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ABSTRACT

Disk phenomena appear in many astrophysical systems and interact with almost any

kind of objects in the Universe. Understanding the dynamics of disks is one of the

most important areas of study in modern astrophysics. Although theoretical study

of accretion disks have been carried out for half a century, we have not yet achieved a

self-consistent understanding. The major difficulties of accretion theory comes from

the non-linearity of magnetohydrodynamics as well as the large degree of freedom

in turbulent flows, where analytical studies bring limited progress. This dissertation

is about developing new numerical algorithms based on analytical understanding in

order to describe the dynamics of accretion disks and to study astrophysical turbu-

lence. I will present a new pseudo-spectral algorithm that we developed to study

turbulence as well as the stability and general properties of accretion disks. I will

show the strengths of this new algorithm in comparison to other previously developed

ones. I will also present the results from applications of these algorithms to several

problems involving accretion disks.
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CHAPTER 1

INTRODUCTION

Unlike stars, which have been observed since prehistoric times, accretion disks were

proposed in the late 1960’s to explain the high luminosity of quasars found in early

radio sky-surveys. Since then, NASA’s “Great Observatories” have discovered many

new disk-like objects. For example, the Hubble Space Telescope captures sharp im-

ages of protoplanetary disks and distant spiral galaxies; the data obtained by the

Chandra X-ray Observatory are used to deduce new properties of accretion disks

around compact objects; and the Spitzer Space Telescope has recently observed large

magnetic fields generated by the accretion disks around the supermassive Galactic

black hole. All of these great discoveries show that disk phenomena appear in many

astrophysical systems and interact with almost any kind of objects in the Universe.

Understanding the dynamics of disks is, therefore, one of the most important areas

to be studied in modern astrophysics.

Although theoretical study of accretion disks have been carried out for half a

century, we have not achieved a self-consistent understanding. The dissipation caused

by molecular viscosity is many order of magnitude too small to power these energetic

radiation sources. The standard accretion disk model, proposed by Shakura and

Sunyaev in 1973, assumes “anomalous viscosity” without an explicit account of its

origin and properties. It was not until the early 1990’s when Balbus and Hawley

proposed the magnetorotational instability as the origin of viscosity in accretion disks.

However, sixteen years have passed, we are still very far away from a self-consistent

theory.

The major difficulties of accretion theory comes from the non-linearity of (magneto-)

hydrodynamics as well as the large degree of freedom in turbulent flows. Indeed, Feyn-
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man believed that turbulence is the most challenging problem in classical physics and

applied mathematics. Analytical techniques are very limited in real life applications.

Fortunately, thanks to the rapid advancement of computers, numerical analysis has

opened up a new window to study turbulent flows and hence accretion processes.

1.1 A Historical Review

Accretion disks were first proposed theoretically in the context of binary stars

that are very close to each other and share a common envelope. In his classic paper,

Kuiper (1941) showed that the contact binary stars are unstable when the masses

of the two stars are unequal — matter streams from one star to the other. If the

matter current overshoots and ejects from the common envelope, it falls back as a

ring-like structure. Some later studies of matter transfer between binary stars by

Cameron and Mock (1967); Crawford and Kraft (1956); Huang (1965); Kraft (1958);

Prendergast (1960); Prendergast and Burbidge (1968) supported Kuiper’s calculation

and predicted the existence of accretion disks. Nevertheless, it was the discovery of

quasars that brought major attention to the study of accretion processes.

The term quasar was introduced by Chiu (1964) to describe a highly redshift

“quasi-stellar radio source”. By the late 1950’s, radio telescopes had recorded hun-

dreds of radio sources with no optically visible counterparts. These records were

published in the third Cambridge radio-source catalogue (3C) in 1959, which led the

discovery of quasars.

In 1960, Matthews and Sandage identified an extremely blue object at the position

of the 48th registered object in the 3C catalogue (3C 48). Detailed studies of this

object by Greenstein and Schmidt (1964); Matthews (1963); Matthews and Sandage

(1963); Matthews et al. (1964) showed that its brightness varied within one year

or much shorter time scales, and that it was surrounded by some faint nebulosity
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features. Hence, this object could not be a normal star. Meanwhile, another radio

source, 3C 273, was identified to contain a point-like source together with a jet-like

structure by Hazard et al. (1963, 1966). Schmidt (1963) showed that this source is

red shifted by z = 0.158 based on its emission features1. The redshift of 3C 48 was

then immediately computed to be 0.367 by Greenstein and Matthews (1963a,b).

In those days, the nature of quasars was unclear. Their spectrum indicated that

the emissions came from extremely hot gas. However, their large redshifts seemed

to challenge all astrophysical processes known at that time. On the one hand, if

the large redshifts were due to the Hubble effect, quasars were extragalactic objects.

This implied that their luminosity can, in the case of 3C 273 for example, reach

1047 erg s−1. This value is a thousand times brighter than a typical galaxy. On

the other hand, if the redshifts are due to gravity, quasars had to live very deep in

gravitational potential wells. These “stars” are known to be unstable and cannot

exist in nature2.

This problem was solved energetically by Lynden-Bell in 1969 with the concept

of accreting supermassive black holes. To understand the reasoning, we need to

estimate how energetic quasars are and the efficiency of different energy sources.

The lower limit of a quasar lifetime can be estimated by dividing the extension of the

radio features around the quasars by the speed of light, which gives a typical value

1014 s; together with the typical luminosity 1046 erg s−1, the total radiated energy of a

quasar can exceed 1060 erg. On the other hand, quasar luminosities vary in a typical

timescale of days, giving a upper limit on the size 1015 cm.

1The redshift z is defined by the equation 1+z ≡ λobs/λemt, where λobs and λemt are the observed

and emitted frequencies, respectively.

2One can argue such a “star” can exist in a transient stage during stellar collapse. However,

quasars are long-lived objects, in contrast to supernovae. Indeed, supernovae are more luminous

than quasars, but their short lifetimes make them less energetic.



16

Following Kato et al. (1998), we compare nuclear energy with gravitational energy

as possible origins of quasar emission. (Chemical energy is many order of magnitudes

too small.) The efficiency3 of hydrogen burning into helium is approximately 0.007.

In order to produce the energy estimated in the previous paragraph, it requires an

object with a mass of 1041 g. On the other hand, the lower bound for the efficiency

of gravitational energy around an object of mass M and size R, with our estimated

values, is given by

GM

Rc2
∼ 0.012, (1.1)

where G is the gravitational constant. Thus, unlike the case for stars, where nuclear

energy dominates, gravitational energy plays an important role in quasars. As matter

goes deeper in to the potential well, the efficiencies of gravitational energy increase;

which reaches 0.057 for Schwarzschild black holes and even up to 0.42 for an extreme

Kerr black holes.

The energy argument supports Lynden-Bell (1969)’s idea that supermassive black

holes exist at the centers of quasars and accrete the gas around them. Because of

the deep potential well, gravitational energy dominates any other energy source, and

eventually turns into radiation which powers the quasars. This picture was widely

adopted and led to the “standard accretion disk mode” by Shakura and Sunyaev

(1973) and Lynden-Bell and Pringle (1974).

Accretion disks are theoretically accepted and observationally supported nowa-

days. Indeed, accretion phenomena are believed to appear in many different as-

trophysical systems over very different scales, including supermassive black holes in

AGN, stellar mass black holes in X-ray binaries, as well as planet formation regions.

3The efficiency is defined as the ratio between the released energy and the rest energy mc2.
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1.2 Standard Accretion Disk Model

Accretion itself, as well as the conversion of gravitational energy into radiation

require viscous processes. To see this, imagine throwing a collection of particles

toward a compact object with some angular momentum. Each particle follows its

own Keplerian trajectory and orbits around the compact object forever provided

these particles do not interact with other. The macroscopic description of these

particles is a steady disk-like structure with Keplerian profile ΩK ≡
√

GM/r3 and

vanishing (bulk) radial velocity. Hence, such an “accretion disk” can never accrete.

Lynden-Bell (1969) assumed accretion disks to be viscous. Under this assumption,

gas particles collide with each other and approach thermodynamic equilibrium. Vis-

cosity therefore smooths out gradients in velocity and thermal conductivity smooths

out gradients in thermal energy. For a Keplerian disk, viscosity extracts angular

momentum from a fluid element, transports it outward, and converts kinetic energy

to thermal energy. In order to remain rotationally supported, fluid element moves

deeper in the gravitational potential well and transforms its own potential energy to

rotational kinetic energy. This process continuously heats up the disk to generate

radiation.

Lynden-Bell and Pringle (1974) solved analytically the spreading of a dust ring by

assuming constant kinematic viscosity ν. The accretion time scale in their solution

is

tvisc ∼ R2/ν (1.2)

where R is the initial radius of the dust ring. Let λmfp be the mean free path of gas

particles and cs be the sound speed; if we assume that molecular viscosity

νmol ∼ λmfpcs ∼ 108 T 5/2 n−1 cm2 s−1 (1.3)



18

is responsible for the transport of angular momentum, by considering the typical

values for X-ray binaries where a black hole or a neutron star accretes matter from

a companion star4, the accretion time scale becomes

tvisc ∼ 1019 s. (1.4)

This value is longer than the age of the Universe. Although gravity provides enough

energy, molecular viscosity is not efficient enough to power accretion disks.

Nevertheless, the above problem was addressed by Shakura and Sunyaev in 1973,

even before Lynden-Bell and Pringle obtained their time-dependent solution. To

summarize, instead of using the molecular viscosity, Shakura and Sunyaev introduced

the idea of eddy viscosity to astrophysics. This model assumes accretion flows are

turbulent, the eddies therefore mix fluid elements more efficiently than laminar flows

and enhance the net angular momentum transport. Shakura and Sunyaev replaced

the molecular mean free path by turbulent turnover scale, λturb, so that

νturb ∼ λturbcs. (1.5)

By arguing that the largest eddies in the accretion disk have size similar to the scale

height of the disk, H = cs/ΩK, Shakura and Sunyaev derived a phenomenological

model of turbulent viscosity,

νSS ≡ αHcs. (1.6)

In the above expression, α . 1 is the famous Shakura-Sunyaev parameter, or in

short the α parameter. By definition, it describes the ratio between eddy turnover

length scale and the disk height; but more importantly, it measures the efficiency of

turbulent transport. Using this equation, together with the assumption that the disk

4I adopt these value from Kato et al. (1998): R ∼ 1011 cm, n ∼ 1015 cm−3, and T ∼ 104 K. They

are similar in Padmanabhan (2000) and Frank et al. (2002).
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is geometrically thin but optically thick, Shakura and Sunyaev obtained the steady

state solution of accretion disk which agrees with observational constraints. Because

of its importance, the name “α-model” has been widely adopted to refer this standard

model of accretion disks.

1.3 Fundamental Problems of the Standard Model

The α-model is very useful in practice — given the mass of central object and

the accretion rate, it describes a steady state solution and gives the corresponding

disk-blackbody spectrum5. However, the α-model has several major limitations.

First, the α-model is not dynamical. It provides steady state solutions to the ac-

cretion disk problem but describes no time-dependent effects. The variability of ob-

served accretion disk spectra has been a major interest since the discovery of quasars,

and have continuously been a hot debate topic for X-ray binaries. Understanding the

origin of these so called quasi-periodic oscillations (QPOs) will lead to the first mea-

surements of the spins of black holes as well as direct tests of strong-field general

relativity (Psaltis, 2004). Unfortunately, its time-independent nature makes the α-

model unable to explain these observations.

Second, the α-model is not universal. It is only valid for geometrically thin and

optically thick accretion flows. However, different kinds of models describe accre-

tion flow in different regimes. For example, Abramowicz et al. (1995) have studied

geometrically thin, optically thin accretion disks; while the advection-dominated ac-

cretion flow solution (ADAF, see Chen, 1995; Chen et al., 1995; Narayan and Yi,

1994, 1995a,b) describes hot, geometrically thick, and optically thin accretion disks.

Indeed, observations of different spectral states of X-ray binaries and galactic nuclei

5Here, α is an internal parameter.
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seem to validate such solutions.

Third, the α-model is not complete. It assumes that the accretion flows are

turbulent. However, the model does not describe why the disks are turbulent, nor does

it describe how the turbulent flows affect the accretion processes. The phonemically

argument νturb ∼ λtrubcs needs to be replaced with a detailed study of turbulent

accretion flows, including the generation and the properties of turbulence.

1.4 Magnetorotational Instability and the Need for

Simulations

Before 1990’s, there was no known theory of turbulence generation in accretion

disks. Because Keplerian disks are stable based on Rayleight’s criterion (Chan-

drasekhar, 1961), although α-model suggests that turbulent transport is the central

mechanism to convert gravitational energy to radiation, it was not clear theoretically

if turbulence could ever exist in accretion disks.

This fundamental issue was partially resolved by Balbus and Hawley in early

1990’s in a series of papers (Balbus and Hawley, 1991, 1992; Hawley and Balbus,

1991, 1992) that described a powerful shearing instability in magnetohydrodynamic

(MHD) flows. This so called magnetorotational instability (MRI) was originally

discovered by Velikhov in 1959 and generalized by Chandrasekhar in 1960. However,

recognizing the importance of MRI for turbulent transport in accretion took several

decades.

In the past decade, numerical simulations have shown that hydrodynamic disks

are stable (Balbus et al., 1996). Therefore, MRI is believed to be the major turbulence

generator in local simulations of magnetohydrodynamic flows performed in shearing

boxes (Hawley et al., 1995, 1996, 1999). In addition, MRI has also been shown to

lead to accretion in global disk simulations (Hawley, 2000, 2001; Hawley and Balbus,
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2002; Hawley and Krolik, 2001, 2002) which further confirms turbulence-enhanced

transport. However, because the detailed properties of local simulations depend on

the assumed geometry and spatial resolution (Sano et al., 2004), the actual properties

of MRI-driven turbulence remain unknown (Pessah et al., 2006a,b,c). As turbulent

transport is the central accretion mechanism, unless turbulence can be taken into

account properly, numerical algorithms are not able to simulate realistic accretion

disks.

1.5 Accretion and Turbulence as a Computational

Challenge

Feynman called turbulence “the most important unsolved problem of classical

physics”. Turbulence is challenging because of both the nonlinearity presented in

the Navier-Stokes equations and the large number of activated modes (degrees of

freedom) that result in high Reynolds number flows. A turbulent solution to the

hydrodynamic or MHD equations is neither localized spatially (like shocks in inviscid

hydrodynamics) nor localized spectrally (like the solution of a diffusion equation).

Nonlinearity cascades turbulent energy from large eddies to small eddies; the large

Reynolds number allows turbulence to dissipate slowly and feed back into the system.

This combination of nonlinearity and large spread in scales makes the details of

turbulent flows unpredictable and raises difficulties in applying standard analytical

and numerical methods to the study of turbulent problems.

To illustrate the difficulty of direct simulations6, the number of activated modes

6Direct simulations evolve viscous (magneto-) hydrodynamic equations with enough resolution to

resolve the dissipative length scale. This can be thought of as the opposite approach to simulations

of ideal MHD with artificial viscosity.
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in fully developed turbulence deduced by using Kolmogorov’s phenomenology is

N ∼ Re9/4, (1.7)

where Re is the Reynolds number (Frisch, 1996; Verma, 2004). For typical accretion

disks in X-ray binaries, the molecular Reynolds number exceeds 1012, which gives

N ∼ 1027. Even with high-order numerical schemes such as pseudo-spectral methods

(Boyd, 2001; Canuto et al., 2006; Chan et al., 2005, 2006, 2007; Fornberg, 1995;

Guo, 1998; Hesthaven et al., 1998), we need 109 × 109 × 109 grid points to capture all

activated modes, requiring 1016 TB of memory to store each variable7. This resolution

is far beyond the computational power we can reach even in the far future. On

the other hand, analytical studies of turbulence are limited to statistical theory of

homogeneous, isotropic, fully developed turbulence in a periodic box (Frisch, 1996),

which is inapplicable to accretion disks due to the strong shear.

1.6 Outline of Dissertation

This dissertation is about developing new numerical techniques based on ana-

lytical understanding in order to describe astrophysical turbulence. I will present a

new pseudo-spectral algorithm that we developed to study turbulence and general

properties of accretion disks. I will also present the results from some applications of

these algorithms.

In the next chapter, I will derive the governing equations for astrophysical fluids

from first principles. I will state our assumptions explicitly to make sure our applica-

tions are self-consistent. In chapter 3, I will describe in detail the numerical methods

that I have developed. I verified my algorithms by a series of tests that I will show

in chapter 4 and present some interesting applications in chapter 5.

71 TB ≈ 103 GB ≈ 106 MB. The typical hard disk size is around 500 GB nowadays (spring 2007).
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In chapter 6, I will present the applications of my algorithm to simulations of

the Galactic Center. The simulation showed that density perturbations in the disk

produce outbursts qualitatively similar to those observed by XMM-Newton in X-rays

and ground-based facilities in the near infrared. Quasi-periodic oscillations emerge

naturally in the simulated lightcurves with frequencies match the orbital frequencies

of the magnetosonic points. These results help us understand the observed flares

in the Galactic Center source Sagittarius A* as well as improve the measurement of

black hole mass and black hole spin. Finally, I conclude this dissertation in chapter 7.
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CHAPTER 2

ASTROPHYSICAL FLUIDS

In this chapter, I will derive the governing equations of fluids mechanics from first

principles. The derivation starts from the Boltzmann transport equations (Cercignani

and Kremer, 2002; Huang, 1987; Mihalas and Mihalas, 1999). I will present how

to obtain the general form of conservation laws, and derive both the conservative

form and advective form of hydrodynamic equations (Cercignani and Kremer, 2002;

Huang, 1987; Kundu and Cohen, 2004; Landau and Lifshitz, 1959). I will then derive

the induction equation for magnetohydrodynamics in terms of both the magnetic

field and vector potential (Chan et al., 2007; Chandrasekhar, 1961; Davidson, 2001;

Landau et al., 1960). Finally, I will discuss our formulation of self-gravity as well as

the pseudo-Newtonian approximation of general relativity (Abramowicz et al., 1996;

Chan et al., 2006).

2.1 The Boltzmann Transport Equation

Classical statistical mechanics provides a very beautiful way to derive the hydro-

dynamic equations. To begin with, consider N identical particles enclosed in a box

of volume V . The average particle separation is

Λ =

(

V

N

)1/3

. (2.1)

Supposing these particles have mass m, the thermal de Broglie wavelength of the gas

at temperature T is given by

λ =
h

(2πmkBT )1/2
, (2.2)

where h and kB are the Plank and Boltzmann constants, respectively. We consider

only the classical regime so that the condition λ� Λ must be satisfied. For example,
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under typical conditions on Earth, we have Λ ∼ 10−6 cm and λ ∼ 10−8 cm so that

classical statistical mechanics is valid. However, it may not be applicable to some

astrophysical system such as interstellar or intergalactic mediums.

If classical statistical mechanics is applicable, we can construct the particle dis-

tribution function, f(t,x;p), so that

f(t,x;p) d3x d3p (2.3)

is the number of particles located in the phase-space volume d3x d3p around the

position x and momentum p at time t. The volume elements d3x and d3p are finite

and contain a very large number of particles but are small enough so that calculus

can be carried out on f(t,x;p). By definition, the distribution function has the

normalization

∫

f(t,x;p) d3p d3x = N. (2.4)

We also define the notion of particle number density, n, by the equation

∫

f(t,x;p) d3p = n(t,x). (2.5)

If the density is constant, then n = N/V .

We introduce the following notation

δV = d3x d3p (2.6)

to denote the finite phase space volume. The number of particles in δV at time t is

N (t) = f(t,x;p) δV(t). (2.7)

The volume element deforms if we trace along the particle it encloses as time evolves.

The number of particles at a later time t+ δt is given by

N (t+ δt) = f(t+ δt,x + δx;p + δx) δV(t+ δt), (2.8)
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where

δx = vδt, (2.9)

δp = fδt. (2.10)

and v = p/m is the velocity and f is the external force. We want to formulate an

equation of motion for the distribution function. On the one hand, we can Taylor

expand the distribution function

f(t+ δt,x + δx;p + δx)

= f(t,x;p) + δt
∂f

∂t
(t,x;p) + δx · ∇xf(t,x;p) + δp · ∇pf(t,x;p) + O

[

(δt)2
]

(2.11)

where ∇x and ∇p are “gradients” with respect to position and momentum. On the

other hand, we know how to transform the volume element,

δV(t+ δt) = |J(t)| δV(t), (2.12)

where J(t) is simply the Jacobian of the transform

J(t) =
∂ [x1(t+ δt), x2(t+ δt), ..., p3(t+ δt)]

∂ [x1(t), x2(t), ..., p3(t)]
. (2.13)

One can easily show that if the external force f is independent of the momentum,

than |J(t)| ≡ 1. We will keep this assumption and simply use

δV(t+ δt) = δV(t). (2.14)

We are now ready to derive the Boltzmann transport equation. Consider the time

derivative of N fixed at (x,p),

δN
δt

=
N (t+ δt) −N (t)

δt

=

[

f(t)

δt
+
∂f

∂t
(t) +

δx

δt
· ∇xf(t) +

δp

δt
· ∇pf(t)

]

δV(t+ δt) − f(t)

δt
δV(t)

=

[

∂f

∂t
(t) + v · ∇xf(t) + f · ∇pf(t)

]

δV(t). (2.15)
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If we divide the above equation by δV(t) and define (df/dt)col = δN /δt δV, then we

obtain the (non-relativistic) Boltzmann transport equation

∂f

∂t
+

p

m
· ∇xf + f · ∇pf =

(

df

dt

)

col

. (2.16)

with (df/dt)col representing the collision terms.

We have introduced the notion of mean free path λmfp in section 1.2 but did

not give a precise physical meaning to it. By definition, the mean free path is the

average distance that a particle travels between collisions. If it is large compared

to other length scales in the system, the gas is in the collisionless regime, such as

the process of effusion. On the other hand, if it is very small compare to other

length scales, particles collide with each other frequently and are thermalized. In

such a hydrodynamic regime, the dynamics of the gas is well approximated by a set

of conservation laws.

2.2 Conservation Laws

In principle, we would like to solve the full Boltzmann transport equation for

any non-equilibrium system, and study their evolution to equilibrium by collisions.

However, the particle distribution function f(t,x;p) is a time-dependent six-phase-

dimensional function which contain very large number of degrees of freedom. Unless

the system is very close to equilibrium, where the particle distribution function is

approximately Maxwellian, the Boltzmann transport equation is too complicated to

solve. To simplify the problem, the moment method is a very popular approach.

It reduces the Boltzmann transport equation to multiple three-dimensional moment

equations.

Among different kinds of moment equations, conservations laws are particularly

important. They are obtained by taking moments over conserve variables such as

mass, momentum, and energy. The fact that these quantities are conversed during
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collisions leads to the following theorem:

Let χ be some quantity conserved during collisions. Then the following

equation holds,
∫

d3p χ

(

df

dt

)

col

= 0. (2.17)

Hence, the moment with respect to χ over the collision terms vanishes.

We refer the proof to standard statistical mechanics textbooks such as Cercignani

and Kremer (2002); Huang (1987). This theorem is extremely useful because the

Boltzmann equation can now be integrated with respect to χ independently of the

collision terms,
∫

d3p χ

(

∂

∂t
+

p

m
· ∇x + f · ∇p

)

f = 0. (2.18)

Rearranging the above equation, and using the assumption ∇p · f = 0 as in the

previous section, we obtain,

∂

∂t

∫

d3p χf + ∇x ·
∫

d3p
p

m
χf

=

∫

d3p
p

m
· (∇xχ)f +

∫

d3p f · (∇pχ)f −
∫

d3p ∇p · (fχf). (2.19)

Note that the last term integrates into a surface term that can be dropped by assum-

ing f(t,x;p) vanishes when |p| → ∞. We introduce

〈X〉 ≡ 1

n

∫

d3p Xf (2.20)

to denote the “average” of X, where n ≡ 〈1〉 is the particle number density defined

in equation (2.5). Using the fact that 〈nX〉 = n 〈X〉, we obtain the general form of

the conservation laws

∂

∂t
〈nχ〉 + ∇x ·

〈

n
p

m
χ
〉

= n
〈 p

m
· ∇xχ

〉

+ n 〈f · ∇pχ〉 . (2.21)



29

2.3 Hydrodynamic Equations

We will derive the standard hydrodynamic equations in this section. Because the

macroscopic variables are independent of the particle momentum p, it is understood

that the gradient can only be taken at position x. Hence, we drop the subscript x in

∇x. We start by choosing the particle mass m so that the general conservation law

reduces to

∂

∂t
〈nm〉 + ∇ · 〈np〉 = 0. (2.22)

Define the density and bulk velocity of the gas by

ρ ≡ 〈nm〉 (2.23)

u ≡ 〈np〉 /ρ. (2.24)

The mass conservation law therefore reads

∂ρ

∂t
+ ∇ · (ρu) = 0. (2.25)

It can also be referred as the zeroth-order moment of the Boltzmann equation.

Now, we consider the first-order moment, i.e., we use momentum p = mv as the

conserved quantity. Equation (2.21) becomes

∂

∂t
〈npi〉 + ∇ ·

〈

n
p

m
pi

〉

= n 〈f〉 . (2.26)

It is clear that 〈npi〉 = ρui equals to the bulk momentum. For the second term,

〈

n
p

m
pi

〉

= 〈nmvvi〉 = ρ 〈vvi〉 . (2.27)

Because the bulk velocity u and the particle velocity v are not necessary the same,

we introduce the velocity fluctuation

v′ = v − u (2.28)



30

so that 〈vvi〉, when written in terms of index notation, expands to

〈vivj〉 =
〈

v′iv
′
j

〉

+ 〈v′i〉 uj + ui

〈

v′j
〉

+ uiuj. (2.29)

The second and third terms on the right hand side of the above equation vanish

because of 〈v′〉 = 0. We can now define the pressure-stress tensor

Pij ≡ ρ
〈

v′iv
′
j

〉

. (2.30)

In term of vector notation, the momentum conservation law reads

∂

∂t
ρu + ∇ · (ρuu) = −∇ · P + ρ g, (2.31)

where g = f/m is the external acceleration. As its name suggests, the pressure-stress

tensor is related to the thermal pressure and viscous stresses. The isotropic pressure

is given one the average of the diagonal components

P ≡ 1

3
tr(P) =

1

3
ρ
〈

v′2
〉

. (2.32)

We can now define the temperature T by ideal gas law, P = nkBT , so that

T ≡ m

3kB

〈

v′2
〉

. (2.33)

For the second-order moment, we consider the kinetic energy χ = 1
2
mv′2 for each

particle. Equation (2.21) reduces to the form

∂

∂t

〈

1

2
nmv′2

〉

+ ∇ ·
〈

1

2
np v′2

〉

= n

〈

p · ∇1

2
v′2
〉

(2.34)

Let

e ≡ 1

2

〈

v′2
〉

=
3kBT

2m
(2.35)

be the specific internal energy, the second term on the left hand side is

〈

1

2
nm(v′ + u)v′2

〉

=
1

2
ρ
〈

v′v′2
〉

+ ρeu, (2.36)
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and the term on the right hand side can be simplified to

ρ

〈

uiv
′
j

∂v′j
∂xi

〉

= ρ

〈

uiv
′
j

∂vj

∂xi

〉

− ρ
〈

viv
′
j

〉 ∂uj

∂xj
= −Pij

∂uj

∂xj
. (2.37)

Definiting

q ≡ 1

2
ρ
〈

v′v′2
〉

(2.38)

to be the heat flux and

Λij =
1

2

(

∂uj

∂xi
+
∂ui

∂xj

)

, (2.39)

we obtain the (internal) energy conservation law

∂

∂t
ρe+ ∇ · (ρeu) = −∇ · q + P : Λ (2.40)

where we have P : Λ ≡∑ij PijΛij.

For completeness, in additional the conservative form presented above, we derive

the advective, or Lagrangian, form of the hydrodynamic equations. First, we expand

the second term in the continuity equation,

∂ρ

∂t
+ u · ∇ρ = −ρ∇ · u. (2.41)

The two terms on the left hand side can be combined to define the Lagrangian

derivative,

D

Dt
≡ ∂

∂t
+ u · ∇ (2.42)

of the fluid. This derivative describes how the macroscopic quantities change in the

comoving frame of the flows, and hence also known as the material derivative. The

continuity equation therefore reduces to

Dρ

Dt
= −ρ∇ · u. (2.43)

Now expanding the left hand side of momentum conservation law,

∂ρu

∂t
+ ∇ · (ρuu) = ρ

∂u

∂t
+ ρ(u · ∇)u + u

∂ρ

∂t
+ u∇ · (ρu), (2.44)
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and by using the continuity equation, the last two terms cancel out identically. Hence,

the advective form of momentum conservation can be rewritten as

Du

Dt
= −1

ρ
∇ · P + g. (2.45)

Similar techniques can be applied to the thermal energy equation so that we obtain

De

Dt
= −1

ρ
∇ · q +

1

ρ
P : Λ. (2.46)

2.4 Magnetohydrodynamics

To derive the magnetohydrodynamic equations, we start by writing Maxwell’s

equations:

∇ · E = 4πρc, (2.47)

∇× E = −1

c

∂B

∂t
, (2.48)

∇ · B = 0, (2.49)

∇× B =
1

c

∂E

∂t
+

4π

c
Jc, (2.50)

where E and B are the electric and magnetic fields, respectively. The charge density

is denoted by ρc and the current density is denoted by Jc. The subscript “c” is used

to avoid confusion with mass density.

There are two major assumptions in magnetohydrodynamics. First, we assume

that ∂E/∂t is of order O(u2/c2) � 1 compared to c∇×B. Ampère’s law then reduces

to

∇× B =
4π

c
Jc. (2.51)

Second, we assume the medium is neutral so the current is given by

Jc = σ
(

E +
u

c
× B

)

, (2.52)
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where σ is the conductivity. Combining the above two equations, we obtain

∇× B =
4π

c
σ
(

E +
u

c
× B

)

. (2.53)

Taking the curl of the whole equation, using the identity

∇× (∇× B) ≡ ∇(∇ · B) −∇2B, (2.54)

and the divergenceless condition ∇ · B = 0, we obtain the induction equation

∂B

∂t
= ∇× (u × B) + ∇ ·

(

c2

4πσ
∇B

)

. (2.55)

It is common to let η = c2/4πσ be the resistivity and to assume it is a constant. The

induction equation then reduces to its more popular form

∂B

∂t
= ∇× (u × B) + η∇2B. (2.56)

The induction equation shows how hydrodynamics affects the magnetic field. At

the same time, we also want to know how the magnetic field feeds back to the hy-

drodynamics. The derivation is quite straightforward. The Lorentz force is simply

given by

1

c
J × B =

1

4π
(∇× B) × B. (2.57)

Using the vector identity

(∇× B) × B ≡ (B · ∇)B − 1

2
∇(B2), (2.58)

we can rewrite the Navier-Stokes equation as

∂u

∂t
+ (u · ∇)u =

1

4π
(B · ∇)B − 1

8πρ
∇B2 − 1

ρ
∇ · P + g. (2.59)
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2.5 Gravity

In Newtonian gravity, the gravitational field g is conservative, so we can define

the gravitational potential Ψ by

g ≡ −∇Ψ. (2.60)

The gravitational potential associated with the (three-dimensional) mass density, ρ,

is given by the volume integral

Ψ(t,x) = −G
∫

ρ(t,x′)

|x− x′|d
3x′ (2.61)

over all space, where G is the gravitational constant. Rewriting equation (2.61) in

differential form, we obtain Poisson’s equation

∇2Ψ = 4πGρ, (2.62)

with Ψ satisfying the boundary condition Ψ(t,∞) = 0 at all times. When simulating

astrophysical flows, the computational domain D(3) is usually finite. Based on its

linearity, we can decompose Poisson’s equation into two parts

∇2Ψint = 4πGρint, (2.63)

and

∇2Ψext = 4πGρext, (2.64)

where ρint denotes the mass density within the computational domain, which in our

case is the flow density, and ρext refers to external sources such as a central object

and/or a companion star. The gravitational field is then given by

g = gint + gext = −∇(Ψint + Ψext). (2.65)

In the astrophysical context of interest here, Ψext is usually generated by a set

of spherical compact objects. Hence the external gravitational potential is given so
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that the gravitation acceleration is

−∇Ψext(t,x) = gext =
∑

i

gi [x − xi(t)] . (2.66)

In the above equation, gi denote the gravitational accelerations due to the i-th object,

and xi(t) is the location of that object as a function of time.

In order to approximate the effects of general relativity in the vicinity of compact

objects, we use the pseudo-Newtonian approximation for the gravitational accelera-

tion (Mukhopadhyay, 2002; Paczynsky and Wiita, 1980)

gi = −c
2

r3

[

GMi

c2

]2
[

r2 − 2(ai/c)
√

GMir/c2 + (ai/c)
2

√

GMir/c2(r − rS,i) + ai/c

]2

r̂i. (2.67)

Here, Mi is the mass of the i-th object, ai is its specific angular momentum, rS,i =

2GMi/c
2 is its Schwarzschild radius, and r̂i is the unit vector in the radial direction

with the object located at the origin. For a non-rotating star, we set a = 0 and the

gravitational acceleration reduces to the standard pseudo-Newtonian acceleration

gi = − GMi

(r − rS,i)2
r̂i. (2.68)

When ai = rS,i = 0, we recover Newtonian gravity

gi = −GMi

r2
r̂i. (2.69)

Regarding the self-gravity of the flow, solving equation (2.63) within D(3) is equiv-

alent to computing the integral

Ψint(t,x) = −G
∫

D(3)

ρint(t,x
′)

|x − x′| d
3x′. (2.70)

Once Ψext and Ψint are obtained, we can then use equation (2.65) to obtain the total

gravitational field and subsequently use it in both the Navier-Stokes equation and in

integrating the trajectories xi(t) for the external objects.
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There are two different approaches to reducing the above three-dimensional for-

malism to two dimensions, depending on the physical problem under study. The first

one assumes that the density is independent of the vertical coordinate z so that

ρint(t, r, φ, z) ≡ ρind(t, r, φ). (2.71)

In this case, we define

ψ(t, r, φ) ≡ Ψint(t, r, φ, z) (2.72)

and we are left with a two-dimensional problem. We obtain the gravitational potential

by solving the two-dimensional Poisson’s equation

∇2ψ ≡
(

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂φ2

)

ψ = 4πGρind (2.73)

This approach has been used in Stone et al. (1992a).

The second approach assumes that the vertical structure of the density is de-

scribed by some function Z(r, z) that is independent of t and φ; therefore, we can

use separation of variables

ρint(t, r, φ, z) ≡ Σ(t, r, φ)Z(r, z). (2.74)

We are interested in the gravitational potential on the z = 0 plane, so that we solve

for ψ(t, r, φ) = Ψint(t, r, φ, z = 0). This is a “pseudo-two-dimensional” problem,

where the potential is not described by a two-dimensional Poisson equation. In order

to compute the potential properly, the easiest method, in this case, is to integrate

directly the equation

ψ(t, r, φ) =

∫

D(2)

G(r, φ; r′, φ′)Σ(t, r′, φ′)r′dr′dφ′, (2.75)

where D(2) denotes the two-dimensional computational domain, Σ(t, r, φ denotes the

column density

Σ(t, r, φ) ≡
∫

ρ(t, r, φ, z)dz (2.76)
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and

G(r, φ; r′, φ′) ≡ −G
∫ ∞

−∞

Z(r′, z′)dz′
√

r2 + r′2 − 2rr′ cos(φ− φ′) + z′2
(2.77)

is the “modified Green’s function” for our problem. This approach has not been used

in the literature, although a special case when Z(r, z) = δ(z) has been widely used

to study galaxies (Binney and Tremaine, 1987).
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CHAPTER 3

NUMERICAL METHODS

The non-linear evolution of the MRI and the generation of turbulence was studied

numerically by Hawley and Balbus (1991), following their earlier linear analysis of

the instability (Balbus and Hawley, 1991). Later, local numerical simulations were

performed in the shearing box approximation (e.g., Brandenburg et al., 1995; Hawley

et al., 1995, 1996), aimed to study further the local properties of three-dimensional

MRI, with and without stratification (Stone et al., 1996). The natural extension

of shearing box calculations, namely the cylindrical disks with vanishing vertical

gravitational force, were simulated by Hawley and Krolik (2001) and Armitage et al.

(2001) to illustrate some important aspects of the turbulent transport, especially

in the vicinity of the innermost stable circular orbit around a black hole. Finally,

global numerical simulations of MHD disks have also been carried out for a variety

of settings and physical conditions.

All of the codes that have been used to study the properties of MRI-driven tur-

bulence are based on two types of differencing schemes. The first class of studies

make use of the very successful scheme developed originally for the ZEUS code (see

Stone and Norman, 1992a,b; Stone et al., 1992b, for the ZEUS code) or schemes

based on it (e.g. De Villiers and Hawley, 2003; Hawley, 2000; Igumenshchev et al.,

2003; Steinacker and Papaloizou, 2002). The other class of studies have used dif-

ferent conservative schemes (e.g. Gammie et al., 2003; Koide et al., 1999; Machida

and Matsumoto, 2003). Both types of finite difference methods allow for a stable

and efficient implementation of solvers of the MHD equations. However, they also

introduce a considerable amount of numerical dissipation to the problem. This is sig-

nificant because most calculations have been performed for ideal MHD and, hence, it
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is this numerical dissipation that allows for the MRI instability to saturate and the

resulting turbulence to reach a dynamical steady state (see, however Fleming et al.,

2000, where the assumption of ideal MHD is relaxed). As a result, the kinetic and

magnetic energies of different simulations saturate at different levels depending on the

resolution and the scheme (Hawley et al., 1999). The effect of this shortcoming can

be reduced, e.g., by increasing the resolution, by increasing the discretization order,

or by using numerical schemes that reduce numerical diffusion (see, e.g., Gardiner

and Stone, 2005, for an unsplit Godunov MHD code).

A major part of this dissertation is to address this issue by developing a pseudo-

spectral numerical algorithm to simulate three-dimensional MHD disks. Spectral al-

gorithms are high order numerical methods, in which dynamical variables are evolved

along orthogonal modes. For smooth functions, they require only ∼ π grid points to

accurately resolve one wavelength, compared to ∼ 16 grid points for finite difference

schemes to reach the same accuracy. Moreover, the MHD equations can be evolved

in time in terms of the vector potential A, preserving thus trivially the cylindrical

character of the magnetic field.

The high order of spectral methods makes them ideal for studying problems of

magnetohydrodynamic turbulence, since they do not suffer from serious numerical

dissipation. Moreover, spectral methods can easily incorporate models of sub-grid

physics, such as the those involved in large-eddy simulation (see, e.g., Blackburn

and Schmidt, 2003). The idea of large-eddy-simulations is to model approximately

the small-scale structures, instead of resolving all features of a turbulent flow (see,

e.g., Sagaut, 2005), with sub-grid models that are based either on experiments or

phenomenological descriptions of the small-scale physics. The large-eddy-simulation

approach fits naturally to spectral methods because the scale-separation operation is

mathematically a frequency low-pass filter, which is easily incorporated in a spectral
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scheme.

3.1 Spectral Decompositions

There are different kinds of spectral methods, such as the Galerkin method, the

tau method, and the pseudo-spectral method (Boyd, 2001; Canuto et al., 2006; Hes-

thaven et al., 1998). They are different from each other on how to minimize the errors

in approximating the solutions. In particular, pseudo-spectral methods require the

errors at the collocation points to vanish. We will employ them because they allow

for fast transform between the physical and spectral space.

The Fourier basis is the natural choice for expanding functions with periodic

boundary conditions, as is the case along the azimuthal direction in our problem.

Any physical quantity f = f(r, φ, z) can be expanded in this basis as

f(r, φ, z) =

∞
∑

m=−∞

∞
∑

l=−∞

f̂ml(r)e
imφeiπlz/Z . (3.1)

We use a total of M evenly spaced, discrete, angular collocation points in the domain

[−π, π),

φj ≡
2πj

M
, for − M

2
≤ j ≤ M

2
− 1, (3.2)

and a total of L vertical collocation points in [−Z,Z)

zk ≡ 2Zk

L
, for − L

2
≤ k ≤ L

2
− 1, (3.3)

so that the above Fourier series can be approximated by the (truncated) discrete

Fourier series

f(r, φj, zk) =

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

f̂ml(r)e
i2πmj/Mei2πlk/L. (3.4)

The derivative of f with respect to φ is, therefore,

∂f

∂φ

∣

∣

∣

∣

φj

=

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

imf̂ml(r)e
i2πmj/Mei2πlk/L, (3.5)
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and the derivative of f with respect to z is,

∂f

∂z

∣

∣

∣

∣

zk

=

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

iπl

Z
f̂ml(r)e

i2πmj/Mei2πlk/L. (3.6)

In order to evaluate the above two equation, we use a (two-dimensional) fast Fourier

transform algorithm to find f̂ml, multiply the Fourier coefficients by im or iπl/Z, and

then take the inverse fast Fourier transform of the series. The computational order

of the azimuthal derivative is therefore O(M log2M + L log2 L).

When non-periodic boundary conditions are present, as in the case along the

radial direction, the Fourier basis can no longer be used. Popular choices of bases

are the Legendre and Chebyshev polynomials, which are both defined on the domain

[−1, 1]. Between these two, the Chebyshev polynomials are usually preferred because

of their relation to the cosine function, which makes them easier to compute. Suppose

the domain of r is [rmin, rmax]. In order to map the standardized radial coordinate

r̄ ∈ [−1, 1] to the physical radial coordinate r ∈ [rmin, rmax], we introduce a mapping

function r = g(r̄) which is strictly increasing and satisfies both g(−1) = rmin and

g(1) = rmax. Let Tn(r̄) be the n-th order Chebyshev polynomial, i.e.,

Tn(r̄) ≡ cos (n arccos r̄) . (3.7)

The Chebyshev-Gauss-Lobatto collocation points are defined by

r̄i ≡ cos

(

πi

N

)

, for 0 ≤ i ≤ N, (3.8)

where the collocation points in the physical radial coordinate are given by ri = g(r̄i).

Note that there are totally N + 1 collocation points including both boundary points

of the domain. For any physical quantity f(r, φ, z), we approximate its Chebyshev-
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Fourier series by the double sum

f(ri, φj, zk) = f [g(r̄i), φj, zk]

=
N
∑

n=0

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

f̌nmlTn(r̄i)e
i2πmj/Mei2πlk/L

=
N
∑

n=0

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

f̌nml cos

(

πni

N

)

ei2πmj/Mei2πlk/L. (3.9)

We then use a fast discrete cosine transform to obtain the spectral coefficient f̌nml

from f̂m(r) = f̂m[g(r̄)]. The radial derivative can be found using the chain rule

∂f

∂r
=

1

dg/dr̄

∂f

∂r̄
. (3.10)

Expressing the derivative with respect to the standardized coordinate as

∂f

∂r̄
=

N
∑

n=0

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

f̌
(1)
nmlTn(r̄)eimφeiπlz/Z , (3.11)

we can employ the following three-term recursive relation to obtain f̌
(1)
nml from f̌nml,



















f̌
(1)
N,ml = 0,

f̌
(1)
N−1,ml = 2Nf̌N,ml,

cnf̌
(1)
n,ml = f̌

(1)
n+2,ml + 2(n+ 1)f̌n+1,ml,

(3.12)

where c0 = 2, and cn = 1, for n > 1. This recursion relation allows the use of an

O(N) algorithm in calculating the numerical derivatives in spectral space along the

radial direction. The transformation between physical and spectral space can then

be done by a fast cosine transform, the order of which is O(N log2N).

The most trivial map r = g(r̄) is linear, i.e.,

r =
rmax

2
(r̄ + 1) − rmin

2
(r̄ − 1). (3.13)

In this case,

1

dg/dr̄
=
dr̄

dr
=

2

rmax − rmin

(3.14)
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is just a constant. However, the grid spacing ∆ri = ri − ri−1, for 1 ≤ i ≤ N , scales

with the number of collocation points N as ∆ri = O(N−2), when i is close to 1 or

N . This requires the stability condition for time-stepping to be

∆t = O(N−4) (3.15)

due to the viscous time scale. The grid spacing for Fourier collocation is ∆φj =

φj − φj−1 and ∆zk = zk − zk−1. They are both uniform and scale as ∆φj = O(M−1)

and ∆zk = O(L−1), which gives the stability condition

∆t = max
[

O(M−2),O(L−2)
]

. (3.16)

The stability condition in the radial direction is too expensive numerically compared

to the one required by the azimuthal direction. To overcome this restriction, Kosloff

and Tal-Ezer (1993) proposed the mapping

r =
rmax

2

[

arcsin(αr̄)

arcsin(α)
+ 1

]

− rmin

2

[

arcsin(αr̄)

arcsin(α)
− 1

]

, (3.17)

which makes the spacing ∆ri = O(N−1) around the boundaries. In the above trans-

formation, α is a parameter. Don and Solomonoff (1997) showed that the choice

α = sech

( | ln ε|
N

)

(3.18)

minimizes the errors in the numerical derivatives where ε is the machine accuracy. We

therefore refer to the mapping (3.17) with the optimized choice (3.18) as the modified

Chebyshev collocation and employ it in our algorithm. The numerical derivatives for

the modified Chebyshev collocation can be easily calculated by

∂f

∂r

∣

∣

∣

∣

ri

=
2 arcsin(α)

(rmax − rmin)α

√

1 − (αr̄i)2
∂f

∂r̄

∣

∣

∣

∣

r̄i

, (3.19)

where (∂f/∂r̄)|r̄i
is obtained by the usual Chebyshev method (3.11). The constant

scaling in (3.14) and the scaling in equation (3.19) can be done together with the

normalization, so neither of them adds extra computational cost.
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3.2 Treatment of the Non-Linear Terms

In low-order numerical methods, one uses the conservative form of the hydrody-

namic equations to ensure conservation of mass and momentum. This is not nec-

essarily the ideal way for pseudo-spectral methods because the conservative form is

sometime numerically unstable (Peyret, 2002). To illustrate this, consider two arbi-

trary functions u(x) and v(x). The derivative of their product has two different but

equivalent forms

C = (uv)′, (3.20)

D = u′v + uv.′ (3.21)

The pseudo-spectral Fourier coefficients (with M collocation points) of C and D

are given by

Ĉm = im
∑

p+q=m

ûpv̂q + i

[

∑

p+q=m+M

mûpv̂q +
∑

p+q=m−M

mûpv̂q

]

, (3.22)

D̂m = im
∑

p+q=m

ûpv̂q + i

[

∑

p+q=m+M

(m+M)ûpv̂q +
∑

p+q=m−M

(m−M)ûpv̂q

]

.(3.23)

The first term in each equation corresponds to the truncated Fourier series. The

other terms in the square brackets are therefore due to the aliasing error of pseudo-

spectral methods (Boyd, 2001), which may cause numerical instability. One can

show that these aliasing terms have opposite signs. The skew symmetric form (Ĉm +

D̂m)/2, therefore, has a much smaller aliasing error. Unfortunately, calculating the

skew symmetric form increases the number of numerical derivatives and lowers the

algorithmic performance.

A similar argument is valid for the Chebyshev collocation. However, in that case,

the problem becomes more complicated due to the boundary conditions. Botella

and Peyret (2001) carried out numerical experiments and reported that, without
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aliasing removal, the convective form is stable for the two different boundary method

they tested; the conservative form is unstable for one of their methods. We carried

out some numerical experiments for our algorithm. When the initial conditions are

smooth, both conservative and convective forms are stable. However, when an initial

perturbation is introduced, the conservative form sometimes become unstable. In

these cases, the spectral coefficients at high wavenumbers in the radial direction grow

exponentially even with spectral filtering (see the next subsection). The convective

form, on the other hand, is able to reproduce various analytical stability criteria, as

shown in our code verifications.

Because the convective form gives an approximation that is of the same order as

the conservative form, we use the convective form for the non-linear terms in Navier-

Stokes equation to ensure numerical stability in the present implementations of the

numerical algorithm. The continuity and energy equations, on the other hand, are

written in conservative form to conserve mass and energy. The exact equations we

solve in the algorithm can be found in the appendixes.

3.3 Spectral Filtering

In our numerical algorithm, we use a combination of spectral filters in order to

resolve the two principle drawbacks of spectral methods. First, because of the non-

linear character of the Navier-Stokes equations described above, we need to filter out

the high-frequency modes in each time step to reduce the aliasing error. The spectral

filters ensure long-time stability of the algorithm. Second, when shocks are present in

the solutions, the spectral coefficients do not converge exponentially and oscillations

appear around the discontinuities (Gibbs phenomenon). Introducing an additional

spectral filter increases the converge rate of the solutions. Indeed, it has been proven

that the filtered solution converges to the correct entry solution and hence gives the
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correct shock properties (Don, 1994; Guo, 1998; Hesthaven et al., 1998; Li, 2001; Ma,

1998a,b).

In order to apply a filter in the φ-direction and in the z-direction, we first find the

Fourier coefficients f̂ml(r) according to equation (3.1). We then denote the filtered

sum by

fσβσβ(r, φj, zk) =

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

σβ

(

2m

M

)

σβ

(

2l

L

)

f̂ml(r)e
i2πmj/Mei2πlk/L, (3.24)

where we use the exponential filter

σβ

(

2m

M

)

= exp

(

−| ln ε|
∣

∣

∣

∣

2m

M

∣

∣

∣

∣

β
)

(3.25)

and a similar expression for σβ(2l/L). The parameter ε here is again the machine

accuracy. We choose β ≈ M/2 or L/2 so that the filtered sum approximates the

original function very well and does not reduce the accuracy of the numerical solution.

The same filter is used in the radial direction, i.e.,

σβ

( n

N

)

= exp

(

−| ln ε|
∣

∣

∣

n

N

∣

∣

∣

β
)

, (3.26)

where β is chosen close to N so the triple filtered sum is

fσNσM/2σL/2(ri, φj, zk) =

N
∑

n=0

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

σN

( n

N

)

σM/2

(

2m

M

)

σL/2

(

2l

L

)

×f̌nml cos

(

πni

N

)

ei2πmj/Mei2πlk/L. (3.27)

3.4 Boundary Conditions

Solving partial differential equations in a finite domain usually requires Dirichlet

or/and Neumann boundary conditions. When using finite difference methods, one

can simply change the values of physical quantities at the boundary points to achieve

Dirichlet boundary conditions. Alternatively, one can adjust the “ghost points” to
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achieve Neumann boundary conditions. Unfortunately, these methods do not gen-

erally work for spectral methods. Indeed, changing the boundary points (or ghost

points) effectively introduces step functions. When discontinuities are present, the

spectral coefficients do not converge exponentially and the spectral methods fail to

produce stable solutions.

Perturbations around the boundaries can also change the characteristic directions

of the flow. A naive Dirichlet or Neumann boundary treatment fails to take care of

these oscillations between inflowing and outgoing characteristics. When the inflowing

boundary conditions are not given, or when the outgoing boundary conditions are not

consistent with the solutions in the computation domain, the system of differential

equations is ill-posed and the algorithm diverges. Although we generate the initial

perturbations in a way that they are small around the boundaries (see the previous

subsection), they can still propagate and reach the boundaries as time evolves.

In our numerical algorithm, we introduce a new boundary treatment in the radial

direction, which is a spatial filter. This method forces each dynamic variable to

approach smoothly to its boundary value so the characteristics directions at the

boundaries are well-defined. This ensures that any instabilities of the solution are

not due to boundary conditions. For example, consider a one-dimensional problem

∂f(r, t)

∂t
= F [f(r, t)] (3.28)

for any functional form F . If we want to apply a Dirichlet boundary condition at the

outer boundary, we choose some smooth monotonic function h(r) such that h(r) → 1

for interior points of the computational domain and h(r) → 0 at the boundary. At

each time step, we impose the boundary condition by the spatial filter

fh
i −→

(

fh
i − f0

)

h(ri) + f0, (3.29)

where fh
i denotes the numerical approximation of our function at time h and radial
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collocation point i. This filter makes the function f approach its boundary value f0

and produces a numerical boundary layer. Rearranging, the above step is equivalent

to setting

fh
i −→ fh

i − [1 − h(ri)](f
h
i − f0). (3.30)

Hence, it is equivalent to adding an extra source/sink term ḟs in the original equation

∂f

∂t
= F [f ] − 1 − h(r)

∆t
(f − f0) ≡ F [f ] + ḟs, (3.31)

where ∆t is the time step. Omitting F in the above equation, it becomes ∂f/∂ ∼
−(f − f0). The value of [1− h(r)]/∆t controls the converge rate of f to f0, which is

automatically proportional to the velocity, because 1/∆t ∼ |u|.
We use an exponential filter that is similar to the spectral filter discussed in the

previous section. To impose an outer boundary condition, we need the monotonically

decreasing filter

h(r) = σβ

(

r − rmin

rmax − rmin

)

= exp

[

−| ln ε|
(

r − rmin

rmax − rmin

)β
]

. (3.32)

On the other hand, for the inner boundary, we use the monotonically increasing filter

h(r) = σβ

(

rmax − r

rmax − rmin

)

= exp

[

−| ln ε|
(

rmax − r

rmax − rmin

)β
]

. (3.33)

We can change the thickness of the numerical boundary layer by changing the order

of the filter, β.

This boundary treatment turns out to be very convenient in modeling non-

reflective boundary conditions. When we choose the parameter β to be equal to

the number of collocation points, the boundary layer is thick enough to discard any

outgoing waves but thin enough so that the interior solution is not affected signifi-

cantly.

For applying Neumann boundary conditions, the addition of a ghost zone is not

practical in spectral methods. This is because Chebyshev polynomials approximate
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the derivatives based on all the interior points. Godon (1997) presented a method

which involves solving for the boundary values of physical quantities, so that their

derivatives agree with the boundary conditions. This is effectively a Dirichlet bound-

ary treatment with the boundary values depending on all the interior values at each

time step.

In oder to avoid numerical instabilities due to the Neumann boundary conditions,

(∂f/∂r)|boundary = f ′
0, we choose another method that involves applying a spatial filter

to each variable after taking the radial derivatives. This is equivalent to replacing

the radial derivatives (∂f/∂r)|ri
by

∂f

∂r

∣

∣

∣

∣

h

ri

−→ ∂f

∂r

∣

∣

∣

∣

h

ri

−
[

1 − σβ

(

ri − rmin

rmax − rmin

)]

(

∂f

∂r

∣

∣

∣

∣

h

ri

− f ′
0

)

(3.34)

for the inner boundary, and

∂f

∂r

∣

∣

∣

∣

h

ri

−→ ∂f

∂r

∣

∣

∣

∣

h

ri

−
[

1 − σβ

(

rmax − ri

rmax − rmin

)]

(

∂f

∂r

∣

∣

∣

∣

h

ri

− f ′
0

)

(3.35)

for the outer boundary. This ensures that the first derivatives around the boundaries

are smooth.

3.5 Initial Perturbations

Spectral methods have been used successfully to study the evolution of non-

randomized perturbations, such as the tidal effects presented by Godon (1997, 1998).

Later, Godon and Livio (2000) described a method to add random perturbations

to their initial conditions. In their simulation, they generated 100 Gaussian profiles

randomly within the computation domain. This method ensure that the spectral co-

efficients of the perturbed function converge exponentially, and avoids changing the

direction of the characteristic at the boundary.

In our calculations, we require the initial perturbations to be smooth, i.e., we

require the spectrum of the perturbations to converge exponentially. One simple
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Figure 3.1 Two one-dimensional perturbation profiles generated by the method de-

scribed in §3.5. All lines in the plots have γ0 = 0.001. (Top) The function is assumed

periodic and approximated by a Fourier collocation. (Bottom) A Chebyshev colloca-

tion is used to demonstrate the behavior of our method near the boundaries.
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method to obtain such a perturbation is to generate random noise in spectral space,

multiply the noise by an exponential filter, and transform the noise back to physical

space.

To formulate this method, we first generate a flat-noise spectrum, P̌nml, which is

totally random. The perturbation is added to the original function by the following

equation

f(r, φ, z) = [1 + γ(r, φ, z)P σβσβσβ(r, φ, z)]f0(r, φ, z), (3.36)

where f(r, φ, z) is the perturbed function, γ(r, φ, z) is the size of the perturbation,

P σβσβσβ(r, φ, z) is the filtered sum

P σβσβσβ(ri, φj, zk) =
N
∑

n=0

M/2−1
∑

m=−M/2

L/2−1
∑

l=−L/2

σN

(

n

β

)

σM/2

(

m

β

)

σL/2

(

l

β

)

×P̌nml cos

(

πni

N

)

ei2πmj/Mei2πlk/L, (3.37)

as defined in the pervious subsection, and f0(r, φ) is the unperturbed function. The

order of filter, β, controls the spatial scale of the perturbation. Because f0(r, φ, z) is

periodic in φ, we can simply use a φ-independent function γ(r, φ) = γ(r). However,

in the r-direction we do not want the perturbation to extend the boundaries. We,

therefore, set

γ(r) = γ0
arcsin(α)

α

√

1 − (αr̄)2, (3.38)

which is pre-computed by equation (3.19), when we use the modified Chebyshev

collocation method.

In Figure 3.1, we illustrate this method of introducing perturbations to an one-

dimensional constant function f0 = 1. The top plot uses a Fourier basis with 256

collocation points, where as the bottom plot uses a Chebyshev basis with 257 col-

location points. All the lines have γ0 = 0.001 but different orders β. Note that the

extra rescaling for Chebyshev collocation lowers the amplitude of the perturbations

around the boundaries.
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3.6 Time Stepping Scheme

We integrate the magnetohydrodynamic equations with low-storage, explicit Runge-

Kutta methods. Let H be the right hand sides of the magnetohydrodynamic equa-

tions and let

V ≡ (ρ, ur, uφ, uz, ρe, Br, Bφ, Bz)
t (3.39)

be the dynamic variable; the superscript t here stands for transpose. The low-storage

explicit Runge-Kutta methods have the general from



































V0 = V(tn)

Qi = AiQi−1 + ∆tH(ui−1)

Vi = Vi−1 +BiQi, i = 1, ..., s

V(tn+1) = Vs

, (3.40)

where ∆t is the time step and A1 = 0. All other Ai’s and Bi’s are coefficients

that characterize the scheme and ui are the intermediate stages of u. The method to

obtain these coefficients can be found in Peyret (2002). Depending on the complexity

of the problem, we choose between second order or third order Runge-Kutta, and

third order or fourth order Carpenter-Kennedy Runge-Kutta methods. The different

algorithms are compared during the verification tests. The third order Runge-Kutta

scheme, proposed by Williamson (Peyret, 2002), turns out to be the most popular in

spectral methods because of its efficiency and accuracy. For this reason, we present
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here this scheme explicitly:






















































































V0 = V(tn)

Q1 = ∆t H(V0)

V1 = V0 + 1
3
Q1

Q2 = −5
9
Q1 + ∆t H(V1)

V2 = V1 + 15
16

Q2

Q3 = −153
128

Q2 + ∆t H(V2)

V3 = V2 + 8
15

Q3

V(tn+1) = V3.

(3.41)

Recalling the definition of ∆ri, ∆φj, and ∆zk in section 3.1, we define the Courant-

Friedrich-Lewy (CFL) time step in different directions independently,

∆tCFL,r = min

(

∆ri

cs + ur

)

, (3.42)

∆tCFL,φ = min

(

ri∆φ

cs + uφ

)

, (3.43)

∆tCFL,z = min

(

∆zk

cs + uz

)

, (3.44)

where cs is the sound speed. Let

∆ ≡ min(∆ri, ri∆φj,∆zk) (3.45)

be the minimum grid separation. We also define the viscously restricted time step as

∆tνs = min

(

∆l2

νs

)

, (3.46)

where νs is the kinematic shearing viscosity coefficient. Using these definitions, the

maximum allowed time step ∆t is chosen adaptively by

∆t = δmin(∆tCFL,r,∆tCFL,φ,∆tCFL,z,∆tνs). (3.47)

Here δ is a constant that depends on the physical problem. For example, for a free

falling dust ring, the flow is very stable and δ could be chosen as large as 29. For

most of the accretion problems with ur, uz � uφ, and δ is of order unity.
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3.7 Self-Gravity Solvers

Spectral methods are particularly suitable for incorporating the effects of self-

gravity. Because Poisson’s equation is linear, we can pre-compute the numerical

solution for the gravitational potential for each individual mode of the density, thus

reducing substantially the computational cost of the method. In fact, Fourier meth-

ods have been used extensively in analytical studies of gravitational potentials in

systems with periodic boundary conditions (Binney and Tremaine, 1987). On the

other hand, in numerical studies of self-gravitating disks, the strengths of spectral

methods have only been partially incorporated.

Hybrid hydrodynamic algorithms with self-gravity have been developed in such

a way that modified spectral methods are used only for solving Poissson’s equation

for the gravitational field, whereas the hydrodynamic parts are still treated with fi-

nite difference schemes. For example, Boss and Myhill (1992) describe a spherical

harmonic decomposition method and a second-order scheme in the radial direction

to solve Poisson’s equation, whereas Myhill and Boss (1993) use a modified Fourier

method to find the gravitational potential of an isolated distribution of sources. Both

algorithms employ explicit second-order finite difference methods to advance the hy-

drodynamic equations. Pickett et al. (1998, 2000) describe an implementation of an

algorithm that uses Fourier decomposition in the azimuthal direction of cylindrical

coordinates to solve Poisson’s equation together with a von Neumann & Richtmeyer

AV scheme for the hydrodynamics. Some other examples can be found in Broderick

and Rathore (2006); Dimmelmeier et al. (2005); Grandclément et al. (2001). The

main advantage of using hybrid methods is that one can employ currently avail-

able hydrodynamic algorithms based on finite difference schemes. However, a hybrid

method does not exploit the high order of the spectral algorithm, because the hydro-

dynamic difference schemes typically have a much lower order compared to that of
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the Poisson solver. Contrary to these efforts, our algorithm uses a spectral decompo-

sition method for solving both the hydrodynamic and Poisson’s equation, providing

a consistent treatment of the whole problem. To our knowledge, this is the first

time that spectral methods have been used in studying astrophysical disks with self

gravity.

By construction, in two-dimensional problems, there is an ambiguity in the def-

inition of the gravitational field. We can assume either that the density profile is

independent of the third coordinate (i.e., an infinite cylinder) or that it is a delta

(or any other predetermined) function along the third coordinate (i.e., an infinitesi-

mally thin disk); the resulting gravitational field on the two-dimensional domain of

solution will be different in the two cases. For example, the gravitational potential

of a “point source” on the two-dimensional domain of solution will be proportional

to log(r) in the first case and to 1/r in the second, where r is the distance from

the source. In order to consider both geometries, here we describe two different ap-

proaches to computing the gravitational field of a two-dimensional hydrodynamic flow

with pseudo-spectral methods. When the flow has the geometry of an infinite cylin-

der, we use a standard two-dimensional pseudo-spectral Poisson solver, which has

been proven to be numerically stable and accurate. When the flow has the geometry

of an infinitesimally thin disk, we perform a direct integration of the Green’s function

for the gravitational potential, following the work of Cohl and Tohline (1999).

3.7.1 Two-Dimensional Pseudo-Spectral Poisson Solver

We describe here a two-dimensional, pseudo-spectral Poisson solver. We use the

fact that the basis polynomials in the φ direction, eimφ, are also eigenfunctions of the

operator ∂2/∂φ2 in order to split the Poisson’s equation to

∆mψ̂m ≡
(

∂2

∂r2
+

∂

r∂r
− m2

r2

)

ψ̂m = f̂m (3.48)
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for m = 0, 1, . . . ,M/2, where we have set f ≡ 4πGρind. Note that, in discrete

Fourier transforms, f̂0 and f̂M/2 are real but the other coefficients are complex, so

there are, in total, M independent equations. We use ∆m to denote the differential

operator for each m. In the case of the r−direction, the Chebyshev polynomials are

not eigenfunctions of ∆m. Nevertheless, because ∆m is time independent and linear,

we can write ∆m in matrix representation and pre-compute its inverse ∆−1
m with an

O(N2) solver for each m.

Let r̄ be the standardized coordinate of Chebyshev polynomials and r = g(r̄)

be the mapped (physical) coordinate (Chan et al., 2005). It is well known that the

spectral Chebyshev derivative in the standardized coordinate can be written in matrix

representation as

D̄ij =

























2N2+1
6

· · · 2 (−1)j

1−xj
· · · 1

2
(−1)N

...
. . . (−1)i+j

xi−xj

...

−1
2

(−1)i

1−xi

−xj

2(1−x2
j )

−1
2

(−1)N+i

1+xi

... (−1)i+j

xi−xj

. . .
...

−1
2
(−1)N · · · −2 (−1)N+j

1+xj
· · · −2N2+1

6

























, (3.49)

which is a (N + 1) × (N + 1) matrix. The derivative in the mapped coordinate can

be obtained by the chain rule

∂

∂r
=
dr̄

dr

∂

∂r̄
=

1

dg/dr̄

∂

∂r
, (3.50)

so that the derivative matrix in the mapped coordinate is given by the product

Dij ≡
1

(dg/dr̄)|r̄i

D̄ij. (3.51)

With this we are able to write

∆m,ij =
∑

k

DikDkj +
∑

k

δik
xi
Dkj −

δij
x2

i

m2. (3.52)
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The matrix ∆m,ij is, of course, singular because a unique solution to ψm does not

exist until the boundary conditions are given.

An important case is the vanishing boundary condition ψ̂m(rmin) = ψ̂m(rmax) = 0.

Let ∆̃m,ij be the (N − 1) × (N − 1) sub-matrix of ∆m,ij generated by removing the

first and last rows and columns. Imposing the vanishing boundary condition to ∆−1
m,ij

is then equivalent to finding the inverse of the ∆̃m,ij and filling back the first and last

rows and columns with zeros, i.e.,

∆
−1(0)
m,ij =

























0 0 · · · 0 0

0 0

... ∆̃−1
m,ij

...

0 0

0 0 · · · 0 0

























. (3.53)

We can then calculate

ψ̂(0)
m (ri) =

N
∑

j=0

∆
−1(0)
m,ij f̂m(rj), (3.54)

where the superscript (0) indicates that the solutions satisfy the homogeneous bound-

ary conditions for all m. Taking the inverse Fourier transform along the φ-direction,

we then obtain the solution ψ(0)(r, φ) which satisfies the vanishing boundary condi-

tions.

In order to apply more generic boundary conditions, we first look for solutions

ψ̂
(1)
m (r) that satisfy the homogeneous differential equation

∆mψ̂
(1)
m = 0 (3.55)

with the proper boundary conditions. Then it is clear that the sum ψ̂
(0)
m +ψ̂

(1)
m satisfies

∆m

(

ψ̂(0)
m + ψ̂(1)

m

)

= f̂m (3.56)
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with the same boundary conditions. The solutions to equation (3.55) are

ψ̂(1)
m (r) =







Cm ln r +Dm , m = 0

Cmr
m +Dmr

−m , m = 1, 2, . . . ,M/2
(3.57)

where Cm andDm are complex constants, which are fixed by the boundary conditions.

In general, these boundary conditions depend on azimuth, i.e.,

ψ(rmin, φ) = βin(φ), (3.58)

ψ(rmax, φ) = βout(φ). (3.59)

We first take the Fourier transform of βin(φ) and βout(φ), we solve for Cm and Dm

using

β̂in,m =







Cm ln rmin +Dm , m = 0

Cmr
m
min +Dmr

−m
min , m = 1, 2, . . . ,M/2

(3.60)

β̂out,m =







Cm ln rmin +Dm , m = 0

Cmr
m
min +Dmr

−m
min , m = 1, 2, . . . ,M/2,

(3.61)

we add these terms to ψ̂
(0)
m , and finally take the inverse Fourier transform.

We summarize the two-dimensional pseudo-spectral Poisson solver using the fol-

lowing steps:

1. We take the Fourier transform of each physical quantity f along the φ-direction

and obtain f̂m by a fast Fourier transform, which is of order O(NM log2M).

2. We then compute the matrix product (3.54) for each m, which is of order

O(N2M).

3. We compute β̂m by a fast Fourier transform, which is of order O(M log2M).

4. We then solve for Cm and Dm using equations (3.60) and (3.61), which is of

order O(M).
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5. We impose the boundary conditions using equation (3.57), for each m, and

obtain ψ̂m(rk), which is of order O(NM).

6. Finally, we take the inverse transform of ψ̂m to obtain the potential ψ, which

is of order O(NM log2M).

Therefore, the overall computational cost is O(N 2M +NM log2M).

3.7.2 Two-Dimensional Gravity Integrator

We assume in this subsection that the vertical structure of the density is time-

independent and has cylindrical symmetry. Hence we can write

ρint(t, r, φ, z) = Σ(t, r, φ)Z(r, z), (3.62)

where we normalize Z(r, z) along the z direction to unity, i.e.,

∫ ∞

−∞

Z(r, z)dz = 1, (3.63)

so that Σ has the physical meaning of a height-integrated density.

We present here a new numerical method to compute the integral (2.75) effi-

ciently and accurately. Our method is motivated by Cohl and Tohline (1999), who

showed that the three-dimensional Green’s function in cylindrical coordinates can be

expanded in the compact form

1

|x − x′| ≡
1

π
√
rr′

∞
∑

m=−∞

eim(φ−φ′)Qm−1/2(χ), (3.64)

where χ ≡ [r2 + r′2 + (z − z′)2]/2rr′ and Qm−1/2(χ) are the half-integer degree Leg-

endre functions. Note that the φ and φ′ dependence appears only in the exponential

eim(φ−φ′). This can be done because the Green’s function itself can be written as a

function of ∆φ = φ − φ′ so that Qm−1/2(χ)/π
√
rr′ is simply the Fourier transform
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Figure 3.2 Plots of the quantity Im(r̄′; r) for the first six values of m, when N = 33,

M = 64, and Z(r, z) = δ(z).



61

of |x− x′|−1 with respect to ∆φ. This property is still true for the modified Green’s

function because Z is φ-independent:

G(r, φ ; r′, φ′) = G(r, r′,∆φ). (3.65)

Expanding it in Fourier series, i.e.,

G(r, φ; r′, φ′) =

∞
∑

m=−∞

Ĝm(r, r′)eim(φ−φ′), (3.66)

and substituting it into equation (2.75), we obtain

ψ(r, φ) =

∫

D(2)

∞
∑

m=−∞

Ĝm(r, r′)eim(φ−φ′)Σ(r′, φ′)r′dr′dφ′. (3.67)

Note that the integration over φ′,

∫ 2π

0

dφ′Σ(r′, φ′)e−imφ′

= 2πΣm(r′), (3.68)

is the Fourier transform of Σ(r′, φ′) in the azimuthal direction. Therefore, we can

rewrite equation (3.67) as

ψ(r, φ) =

∞
∑

m=−∞

∫ rmax

rmin

Ĝm(r, r′)2πΣ̂m(r′)eimφr′dr′. (3.69)

Taking the Fourier transform of the whole equation again with respect to φ, we obtain

a one-dimensional integral for each value of m

ψ̂m(r) =

∫ rmax

rmin

Ĝm(r, r′)2πΣ̂m(r′)r′dr′. (3.70)

We now expand Σ̂m(r′) in Chebyshev polynomials, i.e.,

Σ̂m(r′) =
∞
∑

n=0

Σ̌nmTn(r̄′). (3.71)

Recalling that r̄′ is the standardized coordinate, we let r′ = g(r̄′) be some coordinate

mapping. Equation (3.70) can then be rewritten as

ψ̂m(r) =
∞
∑

n=0

Σ̌nm

∫ rmax

rmin

Ĝm(r, r′)2πTn(r̄
′)r′dr′. (3.72)
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Because the orthogonality condition of Chebyshev polynomials has a weight function

(1 − r̄′2)−1/2, i.e.,

〈Tl, Tn〉 =

∫ 1

−1

Tl(r̄
′)Tn(r̄′)√
1 − r̄′2

dr̄′ =
π

cn
δln, (3.73)

where c0 = 2 and cn = 1 for n = 1, 2, . . . , it is not difficult to see that, by defining

Îm(r̄′; r) = Ĝm [r, g(r̄′)] π
√

1 − r̄′2
dg2

dr̄′
, (3.74)

we can write

ψ̂m(r) =

∞
∑

n=0

Σ̌nm

∫ 1

−1

Îm(r̄′; r)Tn(r̄
′)√

1 − r̄′2
dr̄′

=

∞
∑

n=0

Σ̌nm〈Îm, Tn〉

=
∞
∑

n=0

Σ̌nmǏnm(r)

cn
, (3.75)

where Ǐnm(r) is the n-th Chebyshev coefficient of Îm(r̄′; r) with respect to r̄′.

Up to this point, although the function Σ(r′, φ′) has been written in Chebyshev-

Fourier series, we have assumed that the series is infinite and hence the formalism is

exact. In order to perform it numerically, we have to discretize equation (3.75).

For the azimuthal direction, which is periodic, we simply replace the continuous

Fourier transform by a discrete Fourier transform and use the proper normalization,

which does not change equation (3.75) but only limits the index m to the range −M/2

to M/2 − 1. For the r-direction, we truncate the infinite sum at a finite number of

terms, N . Therefore, equation (3.75) becomes

ψ̂m(rk) =

N
∑

n=0

Σ̌nmǏnm(rk)

cn
, (3.76)

where rk denotes the collocation points in the r-direction.

Once we obtain Ǐnm(rk) for n = 0, 1, . . . , N , the calculation of the gravitational

potential is trivial. However, note that Qm−1/2(χ) is related to the complete elliptic
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integral, which is singular when r′ = rk. In general, this difficulty arises because of

the singularity of |x−x′|−1. In order to avoid the singularity, we use the “Chebyshev-

roots grid”:

r̄′j = cos

[

(2j + 1)π

2N

]

, 0 ≤ j < N (3.77)

so that Îm(r̄′j; rk) is finite for all m and j. In Figure 3.2, we plot Îm(r̄′; r) for the first

six values of m for N = 33, M = 64, and Z(r, z) = δ(z), which is the case of a very

thin disk.

The Chebyshev coefficients Ǐnm are now well defined as

Îm(r̄′j) =

N−1
∑

n=0

ǏnmTn(r̄′j) =

N−1
∑

n=0

Ǐnm cos

[

πn(2j + 1)

2N

]

. (3.78)

Note that Ǐnm cannot be computed by a standard discrete cosine transform. It is

related to the discrete Fourier transform with different parity properties. This non-

standard cosine transform is known as type-II discrete cosine transform (Frigo and

Johnson, 2006). The computational order is still O(N log2N). The only potential

inconsistency about this method is that there are only N collocation points, instead

of N + 1. Nevertheless, because the Chebyshev coefficients converge exponentially

for smooth functions, ΣNm is assumed to be very small. The artificial vanishing of

ǏNm is, therefore, negligible in the final solution.

In our implementation, we pre-compute the operator Ǐkm(rk) to speed up the

algorithm. The steps to setup the gravity integrator can then be summarized by the

following:

1. We first take the discrete Fourier transform of Σ(rk, φj) along the φ-direction

and obtain Σ̂m(rl), which is of order O(NM log2M).

2. We then calculate the matrix product ψ̂m(rk) =
∑N

l=0 Σ̂m(rl)Ǐml(rk)/cn for each

m, which is of order O(N 2M).
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3. Finally, we take the inverse Fourier transform of ψ̂m(rk) and obtain the re-

stricted potential ψ(rk, φj), which is of order O(NM log2M).

The overall computational cost is O(N 2M +NM log2M).

3.8 Code Parallelization

If the magnetohydrodynamic equations were linear, the parallelization of the spec-

tral algorithm would be trivial, because the coefficient of each of the basis polynomials

would evolve independently from the others. However, the non-linear terms in the

equations necessitate cross-processor communication. As discussed in Chan et al.

(2005), we incorporate the non-linear terms in the time-stepping by transforming the

relevant physical quantities to coordinate space and evaluating the non-linear terms

there, before transforming them back to spectral space. The efficient parallelization

of our algorithm, therefore, relies on efficiently implementing a parallel version of the

Fast Fourier Transform (FFT) algorithm for a multi-dimensional set of grid points.

We use the Message Passing Interface (MPI) standard to parallelize our algorithm

Gropp et al. (1999a,b).

In Figure 3.3 we present schematically an example of our implementation of

the FFT algorithm for transforming the values of a physical quantity on a two-

dimensional grid along the x1 and x2 directions. The standard algorithm for parallel

Fast Fourier Transform starts with an one-dimensional (“slab”) decomposition to

distribute the data across different processors. We use solid lines in the figure to

denote the distribution of grid points on different processors, which we label by P0,

P1, P2, etc. It is clear from the upper-left panel of the figure that applying spectral

methods along the x2 direction is straight forward. We can simply use the ordinary

FFT for each row locally. However, for performing an FFT along the x1 direction,

communication between the various processors is necessary. The standard method
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Figure 3.3 Schematic representation of the standard parallel FFT procedure in two

dimensions (upper panel) and the alternate flip-flop procedure we have implemented

in our algorithm (bottom panel).
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requires taking first a parallel transpose (PT), exchanging data between processors,

and then a local transpose (LT), per processor, as illustrated in the upper panels of

Figure 3.3. These two processes exchange the directions of x1 and x2 and FFTs are

then applied on each row separately.

We developed an alternate (“flip-flop”) procedure to increase the performance of

parallel FFTs in multi-dimensions, by avoiding the time consuming step of obtaining

the local transpose on each processor. The lower row of Figure 3.3 illustrates the

flipping procedure, which involves a block transpose (BT) and a parallel transpose

(PT) operation. The flopping procedure follows the opposite routine. In these op-

erations we can take advantage of the resulting memory layout and use the cache

more efficiently. Because the order of the indices is preserved, the algorithm is easier

to implement. More importantly, depending on the domain size and the number of

processors we use, this approach can speed up the parallel FFT by ∼20% in our

32-processor Beowulf cluster.
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CHAPTER 4

CODE VERIFICATIONS

We have verified our numerical algorithm by comparing our numerical results to a

number of test problems with analytical solutions. These problems are designed to

test the implementation of the different terms in the equations, such as the ones

that describe gravity, self-gravity, pressure, viscosity, and MHD. In this chapter, we

describe these tests in details.

4.1 Free Fall of a Dust Ring

As a first test, we study the free-fall of an axisymmetric distribution of matter with

no angular momentum, pressure, or viscosity. This problem tests the implementation

of gravity, the radial boundary conditions, and the conservation of mass in the radial

direction. Also, we use this problem to evaluate the efficiency and stability of the

different time-stepping schemes. We set vφ = 0, P = 0, νs = 0, and consider only

Newtonian gravity with g = (GM/r2)r̂.

In order to verify our numerical result, we also solve the problem analytically.

Using dimensionless quantities so that GM = 1, we write the conservation of energy

for a fluid element initially at r0 as

(

dr

dt

)2

=
2

r
− 2

r0
. (4.1)

Integrating over time, we obtain the trajectory r = r(t; r0) of each fluid element in

the implicit form

√
2

r0 3/2
t =

1

2
sin

(

2 arccos

√

r

r0

)

+ arccos

√

r

r0
. (4.2)
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We now consider conservation of mass, i.e., at any time we require that

2πrΣ(r, t)dr = 2πr0Σ0(r0)dr0. (4.3)

Evaluating dr0 by using equation (4.2), i.e.,

dr0 =
r0dr

√

r0/r − 1

[

3

2

√

2

r0
t +

r
√

r0/r − 1

]−1

, (4.4)

the analytical solution for the density becomes

Σ(r, t) = Σ0(r0)
r2
0

r

[

3t

2

√

(

2

r0

)

(r0
r
− 1
)

+ r

]−1

, (4.5)

where r0 can be obtained implicitly using equation (4.2).

Although this is an one dimensional problem, we simulate it in the two-dimensional

domain [0.2, 1.8] × [−π, π] with 257 × 64 collocation points. The initial condition is

a Gaussian ring

Σ0(r, φ) = exp[−20(r − 1)2] (4.6)

with zero initial velocity. At the outer boundary, we use the standard Neumann

boundary conditions, i.e., we set (∂Σ/∂r)|rout = 0 and (∂vr/∂r)|rout = 0 for all times.

Moreover, because the characteristics at the inner boundary point towards the neg-

ative r-direction and we have neglected viscosity and pressure, we do not need to

impose any explicit boundary conditions there. Because filtering stabilizes the flow,

we do not apply any filters in this test in order to compare how different time-stepping

methods affect the stability of the algorithm.

The top panels of Figure 4.1 compare the results of the simulations to the ana-

lytical solutions; the open circles denote the numerical results using the third order

Runge-Kutta method and the solid lines are the analytical solution. The numer-

ical results are indistinguishable from the analytical solution. The bottom panels

of Figure 4.1 show the error between the numerical and analytical solution for the

maximum stable time step.
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We test four different time-stepping schemes: second order Runge-Kutta (RK2),

third order Runge-Kutta (RK3), third order Carpenter-Kennedy (RK3CK), and four

order Carpenter-Kennedy (RK4CK). Figure 4.2 shows the result of this test. In the

top plot, the vertical axis shows the computation time. The horizontal axis shows the

dimensionless time-stepping factor δ = ∆t/min(∆tCFL,r,∆tCFL,φ,∆tν). The bottom

plot shows the numerical errors, max(|Σnum −Σana|), at t = 1, for the same problem.

For δ > 15 in RK2, δ > 18 in RK3, δ > 21 in RK3CK, and δ > 29 in RK4CK, the

solutions diverge so neither the computation time nor the error are plotted in the

graphs. This test demonstrates the ability of our algorithm to conserve mass to an

accuracy better than a few parts in a million. It also demonstrates the advantage of

the third order Runge-Kutta method over other algorithms, when solutions of high

accuracy are necessary.

4.2 Rayleigh’s Criterion

We now study the ability of our algorithm to model correctly instabilities in

hydrodynamic flows. In the absence of viscosity, the necessary and sufficient condition

for a rotating flow with angular velocity Ω(r) to be stable is

d

dr
(r2Ω)2 > 0, (4.7)

which is known as Rayleigh’s criterion (Chandrasekhar, 1961). Although Rayleigh’s

criterion usually describes the stability condition in a Couette flow, i.e., for an incom-

pressible fluid between two rotating cylinders, the criterion is also valid for rotating

compressible fluids, when the unperturbed radial velocity vanishes everywhere in the

flow. This can be achieved by balancing the centrifugal and centripetal accelerations.

Let

κ2 = 2Ω

(

2Ω + r
dΩ

dr

)

(4.8)
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Figure 4.1 For each panel: (Top) The analytical solution (solid line) is compared to

the numerical solution obtained with a third order Runge-Kutta (RK3) method (open

circles). (Bottom) The numerical errors, defined as |Σnum − Σana|, at different times

for the free-falling Gaussian ring discussed in section 4.1. Different lines corresponds

to different time-stepping schemes. The legend is in the bottom right plot.
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Figure 4.2 (Top) The vertical axis shows the computation time in seconds for the free-

falling Gaussian ring problem (see section 4.1), with different time stepping schemes.

(Bottom) The vertical axis shows the numerical errors in the density profile for the

same problem. The errors in the plot are the maximum of |Σnum − Σana| at t = 1.

The horizontal axis for both plots are the dimensionless time stepping factor δ =

∆t/min(∆tCFL,r,∆tCFL,φ,∆tν).
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be the square of the epicyclic frequency. Rayleigh’s criterion is equivalent to requiring

κ2 > 0, because d(r2Ω)2/dr = r3κ2.

We define a modified Newtonian gravity with a negative gravitational index α < 0

such that the gravitational acceleration is

gr(r) ≡ −GM
r|α|

. (4.9)

Setting GM = 1, the corresponding “Keplerian” velocity uφ is given by

uφ =
√
rα+1. (4.10)

Substituting this into Rayleigh’s criterion, i.e., equation (4.7), we find that α = −3

is the critical stability condition. The growth rate of the instability is

τ = Im
√
κ2 = Im

√

(α + 3)rα−1. (4.11)

Of course, the same result can be obtained by observing that the effective potential

Veff(r) =
L2

2r2
+

1

(α + 1)
rα+1, (4.12)

has no local minimum when α < −3; here L is the angular momentum of a fluid

element with a unit mass.

We use a spatial resolution of 257 × 64 collocation points to test the Rayleigh

criterion. The initial conditions are with a uniform density, Σ0 = 1, and the velocity

profile (4.10). Random perturbations that are of order 10−6 are added to all physical

quantities and the boundary conditions are set to ur|rmin
= ur|rmax = 0.

Because Rayleigh’s criterion refers to an one-dimensional problem, we discuss here

explicitly the evolution of the m = 0 mode. This is equivalent to averaging over the

azimuthal direction. Figure 4.3 shows the evolution of power at k = 16, 32, 64, and

128 (and m = 0) of the density, i.e., it is the plot of |Σ̌k,m(t)|2 against time. When

the flow is unstable, the perturbations grow very fast and diverge. As required by

Rayleigh’s criterion, flows with α > −3 are stable to perturbations.
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Figure 4.3 The evolution of the power at modes with k = 16, 32, 64, and 128 (and

m = 0) of the density for the study of Rayleigh’s criterion discussed in section 4.2.
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4.3 Propagation of Wavefronts

In order to test our implementation of the thermal pressure and the numerical

spreading of wavefronts, we neglect gravity, set all velocities equal to zero, and sim-

ulate the propagation of a sound wave. We use the equation of state P = KΣΓ with

K = 1 and vary the polytropic index Γ from 1 to 1.5. This pressure term decouples

the energy equation from the Navier-Stokes equation and the sound speed is simply
√
KΓΣΓ−1. The initial density is

Σ0(r, φ) = 1 + 10−6 exp
[

−60(1 + r2 − 2r cosφ)
]

. (4.13)

We use 257 × 64 collocation points and calculate the solution from t = 0 to 2.

Figure 4.4 shows six gray-scale snapshots of the density for Γ = 1. The resulting

sound wave propagates outward as a circle. Note that, because of our boundary

treatment, the density wave is not reflected back as it propagates close to the bound-

aries. To measure the sound speed, we take the density profile at φ = 0 and trace

the wavefronts. The collocation points that correspond to the peak density are then

used to calculate, via χ2-fitting, the sound speed. Table 4.1 shows the χ2-fitted sound

speed of the simulation. Compared to the analytical sound speed, the error is of order

1%.

4.4 Viscous Spreading of a Fluid Ring

The spreading of an axisymmetric viscous ring with small kinematic viscosity νs

(Frank et al., 2002; Pringle, 1981) has become a standard test for numerical methods

including both smoothed particle hydrodynamics (SPH) and grid-based codes. It has

also often been used to guide studies of many other astrophysical problems, such as

the fall-back disk after a supernova explosion (Ekşı and Alpar, 2003; van Paradijs

et al., 1995).



75

Figure 4.4 The propagation of a sound wave in a uniform static background. The

gray-scale snapshots correspond to the fluid density; dark is high and light is low

density.
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Table 4.1. Numerical Sound Speeds for the Problem discussed in §4.4.

Γ Factor Numeric Sound Speed Analytical Sound Speed Percentage Error

1.0 1.01 1.00 1.12%

1.1 1.06 1.05 1.33%

1.2 1.11 1.10 1.12%

1.3 1.15 1.14 1.14%

1.4 1.19 1.18 0.86%

1.5 1.24 1.22 0.86%

In the standard solution, it is assumed that uφ = rΩK � ur, where ΩK is the

Keplerian frequency, so the viscosity tensor can be approximated by

τrr = τφφ = 0, τrφ = τφr = νsΣ

(

∂uφ

∂r
− uφ

r

)

. (4.14)

Using conservation of mass, conservation of angular momentum, the fact that uφ is

always close to the Keplerian value, and assuming that the kinematic viscosity coef-

ficient νs is a constant, the analytical solution for the density, in our units, becomes

Σ(r, t) =
1

12πνsr1/4t
exp

(

−1 + r2

12νst

)

I1/4

(

2r

12νst

)

, (4.15)

where I1/4 is a modified Bessel function.

We perform our simulations with axisymmetric initial conditions. We follow

Speith and Kley (2003) and use a typical value νs = 4.77×10−5. The energy equation

is decoupled from the hydrodynamic equations as in the previous subsection. We set

Γ = 1, and choose K such that cs = 10−8. The spatial resolution is 257× 64 and the

time step factor δ = 0.8. We start with an initial density given by equation (4.15)
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at t = 27.95, which corresponds to 12νst = 0.016. The boundary conditions are

uφ|rmax = (rΩK)|rmax and uφ|rmin
= (rΩK)|rmin

, which are the ones assumed in the

standard solution.

Figure 4.5 compares the analytical solution to the numerical solution. The simu-

lation shows that some concentric rings appear at the beginning. They come from the

relaxation effect as our initial velocities approach standard solution. In fact, these

additional structures have been found in other simulations (Monaghan, 1992), and

decay away after about 24 rotations.

4.5 Shakura-Sunyaev Steady Disk Solution

Here we consider the thin disk problem and suppose that the disk is able to settle

to a steady-state structure. By assuming an α-viscosity law, Shakura and Sunyaev

(1973) solved the local disk structure analytically. Their work has been highly cited

for studies in accretion disks. (See Frank et al., 2002, and reference therein.)

In our simulation, we solve the hydrodynamic equations including the energy

equation. The kinematic viscosity coefficient is given by

νs = αcsH. (4.16)

The sound speed is given by c2s = ∂P/∂Σ = kBT/µmH and the disk scale height is

H = rcs/uφ. We, also, assume the vertical optical depth of the disk to be τd = ΣκR,

where the Rosseland mean opacity κR is given by Kramers’ law1

κR = 6.07 × 1022 Σ√
4πH

T−7/2cm2 g−1, (4.17)

Based on the above assumption and using the fact that νs is small, the Shakura-

1See again Frank et al. (2002), p.94 for notes on errors in the literature.
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Figure 4.5 The evolution of a viscous spreading ring. The solid line is the analytical

solution and the circles are numerical solutions. Note that concentric rings appear

at the beginning, but, after about 24 ring rotations, they decay away and we recover

the analytic solution.
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Sunyaev disk solution is given by

Σ = 6.15 α−4/5Ṁ
7/10
16 m

1/4
1 R

−3/4
10 f 14/5 g cm−2, (4.18)

ur = −2.59 × 104α4/5Ṁ
3/10
16 m

−1/4
1 R

−1/4
10 f−14/5 cm s−1, (4.19)

uφ = 1.15 × 108m
1/2
1 R

−1/2
10 cm s−1, (4.20)

T = 1.48 × 104α−1/5Ṁ
3/10
16 m

1/4
1 R

−3/4
10 f 6/5 K, (4.21)

where Ṁ16 = Ṁ/1016 g s−1, m1 = M/M�, R10 = r/(1010 cm), and f = (1 −
√

R∗/r)
1/4, with R∗ being the radius of the central object. Considering the flow

around a standard neutron star with a mass of 1.4M�, and a radius of 8.5 × 105 cm,

we setup the simulation with rmin = 109 cm and rmax = 1.2 × 1011 cm. The initial

conditions for density and energy are as in the Shakura-Sunyaev disk solution with

Ṁ16 = 1, m1 = 1.4, and α = 0.1. We set the initial radial velocity to zero and the

initial azimuthal velocity to be Keplerian. Perturbations were added to all variables

with amplitude 0.1 and order 3. The simulation runs with 513×64 collocation points

up to t = 107 s, which is approximately 16 viscous time scales.

In Figure 4.6, we show our numerical steady solution for α = 0.1, at t = 107 s;

note that we use the magnitude of the radial velocity in order to plot it in log-log

scale. The numerical values are different from the Shakura-Sunyaev solution by a

few percent because of the pressure term in the Navier-Stokes equation that was

neglected in obtaining the analytical solution. Although the pressure term does not

transport angular momentum, the effect of pressure on the disk structure compared

to those of viscosity is proportional to 1/α. Since α = 0.1 in our simulation, the

pressure effects can account for the difference between the analytical and numerical

solution.
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Figure 4.6 (Top) The analytical solution (solid line) compared to the numerical so-

lution (open circles) of the Shakura-Sunyaev steady disk solution in log-log scale.

(Bottom) The percentage numerical errors, defined as (fnum/fana − 1) × 100%. All

the units along the vertical axis are cgs units, i.e., g cm−2 for density, K for temper-

ature, and cm s−1 for velocities.
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4.6 Time Independent Tests of Poisson Solver

The simplest way to test the Poisson solver is to compare some numerical potential

ψnum obtained by the Poisson solver to its analytical expression ψana. The tests in

this subsection are done in the computational domain D(2) = [0.2, 1.8]× [−π, π). We

consider a very simple potential

ψana(r, φ) =
1

3

[

r2 − σ

(

1.82r − 0.0648

r

)]

sinφ, (4.22)

where σ is some arbitrary parameter. We chose this potential because its Laplacian

takes the form

fana(r, φ) = ∇2ψana = sinφ, (4.23)

which is independent of σ. Hence, the parameter σ forces our solution to satisfy

different boundary conditions.

We choose three different boundary conditions to test the Poisson solver. The

first one is






ψana(rmin, φ) = 1
3
r2
min sinφ

ψana(rmax, φ) = 1
3
r2
max sin φ

, (4.24)

which corresponds to σ = 0. For the second one, we choose the vanishing boundary

condition






ψana(rmin, φ) = 0

ψana(rmax, φ) = 0
, (4.25)

which corresponds to σ = 1. Finally, we also choose







ψana(rmin, φ) = 1
3
(r2

min − 3.64rmin + 0.1296/rmin) sinφ

ψana(rmax, φ) = 1
3
(r2

max − 3.64rmax + 0.1296/rmax) sinφ
, (4.26)

which corresponds to σ = 2. In Figure 4.12, we show the contour of fana, ψnum, and

the difference, ε = |ψnum − ψana|, for each choice of σ. The contour lines for ψnum

show clearly how the boundary conditions change the solution. The numerical results
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agree very well with the analytical solution and the difference is only of order 10−15,

which is the machine accuracy.

4.7 Time Independent Tests of Gravity Integrator

To test the gravity integrator, we consider an infinitesimally thin disk, with an

exponentially decaying surface density, i.e.,

ρ(r, φ, z) = Σ(r, φ)δ(z) = Σ0e
−r/σδ(z). (4.27)

The corresponding potential on the z = 0 plane is given by

ψ(r, φ) = −πGΣ0r[I0(y)K1(y) − I1(y)K0(y)] (4.28)

where y ≡ r/2σ (Binney and Tremaine, 1987). The functions In(y) and Kn(y) are the

modified Bessel functions of the first and second kinds, respectively. The modified

Green’s function for this problem is simply

G(r, φ, r′, φ′) =
−G

√

r2 + r′2 − 2rr′ cos(φ− φ′)
. (4.29)

In order to test our gravity integrator for non-axisymmetric problems, we place

three disks in the computational domain with each disk centered at some (ri, φi). Let

Ri ≡
√

r2 + r2
i − 2rri cos(φ− φi) (4.30)

be the distance between (ri, φi) and (r, φ). Normalizing the total mass for each disk

to unity, we have

Σ(ri,φi)(r, φ) =
1

2πσ2
exp

(

−Ri

σ

)

. (4.31)

The corresponding potential is

ψ(ri ,φi)(r, φ) = −G
σ
yi[I0(yi)K1(yi) − I1(yi)K0(yi)] , (4.32)

where yi ≡ Ri/2σ.
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Figure 4.7 Grayscale plots of the density Σ, the potential ψ, and the difference ε

between the analytical and the numerical values of the gravitational potential for

a selection of infinitesimally thin exponential disks (section 4.7). The top panel

corresponds to σ = 0.025, the middle panel corresponds to σ = 0.05, and the bottom

panel corresponds to σ = 0.1.
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Figure 4.8 Grayscale plots of the density Σ, the potential ψ, and the difference ε

between the analytical and the numerical value of the gravitational potential of a

collection of three-dimensional Gaussian spheres (section 4.7). The top panel corre-

sponds to σ = 0.05, the middle panel corresponds to σ = 0.1, and the bottom panel

corresponds to σ = 0.2.
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Because the potential is singular, we put the center of each disk off grid. Specif-

ically, we choose the coordinates (0.9, π/4), (0.9, π), and (1,−π/3). We also change

the total mass of each disk, in order to avoid cancellation of errors by symmetry, by

multiplying them by different constants so that

Σana(r, φ) = Σ(0.9,π/4)(r, φ) +
1

2
Σ(0.9,π)(r, φ) + 2Σ(1,−π/3)(r, φ). (4.33)

We repeated this test for different choices of σ, namely, σ = 0.025, σ = 0.05, and

σ = 0.1. In Figure 4.7, we show the grayscale plots for Σana, ψnum, and the fractional

error ε = |ψnum/ψana − 1|, for each value of σ. The contour lines in the error plots

show that, at the smooth density region, the error is of order 10−5. The maximum

errors appear around the density peak, where the analytic potential is singular.

Besides being able to handle a δ-function in the z−direction, our gravity integrator

is able to solve problems with other time-independent and φ-independent vertical

structures. For example, we consider the Gaussian sphere given by

ρ(r, φ, z) =
M

(2πσ2)3/2
exp

[

−r
2 + z2

2σ2

]

, (4.34)

which is normalized so that the total mass is M . Here σ is a parameter that controls

the spread of the mass in each sphere. As σ → 0, the Gaussian sphere approaches

a point source. If we have a collection of such spheres with the same σ, the vertical

structure can be factored out of the equations.

Using Gauss’ law, we find that the potential on the z = 0 plane is given by

ψ(r, φ) = −1

r
erf

(

r√
2σ

)

, (4.35)

where erf(x) is the error function

erf(x) =
2√
π

∫ x

0

e−x′2

dx′. (4.36)
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For a collection of Gaussian spheres centered on the z = 0 plane with the same σ,

we can factor out the z-dependence, i.e.

ρ(r, φ, z) =
∑

i

ρ(ri,φi)(r, φ, z) = Z(r, z)
∑

i

Σ(ri,φi)(r, φ) , (4.37)

where we have used the same notation as in the previous subsection to indicate that

the center of each sphere is located at (ri, φi). The normalized vertical structure is

given by

Z(r, z) =
1√

2πσ2
exp

(

− z2

2σ2

)

. (4.38)

The surface density for each Gaussian sphere is, therefore,

Σ(ri,φi)(r, φ) =
1

2πσ2
exp

(

− R2
i

2σ2

)

, (4.39)

where Ri is defined in equation (4.30).

The modified Green’s function for our problem is

G(r, φ; r′, φ′) =

∫ ∞

−∞

−Z(r′, z′)dz′
√

r2 + r′2 − 2rr′ cos(φ− φ′) + z′2

= −e
R2/4K0(R

2/4)√
2πσ2

, (4.40)

where K0 denotes the modified Bessel function of the second kind and we have setG =

1 for simplicity. We use the modified Green’s function described in equation (4.40)

to obtain the corresponding Ǐnm(rk). Then we follow the algorithm described in

section 3.7.2 to perform the calculation for the gravitational field for three Gaussian

spheres located at (r, φ) = (1, 0), (0.75, 2π/3), and (1.25,−2π/3) with a total mass

of 2, 1/2, and 1, respectively, i.e.,

Σana(r, φ) = 2Σ(1,0)(r, φ) +
1

2
Σ(0.9,3π/4)(r, φ) + Σ(1,−π/2)(r, φ) (4.41)

In Figure 4.8, we show the numerical solutions for σ = 0.05, σ = 0.1, and σ = 0.2.

The maximum numerical error is less than 0.5%.
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4.8 Free Fall of a Dust Ring Under Self-Gravity

In order to perform a dynamic test of our spectral self-gravity solver, we follow

the free-fall of a self-gravitating dust ring. The initial condition of this problem is

the same as in §4.1 of Chan et al. (2005), i.e.,

ρ(r, φ, z) = ρ(r, φ) = exp[−20(r − 1)2], (4.42)

and the initial velocity is zero. The only difference is that, this time, we explicitly

calculate the self-gravity of the flow instead of using the gravitational field provided

by a central object. We set the gravitational constant to G = 1 and let the ring free

fall. We neglect pressure and viscosity and set the resolution to 513× 64 in order to

resolve the sharp peak in the density profile that appears at late times.

In order to test our implementation of the spectral method and in the absence of

an analytic solution to the problem we wrote a very simple N-body algorithm. We

placed 100,000 particles in the computational domain based on the initial density of

the ring. Then we computed the gravitational interactions between each particle pair

directly and integrated their trajectories.

In Figure 4.9, we plot the density profiles of the numerical solution of the free

falling dust ring at φ = 0 using the spectral algorithm and the N-body method.

Different lines represent the solution from our pseudo-spectral algorithm at different

times and the open circles represent the solution from the particle method. The two

solutions agree very well.

4.9 Orbiting Cylinders

We adopt this test from Fryer et al. (2006), who simulated two spheres orbiting

around each other with smooth particle hydrodynamics. Because our algorithm is

two-dimensional, we assume that all variables are independent of z and modify the
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Figure 4.9 The radial density profile of the numerical solution for a free-falling dust

ring at φ = 0. The solid lines represent the solution using our spectral algorithm and

the open circles represent the solution using a simple N-body code.
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Figure 4.10 Grayscale plots of the density Σ of the two orbiting cylinders and vectors

plots of the velocity fields at different times in the simulation. In all plots, darker

colors correspond to larger magnitudes.
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Figure 4.11 The total angular momentum of the orbiting cylinders (normalized ini-

tially to unity) as function of time. The angular momentum is conserved to better

than 2% over t = 100, which corresponds to about 16 periods or ∼ 5×104 timesteps.
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problem to two infinite cylinders orbiting around each other.

Because the region outside the cylinders has very low density, small fluctuations

of the solution in this low-density region result in a large error in the pressure force.

In order to resolve the numerical instability that arises from this effect, we evolve the

whole set of hydrodynamic equations including the energy equation and introduce a

small background term in both the continuity equation and the energy equation. This

background needs to be small compared to the physical properties of the cylinders

so that it does not affect the orbital motion significantly, while at the same time it

needs to be large enough so it can screen out the errors at the low density region in

our algorithm. Then, a strong spectral filter is applied to the velocity field to reduce

numerical instabilities. The spectral filters for density and energy, on the other hand,

are relatively weak in order to conserve mass and total energy.

We consider a Gaussian density distribution for each cylinder

Σ(r, φ) =
e−r2/2σ2

2πσ2
. (4.43)

In order to find the initial condition for the energy equation, we first need to solve for

the gravitational potential using the Neumann boundary condition ∂ψ/∂r = 0 at the

origin. The second boundary condition is not important here because it only shifts

the potential by a constant, which does not affect the gravitational field. Setting the

arbitrary constant for the second boundary condition to zero, we obtain

ψ = G

[

2 ln r − Ei

(

− r2

2σ2

)]

, (4.44)

where Ei(x) is the exponential integral function defined by

Ei(x) = −
∫ ∞

x

e−x

x′
dx′ . (4.45)

The corresponding gravitational field of this potential is

g(r, φ) =
2G

r

(

e−r2/2σ2 − 1
)

. (4.46)
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Therefore, we require the pressure to be

P (r, φ) ≡
∫

Σg dr =
G

2πσ2

[

Ei(−r2/σ2) − Ei(−r2/2σ2)
]

(4.47)

in order to balance self-gravity. Note that we again set the integration constant to

zero in the pressure. The modified Green’s function for this problem is

G(r, φ, r′, φ′) = G ln
[

r2 + r′2 − 2rr′ cos(φ− φ′)
]

. (4.48)

In our simulation we have two Gaussian cylinders centered at (ri, φi). Therefore,

we set

Σ(ri,φi)(r, φ) =
e−R2

i /2σ2

2πσ2
(4.49)

and

P(ri,φi)(r, φ) =
G

2πσ2

[

Ei(−R2
i /σ

2) − Ei(−R2
i /2σ

2)
]

, (4.50)

where Ri is defined in equation (4.30). Because the pressure is singular when Ri = 0,

we choose the initial position of the cylinders (ri, φi) off grid. In particular, we also

choose the background density such that the area between the cylinders contains

only 1% of the total mass in the whole system. Because the area of our domain is

π(1.82 − 0.22) = 3.2π, we set

Σ(r, φ) = 0.99
[

Σ(1,10−3)(r, φ) + Σ(1,π+10−3)(r, φ)
]

+
0.02

3.2π
(4.51)

and

P (r, φ) = P(1,10−3)(r, φ) + P(1,π+10−3)(r, φ) +
0.02

3.2π
. (4.52)

The initial energy is then chosen using the equation E = 3P/2 that is based on an

ideal gas law. Setting G = 1, the angular velocity of the cylinder needed to balance

the gravitational force is equal to unity. Hence, we set the initial velocities to

vr = 0, vφ = r. (4.53)
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We use σ = 0.1 and evolve the simulation to a dimensionless time t = 100, which

is equal to about 16 complete orbital rotations. In Figure 4.10, we show the gray-scale

plots of the density as well as the velocity field for different times in the simulation.

In Figure 4.11, we plot the angular momentum as a function of time. Our algorithm

is able to conserve angular momentum to better than 2% for up to about 16 complete

orbiting motion, which corresponds to ∼ 5 × 104 timesteps. The 2% dissipation of

angular momentum is mostly due to the strong spectral filtering, which is equivalent

to artificial viscosity, and the deformation of the two cylinders during the simulation.

4.10 A Test of Alfven Wave Propagation: Magnetic

Braking of an Aligned Rotator

The problem of magnetic braking of an aligned rotator via the emission of nonlin-

ear, incompressible Alfvén waves was solved analytically by Mouschovias and Pale-

ologou (1980). It was then used by Stone et al. (1992a) to verify the ability of MHD

algorithms to propagate transverse Alfvén waves. In this test, we use the same initial

conditions as those described by Stone et al. (1992a), namely, the discontinuous initial

condition (DIC) and the continuous initial condition (CIC). Because our algorithm is

designed for compressible MHD flows, we discard the radial and vertical components

of the momentum equation and set ∂P/∂φ = 0 in the azimuthal component.

We use the computational domain [0.2, 1.8]×[−π, π)×[−16, 16] with 33×32×512

collocation points. We set the initial density to

ρ0 =







1 , |z| > 1

10 , otherwise
(4.54)

the initial magnetic field to B = (0, 0, 1), and the initial velocity to v = (0, rΩ0, 0)

where Ω0 is the initial angular velocity. For the discontinuous case (DIC), we set the
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Figure 4.12 Grayscale plots of the analytical function fana, the numerical potential

ψn, and the difference ε between the numerical solution and the analytical solution

for the test problem discussed in section 4.6. In all plots, darker shades correspond

to larger magnitude.
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angular velocity to

Ω0 =







0 , |z| > 1

1 , otherwise,
(4.55)

whereas for the continuous case (CIC) we set it to

Ω0 =







0 , |z| > 1

1
2
(1 + cos πz) , otherwise.

(4.56)

The analytic solutions are given in Mouschovias and Paleologou (1980).

In Figure 4.13, we compare the numerical to the analytical solutions for the two

initial conditions at t = 50, right before the wave front passes z = 16. The numerical

solution for the discontinuous problem shows oscillations around the discontinuity

(the Gibbs phenomenon), which are inherent to all spectral methods. However, the

properties of the shock as well as those of the fluid around it are captured correctly

in our numerical solutions. For the continuous problem, the numerical and analytical

solutions are indistinguishable.
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Figure 4.13 A comparison of the numerical (circles) to the analytical (lines) solutions

for the magnetic braking test problem. The panels show a snapshot of the azimuthal

velocity and magnetic field at time t = 50, for the discontinuous (DIC; upper panels)

and the continuous (CIC; lower panel) initial conditions discussed in the text. For

the discontinuous case, the numerical solution captures correctly the shock properties

despite the Gibbs oscillations; for the continuous case, the numerical and analytical

solutions are indistinguishable.
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CHAPTER 5

APPLICATIONS

5.1 Non-Axisymmetric Instabilities in Viscous Spreading

Rings

As we mentioned in §4.4, the viscous spreading ring has become a standard test

for numerical simulations. In these simulations, additional structures always appear,

such as the concentric rings in Figure 4.5. We attributed the presence of these

concentric rings to relaxation effects of the initial conditions. Maddison et al. (1996),

on the other hand, showed that the concentric rings that appear in SPH simulations

using the artificial viscosity given by Monaghan (1992) are numerical artifacts. Later,

Speith and Kley (2003) used perturbation methods to show that viscous spreading

rings are unstable to non-axisymmetric perturbations.

Assuming a compressible, pressureless, and viscous fluid, the equations used in

Speith and Kley (2003) are the continuity equation and the Navier-Stokes equation

with zero pressure. By setting νs = µs/Σ to be constant and µr = µb = 0, the

first order instability is an one-armed spiral, whereas the second order instability is

a superposition of an one-armed and a two-armed spirals.

If we define a function

Ê(t, r) = 2 − 2vφ

rΩK
, (5.1)

where ΩK =
√

GM/r3 is the Keplerian angular velocity, then Ê(t, r) measures the

first order perturbation amplitude. Its dispersion relation is

σd = −k
(

νs

r
+

8

3

νs

Σ̂0

∂Σ̂0

∂r

)

+ i

(

k2νs

3
− νs

rΣ̂0

∂Σ̂0

∂r

)

(5.2)

where k is the radial wavenumber and Σ̂0 is the standard solution. Assuming 12νst�
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r, it follows that the condition for instability is

k2 >
3

rΣ̂0

∂Σ̂0

∂r
(5.3)

and the growth rate is

Im(σd) =
1

3
k2νs +

3νs

4r2
+

1

6t
(1 − r). (5.4)

In order to test this claim, we carried out a test with the same conditions as Speith

and Kley’s RH2D simulation (Kley, 1989). The only differences are in the initial

perturbations and a small constant background term in the density, i.e., the setup is

the same as in section 4.4 but we add initial perturbations by the method described

in section 3.5 with order 3 and magnitude 0.001. The additional constant background

term in the density varies from 0.1 to 0.001 depending upon the resolution, which

keeps the solution stable. We perform the simulation with resolutions 129 × 64,

257 × 64, 513 × 64, and 1025 × 64.

Figure 5.1 shows the density contours for different resolutions at time t = 120.

It is clear that the direction of the spiral in low resolution is different then in high

resolution. We confirm this result with Speith and Kley (private communication), i.e.,

that the transition radius between leading and trailing spirals vary as the resolution

changes. Figure 5.2 is the density contour of the simulation with 513×64 collocation

points and 0.001 background density, at different times. At t = 100, some concentric

rings due to relaxation effects are seen. At t = 200, a one-armed spiral starts to form

at the inner disk. The spiral is fully developed by t = 300.

In order to find out the unstable wave number, we plot in Figure 5.3 the contour

of density along φ = 0 against time. Region I shows the relaxation effect, where the

relaxation waves propagate outwards. In region II, the solution has relaxed to the

standard solution. Later on, the Speith-Kley instability starts to develop, which is

shown in region III. We can estimate the wavelength of the fully developed spirals,
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Figure 5.1 Snapshot of simulations of a viscous spreading ring with different resolu-

tions. Note that for different resolution, the direction of the spirals are different.
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Figure 5.2 The evolution of a viscous spreading ring with non-axisymmetric pertur-

bations. At t = 100, there are concentric rings due to the initial relaxation. At

t = 200 it is clear that a small, one-armed spiral starts to develop in the inner region.

The remaining figures, then, show the development of the one-armed spiral.
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I
II

III

IV

Figure 5.3 The contour plot of density at φ = 0 against time. Region I shows

the relaxation effect. Region II shows that the solution has relaxed to the standard

solution. The Speith-Kley instability develops in region III. In region IV, the unstable

wavelengths are too short to be resolved in our numerical method.
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which varies from 0.1 to 0.15. For region IV, the unstable wavelengths are too short

to be resolved in our numerical method.

Finally, in Figure 5.4 we plot the first 6 modes, i.e., m = 0, 1, . . . , 5, of Ê(r = 1, t).

The late time behavior of our solution agrees with Figure 8 in Speith and Kley (2003).

To compare our numerical result with the analytical growth rate (5.4), we χ2-fit the

slope of the m = 1 mode in Figure 5.4 between t = 250 and t = 500, which gives

Im(σd) ≈ 0.0013. That corresponds to unstable wavenumber k ≈ 9.0. This agrees

with the width of the spiral ≈ 0.11 as shown in Figures 5.2 and 5.3.

Physically, the viscous spreading ring problem is an important guide to under-

standing the transport of angular momentum in accretion disks. We have inde-

pendently verified the Speith-Kley instability — a cold viscous disk is unstable to

non-axisymmetric perturbations.

5.2 The Stability of Self-Gravitating Hydrodynamic Disks

Pseudo-spectral methods effectively evolve in time the hydrodynamic equations

for each mode independently. For this reason, they are ideal tools for confirming the

results of linear mode analysis and for extending them to the non-linear regime. As a

case study, we address here numerically the stability of self-gravitating infinitesimally-

thin disks.

We consider self-gravitating gas disks with a polytropic equation of state

P = KΣΓ, (5.5)

where K is the polytropic constant and Γ is the polytropic index. The disks are locally

stable to all non-axisymmetric perturbations Goldreich and Lynden-Bell (1965a,b);

Julian and Toomre (1966). For axisymmetric perturbations, linear-mode analysis of

the hydrodynamic equations results in the dispersion relation Binney and Tremaine
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Figure 5.4 The evolution of the first 6 modes of Ê(r = 1, t).
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Figure 5.5 The minimum value of the Toomre parameter min(Q) anywhere in the disk,

for different values of the polytropic constant K. The three different lines correspond

to different values of the polytropic index Γ. When min(Q) < 1, i.e. in the shaded

region, the linear analysis suggests that the disk is unstable. Filled circles denote

simulations in which the disk was unstable, whereas open circles denote simulations

in which the disk was stable.
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Figure 5.6 The Toomre parameter Q2 as a function of radius r for solutions with

different values of the polytropic constant K. The dark gray region corresponds

to Q2 < 0, for which no steady-state rotating solution exists; the light gray region

corresponds to 0 < Q2 < 1 which is Toomre unstable; the white region corresponds

to Q2 > 1, which is Toomre stable. The contour lines correspond to the size of the

minimum unstable wavelength according to the linear mode analysis.
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(1987)

ω2 = κ2 − 2πGΣ|k| + k2c2s , (5.6)

where we use cs to denote the sound speed of the gas, κ to denote the epicyclic

frequency in the disk, and ω and k to denote the mode frequency and wavenumber,

respectively. The disk is locally stable if ω2 > 0. The condition for all modes to be

stable is given by Toomre’s stability criterion Safronov (1960); Toomre (1964),

Q ≡ csκ

πGΣ
> 1 . (5.7)

Although criterion (5.7) is only a local condition, it is also sufficient for global sta-

bility of axisymmetric modes with kr � 1. At the critical value Q = 1, the disk

can be globally unstable to non-axisymmetric modes. As Q increases, the disk be-

comes globally stable to all non-axisymmetric modes. However, for very large values

of Q, pressure dominates the self-gravity effects and the disk becomes globally un-

stable to non-axisymmetric perturbations again. Our goal in this section is to study

numerically the stability of self-gravitating disks in situations where the unstable

wavelengths are larger than the characteristic length scales in the disks.

We simulate the time evolution of disks that obey Plummer’s density model Bin-

ney and Tremaine (1987)

Σ(r) =
Mdσ

2π(r2 + σ2)3/2
, (5.8)

where Md stands for the initial disk mass and σ is a parameter that controls the

central concentration of the disk density. The corresponding gravitational potential

(at the z = 0 plane) is given by

ψ(r) = − GMd√
r2 + σ2

. (5.9)

We set the initial radial velocities to zero, i.e., vr = 0, and choose the azimuthal

velocities, vφ, so as to balance the pressure and self-gravity of the flow, i.e.,

v2
φ

r
=

2πGΣr

σ
− 3KΓΣΓ−1r

r2 + σ2
. (5.10)
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Although Plummer’s model assumes that the density is a δ-function along the z-

direction, its corresponding scale height H = rcs/vφ is given by

H

r
=
cs
vφ

=

(

2πGr2

KΓΣΓ−2σ
− 3r2

r2 + σ2

)−1/2

. (5.11)

We choose 129×64 grid points and perform the simulations in the domain [0.005, 5]×
[−π, π) with σ = 1. We set the total disk mass to Md = 1.

Figure 5.5 a parameter study of the dependence of the stability of the disk on

the polytropic index Γ and the constant K. We plot the minimum value of the

Toomre parameter min(Q) anywhere in the disk against K. The three different lines

correspond to different values of the polytropic index Γ. According to linear analysis,

when min(Q) < 1, there is some region in the disk where the disk becomes unstable.

We present the results of our simulation on the same plot, with filled circles denoting

the solutions that become unstable and with open circles the solutions that remained

stable during the course of the simulations.

For small values of the polytropic index (Γ ≤ 4/3) or for small values of the

polytropic constant (K < 0.2), our numerical simulations agree with the predictions

of the linear mode analysis. The small disagreements near the Q = 1 separatrix

come from two facts: that, (i) we have a finite domain of integration on which we

have to impose boundary conditions, and (ii) we cannot calculate the evolution of

the instabilities and the perturbations in the gravitational field from matter outside

the boundaries. Regarding point (i), we have used the absorbing boundary condition

discussed in the first paper in the series Chan et al. (2005), which reduce the reflection

significantly. However, a very small but finite amount of the energy of the wave is

still trapped in the domain, which causes the instability. As a result, when the

gravitational potential deviates from Plummer’s model because of the finite size of

the domain, the disk close to the outer boundaries becomes unstable.

A striking difference, however, appears when the polytropic index and the poly-
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tropic constant become larger: our numerical solutions are always stable, contrary

to the predictions of the linear mode analysis. The reason for this disagreement be-

tween the linear mode analysis and our numerical simulations becomes evident in

Figure 5.6, where we plot Toomre’s parameter Q2 as a function of radius r for differ-

ent values of the polytropic constant K. When Q2 < 0, there is no initial value of the

azimuthal velocity vφ that satisfies the steady-state equation for radial force balance;

we shade this region using dark gray. For 0 < Q2 < 1, the disk is unstable according

to Toomre’s criterion; we shade this region using light gray. Finally, when Q2 > 1

the disk is linearly stable; we leave this region white. We also plot in Figure 5.6 con-

tours that correspond to the minimum unstable wavelength, in the unstable region,

computed by

2π

λmin

= kmax =
πΣ

cs

(

1 +
√

1 −Q2
)

(5.12)

Figure 5.6 shows that when Γ > 4/3 and for large values of the polytropic constant

K, the minimum unstable wavelength is larger than the extent of the region in which

the disk is unstable. For example, for Γ = 4.5/3 and for K ∈ [0.42, 0.56], the

unstable region only extends to r ∈ [0, 1.5]. However, in that same region, the

minimum unstable wavelength is λmin ≈ 3, in the appropriate units. Because the

unstable wavelengths are larger than the characteristic length scale in the system

(which can be defined here as the extent of the region in which 0 < Q < 1), the

approximations involved in the linear mode analysis are not justified. Indeed, the

numerical simulations show that the unstable modes cannot grow and the disk is

stable.
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5.3 Turbulent MHD Disks Driven by the

Magneto-Rotational Instability

One of the advantages of spectral methods is the fact that they allow for an accu-

rate control of numerical dissipation and hence they can be used to track accurately

the stability of a flow. In the previous sections, we used our two-dimensional, hydro-

dynamic spectral algorithm to successfully reproduce the Rayleigh stability criterion

in a couette flow, even near the separatrix. We also applied our spectral algorithm

to self-gravitating disks and studied Toomre’s criterion. In this section, we use our

MHD spectral algorithm to study the properties of accretion disks driven by the

magnetorotational instability (Balbus and Hawley, 1991, 1992; Hawley and Balbus,

1991, 1992).

Any ionized and magnetized accretion disk is unstable to the MRI as long as the

angular velocity of the flow is a decreasing function of radius. If a cylindrical disk

is threaded by a mean vertical magnetic field Bz, all the waves along the vertical

direction with wavenumbers less than

kMRI =
√

2q
Ω

uA

, (5.13)

are unstable. Here, Ω is the angular frequency,

q ≡ −d ln Ω

d ln r
(5.14)

is a measure of the shear, and uA = Bz/
√

4πρ is the Alfvén velocity for the back-

ground field. The growth rate of the instability depends strongly on the wavenumber

and is given by Balbus and Hawley (1991)

γ =
[

−(2 − q) − k2 +
√

(2 − q)2 + 4k2
]1/2

Ω. (5.15)

The fastest growing mode has a wavenumber given by

kpeak =
q

2

(

4

q
− 1

)1/2
Ω

uA
. (5.16)
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We use our numerical algorithm to simulate the evolution of a Keplerian disk

in a pseudo-Newtonian potential around a non-rotating object of mass M . For this

calculation, we set G = c = 1 and all the distances and times in gravitational units.

We solve the MHD equations in the computational domain [3, 43]× [−π, π)× [−2, 2)

using 257× 64× 32 grid points. In order to justify the periodic boundary conditions

along the vertical direction and to avoid numerical problems around the innermost

stable circular orbit, we set the sound speed to c2s ≈ 0.2. We set the initial density

to unity everywhere in the disk and thread the flow with a vertical magnetic field

with a corresponding Alfvén velocity equal to 2 × 10−3. In our dimensionless units,

it takes a time of t ≈ 60 and t ≈ 500, respectively, for the fluid elements to complete

one orbit at r = 6 and r = 20.

The initial exponential growth of the MRI offers another possibility to test the

ability of our numerical method to capture the properties of an MHD instability. For

this reason, we discuss first the initial stages of the simulation and then the properties

of the final state of saturated MHD turbulence.

In Figure 5.7, we show the power spectrum of the magnetic and kinetic energies in

the simulation, at a radius r = 20, during the initial linear regime of the instability.

The similarity of the peak of the numerical power spectrum to the wavenumber of the

most unstable mode of the linear MRI demonstrates that our numerical algorithm

can reproduce, with an uncertainty comparable to the resolution, the wavenumber of

the mode that shows the fastest growth rate (eq. [5.16]).

The Maxwell and Reynolds stresses are amplified exponentially during the ini-

tial growth of the instability, with their ratios determined only by the value of local

shear (Pessah et al., 2006b). In Figure 5.8, we plot the ratio of the Maxwell to

Reynolds stresses as a function of radius in the accretion disk at time t = 200 and

compare it to the analytical solution of Pessah et al. (2006b). The numerical and
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Figure 5.7 The power spectrum along the vertical direction of the magnetic and

kinetic turbulent energies in a Keplerian disk at r = 20, during the exponential

growth of the MRI (at t = 200), for the simulation discussed in the text. The

hash-filled area represents the limit of the numerical resolution. The vertical dotted

line corresponds to the wavenumber of the most unstable mode as predicted by the

analysis of the linear MRI.
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Figure 5.8 The ratio of the r-φ components of the Maxwell, and Reynolds stresses,

as a function of radius in the accretion flow at time t = 2000. The error bars indicate

the ' 20% uncertainty in the value of each stress. The solid line shows the result of

the analytic calculation for the stress ratio (Pessah et al., 2006b).
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Figure 5.9 Four density (upper rows) and magnetic energy (lower rows) snapshots

of the evolution of the MHD turbulence in an accretion disk driven by the magne-

torotational instability. The face-on views show the two physical quantities at the

midplane of the domain of solution, whereas the edge-on views are for an azimuth

of φ = 0. In each row, the first panel corresponds to a state very close to the initial

laminar flow; the second panel shows the density during the exponential growth of

the MRI; the last two panels show two different instants during the saturated state

of the turbulence.
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Figure 5.10 The evolution of the power spectrum along the vertical direction of the

magnetic energy at cylindrical radius r = 20, for the accretion disk simulation shown

in Figure 5.9. The hash-filled area starts at the cut-off wavenumber of the spectral

filter and represents the numerical resolution. The vertical dotted line corresponds

to the wavenumber of the most unstable mode as predicted by the analysis of the

linear MRI.
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analytical ratios agree well, within the uncertainties of estimating appropriate aver-

ages.

After a few orbital periods, turbulence is generated and the solution of the system

of MHD equations becomes highly non-linear. Figure 5.9 shows the evolution of the

density and magnetic energy in the accretion flow from the initial laminar state (first

panel), through the time of the exponential growth of the MRI (second panel), to the

final saturated state of MHD turbulence (last two panels). As also found in previous

simulations of MRI-driven turbulent accretion disks, the solution is highly variable,

with large fluctuations in the various physical quantities. Moreover, the magnetic

and material stresses are not consistent with the prediction of the alpha model and

are non-vanishing inside the innermost stable circular orbit. Here, we are particularly

interested in the evolution and properties of the power spectrum of turbulence, which

is a statistic that spectral methods are primarily suited to calculate.

Figure 5.10 shows the evolution of the power spectrum along the vertical direction

of the magnetic energy at cylindrical radius r = 20. At early times, the magnetic

energy increases exponentially because of the growth of the MRI, generating a spec-

trum of fluctuations that peaks around the wavenumber of maximum growth. At

later times, interactions between different modes lead to spreading of turbulent en-

ergy to nearby modes, generating a power-law spectrum of fluctuations. The index

of the power spectrum of magnetic energy fluctuations is comparable to that of a

Kolmogorov spectrum, even though the MHD turbulence is highly anisotropic.

The power-law spectrum of magnetic energy fluctuations extends from the largest

vertical scale of the simulation (which is the vertical extent of the domain of solution)

to the smallest vertical scale (which is equal to the numerical resolution). Moreover,

the integral of the power spectrum, which is equal to the total variance, depends on

both scales. This is consistent with the fact that the saturation predictor found in
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numerical simulations of shearing boxes depends on both the vertical size of the box

and the numerical resolution (Hawley et al., 1995, 1996; Pessah et al., 2006a). It

is, however, a result of two simplifying assumptions in our simulation. The power

spectrum extends to the largest vertical scale because we have neglected the vertical

component of gravity and, therefore, the disk is not stratified. At the same time,

the power spectrum extends to the smallest resolved scale because we have neglected

Ohmic dissipation. Obtaining a realistic saturation predictor of MRI-driven turbu-

lence in accretion disks will require numerical simulations of stratified flows with the

largest possible dynamical range and an accurate model of sub-grid physics.
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CHAPTER 6

A NUMERICAL STUDY OF SGR A*

6.1 Background

Accreting black holes of all masses, from stellar-mass systems in X-ray binaries to

supermassive objects in active galactic nuclei (AGN), are highly variable, exhibiting

a wide variety of outbursts from simple flares to relativistic jets. Periodic or quasi-

periodic signals in these outbursts (van der Klis, 2006), if connected to the orbital

period at the black hole’s innermost stable circular orbit (ISCO, also known as the

marginally stable orbit), provide ideal probes of the spacetime in that region (see

Melia et al., 2001b; Psaltis, 2004). However, using observations of the emission from

the ISCO as probes requires understanding the dynamics of accretion near the black

hole and the origin of these oscillations.

Although these quasi-periodic oscillations (QPOs) are well-established observa-

tionally, particularly in stellar-mass systems, their origin is still unclear. Quasi-

periodic variability has emerged from theoretical work only under restrictive as-

sumptions, either analytically in idealized disks (e.g., Kato, 2001, and references

cited therein), or numerically in hydrodynamic (e.g., Milsom and Taam, 1997) and

magnetohydrodynamic (MHD; e.g., Tagger and Melia, 2006) simulations with large-

scale magnetic fields. However, global calculations including the effects of the mag-

netorotational instability (MRI) and MRI-driven turbulence have not yet produced

quasi-periodic signals (e.g., Armitage and Reynolds, 2003; Arras et al., 2006; Hawley,

2001, and references cited therein). In addition, it is possible that the origin of these

oscillations is different for different accreting black hole systems.

At the Galactic center, the compact radio source Sagitarius A* (Sgr A*) derives
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its power from accretion onto a ∼ 3.4× 106M� black hole (Ghez et al., 2004; Schödel

et al., 2002). Occasionally, rapid flares are observed from this object in the X-rays

(Baganoff et al., 2001) and in the near infrared (NIR; see Genzel et al., 2003). During

these flares, there is evidence for a quasi-periodic modulation of the X-ray emission,

with a period of ∼ 17 mins that is comparable to the orbital period at the ISCO of

a Schwarzschild black hole with the mass of Sgr A*.

The spectra and polarization of the source during the quiescent state of Sgr A*

suggest that the long-wavelength emission is due to synchrotron radiation, whereas

the more energetic X-ray emission is due to inverse Compton scattering and thermal

bremsstrahlung (see, e.g., Melia, 1992; Narayan et al., 1995). The rapid increase in

the NIR and X-ray fluxes during the flares can then be accounted for by a transient

acceleration of the energetic electrons responsible for the emission (Markoff et al.,

2001; Yuan et al., 2004) or by a rapid increase of the accretion rate. Such an increase

can be caused either by the highly variable nature of the accretion flow or by an

external surge of matter. In this chapter, we will address the possibility that the

X-ray flares are due to a rapid increase of the accretion rate, including situations in

which this is induced by infalling clumps of plasma.

We will use the pseudo-spectral algorithm described in previous chapters of this

dissertation to simulate the effects of the magnetohydrodynamic turbulence on the

accretion disk that surrounds the black hole. We will focus on the long-wavelength

emission of Sgr A* and, therefore, consider only synchrotron emission from a hybrid

plasma (Özel et al., 2000). For a study of spectral properties including synchrotron

emission/absorption, free-free emission/absorption, and Compton/inverse Compton

scattering, we refer to Ohsuga et al. (2005). We calibrate our simulations using the

quiescent spectrum of Sgr A* and aim to simulate the dynamical evolution of the

system caused either by the MHD turbulence or by an external surge of matter. In
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agreement with Goldston et al. (2005), we find that the MRI-driven turbulence alone

cannot produce variations in the radiation flux that are as large as the observed flares.

We also do not find any significant quasi-periodic oscillations during the quiescent-

state flux.

To produce the observed flares, we locally perturb the density of the disk to

simulate the effects of “clumpy material” raining down onto it from the large-scale

flow (Coker et al., 1999; Falcke and Melia, 1997; Tagger and Melia, 2006). Here, again,

observations help to constrain the perturbation, particularly its location in the disk.

Most of Sgr A*’s luminosity is emitted at the mm/sub-mm spectral excess, suggesting

for our calculation that the accretion disk extends out to 5–25 Schwarzschild radii

(Melia et al., 2000, 2001a). Our density perturbations are introduced locally within

the disk, rather than from a global simulation of the infall. However, even with this

limitation, we find that we have enough freedom to construct density perturbations

that produces flares qualitatively similar to those observed in Sgr A*. The simulated

flares exhibit quasi-periodic oscillations. If such density perturbations are indeed

the cause of black-hole outbursts, this model may be used to not only study the

properties of spacetime near Sgr A*, but also the near-horizon environment in other

low-luminosity AGNs.

6.2 Emission Model

In this section, we first describe how to incorporate special- and general-relativistic

effects for the radiative transfer in a pseudo-Newtonian gravity. We then propose

a hybrid thermal-nonthermal model for the electron distribution and consider its

synchrotron emissivity from a region near the ISCO.
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6.2.1 Radiative Transfer in Pseudo-Newtonian Gravity

We will use cylindrical coordinates (r, φ, z) throughout this chapter. Because the

vertical size of our computational domain is small compared to the disk radius, we

will ignore gravity in the vertical direction. We denote the observed frequency at

infinity by ν0. The corresponding frequency measured by an stationary observer in

the local free-falling frame in a Schwarzschild spacetime, i.e., without gravitational

redshift, is given by the transformation

ν ′ =
ν0

√

1 − rS/r
, (6.1)

where rS = 2GM/c2 is the Schwarzschild radius, andG, M , and c are the gravitational

constant, mass of the central black hole, and speed of light, respectively. The flux

density observed at Earth is

Fν0 =
1

D2

∫

I ′ν′

(

1 − rS
r

)3/2

dA , (6.2)

where D ≈ 8.5kpc is the distance to the Galactic center and I ′ν′ is the specific

intensity measured in the local free-falling frame. The area element, dA, with general-

relativistic correction, is

dA =
cos i

√

1 − rS/r
r dr dφ , (6.3)

where i is the inclination angle between the disk axis (i.e., the z-axis in our simula-

tions) and the line of sight.

The specific intensity is computed in a frame comoving with the plasma. The

transformation between the comoving frame frequency and the local free-falling frame

frequency is

ν =
1 − β cosα′

v
√

1 − β2
ν ′ , (6.4)

and the corresponding transformation for the specific intensity is

Iν =

(

1 − β cosα′
v

√

1 − β2

)3

I ′ν′ , (6.5)
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where cosα′
v is the cosine of the angle between the velocity u and the line of sight.

If v̂ = v/|v| is the directional vector of velocity and î = −r̂ sin i sinφ− φ̂ sin i cosφ+

ẑ cos i points to the observer from the disk, then cosα′
v = v̂ ·̂i. Note that for azimuthal

velocity we use uφ = γβc to take into account special-relativistic effects in pseudo-

Newtonian gravity (Abramowicz et al., 1996), so that

β =

[

(uφ

c

)2

+ 1

]−1/2

(6.6)

is always less than unity.

For simplicity, we assume a time-independent transfer equation

dIν
dl

= jν − ανIν (6.7)

for each snapshot of our simulations, where l is the line element along the ray (parallel

to the directional vector î), and jν and αν are the emission and absorption coefficients,

respectively. The source function of hybrid synchrotron emission, i.e., the ratio of the

emission to the absorption coefficient, Sν = jν/αν, is not equal to a blackbody at the

local temperature. This is especially true at wavelengths longer than the peak of the

radio/NIR spectrum of the source (Özel et al., 2000). On the other hand, near the

peak of the radio/NIR spectrum, the difference between the correct source function

and the blackbody function is negligible as long as the non-thermal electrons are a

small fraction of the thermal population (Özel et al., 2000). Furthermore, at even

shorter wavelengths, where the emission is optically thin, the source function does

not enter the calculation. Because evaluating the hybrid source function at every

wavelength for our particular electron distribution is a time-consuming numerical

step, we will focus our attention to wavelengths comparable or shorter than the peak

of the radio/NIR spectrum and approximate the source function with the blackbody

function. The transfer equation, written in terms of physical depth, takes the form

dIν
dl

= jν

(

1 − Iν
Bν

)

. (6.8)
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Note that this approximation has only minor effects on the optically-thin portion

of the radiation spectrum. This equation can be integrated numerically along rays

parallel to the line of sight by the first order forward difference equation

In+1
ν = In

ν + jν

(

1 − In
ν

Bν

)

∆l (6.9)

through the computational domain. The superscript n denotes the steps and ∆l =

(∆z/ cos i) is the finite difference “line element”. For each ray, if In
ν exceeds Bν before

integrating through the whole domain, we simply stop and set Iν equal to the local

blackbody value.

6.2.2 Electron Distribution

Özel et al. (2000) proposed a hybrid thermal-nonthermal model for synchrotron

radiation in low-luminosity AGN. When applied to Sgr A*, the hybrid model shows

better agreement with observations compared to a pure thermal model. However,

recent polarization measurements of Sgr A* show that the rotation measure in the

emission region is small, which suggests that the low-energy component of electrons

is relativistic and likely thermal (Marrone et al., 2006). We modify the hybrid model

so that the nonthermal distribution contributes only at high energies. That is, for

some critical value γc, we assume

N(γ) =







Nth(γ) , γ < γc ,

Npl(γ) , γ ≥ γc ,
(6.10)

where γ is proportional to the (ultra-relativistic) electron energy. When most of the

electrons are thermalized, our distribution function is a close approximation to the

hybrid model of Özel et al. (2000). Otherwise, our modified hybrid model keeps the

low-energy electrons in a thermal distribution.

In order to obtain analytical expressions for the normalization, we take the domain

of γ to be all positive real numbers, and use the ultra-relativistic Maxwell-Boltzmann
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Figure 6.1 The electron distribution function N(γ) for different choices of ζ. The

other model parameters are fixed as shown in the legend. At the cooling break γb,

the power-law index increases by one.
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distribution

Nth(γ) = Nc
γ2

γc
2

exp

(

γc − γ

θe

)

, (6.11)

where Nc is the normalization and θe = kBTe/mec
2 is the dimensionless electron

temperature. We use kB to denote the Boltzmann constant, Te to denote the electron

temperature, which is assumed to be equal to the plasma temperature T , and me

to denote the electron mass. Provided θe � 1, the ultra-relativistic approximation

will not introduce an appreciable error. Note that the maximum of the thermal

distribution is located at γ = 2θe. It is convenient to introduce a parameter ζ =

γc/2θe ≥ 1 and specify it in our model.

We also introduce an additional parameter for the cooling break. The broken

power law is given by

Npl(γ) = Nc







γc
s/γs , γ < γb ,

γbγc
s/γs+1 , γ ≥ γb .

(6.12)

The power-law index s describes the spectrum of injected electrons and is believed

to be greater than unity. Because the synchrotron cooling timescale is proportional

to γ2, the electrons in the high-energy tail cool more rapidly. The parameter γb

therefore controls the location of this cooling break.

The symbol Nc in the above equations denotes the normalization of the distribu-

tion at γc. Integrating the distribution, it is easy to show that

Nc =
ρ

mH

{

2θ3
e

γc
2

[

exp

(

γc

θe

)

− 1

]

− 2θ2
e

γc

− θe+

1

s− 1

[

γc − γb

(

γc

γb

)s]

+
1

s
γb

(

γc

γb

)s}−1

, (6.13)

where ρ is the mass density and mH is the mass of hydrogen.

Figure 6.1 shows the electron distribution function N(γ) for different choices

of ζ with fixed density ne = ρ/mH and temperature. The function approaches a

pure thermal distribution as ζ → ∞. As we decrease ζ, more and more electrons
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are placed in the nonthermal tail. Note that the spectral index of the power-law

component increases by one at the location of the cooling break γb. This modified

hybrid thermal-nonthermal model will be used to fit the spectrum of Sgr A* up to

the X-ray band in §6.3.

6.2.3 Synchrotron Radiation

The emission coefficient in equation (6.8) is given by

jν =

√
3e2

2c
νB sinαB

∫ ∞

0

N(γ)F (x)dγ , (6.14)

where νB = eB/2πmec is the non-relativistic cyclotron frequency, and αB is the angle

between the magnetic field and the line of sight in the comoving frame. Here we use

e to denote the electron charge and B to denote the magnitude of the magnetic field.

The function F (x) is defined by

F (x) = x

∫ ∞

x

K5/3(z)dz (6.15)

(Pacholczyk, 1970), where x is related to γ according to x = x0/γ
2, with

x0 =
2ν

3νB sinαB
. (6.16)

We assume that the sub-grid fluctuation of the magnetic field is small. Writing B̂ =

B/|B|, we simply use cosα′
B = B̂ · î to obtain the angle between the magnetic field

and the line of sight. The comoving angle cosine is then given by the transformation

cosαB =
cosα′

B − β

1 − β cosα′
B

. (6.17)

Using xM = x0/θ
2
e , the emission coefficient can be written as

jν =
e2ν√

3c
Nc

[

e2ζ

4ζ2θe
I2ζ(xM ) +

γc
s

2
Js,γb

(x0, γc)

]

. (6.18)

The partial thermal synchrotron function, I2ζ(xM), is given by the integral

I2ζ(xM) =
1

xM

∫ 2ζ

0

z2e−zF
(xM

z2

)

dz , (6.19)
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Figure 6.2 Dependence on the model parameters of the flux density Fν observed

at Earth. The flux densities are computed from our emission model assuming a

simplified disk. The top panels [from (a) to (c)] present the dependence on different

parameters in the emission model, while the bottom panels present the dependence

on the parameters of the disk itself. The units for T are K; the units for ne are

cm−3. The non-monotonic dependence of the spectrum on cos i is caused by the

combined effects of Doppler boosting, projection, and the pitch-angle dependence of

the synchrotron radiation.
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where z = γ/θe. It does not have any known analytical form. We approximate it by

a piecewise power law, i.e., for each fixed ζ, we pre-compute the function numerically

as a lookup table and carry out linear interpolations on a log-log scale. Similarly, the

function Js,γb
(x0, γc) is given by

Js,γb
(x0, γc) =

1

x
(s+1)/2
0

∫ xc

xb

x(s−3)/2F (x)dx+
γb

x
(s+2)/2
0

∫ xb

0

x(s−2)/2F (x)dx , (6.20)

where xc = x0/γc
2 and xb = x0/γb

2. The integrals are related to a class of hyper-

geometric functions. However, because there is no convergent algorithm to compute

this specific class of hypergeometric functions, we will simply perform the integral

numerically, for each s and γb. We use a piecewise power law to approximate the

first integral as a function of xc.

Figure 6.2 demonstrates how the spectrum depends on the different parameters.

To highlight the characteristics of the emission model, we assume for illustrative pur-

pose that the disk is uniform and rotates with a constant (dimensionless) azimuthal

velocity β = 2/3. We also assume an azimuthal magnetic field, whose energy density

is 10% of the internal energy of the gas, and use a disk volume of 4π × 1038cm3,

which is of the same order as our computational domain (see §6.4). In the first row

of panels, we vary different parameters of the electron distribution. It is interesting

to note that in panel (a), the nonthermal tail depends only weakly on ζ when ζ . 4.

Panel (b) shows how the spectrum depends on the power-law index s. Indeed, from

equations (6.18) and (6.20), it can be seen immediately that the nonthermal tail has

a broken power-law spectrum with indexes (s − 1)/2 and s/2. Panel (c) shows the

effect of changing γb.

The second row shows the dependence of the spectrum on ne, the temperature T

(note that we assume that the electron temperature is equal to the ion temperature),

and the inclination angle of the disk i. As the density is increased, the disk becomes

optically thin at higher frequencies [see panel (d)]. The optically-thick portion of the
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spectrum is blackbody-like and is proportional to the projected source size and the

temperature. Increasing the temperature will increase the blackbody flux linearly.

The emission efficiency in the optically thin portion is proportional to the square of

the temperature, which explains the change in shape of the spectrum at T = 3×1011K

[see panel (e)]. Panel (f) shows the dependence on the inclination angle i of the disk.

On one hand, a larger value of i results in a smaller projected source size and a

small angle between the magnetic field and the line of sight at the blue-shifted side

of the disk, implying less efficient synchrotron radiation. On the other hand, a larger

value of i enhances the effect of Doppler boosting. We found that the highest peak

frequency is reached when cos i = 1/2, which, obviously, depends on the azimuthal

velocity we adopt.

6.3 Observational Constraints

Figure 6.3 shows the observed flux of Sgr A* at different frequencies (see Liu et al.,

2004, for the instruments and references). The horizontal bars show the maximum

and minimum fluxes observed so far at the corresponding frequencies. The arrows at

NIR and γ-ray wavelengths give the upper bounds for the quiescent state emission.

Fitting these data, one obtains a (non-unique) set of parameters for the emission

model and physical conditions of the accretion disk.

The mm/submm spectrum of Sgr A* has been modeled in different ways by

various groups. Narayan et al. (1995) used thermal emission from an advection-

dominated accretion flow. Mahadevan (1998) and Özel et al. (2000) incorporated the

effects of a hybrid electron distribution in the same model. Melia and Falcke (2001)

considered thermal synchrotron emission from a compact accretion disk, whereas

Markoff et al. (2001) used the emission of a thermal jet. For a magnetic field energy

density below equipartition with the energy density of the plasma as suggested by
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Figure 6.3 Model fit to the observed broadband spectrum of Sgr A*. The horizontal

bars show only the extrema obtained from different observations, while the arrows at

NIR and γ-ray wavelengths give upper bounds on the flux densities in the quiescent

state. We use T = 1011 K and ne = 5 × 106 cm3 at the outer boundary of the disk.

The solid line is the spectrum computed from our emission model with ζ = 1, s = 3.5,

γb = ∞, and cos i = 1/2 from a snapshot at the t = 13 hr of the quiescent simulation.

The dashed line corresponds to the perturbed simulation. To demonstrate that this

is not a unique fit, we compute the quiescent spectrum with a temperature that is

10 times higher throughout the disk and ζ = 10, s = 2.5 and γb = 105 (the other

parameters are the same as the solid line); the result is shown by the dotted line.
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MHD simulations (Hawley, 2000), these studies generally point to an emission region

of a few Schwarzschild radii with a plasma temperature of ∼ 1011 K and a density of

∼ 106 cm−3.

Given the low luminosity of Sgr A*, the accretion flow is radiatively inefficient

(Melia, 1992, 1994; Narayan et al., 1995; Yuan et al., 2003, 2004). The temperature

of the plasma therefore should be close to its virial value. As mentioned above,

we assume for simplicity that the electron and proton temperatures are equal. A

realistic treatment of the thermal coupling between the protons and the electrons is

not feasible in our time-dependent simulations. For a given outer boundary radius

of the accretion disk, the scale height of the disk can be estimated from the virial

temperature, and we have only the gas density left as a free parameter.

We take the outer boundary of the accretion disk to be 21.5rS in our simulations.

We can therefore use the broadband spectrum of Sgr A* to constrain the density at

the outer boundary, which determines the density normalization of the whole disk,

the inclination angle of the disk, and other parameters describing the nonthermal

population of the electrons (specifically, ζ, s, and γb).

The solid line in Figure 6.3 is an emission spectrum computed from a late time

snapshot (at t = 13 hr) of our quiescent-state simulation (see section 6.5 for details)

with T = 1011 K and ne = 106 cm−3 at the outer boundary. The disk inclination

angle is cos i = 1/2, while the emission model parameters are ζ = 1, s = 3.5, and

γb = ∞. We note that the spectrum peaks at ∼ 1.2 × 1011 Hz with a peak flux

density of ∼ 3 Jy. Observations suggest that Sgr A*’s spectrum peaks at 220 GHz,

slightly above the model predicted value, with a flux density of ∼ 3 Jy (Marrone et al.

2006). In order to better understand this difference, we sampled the parameter space

to improve the quality of the fitting. For the chosen snapshot of our quiescent-state

simulation, we either over-predict the peak flux density or have a lower peak frequency
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as shown in the figure. These deviations suggest that the real electron temperature

might be lower than the plasma temperature, as also expected on theoretical grounds,

while the electron density might be higher than in our calculations; this would shift

the simulated emission peak frequency and flux density closer to the observed values.

However, quantitative fitting to the spectrum is beyond the scope of our study, which

focuses on the variability of the NIR and X-ray emission. We will adopt the above

model parameters in the following sections.

Note that, with γb = ∞, we only need two parameters to describe the spectrum of

nonthermal electrons. Here we neglect other radiation processes that may dominate

in the X-rays (i.e., bremsstrahlung and comptonization). Moreover, at least part of

the quiescent-state X-ray emission from Sgr A* is produced near the capture radius of

the accretion flow by a thermal plasma (Baganoff et al., 2001, 2003). As a result, the

observed X-ray flux needs to be treated as an upper limit for the X-ray emission from

our model of the small accretion disk. The above model fitting therefore suggests

that for ζ = 1, the power-law index can not be less than 3.5. For large values of ζ, one

may adopt a small s without violating the X-ray upper limit. These models, however,

will predict very weak NIR emission. The parameter γb needs to be included to bring

the NIR flux close to the observed values during flares.

The dashed line in Figure 6.3 corresponds to the perturbed simulation discussed

in section 6.6, which predicts an X-ray flare with a soft spectrum and a flux density

8 times higher than the quiescent level. Further analysis of small flares observed by

the Chandra and XMM -Newton telescopes are needed to test this prediction. As we

pointed out above, the values of model parameters presented earlier do not constitute

a unique fit to the spectrum. The dotted line in the figure is another possible fit to

the spectrum1. The corresponding model parameters are ζ = 10, s = 2.5, γb = 105,

1The spectrum is computed by increasing the temperature by a factor of ten in our simulation.
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and T = 1012 K. The values of the other parameters are the same as those used to

produce the solid line.

6.4 Physical Setup

We take the mass of Sgr A* to be M = 3.4 × 106M� (Ghez et al., 2003; Schödel

et al., 2003). From the physical conditions in the disk estimated in the previous

section, the density and temperature at the outer boundary (r = 21.5 rS) are fixed

at ρ0 ≈ 1.7 × 10−18 g cm−3 and T0 = 1011 K. At this temperature, the plasma is

fully ionized, so we take the mean molecular weight to be µ = 0.5. We also assume

the MHD equations are valid although the electron distribution has a nonthermal

component. An absorbing layer is placed between 20rS < r < 21.5rS to attenuate

waves reflecting back into the domain.

In order to focus on the effects of magnetohydrodynamic turbulence produced by

shearing, we assume a slab geometry and neglect the vertical component of gravity.

We use periodic boundary conditions for all variables along the vertical direction.

Because the disk’s mass is negligible compared to that of the black hole, we also

neglect self-gravity. Inflowing (to the black hole) conditions are imposed at the inner

boundary at r = 1.5 rS, which lies well below the ISCO (≈ 3rS) in a Schwarzschild

geometry.

At such high temperatures, the electrical conductivity within the plasma is high

enough that we can neglect any resistive deviations from ideal MHD (as was done,

for example, in the global simulations of Igumenshchev and Narayan, 2002, following

If we had used Newtonian gravity in our calculation, we could simply rescale the unit of velocity to

obtain the answer for a different temperature. However, pseudo-Newtonian gravity (or full general

relativity) sets the characteristic velocity to the speed of light. We cannot rescale the temperature

without rerunning the simulation. The fit shown here, therefore, is only a quantitative demonstration

of the uncertainty in our emission model.
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the suggestion by Shvartsman 1971). We also neglect molecular viscosity, which is

expected to be insignificant compared to the turbulent viscosity arising from Maxwell

(and Reynolds) stresses in the magnetized plasma. We take the initial velocity to

be Keplerian in a pseudo-Newtonian gravitational potential, uφ0 =
√
GMr/(r − rS).

Shearing leads to the development of the MRI (Balbus and Hawley, 1991).

We start with a uniform density and temperature and an initial magnetic field

B = B0ẑ with B0 = 0.3 G. A random perturbation at the 1% level is added to the

temperature, and hence pressure, in order to initiate the MRI. The disk is allowed

to evolve towards a quasi-steady state. Note that a linear mode analysis shows

that the modes become stable when k2
z > 3(Ω/uA,z)

2, so it is important that the

computational domain is large enough to enclose unstable modes for which λz >

Bz(r − rS)
√

πr/3GMρ. For our model, the critical value is roughly 0.01rS at the

inner boundary, and 1rS at the outer boundary. Therefore, we choose the vertical

domain to be −rS ≤ z < rS to ensure that the MRI can develop over the whole disk.

We use 257 × 64 × 32 grid points in our simulations. The vertical resolution can

resolve the most unstable wavelength outside the ISCO. The radial and azimuthal

grid points are chosen so that these two directions are resolved as accurately as the

z direction.

6.5 Quiescent State

We carry out the calculation described in section 6.4 for 24 simulated hours,

which corresponds to about 80 orbits at the ISCO. The material inside the ISCO

is accreted very quickly, in under an hour. Magnetohydrodynamic turbulence then

kicks in because of the MRI. The inner disk rotates much more rapidly so turbulence

is fully developed first in the inner region; the MRI in the outer region grows more

slowly. Turbulence is developed through the whole disk by t = 12 hr (note that the
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Figure 6.4 Gray-scale plots of different quantities in the unperturbed simulation at

late time (t = 13 hr). From left to right the panels show the density ρ, kinetic energy

density ρv2/2, magnetic energy density B2/8π, and the emissivity in the infrared

(ν0 = 1.8 × 1014 Hz) band with relativistic corrections (cos i = 1/2 in this case, see

text for details). The polar plots in the top row are vertically-averaged results, while

the rectangular plots along the bottom show the variation with height in the disk.

The asymmetry in the effective emission coefficient comes from the Doppler effect.
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period at the outer boundary is around 6 hours), and the disk reaches a quasi-steady

state thereafter.

6.5.1 Quasi-Steady State Solution

To illustrate the turbulent flow in the disk, we show in Figure 6.4 gray-scale plots

of the density ρ, kinetic energy density ρv2/2, magnetic energy density B2/8π, and

the NIR (i.e., ν0 = 1.8 × 1014 Hz) emissivity. The plots show the disk profile at

t = 13 hr of the simulation, after steady state has been reached. The NIR emissivity

is computed with relativistic corrections, using the equation

jν0 =
(

1 − rS
r

)2
(

√

1 − β2

1 − β cosα′
v

)3

jν , (6.21)

where we have assumed a 60◦ inclination angle for the disk. The polar plots in the

top panels are vertical-averaged quantities. The rectangular plots along the bottom

show the vertical structure at the angles φ = 0 and π. Note that the z-axis is rescaled

to show the vertical structure; the disk itself is much thinner than it appears in these

plots.

Because of the high temperature, the density (and the thermal energy, which is

not shown in the plots) is rather smooth. The region within 3rS is almost empty.

Although both the density and kinetic energy decrease inside the ISCO, there is no

significant drop in the magnetic field or the temperature there. A weak two-armed

spiral pattern, or m = 2 mode, appears in the density (and thermal energy). This

pattern also shows up in the kinetic energy density plot, which is correlated to that

of the magnetic field. The turbulent magnetic field shows smaller structure close to

the inner disk and larger eddies in the outer region. This agrees with the standard

stability criterion of Balbus and Hawley (1991).

The strong asymmetry of the emission coefficient comes from the Doppler shift.

Because the plasma moves in a counter-clockwise direction (in the polar plots), the
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emission from the left side is blue-shifted. The emission spectrum decreases for

frequencies ν > 1011 Hz so blue-shifting raises the high-frequency spectrum and makes

the left side of the disk much brighter in NIR and X-ray. In the rectangular plots,

the patchy structure of the emission coefficient for r > 4rS is well correlated with

the magnetic field because jν ∝ B2. For the region inside 4rS, the low density and

low thermal energy, together with the gravitational redshift, reduce the emission

coefficient significantly.

6.5.2 Saturated Turbulent Flow

In Figure 6.5, we compute the root-mean-square of different components of the

magnetic field

〈Bi〉rms =

(
∫

B2
i r dφ dz

∫

r dφ dz

)1/2

. (6.22)

Although our initial magnetic field has only a vertical component with a seed value

of 0.3 G, the dominant component in the quasi-steady state is Bφ. This result is

in agreement with earlier global simulations (see Hawley and Krolik, 2001). The

magnitude of the magnetic field (which is dominated by the φ-component) ranges

from 2 G near the outer boundary, to the peak value of 4 G near 6rS, and decreases

to about 2.5 G within the ISCO. The magnetic field strength is around 10% of the

equipartition value, consistent with the results of Hawley (2001); Hawley and Balbus

(2002).

Defining an average along the φ- and z-directions as

〈f〉φz =

∫

fr dφ dz
∫

r dφ dz
, (6.23)

the magnetic flux along the radial direction is then given by

ΦBr(r) = 〈Br〉φz

∫

rdφdz . (6.24)
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Figure 6.5 The root-mean-square of the different components of the magnetic field.

Note that, although we start with a seed magnetic field of 0.3 G in the z-direction,

the magnetic field saturates at a value ∼ 10 times higher in the (dominant) Bφ

component.
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Figure 6.6 Average radial velocity (solid) and magnetosonic speed (dashed) profiles

through the disk. The intersection of the two lines defines the magnetosonic point

rms ' 2.4rS. The fluid inside this point loses causal contact with the outer part of

the disk.
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This should vanish for all radii because of the divergenceless condition of the magnetic

field ∇·B = 0 and our periodic z-axis boundary condition. We compute 〈Br〉φz from

our simulation and obtain 〈Br〉φz . 10−15 G at all times. Compared to the root-

mean-square values of the different components of the magnetic field, this shows that

our algorithm is able to preserve ∇·B = 0 down to machine accuracy. This property

is a useful test of our simulation.

The inner edge of the accretion disk should therefore be defined as the location

where the infalling material loses causal contact with the rest of the disk. Hence, it

may be functionally defined to be the magnetosonic point, at which the radial velocity

matches the (fast) magnetosonic speed cf =
√
cs2 + cA2, where cs is the sound speed

and cA = B/
√

4πρ is the Alfvén speed. Below this radius, the material loses causal

contact with the rest of the disk at larger radii. We plot in Figure 6.6 the root-mean-

square of the radial velocity and magnetosonic speed as functions of radius. The

intersection indicates the location of the magnetosonic point, which is around 2.4rS.

The Keplerian period at this radius is 10.76 min, in contrast to the 17.19 min period

at the ISCO.

6.6 Flares

Earlier hydrodynamic and MHD simulations of the large-scale (r � 20rS) ac-

cretion flow (e.g. Coker and Melia, 1997; Cuadra et al., 2005; Igumenshchev and

Narayan, 2002; Igumenshchev et al., 2003; Ruffert and Melia, 1994) have indicated

that the inflow onto Sgr A* is not smooth. The time scales of these simulations range

from 1 to 104 years. Given the low-density conditions in the surrounding medium,

only parcels of plasma with relatively small specific angular momentum find their

way to small radii (Coker and Melia, 1997). The lack of strong accretion apparently

inhibits the formation of a large continuous disk extending out to the Bondi-Hoyle
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Figure 6.7 Same as Figure 6.4 but for the perturbed simulation. That is, at t = 13 hr,

one hour after the density perturbation is injected.
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capture radius (around 105rS). Instead, the compact disk in Sgr A* appears to be

accreting clumps of plasma that “rain” inwards from all directions (Coker et al., 1999;

Falcke and Melia, 1997; Tagger and Melia, 2006).

Each clump circularizes at a radius corresponding to its specific angular momen-

tum. Some clumps presumably reach as far in as the ISCO; most of the others

probably merge with the disk at larger radii. To model the impact of such a clump

falling onto our quasi-steady inner disk, we simulate its effect on the luminosity of

the disk by introducing different density perturbations in the saturated disk.

6.6.1 Density Perturbations

The perturbations are introduced into the quiescent simulation after quasi-steady

state is reached, at t = 12 hr. The perturbations are Gaussian in density

δρ = fρ0 exp

(

−r
2 + r2

0 + 2rr0 cos φ

2σ

)

, (6.25)

where f is some fraction and ρ0 is the back ground density described in section 6.4.

The location of the perturbation is chosen to be r0 = 6rS and we use σ = 2rS. We

assume that the perturbation has a temperature of only 1010 K, much cooler than the

disk, to avoid a strong increase in pressure. This allows the clump to move with the

plasma in the disk instead of propagating out as sound waves. The internal energy,

therefore, is raised by

δE = δρ
3kB

2µmH
× 1010 K . (6.26)

For simplicity, we also assume the clump has zero momentum. Hence the velocity is

slowed down by

δu =
−δρ
ρ + δρ

u . (6.27)

We have carried out simulations for different perturbation amplitudes. In partic-

ular, we choose f = 1, 1/2, 1/4, and 1/8. For each perturbation, the simulation is
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carried out for 2 hours until the strong enhance in the light curve decays away. In

order to study the periodicity, we extent the simulations for f = 1 and f = 1/8 until

t = 22 hr so the accretion rate becomes comparable to that of the quiescent state.

In Figure 6.7, we plot the density, kinetic energy density, magnetic energy density,

and the effective NIR emission coefficient at t = 13 hr for the case when f = 1. The

various physical quantities are shown at the same time and with the same gray-scale

as in Figure 6.4 for comparison. The perturbation is sheared out and forms a one-

armed spiral pattern in the disk, which also raises the kinetic energy. The correlation

between the magnetic energy density and the gas density is less clear in the plot. The

perturbation seems to produce a few strong magnetic spots, but it also weakens the

m = 2 mode. There is a prominent feature in the effective emission coefficient; this

“hot spot” arises due to both the density and the temperature enhancements.

6.6.2 Accretion Rate

Before looking for quasi-periodic signals in the lightcurve, we first study variations

in the accretion rate. In Figure 6.8 we plot the accretion rate of our simulation

at r = 3rS as a function of time. The solid line corresponds to the unperturbed

simulation, and the dashed line corresponds to the accretion rate after we introduce

the density perturbation. The strong peak in the first hour is due to our initial

condition of a uniform disk. The material inside the ISCO falls into the black hole

immediately after the simulation begins. Although the accretion rate never settles

to a constant value, it converges to a value around 2 × 1017 g s−1, consistent with

the value inferred from earlier semi-analytic treatments. The weaker peak appearing

right after t = 12 hr is caused by the density perturbation.

Although we do not show it in the plot, the accretion rate Ṁ at radii r > 6rS

oscillates between positive and negative values (it actually ranges from −6 × 1017 to
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Figure 6.8 The variation of the accretion rate Ṁ at r = 3rS with time. The solid line

corresponds to the unperturbed simulation. The peak that appears in the first hour

is due to our initial condition of a uniform disk. Matter below the ISCO falls into the

black hole very quickly after the simulation begins. The dashed line after t = 12 hr

is the result from the simulation with a density perturbation (see section 6.6). The

accretion rate rises for about half an hour, then falls back to the quasi-steady level.
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1 × 1018 g s−1). These oscillations in Ṁ have well-defined periods of about 1 hour,

though they are not related to the orbital period. They are simply pressure-driven.

6.6.3 Disk Images

Assuming an inclination angle of 60◦ and using the parameters obtained in section

6.3, we integrate the transfer equation along parallel rays and obtain ray-traced

images of the accretion disk around Sgr A*. Compared to the emissivity plots in

Figures 6.4 and 6.7, these images represent the observation more directly because

they are numerical solutions of the radiative transfer equation. They also take into

account the projection effects of the disk.

In Figures 6.9 and 6.10 we present the ray-traced images of our unperturbed and

perturbed simulations, respectively. Note, however, that unlike the images provided

in Falcke et al. (2000) and Bromley et al. (2001), in which the effects of interstellar

scattering and the diffraction-limited finite resolution of the telescope array were

taken into account to produce realistic images observed at Earth, these are meant

only to show the emission characteristics at the source.

The images show the disk at mm (1011 Hz, left), NIR (1014.25 Hz, middle), and X-

ray (1018 Hz, right) wavelengths, from t = 12 hr (top) to 14 hr (bottom). The K-band

is centered on 2.2 microns and has a bandwidth of 0.48 microns. We approximate

it by the frequency 1.78 × 1014 Hz, which is equal to 1014.25 Hz. The color scales are

chosen to enhance the contrast in the emission and are fixed for each frequency. The

value of Fν0 given in the plot is the flux density observed at Earth from the whole

image, according to equation (6.2).

From Figure 6.9, we already see that the accretion disk is highly variable. The

flux densities of the unperturbed disk at 12 hr 20 min and 13 hr 40 min are different

by a factor of two in both the NIR and X-ray bands. They are only different by
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Figure 6.9 The plots show the images at the thermal peak (left), infrared (middle),

and X-ray (right) bands from t = 12 hr (top row) to 14 hr (bottom). The color scale

for each frequency is fixed so that the reader can see the variation of the image with

time and compare with Figure 6.10 for the perturbed simulation.
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Figure 6.10 Same as Figure 6.9 but for the perturbed simulation.
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about 70% in the mm/sub-mm bump. These variations, due to the bright structure

at 10rS [panel (b0)], are consistent with the observed frequency dependence of the

flux variability. This suggests that the turbulent structure itself can only generate

factor-of-two fluctuations. However, although it is not likely to happen, because we

have only run the simulation for 24 hours, we cannot rule out the possibility that the

turbulence can generate flares that increase the disk brightness by a larger factor,

though much more rarely than these smaller variations.

The first row of Figure 6.10 for the perturbed state is identical to that of Figure 6.9

because the perturbation is added at φ = 0 and t = 12 hr. The flow shears out the

perturbation and forms a one-armed spiral pattern as shown in Figure 6.7. Not

surprisingly, there is a spiral pattern in the corresponding images. At t = 12 hr :

20 min, we start to see a hot spot appear near the inner edge of the disk. This hot spot

is much brighter than the bright structure seen in the unperturbed simulation. The

hot spot keeps moving outward due to the leading spiral pattern of the perturbation.

One hour after the perturbation is introduced, the disk reaches its brightest moment

when its flux is 20% higher than its quiescent value in the radio and 500% brighter

in the NIR and X-ray bands.

In addition to the bright one-armed spiral, there are other bright features in

the inner part of the perturbed disk. For example, there are two hot spots in the

t = 13 hr image. The inner hot spot moves much faster than the spiral pattern,

and appears in the image about every half hour after the perturbation is introduced.

These corotating features suggest that QPOs may be found in these simulations.

6.6.4 Light Curves and QPOs

In Figure 6.11, we show the NIR (upper) and X-ray (lower) lightcurves obtained

by integrating the flux densities over the disk images. The solid and dashed lines
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Figure 6.11 The solid lines are computed from the quiescent state, and the dashed

lines are from the flare simulation. Note that the peaks appearing at the 13th hour

are much broader than the peak seen in the accretion rate. This indicates that the

perturbation actually disturbs the magnetohydrodynamic disk, instead of trivially

raising the density. There are some oscillations on top of the peak, which persist all

the way to the 20th hour. These oscillations originating from hot spots in the disk

produce a QPO in the lightcurve.
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correspond to the quiescent and flare state simulations, respectively.

There are several important differences between the lightcurves shown in Fig-

ure 6.11 and the accretion rate plotted in Figure 6.8. First, note that the initial peak

in the accretion rate in Figure 10 is a transient phenomenon that occurs because the

density relaxes from an initial constant value to a steady-state solution. At the same

time, the MRI has not yet amplified the magnetic field to produce significant syn-

chrotron radiation. Second, the accretion rate is noisier than the lightcurves because

it is a surface integral at some specific radius (at 3rS in our case), while the flux

density is a volume integral over the whole computational domain. Features with a

width ∆ in the accretion disk pass through a specific radius over a time scale ∆/ur;

however, they can affect the lightcurve for a much longer time (rmax − rmin)/ur.

The flare near t = 12 hr in the perturbed lightcurves lasts much longer than the

corresponding peak in the accretion rate. The NIR (and X-ray) flux density reaches

its peak at t = 13 hr, when the accretion rate at 3.0rS has dropped back to the

quiescent level. These results show that the flux densities are not necessarily corre-

lated with the accretion rate. Indeed, our simulations indicate that the perturbation

not only raises the density trivially, but is also able to change the structure of the

turbulence. This kind of distortion takes about an hour to develop, and merges with

the original turbulent disk within a second hour.

Comparing the lightcurves to the disk images, we can identify the second peak of

the flare with the hot spots shown in panels (b3) and (c3) in Figure 6.10. It is directly

related to the spiral structure in the disk (see Figure 6.7). However, the oscillations

during the flare, which persist all the way to about t = 20 hr, come from other

features developed by the perturbation—for example, the smaller hot spot located at

the inner boundary in panel (b3) of Figure 6.10.

The evolution of these small fluctuations suggests that there should be a periodic
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Figure 6.12 The PSD (multiplied by the frequency) of the lightcurves. The curves

are normalized so that the flat noise spectra at high temporal frequencies match each

other. There is no significant period during the quiescent state. In the perturbed

simulation, a QPO appears at 11 min, which is the orbital period at 2.4rS, the

magnetosonic point.
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(or quasiperiodic) signal in the lightcurves. In Figure 6.12, we over-plot the power

spectral densities (PSD; multiplied by the frequency) in the NIR band in both the

quiescent and flare state simulations2. The curves are normalized at higher frequen-

cies for easy comparison of the two. The PSDs of the X-ray lightcurves are almost

identical to (and hence overlapping with) the NIR PSDs because both of them are

produced by the nonthermal electrons. The two arrows indicate the frequencies as-

sociated with the orbital period at the ISCO and the magnetosonic point (at 2.4rS).

Although there is no significant period in the quiescent state, a QPO-like feature

is found in the flare simulation. The quasiperiod is around 11 min, essentially the

Keplerian period at the magnetosonic point. This is, to our knowledge, the first QPO

seen in magnetohydrodynamic turbulent disks. If such a density perturbation (due

to “raining” plasma) is indeed the cause of such flares in nature, the QPOs observed

from Sgr A* may be used to set a lower limit on the orbital period at ISCO, and

hence provide an estimate of the spin of the Galactic center black hole. This idea

can be applied to other low-luminosity AGN as well.

6.7 Limitations

Although for the first time a QPO is seen in magnetohydrodynamic simulations of

accretion disks without invoking special conditions such as large-scale magnetic fields,

the QPO period is shorter than that observed from Sgr A*, which is usually longer

than 17 minutes (Bélanger et al., 2006; Genzel et al., 2003). This may be partially

2Note that the simple Fourier-transform-squared power spectrum (periodogram) contains 100%

variance. To improve this, we use the algorithm given by equation (13.4.10) in Press et al. (1992) with

the Bartlett window function. We analyze the 12th–22nd hours, where we have data for both the

unperturbed and the perturbed simulations. The data are segmented into 10 pieces. Periodograms

are computed for each segment, and the final PSD is an average over these periodograms. This

reduces the variance from 100% to about 10%.
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due to the pseudo-Newtonian potential we have adopted here. In a Schwarzschild

geometry, the orbital period at the ISCO for a 3.4×106M� black hole is 25.7 minutes.

If the magnetosonic point is still at 2.4rS in such a potential, the corresponding

period is 18.4 minutes, which is slightly longer than the period observed in the NIR

band but compatible with the X-ray observations (Bélanger et al., 2006). A more

complete simulation incorporating general relativistic effects (e.g., Hirose et al., 2004)

and relativistic ray tracing calculations (Bromley et al., 2001) is needed to support

more quantitative comparisons with observations.

We also assume a periodic boundary condition along the vertical direction and

ignore the vertical component of gravity. Therefore our simulations are only 2.5-

dimensional, in the sense that they are able to correctly simulate three-dimensional

turbulence but cannot capture many other three-dimensional features. For example,

the geometry does not allow an outflow along the vertical direction. Hence, it cannot

be used to determine whether there are jets associated with the hot accretion disk,

which may contribute to nonthermal radio emission from Sgr A* (Liu and Melia,

2001) and explain the observed correlation between X-ray flares and radio outbursts

(Zhao et al., 2004). We also cannot see magnetic-field-dominated funnels as revealed

in global relativistic MHD simulations (Hirose et al., 2004). These funnels may be

responsible for the acceleration of energetic protons near the black hole (Liu et al.,

2006) and can play an important role in driving Poynting-flux-dominated outflows,

which are proposed to power large-scale jets in black hole accretion systems.

The saturation level of our magnetic field agrees with the global simulation of

Hawley (2001); Hawley and Balbus (2002). Hawley et al. (1995) pointed out that

the saturation level of the magnetic field in shearing box simulations depends on the

box size. The vertical size of our simulation domain therefore is a free parameter.

Stone et al. (1996) also showed that there are more complicated structures in the
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vertical direction when the effects of gravity are included. A fully three-dimensional

simulation is needed to resolve these issues.

To compare observations with MHD simulations, one also has to convert the

simulated disk characteristics into a radiation flux spectrum. Observations have

already provided good constraints on the emission processes. However, it is not

clear how electrons are energized in the turbulent plasma, which is related to the

fundamental problem of non-linear turbulence dissipation and electron-ion coupling.

In the case of relativistic collisionless plasmas considered here, we lack even the

appropriate tools to handle this subject self-consistently. There have been only some

phenomenological models developed to address this problem quantitatively (Bittner

et al., 2006; Liu et al., 2004, 2006). In this chapter, we have adopted one of the

simplest emission models appropriate for the accretion flow in Sgr A* and have used

observations to constrain the model parameters. Although the QPO signal is not

very sensitive to the model parameters as long as there is a higher energy electron

population above the thermal background, one should exercise caution with more

quantitative comparisons.

Besides the points mentioned above, there are additional physical processes we can

include to improve our simulations and quantitative results. For example, thermal

bremsstrahlung, and inverse Compton scattering of the synchrotron photons by the

hot electrons may provide a significant contribution to the X-ray emission (Narayan

et al., 1998) especially during big flares (Liu et al., 2004).

6.8 Summary

In this chapter, we have simulated a nonradiative MHD accretion disk around Sgr

A* using a pseudo-spectral algorithm. The results are consistent with earlier three-

dimensional MHD simulations of the MRI (Hawley and Krolik, 2002), even though
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we have assumed a different geometry. Our simulations reached a quasi-steady state

after the MRI-driven turbulence has fully developed.

We computed the long-wavelength spectrum from our simulation by using a hybrid

emission scheme with a thermal background of electrons plus a high-energy nonther-

mal broken power-law tail. We then used the broadband quiescent-state spectrum to

calibrate the model parameters. In the quasi-steady state we found that the source

is variable with an amplitude in flux density that increases with photon frequency, in

agreement with observations. However, the flux density varied by only a factor two,

failing to account for the observed NIR and X-ray flares from Sgr A*.

Motivated by earlier studies of the large-scale accretion processes in Sgr A* (e.g.,

Coker and Melia, 1997; Cuadra et al., 2005), we introduced a density perturbation

to the quasi-steady state disk to see whether they could produce even bigger flux

density variations. We found that bigger flares were produced in both the NIR and

X-ray bands, as well as a QPO in the lightcurves in association with the magne-

tosonic point below the ISCO. The fact that the simulated QPO is associated with

the magnetosonic point below the ISCO also requires a reexamination of previous

estimates of the black hole spin based on flare observations (Aschenbach et al., 2004;

Genzel et al., 2003).
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CHAPTER 7

CONCLUSIONS

In the book Unsolved Problems in Astrophysics (Bahcall and Ostriker, 1997), Narayan

neatly summarized the ultimate goal in the studying of black hole accretion disks:

Given the mass M of an accreting black hole, the mass accretion rate Ṁ ,

..., we would like to be able to calculate all the details of the flow and be

able to predict the spectrum and variability of the source.

Although we consider magnetohydrodynamic flows in a more general context, Narayan’s

statement still describes our goal very well — we want to understand magnetohydro-

dynamic flows, magnetohydrodynamic turbulence, and turbulent transport, in order

to make detailed predictions of the properties of accretion disks and compare them

to observations.

To date, there is no MHD simulation of an accretion disk that can match ob-

servations. Due to both the limitation of computational power and to our inability

to simulate the coupled radiation and hydrodynamic processes in full detail, nu-

merical simulations are only used to simulate highly idealized situations in order to

understand particular aspects of the physics of accretion disks. For example, MHD

simulations in the shearing box approximation can test local instabilities; however,

they cannot take into account the advection of the flow. On the other hand, al-

though global MHD simulations show that magnetorotational instabilities generate

turbulence and lead to accretion, the details of turbulence are poorly resolved.

In order to carry out more realistic accretion disk simulations, I will develop the

first astrophysical large eddy simulations algorithm to evolve the general relativistic

magnetohydrodynamic (GR-MHD) equations. There are three major steps neces-
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sary before achieving this goal. First, I need to introduce general relativity into my

algorithm. Second, I need to obtain the mean field GR-MHD equations and de-

velop a sub-grid model of the Reynolds and Maxwell stresses. Third, I need to use

high-order numerical methods to implement these equations to reduce significant nu-

merical dissipation and ensure that the effect of sub-grid models is handled properly.

For the first step, Bonazzola et al. (1998) showed that spectral methods are used very

successfully in solving general relativistic problems due to their high accuracy.

For the second step, Martin Pessah and I have worked on an analytical description

of MHD turbulence using mean-field techniques. Our second-order closure scheme for

MRI-driven turbulence (Pessah et al., 2006a) contains dynamic equations for both the

Reynolds and Maxwell stresses and captures steady-state properties of turbulence.

This study provides me with a solid background to construct sub-grid models for

astrophysical LES.

For the last step, I have already implemented such a high-order algorithm to study

turbulent MHD flows as I described in this thesis. Even without using sub-grid models

but just a spectral filter, my pseudo-spectral algorithm is able to generate a superb

turbulent energy spectrum compared to low-order methods. Introducing sub-grid

models to my algorithm is, therefore, a natural extension to my current research. It

will make the accretion disk simulations more robust and realistic.

Numerical simulations are important tools in astrophysics because controlled ex-

periments are usually difficult to carry out. However, simulations are based on mod-

els. Unless comparisons can been made with observations, simulations are only dis-

crete solutions to some equations. As I spend most of my effort making sure the

MHD equations are solved properly in accretion disks simulations (validations), I am

also involved in connecting numerical simulations with observations (verifications).
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I will implement different radiative transfer algorithms in order to connect numer-

ical simulations to observations. The solution of a full radiative transport problem is

still in six phase-space dimension, which considerably stresses the computational and

storage capabilities of current computers. Fortunately, spectral methods are able to

resolve smooth functions with much less grid points than low-order methods without

losing accuracy (Boyd, 2001). This implies that, pseudo-spectral algorithms can save

up to 99% of memory when solving radiative transfer problems compared to other

low-order methods. Moreover, it has been proven that cache obvious algorithms

(Frigo et al., 1999) and adaptive performance schemes (Frigo and Johnson, 2005) can

boost the performance by an addition order of magnitude (Frigo and Johnson, 2005).

Combining them with adaptive spectral element methods (Karniadakis and Sherwin,

1999) will allow me to carry out time-dependent, multi-dimensional radiative GR-

MHD simulations with current computational power that have the qualities to match

observations.
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APPENDIX A

ADVECTIVE-CONSERVATIVE FORMULISM FOR HD

In this appendix, we present the full set of equations that we used for an implemen-

tation of two-dimensional viscous hydrodynamics. As we describe in section 3.2, we

employ a convective-conservative mixed method.

In these equations, Σ =
∫

dzρ is the height-integrated density, or column density

in short. The fluid velocity is denoted by u and we use E = ρe for the internal

energy. The non-linear term (u · ∇)u in the Navier-Stokes equation is implemented

in convective from, and all other terms are in conservation form.

∂tΣ = −∂r(rΣur)

r
− ∂φ(Σuφ)

r
, (A.1)

∂tur = −ur∂rur −
uφ

r
(∂φur − uφ) +

∂r(rτrr − rP )

rΣ
+
∂φτrφ

rΣ
+
P − τφφ

rΣ
− gr,(A.2)

∂tuφ = −ur∂ruφ − uφ

r
(∂φuφ + ur) +

∂r(rτrφ)

rΣ
+
∂φ(τφφ − P )

rΣ
+
τrφ

rΣ
, (A.3)

∂tE = −∂r(rEur + rqr + rFr)

r
− ∂φ(Euφ + qφ + Fφ)

r

−P
(

∂rur +
∂φuφ

r
+
ur

r

)

+ φ− 2Fz. (A.4)

Here, the notation ∂t denote partial derivative with respect to time. The other

notations ∂r and ∂φ denote the numerical derivative operators. Hence, the notation

ur∂rur means, we first take a numerical derivative of the variable ur and multiply the

result with ur, which is in convective form. On the other hand, ∂r(rΣur)/r means,

we first use a temporary variable to store the produce rΣur, apply the procedure

to calculate the numerical derivative on it, and then divide it by r. This is the

conservative form.

The viscosity tensor τij in the above equation has the following general form

τij = 2(µr + µs)eij +

(

µr + µb −
2

3
µs

)

∇ · u. (A.5)
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As we describe before, µr, µb, and µs are coefficient of radiative, bulk, and shearing

viscosity. The strain rate tensor eij written in cylindrical coordinate becomes

err = ∂rur (A.6)

erφ = eφr =
1

2

(

∂ruφ − uφ

r
+
∂φur

r

)

(A.7)

eφφ =
∂φuφ

r
+
ur

r
(A.8)

and ∇ · v in cylindrical coordinate is

∇ · v = ∂rur +
ur

r
+
∂φuφ

r
. (A.9)

For completeness, we provide again the viscous dissipation rate

φ = 2(µr + µs)(eij)
2 +

(

µr + µb −
2

3
µs

)

(∇ · u)2. (A.10)

The functional forms of P , µr, µb, µs, q, F, and Fz can be change easily depend upon

the physical assumption (where the defaults are described in chapter 2).
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APPENDIX B

ADVECTIVE-CONSERVATIVE FORMALISM FOR MHD

When solving the MHD equations numerically, we use the non-linear terms (u · ∇)u

in their advective forms, whereas we use the terms that involve the density, ρ, and

the energy, E, in conservative form. For the vector potential, we use an advective

form in order to increase stability. In detail:

∂tρ = −∂r(rρur)

r
− ∂φ(ρuφ)

r
− ∂z(ρuz), (B.1)

∂tur = −ur∂rur −
uφ

r
(∂φur − uφ) − uz∂zur

+
∂r(rτrr − rP − rB2/8π)

rρ
+
∂φτφr

rρ
+
∂zτzr

ρ
+
P +B2/8π − τφφ

rρ

+
Br∂rBr

4πρ
+
Bφ(∂φBr − Bφ)

4πrρ
+
Bz∂zBr

4πρ
+ gr (B.2)

∂tuφ = −ur∂ruφ − uφ

r
(∂φuφ + ur) − uz∂zuφ

+
∂r(rτrφ)

rρ
+
∂φ(τφφ − P − B2/8π)

rρ
+
∂zτzφ

ρ
+
τrφ

rρ

+
Br∂rBφ

4πρ
+
Bφ(∂φBφ +Br)

4πrρ
+
Bz∂zBφ

4πρ
+ gφ, (B.3)

∂tuz = −ur∂ruz −
uφ

r
∂φuz − uz∂zuz +

∂r(rτrz)

rρ
+
∂φτφz

rρ
+
∂z(τzz − P − B2/8π)

rρ

+
Br∂rBz

4πρ
+
Bφ∂φBz

4πrρ
+
Bz∂zBz

4πρ
+ gz, (B.4)

∂tE = −∂r(rEur + rqr + rFr)

r
− ∂φ(Euφ + qφ + Fφ)

r
− ∂z(Euz + qz + Fz)

−P
(

∂rur +
∂φuφ + ur

r
+ ∂zuz

)

+ Φν + Φη, (B.5)

∂tAr = uφBz − uzBφ + η

[

1

r
∂r(r∂rAr) +

1

r2
∂2

φAr + ∂2
zAr −

Ar

r2

]

− ∂rΛ̇ (B.6)

∂tAφ = uzBr − urBz + η

[

∂2
zAφ − Aφ

r2
+

1

r
∂r(r∂rAφ) +

1

r2
∂2

φAφ

]

− 1

r
∂φΛ̇ (B.7)

∂tAz = urBφ − uφBr + η

[

1

r
∂r(r∂rAz) +

1

r2
∂2

φAz + ∂2
zAz

]

− ∂zΛ̇ (B.8)
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The notation ∂t denotes partial derivatives with respect to time. We integrate this

equations forward in time using a low storage, third-order Runge-Kutta scheme (see

section 3.6 for details).

We compute the magnetic field from the vector potential as

Br =
∂φAz

r
− ∂zAφ (B.9)

Bφ = ∂zAr − ∂rAz (B.10)

Bz =
∂r(rAφ)

r
− ∂φAr

r
(B.11)

The only non-trivial term here is ∂r(rAφ), which is in conservative form.

The viscosity tensor τij in the above equation has the following general form

τij = 2(µr + µs)eij +

(

µr + µb −
2

3
µs

)

(∇ · u) δij. (B.12)

As we describe before, µr, µb, and µs are the coefficients of radiative, bulk, and

shearing viscosity. The strain rate tensor eij written in cylindrical coordinate becomes

err = ∂rur (B.13)

eφφ =
∂φuφ

r
+
ur

r
(B.14)

ezz = ∂zuz (B.15)

erφ = eφr =
1

2

(

∂ruφ − uφ

r
+

1

r
∂φur

)

(B.16)

eφz = ezφ =
1

2

(

∂φuz

r
+ ∂zuφ

)

(B.17)

ezr = erz =
1

2
(∂zur + ∂ruz) . (B.18)

The viscous dissipation is

Φν = 2(µr + µs)(eij)
2 +

(

µr + µb −
2

3
µs

)

(∇ · u)2, (B.19)

and the Ohmic dissipation rate Φη is given by

Φη =
η

4π

[

(

∂φBz

r
− ∂zBφ

)2

+ (∂zBr − ∂rBz)
2 +

(

∂φ(rBφ)

r
− ∂φBr

r

)2
]

. (B.20)



162

REFERENCES

M. A. Abramowicz, X. Chen, and R. E. Taam. The Evolution of Accretion Disks

with Coronae: A Model for the Low-Frequency Quasi-periodic Oscillations in X-Ray

Binaries. ApJ, 452:379–+, October 1995. doi: 10.1086/176309.

M. A. Abramowicz, A. M. Beloborodov, X.-M. Chen, and I. V. Igumenshchev. Spe-

cial relativity and the pseudo-Newtonian potential. A&A, 313:334–335, September

1996.

P. J. Armitage and C. S. Reynolds. The variability of accretion on to Schwarzschild

black holes from turbulent magnetized discs. MNRAS, 341:1041–1050, May 2003.

doi: 10.1046/j.1365-8711.2003.06491.x.

P. J. Armitage, C. S. Reynolds, and J. Chiang. Simulations of Accretion Flows Cross-

ing the Last Stable Orbit. ApJ, 548:868–875, February 2001. doi: 10.1086/318990.

P. Arras, O. Blaes, and N. J. Turner. Quasi-periodic Oscillations from Magnetoro-

tational Turbulence. ApJl, 645:L65–L68, July 2006. doi: 10.1086/505966.

B. Aschenbach, N. Grosso, D. Porquet, and P. Predehl. X-ray flares reveal mass

and angular momentum of the Galactic Center black hole. A&A, 417:71–78, April

2004. doi: 10.1051/0004-6361:20035883.

F. K. Baganoff, M. W. Bautz, W. N. Brandt, G. Chartas, E. D. Feigelson, G. P.

Garmire, Y. Maeda, M. Morris, G. R. Ricker, L. K. Townsley, and F. Walter. Rapid

X-ray flaring from the direction of the supermassive black hole at the Galactic

Centre. Nature, 413:45–48, September 2001.

F. K. Baganoff, Y. Maeda, M. Morris, M. W. Bautz, W. N. Brandt, W. Cui, J. P.

Doty, E. D. Feigelson, G. P. Garmire, S. H. Pravdo, G. R. Ricker, and L. K. Towns-

ley. Chandra X-Ray Spectroscopic Imaging of Sagittarius A* and the Central Parsec

of the Galaxy. ApJ, 591:891–915, July 2003. doi: 10.1086/375145.

J. N. Bahcall and J. P. Ostriker. Unsolved problems in astrophysics. Princeton, NJ:

Princeton University Press, 1997.

S. A. Balbus and J. F. Hawley. A powerful local shear instability in weakly magne-

tized disks. I - Linear analysis. ApJ, 376:214–233, July 1991. doi: 10.1086/170270.



163

S. A. Balbus and J. F. Hawley. A Powerful Local Shear Instability in Weakly Mag-

netized Disks. IV. Nonaxisymmetric Perturbations. ApJ, 400:610–621, December

1992. doi: 10.1086/172022.

S. A. Balbus, J. F. Hawley, and J. M. Stone. Nonlinear Stability, Hydrody-

namical Turbulence, and Transport in Disks. ApJ, 467:76–+, August 1996. doi:

10.1086/177585.

G. Bélanger, R. Terrier, O. C. de Jager, A. Goldwurm, and F. Melia. Periodic

Modulations in an X-ray Flare from Sagittarius A*. Journal of Physics Conference

Series, 54:420–426, December 2006. doi: 10.1088/1742-6596/54/1/066.

J. Binney and S. Tremaine. Galactic dynamics. Princeton, NJ, Princeton University

Press, 1987.

J. M. Bittner, S. Liu, C. L. Fryer, and V. Petrosian. Correlation between Flux and

Spectral Index during Flares in Sagittarius A*. ArXiv Astrophysics e-prints, August

2006.

H. M. Blackburn and S. Schmidt. Spectral element filtering techniques for large

eddy simulation with dynamic estimation. Journal of Computational Physics, 186:

610–629, April 2003.

S. Bonazzola, E. Gourgoulhon, and J. . Marck. Spectral methods in general rela-

tivistic astrophysics. ArXiv General Relativity and Quantum Cosmology e-prints,

November 1998.

A. P. Boss and E. A. Myhill. Protostellar hydrodynamics: Constructing and testing

a spatially and temporally second-order-accurate method. I - Spherical coordinates.

ApJS, 83:311–327, December 1992. doi: 10.1086/191739.

O. Botella and R. Peyret. Computing singular solutions of the Navier-Stokes

equations with the Chebyshev-collocation method. International Journal for Nu-

merical Methods in Fluids, 36:125–163, May 2001. doi: 10.1002/fld.121PDF:

http://www3.interscience.wiley.com/cgi-bin/fulltext/82002115/PDFSTART.

J. P. Boyd. Chebyshev and Fourier Spectral Methods. New York: Dover, 2nd ed.,

2001.



164

A. Brandenburg, A. Nordlund, R. F. Stein, and U. Torkelsson. Dynamo-generated

Turbulence and Large-Scale Magnetic Fields in a Keplerian Shear Flow. ApJ, 446:

741–+, June 1995. doi: 10.1086/175831.

A. E. Broderick and Y. Rathore. A multidimensional, adiabatic hydrodynamics

code for studying tidal excitation. MNRAS, 372:923–932, October 2006. doi:

10.1111/j.1365-2966.2006.10900.x.

B. C. Bromley, F. Melia, and S. Liu. Polarimetric Imaging of the Massive Black Hole

at the Galactic Center. ApJ Lett., 555:L83–L86, July 2001. doi: 10.1086/322862.

A. G. W. Cameron and M. Mock. Stellar Accretion and X-ray Emission. Nature,

215:464–+, 1967.

C. Canuto, M. Y. Hussaini, A. Quarteroni, and T. A. Zang. Spectral Methods:

Fundamentals in Single Domains. Springer, 2006.

C. Cercignani and G. M. Kremer. The relativistic Boltzmann equation: theory and

applications. The relativistic Boltzmann equation: theory and applications/ Carlo

Cercignani, Gilberto Medeiros Kremer. Basel; Boston: Birkhäuser, c2002. Progress

in mathematical physics; v. 22, 2002.
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R. Genzel, R. Schödel, T. Ott, A. Eckart, T. Alexander, F. Lacombe, D. Rouan,

and B. Aschenbach. Near-infrared flares from accreting gas around the supermassive

black hole at the Galactic Centre. Nature, 425:934–937, October 2003.
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