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ABSTRACT 

IEEE has recently finished its ratification of the IEEE Standard 802.3ba in June 2010 

which set the target Ethernet speed as 100 Gb/s. The studies on the future trends of the 

ever-increasing demands for higher speed optical fiber communications show that there is 

no sign of decline in the demand. Constantly increasing internet traffic and the 

bandwidth-hungry multimedia services like HDTV, YouTube, voice-over-IP, etc. can be 

shown as the main driving forces. Indeed, the discussions over the future upgrades on the 

Ethernet speeds have already been initiated. It is predicted that the next upgrade will 

enable 400 Gb/s Ethernet and the one after will be toward enabling the astounding 1 Tb/s 

Ethernet. 

Although such high and ultra high transmission speeds are unprecedented over 

any transmission medium, the bottlenecks for achieving them over the optical fiber 

remains to be fundamental. At such high operating symbol rates, the signal impairments 

due to inter- and intra-channel fiber nonlinearities and polarization mode dispersion get 

exacerbated to the levels that cripple the high-fidelity communication over optical fibers. 

Therefore, efforts should be exerted to provide solutions that not only answer the need for 

high-speed transmission but also maintain low operating symbol rates. 

In this dissertation, we contribute to these efforts by proposing nonbinary-LDPC-

coded modulation (NB-LDPC-CM) schemes as enabling technologies that can meet both 

the aforementioned goals. We show that our proposed NB-LDPC-CM schemes can 
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outperform their prior-art, binary counterparts called bit-interleaved coded modulation 

(BI-LDPC-CM) schemes while attaining the same aggregate bit rates at a lower 

complexity and latency. We provide comprehensive analysis on the computational 

complexity of both schemes to justify our claims with solid evidence. We also compare 

the performances of both schemes by using amplified spontaneous emission (ASE) noise 

dominated optical fiber transmission and short to medium haul optical fiber transmission 

scenarios. Both applications show outstanding performances of NB-LDPC-CM schemes 

over the prior-art BI-LDPC-CM schemes with increasing gaps in coding gain as the 

transmission speeds increase. Furthermore, we present how a rate-adaptive NB-LDPC-

CM can be employed to fully utilize the resources of a long haul optical transport 

network throughout its service time. 
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CHAPTER  1 

INTRODUCTION 

With IEEE’s recent ratification of the IEEE Standard 802.3ba [1] in June 2010, now the 

target Ethernet speed is set to 100 Gb/s. It might sound as if this would hold the market 

demand for high-speed optical fiber transmission with enough supply for a while. The 

studies on the possible future trends of ever-increasing demands for higher speed optical 

fiber communications say it otherwise [2]. The demand does not seem to slow down as 

bandwidth-hungry multimedia services are constantly being released. Indeed, the largest 

global conference on optical fiber communications, The Optical Fiber Communication 

Conference and Exposition (OFC) hosted heated discussions in its last convention in 

March 2010 regarding what the next step should be to meet the demand in a timely 

manner. It is predicted that it will be 400 Gb/s [3], and the upgrade to follow  

400 Gb/s appears to be the astounding 1 Tb/s Ethernet. 

Although such high and ultra high transmission speeds are unprecedented over 

any transmission medium, the bottlenecks for achieving them over the optical fiber 

remains to be fundamental. At such high operating symbol rates, the signal impairments 

due to inter- and intra-channel fiber nonlinearities and polarization mode dispersion get 

exacerbated to the levels that cripple a high-fidelity communication over optical fibers 

[4], [5]. Therefore, the proposed solutions should not only answer the need for high-speed 
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transmission but also maintain low operating symbol rates. One of the promising 

solutions was proposed by Djordjevic et al. [6], [7] based on multilevel coding [8]. This 

approach was able to keep the operating symbol rate low while achieving high aggregate 

information bit rates. The idea behind it was to use bandwidth-efficient modulations that 

carry m bits per symbol (m > 1) and to acquire each one of the bits in an m-tuple, which is 

mapped to a channel symbol, from one of the m independent information sources 

streamed in parallel. For example, assuming that the operating symbol rate is set at a 

practical rate such as s 40 Giga-Symbol/s (GS/s),R =  their scheme with polarization-

multiplexing is able to attain an aggregate information bit rate of s2  bits/sR Rm , which 

amounts to 128 Gb/s when component codes with code rates 0.8R =  are used at each 

level for coding and a conventional quadrature phase shift keying (QPSK) is used for 

modulation. Thus, the authors could meet both of the requirements mentioned above 

simultaneously. Inspired by the promising performances of low-density parity-check 

(LDPC) codes on memoryless channels [9]–[11], Vasic and Djordjevic [12], [13] applied 

LDPC codes to optical channels, which are channels with memory in nature. Their results 

show that LDPC codes offer better performances at lower complexities than the 

corresponding turbo product codes. Indeed, in [6] and [7], Djordjevic et al. use LDPC 

codes as component codes to protect the information bit streams at each level. When 

identical codes are used at each level of multilevel coding, it boils down to bit-interleaved 

coded-modulation (BICM) [14], [15]. Although suboptimal, BICM with parallel 

independent decoding has also shown to be a capacity-approaching scheme with 

comparatively much simpler complexity than multilevel coding with multi-stage 
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decoding [14]. Bit-interleaved LDPC-coded-modulation (BI-LDPC-CM) schemes 

proposed by Djordjevic et al. [7] provide impressive performances both in amplified 

spontaneous emission (ASE) noise dominated transmission and under realistic optical 

fiber transmission conditions. However, they suffer from increased computational 

complexity due to the turbo equalization technique they need to employ at the receiving 

ends. Turbo equalization is an iterative information exchange paradigm [16], [17] that 

helps improve the performance of the equalization and the decoding stages by providing 

each stage with information obtained from the other stage that they would not otherwise 

know about. In order to obtain soft information out of the equalizer, the authors in [7] 

propose using the renowned Bahl-Cocke-Jelinek-Raviv (BCJR) [18] algorithm in the 

equalization stage and run 3 turbo equalization iterations to obtain an acceptable 

performance out of BI-LDPC-CM. Passing through the equalization and decoding stages 

in total of 4 times, the complexity and the latency at the receiver side of BI-LDPC-CM 

grow very fast. Due to such high complexity and high latency resulting from the use of 

BI-LDPC-CM, alternative solutions are needed. In this dissertation, we contribute to 

these efforts by proposing nonbinary-LDPC-coded modulation (NB-LDPC-CM) schemes 

that can outperform their BI-LDPC-CM counterparts while attaining the same aggregate 

bit rates at lower complexities and latencies. 

The potential of nonbinary LDPC codes were unearthed by the seminal works of 

Davey and MacKay in 1998 [19], [20]. Since then however the research on nonbinary 

LDPC codes have focused for the most part on column weight 2 nonbinary LDPC codes 

due to their impressive performances especially over very high order fields, i.e. q > 128. 



16 
 

The increased decoding complexity over such fields with large number of elements, on 

the other hand, inhibits their use in practice. Much research has been done to reduce their 

decoding complexity in exchange of some degradation in performance. It is surprising 

that such advancements over column weight 2 nonbinary LDPC code design and 

decoding made researchers almost completely overlook at the potential uses of nonbinary 

LDPC codes with higher column weights than 2. As Davey alluded to in his dissertation 

[20], if column weights higher than 2 are used, better performances than the binary LDPC 

codes can be obtained without needing to go for very high field orders. In Chapter 2, we 

shed more light to potential performance benefits of using column weight 3 nonbinary 

LDPC codes. Chapter 2 also introduces fundamental concepts on nonbinary LDPC codes 

including definitions, their decoding and construction. Our focus is primarily on 

nonbinary quasi-cyclic LDPC (QC-LDPC) codes in order to capitalize on their structural 

properties in decoding and encoding. To accompany Chapter 2, we elaborate in  

Appendix A on the fast-Fourier-transform (FFT-) based nonbinary LDPC decoding in a 

very detailed manner. 

We begin Chapter 3 with a comprehensive discussion on the prior-art BI-LDPC-

CM scheme including its transmitter (TX) and receiver (RX) architectures and operating 

principles. We explicate the weaknesses of BI-LDPC-CM in exploiting the dependency 

between the coded bits mapped to a channel symbol while estimating the correct symbol 

sent from the transmitter. We then set forth our arguments as to why working at the 

symbol level and with a more capable decoding algorithm, NB-LDPC-CM can estimate 
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transmitted symbols more accurately. We also provide the TX and RX architectures of 

the proposed NB-LDPC-CM scheme and explain its operation flow. 

Our goal in Chapter 4 is to provide a thorough analysis on the computational 

complexity of both BI-LDPC-CM and NB-LDPC-CM. Such a meticulous analysis lacks 

in the literature and we think it can prove useful not only for the purposes of this 

dissertation but also for upcoming studies comparing various LDPC-coded modulation 

schemes. Our analysis provides us with solid reasons in justifying why NB-LDPC-CM is 

a lower complexity solution than BI-LDPC-CM for high-speed optical fiber 

transmissions. 

Chapter 5 demonstrates the additional performance gains that could be obtained 

by using NB-LDPC-CM schemes instead of the corresponding BI-LDPC-CM schemes. 

In this chapter, we cover applications of polarization-multiplexed BI-LDPC-CM and NB-

LDPC-CM schemes to first ASE-noise dominated optical fiber transmission and then to 

short to medium haul optical fiber transmission. In both cases, we show that NB-LDPC-

CM offers higher coding gains and the performance gap between NB-LDPC-CM and BI-

LDPC-CM increases as higher aggregate transmission rates are targeted. We then take on 

the important topic of using rate-adaptive forward error correction (FEC). We state the 

reasons why a rate-adaptive FEC is needed to fully utilize the resources of a long haul 

optical transport network (OTN) throughout its service time and then present a rate-

adaptive NB-LDPC-CM scheme to help reach this goal. 

Finally, Chapter 6 provides our concluding remarks and points some directions 

for future work. 
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CHAPTER  2 

NONBINARY LOW-DENSITY PARITY-CHECK CODES 

Low-density parity-check codes (LDPC) were invented by Gallager in 1962 [9]. Due to 

their prohibitive implementation complexity at the time of their invention, they had 

remained unrecognized until they were rediscovered by MacKay and Neal in 1990s [10], 

[11]. MacKay and Neal showed that when decoded using the belief propagation 

algorithm, LDPC codes can perform close to the Shannon limit with a reasonable 

complexity. Their studies stirred an unprecedented interest on LDPC codes, and today 

LDPC codes are employed as error correction mechanisms in many applications ranging 

from wireless to wireline communications, from storage to broadcasting applications 

[21]. 

In Section 2.1, we introduce LDPC codes and provide related terminology which 

we will refer to throughout this dissertation. Decoding of nonbinary LDPC codes is the 

subject of Section 2.2. We discuss the construction of nonbinary quasi-cyclic LDPC (QC-

LDPC) codes in Section 2.3. In Section 2.4, we elaborate on the reasons why we mainly 

focus on the class of (3,ρ)-regular, high-rate QC-LDPC codes. Finally, we conclude this 

chapter in Section 2.5 by comparing the performances of bit-length-matched binary and 

nonbinary LDPC codes over the binary-input additive white Gaussian noise (AWGN) 

channel. As we discuss further in Section 5.1, AWGN channel closely models the 
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amplified spontaneous emission noise dominated transmission scenario in optical fibers, 

and hence it is an important special case to consider. 

2.1  LDPC Codes 

LDPC codes are linear block codes whose parity-check matrices have a low density of 

nonzero entries. They can be represented either by using their generator matrices G or 

their parity-check matrices H, where we have T ,=GH 0  and where T stands for 

transposition. (We denote matrices with boldface letters and symbols.) Yet another 

representation of an LDPC code is through the bipartite graph representation of its H 

matrix. We call the graph corresponding to an H matrix as its Tanner graph. In this 

graphical representation, each column of H is denoted by a variable node and each row 

of H is denoted by a check node. In the Tanner graph representation of an M N×  parity-

check matrix H, there present M check nodes and N variable nodes. If the entry in the i-th 

column, 0 ,i N≤ <  and j-th row, 0 ,j M≤ <  of H is nonzero, i.e. 0,jih ≠  then there exists 

an edge (or a connection) between the i-th variable node and the j-th check node in the 

Tanner graph of H. If the parity-check matrix H of an LDPC code has vd  nonzero entries 

per column and cd  nonzero entries per row, we call it as a ( )v c, -d d regular LDPC code. 

Otherwise, it is called as an irregular LDPC code. Notice here that the use of the 

subscript “v” in columns and “c” in rows is in accordance with the convention of 

associating columns with variable nodes and rows with check nodes. If the M N×  

parity-check matrix H of an LDPC code is not full rank, then its corresponding generator 
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matrix G  is given by a K N×  matrix where rank( ).K N= − H  We refer to the ratio 

R K N=  as the code rate. In general, K  is called as the information block length and N  

is called as the codeword length. 

We can denote the finite field (or Galois field) of q elements by ( )GF .q  For 

example, the binary field with elements 0 and 1 is denoted by ( ) { }GF 2 0,1 .=  If the 

entries in the H matrix of an LDPC code are chosen from GF(2), then it is called as a 

binary LDPC code. If, however, we choose the entries of H from finite fields other than 

the binary field, the null-space of H defines a nonbinary LDPC code. Hence, formally, 

we can define a q-ary LDPC code as a linear block code with a sparse parity-check 

matrix whose entries are chosen from GF(q). All the definitions in the preceding 

paragraph apply to both binary and nonbinary LDPC codes. However, the Tanner graph 

of (the parity-check matrix of) a nonbinary LDPC code has to incorporate the edge value 

associated with every edge, which is not necessary in the binary case. In Fig. 2.1, we 

present the H matrix of a 4-ary LDPC code along with its Tanner graph. At this point, we 

 

 

Figure 2.1 The parity-check matrix of a 4-ary LDPC code and its corresponding 
Tanner graph. 
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can introduce the important notion of a cycle in a bipartite graph. A 2l-cycle is a path that 

closes on itself after traversing l check nodes and l variable nodes in an alternating 

manner. For example, in Fig. 2.1, we identified a 4-cycle whose path can be written as  

v1 – c1 – v4 – c2 – v1

We can classify LDPC codes into two broad categories depending on how they 

are constructed [22]: 1) random-like LDPC codes and 2) structured LDPC codes. As its 

name suggests, random-like codes are designed using computer search algorithms to 

ensure that the resulting LDPC code satisfies certain design constraints. Structured codes, 

on the other hand, can be constructed using algebraic or combinatorial methods. It is 

known that well-designed structured LDPC codes can perform as good as corresponding 

random-like LDPC codes [22]. Even though there is no significant loss in error correction 

performance, structured codes offer an attractive feature of “hardware-friendliness”. By 

exploiting the structure in their parity-check matrices, LDPC decoder implementations 

can be facilitated, which is of great practical concern [23]. Amongst the structured LDPC 

codes, the family of quasi-cyclic LDPC (QC-LDPC) codes is of particular interest.  

. The length of the shortest cycle in the Tanner graph of an LDPC 

code is called as its girth. 

An LDPC code is said to be quasi-cyclic if every cyclic shift of a codeword by a 

fixed amount to the left or to the right results in another codeword [22]. The parity-check 

matrices of QC-LDPC codes can be represented as an array of submatrices as in (2.1). 
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where , ,  0 ,  0 ,r c r cγ ρ≤ < ≤ <H  is a B B×  circulant submatrix. In a circulant matrix, the 

j-th row, 0 ,j B≤ <  is given by the cyclic shift by 1 position to the right of the row 

preceding it, and the first row is the cyclic shift of the last row by 1 position to the right. 

This modular structure of the H matrix of QC-LDPC codes has been exploited 

extensively in the literature to reduce the routing complexity in the hardware 

implementation of LDPC decoders [24]–[28], which is the dominant complexity term as 

noted for the first time in the ground-breaking work of Blanksby and Howland [29]. The 

dual of a quasi-cyclic code is also quasi-cyclic [22], [30]; and hence, the generator 

matrices of QC-LDPC codes can also be represented as an array of circulant submatrices. 

This profitable structure in their generator matrices enables QC-LDPC codes to be 

encoded in linear time using simple shift-register-based architectures [31]. To summarize, 

QC-LDPC codes possess implementation advantages in encoding and decoding while not 

compromising from good error correction performance. Thus, in this dissertation, we 

have established QC-LDPC codes, both binary and nonbinary, as our primary research 

focus. In Section 2.3, we elaborate further on the construction of binary and nonbinary 

QC-LDPC codes. However, we first explicate the decoding of nonbinary LDPC codes in 

the following section. 

2.2  Decoding of Nonbinary LDPC Codes 

LDPC codes are decoded using a probabilistic iterative decoding algorithm commonly 

referred to as the belief propagation algorithm or the sum-product algorithm (SPA) [10], 

[11], [32]–[34]. This section is devoted to q-ary SPA (QSPA), the extension of SPA used 
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for decoding q-ary LDPC codes. 

The pioneering works on nonbinary LDPC codes can be tracked down to Davey 

and MacKay [19], [20]. (In his dissertation [20], however, Davey states that Tanner [35] 

was indeed the first one to consider using higher order fields in place of the binary field 

in LDPC codes.) Davey and MacKay devised a generalization of the conventional SPA 

which can be used to decode q-ary LDPC codes. We refer to this algorithm as the q-ary 

SPA, or QSPA, in short. Davey also demonstrated how QSPA can be implemented using 

fast Fourier transform (FFT) for the case of q-ary LDPC codes over the extension fields 

of the binary field, i.e. over the fields with field order 2 .pq =  Aside from Davey’s 

seminal dissertation work [20], there are some excellent manuscripts in the literature 

taking on the subject of QSPA and its implementations [36]–[39]. Song and Cruz [36] 

tackled the problem of real-valued multiplications required in the probability domain 

implementation of FFT-QSPA and proposed converting multiplications in the probability 

domain into additions in the logarithm (or log) domain whenever possible. Wymeersch et 

al. [37] proposed another log-domain approach for the implementation of QSPA. A very 

detailed treatment of QSPA and FFT-QSPA can be found in [38]. The authors explicate 

the intricacies of both QSPA and FFT-QSPA without restricting their attention to q-ary 

LDPC codes over GF(2p 2 ,pq =). They note, however, that when  the real-valued 

multiplications involved in FFT can be avoided and hence it can be implemented by 

using additions and subtractions only. Another excellent treatment of QSPA and FFT-

QSPA when 2 pq =  is given by Declercq and Fossorier [39]. In [40], Spagnol et al. 

discuss hardware implementation of LDPC decoders over GF(2p). They propose 
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employing a mix-domain approach to FFT-QSPA as in [36] and review various 

architectures for hardware implementation. Their studies show that a mix-domain 

approach is better suited to hardware implementation than the log-domain 

implementation proposed in [37].  

In order to capitalize on the simplifications in decoding, we also consider q-ary 

LDPC codes over the extension fields of the binary field, i.e. 2 ,pq =  in this dissertation. 

Below, we describe the mixed-domain implementation of FFT-QSPA [36], which is the 

implementation that we used to decode nonbinary LDPC codes in this dissertation. In our 

description, we adopt the notations used in [34] and [38]. 

Similar to SPA, it is easier to describe QSPA as an iterative exchange of messages 

between variable nodes and check nodes over the edges of the Tanner graph of a code. 

Consider, for example, the H matrix and the corresponding Tanner graph given in  

Fig. 2.2. In the figure, we indicate the message vector received from the channel at each 

variable node by .λ  Note that in decoding binary LDPC codes using SPA, one uses scalar 

values for the information received from the channel at each variable node ,  0 .i i N≤ <  

This scalar value is computed by using  

 ( ) ( )( )ln Pr 1 Pr 0 ,i iv vµ = = =z z   (2.2) 

at the variable node i, i.e. ,iv  and it denotes the log-likelihood ratio (LLR) of the 

probability of iv  being 1 to that of its being 0 given the received noisy vector z. In 

decoding a q-ary LDPC code, QSPA needs to compute ( )Pr iv a= z  for all 

( ) { }GF 0,1,2, , 1 ,a q q∈ = −  and hence, the information received from the channel at iv  
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becomes a vector. Using LLRs, we can represent the channel information received at the 

variable node iv  as  

 
( )
( )

( )
( )

( )
( )

Pr 1 Pr 2 Pr 1
0 ln ln ln .

Pr 0 Pr 0 Pr 0
i i i

i i i

v v v q
v v v

      = = = −
=            = = =       

z z z
λ

z z z
  (2.3) 

Since 0 0λ =  for all variable nodes, we can represent λ  as a (q-1)-dimensional vector 

with indices belonging to ( ) { }2 2 1GF , , , , 1 ,q qq α α α α∗ − −= =  the multiplicative group 

comprised of the nonzero elements of ( )GF .q  We denote the message sent from the 

variable node i to check node j by { }, ,i jq  and the message sent from the check node j to 

 

 

Figure 2.2 A generic q-ary parity-check matrix H and its corresponding Tanner 
graph.  The entries of H belong to ( )GF .q ∗  On the Tanner graph, the messages 
received from the channel are denoted by λ, the messages sent from variable nodes 
to check nodes are denoted by q, and those sent from check nodes to variable nodes 
are denoted by r. 
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variable node i by { , },j ir  where 0 i N≤ <  and 0 .j M≤ <  Similar to ,λ  we can 

represent q  and r  in the LLR form with their first entries being always 0. Thus, they 

can also be considered as (q-1)-dimensional vectors. Before we formally state the mixed-

domain FFT-QSPA, a couple of more remarks are in order. We denote the set of check 

nodes connected to variable node i by ( )M i  and the set of variable nodes connected to 

check node j by ( ).N j  The set ( ) \M i j  contains all the check nodes connected to 

variable node i excluding the check node j. Similar definition applies to ( ) \ .N j i  We 

denote the reliability vector of a variable node by .LQ  LQ  holds the reliabilities used 

for making hard decisions at the end of each decoding iteration. Also, in the description 

of the algorithm, we denote the iteration number t by a superscript, as in 

( ) ( ) ( ),  ,  and .t t tq r LQ  We can now state the mixed-domain FFT-QSPA for decoding a 

2 -aryp  LDPC code with the parity-check matrix H as follows. 

 

Mixed-Domain FFT-QSPA (MD-FFT-QSPA) 

• Set 

Step -1: Initialization 

0.t =  

• ,  0 ,i i N∀ ≤ <  compute ( ) ( )( ) ( )log Pr Pr 0 ,  GF ,k i iv k v k qλ ∗= = = ∀ ∈z z  where z 

is the received noisy vector. 

• ,  0 ,i i N∀ ≤ <  set ( )0
k kLQ λ=  and set ( ) { } ( ) ( )0 , ,  ,  GF .k kq i j j M i k qλ ∗= ∀ ∈ ∀ ∈  

• ,  0 ,j j M∀ ≤ <  set ( ) { } ( ) ( )0 , 0,  ,  GF .kr j i i N j k q ∗= ∀ ∈ ∀ ∈  
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• Obtain the codeword estimate 

Step 0: Obtain codeword estimate and test for decoding termination 

v̂  by using  

 
( )

{ }( )

GF
ˆ arg max ,  ,  0 .t

i k
k q

v LQ i i N
∈

= ∀ ≤ <  (2.4) 

• If none of the stopping criteria is met (see Appendix A), increment iteration number 

i.e. 1,t t= +  and go to Step 1; else, terminate decoding and return v̂  as the codeword 

estimate.  

 

,  0 ,i i N∀ ≤ <

Step 1: Permute q messages 

 permute ( )1t−q  into ( )1t−q  by using 

 { } { } ( ) ( )1
( 1) ( 1), , ,  ,  GF ,t t
k k e

q i j q i j j M i k q−

∗− −
⋅

= ∀ ∈ ∀ ∈  (2.5) 

where multiplication takes place in ( )GF ,q  and ( )GFjie h q= ∈  is the edge value and 

( )1 GFe q− ∈  is its inverse.  

 

,  0 ,i i N∀ ≤ <

Step 2: Shift from logarithm to probability domain 

 convert ( )1t−q  to ( )1t−Q  as follows: 

 ( )( )11 exp ,
q

t
kk

T q∗

−

∈
= +∑   

(2.6) 

 ( ) ( ) ( ) ( )1 1 ln ,  GF .t t
k kQ q T k q− −= − ∀ ∈  (2.7) 
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,  0 ,j j M∀ ≤ <

Step 3: Apply check node update 

 compute ( )tR  by using 

 ( ) { } ( ) { } ( )( ) ( )1, , ,  \ ,  .t tj i i j i N j i i N j− ′ ′= Ψ ∀ ∈ ∀ ∈R Q  (2.8) 

where the function ( )Ψ ⋅  is the check node update function (see Appendix A). 

 

,  0 ,i i N∀ ≤ <

Step 4: Shift from probability domain to logarithm domain 

 convert ( )tR  to ( )tr  via 

 ( ) ( )( ) ( )( ) ( )0ln ln ,  GF .t t t
k kr R R k q ∗= − ∀ ∈  (2.9) 

 

,  0 ,i i N∀ ≤ <

Step 5: Permute r messages 

 permute ( )tr  into ( )tr  as in 

 { } { } ( ) ( )( ) ( ), , ,  ,  GF ,t t
k k er j i r j i j M i k q ∗

⋅= ∀ ∈ ∀ ∈  (2.10)  

where multiplication takes place in ( )GF ,q  and ( )GFjie h q= ∈  is the edge value. 

 

• 

Step 6: Apply variable node update 

,  0 ,i i N∀ ≤ <  update the variable node reliability vector ( )tLQ  by using 

 { }
( )

( )( ) ( ) , ,  GF .t t
k k

j M i
LQ r j i k q ∗

∈

= ∀ ∈∑  (2.11) 

• ,  0 ,i i N∀ ≤ <  obtain the extrinsic messages ( )tq  via 
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 { } { } ( ) ( )( ) ( ) ( ), , ,  ,  GF .t t t
k k kq i j LQ r j i j M i k q ∗= − ∀ ∈ ∀ ∈  (2.12) 

• Go back to Step 0. 

 

As the description of the decoding algorithm shows, the messages emanating from 

a node starts to arrive back at the same node after l iterations while decoding an LDPC 

code of girth 2l. Such correlations in messages propagated in the graph degrade the 

performance of the decoding algorithm [11], [22], [34]. Thus, short cycles, and in 

particular 4-cycles, should be avoided during LDPC code construction. Even though 

being sub-optimal and even when operating on Tanner graphs containing cycles, SPA has 

been shown to be very effective and indeed to perform very close to (0.0045 dB away 

from) channel capacity [41].  

In the next section, we describe a two-stage code design technique for 

constructing nonbinary quasi-cyclic LDPC codes whose Tanner graphs do not contain 

performance-degrading short cycles. We employ MD-FFT-QSPA described in this 

section to compare the performances of bit-length-matched nonbinary LDPC codes over 

fields with various field orders in Section 2.5. 

2.3  Construction of QC-LDPC Codes 

As we mentioned in Section 2.1, there exist various algebraic and combinatorial methods 

to construct structured LDPC codes. Amongst these, the works in [42]–[49] stand out in 

QC-LDPC code design for their novelty and pioneering contributions. In this dissertation, 

we use a two-stage code design technique. Our approach incorporates the ideas from 
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[48], which discusses quasi-cyclic code design based on finite fields, and the ideas from 

[46], which analyzes the properties of the cycles in the Tanner graphs of QC-LDPC 

codes.  

The first stage of our two-stage code design technique concerns code construction 

using multiplicative groups of the finite fields [48]. The code construction method can 

freely be replaced by any other QC-LDPC code construction method without affecting 

the second stage. The benefits of using the finite-field approach presented in [48] are 

two-fold: 1) it ensures that the resulting binary QC-LDPC code is at least of girth 6; 2) 

the parameter B which sets the size of submatrices, i.e. B B×  as shown in (2.1), is not 

required to be prime. The first property readily takes care of the most problematic cycles, 

i.e. 4-cycles. The second property is very beneficial in decoder implementations. QC-

LDPC codes with composite B values lend themselves to partially-parallel decoder 

implementations more easily [23]–[28], [50]–[56]. In partially-parallel implementations, 

the (variable or check) nodes associated with each submatrix is partitioned into smaller 

groups of nodes and all the node groups are processed in parallel. The size of node 

groups and hence the amount of parallelism can be adjusted as needed. Partially-parallel 

implementations are the most common LDPC decoder implementation methods today 

due to providing a control parameter to adjust the tradeoff between implementation 

complexity and decoding throughput. Now, we can elaborate more on the operations 

involved in the first stage of our two-stage design. 

We let α be a primitive element of ( )GF ,q  then the following matrix W  is a 

( ) ( )1 1q q− × −  matrix over ( )GF :q  
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( )

0 -2

2 -1

2 -2-2 -1

-1 -1 -1
-1 -1 -1

.

-1 -1 -1

q

q

qq q

α α α
α α α

α α α

 
 
 =  
 
  

W





   



 (2.13) 

We can transform W  into a large, binary ( ) ( )2 21 1q q− × −  matrix ( )1H  represented by  

 

0,0 0,1 0, 1

1,0 1,1 1, 1(1)

1,0 1,1 1, 1

,

−

−

− − − −

 
 
 =
 
 
 

A A A
A A A

H

A A A





   



n

n

m m m n

 (2.14) 

upon replacing the entry in the j-th row, 0 1,j q≤ < −  and i-th column, 0 1,i q≤ < −  of 

,W  denoted by ,jiw  with the submatrix ,j iA  related to jiw  as shown below in (2.15).  

 

( )
( )
( )

( )

2
,

2

,j i

ji

ji

ji

ji
q

w

w

w

w

α

α

α −

 
 
 
 

=  
 
 
 
  

z

z

A z

z



 (2.15) 

where ( )βz  is called as the location vector of the field element ( ),  where GF .qβ β ∈  

(Similar to matrices, we denote the vectors in boldface.) The location vector uses the fact 

that every element in a finite field can be represented as a unique power of the primitive 

element, i.e. ,  for some ,  0 1.k k k qβ α= ∈ ≤ < −  Thus, every element ( )GFk qβ α= ∈  

has a corresponding location vector given by ( ) 0 1 2
k

qz z zβ α − = =  z   whose k-th 

entry is a one i.e. 1,kz =  and all the other entries are zeros. (Note that the zero symbol 
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maps to the all-zero vector, i.e. ( )0 .=z 0 ) As the construction in (2.15) suggests, the 

submatrices ,j iA  are circulant matrices. Therefore, ( )1H  is a large, binary 

( ) ( )2 21 1q q− × −  matrix which can be viewed as a ( ) ( )1 1q q− × −  array of 

( ) ( )1 1q q− × −  circulant submatrices. Due to Theorem 1 in [48], ( )1H  has a girth of at 

least 6. In the second stage, we further process this large binary matrix free of 4-cycles. 

In the second stage, we have two goals: 1) meeting the code rate requirement; 2) 

increasing the girth of the code as much as possible. Let us also assume that we require 

the code rate of the resulting q-ary QC-LDPC code to be .R K N=  Using the general 

parity-check matrix structure shown in (2.1) with each submatrix being of size ,B B×  we 

can proceed as follows. First, we observe that N Bρ=  and ,M Bγ=  where  and ρ γ  are 

arbitrary positive integers. As noted previously, ( )( )rankR K N N M N= = − =

( )1 rank .M N−  Since ( )rank ,M M≥  we have 1 1 .R M N γ ρ≥ − = −  Thus, if we 

pick γ  rows and ρ  columns from ( )1H  such that 1 ,R γ ρ= −  we ensure that the code 

rate of the resulting code will be greater than or equal to the desired code rate. During our 

selection, if we avoid zero matrices in ( )1 ,H  the resulting QC-LDPC code becomes 

( ), -regular;γ ρ  otherwise, we obtain an irregular QC-LDPC code. In this dissertation, we 

are interested in regular QC-LDPC codes. However, our studies are generic and can 

easily be applied to irregular QC-LDPC codes, as well. Since ( )1H  is of girth at least 6, 

the girth of the newly constructed binary matrix, which we call as ( )2 ,H  will also be at 
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least 6. Instead of randomly selecting γ  rows and ρ  columns from ( )1 ,H  we can select 

them while ensuring that ( )2H  has the highest girth possible. This is indeed what we do in 

our selection of rows and columns from ( )1 .H  We use Fossorier’s necessary and sufficient 

conditions established for a QC-LDPC code to have a given girth [46]. Since ( )1H  is 

algebraically constructed, it is straightforward to apply these conditions in a computer 

program which can search for the best combination of columns and rows from ( )1H  so 

that ( )2H  is of the largest girth possible. To summarize, in the first step of the second 

stage of our two-stage technique, we obtain ( )2 ,H  which is a binary matrix of the largest 

girth possible whose null space defines a ( ), -regularγ ρ  binary QC-LDPC of rate 

1 .R γ ρ≥ −  

The second step of the second stage and the last step of our design is the process 

of nonbinary element assignment. To elaborate, as the intuition suggests, by assigning 

nonzero elements from ( )GF q  to the 1s in the binary parity-check matrix of an LDPC 

code, we can obtain the parity-check matrix of a q-ary LDPC code. If, however, our goal 

is to form q-ary QC-LDPC codes from binary QC-LDPC codes, we need to ensure that 

the quasi-cyclic property is preserved during q-ary element assignment. First, we recall 

that the binary matrix ( )2H  is in the form given in (2.1), i.e. 

 

(2) (2) (2)
0,0 0,1 0, 1
(2) (2) (2)
1,0 1,1 1, 1(2)

(2) (2) (2)
1,0 1,1 1, 1
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ρ

γ γ γ ρ
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−

− − − −

 
 
 =
 
 
 

H H H
H H H

H

H H H





   



 (2.16) 
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where (2)
, ,  0 ,  0 ,r c r cγ ρ≤ < ≤ <H  is a B B×  circulant submatrix. The most general 

method to keep (2)
,r cH s as circulant matrices while converting them from binary matrices 

to matrices over ( )GF q  is by multiplying each (2)
,r cH  with a coefficient randomly selected 

from ( )GF q ∗  and denoted by , .r cpα  The null-space of the resulting matrix H  appears as 

follows: 

 

0, 10,0 0,1

1, 11,0 1,1

1,0 1,1 1, 1

(2) (2) (2)
0,0 0,1 0, 1
(2) (2) (2)
1,0 1,1 1, 1

(2) (2) (2)
1,0 1,1 1, 1

,

pp p

pp p

p p p

ρ

ρ

γ γ γ ρ

ρ

ρ

γ γ γ ρ

α α α
α α α

α α α

−

−

− − − −

−

−

− − − −

 
 
 =
 
 
  

H H H
H H H

H

H H H
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where the multiplication is performed in ( )GF .q  The null-space of the B Bγ ρ×  q-ary 

parity-check matrix H  given in (2.17) defines a q-ary QC-LDPC code of code rate 

1 ,R γ ρ≥ −  as desired. This completes our discussion on code construction. 

In Section 2.1, we stated that our focus is on well-structured nonbinary LDPC 

codes, in particular, on nonbinary QC-LDPC codes. Here, we added further restrictions to 

our focal point of research by describing a two-stage code design technique that we 

employ to construct large-girth, ( ), -regularγ ρ  nonbinary QC-LDPC codes of a desired 

code rate. In the next section, we will state our incentives to why we further restricted our 

attention to ( )3, -regularρ  and high-rate QC-LDPC codes. 

2.4  (3,ρ)-regular, High-rate Nonbinary QC-LDPC Codes 

We stated that our focus is on large-girth, 2p ( ), -regularγ ρ-ary,  QC-LDPC codes. This is 
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still a very large ensemble of LDPC codes to consider, however. One needs to examine 

various combinations of  and γ ρ  before deducing reliable conclusions on such a large 

ensemble. Thus, we need to further restrict our subject matter.  

In this dissertation, we are interested in high-rate LDPC codes. High-rate LDPC 

codes with code rates 0.8R ≥  are more suitable for optical communications in order to 

keep the operating symbol rates and the cost of electronics low [57]. Even though we 

would like to keep code rates high, our goal on column weights is toward keeping them 

low. It is because as the column weight γ  increases, avoidance of cycles in the Tanner 

graphs of LDPC codes gets harder and hence our large girth constraint might be 

jeopardized. Furthermore, for large ,γ  the row-weight ρ  needs to get larger in order to 

satisfy the high-rate constraint, and this in turn increases decoding complexity as noted in 

Appendix A. Thus, smaller γ  values are more advantageous. Amongst all 2p

( ), -regularγ ρ

-ary, 

 LDPC codes, ( )2, -regularρ LDPC codes, commonly referred to as cycle 

codes, have received most of the attention [20], [58], [39], [59], [60]. The benefits of 

using cycle nonbinary LDPC codes are as follows: 1) the variable node update rule is 

omitted completely, 2) for large enough p, 2p-ary cycle codes were shown to outperform 

other 2p-ary codes with larger (mean) column weights [20], 3) for large enough p, 2p-ary 

cycle codes have been shown to present very good performance [58]. There is a 

requirement, however, for 2p

2 128.pq = ≥

-ary cycle LDPC codes to perform well which is that they 

should be defined over finite fields with large field orders, i.e.  This, on the 

other hand, complicates decoding if not deems it prohibitive since as we noted in 
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Appendix A, the check node processing complexity of FFT-QSPA scales with 2 .p p  In 

[39], Declercq and Fossorier proposed a low-complexity alternative to FFT-QSPA which 

they call as the extended min-sum algorithm (EMS) with an analogy to the infamous min-

sum variant of SPA [61]. For a small loss in performance, the EMS algorithm reduces the 

computational complexity when used for decoding 2p

( )3, -regularρ

-ary cycle LDPC codes in place of 

FFT-QSPA. As we show in the next section with the help of simulations over binary 

input AWGN (BI-AWGN) channel,  nonbinary LDPC codes can 

outperform their binary counterparts even when defined over fields with moderate field 

orders, i.e. 4,  8,  and 16,q =  without requiring very large field orders. In addition, they 

can be decoded using FFT-QSPA without incurring any performance loss due to the use 

of approximate algorithms. At the time when we started this dissertation, other than 

Davey’s original work, there were only two references which employed column weight 3 

nonbinary LDPC codes. These include the work of Song and Cruz [36] discussing 

applications of nonbinary LDPC codes to magnetic recording channel and that of 

Djordjevic and Vasic [62] discussing applications to optical communications. Thus, 

( )3, -regularρ  nonbinary QC-LDPC codes were not very well investigated.  

Due to these reasons, in this dissertation, we have focused our research on 

( )3, -regularρ  nonbinary QC-LDPC codes having large girths and high code rates. Even 

though our target applications are coded modulation schemes suitable for high-speed 

optical communications, we believe that our findings will be found useful in other 

research communities, as well.  
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2.5  Performance Comparison over the BI-AWGN Channel 

It is imperative to perform a performance comparison between LDPC codes designed 

over the binary field and over various extension fields of the binary field. To make a fair 

comparison, one of the most natural ways is to fix the bit length of the codewords of the 

LDPC codes under consideration. In this section, we use the binary input additive white 

Gaussian noise (BI-AWGN) channel model to test the performance of bit-length-matched 

binary and nonbinary LDPC codes. Before we delve into the performance comparison, 

however, we first need to determine the maximum number of decoding iterations 

necessary for good performance.  

To understand the dependence between bit error ratio (BER) performance and the 

maximum number of decoding iterations, Itermax, allowed in decoding, we performed 

simulations by setting different values for Itermax. In our simulations, we used a (3,15)-

regular, girth-8, 4-ary LDPC(8430, 6744) code for error correction. As we can see from 

Fig. 2.3, the BER performance of MD-FFT-QSPA improves as Itermax increases from 1 

iterations to 100 iterations. However, the effect increments on Itermax is found to diminish 

as Itermax gets larger. For example, at the BER of 10-6, the performance gap between 

Itermax = 20 iterations and Itermax = 50 iterations is around 0.07 dB, which is miniscule. 

There is in fact no practical explanation to why 100 iterations should be employed. 

Throughout this dissertation, we decided to use Itermax = 50 iterations to ensure that we 

do not incur any performance loss in our simulations. Compared to 500 iterations 

suggested in Davey’s dissertation [20], 50 iterations is quite reasonable. Furthermore, in 

[39], Declercq and Fossorier also employ 50 iterations in FFT-QSPA and in their own 
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EMS algorithm. Hence, Itermax

Instead of constructing a binary QC-LDPC code of our own, we compared a well 

studied binary QC-LDPC code with its bit-length-matched nonbinary counterparts. This 

way we also prevented any doubt of unfairness in the code construction. For the binary 

QC-LDPC code, we use the rate-0.8, (3,15)-regular QC-LDPC(16935, 13550) code of 

girth 8 proposed in [63]. The reason behind our selection is that this particular code was 

shown to perform very well not only over an AWGN channel but also over a realistic 

optical communication channel [63]. Thus, it presents a challenge for its nonbinary 

counterparts in terms of error correction performance. Since the binary QC-LDPC code is 

of length 

 = 50 iterations is a quite plausible choice. We can now 

proceed with the performance comparison between binary and nonbinary LDPC codes. 

2 16935N =  bits, we need to construct 2p-ary QC-LDPC codes of length 
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Figure 2.3 Effect of the maximum number of decoding iterations, Itermax, on the 
performance of MD-FFT-QSPA.  
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22pN N p≅  symbols so that the same amount of bits is sent per codeword. We used the 

two-stage code design technique described in Section 2.3 to construct our (3,15)-regular, 

rate-0.8 QC-LDPC(~16935/p, ~13550/p) codes of girth 8 over ( )GF 2 .p  Our simulation 

results are presented in Fig. 2.4. As shown in the figure, 4-ary, 8-ary and 16-ary QC-

LDPC codes outperform their bit-length-matched binary counterpart in terms of BER 

performance over the BI-AWGN channel. However, q-ary QC-LDPC codes with field 

orders greater than or equal to 32 perform worse than the binary code. Indeed, the 

performances of q-ary QC-LDPC codes start to degrade as we reach 16.q =   

At first, our results might seem counterintuitive. We will refer to Davey’s Monte 

Carlo simulations [20] based on an ensemble of infinite-length, infinite-girth LDPC codes 
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Figure 2.4 Performance comparison over a BI-AWGN channel between a rate-0.8, 
(3,15)-regular binary reference QC-LDPC(16935,13550) code and various bit-
length-matched 2p-ary, (3,15)-regular LDPC codes for p = 2, 3, 4, 5, 6, and 7. 
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to convince the reader that our results are, on the contrary, concur with what was 

expected. Davey ran Monte Carlo simulations over an ensemble of infinite-length LDPC 

codes of a given rate and mean column weight whose Tanner graphs are free of cycles so 

that the decoding algorithm can attain true a posteriori probabilities. He showed in Fig. 

3.5 (on pp. 24) of his dissertation [20] that for column weight 3 codes of rate 0.25, the 

fields over which the bit-length-matched codes are defined can be ordered according to 

their performance as GF(2), GF(4) and GF(8) [20]. In the same figure, his simulations 

revealed that the order of best performance becomes GF(4), GF(2), and GF(8) for column 

weight 3 codes of rate 0.5. What we observed in our simulations based on finite-length, 

finite-girth LDPC codes of rate 0.8 is that the order of best performance is given by 

GF(8), GF(4), GF(16) and GF(2). This makes sense since as the trend in Davey’s work 

implies, for column weight 3 LDPC codes, bit-length-matched codes over higher order 

fields starts to outperform binary codes as the code rate increases. The reason why 

increasing field order to 16 and above starts to degrade the performance, on the other 

hand, can be intuitively explained as follows: As the state space of each variable node 

gets larger due to increased field order, the confidence of a variable node on a given state 

gets smaller; this, in return, lowers the confidence of the check nodes on the true state of 

their neighbors and lowers the strength of the parity checks [20]. 

We can state the highlight of this section as the fact that with moderate field 

orders like 4,  8,  and 16,q =  we can outperform the bit-length-matched binary regular 

LDPC codes when the column weight is 3. However, the true potential of (3,ρ)-regular 

nonbinary LDPC codes is yet to be unveiled in the coming chapters where we apply these 
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codes as component codes in the coded modulation schemes to enable high-speed optical 

communications. 
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CHAPTER  3 

LDPC-CODED MODULATION SCHEMES SUITABLE FOR 
HIGH-SPPED OPTICAL FIBER COMMUNICATIONS 

As we noted in the Introduction, there is an ever-growing demand for higher transmission 

speeds over the optical fiber. One way to accommodate this demand is to increase the 

operating symbol rate. This comes, however, at the expense of increased costs since new 

devices employing cutting-edge technologies to support higher data rates are needed both 

at the transmitters and at the receivers. In general, this statement holds true for any type 

of communication system; but, an optical fiber communication system faces another 

challenging problem aside from the increased cost. As the symbol rate increases, the 

severity of signal impairments due to nonlinearities and polarization mode dispersion 

(PMD) gets elevated. As we propose in this chapter, a remedy can be provided through 

the application of LDPC-coded modulation schemes. LDPC-coded modulation employs 

bandwidth-efficient modulations to quench the quest for increased transmission speeds 

while keeping the operating symbol rate low, and uses strong forward error correction 

(FEC) based on LDPC codes to increase the immunity of the proposed solutions to 

various signal impairments. 

Our intention in this chapter is to lay a foundation on LDPC-coded modulation 

schemes which will be frequently referred to in the following chapters. We discuss this 
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topic by identifying two sections. In Section 3.1, we introduce the prior-art bit-

interleaved LDPC-coded modulation (BI-LDPC-CM) schemes using binary LDPC codes 

for FEC and explain how they enable high-speed optical fiber communications. Then we 

present our proposed coded modulation solution employing nonbinary LDPC codes as 

component codes in Section 3.2.  

3.1  Bit-Interleaved LDPC-Coded Modulation (BI-LDPC-CM) 

Bit-interleaved coded modulation (BICM) [15] is a capacity-approaching modulation 

scheme. It was shown to be equivalent to multilevel coding (MLC) proposed by Imai and 

Hirakawa [8] when identical component codes are used at each level and when parallel 

independent decoders (PID) are used to perform decoding at each level [14]. In [14], the 

authors used LDPC codes as component codes in both MLC/PID and BICM schemes to 

show the equality of these two schemes. We refer to the BICM scheme with LDPC 

component codes as the bit-interleaved LDPC-coded modulation (BI-LDPC-CM). Later, 

Djordjevic et al. [7] showed that BI-LDPC-CM can be used to enable high-speed 

communications over optical fiber links. As shown in [7], [64, ch. 6], BI-LDPC-CM can 

be used to stream m information sources in parallel, and when operated at the symbol rate 

of Rs symbols/s (later we will call this as the line rate to distinguish it from the 

information symbol rate, which is the rate at which the data is streamed from the user 

side), it provides an aggregate information bit rate of  
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codeword bits information bits channel symbols   
channel symbol codeword bits s

information bits                                                                       ,
s

s

s

m R R

mRR

     ⋅ ⋅     
    

 =  
 

 (3.1) 

where R is the code rate of the component FEC code used for protecting the information 

streams. In fact, the aggregate information bit rate given in (3.1) can be doubled by 

multiplexing two independent sets of data streams and modulating each set over either x- 

or y-polarization of the light wave. This technique is commonly referred to as 

polarization-multiplexing. Consequently, a polarization-multiplexed BI-LDPC-CM 

scheme attains an aggregate information bit rate of  

 information bits2  .
ssmRR  

 
 

 (3.2) 

As a numerical example, suppose that we use the quadrature phase shift keying (QPSK) 

modulation, which maps 2m =  bits (codeword bits, or coded bits) to a channel symbol. 

Also, let us suppose that the operating symbol rate is set to 

( )50 Giga-Symbols/s GS s ,sR =  which is a reasonable assumption as components 

operating at this symbol rate started to become commercially available. Finally, let a rate-

0.8 LDPC code be our component code. Utilizing polarization multiplexing, BI-LDPC-

CM achieves an aggregate information bit rate of 160 Giga-bits per second (Gb/s). We 

should emphasize that that this information bit rate is higher than the information bit rate 

that IEEE standard IEEE 802.3ba [1] set as the target for the next generation Ethernet, 

which is 100 Gb/s. In the remainder of this section, we discuss how BI-LDPC-CM can 

achieve such high data rates by providing details on its transmitter and receiver 
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configurations and by explicating its operating principles. 

We depict the transmitter (TX) architecture for the BI-LDPC-CM scheme 

employing polarization multiplexing in Fig. 3.1. As shown in the figure, we can stream 

two sets of independent information channels on each polarization branch. We denote the 

number of information streams sent over the x- and y-polarizations by mx and my

( ) ,  1 ,i i m≤ ≤u

, 

respectively. Since operations over one polarization branch applies equally to the other 

branch, we continue our descriptions by dropping the polarization subscript and state it 

explicitly only if necessary. First, we encode m independent information sources denoted 

by  into codewords ( ) ,  1 ,i i m≤ ≤v  of length N bits using identical 

 

Figure 3.1 Transmitter (TX) architecture for a polarization-multiplexed BI-LDPC-
CM scheme. The subscripts x and y denote x- and y-polarizations, respectively. 
DFB Laser: Distributed feedback laser; MZM: Mach-Zehnder modulator; PBS: 
Polarization beam splitter; PBC: Polarization beam combiner. 
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component binary LDPC codes of code rate ,R K N=  where K is the length of each 

information source in bits. We store these m codewords as the rows of a block interleaver 

preserving their order. Then, we group the m bits in the k-th column, 0 ,k N≤ <  of the 

block interleaver into a symbol denoted by the vector ( ) ( ) ( )1 2 .m
k k kv v v 

   

Concatenating the vectors corresponding to all columns of the block interleaver, we 

obtain a sequence of vectors (or a vector of vectors) which we represent by  

 { } { } { } { }0 1
,

N
 =  c c c c  (3.3)  

where { } ( ) ( ) ( )1 2 m
k k kk

v v v =  c   and { } ( )
,

,i
kk i

v=c  ,  0 ,  and ,  0 .k k N i i m∀ ≤ < ∀ ≤ <  

The Mapper block takes the k-th vector, 0 ,l N≤ <  of the interleaved sequence { }c  as 

input and maps it to a constellation point over a 2m

 

-ary signal constellation. Its operation 

can be summarized as  

{ } { } ( ) ( ) ( )( )
{ } { } { } { }( )

1 2

,I ,Q

Mapper ,

exp ,

m
k k kk k

k k kk

v v v

j

 = =  

 = = 

s c

s s sθ


 (3.4) 

where the I and Q stand for the in-phase and quadrature components of the constellation 

point { }k
s  corresponding to the m-tuple { } ( ) ( ) ( )1 2 .m

k k kk
v v v =  c   Following the 

mapper, modulation is accomplished by a dual-drive Mach-Zehnder modulator (MZM). 

Note that both in the x- and y-polarizations, we use the same distributed feedback (DFB) 

laser as the continuous wave source with the help of a polarization-beam splitter (PBS). 

After modulation by the corresponding MZMs at the x- and y-polarization branches, the 

resulting signals are combined into a single optical wave using a polarization beam 
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combiner (PBC), and the final optical signal is then coupled into the optical fiber. 

Fig. 3.2 depicts the receiver architecture. As shown in the figure, we use the same 

local laser for coherent detection over the x- and y-polarization branches with the help of 

a PBS. In a similar fashion to the TX side, since the operations performed over both 

polarization branches are identical, we drop subscripts indicating polarization in order not 

to clutter our notation. We represent the received sample at the l-th sampling instant as a 

vector ( ) ( )I s Q sy t lT y t lT = =   where ( ) ( )I Q and y t y t  are the balanced outputs of the 

I- and Q-branches of the coherent detector [7], [64, ch. 2], and where s s1T R=  is the 

sampling period in seconds. As we did at the TX side, we can concatenate the received 

samples into a sequence of vectors denoted by  

 { } { } { } { }0 1
,

N
 =  r r r r  (3.5)   

 

Figure 3.2 Receiver (RX) architecture for the polarization-multiplexed BI-LDPC-
CM scheme whose TX architecture is given in Fig. 3.1. DFB Laser: Distributed 
feedback laser; PBS: Polarization beam splitter; MAP Equalizer: maximum a 
posteriori probability equalizer. 
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where { } ( ) ( )I s Q s ,
l

y t lT y t lT = = = r ,  0 .l l N∀ ≤ <  Due to dispersive effects of 

chromatic dispersion and polarization mode dispersion (PMD) and their nonlinear 

interactions with fiber nonlinearities, the received samples suffer from intersymbol 

interference (ISI). To compensate for ISI we need to use equalization at the receiving 

ends. In BI-LDPC-CM, we employ a so-called turbo equalization [16] technique 

combining a maximum a posteriori probability (MAP) equalizer and the binary LDPC 

decoders in an iterative fashion. In our implementation, the MAP equalizer is based on 

the renowned Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [18]. (We discuss turbo 

equalization further in the next paragraph.) In turbo equalization, the MAP equalizer and 

the binary LDPC decoders exchange information via the feedback line depicted in  

Fig. 3.2. We call such iterations between the equalizer and LDPC decoders as an outer 

iteration in order to distinguish it from the LDPC decoding iterations, which are now 

referred to as inner iterations. After the MAP equalizer prepares its symbol reliability 

estimates, they are passed to a conversion block that converts every symbol reliability 

estimate into bit reliability estimates corresponding to the m bits comprising that 

particular symbol, and sends the computed bit reliabilities to the corresponding m binary 

LDPC decoders. Binary LDPC decoders perform decoding to improve the reliabilities on 

each codeword bit. Upon obtaining improved bit reliability estimates from the decoders, a 

bit-to-symbol reliability block reverts the operation of the symbol-to-bit reliability block 

mentioned above in order to obtain symbol reliabilities from the bit reliabilities. Its goal 

is to prepare a priori symbol reliabilities for the MAP equalizer. The a priori information 

on symbols are passed to the equalizer from the bit-to-symbol reliability conversion block 
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through the feedback line mentioned above. This iterative information exchange between 

the MAP equalizer and the LDPC decoders continues for a predetermined number of 

(outer) iterations after which the hard decisions of the binary LDPC decoders are taken as 

the codeword estimates. 

Equalization is an integral part of any communication system suffering from 

dispersive channel effects resulting in ISI on the received data [65, ch. 10]. Turbo 

equalization [16] is based on the idea of exchanging extrinsic information in an iterative 

fashion between the equalization and the decoding stages to aid each stage in estimating 

the a posteriori reliabilities more accurately by exploiting the a priori information 

provided by the other stage. LDPC-coded turbo equalization employing a MAP equalizer 

based on the BCJR algorithm was shown to be an effective technique to collectively 

combat fiber nonlinearities, PMD and chromatic dispersion in optical communication 

systems using both direct detection [66] and coherent detection [67]. At each iteration of 

turbo equalization (a.k.a. outer iteration), we provide the equalizer (or sometimes referred 

to as the detector) with a priori reliability estimates on each received symbol by using the 

extrinsic bit reliabilities provided by the binary LDPC decoders on the bits involved in 

that symbol. Exploiting this a priori knowledge, the equalizer can reach better estimates 

on the true a posteriori reliabilities of the received symbols. In return, the equalizer 

provides the binary LDPC decoders with better extrinsic symbol reliabilities out of which 

we compute the corresponding extrinsic bit reliabilities to be used as the initial bit 

reliabilities at the corresponding binary LDPC decoders. Operating on better initial bit 

reliabilities, the binary decoders also obtain closer estimates to the a posteriori bit 
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reliabilities than they did in the previous outer iteration. With every outer iteration, both 

the equalizer and the decoder obtain better and better estimates on the true a posteriori 

reliabilities.  

Throughout the previous paragraph, we emphasized the word “extrinsic” by 

italicizing it. The reason is that the notion of extrinsic information is the heart of the turbo 

equalization. As explained in the excellent manuscript by Koetter et al. [17], the 

performance of both the equalizer stage and the decoder stage can be improved if they are 

provided with good a priori information. As we described above, turbo equalization 

provides each stage with enhanced a priori information formed by using the information 

obtained from the other stage. Koetter et al. [17] note that the information provided to 

either of the stages as the a priori information should be free of the information already 

available at that stage to prevent strong feedback. Their analysis suggests that such a 

feedback would cause a premature convergence to a locally optimal solution which is 

generally not the desired one. Therefore, in order to ensure convergence to a solution that 

is globally optimal, while we form the a priori information for the decoder (equalizer) 

using the a posteriori information obtained from the equalizer (decoder), we need to 

exclude the a priori information that the decoder (equalizer) contributed to the equalizer’s 

(decoder’s) a posteriori information. This is what is called as the extraction of the 

extrinsic information. In Chapter 4, we present further details on how extrinsic symbol 

and bit reliabilities used by the MAP equalizer and the LDPC decoders, respectively, are 

formed. 
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As shown in [7], [64, ch. 6], [66], [67] and as we also present in the application 

related chapters, BI-LDPC-CM offers outstanding coding gains while ensuring that the 

operating symbol rates are kept low and the aggregate information bit rates are 

maintained high as required by the next generation optical communication systems. 

However, as our complexity analysis in Chapter 4 reveals, BI-LDPC-CM can get 

computationally very involved especially for large signal constellations, which are 

essential for high transmission speeds. This increase in computational load can be 

attributed primarily to the turbo equalization process necessary for good performance in 

BI-LDPC-CM. Moreover, turbo equalization amplifies the latency of the implementation. 

Also, apart from the core components like the MAP equalizer and binary LDPC 

decoders, turbo equalization requires the use of symbol-to-bit and bit-to-symbol 

reliability conversion units which not only add to the computational complexity but also 

to the storage requirement and the latency of the BI-LDPC-CM implementation.  

In summary, BI-LDPC-CM is an enabling technology for high-speed optical fiber 

communications; however, its implementation in a realistic optical channel especially for 

large constellations that achieve higher data transmission rates can get computationally 

expensive. In the next section, we propose a nonbinary-LDPC-coded modulation scheme 

that can attain the same aggregate information bit rate as its corresponding BI-LDPC-CM 

scheme while providing larger coding gains. As the signal constellations get larger in 

size, the proposed scheme not only increases the gap with BI-LDPC-CM in terms of 

coding gain but also reduces the complexity and latency at the receiver side due to not 

requiring turbo equalization in its realization. 
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3.2  Nonbinary-LDPC-Coded Modulation (NB-LDPC-CM) 

Above we presented LDPC-coded modulation with component binary LDPC codes. 

Before we start our discussion on nonbinary-LDPC-coded modulation (NB-LDPC-CM), 

it is useful to summarize the key points and the weaknesses of BI-LDPC-CM to motivate 

the use of NB-LDPC-CM.  As we recall, at the transmitter side of the BI-LDPC-CM 

scheme, we map each m-tuple to a constellation point over a 2m-ary signal constellation. 

Each m-tuple is comprised of m bits, where each bit is taken from one of the m 

independent LDPC codewords. These m independent bits are mapped as a group (or a 

vector) to a single constellation point in a 2m

Intuition suggests that instead of operating on, by definition, dependent bits as 

independent entities, it would be sagacious to operate on them collectively as a single 

entity. In our terminology, we call this single entity as a symbol. It is this intuitive 

reasoning which forms a natural motivation for using NB-LDPC-CM. Thus, we can state 

the main difference between NB-LDPC-CM and BI-LDPC-CM as that the former 

operates at the symbol level whereas the latter operates at the bit level. Various research 

-ary signal constellation, and such a mapping 

creates a dependency between the bits comprising a channel symbol. Since BI-LDPC-CM 

uses m binary LDPC decoders working independently and only on their corresponding 

bit, it cannot take full advantage of the dependency between the coded bits. To overcome 

this drawback and to improve the reliability estimates of each decoder and hence to 

improve the error correction performance of BI-LDPC-CM, we need to utilize an 

iterative equalization and decoding technique called turbo equalization at the receiver end 

of BI-LDPC-CM-based transmission systems. 
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groups also made the same observation and applied the idea of using nonbinary LDPC 

codes along with matching signal constellations in various applications. The noteworthy 

contributions in the literature can be listed as follows: in [68], [60], to improve the 

performances of multiple-input multiple-output (MIMO) wireless communications; in 

[69], to enable bandwidth-efficient broadcasting; and in [59], to enable orthogonal 

frequency division multiplexing (OFDM) based underwater acoustic communications. To 

date, there is no research group other than our group that employs NB-LDPC-CM to 

enable high-speed fiber-optic communications. Our contributions in the field can be 

found in [70]–[79]. 

In Fig. 3.3, we present the TX architecture of the polarization-multiplexed NB-

LDPC-CM scheme corresponding to the polarization-multiplexed BI-LDPC-CM scheme 

depicted in Fig. 3.1. The differences between the two figures are evident. In the 

nonbinary case, we collapse all m binary source channels of the BI-LDPC-CM into a 

 

Figure 3.3 Transmitter (TX) architecture for the polarization-multiplexed NB-
LDPC-CM scheme corresponding to the polarization-multiplexed BI-LDPC-CM 
scheme depicted in Fig. 3.1. The subscripts x and y denote x- and y-polarizations, 
respectively. DFB Laser: Distributed feedback laser; MZM: Mach-Zehnder 
modulator; PBS: Polarization beam splitter; PBC: Polarization beam combiner. 
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single 2m

( )GF 2m

-ary source channel. We obtain our information vectors from this nonbinary 

source and transform them into codeword vectors over  by the encoder for a 

2 -arym  LDPC(N, K) code. The codeword symbols are then fed into the Mapper block to 

be mapped onto their corresponding constellation points in a 2m

The corresponding RX architecture is presented in Fig. 3.4. Different from the RX 

architecture in BI-LDPC-CM, there exists a single 2

-ary signal constellation. 

After this point, operations like modulation via MZMs and polarization-beam combining 

are the same as the BI-LDPC-CM scheme, which were discussed in Section 3.1. We 

should also note that due to operating at the symbol level, NB-LDPC-CM eliminates the 

need for a bit-level block interleaver. 

m-ary LDPC decoder in place of an 

array of m independent binary LDPC decoders running in parallel. Also, the feedback 

line to the MAP equalization stage from the decoding stage is removed since NB-LDPC-

 

Figure 3.4 Receiver (RX) architecture for the polarization-multiplexed NB-LDPC-
CM scheme whose TX architecture is given in Fig. 3.3. DFB Laser: Distributed 
feedback laser; PBS: Polarization beam splitter; MAP Equalizer: maximum a 
posteriori probability equalizer. 
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CM does not employ turbo equalization, which was crucial in the BI-LDPC-CM case. 

We can summarize the operational flow as follows. After the received samples are 

obtained from the coherent detector, MAP equalization is applied on the received 

sequence to eliminate ISI. The a posteriori symbol reliabilities of the MAP equalizer are 

used as the initial symbol reliabilities by the nonbinary LDPC decoder. After a 

predetermined number of decoding iterations, the hard decisions of the nonbinary 

decoder are taken as the estimates of the nonbinary codeword symbols sent by the 

transmitter. As we stated above, since all operations are carried out at the symbol level, 

there is no need in an NB-LDPC-CM implementation for symbol-to-bit and bit-to-symbol 

LLR conversion units. 

When operated at the symbol rate of s s1R T=  symbols/s, the polarization-

multiplexed NB-LDPC-CM scheme discussed above achieves an aggregate information 

bit rate of 

 

s

information bits information symbols codeword symbol  1 
information symbol codeword symbol channel symbol

channel symbols inf                                            
s s

m R

R mRR

     
⋅ ⋅     

     
 ⋅ = 
 

ormation bits
s

 
 
 

 (3.6) 

per polarization. Since there are two polarizations, the aggregate information bit rate of 

NB-LDPC-CM becomes  

 s
information bits2  ,mRR

s
 
 
 

 (3.7) 

matching to that of the corresponding BI-LDPC-CM scheme given by (3.2). 
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As we also mentioned in the closing paragraphs of Section 3.1, Chapter 4 

discusses the intricacies of a BI-LDPC-CM implementation in great detail and shows 

how NB-LDPC-CM simplifies the implementation by eliminating the feedback loop, and 

the need for symbol-to-bit level and vice versa operations. However, the key contribution 

of Chapter 4 is not about highlighting such differences, but instead about gaining insight 

into the implications of these differences on the computational complexity of the 

implementations of BI-LDPC-CM and NB-LDPC-CM. As we show in our 

comprehensive analysis in Chapter 4, NB-LDPC-CM lowers the implementation 

complexity at the receiver side compared to the BI-LDPC-CM especially for systems 

requiring higher transmission speeds (and hence using larger constellation sizes), and for 

systems suffering from severe ISI such as fiber-optic communication systems. 

At this point, a question naturally arises: “NB-LDPC-CM reduces complexity 

compared to BI-LDPC-CM, but does it do so by trading off from performance?” As we 

show in the Chapter 5 pertaining to the applications of LDPC-coded modulation schemes, 

the answer is indeed no. Compared to the corresponding BI-LDPC-CM schemes, NB-

LDPC-CM schemes not only reduce the computational complexity and hence the 

implementation latency, but also improve the coding gain when used as enabling 

technologies for high-speed optical fiber communications. 
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CHAPTER  4 

COMPUTATIONAL COMPLEXITY COMPARISON BETWEEN 
BI-LDPC-CM AND NB-LDPC-CM 

We devote Chapter 4 to the computational complexity comparison between BI-LDPC-

CM and NB-LDPC-CM. Since the receiver (RX) architecture is the dominant factor in 

the overall implementation complexity of both schemes, our primary focus is on the 

computational complexity at the RX side. Also, since RX architectures of BI-LDPC-CM 

and NB-LDPC-CM are essentially the same, we first study the computational complexity 

of a polarization-multiplexed BI-LDPC-CM scheme. Then, we compute that of the 

corresponding NB-LDPC-CM scheme by simply accounting for the differences between 

the two schemes. 

The RX architecture of BI-LDPC-CM was presented in Fig. 3.2. In order to guide 

us through our study in this section, we use Fig. 4.1 below. In this figure, we zoom into 

one of the polarization branches of Fig. 3.2 to depict further details on the 

interconnections within the box labeled as “m Binary LDPC Decoders”. The MAP 

equalizer and the binary LDPC decoders and the interaction between the equalizer and 

the decoders are the main contributors to the computational complexity at the RX side. 

Indeed, we completely ignore the computational load incurred due to the coherent 
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detectors, and in our study, we focus only on the components mentioned above that 

dominate the computational complexity. 

Broadly speaking, the purpose of the receiver is to obtain codeword estimates 

( )ˆ ,  1 ,i i m≤ ≤v  using the received sequence of sample vectors represented by { }r  (see 

(3.5)). Since the received samples are distorted by ISI, the first step at the RX side is, 

naturally, to compensate for ISI via equalization. As we mentioned in Section 3.1, we use 

the BCJR algorithm [18] to perform MAP equalization. A multilevel BCJR algorithm 

suitable for constellations larger than the binary phase shift keying (BPSK) constellation 

is described in [67]. Here we simply use the complexity figure provided in [16] for the 

implementation of a BCJR-based MAP equalization and refer the interested readers for 

 

Figure 4.1 The interaction between the MAP equalizer block and the binary LDPC 
decoders. 
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implementation details to [16], [67] and to references therein. The complexity of BCJR 

per received symbol per iteration is given as follows [16]: 

 1
BCJR-MAP, mults 3 2  multiplications,L LC M mM −= ⋅ +  (4.1) 

 ( ) 1
BCJR-MAP, adds 3 2 1  additions,L LC M m M −= ⋅ + −  (4.2) 

where multiplications and additions are performed over real numbers, and 

2 ,  ,mM m= ∈  is the constellation size, and L  is the number of symbols that influence 

the current symbol (including the current symbol). Even though real multiplications tend 

to be computationally more involved than real additions, for the sake of simplicity, we 

assume here that they are of equal complexity to perform. Then we can write the BCJR-

based MAP equalization complexity as 

 ( )1
BCJR-MAP 6 4 2  additionsLC M M m−= + −  (4.3) 

per received symbol per iteration. 

As a side note, there is another point worth mentioning in regard to the 

implementation of a BCJR-based MAP equalizer. BCJR algorithm operates on the trellis 

description of the channel. Therefore, one needs the state transition probabilities to carry 

out the algorithm. When the channel characteristics are unknown, which is usually the 

case in practice, these transition probabilities (a.k.a. branch metrics) can be obtained by 

collecting histograms with the help of training sequences as explained in [67]. 

Since binary LDPC decoders cannot operate on symbol LLRs but rather require 

bit LLRs, a symbol-to-bit LLR (S2B-LLR) conversion unit is required. In our 

implementation, the S2B-LLR unit ensures that the bit LLRs are formed using the 
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information extrinsic to the corresponding binary LDPC decoders. Below we elaborate 

more on how the extrinsic information is extracted. We let  

 
( )( )

( ) { }( )
( ) { }( )

, S2B-apos Pr 1
ln ,

Pr 0

i
l

i
lv

i
l

v

v
µ

 =
 =  = 
 

r

r
  (4.4) 

denote the a posteriori bit LLR corresponding to the l-th bit of the i-th codeword, i.e. ( ) ,i
lv  

0 ,  1 .l N i m≤ < ≤ ≤  Since the equalizer handles ISI, we can form our a posteriori bit 

LLR estimate on ( )i
lv  based only on the a posteriori symbol LLR of the symbol containing 

( )i
lv  which was given by { } ( ) ( ) ( ) ( )1 2 i m

l l l ll
v v v v =  c    in Section 3.1. We can 

denote the a posteriori symbol probability corresponding to { }l
c  obtained from the 

equalizer by { } { }( ).l
p c r  By exercising Bayes’ rule, the corresponding a posteriori 

symbol LLR can be put in the form given by 

 { }( ) { } { }( )
{ } { }( )

{ } { }( ) { }( )
{ } { }( ) { }( )

, S2B-apos Pr
ln ln ,

Pr
l l l l

l ll

p p

pp
λ

   
   = =
   

  

c c r r c c

r 0 00 r
  (4.5) 

where the sequence of all-zero vectors is conveniently represented by { } ,0  in a similar 

fashion to { } ,c  and where { } { }( )l
p 0 r  is the a posteriori probability corresponding to 

observing an all-zero vector at the l-th symbol. We can decompose { }( ), S2B-aposlλ c  into its a 

priori and extrinsic components as follows: 
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Now, to obtain 
( )( ), S2B-apos

,
i
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µ  we can proceed as follows: 
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This is still based on the probability domain calculations, however. To obtain LLR based 

calculations, we note that  
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where we made use of (4.5). Proceeding further as we did in (4.7), we can write 
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where we used both (4.6) and (4.7). Therefore, the extrinsic information pertaining to ( )i
lv  

is given by  
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To summarize, 
( )( ), S2B-exti
lv

µ  can be computed directly by using (4.10). There is, however, 

a more efficient way based on (4.9) which extracts the extrinsic information by 

subtracting the a priori bit LLR from the corresponding a posteriori bit LLR, i.e.  

 
( )( ) ( )( ) ( )( ), S2B-ext , S2B-apos , S2B-apri

.
i i i

l l lv v v
µ µ µ= −  (4.11) 

The extrinsic bit LLRs obtained from the S2B-LLR unit are indeed the a priori bit LLRs 

for the corresponding binary LDPC decoders; that is, we have 

 
( )( ) ( )( ), Dec-apri , S2B-ext

,  ,  1 ,  ,  0 .
i i

l lv v
i i m l l Nµ µ= ∀ ≤ ≤ ∀ ≤ <  (4.12) 
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Given the detailed description of its operation above, the computational 

complexity of S2B-LLR block can be computed as follows. First, we use (4.8) to obtain a 

posteriori bit LLRs. To efficiently compute these bit LLRs, we first note that the number 

of symbols { }l
c  for which ( ) 1i

lv =  is equal to the number of symbols { }l
c  for which 

( ) 0,i
lv =  and hence both are equal to 2,M  where 2mM =  is the constellation size. 

Therefore, we can sum up the symbol LLRs corresponding to all M possible 

combinations that { }l
c  can assume and record the resulting grand sum in a variable for 

future reference. This operation requires 1M −  additions, and it is performed just once 

but used for computing the bit LLRs of all m bits ( ) ,  1 ,i
lv i m≤ ≤  comprising the vector 

{ } .
l

c  After the grand sum is computed, we can proceed with the bit LLR calculations. 

For each bit ,  1 ,i i m≤ ≤  we first sum up the symbol LLRs of the 2M  particular 

symbols satisfying the condition ( ) 1i
lv =  to obtain the numerator term in (4.8). Such a 

computation costs 2 1M −  additions. The denominator can then be obtained by simply 

subtracting the sum in the numerator from the grand sum; that is, by a single addition 

(indeed, a subtraction). The ratio of the numerator and the denominator seen in (4.8) is 

carried out in the logarithm domain by subtracting the logarithm of the denominator from 

that of the numerator, which adds another single addition to the computational load. In 

total, it takes us ( )1 12
MM m− + +  additions per received symbol per iteration to obtain 

m bit LLRs from a set of 2mM =  symbol LLRs corresponding to all possible 

combinations of these m bits. Finally, by subtracting the a priori bit LLRs from the 
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corresponding a posteriori bit LLRs, we obtain the extrinsic bit LLRs that we have been 

seeking. This operation costs additional m subtractions per received symbol per iteration. 

Therefore, the computational complexity of S2B-LLR block is given by 

 ( )S2B-LLR 1 2  additions2
MC M m= − + +  (4.13) 

per received symbol per iteration. 

All of the m binary LDPC decoders are initialized with their corresponding bit 

LLRs that they received from the S2B-LLR conversion block. After initialization, 

iterative decoding takes place at the LDPC decoders. More details on iterative decoding 

of LDPC codes, in particular nonbinary LDPC codes, via MD-FFT-QSPA can be found 

in Appendix A. We can use MD-FFT-QSPA to decode binary LDPC codes by setting the 

field order to 2, i.e. 2.q =  When decoding binary LDPC codes using MD-FFT-QSPA, 

the permutation blocks would vanish and FFT blocks would perform only a single stage 

two-point FFT which is merely a combination of an addition and a subtraction. However, 

one might argue that since MD-FFT-QSPA requires logarithm to probability domain and 

vice versa conversions before and after FFT/IFFT blocks, which would not be necessary 

in the conventional (binary) SPA implementations, the computational complexity of 

binary LDPC decoders would be overestimated if they were based on MD-FFT-QSPA. 

This is in fact a legitimate argument. Hence, we need to obtain a complexity figure for 

the conventional (binary) SPA. For this purpose, a logarithm-domain implementation of 

the conventional SPA employing the classical ( ) ( )( )log tanh 2x xφ = −  

( ) ( )( )log 1 1x xe e= + −  function at the check node updates is appropriate [34]. As noted 
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above, this implementation of SPA is carried out in the logarithm domain to avoid 

stability issues of the probability-domain implementation, and it does not incur any 

performance loss. We should note that there are also some reduced-complexity variants 

of SPA as noted in [34]. To reduce complexity, most of them use comparisons and an 

increased number of table look-ups to carry out their check node updates. Some variants 

cause performance degradations due to approximations necessary to reduce complexity. 

In this dissertation, since we are decoding nonbinary LDPC codes with an algorithm 

(MD-FFT-QSPA to be specific) that does not incur any performance degradation, we 

think it is better to employ a full-performance decoding algorithm to decode binary 

LDPC codes, as well. This helps us gain a better insight to performance differences 

between BI-LDPC-CM and NB-LDPC-CM since we do not need to account for any loss 

in the performance of BI-LDPC-CM due to the employment of a reduced-complexity and 

thus reduced-performance decoding algorithm used for decoding its component binary 

LDPC codes.  

As aforementioned, we use the binary SPA with the classical ( ) -basedxφ  check 

node update rule, whose details can be found in [34]. The computational complexity of 

this algorithm when used for decoding a ( )v c, -regulard d  binary LDPC code can be 

computed as follows. At the variable nodes, the complexity is given by v2 1 additionsd −  

per variable node per iteration. If we were to use MD-FFT-QSPA, the complexity figure 

would be ( )( )v2 1 1d q− −  additions as provided in Appendix A. This would yield again 

2 1 additionsvd −  per variable node per iteration since 2.q =  This is not surprising since 
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we practically ignore the first element in the two-dimensional message vector at the 

variable node operations when performing MD-FFT-QSPA, as we recall from  

Appendix A. For check node updates, the conventional SPA requires c2 1 additionsd −  

per check node per iteration. (Here we ignored the look-up operations for ( ).xφ ) On the 

other hand, MD-FFT-QSPA would require ( )( )c c2 1 1 2d q p d+ −  additions per check 

node per iteration which would amount to c8 2d −  additions for a binary LDPC code 

since 2 and 1.q p= =  Therefore, the conventional SPA is less costly to use than MD-

FFT-QSPA for decoding a binary LDPC code, as expected. In summary, the complexity 

of the conventional SPA for decoding a ( )v c, -regulard d  LDPC( chk,  N M )  coded is given 

by  

 ( ) ( )( )SPA inner chk c v2 1 2 1  additionsC I M d N d= ⋅ ⋅ − + ⋅ −  (4.14) 

per decoder per (outer) iteration, where innerI  is the number of inner iterations performed 

in decoding. 

The last step to close the loop for turbo equalization is to prepare the a priori 

symbol LLRs for the MAP equalizer using the bit LLR estimates of the binary LDPC 

decoders. We can represent the a posteriori bit LLR corresponding to ( ) ,i
lv  the l-th bit of 

the i-th codeword, 0 ,  1 ,l N i m≤ < ≤ ≤  at the output of the i-th LDPC decoder by 

( )( ), Dec-apos
.

i
lv

µ  To extract the extrinsic information 
( )( ), Dec-exti
lv

µ  out of 
( )( ), Dec-apos

,
i

lv
µ  we 

subtract the a priori information 
( )( ), Dec-apri

,
i

lv
µ  which was available at the i-th LDPC 
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decoder input, from 
( )( ), Dec-apos

.
i

lv
µ  Extrinsic information obtained from binary LDPC 

decoders becomes the a priori information for the S2B-LLR block in the next outer 

iteration as shown in Fig.  4.1. In other words, we have  

 
( )( ) ( )( ), S2B-apri , Dec-ext

,  ,  0 ,  ,  1 .
i i

l lv v
l l N i i mµ µ= ∀ ≤ < ∀ ≤ ≤  (4.15) 

The extrinsic bit LLRs of (4.15) are also input to the bit-to-symbol LLR (B2S-LLR) 

conversion unit as depicted in Fig. 4.1. The B2S-LLR unit computes the extrinsic symbol 

LLR of a given symbol using the extrinsic bit LLRs of the bits involved in that symbol. 

The equation governing the operation of the B2S-LLR block can be written as follows: 

 

{ }( ) { }( ) { }( )
{ }( )

( )( )

( )( )

( )( )
( )( )

( )( )
( )( )

( )

, Equ-apri , Dec-ext

, Dec-ext
, Dec-ext , Dec-ext

1

0, Dec-ext 0, Dec-ext0, Dec-ext 1 1
1

1

Pr
ln ,

Pr

ln ln ln ,

ln ex

l l

i
l i i

l l

i ii
l ll

i
l

l

l

m v
v vm m

i
m v vv i i

v
i

p
p p

p pp

λ λ

=

= == = =
=

=

 
 = =
 
 

         = = =           

=

∏
∏ ∏

∏

c c c

0

( )( )
( )( )

( )

( )( )
( )( )

( )

( )( )

( )

, Dec-ext , Dec-ext

0, Dec-ext 0, Dec-ext11
11

, Dec-ext

1
1

p ln ln exp ln ,

,

i i
l l

i i
l l

ii
ll

i
l

i
l

v vm m

v vii
vv

m v

i
v

p p

p p

µ

= =
==
==

=
=

                =                        

=

∑∏

∑

  

  (4.16) 

where 
( )( ), Dec-exti
lv

p  stands for the extrinsic probability of the bit ( )i
lv  at the output of the 

corresponding binary LDPC decoder. In words, (4.16) states that the extrinsic symbol 

LLR corresponding to { } ( ) ( ) ( )1 2 m
l l ll

v v v =  c   is obtained by summing up all the bit 
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LLRs for which ( ) 1i
lv =  since the bit LLRs corresponding to bits ( ) 0i

lv =  cancel out due 

to the bits of the all-zero symbol { } [ ]0 0 0
l
=0   in the denominator. If the symbol 

at hand is the all-zero symbol { } ,
l
=c 0  then { }( ) { }( ), Equ-apri , Dec-ext 0.l lλ λ= =c c  If only the k-th 

bit of { }l
c  is equal to 1, then { }( ) { }( ) ( )( ) 1, Dec-ext, Equ-apri , Dec-ext .

k
ll l

v
λ λ µ

=
= =c c  These two cases 

are simple assignment operations and there is no need for an addition operation. If, 

however, there are 2t ≥  bit positions in { }l
c  which are equal to 1, then we need 1t −  

additions to obtain the symbol LLR for { } .
l

c  This amounts to 

( ) ( )2
C , 1  additionsm

t
m t t

=
⋅ −∑  per received symbol per iteration, where 

( ) ( )( )C , ! ! !n k n k n k= −  is the number of k-element combinations of n elements. 

Including the m subtractions necessary to extract extrinsic bit LLRs from the a posteriori 

bit LLRs of m decoders in the complexity term, the computational complexity associated 

with the B2S-LLR unit becomes 

 ( ) ( )B2S-LLR
2

C , 1  additions
m

t
C m m t t

=

= + ⋅ −∑  (4.17) 

per received symbol per iteration. With the B2S-LLR unit, we completed our complexity 

analysis on individual blocks of a BI-LDPC-CM receiver. 

Overall computational complexity of the BI-LDPC-CM receiver can be computed 

using the complexity terms obtained for the individual units above. If we use a 

( )v c, -regulard d  LDPC(N, Mchk

2mM =

) code as the component code along with an M-ary signal 

constellation, where  for some integer m, in a polarization-multiplexed BI-LDPC-
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CM scheme and denote the number of outer iterations by outer ,I  then the computational 

complexity of BI-LDPC-CM can be written as 

 
( )( ) ( )

]
BI-LDPC-CM BCJR-MAP S2B-LLR SPA outer

B2S-LLR outer

2 1

                                                                        additions,

C N C C C m I

N C I

= ⋅ ⋅ + + ⋅ ⋅ +
+ ⋅ ⋅

 (4.18) 

where the scaling factor of 2 is due to polarization-multiplexing. 

Now, we can proceed to the computational complexity calculation for the 

corresponding polarization-multiplexed NB-LDPC-CM scheme, which is simpler to 

evaluate. As we discussed in Section 3.2, in an NB-LDPC-CM scheme, there is no need 

for a feedback loop between the BCJR-based MAP equalizer and the nonbinary LDPC 

decoder since the size of the signal constellation is matched to the order of the nonbinary 

field over which the component nonbinary LDPC code is defined. Furthermore, the 

symbol-to-bit LLR conversion unit and the bit-to-symbol LLR conversion unit can be 

discarded in an NB-LDPC-CM scheme since all operations are performed at the symbol 

level. Therefore, the computational complexity of an NB-LDPC-CM scheme involves 

only the complexity of the BCJR-based MAP equalizer and that of the LDPC decoding 

algorithm, which is MD-FFT-QSPA in our case.  

The polarization-multiplexed NB-LDPC-CM scheme corresponding to the 

polarization-multiplexed BI-LDPC-CM scheme discussed above employs a single 

( )v c, -regulard d  nonbinary LDPC(N, Mchk ( )GF 2mM =) code defined over  for some 

integer m as a component code and uses an M-ary signal constellation for modulation. Its 

computational complexity can be written as 
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 ( )NB-LDPC-CM BCJR-MAP MD-FFT-QSPA2  additions,C N C C= ⋅ ⋅ +  (4.19) 

where BCJR-MAPC  is the same as it was in BI-LDPC-CM and MD-FFT-QSPAC  is given by 

 
( )( )(

( )( ))
MD-FFT-QSPA chk c c

v

2 1 1 2

                                             2 1 1  additions,

innerC I M d M m d

N d M

= ⋅ ⋅ + −

+ ⋅ − −
 (4.20) 

as shown in Appendix A, where innerI  is the number of iterations performed in decoding.  

Let us define a term called the complexity ratio (CR) as the ratio of the 

complexity of NB-LDPC-CM to that of the corresponding BI-LDPC-CM as follows: 

 NB_LDPC_CM

BI_LDPC_CM

.
C

CR
C

=  (4.21) 

We can compare the complexities of the corresponding BI-LDPC-CM and NB-LDPC-

CM schemes based on CR. In our comparison, we employ the (3,15)-regular binary QC-

LDPC(16935,13550) code discussed in Section 2.5 as our base component code. In order 

to construct the parity-check matrices for the M-ary QC-LDPC(16935,13550) codes, we 

assign nonzero elements from GF(M) to the 1s in the parity-check matrix of the binary 

base code as detailed in Section 2.3. In BI-LDPC-CM, we use a maximum number of 25 

decoding iterations, i.e. max 25.Iter =  On the other hand, in NB-LDPC-CM, we use a 

maximum number of 50 decoding iterations and no outer iterations. Since, in practice, 

BI-LDPC-CM requires at around 3 outer iterations for good performance, the nonbinary 

decoder of NB-LDPC-CM runs for an equal or less number of decoding iterations than 

the binary LDPC decoders of BI-LDPC-CM in total. In almost all the simulations 

presented in this dissertation, we used these maximum numbers of decoding iterations; 
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and hence, our conclusions in this chapter can be used without needing any modification. 

LDPC decoders, both binary and nonbinary, do not generally consume all the decoding 

iterations that they are allowed to run for. Especially over high fidelity links (or in high 

signal-to-noise ratio (SNR) conditions), decoding is terminated much before reaching the 

maximum number of decoding iterations due to early termination mechanisms inherent in 

the LDPC decoding algorithms, e.g. parity-checking on the codeword estimates. 

However, since we do not have a chance to assess a good representative for innerI  without 

studying various SNR conditions and observing its behavior, we assume the worst case 

scenario and set inner max .I Iter=  This gives a significant advantage to BI-LDPC-CM in the 

complexity comparison since in its complexity term innerI  takes half the value of what it 

takes in the complexity term for NB-LDPC-CM. We should stress that even though we 

are evaluating computational complexities of BI-LDPC-CM and NB-LDPC-CM based on 

these specific parameters on the component LDPC codes and their decoders, the 

complexity figures derived above for BI-LDPC-CM and NB-LDPC-CM are general in 

nature and can be used for arbitrary settings of such parameters. 

Fig. 4.2 provides the CR values with respect to number of bits per symbol used in 

the bit to symbol mapping, denoted by m. From the figure, we can observe the 

relationship between CR and m as the parameter L representing the severity of ISI is 

varied from 3 symbols to 8 symbols. To clearly distinguish the effect of the number of 

outer iterations outer ,I  we present a separate sub-figure for each particular outerI  value, 

which is varied between 2 and 4 iterations. Complying with our notation above, the 
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Figure 4.2 Complexity comparison between corresponding BI-LDPC-CM and NB-
LDPC-CM schemes: (a) Iouter = 1, (b) Iouter = 2, (c) Iouter = 3, and (d) Iouter = 4. The 
term complexity ratio CR is the ratio of the complexity of NB-LDPC-CM to that of 
the BI-LDPC-CM, and L denotes the number of symbols that influence the current 
symbol including the current symbol. 
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constellation sizes can be obtained by using 2 .mM =   

As seen in Fig. 4.2, regardless of the number of outer iterations, CR reduces as m 

and hence the constellation size increases. This is due to the increased dominance of the 

complexity of the BCJR-based MAP equalizer denoted by BCJR-MAPC  (given by (4.3)) in 

both BI-LDPC-CMC  given by (4.18) and NB-LDPC-CMC  given by (4.19). Although BCJR-MAPC  

exists in the complexity terms of both BI-LDPC-CM and NB-LDPC-CM, the coefficient 

outer 1,I +  which only appears in the complexity term of BI-LDPC-CM, increases the 

influence of BCJR-MAPC  in BI-LDPC-CM.C  In fact, in the limit as M goes to infinity, we can 

consider NB-LDPC-CM BCJR-MAP2C N C≅ ⋅  whereas ( )BI-LDPC-CM outer BCJR-MAP2 1 ,C N I C≅ ⋅ + ⋅  and 

therefore, CR approaches to ( )outer1 1 .I +  This explains why the graphs for various L 

values in each sub-figure hits a plateau at ( )outer1 1I +  as M gets larger.  

We can observe from Fig. 4.2 that the number of outer iterations outerI  

significantly increases the complexity of a BI-LDPC-CM scheme. Furthermore, we can 

see that the influence of outerI  is more prominent for relatively small constellations, i.e. 

3.m ≤  For large constellations, i.e. 4,m ≥  running further outer iterations does not cause 

sudden decreases in CR as it does for small constellations. The reason is tied to the 

explanation in the previous paragraph. For large constellations, CR is already close to the 

plateau at ( )outer1 1 .I +  Therefore, for constellations of sizes 16,M ≥  NB-LDPC-CM 

proves to be preferable from the standpoint of computational complexity. In practice, 

running 3 outer iterations is a good tradeoff between complexity and performance of a 



74 
 

BI-LDPC-CM scheme. In this particular case where outer 3,I =  NB-LDPC-CM has a 

lower complexity than BI-LDPC-CM starting from 3,m =  i.e. an 8-point constellation. 

The ISI present in the channel which we characterize by L is another influential 

parameter. If we fix outerI  and vary L, we see that changing L from 3 to 4 reduces CR by 

half and changing L from 3 to 5 reduces CR to its one-thirds. We should also note that 

this behavior is independent of the value set for outer .I  The reason why CR varies greatly 

with L is that in BCJR-MAPC  L appears as an exponent to the base M. Small increases in L 

causes exponential growth in BCJR-MAP.C  Since BCJR-MAPC  scales with outer 1I +  in BI-LDPC-CMC  

whereas it remains as is in NB-LDPC-CM ,C  CR gets smaller as L grows. When 3L =  and 

outer 2,I ≤  NB-LDPC-CM has a lower complexity than BI-LDPC-CM for all 

constellations with sizes greater than or equal to 16. When outer 3,I ≥  the complexity of 

NB-LDPC-CM is smaller than BI-LDPC-CM for all constellation sizes (except 4M =  

when outer 3I = ). Since BI-LDPC-CM requires 3 outer iterations for good performance, 

we can conclude our observations on L as follows: as the severity of ISI in the channel L 

increases, NB-LDPC-CM becomes a more attractive choice than BI-LDPC-CM for 

constellations of all sizes. Since optical channels generally suffer from severe ISI, we can 

conclude that NB-LDPC-CM is a better candidate than BI-LDPC-CM for fiber-optic 

communications. 

In our discussions on the parameters outerI  and L, we also discussed the effect of 

the constellation sizes through the parameter m. The general trend is obvious: as the 
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constellation sizes get larger, CR gets smaller, and CR drops below 1.0 for even smaller 

values of m as outerI  or L increases.  

In conclusion, based on our complexity analysis, we observe that for high-speed 

fiber-optic communications requiring bandwidth-efficient modulations ( 4,m ≥  or 

equivalently 16M ≥ ), NB-LDPC-CM achieves a lower complexity alternative to prior-

art BI-LDPC-CM for all ISI levels and for all number of outer iterations as shown in  

Fig. 4.2. Since a computationally complex system also incurs high latencies to perform 

all the necessary computations, we can also conclude that NB-LDPC-CM schemes offer 

low-latency solutions for high-speed optical fiber communication systems than their 

binary counterparts. 
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CHAPTER  5 

APPLICATIONS OF NB-LDPC-CM TO OPTICAL FIBER 
COMMUNICATIONS 

In this chapter, we proceed to applications of LDPC-coded modulation schemes to optical 

fiber communications. In Section 5.1, we discuss the simple but fundamentally important 

amplified spontaneous emission (ASE) noise dominated transmission scenario.  

Section 5.2 presents how LDPC-coded modulation schemes can be used to enable high-

speed short to medium haul optical fiber communications. We use a more sophisticated 

fiber channel model in Section 5.2 than the one used in Section 5.1 to capture the realistic 

signal impairments introduced by the channel. In these two sections, we compare the 

proposed NB-LDPC-CM scheme to the prior-art BI-LDPC-CM scheme and show the 

superior performance of the former. Finally, we take on the important topic of rate-

adaptive coded modulation schemes in Section 5.3. We show how a rate-adaptive NB-

LDPC-CM can help optimize the performance of a long-haul optical transport network 

(OTN) by using just an appropriate amount of error correction to protect its information 

content depending on the link conditions. 

5.1  Amplified Spontaneous Emission (ASE) Noise dominated Transmission 
Scenario 

Optical amplifiers amplify not only the useful signal but also the noise added to the signal 
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through a process known as spontaneous emission [64, ch. 3, ch. 4, ch. 6] . It is common 

to see, especially in coherent systems, that amplified spontaneous emission noise (ASE) 

is the dominating noise source. In such cases, we say that we are experiencing an ASE 

noise dominated transmission scenario, which is indeed an important special case in the 

performance analysis of optical fiber communications. ASE noise dominated 

transmission can be closely modeled by transmission over an AWGN channel [64, ch. 3]. 

In this section, we test and compare the performances of corresponding polarization-

multiplexed BI-LDPC-CM and NB-LDPC-CM schemes suitable for high-speed optical 

communications assuming ASE noise dominated transmission. 

For both BI-LDPC-CM and NB-LDPC-CM schemes, we use the TX/RX 

architectures described previously in Section 3.1 and Section 3.2, respectively. However, 

since AWGN channel is memoryless, the MAP equalizer can be replaced by an a 

posteriori probability (APP) demapper in both BI-LDPC-CM and NB-LDPC-CM 

schemes. Therefore, the turbo equalization technique in BI-LDPC-CM is now replaced 

by an iterative demapping and decoding technique [80], which has essentially the same 

working principles as turbo equalization.  

In our simulations, we use high-rate, i.e. rate 0.8, 0.85 and 0.9, component LDPC 

codes. For a fair comparison, we ensure that BI-LDPC-CM and NB-LDPC-CM use bit-

length-matched component codes. All the code parameters are listed in Table 5.1. We 

consider three different modulation types, namely QPSK, 8-quadrature amplitude 

modulation (8-QAM) and 16-QAM modulations. As we mentioned in the corresponding 

sections for BI-LDPC-CM and NB-LDPC-CM, we use the conventional binary SPA for 
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decoding binary LDPC codes and MD-FFT-QSPA for decoding nonbinary LDPC codes. 

In BI-LDPC-CM, we set the maximum number of decoding (a.k.a. inner) iterations to 25 

and use 3 outer iterations between the APP demapper and the binary LDPC decoders. In 

NB-LDPC-CM, the nonbinary LDPC decoder is allowed to run for 50 decoding iterations 

at the maximum. Finally, we set the operating symbol rate to 50 GS/s. Therefore, in the 

case of 16-QAM modulation, for example, both BI-LDPC-CM and NB-LDPC-CM 

schemes achieve aggregate information bit rates of 320 Gb/s, 340 Gb/s and 360 Gb/s with 

component codes of code rates 0.8, 0.85 and 0.9, respectively. Achievable aggregate 

information bit rates for the other constellations considered here can be found in  

Table 5.1. 

In Fig. 5.1, Fig. 5.2 and Fig. 5.3, we present the performances of corresponding  

Table 5.1 

Code parameters and achievable aggregate information bit rates for polarization-
multiplexed BI-LDPC-CM and NB-LDPC-CM schemes† 

Code Rate (γ,ρ) (N,K) 

Aggregate Information  
Bit Rate (Gb/s) 

QPSK 8- 
QAM 

16-
QAM 

0.8 
(3,15) (8550,6840) 

160 240 320 
(4,21) (8547,6922) 

0.85 
(3,20) (16200,13770) 

170 255 340 
(4,27) (16200,13810) 

0.9 
(3,29) (11832,10608) 

180 270 360 
(3,32) (11936,10817) 

        † NB-LDPC-CM scheme is the first row of a given rate. 
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Figure 5.2 Performance comparison between polarization-multiplexed BI-LDPC-
CM and NB-LDPC-CM schemes with component codes of rate 0.85. 
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Figure 5.1 Performance comparison between polarization-multiplexed BI-LDPC-
CM and NB-LDPC-CM schemes with component codes of rate 0.8. 
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polarization-multiplexed NB-LDPC-CM and BI-LDPC-CM schemes with component 

codes of code rates 0.8, 0.85 and 0.9, respectively. We observe a similar trend through 

Fig. 5.1 to Fig. 5.3 regardless of the code rate of the component codes: the additional 

coding gain that NB-LDPC-CM provides over BI-LDPC-CM increases as the underlying 

constellation size increases. We can simply explain this behavior as a direct consequence 

of the intuition we tried to build in the first two paragraphs of Section 3.2, where we 

introduced NB-LDPC-CM. However, for the sake of completeness and precision in our 

discussion, we rephrase the reasons by approaching from a different perspective below.  

We should first remind that as we mentioned in Section 3.1, BICM can be 

considered to be equivalent to multilevel coding (MLC) with parallel independent 

decoders (PID), or in short MLC/PID. MLC/PID is a suboptimal approach compared to 
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Figure 5.3 Performance comparison between polarization-multiplexed BI-LDPC-
CM and NB-LDPC-CM schemes with component codes of rate 0.9. 
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MLC with multi-stage decoding (MSD) [14]. The suboptimality results from the way the 

two schemes decode the inherently dependent vector of m bits, or m-tuple as we call it, 

which is mapped to a single channel symbol for transmission over the channel. In 

MLC/MSD, decoding is carried out in stages where the decoding results on bits 

associated with lower stages are used to aid in decoding of bits associated with higher (or 

later) stages. In comparison to MLC/MSD, MLC/PID and hence BICM decodes the bits 

mapped to a single channel symbol independently of one another. In order to improve the 

performance of BI-LDPC-CM, we need to employ turbo equalization, or iterative 

demapping and decoding as employed in this particular section, which provides a 

mechanism to exploit the dependence between these bits. Turbo equalization approach 

definitely enhances the performance of BI-LDPC-CM, but it is not enough to compete 

with the performance of NB-LDPC-CM.  

In NB-LDPC-CM, we treat m parallel information streams coming from the user 

as a single stream of m-tuples or as a single stream of symbols over GF(2m), and we 

encode the information vector of 2m-ary symbols into a codeword over GF(2m). Since we 

consider only the cases where the field order of the nonbinary LDPC code matches the 

constellation size, the mapping operation is indeed a one-to-one correspondence between 

2m-ary codeword symbols and 2m-ary signal constellation points. Thus, we preserve the 

dependency between the bits of an m-tuple fully by treating them collectively as a single 

2m-ary symbol. Of course, the key is in the decoding. In decoding, a 2m-ary LDPC 

decoder provides each one of its variable nodes with a state space of length 2m. Since we 

consider the cases where the field order (or the length of the state space of each variable 
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node) is equal to the constellation size, the a posteriori probability estimates of a 

nonbinary LDPC decoder on a variable node (or a codeword symbol) pertaining to its 

being in a particular state relates directly to the a posteriori probabilities of that variable 

node (or that codeword symbol) having been mapped to the constellation point 

corresponding to that state. Therefore, nonbinary LDPC decoders can approach the true a 

posteriori symbol probabilities very precisely. On the other hand, using a set of m binary 

decoders, BI-LDPC-CM computes two a posteriori probabilities (or a single a posteriori 

probability ratio) for each variable node (or bit), namely for its being 0 and its being 1, 

i.e. BI-LDPC-CM uses a state space of length 2 on each variable node. To make the 

matters worse, BI-LDPC-CM runs each binary LDPC decoder independently of one 

another and tries to determine the state of a given bit in an m-tuple without paying 

attention to the state of the other m-1 bits that it is inherently dependent upon. After bit-

level decoding, BI-LDPC-CM can form the probabilistic estimate on a channel symbol 

by using the estimates of its binary decoders on the bits comprising that channel symbol. 

This is definitely not as accurate as the approach that NB-LDPC-CM uses to determine a 

posteriori symbol probabilities. Since NB-LDPC-CM can approach the true a posteriori 

probabilities on each channel symbol better than the corresponding BI-LDPC-CM, it can 

estimate bits forming those channel symbols more accurately, as well.  

Given this detailed discussion, it is readily obvious why the gap between NB-

LDPC-CM and BI-LDPC-CM increases as the underlying constellation size increases. As 

constellations get larger, the constellation points get closer for the same average symbol 

energy of the constellation. Thus, the resilience of each channel symbol reliability 
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estimate to noise drops, which in return lessens the accuracy of bit reliability estimates. 

Furthermore, in larger constellations, each channel symbol carries more bits. As a result, 

BI-LDPC-CM makes larger estimation errors in symbol reliability estimation due to 

using a larger number of less accurate bit reliability estimates. On the other hand, since 

NB-LDPC-CM enlarges the state space of its variable nodes to match the size of the 

constellation, it can counteract the reduced immunity to noise with increased state space. 

Consequently, NB-LDPC-CM widens the performance gap with BI-LDPC-CM as 

constellations get larger in size. 

In order to provide numerical results accompanying Fig. 5.1, Fig. 5.2 and Fig. 5.3, 

we provide in Table 5.2 the net coding gains achievable by BI-LDPC-CM and NB-

LDPC-CM schemes considered in each figure. For QPSK, the additional coding gain at 

Table 5.2 

Coding gains (in dB) at the BER of 10-6 for polarization-
multiplexed BI-LDPC-CM and NB-LDPC-CM schemes† 

Code Rate 
Modulation format 

QPSK 8-QAM 16-QAM 

0.8 
7.62 8.06 8.31 

7.19 7.21 7.11 

0.85 
7.27 7.64 7.87 

7.02 7.06 6.94 

0.9 
6.66 6.99 7.19 

6.00 6.24 5.96 

                                          † NB-LDPC-CM scheme is the first row of a given rate. 



84 
 

the BER of 10-6

Another important remark can be made on Fig. 5.3 where we use component 

codes of code rates 0.9 in both schemes. A closer look at the BI-LDPC-CM performance 

curves reveals that BI-LDPC-CM starts to present an error floor at around 10

 provided by NB-LDPC-CM over BI-LDPC-CM ranges between 0.25 dB 

and 0.66 dB. Consistent with our discussion above, when we move to 8-QAM and  

16-QAM, the corresponding additional coding gain ranges become 0.58 dB – 0.85 dB 

and 0.93 dB – 1.23 dB, respectively. Therefore, NB-LDPC-CM becomes more attractive 

for larger constellations and hence for higher speed transmissions over the optical fiber. 

-6 regardless 

of the modulation format used. On the other hand, NB-LDPC-CM shows no indication of 

an error floor. Error floor is an important concept in optical communications and optical 

communication systems require no error floors above the BERs of 10-12 or 10-15

In summary, based on our simulations using an ASE noise dominated 

transmission scenario, we observed that NB-LDPC-CM outperforms BI-LDPC-CM with 

increasing additional coding gains as the underlying constellation size increases. As we 

noted, ASE noise dominated case is an important case but still a special case. In the next 

section, we perform a comparative analysis on the performances of BI-LDPC-CM and 

NB-LDPC-CM when they are used for more general optical fiber transmission scenarios. 

 [81]. 

Thus, when the component code rate is set to 0.9, BI-LDPC-CM scheme considered here 

does not serve well for optical fiber communication applications. Hence, only the NB-

LDPC-CM option is viable if only this code rate is of interest. The situation presented in 

Fig. 5.3 suggests that NB-LDPC-CM can also be exploited to combat error floor 

problems that BI-LDPC-CM might suffer from. 
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5.2  Applications to Short to Medium Haul Optical Fiber Communications 

In order to gain a better understanding of performance improvements that polarization-

multiplexed NB-LDPC-CM scheme can provide over the prior-art polarization-

multiplexed BI-LDPC-CM scheme under realistic optical communication channel 

conditions, we evaluate and compare in this section the performances of these two 

schemes when they are used for short to medium haul optical fiber communications. 

In this section, we use a realistic channel model for the optical fiber 

communication links. Our model takes into account not only the ASE noise but also 

linear filtering and dispersion effects, inter-symbol interference and linear cross-talk 

effects, and impairments due to Kerr nonlinearities, nonlinear phase noise and stimulated 

Raman scattering. More details on our simulation model can be found in [13]. As we 

mentioned above and discussed in detail in Chapter 4, the optical channel is a channel 

with memory, and the dispersive effects of chromatic dispersion (CD) and polarization 

mode dispersion (PMD) and the nonlinear interactions of CD and PMD with fiber 

nonlinearities can increase the memory in the channel. This manifests itself as severe 

intersymbol interference (ISI) at the receiving ends of optical links. Working on received 

samples severely degraded in quality by ISI, the BCJR-based MAP equalizers have to 

operate on large trellises describing the channel, which in return increases their 

computational complexity, and hence the overall complexity and the latency in the 

optical communication systems. Recently, a technique called digital backpropagation that 

can effectively reduce the memory in the channel is proposed in [82]. When applied 

before the BCJR-based MAP equalizer, digital backpropagation can reduce the memory 
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in the channel and thus the complexity of the equalizer. Digital backpropagation exploits 

the fact that in point-to-point links, the dispersion map is known to the receiver; hence the 

received signal can be propagated in the digital domain through a transmission link 

governed by the inverse nonlinear Schrödinger equation (NLSE) in order to undo the 

 

(a) 

 

(b) 

Figure 5.4 Receiver (RX) architectures for the polarization-multiplexed coded 
modulation schemes with a digital backpropagation module: (a) BI-LDPC-CM RX 
and (b) NB-LDPC-CM RX. 
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effects of the channel on the transmitted signal [82], [67]. Inverse NLSE is formed just by 

inverting the signs of the parameters of the NLSE governing the original dispersion map. 

If implemented in its original form, however, digital backpropagation can cause very high 

computational complexity and intolerable delays, as well. Following the footsteps of [67], 

we employ here a so-called coarse digital backpropagation technique that uses an 

approximate inverse NLSE with a reasonably small number of coefficients to balance the 

trade-off between complexity and performance. Coarse digital backpropagation 

successfully reduces the undesirable effects of most of the linear and nonlinear 

impairments, and hence results in a reduced channel memory. However, it cannot 

compensate for the nonlinear interaction between ASE noise and Kerr nonlinearities. It is 

the task of the BCJR-based MAP equalizer to combat these remaining effects [67]. The 

BCJR-based MAP equalizer, now working on a channel with a smaller memory, 

accomplishes equalization faster and with a lower complexity, and finally passes its a 

posteriori symbol reliabilities on the equalized received samples directly to the LDPC 

decoder in the NB-LDPC-CM case or to the symbol-to-bit reliability conversion block in 

the BI-LDPC-CM case. With the insertion of the digital backpropagtion modules, the 

updated receiver configurations for both BI-LDPC-CM and NB-LDPC-CM schemes are 

given in Fig. 5.4 (a) and Fig. 5.4 (b), respectively.  

Having the TX and RX architectures clearly stated, we can look into the 

applications of BI-LDPC-CM and NB-LDPC-CM to optical networks to short to medium 

haul optical fiber communications, which refer to optical links with reaches on the order 

of 100 to 600 kilometers. The transmission link that we consider has a very simple 
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dispersion map depicted in Fig. 5.5. We should stress here that unlike most dispersion 

maps, there are no dispersion compensation modules in Fig. 5.5 and all operations related 

to dispersion management is done in the digital domain by means of the coarse digital 

backpropagation module. The use of digital backpropagation saves us from the need for 

sophisticated and hence costlier dispersion maps such as those exemplified in [67]. Each 

span in our link is of length 80 kmL = and we consider seven spans to obtain a reach of 

560 km. In each span, we have a single mode fiber (SMF) and an Erbium-doped fiber 

amplifier (EDFA). We provide the SMF parameters in Table 5.3. For the EDFA, we 

 

Figure 5.5 Dispersion map of transmission link containing N spans of an SMF and 
an EDFA pair in each span. 
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Table 5.3 

SMF parameters 

Parameter Value 

Length 80 km 

Dispersion 16 ps/(nm km) 

Dispersion slope 0.08 ps/(nm2 km) 

Effective cross-sectional area 80 µm2 

Nonlinear refractive index 2.6 x 10-20 m2/W 

Attenuation coefficient 0.22 dB/km 
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assume a noise figure of 8 dB, which is much larger than nominal values of 3 dB to 7 dB 

[64, ch. 3]. Our goal with such an assumption is to keep the implementation cost cheap 

by enabling the use of low quality EDFAs in the link. In our simulations, we set the 

information symbol rate to s, info 50 GS/sR =  and hence the line rate (or the operating 

symbol rate as we used to call it before) becomes s, infolR R R=  where R is the code rate. 

We set the bandwidth of the optical and electrical filters to 3 lR  and 0.7 ,lR  respectively, 

in accordance with the line rate. 

We use the binary (3,15)-regular QC-LDPC(16935,13550) code as our 

component code in BI-LDPC-CM, which we described before in Section 2.5. The parity-

check matrices of the component nonbinary LDPC codes of the corresponding NB-

LDPC-CM schemes are obtained in the same manner described in Section 2.3 by 

assigning nonzero elements from the field of interest to the 1s in the binary parity-check 

matrix of the QC-LDPC(16935,13550) code while ensuring that the quasi-cyclic property 

is preserved during code construction over the higher order fields. In BI-LDPC-CM 

schemes, we use 3 outer iterations and set the maximum number of decoding (inner) 

iterations to 20 whereas in the corresponding NB-LDPC-CM schemes, we set the 

maximum number of decoding (inner) iterations to 50. This gives a slight advantage in 

performance comparison to BI-LDPC-CM over NB-LDPC-CM since it is allowed to run 

for a larger number of decoding iterations in total. For the modulation format, we use 

star-QAM (SQAM) modulation described in detail in [83] and [64, ch. 6]. Since the 

reaches can be considered as short to medium haul, we employ bandwidth-efficient 

modulations that map m = 4, 5, 6 and 7 bits/symbol. Therefore, the corresponding 
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polarization-multiplexed BI-LDPC-CM and NB-LDPC-CM schemes achieve an 

aggregate information bit rate of s, info2mR  bits/s, which amounts to 400 Gb/s, 500 Gb/s, 

600 Gb/s and 700 Gb/s aggregate information bit rates when 16-, 32-, 64-, 128-SQAM 

modulation formats are used, respectively. 

Table 5.4 summarizes our simulation results in terms of BER versus number of 

spans (or equivalently, reach in km). As we can see from the BER table, for 16-SQAM 

and 32-SQAM, both BI-LDPC-CM and NB-LDPC-CM provide reliable end-to-end 

transmission with no countable errors during our simulations. When 64-SQAM 

modulation is used, we encounter errors in the last span for BI-LDPC-CM whereas NB-

LDPC-CM still performs optical data transmission with no countable errors throughout 

the 560km-long fiber link. In the 128-SQAM case, the error events are more pronounced 

for BI-LDPC-CM as they start to appear within the third span. In comparison, NB-

LDPC-CM has its error events coming into the picture only within the last span. Our 

results help us conclude that when m < 5, either BI-LDPC-CM or NB-LDPC-CM can be 

used since they both achieve reliable transmission within the reaches of interest. 

However, m = 4 and m = 5 still correspond to large signal constellations, and as we show 

in Chapter 4, for such large constellations, NB-LDPC-CM offers lower complexity 

solutions than its binary counterpart. As we increase the constellation sizes further by 

using m = 6 and m = 7, we see that NB-LDPC-CM not only offers low-complexity 

solutions but also offers solutions that can achieve longer reaches of more reliable 

transmission. This can also be interpreted as NB-LDPC-CM providing larger coding 

gains than BI-LDPC-CM for the given BER. Furthermore, we can deduce from the table 
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Table 5.4 

BER at various span lengths for BI-LDPC-CM and NB-LDPC-CM 
# 

Spans 
Reach 
(km) 

BER initial  
pass thru BCJR 

BER FEC  
3rd outer iteration 

BER initial  
pass thru BCJR 

BER FEC  
(w/o TE) 

      
  16-SQAM 
  BI-LDPC-CM NB-LDPC-CM 
1 80 0 0 0 0 
2 160 0 0 0 0 
3 240 1.31 x 10-6 0 1.6 x 10-6 0 
4 320 2.06 x 10-5 0 2.21 x 10-5 0 
5 400 1.01 x 10-4 0 9.77 x 10-5 0 
6 480 2.99 x 10-4 0 2.87 x 10-4 0 
7 560 6.52 x 10-4 0 6.36 x 10-4 0 
      
  32-SQAM 
  BI-LDPC-CM NB-LDPC-CM 
1 80 1.63 x 10-6 0 1.65 x 10-6 0 
2 160 1.65 x 10-4 0 1.76 x 10-4 0 
3 240 9.27 x 10-4 0 9.33 x 10-4 0 
4 320 2.37 x 10-3 0 2.34 x 10-3 0 
5 400 4.39 x 10-3 0 4.31 x 10-3 0 
6 480 6.78 x 10-3 0 6.77 x 10-3 0 
7 560 9.74 x 10-3 0 9.78 x 10-3 0 
      
  64-SQAM 
  BI-LDPC-CM NB-LDPC-CM 
1 80 1.1 x 10-3 0 1.16 x 10-3 0 
2 160 4.71 x 10-3 0 4.81 x 10-3 0 
3 240 1.02 x 10-2 0 1.01 x 10-2 0 
4 320 1.67 x 10-2 0 1.67 x 10-2 0 
5 400 2.39 x 10-2 0 2.39 x 10-2 0 
6 480 3.14 x 10-2 0 3.17 x 10-2 0 
7 560 3.89 x 10-2 9.91 x 10-3 3.92 x 10-2 0 
      
  128-SQAM 
  BI-LDPC-CM NB-LDPC-CM 
1 80 9.62 x 10-3 0 9.77 x 10-3 0 
2 160 2.00 x 10-2 0 2.04 x 10-2 0 
3 240 3.25 x 10-2 7.71 x 10-3 3.32 x 10-2 0 
4 320 4.62 x 10-2 2.30 x 10-2 4.68 x 10-2 0 
5 400 5.98 x 10-2 3.52 x 10-2 6.09 x 10-2 0 
6 480 7.34 x 10-2 4.98 x 10-2 7.42 x 10-2 0 
7 560 8.56 x 10-2 6.68 x 10-2 8.71 x 10-2 5.11 x 10-2 
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 that the advantages of using NB-LDPC-CM over BI-LDPC-CM become more apparent 

as the underlying constellation size increases. These conclusions are consistent with our 

conclusions in the previous section for ASE noise dominated transmission scenario. As a 

final remark, a comparison between the first and the second columns of each coded 

modulation scheme (either BI-LDPC-CM or NB-LDPC-CM) for a given constellation in 

Table 5.4 reveals how effective and important FEC is. To elaborate, consider the  

64-SQAM case. The first column of BER values under the BI-LDPC-CM heading are the 

BER values right after the initial pass through the BCJR-based MAP equalizer whereas 

the second column lists BER values obtained based on binary LDPC decoder outputs 

following the 3rd 

As our applications of BI-LDPC-CM and NB-LDPC-CM schemes to ASE noise 

dominated transmission and short to medium reach transmission indicate, NB-LDPC-CM 

is clearly more advantageous than BI-LDPC-CM in terms of both complexity and latency 

and error correction performance, especially for high-speed communications employing 

large constellations. We investigate in the next section an important concept of rate-

adaptation in a coded modulation scheme. We show that our proposed NB-LDPC-CM 

scheme with a rate-adaptive FEC mechanism can be employed not only for ensuring 

and the final pass of turbo equalization. BI-LDPC-CM literally clears all 

the residual errors up until the last span of the link. The situation for NB-LDPC-CM is 

even better. NB-LDPC-CM corrects all the errors right after a single pass through the 

nonbinary LDPC decoder without requiring any outer iterations. If FEC were not applied, 

the BER performances obtained at the output of the equalizer block would definitely not 

be acceptable according to optical communication standards. 
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reliable communication in long haul optical transport networks but also for providing a 

method that can help better utilize the resources of an OTN. 

5.3  Rate-Adaptive NB-LDPC-CM for Optical Transport Networks 

An efficient use of an optical transport network (OTN) throughout its entire lifetime, i.e. 

from the deployment stage to the end of life, is one of the most fundamental concerns for 

the network providers. As an OTN ages, its quality of service drops gradually. In general, 

an OTN is equipped with an error correction code that provides a large performance 

margin in order to ensure an acceptable performance as long as the OTN is in service 

[84]. This, however, translates into underutilization of the resources at the initial stages of 

an OTN. To elaborate, since an OTN does not need a large performance margin at the 

beginning of life, instead of overprotecting the payload with unnecessary parity-check 

bits of an FEC code, we can utilize those bits to increase the throughput. As the quality in 

the OTN drops due to aging, the protection over the payload can be increased as 

necessary. Clearly, such a scheme requires code rate adjustments in the FEC module, 

which cannot be accomplished if the same FEC code is used to protect the data carried 

over an OTN throughout its lifetime. 

Furthermore, in OTNs, neighboring wavelength division multiplexing (WDM) 

channels can carry traffic to different destinations depending on the network 

configuration. Therefore, two different WDM channels can have quite different signal-to-

noise ratios (SNRs) as signals on these channels are differently impacted by various 

channel impairments including PMD, chromatic dispersion, fiber nonlinearities, and 
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filtering effects due to concatenation of optical filters, add/drop multiplexers, and 

interconnects [84], [85]. Since an OTN is expected to provide the target BER 

performances regardless of the data destinations, protecting data in each channel with an 

FEC code suitable to that channel is a must. Moreover, a WDM channel might be 

reconfigured on demand to link different points in the network, which in turn changes the 

impairments that it is facing tremendously over time. Even though different FEC codes 

can be used in an OTN to protect data on different WDM channels, unless their code 

rates can be adjusted according to changing channel conditions, the OTN cannot be 

utilized optimally in terms of data throughput and cost effectiveness. 

In order to have seamlessly integrated OTNs, which can be used as optimally as 

possible, we propose the use of a rate-adaptive NB-LDPC-CM scheme in this section. 

We employ a family of QC-LDPC codes, whose common structural properties can be 

exploited by unified encoding and decoding architectures to reduce the complexity of the 

implementation. There is of course no restriction on what kind of coded modulation 

scheme can be employed to provide a rate-adaptive FEC. For example, the multi-level 

coding scheme [14] in which each level is protected with irregular LDPC codes whose 

code rates and degree distributions are optimized at each level to achieve a capacity-

approaching performance can very well be a valid candidate. Due to the lack of structure 

in the parity-check matrices of irregular LDPC codes, however, the complexity of the 

hardware implementation of decoders for irregular LDPC codes is much higher than that 

of regular or better put structured LDPC codes, as we discussed in Section 2.1. The 

amount of routing resources required to successfully wire the variable and check nodes of 
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an irregular LDPC code on a hardware platform, e.g. FPGA, ASIC, etc., is either very 

high, or in some cases, even prohibitive [23], [29]. Thus, structured LDPC codes like 

QC-LDPC codes that lend themselves to partially-parallel hardware implementations that 

can exploit the structure in the code to enable high-throughput decoding are preferable in 

real-world applications. We should also stress that by using a family of QC-LDPC codes 

instead of an unrelated set of irregular codes as component codes, decoders that can 

support a multitude of code rates can be designed more easily and by using minimum 

amount of hardware resources [86], [87]. 

In our rate-adaptive FEC scheme, depending on the SNR or predicted SNR in the 

link, we propose changing the FEC code rate to maximize the data throughput while 

providing sufficient protection on the payload bits. By sufficient, we mean neither an 

excessive nor an inadequate but just enough amount of protection that can meet the target 

BERs. Based on initial performance tests and channel information obtained from 

monitoring channels, we can set up look-up tables to match FEC code rates with mutually 

exclusive SNR ranges. If the SNR or the predicted SNR in the channel falls into the range 

assigned to the current FEC code rate, then we do not make any modifications on the 

FEC module. If the SNR falls below the range that the current FEC code rate can support, 

then we use the code of the maximum code rate below the current code rate that can 

sufficiently protect the data. On the other hand, if the channel quality improves (e.g. after 

network maintenance or reconfiguration), then we increase the FEC code rate to the 

highest possible code rate that can sufficiently protect data and maximize the throughput. 

We encapsulate the information pertaining to the type of error correction used to protect 
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the payload bits in the OTN frame header along with the data used for active routing so 

that the receiving unit can correctly perform decoding, as also mentioned in [85], [88]. 

In our rate-adaptive NB-LDPC-CM scheme, the TX and RX configurations 

remain the same as those discussed in Section 5.2 concerning short to medium haul 

optical fiber communication applications. To be more precise, we use the TX architecture 

depicted in Fig. 3.3 and use the RX architecture depicted in Fig. 5.4. Please note that the 

TX architecture remained the same since ASE noise dominated transmission scenario 

discussed in Section 5.1. But we inserted a digital backpropagation module into the RX 

side when considering a more realistic optical fiber channel as the one considered here 

and in Section 5.2. Furthermore, the dispersion map used in Section 5.2 and depicted in 

Fig. 5.5 applies in this section with the same SMF parameters. We should stress that this 

is a very simple dispersion map that does not include any dispersion compensation units, 

and all the dispersion management is carried out in the digital domain via the coarse 

digital backpropagation module. Compared to Section 5.2, only the EDFAs in each span, 

the span lengths and transmission reaches are different. For EDFA, we assume a noise 

figure of 5 dB, and we set the span length to 100 km. The optical and the electrical filters 

have bandwidths of 3 lR  and 0.7 ,lR  respectively, where s, info ,lR R R=  and where R is 

the current FEC code rate. Once the OTN is deployed, it is cumbersome, if not 

impossible, to change its operating rate, which is dictated by the line rate of an OTN. 

Thus, to closely simulate real-life OTN conditions, we keep the line rate Rl

0.833,  0.875,  and 0.9.R =

 fixed at  

60 GS/s in all our simulations in this section. We consider FEC code rates of 

 We test the performance of our proposed rate-adaptive 
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scheme by using QPSK, 8-SQAM and 16-SQAM modulation formats, which map  

m = 2, 3 and 4 bits per symbol, respectively. Therefore, the achievable information bit 

rates can be stated as 2 lmR R  bits/s, and hence the lowest information bit rates are 

attained when the lowest FEC code rate, i.e. 0.833,R =  is used. Consequently, using 

60 GS/s,lR =  the lowest information bit rates achievable using our scheme is given by 

200 Gb/s, 300 Gb/s and 400 Gb/s for QPSK, 8-SQAM and 16-SQAM modulations, 

respectively. 

As we mentioned above, we employ a closely related family of structured QC-

LDPC codes over GF(2m) in our rate-adaptive FEC scheme. All our codes are  

(3,ρ)-regular and have a fixed length of N symbols. We keep the codeword length fixed 

in order to ensure that the frame synchronization circuitry remains unaffected by the code 

rate adjustments. To construct our nonbinary LDPC codes, we use the two-stage code 

construction method detailed Section 2.3. Therefore, all the component nonbinary QC-

LDPC codes have parity-check matrices of the following form: 

Table 5.5 

Parameters for a rate-adaptive FEC 

Code Rate N K M γ ρ B 

0.833 13680 11400 2280 3 18 760 

0.875 13680 11970 1710 3 24 570 

0.9 13680 12312 1368 3 30 456 
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where , ,  0 3,  0 ,r c r c ρ≤ < ≤ <H  is a B B×  circulant submatrix as introduced in  

Section 2.1. The parameters of the component QC-LDPC codes are given in Table 5.5. 

As shown in the table, the three different code rates considered in our scheme are 0.833, 

0.875 and 0.9 with corresponding overheads (OHs) of 20%, 14.29% and 11.11%, 

respectively, where ( )1 1OH R N K K= − = −  is defined as the ratio of the number of 

redundant symbols to that of the information symbols. As shown in Table 5.5, the column 

weight is the same, i.e. 3,γ =  for all component codes. Hence, changing the code rate is 

tantamount to changing the submatrix size (B) or the row weight ρ. An exemplary 

implementation that can support binary QC-LDPC codes with various submatrix sizes, 

code rates and even codeword lengths is presented in [86]. Depending on the channel 

conditions, we adapt the code rate or equivalently the overhead of the FEC code. If we 

have a high fidelity link, we reduce the overhead to increase the information bit rate; but 

if the channel conditions are bad, then we increase the error correction capability of the 

code by increasing its overhead. In order to have a rough understanding of the 

performance of these codes, we present in Fig. 5.6 the performance curves for these 

codes when conventional QAM modulations are used under ASE noise dominated 

transmission scenario. The details can be found in [71]. As Fig. 5.6 shows, for a given 

BER, a higher SNR is required for a higher rate code compared to a lower rate code. 

Since SNR provides information about the fidelity of the channel, Fig. 5.6 can be 
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interpreted as an intuitive explanation to how the rate adaptation should be administered 

in response to changing channel conditions. 

We present our long haul simulation results in Table 5.6. The table is organized 

such that for each modulation type employed, the BER estimates are given at various 

spans for a given FEC code rate. The performance results are impressive. As 

demonstrated in the table, for the QPSK modulation, the proposed scheme is able to 

provide a transmission with no countable errors at information bit rates of 200 Gb/s,  

210 Gb/s, and 216 Gb/s over distances beyond 6700 km, 6600 km and 6400 km for FEC 

overheads of 20%, 14.29% and 11.11%, respectively. Similar conclusions can be drawn 

for other constellations, as well. Given the very simple dispersion map depicted in  
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Figure 5.6 Performance of FEC codes listed in Table 5.5 under an ASE noise 
dominated transmission scenario. 
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Fig. 5.5, which does not require any dispersion compensating modules, the proposed 

scheme is able to provide performance results close to optical communication links with 

more sophisticated and hence costlier dispersion maps [67]. We can state based on the 

Table 5.6 

BER at various spans for a rate-adaptive NB-LDPC-CM 
scheme used for long-haul OTN† 

# 
Spans 

Reach 
(km) 

Code Rate 

R = 0.833 R = 0.875 R = 0.9 
     
  QPSK 

64 6400 0 0 0 
65 6500 0 0 7.62 x 10-4 
66 6600 0 0 8.49 x 10-3 
67 6700 0 2.24 x 10-3 - 
68 6800 2.12 x 10-4 1.55 x 10-2 - 
69 6900 1.14 x 10-2 2.19 x 10-2 - 
70 7000 2.63 x 10-2 - - 
     
  8-SQAM 

39 3900 0 0 0 
40 4000 0 0 3.40 x 10-3 
41 4100 0 0 1.86 x 10-2 
42 4200 0 1.44 x 10-3 2.45 x 10-2 
43 4300 0 1.84 x 10-2 - 
44 4400 0 2.86 x 10-2 - 
45 4500 9.90 x 10-4 3.37 x 10-2 - 
46 4600 2.47 x 10-2 - - 
     
     
  16-SQAM 

21 2100 0 0 0 
22 2200 0 0 9.57 x 10-3 
23 2300 0 0 2.15 x 10-2 
24 2400 0 4.49 x 10-3 2.56 x 10-2 
25 2500 0 2.49 x 10-2 2.90 x 10-2 
26 2600 0 3.01 x 10-2 - 
27 2700 7.11 x 10-4 3.42 x 10-2 - 
28 2800 2.77 x 10-2 - - 

† “0” means that “no errors were encountered.” Dashes indicate that the 
simulation was not performed for that particular span. 
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results in Table 5.6 that the proposed scheme can achieve a rate-adaptive long-haul 

optical data transmission with no countable errors at minimum information bit rates of 

200 Gb/s, 300 Gb/s and 400 Gb/s with reaches exceeding 6400 km, 3900 km and  

2100 km, respectively. Finally, as Table 5.6 demonstrates, for a given modulation format, 

increasing the code rate reduces the reach since the error correction capability is 

compromised for the increased information bit rate. Also, for a given code rate, 

increasing the constellation size reduces the reach, as expected. 

As a side note, from Fig. 5.6 and Table 5.6, we can conclude that in order to 

maximize the coding gain improvement offered by a rate-adaptive NB-LDPC-CM 

schemes, one can consider adapting not only the component code rates but also the 

employed modulation format. However, this appealing benefit does not come without an 

expense since the complexity at the receiver front ends might increase in order to support 

different modulation formats. 

With this section, we conclude Chapter 5. In the next and the last chapter, we will 

provide our concluding remarks. 

 

 



102 
 

CHAPTER  6 

CONCLUSIONS 

IEEE has just ratified its 100 Gb/s Ethernet standard IEEE 802.3ba as of June 2010. 

However, the ever-growing demand for higher transmission speeds does not appear to 

slow down and the discussions over the most probable next step toward 400 Gb/s 

Ethernet have already begun. The one after 400 Gb/s is highly likely to be at the mind-

blowing speed of 1 Tb/s. In this dissertation, we proposed nonbinary-LDPC-coded 

modulation (NB-LDPC-CM) schemes as technologies that can enable data transmission 

over optical fibers at such high and ultra high speeds while attaining lower complexities 

and providing higher performance gains when compared to their prior-art competitors 

based on bit-interleaved LDPC-coded modulation (BI-LDPC-CM) schemes. 

Although the potential of nonbinary LDPC codes were revealed by the works of 

Davey and MacKay in late 1990s, most of the research since then was exerted on column 

weight 2 nonbinary LDPC codes. Compared to such research efforts, nonbinary LDPC 

codes with higher column weights received almost no attention. In Chapter 2, not only we 

covered some introductory material on nonbinary LDPC codes and their decoding, but 

we also strived to shed light on the possible uses of column weight 3 nonbinary LDPC 

codes. We showed that when using column weight 3 codes, the field order over which the 

codes are defined is not needed to be as high as those when column weight 2 LDPC 
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codes are used. As the computational complexity of nonbinary LDPC decoders grow 

proportional to their field order, keeping the field order reasonably small by using column 

weight 3 codes, we avoided the need for reduced-complexity and thus reduced-

performance decoding algorithms as column weight 2 codes do require. In addition, we 

described in Chapter 2 a two-stage code design technique combining a girth-6 binary QC-

LDPC code design technique with Fossorier’s cycle avoidance rules for QC-LDPC codes 

in order to construct nonbinary QC-LDPC codes with large girths 

As the IEEE 802.3ba standard states that the most convenient method for 

achieving 100 Gb/s aggregate information bit rate is via polarization-multiplexing 4 of  

25 Gb/s lines or 10 of 10 Gb/s lines. The reason is that one cannot simply increase the 

operating symbol rate to 100 Gb/s. The signal impairments due to polarization mode 

dispersion (PMD) and fiber nonlinearities are exacerbated at such high rates, which 

render the optical fiber communication practically impossible. As we discussed in 

Chapter 3, BI-LDPC-CM scheme was introduced to cope with this important problem in 

optical communications. The promises of BI-LDPC-CM were two-fold: 1) to keep the 

operating symbol rate low so that the signal impairments are kept at manageable levels, 

2) to attain aggregate information bit rates at 100 Gb/s and above. In this dissertation, we 

proposed NB-LDPC-CM as a competitive technology to BI-LDPC-CM. The most 

fundamental difference between the two is that BI-LDPC-CM uses a set of m component 

binary LDPC codes for FEC whereas NB-LDPC-CM uses a single 2m-ary LDPC code. 

While the promises of BI-LDPC-CM and NB-LDPC-CM are the same, their TX and RX 
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architectures differ significantly especially at the RX side as we elaborated on in  

Chapter 3.  

Further in Chapter 3, we discussed why BI-LDPC-CM is an inferior approach to 

NB-LDPC-CM. BI-LDPC-CM uses an independent set of binary component LDPC 

codes whose codewords protect independent information bits streamed from the client 

side. To reach high aggregate bit rates, however, more than 1 bit is mapped to each 

channel symbol creating a dependency between coded bits. To exploit this dependency, 

BI-LDPC-CM employs a turbo equalization scheme at its receiving ends, which is based 

on an iterative information exchange between equalization and decoding stages. Via 

turbo equalization, BI-LDPC-CM achieves a good performance but its complexity 

increases due to multiple passes through the equalization and decoding stages. Compared 

to BI-LDPC-CM, our proposed NB-LDPC-CM scheme operates quite differently. By 

using a component nonbinary LDPC code defined over the finite field whose order 

matches the size of the signal constellation in use, NB-LDPC-CM is able to better exploit 

the dependency between bits mapped to a channel symbol. In fact, NB-LDPC-CM 

operates completely at the symbol level and do not pay attention to how bits are mapped 

to channel symbols. Since, during decoding, each variable node of the component 

nonbinary LDPC code is provided with a state space as large as the size of the underlying 

signal constellation, NB-LDPC-CM is able to estimate the true a posteriori symbol 

reliabilities more accurately than BI-LDPC-CM, which provides its variable nodes with a 

state space of length 2 corresponding to a variable node being 0 and its being 1. Since 

transmitted channel symbols can be estimated more accurately with NB-LDPC-CM, so 
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can the transmitted coded bits and the user bits. Based on our analysis, we concluded that 

NB-LDPC-CM schemes are expected to provide better BER performances than their 

corresponding BI-LDPC-CM schemes. 

We take on the computational complexity of BI-LDPC-CM and NB-LDPC-CM in 

Chapter 4. We could not find in the literature an analysis on the computational 

complexity of these two schemes as comprehensive and meticulous as the one presented 

in this chapter. Since the main bottleneck is the receiver complexity, we focused on the 

computational complexity at the receiver side. We first studied the complexity of the 

essential blocks individually at the RX side of a system employing BI-LDPC-CM. Then 

based on the computed complexity figures of individual blocks, we computed the 

computational complexity of BI-LDPC-CM receivers. By accounting for the differences 

between BI-LDPC-CM and NB-LDPC-CM schemes, we also computed the 

computational complexity of the RX side of a system employing NB-LDPC-CM. Based 

on our analysis, we showed that primarily due to avoiding the turbo equalization passes at 

the receiver side, NB-LDPC-CM schemes offer lower complexity solutions than their BI-

LDPC-CM counterparts, especially for high-speed transmission cases which require large 

constellation sizes, and for channels which are affected by severe inter-symbol 

interference (ISI) like optical channels. 

In Chapter 3, we claimed that NB-LDPC-CM schemes are expected to offer better 

BER performances than their corresponding BI-LDPC-CM schemes. We provided 

supporting evidence to this claim in Chapter 5, where we presented applications of these 

two schemes to optical communications in order to achieve high-speed data transmission 
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over the optical fiber links. We tested the performances of corresponding polarization-

multiplexed BI-LDPC-CM and NB-LDPC-CM schemes by using component codes at 

various code rates, by using various modulation formats and by assuming two different 

optical fiber transmission scenarios, namely the amplified spontaneous emission (ASE) 

noise dominated transmission scenario, and a more realistic short to medium haul optical 

fiber transmission scenario. For both transmission scenarios, we observed that NB-

LDPC-CM schemes offer larger coding gains than their binary counterparts and that the 

additional coding gains provided by NB-LDPC-CM schemes grow as the underlying 

constellation grow in size. Moreover, in Chapter 5 we showed how the proposed NB-

LDPC-CM scheme can be used with a rate-adaptive FEC module to help optimize the 

usage of the resources of a long haul optical transport network. 

Combining our results from Chapter 4 and those from Chapter 5, we can conclude 

that optical fiber communication systems suffering from ISI and requiring the use of 

larger constellation sizes in order to attain higher transmission speeds are better off using 

NB-LDPC-CM than BI-LDPC-CM in terms of not only computational complexity and 

latency but also error correction performance. 

The work presented in this dissertation can be extended to include the application 

of NB-LDPC-CM to higher dimensional modulations. The idea is to use the polarization 

state of the optical wave as a modulation parameter instead of using it for polarization-

multiplexing. Some promising results applying this idea to BI-LDPC-CM have already 

been presented [89]. 

Another natural extension of this work can be toward its hardware 
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implementation. In this dissertation, we described hardware-friendly, regular QC-LDPC 

codes as component codes for NB-LDPC-CM and provided a detailed description of a 

hardware-friendly implementation of their FFT-based decoding algorithm. Starting with 

an FPGA implementation of the receiver side, a work that can demonstrate a real-world 

application based on NB-LDPC-CM would be appreciated not only by the optical 

communications community but also by other research communities focusing on 

wireless, free-space or deep-space communications. 
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APPENDIX  A 

A MIXED-DOMAIN FFT-QSPA DECODING OF  
Q-ARY LDPC CODES 

We provide further details on the mixed-domain implementation of the FFT-QSPA used 

for decoding of 2p

A.1  Mixed-Domain FFT-QSPA (MD-FFT-QSPA) 

-ary LDPC codes. The algorithm was summarized in Section 2.2. First, 

we describe the algorithm and then provide some remarks on its computational 

complexity. 

Let H represent the parity-check matrix of a 2 -aryp  LDPC code. In our notation, vectors 

and matrices are denoted using boldface letters and symbols. The k-th entry of a vector v 

is denoted by vk, and the entry at the j-th row and i-th column of a matrix H is denoted by 

hji

:λ

. Our notation can be summarized as follows: 

 the message vector received from the channel at each variable node, 

( ) { }, :t i jq  the message vector directed from the variable node i to the check node 

j at iteration t, 

( ) { }, :t j ir  the message vector directed from the check node j to the variable node i 

at iteration t, 
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( ) :tLQ  the reliability vector holding the reliabilities used for making hard 

decisions at the end decoding iteration t, 

( ) :N j  the set of variable nodes connected to check node j, 

( ) :M i  the set of check nodes connected to the variable node i, 

( ) \ :N j i  the set ( )N j  excluding the variable node i, 

( ) \ :M i j  the set ( )M i  excluding the check node j. 

Given these definitions, we can now describe MD-FFT-QSPA. 

 

Mixed-Domain FFT-QSPA (MD-FFT-QSPA) 

• Set 

Step -1: Initialization 

0.t =  

• ,  0 ,i i N∀ ≤ <  compute ( ) ( )( ) ( )ln Pr Pr 0 ,  GF ,k i iv k v k qλ ∗= = = ∀ ∈z z  where z is 

the received noisy vector. 

• ,  0 ,i i N∀ ≤ <  set ( )0
k kLQ λ=  and set ( ) { } ( ) ( )0 , ,  ,  GF .k kq i j j M i k qλ ∗= ∀ ∈ ∀ ∈  

• ,  0 ,j j M∀ ≤ <  set ( ) { } ( ) ( )0 , 0,  ,  GF .kr j i i N j k q ∗= ∀ ∈ ∀ ∈  

 

• Obtain the codeword estimate 

Step 0: Obtain codeword estimate and test for decoding termination 

v̂  by using  

 
( )

{ }( )

GF
ˆ arg max ,  ,  0 .t

i k
k q

v LQ i i N
∈

= ∀ ≤ <  (A.1) 
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• Check for termination: 

If 

o Tˆ ,=vH 0  or  

o the maximum number of decoding iterations maxt  has been reached, or  

o any other stopping criteria is met, 

then, terminate decoding and return v̂  as the codeword estimate; 

else increment iteration number, 1,t t= +  and go to Step 1. 

 

,  0 ,i i N∀ ≤ <

Step 1: Permute q messages 

 permute ( )1t−q  into ( )1t−q  by using 

 { } { } ( ) ( )1
( 1) ( 1), , ,  ,  GF ,t t
k k e

q i j q i j j M i k q−

∗− −
⋅

= ∀ ∈ ∀ ∈  (A.2) 

where multiplication takes place in ( )GF ,q  and ( )GFjie h q= ∈  is the edge value and 

( )1 GFe q− ∈  is its inverse.  

 

,  0 ,i i N∀ ≤ <

Step 2: Shift from logarithm to probability domain 

 convert ( )1t−q  to ( )1t−Q  as follows: 

 ( )( )11 exp ,
q

t
kk

T q∗

−

∈
= +∑ 

 (A.3) 

 ( ) ( ) ( ) ( )1 1 ln ,  GF .t t
k kQ q T k q− −= − ∀ ∈  (A.4) 
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,  0 ,j j M∀ ≤ <

Step 3: Apply check node update 

 compute ( )tR  by using 

 ( ) { } ( ) { } ( )( ) ( )1, , ,  \ ,  .t tj i i j i N j i i N j− ′ ′= Ψ ∀ ∈ ∀ ∈R Q  (A.5) 

Caveat: In (A.5), we indicate that ( ) { },t j iR  is computed using information extrinsic to 

the variable node i by excluding its the message from the set of inputs fed into the 

function ( ).Ψ ⋅  However, in implementation, it is computationally more advantageous to 

do the computations by taking into account all the messages coming to the check node j. 

Just before sending the message to the variable node i, we just remove its contribution to 

obtain the extrinsic information. Below, we describe the latter approach. 

• ( ) ,i N j∀ ∈  apply the p-dimensional two-point FFT to ( ) { }1 , ,t i j−Q  and store the 

result back in ( ) { }1 , :t i j−Q  

 ( ) { } ( ) { }( )1 1, FFT , .t ti j i j− −=Q Q  (A.6) 

• ( ) ,i N j∀ ∈  represent ( ) { }1 ,t i j−Q  in the sign and log-magnitude form to get back into 

logarithm domain as follows: 

 ( ) { } ( ) { }( ) ( ) { }( )( )1 1 1, sign , , ln , .t t ti j i j i j− − −=Q Q Q  (A.7) 

• Sum all the log-magnitudes component-wise and store in ,A  and XOR all the signs 

component-wise and store in S : 
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 ( ) { }( )
( )

( )1ln , ,  GF ,t
k k

i N j
A Q i j k q−

∈

= ∀ ∈∑  (A.8) 

 
( )

( ) { }( ) ( )1sign , ,  GF ,t
k ki N j

S Q i j k q−

∈
= ⊕ ∀ ∈  (A.9) 

where ⊕  stands for the XOR operation. 

• ( ) ,i N j∀ ∈  obtain extrinsic messages { },j iΧ  in probability domain as follows:  

 
{ } ( ) { }( )( )

( ) { }( )( ) ( )

1

1

, sign ,

                         exp ln , ,  GF ,

t
k k k

t
k k

j i S Q i j

A Q i j k q

−

−

Χ = ⊕

⋅ − ∀ ∈
 (A.10) 

where multiplication and subtraction take place in the field of real numbers. 

• ( ) ,i N j∀ ∈  apply the p-dimensional two-point IFFT to { }, ,j iΧ  and store the result 

in ( ) { }, :t j iR  

 ( ) { } { }( ), IFFT , .t j i j i=RΧ  (A.11) 

 

,  0 ,i i N∀ ≤ <

Step 4: Shift from probability domain to logarithm domain 

 convert ( )tR  to ( )tr  via 

 ( ) ( )( ) ( )( ) ( )0ln ln ,  GF .t t t
k kr R R k q ∗= − ∀ ∈  (A.12) 

 

,  0 ,i i N∀ ≤ <

Step 5: Permute r messages 

 permute ( )tr  into ( )tr  as in 

 { } { } ( ) ( )( ) ( ), , ,  ,  GF ,t t
k k er j i r j i j M i k q ∗

⋅= ∀ ∈ ∀ ∈  (A.13)  
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where multiplication takes place in ( )GF ,q  and ( )GFjie h q= ∈  is the edge value. 

 

• 

Step 6: Apply variable node update 

,  0 ,i i N∀ ≤ <  update the variable node reliability vector ( )tLQ  by using 

 { }
( )

( )( ) ( ) , ,  GF .t t
k k

j M i
LQ r j i k q ∗

∈

= ∀ ∈∑  (A.14) 

• ,  0 ,i i N∀ ≤ <  obtain the extrinsic messages ( )tq  via 

 { } { } ( ) ( )( ) ( ) ( ), , ,  ,  GF .t t t
k k kq i j LQ r j i j M i k q ∗= − ∀ ∈ ∀ ∈  (A.15) 

• Go back to Step 0. 

 

The algorithm that we described above is comprised of additions and subtractions 

only. Avoiding multiplications and divisions is an important advantage of this algorithm 

especially when it is to be implemented on hardware. One might argue that there exist 

field element multiplications in the permutation steps, i.e. Step 1 and Step 5, of the 

algorithm. In arithmetic over finite fields, such element multiplications are carried out as 

modulo-(q-1) additions using the power representation of field elements. In general, 

conversions from power to integer (or p-tuple) representation and vice versa are done by 

simple look-up tables (LUTs). Thus, operations in Step 1 and Step 5 are indeed 

comprised of additions and subtractions, as well. The operations in domain shift steps, i.e. 

Step 2 and Step 4, are self-descriptive. Similar to field operations, natural logarithm and 

exponential functions can be implemented using LUTs. The only place where we apply 
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normalization is in (A.4) of Step 2. We should also note that (A.4) takes care of the 

scaling by 1/q required after IFFT, as well. Normalization step prevents the algorithm 

from nonlinear clipping effects during logarithm and exponentiation operations which 

become more evident for high signal-to-noise ratio conditions where large reliabilities are 

more common. For descriptions and examples of p-dimensional two-point FFT/IFFT, 

please refer to [38], [36]. 

The core operations of the algorithm, i.e. check node update step in Step 3 and 

variable node update step in Step 6, are the main contributors to the computational 

complexity. Check node computational complexity is indeed the most commonly used 

complexity term to compare different decoding algorithms [61], [40]. First, let us look 

into Step 6, variable node update step. To compute LQ, we need ( )( )v 1 1d q− −  additions 

per variable node per iteration, where the second term is the result of r vectors always 

having 0 in their first entries, and where vd  denotes the variable node degree. In a similar 

fashion, the computation of the extrinsic message vectors q takes ( )v 1d q −  additions per 

variable node per iteration. Therefore, the computational complexity of Step 6 is given by 

( )( )v2 1 1d q− −  additions per variable node per iteration. For Step 3, we can proceed in a 

similar fashion. IFFT is the same as FFT since our base field is ( )GF 2 ,  whose 

characteristic is 2; that is, addition and subtraction is the same in ( )GF 2 .  It takes q  

additions per dimension and 2logp q=  dimensions to complete the p-dimensional two-

point FFT. Thus, the complexity of FFT block is given by pq  additions. The operation 
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in (A.8) used for obtaining cumulative sum takes ( )c 1d q−  additions per check node per 

iteration to complete, where cd  denotes the check node degree. The cost of obtaining 

extrinsic message vectors is given by cd q  additions per check node per iteration. 

Therefore, we need to perform ( )( )c c2 1 1 2d q p d+ −  additions per check node per 

iteration.  

Our analysis reveals that the computational complexity of MD-FFT-QSPA 

increases with the field order q both in the variable node update and check node update. 

Being comprised of only additions and subtractions and table look-ups, the algorithm 

lends itself to being implemented in finite precision arithmetic which is of crucial 

importance for hardware implementations. 
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	ABSTRACT
	IEEE has recently finished its ratification of the IEEE Standard 802.3ba in June 2010 which set the target Ethernet speed as 100 Gb/s. The studies on the future trends of the ever-increasing demands for higher speed optical fiber communications show that there is no sign of decline in the demand. Constantly increasing internet traffic and the bandwidth-hungry multimedia services like HDTV, YouTube, voice-over-IP, etc. can be shown as the main driving forces. Indeed, the discussions over the future upgrades on the Ethernet speeds have already been initiated. It is predicted that the next upgrade will enable 400 Gb/s Ethernet and the one after will be toward enabling the astounding 1 Tb/s Ethernet.
	Although such high and ultra high transmission speeds are unprecedented over any transmission medium, the bottlenecks for achieving them over the optical fiber remains to be fundamental. At such high operating symbol rates, the signal impairments due to inter- and intra-channel fiber nonlinearities and polarization mode dispersion get exacerbated to the levels that cripple the high-fidelity communication over optical fibers. Therefore, efforts should be exerted to provide solutions that not only answer the need for high-speed transmission but also maintain low operating symbol rates.
	In this dissertation, we contribute to these efforts by proposing nonbinary-LDPC-coded modulation (NB-LDPC-CM) schemes as enabling technologies that can meet both the aforementioned goals. We show that our proposed NB-LDPC-CM schemes can outperform their prior-art, binary counterparts called bit-interleaved coded modulation (BI-LDPC-CM) schemes while attaining the same aggregate bit rates at a lower complexity and latency. We provide comprehensive analysis on the computational complexity of both schemes to justify our claims with solid evidence. We also compare the performances of both schemes by using amplified spontaneous emission (ASE) noise dominated optical fiber transmission and short to medium haul optical fiber transmission scenarios. Both applications show outstanding performances of NB-LDPC-CM schemes over the prior-art BI-LDPC-CM schemes with increasing gaps in coding gain as the transmission speeds increase. Furthermore, we present how a rate-adaptive NB-LDPC-CM can be employed to fully utilize the resources of a long haul optical transport network throughout its service time.
	CHAPTER  1
	INTRODUCTION
	With IEEE’s recent ratification of the IEEE Standard 802.3ba [1] in June 2010, now the target Ethernet speed is set to 100 Gb/s. It might sound as if this would hold the market demand for high-speed optical fiber transmission with enough supply for a while. The studies on the possible future trends of ever-increasing demands for higher speed optical fiber communications say it otherwise [2]. The demand does not seem to slow down as bandwidth-hungry multimedia services are constantly being released. Indeed, the largest global conference on optical fiber communications, The Optical Fiber Communication Conference and Exposition (OFC) hosted heated discussions in its last convention in March 2010 regarding what the next step should be to meet the demand in a timely manner. It is predicted that it will be 400 Gb/s [3], and the upgrade to follow 400 Gb/s appears to be the astounding 1 Tb/s Ethernet.
	Although such high and ultra high transmission speeds are unprecedented over any transmission medium, the bottlenecks for achieving them over the optical fiber remains to be fundamental. At such high operating symbol rates, the signal impairments due to inter- and intra-channel fiber nonlinearities and polarization mode dispersion get exacerbated to the levels that cripple a high-fidelity communication over optical fibers [4], [5]. Therefore, the proposed solutions should not only answer the need for high-speed transmission but also maintain low operating symbol rates. One of the promising solutions was proposed by Djordjevic et al. [6], [7] based on multilevel coding [8]. This approach was able to keep the operating symbol rate low while achieving high aggregate information bit rates. The idea behind it was to use bandwidth-efficient modulations that carry m bits per symbol (m > 1) and to acquire each one of the bits in an m-tuple, which is mapped to a channel symbol, from one of the m independent information sources streamed in parallel. For example, assuming that the operating symbol rate is set at a practical rate such as  their scheme with polarization-multiplexing is able to attain an aggregate information bit rate of , which amounts to 128 Gb/s when component codes with code rates  are used at each level for coding and a conventional quadrature phase shift keying (QPSK) is used for modulation. Thus, the authors could meet both of the requirements mentioned above simultaneously. Inspired by the promising performances of low-density parity-check (LDPC) codes on memoryless channels [9]–[11], Vasic and Djordjevic [12], [13] applied LDPC codes to optical channels, which are channels with memory in nature. Their results show that LDPC codes offer better performances at lower complexities than the corresponding turbo product codes. Indeed, in [6] and [7], Djordjevic et al. use LDPC codes as component codes to protect the information bit streams at each level. When identical codes are used at each level of multilevel coding, it boils down to bit-interleaved coded-modulation (BICM) [14], [15]. Although suboptimal, BICM with parallel independent decoding has also shown to be a capacity-approaching scheme with comparatively much simpler complexity than multilevel coding with multi-stage decoding [14]. Bit-interleaved LDPC-coded-modulation (BI-LDPC-CM) schemes proposed by Djordjevic et al. [7] provide impressive performances both in amplified spontaneous emission (ASE) noise dominated transmission and under realistic optical fiber transmission conditions. However, they suffer from increased computational complexity due to the turbo equalization technique they need to employ at the receiving ends. Turbo equalization is an iterative information exchange paradigm [16], [17] that helps improve the performance of the equalization and the decoding stages by providing each stage with information obtained from the other stage that they would not otherwise know about. In order to obtain soft information out of the equalizer, the authors in [7] propose using the renowned Bahl-Cocke-Jelinek-Raviv (BCJR) [18] algorithm in the equalization stage and run 3 turbo equalization iterations to obtain an acceptable performance out of BI-LDPC-CM. Passing through the equalization and decoding stages in total of 4 times, the complexity and the latency at the receiver side of BI-LDPC-CM grow very fast. Due to such high complexity and high latency resulting from the use of BI-LDPC-CM, alternative solutions are needed. In this dissertation, we contribute to these efforts by proposing nonbinary-LDPC-coded modulation (NB-LDPC-CM) schemes that can outperform their BI-LDPC-CM counterparts while attaining the same aggregate bit rates at lower complexities and latencies.
	The potential of nonbinary LDPC codes were unearthed by the seminal works of Davey and MacKay in 1998 [19], [20]. Since then however the research on nonbinary LDPC codes have focused for the most part on column weight 2 nonbinary LDPC codes due to their impressive performances especially over very high order fields, i.e. q > 128. The increased decoding complexity over such fields with large number of elements, on the other hand, inhibits their use in practice. Much research has been done to reduce their decoding complexity in exchange of some degradation in performance. It is surprising that such advancements over column weight 2 nonbinary LDPC code design and decoding made researchers almost completely overlook at the potential uses of nonbinary LDPC codes with higher column weights than 2. As Davey alluded to in his dissertation [20], if column weights higher than 2 are used, better performances than the binary LDPC codes can be obtained without needing to go for very high field orders. In Chapter 2, we shed more light to potential performance benefits of using column weight 3 nonbinary LDPC codes. Chapter 2 also introduces fundamental concepts on nonbinary LDPC codes including definitions, their decoding and construction. Our focus is primarily on nonbinary quasi-cyclic LDPC (QC-LDPC) codes in order to capitalize on their structural properties in decoding and encoding. To accompany Chapter 2, we elaborate in Appendix A on the fast-Fourier-transform (FFT-) based nonbinary LDPC decoding in a very detailed manner.
	We begin Chapter 3 with a comprehensive discussion on the prior-art BI-LDPC-CM scheme including its transmitter (TX) and receiver (RX) architectures and operating principles. We explicate the weaknesses of BI-LDPC-CM in exploiting the dependency between the coded bits mapped to a channel symbol while estimating the correct symbol sent from the transmitter. We then set forth our arguments as to why working at the symbol level and with a more capable decoding algorithm, NB-LDPC-CM can estimate transmitted symbols more accurately. We also provide the TX and RX architectures of the proposed NB-LDPC-CM scheme and explain its operation flow.
	Our goal in Chapter 4 is to provide a thorough analysis on the computational complexity of both BI-LDPC-CM and NB-LDPC-CM. Such a meticulous analysis lacks in the literature and we think it can prove useful not only for the purposes of this dissertation but also for upcoming studies comparing various LDPC-coded modulation schemes. Our analysis provides us with solid reasons in justifying why NB-LDPC-CM is a lower complexity solution than BI-LDPC-CM for high-speed optical fiber transmissions.
	Chapter 5 demonstrates the additional performance gains that could be obtained by using NB-LDPC-CM schemes instead of the corresponding BI-LDPC-CM schemes. In this chapter, we cover applications of polarization-multiplexed BI-LDPC-CM and NB-LDPC-CM schemes to first ASE-noise dominated optical fiber transmission and then to short to medium haul optical fiber transmission. In both cases, we show that NB-LDPC-CM offers higher coding gains and the performance gap between NB-LDPC-CM and BI-LDPC-CM increases as higher aggregate transmission rates are targeted. We then take on the important topic of using rate-adaptive forward error correction (FEC). We state the reasons why a rate-adaptive FEC is needed to fully utilize the resources of a long haul optical transport network (OTN) throughout its service time and then present a rate-adaptive NB-LDPC-CM scheme to help reach this goal.
	Finally, Chapter 6 provides our concluding remarks and points some directions for future work.
	CHAPTER  2
	NONBINARY LOW-DENSITY PARITY-CHECK CODES
	Low-density parity-check codes (LDPC) were invented by Gallager in 1962 [9]. Due to their prohibitive implementation complexity at the time of their invention, they had remained unrecognized until they were rediscovered by MacKay and Neal in 1990s [10], [11]. MacKay and Neal showed that when decoded using the belief propagation algorithm, LDPC codes can perform close to the Shannon limit with a reasonable complexity. Their studies stirred an unprecedented interest on LDPC codes, and today LDPC codes are employed as error correction mechanisms in many applications ranging from wireless to wireline communications, from storage to broadcasting applications [21].
	In Section 2.1, we introduce LDPC codes and provide related terminology which we will refer to throughout this dissertation. Decoding of nonbinary LDPC codes is the subject of Section 2.2. We discuss the construction of nonbinary quasi-cyclic LDPC (QC-LDPC) codes in Section 2.3. In Section 2.4, we elaborate on the reasons why we mainly focus on the class of (3,()-regular, high-rate QC-LDPC codes. Finally, we conclude this chapter in Section 2.5 by comparing the performances of bit-length-matched binary and nonbinary LDPC codes over the binary-input additive white Gaussian noise (AWGN) channel. As we discuss further in Section 5.1, AWGN channel closely models the amplified spontaneous emission noise dominated transmission scenario in optical fibers, and hence it is an important special case to consider.
	2.1  LDPC Codes
	LDPC codes are linear block codes whose parity-check matrices have a low density of nonzero entries. They can be represented either by using their generator matrices G or their parity-check matrices H, where we have  and where T stands for transposition. (We denote matrices with boldface letters and symbols.) Yet another representation of an LDPC code is through the bipartite graph representation of its H matrix. We call the graph corresponding to an H matrix as its Tanner graph. In this graphical representation, each column of H is denoted by a variable node and each row of H is denoted by a check node. In the Tanner graph representation of an  parity-check matrix H, there present M check nodes and N variable nodes. If the entry in the i-th column,  and j-th row,  of H is nonzero, i.e.  then there exists an edge (or a connection) between the i-th variable node and the j-th check node in the Tanner graph of H. If the parity-check matrix H of an LDPC code has  nonzero entries per column and  nonzero entries per row, we call it as a regular LDPC code. Otherwise, it is called as an irregular LDPC code. Notice here that the use of the subscript “v” in columns and “c” in rows is in accordance with the convention of associating columns with variable nodes and rows with check nodes. If the  parity-check matrix H of an LDPC code is not full rank, then its corresponding generator matrix  is given by a  matrix where  We refer to the ratio  as the code rate. In general,  is called as the information block length and  is called as the codeword length.
	We can denote the finite field (or Galois field) of q elements by  For example, the binary field with elements 0 and 1 is denoted by  If the entries in the H matrix of an LDPC code are chosen from GF(2), then it is called as a binary LDPC code. If, however, we choose the entries of H from finite fields other than the binary field, the null-space of H defines a nonbinary LDPC code. Hence, formally, we can define a q-ary LDPC code as a linear block code with a sparse parity-check matrix whose entries are chosen from GF(q). All the definitions in the preceding paragraph apply to both binary and nonbinary LDPC codes. However, the Tanner graph of (the parity-check matrix of) a nonbinary LDPC code has to incorporate the edge value associated with every edge, which is not necessary in the binary case. In Fig. 2.1, we present the H matrix of a 4-ary LDPC code along with its Tanner graph. At this point, we can introduce the important notion of a cycle in a bipartite graph. A 2l-cycle is a path that closes on itself after traversing l check nodes and l variable nodes in an alternating manner. For example, in Fig. 2.1, we identified a 4-cycle whose path can be written as v1 – c1 – v4 – c2 – v1. The length of the shortest cycle in the Tanner graph of an LDPC code is called as its girth.
	We can classify LDPC codes into two broad categories depending on how they are constructed [22]: 1) random-like LDPC codes and 2) structured LDPC codes. As its name suggests, random-like codes are designed using computer search algorithms to ensure that the resulting LDPC code satisfies certain design constraints. Structured codes, on the other hand, can be constructed using algebraic or combinatorial methods. It is known that well-designed structured LDPC codes can perform as good as corresponding random-like LDPC codes [22]. Even though there is no significant loss in error correction performance, structured codes offer an attractive feature of “hardware-friendliness”. By exploiting the structure in their parity-check matrices, LDPC decoder implementations can be facilitated, which is of great practical concern [23]. Amongst the structured LDPC codes, the family of quasi-cyclic LDPC (QC-LDPC) codes is of particular interest. 
	An LDPC code is said to be quasi-cyclic if every cyclic shift of a codeword by a fixed amount to the left or to the right results in another codeword [22]. The parity-check matrices of QC-LDPC codes can be represented as an array of submatrices as in (2.1).
	 (2.1)
	where  is a  circulant submatrix. In a circulant matrix, the j-th row,  is given by the cyclic shift by 1 position to the right of the row preceding it, and the first row is the cyclic shift of the last row by 1 position to the right. This modular structure of the H matrix of QC-LDPC codes has been exploited extensively in the literature to reduce the routing complexity in the hardware implementation of LDPC decoders [24]–[28], which is the dominant complexity term as noted for the first time in the ground-breaking work of Blanksby and Howland [29]. The dual of a quasi-cyclic code is also quasi-cyclic [22], [30]; and hence, the generator matrices of QC-LDPC codes can also be represented as an array of circulant submatrices. This profitable structure in their generator matrices enables QC-LDPC codes to be encoded in linear time using simple shift-register-based architectures [31]. To summarize, QC-LDPC codes possess implementation advantages in encoding and decoding while not compromising from good error correction performance. Thus, in this dissertation, we have established QC-LDPC codes, both binary and nonbinary, as our primary research focus. In Section 2.3, we elaborate further on the construction of binary and nonbinary QC-LDPC codes. However, we first explicate the decoding of nonbinary LDPC codes in the following section.
	2.2  Decoding of Nonbinary LDPC Codes
	LDPC codes are decoded using a probabilistic iterative decoding algorithm commonly referred to as the belief propagation algorithm or the sum-product algorithm (SPA) [10], [11], [32]–[34]. This section is devoted to q-ary SPA (QSPA), the extension of SPA used for decoding q-ary LDPC codes.
	The pioneering works on nonbinary LDPC codes can be tracked down to Davey and MacKay [19], [20]. (In his dissertation [20], however, Davey states that Tanner [35] was indeed the first one to consider using higher order fields in place of the binary field in LDPC codes.) Davey and MacKay devised a generalization of the conventional SPA which can be used to decode q-ary LDPC codes. We refer to this algorithm as the q-ary SPA, or QSPA, in short. Davey also demonstrated how QSPA can be implemented using fast Fourier transform (FFT) for the case of q-ary LDPC codes over the extension fields of the binary field, i.e. over the fields with field order  Aside from Davey’s seminal dissertation work [20], there are some excellent manuscripts in the literature taking on the subject of QSPA and its implementations [36]–[39]. Song and Cruz [36] tackled the problem of real-valued multiplications required in the probability domain implementation of FFT-QSPA and proposed converting multiplications in the probability domain into additions in the logarithm (or log) domain whenever possible. Wymeersch et al. [37] proposed another log-domain approach for the implementation of QSPA. A very detailed treatment of QSPA and FFT-QSPA can be found in [38]. The authors explicate the intricacies of both QSPA and FFT-QSPA without restricting their attention to q-ary LDPC codes over GF(2p). They note, however, that when  the real-valued multiplications involved in FFT can be avoided and hence it can be implemented by using additions and subtractions only. Another excellent treatment of QSPA and FFT-QSPA when  is given by Declercq and Fossorier [39]. In [40], Spagnol et al. discuss hardware implementation of LDPC decoders over GF(2p). They propose employing a mix-domain approach to FFT-QSPA as in [36] and review various architectures for hardware implementation. Their studies show that a mix-domain approach is better suited to hardware implementation than the log-domain implementation proposed in [37]. 
	In order to capitalize on the simplifications in decoding, we also consider q-ary LDPC codes over the extension fields of the binary field, i.e.  in this dissertation. Below, we describe the mixed-domain implementation of FFT-QSPA [36], which is the implementation that we used to decode nonbinary LDPC codes in this dissertation. In our description, we adopt the notations used in [34] and [38].
	Similar to SPA, it is easier to describe QSPA as an iterative exchange of messages between variable nodes and check nodes over the edges of the Tanner graph of a code. Consider, for example, the H matrix and the corresponding Tanner graph given in Fig. 2.2. In the figure, we indicate the message vector received from the channel at each variable node by  Note that in decoding binary LDPC codes using SPA, one uses scalar values for the information received from the channel at each variable node  This scalar value is computed by using 
	  (2.2)
	at the variable node i, i.e.  and it denotes the log-likelihood ratio (LLR) of the probability of  being 1 to that of its being 0 given the received noisy vector z. In decoding a q-ary LDPC code, QSPA needs to compute  for all  and hence, the information received from the channel at  becomes a vector. Using LLRs, we can represent the channel information received at the variable node  as 
	 (2.3)
	Since  for all variable nodes, we can represent  as a (q-1)-dimensional vector with indices belonging to  the multiplicative group comprised of the nonzero elements of  We denote the message sent from the variable node i to check node j by  and the message sent from the check node j to variable node i by  where  and  Similar to  we can represent  and  in the LLR form with their first entries being always 0. Thus, they can also be considered as (q-1)-dimensional vectors. Before we formally state the mixed-domain FFT-QSPA, a couple of more remarks are in order. We denote the set of check nodes connected to variable node i by  and the set of variable nodes connected to check node j by  The set  contains all the check nodes connected to variable node i excluding the check node j. Similar definition applies to  We denote the reliability vector of a variable node by   holds the reliabilities used for making hard decisions at the end of each decoding iteration. Also, in the description of the algorithm, we denote the iteration number t by a superscript, as in  We can now state the mixed-domain FFT-QSPA for decoding a  LDPC code with the parity-check matrix H as follows.
	Mixed-Domain FFT-QSPA (MD-FFT-QSPA)
	Step -1: Initialization
	 Set 
	  compute  where z is the received noisy vector.
	  set  and set 
	  set 
	Step 0: Obtain codeword estimate and test for decoding termination
	 Obtain the codeword estimate  by using 
	 (2.4)
	 If none of the stopping criteria is met (see Appendix A), increment iteration number i.e.  and go to Step 1; else, terminate decoding and return  as the codeword estimate. 
	Step 1: Permute q messages
	 permute  into  by using
	 (2.5)
	where multiplication takes place in  and  is the edge value and  is its inverse. 
	Step 2: Shift from logarithm to probability domain
	 convert  to  as follows:
	 (2.6)
	 (2.7)
	Step 3: Apply check node update
	 compute  by using
	 (2.8)
	where the function  is the check node update function (see Appendix A).
	Step 4: Shift from probability domain to logarithm domain
	 convert  to  via
	 (2.9)
	Step 5: Permute r messages
	 permute  into  as in
	 (2.10) 
	where multiplication takes place in  and  is the edge value.
	Step 6: Apply variable node update
	  update the variable node reliability vector  by using
	 (2.11)
	  obtain the extrinsic messages  via
	 (2.12)
	 Go back to Step 0.
	As the description of the decoding algorithm shows, the messages emanating from a node starts to arrive back at the same node after l iterations while decoding an LDPC code of girth 2l. Such correlations in messages propagated in the graph degrade the performance of the decoding algorithm [11], [22], [34]. Thus, short cycles, and in particular 4-cycles, should be avoided during LDPC code construction. Even though being sub-optimal and even when operating on Tanner graphs containing cycles, SPA has been shown to be very effective and indeed to perform very close to (0.0045 dB away from) channel capacity [41]. 
	In the next section, we describe a two-stage code design technique for constructing nonbinary quasi-cyclic LDPC codes whose Tanner graphs do not contain performance-degrading short cycles. We employ MD-FFT-QSPA described in this section to compare the performances of bit-length-matched nonbinary LDPC codes over fields with various field orders in Section 2.5.
	2.3  Construction of QC-LDPC Codes
	As we mentioned in Section 2.1, there exist various algebraic and combinatorial methods to construct structured LDPC codes. Amongst these, the works in [42]–[49] stand out in QC-LDPC code design for their novelty and pioneering contributions. In this dissertation, we use a two-stage code design technique. Our approach incorporates the ideas from [48], which discusses quasi-cyclic code design based on finite fields, and the ideas from [46], which analyzes the properties of the cycles in the Tanner graphs of QC-LDPC codes. 
	The first stage of our two-stage code design technique concerns code construction using multiplicative groups of the finite fields [48]. The code construction method can freely be replaced by any other QC-LDPC code construction method without affecting the second stage. The benefits of using the finite-field approach presented in [48] are two-fold: 1) it ensures that the resulting binary QC-LDPC code is at least of girth 6; 2) the parameter B which sets the size of submatrices, i.e.  as shown in (2.1), is not required to be prime. The first property readily takes care of the most problematic cycles, i.e. 4-cycles. The second property is very beneficial in decoder implementations. QC-LDPC codes with composite B values lend themselves to partially-parallel decoder implementations more easily [23]–[28], [50]–[56]. In partially-parallel implementations, the (variable or check) nodes associated with each submatrix is partitioned into smaller groups of nodes and all the node groups are processed in parallel. The size of node groups and hence the amount of parallelism can be adjusted as needed. Partially-parallel implementations are the most common LDPC decoder implementation methods today due to providing a control parameter to adjust the tradeoff between implementation complexity and decoding throughput. Now, we can elaborate more on the operations involved in the first stage of our two-stage design.
	We let α be a primitive element of  then the following matrix  is a  matrix over 
	 (2.13)
	We can transform  into a large, binary  matrix  represented by 
	 (2.14)
	upon replacing the entry in the j-th row,  and i-th column,  of  denoted by  with the submatrix  related to  as shown below in (2.15). 
	 (2.15)
	where  is called as the location vector of the field element  (Similar to matrices, we denote the vectors in boldface.) The location vector uses the fact that every element in a finite field can be represented as a unique power of the primitive element, i.e.  Thus, every element  has a corresponding location vector given by  whose k-th entry is a one i.e.  and all the other entries are zeros. (Note that the zero symbol maps to the all-zero vector, i.e. ) As the construction in (2.15) suggests, the submatrices  are circulant matrices. Therefore,  is a large, binary  matrix which can be viewed as a  array of  circulant submatrices. Due to Theorem 1 in [48],  has a girth of at least 6. In the second stage, we further process this large binary matrix free of 4-cycles.
	In the second stage, we have two goals: 1) meeting the code rate requirement; 2) increasing the girth of the code as much as possible. Let us also assume that we require the code rate of the resulting q-ary QC-LDPC code to be  Using the general parity-check matrix structure shown in (2.1) with each submatrix being of size  we can proceed as follows. First, we observe that  and  where  are arbitrary positive integers. As noted previously,  Since  we have  Thus, if we pick  rows and  columns from  such that  we ensure that the code rate of the resulting code will be greater than or equal to the desired code rate. During our selection, if we avoid zero matrices in  the resulting QC-LDPC code becomes  otherwise, we obtain an irregular QC-LDPC code. In this dissertation, we are interested in regular QC-LDPC codes. However, our studies are generic and can easily be applied to irregular QC-LDPC codes, as well. Since  is of girth at least 6, the girth of the newly constructed binary matrix, which we call as  will also be at least 6. Instead of randomly selecting  rows and  columns from  we can select them while ensuring that  has the highest girth possible. This is indeed what we do in our selection of rows and columns from  We use Fossorier’s necessary and sufficient conditions established for a QC-LDPC code to have a given girth [46]. Since  is algebraically constructed, it is straightforward to apply these conditions in a computer program which can search for the best combination of columns and rows from  so that  is of the largest girth possible. To summarize, in the first step of the second stage of our two-stage technique, we obtain  which is a binary matrix of the largest girth possible whose null space defines a  binary QC-LDPC of rate 
	The second step of the second stage and the last step of our design is the process of nonbinary element assignment. To elaborate, as the intuition suggests, by assigning nonzero elements from  to the 1s in the binary parity-check matrix of an LDPC code, we can obtain the parity-check matrix of a q-ary LDPC code. If, however, our goal is to form q-ary QC-LDPC codes from binary QC-LDPC codes, we need to ensure that the quasi-cyclic property is preserved during q-ary element assignment. First, we recall that the binary matrix  is in the form given in (2.1), i.e.
	 (2.16)
	where  is a  circulant submatrix. The most general method to keep s as circulant matrices while converting them from binary matrices to matrices over  is by multiplying each  with a coefficient randomly selected from  and denoted by  The null-space of the resulting matrix  appears as follows:
	 (2.17)
	where the multiplication is performed in  The null-space of the  q-ary parity-check matrix  given in (2.17) defines a q-ary QC-LDPC code of code rate  as desired. This completes our discussion on code construction.
	In Section 2.1, we stated that our focus is on well-structured nonbinary LDPC codes, in particular, on nonbinary QC-LDPC codes. Here, we added further restrictions to our focal point of research by describing a two-stage code design technique that we employ to construct large-girth,  nonbinary QC-LDPC codes of a desired code rate. In the next section, we will state our incentives to why we further restricted our attention to  and high-rate QC-LDPC codes.
	2.4  (3,()-regular, High-rate Nonbinary QC-LDPC Codes
	We stated that our focus is on large-girth, 2p-ary,  QC-LDPC codes. This is still a very large ensemble of LDPC codes to consider, however. One needs to examine various combinations of  before deducing reliable conclusions on such a large ensemble. Thus, we need to further restrict our subject matter. 
	In this dissertation, we are interested in high-rate LDPC codes. High-rate LDPC codes with code rates  are more suitable for optical communications in order to keep the operating symbol rates and the cost of electronics low [57]. Even though we would like to keep code rates high, our goal on column weights is toward keeping them low. It is because as the column weight  increases, avoidance of cycles in the Tanner graphs of LDPC codes gets harder and hence our large girth constraint might be jeopardized. Furthermore, for large  the row-weight (  needs to get larger in order to satisfy the high-rate constraint, and this in turn increases decoding complexity as noted in Appendix A. Thus, smaller  values are more advantageous. Amongst all 2p-ary,  LDPC codes, LDPC codes, commonly referred to as cycle codes, have received most of the attention [20], [58], [39], [59], [60]. The benefits of using cycle nonbinary LDPC codes are as follows: 1) the variable node update rule is omitted completely, 2) for large enough p, 2p-ary cycle codes were shown to outperform other 2p-ary codes with larger (mean) column weights [20], 3) for large enough p, 2p-ary cycle codes have been shown to present very good performance [58]. There is a requirement, however, for 2p-ary cycle LDPC codes to perform well which is that they should be defined over finite fields with large field orders, i.e.  This, on the other hand, complicates decoding if not deems it prohibitive since as we noted in Appendix A, the check node processing complexity of FFT-QSPA scales with  In [39], Declercq and Fossorier proposed a low-complexity alternative to FFT-QSPA which they call as the extended min-sum algorithm (EMS) with an analogy to the infamous min-sum variant of SPA [61]. For a small loss in performance, the EMS algorithm reduces the computational complexity when used for decoding 2p-ary cycle LDPC codes in place of FFT-QSPA. As we show in the next section with the help of simulations over binary input AWGN (BI-AWGN) channel,  nonbinary LDPC codes can outperform their binary counterparts even when defined over fields with moderate field orders, i.e.  without requiring very large field orders. In addition, they can be decoded using FFT-QSPA without incurring any performance loss due to the use of approximate algorithms. At the time when we started this dissertation, other than Davey’s original work, there were only two references which employed column weight 3 nonbinary LDPC codes. These include the work of Song and Cruz [36] discussing applications of nonbinary LDPC codes to magnetic recording channel and that of Djordjevic and Vasic [62] discussing applications to optical communications. Thus,  nonbinary QC-LDPC codes were not very well investigated. 
	Due to these reasons, in this dissertation, we have focused our research on  nonbinary QC-LDPC codes having large girths and high code rates. Even though our target applications are coded modulation schemes suitable for high-speed optical communications, we believe that our findings will be found useful in other research communities, as well. 
	2.5  Performance Comparison over the BI-AWGN Channel
	It is imperative to perform a performance comparison between LDPC codes designed over the binary field and over various extension fields of the binary field. To make a fair comparison, one of the most natural ways is to fix the bit length of the codewords of the LDPC codes under consideration. In this section, we use the binary input additive white Gaussian noise (BI-AWGN) channel model to test the performance of bit-length-matched binary and nonbinary LDPC codes. Before we delve into the performance comparison, however, we first need to determine the maximum number of decoding iterations necessary for good performance. 
	To understand the dependence between bit error ratio (BER) performance and the maximum number of decoding iterations, Itermax, allowed in decoding, we performed simulations by setting different values for Itermax. In our simulations, we used a (3,15)-regular, girth-8, 4-ary LDPC(8430, 6744) code for error correction. As we can see from Fig. 2.3, the BER performance of MD-FFT-QSPA improves as Itermax increases from 1 iterations to 100 iterations. However, the effect increments on Itermax is found to diminish as Itermax gets larger. For example, at the BER of 10-6, the performance gap between Itermax = 20 iterations and Itermax = 50 iterations is around 0.07 dB, which is miniscule. There is in fact no practical explanation to why 100 iterations should be employed. Throughout this dissertation, we decided to use Itermax = 50 iterations to ensure that we do not incur any performance loss in our simulations. Compared to 500 iterations suggested in Davey’s dissertation [20], 50 iterations is quite reasonable. Furthermore, in [39], Declercq and Fossorier also employ 50 iterations in FFT-QSPA and in their own EMS algorithm. Hence, Itermax = 50 iterations is a quite plausible choice. We can now proceed with the performance comparison between binary and nonbinary LDPC codes.
	Instead of constructing a binary QC-LDPC code of our own, we compared a well studied binary QC-LDPC code with its bit-length-matched nonbinary counterparts. This way we also prevented any doubt of unfairness in the code construction. For the binary QC-LDPC code, we use the rate-0.8, (3,15)-regular QC-LDPC(16935, 13550) code of girth 8 proposed in [63]. The reason behind our selection is that this particular code was shown to perform very well not only over an AWGN channel but also over a realistic optical communication channel [63]. Thus, it presents a challenge for its nonbinary counterparts in terms of error correction performance. Since the binary QC-LDPC code is of length  bits, we need to construct 2p-ary QC-LDPC codes of length  symbols so that the same amount of bits is sent per codeword. We used the two-stage code design technique described in Section 2.3 to construct our (3,15)-regular, rate-0.8 QC-LDPC(~16935/p, ~13550/p) codes of girth 8 over  Our simulation results are presented in Fig. 2.4. As shown in the figure, 4-ary, 8-ary and 16-ary QC-LDPC codes outperform their bit-length-matched binary counterpart in terms of BER performance over the BI-AWGN channel. However, q-ary QC-LDPC codes with field orders greater than or equal to 32 perform worse than the binary code. Indeed, the performances of q-ary QC-LDPC codes start to degrade as we reach  
	At first, our results might seem counterintuitive. We will refer to Davey’s Monte Carlo simulations [20] based on an ensemble of infinite-length, infinite-girth LDPC codes to convince the reader that our results are, on the contrary, concur with what was expected. Davey ran Monte Carlo simulations over an ensemble of infinite-length LDPC codes of a given rate and mean column weight whose Tanner graphs are free of cycles so that the decoding algorithm can attain true a posteriori probabilities. He showed in Fig. 3.5 (on pp. 24) of his dissertation [20] that for column weight 3 codes of rate 0.25, the fields over which the bit-length-matched codes are defined can be ordered according to their performance as GF(2), GF(4) and GF(8) [20]. In the same figure, his simulations revealed that the order of best performance becomes GF(4), GF(2), and GF(8) for column weight 3 codes of rate 0.5. What we observed in our simulations based on finite-length, finite-girth LDPC codes of rate 0.8 is that the order of best performance is given by GF(8), GF(4), GF(16) and GF(2). This makes sense since as the trend in Davey’s work implies, for column weight 3 LDPC codes, bit-length-matched codes over higher order fields starts to outperform binary codes as the code rate increases. The reason why increasing field order to 16 and above starts to degrade the performance, on the other hand, can be intuitively explained as follows: As the state space of each variable node gets larger due to increased field order, the confidence of a variable node on a given state gets smaller; this, in return, lowers the confidence of the check nodes on the true state of their neighbors and lowers the strength of the parity checks [20].
	We can state the highlight of this section as the fact that with moderate field orders like  we can outperform the bit-length-matched binary regular LDPC codes when the column weight is 3. However, the true potential of (3,()-regular nonbinary LDPC codes is yet to be unveiled in the coming chapters where we apply these codes as component codes in the coded modulation schemes to enable high-speed optical communications.
	CHAPTER  3
	LDPC-CODED MODULATION SCHEMES SUITABLE FOR HIGH-SPPED OPTICAL FIBER COMMUNICATIONS
	As we noted in the Introduction, there is an ever-growing demand for higher transmission speeds over the optical fiber. One way to accommodate this demand is to increase the operating symbol rate. This comes, however, at the expense of increased costs since new devices employing cutting-edge technologies to support higher data rates are needed both at the transmitters and at the receivers. In general, this statement holds true for any type of communication system; but, an optical fiber communication system faces another challenging problem aside from the increased cost. As the symbol rate increases, the severity of signal impairments due to nonlinearities and polarization mode dispersion (PMD) gets elevated. As we propose in this chapter, a remedy can be provided through the application of LDPC-coded modulation schemes. LDPC-coded modulation employs bandwidth-efficient modulations to quench the quest for increased transmission speeds while keeping the operating symbol rate low, and uses strong forward error correction (FEC) based on LDPC codes to increase the immunity of the proposed solutions to various signal impairments.
	Our intention in this chapter is to lay a foundation on LDPC-coded modulation schemes which will be frequently referred to in the following chapters. We discuss this topic by identifying two sections. In Section 3.1, we introduce the prior-art bit-interleaved LDPC-coded modulation (BI-LDPC-CM) schemes using binary LDPC codes for FEC and explain how they enable high-speed optical fiber communications. Then we present our proposed coded modulation solution employing nonbinary LDPC codes as component codes in Section 3.2. 
	3.1  Bit-Interleaved LDPC-Coded Modulation (BI-LDPC-CM)
	Bit-interleaved coded modulation (BICM) [15] is a capacity-approaching modulation scheme. It was shown to be equivalent to multilevel coding (MLC) proposed by Imai and Hirakawa [8] when identical component codes are used at each level and when parallel independent decoders (PID) are used to perform decoding at each level [14]. In [14], the authors used LDPC codes as component codes in both MLC/PID and BICM schemes to show the equality of these two schemes. We refer to the BICM scheme with LDPC component codes as the bit-interleaved LDPC-coded modulation (BI-LDPC-CM). Later, Djordjevic et al. [7] showed that BI-LDPC-CM can be used to enable high-speed communications over optical fiber links. As shown in [7], [64, ch. 6], BI-LDPC-CM can be used to stream m information sources in parallel, and when operated at the symbol rate of Rs symbols/s (later we will call this as the line rate to distinguish it from the information symbol rate, which is the rate at which the data is streamed from the user side), it provides an aggregate information bit rate of 
	 (3.1)
	where R is the code rate of the component FEC code used for protecting the information streams. In fact, the aggregate information bit rate given in (3.1) can be doubled by multiplexing two independent sets of data streams and modulating each set over either x- or y-polarization of the light wave. This technique is commonly referred to as polarization-multiplexing. Consequently, a polarization-multiplexed BI-LDPC-CM scheme attains an aggregate information bit rate of 
	 (3.2)
	As a numerical example, suppose that we use the quadrature phase shift keying (QPSK) modulation, which maps  bits (codeword bits, or coded bits) to a channel symbol. Also, let us suppose that the operating symbol rate is set to  which is a reasonable assumption as components operating at this symbol rate started to become commercially available. Finally, let a rate-0.8 LDPC code be our component code. Utilizing polarization multiplexing, BI-LDPC-CM achieves an aggregate information bit rate of 160 Giga-bits per second (Gb/s). We should emphasize that that this information bit rate is higher than the information bit rate that IEEE standard IEEE 802.3ba [1] set as the target for the next generation Ethernet, which is 100 Gb/s. In the remainder of this section, we discuss how BI-LDPC-CM can achieve such high data rates by providing details on its transmitter and receiver configurations and by explicating its operating principles.
	We depict the transmitter (TX) architecture for the BI-LDPC-CM scheme employing polarization multiplexing in Fig. 3.1. As shown in the figure, we can stream two sets of independent information channels on each polarization branch. We denote the number of information streams sent over the x- and y-polarizations by mx and my, respectively. Since operations over one polarization branch applies equally to the other branch, we continue our descriptions by dropping the polarization subscript and state it explicitly only if necessary. First, we encode m independent information sources denoted by  into codewords  of length N bits using identical component binary LDPC codes of code rate  where K is the length of each information source in bits. We store these m codewords as the rows of a block interleaver preserving their order. Then, we group the m bits in the k-th column,  of the block interleaver into a symbol denoted by the vector  Concatenating the vectors corresponding to all columns of the block interleaver, we obtain a sequence of vectors (or a vector of vectors) which we represent by 
	 (3.3) 
	where  and   The Mapper block takes the k-th vector,  of the interleaved sequence  as input and maps it to a constellation point over a 2m-ary signal constellation. Its operation can be summarized as 
	 (3.4)
	where the I and Q stand for the in-phase and quadrature components of the constellation point  corresponding to the m-tuple  Following the mapper, modulation is accomplished by a dual-drive Mach-Zehnder modulator (MZM). Note that both in the x- and y-polarizations, we use the same distributed feedback (DFB) laser as the continuous wave source with the help of a polarization-beam splitter (PBS). After modulation by the corresponding MZMs at the x- and y-polarization branches, the resulting signals are combined into a single optical wave using a polarization beam combiner (PBC), and the final optical signal is then coupled into the optical fiber.
	Fig. 3.2 depicts the receiver architecture. As shown in the figure, we use the same local laser for coherent detection over the x- and y-polarization branches with the help of a PBS. In a similar fashion to the TX side, since the operations performed over both polarization branches are identical, we drop subscripts indicating polarization in order not to clutter our notation. We represent the received sample at the l-th sampling instant as a vector  where  are the balanced outputs of the I- and Q-branches of the coherent detector [7], [64, ch. 2], and where  is the sampling period in seconds. As we did at the TX side, we can concatenate the received samples into a sequence of vectors denoted by 
	 (3.5)  
	where  Due to dispersive effects of chromatic dispersion and polarization mode dispersion (PMD) and their nonlinear interactions with fiber nonlinearities, the received samples suffer from intersymbol interference (ISI). To compensate for ISI we need to use equalization at the receiving ends. In BI-LDPC-CM, we employ a so-called turbo equalization [16] technique combining a maximum a posteriori probability (MAP) equalizer and the binary LDPC decoders in an iterative fashion. In our implementation, the MAP equalizer is based on the renowned Bahl-Cocke-Jelinek-Raviv (BCJR) algorithm [18]. (We discuss turbo equalization further in the next paragraph.) In turbo equalization, the MAP equalizer and the binary LDPC decoders exchange information via the feedback line depicted in Fig. 3.2. We call such iterations between the equalizer and LDPC decoders as an outer iteration in order to distinguish it from the LDPC decoding iterations, which are now referred to as inner iterations. After the MAP equalizer prepares its symbol reliability estimates, they are passed to a conversion block that converts every symbol reliability estimate into bit reliability estimates corresponding to the m bits comprising that particular symbol, and sends the computed bit reliabilities to the corresponding m binary LDPC decoders. Binary LDPC decoders perform decoding to improve the reliabilities on each codeword bit. Upon obtaining improved bit reliability estimates from the decoders, a bit-to-symbol reliability block reverts the operation of the symbol-to-bit reliability block mentioned above in order to obtain symbol reliabilities from the bit reliabilities. Its goal is to prepare a priori symbol reliabilities for the MAP equalizer. The a priori information on symbols are passed to the equalizer from the bit-to-symbol reliability conversion block through the feedback line mentioned above. This iterative information exchange between the MAP equalizer and the LDPC decoders continues for a predetermined number of (outer) iterations after which the hard decisions of the binary LDPC decoders are taken as the codeword estimates.
	Equalization is an integral part of any communication system suffering from dispersive channel effects resulting in ISI on the received data [65, ch. 10]. Turbo equalization [16] is based on the idea of exchanging extrinsic information in an iterative fashion between the equalization and the decoding stages to aid each stage in estimating the a posteriori reliabilities more accurately by exploiting the a priori information provided by the other stage. LDPC-coded turbo equalization employing a MAP equalizer based on the BCJR algorithm was shown to be an effective technique to collectively combat fiber nonlinearities, PMD and chromatic dispersion in optical communication systems using both direct detection [66] and coherent detection [67]. At each iteration of turbo equalization (a.k.a. outer iteration), we provide the equalizer (or sometimes referred to as the detector) with a priori reliability estimates on each received symbol by using the extrinsic bit reliabilities provided by the binary LDPC decoders on the bits involved in that symbol. Exploiting this a priori knowledge, the equalizer can reach better estimates on the true a posteriori reliabilities of the received symbols. In return, the equalizer provides the binary LDPC decoders with better extrinsic symbol reliabilities out of which we compute the corresponding extrinsic bit reliabilities to be used as the initial bit reliabilities at the corresponding binary LDPC decoders. Operating on better initial bit reliabilities, the binary decoders also obtain closer estimates to the a posteriori bit reliabilities than they did in the previous outer iteration. With every outer iteration, both the equalizer and the decoder obtain better and better estimates on the true a posteriori reliabilities. 
	Throughout the previous paragraph, we emphasized the word “extrinsic” by italicizing it. The reason is that the notion of extrinsic information is the heart of the turbo equalization. As explained in the excellent manuscript by Koetter et al. [17], the performance of both the equalizer stage and the decoder stage can be improved if they are provided with good a priori information. As we described above, turbo equalization provides each stage with enhanced a priori information formed by using the information obtained from the other stage. Koetter et al. [17] note that the information provided to either of the stages as the a priori information should be free of the information already available at that stage to prevent strong feedback. Their analysis suggests that such a feedback would cause a premature convergence to a locally optimal solution which is generally not the desired one. Therefore, in order to ensure convergence to a solution that is globally optimal, while we form the a priori information for the decoder (equalizer) using the a posteriori information obtained from the equalizer (decoder), we need to exclude the a priori information that the decoder (equalizer) contributed to the equalizer’s (decoder’s) a posteriori information. This is what is called as the extraction of the extrinsic information. In Chapter 4, we present further details on how extrinsic symbol and bit reliabilities used by the MAP equalizer and the LDPC decoders, respectively, are formed.
	As shown in [7], [64, ch. 6], [66], [67] and as we also present in the application related chapters, BI-LDPC-CM offers outstanding coding gains while ensuring that the operating symbol rates are kept low and the aggregate information bit rates are maintained high as required by the next generation optical communication systems. However, as our complexity analysis in Chapter 4 reveals, BI-LDPC-CM can get computationally very involved especially for large signal constellations, which are essential for high transmission speeds. This increase in computational load can be attributed primarily to the turbo equalization process necessary for good performance in BI-LDPC-CM. Moreover, turbo equalization amplifies the latency of the implementation. Also, apart from the core components like the MAP equalizer and binary LDPC decoders, turbo equalization requires the use of symbol-to-bit and bit-to-symbol reliability conversion units which not only add to the computational complexity but also to the storage requirement and the latency of the BI-LDPC-CM implementation. 
	In summary, BI-LDPC-CM is an enabling technology for high-speed optical fiber communications; however, its implementation in a realistic optical channel especially for large constellations that achieve higher data transmission rates can get computationally expensive. In the next section, we propose a nonbinary-LDPC-coded modulation scheme that can attain the same aggregate information bit rate as its corresponding BI-LDPC-CM scheme while providing larger coding gains. As the signal constellations get larger in size, the proposed scheme not only increases the gap with BI-LDPC-CM in terms of coding gain but also reduces the complexity and latency at the receiver side due to not requiring turbo equalization in its realization.
	3.2  Nonbinary-LDPC-Coded Modulation (NB-LDPC-CM)
	Above we presented LDPC-coded modulation with component binary LDPC codes. Before we start our discussion on nonbinary-LDPC-coded modulation (NB-LDPC-CM), it is useful to summarize the key points and the weaknesses of BI-LDPC-CM to motivate the use of NB-LDPC-CM.  As we recall, at the transmitter side of the BI-LDPC-CM scheme, we map each m-tuple to a constellation point over a 2m-ary signal constellation. Each m-tuple is comprised of m bits, where each bit is taken from one of the m independent LDPC codewords. These m independent bits are mapped as a group (or a vector) to a single constellation point in a 2m-ary signal constellation, and such a mapping creates a dependency between the bits comprising a channel symbol. Since BI-LDPC-CM uses m binary LDPC decoders working independently and only on their corresponding bit, it cannot take full advantage of the dependency between the coded bits. To overcome this drawback and to improve the reliability estimates of each decoder and hence to improve the error correction performance of BI-LDPC-CM, we need to utilize an iterative equalization and decoding technique called turbo equalization at the receiver end of BI-LDPC-CM-based transmission systems.
	Intuition suggests that instead of operating on, by definition, dependent bits as independent entities, it would be sagacious to operate on them collectively as a single entity. In our terminology, we call this single entity as a symbol. It is this intuitive reasoning which forms a natural motivation for using NB-LDPC-CM. Thus, we can state the main difference between NB-LDPC-CM and BI-LDPC-CM as that the former operates at the symbol level whereas the latter operates at the bit level. Various research groups also made the same observation and applied the idea of using nonbinary LDPC codes along with matching signal constellations in various applications. The noteworthy contributions in the literature can be listed as follows: in [68], [60], to improve the performances of multiple-input multiple-output (MIMO) wireless communications; in [69], to enable bandwidth-efficient broadcasting; and in [59], to enable orthogonal frequency division multiplexing (OFDM) based underwater acoustic communications. To date, there is no research group other than our group that employs NB-LDPC-CM to enable high-speed fiber-optic communications. Our contributions in the field can be found in [70]–[79].
	In Fig. 3.3, we present the TX architecture of the polarization-multiplexed NB-LDPC-CM scheme corresponding to the polarization-multiplexed BI-LDPC-CM scheme depicted in Fig. 3.1. The differences between the two figures are evident. In the nonbinary case, we collapse all m binary source channels of the BI-LDPC-CM into a single 2m-ary source channel. We obtain our information vectors from this nonbinary source and transform them into codeword vectors over  by the encoder for a  LDPC(N, K) code. The codeword symbols are then fed into the Mapper block to be mapped onto their corresponding constellation points in a 2m-ary signal constellation. After this point, operations like modulation via MZMs and polarization-beam combining are the same as the BI-LDPC-CM scheme, which were discussed in Section 3.1. We should also note that due to operating at the symbol level, NB-LDPC-CM eliminates the need for a bit-level block interleaver.
	The corresponding RX architecture is presented in Fig. 3.4. Different from the RX architecture in BI-LDPC-CM, there exists a single 2m-ary LDPC decoder in place of an array of m independent binary LDPC decoders running in parallel. Also, the feedback line to the MAP equalization stage from the decoding stage is removed since NB-LDPC-CM does not employ turbo equalization, which was crucial in the BI-LDPC-CM case. We can summarize the operational flow as follows. After the received samples are obtained from the coherent detector, MAP equalization is applied on the received sequence to eliminate ISI. The a posteriori symbol reliabilities of the MAP equalizer are used as the initial symbol reliabilities by the nonbinary LDPC decoder. After a predetermined number of decoding iterations, the hard decisions of the nonbinary decoder are taken as the estimates of the nonbinary codeword symbols sent by the transmitter. As we stated above, since all operations are carried out at the symbol level, there is no need in an NB-LDPC-CM implementation for symbol-to-bit and bit-to-symbol LLR conversion units.
	When operated at the symbol rate of  symbols/s, the polarization-multiplexed NB-LDPC-CM scheme discussed above achieves an aggregate information bit rate of
	 (3.6)
	per polarization. Since there are two polarizations, the aggregate information bit rate of NB-LDPC-CM becomes 
	 (3.7)
	matching to that of the corresponding BI-LDPC-CM scheme given by (3.2).
	As we also mentioned in the closing paragraphs of Section 3.1, Chapter 4 discusses the intricacies of a BI-LDPC-CM implementation in great detail and shows how NB-LDPC-CM simplifies the implementation by eliminating the feedback loop, and the need for symbol-to-bit level and vice versa operations. However, the key contribution of Chapter 4 is not about highlighting such differences, but instead about gaining insight into the implications of these differences on the computational complexity of the implementations of BI-LDPC-CM and NB-LDPC-CM. As we show in our comprehensive analysis in Chapter 4, NB-LDPC-CM lowers the implementation complexity at the receiver side compared to the BI-LDPC-CM especially for systems requiring higher transmission speeds (and hence using larger constellation sizes), and for systems suffering from severe ISI such as fiber-optic communication systems.
	At this point, a question naturally arises: “NB-LDPC-CM reduces complexity compared to BI-LDPC-CM, but does it do so by trading off from performance?” As we show in the Chapter 5 pertaining to the applications of LDPC-coded modulation schemes, the answer is indeed no. Compared to the corresponding BI-LDPC-CM schemes, NB-LDPC-CM schemes not only reduce the computational complexity and hence the implementation latency, but also improve the coding gain when used as enabling technologies for high-speed optical fiber communications.
	CHAPTER  4
	COMPUTATIONAL COMPLEXITY COMPARISON BETWEEN BI-LDPC-CM AND NB-LDPC-CM
	We devote Chapter 4 to the computational complexity comparison between BI-LDPC-CM and NB-LDPC-CM. Since the receiver (RX) architecture is the dominant factor in the overall implementation complexity of both schemes, our primary focus is on the computational complexity at the RX side. Also, since RX architectures of BI-LDPC-CM and NB-LDPC-CM are essentially the same, we first study the computational complexity of a polarization-multiplexed BI-LDPC-CM scheme. Then, we compute that of the corresponding NB-LDPC-CM scheme by simply accounting for the differences between the two schemes.
	The RX architecture of BI-LDPC-CM was presented in Fig. 3.2. In order to guide us through our study in this section, we use Fig. 4.1 below. In this figure, we zoom into one of the polarization branches of Fig. 3.2 to depict further details on the interconnections within the box labeled as “m Binary LDPC Decoders”. The MAP equalizer and the binary LDPC decoders and the interaction between the equalizer and the decoders are the main contributors to the computational complexity at the RX side. Indeed, we completely ignore the computational load incurred due to the coherent detectors, and in our study, we focus only on the components mentioned above that dominate the computational complexity.
	Broadly speaking, the purpose of the receiver is to obtain codeword estimates  using the received sequence of sample vectors represented by  (see (3.5)). Since the received samples are distorted by ISI, the first step at the RX side is, naturally, to compensate for ISI via equalization. As we mentioned in Section 3.1, we use the BCJR algorithm [18] to perform MAP equalization. A multilevel BCJR algorithm suitable for constellations larger than the binary phase shift keying (BPSK) constellation is described in [67]. Here we simply use the complexity figure provided in [16] for the implementation of a BCJR-based MAP equalization and refer the interested readers for implementation details to [16], [67] and to references therein. The complexity of BCJR per received symbol per iteration is given as follows [16]:
	 (4.1)
	 (4.2)
	where multiplications and additions are performed over real numbers, and  is the constellation size, and  is the number of symbols that influence the current symbol (including the current symbol). Even though real multiplications tend to be computationally more involved than real additions, for the sake of simplicity, we assume here that they are of equal complexity to perform. Then we can write the BCJR-based MAP equalization complexity as
	 (4.3)
	per received symbol per iteration.
	As a side note, there is another point worth mentioning in regard to the implementation of a BCJR-based MAP equalizer. BCJR algorithm operates on the trellis description of the channel. Therefore, one needs the state transition probabilities to carry out the algorithm. When the channel characteristics are unknown, which is usually the case in practice, these transition probabilities (a.k.a. branch metrics) can be obtained by collecting histograms with the help of training sequences as explained in [67].
	Since binary LDPC decoders cannot operate on symbol LLRs but rather require bit LLRs, a symbol-to-bit LLR (S2B-LLR) conversion unit is required. In our implementation, the S2B-LLR unit ensures that the bit LLRs are formed using the information extrinsic to the corresponding binary LDPC decoders. Below we elaborate more on how the extrinsic information is extracted. We let 
	  (4.4)
	denote the a posteriori bit LLR corresponding to the l-th bit of the i-th codeword, i.e.   Since the equalizer handles ISI, we can form our a posteriori bit LLR estimate on  based only on the a posteriori symbol LLR of the symbol containing  which was given by  in Section 3.1. We can denote the a posteriori symbol probability corresponding to  obtained from the equalizer by  By exercising Bayes’ rule, the corresponding a posteriori symbol LLR can be put in the form given by
	  (4.5)
	where the sequence of all-zero vectors is conveniently represented by  in a similar fashion to  and where  is the a posteriori probability corresponding to observing an all-zero vector at the l-th symbol. We can decompose  into its a priori and extrinsic components as follows:
	 (4.6)
	Now, to obtain  we can proceed as follows:
	 (4.7)
	This is still based on the probability domain calculations, however. To obtain LLR based calculations, we note that 
	 (4.8)
	where we made use of (4.5). Proceeding further as we did in (4.7), we can write
	(4.9)
	where we used both (4.6) and (4.7). Therefore, the extrinsic information pertaining to  is given by 
	(4.10)
	To summarize,  can be computed directly by using (4.10). There is, however, a more efficient way based on (4.9) which extracts the extrinsic information by subtracting the a priori bit LLR from the corresponding a posteriori bit LLR, i.e. 
	 (4.11)
	The extrinsic bit LLRs obtained from the S2B-LLR unit are indeed the a priori bit LLRs for the corresponding binary LDPC decoders; that is, we have
	 (4.12)
	Given the detailed description of its operation above, the computational complexity of S2B-LLR block can be computed as follows. First, we use (4.8) to obtain a posteriori bit LLRs. To efficiently compute these bit LLRs, we first note that the number of symbols  for which  is equal to the number of symbols  for which  and hence both are equal to  where  is the constellation size. Therefore, we can sum up the symbol LLRs corresponding to all M possible combinations that  can assume and record the resulting grand sum in a variable for future reference. This operation requires  additions, and it is performed just once but used for computing the bit LLRs of all m bits  comprising the vector  After the grand sum is computed, we can proceed with the bit LLR calculations. For each bit  we first sum up the symbol LLRs of the  particular symbols satisfying the condition  to obtain the numerator term in (4.8). Such a computation costs  additions. The denominator can then be obtained by simply subtracting the sum in the numerator from the grand sum; that is, by a single addition (indeed, a subtraction). The ratio of the numerator and the denominator seen in (4.8) is carried out in the logarithm domain by subtracting the logarithm of the denominator from that of the numerator, which adds another single addition to the computational load. In total, it takes us  additions per received symbol per iteration to obtain m bit LLRs from a set of  symbol LLRs corresponding to all possible combinations of these m bits. Finally, by subtracting the a priori bit LLRs from the corresponding a posteriori bit LLRs, we obtain the extrinsic bit LLRs that we have been seeking. This operation costs additional m subtractions per received symbol per iteration. Therefore, the computational complexity of S2B-LLR block is given by
	 (4.13)
	per received symbol per iteration.
	All of the m binary LDPC decoders are initialized with their corresponding bit LLRs that they received from the S2B-LLR conversion block. After initialization, iterative decoding takes place at the LDPC decoders. More details on iterative decoding of LDPC codes, in particular nonbinary LDPC codes, via MD-FFT-QSPA can be found in Appendix A. We can use MD-FFT-QSPA to decode binary LDPC codes by setting the field order to 2, i.e.  When decoding binary LDPC codes using MD-FFT-QSPA, the permutation blocks would vanish and FFT blocks would perform only a single stage two-point FFT which is merely a combination of an addition and a subtraction. However, one might argue that since MD-FFT-QSPA requires logarithm to probability domain and vice versa conversions before and after FFT/IFFT blocks, which would not be necessary in the conventional (binary) SPA implementations, the computational complexity of binary LDPC decoders would be overestimated if they were based on MD-FFT-QSPA. This is in fact a legitimate argument. Hence, we need to obtain a complexity figure for the conventional (binary) SPA. For this purpose, a logarithm-domain implementation of the conventional SPA employing the classical   function at the check node updates is appropriate [34]. As noted above, this implementation of SPA is carried out in the logarithm domain to avoid stability issues of the probability-domain implementation, and it does not incur any performance loss. We should note that there are also some reduced-complexity variants of SPA as noted in [34]. To reduce complexity, most of them use comparisons and an increased number of table look-ups to carry out their check node updates. Some variants cause performance degradations due to approximations necessary to reduce complexity. In this dissertation, since we are decoding nonbinary LDPC codes with an algorithm (MD-FFT-QSPA to be specific) that does not incur any performance degradation, we think it is better to employ a full-performance decoding algorithm to decode binary LDPC codes, as well. This helps us gain a better insight to performance differences between BI-LDPC-CM and NB-LDPC-CM since we do not need to account for any loss in the performance of BI-LDPC-CM due to the employment of a reduced-complexity and thus reduced-performance decoding algorithm used for decoding its component binary LDPC codes. 
	As aforementioned, we use the binary SPA with the classical  check node update rule, whose details can be found in [34]. The computational complexity of this algorithm when used for decoding a  binary LDPC code can be computed as follows. At the variable nodes, the complexity is given by  per variable node per iteration. If we were to use MD-FFT-QSPA, the complexity figure would be  additions as provided in Appendix A. This would yield again  per variable node per iteration since  This is not surprising since we practically ignore the first element in the two-dimensional message vector at the variable node operations when performing MD-FFT-QSPA, as we recall from Appendix A. For check node updates, the conventional SPA requires  per check node per iteration. (Here we ignored the look-up operations for ) On the other hand, MD-FFT-QSPA would require  additions per check node per iteration which would amount to  additions for a binary LDPC code since  Therefore, the conventional SPA is less costly to use than MD-FFT-QSPA for decoding a binary LDPC code, as expected. In summary, the complexity of the conventional SPA for decoding a  LDPC()  coded is given by 
	 (4.14)
	per decoder per (outer) iteration, where  is the number of inner iterations performed in decoding.
	The last step to close the loop for turbo equalization is to prepare the a priori symbol LLRs for the MAP equalizer using the bit LLR estimates of the binary LDPC decoders. We can represent the a posteriori bit LLR corresponding to  the l-th bit of the i-th codeword,  at the output of the i-th LDPC decoder by  To extract the extrinsic information  out of  we subtract the a priori information  which was available at the i-th LDPC decoder input, from  Extrinsic information obtained from binary LDPC decoders becomes the a priori information for the S2B-LLR block in the next outer iteration as shown in Fig.  4.1. In other words, we have 
	 (4.15)
	The extrinsic bit LLRs of (4.15) are also input to the bit-to-symbol LLR (B2S-LLR) conversion unit as depicted in Fig. 4.1. The B2S-LLR unit computes the extrinsic symbol LLR of a given symbol using the extrinsic bit LLRs of the bits involved in that symbol. The equation governing the operation of the B2S-LLR block can be written as follows:
	(4.16)
	where  stands for the extrinsic probability of the bit  at the output of the corresponding binary LDPC decoder. In words, (4.16) states that the extrinsic symbol LLR corresponding to  is obtained by summing up all the bit LLRs for which  since the bit LLRs corresponding to bits  cancel out due to the bits of the all-zero symbol  in the denominator. If the symbol at hand is the all-zero symbol  then  If only the k-th bit of  is equal to 1, then  These two cases are simple assignment operations and there is no need for an addition operation. If, however, there are  bit positions in  which are equal to 1, then we need  additions to obtain the symbol LLR for  This amounts to  per received symbol per iteration, where  is the number of k-element combinations of n elements. Including the m subtractions necessary to extract extrinsic bit LLRs from the a posteriori bit LLRs of m decoders in the complexity term, the computational complexity associated with the B2S-LLR unit becomes
	 (4.17)
	per received symbol per iteration. With the B2S-LLR unit, we completed our complexity analysis on individual blocks of a BI-LDPC-CM receiver.
	Overall computational complexity of the BI-LDPC-CM receiver can be computed using the complexity terms obtained for the individual units above. If we use a  LDPC(N, Mchk) code as the component code along with an M-ary signal constellation, where  for some integer m, in a polarization-multiplexed BI-LDPC-CM scheme and denote the number of outer iterations by  then the computational complexity of BI-LDPC-CM can be written as
	 (4.18)
	where the scaling factor of 2 is due to polarization-multiplexing.
	Now, we can proceed to the computational complexity calculation for the corresponding polarization-multiplexed NB-LDPC-CM scheme, which is simpler to evaluate. As we discussed in Section 3.2, in an NB-LDPC-CM scheme, there is no need for a feedback loop between the BCJR-based MAP equalizer and the nonbinary LDPC decoder since the size of the signal constellation is matched to the order of the nonbinary field over which the component nonbinary LDPC code is defined. Furthermore, the symbol-to-bit LLR conversion unit and the bit-to-symbol LLR conversion unit can be discarded in an NB-LDPC-CM scheme since all operations are performed at the symbol level. Therefore, the computational complexity of an NB-LDPC-CM scheme involves only the complexity of the BCJR-based MAP equalizer and that of the LDPC decoding algorithm, which is MD-FFT-QSPA in our case. 
	The polarization-multiplexed NB-LDPC-CM scheme corresponding to the polarization-multiplexed BI-LDPC-CM scheme discussed above employs a single  nonbinary LDPC(N, Mchk) code defined over  for some integer m as a component code and uses an M-ary signal constellation for modulation. Its computational complexity can be written as
	 (4.19)
	where  is the same as it was in BI-LDPC-CM and  is given by
	 (4.20)
	as shown in Appendix A, where  is the number of iterations performed in decoding. 
	Let us define a term called the complexity ratio (CR) as the ratio of the complexity of NB-LDPC-CM to that of the corresponding BI-LDPC-CM as follows:
	 (4.21)
	We can compare the complexities of the corresponding BI-LDPC-CM and NB-LDPC-CM schemes based on CR. In our comparison, we employ the (3,15)-regular binary QC-LDPC(16935,13550) code discussed in Section 2.5 as our base component code. In order to construct the parity-check matrices for the M-ary QC-LDPC(16935,13550) codes, we assign nonzero elements from GF(M) to the 1s in the parity-check matrix of the binary base code as detailed in Section 2.3. In BI-LDPC-CM, we use a maximum number of 25 decoding iterations, i.e.  On the other hand, in NB-LDPC-CM, we use a maximum number of 50 decoding iterations and no outer iterations. Since, in practice, BI-LDPC-CM requires at around 3 outer iterations for good performance, the nonbinary decoder of NB-LDPC-CM runs for an equal or less number of decoding iterations than the binary LDPC decoders of BI-LDPC-CM in total. In almost all the simulations presented in this dissertation, we used these maximum numbers of decoding iterations; and hence, our conclusions in this chapter can be used without needing any modification. LDPC decoders, both binary and nonbinary, do not generally consume all the decoding iterations that they are allowed to run for. Especially over high fidelity links (or in high signal-to-noise ratio (SNR) conditions), decoding is terminated much before reaching the maximum number of decoding iterations due to early termination mechanisms inherent in the LDPC decoding algorithms, e.g. parity-checking on the codeword estimates. However, since we do not have a chance to assess a good representative for  without studying various SNR conditions and observing its behavior, we assume the worst case scenario and set  This gives a significant advantage to BI-LDPC-CM in the complexity comparison since in its complexity term  takes half the value of what it takes in the complexity term for NB-LDPC-CM. We should stress that even though we are evaluating computational complexities of BI-LDPC-CM and NB-LDPC-CM based on these specific parameters on the component LDPC codes and their decoders, the complexity figures derived above for BI-LDPC-CM and NB-LDPC-CM are general in nature and can be used for arbitrary settings of such parameters.
	Fig. 4.2 provides the CR values with respect to number of bits per symbol used in the bit to symbol mapping, denoted by m. From the figure, we can observe the relationship between CR and m as the parameter L representing the severity of ISI is varied from 3 symbols to 8 symbols. To clearly distinguish the effect of the number of outer iterations  we present a separate sub-figure for each particular  value, which is varied between 2 and 4 iterations. Complying with our notation above, the
	constellation sizes can be obtained by using  
	As seen in Fig. 4.2, regardless of the number of outer iterations, CR reduces as m and hence the constellation size increases. This is due to the increased dominance of the complexity of the BCJR-based MAP equalizer denoted by  (given by (4.3)) in both  given by (4.18) and  given by (4.19). Although  exists in the complexity terms of both BI-LDPC-CM and NB-LDPC-CM, the coefficient  which only appears in the complexity term of BI-LDPC-CM, increases the influence of  in  In fact, in the limit as M goes to infinity, we can consider  whereas  and therefore, CR approaches to  This explains why the graphs for various L values in each sub-figure hits a plateau at  as M gets larger. 
	We can observe from Fig. 4.2 that the number of outer iterations  significantly increases the complexity of a BI-LDPC-CM scheme. Furthermore, we can see that the influence of  is more prominent for relatively small constellations, i.e.  For large constellations, i.e.  running further outer iterations does not cause sudden decreases in CR as it does for small constellations. The reason is tied to the explanation in the previous paragraph. For large constellations, CR is already close to the plateau at  Therefore, for constellations of sizes  NB-LDPC-CM proves to be preferable from the standpoint of computational complexity. In practice, running 3 outer iterations is a good tradeoff between complexity and performance of a BI-LDPC-CM scheme. In this particular case where  NB-LDPC-CM has a lower complexity than BI-LDPC-CM starting from  i.e. an 8-point constellation.
	The ISI present in the channel which we characterize by L is another influential parameter. If we fix  and vary L, we see that changing L from 3 to 4 reduces CR by half and changing L from 3 to 5 reduces CR to its one-thirds. We should also note that this behavior is independent of the value set for  The reason why CR varies greatly with L is that in  L appears as an exponent to the base M. Small increases in L causes exponential growth in  Since  scales with  in  whereas it remains as is in  CR gets smaller as L grows. When  and  NB-LDPC-CM has a lower complexity than BI-LDPC-CM for all constellations with sizes greater than or equal to 16. When  the complexity of NB-LDPC-CM is smaller than BI-LDPC-CM for all constellation sizes (except  when ). Since BI-LDPC-CM requires 3 outer iterations for good performance, we can conclude our observations on L as follows: as the severity of ISI in the channel L increases, NB-LDPC-CM becomes a more attractive choice than BI-LDPC-CM for constellations of all sizes. Since optical channels generally suffer from severe ISI, we can conclude that NB-LDPC-CM is a better candidate than BI-LDPC-CM for fiber-optic communications.
	In our discussions on the parameters  and L, we also discussed the effect of the constellation sizes through the parameter m. The general trend is obvious: as the constellation sizes get larger, CR gets smaller, and CR drops below 1.0 for even smaller values of m as  or L increases. 
	In conclusion, based on our complexity analysis, we observe that for high-speed fiber-optic communications requiring bandwidth-efficient modulations ( or equivalently ), NB-LDPC-CM achieves a lower complexity alternative to prior-art BI-LDPC-CM for all ISI levels and for all number of outer iterations as shown in Fig. 4.2. Since a computationally complex system also incurs high latencies to perform all the necessary computations, we can also conclude that NB-LDPC-CM schemes offer low-latency solutions for high-speed optical fiber communication systems than their binary counterparts.
	CHAPTER  5
	APPLICATIONS OF NB-LDPC-CM TO OPTICAL FIBER COMMUNICATIONS
	In this chapter, we proceed to applications of LDPC-coded modulation schemes to optical fiber communications. In Section 5.1, we discuss the simple but fundamentally important amplified spontaneous emission (ASE) noise dominated transmission scenario. Section 5.2 presents how LDPC-coded modulation schemes can be used to enable high-speed short to medium haul optical fiber communications. We use a more sophisticated fiber channel model in Section 5.2 than the one used in Section 5.1 to capture the realistic signal impairments introduced by the channel. In these two sections, we compare the proposed NB-LDPC-CM scheme to the prior-art BI-LDPC-CM scheme and show the superior performance of the former. Finally, we take on the important topic of rate-adaptive coded modulation schemes in Section 5.3. We show how a rate-adaptive NB-LDPC-CM can help optimize the performance of a long-haul optical transport network (OTN) by using just an appropriate amount of error correction to protect its information content depending on the link conditions.
	5.1  Amplified Spontaneous Emission (ASE) Noise dominated Transmission Scenario
	Optical amplifiers amplify not only the useful signal but also the noise added to the signal through a process known as spontaneous emission [64, ch. 3, ch. 4, ch. 6] . It is common to see, especially in coherent systems, that amplified spontaneous emission noise (ASE) is the dominating noise source. In such cases, we say that we are experiencing an ASE noise dominated transmission scenario, which is indeed an important special case in the performance analysis of optical fiber communications. ASE noise dominated transmission can be closely modeled by transmission over an AWGN channel [64, ch. 3]. In this section, we test and compare the performances of corresponding polarization-multiplexed BI-LDPC-CM and NB-LDPC-CM schemes suitable for high-speed optical communications assuming ASE noise dominated transmission.
	For both BI-LDPC-CM and NB-LDPC-CM schemes, we use the TX/RX architectures described previously in Section 3.1 and Section 3.2, respectively. However, since AWGN channel is memoryless, the MAP equalizer can be replaced by an a posteriori probability (APP) demapper in both BI-LDPC-CM and NB-LDPC-CM schemes. Therefore, the turbo equalization technique in BI-LDPC-CM is now replaced by an iterative demapping and decoding technique [80], which has essentially the same working principles as turbo equalization. 
	In our simulations, we use high-rate, i.e. rate 0.8, 0.85 and 0.9, component LDPC codes. For a fair comparison, we ensure that BI-LDPC-CM and NB-LDPC-CM use bit-length-matched component codes. All the code parameters are listed in Table 5.1. We consider three different modulation types, namely QPSK, 8-quadrature amplitude modulation (8-QAM) and 16-QAM modulations. As we mentioned in the corresponding sections for BI-LDPC-CM and NB-LDPC-CM, we use the conventional binary SPA for decoding binary LDPC codes and MD-FFT-QSPA for decoding nonbinary LDPC codes. In BI-LDPC-CM, we set the maximum number of decoding (a.k.a. inner) iterations to 25 and use 3 outer iterations between the APP demapper and the binary LDPC decoders. In NB-LDPC-CM, the nonbinary LDPC decoder is allowed to run for 50 decoding iterations at the maximum. Finally, we set the operating symbol rate to 50 GS/s. Therefore, in the case of 16-QAM modulation, for example, both BI-LDPC-CM and NB-LDPC-CM schemes achieve aggregate information bit rates of 320 Gb/s, 340 Gb/s and 360 Gb/s with component codes of code rates 0.8, 0.85 and 0.9, respectively. Achievable aggregate information bit rates for the other constellations considered here can be found in Table 5.1.
	In Fig. 5.1, Fig. 5.2 and Fig. 5.3, we present the performances of corresponding 
	polarization-multiplexed NB-LDPC-CM and BI-LDPC-CM schemes with component codes of code rates 0.8, 0.85 and 0.9, respectively. We observe a similar trend through Fig. 5.1 to Fig. 5.3 regardless of the code rate of the component codes: the additional coding gain that NB-LDPC-CM provides over BI-LDPC-CM increases as the underlying constellation size increases. We can simply explain this behavior as a direct consequence of the intuition we tried to build in the first two paragraphs of Section 3.2, where we introduced NB-LDPC-CM. However, for the sake of completeness and precision in our discussion, we rephrase the reasons by approaching from a different perspective below. 
	We should first remind that as we mentioned in Section 3.1, BICM can be considered to be equivalent to multilevel coding (MLC) with parallel independent decoders (PID), or in short MLC/PID. MLC/PID is a suboptimal approach compared to MLC with multi-stage decoding (MSD) [14]. The suboptimality results from the way the two schemes decode the inherently dependent vector of m bits, or m-tuple as we call it, which is mapped to a single channel symbol for transmission over the channel. In MLC/MSD, decoding is carried out in stages where the decoding results on bits associated with lower stages are used to aid in decoding of bits associated with higher (or later) stages. In comparison to MLC/MSD, MLC/PID and hence BICM decodes the bits mapped to a single channel symbol independently of one another. In order to improve the performance of BI-LDPC-CM, we need to employ turbo equalization, or iterative demapping and decoding as employed in this particular section, which provides a mechanism to exploit the dependence between these bits. Turbo equalization approach definitely enhances the performance of BI-LDPC-CM, but it is not enough to compete with the performance of NB-LDPC-CM. 
	In NB-LDPC-CM, we treat m parallel information streams coming from the user as a single stream of m-tuples or as a single stream of symbols over GF(2m), and we encode the information vector of 2m-ary symbols into a codeword over GF(2m). Since we consider only the cases where the field order of the nonbinary LDPC code matches the constellation size, the mapping operation is indeed a one-to-one correspondence between 2m-ary codeword symbols and 2m-ary signal constellation points. Thus, we preserve the dependency between the bits of an m-tuple fully by treating them collectively as a single 2m-ary symbol. Of course, the key is in the decoding. In decoding, a 2m-ary LDPC decoder provides each one of its variable nodes with a state space of length 2m. Since we consider the cases where the field order (or the length of the state space of each variable node) is equal to the constellation size, the a posteriori probability estimates of a nonbinary LDPC decoder on a variable node (or a codeword symbol) pertaining to its being in a particular state relates directly to the a posteriori probabilities of that variable node (or that codeword symbol) having been mapped to the constellation point corresponding to that state. Therefore, nonbinary LDPC decoders can approach the true a posteriori symbol probabilities very precisely. On the other hand, using a set of m binary decoders, BI-LDPC-CM computes two a posteriori probabilities (or a single a posteriori probability ratio) for each variable node (or bit), namely for its being 0 and its being 1, i.e. BI-LDPC-CM uses a state space of length 2 on each variable node. To make the matters worse, BI-LDPC-CM runs each binary LDPC decoder independently of one another and tries to determine the state of a given bit in an m-tuple without paying attention to the state of the other m-1 bits that it is inherently dependent upon. After bit-level decoding, BI-LDPC-CM can form the probabilistic estimate on a channel symbol by using the estimates of its binary decoders on the bits comprising that channel symbol. This is definitely not as accurate as the approach that NB-LDPC-CM uses to determine a posteriori symbol probabilities. Since NB-LDPC-CM can approach the true a posteriori probabilities on each channel symbol better than the corresponding BI-LDPC-CM, it can estimate bits forming those channel symbols more accurately, as well. 
	Given this detailed discussion, it is readily obvious why the gap between NB-LDPC-CM and BI-LDPC-CM increases as the underlying constellation size increases. As constellations get larger, the constellation points get closer for the same average symbol energy of the constellation. Thus, the resilience of each channel symbol reliability estimate to noise drops, which in return lessens the accuracy of bit reliability estimates. Furthermore, in larger constellations, each channel symbol carries more bits. As a result, BI-LDPC-CM makes larger estimation errors in symbol reliability estimation due to using a larger number of less accurate bit reliability estimates. On the other hand, since NB-LDPC-CM enlarges the state space of its variable nodes to match the size of the constellation, it can counteract the reduced immunity to noise with increased state space. Consequently, NB-LDPC-CM widens the performance gap with BI-LDPC-CM as constellations get larger in size.
	In order to provide numerical results accompanying Fig. 5.1, Fig. 5.2 and Fig. 5.3, we provide in Table 5.2 the net coding gains achievable by BI-LDPC-CM and NB-LDPC-CM schemes considered in each figure. For QPSK, the additional coding gain at the BER of 10-6 provided by NB-LDPC-CM over BI-LDPC-CM ranges between 0.25 dB and 0.66 dB. Consistent with our discussion above, when we move to 8-QAM and 16-QAM, the corresponding additional coding gain ranges become 0.58 dB – 0.85 dB and 0.93 dB – 1.23 dB, respectively. Therefore, NB-LDPC-CM becomes more attractive for larger constellations and hence for higher speed transmissions over the optical fiber.
	Another important remark can be made on Fig. 5.3 where we use component codes of code rates 0.9 in both schemes. A closer look at the BI-LDPC-CM performance curves reveals that BI-LDPC-CM starts to present an error floor at around 10-6 regardless of the modulation format used. On the other hand, NB-LDPC-CM shows no indication of an error floor. Error floor is an important concept in optical communications and optical communication systems require no error floors above the BERs of 10-12 or 10-15 [81]. Thus, when the component code rate is set to 0.9, BI-LDPC-CM scheme considered here does not serve well for optical fiber communication applications. Hence, only the NB-LDPC-CM option is viable if only this code rate is of interest. The situation presented in Fig. 5.3 suggests that NB-LDPC-CM can also be exploited to combat error floor problems that BI-LDPC-CM might suffer from.
	In summary, based on our simulations using an ASE noise dominated transmission scenario, we observed that NB-LDPC-CM outperforms BI-LDPC-CM with increasing additional coding gains as the underlying constellation size increases. As we noted, ASE noise dominated case is an important case but still a special case. In the next section, we perform a comparative analysis on the performances of BI-LDPC-CM and NB-LDPC-CM when they are used for more general optical fiber transmission scenarios.
	5.2  Applications to Short to Medium Haul Optical Fiber Communications
	In order to gain a better understanding of performance improvements that polarization-multiplexed NB-LDPC-CM scheme can provide over the prior-art polarization-multiplexed BI-LDPC-CM scheme under realistic optical communication channel conditions, we evaluate and compare in this section the performances of these two schemes when they are used for short to medium haul optical fiber communications.
	In this section, we use a realistic channel model for the optical fiber communication links. Our model takes into account not only the ASE noise but also linear filtering and dispersion effects, inter-symbol interference and linear cross-talk effects, and impairments due to Kerr nonlinearities, nonlinear phase noise and stimulated Raman scattering. More details on our simulation model can be found in [13]. As we mentioned above and discussed in detail in Chapter 4, the optical channel is a channel with memory, and the dispersive effects of chromatic dispersion (CD) and polarization mode dispersion (PMD) and the nonlinear interactions of CD and PMD with fiber nonlinearities can increase the memory in the channel. This manifests itself as severe intersymbol interference (ISI) at the receiving ends of optical links. Working on received samples severely degraded in quality by ISI, the BCJR-based MAP equalizers have to operate on large trellises describing the channel, which in return increases their computational complexity, and hence the overall complexity and the latency in the optical communication systems. Recently, a technique called digital backpropagation that can effectively reduce the memory in the channel is proposed in [82]. When applied before the BCJR-based MAP equalizer, digital backpropagation can reduce the memory in the channel and thus the complexity of the equalizer. Digital backpropagation exploits the fact that in point-to-point links, the dispersion map is known to the receiver; hence the received signal can be propagated in the digital domain through a transmission link governed by the inverse nonlinear Schrödinger equation (NLSE) in order to undo the effects of the channel on the transmitted signal [82], [67]. Inverse NLSE is formed just by inverting the signs of the parameters of the NLSE governing the original dispersion map. If implemented in its original form, however, digital backpropagation can cause very high computational complexity and intolerable delays, as well. Following the footsteps of [67], we employ here a so-called coarse digital backpropagation technique that uses an approximate inverse NLSE with a reasonably small number of coefficients to balance the trade-off between complexity and performance. Coarse digital backpropagation successfully reduces the undesirable effects of most of the linear and nonlinear impairments, and hence results in a reduced channel memory. However, it cannot compensate for the nonlinear interaction between ASE noise and Kerr nonlinearities. It is the task of the BCJR-based MAP equalizer to combat these remaining effects [67]. The BCJR-based MAP equalizer, now working on a channel with a smaller memory, accomplishes equalization faster and with a lower complexity, and finally passes its a posteriori symbol reliabilities on the equalized received samples directly to the LDPC decoder in the NB-LDPC-CM case or to the symbol-to-bit reliability conversion block in the BI-LDPC-CM case. With the insertion of the digital backpropagtion modules, the updated receiver configurations for both BI-LDPC-CM and NB-LDPC-CM schemes are given in Fig. 5.4 (a) and Fig. 5.4 (b), respectively. 
	Having the TX and RX architectures clearly stated, we can look into the applications of BI-LDPC-CM and NB-LDPC-CM to optical networks to short to medium haul optical fiber communications, which refer to optical links with reaches on the order of 100 to 600 kilometers. The transmission link that we consider has a very simple dispersion map depicted in Fig. 5.5. We should stress here that unlike most dispersion maps, there are no dispersion compensation modules in Fig. 5.5 and all operations related to dispersion management is done in the digital domain by means of the coarse digital backpropagation module. The use of digital backpropagation saves us from the need for sophisticated and hence costlier dispersion maps such as those exemplified in [67]. Each span in our link is of length and we consider seven spans to obtain a reach of 560 km. In each span, we have a single mode fiber (SMF) and an Erbium-doped fiber amplifier (EDFA). We provide the SMF parameters in Table 5.3. For the EDFA, we assume a noise figure of 8 dB, which is much larger than nominal values of 3 dB to 7 dB [64, ch. 3]. Our goal with such an assumption is to keep the implementation cost cheap by enabling the use of low quality EDFAs in the link. In our simulations, we set the information symbol rate to  and hence the line rate (or the operating symbol rate as we used to call it before) becomes  where R is the code rate. We set the bandwidth of the optical and electrical filters to  and  respectively, in accordance with the line rate.
	We use the binary (3,15)-regular QC-LDPC(16935,13550) code as our component code in BI-LDPC-CM, which we described before in Section 2.5. The parity-check matrices of the component nonbinary LDPC codes of the corresponding NB-LDPC-CM schemes are obtained in the same manner described in Section 2.3 by assigning nonzero elements from the field of interest to the 1s in the binary parity-check matrix of the QC-LDPC(16935,13550) code while ensuring that the quasi-cyclic property is preserved during code construction over the higher order fields. In BI-LDPC-CM schemes, we use 3 outer iterations and set the maximum number of decoding (inner) iterations to 20 whereas in the corresponding NB-LDPC-CM schemes, we set the maximum number of decoding (inner) iterations to 50. This gives a slight advantage in performance comparison to BI-LDPC-CM over NB-LDPC-CM since it is allowed to run for a larger number of decoding iterations in total. For the modulation format, we use star-QAM (SQAM) modulation described in detail in [83] and [64, ch. 6]. Since the reaches can be considered as short to medium haul, we employ bandwidth-efficient modulations that map m = 4, 5, 6 and 7 bits/symbol. Therefore, the corresponding polarization-multiplexed BI-LDPC-CM and NB-LDPC-CM schemes achieve an aggregate information bit rate of  bits/s, which amounts to 400 Gb/s, 500 Gb/s, 600 Gb/s and 700 Gb/s aggregate information bit rates when 16-, 32-, 64-, 128-SQAM modulation formats are used, respectively.
	Table 5.4 summarizes our simulation results in terms of BER versus number of spans (or equivalently, reach in km). As we can see from the BER table, for 16-SQAM and 32-SQAM, both BI-LDPC-CM and NB-LDPC-CM provide reliable end-to-end transmission with no countable errors during our simulations. When 64-SQAM modulation is used, we encounter errors in the last span for BI-LDPC-CM whereas NB-LDPC-CM still performs optical data transmission with no countable errors throughout the 560km-long fiber link. In the 128-SQAM case, the error events are more pronounced for BI-LDPC-CM as they start to appear within the third span. In comparison, NB-LDPC-CM has its error events coming into the picture only within the last span. Our results help us conclude that when m < 5, either BI-LDPC-CM or NB-LDPC-CM can be used since they both achieve reliable transmission within the reaches of interest. However, m = 4 and m = 5 still correspond to large signal constellations, and as we show in Chapter 4, for such large constellations, NB-LDPC-CM offers lower complexity solutions than its binary counterpart. As we increase the constellation sizes further by using m = 6 and m = 7, we see that NB-LDPC-CM not only offers low-complexity solutions but also offers solutions that can achieve longer reaches of more reliable transmission. This can also be interpreted as NB-LDPC-CM providing larger coding gains than BI-LDPC-CM for the given BER. Furthermore, we can deduce from the table
	 that the advantages of using NB-LDPC-CM over BI-LDPC-CM become more apparent as the underlying constellation size increases. These conclusions are consistent with our conclusions in the previous section for ASE noise dominated transmission scenario. As a final remark, a comparison between the first and the second columns of each coded modulation scheme (either BI-LDPC-CM or NB-LDPC-CM) for a given constellation in Table 5.4 reveals how effective and important FEC is. To elaborate, consider the 64-SQAM case. The first column of BER values under the BI-LDPC-CM heading are the BER values right after the initial pass through the BCJR-based MAP equalizer whereas the second column lists BER values obtained based on binary LDPC decoder outputs following the 3rd and the final pass of turbo equalization. BI-LDPC-CM literally clears all the residual errors up until the last span of the link. The situation for NB-LDPC-CM is even better. NB-LDPC-CM corrects all the errors right after a single pass through the nonbinary LDPC decoder without requiring any outer iterations. If FEC were not applied, the BER performances obtained at the output of the equalizer block would definitely not be acceptable according to optical communication standards.
	As our applications of BI-LDPC-CM and NB-LDPC-CM schemes to ASE noise dominated transmission and short to medium reach transmission indicate, NB-LDPC-CM is clearly more advantageous than BI-LDPC-CM in terms of both complexity and latency and error correction performance, especially for high-speed communications employing large constellations. We investigate in the next section an important concept of rate-adaptation in a coded modulation scheme. We show that our proposed NB-LDPC-CM scheme with a rate-adaptive FEC mechanism can be employed not only for ensuring reliable communication in long haul optical transport networks but also for providing a method that can help better utilize the resources of an OTN.
	5.3  Rate-Adaptive NB-LDPC-CM for Optical Transport Networks
	An efficient use of an optical transport network (OTN) throughout its entire lifetime, i.e. from the deployment stage to the end of life, is one of the most fundamental concerns for the network providers. As an OTN ages, its quality of service drops gradually. In general, an OTN is equipped with an error correction code that provides a large performance margin in order to ensure an acceptable performance as long as the OTN is in service [84]. This, however, translates into underutilization of the resources at the initial stages of an OTN. To elaborate, since an OTN does not need a large performance margin at the beginning of life, instead of overprotecting the payload with unnecessary parity-check bits of an FEC code, we can utilize those bits to increase the throughput. As the quality in the OTN drops due to aging, the protection over the payload can be increased as necessary. Clearly, such a scheme requires code rate adjustments in the FEC module, which cannot be accomplished if the same FEC code is used to protect the data carried over an OTN throughout its lifetime.
	Furthermore, in OTNs, neighboring wavelength division multiplexing (WDM) channels can carry traffic to different destinations depending on the network configuration. Therefore, two different WDM channels can have quite different signal-to-noise ratios (SNRs) as signals on these channels are differently impacted by various channel impairments including PMD, chromatic dispersion, fiber nonlinearities, and filtering effects due to concatenation of optical filters, add/drop multiplexers, and interconnects [84], [85]. Since an OTN is expected to provide the target BER performances regardless of the data destinations, protecting data in each channel with an FEC code suitable to that channel is a must. Moreover, a WDM channel might be reconfigured on demand to link different points in the network, which in turn changes the impairments that it is facing tremendously over time. Even though different FEC codes can be used in an OTN to protect data on different WDM channels, unless their code rates can be adjusted according to changing channel conditions, the OTN cannot be utilized optimally in terms of data throughput and cost effectiveness.
	In order to have seamlessly integrated OTNs, which can be used as optimally as possible, we propose the use of a rate-adaptive NB-LDPC-CM scheme in this section. We employ a family of QC-LDPC codes, whose common structural properties can be exploited by unified encoding and decoding architectures to reduce the complexity of the implementation. There is of course no restriction on what kind of coded modulation scheme can be employed to provide a rate-adaptive FEC. For example, the multi-level coding scheme [14] in which each level is protected with irregular LDPC codes whose code rates and degree distributions are optimized at each level to achieve a capacity-approaching performance can very well be a valid candidate. Due to the lack of structure in the parity-check matrices of irregular LDPC codes, however, the complexity of the hardware implementation of decoders for irregular LDPC codes is much higher than that of regular or better put structured LDPC codes, as we discussed in Section 2.1. The amount of routing resources required to successfully wire the variable and check nodes of an irregular LDPC code on a hardware platform, e.g. FPGA, ASIC, etc., is either very high, or in some cases, even prohibitive [23], [29]. Thus, structured LDPC codes like QC-LDPC codes that lend themselves to partially-parallel hardware implementations that can exploit the structure in the code to enable high-throughput decoding are preferable in real-world applications. We should also stress that by using a family of QC-LDPC codes instead of an unrelated set of irregular codes as component codes, decoders that can support a multitude of code rates can be designed more easily and by using minimum amount of hardware resources [86], [87].
	In our rate-adaptive FEC scheme, depending on the SNR or predicted SNR in the link, we propose changing the FEC code rate to maximize the data throughput while providing sufficient protection on the payload bits. By sufficient, we mean neither an excessive nor an inadequate but just enough amount of protection that can meet the target BERs. Based on initial performance tests and channel information obtained from monitoring channels, we can set up look-up tables to match FEC code rates with mutually exclusive SNR ranges. If the SNR or the predicted SNR in the channel falls into the range assigned to the current FEC code rate, then we do not make any modifications on the FEC module. If the SNR falls below the range that the current FEC code rate can support, then we use the code of the maximum code rate below the current code rate that can sufficiently protect the data. On the other hand, if the channel quality improves (e.g. after network maintenance or reconfiguration), then we increase the FEC code rate to the highest possible code rate that can sufficiently protect data and maximize the throughput. We encapsulate the information pertaining to the type of error correction used to protect the payload bits in the OTN frame header along with the data used for active routing so that the receiving unit can correctly perform decoding, as also mentioned in [85], [88].
	In our rate-adaptive NB-LDPC-CM scheme, the TX and RX configurations remain the same as those discussed in Section 5.2 concerning short to medium haul optical fiber communication applications. To be more precise, we use the TX architecture depicted in Fig. 3.3 and use the RX architecture depicted in Fig. 5.4. Please note that the TX architecture remained the same since ASE noise dominated transmission scenario discussed in Section 5.1. But we inserted a digital backpropagation module into the RX side when considering a more realistic optical fiber channel as the one considered here and in Section 5.2. Furthermore, the dispersion map used in Section 5.2 and depicted in Fig. 5.5 applies in this section with the same SMF parameters. We should stress that this is a very simple dispersion map that does not include any dispersion compensation units, and all the dispersion management is carried out in the digital domain via the coarse digital backpropagation module. Compared to Section 5.2, only the EDFAs in each span, the span lengths and transmission reaches are different. For EDFA, we assume a noise figure of 5 dB, and we set the span length to 100 km. The optical and the electrical filters have bandwidths of  and  respectively, where  and where R is the current FEC code rate. Once the OTN is deployed, it is cumbersome, if not impossible, to change its operating rate, which is dictated by the line rate of an OTN. Thus, to closely simulate real-life OTN conditions, we keep the line rate Rl fixed at 60 GS/s in all our simulations in this section. We consider FEC code rates of  We test the performance of our proposed rate-adaptive scheme by using QPSK, 8-SQAM and 16-SQAM modulation formats, which map m = 2, 3 and 4 bits per symbol, respectively. Therefore, the achievable information bit rates can be stated as  bits/s, and hence the lowest information bit rates are attained when the lowest FEC code rate, i.e.  is used. Consequently, using  the lowest information bit rates achievable using our scheme is given by 200 Gb/s, 300 Gb/s and 400 Gb/s for QPSK, 8-SQAM and 16-SQAM modulations, respectively.
	As we mentioned above, we employ a closely related family of structured QC-LDPC codes over GF(2m) in our rate-adaptive FEC scheme. All our codes are (3,()-regular and have a fixed length of N symbols. We keep the codeword length fixed in order to ensure that the frame synchronization circuitry remains unaffected by the code rate adjustments. To construct our nonbinary LDPC codes, we use the two-stage code construction method detailed Section 2.3. Therefore, all the component nonbinary QC-LDPC codes have parity-check matrices of the following form:
	 (5.1)
	where  is a  circulant submatrix as introduced in Section 2.1. The parameters of the component QC-LDPC codes are given in Table 5.5. As shown in the table, the three different code rates considered in our scheme are 0.833, 0.875 and 0.9 with corresponding overheads (OHs) of 20%, 14.29% and 11.11%, respectively, where  is defined as the ratio of the number of redundant symbols to that of the information symbols. As shown in Table 5.5, the column weight is the same, i.e.  for all component codes. Hence, changing the code rate is tantamount to changing the submatrix size (B) or the row weight (. An exemplary implementation that can support binary QC-LDPC codes with various submatrix sizes, code rates and even codeword lengths is presented in [86]. Depending on the channel conditions, we adapt the code rate or equivalently the overhead of the FEC code. If we have a high fidelity link, we reduce the overhead to increase the information bit rate; but if the channel conditions are bad, then we increase the error correction capability of the code by increasing its overhead. In order to have a rough understanding of the performance of these codes, we present in Fig. 5.6 the performance curves for these codes when conventional QAM modulations are used under ASE noise dominated transmission scenario. The details can be found in [71]. As Fig. 5.6 shows, for a given BER, a higher SNR is required for a higher rate code compared to a lower rate code. Since SNR provides information about the fidelity of the channel, Fig. 5.6 can be interpreted as an intuitive explanation to how the rate adaptation should be administered in response to changing channel conditions.
	We present our long haul simulation results in Table 5.6. The table is organized such that for each modulation type employed, the BER estimates are given at various spans for a given FEC code rate. The performance results are impressive. As demonstrated in the table, for the QPSK modulation, the proposed scheme is able to provide a transmission with no countable errors at information bit rates of 200 Gb/s, 210 Gb/s, and 216 Gb/s over distances beyond 6700 km, 6600 km and 6400 km for FEC overheads of 20%, 14.29% and 11.11%, respectively. Similar conclusions can be drawn for other constellations, as well. Given the very simple dispersion map depicted in Fig. 5.5, which does not require any dispersion compensating modules, the proposed scheme is able to provide performance results close to optical communication links with more sophisticated and hence costlier dispersion maps [67]. We can state based on the results in Table 5.6 that the proposed scheme can achieve a rate-adaptive long-haul optical data transmission with no countable errors at minimum information bit rates of 200 Gb/s, 300 Gb/s and 400 Gb/s with reaches exceeding 6400 km, 3900 km and 2100 km, respectively. Finally, as Table 5.6 demonstrates, for a given modulation format, increasing the code rate reduces the reach since the error correction capability is compromised for the increased information bit rate. Also, for a given code rate, increasing the constellation size reduces the reach, as expected.
	As a side note, from Fig. 5.6 and Table 5.6, we can conclude that in order to maximize the coding gain improvement offered by a rate-adaptive NB-LDPC-CM schemes, one can consider adapting not only the component code rates but also the employed modulation format. However, this appealing benefit does not come without an expense since the complexity at the receiver front ends might increase in order to support different modulation formats.
	With this section, we conclude Chapter 5. In the next and the last chapter, we will provide our concluding remarks.
	CHAPTER  6
	CONCLUSIONS
	IEEE has just ratified its 100 Gb/s Ethernet standard IEEE 802.3ba as of June 2010. However, the ever-growing demand for higher transmission speeds does not appear to slow down and the discussions over the most probable next step toward 400 Gb/s Ethernet have already begun. The one after 400 Gb/s is highly likely to be at the mind-blowing speed of 1 Tb/s. In this dissertation, we proposed nonbinary-LDPC-coded modulation (NB-LDPC-CM) schemes as technologies that can enable data transmission over optical fibers at such high and ultra high speeds while attaining lower complexities and providing higher performance gains when compared to their prior-art competitors based on bit-interleaved LDPC-coded modulation (BI-LDPC-CM) schemes.
	Although the potential of nonbinary LDPC codes were revealed by the works of Davey and MacKay in late 1990s, most of the research since then was exerted on column weight 2 nonbinary LDPC codes. Compared to such research efforts, nonbinary LDPC codes with higher column weights received almost no attention. In Chapter 2, not only we covered some introductory material on nonbinary LDPC codes and their decoding, but we also strived to shed light on the possible uses of column weight 3 nonbinary LDPC codes. We showed that when using column weight 3 codes, the field order over which the codes are defined is not needed to be as high as those when column weight 2 LDPC codes are used. As the computational complexity of nonbinary LDPC decoders grow proportional to their field order, keeping the field order reasonably small by using column weight 3 codes, we avoided the need for reduced-complexity and thus reduced-performance decoding algorithms as column weight 2 codes do require. In addition, we described in Chapter 2 a two-stage code design technique combining a girth-6 binary QC-LDPC code design technique with Fossorier’s cycle avoidance rules for QC-LDPC codes in order to construct nonbinary QC-LDPC codes with large girths
	As the IEEE 802.3ba standard states that the most convenient method for achieving 100 Gb/s aggregate information bit rate is via polarization-multiplexing 4 of 25 Gb/s lines or 10 of 10 Gb/s lines. The reason is that one cannot simply increase the operating symbol rate to 100 Gb/s. The signal impairments due to polarization mode dispersion (PMD) and fiber nonlinearities are exacerbated at such high rates, which render the optical fiber communication practically impossible. As we discussed in Chapter 3, BI-LDPC-CM scheme was introduced to cope with this important problem in optical communications. The promises of BI-LDPC-CM were two-fold: 1) to keep the operating symbol rate low so that the signal impairments are kept at manageable levels, 2) to attain aggregate information bit rates at 100 Gb/s and above. In this dissertation, we proposed NB-LDPC-CM as a competitive technology to BI-LDPC-CM. The most fundamental difference between the two is that BI-LDPC-CM uses a set of m component binary LDPC codes for FEC whereas NB-LDPC-CM uses a single 2m-ary LDPC code. While the promises of BI-LDPC-CM and NB-LDPC-CM are the same, their TX and RX architectures differ significantly especially at the RX side as we elaborated on in Chapter 3. 
	Further in Chapter 3, we discussed why BI-LDPC-CM is an inferior approach to NB-LDPC-CM. BI-LDPC-CM uses an independent set of binary component LDPC codes whose codewords protect independent information bits streamed from the client side. To reach high aggregate bit rates, however, more than 1 bit is mapped to each channel symbol creating a dependency between coded bits. To exploit this dependency, BI-LDPC-CM employs a turbo equalization scheme at its receiving ends, which is based on an iterative information exchange between equalization and decoding stages. Via turbo equalization, BI-LDPC-CM achieves a good performance but its complexity increases due to multiple passes through the equalization and decoding stages. Compared to BI-LDPC-CM, our proposed NB-LDPC-CM scheme operates quite differently. By using a component nonbinary LDPC code defined over the finite field whose order matches the size of the signal constellation in use, NB-LDPC-CM is able to better exploit the dependency between bits mapped to a channel symbol. In fact, NB-LDPC-CM operates completely at the symbol level and do not pay attention to how bits are mapped to channel symbols. Since, during decoding, each variable node of the component nonbinary LDPC code is provided with a state space as large as the size of the underlying signal constellation, NB-LDPC-CM is able to estimate the true a posteriori symbol reliabilities more accurately than BI-LDPC-CM, which provides its variable nodes with a state space of length 2 corresponding to a variable node being 0 and its being 1. Since transmitted channel symbols can be estimated more accurately with NB-LDPC-CM, so can the transmitted coded bits and the user bits. Based on our analysis, we concluded that NB-LDPC-CM schemes are expected to provide better BER performances than their corresponding BI-LDPC-CM schemes.
	We take on the computational complexity of BI-LDPC-CM and NB-LDPC-CM in Chapter 4. We could not find in the literature an analysis on the computational complexity of these two schemes as comprehensive and meticulous as the one presented in this chapter. Since the main bottleneck is the receiver complexity, we focused on the computational complexity at the receiver side. We first studied the complexity of the essential blocks individually at the RX side of a system employing BI-LDPC-CM. Then based on the computed complexity figures of individual blocks, we computed the computational complexity of BI-LDPC-CM receivers. By accounting for the differences between BI-LDPC-CM and NB-LDPC-CM schemes, we also computed the computational complexity of the RX side of a system employing NB-LDPC-CM. Based on our analysis, we showed that primarily due to avoiding the turbo equalization passes at the receiver side, NB-LDPC-CM schemes offer lower complexity solutions than their BI-LDPC-CM counterparts, especially for high-speed transmission cases which require large constellation sizes, and for channels which are affected by severe inter-symbol interference (ISI) like optical channels.
	In Chapter 3, we claimed that NB-LDPC-CM schemes are expected to offer better BER performances than their corresponding BI-LDPC-CM schemes. We provided supporting evidence to this claim in Chapter 5, where we presented applications of these two schemes to optical communications in order to achieve high-speed data transmission over the optical fiber links. We tested the performances of corresponding polarization-multiplexed BI-LDPC-CM and NB-LDPC-CM schemes by using component codes at various code rates, by using various modulation formats and by assuming two different optical fiber transmission scenarios, namely the amplified spontaneous emission (ASE) noise dominated transmission scenario, and a more realistic short to medium haul optical fiber transmission scenario. For both transmission scenarios, we observed that NB-LDPC-CM schemes offer larger coding gains than their binary counterparts and that the additional coding gains provided by NB-LDPC-CM schemes grow as the underlying constellation grow in size. Moreover, in Chapter 5 we showed how the proposed NB-LDPC-CM scheme can be used with a rate-adaptive FEC module to help optimize the usage of the resources of a long haul optical transport network.
	Combining our results from Chapter 4 and those from Chapter 5, we can conclude that optical fiber communication systems suffering from ISI and requiring the use of larger constellation sizes in order to attain higher transmission speeds are better off using NB-LDPC-CM than BI-LDPC-CM in terms of not only computational complexity and latency but also error correction performance.
	The work presented in this dissertation can be extended to include the application of NB-LDPC-CM to higher dimensional modulations. The idea is to use the polarization state of the optical wave as a modulation parameter instead of using it for polarization-multiplexing. Some promising results applying this idea to BI-LDPC-CM have already been presented [89].
	Another natural extension of this work can be toward its hardware implementation. In this dissertation, we described hardware-friendly, regular QC-LDPC codes as component codes for NB-LDPC-CM and provided a detailed description of a hardware-friendly implementation of their FFT-based decoding algorithm. Starting with an FPGA implementation of the receiver side, a work that can demonstrate a real-world application based on NB-LDPC-CM would be appreciated not only by the optical communications community but also by other research communities focusing on wireless, free-space or deep-space communications.
	APPENDIX  A
	A MIXED-DOMAIN FFT-QSPA DECODING OF Q-ARY LDPC CODES
	We provide further details on the mixed-domain implementation of the FFT-QSPA used for decoding of 2p-ary LDPC codes. The algorithm was summarized in Section 2.2. First, we describe the algorithm and then provide some remarks on its computational complexity.
	A.1  Mixed-Domain FFT-QSPA (MD-FFT-QSPA)
	Let H represent the parity-check matrix of a  LDPC code. In our notation, vectors and matrices are denoted using boldface letters and symbols. The k-th entry of a vector v is denoted by vk, and the entry at the j-th row and i-th column of a matrix H is denoted by hji. Our notation can be summarized as follows:
	 the message vector received from the channel at each variable node,
	 the message vector directed from the variable node i to the check node j at iteration t,
	 the message vector directed from the check node j to the variable node i at iteration t,
	 the reliability vector holding the reliabilities used for making hard decisions at the end decoding iteration t,
	 the set of variable nodes connected to check node j,
	 the set of check nodes connected to the variable node i,
	 the set  excluding the variable node i,
	 the set  excluding the check node j.
	Given these definitions, we can now describe MD-FFT-QSPA.
	Mixed-Domain FFT-QSPA (MD-FFT-QSPA)
	Step -1: Initialization
	 Set 
	  compute  where z is the received noisy vector.
	  set  and set 
	  set 
	Step 0: Obtain codeword estimate and test for decoding termination
	 Obtain the codeword estimate  by using 
	 (A.1)
	 Check for termination:
	If
	o  or 
	o the maximum number of decoding iterations  has been reached, or 
	o any other stopping criteria is met,
	then, terminate decoding and return  as the codeword estimate;
	else increment iteration number,  and go to Step 1.
	Step 1: Permute q messages
	 permute  into  by using
	 (A.2)
	where multiplication takes place in  and  is the edge value and  is its inverse. 
	Step 2: Shift from logarithm to probability domain
	 convert  to  as follows:
	 (A.3)
	 (A.4)
	Step 3: Apply check node update
	 compute  by using
	 (A.5)
	Caveat: In (A.5), we indicate that  is computed using information extrinsic to the variable node i by excluding its the message from the set of inputs fed into the function  However, in implementation, it is computationally more advantageous to do the computations by taking into account all the messages coming to the check node j. Just before sending the message to the variable node i, we just remove its contribution to obtain the extrinsic information. Below, we describe the latter approach.
	  apply the p-dimensional two-point FFT to  and store the result back in 
	 (A.6)
	  represent  in the sign and log-magnitude form to get back into logarithm domain as follows:
	 (A.7)
	 Sum all the log-magnitudes component-wise and store in  and XOR all the signs component-wise and store in :
	 (A.8)
	 (A.9)
	where  stands for the XOR operation.
	  obtain extrinsic messages  in probability domain as follows: 
	 (A.10)
	where multiplication and subtraction take place in the field of real numbers.
	  apply the p-dimensional two-point IFFT to  and store the result in 
	 (A.11)
	Step 4: Shift from probability domain to logarithm domain
	 convert  to  via
	 (A.12)
	Step 5: Permute r messages
	 permute  into  as in
	 (A.13) 
	where multiplication takes place in  and  is the edge value.
	Step 6: Apply variable node update
	  update the variable node reliability vector  by using
	 (A.14)
	  obtain the extrinsic messages  via
	 (A.15)
	 Go back to Step 0.
	The algorithm that we described above is comprised of additions and subtractions only. Avoiding multiplications and divisions is an important advantage of this algorithm especially when it is to be implemented on hardware. One might argue that there exist field element multiplications in the permutation steps, i.e. Step 1 and Step 5, of the algorithm. In arithmetic over finite fields, such element multiplications are carried out as modulo-(q-1) additions using the power representation of field elements. In general, conversions from power to integer (or p-tuple) representation and vice versa are done by simple look-up tables (LUTs). Thus, operations in Step 1 and Step 5 are indeed comprised of additions and subtractions, as well. The operations in domain shift steps, i.e. Step 2 and Step 4, are self-descriptive. Similar to field operations, natural logarithm and exponential functions can be implemented using LUTs. The only place where we apply normalization is in (A.4) of Step 2. We should also note that (A.4) takes care of the scaling by 1/q required after IFFT, as well. Normalization step prevents the algorithm from nonlinear clipping effects during logarithm and exponentiation operations which become more evident for high signal-to-noise ratio conditions where large reliabilities are more common. For descriptions and examples of p-dimensional two-point FFT/IFFT, please refer to [38], [36].
	The core operations of the algorithm, i.e. check node update step in Step 3 and variable node update step in Step 6, are the main contributors to the computational complexity. Check node computational complexity is indeed the most commonly used complexity term to compare different decoding algorithms [61], [40]. First, let us look into Step 6, variable node update step. To compute LQ, we need  additions per variable node per iteration, where the second term is the result of r vectors always having 0 in their first entries, and where  denotes the variable node degree. In a similar fashion, the computation of the extrinsic message vectors q takes  additions per variable node per iteration. Therefore, the computational complexity of Step 6 is given by  additions per variable node per iteration. For Step 3, we can proceed in a similar fashion. IFFT is the same as FFT since our base field is  whose characteristic is 2; that is, addition and subtraction is the same in  It takes  additions per dimension and  dimensions to complete the p-dimensional two-point FFT. Thus, the complexity of FFT block is given by  additions. The operation in (A.8) used for obtaining cumulative sum takes  additions per check node per iteration to complete, where  denotes the check node degree. The cost of obtaining extrinsic message vectors is given by  additions per check node per iteration. Therefore, we need to perform  additions per check node per iteration. 
	Our analysis reveals that the computational complexity of MD-FFT-QSPA increases with the field order q both in the variable node update and check node update. Being comprised of only additions and subtractions and table look-ups, the algorithm lends itself to being implemented in finite precision arithmetic which is of crucial importance for hardware implementations.
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