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ABSTRACT

Compressed sensing (CS) theory has demonstrated that sparse signals can be re-

constructed from far fewer measurements than suggested by the Nyquist sampling

theory. CS has received great attention recently as an alternative to the current

paradigm of sampling followed by compression. Initial CS operated under the im-

plicit assumption that the sparsity domain coefficients are independently distributed.

Recent results, however, show that exploiting statistical dependencies in sparse sig-

nals improves the recovery performance of CS. This dissertation proposes model-

based CS reconstruction techniques. Statistical dependency models for several CS

problems are proposed and incorporated into different CS algorithms. These models

allow incorporation of a priori information into the CS reconstruction problems.

Firstly, we propose the use of a Bayes least squares-Gaussian scale mixtures

(BLS-GSM) model for CS recovery of natural images. The BLS-GSM model is able

to exploit dependencies inherent in wavelet coefficients. This model is incorporated

into several recent CS algorithms. The resulting methods significantly reduce recon-

struction errors and/or the number of measurements required to obtain a desired

reconstruction quality, when compared to state-of-the-art model-based CS methods

in the literature.
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The model-based CS reconstruction techniques are then extended to video. In

addition to spatial dependencies, video sequences exhibit significant temporal de-

pendencies as well. In this dissertation, a model for jointly exploiting spatial and

temporal dependencies in video CS is also proposed. The proposed method en-

forces structural self-similarity of image blocks within each frame as well as across

neighboring frames. By sparsely representing collections of similar blocks, dominant

image structures are retained while noise and incoherent undersampling artifacts are

eliminated. A new video CS algorithm which incorporates this model is then pro-

posed. The proposed algorithm iterates between enforcement of the self-similarity

model and consistency with measurements. By enforcing measurement consistency

in residual domain, sparsity is increased and CS reconstruction performance is en-

hanced. The proposed approach exhibits superior subjective image quality and

significantly improves peak-signal-to-noise ratio (PSNR) and structural similarity

index measure (SSIM).

Finally, a model-based CS framework is proposed for super resolution (SR) recon-

struction. The SR reconstruction is formulated as a CS problem and a self-similarity

model is incorporated into the reconstruction. The proposed model enforces similar-

ity of collections of blocks through shrinkage of their transform-domain coefficients.

A sharpening operation is performed in transform domain to emphasize edge re-

covery. The proposed method is compared with state-of-the-art SR techniques and

provides high-quality SR images, both quantitatively and subjectively.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Contributions

The Shannon/Nyquist sampling theory has been widely acknowledged as the funda-

mental principle that explains data acquisition and reconstruction in digital signal

processing. It describes sampling from the perspective of signal band-limitedness.

In the last decade, the compressed sensing (CS) theory has provided an alternative

perspective based on signal sparsity [1–4]. CS theory demonstrated that, under cer-

tain conditions, signals with sparse representations can be reconstructed from far

fewer measurements than suggested by the Nyquist theory. The practical impact

and success of CS in imaging applications are attributed to the fact that most images

of practical interest have sparse representations in a transform domain. While initial

CS recovery techniques assumed that the sparsity transform coefficients are inde-

pendently distributed, recent results indicate that dependencies between transform

coefficients can be exploited for improved performance of CS recovery [5–13]. To effi-

ciently exploit these dependencies in CS reconstruction, different dependency models

need to be used depending on the characteristics of signals being reconstructed. For

example, natural images and video sequences can be modeled differently since video
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sequences have temporal dependencies in addition to the spatial dependencies in

images. Therefore, the structural dependency models need to be specifically de-

signed for signals. These models should be incorporated into the design of the CS

reconstruction algorithms to obtain better reconstruction performance.

In CS recovery, natural images are often represented sparsely using a discrete

wavelet transform (DWT) as the sparsifying transform. The wavelet transform pro-

duces very efficient representations of natural images by decomposing them into

multiscale subbands having different frequencies and orientations. Owing to this hi-

erarchical structure of decompositions, wavelet coefficients of natural images exhibit

strong dependencies both across scales as well as within each scale of the transform.

In this dissertation, the Bayes least squares-Gaussian scale mixtures (BLS-GSM)

model is proposed for CS reconstruction of natural images to exploit these statisti-

cal dependencies. The BLS-GSM model is incorporated into the wavelet-based CS

framework. The BLS-GSM model has been previously shown to accurately describe

the statistical dependencies of the wavelet coefficients in images [14]. A significant

advantage of the proposed approach is that it is flexible enough to be incorporated

into several existing CS algorithms, such as reweighted l1 minimization (RL1) [15],

iteratively reweighted least squares (IRLS) [16], and iterative hard thresholding

(IHT) [17]. Most of CS algorithms including the three algorithms are iterative and

use weights to determine significant coefficients in each iteration. The weight values

are typically set based on the magnitudes of the coefficients obtained in the previous
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iteration. In contrary to this independent manner of determining the weights, the

proposed CS algorithms modify these CS techniques and incorporate the BLS-GSM

model into the weight determination. The proposed model-based CS algorithms

achieve significantly lower l2 reconstruction error and superior visual quality com-

pared to other state-of-the-art model-based CS algorithms in the literature.

The model-based CS reconstruction framework exploiting the dependencies of

signals is extended for video. While spatial dependencies within natural images are

based on their highly correlated neighborhood, temporal dependencies in video se-

quences are based on their highly correlated neighboring frames (i.e., The current

video frame is similar to the previous video frame.). To exploit these dependencies,

conventional video processing methods typically use motion estimation and motion

compensation (ME/MC) techniques [18–20]. These techniques are based on block-

wise calculations. Especially, block matching used in ME is a useful technique that

determines a highly correlated block in the reference frame for each image block

in the current frame by comparing their similarity. In this dissertation, spatiotem-

poral dependencies in video signals are modeled by enforcing the self-similarity of

highly correlated image blocks. While the conventional ME technique determines a

single best-matching block in the reference frame, the proposed self-similarity mod-

eling allows collection of multiple similar blocks from multiple correlated frames

including the current frame itself. This redundancy leads to an effective removal

of incoherent undersampling artifacts. The proposed algorithm incorporates this
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self-similarity model into video CS reconstruction using an iterative two-stage ap-

proach. In the first stage, accurate predictions of video frames are obtained from the

self-similarity modeling. Then, in the second stage, the resulting residual frames are

reconstructed by CS based on consistency with the measurements. The proposed al-

gorithm iterates between these two stages. The reconstruction accuracy is enhanced

as iterations progress. The proposed algorithm was compared to other recent CS

reconstruction algorithms. It is noteworthy that one of the state-of-the-art video

CS methods in comparison that incorporate ME/MC into CS reconstruction [21]

achieves some performance gain by exploiting temporal dependencies. But the gain

is often limited because the approach directly using ME/MC in CS recovery suf-

fers from erroneous matching during ME and inaccurate prediction from MC due

to residual aliasing artifacts in the CS reconstructed images. However, the pro-

posed model-based algorithm exhibits significantly less reconstruction artifacts and

provides superior subjective image quality as well as improved peak-signal-to-noise

ratio (PSNR) and structural similarity index measure (SSIM).

The model-based CS reconstruction framework is then used to formulate super

resolution (SR) reconstruction as a CS problem. The goal of SR reconstruction is to

find resolution enhanced images from low resolution ones that have been degraded

by blurring and downsampling during the acquisition procedure. In addition to

transform sparsity, it is commonly observed that there exist repetitive patterns and

structural details (such as edges) within SR images. To capture these character-
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istics, this dissertation investigates the use of the block matching and 3D filtering

with sharpening (BM3D-SH) model in SR reconstruction. This model exploits the

dependencies of mutually similar regions by enforcing similarity of collections of

similar blocks. In addition, the model involves a sharpening operation to emphasize

edge components. This combination of self-similarity enforcement and sharpening

allows recovery of detailed structures while attenuating ringing artifacts in SR re-

construction. The proposed algorithm incorporates the BM3D-SH model into the

CS-based SR reconstruction framework by introducing an additional regularization

constraint. This model-based method provides high quality SR images with sharper

edges and clearer structural details compared to other SR techniques including a

state-of-the-art sparsity regularized SR algorithm.

1.2 Organization

This dissertation describes CS reconstruction algorithms based on structural depen-

dency models of natural images and video. The organization of this dissertation is

as follows:

In Chapter 2, the fundamental theory of CS reconstruction is briefly introduced

and several recent CS reconstruction algorithms are described. These algorithms are

used to incorporate the dependency models into CS recovery in subsequent chapters.

In Chapter 3, a wavelet-based CS reconstruction algorithm for natural images

is proposed. The BLS-GSM model is introduced to exploit dependencies among
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wavelet coefficients. This model has shown to successfully capture local correlation

between neighboring coefficients in similar locations, scales, and orientations. The

proposed algorithm updates the weights based on the refined estimates of the co-

efficients from the BLS-GSM model. Reconstruction results are presented for the

two sensing scenarios: using a random Gaussian matrix as a sensing matrix in the

wavelet domain and using a structurally random matrix as a sensing matrix in the

image domain. Additional experiments are performed to explain the selection of

parameters.

In Chapter 4, we exploit the use of spatiotemporal redundancies in video signals

and propose a model-based video CS reconstruction algorithm using an iterative

two-stage approach. In the first stage, for each image block, a set of similar blocks

is determined and self-similarity is enforced using the shrinkage of the transformed

coefficients of the blocks. The refined video frames obtained from the self-similarity

modeling stage are used as the predicted frames in the second stage. The resulting

residual frames are reconstructed by CS while satisfying data consistency. The

iterations allow joint enforcement of self-similarity and data consistency constraints.

The superior performance of the proposed method is demonstrated by comparing

it to other state-of-the-art CS algorithms on various test sequences, undersampling

ratios, and noise levels.

In Chapter 5, the model-based CS reconstruction framework is extended to SR

reconstruction. To exploit the characteristics of SR images, the BM3D-SH model



is incorporated into SR reconstruction as a regularization constraint. This model

is used to further regularize the SR solution by enforcing self-similarity and sharp-

ening edges. The sample images reconstructed using the proposed algorithm are

presented along with images obtained using existing SR algorithms to illustrate vi-

sual improvement enabled by the proposed method. Quantitative evaluation using

PSNR and SSIM metrics is also provided.

Finally, Chapter 6 summarizes the work.
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CHAPTER 2

COMPRESSED SENSING RECONSTRUCTION

In this chapter, the CS problem is briefly stated and the notation used in the rest

of the dissertation is established. Fundamental conditions for robust CS recovery

are revisited. CS reconstruction is explained from the perspective of regularization

of an inverse problem. Several CS reconstruction algorithms, such as RL1 [15],

IRLS [16], and IHT [17], are reviewed. These algorithms are modified to incorporate

the structural dependency models in subsequent chapters.

2.1 Compressed Sensing

The CS problem [1–4] is to find sparse solutions given compressive linear measure-

ments. The undersampled linear measurements b ∈ <M obtained by the undersam-

pled imaging system can be expressed as:

b = ΦΨ−1x (2.1)

where x = Ψy ∈ <N denotes sparse transform coefficients of the image vector

y ∈ <N and the CS matrix is composed of an M × N compressive measurement

matrix Φ and the inverse of a sparsity transform Ψ−1 (such as a DWT or discrete

cosine transform), where M � N .
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The sparsity of signals in the transform domain is one of the fundamental criteria

for CS performance. We will say that a signal is S-sparse if the coefficients are rep-

resented as S non-zero entries (with the remaining entries zero) and S-compressible

if the signal can be sufficiently approximated by keeping only the S largest co-

efficients. Energy compact representations provided by transforms typically yield

compressible representations of signals, and allow application of CS theory to a more

diverse set of signals. Exact signal recovery can be achieved if an N -dimensional

signal is S-sparse and if the number of incoherent linear measurements follows

M ≥ O(S logN/S) [1, 2].

In addition to the sparsity condition, the sensing matrix used to acquire the mea-

surements should follow an incoherence condition, known as the restricted isometry

property (RIP) [3], in order to achieve the above performance. This property of the

CS matrix guarantees an approximately orthonormal projection for any S-sparse

signal.

CS theory has been shown to work with noisy measurements as well [4]. Under

the conditions of signal sparsity and RIP, CS theory shows that signals can be

reconstructed from noisy measurements by solving the l1 minimization problem:

arg min
x
‖x‖1 such that

∥∥b−ΦΨ−1x
∥∥2
2
≤ ε (2.2)

where the lp norm is defined as

‖x‖p =

(∑
i

|x(i)|p
)1/p
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and ε is a small value accounting for noise in the measurements. This convex

optimization problem aims to find the sparsest solution (which is relaxed to having

the minimum l1 norm) while satisfying the given measurements. As inferred from the

above definition, the l0, l1, and l2 norms calculate the number of nonzero coefficients,

the sum of absolute values, and the sum of squares, respectively.

The l1 minimization in Equation (2.2) can be considered as a constrained op-

timization problem. It is often rewritten as a penalty function with a Lagrangian

multiplier λ: ∥∥b−ΦΨ−1x
∥∥2
2

+ λ ‖x‖1 (2.3)

where the regularization parameter λ modulates the relative importance between

data consistency and the l1 norm penalty. Various optimization techniques have been

employed to solve this l1 minimization: for example, the primal-dual method [22]

or conjugate gradient method [23].

The reconstruction problem in CS can be viewed as regularization of an inverse

problem that has been actively investigated in various research areas. As opposed

to the forward imaging problem in Equation (2.1), the goal of the inverse problem

is to recover the original image y = Ψ−1x (i.e., finding x) from the obtained mea-

surements b, which may be corrupted by noise. Such inverse imaging problems are

known to be ill-posed in the sense that the solution is not unique, and solutions may

vary substantially in response to subtle changes in the measurements.

Many regularization techniques have been proposed to solve these inverse prob-
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lems by employing prior knowledge about the reconstructed signal [24]. For instance,

Tikhonov regularization [25] exploits the assumption that most images of interest

are smooth. The corresponding penalty function is given by ‖b−ΦΨ−1x‖22+λ ‖x‖22.

If signals are known to be piecewise constant, total variation (TV) regularization

can be utilized and yields ‖b−ΦΨ−1x‖22 + λTV (x), where TV (x) represents the

TV operator computing gradients of the signal [26]. Gradients of discrete signals

are easily computed by differences between adjacent elements. CS theory assumes

that most signals of interest are sparse. CS replaces the previous regularization

constraints with the l1 norm penalty and imposes this sparsity assumption to solve

the inverse problems.

2.2 Compressed Sensing Reconstruction Algorithms

The emergence of CS theory caused extensive research into developing signal re-

covery algorithms for solving the CS problem. Numerous algorithms have been

presented within the last few years [27].

The algorithmic approaches for CS reconstruction can be roughly grouped into

three categories according to the classification system of [28]; basis pursuits (BP),

greedy pursuits, and combinatorial algorithms.

• BP algorithms relax the sparsity constraint as the l1 minimization and effi-

ciently solve this problem by using convex optimization techniques, such as

interior-point methods [1, 23] or projected gradient methods [29].
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• Greedy algorithms [28,30,31] approximate a signal estimate at each iteration

and optimally update the estimate.

• Combinatorial algorithms [32,33] are methods of accelerating the recovery of a

highly structured signal, which can be divided into several groups with similar

structures, by processing grouped coefficients at once.

Many of these CS algorithms are iterative in nature. They make use of the pre-

vious signal estimate in consequent reconstruction to identify significant coefficients.

The way of using the previous solution often involves an implicit or explicit intro-

duction of weights. In many iterative CS algorithms, this weight is based on the

magnitude of the former signal estimate. However, these techniques do not exploit

dependencies between coefficients and simply set

wk(i) = 1
/
|xk−1(i)| (2.4)

where wk(i) denotes a weight associated with the wavelet coefficient xk(i) and xk−1(i)

denotes the wavelet coefficient at iteration k − 1.

2.2.1 Reweighted l1 Minimization

In [15], Candès et al. demonstrated that solving the reweighted l1 minimization

problem instead of the (unweighted) l1 minimization problem enhances recovery.

The reweighted l1 minimization problem is defined as

arg min
x
‖Wx‖1 such that

∥∥b−ΦΨ−1x
∥∥2
2
≤ ε (2.5)
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where W is a diagonal matrix whose diagonal entries are positive weights. A simple

iterative algorithm that alternates between estimating the sparse vector x and re-

defining the weights is proposed in [15]. Estimation of the sparse vector at iteration

k is performed using

xk = arg min
x

∥∥Wkx
∥∥
1

such that
∥∥b−ΦΨ−1x

∥∥2
2
≤ ε (2.6)

where xk is the estimate of the sparse coefficients at iteration k, and the diagonal

entries of Wk are set to

wk(i) = 1/|xk−1(i) + δ|. (2.7)

δ is a small value to avoid division by zero. In other words, the weights are ini-

tialized to one and refined at each iteration as the inverse of the solution obtained

at the previous iteration. When the locations of nonzero coefficients are correctly

estimated, the weighted l1 norm problem acts similar to the l0 norm problem.

2.2.2 Iteratively Reweighted Least Squares

Daubechies et al. proposed the use of IRLS to solve the sparse recovery problem in

CS [16]. Similar to the RL1, IRLS alternates between estimating the sparse vector

x and redefining the weights. More specifically, estimation of the sparse vector at

iteration k is performed using

xk = arg min
x

∥∥Wk(b−ΦΨ−1x)
∥∥2
2
. (2.8)
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The weight matrix is initialized as the identity matrix such that W1 = I, and its

diagonal entries are refined using

wk(i) = 1/
√
|xk−1(i)|2 + δ2. (2.9)

The constant δ is a small value to avoid division by zero and is adaptively decreased

as k increases.

2.2.3 Iterative Hard Thresholding

The IHT algorithm, proposed by Blumensath and Davies [17], and the GraDeS

algorithm proposed by Garg and Khandekar [34] aim to solve the S-sparse problem:

arg min
x

∥∥b−ΦΨ−1x
∥∥2
2

such that ‖x‖0 ≤ S. (2.10)

These algorithms are very similar and we collectively refer to them as IHT in this

dissertation. IHT solves this problem through the following iterative algorithm:

xk = HS(xk−1 + µ(ΦΨ−1)H(b−ΦΨ−1xk−1)) (2.11)

where HS is a nonlinear operation that retains the S largest coefficients and x0 is

initialized to zero. The superscript H denotes the Hermitian adjoint and µ is the

step size.

It is important to point out that there are no explicit weight calculations in IHT,

unlike RL1 or IRLS. However, the operator HS involves sorting the coefficients at

each stage in descending order of magnitude, retaining the S largest coefficients,
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and setting the remaining coefficients to zero. We can see that Equation (2.11) can

be rewritten as

xk = Wk(xk−1 + µ(ΦΨ−1)H(b−ΦΨ−1xk−1)) (2.12)

where the entries of the diagonal weight matrix Wk are determined as

wk(i) =


1
∣∣gk(i)∣∣ > 0

0 otherwise

(2.13)

where gk = HS(xk−1 + µ(ΦΨ−1)H(b−ΦΨ−1xk−1)). In other words, the entries of

the weight matrix corresponding to the S largest elements are set to one and all

other entries are set to zero.

It can be observed that all of the conventional CS techniques discussed above

utilize the magnitudes of the sparse domain coefficients in an independent manner

while determining the weights to be used in the next iteration. In other words, the

fact that there exist statistical dependencies between sparse domain coefficients is

not exploited. We modify these algorithms, which involve weight determination at

iteration, to incorporate the well-known statistical dependencies of wavelet coeffi-

cients in Section 3.
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CHAPTER 3

WAVELET-BASED COMPRESSED SENSING

USING A GAUSSIAN SCALE MIXTURES MODEL

3.1 Introduction

As described in Section 1, the wavelet coefficients of natural images are statistically

dependent because of the hierarchical structure of the DWT [35, 36]. The DWT

can be implemented using critically sampled octave-band filter banks [35, 37]. For

two-dimensional (2D) signals such as images, filtering is performed in a separable

fashion along the rows and columns of the image. At each decomposition level,

four oriented subbands (LL, LH, HL, and HH) are generated. The resulting LL

subband can be further decomposed in a similar fashion to yield a multiresolution

representation as illustrated in Figure 3.1(a). The wavelet coefficients at different

scales corresponding to a particular spatial location can be ordered in a hierarchical

quadtree structure. In this hierarchical structure, a coefficient at the coarser scale

is often referred to as the parent and the spatially co-located coefficients at the finer

scale are called children. This concept of parent/child can be extended to define

descendants and ancestors as well. It can be empirically observed that the parent is

correlated with the corresponding children coefficients in their magnitudes because
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Figure 3.1: Two-dimensional wavelet decomposition. (a) The arrows illustrate the
relationship between parent and children coefficients. (b) Coefficients exhibit sta-
tistical dependencies to their spatial neighbors within the same subband.

of the similarity of their scales and spatial locations. (e.g., If the parent is large, its

children are likely to be large.) In addition, wavelet coefficients are also statistically

dependent on their spatially adjacent neighbors within the same subband (Figure

3.1(b)).

There has been significant research in exploiting these dependencies in different

applications, including image denoising [38] and image compression [39–41]. In im-

age compression, the concept of a zerotree (If a parent coefficient is insignificant, its

descendants are likely to be insignificant as well.) has been successfully used in pop-

ular techniques such as embedded zerotrees of wavelet transforms (EZW) [39] and

set partitioning in hierarchical trees (SPIHT) [40]. Similarly, the JPEG2000 image

compression standard exploits intrascale dependencies between wavelet coefficients

using context modeling [41].

Several recent works [5,42,43] have shown theoretically that it is possible to sub-
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stantially decrease the number of measurements needed for robust recovery in CS by

incorporating more realistic signal models into signal recovery. In particular, several

methods that exploit dependencies among transform coefficients by modeling their

structure in CS have been proposed [5–13]. In [5–7], the fact that significant wavelet

coefficients are organized in trees was exploited. In order to exploit the dependen-

cies between in-band neighbors, as well as between cross-scale parents, Mun and

Fowler employed the technique of bivariate shrinkage for determining the thresh-

old value within the iterative thresholding framework [9]. Other recent work has

shown that the dependencies among coefficients can be inferred from local neighbor

coefficients [10,11]. A piecewise autoregressive model was proposed in [10], and the

CS framework was used to estimate the parameters of this model. In [11], Gar-

rigues proposed an algorithm which models the transform coefficients as Laplacian

scale mixtures. Recently, Kim et al. introduced a simple measure of significance for

each wavelet coefficient based on its highly correlated neighbors, within an iterative

CS framework [13]. The concept of structured sparsity has also been used in CS

recovery to exploit dependencies among transform coefficients [8].

We propose the use of a BLS-GSM model for exploiting the dependencies between

wavelet coefficients within the wavelet-based CS framework. The BLS-GSM model

has been previously shown to effectively capture the local dependencies between

neighbors in similar locations, scales, and orientations in the wavelet domain. The

proposed approach is incorporated into several existing CS algorithms, such as RL1,
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IRLS, and IHT, as reviewed in Section 2.2.

This chapter is organized as follows. In Section 3.2, we discuss how to model

wavelet coefficients using the joint statistics of highly correlated coefficients by the

BLS-GSM. Section 3.3 illustrates how the proposed model can be incorporated into

each conventional CS algorithm, such as the RL1, IRLS, and IHT algorithms. Ex-

perimental results are provided in Section 3.4, where we compare the performances

of the proposed model-based CS techniques to the original versions of the algorithms.

In addition, we provide comparisons to other state-of-the-art CS algorithms, includ-

ing both a recent Bayesian CS approach and a block-based CS method that exploit

dependencies between wavelet coefficients. Conclusions are provided in Section 3.5.

3.2 Bayes Least Squares-Gaussian Scale Mixtures Model

GSM represents wavelet coefficients v as a product between two independent random

variables; a zero-mean Gaussian random variable vector u and a scalar multiplier z:

v =
√
zu (3.1)

where the density of v is determined by:

pv(v) =
∫
p(v|z)pz(z)dz.

In GSM, the conditional density of v given z is also Gaussian. The density of v can

be considered as an infinite mixture of Gaussians with a mixing density pz(z). This

enables the GSM model to accurately characterize the high kurtosis nature of the
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wavelet coefficient marginals in images [36]. The hidden multiplier z also acts as a

local variance of a set of highly correlated coefficients by modulating their values.

Therefore, this model is especially suitable for capturing the local dependencies

between neighbors in similar locations, scales, and orientations. The GSM model

has been widely employed in diverse areas, providing superior performance for tasks

such as image deconvolution [44], image denoising [45], image restoration [46], image

inpainting and interpolation [47], and speech processing [48].

In [14], the BLS estimate of a center coefficient from the observed neighborhood

has been derived by modeling the local cluster as GSM. Consider a center coefficient

vc and its neighborhood v. The neighborhood is defined as the spatially adjacent

coefficients in the same subband as well as the parent coefficient of vc, denoted by

vp, at the coarser scale as illustrated in Figure 3.1: v = [v1, ..., v8, vp]
T . v can be

modeled as GSM: v =
√
zu. Now consider noisy observations of the coefficients in

the neighborhood:

c = v + e =
√
zu + e (3.2)

where e denotes the noise vector. Given that u and e are independent zero-mean

Gaussian vectors with covariance matrices Cu and Ce, respectively, the random

variables z, u, and e are independent. Under these conditions, an estimate of a

coefficient vc in the center of a particular observed neighborhood c is given by [14]:

v̂c = E{vc|c} =

∫ ∞
0

E{vc|c, z}p(z|c)dz. (3.3)
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This conditional mean given the observation c can be numerically determined us-

ing a local Wiener estimate for E{vc|c, z} and the posterior mixing density p(z|c).

We refer the reader to [14] for more detailed explanation on computation of these

components. Our goal in this work is to use this model in CS.

3.3 BLS-GSM Model-based Compressed Sensing

We present an enhanced CS algorithm, incorporating the BLS-GSM model into CS,

referred to as Bayes least squares-Gaussian scale mixtures model-based compressed

sensing (BLS-GSM CS): The modified algorithms are referred to as BLS-GSM RL1,

BLS-GSM IRLS, and BLS-GSM IHT.

In recently proposed structural greedy pursuits algorithms [5–8], the signal model

is incorporated into CS as follows: For each iteration, (1) compute an intermediate

signal estimate, then (2) prune the signal estimate according to the signal model.

Details of each implementation may vary slightly, but the fundamental idea is that a

signal estimate is adjusted according to the assumed model at each iteration. In this

work, we use similar ideas but incorporate the signal model into the CS algorithms

through the use of updated weights. Weights (such as defined in RL1 and IRLS) can

be updated using the structure of the dependencies in sparse domain coefficients,

and such modification has been shown to yield improvements [11,13]. The proposed

BLS-GSM CS algorithm is briefly described as follows: For each iteration, (1) form

an intermediate estimate of wavelet coefficients; (2) impose the BLS-GSM model on
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the signal estimate; (3) redefine weights using the refined estimate obtained in step

(2) and use these weights during the next iteration of the algorithm.

The pseudo-code of the proposed algorithm is presented in Table 3.1. The pa-

rameter σ (which accounts for the level of undersampling artifacts and noise) is

initialized using the standard deviation of the wavelet coefficients in the HH1 sub-

band prior to the start of CS recovery and is reduced at each iteration. A signal

estimate is formed by solving iterative algorithms (as described in Equation (2.6),

Equation (2.8), and Equation (2.11)). This signal estimate is refined using the BLS-

GSM model. The BLS-GSM model estimate is then used to determine the weights

that will be used during the next iteration of the CS algorithms (specifically, as

given by Equation (2.7), Equation (2.9), and Equation (2.13)). Thus, instead of

directly using the magnitudes of the wavelet coefficients obtained in the previous

iteration, the estimates of the wavelet coefficients from the BLS-GSM model are

used to determine the weights for the next iteration. The BLS-GSM estimator in

Equation (3.3) assigns larger magnitudes to coefficients with significant parents and

neighbors, and thus takes into account the inter- and intra-scale dependencies among

wavelet coefficients in CS.

As discussed in the previous section, we model a neighborhood of the recon-

structed wavelet coefficients c as the sum of the true neighborhood v and a random

variable e accounting for the remaining artifacts (i.e., measurement noise and under-

sampling artifacts): c = v+e. Under the assumption that e is a zero-mean Gaussian
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Table 3.1: BLS-GSM CS Algorithm
Input: Sensing matrix Φ, Sparsity transform Ψ, CS measurements b,

CS problem CS, Eq. for weights WT , BLS-GSM model MBLS−GSM ,

Constants α0 and r(r ≤ 1)

Output: Estimate of sparse coefficients x̂

k = 0,x0 = 0,W1 = I initialize

σ = α0STD(HH1) calculate σ

do

1. k ← k + 1 increment iteration index

2. xk ← CS(Φ,Ψ,b,xk−1,Wk) estimate sparse coefficients

3. x̃←MBLS−GSM(xk, σ) impose BLS-GSM model

4. Wk ← WT (x̃) update weights

5. σ ← rσ if RL1 or IRLS
decrease σ

σ ← α0STD(HH1) if IHT

while (halting criterion false)

return x̂← xk

independent random variable with covariance Ce = σ2I, an estimate of the wavelet

coefficient surrounded by the given neighborhood c can be obtained using Equation

(3.3). While this noise model may not accurately represent the reconstruction error,

it performs very well in practice, as illustrated in Section 3.4.

The proposed method requires an estimate of the noise variance σ2 to quantify

the severity of the undersampling artifacts and measurement noise. This is analogous

to the selection of the threshold value in wavelet shrinkage methods [49]. We observe

that the sample variance of the noisy wavelet coefficients in the highest frequency

diagonal orientation subband (HH1) is proportional to the sample variance of the

noise in HH1. Thus, we initialize σ = α0 × STD(HH1), where α0 is a parameter

determined based on the sensing architecture and the amount of undersampling.

Since the reconstruction error is reduced throughout the iterations, the value of σ
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needs to be adjusted accordingly at each iteration. The simplest way of doing this

is to re-estimate σ using the sample variance of the HH1 wavelet coefficients at each

iteration. This approach works well in BLS-GSM IHT but is not suitable for BLS-

GSM RL1 and BLS-GSM IRLS since most elements in HH1 are set to zero during

reconstruction in these algorithms. Thus, in BLS-GSM RL1 and BLS-GSM IRLS,

σ is reduced from its initial value at a constant rate, which was set to r = 0.97, at

each iteration.

3.4 Experimental Results

In this section, we evaluate the performances of the proposed algorithms as com-

pared to existing CS recovery techniques. CS recovery algorithms have been pre-

sented under varying experimental conditions (i.e., different sensing mechanisms,

using small/large-scale models, etc.) in the literature. Therefore, two different

sensing mechanisms are considered in the experimental setup. In Section 3.4.1, a

Gaussian random matrix is used as a sensing matrix in the wavelet domain and the

experimental results for wavelet-domain sensing are presented. In Section 3.4.2, a

structurally random matrix is employed as a sensing matrix in the image domain and

the experimental results for image-domain sensing are provided. Simulations were

performed using MATLAB on a PC with Intel Xeon 2.93 GHz CPU and 32GB RAM.

The following CS algorithms were used in the comparison: orthogonal matching pur-

suit (OMP) [31]; stagewise orthogonal matching pursuit (StOMP) [30]; IRLS, RL1,
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and IHT; TV minimization [4, 50]; the tree-structured wavelet compressive sens-

ing (TSW-CS) [12]; block-based compressed sensing smoothed projected landweber

(BCS-SPL) [9]. It is worth emphasizing that TSW-CS and BCS are state-of-the-art

CS algorithms built on similar ideas as the proposed methods, exploiting strong de-

pendencies of parents and neighbors. Specifically, TSW-CS is based on a hierarchical

Bayesian model and BCS is based on the bivariate shrinkage method.

For StOMP, the SparseLab toolbox [51] was used. For RL1 and BLS-GSM RL1,

the NESTA toolbox [52] was used. For IRLS and BLS-GSM IRLS, the software

provided by the authors of [16] on their web site was used. For OMP, IHT, and BLS-

GSM IHT, the Sparsify toolbox [53] was used. For TV, the l1-magic toolbox [50] was

used. The default settings were used for the parameters in all software. However,

for those algorithms which required user specified values for certain parameters, we

used the following: The false-alarm rate for StOMP with CFAR thresholding was

set to 0.1. The values for µ and δ parameters used in NESTA were assigned to 10−5

and 0.1, respectively. For IHT, BLS-GSM IHT, OMP, and TSW-CS, the default

stopping criteria are used: For IHT and BLS-GSM IHT, the l2 norm of the residual

is less than 10−16; For OMP, the number of recovered non-zero elements reaches

one forth of the number of measurements; For TSW-CS, the number of iterations

reaches 300. The rest of the algorithms independently halt after their fixed numbers

of iterations: 10 iterations for StOMP, 5 iterations for RL1 and BLS-GSM RL1, and

15 iterations for IRLS and BLS-GSM IRLS.
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3.4.1 Wavelet-domain Sensing Experiments

We used the same experimental setup presented in the TSW-CS paper [12]: 1)

Ten images (resized by 128× 128) were selected randomly for each of the five image

classes (flowers, cows, buildings, urban, and office) from the image database provided

by Microsoft Research in Cambridge [54]; 2) The goal of CS reconstruction is to

estimate the wavelet coefficients, except the scaling coefficients (LL), resulting in

1282 − 82 = 16320 coefficients; 3) Reconstruction accuracy was evaluated using

the relative l2 norm of reconstruction error, defined as ‖y − ŷ‖2/‖y‖2, where y is

the original image and ŷ is the reconstructed image. The random measurement

matrix was formed by calculating an orthonormal basis from a random Gaussian

matrix. All the curves in the figures are based on the experiments carried out

for one example image from the cows images and for three different numbers of

measurements (i.e., M = 2500, 5000, and 7500, which correspond to undersampling

ratios of 6.5, 3.3, and 2.2) unless otherwise specified. In the statistical modeling

step, we use a different wavelet transform, overcomplete steerable pyramid [55] with 4

levels of decomposition. It is a variant of overcomplete wavelet transforms, providing

a high degree of redundancy and directionality. We utilize the orthonormal Haar

wavelet with 4 levels of decomposition as the sparsifying transform in the following

experiments. For the proposed algorithms, α0 was set to 1 for M > 3000 and 2 for

M ≤ 3000.
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Figure 3.2: Reconstruction accuracy of IHT and BLS-GSM IHT for different values
of S, the number of elements to keep in thresholding. (a) M = 2500. (b) M = 5000.
(c) M = 7500. BLS-GSM IHT is capable of recovering more coefficients than IHT
for a given set of measurements.

3.4.1.1 S Values of IHT and BLS-GSM IHT

In this experiment, we compare the performance of IHT and BLS-GSM IHT while

varying the number of elements to keep, S (ranging from 100 to M -100). Figure

3.2 illustrates that the optimal values of S differ in IHT and BLS-GSM IHT and

depend on M . We also observe that BLS-GSM IHT is capable of recovering more

coefficients than IHT for a given set of measurements. Increasing S beyond one fifth

of the measurements resulted in performance degradation in IHT, as we can see in

Figure 3.2. Thus, we select different values of S for each algorithm. In IHT, S is

set to one fifth of the number of measurements, and to one half of the number of

measurements in BLS-GSM IHT.
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Figure 3.3: Comparison of the required iterations to converge for BLS-GSM IRLS,
BLS-GSM RL1, IRLS, and RL1. (a) M = 2500. (b) M = 5000. (c) M = 7500.
The modified algorithms converge to their optimal values faster than the unmodified
algorithms.

3.4.1.2 Convergence of BLS-GSM IRLS, BLS-GSM RL1, IRLS, and

RL1

Figure 3.3 shows the convergence curves of the four different algorithms (i.e., BLS-

GSM IRLS, BLS-GSM RL1, IRLS, and RL1) over 30 iterations. The reconstruction

results after one iteration obtained by the proposed methods are equivalent to the

results obtained by the conventional methods because the weights are initialized to

one. In Figure 3.3, the noticeable reduction in reconstruction errors obtained using

the proposed algorithms can be observed after a few iterations, while the conven-

tional algorithms show slower convergence and less improvement on reconstruction

accuracy over iterations. We also see that our selection of the number of iterations

to stop for these algorithms in the previous description is valid. Note that RL1 does

not provide any improvement as iterations proceed. In other words, the reweight-

ing step in RL1 does not provide additional improvements over L1 reconstruction.
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Figure 3.4: Comparison of the best values of σ for the BLS-GSM CS algorithms.
The σ value of input is remained constant over iterations. (a) M = 2500. (b) M =
5000. (c) M = 7500. Each technique has a different optimal σ value while showing
a different sensitivity to σ.

Compared to our experimental setup here, the experiments in [15], where RL1 was

introduced, were performed on strictly sparse signals: The thresholded image, ob-

tained by retaining a fixed number of large coefficients and setting others to zero,

was considered as the original. We speculate that our experimental setup, where the

original signal being reconstructed is not strictly sparse, may cause this performance

degradation. (The small value δ introduced in Equation (2.5) is set to 0.1 in our

experiments. Changes in this value do not yield significantly better results.)

3.4.1.3 Optimal σ Values of the Proposed Algorithms

We provide numerical results obtained by setting a fixed σ value (ranging from

1 to 15 in increments of 0.5) during iterations for the proposed algorithms. The

experimental results shown in Figure 3.4 demonstrate that each technique has a

different sensitivity to σ, and the optimal σ values are decreased when the number

of measurements increases, as is expected. For instance, BLS-GSM IHT tends to
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highly depend on the value of σ than BLS-GSM IRLS and BLS-GSM RL1 do, while

yielding a wide range of performance. One easily observes that the σ values with

the minimum errors are different depending on the CS technique used in the imple-

mentation: In descending order of the magnitude of σ: BLS-GSM IHT, BLS-GSM

RL1, and finally BLS-GSM IRLS. In this work, we used the same values to initial-

ize σ for all of the proposed algorithms. We speculate that further improvements

may be possible by adapting σ to different CS methods. But as illustrated in the

experimental results, even this consistent way of determining σ yields significant

improvements in the accuracy of wavelet-based CS techniques.

3.4.1.4 Recovery of Locations of Significant Coefficients

We provide another set of experiments which supports our quantitative and qual-

itative improvements achieved over traditional CS methods. The reconstruction

performance of CS algorithms depends on how successfully they retrieve the loca-

tions as well as the magnitudes of the significant coefficients. Thus, we compare the

locations of the significant coefficients (sometimes referred to as the support set in

the literature) in the original signal to the locations of the significant coefficients

in the reconstructed signals obtained from different algorithms. For a set of dif-

ferent numbers of measurements and significant coefficients, the numbers of these

matching locations are plotted against the number of iterations in Figure 3.5: The

numbers of significant coefficients S used in comparison are set to one fifth and one
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Figure 3.5: Support recovery performance of different CS algorithms. Curves depict
matching percentages (in %), by comparing the S largest elements between the
reconstructed image obtained using the different CS algorithms and the original
image, as a function of number of iterations. S is set to one fifth or one half of
M . (a) M = 2500, S = 500. (b) M = 5000, S = 1000. (c) M = 7500, S = 1500.
(d) M = 2500, S = 1250. (e) M = 5000, S = 2500. (f) M = 7500, S = 3750.
The high matching percentages over 90% obtained using BLS-GSM CS support the
significantly superior performance of our proposed algorithms.



44

half of the number of measurements M : (M , S) = (2500, 500), (2500, 1250), (5000,

1000), (5000, 2500), (7500, 1500), and (7500, 3750). The experiment compares our

modified algorithms with their original counterparts, IRLS, RL1, and IHT, over 15

iterations. As illustrated in Figure 3.5, the matching percentages of all of the CS

algorithms tested increase as the number of measurements increases. It can be seen

that the matching percentages obtained using the BLS-GSM CS algorithms increase

very rapidly with each iteration, up to a 50% increment, while the conventional al-

gorithms in comparison show small increments around 10-30%. The imposition of

the statistical prior on wavelet coefficients helps to find the significant coefficients,

especially when the given number of measurements is highly limited. (See the large

improvements in Figure 3.5(a) and (d).) These results also favor the BLS-GSM

model-based methods and support the quantitative results presented later in this

chapter.

3.4.1.5 Performance Comparison with Other CS Algorithms

Figure 3.6 plots the average reconstruction accuracy and execution time obtained

using the ten different CS techniques for different number of measurements (ranging

from 1000 to 8000 in increments of 1000, which correspond to the undersampling

ratios from 16.3 to 2.0). The results are averaged over five different realizations

of measurement matrices. As illustrated in Figure 3.6(a), the performances of our

model-based methods are consistently superior to others for all numbers of measure-
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Figure 3.6: Performances of recent CS algorithms compared to our algorithms. (a)
Relative l2 errors as a function of number of measurements. (b) Execution time (in
sec) of (a). The performance of our model-based algorithms is superior to others for
all numbers of measurements.

ments. It is noteworthy that the BLS-GSM IRLS results from M = 2000 and M

= 3000 provide similar reconstruction accuracy when compared to the IRLS result

from M = 5000 and the TSW-CS result from M = 5000, respectively. In other

words, the proposed algorithms are capable of reconstructing similar quantitative

images by only using 40% of the measurements required by the conventional algo-

rithms and 60% of the measurements required by TSW-CS. In addition, as seen

in Figure 3.6(b), BLS-GSM IHT was the fastest CS algorithm tested. It provided

a significant reduction in reconstruction time over IHT for M > 3000, and was

roughly 10 times faster than TSW-CS on average, while simultaneously providing

better reconstruction results.

Table 3.2 summarizes the performances of all the CS algorithms for each class of

test images. The means and standard deviations of the relative l2 errors across ten
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Table 3.2: Means and standard deviations of relative l2 errors for different values
of M . BLS-GSM IRLS shows the best performance among all the CS algorithms
under comparison (as represented in the bold numbers)

Measurement Class
BLS-
GSM
IRLS

BLS-
GSM
RL1

BLS-
GSM
IHT

TSW-
CS

StOMP
IRLS RL1 IHT OMP

M = 2500

flowers
MEAN

0.1629 0.1868 0.1673 0.1899 0.2756 0.2516 0.2500 0.3002 0.3295

STD 0.0668 0.0746 0.0784 0.0627 0.0707 0.0641 0.0674 0.0812 0.1049

cows
MEAN

0.0998 0.1141 0.1010 0.1257 0.1823 0.1667 0.1639 0.1979 0.2115

STD 0.0286 0.0328 0.0270 0.0339 0.0475 0.0438 0.0438 0.0478 0.0568

buildings
MEAN

0.1194 0.1385 0.1260 0.1432 0.1951 0.1781 0.1778 0.2134 0.2345

STD 0.0168 0.0189 0.0198 0.0177 0.0222 0.0186 0.0198 0.0218 0.0286

urban
MEAN

0.1184 0.1367 0.1255 0.1435 0.2031 0.1841 0.1845 0.2189 0.2394

STD 0.0163 0.0181 0.0173 0.0203 0.0296 0.0253 0.0261 0.0311 0.0362

office
MEAN

0.1157 0.1321 0.1136 0.1489 0.2226 0.1965 0.1947 0.2360 0.2566

STD 0.0271 0.0337 0.0266 0.0307 0.0428 0.0378 0.0376 0.0465 0.0490

M = 5000

flowers
MEAN

0.1087 0.1258 0.1115 0.1396 0.1884 0.1795 0.1717 0.2087 0.2184

STD 0.0629 0.0744 0.0674 0.0669 0.0756 0.0636 0.0660 0.0829 0.0977

cows
MEAN

0.0654 0.0762 0.0689 0.0853 0.1145 0.1126 0.1057 0.1294 0.1309

STD 0.0201 0.0247 0.0205 0.0258 0.0334 0.0317 0.0293 0.0373 0.0383

buildings
MEAN

0.0774 0.0899 0.0835 0.1054 0.1365 0.1296 0.1237 0.1524 0.1582

STD 0.0159 0.0193 0.0171 0.0180 0.0202 0.0167 0.0173 0.0230 0.0263

urban
MEAN

0.0755 0.0874 0.0811 0.1024 0.1372 0.1290 0.1228 0.1509 0.1569

STD 0.0085 0.0103 0.0097 0.0134 0.0175 0.0162 0.0158 0.0183 0.0212

office
MEAN

0.0668 0.0745 0.0679 0.0911 0.1330 0.1310 0.1220 0.1452 0.1470

STD 0.0177 0.0217 0.0186 0.0266 0.0340 0.0292 0.0283 0.0343 0.0390

M = 7500

flowers
MEAN

0.0793 0.0938 0.0809 0.1068 0.1418 0.1290 0.1236 0.1440 0.1482

STD 0.0527 0.0628 0.0547 0.0670 0.0818 0.0586 0.0606 0.0793 0.0888

cows
MEAN

0.0490 0.0594 0.0490 0.0643 0.0840 0.0795 0.0753 0.0873 0.0873

STD 0.0161 0.0210 0.0163 0.0201 0.0268 0.0235 0.0221 0.0277 0.0277

buildings
MEAN

0.0565 0.0656 0.0570 0.0757 0.0995 0.0913 0.0873 0.1015 0.1043

STD 0.0135 0.0170 0.0151 0.0192 0.0232 0.0159 0.0170 0.0223 0.0255

urban
MEAN

0.0530 0.0624 0.0545 0.0723 0.0968 0.0899 0.0840 0.1003 0.1013

STD 0.0062 0.0078 0.0058 0.0093 0.0123 0.0116 0.0105 0.0118 0.0118

office
MEAN

0.0462 0.0509 0.0420 0.0588 0.0812 0.0841 0.0785 0.0857 0.0826

STD 0.0141 0.0162 0.0116 0.0178 0.0249 0.0218 0.0206 0.0242 0.0254
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(a) Original

(b) BLS-GSM IRLS (c) BLS-GSM RL1 (d) BLS-GSM IHT

(e) IRLS (f) RL1 (g) IHT

(i) StOMP(h) TSW-CS (j) OMP

Figure 3.7: Sample building images: (a) Original and (b-j) Images reconstructed
using different CS algorithms for subrate = 0.33 (M = 5000). Relative l2 error:
(b) BLS-GSM IRLS 0.0552, (c) BLS-GSM RL1 0.0637, (d) BLS-GSM IHT 0.0581,
(e) IRLS 0.1069, (f) RL1 0.1002, (g) IHT 0.1189, (h) TSW-CS 0.0801, (i) StOMP
0.1080, and (j) OMP 0.1226. The improved subjective quality is provided by the
proposed algorithms.
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images in each class are presented in Table 3.2. Sample images obtained from M =

5000 using different reconstruction algorithms are shown in Figure 3.7, illustrating

the improved subjective quality provided by the proposed techniques. The following

observations can be made based on these experimental results: 1) The model-based

CS algorithms including TSW-CS significantly outperform the original CS algo-

rithms without any modeling. 2) The proposed algorithms, especially BLS-GSM

IRLS and BLS-GSM IHT, provided less reconstruction errors than all other algo-

rithms tested. 3) The proposed model-based approach improved the performance

of all three CS recovery methods: The proposed model-based algorithms achieved

37.0%, 27.2%, and 45.7% for M = 2500, 42.4%, 29.9%, and 47.6% for M = 5000,

and 40.2%, 26.2%, and 45.6% for M = 7500 less average l2 errors compared to their

original counterparts, IRLS, RL1, and IHT, respectively. 4) Compared to the other

model-based CS recovery approach (TSW-CS) tested, all three proposed algorithms

exhibited improved reconstruction accuracy: BLS-GSM IRLS, BLS-GSM RL1, and

BLS-GSM IHT achieved 18.2%, 6.0%, and 16.0% for M = 2500, 25.0%, 13.0%, and

21.3% for M = 5000, and 40.2%, 26.2%, and 45.6% for M = 7500 less average l2

errors compared to TSW-CS, respectively.

3.4.1.6 Noise Experiments

We perform extensive experiments with three different levels of measurement noise

for all of the CS algorithms for all the classes of test image. White Gaussian noise
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Table 3.3: Means and standard deviations of relative l2 errors for different noise
levels and M = 5000. BLS-GSM IRLS and BLS-GSM IHT outperform other CS
algorithms under comparison

Noise Class
BLS-
GSM
IRLS

BLS-
GSM
RL1

BLS-
GSM
IHT

TSW-
CS

StOMP
IRLS RL1 IHT OMP

10 dB

flowers
MEAN

0.1568 0.1897 0.1478 0.1659 0.2181 0.2133 0.2094 0.2569 0.2817

STD 0.0535 0.0584 0.0620 0.0574 0.0679 0.0573 0.0594 0.0716 0.0842

cows
MEAN

0.1046 0.1301 0.0939 0.1069 0.1397 0.1409 0.1363 0.1698 0.1829

STD 0.0262 0.0332 0.0231 0.0279 0.0354 0.0365 0.0349 0.0428 0.0473

buildings
MEAN

0.1100 0.1325 0.1072 0.1215 0.1539 0.1497 0.1479 0.1799 0.1958

STD 0.0142 0.0189 0.0198 0.0177 0.0222 0.0186 0.0198 0.0218 0.0286

urban
MEAN

0.1111 0.1338 0.1074 0.1211 0.1563 0.1523 0.1493 0.1838 0.1999

STD 0.0114 0.0142 0.0132 0.0153 0.0199 0.0190 0.0192 0.0220 0.0252

office
MEAN

0.1122 0.1383 0.1051 0.1216 0.1633 0.1624 0.1568 0.1919 0.2067

STD 0.0229 0.0277 0.0235 0.0271 0.0350 0.0328 0.0329 0.0406 0.0446

20 dB

flowers
MEAN

0.1150 0.1353 0.1171 0.1441 0.1929 0.1841 0.1778 0.2159 0.2270

STD 0.0608 0.0704 0.0654 0.0646 0.0737 0.0623 0.0661 0.0805 0.0942

cows
MEAN

0.0706 0.0841 0.0727 0.0891 0.1183 0.1165 0.1100 0.1344 0.1380

STD 0.0203 0.0248 0.0208 0.0255 0.0338 0.0321 0.0298 0.0379 0.0391

buildings
MEAN

0.0816 0.0956 0.0867 0.1077 0.1386 0.1318 0.1269 0.1563 0.1632

STD 0.0155 0.0182 0.0166 0.0172 0.0198 0.0166 0.0172 0.0215 0.0252

urban
MEAN

0.0799 0.0937 0.0848 0.1050 0.1392 0.1319 0.1261 0.1547 0.1626

STD 0.0085 0.0103 0.0097 0.0135 0.0178 0.0165 0.0161 0.0187 0.0212

office
MEAN

0.0729 0.0845 0.0735 0.0966 0.1374 0.1353 0.1270 0.1522 0.1555

STD 0.0178 0.0214 0.0188 0.0260 0.0339 0.0295 0.0287 0.0370 0.0394

30 dB

flowers
MEAN

0.1095 0.1267 0.1127 0.1403 0.1890 0.1800 0.1725 0.2097 0.2203

STD 0.0626 0.0738 0.0671 0.0666 0.0754 0.0635 0.0659 0.0831 0.0983

cows
MEAN

0.0659 0.0772 0.0692 0.0858 0.1151 0.1130 0.1066 0.1299 0.1326

STD 0.0202 0.0248 0.0208 0.0255 0.0337 0.0317 0.0295 0.0377 0.0385

buildings
MEAN

0.0779 0.0907 0.0835 0.1058 0.1365 0.1298 0.1242 0.1533 0.1533

STD 0.0159 0.0189 0.0168 0.0177 0.0202 0.0167 0.0172 0.0227 0.0262

urban
MEAN

0.0760 0.0879 0.0813 0.1024 0.1371 0.1293 0.1233 0.1512 0.1584

STD 0.0085 0.0101 0.0097 0.0132 0.0180 0.0162 0.0157 0.0187 0.0207

office
MEAN

0.0675 0.0756 0.0694 0.0918 0.1332 0.1315 0.1229 0.1465 0.1478

STD 0.0176 0.0212 0.0169 0.0266 0.0339 0.0291 0.0284 0.0361 0.0392
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is added to each data point in the measurement domain, yielding the specified

signal-to-noise (SNR) ratio per sample of 10, 20, or 30 dB. The average results

are obtained using five different random noise realizations for each CS technique.

The number of measurements is set to 5000. Table 3.3 summarizes the means and

standard deviations of average l2 errors, calculated between the original images and

the reconstructed images, across ten images in each class. We observe that BLS-

GSM IRLS has shown the best performance among the tested CS algorithms for the

noise SNRs of 20 dB and 30 dB, while BLS-GSM IHT has superior performance

for the noise SNR of 10 dB. Consistently, the results for the SNR of 30 dB in

Table 3.3 are very close to the results without the additional measurement noise,

presented in Table 3.2. Similar to the previous observations, the proposed model-

based algorithms achieved 27.3%, 9.3%, and 42.9% for SNR = 10 dB, 40.1%, 26.3%,

and 46.6% for SNR = 20 dB, and 42.1%, 29.7%, and 47.5% for SNR = 30 dB less

average l2 errors as compared to their original counterparts, IRLS, RL1, and IHT,

respectively. BLS-GSM IRLS, BLS-GSM RL1, and BLS-GSM IHT also achieved

6.6%, -13.9%, and 11.9% for SNR = 10 dB, 22.7%, 9.2%, and 20.0% for SNR = 20

dB, and 24.8%, 13.2%, and 21.0% for SNR = 30 dB less average l2 errors as compared

to TSW-CS, respectively. BLS-GSM RL1 did not provide better performance than

TSW-CS for the lowest SNR and achieved relatively small improvements, compared

to the other model-based approaches.
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Table 3.4: Mean PSNRs (in dB) for different subrates and noise SNR = ∞ dB

Subrate Image
BLS-GSM

IHT
BLS-GSM

RL1
BCS-SPL TV IHT RL1

0.5

barbara 32.60 29.89 27.89 29.55 27.76 29.68
boat 33.04 33.33 32.45 32.23 30.47 31.72
couple 34.63 34.98 32.70 33.69 31.29 32.85
goldhill 32.82 33.01 32.56 32.05 30.23 31.68
lena 37.16 37.25 36.54 35.47 34.41 35.67
mandrill 24.91 24.88 24.35 24.33 22.17 24.20
peppers 34.20 35.38 35.97 34.93 33.65 34.68

0.25

barbara 24.88 23.80 24.65 23.84 22.10 23.61
boat 29.22 28.34 28.90 26.94 25.25 26.06
couple 27.47 29.24 29.02 27.71 25.68 26.26
goldhill 29.27 29.62 29.58 27.49 25.70 26.67
lena 32.95 32.25 32.58 29.89 29.37 29.47
mandrill 22.97 22.78 22.21 20.82 18.56 20.67
peppers 33.00 32.99 32.91 30.00 29.58 29.35

0.125

Barbara 23.52 22.44 23.16 21.23 19.30 21.13
boat 26.49 26.47 26.18 23.54 21.28 22.82
couple 25.73 27.00 26.48 24.01 21.26 22.80
goldhill 27.54 27.08 27.42 24.59 22.25 23.61
lena 29.76 29.24 29.33 25.82 24.32 24.89
mandrill 20.95 19.89 20.84 19.24 16.96 19.28
peppers 29.45 29.98 29.74 25.79 24.26 24.59

3.4.2 Image-domain Sensing Experiments

We present experiments using structurally random matrices (SRM) for sensing [56,

57]. Such sensing takes place in the spatial domain and is based on the scrambled

block Hadamard ensemble. SRM-based sensing has low implementation complexity

and nearly optimal performance in terms of the required number of measurements

for exact recovery. Such structured sampling also eliminates the need for storage of

dense measurement matrices and is thus suitable for large images.

The following CS algorithms were used in the comparisons: RL1 and IHT (as well

as the proposed BLS-GSM RL1 and BLS-GSM IHT); TV minimization; BCS-SPL
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1 . A set of 512×512 8-bit grayscale images [58] (barbara, boat, couple, goldhill, lena,

mandrill, and peppers) was used in the experiments. The measurements correspond-

ing to the subrates of 0.5, 0.25, and 0.125 (i.e., undersampling ratios of two, four,

and eight) were acquired using the scrambled block Hadamard sensing matrix with

a block size of 32 × 32. Each experiment was carried out five times using different

random realizations of the measurement matrix and noise. Given a measurement

matrix and noise realization, the measured data was reconstructed using each of the

reconstruction algorithms. The orthonormal Daubechies 6 wavelet with 4 levels of

decomposition was used as the sparsity basis in all reconstruction methods. For IHT

and BLS-GSM IHT, S was set to one seventh of the measurements and one third

of the measurements, respectively. For BLS-GSM IHT, α0 was set to 0.75, 1.1, 1.25

for the subrates of 0.5, 0.25, and 0.125, respectively. For BLS-GSM RL1, α0 was set

to 0.5, 1.15, and 1.60 for the subrates of 0.5, 0.25, and 0.125, respectively.

Table 3.4 summarizes the average reconstruction accuracy obtained us-

ing different CS techniques at different subsampling rates on the set of

test images. Reconstruction accuracy was evaluated using PSNR, defined as

10 log
(
2552/

(
‖y − ŷ‖22

/
N
))

, where y is the original image and ŷ is the recon-

structed image. Similar to the description in Section 3.4.1, the following observations

can be made based on these experimental results: 1) The proposed model-based ap-

proaches significantly improved the performances of the original CS recovery meth-

1These algorithms were chosen because they support the SRM-based sensing in their respective
software implementations.
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(b) BLS-GSM IHT (c) BLS-GSM RL1 (a) Original 

32.54 dB 29.89 dB 

(e) IHT (f) RL1 (g) TV 

27.79 dB 29.71 dB 

Barbara Subrate 0.5 Noise = Inf dB 

(d) BCS-SPL 

 27.92 dB 

 29.59 dB 

Figure 3.8: Sample barbara images: (a) Original and (b-g) Images reconstructed
using different CS algorithms for subrate = 0.5. PSNR: (b) BLS-GSM IHT 32.54
dB, (c) BLS-GSM RL1 29.89 dB, (d) BCS-SPL 27.92 dB, (e) IHT 27.79 dB, (f)
RL1 29.71 dB, and (g) TV 29.59 dB.

(b) BLS-GSM IHT (c) BLS-GSM RL1 (a) Original 

31.86 dB 31.32 dB 

(e) IHT (f) RL1 (g) TV 

27.80 dB 28.18 dB 

Lena Subrate 0.25 Noise = 30 dB 

(d) BCS-SPL 

31.59 dB 

28.56 dB 

Figure 3.9: Sample lena images: (a) Original and (b-g) Images reconstructed using
different CS algorithms for subrate = 0.25 and noise SNR = 30 dB. PSNR: (b)
BLS-GSM IHT 31.86 dB, (c) BLS-GSM RL1 31.32 dB, (d) BCS-SPL 31.59 dB, (e)
IHT 27.80 dB, (f) RL1 28.18 dB, and (g) TV 28.56 dB.
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ods. BLS-GSM IHT yielded an increase in average PSNR of 2.77 dB, 3.36 dB,

and 4.83 dB at the subrates of 0.5, 0.25, and 0.125, respectively, compared to IHT.

Similarly, BLS-GSM RL1 provided improvements of 1.18 dB, 2.42 dB, and 3.28 dB

in average PSNR at the subrates of 0.5, 0.25, and 0.125, respectively, compared to

RL1. 2) The proposed algorithms compared very favorably to TV reconstruction.

The average PSNRs achieved by BLS-GSM IHT were higher by 1.02 dB, 1.87 dB,

and 2.75 dB at the subrates of 0.5, 0.25, and 0.125, respectively, compared to the

average PSNRs of TV reconstruction. Similarly, BLS-GSM RL1 was superior to TV

by 0.92 dB, 1.76 dB, and 2.55 dB at the subrates of 0.5, 0.25, and 0.125, respec-

tively, in terms of average PSNR. It is important to emphasize that the improvement

achieved by the proposed algorithms over TV reconstruction increased by decreas-

ing the sampling rate. 3) The proposed algorithms compared favorably to the other

model-based CS recovery approach (BCS-SPL) as well. In only one of the 21 test

cases in Table 3.4, BCS-SPL yielded the best average PSNR performance. In the

remaining 20 cases, one of the two proposed algorithms yielded the best average

PSNR value.

To illustrate visual quality, sample images obtained using different reconstruction

algorithms are shown in Figures 3.8 and 3.9 together with the corresponding original

images. The visual quality improvement achieved by the proposed methods can

be observed by comparing the images obtained by the proposed methods to those

obtained by the original algorithms.
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Table 3.5: Mean PSNRs (in dB) for different subrates and noise SNR = 20 dB

Subrate Image
BLS-GSM

IHT
BLS-GSM

RL1
BCS-SPL TV IHT RL1

0.5

barbara 25.87 24.04 24.40 23.98 23.19 24.00
boat 27.80 25.79 25.72 24.73 23.86 24.52
couple 27.55 26.15 26.20 25.36 24.51 24.99
goldhill 28.30 26.79 26.71 25.60 24.61 25.36
lena 30.15 27.06 27.00 25.60 25.09 25.52
mandrill 22.82 22.69 22.46 21.86 20.18 21.83
peppers 29.55 26.62 26.99 25.71 25.22 25.56

0.25

barbara 23.81 23.06 23.52 21.81 19.94 21.80
boat 25.80 25.55 25.74 23.27 21.18 22.98
couple 26.01 25.89 26.08 23.84 21.54 23.22
goldhill 26.84 26.19 26.76 24.23 22.12 23.80
lena 27.97 27.85 27.66 24.54 22.81 24.35
mandrill 21.56 21.23 21.43 19.79 17.51 19.78
peppers 27.75 26.87 27.59 24.60 22.97 24.29

0.125

barbara 22.54 22.38 22.45 20.23 18.09 20.37
boat 24.80 24.29 24.55 21.67 19.11 21.57
couple 25.04 24.66 24.95 22.08 19.30 21.63
goldhill 25.99 24.90 25.82 22.76 20.10 22.36
lena 26.88 25.54 26.74 22.97 20.70 22.80
mandrill 20.40 20.36 20.35 18.68 16.24 18.78
peppers 26.90 25.90 26.66 22.81 20.61 22.57
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Table 3.6: Mean PSNRs (in dB) for different subrates and noise SNR = 30 dB

Subrate Image
BLS-GSM

IHT
BLS-GSM

RL1
BCS-SPL TV IHT RL1

0.5

barbara 31.60 28.73 27.23 28.22 27.14 28.30
boat 31.39 30.70 30.83 30.22 29.24 29.79
couple 32.41 31.52 31.18 31.20 30.07 30.53
goldhill 31.46 31.35 31.27 30.51 29.22 30.17
lena 34.73 33.65 33.63 32.22 32.02 32.24
mandrill 24.27 23.99 24.10 23.97 21.93 23.86
peppers 33.21 33.49 33.51 32.18 31.63 31.98

0.25

barbara 24.32 24.96 24.51 23.53 21.79 23.35
boat 28.62 28.48 28.37 26.24 24.51 25.47
couple 28.53 28.68 28.55 26.94 24.92 25.70
goldhill 29.22 28.89 29.14 26.93 25.08 26.17
lena 31.78 31.37 31.58 28.60 27.83 28.19
mandrill 22.25 22.08 22.12 20.69 18.45 20.57
peppers 31.92 31.77 31.85 28.74 28.16 28.13

0.125

barbara 23.51 22.97 23.08 21.11 19.19 21.03
boat 26.24 26.14 25.97 23.26 20.95 22.66
couple 26.35 26.25 26.29 23.72 21.01 22.64
goldhill 27.30 27.11 27.22 24.32 21.96 23.44
lena 29.01 28.75 28.96 25.31 23.64 24.51
mandrill 20.93 20.86 20.79 19.18 16.90 19.22
peppers 29.30 29.17 29.28 25.25 23.63 24.24
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Figure 3.10: Execution time (in sec) of different CS algorithms.

Simulations were also performed to evaluate the algorithms under noisy condi-

tions. In these experiments, measurements were degraded by additive white Gaus-

sian noise to yield measurement SNRs of 20 and 30 dBs. The values of α0 used in

the experiments for noise SNRs of 20 and 30 dBs were increased by factors of 1.2

and 1.1, respectively, compared to the noise-free case. All other parameters were

identical to those used in the noise-free case presented in Table 3.4. The results

corresponding to measurement SNRs of 20 and 30 dBs are presented in Tables 3.5

and 3.6, respectively. While the performances of all CS algorithms degrade with in-

creased measurement noise as expected, the results are consistent with the noise-free

case presented in Table 3.4 and similar observations can be made.

Figure 3.10 plots the average execution time for all CS methods at varying sub-

rates with noise-free measurements on the barbara dataset. The results indicate that
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BCS-SPL has the fastest execution time and TV is the slowest algorithm tested.

The execution time for BLS-GSM RL1 and BLS-GSM IHT are on the same order as

their original counterparts RL1 and IHT with a slight increase due to the additional

modeling process.

3.5 Conclusions

We propose the use of a Bayes least squares-Gaussian scale mixtures model for

exploiting the dependencies among wavelet coefficients in wavelet-based CS. The

proposed modeling framework is flexible and was incorporated into three different

CS algorithms. The proposed methods are iterative and work by refining the sig-

nal estimate using the BLS-GSM model at each iteration. Extensive experiments

were carried out to evaluate the performances of the proposed methods on different

images, at various undersampling ratios, levels of measurement noise, and under

different sensing mechanisms. The proposed methods were compared to other CS

algorithms in the literature including recent model-based methods. The experi-

mental results indicate that the proposed algorithms were able to achieve a desired

reconstruction quality using fewer number of measurements compared to their con-

ventional counterparts. Similarly, for a given number of measurements, the proposed

algorithms yield improved quality as measured by PSNR and relative l2 error.
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CHAPTER 4

VIDEO COMPRESSED SENSING

USING BLOCK-BASED SELF-SIMILARITY MODEL

4.1 Introduction

In Chapter 3, it was shown that statistical dependencies of natural images can

be successfully incorporated into CS recovery yielding significantly improved re-

construction performance. Similarly, spatiotemporal dependencies exist in video

sequences. These spatiotemporal dependencies have been successfully utilized in

different applications [18], such as video compression [19] and video denoising [20].

There has also been significant interest recently to exploit these redundancies in

CS [21,59–68]. These methods can be broadly categorized as follows:

1. Extension of 2D CS using a 3D sparsity transform

This method uses 3D wavelets as a 3D sparsity transform to reconstruct the

video frames and shows significant improvements in the reconstruction qual-

ity over methods that reconstruct each individual frame in a frame-by-frame

manner [59].

2. Acquisition of adaptive measurements by adjusting the sensing scheme
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Zheng and Jacobs proposed an algorithm that reduces the number of mea-

surements by acquiring fully sampled measurements for the reference frame,

followed by the frame difference measurements for the next frame [60]. In [61],

Liu et al. adapted the sampling rate for each block depending on its texture

complexity. Venkatraman and Makur proposed CS reconstruction using the

measurements of motion-compensated object errors for a surveillance video ap-

plication [62]. Stankovic et al. presented a method of reducing the sampling

rate only for sparse blocks [63].

3. Using motion estimation/motion compensation (ME/MC) techniques

Park and Wakin developed a multiscale CS algorithm for video that iterates

between ME and sparsity-based reconstruction from coarse to fine scales [64].

Mun and Fowler incorporated residuals arising from ME/MC into CS recon-

struction [21]. Tramel and Fowler employed multihypothesis frame prediction

to improve the quality of MC and considered modified CS reconstruction under

a combination of all hypotheses [65].

4. Exploiting a priori information from the previous reconstruction

Vaswani and Wei proposed an algorithm using a priori information about

estimated positions of significant elements of the current video frame in CS

reconstruction [66], and Stankovic et al. extended the orthogonal matching

pursuit (OMP) algorithm using a similar idea [67]. Sundaresan et al. extended
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the work of Vaswani and Wei by explicitly incorporating ME/MC into the

estimation process of significant element positions [69].

In this work, we propose a CS reconstruction algorithm that fully exploits redun-

dancies in video. The proposed method reconstructs video frames using an iterative

two-stage approach. In the first stage, image blocks with similar structural content

are determined for each image block. These blocks are collected from the current

frame as well as nearby frames. Refined frames are estimated by thresholding the

coefficients of similar blocks in a sparsity transform domain. Through the thresh-

olding operation, the principal structural features of each block are retained, while

noise-like reconstruction errors introduced by aliasing and measurement noise are

removed. Such collaborative filtering methods have recently been shown to yield

impressive results in image and video denoising applications [20, 70, 71]. Unlike

recent video CS methods based on conventional ME/MC techniques, our proposed

approach uses multiple intra- and inter-frame reference blocks, and is more robust to

noise and undersampling artifacts. In the second stage, the frame estimates obtained

during the first stage are projected into the measurement domain and subtracted

from the original measurements. The resulting difference measurements are used to

reconstruct residual frames using CS reconstruction. Since the residual frames have

much sparser representations, the accuracy of CS reconstruction can be increased

compared to full frame reconstruction from the original measurements. These two

stages are iterated until the solution converges.
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This iterative approach has many advantages: As discussed above, the first stage

enforces structural self-similarity and the second stage imposes data fidelity. The

iterations allow joint enforcement of these two constraints. As iterations progress,

more accurate estimates lead to sparser residual frames which are more accurately

reconstructed by CS reconstruction. More accurate residuals in turn lead to more

accurate estimates of frames. Such frames allow accurate grouping of similar blocks.

Thus, artifacts incurred due to undersampling and noise can be represented as rela-

tively small perturbations to the dominant structure and are easily removed by the

thresholding operation.

The remainder of this chapter is organized as follows: In the next section, we

review the related video CS reconstruction methods that utilize the ME/MC tech-

niques. In Section 4.3, the proposed video reconstruction algorithm is introduced.

Experimental results are presented in Section 4.4. Finally, conclusions are provided

in Section 4.5.

4.2 Compressed Sensing for Video

The use of spatiotemporal redundancy in video is well-known and well-exploited

in conventional video processing [18–20]. Video CS aims to exploit spatiotempo-

ral redundancy in a similar manner. ME/MC are the most common methods for

exploiting temporal redundancy [18]. ME/MC work as follows: For each block in

the current frame, the best matching block within a search window in the reference
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frame is determined. The matching criterion is a similarity measure such as mean

squared error (MSE). The spatial displacement vector between the current block

and the best matching reference block is referred to as the motion vector. This

process is called ME. MC refers to the process of generating a predicted frame from

the reference frame using the matching blocks computed during ME. Several video

CS methods utilizing ME/MC have recently been proposed [21,64,65,69].

To the best of our knowledge, ME/MC were initially incorporated into video

CS reconstruction by Park and Warkin [64]. A sequence of frames is reconstructed

from coarse to fine resolutions by performing ME at each resolution. The motion

information is then used to construct an adaptive temporal wavelet transform us-

ing the lifting-based invertible motion adaptive transform (LIMAT) algorithm [72].

This adaptive wavelet transform is employed in CS reconstruction. The motion vec-

tors obtained from the coarse resolution are used in the next motion-compensated

CS reconstruction at the finer resolution. The inherent multiscale nature of this

framework requires acquisition of coarse-to-fine measurements at the sensor.

More recently, Mun and Fowler proposed a CS reconstruction algorithm for

video, referred to as motion compensation block-based CS with smooth projected

landweber (MC BCS-SPL) [21]. MC BCS-SPL is an extension of the earlier 2D

image CS work of the same authors, referred to as BCS-SPL. MC BCS-SPL parti-

tions video frames into groups of pictures (GOPs), which are sets of P consecutive

frames. Assuming every P th frame as a reference frame, ME/MC based on the
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closest reference frame along either the forward or backward direction are applied

to produce an approximation of each current frame (i.e., MC frame). The resulting

residual frame between the MC predicted frame and the original unknown frame is

reconstructed using BCS-SPL. MC BCS-SPL is considered to be one of the state-

of-the-art methods in video CS, and, thus, is used in this work for comparisons in

Section 4.4.

4.3 Proposed Video CS Algorithm

The proposed method aims to make efficient use of the a priori knowledge of video

signals. The spatiotemporal dependencies in video signals are exploited in two

different stages in the proposed algorithm. The first stage enforces self-similarity

of image blocks in video frames. In this stage, image blocks with similar signal

characteristics are determined adaptively. This collection of similar blocks is then

represented efficiently using a sparsity transform. The data-driven thresholding

applied to the sparsity domain coefficients removes small perturbations incurred by

undersampling and noise. Since the proposed algorithm allows similar blocks to be

collected from the current frame as well as nearby frames, it can effectively remove

incoherent artifacts. In the second stage, the predicted frames obtained during

the first stage are projected onto the measurement space and subtracted from the

original measurements. The difference vector is then used to reconstruct residual

frames using l1 minimization under spatial sparsity constraints. Given accurate
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predictions from the first stage, these residual frames are significantly sparser than

the original ones. This increased sparsity improves reconstruction performance as

predicted by CS theory [1, 2]. The proposed algorithm iterates between these two

stages: self-similarity enforcement and residual CS reconstruction. In this section,

the overall flowchart of the proposed algorithm is described, followed by a detailed

description of each component.

4.3.1 Flowchart of the Proposed Method

Let us assume that compressive measurements of each video frame are collected

independently. Under this assumption, the notation established in Section 2.1 can

be extended for video CS as follows: Let y denote a raster-scanned vector of the Nf

video frames, which is ordered according to the frame index: y =
[
y1; y2; · · · ; yNf

]
,

where yj denotes an N × 1 vector of the jth frame with a frame width of Nw pixels

and a frame height of Nh pixels (i.e., N = NwNh). Suppose that each Nb × Nb

block centered at an arbitrary spatial location (x, y) and time t ((x, y, t) ∈ [1, Nw]×

[1, Nh] × [1, Nf ]) can be represented by the sequentially ordered block index Bi.

Each block in y is then denoted by y(Bi), where Bi ∈ ZB and ZB is the set of all

block indices. Similar to y, the undersampled measurement vector b can be formed

by vectorizing a set of the measurements of each frame: b =
[
b1; b2; · · · ; bNf

]
,

where bj denotes an M × 1 measurement vector corresponding to the jth frame.

The measurement matrix Φ and the sparsity transform Ψ for video are extended as
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follows:

Φ =


Φ1 0 0

0
. . . 0

0 0 ΦNf


and Ψ =


Ψ1 0 0

0
. . . 0

0 0 ΨNf


(4.1)

where Φj denotes an M×N measurement matrix used to acquire the measurements

of the jth frame and Ψj denotes a sparsity transform used for the jth frame. The

sparse vector x denotes a set of sparse coefficients of the Nf video frames in a

sparsity domain (e.g., wavelet transform coefficients): x =
[
x1; x2; · · · ; xNf

]
, where

xj denotes an N × 1 coefficient vector of the jth frame.

The proposed video CS reconstruction procedure is summarized in Table 4.1. In

Table 4.1, the superscript k denotes the iteration index during the reconstruction

procedure. The algorithm starts by initializing a basic estimate of the video frames

yinit. In this work, we use the baseline reconstruction method described in Section

4.3.3 to obtain this initial estimate. However, this initial estimate can also be

obtained using other video CS techniques. This initial estimate yinit is refined using

the self-similarity model to yield y1
s (The details of this self-similarity modeling

are described in Section 4.3.2). This refined estimate is then projected into the

measurement domain and is subtracted from the original measurements to yield

the residual measurements bkr = b − Φyks . Using these residual measurements,

we formulate an l1 minimization problem to recover the residual error between the
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Table 4.1: Proposed video CS reconstruction algorithm
Input: Sensing matrix Φ, Sparsity transform Ψ, CS measurements b

Output: Estimate of the video frames ŷ

Initialize the iteration k = 0

Given an initial estimate yinit, estimate yk+1
s from yinit using self-similarity modeling

k ← k + 1

do

Compute residual data bkr = b−Φyks
Solve min

xr
‖xr‖1 s.t.

∥∥bkr −ΦΨ−1xr
∥∥2
2
< ε

Compute residual frames ykr = Ψ−1xr
Sum yk+1

c = yks + ykr
k ← k + 1

Estimate yks from ykc using self-similarity modeling

while (stopping criterion false)

return ŷ = yks

original frames and our estimate given as

min
xr
‖xr‖1 such that

∥∥bkr −ΦΨ−1xr
∥∥2
2
< ε. (4.2)

Given that the video frames can be well-approximated by self-similarity modeling,

residual CS can find a more accurate solution since the residual frames are much

sparser than the original ones. By summing the obtained residual frames yr and the

predicted frames ys, the composite video frames yc are generated. The proposed

method iterates between self-similarity modeling and residual CS reconstruction

until a stopping criterion is met. In this work, we have used the l2 difference between

yk−1s and yks being less than a predetermined threshold as the stopping criterion.
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4.3.2 Self-similarity Modeling

Self-similarity modeling is a data-driven approach that enforces similarity between

image blocks and consists of four main steps as described in Table 4.2. The algorithm

initializes by determining a noise level σ which accounts for both measurement noise

and undersampling artifacts. This noise level σ is used during the shrinkage step to

remove small perturbations between similar blocks. For each block yk(Bi), a set of

similar blocks yk(Si) is determined via the block-matching algorithm:

Si =
{
Bj| MSE(yk(Bi),y

k(Bj)) < τ, Bj ∈ ZBi
}

(4.3)

where ZBi denotes a set of possible blocks within the search window and τ is a small

threshold value that ensures the similarity of the two blocks. The similarity measure

is defined as MSE(yk(Bi),y
k(Bj)) = 1

N2
b

∥∥yk(Bi)− yk(Bj)
∥∥2
2
. The number of blocks

similar to the reference block is denoted by |Si|. A stronger similarity between the

grouped blocks leads to a sparser representation of the group of similar blocks. The

grouped blocks are stacked together and converted into a 3D data array yk(Si) with

a dimension of Nb × Nb × |Si|. By taking a proper 3D sparsity transform Ψ3D to

the 3D matrix, the 3D transform coefficients are obtained as Z = Ψ3Dyk(Si).

In the next step, the estimates of similar blocks are refined by thresholding the

coefficients of similar blocks in the following two calculations. To remove small

perturbations caused by aliasing artifacts, hard thresholding is used for the initial

calculation, and Wiener filtering is used for the final calculation, as described in
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Table 4.2: Self-similarity modeling algorithm
Input: Reconstructed frames yk at iteration k, 3D sparsity transform Ψ3D,

Coefficients of polynomial fitting pk

Output: Refined estimate of the video frames ŷk

Estimate σ̂ from yk via noise estimation algorithm

Compute the polynomial fitted value σ =
3∑
i=0

pk(i)σ̂i

Obtain an initial estimate using hard thresholding

for each reference block yk(Bi)

Find similar blocks yk(Si) via block matching:

Si =
{
Bj| MSE(yk(Bi),y

k(Bj)) < τ, Bj ∈ ZBi
}

Threshold coefficients of similar blocks:

ỹ(Si) = Ψ−13DHλ(σ)(Ψ3Dyk(Si))

Calculate linear weights using a sample variance:

wh(i) = 1
/
σ2
∥∥Hλ(σ)(Ψ3Dyk(Si))

∥∥
0

end

Aggregate block-estimates using weighted average:

ŷk(n) =

∑
Bi∈ZB

|Si|∑
j=1

wh(i)qi,j(n)

∑
Bi∈ZB

|Si|∑
j=1

wh(i)χi,j(n)

, ∀n

yk ← ŷk

Obtain the final estimate using Wiener filtering

for each reference block yk(Bi)

Find similar blocks yk(Si) via block matching:

Si =
{
Bj| MSE(yk(Bi),y

k(Bj)) < τ, Bj ∈ ZBi
}

Filter coefficients of similar blocks:

ỹ(Si) = Ψ−13DWσ,i · (Ψ3Dyk(Si))

Calculate linear weights using a sample variance:

wf (i) = 1
/

(σ2 ‖Wσ,i‖22)
end

Aggregate block-estimates using weighted average:

ŷk(n) =

∑
Bi∈ZB

|Si|∑
j=1

wf (i)qi,j(n)

∑
Bi∈ZB

|Si|∑
j=1

wf (i)χi,j(n)

, ∀n

return ŷk
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image denoising algorithms [20, 71]. Let us denote a nonlinear operation that re-

tains the coefficients greater than the threshold λ(σ) by Hλ(σ). The threshold is

determined by σ. In this model, we assume that the coefficients are contaminated

by additive white Gaussian noise (AWGN) with zero mean and variance σ2. While

this noise model may not accurately represent the reconstruction error, it simpli-

fies the model and performs very well in practice. The Wiener filtering operation

is realized as the element-by-element multiplication of Z with the Wiener shrink-

age coefficients |Z(l)|2
/

(|Z(l)|2 + σ2), where Z(l) denotes the lth element in the

3D data array Z. The Wiener shrinkage coefficients can be represented using the

3D array Wσ,i. The estimate of the blocks ỹ(Si) is then produced by taking the

inverse 3D transform of the thresholded/filtered coefficients: ỹ(Si) = Ψ−13DHλ(σ)(Z)

and ỹ(Si) = Ψ−13DWσ,i · Z for hard thresholding and Wiener filtering, respectively,

where the operator · denotes an element-wise multiplication.

Finally, after all blocks in yk are processed by the above steps, the multiple

estimates for each block are averaged according to the linear weights [20,71]. Because

noisier block-estimates are less accurate, the weights are assigned as the inverse of the

total sample variances of the block-estimates, which are wh(i) = 1
/

(σ2
∥∥Hλ(σ)(Z)

∥∥
0
)

and wf (i) = 1
/

(σ2 ‖Wσ,i‖22) for hard thresholding and Wiener filtering, respectively.

Since the noise is assumed to be independent, the total sample variance is simply

calculated by summing all the noise variances in the group. Each block-estimate can

be located at the original coordinates. Based on ỹ(Si(j)) (i.e., jth block-estimate
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within the set of blocks yk(Si)), let qi,j denote a zero-filled 3D matrix of Nw×Nh×Nf

pixels in which the corresponding coordinate pixels are set to the block-estimate

ỹ(Si(j)). The refined video frames ŷk are then computed as

ŷk(n) =

∑
Bi∈ZB

|Si|∑
j=1

wh(i)qi,j(n)

∑
Bi∈ZB

|Si|∑
j=1

wh(i)χi,j(n)

, ∀n (4.4)

where n represents a pixel index which indicates a raster scanned spatiotemporal

location (x, y, t) ∈ [1, Nw]× [1, Nh]× [1, Nf ]. The matrix χi,j also denotes the zero-

filled square support matrix (Nw ×Nh ×Nf pixels) whose elements are one for the

spatial region of the jth block in the set Si. The final estimate using Wiener filtering

is calculated similarly by replacing the wh(i) terms with wf (i) in Equation (4.4).

An important parameter needed for the self-similarity modeling as discussed

above is the noise standard deviation σ. An accurate estimate for this parameter is

crucial for self-similarity modeling to work well. Since this parameter is dependent

on measurement noise level as well as the residual undersampling artifacts, it needs

to be estimated and adjusted during the reconstruction process. A procedure for

estimating σ was developed and incorporated into the proposed algorithm. Given

the initial estimate of the video sequence, an initial estimate of the noise standard

deviation σ̂ is obtained using the noise estimation technique proposed in [73]. Since

noise in reconstructed images decreases with iterations, the estimate of the noise

standard deviation σ needs to be adjusted at each iteration. To model the behavior

of σ with iteration index, a training process was used. Experiments were performed
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Table 4.3: Polynomial fitting coefficients for noise standard deviation σ
σ = P k

3 (σ̂) = pk(3)σ̂3 + pk(2)σ̂2 + pk(1)σ̂ + pk(0)

Iterations pk(3) pk(2) pk(1) pk(0)

k = 0 - - 1.848 0.811
k = 1 0.009812 -0.3627 4.418 2.003
k = 2 - - 1.174 0.1869
k = 3 - - 1.109 0.1666
k ≥ 4 - - 1.029 0.4091

using different undersampling ratios and noise levels to determine optimal σ values

for a set of training video sequences (foreman, susie, and coastguard). Polynomial

fitting was used to estimate σ from σ̂ using this training dataset. The resulting

polynomial coefficients are presented in Table 4.3, where k indicates the iteration

number in Table 4.1. It is worth mentioning that the training data was not used in

the experimental results presented in Section 4.4.

4.3.3 Baseline Reconstruction

The proposed algorithm performs well, even with a rough initial estimate of the

video frames, e.g., the frames individually reconstructed by the conventional 2D

CS reconstruction algorithm, because the reconstruction quality can be improved

over successive iterations. However, considering that the initially reconstructed

frames play an important role in successful reconstruction in the next stage, we

adopt our previous framework presented in Chapter 3 for 2D image reconstruction

to 3D video reconstruction. In Chapter 3, a statistical model of natural images

was incorporated to determine the weights in the reweighted l1 minimization (RL1)
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algorithm [15]. The statistical model used in Chapter 3 was based on approximation

of wavelet coefficients of natural images as Gaussian scale mixtures (GSM). However,

the framework introduced in that work is general enough to allow other models to

be incorporated into the reconstruction process. Thus, the self-similarity model

described in Section 4.3.2 was incorporated into the BLS-GSM CS reconstruction

framework and was extended to video CS. Denoting the self-similarity modeling with

the operator Ms, the modified video CS algorithm alternates between estimating the

sparse coefficients xk by solving the reweighted l1 minimization in Equation (2.6)

and redefining the weights refined by Ms. The weights of Wk+1 are set to

wk+1(i) = 1
/∣∣x̃k(i) + δ

∣∣ (4.5)

where x̃k = ΨMs(Ψ
−1xk). The refined coefficients of the video frames x̃k are calcu-

lated using the self-similarity modeling algorithm, and the weights that will be used

in the next iteration are modified. The pseudo-code of the baseline reconstruction

algorithm is presented in Table 4.4.

4.3.4 Discussion

Each iteration of the proposed algorithm can be stated as a model-constrained

optimization problem given by

min
y
‖Ψyr‖1 + λ

∑
Bi∈ZB

‖Ψ3Dy(Si)‖0

such that ‖br −Φyr‖22 < ε and y = ys + yr

(4.6)
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Table 4.4: Baseline video CS reconstruction algorithm
Input: Sensing matrix Φ, Sparsity transform Ψ, CS measurements b

Output: Basic estimate of the video frames yinit

Initialize the iteration k = 0 and a weight matrix W1 = I

do

k ← k + 1

Solve min
x

∥∥Wkx
∥∥
1

s.t. ‖b−ΦΨ−1x‖22 < ε

yk = Ψ−1x

Estimate ỹk from yk using self-similarity modeling

x̃k = Ψỹk

Determine weights wk+1(i) = 1
/∣∣x̃k(i) + δ

∣∣
while (stopping criterion false)

return yinit = yk

where λ is a parameter to trade-off between the two terms in the cost function,

br = b − Φys, and ys is an initial estimate. The two terms in the cost function

represent residual sparsity and self-similarity. As such, the proposed algorithm

provides a balance between the two types of a priori information: 1) consistency with

the prior estimate and the measurements, 2) self-similarity modeling that learns the

characteristics of the video sequence. The proposed method achieves a more accurate

solution at each iteration which in turn helps obtain a refined prior estimate for the

next iteration as well as enhanced self-similarity modeling through better matching

of similar blocks.

4.4 Experimental Results

A series of experiments were carried out on 11 data sets to examine the performance

of the proposed scheme. The tested video sequences were bus, carphone, mobile,
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mother-daughter, news, paris, salesman, silent, stefan, table tennis, and tempete.

In each video sequence, the first 24 frames were used. All video sequences were in

CIF format (352 × 288) except for the carphone and table tennis sequences. The

carphone sequence was in QCIF format (176 × 144) and table tennis sequence was

352 × 240. The PSNR as defined in Section 3.4.2 and the structural similarity index

measure (SSIM) [74] were employed as performance metrics. The SSIM measures the

similarity between two images and ranges from 0 to 1. Comparison methods include

conventional CS (referred to as L1) [52], the model-based CS algorithm (BLS-GSM

RL1) described in Section 3.3, and the state-of-the-art video CS method (MC BCS-

SPL) [21]. L1 and BLS-GSM RL1 are frame-by-frame reconstruction techniques that

do not exploit temporal dependencies whereas MC BCS-SPL is a spatiotemporal

reconstruction technique that employs ME/MC. The length of the GOP for MC

BCS-SPL was set to eight. In addition to these three techniques, results from

the baseline reconstruction described in Section 4.3.3 are also presented. Since the

reconstruction obtained from the baseline algorithm is used to initialize the proposed

iterative approach, results from the baseline algorithm can be used to gauge the

performance increase due to the proposed iterative approach. Comparisons with

the multiscale CS algorithm [64] was not performed because it requires multiscale

measurements. The proposed method, baseline reconstruction, L1, and BLS-GSM

RL1 algorithms were implemented using the NESTA toolbox [52]. The values for

µ, δ, and maxiter parameters used in NESTA were assigned to 10−5, 0.1, and 200,
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respectively. For MC BCS-SPL, the software on the author’s website [75] was used.

For BLS-GSM RL1 and the baseline reconstruction algorithms, the value of σ

was determined using the k = 0 polynomial fitting as described in Section 4.3.2 and

decreased by 3% at each iteration, as in our previous work in Section 3.3.

Each video frame is independently sampled with image-based CS sampling

[56,57,59]. This enables the sensing framework to be implementable under practical

application scenarios. In the proposed work, the block-based sensing with struc-

turally random matrices [56, 57] is used as the measurement matrix, which is used

in Section 3.4.2 as well. The advantages of such sampling are explained in Section

3.4.2. In addition, it has been shown that this type of compressive imaging system

is practically implementable using a binary patterned digital micromirror array and

a single photon detector [56,57]. The block size of the Hadamard matrix was 16.

In the simulations, a constant subsampling rate for each block and each video

frame was used. While methods for adaptively adjusting sampling rates have been

proposed in the literature [21,60–64], the use of a constant subsampling rate signifi-

cantly simplifies hardware implementations. Even though our proposed approach is

capable of using such adaptive subsampling rates, we have used constant subsam-

pling rates to enable simple hardware implementation. Four different subsampling

ratios were used in the simulations: 0.5, 0.33, 0.25, and 0.125 (i.e., the acceleration

factors varying from two to eight). To demonstrate the performance in practical sce-

narios, experiments with noisy measurements were carried out together with noise-
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less experiments. AWGN corresponding to different signal-to-noise ratios (SNRs)

of 30 and 20 dB was added to the measurements. All experimental results were

averaged over five realizations of the measurement matrix and noise.

All of the tested schemes use the biorthogonal 9/7 wavelet as their spatially spar-

sifying transform in CS reconstruction. For self-similarity modeling, the proposed

method used the 2D separable biorthogonal spline wavelet and the 1D Haar wavelet

as the 3D sparsity transform.

Table 4.5 lists the average PSNR and SSIM values obtained using the five differ-

ent CS algorithms for the measurement subrate of 0.5 at three different noise levels.

Similarly, the experimental results for subrates of 0.33, 0.25, and 0.125 are pre-

sented in Tables 4.6, 4.7, and 4.8, respectively. It can be observed that the proposed

method achieves significantly higher PSNR and SSIM results than the other meth-

ods. Averaged over all data sets and all noise levels, the PSNR improvements of the

proposed method can be summarized as follows: 1) The proposed method achieves

PSNR improvements of 6.56 dB, 4.76 dB, and 3.95 dB at subrates of 0.5, 0.33, and

0.25, respectively, over MC BCS-SPL. 2) Compared with the baseline method, the

proposed scheme yields increases in average PSNR of 7.25 dB, 6.26 dB, 6.14 dB,

and 3.31 dB at subrates of 0.5, 0.33, 0.25, and 0.125, respectively. These results

illustrate that the proposed iterative two-stage approach significantly improves the

performance of the baseline CS reconstruction method. 3) The proposed work pro-

vides improvements of 7.78 dB, 6.62 dB, 6.15 dB, and 2.67 dB in average PSNR at
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Table 4.5: Mean PSNRs (in dB) and SSIMs at different noise levels (in dB)
for subrate = 0.5

Noise Method bus carphone mobile
mother

daughter
news paris salesman silent stefan

table
tennis

tempete

∞ dB

Proposed
PSNR

33.16 42.41 33.49 47.52 49.44 43.14 38.55 45.71 37.37 30.59 36.82

SSIM 0.92 0.99 0.97 0.99 0.99 0.99 0.97 0.99 0.98 0.86 0.98

MC BCS-SPL
PSNR

30.36 35.46 25.32 41.72 37.09 29.23 31.63 35.30 30.60 27.29 29.92

SSIM 0.86 0.93 0.76 0.97 0.94 0.84 0.89 0.91 0.87 0.73 0.87

Baseline
PSNR

29.10 40.37 26.80 44.51 42.51 33.69 31.44 35.74 34.17 24.32 31.27

SSIM 0.85 0.98 0.86 0.98 0.98 0.94 0.89 0.93 0.96 0.65 0.92

BLS-GSM RL1
PSNR

29.03 38.48 24.00 43.31 40.73 30.71 30.44 34.19 32.70 24.17 29.15

SSIM 0.85 0.97 0.76 0.98 0.97 0.90 0.87 0.89 0.95 0.58 0.87

L1
PSNR

23.65 27.69 19.88 34.89 29.76 22.90 24.33 28.72 23.24 24.69 23.31

SSIM 0.60 0.72 0.53 0.87 0.76 0.58 0.62 0.70 0.60 0.62 0.60

30 dB

Proposed
PSNR

31.80 39.29 31.87 43.02 43.97 38.93 37.03 39.81 33.56 30.12 35.21

SSIM 0.90 0.97 0.96 0.98 0.99 0.98 0.96 0.96 0.97 0.85 0.97

MC BCS-SPL
PSNR

29.86 33.39 24.88 36.51 35.35 28.63 30.97 33.04 29.43 26.93 29.53

SSIM 0.85 0.89 0.74 0.89 0.90 0.81 0.87 0.85 0.83 0.71 0.85

Baseline
PSNR

27.95 32.47 23.72 34.32 34.84 29.19 29.66 31.02 28.51 24.79 28.82

SSIM 0.81 0.88 0.75 0.85 0.91 0.86 0.85 0.81 0.87 0.63 0.86

BLS-GSM RL1
PSNR

27.89 32.03 22.61 34.51 34.40 27.93 29.08 31.07 28.01 24.98 27.95

SSIM 0.81 0.87 0.69 0.85 0.90 0.83 0.83 0.80 0.85 0.62 0.83

L1
PSNR

23.47 26.48 19.69 31.22 28.51 22.58 24.06 27.31 22.79 24.36 23.16

SSIM 0.59 0.66 0.52 0.73 0.70 0.56 0.61 0.63 0.58 0.60 0.59

20 dB

Proposed
PSNR

28.79 34.54 28.12 38.34 38.44 33.42 33.69 34.03 28.82 26.94 32.12

SSIM 0.82 0.94 0.91 0.94 0.97 0.94 0.93 0.88 0.92 0.64 0.94

MC BCS-SPL
PSNR

27.11 27.41 22.40 28.22 29.54 25.53 27.59 26.67 24.91 24.56 27.29

SSIM 0.74 0.66 0.63 0.55 0.69 0.67 0.75 0.56 0.65 0.59 0.77

Baseline
PSNR

24.39 24.45 19.63 25.81 26.76 22.91 24.68 23.96 21.90 22.17 24.85

SSIM 0.67 0.58 0.56 0.46 0.63 0.62 0.67 0.47 0.59 0.48 0.72

BLS-GSM RL1
PSNR

24.59 24.93 19.73 26.44 27.12 23.12 25.09 24.76 22.34 22.70 24.98

SSIM 0.68 0.60 0.55 0.49 0.64 0.62 0.67 0.50 0.60 0.49 0.71

L1
PSNR

22.23 22.91 18.39 25.23 24.83 20.81 22.48 23.18 20.58 22.32 22.15

SSIM 0.52 0.47 0.45 0.41 0.50 0.47 0.52 0.39 0.46 0.48 0.53
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Table 4.6: Mean PSNRs (in dB) and SSIMs at different noise levels (in dB)
for subrate = 0.33

Noise Method bus carphone mobile
mother

daughter
news paris salesman silent stefan

table
tennis

tempete

∞ dB

Proposed
PSNR

29.02 38.07 27.43 45.61 45.16 31.15 35.91 41.05 32.25 28.73 32.64

SSIM 0.83 0.97 0.90 0.99 0.99 0.92 0.95 0.97 0.96 0.78 0.94

MC BCS-SPL
PSNR

26.96 31.53 22.31 38.02 32.87 25.85 28.43 32.58 26.69 25.67 26.78

SSIM 0.76 0.88 0.64 0.94 0.89 0.75 0.81 0.85 0.78 0.61 0.78

Baseline
PSNR

25.10 34.77 22.18 40.55 37.20 28.27 28.57 32.32 28.34 21.30 26.85

SSIM 0.73 0.94 0.71 0.96 0.96 0.86 0.83 0.86 0.90 0.44 0.82

BLS-GSM RL1
PSNR

24.81 31.61 19.91 38.94 35.21 25.51 26.60 30.84 26.64 20.95 24.60

SSIM 0.72 0.89 0.58 0.95 0.93 0.78 0.76 0.81 0.85 0.37 0.72

L1
PSNR

19.88 21.45 16.51 28.36 23.25 18.43 20.24 23.83 19.18 22.05 19.41

SSIM 0.40 0.43 0.33 0.64 0.48 0.36 0.40 0.46 0.38 0.44 0.37

30 dB

Proposed
PSNR

27.83 35.31 25.10 41.32 41.46 29.55 34.35 37.42 29.17 28.17 28.35

SSIM 0.80 0.95 0.84 0.97 0.98 0.90 0.94 0.94 0.92 0.75 0.87

MC BCS-SPL
PSNR

26.76 30.70 22.12 35.48 32.23 25.59 28.14 31.46 26.24 25.46 26.62

SSIM 0.75 0.85 0.63 0.88 0.87 0.73 0.79 0.81 0.76 0.59 0.77

Baseline
PSNR

24.27 29.31 19.70 32.87 31.56 24.66 26.02 28.99 24.29 23.04 24.41

SSIM 0.67 0.81 0.54 0.82 0.86 0.71 0.72 0.73 0.72 0.47 0.70

BLS-GSM RL1
PSNR

24.47 29.09 19.73 33.15 31.37 23.99 25.98 29.33 24.42 23.40 24.55

SSIM 0.67 0.81 0.52 0.82 0.85 0.69 0.71 0.74 0.73 0.48 0.69

L1
PSNR

19.80 21.22 16.42 27.12 23.08 18.34 20.14 23.40 19.03 21.89 19.35

SSIM 0.39 0.41 0.32 0.56 0.47 0.35 0.39 0.43 0.37 0.43 0.37

20 dB

Proposed
PSNR

26.38 31.22 25.06 36.55 36.74 24.84 29.83 32.70 25.92 25.32 27.75

SSIM 0.75 0.89 0.83 0.92 0.96 0.78 0.87 0.86 0.85 0.49 0.84

MC BCS-SPL
PSNR

25.39 27.06 20.85 28.93 28.91 23.99 26.31 26.95 23.75 24.02 25.51

SSIM 0.68 0.67 0.56 0.60 0.71 0.63 0.70 0.58 0.62 0.51 0.71

Baseline
PSNR

22.29 23.36 17.76 25.40 25.57 21.26 23.07 23.37 20.60 21.09 22.50

SSIM 0.56 0.54 0.44 0.46 0.62 0.54 0.58 0.44 0.52 0.37 0.59

BLS-GSM RL1
PSNR

22.75 24.05 18.52 26.39 25.95 21.48 23.74 24.43 21.37 21.84 23.33

SSIM 0.59 0.58 0.45 0.50 0.62 0.55 0.60 0.48 0.56 0.40 0.61

L1
PSNR

19.21 19.86 15.78 23.65 21.74 17.61 19.42 21.27 17.95 20.61 18.89

SSIM 0.36 0.33 0.29 0.35 0.38 0.31 0.34 0.30 0.30 0.36 0.34
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Table 4.7: Mean PSNRs (in dB) and SSIMs at different noise levels (in dB)
for subrate = 0.25

Noise Method bus carphone mobile
mother

daughter
news paris salesman silent stefan

table
tennis

tempete

∞ dB

Proposed
PSNR

26.73 37.52 22.87 44.18 42.21 33.43 33.94 38.38 28.97 27.35 29.65

SSIM 0.77 0.97 0.75 0.98 0.98 0.95 0.93 0.95 0.92 0.70 0.90

MC BCS-SPL
PSNR

25.39 29.59 20.99 36.25 30.81 24.25 26.87 31.26 24.92 25.01 25.37

SSIM 0.70 0.84 0.57 0.92 0.86 0.69 0.75 0.82 0.72 0.54 0.72

Baseline
PSNR

23.43 32.31 20.15 38.37 34.44 25.56 26.68 30.67 25.57 20.15 24.46

SSIM 0.67 0.91 0.61 0.95 0.93 0.80 0.78 0.82 0.84 0.34 0.73

BLS-GSM RL1
PSNR

22.98 28.72 18.07 36.33 32.19 22.31 24.57 29.24 23.96 19.95 22.69

SSIM 0.64 0.82 0.48 0.92 0.89 0.65 0.68 0.76 0.77 0.31 0.63

L1
PSNR

17.87 18.94 14.95 25.16 20.57 16.39 18.11 21.43 17.35 20.78 17.41

SSIM 0.28 0.30 0.23 0.49 0.35 0.24 0.27 0.34 0.27 0.36 0.25

30 dB

Proposed
PSNR

24.94 33.13 22.83 39.49 37.67 28.01 30.87 34.95 25.41 26.90 27.15

SSIM 0.71 0.93 0.74 0.96 0.97 0.89 0.89 0.91 0.83 0.66 0.84

MC BCS-SPL
PSNR

25.26 29.08 20.87 34.59 30.43 24.07 26.68 30.48 24.64 24.85 25.27

SSIM 0.70 0.81 0.57 0.87 0.84 0.68 0.74 0.78 0.70 0.54 0.71

Baseline
PSNR

22.11 26.31 17.80 31.34 28.71 21.37 23.67 27.35 21.52 22.22 21.72

SSIM 0.54 0.70 0.41 0.77 0.79 0.54 0.59 0.65 0.56 0.40 0.53

BLS-GSM RL1
PSNR

22.81 27.08 18.56 32.12 28.89 21.67 24.13 28.15 22.69 22.80 23.07

SSIM 0.58 0.74 0.43 0.79 0.79 0.55 0.61 0.68 0.63 0.42 0.59

L1
PSNR

17.82 18.81 14.89 24.63 20.46 16.34 18.05 21.17 17.25 20.61 17.38

SSIM 0.28 0.29 0.22 0.45 0.35 0.24 0.27 0.33 0.26 0.35 0.25

20 dB

Proposed
PSNR

24.27 30.08 21.09 35.20 34.29 25.84 29.12 31.20 24.15 24.71 25.25

SSIM 0.67 0.88 0.66 0.90 0.94 0.83 0.85 0.83 0.79 0.43 0.76

MC BCS-SPL
PSNR

24.33 26.53 19.97 29.16 28.15 22.97 25.38 26.90 22.90 23.71 24.52

SSIM 0.64 0.67 0.51 0.62 0.70 0.59 0.67 0.58 0.59 0.47 0.67

Baseline
PSNR

20.89 22.17 16.52 25.00 24.59 19.54 21.76 22.51 19.32 20.53 20.45

SSIM 0.48 0.47 0.35 0.45 0.59 0.44 0.49 0.39 0.42 0.32 0.46

BLS-GSM RL1
PSNR

21.74 23.49 17.66 26.25 25.19 20.37 22.70 24.17 20.63 21.54 22.14

SSIM 0.51 0.56 0.37 0.49 0.61 0.46 0.53 0.46 0.49 0.36 0.54

L1
PSNR

17.43 17.87 14.44 22.52 19.63 15.88 17.60 19.72 16.50 19.43 17.09

SSIM 0.26 0.24 0.20 0.32 0.29 0.22 0.24 0.25 0.22 0.29 0.23
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Table 4.8: Mean PSNRs (in dB) and SSIMs at different noise levels (in dB)
for subrate = 0.125

Noise Method bus carphone mobile
mother

daughter
news paris salesman silent stefan

table
tennis

tempete

∞ dB

Proposed
PSNR

22.57 29.94 19.71 39.40 34.24 11.32 25.60 30.74 22.56 23.22 23.03

SSIM 0.62 0.89 0.57 0.96 0.95 0.10 0.74 0.83 0.71 0.43 0.66

MC BCS-SPL
PSNR

22.53 25.84 18.77 32.73 26.77 21.28 23.79 28.63 21.86 23.85 22.85

SSIM 0.56 0.73 0.43 0.86 0.77 0.56 0.62 0.74 0.57 0.44 0.59

Baseline
PSNR

20.79 26.96 16.63 33.64 28.61 11.22 23.16 27.60 20.88 19.59 21.38

SSIM 0.54 0.79 0.39 0.88 0.84 0.08 0.62 0.72 0.64 0.27 0.56

BLS-GSM RL1
PSNR

20.06 24.13 15.47 31.72 25.71 11.12 21.10 26.24 19.74 19.33 20.09

SSIM 0.49 0.66 0.31 0.81 0.51 0.07 0.50 0.64 0.54 0.25 0.48

L1
PSNR

12.35 11.04 10.73 17.03 14.27 11.31 12.65 15.55 12.39 14.48 12.58

SSIM 0.07 0.06 0.08 0.20 0.11 0.07 0.07 0.16 0.09 0.14 0.07

30 dB

Proposed
PSNR

21.61 24.66 15.03 29.08 25.41 21.54 23.71 26.56 18.62 23.35 22.26

SSIM 0.54 0.75 0.22 0.80 0.78 0.65 0.65 0.71 0.37 0.42 0.58

MC BCS-SPL
PSNR

22.48 25.67 18.71 32.11 26.65 21.21 23.70 28.29 21.75 23.75 22.81

SSIM 0.56 0.72 0.42 0.83 0.76 0.55 0.61 0.71 0.57 0.43 0.59

Baseline
PSNR

18.43 19.72 15.00 24.22 21.35 17.26 19.41 22.09 17.39 19.46 18.93

SSIM 0.33 0.38 0.22 0.48 0.46 0.30 0.35 0.41 0.29 0.25 0.35

BLS-GSM RL1
PSNR

18.83 22.02 16.43 28.55 21.60 18.43 20.76 25.13 18.93 21.14 20.01

SSIM 0.33 0.50 0.26 0.68 0.47 0.34 0.40 0.54 0.33 0.31 0.37

L1
PSNR

12.35 10.99 10.69 16.84 14.23 11.29 12.64 15.42 12.34 14.38 12.57

SSIM 0.07 0.06 0.08 0.20 0.11 0.07 0.07 0.16 0.09 0.13 0.07

20 dB

Proposed
PSNR

21.49 18.83 10.55 27.49 25.30 21.13 23.47 24.89 19.37 22.83 21.94

SSIM 0.53 0.33 0.11 0.73 0.79 0.63 0.63 0.64 0.52 0.37 0.55

MC BCS-SPL
PSNR

22.06 24.56 18.28 28.87 25.68 20.71 23.10 26.18 20.95 22.94 22.47

SSIM 0.53 0.63 0.39 0.66 0.68 0.50 0.57 0.58 0.49 0.39 0.56

Baseline
PSNR

17.98 18.42 10.30 22.14 20.54 16.66 18.83 19.93 16.44 18.66 18.58

SSIM 0.31 0.32 0.07 0.36 0.40 0.27 0.32 0.31 0.24 0.22 0.33

BLS-GSM RL1
PSNR

19.13 20.78 10.25 25.24 21.83 18.01 20.26 22.98 18.31 20.31 19.70

SSIM 0.32 0.43 0.07 0.49 0.45 0.31 0.37 0.41 0.29 0.27 0.34

L1
PSNR

12.49 10.56 10.40 15.52 13.99 10.90 12.63 14.49 11.88 13.59 12.50

SSIM 0.08 0.05 0.07 0.15 0.10 0.06 0.07 0.13 0.08 0.11 0.07
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(a) Original (b) Proposed

(d) Baseline(c) MC BCS-SPL

(e) BLS-GSM RL1 (f) L1

Figure 4.1: Sample mother-daughter images: (a) Original first frame and (b)-(j)
Images reconstructed using different CS algorithms for subrate = 0.5 at noise SNR
= 20 dB. PSNR: (b) Proposed 37.91 dB, (c) MC BCS-SPL 28.16 dB, (d) Baseline
25.70 dB, (e) BLS-GSM RL1 26.42 dB, and (f) L1 25.12 dB. SSIM: (b) Proposed
0.9379, (c) MC BCS-SPL 0.5500, (d) Baseline 0.4578, (e) BLS-GSM RL1 0.4825,
and (f) L1 0.4008.
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(a) Original (b) Proposed

(d) Baseline (c) MC BCS-SPL

(e) BLS-GSM RL1 (f) L1

Figure 4.2: Sample mobile images: (a) Original 15th frame and (b)-(j) Images
reconstructed using different CS algorithms for subrate = 0.33 at noise SNR = 30
dB. PSNR: (b) Proposed 26.12 dB, (c) MC BCS-SPL 21.99 dB, (d) Baseline 19.84
dB, (e) BLS-GSM RL1 19.74 dB, and (f) L1 16.47 dB. SSIM: (b) Proposed 0.8723,
(c) MC BCS-SPL 0.6268, (d) Baseline 0.5430, (e) BLS-GSM RL1 0.5256, and (f)
L1 0.3289.
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(a) Original (b) Proposed

(d) Baseline(c) MC BCS-SPL

(e) BLS-GSM RL1 (f) L1

Figure 4.3: Sample paris images: (a) Original 15th frame and (b)-(j) Images recon-
structed using different CS algorithms for subrate = 0.25 at noise SNR = ∞ dB.
PSNR: (b) Proposed 34.03 dB, (c) MC BCS-SPL 24.37 dB, (d) Baseline 25.98 dB,
(e) BLS-GSM RL1 23.18 dB, and (f) L1 16.40 dB. SSIM: (b) Proposed 0.9512, (c)
MC BCS-SPL 0.6969, (d) Baseline 0.8147, (e) BLS-GSM RL1 0.7005, and (f) L1
0.2419.
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(a) Original (b) Proposed

(d) Baseline(c) MC BCS-SPL

(e) BLS-GSM RL1 (f) L1

Figure 4.4: Sample news images: (a) Original 15th frame and (b)-(j) Images recon-
structed using different CS algorithms for subrate = 0.125 at noise SNR = ∞ dB.
PSNR: (b) Proposed 34.73 dB, (c) MC BCS-SPL 26.80 dB, (d) Baseline 28.67 dB,
(e) BLS-GSM RL1 25.85 dB, and (f) L1 14.22 dB. SSIM: (b) Proposed 0.9486, (c)
MC BCS-SPL 0.7700, (d) Baseline 0.8399, (e) BLS-GSM RL1 0.7236, and (f) L1
0.1072.
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subrates of 0.5, 0.33, 0.25, and 0.125, respectively, compared with BLS-GSM RL1.

While the BLS-GSM RL1 method is an efficient CS reconstruction technique for

natural images, it does not take into consideration temporal dependencies in video

sequences. 4) The proposed method yields average PSNR improvements of 12.07

dB, 11.79 dB, 11.74 dB, and 10.44 dB over the conventional CS (L1) at subrates

of 0.5, 0.33, 0.25, and 0.125, respectively. 5) The largest PSNR gains of the pro-

posed method are 13.91 dB, 12.53 dB, 12.43 dB, and 22.37 dB compared with MC

BCS-SPL, Baseline, BLS-GSM RL1, and L1, respectively. Numerical experimental

results demonstrate the benefits of the proposed approach for video compared with

conventional CS techniques.

In addition to the higher PSNR results, SSIM (a widely used perceptual image

quality metric [74]) results also show that the proposed approach yields significantly

better perceptual quality compared with the other tested methods. The overall SSIM

improvements can be summarized as follows: 1) The average SSIM improvements of

the proposed scheme over MC BCS-SPL are 0.15, 0.15, and 0.15 at subrates of 0.5,

0.33, and 0.25, respectively. At the subrate of 0.125, MC BCS-SPL provides 0.62 dB

higher average PSNR than the proposed method, but the average SSIM value of the

proposed method is slightly better than that of MC BCS-SPL. 2) Compared with

the baseline algorithm, the proposed algorithm achieves increases in average SSIM

of 0.17, 0.20, 0.24, and 0.19 at subrates of 0.5, 0.33, 0.25, and 0.125, respectively.

3) The proposed scheme offers average SSIM improvements of 0.18, 0.22, 0.24, and
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0.19 over BLS-GSM RL1 at subrates of 0.5, 0.33, 0.25, and 0.125, respectively. 4)

The average SSIM improvements of the proposed method over L1 are 0.36, 0.49,

0.55, and 0.50 at subrates of 0.5, 0.33, 0.25, and 0.125, respectively. 5) The largest

SSIM gains of the proposed technique over MC BCS-SPL, Baseline, BLS-GSM RL1,

and L1 are 0.39, 0.46, 0.45, and 0.84, respectively.

To demonstrate the subjective quality improvements of the proposed algorithm,

sample reconstructed images along with the original images are shown in Figures

4.1, 4.2, 4.3, and 4.4. While the other schemes suffer from severe residual aliasing

artifacts due to low subsampling rates, the proposed video CS algorithm provides

high-quality reconstruction.

4.5 Conclusions

We have proposed a new CS reconstruction algorithm using the spatiotemporal re-

dundancy of video frames. Initially reconstructed frames are obtained by solving a

modified reweighted l1 minimization. The frames are refined through an iterative

two-stage approach. The first stage re-estimates the frames from the previously re-

constructed frames by thresholding the coefficients of similar blocks to remove alias-

ing artifacts. The second stage solves the residual CS problem given the difference

measurements of the original measurements and the measurements corresponding

to the estimated frames obtained in the first stage. The noise standard deviation

used for adaptive thresholding is automatically determined by the proposed fitting
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equation. Owing to the self-similarity modeling-based prediction and the sparsity

of the residual video frames, the proposed algorithm exhibits superior subjective

image quality and achieves significantly higher PSNR and SSIM values compared

to other state-of-the-art CS algorithms.
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CHAPTER 5

SUPER RESOLUTION RECONSTRUCTION

USING BM3D AND SHARPENING

5.1 Introduction

With advances in high-quality display devices, the importance of super resolution

(SR) technology has been increasingly emphasized in various areas, such as surveil-

lance and high-definition (HD) TV. The goal of SR is to find an optimal image at

a desired high resolution (HR) from multiple degraded low resolution (LR) images

or a single LR image. SR techniques using multiple LR images typically rely on

motion estimation between the slightly shifted input images for the same scene to

obtain subpixel information [76–78]. However, computing accurate motion for ev-

ery pixel (e.g., optical flow) is very difficult, and incorrectly estimated motion often

generates disturbing artifacts [78]. SR reconstruction methods using a single LR im-

age include interpolation-based methods [79], example-based methods [80–82], and

reconstruction-based methods [83, 84]. The interpolation-based methods enhance

the image resolution by estimating missing pixel intensities from their neighbor-

ing pixel information. These methods, however, cannot recover the high frequency

information and exhibit ringing and jaggy artifacts. The example-based method
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proposed in [82] generates a HR image using the structural primitives learned from

numerous LR and HR image pairs. The reconstruction-based methods view the SR

problem as an inverse problem [83–85] and aim to find a HR image whose down-

sampled and blurred version is well approximated by the LR input image. Since

these methods can handle more difficult problems, such as blurring, local motion,

and inherent noise in the LR input image, they have been actively researched in

recent years.

The sparsity prior in CS techniques can be applied in SR problems as the l1 norm

regularization for the sparse coefficients. Several recent studies have shown that this

approach effectively reconstructs a HR image from a single LR input [84,85]. Yang

et al. used sparsity dictionaries trained from several HR and LR image pairs for

a small image patch [85]. On the other hand, Dong et al. generated a number of

subdictionaries trained from groups of similar sample HR patches and adaptively

selected the dictionary that represents an image patch in the sparsest form [84].

In [84], two additional regularization constraints were introduced into the sparse

representation framework: local and nonlocal (NL) estimation. Local estimation

determines the weights by the geographical distance between an estimation point

and an observation point, while NL estimation determines the weights by calcu-

lating the difference in the similarity between the two points [70]. Local estima-

tion exploits the well-known observation that adjacent pixels are correlated in their

magnitudes. Because NL estimation is not limited by spatial location when finding
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similar observation points, the NL methods can utilize the abundant information

that commonly exists in most images, such as repetitive patterns or similar struc-

tural regions. Therefore, prior knowledge of the nonlocality can be effectively used

in noise attenuation and the preservation of features.

This work proposes the use of the NL multipoint estimation method [86] in

the framework proposed in [84]. The proposed algorithm adaptively attenuates

reconstruction artifacts while preserving the structural characteristics through the

application of 3D filtering to a group of similar blocks. We discuss how this model

enhances the sharpness of edges to produce visually pleasant HR images.

The remainder of this chapter is organized as follows. Section 5.2 introduces some

of the most recent regularization constraints used in SR reconstruction. Section 5.3

briefly describes the block matching and 3D filtering-sharpening estimation method

and discuss how this estimation is incorporated in the proposed SR method. Section

5.4 presents experimental results compared with other SR reconstruction algorithms,

and Section 5.5 concludes this work.

5.2 Regularization Constraints in Super Resolution

The SR problem is an under-determined and ill-posed inverse problem. For a given

LR observation b, recovery of an unknown HR image y with a frame width of Nw

pixels and a frame height of Nh pixels can be formulated as follows:

ŷ = arg min
y
‖b−DHy‖22 +

∑
i

λiCi(y) (5.1)
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where H denotes a blurring kernel matrix and D represents a subsampling matrix.

λi is a Lagrangian multiplier and Ci(y) denotes a regularization constraint for a

regularization parameter index i. The first term in Equation (5.1) corresponds to

the reconstruction constraint such that the down-sampled and blurred version of the

reconstructed HR image is similar to the given LR input image b. This constraint

is often called a data fidelity term in CS, which is based on reversing the LR image

generation process.

Due to the nature of the under-determined inverse problem, there exist infinitely

many solutions satisfying the reconstruction constraint. To determine a unique solu-

tion, regularization constraints, which impose constraints based on prior information

about the reconstructed image, are required. Based on CS theory, the sparsity prior

regularization can be expressed as C1(y) = ‖Ψy‖1, where Ψ denotes a sparsity

transform, such as a wavelet, TV, or a dictionary trained for images. In [84, 85], a

trained dictionary is used to represent a local image patch y(Pj) of the image vector

y in the sparsest form. Here, each patch is sequentially denoted by a patch index

Pj, where Pj ∈ ZP and ZP is the set of all patch indices. By introducing an oper-

ator ◦, which performs the extraction of each patch from the image, application of

the dictionary, and sequential concatenation of sparse coefficient vectors in a vector

form, the sparsity constraint using the patch-based dictionary can be represented

by C1(y) = ‖Ψ ◦ y‖1.

To exploit the local dependency among the neighboring pixels, the second regu-



93

larization constraint can be defined as C2(y) = ‖y −Ray‖22 using a local estimation

matrix Ra. The autoregressive (AR) model approximates a central pixel to the pre-

dicted value with its neighboring pixels [84, 87]. Each pixel yj,l within the patch

y(Pj) has a value that is close to the predicted value with the neighborhood nj,l

and AR parameters rkj : yj,l ≈ rTkjnj,l, where nj,l denotes a neighborhood vector

consisting of the 3× 3 neighboring pixels centered at yj,l. Then, each element of the

AR parameter matrix Ra is set to Ra(m,n) = rkj(l), if y(m) = yj,l and y(n) ∈ nj,l.

In a single image, similar patterns or structures can be found in distant locations

as well. To exploit this nonlocality, the third regularization constraint can be for-

mulated as C3(y) = ‖y −Rny‖22 using a NL weight matrix Rn. The pointwise NL

estimation computes a single point estimate by the weighted sum of the multiple

observation points [88]. The observation points used in the estimation are collected

from the blocks similar to the reference block by the block matching technique de-

scribed in Equation (4.3). According to the definition in Section 4.3, each block in

y is denoted by y(Bi) and y(Si) represents a 3D data array of the similar blocks.

The weight used in the NL means estimation is usually defined as an exponential

function of the similarity difference between the estimation point yi,l in y(Bi) and

the observation point ynl,i,l in y(Si) [84,88]: Rn(m,n) = exp(−‖yi,l − ynl,i,l‖22 /h)
/
ci,

if y(m) = yi,l and y(n) = ynl,i,l ∈ y(Si), where h is a controlling factor of the weight

and ci is a normalization factor.

The CS-based SR framework of [84] achieved good reconstruction performance
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using the regularization constraints described above. However, the NL means used

in C3(y) is a pointwise NL estimation, which often degrades the accuracy of the

estimates because erroneous matching candidates are more influential during the

explicit calculation of the weighted sum [70]. Therefore, the method suffers from

blurring and adhesion effects [89]. To take full advantage of the efficiency of NL

similarity, we replace the pointwise NL estimation method by the block match-

ing and 3D filtering-sharpening (referred to as BM3D-SH) method [86], which is

a multipoint NL estimation. The BM3D-SH method corrects the aforementioned

drawbacks through overcomplete estimation with multiple estimates for each pixel.

In addition, while the conventional SR methods treat all frequency components

equally, the BM3D-SH method weights edge components, which are more sensitive

in the human visual system.

5.3 BM3D and Sharpening Estimation in Super Resolution

This section briefly reviews the BM3D-SH estimation and explains how this estima-

tion is incorporated into the CS-based SR framework.

Table 5.1 describes the four main steps of the BM3D-SH estimation. The BM3D-

SH estimation is a method that combines the self-similarity model-based estimation

using hard thresholding described in Section 4.3.2 with alpha-rooting, a transform-

domain sharpening technique. Therefore, most of the steps of the BM3D-SH algo-

rithm are the same as the description in Section 4.3.2 except for the alpha-rooting
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Table 5.1: BM3D and sharpening estimation algorithm
Input: Reconstructed HR image yk at iteration k, 3D sparsity transform Ψ3D

Output: Refined BM3D-SH estimate of the HR image yBS

for each reference block yk(Bi)

Find a set of similar blocks yk(Si) via block matching:

Si =
{
Bj| MSE(yk(Bi),y

k(Bj)) < τ, Bj ∈ ZBi
}

Threshold coefficients of similar blocks:

Z̃ = Hλ(σ)(Ψ3Dyk(Si))

Emphasize high frequency components:

ỹ(Si) = Ψ−13DShα(Z̃)

where Shα(Z̃(n)) =

sgn[Z̃(n)]
∣∣∣Z̃(0)

∣∣∣ ∣∣∣ Z̃(n)
Z̃(0)

∣∣∣ 1α if Z̃(0) 6= 0

Z̃(n) otherwise

Calculate aggregation weights using a sample variance:

wα(i) =
N2
b |Si|∑
n=1

1
/

var(Shα(Z̃(n)))

end

Aggregate block-estimates using weighted average:

yBS(n) =

∑
Bi∈ZB

|Si|∑
j=1

wα(i)qi,j(n)

∑
Bi∈ZB

|Si|∑
j=1

wα(i)χi,j(n)

, ∀n

return yBS
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and a modified calculation of the aggregation weights. Here, the image vector y

is reconstructed by the previous framework and used as an initial estimate (i.e.,

an input image). In the first step, for each block y(Bi), a group of similar blocks

y(Si) is obtained via the block-matching technique as given by Equation (4.3). A

3D data array y(Si) is formed by stacking the grouped blocks together. Then, a 3D

sparsity transform Ψ3D is applied to the formed group and the resulting transform

coefficients of the similar blocks are denoted by Z: Z = Ψ3Dy(Si).

As explained in Section 4.3.2, the shrinkage of the transform coefficients is per-

formed to preserve the main characteristics of the image contents while removing

small perturbations caused by aliasing. Using the notation in Section 4.3.2, the

hard-thresholded coefficients are represented as Z̃ = Hλ(σ)(Z).

To sharpen edges, the AC components of the thresholded coefficients are rela-

tively emphasized by the alpha rooting technique [86] as follows:

Shα(Z̃(n)) =


sgn[Z̃(n)]

∣∣∣Z̃(0)
∣∣∣ ∣∣∣ Z̃(n)

Z̃(0)

∣∣∣ 1α if Z̃(0) 6= 0

Z̃(n) otherwise.

(5.2)

where n represents an element index in Z̃ and sgn[] denotes the sign function that

extracts the sign of an input. The sharpening effects are increased as the value of α

increases. The estimate of the sharpened blocks ỹ(Si) is then produced by taking

the inverse 3D transform of the sharpened coefficients: ỹ(Si) = Ψ−13DShα(Z̃).

Finally, after all blocks in y are processed by the above steps, multiple estimates
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for each block are averaged with linear weights to obtain the final estimate [20, 71,

86]. As explained in Section 4.3.2, an aggregation weight for each block-estimate

is defined as the inverse of the total variance of the corresponding group: wα(i) =

N2
b |Si|∑
n=1

1
/

var(Shα(Z̃(n))). In [86], a simple estimate of the total variance in each

sharpened group has been derived by using the approximation of the first partial

derivatives. Similar to the aggregation step in Section 4.3.2, the sharpened block-

estimates ỹ(Si(j)) are returned to their original locations in the image domain and

the refined BM3D-SH estimate yBS is computed as

yBS(n) =

∑
Bi∈ZB

|Si|∑
j=1

wα(i)qi,j(n)

∑
Bi∈ZB

|Si|∑
j=1

wα(i)χi,j(n)

, ∀n (5.3)

where n represents a pixel index in the raster scan order and qi,j denotes a zero-filled

2D matrix of Nw × Nh pixels in which the corresponding coordinate pixels are set

to the block-estimate ỹ(Si(j)). The matrix χi,j also denotes the zero-filled square

support matrix (Nw × Nh pixels) whose elements are one for the spatial region of

the jth block in the set Si.

The fact that the BM3D-SH estimation method produces better estimates can

be explained by the following three enhanced adaptations: 1) spatial adaptation.

Similar blocks are adaptively selected for the given reference block. 2) modeling

adaptation. The arbitrary transform basis function can be chosen for the collabora-

tive filtering, while the NL means estimation corresponds to a zero-order polynomial

approximation. 3) redundancy from multiple estimates. Each block can be included
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in several groups, and this results in many estimates for each block. Consequently,

since this adaptive data-driven approach preserves the local and structural features

of each block, it efficiently suppresses noise and artifacts when compared with other

NL estimation approaches.

The fine details desired for HR images are enhanced using the alpha rooting

technique. Existing SR reconstruction methods treat all image contents equally as

structural elements, while the BM3D-SH estimation algorithm places an emphasis

on edges to which the human eye is more sensitive and thus produces superior visual

image quality.

The BM3D-SH method is applied to the framework in the form of a regularization

constraint. We modify the NL regularization constraint C3(y) to the regularization

constraint that imposes a requirement of similarity between the reconstructed image

(i.e., the solution y) and the estimated image yBS by BM3D-SH:

C3(y) = ‖y − yBS‖22 (5.4)

where the BM3D-SH estimate yBS is initialized by the estimate calculated by the

BM3D deblurring technique [90]. This deblurred image is also initially used to select

a subdictionary and an AR model set for each local patch.

This modified optimization is realized by alternating two nested problems: re-

constructing the HR image y based on the modified cost function with the fixed

BM3D-SH estimate yBS and redefining the BM3D-SH estimate based on the previ-

ously reconstructed image. The first problem, which combines the multipoint NL
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estimation with the sparsity prior, can be solved by the iterative shrinkage algo-

rithm [84, 91]. By minimizing the cost function in Equation (5.1) with respect to

each element y(n), the iterative shrinkage algorithm at iteration k can be defined

as:

yk = Ψ−1 ◦ Soft
(
Ψ ◦

(
yk−1 + (U−V)yk−1 + (λ23y

k−1 − yBS)
)
, λ1
)

(5.5)

where U = (DH)TDH, V = λ22(I−Ra)
T (I−Ra), and Soft(·, λ1) is a soft threshold-

ing function with λ1: Soft(X, λ1) = sgn(X) ·(|X| − λ1)+, where (X)+ = 0, if X < 0

and (X)+ = X, if X ≥ 0. The threshold value λ1 for each coefficient is adaptively

assigned as defined in [84].

Then, using yk, the BM3D-SH estimate is computed by the BM3D and sharpen-

ing estimation. Based on the notation defined above, the overall process of BM3D-

SH can be expressed as Equation (5.3), where qi,j is a zero-filled matrix in which

the block-estimate ỹ(Si(j)) (redefined from the initial estimate yk) is allocated to

the original coordinates in the HR image. To reduce computational complexity,

the second process of updating the BM3D-SH estimate is performed every Ln itera-

tions. The dual update process is repeated until the solution converges. The entire

procedure is summarized in Table 5.2.

In general, the success of the SR reconstruction is highly dependent on two fac-

tors: 1) recovery of image details lost by the blurring and decimation procedures

and 2) removal of measurement noise. Note that the sharpening technique used in

BM3D-SH generates sharper edges, and adaptive BM3D filtering efficiently atten-
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Table 5.2: Proposed SR algorithm
Input: Blurring kernel matrix H, Subsampling matrix D,

Sparsity dictionary set {Ψm}, LR input image b

Output: Estimate of the HR image ŷ

Initialize the iteration k = 0 and preset λ2, λ3, Ll, and Ln
Compute an initial estimate yBS using BM3D deblurring

for each image patch yBS(Pj)

Select subdictionary Ψmj and AR parameters rmj based on yBS(Pj)

end

Initialize sparsity transform Ψ and AR matrix Ra using
{
Ψmj

}
and

{
rmj
}

do

Use iterative shrinkage algorithm:

yk+1 = Ψ−1 ◦ Soft(Ψ ◦ (yk + (U−V)yk + λ23(y
k − yBS)), λ1)

where U = (DH)TDH, V = λ22(I−Ra)
T (I−Ra), and

soft thresholding function Soft(·, λ1) with threshold λ1
k ← k + 1

if mod(k, Ll) = 0

Update Ψ and Ra using yk

end

if mod(k, Ln) = 0

Update yBS from yk using BM3D-SH

end

while (halting criterion false)

return ŷ = yk
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uates the noise in the estimated image. Since a unique solution of the HR image

is an element of a set of feasible solutions satisfying the reconstruction constraint,

the choices of candidate solutions need to be narrowed down by addressing prior

knowledge about the solution. Minimizing the l2 norm of the distance between

the solution and the BM3D-SH estimate enforces the solution to exhibit structural

self-similarity while satisfying data fidelity. Therefore, better estimates are pro-

duced and the proposed SR reconstruction method performs well as will be shown

in Section 5.4.

5.4 Experimental Results

The performance of the proposed method is compared with the bicubic interpolation

and the work of [84], which is a state-of-the-art method using adaptive sparse domain

selection (referred to as ASDS). For the proposed algorithm, the patch size was set to

7× 7, and the control parameters were empirically set to λ2 = 0.002 and λ3 = 0.02.

The dictionary and the BM3D-SH estimate were updated every tenth iteration (i.e.,

Ll = 10 and Ln = 10). For a fair comparison, we used the same training dictionary,

which is denoted by TD1 in [84], for the proposed algorithm and the ASDS method.

The 2D biorthogonal wavelet with four levels of decomposition and 1D Haar wavelet

were used as the 3D transform to sparsify the 3D matrix array of similar blocks.

The values of σ and α used in the BM3D-SH estimation were set to 1.5 and 1.01,

respectively.
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Table 5.3: PSNRs (in dB) and SSIMs for different scales using noiseless images
(σn = 0)

Scale Method Metric butterfly hat plants bike flower parrots leaves Average

2

Bicubic
PSNR 22.36 28.25 29.48 21.82 26.14 26.56 21.63 25.18
SSIM 0.7831 0.8140 0.8323 0.6452 0.7831 0.8511 0.7406 0.7785

ASDS
PSNR 29.63 32.98 35.77 27.01 31.37 32.24 30.46 31.35
SSIM 0.9370 0.9066 0.9389 0.8744 0.9015 0.9325 0.9547 0.9208

Proposed
PSNR 30.01 33.40 36.34 27.32 31.75 32.45 30.82 31.73
SSIM 0.9454 0.9105 0.9437 0.8823 0.9085 0.9341 0.9586 0.9262

4

Bicubic
PSNR 19.20 25.97 26.26 19.63 23.41 24.06 18.26 22.40
SSIM 0.6500 0.7492 0.7305 0.4924 0.5975 0.7760 0.5345 0.6472

ASDS
PSNR 24.79 29.28 30.73 22.62 26.70 27.16 23.65 26.42
SSIM 0.8509 0.8293 0.8472 0.6866 0.7515 0.8655 0.8221 0.8076

Proposed
PSNR 24.95 29.64 30.90 22.69 26.76 27.14 23.86 26.56
SSIM 0.8643 0.8407 0.8566 0.6970 0.7600 0.8700 0.8405 0.8184

A set of natural 24-bit color images (butterfly, hat, plants, bike, flower, parrots,

and leaves) was used in the experiments. Because the human visual system is more

sensitive to luminance changes than to chrominance changes, only the luminance

component was reconstructed using the different SR techniques, and the chromi-

nance components (i.e., Cb and Cr) were upscaled by the bicubic interpolation.

The degraded input LR images were generated by applying a 7× 7 Gaussian kernel

with a standard deviation of 1.6 to the original images, followed by down-sampling

by a desired magnification factor.

Table 5.3 lists the PSNR and SSIM (as introduced in Section 4.4) results obtained

using different SR techniques at different magnification factors on noiseless test

images (i.e., σn = 0). The results show that the sparsity regularized SR approaches

(i.e., ASDS and the proposed method) outperform the interpolation-based method

and that the proposed method performs better than the ASDS method.

To illustrate the visual improvement of the proposed method, Figure 5.1 com-
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(b) Proposed(a) Original

(d) Bicubic(c) ASDS

ProposedOriginal ProposedOriginal ProposedOriginal

BicubicASDS BicubicASDS BicubicASDS

(e) Enlarged regions

Figure 5.1: Sample leaves images: (a) Original. (b-d) Images reconstructed using
different SR algorithms for scaling factor = 4 and noise level σn = 0. PSNR: (b)
Proposed 23.86 dB, (c) ASDS 23.65 dB, and (d) Bicubic 18.26 dB. SSIM: (b)
Proposed 0.8405, (c) ASDS 0.8221, and (d) Bicubic 0.5345. (e) Enlarged regions.
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pares the resolution enhanced images obtained using the proposed method and other

algorithms, together with the corresponding original image. As seen in the enlarged

regions, the bicubic interpolation method yields a blurry image. The ASDS method

generates a much higher quality image but blurs the details, and the image often

exhibits jaggy artifacts along the edges, while the proposed algorithm significantly

improves the quality of the HR image and produces sharper edges. The proposed

algorithm also produces clearer structural details in the texture regions and exhibits

less jaggy artifacts.

The performance of the proposed method under noisy conditions was also evalu-

ated. The LR input images were degraded by AWGN with a standard deviation of

5.0 (i.e., σn = 5). Using the noisy LR images, the results corresponding to the mag-

nification factors of two and four are presented in Table 5.4. While the PSNR and

SSIM results of all SR algorithms degrade with added noise as expected, the results

are consistent with the noise-free case presented in Table 5.3. Figure 5.2 shows the

sample SR reconstructed images together with the original image. As shown in the

zoomed regions, while some structures and edges are undistinguishable in the re-

sults produced by the other methods, the proposed method yields clearer details and

sharper edges. Compared with the ASDS algorithm, which is the state-of-the-art

SR algorithm, the proposed method provides higher fidelity to the original image.
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(b) Proposed(a) Original

(d) Bicubic(c) ASDS

ProposedOriginal ProposedOriginalProposedOriginal

BicubicASDS BicubicASDSBicubicASDS

(e) Enlarged regions

Figure 5.2: Sample bike images: (a) Original. (b-d) Images reconstructed using
different SR algorithms for scaling factor = 2 and noise level σn = 5. PSNR: (b)
Proposed 24.76 dB, (c) ASDS 24.38 dB, and (d) Bicubic 21.77 dB. SSIM: (b)
Proposed 0.7840, (c) ASDS 0.7653, and (d) Bicubic 0.6313. (e) Enlarged regions.
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Table 5.4: PSNRs (in dB) and SSIMs for different scales using noisy images
(σn = 5)

Scale Method Metric butterfly hat plants bike flower parrots leaves Average

2

Bicubic
PSNR 22.30 28.03 29.15 21.77 26.00 26.41 21.59 25.04
SSIM 0.7634 0.7757 0.7974 0.6313 0.7158 0.8161 0.7289 0.7469

ASDS
PSNR 27.00 30.43 32.15 24.38 28.59 29.76 26.99 28.47
SSIM 0.8793 0.8362 0.8615 0.7653 0.8100 0.8841 0.8982 0.8478

Proposed
PSNR 27.39 30.81 32.48 24.76 28.88 29.92 27.28 28.79
SSIM 0.8970 0.8516 0.8736 0.7840 0.8262 0.8884 0.9101 0.8616

4

Bicubic
PSNR 19.17 25.83 26.10 19.58 23.31 23.97 18.24 22.31
SSIM 0.6391 0.7261 0.7104 0.4859 0.5844 0.7540 0.5284 0.6326

ASDS
PSNR 24.27 28.58 29.71 22.41 26.11 27.01 23.34 25.92
SSIM 0.8253 0.7951 0.8001 0.6545 0.7099 0.8376 0.8008 0.7748

Proposed
PSNR 24.29 28.67 29.69 22.42 26.15 26.90 23.41 25.93
SSIM 0.8301 0.7941 0.8011 0.6596 0.7142 0.8310 0.8120 0.7774

5.5 Conclusions

Motivated by the fact that an image has repetitive structures, a single image SR

algorithm based on multipoint NL estimation is proposed. While conventional SR

techniques using a weighted sum often suffer from blurring and adhesion effects, the

proposed method exploits the BM3D and sharpening method, which uses collab-

orative 3D filtering on a set of similar blocks. The filtering process on the group

of flexibly selected blocks makes it possible to calculate multipoint estimates so

that the redundancy in the refined estimates is increased. Therefore, the BM3D-SH

technique enhances the performance of repetitive pattern preservation (such as edges

and textures) and reconstruction artifact suppression over other NL means meth-

ods. The BM3D and sharpening estimation is incorporated to further regularize

the SR optimization problem by adding the NL similarity constraint. The proposed

SR algorithm searches for the solution that is similar to the enhanced BM3D-SH
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estimate from among all feasible solutions. The algorithm is implemented by it-

eratively solving two nested problems: reconstructing the HR image from the SR

optimization problem and updating the BM3D-SH estimate. The experimental re-

sults demonstrate that this incorporation of BM3D-SH estimation increased the

restoration capability and successfully generated high-quality SR images, both vi-

sually and numerically. This approach is expected to work well for video sequences

because of their redundancy. This is the subject of ongoing work.
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CHAPTER 6

CONCLUSIONS

This dissertation proposes model-based CS reconstruction algorithms exploiting sta-

tistical dependencies in natural images and video. In general, the sparsity regular-

ization term in CS is relaxed to l1 norm of sparse domain coefficients (e.g., wavelet

coefficients) and CS reconstructs signals by solving the l1 minimization problem. To

solve this problem, most of existing CS algorithms iteratively find a better solution

based on the previous estimate. In this dissertation, dependency models are incor-

porated into this process of using prior information and this model incorporation

yields significant improvements on recovery performance.

Wavelet coefficients of natural images exhibit non-Gaussian probability distri-

butions and are highly correlated with neighbors in similar locations, orientations,

and scales in their magnitudes. These dependencies and the high kurtosis nature of

wavelet coefficients are well described by the BLS-GSM model. A novel approach for

exploiting the dependencies between wavelet coefficients was proposed for wavelet-

based CS. At each iteration of CS reconstruction, the proposed approach refines the

previous estimate using the BLS-GSM model and redefines the weights (used in min-

imizing the cost function) based on the BLS-GSM estimate. This allows to identify

significant coefficients by assigning smaller weights to coefficients with significant
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parents and neighbors. The proposed approach was incorporated into three CS al-

gorithms (RL1, IRLS, and IHT) and improved the reconstruction performances of

all algorithms significantly. Experimental results indicated that the proposed meth-

ods compared favorably to other CS algorithms, including recent algorithms that

also exploit statistical dependencies among transform coefficients.

Spatial and temporal redundancies in video are commonly observed by the pres-

ence of many similar image blocks within video frames. To obtain accurate pre-

diction based on these dependencies, for each image block, mutually similar blocks

are determined in a 3D neighborhood of video frames and stacked together in a 3D

array. Then, collaborative filtering of the transform coefficients of the blocks effec-

tively attenuates noise and incoherent artifacts, and produces estimates by enforcing

the self-similarity between the highly correlated blocks. An iterative two-stage ap-

proach of using this self-similarity model is introduced for video CS. The proposed

method assumes that the original frames can be represented as the sum of predicted

frames and residual frames. In the first stage, the predicted frames are obtained

using the self-similarity modeling for a given initial estimate of frames. Initially

reconstructed frames are obtained by solving a modified reweighted l1 minimization

that uses the self-similarity model to calculate the weights. In the second stage, the

residual frames are recovered by solving the residual CS problem. The two stages

of enforcing the self-similarity and data consistency constraints are repeated until

convergence. Experiments were conducted at wide ranges of video sequences, ac-
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celeration ratios, and noise levels. The experimental results demonstrated that the

proposed algorithm provides significant reduction of reconstruction error and im-

proves reconstruction quality compared to the other state-of-the-art CS algorithms.

The use of self-similarity modeling is also proposed for the SR problem to im-

prove the reconstruction performance of SR algorithms. The sparsity regularized

SR problem is formulated as the CS reconstruction framework, and an additional

self-similarity constraint is introduced to this CS-based framework. To emphasize

the fact that the human eye is more sensitive to edges, the self-similarity model

is modified to amplify high frequency components through the alpha rooting tech-

nique. The proposed algorithm introduces a prior estimate obtained using this

modeling and the estimate is updated regularly. Incorporating the prior estimate

is realized by the use of the regularization constraint that enforces the solution to

be similar to the estimate. Experimental results were presented to illustrate the

increased reconstruction quality provided by the proposed method compared to the

other SR techniques. This approach can be applied to video sequences because of

their redundancies.
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