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ABSTRACT 

This dissertation addresses both fundamental aspects of the coherent exciton kinet

ics in single semiconductor quantum wells and more application-oriented aspects 

of the collective excitonic optical properties in quantum well Bragg structures. 

We use a bosonic theory to investigate the ultrafast coherent exciton dy

namics after an optical excitation in a single semiconductor quantum well. It is 

shown that, on intermediate time scales, nonlinear mean-field interactions between 

excitons lead to a coherent, wave-like evolution in the momentum distribution 

of optically inactive excitons, which can survive for some time before dephasing 

sets in. Driven by two-exciton correlations, this coherent quantum kinetic effect 

bridges the well-known kinetics associated with optical excitation on the one hand 

and incoherent relaxation on the other. 

We also study more general dynamical properties of bosonic mean field 

systems with A''-species of excitons (in a single semiconductor quantum well). We 

find that the momentum-conserving exciton mean field equations, including the 

coupling to external fields and fermionic corrections, have the dynamical structure 

su{N, N). We show that one can define a non-real generalized 'Bloch vector' and 

a non-hermitian "density matrix" description, which allow us to explicitly obtain 

all the constants of motion associated with the su{N, N) symmetry. 

The many-body efi'ects and correlations of excitons in a single quantum 



well are mainly induced by the Coulomb interactions. In the case of a semicon

ductor quantum well Bragg structure, the light induced coupling between different 

quantum wells also dramatically affects the excitons' behavior, especially through 

the collective excitations of excitons in the whole structure. 

We investigate the linear excitonic optical properties of the quantum well 

Bragg structure induced by the collective excitations using the transfer matrix 

approach. We show that the so called "intermediate band" (IB) created by the 

exciton resonance, which does not exist in conventional photonic crystals, can 

be used for the stopping, storing and releasing of light, which is important in 

information processing devices. We also discuss the compensation of the dispersive 

distortion in the light delay process through reversing the IB band structure. Other 

conceptual and practical issues such as the decay rate of the IB modes and the 

generalized anti-refiection coating are also investigated. 
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CHAPTER 1 

Introduction 

Linear and nonlinear semiconductor optics is increasingly important in both fun

damental studies of many-body dynamics (see, e.g., [1-4]) and device applications 

in information technology (see, e.g., [5]). Among systems with various spatial 

dimensions, quasi-two-dimensional systems realized in the form of semiconductor 

quantum wells are of particular importance. Most studies of many-body effects in 

semiconductor quantum wells are based on excitations near the fundamental band 

gap. These excitations can be roughly divided into two classes; the transitions 

from a valence band high into a conduction band which probe mainly electron-

hole plasma effects, and the optical excitations of the bound excitons which can 

demonstrate many-body effects of the correlated exciton system. This dissertation 

reports several theoretical studies on the optical response of quantum wells in the 

exciton-dominated frequency range. 

In probing quantum wells' excitonic response, one intensity range that has 

been under intense study recently is the so-called x^^^-regime, in which the optical 

nonlinear response is dominated by effects whose magnitude scales with the third 

order in the light field amplitudes. These studies have yielded important infor

mation on quantum correlations and exciton-scattering [6-17]. On the practical 

side, these optical effects in semiconductor quantum wells have potential applica

tions in information processing devices, such as all-optical polarization switches 



in GaAs quantum wells [5; 18]. In this dissertation we will study some aspects of 

the coherent exciton kinetics in single semiconductor quantum wells beyond 

In a single quantum well, the many body effects and correlations of ex-

citons are mainly induced by the Coulomb interactions. On the other hand, in 

a multiple quantum wells (MQW) structure, the light-induced coupling between 

different quantum wells may also dramatically affect the excitons' behavior, es

pecially through the collective excitations of excitons in the whole structure. For 

example, in a MQW structure of N quantum wells spaced with Bragg periodicity^ 

[19-21] the light-induced coupling causes a faster radiative decay of the excitonic 

polarization for increasing quantum-well numbers. This has been predicted [22] 

and experimentally observed [23]. It has also been shown that due to this faster po

larization radiative decay, accumulation of free carriers can be largely suppressed 

for near-resonant optical pumping [24], which may be used to reduce the pumping 

influence in the all optical switches. In this dissertation, we will also study an 

important aspect of the linear coherent excitonic optical properties of the quantum 

well Bragg structure, which allows for the stopping, storing and releasing of light, 

thus is important for the information processing devices such as the optical buffers. 

Here we give a brief overview of the aspects studied in this dissertation. 

A more extensive summary of these studies will be presented in Chapter 2. 

• The coherent evolution of the optically inactive excitons excited by 

an external field: 

^ i.e., one of the exciton resonances (e.g., the lowest Is heavy hole) frequency is close to a 
Bragg frequency, defined as the integral multiple of the fundamental Bragg frequency ljb, for 
which the light wavelength is twice the period of the structure 
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Typically, ultrafast experiments in semiconductor quantum wells are char

acterized by optical excitation on a very short (pico-second or subpicosecond) 

timescale, while relaxation/thermalization occurs on longer timescales (tens of 

picoseconds to nanoseconds). The optical excitation yields exciton distributions 

(i.e., the excitonic population as a function of center-of-mass momentum) with 

only very small momenta. For example, if a semiconductor quantum well is ex

cited by light at normal incidence, the initial (in plane) center-of-mass momenta 

of all the excitons are zero. On the other hand, on longer timescales, incoher

ent exciton-exciton and exciton-phonon scattering processes yield Boltzman-type 

relaxation/thermalization kinetics and the population of optically-inactive exci

tons, i.e., those with non-zero momenta. It is also believed that the excitonic 

momentum distribution develops Bosonic features provided the exciton density is 

small and the exciton lifetime is sufficiently long. While the exciton kinetics on 

both the optical excitation and long timescales are conceptually well established, 

the kinetics on the intermediate timescale is not well understood. For example, 

one may ask whether coherent excitonic correlation effects can lead to non-trivial 

behaviors of the population of optically inactive exciton states, and, if so, what 

are the signatures of such coherent quantum kinetic processes and how do they 

differ from relaxation processes. These questions are important because they are 

concerned with the transition time regime bridging the optical excitation and long 

timescales; therefore they are indispensable for a proper understanding of the 

nature of excitons in semiconductors. 

The fundamental framework underlying the exciton properties is a 

fermionic theory, which treats the exciton properly in terms of its electron and 
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hole constituents. However, the fermionic theories are often very difficult to eval

uate, especially when excitons dominate the nonlinear response. In cases like this, 

bosonic theories are advantageous in terms of their relative easiness in evaluation 

and transparency in physical interpretations for the observed optical nonlineari-

ties. Various studies treating the excitons as bosonic particles can be found in, 

e.g., [25-30]. 

In these dissertation, we use a bosonic theory to investigate the ultrafast 

coherent excitonic dynamics in a single semiconductor quantum well, in the tran

sition time regime between the optical excitation and the incoherent scattering 

processes. It is shown that the two-exciton correlations lead to nontrivial coherent 

evolution patterns in the exciton momentum distribution, which can in principle 

be observed experimently. 

• The s u { N ,  N )  symmetry of the bosonic mean field exciton equations 

and the constants of motion connected to this symmetry: 

The bosonic theory used to study the coherent evolution of optically inac

tive excitons described above is basically in the mean field approximation, which 

is applicable on ultrafast time scales on which the dephasing and relaxation pro

cesses can be ignored. Although in describing excitonic behaviors, bosonic theories 

are advantageous to fermionic ones, the bosonic mean-field equations are still too 

comphcated to solve analytically. It is thus important to study the general dy

namical properties of these equations, such as the underlying symmetries and 

corresponding constants of motion. 

In two-level atoms (and also in N-level atoms), constants of motion are 

conveniently discussed in terms of the Bloch sphere and restrictions for the Bloch 



vector moving on the Bloch sphere (see [31] for an extensive discussion of the 

two-level atom). In this case, the underlying symmetry group that can explain 

the constants of motion is SU{N). The Hamiltonian of the N-level atom can be 

expressed in terms of the group generators of SU{N), and the dynamical variables 

of the system can be associated with these generators. Hioe and Eberly have 

shown how to exploit the properties of the su{N) algebra in the formulation of 

the equations of motion of the dynamical variables of an N-level system [32; 33], 

and how one can obtain conservation laws (constants of motion) corresponding to 

S U { N ) .  

In this dissertation, we study the symmetries and corresponding conser

vation laws of the bosonic mean-field equations of an A^-species exciton system 

in a single semiconductor quantum well. We find that the exciton mean field 

equations have the dynamical structure su{N, N). We show that one can define a 

non-real generalized 'Bloch vector' and a non-hermitian "density matrix" descrip

tion, which allow us to explicitly obtain all the constants of motion associated 

with the su{N, N) symmetry. 

• Stopping, storing and releasing light in quantum well Bragg structures: 

As mentioned above, the light-induced coupling between different quan

tum wells in multiple quantum well structures with Bragg periodicity (also called 

quantum well Bragg structures) can lead to nontrivial collective excitonic effects. 

These collective effects can be briefly described as follows. The incident pulse ex

cites excitons in the individual quantum wells, and the excitations can radiatively 

decay, emitting photons propagating in both forward and backward directions, 

which will in turn couple to the optical polarization in the quantum wells. In 
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Figure 1.1: Reflection spectrum of a quantum well Bragg structure with 200 
Ino.o4Gao,96As/GaAs quantum wells. From J. Prineas et al., Appl. Phys. Lett. 
81, 4332(2002) 

this way, different quantum wells are no longer independent but coupled by the 

incident and re-emitted photons. Thus collective effects can occur. 

The quantum well Bragg structure described above belongs to a wider 

class of the so called resonant photonic band gap structures (RPBG's), in which 

a periodically arranged optical resonance has its frequency close to a Bragg fre

quency. The periodic modulation of the complex susceptibility associated with 

the exciton resonance modifies the light dispersion into a photonic band structure 

with allowed and forbidden frequency regions, placing a close analog to what the 

usual lattice does to the electrons in solids. A typical reflection spectrum of the 

quantum well Bragg structure is shown in Fig. 1.1 (from [24]). 

Due to the unique nature of its photonic band structure, the RPBG allows 

one to control the linear and nonhnear properties of the system, which further finds 

important potential applications in stopping, storing and releasing light [34-43]. 



In a different physical system, namely a gaseous atomic system, slow light has 

been demonstrated as a consequence of quantum interference effects (e.g., [44; 

45]). For actual device applications, solid state systems like quantum well Bragg 

structures would be advantageous in terms of robustness and device integration 

if they could be used as optical delay lines and/or optical buffers. Ideally, such 

optical solid-state delay lines would provide multi-bit delay of optical pulses with 

minimal pulse deformation and power losses. However, at the present early stage 

of development, there have not yet been any proof-of-principle demonstrations 

of schemes to stop, store and release light in solids that meet those practical 

benchmarks. It is therefore worthwhile to clarify the physical processes that may 

be used to design such schemes. 

In this dissertation, we study the linear excitonic optical properties of the 

quantum well Bragg structure induced by collective excitations. We show that the 

existence of the "intermediate band" (IB), created by the exciton resonance, allows 

for the stopping, storing and releasing of light. We also discuss the compensation 

of the dispersive distortion in this light stopping process through reversing the IB 

band structure. Other conceptual and practical issues such as the decay rate of 

the IB modes and the generalized anti-reflection coating are also investigated. 

1.1 Dissertation format 

The studies presented here have resulted from the collaborative work with other 

researchers, Prof. Nai Kwong, Dr. Ryu Takayama, and Dr. Ilia Roumyantsev in 

the group lead by Prof. Rolf Binder, as well as the groups from the University 

of Iowa (Profs. Arthur L. Smirl and John Prineas) and the University of Toronto 



(Prof. John Sipe). Most of the results presented here have been published or 

will be published in scientific journals. The related papers are appended to this 

dissertation. 

The degree of involvement of the authors on each paper can be judged 

by the corresponding places in the author list. In the papers where I am the first 

author, most of the work has been done by myself under the guidance of Profs. 

Rolf Binder and Nai Kwong. However, it should be pointed out that in App. A 

and B, the underlying bosonic exciton Hamiltonian used to study the coherent 

exciton kinetics was mainly constructed by Prof. Nai Kwong. 

App. D is an experimental paper whose subject is closely related to that 

of this dissertation. However, it is not a main part of this dissertation. I am the 

fourth theoretical author in this paper and only made minor contribution to it on 

the early stage of my PhD project. More specifically, I used the bosonic exciton 

theory to simulate the incoherent processes in order to compare the results with-

those obtained from the fermionic theory. 

A summary of the main findings in these papers will be given in Chapter 

2. In the rest of the present chapter, we briefly review the theoretical basis of our 

studies in this dissertation. 

1.2 Theoretical formalisms for excitons in a single semiconductor 

quantum well 

A typical electron band structure (in the effective mass approximation) of a direct 

gap semiconductor (e.g., GaAs) quantum well is illustrated in Fig. 1.2a. A light 

pulse incident on the semiconductor quantum well can excite electrons from the 
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valance band into the conduction band, creating electron-hole pairs. The Coulomb 

interaction between the electron and hole can cause the electron-hole pair to form 

a bound state similar to a hydrogen atom, usually called exciton. The exciton 

can be observed in the hnear optical absorption spectrum, which shows a discrete 

series of resonances (Fig. 1.2c) below the fundamental band edge. The exciton 

dispersion (energy vs center-of-mass momentum) is shown in Fig. 1.2b. 

Figure 1.2; (a) Electron band structure of a direct gap semiconductor quantum 
well, keiectron IS the in-plane momentum, eg is the fundamental energy gap. (b) 
Exciton band structure of the same semiconductor quantum well, hexdton is the 
in-plane center-of-mass momentum of the exciton, is the hh-exciton binding 
energy, (c) Typical linear absorption spectrum. 

1.2.1 Fermionic theory for electrons andi holes 

As mentioned above, the fundamental framework for excitons is a fermionic the

ory dealing with electrons and holes. In this section, we introduce the underlying 

light-hole 
exciton 

conduction 
band heavy-hole 

exciton 

^electron 
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Hamiltonian for this theory in the second quantization formalism. In this disser

tation, the excitation light pulses are always in normal incidence and spatially 

homogeneous in the quantum well plane, thus the total Hamiltonian conserves the 

in-plane momentum. 

In the following, we denote the creation(annihilation) operators for elec

trons and holes by a|(k)(a((k)), satisfying the standard fermionic anti-commution 

For convenience, we will use I = s and I = j for conduction bands (electron) 

and valance bands (hole), respectively (note that conceptually, a hole is just a 

vacancy of electron in a valance band). The total Hamiltonian can be separated 

into kinetic, Coulomb interaction and field-electron coupling terms 

relations 

{ a i(k) , a |',(k')} = 

{ai(k),a('(k')} = {«;(!<), 4 (k')} = 0 (1.1) 

H ~1~ -^Cou ~i~ -Afield' (1.2) 

Here, 

(1.3) 

is the kinetic energy, with es(k) = and ej(k) = being the single elec

tron and hole energy, respectively (m^ and raj are the effective mass of respective 
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bands and eg is the energy of the fundamental band gap); 

Hcou = ^ E 
q#0.k,k' 

E ~ (k) 

ss' 

+ ̂  a] (k + q) a], (k' - q) (k') Uj (k) 
w 

-2 aj(k + q)4(k' - q)%(k')a,(k)] (1.4) 

is the Coulomb interaction, with V'(q) = being the two-dimensional Coulomb 

potential in the momentum space (ge is the magnitude of the electron charge, £(, is 

the background dielectric constant of the material and A is the area of the system); 

Afield = Et ' E(0«I(k)a](-k) + h.c.] (1.5) 
sjk 

is the coupling to a classical external light field, with /Igi = ge(s|r|/) being the 

dipole transition matrix element and E(i) the external light field. 

The macroscopic quantities can be expressed in terms of the electron-hole 

creation and annihilation operators. For example, the interband polarization is 

defined as 

= , (1.6) 
k 

where ^n^ (k) is the nth exciton wavefunction consisting of an electron from band 

s and a hole from band j. 

1 . 2 . 2  Bosonic theory for excitons 

Bosonic theories of excitons, based on various bosonization procedures, have been 

extensively investigated in many publications [25-30]. Strictly speaking, an exci

ton, consisting of one electron and one hole, is not a true boson satisfying standard 
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bosonic commutation relations. For example, if one defines the "exciton annihila

tion and creation operators" in terms of the electron and hole operators and the 

exciton wavefunction 

K i Q )  - + 

B S ' i Q )  -

(1.7) 

(Q is the center-of-mass momentum of exciton), it is easy to see that the commu

tation relations of B and W are not exactly the same as the pure bosonic ones. 

Thus, in employing bosonic methods, one has to develop an appropriate effective 

Hamiltonian that can handle the composite particle effects such as the fermionic 

corrections (e.g., phase space filling). Also, the two-exciton correlation resulting 

from the Coulomb interaction between electrons and holes has to be appropriately 

incorporated into the effective Hamiltonian. 

The bosonic Hamiltonian we employ in our studies utilizes true bosonic 

particles 

[6j(k),SJ,(k') ] = 5ij'4k' 

[6,(k),V(k')] == [S;(k),6;,(k')] = 0 (1.8) 

and accounts for deviations of excitons from true bosons through specifically cho

sen correction terms. It takes the following form[46] 

= FW + i^(2) + i^(3) + _H-(4) (1,9) 

— -sTa Qj (k, t)6](k, i) -1- h.c. 
ik 

(1.10) 
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^(2) = j^e,.(k)s;(k)s,(k) (1.11) 

ik 

^ ̂  4i2(k + q,k)6t^(ki+q)65^(k2-q)6ji(ki)^,(k2,0 
^ iii2kik2 

+ h.c. (1.12) 

^ E ^^,,(k + q,k)6t^(ki+q)6]^(k2-q)6i(ki)6i(k2)(1.13) 
jihkik2 

(in and k = m^+\i- ~ ^2; with Mj being the exciton mass), 

where is the dipole coupling to the hght field, is the kinetic energy, 

is the fermionic exchange correction to and is the boson-boson 

interaction. Furthermore, e is the single-particle kinetic energy, V'' is the two-

particle interaction matrix, Q,j = flsj • E is the Rabi frequency of the light field and 

J is the third-order correction of the exciton-photon coupling coefficient; subscript 

j stands for hole band index. In omitting the indices n,s (compare Eq. (1.7)) in 

the Hamiltonian, we are restricting ourselves to one conduction band (also one 

spin) and the Is exciton. The matrix elements in the Hamiltonian are defined in 

more detail as ^ 

V'/j^(ki, ka) = J^[l + q)M^iii2(q, q')[l + ks) 
qq' 

+ + 4j2]~^(k,q)0ju2(q.q')[i + •^iii2]~^(q'.k2) 
qq' 

- e,-,,,(ki,k2) (1.14) 

J j i h  ~  a/I ~ Sjih ~ ^ 

©ii,i2(q>q') = '^q,q'[eii(q) + €ii(-q) ] (i-i6) 

^ Eq. (1.15) should be understood as a matrix equation, with J and S being matrices with 
elements indexed by k, k' 



WjAci,q') = W;'^'(q,qO + I^?(q,q') 

W^j,{q,q') - 7(q-q')Mj(q-q')Mjv(q'-q) 

W7;(q.q') = X]y(k-k')0;(k + a(q-q'))</'Kk' + /?'q + /3q') 

(1.18) 

(1.17) 

X [(l>j{k) - (l)j(k')][(t>f(k + a(q - q') + /3q + /5'q') 

—(j)ji{'k' + Q:(q — q') + /3q + f3'q')]. (1.19) 

•5^2 (q.q') = Xl'^ix(k + aq)</)*^(k + q' + /3'q) 
k 

X (k + ac^)(f)j' (k + q + /3'q'), (1.20) 

(1.21) 

k 

In the above equations, a= and P — where mj is the hole mass, depending 

on the band j, m-e the electron mass and Mj the exciton mass, a' and /?' are 

similarly related to ruf and M^; (^j(k) is the Is exciton eigenfunction. 

Basically, V'' and J described above are constructed from the exciton 

wavefunctions and Coulomb potential, and they are determined by requiring our 

boson theory to correctly handle two-electron-two-hole correlations. Coulomb and 

fermionic exchange, in the coherent, low intensity excitation regime. Technically, 

this requirement is that our theory based on this Hamiltonian gives a third order 

(in the applied radiation field amplitude) interband polarization (see Eq. (1.22 -

1.24)) that is formally identical to that in the underlying electron-hole theory (Eq. 

(1.6)). In our bosonic theory, the interband polarization pj is defined through the 

boson-photon coupling as 

(1 .22)  
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I.e., 

pj{k) = ^6j(k) + ̂  J*j.^(k' + q,k')6],(ki)5j(k-q)6j,(ki + q) (1.23) 
iiki 

k' = k - k 

and 

It is reasonable to expect this theory to be applicable to excitation regimes 

that are beyond but are still at sufficiently low density and energy, so that 

the mean field and two-exciton correlations remain the dominant physical effects. 

1.3 Transfer matrix formalism for periodic quantum well Bragg struc

tures 

In the previous section, we introduced the theoretical formalism for the fundamen

tal study on many-exciton systems in one quantum well. In this section, we will 

introduce our theoretical method for the more application-oriented investigation 

of radiatively coupled excitons in quantum well Bragg structures. 

The framework we adopt to study the quantum well Bragg structures is 

the transfer matrix formalism, which can also be found in various literatures[19; 

22; 23; 47-50]. Here, we present a brief review of this approach. 

A schematic of the quantum well Bragg structure is illustrated in Fig. 1.3, 

which is a periodic array of infinitely thin semiconductor quantum wells with a 

period of a. The barrier material between the quantum wells is a uniform dielectric 

medium with refractive index rif,. The system is assumed to be spatially homoge

neous in the transverse directions. The semiconductor quantum wells are initially 
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Figure 1.3: Schematic of the quantum well RPBG structure. The vertical solid 
lines represent infinitely thin quantum wells, spaced by the distance a; the back
ground refractive index is E"^ and E~ are the "forward" and "backward" travel
ling field components in the uniform medium between each pair of quantum wells, 
respectively. 

in the ground state and excited by an ultra-fast light pulse. When the frequency 

spectrum of the pulse is restricted sufficiently close to the lowest exciton (e.g., Is 

heavy-hole exciton), the transitions to excited states other than the Is heavy-hole 

exciton can be neglected. Moreover, if the light propagates in the growth direc

tion (the z-direction) the problem becomes one-dimensional. Also, the dynamical 

equations are decoupled for different circular polarization (CT^) components since 

there is no z-component of the dipole matrix element for the heavy-hole exci

ton transition. The Maxwell equation for either circular component of the light 

propagating in the z-direction reads 

Ti? 3'^ 47r d'̂  
(1.25) 

where E is the electric field and Pres is the resonantly induced polarization (see 

Eq. (1.27) below). 
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To get the complete equations of motion, we need the equations for the 

excitonic optical response, e.g., the semiconductor Bloch equations[51], which can 

be derived from the fermionic Hamiltonian for electrons and holes in Sec. 1.2.1. 

The light-manipulation mechanism discussed in this dissertation is based on linear 

optics, in which the light pulse is weak so that the semiconductor Bloch equations 

for the m-th quantum well are well approximated by the following equation for 

the interband polarization for the Is heavy-hole exciton Pm{i)> 

d i/ 
= -i{^x -  i7)Pmit)  + t)  , (1.26) 

where fujj^ is the energy of the exciton, ^ the magnitude of the dipole matrix 

element and 7 is the polarization decay rate that includes non-radiative processes 

such as excitonic dephasing and possible inhomogeneous broadening of exciton 

resonance within each quantum well; ^(0) = is the configuration space exci

ton wavefunction at r = 0, with ag being the exciton Bohr radius. The resonantly 

induced polarization P^es (1.25) is related to Pm in (1.26) by 

00 
Pres(z) = M ^(0) ^ S(Z - Zm)pm • (1.27) 

m=~oo 

Eqs. (1.25) - (1.27) determine the dynamical evolution of the quantum well Bragg 

structure. 

Between quantum wells, the general solution to Eq. (1.25) can be written 

as 

E(z,t)  == B+(z,t)  -  B'-(z, t)  

~ E^{zm +e,t - J"") - E~{zm + s,t + nb^  (1.28) 

Zm Z ZjYi^ i ,  S  > 0 . 

where E'^{z,t) are the "forward" and "backward" propagating light fields in the 



31 

uniform medium, respectively. (From here on, whenever e appears in a spatial 

coordinate expression, the limit e —> 0+ is implied.) To get the complete solution 

for the light field propagating in the quantum well Bragg structure, we need the 

"internal boundary conditions" at each quantum well, relating on both sides 

to one another. This can be achieved by integrating Eq. (1.25) with respect to z 

over (zm — £,Zm + s) (with Eq. (1.27) taken into account) 

9 d 47r -  5^ 
—Eizm + £,t)--^E{zm-e,t) = -^/i (^(0)—Pm(t) (1.29) 

E{zm-£,t)  = E{z„, + e,t)  = E{zm,t) .  (1.30) 

Substituting (1.28) into the boundary conditions (1-29) and (1-30), we 

obtain after some algebra (see, e.g., [19]) 

Stt d 
(1.31) 

where we have defined 

<^(t) = E^{z^ -e, t) ,  = E^izm + e,t) .  (1.32) 

Eq. (1.28) (together with Eqs (1.31) and (1-26)) is the transfer matrix 

formalism in the time domain, which we use to simulate time dependent light 

propagations in the quantum well Bragg structure. On the other hand, in order 

to study the band structure of polaritons in the quantum well Bragg structure 

(analogous to the band structure of electron in crystals), which is crucial to our 

understanding of the light stopping mechanism discussed in this dissertation, it is 

more convenient to work in the frequency domain. 
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The Fourier transforms of Eqs. (1.28), (1.31), and (1.26) are [47] 

E{z,u) = E'^ {z,  Lu) — {z,  u)  

= e^p[inb~{z -  Zm)] ~ exp[-ini ,^{z - z^)] 

Z (1.33) 

= ^m,LH+^^M^(0)p(t^) , 
UbC 

^(O)Pm(w) ; (1-34) 
Tl^C 

Pm{^) = Xi'^)E{Zm,Uj) ,  XM = ^ • V 
7i to ^'y2 / 

From Eqs. (1.34) and (1.35), after some straightforward algebras, one obtains [47] 

^™+i.H('^) \ ^ I I _ 3g^ 

where 

M(cj) = I cP j ^^ 37) 
«/? ^(1-^) 

is the transfer matrix for one unit cell and 

2-kuj r  ^ 27r o 
P = 1- M ' / ' (O)x( '^)  = 7,—l^r I r  = ——/X 

UbC '  i_ 'i^sszm Ubhc LO 

a  = exp(iga) , q = n^— . (1.38) 

Eq. (1.36) forms the basis for our bandstructure analysis of the quantum 

well Bragg structure in this dissertation. 
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CHAPTER 2 

Present Study 

The methods, results, and conclusions of this study are presented in the papers 

appended to this dissertation. In this Chapter we give a summary of the most 

important findings in these papers. 

We will introduce the papers in different sections 

• Sec. 2.1.1 

App. A ; Z. S. Yang, N. H. Kwong, R. Takayama and R. Binder, Ultrafast  

coherent dynamics of optically inactive excitons in semiconductors, Europhysics 

Letters 69 (2005), 417-423. 

App. B : Z. S. Yang, N. H. Kwong, R. Takayama and R. Binder, Coherent 

dynamics of optically inactive excitons in semiconductor quantum wells, Quantum 

Electronics and Laser Science Conference, Optical Society of America (2003). 

• Sec. 2.1.2 

App. C : Z. S. Yang, N. H. Kwong and R. Binder, su{N,N) algebra and 

constants of motion for bosonic mean-field exciton equations. Physical Review B 

70 (2004), 195319/1-11. 

• Sec. 2.1.3 
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App. D : M. E.. Donovan, A. Schiilzgen, J. Lee, P.-A. Blanche, N. 

Peyghambarian, G. Khitrova, H. M. Gibbs, I. Rumyantsev, N. H. Kwong, R. 

Takayama, Z. S.  Yang and R. Binder,  Evidence for intervalence band coherences 

in semiconductor quantum wells via coherently coupled optical stark shifts, Physi

cal Review Letters 87 (2001), 237402/1-4. 

• Sec. 2.2.1 

App. E : Z. S. Yang, N. H. Kwong, R. Binder and Arthur L. Smirl, 

Stopping, storing and releasing light in quantum well Bragg structures. Journal of 

the Optical Society of America B (accepted). 

App. F : Z. S. Yang, N. H. Kwong, R. Binder and Arthur L. Smirl, 

Stopping, storing and releasing light in quantum well Bragg structures. Quantum 

Electronics and Laser Science Conference, Optical Society of America (2005). 

• Sec. 2.2.2 

App. G : Z. S. Yang, N. H. Kwong, R. Binder and Arthur L. Smirl, 

Distortionless light pulse delay in quantum well Bragg structures. Optics Letters 

(accepted). 
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2.1 Coherent optical dynamics of excitons in semiconductor quantum 

wells 

In this section, we summarize our studies on the coherent optical dynamics of 

excitons in single semiconductor quantum wells. 

2.1.1 Ultrafast coherent dynamics of optically inactive excitons in 

semiconductors 

When a direct-gap semiconductor quantum well is irradiated in normal incidence 

by an ultrafast light pulse spectrally around the lowest exciton resonance (e.g., 

Is heavy hole), the initially created coherent excitons have zero in-plane center-

of-mass momenta. The optically inactive excitons, i.e., excitons that have finite 

center-of-mass momenta thus cannot be directly excited by the pulse, are then 

populated through excitons scattering as visualized in Fig. 2.1(a) (Fig. la of 

App. A). On longer time scales, the center-of-mass momentum distribution 

of the optically inactive excitons is governed by incoherent scattering processes. 

While the exciton population dynamics of both the optical excitation and the in

coherent scattering processes[52; 53; 54] have been extensively investigated, the 

coherent evolution of the optically inactive excitons on the intermediate time scale 

is still not well understood. In App. A and B, we theoretically study this "in

termediate time scale" coherent exciton kinetics. We find that, under appropriate 

conditions, nonlinear mean-field exciton-exciton interactions lead to a coherent, 

wave-like evolution in the momentum distribution of optically inactive excitons, 

which can survive for some time before dephasing sets in. 

We model the excitons as bosons, whose Hamiltonian is a special case of 
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(a) £ (b) 1.2 

> -4 0 4 8 12 

Time [ ps ] k 

Figure 2.1: (a) Schematic representation of the creation of optically inactive 
(center-of-mass momentum k 7^ 0) excitons (circles) via scattering from the 
photo-generated (k = 0) excitonic interband polarization (crosses), e denotes 
the single-exciton energy, (b) Calculated time evolution of the zero-momentum 
exciton density rih, summed optically-inactive exciton density nj, and the total 
density n. The time-dependence of the hght pulse E is also shown. 

that illustrated in Sec. 1.2.2, i.e., Eqs. (1.9 - 1.13), with only one exiton species 

(Is heavy hole exciton). We remind that the bosonic Hamiltonian contains a 

kinetic energy, a two-body interaction, and a dipole coupling to the applied field 

that includes a fermionic exchange contribution. The matrix elements in the 

Hamiltonian are determined by requiring our boson theory gives a third order (in 

the applied field amplitude) interband polarization that is formally identical to 

that in the underlying electron-hole theory[6]. The dynamical variable are chosen 

to be the optically inactive excitons /(k, t) = (^k^k) — ^k,o|(^o)P (&k 

boson (exciton) annihilation and creation operators respectively), the coherent 

exciton amplitude b{t) = {Sq), and the coherent biexciton amplitude /"(k, i) = 

(^-k^k) ^ ^k,o(^o)^- The mean field equations can be obtained, e.g., through the 

nonequilibrium Green's function formalism and are explicit given in Eqs. (1-3) 

of App. A. (A set of more complete equations, including the fermionic correction 
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Figure 2.2; Time evolution of the optically-inactive exciton momentum distribu
tion. The distribution is shown at a sequence of equally spaced time instants, 
labeled (1-12), at 0.44ps intervals, starting at 2.1ps (curve "1"). The dotted ver
tical line marks the upper bound of the luminescence region in k space. 

and incoherent scattering terms, is given in the Supplement at the end of Sec. 

2.1.1) 

By numerically solving Eqs. (1-3) of App. A we find that on the inter

mediate time scale, i.e., after the external pulse is gone and before the incoherent 

dephasing effects set in, the coherent excitons evolution demonstrates nontrivial 

behaviors, illustrated in Figs. 2.1 - 2.3 (Fig. 1-3 of App. A). The time evolu

tions of rib ^ i^(^)P > ''T'f — /(^)i the total density n = nt + nj are shown 

in Fig. 2.1b. The total density is conserved after the pulse. Fig. 2.2 shows the mo

mentum distribution of the optically-inactive excitons at various times. Created 

by scattering during the light pulse, /(k) decreases monotonically with |k| through 

the duration of the pulse. Then, a train of peaks emerge at the high momentum 

end of the distribution and move towards the low momentum region. This dy

namics in momentum space also leads to some interesting wave-like behavior for 
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Figure 2.3: The one-particle correlation as a function of relative distance at differ
ent times, with time labels same as in Fig. 2.2. The inset shows the time evolution 
of /(k) for |k| = 10~^A \ Solid line: mean field; dashed line: mean field and 
dephasing. 

the one-particle correlation function in r-space, p{r — r ')  = +nb, 

which is shown in Fig. 2.3. At any fixed momentum k, /(k) oscillates in time; 

f{k,t) for a small |k|(= 10~''A is shown in the inset of Fig. 2.3. 

The physical picture of the excitonic behavior described above is: via 

coherent exciton-exciton scattering, correlated exciton pairs jump back and forth 

coherently between b{t) (k = 0) and the optically inactive (k ^ 0) states, and the 

moving pattern in /(k) arises from beatings between the (renormalized) energy of 

each (k ^ 0) state and that  of b{t) .  

In order to detect the coherent exciton behaviors described above, a time-

resolved detection method sensitive to the k-dependence of the exciton distribu

tion is required. One possible candidate is the Terahertz absorption for transitions 

between the heavy-hole and light-hole valence bands, taking advantage of the dif

ferent dispersion relations in the two bands. Luminescence reveals less information 

on the distribution, but may be more detectable. The time-resolved luminescence 



signal at an off-normal direction would track the oscillations of f{k, t)  for a cor

responding small k. The maximum |k| that can be seen in luminescence (at large 

angles) is estimated to be |k| = 10"^/A (marked as a vertical hne in Fig. 2.2). 

In the inset of Fig. 2.3 we show f{k,t) for |k| = lO^^/A (solid line). For ideal 

samples at low temperatures, the most important incoherent effects, which may 

eliminate the oscillatory signature in this signal, are exciton-exciton scattering in

duced dephasing and radiative decay (see Eqs. (2.1) - (2.3) in the Supplement). 

We have repeated our calculations including these effects; in the inset of Fig. 2.3, 

the result for /(k, t) for |k| = 10''^/A (dashed line) is compared to the mean field 

result. One can see that, while the inclusion of dephasing and decay changes the 

oscillation amplitude of the signal relative to the mean field prediction, the oscil

lation frequency during the time scale we are examining, i.e. < 10 ps, remains 

unchanged. 

In summary, in App. A and B, we predict that, under appropriate 

conditions, optically inactive excitons form a moving pattern in their momentum 

distribution. Driven by two-exciton correlations, this coherent quantum kinetic-

seffect bridges the well-known kinetics associated with optical excitation on the 

one hand and incoherent relexation on the other. 

Supplement of Sec. 2.1.1 

In this supplement we write down the more complete set of equations used in the 

numerical simulations in App. A and B, which are not fully presented in these 

papers. In the numerical simulations, the inclusion of different terms in these 

equations has been suggested in the paper wherever the results are presented. 
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In the following Eqs. (2.1)-(2.3), the terms with subscript "mf are the 

coherent mean field terms, the terms with subscript "/er" are the fermionic cor

rections and the terms with subscript "mc" include the dephasing, decay and 

thermahzation contributions. 

{i/ l— — s{Q}}b{t)  — Bmf + -B/er + -Bine (2-1) 

=  h n { t ) + V {0 , 0 ) \b { t ) W t )  +  J 2 V {0 , q ) r iq , t )b* { t )  
q 

= {2J(0,0)|6(4)|' + 5]|J(-3 -3) + J(_3.3)|/(q,()}ftn(i) 
q 

+ {J(0,0)62(t) + 5^ J(0,q)r(q,t)}/i0*(t) 
q 

Bine = -e(-q)+e(k-q)-e(k)] 
k.q 

X {[1 + /(-q. 0] [1 + /(k, i)]/(k - q , t ) -  /(-q, t ) f { k ,  t )  [1 + /(k - q, t ) ] }b{ t )  

-  ihj2{i)b{t)  

—' ^mf ~t~ ^fer ^inc (2.2) 
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Am/ = '^Irn[a' '(k, t)r*{k,t)] 

A/er - l lm[a'}{k,t)r*ik, t)]  

A,„c = -^J2\Vri^,-^)me{k)-e{k-q')+s{-c^)-s 'm 
q' 

X {/(-q'>i)[/(k,t) -/(k-q',t)] -/(k-q')[l + /(k,t)]}i5(f)|^ 

- 27i(t)[/(k, i) - /°(k, t)] - 272i?(k)/(k, t) 

- 2[e(k) + a(k,t) + a,(k,0]}r(k,t)=A:^^ + A^,, + AL (2.3) 

A^^ = [l + 2/(k,t)]a ' '(k,t) 

A%, = [l + 2/(k,t)]a5(k,t) 

AJ'^, = -2^/i7l(^)r(k,^)-2^a72i?(k)r(k,^) 

The quantities occuring in Eqs. (2.1)-(2.3) which are not defined in the 

papers are given below: 

£*'(0) = Vr(0, 0) is the renormalized self-energy for an exciton in the 

coherent component b{t), estimated from Eq. (1) of App. A. 

e(k, t) = £(k) -t- (7(k, i) ci e(k) + Vx(0, 0)j6(t)p is the renormalized self-

energy for an optically-inactive exciton (k 7^ 0), estimated from Eq.(3) of App. 
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a°-{]<i,t)  = V{k,0)b^{t)+ Y^V{k,q)r{q,t)  
q 

(j^(k, t)  = 2hF{k,0)n{t)b{t)  

^(k,t) = [VT(\, \)  + Vr(\-\mt)? 

q 

aj%t) ^  2h[J{^,^) + J{\-\)]Remy{t)] '  

7 i ( i )  =  J  - e ( - q )  +  e ( k - q ) - e ( k ) ]  
k,q 

X {[1 + /(-q, t)][l + /(k, i;)]/(k - q, t) - /(-q, t)/(k, t)[l + /(k - q, t)]} 

R(k) = 1 if |k| < 3 X 10-^^-^ 

= 0 otherwise 

/°(k, t) is the Bose distribution function at T = 20K 

exp[(e(k) - tj,{t))/{hT)] - 1 

with /i(t) being determined by 

Y^f{k,t)  =  ̂ / ( k , i )  



43 

2.1.2 su{N,N) algebra and constants of motion for bosonic mean-field 

exciton equations 

In Sec. 2.1.1, we studied the coherent exciton behaviors of a single-species exciton 

system in single semiconductor quantum wells and found that the exciton system 

shows non-trivial coherent evolution on the intermediate time scale, i.e., the tran

sition time regime between the optical excitation and the incoherent scattering 

processes. In employing the bosonic mean-field exciton equations to investigate 

the exciton behaviors, we have assumed that the ultrafast (picosecond) coherent 

dynamics of exciton systems, where dephasing and relaxation processes can be 

ignored [52-54], can be approximately described in the mean-field approximations. 

However, even though bosonic theories are simpler (in describing excitons) com

pared to fermionic ones, the mean-field bosoinc equations are still nonlinear and 

quite difficult to solve analytically. It is thus important to study the general dy

namical properties of these equations, among which are the underlying symmetries 

and corresponding conservation laws. 

In App. C we present an extensive group theoretical analysis of the 

bosonic mean field exciton equations. We find that, for an A/'-species exciton 

quantum well system, the effective mean-field Hamiltonian, constructed in such a 

way that the equations of motion of the operators under consideration obtained 

from this Hamiltonian are identical to those obtained from the original Hamil

tonian (including the coupling to external fields and fermionic corrections) by a 

Hartree-Fock factorization[51], has the dynamical algebra of su{N, N) (i.e., the ef

fective Hamiltonian is an element of the su{N, N) algebra). As a consequence, the 



(mean field) equations of motion for exciton distribution and the coherent biexci-

ton amplitude can be cast into a form similar to that of the optical Bloch vector in 

two-level atoms [31] that belong to the algebra su{2) (or, more generally, N-level 

atoms [32; 33] with algebra su{N)), which constrains the motion of the exci

ton distribution and coherent biexciton amplitude to an unbounded hyper-surface 

analogous to the (bounded) Bloch hyper-sphere in N-level atoms. Furthermore, 

higher order constants of motions associated with the 3U{N, N) symmetry can 

be derived from an su{N, N) generalization to the Hioe-Eberly method in su{N) 

systems (N-level atoms) [32], 

We consider an original Hamiltonian^ (without any mean-field approxi

mation) of a general form (Eq. (34) of App. C), which includes the dipole 

coupling to the light field (Hi), the kinetic energy {H2), the exchange correction 

to Hi {Hs) and the boson-boson interaction {Hi). The mean field dynamical vari

ables of the system are constructed to be consistent with (in-plane) momentum 

conservation: the coherent exciton amplitude bj{t), the optically inactive exciton 

density and the coherent biexciton amplitude Fj'^j-^(k,t) (Eq. (35) of 

App. C) 

b ,{ t )  =  (6,(k = 0)). = {bi{k)bM) -

^ (fe,,(-k)6,,(k))-(6,,(0))(6,,(0))4o (2.4) 

{b^  and b  are bosonic creation and annihilation operators). Based on the fun

damental Heisenberg equation, there are various ways to derive the mean field 

dynamical equations, among which we take the effective mean field Hamiltonian 

^ note that the bosonic Hamiltonian introduced in Sec. 1.2.2 is a special case of this one 



45 

(Eq. (37) of App. C) approach, constructed by linearizing the original Hamilto-

nian. By identifying the operators in the effective Hamiltonian as the generators 

of the SU{N,N) group, we conclude that the effective Hamiltonian itself is an 

element of the su{N, N) algebra (Eq. (45) of App. C) 

(2iV)2-l 

n ,(k,t)4(k), (2.5) 
i=i 

where L/s (linear combinations of the quadratic operators in the definition of 

F and in Eq. (2.4)) are generators of the SU{N,N) group (in the Hartree-

Fock representation, see, e.g., Eqs. (29) and (43) of App. C) and IT/s are real 

coefficients. This allows us to cast the dynamical equations of F and F" (for k 7^ 0 

and formally taking bj's as external parameters) into the generalized "Block 

vector" form (Eq. (52) of App. C) 

(2iV)2-l 

-(4(k)) = 5] {Si{k))  (2.6) 
l,h=\ 

(note that F and F" can be expressed as linear combinations of {Sj) 's) ,  which is 

the analog of the optical Bloch vector equation in the N-level atoms that belong 

to the su{N) algebra (the antisymmetric coefficient is defined in Eq. (19) 

and Sj, Fj in Eq. (51) of App. C). Eq. (2.6) constrains the motion of (5(k)), 

for each k, on a hypersurface (Eq. (54) of App. C) 

(2iV)2-l 

(5i(k))(5i(k)) = constant, (i.e., independent of time) (2.7) 
i=l 

The behavior of the su{N,N) Bloch vector, (S),  is very different from that of 

the su{N): while the well known su{N) Bloch vector moves on a bounded hy-

persphere, the hypersurface that constrains the motion of su{N, N) Bloch vector 

is unbounded, due to the fact that some of the components of {S) is imaginary. 
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As an example, Fig. 2.4 (Fig. 1 of App. C) shows the qualitatively different 

behaviors of the su{2) and sn(l, 1) Bloch vectors. 

ImP 

ReP 

(b) f 

Imf' 
.  -y 

Figure 2.4: (a) Schematic of the conventional Bloch sphere restricting the motion 
of the Bloch vector of two-level atoms and fermionic systems desribed the (real) 
population Uf and the complex polarization P so a sphere (su{2) algebra), (b) The 
excitonic analog to the Bloch sphere (a hyperboloid) restricting the motion of the 
generalized Bloch vector of an excitonic system described by the (real) excitonic 
population / and the complex two-exciton amplitude /" to a hyperboloid (sn(l, 1) 
algebra). 

There are higher order constants of motion other than that in Eq. (2.7). 

To obtain all these constants of motion, we further rewrite the Bloch vector equa

tion, Eq. (2.6), into the "quasi-density matrix" form (Eq. (61) of App. C) 

= [MH(k),^(k)], (2.8) 

(the "density matrix" R is defined in terms of {Sj) 's)  which is analogous to that 

of the A^-level atomic system [32] equation for the density matrix (M^ and R are 

defined in Eqs. (55) and (60) of App. C, respectively). It should be noted 
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that neither the "density matrix" .R(k) nor the "Hamiltonian" Mjy(k) has the 

standard interpretation as that in quantum mechanics since neither of them is 

even hermitian. Eq. (2.8) is merely a convenient way to rewrite the bosonic mean 

field equations of motion for excitons. However, it is remarkable that this equation 

allows us to obtain all  the 2N constants of motion, associated with the SU (TV,  N) 

symmetry,  in a straightforward way by taking the trace of .R" (n = 1, 2,  . . . ,2N) 

(Eq. (62) of App. C) 

^Tr{R^} - 0. (2.9) 

As an example, we note that Eq. (2.7) can be derived from Eq. (2.9) with n — 1,2. 

In summary, in App. C we point out that the momentum-conserving ex-

citon mean field equations, including the coupling to external fields and fermionic 

corrections, have the dynamical structure su{N,N). We have shown that one 

can define a non-real generalized 'Bloch vector' and a non-hermitian density ma

trix description, which allow us to exphcitly obtain all the constants of motion 

associated with the su{N, N) symmetry. 

2.1.3 Coupled heavy-hole-light-hole Stark shift 

As mentioned in 1.1, although the subject of App. D is closely related to that 

of my PhD project, it not a main part of this dissertation. Thus here we only 

present a very brief summary. 

App. D is an experimental paper investigating the coherently coupled hh-

lh optical Stark effect in semiconductor quantum wells, analogous to the coherent 

atomic three-level effects. The experimental results provide evidence for the hh-lh 

Raman coherence. The theoretical analysis is based on a microscopic DCT 
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theory. 

My contribution to this paper is minor. In evaluating the incoherent 

effects, I used the bosonic exciton theory to simulate the processes and compared 

the results with those calculated from the fermionic theory. 

2.2 Excitonic Optical Properties of semiconductor well Bragg struc

tures — stopping, storing and releasing of light 

In Sec. 2.1, we study the coherent exciton kinetics in a single semiconductor quan

tum well, where the many-body effects and particle correlations among excitons 

are mainly induced by the Coulomb interactions. As mentioned in the Introduc

tion, in quantum well Bragg structures, the light-induced couphng among quan

tum wells can also dramatically modify the linear and nonlinear optical properties 

of the exciton system by inducing collective excitations. In this section, we sum

marize our research on the collective linear optical properties of the semiconductor 

quantum well Bragg structures, mainly focusing on the aspects of manipulation of 

light propagation in the structures, particularly the stopping, storing and releasing 

of light. 

2.2.1 Stopping, storing and releasing light in quantum well Bragg 

structures 

Photonic bandgap structures [55] have become important tools for the dehberate 

control and manipulation of light. In conventional non-resonant photonic crystals, 

a periodic modulation of the local refractive index modifies the light dispersion 

into a band structure with allowed and forbidden frequency regions. A system in 



which a periodically arranged optical resonance has its frequency close to a Bragg 

frequency^ is often called resonant photonic bandgap structure (RPBG). In this 

class we have quantum well Bragg structures that have an exciton resonance close 

to a Bragg frequency. 

An important potential application of RPBG's is the stopping, storing and 

releasing of hght. For actual device applications, solid state systems like quantum 

well Bragg structures would be advantageous to gaseous systems, in which the slow 

light has been demonstrated as a consequence of quantum interference[44; 45], in 

terms of robustness and device integration if they could be used as optical delay 

lines and/or optical buffers. However, at the present early stage of development, 

there have not yet been any proof-of-principle demonstrations of schemes to stop, 

store and release light in solids that meet the practical benchmarks. 

In App. E and F, we study the linear excitonic optical properties of 

quantum well Bragg structures. We find that the formation of an "intermediate 

band" (IB), due to the exciton resonance in the individual quantum wells, allows 

for the stopping, storing and releasing of light in these structures. By investigating 

fundamental aspects of this light stopping process, we clarify not only the funda

mental limitations of ideal quantum well Bragg structures but also the practical 

limitations of structures that can be fabricated with present-day technologies. The 

analysis will naturally provide optimization strategies. 

Our analysis of the ideal (infinitely large) quantum well Bragg structure 

is based on its photonic bandstructure. A typical band structure of the system is 

shown in Fig. 2.5 (Fig. 2 of App. E), from which we can see an "intermediate 

^ a Bragg frequency is defined as an integral multiple of the fundamental Bragg frequency 
u!b, for which the light wavelength is twice the lattice constant of the photonic crystal 
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Figure 2.5: (a) The photonic bandstructure of the model quantum well Bragg 
RPBG with a single exciton resonance = 1.496 eV, which is below (but 
approximately equal to) the Bragg resonance Kujb = 1-497 eV. The presence of 
the exciton resonance leads to the almost horizontal intermediate band (IB), (b) 
The IB shown in (a) on an expanded scale. 

band" (IB) [48; 56; 57] , not existing in conventional non-resonant photonic crys

tals, formed between the fundamental band gaps adjacent to the exciton resonance 

(jj^ and the Bragg resonance ub- This intermediate band, in our case extending 

from ub to nearly is crucial to the light stopping procedure, thus we derive 

an analytical expression for it (Eq. (23) in App. E), under the assumption 

I UB ' 

u — Ub 
1 + cos{Ka) 

lub - nj, (2.10) 
1 -F cos{Ka) + ttF 

which indicates that the IB bandwidth (thus the group velocity of light) can 

be actively controlled by parametric manipulation of the exciton resonance 
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Figure 2.6: The imaginary part of w as a function of real K for the intermedi
ate band (IB) close to the zone boundary. Away from the zone boundary, the 
imaginary part of u approaches —7. The inset shows the relation between the 
imaginary and real part of lo within the IB. 

More specifically, the basic idea for the light manipulation is as follows. The 

IB bandwidth is approximately given by Aw/b ~ I — ^b\, thus when the 

exciton resonance is gradually switched closer to the bandwidth of the IB 

decreases and so does the group velocity of light. In particular, when — tt's, 

the whole band is degenerate, i.e., oj{K) = u>b for all K, which means that the 

group velocity is exactly zero and the light is stopped. If the parametric narrowing 

of the bandwidth is adiabatic (i.e. the switching process is sufficiently slow that 

it does not generate frequency components outside the intermediate band), the 

subsequent adiabatic re-opening of the IB (by switching Ux back to the original 

value) will release the pulse with the same propagation characteristics as the initial 

input pulse. 

Based on Eq. (2.10), we can get deeper insights into the properties of the 

IB modes. For example, when the exciton dephasing 7 in the individual quantum 
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Figure 2.7: (a) The reflection spectrum of the quantum well Bragg structure with 
2000 wells, without AR coatings, (b) Same as (a), but only for the spectral region 
of the IB. 

wells is finite, the IB polariton modes of the quantum well Bragg structure can be 

characterized by comp/ea; frequencies as a function of real K's. The real part of the 

complex frequency has the same physical meaning as the real frequency, while the 

imaginary part represents decay with time. From Eq. (2.10) one can easily derive 

the decay rate as a function of K or the real part of frequency Re lu, graphically 

illustrated in Fig. 2.6 (Fig. 4 of App. E). It is worth to note that this decay 

rate is 0 at and increases linearly to almost 7 at the other edge of IB. This 

provides a chance to reduce the absorption when the light is stopped inside the 

quantum well Bragg structure by restricting the frequency spectrum closer to ub 

than ujx-
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Figure 2.8; Same as Fig. 2.7, but for the 2000 well structure with AR coating. 

Practically, in order to stop a light pulse inside the Bragg structure, it is 

necessary to propagate the pulse from outside into the structure. However, within 

the IB, the reflection at the boundary between the outside medium (e.g., the air) 

and the structure can be quite high (Fig. 2.7, i.e.. Fig. 5 of App. E) and needs to 

be minimized. To do this, we generalize the concept of anti-refiection (AR) coating 

[58], usually formulated for the interface between two dielectric mediums, to the 

quantum well Bragg structure. The basic idea is to treat the Bragg structure 

effectively as a uniform medium with an effective refractive index ng//, whose 

validity is quantitatively justified in the appendix of App. E. Once we have the 

value of Ueff, we can design the appropriate AR coating by using the classical 

formula for the dielectric boundaries (e.g., Eq. (30) of App. E). As shown in 

Fig. 2.8 (Fig. 7 of App. E), the surface reflection within the IB is dramatically 

reduced by the AR coating. 

With the concepts of the IB bandwidth manipulation and AR coating. 

1,0 

0.0 

1.502 1.492 1.497 
«  C D  ( e V )  



54 

1 . 4 9 8  

>  1 . 4 9 7  (U 

3" 
«  1 . 4 9 6  

1 . 4 9 5  

1  . 0  

O 
L U  

— 0.5 

1X1 

0.0 
5 35 65 

T i m e  (  p s  )  

Figure 2.9: The time dependence of the exciton resonance Ux (upper panel) and 
the transmitted pulse intensity (lower panel, normalized to the peak input pulse 
intensity I-Eq^), for 2000 quantum wells. Two cases are shown. The dotted curves, 
labelled (a), in both panels are for the case where the light is not stopped, (b) 
labels the case (solid curves) where the light is stopped for 8.2 ps inside the RPBG. 
The input field at the front end of the RPBG vs time (dashed) is also shown. 

we simulate the stopping, storing and releasing light processes using the time do

main transfer matrix formalism with a time-dependent exciton frequency ujxit). 

We study this procedure for both N — 2000 and 200 quantum well Bragg struc

tures, with the former illustrating the basic principle and the latter aimed at a 

proposal for a proof-of-principle experiment. These processes are demonstrated 

in Figs. 2.9 and 2.10 (Figs. 9 and 13 of App. E). For N = 2000, the whole 

input pulse fits inside the structure (which is necessary to well illustrate the basic 

principle of stopping light) and is stopped for some time before being released 

(Curve b in Fig. 2.9), and the transmission peak is delayed for roughly the same 

duration as the stopping time. For N — 200, only part of the incident pulse can 

fit into the structure, thus we can only stop a small part of the light pulse. As a 

= 1  . 4 9 7  e V  

s t a g e  2 

S t a g e  1 j  \  s t a g e  3 

(a) 

i n o u t  

t r a n s m  i t t e d  



55 

1 . 4 9 8  
g =  1 . 4 9 7  e V  

s t a g e  2  
>  1 . 4 9 7 -0) 

3  
«  1 . 4 9 6  

( a )  

s t a g e  1  s t a g e  3  

1 . 4 9 5  

0 

- 4  
0 1 0 2 0  3 0  

T i m e  (  p s  )  

Figure 2.10: Similar to Fig. 2.9, but for 200 quantum wells. Here the fields are 
plotted on a logarithmic scale. The dotted curves, labelled (a), are for a stopping 
time of 3.5 ps, and the solid curves, labelled (b), are for a stopping time of 6.2 
ps. The first peaks of the two curves coincide. The input pulse is shown as the 
dash-dotted line. 

consequence, a large transmission peak coming from the "unstopped" part is un

avoidable, and the light portion that is stopped and later released can only form 

a secondary transmission peak, usually quite small compared to the first one. A 

proof-of-principle experiment aimed at verification of the theory would confirm the 

predicted dependence of the delayed secondary transmission peak on the stopping 

time. 

Since the light inside, the structure gets absorbed due to the finite de-

phasing rate 7, the energy of the transmitted light decreases with increasing delay 

time. To see how long we can practically stop the light and still be able to detect 

the transmitted pulse, we plot the energy v.s. delay time in Fig. 2.11 (Fig. 11 of 



56 

0 

uj~ 

'J--2 

D) 
O 

-4 
1 4 7 

Figure 2.11: Logarithmic plot of the relation between the transmitted pulse energy 
(in units of the incident pulse energy Cin) and the delay time (in units of the 
pulse duration Tyj). The solid line is the result for 2000 quantum wells (Fig. 
2.9). The dotted line shows the energy of the secondary transmission peak for 
200 quantum wells (Fig. 2.10). For comparison, the dashed line shows the result 
for 2000 wells with all the parameters identical to those for the solid line, except 
that the center frequency of the incident light is shifted by -0.4 meV. For the 2000 
quantum well structure a pulse duration of — 6ps has been used, and for the 
200 well structure = 3ps. Also, for comparison in the case of = 6ps (2000 
well structure), we plot a hypothetical decay curve (dash-dotted) with a decay 
rate of 27. The corresponding hypothetical decay curve for = 3ps (200 well 
structure) is not shown; it is close to the actual result shown as dotted line. 

App. E). To illustrate the fact that the effective energy loss rate is less than the 

polarization decay rate 7 (cf. Fig. 2.6 and the related discussion), we also plot 

the hypothetical decay curve with 27 as the decay rate for N = 2000 (the factor 

of 2 is  due to e ~ \E\^)-

In summary, in App. E and F we present a detailed theoretical study 

of light manipulation in semiconductor quantum well Bragg structures. Through 

analyzing the bandstructure of these systems, we find that the existence of an 

intermediate band (IB) due to the exciton resonance allows for the stopping, stor

ing and releasing of light via exciton resonance manipulation. In order to get 

\ 

\ 



light into the structure within the IB's spectral width, we have introduced the 

"effective refractive index" and demonstrated the usefulness of generalized anti-

refiection coating. The numerical studies of a long quantum well Bragg structure 

with 2000 wells confirmed the basic idea underlying the parametric bandstructure 

manipulation. The currently available structures with 200 quantum wells can be 

used for the purpose of proof-of-principle experiments. 

2.2.2 Distortionless light pulse delay in quantum well Bragg structures 

In Sec. 2.2.1 we analyzed the stopping, storing and releasing of light in the quan

tum well Bragg structure through the parametric manipulation of the exciton 

resonance Ux which is close to the Bragg resonance ujb- We found that sufEciently 

long quantum well Bragg structures with small absorption losses allow for multi-

bit hght pulse delays, but we considered only releasing the light in the forward 

direction, and we did not consider the effects of temporal distortion of the light 

pulses due to the group velocity dispersion. In App. G, we show how the re

leasing of light in the backward direction can offer a high degree of dispersive 

distortion compensation. 

In App. G we use the same mathematical (transfer matrix) formalism 

as in App. E. We further analyze the intermediate band (IB) described in Sec. 

2.2.1 and find that the IB dispersion can be almost perfectly reversed, i.e., from 

uj — lub — f{K) to u — ub — —f{K), by switching to the other side of ujb 

by the same amount as it was originally from ojb, which can be easily seen from 

Eq. (2.10) and is illustrated in Fig. 2.12b (Fig. lb of App. G). It is this 

reversibility that allows for the dispersion compensation of a pulse propagating 
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inside the structure. We discuss this in more detail in the following. 
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— 1.4970 
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1.4968 
3.08 3.10 3.12 
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Figure 2.12: (a) The photonic bandstructure of the quantum well Bragg struc
ture when the exciton resonance is below (but approximately equal to) the Bragg 
resonance: Ux < u>b- The presence of the exciton resonance leads to the almost 
horizontal intermediate band (IB) in the photonic bandgap between the lower and 
upper polariton bands, (b) The IB shown in (a) on an expanded scale (solid line), 
the IB when — ojb (dotted line), and the IB when — ub has the same 
magnitude but opposite sign as in (a) (dashed line). 

Fig. 2.13b (Fig. 2b of App. G) illustrates a stopping, storing and 

releasing process similar to that in App. E in an idealized structure (no absorption, 

sufficiently long). After the stopping and storing period, the exciton frequency is 

restored to its original value, releasing the light in the forward direction. We note 

that the pulse shape of the transmitted pulse is independent of the stopping time, 

i.e., all identical to the pulse shape of the transmission without any switching of the 

exciton resonance. This means that the stopping, storing and releasing procedure 

does not contribute to the pulse deformation. However, due to the group velocity 

dispersion, the shape of the transmitted pulses deviates significantly from the 

input pulse (also shown in Fig. 2.13b). 
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Figure 2.13: The time dependence of the output pulse intensity I{t)  ~ \E{t)\ '^  nor
malized to the peak input pulse intensity Iq in (a) reflection and (b) transmission 
geometry, for 1500 quantum wells. The stopping time is 0, 50 and 190 ps for the 
dash-dotted, solid and dashed curve, respectively. The input pulse is the dotted 
curve. In the reflection geometry, the pulse is released by shifting the exciton 
frequency above the Bragg resonance to its final value of 1.4972 eV (compare Fig. 
1(b)), while in the transmission geometry, the pulse is released by shifting the 
exciton frequency back to its original value (1.4968 eV). A zero-delay-time pulse 
without any switching does not exist in the reflection geometry. 

The pulse deformation can be avoided if the polariton dispersion of the 

exiting pulse is inverted with respect to that of the pulse entering the structure, 

as illustrated in Fig. 2.12b. In this case, the group velocity as well as all higher 

derivatives of the polariton dispersion change signs. Thus, while the pulse is prop

agating backward, the distortion caused by the group velocity dispersion during 

its forward propagation can be compensated for. The numerical results in Fig. 

2.13a show the delayed pulse that exits through the same surface as it entered 

the structure, travelling in the opposite direction. Unlike the transmitted pulse 

shown in Fig. 2.13b, this pulse exhibits only negligible distortion, independent of 

the stopping time. 
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Figure 2.14: The power spectrum (a) and spectral phase (b) for the unstopped 
output pulse in transmission geometry (dashed hnes) and the output pulse in 
reflection geometry with a delay time of 50 ps (solid lines). The input pulse has a 
spectral intensity that, on this scale, is indistinguishable from the dashed line in 
(a), and zero phase for all frequencies. 

The dispersive distortion (transmission geometry) and compensation (re

flection geometry) can be better understood in terms of. the amplitude and phase 

distribution in the frequency domain, which is illustrated in Fig. 2.14 (Fig. 3 in 

App. G). Fig. 2.14a says that the spectral intensities I[u)) ~ \E{uj)\'^ do not show 

any deformation in either geometry, due to the adiabaticity of the w^j-switching 

process. However, the situation is quite different for the phase distributions. We 

see from Fig. 2.14b that in the reflection geometry, the pulse requires only a linear 

phase change, which only corresponds to a temporal shift of the pulse without any 

change in shape. In contrast, in the transmission geometry, the phase distribution 

is obviously nonlinear, which causes clear temporal distortion in the transmitted 

pulse. 



In summary, in App. G we have shown that a quantum well Bragg struc

ture can delay optical pulses by several pulse widths, while automatically com

pensating for pulse deformation if operated in the reflection geometry; however, 

it exhibits significant temporal dispersion-related pulse deformation in a trans

mission geometry. While our analysis focused on the principle of distortionless 

pulse delay in quasi-ideal quantum well Bragg structures, the information gained 

from this analysis could point the way to the development of all-optical delay lines 

without temporal pulse deformation in this or other formally equivalent resonant 

photonic bandgap structures. 

2.3 Outlook 

In this dissertation we have presented our studies on several aspects of excitonic 

optical properties of semiconductor quantum wells and quantum well Bragg struc

tures, which are fundamentally important and/or useful in information technology 

applications. Further extension of these studies may find more interesting scien

tific results. As a conclusion of this dissertation, we propose some of the possible 

directions. 

• In investigating the coherent evolution of excitons, we can further ask 

whether we can manipulate the coherence, e.g., to enhance or destroy the optically 

inactive excitons or their correlations actively, by means of phase-locked pulses. 

This concept of coherence control has been successfully applied in many diferent 

fields of physics and chemistry, from selecting the output of chemical reations to 

the study of fundamental physics of excitons [59]. Actively controlling the optically 

inactive excitons and their correlations not only give us conceptual understanding 
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but also (if realized experimentally) provide a powerful tool for investigating the 

fundamental dynamics experimentally. 

• The study of similarities and differecnces of light-matter interaction 

in atomic gases and dielectric media (e.g., semiconductors) has led to fruitful 

results, such as the optical Stark effect and Rabi oscillation in semiconductors[60]. 

This analogue is well related to the so called su(2) dynamical algebra in both 

the two-level atomic system and the semiconductor electron-hole system. On 

the other hand, in the field of quantum optics, the su(l,l) algebra appears in 

connection with the bosonic properties of photon systems, and this has been well 

investigated for decades. From Sec. 2.1.2 we know that the photon systems have 

their analogue in the semiconductor exciton systems, which also admit the same 

dynamical algebra in the mean-field approximations. Due to the success in the 

exploration of electron-hole systems an analogue to two-level atomic systems, the 

question naturally rises whether the semiconductor excitonic analogue to su(l, 1) 

photon systems in quantum optics may also lead to new scientific findings. 

• The study of quantum well Bragg structures, or more generally, reso

nant photonic bandgap structures, has developed into a vast research area[56]. So 

here it is not difficult at all to find exciting topics. For example, in the nonlinear 

regime, intriguing effects such as the gap soliton propagation[48] are continuing to 

attract much attention. In this dissertation, we have exploited the special linear 

properties of the "intermediate band" to stop the light. It would also be interesting 

to see the possible nonlinear effects in this frequency regime. 
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Abstract. - The center-of-mass momentum distribution of optically created excitons in semi
conductors is known to be constrained by the (very small) light momenta at times immediately 
following the excitation, and it is governed by incoherent scattering processes on longer time 
scales. The present theoretical analysis suggests that, on intermediate time scales, nonlinear 
mean-field interactions between excitons lead to a coherent, wave-like evolution in the momen
tum distribution of optically inactive excitons. Proposals for possible experimental verification 
of these predictions are discussed. 

When a direct-gap semiconductor is excited by an ultrafast (picosecond) light pulse, at 
relatively low intensity and spectrally around the lowest exciton resonance, (coherent) exci
tons are created initially with very small center-of-mass momenta. On a longer time scale 
(tens of picoseconds to nanoseconds); incoherent exciton-exciton and exciton-phonon scatter
ing processes yield Boltzmann-type relaxation/thermalization kinetics and a broad momentum 
distribution of optically inactive excitons. While the exciton population kinetics on both the 
photo-excitation and the thermalization time scales are conceptually well established, that 
in the transition regime bridging the two time scales is still not well understood. This pa
per presents a theoretical analysis on how coherent correlations among excitons affect their 
population kinetics on this intermediate time scale. It is shown that, under appropriate condi
tions, exciton-exciton interactions lead to nontrivial coherent evolution patterns in the exciton 
momentum distribution, which can in principle be observed and measured experimentally. 

A lajTge volume of literature exists that elucidates many aspects of the important multi-
exciton correlations underlying nonlinear optical processes in semiconductors (for recent re
views see [1-4]). However, most experiments probing coherent exciton dynamics immediately 
after ultrafast optical excitation measure the interband polarization, which can be pictured as 
a macroscopic wave function describing excitons occupying a small number of center-of-mass 
momentum states. The coherent kinetics of excitons outside the interband polarization during 
this time is an aspect that has not received much attention. On the other hand, most recent 

(*) Present address: ACT-JST, Japan Science and Technology Corporation, Department of Applied Physics, 
University of Tokyo - 7-3-1 Hongo, Bunkyo-ku, Tokyo, Japan. 

(*') e-mail; rbinder9u.arizona.edu 

© EDP Sciences 



68 

418 EUROPHYSICS LETTERS 

(t  i i .a 

l\ A a 
1 y,'*'" 

E| f 

1 \ 
/ / \ 

0 4 8 U 

Time [ ps] 

Fig. 1 - (a) Schematic representation of the creation of optically inactive (center-of-mass momen
tum k 0) excitons (circles) via scattering from the photo-generated {k = 0) excitonic interband 
polarization (crosses), e denotes the single-exciton energy, (b) Calculated time evolution of the zero-
momentum exciton density n/,, summed optically inactive exciton density n/, and the total density 
n. The time- dependence of the light pulse E is also shown. 

studies on exciton population kinetics [5-7] have focussed on long-time incoherent processes 
such as dephasing, thermalization, and exciton formation from cooled electron-hole plasmas. 

The optically inactive momentum states, i.e. those outside the interband polarization, are 
initially populated through excitons scattering pairwise out of the interband polarization, as 
visualized in fig. 1(a). We argue here that subsequently, if the exciton density is relatively low, 
the exciton momentum distribution exhibits a coherent evolution behavior which can survive 
for some time before dephasing sets in. In the following we will explain the main characteristics 
of this coherent kinetics, which are distinct from those of incoherent processes, and at the end 
of this paper we will propose experimental schemes that could be used to verify our predictions. 

The excitons are modeled as bosons, the Hamiltonian of which consists of a kinetic energy, 
a two-body interaction, and a dipole coupling to the applied field that includes a fermionic 
exchange contribution. The matrix elements are constructed from electron-hole input: exci
ton wave functions and the Coulomb potential, and they are determined [8j by requiring our 
boson theory to correctly handle two-electron-two-hole correlations, Coulomb and fermionic 
exchange, in the coherent, low-intensity excitation regime. Technically, this requirement is 
that our theory gives a third-order (in the applied radiation field amplitude) interband polar
ization, for excitation from the ground state, that is formally identical to that in the underlying 

•electron-hole theory, as derived, for example, through the Dynamics Controlled Truncation 
formalism [9]. It seems physically reasonable to expect this theory to be applicable to excita
tion regimes which are beyond but are still at sufficiently low density and energy that the 
mean field and two-exciton correlations remain the dominant physical effects. Of course, a 
boson theory has a practical advantage only when the physical phenomena can be reasonably 
described by including a limited number of exciton states. In the present application, the 
theory is restricted to the Is heavy-hole subspace. For GaAs quantum wells, which we have 
chosen as example system, these criteria for applicability are expected to be satisfied, though 
perhaps only by a modest margin. One would obtain qualitatively the same prediction for the 
phenomena discussed here in systems with large exciton binding energy, e.g. CU2O, where the 
validity of our bosonic theory of excitons is more certain. 

A GaAs single quantum well with area A is irradiated in normal incidence by a circularly 
polarized hght pulse spectrally tuned to the heavy-hole Is resonance. Assuming that only Is 
excitons are excited (see cliscussion below), we drop all band and internal exciton state labels 
in the following. We study the coherent evolution of the (in-plane) momentum distribution of 
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optically inactive excitons, = {bl.bk) — where bk and bl are boson/exciton 
annihilation and creation operators, respectively. At short times, this exciton population is 
created by coherent scattering off the laser-generated component, b(t) = {bo)/\/A (which 
is related to the interband polarization) via the coherent biexcitonic amplitude f°'{k,t) = 
(b-kbk) — Sk,o{bo)^- We assume sufficiently low lattice temperature so that phonon-induced 
dephasing can be ignored in the initial several picoseconds after the pulse. To focus on the 
features of the coherent kinetics, we also ignore exciton-scattering dephasing in the main part 
of our analysis, deferring a discussion of its influence to the end. Under these conditions, the 
evolution of b{t), f{k,t), and are governed by the following coupled mean-field-type 
equa,tions which can be derived, e.g., through the nonequilibrium Green's function formalism: 

^̂ dt nn{t)4Q+V{0,0)\b{t)\'̂ b{t) + J2V{0;q)f''{q,t)b*{t) 

where 

cr{k,t) 

+E Vt  1 ̂ 1]+Vr ^ 
2' 2 i ^ 2' 2 

—J{k,t) = -Im[o-"(fc,t)/° *(fc,i)], dt 

 ̂— /"•{kjt) = 2[£{k) + a-{k,t)] f°'{k,t) + 2cr°-{k,t)f{k,t) + a'̂ {k,t)', 

(1) 

(2)  

(3) 

•cr I  ̂k\ f k k 
VT \  2 - 2  2  " 2  l&WI' + E 

= V{k,0)b''{t) +Ĵ V{k,q)r{q,t). 

fik-q,t), {A) 

(5) 

For the slightly simplified case of a (A:-independent) contact potential, eqs. (l)-(3) have been 
derived in ref. [6]. Equation (1) is a generalized Gross-Pitaevskii equation, and eqs. (2)-(3) 
are similar to the Hartree-Fock-Bogoliubov equations in theories of dilute bosonic atoms (see, 
e.g., [10]). V{k, k') (V in matrix notation) is the potential between two co-circularly polarized 
l5 excitons effecting a transition from relative momentum k' to relative momentum k. In 
matrix (in the relative momentum basis) notation, it is given by 

V = R-iw+K-i + -i. (6) 

where VF+ = W^+W^, being the matrices of direct/exchange Coulomb integrals with Is 
wave functions, K — S, S being the overlap matrix of the nonorthogonal two-exciton basis 
wave functions, and i is the diagonal matrix of the kinetic energy sum of the two excitons [11], 
For previous derivations of and discussions on exciton-exciton interactions, see e.g., [12]. f2(t) 
is the Rabi frequency of the applied field, and is the value of the Is relative-motion exciton 
wave function at zero electron-hole separation. The contribution from the exchange correction 
to Q.{t) is not shown in eq. (1), but is included in the calculations. 

The potential V is Hermitian, nonlocal, and strongly repulsive at short ranges. It reduces 
to the (local) Heitler-London potential, e.g. between two hydrogen atoms, in the infinite-hole-
mass limit. V is sufficiently strong that some diagram series to all order in V, whose sum gives 
the two-particle scattering amplitude (or the T-matrix), must be included in the otherwise 
strictly mean-field equations. For our purposes, a time-local approximation of the T-matrix 
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Fig. 2 - Time evolution of the optically inactive exciton momentum distribution. The distribution is 
shown at a sequence of equally spaced time instants, labeled 1-12, at 0.44 ps intervals, starting at 2.1 ps 
(curve "1"). The dashed vertical line marks the upper bound of the luminescence region in fc-space. 

with its momentum dependence set to that of V is considered adequate: Vxik, k') = ciV[k, k') 
(here, a normalizes the magnitude of Vt to that of the approximate value of the low-energy 
T-matrix as calculated with V [11]). Where Vt enters the equations has been determined by 
diagrammatic analysis so as to avoid overcounting of perturbation series terms. 

We note that, like other boson mean-field equations, eqs. (2)-(3) possess a symmetry 
structure characterized by the algebra 5'u(l, 1) (see, e.g., [13]). Among this symmetry's con
sequences is the conservation law: ^{[/"(A:, t)|^ - \f{k,t)\'^ - fik,t)} = 0, so that one only 
needs to understand the behavior of the coherent biexcitonic amplitude /". 

In figs. 1-3, we present some numerical solutions of eqs. (l)-(3). The interaction V has 
been calculated using a strictly 2D model with typical GaAs material parameters for the 
quantum well. For these results, the light field is a 1.2 ps (intensity FWHM) pulse (spectral 
width « 2meV) at resonance with the Is exciton level (fig. 1(b)). The time evolutions of 
rife s |6(i)p, Uf = fik), and the total density n = H- n/ are also shown in fig. 1(b). 
The total density is conserved after the pulse. The small (barely visible) oscillations, in nt, 
correspond to those discussed in [14]. Figure 2 shows the momentum distribution of the 
o p t i c a l l y  i n a c t i v e  e x c i t o n s  a t  v a r i o u s  t i m e s .  C r e a t e d  b y  s c a t t e r i n g  d u r i n g  t h e  l i g h t  p u l s e ,  f { k )  
decreases monotonically with |A:| through the duration of the pulse. Then, a train of peaks 
emerge at the high-momentum end of the distribution and move towards the low-momentum 
region. This dynamics in momentum space also leads to some interesting wave-like behavior 
for the one-particle correlation function in r-space, p{r — r') = Ylk ' +'^•6, which 
is shown in fig. 3. At any fixed momentum k ,  f { k )  oscillates in time; f [ k , t )  for a small |fc| 
(= 10-''A-i) is shown in the inset of fig. 3. At low densities, the oscillation freciuency for 
small k is found to be w 2Vr(0, 0)nj,. 

The physical mechanisms underlying these behaviors can be best understood in the low-
density limit. If we retain only leading-order (in the light field amplitude) terms in eqs. (l)-(3), 
with zero initial conditions, it is clear that the leading orders of h{t), f°'{k,t), and f{k,t) are 
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Fig. 3 - The one-particle correlation as a function of relative distance at different times, with time 
labels as in fig. 2. The inset shows the time evolution of f{k) for |fc| = 10"^ Solid line: mean 
field; dashed hne: mean field and dephasing. 

1, 2, and 4, respectively. Moreover, (the superscript (n) denotes the 
n-th order contribution to the quantity). To second (or order, eq. (3) reduces to 

ih- leik) 
dt ^ '  

M2) {k,t). (7) 

An important point here is that, although contains the solution f°'^'^\k,t), it typ
ically settles to almost a steady harmonic oscillation with frequency 2£:(0) not long after the 
pulse has passed. To see this qualitatively, one notes that, with (7''^^^(/5,t) given by eq. (5), 
eq. (7) is an inhomogeneous (i.e. with a source term) Schrodinger equation describing the 
generation of correlated pairs of excitons with opposite momenta via coherent scattering from 
the optically excited component b{t) and the subsequent rescatterings of the excitons off each, 

other. By solving eq. (7) formally, one can write as J^dt'Tii{k, 0,t — (t')p, 
where tr(a;, 0, t — t') is the transition amplitude (through repeated scatterings) between the 
pair-exciton state with zero momentum and the state with momenta k and —k. Tii{t — t') 
typically has a finite range T \i\ t — t', so that since 6'''-'(t) oscillates, with frequency e(0) after 
the pulse, so (fc, t) becomes steadily oscillating after an additional time interval r. 

With the foregoing analysis, eq. (7), for each k, assumes the form of the equation of motion 
of a standard atomic two-level system excited by a detuned steady external field in the linear-
response limit [15]: and 2£{k) play the same role as the transition matrix element and the 
transition energy, respectively, in the two-level case. is the parallel of the amplitude, and 
f^^\k) = the probability, for the atom to be in the upper level. The behavior of 
the upper-level population for atoms excited by a stationary, weak field is simple: it oscillates 
with a frequency equal to the detuning and an amplitude proportional to the transition matrix 
element sciuared (cf. fig. 3-2 in [15]). Likewise the exciton distribution /^''^(A:,f) oscillates in 
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time, with fc-dependent frequency and amplitude. The moving patterns shown in fig. 2 are 
due to the decrease of the oscillation frequency 2e{k) — 2£-(0) with decreasing |fc|. 

The above analysis holds for almost the entire momentum space, but it breaks down for 
A;'s close to zero. Since the source term in eq. (7) oscillates at 2e{Q), the detuning 2£:(A;) -2£(0) 
vanishes at A: = 0. Hence, t) grows monotonically in time (cf. fig. 3-3 in [15]), in contrast 
to the oscillatory behavior shown in fig. 2. This discrepancy can be traced to the fact that 
in the "single-particle energy" (square bracket) term in eq. (3), the additional "self-energy" 
a{k,t), whose leading term is becomes the dominant term where £{k) vanishes. Adding 

w 2VV(0, 0)n6 to e{k) in eq. (7) leads to an oscillatory f{k,t) for small k with a 
limiting frequency 4Vx-(0, 0)n(,. To be consistent, however, one must examine terms to the 
same order in other quantities. The upshot is that 6^(t) acquires a phase with frequency 
w 2Vt{0, 0)n(,, so the actual "detuning" or oscillation frequency for small A: is « 2Vx(0,0)n(,, 
which agrees well with the numerical results. In sum, the physical picture is; via scattering, 
correlated exciton pairs jump back and forth coherently between b{t) [k = 0) and the optically 
inactive {k ^ 0) states, and the moving patterns in f{k) arise from beatings between the 
(renormalized) energy of each (fc ^ 0) state and that of b{t). While this simple analysis 
applies rigorously only to the low-density limit, our numerical results show the dynamical 
patterns just discussed to remain prominent at higher densities. 

In order to detect the patterns shown here, one would need a time-resolved detection 
method sensitive to the fc-dependence of the distribution. One can in principle use.Terahertz 
absorption for transitions between the heavy-hole and light-hole valence bands, taking advan
tage of the different dispersion relations in the two bands. Since dipole transitions between 
the p-wave components of the orbital wave functions in these bands are forbidden, the feasi-
bihty of this method depends on the magnitude of the mixed-in s-components to the orbitals. 
Luminescence reveals less information on the distribution, but may be more detectable. The 
time-resolved luminescence signal at an off-normal direction would track the oscillations of 
/(fc, t) for a corresponding small k. We estimate the maximum |fc| that can be seen in lumi
nescence (at large angles) to be jfc| = 10~^/A (marked as a vertical line in fig. 2). In the inset 
of fig. 3 we show f(k,t) for |fc( = 10~'^/A (solid line). Within the low-density regime, the 
oscillation frequency of the signal is proportional to the beam intensity. This intensity depen
dence may distinguish the desired signal from other oscillating luminescence sources. For ideal 
samples at low temperatures, the rhost important incoherent effects, which may eliminate the 
oscillatory signature in this signal, are exciton-exciton scattering-induced dephasing and ra
diative decay. We have repeated our calculations including these effects; in the inset of fig, 3, 
the result for f{k,t) for |fc| = 10~''/A (dashed line) is compared to the mean-field result. One 
can see that, while the inclusion of dephasing and decay changes the oscillation amplitude of 
the signal relative to the mean-field prediction, the oscillation frequency during the time scale 
we are examining, i.e. < 10ps, remains unchanged. Another complication is the possibihty 
of luminescence at the exciton resonance from a plasma of unbound but correlated electrons 
and holes [16]. However, in our excitation regimes, we believe that the ionized component of 
the electron-hole system is small. 

While eqs. (l)-(3) were used for far-from-equilibrium processes, they are also appHcable 
to the dynamics of near-equihbrium Bose condensed systems. For example, if the existence of 
bulk exciton condensates {e.g., [17,18]) is confirmed in the future, eqs. (l)-(3) can be used in 
studies of short-time coherent kinetics in these systems. 

In summary, we predict that, under appropriate conditions, optically inactive excitons 
form a moving pattern in their momentum distribution. Driven by two-exciton correlations, 
this coherent quantum kinetic effect bridges the well-known kinetics associated with optical 
excitation on the one hand and incoherent relaxation on the other. 
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Abstract: Ultrafast coherent dyaamics of optically-inactive excitons in photo-excited quantum 
wells are investigated. The exciton momentum distribution follows an interesting moving pattern 
driven by the Coulomb coupling between the interband polarization and excitons with non-zero 
momenta. 
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Excitonic correlations in the regime have been well investigated both theoretically and experimentally. 
Higher order effects are now attracting increasing attention. The optically-inactive exciton (excitons with non
zero momenta) density, sis a higher order quantity, plays an important role in the dephasing and relaxation 
of the system. Moreover, its Fourier transform into f-space, plus the coherent density, is the one-particle 
correlation function, which, at quasi-equilibrium, chaxacterizes the phase (normal or superfluid) of the exciton 
system. 

Most studies [1] on the short-time dynamics of optically-inactive excitons have focussed on their relaxation 
and/or their contributions to the dephasing of the interband polarization. In this contribution, we present 
the results of our theoretical study on the short-time coherent dynamics of the optically-inactive exciton 
density and the one-particle correlation function. It is shown that after the light pulse has passed but before, 
decoherence sets in, the evolution of the optically-inactive density follows an interesting pattern in both 
momentum space (for the optically-inactive density distribution) and r-space (for the correlation function). 

In our model for excitons, the basic degrees of freedom are exact bosons, and the fermionic exchange effects 
are taken into account in the effective Hamiltonian [2], whose matrix elements are chosen in such a way that 
in the coherent limit our boson theory is equivalent to the standard fermionic Dynamics Controlled 
Truncation forraalism [3]. 

In the following, we present some results for a quantum well (with GaAs parameters) irradiated by a cir
cularly polarized pulse at the heavy-hole resonance. We self-consistently solve the time-dependent mean-
field equations, truncated to the la heavy-hole subspace, for the coherent exciton amplitude {bo), the 

Coherent 
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Fig. I. Time evolution of the optically-Inactive e;-:citon density distribution in a\ocaentuin space. The dis
tribution Ls shown at a sequence of equaliy-apaced time instants, Labeled (1-12). The curve labeled '1' is for 
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Fig. 2. The one-parfiicie correlation as a function of relative distance at different times. The time labels are 
the same as in Fig.l. Not all the time points in Fig-1 are plotted here. The inset shows the time evolution 
of the coherent exciton density nj,, .•summed optically-inactive exciton density n^, and the total density n. 
The shape of the pulse E is also shown. 

correlated biexcitonic amplitude /"(k) = (^k^-k) ~ 5\sxt{bo)'^, a-ad the optically-inactive exciton density 

/(k) = {blji^ — i5ko|(6o}P where 6k is the annihilation operator for a boson of momentum k. The time 
evolution of nt, = l(6o)P , density n = |(6o)P + Z!k/(^) shown in the 
inset of Fig.2. The total density is conserved after the pulse. The small (barely visible) oscillations in |(6o)P 
correspond to those discussed in [4]. 

Fig. 1 shows the momentum distribution of the optically-inactive excitons at a sequence of time instants. 
The distribution, created during the light pulse, is Gaussian-like through the duration of the pulse. Then a 
train of peaks emerge at the high momentum end of the distribution and move, towards the low momentum 
region. This dynamical pattern in momentum space also leads to some interesting wave-like behavior for the 
one-particle correlation function in r-space, which is shown in Fig.2. 

We will discuss (1) the origin, of these patterns in terms of the coherent Coulomb coupling between the 
optically-inactive density and the photo-generated coherent density, (2) the effect of including collision-
induced dephasing, and (3) the implications for coherent control of exciton populations. 

This work is supported by NSF(DMR), COEDIP, and JSOP. 
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The ultrafast (picosecond) coherent dynamics of exciton systems in semiconductors can be approximately 
described by bosonic mean-field equations. These equations are nonlinear and therefore difficult to solve 
analytically. It is thus important to study the general dynamical properties of these equations, such as the 
underlying symmetry, and corresponding conservation laws. It is shown in this paper that, for an iV-species, 
exciton system (e.g., heavy-hole and light-hole excitons), a mean-field Hamiltonian (including the coupling to 
external fields and fermionic corrections) can be formulated which is a member of the su{N,N) algebra. As a 

. consequence, the equations of motion for the center-of-mass momentum dependent exciton distribution and the 
coherent biexciton amplitude can be cast into a form similar to that of the optical Bloch vector in two-level 
atoms that belong to the algebra su(2) [or, more generally, iV-level atoms with algebra suit/)]. It is shown that 
the analog to the Bloch sphere in iV-level atoms is an unbounded hypersurface (generalized hyperboloid) that 
conshains the motion of the exciton distribution and coherent biexciton amplitude. Further constants of mo
tions that constrain the motion on tiie hypersurface are found fi:om an su{N,N) generalization to the Hioe-
Eberiy method in su{N) systems (;V-level atoms) pF. Hioe and I Eberly, Phys. Rev. Lett, 47, S38 (1981)]. 

DOI: 10.1103/PhysRevB,70.195319 PACS number(s): 78.67.De, 71.35.Gg, 78.47. + p 

I. INTRODUCTION 

Nonlinear semiconductor optics based on excitations near 
the fundamental band gap offers invaluable information on 
many-body effects and particle correlations (for recent re
views, see, e.g., Refs. 1-4). While excitation in the interband 
continuum (i.e., transitions from a valence band high into a 
conduction band) probes mainly electron-hole plasma ef
fects, optical excitations of the lowest bound excitons (usu
ally the 1j excitons) probe many-body effects of die con-e
lated exciton system. One of the excitation regimes that has 
been under intense study recently is the so-called regime, 
in which the optical nonlinear response is treated up to the 
third order in the light field amplitudes involved in the opti
cal excitation and the probing of the semiconductor response 
(see, e.g., Refs. 5-16 for theoretical details). , 

In addition to fermionic theories, which treat the exciton 
properly in terms of its electron and hole constituents, there 
exists a wide variety of studies treating the excitons as 
bosonic particles (see, e.g., Refs. 17-22). Fermionic theories 
are more fundamental, but they are often very difficult to 
evaluate, especially in cases where excitons dominate the 
nonlinear response. This happens, for example, when the op
tical light field is in resonance with the lowest exciton state 
and the exciton population is kept at low densities and low 

. temperature. In cases like these, bosonic theories are advan
tageous, because they can give simple and transparent physi
cal interpretations for the observed optical nonlinearities. 

In order to discuss excitonic optical nonlinearities, one 
needs to specify the geometry of the system and the time 
scale under consideration. In this paper, we are interested in 
die exciton dynamics in a thin semiconductor quantum well. 
The light field is assumed to be in nonnal incidence, which 
means that the optically excited excitons (or, more precisely, 
excitonic interband coherences) have zero in-plane center-of-
mass momentum. Moreover, we only deal with the ultrafast 

time scale, on which dephasing and relaxation processes can 
be ignored. (See, for example, Refs. 23-25.) For a sample at 
low temperature, excited in the low-density regime, the cor
responding times are typically on the order of several pico
seconds (or even tens of picoseconds). 

Under these conditions, it is reasonable to assume that the 
dynamics of the coiTelated exciton system can well he de
scribed by a mean-field Hamiltonian, i.e., a Hamiltonian that 
treats the correlations in a mean-field description and rules 
out incoherent exciton-e.xciton scattering and relaxation pro
cesses. Mean-field Hamiltonians have been used in many 
different areas of physics to extract important information on 
the system's dynamics. One of the most prominent examples 
is that of plasma screening in electron or electron-hole plas
mas which can be described by a mean-field Hamiltonian 
with self-consistently computed screened Coulomb potential 
(Ehrenreich-Cohen method) (for a textbook discussion see, 
for example, Ref 26, p. 142). The mean-field Hamiltonian is 
constructed in such a way tliat the equations of motion of the 
operators under consideration obtained from this Hamil
tonian are identical to those obtained fi:om tlie full Hamil
tonian followed by a Hartree-Fock factorization. 

In the present context we are dealing with an A'-exciton 
system (where M denotes the number of different exciton 
species, for example iV=4 if we have heavy-hole and light-
hole excitons and both are twofold tspin degenerate). We will 
detennine an appropriate mean-field Hamiltonian which is 
used to determine the equations of motion of bosonic (exci
ton) operators. It includes optical excitation, exciton-exciton 
interaction, and fermionic corrections that describe phase-
space blocking in the exciton-photon coupling. In particular, 
we will deiive the mean-field Heisenberg equations for the 
exciton distribution function (i.e., the distribution as function 
of center-of-mass in-plane momentum of the excitons), and 
the coherent biexciton amplitude. While the equations of mo
tion of these two fimctions are difficult to solve, we will be 
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79 

YANG, KWONG, AND BINDER PHYSICAL REVIEW B 70, 195319 (2004) 

able to derive all constants of motion associated with the 
dynamical symmetry of the mean-field Hamiltonian. 

In Uvo-level atoms (and also in iV-Ievel atoms), constants 
of motion are conveniently discussed in terms of the Bloch 
sphere and restrictions for the Bloch vector moving on the 
Bloch sphere (see Ref. 27 for an extensive discussion of the 
two-level atom). In tliis case, the underlying syimnetry group 
that can explain the constants of motion is SU{N}. The 
Hamiltonian of the W-level atom can be expressed in terms 
of the group generators of SLf(,M), and the dynamical vari
ables of the system can be associated with these generators. 
Hioe and Eberly have shown how to exploit the properties of 
the jw(iV) algebra in the formulation of the equations of mo
tion of the dynamical variables of an A''-level system,^''-' and 
how one can obtain conservation laws (constants of motion) 
corresponding to SU(N). 

In our case, described by the iV-exciton mean-field Hamil
tonian, the underlying symmetry group is not SUiN). It has 
been shown by Huang^" that, in the case of a single-species 
weakly interacting Bose system, the imderlying symmetry 
group is ^^^/•(l, 1). This group is well knovra in the context of 
quantum optics, and a generalized SU{1,1) Bloch vector has 
been formulated by Dattoli et a/.^' 

It is therefore natural for us to ask whether our mean-field 
Hamiltonian, which is a Hamiltonian for an W-species exci-
ton system and includes, besides exciton-exciton interaction, 
effects of optical excitation as well as fermionic corrections, 
can be associated with the symmetry group SlfiN.N). If so 
(and we will show that this is indeed possible), one can de
rive a generalized Bloch vector and relate it to the expecta
tion values of the dynamical variables of interest (in this case 
the exciton momentum distribution and the biexciton ampli
tude). We will show that, similar, to the case of a two-level 
atom, one can define a generalized Bloch vector and gener
alized Bloch hypersurface (not a sphere in this case) which 
yield immediately infomiation about constramts on the dy
namics of the dynamical variables. iVIoreover, we will show 
that the method employed by Hioe and Eberly^' to determine 
higher constants of motion based on SU{N) can be general
ized to SU{N,N), even though the generalization will have 
important mathematical differences compared to the Hioe-
Eberly method. 

This paper is organized as follows: in Sec. II, we briefly 
review the basic concepts of the groups SU{2) and 5WI, I) 
[including generalizations to SU{N} and SU{M,N}] and their 
algebras; in Sec. Ill, we study the struchire of the effective 
mean-field Hamiltonian of a general spatially homogeneous 
exciton system and relate it to the suiN,N) algebra. This 
su(N,/^ dynamical algebra allows us to write the mean-field 
equations in two equivalent forms. One is a generalized 
Bloch vector forna, and the other is a matrix equation that is 
formally analogous to the Liouville equation for a density 
matrix (but we stress that the analogy is only fomial and only 
usefi.ll for the derivation of the desired constants of motion). 
In Sec. IV, we use the ("density matrix") equation obtained 
in Sec. HI to study higher constants of motion associated 
with the sti(N,N} symmetiy. A brief summary is given in 
Sec. V. 

ri. suit) AND 5C/(1,1) GROUPS, ALGEBRAS, AND THEIR 

REALIZATIONS IN PHYSICAL SYSTEIVIS 

Most of the general mathematical properties of the groups 
SU{2) and, to a lesser degree ^(/(l, I), are by now text book 
knowledge (see, e.g., Ref. 32). However, we believe it is 
usefiil for the purpose of this paper to start out with a brief 
review of these groups [and their generalizations SU{N) and 
SU{M,N)] as well as their algebras. The short review of the 
matliematical properties of SU{N) and SU{M,N) will be lim
ited to aspects relevant for the study of exciton dynamics 
discussed in the latter chapters of tliis paper. We will also 
review some known aspects of the relationship between the 
groups SUiff) and SU{M,N) and their algebras and physical 
systems, notably that between SU{2) and the two-level atom. 
This will help lay the foundation of the discussion of the 
application of SU(N,N) to a bosonic description of excitons. 

The group SU{2) is the group of all two-dimensional uni-. 
tary matrices with unit determinant 

jy(2)t^2)=y_ det{(/®}=I (1) 

or more explicitly 

a-j- (2) 

where a and yS are complex numbers. We use the superscript 
® in our discussion of SU{1), while the superscriptwill 
be used below in the discussion of iS'C/(l, 1). The three gen
erators of SU{2} can be chosen as 

Lf = CTj, 7 = 1,2,3, 

where o-y's are the Pauli matrices 

0 I 

1  O / '  
0-2 = 0 - I  

1  0 J '  
0-3 = 

(3) 

. (4) 

The matrices {L^p ,j= 1,2,3} obey the commutation relations 

(5) 
/=!  

whex-e the f?.', are antisymmetric under the interchange of ^2) f'') 
any two subscripts and ^[,3 = 1. The Lj" s fonn a basis of 
the su{T) algebra, whose elements (the linear superpositions 
of Zj^''s with arbitrary real coefficients) are the two-
dimensional traceless Hermitian matrices, i.e.. 

= ,Xr{i®} = 0. (6) 

Similarly, the group 50'(1,1) is the group of all two-
dimensional matrices satisfying^"' 

or more explicitly 

1 0 

0  - I  
det{iy<'"}=l (7) 

195319-2 
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/?• 
|ap-|^p= 1. (8) 

The three generators of the group 5^/(1,1) can be chosen in 
terms of the Pauli matrices as 

Lr-r\ r'". 
with the commutation relations 

3 ,(ll) „(U) 

V! ,(11) 

(9) 

(10) 

The generators in Eq. (9) form a basis of the 
.su(l,l) algebra, whose elements (the linear superpositions 

of £j'"'s with arbitrary real coefficients) are two-
dimensional matrices with the fallowing properties: 

The similarity between definitions given in Eqs. (1) and 
(2) and those in Eqs. (7) and (8) suggests that we can define 
both groups/algebras in a unified way: 

[c/fGU-
Group: 

[det{C/} = 1. 
Algebra; 

L^G = GL 
Tr{£} = 0 

(12) 

with 

I 0 
0 1 
1 0 

0  - 1  

for SU[1) 

for 5(7(1,1). 
(13) 

If we consider the group members as operators acting in a 
two-dimensional linear space, they conserve the "lengths" of 
vectors 

= 2 G,jxJxj = x^Gx, 
J'i 

(14) 

where x is any two-dimensional column vector and G can be 
viewed as the "metric matrix." 

The definition given by Eq. (12) can be naturally gener
alized to the SU{M,N) [with SU{M)^SU{M,Q)] group/ 
algebra, i.e., the SU[M,N) group/algebra is defined as the set 
of all (M+iV) X (M+iV) matrices UIL satisfying (12) with 

PHYSICAL REVIEW B 70, 195319 (2004) 

N(2N-l) 

^ = ••• ^PlV-l,2JV). 

®(12)'-®(13) •®(l,2W)'-S(23)' • • • 

N(,2N-l) 

C(l)> jCpAZ-l)), 
(16) 

where 

{ ^m<n^2N, 

(•S(,„„))^„= vLS- 5^,S^J, I ^m<n^2N, 

'•"i "" (c„)...v f"- V + ^V2+ • 

1  ^ r ^ 2 N - l .  (17) 

1 m & 0 

-1 m<Q. 

The commutation relations of L are 

(2iV)=-l _ 

LL,„Lj] = 2i E 
i-i Vi 

(18) 

(19) 

where are antisymmetric under the interchange of any 
two subscripts and 

'7= ('/l2>'7l3' ''7I.2/V''^3 

N(2N-l) 

B B ' B B B 1 i\ Vll'VU' ••• 'Vl,lN'Vzi< ••• •V2N-iaN- 1' ••• 'I)-

N(2N-l) W-l (20) 

G = 
0 

°  ) .  (15) 

where I is the unit matrix. 
The definition given by Eq. (12) for the SU{M,N) group/ 

algebra is rather abstract, and a more explicit form of this 
group/algebra is usually desirable in practical applications. 
For the purpose of this paper, we write down an explicit form 
of one set of SC/iM.N) group generators which form a basis 
of the sit(N,N) algebra. 

The Lj's defined in Eq. (16) and the unit matrix I satisfy the 
following orthogonality relations: 

Tr{Z]Z^} = 2<5y, Tr{iti} = Tr{/fZj = 0, Tr{7f}} = 2iV, 

(21) 

which will be used to prove Eq. (63) at the end of the fol
lowing section. 

We now mm to the physical application of the su{2) and 
.5u(l, 1) groups/algebras. We start from a two-level quantum 
system, where the Hilbert space is spanned by two orthonor-
mal states |l) and |2). The four operators |/)(y'| (1,7 = 1,2) 
form a complete basis for the linear operators of the system 
in the sense that any linear operator of the system can be 
written as a linear superposition (with complex coefficients) 
of these four operators. Equivalently, one can use the basis 
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Z'r'  =  {l l ){2l  +  |2)( l | } .  4- '  = - i{ | lX2|- |2)<l |} ,  

Z® = U)<1|- |2>(2| ,  iX® = l l><l |  +  |2X2| .  (22)  

which has the advantage of revealing the su{2) dynamical 
stiaicture of the system. To see this, we first note that the 

,2,3} in Eq. (22) satisfy the same commutation 
relations as the generators of the SU(2) group [see Eq. (5)]. 
Thus they form a representation of the set of generators, Eq. 

(3), and are a basis of the su{l) algebra. Moreover, the Lj 's 

commute with K'*': 

[Lf,K®] = 0. (23) 

We have ahready mentioned that, because of the complete
ness of the basis states 11) and |2), any linear operator of the 
system, including the Hamiltonian, can be written as linear 

superposition of the £®''s and 

0 = + + (24) 
j-i y-i 

In other words, any linear operator of the system is a super

position of the and with complex coefhcients, and 

the (Hermitian) Hamiltonian is a superposition of the xj''''s 

and N'*' with real coefficients. Equation (23) means that for 
the most general Hamiltonian of a two-level system, which is 

a linear combination of the Z'"' and K'-' with real coeffi

cients, the X'-' part does not contribute to the equations of 
motion, because it commutes with aiiy linear operator of the 

system. K'-' itself is a constant of motion 

= (25) 
at 

Since the operators defined in Eq. (22) also satisfy the 
same commutation relations as those given in Eq. (5), they 
form an operator representation of the basis of the su(2) 
algebra. Now, other than a tenn proportional to which 
commutes witlt any linear operator of the system, the Hamil
tonian is a linear combination with real coefficients of the 
three su{2) generators. Thus we conclude that the dynamical 
algebra of the two-level atomic system is sii(2). 

Equarion (22) is the operator representation of su(l) alge
bra in the first quantization picture. Going to the second 
quantization picture, we replace the Dirac states by creation 
and amiihilation operator (wliich can either be bosonic or 
fermionic): 

if" = b\h2 + blbi. 4^'' = (-0{i{62-i|6i}. 

(26) 

In this way, we construct an operator representation {X®'} 
for the .h/(2) algebra in Foclc space, all of which commute 

with X'-''. Note that, although we start from a two-level 
representation and then pass to the second quantization pic-

PHYSICAL RBVIEW B 70, 195319 (2004) 

tiire, the operators in Eq. (26) are actually defined in a 
higher-dimensional Hilbert space (Fock space). This operator 
representation has its application in the Hartree-Fock theory 
of electron-hole systems in semiconductors, which can be 
treated as.a coupled ensemble of iw(2) subsystems analogous 
to two-level atoms: in the Hartree-Fock theory, for each 
center-of-mass momentum k the corresponding "two levels" 
of an electron are the conduction andi valence bands. 

The SU{\ , 1) case is more complicated. We note that the 
two-dimensional matrix representation (i.e., the original defi
nition) in Eq. (8) of the SUil, 1) group is not unitary. Actu
ally, because of the noncompactness of the group 5^/(1,1), 
there is no finite-dimensional unitary representation for it;^^ 
as a consequence there is no fimte-dimensional Hermitian 
representation for the ji((l,l) algebra. Smce in standard 
quantum mechanics, the Hamiltonian is Hermitian, we do 
not expect the dynamical algebra of a finite-dimensional 
quanmm system to be ji/(l,l). However, in the infinite-
dimensional bosonic FOck space, we do have a unitary/ 
Hermitian representation for the 1) group /algebra. For 
example, in quantum optics it is well known that there are 
two-mode electi'omagnetic fields whose Hamiltonian, written 
in terms of bosonic creation and annihilation operators, is a 
linear combination of the jw(l, 1) generators^'* 

£3"'= -I-1, (27) 

Again, die ij'"'s defined in these equations all commute 

with N'"', and satisfy the commutation relations of the 
jw(I,l) generators (10), thus giving a Hermitian operator 
representation of the jzi(l, 1) algebra. 

The above discussions can also be generalized to sit{N) 
and su{M,N), respectively. For the purpose of this paper, we 
only write down the operator representation of die sii{N,N) 
generators in Fock space. Given two sets of bosonic creation 
and annihilation operators {a„,aj},{c„,cj} (i/=l ,2,... ,iV) 
that fulfill the commutation relations 

^uu'' [cu.cj'j = others = 0, (28) 

we can construct die operator representation for the basis of 
the sii{N,N) algebra, for which we already have given a 
matrix representation [see Eq. (16)], The operator represen
tation can be written as 

n{2n-l)  

^ - (^(12)'^HI3) ^(l,2/V).'^{23)> • • • 

^{12)>^(13)> ••• >-®(l,2yV)'®(23) ^(2W-1,2/V)> 

W(2lV-l) 

0(1), ... 

2n-1 
with 
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Cw = r(Au) -^(22)" (r+l rH))' 

(30) 

r{r+ I) 

1  « r « 2 j Y - l ,  

where 77^'^ is defined in Eq. (18) and 

X ^ n ^ N  
\  ̂  rn ^ N, N •'r \  ̂  n ^ 2M 

-. iV-I- I ^ m 2N, 1 
_-N+l^m^lN, iV+ 1 « n «IN. 

(31) 

One can prove that the operators m Eq. (29) satisfy the 
same commutation relations as the matrices in Eq. (16); 

P[tnn) 

O-Nf-l 

(-1 VI 
(32) 

w 
i<=2P< (mm) + jV = 2 [aJaj-cJcj]. (33) 

J'l 
We will use this representation when discussing the dy

namical algebra of the iV-species exciton mean-field equa
tions in the following section. 

m. THE sit(iV,N) DYNAMICAL STRUCTURE OF THE 
BOSOMC ME^UV-FIELD EQUATIONS FOR EXCITONS 

In this section, we show that the effective mean-field 
Hamiltonian of an A'-species exciton system in a semicon
ductor quantum well is a sum of sub-Hamiltonians with 
su{N,N) dynamical algebras. This leads to the equations of 
the generalized "Bloch vector" and "density matrix" of the 
system, both of which are equivalent to the mean-field equa
tions obtained directly from the original Hamiltonian. They 
can be used to sti.idy the conserved quantities associated with 

the sv{N,N) algebras, as will be discussed in the following 
section. 

As mentioned in the Introduction, the excitons are treated 
as exact bosons with the exchange effects of fermionic con
stituents being included in the Hamiltonian (i.e., in the 
boson-boson interaction and boson-photon coupling). The 
bosonic Hamiltonian has been designed ra a way that it 
yields the same nonlinear interband polai-ization in the third-
order regime as a more rigorous fermionic theory which is 

approximated to account only for Ij excitons. This way of 
constructing the bosonic exciton Hamiltonian yields explicit 
expressions for the interaction and coupling matrix elements. 
However, the discussion in this paper does not depend on the 
details of the matrix elements in the Hamiltonian. Therefore, 
we will base our discussion on a Hamiltonian of the follow-
mg general form 

= 2 e/ki)6t(k,)6/k|), 
;.Ki 

2 {K,,,,;;;;(k + q,k')6f(k, + q) 
^kj.ki.q.a '' 

X^j'j(k2-q)^/j(k2)j/^(ki), 

^"=2{n/f)A](o)+n;(Oi/o)}, 
J 

Thus the operators in Eq. (29) are actually the operator rep
resentation of the elements in Eq. (16) and form a basis of 
the su(N,N) algebra in Fock space. Note that the operators in 
Eq. (29) are Hennitian because of the unitarity of the opera
tor representation of the SU(N,N) group. Also all the opera
tors in Eq. (29) commute with 

kl.q.or •Vi 

X/:)t^(k, + q)b]^{- q)nj-(06j|(ki) +H.C.}, 

t^jr (34) 

Here, mj is mass of the exciton of species ], and h and fit are 
bosonic exciton anniliilation and creation operators, respec
tively: 

[i/k).i;,(k')] = %,^kk'. 

[i/k),V(k')] = [6t(k),i;,(k')] = 0. (35) 

In Hamiltonian (34), i/j is the dipoie coupling to the light 

field, Hi is the kinetic energy, H-^ is the exchange coaection 

to Hi, and H. is the boson-boson interaction. Furthemiore, s 
is the single-particle kinetic energy, V is the two-particle in
teraction matrix, fl/h is the Rabi frequency of the light field, 
and J is the third-order correction of the exciton-pliotou cou
pling coefficient related to the four-exciton wave-fiuiction 
overlap matrix. The single exciton states are labeled by in-
plane wave vectors or momenta (k's and q's) and internal 

quantum numbers (y 's); the zero momenta in H^ reflects the 
fact that we are dealing with normal-incidence imdiation of 
the quantum well, i.e., the light creates only excitons with 
zero in-plane momentum. 

The dynamical variables of the system are constructed to 
be consistent with (in-plane) momentiim conservation 
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A;W^(4(1< = 0)>, 

Fj^j^ikj) - {b]^{k)bj^ik)) - (6;/0)>(6,,(0)>4o. 

^ {bj^i- k)6,,(k)> - {bjMibj^mS^,. (36) 

where b(t) is related to the coherent e.\citon ampiititude (in-
terband polarization), F is related to the optically inactive 
exciton density, and F" is related to die coherent biexciton 
amplitude. The mean-field equations for these variables can 

be obtained by using the Heisenberg equation {ihdl dtO 

= for any operator O) and the random-phase approxi
mation, as illustrated in Ref. 26: first calculate the commu
tators on the right-hand sides of the Heisenberg equations for 

iy(k=0), and hj^[-k)bjpC), then take the ex-

pectadoa values of the equations and factorize die right-hand 
sides into products of the variables defined in Eq. (36), con
sistent with the momentum conservation. However, it can be 
equivalently treated in another way: we first linearize the 
Hamiltonian, Eq. (34), into products of the variables in Eq. 
(36) and one or t>vo creation/annihilation operators. [The 
motnenhim conservation requires diat these operators can 

only be 6;(k=0),6t^(k)6y|(k),A;^(-k)6y|(k).] Then we put 

this linearized Hamiltonian in the Heisenberg equations and 
take tlie expectation values of these equations. These two 
ways of obtaining the mean-field equations are equivalent, 
but the latter can give more insight into the symmetiy prop
erties and related conservation laws. 

In this paper we focus on the equations for Fj^j^k) and 
, (k) with nonzero k, since, as we will see later, the main hJi 

point of this paper does not concern the equation of bj. In 
other words, bj can be formally taken as an external param
eter. Among all the terms in the linearized Hamiltonian, only 
those containing two operators conhibute to commutators in 

the Heisenberg equations for (k)6y^(k) and iyj-k)6y^(k), 

since any single operator term is proportional to 6y(k=0) 
which must commute with operators with nonzero momenta. 
Tliis fact, together with the arguments on the linearized 
Hamiltonian in last paragraph, we have the following effec
tive Hamiltonian for the nonzero momentum excitons: 

h,ff = 2 A,^y,(k,06t (k)6,-^{k) 

+ E {A;,};(k,06y,(k)iyJ- k) + H.c.} 

= 2 {Ay_y^(k,/)iJ_(k)iy^(k) 

+ A;J,(k./)Ay_(k)6y,(-k) 

+ A;^y,(k,0it(k)6t^(-k)}, (37) 

where (k)' means that the summation is restricted to the 
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upper half of the k "plane" (i.e., {k|Aj5=0}), and 

q J ]' 

- M.yq) + k- M,.^y,q,^,yq - M^y^k)} 

XF,y,(q,;)+2 k-%,k) 
j j' 

+ 22 k,M,yjk)Ay,(/)ny(0 
J J' 

+, k)6/wn; W}. 

A;;y^(k,/) = i|2>'},yvv(k.q)^>'(q.') 

+2 yj,ufj{Kmj{i)b]{t) 
jj' 

+ 22^;.,V'/k,0)fiy-(f)iy(0j. 

A;^.^(k,0 = A-/k,/) + A-^(-k,/). (38) 

This leads to the following mean-field equations for F and F° 

ih~F{kJ) = [A(k,0,i^(k,;)] + A"(k,f)i^f(k,/) 
d t 

-i^(k,f)A''l'(k,?), 

ih—F"{k,t) = M\,t)F^{k,t) +F'{X,t)i\^i~ k,;) 
dt 

+ \''{X,t)F\- k,f) +/-(k,/)A"(k,0 + A"(k,/), 

(39) 

where F, F°, A and A" are matrices with elements defined in 
Eqs. (36) and (38). The superscripts f and T denote the Her-
mitian conjugate and transposition, respectively. From the 
definitions of these matrices we have 

Ft(k,/)=F(k,/), A'(k,/) = A(k,/), 

F"'(-k,/)=F°(k,<), A" Vk,/) = A''(k,/). (40) 

The Hamiltonian given in Eq. (37) is a sum of sub-
Hamiltonians of different k pairs 

4y/=24^).(k) 
(k)'  

%/(k) = 2 {Ay,y^(k,rtif (k)6y^(k) + Ay^,^(- k,/)6)/- k) 
>1/2 

y.bj^{- k) + A;*.^(k,;)iy^(k)6y,(- k) 

+ A,yk,/)6j_(k)6j^(-k)|. ' (41) 
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Each i/eyy(k) in Eq. (41) is a linear combination of the fol
lowing operators: 

St (-k)6yj(-k), 

bjS-k)bj^{k), bj^{k)btj^-k.). (42) 

Witli tlie substitution 

ij^bjik), cj^bj{-k) (43) 

it can be shown that, for each k pair, every operator in Eq. 
(42) is linear superposition of the su{N,N) generators in Eq, 

(29) and K in Eq. (33) (plus an additive term proportional to 
the identity operator). Therefore, the Hamiltonian given in 
Eq. (41) can be written as 

h h 
^»y/(k) = - 2 n/k,?)iy(k) + -no(k,ON(k) + -y(k,f)A 

I i 

(44) 

The Hermiticity of the Hamiltonian requires that all the co
efficients (11^,110,7) in Eq. (44) are real. Moreover, since 

N"(k) and c-number 7(k,/) commute with all £y(k)'s, the last 
two terms in Hamiltonian (44) do not contribute to the dy
namical equations of the operators in Eq. (42) and can there
fore be ignored. The effecrive mean-field Hamiltonian is now 

^(2iV)--l 

%;{k) = - 2 n,.(k,0//(k). (45) 
^ y=l 

It is obvious tliat this Hamiltonian has the dynamical algebra 
of sv{N,N). 

In the remainder of this section we cast the mean-field 
equation (39) for F and into two other equivalent forms, 
the generalized flloch vector and the generalized density ma
trix equations. Both of them will be found usefiil in identi
fying conservation laws inherent in the mean-field equations 
(39). This is in complete analogy to the case of the iV-level 
atom, where Hioe and Eberly derived conservation laws 
from the Bloch vector and tlie Liouville equations.^^ 

We begin with deriving the Bloch vector equation. We 
will defi:ie the generalized Bloch vector, analogous to the 
detinition in Ref. 28 for the atomic iV-level system. For each 

i-pair, the set of £y(k) and K(k) obtained from substituting 
Eq. (43) into Eqs. (29)-(31) satisfy the same commutation 
relations as those in Eq. (32); 

[ZA(k),i:y(k)] = 2/ 2 [iy(k),K(k)] = 0. 
/-I Vi 

(46) 

This implies 

(2M--1 

[Z,-(k),4//k)] = «. 2 ^jM^mk,t)Uk). (47) 
/,A=I Vl 
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[N(k),4^/k)] = 0. (48) 

The mean-field equations for L and K are then easily ob
tained by using the Heisenberg equations; 

c) t 

-(iy(k)>=-2  (^(k)>.  (50) 
(,/.-! Vl 

To get a completely antisymmetric equation, we define 

Z (k) 
5y(k) = ^, ry(k,^)=77yny(k,0. (51) 

Vj 

Substituting Eq. (51) into Eq. (50) leads to 

 ̂ (2iV)=-l 

-<5,(k)>= 2 |ywr„(k,r)(jXk)>. (52) 
. ' ;,A=i 

Equation (52) [together with Eq. (49)] is the antisymmetric 
form of the mean-field equations for F and F". It is the 
bosonic counterpart of Bloch vector equations in the atomic 
iV-level case (for example, in the two-level case it is the 
equation that has the familiar "torque" structure dsldt 
= yXs, which is crucial to the understanding of the time 
evolution of the system*^). Equation (52) allows us to intro

duce the concept of the generalized Bloch vector (•S(k)) in 
the case of excitonic meaa-field dynamics. We note that the 
fernuonic coimterpart of the semiconductor generalization of 
the Bloch vector has been discussed in the context of the 
Hartree-Foclc approximation (semiconductor Bloch equa
tions) (see, for example. Refs. 35 and 36). There, the dynam
ics of the generalized Bloch vector is governed by a torque 
equation analogous to that of a two-level atom with the fa
miliar S17(2) as the underlying symmetry group. 

One conservation laws follows, in an obvious way, imme
diately from Eq. (49) [indeed, Eq. (49) states the conserva

tion of the quantity (K(k))]. Another conservation law can be 
obtained from the antisycamelry of Eq. (52), which yields 

^ 2 (ii(k)>(i,.(k)) = o. (53) 
<3/ .,.^1 

Equation (53) says that the generalized Bloch vector (iS(k)) 
moves on a hypersurface 

2 (i,(k))(i((k)),= const. (54) 
/-I 

The properties of this hypersurface are very different from 
those in the atomic iV-level case, because some components 

of {S{k)) are imaginary. Instead of a hypersphere as in tl\e 
atomic A'-level case, the hypersurface where the generalized 

Bloch vector for excitons, (5(k)), moves is unbounded. We 
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will discuss the structure of this surface more specifically at 
the end of the following section. 

Equations (49) and (53) are the two lowest order con
served quantities associated with the su(JV,N) symmetry. In 
order to obtain higher order constants of motion, we make 
use of the 2NX2N density matrix formalism analogous to 
that of the iV-level atomic system {su{N))}^ To this end, we 

note that the L/s in Eq. (16) and the L/s in Eq. (29) are both 
representations for the sii{N,N') algebra. The former is a rep
resentation in the infinite-dimensional Fock space while the 
latter is a representation in a 2iV-dimensional space. For rea
sons that will become apparent at the end of this section, we 
can define a matrix (wliich we will call "quasi-Hamiltonian") 

in the following way. We replace the L/s in the original 
Hamiltonian [Eq. (45)] by their counterparts of 2jVX 2iV ma
trices. For practical purposes, namely to make the explicit 
form of this quasi-Hamitonian simpler [see Eq. (64) in the 
following section], we also add a term proportional to the 

unit matrix /. We then have the definition 

w«(k) = - E n/k,/)X; + :Jno(k,/)/. (55) 
" j-l 

Clearly, M^U), just as the Lj'i, is a INXlN matrix. This 
quasi-Hamiltonian will play an important role in the 2N 
X 2N density matrix equation we are looking for. Indeed, we 
will show now that the Heisenberg equations [Eq. (50)] can 
be cast into a form similar to a Liouville equation, in which 

iV/«(k) plays tlie role of the Hamiltonian. 

The commutation between Z^'s and are the same as 
those given in Eq. (47) 

[•i;>///(k)] = 2 f,7,/-^n,,(k,0i./ (56) 

We can now use Eq. (50) [together with Eqs. (55) and (56)] 
to derive the IN X 2N generalized density matrix equation. 

Multiplying both sides of Eq. (50) by Lj! rfj and summing 
over the mdex j, we have 

1-'^ ' /r" •>\r ' 
A 2 E ?,;„n,(k,o-^<f,(k)>i, 
dt r 

(2M-I - , (2«'-l 
. s 2 (-£,„) 

Vi jji-l 

xn„(k,/)— 

, (2W)--1 

= E (i,(i<)) 1. - -
2 J. 

VJ 'A 

(2JV)--1 
W'/Xk), 2 

/-I vf 
(57) 

We now define Vj) which simpli
fies Eq. (57) to 

= [iWff(k),i?o(k)]. 
at 

(58) 

It is interesting to note that this equation has the form of the 
Liouville equation for the density matrix 

(59) 

if we formally make the correspondence <->//, Ao'^P-

However, neither Rq nor has the standard interpretation 

as that in the q^uantum mechanics. Actually, unlike H and p 

in the density matrix (or Liouville) equation, neither Rq nor 

Mf/ is Henritian because the 21^ X 2N representation of the 

sii{N,N) algebra (Xy) is not Hermitian. Thus, Eq. (58) does 
not define a complete quantum mechanical problem. It is 
merely a convenient way to rewrite the mean-field equations 
of motion for the exciton momentum distribution and biex-
citon amplitude which were orginially given by Eq. (39). 

We have derived Eq. (58) from Eq. (50). Conversely, one 
can also obtain Eq. (50) starting from Eq. (58), thus we con
clude that Eq. (58) and Eq. (50) are equivalent to each other. 

However, only together with Eq. (49) is Eq. (50) [or Eq. 
(58)] equivalent to the original mean-field equations Eqs. 
(39) for F and F", and it is more convenient to have an 
equation [having the same form as Eq. (58)] which itself is 
equivalent to Eqs. (39). To this end, we define another den
sity matrix 

m 1 / (60) 

The factor j and the constant in tliis definition are only 

for practical purposes to simplify the explicit fonn of R [see 
Eq. (64) in the following section]. Equations (58) and (49) 
immediately suggest that 

;ri-7?(k) = [A/^(k),i?(k)]. 
O t 

(61) 

Although Eq. (61) looks almost the same as Eq. (58), Eq. 
(61) itself is equivalent to Eqs. (50) and (49), Using the 

definition fori?(k) [Eq. (60)] and A/f/(k) [Eq. (55)], one can 
prove this by showing that one can obtain Eqs. (50) and (49) 
starting from Eq. (61). Thus Eq. (61) is equivalent to Eqs. 
(39). 

An immediate result from Eq. (61) is that the trace of R", 
for any k and for non-negative integer n, is a constant of 
motion 

dt 
Tr{i?"} = 0. (62) 

This should clarify the reasons for casting the Heisenbei-g 
equations of motion into a form analogous to a Liouville 
equation [i.e., Eq. (61)]. In particular, Eq. (62) suggests up to 
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2N constants of motion. This is-because for n>2N there 
should be no more independent constants of motion. We will 
express these constants of motion in terms of physical quan
tities in the following section. 

Using Eq. (21) one can easily show 

• - i'-"''-' 1 • . • TrW = (N>-iV, Tr{i?2}=- 2 (5,>(5,> + - iV)'. 

(63) 

Substituting Eq. (63) into Eq. (62) leads exactly to Eqs. (49) 
and (53), the two lowest-order constants of motion. 

IV. CONSTANTS OF MOTION OF THE MEAN-FIELD 
EXCITON EQUATIONS ASSOCIATED WITH THE 

su(N,N) DYNAMICAL ALGEBR.\ 

hi this section, we use Eq. (62) to get the explicit forms of 
some higher order conserved quantities. Up to now, the 
quantities in Eq. (62) have been defined in an abstract way. 
Now we will write them down directly in tenns of the exci-
ton momentum distribution F and the coherent biexcitation 

amplitude F". Using the definitions of R, Mi^, F, F", F, and 
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T", we obtain the quasi-density matrix and quasi-
Hamiltonian matrix entering Eq. (61) as 

( F{]i) -i=^(k) 

^/"^•(k) -F^(-k)-l/ 
i?(k) = 

M-^(k) = 
A(k) ^^(k) 

-A'"'(k) -AVk) 
(64) 

Equation (64) expresses the density matrix and Hamiltonian 
in terms of the physical quantities. It helps us to make the 
physical contents of the constants of motion more clear. With 
Eq. (54) one can also easily check that Eqs. (39) and (61) are 
equivalent. 

We now consider the constants of motion given by Eq. 
(62). For n=l we have 

;^Tr{i?(k, f)} = ^[Tr{/-(k, l) - F{- k, /)} - iV] 
at at 

= -(K(k,0) = 0. 
at 

(65) 

For « = 2 we have 

- / F2(k)-/-(k)i^t(k) -F(k)F"(k)+nk)/''"(-k)+^'(k)\ , g 
\F"Hk)F(k)-F'''i-k)F'Hk)~F'Kk) -F"Hk)F"(,k) + (,F'^{-k)+D\ J; 

Therefore, 

^Tr{i^(k,0} = ^Tr{i^(k,0^ + [i='{- k,?) +lf 

~2F"''(k,t)F''(k,t)} = 0. (67) 

Note that the above two constants of motion come directly 
from the sii{N,N') symmetry, e.g., the « = 1 case holds, 
whether the system has spatial inversion symmetry or not. If 
the system has spatial reflection invariance 

F{k) = F(~ k), r'(k) = F"{- k) (68) 

then the n= \ case is trivial. For n=2, Eq. (67) is in this case 
simplified to 

—Tr{^'(k,/)(J'(k,/) + 7) -.P"t(k,/)F"(k,/)} = 0. (69) 
dt 

The counterpart of this constant of motion is familiar in 
atomic two-level systems as well as fermionic oases, such as 
the electron-hole Hartree-Fock eqiiations, also Imown as 
semiconductor Bloch equations (see, for example, Refs. 33 
and 36 and pp. 323 and 391 of Ref. 37). 

For simplicity, we will assume spatial inversion symme
try, Eq. (68), when discussing the higher-order conserved 
quantities. For « = 3, the case is again trivial in sense that the 

second-order constant of motion together with the reflection 

symmetry gives Tr{i?-^}= const (without the inversion sym
metry this is not true and the third-order constant of motion 
is independent of the first two). For n=4 a somewhat lengthy 
but straightforward algebra leads to 

—Tr{[F(k,/)(F(k,0 4-y) -y^(k,/)/^'t(k,/)]^ 
d t 

- 2y^(k,0i^°(k,/)[F"f(k,f)^'(k,/) -^•^(k,/)i^''f(k,;)]} 
= 0, (70) 

Similar steps can be used to get all the other higher-order 
conserved quantities. Note again that only n ^ 2N give inde
pendent constants of motion. 

As an example, we now treat the case where we have only 
one species of excitons, i.e. N=\, in more detail. Equation 
(69) is dien reduced to 

[1 -t-/(k,/)]/(k,/) - [/°(k,?)P = const (independent of time i), 

(71) 

where / andy" are simplified notations for and F\^, re
spectively. The counterpart of Eq. (71) in the electron-hole 
Hartree-Fock system (semiconductor Bloch equations) is 
well known (again, see, for example, p. 391 of Ref 37): 
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;7j(k,/)(l->!5(k,0)-i/'(k,0P = const, (72) 

where and P are the electron occupation number and in-
terband polarization, respectively. Equation (72) is essen
tially the same as Eq. (2.37) in Ref. 27 of a two-level atom 
system 

t/2(?) + y^(f) + w-(0 = I (73) 

if we make the correspondence 

w 2«5(k) — 1, 1/-I-I'u <-> 2P(k) (74) 

which, as already mentioned, implies that the Hartree-Fock 
electron-hole system is a coupled ensemble of subsystems 
(for different k's) analogous to atomic two-level systems. 

The sign difference in Eqs. (71) and (72) makes the 
behaviors of the quantides in these two equations qualita
tively different. To see this, we take (Re/'.Im/",/) or 
(Re/',IiuP,nj) as the three components of the {x,y,z) coor
dinates in an abstract tliree-dimensional space. Then, Eq. 
(71) says that (Re/',Im/",y) lies on an unbounded hyperbo-
loid, while Eq. (72) says that (Ref, Imf,«J is restricted to a 
sphere (which is well known as the "Bloch sphere"). Figure 
1 illustrates this qualitative difference graphically. It comes 
from the qualitatively different dynamical algebras of the 
two systems: su{2) in the case of the electron-hole system 
audiu(l,l) in.the exciton.case. 

Wliile formally the motion of the generalized excitonic 
Bloch vector is on an unbounded surface, one should note 
that physical reasons put a restrictrion on the actual motion 
on this surface. The underlying assumption of coherent ul-
trafast exciton dynamics governed by the mean-field equa
tions of motion restricts the validity of the model to rela
tively small exciton densities, which in tum limits the 
dynamics of the excitonic Bloch vector to lie within a limited 
region on the unbounded hyperboioid. 

V. SUMMARY 

In summary, we point out that the momentiim-conserving 
exciton mean-field equations, includmg the coupling to ex
ternal fields and fermionic corrections, have the dynamical 
structure su{N,N). We have shown that one can define a 
non-real generalized Bloch vector and a non-Hennitian den
sity matrix description, which allowed us to investigate the 
symmetry properties and related conservation laws of the 
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FIG. 1. (a) Schematic of the aoaventional Bloch sphere restrict
ing the motion of the Bloch vector of hvo-level atoms and fenni-

onio systems described by tlie (real) population itf and the complex 
polarization P to a sphere [jt<(2) algebra], (b) The excitonic analog 

to the Bloch sphere (a hyperboioid) restricting the motion of the 

generalized Bloch vector of an excitonic system described by the 
(real) excitonic population / and the complex two-exciton ampli

tude J" to a hyperboioid [j:;(l,l) algebra], 

system. An explicit method to obtain all tlie constants of 
motion associated with the sii(N,N) algebra has been given. 
The qualitatively different behavior of the generalized Bloch 
vector of the exciton system, compared to that of the Bloch 
vector of the electron-hole system, is thus explained by the 
difference between the dynamical algebras of the two sys
tems. To conclude this paper, we remark that the same 
method we use in this paper to get the conserved quantities 
resulting from the dynamical algebra can also be applied to 
multiband electron-hole systems, of which the dynamical al
gebra is su{N). 
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We report the experimental observation of coherently coupled heavy-hole-light-hole Stark shifts, i.e., 

light-hole exciton shifts under heavy-hole exciton pumping conditions, in InGaAs quantum wells. The 

theoretical analysis of the data is based on a full many-body approach (dynamics-controlled truncation 

formalism) in the third-order nonlinear optical regime. It is shown that the Stark shift data can be 
interpreted as strong evidence of suitably defined nonradiative intervalence band coherences in a semi-

. conductor quantum well. Hence, the observations establish a semicoaductor analog of Raman coherences 

in three-level atoms. 

DDI: l0.U03/PhysRevLett.87.237402 PACS numbers: 78.47.+p, 42.50.Md. 73.21.Fg, 78.67.De 

The optical Stark shift in semiconductors [1-3] is an 
important transient nonlinearity which helps to understand 
fundamental ultrafast microscopic processes. Studies of 
similarities and differences between optical Stark shifts in 
atomic two-level systems and those observed in semicon
ductors led to the understanding of semiconductor-specific 
many-body effects such as biexcitons [4] and Coulomb 
memory effects [5], 

While the two-level analogies of Stark shifts in semi
conductors have been successfully exploited, the question 
of what one can learn from a comparison of coherent 
atomic three-level effects with optical Stark shifts in semi
conductors using the coherent coupling between heavy-
hole (hh) and Ught-hole (Ih) excitons has not been widely 
addressed so far. In atomic three-level systems, nonra
diative or Raman coherences [indicated schematically as 
dotted arrow in Fig. 1(a)] are the foundation of impor
tant nonlinear optical effects such as electromagneticaUy 
induced transparency and lasing without inversion (see, 
e.g., [6,7]). Clearly, it is desirable and of general im
portance to establish analogies between those important 
atomic three-level effects and tlieir semiconductor coun
terparts (e.g., [8] and references therein). In bulk semicon
ductors, observations of Raman quantum beats have been 
reported [9], but an unambiguous experimental proof of 
nonradiative intervalence band coherences in semiconduc
tor quantum wells has, to our knowledge, not been given 
so far. 

In this paper, we present our experimental observations 
of the coherently coupled optical Stark effect [which is 
schematically shown in Figs. 1(a)- 1(c)] on hh and Ih exci
ton resonances and show that these data provide direct evi
dence for the existence of an appropriately defined hh-lh 
Raman coherence in semiconductor quantum wells. Our 
theoretical analysis is based on a full many-body theory 
within the third-order nonlinear optical regime. 

We first discuss the situation under consideration in the 
language of a three-level system. We consider only the 
case in which the pump light [thick arrow in Fig. 1(a)] cou
ples levels |1) and |2). The corresponding dressed states 
are schematically shown in Fig. 1(b) (for simphcity, the 
sketch shows the case of zero detuning). Level |3) does 
not exhibit dressed state splitting since the pump light does 
not affect it. Probing the 1-2 transition, one sees die ordi
nary two-level Stark shift [short thin arrow in Fig. 1(b)], 
whereas probing the 1-3 transition conesponds to what we 
caU the coherently coupled Stark shift. 

An observation of the coherently coupled Stark shift 
provides direct evidence for the existence of the Raman 
coherence involving levels (2) and |3). This can easily be 
seen in a theory for the density matrix p.-y where the Ra
man coherence is P32. The equation governing die 1-3 
transition is iRp-n = (s3 - si)p3i - - pu) -
pyiHii, where the level energies e,- correspond to the 

|2>,.-

(b) 

FIG. 1. (a) Energy levels of a three-level V system. The optical 
pump (probe) transition is indicated as thick (dashed) arrow, 
the nonradiative transition as dotted arrow, (b) Corresponding 
dressed states diagram (simplified). The Stark-shifted transitions , 
are indicated as thin arrows, (c) Analogous senaiconductor band 
structure with conduction band (e), heavy-hole (hh), and light-
hole (Ih) bands. 
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diagonal matrix elements of the Hamiltonian, Ha.  The 
dipole coupling gives rise to the two off-diagonal matrix 
elements H2\ and H-i\, while = 0. Within first order 
of the light-coupling H-i\, the inversion P33 - pu re
mains — 1, and the 1-3 energy shift due to the strong light-
coupling Hii follows from the term involving the Raman 
coherence, p32//2i- Without Raman coherence no coupled 
Stark shift can be observed while with Raman coherence 
the 1-3 transition energy shift turns out to be half the or
dinary 1-2 Stark shift as indicated in Fig. 1(b). 

As already mentioned, the semiconductor quantum well 
analog to the three-level system is the (twofold degenerate) 
three-band system consisting of a conduction band, and hh 

, and Ih valence baads [see Fig. 1(c)]. While in the band pic
ture the analogy holds for  each in-plane momentum state k,  
the Coulomb interaction prevents the analogy from being 
completely accurate, In this paper, we assume the linear 
optical response as well as the Stark shift to be dominated 
by Ij-hh and U-Ih excitons. But even within this simpli
fied picture, the three-level vs semiconductor analogy is 
not strict. Exciton-scattering and biexcitonic contributions 
to the Stark shift have no counterparts in three-level sys
tems, but as long as those processes do not dominate the 
Stark shift, an approximate analogy is possible and defin
ing an excitonic Raman coherence (excitonic intervalence 
band coherence) is appropriate. 

Our experimental sample contains ten Ino.04Gao.96As 
quantum wells of 8 nm thickness. Its absorption spec
trum, Fig. 2(a), is dominated by sharp hh and Ih exci
ton resonances that are well separated. We measure the 
transient absorption changes at both resonaiices after ex
citation below the hh exciton transition. Since the split
ting between hh and Ih resonances is even larger than the 
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FIG. 2. (a) Absorption spectrum of the InGaAs QW at 7 = 
4 K (solid line) and the pump pulse spectrum (dot
ted line). (b) Differential absorption spectra (—/ictd = 

+ a^„i,hQ„ip„„pd) measured at maximum temporal 
pump-probe overlap with co- and countercircularly polarized 
pump (intensity = 21 MW/cm-) and probe pulses, respectively. 
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pump-to-hh-exciton detuning, the pump light exclusively 
couples to the hh exciton transition. This possibility distin
guishes our experiment from earlier Stark effect meastire-
ments where a small hh-lh splitting leads to direct pumping 
of hh.and Ih excitons as well as coupling to all six bands 
in the two twofold degenerate three-band systems [10]. In 
our configuration, we effectively reduce the two degener
ate three-band systems to a single three-band system by 
driving a single hh transition with a circularly polarized 
pump pulse and probing the coherently coupled Ih transi
tion with the opposite circular polarization. 

The weak, broadband probe pulses are generated by 
focusing amplified Ti:sapphire laser pulses of about 
100 fs duradon on a sapphire crystal. Using the same 
amplified pulses and an optical parametric amplifier we 
generate tunable pump pulses and pass them through a 
pulse shaper. This spectrally narrows them to a 2.2 meV 
bandwidth [see Fig. 2(a)] and stretches them to 1.2 ps 
duration. The. spectral pump pulse maximum is varied 
between 3.5 and 10.5 meV below the hh exciton absorp
tion maximum. For most measurements, we apply 2.4 nJ 
pump pulses focused to a 240 fj-m diameter spot at the 
sample for a peak intensity of 3.7 MW/cm^, while for 
larger pump-to-hh-exciton detunings we also performed 
measurements at 21 MW/cm^. 

Figure 2(b) shows two differential absorption spec
tra. The pump pulse in this case has an intensity of 
21 MW/cm- and is detuned 8.8 meV below the Unear hh 
exciton resonance, but the general features observed here 
are common to all of our measurements. For cocircularly 
polarized pulses, and in agreement with earher Stark 
effect experiments [1-3], we find a pronounced decrease 
in absorption below and at the original (undressed) hh 
exciton resonance and an increase in absorption at the 
high-energy side. This corresponds to a blueshift of the 
hh exciton resonance that is accompanied by exciton 
bleaching. Within our accuracy we do not observe any 
nonlinear response at the Ih exciton resonance indicating 
negligible direct coupling between the pump field and the 
Ih exciton. For the same pumping conditions but with 
an oppositely circularly polarized probe pulse, a definite 
blueshift appears at the Ih exciton resonance [11]. 

The transient character of the nonlineai" response is re
vealed by observing the differential absorption as a func
tion of temporal pump-probe delay. Figure 3(a) shows the 
delay dependence of the hh exciton shift for cocircular 
polarization, while Fig. 3(b) shows that of the Ih exciton 
shift for countercircular polarization. The pumping con
ditions are the same as in Fig. 2(b). The sloifted exciton 
energies are obtained by calculating the first-moment ex
pectation values (== frequency integral of absorption times 
firequency) of the measured nonlinear hh and Ih exciton 
absorption lines (linear absoiption absorption change) 
within 7 meV windows around the respective absorption 
peaks. Both hh and Ih exciton shifts closely follow the 
driving pump field indicating the absence of incoherent 
nonlinear effects. 

237402-2 
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FIG. 3. Dynainics of the shift of the hh (a) and Ih (b) exciton 
resonance for the conditions of Fig. 2(b). 

Figure 4(a) shows the shifts of the central energies of 
the coherently coupled hh and Ih exciton resonances at 
zero time delay for various pump-to-hh-exciton detunings. 
Within the range of our data, the coupled dynamic Stark 
shifts are always blueshifts with the Ih exciton shift be
ing'similar but always smaller than the hh exciton shift. 
Since the Stark shifts decrease with increasing detuning 
[2], we also show data for higher pump intensity at larger 
detunings (open symbols) utilizing the approximately lin
ear increase of the shifts with pump intensity [2] to obtain 
a better signal to noise ratio. 

Our theoretical analysis of the nonlinear response 
is based on a tliird-order expansion of the dynamics-
controlled truncation formalism [12]. Within that theory, 
the third-order optical polarization induced by the pump 

dS 0.8 
3 
cn 

Q 0.4 

-2 -4 -6 

Pump Pulse Detuning (meV) 

FIG. 4. (a) Measured Stark shifts of the hh (dots) and Ih 
(squares) exciton for co- and countercircular pump-probe po
larization, respectively, at zero pump-probe delay as a func
tion of detuning between pump pulse and hh exciton energy, 
(b) Ratio between the Stark shift of the hh exciton and the co
herently coupled Ih exciton Stark shift. Solid and dotted lines 
show the theoretical results with and without intervalence band 
coherences, respectively. In (a) and (b), solid (open) symbols 
correspond to 3.7 (21) MW/cm- pump pulses. 
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and/or probe Hght is determined by phase-space filling 
(PSF), Hartree-Fock (HF), and two-exciton-correlation 
(including biexciton) contributions. The momentum-
dependent interband polarization coupHng the conduc
tion band s (where s = ±1/2 denotes the spin) with 
valence band j (where j = ±3/2 in the case of hh's and 
j = ±1/2 for Ui's) is given, in terms-of electron (a) and 
hole (b) annihilation operators, by Psj{k) = 

The nonlinear contributions determining Psj{k) contain 
/ t electron (hole) distribution functions /„(fc) — 

(/;;(^) = 4))' intervalence band coherence 

functions f j i^j ' ik)  =  (with j  i=-  /), and 

two-exciton correlation functions ^2.^3.^4.) = 

As mentioned above, the 
appearance of makes it impossible to formulate 
a strict analogy between atomic three-level systems and 
semiconductor quantum wells, even if one restricts oneself 
to the lowest-order nonlinear optical regime. However, 

represents a direct generalization of the atomic 
Raman coherence P32. If. therefore, the contribution of 
Bsjs'ji to the optical Stark shift is negligible with respect 
to that of the distribution and Raman coherence functions 
/, the analogy is well defined, and it is meaningful to 
study the role of on the measured Stark shift. 

Within the third-order regime, the f 's  factorize, 

/"''''s are first-order polarizations [a similar relation 

holds for fss'ik)]. Assuming that the polarization is 
dominated by 1j excitons, the k dependence is given by 

Pjjik) = Psjipuhh where, for j = ±3/2(±l/2), is 
the hh (Ih) exciton wave function. The resulting equation 
of motion for the total polarization P has the following 
general structure {H = 1); 

iPsi  =  {sj  -  iy)P, j  - f  Xi (11 

+ UiP^'^P^^^P'^^^') - (1) 
where ej  is the energy of the Ij exciton involving band j ,  

y is the dephasing rate, is the Rabi frequency, <j6ij(0) is 
the exciton wave function in configuration space taken at 
the origin, and the £'s are linear operators that contain all 
of the above-listed nonlinear effects. To obtain the Stark 
shift, we solve the time-dependent equations for 
and P{t) and numerically Fourier transform the resulting 
total polarization to obtain the frequency-resolved nonlin
ear susceptibility and nonlinear absorption spectrum. We 
then proceed exactly as in the case of the experimental defi
nition of the shift discussed above. 

In addition to the numerical results, which will be dis
cussed below, it is instructive to look at the following ana
lytical calculation of the shift Asy. This method is not 
a strict third-order analysis, but yields results that are in 
good quantitative agreement with our purely numerical 
third-order result if all contributions ai^e taken into account. 
For the case without intervalence band coherence it agrees 

237402-3 
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only qualitatively with the numerical results, mainly be
cause of cotrelation-induced line asymmetries, which are 
not accounted for in Asj. To obtain Asy, we replace 
the first-order P's by total P's in Eq. (1), assume time-
independent light fields with frequencies aif, and w, for 

the pump and probe field, respectively, and linearize 
Eq. (1) with respect to the probe field.  This way, Asj  

corres;^onds to the terms multiplying the probe polariza

tion . With hh pumping we obtain the Ih exciton shift 
Ae-i/2 and hh exciton shift AS3/2, 

|Z,l/2fl-l/2,l/2p[G-' + Wl).  (2) 

Here Lj =  "  ey + i j ) ,  

and Hi — CO „ -I- CO, 
p 

AJJ'J" 
= 1 + S3/2.J 

is the exciton wave function 
HF integral associated with excitonic PSF, V is the HF 

matrix element, and G-'-' is the two-exciton correlation 
function in the singlet (A — -) and triplet (A = +) 
channels [13,14]. The PSF and part of the HF term result 
from the intervaience band coherence. If the hh and Ih 
masses were equal, the matrix elements A and would 
be the same for j = —1/2 and 3/2, which yields the 
previously mentioned factor of 2 between die hh and Ih 
Stark shifts as far as only PSF and HF contributions are 
concerned. The same is true for the first correlation teim, 
whereas the second and third correlation terms alone 
would yield equal shifts (i.e., no factor of 2). Concerning 
the relative importance of PSF and HF, at large detunings 
{cop — S3/2) the PSF term dominates the shift. For the 
parameter regime relevant in our study, we find that, as 
long as the intervaience band coherences are not removed, 
the PSF and HF terms are generally larger than the 
correlation terms, and that, regardless of the presence of 
the intervaience band coherences, the calculated shifts are 
essentially the same with and without coixelation terms. 

In Fig. 4(b) we show theoretical results obtained from 
numerical solutions of the equations [according to 
[13], i.e., not from Eq. (2)] with and without intervaience 
band coherences for the polarization conditions of the ex
periment. When the intervaience band coherences are in
cluded (solid Une), the hh-lh shift ratio is, as expected, 
roughly 2, because the Ih shift is much larger when the 
coherences are included. Deviations from an exact factor 
of 2 come from the hh and-lh mass differences and, es
pecially at small detunings, from (still small) correlation 
contributions. In the large detuning limit the ratio behaves 
essentially like a three-level system, i.e., it is two (infinity) 
for the case with (without) Raman coherences. Therefore, 
the large detuning limit is the proper place to look for the 
Raman coherence [15], Clearly, the experimental obser
vations (diamonds) can be understood only if the Raman 
coherence is present, because the observed hh-lh shift ratio 
is close to the ideal value of 2 at large detunings. 

In summary, a full many-body analysis of Ih exciton 
Stark shifts with hh exciton pumping, especially for large 
pump detuning, can be understood only if noruadiative 

intervaience band coherences are present and important. 
These Ih-hh cioherences are semiconductor analogs of Ra
man coherences in three-level atoms, currently of consid
erable interest. 
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We present a theoretical analysis of light propagation in one-dimensional resonant photonic band 
gap structures (RPBG's). The analysis is aimed at evaluating the feasibility of controlled stopping, 
storing and releasing of light pulses via a parametric manipulation of the RPBG's bajidstructure. We 
first lay the conceptual foundation of light pulse delay via bandstructure control In infinite RPBG's 
and then contrast the idealized concepts with numerical results for realistic, finite-size RPBG's. As 
a physical model for RPBG's, we use semiconductor quantum well Bragg structures, but the general 
analysis is valid for a wider class of RPBG's. We show that the usefulness of RPBG's for optical 
delay lines depends critically on the mmiber of quantum wells and the dephasing/loss mechanism 
in each unit cell of the RPBG, and we also outline optimization strategies in terms of spectral light 
characteristics as well as quasi anti-reflection coating of the RPBG's. 

I. INTRODUCTION 

Periodic optical structures [l] and photonic crystals [2] 
have become important tools for the deliberate control 
and manipulation of light. In conventional non-resonant 
photonic crystals (also called photonic bandgap struc
tures), a periodic modulation of the local refractive index 
modifies the light dispersion into a band structure with 
allowed and forbidden frequency regions. An important 
spectral characteristic of these structures is the set of 
Bragg frequencies: integral multiples of the fundamen
tal Bragg frequency ub, for which the light wavelength 
is twice the lattice constant of the photonic crystal, A 
system in which a periodically arranged optical reso
nance has its frequency close to a Bragg frequency is of
ten called resonant photonic bandgap structure (RPBG). 
In this class we have multiple semiconductor quantum 
well structures that have an exciton resonance close to a 
Bragg frequency [3-6]. 

Another example in the class of RPBG's are periodi
cally spaced light microresonantors that are side-coupled 
to a two-channel waveguide [7], in which a Bragg spacing 
can be defined in terms of the resonance frequencies of 
the light resonator. (A formal analysis of the conditions 
under which these two examples belong to the same class 
of RPBG's will be published in the near future [8j). 

An important potential application of RPBG's is the 
stopping, storing and releasing of light (see, for exam
ple, [9-18])., In a different physical system, namely a 
gaseous atomic system, slow light has been demonstrated 
as a consequence of quantum interference effects (e.g., 
[19, 20]). For actual device applications, solid state sys
tems like semiconductor-based RPBG's would be advan
tageous in terms of robustness and device integration if 
they could be used as optical delay lines and/or optical 
buffers. Ideally, such optical solid-state delay lines would 
provide multi-bit delay of optical pulses with minimal 
pulse deformation and power losses. However, at the 

present early stage of development, there have not yet 
been any proof-of-principle demonstrations of schemes 
to slow, store and release Ught in solids that meet those 
practical benchmarks. It is therefore worthwhile to clar
ify the physical processes that may be used to design 
such schemes. In this paper, we investigate fundamental 
aspects of a specific pulse delay scheme using RBPG's, 
and the resulting understanding of the physics underly
ing the manipulation process is used to clarify not only 
the fundamental limitations of ideal RPBG's but also the 
practical limitations of quantum well RPBG's that can 
be fabricated with present-day technologies. The anal
ysis will naturally provide optimization strategies. We 
will also present a proposal for a proof-of-principle exper
iment that could verify the predicted pulse delay effects 
with presently available quantum well RPBG's, even if 
the. benchmarks for practical usefulness are not yet read
ily achievable. 

Our analysis of the ideal (infinitely large) RPBG is 
based on its bandstructure, and the simulation of the 
finite-size RPBG is using a conventional transfer matrix 
method for the forward and backward travelling optical 
fields. Both methods are widely used, but the power of 
a bandstructure analysis of quantum well Bragg struc
tures has hitherto not been fully exploited. For the con
crete evaluation of the delay process, we compare large 
quantum well Bragg structures consisting of 2000 quan
tum wells (which are presently outside the range of exist
ing fabrication technologies) with existing 200-well Bragg 
structures. We choose the exciton frequency uix to be 
close to OJB, in which case an intermediate band (IB) is 
formed, associated with two band gaps adjacent to 
and (jJb (cf. Ref. [21], in which a related but more com
plex semiconductor heterostructure has been discussed). 
As a result, a transmission window in the reflectivity stop 
band of such a structure is formed. The bandwidth of the 
IB is approximately given by the difference of the.exciton 
frequency and the Bragg frequency ub-
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The basic stopping, storing and releasing of light is 
achieved by opening and closing this transmission win
dow through a parametric manipulation of Ui. Initially, 
Wj; uifl, the IB has a small (but non-zero) width and 
the group velocity is low,(but non-zero). Therefore, the 
transmission window is open, and the incident pulse is 
allowed to enter the sample. While the pulse is located 
within the sample, the exciton frequency is paramet-
rically shifted (e.g. with a control pulse through the 
AC Stark effect) to coincide with the Bragg frequency 
(iiji = 1Mb). This parametric shift of oji causes the dis
persion relation of the IB to completely flatten (adiabat-
ioally), which closes the transmission window (i.e. the 
group velocity is zero) and traps the pulse. After the de
sired delay, is allowed to return to its original value, 
the dispersion relation of the IB is adiabatically restored 
to its original shape, the group velocity is again non-zero, 
and the pulse is released. In the ideal case of a very long 
structure, the spectral and phase information in the pulse 
is preserved through the stopping and restarting process 
if the pulse does not suffer excessive loss (for example, 
due to absorption in the quantum wells). 

A pulse spectrally located inside the IB still suffers par
tial reflection when it crosses from the outside medium 
into the Bragg structure in analogy to the usual (partial) 
reflection of light at a boundary of a dielectric medium. 
As we will see, this 'interface reflection' can be quite high 
in the case of quantum well Bragg structures and needs 
to be minimized. We will discuss anti-reflection (AR) 
coating of the RPBG in relation to the light delay pro
cess. (By AR coating we refer to coating that minimizes 
the reflectivity outside the spectral intervals of the band 
gaps; it does not affect the high reflectivity within the 
band gaps.) 

In Sec. 11, we review the transfer matrix formalism 
that we use to analyze the propagation of the light pulse 
through the RPBG. In Sec. Ill, we derive and analyze 
the photonic band structure of the ideal infinite RPBG 
with special emphasis on the aspects relevant to our Ught 
manipulation scheme (i.e. the stopping, storing and re
leasing of a light pulse). In Sec. IV, we discuss the use 
of anti-reflection coatings to reduce the effects of 'inter
face reflections' at the structure's two ends. In Sec. V 
we ejqjlain our scheme for the stopping, storing and re
leasing of the optical signal pulse in detail, illustrate it 
with numerical examples, and evaluate its performance 
characteristics. We summarize our analysis and results 
in Sec. VI. 

II. REVIEW OF TRANSFER MATRIX 

FORMALISM FOR QUANTUM WELL RPBG'S 

Optical transfer matrix methods for layered dielectric 
structures are well established (see, for example, Refs, 
[1, 22, 23]). Extensions of these methods, which are 
generally formulated in the frequency domain and ap
plied to time-invariant systems, have been developed in 

order to account for optical resonances (see, for example, 
[24]). The transfer matrix methods for quantum well 
Bragg structures, i.e. periodic structures with optical 
resonances, have also been extended to a time-domain 
formulation which is capable of describing systems that 
are not time-invariant [3, 4]. In Sec. V, we will be using 
such a time-dependent transfer matrix method, because 
we will be dealing with an explicitly time-dependent sys
tems (specificaEy, time-dependent exciton frequencies). 
Therefore, we need to briefly review this formalism in the 
following. In addition, we will discuss the case of time-
independent exciton frequencies and use the frequency-
domain formulation of the transfer matrix method to de
rive the photonic bandstructure of the systems (Sec. III). 
The photonic bandstructure, together with the underly
ing polariton eigenfunctions, allows us to derive charac
teristic properties of the quantum well RPBG that are 
important for light delay applications, for example usable 
bandwidth, polariton damping, group velocity dispersion 
and anti-reflection coating. 
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FIG. 1: Schematic of the quantum well RPBG structure. The 
vertical solid lines represent infinitely thin quantum wells, 
spaced by the distance a; the background refractive index is 
nb\ E"^ and E~ are the "forward" and "backward" travelling 
field components in the uniform medium between each pair 
of quantum wells, respectively. 

As mentioned above, various physical systems can be 
grouped into classes with equivalent transfer matrix rep
resentations. However, we believe it is advantageous 
for clarity to focus on a specific example, namely that 
of semiconductor quantum well Bragg structures. A 
schematic of the ideal structure is shown in Fig. 1. 

We are dealing with a periodic array of semiconductor 
quantum wells with an inter-well spacing 'a' (the lat
tice constant of the one-dimensional RPBG). We assume 
the system to be spatially homogeneous in the trans
verse directions and the light pulse to travel normal to 
the layers (in z-direction). The quantum wells are as



sumed to be infinitely thin, and the barrier material be
tween the quantum wells is assumed to be a simple uni
form dielectric medium with refractive index ni,.. In a 
A/2 structure, which is used here, the inter-well spac
ing a equals half the fundamental Bragg wavelength in 
the medium: \b = 2a, and the fundamental Bragg fre
quency IMS is given by tiijUb/c = 2ir/XB- From here on, 
'the Bragg frequency' is understood to mean 'the funda
mental Bragg frequency lib'- AS mentioned above, in a 
resonant photonic bandgap structure each unit cell of the 
photonic crystal has an optical resonance that is close to 
the Bragg frequency. In our example of thin quantum 
wells, the optical resonance is the Is-heavy-hole exciton 
(with frequency Wx), and we ignore all higher-frequency 
transitions in the quantum well. 

The complete set of dynamical equations for the semi
conductor quantum well Bragg structure, i.e. Maxwell's 
equations for the light propagation formulated as a trans
fer matrix problem and the linearized semiconductor 
Bloch equation for the linear optical response of the 
heavy-hole excitons, are well established (see, for exam
ple, [3, 21, 24-28], also compare [29-31]). However we 
will start with a brief review of the transfer matrix the
ory, in'both the frequency and the time domain, since it 
forms the basis for our further discussions in this paper. 

We assume that the semiconductor quantum wells are 
initially in the ground state and excited by an ultra-fast 

where hux is the energy of the exciton (here we assume 
uix to be time dependent since in Sec. V we need to 
parametrically switch ujx in order to stop or release the 

, light pulse), fj. is the magnitude of the dipole matrix el
ement and 7 is the polarization decay rate that includes 
non-radiative processes such as excitonic dephasing and 
possible inhomogeneous broadening of the exciton reso
nance within each quantum well, as well as all radiative 
decay processes other than those included in our semi-
classical description via the self consistent solution of the 
Maxwell equation (1) and the polarization Prsa- Further
more, 0(0) is the configuration space exciton wavefunc-
tion at r = 0, and 

= Z] = 7^ ' 
^ aoVTT 

I 

light pulse. When the frequency spectrum of the pulse 
is restricted sufficiently close to the lowest exciton (e.g., 
Is heavy-hole exciton), the transitions to excited states 
other than the Is heavy-hole exciton can be neglected. 
Moreover, if the light propagates in the growth direc
tion (the z-direction) the Is heavy-hole exciton has zero 
in-plane (the (z — y) plane) momentum and the prob
lem becomes strictly one-dimensional, due to the homo
geneity in the transverse {x — y) plane. Also, the dy
namical equations are decoupled for different polarization 
(cr^) components since there is no z^component of the 
dipole matrix element for the heavy-hole exciton transi
tion. For either component of the light propagating in 
the z-direction, the complete dynamical equations of the 
system include the Maxwell equation 

with E being the electric field and Prea the resonantly in
duced polarization (see Eq. (3) below), and the semicon
ductor Bloch equations for the excitonic optical response, 
which in linear optics (on which the light-manipulation 
mechanism discussed in this paper is based) are well ap
proximated by the following equation for the interband 
polarization for the Is heavy-hole exciton 

(2) 

where i^(k) = V^ao/fl (ao^/2)^]^''® is the Is exciton 
wavefunction in momentum space and ao = [qlm-r) 
is the exciton Bohr radius [q^ and are the magnitude 
of the electron charge and the reduced mass of the exci
ton, respectively). The resonantly induced polarization 
Pres in (1) is related to in (2) by 

OO 

Pr^ai^) = M 0(0) ~ -2m)Pm • (3) 
m=—OO 

Eqs. (1) - (3) determine the dynamical evolution of the 
quantum well RPBG. 

Between quantum wells, the induced polarization on 
the right hand side of Eq. (1) is zero, and the general 
solution to Eq. (1) can be written in the form 

^Pm(0 = -i(Wi(t) -i7)Pm(f)+ ^ /i0*(O)-B(2m,t) , 

I 

E{z,t )  =  E*[z, t ) -E-{z, t )  

=  E^{zm+e,t-ni , -—-)-E~{z^j^i  -  s,t  -  —- ) ,  (4) 
c c 

Zm < Z <  Zm+\,  £ O"*",. 



where E^{z,t )  are the "forward" and "backward" prop
agating light fields in the uniform medium, respectively. 
(From here on, whenever e appears in a spatial coordinate 
expression, the limit £ —t- 0"*" is implied.) The complete 
solution for the light field in the RPBG is obtained by 

I 

finding the relation between in adjacent unit cells. 
To this end we integrate Eq. (1) with respect to z over 
{zm — e, Zm + e), with Eq. (3) taken into account, to ob
tain the 'internal boundary conditions' at each quantum 
well 

+£,t) -

E{z^-s,t )  =  E{z^ + e,t )  =  E{Zrr , , t ) .  

(5), 

(6) 

Substituting (4) into the boundary conditions (5) and 
(5) we obtain after some algebra (see, e.g., [3]) 

— -®m,L(') ni,C^ 

27r (7) 

where we have defined 

i) . EXait)  = EH^^ + £, t )m 

In the following we will take Eqs. (4) , (7), and (2) as 
the fundamental equations for the light field propagating 
in the RPBG since they are equivalent to Eqs. (1) - (3), 
but more suitable for our later discussions. 

Analogous to a periodic potential in quantum mechan
ics which generates energy bands, the periodicity of the 
RPBG also leads to similar energy bands of polaritons. 
To derive the polariton energy bands (cf. Sec. Ill), it 
is convenient to work in the frequency domain, in which 
the solutions of the dynamical equations are automati-
caEy energy eigenfunctions. 

For the present discussion of the band structure, we 
take Wi to be time independent (note, however, that in 
Sec. V, a/i is taken as a time-dependent function). Using 
the Fourier transforms of Eqs. (4), (7), and (2), as well 
the definition of the susceptibility x(<^) via 

= x(<^)-®(^Tn,'^) (9) 

xM.-'-y' 
A w — (wx ~ 17; 

one obtains, after some straightforward algebra [24], 

^ ) )  = M{ui)  
-^Tn,R (w) 

(10) 

where 

is the transfer matrix for one unit cell and 

.2-ki j j  7,_, , , . r p = I n(t>(0)x( i^)  = —i-
TlfjC X — 

a = exp(iqa) , 
w 

q =  ri i— . (12) 

III. BAND STRUCTURE FOR QUANTUM 

WELL RPBG'S 

. The transfer matrix derived in the previous section can 
either be used for the simulation of light propagation 
in a finite-size RPBG, in which case physical quantities 
such as transmissivity and reflectivity can be obtained, 
or it can be used to derive the bandstructure for the 
ideal infinite RPBG. In this section, we do the latter, 
since the understanding of the bandstructure is crucial 
for the light-manipulation scheme discussed below (Sec. 
V), which is based on the parametric manipulation of the 
bandstructure. Bandstructure calculations for photonic 
crystals are of course quite common, and they have also 
been done for RPBG's (for example Refs. [12, 32]). How
ever, we believe it is useful to derive the bandstructure 
for our specific example of quantum well RPBG's, and to 
present the details of the derivation formulated in close 
ajialogy to standard solid state electronic bandstructure 
terminology. 

Any solution for the light field in the RPBG can be 
found from Eq. (10) by specifying 
stands for transposition) at an arbitrarily chosen m (here 
we take m = 0 without loss of generaUty). Furthermore, 
any can be represented as a linear combi
nation of any two linearly independent two-dimensional 
(2D) vectors, which can be conveniently chosen as the 
two eigenvectors of  the unit  cel l  t ransfer  matrix M{u) 

with K being a complex number and u representing all 
quantum numbers other than K. As we will see later, 
the solution constructed through the eigenvector of M in 
(13) is the analog to the Bloch wavefunction in quantum 



mechanics (actually Eq. (10) suggests that M is analo
gous to the translation operator in Bloch's theorem). 

The bandstructure can be obtained from the eigenval
ues exp{iKa) in Eq. (13) [33], which are given by 

exp{iK±a) =  
[a(l + /?) + i(l - 0)\ ± y[a(l-t-/3)-fi(l-/3)P-4 

(14) 

where K- — —K-.  We can now label the frequency-
dependent functions by the band and wavevector indices, 
u and K {—K+ or K-), respectively, i.e. = 

E^ji{u,K), and obtain the solution of Eq. (LO) 

Finally, it is instructive to show that the frequency eigen-
functions of the Maxwell equation, i.e. the Fourier trans
forms of Eq. (4), constructed from the forward and back
ward traveling waves in Eq. (15), take indeed a form 
analogous to the Bloch wave functions of electrons in a 
periodic lattice. Considering the two-fold degeneracy re
lated to ±K, we have 

= AE{v,K)-B E{u,-K) 

where A and B are arbitary constants and 

E{y,K) =  

with 

Ui/,Ar(2; 

(16) 

(17) 

(18) 

where m is chosen such that z 
straightforward to show that 

S (Zm,2m+l). It is 

27r k{^ + a) = u,,i<-(z) and E{i / ,  K -I- —) = E{u,  K){19) '  
a  

which are the standard properties of the Bloch wave func
tions. In Eq. (16), we can assume, without loss of gen
erality, that the term multiplying the constant A (B) 
corresponds to a wave with positive (negative) energy 
velocity (we will use this convention in Appendix A). 

Physically, for an infinite structure, the non-divergence 
of the solution requires K to be real, since otherwise 
exp(i/<'z) will diverge at either z —>• oo or — oo. This 
non-divergence requirement leads to the energy bands 
and band gaps of polaritons, as we will show next. 

From Eqs. (14) talcing K to be either or K- (the 
same result is obtained in both cases), we have 

cos(ifa) = = i(a -f i -h /3(a - i)) (20) 
la  a 

With the explicit forms of a and 0 in (12), Eq. (20) 
becomes (29, 34-36] 

cos(i^a) = cos(ga) + ^ sin(9a). (21) 

This is an implicit relation for the bandstr^icture K = 
K{w) (note that q = ni,u/c). Equation (21) is anal
ogous to the energy dispersion equation in a periodic 
delta-function-potential quantum mechanics system [37]. 
When the right-hand side of (21) is real and its absolute 
value is not greater than 1, K{w) is real and therefore lies 
inside an energy band (allowed band); otherwise, K[w) 
has a finite imaginary part and is inside a band gap. 
We note that the ideal concept of energy bands requires 
7 = 0; the effect of a ,non-zero 7 will be discussed later 
(cf., e.g., Eq.(26) and (27)). 

An exact solution to Eq. (21) is generally not avail
able. However, it can be solved graphically, which helps 
to clarify the qualitative features of the bandstructure 
[37], and of course it can readily be solved numerically. 
We first illustrate a typical band structure for our model 
system consisting of quantum wells that have only a sin
gle exciton resonance on different scales in Figs. 2-3. The 
following parameter values have been used: 

TibJx = 1.496eV , 

Tumb = 1.497eV , 

Tit = 3.61 , 
ao = 150A , 

= g»(2.43A) 
7 = 0 , 

JZL /J^10(O)P = 8.50 X 10" (22) 

Fig. 2a shows three (upper, intermediate and lower) en
ergy bands fujj{K) vs. JRl/C] (real part of K) on an energy 
scale of the order of and SR[K'] in the whole Brillouin 
zone [—J, J] (the two band gaps near Tujj ~ l.SOeV are 
too small to be visible in this figure). Fig. 2b shows the 
same bands close to the Brillouin boundary, clearly iden-

tifying the "intermediate band" (IB) [21, 34, 38] and the 
adjacent bandgaps. The relation between hu and 0[iC] 
(imaginary part of K) is shown in Fig. 3. ?S[K\ is zero 
in the allowed bands and finite in the band gaps. 

Since the light stopping discussed in Sec. V is based 
on the IB, it is necessary to analyze the IB in detail. We 
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FIG. 2: (a) The photonic bandstructure of the model quan
tum well Bragg RPBG with a single exciton resonance ftUx = 
1.496 eV, which is below (but approximately equal to) the 
Bragg resonance huB = 1.497 eV. The presence of the ex
citon resonance leads to the almost horizontal intermediate 
band (IB), (b) The IB shown in (a) on an expanded scale. 

first derive an approximate analytic expression of the IB 
and use it to estimate its width. For ljq, which 
is the case we are interested in, we can expand cos(ga) 
and (w/wi) sin(ga) on the right hand side of Eq. (21) to 
first order in the small parameters and | 
and obtain after some algebra 

l  +  cos{Ka) , ,  ,  ,  ,  
" - = l.+ cos(ira) + ̂ rt^"- -

When 7 = 0, Eq. (23) becomes 

l  +  cos{Ka) • ,  

1 + cos(i!ra) + ttF ̂ ^ 

which represents the IB shown in Fig. 2b with the fre
quency limits 

uj[K = ±7t) = Us and 

ui(K =  0) =  ojb +  „ „ioj^ -  us),  (25) 
Z +  T7l 

Eq. (25) shows that, if F is small, the bandwidth of 
the IB, A.U!s = \iij{K = ±7r) — u{K = 0)| is indeed 
approximately [wx — <^bI (in our case F ~ 10"^). 

The basic idea for the light manipulation is now as fol
lows. Since under the conditions \ I x and F -C 1 

1.504 
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FIG. 3: The relation between hu and imaginary part of K. 
The regions of non-zero imaginary part of K correspond to 
the photonic bandgaps. The intermediate band (IB) is clearly 
seen as a region with zero imaginary part of K around 1.496 
eV. 

the IB bandwidth is Auiis « | — ujb|, we can para-
metrically change the exciton resonance and gradually 
make it closer and closer to ub- This reduces the band
width Aw/Bi and in the limit Wi = wa the whole band is 
degenerate, i.e., u{K) = ub for aU K, which means that 
the group velocity is exactly zero and the light is stopped. 
If the parametric narrowing of the bandwidth is adiabatic 
(i.e. it does not generate frequency components outside 
the IB), the subsequent re-opening of the IB will release 
the pulse with the same propagation characteristics as 
the initial input pulse. We analyze this scenario in more 
detail in Sec. V. 

Until now, we have analyzed the idealized case of zero 
polarization decay, 7 = 0. In this case, the polariton 
modes of the ideal infinite system are good eigenmodes 
with infinite coherence times. For real systems, how
ever, it is necessary to include the effects of a non-zero 
polarization decay rate 7. When 7 > 0, the loss of co
herent interband polarization in the individual quantum 
wells causes the light to be absorbed. In turn, the polari
ton modes of the whole system acquire a finite life time. 
Mathematically,  there is  in general  no real  solution uj{K) 
(i.e. real u and real K) for the IB. Thus, strictly spealdng 
the concept of the IB is no longer valid. However, if we 
allow the frequency u to be complex, it is immediately 
clear that  Bq. (23),  again has solutions for real  K, 

= , J- ""/if T. K - wb] (26) IH-cos(iCa)-H TrP 

OM = • (27) 
^ ^ H-cos(ii:a)+7rr^ ^ ' 

The real part of the complex frequency has the same 
physical meaning as the real frequency, while the imagi
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nary part represents decay with time. This suggests that 
the concept of the IB is still valid in the case of a finite 
7: the mode within the IB has an energy of 7i!R{a;} (ac
tually, with the replacement of u with 5R{uj}, Bq. (24) is 
exactly the same as Eq. (26)), but is now decaying at a 
rate of Prom Eqs. (26) and (27), together with 
some simple algebra, we have 

Q{a;} = i  7. (28) 

Eq. (28) says that in the IB, the decay rate is 0 at 0;^ and 

3 0.5 

1.4960 1.4965 1.4970 
H RsCi) ( eV ) 

3 0-5 • I 

3.02 3.08 

Re(K)*a 

IV. ANTI-REFLECTION COATING OF 

QUANTUM WELL BRAGG STRUCTURES 

In the previous section we focused on an ideal, in
finitely long periodic quantum well Bragg structure. We 
discussed its bandstructure and in particular the IB, in 
which a light pulse can be trapped if the bandwidth of 
the IB is reduced to zero. The question then arises as 
to how to get a light pulse with a spectrum confined to 
the spectrum of the IB into the structure. Therefore, 
we discuss in this section the linear reflectivity spectra 
of the structure. Clearly, the reflectivity in the region of 
the IB needs to be small in order to get the pulse into 
the structure, and we outline anti-reflection (AR) coat
ing techniques that reduce the reflectivity in the spectral 
region of the IB. We consider in this section a quantum 
well Bragg structure with a finite number of quantum 
wells. The first and last quantum well has a cap layer, 
also chosen to be of thidcness a, of the same material as 
the medium between quantum wells. In the absence of 
AR coating, the cap layers are surrounded by air. With 
AR coating, there are on each side three more A/4 lay
ers as discussed at the end of this section. The linear 
reflectivity spectrum is obtained in the usual way: we 
propagate an incident field (from the left, say) and use 
the fact that there is no incident field from the right in 
order to obtain the ratio of the reflected over the incident 
field on the left. Apart from the transfer matrix for the 

, individual unit ceUs, Eq. (11), we use the well-known 
transfer matrix for dielectric steps (which can be easily 
derived from Eq. (6) and (5) with Zm replaced by the lo
cation of the dielectric boundary and = 0). Denoting 
the refractive indices by (n^) on the left (right) sides 
of the boundary, we have 

FIG. 4: The imaginary part of u; as a function of real K for 
the Intermediate band (IB) close to the zone boundary. Away 
from the zone boundary, the imaginary part of oj approaches 
—7. The inset shows the relation between the imaginary and 
real part of a/ within the IB. 

increases linearly to almost 7 at the other edge of the IB, 
as shown in Fig. 4. This actually provides a chance to re
duce the absorption when the light is inside the quantum 
well Bragg structure, simply by restricting the frequency 
spectrum closer to a;s than Wj. The fact that the polari-
ton modes in the IB can have decay rates significantly 
smaller than the polarization decay rate of the individual 
quantum wells is related to the spatial structure of the 
polariton modes. The limit of zero decay at wg is due to 
the fact that the corresponding mode (the actual Bragg 
mode) is a standing wave with nodes at the positions of 
the quantum wells and is therefore not affected by the 
decay of the quantum well polarization. The IB modes 
away from cjg are not standing waves and therefore have 
some overlap with the quantum wells. Consequently, the 
decay of the polarization in the quantum well leads to a 
decay of those modes according to Eq. (28). 

f^L 
nn-nr,  

2nc.  2nu •"•R-nL n R +n r. 
2n£, 2n£, 

(29) 

Eq. (29) is valid in both the frequency and time domains. 
When a light pulse is incident on the quantum well 

Bragg structure, it is expected that within the band gaps 
the reflectivity is unity (if there is no absorption, i.e., 7 = 

0) since the light cannot propagate inside the structure. 
In Figs. 5-6, we show numerical results for the reflection 
spectra of quantum well Bragg structures with a finite 
number of quantum wells IV and the parameter values 
given in Eq. (22). We choose N = 2000 and N = 200, 
because it turns out that a structure with N = 2000 be
haves almost like sm ideal infinite RPBG in terms of light 
propagation dynamics (cf. Sec. V). However, present-
da.y technology does not allow for the fabrication of such 
large quantum well Bragg structures; a presently real
istic value is iV = 200. The comparison of the ideal 
(IV = 2000) and realistic (N = 200) structures in this 
and the following section allows for a comprehensive un
derstanding of both the potential and the limitations of 
using semiconductor quantum well RPBG's for optical 
delay purposes. 



102 
8 

a: 0.5 

1.492 1.497 1.502 
ft CO ( eV) 

1.0 

X 0.5 

0.0 

nni 

en 0.5 X 0.3 

1.494 1.500 1.506 

A <fl( av) 

1.4960 1.4965 1.4970 

/iCO (eV) 

FIG. 5: (a) The reflection spectnini of the quantum well 
Bragg structure with 2000 wells, without AR coatings, (b) 
Same as (a), but only for the spectral region of the IB. 

The reflectivity spectra for N — 2000 and N = 200 are 
shown in Figs. 5-6, respectively. Fig. 5a and the inset of 
Fig. 6 cover parts of the upper and lower bands, the band 
gaps and the whole IB in the middle, while Figs. 5b and 
6 only cover the IB. As expected, the reflectivity is unity 
inside the band gaps, at least in the case of iV = 2000 
(in the case of iV = 200 the transition from unity reflec
tivity inside the band gaps to small reflectivity outside is 
gradual). 

Outside the band gaps, especially in the spectral region 
corresponding to the IB, the situation is more compli
cated. For both values of N the reflectivity is also close 
to 1 within the IB, but with deep dips at some frequen
cies. Caused by reflections at the boundary interfaces 
between the structure and the outside, this high reflec
tivity within the IB poses a serious practical problem 
to our scheme of slowing and stopping light, because we 
have to propagate light into the structure before we can 
stop it inside. High reflectivity throughout the spectral 
region of the IB would make this impossible. 

To overcome this difficulty, we apply the concept of 
anti-reflection (AR) coating [1], usually formulated for 
the interface between two dielectric mediums, and gen
eralize it to the quantum well Bragg structure. We first 

1.4960 1.4965 1.4970 

;iCO(eV) 

FIG. 6: The reflection spectrum in the spectral region of the 
IB for the 200 quantum well structiure, without AR coatings. 
The inset shows the spectrum over a wider frequency range, 
covering the IB and parts of the upper and lower bands. 

briefly review AB. coating techniques for light crossing a 
dielectric interface from a medium with refractive index 
no into a medium with refractive index n. If the mis
match between n and no is large, the reflectivity is high. 
However the reflectivity can be made to vanish for any 
single arbitrary frequency if one or more dielectric coat
ings of optical thickness A/4 are Inserted between the two 
mediums. Usually the reflectivity is also low in a spectral 
neighborhood of this chosen frequency. In the following, 
we simply list three AR coating schemes without detailed 
derivations: the single, double, and triple layer AR coat
ings. (i) For the single-layer coating, with only one layer 
between the two mediums of refractive indices no and n,  

the refractive index of the coating must be ni = ^nriQ. 
(ii) For the double layer coating with two layers of re
fractive indices ni and n2, the spatial sequence being 
no —• ni —>• n2 —> n, the refractive indices need to sat
isfy nf = ^"2. (iii) For the triple layer coating, three 
layers of coatings are applied with the spatial sequence 
of no —• ni —• n2 —» na —> n and the requirement for the 
refractive indices 

2 ^2 — TTp TTPQ ry • (30) 

Obviously, different numbers of layers correspond to dif
ferent requirements for the refractive indices of the lay
ers. Hence, there may be situations where materials for 
the single and double layer requirement are not available, 
but those for the triple layer coating are available. In this 
case, which is exactly the one encountered in our prob
lem, the triple layer coating is, for practical pui-poses, 
superior to the single and double layer coating. 



103 

The basic idea for applying the concept of AR coat
ing to the quantum well Bragg structure is to treat it 
effectively as a uniform medium with an effective refrac
tive index of n^ff. Prom this point of view, the fields 
E{v, ±K) in Eq. (16) are analogous to the traveling 
waves exp(±igz) in the uniform dielectric medium. Once 
we have determined an appropriate value for n^ff, we can 
replace n by n^ff in Eq. (30) to get the proper refrac
tive indices of the triple AR coatings. At this point one 
might argue that the quantum well Bragg structure is 
of course anything but a uniform dielectric slab. How
ever,  the analogy of the Bloch polari ton mode E{u,  ±K) 
to exp{±iqz) can be supported by the following obser
vations and analysis. First, we note that the sharp dips 
in the reflection spectra shown in Figs. 5b and 6 suggest 
"Fabry-Perot" modes similar to those in the usual Fabry-
Perot slab. We have found numerically that the dips are 
located at frequencies satisfying KNa = mir where m is 
an integer, A more detailed analysis, presented in Ap
pendix A, shows that it is indeed possible to derive an 
analytical expression for ricf / as a function of the Bloch 
polariton modes. In this way, we estimate that for our 
structure with the parameters in Eq. (22), n^ff a: 25. 

Given the value of n^'fj we can now choose the ap
propriate AR coating scheme to reduce the reflectivity of 
the structure in the spectral region of the IB. In principle, 
we can use any number of AR coating layers, assuming 
that we have coatings with any positive refractive indices 
available. Unfortunately, in reality, the values of the re
fractive indices of the coatings are usually restricted to 
a relatively small range, say between 1 and 4, so that 
appropriate coatings for a system with n^ff = 25 using 
single or double coating scheme are not available. How
ever, it is easy to get these coatings in the triple coating 
scheme determined by Eq. (30), As an example, we take 

ni = 1,59 , 712 = 1-X5 113 = 3.61. (31) 

(Note that Eq. (30) allows for various equivalent solu
tions regarding the values for ni, n2 and 713). 

We show in Figs. 7, and 8 the reflection spectra of the 
same structure as in Figs, 5 and 6, but this time with 
the triple AR coatings, Eq. (31), on both ends of the 
structures. Fig, 7 and its inset correspond to the Fig. 
5b and a, respectively, and Fig. 8 corresponds to Fig, 6. 
We can see that the reflectivity is significantly reduced 
by the AR coatings in both cases. 

We finally note that our effective AR coating is de
signed to reduce the reflectivity that stems from the light 
propagation through the whole Bragg sti-ucture. In Ref, 
[5|, a single layer AR coating has been used to minimize 
the index step between air and the cap layer. We found 
from our numerical solution that such an AR coating that 
removes the effect from the cap layer index step would 
be insufficient for the present purpose of reducing the 
reflectivity in the IB. 

q: 0.5 

1.492 1.497 1.502 

A CO ( eV ) 

1.4960 1.4965 1.4970 

CO (eV) 

FIG. 7: Same as Fig. 5, but for the 2000 well structure with 
AR coating. 
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FIG. 8: Same as Fig. 7, but for 200 quantum wells. 

V. DYNAMICAL MANIPULATION OF LIGHT 
PULSES 

In this section we use the concepts of light propaga
tion via transfer matrices, parametric bandstructure ma
nipulation, and AR coating to investigate whether it is 
possible to propagate a light pulse into the quantum well 
RPBG, stop it there, store it for a certain period of time, 
and finally release it. We study this process for both 
2000 and 200 quantum well structures, with the former 
illustrating the basic principle and the latter aimed at a 
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proposal for a proof-of-principle experiment. 
We recall from Sec. Ill that in the quantum well RPBG 

the group velocity of light within the intermediate band 
(IB) goes,.,to zero if the IB bandwidth (~ \ujb — <^i|) 
vanishes. Based on this fact, we devise the following 
light-stopping procedure. (1) Uj; is first detuned from ljb , 
opening an IB window for the incident light to propagate 
into the RPBG. (2) We then tune = ujb to close the 
IB window and stop the light inside the RPBG for some 
time (we call this the 'stopping time'). (3) is then 
reset to its original value, reopening the IB window and 
releasing the light. 

One of the key issues in the above scheme of stop
ping light inside the structure is to control the exciton 
resonance Wi. Here we propose an experimentally feasi
ble way based on the AC optical Stark effect (see, e.g., 
[39j and references therein). Practically, one could think 
about a control pulse propagating in the plane of the 
quantum wells (perpendicular to the growth direction). 
This control pulse would be red detuned and it should be 
strong enough to induce an AC Stark shift of the exciton 
resonance Since in this process the exciton resonance 
is no longer a constant we will refer to the exciton reso
nance without the control pulse as the 'unshifted exciton 
resonance'. To achieve a specific delay, the control pulse 
would be switched on and then remain on for the duration 
of the desired delay, until it is switched off again. The 
time scale of the switch-on and switch-off process could 
be as short as technological feasible with pulse-shapers 
that generate quasi-square temporal pulse profiles. How
ever, the requirement of adiabatic switching, i.e. switch
ing that does not create frequency components outside 
the IB, limits the switch-on and switch-off times to, in 
our case, a few picoseconds. Specifically, we choose for 
simplicity a linear switching of the exciton resonance 

hujx{t)  

1.496eV, . 
1.496eV -I- O.OOleV x 

1.497eV, 
1.497eV - O.OOleV x 

1.496eV, 
t4-~63 ' 

The graphic representations of can be found in the 
upper panels of Figs. 9 and 13, where we choose the 
switching time - h (= {4 — tz) to be 1.4p8 (0.6ps) 
for the case of 2000 (200) quantum wells. In practical 
applications, the switch-on and switch-off process may 
not be linear, but for example Gaussian. The pi.ilse delay 
characteristics do not depend sensitively on the detailed 
shape of the switch-on and switch-off process, as long as 
adiabaticity is not violated (which we have verified for 
our case of N=2000 through a spectral analysis of the 
output pulse). 

In the following analysis, we assume that the exciton's 
oscillator strength is not significantly reduced when the 
resonance is shifted. This, in turn, limits the magnitude 
of the shift, because a large AC Stark shift would be as
sociated with a strong reduction of the exciton oscillator 
strength. We therefore restrict ourselves in the numerical 
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FIG. 9: The time dependence of the exciton resonance ujx (up
per panel) and the transmitted pulse intensity (lower panel, 
normalized to the peak input pulse intensity l£^o|^), for 2000 
quantum wells. Two cases are shown. The dotted curves, 
labelled (a), in both panels are for the case where the light is 
not stopped, (b) labels the case (solid cixrves) where the light 
is stopped for 8.2 ps inside the RPBG. The input field at the 
front end of the RPBG vs time (dashed) is also shown. 

analysis to the moderately small value of a 1 meV shift. 
We have verified that the results presented in the follow
ing remain qualitative similar if we would use a smaller 
exciton shift, for example 0.2 meV. 

The light stopping, storing and releasing procedure for 
the 2000-QW structure is shown in Fig. 9. The pa
rameters used here are the same as in Eq. (22) (with 
uix being the unshifted exciton resonance) except for the 
value of the polarization decay rate, which we choose to 
be ^7 = O.lmeV in the following. This value is consistent 
with literature values for high quality Bragg structures 
at low temperature (see, for example. Fig. 2 of Ref [5], 
from which a value of less than 0.4 meV can be deduced). 

The normally incident Gaussian pulse is centered at 
frequency 1.4968eV and has a width (FWHM) of O.SmeV 
(temporal width of T^, .= 6.Ops). The frequency spectrum 
of the incident pulse is almost completely inside the IB. 
The central frequency is chosen to be closer to ws than 
tjj. in order to reduce the absorption of the light when it 
is inside the structure. As shown in Eq. (28), frequency 
components closer to uig have smaller decay rates. Due 
to the AR coating, most of the incident light propagates 
into the structure. The upper panel of Fig. 9 shows 
the chosen time dependence of the w^, while the lower 
panel shows the time dependence of the transmitted light 
pulse. Two cases are shown. For the curves labelled by 
(a) in both panels, is kept constant and the light goes 
through the structure unstopped. For the curves labelled 
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FIG. 10: The spatial distribution of the pulse inside the quan
tum well Bragg structure (2000 wells) at different time in
stances for case (b) in Fig. 9. For clarity, the intensity of the 
forward and the negative intensity of the backward 
( — t r a v e l l i n g  c o m p o n e n t s  a r e  s h o w n  s e p a r a t e l y .  

by (b), ojx is shifted to coincide with uib for a duration 
of 8.2 ps before being reset to its original value, delaying 
the emergence of the transmitted pulse at the end of the 
RPBG by roughly the same duration. (Here the time 
delay Td. is measured as the time difference between the 
peaks of the pulses in cases (a) and (b)). To help build 
intuition about the process, we also trace the evolution 
of the pulse's spatial profile in Fig. 10 for case (b). One 
can see that the pulse propagates into the structure and 
is stopped there. Apparently, the pulse fits almost com
pletely inside the structure, and for the times shown gets 
slightly absorbed. In the following, both of these aspects 
will be discussed in more detail. 

The light inside the structure gets absorbed gradually 
because of the non-zero polarization decay rate 7. As a 
result, the energy of the transmitted light decreases with 
increasing delay time. To get an idea of how long we 
can practically stop the light and still be able to detect 
the transmitted pulse, we plot in Fig. 11 (solid line) the 
transmitted energy £ vs. delay time. The horizontal axis 
is scaled in units of piilse duration (denoted T™) so that, 
for example, = 1 corresponds to a one-bit delay. 
To illustrate the fact that the effective pulse energy loss 
rate is less than the polarization decay rate 7, we also plot 
the hypothetical decay curve (dash-dotted line) with 27. 
as the decay rate (the factor of 2 is due to E ~ IjSI^). 

One may expect the effective pulse energy loss rate 
(given by the slope in Fig. 11) to depend on the center 
frequency of pulse within the IB. We showed above (see 
Eq. (28) and the subsequent discussion) that the decay 
of the IB eigenmodea approaches 7 if the frequency ap
proaches Wx- In order to see whether a pulse centered 

FIG. 11: Logarithmic plot of the relation between the trans
mitted pulse energy (in units of the incident pulse energy ein) 
and the delay time Td (in units of the pulse duration T™). The 
solid line is the result for 2000 quantum wells (Fig. 9). The 
dotted line shows the energy of the secondary transmission 
peak for 200 quantum wells (F'ig. 13). For comparison, the 
dashed line shows the result for 2000 wells with all the param
eters identical to those for the solid line, except that the center 
frequency of the incident light is shifted by -0.4 meV. For the 
2000 quantum well structure a pulse duration of = 6ps has 
been used, and for the 200 well structure = 3ps. Also, for 
comparison in the case of T™ = 6p3 (2000 well structure), we 
plot a hypothetical decay curve (dash-dotted) with a decay 
rate of 27. The corresponding hypothetical decay curve for 

= 3ps (200 well structure) is not shown; it is close to the 
actual result shown as dotted line. 

close to experiences a decay close to 27, we show as 
dashed line in Fig. 11 the transmitted energy of a pulse 
centered at 1.4964eV (instead of 1.4968 used for the solid 
line in Fig. 11). Surprisingly, the slope of the dashed line 
is almost identical to that of the solid Une, indicating an 
effective pulse energy loss rate much smaller than the ex
pected 27. One should note, however, that the overall 
transmission is now much less. This is because the cen
tral components close to the spectral pealc of the pulse 
(i.e. close to Ui) are strongly absorbed. What is trans
mitted are mainly the spectral components in the wing 
of the pulse, close to ujb- It is then not surprising that 
the effective loss rate in Fig. 11 is similar for both in
put center frequencies (i.e. the one close to uix and the 
one close to ub), and that the pulse close to suffers 
a much stronger overall reduction in energy compared to 
the one centered close to ub -

It is now clear that the effective pulse energy loss rate is 
roughly on the order of 7, but can be reduced significantly 
if the spectrum of the pulse is very narrow and close to 
WB- However, a narrow spectrum corresponds to long 
pulse durations ajad also large spatial extensions of the 
pulse. For the delay scheme to work well, the pulse must 
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FIG. 12; The group velocity as a fxmction of K in the IB. The 
inset shows the group velocity as a function of huj. 

fit into the structure. In contrast to light pulses in free 
apace, where the simple relation L = cT^ gives the spatial 
extension L of the pulse for a given duration T^, the 
periodic Bragg structure can cause a significant spatial 
compression of the pulses, which is determined by. the 
dispersion of the IB. In order to estimate the order of 
magnitude of the spatial compression, we first calculate 
the group velocity of light ( \-§^\ ) in the IB (see Fig. 2). 
Taking the iC-derivative of Eq. (24), we obtain 

I 7rrsm(Jfa) , , , 

Using Eq. (33), together with (24), we plot Vg vs K 
and Vg vs w in Fig. 12, which gives Vg ss O.lGc/nj at 
ui = l,4968eV, which corresponds to a spatial compres
sion of roughly one order of magnitude. This estimate 
is confirmed by the numerically obtained spatial profile 
shown in Fig. 10. 

One can also see from Fig. 10 that for the pulse du
ration we have chosen, which cannot be chosen to be 
shorter if the pulse spectrum is to fit within the spectral 
width of the IB, a structure with significajitly fewer than 
2000 quantum wells would be too thin to house the whole 
pulse. Presently available structures have usually only 
200 or less quantum wells, so we have to investigate the 
light manipulation scheme for these structures as well. 
While the ideal concepts documented in the case of the 
2000 well structure cannot be expected to be true in the 
case of thin structures, we will show in the following that 
the thin structures are still suitable for proof-of-principle 
studies and for possible future verification of our theory. 
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FIG. 13: Similar to Fig. 9, but for 200 quantum wells. Here 
the fields are plotted on a logarithmic scale. The dotted 
curves, labelled (a), are for a stopping time of 3.5 ps, and 
the solid curves, labeEed (b), are for a stopping time of 6.2 
ps. The first peaks of the two curves coincide. The input 
pulse is shown as the dash-dotted line. 

Since only a small portion of the light pulse can fit into 
a 200 well structure, we can only stop a small part of the 
incident light. This means that even if we stop some of 
the light inside the structure, a large transmission peak 
coming from the unstopped part of the light is practi
cally unavoidable, ajid the light portion that is stopped 
and later released can only form a secondary transmission 
peak, usually quite small compared to the first one. In 
order not to be overwhelmed by the first peak, the light 
inside the structure should be stopped for a sufiiciently 
long time before being released to make the secondary 
peak in the transmission well separated from the first 
one. We demonstrate this procedure in Fig. 13. The 
normally incident pulse is again Gaussian and centered 
at the frequency of 1.4968eV and has a width (FWHM) 
of 0.6meV (temporal width of 3.Ops). Again, and wg 
are shown in the upper panel of Fig. 13 and the trans
mitted pulse in the lower panel. The curves labelled by 
(a) and (b) represent the cases where is shifted for 3.5 
ps and 6.2 ps respectively. Since only part of the pulse 
gets delayed, the delay time is not very well defined in 
this case. Here, we define the delay time as the time 
difference between the secondary (delayed) peak and the 
first (unstopped) peak in each case. A proof-of-principle 
experiment, aimed at verification of our theory and at 
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laying the foundation of future improvements in the fab
rication of quantum well Bragg structures, would confirm 
the predicted dependence of the delayed secondary peak 
on the stopping time. We finally show in Fig. 11 (dotted 
line) the transmitted energy of the secondary transmis
sion peak (i.e. the portion that can actually be used for 
optical delay purposed) vs delay time. Not surprisingly, 
the overall magnitude is relatively small, thus limiting the 
immediate usefulness of the 200 well structure to purely 
academic purposes. We note that in this case the slope 
of the curve is close to the hypothetical slope of 27 (not 
shown). To understand this, we note that the secondary 
peak corresponds to a pulse that was localized within 
the very small spatial region of the 200 well structure, 
and therefore contains a wide range of K-states, many 
of which have decay rates close to 7 (see Fig. 4). The 
small K-region close to the Brillouin zone boundary with 
decay rates much smaller than 7 plays only a minor role 
in the K-spectrum of the delayed portion of the pulse; 
instead it contributes to the Ught coming out during and 
immediately after the primary peak shown in Fig. 13. 

VI. SUMMARY 

We have presented a detailed theoretical study of 
light manipulation in one-dimensional resonant photonic 
bandgap structures (RPBG's), illustrated with the ex
ample of semiconductor quantum well Bragg structures. 
Starting from the well-known transfer matrix approach 
to Ught propagation in these systems, we analyzed the 
bandstructure of the ideal infinitely long system. We 
noted that the so-called intermediate band (IB), which 
is due to a resonance (here: the exciton resonance) cen
tered inside the main band gap, is useful for light ma
nipulation, because it is generally narrow and can be ex
ternally manipulated. The maximum bandwidth of the 
IB is set by the structm-e's design and is given by the 
difference of the Bragg resonance and the exciton reso
nance. Parametric manipulation of the IB bandwidth is 
possible, for example, via the AC Stark effect. The para

metric bandwidth reduction causes a light pulse to stop 
inside the structure, and the restoration of the original 
bandwidth causes the light to be released from the struc
ture. In order to get light into the structure within the 
IB's spectral width, we have numerically demonstrated 
the usefulness of generalized anti-reflection coating. The 
numerical studies of a long quantum well Bragg struc
ture with 2000 wells confirmed the basic idea underlying 
the parametric bandstructure manipulation. But it also 
documented the basic necessity for long structures (large 
number of quantum wells), if the goal is to delay or trap 
the whole light pulse. We have shown that short struc
tures (200 quantum wells) can be used for the delay of 
only small portions of the pulse, which limits the useful
ness of these structures. For future optimization of this 
scheme, we have shown that the fundamental analysis in 
terms of bandstructure yields natural criteria. For ex
ample, an important finding is the fact that the decay 
time of the polariton modes is generally longer than the 
polarization decay time in the individual quantum wells. 
Hence, long pulses with spectra close to the Bragg reso
nance are preferable. Once long structures that can house 
picosecond pulses become available, one would choose the 
longest possible pulse with a spectrum as close as possi
ble to the Bragg resonance. Here, the question as to what 
is the longest possible pulse must take into consideration 
of the spatial compression, which is a function of the IB 
bandwidth and the corresponding group velocity. 

We believe that the analysis presented in this paper 
helps to clarify important aspects regarding the use of 
RPBG's for light manipulation and delay, both in terms 
of fundamental properties of these structures as well as 
the issue of practical usefulness. 
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APPENDIX A; ANTI-REFLECTION COATING 

OF QUANTUM WELL BRAGG STRUCTURES 

In this appendix, we show how the well-lcnown meth
ods for anti-reflection (AR) coating can be applied to a 
quantum well Bragg structure. Specifically, we present 
the concept of an effective refractive index for the Bragg 
structure. Once the effective refractive index is I<now, 
we can treat, for the purposes of AR coating, the Bragg 
structure as a simple dielectric layer for which AR coat
ing techniques are well established. 

Consider a boundary between a uniform medium of 
refractive index n^„ on the left and a semi-infinite RPBG 
structure on the right. For simplicity, we assume that 
is a dielectric boundary and the first quantum well of 
the RPBG is at -f a (a is the lattice constant of the 
RPBG), with the refractive index between and Zx -f-a 
being the same as the refractive index ni, between the 
quantum wells. At a given freciuency w, the electric field 
on the left (uniform medium) side is decomposed in the 
usual way as 

^un(z)  = •Bune , for 2 < Zi (Al) 



with the subscript "un" denoting "uniform medium." On the right (RPBG) side, the field is decomposed according 
to Eq. (16) 

Sps{z) = - S~{z) = Apsnty,Ki2} - BpsUu,-Kiz) for ^ (A2) 

I ^ ^ 

where the subscript ps stands for "periodic structure" 
and we re-named the constants A and B to Ap, and Bps, 
respectively. 

In the following, we will derive the transfer matrix re
lat ing [E+^{z^-s) ,  £?-„(zi-e)p to [E+{z^+s),  E-{z^ + 

e)P and cast it into a form analogous to the transfer ma
trix in Eq. (29) for the boundary between two uniform 
mediums. In this way, under certain approximations, we 
can define an effective refractive index for the RPBG sys
tem. 

f E U z ^ - e ) - ]  

where 

Here, u'  =  dujdz and ±K) are the compo
nents _of the eigenvectors of the unit cell transfer ma
trix in Eq. (11). The transfer matrix in Eq. 
(A5) does not yet have the same form as that for the 
dielectric boundary between two uniform mediums, Eq. 

The boundary conditions at z^, following from Eqs. 
(5) and (6), are 

^) ~ "^Epsi^Z^;-{•  s) ,  (^3) 

— Epsl^Zx "f- E).  (.^^) 

Substituting Eqs. (Al) and (A2) into Eqs. (A4) and 
(A3), we obtain after some straightforward algebra 

(A5) 

(A6) 

(29), since usually n^}{u,K) v^p}[y,K') .  However, 
it turns out that if is sufficiently close to ujb, then 

rips s nff(u,K) nff(L/,K). In this case, Eq. (AS) is 
approximately simplified to 

(u,K)~n.  
2n^Tv •^ps 

+ s )  

4- g) -I- K,k(^^ + g) 

iKu^,- .K{Zx +  e) - _x(Z3: + s) 

+  s) 

=  nt,  

•<) 

-t-1 
: rif,-

. -K)  
- 1 

K-ni '^x-e)  
^uni^x ~  g) 

nT,a+nu 
Ep,{^x+S) 

Epsi^x + s) 
(A7) 

which has exactly the same form as Eq. (29). Thus we 
can identify Ups as the "effective refractive index" of the 

RPBG and use it to design AR coating in the spectral 
vicinity of aig. 
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Abstract: 
Stopping,, storing and releasing of light in resonant photonic bandgap structures made from 

. Bragg-spaced quantum wells is studied. The expected performance of almost ideal infinite sys
tems is contrasted with that of existing structures. 

© 2005 Optical Society of America 
OCIS codes: 190.5970 Semiconductor aonlinear optics including MQW, 320.7130 Ultrafast processes in con
densed matter, including semiconductors 

Photonic band gap structures such as photonic crystals and layered periodic optica! structures have become 
importajit tools for the deliberate control and manipulation of light. One class of photonic bandgap struc
tures contains periodically spaced materials with optical resonances. Often referred to as resonant photonic 
bandgap structures (RPBG's), this class includes a multiple semiconductor quantum well system where one 
Bragg frequency is chosen to be near the frequency of the exciton resonance in each quantum well (see, e.g., 
[1,2,31). 

An important potential application of RPBG's is the slowing and stopping of light. Here, we describe a 
sch&me for the stopping,  storing and releasing of  l ight  that  is based on the Tn .anipulo.t ion of  the photonic 

bandsiructurs of quantum well Bragg structures. In addition to a discussion of the basic idea in terms of ideal 
infinitely (or at least very) long structures, we present numerical results aimed at, evaluating the feasibility 

' • of controlled delay and possible stopping of light pulses in realistic quantum well Bragg structures. We show 
that the usefulness of quantum well Bragg structures for optical delay lines depends critically on the number 
of quantum wells and the dephasing/loss mechanism in each unit cell of the RPBG., and we also outline 
optimization strategies' in terms of spectral light chaxacteristics as well as quasi anti-reflection coating of the 
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Fig. 1. The intermediate band (IB) of the qi.iantum well resonant photonic bandgap structure over the whole 
Brillouin zone. The inset shows the IB and the two adjacent bands close to the Brillouin zone boundary. 

RPBG's. Related schemes have been proposed in atomic-based systems [4] and coupled resonator optical 
waveguide structures [5], and schemes based on nonlinear pulse propagation have been suggested in quantum 
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well Bragg structures [6]. 

QELS/2005 Page 

1 .4 9 f 

5" 1 .4 9 7 T 

.3 
«  1 . 4 9 6  

1 . 4 9 5  

t  . 0  

ty. 0.5 

0 . 0  

S t a g e  Z 

3 t a g 9 1 1 s t a g »  3  " X 

: 

i n p u t  

•  t r a n s m i t t e d  

3 5 6 5 
T im e [ p 3 ] 

Fig. 2. The parametric time dependence of the exciton resonance Ui (upper figure) and the transmitted 
pulse (lower figure), for 2000 quantum welia. The stopping time is about 3 ps and the dephasing rate of the 
quantum well polarization is 0.1 meV. 

In contrast to a conventional non-resonant photonic crystal, where each bandgap is characterized by only 
one frequency ub (related to the Bragg condition of a unit cell containing a multiple integer of half the 
wavelength), RPBG's are characterized by two frequencies: ws and Ui, where is the frequency of the 
excitonic. absorption resonance. When Wx is inside a fundamental photonic bandgap, an intermediate band 
(IB) is formed inside the fundamental photonic bandgap [7], which opens a transmission window in the 
reflectivity stop band of such a structure. This band (the IB) is shown in Fig. 1. The bandwidth of the IB 
is approximately given by the difference of the exciton frequency oji (here we use the Is-heavy-hole exciton) 
and the Bragg frequency wb. 

The bsisic stopping, storing and releasing of light is achieved by opening and closing this transmission window 
through a parametric manipulation of 0^3.. This process is illustrated in Fig. 2 for a 2000 well structure. 
Initially, (^s, the IB has a small (but finite) width, the group velocity is low (but also finite); thus 
the transmission window is open, and the incident pulse is allowed to enter the sample. While the pulse is 
located within the sample, the exciton frequency is parametrically shifted (e.g. with a control puise through 
the AC Stark effect) to coincide with the Bragg frequency (w^ = UJB). This parametric shift of oja causes the 
dispersion relation of the IB to completely flatten (adiabatically), which closes the transmission window (i.e. 
the group velocity is zero) and traps the pulse. After the desired delay (~ 8ps in Fig. 2), is allowed to 
return to its original value, the dispersion relation of the IB is adiabatically restored to its original shape, the 
group velocity is again finite, and the pulse is released. The spectral and phase information in the pulse is 
preserved through the stopping and restarting process if the pulse does not suffer excessive loss (for example, 
due to absorption in the quantum wells). 

Fig. 3 illustrates the fraction of the incident light that can be trapped and the time for which it can be 
delayed for both a 2000 well and 200 well sample. The energy of the transmitted pulse decreases with delay 
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Fig. 3. Loganchmic plot of the transmitted pulse energy ex in units of the input pulse energy ein vs the 
delay time To in units of the pulse duration Tw, for 2000 quantum wells (solid line). For 200 quantum 
wells (dotted line), only the energy of the delayed portion of the pulse is counted. For comparison, we plot a 
Linear function with slope 270 as the dash-dotted line, which ."iihows that the decay of the transmitted pulse 
is slower than the hypothetical rate given by the dephasiog. 

time, mainly do to absorption in the quantum wells. However, the decay rate is much smaller than 272, a 
result that can be understood with the help of the bajidstructure calculation. In the case of the more realistic 
200 well structure, only a small part of the transmitted pulse can be delayed, which limits the immediate 
usefulness of these structures to proof-of-principle studies. However, the information gained from such studies 
could point the way to the development of all-optical delay lines in this or other formally equivalent resonant 
photonic bandgap structures. 
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We describe a reflection scheme that allows Bragg-spaced semiconductor quantum wells to be 
used to trap, store and release light. We study the temporal and spectral distortion of delayed light 
pulses and show that this geometry allows multibit delays and offers a high degree of distortion 
compensation. 

Photonic band gap structures such as photonic crys
tals and layered periodic optical structures have become 
important tools for the deliberate control and manipula
tion of light. One class of photonic bandgap structures 
contains periodically spaced materials with optical reso
nances. Often referred to as resonant photonic bandgap 
structures (RPBG's), this class includes a semiconductor 
multiple quantum well (MQW) system where the Bragg 
frequency is chosen to be near the frequency of the quan
tum well excitonic resonance (see, e.g., Ref. [1-4]). From 
a conceptual point of view, excitons having a single res
onance and spaced by a distance approximately equal to 
half the excitonic wavelength in the material is one of the 
simplest realizations of an RPBG. Parametric changes 
of the exciton resonance (for example a frequency shift) 
can lead to dramatic changes in the system's linear opti
cal properties, and can hence be used for the deliberate 
manipulation of light pulse propagation. 

Recently, there has been a great interest in slow-Ught 
phenomena (e.g. Ref. [5-14]), which include the trap
ping, storing and releasing of light. In previous work 
[15], we have analyzed the stopping, storing and releas
ing of light using a transmission scheme that is based on 
the manipulation of the photonic bandstructure of MQW 
Bragg structures. We found that sufficiently long MQW 
Bragg structures with small absorption losses allow for 
multi-bit Ught pulse delays, but we considered releasing 
the light only in the forward direction, and we did not 
consider the effects of temporal and spectral distortion of 
the light pulses due to the group velocity dispersion. In 
this Letter, we describe stopping, storing and releasing 
light in the backward (or reflected) direction, we compare 
the distortions associated with this geometry to those 
incurred in a transmission geometry, and we show that 
the reflection geometry allows for a high level of distor
tion compensation. In addition, we provide an estimate 
of the minimum length required for Bragg-spaced MQW 
structures, whether used in a transmission or reflection 
geometry, and provide appi-oximate expressions for the 
bandwidth-time delay product. 

We note that related but conceptually more compli
cated schemes for optical delay in RPBG's have been 

"Electronic address; rbinderQu.arizona.edu 

proposed in atom-based systems [9] and coupled res
onator optical waveguide structures [12]. These schemes 
are more complicated than ours because they involve 
more than one resonance in the spectral vicinity of the 
Bragg resonance. In Ref. [9], a resonance that is split 
by 'an electromagnetically-induced transparency (EIT) 
quantum coherence is spatially periodically modulated, 
while in Ref. [12] a classical analog to the EIT resonance 
was constructed from two resonators. 

As mentioned above, in contrast to a conventional non-
resonant photonic crystal, where each bandgap is char
acterized by only one frequency ojs (related to the Bragg 
condition of a unit cell containing a multiple integer of 
half the wavelength), the simplest RPBG's'are charac
terized by two frequencies: ujq and ux, where in our 
case uix is the frequency of the excitonic absorption reso
nance (here we use the Is-heavy-hole exciton). In a non-
resonant one-dimensional photonic crystal, a bandgap ex
ists adjacent to us, and the fundamental polariton bands 
are located above and below the bandgap. In contrast, 
in an RPBG with close to ub, we have an additional 
(relatively flat) band[16], associated with two bandgaps 
adjacent to ui^ and oj^. One might regard the two nearby 
bandgaps with the additional, band as one large bandgap 
that contains an intermediate band (IB) as a result of the 
presence of the excitonic resonance. If is close to, but 
not exactly the same as ljb, the IB opens a transmission 
window in the reflectivity stop band of such a structure. 
This bandstructure of the polariton modes is shown in 
Fig. 1. The bandwidth of the IB is approximately given 
by Aui = \ijjb — Our scheme for stopping, storing 
and releasing light is based on closing and re-opening 
this transmission window. 

Before discussing the temporal distortion associated 
with the stopping, storing and releasing process, we esti
mate the universal minimum length of a Bragg structure 
that is needed to hold the full length of a pulse that 
lies spectrally within the IB. This length will give us an 
order-of-magnitude estimate of how many quantum wells 
are needed for an almost ideal structure as far as trap

ping and delaying the whole optical pulse is concerned. 
It does not give a quality criterion for the issue of tem
poral pulse deformation caused by dispersion. However, 
once the structure is long enough to hold the pulse, the 
deformation problem can be solved in the way discussed 
below. 
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In order to estimate the minimal structxire length nec
essary to hold the light pulse, we note that this length 
does not need to exceed the spatial width of a pulse in
side the structure. The maximum spatial width of a pulse 
inside the structure, Lw, is given by the product of the 
pulse "^s temporal duration and the maximum group ve
locity Vm of the underlying polariton (IB) modes. Ex
tending our analysis of the IB presented in Ref. [15], 
we find that i;m/Au as 9\/2a/(16-\/37r(r/oJi)), where T 
is the radiative broadening of the exciton (see, e.g., Eq. 
(35) of Ref. [17]) and a. is the quantum well spacing. 
Here, we have assumed that Aoj <£ -JVuib <.ub- Let us 
consider a Gaussian pulse whose spectrum exhausts the 
full bandwidth of the IB (say twice the spectral intensity 
FWHM equals Aoj, corresponding to 95% of the spectral 
intensity being inside the IB spectral range) and whose 
temporal intensity FWHM is therefore Tw = 8 In 2/Aw. 
For the total spatial extension of this pulse (= twice the 
spatial intensity FWHM) we obtain 

= 2Twym = 
9(ln2)N/2a 

V'37r(r/w^)' 
(1) 

Using r/wi = 1.8 X 10~® (appropriate for GaAs), we find 
Lmin — 677a, i.e. we need roughly 700 quantum wells to 
contain the pulse inside the structure. This is a universal 
minimal length, depending only on the exciton oscillator 
strength and not on e.g. the manipulable IB bandwidth. 
If the extension of the Bragg structure is less than Lmin, 
only part of the pulse fits in the structure and can be 
stopped or delayed. On the other hand, if one wants 
to reduce temporal distortion due to the dispersion of 
the IB, one would use spectrally narrower pulses (hence 
temporally longer), thus needing a structure longer than 
l jnin-

We now turn to the actual stopping, storing and releas
ing process and study the concomitant pulse distortion, 
using the same mathematical model as in Ref. [IS]. We 
simulate the light pulse propagation by using a trans
fer matrix method for the forward and backward trav
eling plane waves. We assume the quantum wells to 
be infinitely thin and the excitonic resonance to be a 
Lorentzian with a non-radiative (subscript "NR") width 

that includes excitonic dephasing and possible in-
homogeneous broadening of the exciton resonance. We 
furthermore ignore effects from higher lying exciton res
onances. In this case the transfer matrices are also given 
by Eq. (29) in Ref. [17]. For practical reasons, we use 
a real time formulation of the transfer matrix method 
rather than the well-established frequency-domain for
mulation. 

The basic stopping, atoriug and releasing of light ia 
achieved by opening and closing the transmission win
dow provided by the IB through a parametric manipula
tion of cjj;. For the following discussion.of the principle 
of dispersive-distoi'tion compensation in quantum well 
Bragg structures, we assume an almost ideal structure 
with N=1500 (significantly longer than Lmin), Inr = 0, 

and an IB bandwidth HAu = 0.2 meV. A detailed com
parison between quasi-ideal and presently available struc
tures, when used in transmission, is given in [15]. 

In order to reduce surface reflection, we have used an 
antirefiection coating similar to the one which one would 
use for a simple dielectric slab with an effective refrac
tive index of n^ff = 180. On the air side, we chose 
five quarter-wave layers with refractive indices (from air 
to the structure) 1.35, 1.15, 3.61, 1.15 and 3.61, respec
tively, and on the substrate side we chose five quarter-
waye layers with refractive indices (from the structure to 
the substrate) 3.61, 1.15, 3.61, 1.15 and 2.56, respectively 
(for more details on this see Ref. 15). 
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FIG. 1: (a) The photonic bandstructure of the quantum well 
Bragg structure when the exciton resonance is below (but ap
proximately equal to) the Bragg resonance: w, < us. The 
presence of the exciton resonance leads to the almost horizon
tal intermediate band (IB) in the photonic bandgap between 
the lower and upper polariton bands, (b) The IB shown in (a) 
on an expanded scale (solid line), the IB when = ua (dot
ted line), and the IB when uix — i^b has the same magnitude 
but opposite sign as in (a) (dashed line). 

As for the stopping, storing and releasing of a light 
pulse, we start with ^ ujb, where ?ia;3;=1.4968 eV and 
^3=1.4970 eV. Hence, the IB has a small (but finite) 
width of 0.2 meV, the group velocity is low (but also fi
nite). The transmission window is open and the incident 

pulse (with T.^ = 30ps, spectrally centered at 1.4969 eV) 
is allowed to propagate into the sample. The propagation 
of the pulse involves the polariton naodes of the IB (the 
middle line of Fig. la and solid line of Fig. lb). An ap
proximate analytical expression for the IB dispersion can 
be found in Ref. [15]. It is clear that group velocity dis
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persion and higher derivatives of the polaxiton dispersioa 
curve can lead to significant pulse distortion. 

The pulse is subsequently trapped by parametrically 
shifting the exciton frequency from its original value to 
coincide with the Bragg frequency, while the pulse is lo
cated within the sample. We assume this shift of the 
exciton frequency to be linear in time and to last 2.8ps. 
This time-dependent variation of is slow enough to 
be adiabatic, i.e. it will not create significant spectral 
components of the light pulse in polariton bands other 
than the IB. The shift of causes the dispersion rela
tion of the IB to completely flatten (dotted line in Fig. 
lb), which closes the transmission window (i.e., the group 
velocity is zero) and traps the pulse located within the 
sample at the time of the shift. 
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FIG. 2; The time dependence of the output pulse intensity 
/(t) ~ |-E(')I^ normalized to the peak input pulse intensity 
/o in (a) reflection and (b) transmission geometry, for 1500 
quantum wells. The stopping time is 0, 50 and 190 ps for the 
dash-dotted, solid and dashed curve, respectively. The input 
pulse is the dotted curve. In the reflection geometry, the 
pulse is released by shifting the exciton frequency above the 
Bragg resonance to its final value of 1.4972 eV (compare Fig. 
1(b)), while in the transmission geometry, the pulse is released 
by shilling the exciton frequency back to its original value 
(1.4968 eV). A zero-delay-time pulse without any switching 
does not e.xist in the reflection geometry. 

After the desired delay time, the pulse can be released 
either in the forward or backward directions. To release 
the pulse in the backward direction, one shifts above 
WB by the same amount as it was originally below wb-

This shift exactly reverses the original curvature of the 
IB dispersion relation (dashed line in Fig. lb), and there
fore, the group velocity as well as all higher derivatives 
of the polariton dispersion change signs. Thus, the pulse 
propagates backward, and the distortion caused by the 
group velocity dispersion during its forward propagation 
into the sample is completely reversed as it exits. Re
versibility is also mentioned in Ref. [12], and references 
therein, but appears in our case in a system that contains 
only one optical resonance per unit cell. The numerical 
results in Fig. 2a show the delayed pulse that exits the 
sample through the same surface as it entered, traveling 
in the opposite direction. This pulse exhibits negligible 
distortion, independent of the stopping time. 

This behavior is to be contrasted with the distortion 
of a pulse released in the forward direction. As suggested 
in our earlier work[15], a stored pulse is released in the 
forward direction by allowing to return to its original 
value, and the dispersion relation of the IB is adiabati-
cally restored to its original shape (solid line in Fig. lb). 
The group velocity is now again finite and positive, and 
the pulse is released in forward direction. The delayed 
pulses are shown for two different (non-zero) stopping 
times in Fig. 2b. The spectral and phase information in 
the pulse is preserved through the stopping and restart
ing process (if, as in our simulation, the pulse does not 
suffer excessive loss, for example due to absorption in 
the quantum wells). We note that the pulse shape of the 
transmitted pulse is independent of the stopping time. 
In particular, transmission without any switching (corre
sponding to zero stopping time) produces the same pulse 
shape that is found for the delayed pulses. This confirms 
that, in our simulations, the switching of the exciton fre
quency is indeed adiabatic and does not contribute to the 
pulse deformation. However, due to the group velocity 
dispersion, the shape of the transmitted pulses deviates 
significantly from the input pulse (also shown in Fig. 2b)., 

To further analyze the distortion, we examine the spec
tral properties of the transmitted and reflected pulses. 
With the Fourier transform of the Ught pulse amplitude 
given as £(w) = |£'(u;)| expi$(a;), we find that the spec
tral intensities ~ |£'(ai)p) do not show any de
formation in either the transmission or reflection geom
etry (Fig. 3a), confirming again the adiabaticity of the 
switching process. Of course, in the reflection geometry, 
the center frequency of the output spectrum is shifted 
towards higher energies, because the final energetic po
sition of the IB is different from the initial IB (i.e., the 
difference between the dashed and solid line in Fig, lb). 
While the spectral intensity does not show any deforma
tion in either case, the phase distributions do. We see 
from Fig. 3b that in the reflection geometry, the pulse 
acquires only a linear phase change <&(aj) .K2 UT + canst 
(r = ISOps), which corresponds to a temporal shift T of 
the pulse without any change in shape (see the soUd line 
In Fig. 2a). In contrast, in transmission, the phase is 
obviously nonlinear, which causes clear temporal distor
tion in the transmitted pulse. Finally, we note that in 
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FIG. 3: The power spectrum (a) and spectral phase (b) for 
the unstopped output pulse in transmission geometry (dashed 
lines) and the output pulse in reflection geometry with a delay 
time of 50 ps (solid lines). The input pulse has a spectral in
tensity that, on this scale, is indistinguishable from the dashed 
Une in (a), and zero phase for all frequencies. 

the case of a pulse train, there is another difference be
tween the transmission and reflection geometries. In the 
transmission geometry, the first pulse in will be the first 

pulse out, while in the reflection geometry the order will 
be reversed: the first pulse in will be the last pulse out. 

The results presented here demonstrate only the basic 
principles of distortion compensation of delayed pulses, 
since the analysis is restricted to quasi-ideal quantum 
well Bragg structures. In presently available structures, 
the pulse delay will result in a decrease of the total en
ergy of the delayed pulse (or, if only part of the pulse is 
delayed, the energy of that portion of the pulse). The en
ergy loss can be due to; (i) exciton dephasing leading to 
absorption, (ii) radiation leakage out of the Bragg struc
ture during the stopping time, and/or (iii) possible redis
tribution in wavevector space caused by other surface ef
fects (if the leading or trailing tail of the trapped pulse is 
too close to the boundaries). In addition, a delay-time in
dependent contribution to the energy loss may be due to 
an insufficient length of the structure (less than Lmin), as 
well as deviations from strictly adiabatic switching (i.e., 
redistribution in frequency space). 

In summary, we have shown that a resonant photonic 
bandgap structure consisting of a MQW Bragg structure 
can delay optical pulses by several pulse widths, while 
automatically compensating for pulse deformation if op
erated in the reflection geometry; however, it exhibits sig
nificant temporal dispersion-related pulse deformation in 
a transmission geometry. While our analysis focused on 
the principle of distortionless pulse delay in quasi-ideal 
MQW Bragg structures, the information gained from this 
analysis could point the way to the development of all-
optical delay lines without temporal pulse deformation 
in this or other formally equivalent resonant photonic 
bandgap structures. 
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