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Numerical modeling of the beams generated from an ultra-wide bandwidth 

pulse-driven dipole array is considered. Several multi-derivative systems are sim

ulated with these numerical results. The analytic performance bounds on energy, 

intensity, and beam width of the pulsed beams generated by the pulse driven array 

are derived. Numerical comparisons are made between the pulsed beams generated 

by driving the dipole array with monochromatic continuous waves with two distinc

tive amplitude tapers, Gaussian pulses with two distinctive amplitude tapers, and 

three types of localized waves. The specific localized waves used include the mod

ified power spectrum pulse and the 1/2 and 3/2 superluminal pulses. The energy 

pattern of the pulse-driven dipole array is studied for each of these cases. The effect 

of element density on these energy patterns is also examined. The results obtained 

show that the modified power spectrum pulse truly outperforms the monochromatic 

continuous wave by a wide margin for multi-derivative systems. 
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CHAPTER 1 

INTRODUCTION 

With the introduction of the phased array antenna system, engineers were able 

to direct a beam in various directions electronically without having to physically 

move the entire array. The traditional phased array antenna system consists of 

several independent antenna elements which radiate the same time history. By con

trolling the phase and amplitude of the driving signal at each of these elements, the 

beam may be directed. In designing a phase array antenna system, the antenna el

ement spacing, phase, amplitude distribution, and shape determine its performance 

and thus, its applications to practical situations. Another parameter that may be 

adjusted is the specific time history that each element radiates. When the time 

histories for each element are designed properly, the resulting pulse driven array 

may be able to outperform the traditional phased array. 

Two common geometrical forms of antenna arrays are linear and planar axrays 

[1]. The planar array consists of a two-dimensional configuration of elements lying in 

a plane. A broadside condition occurs when the maximum radiation is perpendicular 

to the array as opposed to an endfire condition in which the maximum radiation 

travels parallel to the array. A square or circular aperture fed in phase produces a 

pencil beam while a rectangular aperture produces a fan shaped beam, the narrow 

part of the fan being orthogonal to the narrow part of the aperture. For a scanning 

array, the nearest the elements should be spaced is A/2; and for a non-scanning 

array with a broadside condition, the elements may be placed A apart. K the 

elements are placed too close together, mutual coupling of the radiating elements will 

lead to degradation of the performance of the array. The planar array numerically 

modeled in this thesis consists of radiating infinitesimal dipole elements placed 
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within a circular aperture. The array is non-scanning in the traditional sense and 

the maximum radiation is broadside to the array. 

The parameters that will be used to critique the performance of each of the 

ptilse-driven arrays studied in this thesis are the beam energy, the beam intensity, 

and the beam width. The set of solutions which will be used to drive the arrays, 

where each element is addressed separately with individually specified time histories, 

shall be referred to as localized waves. Due to the nature of the localized waves, 

new analytical bounds shall be derived in order to provide a one-to-one comparison 

of their performance against that of traditional phased arrays. Direct numerical 

comparisons with traditional phased arrays are also provided. 

The second chapter defines the bounds for the beam energy, the beam intensity, 

and the beam width. All of the work found in this chapter was done previously 

by Ziolkowski [2] and is presented as background and reference for the rest of this 

thesis. The third chapter closely examines an array driven with continuous wave 

and Gaussian time pulses. Numerical solutions for the beams produced by these 

pulse-driven arrays are compared to the bounds derived in the second chapter. 

Much of this work is performed to test the numerics to insure that the code is 

producing explainable results. The fourth chapter briefly examines the formulation 

of a localized wave known as the modified power spectrum pulse. Numerical results 

for the associated beams are then analyzed and the beam energy, the beam intensity, 

and the beam width are compared to the corresponding continuous wave pulse 

driven array. PVom this comparison, one finds the modified power spectrum pulse 

outperforming the continuous wave pulse in all three criteria for a three derivative 

system. The fifth chapter derives the localized waves known as the 1/2 and 3/2 

superluminal pulses. The numerical results for the associated beams are compared 

to the modified power spectrum pulse, the continuous wave pulse, and a Gaussian 
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time pulse for a one derivative system. The sixth chapter examines the ajitenna 

patterns of each of these pulse driven arrays and draws comparisons between dense 

and sparse arrays. An analytical model for the beam energy of the continuous 

waves is used to insure that the code is producing the correct results. In the 

seventh chapter the results axe summarized and possible areas of further research 

are brought into focus. 
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CHAPTER 2 

ANALYTICAL BOUNDS ON UWB PULSES 

The criteria used in determining the performance of a pulse generating array 

may include the beam divergence, beam intensity, and measured beam energy of 

the pulses. Comparisons between CW pulses and UWB pulses are generally diffi

cult because a UWB pulse does not have a single characteristic frequency one could 

choose for contrasting their behaviors. Nonetheless, it is desirable to try to deter

mine such a characteristic frequency for a UWB pulse since one could then make a 

direct comparison with a CW pulse. Once this characteristic frequency has been de

termined, bounds may then be derived analytically for the beam divergence, beam 

intensity, and measured beam energy. In Section (2.1) the characteristic frequen

cies and bound on energy efficiency axe analytically derived. In Section (2.2), the 

derivation of the bound on energy intensity is analytically derived and in Section 

(2.3) the bound on the beam widths is examined. 

1. Derivation of the characteristic frequencies and the bound on energy efficiency 

For an array with N radiating elements, each with an effective area An, the total 

area of the array is 

N 

( 2 - 1 )  
n=l 

Each element is driven separately with a continuous signal /„ in the time domain, 

Fn{u) being the frequency spectrum of the signal /„. This set of driving functions 

will constitute the input field. The radiated field is the field present when the array 

converts the electrical energy from the input field to the field energy launched in 
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the medium. The measured field is the field which has propagated from the array 

and is measured at the "output" of the receiving antenna. 

The input field energy for the n"* element is given by 

/CO 

\fn(t)\'dt, ( 2 - 2 )  
•00 

where C,„ insures that S|^" will be an energy value and is consistent with the trans

mitter system. The total input energy in an area weighted form is 

(2-3) 
n=l 

The measured far field amplitude in the paraxial region for a single radiating 

element at the origin in a one derivative system can be represented by 

(2-4) 

where is the area of the element. For a multi-derivative system with N radiating 

elements, the measured far field amplitude in the paraxial region is 

N .  

9ir ,  t) « Cj - -Rn/c). (2-5) 
n = l 

The j in di represents the cumulative number of derivatives applied to the input 

field as a result of the launching, propagation, and measurement of these pulses. 

The vector f„ is the position of the radiating element and the vector f is the 

position where the far field is measured. The term Rn is determined by |r - r„| 

and represents the distance from the n"* radiating element to the observation point. 



From (2-5), the measured far field beam energy is given by 
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N N .  .  

rrj 27rci2m 2lTcRn 1 n=x 
( 2 - 6 )  

f dt difm(rrn,t- Rm/c) -  R„/c), 
J—00 

where Cj has dimensions to insure that Sj"""(r) is an energy quantity and is consis

tent with the transmitter-receiver system. Rewriting (2-6) results in 

/ 1 . 2 ^ at .1/2 . 1 / 2  

=cf (—) x; 'L R ' (2-7) 
m=l n=l " 

where Ul is given by 

/

OO 

dt\difnifn,t)\', (2-8) 
•OO 

and is given by 

Afneas def S-ao — Rm/fn{^nA ~ Rn!c) 
^j,mn — il/2 r il/2 ' ' ' 

[/roo dt\diU(fm,tW] [/r^, dt\dif„iru,tw] 

The Schwarz inequality applied to results in a bound given by 

(2 -10 )  

If the observation point is on the z-axis and the array is perpendicular to the z-axis, 

then Rn>z. Applying this condition and (2-10), one obtains a bound on from 

(2-7). This bound may be written as 

S (fe)' [E < {§;)' C |] it 

nssl " 



where Wf"' = i/>. 

A more useful performance bound is the energy efficiency given by 
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nmeo« /-v ^mea»(0 /o if»\ li,enrj(n = ? • (•« " 

Prom (2-3) and (2-11) we may write the bound on the beam energy efficiency as 

C? / A \2 //!»«<»» 
^ {^) -JJ— • (2 - 13) 

At this point we may now define the characteristic frequencies. These frequencies 

characterize the spectrum of frequencies that are laimched into the medium by the 

array. The effective frequency of the radiated field is the ratio of the radiated energy 

to the input energy and is given by 

def ELi Too dt /!L dw l^n(rn,<^)|^ 

Ho dt |/„(r„,<)P T,n=x An n du, |F„(f„,u;)|2 

(2-14) 

The effective frequency for the measured field is the ratio of the measured energy 

to the radiated energy and is given by 

Ar.iT^dt^Ur„,t)\-^ ^ En=i dujuj'i |F„(f„,a>)p 

/r^ dt i5</„(?„,<)P Ell Too I ^'n(r„,«)P ' 

(2-15) 

with the condition that j ^ 1. From (2-7), the ratio of up"" to t/<„ becomes 

•nmtai 

-Tf = '4ai  ̂ • (2 - 16) 
Min 
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Substituting (2-16) into the bound on the energy efficiency (2-13), one obtains 

- C?, V 2jr« / ~ Cl\Xradz) """" ' ^ '  

where Xrad = l-KcjUrad-

The Rayleigh distance from an aperture of area A driven viniformly with a CW 

signal is defined by 

' = ^ = f (2-18) 

The Rayleigh distance of the radiated field can be defined in terms of its effective 

frequency as 

(^f A<j)rad _ A /o iri\ 

Substituting (2-19) into (2-17) further reduces the energy efficiency bound to 

^ ^ ^ • (2 " 20) 

Normalizing this expression by results in the bound 
• n 

pmcaa 
'•j,enrg 

def 
pmea5 
^ j,enrg ( ^meaa \ 

\ Wrad / 

2(i-i) 
^radl (2 -21)  

Prom examining (2-21), we see that for the UWB signal one may rewrite the 

Rayleigh distance as 

/u rmeas _  I ^meas \  r fn nn\  
^j.enrg — 1 ^ ^ I ^rad • 

Substituting (2-22) into (2-21) produces the final expression for the energy efficiency 

bound: 
rmeas 2 

• (2-23) 
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For a CW signal, = i^rad and the measured energy efficiency is = 

{Lradlz)"^. The ratio of the maximimi energy efficiencies of a CW signal to a signal 

with Urad = wcw at a given z value is 

fmeoj crmeo* l,\2 \ 2(i-l) 

UraJ 

From this result, one may determine that for a pulse-driven array to be more energy 

efficient than the corresponding CW array, one simply requires Wmeos > '^rad- For a 

one derivative system this ratio becomes 

pmcaa (rmtas ty\2 
'• l.enrj _ K^l,enrgl^) _ i n O — O'l'l 

pmea»,CH' ~ ,  t m e a s , C W  / ~  "  "  ^  '  
^ l,enrg K^lyCnrg /^) 

2. Derivation of the bound on beam intensity 

Another quantity of interest is the beam intensity delivered to a point in space-

time. The measured far field beam intensity is given by the expression 

Tp""{r, 0 = ̂  I] Xj 2^^^ difr„irm,t -  Rm/c) d{U?n, t " R„/c), (2 - 26) 
ms:l n=:l 

where Ar is the area associated with the receiving antenna, ij""" has units watts 

per meters squared and represents the power density at a given time for a given 

point in space. Following the same procedure as just outlined in the development 

of the energy efficiency, one obtains the following bound for the measured intensity 

normalized by the array weighted input energy: 

ir'"{r,i) C] / A V Ell |g/7n(r„,< -  ien/c)f 

Sin -  CI An Wcz) |/„(f„,<)f ' 
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Since there are many time values, one can introduce the operator maxt which 

extracts from a continuous function to which it is applied, the maximum value of 

that fimction over a closed domain. Applying this operator to (2-27) produces the 

maximum intensity of the time history at a given spatial location. The bound on the 

maximum field intensity at the observation point normalized by the array weighted 

input energy may be written as 

Sin -  C? Ar \Xradz) 
-11 ̂ frad 

^rad 
•ymeas (2 - 28) 

where 

ZLl An fZ dt \difn(fn,t)f '  
(2 - 29) 

Upon examination of (2-29), we see that Ty®"' is simply the ratio of the maximum 

of a function to its time-averaged value. The introduction of the it factor in (2-29) 

results, in contrast to the definition given in [2], with TJ""' being equal to ucw for 

all CW cases. 

Normalizing (2-28) by produces a bound on the efficiency of the 

measured beam intensity given by 

fymeaa 
Vrad [C?/(C^ ^1^)] Sin "  ̂  ) 

X 20-1) 

'^rad 
30) 

The diffraction length associated with the measured beam intensity has been intro

duced and is defined by 

imeas <^f /^meaj \ 

V Urad ' 
0-1) 'Y^meaj n 

^rad 

1/2 

^rad 
/ymtas \ 1/2 

= ( ^ )  
Tmea$ 
^henrg • 

(2-31) 
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Equations (2-30) and (2-31) shall be used as the criteria to compare the measured 

beam intensities of CW and UWB pulses. 

For a CW signal, Umeas = <*>rad = ucw and the measured beam intensity is 

f\meas,CW 
^ i,int 

pmea»,CW 

^rad L^radZ 
(2 - 32) 

Since the CW signal used in this research was windowed, /ijjcw i=- 10 even 

though it is unity for a true CW signal. Therefore, the ratio of the beam intensities 

of a signal to a CW signal with Urad = <^cw at a given z value will be defined as the 

ratio of the maximum of their respective bounds: 

T^meas.CW / rmeas.CW / \o V /.i . / ^v^mcaa.CW * 
rj.fnt {^j,int h) ^ 

For a one derivative system, the ratio of the beam intensities reduces to 

(2 - 33) 

fmea« (Tmeas/~\2 ^ l,int _ 1^1,in</^/ 
pmeoj.CH' / rmeaSiCfV / \2 'Y'meas,CfV ' 
^l,int 1^1,in< /^J 

(2-34) 

since Umeas = ^rad- From this result, one observes that for a beam generated by 

a pvdse-driven array to have a larger beam intensity than the corresponding CW 

driven array depends on the ratios of Umea» / f^rad and , 

3. Derivation of the bounds on beam width 

The rate of divergence of a beam generated by a pidse driven-array is yet another 

quantity of interest. The divergence of the beam is determined by measuring the 

radius at which the energy has decreased to half its value on a constant plane 

parallel to the array. This radius value is known as the half width at half maximum 

(HWHM) of the energy profile. 



By convolving difm(rm,t -  Rm/c) with itself, one finds 
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/ dt -  Rm/c) Rn/c) = f d{fn(fn,T -  - i?m]/c) 
J — CO J—oo 

= [Arr, Ui Ui]. (2 - 35) 

From (2-35) one may determine that the beam energy decreases as the array driving 

functions become tmcorrelated. The main perpetrators in the increase of the off-axis 

beam width are the convolution terms in (2-35). These terms will decrease 

approximately to half value when experiencing a time shift equal to a quarter of 

their characteristic time period given by 

[Rm ~ Tmeaa / A /o ia\ 

Due to the variations in the driving time signals across a planar array, the HWHM 

of the far field measured energy profile occurs at the radius 

PHWHM.enrg ^  ^ 

The quantity Xmea> is determined by and dmax is the largest distance between 

the significant, distinct time signals in the array. The final result for the rate of 

divergence of the beam simply becomes 

^meaa \  
ameas _  rHWffM,enrg ^mco5 /o oo^ 

These results imply a signal with a larger Umea> will have a lower rate of divergence 

than one having a small value of Umea>-
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CHAPTER 3 

BOUNDS ON GAUSSIAN PULSE AND CW DRIVEN ARRAYS 

For comparison ptirposes, we have considered arrays that are driven with the 

same signal at each element, weighting the amplitude of each element either uni

formly or with a Gaussian amplitude taper. The time signals include a Gaussian 

picosecond time pulse and a windowed sine wave of six periods. In Section (3.1), the 

details of the array and the specifics of the data acquisition will be discussed. Sec

tion (3.2) deals with determining the input energy and characteristic frequencies of 

a generic function in time driven by each element in the array. In Section (3.3), the 

energy efficiency and beam intensity bounds will be simplified for an array where 

all the elements are driven by the same time history. The bounds of the Gaussian 

time distribution and CW time distribution will be analytically derived in Section 

(3.4) and Section (3.5) respectively. This will be followed by a comparison of the 

Gaussian and piston driven arrays in Section (3.6). Section (3.7) will make direct 

comparisons of the energy efficiency, beam intensities, and the transverse beam 

widths between the Gaussian and CW input fields. 

1. Analytical characteristics of the array 

The electric fields for an infinitesimal dipole in the frequency domain may be 

determined for an orientation along either the x, y, or z axis for a dispersionless, 

lossless, homogeneous, isotropic medium. This is accomplished through the use of 

the magnetic vector potential 

A = i-. (3 - 1) 
4;rr 

where 11 is the current moment of the dipole and i denotes the orientation of the 
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dipole. The magnetic vector potential can be used to determine the electric field 

B = -jw/iA + T^ V ( V * A ) .  ( 3 - 2 )  

For an x  directed dipole at the origin, E g  in Cartesian coordinates is found to be 

and in the z -  x  plane reduces to 

(3-») 

where R? = {x^ + y^ + z^), I{u) is the spectrum of the driving current, I is the length 

of the dipole, u = k c, and Aj is the area associated with the dipole. Since all 

measurements were taken in the z-x plane and Eg is the only field component that 

contributes to the far field in this plane, it was the only field term used. The driving 

current spectrum at the n"* element /„(w) may be written as /„(w) = Fn(u>) = 5„G„(w) 

where G„(u) is the frequency spectrum and the constant B„ represents the amplitude 

weighting for the n"* dipole. 

The fax field term of (3-3) is 

, 3 - 4 )  

where the term (x^ - has been approximated by l/R. This approximation 

is valid only in the paraocial region. To compare the following results to those in 

Chapter 2, (2-4) was Fourier transformed into the frequency domain and compared 

directly to (3-4). The Fourier transform of (2-4) is 



Dividing (3-4) by t] and setting Ci = 1/2 will produce results comparable to those 

in (3-5). If /(w) represents a voltage then = I{u) and Cl = /^/4 where P/A 

represents the "area" of the dipole. To determine the electric field for an array of 

dipoles in the frequency domain, linear superposition can be used. 

The array consisted of 101 dipoles placed every ^ radians along 10 rings with 

a single dipole at the center. The rings were radially spaced every 10 mm resulting 

in a circular aperture with the final ring placed at 1 cm. The center dipole was 

placed at the origin of the coordinate system and all of the dipoles rested on the 

x-y plane. A representative illustration of this array is shown in Fig. (3.1). The 

pulse was considered to propagate along the z-axis. Therefore, the z-axis may also 

be referred to as the propagation axis. Due to the various time histories used and 

the physical spacing of the dipoles, linear superposition resulted in a substantial 

interference of the dipole fields. 

An effective area was assigned for each dipole corresponding to An in (2-5). The 

area of the center dipole is 2.5 x The areas of all the other dipoles are 2n x 10"'^ir 

where n is an integer from 1 to 10 corresponding to the ring number in which the 

dipole is located, 10 being the outer-most ring. Since the area associated with the 

10"' ring lies outside the array, the physical radius of the array is extended to .0105 m 

resulting in an effective area of 1.1025 x lO^'^Trm^. 

The various elements were driven spatially either uniformally or with amplitude 

tapering (shading). The arrays driven uniformally shall be referred to as Piston 

Driven Arrays (PDA) and = 1 for all the dipoles. The amplitude of the Gaus

sian case was shaded such that the 7 point occurs on the 5"' ring. The Gaussian 

amplitude distribution used to govern this shading is given by 

= --n (3_6) 



where r„ represents the position of the n"* dipole. The pulses spatially driven in 

this manner shall be referred to as Gaussian Driven Arrays (GDA). 

The following results were generated with a three time derivative system. The 

first imposed derivative of the input field results when electrical energy being fed to 

the transmitting antenna is transformed into field energy near it. This phenomenon 

occurs when the elements driving the array are shorter than the smallest wavelength 

of the time signal. The second derivative is due to the far field term in (3-3). The 

third imposed derivative of the input field occurs at the "output" of the receiving 

dipole antenna. This result can be inferred from the reciprocity theorem of antennas. 

These derivatives were implemented into the code by taking the signal in the 

time domain and Fourier transforming this signal to the frequency domain. This 

signal was then multiplied by Eg given in (3-3) and Multiplying a signal by 

ju in the frequency domain is equivalent to a time derivative in the time domain. 

Therefore, multiplying the signal by in the frequency domain is equivalent to 

two time derivatives in the time domain. The ju in the far field term of Eg results 

in the third derivative of the input field in the time domain. 

The pulses measured at the receiving array in the frequency domain were cal

culated with (3-3) and the corresponding derivative expressions. The results were 

sampled in x for a given z value while y was set to zero. The difference between 

sampling in x rather than in y is distinguished by the presence or not of the ele

ment factor. The element factor cos 6 is present in Eg but is absent in E^ which is 

the primary field component in the y direction. Thus, sampling in the x direction 

encompasses the effects that occur in the y direction. An FFT subroutine was used 

to convert the resulting frequency function to a time function. The absolute value 

of the electric field was then squared to produce intensity values. Integrating these 

intensity values along the time axis from -oo to +(» produces the value of the en
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ergy at different values of x for a constant z value. The data generated included 

the maximum energy value, the beam width, and the maximum intensity. This 

procedure was performed for both the Gaussian and Piston spatially driven arrays. 

2. Input energy and characteristic frequencies for PDA and GDA cases 

To determine the input energy, (2-2) and (2-3) were used. Equation (2-3) may 

be rewritten as 

1 101 -oo 
(3-7)  

^ n=l •'-00 

where fn{rn,t)  = gn(f„,t) .  Since fifr»(rn,<) is the same for all the dipoles and is not 

a function of f„, we may remove the integral from the sums resulting in 

1 foo 101 
Sin ~ 'a I Bn • (3 — 8) 

^ •'-00 „=i 

For the PDA case, Sin reduces to 

= r mi'dt. (3-9) 
J — oo 

For the GDA case, becomes 

1 
Sfn""" = t/ (3-10) 

J — oo 1 n=l 

where r„ is the radial distance from the origin to the n"* dipole. Summing over these 

values produces the final result 

eg'''' = .1137 r \git)\Ut . (3-11) 
J — CO 

where A represents the total physical area of the array. 
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Calculating Urad and Umeat for the time distributions required the use of (2-14) 

and (2-15). Since the same time distribution was used for all the dipoles and is not 

a function of f„, we may rewrite (2-14) and (2-15) as 

def Coo \dtgit)?dt 

fZo 
'^rad — roo i /^\io , r> ' ' 

and 

4 def n mt)\Ut 

Too E"=\̂ nS„  ̂  ̂

where once again /(<) = Bng{t). For the PDA, Bn = I and for the GDA, Bn = 

g-4xio< (.001 nf ^here n is an integer from zero to ten. Eliminating the common sums 

in the denominator and numerator of (3-12) and (3-13), one finds 

. d., r. lajoM 
- n woi'^ '' ' 

and 

~ fZo mtwdt • 

3. Energy EflSciency and Beam Intensity Bounds for GT pulse and CW case 

Due to the manner in which the numerical data was collected, (2-11) represents 

the actual value of the measured energy in the paraxial region and may thus be 

written as 
-101 ill*' I"/ " 

(3 -16) 

Since Rn > z, f(r„,t) = Bng{f„,t),  and = An Bl sr(r,<)P, we may place a 

bound on (3-16) given by 

^nB„(/~d<|af3(fn,<)l2)'] '  (3-17) 
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where B„ has been removed from the integral. Removing from the sum 

results in g{t) losing its r„ dependence and in doing so, places another restriction 

on which further reduces the bound. Dividing by 5'" produces a new 

bound on the energy efficiency given by 

Normalizing (3-18) by C|/C,„ results in 

y2wczu,^^J JZ,dt\d,g(tW Ei=i^n52 • 
(3-19) 

Prom the definitions of Wrad and Umeas determined in (3-14) and (3-15), we may 

rewrite (3-19) as 

/ 1 \ 2 , ,4 A R 
f tmeas ^ I ^ \  a ^meas VZ^n=l ^n) nA\ 

For the PDA case, fl„ = 1 and the sums in (3-20) reduce to 

101 

'£^A„B„=A, (3-21) 

and 

Y,A„BI=A. (3-22) 

n=l 

101 

n=l 

Substituting (3-21) and (3-22) back into (3-20), one obtains 

= ( t^Y (3_23) 
3,enrg \2irCZ/ \Xrad^^ ^ i^rad '  

where Xrad = c/frad- For the GDA case, B„ is given by (3-6) and the sums in (3-21) 

and (3-22) reduce to 

101 

Y^A„B„ = 0.2247 A (3 - 24) 



29 

and 

101 

Y^AnBl = 0.1137 A. (3 - 25) 
nsl 

Substituting (3-24) and (3-25) back into (3-20), one finds 

fjrr" < i^)"^ ̂  = o« ((^y. (3 - 26) 

This bound is tighter than that of (2-21) since the specific details of the driving 

functions have been taken into account. 

Prom (2-26), the far field beam intensity in the paraxial region is given by 

r2 4 4 
ir'-'ifj) = 2^^ 2^ - Rm/c) - lU/c), (3 - 27) 

^ m=l n=l 

where Ar is the area associated with the receiving antenna. Due to the manner in 

which the numerical data was collected, the actual measured far field beam intensity 

was 

AR 

rioi 2 

(3 - 28) 

Let R„ be approximated by z and normalize (3-28) by the input energy. This results 

in 

^ Cj A / 1 y (E^il ^r.|^f/n(^n.<-Wc)|) 

Sin - CI AR {2irczJ /„(?„,<)!' 
of 

Operating on (3-29) by maxt and then normalizing by C|/2 Cf„AR frad, one 

obtains 

fimeas ^3 ('"lO ^ ( A ymeas (n ofi\ 
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where Tg*®"' is given by 

Tmeas 
3 

max, (En=i A„ \dff„{f„,t)\) 

A Ei=\>lnroo'ft|9tVn(r„,/)f 
(3-31) 

The phase shift R„/c has been removed from (3-29) which has resulted in a tighter 

bound. Since f(fn,t) = B„ g{t) and g{t) is the same for all the dipoles, g{t) and the 

integral of g{t) may be removed from the sums. Equation (3-31) now reduces to 

= jr 
max* |9?sf(<)|^(En=i AnB„y 

A fZ dt l5ffl(t)rE;.t\ A.BI 
(3 - 32) 

For a PDA, the sums in (3-32) reduce to A"̂  in the numerator and A in the denom

inator which results in 

Tmeas 
3 Tmeat,PDA _ 

Q — TT 
max( \d?9 i t ) f  

irL dt a? 
(3 - 33) 

For a GDA, the sums in (3-32) reduce to (3-24) in the numerator and (3-25) in the 

denominator. Thus, (3-32) may be simplified to 

ymea.,GDA _ maX( 

Too dt \dl 
2 • (3-34) 

Substituting (3-33) back into (3-30) for the PDA results in 

pmeoi ^ ( A A** 
-\XradJ \u;raJ ' 

and substituting (3-34) back into (3-30) for the GDA results in 

< 0.44 
^ ^rad ' 

(3 - 35) 

Wrod 
(3-36) 
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4. Derivation of bounds for the Gaussian time pulse 

For the Gaussian time (GT) distribution the fvinction 

m = (3 - 37) 

was used as the driving signal for all the elements. The constant tr was set equal to 

4 X 10^*sec~^ in order to obtain a picosecond pulse. The function was sampled at a 

rate of 1.00 x 10"^'' sec for a time record of 512 points. The GT pulse is shown in Fig. 

(3.2) and the third derivative is shown is Fig. (3.3). The distortion surrounding 

the third derivative of the GT pulse is caused by the noise in the higher frequencies 

being amplified by the (jw)^ term. Since this noise had hardly any effect on the 

results, it was not eliminated, as it could have been by placing a window around 

the GT spectrum in the frequency domain. From (3-9), (3-11), and Appendix A, 

the input energy was calculated to be 

for the Gaussian weighted array. 

Eq. (3-37) was substituted into (3-14) and (3-15) to determine Urad and Umeaa-

From Appendix A, we find 

fPDA, GT 
' in (3 - 38) 

for the piston weighted array and 

(3 - 39) 

(3-40) 

and 

(3-41) 
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These values match the values calculated numerically. 

Prom (3-40) and (3-41), the energy efficiency given by (3-23) for the PDA case 

is 

mar' i = 15 {j^y • (' -«) 

The energy efficiency for the GDA case, given by (3-26), is 

iZZr" i »•« = 6.6 (5^)" . p-43) 

Prom Pig. (3.3), one finds that the maximum value of is approximately 

15.6 0-3. Substituting this value back into (3-33) and with the help of Appendix A, 

it may be determined that for the PDA case is given by 

'15.6<r» ^25,^ (3-44) 

For the GDA case, Eq. (3-34) reduces to 

/Y*meas,GDA TT 15.6 (7 1 i rz /o >ic\ 

Substituting (3-40), (3-41), and (3-44) back into (3-35) results in 

fmea, < ( 1 ^ ,5 ^ 15.6 (T'' 2 _ / 1 ^ TT 15.6 ^ 
-VwJ ^S5<T3yr^ ^ 

(3-46) 

for the PDA. Substituting (3-40), (3-41), and (3-44) back into (3-36) results in 

1 \2_7rl5.6cr3 (  1 \2;r l5.6 mea8 rme *• 
y J- TT 15.0(7'' A"" _/ 1 y 

- \Xradz) -^Kadz} 2-25 \Kaaz) \/f 2.25 
(3-47) 
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for the GDA. 

The energy efficiency of the GT pulse for a one derivative system is 

ftrf" < 0,44 (^)% = 0.44 (^)' . (3 - 48) 

The first derivative of the Gaussian Pulse is shown in Fig. (3.4). One finds the 

maximum of \dtg(t)\^ is approximately 0.7356 (t. Substituting this value into (2-29) 

for a one derivative system and using Appendix A, (3-24), and (3-25), one may 

determine that T™"" for the GDA case is 

Tr"' = i = 0 8196 x/F. (3-49) 

The measured beam intensity, given by (2-30) with j = 1, is 

pmeo^ 1 yir0.7356<T / 1 \ 2 0.7356 
.ryf 2.25 ~[AradzJ y/f 2.25 

(3 - 50) 

= 0.8196 (-r^y 
VArod 

5. Derivation of bounds for the continuous wave case 

The continuous wave (CW) driving function consisted of a windowed sine wave 

with six full periods. This function had three more periods of the same frequency 

appended to either side which were tapered in amplitude according to the window 

function 

where II is the initial or final time of the pulse and T is the period of the sinusoid 

{T = 2'KIUCW)- The tapering on the sine function was added to insure a continuous 

third derivative that would produce a result closely approximating a true CW wave. 

Even so, there were still some slight changes in the calculated value of Wmea». In 
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particular, the value of w^eoj for the windowed sine wave in a three derivative system 

was found to be 

= 1.039 . (3-52) 

The selected CW frequency was determined by = a/? so (2-24) and (2-33) 

could be used when comparing the CW and the Gaussian pulse cases. The fimction 

was sampled at a rate of 6.981317 x 10"" sec for a time record of 512 points. The 

CW function is shown in Fig. (3.5) and the third time derivative in Fig. (3.6). The 

energy of the CW function was computed to be 1.22478 x 10"which is equivalent 

to the energy of 7.797 periods of the full sine ftmction. For the piston driven array, 

the input energy was found to be 

gPDA.cw ^ ^ ^3 _ 53^ 

Zy/CT y<T 

For the Gaussian driven array, the input energy was found to be 

gGDA,cw ^ j ^ ^ ggg jr 
2y/ff y/ff 

FVom (3-52), the energy efficiency, given by (3-23), for a piston driven array is 

fTXf' < (xdr ) '  •  

The energy efficiency for the Gaussian driven array, given by (3-26), is 

nZf"' < 4 = 0.462 , ,3 _ 56) 

From Fig. (3.6) one finds that the maximum of 19fff(<)p is Substituting this 

value into (3-33), one finds that Tg"®"' for the PDA case is 

rr" = = 0.128 v^. (3-57) 
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For the GDP case, Eq. (3-34) reduces to 

T?-'""' <  ̂= 0.0568 . (3 - 58) 

Substituting (3-52) and (3-57) back into (3-35), one obtains the normalized intensity 

bound 

f>mea,,PDA ^  ( ^ ^1 Q39 ^ ^2 
- \Xradz) <737.797 ,r ^ - U.odJ 7.797 ^ 

(3 - 59) 
/ A \2 

= 0.1333 (r^) • 
^ ^rad Z ' 

Substituting (3-52) and (3-57) back into (3-36), one obtains the normalized intensity 

bound. 

f ,mea,,GDA < f_J_Vi nog A _ / 1 \2 1.039 
-\\radz' • <t3 7.797TT 2.25 \\radZ' 7.797 2.25 

(3 - 60) 

= 0.0594 . 
> Arad ^' 

6. Comparison of Piston and Gaussian driven arrays 

The PDA and GDA energy efficiency and beam intensity will be compared in 

this section. The comparisons will involve the ratio of the energy efficiencies and 

beam intensities of the PDA to the GDA for both the CW case and GT pulse. The 

bounds on the energy efficiency and beam intensity were derived as inequalities. In 

order to take the ratio of these quantities, the maximum value of the bounds will 

be used. To effectively compare these ratios to the numerical results, the maximum 

values of the numerical results will also be used in the ratios. The maximum en

ergy efficiencies and beam intensities of the numerical calculations occur along the 

propagation axis. 
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The analytical ratio of the energy efficiencies of the PDA to the GDA for both 

the GT pulse and CW case was determined from the maximum of the bounds of 

(3-23) and (3-26). 

The energy efficiency values were measured along the z-axis for the GDA driven by 

the GT pulse and the GDA driven by the CW case at « = 0.05, 0.075, 0.1, 0.25, 0.5, 

1, 2, 3, 10, 13, 20, and 30 meters. The energy efficiencies of the PDA driven by the 

GT pulse were measured at z = 0.35, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The 

energy efficiencies of the PDA driven by the CW case were measured at z = 0.15, 

0.25, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The numerical comparisons for the 

GT pulse are shown in Fig. (3.7) and for the CW case in Fig. (3.8). The Rayleigh 

distances of energy efficiency for both the GT pulse case and the CW case were 

calculated from (2-22) and are shown in Table (3.1). It was determined that the 

largest Rayleigh distance of the beam energy for these cases was 1 meter. The 

energy efficiency ratios were calculated for values at and beyond z = 2 meters where 

by then the beam was in the far field. The ratio of the energy efficiencies along the 

propagation axis of the PDA to the GDA for both the GT pulse and the CW case 

were calculated for 2 = 2, 3, 10, 13, 20 and 30 meters. These values were averaged 

and the standard deviation was determined by [3] 

fxmeat,PDA 
^ 3,enrg -41 = 2.25 (3-61) fimeas,GDA 
^ 3,enrg 2.25 

) n=l 
(3 - 62) 

where <r is the standard deviation, N is the total number of samples, x is the average 

of these values, and x„ represents the data. The average and standard deviations 
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of the ratios of the PDA to the GDA results for the GT pulse were 

f \meas,PDA 
3,enrg = 2.251 ± 0.009 (3 - 63o) \nieas,GDA 
3,enrg 

and for the CW case 

f\meas,PDA 
^ 3,enrg = 2.256 ± 0.002 . (3 - 646) 
Y^mea8,GDA 
^ 3,enrff 

The analytical ratio of the beam intensities of the PDA to the GDA for both 

the GT pulse and CW case was determined from the maximimi of the bounds of 

The beam intensity values were measiired along the z-axis for the GDA driven by 

the GT pulse and the GDA driven by the CW case at z = 0.05, 0.075, 0.1, 0.25, 

0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The beam intensities of the PDA driven by 

the GT pulse were measured at z = 0.35, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. 

The beam intensities of the PDA driven by the CW case were measured at z = 0.15, 

0.25, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The numerical comparisons for the GT 

pulse are shown in Fig. (3.9) and for the CW case in Fig. (3.10). The Rayleigh 

distances of the beam intensity for both the GT pulse case and the CW case were 

calculated from (2-31) and are shown in Table (3.1). It was determined that the 

largest Rayleigh distance of the beam intensity for these cases was 2 meters. The 

beam intensity ratios were calculated for values at and beyond z = 3 meters where 

by then the beam was in the far field. The ratio of the beam intensities along the 

propagation axis of the PDA to the GDA for both the GT pulse and the CW case 

were calculated for z = 3, 10, 13, 20, and 30 meters. These values were averaged 

(3-35) and (3-36): 

'mea$,PDA 

'tneaSfGDA (3 - 65) 
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and the standard deviation was determined by (3-62). The average and standard 

deviations for the GT pulse were found to be 

Imtas,PDA !s j\ 
3 l̂ t) _ ± 001 (3-66a) 

and for the CW case 

2me(i8,PDA .x 
3 _ 7WBA7^-2.25 ± 0.01. (3-666) 

•'•3 

These results show that the analytical predictions and numerical calculations agree. 

In both cases these results are a consequence of a uniform distribution being more 

directive than a tapered distribution. We also expect the sidelobe levels of the GDA 

to be lower than the PDA. This result is illustrated in Chapter 6, Fig. (6.1). 

7. Comparison of the CW and GT cases 

The CW case and GT pulse energy efficiencies, beam intensities, and beam 

widths will be compared in this section. The comparisons of the energy efficiencies 

and beam intensities for both the PDA and GDA case will involve ratios of these 

quantities. The ratio of the maximum energy efficiencies of an arbitrary signal to 

a CW piilse having the same u>rad with multi-derivative systems was determined in 

(2-24). This ratio will be used in comparing energy efiiciencies of the GT pulse and 

CW case. The ratio of the beam intensities of an arbitrary signal to a CW pulse as 

defined in (2-33) will be used in this section. The rate of divergence of the beam 

widths will be calculated and used in comparing the beam widths of the GT pulse 

and CW cases for both the GDA and PDA. 

Prom Eqs. (3-42), (3-55), and (2-24), one finds the ratio of the maximum energy 

efficiencies of the PDA driven by the CW case and GT pulse to be 

= 'T ^ = 14.44, (3-67) 
\.m[AI\radZ^ 
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For the GDA, the ratio of the maximum energy efficiencies as determined from 

The energy efficiency values were measured along the z-axis for the GDA driven 

by the GT pulse and the GDA driven by the CW case at r = 0.05, 0.075, 0.1, 0.25, 

0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The energy efficiencies of the PDA driven by 

the GT pulse were measured at z =0.35, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The 

energy efficiencies of the PDA driven by the CW case were measured at z = 0.15, 

0.25, 0.5,1, 2, 3, 10,13, 20, and 30 meters. The numerical comparisons are shown in 

Fig. (3.11) for the PDA and in Fig. (3.12) for the GDA. The Rayleigh distances of 

energy efficiency for both the GT pulse case and the CW case were calculated from 

(2-22) and are shown in Table (3.1). It was determined that the largest Rayleigh 

distance of the beam energy for these cases was 1 meter. The energy efficiency ratios 

were calculated for values at and beyond z = 2 meters where by then the beam was 

in the far field. The ratio of the energy efficiencies along the propagation axis of the 

GT pulse to the CW case for both the PDA and the GDA were calculated for z = 2, 

3, 10, 13, 20, and 30 meters. The average was calculated for these values and the 

standard deviation was determined by (3-62). The average and standard deviations 

for the PDA were found to be 

(3-43), (3-56), and (2-42) is 

'•\mea8,GT 
3,efir<y 

»mcotf,CIV 
Zftnrg 

(3 - 68) 

^Tne<i8,GT 
^ 3,enrg = 14.3 ± 0.1 (3 - 69a) \mea3,CW 

3,enrg 

and for the GDA 

^meas,GT 
^ 3,enrg = 14.28 ± 0.05 . (3 - 696) 
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From (3-46), (3-59), and (2-33), the ratio of the maximum beam intensities of 

the PDA driven by the CW case and GT pulse is given by 

For the GDA, the ratio of the maximimi beam intensities as determined from (3-47), 

(3-60) and (2-33) is 

The beam intensity values were measured along the z-axis for the GDA driven 

by the GT pulse and the GDA driven by the CW case at z = 0.05, 0.075, 0.1, 0.25, 

0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The beam intensities of the PDA driven by 

the GT pulse were measured at z =0.35, 0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The 

beam intensities of the PDA driven by the CW case were measured at z =0.15, 0.25, 

0.5, 1, 2, 3, 10, 13, 20, and 30 meters. The numerical comparisons are shown in Fig. 

(3.13) for the PDA and in Fig. (3.14) for the GDA. The Rayleigh distances of the 

beam intensity for both the GT pulse case and the CW case were calculated from 

(2-31) and are shown in Table (3.1). It was determined that the largest Rayleigh 

distance of the beam intensity for these cases was 2 meters. The beam intensity 

ratios were calculated for values at and beyond z = 3 meters where by then the beam 

was in the far field. The ratio of the beam intensities along the propagation axis 

of the GT pulse to the CW case for both the PDA and the GDA were calculated 

for z =3, 10, 13, 20, and 30 meters. The average was calculated for these values 

and the standard deviation was determined by (3-62). The average and standard 

\mea8,CW 
3,int 

(3-70) 

\meas^GT 
3,mt 

\mea8,CW 
3,int 

(3-71) 
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deviations for the PDA were found to be 

= 267 ± 3 (3 - 72a) ^meas^CW 

and for the GDA 

^mta»,GT 
 ̂3,in« = 271 ± 4 (3 - 726) 

These values differ slightly due to the noise in the third derivative systems. 

The beam widths were measured for the GDA driven by the GT pulse and the 

GDA driven by the CW case at z = 0.05, 0.075, 0.1, 0.25, 0.5, 1, 2, 3,10, 13, 20, and 

30 meters. The beam widths of the PDA driven by the GT pulse were measured at 

z =0.35, 0.5, 1, 2, 3, 10, 13, 20, ajid 30 meters. The beam widths of the PDA driven 

by the CW case were measured at z = 0.15, 0.25, 0.5, 1, 2, 3, 10, 13, 20, and 30 

meters. The values for the numerically calculated beam widths, as determined by 

the HWHM, are shown in Fig. (3.15). It was determined that the largest Rayleigh 

distance of the beam energy for these cases was 1 meter. The energy efficiency 

ratios were calculated for values at and beyond z = 2 meters where by then the 

beam was in the far field. The rate of divergence of the beams is determined by 

dividing the beam width by the distance z and was calculated for z = 2, 3, 10, 13, 

20, and 30 meters. The values of the slope were calculated and averaged. The 

standard deviation was calculated by (3-62). The average and standard deviations 

of the nvimerically calculated values of for the far field are 

imeaSfCW 
enrg^PDA = (2.28 ± 0.01) X 10-2 , (3 - 73a) 

6\ itneaSfCW 
enrg,GDA = (3.6 ± 0.0) X 10-2 , (3 - 736) 

nmeas,GT 
^enrg^PDA = (9.21 ± 0.01) X 10-® , (3 - 73c) 
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EUld 

Cr^oL = (1-45 ± 0.02) X 10-2 (3 _ 73^) 

The theoretically calculated values of for the PDA may be determined by 

(2-38) as follows 

amtat ^ ^meas ^ /o 
^enrg ^ AJ — At — 74j ^"mo® ^"ma® ^meas ^^max ^meas 

where dmax = 0.01 m. The value w^eoj was found to be 2 x 10^^ rad/sec for the CW time 

distribution and 3.936 x 10'^ radlsec for the Gaussian time distribution. The rate of 

divergence of the beams were then calcvilated as follows 

CnZ'PDA = 2-334 x 10-2 (3 - 75a) 

and 

CnTg'pSA = 1197 X 10-2 (3 _ 75J) 

The analytical expression of 0'^%°^ for the GDA array with the CW driving signal is 

[4] 

omeaiiCW ^rad _ C 
"enrg.GDA ~ o " ~ ~~ (6-10) J TT Uo l^rad Wq 

and for the GT driving pulse is [4] 

Cr"/#L = ('"'••« - !)•" 5^ = -I)'" (3 - 77) 
iJTTWo WradWo 

wheire wq = 0.005 m and n = 3. For both the GT pulse and the CW pulse cases, the 

effective radiated frequency Urad = 2.0 x 10^^ rad/sec. The calculated beam width rate 

values are 

6Tnr":SDA = 3 000 X IQ-^ (3 - 78a) 

and 

Cr"Gl4 = 1-725 X 10-2 (3 _ 78J) 
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The theoretical values were accurate in calculating the divergence of the beam 

widths for the GT pulse and CW pulse laimched from both the PDA and the GDA. 

Expressions (3-74) and (3-77) slightly over-estimated, while (3-76) slightly under

estimated, the divergence of the beam. The analytical results that were the most 

accurate in predicting the behavior of the divergence of the beams involve the GT 

pulse. The slight discrepancies found in the CW case are most likely due to the 

CW signal being a pulse (a windowed CW signal) rather than being a continuous 

wave. 
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Table 3.1 Rayleigh distances for energj' efficiency and beaun intensity. 

Rayleigh Distance 
(Meters) 

PDA 

Energy Intensity 

cw 0.333 0.119 

GT 1.291 2.085 

Rayleigh Distance 
(Meters) 

GDA 

Energy Intensity 

CW 0.333 0.079 

GT 1.291 1.390 
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Figure (3.1), Representative illustration of dipole axray. 
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Figure (3.2), The Gaussian time pulse. 
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Figure (3.3), The third derivative of the Gaussian time pulse normalized by 
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Figure (3.4), The first derivative of the Gaussian time pulse normalized by wra<f. 
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Figure (3.5), The CW time pulse. 
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Figure (3.7), Comp?irison of the energy efficiencies of the Gaussian driven array 

to the piston driven array for the Gaussian time pulse in a three derivative system. 
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to the piston driven array for the CW time pulse in a three derivative system. 
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Figure (3.9), Comparison of the beam intensities of the Gaussian driven array 

to the piston driven array for the Gaussian time pulse in a three derivative system. 
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Figure (3.10), Comparison of the beajn intensities of the Gaussian driven array 

to the piston driven array for the CW time pulse in a three derivative system. 
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Figure (3.11), Comparison of the energy efficiencies of the Gaussian time pulse 

to the CW time pulse for the piston driven array in a three derivative system. 
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Figure (3.12), Comparison of the energy efficiencies of the Gaussian time pulse 

to the CW time pulse for the Gaussian driven array in a three derivative system. 
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Figure (3.13), Comparison of the beam intensities of the Gaussian time pulse 

to the CW time pulse for the piston driven array in a three derivative system. 
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Figure (3.14), Comparison of the beam intensities of the Gaussian time pulse 

to the CW time pulse for the Gaussian driven array in a three derivative system. 
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Figure (3.15), Comparison of the beam widths of the Gaussian time pulse to 

the CW time pulse for the piston driven array and the Gaussian driven array in a 
three derivative system. 
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CHAPTER 4 

FORMULATION OF MPS PULSES AND COMPARISONS 

WITH CW CASES 

As shown in the previous chapters, to obtain an enhancement in pulsed beam 

performance for a multi-derivative system one requires u>meas > Urad- The theory 

behind localized waves is embedded in maximizing this relationship to obtain high 

performance pulses. One such pulse is the MPS pulse as derived by Ziolkowski 

[5]. Further enhancements have been made to this pulse to push the performance 

bounds even higher [2]. In Section (4.1) this pulse is analytically derived. The 

final pulse used to model this phenomenon shall be referred to as the LW pulse. 

Numerical considerations for modeling this pulse are discussed in Section (4.2). In 

Section (4.3) the LW pulse driven array beam parameters are compared to the 

corresponding CW pulse driven array results. 

1. Formulation of the MPS function 

One particular method used to solve separable differential equations involves 

transforming the equation to the frequency domain, solving, and then inverse trans

forming to obtain the space-time solution. The homogeneous wave equation in x ,  

y, z space and time is given by 

where r = {x ,y , z ) .  Since (4-1) involves x ,  y ,  z ,  and t ,  a three-dimensional spatial 

Fourier transform and a one-dimensional temporal Fourier transform is required. 

These transforms axe given by 

( 4 - 1 )  

( 4 - 2 )  
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The spatial transform vector k is determined by the vector components ikx,ky,kt) 

and w is the temporal transform variable. The transform of (4-1) results in 

(k^-u^/c^)Tr,t{rl>}(k,u) = 0 (4-3) 

where k = yjk^ + k^ + kj. 

Equation (4-3) may now be used to solve for a non-separable localized wave 

solution of (4-1). The solution shall be chosen such that the wave will propagate 

along the z-axis at speed c and have angular symmetry about the propagation axis. 

A cylindrical (p, <j>, z) coordinate system (p = \/x^ + y^) will also be introduced. With 

these objectives in mind, (4-3) may be rewritten as 

(«2 + fc? - = 0 , (4-4) 

where = kl + k^. One possible solution for (4-4) is to let k^ = 0 - k^/AP and 

ulc = /c^/4/3 where p is an arbitrary, real, non-zero parameter. Substituting the 

values of fej and w/c back into (4-4), one obtains 

«=>-!-(/?- «V4/?)2 -{13 + = 0 . (4-5) 

This solution will insure that the expression + kj - w^/c^ in (4-4) goes to zero. 

Recalling that 

= , (4-6) 

one possible function satisfying (4-4) is 

S(«, /?) + {13- 6[UJ - c(/3 + K^Ap)] , (4-7) 

where E represents an arbitrary function of k and /?. By setting H equal to 
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and substituting back into (4-7), one obtains the final form of the solution in trans

form space: 

Tr,M}{V,w) = S[k, + (/? - /cV4/?)] 6[u, - c{l3 + K^i/S)] (4 - 9) 

provided that /3 > 0 and Zo > 0. The inverse transform of (4-9) produces the space-

time solution 

^(^'0 = f die . (4 _ 10) 
/3(2ir) Jul 

The term k • ^ is equal to hx + kyy. Since we are free to choose the kx axis to lie in 

the direction of p, the integral 

f = f dKK f d <j> = 2IR f dn k Jq(kp)  ,  ( 4 - 1 1 )  
JN^ Jo Jo Jo 

where the angular integral has been recognized as a zero-order Bessel function. 

Substituting (4-11) back into (4-10), one finds a simplified integral given by 

4—3 foo 
0 =  /  d k k  Jo{kp)  e-'''[^'>+.'(^-«0]/4/J . (4 _ 12) 

Jo 

Evaluating this integral [6], one obtains the result 

where and /? are arbitrary positive real numbers. Equation (4-13) may be simpli

fied to 

.-0a(p,z,t) 

where s (p , z , t )  -  p"^/[zo  +  j ( z  -1 )]  -  j{z  +  i ) .  
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The solution to (4-1), given by (4-14), may further be altered to produce 

the modified spectrum pulse (MPS). In (4-14) there is another degree of freedom 

through the variable 13 that may be exploited. Fundamental Gaussian pulse fields 

which correspond to different values of /? can be used as basis functions for the 

non-separable space-time solutions of (4-1). This means new transient solutions of 

(4-1) can be represented by weighted superpositions of those basis fimctions [7]. A 

general LW solution is given by 

^{r , t )= r  d^ 'F{^ ' )  
Jo 

( 4 - 1 5 )  

and is an exact source-free solution of the wave equation. It has been found that the 

resulting pulses have finite energy provided that the fimction is square 

integrable [7], viz: 

The ftmction chosen to produce the MPS pulse is 

F(/?') = [/?/r(a)](/?/?' - (3' > b/0 

= 0 b/ l3>l3>0 

(4-17) 

Substituting (4-17) into (4-15), solving the integral and taking the real part, one 

finds that the MPS pvilse is given by the expression 

zo+j(z-rf) [(s//?) + a]<' ' ~ 

The parameters that are used to obtain the following results are = .00045 m, 

b =  600 a = 100 m, a = 1,  /?  =  300 and c is the speed of l ight,  c = 3 x 10® m/s .  
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The maximum frequency of this pulse is given by /mo® = cH^nzo) = c/Amin which 

represents the 1/e-folding point of the amplitude of its Fourier spectrum at p = 0. 

The transverse waist is iw = (/?2o/6)i at z=t=0 and the minimum frequency is /mm = 

Using the parameters listed above, we find fmax  = 1-06 x  10^^ Hz,  w = .015 m,  

and fmin  =  9.549 x  10' '^ Hz .  

The actual driving signals are modified by a window function. The purpose of 

this modification was to remove the precursor wings characteristic of the regular 

MPS pulses, thus specifically minimizing the amount of wasted energy in those 

wings. The window function is defined by 

where <i = 3 x 10~", <2 = 1-5 x 10"", <3 = 2.5 x 10~^^, <4 = 5 x 10"^^, and h { t , T )  is given by 

The MPS pulse-driven array is also folded over to include wave components that 

would be generated from outside the array [8]. The final MPS pulse function used 

to drive the array is given by 

• 0 for t  <  -<i 

f o r <  <  < - < 2  

tf(<) = < 1.0 for ~ t 2 < t <  +<3 ( 4 - 1 9 )  

/»(<,<4) for +<3 < t  <  + t 4  

0 for 0 +<4 

h { t ,  T) = 0.42 — 0.50 X cos[2.07r(</7-)] + 0.08 x cos[4.05r(</r)]. (4 - 20) 

0 = «(r,<) h ( t , T )  .  ( 4 - 2 1 )  

In Fig. (4.1), the components of the MPS pulse are evaluated for = 0.0, 0.005, and 

0.01 meters. 
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2. Numerical considerations in modeling the MPS pulse 

The LW pulse (4-21) was sampled at the time interval St  — 3.90625 x 10~" sec  for 

4096 points to provide sufficient resolution of the function in the frequency and time 

domain. Of the 4096 points, 3110 points were set to zero in the frequency domain 

to prevent aliasing. These conditions satisfied the Nyquist sampling theorem. The 

decision to use 4096 points as opposed to 2048 or 8192 points was determined by 

comparing the functions after three time derivatives. There was a small change in 

the solution between using 2048 and 4096 points but there was little discrepancy 

between using 4096 and 8192 points. The time interval 6t was altered during these 

comparisons to insure the time history of the MPS pulse was correctly represented. 

The sampling rate of the function upon transforming to the frequency domain was 

determined to be 6f  =  6.25 x 10® Hz.  

Once the function is in the frequency domain it is multiplyed by w®. A third 

derivative of the signal results from multiplying the signal by [juif and transform

ing it back to the time domain. The (jw)^ term also has the undesirable effect of 

amplifying the higher frequency noise components. When the signal is transformed 

from the frequency domain back to the time domain, the resulting signal becomes 

distorted. To reduce this noise, a window function was placed over the frequency 

distribution of the signal. This window function is the same one that is used in 

(3-51). Previously fmax was calculated to be 1.06 x 10" Hz for the function given in 

(4-18). Due to the window function a;(<) given in (4-19), the frequency distribution 

of the MPS pulse will contain larger frequency values. Upon careful examination of 

the frequency distribution, the window function was eventually designed to remain 

at unity until  5.93125 x 10^^ Hz and to eliminate all  frequencies above 6.1625 x 10^^ Hz.  

Comparisons of the second and third derivative of the MPS pulse with and without 



the frequency window are shown in Figs. (4.2) through (4.3). The second deriva

tive was included for comparison to insure that the components of the frequency 

spectrum have not been lost when the window is present. The component of the 

MPS pulse used to drive the center of the array was chosen for these comparisons 

since the frequency spectrum of this pulse contains the highest frequency values. 

The same 101 dipole array discussed in Chapter 3 was driven by the CW and 

MPS pulses. Due to the nature of the array, there will be eleven different driving 

signals defined by the MPS pulse. The effective frequency of the radiated far field, 

urad, is given by (2-14) and the effective frequency of the measured far field, Umea>, 

is given by (2-15). In both cases the time functions for the MPS pulse may not be 

removed from the sums. As a result, these values were calculated numerically to be 

= 2.3269 X 10" rad/sec  (4 - 22) 

and 

= 2.811 X 10^^ rad/sec  .  (4 - 23) 

The comparison CW tone burst case was a PDA driven with a CW signal at 

the frequency wcw = Urad = 2.3269 x 10^^ sec~^. The tone biurst is defined in the same 

manner as in Chapter 2 but with this frequency. As with the windowed CW pulse in 

Chapter 2, was not found to be identical to uicw, but was instead determined 

by = 2.353 X lO'i rad/sec = 1.011 

3. Comparison of the MPS and CW pulse 

The expression for the measured electric field is given by (3-16). Due to the 

various time histories incorporated into the pulse, there is difficulty in simplifying 

(3-16) for the MPS pulse. As a result, the solution was not analytically calculated. 

The above complication also applies to the measured beam intensity and beam 
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width. As noted in the above section and in Chapter 1, the numerical ratios of 

the MPS pulse to the CW pulse represent bounds. As mentioned previously, only 

eleven different driving signals defined by the MPS pulse function were used in the 

MPS pulse. Increasing the number of radiating elements radially would result in 

further continuity of the signals and better definition of the MPS pulse. As a result 

of using a small ntunber of driving signals, the ratios of the MPS pulse to the CW 

pulse for energy efficiency and beam intensity wiU be substantially lower than the 

upper bound predicted. Note that the bounds for a one derivative system were also 

calculated for future reference in Chapter 5. The CW pulse was not redone for 

a one derivative system due to the anticipated small differences between the CW 

pulse used in a three derivative system. 

The ratio of the maximum MPS measured field energy efficiency for a three 

derivative system to the maximum CW measured field energy efficiency is predicted 

from (2-24) to be 

f\mea$,MPS 
ffrj.cvv = = 21,294 . (4 - 24a) 

3,enrg 

The ratio of the maximum MPS measured field energy efficiency for a one derivative 

system to the maximum CW measured field energy intensity is predicted from (2-25) 

to be 

ptneaSiMPS 
^ l.enrj _ MPS I, ,CW \4 _ i n IA 

f\meaa,CW i^meas l^meas) — 1-0 • (4 246) 
^ l,enrg 

The ratio of the maximum energy efficiencies of the MPS pulse for a three derivative 

system to a one derivative system is predicted to be equal to 21,294 since Wmea» = Wmd 

for a one derivative system. 

The energy efficiency values were measured along the z-axis for the MPS pulse 

and the CW cases for one and three derivative systems at z = 0.025, 0.05, 0.1, 
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0.25, 0.5, 1, 2, 3, 10, 13, 20, 30, and 100 meters and are shown in Fig. (4.4). 

The Rayleigh distances of the energy efficiency for both the MPS pulse case and 

the CW case were calculated from (2-22) and axe shown in Table (4.1). It was 

determined that the largest Rayleigh distance of the beam energy for these cases 

was 3 meters. The energy efficiency ratios were calculated for values at and beyond 

2 = 13 meters where by then the beam was well into the far field. The ratio of 

the energy efficiencies along the propagation axis of the MPS pulse to the CW case 

for a one and three derivative system were calculated for z = 13, 20, 30, and 100 

meters. The average was calculated for these values and the standard deviation was 

determined by (3-62). 

pmea«,MP5 
= ( 9 - 1  ±  0 . 1 )  X  1 0 3 .  ( 4 - 2 5 a )  

^ 3,enrg 

This ratio is lower than the bound calculated in the previous section. The corre

sponding ratio of the energy efficiencies of the MPS pulse to the CW pulse for a 

one derivative system was 

l;̂ TJ.cw = 0-49380 ± 0.00007 (4 - 256) 

and of the MPS pulse for a three derivative system to the MPS pulse for a one 

derivative system is 

^mea8,AfPS 
= (18.4 ± 0.3) xlO^ (4-25c) 

* l,enr0 

The term Tg*®"' was calculated numerically to find the ratio of the maximvtm 

beam intensities. Prom the definition of (2-29), Tg*®*" for the CW ptilse was 

'vmeas CW def -^n <)| ymeas,cw ^ ] 1_ ^ 3 jge X 10^° (4 - 26a) 
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and for the MPS pulse 

ymea.,MPS dg ̂  Sn 1 ^ 

EiLl ^nHorf'l^f/nCrn.Ol 

For a one derivative system, Tf"" for the MPS pulse was 

J r maxt y;^_i An |5t/n(»V,<)| 
j^mea,,MPS dg ^ L = 2.225 X . (4 - 26c) 

EL i  An STOO 'ti\dtMrn,t)\ 

The ratio of the maximum beam intensities generated in the MPS pulse and the 

CW pulse cases for a three derivative system was determined by substituting (4-22), 

(4-23), (4-26a), and (4-26b) into (2-33): 

ftmeas,MPS , ..4 ~^mea>,MPS ft Kcn Iftl3 
^ 3.in( _ / l^meas ] ^3 _ oi on. O-550 X 10" 
pmea5,ClV ^ J -j.m«a5,CW ' 3 296 X IQl" 

= 4.232 X 10^ . (4 - 27a) 

For a one derivative system, the ratio of the maximiun beam intensity of the MPS 

pulse case to the corresponding CW pulse value was determined by substituting 

(4-26a) and (4-26c) into (2-34): 

jymea9,AfPS ^mea9,MPS n ooc w inl2 
l.'"< _ j[l _ 2.225 X 10 _ rin /j_ O-IV 

f\meaa,ClV '^meat,Cty 3 296 X 10^" OI.Ol^ . Zlvj 
^ l,int ^ 1 

The ratio of the maximum beam intensities for the MPS pulse, three derivative 

system to the corresponding one derivative system was determined by taking the 

ratio of the maximum beam intensities given by (2-30): 

f,meaa,MPS ,  \ 4 Ymeo»,A/PS ft KKn xy inl3 
3.'"« (itWsi) Is 21 294 ^ = 6 269 X 10® (4  -  27c)  fmea,,MPS J ymeas.MPS ' ^ 2.225 X 10^2 X i" • (4 

The beam intensity values were measured along the «-axis for the MPS pulse 

and the CW case for one and three derivative systems at 2 = 0.025, 0.05, 0.1, 0.25, 
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0.5, 1, 2, 3, 10, 13, 20, 30, 50, 75, 100, 125, 175, and 200 meters. Prom Fig. (4.5) 

it was determined that the far field of the MPS pulse for a three derivative system 

was reached by 2: = 13 meters. The Rayleigh distance for the beam intensity was 

calculated for the MPS pulse case in a three derivative system by (2-31) and is 

shown in Table (4.1). This value does not provide an accurate representation of 

the behavior of the beam intensity. As shown in Fig. (4.5), the phase coherence 

rapidly deteriorates beyond z = 100 meters. The ratio of the beam intensities along 

the propagation axis in the MPS pulse case to those in the CW case for both a one 

and three derivative system were calculated for z = 13, 20, 30, and 100 meters. The 

average was calcvdated for these values and the standard deviation was determined 

by (3-62). The average and standard deviations of the ratio of the maximum MPS 

pulse intensity to the maximum CW pulse intensity for a three derivative system 

were found to be 
pmca5,A/P5 
^ 3,mt 

f\meas,CW 
^ 3,int 

= (1.74 ± 0.09) xlO^ (4-28a) 

The corresponding ratio for a one derivative system was 

pmeos.Af PS 
=28.84 ± 0.09, (4-286) 

^ l,«n< 

and the ratio of the MPS pulse maximum intensities generated by a three derivative 

system and a one derivative system is 

pmea»,MPS 
^i^^ = (6.1 ± 0.3) xlO^ (4-28c) 
* l,»n< 

At this point it should be noted that for a one derivative system the CW pulse is 

more energy efficient than the MPS pulse but the MPS pulse has a much larger 

beam intensity. Once again the predicted bounds were larger than the numerically 

calculated values for the beam intensity. 



The waists of the measured field energies in the CW and MPS cases are defined 

as the half-widths at half-maximum (HWHM) of the beam energy profiles in a 

plane parallel to the array at a given distance from the array. The beam waists 

were measured for the MPS pulse and the CW case for one and three derivative 

systems at z = 0.025, 0.05, 0.1, 0.25, 0.5, 1, 2, 3, 10, 13, 20, 30, and 100 meters. 

It was determined that the largest Rayleigh distance of the beam energy for these 

cases was 3 meters. The fax field beam waists were calculated for values at and 

beyond z = 13 meters where by then the beam was well into the far field. The rate 

of divergence of the beam widths, given by the slopes of the lines shown in Fig. 

(4.6), were calculated for « = 13, 20, 30 and 100 meters. The average of these values 

was evaluated and the standard deviation was determined from (3-62). The results 

were found to be 

= (1-51 ± 0.03) X 10-® , (4 - 29a) 

± 0.8) X 10-® , (4 - 296) 

and 

CnrZ'pDA = (191 ± 1) X 10"' • (4 " 30c) 

Prom these results we find that the CW measured beam energy profile is expanding 

123 times faster than the LW profile for the three derivative system. The resiilts also 

show the CW measured beam energy profile expanding 2.58 times faster than the 

LW beam width for a one derivative system. Using (3-74) to determine the slope of 

the CW pulse beam width, a beam spread of approximately 200 x 10"® was calculated 

which closely matches the value found above. The rate of divergence of the folded 

MPS pulse-driven array in a one and three derivative system was determined from 

(3-74), (4-22), and (4-23) where dmax = 0.1m [8]. The calculated rate of divergence 
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of the MPS pulse beam for a one derivative system was 20 x 10~® and for a three 

derivative system was 1.68 x 10"®. 



Table 4.1 Rayleigh distances for energy efficiency Jind beeim intensity. 

Rayleigh Distance 
(Meters) 

Energy Intensity 

MPS 3D 5.659 94.946 

MPS ID 0.03878 0.119 

CW 0.03878 0.0 M59 
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Figure (4.1), Components of the MPS pulse evaluated at p = 0.0 m, p = 0.005 m, 

and p = 0.01 m. 
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Time Axis in Seconds 

Figure (4.2a) 

Figures (4.2a-b), The second derivative of the MPS pulse generated from the 

center of the array was compared: (4.1a) without the frequency window and (4.1b) 
with the frequency window. 
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Figure (4.2b) 
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Figure (4.3a) 

Figures (4.3a-b), The third derivative of the MPS pulse generated from the 

center of the array was compared: (4.2a) without the frequency window and (4.2b) 
with the frequency window. 
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Figure (4.3b) 
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Energy Efficiency Along Propagation Axis 
1—I V I 11111 1—I 1 I 1111|—^-1—I I I 11 n{ 1—I I 1111 

10.00 100.00 
Z Axis, Meters 

1000.00 10000.00 

Figure (4.4), Comparison of the energy efficiencies between the MPS pulse for 
a one and three derivative system and the CW pulse. 
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Intensity Along Propagation Axis 
J  I  I  I  I i i j  '  I — I  I  I  N i i |  I — I ' l  I  1 1 i i {  1 — r  

MPS, 10 XI000 

XI000 

10.00 100.00 1000.00 10000.00 
Z Axis, Meters 

Figure (4.5), Comparison of the beam intensities between the MPS pulse for a 

one and three derivative system and the CW pulse. 



Beam Width Along Transverse Axis 
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Figure (4.6), CompEirison of the beam widths between the MPS pulse for a one 

and three derivative system and the CW pulse. 
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CHAPTER 5 

FORMULATION AND COMPARISON OF SP PULSES 

WITH MPS, GT, AND CW PULSES 

The 1/2 and 3/2 superluminal pulses will be analytically derived. These deriva

tions will then be followed by numerical results which illustrate their performance 

as driving signals for the array. Section (5.1) will involve deriving the 1/2 and 3/2 SP 

pulses. Section (5.2) is devoted to the numerical considerations in modeling these 

pulses. The last two sections, sections (5.3) and (5.4), compare the 1/2 and 3/2 SP 

pulses to the MPS, GT, and CW pulses respectively. 

1. Formulation of 1/2 and 3/2 SP pulse functions 

The same method employed in Chapter 4 was also used to derive the 1/2 and 

3/2 SP pulses. The 3/2 SP function is produced from the Fourier spectrvun [9] 

•^r,« {V'}(k. w) = =(«, 7) 6 ^ - 0=^) 

where S(«:,7), the weighting function, is given by 

= ( « ' - y ) =  ( 5 - 2 )  

and 7 > 0. Equation (5-1) is analogous to (4-7) and satisfies (4-4). Taking the 

inverse transform of (5-1), one obtains the space-time solution 

= [ d/c e--'"" . (5-3) 

Choosing the axis to lie in the direction of p and using the identity (4-11), one 

can reduce (5-3) to 

®7(r.O = 77-^ r . (5-4) 
(1 - T) Jo 
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Evaluating this integral [6], one produces the 3/2 SP function 

[z„  -  j(z  -  ct / j ) ]  

+ ["o - - cth)Y^ 

%{v, t )= ^ (5-5) 

Prom the work done by R. W. Ziolkowski, 1. M. Besieris, and A. M. Shaaarawi 

[10], the 1/2 SP pulse is defined by 

«7(r,0=7 ^ (5-6) 
{{.lP?^[zo-3{z-vtW] 

where the constant 7 is real and equal to 

The solution was developed by solving the homogeneous wave equation in free space 

within the time domain. 

Both the 1/2 and 3/2 SP pulses will be launched from the previously defined 

X - y plane array. Therefore, setting 2 equal to zero, the 3/2 SP driving signals are 

defined by 

[ZQ + jet It)] 

{p='(^) + [^o+K<p} 
®,(r,o = ne- . (5 _ 8) 

and the 1/2 SP driving signals by 

= .  (5_9) 
\ytpf-\-[zo + ivtY] 

Note that the real part of the functions have been chosen to drive the array. 
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2. Numerical considerations in modeling the SP pulses 

The ptdses in (5-8) and (5-9) were compared to the MPS, CW, and GT pulses. 

The specific comparison between the GT and SP cases was accomplished using 

the GDA. The radial frequencies and amplitude distributions across the array were 

chosen to be approximately the same to effectively compare these various functions. 

When comparing the SP pulses against the GT pulse, one should choose the SP 

pulses to have an effective radiated frequency of 2.0 x 10'^ rarf/sec and to have the 

amplitude of the individual pulses reach the 1/e point at < = 0.0 when p = 0.005 m. 

Likewise, when comparing the SP pulses against the MPS pulse, one should choose 

the radial frequencies of the SP pulses to be 2.3269 x 10" rod/sec and their 1/e point 

at < = 0 to lie at 0.015 m. 

For the 3/2 SP case the parameters Zo and 7 determine the amplitude distribution 

across the array and the effective radiated frequency. The constant 7 was solved for 

as a function of Zo and /? at < = 0.0 to determine these parameters. At < = 0.0 the 3/2 

SP reduces to 

^7('',o)= • (5-10) 
[Pn-T^) + 22)3/2 

At p = 0 the peak amplitude is 1/r^. Normalizing ^^(r.O) by l/zl one obtains 

^•r(r,0)=r2(ijV 21 • (5-11) 

Then setting (5-11) equal to 1/e and solving for 7, one produces 

7 = , ^ . (5 -12) 
vT+TVp)W7^ ^ ^ 

By setting p to the desired value at which the 1/e point at < = 0.0 occurs, one 

can then vary Zo until the correct effective radiated frequency has been reached. 
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The resvilting parameters for the 3/2 SP pulse were Zo = 0.0001816 and 7 = 0.9993755 

for the comparisons against the GT pulse. The effective radiated frequency was 

2.00043 X 10'^ rad/sec, and the amplitude of the individual pulses reached the 1/e 

point at /? = 0.005 m. Prom (5-8) and (5-9), one finds that the 3/2 SP pulse varies 

only slightly with p. Since the effective radiated frequency is not much different from 

the MPS case, the same type of behavior can also be expected for that comparison. 

To obtain a wider range of the various pulse shapes comprising the 3/2 SP pulse, 

the 1/e point was chosen to lie at /> = 0.01 m. This choice corresponds to the outer 

radius of the array and is appropriate for comparisons to the MPS pulse case. The 

parameters determined for comparison of the 3/2 SP pulse against the MPS pulse 

were «<, = 0.0017293 and 7 = 0.9861234. These parameters resulted in an effective 

radiated frequency of 2.3269 x 10" rad/sec, and the amplitude of the individual pulses 

reached the 1/e point at 0.01 m. 

For the 1/2 SP pulse the parameters Zo and 7 also determine the amplitude 

distribution across the array and the effective radiated frequency. In addition, 7 is 

also dependent on the velocity of the pulse given by (5-7). Once again 7 was solved 

for as a function of Zo and p at < = 0 to determine these parameters. At < = 0.0 the 

1/2 SP reduces to 

*7(r.0) = 
1/2 • (5-13) 

Setting (5-13) equal to 1/e and solving for 7, one obtains 

7 = —x/e^ -  1 . 
P 

(5-14) 

The velocity v is then determined according to 

V =  - 1 (5-15) 



The variable p is now set equal to a specified value and Zo is varied. For each 

Za chosen, the parameters 7 and v are calculated and the corresponding effective 

radiated frequency is determined. The final parameters for the comparison of the 

1/2 SP pulse to the GT pulse were found to be z^ = 0.000325, 7 = 0.1642978, and 

V = 1.8491727 X 10®. The corresponding effective radiated frequency was calculated to 

be 2.00154 x 10^^ rad/sec and the amplitude of the individual pulses reached the 1/e 

point a.t p = 0.005 m. To maintain consistency between the various cases, the 1/e 

point was chosen to lie at p = 0.01 m for comparison against the MPS pulse. The 

final parameters chosen for the comparison of the 1/2 SP pulse to the MPS pulse 

were Zo = 0.0015276, 7 = 0.3861251, and v = 8.3229037 x 10®. The corresponding effective 

radiated frequency was found to be 2.3265 x 10" rad/sec. 

The frequency spectra were examined and a window function was placed in the 

frequency domain for the analysis of the three derivative system. The (jw)® sig

nificantly amplified the higher frequency noise components, and the window func

tion sufficiently mitigated their effects. The same window function used for the 

MPS pulse was used for the SP pulses when evaluating the three derivative system. 

Due to the resulting behaviors, it was concluded that the superluminal functions 

do not perform well in three derivative systems. An example of the energy pat

tern is shown in Fig. (5.1) for the 3/2 SP pulse in a three derivative system with 

u>rad = 2.0 X10'^rarf/sec. The functions for the three derivative system behave properly 

in regards to the l/r^ slope of the energy efficiencies and intensities in the far field. 

The beam widths also exhibit a linear relationship in the far field. Further, the 

composite fields along the propagation axis in time for the three derivative system 

were well defined. An example of the composite field is shown in Fig. (5.2) for 

the 3/2 SP pulse in a three derivative system with Urad = 2.0 x 10'^ rad/sec. These 

results imply that the phases are adding correctly, but not to the advantage of 
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the SP pulses. Since the 1/2 SP pulse is being used in a one derivative system for 

biomedical ultrasound imaging applications and since it does not behave well for 

three derivative systems, only comparisons of these pulses to other one derivative 

systems used earlier were made. The GT pulse was redone for a one derivative 

system for comparisons with the SP pulses. Once again, the CW pulses were not 

redone for a one derivative system due to the anticipated small differences between 

that case and a three derivative system. 

One possible explanation for the poor performance of the SP pulses in a three 

derivative system is the lack of an exponential term in the time domain of the 

functions. An exponential term allows the term in the field equation to couple 

directly with the pulses and produce well behaved shifts in phase. If the argument 

of the exponential is linear in time, these phase shifts become predictable as in the 

CW case. The term also contributed to the highly oscillatory nature of the 

frequency spectra as observed in Fig. (5.3) for the 3/2 SP pulse in a three derivative 

system with w = 2.0 x 10^^ rad/sec. 

Another factor contributing to the degradation of the signal in multi-derivative 

systems may be found in the slingshot behavior of the SP pulses. Prom Fig. (5.4), 

the wings of the pulse are launched first followed by the center of the pulse. The 

wings of the pulse travel at the speed of light while the center of the pulse acts 

as a moving interference pattern that travels faster than the speed of light. Upon 

entering the far field, the center of the pulse and the wings of the pulse reach the 

same point spatially. The entire pulse then proceeds at the speed of light. This 

implies a delicate balance between the wings and the center of the pulse so when 

using multi-derivative systems, there is difficulty in maintaining the phase coherence 

between the wings and the center of the beam. 
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To determine the correct time and frequency sampling rate, each function was 

examined separately at various values of p. The results showed that when p = 0.0 m 

the pulse has the smallest bandwidth and when p = 0.01 m, the largest bandwidth. 

The sampling rate in time was then chosen to encompass the entire pulse at p = 0.01m 

but small enough to insure reasonable resolution when p = 0.0 m. The sampling rates 

in time for the 1/2 and 3/2 SP pulses used for the comparisons with the GT case were 

1.0 X 10"^'' sec and 2.5 x 10"" sec respectively. The sampling rates in time for the 1/2 

and 3/2 SP pulses used for the comparisons with the MPS pulse were 8.0 x 10~^^ sec 

and 1.5 x 10"^® sec respectively. The total time record for all of the pulses was 1024 

points. 

3. Comparisons of SP pulses with MPS, GT, and CW pulses 

The bound for the ratio of the measured beam energy efficiencies of the SP 

pulses and GT pulse cases to the CW pulse results for a one derivative system is 

predicted from (2-25) to be 

pmcoj 
= (5-16) 

^ \,enrg 

The corresponding ratio for the SP pulses and GT pulse cases was determined by 

taking the ratios of the maximum of the bound given by (2-23). The ratios for the 

SP pulses and GT pulse cases were determined to be 1.0 for all the cases. 

The energy efficiencies were measured along the z-axis for the SP pulses, the GT 

pulse, and the CW case for a one derivative system at z = 0.05, 0.075 0.1, 0.25, 0.5, 

1, 2, 3, 10, and 13 meters and are shown in Fig. (5.5). The Rayleigh distances of 

the energy efficiency for the SP pulses and the GT pulse were calculated from (2-19) 

and are shown in Table (5.1). It was determined that the largest Rayleigh distance 

of the beam energy for these cases was 0.25 meters. The energy efficiency ratios 



were calculated for values at and beyond z = 2 meters where by then the beam was 

well into the far field. The ratios of the energy efficiencies along the propagation 

axis of the beams generated by driving the array with the SP, CW, and GT pulses 

for a one derivative system were calculated for z =2, 3, 10, and 13 meters. The 

average of the ratios was calculated for these values and the standard deviation was 

determined by (3-62). The ratio of the maximum energy efficiencies obtained with 

the 3/2 and 1/2 SP pulses to the CW pulse results for a one derivative system was 

pm 
M, 
f' 

^meai,3/2 SP 
• ,enrg 
imeo«,( 
l,enrj 

and 

f,ZZ,cw =0-700 ± 0.003 (5- 17a) 

pmeas,1/2 SP 
=0-676 ± 0.005. (5- 176) 

^ l,enrg 

The corresponding ratio for the GT and CW pulses for a one derivative system was 

pmeo»,GT 

0-953 ± 0.002. (5-17c) 
^ l,enrg 

The average and standard deviations for the ratio of the results for the 3/2 SP and 

1/2 SP pulse cases for a one derivative system were 

PMCA5,3 /2  SP  

= 1-035 ± 0.0004. (5- 17d) 
l,enrg 

Prom these results we find that the 1/2 and 3/2 SP pulse beams have similar energy 

efiiciencies for a one derivative system. The same may also be said of the beams 

generated with the GT pulse and the CW pulse for a one derivative system. The 

ratios of the 1/2 and 3/2 SP pulse cases to the GT pulse were 

pmea9,3/2 SP 

fmea,.Gr = 0-734 ± 0.004 (5-17e) 
^ l,enrg 
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and 

Ameat,1/2 SP 
'• l ,enrg 

pmea<,( 
'•  l ,enrg 

—^^ = 0.72 ± 0.02. (5-17/) 

The term was calculated numerically for the SP pulses to determine 

the ratios of the beam intensities. Prom the definition of (2-29), the term 

for the SP pulses was 

^meas3l2SP def 52n=l |5«/n(»n,i)| 
ymeas.3/2 SP d r f  ̂ ^ L = 5 . I 9 1  x lO" (5 - 18a) 

Too dt |5«/„(r„,<)| 

and 

•vmeaa \I2 SP def I^n=l -^n |^«/n(''n > 01 ,, 
Ymaa,,l/2 SP d^f ^ L \  = 5.835 x lO" . (5 - 186) 

Sn=l -^n i-00 dt |^«/n(^niO| 

The ratios of the maximiuns of the beam intensities may now be calctdated by 

substituting (3-49), (3-58), (5-18a), and (5-18b) into (2-34): 

pmea«,3/2 5P ymeas,3/2 SP 

f,meai,CW ~ ymea»,CW ~ 1^-34 , (5 - 19o) 
^ l,in( ^ 1 

pmeo«,1/2 5P ymeas,3/2SP 

'j:!:L,CW = :!,meas,C^ = 16.12 , (5 - 196) 

fmeas.GT ^meas.GT 
^ l,int 11 
^meaSfCW y*** fmeo5,C»V ~ -^meas.CW ~ 14.42 , (5 - 19c) 

fymeas,3/2 SP ^meas,3j2SP 
^ l,int li 
fmeas,\(2SP ~ «meo»,1/2SP — 0.890 , (5 19rf) 

Tt t  
1 

pmeo»,3/2 SP ymeaa,3/2SP 

= ;mea.,GT = 0-994 , (5 - 19e) 
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and 

pmea«,1/2 SP 
^ l,in« 

meat,1/2 SP 

(5-19/) pmea« ,GT 
Ijint 

«^mea5,GT 

The beam intensities were measured along the z-axis for the SP pulse, the GT 

pulse and the CW cases for a one derivative system at z = 0.05, 0.075, 0.1, 0.25, 

0.5, 1, 2, 3, 10, 13, 20, 30, and 100 meters. The Rayleigh distances of the beam 

intensity for the SP pulses and the GT pulse cases were calculated from (2-31) and 

are shown in Table (5.1). It was determined that the largest Rayleigh distance of 

the beam intensity for these cases was 0.25 meters. The beam intensity ratios were 

calculated for values at and beyond 2 = 10 meters where by then the beam was 

well into the far field. The ratios of the beam intensities along the propagation 

axis of the 1/2 and 3/2 SP pulse cases to the GT pulse and CW pvilse results for a 

one derivative system were calculated for z = 10, 13, 20, 30, and 100 meters. The 

average was calculated for these values and the standard deviation was determined 

by (3-62). The ratios of the measured maximum beam intensities for the 3/2 and 

1/2 SP pulses and the CW pulse cases were 

pmea>,3/2 SP 
^ l,in< = 6.4 ± 0.1 (5 - 20a) 

and 

pmea«,1/2 SP 
^ l,»nt = 9.2 ± 0.2 . (5 - 206) fimeaJiClV 

^ l,»n« 

The corresponding ratio for the GT pulse and the CW pulse was 

f^mea^,GT 
^ l ,int 
f\mtat,CW 
^ l,m« 

= 12.65 ± 0.08 (5 - 20c) 
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The average and standard deviation of the maximum beam intensity ratio of the 

3/2 SP pulse and the 1/2 SP pulse cases for a one derivative system was found to be 

pmeo»,3/2 5i' 

= 0.695 ± 0.002 . (5 - 20d) 
^ l.ifK 

The ratios of the maximum beam intensity for the 3/2 ajid 1/2 SP pulse cases to the 

GT pulse case for a one derivative system were 

pmeas,3/2 SP 

-4i2L_ = 0.504 ± 0.006 (5-20e) 
^ l,«n« 

and 

pmea5,1/2 SP 
^ l,int _ P„.i^^ = 0-73 ± 0.01. (5-20/) 
'• l.int 

The results show the 3/2 SP and the 1/2 SP pvdse beams have approximately the 

same energy efficiencies but the 1/2 SP pulse beam has a much larger beam intensity 

than the one generated by the 3/2 SP pulse. The SP cases have lower beam energy 

efficiencies than the GT case and the CW case. The SP cases have larger beam 

intensities than the CW case but lower beam intensities than the GT case. 

The waists of the 1/2 SP pulse, the 3/2 SP pulse, the GT pulse, and the CW case 

measured field energies are defined as the half-widths at half-maximum (HWHM) 

of the beam profiles in a plane parallel to the array at a given distance from the 

array. The beam waists were measured for the SP pulses, the GT pulse, and the 

CW cases for a one derivative system at z = 0.1, 0.25, 0.5, 1, 2, 3, 10, and 13 meters 

and are shown in Fig. (5.7). It was determined that the largest Rayleigh distance 

of the beam energy for these cases was 0.25 meters. The far field beam waists were 

calculated for values at and beyond z = 2 meters where by then the beam was well 

into the fax field. The rate of divergence of the beam widths, given by the slopes 
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of the lines shown in Fig. (5.7), were calculated at 2: = 2, 3, 10 and 13 meters. The 

results were found to be 

gmea.,3/2 SP _ gg ± 0.02) X , (5 - 21a) 

= (3-34 ± 0.03) X 10"^ , (5 - 216) 

and 

= (2-40 ± 0.00) X 10-2 . (5 - 21c) 

The rate of divergence of the beam widths of the 3/2 and 1/2 SP pulses were deter

mined from (3-76) and the calculated value was 3.0 x lO'^. The rate of divergence 

of the beam width of the GT pulse was determined from (3-77) and the calculated 

value was 2.92 x 10"^. From these results we find that the GT pulse measured beam 

energy profile is expanding at a much slower rate than the 1/2 and 3/2 SP pulse 

profile. The results also show the 3/2 SP pulse beam expanding slightly faster than 

1/2 SP pulse beam. The CW case has a slightly larger beam width than the 1/2 SP 

pulse beam but a smaller beam width than the 3/2 SP pulse beam. 

The bound for the ratio of the measured field energy efficiencies of the SP pulses 

and MPS pulse beams to the CW pulse beam for a one derivative system is predicted 

from (2-25) to be 

pmco5 
(5-22) 

l,enrg 

The ratio of the measured beam energy of the SP pulses and the GT pulse beams 

were determined by taking the ratios of the maximum of the bound given by (2-23). 

The ratios of the beam energy efficiencies for the SP pulses and GT pulse beams 

were determined to be 1.0 for all the cases. 

The energy efficiencies were measured along the z-aocis for the MPS pulse, the 

SP pulses, and the CW case for a one derivative system at z = 0.01, 0.025, 0.05, 
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0.1, 0.25, 0.5, 1, 2, 3, 10, 13, 20, 30, and 100 meters. The Rayleigh distances of the 

energy efficiency for the SP pulses and the MPS pulse cases were calculated from 

(2-19) and are shown in Table (5.1). It was determined that the largest Rayleigh 

distance of the beam energy for these cases was 0.025 meters. The energy efficiency 

ratios were calculated for values at and beyond 2=1 meter where by then the beam 

was well into the far field. The ratios of the energy efficiencies along the propagation 

axis of the beams generated with the SP pulses, the LW piilse, and the CW pvilse 

for a one derivative system were calculated for z = 1, 2, 3, 10, 13, 20, 30, and 100 

meters. The average was calculated for these values and the standard deviation was 

determined by (3-62). The ratios of the measiired beaam energy efficiencies for the 

3/2 and 1/2 SP pulse and the CW pulse cases for a one derivative system were 

pmea»,3/2 SP 

fZZ,c^ = 0.7300 ± 0.0001 (5 - 23a) 

and 

pmeas,1/2 SP 

pZZ.cw = 0-5897 ± 0.0001 . (5 - 236) 
^ l,enrg 

The average and standard deviation for the beam energy efficiency ratios of the 3/2 

SP pulse and the 1/2 SP pulse cases for a one derivative system was 

j^meas,3/2 SP 

-Si72SP = l-2379 ± 0.0003. (5-23c) 
^ l,enr<? 

From these results we find that the 1/2 and 3/2 SP pulse beams have similar energy 

efficiencies for a one derivative system. The ratios of the measured beam energy 

efficiencies for the 1/2 and 3/2 SP pulse cases to the LW pulse results were 

pmea«,3/2 SP 

= 1-4782 ± 0.0008 (5 - 23rf) 
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and 

pmeaa,l/2 SP 

= 11941 ± 0.0007 . (5 - 23e) 
^ l,enrg 

The term was calculated numerically for the SP pulses to determine 

the ratios of the beam intensities. Prom the definition of (2-29), the term 

for the SP pulse cases was 

Tmea$,3f2 SP def 1 = T 
def mS'Xt 53n=l ^</n(''niO| 
— 'TT ' — 

LL i  fZ dt \dtfn(fn,t)\ 

and 

= 9.410 X 10*° (5 - 24a) 

Ell -4. /-"»•« |a/n«.')| 

The ratios of the beam intensities may now be calculated by substituting (4-26a), 

(4-26c), (5-24a), and (5-24b) into (2-34): 

ptneos,3/2 SP y,meas,3/2 SP 
^ l,int Ii 

^meai 
• l,int 

fmeas,Cfy ~ y.meat.CH' ~ ' (® A 1 tnt -1 1 

pmeas,1/2 SP y.mea>,1/2 SP 

pmeai.CIV ~ ymeai,CIV ~ 10.02 , (5 - 256) 

pmeai,3/2 SP „mea5,3/2 SP 

ptneaa,1/2 SP ~ ~.meo»,1/2 SP ~ 0-8953 , (5 - 25c) 
^ l,int ^ 1 

pmeoj,3/2 5/» ytneaa,3/2 SP 

pmeoj.MPS ~ Jmeaj.AfPS ~ 0.1329 , (5 - 25d) 
^ l,in« 

and 

pmeos,l/2SP „meaj,1/2 SP 
^ l.int _ Tj 
•pmeaSfMPS y^rt meas.MPS ~ ymeaa.MPS — 0.1484. (5 - 25e) 
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The beam intensities were measured for the MPS pulse, the SP pulses, and the 

CW case for a one derivative system at ^ = 0.01, 0.025, 0.05, 0.1, 0.25, 0.5, 1, 2, 3, 

10, 13, 20, 30, and 100 meters. The Rayleigh distances of the beam intensity for 

the SP pulses and the MPS pulse cases were calculated from (2-31) and are shown 

in Table (5.1). It was determined that the largest Rayleigh distance of the beam 

intensity for these cases was 0.25 meters. The beam intensity ratios were calculated 

for values at and beyond z = 10 meters where by then the beam was well into the far 

field. The ratios of the beam intensities along the propagation axis for the 1/2 and 

3/2 SP pulses, the LW pulse, and the CW pulse cases for a one derivative system 

were calculated for z = 10, 13, 20, 30, and 100 meters. The average was calculated 

for these values and the standard deviation was determined by (3-62). The ratios of 

the maximum beam intensity for the 3/2 and 1/2 SP pulse and the CW pvilse cases 

were 
ptneaA,3/2 SP 

=7-49 ± 0.02 (5-26a) 
^ l|in< 

and 
pmea«,l/2 SP 

-4^5^ = 8.63 ± 0.01 . (5- 266) 
^ l,mt 

The average and standard deviation of the ratio of the maximum beam intensity for 

the 3/2 SP pulse and the 1/2 SP pulse cases for a one derivative system was found 

to be 

pmea5,3/2 SP 

=b725F = 0-2988 ± 0.0006 . (5 - 26c) 
'• l,int 

The ratios of the maximum beam intensity for the 3/2 and 1/2 SP pulse and the LW 

pulse cases for a one derivative system were 

pmea5,3/2 SP 

f!m:L.AfP5 = 0-2596 ± 0.0005 (5 - 26d)  

^ l,in< 
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and 

imea5,l/2 SP 
l,mt 
\mea»,MPS 
l,tnt 

(5-26e) 

The results show the 3/2 SP pulse beam has a slightly larger energy efficiency than 

the 1/2 SP pulse beam but the 1/2 SP pulse beam has a much larger beam intensity 

than the 3/2 SP pulse beam. The SP cases have larger energy efficiencies than the 

MPS case but smaller energy efficiencies than the CW case. The SP cases have 

much smaller beam intensities than the MPS case but larger beam intensities than 

the CW case. 

The waists of the 1/2 SP pulse, the 3/2 SP pulse, the MPS pulse, and the CW 

measured beam energies are defined as the half-widths at half-maximum (HWHM) 

of the beam profiles in a plane parallel to the array at a given distance from the 

array. The beam waists were measured along the ar-axis for the MPS pvdse, the 

SP pulses, and the CW cases for a one derivative system at z = 0.01, 0.025, 0.05, 

0.1, 0.25, 0.5, 1, 2, 3, 10, 13, 20, 30, and 100 meters. It was determined that the 

largest Rayleigh distance of the beam intensity for these cases was 0.025 meters. 

The far field beam waists were calculated for values at and beyond z = \ meter 

where by then the beam was well into the far field. The rate of divergence of the 

beam widths, given by the slopes of the lines shown in Fig. (5.10), were calculated 

at « = 1, 2, 3, 10, 13, 20, 30, and 100 meters. The results were foimd to be 

The rate of divergence of the beam widths of the 3/2 and 1/2 SP pulse cases were 

determined from (3-74) and the calculated value was 0.2023. From these results we 

^meas,3/2 SP 
"l,enrg = 0.1923 ± 0.0007 (5 - 27a) 

and 

|mea»,l/2 SP 
l,enrg = 0.1759 ± 0.0004. (5 - 276) 



98 

find that the MPS pulse measured beam energy profile is expanding at a much 

slower rate than the 1/2 and 3/2 SP pulse profile. The results also show the 3/2 SP 

pulse beam expanding slightly faster than 1/2 SP pulse beam. The CW case has a 

larger beam width than the 1/2 SP pulse beam but a slightly smaller beam width 

than the 3/2 SP pulse beam. 



Table 5.1 Rayleigh distances for energy efficiency and beam intensity. 

Rayleigh Distance 
(Meters) 

12 
w  = 2 X 1 0  

rod 

Energy Intensity 

3/2 SP 0.333 0.301 

1/2 SP 0,333 0.319 

GT 0.333 0.359 

Rayleigh Distance 
(Meters) 

w =2.3269 X i o "  
rod 

Energy Intensity 

3/2 SP 0.039 0.044 

1/2 SP 0.039 0.046 
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Figure (5.1), The energy pattern for the 3/2 SP pulse in a three derivative system 
with Urad = 2.0 X 10'^ rad/sec at r = 13 m. 
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Figure (5.2), The composite field for the 3/2 SP pulse in a three derivative 
system with Wrad = 2.0 x 10'^ rarf/sec at z = 13 m. 
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Figure (5.3), The frequency spectra of the 3/2 SP pulse in a three derivative 

system with Urad = 2.0 x 10'^ rad/sec at ^ = 13 m. 
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Figure (5.4), Components of the 1/2 SP pulse evaluated at p = 0.0 m, p = 0.005 m 
and p = 0.01 m for w = 2.0 x 10'^ 
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Figure (5.5), Comparison of the energy efficiencies along the propagation axis 

generated by driving the array with the 1/2 SP, the 3/2 SP, the CW and the GT 
pulses. 



105 

Intensity Along Propagation Axis 
-I—I—I I n I n r—I—I I I I n| 1—i—i—r 

10.00 100.00 1000.00 
Z Axis, Meters 

Figure (5.6), Comparison of the beam intensities along the propagation axis as 
in Fig. (5.5). 
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Figure (5.7), Comparisons of the rate of divergence of the beam widths as in 
Fig. (5.5). 
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Figure (5.8), Comparison of the energy efficiencies along the propagation axis 

generated by driving the array with the 1/2 SP, the 3/2 SP, the CW and the MPS 
pulses. 
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Figure (5.9), Comparison of the beam intensities along the propagation axis as 
1 Fig. (5.8). 
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Beam Width Along Transverse Axis 
1 1 1 1—«—I 1 1 1 r 

; 3/2 SP 

/ 
/ 1/2 SP 

20 

E o u m 
MPS 

0 100 50 150 

Z Axis, Meters 

Figure (5.10), Comparisons of the rate of divergence of the beam widths as in 
Fig. (5.8). 
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CHAPTER 6 

COMPARISONS OF BEAM ENERGY PATTERNS OF 

DENSE AND SPARSE ARRAYS 

In this chapter the beam energy patterns for the various pulse-driven arrays 

pulses will be examined. The analysis of the dB levels of noise will provide further 

criteria in which to compare the array performance attributed to the various driving 

pulses. Section (6.1) of this chapter will compare the results associated with the 

various pulses for the 101 dipole array used previously. Section (6.2) will examine 

the differences between the performance of a 101 dipole array and a 1001 dipole 

array. Also in that section the CW pulses will be compared to the analytical results 

found for a circular aperture uniformally driven by a continuous sine wave as further 

validation of oiu: numerical model. 

1. Comparison of beam energy patterns 

In compiling data for the beam energy patterns, a slightly different approach 

was used in obtaining the energy measurements. The initial data point began on 

the 2:-axis or 0 = 0. The data were then collected on the z-x plane keeping R, the 

radius from the center of the array, constant and varying the angle 9. The energy 

measurements were sampled every 0.5 degrees from 0 degrees to 89.5 degrees. Due 

to the symmetry of the array, there was no need to record data from -0.5 degrees to 

-89.5 degrees. The data were then normalized by the maximum value of the beam 

energy and converted to dB. Since the recorded data consisted of energy values, the 

data was converted to dB by the use of 10/05(0), where the value a represents any of 

the recorded energies. Due to the very small values of the normalized energies in the 

wings, a floor of -60 dB was introduced in the final results. The final comparisons 
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of the energy patterns among the various driving pulses are shown in Figs. (6.1) 

through (6.4). 

The results from Fig. (6.3a) and (6.4a) were found to behave similarly to the 

results published from the Mayo Clinic/Foimdation [11]. The data published by 

them included both analytical and experimental resvdts. The experiments were 

performed acoustically in a water tank using a 10 element annular-array with a 

50.0 mm diameter and 2.5 MHz central frequency. The largest ratio of ZJD given 

in their reports is Z/D = 8.0 where D is the diameter of the array and Z is the axial 

distance. Data was taken only in a plane transverse to the axis of propagation. 

As a result, there is difficulty in accurately comparing the near field results from 

the Mayo Clinic/Foundation with the far-field numerical results presented in this 

thesis. 

2. Examination of dense and sparse arrays 

In this section, the performance of dense and sparse arrays is examined. Since 

the MPS, 1/2 SP, and 3/2 SP pulses are dependent on the radial placement of the 

dipoles, the number of dipoles was increased azimuthally. The 1001 element array 

consists of ten rings with 100 dipoles on each ring and one dipole placed in the 

center. A ring is placed radially every 0.001 meters, giving the array a total radius 

of 0.01 meters. 

The CW beam energy pattern did not alter between the one, two, or three 

derivative system. The analytical pattern for a uniformly driven CW aperttire 

antenna derived in Appendix B is 

r2 Ji( iasinf)]2 
(6 -1 )  

L k a sinO 

This expression was directly compared to the CW cases with ucw = 2 x 10^^ rad/sec 

and Ucw = 2.3269 x 10'' Hz for a PDA. The results agree closely with the 1001 dipole 
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arrays and are shown in Figs. (6.5a) and (6.5b). Also shown in Figs. (6.5a) and 

(6.5b) are the CW pulses for the 101 dipole array. For Wmea> = 2.3269 x 10" Hz, the 

energy patterns are identical except for slight discrepancies in the wings. When 

Wmea« = 2.0 X 10^^ rad/sec, there is an 8dB difference in the first sidelobe level between 

the 101 and 1001 dipole array. The first sidelobe for the 1001 dipole array is also 

closer to the main beam. A difference of -13 dB between the sidelobe noise levels 

from the 101 and 1001 dipole arrays is observed for the GT pulse shown in Fig. 

(6.6) for a three derivative system. 

As shown in Figs. (6.2), (6.4), (6.8), and (6.9), the ultra-wide bandwidth pulse 

driven arrays do not produce conventional sidelobe levels. Analytically we view 

these sidelobe effects as background noise properties of the beams. As the wave

lengths of importance become shorter, the elements of the array become decoupled, 

hence their signals become decorrelated in the far-field, far off-axis. There is no 

interference and the resulting signals are simply a composite of the signals arriving 

(essentially) independently in time. Thus these signals resemble uncorrelated noise. 

The MPS pulse for a one, two, and three derivative system is shown in Figs. 

(6.7a) through (6.7c). As the derivatives of the system increase, so does the dif

ference in the sidelobe level between the 101 and 1001 dipole arrays. For the one 

derivative system, the sidelobe level between the 101 and 1001 dipole arrays is on 

the order of one or two dB's. For the three derivative system, the difference in the 

sidelobe level is 10 dB between the 101 and 1001 dipole array. This is expected since 

the effective frequencies are larger for the higher derivative systems. 

A comparison of the dense to sparse arrays involving the 1/2 SP pulse for a 

one derivative system are shown in Figs. (6.8a) and (6.8b). The 1/2 SP pulse with 

Wmeas = 2.0 X 10^^ rarf/scc is shown in Fig. (6.8a). The difference in the sidelobe 

level between the 101 and 1001 element array results is about 10 dB, and there is a 
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sidelobe appearing adjacent to the main beam at aroimd -8 dB for the 101 dipole 

array. For the 1/2 SP pvilse shown in Fig. (6.9b) with Umeas = 2.353 x 10" rad/sec, 

there is only a 2 or 3 dB difference in the sidelobe level. 

Prom the above results the following conclusions may be drawn. For a small 

measured frequency such as Umeaa = 2.3269 x 10" rad/sec, there is little difference 

between the 101 and 1001 dipole arrays for a one derivative system. If the number 

of derivatives in the system increases Umeas, the advantages of using a denser array 

become more evident. Comparing Fig. (6.7a) to (6.7c), which is an example in 

where Umeas went from 2.3269x 10" rad/sec to 2.811x10^^ rad/sec, one finds a lOdB change 

in the sidelobe levels. Alternatively, a larger Umeas such as Wmea» = 2.0 x 10^^ rad/sec for 

a one derivative system results in a large difference between the dense and sparse 

arrays. Therefore, the advantages of using a denser array depend on whether the 

effective frequency Wmeo» is comprised of a higher of lower spectriun of frequencies. 

The spacing of the elements and the wavelengths in the driving signals are 

responsible for the differences between the sparse and dense arrays that we have 

observed. The sparse array consisted of an element spacing of 0.001 m radially; and 

on the ring p = 0.01m, the spacing was 0.0031m azimuthally. When ujmeas = 2.0x10'^//^^, 

A = 0.000942 m and the wavelengths of the spectrum of frequencies representing the 

pulse are smaller than the element spacing of the array. As the array becomes 

denser, the wavelengths of the measured pulse approach the length of the spacing 

of the elements and the sidelobe levels will then decrease as \/N. For uimeas = 

2.3269 X 10" Hz, X = 0.0081 m and the wavelengths of the spectrum of the pulse are 

larger than the spacing of the elements. As the array becomes more dense, there is 

little change in the energy pattern as shown in the results. 

Prom the previous discussion, we expect the background signal level to decrease 

as \/N as the number of elements is increased provided that the effective frequency 
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Umeat is compriscd of a high enough spectrum of frequencies such that Xmeas is smaller 

than the inter-element spacing. The anticipated decrease in the sidelobe level is then 

-10 dB between the 101 and the 1001 array results. The cases presented compare 

favorably with this interpretation. Table (6.1) illustrates these ideas. 
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Table 6.1 Approximate change in sidelobe levels of 101 and 1001 dipole arrays. 

Case 

Measured Effective 

Wavelength 

(Millimeters) 

Sidelobe Change 

(dB) 

CW (2 THz) 0.94 -8.0 

CW(0.23 THz) 8.1 -2.0 

GT 0.48 -13.0 

MPS (ID) 8.1 -1.0 

MPS (2D) 0.67 -10.0 

1/2 SP(2THz) 0.94 -12,0 

1/2 SP(0.23 THz) 8.1 0.0 
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Figure (6.1a) 

Figures (6.1a-b), Comparison of the energy pattern between the GT pulse and 

the CW pulse for both the Gaussian and piston driven arrays with a three derivative 

system. The energy patterns were measxired on the x - z plane along the radius: 
(6.1a) R = 0.16 m and (6.1b) R = 30 m. 
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Figiire (6.1b) 



118 

Pattern of 101 Dipole Array 
—I—I—I—I • .1^—I—I—I—f-

ca -20 

-40 

-60 

-100 -50 50 0 100 
Theto (degrees) 

MPS, 3D 

MPS. ID 

CW 

Figure (6.2a) 

Figures (6.2a-b), Comparison of the energy pattern between the MPS pulse for 

a one and three derivative system and the CW pulse. The energy patterns were 

measured on the x- : pleine along the radius: (6.2a) R = 0.16 m and (6.2b) R = 30m. 
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Figure (6.2b) 
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Figure (6.3a) 

Figures (6.3a-b), Comparison of the energy pattern between the 1/2 SP pulse, 

the 3/2 SP pulse, the GT pulse, and the CW pulse for a one derivative system with 
a Gaussian driven array. The energy patterns were measured on the x - z pleine 
along the radius: (6.3a) R = 0.16 m and (6.3b) R = ZOm. 
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Figure (6.3b) 
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Figures (6.4a-b), Comparison of the energy pattern between the 1/2 SP pulse, 

the 3/2 SP pulse, the MPS pulse and the CW pulse for a one derivative system with 
a piston driven array. The energy patterns were meeisured on the x - z plane along 
the radius: (6.4a) R = 0.16 m and (6.4b) ft = 30 m. 
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Figure (6.4b) 
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Figure (6.5a) 

Figure (6.5a), Comparison of the energy pattern between the analytical approx

imation, the 101 dipole array, and the 1001 dipole array of the CW pulse. The 
energy patterns were measured on the x - r plane along the radius /Z = 30 m with: 
( 6 . 5 a )  =  2 . 0  X  1 0 ' 2  H z  a n d  ( 6 . 5 b )  =  2 . 3 5 3  x  1 0 "  H z .  
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Figure (6.5b) 
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Pattern of 101 and 1001 Dipole Array 
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Figure (6.6), Comparison of the energy pattern between the 101 dipole array 

and the 1001 dipole array of the GT pulse for a three derivative system. The energy 
patterns were measured on the x - z plane along the radius R = 30 m. 
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Figure (6.7a) 

Figures (6.7a-c), Comparison of the energy patterns between the 101 dipole 

array and the 1001 dipole array of the MPS pulse. The energy patterns were 

measured on the x — z plane along the radius /? = 30 m for a: (6.7a) one derivative 

system, (6.7b) two derivative system, and (6.7c) three derirative system. 



128 

QQ -20 

UJ 

-40 

-60 

100 -100 -50 0 50 

Theto (degrees) 

MPS, 1001 Oipole Arroy 

MPS, 101 Dipole Array 

Figure (6.7b) 
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Figure (6.7c) 
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Figures (6.Sa-b), Comparison of the energy patterns between the 101 dipole 

array and the 1001 dipole array of the 1/2 SP pulse for a one derivative system. 
T h e  e n e r g y  p a t t e r n s  w e r e  m e a s u r e d  o n  t h e  x  -  z  p l a n e  a l o n g  t h e  r a d i u s  R  =  Z O m  

w i t h ;  ( 6 . 8 a )  W m e a ,  =  2 . 0  x  1 0 ' 2  H z  a n d  ( 6 . S b )  =  2 . 3 5 3  x  1 0 "  H z .  
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CHAPTER 7 

CONCLUSIONS AND RECOMMENDATIONS 

In this thesis three different localized waves were analyzed. The MPS, the 3/2 SP, 

and the 1/2 SP pulses were compared against each other and against the CW and GT 

pulses. Each pulse was examined for both a one and a three derivative transmitter-

receiver system. The beam energy efficiency, the beam intensity, and the beam 

width were used as performance criteria for these pulse-driven array systems. The 

effective frequencies Wrod and Wmeas associated with these systems were determined 

analytically and numerically for the various pulses. Bounds on the beam energy 

efficiency, the beam intensity, and the beam width were analytically derived and 

related to the effective frequencies Urad and Umeas- The results showed for an array 

of a given area j4, that the effective frequencies uirad and Umeas and the spacing of the 

elements within the array largely determined the performance of the pulse-driven 

arrays. 

Bounds for the beam energy efficiency, the beam intensity, and the beam width 

were analytically derived for the LW pulses and these bounds allowed for direct 

comparisons with the corresponding CW systems. A circular dipole antenna array 

consisting of 101 dipole elements was numerically modeled for use in launching the 

various pulses. The antenna was positioned on the x-y plane and the dipoles were 

oriented in the x direction. The bounds derived previously were tested using the 

CW and GT pulse cases for both GDA and PDA configurations in a three derivative 

system. 

The LW pulses examined included the MPS pulse, the 1/2 SP pulse, and the 

3/2 SP pulse. The MPS pulse was analytically derived and compared to a CW 

pulse with a similar Urad for both one and three derivative systems. In the three 
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derivative system, Umeas for the MPS pulse was much larger than Urad- As a result, 

the MPS pulse in a three derivative system outperformed the CW and the MPS 

pulse in a one derivative system by a wide margin. The 1/2 and 3/2 SP pulses were 

analytically derived and compared directly to the MPS, GT, and CW pulses. A two 

and three derivative system driven by the SP pulses resulted in degradation of its 

performance. As a result, only a one derivative system was used to critique the SP 

pulses. There were no large discrepancies among the beam energy efficiencies and 

beam intensities of the various pulses. The rate of divergence of the beam width 

for the MPS pulse was much smaller than for the SP pulses. 

The beam energy patterns for the various pulses were examined for one and 

three derivative systems. The difference between dense and sparse arrays was also 

examined for each pulse. The results foiind that Wmeas and the spacing of the ele

ments determined whether the noise ("sidelobe") level can be lowered by increasing 

the density of the array. Prom further observation it was also fotmd that the perfor

mance of multi-derivative systems will benefit if there is an increase in w^eoj or an 

increase in the number of elements as long as the inter-element spacing is greater 

than the effective wavelength. 

There are a number of directions in which this work covild continue. An obvious 

extension is to examine the LW pulses for square or rectangular arrays and to alter 

the orientation of the dipole elements. Reflection of the LW pulses from various 

shapes and materials in free space is another area that may be pursued. There is 

also work being performed at IBM and other companies in which picosecond pulses 

are being launched from photo-conductive antennas that may be modeled as dipoles 

[12]. By modeling the pulses launched from these individual elements, one may be 

able to predict the outcome from an array of these elements and compare theoretical 

with experimentally obtained results. 
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APPENDIX A 

ENERGY CALCULATIONS FOR MULTIPLE-DERIVATIVE 

GAUSSIAN TIME SIGNALS 

The following two integrals are used in the analysis below [6]. 

(^-2) 

The first, second, and third derivative of the Gaussian time pulse 

m = e-''*' {A-3) 

will now be determined. The three derivatives of f(t) are: 

d,fit) = -iiTte-"*" (A - 4) 

dffit) = -icre-'*" + {A - 5) 

dffit) = Uff̂ te-"'" - iA - 6) 

Squaring the absolute values of the above functions and integrating from -oo to oo 

produces the results 

/OO i»00 

\fit)\'dt= 
•OO j — oo 

iA-7)  

r \dtfit)\ut = r 4crh 
J-00 J-00 

dt 
00 

( A - 8 )  

TT 
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/ dt = r (4<t2 - 16<t3<2 + dt 
j  —  c o  « / — o o  

{ A - 9 )  

\dff{t)\^ dt= f (144<T^<2 ^ 04^6^6 _ 192o-5<4)g-2a«» 
oo J—oo 

(A-10). 
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APPENDIX B 

APPROXIMATE FAR-FIELD BEHAVIOR OF A CIRCULAR 

APERTURE DRIVEN WITH A CW SIGNAL 

In this appendix, the approximate far field behavior of the field generated by 

driving a circular aperture with a CW signal will be derived. To find the approx

imate far-field behavior, we treat the aperture generated field with the KirckhofF 

approximation. This representation considers the field as being generated from an 

equivalent magnetic current resulting from an "incident" electric field in the aper

ture. In particular, the field beyond the near-zone is given by the expression [13] 

where 5' represents the aperture and n, is the unit normal to the aperture. In the 

far field the distance 

(5-1)  

\ f— f  I ~ [(f — f ) • (r — r  )]^  

= [r^ — 2f • f + ( S - 2 )  

/ 

or explicitly in spherical coordinates; 

|r — f I = [r^ -I- p'̂  — 2p'rsm 6 cos((^ — 

= r — p'smOcos{<j> — '̂) . 
(B-3)  

Therefore, the field (B-1) in the far-zone can be approximated as 

^(F,w)«2Vx f f  d5'[n X -J kp' sin e co8(^-<^') 

(S-4)  

4Tr JJg, 



137 

If the field in the aperture ^(f,w)|s/ = Eo x, the unit normal h = z, and the wave 

vector k is defined by 

fc  =  fcs in^cos^ i  +  ks in0s in<^y  +  kcos0  z  ( B - 5 )  

then the field expression (B-4) can be rewritten as 

E(f ,u)  S  2  j  ̂  (k  X y)  Eo C dp' p' d<l>' * ' ' ' ®  m - 6 )  
47rr Jo Jo 

Using the integral definition of the Bessel function of integer order, the integration 

can be handled exactly to give 

E{r ,  u) = 2 j  —— {ie  X y )  Eq f dp'  p ' [2 i r  Jo{kp'  sin 0)] 
4jrr Jq 

ê '"' - f 
= j  (k  X y )  Eo \2  J  dp'  p '  Jo{kp'sin 0)  

The renaaining integral can be evaluated with the identity [6] 

jj' dCCMbO =  ̂ -

{ B - 7 )  

(5-8) 

Substituting the identity (B-8) into (B-7) where b =  ksm0 and p'  =  aC results in 

E{f ,u)  =  jEQ 
•' k r 

2r  
(fc X y) 2 j dC C Jo{k  aCsm0)  

• J Eo ^— (  ̂ X y) 
i  r  

2 Ji {kasm0)  

ka  sin 0 
(B-9) 

6^' ^ TT Ct* 
:  j  Eo  (sin 0 cos ( j )  z  — cos 0 y)  —r-

r A 
2 Ji (k  as in0)  

kasm0 

Letting 

to 

= 0.0 since we are concerned with the field on the x - z  plane, (B-9) reduces 

•* ^ TT 
E { f ,  u )  =  j  E o  (sin 0  z  —  cos 0  y )  

T A 
2 Ji(fc asin 0 )  

k a  sm0 
(S - 10) 
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Taking the absolute value of E{r,u) and squaring this quantity gives 

|J?(f,w)P = Eg (sin^ 0 + cos^ 0) 2<7i(fcasin^) 
ka sin 6 

(B-11) 

Normalizing (B-11) by the maximum amplitude Eq^tt a?/X produces the final 

result 

r -I 2 
2 Ji(k asm6) 

Eq 
ka sin 6 

( B - 1 2 )  
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