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PHILOSOPHICAL MOTIVATION 

Said Conrad Cornelius o'Donald o'Dell, 
My very young friend who is learning to spell: 
"The A is for Ape. And the B is for Bear. 
The C is for Camel. The H is for Hare. 
The M is for Mouse. And the R is for Rat. 
I know all the twenty-six letters like that ... 

. . . Through to Z is for Zebra. I know them all well." 
Said Conrad Cornelius o'Donald o'Dell. 
"So now I know everything anyone knows 
From beginning to end. From the start to the close. 
Because Z is as far as the alphabet goes." 

Then he almost fell flat on his face on the floor 
When I picked up the chalk and drew one letter more! 
A letter he never had dreamed of before! 
And I said, "You can stop if you want, with the Z 
Because most people stop with the Z 
But not me! 

"In the places I go there are things that I see 
That I never could spell if I stopped with the Z. 
I'm telling you this 'cause you're one of my friends. 
My alphabet starts where your alphabet ends!" 
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Dr. Seuss, On Beyond Zebra[l] 
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ABSTRACT 

A domain decomposition method is introduced to facilitate the efficient and rig

orous computation of electromagnetic phenomena in structures that are electrically 

large in one dimension. Large two-dimensional structures are decomposed into many 

smaller regions by placing partitions throughout the structure. Sets of independent 

numerical solutions are generated within each unique block due to excitation by 

properly chosen expansion functions defined on the partitions as boundary condi

tions. The finite element method is explained for providing numerical solutions to 

the modified Helmholtz equation in the smaller blocks. Field continuity conditions 

are applied at the partitions to superpose the numerical solutions in the blocks and 

complete the domain decomposition solution for the entire problem. 

A finite periodic structure is modeled to show the practicality of domain decom

position for similar repetitious structures, and its filter behavior is compared with its 

infinite periodic analog. A matching problem between two mismatched waveguides 

demonstrates the building block nature of domain decomposition. The parallelism 

of domain decomposition and finite elements is demonstrated. The method is re

coded for operation on the Connection Machine CM-2, and various timings are made 

to illustrate how the method becomes more efficient as the problem becomes more 

parallel. 
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The second part of the dissertation concentrates on the development of a three

dimensional nodal based finite element code, with applications in domain decompo

sition. The formulation for domain decomposition is extended in a straightforward 

fashion to three dimensions. The issues surrounding the more difficult extension of 

the finite elements for vector, three-dimensional problems are explained. Nodal based 

finite element techniques are contrasted with edge based finite elements. Boundary 

conditions are given special consideration to accommodate metallic and dielectric 

surfaces and edge singularities. A dielectric filter example proves the validity of the 

dielectric interface condition, and serves as a good filter comparison with a geometry 

for which the analytic behavior is known. A metallic corrugated filter example is 

analyzed using a transmission line approximation, and the dispersion curves of the 

finite and infinite filter are compared. 
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CHAPTER 1 

Introduction 

The increasing availability of substantial computer resources has allowed the analy

sis of new classes of problems. Sizes and complexities have increased to a remarkable 

degree. Fewer approximations from actual geometries and behaviors need to be made 

to create realizable models. Computation costs are dropping rapidly as new genera

tions of computation hardware are introduced. 

In investing effort to expand computational domains with these new resources, 

the techniques behind the analysis are often overlooked. Old techniques are drafted 

into service without considering that new techniques might be better suited to new 

computer architectures. The brute force computation possible with these greater 

computer resources can overshadow the intricacies of the problem. Massive compu

tation is often substituted for careful reasoning. 

In the rigorous analysis of large, electromagnetically complex structures, various 

approaches have been taken to form accurate solutions. Some techniques involve 

simplifications of the structure for faster computation, such as periodic assumptions 

[2]. Other numerical models simulate the entire structure at once, solvable only with 

substantial computer resources [3, 4]. 
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Domain decomposition (DD) is a rigorous technique for electromagnetic analysis 

that requires neither the usual simplifications nor massive computer resources, but 

can take advantage of these features if they are available. The DD presented in this 

paper is significantly different from other techniques of the. same name [4, 5]. There 

are some similarities with a technique for calculating back-scattering from complex 

ducts and cavities [6]. DD is probably most closely related to the "connection scheme" 

[7]; however, it is more versatile and more general in the type and complexity of 

structures it can model. 

The large structure is decomposed into smaller independent domains by introduc

ing fictitious interior partitions before any numerical discretization takes place. The 

large boundary value problem is reduce to many smaller boundary value problems. 

Many numerical solutions are computed in each partitioned region due to excitation 

by many different expansion functions weighted with unknown coefficients on the 

partition boundaries. The numerical solutions are coupled together between regions 

via superposition to solve for the partition coefficients, and therefore the total field. 

By partitioning a large structure into smaller blocks, it can be analyzed piecewise 

with smaller matrices, smaller errors, and better efficiency. 

The flexibility of the technique is its greatest strength. Repetitious structures 

can be analyzed accurately and efficiently without periodic assumptions. Complex 

regions can be modeled as finely as necessary, while simpler regions can be modeled 

coarsely. The piecewise nature of the problem allows different solution techniques 
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to be used in different regions. The smaller problem size of each region renders the 

problem solvable by workstations, but the independence of the regions and their 

excitations makes it extremely well-suited for massively-parallel computation. 

The dissertation can be divided clearly into two parts: two-dimensional formula

tions and three-dimensional formulation. The primary focus of the first part is the 

application of domain decomposition to a variety of problems using serial and parallel 

computer architectures. The primary focus of the second part is the development of 

a three-dimensional nodal-based finite element code, with demonstrations of domain 

decomposition to support the finite element results. Abbreviated versions of the first 

part of the dissertation have been published in [8J and [9J. 

The first part of the dissertation contains four chapters. Chapter 2 introduces 

domain decomposition as it applies to two-dimensional problems. The theory is pre

sented for partitioning a large structure into smaller regions and for solving Maxwell's 

equations in these small regions. Then the solutions in small regions are united 

through continuity conditions to form the total solution. A discussion of the issues 

surrounding domain decomposition is presented, with attention paid to its strengths 

and weaknesses. 

Chapter 3 defines the numerical techniques for solving Maxwell's equations In 

the small boundary value problems defined in the domain decomposition formula

tion. Finite element techniques are introduced as a powerful tool in the solution of 

closed domain problems. The general finite element formulation in two-dimensions is 
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given, and boundary conditions are considered carefully. The introduction of inhomo

geneities into a finite element problem is studied. The presence of field singularities 

at metallic corners is examined. Important numerical issues regarding the solution 

of the system of linear equations are also considered. 

In Chapter 4 several examples are shown to demonstrate domain decomposition 

and finite element solutions. First, a corrugated parallel-plate waveguide as a finite 

periodic structure is examined. This structure is compared with its truly periodic 

counterpart, and the dispersion curves of these filters are investigated. The usefulness 

of domain decomposition in repetitious structures is highlighted. The second example 

demonstrates the use of domain decomposition in a matching problem. The transition 

between two uniform parallel-plate waveguides with different dielectric properties is 

made by introducing various numbers of dielectric step regions. The transition regions 

are used to reduce the reflection from the mismatched guide. The building-block 

feature of domain decomposition is highlighted. 

Chapter 5 marks the departure from serial computer architectures such as work

stations for the massively-parallel architecture of the Connection Machine CM-2. 

An overview of the parallel coding environment is provided, as are some details on 

transforming the serial domain decomposition program into a parallel program. The 

parallel nature of finite elements and domain decomposition is emphasized. Timing 

comparisons are made between the serial and parallel version of the program. 
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The second part of the dissertation contains three chapters. Chapter 6 intro

duces a three-dimensional domain decomposition formulation. The dimensionality 

of the problem is shown to have no effect on the general principles of domain de

composition, but the many differing details of implementation between the two- and 

three-dimensional formulations are shown and discussed. 

The most important contribution to the second part is in Chapter 7, in which the 

three-dimension nodal-based finite element code is presented. This kind of vector 

field solution has been challenging for many years because of the presence of spurious 

modes often present in finite element formulations. The suitability of nodal finite 

element methods is discussed as compared and contrasted with edge-based finite 

element methods. An operator for solving the vector field in Maxwell's equations 

that eliminates spurious, non-physical modes is presented, and the details of building 

a three-dimensional solver are given. The importance of boundary terms is stressed, 

and special treatment is given to the various cases of metallic boundaries, dielectric 

interfaces, and partition excitation boundaries. Two types of partition excitations 

are presented based on two different fields. Finally the problem of field singularities 

at sharp metallic corners is considered. 

Chapter 8 contains two demonstrations of the veracity of the domain decomposi

tion and finite element solutions. The first example is of a dielectric filter structure 

in a rectangular waveguide. The finite periodic version of the filter is modeled with 

domain decomposition and compared with the known analytic behavior of the infinite 
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periodic structure. The second example is of a corrugated waveguide filter structure 

as the three-dimensional analog of the two-dimensional structure analyzed in Chapter 

4. This filter is more difficult to analyze than the dielectric filter for both the finite 

and infinite versions. Both are compared by means of dispersion curves. 

Conclusions are made in Chapter 9 to encapsulate the major ideas presented 

In the dissertation, and to indicate future directions for research. Following the 

conclusions are two appendices containing important information regarding certain 

details in the dissertation. The first appendix provides the error analysis for the 

finite solution technique. The problems of using a discretized space in finite elements 

and finite differences are illustrated through a simple one-dimensional problem. The 

second appendix presents the analytic work necessary for derivation of the partition 

excitation functions for the two- and three-dimensional examples presented in the 

body of the dissertation. 
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· Part I 

Two-dimensional Formulations 
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CHAPTER 2 

Domain Decomposition 

2.1 Formulation 

A frequency domain solution to Maxwell's equations is desired within a guided, 

two-port structure that is large in a single dimension. By defining the two ports as 

first and last, notions of positive- and negative-traveling wave are clear: electromag

netic waves enter the structure through the first port, interact with the internal ge

ometries of the structure while propagating through it, then are transmitted through 

the last port and/or reflected back through the first port. Structures of interest are 

electrically large, where electrically large is defined as possessing a path length from 

first to last ports on the order of many guide wavelengths. The cross-sections of 

the guided structure are small by comparison. The two-port restriction is for latter 

convenience in the electromagnetic characterization of structures such as waveguide 

sections and filters from parameters like reflection and transmission. 

To close this large boundary value problem (BVP) to form a unique solution 

[10], the tangential fields on the boundaries must be known. This requires known 

boundary conditions at the two ports, conditions which are relatable to tangential 

field components. All excitation of the problem is from the ports. Since only guided 
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structures will be investigated here, the other boundaries defining the limits of the 

BVP are conductor walls which have simple, known, tangential field behavior. If 

open structures were being examined, absorbing boundary conditions could also be 

used to close the domain. 

The large BVP is now uniquely defined; Maxwell's equations can be solved ev

erywhere within the structure to provide magnetic and electric field values. While 

analytically well-posed, a problem may arise from a computational perspective: using 

conventional numerical techniques, the original BVP may be too large for the limited 

computational resources at hand to solve. The DD technique may be introduced to 

divide the large BVP into many smaller BVPs, each small enough to be modeled 

numerically with available resources. Other reasons for using DD will be discussed 

later. 

Partitions are placed within the structure, spanning the cross-section. The par

titions are purely nonphysical; they are a mathematical convenience for breaking the 

large structure into more manageable chunks. Given the type of structure being an

alyzed and the emphasis on only one large dimension, the partitions decompose the 

large, two-port BVP into smaller, two-port BVPs. These smaller areas are called 

regions. If Q + 1 partitions are used, denoted r i , i = 0, ... , Q, Q regions have been 

formed as shown in Fig. 2.1. 

The partitions in the small BVPs behave as the ports do in the large BVP, with one 

important difference: while the boundary conditions at the two ports are known from 
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Q 

r Q- 1 

Q-l 

Figure 2.1: Example of a general partitioned two-dimensional structure 
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the outset of the problem, the field components used for boundary conditions on the 

partitions are only known at the end of problem. Therefore, the smaller BVPs cannot 

be solved uniquely at this point in the formulation. A logical step for accommodating 

the unknown partition conditions is to choose some field component on each partition 

and expand it in terms of a set of simple expansion functions weighted by unknown 

coefficients. These partition expansion functions (PEFs) can be said to form a basis 

in some sense for the complete representation of an unknown field component on the 

partitions. 

Knowledge that the unknown fields will be represented in terms of PEFs guides 

the initial placement of the partitions. It is desirable to set partitions at points where 

the geometry is slowly varying, away from sharp corners and high media contrasts 

[11]. Areas of high geometric or material complexity are anticipated to have complex 

field behavior as well. Consequently, a larger number of PEFs would be required 

to represent the fields in these areas. By choosing partitions away from areas of 

complexity, an accurate field representation can be obtained with a small number of 

PEFs. 

A variable V is introduced to represent the field with which the PEFs on each 

partition are being equated; it is not yet necessary to relate it to a specific electro-

magnetic field. Explicitly: 

pi vi . = L a~1/J~, i = 0, ... , Q, 
f' p=l 

(2.1) 
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where a~ .is the pth unknown coefficient on partition i, tP~ is the pth known PEF, and 

pi is the number of PEFs. Since partitions are shared by two adjacent regions, the 

boundary condition from (2.1) is applied to both regions, and V will be continuous 

between regions. 

For two-dimensional (2D) problems the details of the formulation are clear. The 

partitions are simple lines extending across the transverse dimension of the guided 

structure. Local coordinate systems can be established at each partition: i2 parallel 

to the partition, v normal to the partition in the direction of positive propagation, 

and i1 pointing into the 2D plane. The 2D nature of the problem allows the electro

magnetic fields to be decoupled into two polarizations, T MTI and T E TI • The fields for 

the two polarizations can be represented entirely by the scalars fields ETI and HTI , 

respectively [10]. Rather than running through nearly identical derivations for the 

two polarizations separately, the variable U is introduced to represent either scalar 

field component. 

U will be the central field quantity for which solutions are found; the variable 

V is a secondary quantity that needs further specification. The scalar solution to 

Maxwell's equations for time-harmonic fields of angular frequency w leads to the 

second-order Helmholtz differential equation: 

(2.2) 
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with the appropriate boundary constraints. For simplicity of presentation, the dis-

cussion here is restricted to the case of homogeneous media; nevertheless, position-

dependent media can be accounted for, as is explained later in this section and in 

Chapter 3. For a unique solution to the electromagnetic problem, continuity of both 

the tangential electric and magnetic fields must be applied at all media interfaces. 

This implies U and its first derivatives in the 2D plane must be continuous. Within 

each region, this can be done with numerical techniques, but on the partitions bound-

ing and connecting the regions, this must be manually enforced by the DD technique. 

The continuity of U is easily enforced on the partitions since the field within each 

region is in terms of U. To invoke the continuity of derivatives of U, we note that 

V is already established as continuous independently of U; therefore, V is chosen 

as the derivative of U in the direction normal to the partitions in the positive-going 

direction: 

V=~8U 
jw 8v 

(2.3) 

The v derivative of U for either polarization is equivalent to flux: for the T MTI polar-

ization, U is ETI and V is BT2 ; for T ETI polarization, U is HTI and V is DT2 • The flux 

will be continuous across a partition regardless of changes in media properties, and 

therefore will be a more convenient quantity with which to equate smooth PEFs than 

with a possibly discontinuous field. The definition of V establishes flux continuity 

between regions. Later details in the numerical solution will also show why this is a 

useful definition for V. 
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The choice of PEFs for the two-dimensional case is also clear. The set of PEFs 

must fully span the partition and be detailed enough to resolve the most complicated 

field behavior expected at each partition. Piecewise bases may be used as PEFs 

for partitions without a simple modal expansion. With one-dimensional partitions, 

entire bases such as trigonometric functions are the most logical choices for PEFs. 

The BVP in region i, bounded by r i - 1 and r i , is still not unique, since the bound-

ary conditions on the two partitions contain pi-l + pi unknown coefficients. The 

known forms of the PEFs, however, still allow pi-l + pi numerical solutions to be 

generated in region i. These solutions are created from pi-l + pi different BVPs, in 

which each of the a's in turn is set to one while the others are set to zero. Each 

region has not one, but many, BVPsj each solution is due to sole excitation by its 

associated PEF. The solutions are then weighted with the unknown coefficients and 

superposed to form the total numerical solution in region i : 

(2.4) 

Jf;-l represents the numerical solution in region i due to boundary conditions 

Vi. = 1jJi-l, Vi . = 0, 
[I-I P r' 

(2.5) 

while Jf; represents the numerical solution in region i due to boundary conditions 

Vi. = 0, Vi . = 1jJ~. 
r,-l [I 

(2.6) 
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One interpretation of different BVP solutions is that, as a set, they represent what 

might be considered numerical expansion functions for the entire region, since the 

final solution is a weighted sum over each of the possible excitations. 

Care must be taken when applying the boundary conditions on V. In the unique

ness theorem, tangential boundary conditions are specified with respect to an outward 

directed normal. When V is equated with the normal derivative of U, it is not always 

the outward normal. The normal in (2.3) is always specified in the positive-going 

direction; on r i this is the outward direction, but on r i - 1 this is the inward direction, 

and a negative sign arises. This minus sign may either be written explicitly in the 

first term of (2.4) or included implicitly in numerical expressions for the field. 

This procedure is repeated in each region: a variety of numerical solutions are 

generated due to different excitations by PEFs on the partitions. The unknown 

expansion coefficients are the unknowns of the DD problem. To solve for the 2:~o pi 

coefficients, an equal number of equations will need to be established. The logical 

choice is a continuity condition between adjacent regions. The field variable V has 

already been established as continuous on the partitions; therefore, the continuity of 

U will be imposed. There are several ways in which to accomplish this, of which the 

most obvious are pointwise continuity and weighted continuity. Weighted continuity, 

in which the unknown U is multiplied by some basis and integrated over the cross

section, will be used, since it gives a more global sense of continuity than with other 

conditions. Weighted continuity is also more consistent with the method of weighted 
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residuals that will be used for the generation of numerical solutions in those regions 

for which analytic models are not available. 

The region fields Jf and HI (; on either side of internal partitions ri, i = 1, ... , Q-

1 are weighted by each of the PEFs 7/J~ and integrated. The results are a system of 

equations of the form: 

pi-l pi pi+l 

'" i-1 A i + '" iBi + '" i+lCi - 0 L...J Q:p pn L...J Q:p pn L...J Q:p pn - , n = 1, ... ,pi, (2.7) 
p=1 p=1 p=1 

where 

(2.8) 

(2.9) 

fr . '+1 ' = - i+1 u; 7/J~ dS. 
ri 

(2.10) 

On the first and last partitions, the external port conditions specified at the be-

ginning of the problem are necessary to represent the field behavior outside the entire 

structure. For waveguide structures, we require the two ports to have known modal 

behavior. This convenience permits excitation by traveling waves, and allows a scat-

tering parameter characterization of the total structure. It also acts as a transition 

between the possibly complicated behavior of the interior and the mathematically 

modeled exterior. At the end partitions, define the modal fields as 

MO 
UO = I: "/~X~(T2)' (2.11) 

m=1 
MQ 

UQ = I: I~X~(T2)' (2.12) 
m=l 
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where the ,'s are known modal coefficients and the X's are known modal profiles. 

Weighted continuity is used to merge the modal solutions on the ports with the end 

regions solutions to form: 

pO pI MO 

L Q~B~n + L Q!C~n = L ,~f~n' n = 1, ... ,po (2.13) 
p=l p=l m=l 

pQ-I pQ MQ 

" Q-1AQ +" QBQ -" QfQ L...J Q p pn L...J Q p pn - L...J 'm mn' n = 1, ... ,pQ (2.14) 
p=l p=l m=l 

where 

B~n lr A 0 0 = 1Up 'lj;n dB, 
ro 

(2.15) 

C~n 1 A1 0 = - 1Up 'lj;n dB, 
ro 

(2.16) 

f~n = -lr x~'lj;~ dB, ro 
(2.17) 

A~n = -lr ijQ-1'lj;Q dB 1 p n , rQ 
(2.18) 

B~n lr AQ Q = 1Up 'lj;n dB, 
rQ 

(2.19) 

f~n = lr x~'lj;~ dB. rQ 
(2.20) 

Note that only the field solutions on the partitions are necessary in forming the 

system of equations. When storage or memory is at a premium, only the fields on 

the partitions need to be stored. 

The continuity equations generate a block tridiagonal equation for the unknowns 

Qi, i = 0, ... , Q. Efficient solvers for this type of linear system can be used to provide 

rapid solutions. A method called the riccati technique [12] or the Thomas method 

[13, 14] is used here to invert the system of equations. It is equivalent to plain 
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Gaussian elimination, but avoids the error growth associated with backsubstitution 

and minimizes storage. The riccati matrices Ai, B i, Ci, and fi defined above can be 

written as: 

(2.21) 

(2.22) 

(2.23) 

The riccati solution of this linear system begins at the last row and proceeds back-

wards to the first row by defining intermediate matrices Pi, Ri and qi : 

i = Q: PQ = BQ, (2.24) 

RQ = _PQ1A Q, qQ = _PQ1fQj (2.25) 

0< i < Q: Pi = Bi + C iR i+1 , (2.26) 

Ri = _P:-lA' 
I Il qi = _Pil{fi - Ciqi+l)j (2.27) 

i = 0 : Po = Bo + CoRt, (2.28) 

qo = -Pi)l{fo - COQl)' (2.29) 

A forward pass provides the solutions for the vector of unknown coefficients (Xi : 

(2.30) 

(2.31) 

The advantage the riccati solution has over standard matrix inversion is that it is 

tailored for this particular system of equations. Rather than inverting one large 
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matrix with many zero entries, Q + 1 small matrices P j are inverted. The linear 

algebra software library LINPACK [15J is used to perform the inversions. The price 

paid for smaller inversions is the extra storage necessary in the form of Rj and qj. 

Once the coefficients are known, the field U can be calculated anywhere within 

the structure from (2.4). Given the fields, many different quantities can be computed 

such as scattering parameters, transmission line parameters, and circuit parameters. 

2.2 Discussion 

The DD problem can be broken down into three phases. The first phase is the 

structure definition, in which the physical parameters are established, defining the 

large BVP and the individual blocks, and how they are related. The second phase 

is the numerical block solutions, in which the electromagnetic field equations are 

solved in each block due to excitation by the PEFs. The third and final phase is 

the coefficient solution, in which the numerical block solutions are pieced together to 

find the PEF coefficients and complete the DD problem. Simply expressed, domain 

decomposition is a technique for shifting the unknowns of a large BVP from the 

continuum of points within the total structure to coefficients on discrete partitions. 

Its chief strength is the independence of regions. 

The first consequence of the independence of regions is computational flexibility. 

Because each region may be modeled independently, different regions may be analyzed 
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with different solution techniques. Analytic solutions may be calculated for weIl

known geometries, while finite methods or integral equation techniques may be used 

for complex regions. As long as the numerical block solutions due to excitation by 

the PEFs are known on the boundaries, the solution technique is irrelevant from the 

DD perspective. From the computational perspective, it is very relevant. One is not 

confined to a particular solution technique based on the behavior of the structure in 

local areas. By partitioning the structure, blocks can be created for computational 

convemence. 

Consider a structure that is mostly uniform except for a few localized discontinu

ities. The discontinuities may be partitioned off from the uniform regions, analyzed 

numerically, then coupled to analytic solutions for the uniform regions to find the 

field behavior everywhere within the structure. The alternative would be to model 

the entire structure numerically. This would be highly inefficient, since for the most 

part the structure is well-known and well-defined. 

The second consequence of the independence of regions is modularity. Many re

gions may be present in the total structure, but not all of these may be unique. For 

example, a periodic structure has an infinite number of regions, but only one unique 

region. These unique regions will be called blocks. Numerical solutions need not 

be calculated for each region, only for each block. Many large structures of interest 

are to some degree periodic or repetitious, and possess some common unit cells. Dif

ferent regions having the same geometries and PEFs will have the same numerical 
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solutions to the individual BVPsj the only difference between the regions will be 

different expansion coefficients weighting the solutions. Much wasted computation 

can be eliminated by recognizing the repetition. The block solutions can be used and 

reused in every region in which they occur. 

This building-block approach can be used for synthesis as well as analysis. An 

archive of PEF excitation solutions for commonly occurring blocks can be created. 

At some later time the blocks solutions can be strung together in new configurations 

to solve for new structures. This is a very powerful feature of domain decomposition 

for practical application such as developing software tools and libraries. 

The third major consequence of the independence of regions and blocks is par

allelism. The first phase of DD is an inherently serial process, since it involves 

examining the entire structure as a single unit, as well as defining the individual, 

unique details of each block. The third phase of DD is also serial, since a single 

system of linear equations is solved to find the partition coefficients. The second 

phase of block solutions, however, is parallel. The order in which each block solution 

is generated is irrelevant due to the independence of the blocks, making this step 

a parallel one. Two degrees of parallelism are present. The solutions for different 

blocks are independent as well as the solutions for different PEF excitations in the 

same block. Given enough computation power, all these solutions may be calculated 

in parallel. This aspect will be discussed more fully in Chapter 5. Because the bulk 
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of the computation for the DD problem is concentrated in the second phase, taking 

advantage of the parallelism is very important. 

A number of additional benefits come from modeling smaller domains. Numerical 

meshes are easier to generate in smaller blocks. By decreasing the size of the problem 

space through DD, the software tools necessary for meshing need not be as complex. 

The mesh sizes from block to block may vary widely depending on the complexity of 

the structure. Partitioning allows the separation of dispa.rate mesh regions without 

the need for transition areas between fine meshes and coarse meshes. 

Accuracy of the solution can also be improved. Round-off error in numerical 

techniques is often associated with non-uniform meshes being used to model the 

problem space. Since smaller matrices are being used on more uniform numerical 

meshes, round-off error from factoring and back-substituting the matrices associated 

with the numerical solutions is minimized. 

Finite solution methods have associated accuracy problems with numerical disper

sion, as discussed more fully in Appendix A. DD does not reduce numerical dispersion 

in those regions solved with finite methods, but the property of DD that allows dif

ferent solution techniques to be used in different blocks does provide a possible way 

to mitigate numerical dispersion. By using finite methods in the minimum number of 

regions, and by interspersing regions solved with non-finite techniques between those 

regions solved with finite methods, we can reduce the total discretized length. This 

reduces the amount of numerical dispersion in the total structure. 
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The main restrictions used in this dissertation are that the structures analyzed 

are closed, guided, two-port, and large in a single dimension. These restrictions are 

not inherent in DD, but rather conveniences used for this particular analysis. Open, 

guided structures may be analyzed as long as an appropriate expansion function can 

be chosen to model the open boundaries and an appropriate absorbing boundary 

condition can be applied. Scattering problems can be analyzed by coupling DD 

results with other techniques. N-port structures may be analyzed at the expense of 

the block tridiagonal nature of the final matrix, as may structures large in more than 

one dimension. 
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CHAPTER 3 

Finite Element Solutions 

3.1 Finite Element Formulation 

Many techniques have been developed to solve for field behavior in electromagnetic 

problems too complicated or too tedious to solve analytically. The finite element (FE) 

method is a useful technique for solving BVPs associated with guided structures. 

The foundation for the FE method, often referred to as simply finite elements, 

is Galerkin's method [16]. Galerkin's method seeks an approximate solution to the 

BVP in a finite-dimensional subspace of the entire space of admissible solutions. 

A variational, or weak, formulation of the original BVP is formed by integrating 

the governing differential equation against some weighting function. The unknown 

variable and the weighting function are expanded in terms of a set of basis functions 

to transform the weak integral equation to a matrix equation. The FE method 

provides a systematic approach for constructing a piecewise basis for the Galerkin 

approximation to the BVP. 

The FE mesh is generated in the two-dimensional structure to conform to the 

details of the geometry. Nodes are placed along external boundaries and internal 
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discontinuities to account for expected changes in field behavior, and spaced as uni

formly as possible elsewhere. Elements are built from groupings of nodes to form 

non-overlapping 2D areas; the sum of all elements spans the entire problem space. In 

this dissertation, quadrilateral elements are chosen, with a node at each of the four 

vertices. Conversely, each node is shared at most by four elements. The material 

properties within each element are uniform. 

The term "finite elements" refers to finite size of the elements used to discretize 

the problem space; they are neither infinitely large, to permit the modeling of an 

infinite domain, nor infinitely small, to permit the exact modeling of a finite domain. 

FEs allow the modeling of finite problem spaces to as great an accuracy as manual 

or computational resources allow. 

The FE basis functions are chosen on an element by element basis to have com

pact support, to be composed of simple functions, and to have a zero value at all but 

one node, at which they have a unity value. The characteristic of compact support 

requires bases to be non-zero over a limited number of elements out of the entire 

domain. The integrals of the weak formulation need only be performed over small 

portions of the problem space, because nodes are related to only their nearest neigh

bors. The resulting matrix is banded and sparse, which allows for reduced storage. 

The FE matrix is generally referred to as the stiffness matrix, so named for the 

historical context of the spring equation under Newton's second law. 
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The requirement of simple piecewise functions is also for ease of computation. 

Simpler functions mean simpler computations. The integrals will be evaluated nu

merically with techniques such as Gaussian quadratures, in which the degree of the 

polynomial being integrated determines the number of quadrature points. Therefore, 

it is beneficial to use the lowest degree polynomials possible in the basis functions. 

The original U in (2.2) must be twice differentiable for Helmholtz's equation, requir

ing quadratic polynomials, but in the later weak form, both U and if> need only be 

once differentiable. The basis functions must then be at least of linear variation in 

each dimension. Higher-order bases often create more accurate solutions due to their 

additional smoothness, but in this dissertation simplicity and speed are of greater 

value. 

In two dimensions, bilinear bases are chosen. With bilinear functions, the greatest 

variation is incomplete quadratic, so the order of the Gaussian quadrature necessary 

to integrate the product of two bases in the weak formulation is three. Figure 3.1 

depicts the nodal basis if>i as a construct of bilinear elemental shape functions 'l/Jj. For 

a general square element with opposite corners located in (x,y) space at (1,1) and 

( -1, -1), the shape functions are defined as 

'l/Jj(X,y) = (1 + xXj)(1 + YYj)/4, j = 1,2,3,4. (3.1 ) 

where Xj and Yj are spatial coordinates of the corners. This so-called "master ele

ment" is used for all future calculations involving the FE basis. The FE meshes for 
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specific geometries will result in elements that are general quadrilaterals, not neces

sarily squares or rectangles. For simpler computation, each element is mapped to the 

master element through a coordinate transformation. Basis function quantities are 

calculated in the simpler geometry of the master element, then mapped back to the 

actual element. The use of isoparametric elements as is given above is very common 

in FE formulations. 

The last basis requirement relates to the type of FE formulation being used. Two 

distinct varieties of FE formulations exist: edge and nodal. The above development 

has been a nodal formulation: the basis (Pi has a value of one at node i, and a value of 

zero at all other nodes. The unknown Uj is simply the unknown field value at node j. 

In edge-based FEs, the bases and their associated unknown fields are related to the 

edges and surfaces between the nodes of an element. Edge-based FEs guarantee a 

certain degree of field continuity between elements that nodal FEs do not, but at the 

price of more complicated bases and greater computation. Continuity issues are not 

critical in two-dimensional formulations, since when the unknown field is tangential to 

the geometry, its continuity is ensured in a source-free region. Nodal and edge-based 

FEs will be discussed more fully in Section 7.1. 

Consider the general two-dimensional BVP used in the individual block solutions 

in the DD problem. The unknown U is a scalar function, defined previously in 

Section 2.1 as ETI or HTI depending on the polarization. The T ETI will be examined 

first: U = HT1 • From Maxwell's equations for a homogeneous domain with constant 
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Basis function <1>. 
I 

Shape functions 'V 

Figure 3.1: Two-dimensional nodal basis (Pi decomposed into bilinear elemental shape 
functions ¢j. 
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permittivity € and constant permeability Il, U obeys the modified Helmholtz equation: 

(3.2) 

where the wave number k = wffi, w is the angular frequency of the time harmonic 

variation, and \72 = 8 2
/ 8T? +82

/ 8v2 • A reasonable approximation for inhomogeneous 

regions in a FE solution is to pick a constant value such as an average for the material 

properties Il and € throughout each element. This insures that the homogeneous 

Helmholtz equation will be solved in each element; later continuity at the element 

boundaries will insure a correct electromagnetic solution. 

For Galerkin's method, a weak form of this equation is developed by multiplying 

(3.2) by a set of weighting functions ¢i, i = 1, ... , N and integrating over the domain 

of interest. After Green's theorem is invoked, a symmetric and weak form of the 

original equation is created: 

{ (~\7U. \7¢i + jWIlU¢i) dV = 1 ¢i (~88U) dB, i = 1, ... , N. (3.3) Jv JW€ Is JW€ V 

The set of weighting functions is also used for expanding the unknown: 

N 

U = LUj¢j, (3.4) 
j=l 

where Uj is the unknown field component at node j and N is the number of FE nodes. 

By substituting the expanded unknown into the weak formulation, we form a matrix 

equation, 

Ku=f, (3.5) 
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where the elements of the stiffness matrix K are given by 

(3.6) 

the elements of the forcing vector fare 

(3.7) 

and u is the vector of the unknown field values at the N nodes. Because of the 

compact support of the bases, the above integrals do not need to be performed over 

the entire problem space, but only over those limited number of elements over which 

the bases are non-zero. This reduces computation, storage, and matrix bandwidth 

considerably, and is one of the principle strengths of the FE method. 

A similar analysis can be shown for the T M7"1 polarization. The end result is the 

same sort of stiffness matrix as is shown above; the only difference is that the unknown 

vector u is the E7"1 field, and the material parameters € and J1 are interchanged. 

Inversion of the stiffness matrix leads to the solution of the FE problem for a 

specific forcing vector: 

(3.8) 

The stiffness matrix contains all the information about the physical parameters of the 

block. In the DD method, many different PEFs which manifest as forcing vectors are 

applied to the same block. These forcing vectors don't affect the parameters of the 

block, only the fields on the partitions, so the stiffness matrix remains the same for 

each excitation. The stiffness matrix need only be inverted once for each block, then 
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multiplied by each forcing vector for each excitation. Following the routines in LIN-

PACK, the stiffness matrix is not explicitly inverted. Instead, the LV factorization 

is computed once per block using Gaussian elimination with partial pivoting. Then 

the factored matrix is back-substituted with the specific forcing vectors to provide 

the solutions to the matrix equations. 

3.2 Boundary Considerations 

For computational ease, the calculation of the stiffness matrix and the forcing 

vector are performed in an element-by-element manner. A local 4 x 4 stiffness matrix 

and local 4 x 1 forcing vector are computed within each quadrilateral element, then 

the contributions of these local quantities are added into the global stiffness matrix 

and forcing vector. The local, elemental stiffness matrix terms must be computed for 

every element, but not every elemental forcing vector needs to be computed. Only 

those in contact with a partition are non-zero. 

The forcing vector involves the integral of the basis function <Pi against material 

properties and the normal derivative of the unknown U. For the T E'TI polarization, 

(3.9) 

for the T M'TI polarization, 

(3.10) 
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The coordinate system is local to the face of the specific element for which the forcing 

term is being computed. For two adjacent elements sharing the same face, <Pi will 

certainly be continuous between elements, by the definition of the basis functions. 

The field, either ET2 or HT2 , will also be continuous, since it is tangential to the 

interface. The two forcing vectors computed on the shared face of the two elements 

will be identical except for the definition of the outward normal to the face. The 

normals are opposite; therefore, the two forcing terms differ by a minus sign, and sum 

to zero. Because of this, there is no need to compute the forcing vector anywhere 

within homogeneous regions of the domain, and material interfaces between differing 

to and Il may also be ignored. 

The forcing vector contains the boundary information critical to the problem: the 

sources terms from the partitions and the bounding terms from metallic surfaces. 

On metallic boundaries Sm, a surface impedance is defined to relate the tangential 

electric and magnetic fields: 

(3.11) 

where the normal v is directed into the metal, and Zs = {I + j)JWIl/20' [11]. The 

choice of surface impedance arises from the assumption that the conductivity or the 

frequency are such that the skin effect is developed. This definition of normal agrees 

with the outward-directed normals from the non-metallic elements. By combining 

(3.11) with Maxwell's equations for the two polarizations, we find that the forcing 
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vector terms can be rewritten as 

(3.12) 

for the T ETI polarization, and for the T MTI polarization as 

(3.13) 

In this manner, the forcing vector for metallic surfaces becomes a modification to the 

stiffness matrix, not a source term itself. For perfect electric conductors, Zs tends 

toward zero. To accommodate the T MTI polarization, with Zs in the denominator, 

we use good, not perfect, conductors. 

The excitation to the FE solution comes from the forcing vector at the partition 

boundaries. On partition r i , the partition field variable V from (2.1) is substituted 

into the T ETI forcing vector from (3.7) to form 

(3.14) 

The T MTI forcing vector is identical after t: is replaced by J1. As was mentioned 

previously, the a~ coefficients are unknown at the time of the FE solution. To generate 

pi FE solutions within each block due to excitation on each partition, each PEF ¢t 

in turn is allowed to drive the FE solution alone at a unity magnitude. 

3.3 Metallic and Dielectric Objects 

To model more interesting geometries, various dielectric or metallic objects can 

be added to the problem space. Quadrilateral objects may be accommodated with 
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the simple mesh generator designed for this dissertation. The implementation of 

dielectric objects within the FE mesh is fairly simple, since the resulting dielectric 

discontinuity will not require any additional surface terms to compute. The only 

changes necessary are the alteration of the mesh to conform to the object, a tedious 

but straightforward task, and the change in the dielectric constant for those elements 

internal to the object. Implementing metallic objects is more difficult. 

For a conducting wedge with an internal angle of less than 71", the components 

of the electric and magnetk fields normal to the wedge become singular at the tip; 

tangential components remain finite [11]. The field components can be written in 

terms of cylindrical functions. The end result is that the tangential fields behave 

with a radial variation of pV, and the normal components with a radial variation of 

pv-I. If the internal angle of the wedge is denoted as <Po, then v can be found through 

boundary conditions to be 

v = n7l" /(271" - <Po), n = 1,2, ... (3.15) 

We would like to be able to implement some of this singular behavior to create 

a better model of the metallic objects. Because the FE unknown U is tangential 

to all geometric details of the problem, it remains finite at all points. Therefore, 

implementing the singular condition is possible for our formulation. Most of the 

objects examined here will have right angles. The singularity associated with the 

71" /2 angle is v = 2/3. The tangential field behaves as p2/3, which remains finite as p 

goes to zero, but the normal fields behave as p-I/3, which is certainly singular. 
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The brute-force method to account for the wedge singularity at metallic corners 

would be to refine the FE mesh near the singularity with greater resolution. This 

requires a more sophisticated mesh generator than the one at hand, and also extracts 

a high price in additional computation. Not only are more nodes needed, but as the 

mesh becomes more irregular, the stiffness matrix becomes more ill-conditioned. 

A better way to implement the singularity is to use another class of FE bases. 

The new bases are a simple modification of the old bases that maintains the finite 

properties of the bases while giving them infinite derivatives at specific nodes [17]. 

The 2D shape functions from (3.1) have the property that 

n 

L1fi(X,y) = 1 (3.16) 
i=l 

for all points within the element, where n is the number of nodes in an element; n = 4 

for the bilinear case. This property implies several other properties: 

1fi(Xj, Yj) = 8ij , (3.17) 

n a1fi 
(3.18) ~ ax (x,y) = 0, 

n a1fi o. (3.19) La(X,y) = 
i=l Y 

where 8ij is the Kronecker delta function. Any modification to the FE basis must 

preserve these properties. 

Let node k be chosen as the singular node. A function W is defined as 

W(X, y) = 1 -1fk(X, y), (3.20) 



with a positive, auxiliary function R defined as 

R = WI-II. 

The new shape functions Vi are defined as 

Vk(X, y) = 1 - W(x, y)/ R(x, y), 

Vi(X,y) = 'l/Ji(x,y)/R(x,y), i E [1,nJ,i =J k. 
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(3.21) 

(3.22) 

(3.23) 

The derivative of Vk is singular of the order WII-I, and still maintains the unitary 

property of (3.16). 

The modification of the elemental shape functions occurs for elements containing 

a wedge singular node, but only those outside the metallic object. Electromagnetic 

fields do not penetrate deeply into good conductors, so the metallic elements may be 

removed from our computational domain. This entails removing from the stiffness 

matrix those nodes completely surrounded with metal, and not computing elemental 

stiffness matrix entries from metallic elements. 

3.4 Meshing and Numerical Issues 

The importance of the FE mesh cannot be stressed enough. Without an accurate 

numerical representation of the physical geometry, there is little hope for relevant 

results. Of course this is true for any numerical model, but this fact is especially 

important in FE models. Unlike integral equation Green's function techniques, which 
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use special functions to introduce additional physical behavior, finite methods rely 

only on their meshes to provide the right physics to form a good solution. 

The mesh generator designed for this dissertation is a fairly simple one. Each block 

is taken to be a well-behaved quadrilateral, i.e. no internal angles greater than 7r to 

create concavities. The sides are numbered one to four consecutively, with opposite 

sides forming pairs, one-three and two-four, with sides one and three spanning the 

longitudinal dimension and sides two and four spanning the transverse. Each pair 

is assigned a discretization factor, d13 and d24 , indicating the number of nodes that 

should be placed uniformly along the edges. Since each side of the pair has the same 

discretization factor, lines can be drawn between equivalent nodes of the side pair 

to generate a mesh of quadrilateral elements, in the case of the simplest geometry. 

Within each block, one major quadrilateral ,object having either dielectric or metallic 

properties may be introduced. The FE mesh is drawn to conform to the boundaries 

of this object. Other objects can be placed within the block, but they are conformed 

to the existing mesh instead. 

The choice of discretization factors is very important. A balance must be main

tained between a fine enough mesh to provide a reasonably accurate solution and a 

coarse enough mesh to be solvable with available resources in a reasonable amount of 

time. A standard discretization factor ensuring good accuracy in scalar 2D problems 

is twenty nodes per wavelength. Finer discretization may be necessary if the struc

ture's geometry varies more quickly than a wavelength. Finer discretization is also 
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more important in guided, rather than open, structures due to the magnification of 

magnitude errors possible. 

The numbering of the FE nodes is important from a computational efficiency 

perspective. Because the FE basis has compact support, the integrals of equations 

of (3.6) and (3.7) are performed over only a limited number of elements; with the 

bilinear FE basis, only adjacent bases can affect one another. The implication of this 

is that the stiffness matrix is sparse, since most ](ij = O. There exist routines which 

can factor and invert sparse matrices while taking advantage of the limited amount 

of storage necessary, but these routines can require a great deal of overhead in the 

referencing of specific entries. By carefully numbering the nodes so that the difference 

between the adjacent node numbers is minimized for all nodes, the sparse matrix can 

be made banded. Banded matrices have less overhead required for solution, and 

can be inverted very efficiently. LINPACK is used to provide all banded matrix 

manipulations. 

The numbering choice that results in the lowest bandwidth for the stiffness matrix 

is transverse-preferential, which dictates sequential node numbering in the transverse 

dimension before the longitudinal dimension is numbered. The transverse dimension 

is for most cases smaller than the longitudinal dimension, so the discretization will 

be less over the cross-section than down the length of the guide. 

The bandwidth of a banded matrix is a function of the number of non-zero di

agonals above and below the main diagonal, called the super- and sub-diagonals, 
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respectively. The number of super-diagonals is the difference between a node and 

the highest numbered node in which it could be in contact: with bilinear elements 

the super-diagonal is a maximum of d24 + 1 terms. It is the same for the maximum 

number of sub-diagonals. Figure 3.2 illustrates this. The total bandwidth is the sum 

of the sub-diagonal, diagonal, and super-diagonal, or 2d24 + 3. The total number of 

nodes in the FE mesh is N = d24d13; the full stiffness matrix has N2 entries. With 

banded storage, only d24d13(2d24 + 3) entries need to be retained. To allow for fac

torization space in the LINPACK routines, an extra sub-diagonal needs to be added 

to the banded matrix, bringing the storage up to d24d13(3d24 + 4). As long as 

(3.24) 

banded matrix storage saves space over full matrix storage. 

One final note on computation must be made. All programming for the 2D exam

ples was performed on a Sun workstation using Sun FORTRAN 1.4 unless otherwise 

stated. Single precision floating point numbers were used to conserve memory. 
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Transverse Preferential Numbering 

5 10 15 20 25 30 35 40 

4 9 14 19 24 29 34 39 

3 8 13 18 23 28 33 38 

2 7 12 17 22 27 32 37 

y 1 6 11 16 21 26 31 36 
z 

bandwidth = 2(5)+3 = 13 

Longitudinal Preferential Numbering 

33 34 35 36· 37 38 39 40 

25 26 27 28 29 30 31 32 

17 18 19 20 21 22 23 24 

9 10 11 12 13 14 15 16 

y 1 2 3 4 5 6 7 8 
z 

bandwidth = 2(8)+3 = 19 

Figure 3.2: Two-dimensional finite element mesh; bandwidth example 
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CHAPTER 4 

Examples 

4.1 Finite Periodic Structures 

To illustrate many of the salient features of DD, a corrugated waveguide will be 

analyzed. It is composed of a parallel plate waveguide containing rectangular metallic 

corrugations on the bottom plate. This structure is a "finite" periodic structure; that 

is to say, a finite structure with a dominant cell that is repeated many times. Anal

ysis is most often performed on the infinite, truly periodic version of the structure; 

however, the finite version is of more practical interest. 

The finite periodic structure being analyzed is very repetitious; domain decompo

sition takes advantage of this fact for efficient analysis. The total structure consists 

of only two unique regions: a corrugated block and a uniform block. Figure 4.1 shows 

the two blocks. The main body of the structure is the corrugated block. At both 

ends of the main body, several segments of the uniform block are added to allow 

any evanescent fields generated near the sharp edges of the corrugation to decay to 

negligible levels by the time they reach the external ports. We wish to drive the 

structure with its dominant mode, and observe the scattering parameters to compare 

its filter behavior with that of the infinite periodic structure it resembles. 
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Figure 4.1: Block definitions, two-dimensional corrugated waveguide 



57 

The two blocks are modeled with two different solution techniques. Block 1 is a 

simple parallel-plate waveguide. There is no need to perform FE analysis on this block 

since it has a known analytic behavior; if the PEFs are chosen to correspond with the 

modal functions, the solutions due to PEF excitation ca.n be found analytically rather 

than numerically. Block 2, the corrugated waveguide, is modeled with the previously 

described nodal-based FE scheme, since there are no simple analytic models for the 

geometry. This illustrates an important convenience of DD: different blocks may be 

modeled with different solution techniques. 

The total structure has no simple modal behavior, but the idea of driving the 

structure with a dominant mode has meaning in reference to the modes of the parti-

tion cross-sections. All the partitions in this problem are identically shaped: a simple, 

uniform, parallel-plate waveguide cross-section. Since they are so simple, the PEFs 

are chosen to be the modal bases associated with the cross-sections. The structure 

itself is a rectangular geometry, so without loss of generality, the coordinate system 

(x, y, z) will be used instead of (71,72, v). The dominant mode for the partitions is the 

T EM mode, which is also the T Exo mode. The unknown U for the block solutions 

will be Hx , and the PEF variable V at each partition ri will be 

i=O, ... ,Q, (4.1 ) 

where di is the length of rio Appendix B has the details on the derivation of the 

modes for this partition, under the heading Modeset O. Because of the decoupling 

of the fields in 2D, and the geometry of the corrugated waveguide, the higher order 
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fields near the corrugations will be of the same polarization as the incident field. This 

means that T Mx modes need not be considered in creating a proper set of PEFs. 

The PEFs can be chosen in many ways. For 2D structures, the partitions are lines; 

when boundary conditions permit, it is often convenient to use entire expansion func

tions such as trigonometric functions. Other factors affect the selection of PEFs. The 

number of expansion functions is determined by the complexity of the electromag

netic field. Near the corrugations in block 2, higher-order field behavior is expected. 

The partitions enclosing regions of block 2 will need enough PEFs to adequately rep

resent the field. To reduce this number it is beneficial to move the partitions as far 

as is practical from complex areas, the trade-off being an increased computational 

domain for the numerical block solutions. From practice the choice pi = 5 is made 

to account for five higher order modes. If electric field rather than electric flux con

tinuity had been chosen as the continuity condition in (4.1), a piecewise basis that 

allowed discontinuities could have been chosen. For the uniform partitions of this 

problem, it makes little difference whether flux or field is used, but in more complex 

problems with dielectric variation, the flux becomes the more useful choice. 

Next the excitation at the two ports is considered. We wish to excite the structure 

with only the positive-going dominant mode entering at ro. All modes at rQ are 

matched to prevent artificial reflection from the last port. This allows the monitoring 

of the reflection from rO and the transmission from rQ as a pure result of interaction 

of the field inside the total structure. To do this, the excitation coefficients I~ and I~ 
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from (2.11) and (2.12) must be redefined along with the PEF coefficients a~ and a~. 

On partitions ro and rQ let Hx be defined as a sum of positive- and negative-going 

waves: 

(4.2) 

(4.3) 

where kz is the propagation constant, Zo and ZQ represent the locations of the parti-

tions along the path of propagation, and Tm and Sm are the positive- and negative-

going modal coefficients. Then from the knowledge of how Hx and Dy are related 

modally, and since the PEFs are the same as the port excitations, which need not 

always be so, a and / can be rewritten in terms of T and S: 

/~ = TO e-ikzmzo + SO e+ikzmzo = to + SO ( 4.4) m m - m m 

/~ = TQe-ikzmzQ + SQ e+ikzmzQ = tQ + SQ (4.5) m m - m m 

aD -kz CO AO) (4.6) = - T-S m w m m 

aQ -kz CQ AQ) (4.7) = -- Tm -Sm' m 
W 

These four equations are substituted into (2.13) and (2.13). The incident field is 

specified in terms of known i'~, which in this example are all zero except for i'g, 

which is set to unity. For a perfectly matched termination, all S~ are set to zero. 

The vector unknowns aD and a Q in the riccati system of equations are now replaced 

by the unknown modal reflection coefficient SO and the unknown modal transmission 

coefficient i'Q, respectively. 
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Guided wave structures are most commonly operated in single-mode propagation, 

which is why the dominant mode excitation is chosen. The dominant T Exo mode 

propagates down to zero frequency. For this reason the frequencies of operation in 

this example will be below the cut-off frequency for the first higher order mode in the 

parallel-plate waveguide, T Ex1 ' The DD method itself has no restriction on using 

only the dominant mode. Certainly as the wave enters the corrugated regions, higher 

order T Exm fields will be generated and accounted for. 

The FE discretization is chosen as 52 nodes in the longitudinal direction and 13 

nodes in the the transverse direction, yielding N = 676. At the highest frequency of 

operation, 1.0 GHz, the block has a minimum discretization of 130 nodes per wave

length. The overdiscretization is necessary for modeling the detail of the corrugation. 

The first study will compare and contrast the finite and infinite corrugated struc

tures. We will determine how many regions of the corrugated block are necessary for 

the finite structure composed of blocks 1 and 2 to begin behaving like the infinite, 

truly periodic structure composed of block 2 as the unit cell. A simple criteria will 

be used to evaluate this standard. 

Periodic structures such as the corrugated waveguide act as filters, and can be 

characterized by passbands, which allow free propagation of waves, and stopbands, 

which prevent propagation. The filter structure is often described in terms of an k- (:J 

diagram, which relates the free space wave number with the periodic propagation 

constant. Finite structures cannot be modeled in quite the same way, since there 
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can be no periodic, or Floquet, propagation constant. Instead, the reflection and 

transmission coefficients of the finite structure will be monitored as the number of 

regions containing the corrugated block is increased. If the frequency of operation is 

in the passband, reflection should be small and transmission should be near total. If 

the frequency is in the stopband, most of the dominant mode should be reflected and 

little should be transmitted. 

At each step a new structure is generated by adding another region to the inte

rior of the structure. DD enables this building-block approach to problem solution. 

Rather than solving the analysis problem of decomposing a currently existing struc

ture into regions and blocks, we instead solve the synthesis problem of building a new 

structure from known blocks. Only the coefficient matrix needs to be reevaluated for 

each new structure. 

Using Floquet's theorem [18] we can generate the approximate k - 13 diagram for 

the infinite structure, wave number k versus the Floquet wave number 13, shown in 

Figure 4.2. In the passband, 13 is slightly larger than k, but for k values greater than 

15.8, 13 becomes zero as the stopband is entered. 

In the infinite periodic structure, incident waves whose frequencies lie in the stop

band are reflected. This should be the trend in the finite structure as the number 

of corrugated regions increases. Figure 4.3 demonstrates this. Five regions of the 

uniform block are placed at the beginning and end of the structure to allow for at

tenuation of any higher order modes to negligible levels at the external partitions. 
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Figure 4.2: Dispersion diagram, two-dimensional corrugated waveguide 
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The number of corrugated block regions is varied from zero to twenty. The reflection 

and transmission coefficients for the dominant mode on the zeroth partition are 5g 

and ToQ, respectively. All other coefficients are found to be negligible to machine 

accuracy at the end ports. The operating frequency in the stopband is chosen to be 

1.0 GHz, or k = 20.94m-1 . The first ten regions are the end buffers of block 1, the 

parallel-plate waveguide, so at ten regions on Figure 4.3, the incident T EM wave is 

totally transmitted. As corrugated regions are added to the center of the structure 

more of the wave is reflected. By the time twenty regions are present, ten of each 

of the two types of blocks, the periodicity begins to take strong effect; nearly all 

the incident wave is reflected. At thirty regions, the finite structure behaves for our 

purposes like the infinite structure. 

In the passband at 0.3 GHz, or k = 6.~8m-1, most of the incident wave should 

propagate through the structure. Figure 4.4 demonstrates that while the reflection 

coefficient does not become zero, it remains small. The complementary transmission 

coefficient wavers near unity. The finite structure being modeled here will never 

convergence to a final value in the passband. Rather, a standing wave pattern emerges 

in the reflection and transmission coefficients. The angularity of the curves is due to 

fixed-sized regions being added to the structure in integer numbers. 

Because of DD, numerical solutions need only be generated for the two blocks. 

Increasing the number of regions is a matter of placing additional block solutions 

into the coefficient matrix. The block tridiagonal character of the coefficient matrix 
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leads to very efficient inversion through the riccati technique. Figure 4.5 shows the 

computation time on a Sun SPARCStation IPC of the coefficient solutions as the 

number of regions is increased. Standard full matrix inversion is usually of cubic 

order; the curve shown here is nearly linear. This indicates that the solution of 

the coefficient matrix, and the construction of new structures from existing block 

libraries, is very cheap. 

4.2 Matching 

The transition between two waveguides with different propagation constants and 

characteristic impedances is a problem of matching. A wave propagating from one 

guide to another inevitably looses some of its strength from the mismatched imped

ances. An abrupt transition between the two can result in a fairly large reflection 

coefficient. We wish to improve on the results of the abrupt transition by introducing 

a section of guide that will provide a smoother transition with better impedance 

matching and thus less reflection. DD can be of use through its modular approach 

to modeling. 

The two guides demonstrating the matching problem will be parallel-plate wave

guides. They are identical in dimensions and properties, except for dielectric con

stants. The analytic solution to the abrupt transition is well-known from transmission 

line theory. To reduce the reflection from these levels, a transition of some sort will 

be introduced from one dielectric constant to the other. The strategy for solution 
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using DD involves generating numerical solutions for the two uniform end blocks, 

then generating solutions for various numbers of transition blocks. Repetition does 

not playa large role in this problem, since each transition block will be unique, but 

the building-block nature of the problem will make DD useful. 

One viable scheme is the height step transition, in which the dielectric varies in 

height in discrete steps from one dielectric to the other. Each of the discrete sections 

can be characterized as a partially filled parallel-plate waveguide. Figure 4.6 illus

trates the step transition. Transmission line theory suggests that quarter wavelength 

sections of each partially filled guide could be used for the best matching [19]. With 

the length of each step being fixed, the degree of freedom is the number of transition 

step blocks used; more blocks allow a more gradual change in height and hopefully a 

greater reduction in reflection. Other possible transitions are the dielectric step, the 

height taper, and the dielectric taper. 

The definition and placement of partitions constrain various aspects of the prob

lem. The PEFs are defined in terms of transverse fluxes not fields, so partitions may 

be placed at transverse media discontinuities not longitudinal. This means position

ing the partitions not at the discrete jumps of dielectric but between jumps, as shown 

in Figure 4.6. Each partition then represents the cross-section of a different partially 

filled parallel-plate waveguide. The layered structure of the step transition cannot 

support the lowest T Ex mode, T EM, which is the dominant mode of the uniform 
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sections; therefore, the structure will be excited with the T Mx instead of the T Ex 

modes to maintain coherence of the fields within the T Mx modes. 

The guide wavelength of each step section at the design frequency must be found to 

determine the quarter wavelength for the steps. This involves finding the propagation 

constant for the layered structure at each partition. Appendix B has the derivation 

of the transcendental equations for the propagation constants under 2D modesets, 

Modeset 1. From the placement of the partitions, each block contains half of each 

quarter wavelength section, or two different eighth wavelength sections of step. 

The main parameters of the structure are frequency, dielectric constant, and 

height. The region on the left has a relative permittivity of one, and region on 

the right, four. The height of all blocks is b = 0.0375m, and the lengths vary to 

maintain two eighth wavelength sections. \yith n denoting node number, the cutoff 

frequency for the T Mxn mode in the left region is 4n GHz; in the right region it is 2n 

GHz. The frequency is chosen as 5 GHz, which allows only the T Mxl mode to prop

agate on the left, and the T Mxl and T Mx2 modes on the right. The discretization is 

chosen to account for the fine detail of the structure. Sixteen nodes in the z direction 

provides very adequate sampling of 32 nodes per wavelength. The discretization in 

the y direction must account for the smallest steps in the 15 step transition: 31 nodes 

provides about 50 nodes per wavelength. 

The reflection coefficients will be compared for several different numbers of tran

sition regions. The one step transition is solved through transmission line analysis. 
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Analytically the reflection coefficient S!M:r and transmission coefficient TJ'M% are 

defined as 

STM% 
(k(l) _ k(2)) 

= zn zn (4.8) n (k}~ + k};)) 

TTM% 
2k(l) 

= zn (4.9) n (k}~) + k};)) 

For our selection of parameters, the absolute values of the reflection and transmis-

sion coefficients are 0.5068 and 0.4932, respectively. Table 4.1 shows the reflection 

and transmission coefficients associated with the modal PEFs on the first and last 

partitions. The structure is excited by a positive-going wave of the T Mxl mode set 

to unity strength, and perfectly matched for all modes on the right. The numerical 

results agree very well with the analytic reflection and transmission coefficients for 

the one step transition. Minute amounts ~f power are bled into the higher order 

modes through numerical roundoff error, but for all practical purposes the signal is 

contained within the first mode. 

As with the corrugated filter analyzed in Section 4.1, additional sections of uniform 

guide are added at the ends of the structure to allow any evanescent fields created 

by the steps to decay to negligible levels. For the five step transition, the reflection 

coefficient has been reduced significantly from 0.5043 to 0.1230. The transmission 

coefficient shows that considerable power has bled into the second mode, though 

most remains in the first mode. At the ten step transition, the reflection coefficient 

has actually increased from its five step value, but the transmission coefficient is 
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Steps 1 5 10 15 
SpJ 0.5043 0.1230 0.1396 0.0311 
S~l) 0.1109E-4 0.1162E-4 0.1046E-4 0.1136E-4 
S~l) 0.6781E-3 0.8703E-3 0.7913E-3 0.8160E-3 
S~l) 0.3691E-5 0.2496E-5 0.2761E-5 0.2669E-6 

T: 2j 0.4933 0.5112 0.5608 0.5672 
T?) 0.1784E-6 0.3033 0.09121 0.08062 
TF) 0.4307E-3 0.4400E-03 0.4885E-3 0.4977E-3 
TP) 0.5481E-5 0.3280E-3 0.9614E-4 0.8182E-4 

Table 4.1: Reflection and transmission coefficients, magnitude, matching example 
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encouraging, since there is greater confinement of the power to the first mode. By 

the time fifteen step transitions are used, nearly all of the incident T Mxl signal has 

passed through the transition region with minimal reflection and ended up in the 

T Mxl mode in the dielectric region. Additional details on the computation involved 

in the matching problem are given in Section 5.3. 

The complex power balance relationships hold nicely for each of the height step 

transition examples. For complex power balance in a source-free region [10], the 

tangential field cross products must sum to zero: 

(4.10) 

For our matching problem, the integration surface reduces to the two end partitions. 

The modesets are substituted into the integral to provide the power balance equation 

E k!;l* (ItJ1l12 _IS~llI2) - k!~l* (ItPl12 _IS~2lI2) = o. 
n 

( 4.11) 

The term ItPll was fixed at one to excite the dominant mode; all other ItJIll are set 

to zero. The terms IS~2l I are all tiet to zero to prevent reflection from the last port. 

With these substitutions and the values from the table, the power balance can be 

computed. For the one, five, ten, and fifteen step cases, the balance equation sums 

to 0.15, 0.16, 0.19, and 0.20, respectively. To within the accuracy of the numerical 

solution, these values are close enough to zero. The numerical solution satisfies the 

power balance. 



74 

Other types of transition regions were also tried, but they did not provide as 

good of results as with the height step. The height taper, in which the height varies 

gradually from one end of the transition region to the other rather than in discrete 

steps, with fifteen blocks had a high reflection coefficient of 0.650 and a transmission 

coefficient of 0.452. The dielectric step, in which the dielectric constant was varied 

in discrete step over the uniform cross-section, with fifteen blocks had a reflection 

coefficient of 0.239 and a transmission coefficient of 0.494. This is better than the 

height taper, but not as good as the height step. 
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CHAPTER 5 

Massively-Parallel Computation 

5.1 Parallelism 

Domain decomposition allows large problems to be solved on smaller computer 

platforms by breaking down large structures into smaller pieces and characterizing 

each small piece. Structures that may have strained the memory resources of a 

personal computer or workstation are now solvable. For example, instead of factoring 

and back-substituting a single 10, 000 node FE stiffness matrix, we need only factor 

ten different stiffness matrices of 1000 nodes each. Software such as the public domain 

PVM (Parallel Virtual Machine) exists which allows a local network of personal 

computers or workstations to function like a single parallel processing machine. In 

addition to allowing computation on small architectures, DD is particularly well

suited for massively-parallel processing applications as well. The same fact that 

makes it realizable on smaller platforms also makes it highly efficient on a massively

parallel platform: independence of the blocks. 

At least two levels of parallelism may be exploited. Each block, being independent, 

may be analyzed simultaneously, and therefore in parallel. Each expansion function 

solution within a single block may also be analyzed simultaneously. Additional levels 
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of parallelism may exist depending on the type of solution used in the block; finite 

methods can be parallelized quite simply. 

FE techniques have additional levels of parallelism that may be exploited. Indeed, 

FE techniques are inherently parallel procedures that have been serialized to accom

modate computer architectures of the previous era [3]. Typically the FE stiffness 

matrix is built by calculating the contribution to the global stiffness matrix from 

each element one at a time and adding these "elemental stiffness matrices" to the 

global matrix. On a massively-parallel system, all elemental stiffness matrices can 

be calculated in parallel, then added together in one step to form the global matrix. 

The elemental stiffness matrices have a degree of parallelism themselves. They are 

evaluated through numerical integration. The integrands can be evaluated at each 

quadrature point simultaneously, weighted,. and summed in a single step to form the 

elemental stiffness matrices. 

5.2 Parallel Architecture 

Each parallel architecture has its own idiosyncratic behavior; therefore, it is neces

sary to become specific to a particular machine for any substantive discussion. Under 

consideration is Thinking Machines Corporation's Connection Machine CM-2. In the 

parlance of supercomputing the CM-2 is a single-instruction, multiple-data (SIMD) 

[20] twelve-dimensional hypercube machine. SIMD means the CM-2 can only do one 
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operation at a time, but with many processors doing that operation. Other super

computers such as the CM-5 can perform several operations at once; these are called 

MIMD, for multiple rather than single. The 12D hypercube refers to communications: 

each processor has twelve nearest neighbors with which it can speak very quickly. 

Executables on the CM-2 are an unusual hybrid of serial and parallel processing. 

Program variables reside either on the serial front-end, a Sun 4 workstation, or on the 

CM itself, depending on context or choice. Within a single array, some dimensions 

may be serial while others may be parallel. To run a CM-2 program, the user "at

taches" the code to the CM from the front-end. The program executes on both the 

CM and the front-end, depending on the variables. The user is charged for the total 

attach time, regardless of how much CM time is actually used during the execution. 

The goal of the programmer is to create an. efficient code that will spend most of its 

execution time on the CM rather than the front-end, since serial time can be found 

cheaply elsewhere. The language used is CM Fortran, which combines elements of 

standard Fortran 77 with Fortran 90's array-handling facilities, plus unique features 

that utilize the CM's ability to process many array elements simultaneously. 

Many authors have invested considerable effort in the use of supercomputers for 

computational electromagnetics. Most of these efforts have been attempted on high

performance vector computers [21] such as the CRAY Y-MP, but these architec

tures generally have few, albeit powerful, processors [22, 23], so are not considered 

massively-parallel. Other users of DD [4] have used hypercube platforms, but the 
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massively-parallel. Other users of DD [4] have used hypercube platforms, but the 

specific DD used involved clever ordering of finite element nodes after the entire 

body had been meshed. General FE work has been done on the Connection Machine 

[24]. Those users of the CM-2 for FE solutions in computational electromagnetics 

[25] have mentioned some of the aspects of implementing a FE code and solved large 

problem spaces, but have not implemented DD techniques. 

As was mention previously in Section 2.2, the DD problem has three general phase 

of operation, of which only the second phase, block solutions, is parallel. The first 

phase does encompass part of the FE formulation, since it is here that the FE mesh 

is generated. Meshing generation must be a serial operation due to the specifics of 

each block. Once the mesh is generated, the second phase begins and the FE solution 

can be generated in parallel for every block. The third phase extracts field values 

from the block solutions and passes them to the coefficient solution. 

The parallel coding strategy is accomplished with the common CM Fortran tactic 

of replacing FORTRAN 77 DO loops with additional array dimensions on variables 

that are iterated over. Variables that change from block to block such as the mesh 

parameters and the stiffness matrix are given another array dimension for the number 

of blocks. Solution variables are extended in another dimension for each excitation 

of the block. The elemental stiffness matrices of the finite element solution are calcu

lated simultaneously by dimensioning for each element. The shape functions used to 

calculate the elemental stiffness matrices are dimensioned for each of the numerical 
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integration points. Special linear algebra routines allow the factorization and solution 

of the multiple stiffness matrices for multiple forcing vectors due to each excitation. 

The programming tactic for the CM-2 has been to separate each phase of the entire 

task into it.s own program: a serial parameter reader and mesh generator, a parallel 

FE solver, and a serial coefficient solver. Only the FE code is actually run on the 

CM-2, since the first and last parts are serial functions. The cost of this tripartite 

separation is increased communication, but the gain is a reduction of costly time 

spent attached to CM-2. 

The separation of the three phases necessitates passing a large data file between 

the mesh generator and finite element code detailing all aspects of the mesh and 

boundary conditions, plus passing a large data file between the finite element code 

and the coefficient solver detailing numeric~l field information. This creates commu

nication time spent reading and writing files that otherwise would not be created. 

Input/output of this type is a serial function on the CM-2, and therefore undesir

able and to be minimized as much as possible. The initialization of the parallel CM 

variables from serial sources is also a serial operation. 

A single program that performed all three phases would require only a minimal 

number of inputs to establish basic parameters and geometry constraints, thus reduc

ing the time spent on input/output; however, the time spent creating the FE mesh 

and inverting the coefficient matrix would be spent entirely on the front-end. This 

would degrade the efficiency of the parallel code greatly. 



80 

The issue becomes where the expenditure of serial time would be the least: small 

input/output and larger serial computation for mesh generation and coefficient in the 

one part code; or large input/output and smaller serial computation for the second 

phase code. Considering just the CM-2 time, the three part code is more efficient, 

even with a long mesh input file. The practical considerations of running three 

different codes that pass data between each other are certainly more complicated, 

but given the premium cost of the CM-2 attach time, it is a minor consideration. 

Accommodations must be made in the problem statement to insure a more efficient 

parallel code. A certain uniformity is necessary between each of the blocks being 

analyzed to ensure the best use of the processors. We stipulate that the number of 

nodes and elements in the FE mesh be the same in all blocks, and that the number 

of PEFs on each partition be the same. These conditions create identically shaped 

stiffness matrices and forcing vectors to allow for parallel matrix solutions. The 

properties within each block may still vary greatly. 

This constraint is somewhat limiting, but not overly so. Because of the building

block approach possible with DD, a database of blocks can be assembled. Several 

runs can be made on the CM-2, each run analyzing only those blocks with similar 

mesh parameters. The first run could be for small meshes, a second run for larger 

meshes, and so forth. The separation of parallel and serial phases of the code makes 

the block database necessary anyway, so it is just a matter of using the separation 

intelligently. 
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Two technical notes need to be made. First, all CM-2 runs are performed under 

the slicewise model. Two different models are possible on the CM-2 depending 

on the hardware available on the specific CM-2: fieldwise, also known as Paris, and 

slicewise. Paris was the original base for the CM architecture, and uses bit-processors 

as basic units. The slicewise model can be invoked if the CM possesses floating 

point accelerators; rather than processing a bit at a time, a 32-bit slice is taken and 

processed as a unit. For many, perhaps most, practical applications, the slicewise 

model gives better performance. The difference in coding the two models is relatively 

transparent to the user; the most apparent difference is the matter of array dimensions 

and efficiency. In the Paris model each array dimension is padded internally to the 

next power of two. In the slicewise model internal padding occurs so that the entire 

array size, as the product of each dimension, becomes the next multiple of four. The 

slicewise model is obviously more forgiving in this respect. 

The second technical note is that all computation presented here was performed 

on one sequencer. The CM-2 consists of four sequencers, each sequencer having 8K 

bit processors with 256K bits of memory per bit processor, or a total of 256M bytes 

of memory per sequencer. The user can request one, two, or four sequencers for 

any run on the CM-2. The user would like to use as many sequencers as possible 

to maximize the number of processors working on a program, but the practicalities 

of the situation prevent this from happening often. In a multiuser environment the 

occurrence of even two free sequencers simultaneously is an infrequent event. For 
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consistency all results must be performed with the same number of processors for 

proper comparison; therefore, only one sequencer is used throughout this dissertation. 

This constrains both the number of processors and the amount of memory available. 

Several large cases were attempted, but could not be run due to lack of memory. It 

is a useful reality check to note that even supercomputers have their limits. The Sun 

SPARCstation IPC with which time comparisons are made has only 8MB of memory. 

The amount of time and effort necessary for creating an efficient and functional 

program on the CM-2 is substantial. Unlike the more common vector processing 

machines such as the Convex or various Cray machines, significant recoding of the 

serial program is required. There are many details involved in building a parallel code 

that not only runs, but runs well. The author has addressed many of these issues, 

but would be remiss to imply that he had addressed all of them. Being a high-level 

language, CM Fortran makes as many of the hardware details transparent to the 

user as is possible, but there remain many avenues for optimization of the code that 

were not used. Perhaps the largest oversight is in array sizes. As was mentioned in 

the discussion on the slicewise model, all array sizes are rounded up to a multiple of 

four. A more efficient code would insure that all array sizes were already multiples of 

four. This was not done in the analysis presented here. The goal of this example of 

massively-parallel processing is from an electrical, not computer, engineering point 

of view. We will be examining and comparing computation times between various 

computer architectures, but from an applications perspective. 
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Massively-parallel computation may well be the direction in which all computation 

is headed. DD demonstrates that elementary tasks such as boundary value problems 

can be solved in new ways that take full advantage of parallelism. 

5.3 Computation Times 

To examine some trends in computation time, a simple structure will be analyzed: 

the parallel-plate waveguide. Comparisons will made between the time necessary 

for computing the FE solutions on the CM-2 and a SPARCstation IPC from Sun 

Microsystems, Inc. The specific details of the waveguide are not important because 

they effect the serial mesh generator, not the parallel block solver. 

Various timings are available from the FE code on the CM-2. Two timers have 

been inserted within the code: one timer has been chosen to time only the FE 

computation, while the other timer monitors the FE time plus the pre- and post

processing time involved in reading inputs and writing outputs. The two timers 

are indicated on the figures as "FE" and "FE+PP," respectively. Each timer itself 

produces two timings: one records the total amount of elapsed time the code was 

attached to the CM, the other records only the amount of time the CM was busy while 

the code was attached. The two specifiers are indicated on the figures as "elapsed" 

and "busy," respectively. An efficient code will have busy times and elapsed times 

that are close. The difference between the two roughly corresponds to time spent on 

the front-end performing serial operations. Any practical code will have a nonzero 
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time span spent on the front-end for initialization purposes. It can be argued that the 

more relevant of the two timers is the timer that monitors only the FE computation 

since any problem solver requires input and output phases and initialization. Both 

are provided to illustrate the total behavior of the CM-2. 

The first example illustrates how the time varies according to the size of the 

numerical solution. Figure 5.1 describes computation time for a single block as the 

number of nodes increase. The busy time associated with the FE solution lies only 

slightly below the busy time spent for the FE solution plus the overhead. This 

indicates that very little CM time is spent outside the FE solution, which is to be 

expected since the only parallel operations performed outside the FE solution relate 

to the initialization of CM variables. The difference between the two elapsed times 

indicates the amount of time spent on the I/O overhead, a not insignificant duration. 

The difference between the elapsed and busy times of the FE solution indicates much 

of the solution time is being spent on the front-end. The trend as the problem size 

increases is that the percentage of time the CM is busy increases steadily; the front

end time appears to be a fairly constant value around three seconds. The SPARC 

time starts below the elapsed times for small problem spaces, but the greater slope 

of the serial code quickly pushes the time above all CM timings. 

Analyzing one block is expected to be somewhat inefficient because one degree of 

parallelism is lost. Figure 5.2 demonstrates the situation with five blocks. Not as 

many nodes can be used because of memory constraints on the CM-2 when a single 
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sequencer is allocated. The five block structure shows greater divergence between 

the elapsed times; the amount of front-end time spent in the FE portion varies only 

slightly while the front-end time from the overhead increases significantly. The serial 

timing exceeds the eM timings for all but the total elapsed time of the smallest 

problem. The somewhat choppy plots of the eM times, especially the elapsed times, 

indicate the sensitivity of the eM to specific problem sizes and to the external factors 

of communications on a multiuser platform. 

Both the ten and fifteen block structures continue the trends, shown in Figures 5.3 

and 5.4. The eM busy time is confined primarily to the FE solution. The front-end 

time in the FE solution does not increase greatly as the problem size increases. The 

front-end time associated with the overhead of input and output increases at a greater 

rate than the eM time. The size of the F~ mesh is restricted for these large cases 

due to the memory constraints of a single eM sequencer. 

Note that as the number of blocks increases, the time spent on input and output 

dominates the other times as a function of problem size. In Figure 5.4 with fifteen 

blocks and 500 nodes, the difference between "FE+PP elapsed" and "FE elapsed" is 

around seventeen seconds. This time is equivalent to the serial and parallel time spent 

on input and output. The difference between "FE+PP busy" and "FE busy" is small, 

around one second. This is equivalent to the parallel eM time spent on input and 

output, meaning that the bulk of the post- and preprocessing phase, sixteen seconds, 

is spent serially on the front-end. The total "FE elapsed" time is about twelve 



() 
Q) 
lZl. 

80 

60 

Q) 40 
S 
.~ 

Eo-< 

20 

o 

SPARC: serial 
CM-2: FE+PP elapsed 
CM -2: FE elapsed 
CM-2: FE+PP busy 
CM -2: FE busy 

... . . . 

- - --

200 400 

-
600 

Number of Nodes 

800 

Figure 5.2: Computation time versus finite element nodes, 5 blocks 

87 

1000 



C) 
(]) 
tl.l 

40 

Q) 20 
S . .-. 

E-< 

SP ARC serial 
CM -2. FE+ PP elapsed 
CM - : FE elapsed 
CM 2: FE+PP busy 
C -2: FE busy 

200 400 

Number of Nodes 

600 

Figure 5.3: Computation time versus finite element nodes, 10 blocks 

88 



C,) 
OJ 
rt.l 

401--__ _ 

OJ 20 
El 
~ 

PARC: serial 
CM -2: FE+ PP elapsed 
CM-2: FE elapsed 
CM-2: FE+PP busy 
CM -2: FE busy 

o~~~~~~~~~~~~~~~~~~~~ 

100 200 300 400 500 

Number of Nodes 

Figure 5.4: Computation time versus finite element nodes, 15 blocks 

89 



90 

seconds, broken down into roughly eight CM seconds and four front-end seconds. 

Clearly the serial front-end time for input and output is the highest. When analyzing 

large numbers of blocks, it may be useful to include the phase one mesh generator and 

phase three coefficient solver in with the phase two FE solver to avoid the large input 

and output, despite the significant expenditures of serial time that would entail. For 

the smaller cases we are analyzing, the three phase split in the code is still the most 

practical. 

When all of the CM busy times "associated with the FE solution are displayed in 

Figure 5.5, one sees that as the number of blocks are increased, the slope of the line 

increases greatly. This is highly desirable because it means that the efficiency of the 

code, the ratio between total elapsed time and CM busy time, will increase, since 

as seen from previous figures, the front-en~ time in the FE solution remains nearly 

constant. The total FE time will be dominated by the CM busy time. 

Finally a study is compiled on the variation in computation time as the number 

of block is increased, shown in Figure 5.6. This study is best measure of the effect of 

parallelism. The number of nodes is fixed at 315 nodes. The CM busy time of the 

FE portion of the code increases in a nearly linear fashion; the front-end time of FE 

portion, corresponding to the difference between the busy and elapsed times, remains 

at a nearly constant level. This is good because it indicates that as the parallelism 

increases with the number of blocks being solved, the additional time spent is on the 

CM, not the front-end. When considering the entire code, the amount of CM time 



91 

15 

/ 
15 Blocks / 

I 
/ 

/ 10 Blocks 
I 

/ 
C) I Q) 10 / 5 Blocks tll 

I / 
Q) 

I / a , / 
.~ 

1/ Eo-< , 
II , 

II 1 Block 
/1 ---

5 
~ 
'/ 

o 200 400 600 800 1000 1200 

Number of Nodes 

Figure 5.5: Finite element computation time versus finite element nodes for various 
numbers of blocks 



92 

spent outside the FE portion increases slightly as the number of blocks increases, 

as shown by the almost negligible difference between the two busy curves. This is 

explained by the additional amount of initialization necessary for the larger arrays. 

The total front-end time increases markedly as the blocks increase, due to the large 

amounts of data that must be serially output from the code to files read by the serial 

coefficient solver. 

The matching problem of Section 4.2 is well-suited to computation on the CM-

2; the entries for Table 4.1 were in fact calculated there. Large numbers of block 

solutions need to be computed as the number of transition blocks is increased. There 

is a uniformity between the blocks in terms of discretization and numbers of PEFs, 

which is necessary for an efficient CM-2 code. All the cases described in Table 4.1 

were calculated in a single run on the CM~2. This single run contains thirty three 

blocks: two blocks for the two uniform parallel-plate waveguides filled with the two 

different dielectrics, one block from the one step transition, five from the five step, 

ten from the ten, and fifteen from the fifteen. The serial mesh generator of the first 

phase was run once to provide the mesh data for the second phase CM block solver. 

The CM block solver ran once to compute and output solutions for all thirty three 

block. The third phase coefficient solver was run four times, for the four different 

transition cases. 
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5.4 Two-dimensional Summary 

Part I of the dissertation introduced the basic formulation of the domain decom

position method for solving two-dimensional boundary value problems. Through the 

discussion and a series of examples, many of the important features of domain decom

position were shown. Finite element techniques were introduced and some relevant 

numerical issues were discussed. The corrugated waveguide demonstrated the use

fulness of domain decomposition in the efficient analysis of repetitious structures. 

The matching example demonstrated its modular, building block approach to prob

lem solution. The massively-parallel processing chapter demonstrated the inherent 

parallelism in domain decomposition and its application to a particular computing 

platform. The parallelism of finite elements was also demonstrated. The timing ex

amples demonstrated the computing trends' as domain decomposition variables were 

changed. These were the major contributions of the first half of the dissertation. 
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Part II 

Three-dimensional Formulations 
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CHAPTER 6 

Domain Decomposition 

6.1 Formulation 

As with the two-dimensional case of domain decomposition, the large three-dimen

si.onal structure is partitioned into a number of smaller regions. The field behavior in 

each region is modeled numerically due to excitations on the partitions, then through 

continuity equations the numerical solutions from the regions are pasted together to 

form the total numerical solution of the large structure. 

We are interested in time-harmonic solutions to Maxwell's equations. With the 

time-harmonic variation eiwt suppressed, the quantities of interest are the complex 

vector representations for the electric and magnetic fields, if and N. In 3D, matters 

become more complicated. The full vector field must be solved for in the numerical 

block solutions, requiring greater computational resources. Partitions in 3D problems 

are 2D surfaces, and the excitation of the block solutions from a 2D surface partition 

has more degrees of freedom than from a ID line partition in the 2D problem. The 

accuracy with which tangential field continuity is enforced at the partition boundaries 

becomes a delicate issue in the numerical solution. 
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The numerical solutions in each block will be calculated in terms of the magnetic 

field. Since the media examined here will be non-magnetic, the magnetic field will 

have a greater degree of smoothness than the electric. This is an advantage for the 

numerical solutions. 

Certain field components are used to excite the numerical solutions. Other compo

nents will be used to bridge the block solutions between the regions. It is important 

that there be no overlap in the two categories, so as to avoid feeding redundant 

information to the problem and thus violating the uniqueness requirements. 

For this formulation, the tangential electric field is chosen to excite the numerical 

solutions in each region; the continuity of the tangential magnetic field is then used to 

couple the numerical solutions in the blocks and generate the unique solution to the 

overall problem. Some of the details on why this choice was made will be illustrated 

once the numerical block formulation is examined in Section 7.4. Clearly one reason 

is because the magnetic field vector is chosen as the unknown: the magnetic field can 

be taken directly from the end result of the numerical solution and substituted into 

the continuity equations at the partitions. If magnetic field excitation and electric 

field continuity were chosen instead, an additional step involving a differentiation 

of the numerical solution would be required to compute the electric field from the 

magnetic before electric field continuity conditions could be enforced. 

With some generality, a set of pi PEFs is chosen on partition rio Each PEF 

may have all field components, with different amplitudes and different cross-sectional 
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variations for each component; the amplitudes will be denoted as c~ and the transverse 

variation will be denoted as X~. A general geometry is shown in Figure 6.1. These 

PEFs are chosen for some measure of completeness in modeling the possible field 

distributions across the partition. Each PEF on the partition is weighted by an 

unknown constant a:~. These constants will be the unknowns of the DD problem. 

Therefore, the tangential electric field on partition r i that will excite solutions in 

neighboring blocks i and i + 1 may be written as: 

pi 

ET1(r i
) = La:~C~ETIXkTIP(71,72)' (6.1) 

p=l 

pi 

ET2 (ri
) = L a:~c~E"2Xk"2p(7b 72). (6.2) 

p=l 

The choice of the PEFs is a nontrivial problem. The complexity of the PEF 

is determined by the geometric complexity of the partition. When the partitions 

contain inhomogeneous media, the PEF must adequately model the inhomogeneity, 

or at least be able to accommodate it, to provide as concise a representation of the 

field as possible. Boundary conditions at the edges of the partition must be satisfied. 

Issues of smoothness of the partition basis also effect the choice. Piecewise bases 

such as bilinear functions may be used for simple, uniform problems that require 

little smoothness. Smoother, entire bases such as Lagrange polynomials may be used 

in more complex problems, although media discontinuities still present problems. 

Waveguide structures are of interest for the purposes of this study, thus the most 
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Figure 6.1: Example of a general partitioned three-dimensional structure 
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logical choice for PEFs are modal basis functions since they uniquely characterize the 

field behavior for a waveguide cross-section. Modal bases will be used here as PEFs; 

descriptions, derivations, and details of these PEFs are illustrated in Appendix B. 

Each unique region, or block, is bounded by two partitions and by metallic con-

ductors. Each PEF excites a unique field solution within a block when all other PEFs 

are set to zero. With the choice of electric field excitation, this means that of the two 

bounding partitions, the inactive one behaves like a perfect electric conductor (PEe), 

since the tangential electric fields are zero. The tangential magnetic field solutions 

in block i, bounded by partitions r i - l and r i are: 

(6.3) 

where Jh;l is the tangential magnetic field due to sole excitation of the block by 

the pth PEF on partition r i - l , and Jh is the tangential magnetic field due to sole 
p 

excitation of the block by the pth PEF on partition ri. The negative sign on the 

first sum arises from the opposite directions of the outward-directed normal from the 

block and forward-directed normal defined on the partitions. 

The preceding discussion has been about exciting the individual block solutions. 

To excite the entire DD problem, boundary conditions on the two external ports, par-

titions r a and r Q, must be fixed in such a way as to simulate traveling waves. This 

will allow for a scattering parameter characterization of reflection and transmission 

coefficients arising from the discontinuities and geometry variations inside the waveg-

uide structure under study. To accommodate this means of excitation, the first and 
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last partitions are imagined as cross-sections along waveguides without longitudinal 

variation. The transverse fields in these guides may be written in terms of traveling 

waves. For the first partition: 

pO 

HO L [AO AO] 0 0 (6.4) = Tp (v) + Sp(v) CHTP XHTP(71,72), T 

p=l 

pO 
EO L [ AO AO] 0 0 (6.5) = Tp (v) - Sp(v) CETP XEr p(71,72), T 

p=l 

rg(V) = TOe-jk~pll 
p , (6.6) 

S~(v) = SOejk~pll 
p , (6.7) 

where 7 represents either transverse component, Tg represents the positive-going 

coefficient of basis p of partition r o, and S~ represents the negative-going coefficient. 

The same form is present for the last partition. Equating (6.1) and (6.2) with (6.5) at 

the first partition establishes a relationship between the positive- and negative-going 

components of the traveling waves with the unknown partition coefficients on r O
: 

(6.8) 

Similarly on rQ: 

(6.9) 

The constants Vo and VQ are the longitudinal points at which the partitions are 

located in the fictitious guides; the actual values are unimportant since the solutions 

will be in terms of the hatted variables T and S rather than the unhatted variables. 

rand S can be thought of as transmission and reflection coefficients, respectively. 



102 

To establish continuity of the magnetic field between regions and to couple the 

excitations into the problem, an orthogonality relation must be developed. For inho-

mogeneously filled waveguide cross-sections [11], the following relation is true: 

r ... ... ... 
Js-Erm x Hrn . dS = 0, n =1= m (6.10) 

where Erm is the transverse electric field of the mth mode, and Hrn is the transverse 

magnetic field of the nth mode. The equation also holds for n = m when the electric 

and magnetic fields are of different polarizations, as in T Mz and T Ez. 

On the first and last partitions the orthogonality relation (6.10) provides conti-

nuity between the numerically determined fields HNUM in the end regions and the 

analytically determined fields from the PEFs, HPEF , EpEF. On the first partition the 

transverse electric field from PEF m is cross-multiplied on one side of the equation 

with the transverse magnetic field from the traveling PEF expression (6.4), and on 

the other side with transverse numerical magnetic field from (6.3), then integrated: 

(6.11) 

Orthogonality on the left eliminates all but the mth component of the magnetic field; 

the right side yields weighted integrals. After we define the weights 

vO = cO cO 1 XO XO dS cO cO 1 XO XO dS (6.12) m Erm Hym ro; Erm Hym - Eym Hrm ro; Eym Hrm 

UO j = [fro X~rmlHt dS] /v~, j = 0,1 (6.13) xm 

UO j = [fro X~ymlH~ dS] /v~, j = 0,1 (6.14) ym 
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(6.11) reduces to 

(6.15) 

The partition coefficient Q~ can be eliminated from the previous equation by substi-

tuting its traveling wave equivalent from (6.8). On rO the transmission coefficient 

T~(VO) is fixed, leaving reflection coefficient S~(vo) as the unknown. The terms in 

the previous equation are rearranged to reflect these facts: 

Co 0 UO 
1 mp = CE:rm xm 

pO 
AO '" AO 0 = -Sm(VO) + L.J Sp(vO)lBmp 

p=l 
pO 

+ E Q~lC~p, m = 1, ... ,po, 
p=l 

o 0 
CEymUym, 

o UO - CEym ym' 

(6.16) 

(6.17) 

(6.18) 

A similar analysis can be shown on rQ, except that here the positive-going coef-

ficient T~(vQ) is reflection coefficient and therefore the unknown: 

B Q - cQ uQ 
Q mp - E:rm xm 

AQ - cQ uQ 
Q mp - E:rm xm 

pQ 

= -T~(vQ) + E T~(vQ)QB~p 
p=l 

pQ 

EQ~-lQA~p, m = 1, ... ,pQ, 
p=l 

Q Q 
CEymUym' 

(6.19) 

(6.20) 

(6.21) 

To establish continuity of the tangential magnetic field at the internal boundaries, 

a similar orthogonality relation is used to weight the magnetic field with the electric 
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field PEF. For the internal cases, numerical magnetic fields are used on both sides of 

the orthogonality relation: 

(6.22) 

where Em is the mth partition basis on r i , and iii and i+1ii are the numerical 

tangential magnetic fields in regions i and i + 1, respectively, on ri. After we perform 

the integrations and defining the weight factors, 

= f. j HxnXEyn dB, 
Jr' 

the continuity equation can be written on partition r i as 

Pi-l Pi Pi+l - L i-I·Ai- 1 + L (i iii) L i+1 i+1 O:p , np O:piB np + O:pi+IBnp - O:p i+1Gnp = 0, 
p=1 p=1 p=1 

n = 1, ... , pi 

·Ai- I iii i 
, np - cE",niWxn - CEyniWyln 

iB~p = iii i 
cE",niWxln - CEyniWyln 

i+IB~p = iii i 
cE",ni+1 wxln - cEyni+1 i+1 Wyln 

i+1 
i+1 Gnp = iii i 

CE",ni+1 Wxln - CEyni+1 Wyln 

(6.23) 

(6.24) 

(6.25) 

(6.26) 

(6.27) 

(6.28) 

(6.29) 

These definitions establish the riccati matrices in the same format as in Section 2.1. 

Solution of the riccati problem yields the partition coefficients, and with these, the 

field is known everywhere. 
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CHAPTER 7 

Numerical Solutions 

7.1 Finite Element Formulations 

The FE solutions to Maxwell's equations in 3D are much more complicated than in 

2D. Even with the meshing issues aside, there remain significant questions regarding 

the choice of basis functions, using a vector field expansion rather than a scalar 

potential expansion, and the basic form in which the differential equation is cast. 

Once again [26] and [16] are useful references for extending the nodal FE frame

work for three spatial dimensions. The question remains whether nodal FEs should 

be used at all in 3D. Nodal elements have the disadvantage that all components at 

a node are continuous spatial functions, even at media discontinuities. This can lead 

to error. Mur has done extensive work studying FE formulations with edge, rather 

than nodal, elements. Edge elements ensure the continuity of tangential fields across 

a media interface while allow normal fields to jump. Mur introduces a class of mixed 

edge and nodal elements in [27], then discusses divergence issues of edge elements 

and face elements in [28]. In [29], Mur compares nodal and edge elements. Edge 

elements are found to be more than twice as expensive as nodal elements in terms 
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of storage and computation. Because of their lesser efficiency, Mur states that edge 

elements are preferable only near media interfaces. 

To maintain as simple and inexpensive a FE code as possible, a nodal element 

formulation is chosen. The media used for various examples are non-magnetic. By 

using the vector magnetic field as the FE unknown, the field itself is assured to 

be continuous. The use of nodal elements may have problems in accounting for 

discontinuous derivatives in the magnetic field, however. The basic element used for 

building the FE mesh will be a hexahedron. N trilinear basis functions <Pn are used to 

expand the unknown vector magnetic field jj, represented in Cartesian coordinates 

as 
N 

jj = E <Pn [xHxn + yHyn + zHznJ. (7.1) 
n=l 

The trilinear basis places a node at each corner of the hexahedron, meaning there 

are eight nodes per element. The master element for the trilinear basis is defined 

by a cube with opposite corners (1,1,1) and (-1,-1,-1), with the shape functions 

defined as 

(7.2) 

Three unknown components at each node means 3N unknowns for the FE solution. 

The FE stiffness matrix remains sparse in three dimensions just as in lower dimen-

sions, but the extra dimensionality allows a greater number of nodes to be adjacent, 

which means a larger bandwidth. To minimize the bandwidth, the nodes must be 

ordered with care. As in the two dimensional cases, the transverse dimensions of the 
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guided structure are expected to be smaller than the longitudinal dimensions; there

fore, preferential numbering of the nodes in the transverse dimensions should result 

in the smallest bandwidth. Specialized routines for banded matrices from LAPACK 

[30] are used in storing, factoring, and solving the FE problem. The LAPACK rou

tines include updated versions of the classic LINPACK routines. They achieve better 

efficiency, greater functionality, and better accuracy. The DD principle of solving for 

many different excitations within a single block means the FE stiffness matrix need 

only be factored once, then plied by many forcing vectors. 

On a technical note, the software for this second part of the dissertation was 

developed primarily on Sun workstations of the SPARCstation 1 and SPARCstation 

IPC classes, but to run any of the cases in Chapter 8 other computer resources were 

necessary. The memory requirements for a 3D FE code even with the banded stiffness 

matrix storage far outstripped the abilities of the available Sun workstations, which 

have only 8 megabytes of memory. Unfortunately, the Connection Machine was no 

longer available. Other local machines with more memory were used for testing 

purposes, a DECstation 5000/133 with 48MB of memory and an HP apollo series 

735 with 80MB of memory. Some cases were possible on the HP; a geometry with 

2K nodes, meaning 6K unknowns, was solvable. 

The majority of the cases, however, were run on the CONVEX with 4GB of main 

memory and 12GB of virtual memory. With all four sequencers, the CM-2 used 

in part one of the dissertation only had 1GB of memory. Very little recoding was 
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necessary to port the code from the Sun platform to the CONVEX platform, unlike 

the CM-2. Realistically, the CONVEX has not demonstrated any superiority to the 

CM-2. Being a vector processor rather than a massive-parallel processor, it cannot 

take full advantage of the parallelism of DD or FE like the CM-2 could. The lack 

of recoding on the CONVEX means the user is unable to be as specific in memory 

management, communications, and data flow as on the CM-2. Also the entire 4GB of 

memory are not available to each user due to the multiuser environment. The actual 

memory depends not only on the size of the code, but on the number of other users 

and the sizes of their codes. This makes accurate timing difficult; timing will not be 

shown from the results shown on the CONVEX. 

7.2 Choice of Operators 

The most obvious choice of operator for a three-dimensional solution to Maxwell's 

equations is the double curl equation (DCE) arising from combining Faraday's and 

Ampere's laws. The obvious choice is not always the best choice, however, as the use 

of this operator in FE solutions is well-known to result in the presence of spurious 

modes [31]. This is true for both nodal and edge element formulations; contrary to 

much popular opinion, edge elements do not intrinsically eliminate spurious modes 

[29]. The numerical implementation of double curl equation lacks the crucial diver

gence information from Gauss's law, and thus finds incorrect solutions with divergent 

fields. The correct solution can only be found by choosing the proper formulation. 
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Various attempts to remedy this problem have been made by including a diver-

gence term in the operator. Lynch and Paulsen [31] have introduced a modified 

double curl equation (MDCE), 

( 1 ... ) (1 ... ) ... \7 x -. -\7 x H - \7 -. -\7 . /-lH + jW/-lH = 0, 
JW€ JW/-l€ 

(7.3) 

based on energy arguments. The weak formulation for the FE solution with N basis 

functions appears like: 

When the unknown magnetic field j.j is expanded in a nodal FE basis ¢, a rather 

complicated matrix equation is found to represent the field components: 

N 

L = (7.5) 
i=l 

(7.6) 

(7.7) 

(7.8) 

(7.9) 

(7.10) 
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J(YiZj = 1 1 [ A 1 ( OJL O¢i) ] -. - -x, \1¢. X \1¢i + - ¢._-- dV 
V JW€ J JL J oz oy (7.11) 

J(ZiXj = 1 1 [ A 1 ( OJL O¢i )] V -. - -y' \1¢. X \1¢i + - ¢j--- d 
V JW€ J JL Ox oz (7.12) 

J(ZiYj = 1 1 [ A 1 ( a JL O¢i) ] -. - X· \1¢. X \1¢i + - ¢._-- dV 
V JW€ J JL Joy OZ 

(7.13) 

J(ZiZj = 1 [. 1 ( 1 [ OJLO¢i])] JWJL¢i¢' + -. - \1¢ .. \1¢i + - ¢._- dV 
v J JW€ J JL J oz OZ 

(7.14) 

FXi = 1 .¢i [\1 Hx - Z x \1 Hy + Y x \1 Hz + x..!:. ff . \1 JL] . n dS (7.15) 
SJW€ JL 

F~i = 1 .¢i [\1 Hy - x x \1 Hz + Z x \1 Hx + y..!:. ff . \1 JL]' n dS 
SJW€ JL 

(7.16) 

FZi = 1.¢i [\1Hz- YX\1Hx +XX\1Hy+z..!:.ff.\1JL].ndS. (7.17) 
SJW€ JL 

Analysis of this matrix equation shows that the diagonal terms contain the conven-

tional Helmholtz equation terms for the three field components, while the off-diagonal 

terms are identically zero in homogeneous regions. A common vector identity allows 

the off-diagonal terms in (7.5) to be shifted from the matrix to the forcing vector, 

and in the process simplifying both expressions: 

where 

N 

EKijHj=Fj , i=I, ... N, 
j=l 

Hj ~ [H.j H,; H,; r 
Kij = J( HjjI + KjLjj 

(7.18) 

(7.19) 

(7.20) 

(7.21) 

(7.22) 



1 0 0 

I = 010 

001 

J( J.lxxij J( J.lxyij J( J.lxzij 

K,I ... = 
'-13 J( J.lyxij J( J.lyyij J( J.lyzij 

J( J.labij 

FHai 

FJ.lai 

J( J.lzxij J( J.lzyij J( J.lzzij 

= f [ <Pj OJ.l O<Pi] iv jWJ.lE ob oa dV, a, bE [x, y, z] 

; [FHzi FH,i FH.i r 
= i J2.. oHa dS [ ] 

O 
,aEx,y,z 

s jWE v 

; [FPzi Fp,i Fp" r 
= 1 .<Pi [aii. \7 J.l]. ndS, a E [x, y, z] Js JWE 

111 

(7.23) 

(7.24) 

(7.25) 

(7.26) 

(7.27) 

(7.28) 

(7.29) 

This form is more intuitive since it combines all the boundary information in the 

forcing vector. If J.l is homogeneous as in the common non-magnetic problems, both 

KJ.Lij and F J.Lij become zero, and the equation simplifies further into a Helmholtz-type 

expression: 

N 

L J( HijIHj = FHi. (7.30) 
j=l 

Mayergoyz and D'Angelo [32] make some interesting investigations into the math-

ematical structure of Maxwell's equations, and how some of these features may fa-

cilitate their use in a FE formulation. They discuss how Maxwell's equations lead to 
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BVPs with an "overspecified" number of partial differential equations and an "un-

derspecified" number of boundary conditions. With inspiration from this reference, 

plus the above work of Lynch and Paulsen, we devise a new and more direct route to 

this last equation 7.30. We form the following modified Helmholtz equation (MHE), 

- V· (~VHa) + jWf1.Ha = 0, a E [x,y,z). 
JWE 

(7.31) 

The weak formulation for the FE solution is given as: 

r [~VHa.V¢>i+jWftHa]dV= 1 [-f2-VHa. n]dS, i=1, ... ,N, aE[x,y,zj. Jv JWE !s JWE 

(7.32) 

When the magnetic field is expanded in the FE basis, the matrix equation is identical 

to the Helmholtz-type expression in (7.30). As a starting point, the MHE allows for 

clear recognition of the Helmholtz nature of the solution. All the relevant bound-

ary information is embedded in the forcing vector rather than floating about in the 

matrix. For these two reasons the MHE will be used to pose the problem instead of 

the MDCE. The only mathematical difference between the two is in the assumptions 

about f1. : MDCE requires homogeneity, MHE does not. Neither formulation requires 

homogeneity of E. 

The MHE formulation is computationally simple as well. The 3 x 3 stiffness matrix 

entry for each (i,j) pair is an identity matrix scaled by the weak Helmholtz integral 

(7.22); only one computation is necessary for the nine matrix entries, so loading the 

global stiffness matrix is very efficient. This efficiency is in addition to the other 
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features of a FE stiffness matrix that make it efficient: symmetry and sparsity. Once 

the initial stiffness matrix is assembled, local modifications are made in it to account 

for boundaries and inhomogeneities. 

7.3 Boundary Considerations 

The forcing vector contains the most interesting part of the problem: the bound

ary information; therefore, implementing dielectric interfaces, metallic walls, and 

partition excitations all depend on how carefully the forcing 'vector is treated. 

For some measure of generality it is useful to define a local coordinate system 

at a boundary in the problem space; the right-handed coordinate system defined by 

two tangents and a normal will be denoted (Tl' T2, v). To transform between a global 

vector (x, y, z) and a local (Tl' T2, v), a transform matrix T is defined that operates 

on a vector in global space to produce a vector in local space: 

x 

= y (7.33) 

v z 

Because the transformation is a simple Cartesian rotation, T is orthogonal: its trans

pose is its inverse. 
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The local forcing vector at a particular boundary, denoted F, is expressed as: 

F'Tli 

Fi= F'T2i (7.34) 

FIJi 

where 

F'Tli = 1-12- fJH'T1 dB (7.35) 
S JWf. fJv 

F'T2i = 1 ~ fJH'T2 dS 
S jWf. fJv 

(7.36) 

FIJi = j-12- fJHIJ dS. (7.37) 
S JWf. fJv 

From uniqueness principles the interior of a boundary value problem can be deter-

mined uniquely by the tangential fields on the perimeter. It is therefore useful to 

describe the forcing vector in terms of tangential fields or tangential derivatives. 

Substituting Ampere's law into the first two terms of F and Gauss's law for magnetic 

fields into the third yields a forcing vector like this: 

F'Tli 1 [ 1 fJHIJ 1 (7.38) = <Pi E'T2+-'-7) dS 
S JWf. T1 

F'T2i j [ 1 fJHIJ] (7.39) = <Pi -E'TI + -. -7) dS 
S JWf. T2 

FIJi = j--:<Pi [fJH'T1 + fJH'T2] dS. (7.40) 
S JWf. fJT1 fJT2 

For particular boundaries then, particular forcing terms are used. Three passive 

boundary types will be examined here: case I, perfect electric conductors (PEes); case 

II, impedance walls; and case III, dielectric interfaces. The term "passive boundaries" 
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is used in the context of not belonging to an excitation surface. For case I the 

tangential electric fields and normal magnetic field are zero: 

FTli = 1 ¢i [~ OHv] dB (7.41) 
S JWf. OTl 

FT2i = 1 ¢i [~ OHv] dB (7.42) 
s JWf. OT2 

Fvi = l-:¢i [OHTI + OHT2] dB. (7.43) 
S JWf. aTl aT2 

The forcing vector condition for the PEC turns out not to be very good from 

a computational perspective. We wish to strictly enforce tangential electric and 

normal magnetic fields as zero, and the above forcing vector does not do this. The 

FVi condition is the problem. It demands zero divergence of the field. This is fine 

and important in itself, but it does not guarantee a zero normal magnetic field on 

the PEC. The FTli and FT2i terms are along for the ride, so to speak; if Hv is zero, 

they will agree, but do not force it to be zero themselves. Analytically, of course, 

the tangential derivatives of Hv in FTli and FT2i are zero if Hv itself is zero. In the 

weighted FE sense, we cannot simply set those terms equal to zero to impose Hv = O. 

They can only adjust the derivatives, which is also important. Case II examines a 

way around the problem of an accurate forcing vector for metallic surfaces. 

For case II we define the impedance wall condition as 1fT x n = ZJiT' which 

reduces to 

(7.44) 

(7.45) 
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(7.46) 

The forcing vector is written: 

(7.47) 

(7.48) 

(7.49) 

where 7] = J /1/ €. A note on Fv needs to be made for the impedance wall condition. 

Clearly as conductivity becomes large and the impedance Zs = (1 + j)J~ ap-

proaches zero, the impedance wall condition becomes the PEC case. The expressions 

for F'TI and F'T2 bear this observation out; however, there are problems with the Fv 

term since it blows up at Zs = O. Originally the Fv term was defined as it was in 

(7.40), with no dependence on the impedance. Solutions computed with this defini-

tion did not satisfy the boundary conditions adequately as in case r. It was deemed 

necessary to invoke a stronger condition, and not surprisingly the condition used in 

(7.49) was found to suffice. This condition is very much like a FE penalty method 

[16] for fixing the normal magnetic field. Rather than stripping out a row of the 

stiffness matrix and imposing the dirichlet condition HI' = -(Zsjjw/1)(8Hv /8v), a 

large term is added on to the HI' entry to drown out contributions from the other two 

components. Penalty methods are less computationally intensive than strict dirichlet 

conditions. 
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For case III, the dielectric interfaces, the fields on either side of the boundary 

must be examined for continuity, since the difference between the two values forms 

the total contribution. The magnetic fields are always continuous across a dielectric 

interface, as are the tangential electric fields; therefore, the forcing vector appears as: 

FT1i = 1 ~. [11_1 II aHv] s' jWf. aTl 
dS (7.50) 

FT2i = 1 ~. [11_1 II aHv 1 s' jWf. aT2 
dS (7.51) 

Fvi = l-~i II~II [aHTI + aHT2] dS, (7.52) 
s JWf. aTl aT2 

where 

II j~f.11 = j~f.+ - j~C' (7.53) 

and the two f.'S represent the dielectric values on either side of the boundary. All 

the other terms are continuous across the interface. This dielectric formulation illus-

trates how different the 2D and 3D cases are. In the scalar 2D problem, dielectric 

discontinuities were accounted for without special surface terms. 

Now that the three types of boundary conditions are defined, they will be shifted 

from the forcing vector onto the FE stiffness matrix. These forcing vector terms are 

not sources for our problem, so do not belong as excitations; it is merely convenient 

in the formulation to combine all the boundary information concisely into the forcing 

vector. The unknown magnetic field is expanded in terms of the FE basis, and after 

defining three convenient surface integrals, 

(7.54) 
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IBij = 1 (Pi orPj dB 
s OT2 

(7.55) 

ICij = is rPirPj dB (7.56) 

the forcing vector can be rewritten as a matrix Sij: 

N 

F\ = L: SijHj, i = 1, ... ,N. (7.57) 
j=l 

The generic surface matrix Sij takes on these forms for the three cases: 

Case I: 

0 0 aIAij 

Sij = 0 0 aIBij (7.58) 

-aIAij -aIBij 0 

Case II: 

ZsIcij 0 aIAij 

Sij = 0 ZsIcij aIBij (7.59) 

0 0 -Tl/ ZsIcij 

Case III: 

0 0 II all IAij 

Sij = 0 0 II all IBij (7.60) 

-li a liIAij -li a llIBij 0 

where a = 1/ jW€. The surface matrix is carried to the left of the equal sign to modify 

the initial stiffness matrix after being transformed back to global coordinates: 

N 

L: (Kij - Sij) Hj = 0, i = 1, ... , N, 
j=l 

(7.61) 

(7.62) 
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These adjustments to the initial stiffness matrix only occur in "interesting" places. 

Interesting areas are flagged by the mesh generator. The forcing vector contributions 

from homogeneous areas are zero, as seen by noting the behavior of the dielectric 

discontinuity forcing vector when the dielectrics are equal on either side of a ficti

tious boundary. The MHE uses the fact the discontinuities and inhomogeneities are 

local phenomena better than the MDCE since it corrects the stiffness matrix after 

it is initialized rather than computing surface contributions at each element whether 

or not it is near an inhomogeneity. For problem spaces with mostly homogeneous 

properties, the correction process is much cheaper than assuming a non-zero forcing 

vector on each surface of each element. 

7.4 Partition Excitations 

Every field component present in the PEF cannot be fixed at the excitation step; 

some components must be withheld for the later imposition of continuity conditions. 

Two possibilities have been discussed earlier for imposing the PEF conditions: tan

gential electric field and tangential magnetic field. Either choice will provide half of 

the twenty four unknowns comprised of two fields, three components each, plus three 

possible derivatives of all six. Knowlegde of the fields over the entire partition means 

that the tangential derivatives are also known. Through Maxwell's equations, tan

gential fields and derivatives can be used to find normal components. The results are 
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summarized in Table 7.4, where x represent fields known from tangential magnetic 

field excitation and a represent fields knowm from tangential electric field excitation: 

When imposing partition conditions, it makes sense to use local coordinates for 

both the forcing vector and unknown fields on the partition. Those field points not on 

a partition have no preferential local coordinate system, and should therefore remain 

in global Cartesian coordinates. To be more explicit about the separation between 

unknowns on and off the partition, the matrix equation associated with node i on 

partition rq can be written as 

N 

LKijHj = E\ (7.63) 
j=l 

where the mixed, "checked" quantities are defined: 

{ 
H· j E rq 

H j 
J 

(7.64) = 
H· j tj rq J 

J(TITI J(TIT2 J(TIII 

T (Kij - Sij) TT = 
J(T2TI J(T2T2 J(T2 11 

, j E rq 

J(IITI J(IIT2 JCII 

Kij = ij (7.65) 

J(TIX J(TIY J(TIZ 

T (Kij - Sij) = J(T2 X J(T2Y J(T2 Z 
j tj rq 

J(IIX J(IIY J(IIZ 
ij 

The forcing vector takes the same general form as described in (7.38), (7.39), and 

(7.40). 
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HTI HT2 HIJ ETI ET2 EIJ 
1 X x 0 0 0 x 

a/arl x x 0 0 0 x 
a/ar2 x x 0 0 0 x 
a/av 0 0 x x x 0 

Table 7.1: Variable groupings from partition excitions; x = known magnetic excita-
tion; 0 = known electric excitation. 
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In addition to these changes, other rows need to be modified as well. Only 10-

cal coordinate values are needed on the partitions for latter calculation, so rather 

than transforming the local values of nodes on the partition back into global val-

ues, all other instances of unknown values on the partitions are transformed to local 

coordinates as well. For node i not on a partition: 

N 

EKijHj = 0, (7.66) 
j=l 

(7.67) 

In a FE formulation, nodes are related to one another by basis functions. The 

degree of the basis functions determines the range of influence of a particular node. 

Trilinear basis functions will be used for the analysis here, linear in each dimension, 

so each node has influence only over immediately adjacent nodes. Therefore, only 

nodes adjacent to, but not lying on, partitions need to have the additional coordinate 

transformation described in (7.66). 

7.4.1 Tangential Magnetic Excitation 

The fitting of known tangential magnetic fields fIT! and fIT2 into the forcing vector 

requires some adjustment of the system of equations. These fields only occur in the 

FI) position of the forcing vector; the other two positions are filled with terms that 

cannot be determined from knowledge of only the two magnetic field components, as 

shown in Table 7.4. To accommodate this, the first two equations are stripped from 
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the matrix equation, making sure they are saved for later use, and replaced with 

dirichlet conditions 

bijHTd = BTli, (7.68) 

bijHT2 j = B T2i , (7.69) 

where bij is the usual Kronecker delta function. The new matrix equation appears 

like this: 

(7.70) 

o o 

o o 

K~. = IJ 

1< IITI I( IIT2 1<1111 
(7.71) 

o o o 

o o o 

F~ = 1 (7.72) 

f ::;!b. [aflT1 + aflT?] dB 
S JWf aTI aT2 • 

This operation is repeated for all nodes i on the partition being excited. 

For each BTl and BT2 pair corresponding to each PEF, a FE solution for the 

magnetic field is generated within the block. The magnetic field is not the end result 

needed to be passed to the DD solution; the choice of tangential magnetic excitation 
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on the partitions means the tangential electric field on the partitions is needed for the 

DD continuity. These field components can be derived from the rows of the stiffness 

matrix that were stripped out and replaced with the dirichlet conditions. 

The stripped equations are for FTli and FT2i , as shown in (7.38) and (7.39). Once 

the FE problem is solved, the magnetic field components are known, and so is the 

left-hand side of (7.61). The right-hand sides involve tangential derivatives of the 

known HIJ and the two desired fields, ETI and E T2 • By rearranging the equation, the 

electric fields for node i on the partition can be isolated: 

(7.73) 

(7.74) 

The tangential electric fields are expaned in terms of the FE basis, and after invoking 

the basis integrals (7.54), (7.55), and (7.56), we can find the unknown tangential 

electric fields on the partitions and pass them to the DD portion of the code. 

7.4.2 Tangential Electric Excitation 

For the other excitation case, we fix ETI and ET2 as known. The first two terms of 

the forcing vector can be determined by knowledge of the tangential electric field, as 

shown in Table 7.4; the last term, FIJi, cannot. Therefore, the last row of the stiffness 

matrix is stripped out and replaced with the dirichlet condition 

(7.75) 
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since Hv can be determined by Faraday's law from the two known electric fields. 

Numerical solutions for the magnetic field are generated due to each BTl and BT2 

pair corresponding to each PEF. The tangential magnetic field is read directly from 

the FE solution and passed to the DD solution for continuity. 

This means of excitation appears to be the better choice due to its simpler compu

tation, but using ET instead of NT excitation is not without disadvantages. It is true 

that the ET excitation is less computationally intensive, since the stripped row need 

not be saved and additional computation to determine other tangential components 

need not be performed. The ET excitation requires greater smoothness of the PEFs, 

however. 

The forcing vector in the NT excitation only requires singly differentiable PEFs, 

since only 8HTl dfJr1 and 8HT2d8T2 need to be computed for Fvi. The ET excitation 

requires doubly differentiable PEFs: first Hv must be found by differentiating BTl 

and BT2 , then that term must be differentiated to calculate the other terms in FTd 

and FT2i . 

When modal expansions are used in the excitation, the problem of differentiability 

is solved. All field components are described analytically, and so can be differentiated 

to whatever degree needed. This luxury is not always possible, however, and other 

choices must be made. Some of the possibilities, bilinear or Lagrange polynomials, 

were discussed earlier. Bilinear PEFs, having one derivative, may be used with the 
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HT excitation. Quadratic or higher order Lagrange PEFs would be possible for the 

ET excitation, as well as the modal PEFs used in this paper. 

Modal PEFs remain superior for modeling cross-sections with material discontinu

ities, since the PEFs form eigenfunctions. More non-modal PEFs would be required 

to excite a structure for similar accuracy. Exciting discontinuous partitions is a diffi

cult matter for a FE solution in either case. Because of the weighting by bases, any 

sharp discontinuity in material properties is blurred over the width of the adjacent 

elements. Accuracy can be improved in the vicinity of the discontinuity with finer 

discretization, but there is an intrinsic difficulty in modeling discontinuous behaviors 

in a nodal FE formulation. 

7.5 Field Singularities 

In 2D, field singularities near sharp metallic edges were not that difficult to im

plement. While field components normal to the edge are singular, the tangential 

components are finite [11, 33]. For 2D structures, there is always a component tan

gential to the entire structure, and this component is used as the FE unknown. By 

modifying the basis as in Section 3.3, the singular behavior of the normal components 

is accounted for. 

The vector 3D formulation contains all three components at each node. If a node 

lies on a metallic edge, one or more components may be infinite. The FE code cannot 

handle that situation directly, so singular nodes must be treated specially. Elements 
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containing a singular node must be removed from the computational domain to avoid 

solving for infinite field components and replaced with a condition which simulates 

the singular behavior. 

Two different singularities can occur in the 3D problem: wedge and corner 

singularities. The wedge singularity is defined as the line formed by the intersection 

of two metallic planes wi th an internal angle less than 11". This singularity is very much 

like the 2D singularities in that one component remains finite. The corner singularity 

is formed from the intersection of three metallic planes in a point. In this case, all 

field components are singular. 

To model the wedge singularity, we develop a new surface impedance condition. 

Meixner [34] and Collin [11] describe the fields near a 2D singularity. The fields are 

expanded in cylindrical coordinates with the small argument approximation: 

p 

Hp = E AppVp-l cos v p¢>, (7.76) 
p=l 

p 

H¢ = E AppVp-l sin v p¢>, (7.77) 
p=l 

M 

Hz = E BmpVm cos v m ¢>, (7.78) 
m=O 

where 

p7r 
(7.79) vp = , 

211" - a 

m1l" 
(7.80) Vm = , 

211" - a 
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a is the internal metallic angle, and Ap and Bm are unknown coefficients. In the 

plane in which the wedge singularity is defined, there exists a ring of seven nodes 

on the perimeter of the elements excluded from the computational domain by the 

singular point, shown in Figure 7.1. The cylindrical coordinate expansion above can 

be evaluated at each node on the perimeter. These form a matrix equation in which 

both vectors are unknown: the Ap and Bm coefficients, and the cylindrical field points 

at the surrounding nodes. By substituting the cylindrical coordinate expansion into 

the forcing vector in (7.34) and performing the differentiation, enough information 

is known to close the system of equations and solve for the Ap and Bm coefficients. 

The singularity has been changed into a surface condition that modifies the stiffness 

matrix much like the metallic surfaces and dielectric interfaces do. The surface over 

which is condition occurs is the sum of the external faces of elements containing 

the wedge singularity. This surface contribution fills in the gap left by the removed 

singular elements. This surface condition is a new contribution to 3D vector finite 

elements. 

The corner singularity is more difficult to describe analytically, but has a simple 

model. Figure 7.2 depicts the corner singularity. The dotted cube containing the 

corner singularity indicates those elements removed from the computational domain. 

Many of the nodes on the dotted cube are already a part of the three wedge singu

larities shown in the figure. Only the seven ringed nodes belong solely to the corner 

singularity; these nodes require an additional condition using the field behavior of 
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Figure 7.1: Two-dimensional cross-section of wedge singularity geometry; singularity: 
Aj perimeter: a,b,c,d,e,f,gj external faces: 1,2,3,4,5,6. 
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the corner singularity. Establishing the field behavior near an arbitrary metallic cone 

requires considerable effort in spherical harmonic expansions [10]. The behavior we 

are interested in does not require full knowledge of the spherical harmonics; the ra-

dial variation of the field is sufficient for our analysis. The radial variation of the 

magnetic singularity is given by the term r1-r, where T = 0.84108 for a rectangular 

corner [35]. A line is drawn from the singular node through a node on the sphere 

surrounding it. The line is extended out until it intersects with the next node be-

yond; the mesh generator insures that the nodes will line up in this manner. The. 

field behavior between the two nodes is governed by 

(7.81) 

As long as the two distances to the singularity are known, and as long as the points 

lie along the same line, the inner node can be related to the outer node in the 

above fashion without having to calculate the angular variation from the spherical 

harmonics [36]. 
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Figure 7.2: Corner singularity geometry; corner singularity: Aj wedge singularities: 
B,C,D. 
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CHAPTER 8 

Examples 

8.1 Dielectric Filter 

To demonstrate the efficacy of the 3D FE solution and DD in 3D, a filter struc-

ture with an analytically-known frequency behavior will be examined. A rectangular 

waveguide is filled with alternating blocks of two different dielectrics, shown in Fig-

ure 8.1. The dielectric blocks span the entire transverse dimensions of the guide, 

creating a structure composed of two different waveguides of uniform cross-section. 

By choosing;a unit cell composed of different lengths of the two guides and repeating 

it periodically, we create a filter. 

The characteristic equation for determining the dispersion curve of the filter is 

established from continuity and Floquet conditions [11]. From Appendix B, the 

tangential fields in the two uniform guides can be written for the mth mode as 

E(i) 
xrn = c~lm (T~)(z) - S~)(z)) XEzm(X,y) (8.1) 

E(i) 
yrn = C~~m (T~)(z) - S~)(z)) XElIm(X,y) (8.2) 

H(i) 
xrn = ct!m (T~)(z) + S~)(z)) XHzm(X,y) (8.3) 

H(i) = ct~m (T~)(z) + S~)(z)) XHlIm (X,y) (8.4) yrn 
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Figure 8.1: Dielectric filter 
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where 

(8.5) 

(8.6) 

the C terms represent the known coefficients of the field components, the X terms 

represent the transverse variation of the field components, k!~ is the propagation 

constant of the mth mode, and i = 1,2 specifies the two guides. The X terms are not 

superscripted for region number because they are chosen to be identical for all uniform 

waveguides. The four unknown constants are T~ll, Sgl, T~2l, and S};l. Continuity of 

one tangential electric field and one tangential magnetic field at z = c leads to the 

first two equations: 

C~Jm (t~ll(c) - S~l(c)) - cgJm (t~l(c) - S!;l(c)) = 0, (8.7) 

C~;m (t~ll(c) + S!;l(c)) - C);;m (t~2l(c) + S!;l(c)) = 0, (8.8) 

where here we have chosen Ey and Hx since for the dominant mode, T EzIO, of the 

particular guide being examined, these components are non~zero. The other two 

equations necessary to complete the solution spring from Floquet's theorem. For a 

general function F satisfying the theorem with Floquet wave number I and period 

p: 

e-'YP F(z) = F{z + p). (8.9) 
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The substitution 'Y = j/3o is made, and Floquet's theorem is applied to the two 

tangential field components of interest, resulting in the second two equations: 

C~;m (i'~1>(0) - S~>(O)) e-i /3oP - C~;m (i';,;>(p) - S!;>(p)) = 0, 

C~!m (i'~1>(0) + S~>(O)) e-i /3oP - cii!m (i'~2>(p) + S!;>(p)) = o. 

(8.10) 

(8.11) 

The right-hand sides of all four equations are zero; therefore, to find a non-trivial 

solution, the determinant of the system of equations must be set to zero. The result 

of this is the eigenvalue equation 

cos[/3op] = cos[k~~c] cos[k~~(p - c)]- ~ sin[k~~c] sin[k~~(p - c)], (8.12) 

where 

~ = 0 + I/o, (8.13) 

(8.14) 

For T Ez cases, 0 simplifies to 

(8.15) 

while for T Mz cases 

(8.16) 

The eigenvalue equation can be solved for real values of (30 to yield the f - (30 diagram. 

This dispersion curve shows the passbands and stop bands of the filter, with stopbands 

indicated by regions where the Floquet wave number has a real part equal to zero. 
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The dielectric filter structure being examined has the following parameters: a = 

0.05m, b = 0.0375m, c = 0.02m, p = 0.05m, crl = 1.0, Cr2 = 4.0. The modes of the 

structure can be considered without much difficulty. Since the cross-sections are 

always uniform and identical except for differing dielectric constants, the shapes of the 

modes, i.e. the transverse variations, are the same throughout the filter. Therefore, 

the mode from one cross-section travels from one dielectric constant to the other, 

and is detected at the other cross-section as the same mode. The differing dielectric 

constants mean that modes propagating in the highe~ dielectric region may attenuate 

rather than propagate in the lower dielectric. The first five modes and their associated 

cutoff frequencies for the Cr = 1 cross-section are: T EzlO , 3.0GHzj T Ezo }' 4.0GHzj 

T Ez1b 5.0GHzj T M zn , 5.0GHzj and T E z20 , 6.0GHz. The cutoff frequencies for the 

Cr = 4 cross-section are half the above cutoffs. The dispersion diagram associated 

with the first mode of this structure is shown in Figure 8.2. 

There are several issues to consider in evaluating this problem from a DD perspec

tive. The first issue is the definition of blocks. The infinite structure is composed 

of a single unit cell, repeated indefinitely. Our DD analysis could also use a single 

block as the unit cell, but instead will split that block in two. These two blocks are 

shown in Figure 8.3. The split of the unit cell allows for finer discretization of the 

geometry, and also provides a structure that is slightly easier to model analytically for 

comparison's sake. The discretization factors for the three dimensions of the blocks 
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Figure 8.2: Dispersion diagram, dielectric filter, mode T Ez10 ; a = 0.05m, b = 
0.0375m, c = 0.02m, p = 0.05m, €rl = 1.0, €r2 = 4.0. 
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are: nx = 11, ny = 11, nz = 16. The blocks are used as pairs to construct the unit 

cell. 

The second issue is the finite solution provided by DD as contrasted to the infi

nite periodic solution being represented in the eigenvalue equation (8.12). The DD 

problem can only accommodate a finite number of blocks. As the number of regions 

is increased, the structure will begin to display the passband and stopband behavior 

represented in the dispersion diagram. Analytically, the finite structure will never 

behave exactly as the infinite structure does, but with enough regions and to within 

machine precision, it will be close enough. 

The third issue is the means of comparing how well the DD solution models 

the infinite structure. The numerical solutions performed here cannot compute an 

equivalent dispersion diagram since they cannot compute the effective Floquet wave 

number for a particular frequency. Instead, the DD solution provides reflection and 

transmission coefficients. These quantities can serve as good indicators of the loca

tions of passbands and stop bands: waves will have high transmission coefficients in 

passbands and low transmissions coefficients in stopbands. By monitoring reflection 

and transmission at each frequency point, a reasonable template for the dispersion 

curve can be created. 

The accuracy of the FE solution is verified first. Figure 8.4 depicts the FE solution 

of the z component of the magnetic field in block 1. The field is excited with the 
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Figure 8.3: Block definitions, dielectric filter; a = 0.05m, b = 0.0375m, c = 0.02m, 
p = 0.05m, €rl = 1.0, €r2 = 4.0. 



140 

first mode T E zlO on the front partition rather than back, and is shown from a cross-

section at y = O. For a simple structure such as this, the analytical solution is known; 

Figure S.5 depicts the difference between the analytical and FE solutions for the same 

cross-section as the previous figure. The scale has been altered to better illustrate 

the behavior of the field. The shape of the difference term is the same as that of the 

FE solution, indicating the error is one of magnitude. The RMS error in Hz between 

the numerical and analytical solutions is 4.12%, where RMS error CHz is defined in 

the standard fashion 

CHz = ~ IH!i} - H:nar/~ IH:ijaI
2

• 
I,J I,J 

(S.17) 

For this polarization, Hy is zero, but Hx present. The RMS error for Hx is 2.13%; Hz 

was displayed to show the maximum error. When the total vector field is considered, 

the RMS error 

Cn = ~ IDle _ Dijna 12 /~ IDijna 12. 
I,J I,J 

(S.lS) 

drops to 2.46%. Clearly the FE solution is doing a good job accounting for the 

dielectric interface in the center of the block. This is an important point to make 

for our nodal-based FE solution, since it is usually considered the weakest feature 

in comparison with edge-based FEs. By increasing the discretization, the accuracy 

could be improved. 

Table S.l describes the relationship between discretization and RMS error for 

block one of the dielectric. In one case, the second dielectric is the same as the first, 
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Figure 8.4: Finite element solution, Hz; y = 0 plane, block 1, nx = 11, ny = 11, 
nz = 16, front excitation mode 1, a = 0.05m, b = 0.0375m, c = 0.02m, p = 0.05m, 
€rI = 1.0, €r2 = 4.0, f = 4.2GH z. 
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Figure 8.5: Difference between analytical and finite element solutions, Hz; y = 0 
plane, block 1, nx = 11, ny = 11, nz = 16, front excitation mode T EzIO' a = 0.05m, 
b = 0.0375m, c = 0.02m, p = 0.05m, Erl = 1.0, Er2 = 4.0, f = 4.2GHz. 
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€r2 = 1, creating a uniform rectangular waveguide. In the uniform case, the transverse 

discretization is more important than the longitudinal. For 1053 nodes, the total 

RMS error is 1.55%. When the longitudinal discretization is increased to provide 

1296 nodes, the error reduces slightly to 1.53%. when the transverse discretization 

is increased to provide a similar number of nodes, 1300, the error reduces to 1.21%. 

The transverse direction is more important because the field varies most strongly in 

those directions. The other case shows the dielectric constant being used in the filter 

examples. Here, the longitudinal discretization becomes more important due to the 

presence of the dielectric interface condition in that dimension. The presence of the 

interface adds a significant amount of error to the field, but increased discretization 

can reduce the error to whatever level required. 

In both directions, the discretization is much higher than the standard twenty 

nodes per wavelength criteria. Because we are operating in a resonant structure 

like a rectangular waveguide, standard criteria are not sufficient to provide standard 

accuracy. Magnitude errors become exaggerated due to the resonance effects. 

The second verification tests the authenticity of the DD solution. A structure 

composed of a single region of block one, half a unit cell, can be easily characterized 

in terms of reflected and transmitted waves since there is only one media interface. 

The operating frequency is increased to 7.0GHz to allow at least the first five modes 

to propagate in both dielectric regions. Table 8.2 shows the numerical and analytical 

results of the coefficients for the first five modes. The positive-going coefficient T 
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€r2 Discretization £Hr £Hz £jl 
9 x 9 x 13 = 1053 2.33 0.30 1.55 

10 x 10 x 13 = 1300 1.83 0.23 1.21 
1.0 11 x 11 x 13 = 1573 1.44 0.18 0.97 

9 x 9 x 16 = 1296 2.27 0.30 1.53 
10 x 10 x 16 = 1600 1.75 0.22 1.19 
11 x 11 x 16 = 1936 1.39 0.17 0.94 

9 x 9 x 13 = 1053 3.83 7.12 4.39 
10 x 10 x 13 = 1300 3.45 5.92 3.83 

4.0 11 x 11 x 13 = 1573 3.17 5.06 3.45 
9 x 9 x 16 = 1296 2.78 6.19 3.40 

10 x 10 x 16 = 1600 2.40 4.98 2.85 
11 x 11 x 16 = 1936 2.13 4.12 2.46 

Table 8.1: Percentage of RMS error, dielectric filter, block 1; front partition, exci
tation mode T EzIO ; j=4.2GHz, a = 0.05m, b = 0.0375m, c = 0.02m, p = 0.05m, 
€rl = 1.0, €r2 = 4.0. 
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of only the first mode is excited at a value of one on the first partition, and the 

negative-going coefficients S of all the modes are set to zero at the last partition. 

Absolute values of the complex quantities are shown; the negative-going coefficient on 

the first partition is considered to be the reflection coefficient, and the positive-going 

coefficient on the last partition is considered to be the transmission coefficient. There 

is good agreement between the numerical and analytical solutions. The first mode 

matches coefficients, and the higher order modes which were not formally excited are 

present only in terms of numerical noise. 

It is reassuring to note that the excitation remains confined to a single mode. 

In a dielectric filter such as this, there is no opportunity for modes to bleed energy 

into each other. The uniform cross-section maintains modal confinement. With this 

realization, all five modes can be excited and characterized simultaneously without 

mode leakage concerns. Table 8.3 shows this case; all the modes are reflected and 

transmitted as predicted to within reasonable accuracy. This confirms the validity of 

the DD solution for propagating waves. The transmission coefficient for the T Mzll 

mode is greater than one due to the definitions of modal coefficients. It appears out 

of place only because it is the only mode shown with the T M polarization. 

The first cases will be studies of wave propagation as a function of number of 

regions. These studies will illustrate how the finite structure begins to behave like 

an infinite structure as it becomes larger by adding more regions. At a frequency of 

3.3GHz, the first mode T E z10 of the infinite structure operates in the passband. At a 
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Mode Analytical lSI Numerical lSI Analytical ITI NumericallTI 
TEz10 0.3675 0.3()63 0.6324 0.6322 
TEz01 O. 0.3150E-05 O. 0.141SE-05 
TEzll O. 0.6306E-05 O. 0.2974E-05 
TMzll O. 0.7934E-OS O. 0.7062E-OS 
TEz20 O. 0.8624E-03 O. 0.2529E-03 

Table 8.2: Reflection and transmission coefficients, dielectric filter, block 1; front 
partition, excitation mode 1; back partition matched; j=7.0GHz, nx = 11, ny = 11, 
nz = 16, a = 0.05m, b = 0.0375m, c = 0.02m, p = 0.05m, €rl = 1.0, €r2 = 4.0. 
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Mode Analytical lSI Numerical lSI AnalyticallTI Numerical ITI 
TEz10 0.3675 0.3663 0.6325 0.6322 
TEz01 0.4003 0.4039 0.5996 0.5997 
TEzll 0.4549 0.4560 0.5451 0.5411 
TMzll 0.1995 0.2066 1.1995 1.1977 
TEz20 0.5563 0.5254 0.4436 0.4466 

Table 8.3: Reflection and transmission coefficients; block 1; front partition excitation 
first five modes; back partition matched; f=7.0GHz, nx = 11, ny = 11, nz = 16, 
a = 0.05m, b = 0.0375m, c = 0.02m, p = 0.05m, €rl = 1.0, €r2 = 4.0. 
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frequency of 4.2GHz, the first mode operates in the stopband. Figure 8.6 depicts the 

reflection coefficients at these two frequencies as the number of regions varies from 

two, or one unit cell, to twenty, or ten unit cells. As is expected, the field is almost 

complete reflected in the stopband. In the passband, the reflection coefficient varies 

as different lengths place the external ports at different positions on the standing 

wave; the reflection coefficient does not approach one. The mode is transmitted as it 

should be in a passband. Twenty regions appear to be sufficient to ensure behavior 

similar to the infinite structure. 

The DD solution appears to conform to the analytical models for two frequency 

points in the first mode. To verify a wider degree of agreement, the number of regions 

will be fixed at 20, the frequency will be swept from 2.0GHz to 7.0GHz at intervals of 

O.lGHz, and the transmission coefficients will be observed. Since this is a frequency 

domain formulation, this means computing 51 different solutions to the DD problem. 

The result is shown in Figure 8.7. A comparison of this figure with the dispersion 

diagram.of Figure 8.2 shows a very good correlation. The dotted line is drawn at a 

magnitude of 0.1 as a rough demarcation. When the transmission coefficient is above 

the line, the finite dielectric filter behaves like it is in a passband. The DD solution 

provides excellent agreement with the infinite filter structure over a broad range of 

frequencies. 

The DD solution can also predict the dispersion curves for other modes since the 

eigenvalue equation (8.12) is valid for any mode. Figures 8.8, 8.9, 8.10, and 8.11 
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depict the analytic dispersion diagrams for modes two through five, along with the 

associated transmission coefficient diagrams. The agreement between the non-zero 

regions of the dispersion diagrams and the regions where the transmission coefficient 

is greater than 0.1 is excellent. The passbands and stopbands correlate very well for 

the entire frequency range. 

The greatest discrepancy lies in the fifth mode T Ez20 ' The analytic diagram has 

one narrow passband from 3.34GHz to 3.45GHz, while the numerical diagram in

dicates two very narrow passbands at 3.2GHz and 3.6GHz. These pass bands are 

present and even narrower when the fifth mode is excited singly, rather than with 

all the other modes. Several explanations are available that may be related. First, 

the passband is close to complete cutoff. The T Ez20 mode has cutoff frequencies 

of 6.0GHz and 3.0GHz for the two dielectric regions. Below 3.0GHz, waves cannot 

propagate in either dielectric, and there can be no passband. This may confuse the 

numerical solution. Second, the numerical passband is having difficulty emulating 

the analytic passband due to its narrowness. Third, and most likely, there maya 

resonance in the numerical implementation of the structure at the passband frequen

cies. Frequency domain FE solutions sometimes have problems with resonances in 

structures whose lengths are close to integer numbers of half wavelengths. We note 

that the guide wavelength for the f. r = 4 cross-section is O.0753m, just over three of 

our O.025m blocks long. 
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8.2 Corrugated Filter 

Now that a simple structure has been demonstrated with the dielectric filter, a 

more complicated filter can be investigated. The corrugated filter, shown in Fig

ure 8.12, is constructed by placing metallic blocks within a rectangular waveguide. 

These blocks entirely span the x-dimension of the guide, while leaving some of the 

y-dimension open to permit the propagation of the field down the guide. 

This filter is more difficult to model since an exact, closed-form solution is not 

readily available. The reference in Collin [18] suggests several techniques for devel

oping analytic models of the dispersion curve. The first method involves generating 

analytic models in the region above the corrugation and in the region down between 

the teeth of the corrugation, then splicing them together. Various infinite sums and 

approximations are involved to isolate the eigenvalue equation. A simpler method 

involves a transmission line model of the geometry. The region above the corrugation 

is considered to be the primary transmission line. The region between the corrugated 

teeth is considered to be a secondary, shorted, transmission line stub. The eigenvalue 

equation associated with this approximate model is given by 

cos /3op = cos kzp - 2( b ~ c) tan kzc sin kzp. (8.19) 

This equation holds for s « p. The parameters for the guide are chosen to be a = 

O.05m, b = O.0375m, c = O.02m, p = O.05m, s = O.005m. The f - /30 diagram for 

the first mode is shown in Figure 8.13. There are three distinct passbands, with the 
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Figure 8.12: Corrugated filter 
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beginning of another near 7.0GHz. The meaning of a first mode is clear, even for 

this structure. The modal behavior in a rectangular waveguide of dimensions a x b 

is different from that of one with dimensions a x (b - c), but the first mode, T EzIO, 

has the same behavior in both since there is no y variation. Therefore, the eigenvalue 

equation can be evaluated as kz = Jk2 - {n-ja)2 to characterize the structure. 

The dev'elopment of a numerical model for this geometry is challenging. The first 

physical realization to be made about the structure is that, unlike the dielectric filter, 

the pure modes of the waveguide cross-sections will not remain pure as they propagate 

down the guide. The variation of the structure in the y-dimension will cause higher

order field behavior to occur near the sharp edges of the corrugation, bleeding energy 

from one mode to another. Complicated field resonances will be set up between the 

teeth, requiring greater discretization for accurate representation. The sharp edges 

have field singularities associated with them that must be accounted for. Because 

of our simple mesh generator, the entire structure must be meshed from y = 0 to 

y = b, then the metallic elements must be removed from the computational domain. 

Singular nodes of the wedge variety rather than the corner variety must be flagged. 

The first block definition for the structure places the partitions within the corru

gation, shown in Figure 8.14. The parameters are the same as those given above, 

with 81 = 82 = 8/2. The discretization is chosen to be nx = 11, ny = 19, and 

nz = 41; the high discretization in the z dimension is to account for as much of the 

field behavior in the corrugation as possible. The uniform blocks are added as buffers 
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to the ends of the corrugated region to allow higher ordeJ. modes to attenuate by the 

time they reach the external ports. The number of regions is fixed at 28 to provide a 

reasonably periodic structure. The frequency is swept from 2.5GHz to 7.0GHz, and 

the DD solution is created at each point. 

The transmission coefficient is shown in Figure 8.15. The transmission coefficient 

can be viewed as a template for the dispersion curve of the structure as in the 2D 

case and as with the dielectric filter. The agreement between the passbands of the 

transmission line approximation and numerical diagram is fair. The lowest passband 

is predicted fairly well, and the second passband is hinted at with a spike at 4.0GHz. 

The third passband is completely missed, however. The numerical diagram is very 

noisy, especially near 3.0 GHz. This is because the cutoff for the T Ez10 mode is 

located there, and the numerics of the problem have difficulty in accounting for 

the transition between propagating and non-propagating waves. Examination of 

the partition coefficients shows significant mode bleeding. Only the dominant T EzlO 

mode is excited, but strong field components of the third mode T Ezll are also detected 

at the first partition at frequencies above its cutoff. 

To improve the numerical model, a second set of blocks is defined, shown in 

Figure 8.16. By keeping the partition out of the corrugation, the higher order field 

behavior near the sharp edges is contained to the center of the block and away from 

the partitions. The discretization is the same as the previous block set. Fewer PEFs 

are needed to excite the blocks, since not only are the partitions further from the 
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Figure 8.14: First block definition, corrugated waveguide; a = O.05m, b = O.0375m, 
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corrugation, but the thinner waveguide has higher cutoff frequencies. When operating 

over the same frequency band as before, fewer modes can now propagate. 

Figure 8.17 shows the transmission coefficient diagram for the second block defi

nition. This improves on the first block definition significantly. The noise level has 

decreased significantly as a result of moving the partitions out of the corrugation. 

The DD code still has minor difficulty at the T Ez10 cutoff, 3.0GHz. All three pass

bands are predicted clearly, as is the beginning of the fourth. When the partition 

coefficients are examined, only the dominant mode is present in significant amounts 

even at the higher frequencies where the top three modes can propagate. The modes 

do not bleed into one another as they did in the previous block definition. 

The primary difference between the pass bands of this figure and those of the an

alytic transmission line model is a frequency shift in the bands: the numerical pass

bands are lower than those predicted by the analytic model. The second passband is 

compressed, and the third is expanded. Several explanations are available. Providing 

fine enough discretization in the corrugation is difficult from a computational vantage 

point. Our time and memory resources will not allow more nodes. While our current 

discretization is good, it could be improved. Secondly, the analytic model is a fairly 

simple one. As frequencies increase and the electrical size of the corrugation grows, 

the analytic model worsens. This factor is the greatest contributor to the shift in the 

passbands. We believe the DD model provides a better guess at the actual passbands. 
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Figure 8.18 contrasts, the transmission coefficients from the second block defini

tion, with and without the wedge singularity condition. When the singular condition 

is turned off, the structure behaves somewhat more like the transmission line ap

proximation of the dispersion curve. The second and third pass bands are not shifted 

down as far from their positions in the approximate dispersion curve as in the case 

with singularities. Since the transmission line approximation also disregards any field 

singularities, the better agreement with the non-singular case is not surprising. The 

downward shift in passbands can be explained in terms of resonant frequencies. Down 

between the teeth of the corrugation, resonances will occur that can be described in 

terms of capacitive effects. Resonant frequencies are inversely proportional to ca

pacitance. The addition of wedge singularities to the physical model allows greater 

concentration of the field, higher capacitance, and lower resonant frequency. 

We remain confident that the case with singularities is the better case, since it 

contains a better physical model than both the non-singular case and the tranmission 

line approximation. The second passband is stronger in the singular case than in 

the non-singular case, and the fourth stopband around 6.8GHz has much better 

definition. 
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8.3 Three-dimensional Summary 

Part II of the dissertation was concerned with the development of a nodal based 

vector three-dimensional finite element code, with applications to domain decompo

sition. First, the domain decomposition method was extended for three-dimensional 

applications. Then, the details of the finite element code were presented. A new 

operator was chosen to model the proper electromagnetic wave behavior. Nodal 

based elements were compared to edge based elements. The numerical details of con

structing, storing, and manipulating the finite element stiffness matrix and forcing 

vector were presented. Domain decomposition partition excitations were considered 

carefully. New conditions for the incorporation of singular field behavior were pre

sented. The dielectric filter example provided verification of the finite element and 

domain decomposition solutions through the comparison of dispersion curves. The 

corrugated filter example demonstrated a more complicated structure, and illustrated 

the importance of the correct domain decomposition models. These were the major 

contributions of the second half of the dissertation. 
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CHAPTER 9 

Conclusions 

A domain decomposition method has been demonstrated as a potentially powerful 

approach for the analysis of large electromagnetic problems. By partitioning a prob

lem into unique and independent blocks, a wide class of structures can be analyzed 

efficiently. Domain decomposition is particularly well-suited to modeling finite peri

odic or repetitious structures. Each block is solved independently of the others, so 

different discretizations or solution techniques can be used in different blocks. This 

can also lead to less numerical dispersion when non-finite methods are used along 

with finite methods, and less round-off error when more uniform meshes are used. 

Analysis is not the only option for domain decomposition; large and complex struc

tures can be conveniently synthesized from databases of commonly occurring blocks 

in a building-block approach. The cost in assembling and storing many different PEF 

solutions for each block is offset by the gains in being able creating many structures 

from the basic blocks by simply building and solving new coefficient matrices each 

time at far lesser expense. 

The major contributions of the first part of the dissertation are in the development 

and application of the domain decomposition technique. Chapter 2 described the 

fundamentals of domain decomposition as a means of providing a rigorous but efficient 
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electromagnetic characterization for a structure large in a single dimension. The large 

structure was decomposed into many smaller domains. The mathematical details of 

establishing the proper boundary value problems were given, with special attention 

given to solving the Helmholtz equation in an electromagnetic context. The unknowns 

of the domain decomposition problem were defined as the partition coefficients, and 

a system of equations to solve for the unknowns was given. Many of the important 

issues were then discussed, such as the benefits of block independence, and the specific 

restrictions of domain decomposition assumed for the dissertation were provided. 

Chapter 3 contains the discussion of the finite element block solutions. The math

ematical framework for finite elements was given, and the basics of creating a two

dimensional finite element solver were shown. As a demonstration, a scalar Helmholtz 

equation was set up in the finite element context. Then the problem of boundary 

conditions was discussed, from the partition expansion function excitations to the 

implementation of dielectric interfaces and metallic surfaces. Field singularities from 

sharp metallic corners were discussed as a means of improving the finite element so

lution. Then some final numerical details were presented regarding effective matrix 

storage and mesh generation. 

In Chapter 4, two examples were described. The first example was of a finite pe

riodic corrugated waveguide. The geometry was outlined, and the block definitions 

were made. The number of regions used to build a finite structure possessing proper

ties similar to those of the related infinite structure had to be determined. To do this, 
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first the dispersion curve for the infinite structure was derived from transmission line 

analysis. Then the scattering parameters extracted from the domain decomposition 

solution were compared with the frequency behavior from the dispersion curve. With 

frequencies in the passband, the transmission coefficient was near unity, while in the 

stopband, the transmission coefficient was near zero. Ten regions of the corrugated 

block provided a decent match between the behaviors of the finite and infinite struc

tures, but twenty regions were used for later analysis to provide a better match. The 

trend in computation times for the partition coefficients were shown to be nearly 

linear as a function of number of regions. This trend indicates that the synthesis 

of new structures from existing blocks is a very efficient process and an important 

benefit of domain decomposition. 

The second example in Chapter 4 was a waveguide mismatch problem. A section 

of matching guide was needed between two parallel plate waveguides with different 

dielectric constants. Several possibilities were considered, and a height step transition 

was chosen. The variable in matching the two guides was the length and number of 

discrete steps taken in the matching transition. As the number of steps was increased, 

the reflection coefficient from the abrupt interface was reduced significantly from 0.50 

to 0.03 with fifteen quarter wavelength steps. Some bleeding of the dominant mode 

into higher order modes was detected at the intermediate steps. 

Chapter 5 investigated the intrinsic parallelism in domain decomposition and finite 

elements, and is also a major contribution. The independence of the numerical block 
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solutions implies parallelism. The construction of the finite element solution on an 

element by element basis also lends itself to parallelism. The code previously run on a 

serial Sun workstation was significantly recoded to operate on the massively-parallel 

architecture of the Connection Machine CM-2. Details of the working environment 

on the CM-2 were given, the most important of which is the fact that software vari

ables are either serial or parallel based on the programmer's decisions. To function 

efficiently, the original code was separated into three parts. Only the part encom

passing the finite element block solutions was run on the CM-2, since it was the only 

parallel portion of the domain decomposition method. Other restrictions were made 

for efficiency, such as a uniformity in the numbers of nodes and elements for the 

different blocks. 

Trends in the run times were compared between a Sun SPARCstation IPC and 

the CM-2 as the problem size and number of blocks are varied. As a function of 

problem size, or number of finite element nodes, the run time on the CM-2 obviously 

increased for larger problems, but at a significantly slower rate than the run time on 

the IPC. Also, the absolute run time was less on the CM-2 than on the IPC for all 

cases but one: when only one block was being analyzed, one degree of parallelism 

was lost, and the CM-2 took longer than the IPC. While the amount of parallel time 

in finite element solution increased with problem size, the serial time remained fairly 

constant. This means a more efficient code. The amount of input and output time 
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dominated the timing as the problem size increased, since more block definitions need 

to be passed to the finite element code. 

When the computation time was viewed as a function of number of blocks after 

fixing the problem size, similar trends are noted. As the parallelism increases, most 

of the finite element time is spent on the CM rather than the front-end. Most of the 

pre- and post-processing time is spent on the front-end, which dominates the total 

time with the increased number of blocks. 

The major contribution of the second part of the dissertation is in the development 

of a three-dimensional nodal based vector finite element solver, with applications to 

domain decomposition. Chapter 6 presented the extension of the two-dimensional 

domain decomposition formulation into three dimensions. The main differences in 

the extension were the additional degrees of freedom in choosing partition conditions 

and field variables. 

Chapter 7 contains the discussion of the finite element formulation. First, nodal 

bases were compared to edge bases and judged to be most suitable our problems. 

The choice of operators for the solution of a vector electromagnetic boundary value 

problem was discussed in detail. After much comparison with other operators, a 

new modified Helmholtz operator was introduced whose chief virtues are accuracy, 

simplicity, and conciseness. The most critical factors in a finite element formulation 

are boundary conditions. With the new modified Helmholtz operation, all boundary 
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condition information is contained in the forcing vector. A form of the forcing vec

tor was developed for metallic surfaces and dielectric interfaces, and the method by 

which these forcing terms were shifted onto the stiffness matrix was shown. The form 

of the forcing vector and the stiffness matrix were also developed for the partition 

excitations. The merits of tangential electric and tangential magnetic excitations 

were discussed, and the former was chosen for our implementation. Finally, field sin

gularities at metallic edges were considered for more accurate modeling, and two new 

techniques for the different types of singularities were implemented. The development 

of the complete nodal based vector finite element program is a major contribution. 

The dielectric filter example in Chapter 8 demonstrated several important things. 

The accuracy of the finite element solution in one of the filter blocks confirmed that 

a dielectric interface condition can be adequately implemented in a nodal based finite 

element formulation. The domain decomposition solution for the filter confirmed that 

with enough regions, the finite periodic structure of the numerical model behaves very 

much like the infinite periodic structure. The dielectric filter was modeled to provide 

a structure with an analytically exact dispersion curve. The transmission coefficient 

from the finite structure furnished a template for the numerical dispersion curve, and 

the agreement between the passbands and stop bands of the analytic and numerical 

dispersion curves was excellent. 

Chapter 8 also presented the corrugated filter. The derivation of an analytic dis

persion curve would be very lengthy, so a transmission line approximation was made 
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to provide a comparison with the numerical model. Two different block sets were 

used in the domain decomposition problem; one was substantially more accurate than 

the other. The difference in the transmission coefficient diagrams between the two 

block sets demonstrated the importance of choosing the proper block definitions. The 

difference between the numerical passbands and the transmission line approximated 

pass bands illustrated the possible weaknesses in the numerical discretization and and 

in the transmission line approximation. 

The primary application for which domain decomposition was conceived was in the 

area of device modeling and electronic packaging. As high speed VLSI technologies 

move toward microwave frequencies, lumped circuit parameters become less useful 

for characterization. The wires on-chip and between chips begin broadcasting like 

antennas, and signal noise overpowers authentic signals. These geometries are very 

large with respect to the operating frequency and are very complex, but are also 

very repetitious. Without making periodic or quasi-static approximations, domain 

decomposition provides way to approach these types of geometries. Databases of 

numerical solutions to simple, often repeated blocks can be constructed, then pieced 

together to form a specific structure. There are many other possible applications 

of domain decomposition as well, such as microwave circuit analysis and scattering 

problems. 

Virtually any large structure can be analyzed in this fashion, but not all should be. 

The biggest caveat of domain decomposition is the investment of time and resources in 
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building up a database of numerical blocks solutions. If a large structure need only be 

analyzed a few times with few excitations, and the present computational resources 

are adequate to do this, domain decomposition may not be called for. Structures 

with great numbers of unique regions would require many different block solutions. 

The effort to compute all the block solutions would be considerable. The benefit of 

domain decomposition is that often the computational resources aren't adequate to 

analyze a large structure in a conventional way. Domain decomposition may not be 

a graceful way to analyze certain classes of problems, but by tackling the problem a 

small piece at a time, it may be the only rigorous way. 

To implement many of the possible applications, further study is needed. The 

invocation of absorbing boundary conditions as another type of boundary would open 

the door to open, scattering problems. The definitions of partitions would change 

drastically. This leads to structures that are large in more than one dimension. 

The coefficient solution would lose its precise block tridiagonal character, and the 

additional numbers of partitions would induce many more numerical block solutions. 
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Appendix A 

Error Analysis 

Discrete solution techniques such as finite elements and finite difference introduce 

errors that arise from the discretization of space. When the solution for one of 

the blocks is found using a discrete technique, discretization error is introduced to 

the entire problem. The analysis for this work was performed using finite element 

methods; therefore, an analysis of how the error propagates through the problem is 

appropriate. 

Consider a one-dimensional example of the solution of Helmholtz equation. Fig-

ure A.I shows the partitioned geometry. For region i two independent solutions will 

be generated from two different excitations. 

For the first problem solve 

:X iUi-11 = 1, 
Xi-! 

! iUi-11 = O. 
Xi 

(A.I) 

For the second problem solve 

:X iUil = 0, 
Xi-l 

~ iUil = 1. ax Xi 

(A.2) 

The exact solutions are 

iUi-1 = -cosk(x - x;}/k sin k(Xi - Xi-I) (A.3) 

iUi = -cosk(x-xi_d/ksink(xi-xi_t}. (AA) 
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Figure A.l: One-dimensional discretized structure 
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The solution to a general problem 

(A.5) 

can be found from the previous solutions: 

(A.6) 

At the partition points we define terms for shorthand purposes 

hi = Xi - Xi-l (A.7) 

ri == iUi-l (Xi-I) = iUi(Xi) = -11k tan khi (A.S) 

Si == iUi-l(Xi) = iUi(Xi-d = -11k sin khi (A.9) 

iU(Xi-l) = -ai-l n + aiSj (A.10) 

iU(Xi) = -aj-lSi + airj. (A.ll) 

The next step is to apply continuity of field between regions. If regions are equally 

spaced, the equation 

(A.12) 

leads to 

2r 
ai-l - -ai + aj+l = O. 

S 
(A.13) 

By substituting 

(A.14) 
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we find the form of a : 

m = r/s ± Jr/s -1 = e±jkhn (A.15) 

an = Ae+jkhn + Be-jkhn . (A.16) 

The final step in the exact solution is to impose boundary conditions at the first 

and last partition points, Xo and XN. We will choose a dirichlet condition at Xo and 

a radiation (natural) condition at XN to provide a positive-going wave: 

U(Xo) = (A.17) 

aU(XN) .kU( ) ax + J XN = (A. IS) 

By substituting these boundary conditions into the form of a, we find the exact 

solution to the boundary value problem as 

(A.19) 

The finite element solution {; is similar. For a ID problem, linear elements are 

the simplest choice to make. The two shape functions used to build the elements of 

length h take the general form 

'ljJl = l-x/h, (A.20) 

(A.21) 

The elemental FE stiffness matrix from element e takes the form: 

,,(e lh [ 1 d'ljJi d'ljJj . .I.,/.] d 
l' ij = -. --d -d + JW/-l'f'i'f'j x 

o JWE X X 
(A.22) 
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The resulting terms with the linear shape functions substituted are: 

= J(e = _1 .!. [1 _ (kh)2] , 
22 jWfh 3 

(A.23) 

ell [ (kh)2] 
J(21 = - jWf h 1 + -6- . (A.24) 

The FE solution for the magnetic field Hi at node i, between elements e - 1 and e 

can be written as: 

(A.25) 

or after substituting the forms of the elemental stiffness matrices 

1 1 ([ (kh)2] [(kh)2] [(kh)2] ) jWfh - 1+-
6

- Hi-1 +2 1--3- Hi- 1+-6- Hi+1 =0. (A.26) 

The field will propagate in the FE problem not with the analytical wave number 

k, but with numerical wave number k. The phase difference between Hi and its two 

neighbors can be written 

Hi- 1 = Hie-ikh (A.27) 

Hi+! = Hieikh . (A.28) 

When this is substituted into the FE equation for node i, and common constants are 

divided out, the result is: 

( _ [1 + (k ~) 
2

] 2 cos (k h) + 2 [1 _ (k ~ ) 
2

]) Hi = 0 (A.29) 

This provides us with an equation relating the analytical and numerical wave num-

bers: 

A -1 (1 - (kh)2/3) 
kh = cos 1 + (kh)2 /6 (A.30) 
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This is the source of numerical dispersion. When h is small, meaning finer discretiza-

tion, the two wave numbers are close. 

The numerical solution to the original problem at Xn is similiar to the analytic 

solution in (A.4) 

cos khn kh 

ksinkhsinkh(l + (kh)2/6) 

and reduces to the same form as in the exact case when h is small: 

cos khn 

ksinkh' 

The a's are no longer related by a strict phase term, but by 

A k A 

an-l = an(cos kh + jk sin kh). 

As h becomes small, k approaches k and 

(A.31) 

(A.32) 

(A.33) 

(A.34) 

We see that the numerical propagation constant is present to introduce discretization 

error into the total solution. 
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Appendix B 

Analytic Modesets 

B.1 Two-dimensional Modesets 

B.1.l Governing Equations 

Two different types of partition will be used to excite the 2D FE solutions, shown 

in Figure B.lo These two partitions are characterized by two different modesets. In 

the 2D analysis, all x-variation in the field is zero. This causes the fields to decouple 

into T Ex and T Mx modes. Following the derivation in [10], we choose a potential 

based on the magnetic vector potential normal to the 2D plane to expand the modes: 

A=x¢. (B.l) 

For the T Mx modes, 

Ex = -jWJ.l¢, (B.2) 

Hy = fJ¢/fJz, (B.3) 

Hz = -fJ¢/fJy, (BA) 

where the potential satisfies the 2D Helmholtz equation 

(B.5) 
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and k = w.JEii. The T Ex modes are characterized by choosing the electric vector 

potential 

F = x'l/J, (B.6) 

Hx = -jWf.'l/J, (B.7) 

Ey = -8'l/J/8z, (B.8) 

Ez = 8'l/J/8y, (B.9) 

(B.10) 

with the potential again satisfying the 2D Helmholtz equation (B.5). 

B.1.2 Modeset 0 

Modeset a characterizes a parallel-plate waveguide of uniform cross-section. The 

separation equation states that 

(B.ll) 

Because of the 2D geometry, kx = O. The simple cross-section leads to harmonic 

variation in the y direction: ky = n7r lb. The z-variation is also harmonic. The 

propagation constant kz is defined simply from the separation equation since all 

terms are known. By defining 

Tn{z) = Tne-jkzz 

Sn{Z) = Snejk,z 

(B.12) 

(B.13) 
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Figure B.l: Cross-sections for 2D modesets; a) Modeset 0, b) Modeset 1. 
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where Tn and Sn are unknown propagation coefficients, we can choose a general form 

for the primary fields. For T Mx modes, the potential associated with the nth mode 

is chosen explicitly as 

(
A A) (mry) V;n = Tn(z) + Sn(z) sin -b- (B.14) 

to satisfy zero tangential electrical field at the conductors. The potential dictates 

that the index n begins at one. From this choice, the field components are derived: 

Exn = C A) (n7rY) -jWJ.l Tn(z) + Sn(z) sin -b- , (B.15) 

Hzn = n7r C A) (n7rY) -T Tn(z) + Sn(Z) cos -b- , (B.16) 

HYn = . ( A A) . (n7rY) -Jkz Tn(z) - Sn(Z) sm -b- . (B.17) 

Similarly for T Ex modes, the potential and fields are 

V;n = C A) (n7rY) Tn(z) - Sn(Z) cos -b- (B.18) 

Hxn = C A) (n7rY) -jw€ Tn(z) - Sn(z) cos -b- (B.I9) 

Ezn = n7r C A) (n7rY) -T Tn(z) - Sn(z) sin -b- (B.20) 

EYn = (A A) (n7rY) jkz Tn(z) + Sn(z) cos -b- (B.2I) 

The index n begins at zero. 
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B.1.3 Modeset 1 

Modeset 1 describes a layered dielectric parallel-plate waveguide. For this cross-

section, two different separation equations apply. In region 1 

k2 - k2 + k2 
1 - Z yl' (B.22) 

while in region 2 

(B.23) 

Due to phase matching, the propagation constant kz is the same in both regions, but 

the terms kYl and kY2 are not immediately known. A system of equations must be 

established to solve for the propagation constant. 

For T Mx modes, potentials related to Ex are chosen for the two regions: 

{ 

cte±ikzz sin(ky1Y), Y < d 
'l/Jn = 

4e±ikzz sin(ky2 [b - y]), y > d 

(B.24) 

where ct and ct are unknown coefficients associated with the two regions. Continuity 

of the tangential field Ex at y = d generates the equation 

Continuity of the tangential field Hz at y = d generates the equation 

ky1ct cos ky1d = -kY2C~ cos kY2(b - d). 

Dividing these two equations creates the transcendental equation 

tan ky2 ( b - d) 

kY2 

(B.25) 

(B.26) 

(B.27) 
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whose solution yields the propagation constant kz • These propagation constants are 

numbered with index n beginning at one in accordance with the sine variation in the 

y dimension. An equivalence between these transcendental modes and the modes of 

a guide with a uniform cross-section can be made for proper numbering. Once kz is 

known, the ratio of the two coefficients is known to be 

ct /c~ = - (kY2 cos kY2(b - d)) / (kY1 cos ky1d) (B.28) 

from the Hz continuity equation. By choosing 

(B.29) 

ct = Sn/ (kY1 cos kY1 d) (B.30) 

we can write the potential as: 

.pn = (Tn(z) + Sn(Z)) { 
1 sin k y 

kyl cos kYl d y1, Y5:
d

}, 

y>d 

(B.31) 

kY2 cosk~2(b-d) sin kY2 (b - y), 

and the fields as 

-jWJl (Tn(z) + Sn(Z)) { 
1 sin k y Y<d} Exn = 

kYl cos kyl d y1, - ,(B.32) 

-1 sink (b-y) y>d kY2 COSkY2(b-d) y2 , 

-jk. (Tn(z) - Sn(Z)) { 
1 sin k y Y<d} 

HYn = 
kYl cos kYl d y1, 

- ,(B.33) 

-1 sinkn(b-y) y>d kY2 COSky2(b-d) Y" , 

- (Tn(z) + Sn(Z)) { 
-1-cosk y Y ~ d }. Hzn = 
cosky1d y1, 

(B.34) 

cosky!(b-d) sin kY2(b - V), y>d 



189 

For T Ex modes, potentials related to the nth mode of Hx are chosen for the two 

regions: 

{ 
cr e±ikzz cos( kYl y), 

'l/Jn = 
c~e±ikzz COS(kY2[b - y]), 

y<d 

y>d 

Continuity of the tangential field Hx at y = d generates the equation 

Continuity of the tangential field Ez at y = d generates the equation 

Dividing these two equations creates the transcendental equation 

kl k2 
-Y- tan kYl d = - -Y- tan kY2 (b - d) 
€l €2 

(B.35) 

(B.36) 

(B.37) 

(B.38) 

whose solution yields the propagation constants kz which are numbered with index 

n beginning at zero. The ratio of the coefficients in the two regions is known to be 

(B.39) 

from the Hx continuity equation. By choosing 

c1 = Tn/ (€l cos kyl d) (BAD) 

ct = -Sn/ (€l cos ky1d) (BA1) 

we can write the potential as 

,p" = (t(z) - S(z)) { y ~ d }, 

y>d 
(BA2) 

1 cos k (b - y) 
(2 cos kY2 (b-d) y2 , 
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and the fields as 

. . {_1_ cos ky1 Y, Y $ d }, Hxn = -jw (T(z) - S(z)) COSky:d (B.43) 

COSkY2(b-d) cos kY2(b - y), y>d 

jk. (1'(z) + S(z)) { 
(I Co~kYld cos ky1 Y, Y$d} EYn = 

y>d ' 
(B.44) 1 cos k 2 ( b - y) (2 COS kY2 (b-d) y , 

(1'(Z) - S(Z)) { 
-kyl . k 

Y $d }. Ezn = 
q coskYld sIn y1Y, 

(B.45) 
ky2 sin k (b - y) y>d (2 cos kY2 (b-d) y2 , 

B.lA Solutions of the Transcendental Equations 

The transcendental equations (B.27) and (B.38) defining the propagation con-

stants must solved numerically by plotting the left- and right-hand sides of the equa-

tions and noting their intersections. Techniques like bisection or the Newton-Raphson 

method can be used to locate these intersections if a suitable region is found which 

brackets a solution. Because of the tangent functions, a bracketing region must be 

chosen carefully so as not to confuse the numerical technique into finding nonexistent 

solutions. 

From Equation (B.27) for T !vIx modes, two functions are defined: 

(B.46) 

(B.47) 

where kY1 = J k? - k'; and kY2 = J k~ - k';. There are four types of points of interest 

on the kz axis for the two functions: the first two where kY1 and kY2 are zero, and 



191 

the second two where the arguments of the tangent functions cause the functions to 

tend towards infinity. 

The point kyl = 0 indicates the location on the k: axis where kYl changes from 

real to imaginary. Define this point as 

(BAS) 

The point on the kz axis where kY2 = 0 is denoted 

(BA9) 

These points are important from a functional point of view. When k: is less than 

kil
), 11 can be represented as above since the tangent has a real argument; when k: 

is greater than kil
), 11 is better represented as 

(B.50) 

where Qyl = j kyl . Similarly, !2 has a different representation when kz is greater than 

ki2) : 

(B.51) 

where Q y2 = jky2 ' The f~nctions It and 12 remain real for all positive values of kz • 

Once both behave like hyperbolic tangents, there can no longer be any intersections 

of the two functions. 11 tends towards zero monotonically from the positive side, 

and 12 tends toward zero monotonically from the negative side; the functions cannot 
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intersect, therefore, there are no propagating modes for kz > max( k~l), k~2)). This 

places an upper limit on the mode search. 

Also note that Il(k~I)) = d and h(kF)) = b- d, rather than both being zero. The 

zeros of numerators and denominators cancel each other out to form a non-zero ratio. 

This is important when searching for intersections with numerical techniques, since 

it indicates there is no sign change in the function. 

The other two types of interesting points are the singular points of the functions. 

II is singular where ky1 d = (n + 1/2)7r, n = 1,2, ... We define 

(B.52) 

Similarly for 12 

(B.53) 

These points are important because the functions undergo a rapid sign change without 

passing through a zero. The mode index n is chosen to begin at one because for T Ex 

modes, the y-variation is similar to a sine function. 

The mode search consists of arranging the interesting points in descending order, 

from kz = max(k~I), k~2)) down to kz = O. The interesting points form the endpoints of 

a series of bracketed regions. If the sign of the difference functions, it - 12, is different 

at the ends of the bracketed region, a zero crossing and a mode lie within. We start at 

the high end of the kz axis since the lowest order modes have the highest propagation 
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constants. Non-propagating modes can also found by substituting a~ = -k; into the 

equations for kyl and ky2 . 

A similar analysis can be performed for the T Ex modes. Here the two transcen-

dental terms are 

(B.54) 

(B.55) 

For imaginary values of ayl = jkYl and a y2 = jkY2' 

(B.56) 

(B.57) 

The only significantly different behavior these two functions exhibit as compared to 

the T Ex functions are that kyl = 0 and kY2 = 0 are zeros of hand /4, respectively. 

Also, the mode index n begins at zero instead of one, since the v-variation is most 

like a cosine. 

B.2 Three-dimensional Modesets 

B.2.! Governing Equations 

Three different types of partition will be used to excite the 3D FE solutions in 

this dissertation, shown in Figure B.2, each representing a different modeset. The 

modes can be written in terms of T M and T E polarizations for each modeset, but 
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the directions of the polarizations will be different for the different modesets, as will 

the governing equations. The potentials in 3D must be chosen more carefully than 

in 2D. To insure proper continuity across media interfaces, potentials normal to the 

interfaces must be used. The general equations for a local coordinate system ( TI, T2, v) 

are, for T 1\I/.rl modes, 

and for T ETI modes, 

= ~ (:22 +k2
) 'Ij;, 

JWf. uTI 

= 

= 

1 02'1j; 

jWf. OTIOT2' 

1 02'1j; 

jWf. OTIOV' 

o'lj; 
OV' 

= _.1_ (:22 + k2) 'Ij;, 
JWf.L uTI 

ET2 = 

1 02'1j; 

jwf.L OTIOT2' 

1 02'1j; 

jwf.L OTIOV' 

(B.5S) 

(B.59) 

(B.60) 

(B.61) 

(B.62) 

(B.63) 

(B.64) 

(B.65) 

(B.66) 

(B.67) 

(B.6S) 

(B.69) 

(B.70) 
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(B. 71) 

B.2.2 Modeset 0 

Modeset 0 characterizes the cross-section of a uniform rectangular waveguide. 

No dielectric discontinuities are present to necessitate the choice of a specifically 

directed potential, so the potentials will be chosen in the direction of propagation, 

z. This creates the equivalence of (Tl,T2,V) with (z,x,y) for the above equations. 

The separation equation of (B.ll) still applies; for the uniform cross-section of this 

modeset, the variation in all three dimensions is known to be harmonic, with kx = 

m7r / a and ky = n7r / b. The development of the formulation is very similar to that of 

the 2D case. The potentials and fields for the two polarizations are: 

Tlv/z : m = 1,2, ... n = 1,2, ... 

'l/Jm,n = ( A A) . m1rX . n7ry 
Tm,n(z) + Sm,n(z) sm -a- sm -b- (B.72) 

Exm,n = 
k_ m1r ( A A) m1rx. n7ry ---=-- T (z) - S (z) cos --sm-WE a m,n m,n a b (B.73) 

E Ym,n = 
kz n1r (A A) . m7rX n1ry 

--- T, (z) - S (z) sm --cos-
WE b m,n m,n a b (B.74) 

Ezm,n = j~E [c:7rr + (nb
1rr] x 

( A A) . m1rX . n1ry 
Tm,n(z) + Sm,n(Z) sm -a- sm -b- (B.75) 

Hxm,n = n1r (A A) . m7rX n7ry b Tm,n(z) + Sm,n(z) sm -a- cos -b- (B.76) 

H Ym,n = m1r (A A) m7rx. n1ry 
--;;- Tm,n(z) + Sm,n(z) cos -a- sm -b- (B.77) 
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Figure B.2: Cross-sections for 3D modesets; a) Modeset 0, b) Modeset 1, c) Modeset 
2. 



197 

H zm,n = ° (B.78) 

TEz: (m=O,1,2, ... n = 1,2, ... ) ® (m = 1,2, ... n=O,1,2, ... ) 

1/Jmtn = 
( • .) m7rX n7ry 
Tm,n(z) - 8m,n(z) cos -a- cos -b- (B.79) 

Hx1n ,n 
kz m7r ( • .) . m7rX n7ry (B.80) = -- Tm n(z) + 8m n(z) sm -- cos -b-
w~ a' , a 

HYm,n = 
kz n7r ( • .) m7rx. n7ry 
w~ b Tm,n(z) + 8m,n(z) cos -a- sm -b- (B.81 ) 

Hzm,n = j~~ [C:7r) 2 + (nb
7r

) 2] X 

( • .) m7rX n7ry 
Tm,n(z) - 8m,n(z) cos -a- cos -b- (B.82) 

Exm,n = 
n7r (. .) m7rx. n7ry b Tm,n(z) - 8m,n(z) cos -a- sm -b- (B.83) 

EYm,n = 
m7r (. .) . m7rX n7ry -- T (z) - 8 (z) sm--cos-a m,n m,n a b (B.84) 

Ezm,n = 0 (B.85) 

B.2.3 Modeset 1 

Modeset 1 is for waveguide cross-sections with a dielectric layer in the y-direction. 

The equivalence with the coordinate system of the governing equations is (1'1,1'2, v) 

to (y, z, X). The 3D separation equation takes the form in region 1 

k2 = _ + k2 + k2 
(

m7r)2 
1 a yl z, (B.86) 

and in region 2 

k2 = _ + k2 + k2 
(

m7r)2 
2 a y2 z· (B.87) 

To satisfy boundary conditions at the media interface with a single potential, the 

potential must be chosen in the same direction as the discontinuity. For the T My 
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polarization 

A - A.I. m,n - Y'Pm,n, (B.88) 

and the potential is chosen to be 

y<d 
(B.89) 

y>d 

Continuity of tangential fields Ez and Hz at the dielectric interface y = d yields two 

important equations: 

ct cos(ky1d) = ci cos(ky2 [b - d])j (B.90) 

kY1 ± . (k d) -C1 sm y1 = 
101 

(B.91) 

Dividing these two equations leads to the transcendental equation 

(B.92) 

The solution of this transcendental equation provides the propagation constant for 

each mode and determines the potential to within a constant. The constant is chosen 

as 

(B.93) 

c} = -Sm,n/ cos(ky1d), (B.94) 

which, when coupled with the ratio of coefficients cdc!, creates a potential and fields 

TMy: m = 1,2, ... 



1/Ym,n = (Tm,n(z) - Sm,n(Z)) x 

Exm,n 

E Ym,n 

flxm,n 

{ 

...L-I-sin~cosk y 
(rl cos kYI d a yl , 

I I . m1l"x k (b ) 
(r2 COskY2{b-d) SIn -a- COS y2 - Y , 

1 m7r ( A A) = -. --- Tm,n(z) - Sm,n(Z) X 
JW€o a 

{ 

!!u1.. I m1l"X . k 
- (rl cosky1d COS -a- sm 'yIY, 

~ 1 m1l"x' 
(r2 cos kY2 (b-d) COS -a- sm kY2 ( b - Y), 

Y~d} 
y>d 

:::} 
= j~€O [k; + (~7rrl (Tm,n(z) - Sm,n(Z)) x 

{

II . m1l"X k 
(rl cos kYI d SIn -a- COS yl y, 

I I . m1l"x 
(r2 COSkY2{b-d) sm -a- COS kY2(b - V), 

k_ (A A) = -~ Tm,n(z) + Sm,n(Z) X 
w€o 

{

!!u1.. I . m1l"x . k 
(rl cos kYI d SIn -a- sm 'yl y, 

~ I . m1l"x . 
- (r2 cosky2 {b-d) SIn -a- sm ky2 (b - V), 

= jkz (Tm,n(z) + Sm,n(Z)) x 

:::} 

y~d} 
y>d 

{ 

cos!Yld sin m;x cos ky1Y, y ~ d } 

1 • m1l"x k (b) d 
COSkY2{b-d) sm -a- COS y2 - y, y > 

H = 0 Ym,n 

Hzm,n = ~7r (Tm,n(z) - Sm,n(Z)) x 

{ 

_I-COS ~cosk Y 
COSkyld a yl , 

COSky!{b-d) COS m;x COS kY2(b - V), 

Y~d} 
y>d 
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(B.95) 

(B.96) 

(B.97) 

(B.9S) 

(B.99) 

(B.lOO) 

(B.lOl) 
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The potential for a particular T Ey mode is defined as 

(B.l02) 

and chosen to take the form 

{ 

cre±ikzz cos( m:x) sin( ky1 Y), 
'l/Jm,n = 

c~e±ikzz cos(m:x) sin(kY2[b - y]), 

y<d 

y>d 
(B.l03) 

The continuity equations are 

(B.l04) 

(B.l05) 

and they provide the transcendental equation 

1 1 
-k tan(ky1 d) = --k tan(ky2 [b - d]). 

yl y2 
(B.l06) 

By choosing the constants 

(B.I07) 

(B.lOS) 

we can write the potential and fields as 

T Ey : m = 0,1,2, ... 

'l/Jm,n = (Tm,n(Z) + Sm,n(Z)) X 

{ 

-1 cos ~ sin k y 
ky1cosky1d a yl , 

1 m'll"x . k (b ) 
kY2 cosky2{b-d) COS -a- sm y2 - Y , 

y<d} 

y>d 
(B.l09) 
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1 m7r (. .) 
Hxm,n = -. --- Tm,n(z) + Sm,n(z) X 

JWJ-l a 

{ -l-sin~cosk y YSd} coskyld a yl , 
(B.110) 

1 • m1rX • y>d cosky2{b-d) sm -a- COS kY2(b - V), 

H Ym,n = 1 [2 (m7rr] C .) jWJ-l kz + ---;;- Tm,n(z) + Sm,n(Z) X 

{_' m ... k YSd} k k d COS - sm 'yl y, yl cos yl a 
(B.l11) 

1 m1rx' • y>d k k (b d) COS - sm kY2 (b - y), y2 cos y2 - a 

Hzm,n = kz (. .) 
WJ-l Tm,n(z) - Sm,n(Z) X 

{' m.. k YSd} coskyld COS -a- COS ylY, 
(B.112) 

cosky~{b-d) COS m;x COSkY2(b - V), y>d 

Exm,n = -jkz (tm,n(Z) - Sm,n(Z)) X 

{ 
-1 COS ~ sin k y y5:.d 

} kYI coskyld a yl , 
(B.113) 

1 cos~sink (b-y) y>d kY2 cos kY2 (b-d) a y2 , 

E Ym,n = 0 (B.114) 

Ezm,n = m7r C .) ---;;- Tm,n(z) + Sm,n(Z) X 

{ -1 sin""'" sin k Y YSd} kylcoskyld a yl , 
(B.115) 

1 • m1rX . y>d kY2coskY2{b-d) sm -a- sm kY2(b - V), 

B.2.4 Modeset 2 

Modeset 2 is for waveguide cross-sections with dielectric layers in the x-direction. 

The formulation is nearly identical to the Modeset 1 formulation, so the details are 



omitted. The potentials and fields for the two polarizations are: 

TMx: n = 1,2, ... 

{

11k '!E!1L 
--k d cos x1 xsm b ' frl cos %1 

1 1 • !E!1L 
k ( d) cos kX2(a - x) sm b , fr2 cos %2 a-

{ 

.1-_1_ cos k x sin !E!1L 
'rl cosk%ld xl b ' 

1 1 . !E!1L 
fr2 Cosk%2{a-d) cos kX2(a - x) sm b ' 

1 mr(A A) Ey = -, --b Tm,n(z) - 8m,n(z) x 
m,n )Wf.o 

{ 

- k _1_ sin k x cos !E!1L 
'rl cos k%1 d xl b , 

k 1 'k( ) !E!1L 
k ( d) sm 'x2 a - x cos b ' fr2 cos %2 a-

kz (A A) = - Tm n(z) + 8m n{Z) X 
Wf.o' , 

{

k 1 'k '!E!1L 
frl cos k%1 d SIn xl X SIn b , 

_k k \ d) sin kX2(a - x) sin!E!1Lb ' 
'r2 cos '.:r2 a-

Hxm,n = 0 

X~d} 
x>d 

X~d} 
x>d 

X~d} 
x>d 

X~d} 
x>d 

{ 

cosk.:rld cos kx1 x sin T, 
1 k( )'!E!1L Cosk.:r2{a-d) COS x2 a - x SIn b ' 

X~d} 
x>d 

Hzm,n = - nb7f' (Tm,n(z) - Sm,n(Z)) X 
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(B.116) 

(B.117) 

(B.l1S) 

(B.119) 

(B.120) 

(B.121) 
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{ <0. !., d cos kXl X cos 'T', X~d} 
cosk",:(a-d) cos kX2(a - x) cos T' 

(B.122) 

x>d 

TEx: n = 0,1,2, ... 

'if;m,n = (tm,n(Z) + Sm,n(Z)) x 

{ -1 • k ~ k"'l cos k"'l d SIn xl X COS b , X~d} 
k"'2Cos1"'2(a-d) sin kX2(a - x) cos T, 

(B.123) 

x>d 

Hxm,n = 1 [2 (n~rl C A jWfl kz + T Tm,n(Z) + Sm,n(Z)) x 

{ 1 • k ~ k"'l cos k"'l d SIn xl X COS b ' X~d} 
k",2 cosz"2(a-d) sin kX2(a - x) cos T' 

(B.124) 

x>d 

H Ym,n = 
1 n~ (A A 

jWfl T Tm,n(Z) + Sm,n(Z)) x 

{I k . ~ X~d} cos k"'l d COS 'xl X SIn b , 

cosk",:(a-d) COS kX2(a - x) sin T' 
(B.125) 

x>d 

Hzm,n = kz (A A) Wfl Tm,n(Z) - Sm,n(Z) x 

{ cos tId COS kxlx COS T' X~d} 
cosk",:(a-d) COS kX2(a - x) COS T, 

(B.126) 

x>d 

Exm,n = 0 (B.127) 

E Ym,n = jkz (Tm,n(Z) - Sm,n(Z)) x 

{ -1 • k ~ X~d} k"'l cos k"'l d sIn 'xl X COS b ' 

k",2cosz"2(a-d) sinkx2(a - x) COS T' 
(B.128) 

x>d 

Ezm,n = n~ C A) -T Tm,n(z) + Sm,n(Z) x 
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{ 

-1 • k '!!2!.ll 
k k d sm xl X sm b , 

%1 COS r1 

l' . nrry 
k k ( d) sm kX2 (a - x) sm ~b ' r2 cos r2 a-

X',5;d} 

x>d 

(B.129) 

B.2.5 Solutions of the Transcendental Equations 

The transcendental equations in Modesets 1 and 2 defining the propagation con-

stants must solved numerically as in the 2D cases. The chief difference is that in 

3D, an extra parameter in the separation equation representing the added degree of 

freedom must be accounted for. The cases below will be for Modeset 1; there is no 

qualitative difference between Modesets 1 and 2, so the derivations for Modeset 2 

will not be shown. 

The transcendental equation (B.92) for the T My modes leads to two functions of 

interest: 

kyl ayl = -tankyld = --tanhayld, 
€l €l 

(B.130) 

kY2 a y2 (d) = - - tan kY2 ( b - d) = - tanh a y2 b - , 
€2 €2 

(B.131) 

where 

kYl = Vk? - k; - (~7rr, (B.132) 

kY2 = Vk~ - k; - (~7rr, (B.133) 

ayl = (m7r) 2 k; + --;- - k?, (B.134) 

a y2 = V k; + (~7rr - k~. (B.135) 
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As in the 2D analysis, there are points of interest on the kz axis that serve as brackets 

for locating solutions to the transcendental equation. The first two types of point are 

where kYI and kY2 are zero, and the second two types are where the arguments of the 

tangent functions cause the functions to tend towards infinity. 

The point kYI = 0 indicates the location on the kz axis where kYI changes from 

real to imaginary. Define this point as 

k~~ = V ki - (~7rr· (B.136) 

The point on the kz axis where kY2 = 0 is denoted 

k~~ = Vk~ -(~7rr· (B.137) 

These points are important from a functional point of view. When kz is less than 

k~~, it behaves like tangent; when kz is greater than k~~, it behaves like hyper

bolic tangent. This change in functional behavior is significant in locating inter

sections between II and fz. Due to the sign difference between the two, the func

tions cannot intersect when both behave like hyperbolic tangent, which occurs for 

kz > max( k~I), k~2)). This places an upper limit on the mode search. 

An additional definition can be made to determine the number of relevant m 

indices. In searching for real kz, real k~~ and k~~ are sought. These quantities 

become imaginary for large m. The definitions 

mI = kl a/7r 
m2 = k2a/7r 

(B.138) 

(B.139) 
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are made to show the upper limits of m : above the non-integer values of m1 and m2, 

there are no propagating modes. 

The other two types of interesting points are the singular points of the functions. 

i1 is singular where ky1 d = (n + 1/2)71', n = 1,2, ... , so we define 

(B.140) 

Similarly for 12 

(B.141) 

The rapid sign change at these points means they must be approached with care 

when searching for modes. 

A value of m is chosen, and as in the 2D case, the search for propagating modes 

consists of arranging the interesting points in descending order, from the upper value 

of kz = max(kiQ, ki~) down to kz = O. The interesting points form the endpoints of a 

series of bracketed regions. If the sign of the difference functions, it - 12, is different 

at the ends of the bracketed region, a zero crossing and a mode lie within. We start at 

the high end of the kz axis since the lowest order modes have the highest propagation 

constants. Non-propagating modes can also found by substituting a; = -k; into the 

equations for kY1 and ky2 ' 

A similar analysis can be performed for the T Ey modes. Here the two transcen-

dental terms are 

1 
= -k tan kY1 d, 

y1 
(B.142) 



1 = --k tan ky2 (b - d). 
y2 
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(B.143) 

The only significantly different behavior these two functions exhibit as compared 

to the T My functions are that kyl = 0 and kY2 = 0 are not zeros of fa and 14, 

respecti vely. 

The order in which the T My and T Ey propagating modes lie with respect to 

one another can be ascertained by calculating the cutoff frequencies of modes in a 

uniformly filled guide of the same dimensions. Examination of propagation constants 

in Figure B.3 verifies this. The relative dielectric constant in first region is fixed at 

1.0 and allowed to vary from 1.0 to 4.0 in the second region. Positive values represent 

propagating modes, while negative values represent attenuated modes. The modes 

remain in the same order for all dielectrics constant shown here. The ordering holds 

for most cases of d and €r2' 
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Figure B.3: Propagation constant 'Y versus dielectric constant, Modeset 1, first five 
modes; 'Y> 0 : kz; 'Y < 0 : -jkz = C¥z. 
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