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ABSTRACT 

An analysis of the cause-effect relationship of a free water 

table aquifer that changes laterally to an artesian ay'uifer was made 

for regions bounded internally by a circuLtr cylinder. For a hydrologic 

system with a large pressure-head energy, development of the water 

resource by a single well is not the most practical approach and thus 

the study was extended to solve the problem of a line array of wells. 

The flow characteristic of the hydrologic :;Ytitem was divided into a 

regime of flow near the line array of wells which is titled the conduit 

regime, and a regime of flow distant from the line array, which is 

called the reservoir regime. This cLissification of flow type is based 

on the fact that the storage coefficient is not constant and accordingly 

the hydraulic diffusivity of the aquifer in the conduit region is much 

smaller than that in the reservoir region. Ther efore, the mathem3.tiCdl 

continuity, which was assumed in previous analyses by other authors 

becomes discontinuous because linearity does not prevail throughout 

the flow system. The superposition principle, which is based on line

arity and homogeneity, can not be applied to this non-linear system. 

By subdividing the flow system into the two regimes of conduit 

and reservoir, Carslaw's solution for the circular cylinder may be 

amplified by two integrations to achieve mathematical continuity of the 

xiv 



xv 

whole system. The range that Goldenberg solved analytically for a 

similar problem was extended to meet practical requirements in the 

field of ground-water hydrology. A new approach was developed for 

the solution of the mutual interference problem of an infinite line array 

of wells. The interference is expressed in terms of what is called the 

discharge efficiency factor. The findings were applied to a hydrologic 

analysis of the ground-water resources of the Western Desert, U. A. R. 

(EiSypt) in or der to describe its significance and importance in the 

design of systems for water resources development in extensive 

aquifers. The results aid also in defining the applicability limits of 

the theory of images, which has been used by several authors to solve 

for the interference problem of an infinite line array of wells. 



CHAPTER I 

INTRODUC TION 

Nature of Problem 

The general problem in ground-water hydrology, since the 

advent of modern pumping equipment and well drilling techniques, has 

become one of determining the effect that will result from a given 

water-supply development. The distribution of wells in a region and 

the amount pumped is governed by man I s desire to fulfill hi s water 

needs. The purpose of this study is to seek a solution that defines the 

resultant distribution of hydrologic stress for an infinite line array of 

welts in a region with a transition in hydraulic diffusivity. 

Potential Sinks in Line Array 

An engineering evaluation of an infinite tine array of wells 

was made by Muskat (1946) and Kochina (196l) by considering the 

effects of aquifer storage versus the quite substantial drawdown 

needed to move water toward the well. In their fundamental repre

sentation of the pressure distribution due to an infinite array of wells, 

each well in the array was replaced by a mathematical two-dimensional 

sink of strength proportional to the flux (production capacity) associated 

with the well. All wells were considered identical and were spaced 

1 
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uniformly. The drawdown surface in the vicinity of a pumped well has 

the form of an exponential cone. For wells in a line array, the cones 

of drawdown overlap with each other and develop a virtual line of 

separation between adjacent wells. For the line array there is a large 

drawdown near each well with the development of tributary drainage 

areas between wells that form s a rectangular region, which measures 

twice the well spacing in one dimension and is equal to the well spacing 

in the other dimension. 

If all wells in the line array are pumped simultaneously the 

head changes with time and pumping no longer takes place under a 

constant head. Therefore, the linearity of the methematical model, 

which was as sumed by Muskat (1946) and Koc hina (196.::.), br eaks down 

somewhere in the system. Consequently. the superposition principle, 

which is based on linearity and homogeneity of the basic differ ential 

equations that describe the flow, is no longer applicable to the problem 

of the line array. 

Hydrologic Significance 

The practical significance of the problem of an infinite line 

array is typified by an area which is traversed, at least in one direction, 

by a single array or several parallel arrays of wells which extend for 

large distances compared to the spacing between the wells. Problems 

of this nature in hydrology are typified by the larger water-supply 
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developm ents for municipalities, agric ulture, and industria l use. 

A significant problem of great practical importance is Egypt's 

(U. A. R.) desire to establish an agriculturdl economy in the Vvestern 

Desert region, particularly in the erosional depressions (oases). The 

oases are of great longitudinal extent and water supplies are being 

developed by single or mUltiple arrays of wells. The Nubian sandstone 

in that region represents a conductive medium of vast areal extent. A 

balance in such a hydrologic system should be maintained between 

withdrawal from the areas of development (oases) and supply from the 

outlying areas of reservoir storage. 

Objectives of Present Study 

Evaluation of Extant Solutions 

The physical characteristics of principal concern are the 

transmissibility of the rock (i. e., the a.bility of the Nubian sandstone 

aquifer to function as a conduit) and the storage coefficient (i. e .• the 

capacity of the aquifer to function as a reservoir). The combined effect 

of these two parameters determines the hydraulic diffusivity of the 

regional hydrologic system. The influence of these parameters on the 

response of a hydraulic r egim e was described by Theis (1935), Wenzel 

(1937, 1942), Thiem (1906), Jacob and Lohman (1952). They studied 

the hydraulic regime under the assumption that the aquifer is infinite 

and has a constant transmissibility and storage. The present study is 
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based upon the concept of differentiating the flow regime In the dewatered 

areas (pumping areas) from that in the surrounding areas. 

Extension of Mathematical Models 

The solutions of many linear and two-dimensional diffusion 

problems with circular symmetry have been obtained by operational 

methods. Most of these solutions have been for problems in hydro

dynamics or he<lt conduction. Occasion<lity, solutions to problems in 

the conduction of heat have been extended to ground-water flow by using 

the analogy between the flow of ground water and heat conduction. The 

solutions of such mathematical models involve the use of infinite series 

of normal functions or infinite integrals to represent arbitrary functions. 

A solution as a series of normal functions or as an integral is not 

suitable for computation or for exhibiting the chclracter of the solution 

after the lapse of only a short interval of time because of the diffusivity 

changes. 

Carslaw (1959) applied Green's function to solve a problem in 

the conduction of heat wherein he considered an infinite region bounded 

internally by a circular cylinder with the surface of the cylinder main

tained at a constant temperature H and zero temperature elsewhere at 

the initial time equal to zero. The integral form of the solution was 

found for small values of time by using an asymptatic expansion of the 

elliptical integral K. The solution has the form of a convergent series. 
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S. Goldstein (1932.) introduced a similar solution for the case of infinite 

time, where he used as an approximation the ascending series for the 

elliptical integral K. However, none of the previous mathematical 

solutions represents a continuous solution of the problem. A first 

approximation, using the asymptatic expansion, can be applied to the 

region distant from the well and a second approximate solution can be 

used close to the well. However, the solutions are not continuous 

beyond their limits of evaluation. 

Goldenburg (195(,) approached the solution of equation (4) by 

using a numerical evaluation for the infinite integral and by subdividing 

the infinite range of integration into two finite ranges. Such a solution 

describes the change as one moves from the interior region where 

transmission capacity is the principal control to the exterior region 

where storage release governs the flow system. 

The author in his approach to a solution considered that the 

discontinuity in the mathematical solution would correspond physically 

to a change in diffusivity of the aquifer as, at any given time, we move 

from the region near the wells to the outlying region. The two regions 

are termed the conduit and the reservoir; each has a different flow 

characteristic. The author in his development of Goldenburg's solution 

to cover a wider range for the factor 'A, which is the ratio of the distance 

from the well to the radius of the well ( ,\ = rla), introduced the term, 

damping factor A. This factor, A, relates the combined effect of the 



diffusivity change and the potential change during the transition from 

the conduit to the reservoir regions at a certain time, in order to 

6 

avoid a discontinuity in the linear ity of the mathematical model. These 

findings were used to evaluate the interference factor in the line array 

and to calculate the discharge per well in a line array of wells which 

are pumping simultaneously under constant head. 

P. Werner (1946) established a mathematical mo del to evaluate 

his compression theory, which he applied to Egypt in order to investigate 

Hellstrom's hypothesis (1940) that the lowering of the piezometric level 

at Kharga may be partly due to artesian water discharging into the Nile 

at some prehistoric time. According to Werner's compression theory, 

downcutting of the Nile into the aquifer thousands of years ago played 

an important role for How within the Nubian sandstone. To Werner, it 

seemed probable that when the cut was established a gradual lowering 

of the piezometric level took place, the activity of the flowing springs 

at Kharga began to diminish, and the culture developed by prehistoric 

man in the oasis died. Werner's mathematical model represented the 

artesian ground water system as a horizontal and homogenous aquifer 

of uniform and comparatively small thickness and the surrounding 

areas as a large reservoir; the water was described as flowing from 

the reservoir to the artesian conduit under a constant head. The water 

from the conduit was assumed to be under compression and was not 

obtained by dewatering, as is simulated in this study. Moreover, he 



assumed a sudden increase in head in the reservoir. This meCins 

theoretically that a new state of equilibrium, corresponding to the 

increased water pressure, would be established only after infinite 

time. His solution resembles Carslaw's for a well acting as a cylin

drical sink for a short time of pumping. 

Although Werner tried to establi$h that the hydraulic regime 

in the conduit area differs from that of the surrounding area, he <.liel 

not obtain a continuous mathL:,natical solution and he did not describe 

the flow regimes in the system. 

Relation of Physical Controls 

7 

Considering the value of i:round water for domestic supply and 

irrigation, the most important problem from a practical standpoint is 

the evaluation of cause-effect relations for any given program of 

resource utilization. The compression of the artesian aquifer repre

sents a release of energy from storage when the pressure is decreased 

by overflowing or pumping. A rapid decline of hydraulic head in the 

pumping region is accompanied by a marked change in the storage 

coefficient as the aquifer changes from artesian to water table condi

tions (Figure 2.3, applied on Kharga field data). The movement of the 

ground water in the region of pumping concentration is primarily con

trolled by the transmissibility change with time. The pumped water is 

derived mainly from cross -bed leakage and underflow from outlying 



regions rather than artesian storage near ~he wells. In and near the 

pumping concentrations, where hydraulic resistance is the limiting 

control, the term conduit region is applied. 

8 

The outlying regions are still under artesian storage with water 

movement controlled mainly by compression (storage) rather than by a 

transmissibility change. The change of the storage coefficient in this 

region is influenced by the demand of the conduit region upon it. This 

outlying region is called the reservoir region and is simulated in the 

present study by a reservoir discharging to the conduit areas under 

constant head. The greater the change in the storage coefficient in the 

reservoir area, the more the area will be converted from reservoir to 

conduit. The design of wells and their proper location in the array is 

a problem of balancing man's need and the effect of that need on the 

ground water system, so that a continuous flow from the reservoir 

region to the conduit region can be maintained. This balance is necessar,r 

in order to prevent a large depletion of water in the pumping region. The 

water resource development for the Wesyern Desert of Egypt exemplifies 

a problem of a nature described. 



CHAPTER II 

HYDROLOGIC SYSTEM OF THE 

WESTERN DESER T (EGYPT) 

Geomorphological Features 

Egypt (United Arab Republic) forms the northeastern corner 

of Africa and occupies approximately one-thirtieth of the total area of 

the continent. It is bounded on the north oy the Mediterranean Sea, on 

the south by the Republic of Sudan, on the west by the kingdom of 

Libya, and on the east by Palestine, the Gulf of Agaba, and the Red 

Sea. Its length ranges from 1073 to lOl5 kilometer s in a north-south 

direction and from lll6 to 1180 kilometers in an east-west direction. 

Its total area is approximately one million square kilometers (Figure 1). 

Egypt (U. A. R. ) is situated between latitudes lZo and 32. 0 north 

and lies for the most part in the temperate zone, with less than a quarter 

of its area south of the Tropic of Cancer. The country as a whole forms 

a part of the great desert belt that stretches eastward from the Atlantic 

across north Africa into Arabia, and Like all other lands within this' 

belt it is characterized by a warm and almost rainless climate. The 

air temperature in Egypt frequently exceeds 40 0 C during the summer; 

winter temperatur es occasionally drop to OOC. The average rainfall in 

the country as a whole is one centimeter a year. Along the 

9 



Figure 1. - -Rainfall distribution over the continent of Africa (Oxford 

Vv ortd Atlas). 

Source of the ground water in the Western Desert 
(Hellstrom, 1940). 

I 
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Mediterranean zone where most of the rain occurs, the average yearly 

precipitation is less than 20 cm. and the amount decreases very 

rapidly as one proceeds inland. 

The Nile, a perennial stream which traverses thousands of 

miles of desert to the Mediterranean, divides Egypt into two distinct 

geomorphological regions. Herodotus named the deserts east and west 

of the Nile as the "Arabian Desert" and "the Western Desert" respec-

tively. The region to the east is a dissected plciteau that drains to the 

river, whereas the region to the west consists of a series of uncon-

nected depressions. The table-land between the Kharga Oasis and the 

Nile is a continuation of the Maaza plateau of the Eastern Desert. The 

Wadi Gabgaba (Figure 2) has usurped the function of the Nile by inter

cepting the Wadis draining westwards from the Red Sea hilts. 

Murry (1951) and Butzer (1959) descri))ed the Western Desert 

as a rocky platform of low altitude which has ::;een characterized 

throughout its recent history by arid climatic conditions. The geo

morphological featur es of the land east of the Nile are primarily the 

result of wind action. 

Cotton (1942) described the geomorphological fe<.J.tures of the 

southern part of the Vlestern Desert as a vast surface of erosion (desert 

peneplain) which in many places lies bare or is cover ed by a thin veneer 

of sand. Under the prevailing arid conditions, dissection by ravines or 



Figure l. - -Ground water map of the Western Desert after Hellstrom 
(194(J) and Murray (1952). 
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wadis is restricted to the southern region of this desert near the rela

tively high Oweinat-Gilf el-Kebir plateau. 

According to Said (1962), the Western Desert is an example of 

the pedimentation cycle for a region of relatively small initial relief, 

but with some regional slope. In an early stage of the cycle, there is 

dissection of the upland surface by consequent and insequent ravines. 

He also summarized the pronounced features of the Western Desert as 

follows: 

1. Northeastwardly from Gebel Oweinat (Figure 2) a broad 

tract of high ground extends for more than 200 km. This is the exten

sive sa.ndstone plateau of Gilf El-Kebir. near ly 1000 meters above sea 

level. On either side of this tract and to its north the ground slopes 

gradually to depressions in which the Oases of Abu Mungar. Dakhla, 

and Kharga are situated. Immediately beyond these oases, and form

ing their northern boundary, is a high and much embayed escarpment, 

which is the southern edge of a great plateau of Eocene limestone. 

This plateau rises in places over 500 meters above sea level and forms 

the dominant feature of the desert west of the Nile. In this limestone 

plateau are situated the great depressions containing the oases of 

Farafra and Baharia. To the northwest of Baharia the land gradually 

falls towards Siwa and the Qattara depression, where it descends below 

sea level. 
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2. The Qattara depression is formed by a second important 

escarpment which stretches over 300 km from Siwa to Moghra and 

marks the southern edge of a great plateau of Miocene limestone. The 

plateau is about 200 m in altitude and extends northwestward to the 

Mediterranean. The Qattara depression represents a large cylindrical 

sink wher e ground water is lo st by evaporation. 

3. Another pronounced feature of the Western Desert is its 

arid climate and the complete absence of well-marked drainage lines. 

Over the vast interior of the desert, such scanty rainfall as occurs is 

lost largely thr ough evaporation and partly through drainage over broad 

stony plains into the various internal depressions. 

4. Another feature of the Libyan desert is the nature and 

distribution of its water sources. Along the narrow belt of the 

Mediterranean littoral zone, there are wells and cisterns replenished 

by local rainfall and at the foot of Gebel Oweinat (extreme south) there 

are springs replenished by the occasional rains which fall on the 

mountain mass. The land between these zones is practically rainless. 

The oases of Baharia, El Farafra, Kharga and Dakhla support habita

tion with water supplies from artesian aquifers. As the oases are 

situated in great depressions, the ground-water supplies may rise to 

the surface, whereas the vast intervening areas of high plateaus remain 

waterless. The ground water at Siwa oasis may be derived partly from 

the rainfall over Gabel El-Akdar at the Mediterranean in Libya. 
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5. Another characteristic of the Western Desert is the occur-

rence of parallel belts of sand dunes, of immense length and compara-

tively small breadth, which trend generally in a south-southeasterly 

direction. The principal belt is the Abu Moharik dune which extends 

from west of Baharia oasis to the north end of Kharga and beyond it 

continues with minor breaks in the same general direction. 

Surficial Geology 

The depressions of Dakhla and Kharga are found at the cuesta 

formed along the boundary between the Nubian sandstone in the south 

and the Cretaceous shales and Paleocene chalk in the north. The 

Farafra and Baharia depr es sions ar e situated along the Cretaceous-

lower Tertiary boundary whereas the Siwa and Qattara depressions are 

located at the Eocene-Miocene boundary. 

Practically all of these depressions are marked by a northern 

escarpment and a gentle upslope to the south where the floor reaches 

the general desert level. The escarpment maker in the northern cliffs 

, 
is hard limestone which caps the underlying fine-grained, slope form-

ing shales (Figure 3). 

Structural Controls 

Said (1961a) outlines generally the shelf area of Egypt, which 

smrounds the Arabo-Nubian massif (Figure 2 ) by three units: the stable 

shelf, the Gulf of Suez taphroglosyncline, and the unstable shelf. 



Figure 3. --Geological map of Western Desert after Rusha.h Said 
(redrawn from the Atlas of Egypt with minor modifications). 
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The Arabo -Nubian massif is a stable tectonic unit of continental 

size whic h has been, at various times, the site of active erosion and of 

platform and basin deposition. The stable shelf area is occupied by the 

consolidated pre-Cretaceous sediments. 

Although it is situated within the stable belt of Egypt, the Gulf 

of Suez region unlike the stable shelf, has constituted a zone of sub

sidence and has been the site of great accumulation of sediments. 

According to Hension and others (1951), the Arabo-Nubian 

massif is a belt with poorly-defined boundaries that is characterized 

by thin continental and epicontinental sediments. This includes the 

widely-distributed Nubian sandstone, which is capped in non-basinal 

areas by shallow marine sediments of the major late Cretaceous-Lower 

Tertiary transgression. 

According to Said, the thickness of the sedimentary column 

next to the Arabo-Nubian is in the range of 350-400 m; it increases 

away from the Arabo-Nubian until it reaches 1100 m (as in Kharga) 

and 2500 m at the stable-unstable sh~lf contd.ct (as in Baharia in the 

Western Desert). The sedimentary column, which rests over the 

rigid foundation beneath, is composed of sands in the thicker basal 

part and of shales, marls and limestone in the upper part. According 

to Said, recent studies corroborate the theory that the Nile Valley is 

excavated in a major fault zone. 



Figure 4. - -Structure geology of El- Dakhla oasis after Morris Hermina (1960). relation between 
geomorphology and structure. 
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The author (1964) constructed a fence diagram for the Kharga 

oasis. It shows eight zones that represent successive periods of sedi-

mentation separated by shale breaks and extended from north to south 

El-Kharga oasis. 

The zones are composed of sandstones interbedded with shales 

with facies changing laterally. The sandstone and shale members are 

mostly lenticular shape. The eight periods of deposition of the Nubian 

sandstone ar e believed to be mostly under epicontinental shelf deposition. 

The structure in Et'-Kharga and El-Dakhla is higher on the 

western side than the eastern side, the anticlines and synclines plunge 

toward the northeast in El-Kharga and El-Dakhla. The author believes 

that the tension of the major fault north-south in El-Kharga preceded 

the major tension east-west fault in El- Dakhla. 

Hermina (1960) developed a structure contour m~p for Dakhla 

oasis. The map indicates that there is a relationship between the geo-

morphology and the structure of Dakhla oasis that can be summarized 

as follows:(Figure 4): 

a. A Cretaceous shore line was extended to the nearby 
limits of the escarpm ent of El - Dakhla and Khar ga oasis. 

b. Tectonic movements took place afterwards forming a 
series of anticlines and synclines. 

c. Major faults north-west in Dakhla and north-south in 
El-Kharga took place afterwards. 





The differential rates of erosion of the out cropping layers 

that had formed the series of anticlines and synclines accentuated the 

folded structure to develop its existing form. 

20 

The direction of the plunging series of anticlines and synclines, 

both in Kharga and Dakhla, influence the general c1irection of the under 

ground water movement, as shown by the ground water contour maps 

drawn by Ball (1927), Sandior d (1940) and Murray (1952). Consequently, 

the movement of the ground water in the Western Desert is generally 

governed by both the inclination of the piezometric head and the 

geological structure of the area. 

Nubian Sandstone Aquifer System 

The marine transgression that overlapped the greater part of 

Egypt had its inception at the beginning of the Cenomanian. Strata of 

this and the succeeding ages up to the end of the Eocene are distributed 

widely and are formed primarily of calcareous sediments with minor 

clastic intercalations. 

The basal beds of this transgression are represented by a 

thick series of varicolored, well sorted, quartzose sandstone that 

weather into a brown color. These sandstones 3.re especially well 

developed in Nubia, the type locale. The Nubian sandstone is con

sidered to form the principal aquifer in the Western Desert and is 

formed characteristically of c lean sand. The sandstone ranges from 

Cambrian through Cretaceous in age. 



E. D. McKee (1962.), in his analysis of the structure of the 

Nubian sandstone in Africa and Middle East, suggested that in the 

typical Nubian sandstone of Cretaceous age aeolian deposits are not 

represented and normal marine types are probably also lacking; flood 

plain, pond or lagoon, and other continental and marginal environments 

are indicated. He dates the Nubian sandstone of the area between 

Khar ga and Dakhla oases as late Cretaceous on the basis of fos sit 

plants. The Nubian sandstone at El-Khar ga contains little conglomerate. 

Hermina (1961) estimated the sandstone-mudstone ratio at El

Kharga as 70:30. The Nubian sandstone extends from Dakhla and 

Khar ga oases southwards to Oweinat oasis and further to Sudan. Said 

(1962) pointed out that the thickness of the sandstone exposed between 

Gebel Oweinat and Dakhla oasis exceeds 500 meters. Volcanics in the 

form of lavas and tuffs are interbedded at the base of the Nubian sand

stone in southern Egypt. These, together with a group of soda-rich 

alkaline intrusions cutting igneous and metamorphic rocks of the base

ment complex represent a period of volcanic activity during the upper 

Cretaceous. 

According to McKee (1962), most of the individual cross strata 

of the Nubian sandstone dip between 2.0 and 30 degrees, but approxi

mately 18 percent have a lesser dip. Considerable evidence indicates 

a fluviatile and flood plain origin for the Nubian sandstone at El-Kharga 



and Dakhla (McKee 1962.), which indicates the presence of a standing 

body of water, such as a lagoon or pond. 

Review of the Paleo-Climate of the Sahara Belt And 
Its Relation to Ground Water in the Western Desert 

2.2 

According to Gregory-W (1930), prior to Devonian times, the 

absence of a turf like (grasses, etc.) vegetation which did not develop 

until Cenozoic times, must have had a marked bearing on aeolian 

erosion and on the for mation of tracts of sand and loose earth. It 

would be speculative to relate the old sandstone and similar formations 

to desert conditions, as the evolution of the Sahara flora had not reached 

its advanced stage until mid-Tertiary. 

Huzayyin in 1941 implied that conditions under which Nubian 

sandstone must have been formed were present during various intervals 

of upper Paleozoic and the Lower Mesozoic. According to Huzayyin, the 

Paleo-climate of the Sahara belt is summarized as follows: 

Carboniferous: During Lower Carboniferous times the north 

part of the Saharo-Arabian belt was under the sea. During the Upper 

Carboniferous, the land to the north of the Tethys Sea was covered with 

thick forest, and the southern part of the African continent was under 

heavy glaciation. The areaS between were arid or semi arid. 

Permian: During this period, little change took place in the 

distribution of land and sea. The climatic conditions probably remained 

the same as for the Carboniferous. 
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Mesozoic and Cretaceous: The Tethys Sea had covered a 

lar ge part of the north Libyan desert, and there was little change in the 

climate from preceding eras. During the Mesozoic era sandstone, salt 

and gypsum characterized the formations in northeast Africa. 

Tertiary: Desert conditions became slightly modified although 

gypsum continued to form during the Lower Tertiary. The climate 

evidently was of tropical monsoonal character which implies heavy 

rains and hot climate. 

Eocene: Huzayyin agreed with Koppen and Wegener (1924) 

in that the flora of Egypt became richer and more varied indicating 

increased temperature and rainfall. 

Miocene: The gypsum and salt deposits and relatively poor 

fossil vegetational life in the Miocene deposits indicate the reappear

,tnee of arid conditions over northeast Africa and north Nubia. In 

Middle and Upper Pliocene and early Quaternary times, there was a 

renewal of better conditions. The difference between the east and the 

west parts of the Saharan belt in Tertiary times, according to 

Huzayyin, may be partly the result of their respective positions in 

relation to the oceans and seas. The eastern part had an increase in 

pr ecipitation but ther e was little appr eciable effect upon the northwest 

part of the continent. During Upper Tertiary, the central Tethys Sea 

area was lifted above sea level and the relative desication of northeast 

Africa followed. 



Pre-Quaternary Oscillations of 
Climate in Saharo-Arabian Area 

Koppen and Wegener (l924) believed that ther e was fir st a 

general shift of the continent of Africa across the equator from south 

to north, and then a slight recession in the opposite north to south 

direction. Their hypothesis points out that the shift of the continent 

is demonstrated by the climatic record. 

C. P. Brooks (1932.) stresses the effect of the Tethys Sea on 

the climate of the surrounding lands. This effect was marked during 

2.4 

Lower Tertiary times when the Tethys Sea reached its maximum exten-

sion, and had warmer waters. It had transgressed southward during 

Cretaceous times as indicated by salt located in the northern stretches 

of the Nubian sandstone. The amount of precipitation over the north 

portion of the present arid belt of Africa (Saharan), would have been 

an effect of the southeast trade winds; the continent had migrated acros s 

the equatorial area. The same wind is at present of importance for the 

rainfall of Erythrea and Nubia. However, the location of the Saharo-

Arabian belt in the climatic system of late Tertiary and Quaternary 

times is of special significance. Climatic conditions prevailing over 

this region in ear lier geological times wer e lar gel y governed by the 

land and sea distribution to the north, northeast and southeast. 

Walter (1924) believed that the east side of the Sahara received 

less rainfall than other parts of the central Sahara during the Quaternary. 
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Huzzain confirmed from his study of the extinct as well as the extant 

fauna and flora of the Sahara that there was no doubt that at least during 

one or more phases of the Quaternary this arid belt received a more 

abundant supply of rainfall. 

The Paleo-C limate of the Nile Valley 
and Its Relation with the Western Desert 

Huzayyin (1941) summarized the physiographic events of the 

lower Nile in chronological time order and supported his chronology by 

a general curve of diluvial climates in northeast Africa. He divides 

the recent history of the lower Nile valley into two main physiographic 

cycles. 

Miocene (or perhaps in late Oligocene). The tableland of 

Eocene deposits was raised to an unknown height with the result that 

an Oligocene river carved a long gor ge through which flows the pr esent 

Nile river. 

Pliocene times (perhaps Lower Pliocene). The sea level was 

raised and the land subsided; thus the valley became a long arm of the 

Mediterranean. During the Upper Pliocene, the sea retreated and the 

present regime of drainage was gradually established. The Pliocene 

marine sediments of this gulf are at present as high as 180 meters above 

sea level. In Nubia a series of terraces has been cut into Pliocene , 

marine sediments at the approximate heights of 1 DO, 60, 45, 3D, 17, 

10 and 3 meters above the present valley level. After the formation of 



z6 

these terraces, the Nile deepened its lowermost course which was later 

filled with more recent sediments. Abyssinian sediments were not 

deposited in lower and middle Egypt until a recent phase of aggradation 

which corresponds roughly, according to Huzayyin, to Post-Paleolithic 

culture stages. The Abyssinian sediments have largely covered the 

lower terraces; at Wadi Halfa they reach as high as 30 meters above 

the present level of the river. At the present time the river is still 

degrading its cour se in Nubia, and it is aggrading in lower Egypt. 

After the degradation in Nubia during the Upper and final 

Paleolithic, the river aggraded its valley in the lower and mid-Egypt 

areas to a level of 15 meters, degraded it to an unknown level, and 

then aggraded it a second time in late prehistoric times. 

Thompson and Gardner (1929, 1932) compiled a rainfall curve 

on the Kharga scarp based on terrace formations and on the plateau and 

wadi-tufas; they give no time scale. It is noted that there are two 

pluvials with one clear interpluvial. The second pluvial has two sub

maxima. They studied the relation between the lake levels of the 

Fayyoum and the Nile river stages. They believed that the lake levels 

wer e controlled by the Nile except during the later stages of the proto

Neolithic and the Neolithic lake. Gardner agreed with Beadnell in 

attributing the time of the excavation of the depression to Pre-Pleistocene 

times. 
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Huzayyin (1941) has attempted a reconstruction of a general 

curve of rainfall for northeast Africa (Egypt) during Diluvial and Recent 

times, and the culture-phases in the lower Nile Valley. The dating of 

these phases is based on a previous study by the author based on the 

cyclic correlation between the records of the Nile and the sun spot 

cycles. 

Phase I (equivalent to Pre-Mindel). The sea level was high 

and then gradually was lowered towards the close of the phase. During 

this phase precipitation gradually increased. 

Phase II (equivalent to maximum Mindel). This phase is con

sidered as a destruction phase, during which the river - bed was deepened 

and the face of the 50 meter terrace was cut. There was a high rainfall, 

and the sea level was low. 

Phase 1II (equivalent to retreat of Mindel-Riss about 430, 000 

B. C.). The sea level was raised, remained stationary for some time 

at this high level, then was gradually lowered. Rainfall on the whole 

was abundant, and the river deposited the 30 meter terrace. 

Phase IV (equivalent to maximum of Riss - -about 2.2.6, 000 B. C. ). 

This phase had a high rainfall, but a low sea level. It is considered as 

a destruction phase during which the river - bed was deepened and the 

river cut the face of the 30 meter terrace. 

Phase V (retreat of the Riss about 18),000 B. C.). The rain

fall gradually decreased and the sea-level was gradually raised. The 
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Nile deposited the 17-15 meter terrace. Outside the Nile valley, 

ordinary torrential and subaerial erosion occurred in the Fayyoum and 

Kharga regions. 

Phase VI (Riss-Wurm--about 143,000 B. C.). The sea level 

was high and the climate was dry in northeast Africa. The Nile river 

was narrowing and deepening its bed, and cutting the face of the 17-15 

meter terrace. During this phase, desert erosion was dominant in the 

western depressions. 

Phase VII (advanc e of Wurm - -about 112, 000 B. C.). The sea 

level was slowly lowered, rainfall was gradually increasing, and the 

river was building up the 10-8 meter terrace. 

Phase VIII. Thi s phase is divided into thr ee sub-phases: 

A. Maximum of Wurm I and II (about 67, 000 B. C.). The 

rainfall was high and there was a low sea level. The river - bed was 

deepening and cutting the face of the 10-8 meter terrace. 

B. Retreat of Wurm II, advance of Buhl (about 18, 000 B. C. ). 

The rainfall was somewhat reduced, and the sea-level slightly higher. 

Deposits were made on up the 3 meter terrace. 

C. Maximum of Buhl (about 10, 000 B. C.). The rainfall was 

increased and there was a fall in sea-level to approximately 15 meters 

above the pr esent all uvium. Per haps because of a decrease in rainfall 

in Abyssinia causing a reduction in the Nile river runoff, the muddy 

water s of the river did not reach the high outer bor der s of its flood 
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plain. The lowering process, as evidenced by archaeological data, did 

not reach the point of equilibrium until the so-called Mid-Pre-Dynastic 

age. 

Phase IX (end of the late-Glacial), This stage is divided into 

two sub-stages: 

A. The late-Glacial period. At this substage the sea level 

continued to gradually rise as large quantities of water still held in 

remnants of ice-caps was released. Rainfall diminished in the Sahara 

area. 

B. Transition substage, leading to the post-Glacial phase. 

Increased melting of ice-caps caused the sea level to rise. Rainfall 

in the Sahara diminished. Rising level of the sea and the increase in 

sediments from Abyssinia being deposited in lower Egypt appear to 

have gradually counteracted the effect of the degradation process in the 

lowermost cour se of the Nile. 

Phase X (climate optimum of North Europe - -about 5600 - 250 0 

B. C.). The climate was warm, and the sea-level was raised because 

of continued melting of residual ice-cap. Rainfall increased in the mid 

and lower latitudes (sub -Equatorial and Equatorial) of Africa. The 

lower Nile was aggrading and then was continued degradation in Nubia. 

After 2500 B. C., widespread desert conditions gradually set in. 

Phase XI (present phase). There has been a slight fall in sea 

level and a gradual decrease in rainfall during this phase. More 



Abyssinian sediments are reaching mid- and lower Egypt rather than 

being deposited on the Sudan plain or in Nubia. Accor ding to Batt 

(1939), aggradation in the lowermost course of the Nile has been 

caused by a sinking of Delta area. K. W. Butzer (l959a), in his 
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recent report, offered the resume of the pre-Neolithic sequence in 

Egypt as follows: 

5000 B. C. Nile and Wadis 

Helwan Culture No wadi activity 
renewed aggradation 

Epi-Levallois II No wadi activity 
Nile downcutting 

Epi - Levallois II wadi activity 
Nile aggrading 

Climate Vegetation 

dry warmer desert 

dry cool desert 

damper, cooler dry-steppe 
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Epi-Levallois I 
Upper Levallois 

fir st silt aggradation 
by flood 

dry semi-desert 

Howell and Bourliere (1963) acknowledged that between 2480 

B. C. and 200 B. C. the rainfall gradually decreased to its present 

level. Their work followed that of Butzer in believing that the end of 

the subpluvial is at the beginning of the sixth Dynasty. They described 

the climate of the Libyan Desert during late Tertiary and Pleistocene 

as follows: 

16, 000 B. C. to 5000 E. C. 

5000 B. C. to 2350 B. C. 

dry, with intense aeolian 
deposition 

humid interval (Neolithic sub
pluvial) with consolidation of 
mar ginal dunes and gr eat advance 
of alluvium 



2350 B. C. to 500 B. C. dry, with intense aeolian deposi
tions, ancient dunes in middle 
Egypt 
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500 B. C. to 300 B. C. silty sedimentation accured by 
stronger inundations with extended 
recovery of marginal dunes by sub
stantial covering of Nile silt; local 
climate was dry 

300 B. C. to A. D. 800 generally deeper floods, more 
intense; aeolian deposition, lower 
recent dunes I, locally dry 

A. D. 800 to A. D. 1200 heavy floods and more increase in 
precipitation locally 

A. D. 1200 to A. D. 1450 dry; Lower recent dunes II 

The Use of Carbon Isotopes in 
Ground Water Studies 

Part of the general water studies in north Mrica are con-

cerned with the "dating" of ground water, and the understanding of its 

movement through aquifers. 

Carbon-14, with a halflife of 5700 years, appears to offer 

promising possibilities in dating ground water. The C -14 isotope is 

present in ground water in the form of dissolved bicarbonate and, 

subject to certain conditions, could be used to determine residence 

times ranging up to 40,000 years. 

Vogel and Ehhalt (1961) collected samples from artesian wells 

in oases and the Libyan desert. Their studies of this water yielded a 

ratio of the stable isotopes C -13/ C -12 approximately 1/90, which 
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indicates that the samples taken represent a normal case. According 

to this study, the desert water appears to give a C-14 age between 

20,000 and 30. 000 years with a slight tendency of increasing age with 

decreasing distance from the Mediterranean Coast. These ages would 

be compatible with the conception that the water was accumulated during 

last pluvial. 

Eric Higgs (1961) reviewed the results of dating by the C-14 in 

the Mediterranean region. He concluded that between 3~. 000 to 10, 000 

B. Po the climate was colder and more humid. 

Studies on the plioclimatology of the Western Desert and the 

River Nile areas indicate that there have been times in the past when 

enough rainfall took place in the oases areas to suggest the idea of 

rechar ge during these pluvial tim es. 

R. Fairbridge (1962) used the radiocarbon to date the Nile 

sediments. He used the fresh water shells found in different sediment 

horizons as materials for dating. According to him, the oldest silts in 

the va Lley floor go back to 25, 000 or 30, 000 B. P. The pictur e of the 

climate he derived at the time (11.000-7000 B. E) in Egypt suggests a 

considerable incidence of rainfall. 

Other radiocarbon dates collected by Myers from 20 km south 

Wadi Halfa, show that the present level of the Nile was reached about 

5000 B. P. 



History of Ground Water Development 
in the Oases 
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Caton-Thompson (1952) stated that the fossil springs found at 

the Kharga oasis were active in prehistoric time and used by man for 

agriculture. 

According to Hellstrom (1940), who collected data concerning 

these springs, they ceased to flow about 5000 years B. C. No conclusive 

theory has been put forward on the cause of this decline. Caton-

Thompson and Gar dner (1940) as sum e that it must have resulted from 

a change in the precipitation in the aquifer intake area. Ball (1927) 

gives an alternative explanation when he points out that the Nile at 

Dakka, south of Aswan, eroded its channel down to the water conveying 

sandstone. Hellstrom (1940) assumes that the lowering of the piezo-

metric level at Kharga may at least partly be due to the artesian water 

beginning to discharge into the Nile during some prehistoric time. 

Werner (1946), from his mathematical analysis of the effect 

of the Nile cutting to the Nubian sandstone thousands of year sago, 

indicated that a gradual lowering of the piezometric level took place, 

the activity of the Howing springs at Kharga diminished, and the culture 

developed by prehistoric man in the oasis area died. 

The Egyptian General of Desert Development in 1958 began a 

wide reclamation program to evaluate properly the use of the ground 

water in the Western Desert depressions. Several flowing wells were 
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dug at El-Kharga and El-Dakhla which proved to be artesian with an 

initial high capacity. The yield of wells rapidly declined, and after 

three years several of these stopped flowing. It is difficult to estimate 

the safe yield of a well district without taking into account the storage 

due to compres sion from the surrounding areas because the discharge 

of a large group of wells may be many times greater than the ground 

water system. The author has developed a mathematical model 

which provides a rational approach to answering these questions. 



CHAPTER III 

CLASSIFICATION OF THE 11:Y DRAULIC REGIMES 

Earlier C las sification 

The problem of groulld-w~ter motion is principally tne defini

tion of the llatur e of the flow at ever y poi Itt in the interior of an aquifer 

with given geometry. A variation of this fJroblem reyuires the anticipa

tion of change::; ill the flow system whichNilt result from certai:l 

specified alterations imposed ufJon the given geornetry and state of Huw. 

The development of water sUfJljlies from wells WdS pL.iced on a 

rational basis by Darcy (1856) who found tllat tile rate of flow is propor-

tional to the hydraulic gradient. He also noted, sigllificalltly, that the 

velocity through porous media should be so small that forces due to 

inertia became negligible. In demollstratillg experimenLllly Darcy'S 

law, it is assumed that the flow should maitltain kinematic similarity for 

different values of discharge. 

Darcy's law when combined with the equcltion of continuity 

(Rouse, 1950) yields the basiclifierellti:J.l e'-J.uati'Jns thd.t describe 

states of ground water flow. Solutions to these differential equations 

may be found that satisfy the boundary conditions of a particular 

problem. Certain generalizations may be made in regard to the 

boundary conditions so as to provide rather specific equations, which 
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can be used with convenience to obtain a solution to a field problem. 

Among these generalizations are the assumptions of constant head or 

discharge at some point or line, homogeneity of the aquifer, simple 

geometric for m or shape of the alluifer, and complete penetration of 

the well. Certainly for many field problems these conditions are 

fulfilled to a sufficient degree that the available formulas can be used 

to obtain reliable approximations of the values of T or S. HLJwever, 

the ground-water hydrologist frequently encounters problems for which 

the complicated boundary conditions can not be expressed by simple 

mathematical relations. In these cases special mathematical models 

must be designed to describe the nature of the flow system. 

Muskat (1946) developed a method for determining the draw-

downs due to a well discharging under equilibrium conditions in an 

aquifer that has a finite line-source boundary. He used the image 

theory, originally developed for electromagnetic problems, as a tool 

for his mathematical model. His solution indicates that the problem 

is analogous to finding the drawdown under conditions of steady-state 

flow for a well discharging water from an aquifer bounded by a finite 

line source. The potential distribution around the line array of wells 

is a circular and hyperbolic function of a complex variable. The flow 

line at mid-distance between wells can be considered to be an 

impermeable boundary from an analytic viewpoint. This means that 

for any pumping well in the array, the other wells along the same line 
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act as if they were images for it. Accepting this analysis means that 

all the image wells will pump under the same potential and time of 

pumping as the pumping well; this assumption does not always hold 

true. The mutual interference of the wells will cause each well to 

pump under a different potentLl1 than adjacent wells. In Muskat's 

idealization of the problem he assumed that the image wells function 

with the same diffusivity no matter where they are located with respect 

to the actual pumping well. This is not true, since the regime of flow 

around the line array differs from the flow regime in the surrounding 

region. 

Muskat's model assumes a linear and homogeneous potential 

distribution for the drawdown curves between the wells in the array; 

i. e., each pumping well is affected only by the interference of the 

adjacent wells and interference from other wells in the array is 

neglected. 

W. Werner (1946) studied the effect of the compressibility of 

the water and the volume elasticity of the water -conveying medium 

(aquifer) in great artesian aquifers of the earth. To make the problem 

amenable to mathematical treatment, he considered]. simple demonstra

tion representing an artesian ground-water stream in a horizontal and 

homogeneous aquifer of unifor m and comparatively small thicknes s. 

The artesian aquifer is assumed in his model to be recharged from a 

thick surrounding aquifer in the form of a reservoir. So, simply, the 
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model appears as a conduit recharged from a reservoir, and both are 

under artesian conditions. 

In simulating such a model, Werner tried to distinguish 

between the flow r egi me in the conduit and that in the reservoir. His 

basis for such a classification is the difference in aquifer thickness 

between the conduit and the reservoir; that is, the flow of water in both 

the conduit and reservoir is artesian, with a difference occurring only 

for the transmissibility factors. He assumed that the conduit will keep 

dischar ging indefinitely under an artesian storage coefficient. The flow 

of water in the conduit in this model is governed largely by compress

ibility rather than by leakage from above. The model was applied to a 

particular problem in Egypt in order to stLldy the effect of the Aswan 

High Dam on the Nile. The case was studied as if the head-water 

level was suddenly increased in the reservoir to determine the response 

of the piezometric ground-water level in certain parts of the Libyan 

Desert (oases). His calculations for the problem of Egypt were based 

on the assumption that the coefficient of permeability in Darcy's formula 

is 4 x 10-2. em/sec. This is after B. Hellstrom (1940), who estimated 

thiti coefficient for the Nubian sandstone, and who showed that the 

laboratory tests on solid specimen without fissures is 7.7 x 10- 3 

cm/ sec, while the estimated valLle for this coeffici ent for the Dakhla 

oasis is found by him to be l.4 x 10- 3 to 2.4 x 10-2. em/sec. By using 

this figure Werner obtained a result that, for a point halfw;ty between 
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the intake and the outlet of the ground-water stream, the increase in 

head due to the raised head-water level is within 50 percent of its full 

value after 15 years and is essentially at full value after 75 years. In 

Werneris model, it is seen that the time varies inversely with the 

permeability factor. By repeating the calculation for the permeability 

factor of 4 x 10- 3 em/sec the raised head-water level is 50 percent of 

its value at a point halfway between the intake and the outlet after 150 

years, and reaches its full value after 750 years. The author repeated 

the calculation for a permeability factor of 4 x 10- 5 em/sec and found 

the effect of raising the head is negligible within the first 200 years at 

the oasis. Werner's method was used to study the effect of applying 

an instantaneous pulse on the compressibility of the aquifer. ~uch a 

model can not be used to describe the balance in the hydraulic system 

between the dewatering oases and the surrounding areas (Figure 5). 

The author (Figure 6; 1963) used the drain formula derived by 

Theis (1941) for constant discharge to describe the regional conditions. 

In order to tie the local and regional in one equation, the author 

assumed that the amount of water discharging from the drain per width 

between wells in the array is equal to the amount discharging from a 

well. Moreover it is assumed that the drawdown at the drain plus the 

drawdown at the well ha s a fixed val ue equal to the original head H. 

With 'such idealization of the problem, the author (1963) developed an 



a. 

Figure 5. 

Pressure time effect due to sudden increase in head water level in 
artesian aquifer with length 1000 km and K factor = 2.. 05 x 106 
cm Z / sec (Werner, 1946). 

b. Pressure time effect for same aquifer with K factor = 2040 cmZ/sec 
(author, 1965). 
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Figure 6. - - Previous model done by author (1963). 
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equation which describes the regional setting with respect to the local 

conditions. 
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Theis (1935) described that the flow near by the well after a 

short time of pumping behaves as a conduit regime, Such classification 

is based on the fact that the change in the drop in head with respect to 

the time is much higher near the well than that away from the well. 

The discharge of the well is mainly from the dewatering area surround

ing the well. After a long time of pumping, the rate of change of the 

drawdown with respect to time is nearly the same near the welt and 

away from it. The flow regime is assumed to be the same over all the 

region. 

Distinguishing Features of Flow System 

Although som e of the pr evious m odets tried to c las sify the 

difference between the flow regime near the well and away from it, 

none of these models properly described the system. The previous 

approach by the author (1963), in which he classified the flow into 

local and regional, is restudied here under another classification. The 

flow regime in the array is called the conduit regime and the flow in the 

area surrounding the array is called the reservoir regime. The basis 

for such classification in the artesian aquifers is a difference in the 

storage coefficient, At the pumping areas, the storage coefficient is 

changing rapidly to the water table condition, rendering the flow to be 
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mainly dewatering: meanwhile the surrounding regions are still under 

artesian condition and the flow is primarily governed by the compress

ibility of the aquifer. 

The Conduit Regime 

If the welts in line array are initially flowing, then there is no 

demarcation between the flow regime in the conduit and the reservoir. 

The storage coefficient is presumed to be artesian in both regions. By 

the time when the flowing wells start to pump, the hydraulic conditions 

in the region near the well in the array (conduit) start to establish a 

different regime characteristic from that in the region surrounding the 

array (reservoir). Ultimately the only source of recharge to the de

watering areas (conduit) is that which comes from the reservoir region. 

The compression of the artesian aquifer represents a release of energy 

from storage as the pressure is decreased by overflowing or pumping. 

The rapid decline of hydraulic head in the conduit is associated with a 

rapid change in the storage coefficient, consequently the conduit region 

changes rapidly from artesian to water table conditions. The presence 

of a large confining thickness will decrease the leakage from above and 

the cone of depression will extend largely to the surrounding region. 

In the usual cases, where such a large confining layer is not present, 

the movement of water in the conduit is primarily controlled by the 

change in the transmissibility with time. The pumped water is mainly 

from leakage rather than storage. 
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This renders invalid Dupuit's and Theis' assumption of neglect

ing the vertical component of the flow in the conduit region. 

The Reservoir Regime 

The reservoir regions are areas presently in natural eyuilib

rium with the conduit regions and are not disturbed directly by man's 

development; however, the equilibrium wi II be affected in ti me by 

development in the conduit regions. The flow regime is governed 

primarily by the change in the compressibility of the aquifer rather 

than a change in the transmissibility. The greater the change in the 

storage coefficient within the reservoir region, the more the areas 

will be converted from reservoir to conduit; that is, the greater will 

be the extent of the conduit region. If this occurs, it will extend the 

reservoir region to more distant boundaries, and still greater deple

tion will occur in the conduit region. The hydro logic parameter s of the 

aquifer (transmissibility and storage coefficient), which have a mappable 

relationship in the ar ea, ar e the physical factor s that control the water 

supply. The difference in transmissibility between the conduit and 

reservoir has a minor effect on the discontinuity of the previous 

mathematical models in contrast to the ultimate difference in the 

storage coefficient in the two regions. In some cases the diffusivity 

in the reservoir may be 10, 000 times that in the conduit, if the storage 

is completely water table in the conduit and artesian in the reservoir. 



Distribution of the Ground- Water Differential 
Equations in the Western Desert (U. A. R;-)-
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The basic differential equation that usually describes the flow 

system as Laplace, Poisson and the diffusion equation or the combina-

tion of any of these equations are located on the Western Desert ground-

water contour map (Figure 2). The map describes the recharging, 

discharging regions and the regions where the flow is considered 

undisturbed (i. e., the inflow equals the outflow). 



CHAPTER IV 

DEVELOPMENT OF A MA THEMA TICAL MODEL 

Laplace Transformation Problem on the Cylinder 

The solution for the potential distribution in a region that is 

bounded internally by the circular cylinder (r = a), with the surface of 

the cylinder maintained at constant temperature H, was given by 

Carslaw in the form of equation (4). If any point inside an aquifer has 

a potential h which is a function of the space coordinates, say x, y, z 

and the time t, then we can write: 

{ } - joc:.pt L h(x, y, z, t) = h = 0 e h (x, y, z, t) dt ( 1 ) 

where p is a number whose real part is positive and large enough to 

make the integral (1) convergent. The integral is called the Laplace 

transform of the function h, which is now a function of p and the space 

variable (x, y, z). Tables of Laplace transformations and theorems 

for their use in the solution of different heat problems were described 

by Car slaw (1952). The most important theorem for the solution of 

equation (1) is called Lerch's theor em or the uniquenes s theor em. 

Uniqueness Theorem and Its Relation to the Problem 

The theorem can be stated as follows: If L {fl (t)} = L{ f 2 (t)} 

for all val1,les of the Laplace transformation p. then fl (t) = f 2 (t) for all 

46 
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t>o, if the functions are continuous. In cases where the functions have 

only ordinary discontinuities they can differ only at these points. 

This is known as the Falting or Superposition theorem, also 

as Duhamel's theorem. Such a theorem is used mathematically to 

simplify problems in heat flo:w, where the surface temperature is a 

function of the space coordinates and time and to reduce them to 

problems where the surface temperature is independent of the timeo 

In cases where the transformed function h (denoted in some 

equations by u) does not appear in the tables of Laplace's transforma-

tion, the function h can be determined from 11 by the use of the Inversion 

theorem for the Laplace transformation, whi,ch states that: 

'Y+i-

h(t) = -1-.1 ept h(p) dp 
21I 1 'Y _ i DO 

(2) 

where is to be so Large that all singuLarities of h(p) tie to the left of 

the line ('Y-i.,." 'Y+ioe) as shown in Figure 7 

There are conditions on h(p) for the validity of equation (2) and 

one of them is that the uniqueness theorem should apply. The integra-

tion over alar ge circle r vanishes in the Limit as its radius R tends to 

infinity. Thus in the limit, the tine integral of equation (2) is equal by 

Cauchy's theory to UIi times the sum of the residuals at the poles of its 

integrand. 

In problems on the conduction of heat in semi-infinite regions, 

the transformed function h(p) generally has a branch point at p = 0 
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(Figure 7). In such cases, the integration is performed around the 

contour with a cut along the negative real axis, so that h(p) is a single 

valued function of p within and on the contour. In the limit as the 

radius of the large circle tends to infinity, the integral around it can 

be shown to vanish and the line integral of equation (2.) is replaced by a 

real infinite integral, derived from the integrals along CD and EF. 

In dealing with the pr oblem of the cylindrical line sink with its 

surface kept at constant potential H, Carslaw solved the problem with 

the transformed function h considered finite as r tends to infinity and 

equal to H at r = a. The solution was shown to be given in the follow
p 

ing form: 

where: 

H Ko (qr) 
h= 

p Ko (qa) 

Ko is a form of Bessel function 

H is the original head at the surface of the cylinder 

p is the transformed form of the Laplace transformation 

q= 

K= T /S is the diffusivity of the aquifer 

Carslaw used the inversion theorem for the solution and 

(3) 

integrated around the zero point, where the transformed function tends 

to zero. The line integral which is reduced from the inver sion 

theorem is replaced by the sum of the integrals over CD, EF and the 
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Figure 7. --Line integral around points of singularity (Carstaw, 196,,). 
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small circle about the well (Figure 7). The integral around the small 

circle gives 2 i in the limit as its radius tends to zero. One can note 

that such a condition depends upon the ratio of the radius of the well to 

the distance f.rom the well, to the point at which the potential is 

requir ed, that is to say (a/ r). 

The solution that Carslaw derived from these mathematical 

operations is in the form of equation (1). 

Car slaw's Solution 

The solutions of many linear heat flow problems have been 

obtained by operational methods; but in a majority of cases, the final 

solution contains an infinite integral or an infini te series which can not 

readily be expressed in terms of analytic or tabulated functions. 

Consequently, the numerical evaluation and publication of such infinite 

integrals and series becomes of major importance. 

As an application of the use of Green1s function to solve 

problems in the conduction of heat, consider an infinite region bounded 

internally by the circular cytinder r = a with the cylinder surface main-

tained at a constant temperature H, the zero temperature elsewhere at 

the initial time t = o. The solution is given by H. S. Carslaw and J. C. 

Jaeger in the fo Howing for m: 

2H 
h= H --

II 

Jo(ur) Yo(ua) - Jo(ua) Yo(ur) du 

J~(ua) + Y~(ua) u 

(4) 



where: 

h is the drop in potential any distance outside the cylinder, 
at any time. In ground water is expressed by ft 

H is the original constant temperature, expressed in ft in 
ground water 

J 0 and Yo ar e the Bes sel functions of the first and second 
types 

Land K are dimensionless parameters where 

L = Kt 
aT 

K is a constant called by Kelvin in the field of conduction 
of heat, the diffusivity 

K=_K __ 
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pc 
(analogy to T Is in the field of ground water 
hydrology) (5) 

in heat problems K is the thermal conductivity (analogy to 
transmissibility in field of ground water) 

c is the specific heat 

P is the density. 

Analogy Between H~at Conduction 
and Ground-Water Flow 

The analogy in the field of ground-water hydrology to equation 

(5) is the aquifer diffusivity and is equal to the transmissibility of the 

T aquifer divided by the storage coefficient of the aquifer (5)' 

The parameter 1\ = ria 

where: 

a is the radius of the internal cylinder 

r is the distance from the cylinder. 

(6 ) 
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Equation (4) has been written by J. C. Jaeger in a different form 

as follows: 

where: 

2 
h = H -

H 

The differential equation that describes the flow from a 

cylindrical line source is in the form of Bes-sel's equation: 

where: 

p = II q2 (explained in equation 3) 

(7) 

(8) 

(9 ) 

The drop in potential h(r, t) at any radius r>a and at any time 

t>o is given by 

h (r, t) = H f 1 [ Ko (r~ pi D)] 
J p Ko(~p/D) 

( 10) 

where D is the thermal diffusivity of the region external to the cylinder 

and 

-1 J F(p) = 1 
UTi 

cti 

'[i ept F(p) dp (11 ) 

h(r, t), as given in equation(l), has been obtained by Nicholson (1921) 

using Weber's integral, and by Goldstein (19 32), Car s law and Jaeger 

(1940) using operational and Laplace transformation methods 

respectively. 



The integral does not appear to be directly expressible in 

terms of analytic or tabulated functions. The important case of the 

transient flux at the surface of the cyLinder has been presented 

graphically by CarsLaw and Jaeger (1947) and is expressed by: 

4Hk 

an 2 

00 f exp(-Lu2t) 
o 

du 
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= 4Hk I (0, 1; L) 
an 2 

(12 ) 

where: L -_ Dt 2 and I (0, 1 j L) is defined as: 
a 

D = T / S = diffusivity 

00 

fexp (_u2 L) 
o 

du --:::----""""'2-- = I (0, 1; L) 
J~(au) + Y o(au) 

(13 ) 

The function I (0, 1; L) has been tabulated by Jaeger and CLarke 

(1942). The same formula (13) has been solved by Jacob and Lohman 

(1952) in their method of testing the diffusivity of the aquifer by holding 

a constant head, c whic h means that the dischar ge varies with the time 

and the drawdown is heLd constant. The formula they deveLoped is 

based on the assumption that the aquifer is of infinite areal extent. and 

the coefficients of transmissibility and storage are constant at all 

times and all pLaces. The formula is developed from the analogy between 

the hydrologic conditions in an aquifer and the thermaL conditions in an 

equivalent thermal system. The formula is written as: 

Q = 2. II T Sw G (L) (14) 
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where: 
OQ 

G(L)::: 4L f Lx2 [ n 1 xe- _+tan-
n 0 2. dx] (15 ) 

L _ Tt 
- ;ZS 

w 
( 16) 

Sw constant drawdown, in feet, in the discharging well 

rw effective radius, in feet, of the discharging well 

and using the customary U. S. Geological Survey units, equation (14) and 

U5)take the forms 

Q = T Sw G (L) 
2.29 

L::: 0.134 Tt 

r2 S 
w 

(1 7) 

(Using U. S. Geological Survey units) ( 18) 

It can be shown that equation (lS)is the same as equation (1~), 

and the solution given by Jacob and Lohman (Figure 8 and Table I) 

represents the solution of I (0, 1; L). They calculated G (L) for values 

of L between 10-4 and 1012 . The solution of the integral (equation 13) 

by Jacob and Lohman for all the range of the aquifer diffusivity (long 

and short time.of pumping) was very helpful in the completion of this 

work. 

Evaluation of Equation ,(~) 

In this mathematical model Darcy's equation is no longer the 

equation of motion for the ground-water system. The mass discharge 

is cha~ging with time and the potential is changing both with space and 

time. 
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10-4 

1 56.9 

2 40.4 

3 33.1 

4 28.7 

5 25.7 

6 23.5 

7 21.8 

8 20.4 

9 19.3 

10 18.3 

Table 1. - - Values of G(L ) for values of L between 10-4 and 1012• 

10-3 10-2 10-1 1 10 102 

18.34 6.13 2.249 0.985 0.534 0.348 

13.11 4.47 1. 716 0.803 0.461 0.311 

10.79 3.74 1.477 0.719 0.427 0.294 

9.41 3.30 1.333 0.667 0.405 0.283 

8.47 3.00 1.234 0.630 0.389 0.274 

7.77 2.78 1.160 0.802 0.377 0.268 

7.23 2.60 1.103 0.580 0.367 0.263 

6.79 2.46 1.057 0.562 0.359 0.258 

6.43 2.35 1.018 0.547 0.352 0.254 

6.13 2.25 0.985 0.534 0.346 0.251 
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0.251 

0.232 

0.222 

0.215 

0.210 

0.206 

0.203 

0.200 

0.198 

0.196 

U1 
0" 
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10 105 108 

1 0.1964 0.1608 0.1360 

2 0.1841 0.1524 0.1299 

3 0.1777 0.1479 0.1286 

4 0.1733 0.1449 0.1244 

5 0.01701 0.1426 0.1227 

6 0.1675 0.1408 0.1213 

7 0.1654 0.1393 0.1202 

8 0.1636 0.1380 0.1192 

9 0.1621 0.1369 0.1184 

10 0.1608 0.1360 0.1177 

Table 1. - -Continued 

107 108 109 

0.1177 0.1037 0.0927 

0.1131 0.1002 0.0899 

0.1106 0.0982 0.0883 

0.1089 0.0968 0.0872 

0.1078 0.0958 0.0864 

0.1066 0.0950 0.0857 

0.1057 0.0943 0.0851 

0.1049 0.0937 0.0846 . 
0.1043 0.0932 0.0842 

0.1037 0.0927 0.0838 

1010 

0.0838 

0.0814 

0.0801 

0.0792 

0.0785 

0.0779 

0.0774 

0.0770 

0.0767 

0.0764 

lOll 

0.0764 

0.0744 

0.0733 

0.0726 

0.0720 

0.0716 

0.0712 

0.0709 

0.0706 

0.0704 

In 
~ 



In order to evaluate numerically the infinite integral of the 

right hand side of equation (4), for any value of L, the infinite range 

of integration of u from zero to infinity may be limited to a finite 

range of integration from zero to u1, owing to the rapidly decaying 

nature of the term expo (- uz. L) with increasing u. 

H. Goldenberg (1956) presented his work for the range where 

2 
u 1 L ~ 1 0, and found that as u------ 0, the term 
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(19) 

while the integrand as a whole tends to infinity. For a suitable value 

of ul, he adopted the following method: 

Jo(u) Yo ( AU) - Yo(u) J o( AU) du 

J~(u) + Y~(u) u (2. 0) 

where 

over the range u = 0 to u = u2 and A may be taken as 

A = } [ ~ Ln ~ + J 0 (u 2) Yo ( l u 2) - Yo (u 2.) J 0 ( 1 u 2 )] (21) 

The factor A actually deter mines the damping effect due to the 

rapid decaying of the exponential ter m (exp. _u2 L). As the expansion 

of the integrand in equation (20) approaches infinity. the exponential 
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term rapidly decays and the damping factor has to bring the integrand 

to a limit ul in order to avoid the increasing tendency to infinity. 

To do thus, the right hand side of equation (4) can be reduced 

to the following: 

II 
2. 

- A 

[1 - ~(r, t~= A I (v, 1; L) 

With ul chosen as above, 

~Xp(-U2L) du 

ul J~(u) + yl(u) u 

du 
u 

is negligible and, therefore, equation (22) is reduced to 

h(r, t) 
H 

= 1 - 2A I (0, 1; L) 
n 

(22) 

du 

u (23 ) 



where 

and 

u 1 is chosen so that the range of integration from zero to 

infinity of the infinite integral of equation (4) may be 
reduced to the range from zero to u1 
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u2. is chosen so that over the range 0 S u ~ u2" the Bessel term 
Jo(u) Yo('\u) - Yo(u) Jo('\u) = A (2.4) 

The right hand side of equation (2.3) was evaluated numerically 

for r = 2.a, r = 10a, r = 1 OOa for alar ge range of values of the non-

dimensional parameter (L). The results are given in Figures 10 and 

12). 

The range which Goldenberg solved for equation (2.3) was 

extended to satisfy the practical requirements in the field of ground-

water hydrology. Go ldenber g I S results have been interpolated by the 

writer to give the damping effect A for alar ger range of ,\ up to 105 

for a large range of parameter (L). The interpolated results have been 

rechecked using the numerical method (Figure 12.). 

Upper Limit of the Damping Factor 

Equation (2.1) which determines the damping effect, can be 

written as follows: 

where 

A = ~ [~L A + MiJ 2 II n 
(2. 5) 

(26) 



Figure 9. --Goldenberg's solution for heat conduction outside the 
circular cylinder r ::: a, the cylinder surface maintained 
at constant temper atur e. 

Figure 10. --Extension to Goldenberg's calculation for larger values 
of thermal diffusivity. 

Figure 11. --Goldenberg's solution for the flux.crossing unit area of 
cylinder surface, which is maintained at constant 
temperature. 
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figure 9 

figure 10 

figure 11 
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if 

or 

Mi tends to 2A 

0=1- Ln ).. 
n 

l tends to 1 or r = a 

Carslaw (1959) solved equation (4) for small values of time 
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and very large distances from the welt by using the asymptotic expan-

sions of Bessel's function. The solution is represented as follows: 

Ha r-a + H(r-a)(Dt). f r-a 
h(r. t) = -- erfc _I I 1 er c~ 

rIll 2"Dt 4a1llr3 l Zv Dt 

+ H(9a 2 -2ar-7r 2)Dt.2 f r-a + 
32a3/2r S/2 1 erc~ -------

for r = aj that is to say for ~ = 1. Equation (2.7) reduces to 

h(r. t) = 1 H 

or h(r. t)= H 

then 

and 

If this result is inserted in equation (23) where 

h(r. t) = 1 
H 

2 TI A I( 0, 1 j L) must tend to zero. 

According to J. C. Jaeger (1942), 

Co(u. l u) = Jo(u) Yo( lu) - yo(u) Jo()'u) 

(2.7) 

(l8 ) 

(2.9) 

( 30) 
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where for large values of L = Dt th 
-, e cylinder functions in equation (4) 
a 2 

may be expanded in the ascending series 

where 

~ n Co(u. ).. u) = Ln).., + I= (1/2 u)'z,n Cno.) 

n=l 

C 1 ( A ) = 1 (~2 + 1) Ln}. + A 2 - 1 

C 2 =.!.- (R 4 + 4R 2 + 1) Ln}. - 3 (R 4 - 1) 
4 ~ 

(31) 

(32) 

(33 ) 

Mi 
for A.---~ ... 2 we get Ln A ---+r 0 and A = 1 and from equations 

t31), (32.), and (33), we get 

I: (1/2u)2n Cn(},) .,.0 
n= 1 

and so 1 2" II Co(u, ). u)-----l~~ zero which means 

(34) 

which means that the limiting value of .A i. e., .AL takes a higher value 

which causes the s -th zero of equation (34) to tend to zer 0 (U. S. 

Department of Comm erce 1964, p. 415, table 9. 7). 

M' This means that when A tends to the value of T or Mi tends to 

the value of lA, we obtain the limiting value of Lat which the drop in 

potential h(r, t) is equal to zero. 

The value of the damping factor for Goldenberg's results has 

been calculated using Jacob and Lohman's curves for the evaluation of 

the integral (0, 1; L). From equation (23), in choosing the Bessel term 
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eliminated and the elJ.uation is reduced to 

h(r, t) 1 ZA 
= - - I (0 I,· L) 

H II' (35) 

The values of h(~, t) have been taken from Guldenberg's 

curves for the limited range of ()' r I) F th di . 1 , = a. or e non- menSlona 

t L _O.134Tt ( 
parame er ----s-;Z-- using U. S. Geological Survey units), the 

parameter G (L) as defined by Jacob and Lohman in equation (15) is 

calculated. Using equation (35), the value of the damping factor A can 

be calculated. The curves in Figure 13 a and b show the relation 

between the damping factor and the parameter L (on semi-log paper) 

covering the range of the parameter L from L = 105 to L = lOll. The 

curves have been interpolated and extended to cover a wider range of 

from 100 to 105. The values of A were calculated from the extra-

polated curves for the same range of the non-dimensional parameter L 

(from L::: 10 5 to L = lOll). By using equation (35) and using Jacob 

and Lohman's curves (Figure 8), the value of h(~ r) is calculatedQ 

The interpolated results have been checked again using Guldenber g' s 

method of evaluation of equation (4). The results are shown in the 

curves of Figure 1Z and the value of Mi (e'iuation Z5) was also plotted 

in- Fl· 14 Th 1· ·t· alue of "\ L was calculated from t.he gure. e lml lng v A 

graphs for the same range of the parameter L, to suit the condition 

(Tables 2, 3, 4, 5, 6, 7 and 8). 

A tends to AL as Mi tends to 2A 

i. e. , as ). tends to \L Mi should tend to ZA. 



Figure 13a. - - Damping factor A versus '1 for various values of Lo 

L = Tt 
Sal 
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Figure 13b. - - Damping factor A versus}. for various values of L. Results given by author up 

to the limit of }= 104 • 

L = Tt 
Sa 2. 

l.. = ria 
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Table 2. - -Calculation of the damping factor A and Mi using Goldenberg's curves. 

Tt iT 

L = ....-:2 105 
Sa 

A 

h/H 

L 

GIL) 

2 Ln\ 
11 

A 

M 

L = Tt 
Sa2 

2 10 

0.88 0.645 

0.134 x 105 0.134 x 105 

0.155 0.155 

0.446 1.4665 

1.216 3.5967 

1.986 5.727 

T = Transmissibility in gpd/ft 
S :: Storage coefficient 
a = Well radius 
t :: Time in days 

= r fa 

106 

100 2 10 100 

0.260 0.9 0.7 0.39 

0.134 x 105 0.134 x 106 0.134 x 106 0.134 x 106 

0.155 0.130 0.130 0.130 

2.933 0.446 1.4665 2.933 

7.49677 1.2077 3.5416 7.3654 

12.0606 1. 9694 5.6172 11.7978 

0' 
-.0 



Table 3. - -Calculation of the damping factor A and Mi using Goldenberg's curves. 

L = Tt 7 8 
Sa2 10 10 

>-

h/B 

L 

G(L) 

ir LnA 

A 

M 

L=~ 
Sal 

2 10 

0.915 0.750 

0.134 x 107 0.134 x 107 

0.114 0.114 

0.446 1.4665 

1.2394 3.44298 

2.48 6.886 

T = Transmissibility in gpdfft 
S = Storage coefficient 
a = Well radius 
t = Time in days 

= r fa 

100 2 10 

0.490 0.920 0.78 

0.134 x 10 
7 

0.134 x 10 
8 

0.134 x 10 

0.114 0.102 0.102 

2.933 0.446 1.4665 

7.1754 1.2304 3.3863 

14.035 2.0148 5.306 

A = 1/2 [ ~ Ln A + MiJ 

Mi = Jo(Uz) Yo(},uz) _ Yo (Ul)JO(~U2) 

100 

0.55 

8 
0.134 x 10 

0.102 

2.933 

6.9265 

10.920 

8 

-.J 
o 



Table 4. - -Calculation of the damping factor A and Mi using Goldenberg's curves. 

L _ Tt 
- Saa 109 

A 2 10 

h/H 0.95 0.805 

L 0.134 x 10 9 
0.134 x 10 

GlL) 0.0914 0.0914 

2 Ln'\. 0.446 1.4665 n 
A 0.858 3.3426 

M 1.270 5.219 

i~ 

L = .!!-. 
Sal 

T = Transmissibility in gpd/ft 
S = Storage Coefficient 
a = Well radius 
t = Time in days 

= r /a 

9 

1010 

100 2 10 100 

0.605 0.98 0.830 0.650 

0.134 x 10 
9 

0.134 x 1010 0.134 x 1010 0.134 x 1010 

0.0914 0.082 0.082 0.082 

2.933 0.446 1.4665 2.933 

6.7759 0.383 3.260 6.697 

10.620 0.32 5.054 10.461 

-...J -



Table 5. --Calculation of the damping factor A and Mi using Goldenberg's 
curves. 

Tt 
L • Sa2 loll 

A 2 10 100 

biB 0.99 0.85 0.68 

72 

t. 0.134 x loll 0.134 x 1011 0.134 x loll 

GIL, 

_~_ Log}. 

A 

M 

Tt L = 
Sa2 

0.075 

0.446 

0.2095 

0.027 

T = Transmissibility gpd/ft 
S = Storage coefficient 
a = Well radius 
t = Time in days 

= r /a 
Mi = Jo(ul)Y oC uZ) - y o(ul)Jo( u) 

0.075 0.075 

1. 4665 2.933 

3.14 6.68 

4.814 9.63 
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I 

: Table 6. - -Interpolated data using Goldenberg's curves. 
l 

L = 1010 L = 10 11 

A ..!.AG (L) 
Tr 

h/B 
I 

A ~AG(L) h/B 

20,000 14.55 0.7598 0.2402 14.0 0.6688 0.331 

30,000 15.20 0.7939 0.2060 14.60 0.6975 0.3025 

40,000 15.60 0.8146 0.1850 15.10 0.7213 0.2787 

50,000 16.00 0.8357 0.1640 15.40 0.7357 0.2640 

60,000 16.25 0.8490 0.1510 15.65 0.7475 0.2525 

70,000 16.50 0.8618 0.1380 15.90 0.7595 0.2405 

80,000 16.70 0.8730 0.1270 16.10 0.7690 0.2310 

100,000 17.05 0.8904 O.llO 16.45 0.7860 0.2140 

).= ria 



). 

L =!L 
sa2 

A 

106 11.2 

107 11.0 

108 10.6 

109 10.25 

1010 10.0 

11 
10 

~= r / a 

· \ Table 7. - -Interpolated data using Goldenberg's curves. 

---

1,000 10,000 I 
1(0,1 ; t) bIB A 1(O,l;t) biB A 

0.130 0.072 

0.114 0.20 

0.102 0.32 
i 
I 

0.0914 0.404 I 13.9 0.0914 0.191 
.1 

0.082 0.478 i 13.5 0.082 0.295 14.3 ! 
I 

I 

__________ . __ L ___ 
13.9 

100,000 

1(0,1; t ) 

0.082 

0.075 

biB 

0.253 

0.34 

...... 
tJ:>. 



Storage 

Transmissibility 200,000 
gpd/ft 

ST 4 
2 x 10 

Time 
J'.)ays Years 

10 0.023 2.34 x 10-2 

547 1.5 1. 65 x 10-1 

1825 5.0 
-1 

3.02 x 10 

3650 10.0 4.26 x 10-1 

5475 15.0 5.24 x 10-1 

9125 25.0 6.75 x 10-1 

18250 50.0 9.55 x 10-1 

Table 8. - -Calculation of ~ :T 

S = 10-1 

50,000 25,000 200,000 

5 x 103 2.5 x 10 
3 

2 x 10 

I t 
\'TT 

4.48 x 10-2 6.34 x 10-2 7.1 x 10-1 

3.3 x 10-1 4.68 x 10-1 5.22 

6.05 x 10 
-1 8.55 x 10-1 9.56 

8.55 x 10-1 12.10 x 10-1 13.50 

10.45 x 10-1 14.80 x 10-1 16.50 

13.50 x 10-1 19.10 x 10-1 21.40 

19.1 x 10-1 27.0 x 10-1 31.00 

S = 10-4 

50,000 

5 x 1 

~ :T 
14.14 x 10-1 

10.43 

19.10 

27.0 

33.0 

42.7 

60.5 

25,000 

2.5 x 1 

20.0 x 10-1 

14.7 

27.0 

38.2 

46.7 

60.5 

85.5 

..... 
U1 
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At th!s limit of ~L' the drop in potential is practically zero 

and the interference factor is practically zero. If a second well, with 

characteristics similar to the first well, is located at a distance equal 

to twice the limiting value of \L (1. e., at 2. AL)' each well will work 

separately without any interference from the others. Figure 15 gives 

the limiting value of the parameter} = (~L) for different values of the 

non-dimensional parameter L. 

Discharge at the Surface of a Well Acting 
as a Cylindrical Line Suurce 

The flux at the surface of a well can be calculated by using 

Darcy's equation as follows (Figure 16): 

q = - T __ _ 
[ 2. hJ 

i r r=a 

4HT j:-LU2 du 
= ;.;-r u [J~(au) - Y~(au)J 

0 

4HT 
I (0, 1: L) = 

an 2 

(36) 

(37) 

for small values of L Jaeger and Clarke give the following formula: . 

1(0, l' L) = _ ~ + _ - - - + - - O. 14 9 L II ~' 1 1 1 ~ L L 6 3 / 2. 
, 4 ilL 2. 4 TI 8 

+ 0.203 L2 - 0.315 L 5 /2.+ 0.536 L3+ - - - - -J--
( 38) 

00 f (0, 

2. I1[ 'L L 1 3/2+~ 
1'L)-- :!..,' __ +--~L 16 

• - 4 f1 2. -" n 
o 
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- 0.0588 L 5 / 2 + 0.0677 L3 _ 0.09 L 7 / 2 

+ O. 134 L 4 - - - - - _J (39) 

While this series expansion (equation 38) is readily applicable for 

small values of L. it becomes inconvenient for moderate and large 

values of L; and in -fact, the tabulated values of I (0, 1; L) given by 

Jaeger and Clarke were integrated numerically to avoid the use of the 

series for large values of L. Their upper limit of tabulation L = 10 3 

for I (0, 1; L) was extended by I-I. Goldenber g (1956) to permit wider 

total flux calculation (Figure 12). For lar ge values of L, Jaeger and 

Clarke (1942) recommended using the following formula: 

2HT {I 'y ( 
q= -a- {Ln(4L) - z.y-f - {Ln(4L) - 2'Y}2 - - --, 

( 40) 

where 'Y= 0.57722. is Euler's constant (Figure 10). 

For two wells of similar characteristics and located at a 

distance r apart, their discharge will be reduced by a factor called the 

discharge efficiency factor. This factor depends mainly on the distance 

between the wells and on the value of the non-dimensional parameter L 

and on the radius of welt. In this study, the author calculated this 

factor for any number of wells located at equal distances' and forming a 

line array of wells. 

Discharge Efficiency Factor 

Figure 17 shows a battery of wells located along a line with 

equal distances apart called d. All the wells are assumed to have equal. 



Figure 16. 

a. Temperature in the region bounded internall y by the cylinder r = a 
with zero initial temperature and constant surfa.;e temperature H. 
The numbers on the curves are the value of kt/a (Carslaw. 1959). 

b. Flux q at the surface of the region 
bounded internally by a circular 
cylinder of radius a, with zero 
initial temperature and constant 
surface temperature H (Carslaw, 
1959 ). 

c. Surface temperature of the 
region bounded internally by 
a circular cylinder with con
stant illitial temperatur e H 
(Carslaw. 1959). 
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diameter. If well 1 is the only well pumping under an original head H, 

its discharge can be calculated from Jaeger and Clark's equation 

(equation 37). Thus, the discharge will be 

4HT 
q = -,,- I (0, 1; L) 

an'"' 
(37) 

If well 2 starts pumping beside the first well, it will be influenced by 

the first well. The second well can be considered as following 

Jaeger's formula (equation 37) multiplied by a factor called here the 

discharge efficiency factor C. For two wells pumping simultaneously, 

this factor can be written as follows: 

H - h(r, t} 
C 2 = ----=-..!.--! 

H 

h(r, t} 
= 1 - --'--'---'-

H 

(41 ) 

Let us call the value h(r, t) for two wells located at a distance d apart 
H 

as Md, then, 

(4~ ) 

etc. 

The discharge of the third well, which is supposed to be 

located at a distance 2d from the first well and at a distance d from 

the second well will be influenced by the fir st two wells. The original , 
h (ld) . 

head H at the third well will be decreased by the value 1 whlch 
H 

. hZ(d) . 
represents the influence of the brst well and -g- whlch represents 

the influence of the second well. In or der to determine the effect of 
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the second well on the third well, the following equality with the fir st 

welt can be written as follows: 

h2(d) _ H - hI (d) 
hId - H 

hZ(d) = [1 - MdJ hI (d) 

hl~ d) = Md [1 -Md ] 

Thus, the discharge efficiency factor for the three wells pumping 

together is as follows: 

C 3 = 1 _ hI ld _ hZd 
H H 

which after substituting by equation (42) and (44), becomes 

(43) 

( 44) 

(45) 

(46 ) 

Following the same procedure, if four wells are simultaneously pump-

ing, then similarly one can write 

h3(d) H - h1{d)- h2(d) 
--= 
hl{ d) H - hl(d) 

= 1 - h2{d) 

H - hl{d) 

h2{d)/H 
= 1 - 1 - hl(d)/H 

= 1 -
Md 1 - Md 

1 - Md 

[1 Md 1 - MdJ ha..!d) h3( d) = 1 - Md 

h3(d) 

~ 
Md 1 -Md] hZ(d) 

--= 1 - Md H H 
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= [ I 
Md I - Md ] ( ) 

1 _ Md Md 1 - Md 

:;: Md [1 - MdJ - (Md)l [ 1 - MdJ 

= Md [1 M~JI - MdJ 

= Md [l - MdJ (47) 

In general, one can write the following equation for any number of wells: 

(48 ) 

The discharge efficiency factor for four wells simultaneously 

pumping (Figure 17) can be written as follows: 

hI( 3d) 
C4 = 1 ---

H 

hl(2d) _ h3(d) 
H H 

= 1 - { M3d - Mld [1 - MldJ - Md [1 - MdJ2} 

Similarly, the discharge efficiency factor for five wells, pumping 

simultaneously 

C 5 = 1 
hl(3d) 

H 

h3(ld) 
H 

h 4 (d) 
---

H 

(49) 

= 1,- { M4d - M3d [1 - M3dJ - Mld [1 -MldJ - Md [1-M~} 
(50) 

The efficiency factor can be written in its general form, which is a 

form of a convergent series as follows: 

Cn = I - [ M(n_1 )d-M(U_2)d{ I-M(n_2)d} -M(n_3)d{ I-M(n_3)d} 2 

- M(n_4)d{I-M(n_4)d}3 - M d{I- Mdr 2] 

+ a correctlOn senes (51) 
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The values of .tvid. MZd •.... etc .• are calculated for differ-

ent parameters L from the system of curves (Figure ll) wbicn actually 

represents the solution of the general equation (4). 

Correction Series 

First Cycle of Currectiorl 

Ey'uatiol! (51) represents one cycle of calc ula tion. Actually. 

the first well (well 1) will not mailltai!l its original bead Ii. It will also 

be inftuenced by the effect of the adjacent well. For tne second cycle 

of calculation at t ~ O. the first well will mai;ltain a new origi!lal head 

which is equal to H - h{2d) (Figure 17). The correction in the ilischarge 

efficiency factor for the case of two wells simultaneously pumping will 

be 

Cz. ::: [ hl( d)c ] _ hl (d) hI (d) 
c1 H H - hl(d) 

H 1st cycle 

::: Md- Md 
1 - Md 

::: 
(Md}2. 

1 - Md ( 52.) 

In the case of three wells pumping simultaneously. the second cycle of 

cor rection will be 

(53) 

Substituting by equation (42.) and (44), equation (54) will be 

C ::: - [M -M ] - [Md(l-lvid} Nld ] 
3c d 2.d l _ Md - 1 - hz.( d) 

H - hl(d) 
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(54 ) 

Similarly, the correction due to the second cycle for four wells 

simultaneously pumping is 

~ ~ (Mld)l 
C 4c ;:: - Mld - M3d -

1 - Mld 
(55) ~ 

The correction for the discharge efficie11cy factor due to second cycle 

of calculation can be put in its general form for ar,y number of welts 

pumping simultaneously and having similar characteristics a.s follows: 

C n ;:: _ [ (Md)l + (M2.d)2. + (MJd)2. _______ (Jvl(n_l)d)2] 
c 1 - Md 1 - M ld 1 - M J d 1 - M( n - 1 ) 

- [(Md - M2dl + (Mld - M3dl + - - - - -(Mn-ld-Mn_ldl] 

(56 ) 

The general series for the efficiency factor (equation 51) can be written 

again after the second cycle of calculation as follows: 

C n ;:: l-{M(n-l)d- M (n-2.)d{l-M(n_2.)d} -M(n_3)d{1-M(n_J)d}2. 

- - - - - - - - - - - - - - - Md{l-Md }n-l 

_ { (Md) \ (M 2. d) 2. _ _ _ _ _ _ _ _ _ (M ( n _ 1 ) d) l } 

I-Md 1 - Mld 1 - M(n_l)d 

-{ (Md - Mld) + (M2.d - M Jd) - - - M(n-2)d - M(n-l)d}] 

+ a correction series (57 ) 
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Second Cycle of Correction 

Starting with two wells, the second correction can be written 

as follows: 

C2.c Z = [hl~)C12= h1(d) J H- Hl(d} H - HI (2d) - h 2 (d) 

Substituting as before from equation (42) and (44), we get 

where 

similarly. 

Mn+ld 
Mnd - ~--

F n-(n+l) = Mnd 
(1 - Mnd)2 + (Mnd - Mn+ 1 d) 

For three wells, 

( 58) 

(59) 

(60) 

(61) 

(6 Z.) 
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The general series for discharge efficiency factor, including 

two cycles of correction, is as follows: 

en = 1-M(n_l)d - M(n_Z)d (1-Mn _2d ) - Mn -3 (l-M(n-3)d) 

- - - - - - - - - - - - Md (1 - Md)n - 2 

_ [(Md)l (l-F + (MZd)l (M(n-l)d)Z 
I-M 1-2) 1 M (1-FZ_ 3 )+__ (l-Fn-(n+l' 

d - Zd I-M(n_l)d ' 

- [(Md - Mld) + (Mld - M3d) - - - - - (Mn-ld - M n - 1d) J 
[

(1v: d )2 (MZd)l {MZd)2 (M3d)2 ] 6 
- 1 - Md 1 - Mld + 1 - Mld 1 _ M3d + - - (3) 

The correction series after more than two cycles becomes so 

small that it can be neglected. The discharge per well for a line 

battery of wells pumping at the same time can then be as follows: 

4HT 
qlw = 2 G(L) 

a (64 ) 

4HT 
G(L)' en qnw = Z a (65) 

Equation (65) gives the disc har ge per well for a line battery of wells 

pumping simultaneously. 

Number of Wells Affecting the 
Discharge Efficiency Factor 

Equation (63), in addition to the solution given for equation (4), 

is used here to calculate the discharge efficiency coefficient en for a 

given non-dimensional parameter L and a fixed value of l. The results 

are plotted in Figure 18, which shows the relation between the number 
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of welts and the discharge efficiency coefficient C 
);1' For one pumping 

well, the curve begins at C n equal unity; when the second well is added 

to the first, the value of C n drops rapidly. The rate of decrease in the 

discharge efficiency coefficient is damped down as the number of the 

pumping welts is increased up to the limit where the increase in the 

number of the pumping wells with equal distances apart will no longer 

affect the value of C n . The curves determine the number of wells that 

contribute to the interference, and the distance measured from both 

sides of the fir st well (the point of origin) can be consider ed as the 

limiting distance of interference. Any well that is located wi thin the 

limiting distance of interference and pumping under similar diffusivity 

as other wetts, will have an effect on the total discharge of the line 

battery of wells. The wells which are located outside the interference 

limit are considered to be pumping under a different non-dimensional 

parameter from that of the original well. 

For a weU located between two parallel boundaries, the limit

ing interference distance can be used to limit the number of image wells 

on both sides of the pumping well that have an effect on the pumping 

well, and the algebraic sum of the drawdown caused by the real well 

and the build-up produced by its images will satisfy the boundary con-

dition of the real problem. 

Based on the mathematical model, the discharge efficiency 

factor for one case of L = 1010 was calculated ver sus the number of 
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wells in the array {Figure 18}. It can be n~ticed that for each val ue of 

, which limits the distance between wells in the array, there is a 

certain number of wells that affects the efficiency of the pumping well 

due to the interference between wells. The drop in efficiency is 

associated with the increase in the number of wells located on both 

sides of the pumping well and pumping simultaneously with it. The 

efficiency drop will continue up to a certain number of wells, after 

which there is no appreciable effect in the drop of efficiency, and the 

curve will be asymptotic to the x-axis. 

Muskat's Theory of Interference 

Muskat developed a method for determining the drawdowns 

caused by a well dischar ging, under equilibrium conditions, from an 

aquifer that has a finite line-source boundary. To explain his theory, 

Muskat used the image theory as a tool for the solution of the problem. 

According to this solution, the problem becomes analogous to 

finding the drawdown under conditions of steady-state flow caused by a 

well dischar ging water from an aquifer bounded by a finite line source. 

The potential described by thi s theory is as follows: 

p= 

( 66) 

in which 



P is the pressure at the point (l_. 71 

Pe is the pressure at the source 

q is the discharge of welt and is called after Muskat the 
str ength of well. 
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The solution described by ey'uation (66) treats the well as a 

line source. 

C. V. Theis discussed Muskat's work and found that as no 

drawdown occurs along the line source, Pe can be disregarded. In 

terms of Q and T, q is equivalent to 2.29.20 0 

T 
Hence, q/2 equals 

114. 6Q 

T 
Consequently, the equation for the required drawdown is 

s = 264Q Log10 cosh{l_+ fo)-cos{7J- 710 ) x cosh{U ~0)-cos{7J+7Jo) 
T cosh(~ -lo)-cos(? -70) cosh(l. - ~o)-cos(r7+ 71 0 ) 

(67) 

where the line source is infinite in length (C = 00), equation (67) can be 

shown to reduce to 

in which 

s = (68 ) 

r· is the distance from the image well to the point for which 
1 

the drawdown is desir ed 

r r is the distance from the real well to the point for which 

the drawdown is desired. 

Equation (68) is readily recognized by Thiem for steady-state 

conditions. 
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The drawdown, sw' caused by a well di,scharging from an 

aquifer that has an infinite line-source boundary, is the difference 

between the drawdown sr caused by the ilitlchar ging well and the build 

up si caused by the theoretical recharging image well; hence, 

(69) 

For the pressure distribution around an infinite array of wells, 

Muskat again replaced each well by a mathematical two-dimensional 

sink, each of strength proportional to the flux or the production 

capacity to be associated with the well. All wells in the array are 

assumed identical and uniformly spaced. 

Muskat, in his theory of interference, assumed the applica-

bility of the principle of s~perposition which considers that the pressure 

distribution resulting from the individuaL wells of the array is evidently 

the algebraic sum of separate contributions. The summation is 

expressed in the following form: 

{ 271" (y-d) 271"X} 
p(x, y):: q Log cosh a - cos -a- ( 70) 

It was found that at distances from the wells' equaL to the 

mutual spacing a, that is to say at y :: ~l. the eyuipressure ,curves 

are, for all practical purposes, lines parallel to the array (cosh 271" ~l). 

This means that the pressure is practically independent of x as soon as 

one recedes from the line array by a distance of the or del' of the mutual 

spacing. 
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The relation between the flux coeff"" t d h lClen q an t e actual flux 

into a well was given by Muskat in an appro" t d f I Xlma e ormu a as 

p = q Log2. + 2.q Log ~ 
a (71) 

where r represents the distance from the well. The actual flux into 

the well is found from Darcy's formula 

where 

and 

Q = _ 2.7I"kr dp 
u dr 

u 
q 

u is the viscosity 

k is the permeability 

(72) 

k/u is transmissibility where the aquifer thickness is taken 
as unity. 

The potential distribution around the line array of wells accord-

ing to Muskat's work is exactly the circular and hyperbolic function of a 

complex variable (Figure 19). The figure shows that the flow line at 

mid-distance between wells could be considered to be an impermeable 

boundary from an analytic viewpoint. This means that for any pumping 

well in the array, the rest of the other wells along the same line are 

acting as if they wer e images for it. In fact, the second term in equa-

tion (71) gives the effect of interference. Accepting this analysis means 

that all the image wells will pump under the same potential and time of 
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Figure 19. --Altitude chart of circular and hyperbolic functions of a complex variable (Muskat's 
theory of potential distribution in an infinite line array of wells). ..0 
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pumping as the pumping welt, which does not always hold true. The 

interference of wells will cause each well to pump under a different 

potential from the adjacent welt. 
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The image wells are in fact acting under different times of 

pumping. As the images are separated by a greater distance from the 

pumping well, their influence on the pumping well will be diminished; 

it would be as if they were being pumped a shorter length of time than 

the real well. 

Due to Muskat's solution the pumping well feels only the 

interference from the adjacent wells on both sides, while the interference 

from the rest of the wells in the array is neglected. 



CHAPTER V 

PHYSICAL INTERPRETATION OF 

THE MODEL PROPER TIES 

Components of Equation (4) 

The part of equation (4) which is integrated from zero to 

infinity can be divided into two parts; the first is the exponential part 

e- DtuZ and the second is a Bessel function. 

The first part, which is an exponential function that permits 

the integral to conver ge, is called the decay function and is a function 

of the foLlowing variables: 

D = Tis, the aquifer diffusivity 

u Z = q is the potential function 

t is the time. 

In order to explain the physical nature of the decay function, it is neces

sary to examine each of the various elements. 

The aquifer di£fusivity and the potential function vary with 

time and the space coordinates, from the region adjacent to the well 

to the region distant from the well. 
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Hydraulic Diffusivity Change 

In a previous report the author (1963) defined the locale near 

the well as the "local region" and the distant locale as the "regional " . 

The flow regimes characteristics are different in both regions. The 

net gain in flow of water in the local region is principally from leakage 

with a small contribution from storage. In the regional locale the flow 

of water is controlled primarily by storage. For local flow to an 

infinite line array, i. e., where wells are located along a line, the 

movement of water simulates that fr om a conduit. 

The movement of water in the first is controlled largely by 

transmis sibility changes wi th the storage coefficient remaining 

essentially constant in the water table range; the movement of water 

in the reservoir region is governed principally by storage coefficient 

changes with the transmis sibility under going a sma 11 change with time. 

As time increases and the cone of depression expands over wider area, 

there will be a greater difference in the relative contributions between 

the conduit and the reservoir areas. 

The mass discharge is changing between the conduit and 

reservoir due to leakage inter flow from the upper layers. Both the 

amount that leaks from above and the storage coefficient vary as the 

distance increases outwards from the conduit to the reservoir regions. 

The assumptions of constant transmissibility and storage coefficient, 

upon which Theis' solution of the basic differential equation 



(non-equilibrium formula) is based, are no longer true in this work. 

Theis I solution indicated that the spread of the radius of the cone of 

depression (r) is independent of the rate of discharge and inversely 

proportional to the coefficient of storage 5, thus 
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r=~h (73) 

where c represents the constant of proportionality. But in the problem 

represented here, this constant varies with time and space coordinates. 

It is a function of the variation in the aquifer diffusivity (T / S) and the 

drop in potential over space and time, thus: 

C = f (T /5, h)(x, y, z, t) (74) 

Laplace Transformed Factor of the Potential Function 

The second factor in the decay function is u l (transfor med 

form of Laplace transformation for the potential), which depends on 

the drop of head as related to the original head at the surface of well. 

The potential factor (u2 ) is raised here to a square power, which makes 

it more effective on the decay nearby the well (the conduit region); it is 

less effective when approaching the reservoir region. The combined 

effect of both the diffusivity and the potential factor, that is (-Du2 )x y z t , , . 
varies with space coordinates and time. 

In approaching the inner boundary of the reservoir region, the 

diffusivity D increases to a much higher value than that in the conduit 

region; it may be a thousand times greater than its value near the well. 
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Consequently, the decay function causes equation (4) to become discon-

tinuous and thus violate the continuity assumption of the diversion 

theorm. It will decrease much faster than the Bessel term in equation 

(4 ). 

In applying the numerical evaluation to approach a solution, 

as oneimoves outward from the conduit to the reservoir regions, one 

treats the system as if for each region a new Laplace transform 

is applied. 

The author, in his development of Goldenburg's solution to 

cover a wider range for (A = ria), introduced the term damping factor 

A, which is defined as the factor that dampens the combined effect of 

T Is and u Z during the transition from the conduit to the reservoir 

areas at a certain time. The damping factor is defined mathematically 

by equation (Gl). in the form of Bessel terms at the limit YI' This 

factor is a function of the Bes sel terms and (;\ = ria) at the point 

where the potential is required, i. e. , 

A = f (.!:, r I a) (75) 
H 

The second term is actually the damping factor at the limit uZ' 

It was found that as the damping factor at the limit u 2. approaches 

double the damping factor at the limit u l' the drop in potential at that 

point approaches zero, i. e. , 

as Auz -----:77' 2Aul 
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Then (E.) 
H u2. ---------- zero (76) 

These findings were used to evaluate the limiting distance 

between the wells 2. L in the line array at which there witl be no 

interference between the wells. 

Battery of Wells in a Line Array 

The work was extended to calculate the discharge per well in a 

line array of wells discharging simultaneously under constant head. 

The head at the surface of each well will no longer remain constant 

when interference occurs between the wells inside the array. Each 

well discharges under a varying head from the adjacent wells. 

It was found that the Jacob-Lohman solution for the discharge 

at the surface of a well, when it is pumping under constant head, will 

give the average dischar ge per well in the array, if it is multiplied by 

a coefficient called the discharge efficiency coefficient C n, which 

varies with the number of wells along the battery. For one well 

discharging, the constant head at the well surface, which is used to 

calculate the flux at the well, is H. When two wells pump simultaneously 

the original head is decreased by the amount equal to H-r;;(d), where 

hl(d} is the drop in head at the second well due to the pumping of the 

first well alone. This means that if the second welt is considered to 

be pumping under a constant head equal to H-~ (d), it will affect the 

original head H at the first pumping well. Therefore, another cycle of 
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correction should be repeated. C t' orrec lon cycles are then repeated 

again, until the residual error becomes small enough so that it can be 

neglected. The same process is repeated for the case of three four , , 

five, etc., wells, until the discharge efficiency factor is formulated as 

a convergent series equation (63), By means of this series the discharge 

efficiency factor can be calculated for any number of welts located 

along a line array. It should be noted that the drop in potential at any 

distance caused by the pumping of any well in the array should be 

calculated frorri the curves representing the solution of equation (4). 

For a given diffusivity, the factor may be calculated for any number of 

wells along the array; it increases up to the limit where its value 

becomes asymptotic to the number of well axes; that is, up to the limit 

where its value becomes independent of the number of wells. 

Region of Discontinuity Between the Local 
and Reservoir Regions 

Mathematicians such as Goldstein (1931) when they approached 

the solution to equation (4) found that the integral converges for small 

values of time. They used the asymptotic expansion of the Bessel 

term K1(qr) and K1 (qa) in order to approach the solution. They also 

used the approximate solution to solve for the long time of pumping and 

found that, when t tends to infinity, the drop in potential to the original 

head (.~) tends to air. The approximation for lar ge values of time was 
H 

found by using the ascending series for K1' 
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In order to determine the point where the continuity of ey'uatioa 

(4) faits the author in a non-successful trial tried to equate the two 

previous solutions in or der to find the condition near the point of 

discontinuity. 

The reason why such a trial failed is that the drop in head at 

the discontinuity section calculated by the asymptotic expansion (small 

time) is not equal to the drop in head as calculated by the ascending 

series (large time) at the same section. There will be always a dis-

continuity between the two solutions at any section in which we equate 

the time in both solutions (Figure ZO a and b). 

Tt 
SaZ 

The decay function depends on the factor L, which is equal to 

In the above solution for long and short time of pumping, the 

discontinuity due to the rapid decay of the function depends on the time 

rather than the diffusivity change or the discharge from wells. 

The author, in his approach to a solution, noted that the term 

of greater physical significance in its relation to the discontinuity of 

the mathematical model is the diffusivity change rather than the time. 

The aquifer is divided into local and regional as defined before due to 

the difference in the storage coefficient. 

The break in the continuity starts when the local region starts 

to dewater vertically. Such a discontinuity does not exist in the £low-

ing case because the storage coefficient in both local and regional is 

artesian. When the local (conduit) loses its flowing pressure and 



Figure 20. 

a. Continuity of the cone of depression in case of flowing wells. 

b. 

Discontinuity of mathematical models in cases of small time and 
large time of pumping. 

Conduit and reservoir regions and the discontinuity of the 
mathematical model. 
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pumping is initiated, the conduit region will be dewatering vertically 

and under water table conditions. The difference between the two 

storage coefficients in the conduit and reservoir is large enough to 

break down the continuity of equation (4). 

Due to the variation between the pumping areas and the surround-

ing reservoir, the cone of depression in the dewatering areas will 

behave, differently from the cone of depression in the reservoir region 

and will form a discontinuity in the regime flow (Figure 20 a and b). 

Had the local areas been pumping under the same regional 

characteristics, the water would be largely depleted locally, as shown 

by the part of the curve oa (Figure 20 a and b). On the other hand, had 

the regional been maintaining the same characteristic as the local, the 

part of the curve o'd (Figure 20 a and b) would indicate a wider range 

for the local areas. which is explained as a drop in head in the reservoir 

"-
region. The break in the continuity of the cone of depression at 00, 

as it is extended from the conduit to the reservoir region is related 

primarily to the change in the storage coefficient from the water table 

to the artesian. 

If the conduit area per unit length is assumed Ac and its storage 

coefficient is Se, and similarly the reservoir area is Ar and its storage 

coefficient is Sr, then at equilibrium: 

Ac Sc = Ar Sr 
(77) 



However, the reservoir area had always been much larger 

than the conduit area; therefore, a large difference between the 

reservoir and the conduit storage is anticipated in order to maintain 

equilibrium. A small increase in the storage coefficient in the 

reservoir region will be accompanied by a rapid decrease in the 

reservoir area; which means an additional increase in the local areas 

(oases). Consequently, it can now be seen that the main hydrologic 

factor that governs the design is the factor (T IS) and its change with 

time and space. 

Limitation of Image Method 

The method of images, which plays an important part in the 
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mathematical theory of electricity, is singularly adaptable to the solu-

tion of problems in conduction of heat and in the field of ground water 

hydrology. We imagine the aquifer to be continued in all directions 

without limit, and we then obtain, by a suitable distribution of sources 

and sinks, a potential function vanis hing on the boundaries of the 

aquifer. The distribution of sources and sinks outside the pumping 

well is in this case determined by taking images of the original pump-

ing well. The significant assumption for application of this theory in 

ground water hydrology, is that all the image wells pump simultaneously 

with the same discharge and at the same time as the pumping well. In 

this present work, if the image well is located beyond the conduit region, 



especially in the case of the leaky artesian aquifer, the image witl 

maintain different conditions than that of the pumping well, which 

will violate the linearity as sumption neces sary to the image method. 

An image well located within the reservoir region, in order to pump 

the same discharge as the real well, should operate under a smaller 

time of pumping than the real well. From the work presented here, 

one can limit the number of images for wells located between two 

parallel boundaries, which were previously considered infinite in 

number. 
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CHAPTER VI 

SIGNIFICANCE OF SOLUTION TO WATER 

RESOURCE DEVELOPMENT IN THE 

WESTERN DESER T, EGYPT (U. A. R. ) 

Hydraulic Boundaries of the Western Desert 

As a hydrologic system, the Nubian sandstone may be repre-

sented as a conductive medium of vast areal extent. with a boundary 

configuration that for ms a potential field of approxima tely triangular 

shape. 

The River Nile. which forms one side of the triangle. is 

coupled hydraulically along several finite reaches of the boundary 

with the magnitude of potential or flux different for each coupled 

segment of the boundary. The discharge hydrograph of the Nile at 

Atbara and at Aswan (Figures 21 and 22) shows that it gains water 

instead of losing it. although the river is exposed to high evaporation. 

The gain in water at Aswan especially occurs during the summer 

season where ther e is no rainfall and no overflow arrives at the 

river from the eastern wadis. 

A section across the Nile drawn by Gabert and others (1961) 

near Shendi north of Khartoum Sudan (Figure 23) which extends in a 
I 

NW -SE direction about 75 km on both sides of the river, indicates 
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Figure 22.. --Difference in daily discharge between Atabara and Aswan gauges. 
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NOV. DEC. 

DISCHARGE AT ASWAN 

Figure 21. _ -Hydrograph(of the River Nile at Atabara and Aswan (H. E. 
Hurst, Oxford Regional Economic Atlas for Middle East 

and North Africa). 



Figure 23. 

a. Ground water map in Sudan. 

b. A section across the Nile, north of Khartoum, NW -SE, by Gabert and 
other s. 
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another possibility for ground water seepage from the Nile north of 

Khartoum. In this area the ground water might be flowing in the sedi-

ments having a water table lower than the river. Recently,l according 

to a report from Copenhagen Dam Construction Company: "the 

geologists discovered a huge subterranean river that reportedly 

carries enormous amounts of water from the Sudan to the Mediterranean". 

Technically it would not be a river, but an underflow channel of highly 

pervious sediments which were deposited during river meandering in 

the past. 

The west leg of the triangle is an alignment of oases which 

forms a sequence of line-sink segments,. On the third side, the 

fresh-salt water interface, which is formed by encroachment of the 

Mediterranean Sea, represents a line sink. Ground water is 

discharged to the surface as fresh water seeps or as evapotranspira-

tion along this sink which migrates in response to changing potential 

in the regional hydrologic system. The recharging area for the 

Western Desert is located in the western section of the Sudan (Darfour 

Region; Sandford, 1935); it is far away fr om the oases that it can be 

excluded as an element of balance to the hydr ologic system. 

1. Water, published by Water Information Center, Inc., 

January 21, 1965, Vol. 7, No.2. 



112 

Previous Hydrologic Work in the Western Desert 

Several ground water contour maps were developed for the 

Western Desert, U. A. R. (Egypt) by Ball (19l7), Sandford (1935), 

Murray (19Sl) and for the Sudan by Gabert and others (1961). An the 

maps show that the highest piezometric surface lies north of EI-Fasher 

in Sudan, an area which receives an annual precipitation of about 

300 mm (Figure 1). However, because of low humidity and the thick 

cover of Kordofan sand over the watershed area, direct infiltration of 

rainfall is limited. 

The section acros s the Nile drawn by Gabert and others (1961) 

near Shendi, north of Khartoum, for ms another pos sibility for ground 

water seepage from the Nile north of Khartoum, in areas where the 

ground water can flow in the sediments to water tables lower than the 

river. 

In the Western region, from the mountains of Erdi, Ennedi 

in Chad to the Marro mountains in Sudan (Darfour), which rise to 

1300 meters above sea level, the annual precipitation is relatively 

high. Ball and Sandford indicate that the runoff infiltrates either 

directly to the sediments or Nubian sandstone or infiltrates by means 

of coLLecting channels, such as Wadi Hawar, which are filled with thick 

masses of cour se unconsolidated sediments. The Wadi may be extended 

to the North below the Nile and their is a possibility that the water lost 

from Nile North Khartoum is r echar ged into it. 
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The principal problem in developing the oases is the design of 

a pumping system that will maintain the water balance between the 

conduit and the reservoir regions. 

Hydrologic Parameters at El-Kharga Oasis 

In a pr evious paper (1964), the author used Muskat I sand 

Bewley's theories of the potential distribution of an infinite array of 

wells to study the hydrologic parameters of the Nubian sandstone 

aquifer with reference to El-Kharga oasis. 

In order to describe the relation between the reservoir and 

conduit, we assume that the dischar ge coming from each well is equal 

to the flow coming from the infinite line sour ce within a distance equal 

to the distance between two wells. The line source in such analysis 

was replaced by a constant-discharge drain. This drain formula was 

used then to describe the flow regime in the reservoir regions. The 

general formula that describes the regional and local conditions was 

found by the author to be as follows: 

where 

229 Q Log 4.4 e Rw _ 406 Q J_t_ = - H 
T a a ~ST 

( 78) 

Q is the actual flux into the well, in gallons per minute 

T is the transmissibility, in gallons per day per foot 

d is the distance, in feet, between wells in the pattern 

Rw is the equivalent radius of the pattern around the pumping 

c;enter 
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a is the distance between pumping centers (in this work called 
r) 

where 

H is the original head 

5 is the storage coefficient 

L Rw 
og -= 

rw (79) 

The fir st ter m in equation (78) describes the local conditions 

as a function of the di stance between the pumping center s and the 

distance between wells around the center. 

The second term explains the regional condition as a function 
"-

of time and storage transmissibility coefficients and the distance a. 

Equation (78) is plotted here (Figure 24) to cover the range of 

transmissibility between 200, 000 gallons per day per foot (gpd/ft) and 

25, 000 gpd/ it and for the extr em e cases of storage (10- 4 and 10 -1 ) 

(Tables 9, 10, 11, 12.and, 13). In this calcula'tion, the distance 

between the pumping center s was taken from the actual locations of 

welts in the El-Kharga field (a = 10,000 feet) and the equivalent radius 

(0.25 feet) is also taken from the actual field data. The original head 

H is considered to be 50 feet (G. D. D. O. maps). 

The field data of the discharge of wells which is kept dis-

charging all the time are plotted in Figures 2.5 and 2.6. The results 

taken from such a study can be summarized as follows: 
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Figure 25. --Field data of El-Kharga wells between the two limits of the history diagrams for 

T = 50, 000 gpd/ft 
H = 50 ft 
Rw = 0.2.5 ft 
a = 10,000 ft 
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i 

! Table 9. - -Calculation of factor L .. 

i-----------~· ----.-- --

Transmissibility 100,000 gpd/ft 75,000 gpd/ft 
gpd/ft 

Storage 8=10-1 8=10-4 8=10-1 8=10-4 

Days Years L = ..Jt/8T L = ..Jt/8T 

10 0.023 0.0316 1.00 0'.116 1.16 

547 1.5 0.234 7.40 0.855 8.55 

1825 5.0 0.427 13.50 1.560 15.60 

3650 10.0 0.605 19.10 2.200 22.00 

5475 15.0 0.740 23.40 2.700 27.00 

9125 25.0 0.955 30.20 3.500 35.00 

18250 50.0 1.350 42.60 4.940 49.40 
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,"Table 10. - -C:lcUI~tiOn of factor M and N using e Quatio:-78.1 
1 • • . . .. .. 

a !:..! • N II log log II 
ft a 10 • 

1,000 9.45 0.975 2.24 

1,000 4.73 0.674 1.55 

3,000 3.15 0.498 1.145 

4,000 2.36 0.373 0.856 

5,000 1.895 0.277 0.637 

_,000 1.580 0.198 0.455 

7,000 1.350 0.130 0.294 

8,000 1.180 0.072 0.164 

9,000 1.05 0.021 0.0483 

10,000 0,94 0.0097 0,0223 

N Q ~Og d~fOgid5/ 22001 
II I: log L.N 

a 

r" I: 1 ft 

d l1li 1,000 It 



· Table 11. - -Calculation of factors M and N. 

1,000 5,000 10,000 30,000 Sft) 

N .N ~N II N eN !:!eN II N eN !:.!eN II N eN !:.!eN II 
aUt) a a a a 

1,000 5.48 240 1.057 0.055 8.8 900 3.96 1.370 7.78 2150 9.45 2.23 8.17 3600 15.82 2.76 

2,000 0.528 -0.636 1.98 0.683 4.73 1.55 7.92 2.06 

3,000 0.353 -1.04 1.32 0.276 3.15 1.15 5.28 1.66 

4,000 0.264 -1.33 0.99 -0.009 2.36 0.8581 3.96 1.37 

5,000 0.212 -1.55 0.792 -0.234 1.895 0.660 3.17 1.15 

8,000 0.176 -1.74 0.660 -0.416 1.580 0.455 2.64 0.966 

7,000 0.151 -1.89 0.566 -0.568 1.350 0.300 2.26 0.815 
I 

8,000 0.132 -2.02 0.495 -0.702 I 1.180 0.161 1.98 0.680 

9,000 0.117 -2.15 0.440 -0.828 1.050 0.046 1.76 0.564 

10,000 0.1057 -2.25 0.396 -0.925 0.940 -0.069 1.58 0.455 

N = Log {i;zf/L09 {d2J22 0 5} M = Log 4.4 N 
a e 

)- I.. d---/ 
VO 0 0 
o--B------v-B-

o o .... 
N 
o 



Transmissibility 
gpd/ft 

Storage 

Years 

0 .. 023 

1.5 

5.0 

10.0 

15.0 

25.0 

50.0 

a • 10,000 ft 
H = 80ft 
Rw I: 0.25 ft 

l T~bl~l~: --Discharge v:rsus t~me U.i~ equation ~~:M 
~.~:--;- --,n" ___ ~, ___ ..",.,,...~_~_ 

100,000 200,000 

8 I: 10-1 

Q 

gpd/ft width 

2.26 x 103 

1.66 x 103 

1.31 x 103 

1.10 x 103 

1.0 x 10 3 

8.4 x 102 

6.6 x 10 
2 

S = 10-4 8 = 10-1 

Q Q 
gpd/ft width gpd/ft width 

8.15 x 102 4.56 x loS 

1.56 x 102 2.92 x 1rr 

1.09 x 102 2.20 x 102 

6.3 x 10 1. 8 x 10 3 

5.15 x 10 1.58 x 10 
3 

4.04 x 102 1. 32 x lcr 
2.86 x 10 

2 1. 015 x 103 

1- T. 200,000 gpd/ft 
2- T = 100,000 gpd/ft 
3- T = 75.000 gpd/ft 

S = 10-4 

Q 
gpd/ft width 

1.275 x 103 

2.25 x 10 
2 

1.25 x 102 

0.895 x 10 
2 

2 
0.735 x 10 

0.567 x 10 
2 

0.394 x 10 
2 

25,000 

8 = 10-1 S = 10-4 

Q Q 
gpd/ft width gpd./ft width 

5.85 x 102 4.36 x 102 

4.90 x 10 
2 

0.735 x 10 
2 

4.27 x 102 0.425 x 102 

3.82 x 10 
2 

0.306 x 10 
2 

2 2 
3.50 x 10 0.252 x 10 

3.12 x 102 0.197 x 102 

2.61 x 10 
2 

0.141 x 10 
2 

239 -9-. .. -~ QL I: - H T a 
1- 229 -!- I: - 0.0104 

T 
II 2- 229 --- = - 0.0208 
T 

3- 229 .l!... = - 0.0306 
T -N 

I-' 



Storage 

Coefficient 

.. 
I 
o 
.-4 

.-4 
I o 
--i 

d = 10,000 it 
H :::I 50 ft 
T = 50,000 gpd/ft 

Time 

Days 

10 

547 

1825 

3650 

5415 

9125 

18250 

10 

547 

1825 

3650 

5475 

9125 

18250 

Q = in gpd/ft width 
L ::.: 

229 Q ~ - 406 LQ = H 
T a 

0.02 

1.5 

5.0 

10.0 

15.0 

25.0 

50,0 

0.02 

1.5 

5.0 

10.0 

15.0 

25.0 

50 

1,000 ft 

Q 

gpd 

88.5 

11.8 

6.6 

4.6 

3.74 

2.98 

2.03 

6.25 x 103 

4.0 x 102 

2.12 x 102 

2 
1. 48 x 10 

1. 205 x 102 

0,93 x 102 

0.65 )It 102 

2,000 ft 

174 

Q 

gpd 

23.7 

13.1 

9.14 

7.5 

5.16 

4.08 

Table 13. --Discharge calculated from equation (18) for given data below. 

3,000 it 

261 

~ 
gpd 

35.5 

19.7 

13.7 

11.2 

8.65 

6.10 

5,000 it 

446 

59 

Q 

gpd 

32.9 

22.9 

18.7 

14.4 

10.2 

6,000 ft 

532 

70.6 

34.3 

27.3 

22.4 

17.35 

12.20 

7,000 ft 

620 

82 

52 

32 

Q 
gpd 

25.9 

90.2 

14.3 

10,000 ft 

Q 
gpd 

864 

117 

64 

46 

37.3 

28.7 

20.3 

20,000 ft 

Q 
gpd 

119 

90.8 

74.4 

57.4 

41.0 

30,000 ft 

Q 
gpd 

160 

135 

110.5 

85.S 

61. 0 

40,000 ft 

Q 
gpd 

180 

178 

146 

114 

80.2 

122 

50,000 ft 

Q 
gpd 

175 

216 

180 

143 

----------------------------~--~-----------------------------------------------------------------------------------------------------

8.28 x 102 

4.3 x 102 

2 
3.0 x 10 

2 
2.44 )It 10 

1.91 x 102 

1.31 x 102 

6.25 x 103 

12.5 )It 102 

6.5 x 102 

4.55 x 102 

3.67 x 102 

2.81 x 102 

1. 98 )It 102 

•. 05 x 10" 

20.8)1t 102 

2 
10.85 x 10 

2 
7.58 x 10 

2 
6.12 x 10 

4.66 x 102 

3.27 x 102 

104 5.2 x 

24.5 x 102 

12.8 x 102 

2 
8.95 x 10 

2 
7.26 x 10 

5.62 x 102 

2 3.94 x 10 

4 
4.03 x 10 

27.8 x 102 

14.8 x 102 

2 
10.35 x 10 

2 
8,5 x 10 

7 8 102 . x 

4.55 x 102 

2.5 x 104 

36.2 x 102 

2 
14.25 x 10 

2 
11.65 x 10 

6.42 x 102 

') 

32.2 x lU'" 

24.3 x 102 

2 
20.5 x 10 

16.3 x 102 

11.9 x 102 

4 
0.83 x 10 

51 )It 102 

36.8 x lU2 

2 
29.6 x 10 

2 
25.8 x 10 

16.0 x 102 

36 x 102 

30.8 x 102 

2 
27.5)1t 10 

23.6 x 102 

18.5 x 102 

25 x 102 

26.6 x 102 

23.6 x 102 

17.9 x 102 



123 

1. There is a rapid change in the storage coefficient within 

the first three years of pumping, and the aquifer can now be considered 

to be near the water table condition. 

2.. The tr3.nsmissibility in EI-Kharga lies between 30, 000 

gpd/ft and 100, 000 gpd/ft with an average of 50, 000 gpd/ft for the 

entire area. 

3. The rapid decline in the wells between the third and sixth 

year can be explained in that it is due to well plugging. The problem 

of corrosion as discussed by F. E. Clarke (1962) can be the pos::;ible 

explanation for such a rapid decline especially during the last three 

years. 

4. Increasing the radius of wells, as can be shown in the 

present work, will increase the interference between wells and increase 

the distance between the pumping centers. 

5. The Jacob-Lohman equation of constant head is used to 

explain the discharge history diagram for the aquifer behavior when 

an extra head is added to the aquifer (Figure 2.7). The result shows 

that the discharge will rapidly decline if pumping resumes again under 

a new head condition. The differ ence between the two head conditions 

amounts only to the change that took place in the storage coefficient 

during the period of pumping under the original head condition. This, 

as shown in Figure 27, will cause the discharge to increase more 



Figure 27. --History diagram calculated from Jacob-Lohman's (1952) constant-head formula 
showing the effect if more head is added to the pumping system. The figure 
shows that rapid declination will take place even if additional head is added to 
the system. Curves are drawn for different radii of wells. 
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than the original condition which the aquifer was pumping under the 

original head and under artesian condition s. 

6. The const;ant head formula by Jacob and Lohman is plotted 

here for the same conditions for which the equation (78) is plotted, and 

for both artesian and water table conditions (Figures 28 and 29). The 

difference between the constant head formula (using U. S. Geological 

Survey units) (Figure 30) 

Q = T Sw G(L) 
229 

L = O. 134 T t 
r 2. S w 

explains the importance of the interference in the design of the well 

locations in El-Khar ga. 

Factor s Affecting the Dischar ge Efficiency 

( 80) 

The discharge efficiency factor, which was discussed earlier, 

assumes the complete penetration of wells. In some problems, where 

the aquifer is very deep, the partial penetrations of wells became 

necessary from the economical point of view (as in Baharia Oasis --

U. A. R. [!:..gyp~7). In such problems the discharge efficiency factor, 

Cn • is also a function of the penetrated depth. The design of the depth 

of penetration should satisfy the variation in the local dif£usivity of the 

aquifer with respect to time (i. e., the non-dimensional factor, L) so 

as to avoid the depletion problem which may occur as a result of the 

change in the storage coefficient. 
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gpd/ft, Rw::: 1 ft. and H::: 100 ft for different values of the storage coefficient 
between artesian and water table. 
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Figure 30. --Drawdown versus time, applying Theis' constant-discharge equation for the two 
limits of storage coefficient. 
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Muskat (1946) used the image theory in the cases of partial 

penetration. infinite array. and the steady-state condition. His solu-

tions satisfy the steady- state equation of motion and the following 

boundary conditions: 

~ = constant = ¢w at r = rw 

<t> = con~tant = ¢e at r = re z < b (81 ) 

U = o¢ - 0 z ---oz at z = 0 & h 

The solution for large p is 

= 4q r ~ L: ~ Ko 2n JT P cos 2n JT P sin 2n JT x + x Log ! 1 (82) 

L n= 1 

where 

Ko the Hankel function (1837) of order zero (Jahnke, 1945) 

p = r /2h w = z/2h x = b / 2h 

(83 ) 

which means that the potential in the partial penetration is a function 

of the following: 

(.f> = <P (q; r/2h; z/2h; b/2h) 

and 

<t = <P (space distribution and diffusivity change). 
(84) 
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The efficiency factor is also a function of 

Tt 
Cn = <P (Sal and spac e distribution). (85 ) 

Equations (84) and (85) show that in the case of partial pent!tration, the 

interference factor varies with the potential distribution around the 

wells in the line array. 

For a group of partially penetrating wells,!. A. Tcharnii 

(1962) gave an approximate method to compute the discharge •. He 

assumed that at a certain distance from the partially penetrating well, 

the flow may be considered to be plane parallel. Kochina (1962) found 

. that this distance is roughly equal to the thickness of the layer. Muskat 

(1946) found that the equipotentials for the partially penetrating case 

rapidly changes to a radial type and can hardly be distinguished from 

those for a radial system at a distance from the welt equal to only 

twice the sand thickness. This change to a radial characteristic will 

take place even more rapidly with the increase in the penetration. 

Development of the Water Res0L1:rces at El-Kharga 
Oasis as Indicated by the Mathematical Study 

The wells developed in the oases in the Western Desert (U. A. R.) 

were flowing initially. At that time there was no demarcation between 

the local and the reservoir characteristics. The storage coefficient 

was artesian in both regions. When flow ceases and the wells must be 

pumped, the hydraulic conditions in the region near the well (conduit) 

establish a characteristic that is different from the region far away 



from the wells (reservoir). Ultimately the only source of recharge to 

the dewatering areas (local) is what comes [rom the reservoir region. 

then a balance will be maintained between man I s need and its effect on 

the ground water system. either in the form of drop in head or decline 

of the discharge. The limit of the dewatering region depends on these 

factor s: 

a. the diffusivity change with tim e 

b. rate of pumping from region 

c. time of pumping 

To start the design of the line array in the oases, one may 

assurne the limits of the dewatering areas at specific potential drop. 

Moreover the ratio of the storage coefficient between the reservoir 

and conduit regions can also be assumed. The translllissilJility can 

also be assumed to be constant. With these assumptions, the quantity 

of water pumped from the conduit and the time of pumping are the two 

factors exposed to change. 

In order to keep the equilibrium between tbe local and the 

reservoir as the assumption, we can either limit the time of pumping 

and so the quantity of water that can be pumped can then be calc ulated. 

At this point. if we can limit the quantity of water that is 

required to be pumped from the dewatering region, the coefficient of 

discharge efficiency can be calculated from equation (6J). This also 

131 
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will give the distance between the wells in the line array, that will 

satisfy the required design.(Tables 14 through 25). 

One should notice that the farther the reservoir region is from 

the conduit region, the more time is required for the released water 

from the storage (from reservoir) to reach the conduit. If such time 

became larger and larger, depletion may occur because replenishment 

from the reservoir can not keep pace with conduit drawdown. This may 

limit man's continuous need of pumping. 

An alternative method of the design, is to assume the change 

in the diffusivity within a certain period of time. The average 

discharge efficiency factor can then be calculated, and from it the 

average quantity of water that can be pumped is known. Also the 

distance between the wells and the well diameter can be. known. 

Any of the two previous methods in the design would help 

under proper assumption to keep the balance between the dewatering 

and reservoir regions. 

Design Elements Required 

The change in the hydraulic dif£usivity of the local hydrologic 

system with respect to time is usually expressed in the non-dimensional 

form (L = Tt), which is of special importance in the design. 
Sa2 

The main elements in the design of the infinite well arrays 

can be listed as follows: 



Table 14. - -EUJ .t*"~ Y:' e factor for two wells. 

<Mci)2 (l - Mel) 
<Mcs)2 

C2 
1 - lid 

100 0.482 0.242 0.758 0.3193 0.189 

500 0.358 0.128 0.772 0.1468 0.495 

1,000 0.200 0.040 0.800 0.0500 0.75 

2,000 0.168 0.0282 0.832 0.0339 0.798 

3.000 0.133 0.0177 0.867 0.0204 0.812 

4,000 0.092 0.00845 0.908 0.0093 0.898 

5,000 0.068 0.00462 0.932 0.00496 0.9271 

6,000 0.035 0.00122 0.965 0.00126 0.9637 

7,000 0.017 0.00029 0.983 0.000295 0.9827 

A= ria 
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Table 15. --If'.fJc'i •. n~ 1.i factor for two wells. 
!,. 

lid 
(Md )2 

C2 
1 - lid 

1.000 0.30 0.1288 0.5712 

1,000 0.285 0.0812 0.6015 

3.000 0.258 0.09 0.652 

5,000 0.185 0.042 0.773 

6,000 0.158 0.0297 0.8123 

8,000 0.108 0.01305 0.879 

10,000 0.050 0.0026 0.9474 

1 = ria 



}. 

1.000 

2.000 

3,000 

4,000 

5,000 

6,000 

7,000 

.,000 

9,000 

10,000 

20,000 

L = 109 

A = ria 

Table 16. --I Urc ienc9-::' factor for two welle. 

IIci <Mg)2 
(Md )2 

C2 
1 - lid 

0.4 0.160 0.2670 0.333 

0.384 0.1475 0.2400 0.376 

0.358 0.1280 0.199f) 0.443 

0.320 0.1020 0.150 0.530 

0.300 0.090 0.129 0.571 

0.285 0.081 0.1135 0.6015 

0.255 0.0650 0.0874 0.6576 

0.233 0.0542 0.0703 0.6967 

0.208 0.0434 0.0547 0.73.73 

0.175 0.0350 0.0425 0.7825 

0.100 0.010 0.0111 0.8890 



, ' j Table 1'. --Discharge efficiency factor for two ~ells. 
I ,t- . 

\. (1Ics)2 (l - Met) (lId )2 
C2 

1 - Md 

1,000 o.taO 0.230 0.520 0.442 0.078 

2,000 0.452 0.205 0.548 0.375 0.173 

3,000 0.433 0.188 0.567 0.332 0.235 

4,000 0.417 . 0.174 0.583 0.299 0.284 

5,000 0.400 0.160 0.600 0.267 0.333 

8,000 0.375 0.140 0.625 0.2245 0.4005 

7,000 0.350 0.122 0.650 0.188 0.462 

8,000 0.330 0.109 0.670 0.163 0.507 

9,000 0.317 0.1005 0.683 0.1475 0.5355 

10,000 0.300 0.09 0.700 0.1285 0.5715 

20,000 0.233 0.0545 0.767 0.0710 0.8960 

40,000 0.185 0.0287 0.7880 

60,000 0.150 0.0285 0.8235 

80,000 0.124 0.0175 0.858 

100,000 0.100 0.011 0.889 
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Table 18. - -Efficiency factor for two wells • 

.. ~, ,~,-""'~' . .,.. ", ---- ..•. 
- -.~..J'''-

\: (~)2 (l - ~) 
(Mct)2 

C2 
1 - lid 

1,000 0.532 0.284 0.468 0.607 

2,000 0.515 0.265 0.485 0.515 

3,000 0.495 0.245 0.505 0.485 0.02 

4,000 0.475 0.225 0.525 0.4286 0.095 

5,000 0.465 0.216 0.535 0.4037 0.1313 

6,000 0.440 0.194 0.560 0.3464 0.2136 

7,000 0.U5 0.181 0.575 0.3148 0.2602 

8,000 0.415 0.172 0.585 0.294 0.2910 

9,000 0.400 0.160 0.600 0.2666 0.333 

10,000 0.385 0.148 0.615 0.2406 0.374 

20,000 0.325 0.106 0.675 0.15704 0.518 



Table 19. --Discharge efficiency factor for three wells. 

'Z------ - 2 

A lid 112d IId (l - lid) 
(lid) (~) 

Jld - ~ C3 
1 - lid 1 - 112d 

1,000 0.308 0.275 0.-213 0.130 0.105 0.033 0.244 

2,000 0.275 0.217 0.199 0.105 0.0602 0.058 0.361 

3,000 0.250 0.157 0.188 0.0835 0.0290 0.093 0.448 

4,000 0.217 0.108 0.170 0.0602 0.0130 0.109 0.540 

5,000 0.185 0.050 0.151 0.0417 0.0026 0.135 0.619 

6,000 0.157 0.040 0.132 0.0292 0.0017 0.0117 0.680 

7,000 0. 131 0.025 0.116 0.0208 0.0007 0.109 0.728 

8,000 0.108 0.013 0.0964 0.013 0.095 0.783 

9,000 0.075 0.009 0.0695 0.0065 0.066 0.850 

10,000 0.050 0.007 0.0475 0.0026 0.043 0.899 

L = 108 

(~)2 (1I2d )2 
C3 = 1 - 112d - ~(l - ~) - 1 - Mel - 1 - 112d - (lies - ~d) 

l= r / a .... 
I.iV 
00 
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-Table ZOo --Discharge efficiency factor for thre~ ·~~~l •• ] 

~ Met M2d Met(l - ~) 
(~)2 (~)2 

lid - ~d C3 
1 - IIci 1 - Mad 

1,000 0.408 0.380 0.242 0.280 0.236 0.028 

2,000 0.380 0.325 0.236 0.233 0.151 0.055 

3,000 0.350 0.275 0.227 0.188 0.105 0.075 0.13 

4,000 0.325 0.225 0.219 0.157 0.066 0.100 0.233 

5,000 0.300 0.180 0.210 0.129 0.0396 0.120 0.322 

6,000 0.275 0.168 0.199 0.105 0.0338 0.107 0.387 

7,000 0.250 0.150 0.187 0.0835 0.0265 0.100 0.453 

8,000 0.225 0.134 0.174 0.066 0.0208 0.091 0.514 

9,000 0.200 0.125 0.160 0.050 0.0178 0.075 0.572 

10,000 O.lSO 0.108 0.148 0.0396 0.0130 0.072 0.620 

20,000 0.108' 0.058 0.0965 0.0130 0.0035 0.050 0.779 

40,000 0.058 0.017 0.0546 0.0035 0.00295 0.041 0.880 

L = 109 

A= r/a ..... 
I.>J 
~ 



-r-- -Table Zl. --Discharge efficiency factor for tbree wells.' 

A ~ 112d ~(l - 1Ici> 
(~>~ (lI:ad)~ 

lid - ~d C3 
1 - ~ 1 - lIad 

1,000 0.480 0.458 

2,000 0.458 0.415 

3,000 0.423 0.376 

4,000 0.415 0.334 

5,000 0.395 0.300 0.248 0.258 0.128 0.095 

6,000 0.376 0.285 0.234 0.219 0.114 0.091 0.057 

7,000 0.355 0.270 0.229 0.195 0.100 0.085 0.121 

8,000 0.334 0.260 0.222 0.168 0.0955 0.068 0.181 

9,000 0.317 0.245 0.216 0.152 0.0795 0.072 0.236 

10,000 0.300 0.234 0.210 0.1285 0.0717 0.066 0.290 

20,000 0.234 0.185 0.178 0.0717 0.0417 0.049 0.477 

40,000 0.185 0.117 0.151 0.0287 0.0155 0.068 0.627 

60,000 0.150 0.090 0.1275 0.0265 0.009 0.060 0.687 

80,000 0.124 0.050 0.1080 0.0176 0.0065 0.074 0.744 

100,000 0.100 0.017 0.090 0.0110 0.00305 0.083 0.796 
~ 

IIlo-

L :: 1010 ). = r / a 
0 



Tab Ie 22. - - Di.char ge efficiency factor for three wells. _1 

A lid ll:ad Md(l - Met) 
{~)2 (~d)2 

Met - IIu C3 
1 - lies 1 - ~d 

1,000 0.552 0.518 0.2465 0.68 0.552 0.034 

2,000 0.518 0.475 0.2720 0.512 0.420 0.043 

3,000 0.500 0.442 0.2790 0.432 0.325 0.058 

4,000 0.475 0.417 0.2760 0.388 0.298 0.058 

5,000 0.465 0.385 0.2480 0.430 0.241 0.080 

6,000 0.442 0.378 0.2460 0.351 0.230 0.064 

7,000 0.425 0.365 0.2440 0.313 0.210 0.060 

8,000 0.417 0.356 0.244 0.300 0.197 0.061 

9,000 0.400 0.335 0.240 0.267 0.168 0.065 

10,000 0.385 0.325 0.236 0.241 0.157 0.060 

20,000 0.325 0.275 0.219 0.157 0.103 0.050 0.196 

40,000 0.275 0.225 0.200 0.105 0.066 0.050 0.354 

60,000 0.200 0.185 0.187 0.0835 0.0417 0.065 0.442 

80,000 0.225 0.145 0.1745 0.0655 0.0245 0.080 0.510 

100,000 0.208 0.090 0.165 0.055 0.009 0.118 0.563 -~ .... 
L = lOll 

). = r / a 
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Table 23. - -Efficiency factor for four wells. 

Md ~d Mad 
2 (~) I1-Md 

2 
(M:!d) /l-~d 

2 
~d(I-Mad) 

2 
(M3d) I1-M3d Md-M2d ~d-~d Md(I-~) C4 

20,000 0.238 0.185 0.15 0.07 0.0287 0.0265 0.049 0.035 0.158 0.138 0.345 

40,000 0.185 0.124 0.085 0.0287 O. 0176 0.009 0.061 O. 039 0.1085 0.1225 0.5287 

60,000 0.150 0.090 0.034 O. 0265 0.009 0.0012 0.060 0.056 0.082 0.108 0.624 

80,000 0.124 0.050 0 0.0176 0.0065 0 0.074 0.059 0.0475 0.0955 0.710 

100,000 0.100 0.017 0 0.011 O. 00305 a 0.083 0.017 0.0167 0.081 0.788 

Table 24. - -Efficiency factor for five wells. 

2 3 (~)2/l-Mct 2 2 2 
Met-M2d ~ ~d M3d M2d M3d(l-M3d) ~d(1-M2d) Md (l-Mct> (M2d ) /1-M2d M3d) I1-M3d (M4d) I1-M.td M2d-M3d M3d-M4d Cs 

20,000 0.124 0.150 0.185 0.238 O. 1275 0.123 0.105 0.010 0.0287 0.0265 O. 0176 0.049 0.035 0.026 0.2671 

40,000 0.05 0.09 0.124 0.185 0.082 0.0955 0.100 0.0287 0.0176 0.009 0.0065 0.061 0.039 0.040 0.4707 

60,000 0 0.U5 0.090 0.150 O. 0475 0.0746 0.092 0.0265 0.0090 0.0065 0 0.060 0.04() (1.050 0.5939 

80,000 0 0 0.050 0.124 0 0.0450 0.083 0.0176 0.0065 0 0 0.074 0.050 0 0.7239 

100 000 0 0 O. u17 0.100 a 0.0165 0.071 0.011 0.00305 0 0 0.083 0.017 0 0.7980 
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Table 25. - -Efficiency factor for six wells. 

Ilsd M4d M3d ~d M4d O - II4d) 
2 ~d ( l-Jlad'fJ Md CI-IIcI)4 (!d)2 (M.ad) 2 (U~d)2 (Mfd) 2 (lI~d)2 M3d(l-~d) IId- M2d 112d-M3d 113d-1I4d 114d-ilsd C6 

l-Kci I-~d I-M3d 1-lI.td I-Msd 

20,000 0.100 0.124 0.150 0.185 0.238 0.1085 0.108 0.122 0.080 0.070 0.0287 0.0265 0.0176 0.0110 0.0490 0.0350 0.026 0.024 0.194 

40,000 0.017 0.050 0.090 0.124 0.185 0.0475 0.0746 0.083 0.0815 0.0287 0.0176 0.009 0.0065 0.00305 0.0610 0.039 0.040 0.033 0.459 

60,000 0 0 0.034 0.090 0.150 0 0.0316 0.0675 0.078 0.0265 0.009 0.0012 0 0 0.060 0.040 0.034 0 0.590 

80.000 0 0 0 0.050 0.124 0 0 0.0405 0.073 0.0176 0.0065 0 0 0 0.074 0.050 0 0 0.720 

100,000 0 0 0 0.017 0.100 0 0 0.0160 0.066 0.0110 0,00305 0 0 0 0.083 0.0170 0 0 0.790 

L = 1010 
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a. depth of wen 

b. distance between wens 

c. discharge of wells 

The three elements should be properly d . eSlgned so as to satisfy the 

economical aspects of the problem. The following procedure is 

recommended by the author to design the pumping system in a line 

array. 

1. From information given earlier, the approximate value 

Tt 
of L (equal --,- ) can be assumed as a start. 

Sac... 

2. For this value of L, the limiting distance between wells 

in the array that produces zero interference can then be determined 

from the curve in Figure 15. 

3. From the few wells located as described above and widely 

separated so that no interference is allowed, more information could 

be obtained. A fence diagram of the area would give more information 

on the subsurface geology. It would show whether there is a large 

uniform thickness of confining materials covering the whole region 

which would keep the pr essure constant for a longer time, or whether 

the aquifer will soon change from an artesian to a water table condition. 

By comparison with artesian aquifers in other parts of the world, the 

rate of change can be approximated. 

4. The change in the aquifer diffusivity can be determined 

from field pumping tests which should be run at regular intervals of . 
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time. The step method of the pumping test should also be made at 

various times. The latter test will give additional information on the 

local decay in head due to laminar and turbulence losses. If there is a 

problem of corrosion or well plugging, it can then be quickly discovered 

in the early stages from these tests. 

5. A sufficient time should elapse before more information is 

gathered about the aquifer and problems which may become evident, 

such as corrosion, would need to be solved. Contour maps for the 

area showing the various chemical constituents and the thermal 

distribution with their relationships to the structural geology of the 

area should be prepared. 

6. Fr om the pumping tests described above in num ber 4, the 

range of the function L (equal ~ ) can be determined. A curve that 
Sa 2 

represents the interference factor, as related to the discharge for 

various distances between wells, should be plotted. Also a curve 

that represents the cost per mile should be given in the same diagram. 

Different curves of the same type, as the discharge versus the distance 

between wells for various values of L can be plotted. Such curves 

help to decide the discharge efficiency factor that would limit the 

design according to the economics of the problem. 

7. It should be noticed from Figures 31 and 32 that the greater 

the increase of the well diameter, the greater should be the distance 

between wells in the Line array. It is known that the wider the 
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diameter of well, the more discharge can be obtained; yet, the 

problem goes beyond this to how fast th' t IS wa er can be obtained and 

how long it can last. Moreover, the distance between the wells, which 

is a function of the discharge efficiency factor, is also a functiun of the 

well diameter. 

The curve in Figure 33, plotted by Muskat, represents the 

relation between what he called 5h (the production capacity per well in 

first line over the production capacity per well pair in both lines) and 

the parameter dlia. This is of interest especially to the applicability 

of this work on the two line arrays in the problem of Egypt. 

The fir 8t point is that, even when the line drive is very 

distant from the producing wells and the distances of the two lines 

from the drive become effectively equal, the shielcling (defined by 

Muskat, 1946, as the deviation of the ratio (Sh = ~~ ) from unity which 

measures the effect of the fir st line upon the second) falls no lower than 

67 per cent, which gives a leakage of 33 per cent. This is due to the 

fact that when the line drive is far from the wells, the wells even 

though placed behind each other, would appear as if they are at 

practically the same distance from the drive and hence should produce 

the same quantity of fluid. The fact is, however, that the shielding 

and leakage effects between the two lines of wells are determined only 

by the nature of the pressure distribution around the wells and that this 

is not appreciably affected by shifting the position of the line drive once 
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the latter is at a distance equal to the mutual spacing from the well 

array. 

The second point of interest is that the absolute value of the 

pressure at any given point does not depend upon dl la, but the shield

ing and leakage is determined only by the shape of the equipressure 

curves and streamlines about the wells, and these are practically 

independent of dl la when d1la 0.5. 

Muskat (1946) also found that for practical purposes, when 

d = a and d = 2a 

2. 
~- 1 + -----
qZ - Log a/2 rw 

This also can be given another way which rna y be mar e suitable for 

conditions in the El-Khar ga and El- Dakhla (Egypt). If the two line 

(86) 

arr,ays are considered to be at infinite distances from the line drive 

and the distance between the two line arrays is equal to the distance 

between wells in both arrays, then the shielding effect will follow that 

of equation (86). The steps of design mentioned before (page 145) 

still remain true for the case of the two line arrays, with the addition 

of the shielding factor that limits the dischar ge in the second array 

with respect to the first. Equation (86) is plotted by Muskat (1946) in 

Figure 33 a and b. 
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Effect of Staggering of Line Arrays 

The di sc us sion of thi s point is important in determining whether 

staggered well systems (Figure 34 b) may have advantageous features 

as compared to the rectangular well networks. In order to get the 

maximum effects of the staggering, Muskat (1946) assumed that the 

two lines are mutually shifted parallel to themselves by half of the well 

spacing (Figur e 34 b). The shielding factor was found by Muskat (1946) 

to be 

sinh rrrw/ (d2+ d l)/a} 
ql Log 

sinh Z 7r d2 rr (d2-dl)/a} -q2 
Log sinh 'T" rw 7 rr (d2+ d Il/a 

sinh Zrr d 2 / rr (d2- d l)/a (87) 

Comparing equation (87) wi th equation (86), which applies to the case 

when the two lines are not staggered, it seems that the only difference 

between them consists in the replacement of the ratio 

sinh 7r (dztd1)/a cosh rr (d2+dl)/a 
sinh 7r (dZ-dl)/a by cosh 7r (drd1)/a (88) 

Now, cosh 7r z is almost exactly equal to sinh 1': z for z? 1. Hence, 

since for all practical cases dZ- d l ?:: I, e'luations (87) and (88) will 
a 

not differ appreciably unles s (dZ - dl / a) is small. Therefor e, stagger-

ing the well arrays will have no effect on the shielding and leakage 

characteristics of a system unless the distances between the lines are 

made appreciably smaller than the sf.'acing of the welts in the lines. 



Figur e 34. 

a. Two parallel infinite ar ray of wells. 

b. Staggering distribution of wells in two infinite arrays. 

c. The variation of the shielding effect between two lines of wells with 
the well spacing a (Muskat, 1946). 
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Based on the previous facts, it should be necessary for the 

location of the second line array of wells in both EI-Kharga and El

Dakhla to keep at least the distance between the line arrays equal or 

more than equal the distance between wells in the arrays themselves. 

Sometimes the locations of wells are based on other considerations. 

From the practical point of view, however, mere geometrical 

symmetry is of little moment. For all practical purposes, staggering 

the welt system will have no appr eci<:.b1e effect upon the leakage or 

shielding characteristics of a multiple-well system. 

Present Distribution of Wells at EI-Kharga 

Based on this mathematical model, the discharge efficiency 

factor for a line array of wells was calculated for the case of Lvo and 

three wells (Figures 31 and 32). The calcutation was done for various 

values of L factor. Another example of six welts was also calculated 

for only a value of L = 1010 • A justification of the present spacing of 

wells in Kharga oasis (about 4 kilometers), the discharge efficiency 

factor was found to be 0.56. However, with a proper regulation of 

pumping that we should not pump simultaneously the wells in the array. 

the efficiency factor can be raised to higher value. 



CHAPTER VII 

SUM1v1ARY AND CONCLUSION 

Summary 

The purpose of thi s research is to ascertain the principle 

upon which the design of an infinite tine array of welts depends. The 

work is applied to a ground-water problem in the Western Desert , 

U. A. R. (Egypt) and can be summarized into two main parts; (1) 

establishing a theory of design and (2) its application to a line array 

problem in the Kharga oasis (Western Desert). 

Theory of the Design 

Previous investigator s assumed a constant aquifer diffusivity 

and did not distinguish between the flow regime adjacent to an array of 

wells and that in the surrounding region. If applied to the problem of 

the Western Desert such mathematical models would predict more 

severe dewatering than has actually occurred in the system. The 

present work establishes hypothetically that, for highly artesian 

aquifers, which do not receive recharge from rainfall, a balance 1n 

the hydrologic system must be maintained between man's development 

(pumping from the array) and recharge from surrounding region. 

This work indicates that the method of image, which was originally 
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developed in electromagnetic theory and which playeu .:1n inlportant 

part in the previous mathematical modeLs, can be modifieu for use in 

the field of the ground-water hydroLogy. If the image welt is located 

beyond the conduit region, especially in leaky arte ::;ian aquifer 6, the 

images will function under different conditions from those at the pump

ing well. This violates one of the principaL assumptions upon.vhich 

the theory of image is based; that is to S.:1y, the images function in the 

same environment as does the pumping well. The concept of dividing 

the flow regime into conduit and reservoir is established in this study. 

This is accomplished by separating Carslaw's equation (4), describing 

the potential distribution of regions bounded internally by a circular 

cylinder, into two integr al parts to maintain mathematical continuity 

in the solution. The factor A is introduced and is defined as the 

damping factor; it functions to dampen the combined effect of the 

difference in the hydraulic di£fusivity and the square power of the 

potential drop of the aquifer between the conduit and reservoir regions. 

The damping factor is defined mathematic all y in equation (21), as a 

function of the Bessel terms (first and second order) .:1nd the ratio 

between the distance from well to the radius of well. It was found 

during the analysis of the mathematical model that, as the Eessel 

terms at the limit potential Uz approach a value equal to twice the 

value of the damping factor A, the drop in potential at such a point 

approaches zero. This finding was used to calculate the limiting 
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distance at which there is no interference between welts in the line 

array. 

The work is extended to calculate the discharge per well in a 

line array of wells pumping simultaneously under constant head. It was 

found that the Jacob-Lohman solution for one well, if it is ITlllltiplied 

by a coefficient named as the discharge efficiency factor, which varies 

with the number of welts along the array, wilt give the average dis-

charge per well in the array. The interference between wells in the 

array was then developed in the form of a convergent series, for 

which two cycles of correction are adequate to calculate the discharge 

efficiency factor (en)' Further cycles of correction do not affect the 

problem. The discharge efficiency factor was calculated for the cases 

of two and three wells for various values of the non-dimensional factor 

L (L = TtZ ) and for up to six wells for a single value of the non
Sa 

dimensional factor L (L = 101 0). Further calculations can be carried 

out following the same principle. Another curve was drawn that shows 

the limiting number of wells which affect the efficiency factor. 

Application of This Work to the 
Western Desert (U. A. R.), Egypt 

The River Nile was found, from paleo-climatic analysis and 

the radioactive dating to have reached present conditions as recently 

as 5000 years ago. Analysis of hydrographs at different gauging 

stations indicates that the Nile is influent north of Khartoum (Sudan) 



and is effluent at Wadi Halfa (Egypt) and at Aswan. The river had 

eroded several deep channels at Nubia during the Pleistocene. The 

higher runoff during that epoch carried coar se materials to the bed 

of the river and formed a highly conductive medium, which exists 
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today beneath the present channel. This subchannel aquifer is connected 

hydraulicall y to the Nile at certain points. The connection of the Nile 

with the Khar ga oasis was previous 1 y established by Hell str om (1940); 

according to his theory the downcutting of the Nile into the aquifer. 

thousands of years ago, played an important role for flow within the 

Nubian sandstone. He postulated that the incision caused a gradual 

lowering of the piezometric level within the Nubian sandstone and that 

the activity of the flowing springs at Kharga began to diminish. Con

sequently, the culture developed by prehistoric man in the oasis died. 

Werner I s compr es sion theory (1946) indicates that, becaus e 

of the small permeability of the Nubian sandstone at Aswan, the Aswan 

High Dam will not show an appreciable effect in rising the piezometr ic 

head at Khar ga during the next 100 year s (Figur e 5). 

The analysis of the discharge-time data of present wells at 

Kharga (data given by G. D. D. 0.) since 1958, showed the following: 

1. The El-Kharga oasis is not a highly productive site, the 

transmissibility lies between 30,000 gpd/ft and 100,000 gpd/ft, with 

an average of 50, 000 gpd/ft for the whole area. It is believed that the 
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transmissibility increases in the other oases to the north. The storage 

coefficient in El-Kharga is presently near the value for free water 

table conditions. 

2. The rapid decline in the production of wells between the 

third and sixth year of pumping n1dy be relate(~ to the well plugging. 

The problem of corrosion is a possible explanation of such a rapid 

declination (Figure 25). 

3. A distance of four kilometers for well spacing at El-Kharga, 

as shown by the Egyptian General Desert Development Or ganization, 

is found to yield a discharge efficiency factor of 0.56 in the production 

of wells pumping simultaneously in the array. 

4. Increasing the radii of wells, especially at EI-Kharga 

oasis, will increase the interference between wells and decrease the 

discharge efficiency factor in the array. The increase in well radii 

in the array should be associated with an increase in the spacing 

between wells in order to keep a higher discharge efficiency factor. 

5. Two methods of the design of a line array are shown here. 

One is based on the prediction of the diffusivity change in the array 

during a certain period of time and the second is based upon assuming 

the limits between the dewatering ar eas and the reservoir. For both 

methods. if the discharge is assumed, the time of pumping can be 

predicted and the spacing between wells and the diameter of wells 

in the array in order to keep the continuity of the flow. Or, if the 



time of pumping is assumed then the discharge can be predicted and 

the spacing of wells in the array and their diameters can be deduced 

from the drawn curves. 
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Appendix 1. • -Field data from Kharga Oasis. 

Date 

15/12/66 
23/12/56 
1/1/57 
5/1/57 
27/1/57 
18/3/57 
25/11/57 
25/1/58 
19/2/58 
25/3/58 
8/5/58 
17/6/58 
14/7/58 
4/8/58 
8/9/58 
14/10/58 
23/ll/58 
10/2/59 
23/3/59 
24/4/59 
30/5/59 
14/6/59 
5/7/'9 
8/8/59 
27/9/59 

Level of well: 55.46 
Total depth: 650 

Mahariq I 

Discharge 
.. 3/day 

10000 
10000 
9700 
10000 
10000 
10000 
10600 
10000 
9800 
10000 
10000 

8100 
8000 
4840 
3750 
3870 
3580 
3200 
3540 
3200 
3240 
3400 
3240 
3050 

Casing: from 55.46 to 434.61 
Screen: perforated 115.89 blank 55 
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Pressure 
Km/cm-2 

2.5 
2 
1.9 
1.9 

2 

2 
2 
2.1 
2.1 

2.2 



.\ 
Appendix 1. - -Continued: 

Date 

11/8/56 
16/8/58 
29/8/56 
18/3/57 
25/11/57 
25/1/58 
19/2/58 
25/3/58 
8/5/58 
17/8/58 
14/7/58 
4/8/58 
8/9/58 
14/10/58 
23/11/58 
10/1/59 
23/3/59 
24/4/59 
30/5/59 
14/6/59 
5/7/59 
8/8/59 
27/9/59 

Level of well: 55 
Total depth: 650. 4 

Mahariq U 

Di.charge 
.3/day 

10.750 
11000 
10250 
10000 
10500 
7800 
7800 
7800 
7800 
7750 
7400 
7300 
7870 
6000 
6300 
6100 
5500 
5640 
5440 
5400 
5410 
5400 
5400 

Casing: from 55 to 495.54 
Screen: perforated 144. Z5 blank Z4. 36 

! 
I 
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Pre.sur! 
km/cm-

4.20 
4.15 
3.25 
4.00 
4.10 



Date 

1/4156 
5/4156 
11/7/56 
19/2/57 
18/3/57 
25/11/57 
18/1/58 
16/2/58 
20/3/58 
9/4/58 
7/5/58 
17/6/58 
11/7/58 
3/8/58 
8/9/58 
14/10/58 
23/11/58 
10/2/59 
23/3/59 
24/4/59 
30/5/59 
14/1/59 
5/7/59 
8/8/59 
27/9/59 

Level of weli: 84 
Total depth: 649 

, 
Appendix 1. --Continued' ----, 

Kharga IB 

Di.charC. 
m3/day 

13500 
13200 
13500 
13920 
13800 
13070 
12500 
12100 
12200 
11000 
11000 
9000 
9300 
8900 
9000 
8320 
8380 
8200 
8060 
8060 
7800 
7500 
7255 
7640 
7800 

Casing: from 84 to 412. 8 
Screen: perforated 124. 028 blank 48.933 
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Pre.au!! 
Kll/cu 

2.8 
2.8 
3 
2.7 
2.75 
2.8 
2.7 
2.7 
2.75 
2.7 
2.7 
1.35 
1.2 



I Appendix 1. _ -continu~~-1 
! 

Baris I 
---- ----------- --_.-

Date 

11/11/56 
18/3/57 
25/11/57 
14/1/58 
2/2/58 
22/4/58 
18/5/58 
17/6/58 
12/7/58 
1/8/58 
8/9/58 
14/10/58 
23/11/58 
10/2/89 
23/3/59 
24/4/59 
3Q/5/59 
14/6/59 
5/7/59 
8/S/59 
27/9/59 

-fL-evel orweiE--Sl -. 
\ Total depth: 499.8 

D1Jcharge 
m /day 

2400 
2600 
2600 
2900 
2900 
2800 
2200 
2500, 
2750 
2720 
2300 
2250 
2020 
1940 
1960 
2000 
2020 
2000 
lS00 
1820 
1800 

I Casing: from 51 to 321.07 
1 Screen: perforated 119.93 blank 18.3: 

._L _____ . __ -- __ .. _______ . _____ .. ___ . __ . __ . --- -'-- . -------- -----~ 

-', 
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PreSBure 

2.0 
2.0 

1.9 
1.5 
1.7 
1.8 
1.15 
1.35 
1.35 
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Baris II 

Date Discharge 
m3/day 

• 
18/5/57 1600 
28/5/57 15000 
25/11/57 15000 
14/1/58 14500 
2/2/58 14700 
22/4/58 13500 
18/5/58 13100 
17/6/58 12600 
12/7/58 14300 
1/8/58 14045 
8/9/58 13280 
14/10/58 12500 
23/11/58 
10/2/59 11920 
23/3/59 12240 
24/4/59 11720 
30/5/59 11220 
14/6/59 11600 
5/7/59 11600 
8/8/59 11300 
27/9/59 11560 

tLev~l-;f weU:-j7. 5 
ITotal depth: 586. 55 
leasing: from 37.5 to 313.84 
lsci-eel1: perfora.ted 114. 85 blank 1 Z3~7j 
.L ___ _ 
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Pressure 
kg/cm-2 

3.8 
3.6 
3.5 
3.6 
3.5 
3.6 
3.5 
2.4 
2.7 

3.6 
3.6 



Appendix 1. - -Continued 

Baris UI 
r 

Dat. . Discbar,e Pr.ssure 

..a/day Km/cu-2 

18/2/56 3000 2.75 
19/2/56 3250 2.8 
21/2/56 3400 2.8 
21/2/58 3500 2.8 
23/2/56 3800 2.8 
24/2/56 3750 2.8 
11/7/56 a800 2.8 
20/2/57 3700 2.75 
18/3/57 3600 2.75 
25/11/57 3300 2.8 
18/1/58 3000 
16/2/58 2900 
20/3/58 2600 
9/4/58 2500 
3/5/58 2100 
17/6/58 1970 1.4 
11/7/58 2400 1.2 
3/8/56 2400 
8/9/58 2500 
14/10/58 2100 
23/11/58 1850 
10/2/59 1850 
23/3/59 1960 

Level of well: 89 
Total depth: 580.70 
Casing: from 89 to 408. 02 
Screen: perforated 64.214 blank 30.107 
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Date D1acharp 

m3/da)' 

24/4/59 1950 
30/5/59 1900 
14/6/59 1960 
5/7/59 1950 
8/8/59 1800 
27/9/59 1770 
27/9/59 1770 
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r -- . 

Appendix 1. --Continued 

___ G_a_n_a_h _________ ~1 

Date Discharge Pressure Date Discharge 
m3/day kg/cm-2 m3/da, 

14/12/56 10000 3.2 5/7/59 7200 
20/12/56 10000 3.6 8/8/59 7500 
23/12/56 10200 3.8 27/9/59 7600 
27/1/57 10150 3.6 
18/3/57 10000 3.6 
17/5/57 10200 3.4 
25/11/57 10800 3.3 
22/1/58 10100 3.4 
12/2/58 10200 3.5 
22/3/58 10000 3.6 
29/4/58 10000 3.6 
17/6/58 8500 2.4 
14/7/58 8900 2.2 
2/8/58 7800 
8/9/58 8800 
14/10/58 65400 
23/11/58 5840 1.7 
10/2/59 6360 
23/3/59 7700 
24/4/59 7040 
30/5/59 7200 
14/6/59 7100 

1 
Level of well: 67. 27 ' 
Total depth: 647 
Casing: from 67.27 to 426.94 

. Screen: perforated 115.93 blank 42. 70~ : 



Date 

14/9/48 
23/9/58 
11/10/56 
18/3/57 
17/5/57 
9/6/57 
25/11/57 
19/1/58 
36/1/58 
1/2/58 
22/3/58 
22/4/58 
17/6/58 
12/7/58 
2/8/58 
8/9/58 
14/10/58 
23/11/58 
10/4/59 
23/3/59 
24/4/59 
14/6/59 

jAppendix 1. - -Continued 

l 
~ 

I· Bulaq 

Discharge 
113/day 

Pre. sure 
Km/cm2 

7000 5 
7000 5 
6000 5 
6000 5 
6000 5 
5900 5 
5000 5.5 
4100 
3800 
4070 
4070 
4000 
4150 
4000 1.65 
4200 
4150 
4150 
3940 
3900 
3940 
3770 
3800 

Lever-orweU:Zl'r --- -
Total depth: 495. 8 
Casing: from 28 to 344.44 
Screen: perforated 116.31 blank 18.305 
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Date Discharge 
1113/day 

5/7/59 3800 
8/8/59 3800 
27/9/59 3700 


