting observation in the test application was that for all 10 of the tested 

scenarios, the problem formulation based on the PQ model had the same optimal 

objective value as the problem formulations based on the SQ model.  

5. CONCLUSIONS 

The solution method proposed in this study finds the optimal routing of traffic to 

evacuate a network with several threat zones, where the threat level may depend on the 

exposure or risk in each zone. However, this methodology can be generally applied to all 

zone-based optimal routing problems in which the arc costs are proportional to arc travel 

times.  

The cost transformation technique that is proposed to exploit the special pattern of the arc 

costs in our study does not require any assumptions on the shapes, locations and the 

amount of threat associated with the threat zones. Although the solution algorithm is 

presented and tested in the context of concentric threat zones, it can be easily extended to 

arbitrary structure of threat zones and with desired threat levels. 

The algorithm was implemented and tested for a mid-sized grid test network. The quality 

of the solution was verified to be optimal. Moreover, we have shown the use of this 

model under reasonable traffic flow dynamics, using constraints reflecting the PQ and SQ 

traffic flow models. The test application shows that for all for the tested scenarios the PQ 

and SQ models produce the optimal flow with the same objective function value. 

However, it is worth mentioning that this equality between the PQ and SQ models is not 

necessarily binding, in general.    
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Abstract 

This paper presents a traffic network evacuation model with non-uniform threat levels, 

minimizing an objective of total exposure (duration and severity) to the threat among all 

vehicles. The model is essentially a min-cost dynamic flow problem with time-dependent 

arc costs. The traffic flow models included in this representation are the point queue and 

the spatial queue models. The evacuation model is solved to optimality on a time-

expanded network using commercial software, CPLEX.  

A realistic large-scale chlorine spill dispersion model is developed, from which the 

evacuation threat zones for Tucson (AZ) evacuation scenario are extracted. The proposed 

modeling and solution method is applied to Tucson chlorine spill network with several 

demand scenarios, and the optimal traffic routing strategy is generated in a reasonably 

short computational time. 

 

Keywords: evacuation planning, dynamic network flow models, chlorine spill
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1. INTRODUCTION 

There has been considerable research over the past thirty years in planning for 

evacuation. In many cases, certain geographic areas have a well-defined set of scenarios 

that they may consider in preparing for possible emergency evacuations. These can 

include scenarios involving hurricanes, flooding, or other natural disasters, as well as 

man-made disasters such as terrorist events, industrial accidents, or other types of events. 

For the purposes of evacuation planning, many agencies will consider different traffic 

management strategies, including providing evacuation routes to drivers, providing 

supplemental mass transit service to evacuate the carless, and determining routing to get 

first responders to the scene of the disaster. These strategies, of course, may depend 

directly on the characteristics of the emergency and the evolution of traffic and the 

disaster itself during the event. 

For this research, we examine a specific disaster scenario in which a toxic cloud of 

chlorine is released over a populated area. This scenario results in different levels of 

exposure in time and space, as the cloud disperses in a particular direction, spreading 

over space and over time. The challenge in planning for such a scenario involves 

understanding the nature of the chlorine release, and in understanding the possible 

routing strategies to minimize exposure to the chlorine. Each of these aspects of this 

evacuation scenario is described in detail below. 

Background of Toxic Chlorine Release 

Every year thousands of tons of liquid chlorine travel by rail in the United States. At 

room temperature, chlorine is a toxic gas with a greenish-yellow color, with a boiling 

point of -34°C, molecular formula Cl2, and density of 3.2 g/L. It is widely used in water 

and wastewater treatment facilities as a disinfectant and purifier all over the country. 

Direct exposure to chlorine gas irritates the respiratory system, eyes, and skin. The 

exposure consequences, depending on the concentration and duration, range from minor 

irritations to quick death. 

Chlorine is usually transported in liquid form in 90-ton railcar tanks across the country. 

On their way to their destinations, these tanks travel on the rail network through cities, 

wait in the rail stations to transfer from one train to another, and stay in inventory sites 

for several days. During transportation, chlorine tankers spend a significant amount of 

time in highly populated urban areas. Any possible railroad accident or possible 
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intentional attacks on the containers may end in a release of huge amounts of chlorine 

into the environment, and may endanger residents’ lives and health. In the US, there have 

been several recorded incidents of unintentional chorine spills during rail transport. The 

railcar accident in Graniteville, SC, 2005, which led to release of 60 tons of chlorine from 

three 90-ton chlorine tankers involved in the accident (Figure 1), resulted in 9 fatalities, 

over 500 citizens hospitalized due to the inhalation of toxic gas, and about 5400 

evacuated from the area for two weeks [1]. In another accident in Macdona, TX, in 2004, 

60 tons of liquefied chlorine was released, which ended in 3 fatalities, and 29 citizens 

were treated for respiratory distress or other injuries related to the collision and 

derailment [2]. 

 

Figure 1. Rail Accident Led to Chlorine Spill in Graniteville, SC, 2005. 

(Photo: Todd Sumlin, the Associated Press) 

 

When chlorine leaks from a tank, at the beginning the concentration of poisonous gas is 

the highest at the source location. Then it starts to spread to distant locations above the 

ground. Since chlorine is heavier than air, it disperses at ground level and does not rise 

high in the air. In case of a chlorine spill happening in an urban area, one can expect a 

large number of residents being exposed to the poisonous gas downwind of the spill. 

Studies indicate that under a hypothetical terrorist attack on chlorine tankers in highly 

populated urban areas, such as the National Mall in Washington DC, during a major 
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outdoor public event, like the evening of July 4th, the number of fatalities could reach to 

the tens of thousands [3,4,5]. 

Chlorine spill models in our study show that in a regular tank size chlorine release, the 

concentration of chlorine can exceed the IDLH level (Immediately Dangerous to Life and 

Health level, equal to 10 ppm for chlorine) several miles downwind of the leak location. 

Section 2 in this paper describes the scenario development and the details related to the 

spill and dispersion model for the Tucson, Arizona urban area. 

Background of Evacuation Optimization 

Evacuation optimization problems have been extensively studied by many researchers in 

a variety of modeling paradigms, with different selection of decision variables, objective 

functions, and constraint sets. Moreover, the solution methods have generated a wide 

spectrum of approaches, suitable for the problem-specific purpose, context, capabilities, 

and performance. 

Tactical decisions that provide the scope and context of the evacuation plan have been 

chosen in various different ways, based on the evacuation tools that are available to 

decision makers. Common decisions selected for optimization concentrate on the 

departure time, route, and destination choices for evacuees [6,7,8,9,10]. Additional 

tactical decisions may explore traffic control and network reconfiguration, to account for 

network flexibility and to enable the redesign of network resources and policies to favor a 

more efficient evacuation plan [11,12]. 

Evacuation problems can be formulated as dynamic network flow problems, namely by 

investigating evacuation objectives as a network flow problem on a dynamic network. A 

dynamic network consists of the same static network but with an additional attribute, 

called traversal time, specifying the travel time from the tail of an arc to its head. This 

attribute adds a whole new set of constraint to dynamic flow problems related to the 

dynamics of flow propagation along the links in the network. In static flow problems, 

travel time attributes may be associated to the links, but they are treated just as travel 

costs, and they do not add flow constraints to the problem.  

A set of objectives of dynamic flow problems could favor methods for evacuation 

optimization. Specifically, minimizing the clearance time (the time required to complete 

an evacuation process) is one of the commonly-seen objectives to get people out of the 

threat in the evacuation literature. Its dynamic flow model counterpart is known as the 

quickest flow problem (QFP) [13,14,15,16]. Another widely chosen evacuation objective 
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is to minimize the total travel time spent by all evacuees in the evacuation process; such a 

model is described as the min-cost dynamic flow problem. While solutions to the QFP 

minimize the time horizon, earliest arrival flow (EAF) problem [17,18] aims at 

optimizing the evacuation process (i.e., maximizing the amount of evacuees reaching 

safety) not only at the end of evacuation time span, but also at every intermediate time 

point simultaneously. Hence, the EAF problem is a multi-dimensional optimization 

problem on top of the QFP, being recently exploited in several evacuation studies 

[19,20]. It is noteworthy that all of these dynamic flow models are characterized by a 

single-destination structure; this, however, does not restrict the evacuation problem since 

multiple destinations could be connected to a virtual super sink. For a thorough survey on 

modeling dynamic network flow for evacuation studies, see Hamacher and Tjandra, 2002 

[21]. 

More related to the topic of the optimization problem in this paper, safe routing 

evacuation problems have been recently explored by researchers in different contexts. 

Opasanon and Miller-Hooks [22] propose a pseudo-polynomial network flow algorithm 

(SEscape) that finds the set of paths and volumes which maximize the minimum chance 

of escape for all the evacuees. Liu et al. [23] apply an SO-DTA (system-optimum 

dynamic traffic assignment) model to minimize weighted travel time among all evacuees 

in the network. Nassir et al. [24] propose a cycle-canceling algorithm to minimize the 

total exposure among all evacuees, in a time-expanded network with a proposed 

transformation of the travel costs.  

In this paper the evacuation problem is to minimize the evacuees’ exposure to the threat 

(duration and severity) in a chlorine spill scenario. This problem is formulated as a 

Minimum Cost Dynamic Flow problem with embedded traffic flow (point-queue/spatial-

queue) constraints. Section 2 briefly describes Tucson chlorine spill scenario. Section 3 

explains the evacuation model characteristics and solution approach. Section 4 explains 

the application of the evacuation model to the Tucson chlorine spill scenario and 

illustrates the resulting solutions and analyses. Section 5 concludes the paper and 

proposes possible direction to improve the model. 

 

2. TUCSON CHLORINE SPILL SCENARIO 

The Union Pacific Railroad passes hundreds of chlorine railcars through Tucson 

downtown every year [25]. The railcars are normally 90-ton tankers that carry liquefied 

chlorine. In case of a spill happening in the chlorine containers, due to an accidental crash 

or an intentional terrorist attack in downtown Tucson, under Tucson atmospheric 
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situations with a northeast wind direction, a poisonous chlorine cloud may spread over 

Tucson downtown, the University of Arizona campus area, and a large residential area in 

the center and north of Tucson, and endanger hundreds of thousands of people.  

In this section we present a hypothetical chlorine spill disaster scenario happening in 

downtown Tucson. We model the chlorine gas dispersion over the urban area, and study 

the resident population affected by the actual spread of chlorine, characterized by varying 

threat severity levels. To mimic a “source emission” from the railcars in Tucson 

downtown, and a dynamic “gas dispersion” toward the central Tucson area, we used 

ALOHA (Areal Locations of Hazardous Atmospheres) [26], an atmospheric dispersion 

model developed by US Environmental Protection Agency (EPA), widely used for 

evaluating releases of hazardous chemical vapors.  

The concentration levels of chlorine for defining the threat zones in ALOHA are selected 

based on published guidelines for toxic exposure thresholds and health impacts of 

chlorine [27,28,29]. Table 1 shows a summary of different concentration levels of 

chlorine and their effects on human health and life. 

Table 1. Chlorine Effects on Human Health and Life 

Effects on Human Health and Life 
Concentration 

(ppm) 
Exposure 

(minutes) 
Known as: 

Chlorine odor perception 0.2 - 0.4 - - 

Irreversible adverse long-lasting 

effects on health or an impaired 

ability to escape 

>0.71 480 

AEGL-2 

>1 240 

>2 60 

>2.8 30 

>2.8 10 

Immediate danger to life and health 10 - IDLH 

Life-threatening health effects or 

death 

>7.1 480 

AEGL-3 

>10 240 

>20 60 

>28 30 

>50 10 

Lethal effects >430 30 - 

Fatal >1000 Few minutes - 

 

Three concentration levels are chosen to generate the Tucson chlorine spill model in 

ALOHA, to effectively reflect the spectrum of the actual effects of the poisonous gas on 
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the population’s health in triggering an evacuation order. The highest concentration level 

chosen is 1000 ppm which causes death in few minutes. The intermediate concentration 

level is 430 ppm, which might cause lethal effects by exposure of 30 minutes and more. 

The lowest concentration level is AEGL-3 at 20 ppm, the airborne concentration above 

which it is predicted that the general population, including susceptible individuals, could 

experience life-threatening adverse health effects or death within 60 minutes exposure to 

chlorine. In fact the third concentration level chosen for our model, 20 ppm, is also 

ERPG-1 (Emergency Response Planning Guideline Level 1) for chlorine exposure, which 

is the maximum concentration in air below which it is believed nearly all individuals 

could be exposed for up to one hour without experiencing other than mild transient 

adverse health effects or perceiving a clearly defined objectionable odor. The 

concentration levels that are chosen for the ALOHA model are associated with the 

outdoor chlorine concentration level. The indoor concentration level could be much 

lower. Assuming doors and windows are closed and the air conditioning systems are off 

in the buildings, ALOHA also provides the indoor concentration of chlorine for each 

chosen point of interest located in the threat zones.  

For generating the worst case chlorine spread scenario, the volume of release for the 

Tucson scenario is set to the equivalent of three 90-ton chlorine tankers. It is assumed 

that the spill occurs at the Union Pacific railroad station in downtown Tucson, and the 

wind is in east-northeast direction at the speed of 6 mph.  

The threat zones generated by Aloha for 1000 ppm, 430 ppm, and 20 ppm chlorine 

concentrations are shown in Figure 2. Under the specified situation, ALOHA output 

indicates that the first threat zone (in which the maximum outdoor concentration over 

time exceeds 1000 ppm) reaches to 1.7 miles downwind of the spill covering an area over 

3 square miles, while the second threat zone (in which the maximum outdoor 

concentration over time exceeds 430 ppm) reaches up to 2.4 miles downwind of the spill 

covering an area over 5 square miles, and the third threat zone (in which the maximum 

outdoor concentration over time exceeds 20 ppm) reaches 6 miles downwind of the spill 

covering an area over 26 square miles. In the output of ALOHA there are 95% 

confidence lines associated with each one of the threat zones that cover areas even much 

larger, indicating a possible affected region due to uncertainties of wind speed and 

direction. 
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Figure 2. Tucson Chlorine Spill Threat Zones from AHOLA Dispersion Model 

As shown in Figure 2, the ALOHA spread model indicates that a chlorine spill with the 

specified scenario characteristics may result in chlorine spread across a large area. The 

threat zone 1 covers the whole University of Arizona campus area and a large proportion 

of Tucson downtown. The threat zones 2 and 3 also cover several square miles in 

residential area located in the center and northeast of Tucson. The number of blocks and 

population in each threat zone (from US Census, population data 2010) are presented in 

Table 2.  

Table 2. Number of Blocks and Populations in the Threat Zones  

Impact Area Number of Blocks Population 

Threat Zone 1 (1000 ppm) 531 22,876 

Threat Zone 2 (430 ppm) 802 31,768 

Threat Zone 3 (20 ppm) 2,259 123,812 

1000 ppm confidence area (95% ) 1,329 47,382 

430 ppm confidence area (95% ) 1,840 73,931 

20 ppm confidence area (95% ) 5,282 308,368 
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3. EVACUATION MODEL 

Overview 

The objective of this research is to find the optimal routing strategy for evacuating the 

traffic from the chlorine spill threat zones in the Tucson scenario, such that the total risk 

exposure during the evacuation is minimized. The exposure of an evacuee on each link is 

defined as the product of the travel time and the threat level (chlorine concentration) for 

each link at the specific time. The decision variables of the optimization problem are the 

evacuees’ combined choices of departure time, route, and destination.  

Different from typical evacuation models that usually optimize the clearance time or 

system travel time, the presented model features varying threat levels (or exposure 

severity) at different geographical locations in the network. This feature 

methodologically leads to a different objective function, rather than minimization of 

clearance time or system travel time. Perhaps more importantly, this feature also renders 

a dissimilar solution method in the algorithmic design. The Single-Destination, SO-DTA 

(or SD-SODTA) approaches, which are the most common approaches to evacuation 

problems, are no longer applicable to the specified problem because of the different form 

of the objective function. 

We formulate the min-exposure evacuation problem as a Minimum Cost Dynamic Flow 

problem (MCDF), plus additional constraints to capture traffic flow dynamics. Two 

traffic flow models are selected: the Point-Queue (PQ) model and the Spatial-Queue (SQ) 

model, for their popularity in reflecting queuing effects (formation and dissipation) in the 

evolution of traffic dynamics. In addition, PQ and SQ can be incorporated in the 

constraints without destroying the model’s graph structure.   

The PQ model, first proposed by Vickrey (1969) [30], assumes that traffic flow traverses 

at the free flow speed on the whole link until its end, where a queue may develop. The 

flow can exit the queue (or the link) with a limited capacity called the bottleneck capacity 

which is equal to the maximum number of vehicles that can traverse a link during one 

time interval. The queue depository can hold the excess flow with a finite or infinite 

capacity. The SQ model is similar to the PQ model, except that queue length is bounded 

by the maximal number of vehicles that the link can physically accommodate at jam 

condition. In the PQ model, flow entering a link is not bounded, meaning the queue never 

spills over to its upstream links. In the SQ model, however, queue spillover may occur; 

when the queue length reaches its capacity, no vehicles are allowed to enter the link.  
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Mathematical Formulation  

 Consider a network        where   is the set of nodes and   is the set of links.   is 

divided into a set of mutually exclusive and collectively exhaustive subsets 

            , i.e.,              and                      

           .                      is a sub-network that includes the node 

subset located in the threat zone  , denoted by   , and the link subset including the links 

whose tail nodes are in the threat zone  , denoted by   .  A threat zone   is associated 

with a hazard level, denoted by   . For simplicity, the set of risk zones      are ordered 

in decreasing   , i.e.,           . The safe area outside the disaster threat zones 

is zone  , and its hazard level     . 

Introducing the following notation, the evacuation problem in our study can be modeled 

as P.  

 : Time horizon, 

   :  Indices for the discrete time step, 

   
 : Number of vehicles in link       during  , 

  : Threat level at node  , 

   
 : Number of vehicles that flow into link       during  , 

   
 : Number of vehicles that flow out of link       during  , 

   : Free flow travel time of link      , 

  
 : Time-dependent demand in a source node   during  , 

  : Total demand in a source node   for the entire horizon, i.e.,    ∑   
 

 ∈     , 

   : Bottleneck capacity of the link      , 

   : Capacity of storage at the link      , 

  : Set of all successors on node i, 

  
  : Set of all predecessors on node i, 
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     ∈             
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Subject to: 

   
       

     
     

        ∈         ,  (2) 

∑    
    

 

     ∈  
  

 ∑    
 

     ∈  

   ∈         ,  (3) 

   
     

  ∑    
 

 

       

       ∈         ,  (4) 

∑  
 

 

   

      ∈  ,  (5) 

    
          

            ∈         ,  (6) 

   
      ∈         ∈           (7) 

   
       

       
      

      ∈         ∈           (8) 

   

The objective function in P is to minimize the sum of the flow being exposed to the 

defined threat on each link. The sum is over all the links, in all the threat zones, and for 

all time intervals. Equalities (2) and (3) are the conservation of flow at links and nodes. 

Inequality (4) guarantees the legitimate propagation of flow on the links, with sufficient 

travel time from entrance to exit on a link. Inequalities (5), (6), and (8) are respectively, 

demand, bottleneck capacity, and non-negativity constraints. Equation (7) specifies that 

the evacuation flow for all the links at the start time is zero. 

While the traffic flow constraints in model P are written to comply with the PQ model, 

adding inequality (9) to the constraint set adjusts P to SQ model. Inequality (9) is the 

storage capacity constraint.  

   
            ∈           (9) 
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Model P, in both PQ and SQ versions, is a Minimum Cost Dynamic Flow (MCDF) 

problem, since the terms in the objective function of P are directly associated to the flow 

on the links, and the constraints set in P has a graph structure. In order to solve P the 

problem is transformed into a Minimum Cost Flow (MCF) problem in the time-expanded 

representation. The only thing that should be taken into consideration is that in such a 

transformation, the PQ and SQ constraints (equations 6 and 9) have to be reflected in the 

network structure. More detailed discussion about this transformation (link 

transformation) is provided next. 

Link Transformation (LT) 

In order to model the SQ (or PQ) traffic flow constraints in the evacuation problem, a 

link transformation, LT, originally proposed by Drissi-Kaaitouni and Hameda-

Benchekroun, 1992 [31] is adapted.  

Figure 3 shows the LT transformation for a simple example network, with 1 source node, 

2 sink nodes, and 2 links. As it is shown in the transformed network, for all the time 

intervals and at each time-copy of the network, a dummy node (shown with black dotted 

squares in Figure 1) is generated for each link (that is in the base network) which 

represents the queue at the link. The flow exiting the source node to the links can either 

proceed to the sink nodes, or stay (hold-over) in the queue for another time interval 

(depending on the congestion state at the link). The moving flow to the sink has a 

capacity equal to the bottleneck capacity of the link, Cij ; and the hold-over flow in the 

queue has the capacity equal to the capacity of storage at the link, Sij. 

 

Figure 3. Example of LT transformation: (a) Original network; (b) Time-expanded 

network; (c) LT transformed network 
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PQ and SQ can be modeled with assigning the appropriate flow capacity on holdover arcs 

(Sij). In the former, the link hold-over capacities are infinite; and in the latter, the hold-

over capacities are set to the actual capacity of storage at the link. Therefore, the rest of 

the solution procedures in this paper will be on the LT transformed network and the same 

for both PQ and SQ.  

4. OPTIMIZING THE TUCSON CHLORINE SPILL EVACUATION  

Network Coding 

In order to optimize the evacuation for the Tucson chlorine spill scenario described in 

Section 2, the scenario network was coded. The threat zone sub-networks were extracted 

from the original transportation network for Tucson, the evacuation demands by traffic 

analysis zone (TAZ) were calculated, and the model parameters were specified.  

 

Figure 4. Tucson Chlorine Spill Sub-networks, (a) Original Network, (b) 1000 ppm 

Threat Zone (or G1), (c) 430 ppm Threat Zone (or G2), (d) 20 ppm Threat Zone (or G3) 
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Figure 4(a) shows the transportation network for Pima County, AZ, which contains 870 

traffic analysis zones, 3644 nodes, and 10,937 links. Figure 4(b-d) are respectively the 

threat zone sub-networks for chlorine concentrations of 1000, 430, and 20 ppm, 

symbolized by              respectively.  

There are 508 nodes and 1643 links in   ; 211 nodes and 600 links in   , and 159 nodes 

and 438 links in   . The set of sub-networks in Figure 4 is nested inclusively, i.e., 

        . If a link is associated with multiple sub-networks, the hazard level of the 

link is determined by the maximum threat level of the sub-networks to which the link 

belongs.  

The optimization was conducted on the evacuation master network that consists of    

plus 70 sink nodes outside the threat zones. In addition, the 70 sinks are connected by 

dummy links to a dummy super-sink node, to maintain a single destination topological 

structure that is required in most evacuation modeling. 

Demand and Other Parameters 

The evacuation demand for the Tucson chlorine spill scenario in this paper is restricted to 

the optimal routing of the vehicular traffic, “driving” on the roads inside the threat area at 

the time when the disaster happens. The underlying evacuation strategy/policy 

assumption is that the population “indoors” will be advised to stay inside and not to 

evacuate the region. However, the evacuation model in this study is stress-tested for 

larger scale evacuation scenarios, which shows that the model could also solve scenarios 

with much larger total demand in a reasonable computational time. 

Assuming the spill happens at the morning peak hour of a weekday, the vehicular traffic 

on roads is extracted from the mesoscopic traffic simulation and assignment model 

DynusT [32]. In order to model the regular day traffic pattern with DynusT for the 

Tucson network, the typical 12 hour demand table was provided by Pima Association of 

Governments (PAG) for Pima County, AZ, in zone-to-zone, hour-by-hour resolution. 

At the time instant of the spill, on-road vehicular traffic, extracted from the simulation, is 

assigned as the evacuation demand on the links. The total demand generated by this 

method was 11,506 vehicles, scattered across the chlorine spill threat area. In order to 

stress-test the solution method with larger demand, the same demand pattern was scaled 

up by factors of 2, 4, 8, 12, and 16, for which the results are reported in the next sub-

section. 
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In our evacuation model a 30-second interval was chosen as the discrete time resolution. 

The evacuation time horizon for the PQ and SQ evacuation models were chosen 75 and 

90 minutes, respectively. The free flow travel times on links were calculated based on the 

posted speed limits on the roadways, the upper bound of flow on the links was calculated 

based on a uniform saturation flow rate of 1800 pcphpl, and the maximum queue size for 

SQ model was calculated based on a 20-ft effective length for all the vehicles in the 

network. 

Optimization Results  

The link transformation is applied to both PQ and SQ models on the time-expanded 

network. Then, the formulated MCDF problem was solved as a static min-cost flow 

problem on the time-expanded network. The evacuation scenarios were solved to 

optimality using IBM ILOG CPLEX 12.1 using the Network Optimizer, on a 32-bit PC 

with AMD Phenom 8250e Triple-Core Processor at 1.90GHz and with 3.25GB of usable 

memory. 

Table 3. Optimization Results 

Scenario Name/  # of Time 

Intervals/ Interval Length 

(Sec.) 

Total 

Demand 

Optimal 

Objective 

Function 

(Time Intervals 

× Threat Level) 

Network 

Clearance 

Time  

(Time 

Intervals) 

Optimizer 

Running 

Time (Sec.) 

PQ_OriginalDemand/150/30 11,506 21,966,680 27 2.45 

SQ_OriginalDemand/180/30 11,506 21,966,680 27 20.13 

PQ_ScaledUpX2/150/30 23,012 54,867,400 31 3.9 

SQ_ScaledUpX2/180/30 23,012 54,867,400 31 33.04 

PQ_ScaledUpX4/150/30 46,024 160,940,480 45 7.38 

SQ_ScaledUpX4/180/30 46,024 160,950,060 45 60.33 

PQ_ScaledUpX8/150/30 92,048 547,876,020 85 15.88 

SQ_ScaledUpX8/180/30 92,048 549,802,560 85 146.59 

PQ_ScaledUpX12/150/30 138,072 1,168,062,660 125 31.12 

SQ_ScaledUpX12/180/30 138,072 1,178,247,140 125 249.12 

PQ_ScaledUpX16/150/30 184,096 2,036,849,680 150 60.12 

SQ_ScaledUpX16/180/30 184,096 2,048,088,270 161 408.32 
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As reported in Table 2, a total of 12 scenarios are solved using CPLEX. In the six PQ 

models the evacuation time horizon is chosen to be 150 time intervals (a 75-minute time 

horizon).In the six SQ models the evacuation time horizon is chosen to be 180 time 

intervals (a 90-minute time horizon).  

Given the evacuation roadway network, which includes 508 nodes, 1643 links, and 70 

sink nodes, the converted PQ model in the time-expanded network contains 363,358 

variables, and the converted SQ model in the time-expanded network has 1,153,004 

variables. Two factors lead to more variables in PQ than SQ: (1) the link transformation 

in SQ creates more dummy arcs than in PQ; and, (2) a longer time-span was specified in 

SQ than PQ, due to expected prolonged clearance time in SQ resulting from reduced 

maximal queues and queue spillover effects elaborated in SQ.  

Interpretation of the Results 

The most important observation in reviewing the optimization results is the 

computational times that are fairly low, which indicates that this model can be applied to 

large-scale “short-notice” or “no-notice” disaster scenarios, and the optimal routing 

solution can be generated in few minutes. The computational times for each demand 

scenario with the PQ traffic flow are significantly less than the same scenarios modeled 

with SQ. The reason is related to the number of variables in SQ models, which are about 

3 times more than in the PQ models. Another point regarding the computational times is 

that for each one of the PQ and SQ models, with the increase of the evacuation demand, 

the computational times increase (Figure 5a). 

In addition, an observation from a theoretical point of view is the optimal objective 

values of the solutions under the two different traffic flow models, PQ and SQ. For all of 

the 6 demand scenarios, the optimal PQ model objective value is smaller than or equal to 

the optimal SQ model objective value. This difference in the optimal values is related to 

the traffic flow queue length constraint in the SQ model which does not exist in PQ 

model counterpart. As a result, the feasible set in the optimization problem of SQ will be 

a subset of the feasible set in the optimization problem of PQ, and therefore the optimal 

objective value of PQ model is expected to be smaller than or equal to the optimal 

objective value of the SQ model. 

In terms of the evacuation clearance time, as the evacuation demand increases, the 

network clearance time grows from 27 time intervals (13.5 minutes) to 150 time intervals 

in the PQ model (75 minutes) and 161 (80.5 minutes) in SQ model (about 5-6 times), 

which is assumed to relate to the effect of congestion on the traffic flow. Another insight 
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to the optimization results is that in scenario PQ_ScaledUpX16/150/30, unlike every 

other scenarios, the network clearance time (150) is not equal to the SQ counterpart 

model (161 in scenario SQ_ScaledUpX16/180/30). The reason might be that the 

evacuation model time horizon in PQ models is limited to 150 time intervals, which 

basically means that the defined evacuation horizon in this scenario is a binding 

constraint for the optimal solution. Therefore, although the optimal objective value for 

that PQ scenario is smaller than the SQ counterpart, it could be expected that with an 

increase in the time horizon the optimal objective value would decrease even more. 

 

 

Figure 5. (a) Computational Times and (b) Optimal Objectives for PQ and SQ Scenarios 
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The optimal average exposure of the evacuees, in each of the scenarios over the 

associated network clearance times, ranges from about 60 ppm to about 70 ppm. This 

level of exposure could cause health and life threatening consequences if the exposure 

duration is long enough (Table 1). A more detailed disaggregate analysis of the results is 

necessary to examine the specific exposure of specific vehicle flows.  

 

5. CONCLUSIONS AND FUTURE WORK 

In this paper a practical and exact approach is presented to find the optimal routing and 

scheduling of traffic evacuation, with the objective of minimizing the total exposure to 

the threat during the evacuation. What differentiates the evacuation model in this paper 

from similar routing optimization problems is considering the non-uniform spread of the 

threat in the network links and its effects on the optimal routing pattern. The traffic flow 

components in the evacuation models in this paper are based on point-queue and spatial-

queue traffic flow models.  

A realistic large-scale chlorine spill dispersion model is also developed, from which the 

evacuation threat zones for Tucson evacuation scenario are extracted. The proposed 

solution method is applied to Tucson chlorine spill scenario and the optimal solution is 

generated in very short time. 

A major future task to improve the study in this paper is to elaborate the actual 

evacuation demand, based on the daily activity locations, visiting travels, house hold car 

ownership, etc. Since the evacuation model in this paper has been stress-tested with 

scaled up demand scenarios and has shown acceptable scalability with regards to increase 

of demand, such elaborated demand scenarios are expected to be solved in reasonable 

time as well. 

One possible improvement in modeling the evacuation scenario and the evacuation 

optimal routing could be inserting a time dimension to the dispersion model in order to 

reflect the dynamics of the chlorine spread into the model. Choosing a higher spatial 

resolution for the dispersion model would also improve the accuracy of the evacuation 

model. Since the problem is being solved as an MCF problem in a time-expanded 

network, none of the above-mentioned improvements to the model will increase the 

complexity of the problem, as they just affect the threat levels (costs) on the links. 
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Another future work related to this paper would be exploring the possibility to 

incorporate more sophisticated traffic flow models (e.g. LWR) in the formulation. 

However, this may significantly complicate the solution of the model. 
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