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ABSTRACT 

The most popular method in dynamic soil-structure interaction analysis 

is the finite element method. The versatility in problems involving different ma

terials and complex geometries is its main advantage, yet FEM can not simulate 

unbounded domains completely. Several schemes have been proposed to overcome 

this shortcoming, such as the use of either imperfect or perfect transmitting bound

aries, infinite elements, hybrid techniques, etc. None of them can efficiently compute 

the seismic response of a structure on the surface of a stratified soil mass, a very 

common ocurrence in engineering. 

A hybrid method is proposed in this research, which models the near field 

(structure and surrounding soil) by finite elements and the far field by a contin

uum approach. The system is excited by monochromatic body waves (P and SV) 

propagating with oblique incidence and harmonic time dependence. Especial con

sideration of the scattered field permits to keep the discretized region reasonably 

small. 

The far field problem is solved using Thomson-Haskell formulation associ

ated with the delta matrix technique. The soil profile does not contain any soft 

layer and the layers are assumed to be linearly elastic, isotropic, homogeneous and 

perfectly bonded at the interfaces. Two-dimensional (in-plane) formulation is con

sidered and the analysis is performed on both k- and w- planes through time and 

spatial Fourier transforms of the field equations and boundary conditions. 

vii 



CHAPTER 1 

INTRODUCTION 

In earthquake engineering the term soil-structure interaction refers to the 

phenomenon that the motion of a building foundation caused by incident seismic 

waves will in general differ considerably from that experienced by the ground in 

absence of the building. Both the inertia of the foundation and the effects of wave 

scattering account for this phenomenon. 

Scattering may be thought of as a decomposition of two distinct, physically 

meaningful problems (Thau, 1967): 

a) the radiation of waves into the soil mass by the structure vibrating as a 

rigid body. 

b) the diffraction of the incident waves by the structure assumed to be immo

bile 

Two methods of analysis have evolved for dynamic soil-structure interaction 

problems: the continuum approach and the finite element method 1. 

In the continuum (also called impedance) approach it is necessary to adopt 

an ideal model in order to obtain mathematical solutions. Analytic approaches fol

low from the fundamental work of Lamb (1904) and since then a large number of 

results has become available considering both the cases in which the source of exci

tation is within the deposit, e.g. a seismic source, or within the structure itself, e.g. 

a vibrating machine. The ideal model usually considers a rigid massless foundation 

'  o r a  c o m b i n a t i o n  o f  b o t h  a s  i n  t h e  s u b s t r u c t u r e  m e t h o d  w h i c h  a n a l y z e s  t h e  s o i l  a n d  t h e  
structure separately by the technique best suited to that particular part of the general problem. 

1 
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of simple geometry (either circular or an infinitely long rectangular body); simplified 

boundary conditions such as a frictionless contact; uncoupled oscillations (vertical, 

horizontal, rocking and torsional vibrations); harmonic time dependence; the soil 

mass either represented by a half-space or an infinite stratum, but in both cases 

considered as an isotropic, homogeneous, linear elastic medium, etc. In the last 

twenty years some specific solutions that take into account the effects of the foun

dation embedment (Luco, 1969; Wong and Trifunac, 1974; Novak and Beredugo, 

1972), any shaped footing (Wong and Luco, 1976), range of frequencies extended 

to cover high-frequency vibrations (Awojobi, 1971), etc., have been obtained. 

In practical design of machine foundations the lumped parameter approx

imation is often used, by replacing the continuum with a mass-spring-dashpot 

vibrating system. In general, the foundation compliance functions are represented 

by frequency independent springs and the modal damping values by frequency in

dependent dashpots. 

The lumped parameter model is based on the behavior of a rigid founda

tion on a homogeneous, elastic half-space (Lysmer's analog, Hall's analog) and the 

accuracy of the response depends on how close the real problem conforms to the 

idealization. More recently some work has been done through the finite element 

method in order to consider one or more of the following aspects: nonharmonic 

loading, partial embedment of the foundation, inhomogenedus soil, frequency de

pendent springs and dashpots, etc. Although the accuracy is greatly improved, the 

lumped parameter approximation looses what is its main advantage: simplicity. 

The finite element method (FEM) is an alternative approach to solve prob

lems in continuum mechanics. Inherently it is based on the same principles. The 

FEM appears to be very effective since it can handle complex foundation geometries 
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as well as nonlinearity in the soil, nonlinearity in the structural components, slip 

and/or gap at the soil-structure contact, etc. 

Detailed comparisons between these two basic approaches have been done 

by Hadjian et al (1974), favouring the former (continuum approach), and by Seed 

et al (1975), favouring the latter (FEM). Evidently both approaches should yield 

similar results if appropriately used to solve the same problem. However, some 

comparisons in the literature seem to be in conflict (Isenberg and Adham, 1972; 

Seed and Idriss, 1973). Depending on the author's preference one or the other 

approach is taken as leading to the (correct solution. 

As pointed out by Hadjian (1977), in a state-of-the-art paper properly enti

tled Foundation-Soil Interaction: the state-of-confusion, "in the field of engineering 

mechanics the FEM and the analytic approaches have played complementary roles 

but in soil-structure interaction analysis there is an unnecessary confrontation". 

An analysis of the reported conflicting results shows that in some cases the 

differences arise from the misuse, or misunderstanding, of one or the other method 

(for example: comparisons are usually obscured by the fact that many different 

parameters are considered simultaneously; arbitrary reduction of a 3-D problem 

to a 2-D finite element model, etc). Neverthless even when the comparisons are 

properly made some differences can still be found. They are usually associated 

with specific characteristics of the finite element method and will be discussed next. 

1.1) The filtering of high frequencies by the Snite element 

One aspect in finite element analysis requiring careful control is the choice 

of element size in cases where high frequency effects are important. Kuhlemeyer 

and Lysmer (1973) have indicated that the dimension of the element in the direction 

of wave propagation has a major influence on the frequency of motions that can be 
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transmitted, with large elements being unable to transmit motions at high frequen

cies. They proposed the empirical rule that the required element size for effective 

transmission should not be more than 1/8 of the wave length (or 1/12 according 

to Lysmer and Kuhlemeyer, 1969). A more detailed study was conducted by Celep 

and Bazant (1983) and Mullen and Belytschko (1982). Their principal conclusions 

are outlined: 

a) when the wave length is 10 times the element size in the direction of the wave 

propagation the phenomenon of spurious wave reflection is unimportant. 

b) CST (Constant Strain Triangle) elements in general do not perform as well 

as bilinear quadrilateral elements. 

c) consistent mass formulation appears to give the best performance. Mass 

lumping (diagonalization) decreases the performance of the discretization. 

d) a sudden change in the element size can cause a significant fraction of the 

energy flux to be reflected from the boundary between finite elements of 

different sizes. Distributing the change in element size over several transi

tion elements reduces the phenomenon of spurious wave reflection but only 

to a limited extent. 

e) to eliminate the spurious wave reflections the wave lengths which axe less 

than about 10 times the element size must be filtered out. This can be 

done in the input or carried out in the output by digital filters. 

1.2) Assumption of vertical wave propagation 

It is often assumed in seismic analysis that the motion in the system are 

generated by an upward propagation of vertical waves from an underlying bound

ary. The solution proceeds using 1-D wave propagation theory which implies that 

the motions of the points beneath the foundation, or at some depth below, are 
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synchronous (the so called rigid base concept). This assumption is generally jus

tified on the grounds that the refraction of the seismic waves by the softer layers 

closer to the surface would lead to essentially vertically incident waves. Moreover, 

because all of the information on ground motions during earthquakes is based on 

records from accelerographs located on the ground surface or at shallow depths 

— in basements of buildings — the design earthquake motion is usually specified 

at the ground surface. However, in the widely used direct finite element analy

sis, which considers the structure directly combined with a portion of the soil, the 

earthquake input is defined at the base of the finite element mesh at considerable 

depth. The input is determined by deconvolution of the specified surface motions, 

assuming that they axe produced exclusively by vertically propagating shear waves, 

thus excluding surface waves as well as nonvertically incident body waves. 

There are conditions in which nonvertically traveling waves become impor

tant. In these cases a difference in phase gives rise to torsional (for SH waves) and 

rocking components, as pointed out by Luco (1976). 

Only limited results are available for the input motion being applied at the 

side boundaries of a finite element mesh as an attempt to simulate oblique wave 

propagation. The formulation in these cases must be such that the boundaries react 

to the scattered waves but not to the motion of the interaction nodes caused by the 

seismic input. 

1.3) The effects of the boundaries 

The use of finite elements in problems of dynamic soil-structure interaction 

is different from other applications in dynamics in that the semi-infinite foundation 

medium must be represented by a finite size model. This is especially important in 
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considering the effects of radiation damping 1. Unlike statics, in dynamic problems 

regularity conditions do not imply zero displacements and/or traction conditions at 

considerably large distances from the structure. It is essential to ensure that only 

outgoing waves are present so that all the energy is radiated outward (Sommerfeld 

radiation condition at infinity - Sommerfeld, 1949). Otherwise the transmitted 

energy will accumulate, reflected by the boundaries, and incorrect responses will be 

produced. 

There are several possible ways to overcome these effects: 

1.3.1) Elementary boundaries 

The simplest solution is to truncate the mesh at some large distance which 

will represent an "approximation" to infinity. It is easy to implement but unfor

tunately this method is often expensive or disastrous in time dependent problems, 

although it can sometimes work fairly well when a great deal of material damping 

is present in the system. To reduce the cost, the element size can not be increased 

arbitrarily since this would limit the maximum frequency that could be transmitted 

throughout the mesh. 

For problems involving seismic excitation the prescribed displacements or 

tractions at these boundaries are typically those that would be observed at the same 

location in the absence of waves scattered by inclusions. They are referred to as 

the "free field" stresses or displacements and, as a first step, must be computed and 

stored for future use in the finite element analysis. 

Nelson and Isenberg (1976) have extensively used this technique, also known 

as soil-island approach. Its serious drawback is the necessity to discretize a large 

* energy lost by radiation of waves from the base of the structure into the surrounding 
soil, a phenomenon also known as geometrical damping. 
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region of the soil mass, since the scattering effects are not considered at all. Nelson 

(1981) suggested an adaptation which permits a further reduction of the soil island 

volume provided the structure is much stiffer than the surrounding medium. 

An attempt to refine the results obtained with elementary boundaries was 

presented by Smith (1974) who proposed to solve the same problem at least twice; 

first with boundary conditions (Dn, N<) and then with boundary conditions (D*, 

Nn). In either case, D is a Dirichlet boundary condition while N represents a Neu

mann boundary condition; the subscripts refer to the normal (n) and the tangen

tial (t) directions to the boundary at the point under consideration. The argument 

given in support of this proposal is the fact that plane waves are reflected with equal 

amplitude and phase in the first situation but with opposite phase in the second. 

Thus, addition of the two solutions should cancel the reflection. However, as Smith 

pointed out, multiple reflections can not be fully eliminated in this fashion so that 

the solution deteriorates with time in a time domain analysis and works poorly in 

the frequency domain. 

A variation of this superposition technique was proposed by Cundall et 

al (1978) for explicit time domain analysis. The suggested scheme eliminates the 

reflected waves as they occur at the boundaries, thus overcoming the serious hand

icap of Smith's original method. Formerly, for every wave that hit the boundary 

another two solutions were required, i.e. for n reflections within the time frame of 

the problem there would be 2n solution superpositions. 

1.3.2) Imperfect transmitting boundaries 

One of the first attempts to simulate radiation with transmitting bound

aries was presented by Lysmer and Kuhlemeyer (1969). They developed viscous 

boundary conditions based on physical considerations. In essence, these conditions 
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can be interpreted as frequency-independent dashpots connected to the boundary 

nodes and whose properties are a function of the soil parameters at the location. 

The great advantage of this solution is that it can be easily implemented 

in finite element codes operating either in time or frequency domain, although it 

fails for static loads since dashpots have no static stiffness. Viscous boundaries are 

perfect for plane waves impinging on the boundary at normal incidence but the 

solution is only approximate for arbitrary combinations of wave trains. In such 

cases echo may still occur (hence the term "imperfect") as well as a spurious wave 

traveling along the boundary. A refinement increasing its absorbing characteristics 

was proposed by White et al (1977). Their results show that viscous dashpots are 

nearly perfect absorbers of body (P and SV) waves but for surface (Rayleigh) waves 

frequency-dependent dashpots are recommended. 

1.3.3) Perfect (or consistent) transmitting boundaries 

These boundaries constitute perfect absorbers of any kind of wave imping

ing with arbitrary incidence. They can be placed immediately adjoining the region 

of interest so that the size of the model can be held reasonably small. 

A perfect boundary was developed by Lysmer and Waas (1972) for a layered 

media over rigid rock and under antiplane loading. They obtained a frequency 

dependent stiffness matrix at those "consistent" boundaries by solving the wave 

propagation problem analytically in the horizontal direction and consistent to the 

finite element expansion in the vertical direction. The concept was later extended 

by Waas for general in-plane motion and generalized by Kausel and Roesset (1977) 

for 3-D models exhibiting cylindrical geometry. 
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A detailed comparison between perfect and imperfect transmitting bound

aries can be found in Udaka et al (1981) or Kausel and Tassoulas (1981). Consistent 

boundaries are properly defined only in the frequency domain. 

1.4) Infinite elements 

Until recently finite element techniques were unavailable to treat problems 

in unbounded media. Neverthless, by using infinite elements a rational approach 

has emerged as an alternative method. Infinite and finite elements may be used 

together to model far and near field domains, respectively. A different formulation 

is not required since infinite elements should satisfy the same general conditions 

as finite elements do (continuum discretization, choice of shape functions, error 

minimization by means of weighted residuals or variational principles, solution of a 

set of algebraic equations that characterizes the problem, etc). 

Realistic shape functions must be selected, i.e. functions containing approx

imately the form of the expected solution in the infinite direction. This represents 

a serious drawback since some insight into the solution behavior is required a pri

ori. With the conventional FEM satisfactory results may always be obtained by 

systematically refining the mesh and the finite element shape functions may always 

be polynomials. 

This method has other limitations (especial quadrature formulas should 

be used in some problems where the Gauss-Laguerre quadrature scheme is not 

optimum for handling the numerical integration in the infinite direction) but, as a 

major advantage, it preserves the flexibility of the conventional FEM. It is a one-step 

procedure that permits the far field to be incorporated directly into the solution 

scheme. 
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Several infinite elements have been proposed (Medina and Penzien, 1982; 

Medina and Taylor, 1983) but their application is still restricted to homogeneous, 

linear elastic media. 

1.5) Hybrid techniques 

Hybrid techniques model the near field (region of interest) and replace the 

far field (surrounding medium) with a continuous or a discrete representation ob

tained by separate methods or criteria (figure 1). The success of hybrid formulations 

is varied, being somewhat limited by the assumptions made on the far field analysis. 

Some of them are briefly discussed: 

1.5.1) Boundary element method coupled to the Gnite element method 

Research has been concentrated recently on ways to combine FEM and 

BEM. The boundary element method appears to be well suited to model the semi-

infinite domain since it is based on fundamental solutions which extend to infinity 

per se. Moreover, the presence of the singular functions automatically takes into 

account the radiation condition and the BEM involves a relatively small number of 

unknowns because the approximation is along the boundary only. Yet two major 

shortcomings are its limited application to relatively simple, lineax problems and 

the loss of localized discretization leading to an unbanded system of equations. 

A coupling scheme is a natural approach to combine the effective proper

ties of both methods. An example of this application to 2-D dynamic soil-structure 

interaction problems was presented by Mita and Takanashi (1984). In their inves

tigation the near field is modelled by FEM and it is assumed to contain all of the 

inhomogeneities and anisotropics; Lamb's solution is adopted to derive the BEM 

formulation. 
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IWTlHMCi 

o) SOIL - STRUCTURE SYSTEM b) NEAR-FIELD (FEM) c) FAR-FIELD (CONTINUUM 

Figure 1 — Example of a hybrid technique 

1.5.2) Finite element method coupled to the continuum approach 

The near field is again discretized by finite elements. The far field is a 

continuous half-space which shares a common interface with the first region. 

A far field impedance matrix relating far field forces to far field displace

ments is combined with the near field equations of motion by invoking the conditions 

of compatibility and equilibrium at the common interface. This simulates the be

havior of the whole system. 

Determination of the far field impedance matrix requires the solution of 

a set of partial differential equations with prescribed boundary conditions. This 

can be accomplished either by an analytic method (e.g. Gupta et al, 1980, for 

antiplane loading) or a semi-analytic approach when a rigorous solution appears to 

be mathematically intractable. 
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1.5.3) Cloning algorithm 

Dasgupta (1982), Lee and Dasgupta (1985) have introduced the cloning 

algorithm to yield frequency dependent soil responses at the interaction nodes. It 

conceives the unbounded region as an infinite collection of geometrically similar 

finite element cells. The boundary stiffness matrix is computed therein from the 

dynamic stiffness matrix of a typical cell employing a specific scheme called the 

cloning algorithm. Here the assumption of homogeneity is also implied. 

1.5.4) Proposed method 

None of the presently available methods can efficiently compute the seismic 

response of a structure on a stratified soil deposit (figure 2) in spite of its common 

ocurrence in nature. A new method will be developed in this research as an attempt 

to solve this problem in a more efficient way. 

The proposed method can also be classified as a hybrid technique, given 

that the near field will be discretized by FEM and the fax field considered as an 

isotropic, multilayered, continuous medium. It follows an adaptation of the global-

local finite element method (GLFEM) suggested by Goetschel et al (1982). ' 

Global-local finite element method was introduced by Mote (1971) who 

considered the possibility of combining the Ritz finite element method and the 

classical Ritz procedure. By selecting the number of elements and global functions 

one has more control over the dependent variable distribution. At one extreme, 

zero global functions can be included, which gives the conventional FEM. At the 

other, the distribution is dominated by the global function sequence, with the finite 

element distribution "patching up" the boundary conditions or local geometrical 

variations. 
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STRUCTURE 

FAR-FIELD 

SEISMIC WAVES 

Figure 2 - Structure on an irregular near field and a regular far field 

In the FEM the displacement field u is commonly represented in terms of 

a finite set of nodal displacements q 

u = Nq (1.1) 

where N are appropriate interpolation functions. 

In the GLFEM the displacement field u is also expanded in terms of a finite 

set of global coordinate functions # 

u = Nq + 9a (1.2) 

where a are generalized coordinates. 
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This leads to an element stiffness matrix of the form 

K = ( K** K*** 

K••• K* ) (1.3) 

composed of a global term (*), a local term (**) and a global-local coupling term 

In this regard, the selection of global coordinate functions is the crucial 

point as it is in the classical Ritz procedure. Problems where "almost" global 

coordinate functions are available appear to be particularly attractive for GLFEM 

applications. A characteristic feature of this method is that finite elements are seen 

as essentially boundary corrections to the global function distribution. 

The major objective of the present research is the development of a com

puter program for a 2-D (plane strain) dynamic soil-structure interaction analysis 

based on the proposed hybrid method. The structure is considered either on the 

surface or embedded within a horizontally layered half-space excited by steady, 

monochromatic, seismic waves (P and SV) propagating with oblique incidence. 

The structure itself can be treated as a machine vibrating at a different frequency. 

Modes of this vibration can be specified as vertical, horizontal or rocking and axe 

considered as uncoupled although it is generally recognized that sliding and rocking 

components arise as a coupled phenomenon. 

The code has been written in FORTRAN 77 for a CYBER 175 computer 

using single precision (approximately 14 significant digits). Dynamic dimensioning 

permits any number of finite elements to be considered. 

The thesis is divided into six chapters and one appendix. The research 

objective and the solution methodology are discussed in chapter 2. Theoretical 

formulations for the far field domain in terms of the wave number approach is 
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developed in the third chapter which also deals with the numerical algorithms and 

analytic schemes devised for the computer implementation. Chapter 4 describes the 

discretization of the near field using Ritz FEM and chapter 5 gives some numerical 

results. Final comments and suggestions are part of chapter 6 where the usefulness 

of the program is also indicated. Appendix I contains some of the more involved 

matrix expressions and appendix II the symbology adopted in this work. 



CHAPTER 2 

TWO DIMENSIONAL HYBRID MODEL 

As mentioned before, the geometry of the problem is divided into two re

gions, a near field and a far field. The near field contains the structure and a portion 

of the surrounding soil. Stress and displacement fields at the common interface (fig-
¥ 

ure 2) will have to be computed first since they will serve as forcing functions acting 

on the boundaries of the finite element mesh. Both incident and scattered waves 

contribute to the ground motion. Given that the incident wave amplitude is known, 

ground motion due to the incident and reflected (from the half-space's surface and 

layer interfaces) waves can easily be computed. However, difficulty comes when 

considering the scattered waves. 

Based on the assumed linearity of the model, the response of the soil-

structure system may be achieved in two stages. In the first, the frequency response 

for harmonic excitations with time dependency exp(—tut) is obtained. The second 

stage corresponds to the evaluation of the response in time by means of the Fourier 

synthesis given by 

U(x,z,t) = f u(x,z,u)e~%ut du (2.1) 
2tt J-co 

In this equation U(x,z,t) denotes the response in time while u(x, z,u) represents 

the frequency response. The Fourier synthesis described by (2.1) is calculated by 

use of the Fast Fourier Transform (FFT) algorithm ( Cooley and Tukey, 1965; Liu 

and Fagel, 1971). 

16 
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Problems involving propagating wave pulses of arbitrary time dependence 

can be taken into consideration by solving problems with harmonic time dependence 

and then multiplying the solution by the Fourier transform of the input pulse. Yet 

in our study time dependence is harmonic and the time factor exp(—zwi), which 

occurs throughout, may be omitted here without further confusion. 

Four simple problems are superimposed, as shown in figure 3, to obtain 

the total stress and displacement fields at the boundary. The soil mass in each 

case is a horizontally layered half-space without any structure or irregularity in 

it. The incident wave is considered in problem 1. Propagation of elastic waves in 

a multilayered linear elastic half-space is a well known phenomenon (Ewing et al, 

1957). Hence ground motion at any selected point in problem 1 can be obtained 

without difficulty. 

In problems 2, 3 and 4, oscillating normal force, shear force and moment are 

acting on the surface of the stratified soil deposit. These three types of excitation 

are being considered because when a structure is subjected to a seismic wave of 

angular frequency u; the three possible reactions (for a 2-D in-plane formulation) 

which the structure can exert on the soil mass are oscillating normal force, shear 

force and moment with the same frequency of excitation. However the oscillation 

amplitudes P, S and M are unknown. From our knowledge about the response 

of multilayered solids to a point source (Kennett and Kerry, 1979; Kundu, 1983; 

Chin et al, 1984) we can compute the displacements and stresses at any point by a 

systematic matrix method. So problems 2, 3 and 4 are also solvable. 



PROBLEM 1 - FREE FIELD 

PROBLEM 3 - SHEAR OSCILLATING FORCE 
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Figure 3 - Schematic representation of the four basic problems 
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The total stress or displacement field at the neax field - far field boundary 

can be given by 

where a stands for stress (cr x x ,cr z z , (T x z) ,  u  stands for the horizontal displacement 

and w represents the vertical displacement component. The subscript 1, 2, 3, 4 

indicate solutions of problems 1, 2, 3, 4, respectively. 

The question still remains how to evaluate P, S and M and this will be 

discussed in the following section. After P, S and M are obtained the stresses and 

displacements at the common interface are known. From the computed stresses, the 

consistent load vectors at the boundary nodes can be obtained and used as forcing 

functions for solving the finite element forced vibration problem in the near field. 

Let m be the number of nodal points on the near field - far field boundary. 

Let UJ, and U£ denote two (2m x 1) arrays of the horizontal and vertical boundary 

nodal displacements due to the incident (superscript t) and scattered (superscript s)  

fields, respectively. The method is based on two possible ways of evaluating UJ and 

U£. One way is to calculate them analytically in terms of the unknown amplitudes 

W  = W i +  P W 2  + Su>3 + Mw 4 

a = o\  + Pa 2 + St73 + M04 

U  = U \ +  P U 2  + Suz + Mu 4 

(2.2a) 

(2.26) 

(2.2c) 

2.1) Solution methodology 

P, S, M. 

Uga = GX (2.3a) 

where X is the array of unknown generalized coordinates. 

XT = (P S M) (2.36) 



20 

and G is a (2m x 3) matrix whose columns are the boundary nodal displacements 

found by considering unit sources similar to those of problems 2, 3, 4. 

/ u\ «3 u\ \ 

U>2 «>3 

U2 "3 u\ 

G = U>| W4 

uj1 U™ 

V«>2* W? w™ 

(2.3c) 

In the above matrix, the superscript identifies the boundary node and the subscript 

is associated with the problem number (figure 3). In equation (2.3a) subscript a is 

also used to identify the method of constructing the displacement matrix analyti

cally. The incident field is simply given by 

(U6a) = («! w i  "l • u\ w?) (2.4) 

Combining equations (2.3a) and (2.4) gives the boundary nodal displacements 

U6a = U'a + V'ba = U la + GX (2.5) 

The other way of evaluating the nodal displacements is to solve the new 

field problem with the forcing functions given by the surface tractions associated 

with the far field. The stresses computed at the common interface in problems 1, 2, 

3 and 4 can be converted into consistent load vectors. Their form for the scattered 

and incident fields is written as 

Ff = G'X (2.6a) 
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where 
/*£, Fi3 F,'4\ 

F}, 3̂ 4̂ 

^4 
*2. *?4 (2.64) 

*3 PS F™ 

v fS f;3 / 

and 

In expressions (2.6b) and (2.7) F3
xk and F*k represent consistent loads acting at the 

jth boundary node in x and z directions respectively. The subscript k again stands 

for the problem number from which the consistent toad vectors have been obtained. 

The governing equation of the near field, discretized by FEM, has the fol

lowing form in the frequency domain 

where the stiffness matrix K, the consistent mass matrix M and the consistent load 

vector F are obtained using the conventional (Ritz) finite element method. K is 

singular, because no boundary conditions have been imposed to preclude rigid body 

motions, but (K — w2M) is not, provided oj is nonzero and does not coincide with 

a natural frequency of the finite element model. 

For convenience we define D(w) as 

(K - W2M) U = F (2.8) 

D(w) = (K — W2M) (2.9a) 

so that equation (2.8) takes the form 

D(w)U = F (2.96) 
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which can be partitioned to read 

( D a  D i b \ ( U A ^ ( 0 \  
\Dbi DbbJ\UbS 1F6J 

(2.9c) 

where subscripts i and b denote the interior and boundary degrees of freedom. 

Solution to equations (2.9c) considering forcing functions as given by equa

tions (2.6a) and (2.7) yields all the finite element nodal displacements, those of 

which on the mesh boundary may be written as UJy and U^. The subscript / 

indicates that the solution is obtained by a finite element analysis. 

where the columns of the (2m x 3) matrix W are the solutions for the force distri

butions given by the corresponding columns of G* in equation (2.6b). is the 

solution for the force distribution given by equation (2.7). 

The total boundary displacements axe 

At this point, displacements at the common interface are available from the 
• 

near field finite element analysis (equation 2.11) and the far field analytic approach 

(equation 2.5). In both, the vector X of generalized coordinates is still unknown. 

Traction reciprocity at the mesh boundary is fully satisfied by virtue of the equiv

alence between the far field problem and the consistent load vectors used in the 

near field problem. Only displacement continuity across the interface remains to be 

satisfied. 

To enforce displacement continuity, equation (2.5) is set equal to equation 

= WX (2.10) 

ut/ = uj/ + u;/ = ui/ + wx (2.11) 

(2.11) 

UJ a+GX = UJ /  + WX (2.12a) 
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(G - W)X = in, - UL (2.126) 

AX = B (2.12c) 

Solution to equation (2.12c) may be obtained by least square error minimization. 

Let us define an error. E expressed in symbolic form as 

E = AX - B (2.13) 

The square of E is constructed by premultiplication by its transpose 

e2 = ErE = XrArAX - BrAX - XrArB + BrB (2.14) 

Minimizing e2 with respect to X yields 

ArAX = ArB (2.15) 

which can be solved for X. Once X is determined the displacements and stresses 

are known both in the far and near fields. 

An alternative procedure is also possible, by satisfying displacement con

tinuity first and then enforcing traction reciprocity on a least square basis. Using 

equation (2.9c) with t/j, prescribed, 17, can be determined from which the surface 

tractions on the finite element mesh boundaries can be computed. Then traction 

reciprocity is enforced by least square error minimization. 

The proposed technique can be called a global-local finite element method. 

The functions 02, 03, <74 (or ui, U2, U3, 114) depend primarily on the far field 

configuration. With one set of functions, responses of different structures can be 

computed as long as the far field remains unchanged. Functions which depend on 

the far field geometry are referred to as global functions in the GLFEM literature. 
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The proposed technique can also be thought of as a scheme to construct 

perfect (consistent) transmitting boundaries under the Green's function formalism. 

Green's functions have the physical meaning of representing the displacements (or 

stresses) produced at a given point of the multilayered medium due to unit sources, 

here considered on the free surface. Once they have been calculated, the motions 

produced by sources of amplitudes P, S, M (if known) could be obtained by super

position. 

The accuracy of the analysis can be improved by considering additional 

global functions. For example, let us assume that there is a big lump of foreign 

material in a region within the near field geometry (figure 2). Two more global 

functions can be computed, u$ and u& (or <75 and <76), which are displacement fields 

generated by two concentrated forces (one vertical, one horizontal) acting at the 

lump mass position. It is expected that these extra global functions will increase 

the solution accuracy. 



CHAPTER 3 

FAR FIELD ANALYSIS 

The differential equations of motion for an isotropic, linearly elastic medium 

have the following tensor form in the absence of body forces 

<7ij,j = pui for »,j = 1,2,3 (3.1a) 

where 

Oij = 2fi€ij + ASijtkk with €ij = ^ (m,j + u^) 

In terms of displacements they can be written as 

(A + n) Ujji + fiUijj - pui (3.16) 

or in vector notation 

(A + /i) V (V • U) + A*V2U = pii (3.1c) 

Equations (3.1b) or (3.1c) are known as Navier's equations. 

Any continuously differentiable vector field u can be represented as the sum 

of an irrotational vector field, which is the gradient of a scalar potential plus a 

distortional vector field, the curl of a vector potential 

u = u' + u" (3.2a) 

u = V $  +  V x $  a s s u m i n g  V  •  =  0  ( 3 . 2 6 )  

Such decomposition, known as Helmholtz representation, when introduced 

into (3.1c) yields the system of equations 

V2$ - = 0 (3.3a) 
a* 

V2® - = 0 (3.36) 
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where 

a = 2 A + 2/i 
and 

P P 

For isotropic media this separation of variables is possible only in 3 coor

dinate systems: Cartesian, polar-cylindrical and spherical (Pao, 1983). 

Equation (3.3a) represents the propagation of a dilatational, irrotational 

(V x u' = V x V$ = 0) wave motion with velocity a, usually called P wave, 

and equation (3.3b) a distortional, equivoluminal (for small displacement gradients 

V • u" = V • V x $ = 0) wave motion with velocity /?, usually called S wave. In 

general, a disturbance produces both types of wave simultaneously. They separate 

in view of their different velocities (a > /?) and propagate independently. Coupling 

can occur due to boundary or continuity conditions; this phenomenon is referred to 

as mode conversion. 

Any particular problem can be studied considering the above governing 

equations and the appropriate boundary/continuity/regularity/initial conditions. 

For harmonic time dependence exp(—tut) the initial conditions are omitted and the 

waves are said to be steady state. In this case the wave equations can be rewritten 

in the frequency domain as: 

where ka = u/a is the P wave number and kp — u/0 the so called S wave number. 

There are four unknown scalar functions to solve for: <f> and the 3 compo

nents of tf/. For two dimensional problems the governing equations can be further 

simplified and two scalar potentials <f> and 0 are sufficient to represent the wave 

propagation. Two dimensional waves which have plane wavefronts are called plane 

waves. 

V^ + fc^ = 0 

V20 + fcj0 = O 

(3.4a) 

(3.46) 
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Plane waves are the simplest form of wave motion in an elastic medium. 

The most general analytic expression for a plane wave is the function /(n • r — ct) 

which describes a disturbance traveling with velocity c along the direction given by 

the unit vector n, normal to the wavefront. The wave type is determined according 

to the form of the function /. 

For P waves such function in the frequency domain is expressed as 

4> = ^e*fc(n'') = AeW'+W with k2 + = A£ (3.5a) 

and for SV waves 1 as 

ijj = Beik(n"') = 5e,'(fcx+"*> with k2 + rj2 = k} (3.56) 

where A and B are wave amplitudes, herein considered as constants. 

When there is a boundary, as in the half-plane problem, a third type of wave 

may exist confined closely to the free surface. They are called Rayleigh or surface 

waves (Rayleigh, 1887) and their effects decrease rapidly with depth. Propagating 

disturbances confined to the neighborhood of a surface can occur not only in the 

vicinity of a free surface but also at the interface between two layers provided the 

material constants satisfy certain conditions. Such waves are known as Stoneley 

waves and also decay exponentially away from the interface. 

In this research the seismic excitation is represented by P and SV waves 

only. The displacement components generated by their propagation are given by 

u = <f>,x- (3.6a) 

= <t>,* + il>,z (3.66) 

and the stress components by 

' elastic wavei are classified according to their polarisations, ie the direction of the dis
placement vector. For in-plane motion the shear waves are called SV. 
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Oxx. - ,xa + (2 <f> fZM 

°xm — /*[20fx* — (2^,x* 4" 

Oxm = H [2^,x, + (2^,XX + kjip)] 

(3.7a) 

(3.76) 

(3.7c) 

The stress components axx and oxx are thereafter denoted simply by a and r, 

respectively. 

Let us consider a multilayered half-plane as shown in figure 4. The medium 

is formed by n isotropic, homogeneous, linearly elastic layers perfectly bonded at 

the interfaces. 

There are [An — 2) conditions to be satisfied: continuity of both displace

ment components (u, w) and 2 stress components (<7, r) at every interface, as well as 

vanishing of a and r at the free surface. The number of involved equations becomes 

larger and larger as the number of layers increases, making the computational task 

prohibitive. 

A major improvement was introduced by Thomson (1950) and extended 

by Haskell (1953). Their method essentially reduces the large system of equations 

corresponding to the entire medium to a product of small (4 x 4) matrices, one for 

each layer. 

Consider the mth layer bounded by the (m — 1)*A and mth interfaces. As 

a result of multiple reflections, a system of upgoing and downgoing waves (wave 

number approach) will exist, propagating in the negative and positive z directions, 

respectively. Their potentials can be written as 

3.1) Thomson-Haskell matrix method 

4>m = ame* * ')] for upgoing P waves (3.8a) 
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Figure 4 — A layered elastic half-plane excited by seismic waves 

0m = )] for downgoing P waves (3.86) 

^TO = cme'[fca!-'7m(3;_ar )] for upgoing SV waves (3.8c) 

= dmet[kx+nm{z~* )] for downgoing SV waves (3.8d) 

where the superscript (m — 1) refers to the interface and the subscript m to the 

layer. Superscript u stands for upgoing and d for downgoing waves. Total potentials 

of the P and SV fields are 

<t>m = <t>m + <f>i (3-9 a) 

= VC + Vd (3.96) 
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A linear relation between the unknown amplitudes am, bm, cm, dm and the 

displacement/stress components is given by the following transformation: 

Sm = EmDm (3.10) 

where 

=  ( < J m  T m )  

=  ( a m  b m  C m  d m )  

The elements of the 4x4 matrix Em are listed in the appendix I. 

At the (to — l)"1 interface 

SM-1 = EM_1DM (3.11a) 

and at the mth interface 

Sm = E£Dm (3.116) 

Equations (3.11) can be combined to produce a recurrence formula between 

the values of stress/displacement components at the top and bottom of the general 

mth layer. 

SS = ES(ES-1)"'SS-' (3.12a) 

S™ = AmSS-' (3.126) 

Expressions for the elements of (EJ£-1)-1 and Am are also listed in the 

appendix I. 

By repeated application of equation (3.12b) and given the continuity con

ditions, it is possible to write for the whole medium 

sr1 = An-iA„_2 ... AiSI (3.13a) 

and 
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D„ = (ES~1)"1An_i...AiS? (3.136) 

or 

Dn = J S° (3.13c) 

Thomson-Haskell formulation is thus a forward marching algorithm which 

relates the response at the (n — l)th interface to the response at the free surface 

by a product of layer matrices. Considering the regularity conditions (constants an 

and Cn correspond to the incident field at the nth layer) and boundary conditions 

(<7 = r = 0 at z = 0) we get from (3.13c). 

J\ 1 J12 J13 J14 
J21 J22 J23 J24 

J3I J32 J33 J34 

J41 J42 J43 J44 

(3.14) 

from which the expressions for the displacements at the free surface are written as 

u° = 0>nJ32 ~ CnJl2 
JllJ32 ~ J3lJl2 

(3.15a) 

u/° = —On J31 + C„Jn 

JllJ32 ~ J3lJl2 
(3.156) 

Since S° is known, the displacement - stress vector can now be evaluated 

at any level in the mth layer by 

s£ =ES(BS-1)-A_1...A1S; (3.16) 

where z* = z — zm 1 is the depth measured from the top of the layer. 
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It is well known that the Thomson-Haskell algorithm is ill-conditioned in 

the presence of evanescent waves. The wave field becomes evanescent whenever £m 

or rjm assume imaginary values, which implies 

Cm - yjklm-k2 with kam < k (3.17a) 

rim = yjkjm - k2 with kpm < k (3.176) 

where 

(jJ U) (jJ 
k = sin 0m = — BinSm = sin0m_i = ... 

am Pm 

is a real valued constant (for non dissipative medium) and the same for both fields 

and for all layers. 

From the above equations it is easy to see that evanescent waves would 

predict values greater than 1 for the sine function, a mathematical impossibility, in 

the following situations: 

a) am-1 > otm (or 0m-i > Pm) which indicates the presence of a soft layer 

in the soil profile. 

b) S V waves propagating with angle of incidence greater than the critical value, 

given by sin5«r = /?„/<*„ = v/(l - 2i/)/2(l - u). 

Therefore, a direct application of the Thomson-Haskell matrix method in 

its original form should be avoided in such situations. Our analysis complies with 

both limitations. 

It is still worthwhile to observe the form of matrix Am constructed for the 

general mth layer (see appendix I). 
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Am — 

(R I I R 
I R R I 
I R R I 

\R I I R. 

(3.18a) 

where R stands for a real value and I represents an imaginary quantity. 

If we multiply two such matrices we get 

/R I I R\ 

AmAm_! = [ j- ^ ^ j I (3.186) 

\R I I RJ 

ie, the resulting matrix has the same general form. 

Based on this property, most matrix multiplications required by equations 

(3.13c) and (3.16) can be carried out considering the elements of the individual 

matrices as real valued. From a computational point of view the advantage is 

evident since multiplications of complex quantities are much more demanding. At 

a later stage the results are converted onto the complex plane. 

Hence, problem 1 can be solved. 

3.2) Delta matrix method 

For problems 2, 3, 4 we have to consider the elastodynamic equations in 

the more complex form of waves diverging from a point source on the free surface. 

This can be done by integration of plane wave solutions through a new Fourier 

transform with respect to x, which will bring our problem from the w-plane onto 

the A:-plane. From a mathematical point of view the governing partial differential 

equations are converted into ordinary differential equations with only one variable 
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z. The supplementary conditions to its solution are the transformed boundary 

conditions at z = 0 and the regularity condition (absence of incoming waves) at 

z —• oo so that we essentially have a two-point boundary value problem. 

After solving the problem on the &-plane by Thomson-Haskell method the 

response in the frequency domain is evaluated by means of a Fourier synthesis given 

where D(k,u) is the surface wave denominator which vanishes at a finite number 

of values of & at a given frequency u. Integrals represented by (3.20) are called 

improper integrals of the third kind in the mathematical literature. 

A direct computation is not possible due to the presence of surface wave 

poles on the path of integration (real axis). They can be removed by a pole sepa

ration procedure which splits the integral into singular pieces that respond to the 

classical methods of analysis and nonsingular pieces to which approximate quadra

ture formulae may be applied without anxiety. In this research we have used an 

adaptative quadrature scheme based on 8 and 12-point Gauss formulae developed 

by Kundu (1983). It has been shown to be quite efficient in problems involving 

highly oscillatory integrands. 

Computational aspects and specific algebraic treatments are detailed in 

section 3.6. 

A major and long standing problem associated with the Thomson-Haskell 

matrix method in its original form is the presence of growing exponential terms 

(3.19) 

Numerical evaluation of (3.19) involves integrals of the form 

(3.20) 
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in layer matrix elements. This creates numerical difficulties involving overflow, 

underflow and loss of precision. A clear presentation of the exact nature of such 

problems in the calculation of seismic surface wave dispersion functions may be 

found in Dunkin (1965) and Thrower (1965). In essence, the computation of the 

dispersion function requires the subtraction of two quantities. For very high wave 

numbers (in equation 3.20 k varies over the entire real axis) these two quantities 

become very close to each other and differ only in the less significant digits. The 

computation of each quantity separately would make the difference lose some of 

its significant digits (catastrophic cancellation) which would propagate as a chain 

reaction throughout the matrix products required by the formulation. Algebraic 

subtractions should be made such that the machine calculates only the difference 

and not the original quantities. 

Several techniques have been proposed to solve the loss of precision problem, 

such as the delta matrix method. It is based on the attractive property that the 

second order subdeterminants of the layer matrices do not contain products of like 

exponentials, so that the troublesome terms which cause the loss of precision are 

eliminated. A second order subdeterminant of J can be defined by 

Jkl — JikJjl ~ JilJjk (3.21a) 

which involves rows i and j and columns k and I. Note that 

Jki — ~Jki ~ ~Jil ~ Jlk (3.216) 

The 4x4 layer matrices countain 36 such subdeterminants which can them

selves be arranged as a' 6 x 6 matrix. Matrices of this kind are referred to as delta 

matrices. 
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The relation between the position within the delta matrix assigned to each 

sub determinant and the position of its elements in the original matrix is arbitrary. 

The convention adopted here is the following. 

J12 *̂ 23 ni \ 
J13 JU ni 

J12 •̂ 23 *̂ 34 
723 
*'12 

723 
J13 ni 

723 
"23 

723 
"24 

723 
"34 

•̂ 12 1̂3 ju J$3 Jit 
 ̂J?2 *̂ 13 jn ^23 

For problems 2, 3, and 4 we will need to compute the following subdeter-

minants: J/f, and From equation (3.13b) we can see that the 

delta matrices corresponding to A m  (generic layer) and (EJJ-1)-1 must be com

puted in advance. Considering the expressions for their elements this task can be 

accomplished without difficulty. 

Expressions for and [(EJJ-1)-1]A are also listed in the appendix I, 

with the following remarks: 

a) only second row elements of J A  are needed. Computation of the delta 

matrix corresponding to (EJJ-1)-1 is thus restricted to its second row. 

b) both delta matrices can be reduced from a 6 x 6 order to a 5 x 5 order. 

Such modification is possible due to certain equalities between rows and 

columns (see appendix I). As a result, J/4 = Jjf. 

c) again it is important to note the general form of the modified 5x5 delta 

matrix A£. 
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Figure 5 — Vertical source represented on the u -  and k -  planes 

A _  

which implies 

aaaa 

( R  R  I  R  R \  
R  R  I  R  R  

— I  I  R  I  I  
R  R  I  R  R  

V R  R  I  R  R J  

( R  R  I  R  R \  
R  R  I  R  R  

— I  I  R  I  I  
R  R  I  R  R  

\ R  R  I  R  R J  

(3.23a) 

(3.236) 

3.3) Green's function for the vertical excitation 

Now the Thomson-Haskell matrix method must be applied on the fc-plane 

(figure 5). Considering an additional Fourier transform with respect to x, equation 
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(3.13b) converts into 

I5,» = An_j ...Ai S° (3.24a) 

D„ = J S? (3.246) 

Boundary conditions are transformed into 
/+oo 

S [x)e~ % k x  dx = — 1 (3.25a) 
-OO 

t0 = 0 (3.256) 

and regularity conditions are given by 

On = cn = 0 (3.25c) 

Introducing equations (3.25) into equation (3.24b) will result in 

= -M13 ~ {"j™ = (3.26a) 
J\ lJz2  — J l lJz i  j£ i  ^21 

WO = S
-
33S

." ~ J.3 l i
.
13 = ^ (3.266) 

Stress and displacement components at any level in the mth layer are given by 

§£ = (£»- ' )A m _x . . .Ax S j  (3 .27)  

where z* is measured from the top of the layer. 

Results in the frequency domain are obtained through equation 3.20. 

Hence, problem 2 can be solved. 

3.4) Green's function for the horizontal excitation 

Boundary conditions, considering figure 6 

Bo = 0 (3.28a) 
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Figure 0 - Horizontal source represented on the w- and k- planes 

/

+o° 
6(x)e~ , k x  dx = -1 (3.286) 

-OO 

and regularity conditions 

a n  =  C n  = 0 * 

Introducing equations (3.28) into equation (3.24b) will result in 

u0 = J-'42 ~ J"J.3< = - ̂  (3.29a) 
J11J32 — J12J31 J£i 

wo = J.nJ.34 ~ J.i4i31 = ^ (3.296) 
— J£l 

Stresses and displacements at any point of the layered medium are determined 

similarly. 

Hence, problem 3 can be solved. 
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l /h  (  l im h -O)  l /h  

m 

m m 

Figure 7 - Rocking source represented on the w- and k- planes 

3.5) Green's function for the rocking excitation 

This problem can be thought of as a superposition of the solutions obtained 

in problem 2 by considering two vertical sources of amplitude l/h and separated 

by a small distance h, as shown in figure 7. Theoretically, the exact solution is 

achieved in the limit as h —• 0. 

The Green's functions for the rocking source are computed as 

/  \  f  f i x  ~  2 > w )  ~  f { x  +  z , u ) \  ,  ,  
g(x ,z ,u i )  = hni I — ^ 2 ' I (3.30a) 

a f 
g{x,z ,w)  = - -L(x ,z ,u)  (3.30 b)  

where g(x ,  z ,w)  represents the general form of the Green's functions for problem 4 

and f(x, z,u) the general form of the Green's functions for problem 2. 
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Considering equation (3.20), 

f+°° F(k,z,<jj 

D(k ,u>)  
f{k ,z ,u)  eikxdk (3.31a) 

and by Leibnitz' rule 

(3.316) 

Hence, problem 4 can also be solved. 

At this point the analytic basis necessary to solve the far field problem has 

been completely developed. Computational difficulties however still persist due to 

the presence of poles on the path of integration. Such singularities are the (real) 

roots of the Rayleigh denominator D(k,u). To evaluate them we have used a 

computer program written by Kundu (1983) to determine the seismic surface wave 

dispersion function for layered media. The number of poles is not known a priori, 

being a function of layer thicknesses, soil properties, wave frequency, etc. 

3.6 Numerical implementation 

For problems 2, 3 and 4 both stress and displacement components have the 

following general form in the frequency domain: 

where D(k,  u)  is an even function with respect to k .  

The numerator F ( k ,  z , u > )  is either an even or an odd function (table 1) but 

the real or imaginary part of F(k,z,u>)etkx can be always made even. 

(3.32) 

F(k t z ,<j)e t k x  = F(k,z ,u){coakx + tsinfcx) (3.33a) 

if F(k,  z ,  a>) is even, 
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COMPONENT PROBLEM 2 PROBLEM 3 PROBLEM 4 

U 000 EVEN EVEN 

W EVEN 0 00 ODD 

EVEN 000 ODD 

EVEN 000 ODD 

000 EVEN EVEN 

Table 1 — Nature of F{k>z,w)  with respect to k  in problems 2, 3 and 4 

(3.336) 

(3.33c) 

Hence, 

Let pi, P2> • • • j P n  be the n roots of D ( k , u > )  at a given angular frequency 

w.  

By applying a pole separation procedure, equation (3.34) can be written in 

an alternative form. Let us consider qi, q2, ... , ?n+i as [n + 1) points chosen on 

the real axis such that q j  <  p j  <  q j + \  and let us define a function G j(k, u > )  by 

Gi{k
'
u) = (x35) 

which does not have any pole between qj and qj+i since the singularity in equation 

(3.35) is removable. Then, 

/

+00 r+00 
F(k ,z ,u)e , k x  dk = I F(k ,z ,u j )cos(k ,x)  

-co j —oo -co J —00 

if F[k,z ,w)  is odd, 
• +00 f+00 

)e i k x  dk 
-00 •> —00 /

+00 r+00 
F(k ,z ,o j )e > k x  dk = i  I  F(k ,  z ,  w) sin(fcx) 

-00 J  —00 

dk 

dk  
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1 - M/" 1ik+ f" ?)ik+-t [ J o  D { k , ( j j )  [t sin Ax J J q t  D(k,u ) [i sin As J 

[+0° F{k,z ,u)  f cos kx  1 1 

//„+. #(A,w) ItsinfcxJ J 

r - l f  f l  F ( k > z > u )  f  cos As) Jf , /,+°° F(A,2,w) f cos As] Jf 

*\/o \t sin As J + Jqn+i  D{k,u) sin As J** 

/ = ± ( /" {co» U + /+" ̂ sl {cos *I 1« 
7T I/„ Z?(A,w) sin Ax J Jqn+l  D{k,w) [t sin Ax J 

f q i + l  f F(k,z ,u)  f cos kx  1 _ F(pj ,z ,u)  (  cos pjX 11 dk 
[  G 3  { k , u )  [ t  s i n  A x  J  G j ( p j  , u )  \  t  s i n  p y  s  J  J A 2  —  p j  

+ E# f4(C0Sf t I} f" } (3.36c) 
y=t GjlPj,") ^ sinPjsJ y9i 

k2-Pj] 

The last integral in equation (3.36c) can be evaluated analytically as follows: 

[g>+ 1  dk f+°° dk fq> dk f+°° dk . o w ,  

Jq j  k2 — pj ~ Jo A2  - pj J0  A2  — pj Jq .+ l  A2  — pj ^3 '  

Contour integration is used to calculate J*0 0  dk/(k2  — pj).  The first step is to 

avoid the singularity on the path of integration by deforming the contour in a 

small, semicircular path either above or below the poles, as shown in figure 8. 

Which indentation is used will be governed ultimately by the radiation condition, 

ie the indentation selected must yield outgoing waves only. For s > 0 and time 
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-p 
REAL h AXIS 

-R  

Figure 8 - Contour integration in the A>plane 

dependence exp(- iu t )  radiation means an expression of the form exp{i (kx  — u t )} .  

From the residues at each pole it can be seen that the pole at A: = +pj must be 

included within the general contour and the pole at k = — pj must be excluded (see 

also Achenbach, 1973). 

f+°° d k  (  / • - (P j r+« i )  f  tPi -a  r  f+ R  r  ^  

L ̂ =J^0\L + L+/-<«-«»+L+L.,+LI 
(3.38a) 

L 

dz Riei9dO 
2  ~ P j  J0  R ? t ™ - p )  

dz ^  f*  \Rie i 9 dO\ 

~ P j  -Jo  \R*e™-p? 

j where z = Ret0, R > pj 

'  ~ P j \  ' 0  
* d » -  * *  

\ R 2 - P j  



lim f 
R->°° JCr 

dz 
< lim 

nR 
* - p )  -fi-oo |R 2 - p *  

= 0 
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(3.386) 

f dz f° eiie i 0d9 

L^=S. where 
z = eie t 0  

t  d z  < f°  \ ^ i e d 6 \  < «i  f ° M  

J 11 z* - Pj JW |cie2,'fl-pj| |c? - pjl L |c? - p}\ 

lim f  2
d z  2 - lim

n I 2 ""^ai = 0 
z * - p ?  ©  | c ?  —  P y I  

Similarly, 

im f lim 
dz 

(3.38c) 

* 2 "P?  
= 0 (3.38d) 

Considering equation (3.38a) 

/

+°° f f~(w+«i) /•«-«* /•* ^ 
To 2 = lim W +/ +/ > = 2WB (3.39a) 

where B is the residue of f ( k )  =  l / ( k 2  —  p " j )  at k = +pj 

/+~ = Sri/lfa. , ,  <* -PJ ]  ,  } = ™ (3.396) 
y-oo l*-Pi { k  +  P j ) { k  -  P j )  f  P j  

[+ c o  dk =  1 [+°° dk _ jr»_ 

Jo k2-p*. 2 7-00 fc2 - pj ~~ 2p, 
(3.39c) 
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Remaining terms of (3.37) are obtained directly from a table of integrals (Grad-

shteyn and Ryzhik, 1980). 

fv '  dk 1 pi — q; .  
/ ki—7? = ln n 4- n Wlth Pi > Vj Jo k* -  Pj *Pj  Pj  + qj  

f+°° dk 1 , qj+ i + p j 
/  fc2  3  = ̂ — l n  -T.  ZT W l t h  Pi < Qi+I 
hi+x k Pi 2Pj Qi+I-Pi 

Finally, equation (3.37) becomes 

'«+» dk 

f J a* k2 — p 
irt 

2pj-
gj+i  + Pi  

r jii 

«+ 1  dk 

k2  - pj 2pj 

2 Pi Pi + Qj 2 pj- qj+1 - pj 

V i  _  In  (P j -g j ) (g j  +  l+Pi )  
(Pi + vUv+i - Pi) 

(3.40a) 

(3.406) 

(3.41a) 

(3.416) 



CHAPTER 4 

NEAR FIELD ANALYSIS 

There are essentially two different ways of treating dynamic soil-structure 

problems by FEM: 

a) Time domain analysis. It is the fundamental approach for nonlinear prob

lems. A set of ordinary differential equations is integrated with respect to 

time using a numerical technique. Two general classes of algorithm are 

available: explicit and implicit methods. Each one has some specific ad

vantages and several alternative schemes have been proposed to combine 

the attributes of both classes: explicit-explicit partitions wherein different 

parts of the mesh are integrated with different time steps; explicit-implicit 

partitions, etc. 

b) Frequency domain analysis. It is strictly applicable to linear problems. 

Algebraic relationships can be achieved if governing equations are expressed 

in the Laplace transform domain or in the Fourier (frequency) transform 

domain. The latter is generally chosen because it leads to formulations 

that are easier conceptually and more convenient numerically. The excita

tions as well as the response are expressed in the form of Fourier integrals 

over the entire frequency range. For purpose of numerical computations 

these integrals become summations over an appropriate discrete range of 

frequencies. 
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The main interest in the seismic analysis of soil-structure systems is in the 

response of the structure. Therefore it would be desirable to formulate a procedure 

in which the main concern is for the structural behavior only. For large structural 

systems that possess classical normal modes, a modal solution procedure allows a 

considerable numerical simplification. It enables the equations of motion to be

come uncoupled in terms of the generalized coordinates and, mainly, to express the 

response in terms of very few lower modes. 

Yet, this solution process is infeasible to soil-structure interaction problems. 

The structure, due to the presence of the frequency dependent foundation terms, 

no longer possesses classical modes. Ordinarily this means that a set of algebraic 

equations, as large as the number of degrees of freedom involved, has to repeatedly 

be solved for each frequency. Furthermore, the displacement vectors at selected 

points must be stored at each w for future Fourier synthesis. 

The need for judiciously reducing the number of degrees of freedom is there

fore apparent and adaptations of the modal concepts have been proposed in the lit

erature. Vaish and Chopra (1974) replaced the frequency-dependent stiffness matrix 

for the soil region by a frequency-independent value, arbitrarily chosen as the static 

value. While it is computationally effective, it is also evident that the vibration 

modes have little physical meaning and depend on the soil properties. Moreover, 

the first few of the vibration modes may be inadequate to represent the response 

at higher frequencies. Gutierrez and Chopra (1978) introduced the concept of gen

eralized substructure method which express an appropriate part of the structural 

displacements in terms of the vibration modes of the structure on a rigid base, as 

in the simple substructure method *. The other part is approximated as a linear 

* results for harmonic vibration of a rigid plate on an elastic half-space are used. 
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combination of a few displacement patterns depending on the stiffness of the base 

and the depth of embedment. 

Our problem is formulated in the frequency domain using the direct finite 

element scheme. We recall at this point that the proposed method itself is an 

attempt to reduce the number of degrees of freedom involved in the soil-structure 

interaction analysis. 

The principle of virtual work is a general formulation procedure for the 

finite element method. In its commonly used form, that of virtual displacements, 

it is equivalent to the principle of stationary potential energy 1. 

Multiplying both sides of the equation of motion (2.1a) by the virtual dis

placement 6ua and integrating over the area (unit thickness implied) results in 

4.1) Discretized equations of motion 

By Green's theorem 

where n is the outward unit normal at the boundary. 

The displacement component ua can be approximated in terms of shape 

* for a conservative system 
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functions Nai defined locally for elements or subdomains 

r r 

where u,- represents nodal displacements for a particular element (with r degrees of 

freedom). 

Substituting (4.Id) into (4.1c) and taking into account that 6u a  is an ar

bitrary virtual displacement, the following equations are derived, here expressed in 

matrix form (see also Zienkiewicz, 1977) 

where 

K = element stiffness matrix 

M = element consistent mass matrix 

q = element nodal displacement vector 

T = element traction vector 

Q = element consistent nodal load vector 

R = a matrix which transforms T into Q 

q and Q are frequency-dependent complex amplitudes of harmonic varying functions. 

Such formulation is well known in the conventional (Ritz) finite element 

method and only one aspect needs to be emphasized here. 

M is a banded matrix whose nonzero off-diagonal terms imply coupling 

between the inertia forces. In dynamic problems the lumped mass approximation, 

which ignores such coupling, is very often used because of its computational advan

tages. According to some studies (e.g. Kuhlemeyer and Lysmer, 1973) lumped mass 

(4.2) 
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approximation provides results that are comparable in accuracy to those obtained 

with a consistent mass formulation. 

A more detailed investigation (Mullen and Belytschko, 1982) examined the 

FEM dispersive errors for plane waves. It shows that mass lumping (diagonaliza-

tion) markedly decreases the performance of the discretization. The dispersion error 

of the diagonal mass formulation results in a slower phase velocity than the exact 

value, while the consistent mass formulation results in a faster phase velocity. Yet, 

the maximum magnitude of the error for the lumped mass is about twice that of 

the consistent mass. Another source of errors investigated in the same research was 

the influence of the order of integration. Underintegration procedures are usually 

recommended, but Mullen and Belytschko also indicated that the dispersion errors 

are further increased by underintegration. For such reasons we have adopted a full 

integration scheme and a consistent mass formulation. 

The finite element selected for this research is the 8-node rectangular el

ement from the Serendipity family (figure 9). The shape functions for both the 

displacement field and the element geometry are given by (Zienkiewicz, 1977): 

For corner nodes 

ni = j(1 + £&•) (* + W i )  (£& + W i  -  x)  (4.3a) 

For £,• = 0 

(436) 

For t)i = 0 

(4.3c) 

Therefore, at element level: 
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8 

Figure 9 — Quadratic element from the Serendipity family 

4.1.1) Stiffness matrix K - (16 x 16) 

K =  h f  B t C B  dA for h = 1 (4.4a) 
J  A  

/

+1 /*+l 
J  BrCB|J| d£dr)  (4.46) 

Considering a 3 x 3 Gauss - Legendre quadrature scheme, 

fc.j = WkkWuBmi(Zk ,T] i )C m n B n j ($k ,Ve) \J(Zk,r}l)\ for k , i ,m,n-  1,2,3 

(4.4c) 

where 

' u>n = 5/9 
< w22 = 8/9 (weights) (4.4d) 

k 
w33 = 5/9 

= *71 = — %/cui 
' £2 = 12 = 0.00 (sampling points) (4.4e) 

, £3 = V3 = +\Z5j6 
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V t ) | — xp {Np,tNq,ti Zq for P , Q  —  1,2,. ..,8 (4-4/) 

4.1.2) Consistent mass matrix M - (16 x 16) 

M = hf NT/jN dA for h = 1 (4.5a) 
J  A  

/

+ 1 /• +1 
J NTpN|J|d£d77 (4.56) 

Using the same quadrature rule, 

mij = pwkkU>uNi(Zk,r]t)Nj(Zk,rit)\j(Zk,r]t)\ for M= 1,2,3 (4.5c) 

4.1.3) Nodal load vector Q - (16 x 1) 

Q  =  / s N T { 'C} d S  ( 4 - 6 o )  

Q = [ NTN*T dS (4.6b) 
Js 

where N* is a (2 x 6) subset of interpolation functions along the element side. 

Let us consider, for example, the side formed by nodes 2 - 6 - 3 of the 

"parent" element shown in figure 9. In general, 

"S -  = \ / ( ! ) 2  + ( ! ) 2 ""  ' 4 - 6 c '  

If we admit a linear variation in geometry, then thie integral expressed by 

(4.6b) can be evaluated analytically 

dS =  ̂ \ /{xb — x c ) 2  + (zb — 2C)2 dr} = ^dr\ (4.6<F) 
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and equation (4.6b) becomes 

Q - - [+ 1  

( ° 
n2 

n3 

0 
0 

Ne 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

n2 

n3 

0 
0 

ne 
0 
0 

( n 2  

v 0 
nz 
0 

Ne 
0 

0 
n2 

0 
n3 

0) 
n 6 j  

dr\ 

t2 

tz 

T6 
Tio 
Tix  
Ti4 

RT 

Q = t_ 
30 

0 
4 t2 - r3 + 2 r6 
-T2 + 4 Tz + 2 Tq 

0 
0 

2 T 2  + 2 T z  + 16 T6 

0 
0 
0 

4tio — tu + 2tx4 

—Tio + 4Tn + 2t'i4 
0 
0 

2tio + 2tn + 16ti4 

(4.6e) 

(4.6/) 

Similar expressions can be obtained for any other element side. 

Tractions are converted from stresses (far field analysis) through the fol

lowing transformation 

ta — &a/9 for a,/3 = 1,2 (4.7) 
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where np is the direction cosine with respect to the global axes. 

4.1.4) Strain - displacement matrix B - (3 x 16) 

/ > 

E = 
C Z X  

> = Bq (4.8a) 

At each Gauss point defined by (£*,*?/), 

€ Z g — 

Ix*  = 

- Ni^Nj^Zj for i , j  =  1,2,..., 8 (4.86) 

Wi(~Ni,SN3,ri + Ni,riN3,$)x3 for *» J = 1, 2,. . . , 8 (4.8c) 

W i  (N i t ( Nj i n  -  N i > r ,Nj^)z j  | for i ,  j  = 1,2,..., 8 (4.8<£) 

Matrix B can be constructed from the previous relations. 

4.1.5) Stress - strain matrix C - (3x3) 

<7 =  

Oxz 
°zz 
1~XZ 

= CE (4.9a) 

where 

E  I 1 - "  "  0  

C = — — —r- I V  1 — 1/ 0 
( l+ l / ) ( l -2 l / )  1  q  q  (1—2i/) 

(4.96) 

for an isotropic, linear elastic material under plane strain conditions. 
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At this point the system of algebraic equations, at global level, can be 

formed. To solve it we will use the modified Gauss - Choleski factorization which 

is especially useful whenever the analysis, as in our case, involves multiple loads. 

A detailed description of the algorithm can be found in most texts of numerical 

analysis 1. 

Therefore, the near field problem can also be solved. And it will be ac

cording to a very efficient scheme since it is now possible to keep the near field 

region reasonably small ("reasonably" must be understood within Saint Venant's 

principle). 

Finally we mention that the computer program presents an additional fea

ture, that of being able to analyze soil-structure interaction problems wherein the 

source of excitation is within the structure itself (vibrating machine). The formula

tion for this case can be easily understood given that the amplitudes of the forced 

motions are all known. Since only the radiation problem exists, the condition of dis

placement continuity at the near field - far field boundary is automatically satisfied. 

Results can be superimposed on those obtained from a seismic analysis. 

* From standpoint of calculation efficiency, the Gauss elimination involves fewer opera
tions. The original Choleski technique has important data storage advantages but the errors due 
to square roots (a fault of the computer and not the algorithm) may degrade the accuracy of the 

process. The Gauss-Cholesky factorisation retains the best features of both algorithms. 



CHAPTER 5 

EXAMPLES 

5.1) Rigid strip footing in a homogeneous half-space 

The first example analyzes the kinematic interaction of a massless, rigid 

strip footing of width 2b (24m) on the surface (case A) said embedded (case B with 

d/b = 4/3) in a homogeneous half-space ( v  = 0.4, f x  = 81.5 MN/m2 ,  7 = 20 kN/m3). 

Both P and SV waves are considered and the angle of incidence takes several values 

in order to assess its effects on the foundation motion. Figure 10 illustrates the 

problem geometry as well as the discretization adopted (150 elements). A perfect 

bond between the rigid foundation and the elastic medium is assumed (welded 

contact). 

The lateral boundaries have been placed at a distance 5b/3 away from the 

edges of the footing and the bottom boundary at a distance 3b (case A) and 5b/3 

(case B) from its base. It is interesting to compare these values with the data 

available in literature. Speaking of elementary boundaries, 

a) Some investigators (Seed and Idriss, 1973; Isenberg and Adham, 1972) 

placed the lateral boundaries at a distance equivalent to two times the 

foundation diameter away from the structure. However, Roesset and Et-

touney (1977) recommended a distance of five to ten times to get accurate 

results whenever no material damping is involved. 

b) For the bottom boundaxy, Gutierrez and Chopra (1977) indicated that 

the depth usually recommended, equal to the diameter of the foundation 

(Lysmer et al, 1972), leads to unacceptably large errors. Hadjian and Luco 
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CASE A 

<3 
CsJ 

CASE B 

Figure 10 — Problem geometry and FEM discretization 
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(1977) suggested that a layer can represent an approximation to a half-space 

if its thickness is as large as three times the foundation diameter. Layering 

effects are different for each vibration mode, though; what is considered 

proper modeling for vertical oscillations may be completely inadequate for 

rocking motions but such aspects are rarely taken into account in finite 

element analysis. 

It has been already mentioned that a good discretization requires finite 

elements whose sizes axe small compared to the wave length. In other words, the 

element geometry depends on the shear and compression wave velocities as well as 

on the frequency range over which results are desired. 

A finite element size of less than 1/7.5 of the shear wave length (As <  X p )  

was used in this example while the maximum frequency of interest was restricted 

to f = 6.63 Hz (corresponding to the dimensionless frequency ao = uib/fl = 2.50). 

Furthermore, since the phase velocity varies markedly with the direction 

of propagation the finite element aspect ratio was kept constant and equal to 1. 

Evidently, spurious reflections due to changes in element size are not expected to 

occur. 

The results are compared to those obtained by Abascal and Dominguez 

(1985) using a frequency domain formulation of boundary elements. They are qual

itatively in good agreeement and the differences observed (mainly in the rocking 

mode) may be in part explained by the fact that a 5% damping was assumed in the 

BEM study. A more decisive comparison, which is essential to assure the soundness 

of the method and the reliability of the computer codes, would involve analytical 

solutions but it seems that for embedded strip foundations such results have not 

been published yet. 
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In what follows, displacements are referred to the undisturbed free-field 

displacements uq and WQ, both considered at x = z = 0.0. 

5.2) Rigid strip footing in a layered half-space 

The second example analyzes the kinematic interaction of a massless, rigid 

strip footing of infinite length and width 2b = 24m embedded in a layered half-space 

at depth d = 16m. Bonded contact is assumed between the elastic layers as well 

as along the soil-structure interface. Figure 18 illustrates the problem geometry 

and the discretization adopted (again 150 elements). Material properties for the 

three-layered system are listed below. 

Layer Thickness M  V  1  a 
(m) (MN/m2) (kN/m3) (m/s) (m/s) 

1 16 125 0.35 20 515.41 247.60 

2 12 250 0.35 20 728.91 350.15 

3 oo 1500 0.30 24 1464.75 782.94 

A finite element size of less than 1/10 of the minimum shear wave length 

(AJpm = j3mtn/f = 4l.3m) was used in this example while the maximum frequency 

of interest was restricted to f = 6.0 Hz. Both P and SV waves were considered; the 

angle of incidences (0) for P-waves are 0° and 60° and (5) for SV-waves are 0° and 

15°. 



d/b=0 
o 
» \ » 

d/b=4/3 

BEM 

hybr i  d 

0 .0  0.5 2.5 

FREQUENCY a« 

Figure 11 - Vertical displacements for incident P waves (0 

(3 

d/b=0 

in 

BEM 

hybrid 

0 . 0  2.5 

FREQUENCY ao 

Figure 12 — Vertical displacements for incident P waves (0 



62 

-  BEM 

hybrid 

d/b=0 

d/b=4/3 

1.5 2.0 2.5 

FREQUENCY ao 

Figure 13 - Vertical displacements for incident P waves (6 = 60°) 
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Figure 15 — Horizontal displacements for incident SV waves ( 6  = 15°) 
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<3 
<3 

3> CD 

BEM 

hybr i  d 

in cm 
<s 

d/b=0 

270 
FREQUENCY ao 

0.0  0.5  2 .5  

Figure 17 - Rocking amplitudes for incident SV waves (<5 = 15°) 
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Figure 19 — Vertical displacements for incident P waves 
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CHAPTER 6 

CONCLUSIONS 

The main objective of this study was to develop a computer code for 2D 

(plane strain) dynamic soil-structure interaction analysis based on the proposed 

hybrid method. The numerical results in chapter 5 were presented only as an 

indication of the usefulness of the program and there will be no attempt here to 

establish general trends in the field of dynamic soil-structure interaction analysis 

based on such limited observations. 

Most currently available procedures for seismic response analysis assume 

that the ground beneath the foundation, or at some depth below, vibrates in phase 

at all times. However, the ground acceleration recorded at a point is only a repre

sentation of the effects of a combination of complex traveling waves at a given site. 

The so called rigid base concept may not be an appropriate assumption in the case 

of a structure whose dimensions are comparable to the wave lengths of the incident 

field. 

For a homogeneous half-space this is clearly shown in figures 11 to 17. The 

results indicate that the response of the foundation contains a pronounced rocking 

component in addition to vertical and horizontal components of motion. In the case 

of an embedded foundation it is present even for vertically incident SV waves and 

seems to increase with depth of embedment. For 6 = 15° the surface foundation 

also exhibits rocking motion but little changes were observed in the response of the 

embedded footing. 

Rocking motions were also induced by inclined P waves (not shown). 
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The effect of the depth of embedment is in general to reduce the displace

ment components but further analyses are necessary to explain and to extrapolate 

the behavior observed in figure 14. Such studies should also include horizontal 

displacements caused by P waves as well as vertical displacements induced by SV 

waves. 

For the layered half-space (figures 18 to 21) similar responses were observed 

and, as expected, only small changes occured due to the variation of the angle of 

incidence. The refraction of the seismic waves by the softer layers apparently leads 

to essentially vertically incident waves. A better understanding of the layering 

effects could be achieved considering some additional cases in order to represent 

a low, intermediate and high contrast between the elastic constants of successive 

layers (say, /3m//3m+1 = 0.8, 0.4 and 0.2, respectively, while keeping the values of 

density and Poisson ratio constant). A general parametric study is a difficult and 

expensive task since the layer thicknesses also play a significant role. 

From the foregoing points, it seems that the application of the traveling 

wave concept (of which the rigid base concept is a especial case) is a more reasonable 

approach to be used in design even in cases where the pattern of incoming seismic 

waves is not precisely defined, Depth of embedment is another important factor to 

be taken into account in a realistic analysis but a more comprehensive investigation 

is necessary to evaluate its influence. 

Several other points need to be further investigated. As a suggestion for 

future research we mention a few of them: 

a) The response of buried footings and structures (such as tunnels, pipelines) 

to seismic waves. This can be done by considering unit excitations acting 

at a point inside the elastic medium. 
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b) The effects of localized inhomogeneities. 

c) Slippage and opening in the contact zone between the foundation and the 

supporting material, although in practical design the welded contact is a 

reasonable assumption for problems involving small wave amplitudes. For 

large amplitudes the whole model, based on linear elasticity, may be no 

longer valid. 

d) Multiple footing interactions. 

e) Forced oscillations of rigid footings on stratified soils. 

f) The influence of the geometry of the footing and its flexibility. 

g) The variation of stress distributions with phase velocity. 

h) Extension of the results to the high frequency range. 

Finally, it is important to comment about the usefulness of the program, 

mainly regarding the aspects of efficiency and reliability. 

•Efficiency: In example 5.2 (three-layered system) the following CPU times 

were recorded at f = 2.5 Hz, considering 150 quadratic elements and 69 boundary 

points: 

Free field analysis (problem l) 0.03 s 

Vertical excitation (problem 2) 321.79 s 

Horizontal excitation (problem 3) 311.75 s 

Rocking excitation (problem 4) 126.98 s 

FEM analysis 67.00 s 

Total CPU time 827.55 s 

Evidently most of the time was spent in the evaluation of the scattered field 

(91.9%). Integrations required by expression (3.36c) were carried out considering a 

relative error in the range 1% - 3%. 
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Another aspect that is not quite obvious is the volume of the input data 

file. Besides the usual information regarding nodal coordinates and element connec

tivities, it is also necessary to specify the values of displacements and tractions at 

each boundary nodal point for the four basic problems. Considering the 69 nodes of 

example 5.2, figure 18, this represented a set of 1104 pairs of complex values. Gen

eralization of the present approach for 3D situation, which is possible considering 

Hankel transforms, may involve huge data files. 

The proposed technique seems to be quite competitive when compared to 

the soil-island approach (the discretized region of soil is considerably smaller). How

ever, programs which incorporate transmitting boundaries (LUSH, SHAKE, TRIP, 

TRAVEL) are probably more economical although it is not clear to the author how 

they simulate traveling seismic waves. 

Reliability: Clearly the computer code works well for a homogeneous half-

space. However, some approximations were adopted for the analysis of the three-

layered system since certain numerical errors still persist in the evaluation of the 

scattered field (problems 2, 3, and 4). Although the delta matrix technique is 

quite effective in eliminating errors that otherwise would occur during the numer

ical computation of the denominator of expression (3.32), a further modification 

of the Thomson-Haskell matrix method is necessary to prevent the growth of nu

merical errors associated with the numerator of the same expression. In example 

5.2 the integrations were performed considering a different upper limit for each dif

ferent layer (ideally it should be for each different boundary point). Such limits 

were determined based on the behavior of the integrand, which typically decays to 

some small value (corresponding to the selected k-value) to further increase without 

bound. The effects of such approximations remain to be seen. 



APPENDIX I - MATRIX EXPRESSIONS 

MATRIX Em - 4 x 4 

Multiply the following expressions by the common factor exp(ifcx) 

(Cm)ll 
= ikPZ1 

Tn 

(em)ia 
= xkPm 

(«m)lS 
= *VmQm 

(em)l4 
= 

-'7m9m 

(em)ai 
= 

(«m)aa 
= *(mP n 

(em)a8 
= 

(em) 34 
= ikQm 

(em)si 
= Pm (2Aa — 

(em)sa 
= Pm (2ta — &j}m) Pm 

(ern)ss 
= 2kpmrimQ^ 

(«m)s4 
= ~2kfim*1mQm 

(®m)41 
= 2kPmtmPTO1 

(em)43 
= 

2A:/lm£m-Pfn 

(Cm)4S 
= ~Pm (2A;a — *j»m) Qm 

(®m)44 
= ~Pm (2k9 — &£m) Qm 

where Pm = exp[i£m(z - zm *)] and Qm = exp[»i7m(* - zm_1)] 
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MATRIX (EE"1)"1 - 4 x 4 

Multiply the following expressions by the common factor exp(—ik%) 

wr'ja = • 
ik 

wr Ma = "sfcl7"_1) 

/ . m — —  I'm ) 18 
1 

2pmw3 

f m—l\-i — lem Jl4 
k f m—l\-i — lem Jl4 2pmw3 C"> 

( e m hi -Ty— = (Cm)" 
kfim 

r  _ m — —  lem 122 rr— (7m - 1) = _(C 
*sm 

/.m—1A-1 — Vem hs -- j — (®m)lS 
2pmw 

— k 
/24 r —— = 2pm<»3$m * m 

__ »'* 
'sa 15 K0m 

(,rn~l\-i _ * 

__ 1 
t  m  h *~^r  

= ~£r~ = (c_i)m 
pm 

f.m-l-i-! k vcm /43 r 5 = 2Pm"*nm 
{ m '»» 

(em 1)<4 = -———- = ^em-l\-i 2pmU 3 lC"» /84 

where 7m = 2Aa/fc^m 
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MATREC am - 4 x 4 

(°m)ll — TmCpm — (7m — 1) Cqrn 

%k % 
(am) 12 = (7m 1) ^pro TVmlm^qm 

sm * 

(°m)lS = "—J (Cpm Cgm) 

^ ^"3 c i ®?m e l°mj14 — fpm "i n&qm 
Pm">2Sm Pm"2 

(<»m)21 = Spm -+• — (7m - 1) 
K  Vm 

(am)22 = (7m l) ̂ pm + 7mCgm 

(«m)23 = ^m-Spm H ^5 Sqm Pm"2 Pm0>2t}m 
%k 

(am)a4 = o (Cpm Cqm) = (°m)lS 

(°m)si = — 2tA/lm (7m 1) (Cpm — Cqm) 

2 
(°m)s2 = > (7m 1) 5pm 2Hm1m*lmSqm 

Sm 

(am)ss — (7m 1) C"pm + 7mCjm = (am)22 

|j|j | 
(®m)s4 = > ('Tm l) 'S'pm T^lmlm^qm == (®m)l2 

sm « 
2 

(am)41 ~ — 2/<m7m ̂ m^pm (7m 1) ^gm 
Vm 

(am)i2 = —2lfc/im (7m 1) (^pm Cqm) = (flm)si 

(<>m)4S = ~~T~~Spm + — (7m ~ l) <Sgm = (om)21 
* Vm 

(am)44 = 7mCpm (7m l) Cjm = (dm)ll 

where 

Cpm = COS (£m'm) Cqm = COS (ffcn^m) ®pm = sill (£m'm) Sqm ~ sin (fjm^m) 



MODIFIED DELTA MATRICES -5x5 

ja = [(ertt 

Considering the second row only 

3 %  =  { R  I  I  I  I  R )  

where 

(om)fs = («m)u 

(am)si = (om)« 

(°m)ss = (®m)« 

(am)s5 = (°m)46 

(om)ss = (°n»)64 

and 

[wr1);.1]* = far1)**]' 

(°m)s 2 = (flm) 42 

(sm)s4 = (am)ts 

(°m)s6 = (am)«i 

(°m) as = (am)e* 

(R R  I  I  R  R \  
R  R  I  I  R  R  
I  I  R  R  I  I  
I  I  a  R  I  I  
R  r  1  I  R  r  

\ R  R  1  I  R  r )  

(a 1o2s = ( ®m)^i 

Due to equalities above, the delta matrices can be written as 

^£> ^(cn)21 (en)a3 (e«)23 (e")26 (en) )» l ) ^ U  

( (a«)fi' 
(om)ft' 

2(<»m)8x 
Mti 

< (am)oi 

(*»)£ 
(°m)22 

2(om)a2 
("mlw 
(°m)h 

(am)2s 
2(om)ss ~ 1 

(°m)a2 

(«*»)& 

(«m)?5 
(«»)& 

2(°m)& 
(°m)32 

(flm)ie 
Mts 

2(am)i3 
(®m)& 

(«m)& 
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Zmlm a , 
L2 'm "r 

a2 

finvm 

MODIFIED - 5 x 5 

(®m)n = —^7m (7m — 1) + ( f m  — l) + lj CpmCqrn — 

(am)l2 = ~ ~n (~ CpmSqm + £mCqmSpm\ 
Pmw \ vm / 

=  "7% {(**» " J )  +  \ r ir  ("*» - x )  + %!r^  PmW l sm'/m * 

(am)is — « ( *1mCpmSqm "T 
\ u / 

(am)"= [2 (1" +(5^+ %?--) sp-»^ 

(«m)& = -pmw2 ^l2
mcpmsqm + ±(i m -  i)2 c,mspm] 

(**771)22 = ^pm^m 

(7m — i)2 Spm^qm 

SpmSqm i 

(^171)23 — i~T~1mCpmSqm i~z (Ttt* "" l) CqmSpm 
& sm 

( n  Q  Q  \am)25 ~ 7 0pm&qm 
sm 

( a m)si  = ("*"> ~  ( 2 T"> -  IK 1 "  C p m C q m )  + 

(am)s2 = * (7m 1) CpmSqm + *~r-7rr»C'qmSf 
Vm * 

zmlm. 3 
j^2 *77* ' 

a2 

£m*7m 
(7m "i)3 SpmSqm , 

(<*m)ss = 1 + 27m (7m - l) (l - c,
prncflm) + 

pm 

£mVtri 
Jfc2 7„ + 

Jfc2 

imtfm 
(7m "i)' Spm^qm 

Mii = pmu2 — (7m - l)2 Cpm5,m + ^7„C?mSpm L*7m K 

(«.»)& = ^spms, pm^m 

(Om)oi' = -^{272» (7m " l)2 (1 " CpmC,m) + (7m - l)4 + 7m SproS,m} 

MODIFIED [(E"-1)-1]A' - second row only 

"")f'=-i[f + 5>»-»a] 

(«»)*' 32 4pnw*1)n 

MS—ZS? T + lk^~ l \  

(e»)a8 — 4/J„W2£n 

(«»)« =-3-5-4 f1 + 7^-) 4/j;»w< v 6»w 



APPENDIX II - SYMBOLS 

amplitude of upgoing P waves in. layer m 

dimens io n l e s s  f r equen cy  (ao  =  w b / 0 )  

half-width of a strip foundation 

amplitude of downgoing P waves in layer m 

phase velocity 

amplitude of upgoing SV waves in layer m 

depth of embedment 

amplitude of downgoing SV waves in layer m 

Rayleigh denominator 

boundary nodal force due to the incident field 

boundary nodal force due to the scattered field 

boundary nodal displacements from the continuum approach 

boundary nodal displacements from the finite element analysis 

v^t 

wave number 

P wave number 

S wave number 

length of element side 

amplitude of the rocking oscillation 

direction cosine 

amplitude of the vertical oscillation 

pole 
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S - amplitude of the horizontal oscillation 

t - time 

tm - thickness of the mth layer 

ta - traction along a direction 

U(x,z , t )  -  displacement in the time domain 

u(x ,z ,w)  -  displacement in the frequency domain 

u(k ,z ,w)  - displacement on the k-plane 

u(x ,z ,w)  - approximation to u(x ,z , io)  

U£ - boundary nodal displacements due to the incident field 

Ug - boundary nodal displacements due to the scattered field 

u - acceleration vector 

<5u - vector of virtual displacements 

a - P wave velocity 

0 - S wave velocity 

1 - unit weight 

- Kronecker delta 

S(x)  -  delta (Dirac) function 

- strain tensor 

V = (^-i2)1/j 

6m - direction of P wave propagation in layer m 

9y - angle of rotation about y-axis 

A - first Lame's parameter 

A p - P wave length 

A s - S wave length 

/1 - shear modulus (second Lame's parameter) 



V - Poisson's ratio 

t = (k l -k ' f 1  

p - mass density 

- stress tensor 

<f>,0 - scalar potentials in the frequency domain 

- scalar and vector potentials, respectively, in the time domain 

X - set of global functions 

U) - angular frequency 

V2 - Laplace's operator 

other symbols axe defined in text. 
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