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ABSTRACT 

In this dissertation, the super-resolution method that we use for image restora

tion is the Poisson Maximum A-Posteriori (MAP) super-resolution algorithm of Hunt, 

computed with an iterative form. This algorithm is similar to the Maximum Likeli

hood of Holmes, which is derived from an Expectation/Maximization (EM) compu

tation. Image restoration of point source data is our focus. This is because most as

tronomical data can be regarded as multiple point source data with a very dark back

ground. The statistical limits imposed by photon noise on the resolution obtained by 

our algorithm are investigated. We improve the performance of the super-resolution 

algorithm by including the additional information of the spatial constraints. This 

is achieved by applying the well-known CLEAN algorithm, which is widely used in 

astronomy, to create regions of support for the potential point sources. Real and 

simulated data are included in this paper. The point spread function (psf) of a 

diffraction limited optical system is used for the simulated data. The real data is two 

dimensional optical image data from the Hubble Space Telescope. 



1.1 What is diffraction? 

CHAPTER 1 

INTRODUCTION 
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When a point source casts a shadow on a white screen from an opaque object, the 

shadow is expected to be perfectly sharp, according to geometrical optics. However, 

the edge of the shadow is blurred. This phenomenon is known as diffraction and 

was first observed by Francesco Grimaldi in the 1600s [1]. Sommerfeld [2] defined 

diffraction as any deviation of light rays from rectilinear paths which cannot be 

interpreted as reflection or refraction. This phenomenon plays a very important role 

in the propagation of light rays, and therefore its effect can be felt in all imaging 

systems. 

The scalar diffraction theory was first formulated by Kirchhoff using the Helmholtz 

equation and Green's theorem. He successfully expressed the field at any point inside 

a closed surface in terms of the boundary values [3]. The boundary condition problem 

of Kirchhoff's formula was later solved by Sommerfeld [4]. Sommerfeld eliminated 

one of Kirchhoff's assumptions concerning the light at the boundary of the aperture 

by choosing an alternative Green's function. All those theories treat light as a scalar 
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phenomenon by considering the electric and magnetic field as two independent com

ponents. However, Maxwell's equations show that the electric and magnetic fields are 

inseparably coupled and mutually sustaining. Fortunately, scalar diffraction theory 

has held up remarkably well in most optics problems [5J. 

Certain approximations of the theory are made in order to simplify calculations. 

This leads to two general cases of diffraction. They are known as Fraunhofer, or 

far-field diffraction, and Fresnel, or near-field diffraction. As the plane of observation 

is moved away from the object, the region of Fresnel diffraction is first encountered. 

This region extends to infinity. When the plane of observation is farther away from 

the screen, it enters the region of Fraunhofer diffraction. In this case, both the 

incident and the diffracted waves are effectively plane. This region also extends to 

infinity. Therefore, the Fresnel region contains the Fraunhofer region [6J. The Airy 

pattern that is often encounted in optics is the result of Fraunhofer diffraction by a 

circular aperture. 

1.2 Diffraction limit 

By applying the scalar diffraction theory and the Fourier transforming properties 

of lenses, one can show that the image formed by a coherent imaging system is simply 

related to the object by 

g(x, y) = h(x, y) * f(x, y) (1.1) 
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where g(x,y) and f(x,y) are the phasor amplitude of the image and the scaled version 

of the object respectively, h(x,y) is the impulse response that associates with the 

diffraction, and * denotes the convolution operator [4]. The impulse response h(x,y) 

actually is the scaled Fourier transform of the aperture. 

Equation (1-1) reveals that a coherent imaging system can be regarded as a linear 

space-invariant system, as evidenced by the convolution operation. It also shows that 

without the diffraction effect, the image is an exact replica of the scaled object, which 

is predicted by geometrical optics. The relationship in (1-1) can also be transformed 

to the frequency domain via the convolution property of the Fourier transform [6]. 

F[g(x, y)] = F[h(x, y)]F[f(x, y)] (1.2) 

where F represents the Fourier transform. 

The Fourier transform of h(x,y) is referred to as the coherent transfer function 

(CTF). Since the impulse response h(x,y) is the scaled Fourier transform of the aper

ture, the Fourier transform of h(x,y) will then give back the scaled aperture by apply

ing the convolution theorem. This property directly relates the size of the aperture 

to the frequency response of the imaging system. The aperture is a zero-one func

tion that acts like an ideallowpass filter. This implies that there is a passband in 

the frequency domain that allows all spatial frequency components of the object to 

pass through without any attenuation. However, beyond that limit, higher spatial 

frequency components of the object are cut off. This means the image is a smoothed 
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version of the object. The fine detail of the object is washed away, due to the filtering 

process. 

In the case of coherent imaging, any two object points of the scene are dependent 

and thus have fixed relative phase. The coherent optical system is therefore designed 

to process both the amplitude and the phase of the object points. When the imaging 

is incoherent, the object points are all statistically independent and the phases are 

randomly distributed. The quantity of importance is the intensity of the object. In 

our daily lives, almost all imaging systems that we encounter are usually incoherent. 

As an example, the imaging systems of astronomical objects are inherently incoherent. 

The relation between the object and the image of the incoherent system can be 

expressed as 

(1.3) 

where Ig(x, y) and If(x, y) are the intensity, instead of the phasor amplitude of image 

and object respectively, and Ih(x, y) is the point spread function (psf) of the imaging 

system [4]. The area under the psfis always unity due to the conservation of energy. It 

can be shown that the Fourier transform of the psf is the normalized autocorrelation 

function of the CTF [6]. This is often referred to as the optical transfer function 

(OTF). Since the CTF is just the scaled aperture, the OTF is then also directly 

linked with the size of the aperture and its passband is always twice the cutoff of the 

CTF. The effect of diffraction again acts like a lowpass filter in the incoherent case. 

Therefore, for all coherent or incoherent imaging systems, even if all aberrations can 
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be fully corrected, the quality of the image will still be degraded, because they are 

diffraction limited. 

1.3 Image restoration 

In reality, random noise will be added to all measurements of the image due to 

the less than perfect imaging systems or the sensing enviroment. The noise is usually 

modeled as additive to the image. A more complete description of the system is 

expressed as 

g(x,y) = f(x,y) * h(x,y) + n(x,y) (1.4) 

where n(x,y) is the additive noise and the rest of the notations are the same as(1.1). 

Image restoration has the goal of recovering the original object from the recorded 

image if possible, or at least minimize the degradations due to the noise and diffrac

tion. Much research has been done in this field, and it is still rich in new concepts 

and ideas [7]. 

One of the well known properties of image restoration is that it is ill-conditioned. 

This can be demonstrated by means of the Riemann-Lebesgue lemma [8], and es

sentially says that a small pertubation in the image can produce a totally different 

object. This ill-conditioning and the addition of the random noise make it impossible 

to have a unique solution. Instead, restoration can only provide a solution in an 

infinite family of possible solutions. The solution is usually constructed on the basis 

of certain criterion or constraints that are imposed on the problem [8]. 
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The restoration problem can also be interpreted in the view of measurement/null 

space [9]. The vector form of equation(1.4), which is often called lexicographic or

dering [7], is expressed as 

g=Hf+n (1.5) 

Each discrete measurement of the image can be thought of as a projection of the 

unknown object vector f onto the response vector H. The components of f that lie 

in the same subspace as H will contribute to the measurement. This subspace is 

therefore called the measurement space. All the components of the noise vector n 

also lie in this space. The rest of the components of f lie in the subspace that is 

orthogonal to the measurement space. This subspace is called the null space. From 

the mapping point of view, this is a many-to-one transformation from the object to 

the recorded data. In order to reduce the number of the possible solutions, a prior 

information other than the one directly from the measurement space, is needed. This 

includes, but is not limited to, statistical information of the object, noise and certain 

constraints of the data, such as positivity and regions of support. 

1.4 Resolution below the diffraction limit 

One approach of image restoration is to regard the problem as deterministic. This 

means the effect of the random noise is neglected and the solution is constructed 

directly from the measurments only. The inverse/pseudoinverse filter is along this 

line. The frequency response of the inverse filter is the reciprocal of the OTF. The 
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pseudoinverse filter can provide stablity when the OTF has zeros in it [7J. Since 

the calculation is restricted to the measurement space, no information from the null 

space is recovered. This represents the spatial frequency components that are below 

the cutoff of the OTF. 

Another approach is to apply the Wiener filter. This filter can be shown in the 

frequency domain to be: 

(1.6) 

respectively, H(WI,W2) is the OTF and H*(W}'W2) is the complex conjugate of the 

OTF. 

For a diffraction limited system, it is noticed that the Wiener filter cannot resolve 

beyond the diffraction limit due to the cutoff frequency of the OTF. There is some 

a prior knowledge about the object and the noise, the power spectra, included in 

the formulation. One might expect some components could be extracted from the 

null space. The reason this is not true is that in the case of the Wiener filter, the 

minimum norm is used as the criteria to select the solution from the infinite solution 

family. This makes the Wiener filter a best linear estimate and leaves zeros in the 

OTF unchanged. The null space components of this particular solution are then all 

zero. 
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1.5 Resolution beyond the diffraction limit 

Both approaches that have been discussed earlier cannot restore the frequency 

content of the image that is above the OTF cutoff frequency. However, the reasons 

are subtly different. In the inverse filter case, the null space is never considered. In 

the Wiener filter case, we might be allowed to pick components in the null space but 

all those components selected by the filter are zero. Intuitively, one would suspect 

that it could be possible to extract non zero components from the null space if we 

chose a different criteria that includes other information besides the one that which 

is used for the Wiener filter. 

Theoretically, it is possible to resolve beyond the diffraction limit due to the 

property of analyticity. The Fourier transform of any spatially bounded object is 

always analytic [4]. From complex analysis, we know that the derivatives of all 

orders exist for each point in the analytic function [10]. Therefore, the function in 

the frequency domain can be completely described by a Taylor series that is expanded 

at any point in the function. Thus, if a finite portion of the object frequency spectrum 

can be determined exactly from the image, then the entire frequency spectrum of the 

object is completely known by analytic continuation. Image restoration techniques 

that try to resolve beyond the diffraction limit are known as super-resolution. 
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1.6 Statement of the problem 

In this thesis, the super-resolution method that we use is the Poisson Maximum 

A-Posteriori (MAP) super-resolution algorithm, computed with an iterative form. 

Image restoration for point source data is our focus. Most astronomical data can 

be regarded as multiple point source data with a very dark background. In order to 

improve the resolution of an astronomical telescope, one can increase the size of the 

lens/aperture so that more high spatial frequency components will be included in the 

image. However, as the size of the lens increases, it becomes more and more difficult 

to construct from the technical standpoint. This approach is also less attractive 

because of cost. In the case of a space based telescope, such as the Hubble Space 

Telescope (HST), the size of the aperture cannot be larger than the cargo bay of the 

space shuttle. Also, increasing telescope size results in increased weight at launch. In 

order to improve the resolution of the telescope in spite of these physical constraints, 

super-resolution algorithms become an attractive alternative solution. 

1. 7 Overview of chapters 

Chapter 2 gives a brief review of the history of super-resolution. Different models 

and approaches of super-resolution are discussed. 

Chapter 3 describes the Possion MAP super-resolution algorithm, which is the 

backbone of this thesis, in detail. The assumptions and the models of the equations 
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are discussed. All the necessary steps for the derivation of the equations are also 

provided. 

Chapter 4 deals with the issues and algorithms that are related to the super

resolution method for point source data. Theses issues include the highest possible 

resolution of the point sources, the effect of noise and different initial input for the 

iterative algorithm. Moreover, the modified CLEAN algorithm that is used to create 

regions of support for the potential signals is discussed in detail. Finally, a scheme 

to integrate and automate the whole process is also provided. 

Chapter 5 presents the experimental results of applying all the algorithms that are 

discussed in chapter 4. The experimental data includes simulated and real images. 

The simulated data is one and two dimensional. The real data is two dimensional 

optical image data from the HST. Statistical measures of the results are also provided 

and discussed. 

Chapter 6 gives an overall summary and makes some conclusions from the results 

of the experiment and the experience that was gained from this research. 



CHAPTER 2 

SUPERRESOLUTION ALGORITHM CONCEPTS 

2.1 Introduction 

The image formed by an imaging system is simply related to the object by 

g(x, y) = h(x, y) * f(x, y) 
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(2.1) 

where g(x, y) and f(x, y) are the observed image and the object respectively, and 

h(x, y) is the psf of the imaging system. Equation (2-1) is an important special case 

of a Fredholm integral equation of the first kind. As discussed in chapter 1, it is 

well known that this equation is generally ill-posed. The problem of obtaining the 

original object f(x, y) from the observed image g(x, y) is known as deconvolution or 

inverse imaging problem. Tikhonov [1l] was among the first researchers to attack 

this problem. Landweber [12] developed an iterative algorithm for solving a Fredholm 

equation of the first kind. Unfortunately, this iterative procedure suffers from noise 

sensitivity inherent in the ill-posed nature of the equation. It is interesting to note 

that super-resolution techniques were applied to this kind of problem as early as in 

the 1950s. In this chapter, we give a brief review of the history and the different 

models of superresolution. 
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2.2 Early development 

In 1943 Schelkunoff [13] showed how to design an end-fire array having a gain 

greater than the so-called theoretical one. This led to the discovery of super-gain 

attennas for microwaves. Soon after Bouwkamp and De Bruijn [14] were able to 

prove that no theoretical limit exists for the directivity of an antenna of finite size. 

Toraldo [15] then applied the concept of super-gain in antennas to optical systems. He 

demonstrated that the classical Rayleigh limit, which was accepted as a theoretical 

limit before, was only a practical one. Toraldo proved that an optical instrument 

with a pupil of a given size can theoretically attain as high a resolving power as 

desired and was only limited by noise. He then discussed a procedure for designing a 

"super-resolving pupil" in which improved resolution can be obtained over a limited 

field by modifying the pupil of a diffraction-limited imaging system. 

Later, applying the concept of information theory, Toraldo [16] reasoned that the 

degrees of freedom of an image formed by any real instrument were only a finite 

number but those of the object are an infinite number. In other words, information 

was lost in the process. This means that a given image may correspond to a whole set 

of different objects. Harris [17] called it the 'ambiguous' image. Toraldo concluded 

that an infinte amount of a priori information about the object was needed to select 

the real object form the set of possible objects. 



23 

Biraud [18] used non-negativity as the a priori information to develop an image 

restoration algorithm. This constraint, which seems at first sight to bring only a 

small amount of information, actually proves to be very powerful. Harris [17] later 

showed that a priori knowledge that the object has finite size could be used to obtain 

a unique object solution in the noise free case. This is in fact the direct consequence 

of analyticity, which is briefly discussed in chapter 1. The solution can be obtained 

by the process of analytic continuation on the spatial frequency spectrum of the 

image. One can do this by calculating successive derivatives of a particular point on 

the image plane, and then forming a Taylor series representation which will converge 

everywhere. In practice, even if it is assumed noise free and that infinitely precise 

image measurements are possible, such a Taylor series would necessarily be truncated 

and the resultant approximation of the restored image would be a polynomial. The 

points that are farther away from the measured data will be poorly approximated. 

2.3 Eigenvalues approach 

The process of analytic continuation is usually done by applying the theory of 

prolate spherodial wave functions (PSWF). PSWF was first developed by Slepian, 

Pollak, Landau and Sonnenblick [19] [20] [21] [22] [23] [24]. The general application 

of this method to image restoration was first presented by Barnes [25], Buck and 

Gustincic [26], Frieden [27] and Rushforth and Harris [28]. Since PSWF are the 

eigenfunctions of the finite band-limited operator, any object of interest can then be 
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expanded in a series of PSWF 

N 

f(x) = lim L li¢i(X) 
N-+oo i=O 

(2.2) 

where f(x) is the object, 'l/Ji is the corresponding PSWF and fi is the expansion 

coefficient. (Here we only present the one dimensional form in order to simplify the 

notation without loss of generality.) 

The ¢i are not only bandlimited, but also orthonomal. This means that: 

100 'l/Ji(X)¢j(x)dx = {01 ~ =: ~ i,j = 0,1,2, .. 
-00 2 - J 

(2.3) 

It is possible to show that the observed image can be expressed as 

N 

g(x) = L Adi'l/Ji(X) (2.4) 
i=O 

where g(x) is the observed image and Ai is the eigenvalue of the system. As i increases, 

the corresponding Ai decreases. According to this approach, the effect of the imaging 

system on f(x) is simply to multiply the component of f(x) in the direction of ¢i(X) 

by the corresponding eigenvalue Ai. Restoration in the noise free case is obtained by 

dividing the ith expansion coefficient of the image by Ai. 

(2.5) 

where lad is the finite extent of the object. 

In the noisy case, the restored image includes a noise term which can be expressd 

as 
N 

n(x) = L(TfdAi)¢i(X) (2.6) 
i=O 
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where 7]i is the corresponding noise coefficient of the PSWF. 

In order to reduce the truncation error, one would choose N of equation(2-4) as 

large as possible. However, the eigenvalue Ai decre8.ses as i increases, this in turn 

increases the noise term in (2-6). Therefore, this method amounts to a trade-off 

between resolution and noise. Rushforth and Harris [28] gave a detail analysis of the 

effects of various types of noise on this method. However, the basic PSWF theory 

applies to only one blur function, i.e., the ideal low-pass filter. 

Toraldo [29] suggested that the degrees of freedom which he later termed as Shan-

non number S, was directly related to Ai. He noticed that for a coherent system, 

Ai is practically equal to 1 for i < S and practically equal to zero for i > S. In 

other words, the information about the object that is carried by the first 7j;:s up to 

i~S is found virtually unaltered in the image, while the information carried by all 

the other 7j;:s is virtually lost if any noise is present. Bendinelli et al [30], following 

the eigenvalue analysis, derived an expression relating an effective number Nett of 

degrees of freedom directly to the signal to noise ratio. In the case of incoherent, 

diffraction-limited system, Neff was found to be reduced from S by the factor 

(2.7) 

where at and an are the variance of the object and noise respectively. Recently, 

Bertero and Pike [31] [32] investigated the resolution by singular value analysis. This 

is also along the same line of approach as eigenvalue analysis. Their results show 
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that singular value decomposition techniques offer improved restoration performance 

in the precence of noise because singular values tend to zero more slowly than eigen-

values. 

2.4 Bayesian approach 

In 1972, Richardson [33] developed an iterative restoration method by regarding 

the observed image, the psf and the object as probability frequency functions. This 

approach assumes that the points on the image and the object planes as random 

variables that are governed by some statistical behavior, instead of by deterministic 

events. The psfis then interpreted as the probability density of measurement location. 

The problem is now basically considered as one of statistical estimation rather than 

an attempt to solve the integral equation (2-1). Bayes's theorem is applied in deriving 

the algorithm. It states that 

(2.8) 

where i, j, k are the indexes of the pixels, P(hI9k) is the a posterior probability, 

P(9klfi) is the likelihood and P(fi) is the a priori probability of the object. After 

some rearrangement and manipulation, an iterative form for the object is expressed 

as 

(2.9) 
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where jn(j) is the estimate of j(j) after nth iterations. M is the size of the object 

plane. This iterative method is used in many different fields. One of the most popular 

applications is in statistical astronomy. Scientists apply equation(2-9) to resolve the 

fine details of faint astronomical objects. 

The expression of (2-9) is intuitively pleasing because, as Richardson pointed out, 

the term inside the square bracket can be regarded as a correction factor. When 

the latest estimate of jn is too large, the denominator inside the square bracket will 

increase and the next estimated jn+l will then be automatically compensated to a 

smaller value. Another interesting characteristic is that when the latest estimate 

is the exact answer, which means jn equals j, the term inside the round bracket 

becomes unity and the whole term inside the square bracket also becomes unity due 

to the conservation of energy. This indicates that if the iterative method finds the 

true object, it will automatically "lock on" and stop. Finally, it is noticed that for 

an incoherent imaging system, the psf is always non-negative. The initial estimate 

jO should also be non-negative in order to be incoherent. This will guarantee that 

each estimate is non-negative. Therefore, the a priori knowledge of non-negativity 

is preserved throughout the whole process. However, no proof of convergence on a 

solution was devised by Richardson. Later, Lucy [34] independently rediscovered this 

method again. He showed that under certain conditions, this scheme converges to a 

solution of the corresponding maximum likelihood problem. Today this technique is 

widely known as the Richardson-Lucy algorithm. 
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In 1976, Dempster et al [35] presented a general approach for an iterative method of 

maximum likelihood estimates when the observations are viewed as incomplete data. 

They called it the Expectation Maximization(EM) algorithm. The name is based 

on the fact that the first step is to estimate the complete data from the incomplete 

one, and the estimated complete data is then used for maximum likelihood estimate 

(MLE). They demonstrated that succesive iterations always increases the likelihood, 

and that convergence implies a stationary point of the likelihood. They also expected 

that the a priori information should increase the amount of the incompiete data and 

therefore increase the rate of convergence. 

The EM algorithm was further developed by Shepp and Vardi [36], Snyder et al 

[37] and Snyder and Politte [38] for application to positron emission tomography and 

single photon emission computed tomography in nuclear medicine imaging. Holmes 

[39] [40] later applied the EM algorithm for conventional gamma-camera imaging. 

This application is very much to our special interest because the whole concept can 

be easily transfered to incoherent optical imaging system. A Poisson point process is 

assumed in the incoherent imaging case, as we discuss further below. The incomplete 

data is identified as the observed image. The complete data is then the same observed 

image augmented by the object. The parameter for the MLE in the maximization step 

is the mean of the Poisson distribution of each object point. It is easy to show that this 

- mean parameter is simply the latest estimated object itself. The iterative expression 

given by Holmes is exactly the same as the Richardson-Lucy algorithm. It is quite 
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a pleasant surprise since both algorithms are derived from different approaches, yet 

arrive at the same expression. This indeed adds a different flavor, and also helps to 

formalize the Richardson-Lucy algorithm. 

In a 1977 paper by Hunt [41], the nonlinear relation between intensity and film 

density is used for deriving the MAP estimate. The image and noise statistics are 

modeled as Gaussian. The image is treated as a random process of stationary co

variance and non-stationary mean. An iterative algorithm is developed by direct 

maximization of the posterior density function. Later, Hunt and Sementilli [42] de

veloped another algorithm for MAP estimation based on Poisson statistics. It follows 

the similar line of argument that is used by Holmes. It is the algorithm that is used 

extensively in this thesis. This method will be dicussed in detail in the next chapter. 

All the Bayesian methods that we have mentioned so far do not include the infor

mation of spatial correlations in the object intensity. In 1984, Geman and Geman [43] 

applied the theory of Markov random field(MRF) in determining the image model. 

MRF states that 

(2.10) 

where Fi,j denotes the neighbor of (i,j). The MRF thus provides an explicit formula 

for the joint probability distribution and it supplies a powerful mechanism for mod

eling spatial continuity and other scene features. A geometric framework is offered 
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for the clustering of pixel intensitie~ and for many types of statistical models. An

other significant contribution of this paper is that Geman and Geman were one of 

the first researchers who applied stochastic relexation, which is also known as sim

ulated annealing algorithm, to compute the MAP estimate of the original object. 

This algorithm is a different version of the Metropolis algorithm that falls under the 

Monte Carlo methods. Annealing is also used in combinatorial optimization, maxi

mum entropy, and neural modeling of inference and learning [44] [45] [46] [47]. The 

basic concept of this algorithm is that the posterior distribution is regarded as an 

imaginary physical system which is defined by some energy function. This physical 

system is then gradually cooled down (annealing) until the lowest energy states are 

isolated. 

2.5 Projection onto convex sets approach 

By assuming a segment of the spatial frequency spectrum and the region of sup

port are known, Papoulis [48] developed a simple iterative algorithm to extrapolate 

spatially bounded objects. The spatial frequency spectrum of the observed image is 

first transformed to the space domain. By applying the a priori information of the 

support constraint, all the data points outside the region of support are set to zero. 

This modified spatially bounded image is then transfered back to the spatial frequency 

domain. Here a segment of the spatial frequency spectrum below the diffraction limit 

is corrected back to the known original values. The process is then repeated again by 
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alternately applying constraints in the spatial frequency and space domain. Papoulis 

showed that in the noise free case, this algorithm will converge to the real object. (In 

the noisy case, it will converge to an optimal point and then begin to diverge.) Yeh 

and Chin [49] picked the optimal number of iterations by measuring the SNR of the 

image. Gerchberg [50] developed a similar algorithm from the viewpoint of reducing 

the error energy which is implicit in the truncated spectrum. Today, this algorithm 

is known as the Gerchberg-Papoulis algorithm. 

The fundamental mathematical theory underlying this algorithm, and a broad 

class of image restoration problems, is known as projection onto convex sets (POeS). 

It was first developed by Bregman [51] and Gubin et al [52] and later introduced to 

the engineering research community by Youla and Webb [53] [54]. In applying the 

method of poes in image restoration, nearly every known property of an unknown 

object is viewed as a constraint that restricts the objects to lie in a well defined 

closed convex set Gi . Typical examples of convex constraints are positivity, space-

limitedness, band-limitedness, energy boundedness and consistency with both spatial 

and Fourier domain measurements [54]. Thus, when the object has m properties, 

there are m sets Gi , i = 1, .... , m and the object must lie in the intersection 

(2.11) 

By projecting the observed image onto all these convex set constraints iteratively, 

it can be shown that it converges to Go. The basic concept of poes is further 
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illustrated in fig2.1. Here both A and B are convex sets. First the vector at point 

P is projected onto set A, the resultant is then projected onto set B. The process is 

repeated and will not stop until it reaches the intersection point at Q. It is direct to 

show that the Gerchberg-Papoulis algorithm is just a projection type algorithm that 

involves two convex sets: finite size of support, and partially known spatial frequency 

spectrum. 
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p 

Figure 2.1: Illustration of Pocs 



CHAPTER 3 

SUPERRESOLUTION ALGORITHM FOR POISSON 

STATISTICS 

3.1 Introduction 
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In this chapter we are going to derive the super-resolution algorithm that is used 

in this dissertation. The algorithm must be non-linear in order to reconstruct the 

high frequency components of the object outside the cutoff frequency. As we have 

discussed before, since there is more than one solution that can produce the same 

image, we must establish the criteria that enable us to select one suitable solution 

from the infinite set of possible solutions. 

We also introduce as much a-priori information as possible about the object to the 

algorithm. The a-priori information about the object is of course always incomplete. 

Otherwise, it is not necessary to restore the image, since we already know everything 

about the object. Some of the a-priori information is obvious, such as the positivity 

constraint, since no meaningful object can emit negative light. The positivity, how

ever, can not be guaranteed by any linear approach. If the intensity of the object is 

close to zero over a finite region, then the intensity of the image corresponding to that 
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region, which is blurred by the psf, will be very low as well. With the positivity con

straint, the restored image in that region cannot be negative or fluctuate too widely 

positive, otherwise the averaging provided by the psf over its extension will not lead 

to a small enough value that is consistent with the observed data. Hence, positivity 

produces smoother outputs throughout such a region. In the case of the point source 

data, the restored point source usually oscillates both positively and negatively about 

the impulse position, which resembles a sine function, when the positively constraint 

is not imposed. This is because the positive error which is essentially in the main lobe 

is cancelled by the adjacent negative oscillations in order to be consistent with the 

observed data. But if the negative oscillations are ruled out by positivity, then the 

positive error at the central core must decrease to regain image consistency. Hence, 

the resolution increases. 

Our general approach for constructing a super-resolution algorithm is to develop 

the model of the object, image and the imaging system with all the a-priori infor

mation we have, then apply the criteria to the whole model and regard it as an 

optimization problem to find the solution. 

3.2 Statistical model 

We assume that the entire object plane is composed of a collection of discrete point 

sources. Each point source is emitting photons in a quantum mechanical fashion. 
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Therefore, the photon statistics of each point source is the Poisson probability density 

function [55]: 

(3.1) 

for n=O,1,2, .... 

where a is the photon rate and n is the number of photons to be observed. 

This photon rate means that if we observe the source point for a long period of 

time, then the average photon count is a. The variance of the Poisson distribution 

is also a. We further assume that the photons emitting from all neighboring point 

sources are statistically independent and uncorrelated. The joint probability density 

function of the whole object plane is therefore just the product of each individual 

density: 

N --f(k) --
p(f) = II f(k) exp(-f(k)) 

- f(k)! k=l 
(3.2) 

where f(k) is the photon count of the kth object point. 

The equation is presented in one dimension with a 1-by-N column vector. The 

expression can be easily extended to two dimensions and a two dimensional M-by-N 

image can also be treated as a one dimensional signal of length M N. However in the 

latter case, the corresponding transforming matrix will not be the two dimensional 
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point spread function (psf). It will be a block Toeplitz matrix that is derived from 

the psf through the process called singular value decomposition [7]. 

Throughout this dissertation, the psf of the imaging system is regarded as a spatial 

probability density function for a photon which is emitted from the object plane to be 

detected in any location on the image plane [40]. After a large amount of photons are 

detected from a single point source, the Airy disc pattern is expected to be observed 

for a circular aperture. The light intensity at the center of the disc is the highest 

because a photon is most probably to be transferred to that point on the image plane. 

The probability of a photon to be detected further away from the peak is decreasing, 

just as the psfis also decaying. The psf, thus, manifests the relative spatial probability 

of photon occurence. In our model, the photons are emitted from the object plane 

following the Poisson statistics. The imaging system then spatially redistributes the 

photons in a fashion that is controlled by the psf. The output of the imaging system 

can be regarded as a secondary object plane. Since the statistics of individual photons 

are governed by the Poisson process, all the points on this secondary object plane 

must also be described by the Poisson distribution. Therefore, the photon statistics 

in the image plane have a similar expression to the one in the object plane. For the 

jth sample point in the image plane, the probability density is 

(3.3) 

for n=0,1,2, ... 



38 

where as usual aj is the photon rate and nj is the number of photons being 

detected. 

The photon rate at each image point is of course different. Since there is only 

one sample of the image, the best estimate for the mean of the image is the image 

itself. This image is related to the object and the psf by regarding the psf as a spatial 

probability density function. The rate at each image point can then be described by 

aj = L h(j - k)f(k) (3.4) 
k 

where h is the psf. 

This is, of course, the convolution between the psf and the object. Equation (3.3) 

then becomes 

(3.5) 

This is the probability of n photons being detected at the jth image point, conditioned 

on the photon counts in the object, f(k). Once again, the photon statistics of each 

image point are assumed to be uncorrelated and independent from the neighboring 

points. The joint probability density function of the whole image plane is therefore 

the product of each individual density. 

p(glf) = rrM (Lk h(j - k)f(k))9(j) e~p( - Lk h(j - k)f(k)) (3.6) 
-- j=l g(J)! 
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By examining (3.6), we notice that the statistical model of the image and the psf of 

the system has been included in the expression. Both of these can be regarded as 

a-priori information of the system. 

Since we want to estimate the object L by applying (3.6), we turn to Bayes rule 

which provides the basic relationships of probability theory. Bayes rule states that 

pUlg) = p(glJ)~U) 
- - p(fl.) 

(3.7) 

The logarithm of both sides of (3.7) is taken to form the likelihood equation, resulting 

in: 

(3.8) 

The equation given by (3.8) is the quantity that must be maximized with respect to 

L This means we have to find the values of 1 which make the right-hand-side of 

(3.8) a maximum. The last term on the right-hand-side of (3.8) is independent of L 

and thus has no effect on the maximization. This yields 

(3.9) 

This kind of maximization is called maximum-a-posteriori (MAP) estimate. The 

name comes from the fact that p(llg) is called the a-posteriori density function. If 

the last term of the right-hand-side in (3.9) is not known, then it is usually eliminated. 
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The modified (3.9) is then called maximum likelihood (ML) estimate. The ML and 

MAP estimate will only be the same if p(D is equally likely in each case. 

3.3 Optimization 

By substituting (3.2) and (3.6) to (3.9), we obtain: 

[lI
N (Lf=l h(j - k)f(k) y(j) exp( - Lf=l h(j - k)f(k))] 

ml..ax{ln[p(lIfl)J} = max{ln (.)' 
1.. j=l 9 J . 

+ 1 II f(k) exp( - f(k)) } (3.10) 
[

N -f(k) -] 

n k=l f(k)! 

Going one step further, we move the logarithm inside the square brackets, yielding: 

N N 

mr{ln[p(tlfl)]} = mr{f;[g(j) In[E h(j - k)f(k)] 

N 

- L h(j - k)f(k) -In[g(j)!]] 
k=l 

N 

+ L f(k) In[J(k)] - f(k) -In[J(k)!]} (3.11) 
k=l 

As discussed before, we maximize (3.11) over L which means finding the t that 

makes the right-hand-side of (3.11) largest. This is achieved by differentiating the 

right-hand-side of (3.11) with respect to f(k), then setting the derivatives to zero 

to generate a set of simultaneous non-linear equations. In order to avoid taking the 

derivative of the natural logarithm of a factorial, the Stirling approximation is applied 

to simplify the calculation. We retain the first term in Stirling's expansion of the 

factorial function. This results in: 
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(3.12) 

Hence, 

1 
InS! ~ '2ln[27l's] + SInS - S (3.13) 

This approximation is usually considered valid when S is greater than 50. The 

photon count of less than 50 is assumed not to occur for objects of interest. For the 

photon count in the order of a hundred arid larger, the approximation can be further 

simplified by eliminating the first term on the right-hand-side of (3.13). 

InS! ~ SlnS - S (3.14) 

Here S is the photon count of the object, which is f(k) in our model. Substituting 

(3.14) into (3.11), then following the maximization process yields 

lnf(k) = f. [ :(j)h~~ - k) • - h(j - k)] + In[f(k)1 (3.15) 
j=l Lk=l h(J k)f(k) 

After taking the exponential on both side of (3.15), we obtain the following: 

_ (N [9(j)h(j-k) .]) 
f(k) = f(k) exp ]; ~f=l h(j _ k)f(k) - h(J - k) (3.16) 
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Expression (3.16) is the solution of the MAP estimate for our statistical model. 

The exponential on the right-hand-side of (3.16) provides the non-linear operation, 

which is essential for super-resolution. 

In order to avoid solving N non-linear equations simultaneously, we regard (3.16) 

as the functional fixed-point vector equation. 

1.=¢(f) (3.17) 

The function ¢ consists of all the mathematical operations on the right-hand-side 

of (3.16). The method known as Picard's iteration is applied to solve this problem. 

It replaces the 1. on the left and right-hand-side by the value of the solution at the 

present and the previous step respectively. Thus, 

(3.18) 

The conditions for which iteration equations (3.18) converge are usually satisfied by 

most real optical systems [56]. Equation (3-16) is now reformulated to the iterative 

form as (3.18) 

r+l(k) = f(k) exp (t [N ~~. n • - 1] h(j - k)) (3.19) 
j=l Lk=l h(J k)f (k) 

The f(k) in (3-19) is the photon rate of the object point. If the iterative process 

indeed converges, the estimated object will also converge to the true object. After 
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each iteration, we only have a single sample of the latest estimated object points. 

Therefore, it is reasonable to take the current estimate of r(k) as the current estimate 

of f(k) after the initial iteration. After substituting f(k) with r(k), (3.19) becomes 

r+l(k) = r(k) exp (t [N ~(j) n - 1] h(j - k)) 
j=l Lk=l h(J - k)f (k) 

(3.20) 

for k=1, .... ,N. 

We then have to estimate jD(k) for the initial iteration. This will be discussed in 

detail in the next chapter. We will use several different fO(k) to observe the difference 

in the performance of the algorithm. By examining (3.20), it is noticed that imple-

menting it is not complicated. The current estimate of the object is first convolved 

with the psf, then it is divided into the original image. This term is subtracted by 

unity, and then further blurred by the psf. Finally, the result is exponentiated and 

then mUltipled point by point by the previous estimated object. All the operations 

of convolution can be done with the fast Fourier transform to speed up the process. 

Equation (3.20) has some intuitively pleasing properties which is similar to the 

Richardson-Lucy algorithm that has been discussed in chapter 2. The term inside 

the exponent can be regarded as a correction factor. When the latest estimate of r 
is too large, the denominator inside the square brackets will increase. This in turn 

will decrease the value inside the exponent and the next estimated r+1 will then be 

automatically compensated to a smaller value. Another interesting characteristic is 

that when the latest estimate generates the exact original blurred image fl., the term 
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inside the square brackets becomes zero and the exponential becomes unity. This 

indicates that if the iterative method finds the true object, it will automatically 'lock 

on' and stop. Finally, for any object to be meaningful, the photon count has to be 

non-negative. It is noticed that if the initial estimate f O is non-negative, this will 

guarantee that each estimate is non-negative. Therefore, the a-priori knowledge of 

non-negativity is preserved throughout the whole process. 



CHAPTER 4 

ALGORITHMS DEVELOPED FOR POINT SOURCE 

DATA 

4.1 Introduction 
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Astronomers have a great interest in restoration of point source images. This is 

because most astronomical data can be regarded as multiple point source data with 

a very dark background. Due to the blurring effect of a diffraction limited optical 

system and atmospheric disturbance, the resolution of the astronomical images is 

degraded. A cluster of stars that are close to each other will then be blurred and 

appear as one bright spot in the image. (Astronomers can sometimes use indirect 

methods to determine whether there is more than one point source in the image.) 

In the previous chapter, we derived the MAP super-resolution algorithm for Pois

son statistics. We now focus on the case concerning point source data, for the po

tential application of this algorithm in astronomy. In this chapter, we investigate 

the statistical limits imposed by photon noise on the resolution obtained with our 

algorithm. The issue of applying different fO(k) for the initial iteration is also dis

cussed in detail. We have stated that our general approach is to introduce as much 

a priori information about the object as possible to the algorithm. In the case of 
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point source data, the object points are usually sparsely distributed in the image 

plane. This additional information can be used to create spatial constraints which 

are included in the algorithm. This is achieved by applying the well-known CLEAN 

algorithm, which is widely used in astronomy, to create a region of support for the 

potential point sources. A modified CLEAN algorithm is developed so that the pro-

cess will terminate adaptively. A special case of the modified CLEAN is examined in 

detail. Finally, a scheme to integrate with MAP processing and automate the whole 

algorithm is also provided. 

4.2 Rescaling the image 

The baseline algorithm that has been introduced in chapter 3 is shown again as 

follows: 

(4.1) 

The symbols t , .j,. denote the process of up and down sampling respectively. The 

upsampling process is necessary when the image is Nyquist sampled or the frequency 

components are close to the Nyquist frequency. For an M-by-N image, this means 

almost all the M-by-N points in the Fourier domain are occupied by the spectrum of 

the image. The high frequency components that are restored by the super-resolution 

algorithm will then be beyond the Nyqyist frequency. Part of the restored frequency 

components will overlap with the image spectrum of the next period and aliasing is 

then created. In order to avoid this problem, the number of points in the frequency 
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and spatial domain is increased. This is achieved by interpolation in the spatial 

domain and by zero-padding in the frequency domain. The folding frequency is in

creased when zeros are added in the frequency domain, thus increasing the sampling 

rate. This keeps the cutoff frequency the same while allowing extra points to be 

interpolated into the data for super-resolution. In the frequency domain, this up

sampling process is equivalent to multiplying the image spectrum with a rectangular 

function, which means the image convolves with a sinc function in the space domain. 

Thus, each interpolated point is the sinc-function-weighted sum of the entire image. 

This is called band limited interpolation. Both the psf and the latest restored image 

in equation(4.1) are upsampled. However, the result of the convolution between the 

latest restored image and the psf is downsampled to the same scale as the original 

image, g, as shown in equation(4.1). The reason for the downsampling process is to 

avoid introducing any distortion to the original image through interpolation. 

Besides zero-padding in the frequency domain, it may also necessary to add zeros 

in the space domain. However, this is for a different reason. In the Discrete Fourier 

Transform (DFT) domain, all aperiodic signals are represented as periodic signals 

where the aperiodic signal is equal to the periodic signal over one period. Thus con

volution in the DFT domain is circular. The error that arises due to this property 

is called the wrap around error. To perform linear convolution rather than circular 

convolution, it is necessary to insert zeros at the end of each periodic pulse of the 
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periodic signal. The number of zeros that must be inserted to obtain linear convo

lution can be computed from the number of points in the convolution kernel and in 

one period of the periodic signaL If the convolution kernel consists of M points and 

there are N points in one period of the signal, then with linear convolution, there will 

be 1'v! + N - 1 points in result, thus M - 1 and N - 1 zeros must be inserted at the 

end of each periodc signal and kernal repectively. The Fast Fourier Transform(FFT) 

usually requires the size of the input to be a multiple of two. Therefore, after the psf 

and the image are zero padded to avoid the wrap around error, more zeros are added 

until the size is the muliple of two. 

4.3 Initial estimate of the image 

We investigate four different initial estimates of the image, f O, in order to examine 

the performance of the algorithm. The size of the one dimensional image in our 

experiment is 1x1024. The simulated object has two point sources that are eight 

units apart and the photon count of both points is 1024. The first initial estimate 

that we try is the original image. The second one is the mean of the original image. 

The third one is the moving average of the original image, which is obtained by taking 

the average of every 16 image points. The last one is a uniform quantized version of 

the original image. The value of the quantized step is 64, the quantization interval 

in our experiment is 16. Thus, the second initial estimate is a constant, while the 

third and the fourth initial estimates are in a staircase fashion. Figure 4.1 shows 
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typical results for each of the four different initial estimates. They are all displayed 

in the frequency domain and only the magnitude is shown. The thick line in each 

graph is the image spectrum. For a diffraction limited imaging system, the OTF is the 

alltocorrelation of the apertme Since the aperture in tbis experiment is a rectangular 

function with a width of 100 units, the OTF is then a triangular function and the 

corresponding cutoff frequency is at 100 cycle per line pair. In all four cases, the 

algorithm iterates 400 times. It is noted that in each case the frequency components 

that are above the cutoff frequency are partially restored. The frequency components 

that are below the cutoff frequency are almost totally restored. All the four different 

initial estimates give similar results. This shows that the algorithm is very robust. 

In another experiment, we randomly distribute four point sources of equal strength 

within a range of 50 pixels. The photon count of each point source is 1024. This 

means sometimes one pixel point will contain more than one point source. In the 

first part, each realization is applied to those four initial estimates and 30 iterations 

are done on each realization. Totally, there are 500 realizations. The result is shown 

in figure 4.2. The x axis is the nth iteration, while the y axis is the root mean square 

(rms) error of the latest and previous estimate. Therefore, the smaller the value in 

the y axis, the better the performance. It is noticed that most of the data points are 

concentrated around the value of 210 along the y axis. The graph also shows that 

the error generated by the mean of the image is usually larger than the other three 

initial estimates. In the second part of the experiment, all the parameters are the 
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same as the first one except the number of iterations is now 300. The result is shown 

in figure 4.3. Most of the data points for the rms error are concentrated around the 

value of 170, which is lower than the one in figure 4.2. The graph also shows that 

statistically not anyone of the four initial estimates performs relatively better of 

worse than the others. Therefore, we decide to use the original image as the initial 

estimate. This is because it performs well in both low and high number of iterations. 

This should not be a surprise, since the original image is the noisy blurred version 

of the original object which normally still shows great resemblance to the object. 

Another advantage of using this estimate over the other three is that no calculation 

is needed to obtain the original image. This in turn will reduce the computational 

time. 

4.4 Statistical limits of the algorithm 

The resolution of a deconvolved astronomical image is commonly quantified by 

measuring the full width at half maximum (FWHM) of a point source. We apply 

this measurement in the following experiment to show that narrowing of blurred point 

sources are statistically justified and are thus not merely mathematical artifacts due 

to the non-linear algorithm. In our experiment, a single one-dimensional point source 

with a photon count of 1024 is blurred by a rectangular aperture and then corrupted 

by Poisson noise. This noisy blurred image is then restored by the super-resolution 

algorithm. The algorithm iterates 500 times for each realization and 5 realizations 
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are done for each case to obtain statistical significance. The result is shown in figure 

4.4. The reduction ratio is defined as 

R d
· . FWHM of the point source after processing 

e uctlOn ra tlO = . . 
FWHM of the pomt source before processmg 

(4.2) 

Both the total number of detected photons and the reduction ratio of the FWHM 

are in logarithmic scale. It is noticed that the curve moves upwards as the size of 

the aperture increases. The reason is that the cutoff frequency of the OTF increases 

as the size of the aperture gets larger. This implies the FWHM of the psf decreases. 

Therefore, the FWHM of the noisy blurred image before the restoration is smaller 

and thus the reduction ratio is not as small. Another observation from figure 4.4 is 

that the reduction ratio increases as the total number of photons increases. This is 

because, for Poisson statistics, the variance of the detected photon count is the same 

as the average of the detected photons. The signal to noise ratio (SNR) is the square 

root of the average rate. Therefore the SNR increases as the photon count increases, 

thus better performance for the image restoration. In the case when the size of the 

aperture is 80, the reduction ratio peaks when the total number of photon is 1000. 

This does not follow the general tend of the other curves, which is probably just a 

statistical functuation. In our experiment, the range of the total number of detected 

photons is between 102 and 106• The size of the aperture varying from 60 to 200 units 

wide. Within this range, the worst case is when the photon count is the lowest and 

the aperture is the smallest. The reduction ratio in that case is still smaller than -0.6 
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in logarithmic scale, which is about 0.25. This suggests that reported sharpenings 

of point source data is indeed statistically achievable and that there is therefore no 

reason to suspect mathematical artifacts. 

We now want to show that reducing the region of support of the restored point 

source images has enhanced the probability of detecting finer detail. We first have 

to define the criteria for the point sources to be resolved. Rayleigh's criterion for 

resolution is used in our experiment. It defines the resolution limit of an optical 

instrument as the separation of two point sources of equal strength when each falls 

at the first minimum of the diffraction pattern of its companion. The two points of 

equal strength are said to be resolved only if they satisfy all three of the following 

conditions: 

1) (I~1h) < ]( 

where it, 13 are the intensity of the two peaks and h is the minimum intensity 

between those two peaks. II is also supposed to be greater than la. K is 0.81 for 

one-dimensional and 0.74 for two-dimensional. 

The expression (I;~I3) is the saddle to peak intensity ratio where the inequality is 

the direct consequence of the Rayleigh's criterion. 

2) h > 1 
13 3 

This constraint requires that the photon count of the two peaks are relatively 

close. 
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3) The two peaks of the restored image are located within two pixels of the object 

points. This requires the algorithm not only resolve the two points but also detect 

them at the correct location. 

On the basis of three realizations for each case, the two points are declared to 

be above the limiting value for resolution in the Rayleigh sense only if at least two 

realizations of the point sources are resolved. 

The results of the one and two dimensional cases are shown in figure 4.5 and 4.6 

respectively. Both the total number of photons and the distance between the two 

peaks are in logarithmic scale. The distance between the two peaks is also normalized 

by the FWHM of the corresponding psf. It is noticed that the results have a similar 

pattern in both cases. According to the figures, there is a threshold for the noisy 

blurred image of two point sources to be resolved without any restoration. This 

threshold is close to Rayleigh's resolution limit. The threshold divides the graph into 

two areas, one for data that can be resolved without any restoration while the other 

one cannot. We have stated that super-resolution is defined as restoring frequency 

components above the cutoff frequency. By observing figure 4.5 and 4.6, super

resolution can also be considered as stably resolving the point sources from noisy 

data below the Rayleigh threshold. As the distance between the two peaks decreases 

below the Rayleigh threshold, it is noticed that a threshold curve can be constructed 

to separate the points that can be resolved by the super-resolution algorithm and 

those that cannot. The SNR increases when the total number of detected photons 
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increases. Thus, we will expect finer details can be resolved. Our experimental results 

show that most of the improvement takes place when the photon count is low. The 

critical threshold curves that are identified above therefore divide the graph into three 

zones: 

1) can be resolved without the super-resolution algorithm 

2) can be resolved with the super-resolution algorithm 

3) cannot be resolved even with the super-resolution algorithm 

There are several possible applications of these graphs. For an imaging system, 

the resolution of point sources depends on several factors, such as: 

1) psf of the system 

2) distance between two sources 

3) total number of the detected photons 

While the first two factors usually cannot be adjusted by the operator, the num

ber of detected photons can be controlled to a certain degree by choosing different 

exposure time. Therefore, for a certain resolution criterion, the graph can indicate 

the minimum amount of the collected photons that is required as the necessary con

dition. If the blurred image cannot be resolved, which means it is in the bottom part 

of the graph, we can conclude that either the image contains only one point source or 

at least the lower bound of the resolution is obtained if the image contains two point 

sources. This information may help us to understand more about the true nature of 

the image. 
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4.5 Modified MAP super-resloution algorithm for point sources 

Our general approach in point source image restoration is to first apply the baseline 

algorithm to the blurred noisy image. When the restored image gets sharper, a 

modified CLEAN algorithm is applied to the latest restored image to locate the 

potential object points. Space constraint functions are then constructed around those 

potential object points. Finally, this modified restored image is fed back to the 

baseline algorithm and continues to restore the image until a certain pre-defined 

condition is satisfied. In the following sections, each step of the process is discussed 

in detail. 

4.6 CLEAN algorithm 

The CLEAN algorithm was first developed [57] for improving the presentation of 

radio astronomy aperture synthesis abservations. It is based on the a priori assump

tion that most images of radio sources are essentially blank sky with point-source 

components distributed in small regions. The Fourier transform of the sky intensity 

is measured by an interferometer. The CLEAN algorithm is used to remove artifacts 

in interferometeric maps that suffer from incomplete converge of the aperture plane. 

The data are first Fourier transformed to the space domain which is called the "dirty 

map". CLEAN then tries to decompose this map into a set of delta functions. It is 

achieved by locating the peak in the map and substracting the so-called "dirty beam" 
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scaled with the product of the "loop gain" parameter and the intensity at that point. 

The "dirty beam" can be regarded as the psf with large sidelobes. The resulting 

"residual map" is then used to repeat the process. It continues until either some 

convergence criterion is satisfied or further iterations would actually diverge in the 

output estimate. This results in a residual and a set of delta functions. The "clean 

map" is obtained by convolving the delta functions with a "clean beam" which has no 

sidelobes and adds the residual. Thus, the CLEAN algorithm is a nonlinear iterative 

method of deconvolving the "dirty beam" from the "dirty map". All mathemati

cal operations, including convolution and subtraction, are linear, the only nonlinear 

aspect of the algorithm being in the order of a selection of the components to be sub

tracted. For sources of which the size is relatively well known, limiting the area to 

search for the delta functions generally improves greatly the reliability of the result 

and the speed of the calculation. If the image has compact components only, the 

loop gain can be as large as unity so as to reduce the number of iterations. On the 

other hand, if the image is extended and smooth, a small loop gain will be necessary 

and more iterations are required. Although CLEAN is orginally developed for radio 

astronomy, it has also been applied to optical data [58] with modifications for effi

cient work on direct images. It works even well for extended sources, even though 

the method is based on a collection of small sources. If the image is smooth and 

much larger than the "dirty beam" , the "clean map" may appear lumpy. The major 

computational burden of CLEAN lies in the convolution of the point source with 
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the "dirty beam". For a large number of iterations, this task is quite considerable. 

A more efficient FFT-based CLEAN algorithm exploiting the capabilities of array 

processors has been introduced [59]. The basic idea here is to separate the operation 

of peak locating from that of convolution-subtraction and perform the latter on a 

large number of point sources simultaneously. Using this algorithm, savings up to 10 

times were achieved by Clark [59]. 

We apply the CLEAN algorithm only to detect the potential signal points, instead 

of restoring the "clean map". The "dirty beam" that is used to convolve with the 

latest estimate image is the modified psf. If the CLEAN algorithm is activated after 

N iterations of the super-resolution algorithm, a modified psf is obtained by operating 

the super-resolution algorithm on the psf for N iterations. In radar terminology, the 

modified psf is just the "matched filter" that is used to determine the location of 

the known signal. The convolution process can be regarded as correlating the latest 

restored image with the matched filter. Since the data is assumed to be point sources 

and CLEAN is only applied to locate the potential signal points, a loop gain of unity 

is used to reduce the number of iterations. Therefore, our procedure of the CLEAN 

algorithm consists of the following steps: 

1) correlate the restored image with the modified psf 

2) locate the peak of the correlation function which is regarded as the signal point 

3) the modified psf is scaled so that its magnitude coincides with the magnitude 

of the signal point 
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4) the scaled modified psf is subtracted from the image at that location 

5) return to step 1 and repeat the process until some stopping criterion, which 

will be shown in the following, is satisfied. 

Our experiments show that the CLEAN algorithm successfully locates all the 

object points. However, it also includes some false signal points. The number of 

signal points is therefore over estimated, which in tum will reduce the efficiency of 

imposing spatial contraints on the image. One reason for this problem is that because 

the modified psf is usually very sharp, the sidelobes of a point source image can be 

mistaken as the signal through the correlation-substraction operations. In order to be 

consistent with the incoherent imaging system, absolute values are used throughout 

the process. This will induce some distortion to the CLEAN algorithm. We solve 

this problem by including the information on the achievable resolution limit from the 

super-resolution algorithm to the CLEAN algorithm. The highest resolution that 

is achieved by the super-resolution algorithm can be obtained by a graph such as 

figure 4.5. A constraint is then imposed such that no potential signal points can be 

closer than that resolution limit. This is done by comparing the location of the latest 

potential signal point from CLEAN with all the other signal points that have been 

detected so far. Therefore, the order in which the potential signal points are detected 

is important. If any two points are closer than the resolution limit, then the one that 

is detected later will be removed from the list. This is because the magnitude of the 

potential signal point that is detected earlier is larger and is more likely to be a signal. 
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Figure 4.7 shows the results of the experiment where the simulated one dimensional 

data contains two point sources that are eight pixels apart. Eight potential point 

sources are located by the CLEAN algorithm alone but only three potential point 

sources are located by CLEAN with the resolution limit constraint. Although both 

methods detect the true object points, it indicates the latter one performs much 

better. 

The conventional method of terminating CLEAN is by using a minimum threshold 

intensity for the potential signal points. When the peak of the residue is below that 

threshold, the residue is considered to contain only noise. A fixed number of iterations 

may also be used to prevent the program from running beyond some reasonable point. 

Both of these methods require the parameters to be set before the experiment and 

cannot be changed adaptively to the data. We now develop a modified CLEAN 

algorithm with an adaptive threshold. We have to decide if the object is present in 

each data point. This can be regarded as a signal detection problem, with two cases 

for hypothesis testing. 

Ho: when only noise is present 

(4.3) 

HI: when noise and signal are present 

(4.4) 
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where Po(Y), Pl(Y) are the probability density function and f.lo, f.ll are the average 

rate of Po and Pl respectively. Poisson statistics are assumed in both cases because 

the image data is always discrete, non-negative and is known to behave in a fashion 

as the Poisson distribution. The likelihood ratio is thus: 

(4.5) 

We use the Neyman-Pearson criterion for the decision rule, because the a priori 

probabilities and the cost of each kind of error are difficult to determine. The ob-

jective of the Neyman-Pearson criterion is to maximize the probability of detection 

for a given probability of false alarm. Thus this criterion is also called a constant 

false alarm rate (CFAR) criterion. It can be shown that a likelihood ratio test will 

satisfy the criterion. Since the likelihood ratio is monotonically increasing with Y, 

an equivalent test is to choose Hl if Y ~ {, where { is the detection threshold. The 

false alarm probability is the probability that the decision rule will choose Hl when 

in fact Ho is true. It can be expressed as 

(4.6) 

When the false alarm probability is fixed, the threshold, {, can be calculated by 

equation(4.6). The probability of detection based on a single observation is then 

(4.7) 

We can then control the threshold by manipulating the false alarm probability. 

The larger the false alarm probability, the smaller the threshold. Therefore, when 
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the false alarm probability is set, the threshold will then be changed adaptively for 

different images with a similar statistical model. The only parameter that we have 

to estimate in equation ( 4.6) is the average rate of noise, flo. This is achieved by first 

locating the image point of maximum intensity with CLEAN. This peak is regarded 

as the signal. The psf is scaled so that its magnitude coincides with the magnitude of 

that signal point. This scaled psf is then subtracted from the image at that location. 

The absolute values of the pixels around that peak are regarded as noise and are 

averaged to obtain the estimate flo. This procedure gives a reasonable and simple 

estimate that matches the statistical behavior of the image as based on a single 

observation. 

After the potential signal points are detected by CLEAN, spatial constraint func

tions are then constructed around those points. Both triangular and rectangular 

windows have been used as the spatial constraint function. The following results are 

discussed in the next chapter. If the detected location of the signal point is highly 

accurate, the size of the window function can be very small so that the signal is 

effectively separated from the noise. In the case where the detected location is in 

the vicinity of the true location, the size of the window is relaxed to accommodate 

this less than perfect situation. The choice of the window size is thus balanced by 

including the signal point and excluding as much noise as possible. When the size of 

the window is a fraction of the pixel size, the image and the corresponding psf are 

upsampled by bandlimited interpolation to give sub-pixel restoration. 
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The modified CLEAN algorithm is activated when the improvement of the restored 

image by the super-resolution algorithm is below a preset threshold. The performance 

is monitored by the root mean square(rms) error between the latest and the previous 

estimated image. The error cannot be calculated with the true object because it is not 

available (otherwise restoration is not necessary). This process requires significant 

computational time and memory space for the calculation since the whole image 

plane is involved. The process of image resolution is terminated when the rms error 

starts to increase. Another method to activate the modified CLEAN algorithm is to 

detect the rate of increase of the restored image frequency components in the masked 

frequency domain. We are only interested in the area around the cutoff frequency 

while the other data points in the frequency domain are masked to zero. When there 

is no further improvement in restoring the frequency components around the cutoff 

frequency, CLEAN is activated. This method reduces the number of data points that 

are involved in the calculation and hence improves the efficiency. The whole process 

is then terminated when the rate of increase around a higher frequency, such as twice 

the cutoff frequency, levels off. Once again, only a relatively small number of data 

points is required for this calculation. The results of both of these methods are shown 

in the next chapter. 
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4.7 Special case for the modified Poisson MAP algorithm 

We are going to examine in detail a special case where it is assumed that the 

modified CLEAN algorithm correctly identifies the location of all the object points. 

We first assume there is only one object point, j, and it is located at x = Xo. It can 

be expressed as 

j = a8(x - xo) (4.8) 

where 8(x) is a delta function. 

The blurred noisy image, g, is then 

9 = a8(x - xo) * h + n (4.9) 

Equation(4.9) can be expressed as 

9 = ah(x - xo) + n (4.10) 

due to the sifting property of the delta function. The latest estimate of the restored 

image is a delta function since we assume the modified CLEAN has successfully 

detected the location of the object point. Therefore, r is expressed as 

r = M(x - xo) (4.11) 

where b is the latest estimate of the intensity. Since a is the intensity of the object 

point, it is usually greater than b. 

The super-resolution algorithm is stated again as follow: 

(4.12) 
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By substituting equation(4.1l) and (4.10) into (4.12), the content inside the curly 

bracket of equation(4.1l) can be expressed as 

9 ah(x - xo) n 
---1= + -1 r * h bh(x - xo) bh(x - xo) 

(4.13) 

If we assume the second term on the right hand side of equation(4.13) is very small 

in the region of interest, then this term can be neglected and equation(4.13) becomes 

9 a-b 
---1=--
r*h b 

(4.14) 

It is noticed that since a is usually larger than b, the expression in equation( 4.13) 

is usually positive. The next step of the algorithm is to convolve the expression in 

equation(4.13) with the psf. It is noticed that the expression in equation(4.13) is 

just a constant and the area under the psf is always unity due to conservation of 

energy. Therefore, the result of the convolution is the same as equation(4.13). By 

substituting equation(4.11), (4.13) to (4.12), the right hand side of equation(4.12) 

can be expressed as 

(
a-b) M(x - xo) exp -b- (4.15) 

At this stage, the only data point that we are interested in is the one at x = Xo. 

The super-resolution algorithm can then be expressed as 

(4.16) 

where bn , bn+l are the latest and the next estimated photon count of the object 

point respectively. If we expand the exponential function into the Taylor series, 



65 

equation ( 4.16) becomes 

n+l n ( (a - b
n

) (a - b
n )2 1 (a - b

n )3 1 ) 
b = b 1 + -b- + ---;;;- 2! + ---;;;- 3! + ..... (4.17) 

It is obvious that when b is close to a, only the first two terms in equation ( 4.17) are 

significant. Equation ( 4.17) becomes 

(4.18) 

Therefore, the photon count of the restored image point will iterate to the true photon 

count of the object. By examining equation ( 4.16), it is noticed that the estimated 

magnitude, b, actually is not required to be close to a. If the latest estimate is too 

small, the next estimate is compensated to a larger value and vice-versa due to the 

exponential function. The only requirment for the estimate, b, is to be relatively 

large so that the noise term in equation ( 4.13) can be neglected. The estimate that is 

located by CLEAN will usually satisfy this condition. 

We now consider the case where there are two point sources. They are located at 

x = Xo and x = Xl, which are expressed as 

(4.19) 

Following the similar derivation as before, the noise term similar to the one in equa-

tion(4.13) is 

n 
(4.20) 
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where bo, bl are the latest estimate of intensity after CLEAN at x = Xo and x = Xl 

respectively. 

Once again, we assume that the noise term is relatively small and can be neglected. 

The term inside the curly bracket can then be expressed as 

_ ( b ) [ h(x - xo) ] 
- ao - ° boh(x - xo) + blh(x - Xl) 

(4.21) 

We now assume that the psf is very narrow compared with the distance between the 

two points. This means there is not much overlap between h(x - xo) and h(x - Xl). 

Then for the first term of equation ( 4.21), the area in the vicinity of X = Xo is close 

to (ao - bo)jbo. As for the second term, when X = Xo, it can be expressed as 

(4.22) 

The value of h(xo - Xl) is very small and h(xo - xo) is relatively large and, in fact, 

is the peak of the psf. This ensures that the content inside the square bracket of 

equation ( 4.22) is close to zero. It is also true in the vicinity of X = Xo. The similar 

argument can also be applied to equation(4.21) when x = Xl. Once again, we are 

only interested in two points which are located at x = Xo and X = Xl. The next step 

is to convolve both terms on the right hand side of equation ( 4.21) with the psf. The 

convolution of the first and second terms evaluated at X = Xo is approximately equal 

to (ao - bo)jbo and zero respectively according to our assumptions. The terms that 
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are evaluated at x = Xl approximately equal to (al - bdlbl and zero respectively. 

Therefore we have a similar expression as the one with a single point source: 

(4.23) 

( 4.24) 

According to our experience, a distance not closer than the Rayleigh's criterion is 

sufficient to ensure the validity of these expressions. From this stage, we can use 

similar arguments in generalizing to the case of multiple point sources. 

The point of the point source analyses given in equation (4.8) through (4.24) is to 

provide informal, but mathematically justified, analysis to reassure us on the validity 

of our algorithm that combines the CLEAN and Poisson MAP processing. 
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300 iterations in each case, 500 realizations 
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In this chapter we present the experimental results of using the Poisson MAP and 

the modified CLEAN algorithms. The relationship between the size of the spatial 

constraints, types of the window and the restored image is explored. In another 

experiment a multiple aperture optical system is used to examine the performance of 

the algorithm. Simulated data is used in the one dimensional case. Both simulated 

data and optical image data from the Hubble Space Telescope (HST) are used for 

the experiment. 

5.2 One dimensional case 

5.2.1 Singular aperture 

In this experiment, the simulated one dimensional object contains two point 

sources. The photon count of each object point is 2048. In each case the distance 

between the two peaks is increased by one unit. This distance varies between 6 and 

16 units. The width of the one dimensional aperture is 100 units. This means the 

cutoff frequency of the diffraction limited system is 200 cycles per line pair. Both 
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the triangular and the rectangular functions, which are obtained from the modified 

CLEAN algorithm, are applied in each case as the spatial constraint. The radius 

of the window function is varied from 0.75 to 2 pbcels. When the gradient of the 

rms error is smaller than 0.003, the modified CLEAN algorithm is activated. Later, 

when the gradient of the rms error is smaller than 0.001, the whole process is termi

nated. Those thresholds are selected manually for different types of image. In the 

cases where window width is not an integer, the image and the corresponding psf are 

upsampled. Five realizations are done for each case to obtain statistical significance. 

In figures 5.1 to 5.6, each shows the average restored intensity of the two peaks by 

applying triangular and rectangular function respectively. The only variable in those 

figures is the width of the window function. Figure 5.7 also includes the case where 

no spatial constraint is applied to the algorithm. It is noticed that the triangular 

function always gives the highest restored intensity. This is because when the spatial 

constraint is applied to the image, part of the photon energy is removed through the 

masking processing. However, in the case of the triangular function, it also sharpens 

the potential signals and hence improves the performance. When the radius of the 

window is 0.75 pbcel, the result is shown in figure 5.1. The potential signal points 

after the masking process are so sharp that the intensity of the restored image is 

larger than the true object. In figure 5.7, it is noticed that in some cases, the super

resolution algorithm without any spatial constraint performs better than the one 

with the rectangular function. Figure 5.8 and 5.9 show the results of applying the 
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triangular and rectangular functions respectively with different window size. In this 

case, the upsampling rate is 4. It is noticed that the smaller the window size, the 

better the performance. 

In figure 5.2, the radius of the window function is 1 pixel. Therefore, in the 

case of the rectangular window function, the adjacent data points which are on the 

immediate left and right of the potential signal point are included. However, in the 

case of the triangular window function, the weights of the adjacent data points are 

zero. Thus, only the potential object points that are located by the modified CLEAN 

are retained in the masking process. When the distance between the two peaks is 6 

pixels, the photon count of the restored image points is close to 2000. The intensity 

increases as the distance between the two point sources increases. The object is 

perfectly restored when the distance between the peaks is more than 10 pixels. This 

is in fact the special case for the modified CLEAN algorithm that is discussed in the 

previous chapter. It happens when the modified CLEAN correctly identifies all the 

object points and the rest of the data points are suppressed to zero by the spatial 

constraint function. 

5.2.2 Multiple apertures 

In this experiment, the optical system has two apertures. The size and the shape 

of the apertures and the related OTP will be described in the following paragraph. 

The simulated object contains two point sources which have the photon count of 1024 
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and 512 respectively. These two point sources are 6 units apart. In each case, the 

Poisson MAP algorithm iterates 100 times. 100 realizations of each case are done to 

obtain the statistical significance. Three parameters of the outputs are calculated to 

evaluate the performance of the system. 

1) the average intensity of the two peaks respectively 

2) the location of the two peaks 

3) the encircled energy of the two peaks respectively 

The encircled energy is applied to measure the percentage of the total point source 

energy that is concentrated at the signal peak. We start at the peak and gradually 

increase the size of a rectangular envelope so that it includes more and more of the 

photon energy. The process stops when a certain percentage of the total energy is 

inside the envelope. The width of the envelope is then recorded. Therefore, for the 

same amount of energy, the sharper the point source image, the more of its energy is 

concentrated around the peak. Thus, the smaller the width of the envelope and vice 

versa. In this experiment we set the threshold at 75 percent. 

In the first part of the experiment, the width of each aperture is 100 units in all 

cases. However, the distance between the centers of the two apertures is varied. It 

increases from 120 to 300 units, with an increment of 20 units in each case. Figure 

5.10 shows the profile of the apertures where the center of the two apertures are 

120 units apart. the corresponding OTF is just the autocorrelation of the apertures, 

which is shown in figure 5.11. In all cases, the location of the two points are correctly 
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located and more than 75 percent of the energy is concentrated at the peak. The 

average restored intensity of the two peaks is shown in figure 5.12. It is noticed that 

the intensity ratio of the two peaks is close to the one of the true object, which is 

1 to 2. The restored intensity alone does not tell us how sharp the restored point 

sources are. Therefore, we develop a new parameter to include this information. It 

can be expressed as 

I/(J (5.1) 

where I is the average restored intensity of the peak and (J is the average standard 

deviation of the peak profile. For the restoration of point source data, we want the 

output to be as close to a delta function as possible and with high photon count. 

Therefore, the larger the parameter 1/ (J, the better the performance. Figure 5.13 

shows the plot of the parameter 1/ (J verses the distance between the center of the 

two apertures. More features are revealed in figure 5.13 than the ones in figure 5.12. It 

is noticed that the parameter 1/ (J varies periodically as the gap between the apertures 

increases. The peaks of that cycle, which are interpreted as the best performance, 

take place when the center of the two apertures are 180 and 260 units apart. The 

absolute value of the object frequency spectrum in this case can be described by a 

dc value and a sinusoidal function. In those cases where the parameter 1/ (J peaks, 

the location of the corresponding OTFs give the best representation of the object 

spectrum. This is because the original image spectrum is highly correlated with 

the object spectrum within the cutoff frequency. The related graphs of the two 
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cases are shown in figure 5.14 and 5.15 respectively. Therefore one can improve the 

performance by changing the distance among the apertures so that the portion of 

the object spectrum that contains the important object features is less distorted and 

included in the image spectrum. 

In the second part of the experiment, the two apertures are originally located side 

by side to form a single aperture. Each of which is 100 units wide. The gap between 

those two apertures then gradually increases and the size of each aperture decreases at 

the same rate. The increment is 20 units in each case. The centers of the two apertures 

are always fixed. Since the overall size of the multiple apertures decreases, the cutoff 

frequency also decreases which means less high frequency object components are 

retained. As the size of each aperture decreases, more of the mid-range frequency 

components are de-emphasized in the image spectrum. The combined effect is that 

we would expect the results become worse as the gap between apertures increases. 

In all the cases except one, the position of the two peaks are correctly located and 

more than 75 percent of the restored image energy is concentrated at the peak. In 

the exceptional case, which is also the worst case, the width of each aperture is 20 

units and the gap in between is 80 units. The detected location are off by 1 pixel 

and the encircled energy within half a pixel of one peak is less then 75 percent of the 

total energy. The restored intensity and the parameter 1/(7 of each case are shown 

in figure 5.16 and 5.17 respectively. The results thus match with our expectation. 
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In the third of our experiments, the upper and the lower bound of the multiple 

apertures profile is fixed. When the size of the gap increases, the size of each aperture 

then decreases. Therefore the cutoff frequency of the OTF is fixed and as the gap 

increases, more and more of the mid-range frequency components are de-emphazied. 

Figure 5.18 shows the restored intensity of each case. The plot of the parameter 1/ a 

is shown in figure 5.19. It is noticed that the parameter 1/ a of both signal points is 

largest when the distance between the centers of the two apertures is 140 units and 

the width of each aperture is 60 units. It is because the corresponding OTF almost 

faithfully captures the shape of the object spectrum up to the cutoff frequency. It is 

shown in figure 5.20. Once again, the experiment shows that the performance of the 

system is highly dependent on the location of the apertures. In some cases, the one 

with smaller apertures can outperform one with larger apertures. 

5.3 Two dimensional case 

In the case of the two dimensional data, two point sources that are separated by 

8 units are used as the simulated object. The intensity of each point source is 1000. 

It is shown in figure 5.21. Figure 5.22 shows the noisy blurred object. It is difficult 

even to decide the number of signal points in this figure. The restored image before 

applying the modified CLEAN is shown in figure 5.23. It is noticed that most of the 

noise has been suppressed and the two point sources can be easily identified. Figure 

5.24 and 5.25 shows the rectangular window, and the triangular windows are shown 
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in figure 5.26 and 5.27 respectively. The one with the triangular window has a larger 

restored intensity and the strength of those two restored peaks are almost the same. 

In the next experiment, the simulated galaxy of .M51 is used as the object. All of 

the following photographs are histogram equalized so that the contrast is increased 

to fill the dynamic range of the display device. The object is shown in figure 5.28. 

This object is then blurred by the OTF of the HST which is before the repairment 

and is shown in figure 5.29. The fine detail such as the" spiral arm structure" of 

the galaxy is severely blurred in the image. We do not apply the modified CLEAN 

algorithm in the restoration process because the object is not purely point source 

data. The Poisson .MAP algorithm is applied to the image for 50 iterations. The 

result is shown in figure 5.30. It is observed that the "spiral arm" structure is partly 

restored. The background noise near the corners that is generated by the algorithm 

is exaggerated in the photograph due to histogram equalization for display. 

Finally, the image of the supernova1987, which is taken by the HST is used. The 

contrast of the following photographs are again enhanced for display. The original im

age is shown in figure 5.31. Figure 5.32 shows the restored image after 100 iterations 

of the Poisson .MAP algorithm. The modified CLEAN is then activated to create the 

regions of support. It is fed back to the super-resolution algorithm and iterated 50 

times before the whole process is terminated. The result is shown in figure 5.33. It 

is noticed that the intensity of the potential signal points are greatly enhanced and 

most of the low intensity data are removed. However, some of the removed data may 
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contain features that are significant to astronomers. A conservative approach is to 

add back the residual, which is obtained from the modified CLEAN, to the output in 

figure 5.33. The result is shown in figure 5.34. It strikes a balance between removing 

noise and retaining fine details of the image. 
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width of each aperture = 100, gap between the two apertures = 20 
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the width of the aperture is fixed, the gap between the apertures is varied 
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the width of the aperture and the gap between the apertures are varied 
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Figure 5.16: Average restored intensity of the two peaks 
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the width of the aperture and the gap between the apertures are varied 
20 I I I I I I I I I I I I I I I 

* * * * object intensity = 512 

<> <> <> <> object intensity = 1024 

15 r- -

<> 

-

-

0 I I I I I I I I I I I I I I I 

0 20 40 60 80 

the gop between the two apertures 
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the width of the aperture and the gap are varied, the range of OTF is fixed 
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Figure 5.18: Average restored intensity of the two peaks 
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the width of the aperture and the gap ore varied, the range of OTF is fixed 
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Figure 5.19: Performance parameter I/ a of the two peaks 
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Figure 5.21: Object 
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Figure 5.22: Original image 
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Figure 5.23: Restored image before CLEAN 
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Figure 5.24: Rectangular mask after CLEAN 
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Figure 5.25: Triangular mask after CLEAN 
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Figure 5.26: Restored image with the rectangular mask 
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Figure 5.27: Restored image with the triangular mask 
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Figure 5.28: Object 
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Figure 5.29: Blurred noisy image 
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Figure 5.30: Restored iinage 
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Figure 5.31: Original image 
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Figure 5.32: Restored image with .NIAP alone 
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Figure 5.33: Restored image with MAP and modified CLEAN 
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Figure 5.34: Restored image with MAP, modified CLEAN and residue 
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SUMMARY AND CONCLUSION 
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In this research, we apply the Poisson MAP super-resolution algorithm, computed 

with an iterative form, for image restoration. We focus on the case concerning point 

source data for the potential application of this algorithm in astronomy. We first 

investigate four different initial estimates of the image for the algorithm. They all 

in general show very good results which indicate the algorithm is quite robust. We 

decide to use the original image as the initial estimate because of better performance 

for a low number of iterations and reduction in computational time. 

The statistical limits imposed by photon noise on the resolution obtained by our 

algorithm are also investigated. We show that the narrowing of blurred point sources 

is statistically justified and that there is therefore no reason to suspect mathematical 

artifacts. We then show that reducing the region of support of the restored point 

source images has enhanced the probability of detecting finer detail. The results also 

indicate that the Rayleigh's resolution limit is greatly surpassed by this algorithm. 

For an imaging system, the resolution depends on the psf and the total number 

of detected photons. The first factor is usually fLxed, but the second one can be 

controlled to a certain degree by choosing different exposure time. This motivates us 

to examine the relationship between the total number of detected photons and the 
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highest possible resolution of the restored image by numerical restoration experiments 

on simulated images. A resolution diagram resulting from this experiment shows the 

limits when the two point sources can be resolved with our algorithm and solely from 

the original image without any processing. We suggest that this knowledge can be 

useful in designing the astronomical instruments and providing the lower bound of 

the distance between the two point sources if the image cannot be resolved. 

We improve the performance of the super-resolution algorithm for point sources 

by including the additional information of the spatial constraints. This is achieved 

by applying the well-known CLEAN algorithm, which is widely used in astronomy, 

to create regions of support for the initial potential point sources. The conventional 

CLEAN algorithm operates by fixing the threshold arbitrarily or by limiting the 

number of potential point sources. We have developed a modified CLEAN algorithm 

that adaptively sets the threshold. This is achieved by regarding the estimation of 

the threshold as a single detection problem. A Neyman-Pearson criterion is used in 

hypothesis testing since the a priori probability of the background noise is usually 

not known. The threshold of the CLEAN algorithm is evaluated by maximizing the 

probability of detection for a given probability of false alarm. According to our exper

iment, the number of potential signal points is over estimated by the modified CLEAN 

algorithm. This problem is solved by including the information on the achievable res

olution limit from the super-resolution algorithm to the modified CLEAN algorithm. 

Both triangular and rectangular windows have been used as the spatial constraint 
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function. It is noticed that the triangular windows in general performs better. The 

relationship between the window size and the restored intensity is also investigated. 

We then provide a scheme to integrate and automate the whole process. It is 

essentially based on detecting the rms error of each iteration. This operation is then 

extended from an ideal single aperture telescope to the one with multiple apertures. 

The effect of varying the size and the distance between the apertures is examined. 

The experiment shows that the performance of the system is highly dependent on 

the location of the apertures which can control the portion of the object spectrum 

that is included in the image spectrum. 

In all of the experiments, which include both simulated and real optical data, the 

automated Poisson MAP algorithm does a very good job in location and restoring 

the point source objects from the noisy image. The result is further improved by 

including the modified CLEAN algorithm in the process. We have also shown that 

if the location of the point sources are correctly detected, the object intensity can 

be perfectly restored. Therefore, the goal of automating the Poisson MAP algorithm 

and effectively including the spatial constraint information of the point sources in the 

process appears to have been reached in this research. 
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