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ABSTRACT 

It is shown that the dynamics of models of predator-prey interactions in the presence 

of seasonality are profoundly structured by Hamiltonian limits, i.e.. limiting cases 

where the flow satisfies Hamilton's canonical equations of motion. We discuss the dy

namics at nonintegrable Hamiltonian limits, focusing on the existence of subharmonic 

periodic orbits, which correspond to multi-annual fluctuations. Perturbing away from 

a Hamiltonian limit, subharmonic periodic orbits are annihilated in tangent bifurca

tions, which compose the boundaries of resonance horns. All resonance horns emanate 

from the Hamiltonizm limit and penetrate well into the realm of biologically-realistic 

parameter values. There, they indicate the "color" of the dynamics, i.e.. the spectrum 

of dominant frequencies, whether the dynamics be regular or chaotic. Our observa

tions provide both an account of the phase coherence often observed in population 

dynamics and a method for investigating more complex models of predator-prey dy

namics. which may involve multiple Hamiltonian limits. 

This method is applied to the celebrated problem of the cyclic fluctuations of 

boreal hare populations. We present a model of the population dynamics of the 

boreal forest community based on known demographic mechanisms and parameterized 

entirely by measurements reported in the literature. The aforementioned method 

reveals the geometry potentially underlying the observed fluctuations. The model 

is quantitatively consistent with observed fluctuations. We derive specific, testable 

predictions of the model relating to the roles of herbivore functional response, browse 

abundance and regeneration, starvation mortality, and composition of the predator 

complex. 



12 

Chapter I 

INTRODUCTION 

Newton's fundamental discovery, the one which he considered neces

sary to keep secret and published only in the form of an anagram, consists 

of the following: Data aequatione quotcunque fluentes quantitae involvente 

fluxiones invenire et trice versa. In contemporary mathematical language, 

this means: "It is useful to solve differential equations". —V. I. Amol'd 

1 Why population dynamics? 

The question of what regulates the numbers of animals has long been a central issue 

in biology. Indeed, Natural Selection, that process most central to evolution itself, 

works ever through ecological forces. In particular, it is those phenomena which 

determine rates of birth and death that are the agents of selection. Thus, we can 

obtain only an incomplete account of evolution without comprehending the manner 

in which populations of animals are regulated in number, .\lthough the assumption of 

equilibrium population djoiamics—a "balance of Nature"—is convenient for a variety 

of theoretical reasons (and has therefore formed the foundation for most of the modern 

mathematical theory of evolution), it is seldom really justifiable and in some ways can 

be quite misleading. Natural populations rarely remain at constant levels: indeed, 

their fluctuations can often be quite pronounced. It is therefore necessary to develop 

an understanding of non-equilibrium population dynamics. 

.•\s Elton (1927) pointed out, one particularly promising approach to understand

ing the regulation of animal abundances is to study situations where such regulation 

apparently fails. History is replete with instances of sudden outbreaks or irruptions of 

animals, often with devastating economic consequences (Elton, 1927). A few striking 
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examples are supplied by Schwerdtfeger (1941) and Varley (1949) in their discussion 

of the irregular irruptions of German forest insects, notably Bupalus piniarius. Elton 

(1942) gives an amusing and informative history of the irregular and usually localized 

plagues of rodents in Europe. 

Often these outbreaks appear to be quite unpredictable. However, there are no

table examples of so-called "cyclic fluctuations", i.e., very regular oscillations in ani

mal abundance. Such is the case with certain forest Lepidopteran populations such as 

the spruce budworm Choristoneura fumiferana (Morris, 1963) and the Alpine larch 

budmoth Zeiraphera grisiana (Baltensweiler, 1968, 1971). Decoppet (1920) compiled 

data on the regular irruptions of the June bug Melolontha vulgaris in Switzerland. 

Most well-studied of all, however, are the celebrated oscillations of small mammals of 

the far North. 

2 Cyclic fluctuations of boreal mammal populations. 

Studies of the higher animals are unavoidably complicated by the inherent complexity 

of these organisms and their interactions, yet there are two features which commend 

the cyclic fluctuations of boreal mammals to our attention. First, at least from 

the standpoint of currently available data, typical fluctuations of boreal mammals 

possess a manageable amount of dynamical structure. That is. there appears to be 

a modest yet nontriviai degree of deterministic structure in the fluctuations, and a 

strong signal-to-noise ratio. Secondly, due to their relatively simple structure, boreal 

ecological communities may lie within reach of our current level of knowledge. 

2.1 Microtine cycles. 

There are two principal classes of cyclic fluctuations observed in the boreal regions, 

distinguishable by their periodicities. The first class involves microtine rodents (lem

mings and voles). In the circumpolar tundra, the oscillations of lemmings {Lemmus, 
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Dicrostonyx spp.) are famous. These cycles, while far from periodic in the mathe

matical sense, reliably show peaks at intervals of three to five years. Voles {Microtus, 

Clethryonomys spp.) in the tundras and forests of Scandinavia, Finland, Russia, 

Japan, Alaska, and Canada also show oscillations of this periodicity, as do many of 

their principal predators. Due to the prominence of these cycles in Nordic lands, and 

as well to those countries' long tradition of naturalists, we have excellent time-series 

indicating the abundance of microtines at several locations there. Figure 1 shows a 

long series of trapping indices for the grey-sided vole Clethryonomys rufocanus. 

2.2 Lagomorph cycles. 

The second class involves hares of the boreal forests. In Canada, numerous species 

exhibit cyclic variations in abundance, with peaks usually at intervals of 8 to 11 years. 

It is believed that the snowshoe hare Lepus americanus is the key species in this cycle, 

although the best records happen to be of the abundances of its specialist predator, 

the lynx Lynx canadensis. Elton & Nicholson (1942) did a great service in excavating 

and collating over two centuries' of lynx fur harvest records from the Hudson's Bay 

Company. Figure 2 shows the longest single time series of lynx fur harvests from 

their work. Also shown is a much shorter record of snowshoe hare catches as reported 

by MacLulich (1957). Although the cycle is most clearly seen in Canada, due to the 

existence of the historical records, there is substantial evidence that a similar cycle 

occurs in the Siberian boreal forest as well, with the role of the snowshoe hare filled 

by its cousin, the mountain hare Lepus timidus (Formozov. 1935: Keith. 1983). 

2.3 Conspicuoiis features of boreal manunal cycles. 

Controversy over the cause of these cycles has raged for the last seventy-five years 

(Elton, 1924). It is fair to say that some of the sound and fury has been due to 

disagreement over what precisely is to be explained. Let us state clearly at the outset 
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FIGURE 1. Cycles of abundance of the grey-sided vole Clethryonomys rufocanus near 
Kilpisjarvi, Finland, as revealed by spring and fall trapping indices (voles per 100 
trap-nights). (Henttonen & Stenseth, pers. comm.; see also Hansen et al., 1999). 
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FIGURE 2. Cycles in abundance of Canadian lynx and snowshoe hare as revealed 
by fur harvest records from the Hudson's Bay Company. (Top) Lynx fur harvest 
(thousands of pelts) from the MacKenzie River District (after Elton & Nicholson, 
1942). (Bottom) Thousands of snowshoe hare pelts harvested near Hudson's Bay 
(after MacLulich, 1957). 
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which features of these fluctuations we consider most conspicuous and most in need, 

therefore, of explanation: 

1. The regularity of the cycles is their most conspicuous feature. From direct in

spection of the time series, one sees that although there is considerable variation 

in the size of maxima, the duration from one maximum to the next is fairly con

stant. In the case of the "10-year" cycle of the boreal forest, peak-to-pezik times 

range only from 8 to 11 years (Elton k. Nicholson. 1942: Keith. 1963). In the 

case of lemming eind microtine cycles, 3 to 5 year cycles are the rule. The reg

ularity can also be seen by means of spectral analysis. Sharp and statistically 

significant peaks in power spectral densities are a distinctive feature of cyclic 

fluctuations (Finerty, 1980). 

2. The particular periods of the various cycles are themselves remarkable. No 

source of extrinsic forcing of comparable period has ever been found (Finerty. 

1980). In fact it appears that the cycles are generated biotically. Thus we ask 

the question: Which aspects of the biology of the community and its component 

species determine the periodicity of the observed cycles? 

3. The large amplitude of the cycles should be noted. The fur returns show vari

ations over several orders of magnitude (Elton k. Nicholson. 1942). Whereas 

these harvest statistics almost surely exaggerate the magnitude of the fluctu

ations, more reliable estimates from direct mark/re-capture studies show that 

real snowshoe hare populations can change two orders of magnitude during the 

course of a decade. Likewise, as the trapping data of Figure 1 show, abundances 

of voles CEin vary markedly as well. 

4. The northern distribution of the cycles is a further conspicuous feature. In the 

case of European microtines, Hansson & Henttonen (1985) have convincingly 

shown the existence of a gradient in the amplitude of cyclic fluctuations: high 
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latitude Jind deep snow cover are correlated with stronger oscillations. Below 

about the sixtieth parallel, multi-annual cyclic fluctuations in microtines are 

replaced by merely annual oscillations (Hansson & Henttonen, 1985). .A.gain. 

in the case of the snowshoe hare, southern populations exhibit no multi-annual 

fluctuations, although there is currently not enough evidence to say in what 

manner the cycle ceases as one moves to southward (Keith, 1990). 

2.4 Causes of the cycles. 

In the long history of the scientific study of boreal mammal populations, numerous 

hypotheses regarding their cause have been proposed, investigated, and abandoned. 

The early suggestion of Ziegler (1532), who reported hearsay to the effect that ex

plosions of lemming populations are caused by the periodic tendency of the animals 

to rain from the skies, has long been in disrepute. Various hypotheses postulating 

the influence of climactic or sunspot cycles have been proposed and discarded. For 

many years, it was apparently self-evident that the cycles were due to epizootic dis

eases (Elton, 1927). Excellent concise reviews of hypotheses are given by Norrdahl 

(1995) and Korpimaki & Krebs (1996). For more detailed views on the history of 

thought regarding cycles of boreal mammal populations, see Krebs Myers (1974). 

Finerty (1980), ajid Stenseth & Ims (1993b). For our purposes, it is sufficient to note 

that at present there is an emerging consensus that the cycles are due to exploitation 

interactions (Norrdahl, 1995). 

Exploitation is a broad term describing the relations of predator to prey, parasite 

to host, and herbivore to forage. There is a widespread acceptance of the importeince 

of exploitation interactions in generating these cycles; what remains at issue is the 

identity of the exploiter and the exploited (Norrdahl, 1995). Do the boreal mammal 

cycles represent an herbivore-carnivore cycle? Is it the interaction between the herbi

vore and its food-supply which is central, with predator populations merely following 
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along? Or are there nontrivial interactions among all three levels, carnivore, herbi

vore, and vegetation? Each of these views today has its chajnpions and the debate 

over this most mysterious phenomenon shows no signs of slackening. 

3 Exploitation interactions. 

3.1 The Lotka-Volterra equations. 

The dynamics of exploitation have been a central topic in mathematical ecology since 

the earliest days of that subject. Seminal work in this area focused on autonomous 

two-species systems. Lotka (1920) and Volterra (1926) were the first to devise a math

ematical formalism for the population dynamics of two-species predator-prey systems. 

We recall that the Lotka-Volterra equations for the densities P. V of predator and 

victim species, respectively, read 

^ = rV - kPV 
dT 
dP . ^ ' 
— = 3kP\ — mV, 
dT 

where T is time, r is the victim species' Malthusian rate of increase, k the per-predator 

kill rate, 3 a conversion factor from victims to baby predators, and m the predator's 

death rate. Since only two variables axe involved, the phase portrait (Figure 3(a)) 

gives us all of the essential information. Since (1) admits a first integral, all orbits 

are closed. Thus, the phase plane is filled with a one-parameter family of periodic 

orbits. Each orbit is neutrally stable. 

Equations (1) make two particularly unreasonable assumptions. The functional 

response of the predators is presumed proportional to victim abundance: the preda

tors are insatiable. Also, (1) postulates that predation is the sole source of density-

dependence in the victim's growth rate. Hence, in the absence of predators, the victim 

population is predicted to grow without bound. 



V V 

FIGURE 3. Phase portraits of classical autonomous two-species models of predator-
prey interaction. The density, V, of the prey species is plotted on the abscissa, that 
of its predator, P, on the ordinate. The direction of motion is in all cases coun
terclockwise. (a) The Lotka-Volterra dynamics are conservative and hence possess a 
continuum of neutrally-stable periodic orbits, (b) The MacArthur consumer-resource 
equations have only a single, globally attracting equilibrium, with damped oscillations 
relaxing to it. The Rosenzweig-MacArthur model can have a steady state attractor 
(c) or a limit cycle attractor (d). Predator and prey isoclines are shown in each case. 



21 

3.2 MacArthur's consiimer-resoiirce equations. 

To remedy the last deficiency, we can embed the Lotka-Vblterra dynamics in a more 

realistic model, where the victim population is limited by the availability of some 

resource. We could take for example the MacArthur (1969) consumer-resource equa

tions 

^ = rV - dV^ - kPV 
dT 
dP 
— = 3kPV - mP. 
dT 

The parameters of (2) bear the same interpretation as before; the only new feature 

is the direct density-dependence term proportional to S, which expresses resource 

limitation of the victim species. This has the effect of bending the victim isocline 

d o w n  a t  t h e  r i g h t  ( F i g u r e  3 ( b ) ) .  T h e  v i c t i m  i s o c l i n e  i n t e r s e c t s  t h e  V ' - a x i s  a t  =  r / d .  

In the phase space of (2) there is generically but a single attractor, a globally-stable 

equilibrium point. 

3.3 Rosenzweig-MacArthur models. 

We can embed (2) within a larger class of models with more realistic functional 

response. Due to limitations of time and body size, the functional response of real 

predators saturates (Rolling, 1959a, 1959b). Using the Rolling type-II functional 

response, for example, we obtain the equations 

dV _ .,,2 = rV - SV -
^ ^ (3) 

dP f3kPV 

The saturation of the functional response is characterized by the parameter x- We 

recover (2) by letting both A:, x —>• oo while keeping their ratio k/x finite. Letting 

5 —>• 0 additionally gives us the Lotka-Volterra equations (1). 
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Equations (3) are of a class examined by Rosenzweig Sc MacArthur (1963). Their 

dynamics are slightly more complex than before. In addition to the stable focus dy

namics (Figure 3(c)), these equations admit a supercritical Hopf bifurcation, wherein 

the focus loses stability, emitting a stable limit cycle solution. When it exists, this 

limit cycle is the sole attractor (Figure 3(d)). 

3.4 Seasonality. 

The three classes of models introduced so far are all autonomous. Real ecosystems, by 

contrast, are subject to the influences of countless environmental nonstationarities, 

mzmy of them rhythmic in nature. The influences of the daily, monthly, and yearly 

cycles enter into ecological interactions in many ways. Inoue & Kamifukumoto (1984), 

SchaJFer (1988), and Toro & Aracil (1988) noticed that two-species predator-prey sys

tems with periodically-varying paxcmieters can exhibit extremely complex behaviors, 

including chaos. Rinaldi et al. (1993) showed, on the other hand, that the precise 

form in which a single-frequency periodic perturbation enters the two-species system 

(3) is of little consequence to the resulting dynamics. Therefore, a reasonable first 

step toward understanding predator-prey dynamics under the influence of seasonality 

might be to allow one of the parameters in (3). say r. to vary periodically in time: 

r = r(r) = f (1-I-£• sinQT), (4) 

where f is the mean value of r over a full seasonal cycle, Q is the angular frequency of 

the variation, and c is the degree of seasonality. Obviously, more general functional 

forms can be achieved via inclusion of higher order terms. 

3.5 Further complications. 

The aforementioned models have formed a foundation for most of the subsequent 

developments in the theory of predator-prey interactions. Complications have been 
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introduced to capture phenomena such as prey-switching, direct density-dependence 

or mutual interference among the predators, prey refugia, Allee effects, habitat inho-

mogeneity, alternative prey sources, multiple predators, dispersal, migration etc. It is 

possible to model each of these effects, and others, as continuous deformations of the 

simpler models. This fact allows us to develop predator-prey theory in a step-by-step 

fashion, analyzing the effects of new complexities as perturbations of those already 

understood. 

This policy of careful incremental progress has not been followed, however. Rather 

than a coherent whole, we find in the literature instead a hodge-podge of more or 

less special systems which have been proposed for a variety of more or less salutary 

purposes. The models differ both as to the generality of the phenomena they attempt 

to model and as to their susceptibility of extension or specialization to more general or 

more concrete situations. A result is that theoretical ecology is in a state of profound 

confusion. Many basic ecological principles are taught via simple models, yet it is 

in general unclear how these models are to be interpreted. Many theoretical models 

have been analyzed, revealing much in the way of interesting phenomenology. Yet 

these results are scattered discretely, like islands in an unnavigable sea of ignorance. 

Theoreticians are not the only ones to suffer from this state of affairs. Indeed, with 

so many ad hoc models, it is entirely unclear how to go about constructing firm links 

between theory and experiment, indispensable prerequisites to scientific progress. The 

wariness with which theoretical models axe viewed by many field ecologists may be 

largely due to this fact. 

4 Synopsis of results. 

In Chapters IT and III, we take a first step toward constructing a unified framework for 

predator-prey theory. Our approach is to consider a class of predator-prey models zmd 

analyze it with a view toward finding organizing centers^ that is, special cases which 
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structure the class as a whole. In Chapter II, we examine the extent to which fea

tures of the Hamiltonian dynamics of the Lotka-Volterra equations (1) persist into the 

more realistic dissipative regime of (2). We discuss the importance of this persistence 

to systems characterized by weak dissipation, such as certain crop-pest interactions. 

In Chapter III, we perform a much more sophisticated multi-parameter investiga

tion of the manner in which the Hamiltonian limit (1) structures the topology of the 

Rosenzweig-MacArthur model (3). We observe, in particular, that subharmonic reso

nances emanating from the Hamiltonian limit fill the entire regime of non-equilibrium 

dynamics. The topology suggests a novel explanation for the multi-annual cycles dis

cussed in §2 and an approach by which more complex models may be investigated. 

In Chapter IV', we apply this method to a somewhat more complicated, mech

anistic model of the snowshoe haxe cycle. We parameterize this model entirely 

on the basis of field measurements of demographic parameters. Using the technol

ogy of Hamiltonian limits and subharmonic resonance developed in Chapter III. we 

show that our model is consistent with the observed cycles. We then derive some 

experimentally-testable predictions. This work represents the first attempt to apply 

a mechanistically-derived, experimentally-parameterized model to the snowshoe hare 

cycle and. as such, represents an important step toward bridging the gap between 

theory and experiment. 
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Chapter II 

WEAKLY DISSIPATIVE PREDATOR-PREY SYSTEMS 

1 Dissipation in ecological models. 

Thirty-nine years ago, Hairston, Sroith and Slobodkin (1960) published an influential 

paper entitled "Community Structure, Population Control and Competition." In it. 

they argued (among other things) that herbivores are generally limited by the organ

isms (including parasites) that eat them and not by the availability of resources. In 

Slobodkin's words, "the world is green" (Murdoch, 1966) because, in the majority 

of instances, high rates of predation prevent herbivores from eating out their food 

supply. In other words, the equilibrium density of predators relative to their carr\--

ing capacity is generally low. This assertion, like every other proposed generality in 

ecology, has not gone unchallenged (e.g., Murdoch, 1966; Ehrlich and Birch. 1967: 

but see Slobodkin et al., 1967). In our view, however, it nonetheless contains a sub

stantial kernel of truth. Certainly it is true that herbivore populations often explode 

(Hairston, 1989; Debach & Rosen, 1991; Crawley, 1992) following the removal or ex

clusion of predators either by design or as an unintended consequence of the use of 

insecticides in forestry and agriculture (e.g., Debach and Rosen, 1991: see also, Mur

doch, 1975; Altieri, 1991; Whitcomb and Godfrey, 1991; Godfrey and Leigh. 1994: 

Lagerlof and Wallin, 1993; Brust and King, 1994). Successful examples of biological 

control by insect paxasitoids (e.g., Beddington et al., 1978; Debach and Rosen. 1991). 

as well as the infrequent irruptions of certain forest insects (e.g.. Schwerdtfeger, 1941; 

Varley, 1949; Morris, 1963) to densities far in excess of endemic levels, further under

score the extent to which herbivore numbers can be regulated below those at which 

resources become limiting. 

From a mathematical viewpoint, predator-prey interactions in which the mean 
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victim density is well below the carrying capacity correspond to weakly dissipative 

dynamical systems. Here, the term "dissipation" refers to the contraction of volumes 

of the phase space under the action of the governing equations. More precisely, if 

0'(x) is the flow induced by the dynamical system 

dx' 

x(0) = xo, 

and V{x)  the volume of an infinitesimal element of the phase space at x, the per-

volume rate of change of V{x) under the action of (i>^{x) is given by the divergence of 

the vector field, i.e., 

1 rfV'(x) J. , 's^dFi 

Weakly dissipative systems, as the name suggests, contract phase space volumes 

very slowly: 

divF(x) < 0 |divF(x)| 1. (3) 

Such systems can profitably be viewed (Gumowski & Mira, 1980; Mira, 1987; Tsang <k 

Lieberman, 1986; Lichtenberg & Lieberman, 1992) as perturbations of the conserva

tive limit, where divF(x) = 0. This observation leads us to the body of mathematical 

theory known as "Hamiltonian dynamics" (e.g., Henon, 1983: Tabor. 1989; Lichten

berg and Lieberman, 1992). .\s discussed below, conservative systems are said to be 

"Hamiltonian," because they admit a function, H, the so-called Hamiltonian, which 

is imchanging in time. In the most familiar physical example, the Hamiltonian is the 

total energy (kinetic plus potential) of the system which, in the absence of friction, 

is conserved (Marion, 1970). 

When subject to periodic forcing, e.g., seasonal variation in the weather, Hamil

tonian systems have a number of interesting properties. In the present chapter, we 

review these properties and explain how they apply to non-Hamiltonian predator-prey 
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models (e.g., MacArthur, 1969; 1970) which assume a finite victim carrying capac

ity. For constant parameter values (the autonomous case), the resulting dynamics 

are unremarkable: depending on initial conditions and parameter values, trajectories 

tend either to the origin, to the victim carrying capacity (with zero predators) or 

to a nontrivial equilibrium corresponding to positive densities of both species. How

ever, for periodically varying parameters (the non-autonomous case), the situation 

is substantially more complicated. In addition to a low-amplitude periodic attractor 

on which population densities track the yearly cycle of the climate, there can also 

exist infinite numbers of coexisting attractors corresponding to large amplitude cy

cles of extended periods. Under these circumstances, environmental perturbations 

and demographic stochasticity (Leigh, 1975; Rand & Wilson, 1991) may result in 

unpredictable outbreaks as the system is buffeted from one basin of attraction to 

another. 

These results may help explain the observation of "boom and bust" dynamics 

in populations of forest insects such as Bupaltis piniarius (Schwerdtfeger, 1941), and 

spruce budworm (Morris, 1963). They may also bear on the consequences of projected 

long-term environmental changes related to the greenhouse effect. In particular, it 

has been suggested that climate warming may, at least initially, result in acceler

ated herbivore developmental rates (Ayres, 1993). Such increases can be expected to 

reduce dissipation levels in predator-prey interactions, with the destabilizing effects 

noted above. Finally, the potentially erratic and unpredictable behavior of weakly 

dissipative systems may have implications regarding the feasibility of replacing insec

ticides with natural and introduced predators as a means of controlling agricultural 

pests (Huffaker & Messenger, 1976; Whitcomb & Godfrey, 1991; Debach & Rosen, 

1991). 
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Parameter Description Units 
3 New predators per victim consumed pred vict"^ 
k Per-predator kill rate (pred yr)~^ 
m Per-predator mortality rate vr~^ 

r{T)  Per-victim rate of increase vr-i 
5 Victim intra-specific competition coefficient (vict yr)~^ 

TABLE 1. Model parameters with typical units. 

2 The model. 

With the addition of periodic variation in the maximum victim rate of increase, two-

species predator-victim equations may be written as 

dV 
— = V [riT)  -  5V -  kP] 
dT MX 
dP ^ '  
— = P{i3kV-m),  

where P and V stand for the densities of predators and their victims. T is time, /i. 

k, m, and 6 are parameters, and r(T) is a periodic function of form 

r(T) = f(l + c sin QT). (5) 

Here, the parameter e measures the degree of seasonality, while r(T)  varies periodi

cally with frequency Q and mean f. 

In many ecological systems, the most important form of periodic forcing is the 

annual cycle. In this case, fi = 27ryr~^ Note that periodic variation in r(T) also 

implies periodic variation in the victim carrying capacity, which may be defined as 

K,(r) = (6) 

The autonomous (r = constant) version of (4) and its n-species generalizations 

have been widely studied in the ecological literature (Levins, 1968; MacArthur. 1969, 

1970; May, 1973). The non-autonomous case has also been studied (Inoue Kami-

fukumoto, 1984; Schaffer, 1988; Kot et al., 1992; Rinaldi &: Muratori, 1993; Rinaldi 
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et al., 1993). What is novel about the present treatment is the focus on the periodic 

forcing in the presence of weak dissipation. 

Eqns. (4) may be simplified via dimensional analysis (Lin & Segel, 1974; Murray, 

1993). To this end, we introduce new, dimensionless variables 

P(T) =  ̂  v(T) = (7) 

where P* and V are scaling factors. Specifically, we choose 

" («' 

Note that V is the (non-trivial) equilibrium density of the victims under (4), while 

P' is the corresponding density of predators for T = 0. 

Upon further defining dimensionless parameters and time. 

r m 

v  a = — t = Q.T 
Kv 

we arrive at the nondimensionalized equations 

dv 
— = 7u [1 -t- £• sin i — Qt; — (1 — a)p] 
(JLL 
d'P r , 1 

(9) 

(10) 

It is natural to apply the transformation 

x = logu y = logp, (II) 

(where, here and in the sequel, log denotes the natural or Napierian logarithm) and 

this yields 

dx 
— = 7 [1 — ae^ — (1 — Q!)e" -I- esin t] 
7 (12) 
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which are the equations with which we shall actually work. 

.\s noted above, the divergence of the field in dynamical systems such as (12) 

quantifies the rate at which volumes of the phase space expand or contract under the 

action of the differential equations. In particular, if F is the vector field (12), 

divf=|-$ + |-| = W<0. (13) 
OX at ay at 

Hence, the level of dissipation depends on the parameter, a. which by Eqn. (9) is 

the ratio of the equilibria! density of victims under predation to the victim carrying 

capacity. In particular, if Q = 0, the system is conservative. 

Since we are interested in the joint circumstance e > 0 (periodic forcing) and 

0 < a -C 1 (weaJc dissipation), our approach is to study Eqns. (12) in two stages. In 

§3, we study the case a = 0, where, by (13), the system is conservative. In §4, we go 

on to the case of weaJc dissipation (Q > 0). Biologically, this corresponds to imposing 

a maximum victim density in the absence of predation. 

The conservative system, in turn, will also be dealt with in two steps. In §3.1, 

we treat the so-called "integrable" case, which obtains when c = 0. Biologically, 

this corresponds to the absence of seasonality. §3.2 treats the "nonintegrable"' case, 

which obtains when s > 0, and the system is subject to periodic forcing. Note 

that the introduction of forcing has the additional effect of adding a dimension to 

the phase space. Although it might seem more natural to study the system first in 

two dimensions and then in three, this approach makes it awkward to compare the 

behavior of the integrable system with that of the nonintegrable system. For this 

reason, we choose to embed the integrable dynamics, two-dimensional though they 

are, in a three-dimensional manifold. The dynamics are thus degenerate when c = 0 

and become nondegenerate when e > 0. 
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3 The conservative system. 

It h£is long been recognized (e.g., Kemer, 1957, 1959; Leigh, 1965, 1968: Rosen. 

1970: Goel et. al, 1971; May, 1973; Maynard Smith, 1974) that Eqns. (12) form a 

Hamiltonian system when a = 0, i.e., in the absence of dissipation. By this, we mean 

that there exists a Hamiltonian 

H{x,  y ,  t )  = /i(l + X — e^) + 7(1 + y - e") + c^ysint (14) 

such that Eqns. (12) can be written in the form of Hamilton's "canonical" equations 

of motion, 

dx _  dH dy _  dH 
dt  dy dt  dx  

In the jargon of Hamiltonian dynamics, x is a "generalized coordinate" and y a 

"generalized momentum.'' The form of Eqns. (15) is representative of Hamiltonian 

systems generally in that the even number of variables come in "conjugate" pairs 

related by canonical equations. From the chain rule, it follows that 

dH dH dx dH dy dH 
=r H H 

dt  dx  dt  dy  dt  dt  
dHdH dHdH dH 

=  1  ( 1 6 )  
dx dy dy dx dt  
dH 

= =ojycost .  

The canonical form of Eqns. (15) guarantees precisely that dH/dt  = dH/dt .  

In the generic case c # 0, and dH/dt  0. Accordingly, it is useful to construct a 

new, "extended" Hamiltonian, 

H'{x,  y ,  s , t )  = ^(1 +1 — e^) + 7(1 + y — e^)  + s  + s 'yysint ,  (17) 

which is conserved under the action of Eqns. (12). Here, t  (which we may assume 

takes values  on the circle  S^)  plays the role  of  a  new general ized coordinate ,  and s  
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X = log V 

FIGURE 4. Projection of orbits of the integrable system (15) with E = 0 onto the 
xy-plane. In this plot, 7 = 0.4775, /x = 0.3183. Using different parameter values 
produces distorted but topologically equivalent pictures. 

that of its conjugate momentum. One may check that the canonical equations for the 

extended system are 

ri f  aw ri , ,  aw 
(18) 

(19) 

dx dH' dy dH' 
dt  dy dt  dx  
dt  dH' ds  dH' 
dt  ds  dt  dt  

Clearly, Eqns. (18) are autonomous. Hence, by treating i as a state variable, we have 

converted the non-autonomous system (15) into an autonomous system of higher 

dimension. 

Eqns. (18) guarantee (again, via the chain rule) that dH'/dt  = 0, which implies 

that the resulting dynamics are constrained to a three-dimensional submanifold C 

X defined by the equation H' =0 or its equivalent, 

—s = ̂ (1 + X — 6^^) + 7(1 -f- y — e^) -I- e'yysint. (20) 
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3.1 The integrable case (e = 0). 

When £ = 0, i.e., when there is no seasonal forcing, there are two constants of the 

motion: H' itself and s. In this case, Eqns. (18) can be integrated by quadratures 

(e.g.. Tabor, 1989), for which reason the system is said to be integrable. In general, in

tegrable Hamiltonian systems are characterized by the property that if the dimension 

of the phase space is 2ri, the dynamics axe played out on a continuum of n-dimensional 

tori nested about the origin. Equivalently, we say that a 2n-dimensional system is 

integrable if there exist n independent constants of the motion. In the present case. 

n = 2. and the tori are defined by the relation 

—s = /i(l + X — e^) + 7(1 + y — e^)  

= / i ( l +  x o  -  e " ^ " )  +  7(1 +4/0 - e^°) (21) 

= constant, 

whence the initial conditions, Xq, yo, determine s according to (20). Figure 4 displays 

a number of these tori projected onto the xy-plane^ 

Together with the fact that ds/dt  = 0, (21) implies that each torus is associated 

with a unique value of s. As is well-known, motion on a torus entails two frequencies. 

In the present case, one of these is the frequency of motion in the t direction which 

by definition is 1. The other can be computed only numerically. The corresponding 

period, r(s), satisfies the inequality 

t(S) > Tmin = (22) 

Here r-min is computed from the linearization of (12) about the origin. Moreover, as 

shown by Waldvogel (1986), r(s) increases continuously and monotonically with s. 

In short, for any value r > Tmim there exists exactly one torus for which r(s) = r. 

'Again, were we only interested in the integrable d3mamics, it would be absurd to view the 
trajectories as projections of tori onto the xy-plane. Topologically, they are simply circles. However, 
for e > 0, the dynamics are played out on nondegenerate tori, and it is for this reason that we here 
choose to view closed loops as tori projected onto the plsuie. 
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3.2 The nonintegrable case (^ > 0). 

If, by making c > 0, we now introduce periodic variations in the victim rate of 

increase the textbook simplicity of Figure 4 gives way to stunning complexity. In this 

case, there is only one nontrivial constant of the motion, H' itself, and the system 

cem no longer be integrated by quadratures. Accordingly, we say that the equations 

are nonintegrable. The import of this observation is that whereas the trajectories 

of integrable systems evolve of necessity on n-dimensional tori, no such limitation 

constrains the orbits of nonintegrable systems. 

A convenient way of visualizing the motion of the nonintegrable system is to plot 

the points at which trajectories on the manifold H' = 0 intersect the plane, t = to. 

This construction is called a Poincare section and, since t is periodic (i.e.. i € S^), 

it amounts to taking stroboscopic snapshots of the system at yearly intervals. The 

result is an area-preserving map (the Poincare or time-one map) of the xy-plane into 

itself (see Tabor, 1989). Sectioning the flow defined by Eqns. (12) reduces orbital 

dimensions by one. Hence, fixed points of map correspond to period one orbits 

of Eqns. (12); n-point periodic itineraries to periodic trajectories of period n. and 

invariant loops to tori. 

Figures 5-8 display Poincare sections of the nonintegrable system for different val

ues of the parameters 7, and c. Note that £ indexes the degree of nonintegrability. 

We call the reader's attention to the following: 

1. Making e > 0, but arbitrarily small, causes the destruction of some, but not all 

of the tori that exist in the integrable system (Figure 5). The tori which are 

destroyed are those for which the period r(s) is rational. 

2. Further increases of e result in the destruction of more tori according to the 

degree of irrationedity of their periods (Henon, 1983; Tabor, 1989). This is the 

content of the celebrated theorem of Kolmogorov, Amol'd, and Moser (KAM), 
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FIGURE 5. Poincare sections of the nonintegrable system for £O = 0 and 7 = /^ = 
0.1592. (Top) An initial stage (e = 0.2) in the breakdown of KAM tori. (Bottom) A 
more advanced stage (e = 0.8) in the destruction of the tori. The stochastic bands 
are wider and, on the periphery, have merged to form a "stochastic sea" comprised 
of orbits which diverge arbitrarily far from the origin. 
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which is the centerpiece of the theory of nonintegrable Hamiltonian systems. 

The breakdown of irrational tori is caused by resonance of the natured motion 

of the system, which has period r(s), with the seasonal forcing. 

3. Replacing the vanished tori are 'island chains" consisting of period-n invariant 

loops organized about alternating elliptic (centers) and hyperbolic (saddles) 

n-periodic points. The elliptic points are surrounded by secondary tori, the 

elliptic points of which, in turn, are surrounded by tertiary chains, etc (Figure 

7). In other words, the island chains exhibit self-similarity, which, in fact, is 

guaranteed by the Poinczir^Birkhoff Theorem (Tabor, 1989). Consequently, 

the existence of one island chain signifies the existence of an infinite number of 

chains. 

4. Associated with the h5T)erbolic points are so-called "stochastic" bands, within 

which itineraries display sensitivity to initial conditions (Ruelle. 1979), i.e.. the 

dynamics are chaotic. 

5. The surviving tori divide the phase space into disjoint regions which are invari

ant and which confine chaotic itineraries to the regions between them. 

6. With continuing increases in c, more tori are destroyed, and the stochastic 

regions grow. Some regions of the map, especially the peripheral area, suffer 

the loss of all of their original tori. In these regions, itineraries wander widely. 

Thus, with increasing levels of nonintegrability, the "stochastic sea". as it may 

be called, makes progressively greater incursions into the regions of regular 

behavior, albeit at a rate dependent on the other parameter values (Figure 6). 

7. For certain parameter values, other behaviors, such as period-doubling, emerge. 

Figure 8 depicts period-doubling of the central fixed point. Here, the stochastic 

sea washes all the way to the origin. 
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FIGURE 6. Poincare sections of the nonintegrable system for ^ = 0.7958 and 7 = 
0.1592. Comparison with Figure 3 indicates more advanced stages of KAM breakdown 
for the degree of nonintegrability as measured by e. (Top) e = 0.2. (Bottom) e = 0.8. 
The stochastic sea has invaded up to the level of the period-5 island chain and all 
KAM tori beyond this point have been destroyed. 
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FIGURE 7. Detail of island chains in Figure 3. Island chains belonging to the second 
and third levels of the Farey sequence are clearly visible, as are some secondary island 
chains. 

In sum, the introduction of even the smallest amounts of nonintegrability produces 

qualitative changes in the topology of the phase space which results in the emergence 

of novel forms of behavior. 

Returning to the island chains, we note that the primary chains can be labelled 

by the rotation numbers of the periodic itineraries which connect the elliptic poiats 

about which the chains are organized. [Recall that a periodic itinerary consisting of 

q points such that p revolutions are required to visit all the q points has a rotation 

number p = p/q (Thompson & Stewart, 1986).] Similsirly, the secondary, tertiary, 

etc. chains can be labelled by multiple rotation numbers. 

With regard to the primary chains, it is easy to see that their rotation numbers 

decline monotonically with radial displacement from the origin. This is because the 

periods, r(s), of the original invariant tori increase monotonically as one moves away 

from the origin. In the nonintegrable case, as noted above, each rational torus is 
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FIGURE 8. Period-doubling of the central fixed point of the Poincare map with 
increasing nonintegrability. (Top Left) e = 0.2; (Top Right) e = 0.6; (Bottom Left) 
e = 0.8; (Bottom Right) e = 1.0. In all cases, 7 = 0.6366, n = 0.3183, and a = 0. 
Note that the scale varies. 
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replaced by an island chain with rotation number p < Pmax, where 

pmax = = V^- (23) 
"^min 

Thus there exist infinitely many primary island chains corresponding to all possible 

rational rotation numbers p < Pmax-

One way of constructing subsets of the rational numbers is via the operation of 

"Farey addition", which we denote by the symbol ©. Specifically, if we have two 

rational numbers, ri = ^, r2 = ^, ri < r2, we can form a third such number. 

^  P i  + P 2  ri © r2 = ; . 
9i + 92 

Note that ri < ri © r2 < r2. Accordingly, it is useful to consider the sequences: 

Fi : i i i i i -L 
5 ' 6 ' 7 ' 8 ' 9 ' 1 0 '  

r  • 2 .  2 .  1 .  2-  2 .  
^2 • • • • ' 11' 13' 15' 17' 19' • • • 

^ 3 -  • • •  5  1 6 '  1 7 '  1 9 '  2 0 '  2 2 ' 2 3 ' 2 5 ' 2 6 ' 2 9 ' • •  •  

F • f"- f" n • •  -  •  7 Jm—1'  Jm'  Jm+l '  •  •  •  

These sequences are sometimes referred to as "levels" of the "Farey tree". Given the 

fact that p declines monotonically as one moves outward on the map from the origin, 

it comes as no surprise that the primary island chains are distributed according to 

(24). For example, if the first two chains on level 1 have rotation numbers 1/7 and 

1/8 (Figure 6), between them we observe a level 2 chain with p — 2/15, and between 

this chain and the first a level 3 chain with p = 3/22, etc. 

Referring to Figures 6-8, we note that the most prominent island chains are those 

corresponding to level 1 of the Farey tree, the next most prominent, to level 2, etc. In 

short, the construction (24) not only summarizes distribution of the chains in phase 

space, but also accounts for their observability. 
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4 The dissipative system. 

Thus fax, we have assumed that a = 0 , which is equivalent to positing that the 

victim carrying capacity, is infinite, i.e., that in the absence of predation, the 

victim population increases without bound. Clearly, this is unrealistic, although, as 

noted above, prey densities often do increase dramatically following the removal or 

exclusion of predators. In this section, we consider the consequences of replacing 

Q = 0 with a > 0. By this substitution, we leave behind the world of conservative 

dynamics, since, by Eqn. (13), the system is now dissipative. The subject about which 

we enquire is the extent to which aspects of the conservative topology persist for 

small values of a, i.e., for weak dissipation. Numerical analysis suggests the following 

results which are consistent with previous results (Gumowski & Mira, 1980: Mira. 

1987; Tsang k. Lieberman, 1986; Lichteuberg k. Lieberman, 1992) for area-preserv'ing 

maps: 

1. For a > 0, but arbitrarily small, all of the KAM tori, as well as the stochastic 

bands, are destroyed. However, because damping is weak, there e.Kist extended 

transients corresponding to chaotic and quasiperiodic motion. 

2. Both the origin and the elliptic periodic points about which the island chains 

(conservative case) are organized survive as sinks. Thus, there are great num

bers of stable, periodic behaviors, a few of which are shown in Figure 9. We 

emphasize (Figure 10) that motion on the peripheral attractors corresponds to 

cycles of greater amplitude and longer period than the yearly cycle correspond

ing to the fixed point at the origin. 

3. The hyperbolic points also survive. Thus, for each periodic sink, there is a 

corresponding saddle cycle and vice versa, i.e., the cycles can be grouped into 

pairs having the same rotation number. 

4. With increasing dissipation, the saddle-sink pairs are destroyed by saddle-node 
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FIGURE 9. Some of the periodic attractors in the dissipative system. Visible are the 
small-amplitude periodic orbit corresponding to annual cycles, and the 1:7, 1:8, 1:9, 
1:10, 1:11, 3:36, and 1:13 cycles. Here 7 = /x = 0.1592, e = 0.5, and a = 0.001. 

(or tangent) bifurcations (Figure 11). The sequence of destruction appears to 

be orderly in the sense that collapse of cycles at level F„ of the Farey sequence 

(24) is preceded by the annihilation of all cycles at levels and below. 

5. For strong dissipation levels (a roughly in excess of 10"^), all itineraries tend 

to the origin of the Poincare map. That is, the only surviving attractor is a 

low-amplitude cycle which follows the yearly march of the seasons. 

6. Preliminary calculations suggest that the basins of attraction of the coexisting 

attractors have a complicated, interpenetrating geometry (Figure 12). 
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FIGURE 10. Victim densities vs. time (I/27R) for the case 7 = /Z = 0.1592, E = 0.2. 
a = 10"*^. Only the asymptotic dynamics (cycles) are shown. (Top) Small amplitude 
annual cycle corresponding to the central fixed point of the Poincare map. (Middle) 
Oscillations corresponding to the 7-year cycle. (Bottom) The ll-year cycle. Note the 
differences in amplitude. 

logio a 

FIGURE 11. Cycle destruction with increasing dissipation. Shown here are three 
cycles in order of increasing distance from the origin. As a is increased, saddle and 
node cycles collide and annihilate each other. From top to bottom, the rotation 
numbers are p = 1/9, 3/28, and 2/19, corresponding to levels Fi, F3, and F2 of the 
Farey tree (23). The horizontal axis is log^o a = logio(^)-
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FIGURE 12. Basins of attraction of coexisting attractors for the parameter values 
'y = ^ = 0.1592, e = 0.5, ajid a = 0.001. (Top) The basin of attraction of the central 
fixed point of the Poincare map. (Bottom) The basin of attraction of the 9-cycle. 
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5 Discussion. 

It is easy to show (e.g., Rosenzweig, 1971) that autonomous predator-prey models 

can be destabilized by increasing the victim carrying capacity which, by Eqn. (9), is 

equivalent to reducing dissipation. The present analysis extends this classical result 

by pointing out that environmental forcing can lead to the coexistence of multiple 

periodic attractors. The crucial parameter, of course, is the degree of dissipation 

which depends on the ratio a = V* jK^. For the czise of biological control by (generally 

introduced) insect parasitoids, Beddington et al. (1978) give estimates of this quantity 

ranging from less than 0.005 to less than 0.03. Significantly, cycles corresponding to 

the first two levels of the Farey sequence (24) persist for a values up to about 10"^ 

(Figure 11). In short, the minimum degree of predatory proficiency necessary for 

cyclic coexistence is observed in real world ecological systems. 

Not surprisingly, the existence of multiple attractors, conjoined with demographic 

stochasticity and the inevitable environmental perturbations, can result in extremely 

erratic behavior. Figure 13 gives an example. Here we display hypothetical time 

series of victim densities in the presence of infrequent shocks to the state variables. 

P and V. For V % K„ (strong dissipation), the time series reveal an uninteresting 

jitter and (more or less) symmetrical distributions of victim abundances. However as 

dissipation levels are reduced, the time series come to include periods during which 

the victims are essentially absent punctuated by major irruptions. Correspondingly, 

the frequency distributions develop a long tail at the right. One can, of course, suggest 

other ways of modeling environmental fluctuations, but the result is likely to be the 

same: an unpredictable intermingling of oscillations of varying amplitude and period 

or, to use the jargon of contemporary dynamical systems theory, an extreme degree 

of initial condition uncertainty (MacDonald et ai., 1985). It would thus appear that 

environmental changes which increase Ky are destabilizing. 

One possible source of such increases is accelerated herbivore developmental rates 
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FIGURE 13. Time series (left) and frequency distributions (right) of victims in the 
presence of noise for different levels of dissipation. Evolving trajectories were per
turbed on average ten times per simulated year such that x{t) i-> x(i)(l + w(i))« 
where u{t) sampled the uniform distribution on [—1/2,1/2]. (Top) a = 0.5, (middle) 
a = 0.05, (bottom) a = 0.0005. Other parameter values are 7 = /x = 0.1592, e = 0.2. 
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in response to climate warming. Such increases have been associated with outbreak 

behavior in contemporary predator-prey systems (Morris, 1963) and, in the future, 

may outweigh the depressive effect on herbivore growth rates of reduced N/C ratios in 

plants exposed to increased atmospheric CO2 (Ayres, 1993). Continuing ecosystem 

enrichment, for example of agricultural systems, may be expected to have similar 

consequences. 

The ideas discussed here may also have relevance to policies designed to substitute 

pest control by predators for control by insecticides in agroecosystems. In one way 

or another, all of the proposed techniques, inter-cropping (Stern, 1969: Gleissman &: 

.A.ltieri, 1982; Pimentel et al., 1991; Godfrey &: Leigh, 1994), cover-cropping (Altieri 

VVhitcomb, 1979; Altieri Schmidt, 1986; Altieri, 1991; Pimentel et al., 1991: Doutt 

&c Nakata, 1973; Faoletti et aJ., 1989; Lagerlof & Wallin, 1993; Brust & King, 1994), 

etc., seek to encourage predatory proficiency by reducing the ratio, mj3k, and hence 

the equilibrium number of victims. On the face of it, this would seem eminently 

sensible. However, the following observations suggest that the situation may not be 

quite so simple: 

1. At least in the first world, victim (pest) carrying capacities are often far in excess 

of acceptable levels of infestation. This imbalance is a consequence of the fact 

that contemporary developed-world agriculture is carried out over enormous, 

contiguous axeas, which fact, beyond all else, is the root cause of the continuing 

reliance on spraying. 

2. Enhancing predatory proficiency will almost certainly require reductions in the 

use of insecticides which destroy the very predators one seeks to encourage 

(Debach &: Rosen, 1991). Thus, in order to be effective control agents, predators 

must be capable of reducing mean victim densities below those which presently 

obtain. Simply reducing pest numbers to the current levels will not suffice 

since this would result in a naturally regulated system characterized by weak 
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dissipation. By the arguments of the present chapter, such a situation would 

likely exhibit increased year-to-year variability in infestation and unpredictable 

outbreaks. 

In conclusion, we note that the results of the present chapter, while developed in 

the context of two-species associations subject to periodic forcing cdmost certainly 

carry over to the n-species case, even in the absence of seasonality. As emphasized 

by Lichtenberg & Lieberman (1992), an important theme in the history of Hamil-

tonian mechanics has been the gradual realization of the intimate relation between 

the case of a single oscillator subject to periodic excitation and that of two or more 

coupled oscillators free of such inputs. Preliminary calculations of four-species aut

onomous systems suggest the same diversity of dynamics as those discussed here for 

the nonintegrable, Hamiltonian system. 
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Chapter III 

THE COLORS OF CHAOS 

1 The dyneunics of biological exploitation. 

The dynamics of biological exploitation interactions (including predation, parasitism, 

and herbivory) have been an important topic of research since the earliest days of 

mathematical ecology. The ubiquity of exploitation is unquestionable; its potency as 

an ecological force has been seen in explosions of herbivores following their introduc

tion to new habitats or after removal or exclusion of predators by accident or design 

(Caughley, 1970; Hairston, 1989; Debach & Rosen, 1991; Crawley, 1992). Moreover, 

there is an emerging consensus that the cause of the celebrated ''cycles" of boreal 

mammal populations lies in exploitation interactions, although the identities of some 

of the actors and their roles (exploiter or exploited?) remain a subject of debate 

(Norrdahl, 1995; Korpim^ & Krebs, 1996). 

Numerous population models of ecological exploitation interactions have been de

veloped and studied over the years. In the present chapter, we present a systematic 

study of an important class of these models, including both the original model of 

Lotka and Vblterra and that of Rosen2rweig and Mac Arthur. For this task, we employ 

techniques of bifurcation theory, specifically numerical continuation of bifurcations. 

More realistic models incorporating a variety of eflFects can be formulated as deforma

tions, i.e., continuous extensions, of our model and thus included within the reach of 

the systematic analysis we begin here. Our findings bear specifically upon the origins 

of so-called cyclic fluctuations of animal populations. We present evidence, however, 

showing that our methods are far more generally applicable. 
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1.1 Notions of structural stability. 

V'ito \blterra was among the first to study inter-specific population interactions math

ematically (Vblterra, 1926, 1931; Scudo & Ziegler, 1978). He wrote autonomous or

dinary differential equations to model the mass-action kinetics of predator and prey 

populations. .A.lthough still to be found in most introductory texts, Vblterra's equa

tions have largely been abandoned as research tools. Aside from the oversimplifi

cations common to most ecological models, Volterra's equations are widely believed 

to suffer from a more fundajnental deficiency. As pointed out by May (1973), for 

example, Volterra's models are conservative and therefore structurally imstable. 

The simple idea behind structural stability is that, to have the faintest chance 

of accounting for a real phenomenon, an explajiation must not be so special that 

small modifications spoil its essential properties. This principle is fundamental to 

the scientific enterprise. It takes many forms according to the phenomenon to be ex

plained and the explanation proposed. In mathematics, its most common incarnation 

is topological structural stability. By this definition, a dynamical system is structurally 

unstable if an arbitrarily small perturbation alters the topology of its phase space. 

When the topology of a given model is relatively simple, such changes are in

variably significant. For example, the addition of even a smidgeon of intra-specific 

competition to Volterra's autonomous model replaces a continuum of neutrally stable 

orbits with a globally-attracting equilibrium. Changes in the topology of this attrac-

tor, in turn, have obvious biological meaning. On the other hand, when the phase 

space is complicated, as when there are many invariant sets, a small perturbation 

which changes the topology of one invariant set may have no qualitative effect on 

others. Said differently, the fact that some topological features are destroyed by a 

perturbation, does not imply that all features are destroyed. Under these circum

stances, we must look to the biology to determine whether or not the perturbed 

system can be distinguished from the original. 
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In the biological sciences, one can rarely in practice distinguish alternative dynam

ical scenarios with anything approaching the fineness possible in purely mathematical 

models. This is especially true in ecology, where for example accurate estimation of 

animal densities is notoriously difficult and natural timescales are often far longer than 

postdoctoral fellowships or even academic careers. Thus, we typically have to make 

do with rather coarsely-grained data. Nevertheless, patterns do stand out, sometimes 

rather strikingly. It follows that, in the interpretation of mathematical models as 

explanations of biological phenomena, one should not attach significance to merely 

mathematical distinctions which would be indistinguishable were they made manifest 

in Nature. 

As we pointed out in Chapter II, in the presence of seasonality (or in the case 

of multiple predator-prey pairs), the conservative dynamics of Volterra possess many 

invariant sets, both regular and chaotic. A generic perturbation will not change all of 

these sets at once. It follows that some properties of the Volterra dynamics are robust 

to a very wide class of perturbations. As we will show, it is precisely those properties 

most relevant to cyclic population fluctuations which are preserved. We find in the 

Hamiltonian dynamics of Volterra, then, more than simply a crude approximation to 

certain features of biological reality: we find a firm foothold one can use to reach far 

toward the more complex issues posed by real population interactions. 

1.2 Overview. 

The present chapter undertakes to perform a multiparameter investigation of the gen

eral properties of predator-prey population interactions in seasonal environments. In 

§2, we present a simple but general predator-prey model, parametrized in such a way 

that Volterra's Hamiltonian equations lie within, as a limiting case. In §3, we exam

ine this Hamiltonian limit, as well as the classical Hopf bifurcation of predator-prey 

dynamics. As we shall see, these two special cases serve as organizing centers for the 
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dynamics. In §4, we review the concept of subharmonic resonance. We produce a 

map of the peurameter space in terms of the full spectrum of subharmonic resonances. 

We investigate the significance of these resonances in §5, by classifying dj-namical 

behaviors in terms of what we call their "color", i.e., their dominant frequencies and 

distribution of inter-annual peak-to-peak times. We find that, fortunately, distinct 

orbits of the szime color need not be haphazardly strewn about the phase-parameter 

space. In this and related models of predator-prey interaction, we find birds of a 

feather conveniently flocked together and marked by the presence of telltale subhar

monic periodic orbits. Turning to the biology, we utilize the concept to provide a 

unified framework with which to understand cyclic fluctuations in animal popula

tions. Finally, in §6, we discuss this work in relation to its predecessors, its further 

implications, and its application to more realistic problems. 

2 A model of predator-prey interactions with seasonality. 

A well-studied model of predator-prey interactions is the two-species model of Rosen-

zweig MacArthur (1963), which we formulate as 

dP 3kVP „ 
^ TT — mP.  

dT X +  ̂  

These equations govern the deterministic evolution of predator and prey densities, 

respectively P and V, through time T. The Malthusian growth rate of the victim 

species is r, while 5 specifies a first-order density dependence, due, for example, to 

intra-specific competition or resource limitation. Under these assumptions, the car

rying capacity of the victim species is K-^ = r jS. The predator's functional response 

is of the Holling (1959a) type-II form, with maximal kill rate k and half-saturation 

density x (Figure 14(a)). This model makes the over-simple assimiptions that the 

predator's per-capita death rate m is constant in time and with respect to densi
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ties, and that the numerical response of the predator is simply proportional to its 

functional response. 

2.1 Rescaling. 

As it is more convenient to analyze dimensionless equations, we would like to rescale 

(1). We choose to do this in such a way that the Hamiltonian limit arises explicitly. 

Provided 

i  +  ̂ < ^  
Ky m 

system (1) possesses a unique nontrivial positive equilibrium where 

(2) 

v* = mx 
(3k — m k \  kJ i x  +  V )  - (3) 

Writing 

v = ve" p = p'ê . T==Tt.  

7 = rr, fx = mr. 
V v 
K„ y 

(4) 

we can reformulate (1) as 

dx 
Tt=^ 

dy 

1 — ae^ — (1 — q) 
(1 + r))e^ 
1 + rje^ 

(1 + r/)e^ 
- 1 

(5) 

1 + rje^ 

In terms of these dimensionless variables, necessary and suflBcient conditions for ex

istence of a nontrivial positive equilibrium of (1) are simply 

0 < a < 1, T ]  > 0 .  (6) 

We will henceforth assume that these inequalities are satisfied. In any event, the 

equilibrium of (5) is located at the origin. 



FIGURE 14. Functional response of the predator to prey density, (a) Per-predator 
kill rate kV/{x + V^) as a function of prey density, V, for several values of x- The kill 
rate saturates due to constraints of time and predator gut size, (b) Dimensionless 
funct ional  response (1 +  r/)e^/( l  +  rje^)  as  a  funct ion of  x for  var ious values  of  r] ,  

2.2 Seasonality. 

Now, despite the ubiquity and importance of seasonality in ecosystems, insights gained 

from autonomous models continue to dominate ecological thought. On the other 

hand, it has long been known that nonlinear oscillators subjected to periodic forcing 

can exhibit extremely complex behaviors (Guckenheimer & Holmes. 1983). In the 

context of ecology, Inoue Kamifukumoto (1984), Schaffer (1988), and Toro Sz Aracil 

(1988) were among the first to notice that more complex behavior and, in particular, 

chaos, could result when simple autonomous models were exposed to environmental 

periodicity. 

We will introduce seasonality in the simplest manner possible, by assuming 

r = r(T) = f (1 + c sinflT). (7) 

Since the intra-specific competition coefficient 5 remains constant, this implies that 

K-u varies sinusoidally and in phase with r. Although in real-world ecosystems many 

parameters may oscillate simultaneously and not necessarily in phase, in this study, 
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we restrict ourselves to a single source of seasonality. 

If we choose to measure time in terms of the period of the seasonality, (which we 

may for the sake of definiteness think of as one year) we take r = 1/Q. Rescaling as 

before, (1) becomes 

The interpretation of the parameters of (8) bears some discussion. 

2.3 Biological interpretation of parameters. 

The quantities 7 and are the vital rates of the respective species in terms of the 

environmental rhythm. Dynamically speaking, the combination 

sets the timescale of the oscillations of (8), while determines the relative scaling 

of the animals' lifespans. From the point of view of the bifurcations of model (8), it 

is the former combination that is critical: we have found no bifurcations that occur 

with respect to the latter. 

The parameter a measures the proficiency of the predator at regulating the density 

of its prey. The quantity t] characterizes the functional (and here, implicitly, numer

ical) response of the predator to changes in prey density. For 77 = 0, the predator is 

insatiable, possessing a linear functional response. For 77 > 0, the functional response 

eventually saturates (Figure 14(b)). It is important to note that both the Holling 

type-Ill (sigmoidal) response and a model of predator functional response meant to 

incorporate mutual predator interference and/or anti-predator behavior (Beddington, 

1975; DeAngelis et al., 1975), may be viewed as perturbations of the type-II response. 

However, in this chapter we will not explore the consequences of perturbing (8) in 

those directions. 

^ _ "(1 + T?)e^ 
dt ^ 1 -H 7/e^ 

(8) 

'^o = \fijn (9) 
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Two special CEises of (8) deserve particular attention, since they turn out to or

ganize the bifurcation structure for the general case. These are the dissipative, aut

onomous case £ = 0, Q, 7/ > 0, and the case Q = r/ = 0, e > 0, for which the flow 

governed by (8) is Hamiltonian and nonintegrable. 

3 Organizing centers. 

3.1 A family of Hopf bifurcations. 

It is well-known that the autonomous equations (1) admit a Hopf bifurcation: in 

the parameters of (5), the equilibrium solution at the origin undergoes a change of 

stability on the set 

(see Figure 15). As this bifurcation locus is crossed in the appropriate direction, 

damped oscillations of frequency 

give way to a unique stable limit cycle. As a is decreased further, the limit cycle 

grows both in amplitude and period. 

When c > 0, the equilibrium of (5) is replaced by a small-amplitude periodic 

orbit (S.A.PO) of (8). This orbit now loses stability on a surface of Nejmark-Sacker 

(discrete Hopf or torus) bifurcations. The locus of Hopf bifurcations (10) is just the 

c = 0 section of this surface. Hence, as £ —0, the SAPO Nejmark-Sacker bifurcation 

set coalesces with the Hopf bifurcation set (10). 

In the nonautonomous case (e > 0), resonances between the frequency of the limit 

cycle (11) and that of the seasonality create phase-locking regimes in the parame

ter space. For e small, this phenomenon has been well-studied, under the rubric of 

the mathematical theory of the periodically-perturbed Hopf bifurcation (Kath, 1981; 

a -I- 2aT] — T) = 0 (10) 

(11) 
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FIGURE 15. Locus of the Hopf bifurcation (10) in the autonomous equations (5). 
The Hamiltonian limit lies at log a = log 77 = —00. 

Rosenblat &: Cohen, 1981; Gambaudo, 1985; Bajaj, 1986; Namachchivaya k. Ari-

aratnam. 1987; Vance & Ross, 1991; Kuznetsov, 1995). In the ecological context, the 

possibility of resonance between periodic forcing and intrinsic oscillations was pointed 

out by Nisbet & Gurney (1976) and has been studied in more detail by numerous 

authors (Blom et al., 1981; SchafFer, 1988; Kuznetsov et al.. 1991: Kot et al.. 1992: 

Rinaldi &: Muratori, 1993; Rinaldi et al., 1993; Gragnani & Rinaldi. 1995: King et al.. 

1996). 

3.2 The Hamiltonian limit. 

When a = r/ = 0, the divergence of the vector field (8) is identically zero, whence by 

a theorem of Liouville, the phase volume is preserved under the flow induced by (8). 

In fact, (8) admits a Hamiltonian 

= /i (1 + X — e^) + 7 (1 + t/ — + ey sin f). (12) 



FIGURE 16. (a) Phase portrait of the autonomous Hamiltonian flow governed by (8), 
a = 77 = c = 0. The orbits are level curves of the Hamiltonian (12). The periods of 
these orbits increase monotonicjilly with their amplitude, (b) Stroboscopic Poincare 
section of the nonintegrable Hamiltonian flow, a = rj = 0, e — 0.2. Island chains with 
rotation numbers 1:4, 5:22, and 1:5 are prominent. For both figures, the logarithm of 
prey density, x, is plotted on the abscissa; that of predator density, y, on the ordinate. 
The other parameters are 7 = 0.4475, /x = 0.2011. 

In the constant environment case, our equations are precisely equivalent to those 

studied by Volterra (1926, 1931). Briefly, the flow is completely integrable. possess

ing a continuum of neutrally-stable periodic orbits about the origin (Figure 16(a)). 

VValdvogel (1986) showed that the periods of these orbits increase monotonically with 

amplitude. 

In the case e > 0, the utter simplicity of these integrable dynamics gives way to 

great complexity. The Poincare map (Figure 16(b)) reveals the essential features, typ

ical of nonintegrable Hamiltonian dynamics. The equilibrium of (5) becomes a small-

amplitude periodic orbit (SAPO), located near the origin, which tracks the cycle of 

the seasons. Surrounding this orbit are invariant loops corresponding to quasiperiodic 

motions. Island chains appear surrounding elliptic points which mark large-amplitude 

subharmonic periodic orbits (subharmonics, for short), separated by an equal num

ber of subharmonic saddle-cycles, as guaranteed by the Poincar^Birkhoff theorem 

(Lichtenberg & Lieberman, 1992). (The term subharmonic refers to the fact that the 
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frequencies of these orbits are lower than that of the forcing, i.e., their periods are 

longer.) All subharmonics with frequencies less than Uo are to be found. Between the 

layers of tori and subharmonic island chains lie chaotic layers. Near the origin, these 

layers become exponentially narrow and hence numerically unobservable. Peripher

ally, they grow in width, eventually merging to form a "stochastic sea". Trajectories 

in this stochastic sea exhibit sensitive dependence on initial conditions, but with a 

very strong periodic component (of long period) and correlations which decay ex

tremely slowly. About each of the subharmonics we find a self-similar picture, with 

secondary island chains and tori surrounding the primary subharmonic islands. A 

more detailed discussion of the nonintegrable Hamiltonian dynamics can be found in 

Chapter II and King et al. (1996). 

With such a wide range of periodic orbits available, it is necessary to distinguish 

among them. The rotation number provides a convenient tool for this purpose. We 

label a periodic orbit attaining exactly p maxima in its period of q dimensionless 

time units by the rotation number p:q. Thus, subharmonics are simply periodic 

orbi ts  with rotat ion numbers  l :g ,  q > 1:  ultraharmonics  have rotat ion numbers  p:l ,  

p > 1; and ultrasubharmonics rotation numbers p:g, p, g > 1 (Wiggins. 1990). To 

preserve valuable information, we generally avoid reducing these ratios. However, 

when convenient, we refer to the reduced quajitity g/p as the base period. 

In sum, an infinite number of periodic ajid chaotic motions coexist in the Hamil

tonian limit. This property is not itself structurally stable. However, as we will see, 

finite numbers of subharmonics do persist well into the dissipative regime. 

4 Subharmonic resonance. 

The region of parameter space wherein one finds subharmonics of a particular rotation 

number taJces the form of a resonance horn or Amol'd tongue (Arnol'd, 1983). This 

region is bounded by two hypersurfaces of tangent (saddle-node) bifurcations (Figure 
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FIGURE 17. Subharmonic resonance horns. The solid curves mark tangent bifur
cations; subharmonic periodic orbits exist within. All originate at the Hamiltonian 
limit a = T] = 0. The tips of the horns distribute themselves along the curve of 
Nejmark-Sacker bifurcations of the SAPO (dashed line), (a) e = 0.2, (b) E = 0.6. To 
avoid clutter, only three resonances are shown. In fact, all subharmonic resonances of 
rotation number 1 : q, q > 4 are present for this value of Uo (7 = 0.4475, n = 0.2011, 

~ \/T^ — 0.3). 

17). Passing one of these bifurcations toward the interior leads to the creation of a 

pair of subharmonics; one member a node- or focus-cycle, the other a saddle-cycle. 

In the Hamiltonian limit, these are the island chains of Figure 16(b). 

Each resonance horn has a root at the Hamiltonian limit, whence it emanates, 

and a tip on the locus of SAPO Nejmark-Sacker bifurcations, where it terminates. 

Thus the subharmonics form the clearest example of the persistence of characteristics 

of the Hamiltonian djaiamics into the dissipative regime. 

4.1 The global picture. 

An important fact about models of this kind is that many subharmonics may coexist. 

Figure 17 shows several resonance horns at once. At the Hamiltonian limit, we know 

that resonances of all rotation numbers less than u)o are present. Proceeding into the 

dissipative regime, the resonance horns fan out, parting ways as they seek their re
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spective destinations on the locus of SAPO Nejmark-Sacker bifurcations. Resonances 

of lower rotation number terminate higher on this Nejmark-Sacker curve (cf. (11))-

Thus, depending on the level of dissipation (controlled by q and 77), we may find no, or 

one, or several stable subharmonics present. As e is increased, the resonances widen 

(Figure 17(b)), whence the region where any particular set of resonances overlap 

grows. 

The mathematical theory of perturbed Hamiltonian systems guarantees the exis

tence of all subharmonics in the nonintegrable Hamiltonian limit. Specifically, this 

is a consequence of the famous theorem of Kolmogorov, AmoI'd, and Moser (Licht-

enberg & Lieberman, 1992). Likewise, the theory of the resonant Hopf bifurcation 

(Gambaudo, 1985; Vance & Ross, 1991) gives us the fact that subharmonic resonances 

emerge from the curve (10) with the various rotation numbers arranged monotonically 

along that curve. Given that both of these theories are entirely local in nature, it is a 

surprising fact, revealed only by numerical continuation, that globally they describe 

different aspects of one and the same phenomenon. 

4.2 Methods. 

The numerical computations we performed using our own package xloc. Our contin

uation algorithm uses a secant or tangent predictor and chord-Newton corrector with 

local parameterization and adaptive stepsize control. We work with the Poincare map 

of our flow. This contrasts with AUTO (Doedel et al., 1996), which uses orthogonal 

collocation. To compute the requisite Jacobians, we use concurrent integration of the 

equations of first variation as opposed to finite differencing, as in LOCBIF (Khibnik 

et al., 1993). Our experience suggests that it is the improved accuracy attained in 

this way which enables us to continue very long-period orbits. For zin overview of 

applied bifurcation theory and continuation methods, see Seydel (1994) or Kuznetsov 

(1995). The xloc software is written in ISO C and utilizes standard public-domain 
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routines for linear algebra (LINPACK, EISPACK), O.D.E. integration (ODESSA), 

and visualization (GNU plotutils library libplot). 

The consistency of our calculations was checked by simulating the dynamics on 

both sides of a calculated curve. We verified also that characteristic multipliers 

changed according to prediction. As we have mentioned, we use numerical methods 

to connect two limiting cases for which analytical methods are available. Bifurcation 

curves neax the Hamiltonian limit, and near the curve of Hopf bifurcations (10), can 

be computed for e small, using the method of normal forms (Arnol'd, 1983: Bruno, 

1989. 1998). This provides a further check on the numerics. We have performed these 

czdculations for the strong resonances (see below), although we do not publish the 

results here. The results of the numerical continuation are entirely consistent with 

the analytical results. 

4.3 Internal structure of typical subharmonic resonance horns. 

Subharmonic orbits always come in pairs, one member of which is saddle-like. The 

stability of the second member depends on the parameters. In Figure 18, we have 

mapped out the boundaries of stability regions for a typical subharmonic. For low c 

and all but the weakest dissipation, stability change typically occurs at a supercritical 

Nejmark-Sacker bifurcation (Figure 18(a)). As this locus is crossed, the focus-cycle 

changes stability and either emits or absorbs a torus. These tori, which correspond to 

time series with a dominant Fourier mode identical to that of the parent subharmonic, 

modulated by an additional mode, can be traced to the Hamiltonian limit and the 

secondary invariajit loops there which ring the primary subharmonic island chains. 

As € is increased, period-doubling cascades move outward from the Hamiltonian 

regime and encroach upon the interior of the resonance horn (Figure 18(b)). At 

the heart of these nested period-doubling horns lies a region of parameter space 

corresponding to chaotic motion. Motion on this chaotic set, as we will see, retains 
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FIGURE 18. Typical resonance horn of (8), corresponding in this case to the 1:5 
resonance, (a) s = 0.2, (b) e = 0.6; other parameters are 7 = 0.4475, /i = 0.2011. 
The Hamiltonian limit lies at logo = log77 = —00; the tip lies on the SAPO Nejmark-
Sacker bifurcation discussed in §3 (not shown). Dotted lines correspond to successive 
period-doubling bifurcations and dashed lines to supercritical Nejmark-Sacker bifur
cations. In (b), there are three distinct period-doubling curves, where the 2:10, 4:20. 
and 8:40 cycles are bom. There are also three distinct Nejmark-Sacker curves, where 
the 1:5, 2:10, and 4:20 orbits lose stability. 

the dominant Fourier mode of its ancestral subharmonic. 

4.4 Strong and weak resonances. 

The simplicity of the foregoing discussion applies, strictly speaking, only to the so-

called weak resonances, i.e., to those of rotation number l:g, q > i. Those with 

rotation numbers 1:^, q < 4, the so-called strong resonances, differ in the structure 

of their tips. Whereas weak resonances have a simple cone-shaped tip, nairrow for 

small £, wide for larger £, emerging from the locus of Hopf bifurcations (10), strong 

resonances may possess more interesting structure. 

As an example of strong resonance. Figure 19 depicts the structure of the har

monic, or 1:1, resonance, with its characteristic swallowtail shape, and the 1:2 res

onance, with its closed loop of period-doubling bifurcations, both near the SAPO 

Nejmark-Sacker bifurcation. 
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FIGURE 19. Strong resonances in the model (8). (a) Harmonic (1:1) resonance. 
7 = // = 3.5, £ = 0.5. (b) 1:2 resonance. 7 = ^ = 1.1, e = 0.636. Only some of the 
bifurcation curves making up these extremely complex structures are depicted. Solid 
lines indicate tcingent bifurcations; dashed lines, Nejmark-Sacker bifurcations: dotted 
lines, period-doubling bifurcations. 

4.5 Ultraharmonics and ultrasubharmonics. 

In addition to the subharmonics, there are many ultrasubharmonics and, when a;^ > 1. 

a large amplitude harmonic orbit (rotation number 1:1) can appear. When ujo > 2. 

there can be ultraharmonic periodic orbits as well. Because of our interest in the 

multi-annual fluctuations in animal numbers, we have not investigated in depth the 

nature of ultraharmonic resonance in (8), although it can be said that in terms of 

bifurcation structure, they emerge from the Hamiltonian limit and near their tips 

bear more resemblance to the harmonic resonance than to the subharmonics (Vance 

Ross, 1991). On the other hand, the ultreisubharmonic resonance horns, too, emerge 

from the Hamiltonian limit and terminate on the curve of SAPO Nejmark-Sacker 

bifurcations, although they are narrower than the subharmonic resonances. Because 

of the monotonic fashion in which resonances are disposed along this curve, the tips 

of the ultrasubharmonic resonance horns are arrayed according to the Farey sequence 

(Figure 20 and Chapter H). 
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FIGURE 20. Relation of ultrasubharmonic resonances to the nearby subharmonics. 
(Left) Part of the Farey sequence. (Right) Subharmonic and ultrasubharmonic reso
nance horns corresponding to a few of these rotation numbers. 

4.6 Quasiperiodicity. 

Quasiperiodic motions are common in that region of parameter space near the SAPO 

Nejmark-Sacker surface where the resonance horns are very narrow (Figure 17). The 

frequency of motion on these invariant loops is irrational, but is approximated by the 

(rational) frequencies of nearby subharmonic and ultrasubharmonic orbits. Moving 

to the left in Figure 17, as the resonance horns thicken, we observe that quasiperiodic 

motions become progressively less prominent. 

4.7 Perspective. 

To summarize, we may compare our results to a bridge built across a chasm. The 

bridge is founded upon two piers of stone: the mathematical theories of nonintegrable 

Hamiltonian systems and of periodically-perturbed Hopf bifurcations (§3). The span 

is of a lighter material, of metal perhaps, being constructed only numerically. Without 

the piers, the span would be less secure; without the span, the chasm could not be 

crossed. Our results show not only that resonant subharmonics form a persistent 
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feature of the Hamiltoniaji dynamics but that, in fact, they persist well into the 

regime of biologically-realistic parameter values. What then do they tell us about the 

dynamics there? 

5 Colored dynamics. 

We have seen that (8) can possess multiple attractors. At sufficiently low values of the 

seasonality and/or strong dissipation, all of these are periodic or quasiperiodic. They 

are thus phase coherent, i.e., mzirked by sharp peaks in their power spectral densities 

and near-constant peak-to-peak times (Farmer et al., 1980). Figure 21 illustrates 

this by showing distinct, coexisting attractors of the flow governed by (8), together 

with their power spectral densities, for the parameter values 7 = 0.4475, ^ = 0.2011. 

£ = 0.2. The value of (a, rj) is indicated as a point against the background of the 

subharmonic resonances containing that point. 

Either augmentation of the seasonality e or diminution of the level of dissipation 

(q,?7) destabilizes this regular motion. However, in this process of destabilization 

phase coherence is lost only slowly. To understand why this is the case, it is nec

essary to see that the destabilization takes place in two fundamentally different yet 

intertwined ways. The first concerns bifurcations within each resonance horn: the 

second, overlap among the resonances. 

Within a given resonance horn, a cascade of secondary subharmonic bifurcations 

(period doublings and period n-tuplings) occurs, as discussed in §4 and shown in 

Figure 18. Each such bifurcation is reflected by the appearance of further sharp 

peaks in the power spectrum of the corresponding periodic attractor (Figure 22). 

.A.S these secondary bifurcations accumulate, chaotic attractors appear (Figure 23). 

Although through this process the motion becomes less predictable, it remains phase 

coherent: the strongest frequencies remain those of the ancestral subharmonics and 

the time series continue to display only a narrow variation in peak-to-peaJc times. 
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FIGURE 21. Periodic attractors of the flow governed by (8), for loga = —3.4, logr/ = 
—3.6, £ = 0.2. (Top left) Resonance hems for the 1:4 and 1:5 resonances (solid 
lines), together with the Nejmark-Sacker curve which marks the boundar\' of the 
domain of stability of the SAPO (dashed line). The mark indicates the parameter 
values used to generate the remainder of the figure. (Top right) Poincare section 
showing attractors: SAPO and 1:4 & 1:5 subharmonics. (Bottom left) Representative 
time series of dimenslonless victim density e^. (Bottom right) Corresponding power 
spectral densities. 
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FIGURE 22. Distinct attractors as in Figure 21. (Top left) Resonances 1:4 - 1:10 
are present at the point logo: = —3.6, logr/ = —3.4, e = 0.2. (Top right) Poincare 
section showing attractors. Rotation numbers 2:11, 1:6, 5:30, 1:7, 3:21, 1:8, 1:9, and 
1:10 coexist. (Bottom) Representative time series (left) with corresponding power 
spectral densities (right) for cycles with rotation number (top to bottom) 2:11, 5:30, 
3:21. 
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FIGURE 23. .Asymptotic behavior of the flow as in Figure 21, but with stronger 
forcing: £ = 0.6. (Top left) Resonances 1:8, 1:9, & 1:10 are present at log a = —2.8. 
log 77 = —1.6. (Top right) Poincare section showing the strange attractor. (Center) 
Representative time series. (Bottom left) Power spectral density. The inset shows the 
small amount of power at low frequencies. (Bottom right) Histogram of peak-to-pezik 
times. Peak-to-peaJc times are taken as the duration between successive local maxima 
of the X variable, the latter being sampled once per year. 
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In strongly dissipative regimes, few resonances overlap. Correspondingly, the time 

series drawn from chaotic attractors display the characteristic irruptive shape with 

narrow variation in the interval between successive prominent peaks, although the 

amplitude of the next maximum can exhibit considerable variation (Figure 23). On 

the other hand, in regimes nearer the Hamiltonian limit, a larger number of resonance 

horns overlap. Correspondingly, the chaotic attractors exhibit greater variation in 

peak-to-peak time (Figure 24). Because of the monotonic way in which the resonances 

are disposed along the curve of perturbed Hopf bifurcations (10), however, the now 

broader power spectrum retains a unique strong peak and the histogram of peak-to-

peak times is still unimodal. The dynamics remain relatively phase coherent. 

We emphasize that the subharmonic resonances serve to distinguish the strongest 

frequencies and to predict the distribution of peak-to-peak times even when the dy

namics are entirely chaotic. This is due to the fact that saddle-cycles make up the 

skeleton of the chaotic attractor: chaotic trajectories, attracted to saddle cycles along 

stable manifolds, spend long times in their vicinity before being ejected along unstable 

manifolds (Auerbach et al., 1987; Grebogi et al., 1987; Lathrop Kostelich, 1989). 

Since the subharmonic resonances indicate the base periods of the extant cycles, they 

accurately predict the distribution of peak-to-peak times (Figures 23, 24). To il

lustrate this. Table 2 lists a selection of saddles shadowed by a simulated chaotic 

trajectory on the attractor of Figure 23. Further, simulations show that the addi

tion of modest amounts of environmental stochasticity does not change the picture: 

saddle-cycles continue to dominate the dynamics (Cushing et al., 1998). Hence, our 

conclusions remain robust in the face of small stochastic perturbations. 

5.1 The colors of chaos. 

We can think of the subharmonic resonances, then, as indicating the spectrum of 

frequencies, or as we might say, the color, of the djmamics. Whereas the periodic 
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Rotation Number Base Period Rotation Number Base Period 
1:8 8.000 8:72 9.000 

8:69 8.625 9:81 9.000 
3:26 8.667 6:55 9.167 
6:52 8.667 3:28 9.333 
5:44 8.800 2:19 9.500 
1:9 9.000 3:29 9.667 
4:36 9.000 1:10 10.000 

TABLE 2. Some saddle cycles shadowed by a chaotic trajectory for the parameter 
values of Figure 23. 
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FIGURE 24. Asymptotic behavior of the flow as in Figure 23. (Top left) Resonances 
1:4 - 1:12 are found at log a = —3.3, log tj = —2.7. (Top right) Poincare section 
showing the strange attractor. (Center) Representative time series. (Bottom left) 
Power spectral density. Note that the power spectrum is flatter, with more power at 
very low frequencies. (Bottom right) Histogram of peak-to-peak times. 
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attractors are tinted with pure hues, the chaotic dynamics have a blend of hues 

contributed by a wider range of subharmonics. Radiating outward from the white 

Hamiltonian limit, the resonances illuminate the whole of the non-equilibrial regime. 

Moreover, when we view the dynamics through the filter of biological uncertainty, it 

is precisely this color of the dynamics which shines through and is the outstanding 

feature of many observed population oscillations. 

5.2 Phase coherence in population fluctuations. 

In particular, one has the celebrated cyclic fluctuations of boreal mammal populations, 

including the tundra cycle of the lemmings {Lemmus, Dicrostonyx spp.) and micro-

tine rodents {Microtus, Clethryonomys spp.) (Elton, 1942; Finerty, 1980; Stenseth k: 

Ims, 1993a) and the taiga cycle of the snowshoe hare {Lepus americanus) and closely 

associated species, most famously the Canadian lynx {Lynx canadensis) (Elton k. 

Nicholson, 1942; Finerty, 1980; Keith, 1963, 1990). A similar cycle has been noted 

in the Russian and Siberian taiga, with the snowshoe hare replaced by the moun

tain hare [Lepus timidus) (Formozov, 1935; Keith, 1983). Seventy-five years of study 

notwithstanding, consensus as to the cause of these cycles remains elusive (Norrdahl. 

1995; KorpimaJd &: Krebs, 1996). 

These characteristic dynamical patterns can be accounted for by deterministic 

limit cycles in the presence of measurement error or environmental stochasticity (Tros-

tel et al., 1987; Akcakaya, 1992). Alternatively, they can be explained in terms of 

deterministic chaos, with or without additional noise (Hanski et al., 1993). In any 

event, the mathematical distinctions between these alternatives appear to be too fine 

to be discriminated in the pale light shed by the biological data. The biological thrust 

of the present chapter is to put all of these alternative mathematical descriptions of 

the observed phenomenology into a common perspective. The time series data (Elton 

& Nicholson, 1942; MacLulich, 1957; Stenseth et al., 1997) on population cycles are 
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too familiar from the literature to bear reproduction here (but see Chapter I), but 

clearly their most statistically significant features are (i) their phase coherence and 

(ii) their characteristic frequencies or distribution of pezik-to-peak times, i.e.. their 

color (Finerty. 1980). The foregoing discussion shows both that phase coherence is 

a generic phenomenon in predator-prey dynamics and also that a wide range of pa

rameter values, clearly demarcated by subhannonic resonance horns, can give rise to 

dynamics of a given color. 

6 Discussion. 

6.1 Connections to other research. 

Finerty (1980) briefly discusses the phenomenon of resonance as a possible explanation 

for population cycles but, apparently aware only of the harmonic resonance, he rejects 

it on the ground that no plausible natural mechanism having a frequency sufficiently 

close to that of the observed cycles has been found. Despite the work of Nisbet &c 

Gumey (1976), the literature on population cycles manifests no widespread awareness 

of the fact that subhannonic resonance between intrinsic predator-prey oscillation and 

seasonality represents a generic mechanism whereby the annual cycle of the seasons 

can stabilize cycles of much longer period. 

Recently, Fennoscandian scientists (Hanski et al., 1991,1993: Hanski & Korpimaki, 

1995) have employed seasonal predator-prey models to demonstrate the consistency of 

observed microtine cycles with the predation hypothesis. Further, Turchin & Hanski 

(1997), with an appeal to varying densities of generalist predators, predicted a latitu

dinal gradient in the amplitude of cycles, such as is in fact observed in Fennoscandian 

microtine cycles (Hansson & Henttonen, 1985; Erlinge et al., 1991). Within the es

timated range of parzimeters, the model of Hanski et al. (1993) produced periodic 

and chaotic behaviors bearing a resemblance to the observed time series. They in

terpreted this as a demonstration that specialist mustelid predation on microtine 
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rodents is sufficient to produce the four-year cycle. Taking care to perform a crude 

sensitivity analysis of this result, they also noted that other dynamical behaviors, in

cluding low-amplitude seasonal fluctuations and chaos with long peak-to-peak times, 

can be found in nearby regions of the parameter space (Hanski et al., 1993). They did 

not attempt to uncover the underlying mathematical principles responsible for these 

behaviors. From the perspective of the current chapter, it is neither surprising that 

phase coherent oscillations arise in their model, nor that low-amplitude dynamics and 

multi-annual oscillations of different colors are found nearby. Rather, we see that the 

significance of their study lies in its ability to predict the correct color for microtine 

dynamics by means of a simple model with independently estimated parameters. 

In a series of papers (Kuznetsov et al., 1991; Rinaldi & Muratori, 1993; Rinaidi 

et al., 1993; Gragnani &c Rinaldi, 1995; Kuznetsov, 1995), Rinaldi, Kuznetsov and 

their colleagues considered a dynamical system equivalent to (8). In the article most 

directly relevant to the present chapter, Rinaidi et al. (1993) studied a two-parameter 

surface parameterized (in our formalism) by the equations^ 

li- 0.3 . 7  = K a = — 77 =  /z=1,  
AT (13) 

(i^,-)€[i,2]x[0,1]. 

.•\.s Figure 25 shows, this manifold intersects only the 1:2 resonance horn. .Accordingly. 

Rinaldi et al. (1993) produced bifurcation diagrams only for structures associated 

with this strong resonance. By contrast, the present work comprehends the entire 

range of subharmonics available. Moreover, since the equations used by Rinaldi et al. 

(1993) have no explicit Hamiltonian limit, those investigators missed the fact that 

this case serves as the critical organizing center. 

On the other hand, Rinaldi et al. (1993) showed that the specific form in which 

a single-frequency perturbation enters the equation (1) makes no difference to the 

topology of the bifurcation structure. In addition, Gragnani Sz Rinaldi (1995) found 

typographical error mars Rinaldi et al. (1993). Their equation (8) should read a = 2 x 27r 
rather than a = 2.27r (S. Rinaldi pers. comm.). 
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FIGURE 25. Bifurcations investigated by Rinaldi et al. (1993) in the formalism of the 
present chapter. The heavy line is the projection of the surface explored by Rinaldi 
et al. (1993) (their elementary seasonality mechanism i) onto the plane 77 = /I = 1, 
e = 0.2. Solid lines indicate the resonance structures found by Rinaldi et al. (1993): 
all structures associated with the loss of stability of the SAPO or the strong 1:2 
resonance. Dashed lines indicate other prominent, nearby resonance structures. Note 
that the Hamiltonian limit does not appear anywhere in this plane. 
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a topologically identical bifurcation structure in a three-level food-chain model. These 

facts argue that the extreme simplicity of the periodic forcing in (1) does not come 

at the expense of much generality. On the other hand, for the case of several pertur

bed parameters with possibly different frequencies and/or phase lags, more complex 

behaviors can arise, which we have not attempted to treat here. 

6.2 More realistic models of population interactions. 

To the extent that biologically realistic complications can be incorporated into a 

model as deformations of a Hamiltonian limit, the approach of the present chapter 

can be applied. As we have already pointed out, for example, more complex func

tional responses involving mutual interference among predators (Beddington, 1975; 

DeAngelis et al., 1975) or Rolling type-Ill response can be viewed as deformations 

of our model. Hence, nothing prevents us from applying the same continuation tech

niques to reveal the extent to which subharmonic resonances persist as these effects 

are gradually introduced. 

More generally, our investigations suggest a method by which complex hypotheses 

on the causes of cyclic fluctuations in animal populations may be efficiently and 

fruitfully tested: 

1. Translate hypothesized causal mechanisms into a demographic model. 

2. Rescale the equations so that any latent Hamiltonian limits arise explicitly. At 

each Hamiltonian limit, any desired range of subharmonic orbits can be easily 

found. 

3. Focus upon the set of subharmonics corresponding to the spectrum of biologi

cally resolvable periods. 

4. Employ numerical continuation techniques to map out these subharmonic reso-

neince horns. The open sets of parameter values demarcated by the boundaries 
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of resonance horns are the regions of phase coherent oscillations of the appro

priate color. 

5. Compare these results with independent estimates of parameter values. This 

comparison can lead to the formulation of falsifiable hypotheses ajid serve to 

identify the most sensitive parameters. 

This methodology has been put to work in an investigation of the "10-year cycle" of 

the snowshoe hare and its predators (Chapter IV). 

As an example, let us take a step beyond (1) in the direction of biological realism. 

We consider a three-level model describing the evolution of densities of herbivores, 

their food supply, and their predators. It is reasonable to postulate that the densities 

V of vegetation, H of herbivores, and P of predators vary according to the law 

^ = G(T)V - S.V -
dl X v  + V 
dH „  k^HP 

-rUhH (14) 
dT Xv + V Xh + H 

— rruP. 
dP _  ^pknHP 
dT Xh + H 

This system is a periodically-forced version of that studied by Hastings k. Powell 

(1991). It has the advantage over (1) in that the instantaneous density-dependence 

of the term proportional to 6 is replaced by the more realistic eissumption of her

bivore dependence on a self-renewing resource with its own characteristic timescale. 

Rescaling (14) according to the same philosophy as we did (1), we obtain 

—-n—iTT^) (la  dt V 1 + 1 + Vhe" ) 
dz  _  f  { l+rih)e« \  
dt V 1 -I- T]hey ) ' 

where we can assume g{t)  has mean zero. These equations have at least three es

sentially Hamiltonian limits. When = 1, = 77/1 = 0, (15) describes a pure 
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predator-herbivore interaction. On the globally attracting manifold x = logr(f), 

where r{t) is the unique periodic solution of the Riccati equation 

dr 
— = 7„r(H-^( t ) - r ) ,  (16)  

the equations are similar to those at the Hamiltonian limit of (1). Likewise, when 

ah = 1, aj, = 77„ = 0, the third of (15) can be ignored and the dynamics of the 

remaining two variables are precisely equivalent to those at the Hamiltonian limit of 

(1). Finally, when = T]y = rjh = 0, the dynamics of (15) admit two conserved 

quantities 

h = + IvZ -  lvlpg{t)  
(17) 

h  =  l p [ y -  e") + I h  (ze"' - a/i 2 - (1 - a/i)e^). 

After an appropriate change of Vciriables, it can be shown that, in this case, the 

dynamics on each of the level sets of /i obey Hamilton's equations, with I2 serving 

as the Hamiltonian. We expect that in this and other models containing multiple 

Hamiltonian limits, subhaxmonic resonance horns will emanate from each into the 

interior of the space of admissible parameter values. The extent and manner of their 

interaction there remains a fascinating question to be addressed in a forthcoming 

publication. 

6.3 Coda. 

Our work shows that, the topological structural instability of Volterra's Hamiltonian 

equations notwithstanding, finite numbers of subharmonic periodic orbits do persist 

well into the dissipative regime, and there serve to indicate the color of nearby motion, 

be it regular or chaotic. The Hamiltonian limit is thus structurally stable in the sense 

appropriate to the biology of cyclic populations. Embracing as it does oscillations of 

all frequencies, it is the crucial organizing center for the dynamics of predator-prey 

interactions generally: the dynamics of biological exploitation inherit much more from 
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the eternally-oscillating Hamiltonian realm than from the eternally-quiescent regime 

of equilibrium. 
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Chapter IV 

THE GEOMETRY OF A POPULATION CYCLE 

One of the features of the recent trend of biology hzis been a series 

of revolts against the practice of theorizing without sufficient facts, and 

such revolts undoubtedly result in a very beneficent feeling of exhilaration 

derived from the direct contact with raw facts, unhampered by the weight 

of dogmatic theories. At the same time, there must come a point at which 

the new facts that have been collected are felt to be too raw and numerous, 

and it is at this point that the need for coordinating principles begins to 

be felt. —Charles Elton, 1930 

1 The snowshoe hare cycle. 

It has been the quest of much research, over the past seventy years at least, to de

termine the cause of the conspicuous cyclic fluctuations of populations of hares of 

the boreal forest and their predators (Elton, 1924, 1927). .-Vlthough many hypotheses 

have been proposed and tested over the years, the precise causal mechanisms under

lying the cycles remain mysterious, making this one of the oldest unsolved problems 

in ecology (Norrdahl, 1995; Krebs, 1996). This has not been due to a lack of evidence. 

Historical fiir harvest records (Elton & Nicholson, 1942: MacLulich, 1957) form one 

of the longest ecological time series available. Additionally, several long-term field 

studies have revealed much about many of the important variables which presumably 

underlie the cycles (Keith, 1990; Boutin et al., 1995). Despite this fact, the field 

has been described as confused, possibly due to "the existence of subjective bias ... 

together with a long series of failures and seemingly contradictory results in exper

iments testing a multitude of hypotheses" (Norrdahl, 1995). From our perspective. 



81 

much of the confusion appears to result from the fact that there exists to date no 

unifying theoretical framework to guide experimentation. Nor even are there several 

competing frameworks. Rather, the history of thought on the subject, with few ex

ceptions, is a history of conceptual models expressed in verbal form, with consequent 

vagaries in hypotheses and interpretations of results. It is the purpose of the present 

chapter to remedy this problem by proposing a model of the demographics of boreal 

mammal populations. This model should be mechanistic enough to allow meaning

ful interpretation and measurement of parameters, yet general enough to encompsiss, 

where necessary, the many complexities of real ecosystems. 

1.1 Conspicuous features of northern hare cycles. 

Many authors have addressed various aspects of these mysterious oscillations. Con

sequently, it appears, there are differing views as to what exactly constitutes the 

problem. It is well, therefore, to state at the outset what we consider the problem 

to be. The cycles have several features that seem especially peculiar and in need, 

therefore, of explanation: 

1. The regularity of the cycles. Although the cycles are far from exactly periodic, 

hare population peaks succeed one another at fairly regular intervals. Elton & 

Nicholson (1942) carefully sorted through the historical records, finding that 

most peaks succeeded one another at intervals of 8 to 11 years. Reviews of 

more recent statistics on fur production as well as direct observations of popu

lation densities show that the cycle continues across much of the North .\mer-

ican continent at least (Keith, 1990). Power spectral analyses reveal a strong 

and statistically significant peak in the corresponding frequency range (Finerty, 

1980). 

2. The period of the cycle. The 8-11 year period appears unrelated to any known 

meteorological or other extrinsic cycle (Finerty, 1980). Moreover, it differs 
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dramatically from the tiindra cycle of 3-5 yeeirs' duration observed in lemmings 

and microtine rodents. What features of the biology set the period of the cycle? 

3. The amplitude of the cycles. The striking magnitude of the fluctuations has 

elicited comment at least since shortly after the introduction of the written word 

onto the north American continent; in recent times, studies have estimated the 

peak-to-trough ratio of the last three hare cycles (in different locations) at 17-

50 fold (Keith & Windberg, 1978), 13-46 fold (Keith, 1990), and 26-44 fold 

(Boutin et al., 1995). Fur return records display much larger amplitudes: snow-

shoe hare pelt harvests as reported by MacLulich (1957) exhibit a maximum to 

minimum ratio of 1445, while lynx harvests show amplitudes of 20-500 (Elton & 

Nicholson, 1942). Amplitude estimates vary widely from site to site and decade 

to decade. What sets the maximum attainable population and what determines 

the minimum population? 

4. The northern distribution of the cycles. Some populations of hares exhibit 

population peaks every 8-11 years, while others, further south, oscillate only 

annually. Keith (1990) has also reported that hare populations in Wisconsin 

formerly exhibited multi-annual cycles, but since about 1950, these cycles have 

abated. What clues does this give us about the causal mechanisms underlying 

the cycle? 

1.2 Principal hypotheses. 

Among researchers studying the cycles of boreal mammal populations, there appears 

to be an emerging consensus that exploitation interactions of some form are at the 

heart of the matter (Norrdahl, 1995; Korpimaki & Krebs, 1996). We may view the 

three principal hypotheses of the last quarter-century as variations on this theme: 

1. The Fox &: Bryant (1984) hypothesis explains the cycle as an interaction between 
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the hares and their winter forage. On the basis of a simple model of this two-

trophic-level interaction, specifically the delayed logistic equation of May (1973), 

Fox & Bryant (1984) proposed that delayed density dependence imposed by slow 

recovery of the quality of woody browse (Bryant, 1979; Reichardt et al.. 1984: 

Bryant et al., 1985) cotdd account for the regularity and period of the cycle. 

2. The predation hypothesis accounts for the cycle as a predator-prey oscillation 

(Trostel et al., 1987: Korpimaki & Krebs, 1996). The complex of predators, 

including most notably the Canadian lynx {Lynx canadensis), coyote {Canis la-

trans), great horned owl [Bubo virginianus), goshawk {Accipiter gentilis), and 

red-tailed hawk {Buteo jamaicensis) drives the hare cycle; other forms of mor

tality are unimportzint, in this view. 

3. The Keith (1974) hypothesis has it that the cycle is due to the interactions 

among three trophic levels. According to this hypothesis, limitation of food 

supply due to over-browsLig sets the peak density and initiates the population 

decline. Subsequently, high predation pressure pushes hare densities extremely 

low and prevents resurgence until the predator population, in its turn, has 

declined. 

None of these hypotheses has been either clearly demonstrated or conclusively fal

sified. Part of the problem may well be that the different hypotheses have grown 

out of distinct research projects studying hare populations in widely different envi

ronments, and at different times. It is not the purpose of the present chapter to 

attempt to distinguish among these three hypotheses per se. Given the complexity 

of the interactions, the multiplicity of predator species, habitat inhomogeneities, and 

the rzinge of behavioral strategies available to both hares and predators (Wolff, 1980; 

Hik, 1995; O'Donoghue et al., 1998a), it is likely that each of these hypotheses rep

resents an oversimplification of reality. With this in mind, we take the view that 

mathematical modeling is appropriate for constructing a common context in which 
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all three hypotheses can be situated. By proceeding systematically from such a mini

mal model toward greater realism, we aim at distinguishing the essential mechanisms 

from the accidental. Progress is only possible, however, to the extent that falsifiable 

predictions can be formulated. 

1.3 Sources of data. 

We should distinguish between two very different sources of data on the snowshoe 

hare cycle. The historical fur records already mentioned are very long, presenting 

many cycles. Several researchers have used these records either as a touchstone for 

theoretical speculations or to estimate parameters for mathematical models. This last 

practice deserves to be sharply criticized. Because the harvest effort almost certainly 

is correlated with the abundance of frir-bearers, the amplitude of fluctuations cap

tured in these records is probably exaggerated. Thus, estimates of densities derived 

from fur return records are probably biased, the sense of the bias itself fluctuating 

through the phases of the cycle. Moreover, the effects of economic nonstationarities, 

administrative reapportionments, and historical events are often quite evident, yet 

diflBcult or impossible to correct for. On the other hand, the relative timing of peaks 

in the records appears to be quite accurate. We conclude that although the overall 

pattern of the snowshoe hare cycle is revealed quite strikingly in the historical records, 

any estimates of demographic parameters based on amplitudes, rates of change, etc., 

of these records are questionable. 

The several long-term field studies of the demography of snowshoe hares and their 

predators form a second, much more direct, source of information on the biological 

parameters. Most notably, there have been the studies led by Lloyd B. Keith, of 

hare populations near Rochester, -A.lberta, spanning population peaks from the '50s 

to the '80s (Keith, 1963, 1974; Keith et al., 1977; Keith & Windberg, 1978; Keith 

et al., 1984; Keith, 1990), and the Kluane Boreal Forest Ecosystem Project, led by 
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Charles J. Krebs (Krebs et al., 1986b, 1992; Boutin et al., 1995), working in the 

southern Yukon from the '70s to the present. These researchers have amassed an im

pressive amount of data, both from observations and manipulative experiments. The 

present chapter represents the first mathematical study to estimate all demographic 

parameters entirely on the basis of direct measurements. 

1.4 Previous mathematical approaches. 

Previous attempts to treat the problem mathematically are surprisingly scarce. Leigh 

(1968) attempted, without success, to apply the "statistical mechanics of interacting 

species" of Kemer (1957) to the lynx and hare oscillation. Trostel et al. (1987) asked 

the narrow question "Can predation alone account for the cycle?" The answer was 

equivocal and model-dependent; the analysis did not go far. 

Akcakaya (1992) considered the problem in some detail, but his study was flawed 

for at leeist two reasons. First, despite his purported intention of addressing the hare 

cycle in terms of all three trophic levels, Akcakaya (1992) fails to treat the food supply 

of the hares as anything but a constant. Second, again despite a stated intention 

of estimating the parameters independently of historical time series data, several 

important parameters are estimated on the basis of time derivatives of fur return 

data series. This not only logically weaJcens his conclusions, but probably results 

in biased estimates of key demographic parameters, since the fur returns doubtless 

overestimate the amplitude of the cyclic fluctuations: if the amplitudes of these data 

sets are exaggerated, then their derivatives are even more so. 

These problems might be redressed by careful reconsideration of the model of 

Akcakaya (1992). However, two factors lead us to believe that his "ratio-dependent" 

formalism does not merit further interest. The model embodies biologically unten

able assumptions, made manifest mathematically in certain pathologies (Abrams, 

1994, 1997; Yodzis, 1994; Gragnani, 1997). Also, ratio-dependent models, lacking a 
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mechanistic foundation, can be no more than phenomenological descriptions of popu

lation interactions (Abrams, 1994). In particular, they are insusceptible of extension, 

except in a strictly ad hoc fashion. For the program we have outlined to proceed, our 

model must allow extensions to incorporate complications descriptive of biological 

effects. 

2 Population dynamics of the snowshoe hare. 

Two different approaches to the study of the "10-year cycle" have been applied to date. 

On the one hand, we have the excellent long-term field studies mentioned discussed 

in the preceding section. These studies have yielded a weaith of information on the 

natural history of the boreal forest community. On the other hand, much progress has 

recently been made in the area of statistical analyses of time-series data (Stenseth 

et al., 1997, for example). Very little, however, has been done to bridge the gap 

between these levels of description. What would such a bridge look like? It would 

have to take the form of a theory based on known demographic mechanisms and 

capable of giving testable predictions in terms of either field observations or time-

series data. For logical reasons, as well as for the reasons indicated in the last section, 

it is imperative that the parameters of such a model be estimated independently of 

the time-series data. In this section, we derive such a general model of the population 

dynamics of the boreal forest community. 

2.1 A three-level food chain. 

A number of lines of evidence suggest that the essence of the snowshoe hare cycle is 

to be found in a three-trophic level description of the ecological community in which 

the hares are embedded (Figure 26). Some studies suggest that hare interactions with 

their winter forage can have a strong influence on several of the hare's demographic 

parameters, including recruitment (Gary & Keith, 1979; Keith, 1990), survival (Pease 
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et al., 1979; Vaughan & Keith, 1981; Keith, 1983, 1990), and possibly indirectly on 

the hare's susceptibility to predation (Keith, 1990; Hik, 1995; Boonstra et al., 1998). 

On the other hand, a number of field studies have concluded that, during the last 

few population crashes at least, the most significant source of mortality in hares 

has been predation (Brand et al., 1975; Boutin et al., 1986; Trostel et al., 1987). 

A factorial experiment involving food supplementation and predator exclusion has 

provided striking direct evidence of a nonlinear interaction among the three levels 

(Krebs et al., 1995). Recent field observations (O'Donoghue et al., 1998b) suggest 

that predation's impact on snowshoe hare populations is probably far greater than 

had been previously estimated (Keith et al., 1977). 

On top of this evidence, recent analyses of historical time series data suggest that 

at least three dimensions are necessary to adequately describe the change of ecologi

cal state during the course of the cycle (Stenseth et al., 1997). This underscores the 

fact that in order to adequately express the aforementioned three principal hypothe

ses, a full three-trophic-level description is necessary. Only by including all of these 

possibilities within our model can we address the relative importance of the several 

factors. 

2.2 A general model. 

Let us therefore attempt to write down a model general enough to account for all of 

the effects which appear to play a role in the population cycle yet no more general 

than need be. We index the species of forage by i, of herbivores by and of predators 

by k. Then the densities of the various species can be written as vectors 

B = {SI(A,X,R)} 

h = [hi{a,x,t)} (1) 

P  =  {pt(a,x,t)}. 
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FIGURE 26. Food web of the Canadian boreal forest. There are essentially three 
trophic levels. A wide range of forbs and grasses support a community of herbivores 
during the summer season. During the winter, some of the herbivores hibernate, while 
others depend upon woody browse. There are a wide variety of predators which differ 
both in degree of dependence on hares and degree of mobility. 
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We have indicated in (1), that densities might vary with respect to age A, spatial 

location X, and time T. Moreover, since rates of change of these quantities may 

depend on the physiological condition of the population, we introduce vectors of 

c o n d i t i o n  i n d i c e s  Cb ,  Ch ,  C p -

We will take for a general demographic model of the snowshoe hare cycle the 

following three equations for the time rates of change of B, H, and P: 

^  =  G ( C B ,  B , T) -  F B{ B ,  H ,  P , T)H  
al 

^ = R h(C K,T ) H - D „ ^ C H,T ) H  

- F k ( C H , H , P ) P  

^  =  R p { C p , P , T ) P  -  D p ( C p , P , T ) P .  

Already in writing these very general equations, we have made a number of assump

tions, which we will do well to state explicitly. We assume that the growth rate 

of browse G depends only upon the current stock of browse, the biological time T, 

and possibly indirectly upon other factors via the index of condition Cb- Such an 

index might, for example, depend on the past history of herbivorous damage to the 

population of plants. No such simplifying assumption can be made on the per-capita 

rate of herbivory Fb, since it might quite reasonably depend on any or ail state 

variables. The hare recruitment rate R[j and mortality rate Dh are assumed to be 

influenced only by the season T and on an index of hare condition Ch-, which we will 

discuss below. This assumption excludes the possibility of direct density dependence 

such as might be due to territoriality or spacing behavior, which do not appear to be 

important effects in snowshoe hare populations (Keith, 1990; Krebs, 1996). On the 

other hand, the corresponding demographic functions Rp and Dp for the predators 

allow the possibility of direct density dependence. As regards the predator functional 

response Fh, we suppose that it can depend on hare condition, as has been suggested 

by Keith (1990), and upon the predator density, as well as upon the hare density. 

Predator-dependence might come about through predator interference or adaptive 
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antipredator behavior on the part of hares (Abrams, 1993; Hik, 1995). 

Although it is clear that many of the foregoing assumptions are open to chal

lenge, it is to be hoped that the formulation (2), or a variant of it, will prove useful 

in clarifying, organizing, and expressing hypotheses in future. For the purposes of 

mathematical analysis, however, the model (2) is still vastly too general. We seek to 

further specify its terms, doing so in such a way that extensions and complications 

which may be important from the biological standpoint can be viewed as perturba

tions. In the next section, we give form to the functions appearing in (2), deriving 

thereby a minimal model of hare population fluctuations. It should be consistent with 

the available data, yet tractable enough to give us deeper insights into the dynamics 

of real populations. 

3 A minimal model. 

To proceed beyond (2), we must navigate between the Scylla of complications, which 

render analysis difficult, and the Charybdis of simplifications, which make parame

terization impossible and threaten the connection between the model and the phe

nomena it is meant to describe. As we have adready mentioned, statistical analyses of 

historical time series data (Stenseth et al., 1997) indicate that no more than three di

mensions are needed to adequately represent snowshoe hare data. On the other hand, 

to adequately represent all currently viable hypotheses, we require at least three di

m e n s i o n s .  W e  s u p p o s e  t h e r e f o r e ,  t h a t  i n  ( 2 ) ,  i t  i s  s u f f i c i e n t  t o  t a k e  t h e  q u a n t i t i e s  B .  

H, and P to be scalars, independent of A and X. This amounts to assuming that the 

populations are unstructured with respect to species, age, spatial location or habitat 

use, condition, social status, etc. 

This is indeed an oversimplification: the boreal food web is of course, quite a bit 

more complex (Figure 26), although it is relatively simple as food webs go (Norrdahl, 

1995). Alternate prey species are available, including microtine rodents, gallinaceous 
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birds and squirrels. The fact remains however, that the snowshoe hare represents 

the majority of prey biomass during the winter (Boutin et al., 1995). Consequently, 

mziny predator species depend on hares. 

Of course, there are nimierous other complexities ignored by this assumption. 

Studies have revealed differential rates of survival for different age classes (Keith k 

Windberg, 1978; Keith et al., 1984) and differential use of habitat during the course 

of a cycle (Wolff, 1980: Hik, 1995; Poole, 1995). Different predator species display 

different functional and numerical responses to changes in hare densities (Keith et al., 

1977; O'Donoghue et al., 1998b). Although lumping the predators together can be 

justified on statistical grounds (Royama, 1992; Stenseth et al., 1997), it would be 

foolhardy to believe that all of these complexities can be, in any exact sense, swept 

into a three-variable scalar model. 

It would be as foolish to attempt any meaningful analysis of a model incorpo

rating all of these effects, without the understanding that can only be gained from 

simpler models. Here we investigate the possibility that many of the features of the 

geometry underlying the dynamics of boreal mammal populations may be uncovered 

from analysis of simple models. One should first attempt to expose these features, 

and only then to examine the extent to which they are preserved, transmuted, or 

destroyed by further complications. 

3.1 Growth of woody browse. 

During the long snow-covered Northern winter, snowshoe hares rely for food on the 

terminal twigs of several species of trees and shrubs (Keith, 1990). As we mentioned 

before, shortages in food supply during the winter can have a large indirect impact 

on hare demography. By contrast, it is commonly agreed that the supply of summer 

forage, which includes a wide variety of herbaceous vegetation, rarely if ever imposes 

limitations on hare demographics (Wolff, 1980; Keith, 1990). For this reason, we focus 
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on the supply of winter food as a potentially key variable. 

The woody browse consumed consists principally of terminal twigs less than 4 mm 

in diameter and within 1.5 m of snow level (Pease et al., 1979; Keith, 1990). To a first 

approximation, then, we might suppose that the amount of photosynthate denied the 

parent plant by hare browsing is small relative to that provided by foliage on the 

remaining, larger-diameter branches and twigs. This need not always be the case, 

however, as hares often clip larger-diameter twigs in order to obtain small-diameter 

browse that would remain otherwise out of reach (Fox & Bryant, 1984: Bryant et al., 

1985; Keith et al., 1984). Be this as it may, we may reasonably suppose that self-

shading imposes an upper bound on the total density of browse capable of being in a 

given habitat. This capacity K, for exzimple, is proportional to the density of plants 

of the preferred food species. In the present chapter, we shall assume a browse-growth 

function of the form 

where G represents the mean annual specific growth rate and is a dimensionless 

function of mean 1 and period 1 yr which accounts for the seasonality of plant growth. 

Alternatively, we might make the assumption of logistic browse-growth 

This would clearly be appropriate for herbaceous forage, where grazing can not only 

deplete the quantity of available forage, but also directly diminishes its recovery' 

potential and speed, by depriving the plants of leaf-area. Probably the truth lies 

somewhere between (3) and (4); for technical reasons we discuss below, we regard 

(3) as the simpler of the two and study the implications of browse growth of this 

form in the present chapter. Since there appears to be little information on how past 

herbivory might affect G or K, we will take these to be constant parameters. 

The estimation of G is problematic. Several authors report that the quantity 

of browse, even when decimated by browsing, typically regenerates rather quickly. 

GiB,T)=G^AT){K-B) ,  (3) 

(4) 
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i.e., withiin one year. Although Smith et al. (1988) measiu-ed the relative growth rate 

of the four most common hare food species in the southern Yukon, unfortunately they 

did not publish data on the absolute abundance of browse on the same plots. Con

sequently. we are unable to use their data directly to estimate the density-dependent 

rate of browse growth. Careful studies of the hare-browse interaction in Alaska, on 

the other hand, suggest that the quality of the browse (in terms of hare palatability 

and digestibility) may fully recover from severe browsing only after 2-3 yx (Fox & 

Bryant, 1984; Bryant et al., 1985). To embrace the range of possibilities, we estimate 

that G probably lies between 0.55 and 2.2 yT~^ These values give 90% recovery 

times (in the absence of browsing) of 1.0-4.0 yr~^ These times are consistent with 

the observed recovery of browse as reported by Wolff (1980), Fox & Bryant (1984), 

and Smith et al. (1988). 

On three sites near Rochester, Alberta during a hare decline. Keith et al. (1984) es

timated available woody browse densities ranging from 6.3 x 10^ to 5.3 x lO'' kg km~^. 

Smith et al. (1988) estimated biomass of browse available to hares during seven 

winters spanning increase, peak, and decline phases. They report browse densities 

ranging from a low of 1.96 x 10^ kg km~^ at the bottom of a population crash to 

1.33 x 10° kg km~^ during the hare increase phase. We will estimate that realistic 

values of K lie between 10® and 5 x 10® kg km~^ for these habitats. Of course, larger 

values of K correspond to better habitats; smaller values to poorer ones. 

3.2 Herbivory. 

To describe the rate of consumption of browse by hares, we make the assumption of 

a Holling type-II functional response 

Fg(B,T) = (3) 

This equation, derived from first principles (Holling, 1959a), has the advantage that 

it can be readily generalized to include other effects. Thus for example, to the extent 
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that the presence of predators or density of hares inhibits hare feeding activity, the 

maximal hare feeding rate and the half-saturation density Xb might indeed be 

functions of F, h, or both. In the present study, however, lacking sufficient informa

tion to inform the modeling of such effects, we assume that ks and Xb are parameters 

to be estimated. As in (3), to express the seasonality in the hare's reliance on b, we 

introduce a mean-unity periodic function 

Pease et al. (1979) performed experiments to ascertain the quantity of woody 

browse required to sustain hares in winter. While they estimated that 300 g day~^ 

were required for maintenance at normal winter temperatures, Keith et al. (1984) 

actually measured both the amount of browse available and the amount removed 

overwinter at three separate sites characterized by markedly different browse and 

hare densities during a hare decline. Unfortunately, their data points are too few 

to make accurate estimates. However, we can use their largest removal rate, 1530 g 

day~^ hare"' (over the course of a year this averages « 280 kg yr~' hare"^ assuming 

the winter lasts one-half year) as a lower bound on fcs. Since this rate was attained 

at an estimated browse density of 5.3 x IC* kg km~^, we can crudely estimate that 

realistic values of Xb lie within the range 1 x lO'' to 5 x 10'* kg km~^. 

3.3 Recruitment rates. 

Snowshoe hares typically begin to breed soon after the spring equinox; the first lit

ters are born in late .A.pril or early May (Gary & Keith, 1979). Since immediate 

postpartum breeding is the rule, there are typically up to four roughly synchronous 

litter groups born over the course of a summer. Numerous studies suggest that, under 

food short conditions, most components of hare recruitment are diminished, including 

pregnancy rate, number of litters per female, litter size, and early juvenile survival 

(Gary & Keith, 1979; Vaughan & Keith, 1981; Keith, 1990). Much of this effect may 

be due to a shortened breeding season following winters of food scarcity, from which 
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the animals emerge in poor condition. 

For the principal predators of the hare, an equally impressive array of studies 

conclude that, during times of hare scarcity, recruitment rates are very low or even 

zero. For mammalizin predators such as the Canadian lynx Lynx canadensis and 

coyote Canis latrans, this may manifest itself principally in low pregnancy rates or 

ver\- high rates of early postpartum mortality (Brand &: Keith, 1979: Poole, 1994: 

Mowat et al., 1996; Todd et al., 1981). For avian predators such as the great homed 

owl Bubo virginianus, few if any pairs will make nesting attempts during periods of 

low hare abundance (Adamcik et al., 1978). 

Such dependence of recruitment upon animal condition, and specifically upon 

nutrition, is to be expected on the basis of physiology (Sadleir, 1969a, 1969b). For 

mammals, a meaningful index of condition should probably include a weighted average 

of food intake over the entire period from oestrus to weaning. For avians as well, adult 

food intake up until fledging is probably strongly correlated with survival and success 

of young. The form this average should take, however, remains at present a matter 

for speculation. In the present study, therefore, we content ourselves with indices of 

animal condition dependent only upon current food intake: 

These indices are proportional to actual food intake rates but for convenience have 

been scaled to vary on the unit interval. 

As for the dependence of recruitment rate itself upon condition, we make the 

following assumption. 

We have supposed a linear relation between condition and recruitment rate. The stud

ies of predator populations mentioned above suggest a stronger, nonlinear dependence 

would probably be more appropriate. However, since we lack detailed information to 

c - ^ r ^ 
^ XB + B ^ X„ + H' 

(6)  

RH =  RHiCH,T)=RH^s{T)CH 

Rp = Rp{Cp,T)  =  Rp^,{T)Cp.  
(7) 
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guide us, we feel it wiser to refrain from introducing the additional parameters such 

a modification would necessitate. Note that for simplicity, the seasonality in (7) is 

identical to that in (3) and that the predator recruitment is here assumed independent 

of p. Thus for example, we assume territorial behavior exerts a negligible influence 

on the demographics of predators as well as prey. 

Car\- & Keith (1979) report realized snowshoe hare natalities ranging from 4.8 

per female in the late decline phase to 16.3 (the largest we have encountered in the 

literature) in the early increase phase. Their estimates of juvenile survived in the 

first 45 days postpartum range from 0.14 to 0.82 (Keith & Windberg, 1978, Table 

10). By combining corresponding realized natalities per female with birth-to-45 day 

juvenile survival, we estimate that the annual recruitment rate varies between about 

1.1 and 9.9 per female. These correspond to instantaneous recruitment rates of 0.45 

to 1.78 yT~^ Since Rh represents the maximum attainable recruitment rate, it is 

reasonable to assume it lies in the range 1.8-2.0 yr~^ 

For predators, the situation is complicated by the fact that we have made the Pro

crustean assumption that a single scalar p suffices to describe the entire complex of 

predators. This substantially complicates independent estimation of the parameters. 

We take a conservative approach, bracketing Rp with estimates for the individual 

species. We reason that the total effect of a complex of predators will be some sort 

of average of the effects of the component species. We are, however, aided in our 

estimation by the fact that all of the principal predators have at most one litter (or 

clutch) per year. Thus, for lynx, estimates of maximal (between years) average (be

tween animals) litter size range range from 4.0 to 5.3 (Poole, 1994; Slough &: Mowat, 

1996). For coyotes, Todd et al. (1981) found litter sizes as great as 6.0, but were 

unable to estimate early juvenile survival rates. Adamcik et al. (1978) report both 

mean number of successful hatchings and survival-to-fledging rates for great homed 

owls, which, when combined, estimate recruitment rates of 1.5-2.7 fledglings per nest. 

We estimate, therefore, that predator recruitment rates probably lie within the range 
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2.7-6.0 per female, corresponding to an Rp of 0.85-1.4 yr ^ 

3.4 Mortality rates. 

The non-predation mortzility functions Dh , Dp in (2) depend on the amount of food 

available via the condition indices Cu and Cp, respectively. We make the assumption 

that these mortality rates depend linearly on condition, 

Dh(CH)  = DH{1  — 5 \CH)  
(8) 

Dp{Cp) =  Dp{ l  —  SiCp),  

so that when condition is good, i.e., C ~ 1, the mortality rate is at its baseline level 

D(1 — J) and when condition is poor, i.e., C ~ 0, mortality approaches a maximum of 

D. Again, physiology would suggest that mortality should have a stronger, nonlinear 

dependence on condition. Indeed, experiments show that populations of simple organ

isms, deprived of food, do not decay exponentially, but rather at an increasing rate. 

This suggests that the assumption D oo as C 0 would not be unreasonable. 

There are two problems with introducing nonlinearity into the model at this stage, 

however. First, it is not clear how to scale individual behavior up to the population 

level. Individual differences among animals become significant imder starvation con

ditions, and we should expect that some portion of the population will survive even 

when the per-capita food availability is far below sustenance level. Second, making 

an assumption of nonlinearity in this rate requires the introduction of additional pa

rameters and makes analysis that much more difficult. For these reasons, we retain 

the linearity assumption (8). 

Boutin et al. (1986) report that the chief proximate causes of snowshoe hare 

mortality at their study site in the southern Yukon were predation and starvation. 

In an 8-yr telemetry study encompassing the increase, peak, and decline phases of 

a single cycle, they measured 91-day survival rates ranging from 0.05 in the spring 

after the population crash to 0.91 in the first autumn of the peak. Analysis of their 
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data revecils that instantaneous starvation mortality rises throughout the increase 

and peak phases of the cycle, and can reach values of at least 1.6 yr~^ (possibly as 

high as 3.0 yr"^). Realistic values of therefore, probably lie within the range 

1.6-3.0 yr~^ During the increase phase, starvation mortality was very low or zero, 

suggesting a value of close to unity. Although the data of Boutin et al. (1986) 

show that starvation mortality has a strong seasonal component, simulation shows 

that it is unnecessary to introduce explicit time dependence into (8) to account for 

seasonality in the starvation rate. 

Poole (1994) and Slough & Mowat (1996) report that adult lynx survival is high 

(75-90% annually) in ail phases of the hare cycle except for the decline. During the 

second winter of hare population decline, they estimated annual adult lynx survival 

at 27% and 40% respectively. O'Donoghue et al. (1997) reports survival during this 

phase at only 9%. Since we were unable to locate corresponding information for other 

predators, we will use only the lynx parameters for our estimates. Assuming annual 

mortality rates of 0.6-0.91 during times of hare scarcity and 0.1-0.25 during hare 

abundance, we estimate that Dp should lie in the interval 0.9-2.4 and 62 between 

0.68 and 0.96. 

3.5 Predation. 

The predator functional response Fh we take to have the Holling type-II form 

This form is consistent with measurements of functional response for the principal 

predator species (Keith et al., 1977; O'Donoghue et al., 1997). Although Keith et al. 

(1977) found evidence for a type-Ill functional response in coyotes, consistent with the 

prevailing view of the coyote as the quintessential generalist predator, O'Donoghue 

et al. (1997), using improved techniques, found that coyotes in fact appeared to 

be stronger specialists on hares in the borejil forest than even l3Tix. At any rate, 
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O'Donoghue et al. (1997) point out that the shape of the functional response cannot 

adequately by distinguished on the basis of the available data. 

In the generzil model (2), we have not ruled out the possibility that the predator 

functional response fh depends on ch and p. The suggestion of Keith (1990) that 

•food shortage must increase the relative vulnerability of juveniles to predators" and 

that hares in poor condition may otherwise show increased susceptibility to predation 

is certainly reasonable. Wolff (1980) presents evidence that predation rates grew dur

ing the peak and increase phases of a cycle due to the pre-saturation dispersal of hares 

into habitats affording less cover from avian and mammalian predators. Hik (1995) 

found evidence that hares may adapt their foraging strategy to reduce predation risk. 

Be this as it may, absent specific data to support a particular mechanism of predator 

or condition dependence of functional response, let us assume that kn and Xh are 

c o n s t a n t s .  S h o u l d  q u a n t i t a t i v e  d a t a  r e g a r d i n g  t h e  m e c h a n i s m  o f  d e p e n d e n c e  o i  Fh 

on p or ch become available, this assumption can be relaxed. 

As in the estimation of predator recruitment rates, we adopt the conservative 

policy of bracketing the parameters for the predator complex by those for the in

dividual species composing it. O'Donoghue et al. (1997) fitted (9) to their data 

for both lynx and coyote. Their best fit values give us asymptotic kill rates kn of 

480 hare pred"^ yr~^ for lynx and 870 hare pred"^ yr~^ for coyote; best fit estimates 

of the half-saturation parameter Xu were 42 hare km~^ for lynx and 114 hare km"^ 

for coyote. The latter are consistent with the estimates of Keith et al. (1977), which 

can be read from their graphs at 40 and 140 hare km~'^ respectively. According to 

the data of Keith et al. (1977), these half-saturation densities bracket those for the 

ensemble of predator species considered (Ijmx, coyote, red-tailed hawk, and great 

horned owl). We will accordingly estimate that realistic values of Xu lie between 

40 and 140 hare km~^. The estimates of kn given by O'Donoghue et al. (1997) are 

substantially larger than those estimated by Keith et al. (1977), due to improvements 

in methodology of the former over the latter. 
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Parameter Units A priori estimate Plausible Range 
G yr"^ 1.1 0.55—2.2 
K kg km"^ 2 X 10® 1-5 X 10® 

Rh 1.9 1.8-2.0 
Rp yr"^ 1.2 0.85-1.4 
kb kg hare"^ yr~^ 465 280-
k f {  hare pred"' yx"^ 600 480-870 
Xb kg km"^ 2 X 10-* lo-^-io® 
Xh hare km~^ 90 40-140 
Dh VT"^ 1.8 1.6-3.0 
Dp yr"^ 1.7 0.9-2.4 

— 0.98 — 

52 — 0.9 0.68-0.96 

TABLE 3. Summaxy of model parameters and their estimates. The parameters are 
estimated to lie within the plausible range. The a priori estimate has been chosen to 
lie near the middle of each range. 

3.6 Stumnary. 

Our minimal model of snowshoe hare demography, then, takes the form 

§=G^AT) iK-B) -^UT)^  

For purposes of analysis, it is convenient to assume summer and winter seasonality 

functions $s(T), $u,(T) of the simplest form possible. Therefore, we suppose that 

these can be reasonably approximated by haxmonic functions 

^^{T) = 0s(f2T') = 1 + sin QT" 
(11) 

^yj{T) = 0^(Qr)= 1 - e2sinnr, 

where Q = 27ryr~^ The parameters of (10) and their estimates are summarized in 

Table 3. For each paxajneter, we give the range of values very likely to include the 

real range of possibilities. Additionally, we make an a priori estimate by choosing 
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a value near the middle of each range. We now tmn to a mathematical analysis of 

(10). 

4 The Hamiltonian limit. 

The dvTianiical repertoire of (10) consists of a wide range of regular and chaotic be

haviors. It is a remarkable fact that most of this behavior can be traced back to a 

Hamiltonian limit (Chapter III). By this we mean a subset of the parameter space 

where the dynamics (oa a globally-attracting submanifold) are governed by Hamil

ton's equations (Tabor, 1989; Lichtenberg & Lieberman, 1992). .A.lthough this special 

case would be by itself biologically uninteresting, it exercises a profound influence 

over the dynamics of the biologically realistic regime, as we shall see. The fact that 

this critical organizing center is the progenitor of most or all oscillatory behaviors 

provides the basis for an easy, efficient, and accurate method of circumscribing those 

regions of parameter space corresponding to oscillatory behavior, whether regular or 

chaotic, with quantitative characteristics of the sort observed in Nature. 

4.1 Rescaled equations. 

To facilitate analysis, we rescale the equations (10). For a wide range of parameter 

values, the autonomous dynamical system obtained by setting 5i = Sq = 0 in (11) 

admits an interior equilibrium {B', B*, H*. P' > 0. When such an equilib

rium exists, it is invariably unique. We rescale the phase variables B, H, P around 

this equilibrium by defining new variables 

^  = log^ y = log^ 2 = log^ (12)  
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and a new dimensionless time t = QT. Defining the dimensionless parameters 

76 
GK 
QB* 

Ih  =  

B'  

Vb  =  

Rh  + ̂IDH B*  
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Rh  +  SIDH B '  
B* H' 

'ip ~ 
Dp 
n 

(13) 

/?/.= R H 

Rh + ̂ \Du  

we arrive at the rescaled svstem 

Ih  = 

Rt  

dx 
dt 

dt 
dz 
dt 

Tt= ' ' '  

dt 

= 7p 

{ e  -  ab)< l ) s { t )  -  (1 -  ab)d>u , i t )  

^  Rp + 62DP 

(1 + 776)6^" 
1 + Tjbe" 

(PMt)+(1 -  M) 1  ̂  -ocH- i i -

(0 ,U t )  + (1 - 3 , ) )  - 1  

( U )  

(15) 

+ 

In terms of the dimensionless parameters (13), the conditions for co-existence of 

the three trophic levels are simply 

ttfi < 1 a/, < 1 

776 > 0 V h > 0 .  

Whether or not these conditions are satisfied, in the autonomous case, the equilibrium 

of (14) is located at the origin. A Hamiltonian limit is located at «(, = 1, 77/1 = 0. It 

can be shown that this is the only such limit in (14). The fact that this special case 

lies on the boundary of the region of biologicaily meaningful solutions (15) neither 

stops us from investigating it nor prevents this singularity from making itself felt well 

within the regime of interest. 

4.2 Subharmonic resonance. 

In the Hamiltonian limit at, = 1, 77/, = 0, the phase flow governed by (14) rapidly 

contracts to the plane x = 0. The flow on this plane is Hamiltonian, hence area 
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preserving (Chapter II). In fact, when the flow is autonomous (i.e., when 61=^2 = 0) 

it is equivalent to that of the classical conservative Lotka-Volterra equations (Vblterra, 

1926). When (14) is nonautonomous, the dynamics are still Hamiltonian, but are now 

nonintegrable and vastly more complicated (Chapter II). Because phase area on this 

plane is neither expanding nor contracting, nimierous periodic, quasiperiodic, and 

chaotic motions can coexist here. This fact would be of no consequence, biologically 

speaking, were these behaviors to disappear immediately upon exit from the singular, 

Hamiltonian regime. As it happens, they persist. 

In particular, periodic orbits of long period, corresponding to multi-annual cycles, 

persist well away from the Hamiltonian limit. These subharmonics are the manifesta

tion of resonance between the intrinsic cyclicity of the h-p interaction and the cycle 

of the seasons. They come in pairs, one noded in nature (in the Hamiltonian limit 

this cycle is elliptic), the other a saddle-cycle. In general, as we either decrease aj or 

increase 7//,, the subharmonics persist until they are annihilated in a tangent bifurca

tion, i.e., until the saddle and node collide. The region of parameter space wherein 

subharmonics of a particular period can be found is thus bounded by a surface of 

tangent bifurcations (Chapter III). Utilizing the technology of numerical bifurcation 

continuation, these surfaces (more accurately, the curves formed by their intersection 

with planes parallel to co-ordinate axes) may be traced out. 

4.3 The color of dynamics. 

The regularity of the oscillations observed in fur return data for both lynx and hare 

(Elton & Nicholson, 1942) has been explained in terms of deterministic limit cycles 

in the presence of environmental stochasticity, measurement error, or both (Trostel 

et al., 1987; Akcakaya, 1992). On the other hand, some have advanced explanations 

in terms of chaotic oscillations, with or without additional noise (Schaffer, 1984, 1988; 

Hanski et al., 1993). In any event, these mathematical distinctions are probably too 
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fine to be discriminated in the pale light of the available data. 

For this reason, we have proposed the term color as a coarser description of the 

djTiamics, commensurate with the quality of the available data. The color of a given 

dynamical behavior can be defined, whether the motion is periodic, quasiperiodic, or 

chaotic, as the set of predominant modes in the power spectrum. Alternatively, we 

can think of the color as the distribution of inter-armual peak-to-peak times (Chapter 

III). Viewed in these terms, the first two of the problems we enumerated in §1 become 

a single problem. The questions Why are the fluctuations so regular? and What sets 

the period of the cycles? become simply Why do the oscillations have the particular 

color they do? 

For reasons discussed in greater detail in Chapter III, the subharmonic resonances 

serve to indicate the color of the dynamics of (14). Theory suggests and simulations 

confirm that this fact remains true under sufficiently small stochastic perturbations 

as well. Specifically, the 7-12 yr subharmonic resonances circumscribe precisely those 

regimes corresponding to fluctuations of the same color as those observed in Nature. 

This observation forms the basis of an effective method of finding those regions of 

parameter space corresponding to fluctuations of the appropriate color. 

4.4 Methods. 

We look to the unique Hamiltonian limit to find subharmonic periodic orbits corre

sponding to 7, 8, 9, 10, 11, and 12 yx cycles. Use of the alternative assumption (4) 

results in a system with two Hamiltonian limits, plus a third, degenerate, Hamiltonian 

case (Chapter III). For this reason, we view the browse-growth assumption (3) as the 

simpler of the two. We continue the subharmonic orbits numerically against a single 

parameter (a^ or T]h) until we meet the tangent bifurcation where the subharmonic is 

destroyed. We then continue this bifurcation into the interior of the parameter space. 

When the tangent bifurcations are traced out, it can be seen that the subharmon-
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ics live in horn-shaped regions called Amol'd tongues or resonance horns (Amol'd. 

1983). Figure 27 shows how these horns aJl emanate from the Hamiltonian limit and 

terminate on a curve of perturbed Hopf bifurcations. This curve itself emerges from 

the Hamiltonian limit. A much more detmled discussion of the topology engendered 

by the Hamiltonian limit and its consequences for the color of the dynamics is given 

in Chapter III. 

The numerical computations we performed using our own package xloc. Our 

continuation algorithm uses a secant or tangent predictor and chord-Newton correc

tor with local parameterization and adaptive stepsize control. We work with the 

Poincare section or time-one map of our flow, and compute the Jacobian of the map 

via concurrent integration of the equations of first variation. Our experience sug

gests that accuracy of the computed Jacobian is the primary limiting factor, which 

renders standard continuation software such as LOCBIF (Khibnik et al.. 1993) or 

AUTO (Doedel et al., 1996) inadequate to the task of continuing long-period cycles. 

For an overview of applied bifurcation theory and continuation methods, see Seydel 

(1994) or Kuznetsov (1995). For a more detailed discussion of our methods, including 

numerical and ainalyticai consistency checks, see Chapter III. The xloc software is 

written in ISO C, runs under Linux or Unix, and utilizes standard public-domain 

routines for linear algebra (LINPACK, EISPACK), O.D.E. integration (ODESSA), 

and visualization (GNU plotutils library libplot). 

5 The biological point of view. 

Although the rescaling (13) reveals the geometry underlying the dynamics of (10), 

it obscures the biology to some extent. Modification of a single biological parameter 

such as K traces, via the equilibrium values B*, H*, P* and (13), a curvilinear 

path through the full 9-dimensional parameter space. Interpretation of bifurcation 

diagrjuns such as Figure 27 would be easier were the parameters themselves more 
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FIGURE 27. Subharmonic resonance horns emanate from the Hamiltonian limit at 
Qf, = 1, = 0. Solid lines indicate tangent bifurcations, where pairs of subharmonic 
orbits collide and annihilate each other. Shown here are (bottom to top) the 7. 
8, 9, 10, 11, and 12 yr subharmonic resonance horns. The horns are broad where 
they embrace the Hamiltonian limit, narrowing as they extend outward. The dashed 
line is a curve of Nejmark-Sacker bifurcations: passing this curve from left to right, 
the small-amplitude annual cycle loses stability. In region A, then, only the small-
amplitude annual cycle is stable. Region B corresponds to multi-annual cycles of 
period < 7 yr: region C to cycles of the desired color, i.e., 7-12 yr: region D to cycles 
of period > 12 yr. Other parameters are jb = 0.2806, 7/1 = 0.5350, jp = 0.2457, 
Qfi = 0.8033, Pfi = 0p = 1, 776 — 6.239, £i = 1, £2 — 0. 
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directly biologically meaningful. To this end, we introduce a simpler rescaling, as 

follows. Let 

A _ ^ A _ 
K XbQ ^ XHQ 

Rh Rp 

(16) n Q n 
Dh Dp 

= '̂ = ir 
k xgn 

Hi — ^ ~ 
XB keXn 

Under this rescaling, with the same dimensionless time as before, (10) becomes 

= yi4>s{t){l - b) - (t>y:{t)-
dt ' ^^"1+TJib 

f  = (7AW +  ̂ .m.)Y^-M-Y:^ (17) 

-j: = r— /iaP-
dt 1 + 772P 

We remark that the Hamiltonian limit does not exist in this model for finite values 

of the parameters. 

Having identified and continued the resonance horns using (14), we are now in 

a position to translate these into the parametrization (16). We select points on the 

resonance horns corresponding to 8-12 yr cycles and convert the parameters of (14) 

to the parameters of (17). We fix all but two of the parameters at their "reference 

values" (Table 4), calculated from the a priori estimates of Table 3, and continue these 

curves against the remaining two parameters. Finally, we translate the parameters 

of (17) back into the original parameters of (10). The result is a diagram showing 

where in the chosen plane we can find oscillations of the appropriate color. For the 

remainder of the chapter, parameters are set at the reference values in Table 3 unless 

otherwise noted. 

We concern ourselves with the three questions: 

1. Is the model consistent with the observed cyclic fluctuations? 
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Parameter Reference Value 
7i 0.175 
72 0.302 
73 0.191 

% 10.0 
m 3.0 

0.286 
f^2 0.271 
Sv 0.98 
S2 0.9 

TABLE 4. Reference values of dimensionless parameters of (17). 

2. Upon which parameters does the behavior depend most sensitively? 

3. What testable predictions does the model make? 

To answer these questions, we will consider slices through the parameter space. Now. 

there are 36 ways of slicing our 9-dimensional parameter space, and we would need 

many parallel sections in each of these directions to obtain a definitive picture of 

the entire phase portrait. We will consider only a few of these here, beginning with 

the most uncertain parameters and focusing only on a few particular issues. In the 

following, we consider the role of parameters of the hare/forage interaction, those 

relating to browse growth, the importance of hare and predator starvation mortality, 

and the influence of the composition of the predator complex on the cycle. 

5.1 The hare/forage interaction. 

Of all the parameters of (10), the most uncertain are and Xb - These parameters 

both involve quantities descriptive of hare foraging behavior and forage availability, 

which has not been suflSciently accurately studied in the field. We have continued 

the 8-12 yr resonance horns against the parameters rji and 772 and converted these to 

the original parameters of (10) for ease of interpretation. For this purpose, we have 

fixed K at its a priori value; we show plots for two different values of Xffi the a 
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FIGURE 28. Transects of parameter space relevant to hare foraging parameters. The 
transect shown is parallel to the ke-Xe coordinate plane. The solid lines are tangent 
bifurcations bounding (right to left) the 8, 9, 10, 11, and 12 yr resonance horns. The 
dashed line represents the Nejmark-Sacker bifurcation at which the stability of the 
annual oscillation is lost. Thus, in region A, only the small-amplitude annual cycle 
is stable. Region B corresponds to multi-annual cycles of period < 8 yr; region C to 
8-12 yr cycles; and region D to longer-period cycles. The dotted line demarcates the 
plausible range as specified in Table 3. (Left) Xh = 90; (right) Xh = 140. We have 
taken Si = 1, e-z = 0; the other parameters have the reference values as specified in 
Table 3. 

priori value 90 and a higher value of 140. Figure 28 shows the resulting transects 

through a region of parameter space containing the plausible range. It is immediately 

clear that the model is capable of giving cyclic fluctuations of period comparable to 

those observed in Nature: the region corresponding to fluctuations of the appropriate 

period intersects the plausible region. 

This view also allows us to make our first prediction: more accurate measurements 

of the parameter ks should reveal that, given a super-abundance of woody browse, 

hares will remove a much larger quantity than they require. It has been estimated 

that hares require a minimum of « 50 kg yr~^ of woody browse for survival (Pease 

et al., 1979). We predict that they can remove 8-16 times more browse than they 

require, possibly wasting a large fraction. 
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Point Spring Autumn AutumnrSpring 
1 32.2 32.3 54.5 
2 68.1 52.0 97.2 
3 8.9 9.2 15.2 
4 37.2 38.6 68.2 
5 63.8 67.5 122 

TABLE 5. Amplitudes of simulated hare population fluctuations (maxi
mum/minimum) at the parameter values indicated in Figure 29. 

5.2 Browse abundance and regeneration. 

Figure 29 allows us to address the effects of browse abundance and regeneration on the 

cycle, as reflected by the parameters G and K. The only dimensionless parameters to 

involve these quantities are 71 and 7)1. We have continued the appropriate resonance 

horns against these two dimensionless parameters and plotted the results in the G-K 

plane, for two different values of the maximal browse removal rate, fcs = 465,700. 

Comparison with published figures of cycle amplitudes shows that the cycles gen

erated by (10) are consistent with the observed hare fluctuations in amplitude as well 

as period. In particular, Keith (1990) remarks that spring populations rose 13-46-fold 

and fall populations 15-141-fold over the five years 1966-71 near Rochester. Alberta. 

Krebs et al. (1986b) report data showing a spring amplitude of 85-fold, averaged over 

4 control grids. Boutin et aJ. (1995) report the ratio of maximum autumn to mini

mum spring hare density of 26-44 fold over the 1984-94 hare cycle. Table 5 shows 

comparable figures for simulated cycles of (17) at the points indicated in Figure 29. 

In general, the amplitudes of multi-annual fluctuations diminish approaching the 

Nejmark-Sacker curve and grow as we move toward the Hamiltonian limit (recall 

that the Hamiltonian limit is located "at infinity" in the parameters of (17)). This 

observation affords a view of the possible scensuios leading to the cessation of multi-

annual cycles at southern latitudes. Toward the southern edge of the boreal forest, 

unbroken forest increasingly gives way to a mosaic of forest and farmland, which we 
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FIGURE 29. Parallel transects of the parameter space of (10) relevant to browse 
abundance and regeneration. The transects shown are parallel to the G-K coordinate 
plane. Solid lines bound the 8-12 yx resonance horns. The dashed line represents 
the Nejmark-Sacker bifurcation of the small-amplitude annual cycle. Regions A-
D are as in Figures 27 & 28. The dotted line demarcates the plausible range as 
specified in Table 3. (Top left) Transect through the reference point (fca = 465); 
(bottom left) transect with fcg = 700. (Top right) time-series corresponding to point 
3: (bottom right) time series at point 5: from top to bottom, the lines are logio 
of browse density (in kg km~^), hare density (hare km~^), and predator density 
(pred km~^). Amplitudes of fluctuations for the points 1-5 are given in Table 5. 
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may model by diminishing the value of K. Decreasing K has the effect of moving one 

directly from a region of 8-12 yx cycles across the Nejmark-Sacker bifurcation curve. 

.A.S this curve is crossed, the amplitude of the multi-annual cycle goes to zero and the 

annual cycle becomes stable. If this scenario is correct, and if K indeed is smaller 

in southerly regions, then we should expect to see multi-annual cycles of diminished 

amplitude and somewhat shorter period as we move southward, until finally they are 

replaced by an annual cycle. 

In general. Figure 29 shows that decreases in either G or K tend to shorten 

multi-annual cycles, and eventually extinguish them altogether. It is not difficult to 

envision long-term manipulative experiments involving clipping or fertilization which 

might serve as tests of this prediction. 

The geometrical view afforded by Figure 29 also throws the effect of the browse 

regeneration rate G into sharp relief. Specifically, Figure 29 shows that the range of 

values of K giving 8-12 yr cycles is wider and cyclic amplitudes are higher at lower 

values of G, such as are consistent with the studies of Bryant Kuropat (1980), 

Fox & Bryant (1984), and Bryant et al. (1985). On the other hand, our model 

predicts that faster browse regeneration is correlated with longer-period cycles. This 

prediction is the precisely opposite to that of Fox & Bryant (1984). These authors 

argued that regeneration of browse imposes a delayed density dependence on hare 

population growth. On the basis of the simplistic delayed logistic model of May 

(1973), they argued that faster browse regeneration leads to a shorter delay, hence 

faster cycles. The present analysis, however, predicts that faster browse regeneration 

in general yields longer cycles. The primary effect of increasing G is to prolong the 

peak phase of the hare cycle, since the browse can recover more quickly in the face 

of severe browsing pressure. This leads to a greater build-up of predator density, 

which eventually causes a deeper low and a longer-lasting increase phase. Careful 

measurements of browse regeneration rates, as functions of browse density and time, 

in locales where the periodicity of hare cycles is known, might serve to falsify one of 
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the two predictions. 

5.3 Starvation mortality. 

Much of the controversy over the lO-year cycle has centered on the role of food 

shortage in initiating the hare decline (Keith, 1974; Vaughan & Keith, 1981; Krebs 

et al., 1986a; Keith, 1990). In Figure 30, we see that cycles of the appropriate color 

can be obtained with the entire range of plausible hare mortality rates. It is also 

clear that the period of the cycle is relatively insensitive to this component of hare 

mortality. Indeed, within the plausible range of hare maximal starvation rates Dh, 

this parameter is only very weakly correlated with cycle period. On the other hand, 

the cycle period can change a great deal with only modest changes in the predator 

mortality rate Dp. This is because the duration of the low phase of the cycle is set, 

in our model, by the rate at which predator populations decline. 

The roles of the parameters and 62 are highlighted in Figure 31. We see that 

5i, which we have estimated at close to 1, may be taken much lower without affecting 

the period of the cycle. Decreasing however, does tend to favor quasiperiodic 

as opposed to periodic (phase-locked) dynamics and smaller amplitudes (Chapter 

III). On the other hand, the band corresponding to dynamics of the appropriate 

color narrows considerably as 5^ is lowered. At sufficiently low values of 82, multi-

annual cycles cease altogether. Taken together, Figures 30 & 31 show that, of all the 

components of starvation mortality, it is the maximum rate of predator mortality at 

low hare abundance Dp that has the most effect on the period of the cycle. 

5.4 Composition of the predator complex. 

Although we have combined a number of predator species into our one variable P, 

we can indirectly make inferences as to the effects of changes in the makeup of the 

predator community. Specialist predators, dependent on the snowshoe hare for sur-
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FIGURE 30. Mortality rates of hares vs. predators. Region C takes up most of the 
plausible region. Higher rates of predator starvation mortality Dp are correlated 
with shorter cycle periods. By contrast, cycle periods are relatively weakly correlated 
with hare starvation rates, within the plausible range at least. Here we have taken 
KE = 700. 
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FIGURE 31. Starvation mortality among hares and their predators. Although we 
estimate to be close to 1, we were unable to estimate a lower bound on this 
parameter. Hence the box shown at left encompasses the full range of possibilities for 
this parameter. Here we have taken ke = 700. 
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FIGURE 32. Birth and death rates for the predator complex. Note that the resonance 
horns widen as Rp increjises. Here ke = 700. 

vival, will have values of 62 close to unity. Generalists, on the other hand, can be 

thought of as having 82 % 0. In Figure 31, we see how decreasing 62 narrows the 

band of 8-12 yr cycles. Thus the principle, noted many times before, that specialist 

predators can drive regular population cycles, while generalists cannot, plays itself 

out here in our formulation. If it is true that generalist predation is more important 

in southern populations of snowshoe hares, Figure 31 depicts a variant of the scenario 

previously discussed for the cessation of multi-annual hare fluctuations at southern 

latitudes. 

Figure 32 shows how, within the plausible region of parameters, the color of the 

dynamics do not change appreciably with Ftp, this despite the fact that the resonance 

horns do widen with increasing Rp. Widening resonance horns correspond to greater 

amplitudes, stronger phase-locking, and eventually, chaos (Chapter III). 

Different species of predators, of course, differ in terms of the number of hares they 

can kill. However, as we see from (16), kfj does not enter any of the dimensionless 
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parameters. Indeed, the only effect of increasing kg in (10) is to reduce the average 

number of predators. This is a consequence of the vertical predator isocline implied 

by (10). This isocline will not, in general, remain vertical under realistic extensions. 

In the next section, we indicate the means by which a wide variety of extensions of 

(10) may be made. 

6 Extensions and complications. 

The approach exemplified in this chapter can be carried much further. Consider the 

schematic Figure 33, which illustrates the band of motions of appropriate color cutting 

across the plausible range of parameters (dotted frame A). Better measurements of 

the parameters will cause this frame to shrink. There are essentially two possibilities 

for the outcome. One is that the frame turns out to shrink around the region of 

interest, as to frame B. In this case, we must ask how robust the result is: does the 

inclusion of more biological realism cause the region of interest to leave the frame? 

In the event that the frame shrinks to exclude the band of interest, as to frame C, we 

must ask, can more realism move the band back into the frame? Also, which features 

of the biology will have this effect? 

More generally, we can view the process we have initiated here by way of a 

metaphor. Our exploration of the parameter space is after the fashion of miners. 

The Hamiltonian limit is our starting place, since dynamics of all colors can be found 

there. The 7-12 yr subharmonic resonances leaving the Hamiltonian limit are strata 

of ore-bearing rock. We can follow this seam in any direction using the machinery 

of numerical continuation of bifurcations. This is no ordinary form of mining, how

ever, in that we are not confined to three dimensions and, moreover, we can add new 

dimensions (to model new effects) should we deem it necessary. 

Let us now discuss some of the complications which, from our present vantage, 

appear to be important and in need of further exploration. 
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FIGURE 33. Schematic diagram depicting two possible outcomes of more accurate 
field measurements. 

6.1 More realistic functional response. 

As we have noted before, a number of studies have suggested that haxe foraging 

behavior may be very sensitive to the risk of predation (Wolff, 1980: Hik, 1995). 

Specifically, hares may opt to use habitat with denser cover when predation pressure 

is high, even if it means foregoing food. This effect might be modeled by as simple a 

means as introducing a Holling type-Ill functional response for the predators. Alter

natively, one could introduce P-dependence into fcg and Xb of (10). It might even 

prove necessary to introduce explicit refugia in some more complicated fashion. 

It has been noted that, in times of hare scarcity, lynx and coyote concentrate 

their activities neax areas of dense vegetative cover (Poole, 1995; Murray et al., 1994) 

and make other changes in hunting behavior (Miuray et al., 1998; O'Donoghue et al., 

1998a). This may make predator interference into an important effect, which can be 

accounted for in (10) by making Xfj dependent on P (Beddington, 1975; DeAngelis 
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et ai., 1975). 

Keith (1990) has suggested that hares in poor condition may be more susceptible 

t o  p r e d a t i o n .  T h i s  s u g g e s t s  m a k i n g  Xh a n d  p o s s i b l y  ka d e p e n d  o n  Ch -

6.2 More realistic growth, recruitment and mortality rates. 

We have already noted that the linear dependence of recruitment rates and mortal

ity rates on condition is probably over-simple. These functions are probably more 

realistically sigmoidal in shape. Evidence for both manamalian and avian predators 

suggests that there may in fact be a very strong nonlinearity in recruitment rates 

(Brand & Keith, 1979; Poole, 1994; Mowat et al., 1996; Todd et al., 1981; .A.damcik 

et al., 1978). 

Realistically speaking, animal condition is a delayed function of food intake, and 

perhaps significantly, other variables, such as predation-related stress (Boonstra et al., 

1998). Time lags in condition dependence on food intake could be accounted for by 

introducing delays explicitly, or more generally, by defining condition in terms of 

a weighted average over past consumption rates. We have also assumed that hare 

reproduction rates depend only on the quantity of winter forage, i.e.. woody browse. 

Of course, even after the hardest winter, surviving hares can recover fairly quickly on 

their rich summer diet of herbaceous forage. Equations (10) can easily be extended to 

account for this effect. We have made initial explorations in both of these directions, 

i.e.. we have built a lagged condition index with rapid springtime hare recovery upon 

the structure of (10). .A.lthough we have not performed any bifurcation analysis on 

the resulting model, simulations suggest that important features of the geometry are 

largely preserved. 

As we mentioned in §4.4, use of the alternative browse-growth assumption (4) 

results in a substantially more complex geometry. We will explore the consequences 

of relaxing this assumption in a future paper. 
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6.3 Other complications. 

Several other effects might be included as straightforward extensions of (10): 

1. Territoriality of predators, i.e., direct density dependence in predator reproduc

tion and/or survival. 

2. Explicit inclusion of trapping and hunting mortality, which can be substantial 

for some predator species (Brand & Keith, 1979; Todd & Keith, 1983). 

3. The presence of generedist predators. Generalist predation has been modeled 

most simply by the inclusion of direct density dependence in the hare equation 

(Hanski, 1991). 

4. More realistic seasonal dependence in reproduction rates and consumption rates. 

.A.lthough our seasonalities (11) are exceptionally simple, simulations have shown 

that the inter-annual dynamics of (10) do not greatly depend on the form of the 

seasonality functions. Better intra-annual dynamics could be obtained, however, 

with more carefully chosen seasonalities. 

Finally, substantial complications must be introduced to take into account the 

fact of alternative prey species (e.g., ruffed grouse, red squirrels, and voles (Boutin 

et al., 1995; O'Donoghue et al., 1998b)), explicit differences among predator species, 

age structure in predator or hare populations, and spatial coupling of populations 

through predator migration. 

We argue that these complications should be introduced, to the extent allowable, 

as perturbations (i.e., continuous extensions) of a minimal model such as (10). In this 

way, we may build up our understanding, and find the simplest explanation consistent 

with the known biology. 
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7 Conclusions. 

The foregoing represents the first time a model has been derived on the basis of 

mechanisms known to be at work in the population dynamics of the boreal forest 

community and parameterized exclusively on the basis of data from field studies and 

experiments. As such, it represents an important first step toward bridging the gap 

between population biology and the patterns revealed in long-term time-series data. 

Furthermore, the methodology developed in Chapter III proves itself useful even in 

this substantially more complicated model. 

The model (10) is consistent with the observed fluctuations in both period and 

amplitude. Moreover, on the basis of the model we make several specific predic

tions susceptible to experimental verification. Because our model is mechanistically 

derived, it is capable of being extended to incorporate further complications such 

as may be deemed important. We suggest that this work represents a beginning of 

the process of bridging the gap between field biology, with its understanding of the 

day-to-day demographic processes at work in a given population and the long-term 

patterns exhibited by the historical time-series data which have intrigued ecologists 

for so long. To quote Winston Churchill, 

This is not the end. It is not even the beginning of the end. But is 

perhaps the end of the beginning. 
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Appendix A 

PROGRAM LISTINGS 

1 Numerical continuation of bifurcations. 

Our results rely heavily on methods of applied bifurcation theory. The fundamental 

numericEil tool is an algorithm for continuation of fixed points of (iterated) maps and 

their bifurcations. This algorithm is at the heeirt of our xloc package. This package 

is written in ISO C and utilizes standard public-domain routines for linear algebra 

(LINPACK), eigenvalue computation (EISPACK), O.D.E. integration (ODESSA), 

and visualization (GNU plotutils library libplot). It features a secant or tangent 

predictor and chord-Newton corrector with local parameterization and adaptive step-

size control. It requires the user to specify routines for calculating a map and the 

its Jacobian. For the calculations reported in this dissertation, we use the Poincare 

map of the flow. Other maps may be specified in a relatively straightforward way. To 

compute the requisite Jacobians, we use concurrent integration of the equations of 

first variation as opposed to finite diflferencing, as in LOCBIF (Khibnik et al., 1993). 

Our experience suggests that it is the improved accuracy attained in this way which 

enables us to continue very long-period orbits. For an overview of applied bifurcation 

theory and continuation methods, see Seydel (1994) or Kuznetsov (1995). 

It would be of little use to print the full source code for the xloc package here. 

However, to give some indication, we reproduce a Mathematica version of the algo

rithm. This package was used to test the validity and power of the algorithm prior 

to its implementation in C. In the remainder of the appendix, Mathematica code is 

interspersed with comments describing the routines. For a complete reference on the 

commercial Mathematica package, see Wolfram (1996). The complete source code 

of the xloc package, as well as all that reproduced in this Appendix, will be made 
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available upon request from the author. 

1.1 Initial declarations. 

The following are declarations which set up the context for the package and declare 

some error messages. 

BeginPackage["BifCurve, {"Frechet"', "NumericalMath'Horner'"}] 

BifCurve::usage = "BifCurve[F_, xO_List, varindex_List] 
continues the curve defined by the function F (see F\mcv)." 

BifCurve: :smstp = "At miTiinniTn stepsize, no progress made" 

FindTangent::usage = 
"FindTangent[F_, xO_List, varindx_List, h_]." 

FindTangent::nosol = "Tangent vector could not be found" 

NewtRaph::usage = 
"MewtRaph[F, xO, varindx] refines the initial guess xO." 

NevtRaph::div = "Mewton-Raphson iterations diverging" 

NevtRaph: :incom = "Incommensurate dimensions in NewtRaph" 

Funcv::usage = 
"Funcv[f, vars] returns a function suitable for use as 
the first argument in BifCurve, NeatRaph, or FindTangent." 

Options [BifCurve] = { 
TryStep -> 0.01, MinStep -> 0.000001, MaxStep -> 1.0, 
NSteps -> 1000, IncrFactor -> 1.1, DecrFactor -> 3.0, 
TrapFactor -> 2, Window -> {{-Infinity, Infinity}} 

} 

Options[NewtRaph] = { 
Maixlter -> 20, NRTol -> l»~-7, TrapRad -> 1000 

> 

Begin["Private'"] 
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1.2 Compiling the function and Jacobian routines. 

The user specifies the function and Jacobian routines in the fonn returned by the func
tion Funcv • below. Given an algebraic function, this routine computes its Jacobian 
and compiles the restilting code in a form sutiable for use in the main continuation 
algorithm. 

Funcv[f_List, x_List3 := Module [ 
{df = Transpose[Frechet, a, b}, 
a = Con^ileCx, #]& /fl Map [Homer [#,i] ft, f] ; 
b = Compile [x, #] & /® Map [Homer [#, x] &, df, {2}] ; 
Funct ion[{val, indx}, 

-C 
(#[Sequence val]& /fi a), 
(Transpose [# [Sequence <0® val] & /(D b [ [indx] ] ] ) 

> 
] 

1.3 The main continuation algorithm. 

BifCurve[F_, xO_List, varindx_List, opts ] : = 
Module[ 

-Cz, zl, htry, hmin, hmax, nsteps, 
incrfactor, decrfactor, traprad, k=0, window}, 

{h, nsteps} = {TryStep, NSteps> /. 
•Copts} /. Options [BifCurve] ; 

•Chmin, hmax} = {Abs [MinStep] , Abs [MaxStep]} /. 
{opts} /. Options[BifCurve] ; 

{incrfactor, decrfactor} = {IncrFactor, DecrFactor} /. 
{opts} /. Options[BifCurve]; 

traprad = hmax * TrapFactor /. 
{opts} /. Options[BifCurve] ; 

window = Vindow /. 
{opts} /. Options[BifCurve] ; 

z = Catch. [ 
firstPoint[P, xO, varindx, h, opts] 

] ;  
If[ z == Null, 

Return[ ] 
] ;  
w = { First[z] }; 
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While [ 
TrueQC 

(Abs[h] >= hmin) kk (k < nsteps) ktc 
inwindowC z[[l]], varindx, window ] 

3 .  
zl = Catch[ 

nextPoint[P, z[[1]], z[[2]], 
resort[Rest [z]] , h, opts] 

] ;  
if[ 

TrueQC 
(zl = Null) I I 
(normCFirst [zl] - First[z]] > traprad) 

] .  
h /= decrfactor, 
( z = zl; 

k++; 
h = MaLx[ 

-hmax, 
Min[ 

hmay , 
incrfactor h 

] 
] ;  
w = Append[w. First[z]] 

) 
] ;  

] ;  
If[ Abs[h] < hmin. Message [BifCurve::smstp]] ; 
Return[ w ] 

] 

1.4 The Newton-Raphson algorithm. 

NewtRaph[F_, xO_List, varindx_List, opts ] := Module[ 
{xl=xO, dx, f, df, maxn, tol, traprad>, 
{maxn, tol, traprad> = {Maxlter, NRTol, TrapRad} /. 

{opts} /. Options[NewtRaph]; 
Do[ 

f = F[xl, varindx]; 
df = f[[2]]; f = f[[l]]; 
If [ TrueQ [Length [f] =!= Length [varindx]] , 

Message [NewtRaph: :incoin] ; Return [Null] 
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] ;  
dx = LinearSolve [df, f]; 
For[k=l, k <= Length, [varindx] , k++, 

xl[[Tarindx[[k]]]] -= dx[[k]] 
] ;  
If[ TrueQ[Max[Abs[f]] > traprad] , 

Message [NewtRaph.: :div] ; RetuxnC ] 
] ;  
If[ TrueQ[Max[Abs[dx]] < tol Max[Abs[f]] < tol] , 

Return[xl] 
] .  
{maxn> 

] 
] 

1.5 Auxiliary routines. 

The first routine, FindTaungent •, computes a vector tangent to the curve of fixed 
points or bifurcations which is to be continued. 

FindTangent [F_, xO.List, vairindx.List, li_] := Module [ 
{G = F[xO, varindx], dg, dx}, 
dg = Transpose[ G [ [2]] ]; 
dx = LinearSolve [ 

Transpose[Rest[dg] ], 
- h First[dg] 

] ;  
If [ Head[dx] = LinearSolve, 

Message[FindTangent::nosol]; 
Throw[Null] 

] ;  
dx = Prepend[dx, h] ; 
Return[ 

reinsert[Array[0&, Length[xO]], dx, varindx] 
] 

f irstPoint •, computes the first point on the curve and returns this point and 
a prediction (using FindTangent •) of the next point. 

firstPoint[F_, xO_List, varindx_List, h_, opts ] : = 
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Module[ 
{xl, dx}, 
xl = CatchCNevtRaph[F,xO, Rest [varindx] , opts]] ; 
If [xl == NTIII , Return [ ] ] ; 
dx = rescaleStepCh., FindTangent[F, xl, varindx, h]]; 
Return[{xl, dx, varindx}] 

Given that at least one point on the curve has been found, next Point •, computes 
the next point on the curve and returns it, along with a prediction for the following 
point. For the prediction, it uses a secant method. 

nextPoint [F_, xO.List, dx_List, varindx_List, 
h_, opts ] := 

nextPointAux[l, F, xO, dx, varindx, h, opts] 

nextPointAux[k_Integer, F_, xO_List, dx.List, 
varindx.List, h_, opts ] := Module[ 

{xl = xO + dx, x2>. 
If [k > Length, [varindx] , 

Return[Null] 
] ;  
x2 = Catch [NewtRaph[F, xl. Rest [varindx] , opts]]; 
If [x2 == Null, 

Return[ 
nextPointAux[ 

k+1, F, xO, dx. 
Append[Rest[varindx], First [varindx]], 
h, opts 

] 
] 

] ;  
Return [ {x2, rescaleStep[h, x2 - xO] , varindx} ] 

nderiv[f_, {x_List, xO.List}, h_:l»~-8] := Module[ 
{fO = f /. Thread[x -> xO] , xl, fl, df={}}, 
For[ k = 1, k <= Length[x], k++, 

xl = xO; 
xl[[k]] += h; 
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fl = f /. ThreadCx -> xl]; 
df = Append[df, 1/h (fl - fO) //N]; 

] ;  
RetiimC Transpose [ df ] ] 

] 

reinsert [xl_List, _List, {}] := xl 

reinsert [xl_List, {}, _List] := xl 

reinsert [xl_List, {x2_, X }, {lead_Integer, follow Integer}] : = 
ReplacePart[ 

reinsert[xl, {X}, {follow}], 
x2, 
lead 

] 

resort[{x_List, y_List}] := 
Sort[y, (AbsCx[[#l]]] > Abs [x [ [#2] ] ] ) ft] 

norni[vec_List] := Sqrt[Dot[vec,vec]] 

rescaleStep[h_, vec_List] : = 
AbsCh] vec / norm[vec] 

inwindow [_List, _List, {}] := True 

inwindow [_List, {}, _List] := True 

inwindow[z_List, {lead_Integer, follow Integer}, 
{{wl_, w2_}, W List}] := 

TrueQ[ 
(z[[lead]] >= wl) && 
(z[[lead]] <= w2) ] kk 
inwindow[z, {follow}, {W} 

] 

End[ ] 
EndPackage • 
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2 Computation of normal forms. 

One of the ways in which the consistency of our calculations was checked was by 
comparing numerically-computed solution and bifurcation curves with analytical re
sults whenever the latter were available. Near the Hamiltonian limit, and near the 
curve of Hopf bifiircations, for e small, bifurcation curves can be computed using 
the method of normal forms (Amol'd, 1983; Bruno, 1989, 1998). We have performed 
these calculations for the strong resonances although we do not publish the results 
here. 

The algorithm for computing normal forms utilizes sophisticated Lie transform 
methods. This implementation is our own, but is based on an implementation pro
vided by Prof. Marek RychUk (pers. comm.). The fundamental ideas are discussed, 
for example, in Chow &: Hale (1982), Chapter 12. I have implemented this algorithm 
in the Mathematica language for symbolic computations (Wolfram, 1996). 

2.1 Initial declarations for the NormalForm package. 

This section sets up the context and declares some usage and error messages. 

BeginPackage ["NormalForm'" , {"Frechet'" , "Taylor"'}] 

Unprotect[NormalForm, ResonanceTest, Form, 
ForwardAdj oint Act ion, BackvardAdj oint Act ion, 
ForwardAction, BackvardAction, LieBracket, Jordan, 
VFTransform, Generator, Semisimple, Resonance] 

NormalForm::usage = "{Y,U} = NormalForm[X,vars,order] reduces 
the vector field X to its normal form using a Lie 
transform method. It is assumed that the lineeir part of 
the vector field X is in Jordan normal form. Y is the 
normalized vector field and U the generator of the inverse 
of the normalizing transformation. Thus if u is the 
transformation generated by U, (i.e., u = 
ForwardAct ion [vars, U, vars, order]), we have Du . X = Y o u, 
and, if V = BackweirdAct ion [vars ,U, vars, order] , then Dv . Y 
= X 0 V." 

Options [NormalForm] = { 
ResonanceTest -> Identity, Form -> Resonance 

} 

NormalForm: :shape = "Incommensurate dimensions: Length[X] = 
'1' =!= '2' = Length[vars]." 



MormalForm: runrec = "Option '1' -> '2' unrecognized." 

MormalForm: :nonres = "Vector field is not in resonance normal 
form." 

ResonanceTestusage = "ResonanceTest is an option for 
WormaTForm, vhich specifies a function vhich is applied to 
divisors to determine vhether they should be treated as 
equal to zero. The default is Identity." 

Form: :usage = "Form is an option for MormalForm, vhich 
specifies the type of normal form desired. MormalForm 
assumes that the linear part of the vector field is in 
Jordan normal form (see Jordan) . The default setting is 
Form -> Resonance, vhich leads to a computation of the 
resonance normal form in the general case. If the linear 
part of the vector field is semisimple (i.e., diagonal), 
then Form -> Semisimple yields a more efficient 
computation." 

ForvardAdjointAction::usage = 
"ForvardAdjointAction[X,U,vau:s,n] computes the action of 
the generating vector field U upon the vector field X in 
vsuriables vaurs to order n. Thus, if u is generated by U 
auid Y = ForvardAdjointAction[X,U,vars,n] then 
Du . Y = X o u." 

BackvardAdjointAction:: usage = 
"BackvardAdjointAction[X,U,vars,n] computes the reverse 
action of the generating vector field U upon the vector 
field X in variables vars to order n. Thus, if u is 
generated by U and Y = Backvau:dAdjointAction[X,U,vars,n] 
then Du . X = Y o u." 

ForvaurdAction::usage = "ForvardAction[f,U,vars,n] computes 
the action of the generating vector field U on the 
function f of variables vars to order n. Thus, if u is 
generated by U and g = ForvardAction[f ,U,vars,n] , then 
g = f o u. In particular, to obtain u itself, note that 
u = Id o u, vhence u = ForvardAction[vars,U,vars,n] ." 

BackvardAction::usage = "BackvardAction[f ,U,vars,n] computes 
the reverse action of the generating vector field U on the 



130 

function f of variables vars to order n. Thus, if u is 
generated by U and g = Backw2u:dAction[f ,U,vars,n] , then 
g o u = f. In partictilar, to obteiin the inverse of u, 
u~-l, note that (u"-l) o u = Id, whence 
u"-l = BackwairdAction[vars,U,vars,n] 

LieBracket::usage = "LieBracket [X,Y,vars] is the Lie bracket 
of the vector fields X and Y in the variables vaxs: 
[X.Y] = DX.Y - DY.X" 

Jordan::usage = "{Y,f,g} = Jordan[X,oldvars,newvars] 
transforms the vector field X so that its linear part is 
in Jordan normal form. Y will be the normalized vector 
field, f a linear change of variables such that 
Df . Y = X o f, and g the inverse transformation, i.e., 
Dg . X = Y o g. Put another way, (Df.Y) o g = X." 

VFTransform::usage = "VFTransform[X,oldvars,f ,newvars] 
transforms the vector field X in oldvsurs by the coordinate 
transformation f by means of direct substitution. Thus, 
if Y = VFTransform[X,x,f,y] , then Y = (D(f~-l).X) o f. 
VFTransform[X,oldvars,f,newvars,n] gives the result to 
order n in newvairs. VFTransform[X,oldvars,f ,newvars,t] 
should be used when the transformation f depends on the 
independent variable t. Likewise, 
VFTransform[X,oldvars,f,newvars,t,n] gives the result of 
the time-dependent transformation f on the vector field X 
to order n." 

Generator::usage = "Generator[f, vars, n] , where f is a 
formal diffeomorphism with linear part equail to the 
identity, is the vector field in vars which generates f." 

Begin ["Private"'] 

2.2 The main normal form routine. 

(* MormalFormCX,vars,order] reduces the vector field X to its 
normal form using a Lie transform method. It is assumed that the 
linear part of the vector field X is in Jordan normal form. ») 

NormalForm[X_List, vars.List, order_Integer, opts ] := 
Module[ 
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{lieSolve, form, zeroTest>, 
If[ Length [X] != Length[vars], 

Message[ 
NormalForm::shape, 
Length[X], 
LengthCvars] 

] ;  
] ;  
zeroTest = ResonanceTest /. 

{opts} /. 
Options [NormalForm] ; 

form = Form /. {opts> /. Options [NormalForm] ; 
lieSolve = Which[ 

TrueQ [form == Semisimple], FieldSSSolve, 
TrueQ [form = Resonance], FieldNilSolve, 
True, Message [NormalForm: :unrec, Form, form] ; 
RetTim [SFailed] 

] ;  
NormalFormAux[X, vars, order, lieSolve, zeroTest] 

NormalFormAux [X_List, vars_List, order_Integer, 
lieSolve_, zeroTest_] := Block[ 

{$RecursionLimit = Infinity}, 
Module [{F, Xe,Y,eps,lambda}, 

Xe = Expand[X /. Thread[vars -> eps vars]]; 
F[0,0] = Coefficient[Xe, eps, 1]; 
lambda = eigenvalues[F[0,0], vars]; 
F[0, m_Integer] : = 

F[0,m] = m! Coefficient [Xe, eps, m+1] ,• 
F[i_Integer/; (i > 0), m_Integer] := F[i,m] = Ezpand[ 

F[i-l,m+l] + Sum[ 
Binomial[i-l,j] 
LieBracket[ Y[j] , F[i-j-l,m], vaxs], 
{j,0,i-l} 

] 
] ;  
For[ i = 0, i < order-1, i++, 

{F[i+1,0], Y[i]} = lieSolve C 
F[0,0], lambda. 
Expand [ 

F[i,l] + Sum[ 
Binomial[i, j] 
LieBracket[Y[j] , F[i-j,0], vars]. 



] .  
] .  
vaxs, i+1, zeroTest 

] 
] ;  

EzpandC Sum[ F[i,0] / i! , -Ci.O.order-l}] ], 
ExpandC Sum[ Y[i] / i!, {i,0,order-2>] ] 

} 
3 

] 

2.3 Adjoint actions. 

(* ForwardAd joint Act ion [X,Y,vars, order] calcvilates the action 
of the nilpotent vector field Y upon X. That is, if 

dy(x,e)/de = Y(y(x,e),e), and 
Z = ForwardAd j oint Act ion [X, Y, var s, order] , 

then Z = ((Dy*(-1) X) o y). *) 

ForwardAdjointAction[X_List, Y_List, vars_List, order_Integer] 
Module [{F,Xe,Ye,U,eps>, 

If[Length[X] != Length[vars] , 
Message [NormalForm:: shape. Length [X] , Length [vars] ] ; 

] ;  
If [Length [Y] ! = Length [vars] , 

Message [NormalForm:: shape, Length [Y] , Length [vars] ] ; 
] ;  
Xe = Expand[X /. Thread[vairs -> eps vars]]; 
Ye = Expand [Y /. Thread [vars -> eps vars]]; 
U[i_Integer] := U[i] = i! Coefficient [Ye, eps, i+2] ; 
F[i_lnteger,0] := F[i,0] = i! Coefficient [Xe, eps, i+1]; 
F[i_Integer, m_Integer/;(m > 0)] := F[i,m] = Expand[ 

F[i+l,m-l] + Sum[ 
Binoiiiial[i, j] LieBracket [F[i-j ,m-l] , U[j] , vars], 
{j,0,i> 

] 
] ;  
Expand[ Sum[ F[0,m] / m!, {m,0,order-1}] ] 

(* BackwardAdjointAction[X,Y,vars .order] calculates the 



vector field Z such that the (forward) action of the 

nilpotent vector field Y upon Z is X. ») 

Bac]cwardAdjointAction[X_List, Y_List, vars_List, order.Integer] 

Module[{F,Xe,Ye,U,eps}, 

If[Length[X] != Length[vars], 

MessageCNomalForm::shape, LengthCX] , Length[veirs]] ; 
] ;  
If[Length[Y] != Length[vars] , 

Message[NormalForm::shape, Length[Y], Length[vars]]; 
] ;  
Xe = Ezpeind [X /. Thread [vars -> eps vars] ] ; 

Ye = Expand [Y /. Thread [vars -> eps vzlts]] ; 

U[i_Integer] := U[i] = i! Coefficient [Ye, eps, i+2] ; 

F[0, m_Integer] := F[0,m] = m! Coefficient [Xe, eps, m+1] ; 

F[i_Integer/; (i > 0), ni_Integer] := F[i,m] = Expand[ 

F[i-l,m+l] - Sum[ 

Binomial[i-1,j] LieBracket[F[i-j-l,m], U[j], vars], 

{j,0,i-l> 
] 

] ;  
Expand[ Sum[ F[i,0] / i!, {i,0,order-1}] ] 

2.4 Actions on functions. 

(» ForweirdAction[F,Y,vars,order] c2J.culates the action of the 

nilpotent vector field Y upon the function F. If 

dy(x,e)/de = Y(y(x,e),e), and 

G = ForwardAction[F,Y,x,order], then 
G(x,e) = F(y(x,e),e). ») 

ForwardAction[X_List, Y_List, vars_List, order_Integer] := 

Module[{F,Xe,Ye,U,eps>, 

If[Length[X] != Length[vars], 

Message[NormalForm::shape. Length[X] , Length[vaurs]]; 
] ;  
If[Length[Y] != Length[vars], 

Message[NormalForm::shape. Length[Y], Length[vsurs]]; 
] ;  
Xe = Expand [X /. Thread [vars -> eps vars]] ; 

Ye = Expand [Y /. Thread [vars -> eps vars]] ; 

U[i_Integer] := U[i] = i! Coefficient [Ye, eps, i+2]; 
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F[i_liiteger,0] := F[i,0] = i! Coefficient[Xe, eps, i+1] ; 

F[i_Integer, in_Integer/; (m >0)] := F[i,m] = Expand[ 

FCi+l.m-l] + SumC 

Binomial[i,j] (Frechet [FCi-j ,m-l] ,vars] . UCj]), 

{j,0,i> 
] 

] ;  
ExpandC Sum[ F[0,in] / m! , {m,0,order-1}] ] 

3 

(* BackwardAct ion [F,Y,vars,order3 calculates the function G 

such that the action of the nilpotent vector field Y upon 
G results in the function F. If dy(x,e)/de = Y(y(x,e),e), 

and G = BackwardAct ion [F,Y,x, order] , then 
F(x,e) = G(y(x,e),e). ») 

BackwardAction[X_List, Y_List, vars_List, order_Integer] := 

ModuleC{F,Xe,Ye,U,eps}, 
If[Length[X] != Length[vars], 

Message[NormaLlForm: :shape. Length[X] , Length[vairs]] ; 
] ;  
If [Length [Y] ! = Length [vars] , 

Message [NormalForm:: shape, Length [Y] , Length [vsirs] ] ; 
] ;  
Xe = Expand [X /. Thread [vars -> eps vars]]; 

Ye = Expand[Y /. Thread[vaurs -> eps vars]]; 

U[i_Integer] := U[i] = i! Coefficient [Ye, eps, i+2] ; 

F[0, m_Integer] := F[0,m] = m! Coefficient[Xe, eps, m+1] ; 

F[i_Integer/; (i > 0), m_Integer] := F[i,in] = Exp2Lnd[ 

F[i-l,m+l] - Sum[ 

Binomial[i-l,j] (Frechet[F[i-j-l,m] ,vars] . U[j]), 

•Cj,0,i-1} 
] 

] ;  
ExpcLnd[ Sum[ F[i,0] / i!, {i,0,order-l>] ] 

2.5 Computing the generator field. 

(* Generator[F,vars,order] calculates the nilpotent vector 

field X such that the action of X upon the identity gives 

the function F. *) 
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Generator [f_List, vars_List, n_Integer] := Module [ 
{Y, eps, fe}, 

If[ Length, [f] != Length Cvars] , 

Message [NormalForm:: shape, Length [f ] , Length [vars] ] ; 
] ;  
fe = f /. Thread[vars -> eps vars] ; 

Y[0, k_Integer] := YCO.k] = (k+1) ! Coefficient [fe, eps, k+2] ; 

Y[i_Integer/; (i > 0), k_Integer] := Y[i,k] = 

Y[i-l,k+l] - SumC 

Binomial [i-1, j] Frechet [Y[j ,k] , vars] . Y[i-j-l,0], 

{j,0,i-l> 
] ;  

ExpandCSumC Y[i,0] / i!, {i,0,n-2}]] 

2.6 The Lie Bracket. 

LieBracket[X_List, Y_List, vars_List] := 

Frechet CX,v2u:s]-Y - Frechet [Y,vairs] .X 

2.7 Preliminary (Jordan) normal form. 

(• Jordan[X,old,new] puts the linear part of the vector field 

X into Jordan normal form, returning the normalized vector 

field and the direct and inverse linear normalizing 

transformations. Thus, if {Y,f,g} = Jordan[X,old,new] , 
then Y = (Dg . X) o f and X = (Df . Y) o g. *) 

Jordan[X_List, oldvars_List, newvars_List] := Module[ 

{A = Frechet[Taylor[X,oldvars,1], oldvars], S, T, f, g, Y>, 

If [Length[X] != Length[oldvars], 

Message [NormailForm;: shape. Length [X] , Length [oldvars] ] ; 
] ;  
If [Length [X] != Length [newvars] , 

Message[NormalForm:;shape. Length[X] , Length[newvars]] ; 
] ;  
S = First[JordanDecomposition[A]]; 
T = Inverse[S]; 

f = S . newvars; 

g = T . oldvars; 

Y = Expand [T . (X /. Thread [oldvars -> f])]; 
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{Y. f, g> 
] 

2.8 General transformations of vector fields. 

(• If Y = VFTraiisform[X,old,f .new] then 

Y = ((Df--l).X) /. ThreadCold -> f]. If 

Y = VFTransform[X,old,f ,new.n] then 

Y = ((Df~-l).X) /. ThreadCold -> f]. truncated to order n 

in the new variables. •) 

VFTransforniCX_List, old_List, sub_List, new_List] ;= £zpand[ 

Inverse [Frechet [sub, new]] . (X /. ThreadCold -> sub]) 
] 

VFTransformCX_List, old_List, sub_List, new_List, 

order.Integer] := ModuleC 

•Cdsdx, ff, eps>, 

ff = TaylorCX /. ThreadCold -> sub], new, order]; 

dsdx = TaylorCinverseCFrechetCsub,new]], new, order]; 

Taylor[ dsdx . ff, new, order] 
] 

VFTransformCX_List, old_List, sub_List, new_List, 

t_S3raibol] := Expand C 

Inverse[Frechet[sub,new]] . 
((X /. Thread[old -> sub]) - D[sub,t]) 

] 

VFTransform[X_List, old_List, sub.List, new_List, 

t.Sjrmbol, order_Integer] := Module [ 

"Cdsdx, ff, eps>, 

ff = TaylorCX /. ThreadCold -> sub], new, order]; 

dsdx = TaylorCinverseCFrechetCsub,new]], new, order]; 

Taylor C 

dsdx . ((X /. ThreadCold -> sub]) - DCsub,t]), 

new, order 
] 

2.9 Auxiliary functions used in the above. 
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(» Solve [X,Y] + G = F in the space of homogeneous polynoniial 

vector fields, where X is a vector field of degree zero 

(i.e. linear) and in diagonal form. ») 

FieldSSSolve[_, eigs_List, X_List, vars_List, zero_] := 

Transpose[ 

Table[ 

FieldSSSolveAux[ 

eigs. 
Expand[X[[i]]], 

vars, 
eigs[[i]] , 

zero 
] .  
{i, 1, Length[vars]} 

] 
] 

FieldSSSolveAux[_, 0_, _] := {0, 0} 

FieldSSSolveAux [eigs_List, a_ + b_, vars_, 

lambda., zero_] := 

FieldSSSolveAux [eigs, a, veurs, lambda, zero] + 

FieldSSSolveAux[eigs ,b, vars, lambda, zero] 

FieldSSSolveAux[eigs_List, a_, vars_, 
lambda_, zero_] := Module[ 

{divisor = lambda - eigs . Exponent [a, vars]}, 
If[ zero[divisor] == 0, 

{a,0}, 

to,a/divisor}, 

{0,a/divisor} 
] 

] 

(» Solve [X,Y] + G = F in the space of homogeneous polj^omial 

vector fields, where X is a vector field of degree zero 

(i.e. linear) and in not-necesssurily-diagonal Jordan 

normal form. ») 

FieldNilSolve[X_List, L_List, F_List, vars_List, 

deg_Integer, zero_] := 

Module[ 

{DX = Transpose[Frechet [X,vars]] , 
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M = monoms [deg-i-1,vears] , 6 = F, Y, 

m, n, i, k>, 
n = Length [vaurs] ; m = Length [H] ; 

For[k = n, k >= 1, k—, 
For[i =1, i <= m, i++, 

YCi.k] = FieldNilSolveAux[ 

Coefficient[G[[k]], M[[i]]] 

M[Ci]], veirs, L, k, zero 
] ;  
G -= DX[[k]] YCi.k] ; 

G[[k]] += Frechet[Y[i,k],vars] . X; 

] 
] ;  
{G, Table[Sum[Y[i,k], {i,l,m}], {k,l,n}]} 

] 

FieldNilSolveAux[0, _List, _List, .Integer, _] := 0 

FieldNilSolveAux[f_/;(f =!= 0), vars_List, eigs_List, 

k_Integer, zero_] := Module[ 

{divisor = eigs[[k]] - eigs . Exponent[f,vars]}, 

If[ zero[divisor] == 0, 

0 ,  
f/divisor, 

f/divisor 
] 

] 

monoms[0, {x }] := 

monoms[order_Integer/;(order > 0), {}] := {} 

monoms [order_Integer/; (order > 0), {x_, y }] : = 

Flatten[ 

Table [ 

(x"(order-k) #)& /® monoms [k, -Cy}] , 

{k,0,order> 
] 

] 

eigenvalues[{},{}] = O 

eigenvalues [{0, f }, r }] : = 

Prepend[eigenvalues[{f}, {r>], 0] 
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eigenvalues [{ (c_: 1) x_, f }, {x_, r }] : = 

Prepend [eigenvalues [{f}, {r}] , c] 

eigenvalues[{(c_:l) x_ + , f }, -Cx_, r >] : = 

Prepend [eigenveiluesC-Cf}, {r}] , c] 

eigenvalues f >, {x., r }] : = 

Prepend [eigenvalues [{f}, {r}] , 0] 

End[ ] 

Protect[NormalForm, ResonanceTest, Form, 

ForwardAdj oint Action, BackwardAdj oint Act ion, 

ForwardAction, BackwardAction, LieBracket, Jordan, 

VFTransform, Generator, Semisimple, Resonance] 

EndPackage[ ] 

3 General purpose packages. 

The above two Mathematica packages, BifCurve and NormalFonn, utilize a number 
of predicates not a part of standard Mathematica distribution. For completeness, in 
the following, I provide these predicates. They are simple and fziirly self-explanatory. 

3.1 Frechet differentiation. 

BeginPackage["Frechet'"] 

Unprotect[Frechet] 

Frechet::usage = "Frechet[exprs,vars] returns the 

Frechet derivative of the list of expressions 
exprs with respect to the variables vais. 

Frechet[exprs,vairs,vars] returns the second 

differential, Frechet[exprs,vars,vars,vars] the 

third, etc." 

Begin["Private'"] 

Frechet[f_List, x List] := Outer[D, f, x] 



140 

Frechet[f_, x List] := Part[Frechet[{f}, x] , 1] 

End[ ] 

Protect[Frechet] 

EndPackageC ] 

3.2 Multivariate Taylor polynomials. 

BeginPackage ["Taylor"'] 

Unprotect[ 

TotalDegree, Taylor, TaylorCoeff, InitialFonn, Grading 
] 

TotalDegree::usage = "TotalDegree[expr, vars] gives 

the total degree of the polynomial expression expr 

in the variables vars. TotalDegree[expr] gives the 

totaLL degree of the polynomial expr in its 

variables." 

Taylor::usage = "Taylor[expr, vars, n] gives the 

Taylor poljrnomial of expr in the variables vars to 

order n." 

TaylorCoeff::usage = "TaylorCoeff[expr, vars, m] 

gives the coefficient of expr in variables vars of 

degree m (m is a multi-index)." 

InitialFonn::usage = "InitialFonn[expr, vars] is the 

homogeneous form of expr in vaurs of lovest total 

degree." 

Grading: :usage = "Grading is an option for Taylor, 

TotalDegree, and InitiailForm." 

Options[Taylor] = {Grading -> 1} 

Taylor: :badgr = "'1' does not grade the monomials in 

variables '2'." 

Begin["Private'"] 
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Total Degree[f_, x_List] : = 
Max[ 

Append C 
Sum[ 

Exponent[f, x[[k]], List], 

{k,1,Length[x]} 
] .  
0 

] 
] 

TotalDegree [f_] := TotailDegree [f. Variables [f]] 

Total Degree [f _, x_] := Exponent [f,x,Max] 

TotalDegree[f_, x_, opts ] := Module[ 

{eps,grade}, 

grade = Grading /. 
{opts} /. 

Options[Taylor]; 
If[ (Length[grade] > 1 && 

Length[grade] != Length[x]), 

Message[Taylor:rbadgr, grade, x]; 

Return • 
] ;  
TotalDegree[ 

f /. Thread[x -> (eps'grade) x] , eps 
] 

] 

Taylor[f_, x_List, n_Integer] := Module[ 

{eps}. 

Expand[ 

Normal[ 

Series [ 

(f /. Thread[x -> eps x]), 

{eps, 0, n} 
] 

] /. eps -> 1 
] 

Taylor[f_, x_Symbol, n_Integer] := 
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TaylorCf,{i},n] 

Taylor[f_, x_, n.Integer, opts ] := ModuleC 

{eps,grade>, 

grade = Grading /. 

{opts} /. 

Options[Taylor]; 

If[ (Length[grade] > 1 && 

Length[grade] != Length[x]), 

Message[Taylor:rbadgr, grade, x]; 

RetiimD 
] ;  
Expand[ 

Normal [ 

Series[ 

(f /. Thread[x -> (eps"grade) x]), 

{eps, 0, n} 

] 
] /. eps -> 1 

] 
] 

TaylorCoeff[expr_, Tar_List, order.List] := 
If[ Length[var] == 0, 

Return[expr], 

TaylorCoeff[ 

Coefficient[ 

expr. 

First [var], 

First[order] 
] .  
Rest [var], 

Rest[order] 
] 

] 

TaylorCoeff[e_, x.Symbol, n_Integer] := 

TaylorCoeff[e,{x},n] 

InitialForm[e_List, x_] := 

InitialForm[#,x]& /® e 

InitialForm[e_, x_] := Taylor[ 

e, X ,  -TotalDegree[e, x ,Grading -> -1] 



] 

InitialForm[e_, x_, opts ] := Kodule[ 

{grade,n}, 

grade = Grading /. 

{opts} /. 

Options [Taylor] ; 

If[ (Length[grade] > 1 && 

Length[grade] != Length[x]), 

Message[Taylor:rbadgr, grade, x]; 

Return • 
] ;  
n = -TotalDegree[e,X,Grading -> -grade] 

Taylor[e, x, n. Grading -> grade] 

] 

End[ ] 

Protect[ 

TotalDegree, Taylor, TaylorCoeff, 

InitialFonn, Grading 
] 

EndPackage[ ] 
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