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ABSTRACT 
 

This dissertation presents a novel approach to combining wavelet networks and multi-

layer feedforward network for fuzzy logic control systems. Most of the existing methods 

focus on implementing the Takagi-Sugano fuzzy reasoning model and have demonstrated 

its effectiveness. However, these methods fail to keep the knowledge structure, which is 

critical in interpreting the learning process and providing insights to the working 

mechanism of the underlying systems. It is our intention here to continue the previous 

research by the PARCS group in this area by utilizing individual subnets to implement 

decision-making process with the fuzzy logic control systems based on the Mamdani 

model. Center Average defuzzification has seen its implementation by a neural network 

so that a succinct network structure is obtained. More importantly, wavelet networks have 

been adopted to provide better locality capturing capability and therefore better 

performance in terms of learning speed and training time. Offline orthogonal least 

squares method is used for training the wavelet subnets and the overall systems is 

updated using the steepest descent algorithm. Simulation results have shown the efficacy 

of this new approach in applications including system modeling and time series 

prediction. 
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Chapter 1 Introduction 
 

1.1 Motivation 

The pursuit for physical systems to exhibit higher autonomy has been the driving force in 

the development of control systems for centuries. Since its mathematical inception in the 

early 1940s, the field of control has gone through many phases of development. Tracking 

the chronological evolution of the control systems theory, we are blessed by generations 

of innovative efforts of numerous researchers that led us from the Classical Control era 

that was formulated upon frequency domain techniques in the 1940's and 50's, to the 

state-space approach of the Modern Control Theory in the 60’s. [1-2] 

 

Starting from the 1960’s, the complexity and uncertainty coupled with the high 

nonlinearity existing in the dynamical processes being controlled demanded highly 

sophisticated controllers to ensure that performance and flexibility could be achieved and 

maintained under adverse conditions. However, the representation of the process by 

appropriate model with known approximation errors, which is a consensus to everyone as 

the central issue to control theory, still remained unresolved and, became less amenable 

to direct mathematical modeling that is based on physical laws as processes increase in 

complexity. Obviously, conventional controllers, whose design relies heavily on rigorous 

mathematical abstraction and representation of the models, are not capable of the 

controlling these complex and uncertain systems. New theories thus emerged to cope 

with this drive for high dynamical performance and robust behaviors with increasing 
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autonomy. Intelligent control that rooted from the development of a range of 

anthropomorphic systems and techniques with varying degrees of cognitive capacity 

gradually emerged as a viable and promising alternative. [4] 

 

The pioneering work of G. N. Saridis on intelligent control postulated the three-level 

hierarchy: the Organization level, the Coordination level, and the Execution level, based 

on a Principle of Increasing Precision with Decreasing Intelligence for most efficient 

operation [3]. In addition to general framework, intelligent control has grown out to be a 

fusion of research areas and has assimilated and integrated concepts and methodologies 

including neurophysiology, artificial intelligence, optimization and approximation theory, 

control theory and mathematics. This integration of research fields has led to an emergent 

discipline, frequently referred to as Soft Computing that inherently incorporates 

distributed processing concepts organized in an intelligent manner. [] The past few years 

have witnessed a growing recognition of the centrality of Soft Computing as a principal 

component of methodologies that underlie the conception, design, construction and 

utilization of intelligent systems. [6-12] 

 

Zadeh gives the following definition of Soft Computing that distinguishes it from its 

counterpart, the so-called Hard Computing [5]:  

 

Soft Computing is a consortium of methodologies that are aimed at exploiting the 

tolerance for imprecision, uncertainty, and partial truth to achieve tractability, 
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robustness, and low solution cost. More importantly, the constituent 

methodologies in SC are for the most part complementary and synergetic rather 

competitive, what this means is the in many applications rather than in a stand-

alone mode. 

 

Among the constituents of SC, fuzzy logic and neural networks have stood out to be two 

of the most active and fruitful research areas, and they have been touted for their effective 

handling of the uncertainties and imprecision in modeling and analysis of complex 

systems. The main ideas for fuzzy representations of control algorithms are the linguistic 

descriptions of the process operation from the standpoint of human operators and the 

empirical knowledge of that operation obtained through direct experience. Neural 

networks, on the other hand, provide an efficient mechanism for adaptive knowledge 

evolution that leads to the continuous improvement of decision-making and system 

performance. However, it is obvious that the advantage of applying SC does not stem 

from the stand-alone applications of these methodologies to [4] conceive, design, and 

analyze complex systems, but rather from the employment of the totality of the tools 

available.  

 

1.2 Problem Statement and Objectives 

Various examples of applications of the fuzzy logic (FL) and neural networks (NN) for 

control of dynamic systems have been reported in literatures [43, 48, 51-54]. Yet, as 

indicated in Section 1.1, the most promising perspective is to combine FL and NN in a 
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synergetic way so that both can reap the benefits from the strengths of the other in system 

modeling and analysis while overcome individual limitations. Research in this field have 

flourished in the past several years that include: network representation of membership 

functions, fuzzy associative memories, hybrid neurofuzzy controllers, fuzzy set and 

neural-network-based interpolative reasoning, and neural-network-based architecture for 

fuzzy logic control and decision systems, etc. A brief review on this subject will be seen 

in Chapter 3. 

 

However, it has been observed that most of these works have led to the loss of the 

original knowledge structures embedded in a fuzzy logic control systems (FLCS) by its 

network implementation [90-94]. The knowledge structure of a system usually provides 

us important information about the pattern and organization of its decision-making 

process, and keeping the knowledge structure in the neural networks implementation is 

important because the following reasons: 

• First, it is always desirable to know not only the external input/output relationship 

of a system, but also the structural information of its internal decision-making 

process, e.g., how many distinctive stages are involved during the process, and the 

furthermore, what is the stage(s) responsible for the system performance 

improvement or degeneration? The structural knowledge must be an 

indispensable part of the understanding of a system; 

• Second, for supervised learning, one needs a large number of numerical 

input/output pairs to train a network in order to achieve the desired system 
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behavior. For control systems, however, such desired input/output are generally 

not available at least during the early stage of the system development, but 

common sense, heuristics, or even expert skills can often be acquired easily. This 

kind of knowledge usually is associated with specific operations or procedures 

and is organized into some well-conceived structure or pattern. Thus it would be 

very useful to reserve this structure of knowledge and transplant it into a neural 

network so that the heuristics can be transferred and refined through the learning 

capability of the neural network, as the system evolves. This also enables a neural 

network to conduct its learning in a distributed fashion, i.e., its subnets can learn 

their own functions independently according to the knowledge structure, thus 

speeding up the network learning. The whole process is very similar to that of 

training a human operator: at the beginning, he/she is taught with general 

knowledge and basic procedures in an off-line fashion and then is expected to 

gain sophisticated task skills later based on his/her on-line, hands-on experience. 

 

Unfortunately, the significance of this idea has been ignored by different hybridization 

schemes mostly because under mild assumption, a multi-layer neural network with two 

hidden layers is capable of matching any input-output relationship with any desired 

accuracy, so that the knowledge structure of an FLCS is not important as long as one just 

wants to capture the input/output behavior of the system by a neural network. 
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For an FLCS, its decision-making process can be broken into three steps: sensor pattern 

recognition (i.e., association of sensor reading with membership functions of linguistic 

sensory patterns.), approximate reasoning (i.e., fuzzy implications and compositional 

rules), and control synthesis (i.e., calculation of fuzzy control actions and the 

corresponding procedure of defuzzification). The problem to be addressed in this 

dissertation is to develop a systematic approach to implementing an FLCS with hybrid 

networks while preserving the knowledge structure of the FLCS in its network 

implementation. This is an extension and continuation of the previous work conducted in 

PARCS research center [90-94] with the focus shifted to the replacement of ordinary 

Multi-layered Perceptions (MLP) with wavelet networks for pattern recognition and 

fuzzy reasoning subnets. With the adoption of wavelet networks into the implementation, 

we propose different schemes that try to explore the inherent benefits of wavelet 

networks that can be utilized to serve the purpose of both faster learning and better 

representations. In other words, our goal is to establish a one-to-one mapping between 

FLCS and hybrid networks, i.e., 1) a hybrid networks can be set up directly from an 

FLCS description, and 2) an FLCS can be obtained directly from the hybrid networks. 

 

1.3 Contributions 

This dissertation focuses on the learning, modeling and representational abilities of the 

hybrid networks for fuzzy systems by providing a common framework for their analysis. 

Their desirable features (local learning, linear adjustable weights set, fuzzy interpretation, 
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etc) are emphasized as meaningful comparisons between neural and fuzzy systems, which 

can only be made when their modeling and learning abilities are thoroughly understood.  

 

The following results have been accomplished toward a systematic method of combining 

wavelet networks and multi-layered feedforward networks for the purpose of conducting 

fuzzy logic control of complex systems: 

 

1. Based on the process of decision-making of an FLCS, a procedure is established 

to convert an FLCS into a structured hybrid networks consisting of three subnets 

for pattern recognition, fuzzy reasoning, and control synthesis. The unique 

knowledge-structure embedded in this wavelet-feedforward networks enables it to 

carry out adaptive changes of fuzzy reasoning methods, membership functions for 

both input signal patterns and output control actions, and then later recover these 

changes individually and completely from its subnets. Therefore, this structure 

creates a one-to-one mapping between FLCS’s and structured networks. 

2. A novel feedforward network implementation of defuzzification is proposed 

based on the Center Average method. As will be demonstrated in Chapter 4, the 

entire structure is thus much more simplified, and the network parameters embody 

better interpretation of the knowledge structure.  

3. Off-line training has been conducted using the orthogonal least square method for 

the wavelet networks. Using the proposed training rules, procedures for existing 

rule modification based on network weights and new rules generation through 
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network augmentation are established. This provides an off-line mechanism to 

upgrade the FLCS via its corresponding subnets adaptively using the available 

training data. 

4. On-line back-propagation learning method has been derived based on the steepest 

descent method. According to the different network implementation schemes, 

different weights/biases updating rules are developed individually. 

 

1.4 Organizations 

The remainder of the dissertation is organized as follows:  

 

Chapter 2 starts with a summary of the basic concepts of fuzzy sets, fuzzy reasoning, 

fuzzy if-then rules, and fuzzy logic control systems, then in the second half of this 

chapter, the formalization of connectionist networks and their learning rules are 

introduced with special focus on wavelet networks.  

 

Chapter 3 is devoted to a literature review on the research in the field of systematical 

integration of fuzzy control systems and neural networks.  

 

Chapter 4 then presents the detail introduction on the knowledge structure of fuzzy 

control system, and procedures of constructing three sub-networks, namely pattern 

recognition, fuzzy reasoning and control synthesis using wavelet networks and 
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feedforward networks. It also elaborates the key ideas of modular synergisms and the 

one-to-one mapping of structured wavelet networks with the fuzzy control systems. 

 

The algorithms for both offline and online training for the hybrid systems are derived in 

Chapter 5. The learning combines both the orthogonal least squares algorithm for the 

training of wavelet networks locally and the gradient descent learning for the entire 

structured systems globally. Simulations results are also shown in this chapter to verify 

the efficacy of the entire implementation. The performance of such system is also 

compared with the previous PARCS’s version of the Neuro-Fuzzy systems assembled by 

using traditional MLP’s. 

 

Finally, Chapter 6 concludes the dissertation with a summary and suggestions for 

possible directions for future study. 
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Chapter 2 Fundamentals of Fuzzy Logic and Neural 
Networks 
 

In this chapter, we lay down the foundation for the rest of the dissertation by first giving a 

concise introduction on fuzzy logic and fuzzy control systems, followed by the review on 

wavelet networks. 

 

2.1 Fuzzy Sets and Fuzzy Logic 

2.1.1 Fuzzy Sets 

Let U be a universe of discourse, a fuzzy set A [46-47, 49] is a subset of U , and is 

characterized by its membership function Aµ as a mapping from the elements in U to the 

set of [0, 1],  

]1,0[: →UAµ 2.1 
 
For every Ux ∈ , the value of the membership function )(xAµ indicates the degree of 

membership of x in the fuzzy set A , therefore, a fuzzy set A can be completely 

determined as a set of ordered pairs 

( ){ }UxxxA A ∈= )(, µ 2.2 

 

Another way of representing fuzzy set is closely related to the concept of α -cut. The α -

cut of a fuzzy set A is the crisp set of all points x in U such that αµ >)(xA , that is, 
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{ }UxxA A ∈≥= αµα )( . By varying the value of α , the structure of the membership 

function can be revealed and corresponding fuzzy set is identified. 

 

One special case of α -cut is when 0=α , the resulting α -cut is the interval for all 

Ux ∈ such that 0)( ≥xAµ , this is another important property of fuzzy set and is termed 

as Support. A fuzzy set whose support is a single point in U with 1)( =xAµ is called a 

fuzzy singleton. 

2.1.2 Triangular Norms and Co-Norms 

1. Triangular Norms 

Definition: A triangular norm (t-norm) operator is a mapping ]1,0[]1,0[]1,0[: →×T that 

satisfies the following properties for any ]1,0[,,,, ∈′′ zyxyx :

• Symmetricity: 

),(),( xyTyxT = 2.3  

• Associativity: 

)),,(()),(,( zyxTTzyTxT = 2.4 

• Monotonicity: 

yyandxxifyxTyxT ′≤′≤′′≤ ),(),( 2.5 

• One Identy: 

xxT =)1,( 2.6 
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T-norms are extensively used to model fuzzy intersection operations, and the typical t-

norms are: 

Intersection: ),min( BABA µµµµ =∧

Algebraic product: BABA µµµµ =•

Bounded product: )1,0max( −+=⊗ BABA µµµµ

Drastic product: 




<
=
=

=•
1,

1
1

,0
,
,

ˆ
BA

A

B

B

A

BA
if
if
if

µµ
µ
µ

µ
µ
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2. Triangular Co-Norms 

Definition: A triangular co-norm (s-norm) operator is a mapping ]1,0[]1,0[]1,0[: →×S

that satisfies the following properties for any ]1,0[,,,, ∈′′ zyxyx :

• Symmetricity: 

),(),( xySyxS = 2.7 

• Associativity: 

)),,(()),(,( zyxSSzySxS = 2.8 

• Monotonicity: 

yyandxxifyxSyxS ′≤′≤′′≤ ),(),( 2.9 

• Zero Identy: 

xxS =)0,( 2.10 
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S-norms are extensively used to model fuzzy union operations, and the typical s-norms 

are: 

Union: ),max( BABA µµµµ =∨

Algebraic sum: BABABA µµµµµµ −+=+̂

Bounded sum: ),1min( BABA µµµµ +=⊕

Drastic sum: 




>
=
=
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0
0
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,
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B

A
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if
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µ
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2.1.3 Fuzzy Relations 

Fuzzy relation reveals the existence of association, interaction, or interconnectedness 

between the elements of two sets [49].  

 

Definition of Fuzzy Relations 
 
Formally, a fuzzy n-ary relation R on nxxx ...,,, 21 , whose domains are 

nXXX ...,,, 21 , respectively, is defined by a function that maps an n-tuple in 

nXXX ××× ...21 to a number in the interval ]1,0[ , i.e., 

]1,0[...: 21 →××× nXXXR .

Composition of Fuzzy Relations 
 
There are two types of fuzzy relations composition, namely relation-relation composition 

and set-relation composition, and each composition has two operators: max-min and min-
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max. We restrict our discussion on the max-min operation; the min-max operation can be 

derived in a similar manner. 

 

• Relation-relation composition 

Let ),( YXP and ),( ZYQ be two fuzzy relations defined on the Cartesian product 

YX × and ZY × , respectively. The max-min composition of these two relations, denoted 

by ),(),( ZYQYXP o is defined by 

]),(),,([minmax),( zyyxzx QPYyQP µµµ
∈

=o for all Xx ∈ and Zz ∈ 2.11 

 

The max-min composition is most frequently adopted and it can be interpreted as 

indicating the strength of the existence of a relational chain between the elements of X

and Z . The min operator can be replaced by other t-norm operators defined in the fuzzy 

set operations. 

 

• Set-relation composition 

Let A be a fuzzy set on X and ),( YXR be a fuzzy relation on YX × , the max-min 

composition of A and ),( YXR is: 

]),(),([minmax)( yxxy RAXxRA µµµ
∈

=o for all Yy ∈ 2.12 

 
2.1.4 Fuzzy Reasoning 
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In fuzzy logic, both the antecedents and consequents are allowed to be fuzzy propositions, 

and the rules of inference in fuzzy logic govern the deduction of a resultant proposition 

from a set of antecedents. Reasoning procedure is about performing the inference rules,

some important inference rules are: 

 

Generalized Modus Ponens (GMP) 
Premise 1:  x is A′
Premise 2:  if x is A then y is B
Consequence:  y is B′

Generalized Modus Tollens (GMT) 
Premise 1:  y is B′
Premise 2:  if x is A then y is B
Consequence:  x is A′

Where A , B , A′ , and B′ are all fuzzy sets, x and y are linguistic variables. 
 

The modus ponens can be interpreted as: if A is true and if the proposition “if A is true 

then B is true” is also true, then proposition B is true. The modus ponens is closely 

related to the forward data-driven inference which, when extended to fuzzy, is 

particularly useful for fuzzy logic control. On the other hand, the modus tollens is the 

background for backward goal-driven inference that is usually used in expert systems. 

 

The fuzzy implication inference is based on the compositional rule of inference for 

approximate reasoning, which is carried out by the fuzzy relations composition expressed 

in Equations (2.11) and (2.12). 
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2. 2 Fuzzy Logic Control Systems (FLCS) 

The typical architecture of an FLCS is comprised of four principal components: a 

fuzzifier, a fuzzy rule base, an inference engine, and defuzzifier. [48, 51-52] 

 

Figure 2.1 Basic Architecture of a Fuzzy Logic Controller 
 

2.2.1 Fuzzifier 

A fuzzifier performs a subjective evaluation to transform measurement data into a 

subjective value. Since the data manipulation in an FLCS is based on fuzzy set theory 

while in fuzzy control applications the observed data are usually crisp, fuzzification is 

necessary and desirable at an early stage.  

 

A natural and simple fuzzification approach is to convert a crisp value 0x into a fuzzy 

singleton A within the specified universe of discourse. That is, 

Fuzzifier Inference 
Engine Defuzzifier Plant 

Fuzzy Rule 
Base 

States or 
Outputs 
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This strategy has been widely used in fuzzy control applications since it is natural and 

easy to implement. 

 

2.2.2 Fuzzy Rule Base 

Fuzzy control rules are characterized by a collection of fuzzy IF-THEN rules in which the 

antecedents and consequents involve linguistic variables. This collection of fuzzy control 

rules characterizes the simple input-output relation of the system and are combined by 

using the sentence connectives and and also.

There are generally two major fuzzy inference systems: Mamdani- and TSK-type model. 

The Mamdani-type includes linguistic models based on collections of IF-THEN rules, 

whose antecedents and consequents utilize fuzzy values. It uses fuzzy reasoning and the 

system behavior can be described in natural terms.  The knowledge is represented as: 

:iR If 1x is iA1 and 2x is iA2 … and nx is i
nA , Then y is iB

The TSK-type systems use a rule structure that has fuzzy antecedent and functional 

consequent parts: 

:iR If 1x is iA1 and 2x is iA2 … and nx is i
nA , Then n

i
n

ii xaxaay +++= ...110 .

The approach approximates a nonlinear system by decomposing the whole input space 

into several partial fuzzy spaces and representing each output space with a linear 
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equation. Such models are capable of representing both qualitative and quantitative 

information and allow relatively easier application of powerful learning techniques for 

their identification from data. This type of knowledge representation does not allow the 

output variables to be described in linguistic terms and the parameter optimization is 

carried out iteratively using a nonlinear optimization method. 

 

Two primary tasks of fuzzy modeling are structure identification and parameter 

adjustment. The first determines the input-output space partition, antecedent and 

consequent variables of IF-THEN rules, number of such rules, and initial position of 

membership functions. The second identifies a feasible set of parameters under the given 

structure. 

 

2.2.3 Inference Engine 

This is the kernel of the FLCS within the conceptual framework of fuzzy logic and 

approximate reasoning. It has the capability of simulating human decision-making based 

on fuzzy concepts and of inferring fuzzy control actions employing fuzzy implication and 

the rules of inference. 

 

The generalized modus ponens plays an especially important role in this context. 

According to the composition rule of inference, conclusion can be obtained by taking the 

composition of the antecedents and fuzzy proposition. To infer the output form the inputs 

and the fuzzy relation, the sup-star compositional rule of inference is applied 
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Among all the compositional operators proposed, max-min and max-product are the most 

commonly used. 

 

2.2.4 Defuzzifier 

The output of the inference process is a fuzzy set, specifying a possibility distribution of 

control action. Defuzzification is a mapping from a space of fuzzy control actions defined 

over an output universe of discourse into a space of non-fuzzy (crisp) control actions. 

This process is necessary because in many practical applications crisp control action is 

required to actuate the plant. Thus, a defuzzifier is indispensable when Mamdani’s type 

of fuzzy reasoning is used. 

 

One commonly used method of defuzzification is the center of area (COA). For COA 

defuzzification, in the case of a discrete universe, it yields: 

∑
∑

=

== n
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j jjC
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µ
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where n is the number of quantization levels of the output, jz is the control output at the 

quantization level j , and )( jC zµ represents its membership value in the output fuzzy set 

C . If the output universe of discourse is continuous, the COA method gives: 
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2.3 Neural Networks 

A neural network is a massively parallel-distributed and tightly connected computational 

system that is able to store and utilize knowledge acquitted through learning. The 

knowledge acquired is stored in weights that are used to connect the computational units 

known as nodes or neurons. Generally speaking, a neuron receives the inputs from 

neighboring neurons, elaborates them and transmits the output to other neurons, 

appropriately weighting them by means of the connective values. [37-44] 

 

The performance of neural networks is greatly affected by the choice of network 

architecture and the learning algorithm, which will be briefly summarized below. 

 

2.3.1 Network Architectures and Learning 

1. Architectures of Neural Networks 
 
We may identify three fundamentally different classes of network architectures: single-

layer feedforward networks; multilayer feedforward networks; and recurrent networks 

that allow feedbacks from the output neurons to the input or hidden neurons.  

 



31

Whereas the number of input and output neurons is known once the application has been 

fixed, the choice of the hidden structure varies and markedly determines the performance 

that can be attained with the net. The general approach is to gradually increase the 

number of neurons or layers till the desired performance is reached, but avoid excessive 

number of nodes to compromise the correct functioning of the net. [38] 

 

2. Learning Paradigms 

Learning in neural networks is a process to update the free parameters (i.e., synaptic 

weights and bias levels) of the network through a continuing process stimulated by the 

environment in which the network is embedded. We will only brief on supervised 

learning below since it is the learning mechanism adopted in this work. [42] 

 

In supervised learning, the algorithm determining the value to attribute to the parameters 

update generally performs a minimization of the standard deviation between the network 

output and that desired for all the data supplied during the training in iterative form until 

an acceptable error is reached. If the error obtained is not satisfactory and does not 

decrease with an increasing number of iteration, the network topology will have to be 

modified by increasing the number of nodes. 

 

This form of learning assumes the availability of a labeled set of training data made up of 

N input-output examples: 

N
iidT 1)},{( == ix 2.16 
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where =ix input vector of i th example; 

 =id desired response of i th example; 

 =N sample size. 

 

The minimization is measured in a statistical sense. For example, we may use the mean-

squared error 

∑
=

−=
N

i
ii ydNnE

1

2)(1)( 2.17 

as the index of performance to be minimized.  iy is the actual output for input ix .

2.3.2 Multilayer Perceptrons and BP Algorithm 

Multilayer Perceptrons (MLP) is a type of feedforward layered neural network that has 

seen tremendous applications in both functional approximation and pattern recognition. It 

has been proven that an MLP-type network with at least three layers and a sigmoidal 

activation function for the neurons of the hidden layer is able to approximate a 

continuous nonlinear function or function with finite number of discontinuities with any 

degree of accuracy [45]. It should be noted that although one hidden layer is theoretically 

enough, the use of networks with several hidden layers sometimes allows the total 

number of units to be reduced.  

 

The back-propagation (BP) algorithm [42] has become the dominant learning algorithm 

for the training of MLP. BP algorithm involves two phases: 
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• Forward phase. During this phase, the free parameters of the network are fixed, 

and the input signal is propagated through the network layer by layer. The 

forward phase finishes with the computation of an error signal 

iii yde −= 2.18 

• Backward phase. During this phase, the error signal is propagated through the 

network in the backward direction. It is during this phase that adjustments are 

applied to the free parameters of the network so as to minimize the error in a 

statistical manner. 

 

Updating the parameters proportionally opposite the error gradient with respect to the 

same parameters, we obtain the following set of equations for BP algorithm. 
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where: 

 
t : the index of iterations; 
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In this dissertation, MLP, BP networks and feedforward networks will be used 

interchangeably. 
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2.3.3 Radial Basis Networks 

MLP, although being universal approximator, still receive significant drawbacks. To 

determine the parameters characterizing the network it is necessary to adopt nonlinear 

optimization techniques whose use leads to the risk to remain trapped inside local 

minimum configurations. The inherent reason is because of the dot product of the weights 

and inputs selected as its distance metrics and the monotonic basis functions like 

sigmoidal used as the activation functions of the neurons that result in nonzero, slowly 

decaying values in a large area of their argument. It is thus expected that a better 

approximation can be achieved by using a set of basis functions that each function of the 

set exactly reproduces the given points of the input patterns and rapidly decays even in 

the close neighborhood of the point. Following this expectation, radial basis functions 

relying on the Euclidean distance between the input vector of the neuron and the center of 

the radial basis function belonging to the same neuron, have been proposed for neural 

network implementation, and is thus referred to as Radial Basis Function (RBF) Network.  

 

As can be visualized in Figure 2.2, RBF network is a three-layer feedforward network. 

The input layer only transfers the input signal to the hidden layer by means of unitary 

value weights. The hidden neurons form zones of localized receptivity with respect to the 

input stimuli by means of an activation function and they produce a response other than 

zero only when the input vector of the unit is found inside a limited input space region, 

identified by the activation function of the neuron. The output layer performs a linear 
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combination of the output of the hidden neurons, whose coefficients are the weights 

connecting the hidden layer with the output layer. 

 

Figure 2.2 Structure of RBFN 
 

Here: 
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2 is the Euclidean norm defined as 
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2
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and ikw is the weight of the link connecting thk hidden unit  and thi output node. )(•φ is 

the Radial Basis Function. n is the dimension of the input vector x . N is the number of 

units in the hidden layer, and m is the dimension of the output. [55-67] 

 

2.3.4 Comparison of RBF Networks and MLP 

Input layer Hidden layer Output layer

Σ

M

1y

my

1φ

MM

1x

2x

3x

nx

2φ

Nφ
Σ

M

11w
1mw

mNw
Nw1

12w
2mw



36

Both RBF networks and MLP are nonlinear, layered feed-forward structures with proven 

universal approximation capabilities, however, these two networks differ from each other 

in some fundamental respects such as network topology and linearity in adjustable 

parameters. Most importantly, MLP and RBF networks represent two types of neuronal 

models based on two different methods for evaluating the mutual relation of input signals 

and synaptic weights containing past experience: MLP is an example of product-based 

neural model that uses inner product between the input vector and the pertinent synaptic 

weight vector, while RBF network is a distance-based model that relies on Euclidean 

distance for the confluence operation. [37] 

 

These differences in architecture result in different approximation properties. Basically, 

MLP offers global approximations to nonlinear input-output mapping, while RBF 

network constructs local approximations using exponentially decaying localized 

nonlinearities. Consequently, MLP is capable of generalization in regions of the input 

space where little or no training data are available, and RBF network is superior in 

learning speed and reduced sensitivity to the order of presentation of training data. [37] 

 

This, in turn, decides whether an MLP-type or an RBF-type network is to be used for the 

approximation of a nonlinear input-output mapping. The MLP may require a small 

number of scalar coefficients than the RBF network for a desired accuracy. On the other 

hand, when continuous learning is required, as in the tracking of a time varying 

environment, the use of nested nonlinearities in an MLP makes it difficult to evolve the 
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network in a dynamic fashion; that is, if we want to include a new example in the training 

set or enlarge the MLP by adding new weights, then the whole network must be retrained 

all over again. In contrast, the structure of an RBF network permits it to operate 

dynamically, such that the centers of the radial basis functions in the hidden layer and the 

linear weights in the output layer may be updated without having to recomputed them 

from scratch. [37] 

 

2.4 Wavelet Networks 

The locality of the basis functions makes the RBF network more suitable in learning 

functions with local variations and discontinuities. However, the basis functions in the 

family are generally not orthogonal and redundant, or more rigidly speaking, they are just 

frames instead of basis in the )(2 RL . This means that for a given function in )(2 RL , its 

RBF network representation is not unique and is probably not the most efficient. 

 

Recently, some properties of wavelets and associated scaling functions have been 

successfully used in the approximation of target functions [72-81]. Zhang et al first 

proposed the idea of using wavelets in neural networks in 1992 [72]. The core of this new 

type of network is to replace the family of basis function in RBF network with an 

orthogonal basis, i.e., the scaling functions in wavelet analysis. Unlike the center and the 

variance of the RBF network, the hierarchy and the thresholds of the wavelet network, as 

well as the number of the hidden nodes are closely related to the theory of wavelets. 

Moreover, contrary to the redundant expression of the RBF network, the optimal 



38

expression of the orthogonal wavelet network is unique, and so less computation is 

required.  

 

2.4.1 Discrete Wavelets 

A discrete wavelet is formed if we fix the two positive constants 0a and 0b and define 
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where both m and Zn ∈ . Then, for )(2 RLf ∈ , we have 
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as the discrete wavelet transform. For computational efficiency, 20 =a and 10 =b are 

commonly used so that results lead to a binary dilation of m−2 and a dyadic translation of 
mn2 .

Another scheme of decamping )()( 2 RLtf ∈ is through father wavelet or the scaling 

function.
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where )(tϕ is the father wavelet. 
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The second scheme is of particular importance because it demonstrates that )(tf can be 

approximated arbitrarily closely by selecting a sufficiently large M , the dilation 

parameter, such that for any 0>ε

( ) ( )( ) εϕϕ <− ∑
k

kMkMtftf ,,,

for large enough M . The approximation by the truncated wavelet decomposition can be 

expressed by 
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We can further investigate the truncated decomposition and compare the similarity with 

the formula of the general MLP approximation of functions, and it is readily to ascertain 

that this expression has the same structure for a 3-layer neural networks. This enlightens 

the discovery of the wavelet networks. [89] 

 

2.4.2 Wavelet Network Architecture 

Referring to the previous discussion on MLP, if ϕ is used as nonlinear approximation 

function of the hidden units and nC denotes the connection weights, then the 

approximation in the last section can be implemented by a three-layer network, as shown 

below in Figure 2.3. 

 



40

At present, there are two different kinds of wavelet networks structure: one with fixed 

wavelet bases where the dilation and translation parameters of wavelet basis are fixed, 

and only the output layer weights are adjustable; and one with variable wavelet bases 

where the dilation and translation parameters and output layer weights are adjustable. For 

the wavelet networks with fixed wavelets, the main problem is the selection of wavelet 

bases/frames. Obviously, to improve the approximation accuracy, a large number of 

wavelet neurons are required and may result in a large complex network structure and 

cause overfitting problems. [73] 

 

Figure 2.3 The 3-layer Wavelet Network 
 

Since the dilation parameter has explicit physical meaning, i.e., resolution, it plays a 
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one can expect that the tuning the weights of the network combined with variable wavelet 

basis would greatly facilitate the learning process.  

 

To end this section, we should point out though activation functions other than wavelets 

may have the universal approximation property, in general they do not have the multi-

resolution property. This distinguished characteristic leads to the wavelet-based networks 

to be of the advantages of fast convergence, easy training, and high accuracy. 
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Chapter 3 Fusion of Fuzzy Systems and Neural Networks 
 

In Chapter 2, fuzzy logic and neural networks have been given a comprehensive 

introduction, yet it is the fusion of different Soft Computing methodologies that shows 

more promising and robust prospects, and motivated Zadeh to propose the consortium of 

Soft Computing in the first place. In this chapter, a brief review is conducted on Neuro-

Fuzzy systems – the fusion of the two prominent SC components, fuzzy systems and 

neural networks, which will lead to the core of this dissertation. 

 

3.1 Merits of Integration 

3.1.1 General Introduction 

Soft computing methodologies have gained tremendous popularity in the theoretical 

study and applications. The reason for such an increasing interest resides in their intrinsic 

generality, flexibility and good performance in many applications where other methods 

either tend to fail, or become cumbersome.  

 

However, as pointed out by Zadeh and recognized by many others [4], there are two 

facets of Soft Computing which are of basic importance. First, the constituent 

methodologies of SC are, for the most part, complementary rather than competitive. And 

second, the SC methodologies are synergetic in the sense that, in general, better results 

can be achieved when they are used concurrently, rather than separately and in a stand-
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alone mode. The following figure is one example of illustrating the strength of different 

SC methodologies and how they can be combined synergistically [82].  

 

Figure 3.1 Hybridization of Soft Computing Methodologies 
 
Every intelligent technique has particular computational properties (e.g. ability to learn, 

explanation of decisions) that make them suited for particular problems. Although the 

fundamental inspirations for fuzzy logic and neural networks are quite different, there are 

a number of parallels that point out their similarities. The intriguing differences and 

similarities between the two fields have prompted people to explore their applications 

separately and in combination, and to explore the synergism of these two techniques for 

the realization of intelligent systems for various applications. 

 

3.1.2 Comparisons of FS and NN 

Fuzzy sets and fuzzy logic were developed as a key methodology for representing, 

manipulating, and utilizing non-numeric information in general, and to provide a 

framework for handling linguistic and cognitive uncertainties and imprecision in real-

world applications. There are two important principles supported by fuzzy sets. The first, 
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formulated by Zadeh, is called the principle of incompatibility. In brief, it promotes fuzzy 

sets as a basic vehicle useful in overcoming an evident and acute disparity between 

precision and relevancy when modeling complex phenomena. The second principle 

originating within the realm of computer vision alludes to an important idea of least 

commitment and graceful degradation that advises postponing the final decision until the 

point when enough evidence has been gathered. In this sense, fuzzy sets allow 

quantification of uncertainty and take advantage of it rather than blindly discarding it. 

 

Neural networks (NN) were developed to provide fault tolerance, distributed computing 

architecture equipped with significant learning abilities. They help represent highly 

nonlinear and multivariable relationships. NN attempts to replicate the computational 

power (low-level arithmetic ability) of biological neural networks and, thereby, hopefully 

endow machines with some of the (high-level) cognitive abilities that biological 

organisms possess.  

 

The similarities between fuzzy systems and neural networks are significant. From 

mathematical point of view, both neural networks and fuzzy systems are dynamic, 

parallel processing systems that estimate input-output functions. They are both universal 

approximators that can estimate a function without any mathematical model and learn 

from experience with sample data. From practical point of view, both fuzzy systems and 

neural networks try to model expert behavior when solving complex problems.  
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Nevertheless, these two methodologies also exhibit contrastingly differences. First of all, 

fuzzy systems and neural networks differ in how they estimate sampled function, the kind 

of samples used and how they represent and store these samples; 

 

Secondly, both approaches build nonlinear systems based on bounded continuous 

variables, the difference being that neural systems are treated in a numeric, quantitative 

manner whereas fuzzy systems are treated in a symbolic, qualitative manner.  

 

Skills Fuzzy Logic Systems Neural Networks 
Inputs Human experts Sample sets Knowledge 

acquisition Tools Interaction Algorithms 
Information Quantitative/Qualitative Quantitative Uncertainty 
Cognition Decision making Perception 

Mechanism Heuristic search Parallel computation Reasoning 
Speed Low High 

Fault-tolerant Low Very high Adaptation 
Learning Induction Adjusting weights 

Implementation Explicit Implicit Natural language 
Flexibility High Low 

Table 3-1 A comparative view between fuzzy logic systems and neural networks 
 

Thirdly, the performance of fuzzy logic control and decision systems critically depends 

on the input/output membership functions, fuzzy logic control rules, and the fuzzy 

inference mechanism, while the performance of NN depends on the computational 

function of the neurons, the structure and topology and the learning rules of the 

connecting weights. Table 3.1 summarizes these contrasts in different aspects. [17] 
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3.1.3 Need for Integration 

The integration of neural and fuzzy systems offers a facility that can bridge the 

demarcation between symbolic knowledge processing and connectionist learning. The 

significance of this integration becomes even more apparent by considering their 

disparities: An impediment to a more widespread acceptance of NN is the absence of a 

capability to explain to the user, in a human-comprehensible form, how the network 

arrives at a particular decision. Neither can one say something about the knowledge 

encoded within the black box. This is a typical connectionist approach, where all 

information is stored in a distributed manner among the neurons and their associated 

connectivity. On the other hand, fuzzy systems do not possess capabilities for automated 

learning.  

 

Neuro-Fuzzy computing, which is a judicious integration of the merits of neural and 

fuzzy approaches, enables one to build more intelligent decision making systems. This 

integration incorporates the generic advantages of neural networks like massive 

parallelism, robustness, and learning in data-rich environment into the system, and the 

modeling of imprecise and qualitative knowledge as well as the transmission of 

uncertainty through the use of fuzzy logic.  

 

3.2 Equivalence between Fuzzy Systems and Neural Network 
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The individual proofs of the universal approximation property for both NN and fuzzy 

systems (FS) have led a surge in the research to establish the so-called “functional 

equivalence” among different methodologies. [82-88] 

 

The pioneering work on this subject is [83] where Jang and Sun first pointed out 

functional behavior of RBF network and FS are actually equivalent under mild conditions, 

however, the comparison has been restricted only to the simplest type of spherical RBF 

and to FS with Gaussian membership functions of predefined width, product inference 

and soliton consequents. 

 

Following this footstep, Hunt et al. [86] further extended the functional equivalence to a 

generalized class of Gaussian RBF network and the full Takagi-Sugeno model of fuzzy 

inference by removing some of the restrictions on the class of RBF network and fuzzy 

system. The generalized class of RBF network admits the use of local models in network 

output links, has ellipsoidal basis functions, and can briefly omit redundant elements of 

the input vectors, but this required a modification of the original RBF paradigm.  

 

Another significant researcher in this filed is Leonardo M. Reyneri [85]. He first extended 

the functional equivalence to hyper-elliptical RBF network and to other types of FS 

including those with triangular and exponential membership functions, those with mini 

and product implicators and those with rules containing only a partial number of inputs. 

The equivalence of weighted radial basis functions with MLP and a preliminary attempt 
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to Neuro-Fuzzy unification have been first described in [87], although with some 

limitations, especially in the unification of perceptrons, on the one hand, and RBF 

network and FS, on the other hand. Finally, in [85] he continues his drive for global 

unification by proposing weighted radial basis functions (WRBF’s) as a unification 

paradigm which includes, as particular cases, most NN’s, WN’s, and FS’s, and other 

traditional methods like, for instance, linear controllers, Bayesian classifiers, fuzzy and 

hard clusters.  

 

Other work worth mentioning is J. J. Buckley et al. [12] that proposes an interesting 

approach to the functional equivalence of MLP and FS, mainly for the aim of interpreting 

the knowledge hidden within MLP. The work introduces an ad hoc inference operator 

(the interactive-or), which is the bridge between MLP and FS, and describes in details the 

rationale for such operator. 

 

Unifying different classes of methods has enormous advantages [85]: 

• It indicates various Soft Computing paradigms are much more similar to each other 

than is often believed. Therefore the claims that one paradigm is better than another 

are often made based on different constraints or hypotheses in stead of intrinsic 

differences. In practice, differences depend more on the choice of the activation 

function, training parameters, network size, and topology than on the type of 

paradigm used [18]. 
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• For what training concerns, by applying a gradient descent algorithm, it has been 

possible to unify together most commonly used training algorithms for NN’s, WN’s, 

and FS’s, both supervised and unsupervised. This augments the rationale for 

unification and opens the way to the development of many new interesting training 

algorithms. 

• The learning algorithm of one paradigm can be used to train models expressed in the 

other paradigm. An important aspect is the ability to use fuzzy a priori knowledge to 

pre-structure a network that increases the cognitive transparency of the network. The 

equivalence allows models of one paradigm to be interpreted in the language of the 

other. Finally, implementation can be done in either form. 

 

3.3 Different Hybridizations 

There are numerous literatures on the review and status of Neuro-Fuzzy systems, among 

them [19], [23], and [36] can be considered as the most comprehensive reports, therefore 

we just highlight some of the key points in these literatures. 

 

In general, Neuro-Fuzzy hybridization is done broadly in two ways: a neural network 

equipped with the capability of handling fuzzy information [termed Fuzzy-Neural 

network (FNN)] and a fuzzy system augmented by neural networks to enhance some of 

its characteristics like flexibility, speed, and adaptability [termed Neural-Fuzzy system 

(NFS)]. 
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In an FNN, the input signals and/or connection weights and/or the outputs are fuzzy 

subsets or a set of membership values to fuzzy sets. Usually, linguistic values such as 

low, medium, and high, or fuzzy numbers or intervals are used to model these. Neural 

networks with fuzzy neurons are also termed FNN as they are capable of processing 

fuzzy information. 

 

A Neuro-Fuzzy system (NFS), on the other hand, is designed to realize the process of 

fuzzy reasoning, where the connection weights of the network correspond to the 

parameters of fuzzy reasoning. The working mechanism for a Neuro-Fuzzy control 

system can be summarized as: It is a neural network model of a fuzzy controller that 

learns by updating its prediction of the physical system’s behavior and fine-tunes a 

predefined control knowledge base. The system is able to learn, and the knowledge used 

within the system has the form of fuzzy IF-THEN rules. By predefining these rules the 

system does not need to learn from scratch, so it learns faster than a standard neural 

control system. Although fuzzy logic is a natural mechanism for modeling cognitive 

uncertainty, it may involve an increase in the amount of computation required. This can 

be readily be offset by using neural fuzzy system approaches having the potential for 

parallel computation with high flexibility. 

 

Using the BP-type learning algorithms, the NFS can identify fuzzy rules and learn 

membership functions of the fuzzy reasoning. Usually for an NFS, it is easy to establish a 

one-to-one correspondence between the network and the fuzzy system. In other words, 
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the NFS architecture has distinct nodes for antecedent clauses, conjunction operators, and 

consequent clauses.  

 

The state of the art for the different techniques of judiciously combining Neuro–Fuzzy 

concepts involves synthesis at various levels. In general, these methodologies can be 

broadly categorized as follows. Note that categories 1 and 3–5 relate to FNN’s, while 

category 2 refers to NFS.  

 

1) Incorporating fuzziness into the neural net framework: fuzzifying the input data, 

assigning fuzzy labels to the training samples, possibly fuzzifying the learning 

procedure, and obtaining neural network outputs in terms of fuzzy sets. 

2) Designing neural networks guided by fuzzy logic formalism: designing neural 

networks to implement fuzzy logic and fuzzy decision-making, and to realize 

membership functions representing fuzzy sets. 

3) Changing the basic characteristics of the neurons: neurons are designed to 

perform various operations used in fuzzy set theory (like fuzzy union, 

intersection, aggregation) instead of the standard multiplication and addition 

operations. 

4) Using measures of fuzziness as the error or instability of a network: the fuzziness 

or uncertainty measures of a fuzzy set are used to model the error or instability or 

energy function of the neural network-based system. 
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5) Making the individual neurons fuzzy: the input and output of the neurons are 

fuzzy sets and the activity of the networks involving the fuzzy neurons is also a 

fuzzy process. 

 

There are other kinds of categorizations for Neuro–Fuzzy models reported in literature. 

Buckley and Hayashi have classified fuzzified neural networks as follows: Networks can 

possess 1) real number inputs, fuzzy outputs, and fuzzy weights; 2) fuzzy inputs, fuzzy 

outputs, and real number weights; 3) fuzzy inputs, fuzzy outputs, and fuzzy weights. 

Hayashi et al. fuzzified the delta rule for multilayer perceptron using fuzzy numbers at 

the input, output, and weight levels. But there were problems with the stopping rule. 

Ishibuchi et al. incorporated triangular or trapezoidal fuzzy number weights, thereby 

increasing the complexity of the algorithm. Some of these problems have been overcome 

by Feuring et al. All these fuzzy neural networks can, however, be grouped under 

categories 1 and 3 of our Neuro–Fuzzy integration methodology. Nauck et al. deal 

mainly with Neuro–Fuzzy control and suggest the following: 1) a cooperative system 

where the ANN and fuzzy system work independently of each other; the combination lies 

in determining certain parameters of a fuzzy system by an ANN and 2) a hybrid Neuro–

Fuzzy system which implements a fuzzy system with an NN; here one generates a 

homogeneous entity which cannot be divided into a fuzzy system or an ANN. In our 

terminology, both these combinations can be termed as an NFS under category 2 of the 

Neuro–Fuzzy integration. 
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Chapter 4 Modular Construction of Fuzzy Logic Control 
Systems Using Hybrid Networks 
 

This chapter starts by briefing the idea of modularity in network design, and then applies 

this scheme to deduce the modular hierarchy for the fuzzy logic system based on the 

knowledge structure and fuzzy inference mechanism. 

 

4.1 The Idea of Modular Networks 

Modularity may be viewed as a manifestation of the principle of divide and conquer, 

which permits us to solve a complex computational task by dividing it into simpler 

subtasks and then combining their individual solutions [37]. A network designed based 

on this idea is called modular network and is formally defined as follows [71]:  

 

A neural network is said to be modular if the computation performed by the 

network can be decomposed into two or more modules that operate on distinct 

inputs without communicating with each other.  The outputs of the modules are 

mediated by an integrating unit that is not permitted to feed information back to 

the modules. In particular, the integrating unit both (1) decides how the outputs of 

the modules should be combined to form the final output of the system, and (2) 

decides which module should learn which training patterns 
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The rationale for the use of modular structure can be justified as follows. Referring back 

to Chapter 2, we have shown both MLP and RBF network are connectionists that can 

approximate continuous functions on compact domain with any desirable accuracy, yet 

RBF network is superior in capturing the underlying local structure of the function that in 

turn offers the advantage of fast learning and the ability to operate in real time, but with 

the limitation of the intensive memory requirement during the training; whereas MLP has 

an edge in capturing the underlying global structure that provide the advantages of a 

smaller storage requirement and better generalization performance, but less competitive 

in learning speed. The inherent reason for such dichotomy between local and global 

methods of approximation by feed-forward networks with supervised learning is because 

so far we have only focused on the optimization of the network design on the synapses, 

neurons or layers level of the hierarchical organization. It is therefore reasonable to 

predict that the performance of the networks can be further improved by optimizing the 

network level that allows multiple sub-networks to be integrated in a way that can 

achieve intermediate level of granularity while the at same time reap the advantages of 

combining properties of both local and global approximation. This leads to the 

implementation of modular networks. 

 

A modular networks offers several advantages over a single feed-forward networks in 

terms of learning speed, representation capability, and the ability to deal with hardware 

constraints [68-71]: 
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• Speed of learning. If a complex function is naturally decomposable into a set of 

simpler functions, then modular networks have the built-in ability to discover the 

decomposition.  

• Data representation. The representation of input data developed by a modular 

networks tends to be easier to understand than in the case of an ordinary MLP. 

• Hardware constraints.  

 

Figure 4.1 Modular Network 
 

Figure 4.1 shows the structure of one of the commonly referred modular networks [68-

71]. The networks are composed of several expert networks and one gating network. The 

division of input space is solved by gating network by giving the domain of 

‘responsibility’ to the experts. The gating network then combines the outputs of expert 

networks in accordance to their ‘responsibility’ for certain domain of input variable. This 

gives the networks the ability to learn different parts of knowledge from the input pattern 

using different modules. In the networks, each module is provided the quantity of 

information that makes it capable of learning. Thus, if the given input pattern to be learnt 
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is separable into a set of simple patterns, the individual simple pattern will be distributed 

to individual network modules for learning, which will considerably speed up the entire 

learning process. Besides, the splitting of input domain into sub-regions will enable the 

expert networks to have relatively simpler structure that in the case when they would be 

required to model the input to output mapping over the whole, originally compact, input 

space. 

 

The effectiveness of designing a modular networks hinges upon a proper designation of 

local experts. Each expert serves the function of: 1) extracting local features and 2) 

making local recommendations. For example, one (sigmoid-type or RBF) hidden node 

may be devoted to extracting a certain local feature of particular interest to an expert. The 

expert level in the modular networks is compatible with the rule level in the fuzzy 

systems, and that paves the way for modular construction of fuzzy logic control system 

that will be elaborated in the next section. 

 

4.2 Modularity in Fuzzy Logic Control Systems 

In a typical control application, especially in industry environment, control system is 

required to implement separate sensing, planning and execution phases, and to resolve 

complexity at various levels of understanding. Specifically, as introduced in Chapter 2, 

the fuzzy logic control systems serve those design requirements by embodying fuzzifier, 

inference engine and defuzzifier. From the aspect of signal flow of knowledge 
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representation of the entire system, these components can be considered to form the 

following functional blocks: pattern recognition, fuzzy reasoning, and control synthesis. 

Figure (4.2) shows the structure for an FLCS. 

Figure 4.2 Knowledge Structure of FLCS 
 

These functional blocks, on one hand can independently perform their individual control 

task, and on the other hand have to interact with each other in a synergetic way to 

complete the control process. As pointed out by several researchers, fuzzy rule-based 

systems have the underlying structure of a feed-forward multilayer neural network, with a 

well defined functionality of each layer, and BP-like algorithm to allow fine tuning of 
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both the membership functions and the parameters in the consequence part of the rules, 

from a set of input-output data. [90-94] 

 

Over the last decade or so, the PARCS center in Systems and Industrial Engineering 

Department at University of Arizona has made some significant advances in the research 

of Neuro-Fuzzy systems, especially initiated the idea of introducing the modularity into 

the integration. Such design greatly improves the learning efficiency, knowledge 

representation, and knowledge understanding. 

 

It should be pointed out that even though the idea of modularity seems to be identical to 

the one adopted in the modular networks introduced in section 4.1, the significant 

difference lies in the fact that the modular networks therein use different modules process 

the inputs in a parallel fashion, and the final output is governed by the gating network; 

while modularity is exemplified in the Neuro-Fuzzy systems aforementioned by serially 

breaking up the entire control task into relatively simple subtasks that can be executed 

individually, the output is not the result of competition among involving modules, but 

direct outcome from the module that is supposed to generate the control output to drive 

the plant, and the other modules all contribute collaboratively to the input to that module. 

 

It is also worth comparing the contribution of such design with respect to other Neuro-

Fuzzy systems reported in literatures. Some of the widely referred works are [26], [89]. 

The common features of these attempts can be summarized as follows:  
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• First of all, these Neuro-Fuzzy systems use 5-layer neural networks to implement 

the fuzzy control system, even though [26] indicates the viability of using subnets 

in the place of individual layer of neurons for certain functionality, but with no 

detail exploration; 

• Secondly, all of them adopt the TSK-type fuzzy inference mechanism, i.e., the 

consequents of fuzzy rules are expressed as functions of numerical inputs. Beyond 

the differences between Mamdani and TSK types, the main reason for this 

preference is resulted from the difficulty of the defuzzification process for 

Mamdani inference using neural networks; 

• Because of the compact structure, there exist inevitable restrictions on the types of 

the membership functions and fuzzy theoretic operations that can be implemented 

within one layer of neuron. For instance, in [16], it assumes the membership 

function of the antecedents to be of Gaussian shape in order to associate the link 

weights with basis centers. Also, the fuzzy T-norms and T-conorms have to be 

implemented using specific neurons (product or min neurons instead of the 

sigmoid type or the local receptive field function like Gaussian) because one layer 

is incapable of nonlinear mapping, while in many cases, the differentiability of the 

neuron’s activation functions is desired for learning purposes. These specific 

designs may well fit some applications, but they do not pose a good performance 

of generalization. 
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The fundamental strength of these Neuro-Fuzzy systems is at its structural simplicity: the 

5-layer structure with each layer dedicated to certain task. Nevertheless, it is also because 

of this simplicity that causes various limitations, some of which have been explained 

above. The PARCS version of the Neuro-Fuzzy is based on the idea that one subnet (at 

least two layers are needed for an MLP) is devoted to a functional block. The 

significances of this approach and other comparisons can be made in the following: 

• With structural redundancy, this model keeps the original knowledge structure 

embedded within an FLCS. The other approaches, including the two referred 

before, may become cumbersome at the initialization stage when we lack 

sufficient training data but only have expertise expressed in linguistic terms to 

depict the expected control behaviors; 

• In addition, as proven by several literatures on the structure of MLP’s, for some 

problems, a small 3-layer network can be used where a 2-layer network would 

require an infinite number of nodes, and it has also been shown that problems 

which require an exponential number of nodes in a 2-layer network that can be 

implemented with a polynomial number of nodes in a 3-layer network, it is 

readily to imagine those principles stand true for other types of neural networks, 

i.e., simplicity in structure does not necessarily imply better performance in 

training and generalizing. Instead, having individual network for a given task as 

opposed to using only individual layer probably gives us an edge in such 

circumstance.  
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• Thirdly, with a complete MLP as the subnet, there is no restriction on the 

membership function shape, and regular neuron models such as sigmoid and 

Gaussian can be adopted to implement all T-norms and conorms. Moreover, with 

the universal approximation ability of MLP, replacing existing membership 

functions and fuzzy conjunction operators with other types becomes very handy. 

This flexibility is more appealing than the approaches in [16], [26] in hardware 

implementation where a chip probably has to be re-designed under the 

circumstances, for example, an algebraic product has to be replaced by a min 

conjuctor or other T-norms; 

• Lastly, PARCS Neuro-Fuzzy system is based on Mamdani inference mechanism. 

This can be seen as a direct benefit reaped from the modular construction because 

only a full subnet is capable to tackle synthesis of multiple fuzzy outputs and the 

defuzzification of the crisp control output. 

 

4.3 Structure of the Wavelet-Fuzzy Controller 

The process of implementing a fuzzy control system via a neural network can be divided 

into three subtasks, i.e., construction of pattern recognition, fuzzy reasoning, and control 

synthesis networks. These networks must be integrated in such a way that the structure 

and decision-making process of the original fuzzy system can be fully retrieved from its 

network implementation. It is important to note that these three sub-networks are not 
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dependent on each other and their construction and training can be carried out 

simultaneously. 

 

Figure (4.3) shows the hybrid structure of an FLCS. It consists of three subnets of 

distinctive functions. The first network identifies patterns of input variables in terms of 

membership functions of linguistic terms, and the second one conducts fuzzy reasoning 

(conjunction) by calculating the firing strength of the decision rules. The third carries out 

the task of control synthesis by generating fuzzy control action and then defuzzifying it. 

Although three networks are connected sequentially, it is important to point out that the 

construction and training of these networks can be performed independently and 

simultaneously, and the decision-making procedure in an FLCS is fully preserved in its 

network implementation.  

 

Membership 
Function Fuzzy Reasoning Control Synthesis

Learning 
Algorithm

Sensor 
Readings

Wavelet Subnets

Outputs

MLP

Figure 4.3 Hybrid Networks for Fuzzy Logic Control Systems 
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4.3.1 Pattern Recognition Wavelet Network 

A wavelet network is constructed to capture the association of each of the sensor readings 

with signal patterns through membership functions of linguistic variables. An expert's 

knowledge is needed about the number of linguistic terms and the membership functions 

of each term for si. The expert only needs to provide the value of the membership grades 

on a subset X that is the collection of sample points in the universe of discourse of si.

Experience of the designer with these types of systems will be useful in the selection of 

the points.  

 

WR1

WR2

W Rn

MF1

MF2

MF3

Figure 4.4 Pattern Recognition Subnet 
 



64

For each signal reading is , a wavelet network iSN  is constructed to match its values with 

the linguistic terms in the set of signal patterns iA . In other words, the function of iSN  is 

to calculate membership functions )(xk
iSµ for ipk ,...,1= , mi ,...,1= .

The network is an approximation of the membership function 
isµ , for ipi ,...,1= . The 

output of network is )...,,,( 21 ip
iiii sssS = for iSN . Nodes in the output layers are 

term nodes that act as membership functions to represent the terms of the respective 

linguistic variables. Figure 4.4 shows a two-layer wavelet network iSN  for this purpose.  

 

In our scheme, one subnet is devoted to one sensor reading. At this stage, network iSN  is 

not required to learn the memberships in high accuracy since these specified membership 

functions are usually very subjective. Note that if two sensor readings have the identical 

set of linguistic terms, they can use the same network at the beginning. Through network 

learning, the membership functions of linguistic terms can be changed adaptively later for 

better performance. Nodes of input layer in the subnet are the value that represents input 

linguistic variables.  

 

4.3.2 Fuzzy Reasoning Wavelet Network 

A wavelet network is constructed to calculate the rule strengths for each of the control 

rules based on the output of the pattern recognition wavelet network. For each decision 
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rule r in the knowledge base of an FLCS, a wavelet network rRN , Rr ,...,1= is used to 

calculate the firing strength of the rule. Thus, rRN  is actually a network implementation 

of conjunction operator. 

 

The following figure presents a 2-layer network rRN . The input of the network is 

)...,,,( 21 ip
iii sssX µµµ= where 1

isµ is the membership function of state variable i .

The output of network is rY α= that is the rule strength of rule r . The output rα is used 

in the construction of control synthesis network to be described. By changing its weights, 

this network could implement Minimum, Algebraic product, Bounded product, or their 

triangular norms as a conjunction operator. Therefore the initial training of rRN  can be 

carried out by using any of these norms, or even their combinations, and the network can 

be easily modified for new fuzzy reasoning by the use of learning algorithms. 

 

Clearly, as long as every rule has the same number of linguistic terms in its precondition, 

we can choose the same fuzzy reasoning network for all the control rules at the initial 

stage. Note no input and output scaling is need for network rRN  since both its input and 

output are ranging from 0 to 1. 

 

The wavelet subnet of Fuzzy Reasoning differs from Pattern Recognition subnet mainly 

in the number of inputs and outputs: for PR subnets, every wavelet network only takes in 

one sensor reading as the input and generates multiple outputs based on the term sets and 
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their MF’s for the corresponding input variable; the FR subnets, however, has multiple 

inputs for the conjunction operation, yet each subnet only yields one output, namely the 

firing strength of the rule. 

 

...

l
X1µ

l
Xnµ

),...,( 21
l
Xn

l
X

l
XT µµµ...

Figure 4.5 Fuzzy Reasoning Subnet 
 

4.3.3 Control Synthesis Wavelet Network 

Control synthesis is the process of determining the final crisp control according to the 

firing strength of rules and membership functions of linguistic terms defined for control 

actions. It involves steps of deducing consequences for individual rules, generating 

resultant fuzzy control, and then converting it into a crisp value. There are two ways to 

use wavelet network to conduct synthesis. The first one is to develop an individual 
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network for each control component, and the second is to build a single network for all 

components. However, the actual construction of control synthesis network is not trial. 

There are several different implementations schemes. The key issue in the network 

construction is how to recover completely membership functions of fuzzy control actions 

from a network implementation.  

 

However, even with the help of a full network, there is no easy way to construct this 

subnet because of the defuzzification process. Here we first present the design paradigm 

in the previous PARCS Neuro-Fuzzy system. [90-94] 

 

A neural network jCN  for the synthesis of control component ju , nj ,...,1= , has the 

input of network to be }...,,,{ 21 nX ααα= where R is control rule, and the output 

of the network to be crisp control value ju of system. The first layer is introduced for 

calculating fuzzy controls. In this layer, a neuron is created for each of the elements in the 

universe of discourse jU . Given the firing strength of control rules, neuron k produces 

the value of the membership function of the resultant control at a specific 

jjk nku ≤≤1, . Here we use algebraic sum for disjunction in the resultant fuzzy 

controls. In other word, abbabaabba −+=∨=∧ , . Since the logic operations have 

been fixed, there is no need for initial network training. The initial weights of network 

jCN  at this layer can be calculated from membership functions as 
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)( jkUjkr uw jrc
j

µ= , jnk ,...,1= 4.1 

 

The second layer carries out the task of defuzzification. Initial value of weights in this 

layer depends on the defuzzification algorithm selected. However, if we assume 

1)(
1

≤∑
=

jk
R

r
C ur

j
µ then COA and WC defuzzification will yield the same result. Therefore, 

we will consider only COA defuzzification. In this case, weights of the second layer is 

given: 

j
jk

jk
u

σγ = , ∑
=

=
jn

k
jkj

1
µσ , ∑

=
=

jn

k
jkjkju

1
µγ , nj ,...,1= 4.2 

where jkµ is the value of neuron k at the first layer. These initial weights of network 

jCN , nj ,...,1= can be changed later by learning algorithms to improve control 

performance. However, learning will only change the membership functions of control 

actions and the defuzzification algorithm, not the logic operations involved in control 

synthesis. 

 

Needless to say, this algorithm is still too complicated to implement. The primary reason 

is at the partition of the output universe into calculating elements, which is a quite 

heuristic process. Moreover, it is understandable that to keep the crisp defuzzification 

output to be smooth, the number of elements should be kept at a reasonable level. With 

the increasing number fuzzy rules and the relatively large scale of elements in the 

universe, the control synthesis subnet can be foreseen to possess enormous complexity. 
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Several approaches have been proposed, though, as alternatives to the COA 

defuzzification, to relieve the computation intensity. Among them, Kosko [18] introduced 

the sum-product composition that uses pointwise summation instead of max in the fuzzy 

reasoning: 

∑
=

=
n

k

k
Ykwu

1
σ , )( k

Ykk Aw µγ= 4.3 

where u is the defuzzification output, kw is the weighting factor for a rule is equal to its 

firing strength kγ multiplied by the area of the rule’s output MF )( k
YA µ , and k

Yσ is equal 

to the centroid defuzzified value of its output MF, n is the number of rules in the rule 

base.  

 

The advantage of this method is that the final crisp output is equal to the weighted 

average of each rule’s crisp output. This reduces the computation burden if the area and 

centroid of each output MF can be obtained in advance.  However, the way the weighting 

factor is calculated that uses the area of the MF’s is not convincing, especially when the 

firing strength of the rule is weak that means its impact on the output should be trivial, 

yet the weighting factor is strengthened by a relative large MF area. Another 

awkwardness is any change in the MF that resulted from network learning can hamper 

the efficiency of this method because the area and centroid of the MF also have to be re-

calculated.  
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After elaborating both standard defuzzification method and its variations, we now come 

to the approach that is adopted in this dissertation: Center Average Defuzzifier (CA). It 

approximates the COA defuzzification by taking the weighted average of the centers of 

the M fuzzy sets, with the weights equal the heights of the corresponding fuzzy sets. 

Specifically, let l
Yσ be the center of the l th output membership function and lw be its 

height, the CA defuzzifier determines the defuzzification output *y as: 

∑
∑

=

== M

l
l

M

l

l
Yl

w

w
y

1

1*
σ

4.4 

 

Simple as it looks, CA has been proven [48] to be a good approximation of COA, but 

computation-wise is much simpler. Continuity in defuzzification output is another 

plausible resemblance to human operated control while smooth output is always 

desirable. The “weighting factor” here as compared with the sum-product just before, is 

composed of the product of firing strength and height, can more accurately reflect the 

contribution of a rule to the fuzzy output. Since only two parameters in each MF are 

involved in defuzzification process, network learning can now be deployed to update MF 

to accommodate the demand. It is also worth pointing out that the universal 

approximation property of fuzzy logic system is proved by Wang with CA 

defuzzification. [48] 
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Figure 4.6 Control Synthesis Subnet 
 

Here is how the CA defuzzification is implemented in the control synthesis subnet. The 

key point is to make both height and center of the MF’s adjustable. Since Equation (4.4) 

involves the inner product of two vectors, it is more convenient and efficient to use the 

plain MLP in this subnet. Also note (4.4) can be expressed in the form of norm product, 

i.e., 

∑∑
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where 
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represents the normalized weight.  

 

This subnet has two layers, and the “normalized product” neuron further simplifies the 

structure: first layer is responsible for calculating the weighting factor lw , since we use 

algebraic product as the T-norm for inference, lw should be the product of the firing 

strength of the l th rule and the height of the corresponding fuzzy set, namely: 

 )sup( l
Yllw µγ= 4.7 

lγ is the l th output from the fuzzy reasoning subnet or the firing strength of the l th rule, 

so link weights are set to be )sup( l
Yµ , and the neurons in this layers simply perform 

“purelin” function that directly maps the input to output; second layer only needs one 

neuron that takes in the weighted input from the preceding layer and generates the norm 

product, which is also the final defuzzification output. The link weights between these 

two layers ought to be defined as the centers of the MF’s, namely l
Yσ . Figure (4.6) 

demonstrates this subnet with 5 rules and one defuzzification output. 

 

By constructing the control synthesis subnet like this, the knowledge about the 

consequent part of the fuzzy propositions are relatively kept intact because the height and 

centroid pretty much shape up the MF’s. And the fact that these two parameters are being 
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configured as the link weights guarantees that learning process does have influence on 

the update of the knowledge embedded within the fuzzy rule base. 

 

Lastly, CA calculates the output using weighted average. Weighted average has a higher 

degree of computational complexity, but it is advantageous in that points in the areas of 

overlap between two or more receptive fields will have a well-interpolated overall output 

between the outputs of the overlapping receptive fields. Output normalization normalizes 

the basis function cover the input space, and therefore leads to smoother curves.  

 

4.3.4 Integration of the Sub-Wavelet Networks 

Integration of the wavelet networks and feed-forward network is constructed by 

connecting the pattern recognition, fuzzy reasoning, and control synthesis networks 

according to the given set of fuzzy control rules. Once networks iSN , rRN  and jCN  

have been created, the final step toward a structured hybrid networks is to connect those 

networks appropriately according to the original FLCS. 

 

Figure (4.7) presents the hybrid networks for a fuzzy logic controller with 9 rules, 2 

outputs, and 2 inputs with 3 linguistic terms for each. It is very clear that the whole 

computation process of the integrated neural network can be divided into three stages: 

pattern recognition, fuzzy reasoning, and control synthesis. Therefore, this design scheme 
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leads to a structure resulting in a functional interpretation for each subnet and a structure 

of flow of knowledge thereof.  
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Figure 4.7 Example of Wavelet-Fuzzy Networks 
 
Although the structured hybrid networks can be viewed as ordinary MLP’s with sensor 

readings as its input and control actions as its output, the distinctive knowledge structure 

embedded within the networks makes it different from other neural network 

implementations of fuzzy logic control systems. Note that as multilayer networks, this 

hybrid structure is not a fully connected one. For example, its subnet iSN  is linked only 
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to input node is and has no connection with other input nodes (i.e., connection weights 

are zero), and subnet rRN  is linked only to one output node of subnet iSN .

Since the whole decision-making procedure of the FLCS is preserved in the networks, by 

breaking it up into subnets of pattern recognition, fuzzy reading, and the control synthesis, 

the actual modifications in membership functions of sensor readings, operators of fuzzy 

reasoning, membership functions of control actions, and methods of defuzzification, can 

be recovered separately from this multilayer networks implementation. Therefore, the 

network-based implementation provides a mechanism for the refinement of fuzzy logic 

based control systems, a problem that has not been addressed effectively with the original 

context of fuzzy logic controls. As long as the original FLCS works reasonably, no 

additional training is required in order to put the structured hybrid system to work, since 

its performance should be at least as good as the original FLCS from which the networks 

are constructed. Additional training and online learning by the networks, however, can 

improve its performance and thus lead to the refinement of the existing control rules, and 

even generation of the new rules for the original FLCS.  

 

4.3.5 Simplified Versions of Hybrid Networks for Fuzzy Logic Controller 
 

The fuzzy reasoning subset mainly implements the T-norm operators. While dedicating 

one wavelet network for one conjunctor brings the flexibility of achieving multiple T-

norms with a single structure, it comes at price of increasing network dimensions and 
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learning complexity. In view of the fact that in many applications, the T-norm operator 

for calculating the firing strength is fixed and needs no adjustment, we replace the fuzzy 

reasoning subnet with a direct “product” neuron. The “product” neuron uses the 

multiplication as the node transfer function so that the gradient descent algorithm is 

feasible for updating associated parameters. Such replacement brings some variations to 

the whole topology, and thus results in more succinct structures.  
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Figure 4.8 Simplified Wavelet-Fuzzy Networks I 
 
We start with the closest descendant of the prototype topology in Figure (4.7). Figure (4.8) 

shows the hybrid networks for a two-input, nine-rule, and one-output fuzzy logic 

controller. The pattern recognition subnet has the identical structure; the last two layers 
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perform the same CA defuzzification as the previous model. However, it can be seen 

from the diagram, the most significant change is the first layer of the control synthesis 

subnet in the previous model, which each neuron therein acts as a “purelin” type that 

takes in the product of the firing strength and the height consequent MF, has been spared 

and merged with the fuzzy reasoning layer (not subnet) in this topology. To keep the 

functionality unchanged, all synapses that connect to the same neuron in this layer are 

assigned the same link weight, )(sup yl
Yµ , which is the height for the l th MF of output 

linguistic variable Y . Each neuron in this layer multiplies the weighted inputs, output can 

be expressed as:  

)()())((sup 21
3

, 21
xxyx l

X
l
X

l
Ylout µµµ ××= 4.8 

where l is the index for the rule base, 1X , 2X , Y are the linguistic variables for two 

inputs and output respectively.  

 

By constructing fuzzy system in this manner, we preserve the logical structure and 

empirical knowledge in the hybrid networks due to the physical significance of the link 

weights. More importantly, a 7-layer-network has been simplified to only 5-layer, and a 

faster adaptation of the networks parameters is readily expected. 
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Figure 4.9 Simplified Wavelet-Fuzzy Networks II 
 

One variation of Figure (4.8) is to insert the height of output MF’s, ( )l
Yµsup  as the bias 

inputs to the fuzzy reasoning layer, as demonstrated in Figure (4.9). Instead of updating 

both weights connecting the outputs of the two PR subnets and the neurons in FR layer, 

this scheme allows only the bias vector to be adjusted. The training advantage can be 

exemplified by the following numerical example: for the 5-layer structure above that has 

9 rules and thus requires 9 neurons in the FR layer, all 18 weights have to be updated in 
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each iteration because each neuron is hooked up with 2 output neurons in FR subnets. 

However, in the following diagram, even though the number of links is unchanged, only 

9 biases need to be adjusted, and the convenience becomes even significant when the 

number of rules gets larger. 
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Figure 4.10 Simplified Wavelet-Fuzzy Networks III 
 

The next scheme comes from different network implementation of the CA defuzzification. 

So far we have been using the ‘normprod’ as the weight function connecting to the output 

neuron. As will be demonstrated in next chapter, the deepest descent updating rule for 
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‘normprod’ function is rather complicated. To ease this inconvenience, we thus propose 

an additional layer consisting of two neurons to take care of this calculation; detail 

structure is given in Figure (4.10) 
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Figure 4.11 Simplified Wavelet-Fuzzy Networks IV 
 

As shown in the diagram, the two neurons deal with the numerator, ∑
l

l
Y

lw σ and 

denominator ∑
l

lw , of Equation (4.5) for CA defuzzification individually. The link 

weights are thus set to be l
Yσ ’s for the upper neuron, and all 1’s for the lower neuron. 
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The output neuron performs a ‘division’ operation. Following this design, the weighting 

functions in this subnet are the standard ‘dotprod’, so their gradients are straightforward. 

Finally, the derivative of output neuron activation function, ‘division’, is also readily 

obtainable when the two inputs and output signals are available. 

 

This final alternation of the original implementation is the most concise one following the 

‘division’ approach for CA defuzzification. Here the output of the lower neuron, ∑
l

lw ,

is not treated as an individual input, but as the bias factor to the division neuron. 

Therefore, the topology is literally simplified to only one summing joint in the first layer 

of the CS subnet. This scheme combines the brevity of network structure and keeps the 

deepest descent algorithm feasible, so it will be our model for future discussion including 

the derivation of learning algorithms and simulation results. Figure (4.11) shows this 

hybrid structure. 

 

4. 4 Off-Line Simulation Example of Hybrid Networks 
 

As an illustration example, consider the problem of modeling a nonlinear function known 

as sinc or the Mexican Hat function: 

z c x y x y
x y

= = +
+sin ( , ) sin( )2 2

2 2  4.9 
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Using grid points in the range [-5, 5] × [-5, 5] within the input space of the above 

equation, 121 training data is obtained first. This is shown in the following figure. 

 

Figure 4.12 Mexican Hat 
 

With the heuristic knowledge from this figure, a fuzzy logic system is constructed as 

followings. First we use three fuzzy sets {SM = Small, ME = Medium, LA = Large} for x

and y, and five fuzzy sets {NE = Negative, NS = Negative Small, ZE = Zero, PM = 

Positive Medium, PL = Positive Large} for z. The domain intervals for x and y are 

assumed to be [-5, 5], and [-0.2, 1.0] for z. The membership functions for these are 

defined in the next figure. Then, the relationship between (x, y) and z are described with a 

rough rule set: 
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Rule 1: If x is SM and y is SM then z is PL, 

Rule 2: If x is SM and y is ME then z is PM; 

Rule 3: If x is SM and y is LA then z is NE; 

Rule 4: If x is ME and y is SM then z is PM; 

Rule 5: If x is ME and y is ME then z is NE; 

Rule 6: If x is ME and y is LA then z is NS; 

Rule 7: If x is LA and y is SM then z is NE; 

Rule 8: If x is LA and y is ME then z is NS; 

Rule 9: If x is LA and y is LA then z is ZE; 

Figure 4.13 Membership Functions for Input Linguistic Variables 
 
Figure (4.13) and (4.14) show the proposed membership functions for input and output 

linguistic variables.  
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Figure 4.14 Membership Functions for Output Linguistic Variable 
 

Figure 4.15 Reconstructed Surface  
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Figure4.16 Reconstructed Surface for Neuro-Fuzzy Systems 
 

Following the established fuzzy rules, we obtain the system simulation output after 

feeding the input data. As shown in Figure (4.15), the reconstructed surface fairly 

demonstrates the key features of the original pattern. We can compare the initial results 

of the networks outputs before training with those of the previous Neuro-Fuzzy systems 

shown in Figure (4.16), it is easily recognize that this approach has a better head start 

than its predecessor. 

 

4.5 More Discussions on Modular Hybrid Networks 

So far we have elaborated the separate subnets for the modular Wavelet-Feedforward 

networks and revealed the integration scheme on how to assemble these subnets together. 

It should be emphasized that such integration should not be considered as a 
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straightforward substitution of MLP’s in the previous PARCS implementations with 

wavelet networks. Beyond the general rationales for embedding the modularity into the 

fuzzy logic systems, we expect the proposed scheme to generate better control 

performance in terms of adaptation speed and generalization because of the following 

reasons:  

 

1. Generally speaking, such hybridization is designed according to the principle of 

“increasing intelligence with decreasing precision” proposed by G. N. Saridis. 

The highest levels in the control hierarchy use intelligent reasoning strategies 

such as the linguistic fuzzy if-then rules to understand the system behavior and 

the desired control actions. As the information moves down the control structure, 

the processing algorithms become less intelligent and more precise, and that is 

where neural networks, or wavelet networks in this work come in to play their 

part. Each module or subnet in the control hierarchy has just enough resources 

(access to data and functions) to perform its task, and knowledge is stored in a 

distributed manner throughout the system.  

2. As mentioned Section 4.1, the learning strategy for the modular networks should 

exhibit the capability of both global and local learning. Previously the individual 

subnets were constructed using plain MLP’s that possess totally flat structure that 

are incompetent in local learning. The direct consequence of such structural 

simplicity is often a bulky network, with an extensively large number of hidden 

units, which in turn hampers the convergence of the training process. Even after 
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training, the link weights of the networks are rather uniformly distributed that will 

cause the networks not suitable for extracting crisp (certain) rules, a key 

advantage of the Neuro-Fuzzy integration. To replace the MLP’s with wavelet 

networks undoubtedly provides a viable solution to this problem. The 

fundamental idea is to use wavelet networks with the so-called orthogonal least 

square learning algorithm to tackle the local specifics capturing, and adopt the 

steepest descent algorithm for the overall feedforward structure training to fine 

tune the global approximation. Details about the learning strategies will be further 

explained in next chapter. 

3. Specifically, the wavelet subnets should be superior to their MLP counterparts in 

realizing the pattern recognition and fuzzy reasoning tasks because most of these 

operations demonstrate strong locality property (for example, commonly used 

membership functions are of triangular, or trapezoidal, or bell shape), therefore it 

is expected that wavelet subnets will be able to achieve similar approximation 

results within shorter training cycles. As will be shown in the next chapter, 

wavelet subnets are also convenient for dimension alternation for the network that 

is very handy because that facilitates the adding of new membership functions, or 

even new rules to the systems when the training proceeds. 
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Chapter 5 Learning Algorithm for Wavelet-Fuzzy Systems 
 

5.1 General Paradigms 

Central to the problem of learning is the ability of the algorithm to generalize correctly 

from a limited number of training samples, which means that algorithm must interpolate 

and extrapolate sufficiently accurately. Adaptively constructing linear models and 

controllers implicitly assumes a global, linear relationship. Whereas if a minimal amount 

of a priori information is assumed about the structure of the desired function, the 

algorithm has to extract the relevant knowledge from the data set and this generally 

requires a large number of training examples. [14] 

 

The modeling capabilities of an algorithm determine the range of nonlinear function that 

it can reproduce exactly and any implicit smoothness made by the network. The learning 

rule used does not generally affect the underlying modeling capabilities of the algorithm, 

although the chosen model structure influences its rate of convergence and can even 

determine the type of learning rule that should be used. 

 

Finally, any practical application of a learning algorithm requires convergence, stability, 

and correctness tests that can verify what is being learnt. If an algorithm learns, it also 

forgets and it must be verified that the behavior being stored is desirable. 
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In the last chapter, the wavelet network based fuzzy control system was introduced. Since 

it is a hybrid structure with both local receptive field type wavelet networks and sigmoid 

type MLP involved, the learning algorithm should have the features of both types of 

networks considered, and take advantage of the modular structure that allows the 

functionally independent subnets to be trained separately.  

 

In general, a modular network fuses supervised and unsupervised learning paradigms in a 

seamless fashion. In our case, the unsupervised learning is embedded within the decision 

process and knowledge structure of the fuzzy control, the different subnets work 

collaboratively instead of competitively as explained in the last chapter, therefore there is 

no need for additional mediating mechanism.  The supervised learning thus is the focus 

of this chapter. 

 

As indicated before, there are two modes of supervised learning depending upon the 

availability and source of the training data, namely, off-line and on-line training. In off-

line learning (also referred to as batch learning), the update formula for parameter is 

based on the Mean Squared Error and the update takes place only after the whole training 

data set has been presented. On-line learning, on the contrary, updates the parameter 

according to the instant squared error and the update occurs immediately after each input-

output pair has been provided. When the two paradigms being applied to our wavelet 

fuzzy system, the subnets can be trained in the off-line mode because the training data 

can be obtained in a sufficient amount from the a priori knowledge solicited from the 
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domain experts. After the entire system is assembled, the adjusting of the system 

parameters will be conducted in the on-line fashion.  

 

However, because of the redundant modular structure (three subnets) and the linear and 

nonlinear parameters within the wavelet subnets, the number of parameters is relatively 

big (including connection weights, scaling and shifting factors of the wavelet neuron) 

comparing with other neuro-fuzzy implementations. A stand-alone supervised learning 

method would be inefficient and probably computationally intensive. To relieve this 

burden, we turn our eyes to a combinational approach called Hybrid Learning. 

 

Hybrid learning uses various methods within the same learning task to achieve effective 

and fast learning. The work most referred to in feed-forward networks learning is to 

separate the parameters needed for identification purpose into two categories: for those 

parameters that are linear with respect to the network’s output or its transformation, they 

can be trained in the batch learning mode with the well-known LSE method, and those 

nonlinear parameters will be adjusted based on the BP algorithm. The general procedure 

in each epoch is composed of a forward pass and a backward pass: in the forward pass, 

after an input vector is presented, the node outputs in the network layers are calculated to 

obtain the inputs for the matrices needed in LSE so that the linear parameters will be 

fixed; then in the backward pass, the error measure for each training data entry is 

computed and backpropagated from the output end toward the input nodes   
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Following these guidelines, the learning strategy for the training of wavelet fuzzy 

systems is proposed as: Orthogonal Least Square method for the training of wavelet 

subnets, and hybrid learning that includes both BP algorithm and Least Square Estimator 

(LSE) for the identification of the parameters. 

 

5.2 Orthogonal Least Square Method for Wavelet Subnets Training 

The OLS algorithm [61, 76] is an efficient implementation of the forward stepwise model 

selection technique for linear regression models. Roughly speaking, in order to select a 

subset model, all the regressor’s of the initial model are studied to determine how each 

regressor will contribute to the modeling of the desired system. The regressor selected to 

be included the subset model is the one that will contribute most significantly with the 

regressor’s already selected to model the desired system. The selection process is 

repeated until the required number of regressor’s is found. 

 

Before the OLS algorithm was applied for wavelets choosing and weights adjusting in 

wavelet networks, the learning method generally adopted was BP-like algorithms. As we 

recall, training means to select the proper weights kc . The algorithm works as this: When 

a set of training data ( ) N
iiiN tftT 1)},{( == is provided, the weights of the network kc can 

be obtained by minimizing the mean square error ),( gfeN , where f is the training data 

and g is the corresponding network output, i.e., 

( ) ( ) ),(minargˆ,,ˆ
ˆ,,ˆ

gfecc NccKK
KK L

L
−

=−
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where 

( ) ( )( )∑
=

−=
N

i
iiN tgtfNgfe

1

21),(

The above equation can be solved by taking the partial derivatives of the mean square 

error of Ne with respect to Kĉ ,

0),( =∂
∂

K

N
c

gfe

which leads to a set of linear equations. Since the scaling functions are orthogonal, we 

can expect sufficiently large N generally has a unique solution. However, when K gets 

larger, a direct solution of (), which involves the inversion of a ( ) ( )1212 +×+ KK matrix, 

may be computational intensive. An alternative to the direct solution is the iterative 

gradient-descent procedure 

)1(ˆ
)1()(

ˆ
),(ˆˆ −=

−
∂

∂−= P
KK cc

K

NP
K

P
K c

gfecc λ

where λ is the stepsize. In fact, further computation reduction is possible once the 

locality of the scaling function is taken into consideration. Specifically, the derivative in 

equation ( ) contains the sum of terms like )(, ikM tϕ . When ( )tϕ has compact support and 

it ’s are more or less evenly distributed in an interval (i.e., they can be found in the 

support-intervals of scaling functions with different shifts), for a given k most of these 

terms will be zero and need not be summed. 
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Obviously, the algorithm above has the same drawbacks as the BP algorithm in MLP 

training, namely, slow convergence and easy to be trapped in local minima. Though the 

computation could be simplified if the compact support of the scaling function is being 

considered as indicated just now, yet currently no mature algorithm exists that is 

applicable in real-time training.  

 

Recently, there have been many successful applications of the Orthogonal Least Squares 

(OLS) learning algorithm in computing the output layer weights in an RBF network. This 

algorithm was also extended to selecting the suitable RBF centers by evaluating an error 

reduction ratio, and the network is then gradually built up by adding centers at the data 

points that result in the largest decrease in the network output error at each stage. The 

similarity between the circumstances where the OLS algorithm was deployed and those 

of wavelet networks makes it reasonable to think that the wavelet networks could achieve 

better learning capabilities with the adoption of this algorithm.  

 

The geometric interpretation of the OLS algorithm can be best explained by using the 

following matrix form [61]: 

EPθD += 5.1 
where 

( ) TNddd )](),2(,1[ K=D 5.2 

[ ]M1 ppP K= , T
ii Npp ])()1([ K=ip , Mi ≤≤1 5.3 

T
M ][ 1 θθ K=θ 5.4 

( ) ( ) TNee ]1[ K=E 5.5 
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Here D is the set of output data, iθ ’s are the regressor’s that form a set of basis vectors, 

E is the error vector. The parameter matrix P can be solved by using the LS principle. 

Because iθ ’s are generally correlated, it is not obvious how an individual regressor 

contributes to the entire output energy, therefore OLS method involves an orthogonal 

transformation that is performed on the iθ ’s to change them into a set of orthogonal basis 

vectors. This can be done by decomposing θ into 

WAθ = 5.6 
where 
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[ ]Nww K1=W 5.8 

with orthogonal columns that satisfy 

0ww j
T
i = if ji ≠ 5.9 

and so equation (1) can be re-written as 

EWGD += 5.10 
with OLS solution for the parameter 
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and the LS solution satisfies the triangular system 
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GAθ = 5.12 
 

The method of transforming a linearly independent (not necessarily orthogonal) sequence 

of functions (or, in general, a sequence of vectors in an inner product space) into an 

orthonormal sequence is called the Gram-Schmidt orthonormal process, and this method 

can be used to derive A and G in the above equation. Finally, θ can be solved from (2). 

The Gram-Schmidt method can be described as follows: 

 

Given a sequence }{ ny of linearly independent vectors in an inner product space, define 

sequence }{ nw and }{ nx inductively by  

 

11 yw = ,
1

1
1 w

wx = 5.13 

 

( )∑−

=
−=

1k

1n
nnkkk xx,yyw ,

k

k
k w

wx = , for K,2,1=k 5.14 

 

It is easy to check that the sequence }{ nw is orthogonal and thus sequence }{ nx is 

orthonormal.  

 

In general, the number of all candidate regressor’s, N , can be very large, and an 

adequate modeling may only require hn regressor’s, which is smaller than N . The 
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significant regressor’s can be selected using the OLS procedure. Because the error matrix 

E is orthogonal to W , the error reduction ratio due to kw can be found by 

[ ] D)/trace(Dww T
k

T
k


= ∑

=

0

1

2
n

i
kik gerr , Nk ≤≤1 5.15 

 
based on this ratio, the significant regressor’s can be selected in a forward regression 

procedure. At the k th step, a candidate regressor is selected as the k th regressor of the 

subset network if it produces the largest value of kerr][ from among the rest of the 

1+− kN candidates. The selection is terminated when 

[ ] ρ<− ∑
=

hn

k
kerr

1
1 5.16 

where 10 << ρ is a chosen tolerance. 

 

It is worthwhile pointing out the difference between this approach and that of RBF’s that 

has been reported in other literatures like Chen’s work [61]. Despite the similar 

mechanism, their difference is related to the following learning rule for knowledge 

representation that is of a general commonsense given by [J. A. Anderson, “General 

introduction”, Neurocomputing: Foundations of Research, pp.xiii-xxi, Cambridge, MA: 

MIT Press, 1988]. The rule claims: If a particular feature is important, then there should 

be a large number of neurons involved in the representation of that item in the network. 

In [], OLS algorithm sequentially selects from the input data that make the most 

significant error reduction as the RBF centers; the variances of all centers are kept the 

same and unchanged during training regardless of the input/output pattern. This scheme 
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works well for circumstance where the training samples follow the same distribution of 

the inherent nonlinear mapping. For example, in Figure 5.1, it is readily understandable 

that there should be more training data sampled from the peak area A than the plateau 

region B. 

 

Figure 5.1 Demonstration of Learning Surface 
 
However, the input/output pattern is not in most of the cases a priori information, 

therefore if the features that deserve large amount of neurons to cover are ill-represented 

in the training samples, the RBF network with aforementioned OLS algorithm that 
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depends solely on the training pattern will fail to yield satisfactory result. Also, the 

variance of the RBF center, just like the scaling factor for wavelet functions, is a leveler 

for both learning efficiency and precision, but is usually fixed heuristically in observance 

of the input data, and thus being left out during the training process. Related to the point 

just raised about feature representation, in the coarse and flat area of the mapping, the 

variance should be scaled down, while in the fast-changing region, not only the number 

of neurons but also the variance of the center should be kept up. The fact that the RBF 

network with OLS algorithm is unable to use different scales may cause the resultant 

network fails to capture the fine details in the sensitive regions, and on the other hand 

uses redundant neurons in the flat areas. This has been illustrated from the opposite in [95] 

that performance of RBF networks can be improved by nodes with different width and 

widths being considered to be adjusted, even though [58] claims it is sufficient for the 

RBF networks to achieve universal approximation with uniform width. 

 

The OLS algorithm for wavelet network training takes advantage of the multi-resolution 

property of the wavelet transform. Above all, the wavelets are chosen based on those 

whose shifting and scaling make the most significant error reduction. At the same time, 

the sifting of appropriate wavelet in each iteration does not rely on the training data for 

the centers as required in the RBF training. Therefore, it is expected that shorter learning 

process and better generalization ability should be in the reach. The detail 

implementation procedures can be summarized as follows: 
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• Given a sample of training data, eliminate the wavelets whose supports do not 

contain any data point. Due to the sparseness of the data, the number of wavelets 

can be considerably reduced by this elimination.  

• Use techniques in regression analysis to further reduce the number of wavelets. 

The remaining wavelets are then used to construct a wavelet network.  

 

We now introduce a heuristic algorithm of reasonable computational cost [76]. 

 

• Stepwise Selection by Orthogonalization 

The algorithm first selects the wavelet that best fits the observed data in the available 

wavelet bases set based on the OLS method, then repeatedly selects the wavelet in the 

remainder of the set that best fits the data while combining with previously selected 

wavelets. For computational efficiency, later selected wavelets are orthonormal to earlier 

selected ones. The algorithm is summarized as follows: 

 

},,2,1{ LK=I

jj ψp = for all Ij ∈ ;

00 =l , 00 =lq ;

For si :1=
( )

1i1i ll
T
jjj qqψpp −−−= for all I∈j ;

}:{ 0pII j =−= j ;
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 If I is empty, set 1−= is and break the loop; 

 ( ) j
T
j

T
j ppp /maxarg 2

Ijil ∈
= ;

ii l
T
l qψ=jiα for 1,,1 −= jj K ;

ii l
T
l pp=iiα ;

il ll pq 1−= iiα ;

yqT
li

=
ilw~ ;

}{ ilII −= ;

End 

The resulting wavelet network is 

( ) ∑
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=
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i
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1
ˆ (x)ψwx

ii ll 5.17 

where the coefficients 
ilw are determined by 
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Another concern that has to be addressed is the choice between wavelet frame and 

wavelet bases, or what wavelet lattice would be considered as the regressor’s. Wavelet 

bases are resulted from the discretization of the continuous mother wavelet. Theoretically, 

it has been shown a )(2 RLf ∈ can be expressed as the superposition of the orthonormal 

wavelet bases with the weighting factors to be the inner product between function itself 

with wavelet bases. The beauty of orthonormal wavelet bases is the inverse wavelet 

transform comes with very fast algorithms for estimating the reconstruction coefficients, 

however, the original mother wavelet before discritization has to satisfy strong conditions 

in order to guarantee the generation of orthonormal bases. It is more straightforward and 

convenient to adopt wavelet frame. As indicated in Chapter 2, wavelet frame can be 

considered as “redundant basis”, we are giving up the orthogonality of the orthonormal 

bases to achieve more freedom on the selection of the wavelet functions. However the 

tradeoff for such relaxation is to lose the fast algorithms associated with orthonormal 

wavelet bases.  

 

There are two approaches for generating wavelet frame from discretizing continuous 

mother wavelets, and the only difference is at the scaling factor. Each one possesses its 

own advantages and will be considered in the generation of the regressor’s for the 

building of wavelet networks herein. [78] 

 

The first method is to use single scaling for the wavelet frame Ψ of )(2 dRL , namely, 
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( )




 ∈∈−== −− dndn

nm mnmnm ZZxxΨ ,:)(),( 2
1

, βαψαψ 5.20 

where α and β are the scaling and translation step sizes respectively, and ψ represents 

the continuous mother wavelet. [78] has shown it is possible to generate single-scaling 

wavelet frames of )(2 dRL with a single mother wavelet, in contrast with 12 −d mother 

wavelets required for the orthonormal wavelet bases using single-scaling. It is obvious 

that single-scaling frame is structurally simpler to implement, not just comparing with 

wavelet bases, but also with the multi-scaling method that follows, and the fact that the 

most commonly used mother wavelet radial functions are also by nature single-scaling 

makes it appealing too. However, sticking with one scale factor for all dimensions 

definitely weakens the multi-resolution property of the wavelet decomposition, and may 

hamper the approximation accuracy and learning speed when it is applied to wavelet 

networks. Conditions have been given in [78] on the type of mother wavelet that can be 

used to construct wavelet frame. The 1-D Mexican Hat function that is defined as 

22
2

)1()(
x

exx −−=ψ 5.21 
is one frequently used prototype. Consequently the multi-dimensional wavelet frame is 

obtained by dilating and translating  

22
2

)()(
x

xx −−= enψ 5.22 

where x is n -dimension vector, and n indicates the dimension. 
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Multi-scaling approach is also viable for constructing wavelet frame. An independent 

dilation parameter is used in each dimension. It is obvious it can compensate some of the 

drawbacks for single-scaling frame by providing the flexibility to different dimensions 

and the ability to capture the fine details by zooming in with different scales, but it surely 

involves heavy load of computation and may prolong the selection process of the 

regressor’s and even slow the OLS learning for the building of wavelet network all due to 

the large pool of frame. The multi-scaling wavelet frame Ψ is of the form: 

( )




 ∈−== − ndn

jkj kjba ZTβxDDxΨ j ,:)(det),( 2
1

2/1
, ψαψ 5.23 

where )...,,( 1 njj aadiag=jD is the dilation matrix, and )...,,( 1 nbbdiagT = is the 

translation matrix. Tensor product is usually used for multi-scaling wavelet frame 

construction, and it also has to be based on proper original mother wavelet. [] lists the 

conditions for the process.  

 

The figures above show the training result and learning curve of a two-dimensional using 

wavelet network with single-scaling approach. It can be readily seen from the learning 

curve that it takes 70 epochs (namely 70 wavelets) to reach the performance goal. Within 

the large pool of wavelet candidates, the wavelets being chosen to form the network 

center around the regions where the function has peak values, which proves superiority of 

wavelet networks in learning localized mappings. 
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Figure 5.2 Comparison between the Original and Reconstructed Surfaces 

Figure 5.3 Learning Curve 
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Wavelet networks are adopted in two of the subnets in the proposed Wavelet-Fuzzy 

systems, i.e., pattern recognition and fuzzy inference. As will be seen later on, both the 

nonlinear mappings of these two subnets are not sophisticated and of predominantly basic 

shapes, it is unnecessary to consider multiple-scaling for different dimensions, therefore 

only the single-scaling regression is considered for training of these subnets. The figures 

below demonstrate the corresponding results. 

 

First, in pattern recognition subnet, the wavelet networks are constructed for the purpose 

of fuzzification. For each input, one wavelet network is built to match the crisp numerical 

input into membership function values. The number of linguistic variables and their 

membership functions are solicited in advance from domain experts, and the wavelet 

network is supposed to conduct the 1-to- m mapping to generate the membership 

function values for a given numerical input, where m indicates the number of 

membership functions for that linguistic variable.  

 

The following figure gives membership functions for a presumptive linguistic variable 

that has 7 membership functions, namely NB (negative big), NM (negative medium), NS 

(negative small), ZE (zero), PS (positive small), PM (positive medium), and PB (positive 

big). 
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Figure 5.4  Membership Functions 

Figure 5.5  Learning Curve 
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Figure 5.6  Reconstructed Membership Functions 
 

After 25 epochs of learning, the network reaches its performance goal. Therefore the 

resultant network has 25 wavelets. One thing needs to be pointed out is, the performance 

goal does not necessarily need to be set very precise, which means the network doesn’t 

have to learn the very fine details of the membership functions except capturing the 

locality nature, that is because these membership functions are quite subjective and are 

subject to change in the overall network training. 



108

Figure 5.7  Two-Dimensional T-Norms 
 

Secondly, in fuzzy inference subnet, one wavelet network is dedicated to a fuzzy rule that 

takes in the membership function values from the pattern recognition subnet to generate 

the firing strength. The following figure shows the four T-norms in two-dimensional 

scenarios with both membership functions are of Gaussian type. As can be seen in the 

plots, all four T-norms return a membership function that keeps the localized nature of 

the inputs; yet algebraic product gives a smoother output, which is a nice feature that can 

be explored by the wavelet network. Therefore, in last chapter, the T-norm for computing 

firing strength used in this subnet is chosen to be algebraic product.  
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Figure 5.4 Learning Curve 
 

Figure 5.5 Reconstructed Min and Product T-Norms 
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The figures above illustrate the learning curve of wavelet network for learning algebraic 

product for two Gaussian type membership functions, and the network simulated result 

after training. 

 

Although only one simulated example is given, it is obvious the network can be easily 

applied to algebraic product for other localized type membership functions. 

 

Finally, the control synthesis subnet is implemented by a plain two-layer MLP based on 

the CA defuzzification algorithm. The first layer has the number of neurons equal to that 

of the fuzzy rules, its main task is to compute the height of the output membership 

functions weighted by the firing strength coming from the fuzzy inference subnet. The 

second layer only contains one neuron with norm product capability. No training is 

necessary, basically, because the adjustable parameters in this subnet are just the internal 

weights that are set to be the centers of the output membership functions, and external 

weights linking control synthesis and fuzzy inference subnets, which are set to be the 

heights of the output membership functions. 



111

5.3 Steepest Descent Method for Weights Updating 

When the individual subnets are constructed, it is up to the steepest descent method to 

take care of on-line training by adjusting the link weights connecting wavelets or neurons 

in adjacent layers, and biases related with neurons. 
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Figure 5.6 Hybrid Networks 
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For the sake of simplicity, we restrict our discussion on single output networks, and the 

similar results can be generalized to multiple outputs case easily. We also only focus on 

the simplified version of the hybrid system as shown in Figure (5.6). 

 

To ease the mathematical burden involved in this derivation, a summary of the notations 

is first presented. 

• The algorithm is applied to minimize the energy function representing the 

instantaneous error defined as 22 )(2
1

2
1 ydeE −== , where symbol represents 

desired output, and y is the output of the networks. 

• The indices i , j and k refer to different neurons in the networks; with signals 

propagating through the network from left to right, neuron j lies in a layer to the 

right of neuron i , and so on. 

• The symbol )(l
jiω denotes the synaptic weight of link connecting the i th neuron in 

the )1( −l th layer to the j th neuron in the l th layer; in particular for layer 3, we 

use the following symbols to distinguish the neurons in different PR subnets: )3(
xjiω

denotes the weight connecting j th neuron in layer 3, and xi th neuron in the upper 

subnet in layer 2 where 3or1,2,=xi ; similarly )3(
yjiω denotes the weight 

connecting j th neuron in layer 3, and yi th neuron in the lower subnet in layer 2 

where 3or1,2,=yi . For output layer 4, the symbol is simplified to )4(
1iω .

• ix , 2,1=i : WFN input; 
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• lϕ : node transfer function (activation function) of l th layer; 

• The induced local field (i.e. weighted sum of all synaptic inputs plus bias) of 

neuron j is denoted by l
iv ; it constitutes the signal applied to the activation 

function associated with neuron j .

• l
ju : output signal from the j th neuron in the l th layer; 

• Symbol lm denotes the size in layer l .

In Chapter 4, we have proposed two approaches to implementing the CA defuzzification. 

Here we present the BP-type weights updating algorithm for both of them. Similar to BP 

algorithm for typical multilayer feedforward networks, we derive the weights updating 

rules for output layer and hidden layers separately. 

 

5.3.1 Using ‘Normprod’ for CA Defuzzification 

We revisit the system diagram in Chapter 4 shown in Figure (), and for the convenience 

of derivation, all the parameters within have been standardized to the notations adopted 

above. 

 

1. For output layer weights )4(
1iω
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1
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∂
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∂
∂−=∂

∂−=∆ 5.24 

Individually; 
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Therefore,  
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2. For hidden layer 3 weights )3(
xjiω and )3(

yjiω
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Individually, 

ey
E −=∂

∂ , and 14 =∂
∂
v
y as derived in (5.24) and (5.25); 
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Note: The weight function connecting layer 3 and 4 is set to be the so-called “normprod” 

defined as ∑
∑

k
k

k
kk

p
pω

, where kω ’s are the weights, and kp ’s represent the source inputs. 
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3. Local error signals at output of layer 2 neurons 

To update the pattern recognition subnets, the local error information is needed. Since PR 

subnets are all of feed-forward structure, the local error signal at each neuron, )(i
jδ is 

defined as:  
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E
∂
∂=δ 5.34 

where )(i
jv denotes the induced input signal to the j th neuron in the i th layer. 

In order to derive )(i
jδ for layer 2, we need to obtain )(i

jδ for layer 3 in advance. 
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Based on the previous results, 
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So, the gradient with respect to the output from xi th in layer 2 to j th in layer 3 is: 
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However, from Figure () we know every output neuron in layer 2 has connections with 

two neurons in layer 3, therefore the overall output gradient at these neurons should be: 

∑ ∂
∂=∂

∂
m mii xx u

E
u
E

22 5.38 

Where ∈m neurons in layer 3 that receive input from xi th neuron in layer 2. 

 

Now we are ready to derive the local error signal 2
xiδ :
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Since the net transfer function xx =)(2ϕ .

4. For hidden layer 2 weights 2
ijxω and input weights 1

jiω
We can follow the standard BP algorithm for the weights updating rules for these two 

layers, i. e., for 2
ijxω

222
ijjij xxx uηδω =∆ ; 5.40 

222222 )()()1( ijjijijijij xxxxxx ukkk ηδωωωω +=∆+=+ 5.41 

And for 1
jω ,

111
jjj uηδω =∆ 5.42 

))(( 1
)(

1

22
1

1 ′−=∂
∂−= ∑

=
ϕωδδ xin

k
kjk

j
j v

E 5.43 

111111 )()()1( jjjjjj ukkk ηδωωωω +=∆+=+ 5.44 

 

Note: the for layer 1 weights, subscript i that indicating the source node is all omitted 

because for every PR subnet, the input layer only has one neuron. 

 

We can also derive the weights updating rules for the hybrid networks when the heights 

of output MF’s are combined as the bias inputs to FR layer 3. In this scenario, )3(
xjiω ’s and 

)3(
yjiω ’s are fixed as all 1’s, and local error signals  
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We have already know most of the terms in the chain, the only term new is 3

3
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j
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6. Accordingly, the following changes are made regarding the updating rules for hidden 

layer 2 weights 2
ijxω and input weights 1

jiω
Still, for layer 2: 
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With 3333333 ),,( jjijijjijij bvvbvvu yxyx == ϕ ,
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5.3.2 Using Division for CA Defuzzification 

We only seek to derive the BP algorithm for the scenario where the division operation of 

the CA is done by inserting the denominator of Equation (4.4), ∑
l

l
Yl )sup(µγ as the bias 

input to the output neuron. However, this bias needs not to be updated using the gradient 

method. In fact, there is no error signal backpropagated through the bias path to the lower 

summing joint in layer 4, and further through the all one’s synaptic weights to the 

neurons in layer 3 because they are either fixed (all 1’s weights) or computed in the 

forward training process (the bias input to layer 4) in every epoch.  

 

Most results in Section 5.3.2 are still valid for this approach, and we only need to apply 

the steepest descent method for the weights updating in layer 3, namely 3
1 jw

E
∂
∂ and the 

local error at layer 3, 3
jδ
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We know from Section 5.3.1 that 1−=∂
∂

y
E , and because xx =)(4ϕ , we have 54 uv = , so 
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From the derivation in (5.54) ~  (5.56) 
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To summarize the results in Section (5.31) and (5.32), we see using ‘Normprod’ simply 

achieves more concise network topology (only 4 layers necessary) at the price of rather 

complicated weights and biases updating rules, while ‘division’ approach trades off an 

additional layer for easier BP updating rules. 

 

5.3.3 Simulation Results 

We now demonstrate the simulation results where hybrid networks are being applied. 

1. Mexican Hat 

The figures below demonstrate the reconstructed surface comparing with the original 

training pattern. After 100 epochs of training, the reconstruction fairly resembles the 

original surface with SSE is brought down to 0.18 (shown in Figure 5.11). The slope is 

matched pretty well, nonetheless, there is visible inaccuracy on the top of the hat. Also 

the recovery of low value range of z is a little rough too. These can be attributed to the 
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inadequacy of the original knowledge solicited about the function itself. For the top of the 

hat area where z varies drastically, and the low boundary where values of z are very 

subtle, more linguistic variables and rules are needed to catch the fine details and nature 

of the underlying model. This can also be illustrated by the training record in Figure 5.11 

where the convergence starts off pretty fast but makes little progress as it approaches the 

set goal.  

 

Figure 5.9 Reconstructed Mexican Hat Using Wavelet-Fuzzy Systems 
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Figure 5.10 Original Mexican Hat 
 

Figure 5.11 Learning Curve for Mexican Hat Using Wavelet-Fuzzy Systems 
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Figure 5.12 Learning Curve for Mexican Hat Using Neuro-Fuzzy Networks 
 

For comparison purpose, we list the simulation results from the pervious work of PARCS 

on Neuro-Fuzzy systems. With identical number of linguistic variables for inputs and 

outputs, plus the same number of IF-THEN rules, the hybrid networks presented here 

shows better modeling performance and faster learning that can be readily ascertained.  

 

We now show the updated membership functions of the input and output linguistic 

variables after training. There are some seemingly violations of the properties for the 

updated membership functions, but the trends of change are adequately visible. We can 

see the three MF’s are not significantly different as we previously defined because the 

overlap regions become larger, but MF for ‘small’ shows a faster decreasing orientation 
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as x approaches larger values. This proves again we need finer partition of the boundary 

areas. 

 

Figure 5.13 Reconstructed Membership Functions 
 

PL PM NE PM NE NS NE NS ZE 

Befor
e

0.8420 0.3633 -0.1112 0.3633 -0.1112 -0.1832 -0.1112 -0.1832 0.0212 

After 1.3050 0.5795 -0.2232 0.5795 0.0435 -0.2087 -0.2232 -0.2087 0.0713 

Table 5-1 Comparisons of Centroids before and After Training 
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Figure 5.14 Demo of Centroids Changes 
 
Since we use ‘centroid’ of membership functions of the output linguistic variable in the 

CA defuzzification, the simulation results only show the updated ‘centroid’. Table (5.1) 

reflects the changes. 

 

What we can interpret from the table and the accompanying figure (Figure 5.14) is: there 

is no significant difference in ‘NE’ and ‘NS’; a new linguistic variable, which could be 

named as ‘PS’ or positive small, should be inserted to describe the consequent of rule 5 

that is originally labeled as ‘NE’; and more variables should be added in the high value 

range of z as both ‘PM’ and ‘PL’ have been moved toward right. 
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We can further investigate this simulation by forcing the updated membership functions 

in Fig. 5.13 to strictly comply with theoretical thresholds for membership function, 

namely, 1)(0 ≤≤ xXµ . The following figures demonstrate this impact with the same 

training parameters set in the previous runs of simulation. 
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Figure 5.15 Recovered Surface with Restricted Membership Function Amplitudes 
 

As we can see in Fig 5.14, the surface shows deteriorating recovery than shown in Fig 5.9, 

especially at the peak and the rim regions. This phenomenon is due to the fact that 

rounding up the over-limit values makes the fast changing thus subtle regions have less 

weighted contribution from the updated membership functions. 
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We can also see from Fig. 5.16 that the learning curve is not monotonic decreasing; 

instead an oscillation trend can be visualized. We therefore adjust the training parameters 

to compromise the convergence speed with convergence stability. The results are shown 

in the following figures. 
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Figure 5.18 Learning Curve with Smaller Momentum 
 

The learning curve is much smoother in Fig 5.18, however when the training epochs 

increase, oscillation is still not avoidable but with much smaller magnitude. Also the 

recovered surface exhibited in Fig. 5.19 still shows similar pattern in the peak and rim 



132

regions. Obviously it can be ascertained the learning performance can be further 

improved  when more fuzzy terms and linguistic rules are introduced. 

 

2. Predicting Chaotic Time Series 

This simulation demonstrates that the Wavelet-Fuzzy Systems is capable of predicting 

future values of a chaotic time series. The time series used in our simulation is generated 

used by the chaotic Mackey-Glass differential delay equation defined as: 

)(1.0)(1
)(2.0)( 10 txtx

txtx −−+
−= τ

τ&

The prediction of future values of this time series is a benchmark problem that has been 

used and reported by a number of connectionist researchers. Figure (5.19) shows the first 

1200 samples of this series. 

 

The goal of the task is to use past values of the time series up to time t to predict the 

value at some point in the future Pt + . The standard method is to create a mapping from 

D points of the time series spaced ∆ apart, that is ( ) ( ) ( )],...),1([ txtxDtx ∆−∆−− ,

to a predicted future value ( )Ptx + .
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Figure 5.19 Mackay-Glass Time Series 
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Following typical time series analysis procedure, we preprocess the data to remove the 

non-zero mean, and extract 500 input-output pairs { }dd y,x of the following format: 

( ) ( ) ( ) ( )[ ] ( ){ }6,61218 +=−−−= txytxtxtxtx ddx

where 118=t to 618. The Figure (5.20) exhibits the data patterns 

 

Based on Figure (5.20), we can draw up the initial IF-THEN rules base to describe the 

dynamic relation between dy and dx . See the following table. 

 

X-18 X-12 X-6 X X+6 

1 PL PL NS NM NL 

2 PM PM PS NS NM 

3 NM ZE ZE PS PM 

4 NM NS PS PM PL 

5 PS NS NM NM ZE 

6 ZE PM PL PM ZE 

7 PM PL PL PM NS 

8 PM ZE NS NM NS 

9 PM NS NM NL NS 

10 PS PM PM PS NS 

11 PS PM PS ZE NS 

12 PM PS NS NM NS 

DataRule
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13 PS NM NM NM PS 

14 NM NL NL PS PS 

15 PS PS PM PM PS 

16 NL NM PS PS PS 

17 NM PM PM PL PS 

Table 5-2 Fuzzy Rule Base for M-G Time Series 
 
Note: The abbreviations in the table mean the same as those used in the Mexican Hat 

problem, for example, PL represents ‘Positive Large’ and so on. 
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Figure 5.21 Initial Membership Functions for Past Values 
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Figure (5.21) demonstrates the proposed membership functions for input/output linguistic 

terms. Since input/output data are the samples of the same time series, they can use the 

same set of membership functions.  

 

Following the similar steps as exhibited in the Mexican Hat simulation, we first use 

Orthogonal Least Squares method to train the wavelet subnet for pattern recognition off-

line to simulate the membership functions, and the results are shown in Figure (5.22). 
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After setting up the hybrid networks, a batch size of 500 data points are used to train the 

entire networks using the steepest descent algorithm derived in Section (5.3.2). We then 

use another 500 data extracted from the same series and feed them into the updated 

networks for validation of the prediction accuracy. Figure (5.23) shows the result. 

 
As indicated by the diagram, the networks predict the future pattern very accurately; the 

difference is so trivial that it has to be shown in a much finer scale in Figure (5.24). 
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Chapter 6 Conclusions and Future Work 
 

6.1 Conclusions 

As pointed out in Chapter 1 and quite a few references, there have been a great deal of 

efforts in recent years in the research of synergetic integration of all soft computing 

methodologies, and there is every indication that this trend will continue in the 

foreseeable future. This dissertation is a continuation of the work on modular 

construction of fuzzy control system in PARCS research group to combine the wavelet 

networks as the building blocks. Several important analysis and developments are 

presented regarding the efficacy of this approach and its learning algorithms. 

 

First, a complete justification is given to the approach of modular construction of fuzzy 

logic controller. Beyond the previous analysis on the superiority of this approach to 

keeping the knowledge structure, we now put it into the context of systematic modeling, 

and it is shown that modular construction is the generalization of the functional 

decomposition in a learning paradigm of complex dynamics. Modular construction trades 

off the structure redundancy with learning efficiency. By breaking the entire networks 

into functionally independent subnets focusing on specific task in the fuzzy logic 

controller, the implementation resembles the neurophysiological evidence for parallel and 

serial modularity in human nerve systems, and by incorporating this modular biological 

perspective into design, the networks can be built to some greater extent to mimic human 

thinking and also solve large-scale complex problems that have not been solved by 
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traditional approaches. But modular structure does not necessarily guarantee superiority 

in learning and generalization; in fact the performance may even deteriorate if the 

algorithm does not take fully advantage of the hierarchical structure. Fortunately, 

algorithm is such developed to separate global and local learning: the overall networks 

are built to catch the global features, while the individual modules are dedicated to 

capturing the local characteristics that are often overlooked or incompetent of learning by 

the global learning algorithms like BP. With the original knowledge structure strictly 

being kept within such implementation, which gives a clear interpretation for the 

corresponding operations and outputs, the learning process can also be sped up because 

of the decomposition. It is also worth mentioning that many other Neuro-Fuzzy 

integration approaches offer more succinct network topology by using only one layer for 

pattern recognition, fuzzy inference, and control synthesis, which is acceptable based on 

the universal approximation property of MLP, yet such schemes working like stretching 

to the extreme of the network’s learning ability can only be built and trained as one 

network, and it is readily conceivable that learning process does not get relived because 

of the overall complex structure composed on inseparable layers. Contrarily, modular 

networks use a complete subnet instead of a single layer for pattern recognition, fuzzy 

inference and control synthesis purposes, the trade-off offers an edge in performance 

because now each subnet can be trained individually based on the knowledge structure 

embedded. Obviously locally optimized subnets do not necessarily guarantee global 

optimism in term of MSE for all training patterns if these subnets are just simply 

assembled together following the signal flow; therefore global learning is still needed. 
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Nevertheless, it is predictable that the global training in general, converges faster because 

first of all, the separately-tuned subnets provide a good head-start for the training of the 

weights, or in another word, instead of randomly initiating the weights as adopted by 

other approaches to kick off the training, these weights are already being pre-set by the 

subnets training based on the knowledge obtained about the entire process, intuitively, the 

networks converge to the near-optimal status in the statistical sense; secondly the training 

is also being shortened because in general local optimums do not contradict drastically 

with the global optimum, more than often the global training has already reached the 

near-optimal state after finite steps of training. 

 

Secondly, following the idea of decomposing the global learning task from local tuning, 

this dissertation replaces the traditional MLP with wavelet network to build the subnets. 

The benefits from such substitution can be summarized as follows: first, wavelet 

networks simply the overall structure. It has been proven theoretically MLP with just one 

hidden layer are capable of approximating mapping with arbitrary accuracy, but usually 

two hidden layers are adopted in implementation, to use two-layer MLP for modular 

Neuro-Fuzzy controller is an unavoidable drawback because of the redundancy. With 

wavelet network, the total number of layers in the entire networks can be reduced and 

simpler structure can be achieved without sacrificing the performance; second, wavelet 

networks are of radial type networks, by nature every neuron is more capable of 

capturing inherent locality, this is definitely an applausible factor for subnet training of 
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pattern recognition and fuzzy inference because the membership functions and the 

commonly used T-norms and S-norms noticeably exhibit local features.  

 

Thirdly, the learning algorithm defined in this dissertation is much more brain-like that 

that of classical connectionist learning. The combination of orthogonal least square 

method for wavelet networks and BP algorithm for the overall networks can provide both 

the robustness and reliability of network training. Even though we start with wavelet 

frames in the offline training, the OLS algorithm ends of with the a group orthogonal 

bases, and this will affect the online steepest descent training in a positive way so that the 

learning can be sped up and the better performance can be achieved.  

 

6.2 Future Work 

There are two ways in which the research described in this dissertation could be 

continued: network structure and learning theory (including evaluation tests). These two 

research categories follow the philosophy of this dissertation in analyzing the modeling 

aspects separately from learning rules. 

 

1. Network Structure 

It is a consensus that most supervised networks so far use feedforward structure. This is 

due to the facts that feedforward networks are simpler in topology comparing with 

recurrent types; the supervised learning algorithms, in particular BP, was developed 
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primarily for feedforward network, and even they can be applied to other types of 

networks, the efficiency would be dampened because potentially too many parameters are 

involved and needed to be tuned. More importantly, the networks developed nowadays 

focus on static mapping instead of dynamic mapping. When we move into the field when 

temporal information needs to be learnt, enforcing feedforward structure will neither keep 

simplicity nor provide satisfactory performance. 

 

There is no indication, nonetheless, even with its dominance in the current research of 

neural networks, that feedforward networks are the only choice for function 

approximation and classification. Among the basic structures of neural networks 

introduced in Chapter 2, recurrent networks were proposed, and have been proven 

theoretically to address the dynamic mapping and time-varying approximation. The 

reasons, though, that recurrent networks do not receive the recognition as their 

feedforward counterparts, are because, first of all, due to the layered structure and 

multiple neurons, feedbacks can exist in various places within the networks, and so far 

there are no guiding rules on where the feedback links can be set up, and the impact of 

different connections still needs thorough evaluations; secondly, the learning algorithms 

for recurrent networks are far less from maturity than supervised learning algorithms for 

feedforward networks. Moreover, there are even few attempts till now to apply recurrent 

networks into the design of fuzzy logic controller. Even though the overall FLCS is a 

closed loop and offers feedback, it makes sense to design the fuzzy logic controller to 

possess certain form of feedback if we want it to behave like human brain. The last 
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chapter shows one direction that can be explored to combine recurrent networks with 

fuzzy logic controller, and it deserves further investigation. 

 

Another important topic that requires further research is that of network structure 

initialization and growth. Throughout this dissertation it has been assumed that the 

network structures are fixed especially after the training of the subnets is completed, the 

global learning only modifies the weights without touching on the details of basis 

function. For many practical applications this is enough to yield acceptable results, but 

there exist certain scenarios that new wavelets (or basis functions) are needed in certain 

subnets, which concerns about network growth. Thus algorithms that automatically 

determine the number and positions of the basis functions, the order of the basis functions, 

and the number of relevant inputs would be very desirable.  

 

2. Learning Theory 

Only having architecture for Neuro-Fuzzy controller is not enough to prove its 

advantages unless an efficient learning algorithm is derived. Practically applications 

generally require algorithms that can deal with high dimensional, redundant input spaces. 

As pointed out before, supervised algorithms now dominate the training in both 

feedforward and recurrent networks. Such algorithms are based on rigorous mathematical 

derivation, and have provided the needed accuracy in determining the parameters 

adjustments. However, human brains do not work in such a rigid way for learning and 

remembering. In fact, the learning rule for the human nerve system follows very much 
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like the so-called Hebbian’s rule, i.e., the link between two neurons is strengthened if 

both of them are excited, and weakened otherwise. With building Neuro-Fuzzy controller 

in mind, we should try to explore the possibility of adopting these learning algorithms. 

Obviously both the term “strengthened” and “weakened” are more of a fuzzy sense, and 

should be modeled using membership functions. Such Neuro-Fuzzy systems will not only 

keep the implementation of the fuzzy logic reasoning processing with neuro-subnets, but 

also involve linguistic description of the internal weights using fuzzy sets, therefore they 

can mimic the human neurobiological systems better and serve the purpose of modeling 

and controlling of complex nonlinear systems. 

 

Even within the arena of supervised learning algorithms, future research into learning 

theory can be divided into deriving new training algorithms and proving convergence and 

stability results for the instantaneous adaptive rules. Convergence and stability results 

must be produced if these networks are to be used in adaptive real-world applications, 

and the ability to adapt online is one of the main motivations for the development of this 

class of networks. New theoretical results should be able to explain the different rates of 

convergence of the different networks, and this information could be used to select or 

design the most appropriate structure for a particular application. Similarly, stability 

results may provide important information about the maximum allowable modeling error 

and the size of learning rate, and these bounds can also be incorporated into the network’s 

design process. These stability theories have to be derived for specific control systems. 
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Convergence results can be derived for the learning fuzzy plant model, and closed loop 

stability results can be proven via the small gain theorem and by Lyapunov’s method. 

 

The derivation of new learning rules that take account of the sparse network structure 

should also be a high priority (and formulation of their fuzzy counterparts). The most 

promising directions for this research are to derive learning rules from alternative 

viewpoints, such as stability-based algorithms, or interpreting the weights to be the 

parameters of a feedback control system and designing learning laws that produce certain 

closed-loop behavior. For online, instantaneous learning, research should focus on higher 

order training rules, which use several recent input/output data pairs at each optimization 

step. These minimize the disadvantages in using instantaneous learning rules but retain 

their computational simplicity, which is particularly significant for these Neuro-Fuzzy 

models. 
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