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ABSTRACT 

Two numerical models, described in detail herein, have been 

constructed and used to investigate the formation of secondary vor

tices in axisymmetrically-forced rotating flows. The particular type 

of vortex flow examined is that developed in a laboratory vortex simu

lator where secondary vortices have been produced and extensively 

studied. The first numerical model generated a collection of steady 

state, axisymmetric vortex flows based on a range of swirl ratios. 

The second model tested those flows for instability by simulating the 

behavior of small amplitude, axially asymmetric, linear perturbations 

superimposed on the flow3: amplification of the perturbations indi

cated instability whereas damping indicated stability. For those 

flows found to be unstable, the linear perturbations of various azi

muthal wavenumbers were analyzed in detail, and from the perturbation 

growth rates, structures, phase speeds, and energetics, the nature of 

the instability could be studied. 

The results of the instability stlJdy show that the vortex is 

stable for the lowest swirl ratios but that above a certain value, 

instability persists indefinitely. The most rapidly growing wavenum

ber shifts steadily with increasing swirl from 1 to around 5 in the 

swirl range investigated. Growth rates were found to be high enough 

for secondary vortices to form in the laboratory simulator in just a 

few seconds. Structurally, the perturbation fields were found to have 

xiv 



xv 

a helical tilt and to be centered near the radius of maximum vertical 

vorticity in the axisymmetric vortex. They propagated in the samG 

azimuthal direction as the rotation of the axisymmetric flow, but at a 

somewhat lower angular velocity at the surface. These linear results 

are all consistent with observed laboratory behavior. From this, it 

was concluded that linear theory is capable of explaining many impor

tant aspects of secondary vortices. 

An analysis of the perturbation energy equation revealed that 

at the higher swirl ratios, the perturbation received most of its 

energy from the deformation of the axisymmetric flow due to the radial 

distribution of azimuthal velocity, while for low swirl the primary 

source was from the radial distribution of the vertical velocity. No 

other component of the axisymmetric vortex ever contributed more than 

about 25% of these terms. 



Chapter 1 

INTRODUCTION 

1.1 General Statement of the Problem 

Numerous observations of the intense swirling flow in torna

does have revealed that a tornado vortex may take on a variety of 

configurations. Of particular interest to this study is the fact that 

some tornadoes possess a high degree of symmetry about their axis of 

rotation while others display large azimuthal variations in all three 

velocity components. The most readily observable feature of asymmet

ric tornadoes is the presence of a number of individual small but in

tense whirlwinds embedded within the tornadic circulation. These 

whirlwinds are located away from the center of the circulation and 

travel in an approximately circular path around that center while 

simultaneously spinning on their own axes. Examples of this type of 

behavior may be found in Fujita et al. (1970), Agee et al. (1975), and 

Forbes (1976). It may be seen from the photographs in these articles 

that the whirlwinds sometimes occur within the walls of a large tor

nado cloud (e.g., Agee et al., 1975, p. 326) rendering them nearly 

or totally invisible, and sometimes appear as distinct clouds them

selves (as in Fujita et al., 1970, p. 45). Various names have been 

given to the small whirlwinds. These include subvortex, satellite 

vortex, suction vortex, secondary vortex, subsidiary vortex, and 



multiple vortex, each term emphasizing a particular property of the 

whirlwind (Fujita et al., 1976). Rather than attempt to enlarge the 

list, this paper will adopt the term "secondary vortex" for reasons 

to be explained later. 

2 

The wind speeds in secondary vortices have been observed in 

nature and in numerical simulations to be significantly higher than 

the azimuthal mean winds associated with the larger tornado vortex 

(Fujita et al., 1976; Rotunno, 1982). Along with the stronger winds 

comes increased damage and disruption to objects on the ground. Since 

a secondary vortex revolves around the tornado center while the tor

nado travels in a comparatively straight p' '" the secondary vortex 

descri bes an approximate cycloi dal trajec1~.lry ,,~i th respect to the 

ground. Cycloidal damage patterns which result from this behavior 

are readily apparent, particularly in agricultural areas where the 

ground is uniform, but also in urban areas (Fujita, et al., 1976). 

Tornado damage to man made structures can result from a number of 

mechanisms which include direct aerodynamic forces from ,the wind, 

rapid changes in wind velocity (gusts), and rapid changes in pressure 

(Mehta, 1976). Because secondary vortices contain high wind speeds 

and the winds rotate with a small radius of curvature (implying very 

high spatial gradients of wind velocity and pressure) while at the 

same time they travel rapidly across the ground, they can inflict 

damage by all these mechanisms. Consequently, the proper considera

tion for the design of tornado-resistant structures must allow for the 

effects of secondary vortices. Understanding the conditions which 



3 

lead to secondary vortex formation, the mechanisms by which they form, 

and their basic structure and intensity in tornadoes are thus goals of 

practical as well as scientific importance. The general purpose of 

this work ;s to explore the reasons why secondary vortices occur and 

to gain some insight into their structure and behavior. The specific 

goals to be achieved and the method by which the study is to be con

ducted will be addressed once the problem has been explained in great

er detail. 

1.2 Focus of the Investigation 

Due to the violent and transient nature of tornadoes, it is 

difficult to ascertain their velocity and pressure fields by direct 

measurement. Most conventional local-sensing instruments (e.g., ane

mometers and wind vanes) are not designed to withstand the strong 

winds encountered, and even if they were, it is virtually impossible 

to know exactly when and where to set up the instruments in advance. 

There are various remote sensing techniques which circumvent these 

problems but none so far has been able to give comprehensive results. 

Doppler radar is often used to measure the gross rotational and con

vergent wind patterns of tornadoes and the larger scale flow surround

ing them, but is not able to resolve the small-scale structure within 

the tornado. Photogrammetry has achieved reasonable success in dis

tinguishing sub-tornado scale features and has provided quantitative 

wind data both inside and outside secondary vortices. However, the 

measurements are limited to areas made visible by dust and debris, and 



not obscured by other dust in the foreground; consequently, only a 

partial description of the flow is attained by this means. Further

more, the swirling dust being photographed is diffuse making its lo

cation difficult to pinpoint, and thus the method is prone to a fair 

degree of uncertainty. Because of inadequacies in these and other 

measurement techniques, direct study of tornadoes has not yet been 

able to provide sufficient quantitative data for explaining the pres

ence and characteristics of secondary vortices. 

4 

A valuable asset to the study of tornado dynamics and a useful 

alternative to direct tornado observation has been the laboratory vor

tex simulator. These devices have been capable of reproducing a wide 

variety of vortex configurations closely resembling their atmospheric 

counterparts. The basic function of the simulators is to generate 

vorticity in the working fluid and then to concentrate that vorticity 

by means of radial convergence and axial stretching of vortex tubes 

(Davies-Jones, 1976). The various simulators differ in the way this 

is accomplished. Davies-Jones pointed out that for a simulated vortex 

to have relevance to reai tornadoes, the two flows must be geometric

ally and dynamically similar. Although some processes associated with 

tornadoes, such as deep moist convection and vortex translation, can

not be reproduced in the laboratory because of practical limitations, 

it is possible to artificially generate a flow similar to that which 

occurs in the vicinity of a tornado vortex. According to Davies-Jones, 

vortex simulators of the type first built by Ward (1972) are the most 

successful at accomplishing this. A Ward-type machine is designed to 
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model the tornadic flow that is associated with a large rotating cumu-

lonimbus supercell. This flow is characterized by a large updraft 

having a diameter on the order of 10 km, a shallow surface inflow 

layer only 1 or 2 km deep which feeds the updraft, and a high level of 

angular momentum in the inward flowing air. Geometric similarity to 

this flow is obtained in Ward's machine by simply scaling down the 

flow dimensions equally. Dynamic similarity requires the two flows to 

have the same ratio of angular momentum of the inflow to volume flow 

rate through the system (Davies-Jones, 1973). Ward's machine is capa

ble of varying this ratio throughout the range encountered in tornadic 

flows. Dynamic similarity also requires the Reynolds number of the 

simulated vortex to be the same as that in a tornado. This is not 

possible due to the large difference in scale; however, it has been 

demonstrated that since the Reynolds numbers in both cases are very 

large, the flow is insensitive to changes in Reynolds number and thus 

the two may still be considered to be alike. A Ward-type simulator 

therefore satisfies the necessary criteria for relevance to at least 

some tornadic flows. Because secondary vortices are readily produci

ble in the simulator, and since the laboratory flow lends itself to 

much more careful scrutiny than do atmospheric tornadoes, we will 

focus our attention on the simulated secondary vortices. 

A detailed description of the Purdue vortex simulator, a Ward

type machine from which extensive flow measurements have been taken 

and published, may be found in Church etal. (1979). Here, a discus

sion of the essential details of the simulator geometry and operation 
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will be given. The simulator is cylindrically symmetric and consists 

of two connecting chambers, one atop the other. The approximate size 

and shape of the apparatus are shown by a vertical cross section in 

Fig. 1.1. A fan located above the simulator drives the air out through 

a chimney leading from the top of the upper chamber. Air is drawn into 

the lower chamber through the open outer boundary. A wire screen which 

covers this opening is caused to rotate about the center axis of the 

chamber. This action imparts angular momentum to the air as it enters. 

The rotating air flows radially inward through the lower chamber until 

reaching the updraft hole which separates the two chambers. There, it 

turns upward and proceeds to flow through the upper chamber. At the 

top of the chamber, the air passes through a baffle which allows free 

vertical flow but suppresses any radial and azimuthal motion. The 

primary importance of the baffle is to prevent any turbulent motion 

generated by the fan from travelling upstream and affecting the dynam

ics within the chambers. By removing the rotation from the exiting 

fluid, the baffle also serves to distribute the pressure deficit caused 

by the action of the fan uniformly across the top of the chamber. The 

flow in the simulator is rendered visible by injecting smoke at key 

locations. It is evident that the lower and upper chambers are de

signed to channel the flow so as to resemble the inflow and updraft 

regions, respectively, of the flow in which a tornado is embedded. In 

the simulator, as in the atmosphere, the tornado vortex occurs well 

inside the outer boundary of the updraft and thus does not interact 

directly with the artificial chamber walls. 
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t 
TO 
FAN 
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t 

Figure 1.1. Cross section of the Purdue vortex simulator. The 
diagram is shown approximately to scale and all dimensions are given in 
meters. (After Church et al., 1979) 



Four parameters governing the flow are adjustable in this 

simulator: (1) the radius of the updraft hole, (2) the height of the 

inflow region, (3) the speed of the fan (which controls the volume 

8 

flow rate), and (4) the rotational speed of the screen (which controls 

the angular momentum of the inflow air). As these parameters are 

varied through their mechanically permissible ranges, the simulator 

generates its entire variety of flow regimes. It has been demonstrated 

both by experiment and by theoreti cal argument that they'e exi sts a 

nondimensional parameter, related algebraically to all four of the 

adjustable experimental parameters, which can alone determine the type 

of flow configuration which occurs. This parameter, known as the swirl 

ratio, is given by S = ror/2Qh, where ro is the radius of the updraft 

hole, h is the height of the inflow region, Q is 1/2~h times the total 

volumetric flow rate through the simulator, and r is 1/2~ times the 

circulation of the air beneath the rim of the updraft hole. If S is 

held constant while the other quantities are varied, the quantitative 

nature of the flow may change substantially but the qualitative nature 

only a small amount. Therefore, by simply varying S through its range, 

all vortex configurations are obtained. 

Experiments performed with the Purdue simulator have shown the 

following progression of vortex configurations to occur as the swirl 

ratio is increased from zero to high values (Church et al., 1979). 

S=o.o This is the case where the azimuthal velocity is zero. The 

flow changes from radial t~ vertical as it proceeds from the 

lower to the upper chamber. 



S=O.l The radial and vertical velocity distributions are nearly 

identical to those for the no swirl case. Swirling velocity 

intensifies toward the center axis until a narrow, rapidly 

spinning core is reached. The core is laminar and nearly 

cylindrical throughout the height of the simulator except 

for the very top, at the baffle, where it widens abruptly 

and becomes turbulent. 

S=0.3 The breakdown point (the location at which the core becomes 

turbulent) has moved downward. Beneath this point the maxi

mum upward velocity occurs along the axis but above the 

point the maximum updraft lies in an annular region and a 

sharp reduction occurs along the axis. 

S=0.5 The breakdown point has penetrated to the lower surface, and 

the entire core is turbulent and of greatly increased diam

eter. The reduced central updraft extends throughout the 

height of the simulator. The visual, rapidly spinning core 

is no longer vertical but spirals upward in a slowly diverging 

helical pattern. The helix itself revolves very little about 

the center of the chamber but propagates upward. 

S=0.7 The core is further expanded in diameter and the reduced cen

tral updraft has changed to a downdraft. The single helix has 

been replaced by a double helix which, unlike the single one, 

does revolve around the chamber center. The lower portion of 

9 



the helices are nearly vertical but tilt appreciably toward 

the horizontal higher up. 

S=1.2 The two-secondary-vortex system has been replaced by three 

vortices. The tilt and angular velocity of the helices is 

similar to the double vortex case. 
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S>1.2 Further increases in the swirl ratio lead to a greater number 

of secondary vortices with six being the highest number achiev

able in this simulator. The radial and vertical flow outside 

the core region are qualitatively similar to the no-swirl case 

except that this flow is bounded by the core wall which con

tinuously expands with S. When 5>2, the core diameter has be

come large enough that the outer boundary of the chamber is 

beginning to influence the flow. 

The particular values of S at which these states occur are not 

universal; a moderately weak dependence on the volumetric flow rate 

through the simulator (for a given value of S) has been observed 

(Church et al., 1979). Furthermore, comparisons made between two dif

ferent \~ard-type machines indicate that although the same sequence of 

states is produced, the corresponding swirl ratios are different. This 

may be due to a difference in the amount of turbulence present in the 

air entering the two simulators or the fact that the heights of the 

upper chambers from the updraft hole to the baffle are different (Gall, 

1982). The main point to notice is that increasing the swirl ratio 

from low to hi~h values causes the flow to undergo these rem~rkab1e 



transitions. The simulated tornado begins as an axisymmetric vortex 

and later becomes asymmetric, developing a progressively increasing 

multiplicity of secondary vortices. 
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It is an important fact that the 'laboratory simulator is itself 

axially symmetric. The radial, rotational, and vertical components of 

the flow entering the machine are carefully controlled to be indepen

dent of azimuthal position as are the floor, walls, and ceiling of the 

chambers. As a consequence, the forcing of the flow by its environ

ment is symmetric. This implies that the secondary vortices, an in

herently asymmetric feature of the flow, are generated by the flow 

itself. That is, the flow undergoes a spontaneous transition from a 

symmetric to an asymmetric state as it is channeled through the simu-

1 ator. It is for thi s reason that the term IIsecondary vorti ces II has 

been adopted to denote the whirlwinds; this choice emphasizes their 

arising directly from the symmetric parent or primary vortex. 

The spontaneous development of secondary vortices manifests 

a basic physical property of the flow: namely, that of instability. 

More precisely, the simulator experiments indicate that axisymmetric 

flow of a high swirl ratio is unstable to small amplitude asymmetric 

perturbations. The condition of instability implies that any such 

perturbations introduced into the flow must grow with time, drawing 

their energy from the primary axisymmetric vortex. The predominance 

of axisymmetric flow at low swirl ratios, on the other hand, indicates 

that either axisymmetric flow is stable for those conditions, or that 
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asymmetric perturbations are limited by some mechanism from attaining 

very large amplitudes. 

Given that secondary vortices arise as a consequence of insta

bility, this work will employ the standard technique of a linear sta

bility analysis to answer some basic questions concerning the onset 

and development of the vortices. The technique invo1v0s simulating 

the development of perturbations having specified azimuthal periodic

ities or wavenumbers by embedding them in an axisymmetric flow appro

priate to the simulator. We shall be particularly concerned with the 

growth rates and structure of the linear perturbations as well as 

their general behavior and resemblance to the fully developed non

linear vortices observed in the simulator. In addition, a detailed 

analysis will be made of the different energy sources of the growing 

perturbations. This will be used to determine the relative importance 

of the individual components of the primary vortex in contributing to 

the development of secondary vortices. 

1.3 Survey of Vortex Instability Studies 

The occurence of instability in symmetrically-forced rotating 

flows is a widely known phenomenon and many different types of insta

bility are possible. In the last two decades, stability criteria have 

been established for a wide variety of rotating flow configurations. 

Although most of this effort has been motivated by specific problems, 

such as those occuring in engineering fluid mechanics, the flows 

studied theo~etica11y have usually been idealized in some way in order 
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to simplify the analysis or to maintain a certain degree of generality. 

As an example, the unperturbed flow is often assumed to be an infinite

ly long vortex having no variation in the axial direction. Such an 

approximation may be roughly valid for a fairly large portion of a 

tornado though it obviously cannot hold for the entire vortex. Among 

the studies which employ this assumption and which are not apparently 

motivated by concern with tornadoes are two notable examples that are, 

nevertheless, relevant to the tornado problem. The first, by Micha1ke 

and Timme (1967), deals with a vortex having three regions: an inner 

region (nearest the central axis) of uniform vorticity, a middle re

gion of uniform but higher vorticity, and an outer region of zero 

vorticity. This structure is similar to that observed by Ward (1972) 

in simulated tornadoes that contain secondary vortices. Micha1ke and 

Timme found certain examples of this flow to be unstable to asymmetric 

perturbations but only to those containing three or more secondary 

vortices; the one- and two-vortex disturbances are always stable. A 

possible reason for this is that the effects of axial flow are not in

cluded in their investigation whereas in Ward's experiments, where one

and two-vortex systems are producible, axial motion is a major flow 

component. From this, it would appear that axial motion may play an 

essential role in determining the instability of a tornado vortex. 

The second study, by Maslowe (1974), carried out a similar stability 

analysis, this time for a vortex containing both azimuthal and axial 

flow. The distribution of azimuthal wind is simpler than that used by 

Michalke and Timme, consisting of a single region of uniform vorticity, 
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while the radial profile of axial wind is parabolic (the flow is, in 

effect, Poiseuille flow in solid-body rotation). Such a configuration 

is a reasonable approximation for the inner or core region of a tor

nado having moderate to high swirl (e.g., compare with Hoecker, 1960; 

or Rotunno, 1977) but does not, of course, bear any resemblance to the 

outer region where the flow is nearly irrotational. This flow was 

found to be unstable to perturbations of all wavenumbers except for 

the limiting cases of zero rotation or zero axial flow. The most un

stable waves in this flow are of a spiral form similar to the secondary 

vortices observed in the simulator. This result tends to confirm the 

possible importance of axial motion on vortex instability. 

Interest in applying a stability analysis to the tornado 

problem was stimulated by the observations of secondary vortices in 

natural and simulated tornadoes. Ward (1972) proposed that the sec

ondary vortices arise from instabi'lity of an annular or cylindrical 

region of high vorticity which he found in his laboratory experiments. 

This annulus corresponds to the "middle region" of the vortex studied 

by Michalke and Timme. As a first step in investigating the tornado 

problem, Snow (1978) reexamined that vortex and analyzed the insta

bility in much greater detail. He confirmed the results presented by 

Michalke and Timme and found some general similarities between the 

most unstable disturbances and the secondary vortices occuring in the 

simulator. His study does, however, share the same limitations as 

theirs with regard to the tornado in that axial flow is not considered. 

Rotunno (1978) combined a special case of the three-region vortex, one 
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in which the middle region is of infinitesimal thickness and the inner 

region is stagnant, with a two-celled distribution of axial f1ow. The 

axial flow was constant within each cell and the velocity discontinuity 

between the cells coincided with that in the azimuthal wind field. 

This vortex structure resulted in all wavenumbers, including 1 and 2, 

being unstable with the general helical disturbances growing more 

rapidly than vertically invariant ones. A comparison of this result 

with the corresponding one by Snow again demonstrates the influence of 

axial flow in destabilizing the lowest wavenumbers. One shortcoming 

of this particular vortex is that the waves having the highest growth 

rates are those with the highest wavenumbers. Rotunno attributed this 

result to the unrealistic infinitesimal thickness of the vortex sheet 

and argued that, no matter what wavenumbers are the most unstable, the 

diffusion will effectively dampen the shorter waves. However, this 

study does not allow any definitive conclusions to be drawn as to which 

wavenumber should actually dominate the flow for a given swirl ratio. 

All the theoretical studies mentioned thus far have dealt with 

highly idealized flows that bear only a limited resemblance to natural 

or laboratory tornadoes. A more realistic vortex was tested for in

stability by Staley and Gall (1979). They examined horizontal cross 

sections at three different levels through the tornado wind profile 

obtained by Hoecker (1960). Radial and vertical motion were omitted 

from the cross sections under the assumption that the azimuthal wind 

is the primary source of instability, and the disturbances were as

sumed to be vertically constant. Interestingly, wavenumber 2 was 
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found to be highly unstable for all three levels although wavenumber 

1 was neutral. Moreover, waves 2-4 had the highest growth rates with 

all wavenumbers greater than 7 being stable. Since the only essential 

difference between this study and that of Snow lies in the distribu

tion of azimuthal velocity in the primary vortex, it must be concluded 

that that difference is solely responsible for producing the widely 

different results. An inspection of the Hoecker profiles used in 

Staley and Gall reveals that they fairly closely resemble a combined

Rankine vortex, one of the (neutrally stable) special cases considered 

by Snow. This fact demonstrates that, distinct from utilizing a gross 

simplification such as the neglecting of axial flow, there is another 

way in which idealized profiles may be limited: Even when an idealized 

profile closely resembles a real vortex, the slight departures there

from may lead to significantly different results. Of course, the pre

liminary study of Staley and Gall must, itself, be suspected of 

oversimplifying the problem since it neglects axial flow. 

Recently, Gall (1983) has carried out a more complete stability 

analysis for a vortex containing both axial and azimuthal flow. The 

vortex was generated by a numerical model (described in Gall, 1982) 

designed to approximate the flow in the laboratory simulator. In order 

to provide a simple explanation of the major vortex features, the fol

lowing assumptions were employed in the model: (1) azimuthal velocity 

is constant with height; (2) radial velocity varies linearly with 

height in the lower simulator chamber and is zero in the upper chamber; 

and (3) vertical velocity varies quadratically in the lower chamber 
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and is constant in the upper chamber. With these assumptions, the 

numerical computations were in effect one-dimensional, being required 

only for determining the radial distribution of the variables in the 

vortex. It was the upper, axially constant portion of this modeled 

vortex, expanded to infinite length, that was tested for instability. 

Growth rates were obtained for a large number of combinati~ns of azi

muthal wavenumber, vertical wavelength, and swirl ratio. The most 

unstable disturbances were found to have vertical as well as azimuthal 

periodicities (i.e., a helical structure). A shift in the most un

stable azimuthal wavenumber from low to high values, and an increase 

in the most unstable vertical wavelength were observed with increases 

in the swirl ratio. These results are qualitatively consistent with 

the behavior of secondary vortices in the laboratory simulator. A 

particularly interesting finding in this study was that, at low swirl 

ratios where only the low wavenumbers are unstable, the radial shear 

of the axial flow is the dominant source of energy for the disturbances 

while at higher swirl ratios, the radial shear of the azimuthal wind 

dominates. This is a possible explanation for why the vortex profiles 

(with no axial motion) studied by Snow and others failed to ever be 

unstable to wavenumber 1 and sometimes 2. 

The study by Gall {1983} is probably more accurate than pre

vious studies in representing the flow instability in the simulator 

and, presumably, in tornadoes since the unstable vortex, in spite of 

its simplifying assumptions, was an approximate flow solution for the 

simulator. This claim is supported by a general agreement with 
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observations. However, with that type of study, as with the others, 

no assessment can be made of the importance of radial flow, axial 

variations in the flow, or axial boundaries in determining the overall 

instability or unstable wave characteristics. The advantages of study

ing idealized vortices and finding instabilities of a general or funda

mental nature are well recognized; nevertheless, only by considering 

all components of a vortex can a complete stability analysis be made 

of it. 

1.4 Summary of this Investigation 

A complete stability analysis of the laboratory simulator flow 

being the objective of this study, the restrictive assumptions used by 

Gall will be relaxed and an experimental procedure similar to his will 

be followed. An axisymmetric numerical model of the laboratory simu

lator will be used to produce a family of vortices based on a range 

of swirl ratios. This model will include all the important features 

of the simulator including the lower boundary, the baffle at the top, 

and the radial inflow of the lower chamber versus 'the impermeable 

outer wall of the upper chamber. Numerical computations will determine 

the two-dimensional, radial-height distribution of the flow variables 

which satisfies the appropriate boundary conditions. Each of these 

vortex flows will then be tested for instability to a range of azi

muthal wavenumbers using a linear model which also conforms to the 

geometry of the simulator. The resulting growth rate spectra, struc

tures, and energy budgets of the linear waves will be carefully ana

lyzed to provide a detailed description of the vortex instability. 
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Chapter 2 of this work presents a detailed description of the 

axisymmetric model used for this study. A discussion is included of 

the model boundary conditions employed and their relevance to the simu

lator. An additional section mentions the testing procedures used to 

verify the model. In Chapter 3, these same areas are covered for the 

linear model. That chapter also contains a derivation of the energy 

equations used to analyze the energy budget of the unstable waves. 

The numerical results obtained from both models are presented in Chap

ter 4. An analysis and discussion of these results, followed by a 

final conclusion, comprise Chapter 5. 



Chapter 2 

DESCRIPTION OF THE AXISYMMETRIC MODEL 

Of the many numerical methods available for the solution of 

the hydrodynamic equations, the one chosen here was deemed the most 

appropriate for the present problem. The reasons for selecting the 

various aspects of this method over possible alternatives will be ex

plained as the discussion progresses. 

2.1 Coordinate System and Model Variables 

The cylindrical symmetry of the vortex simulator and of the 

vortex flow itself makes the use of a cylindrical coordinate system by 

far the most appropriate. This allows easy handling of the boundary 

conditions and contains the set of dependent variables which most 

readily describes vortex motion. Indeed, the axisymmetric vortex is 

just a modified form of a two-dimensional flow and can therefore be 

simulated on a two-dimensional grid in a cylindrical system. The co

ordinate system and the variables used in the model are shown in Fig. 

2.1. The quantities listed as IIdependent variables" are those which 

are actually used in the model calculations whereas the lIauxiliary 

variables" are calculated from the dependent variables and are used 

only to provide a more complete description and visualization of the 

results. The notation is identical to that used by Rotunno (1977). 
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Independent Variables 
r - radial position 

Dependent Variables 
u - radial velocity 

9 ~ azimuth angle 
z - height 
t - time 

v - azimuthal velocity 
w - vertical velocity 
p - pressure 

Auxiliary Variables 
n - azimuthal vorticity 
z;; - vertical vorticity 
$ - stream function 

(in r-z plane) 
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Figure 2.1. Coordinate system and variables used in numerical 
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2.2 System of Hydrodynamic Eguations 

The complete system of hydrodynamic equations applicable to 

general fluid motions may be considerably simplified for this problem. 

A scale analysis of the flow in the simulator, assuming a character

istic length L of 1 m, a characteristic velocity V of 1 ms- l , and an 

angular velocity n of the earth-based coordinate system of 10-4 s-l 

indicates that the Rossby number V/Ln, which is a measure of the rela-

tive importance of inertial force to Coriolis force, has a numerical 

value of about 104. Thus, the Coriolis force may be neglected. Fur

thermore, the Mach number VIC, where C is the speed of sound, is less 

than 10-2 indicating that dynamic compressibility effects are negligi

ble as well. In addition, diabatic heating is absent from the flow, 

save for an insignificant contribution from viscous dissipation. 

Hence, the three equations of motion and the equation of continuity 

in the following form provide an accurate description of the flow. 

2 
2..!! = _ u 2..!! _ Y. 2..!! _ w 2..!! - I.££. + ':L. + Fr 
at ar r ae az p ar r (2.1) 

~tV = -u 3..1. _ Y. 3..1. _ w 3..1. __ 1 .££. - uv + Fe 
a a r rae a z rp a e r (2.2) 

aw _ _ u aw _ y. aw _ w aw _ I.££. + F 
at - ar r ae az p az z (2.3) 

1 .£2.. = _ 1.1- (ur) _ III _ aw = 0 
p at r ar r ae az (2.4) 

Since gravity is not included in the vertical equation of motion, 

the pressure p is the nonhydrostatic part of the total pressure. The 

major advantage of these simplifications, apart from the reduction in 
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the amount of computation, is that sound and gravity waves are elimi

nated from the solution thereby permitting much longer timesteps in 

the numerical integration. 

The terms Fr , Fe' and Fz denote the components of frictional 

force and are defined as follows. This model adopts the usual form of 

fluid friction which is given by the vector equation F = vv2V and as

sumes that the eddy viscosity coefficient v is constant throughout the 

fluid. Constant v is a poor assumption for this problem since both 

laminar and turbulent regions often coexist in the flow. However, it 

is felt that a spacially varying viscosity coefficient unnecessarily 

complicates the problem and would not alter the flow significantly or 

change the final interpretations. The major benefit of including vis-

cous dissipation in the model is the suppression of a spatial compu

tational mode in the numerical integration. Furthermore, this form of 

frictional force can be written in a way which has the desirable prop

erty of conserving momentum in its finite difference form. From the 

vector identity v2V = v(VoV) - vx(vxV) and the fact that v-v = a for 
+ + 

incompressible flow, it follows that F = -vvx(vxV). Written in com-

ponent form, this becomes 

= [ 1 a 2w + a 
2 
v + a ( 1 a ( ) ) a ( 1 au)]. 

F 8 v - r a z a e a i ar r ar rv - ar r ae 
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An alternative form of the equations of motion which·is more 

suitable for numerical integration is the so-called flux form. This 

is obtained by adding to Eqs. 2.1 - 2.3 the continuity equation which 

has been multiplied by u, v or w, respectively. This gives the fol

lowing set of equations when the friction terms are added. 

"u 1 '" 1 " " _ 1 ::In + v2 
_0 = ___ 0 (uur) ___ 0 (uv) __ 0 (uw) ~ 

at r ar r ae az p ar r 

~ = _ 1 l (uvr) _ II {vv} _ l {vw} __ 1 lE. _ uv 
at r a r rae a z rp a e r 

aw = _ l.l.. {uwr} _ l.l.. {vw} _ l (ww) _ llQ. 
at r ar r ae az p az 

(2.5) 

The important advantage of the flux form is that mass and energy are 

exactly conserved in the finite difference version of the advective 

terms while they are not for the advective terms in Eqs. 2.1 - 2.3 

{Haltiner and Williams, 1980, p. 178}. The numerical conservation of 

energy, apart from being a faithful representation of the continuous 

equations, also prevents the possibility of nonlinear computational 

instability occuring in the numerical solution {Bryan, 1966}. It 

should be pointed out that the equations could also have been written 
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in the IIvorticity-stream function ll form and solved using the mass and 

energy conserving finite difference operators developed by Arakawa 

(1966). Both methods have been used successfully to simulate flow in 

a cylindrical chamber, e.g., Warn-Varnas et a1. (1978) and Rotunno 

(1977), and neither appears to have any great advantage over the other. 

It was a matter of the author1s preference that the present method was 

chosen for this study. 

Eqs. 2.4 - 2.7 comprise the complete set of four equations and 

four unknown variables which is solved numerically in both the axisym

metric and linear models. Each of the two models, however, contains 

one additional assumption which further simplifies the set. The pur

pose of the axisymmetric model is to find solutions which are axially 

symmetric, i.e., solutions in which a-derivatives are zero. Hence, 

the set of equations used in that model reduces to 

.ill! = _ 1.1.... (uur) _ .1.... (uw) ~ 1lJL + v
2 

+ v [a
2
u _ a

2
w] (2.8) 

at r ar az p ar r az2 azar 

2.Y. = _ 1.1.... (uvr) _ l (vw) _ uv + v [a
2
v + .1.... (1-1... (rv)~ (2.9) 

at r ar az r al ar r ar ~ 

aw = _ II (uwr) _ l (ww) _ 1 2.I?. 
at r ar az p az 

1 a ( au) 1 a ( aw) ] + v[ - - - r - + - - r-r ar az r ar ar 

_ 1.1.... (ur) _ aw = 0 
r qr az 

(2.10) 

(2.11) 



26 

2.3 Finite Difference Grid and Equations 

The finite difference equations used to approximate Eqs. 2.8 -

2.11 are based on the grid lattice shown in Fig. 2.2. This grid is 

staggered in its placement of variables and is one of many possible 

designs. Arakawa and Lamb (1977) have discussed a variety of grid 

designs and found this one to produce the most accurate solutions for 

models using the primitive equations in two dimensions. On the grid, 

the dependent variables u, v, w, and p are no longer continuous in 

space but are defined at discrete points and labeled with radial index 

i and vertical index k. The radial and vertical grid spacings are ~r 

and ~Z, respectively, and are uniform throughout the domain. Also de

fined are discrete radial distances r i and si given by r i = ~r(i - !) 
and si = ~r(i - 1). The spatial indices vary over the ranges 1 ~ i < I 

and 1 ~ k ~ K with the extreme values representing boundary points 

which are located outside the computational domain and are added for 

computational convenience. All of the experiments performed in this 

study use I = 32 and K = 62. The relative positions of all variables 

having a given pair of indices, and the manner in which the indices are 

numbered are evident from Fig. 2.2. In addition to their discrete 

spatial representation, the dependent variables also change from being 

continuous in time to occupying discrete moments with a basic time in

crement ~t between successive steps. 

The difference equations for general variables having spatial 

indices i, k and time index n are written in the following way. 
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Figure 2.2. The finite difference grid on which the difference 
equations are based. The diagram indicates the relative placement of 
the dependent variables and the scheme for numbering indices. 



n+1 n-l 
u. k - u. k { 1 
1'2t

1
, = 4 [(s,u'k+s"u'1k)(u'k+u'1k) f), f),r S; 1 1, 1 - , -, , , 1 - , 

- (S1'+1 U'+1 k + S.U. k)(U'+1 k + u. k)] 1, 11, 1, 1, 

- (W;,k + W;+1,k)(U;,k + U;,k+1)] 

+ l[V;'kV;'k + V;+1,kV;+1,k] 
2 r; r;+1 

1 } n 
+ pf),r (P;-1,k - P;,k) 

+ { v[f),;f),Z (u;,k-1 - 2u;,k + u;,k+') 
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- f), Z1f), r (w; + 1 ,k - w;, k - w; + 1 ,k _ 1 + w;, k _ 1 )] } n -
1 

(2.12) 

n+1 n-1 
v. k - v. k { 1 
1, 1, = [S U. (V + V ) 

2f),t 2r;f),r ;-1 1-1,k ;-1,k ;,k 

- s.u. k (v. k + v'+1 k)] 1 1, 1, 1, 

+ 2~ [W. k l(V, k 1 + v. k) - w. k(v, k + v. k+1)] uZ 1, - 1, - 1 , 1 , 1 , 1 , 

1 } n - 2 r v. k[s'_lu'_1 k + s.u. k] r;; 1, 1 1, 11, 
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{ [ 
1 

( 
r·+1v·+1 k - r.v. k r·v. k - r·_1v. 1 k)' + v __ 1 1, 1 1, _ 1 1, 1 1-, 

b.rb.r s. s. 1 
1 1-

1 ] } n-1 
+ b.Zb.z (v;,k_1 - 2v;,k + v;,k+1) (2.13) 

- s.(u. k + u· k+1)(w. k + w·+1 k)] 1 1, 1, 1, 1, 

+ _1_[( + )( + ) 4b.Z Wi ,k-1 W;,k Wi,k-l Wi,k 

- (w. k+1 + W. k)(W. k+1 + W. k)] 1, 1, 1, 1, 

1 } n 
+ pb.z (Pi,k - Pi,k+1) 

1 ----'- (s. [ u· k+1 - u. kJ rib.rb.Z 1 1, 1, 

(2.14) 

(2.15) 

Both the space and time differences are centered so that the equations 

possess second order accuracy. The particular form of the differences 
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is the two-dimensional analog of the scheme used by Williams (1969) to 

simulate thermal convection in a rotating annulus. That study demon

strated that the scheme is computationally stable and accurate for long 

term integrations. 

2.4 Method of Solution 

Eqs. 2.12 - 2.14 are prediction equations used to find the 

velocity components u, v and w at a new time level n+l based on cur

rent values (time level n) and past values (time level n-l) of all 

variables. The expressions on the left-hand sides of those equations 

represent the average time derivatives of the velocity components 

from time level n-l to n+l. Except for the viscosity terms, which are 

taken at time level n-l to maintain computational stability (see 

Haltiner and Williams, 1980, p. 155), the terms on the right-hand side 

of these equations apply at time level n. Hence, time derivatives 

computed at time level n are used to advance the fields from time level 

n-1 to n+l; next, time derivatives computed at ·time level n+l will be 

used to advance the fields from time level n to n+2, and so forth. 

This advancement scheme has been appropriately named the "1eap frog" 

method and is one of the simplest and most accurate of the explicit 

schemes available (Kurihara, 1965). 

The only variable which remains to be computed is the pressure, 

p, for which there is no explicit prediction equation since incompres

sibility has been assumed. There is, however, a constraint on the 

velocity fields, namely Eq. 2.15, as a result of the incompressibility 

assumption. As long as the boundary conditions are properly specified, 



there is a unique pressure field at time level n which, by Eqs. 2.12 

and 2.14, will cause the radial and vertical velocity fields at time 

level n+l to satisfy Eq. 2.15. The determination of that pressure 

field involves the solution of a system of simultaneous linear equa

tions and is therefore an implicit computation. 

A convenient method for performing the pressure calculation 
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is the following. Eqs. 2.12 and 2.14 are first used without the pres

sure terms to predict the temporary velocity components ~~:~ and w~:~. 
Then, the part of the equations which remains to be solved is 

U~+kl = u~+l + 2~t (p~ - pn
1
.+l ,k) 

1, 1,k p~r 1,k (2.16) 

n+l -n+l 2~t ( n n ) 
W;,k = w;,k + p~z P;,k - P;,k+l (2.17) 

and this will be done once pressure is computed. To get the pressure, 

Eqs. 2.16 and 2.17 are substituted into Eq. 2.15, which gives 

1 (-n+l -n+l )] 1 +- W -w -
~z i,k i,k-l 2~t 

(2.18) 



The left side of Eq. 2.18 is a five-point Laplacian of pressure cen

tered on p~ k while the right side is the negative divergence of the , , 
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temporary velocity components divided by 26t, and is also centered on 

th . t n e p01n Pi ,k. When Eq. 2.18 is written in matrix form for the en-

tire domain, it becomes AP = -D, where A is a square coefficient matrix 

containing only constant (in time) geometrical factors, P is a vector 

containing all interior points P~,k where 2 < .i < 1-1 and 2 ~ k ~ K-l, 

and D is a vector containing all the temporary divergences for the 

same points. One straightforward method of solving this matrix equa

tion would be to compute A- l , which need be done only once since it is 

constant for all time, and carry out the simple matrix multiplication 

P = -A-1D each time step. However, even for the moderate grid size of 

1 = 32, K = 62, used in this study, P and D have 30 x 60 = 1800 points 

and A- l has 1800 x 1800 = 3,240,000 points. This number is far too 

large to fit in any high-speed computer memory and this method would 

require the use of low speed memory every timestep. An alternative 

method, which has been used in this model, takes into account the fact 

that A is a very sparse matrix so that A- l , while not being sparse, 

contains mostly redundant information. If the elements of P and Dare 

written in the order of the sequence P2,2' P3,2' ... , PI-l,2' P2,3' 

P3,3' •.. , PI-2,K-l' PI-l,K-l' then A is a tridiagonal matrix with two 

additional diagonals located 1-2 columns away on either side of the 

main diagonal. Then, if the system AP = -D is solved by Gaussian 

Elimination, all the zero elements of A which lie beyond the outer 

diagonals can be ignored thereby greatly reducing the amount of 
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computational work. The standard Fortran subroutines DECaMP and SOLVE 

have been chosen for this purpose. These software packages are de

scribed in Forsythe et ale (1977) and are resident routines at the 

National Center for Atmospheric Research (NCAR NSSL Manual, 1975). 

By carrying out that part of Gaussian elimination which depends only 

on A, DECaMP decomposes A into a form containing the multipliers and 

pivot information, and ready for rapid solution of the matrix equa

tion. For this case, this results in a banded matrix having a band

width of 2(1-2) + 1. Since the order of A is (1-2)(K-2), the band, 

which contains the only nonzero elements of the matrix, has approxi

mately [2(1-2) + 1](1-2)(K-2) elements. For the above example with 

1 = 32 and K = 62, this number is 109800 which is a substantial im

provement over the number in A- l . These points are computed once and 

stored in a rectangular array for the duration of the run. The sub

routine SOLVE, which has been slightly modified to accomodate only the 

band array and not the entire decomposed version of A, is called each 

timestep and rapidly computes the current solution P from the current 

vector D and the constant band array. Once the pressure for time level 

n is found, the radial and vertical velocities for time level n+l are 

computed from Eqs. 2.16 and 2.17, and Eq. 2.15 is automatically satis

fied. This completes the advancement of all dependent variables by 

one time level. 

Many methods which have been used in numerical models to invert 

an elliptic equation such as Eq. 2.18 employ a successive relaxation 

technique in which the correct solution is approached asymptotically 
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through iteration (Haltiner and Williams, 1980). Such schemes have 

the advantage of requiring very little computer storage but involve a 

compromise between speed and accuracy. When near exact solutions are 

needed, relaxation methods require many iterations causing them to be 

inefficient. The method which has been used for this study is both 

accurate (to computer round-off error) and fast, the pressure calcu

lations requiring only about one-third of the total time involved in 

the model integration. 

It was mentioned above that a spatial computational mode ap

pears in the numerical solution and can be sufficiently damped by the 

use of viscosity terms in the numerical equations. This computational 

mode arises because the hydrodynamic equations, which contain only 

first order derivatives in the advective, pressure and divergence terms 

of the continuous equations, are raised to second order when cast in 

difference form, thereby permitting the second solution. Since the 

numerical time differences have likewise been raised from first to 

second order, a spurious computational mode also appears in time be-

tween successive time levels. This is damped in the present model by 

applying a weak filter every timestep. The filter has the form 

where q = u, v, or w, and is used to modify the velocity components at 

time level n after they have been computed for time level n+l. The co

efficient 0 controls the strength of the filter with 0 = 0 causing no 

filtering and 0 = 0.5 causing complete filtering of the 2~t mode 
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(Asselin, 1972). A value of 8 = 0.1 has been used for this model. 

Since the axisymmetric model is used to find a steady-state solution, 

the dependent variables of two consecutive time levels approach each 

other asymptotically with time so that time filtering does not affect 

the final solution. 

2.5 Spatial and Temporal Boundary Conditions 

The model equations 2.12, 2.13,2.14 and 2.18 may be used to 

compute new values of only the interior variables since the spatial 

derivatives are represented by centered differences. The variables 

at the upper, lower, inner, and outer boundaries must be assigned by 

other methods which depend on the physical boundary conditions appro

priate to the problem. One basic approximation employed in this model 

which determines many of the boundary conditions is that the bottom, 

top, and sides of the vortex chamber exert no tangential force on the 

fluid. This free-slip condition has been adopted for the following 

reasons. Although real fluids actually have zero slip at rigid 

boundaries due to viscosity, it is generally true that in high 

Reynolds number flow, such as that in the vortex simulator, only a 

narrow layer next to the boundary is significantly retarded. Across 

this layer, known as the boundary layer, the fluid makes a rapid 

transition from zero velocity on the boundary to finite velocity 

similar to that which would occur if the flow were inviscid. Outside 

the boundary layer, the tangential stress exerted by the boundary is 

insignificant compared to the inertial forces. The existence of the 

boundary layer was first hypothesized by Prandtl in 1904 and has 
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subsequently been verified experimentally for a wide variety of low 

viscosity flow fields (Batchelor, 1967). Because secondary vortices, 

the object of interest of this study, are not a boundary layer pheno

menon but occur in the free interior flow, to numerically resolve the 

boundary layer with a high density grid is considered unnecessarily 

complicated. Without that resolution, a free-slip boundary condition 

provides the most accurate simulation of the interior flow. 

Some further comments should be made concerning the applica

tion of the free-slip condition to the individual boundaries in the 

model. An additional effect which the lower boundary stres~ has on 

the vortex is the inducement of a radial inflow in the boundary layer. 

This phenomenon is readily observed in measurements made by Baker 

(1981) of the simulator flow for radial distances less than about 

30 cm where approximate cyclostrophic balance occurs above the boundary 

layer. The secondary circulation arises because the viscous stress of 

the surface retards the azimuthal velocity thereby upsetting the ap

proximate cyclostrrr.>hic balance and allowing the radial pressure force 

to drive air into the center of the vortex. This effect is eliminated 

by the assumption of a free-slip condition; however, since it is of 

the same magnitude and confined just to the narrow boundary layer as 

the other viscous boundary effects, it is considered to be equally 

negligible. The outer radial boundary of the computational domain has 

been chosen to coincide with the radius of the updraft hole, rather 

than the outer wall of the simulator, and is therefore a fictitious 

boundary. The grid is abbreviated in this way in order to confine the 
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computations to the central region where the secondary vortices are 

present. A free-slip condition is naturally the most appropriate for 

this boundary; then the only artificial effect of the boundary is the 

forcing of zero radial velocity at that radius. This method was used 

by Rotunno (1977) and realistic simulations in the central region were 

obtained. The no-slip upper boundary condition is perhaps the most 

difficult one to justify since the top is an outflow boundary and the 

honeycomb baffle forces the air to exit vertically. However, the vis

cous drag of the baffle does not appear to be noticed very far upstream 

as the azimuthal velocity remains nearly constant with height until 

only a few centimeters below the top. Thus, a free-slip condition ap

pears to be reasonable. Probably the major influence that the baffle 

has on the flow in the simulator is the removal (at the top) of the 

central pressure deficit associated with the azimuthal rotation (Church 

et al., 1979). In this model, the pressure at the upper boundary may 

be independently specified which allows this effect to be included. 

The free-slip condition having thus been rationalized, the 

details of specifying numerical boundary values for all variables are 

now listed. 

A. Inner Boundary 

None of the variables at the inner boundary enter into the 

computations since they are always multiplied by the value of the cen

ter radius which is zero. (The one exception to this occurs in the 

azimuthal friction component where the center radius is multiplied by 

its reciprocal making the quantity indeterminate. The proper effect 
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of azimuthal stress at the center is obtained by subtracting the quan

tity 4vv2,k/~r~r from the tendency of v2,k each timestep.) The vari~ 

ables are nevertheless assigned special values for the purpose of 

graphic representation. Following from axial symmetry, the assignments 

Ul,k = 0, vl,k = -v2,k' wl,k = w2,k' and Pl,k = P2,k for 1 ~ k ~ K are 

made upon the completion of a timestep. 

B. Lower Boundary 

From the free-slip condition, ui,l = ui ,2 and vi,l = vk,2. 

The impermeability of the boundary dictates w. 1 = 0, and p. 1 = p. 2 
1, 1, 1, 

is set only for graphic representation. These assignments apply for 

2 ~ i .::. I and are made at the end of each timestep. 

c. Outer Boundary 

The outer boundary contai ns two regions, the lower one cLI;n-

ciding with the inflow region and the upper one representing an 

impermeable wall. The division between the regions occurs at the same 

height as a "W" point whose vertical index will be denoted as L. For 

2.::. k.::. L, u1-l,k and v1,k are specified and constant for all time, 

thus determining the volume flow rate and the inflow circulation. 

Vertical velocity is chosen so that the azimuthal component of vor

ticity of the flow entering the chamber is zero. The importance of 

this condition was discussed in Rotunno (1977) and the zero vorticity 

inflow is appropriate to the vortex simulator outside the viscous 

boundary layers. The numerical form of the vertical velocity is 

w1,k = w1-l,k + (u1-l,k+l - uI_l,k)~r/~z. For L < k < K, the boundary 



conditions are uI-l,k = 0, vI,k = vI-l,k(rI/rI_l)' and wI,k = wI-l,k' 

the latter two being the free-slip conditions. The pressure at the 
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outer boundary has no bearing on the flow but is assigned for graphic 

representation as PI,k = PI-l,k· 

D. Upper Boundary 

The upper boundary is the most complicated as it may be an 

outflow and inflow boundary simultaneously, and exactly what portion 

is inflow is not in general known a priori. Special care must be taken 

in order that flow disturbances impinging on the open boundary be al

lowed to pass out of the domain without being appreciably reflected 

back into the interior. If this is not done, a spurious computational 

mode is likely to be generated. The possibility of this occuring is 

well known and many methods have been devised for minimizing false 

reflections at the boundaries (e.g., Orlanski, 1976; Lilly, 1981). 

Most of the methods use the advective equation with an upstream dif

ference to extrapolate information from the interior to the boundary, 

and the various methods differ primarily in the way the characteristic 

advective speed is chosen. For the case of the vortex simulator, the 

selection of an appropriate boundary condition is relatively easy since 

neither sound nor gravity waves can exist in the flow. The advective 

extrapolation technique is used with the local vertical velocity w 

chosen as the representative advective speed. The upper boundary con

ditions are written in numerical form as follows. For 2 < i ~ 1-1, 



where 

and 

n+l 
u. K = 0 , , 

v~+l = 0 , ,K 

if c < 0 

if d < 0 

n+l n-l ~ n 2c 
ui,K = ui,K Tf+CT + ui,K-l (l+c) 

n+l n-l il:.Ql n 2d 
vi,K = vi ,K TT+dT + vi,K-l Tl+d) 

n+l n+l 
w. K = w. K-l , , , , 

~t n n 
c = 2~z (wi,K-l + wi+l,K-l) 

d - ~t wn 
- ~z i, K-l 
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if c > 0 

if d > 0 

Unlike the other boundaries where a simple assignment of variables 

based on one time level is possible, computation of the upper boundary 

conditions for horizontal velocity requires using variables at three 

time levels simultaneously. When a steady state is approached, the 

choice for the horizontal velocity components converges to the free

slip condition. The top pressure Pi,K' as mentioned before, must be 

specified and is set to zero at all radii for these experiments .. 
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E. Initial Temporal Boundary 

Because the desired solution of the axisymmetric model is the 

final steady state result, the actual values assigned initially to 

the dependent variables are inconsequential. A value of zero has 

arbitrarily been chosen for all interior variables for time levels 

n = 1 and n = 2 while the spatial boundary values are set according to 

the conditions previously mentioned. Thus, all the quantities neces

sary for performing the first integration and determining the solution 

at n = 3 are provided. 

2.6 General Development of the Solution 

After one iteration, the solution at n = 3 has a fully devel

oped radial and vertical flow structure because continuity is always 

satisfied, and a radial inflow has been imposed. The swirling velo

city, on the other hand, requires many iterations to fully penetrate 

the domain. As this takes place, the radial and vertical velocity 

fields continually readjust under the influence of the developing 

swirling flow. After several hundred iterations, the solution has 

very nearly reached its steady state value. The model is typically 

integrated out to several times this amount, however, in order to 

provide as close a solution to the true steady state solution as is 

reasonably possible. 

2.7 Model Testing and Verification 

In order to insure the validity of the axisymmetric model and 

to locate possible errors in the formulation of the equations or in 
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the computer code, three tests were devised whereby solutions generat

ed by the model cquld be compared to known results. In the first and 

simplest test, the upper, lower, and outer boundaries were made every

where impermeable so that the model would simulate the flow in an en

closed cylindrical container. A solid-body rotation with no radial or 

axial motion was imposed on the flow as the initial condition and the 

free-slip condition was used at all boundaries. As the model was 

integrated forward in time, the flow remained unchanged and the assoc

iated pressure field was constant with height and parabolic with radius. 

This results is in exact accordance with the analytic solution. 

Because the first test considered a simplistic flow, it could 

verify only a portion of the model. A second test was performed using 

a fully general flow for which all three velocity components and their 

spatial and time derivatives were nonzero. The same boundary condi

tions were used as before except that the free-slip .condition was re

placed by no-slip on all boundaries. The initial condition consisted 

of solid-body rotation in the interior fluid and a 10% faster rotation 

of the cylindrical container. Tangential viscous stress exerted by 

the container wa11s caused the fluid to spin up and, in the process, 

develop inertial waves. All experimental parameters including fluid 

density and viscosity, dimensions of the container, and angular velo

city were chosen to match those used in a previous numerical simula

tion of this problem described in Warn-Varnas et ale (1978). Both 

experiments used the same finite difference equations and grids. 



A comparison was made between the test results and those reported in 

Warn-Varnas et ale and no difference was apparent. 
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For the third test, the model was set up to resemble the tor

nado simulator. The same conditions as those described in Section 2.5 

were used with two exceptions: (1) instead of imposing a radially

constant pressure at the top, the pressure was chosen to sati sfy the 

condition of cyclostrophic balance with the azimuthal flow; and, (2) 

the vertical derivative of azimuthal velocity at the top of the model 

was set to zero in regions where a downdraft existed, as well as where 

updrafts occurred. This allowed a direct comparison to be made with 

the numerical simulations of the laboratory simulator by Rotunno (1977) 

which employed the same conditions. Although the two models use com

pletely different formulations of the fluid equations, their mutual 

agreement was nearly exact. 

The performance of the axisymmetric model in these tests 

demonstrates the accuracy and validity of its formulation and computer 

coding. 



Chapter 3 

DESCRIPTION OF THE LINEAR MODEL 

The linear model is necessarily very simiiar in design to the 

axisymmetric model. For the linearization process to be strictly 

valid, it is important that the same form of the equations and the 

same boundary conditions be used wherever appropriate. Hence, most of 

the methods and terminology described in Chapter 2, including the co

ordinate system and variables, will apply here. To begin with, the 

model development proceeds from Eqs. 2.4 - 2.7. 

3.1 Linearization of the Hydrodynamic Equations 

The goal here is to derive the equations which describe the 

behavior of small-amplitude, azimuthally varying perturbations of an 

axisymmetric flow which is in steady-state equilibrium. To this end, 

the dependent variables are each expressed as the sum of their azi

muthal average and the departure from the average: 

u (r, 8, z, t) = u( r, z, t) + u·1 (r, 8, z, t) 

v(r, 8, z, t) = v(r, z, t) + vJ(r, 8, z, t) 

w ( r, 8, z, t) = w ( r, z, t) + w·1 ( r, 8, z, t) 

p ( r, 8, z, t) = p ( r , z, t) + p.1 ( r , 8, z, t) 

where the average is defined, for example, as 
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2TI 

U (r, z, t ) = 2lTI J U (r, e, z , t ) d 
o 
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(The time dependence of the azimuthal mean quantities is retained here 

as this step is purely a matter of definition. Its omission will be 

justified later.) The above expressions are substituted into Eqs. 

2.4 - 2.7 to give 

au + l!L = _ 1.1... (uur) _ £.1... (uu' r) - 1.1... (u' u' r) 
at at r ar r ar r ar 

- 1-1- (uv') - 1.1... (u' v) - 1.2- (u' v') - .1... (uw) r ae r ae r ae az 

a (-') a ( • -) a ( • ') 1 2.Q. 1 ~ - az uw - az u w - az u w - p ar - p ar 

+ vv + 2vv' + v'v' + l.J! _ .l...!L + l.J:L.. _ ..L!L - - [2- 2- 2 2 • 
r r r v ai azar ai azar 

1 a
2
u' 1 a ( av.)] (3.l) 

+ r2 ~ - r2 ar r as 

av + av' = _ 1.1... (uvr) _ 1.1... (uv' r) - II (u'vr) 
at at r ar r ar r ar 

- 1.1... (u' V • r) - £ -1- (vv') - 1l ( v • v') - .L (vw) r ar r ae r ae dZ 

a (-') a (.-) a ( • ') 1 ~ uv - - vw - - v w - - v w - - - -az az az rp ae r 

_ uv' _ u'v _ JLL + v [a
2
v +.1... (1.1... (rv}) 

r r r al ar r ar 

_ 1 a 2w' + a 
2 
v • +.1... (1.1... (rv')) _ .1... (1 ~)] (3.2) 

r azae al ar r ar ar r ae 
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aw , awl 
- ..... -= at at 

1 a (-) 1 a - 1 a -- - - uwr - - - (uw I r) - - - (u I wr ) r ar r ar r ar 

- 1.1.... (VIWI) - .1.... (ww) - 2 .1.... (WWI) - .1.... (WIWI) r ae az az az 

_ 112. _ 1 ~ + \I [_1.1.... (r au) + 1.1.... (r aw) 
p az p az r ar az r ar ar 

_ 1.1.... (r ~) + 1.1.... (r aw I ) + _1 a 2w I _1 a 2v I ] (3 3) 
r ar az r ar ar r2 ae2 r aeaz . 

1 a (-) + 1.1.... (ulr) + 1 av + 1 avl + aw + awl = 0 r ar ur r ar r ae r ae az az (3.4) 

In this form, the equations are simply an expanded but equivalent ver

sion of the general equations of motion and continuity. 

With the objective of this exercise in mind, the following re-

strictive assumptions are now made: 

(1) The perturbations are vanishingly small compared to the mean 

variables. 

(2) The mean variables are chosen to represent an axisymmetric 

flow which is a steady-state solution for this problem. In 

practice, this solution is generated by the axisymmetric 

model of Chapter 2. 

Under the first assumption, all terms which are second order in the 

perturbation quantities are negligible and can be omitted from the 



47 

equations. The remaining terms are all of the zeroth or first order 

in the perturbation variables. Since by definition, the azimuthal 

mean of a perturbation variable is zero, none of the first order terms 

makes any contribution to the axisymmetric flow (i.e., zeroth and 

first order terms are orthogonal) and thus each of the four equations 

is separable into a zeroth order and a first order equation. The 

zeroth order equations, which are identical to Eqs. 2.8 - 2.11 used in 

the axisymmetric model, are automatically satisfied according to the 

second assumption and, since the nonlinear terms have been omitted, 

the mean variables are constant in time. The first order equations 

are therefore the desired linear perturbation equations. The three 

momentum equations describe the tendencies of the perturbation velo

city components as they interact with the steady-state axisymmetric 

flow, and the continuity equation imposes a constraint on the velocity 

components from which the perturbation pressure field may be obtained. 

The linear equations are written succinctly as follows. 

a u I _ f..l.... (uu I r) _ u E.L _ v .a u I _ .l.... (uw I) _ .l.... (u I w) at = r ar r ae r ae az az 

- [ 2 2 2 1 an I vv I a u I a WI 1 a u I 
--~+2-+\) -----+---

P ar r az2 azar r2 ae2 

__ 1 .l.... (r aVI)] 
r2 ar a e 

(3.5) 



av' 1 a (-') 1 a ( ,- ) V av' a (-') at = - r ar uv r - r ar u vr - 2 r as - az vw 

- - (v w) - - ~ - - - - + v - ---a ,- 1 an' uv' u'v [1 a2w' 
az rp ae r r r azae 

+ a 2v ' + -1- (1-1- (rv')) 
ai ar r ar 

a (1 au')] 
ar r ae 

"w ' 1" 1 " _ 'i. "w ' _ w "V ' o ___ 0 (uw'r) ___ 0 (u'wr) 0 0 at = r ar r ar r ae r ae 

- 2 - (ww') - - ~ + v - - - (1"-) a 1 an' [1 a au' 
az p az r ar az 

+ _-1- (r 2!L) + _l.l'L __ .LL 1 '1 2 , 12,] 
r ar ar r2 ae2 r aeaz 
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(3.6 ) 

(3.7) 

(3.8) 

It may be noted that as the behavior of a linear solution is indepen

dent of its amplitude, the solution may be allowed to grow large during 

the integration of the above equations. The relevance of the linear 

solution to small amplitude perturbations on the axisymmetric flow is 

automatically insured by the removal of the nonlinear terms. 

3.2 Fourier Decomposition of the Perturbation Variables 

A major objective of this study is to determine the dependency 

which the instability of the axisymmetric vortex has on the azimuthal 

scale of the perturbations. For this purpose, the perturbations are 

decomposed into Fourier Series and each constituent harmonic is 
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considered separately. This step is legitimate since the perturbations 

are linear, implying no interaction between individual harmonics. An 

important secondary benefit which arises from considering the harmonics 

individually is that the growth of a three-dimensional perturbation can 

be simulated on a two-dimensional grid in radius and height, the 

sinusoidal variation in e being implicit. With this method, the e

derivatives which appear in Eqs. 3.5 - 3.8 can be computed analytically. 

The Fourier decompositions are written in the following way. 

00 

e ime ul(r, e, z, t) = Re l: Um(r, z, t) 
m=O 

00 

eime Vi (r, e, z, t) = Re l: Vm(r, z, t) 
m=O 

00 
(3.9) 

Wi (r, e, z, t) = Re l: Wm(r, z, t) eime 
m=O 

00 

eime pi (r, e, z, t) = Re. l: Pm(r, z, t) 
m=O 

where U , V , W , and P are complex coefficients, m is the azimuthal m m m m 
wavenumber (denoting the number of cycles in the range 0 ~ e ~ 2TI), 

i = I-T, and "Re." stands for the "real part of." Substituting these 

expressions, one wavenumber at a time, into Eqs. 3.5 - 3.8 results in 

each term containing the factor eime . This quantity is divided out 

requiring the simultaneous omission of the symbol "Re.." Upon omitting 

the subscript m from the complex coefficients, the Fourier-decomposed 

linear perturbation equations become 
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.£l:!. = _ £ l (uUr) _ uimV _ vimU _ l (ul~) _ .1.- (Uw) 
at r ar r r az az 

_ Ill: + 2 vV + lJ!. _ ...LJi.. _ !!L. U _ im .1.- ( V) - [2 2 2 ] 
p ar r \I az2 azar r2 r2 ar r (3.10) 

aV 1 a - 1 a - vimV a -
- = - - - (uVr) - - - (Uvr) - 2 - - - (vW) at r ar r ar r az 

+ l (1.1.- (rV)) - 'im --L (.!:!.)] ar r ar ar r (3.11) 

aW = _ 1.1.- (uWr) _ 1.1.- (Uwr) _ vimW _ wimV - 2 "a
z 

(wW) 
at r ar r ar r r a 

(3.12) 

1.1.- (rU) + i mV + a W = 0 
r ar r az (3.13) 

(Note that the factor im, which appears in some terms, results from 

8 d r · vat' • co' "e ims/"8 = l'me ims .) - e 1 He.,; l.e., a a 

The above is the continuous form of the equations which con

stitute the linear model. The predicted variables are now complex, 

and the entire three-dimensional perturbation fields can be recon

structed by recalling Eqs. 3.9. The interpretation of the complex 
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coefficients is facilitated by expressing them in polar form as, for 

1 U U .-ia. d examp e, = 01 where Uo and -a. are the mo ulus and argument, 

respectively, of U. Then, we can write u' = Re(U i-ia.eime) = 
o 

Re(Uoei(me-a.)) = Uocos(me-a.). Thus, Uo is the amplitude of the 

sinusoidal variation in u' at a particular height and radius. Fur

thermore, since cos (me-a.) = 1 at the azimuthal position me = a., the 

quantity a., referred to as the phase angle, is the angle (at a particu

lar height and radius) where u' crests. The identical interpretation 

of amplitude and phase angle holds for all other perturbation vari

bles. 

3.3 Finite Difference Grid and Eguations 

The finite difference form of the linear Eqs. 3.10 - 3.13 is 

based on the same grid as the axisymmetric model. The design of the 

difference operators is likewise identical for both models, although 

the linear model contains additional terms which arise from azimuthal 

derivatives. Continuing to denote mean variables by overbars and 

perturbation quantities by capital letters, the finite difference form 

of the linear equations is written as 

Un+l _ Un- 1 
i,k i,k = {4 1 [(s.u. k + s. lU. 1 k)(U. k + U. 1 k) 2ilt siilr 11, 1- 1-, 1, 1-, 

+ (s. U. k + s. 1 U. 1 k)(U. k + u. 1 k) 1 1, 1- 1-, 1, 1- , 
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- (s'+l U'+l k + s.U. k)(u'+l k + u. k)] 1 1, 1 1, 1, 1, 

1 + - (P. - P. ) 
p~r 1-1,k 1,k 

+ (H. k 1 + W'+l k 1 )(u. k 1 + U. k) 1,- 1,- 1,- 1, 

- (W. k + W'+l k)(U, k + U. k+1) 1, 1, 1, 1, 
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Vn+1 Vn-1 
i,k- i,k f si_1 [- (V V) 

2~t = \ 2ri~r ui - 1,k i-1,k + i,k 

+ U·_1 kCV-. 1 k + v. k)] 1 , 1-, 1, 

1 -
+ ---2A [w. k l(V. k 1 + V. k) LIZ 1, - 1, - 1 , 

+ ~1. k-1(V. k-1 + V. k) - W. k(V. k + V. k+1) 1, 1, 1, 1, 1, 1, 

- - 2im -
- W. k ( V. k + V. k+1)] - --- V. kV. k 1, 1, 1, r i 1, 1, 

- 2 1 [V. k (s. 1 U. 1 k + s. U. k) riri 1, 1- 1-, 1 1, 

+ V. k(S. 1u . 1 k + s.u. k)]}n 1, 1- 1-, 1 1, 

1 ---=--- (r.V. k - r. 1V. 1 k) s. 1 ~r ~r 1 1, 1 - 1 - , 
1-

+ _1_ (V. k 1 - 2V. k + V. k+1) 
~Z~Z 1, - 1 , 1 , 

. (U. k U. 1 k~ . ]} n-1 _.l!!!. _1_,_ _ 1 - , _..1.!!L (W. - W. ) 
~r Si Si_1 ri~z 1,k 1,k-1 

(3.15) 
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+(U. 1 " + U. 1 k+l)(w, 1 k + w. k)] 1- ,,, 1-, 1- , 1, 

s. 
- 4r;1Ilr [(Ui,k + U;,k+l)(W;,k + W;+l,k) 

1 (- -) + -2 - [ w. k-l + w. k (W. k-l + W. k) IlZ 1 , 1 , 1 , 1 , 

im [- ( ) - -2 - w. k V. k + V. k+l r; 1, 1, 1, 

+ W. k (V. k + V. k+l)]} n 
1, 1, 1, 

- s. 1 nJ· k - W. 1 k]) 1- 1, 1-, 

1 
- -- (s.[U. k+l - U. k] - s. leu. 1 k+l - U. 1 k]) IlrllZ 1 1, 1, 1- 1-, 1- , 
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. (;mw; k 1 
+ 1m r. ' - '!::::.z [Vi ,k+l 

1 

n-l 
{3.16} 

1 {s . U. k - s. 1 U. 1 k} + +- {W. k - W. k l} r . !::::. r 1 1, 1 - 1 - , LIZ 1 , 1, -
1 

imVi k 
+ '= 0 r. 

1 
(3.17) 

3.4 Method of Solution 

The linear finite difference equations are integrated by a 

numerical technique exactly paralleling that of the axisymmetric model. 

Eqs. 3.14 - 3.16 are first solved with the omission of the pressure 
-n+l -n+1 -n+l 

terms to obtain the temporary velocity fields Ui,k' Vi,k and Wi,k' The 

final nondivergent velocity fields are related to the temporary velo-

cities by the expressions 

Un.+l = U-n.+l + 2!::::.t (pn pn ) 
1,k 1,k p!::::.r i,k - i+l,k {3.18} 

vn+l = V~+kl - 2!::::.t imP~ k 
;,k 1, pr i 1, 

{3.19} 

Wn+l = l~ln.+l + 2!::::.t (pn pn ) 
i,k ~l,k p!::::.z i,k - i,k+l (3.20) 

Before they can be computed, the pressure is first obtained from 
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1 (P~'k-l -
m2 P~ 

+ n n ) 1 , k 
ptJ.ztJ.z 2P i ,k + Pi,k+l pr.r. 1 1 

[ r;16r 

. Vn+l 
( -n+1 -n+1) 1m . k 

= siUi,k - si-1Ui-l,k + 
1 , 

r. 1 

+ _1 (w~+l _ 
tJ.z 1,k 

-n+1 )] 1 
Wi ,k-1 2tJ.t (3.21 ) 

which is derived by substituting Eqs. 3.18 - 3.20 into Eq. 3.17. Eq. 

3.21 represents a system of simultaneous linear equations and is solved 

by Gaussian elimination as described in Chapter 2. Having thus ob

tained P~ k' Eqs. 3.18 - 3.20 are evaluated thereby completing the 
1 , 

advancement of all interior variables by one time step. 

The linear model, like the axisymmetric one, requires a weak 

filter between successive time levels to prevent the development of a 

computational mode. The filter used for this purpose is 

';Jl n 
Q. k = Q. k 1 , 1 , (

Q':'-1 Q~+l) 0 1,k 1,k 
n n Q. k Q. k 1 , 1 , 

where Q denotes U, V or Wand the exponent 0 is the strength of the 

filter with a = 0 causing no filtering and 0 = 0.5 causing complete 

filtering of the 2tJ.t mode. It will be noted that, while the filter 

used for the axisymmetric model tends to pull the solution at time 

level n toward the arithmetic mean of the solutions at n-l and n+l, 

the filter shown here pulls it toward their geometric mean. This 
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choice of a filter is the most appropriate for a solution which varies 

exponentially with time, which, as will be discussed later in the 

chapter, is the case for the linear solution after a sufficient amount 

of integration. Thus, once exponential growth dominates the pertur

bation field and the desired solution is approached, the effect of the 

filter diminishes to zero. (Actually, the quantity Qi,k is complex, 

but it is easily shown that application of the filter causes successive 

solutions to tend toward uniform spacing--arithmetically with respect 

to their phase angles and geometrically with respect to their ampli

tudes, which is the desired effect.) 

3.5 Spatial Boundary Conditions 

As was true for the axisymmetric model, the boundary values of 

the field variables in the linear model cannot be computed from the 

momentum and continuity equations and must be specified according to 

the physical boundary conditions imposed on the flow. For the most 

part, the boundary constraints applied to the axisymmetric flow are 

also appropriate for the perturbation fields but there are some dif

ferences, as will be seen below. 

A. Inner Boundary 

Although no variables at the inner boundary enter into the 

computations (except in the azimuthal frictional force, which is modi

fied as in Chapter 2), they are assigned values in order to provide 

the correct graphic representation when they are plotted. This pro

cess is more complicated for the perturbation fields than for the 
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axisymmetric fields since it is wavenumber dependent and both the 

amplitude and phase angle of the complex variables must be considered. 

The amplitudes of all variables are set to zero on the center axis, 

except for U and V at ·wavenumber 1, where the amplitudes are assigned 

the values of the next outer points. The phase angles of all vari

ables are chosen to be equal to those of the next outer points. 

B. Lower Boundary 

The conditions at the lower boundary are identical for both 

models; thus, we have U. 1 = U. 2' V. 1· = V. 2' W. 1 = 0 and P. 1 = 
1, 1, 1, 1, 1, 1, 

P. 2' 1 , The phase angle of Wi,l is set equal to that of Wi ,2 for graphic 

representation. 

C. Outer Boundary 

Recall from Section 2.5 that the axisymmetric model specified 

u, v and w at the inflow port whereas above, only u was specified (set 

to zero) while v and w satisfied the free-slip condition. The same 

procedure is used for the perturbation velocity fields. In this case, 

we require UI-l,k = VI,k = WI,k = 0 for the inflow port so that no 

perturbation kinetic energy is advected into the domain. Above, we 

have VI,k = VI-l,k(rI/rI-l) and WI,k = WI-1,k' The phase angle of 

U1-1,k is set equal to that for UI-2,k for graphic representation. 

D. Upper Boundary 

As in the axisymmetric model, the conditions Wi,K = Wi,K-l and 

P. K = 0 are applied at the upper boundary. Likewise, the advective 
1 , 

extrapolation condition is used and its linearized form is 
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un+ 1 - U~-l ( l-c) n ( 2c ) (- -)( 2a ) for c > 0 i,K - 1,K l+c + Ui,K-l l+c + ui,K-l - ui,K l+c 

Un+l - 0 i ,K - for c < 0 

Vn+l _ n-l(l-d) n 2d (- - 2b 
i,K - Vi,K l+d + Vi,K-l(l+d) + vi,K-l - Vi,K)(l+d) for d > 0 

Vn+l - 0 
i ,K -

W~+l = wn+l 
1 ,K i , K-1 

a - ~ t ( Wn + Wn ) - 2~z i ,K-l i + 1 ,K-l ' 

~t n 
b = ~i Wi, K-l ' 

~t (- -
c = 2~z wi,K-l + wi+l,K-l)' and 

~t -
d = ~z wi,K-l' 

for d < 0 

Notice that U. K and V. K are set to zero whenever w < 0, rather than 
1 , 1 , 

when w + W < O. This follows from the assumption that IWI « w. 

3.6 Initialization and Development of Solution 

The linear perturbation equations 3.10 - 3.13, along with the 

spatial boundary conditions, form a closed system of first order linear 

partial differential equations with constant coefficients. They are 

solved here by using the initial value technique (Brown, 1969). That 
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method requires the specifying of initial values for the field vari

ables, and the model arbitrarily sets Ui,k = Vi,k = Wi,k = 0.001 for 

1 < i < I and 1 < k < K, and for the first two time levels. Notice 

that if all variables were initially zero, including the boundary 

values, they would remain identically zero for any number of integra

tions due to the nature of the equations. 

For the first few hundred iterations of the model, the evol

ving solution becomes completely altered, under the influence of the 

boundary conditions and the axisymmetric flow, from its abritrary 

initial state. Eventually, however, the solution begins to acquire a 

characteristic ~fJtUet~e, defined as the mutual relationship between 

the amplitudes and phase angles of all variables of all fields. As the 

integration progresses, the structure changes ever more slowly and 

finally becomes essentially constant in time. This occu-rence indi

cates that the most rapidly growing mode of the finite difference 

equations (or the least damped mode if none grow) has dominated the 

perturbation field and the desired solution has been computed (Brown, 

1969) . 

Note that "constant structure" does not imply a constancy in 

the amplitude or phase of the entire perturbation as a whole but only 

in the relation among its components. In fact, the amplitude of the 

solution composed of a single mode varies exponentially with time 

while its phase angle changes at a constant rate. This can easily be 

seen by realizing that constancy of structure implies that the quo

tient between any two field variables is a (complex) constant in time. 
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It follows that for a single-mode solution, Eqs. 3.14 - 3.16 can all 

be reduced to the form ;t qi,k = Cq. k where C is a complex constant. 
1 , ( Crt) (i C . t) 

This equation possesses the solution qi,k = Qi,keCt = Qi,ke e 1 

(the subscripts of C denoting the real and imaginary parts) which ex

plicitly demonstrates the above properties. The quantity Cr is termed 

the growth rate of the perturbation and is inversely proportional to 

the e-folding time of the perturbation amplitude. The quantity Ci is 

the phase speed of the perturbation and is related to the angluar 

velocity w of the perturbation around the axis of the simulator by 

w = Ci/m where m is the wavenumber. These two constants are important 

parameters for characterizing a perturbation solution. 

3.7 Derivation of Energy Eguations 

While important characteristics of the linear perturbations 

are revealed through their growth rates, phase speeds and structures, 

the ways in which the perturbations extract energy from the axisym

metric flow can be determined from a perturbation energy budget equa

tion. It is possible to derive an energy equation based on the IIflux 

form ll of the momentum equations (2.5 - 2.7) but a derivation using 

Eqs. 2.1 - 2.3 provides a simpler and more informative set of energy 

terms. In a procedure analagous to that followed in Section 3.1, the 

substitutions 

u(r, 8, z, t) = u(r, z, t) +ul(r, 8, z, t) 

vCr, 8, z, t) = vCr, z, t) + v I (r, 8, z, t) 

w( r, 8, Z, t) = w(r, z, t) + Wi (r, 8, Z, t) 



p(r, e, z, t) = 'P(r, z, t) + pl(r, e, z, t) 

are applied to Eqs. 2.1 - 2.3 and the zeroth and second order terms 

are omitted. This results in the linear equations 
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_ l.E.L + 2 vv I + F I 

P ar r r (3.22) 

avl - avl av vav i 
- avl av at = -u ar - u

l ar - rae - w az - Wi az 

_ _1_ ~ _ uv I _ U I V + F I 

rp ae r r e 

awl - awl aw vaw l - awl aw - u ul W Wi at - - ar - ar - r ae - az - az 

_l.E.L+F' 
p az z 

The time derivative of perturbation kinetic energy is given by 

(3.23) 

(3.24) 

When the time derivatives on the right hand side of Eq. 3.25 are re

placed by the right hand sides of Eqs. 3.22 - 3.24 and some of the 

terms are regrouped, the following energy equation results. 

"E I 1" o ____ 0_ (uulu'r + uvlv'r + uwlwlr) 
at = ~2r!:da~r============ 



+ _1_ a(ur) [UIU I + VIV I + WIWIJ 
2r ar 

1 a - -- -- (VUIU I + VVIV I + VWIWI) 2r ae 

+ 1 av [ I I I I I I J U U + v v + W w 2r as 

- IJL (WUIU I + WVIV I + WWIWI) 2 az 

+ 1 aw [u I U I + V I V I + Wi Wi] 
2 az 

UIU I 1!!_ WIU I au UIV I - ar az 
av 
ar WIV I av 

az 

- WIW I aw + U1V1V UVIV I __ 1 JL (p1u1r) 
az r r rQ ar 

- IJL (pIWI) + u'F 1+ v'F I + w'F I 
p az r e z 
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UIW I aw 
ar 

__ 1 JL(pIVI) 
rQ 3e 

(3.26) 

The terms which are singly underlined sum to zero according to the 

continuity equations 2.11 and 3.8 for the axisymmetric and perturba

tion flow components. To the remaining terms, we apply a volume inte

gral over the entire domain in order to obtain the net energy 

contribution from each term. The doubly underlined terms integrate 

to zero given the above-mentioned boundary conditions while the triply 

underlined terms reduce to surface integrals. These simplifications 

result in the following volume-integrated perturbation kinetic energy 

equation. 

\ 
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aat JJJ E'r dr de dz = JJJ[{ U'v'(~- :~)} 1 

+ { -UIW I aw} + { -u'u l au 
v'v'U} ar 2 ar 3 

+ { -vlw' av} + { 
az 4 

-w'w' aw } 
az 5 

+ { -Wi ul au } 
az 6 

+ { u'Fr ' + v'F ' + w'F ' } ] r dr de e z 8 dz 

+ JJ{ [-wE'] } r dr de 
TOP 7 

+ff{ [-~]TOPL r dr de (3.27) 

Braces numbered with subscripts have been used to divide the various 

terms of the energy equation into nine different groups. The physical 

meaning of each group and the importance of each in the growth of the 

perturbations will be discussed in Section 4.5. 

3.8 Linear Model Testing and Verification 

To the author's knowledge, the stability of an axisymmetric 

cylindrical flow having both axial and radial variations, as well as 

nonzero radial motion, has never been tested and no results are avail-

able against which the linear model could be directly compared. In 
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searching for possible errors in the formulation of the equations or 

in the computer coding, the only methods which encompassed the entire 

model involved self-checking procedures. One method was by making a 

slow and careful comparison with the axisymmetric model, to which the 

linear model bears a strong resemblance. Another test involved com

paring the tendency of the volume-integrated perturbation kinetic 

energy, computed from the finite difference version of Eq. 3.27, with 

the energy tendency computed directly from the perturbation velocity 

fields. This is a valuable technique because it helps to verify both 

formulations. 

Some additional methods were devised to help insure the re

liability of certain portions of the model. One such method was sim

ply to verify that the divergence of the velocity field was maintained 

at zero as required by Eq. 3.17. Two other tests involved making com

parisons with established stability properties of somewhat simplified 

vortex flows. The first test reproduced some results by Staley and 

Gall (1979) in which azimuthal wind profiles obtained from Hoecker's 

(1960) Dallas tornado measurements were tested for instability. Even 

though their model used the eigenvalue method of solution and the 

equations were formulated in terms of the stream function, excellent 

agreement was obtained. It should be mentioned that, for this partic

ular test, the linear model had to be modified slightly in order to 

constrain the perturbation fields to be axially constant. The second 

test obtained stability measurements and linear perturbation structures 

for the flow investigated by Mas10we (1974) as described in Section 1.3. 
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Once again, the linear model required some modification in order that 

an axial wavenumber could be specified. This experiment was also per

formed independently by Staley and Gall (unpublished) with their eigen

value model and very close agreement was found between all three 

models. 



Chapter 4 

EXPERIMENTS AND RESULTS 

This chapter describes the particular numerical experiments 

which were selected to conduct the stability analysis, and discusses 

in detail the pertinent experimental results. A discussion and 

analysis of these results and their relevance to laboratory observa

tions will be given in Chapter 5. Following the convention used in 

Chapter 3, axisymmetric field variables are denoted by overbars while 

perturbation variables contain prime symbols. Unless otherwise speci

fied, all numerical quantities are based on the MKS (Meter, Kilogram, 

Second) system of units. 

4.1 Specifications of Numerical Experiments 

A. Linear Dimensions 

As mentioned in Section 2.7, the axisymmetric model was te~ted 

against Rotunno's model by using the same geometric dimensions and 

boundary conditions, and comparing the results. Those particular di

mensions, which correspond to Ward's simulator rather than the Purdue 

simulator, ha.ve been retained for all experiments in the present 

study. Thus, the vertical and radial extents of the computational do

main are 1.2192 m and 0.6096 m, respectively, and the inflow region 

comprises the lowest fourth of the outer boundary. With 30 grid 

intervals spanning the distance from the center axis to the outer 
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boundary, and 60 intervals from the lower surface to the baffle, the 

radial and vertical grid spacings are equal and have a value of 

0.0203 m. 

B. Eddy Viscosity Coefficient 
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A few experiments were run using an eddy viscosity coefficient 

of v = 0.000186 m2s-1, the value most often used by Rotunno (1977). 

However, a somewhat higher value was needed in the linear model to 

provide reasonably smooth perturbation fields. Rotunno chose the 

above figure as the lowest value for which his axisymmetric model 

would give smooth solutions but what value actually gives the best re

presentation of the flow in the simulator is not known. One method 

for obtaining a crude estimate of the eddy viscosity coefficient is to 

invode mixing length theory (Holton, 1972) which relates the viscosity 

coefficient to the shear a of the mean (i.e., averaged over unresolv

able turbulent fluctuations) wind and the characteristic linear dimen

sion L of the turbulent eddies according to the formula 

2 v = L \a\ 

Simulator flow measurements (e.g., Church et al., 1979) indicate that 

wind shears of at least 2 s-l occur over large regions of the vortex 

while visual inspection ~f smoke injected into the flow at higher 

swirl ratios reveals turbulent fluctuations on the scale of, perhaps, 

a few centimeters. This implies that the eddy viscosity coefficient 

h A A 1 2 -1 , . a th th h d h may reac • m s In some reglons. n e 0 er an , were 

laminar flow predominates, such as at low swirl ratios, values not too 



different from the molecular viscosity coefficient of 0.000015 m2s-1 

may be appropriate. Based on this possible range, an intermediate 

value of v = 0.001 m2s-1 was chosen for the majority of experiments. 

C. Density 
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The value used for the density has no bearing on the fluid mo

tion since the flow is incompressible. Density in this case merely 

acts as a scaling factor for determining the absolute (but not rela

tive) magnitude of the spatial pressure variations. That is, the 

quotient pip, rather than p, is the fundamental quantity which is 

uniquely determined for a g'iven flow. In order to make the two quan

tities equal, all experiments use p = 1.0 kg_m- 3 which is, inciden-

tally, approximately its true value. 

D. Swirl Ratio 

The range of swirl ratio explored in this study is from 0.0 to 

3.0. This includes the extent of expected atmospheric values (Church 

et al., 1979) and covers the limits of available data for the simula

tors. Recall that the swirl ratio is given by S = ror/2Qh where ro is 

the radius of the updraft hole, r is 1/2rr times the circulation at ro' 

Q is 1/2rrh times the volumetric flow rate through the simulator, and 

h is the height of the inflow region. Denoting the 'inward radial 

velocity and the azimuthal velocity at ro by -uo and vo' respectively, 

we can write Q = -r u and r = vor. From these relations it follows o 0 0 

that S = -voro/2uoh. Since in all experiments, ro = 2h, the swirl 
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ratio is given by the ratio of Vo to -uo. Following Rotunno's simu-, 

lations, all numerical experiments in this study use Uo = -0.3048 ms- l . 

E. Linear Wavenumber 

Wavenumbers from 1 up to a maximum of 6 were tested for in-

stability in the linear model. This is the range of the number of 

secondary vortices which has been obtainable in the laboratory simula-

tors. For a given swirl ratio, the selection of linear wavenumbers to 

be tested was guided in part by the observed linear growth rate spec

trum: Sufficiently high wavenumbers were tested to establish the 

wavenumber of maximum growth rate but not the wavenumber where zero 

growth begins. 

F. List of Axisymmetric and Linear Experiments 

In accordance with the findings of the laboratory vortex simu

lations, the numerical experiments were chosen to emphasize the depen-' 

dencyof the linear waves on the swirl ratio rather than on other ex-

perimental parameters. The axisymmetric and linear experiments which 

comprise that part nf the study are listed in the upper portion of 

Table 4.1. Entries in the first column are arbitrarily-designated 

axisymmetric experiment numbers while those in the last six columns 

are linear experiment numbers. The absence of an entry indicates that 

the particular linear experiment was not performed. It is important 

to note that all linear experiments use the same eddy viscosity co

efficient as the axisymmetric experiment to which they correspond. 
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Table 4.1. List of Numerical Experiments 

Axisyrrmetric Eddy Li near Experiment Number 
Experiment Swirl Viscosity 

Number Ratio Coeffi cient m=l m=2 m=3 m=4 m=5 m=6 

1 O. 1 0.001 1 2 

2 0.3 0.001 3 4 -
3 0.5 0.001 5 6 7 -

4 0.7 0.001 8 9 10 11 

5 1.0 0.001 12 13 14 15 16 - -

6 1.5 0.001 17 18 19 20 21 

7 2.0 0.001 22 23 24 25 26 -
8 2.5 0.001 27 28 29 30 31 32 

9 3.0 0.001 33 34 35 36 37 38 - -

10 1.0 0.000186 39 40 41 42 43 



The lower portion of Table 4.1 contains additional experiments which 

were run with the lower value for the viscosity coefficient. 

4.2 Axisymmetric Model Solutions 
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Six of the axisymmetric experiments listed in the upper part 

of Table 4.1 have been selected for displaying the characteristics of 

the vortex over the investigated range of swirl ratio. In Figs. 4.1 -

4.12, various components of the steady state solutions for these ex

periments are plotted. All contour plots are radial-vertical cross 

sections with the vertical line on the left side denoting the center 

axis of the simulator. The lower surface of the simulator, the inflow 

and outflow ports, and the fictitous outer computational boundary are 

also shown. Below each plot is given the swirl ratio and a quantity 

called ~ denoting the contour interval. Negative-valued contour lines 

are represented by a broken pattern while the zero- and positive

valued lines are solid. 

Figs. 4.1 and 4.2 contain plots of the stream function which 

is defined by ~ = -wr and ~ = ur with $ set to zero at the lower 

right corner. Thus, the streamfunction contours are everywhere para

llel to the flow and contain equal volume flow rates between them. 

For the case S = D.l, outflow occurs over all the upper boundary as 

indicated by the stream. field. For larger values of S, however, a 

central region of ~>D develops implying that air within the region has 

entered through the baffle at the top rather than from the normal in

flow region. As mentioned in Chapter 1, this occurrence is a regular 
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feature of high swirl flow in the laboratory simulator. The ~ = 0 

contour separating the two regions can be seen to increase its radial 

position both with height and with swirl ratio. 

The radial velocity plots shown in Figs. 4.3 and 4.4 indicate 

that significant radial motion occurs only near the inflow region with 

the strongest flow at the inflow boundary itself. In accordance with 

Figs. 4.1 and 4.2, the inward flow becomes confined within the in

creasingly narrow ring as S increases. The moderate outward radial 

flow which develops at the top for high swirl ratios is associated 

with the baffle's destruction of the radial pressure gradient and, 

consequently, of the approximate cyclostrophic balance. 

From Figs. 4.5 and 4.6, it is apparent that the azimuthal velo

city fields contain a strong radial dependence with maximum values 

occurring along a line which lies at a radius increasing with both 

height and swirl ratio. Close inspection reveals that relation vr = 

constant, implying constant angular momentum, holds fairly closely out

side the maximum, while inside the maximum, v falls quickly to nearly 

zero. For S = 0.1, this latter transition occurs near the center of 

the chamber and thus indicates approximate solid-body rotation. For 

higher swirl ratios, however, the inner shear region lies at greater 

radii and consequently involves a high rate of fluid deformation. As 

will be seen later, this deformation is an important contributor to 

the instability of the vortex. A comparison of these plots with their 

counterparts in Figs. 4.1 and 4.2 shows that, except for the case S = 

0.1 where no downdraft occurs, the curve ~ = 0 consistently lies near 
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the center of the inner shear zone. This is a consequence of the fact 

that air entering through the baffle contains no swirl and thus large 

azimuthal stresses occur across the·~ = 0 boundary. 

The vertical velocity fields, shown in Figs. 4.7 and 4.8, can 

be seen to be strongly affected by the swirl ratio. For $ = 0.1, w 

is everywhere positive and rather weakly dependent on radius while, 

at $ = 0.3, a central downdraft has appeared giving rise to a strong 

radial shear of the vertical wind. As $ is further increased, the 

shear zone moves outward, and the downdraft occupies a greater volume 

while the updraft becomes more confined. Because the inflow is con

strained to occur at a constant rate, the confinement of the updraft 

results in significant increases in the maximum upward velocity (which 

always occurs along the outer radial boundary) and, consequently, in 

the strength of the shear. For the cases where it is present, the 

zone of large aw/ar approximately coincides with the zone of large 

av/ar. 

The vertical vorticity and its dependence on $ are shown in. 

Figs. 4.9 and 4.10. For $ = 0.1, the maximum ~ occurs along the cen

ter axis, while for higher $, the maximum moves outward. The initial 

departure of the maximum from the center is accompanied by a decrease 

in the magnitude of th~ maximum vorticity; otherwise, the magnitude 

increases with $. The region over which significant vorticity occurs 

is relatively narrow, leaving rather large areas of near zero values. 

An important point to notice is that negative values of vorticity do 

not occur in the axisymmetric vortex. 
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Figs. 4.11 and 4.12 contain plots of the azimuthal component 

of vorticity. The primary contributor to this quantity is the radi.a-l 

shear of the vertical wind since u is near zero where significant vor

ticity occurs. In keeping with the behavior of w, the region of strong 

vorticity moves outward with increasing S." As suggested in Chapter 1, 

and as will be demonstrated in subsequent sections, the presence of 

significant shear of w in the axisymmetric vortex has a major in

fluence in its instability on the structure of the unstable waves. 

In order to obtain some estimate of the effect which the eddy 

viscosity coefficient has on the vortex, a fe~ experiments were run 

using the lower value of v = 0.000186. The axisymmetric fields of 

V, w, ~, and n for the case S = 1.0 are shown in Fig. 4.13. A com

parison of these with the corresponding case in previous figures 

shows that while the decrease in v has only a small effect on the 

maximum strengths and positions of v and w, it greatly decreases the 

width of their shear zones. This, in turn, concentrates the vorticity 

leading to significantly higher maximum values of ~ and n. 

4.3 Growth Rates of Linear Perturbations 

Recall from Section 3.6 that for a particular axisymmetric 

flow, the linear model is integrated forward in time until the pertur

bation field is dominated by the most rapidly growing mode having the 

specified azimuthal wavenumber, and the perturbation amplitude in

creases exponentially with time. If the amplitude is thus written as 

A = A eGt , then G symbolizes what is defined as the growth rate. 
o 
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G has the dimension of t- l and is the reciprocal of the e-folding time 

of the amplitude. 

A contour plot of the linear growth rate as a function of swirl 

ratio and azimuthal wavenumber for axisymmetric experiments 1-9 ;s 

shown by the curves in Fig. 4.14. Over the given domain, Granges 

from 0 to near 2 indicating a variation from stable conditions to un

stable flow in which large amplitude perturbations can appear in only 

a few seconds. The critical curve separating stable from unstable 

conditions appears as a nearly straight line passing just above S=O.l 

for wavenumber 1 and just below S = 1.0 for wavenumber 5. Thus, as S 

increases from zero, the longer waves become unstable before the 

shorter waves. All wavenumbers are stable for S ~ 0.1. The growth 

rate of wavenumber 1 increases with S to a maximum value of around 

0.35 at S = 0.3 to 0.5, and then decreases monotonically for higher 

S. For all other wavenumbers, the growth rate increases monotonically 

with S over the domain' investigated. For the most part, the higher 

the wavenumber, the higher is the rate of increase of growth rate 

with S, once S is high enough for amplification of a particular wave

number to take place. This behavior results in an overall shift in 

the most unstable wavenumber from low to high values as S increases. 

At and below S = 0.6, wavenumber 1 has the highest growth rate. Be

ginning around S = 0.7, wavenumber 2 becomes the most unstable and 

continues until about S = 1.0 when wavenumber 3 takes over. Wavenum

ber 4 ;s the most unstable from around S = 1.5 to S = 2.5 and wave

numuer 5 dominates above there. 
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The numbers listed to the right of the contour field in Fig. 

4.14 represent linear growth rates for wavenumbers 1-5 and S = 1.0 

obtained by using an eddy viscosity coefficient of v = 0.000186. The 

reduction in v.iscosity causes a significant increase in the growth 

rates of all wavenumbers. Moreover, the most unstable wavenumber for 

that swirl ratio has gone from 2 or 3 to 4 or 5. The growth rate 

values are, except for wavenumber 1, similar to those obtained at 

around S = 2.5 with v = 0.001. 

4.4 Linear Perturbation Structures 

Because the linear experiments are too numerous to all be dis

cussed in detail, a subset of eight has been used for displaying the 

structures of the linear perturbations. The experiments in this set 

are those underlined in Table 4.1 and they correspond to the axisym

metric solutions shown in Figs. 4.1 - 4.12. These particular linear 

experiments were chosen to reveal the full qualitative variety of 

linear wave structures which occurs within the investigated experimen

tal domain, without being overly redundant. Thus, the other experi

ments are, to a large degree, interpolations of these. In selecting 

these experiments, an emphasis was put on those representing the most 

unstable wavenumber for a particular swirl ratio. In addition, experi

ments 16 and 34 were added to represent extreme departures on either 

side of the IImost unstable wavenumber ll zone. (Experiment 33 was not 

chosen since its growth rate is only 0.05 s-l.) 

The structures of the linear perturbations have been illustrated 

here by reconstructing the sinusoidal perturbation fields from the 
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complex solutions, as discussed in Section 3.2, and plotting horizontal 

cross sections of the fields at certain levels. Figs. 4.15 - 4.34, 

which display the cross sections, follow a particular format: Each 

figure contains six plots which are grouped into two columns. A 

column represents one field for a given experiment with the cross sec

tions taken at levels of 1/6, 3/6 and 5/6 of the distance from the 

lower surface of the baffle. The top figure in a column represents 

the highest of those levels (neares:t the baffle). The u l and VI fields 

for a given experiment are always grouped together in a figur~, as are 

the WI and pI fields. The other type of field shown, Sl, is grouped 

in pairs from different experiments. A set of perpendicular axes is 

centered over each plot to aid in comparing the locations of various 

features in the solutions. In addition, a circle representing the 

location of the Maximum axisymmetric vorticity at the given level is 

included in each plot. This is useful for comparing the radial 

positions of not only features in different perturbation fields but 

also perturbation versus axisymmetric features. 

The contour lines on the plots denote degrees of strength 

within the fields with negative values indicated by a dashed pattern. 

At any given level and radius, a variation in azimuth angle through a 

range of 2rr is accompanied by a sinusoidal fluctuation in the field 

value. All plots in any given column use the same contour interval so 

that relative magnitudes at the different levels can be compared. The 

relative strengths of different fields in a given experiment can be 

compared by referring to the value of ~ which is shown under each 



Figure 4.15. Horizontal cross sections through the linear 
perturbation fields of u l and Vi for S=0.3 and m=l. In any column, 
the plots represent three different, equally spaced levels for the 
same field, and all have the same contour interval as given by ~. 
The circle added to each plot denotes the location of the maximum 
value of ~ for that level. See text for a more complete description. 
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Figure 4.15. Horizontal cross sections through the linear 
perturbation fields of u l and Vi for S=0.3 and m=l. 
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Figure 4.16. Same as in Figure 4.15 but for the fields Wi and 
pi with m=l and S=0.3. 
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Figure 4.17. Same as in Figure 4.15 but for the fields 1;' with 
m=l and S=0.3, and 1;' with m=l and S=0.5. 
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Figure 4.18. Same as in Figure 4.15 but for the fields u l and 
Vi with m=l and S=0.5. 
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Figure 4.19. Same as in Figure 4.15 but for the fields Wi and 
pi with m=l and S=0.5. 



'" 

u' 
m=2 

S=0.5 
l:I=3 

v' 
m=2 
S=0.5 
l:I=3 

98 

Figure 4.20. Same as in Figure 4.15 but for the fields u' and 
v' with m=2 and S=0.5. 
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Figure 4.21. 5ame as in Figure 4.15 but for the fields Wi and 
pi with m=2 and 5=0.5. 
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Figure 4.22. Same as in Figure 4.15 but for the fields 1',;1 with 
m=2 and S=0.5, and 1',;1 with m=2 and S=1.0. 
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Figure 4.23. Same as in Figure 4.15 but for the fields u l and 
Vi with m=2 and S=1.0. 
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Figure 4.24. 5ame as in Figure 4.15 but for the fields WI and 
pI with m=2 and 5=1.0. 
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Figure 4.25. Same as in Figure 4.15 but for the fields u l and 
Vi with m=2 and S=3.0. 
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Figure 4.26. Same as in Figure 4.15 but for the fields Wi and 
pi with m=2 and S=3.0. 
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Figure 4.27. Same as in Figure 4.15 but for the fields 1;1 

with m=4 and S=2.0, and 1;1 with m=2 and S=3.0. 
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Figure 4.28. Same as in Figure 4.15 but for the fields u' and 
Vi with m=4 and S=2.0. 



Wi 

m=4 
S=2.0 

t.=2 

pi 
m=4 
S=2.0 
t.=l 

107 

Figure 4.29. Same as in Figure 4.15 but for the fields Wi and 
pi with m=4 and S=2.0. 



Vi 

m=5 
S=1.0 
t.=2 

108 

Figure 4.30. Same as in Figure 4.15 but for the fields u l and 
Vi with m=5 and S=1.0. 
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Figure 4.31. Same as in Figure 4.15 but for the fields Wi and 
pi with m=5 and $=1.0. 
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Figure 4.32. Same as in Figure 4.15 but for the fields 1;;1 

with m=5 and S=1.0, and r;;1 with m=5 and S=3.0. 
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Figure 4.33. Same as in Figure 4.15 but for the fields u l and 
Vi with m=5 and S=3.0. 
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Figure 4.34. Same as in Figure 4.15 but for the fields Wi and 
pi with m=5 and S=3.0. 
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column and denotes the contour interval for that column. Of course, 

the absolute magnitude of a field and the relative magnitudes between 

different experiments are irrelevant. 

An analysis of the perturbation structures is facilitated by 

choosing one perturbation field as a "reference field" against which 

all others can be compared. In most cases, the pressure field is the 

smoothest and contains the least amount of small-scale features so it 

is the most appropriate for this purpose. Figs. 4.15 - 4.34 indicate 

that the pressure perturbations nearly always have only a single maxi

mum in the field--that is, only one radius (per level) where a local 

peak in amplitude occurs. The radius of the maximum increases with 

the level indicating that the perturbation spreads out with height. 

From the position of the circle drawn on each plot, it can be seen that 

the perturbation pressure maximum usually ,occurs at or just inside the 

radius of maximum axisymmetric vorticity at all levels. For wavenum

ber 1, however, the pressure field tends toward a weak double maximum 

at the lowest level with the maxima lying on either side of the maxi

mum~. The azimuth angle of a given phase of the perturbation, such 

as a crest, undergoes a substantial retrogression with height. (Recall 

that both positive e and the sense of the rotation of the axisymmetric 

flow are in the counterclockwise direction.) That retrogression rather 

than progression occurs is confirmed by examining all levels of the 

solution rather than just the three shown. The tilt of phase lines 

with height is approximately the same in the lower and upper portions 

of a given pressure field, but the amount of tilt is substantially 
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lower at higher swirl ratios. For example, while at S = 0.5 and for 

wavenumber 2, the total retrogression between levels 1 and 3 amounts 

to one full wavelength, by S = 1.0 it has fallen to 2/3 wavelength and 

at S = 3.0 to 1/2 wavelength. For a given swirl ratio, the shorter 

waves are more nearly vertical than the long ones, although they do 

tilt a greater fraction of their own wavelength. 

The other four fields illustrated in Figs. 4.15 - 4.34 general

ly have a more complicated structure than does pressure, sometimes with 

a double or triple maximum, but their overall phase and radial rela

tionship to pressure does not vary appreciably. The u l fields for 

wavenumbers greater than 1 tend to have a single broad maximum lying 

on or just inside the radius of maximum~. This puts the maxima of u l 

and pi at the same radius, and u l leads pi by about one fourth wave

length. Occasionally, two weak peaks are apparent within the large u l 

maximum (e.g., Fig. 4.28, level 2). For wavenumber 1, the double peak 

is more pronounced and a greater radial and azimuthal separation occurs 

between the two peaks. (The difference occurs presumably because u l 

is allowed to be nonzero at the~enter.) A fairly typical Vi field 

can be found in Fig. 4.28, level 2. A triple maximum is present with 

the innermost Vi maximum lying inside the pi maximum and leading it 

slightly, the middle Vi maximum occurring at the same radius as the pi 

maximum and trailing it by one fourth wavelength, and the outer Vi 

maximum lying at a still greater radius and trailing the pi maximum 

by a full half wavelength. Deviations from this structure occur among 

different experiments and levels primarily in the relative strengths 
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of the three maxima. The middle maximum is usually the strongest, 

especially at the lower levels, but i$ not always present (e.g., note 

Fig. 4.30 where the middle maximum is totally absent from levels 2 and 

3). The Wi field has a very similar shape as the Vi field and the 

maxima of the two fields nearly coincide, except that the inner maxi

mum of Wi is always weak or nonexistent. In most cases, the "middle 

maximum" (that lying at the same radius as the pi maximum) is the 

strongest (e.g., Fig. 4.24), but for S = 3.0 and wavenumber 2 (Fig. 

4.26), the outer maximum dominates at the lower levels. The Sl fields 

usually contain a double maximum with the splitting between the peaks 

generally more pronounced at the lower levels. One peak lies on 

either side of the ~ maximum with the outer peak always trailing the 

inner one. The point midway between the peaks very closely coincides 

with the location of minimum pressure (for example, compare Figs. 4.27 

and 4.29). The separation between the two Sl maxima tends to increase 

with S and decrease with wavenumber. As extreme examples, note in 

Fig. 4.32 (S = 1.0) that virtually no separation occurs and that in 

Fig. 4.27 (S = 3.0) the separation reaches one half wavelength. Note 

the implication of these comparisons that because all perturbation 

fields maintain the same relative positions at each level, they all 

exhibit the same tilt and radial spreading with height as does the 

perturbation pressure. Also implied is the fact that, since the radius 

of the maximum axisymmetric vertical vorticity increases with S, all 

perturbation fields do likewise. 
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A major influence which the swirl ratio and wavenumber have on 

the linear perturbation structure is in the relative strengths of the 

different fields at the different levels. While ul , Vi, pi and ~I all 

tend to have larger amplitudes at the middle and lowest levels through

out most of the parameter space, notable exceptions occur for S = 0.3 

with m = 1 (Figs. 4.15 - 4.17) and S = 0.5 with m = 2 (Figs. 4.20 -

4.22). There, the amplitudes of all fields (including Wi) are un

usually weak at level 1. By comparing the contour intervals (given by 

~) and the number of contour lines for the various fields within any 

given experiment, it can be seen that both the swirl ratio and wave-

number can greatly alter the comparative amplitudes of the fields. 

This is further indicated by Table 4.2, which includes all linear ex

periments performed. Entries in the table are quotients denoting the 

maximum amp1itide of each velocity field and the ~I field, occurring 

over all levels, relative to that of pl. It can be seen that within 

the given range of parameter space, the quotient ulmax/plmax varies by 

a factor of more than 3. The quotient always decreases with Sand 

usually increases with wavenumber. On the other hand, vlmax/plmax' 

which varies by a factor of more than 4, nearly always decreases with 

wavenumber and is rather irregular with the swirl ratio. The quotient 

Wi Ipl has the highest variability in the domain. ranging by more max max . 
than a factor of 10, and always decreases with S while generally de-

crea~ing slm,oJly with \'Javenumber. The quantity ~Ima/plmax varies only 

by a factor of 2 and is highly variable with both S and wavenumber. 
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Table 4.2. A comparison of the maximum amplitudes (over all 
levels and radii) of different perturbation fields within the same 
experiment as a function of swirl ratio and wavenumber. Entries are 
grouped in blocks of four and represent the quotients u~ax/p~ax' 

I / I I / I d I / I • vmax Pmax' wmax Pmax an ~ax Pmax' n the order given. Numerical values 
are appropriate to MKS units. 

SWIRL 
RATIO m=l m=2 m=3 m=4 m=5 m=6 

3.9 
0.3 4.6 

6.2 
103 
3.2 2.9 

0.5 3.5 2.5 
4.6 4.7 
82 89 
2.6 2.4 2.9 

0.7 3.3 2.0 2.3 
3.9 3.9 2.2 
75 47 94 
2.1 2. 1 2.4 2.9 3. 1 

1.0 3.9 2.4 2.9 2.2 1.6 
3.0 2.9 1.8 1.8 1.5 
87 67 96 100 100 
1.5 1.7 1.8 2.0 2.3 

1.5 . 4. 1 3.0 2.8 2.1 1.6 
1.9 1.7 1.4 1.2 1.2 
82 73 84 78 81 
1.3 1.4 1.6 1.7 1.7 

2.0 4.1 3.0 2.7 2.2 1.6 
1.6 1.2 1.1 0.9 0.9 
82 79 84 76 70 
1.2 1.2 1.3 1.4 1.5 1.4 

2.5 4.2 2.7 2.5 2. 1 1.6 1.1 
1.4 1.0 0.9 0.8 0.7 0.6 
82 74 75 68 60 59 
1.1 1.1 1.2 1.1 1.1 1.2 

3.0 4.3 2.6 2.4 1.9 1.5 1.2 
1.2 1.0 0.7 0.7 0.7 0.6 
86 74 72 64 57 55 
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4.5 Energy Budgets of Linear Perturbations 

Recall from Section 3.7 that an energy equation (Eq. 3.27) was 

derived which partitions the energy gained or "lost by the linear per

turbations into nine individual components. These components are 

relisted here and numbered for convenience. 

Term 1 JJJ [ u I V I (~ _ ~~)] r dr de dz 

Term 2 Jff [-UIW I aw ] 
ar r dr de dz 

Term 3 Jff [-UIU I .2Q- VIVIU] r dr de dz ar 

Term 4 ffl [_VIWI av ] 
az r dr de dz 

Term 5 III [_WIWI aw ] 
az r dr de dz 

Term 6 Iff [_Wi ul au ] 
az r dr de dz 

Term 7 II [(-WE') TOP] r dr de 

Term 8 JJI [U'F I + v'F I r e + W'Fz'] r dr de dz 

Term 9 JJ [(-~ ) TOP] r dr de 
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The sum of all terms is equal to the expression 

aat ffJ E' r dr de dz 

which is the tendency of the total energy in the perturbation. An 

inspection of each term will reveal its interpretation in terms of the 

type of energy source or sink which it describes. Terms 1-7 can be 

seen to represent different types of interactions between the pertur

bation and the axisymmetric flow while terms 8 and 9 involve the per

turbation only. Term 1 describes the interaction of the·perturbation 

with the azimuthal component of the axisymmetric flow, specifically 

- ~~ + ~. This quantity represents a shearing deformation in the 

horizontal plane and tends to be positive outside the maximum of V, 
negative just inside the maximum V, and near zero at still lower 

radii. Thus, if the correlation UIV I tends to be positive outside 

vmax and negative just inside the maximum, the perturbation will ex

tract energy from the axisymmetric flow. An analagous argument ap

plies to the next five terms. Term 2 relates the perturbation to the 

radial shear of w, while term 3 involves the radial derivative of u as 

well as the quantity ~ which is also a stretching term. Terms 4-6 are 

energy sources or sinks which depend on the vertical derivatives of V, 
wand u, respectively. Term 7 may be interpreted as the advection of 

perturbation kinetic energy outward through the baffle by the axisym

metric vertical velocity w. This integral is always negative since E' 

is always assumed to be zero outside the domain and thus cannot be 
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advected inward. Term 8 represents turbulent dissipation within the 

perturbation and is likewise always negative. Term 9 is a surface 

pressure-work term representing the fact that when high perturbation 

pressure is positively correlated with downward velocity at the baffle, 

a net positive work is done on the fluid beneath the baffle. 

The magnitudes of terms 1-8 as they occur in linear experiments 

1-38 are plotted as a function of swirl ratio and wavenumber in Fig. 

4.35. (Term 9 has not been included because it is very near zero for 

all cases.) The figure contains 33 separate histograms, each repre

senting a particular linear experiment where amplification took place, 

and the little square in each histogram is intended as a locator re

lating to the coordinate axes. The energy terms 1-8 are plotted in 

order from left to right with four on either side of the square. The 

vertical extent of any bar denotes its relative magnitude with up in-

dicating positive values, and down, negative values. For each experi-

ment, the energy terms are normalized by dividing by twice the total 

kinetic energy of the perturbation. Therefore, the energy terms can 

be compared from one experiment to another as well as within a given 

experiment. Note that the normalization causes the plotted terms to 

have a dimension of t- l which is equivalent to a growth rate. Thus, 

the sum over all terms in any experiment gives the growth rate for that 

perturbation. The small increments along the vertical axes denote 

growth-rate units of 0.1 -1 s . 

A quick inspection of the histograms shows that either term 

or term 2 is always the primary energy source for the perturbation. 



Figure 4.35. Histograms showing the contributions of eight 
individual sources (or sinks) of energy for the perturbations as a 
function of swirl ratio and wavenumber. The small square within 
each histogram serves to locate the proper positions on the coordinate 
axes. The height of an individual bar denotes the rate of energy in
put divided by twice the total energy in the perturbation, and thus is 
equivalent to a growth rate. The small increments along the vertical 
axis denote growth rate units of 0.1 s-l. 
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Figure 4.35. Histograms showing the contributions of eight 
individual sources (or sinks) of energy for the perturbations as a 
function of swirl ratio and wavenumber. 
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For all wavenumbers other than 1, term 1 increases in magnitude mono

tonically with S within the given domain. For wavenumber 1, term 1 

begins to decrease with S at around S = 2.5. (Recall that wavenumber 

1 approaches zero growth at high S.) Term 2 shows a strong tendency 

to decrease with S for wavenumbers 1 and 2 while for the shorter waves, 

it remains relatively unchanged. The net result is that term 2 domi

nates at and below S = 1.0 (at and below S = 0.7 for wavenumber l) 

while term 1 dominates elsewhere. Note that for any given swirl ratio, 

term 2 becomes more important relative to term 1 with increasing wave

number. For the majority of experiments, term 8 is the primary energy 

sink and tends to increase in magnitude both with S and wavenumber. 

Term 7, normally fairly close to zero in magnitude, does become sig

nificant for the longer waves and lower swirl ratios, and actually 

exceeds term 8 as an energy sink for wavenumber 2 and S ~ 0.7. A 

positive energy contribution to the perturbation is sometimes made by 

terms 3-5, although in terms of relative importance among the various 

sources, the contribut'ion is usually small. Term 5 does make a sig-· 

nificant contribution for S ~ 0.5, representing as much as 25% of the 

total energy source. Term 6 is always near zero. 

4.6 Phase Speeds of Linear Perturbations 

In Section 3.6, i~ was demonstrated that the linear solutions 

propagate in the azimuthal direction with a constant angular velocity 

w. The steady state values of w resulting from experiments 1-38 are 

listed in Table 4.3 in units of degrees per second. The angular velo

city can be seen to increase substantially with S, particularly for the 
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Table 4.3. Angular velocity w (rate of change of e) in degrees 
per second of linear perturbations as a function of swirl ratio and 
wavenumber. Also shown are the maxim~m values of vir occurring in the 
axisymmetric flow at each of three different levels. 

MAXIMUM VALUE OF vir WAVENUMBER 
SWIRL IN AXISYMMETRIC FLOW 
RATIO LOWER MIDDLE BAFFLE 

SURFACE LEVEL LEVEL m=l m=2 m=3 m=4 m=5 m=6 

0.3 133 60 24 58 

0.5 100 54 28 57 55 

0.7 95 51 28 64 59 66 

1.0 100 63 40 77 66 68 69 72 

1.5 114 75 54 98 80 76 75 76 

2.0 129 91 67 119 95 86 84 84 

2.5 144 93 82 137 109 98 93 92 93 

3.0 159 115 97 150 124 110 104 102 102 



longer waves. Values range from less than 60 degrees per second at 

S ~ 0.5 to 150 degrees per second at S = 3.0 and wavenumber 1. 
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Also shown in Table 4.3 is the maximum angular velocity (that 

is, the maximum value of ~ ) which occurs in the axisymmetric vortex 

at the lower surface, the middle level, and the baffle. In all cases, 

the linear perturbations travel more slowly than the maximum value of 

~ at the surface and more rapidly at the baffle. Generally, the mid

level maximum of ~ is fairly close to the phase speed of the most un

stable wavenumber, although at S = 3.0, the value at the baffle is 

closer. 



Chapter 5 

DISCUSSION AND CONCLUSIONS 

In Chapter 4, the results of the linear experiments were pre

sented directly without including further interpretation. Here, a 

more in-depth analysis is made and the results are discussed in terms 

of earlier theoretical studies and the laboratory observations. The 

chapter concludes with summarizing remarks concerning the nature and 

interpretation of this study and its relevance to laboratory and 

natural occurrences of secondary vortices. 

5.1 Discussion of Linear Results 

In contrast to earlier vortex instability studies, as those 

discussed in Section 1.3, the present investigation has included the 

effects of axial boundaries and radial motion in both the axisymmetric 

and perturbation solutions. The numerical computations were carried 

out using a geometry appropriate to the laboratory simulator, and the 

only' obvious simplifications made on the flow were free slip on all 

boundaries and spatial invariance of the eddy viscosity coefficient 

using only an estimated value. Thus, in comparison to previous theo

retical work, this study should provide the most complete and realistic 

results with regard to the laboratory-simulated tornadoes. 

The results of this study do indicate, however, that over much 

of the range of parameter values, particularly at higher swirl ratios, 
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those simpler studies are reasonably valid with regard to the labora

tory tornado insofar as they include the most important component or 

components of the vorte:(. In section 4.5, it was shown that at high 

S, by far the most important factor in destabilizing the vortex was 

the presence of a region having a high rate of fluid deformation de

scribed by the term (vir - av/ar), while at somewhat lower S, the term 

aw/ar was the most important. In all of the above-mentioned studies, 

where infinitely long and axially invariant vortices are considered, 

either the first or both of these terms are present. On the other 

hand, the particular radial profiles of v and w specified in those 

studies are not necessarily good approximations to the laboratory sim

ulator. Because only the study by Gall (1983) includes both v and w 

in the axisymmetric vortex, while at the same time using realistic 

radial distributions of those components, it is perhaps uniquely appli

cable among the infinite-vortex studies to the laboratory results. 

Notably, the results of Gall IS study and this one show a high 

degree of similarity. In both cases, the axisymmetric flow is stable 

to all wavenumbers at very low swirl where no central downdraft exists. 

Increasing S causes wavenumber 1 to become unstable first, with the 

most unstable wavenumber subsequently shifting to the shorter wave

lengths. The most unstable linear modes are always tilted in the 

clockwise direction with increasing height (that is, against the axi

symmetric flow), and they propagate in the counterclockwise direction. 

The perturbation pressure fields are very smooth and the maxima lie on 

or just inside the radius of maximum Z. The WI and Sl fields contain 
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a more complex structure and the field maxima are similarly located 

with respect to both the p' and ~maxima. The energetics of both 

studies indicate that at low S, the energy in the perturbation is 

primarily derived from the radial shear of w, while at high S, it 

originates from the'radial distribution of v. From these comparisons, 

it appears that in spite of its simplified treatment of the labora

tory vortex, Gall's study nevertheless demonstrates the primary in

stability in the vortex and includes the more important characteristics 

of the linear perturbations. 

It is obvious, however, that because Gall's model assumes axial 

invariance in the axisymmetric flow and (except for the phase angle) 

in the perturbations, some major differences must exist between the 

results of the two studies. For example, the lower boundary in the 

present study forces the flow to be strictly horizontal at that level 

and thus significantly modifies the low level structure of the flow. 

Similarly, the perturbation fields all exhibit a radial spreading with 

height following that of the axisymmetric vortex, and a significant 

axial variation in the intensity of the perturbation often occurs, the 

maximum amplitude sometimes occurring at high levels and sometimes at 

low levels. As a consequence, the finer details of the energetics, 

growth rates, and phase relationships of the perturbations, as 

mentioned above, are not identical for the two studies. While Gall's 

study is of a more fundamental nature, with application to a broader 

class of vortices, this study is designed to be specifically applica

ble to the laboratory vortex simulator. 



128 

An important criterion by which to evaluate this study is in 

its ability to demonstrate and explain the observed behavior of 

secondary vortices in the laboratory. A study is particularly worth

while if it can provide an explanation of a phenomenon in the simplest 

terms which accurately describe the essential processes involved. In 

using a linearized, rather than full three-dimensional, model to 

simulate the development of secondary vortices, this stud'y has elir,,

inated many of the dynamic processes occurring in the flow and has 

concentrated solely on the initial departure of the flow from a 

symmetric to an asymmetric state. It would be hoped that many of the 

characteristics of the linear perturbations observed in this model 

bear a strong similarity to the fully-developed secondary vortices in 

the laboratory; then, linear theory alone would be demonstrated as 

being largely capable of explaining the laboratory results and much 

of the problem would be solved. 

In comparing the linear and laboratory results, the discussion 

will be mainly qualitative, as very few quantitative measurements of 

secondary vortices are yet available and the linear model does not 

produce steady-state perturbation amplitudes.' The comparison indicates 

that in many aspects, a strong connection does exist between the re

sults. Of, perhaps, primary importance is the observation that the 

multiplicity of secondary vortices in the simulator increases steadily 

from none up to as many as six as the swirl increases from low to high 

values. In the linear model, many wavenumbers are often unstable 

simultaneously; however, there is always one wavenumber (except when 
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a transition from one wavenumber to the next occurs) which stands out 

as being the most unstable, and that wavenumber does increase stead

ily with S. Moreover, the linear model indicates that all wavenumbers 

are stable for the lowest values of S. Thus, it may be that the wave

number which appears in the simulator is simply that which is most 

unstable to the axisymmetric flow, and thus that linear theory alone 

can largely explain the multiplicity of the secondary vortices with 

nonlinear processes playing only a minor role. It may also be noted 

that even with the lowest growth rate for a most unstable wavenumber 

(i.e., G ~ 0.3 for wavenumber 1 and S = 0.3), a large amplitude sec

ondary vortex will appear in a reasonable amount of time (several 

seconds) given a typical amount of background turbulence in the air 

to act as an initial perturbation. 

One way in which the predictions of the linear model and the 

observations in the laboratory often differ is in the particular swirl 

ratios where transitions from one wavenumber 1 to the next occur. The 

linear results indicate that wavenumber 1 first becomes unstable some

where around S = 0.2 or 0.3, and wavenumbers 2 and 3 become the most 

unstable beginning at S = 0.7 and S = 1.0, respectively. In the Purdue 

simulator, where the inflow is sufficiently strong so that free-slip 

on the lower surface is a good approximation (see Church et al., 1979), 

the transitions to the single, double and triple secondary vortex 

patterns occur around S = 0.2,0.4, and 1.0, respectively. Thus, the 

main difference is in the one-to-two trans·ition. However, it was 

demonstrated in section 4.3 that any agreement at all between these 
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results should be rather fortuitous; the linear growth rate spectrum 

is highly sensitive to the eddy viscosity coefficient and the value 

chosen for the coefficient was only approximate. Furthermore, as 

indicated in the introduction, the various transitions obtained in 

laboratory experiments have differed from one simulator to another. 

In Ward's simulator, to whose dimensions the numerical models in th~s 

study conform, the first two transitions have been found to occur at 

the lower values of around S = 0.15 and S = 0.2, while the third 

transition remains fairly close to S = 1.0 (unpublished result). This 

suggests that the value chosen for v is probably high for low swirl 

ratios where the flow is more laminar but that it'is fairly good 

above S = 1.0 with the greater turbulence present. 

Structurally, we find that the linear mode indicated to be the 

most unstable for a given swirl ratio and wavenumber possesses many of 

the characteristics observed in secondary vortices. The linear modes 

and the secondary vortices always lie on the strong shear zone between 

the rotating and ascending outer flow and the relatively stagnant 

central core. Thus, both disturbances occur at larger radii at higher 

levels and higher swirl ratios. In each case, the disturbances propa

gate in the same direction as the axisymmetric flow around the center 

of the chamber. The helical tilt, clockwise with height in a counter

clockwise axisymmetric flow is characteristic of both the secondary 

vortices in the simulator and the linear modes. Although the cross 

sections shown in section 4.4 do not indicate much change in the 

pitch angle with height, an examination of the perturbation phase 
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angles at all levels reveals that the phase lines are essentially 

vertical at the lower surface where w = Wi = o. This is the case ob

served for secondary vortices. The pitch angle for a given multiplic

ity of secondary vortices (and linear waves) is readily observed to 

become more vertical with increasing S. For the longer waves, the 

linear results indicate that at the lower swirl ratio where a particu

lar wavenumber first becomes unstable, the perturbation tends to have 

its maximum amplitude at high levels and a much lower amplitude at low 

levels. On the other hand, at higher swirl ratios, particularly above 

the range where the wavenumber has been the most unstable, the maximum 

amplitude has shifted to the lower levels. This effect is much less 

pronounced in the sho~ter waves but a relative strengthening of the 

amplitude at lower levels still does occur with increasing S. This 

effect corresponds well to the laboratory observation that immediately 

after a transition to a higher wavenumber has taken place, the second

ary vortices often do not reach the lower surface or are only weak 

there. Another laboratory observation is that while the longer waves 

remain well defined all the way up to the baffle, wavenumbers of 3 or 

more end in turbulence before reaching that height. This result like

wise appears to be predicted by the linear model: The linear wave 

structures representing peaks in the growth rate spectrum, i.e., Figs. 

4.15 - 4.19,4.22 - 4.24, 4.27 - 4.29 and 4.32 - 4.34, show the longer 

waves to have large relative amplitudes at high levels while the 

shorter waves are much weaker near the top. 
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There are two interesting structural phenomena observed in the 

laboratory which are not apparent in the numerical results. Firstly, 

as mentioned in Section 1.2, when only a single helical secondary vor

tex occurs, the fluid in the helix never travels appreciably in the 

azimuthal direction but moves only vertically and radially. The rea

son for this result, as explained in Church et ale (1979) is based on 

the fact that coincidentally with this case, the central axisymmetric 

downdraft does not exist or does not extend very far below the baffle; 

instead, a weak updraft prevails along the axis. In the linear model, 

on the other hand, wavenumber 1 occurs as the only unstable wave at 

S = 0.3 where w < 0 along the axis, and the perturbation does travel 

azimuthally. A possible cause for the persistence of the central up

draft in the simulator to somewhat higher swirl ratios is the enhanced 

radial inflow in the lower boundary layer which is induced by the 

viscous stress of the surface. If this is true, the simplifying as

sumption of free-slip employed in the numerical models may have sig-

·nificant1y altered the results for low S and wavenumber 1. The second 

phenomenon observed in the simulator is that occasionally, one second

ary vortex of a multiple vortex system differs from the rest, being 

weaker (or, rarely, stronger) than the rest (Snow and Church, 1981). 

This effect is not observable in a single-mode linear solution, that 

is, a linear solution which has been integrated until only the most un

stable mode remains. Possibly, the observed phenomenon is an inherently 

nonlinear process related to the interaction of different wavelengths. 
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On the other hand, the variation in the secondary vortices may result 

from the interaction of two separate linear modes (having the same 

wavenumber and for the same swirl ratio) which have nearly identical 

growth rates. The occurrence of such cases was observed a few times 

in the linear experiments causing the numerical integrations to be 

necessary for extra long periods of time. The most extreme case was 

experiment number 6 (S = 0.5, wavenumber 2) where ev,en after the 

equivalent of a full minute of simulated time, there still existed a 

secondary mode having nearly the same amplitude as the most unstable 

mode. 

From the above comparisons between the observed characteris

tics of secondary vortices and the growth rates and structures of the 

modeled linear perturbations, it appears that although there are some 

discrepancies, linear theory does go a long way in accurately describ

ing the departure of a high-swirl tornadolike vortex from an axisym

metric state. An examination of the linear results allows a number of 

deductions to be made concerning secondary vortices. Looking back at 

Section 4.5, we recall that energy term 1, which has the form 

u'v'(~ - ~~ ), stands alone at high S as being the dominant energy 

source for the perturbations. The quantity in parenthesis has by far 

its most extreme value in the region of maximum~. Thus, it is by 

having u' and v' negatively correlated in that region (e.g., see Fig. 

4.33) that the perturbation is able to gain so much energy from the 

axisymmetric flow. At larger radii, where the parenthetical quantity 

is positive, the correlation between u' and v' has fallen to near zero 
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so that the perturbation does not lose energy there. Note that the 

change in the relative phase is achieved from the strong radial tilt 

of v' in contrast to the much lesser tilt of u'. As pointed out 

( V av) ( earlier, - - -- represents the rate of fluid deformation rather r ar 
than the vorticity). Thus, it is not the high maximum of ~ itself 

which destabilizes the vortex but rather the deformation which occurs 

in the same region. At much lower swirl ratios, the region of high s 

is much closer to the center so that ~ is similar in magnitude to 

~~. Hence, the deformation due to v is small and very little energy 

can be extracted from term 1. It is important to note that ~ is 

always positive. Thus, the so-called "inertial instability," which 

depends on the existence of some region of vorticity having the oppo

site sense from the rotation of the axisymmetric flow, is not the cause 

of the secondary vortices in the laboratory. 

It was also seen in Section 4.5 that energy term 2, having the 

form -u'w' ~~ , was the dominant perturbation energy source for all 

wavenumbers at low S. Note that terms 2 and 5 could have been combined 

to form -u'w' (~~ + ;~ ) which again relates to deformation of the 

axisymmetric flow, this time in the r-z plane. The terms were separ

ated to emphasize the importance of w on vortex instability at low 

swirl ratios, and also because term 6 is always small. Thus, for term 

2, deformation and vorticity are identical. It can be seen in Figs. 

4.15 - 4.24 and 4.30 - 4.32, which represent low swirl cases, that u l 

and Wi are very negatively correlated in the region of maximum Z (which 

has the same location as the most intense n or ;~ ) so that the 
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perturbations can extract the maximum energy from the axisymmetric 

flow. This correlation continues for higher swirl cases as well (for 

the shorter waves) where the contribution from term 2 is approximately 

the same. The fact that term 2 is low for high S and low wavenumber 

indicates that the correlation between u' and w' is closer to zero 

there, which can be seen from Figs. 4.25 and 4.26. 

It is interesting to compare the relative positions of the u' , v' 

and w' maxima. v' and w' are generally positively correlated while u' 

is negatively correlated with them both. This arrangement results in 

strong inward, upward and counterclockwise (positive e) motion occur

ring together and strong outward, downward and clockwise motion occur

ring together. The combination causes the large swirling and rising 

momentum at larger radii to be transported inward across the shear 

zone while the low momentum from the interior is transported outward, 

as would be expected from a growing perturbation. The effect of the 

momentum transport should resemble, to some degree, the action of 

viscous stress in broadening the shear zone of the axisymmetric flow. 

This nonlinear feedback is one of the mechanisms by which the secondary 

vortex amplitude would be limited. 

The other term which involves cross-correlations between dif-

1 f . 1 d . t 4 ( I I d v) Th th ferent perturbation ve ocity 1e s 1S erm ,-v w az. e 0 er 
I I -

half of the deformation expression, -(~: ) ;~ , is zero from_axisym-

metry. Although v' and w' are quite positively correlated, ~~ tends 

to be only weakly negative so term 4 only amounts to a small energy 

source. 
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( au - aw Terms 3 and 5 -u'u' ar v'v'u and -w'w' az) are stretching 

deformation terms related to the degree of horizontal convergence and 

vertical divergence of the axisymmetric flow. Note that only auto

correlations (which are inherently positive) of the perturbation fields 

are involved here. In term 3, because - ~~ and -u are positive at low 

levels and generally negative at higher levels, the term will tend to 

be an energy source for those waves having the largest amplitudes in 

the inflow region. Term 5 is interesting because although - ~~ is 

quite negative for the flow on the whole, it is positive in the shear 

zone where the perturbations have the highest amplitude. Thus, term 5 

is generally positive. Note that for the cases S = 0.3 with m = 1 and 

. S = 0.5 with m = 2, the unusually large relative amplitudes developed 

at the highest levels correspond to the larger values which occur in 

term 5 for those cases. (Similarly, the large negative value of term 

7 for the latter case can be attributed, in part, to the unusually 

large amplitude at the baffle.) Because terms 3 and 5 are never domi

nant, however, it must be concluded that the strong radial inflow and 

vertical stretching which occur at lower levels in the axisymmetric 

. vortex do not appreciably affect the energetics of the perturbations. 

Rather, it is only the structure of the flow which is significantly 

altered by the lower boundary and inflow. 

Term 8, which represents viscous dissipation, is nearly always 

the largest energy sink for the perturbations. Interestingly, for 

linear experiments near the critical instability curve, particularly 

at the lowest unstable swirl ratio for wavenumbers 3 - 5 and the 
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highest unstable swirl ratio (near 3.0) for wavenumber 1, dissipation 

remains a large energy sink and is thus highly influential in deter

mining the precise location of the curve. Recall, for example, that 

when a lower viscosity coefficient was used, the effect of which would 

lessen the magnitude of term 8, the neutral stability curve was shifted 

to lower values of S. Of course, another major effect of decreased 

viscosity is to narrow the shear zone of the axisymmetric vortex, thus 

intensifying the strength of the shear. This will increase, in par

ticular, energy terms 1 and 2 and, consequently, the growth rates of 

the waves. (It seems unlikely that the lowering of viscosity would 

ever cause the lowest swirl ratio flow to become unstable, however; 

there, no central downdraft occurs and thus the shear zones of v and w 

are weak or nonexistent.) Because the shorter waves are more highly 

damped by dissipation, as demonstrated in Fig. 4.35, the shift toward 

shorter waves of the growth rate spectrum peak which was found to oc

cur with decreased viscosity can be partially explained. Furthermore, 

it has been argued, by others that the most favoy'ed wavelength of a 

perturbation should be closely related to the width of the shear zone. 

If this is true, a decrease in the shear zone width (which occurs with 

a lower viscosity coefficient) should decrease the preferred azimuthal 

wavelength. Because the str'ength of the viscosity does not appreciably 

affect the total circumference of the shear zone in which the waves 

lie, a higher preferred wavenumber should result from lower viscosity. 

The above argument concerning the effect which the width and 

circumference of the shear zone have on the dominant wavenumber 
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suggests an explanation for another observed phenomenon: Recall that 

both in the laboratory simulator and the linear model, at the lower 

end of the swirl ratio range where a particular wavenumbel~ dominates 

the flow, the maximum perturbation amplitude tends to occur at the 

upper levels, particularly for the longer waves. On the other hand, 

at the high end of that swirl ratio range, the largest amplitudes are 

found at the lower levels. The reason for this may be the radial 

spreading with the height of the axisymmetric shear zone: As the 

entire vortex expands with increasing S, the most ideal shear zone 

circumference for any given wavenumber should be found first at high 

levels and then later at low levels. It can also be argued that this 

effect should, as observed, be most pronounced for the longer waves 

where the percentage increase in wavenumber at a transition is larger. 

5.2 Conclusions 

This study has examined the formation and characteristics of 

secondary vortices in an axisymmetrically forced, tornadolike vortex. 

The particular type of vortex on which the investigation focused was 

that developed by a Ward-type vortex simulator, a laboratory device 

designed to generate flow resembling that in a rotating, tornado

producing cumulonimbus supercell. (Secondary vortices have been pro

duced in that simulator and have been extensively studied.) The method 

used in this study was to numerically generate steady state axisym

metric vortex flows for a variety of swirl ratios, and to test each of 

these flows for instability to linearized, axially asymmetric pertur

bations. For those flows found to be unstable, the details of the 
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growing linear perturbations were presented and discussed at length. 

The study was found to be capable of reproducing and explaining a num

ber of the characteristics of secondary vortices observed in previous 

laboratory experiments. 

As this was the first vortex instability study which included 

an axial boundary, a low-level radial inflow, and axial variations in 

the axisymmetric vortex, there was a particular interest in the pos

sible effect these would have on the linear solutions. It was found 

that, while the perturbation structures were altered somewhat from 

Gall's more idealized vortex, the perturbations bore approximately the 

same relationship to the axisymmetric flow both in spatial location 

and in energetics. In both studies, the particular distributions which 

the azimuthal and vertical velocity components have in the radial 

direction were found to have by far the greatest influence on the 

perturbations. 

This investigation being a linear instability study, it is 

primarily concerned with the reasons why secondary vortices form in an 

axisymmetrically forced primary vortex, and with the manner in which 

the unstable vortex initially departs from a symmetric state. Hence, 

many questions concerning the behavior of fully developed secondary 

vortices, such as their maximum intensity, are not directly dealt with. 

However, it is supposed that, because of the strong resemblance between 

the laboratory observations and the linear results, and because the 

laboratory simulator is designed to model certain types of natural 

tornadoes, some features of naturally occurring secondary vortices 
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might be inferred from the linear results. For example, the linear 

growth rates obtained are sufficiently high to indicate that secondary 

vortices should appear quickly, once the primary vortex becomes un

stable. Secondary vortices would be expected to lie near the radius 

in the primary vortex where th'e maximum vertical vorticity is found, 

not where the maximum azimuthal velocity occurs, and they should travel 

with approximately 1/2 to 2/3 the maximum angular velocity found in 

the primary vortex (this latter behavior has been observed in torna

does, e.g., Forbes, 1976). Another indication of the linear results 

is that the most intense region of secondary vortices is usually at 

the lower surface, the part of greatest concern in terms of destructive 

force. 

In certain respects, the methods used in this study are sub

ject to criticism for being unrealistic. A number of simplifying as

sumptions were employed in the modeling of the secondary vortices. 

Most important among these was the linearization of the perturbation 

equations which omitted many important dynamic processes, including 

those which limit the perturbation amplitudes. No interaction between 

different wavenumbers was allowed, nor was modification of the axisym

metric vortex due to the presence of secondary vortices. Rather than 

have a particular wavenumber perturbation develop from an already 

asymmetric flow, which is usually the case in an actual vortex, per

turbations of all wavenumbers were spawned directly from symmetric 

vortices only. However, the main purpose of using this approach was 

to determine whether the relatively simple linear theory was alone 
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capable of reproducing many of the primary features of observed second

ary vortices. Because such was indeed shown to be the case, we can 

draw the conclusion that secondary vortices can be attributed mainly 

to the axisymmetric part of a vortex, and depend less significantly on 

other scales of asymmetry. A secondary goal of using linear theory 

was to demonstrate that the high-swirl axisymmetric vortex (of the 

type investigated) is unstable; this indicates that such a flow con

figuration cannot exist except under very specialized conditions, and 

thus that secondary vortices are a necessary consequence of the high 

swirl. Another of the questionable assumptions used in the models was 

the free-slip boundary condition. Although it is believed that the 

results of this approximation were of little consequence for the top 

and outer boundaries, given that the baffle pressure could still be 

made constant with radius and the outer computational boundary was 

rather removed from the center of action, it was demonstrated that the 

stress of the lower boundary may have important effects on the inter

ior flow. The boundary-induced radial inflow which is known to occur 

in the simulator within the lowest few centimeters (e.g., Baker, 1981) 

is possibly responsible for increasing the swirl ratio where the cen

tral axisymmetric downdraft first penetrates to the surface, and the 

single secondary vortex regime occurs while the axis flow is still up

ward. According to Church et al. (1979), the central updraft, rather 

than downdraft, coexisting with the secondary vortex is responsible 

for the vortex having certain unique characteristics. At higher swirl 

ratios, the free-slip lower boundary condition appears to be reasonably 
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valid. The other major modeling assumption to which objections are 

justifiable is the invariance of the eddy viscosity coefficient both 

with the spatial coordinates and with the swirl ratio. As pointed out 

earlier, it is obvious that v often varies considerably with position 

in a given flow, particularly one having a high swirl ratio, since the 

visible level of turbulence is highly location dependent (e.g., Church 

et al., 1979). It seems unreasonable, however, in a study of this 

type to attempt to compute accurate spatial distributions of v because 

complicated and time consuming techniques such as second order closure 

would be required. Instead, the much simpler constant viscosity as

sumption was deemed a very appropriate first approximation. The in

variance of v with the swirl ratio is, on the other hand, a more 

serious simplification. The numerical results were clear in demon

strating the sensitivity of the growth rate spectrum (in particular, 

its peak) to the viscosity coefficient, and it appears obvious that v 

should increase with S given the corresponding increase in the observ

able turbulence. Thus, only by properly varying v with S can the 

linear results be expected to accurately predict the swirl ratios where 

the transitions of the most unstable wave from one wavenumber to the 

next should occur. However, as mentioned above, the accurate deter

mination of v would have required a complicated process. On the other 

hand, to have varied v simply for tuning the model and forcing the 

transitions to match properly would have obscured the effect of varying 

the swirl ratio. For these reasons, the viscosity coefficient was left 



as a constant. Of course, i"t must follow that the numerical values 

obtained for the linear growth rates are only roughly approximate. 
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A natural suggestion for refining this research is to lift the 

above-mentioned simplifications and to try to more closely match the 

observed laboratory results. In adopting a no-slip condition at the 

boundaries, a higher grid resolution would be required there. Of 

perhaps equal interest would be to explore the effects of different 

simulator geometries, inflow rates and degrees of surface roughness. 

These areas have been given considerable attention in laboratory ex

periments but have not yet been investigated numerically. Ultimately, 

of course, the simulator walls and baffle, whose influences on the 

flow are artificial, should be removed and the scale of the problem 

should be expanded to match that of an actual tornado case. Modeling 

the readily observable and measureable flows produced in the laboratory, 

however, is an important first step, both for studying the known flow 

and for verifying the numerical models. It is hoped that the results 

of this investigation will suggest areas for further research in the 

laboratory and in dealing with natural tornadoes. 
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