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ABSTRACT 

The finite axisymmetric deformation of a thin shell of revolu

tion is treated in this analysis. The governing differential equations 

are given for hyperelastic shell materials with Mooney-Rivlin and 

exponential strain energy density functions. These equations are 

solved numerically using a 4th order Runge-Kutta integration procedure. 

A generalized Newton-Raphson iteration process is used to systematically 

improve trial solutions of the differential equations. The governing 

differential equations are differentiated with respect to time to de

rive associated rate equations. The rate equations are solved numeri

cally to generate the tangent stiffness matrix which is used to 

determine the load deformation history of the shell with incremental 

loading. Numerical examples are presented to illustrate the major 

characteristics of the nonlinear shell behavior and recommendations 

are made for future research. 

xiii 



CHAPTER 1 

INTRODUCTION 

The subject of this research is the nonlinear analysis of a 

thin shell of revolution which has bending rigidity and is in a state 

of axisymmetric deformation for which the displacements, rotations, 

and strains may be arbitrarily large. Hence, the analysis would be 

applicable to a shell of revolution which, in addition to being thin, 

is made of a material that permits large elastic strains. A precise 

description of this problem requires the use of the exact nonlinear 

equations of equilibrium and constitutive relations that are suitable 

for a material undergoing large elastic strains. Thus, the problem 

has both geometric and material nonlinearity. 

Until recently, most analyses of nonlinear shell problems have 

been based primarily on the equations for large deflection and rota

tion with the assumption of small strain. In particular, the Reissner 

equations (1949) for shells of revolution have been used widely. Ex

amples can be found in the papers of Archer (1962), Kalnins (1964, 

1967), Mescal (1965), Wilson and Spier (1965) and Lehner and Batterman 

(1974). Interest in large material deformation of shells is growing, 

especially in the field of biomechanics, where shell structures such 

as the heart, bladder, and red blood cell often undergo large elastic 

strains. Although theories for arbitrarily large bending and membrane 

strain have been available for several years, Naghdi (1972), the full 

1 
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nonlinear equations are not readily solvable even by numerical methods. 

Thus, recent papers by Reissner (1972), Libai and Simmonds (1981, 

1983), Simmonds (1984), and Taber (1984) treat parts of the general 

problem with an emphasis on application. 

The theory of large elastic deformation of rubber-like shells 

obtained through descent from a three-dimensional strain energy density 

function W was first developed by Biricikoglu and Kalnins (1971) who 

took W to be of the Mooney-Rivlin form. However, the analysis of 

Biricikoglu and Kalnins (1971) contains two major deficiencies. First, 

the kinematic model employed allows the incompressibility condition to 

be satisfied only at the reference surface of the shell. The resulting 

equations are applicable when stretching dominates bending. Second, 

the method used to obtain the constitutive relations for the shell does 

not enable the stress resultants and couples to be expressed as partial 

derivatives of a strain energy density function. Thus, the property 

of hyperelasticity for the shell is not preserved and as a consequence 

the tangent stiffness matrix of the shell derived from this constitu

tive law may not be symmetric. It is shown in Appendix B that the 

tangent stiffness matrix must be symmetric if the material is hyper

elastic and the applied loading is conservative. 

A method for obtaining an approximate two-dimensional strain 

energy density function ~ valid for large extensional strain has been 

presented by Simmonds (1984). The function ~ is determined using 

intrinsic, two-dimensional arguments in which the difference between 

the metric and curvature tensors of the deformed and undeformed shell 



are taken as measures of extensional and bending strain respectively. 

In addition, ~ was derived from a three-dimensional strain energy 

density function W. 

3 

For the case of axisymmetric deformation of a thin shell of 

revolution undergoing large stretching and bending, Taber (1984) has 

obtained approximate constitutive relations for the stress resultants 

and couples and derived a form for ~ from a hypere1astic and incompres

sible material with strain energy density function W. The effects of 

various simplifications for the constitutive relations were also inves

tigated an~ numerical results were presented for clamped edges of 

cylindrical and spherical shells. 

The primary objective of this research was to obtain highly 

accurate results which could serve as a guide in the development and 

as a standard of comparison for approximate methods of analysis. The 

method of solution used in this research is the numerical integration 

of the exact nonlinear differential equations which govern the finite 

axisymmetric deformation of a thin shell of revolution. This method 

of analysis consists of solving the two-point boundary value problem 

associated with a typical segment of the shell with the aid of a for

ward integration method and the Newton-Raphson method. The Newton

Raphson method is also used to solve the problem of determining nodal 

positions such that the nodal equations of equilibrium are satisfied. 

Incremental loading is prescribed to obtain the load deformation be

havior of the shell. All of the required derivatives for the Newton-



Raphson method are obtained by integration of differential equations 

derived from the governing differential equations for the shell. 

4 



CHAPTER 2 

FORMULATION OF SHELL EQUATIONS 

An exact formulation of the basic governing shell equations is 

made within the limitations of the following assumptions: 

1. The shell is thin. 

2. The material is incompressible. 

3. The transverse normal stress is negligible. 

4. Line elements normal to the un deformed reference surface 

remain normal to the deformed reference surface but undergo 

change in length during deformation. 

5. The deformation and applied loading are axisymmetric. 

The resulting equations are exact in the sense that no restrictions 

are placed on the magnitude of the deformation of the reference sur

face. 

Geometric Relations 

The basic geometric variables used to describe a surface of 

revolution are illustrated in Figure 1. The equation of the middle 

surface of the shell is written in parametric form 

r = r(~) 

z = z(~) 

5 

(2.1) 

(2.2) 



z 

~~~----~------y 

x 

Figure 1. Middle surface of shell, showing coordinates ~, 8 on 
middle surface and unit vectors associated with 
middle surface. 
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so that ~, which locates position on a meridian, and the polar angle 

e in the x-y plane are the coordinates of the middle surface. 
" Let i, j, and k be unit vectors in the x, y, and z directions, 

" " respectively. The radial and circumferential unit vectors er and ee 

are then defined by 

" er = cose i + sine j 

" " e = -sine i + cose j e 

" " and the tangential and normal unit vectors e~ and en by 

" " " 
e~ = cos~ er + sin~ k 

" " " e = -sin~ e + cos~ k n r 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

A meridional element of arc length ds~ and its radius of 

curvature R~ are shown in Figure 2(a) and the corresponding circum

ferential element ~f arc length dS e and its radius of curvature Re 

are shown in Figure 2(b). For a shell of revolution, R~ and Re are 

the principal radii of curvature of the middle surface. 

or 

Using Figure 2(a), it can be established that 

dr = ds~ cos~ 

dr _ - - cos'" 
dSf; 'f 

(2.7) 

7 
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z 
"" 
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z 

y 

Figure 2. Meridional and circumferential radii of curvature of 
middle surface. 
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or 

or 

dz = ds~ sin<l> 

dz . F = sln<l> , 
~ 

ds ~ = R~ d<l> 

J!L = _1 
dS~ R~ 

From Figure 2(b) it can be seen that 

ds = R dn = rda = sinp dn a a r 

or 

(2.S) 

(2.9) 

(2.10) 

According to the geometry of Figure 3, the squared lengths of 

a line element before and after deformation, respectively, are 

2 22 .222 
dSo = (R~O - ~o) d<l>O + (ro - ~o Sln<l>o) da + d~o 

= dS2 + dS2 + d 2 ~o ao ~o 

dS2 = (R - ~)2 d<l>2 + {r _ ~sin<l»2 da2 + d~2 
~ 

= dS2 + dS2 + d~2 
~ a 

(2.11) 

(2.12) 

where the subscript "0" indicates values for the undeformed geometry 

and ~ represents the distance from the middle surface of the shell. 

9 
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~----r-tsincp ---~ 

-------------r------------~-----~ 

z 

ro -tosin<po 
ro ----4~---".; 

Figure 3. Side view of element of shell in undeformed and in 
deformed state. 
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Let aO(~) and a(~) be defined such that 

(2.13) 

and 

ds~ = a(~) d~ = ad~ (2.14) 

Using equations (2.9) and (2.10) 

dS = (R - 1';) d<jJ = a (1 - ..L) d~ (2.16) 
~ ~ R~ 

and 

(2.17) 

dS = (r - 1';s;nljl) de = r(l _l) de e Re (2.18) 

At a point in the deformed shell whose position in the unde

formed shell is (~O' eO' 1';0)' the principal stretch ratios can be 

written 

(2.19) 

(2.20) 

(2.21) 
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Equation (2.21) expresses the condition of material incompressibility 

A;AeA~ = 1. The stretch ratios at the middle surface are 

A = A (1; = ~ = 0) = ds; = ~ 
~ ~ 0 ds~ aO o 

(2.22) 

ds 
A = A (1; = ~O = O) = _9_ = L 
e e dS e rO 

o 
(2.23) 

(2.24) 

and the curvatures are 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

where 

A --..£L 
c; - ds 

~O 

(2.29) 

and 

(2.30) 

are IIcurvature type ll terms for the deformed shell. 



The state of strain at a location ~ is completely determined 

once the midsurface stretch ratios are specified. The explicit de

pendence on the deformed coordinate ~ is eliminated by enforcing the 

condition of incompressibility through the deformed thickness of the 

shell. 

13 

Following the method outlined in Simmonds (1984), the deformed 

transverse coordinate ~ is taken as a third-order power series 

A 1;0 A 7::0 
( 

2 3 ) 
1; = AI; 1;0 + 91 -2- + g2 -3- (2.31) 

A A 

where gl and g2 are independent of 1;0· Differentiating equation (2.31) 

with respect to 1;0 gives 

(2.32) 

which reduces to A = A at the reference surface (1;0 = 0). Substi-1; 1; 
tution of equations (2.19), (2.20), (2.21), (2.31), and (2.32) into 

the incompressibility condition A~AeA1; = 1 and equating coefficients 

of the first two powers of 1;0 yields 

where 

A 1 - 2 -_ - 2 _ ( ... A) 
g2 = '2 [3K~ + 4K{e + 3K e + K~ 3K~0 + Keo 

+ Ke(~;o + 3~eo)] 
... 

K s = A r;K S - K sO = 4- -~ sO 
A~ Ae 

(2.33) 

(2.34) 

(2.35) 



c 
Ke = A~Ke - KeO = A : 2 - ceo 

E; e 

represent measures of change in "curvature". 

Equilibrium Equations 

14 

(2.36) 

The stress resultants and stress couples which act on an ele

ment of the reference surface of the shell are shown in Figure 4. 

Illustrated in Figure 5 is a deformed meridional segment in an equi

librium position under the action of visible stress resultants and 

stress couples as well as the components of the distributed load which 

are measured per unit of deformed circumferential arc length and per 

unit of deformed area of the reference surface, respectively. 

The stress resultant and stress couples may be combined into 

stress resultant and stress couple vectors to give 

Similarly, the distributed load vector may be written as 

,.. ,.. 
p = P e + P e 

E; E; n n 

It is convenient to write NE; and P in the alternate form 

A A 

N = H e + V k 
E; r 

(2.37) 

(2.38) 

(2.39) 

(2.40) 

(2.41 ) 

(2.42) 



,. ') 

Figure 4. Element of shell showing stress resultants and stress 
couples. 
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z 

Figure 5. Side view of elements of shell in the deformed state 
showing visible stress resultants and couples and 
distributed load components. 
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and 

(2.43) 

The horizontal stress resultant H and the vertical stress resultant V 

are related to the tangential stress resultant N~ and the shear stress 

resultant Q through the relations 

N~ = H cos~ + V sin$ (2.44) 

Q = -H sin~ + V COS$ (2.45) 

The conditions of force and moment equilibrium for an element 

of the reference surface of the shell may be written in vector form 

as (Reissner, 1949) 

d(-) d(-) -d~ r N ~ + de ex. Ne + rex. P = 0 (2.46) 

dd~ (r M~) + :e (ex. Me) + rex.(~~ x N~ + ~e x Ne) = '0 (2.47) 

Using equations (2.37), (2.38), (2.39), (2.40), (2.42), and (2.43), the 

three scalar equilibrium equations obtained from equations (2.46) and 

(2.47) are 

:~ (rH) - ex. Ne + r ex. PH = 0 

dd~ (rV) + rex. Pv = 0 

dd~ (rMf;) - ex. Me cos~ + rex. Q = 0 

(2.48) 

(2.49) 

(2.50) 



Equations (2.48) and (2.49) represent the condition of force equilib-

rium in the horizontal and vertical directions respectively, while 

equation (2.50) is the remaining moment equilibrium condition. 

Governing Differential Equations 

Using equations (2.14) and (2.22), equations (2.7), (2.8), 

(2.9), (2.48), and (2.50) can be written in terms of s~ and A~ as 
o 

~ = A cos~ 
dS~O ~ 

~ = A sin~ 
dS~O ~ 

18 

(2.51) 

Equations (2.51) are the governing differential equations for axisym

metric deformation of a shell of revolution. The quantities appearing 

in the differential equations are defined in Figures 3, 4 and 5. 



Virtual Work 

In the development of the governing differential equations 

(2.51), both force and deformation variables have been introduced. 
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The principle of virtual work provides the connecting relation between 

these two sets of variables and for a hyperelastic material defines 

the appropriate deformation variables to be used in the strain energy 

density function and the way in which the stress resultants and couples 

are to be measured. 

The virtual work done by the pairs of stress resultants and 

stress couples and by the components of distributed load, shown in 

Figure 5 during an arbitrary virtual displacement (or, oz, o~) from 

the deformed configuration, is 

where 

doWe = [d(rHor) + d(rVoz) + d(rM~ o~)] de 

+ PH rde ds~ or + Pv rde ds~ oZ 

d(rHor) = [rHor]2 - [rHor]l 

d(rVoz) = [rVoz]2 - [rVoz]l 

d(rM~o~) = [rM~ocjJ]2 - [rMsoCP]l 

(2.52) 

(2.53) 

Using equations (2.14), (2.48), (2.49), and (2.50) in equation (2.53) 

gives 
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doW. = [(rH) ~~; + (Ne - rpH) or + (rV) ~~; 

- rpV oZ + (rM~) ~~: + (Me COS$ - rQ)o<jl 1 de ds~ 

or 

+ [PH or + Pv oz] rde ds~ 

doW. = [ (rH) ~~; + (rV) ~~; + Ne or + 

+ (Me COS$ - rQ)o$1 de ds~ 

(r M ) ~ 
~ dSE,; 

Rearranging equation (2.55) yields 

doW = [(H dor + V doz + N ~ + M doq, 
e ds E,; ds ~ erE,; ds E,; 

+ (Me CO:$ - Q) oq,] rde ds E,; 

From equations (2.7), (2.8), and (2.22) follow the relations 

Therefore, 

01. 
H dor + V doz = (H COS<jl + V sinq,) ~ 

ds ~ ds ~ I\E,; 

+ (-H sinq, + V COS$)o<jl 

(2.54) 

(2.55) 

(2.56) 

(2.57) 

(2.58) 

(2.59) 

Using equations (2.44) and (2.45), equation (2.59) may be written as 
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(2.60) 

Substitution of equation (2.60) into equation (2.56) and making use of 

equations (2.10), (2.22), and (2.23) yields 

Define stress resultants and stress couples per unit undeformed arc 

length through 

Further let the internal virtual work density be defined as 

A d ci\~e 

oWe = ds ds 
eO ~o 

(2.62) 

(2.63) 

(2.64) 

(2.65) 

(2.66) 

With these definitions and equations (2.29) and (2.30), equation (2.61) 

may be written as 
,. A A 

oWe = N~OA~ + NeOAe + M~oc~ + Meoce (2.67) 



Constitutive Relations 

A hyperelastic material is characterized by a strain energy 

density W per unit of undeformed volume. For an isotropic material 

which satisfies the condition of incompressibility Ae,AeAr;, = 1, ~1 is 

a function of the strain invariants 

22 

(2.68) 

i = A2A2 + A2A2 + A2A2 
2 e,e er;, e,r;, 

= ;2;2 + _1 + l He,He .... 2 .... 2 
Ae, Ae 

(2.69) 

Let the differential element of volume in the undeformed shell be 

given by 

(2.70) 

Then the strain energy density per unit un deformed area of the ref

erence surface of the shell is 

(2.71) 

where to is the thickness of the undeformed shell. 

Approximate constitutive relations for the shell may be ob

tained through the technique outlined by Simmonds (1984). Let W have 

a power series expansion about r;,0 = 0, the first three terms of which 

are 
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(2.72) 

where the coefficients in equation (2.72) are evaluated at ~O = o. 
Substitution of equation (2.72) into equation (2.71) provides the 

approximation 

(2.73) 

for the strain energy density per unit undeformed area of the reference 
2 

surface of the shell with W(O) and a ~ (0) given in Appendix A. 
a~O 

By definition of a hyperelastic material 

(2.74) 

Since 

(2.75) 

the constitutive relations for the shell are 

(2.76) 
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Constitutive Model for Rubber 

The Mooney-Rivlin model for the strain energy density has the 

form 

(2.77) 

A A 

where 11 and 12 are defined by equations (2.68) and (2.69) and Cl and 
A A 

C2 are material constants. The derivatives of 11 and 12 necessary for 
A 

the evaluation of ~ in equation (2.73) are presented in Appendix A. 

The Mooney-Rivlin model for rubber is employed in this work. 

A 

Constitutive Model for Soft Biological Tissue 

The exponential strain energy density has the form 

A 

W = exp [Cl(I l - 3)] - 1 (2.78) 

where 11 is defined by equation (2.68) and Cl is a material constant. 
A A 

The derivatives of 11 necessary for the evaluation of ~ in equation 

(2.73) are presented in Appendix A. The exponential strain energy 

function is also employed in this work. 

End Forces 

Figure 6(a) shows a meridional segment AOBO in the undeformed 

state. The same segment AB is shown in the deformed state after forces 

have been applied to the ends of the segment and the distributed load 

applied between the ends of the segment. In Figures 6(b) and 6(c) free 

body diagrams are shown for elements cut from the segment shown in 



z deformed meridional segment 

.. './ 

undeformed meridional segment 

r 
(a) General View 

(b) End A (c) End B 

Figure 6. Forces (a) general view, (b) end A, (c) end B. 



Figure 6(a). In these figures, the forces are positive as shown. 

Equilibrium at end A(rl , zl)' Figure 6(b) requires that 

:: -(rH) s =s 
E;O E;01 
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(2.79) 

Similarly at end B(r2, z2)' Figure 6(c) 

(2.80) 

Note that with PH and Pv and r, z, ~ prescribed at the ends of the 

segment, the forces defined by equations (2.79) and (2.80) are the 

forces that are required at the ends of the segment to maintain equi

librium. 

Nondimensional Equations 

For convenience 'in numerical work, equations (2.19), (2.20), 

(2.21), (2.51), (2.73), (2.76), (2.77), (2.78), (2.79), and (2.80) are 



nondimensionalized by introducing the following nondimensional vari

ables 

Po 
or =-o to 

_ sE;O 
(1 -to 
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(2.81) 
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M H v 
M P, H P2 v P2 

p =-- P2 =~ P =-, t 3C toC, 2 t2C o , o , 
M H FV 

M P2 H F, fV _ , P =-- f =-
2 t3C ' t

2
C ' -Tc o , o , o , 

M H v (2.8'-M F, H F2 v F2 
f =- f =- f =- cont) 
, t 3C 2 t2C 2 t2C o , o , o , 

M ,. 
M F2 W ell = _4>_ f =- w = C 
2 t3C , toC, 

o , 

Substitution of the above relations into equations (2.19), 

(2.20), (2.21), (2.51), (2.73), (2.77), (2.78), (2.79), and (2.80) 

provides the principal stretch ratios 

(2.82) 

and the strain invariants 

(2.83) 
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The nondimensional governing differential equations and con

stitutive relations are given by 

and 

where 

and 

<1>' = c 
~ 

(pv)' = -). p P 
~ v 

~ =.1!.. 
~ ahE; 

~ =.1!.. 
a aha 

~ =.1!.. 
E; ac~ 

~ =.1!.. 
a aCa 

()' =J!... 
dO' 

~ = [w + _1 a 2w ] 
24 a 2 

'0 - 0 '0 -

(2.84) 

(2.85) 

(2.86) 
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for which 

w = (1 1 - 3) + y(1 2 - 3) ----Mooney-Rivlin 

where 

and 
(2.87) 

----Exponential 

where 

In addition 

H H 
Pl = -(f)o=ol = -(ph)o=ol 

P~ = -(f)~=Ol = -(PV)o=ol (2.88) 

M _ (f)M () Pl - - 0=0
1 

= - pm; 0=01 

and 

P~ = (f)~=o = (ph)cr=cr 
2 2 

P~ = (f)~=cr = (pv)cr=cr 
2 2 

(2.89) 

P~ = (fM)cr=cr
2 

= (pm;)cr=cr2 



Also in equations (2.84) 

PH = PH(o; p, ~, E, As' Ae, AH) 

Pv = pv(o; p, ~, E, TS' Ae' Av) 

where AH and AV represent the nondimensional horizontal and vertical 

distributed load intensity parameters, respectively. 

Rate Equations 
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Nonlinear, first order differential and algebraic equations 

govern the finite deformation of a shell of revolution. These equa

tions must be solved numerically because it is not possible to obtain 

an analytical solution. The governing equations valid for quasi static 

deformation may be differentiated with respect to time to obtain rate 

equations which are linear with respect to the rates. The rates are 

important for three reasons. First, the rates can be used to investi

gate the stability of equilibrium. Second, certain of the differential 

coefficients in the rate equations are needed in the numerical solution 

of the governing differential equations. Third, the rate equations 

form the basis for an integral relation which is useful in the develop

ment of Betti's Law, presented in Appendix B. The rate equations may 

be numerically integrated first over arc length to obtain the relation

ship between rate of loading and velocity, and then with respect to 

time to obtain the load-deformation behavior of the shell. 

As will be shown in subsequent developments, it is through 

integration of the rate equations that the elements of the instantaneous 



stiffness matrix which plays a central role in stability analysis are 

generated. 

Let all dependent variables, including load, be functions of 
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time as well as arc length that vary in such a way that the shell under

goes quasi static deformation. In the equations that follow, the dot 

symbol is used to denote partial differentiation with respect to time. 

Therefore, differentiating equations (2.84) and (2.85) gives 

. . 
(ph)' = (A~ne) - ~~ p PH - A~(P PH + p PH} 

(2.90) 

. . 
(pm~) = (A~me) COS$ - (A~ma)$ sin$ - i~(pq) - A~(pq) 

and 



where 

~ I = (~) I = l (!t) = l (!t) = ( ¢ Ire tc ao at at ao ,., 
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(2.91-
cont) 

In a similar manner, equations (2.88) and (2.89) may be dif

ferentiated to obtain 

(2.92) 

and 
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·v (fV) (~ P2 = 0=02 = pv 0=02 (2.93) 

·M·M _.-
P2 = (f )0=02 = (pm~)0=02 

These equations are linear in the rate variables. 



CHAPTER 3 

NUMERICAL SOLUTION 

In Chapter 2 the basic governing differential equations, con

stitutive relations, boundary conditions, and related rate equations 

were derived for the axisymmetric deformation of a segment of a shell 

of revolution. This chapter focuses on the development of the basic 

numerical procedure used to generate numerical solutions of the equa-

tions. The presentation of the material follows Qashu (1980). 

The numerical solution of the governing differential equations 

and the associated rate equations for quasi static deformation of a 

shell segment may be accomplished through simultaneous solution of the 

following two fundamental problems. The first problem (denoted BVP.l) 

is that of solving the governing equations and evaluating the end-point 

or nodal forces when p, E, and $ at the ends of the shell segment, and 

AH and AV are prescribed. The second problem (denoted BVP.2) is that 

of solving the rate differential equations and evaluating the nodal 

force rates in terms of the distributed load rates, ~H and ~V' and the 

velocities p, ~, ~ at the ends of the segment. 

BVP.l is a nonlinear two point boundary value problem. It is 

solved by regarding the field variables p, E, $, fH, fV, and fM as 

functions of a, AH and AV' and the values of the field variables at 

a = al , i.e., as functions of a, AH' AV' and Pl' El' $1' f~, f~, f~. 
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The Newton-Raphson method is used to determine f~, fr, and f~ such that 

the conditions prescribed at 0 = O2 are satisfied. 

BVP.2 is a linear two-point boundary value problem whose numer

ical solution is relatively straightforward. In solving BVP.2, the 

instantaneous stiffness matrix for the segment and data that is needed 

for the numerical calculation of load-deflection behavior of the shell 

with incremental loading are generated. 

Problem BVP.l 

Let 01 and 02 be the values of 0 at the "one" and the "two" 

ends of the shell segment, respectively, with 01 ~ 0 ~ 02 and let 

The solutions of the governing equations are regarded as 
H V M functions of 0 with Pl' El' ~l' fl , f l , f l , AH and AV appearing as 

independent parameters. Thus, 

P = p(o; 
H V M AV) Pl' El' ~l ' f l , fl , fl , AH' 

E = do; 
H V M AV) Pl' E1 ' ~1 ' f1' f l , fl' AH' 

~ = ~(o; Pl' 
H V M 

AV) E1 ' ~l' f l , f l , f l , AH' 
(3. 1 ) 

fH = fH(o; H V M AV) Pl' El ' ~l ' fl' f l , fl' AH' 

fV = fV(o; H V M 
AV) Pl' El ' ~l ' fl,fl,fl' AH' 

M _ M( . H V M 
AV) f - f 0, P1' El' ~l,fl,fl,fl' AH' 
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and 

(3.2) 

also 

(3.3) 

Given values for Pl' El' $1' f~, f~, f~, AH' and AV numerical 

values for the functions p, E, $, fH, fV, fM may be generated by ap

plication of a forward integration scheme (the Runge-Kutta 1/6 rule is 

used in this work) to solve equations (2.84). In the boundary value 
H V M problem BVP.l, Pl' El' and $1 are prescribed, and f l , fl , and fl are 

to be determined such that 
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where P2' €2' and ~2 are prescribed. The Newton-Raphson method can be 

used to calculate f~, fr, and f~ by successive approximations as fol

lows: 

Let 
H(a) v(a) M(a) 

fl ,fl ,fl be close approximations to 

H V M 
f l' f l' and fl· 

Also let 

and let of'i, -V -.:M ofl , ofl be small corrections such that 

(a) 
fH = fH + otH 
1 1 1 

(3.6) 

Linear equations whose solutions yield first order approximations to 

the corrections are obtained by subtracting equations (3.5) from 

equations (3.4), expanding the difference in a Taylor's series and re

taining only the linear terms in the expansion to get 



p _p(a) 
2 2 

H V M Let ofl , ofl , ofl be the solution values of equation (3.7). Then, 

since they are approximations to the exact corrections, 

H(a+l) H(a) H 
fl =fl + ofl 

V(a+l) V(a) V 
fl =fl + ofl 

M(a+l) M(a) M 
fl =fl + ofl 

represent improved approximations to f~, f~, f~, and further improve

ments are obtained by repeated application of the procedure. 
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Through integration of equations (2.84), the values of P2' E2' 
H V M H V M $2' f2' f2' f2 are generated. Therefore, after f l , fl , and fl have 

been calculated, all of the numerical information necessary for the 

evaluation of the nodal forces is available. Essential in the imple

mentation of the Newton-Raphson procedure is the evaluation of the 

differential coefficients in equations (3.7), i.e., the evaluation of 
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( ..2fL) (..2fL) H 'V ' etc. 
H _ af 

1 0-02 1 0=0
2 

These coefficients appear quite naturally in the solution of the rate 

boundary value problem BVP.2, which is discussed next. 

Problem BVP.2 

In the same way that the rate differential equations are de

rived by partial differention of the governing equations with respect 

to time, the solution functions of the rate differential equations 

are derived by differentiating equations (3.1) partially with respect 
H V M to time. Thus, regarding Pl' El' ~l' fl , f l , f l , AH' and AV as func-

tions of time gives 

(3.8) 
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The above solution functions evaluated at 0 = O2 yield a linear system 
°H °V OM °H ·V of algebraic equations that can be solved for f l , fl , f l , f2' f2' and 

eM . •••••••• . 
f2 ln terms of Pl' £1' ~l' P2' £2' ~2' AH' and AV• Substitutlon of 

the results into the nodal force rate equations (2.92) and (2.93) com

pletes the solution of problem BVP.2. It may be noted that the coef

ficients of f~, f~, f~ in the expressions for p, ~, and ~ in equations 

(3.a) evaluated at 0 = O2 are identical to the coefficients in equa

tions (3.7) used for the calculation of the increments of~, of~, and 

of~ in the Newton-Raphson method. Differential equations for the 

determination of these differential coefficients are obtained by dif

ferentiating equations (2.84) and (2.85) with respect to the appro-
H V M 

priate variable, i.e., Pl' £1' ~l' f" fl , f" "H' and AV. For the 

case of Pl 

(3.9) 

and 
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(3.10) 

Since equations (3.8) reduce to identities when 0 = 0 1, the corres

ponding initial conditions are 

(aa:1) = 1, (::1) = (;p.~ = (;:) = (;:~) =(;:~) = 0 
evaluated at 0 = 0 1. 

The differential equations for the calculation of the partial 

derivatives with respect to anyone of the remaining variables El' ~l' 

f~, f~, f~, AH' or AV are obtained by replacing Pl in equations (3.9) 

and (3.10) with the appropriate variable. The initial conditions for 

the remaining differential equations are 

(aaEE
1
) = 1, (~) (~) (afH) = ( af

V 
) = (afM) = = aEl = 0 @ 0=01 aEl aEl 

(aatl ) = 1, (aatl ) = (aa:l ) = CfH) = ( afV 
) = (afM) = 0 @ 0=0 

a~l a~l a~l 1 

(af~) = 1, (:~) = (:;~) = (~) - (afV 
) = (a~) = 0 @ 0=0 

af~ - afH afH 1 afl 1 1 
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( afM) = 1 (1.e....) = (.1L) = (.11-) = (afH) = (afV) = 0 @ o=cr 
afM, 'afM, afM afM afM afM 1 111 1 

( :~H) = (::H) = (aa~H) = (;~:) = (:~:) = (:C) = 0 @ o=CJ 

(:fv) = (::v) = (:~v) = or:) = (;r:) = (:r:) = 0 @ 0=0 

Details of Solutions of Problems BVP.1 and BVP.2 
H(a) V(a) M(a) 

Given the initial values P1' 81' ~1' fl ,f1 ,f1 'AH' 

and AV' the governing differential equations (2.84) and the sets of 

1 

1 

equations for the derivatives with respect to P1' 81' ~1' f~, f~, f~, 
AH' and AV may be integrated simu1taneousJy to produce numerical values 

of the solutions (3.1) and the partial derivatives which appear in 

equation (3.8). Evaluation of these solutions at 0 = O2 gives p~a), 
8~a), ~~a), and the differential coefficients that appear in equation 

(3.7) which may then be solved for the correction increments of~, of~, 
M and Of1. 

Matrix algebra is used to facilitate the discussion of the re

maining parts of Problem BVP.2. Define matrices as follows: 

· · · ~1 t Pl P P2 

{~1} = · {)( } = · · {)( } = 81 2 8 - 82 L 

· · · X2 J ~1 ~ 0=02 ~2 
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·H °H ·H f, f f2 r, 

{r } = ·V 
{r } = °V ·V 

{r} = , f, 2 f - f2 
OM ·M oM f, fa-a f2 r2 - 2 

. ·H H· ° °H H ° P, P, P2 P2 

{p,} = ·V {p, }" = pr ,{P2}: oV 
{P2}"= P~ P, - P2 -

·M P~ ·M M P, P2 P2 

{PL
1
= {::1 = {PL}O - {:J 

[ "11 u'2 "13] {"17} [U" ] = u2, u22 u23 {U'3} = u27 
u3, u32 u33 u37 



The uij are the partial derivatives in equations (3.8) evaluated at 

cr = cr2' i.e., 

Ull = (;:1) cr=cr 
2 

U - (a p
) 12 - aEl _ cr-cr2 

u - (ap
) 

17 - dAH cr=cr 
2 

U - (ap) 18 - aA
V 

_ 
cr-cr2 

o 

1 

o 

U - (ap) 13 - a<l>l _ cr-cr2 

u - (ap
) 16 - afM _ 

1 cr-cr2 

..•. etc. 

~] 
where [All] and [A22] are transformation matrices. 

With these definitions, equations (2.92) and (2.93) become 
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(3.11) 

(3.12) 



46 

and from equation (3.8) evaluated at 0 = 02 

{X2} = [U11 ] {Xl} + [U12] {r1} + ~H{U13} + ~V{U14} (3.13) 

{r2} = [U21 ] {Xl} + [U22] {r1} + ~H{U23} + ~V{U24} (3.14) 

Equations (3.13) and (3.14) can be solved to obtain {r
1
} and {r

2
} in 

terms of {Xl}' {X2}, ~H' and ~V' Then 

where 

{r1} = [V11 ] {Xl} + [V12] {X2} + ~H{V13} + i V{V14} (3.15) 

{r2} = [V21 ] {Xl} + [V22] {X2} + ~H{V23} + i V{V24} (3.16) 

[V11 ] = -[U12]-1 [U11 ], [V12] = [U
12

]-1 

[V21 ] = [U21 ] - [U22] [U12]-1 [U11 ], [V22] = [U22] [U
12

]-1 

{V13} = -[U12]-1 {U13}, {V14} = -[U
12

]-1 {U
14

} 

{V23} = {U23} - [U22J [U12]-1 {U13} 

{V24} = {U24} - [U22] [U12]-1 {U14} 

Substitution of equation (3.15) into equation (3.11) and equation 

(3.16) into (3.12) gives 

(3.17) 



which can be written in the form 

where 

and 

[KL21 ] = [A22] [V21 ], 

{C~l} = [All] {V13}, 

{C~2} = [A22] {V23}, 

[KL22] = [A22] [V22] 

{C~l} = [All] {V14} 

{C~2} = [A22] {V24} 
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(3.18) 

(3.19) 

[KL] is the instantaneous or tangent stiffness matrix of the shell 

segment. [KL] is a symmetric matrix under the following conditions: 

(1) The material is hyperelastic 

(2) The applied loads are conservative. 

The proof of this is given in Appendix B. 
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Extension to Shell Structures 

Consider a shell composed of several segments rigidly connected 

to nodal points such that the tangent to the meridian. is continuous as 

shown in Figure 7. Assume that concentrated loads act only at the 

nodes. The positions of the nodes {X}, the distributed load parameters 

AH and AV' and their respective rates are given. The extended problems 

are to: (1) determine the forces that must be applied at the nodes, 

and (2) their respective rates for quasi static deformation. The 

single segment analysis given above may be applied to each segment of 

the shell to obtain the required end forces [pH, pV, pM] and their cor

responding rates in terms of position rates of the nodes and load rates 

over the segments. In Figure 7, equilibrium of node (j) requires that 

H(j) H H 
P = P2(j-l) + Pl(j) 

V(j) V V 
P = P2(j-l) + Pl(j) (3.20) 

M(j) M M 
P = P2(j-l) + Pl(j) 

where the superscript in parenthesis indicates the node and the sub

script in parenthesis indicates the connecting segment. Let 

(3.21) 
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E 

.''.J' 

pH(j) 
-,1,-"--:-

p 

Figure 7. Shell composed of three segments. 



where the nodal force vector {pl is a function of the position vector 

{Xl of the nodes, and the distributed load parameters AH and AV' 

Then, according to equation (3.20) 
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P(j) - P + P 
- 2(j-1) l(j) (3.22) 

and 

Differentiating equation (3.23) with respect to time yields 

Let {Xl be the column position vector for the node points arranged so 

that 

{X} = [p(1~8(1),~(1) 'P(2)'8(2),~(2) ,p(3) ,8(3) ,~(3) , .•. ] 

(3.25) 

Then because of the rigid connection of node j 

[o(j) o(j) o(j) _ [0 0 0 ] 
P ,8 ,~ ] - P2(j-1),82(j-1)'~2(j-1) (3.26) 

or 

[ o(j) o(j) o(j)] 0 0 

P ,€ ,~ = {X2(j-1)} = {X1(j)} (3.27) 

Utilizing the procedure for lIassemb1y of element stiffness 

matrices ll described in (Cook, 1974, pp. 30-33), the nodal force rates 

{pl may be expressed in terms of the position rates and distributed 

load parameter rates as 



51 

(3.28) 

where, for the special case of three segments in Figure 7, 

Kll (1) K12 ( 1) a a 

[K] = 
K2l (1) K22 (l) + Kll (2) 1<12(2) a 

0 K21 (2) K22 (2) + Kll (3) K12( 3) 

0 0 K2l (3) K22 ( 3) 

[K] is the instantaneous stiffness matrix for the entire shell and 

HT H H H H H H 
{C} = [Cl(l)' C2(l) + Cl(2)' C2(2) + Cl(3)' C2(3)] 

VT V V V V V V 
{C} = [Cl(l)' C2(1)+Cl (2)' C2(2)+Cl(3)' C2(3)] 

[K] is symmetric if the material is hyperelastic and the applied loads 

are conservative. 

The matrix [K] is singular in the absence of prescribed dis

placement boundary conditions. At least three appropriate nodal 

position variables must be prescribed to prevent rigid body motion of 

the shell. 

In the preceding analysis, the load parameters AH and AV' the 

nodal position coordinates {Xk}, and their rates were considered as 

independent prescribed quantities, and the nodal forces {Pk} and their 

rates regarded as unknowns to be determined. However, the more common 

situation in structural analysis is that in which some of the nodal 
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forces and their rates are prescribed. In this problem, which is con

sidered next, it is understood that where a nodal force component or 

its rate is prescribed, the corresponding final position coordinate or 

its rate is to be determined. 

If necessary, following a rearrangement of rows and columns, 

the system stiffness rate equation (3.28) may be written in partitioned 

form as 

(3.29) 

(3.30) 

where the subscript 110 11 denotes a prescribed quantity and the subscript 

liS II denotes an unspeci fied quantity. 

If [Kll ] is nonsingular, equation (3.29) yields 

(3.31) 

which when substituted into equation (3.30) yields the force rates 

The calculated rates are the correct rates for the problem in 

which {XOl, {POl, AH' and AV and their rates are prescribed provided 

that the node position variables, the related deformation variables, 

and the stress resultants used in the calculation of [K], {CH}, and 

{CV} are evaluated in the actual equilibrium configuration which satis

fies the given conditions at the nodes and the governing differential 

equations for all segments of the shell. 
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If {X~a)} is an approximate solution for the unknown position 

elements, the Newton-Raphson method can be used to obtain an improved 

approximation. Corresponding to {X~a}} and the prescribed {XO}, AH' 

and AV' the applied force vector, {paa)}, that is required to satisfy 

all the equilibrium conditions of the problem with positions {X~a}} 
and {XO} may be calculated. 

Let {oX~a}} be the correction such that 

(3.32) 

is the correct position. If {PO - p~a}} is small, then {oX~a}} 

should also be small. Consider {paa}} as a function of the elements 

of {Xs}' expand {PO - paa)} in a Taylor's series about {X~a}} and re

tain only linear terms in {oX~a)} to obtain 

{p _ p(a}} = {op(a}} = [K(a)]{ox(a}} o 0 0 11 s {3.33} 

If [K~~}J is nonsingular, equation (3.33) may be solved for 

{oX~a}}and an improved position vector 

(3.34) 

is calculated. This process may be repeated to obtain {Xs} to any 

desired degree of accuracy. 

The rate equation (3.28) furnishes the basis for a step-by-step 

analysis ot the finite deformation of a shell of revolution under pre

scribed loading. Assume that the equilibrium position and stress re

sultants at the nodes consistent with the applied loads {PO}' AH, AV' 
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and the prescribed positions {XO} have been calculated. Then for each 

segment of the shell, the instantaneous stiffness matrix [KL] and the 

system stiffness matrix [K] can be calculated. In the passage of a 

"small interval of time", {PO}, {XO}, "H' and "V change by small known 

amounts 

{opo} = ot {PO} (3.35) 

{ 0 XO} = 0 t do} (3.36) 

OAH = ot iH (3.37) 

OAV = ot iv (3.38) 

If [Kll ] is nonsingular, {oXs} can be computed from equation 

(3.29) as 

where 

Having {oXO} and {oXs}, {orl } can be calculated for each seg

ment of the shell. Then under the prescribed loading and positions, 

{PO + PO}' AH + OAH' AV + OAV' and {XO + XO}, the positions {Xs + 

oXs} and stress resultants {rl + orl } define an approximation to the 

actual equilibrium configuration. The Newton-Raphson method can be 

used to improve the approximation. 



Stability of Equilibrium 

Stability of equilibrium is discussed under the assumptions 

that the applied loads are conservative and that the loading history 

(which includes the specification of {XO} as well as AH' AV and the 

forces {PO}} deforms the shell away from a known stable equilibrium 

configuration. By the principle of minimum potential energy, an 

equilibrium configuration is stable if, and only if, the potential 
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energy is a relative minimum in that configuration. In practice, the 

second variation of the potential energy function is not identically 

zero in an equilibrium configuration, and therefore, the character of 

the second variation determines the stability of equilibrium. Since 

the second variation in the potential energy function at any point 

along an equilibrium path is a quadratic form in the variations of the 

displacements, its character is determined by the determinant of its 

coefficient matrix, which for the present problem is the stiffness 

matrix [Kl1 ]. As the shell passes through a succession of equilibrium 

configurations going from stable to unstable equilibrium, the second 

variation of the potential energy (and therefore, the stiffness matrix 

[Kll ]) changes from being positive definite to being positive semi

definite to being indefinite. Thompson (1963) calls the equilibrium 

state for which the stiffness matrix first becomes positive semi

definite the primary critical equilibrium state. The corresponding 

load is understood to be the critical or buckling load. 

In the general case, the primary critical equilibrium state is 

associated with snap-buckling condition, which, for one parameter 



loading, is characterized by a simple maximum on a generalized load

deflection curve, point A, Figure 8. The load at which the snap

buckling is achieved identifies a transition state from stable to 

unstable equilibrium. 

computer Program Description. 

A general purpose computer program was written to implement 

the basic numerical methods developed in the preceding sections. A 

general schematic of the computer code is shown in Figure 9. The 

input data required by the program is as follows: 

(a) Title Card 

(b) Control Parameters - one card containing 

NNODES - number of nodes 

NSEG - number of segments 

NSUPT - number of supports 

ITYPE - geometry type 

JTYPE - run type 

MTYPE - material type 

(c) Material Property Card - one card containing 

RS - radius of undeformed shell 

HO - thickness of undeformed shell 

G - material constant 

(d) Node Point Coordinates - a set of cards (NN~DES total) 

containing 

M - node number 
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Deflection 
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Figure 9. Schematic diagram of computer program. 



XDO(3*M-2) - horizontal coordinate 

XDO(3*M-l) - vertical coordinate 

XDO(3*M ) - angle of tangent to meridian 

(e) Segment Data - a set of cards (NSEG total) containing 

M - segment number 

IP(M) - node number of IP end 

IQ(M) - node number of IQ end 

NPTPS(M) - number of points 
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(f) Joint Restraint Data - a set of cards (NN~DES total) containing 

M - node number 

KK(3*M-2) - horizontal condition of restraint 

KK(3*M-l) - vertical condition of restraint 

KK(3*M ) - rotational condition of restraint 

The convention used in this program is that if the restraint exists, 

i.e., if displacement is prevented, the integer 1 is given as the 

value of KK, and if there is no restraint, the value of zero is given. 

(g) Applied Joint Loads - a set of cards (NN~DES total) containing 

M - node number 

DP(3*M-2) - horizontal applied force rate 

DP(3*M-l} - vertical applied force rate 

DP(3M - applied couple rate 

(h) Distributed Loads - a set of cards (NSEG total) containing 

M - segment number 

DPH(M) - horizontal distributed load rate 



DPV(M) - vertical distributed load rate 

DPN(M) - normal distributed load rate 

(i) Trial Values for Generalized Forces - a set of cards (NSEG 

total) containing 

t~ - segment number 

Hl(M) - horizontal force 

Vl(M) - vertical force 

SMPHI1(M) - couple 
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(j) Trial val ues for Stretch and "Curvature II - a set of cards (NSEG 

M - segment number 

ST1(M) - meridional stretch 

CT1(M) - meridional "curvature" 

total) containing 

(k) Newton-Raphson Iteration Control Parameters - two cards 

containing 

ITMAX - number of iterations 

IPRINT - intermediate print option, 1 = YES, 0 = NO 

EPSl - minimum pivot magnitude 

EPS2 - maximum change in variables 

T~Ll - maximum relative error in position variables 

T0L2 - maximum relative error in nodal force vector 

T0L3 - generalized scaled arc length 

WBAL - balance factor 

KITER - number of equilibrium iterations 

T - nodal load parameter 

SF - scale factor 



A consistent nondimensionalized system of units is used for 

the input data. 
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Suppressed degrees of freedom are eliminated from the problem. 

A permutation vector is used to keep track of the necessary row and 

column interchanges in the structure stiffness matrix. 

The Newton-Raphson method is used to solve the nonlinear con

stitutive relations. 

The Gauss-Jordan reduction scheme is used to compute the deter

minant of the tangent stiffness matrix, and to solve the governing 

structure rate equations, using double precision arithmetic. 

The modified constant-are-length method (Jin 1983) is employed 

to trace the pre- and post-buckling equilibrium path. 



CHAPTER 4 

NUMERICAL EXAMPLES 

In order to illustrate the major characteristics of the non

linear shell behavior, the numerical solutions to selected problems are 

presented in this chapter. Proportional loading is assumed so that in 

the system stiffness rate equation (3.29) 

where 

A = nondimensional load intensity parameter 

{PR} = vector of reference loads 

Even for problems with simple un deformed geometry and loading, 

tracing the nonlinear solution path requires a great deal of compu

tational time and effort. Therefore, in this research, only relatively 

simple problems are chosen. 

For the following examples, hemispherical shells (RO/to = 10) 

with unrestrained edges made of the Mooney-Rivlin material (y = 0.1) 

are used. 

(1) Hemispherical Shell with Edge Couples 

Figure 10 shows a generalized load-deflection curve for a hemi

sphere subjected to edge couples. A snap-buckling condition with a 
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smooth turning point is exhibited with a nondimensional buckling load 

of 3.363. The maximum rotation at the supports is 3.097 radians. 

(2) Hemispherical Shell with Ring Load 
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Figure 11 illustrates a load-deflection curve for a hemisphere 

with a ring load applied as shown. A fairly sharp turning point is 

evidenced with a nondimensiona1 buckling load of 0.958. The maximum 

nondimensiona1 apex deflection experienced during the deformation is 

7.578 or approximately 76 percent of the nondimensional radius of the 

undeformed shell. 

(3) Hemispherical Shell with Uniform Vertical Load 

A load-deflection curve for a hemisphere loaded by a uniform 

vertical load is shown in Figure 12. A sharp turning point is exhibited 

with a nondimensiona1 buckling load of 0.0156. The deformed shapes 

corresponding to three different different equilibrium configurations 

are shown in Figure 13. For all three configurations, the horizontal 

position of the supports is nearly identical. In addition, the location 

of the portion of the shell adjacent to the supports for configurations 

Band C are almost identical. This indicates that the curvature of 

this part has been almost completely reversed and that most of the 

bending deformation is occurring in the interior part of the shell. The 

maximum nondimensional apex deflection for configuration C is about 

97 percent of the nondimensional radius of the undeformed shell. 
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Figure 13. 

A: A = 0.132747 E -01 
B: A=0.228920 E-02 
C: A=-0.658208 E-02 

Deformed shape of hemispherical shell with 
uniform vertical load (Mooney-Rivlin). 
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 

A precise treatment of the finite axisymmetric deformation of 

a thin shell of revolution has been presented in this research. The 

full nonlinear equations of equilibrium and nonlinear constitutive 

relations have been used in the analysis. A numerical algorithm has 

been developed to generate solutions of the governing equations. The 

solutions to selected example problems have been given to demonstrate 

the feasibility and applicability of the formulation. 

The two major difficulties encountered in the implementation 

of the numerical algorithm were: 

(1) The invertibility of the nonlinear constitutive relations for 

the Mooney-Riv1in material, and 

(2) The passing of limit points. 

To invert the constitutive relations through the Newton-Raphson 

method, the matrix 

d2~ J~ 
n 2 

~ 
dC~dA~ 

(5.1) 

d2~ d2~ 
dC~dA~ dC

2 
~ 
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must be nonsingu1ar. Numerical experiments performed with cylindrical 

and spherical shells made of the Mooney-Riv1in material and having 

clamped edges show that for large bending, the matrix in equation (5.1) 

becomes nearly singular. In this case, the Newton-Raphson method 

fails to converge and the solution algorithm breaks down. Even though 

the constitutive relations become noninvertib1e for large bending, the 

strain energy density function ~ remains positive definite. The paper 

of Riv1in (1980) contains a discussion of some of the problems which 

arise in attempting to find suitable conditions on the strain energy 

density function for a material undergoing finite deformation. 

A trial and error procedure was used to find the value of the 

load increment small enough so that the nonlinear constitutive rela

tions may be solved but large enough so that an excessive number of 

iterations are not required to trace out the solution path. Several 

trials were sometimes necessary to find a combination of load incre

ment and balance factor that would enable a limit point to be passed. 

The present investigation is, by no means, exhaustive. Areas 

for future research should include: 

(1) Combination of distributed and nodal loads, 

(2) Nonproportional loading, 

(3) Alternative methods of tracing the post-buckling path, 

(4) Improvement of convergence rate, and 

(5) Different boundary conditions and undeformed geometries. 
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APPENDIX A 

STRAIN ENERGY FUNCTION DERIVATIVES 

The purpose of this appendix is to present expressions for the 

derivatives of w in equation (2.86) and also for the derivatives of ~ 

in equations (2.85) and (2.91). 

Applying the chain rule twice to w yields 

where dot denotes partial differentiation with respect to '0 and the 

subscript "0 11 indicates '0 = 0, and 

(A.2) 

(A.3) 

.. 2 - - 2 -
110 = -2{A~(3K~OK~ + K~Ke + K~oKe) + Ae( 3KeoKe+ K~Ke 

2 2 2 -
+ ;eoK~) - A.[4K~ + 6K~Ke + 4Ke + K;0(3K; + Ke) 

(A.4) 



Mooney Rivlin Model 

Since for the Mooney-Rivlin material 

aw aT = 1, 
1 

aw _ aT - y, 
2 

a2w -= 0 
a1 2 

1 
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(A.5) 

(A.6) 

only the derivatives of Wo in equation (2.86) and of 110 and 120 in 

equation (A.l) need to be considered in the evaluation of the deriva

tives which appear in equations (2.85) and (2.91). Therefore, 
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(A.l1 ) 
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( 
aKe +~) -

+ 3 aA aA KeO + 
e a 

(A.14) 
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(A.15) 

(A.16) 

- -
- 3KC;D - KeD]~ 

).2 aCE; 
'r 

(A.l7) 
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(A.18) 

(A.20) 



- 2 
A 

'[ 
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(A.21) 
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(A. 23) 
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(A.26) 
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(A.27) 
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(A.28) 
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2 - - } + 2A~[2KeK~ - Keo( 3Ke + K~) - K~o(Ke + 3Kt;)] 

(A.29) 
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(A.3D) 

(A. 31 ) 
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(A.32) 

(A.34) 

(A.35) 
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(A.36) 

(A.37) 

(A.38) 

(A.39) 

The derivatives of KS and KS are given by 

~=_~ aKs=_l ~=_l_ 
aA A3A' aAs A2A2 ' acs A2A 

E; sS E;S E;S 

(A.40) 

(A.41) 

(A.42) 

(A.43) 

222 
~ _ ~ a KS 6cs a Kg; = __ _ 

2 - 2 3' -2- = --4' aCt-aAs ,2,,2 
aA A A aA A A ~ A ~ 

S E;S S E;S E;S 

(A.44) 
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(A.45) 

Exponential Model 
.. . 

The derivatives of wO' wo and 110 needed in the evaluation of 

the derivatives which appear in equations (2.85) and (2.91) are given 

by / 

awo 2 2 2 
a"s = ~ (A ~ - AT) e xp [y (I1O - 3)] (A.46) 

awO 2 2 2 
aA 9 = r; (A 9 - AT) e xp [y (I 10 - 3)] ( A . 47) 

2 
a wo 2 2 2 2 2 2 
-2- = 2" exp [y(IlO - 3) J[A~ + 3\ + 2Y(A~ - A,J ] 
aA~ A~ (A.48) 
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.. ... 
aWe) _ [a1 1O • a1 10 ar- - exp [Y(IlO - 3)] -ar- + 2y 110 -ar-

e a a 

(A. 52) 

(A.53) 

(A. 54) 

(A. 55) 
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(A.57) 

(A.58) 

(A. 59) 
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(A.60) 

(A.61) 

2" 2"· 
d W20 = exp [Y(IlO _ 3)] [d 110 + 2y (d1 1O )2 ] 
dC~ dC~2 ac~ 

(A.62) 

(A.63) 
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(A.64) 

(A.65) 

(A.66) 

(A.67) 

(A.68) 
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(A.69) 

(A.71) 

(A.72) 

(A.73) 
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APPENDIX B 

BETTI'S LAW 

This appendix is concerned with establishing Betti's Law for 

rate of loading and velocities for a shell revolution that has been 

subjected to finite axisymmetric deformation. Betti's Law may be 

used to deduce the symmetry of the tangent stiffness matrix in equa

tion (3.19) under the following conditions: 

(1) The material is hyperelastic, 

(2) The applied loads are conservative. 

An integral relation which is useful in the development of Betti IS 

Law is presented first. 
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Let O'E,;a and O'E,;b be the values of CIE,; at the "a" and lib" ends of 

the shell segment, respectively, where O'E,; represents the nondimensional 

deformed meridional arc length. Let the shell segment defined by 

O't' ~ 0' ~ O'E,; be in equilibrium and let the subscripts "1" and "2" 
"'a b 

denote two linearly independent solutions of the rate equations (2.90) 

respectively. In terms of the deformed arc length, the rate differen

tial equilibrium equations may be written as 
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d -- • • • 
do~ (pv) + PPV + PPV + pe~pV = 0 

d _0- 0 0 ° 
do~ (pm~) - ma COS $ - e~maCOS$ + $masin$ 

+ pq + e pq + pq = 0 
~ 

(B.1) 

where 

(B.2) 

The relations 

d ° _0 dp 2 ° d _0 

Ci"O [P2("Ph),] = (ph), do + P2 era (ph), 
~ ~ ~ 

d ° _0 _0 d~2 ° d _0 

do~ [e:2(pv),] = (pv), do~ + e:2 do~ (pv), (B.3) 

may be used in conjunction \'/ith equations (B.') to obtain 

(B.4) 



Differentiating equations (2.44) and (2.45) partially with respect to 

time yields 

.. . 
(ph)l = [(pn~)l - ~l (pq)] coscp - [(,PCDl 

.. . (B.5) 
(pv)l = [(pn~)l - ~l (pq)] sincp + [('PC1)l 

+ ~l(pn~)] coscp 

Equations (2.57) and (2.58) may be written in terms of rate variables 

as 

From equations (B.4) and (B.5) follow the relations 

dP2' 2' 
(Ph), dOE; = [(pnE;)' - ~l(pq)] eE;2cos cp - [(pnE;)' 

. 
- ;,(pq)] ;2sincp coscp - [(pqJ, 

+ ~l(pq)] e sincp coscp + [(pq)l 
~2 

(B.6) 
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(B.7) 
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. 
+ $l(pq)] ~2sin~ cos~ + [(pq)l 

. 
+ ~l(pn~)] e~2sin~ cos~ + [(pq)l 

+ ~1 (pq)] ~2 cos2~ (B.8) 

Adding equations (B.6) and (B.7) gives 

. 
+ [(";;CD 1 + ~1 (pne;)] ~2 (B.9) 

or 

_. dP2 _. d~2 
(ph)l dcr~ + (pv)l dcre; = (pne;)l ee;2 - pq ~1 ee;2 

+ P1~2q + p ~2q1 + (pne;) ~1~2 

(B .10) 

Summing the left hand sides of equations (B.3) and utilizing equation 

(B.9) yields 

d~ [P2(p'h)1] + d~ [P2(p'v)1] + d~ [p2(p~e;)1] = (p~t")l et" 
~ e; e; '" "'2 

+ (pne;)$1~2 + p ~2q1 - p q ~le~ + P1~2q 
• 2 

• d~ 

+ P2(1\ + et" ne) + (pmt")l ~ + ~2(me COScjd et" mecos~) 
1 "'1 '" cre; 1 "'1 

- (mesin~) $1~2 - p $2q1 - pq $2ee; - P1~2q (B.11) 
1 

- P2(PPH + P1 PH + p ee; PH) - ~2(PPV + P1 PV + pee; pv) 
1 1 1 1 



Define 

where 

" - (" ") p = p, € 

" e =.e.. e p 

Introducing equations (B.11) and (B.12) into equation (B.10) and 

simplifying gives 

d~~ [P2(p"h)1 + ~2(p~)1 + ~2(p~~)1] + P2· JJ"i p 

" 
= (pn~)l e~2 + (pn~) ~1~2 - pq(~le~2 + ~2e~1) 

d" 
" (" " ) (-") CP2 

+ P2 nS1 + e~lne + pm~ 1 dcr~ 

+ ~2(me coscp + e~ mecos cp ) - ~1~2 mesincp 
1 1 

Using equations (B.2) and (B.13), the following relations may be 

established, 
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(B.12) 

(B.13) 

(8.14) 

(8.15) 

(B.16) 
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where 

(8.17) 

Substitution of equations (8.15) and (8.16) into equation (8.14) gives 

+ (A~~e)l ddn APA + (pn~) ~1~2 - mesin~ ~1~2 
" a eO E.: e " 

- pq(~,er. + ~2 e~ ) 
I "'2 "2 

(8.18) 

Observe that 

(8.19) 

Using equations (8.19), equation (8.18) may be written as 
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where 

c =~ 
F; dcr F;O (B.21) 

Integrating equations (B.20) over the length of the shell seg

ment yields 

= 

+ [ •• sincp •• (. • ..)] 
p nF;~1~2 - rna p ~1~2 - q ~leF;2 + ~2eF;1 dcrF; 

(B.22) 

. . . . ,.. ,.. 
where n = F; (AanF;) n = a (AF;na) 

. . . . ,.. ,.. 

m = F; "'emF;) m = a (AF;ma) 

Equation (B.22) is the previously mentioned integral relation. 

Interchanging the indices "1" and "2" in equation (B.22) 

gives 



= 

+ 

Define matrices as 

. 
{S} = 
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. . . 
+ ~e ~e + ~~ Cr + ~e Ce ] dcr~ 

2 1 2 "1 2 1 ., 

[n;~2~1 - me s~np $2~1 - q(~2e~1 + $le;2)] da~ 
(B.23) 

follows: 

:: · n; A; 

:: 

ne . ~e 
{E} = . 

" · m; c; 

:. · me ce 

and, for the assumed hyperelastic material, the matrix for the shell 

generalized stress strain relations is 
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a2q, a241 a241 a241 
d).2 

t; 
d).en~ ac~CA~ aCeCA~ 

a241 a241 a2
4> a241 

aAE;aAe aA2 
e 

aC~CAe aceaAe 

[C] = 

()241 a241 a241 a241 
aA t;ac t; CAeaCt; 2 

aCt; aCe aCt; 

()241 a241 a241 a241 
aA~aCe CAe aCe aCt;()ce 

-2 
aCe 

Then the equation which relates the generalized rate of stress to 

generalized rate of strain may be written as 

(8.24) 

The matrix [C] is symmetric. This implies that 

(8.25) 

As a result of equation (8.25), the right-hand sides of equa

tions (8.22) and (8.23) are equal. Therefore 
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(B.26) 

If the applied loads are conservative, then a function Ve 

defined by 

exists with the property that 

from which 

oV = e 

cr ~O 

= ~ b [PH~P + pV~E] AeA, Po do,O 

cr ~O 
a 

(B.27) 

(B.28) 
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{B.29} 

{B. 30} 

Differentiating equations (B.29) and (B.30) partially with respect to 

time yields 

Let 

d
2V 

a - e 11 - -2- , 
dP 

{B. 31 } 

(B.32) 

a2v a2v 
Q e 

a =---=--=a 12 aEdp apaE 21' (B.33) 

Using equations (B.2), (B.13), and (B.33), equations (B.31) 

and (B.32) can be written as 

(B.34) 

(B.35) 

Combining equations (B.13), (B.34), and (B.35) gives 

C1~Ob 

J {P2[a11P1 + a12~1]+ ~2[a12pl + a22~2J} Po dC1~O 
(B.36) 
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Comparison of equations (S.36) and (S.37) shows that for the 

case of conservative applied loads 

(S.38) 

Introducing equation (S.38) into equation (B.26) produces 

(B.39) 

By virtue of equations (3.11) and (3.12), equation (B.39) may 

be written as 

(B.40) 

where 
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·H ·H · · Pl a P2a Pl a P2a 

·v ·v · · Pl a P2a e:l a e:2a 

·M ·M · · Pl a P2a . <Pla . <P2a 
{Pl} = 

·H 
' {(52} = 

·H 
{Xl} = {X2} = 

· · Plb P2b Plb P2b 

·v ·v · · Plb P2b e:lb e:2b 

·M ·M 
$lb · Plb P2b <P2b 

For the special case of zero distributed load rate between the ends of 

the segment, i.e., PH = Pv = 0, equation (3.19) becomes 

(8.41) 

Combining equations (8.40) and (8.41) gives 

(8.42) 

or 

(8.43) 

Since 

and {XL1 } and {XL2} are linearly independent, it follows that 



i.e., [KL] is symmetric. 
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(B.45 ) 
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