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ABSTRACT 

In this dissertation, the surfaces of Pluto and Triton were investigated by 

means of spectroscopy over the visible and near infrared wavelength range from 

0.5 to 2.5 11m. In this spectral region, the spectra of both bodies are dominated 

by solar continuum light reflected from their surfaces, interrupted by absorption 

bands due to the ices of methane, nitrogen, carbon monoxide, and carbon dioxide, 

in decreasing order of spectral significance. 

New spectroscopic observations of Pluto and Triton were made at the Uni

versity of Arizona's 1.54 meter telescope on Mt. Bigelow and 2.3 meter telescope 

on Kitt Peak. These data were combined with earlier, unpublished observations 

and with data from the literature. In particular, the Pluto+Charon spectra span 

a dozen years from 1983 to 1994, the full 3600 range of subsolar longitudes, and 

subsolar latitudes from -10 to +13 0
• 

Laboratory studies were undertaken to measure the spectral properties of 

nitrogen and methane ices at temperatures comparable to the surface temperatures 

of Pluto and Triton. These data were used as inputs to radiative transfer models 

in order to interpret the telescope spectra. 

The abundances of various ice species on Pluto and Triton were estimated 

under a wide range of model assumptions. The relative strengths of different 

methane absorption bands were examined, revealing an enhancement of weak bands 

relative to stronger bands. Various multiple scattering effects which might be re

sponsible for the observed enhancement were simulated. The spectrum of Pluto's 

satellite Charon was shown to be consistent with a composition of dirty water ice. 

Finally, variations in the spectrum of Pluto with rotational phase were examined 

and used to constrain the geographic distributions of ices on Pluto's surface. 
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CHAPTER 1 

INTRODUCTION 

The objective of this dissertation is to analyze and interpret spectroscopic 

observations of the outer Solar System objects Pluto and Triton. At the visible and 

near infrared wavelengths covered by the observations used in this study, negligible 

absorption occurs in the atmospheres of Pluto and Triton. The observed spectra 

are thus modeled as resulting from reflection from solid surfaces. In addition to the 

telescopic data, laboratory measurements of the spectral properties of methane and 

nitrogen ices are presented. These data are used as inputs to a series of radiative 

transfer models, simulating the reflection of photons from particulate surfaces. 

Pluto and Triton are two small and similar bodies in the outer part of 

the Solar System. At the distances where Pluto and Triton orbit (see Table 1.1), 

the flux of solar energy is some three orders of magnitude below that received 

at Earth. Equilibrium temperatures are thus extremely low (rv30-60 K). Under 

these cryogenic conditions, the behaviors of many cosmo chemically common sub

stances are quite different from what one might expect in more temperate parts 

of the Solar System. Conventionally volatile species such as water, ammonia, and 

carbon dioxide should be classified as rock forming substances at the surface tem

peratures of Pluto and Triton. More volatile chemicals, nitrogen, methane, and 

carbon monoxide, have been identified spectroscopically on the surfaces of Pluto 

and Triton. These three substances form ices that are almost perfectly transparent 

at visible wavelengths, so the visible albedos of clean, particulate, ice covered sur

faces tend to be very high. Little solar energy is absorbed by bright, high albedo 

regions, so they remain very cold. Ice covered regions receiving more solar or inter-
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nal energy experience sublimation, while deposition occurs in other regions, thus 

buffering ice covered regions against against large diurnal and seasonal tempera-

ture variations through volatile transport and vapor pressure equilibrium with the 

thin atmospheres. 

TABLE 1.1 

Physical properties of Pluto and Triton 

Pluto Triton 

Radius (km) 1164 ± 23 1352.6 ± 2.4 

Density (g em -3) 1.87 ± 0.11 2.06 ± 0.01 

Confirmed surface materials CH4 , N2 , CO CH4 , N2 , CO, CO2 

Mean heliocentric distance (AU) 39.44 30.06 

1995 heliocentric distance (AU) 29.84 30.17 

Diurnal period (days) 6.387 5.877 

Solar orbital period (years) 247.8 164.8 

1995 subsolar latitude 150 -51 0 

Data sources: Pluto radius (Young and BinzeI1994), Pluto mass (Young 
et al. 1994), Triton radius and density (McKinnon et al. 1994), Pluto 
surface materials (Owen et al. 1993), Triton surface materials (Cruikshank 
et al. 1993), mean heliocentric distances, rotation and revolution periods 
(Stone and Miner 1989, Espenak 1994, Tholen and Tedesco 1994). 

The mobility and transparency of these ices have other interesting conse-

quences. Though water and rock are the major constituents of solid bodies in the 

outer solar system, the greater mobility of the volatile ices may enable them to 

dominate surface geology in spite of their minority status. Surfaee geomorphol-

ogy of volatile ices probably evolves on seasonal time scales, rather than the much 



FIGURE 1.1 

Pluto's orbit. 
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Pluto's orbit about the sun, as seen from above the ecliptic plane. The 
dashed curve is the orbit of Neptune. The longitude of the long axis of 
Pluto's orbit varies by 84°. 
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slower time scales associated with morphological evolution of water ice or rock 

surfaces via tectonism and cratering. 

Volatile transport on Pluto and Triton is influenced by seasonal patterns 

which result from orbital parameters. Pluto, with its satellite Charon, orbits in 

the most eccentric (0.25) and most highly inclined (17°) orbit of any of the nine 

planets. Pluto's spin axis is tilted 95° with respect to its orbit plane, and the 

orbit is locked in a 3:2 longitude libration with Neptune, with a period of ",19900 

years and a maximum excursion of 84° (Cohen and Hubbard 1965, Milani et ai. 

1989). Tidal evolution has led to the orbital period of the Pluto/Charon binary 

coinciding with the rotation periods of both bodies, so that they always present the 

same hemispheres to each other. This phenomenon provides a convenient longitude 

benchmark, with 0° longitude for each body being defined as the mean direction 

towards the other body. 
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Triton has an inclined (23°) retrograde orbit about the planet Neptune, 

which itself has an obliquity of 30°. Triton's orbit about Neptune precesses with 

a period of ",640 years (Trafton 1984) so that the inclination of its orbit is alter

nately in and out of phase with the obliquity of Neptune. Triton's rotation and 

revolution periods have tidally evolved to share the same value, 5.877 days, so that 

one hemisphere of Triton (again centered on 0° longitude) always faces Neptune. 

FIGURE 1.2 

Triton's orbit. 
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Triton ~ 0.... J 
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0/.// ........... J~ 
""" ... ~ ~. t '. r:cf 

.::, 
,,;0 Neptune 

Triton's orbit (not to scale), as seen from a point along the line of inter
section of the ecliptic plane and the equatorial plane of Neptune. Triton's 
orbit about Neptune is inclined 23° from Neptune's equatorial plane, and 
precesses with a 640 year period. 

These orbital characteristics have the effect of changing the orientation of 

Pluto and Triton dramatically over seasonal time scales. On Triton, subsolar points 

range in latitude to within 38° of either pole, while on Pluto they range to within 

5° of the poles. In 1995, Triton's subsolar latitude is approaching its peak southern 

limit, so the southern hemisphere is experiencing n maximum summer while the 

northern hemisphere experiences a maximum winter. Pluto's subsolar latitude has 
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been nearly equatorial for the past decade, and Pluto just passed the perihelion of 

its orbit in 1989, so it too is experiencing a summer at equatorial latitudes. 

In addition to the orbital parameters, the migration of volatile ices is com

plicated by other factors. These include the albedo and thermal inertia of substrate 

material (Moore and Spencer 1990, Spencer and Moore 1992), possible changes in 

ice albedo after deposition (e.g. Spencer 1990, Eluszkiewizc 1991), surface topog

raphy (Yelle 1992), the ability of thick ice deposits to flow under the influence of 

gravity (Brown et al. 1991), interactions between different ice species in solid solu

tion (Stansberry et al. 1993), and a possibly non-uniform pattern of subsurface heat 

flow (Brown and Kirk 1994). Thus the distributions and concentrations of various 

volatile ices on Pluto and Triton canIlot be accurately predicted at present, even 

if the exact inventory of volatile ices were known. Stansberry (1994) and Brown 

and Kirk (1994) both contain useful reviews of the history and current status of 

volatile transport modeling for Triton and Pluto. 

An interesting consequence of the transparency of nitrogen and methane 

ices, coupled with the large grain sizes (of order 1 cm) which emerge from many 

of the spectral models of Pluto and Triton, is that photons may penetrate to con

siderable depths (tens of cm) before being absorbed or being scattered back out 

of the surfaces, potentially to be deteeted by an observer. This behavior may lead 

to curious phenomena such as a solid state greenhouse effect, potentially leading 

to geysers (e.g. Kirk et al. 1990, Brown et al. 1990), subsurface sublimation and 

collapse, or a solid state distillation caused by preferential sublimation of the most 

volatile species from a mixed surface (Stansberry et al. 1993). The deep penetration 

of solar radiation also makes spectroscopic remote sensing a more powerful probe 

of the surface structure and chemistry, sampling to a considerably greater depth 

than for darker, smaller grained, rocky surfaces. At the same time, the bright, icy 

surfaces of Pluto and Triton present new challenges in spectral modeling. Since, on 

average, photons reflected from bright, icy surfaces sample larger volumes of mate-
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rial and experience higher numbers of scattering events, the spectral contributions 

of complexities such as diverse subsurface layers, multiple scattering effects, and 

grain porosity, shape, and size distributions are potentially more significant than 

in other types of planetary surfaces. 

1.1. IDENTIFICATION OF SURFACE COMPONENTS 

As distant, unresolved, 14th magnitude objects, Pluto and Triton were 

poorly understood until quite recently, when several factors coincided to pro

duce dramatic advances in human knowledge of the two bodies. The discovery 

of Pluto's satellite Charon (Christy and Harrington 1978), closely followed by the 

Pluto/Charon mutual event season (1984-1990), allowed separate studies of Pluto 

and Charon, low resolution mapping of the sub-Charon hemisphere of Pluto and of 

the sub-Pluto hemisphere of Charon, and much improved determinations of system 

parameters such as radii and masses. The occultation of a 12th magnitude star by 

Pluto in 1988 provided an independent determination of Pluto's radius, as well as 

a powerful probe of Pluto's atmosphere (e.g. Millis et al. 1993). For Triton, the 

Voyager II spacecraft's flyby in 1989 sent back images of the surface and of atmo

spheric phenomena, much improved radius and mass determinations, and valuable 

infrared, ultraviolet, and radio wavelength data (see Science 246, 1417-1501). Fi

nally, the last decade saw a dramatic evolution in Earth-based spectroscopic in

strumentation and techniques. The application of new spectroscopic technologies 

has revealed much of the surface composition of both Pluto and Triton, which is 

the subject of this dissertation. 

The history of spectroscopic study of the surfaces of Triton and Pluto par

allels the development of instrumentat.ion available to observers. Cruikshank et al. 

(1976) first identified evidence for met.hane absorptions in infrared filter photome-
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try of Pluto, using five broad band filters passing wavelengths from 1.2 to 2.2 11m. 

Benner et aI. (1978) searched for the weaker methane absorption at 0.89 11m in 

image tube enhanced spectra of Pluto and Triton recorded on photographic plates, 

with inconclusive results. Shorter wavelength image tube spectra revealed the 

reddish continuum slope of Triton's spectrum (Cruikshank et aI. 1979). Infrared 

methane absorptions on Triton were found by Cruikshank and Silvaggio (1979), 

using a circular variable filter (CVF) with an infrared photometer to produce res

olution ().,/21:!..).,) ranging from 16 to 20. During the 1980s, a number of infrared 

CVF spectra were obtained, with gradual improvements in spectral resolution and 

signal-to-noise. In CVF spectra from 1980-1982, Cruikshank et at. (1982, 1984) 

first noted a possible absorption at 2.15 11m, which they attributed to a weak 

absorption band in molecular nitrogen. 

The development of detector arrays provided a more efficient system 

for recording spectra than photographic plates and single detector photometers. 

Charge coupled devices (CCDs), sensitive to wavelengths from the atmospheric 

UV cutoff to ",111m, were used by Fink et aI. (1980) for the first definite observa

tion of the weak CH4 bands of Pluto at wavelengths less than 111m. The first CCD 

spectrum of Triton (Johnson et aI. ID81) displayed only a hint of the 0.89 11m CH4 

band, showing that it must be considerably weaker than the absorption in Pluto's 

spectrum. This was confirmed by Apt et aI. (1983). Buie (1984) observed Pluto 

with a CCD spectrometer, studying variations of CH4 band depth with rotational 

phase in an effort to distinguish between surface ice and atmospheric methane. 

The mutual event season offered the first opportunity for Earth-based ob

servers to distinguish between the spectra of Pluto and its satellite Charon. Mar-
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cialis et ai. (1987) obtained separate photometry of Pluto and Charon at four 

infrared wavelengths, which led them to report a possible detection of water ice 

on Charon. Buie et ai. (1987) used a CVF photometer to measure the relative 

reflectance of Charon at 13 infrared wavelengths, which clearly showed the spec

tral signature of H20 ice. Fink and DiSanti (1988) obtained absolutely calibrated 

CCD spectra of Pluto and Charon, and showed that the spectrum of Charon was 

spectrally neutral between 0.5 and 1 /-lm, consistent with a surface dominated by 

water ice. 

The advent of infrared detector arrays provided another way to resolve light 

from Pluto and Charon, by de convolving blended images of the two bodies, taking 

advantage of the improved atmospheric seeing conditions at infrared wavelengths. 

Bosh et ai. (1992) published observations suggesting a 0.45 magnitude variation 

in the albedo of Charon at 2.2 /-lm. Buie and Shriver (1994) performed similar 

observations, and did not detect such large variations in Charon's brightness at 

2.2 Ilm or other infrared wavelengths. The high spatial resolution of the Hubble 

Space Telescope enabled Buie et ai. (1995) to obtain separate light curves of Pluto 

and Charon at visible wavelengths. These data confirm that the 0.3 magnitude 

light Pluto+Charon light curve (e.g. Walker and Hardie 1955) is predominantly 

due to albedo variations of Pluto. 

The power of infrared spectroscopy also increased with the advent of in

frared detector arrays. Using a cooled grating infrared spectrometer with a 32 

element array detector, Cruikshank et al. (1988) confirmed Triton's 2.15 /-lm N2 

absorption and searched for variations of methane and nitrogen absorption with 

longitude. Coustenis et al. (1991) tentatively identified C2Ho and N2 in spectra 

of Pluto+Charon. With a new instrument equipped with a 58x62 detector array, 

Cruikshank et ai. (1993) identified absorptions due to CO and CO2 in Triton's 



20 

spectrum, and Owen et al. (1993) identified CO and confirmed N2 in spectra of 

Pluto+Charon. 

No additional species have been confirmed to date, although others with 

broad or low contrast absorption features, such as various organic species and H20, 

may be exposed on the surfaces of Pluto and Triton to some extent. 

1.2. DETERMINING ABUNDANCES AND DISTRIBUTIONS 

Identifying spectroscopically active surface components from spectra is rel

atively straightforward, involving matching the wavelengths and approximate rela

tive strengths of the characteristic, narrow absorption bands of laboratory samples 

against absorptions in the observed spectra. Determining the abundances of dif

ferent ice species is a far less certain procedure. The spectral contribution of a 

material is strongly dependent on details of how that material occurs in the sur

face. Serious uncertainties about the spectrophotometric behavior of icy surfaces 

remain, and many mechanical details of these surfaces are unknown. Laboratory 

data on the optical properties of cryogenic gases and ices have been, in many 

cases, unavailable or of insufficient quality to allow quantitative modeling. These 

optical "constants" may change with temperature and chemical phase, as well as 

with composition in mixtures. Finally, although photons penetrate more deeply 

in bright, coarse grained surfaces, remote spectroscopy still only samples a thin 

veneer of surface material, and the composition of this uppermost stratum may 

not be representative of the total volatile inventory. 

Considerable benefit would result from determinations of total volatile in

ventories. In addition to improving understanding of the current state of the sur

faces of Pluto and Triton, better est.imates of chemical abundances have important 

implications for the origin and evolution of outer solar system bodies. The oxida-
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tion state of carbon in the nebular environment plays a critical role in determining 

the relative abundances of planet-forming chemicals. If carbon is in the form of CO, 

as would be expected for chemically quenched solar nebular material or molecular 

cloud material, less oxygen is available to form water. If more carbon is reduced to 

CH4 , as is expected to result from equilibrium chemistry enabled in the warmer, 

higher pressure accretion disks of the gas giant planets, more oxygen is free to form 

H2 0 which becomes the dominant planet forming material (e.g. Lewis 1971,1972, 

Lewis and Prinn 1980, Stevenson 1985, Simonelli et al. 1989, Lunine 1993, Lunine 

and Tittemore 1993, McKinnon et ai. 1994). The relatively high densities of Pluto 

and Triton imply high rock to H2 0 ice ratios, which in turn imply origins in CO 

rich nebular environments. Yet it is absorptions of CH4 which are most prominent 

in spectra of Pluto and Triton. Carbon monoxide and molecular nitrogen have 

similar molecular weights (28 amu) and volatilities, so one might expect them to 

be accreted from the solar nebula with similar efficiencies, and experience similar 

subsequent evolution. CO is the more common species in interstellar clouds, so it 

might be expected to dominate over N2 on the surfaces of Pluto and Triton, but 

this does not appear to be the case, either. 

Unfortunately, the relationship between primordial and present surface 

volatile inventories is not a simple one. During and after the initial accretion 

of Triton and Pluto, numerous processes may have altered the original volatile 

abundances. Impact cratering could be either a source or a loss mechanism for 

volatiles (McKinnon et al. 1994). Ultraviolet photon and cosmic ray bombardment 

of CH4 and other volatile species leads to the production of non-volatile, high 

molecular mass compounds as well as lighter species, such as hydrogen, which can 

escape to space. Hydrodynamic escape removes volatile material from the surface 

environment, while outgassing from the mantle puts new mat.erial into the surface 



22 

volatile inventory. Volatile material from the mantle could be chemically distinct 

from primordial volatile material, due to chemical processing in the mantle (Shock 

and McKinnon 1993). Early, massive atmospheres may also have led to considerable 

chemical processing (Lunine and Nolan 1992). 

Total abundances of surface species are impossible to extract from spec

troscopic data alone, because reflection spectra contain no information about the 

depths of optically thick surface deposits. However, this dissertation will examine 

the possibility of extracting relative abundances for the upper few tens of centime

ters from spectroscopic reflection data. The results will greatly help to constrain 

models of the volatile inventories of Pluto and Triton, and thus of the solar nebula, 

of the accretion of icy bodies, and of their subsequent evolution. 

Earlier efforts at modeling spectra and extracting abundances involved 

strictly gas-phase models, neglecting absorptions due to any condensed species (e.g. 

Cruikshank and Silvaggio 1979, Fink et al. 1980, Johnson et al. 1981, Apt et al. 

1983, McKellar 1989) or comparison with and/or extrapolation from laboratory 

frost spectra (e.g. Cruikshank et al. 1976, Soifer et al. 1980, Cruikshank et al. 

1984, Spencer et al. 1990). 

Hapke scattering theory (Hapke 1981, 1984, 1986) provides a more quanti

tative, though still model dependent, framework for interpreting observed planetary 

spectra in terms of the optical constants of component materials. Buie (1984) was 

the first to apply this theory to spectra of Pluto+Charon. Hapke theory has now 

become the standard model for interpreting spectral and photometric surface re

flection data. The theory is not without problems, however, some of which will be 

examined in this work. 

The objective of this dissertation is to model the spectroscopic data, at

tempting to discover details beyond the mere existence of particular component 
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speCIes. It is important to learn how much physical and chemical information can 

be extracted from spectral observations of distant, icy surfaces. To this end, the 

dissertation takes the following shape. Chapter 2 examines the speetroscopic data 

available for Triton and Pluto. These data include telescopie observations under

taken by the author as well as data from other sources. Chapter 3 establishes that 

the spectroscopic features seen in the telescopic data are predominantly due to the 

surfaces, and not the atmospheres of Triton and Pluto. Chapter 4 chronicles the 

aceumulation of laboratory data on the optical properties of candidate surface ma

terials, with an emphasis on methane and nitrogen. In order to use the laboratory 

data in interpreting the telescope spectra, it is necessary to use computer models to 

account for the optical details of multiple scattering on a planetary surface. Chap

ter 5 describes the computer models, based on Hapke scattering theory (Hapke 

1981, 1984, 1986), used to bridge the gap between laboratory and teleseope data 

sets. Finally, in Chapter 6, spectra of Pluto and Triton are interpreted. It is hoped 

that from the numerous models described in Chapter 6, a better understanding of 

the optical surfaces of Pluto and Triton can emerge. 

1.3. NOTE ON COLLABORATION AND PREVIOUSLY PUBLISHED WORK 

Parts of the work presented in this dissertation were done in collaboration 

with others. I was the first author on each publication resulting from this work, 

but the contributions of my collaborators were indispensable. Where appropriate 

in the text of this dissertation, the roles of specific collaborators are described. 

Parts of this work have also been presented at scientific meetings (Grundy 

and Fink 1990, 1992a, 1992b, 1993, 1994)and in print in three papers in the journal 

Icarus (Grundy and Fink 1991a, 1991b, and Grundy et al. 1993). A fourth paper 

(Grundy et al. 1995) is currently in preparation. In order to maintain the continuity 
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of this dissertation, I have decided not to simply append the texts of these talks 

and papers, but to re-edit the work into a single readable, coherent whole. For 

citation purposes, however, it is more appropriate to cite the original papers than 

to cite certain sections of this dissertation, as shall be indicated in the dissertation 

text. 
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CHAPTER 2 

OBSERVATIONAL DATA 

The aim of this study was to analyze the near-infrared spectra of Pluto and 

Triton, placing particular emphasis on the characteristic absorption features of the 

frozen volatiles methane and nitrogen. Spectral data from a variety of sources were 

used in this study. The sources of telescopic data include observations undertaken 

specifically in support of this study, observational data obtained by other observers 

at the Lunar and Planetary Laboratory's CCD Lab., and data taken from the 

literature. 

2.1. CCD SPECTRA 

In support of this study, telescopic spectra of Pluto and Triton were ob

tained using a long-slit charge-coupled device (CCD) spectrograph at the 1.54 

meter Catalina telescope on Mount Bigelow, north of Tucson. The LPLjCCD 

spectrograph made use of a transmission grating ruled at 300 lines per mm, with 

the resulting spectra recorded on an 800 x 800 Texas Instruments CCD chip with 

15 pm pixels, at a spectral dispersion of 7.2 A pixel-I. The resulting spectra 

covered a wavelength range from 0.53 to 1.0 /-lm (19000 to 10000 cm-1), at a spec

tral resolution ranging from 370 to 690 (Nyquist sampling). In this spectral range 

methane has a number of absorption bands, to be discussed in Chapter 4. 

Pluto and Triton were observed on a number of occasions between 1990 

and 1994 using the CCD spectrograph, as tabulated in Tables 2.1 and 2.2. Inter-
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spersed with integrations of Triton and Pluto, solar analog stars (Schuster 1D76) 

were observed at comparable airmasses. By dividing the object speetra by spectra 

of solar analog stars, the instrumental response function and telluric absorptions 

were removed, leaving uncalibrated albedo spectra of the objects. Flux calibrated 

standard stars (Johnson 1980) were also observed, providing absolute calibration 

for the spectra obtained each night that observing conditions permitted. 

TABLE 2.1 

CCD observations of Pluto in support of this study 

UT 
Date 

Julian 
Date 

1990, 5/21 2448032.77 

5/22 2448033.77 

5/25 2448036.77 

5/26 2448037.78 

5/28 2448039.77 

1991, 5/13 2448389.87 

1993, 4/21 2449098.95 

4/22 2449099.91 

4/24 2449101.93 

1994, 4/15 2449457.93 

Integration Subsolar Subsolar 
time (min) longitude latitude SNR Grade 

80 

60 

70 

70 

80 

100 

50 

120 

60 

100 

201 

145 

335 

278 

166 

232 

224 

170 

56 

150 

5.2 

5.2 

5.2 

5.2 

5.2 

7.2 

11.3 

11.3 

11.3 

13.3 

141 

112 

77 

102 

80 

110 

115 

138 

104 

134 

A 

A 

A 

A 

A 

A 

A 

B 

A 

A 

Observers were: W. Grundy, U. Fink, and E. Karkoschka 1990. W. 
Grundy, U. Fink, and M. Hicks 1991. W. Grundy, M. Hicks, and U. 
Fink 1993. W. Grundy and M. Hicks 1994. Signal to noise ratio (SNR) 
was calculated using the standard deviation of points from a linear fit 
to the data between 0.63 and 0.70 pm. Letter grades were assigned as 
follows: 'A' = photometric precision ± 5%, 'B' = photometric precision 
± 15%. 
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TABLE 2.2 

CCD observations of Triton in support of this study 

UT Julian Integration Subsolar Subsolar 
Date Date time (min) longitude latitude SNR Grade 

1989, 6/26 2447703.83 65 261 -47.6 ? ? 

7/11 2447718.85 45 101 -47.7 ? ? 

7/12 2447719.78 47 158 -47.7 ? ? 

8/07 2447745.74 40 309 -47.7 ? ? 

1990, 5/21 2448032.89 60 261 -48.2 ? ? 

5/22 2448033.89 35 322 -48.2 ? ? 

5/26 2448037.87 30 206 -48.3 ? ? 

5/27 2448038.91 120 270 -48.3 ? ? 

6/18 2448060.86 155 174 -48.3 32 C 

6/20 2448062.84 172 296 -48.3 183 A 

Observers were: W. Grundy and U. Fink June 1989. W. Grundy, U. Fink, 
M. DiSanti, and A. Schultz July 1989. W. Grundy, U. Fink, A. Schultz, 
S. Wycoff, M. Womack, and S. Tegler August 1989. W. Grundy, U. Fink, 
and E. Karkoschka May 1990. W. Grundy, U. Fink, and H. Fink June 
1990. SNR and letter grades are defined as for Pluto, and question marks 
indicate reduced data lost due to a hardware failure. 

During the years of these observations, Triton and Pluto were both about 

14th magnitude objects at visible filter (V) wavelengths (",0.55 J.lm). Multiple ten 

minute CCD integrations were generally used to accumulate signal and overcome 

CCD read noise. During a single ten minute integration at the 1.54 meter tele-

scope, our spectrograph would gather of order 5 x 106 photons from Pluto, which, 

distributed over the 800 CCD columns, produced a spectral signal-to-noise ratio of 



28 

order 40, mid-spectrum. An example of a CCD spectrum of Pluto is shown in Fig. 

2.1 (top curve). 

Triton is a more difficult object to observe since, as seen from Earth, it 

never moves more than 17 seconds of arc away from Neptune, with V magnitude 7.9. 

The presence of scattered light from Neptune is a serious observational difficulty, 

but it is mitigated by the fact that gaseous methane absorptions are so strong 

that Neptune's reflected sunlight decreases very strongly for wavelengths longer 

than 0.65 /-lm (see the bottom curve of Fig. 2.1). Using the distinctive methane 

absorption bands and the alternate windows between the bands, it was possible to 

test for, and exclude, the presence of scattered reflected light from Neptune in our 

spectra of Triton. In order to keep scattered light from Neptune to a minimum, we 

routinely used a narrower slit setting of 2.5 arc seconds for Triton, which reduced 

the photometric precision of our Triton observations. An example CCD spectrum 

of Triton is shown in the middle curve of Fig. 2.1. 

Many additional observations of Pluto were made with the same spectro

graph and telescope between 1983 and 1988 (Buie 1984, Buie and Fink 1987, Fink 

and DiSanti 1988). These data, as well as other unpublished data are included in 

this study, and are tabulated in Table 2.3. This data set includes two Pluto/Charon 

mutual events in 1987 and 1988, which were observed spectrophotometrically. 

2.2. INFRARED SPECTRA 

Further in the infrared, methane has stronger absorption bands. Other cos

mochemically common materials have characteristic infrared absorptions as well. 

In the wavelength region from 1 to 4 Itm, the surfaces of Pluto and Triton have been 

probed via low resolution filter spectrometry (e.g. Cruikshank et al. 1976, Lebofsky 

et al. 1979, Cruikshank and Silvaggio 1980, Marcialis et al. 1987, Spencer ct al. 

1990). This approach culminated in circular variable filter (CVF) spectra at spec-



FIGURE 2.1 

CCD spectra of Pluto, Triton, and Neptune. 
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Relative visible and near infrared albedo spectra of Pluto+Charon, Triton, 
and Neptune, displaced for clarity. Tick marks indicate ~ero levels. 
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tral resolutions (>./26.>") as high as 100 and wavelengths between 0.8 and 2.5 11m 

(e.g. Soifer et al. 1980, Cruikshank et al. 1984, Cruikshank and Apt 1984, Rieke 

et al. 1985, Marcialis and Lebofsky 1991). In CVF spectra of Triton, Cruikshank 

et al. (1984) identified an absorption at 2.15 11m, attributable to nitrogen. During 

Pluto/Charon mutual events, Buie et al. (1987) obtained separate CVF spectra of 

Pluto and of Pluto plus Charon, showing H2 0 ice's characteristic absorptions in the 

spectrum of Charon. Additional infrared spectra used in this study are tabulated 

in Table 2.4. 
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TABLE 2.3 

Additional CCD Pluto spectra used in this study 

UT Julian Integration Subsolar Subsolar 
Date Date time (min) longitude latitude SNR Grade 

1983,4/17 2445441.83 185 82 -9.7 265 A 

4/18 2445442.83 190 25 -9.7 163 A 

4/19 2445443.85 200 328 -9.7 171 A 

4/20 2445444.82 200 273 -9.1 251 A 

4/23 2445447.87 90 101 -9.6 116 A 

1987, 3/03 * 2446857.95 175 181 -1.6 103 A 

3/04 2446858.95 50 123 -1.6 86 A 

1988, 5/03 2447284.89 22 236 0.9 60 B 

5/04 * 2447285.88 240 180 0.9 70 A 

1983 data were obtained by Buie and Fink, 1987 data by Fink and Di-
Santi, and 1988 data by Fink, DiSanti, and Porter. SNR and Grade as 
defined above. Mutual events are indicated by '*'. 

Higher resolution cooled grating spectrometers have recently become avail

able, making use of infrared-sensitive InSb and HgCdTe array detectors. Because 

they sample all wavelengths simultaneously for both object and sky, spectrome

ters using gratings and arrays are considerably more efficient than filter photome

ters. Using new spectra between 1.4 and 2.4 J.lm at a resolution of around 350 

from the United Kingdom Infrared Telescope's CGS4 instrument, one of the new 

grating/array spectrometers, Cruikshank et al. (1993) identified absorptions at

tributable to CO and CO2 for the first time in spectra of Triton. Owen et al. 

(1993) identified a CO absorption in spectra of Pluto. Unfortunately, the pub-

lished versions of these spectra have been divided by unspecified continuum func-



TABLE 2.4 

Published infrared spectra used in this study 

UT spectral wavelength 
Object Date resolution range 

Pluto & Charon 1987, April 23 rv20 1.5 - 2.5 ""m 

Triton 1987, June 23-26 53 2.0 - 2.5 ""m 

Triton 1988, June 19, 21 53 2.0 - 2.4 ""m 

Triton 1988, June 20-21 84 1.6 - 1.8 ""m 

Pluto & Triton 1988, 1989 broad band 2.0 - 4.0 ""m 

Triton 1991, 1992 rv300 2.0 - 2.4 lim 

Sources of data: Pluto & Charon 1987 Buie et al. (1987), Triton 1987, 
1988 Cruikshank et al. (1989), Triton and Pluto broad band data Spencer 
et al. (1990), Triton 1991, 1992, Cruikshank et al. (1993). 
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tions, limiting their value for this study. The spectra are of value for examining 

the shapes and wavelengths of specific absorptions, but are less useful for com-

paring relative strengths of different bands and for constraining the presence of 

broad-band absorbers such as silicate minerals or H2 0. 

In order to overcome these shortcomings, I collaborated with Marcia and 

George Rieke of Steward Observatory on a series of infrared Pluto+CharoIl obser-

vations at the University of Arizona's 90 inch telescope OIl Kitt Peale All of the 

scheduled nights were clouded out except for the night of March 28, 1994, when we 

used the cooled grating array spectrograph FSpec, a prototype instrument devel-

oped for the Columbus Telescope project, based on a 256x256 NICMOS3 HgCdTe 

detector array. We recorded spectra in Hand K bands (1.45 to 1.75 ""m and 2.0 

to 2.45 ""m) at resolutions around 700. The mean Julian date of these observa-
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tions was 2449439.93, corresponding to Pluto subsolar longitude 84° and latitude 

+ 13.2°, near minimum light in the Pluto+Charon light curve. 
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CHAPTER 3 

ATMOSPHERIC ABSORPTION 

Methane and nitrogen have the property that the positions, shapes, and 

relative strengths of their near infrared absorption bands are similar in gaseous, 

liquid, and higher temperature solid phases (Dick and Fink 1977, Giver 1978, 

Ramaprasad et al. 1978, Benner 1979, McKellar 1989, Grundy and Fink 1991a, 

Grundy et al. 1993). When absorption features attributable to methane were dis

covered in spectra of Pluto and Triton, the relative strengths of the CH4 bands 

could not be matched by simple frost models exhibiting band saturation, so the 

spectra were frequently interpreted as evidence for gaseous methane, similar to the 

methane absorptions observed in spectra of the giant planets and of Saturn's satel

lite Titan (Benner 1979, Cruikshank and Silvaggio 1979, Fink et al. 1980, Johnson 

et al. 1981). McKellar (1989) also considered an atmospheric interpretation for the 

nitrogen absorption observed at 2.15 Itm in spectra of Triton. 

For Pluto, the variation of methane band depths with light curve phase 

suggested that some, if not most of the observed methane was condensed on the sur

face (Buie 1984, Buie and Fink 1987, Marcialis and Lebofsky 1991). Comparisons 

between details of Pluto spectra and laboratory CH4 frost spectra led to similar 

conclusions (Soifer et al. 1980, Spencer et al. 1990), but it was not possible to con

clusively distinguish between the two until the Pluto/Charon mutual events and the 

1988 stellar occultation indicated that Pluto has the small radius, high albedo, and 

thin atmosphere consistent with the low temperature expected for a frost-covered 

surface. Similar observations of Triton also suggested that the bulk of the methane 
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absorption occurred in condensed CH4 (Cruikshank and Apt 1984, Lunine and 

Stevenson 1985, Cruikshank et at. 1988, 1989, Spencer et at. 1990). The Voyager II 

spacecraft's reconnaissance of the Neptune system confirmed that Triton is indeed 

small, bright, and cold. Voyager also provided an independent determination of 

the methane and nitrogen content of Triton's atmosphere. The radio occultation 

experiment (Tyler ct at. 1989), infrared surface temperature measurements (Con

rath et at. 1989), and ultraviolet observations of Triton's upper atmosphere as well 

as ultraviolet occultation data (Broadfoot et at. 1989) provided the following re

sults: Triton has an atmosphere of 1.64 m amagat of N2 with a surface pressure of 

16 f.Lbar and a surface temperature of ",38 K. For reference, atmospheric pressure 

at the Earth's surface is 1 bar and the column abundance is ",6000 m amagat. 

The peak absorption coefficient of low temperature N2 gas is 3.2 x 10-6 

m- I amagat-2 for the 2-0 band at 2.15 f.Lm (McKellar 1989). This band is collision 

induced, meaning that for absorption to occur, two nitrogen molecules must be in 

the act of colliding in order to induce a temporary dipole moment. As a result, 

the bulk absorption coefficient goes as the square of the gas density. For the 

1.64 m amagat atmosphere of Triton, at a maximum pressure of 16 f.Lbar (density 

'" 10-4 amagat), the expected peak absorption would then be only ",10-9 , for 

two-way transmission. This minute absorption is many orders of magnitude too 

small to be detected from Earth-based telescopes equipped with currently available 

technology. The atmospheric N2 column abundance for Pluto is less certain, but 

assuming a surface pressure of ",3 f.Lbar (Lellouch 1994), the 2.15 f.Lm atmospheric 

nitrogen absorption should be ",10-11 , again far below detection limits. N2 in the 

atmospheres of both bodies can thus be safely neglected in interpreting the albedo 

spectra. 

Due to its much lower vapor pressure, methane is less abundant than N2 

in the atmospheres of both bodies. The infrared absorption bands of CH4 are very 
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much stronger, however. These bands are caused by various combinations and 

overtones of the bending and stretching vibrations of the C-H bond. Since these 

absorptions are intrinsic to the methane molecule, and not induced by collisions 

only, the bulk atmospheric absorption coefficient is proportional to the density 

instead of the square of the density as was the case for nitrogen. For these reasons, 

atmospheric absorptions of CH4 are more likely to be observable. 

In Triton's atmosphere, the CH4 to N2 mixing ratio is between 2 X 10-5 

and 2 X 10-4 (Broadfoot et al. 1989, Herbert and Sandel 1991). The larger value 

gives a CH4 gas column abundance of approximately 0.0003 m amagat. The peak 

absorption coefficient at the center of the 0.89 J.lm band, the strongest methane 

absorption at CCD wavelengths, is 3.1 x 10-4 m- I amagat- I (Dick and Fink 1977). 

One would therefore expect the atmosphere of Triton to contribute an absorption at 

0.89 J.lm of order 2 x 10-5 for two-way transmission (Grundy and Fink 1991b). In 

CCD spectra of Triton the observed absorption at 0.89 J.lm is ",,6%, more than three 

orders of magnitude greater than the calculated atmospheric absorption, which is 

well below the detection limit for CCD spectra. It is thus quite reasonable t.o 

neglect the absorption from atmospheric methane in interpreting CCD spectra of 

Triton. 

For Pluto, with an observed 0.89 J.lm absorption of about 20% and a CH4 

mixing fraction of order 10-3 (Lellouch 1994), the two-way atmospheric absorption 

should be only about 25% greater than that of Triton, and can likewise be neglected 

in interpreting CCD spectra. 

Further into the infrared, CH4 absorption bands are stronger so there is 

a greater possibility of atmospheric absorptions being observable. The strongest 

methane bands in the H and I{ windows between telluric wat.er vapor absorptions 

(1.45 to 1.75 and 1.95 to 2.35 pm, respectively) are the CH4 overtone bands at 2.31 

and 2.37 pm. The strongest methane band for which observational data are avail-
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able (Spencer et al. 1990) is the V3 fundamental C-H stretch vibrational absorption 

at 3.31 flm. Since these bands are potentially strong enough to be observable, sim

ple order of magnitude calculations, as used above, are not as accurate as might 

be desired. The absorption at each wavelength depends in a complex way on in

dividualline strengths which are highly temperature dependent, as well as on the 

line broadening profile (Doppler, Lorentz, Voigt, etc.). In order to provide a better 

estimate of the strengths of atmospheric methane absorptions, Mark Lemmon of 

LPL was kind enough to generate several models, using methane band parameters 

from the Air Force HITRAN data base. The assumed atmospheric parameters 

are tabulated in Table 3.1, and the model results are shown in Figures 3.1 and 

3.2. Though they provide a useful estimate of the scale of atmospheric methane 

absorptions, these models should not be considered as definitive, both because the 

models make numerous assumptions (such as an isothermal atmosphere) and be

cause the atmospheric parameters are not precisely known, especially in the case 

of Pluto where the choice of model parameters is only meant to be representative 

of possible atmospheric conditions. 

For the assumptions used in these models, maximum two-way K band CH4 

absorptions for Triton and Pluto atmospheres are <2%. These weak absorptions, 

while detectable in principle, would be nearly impossible to distinguish from the 

much stronger K band absorptions (>50%) caused by condensed methane on the 

surfaces of both bodies. If one percent precision were required, it would be neces

sary to include these atmospheric absorptions in any surface model. In practice, 

however, the signal precision of the observational data available at present does 

not justify conclusions which depend on spectral signatures at such a high level of 

precision. 

There is a potential problem with atmospheric absorption around the V3 

fundamental methane band, but this wavelength region is not covered in this dis-



TABLE 3.1 

Assumed atmospheric properties of Pluto and Triton 

Pluto Triton 

Scale height (km) 50 20 

Surface pressure (J.lbar) 3 16 

Atmosphere temperature (K) 100 50 

N 2 path length (m amagat) 0.50 1.64 

CH4 atmospheric mixing fraction 0.001 0.00002 

CH4 path length (m amagat) 0.0005 0.00003 

Data sources: Pluto (Lellouch 1994), Triton (Tyler et al. 1989, Conrath 
et al. 1989, Broadfoot et al. 1989, Herbert and Sandel 1991). 

FIGURE 3.1 

Model atmospheric CH4 absorption in K band. 
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FIGURE 3.2 

Model atmospheric CH4 absorption near V3 band. 
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sertation, for lack of spectroscopic data of sufficient resolution. The only available 

Pluto and Triton data for wavelengths around the V3 band are those of Spencer 

et al. (1990). Their low spectral resolution filter photometry data show absorptions 

of rv97% and ",,80% for Pluto+Charon and Triton, respectively. When compared 

with the model atmospheric absorptions (5 to 8%), it can be seen that the dominant 

source of absorption in each case is again the surface, which must be nearly black 

at 3.3 p,m, and not the atmosphere. There is, however, a possibility of future at

mospheric remote sensing of the V3 CH4 band, due to the fact that the atmospheric 

absorption is much narrower than the broad, saturated CH4 ice absorption which 

makes the surface uniformly dark in the entire 3.3 p,m region. Spectra with resolu-



39 

tions greater than ",300 and signal to noise ratios better than ",50 will be required 

to distinguish between surface and atmospheric absorptions around 3.3 pm. 

Between 0.5 and 2.5 pm, the calculated atmospheric absorpt.ions due to N2 

and CH4 for the assumed atmospheric conditions of Pluto and Triton do not appear 

to approach the strengths of the observed absorptions in spectra of these bodies. 

It is therefore reasonable to neglect or hold constant the atmospheres, and model 

the spectra as resulting from absorptions occurring entirely in the solid phase, as 

will be done in the remainder of this dissertation. 
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CHAPTER 4 

LABORATORY DATA 

Atmospheric absorptions were shown to be negligible in Chapter 3, so to 

interpret the spectral observations of Pluto and Triton discussed in Chapter 2, the 

telescopic spectra must be compared with laboratory spectra of candidate solid 

surface materials. 

The most spectrally evident absorber is methane, responsible for most of 

the near infrared absorption bands observed in spectra of both bodies. Unfortu

nately, accurate absorption coefficients for methane ice had only been published for 

the stronger infrared bands at, longer wavelengths and for temperatures too low to 

be applicable to Pluto and Triton. To provide more suitable data for this disserta

tion, laboratory efforts were undertaken to produce optical quality, thick samples 

of methane ice for measuring the spectral properties of the ice at shorter, weakly 

absorbing wavelengths. Spectra were measured in these samples at temperatures 

appropriate for comparison with the surfaces of outer Solar System bodies. The 

measurements were done with Dr. Fink at LPL (The University of Arizona's Lunar 

and Planetary Laboratory) and with Dr. Schmitt at CNRS LGGE (France's Centre 

National de la Recherche Scientifique Laboratoire de Glaciologie et Geophysique 

de l'Environnement) in St. Martin d'Heres. 

While not as spectroscopically active as methane, nitrogen is probably the 

most abundant species on the surfaces of Pluto and Triton. Interpretation of the 

weak nitrogen absorption band at 2.15 /-lm was hampered by a similar paucity of 
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data. This absorption feature was studied as well, in liquid (Grundy and Fink 

1991a) and solid phases (Grundy et ai. 1993). 

Laboratory data on other ice species were taken from the literature. The 

CRt and N2 laboratory work as well as the other sources of spectral data will 

be discussed in the remainder of this chapter, after a brief description of optical 

constants and their derivation from laboratory transmission measurements. These 

optical constants are bulk properties of materials, required as inputs to scattering 

models of planetary surfaces to be introduced in Chapter 5. 

For spectral modeling, the most important optical constant is the coeffi

cient of absorption, which often varies by many orders of magnitude as a function 

of wavelength. This absorption coefficient can be represented as a or a(v), the 

Lambert absorption coefficient, with units of inverse length. It is also common to 

express the absorption coefficient as k, the dimensionless imaginary index of re

fraction, equal to a)../47f. A beam of light passing through a material is attenuated 

exponentially, Ie = Ioe- cd , where 10 is the original intensity of the beam and Ie is 

the intensity of the beam after traveling distance e. In terms of k this attenuation 

becomes Ie = Ioe-4rrke/>... 

In laboratory transmission measurements, transmitt.ed intensity Ic(v) IS 

measured for a beam passing through a sample of thickness f. The original beam 

intensity Io(v) is estimated by measuring the transmitted intensity of the empty 

cell, prior to depositing the sample in the cell. Unfortunately, illumination sources 

tend to vary slightly over time, and there is a difference in refractive index be

tween the vacuum in the empty cell and the ice in the filled eell, so this measured 

transmission of the empty cell differs slightly from the true Io(/J). A transmission 

continuum function To(/J) is invented to correct for these variations, and is folded 
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into the calculation of a(v) as shown in equation 4.1. 

_ 1 ( 1(v) ) 
a(/I) = -e In 10 (/I)To (/I) (4.1 ) 

Another important optical constant is n, the real part of the refractive 

index, which is the ratio of the vacuum speed of light to the speed of light in 

the medium. The refractive index is more difficult to measure as a function of 

wavenumber, and was not measured in any of the experiments described in this 

chapter. Unlike a, n generally does not. vary over many orders of magnitude, 

and tends to only change rapidly near the strongest absorption bands. Since this 

dissertation generally deals with very weak absorption bands, it is a reasonable 

assumption to treat n(v) as a constant, and use values from the literature. 

4.1. METHANE 

Absorptions of the stronger infrared methane bands have been studied in 

reflection from frosted surfaces (Fink and Sill 1978) and in transmission in thin 

films (e.g. Fink and Sill 1978, Roux ct al. 1980, D'Hendecourt and Allamandola 

1986, Schmitt et al. 1990, Pearl et al. 1991, Schmitt et al. 1992). Although the 

weaker methane bands produce observable absorptions in speetra of the surfaces of 

Pluto and Triton, these weak bands are unable to produce measurable absorption 

in the short optical path lengths provided by conventional gas deposition thin film 

techniques. In liquid methane, obtaining longer path lengths for transmission 

spectroscopy is relatively straightforward, and this was done rather early in a 3 cm 

cell (Ramaprasad et al. 1978). It is considerably more difficult to produce optical 

quality thick samples of solid methane ice, so no data were available on the weaker 

absorption bands in the ice phase. 

To measure transmission of ices in samples thicker than thin films, a 1 cm 

thick cryogenic cell was developed in 1988 by Fink and Sill at LPL. A schematic 
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FIGURE 4.1 

Schematic diagram of the LPL cell. 
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plan of this cell is shown in Fig. 4.1. By introducing methane gas into this cell, 

cooled with liquid nitrogen, we condensed samples of liquid methane. Pumping 

on the liquid nitrogen reservoir dropped the cell temperature below 90.6 K so 

the liquid methane froze. Unfortunately, it froze from the outside in, leaving a 

void in the center of the cell which scattered light and made determination of the 

sample thickness difficult. A thin layer of transparent methane ice adhered to the 

cell wall, so it was possible to send a narrow beam of light through this portion 

of the sample, into the same CCD spectrometer as was described in Chapter 2. 

Preliminary absorption coefficient spectra (Fig. 4.2) of the weak absorption bands 

of methane ice were obtained using this apparatus, and found to be very similar to 

spectra of methane liquid. 



FIGURE 4.2 

CH4 spectra from the LPL cell. 
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It was clear that a more sophisticated cell would be needed to produce 

better samples and to reach lower temperatures. Such a cell was constructed by 

Schmitt at LGGE in 1992. The methane work done in this eell and described on 

the next several pages of this dissertation should be cited as Grundy et al. (1995). 

A schematic diagram of the cell is shown in Fig. 4.3. The most significant design 

innovation in this cell was that a vertical thermal gradient was maintained across 

the cell, as heat flowed into the top of the cell, conducted along the fill tube. Both 
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the cell and the fill tube were made of stainless steel instead of copper, in order to 

maintain a larger thermal gradient. The cell was cooled from below by a closed

cycle cryostat. This thermal gradient resulted in a freezing front starting at the 

bottom of the cell and propagating upwards as the temperature was slowly lowered. 

A Lake Shore DRC-93CA temperature controller was used in conjunction with two 

silicon diode thermometers and two independent heating elements to control the 

temperature and the vertical thermal gradient in the cell to a precision better than 

0.1 K. The time rates of change of these parameters were controlled as well. 

FIGURE 4.3 

Schematic diagram of the LGGE cell. 
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Large crystals of methane and nitrogen ice were grown in this cell and their 

transmission spectra studied as a function of temperature. For methane ice, we 

obtained spectra from 0.7 to 2.2 /lm (14000 to 4500 cm -1). While the 1 cm long 

optical path length in the cell caused the centers of the strongest methane bands 

to be saturated in our spectra, it enabled us to accurately measure the absorption 

coefficients of the weaker CH4 bands and of the weak wings of the stronger bands 
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at spectral resolutions (>./26>.) exceeding 104 for the first time in the ice phase. 

Thus our data complimented earlier measurements made on the stronger CH4 ice 

absorptions using thin films. 

Methane samples were prepared in the cell by condensing liquid CH4 from 

compressed gas supplied by the Air Liquide Corporation. Samples of the high

temperature phase of methane ice, known as CRI I, were subsequently crystallized 

from the liquid phase. A typical cooling rate used for freezing CH4 samples was 

dT/dt = -4 K hour-I, with a vertical thermal gradient of dT/dz = 1 K mm- I . 

Under these conditions, the methane formed a single monocrystal filling the entire 

cell. The ice samples were regularly examined by eye in transmitted plane and 

cross-polarized visible wavelength illumination to monitor the presence of grain 

boundaries and stress birefringence. On cooling, the methane ice retained excellent 

transparency in plane polarized light, but the cross-polarized illumination revealed 

the development of stress birefringence in response to thermal contraction. On con

tinued cooling, fractures developed, partially relieving the stresses on the samples. 

Moving the samples with respect to the 3 mm diameter optical beam allowed us 

to select crack-free portions of the samples, thus reducing scattering of the beam 

and keeping the optical path length sampled by the beam as close as possible to 

the measured interior dimension of the cell. Spectral measurements were made on 

samples which experienced a variety of thermal histories. No spectral phenomena 

were found to depend on thermal history, so data from both cooling and warming 

sequences were included in our analysis. 

At temperatures below 20.4 K, CH4 I converts to an orientationally or

dered, lower temperature phase known as CH4 II (Brown and Ziegler 1979, Calvani 

and Nucara 1992). Sinc~ the phase transition temperature is well below the range 
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of interest for Solar System objects, this investigation was restricted to the higher 

temperature phase. 

The spectra were mea.sured with a Nicolet 800 FTIR spectrometer in two 

configurations. At wavelengths below 1.18 {lm (frequencies above 8500 cm-1 ), 

a spectral resolution of 0.96 cm-1 (twice the sample spacing) was obtained by 

using a tungsten-halogen source, a Si02 beam splitter, and a silicon detector. At 

wavelengths longer than 1.1 {lm (frequencies below 9100 cm-1
), a CaF2 beam 

splitter and a.n InSb detector were used to obtain a resolution of 0.9 cm-1 (full 

width at half maximum of an unresolved line). Further details of the spectrometer 

setup have been described by Schmitt et al. (1994) 

The spectra were analyzed as described at the beginning of this chapter, 

using a linear continuum function, To(v), fit to regions of the transmission spectra 

where we assumed absorption to be negligible (generally at the ends of the apparent 

wings of the absorption bands). Since void spaces in the ice samples and scattering 

of the spectrometer beam have the effect of reducing and increasing the optical 

path, respectively, we carefully minimized both effects so that we could use the 

measured interior thickness of the cell, 1 cm, as a good approximation to the optical 

path length sampled by the optical beam. Examples of the absorption coefficient 

spectra obtained from CH4 ices at different temperatures are shown in Fig. 4.4. 

In this frequency range, methane has seven evenly spaced band complexes. 

These absorptions are composed of overtone and combination modes of the funda

mental vibrational stretching and bending modes III at 3.43 {lm (2914 cm-1 ), V2 at 

6.55 {lm (1526 cm-1 ), V3 at 3.31{lm (3020 cm- 1 ), and V4 at 7.66 {lm (1306 cm-1 ) 

(Herzberg 1945, Calvani et al. 1992). At higher frequencies (shorter wavelengths), 

the absorption bands become increasingly weak because of their increasing distance 

from the fundamental modes. 

By averaging over narrow intervals (5 to 10 cm-1 wide) centered on 

each peak, we determined peak absorption coefficients, apeak, for the five short-



FIGURE 4.4 

Absorption coefficient spectra of CH4 ice and liquid. 
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FIGURE 4.5 

Absorption coefficients of CH4 near 0.89 /-lm. 
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wavelength CH4 band complexes. These peak absorptions are plotted for temper

atures between 35 and 93 K in Fig. 4.6. All of the peak absorptions decreased 

as temperature increased, with a further slight decrease on transition to the liq-

uid phase at 90.64 K (Brown and Ziegler 1979), indicated by the vertical dashed 

line. The relative strengths of the various peaks changed somewhat as a function 

of temperature, a property that may have some remote sensing value for pairs of 



FIGURE 4.6 

Peak absorption coefficients, apeak, for the weak CH4 bands. 
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peaks with roughly equal absorption coefficients, so that their absorptions occur at 

comparable depths in a surface. For example, the ratio between apeak values of two 

side bands of the 0.89 11m (11200 cm- 1) complex, at 0.8968 and 0.9018 11m (11150 

and 11090 cm-1 ) increases by 23% from 35 to 79 K (see Fig. 4.5). This relative 

change in peak absorption coefficient is probably caused by the thermal broaden

ing of the stronger peak at 0.8897 11m (11240 cm-1), which, as it broadens with 

temperature, adds more to the absorption of the nearby 0.8968 11m (11150 cm-1 ) 

peak. 

The decrease in apeak with temperature is associated with an increase in 

band width, such that the integrated absorption of each band complex remains 

nearly constant. In Fig. 4.7, the integrated absorptions, defined as J a(lJ)dV, are 

shown. Except for the drop in integrated absorption accompanying the density drop 

on transition to the liquid phase, the integrated absorption was nearly independent 

of temperature for the three stronger band complexes. The integrated absorptions 

of the two weakest band complexes did appear to vary with temperature, but 

this result was less certain, because the measurements for the weakest absorptions 

were most sensitive to the estimated continuum level. The presence of still weaker 

absorptions in assumed continuum regions is quite possible. 

No frequency shifts were detected in the absorptions of liquid or solid pure 

methane. At the spectral resolution of our data, the frequency of each spectral 

feature was stable over our entire temperature range, except for minor apparent 

frequency shifts for peaks located on the shoulders of stronger bands, caused by the 

temperature dependent broadening of the stronger bands. However, the frequencies 

of CH4 absorption bands do change, shifting to higher frequency, when methane 



FIGURE 4.7 

Integrated absorptions, J a(v)diJ, of the weak CH4 bands. 
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is dissolved in nitrogen (Schmitt and Quirico 1992, Schmitt et al. 1993), but this 

effect is not addressed in detail in this dissertation. 

The refractive index of methane ice was not measured in our experiments, 

but it has been determined by other workers. The value of 1.31±0.02 was reported 

for methane ice at 91 K at visible wavelengths by Marcoux (1969). Khare et al. 

(1990) reported n=1.301 for the lower temperature phase of CH4 at 20 K For the 

calculations described in Chapter 6, a refractive index of 1.30 is assumed for pure 

methane ice. 

4.2. NITROGEN 

As was the case for methane, one of the major impediments in the inter

pretation of the reported nitrogen absorption feature at 2.15 /-lm has been a lack 

of laboratory absorption coefficients at suitably low temperatures (Cruikshank and 

Apt 1984, Rieke et al. 1985, Cruikshank et al. 1984, 1988, 1989). Cruikshank et al. 

(1984) obtained a spectrum of liquid N2 and reported a preliminary absorption 

coefficient. A similar liquid N2 spectrum by Clark et al. (unpublished, 1987) was 

reproduced by Cruikshank et al. (1988). Considerable uncertainty was associated 

with these results, and the temperature dependent behavior of the spectrum was 

completely unknown. 

To interpret the 2.15 /-lm absorption feature in spectra of Pluto and Triton 

requires the absorption coefficient spectrum of solid N2 at an appropriate tem

perature. Unfortunately, the 2-0 absorption band of nitrogen absorbs so weakly 

that using a slab of solid N2 of the order of a centimeter in thickness would be 

required to produce measurable absorption. Lacking the sophisticated cryogenic 

equipment necessary to produce sueh a sample, the temperature dependent absorp-



FIGURE 4.8 

Dewar used for transmission measurements of liquid N 2. 
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tion coefficient spectrum of liquid nitrogen was measured first. This work on liquid 

nitrogen should be cited as Grundy and Fink (1991a). The liquid data allowed us 

to extrapolate the nitrogen absorption coefficients to temperatures appropriate for 

interpreting spectra of Pluto and Triton. 

To measure the liquid absorption spectrum, a silvered Pyrex dewar was 

constructed in the University of Arizona glassblower's shop (see Fig. 4.8). Two 

sets of double pyrex windows allowed a spectrometer beam to pass through the 

7.5 cm interior optical path. The top of the dewar was fitted with a filling tube, 

which could also be attached to a vacuum pump. The dewar was designed to fit into 

the Perkin-Elmer Lambda 9 spectrophotometer at the Kitt Peak offices of NOAO 

(National Optical Astronomy Observatories). A copper-constantan thermocouple 

was used to measure the temperature inside the dewar. Pressure of nitrogen vapor 
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above the liquid was monitored with a mercury manometer, and controlled with a 

vacuum pump. 

The dewar was filled with liquid nitrogen from the Cryogenic Liquids Facil

ity at the University of Arizona. By pumping on the liquid nitrogen with a vacuum 

pump, the nitrogen was evaporatively cooled to 65 K, at which temperature ice 

crystals were observed to be present at the bottom of the dewar, where they accu

mulated, being more dense than the liquid. Continued pumping transformed the 

remaining liquid into a porous, translucent matrix of millimeter size ice crystals 

which did not allow meaningful transmission measurements. After melting, the 

nitrogen was allowed to warm gradually to 78 K, at which point the vapor pressure 

above the liquid matched atmospheric pressure. The boiling and freezing points of 

pure nitrogen are 77.35 and 63.15 K, respectively (Brown and Ziegler 1979). The 

higher boiling and freezing temperatures measured in our experiment were proba

bly caused by impurities in the liquid nitrogen. Since it had been exposed to the 

ail', it probably contained other condensed gasses such as oxygen. 

Twelve spectral scans were recorded over the temperature range 65 to 

78 K. The spectrophotometer, operated by Ed Carder, measured spectra from 

1.90 to 2.40 I'm (4169 to 5263 cm- l ), at a spectral resolution of 10 A. Lambert 

absorption coefficient spectra, a{v) , were calculated by the procedure described 

earlier, for methane. From a{v), and the density of nitrogen (Washburn 1926), a 

reduced integrated absorption, p-2 J a:(v)dV was calculated. 

Based on the physics of collision induced absorptions (e.g., Van Kranen

donk 1958,1959, Van Kranendonk and Kiss 1959, Welsh 1969, McKellar and Welsh 

1971 ), it is customary to express the integrated absorption of a narrow band, 

J a(v)dV, as an expansion in density, Clpl + C2p2 + C3l ... , where Cj are called 

unary, binary, ternary, etc. absorption coefficients. For absorptions induced in 

binary collisions, the binary absorption term, C2p2, dominates other terms in the 

expansion so the binary absorption eoefficient, C2 , can be equated with the re-
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duced absorption coefficient, p-2 J o:(v)dV (Grundy and Fink 1991a). The results 

from this experiment are compared with values measured for nitrogen gas (see Ta

ble 4.1). The liquid N2 measurements yielded smaller values for two reasons. First, 

the nitrogen sample we used was somewhat diluted with dissolved oxygen from the 

atmosphere, a regrettable, but inescapable consequence of purchasing nitrogen in 

liquid form, in a container open to the air. Second, it is not strictly correct to 

assume that, at the density of liquid nitrogen, the binary collision term is the only 

significant term in the expansion in density. At higher densities, ternary and higher 

order terms begin to contribute, and these terms are generally negative. A simple 

way to think of this is in terms of Van Kranendonk's "cancellation effect" (Van 

Kranendonk 1959). At the high densities of condensed phases, the dipole moment 

induced in a molecule by its neighbor one one side tends to be cancelled by that 

induced by the neighbor on the other side. The decrease of the liquid reduced 

integrated absorption from 78 to 65 K gives an indication of the magnitude of this 

latter effect. To obtain approximate absorption coefficients for f3 nitrogen ice the 

results above were extrapolated to the ice temperatures and densities (Grundy and 

Fink 1991a). 

In order to improve on this extrapolation, further N 2 transmission exper

iments were undertaken at LGGE, and the following material should be cited as 

Grundy et ai. (1993). Spectra of both Cl:' and f3 ice phases, as well as the liquid, 

were studied as a function of temperature between 17 and 73 K. The temperatures 

of phase transitions and the density (Scott 1976) are shown in Fig. 4.9. 

Nitrogen samples were prepared in the LGGE cell by a procedure similar to 

that described for methane. Large crystals of nitrogen ice proved to be more diffi-



FIGURE 4.9 

Phase boundaries and density of N 2. 
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cult to grow, requiring much slower cooling rates to produce optical quality samples. 

Typical parameters used for freezing N2 samples were dTjdt = -0.5 K hour- 1 and 

dT j dz = 0.5 K mm -1. Even at these slower rates, nitrogen generally formed a 

mass of several crystals with grain sizes of order 1 to 10 mm. On cooling, (3 nitro-

gen samples developed small cracks along some grain boundaries, in response to 

thermal contraction. Again, moving the samples with respect to the spectrometer 

beam allowed us to restrict the spectrometer beam to crack-free portions of the 

samples. 

On cooling through the (3-0' phase transition at 35.61 K, our samples did 

not shatter, as was reported by some workers (Gannon and Morrison 1973, Green 

et al. 1991, Tryka et al. 1993). The shattering or fracturing presumably results 
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from the small density increase on transition to a ice. In our samples, there was an 

increase in scattering, apparently at grain boundaries in the microcrystalline a ice, 

but it was not as serious as might have been expected, due to the low birefringence 

of a ice. Looking through the cell, it was possible to see the lines on graph paper 

several centimeters away, undistorted. Nevertheless, continuum transmission in 

the a ice was reduced by about 10%, increasing the uncertainty of our continuum 

level for that phase. On warming back to the f3 phase, excellent transparency was 

restored, in spite of the original large f3 ice crystals having been replaced by many 

smaller crystals. No spectral phenomena were found to depend on thermal history, 

so data from both cooling and warming sequences were included in our analysis. 

The Nicolet 800 FTIR spectrometer provided a spectral resolution of 

0.9 cm- l (full width at half maximum of an unresolved line), using a tungsten

halogen source, a CaF2 beam splitter, and an InSb detector. Spectra resulting 

from the co-addition of 100 to 400 scans were used in our analysis. The signal

to-noise ratio in a transmission spectrum resulting from 100 spectrometer scans 

was typically ",3000. Lambert absorption coefficient spectra, a(v), were produced 

from the transmission spectra using the same procedure described for methane ice. 

Examples of absorption coefficient spectra obtained from condensed N 2 at different 

temperatures are shown in Fig. 4.10. 

The 2-0 band of f3 N2 changed as a function of temperature in qualitatively 

the same way as was reported for liquid N2 (Grundy and Fink 1991a). The band 

became deeper and narrower at lower temperatures, with increasing integrated 

absorption, J a(v)dV, resulting from the increasing density. Measured values of the 

reduced integrated absorption, p-2 J a(lJ)dV, are compared with values measured 

for gas and liquid phases in Table 4.1. 
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FIGURE 4.10 

Absorption coefficient spectra of liquid, C\', and f3 N 2. 
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tion coefficient spectra of three phases of condensed nitrogen at a range 
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shows a higher noise level because it resulted from the co-addition of only 
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The strongest a ice spectral feature, the narrow double phonon spike at 
2.148 J..lm (4656 cm- I ), is truncated at this plotting scale. Temperature 
dependent a N 2 spectral properties are tabulated in Table 4.2. 
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TABLE 4.1 

N 2 2-0 band reduced integrated absorption 

N2 T p-2 J a{v)diJ p-2 J a{v)diJ 
phase (K) (cm4 gm-2) (cm-1 amagat-2 ) Data source 

Gas 295 1.15 1.80x10-6 Shapiro and Gush (1966) 

Gas 98 1.84 2.87x10-6 McKellar (1989) 

Liquid 78 0.75 1.17x10-6 Grundy and Fink (1991a) 

Liquid 65 0.72 1.12x 10-6 ibid. 

(3 ice 38 0.66 1.03x10-6 ibid. (extrapolation) 

f3 ice 36-63 0.89 1.39x10-6 Grundy et al. (1993) 

Our data for f3 N2 are consistent with a constant reduced integrated ab

sorption equal to 0.89 ± 0.05 cm4 gm-2 (1.39 x 10-6 ± 8 x 10-8 cm-1 amagat-2 ), 

using density data from Scott (1976). For liquid N2 , we found that the above 

value fit our data very well at 64 K, but at higher temperatures, the reduced inte

grated absorption increased. This trend was reported by Grundy and Fink (1991a), 

though those earlier liquid measurements were too low by about 20%. The inte

grated absorption, full width at half maximum, and peak absorption coefficient are 

shown as functions of temperature in Fig. 4.11. 

At temperatures below ",,41 K, our f3 ice spectra revealed the presence of an 

additional weak band around 2.162 /-lm (4625 cm-1 ), appearing as a shoulder on the 

stronger 2-0 band. These two bands may result from the existence of two different 

spectroscopic sites for the N2 molecule in the hexagonal crystal structure of f3 ice. 

Due to the blending of the two components, the peak, width, central wavelength, 

and integrated strength of this band could not be precisely determined. However, 

the appearance of this band does offer a useful temperature remote sensing tool. 



FIGURE 4.11 

Temperature dependent behavior of the N2 2-0 band . 
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This figure (adapted from Grundy et al. 1993) shows how the 2-0 absorp
tion in liquid and (:J N2 changes as a function of temperature. Vertical 
dashed lines indicate phase change temperatures. The top panel shows 
the integrated absorption, J a(v)dJJ. The solid line is a theoretical in
tegrated absorption curve for a constant reduced integrated absorption 
coefficient equal to 0.89 cm4 gm-2 • The curve is proportional to the 
square of the density. The middle panel shows the full width at half max
imum, FW H lvI, is much narrower at lower temperatures. The bottom 
panel shows the peak absorption coefficient, apeak, averaged over an inter
val 3 cm-1 (five data points) wide. In a ice, the 2-0 absorption moves to 
2.166 J-lm (4617 cm -1) and becomes considerably weal(er, so that J a(v)dJJ 
and FW H M appear near zero at the scale of this plot. 
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Since the 2.16 Ilm side band also appears in spectra of Triton, the ice on Triton 

must also be below ",41 K (Grundy et al. 1993, Chapter 6 of this dissertation). 

This additional band was also reported by Tryka et al. (1993), who reached similar 

conclusions regarding the temperature of nitrogen ice on Triton, and attempted to 

extend the technique to interpret the much weaker N2 absorption band of Pluto as 

well (Tryka et al. 1994). 

On transition to cubic 0' N2 below 35.61 K, the spectrum of nitro

gen changes dramatically. A strong, narrow absorption appears at 2.148 !lm 

(4656 cm -1), and a weak, narrow band appears at 2.166 !lm (4617 cm -1). Both the 

2.148 and 2.166 !lm absorptions are temperature dependent; they become weaker 

and shift to longer wavelength (smaller wavenumber) with increasing temperature 

(see Table 4.2). In addition to these two sharp absorptions, a broad band is centered 

around 2.13 !lm (4690 cm- I ). At 20 K this broad absorption is broken into four 

weak bands between 2.128 and 2.146 !lm (4700 and 4660 cm -1). At higher tem

peratures, these four bands merge, leaving only a single broad band near 2.133 !lm 

(4688 cm- I ) at 34 K. 

Turning to the very narrow absorptions of 0' N2 , the first measurements on 

thin films (Schmitt et al. 1990), done at 20 K and much higher spectral resolution 

(0.12 cm- I ), showed the fundamental 1-0 absorption band at 2328.1 ± 0.2 cm- I . 

This was exactly half of the 4656.5±0.1 cm-1 measured in the same experiment for 

the wavelength of the strong, narrow K band absorption. The precise ratio between 

the frequencies of the two bands, as well as their similar intensities, suggested to 

my coauthors that the 4656 cm- I band was not the first overtone mode, but 

rather a particular mode found in some solids, called the double phonon transition. 

This mode corresponds to the excitation of the fundamental mode in two adjacent 

molecules by a single photon with twice the frequency of the fundamental mode. 
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The intensi ty and position of the band at 4617 cm - 1 allowed us to assign this band 

as the first overtone mode, or 2-0 band, of a N 2. The coefficient of anharmonicity 

derived from the positions of the 1-0 and 2-0 bands, -19 cm-1 , is consistent with 

those derived from the band positions in liquid N2 (our data) and in gaseous N2 

(McKellar 1989). These assignments of the two bands are further supported by the 

similarities between the spectral features and the crystal structures of a N2 and a 

CO (Legay and Legay-Sommaire 1982). 

In addition to the absorption coefficients, the real index of refraction is 

needed, and it has not been measured as a function of wavelength in the near 

infrared spectral range. For {3 N2 at 38 K, n = 1.227 was estimated (Grundy 

et al. 1993) from the density (Scott 1976) and the refractive index of a N2 (Roux 

et al. 1980) via the Lorentz-Lorentz equation (Condon 1967). For a N2 , n = 1.230 

(Roux et al. 1980). It is unlikely that the real part of the refractive index is a 

strong function of wavelength in the 2 pm region, since the absorption is so weak. 

4.3. OTHER ICES 

Many other ice species can by hypothesized to exist on or near the surfaces 

of Pluto and Triton. These include H2 0, CO2 , CO, NH3 , C2H6 , and a host of 

more complex hydrocarbon species. To date, absorptions attributable to CO and 

CO2 have been detected in spectra of Triton (Cruikshank et al. 1993), CO has 

been detected in spectra of Pluto (Owen et al. 1993), and H2 0 has been detected 

in spectra of Pluto's satellite, Charon (e.g. Buie et al. 1987). As spectrometers 

continue to improve, it can be anticipated that additional species may be identified 

from their characteristic absorption patterns. 

In order to model the telescopic spectra, a library of laboratory spectral 

data for these other ice species was compiled from the literature. The remainder 



TABLE 4.2 

Spectral features of a N 2 

T = 20 ± 1 K 

Double phonon absorption at 2.148 pm (4656 cm-1 ): 

Vccntral 4656.0 ± 0.5 cm-I 

FWHlvI 1.25 ± 0.2 cm-I 

apeak 0.30 ± 0.05 cm- I 

J a(v)dJJ 0.41 ± 0.01 cm-2 

2-0 absorption at 2.1661tm (4617.5 cm-I): 

vcentral 

FWHM 

apeak 

J a(v)dJJ 

4617.5±0.5 cm- I 

1.35 ± 0.15 cm- I 

0.0045 ± 0.001 cm- I 

0.0042 ± 0.0005 cm-2 

Broad band around ",2.13 pm (4690 cm-1 ): 

vcentral 

J a(v)dJJ 

4695 ± 10 cm- I 

0.30 ± 0.04 cm-2 

T = 34± 1 K 

4655.2 ± 0.8 cm-1 

1.25 ± 0.2 cm-I 

0.23 ± 0.04 cm- I 

0.31 ± 0.01 cm-2 

4616.7 ± 0.5 cm-1 

1.5 ± 0.1 cm-1 

0.003 ± 0.001 cm-1 

0.0028 ± 0.0005 cm-2 

4685 ± 10 cm- I 

0.42 ± 0.04 cm-2 

Peak frequencies, Vcentral, full widths at half maximum, FW H lvI, peak 
absorption coefficients, apeak, and integrated absorptions, J a(v)dJJ, for 
two different temperatures. According to Scott (1976), the density of a 
N2 at 20 and 34 K is 1.0271 and 1.0095 gm cm-3 , respectively. 
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of this section describes the data and sources I have been able to locate and make 

use of. 

Optical constants for H2 0 have been compiled by Irvine and Pollack (1968) 

and by Warren (1984). These data are for pure H2 0 ice just below the melting 

point at 273 K. Unfortunately, the optical constants of H2 0 ice are temperature 
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dependent, as shown by Fink and Larson (1975), in a study of the reflectance of 

pure H20 frost at temperatures ranging from 55 to 233 K. I have not been able 

to locate reliable optical constants for water ice at cryogenic temperatures, so in 

this study I have used the data of Warren (1984). Clearly, more laboratory work 

is called for to explore the effects of temperature and of contaminants such as NH3 

on the optical properties of H20 ice. 

An extensive effort to obtain optical constants of pure CO2 ice has been 

under way for several years at NASA's Jet Propulsion Laboratory (e.g. Hansen 

1991, 1993). The results of this study have still not been made public. In the 

mean time, I have made use of optical constants compiled by Warren (1986), along 

with additional unpublished measurements from Fink and Sill on the temperature 

dependence of the reflectance of pure CO2 frost. 

Thin films of pure CO ice were spectroscopically studied by Wood and 

Roux (1982). No data were available on the spectroscopic behavior of CO in solid 

solution with N2 or CH4 • 

From thin film measurements, Ferraro et al. (1980) and Sill et al. (1980) 

published absorption coefficients for pure NH3 ice, between 1.4 and 200 11m. The 

temperatures studied varied from 81 to 138 K. For NH3, the thickest films mea

sured were only 17 11m thick, so the absorption coefficients of Sill et al. (1980) 

are only reliable for the stronger absorption bands. Thin film spectra of ammonia 

monohydrate have been published as well (Bertie and Morrison 1980, Sill et al. 

1981). Optical studies of NH3 ice in thick cells, at lower temperatures, and at a 

range of concentrations in solid solution with H20 and other ices would he useful. 

For the index of refraction, it was assumed that n = 1.41 in this work, following 

Sill et al. (1980). 

A number of organic species are potential surface contaminants, deriving 

from CH4 on exposure to ultraviolet and cosmic ray irradiation. Khanna et al. 
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(1988) provided infrared optical constants of pure C2H2 and pure C4 H2 ices from 

thin films at 70 K. Pearl et al. (1991) published similar optical constants for thin 

films of pure C2 H6 • 

More complex, and thus less volatile organics have been grouped together 

under the heading tholins (Sagan and Khare 1979). These organic melanges, solid 

at room temperature, are produced from simpler species in ice or gas phase by 

energetic radiation. Tholins produced under diverse laboratory conditions show a 

variety of broad absorption features. A few examples have been spectroscopically 

studied in the laboratory at room temperature. Khare et al. (1984) published low 

spectral resolution optical constants for a tholin produced under conditions sim

ulating the atmosphere of Titan. Khare et al. (1993) published optical constants 

for tholins produced by irradiation of a C2 H6 /H2 0 ice mixture at 77 K. Similar 

studies have been done for tholins produced in a simulated Triton atmosphere, 

but the optical constants have not yet been published except as cited elsewhere 

(McDonald et al. 1993, McDonald et al. 1994). Bidirectional reflectance and trans

mittance spectra of unspecified grain sizes and thicknesses of additional samples 

of tholins and other dark, organic materials such as bituminous tar sands (e.g. 

Thompson et al. 1987, Cloutis 1989, Khare et al. 1989) reveal the range of spectral 

variation among these materials, but are less useful as model inputs because of un

certainty about the scattering details. Spectroscopic studies of tholins at cryogenic 

temperatures would be useful as well. 
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CHAPTER 5 

SPECTRAL MODELING 

The objective of this dissertation was to use the laboratory data, collected 

under controlled circumstances, to interpret the telescopic spectra of the surfaces 

of Pluto and Triton. What is it possible to learn about these icy surfaces from 

remote spectral observations? The approach taken here was to model the telescopic 

spectra, using the laboratory optical constants for CH4 , N2 , CO2 , CO, H2 0, and 

other ices discussed in Chapter 4, in a variety of models which simulate the light 

reflected from surfaces in which particles or fractures act to scatter photons. 

This modeling effort took two distinct forms. The first, more conventional 

approach made use of Hapke scattering theory, described in detail in a series of 

papers by Hapke (1981, 1984, 1986). Generating models for a wide range of diverse 

physical parameters, it was possible to examine the parameter space and determine 

the dependence of spectral reflectance on specific parameters. 

The second approach involved a Monte-Carlo type computer model, simu

lating the scattering of individual photons in a particulate material. This approach 

is very powerful, in that surfaces composed of arbitrarily complex distributions of 

materials can be modeled, with input parameters which are comprehensible phys

ical properties of the surface. Unfortunately, the cost in computer time for this 

second approach limited its use in this study. 

5.1. HAPKE MODEL 

In 1981, Hapke presented a useful theory to describe the scattering and 

absorption of light in surfaces composed of particles of a given refractive index 
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and absorption coefficient. Using Hapke's theory, it is possible to calculate an 

approximate bidirectional reflectance for a surface as a function of illumination 

and viewing geometry. The bidirectional reflectance is defined as the ratio between 

the power per unit area per unit solid angle received by a detector viewing a surface 

to the power per unit area of collimated light incident on the surface. For a surface 

illuminated from a direction at angle i from normal, viewed by a detector located 

at angle e from normal, such that the angle between illumination and viewing 

directions is the phase angle, g, the bidirectional reflectance can be calculated by 

the following equation (Hapke 1981). 

By convention, angles e and i enter this equation as J.L == cos e and flo == cos z 

(Hapke 1981). The equation includes a number of additional terms which will be 

defined in the following pages. 

5.1.1. Mean single scattering albedo, 'W 

The mean single scattering albedo, 'W, is defined as the average ratio of 

light scattered by an individual particle in the surface, S, to light which encounters 

the particle, E. 
S 

'W =-
E 

(5.2) 

The single scattering albedo can only be analytically calculated for particles with 

very simple geometric shapes, but Hapke was able to come up with approximate 

expressions for Sand E in terms of 0' and n for closely spaced irregular particles. 
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First, let us write Sand E as follows. 

(5.3) 

These equations express the scattering and extinction efficiencies in terms of Ni, 

the average number of particles of type i per unit volume in the surface. The 

average geometric cross section of particle type i is ai, and QSi is the scattering 

efficiency of particle type i. This scattering efficiency is difficult to calculate, but 

can be approximated, using Hapke's semi-empirical relation 

(5.4) 

where SE and Sf are defined below, and 

r1 == (1 _ ~ (1 + ~-1 
v-;;+s) V~) 

(5.5) 

In these equations, from Hapke (1981), D is the mean grain diameter and s is an 

internal bulk scattering coefficient with units of inverse length, like the Lambert 

absorption coefficient, n. The parameter s gives Hapke theory the ability to model 

scattering which occurs in the interiors of grains, in addition to scattering at grain 

boundaries. Since a large grain with internal scattering is essentially identical to 

an aggregation of smaller grains, one could equally well think of D as relating to 

the mean free path between scattering events in a surface which mayor may not 

be granular. In addition to occurring at grain boundaries, scattering might also 

occur at fractures or voids within a more compressed slab of material. I judge the 

distinction to be semantic, not requiring an additional free parameter, so in my 
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models, I set s to zero, so that 1'1 goes to zero and Q s becomes 

(5.6) 

Under this assumption, D is the mean grain size only for grains with no internal 

scattering. 

The external surface scattering coefficient, SE, and internal surface scat-

tering coefficient, Sf, can be obtained by evaluating the integrals below. 

(i (I sin(8 - 8') 121 tan (8 - 8') 12) . 
S E = Jo sin (8 + 8') tan (8 + 8') sm 8 cos 8d8 

(i (I sin (8 - 8") 121 tan (8 - 8") 12) . 
Sf = Jo sin (8 + ( 11 ) tan (8 + (11 ) sm8 cos 8d8 

(5.7) 

In these equations 8 =gh, where g is the phase angle (ranging from 7r for undeflected 

light to zero for light reflected directly back towards the illumination source) and ()' 

and 8" are defined by the reIa tion sin 8 = (n - i k ) sin 8' = (n - i k ) -1 sin 8". It is less 

computationally intensive to calculate a few values for S E and Sf and interpolate 

between them, an approach employed in this dissertation, using modified versions 

of subroutines developed at the University of Hawaii (R. Clark and M. Nelson 

personal communications 1991). The source code for these routines can be found 

in Appendix B. 

5.1.2. Single scattering phase function, P(g) 

In addition to knowing the mean probabilities for absorption versus scat-

tering from individual particles, it is necessary to know what directions photons are 

likely to be scattered. Again, for particles with very simple geometric shapes, the 

single scattering phase function, peg), can be calculated analytically. For irregular 

particles P(g) must be approximated. The usual procedure is to use a simple poly-
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nomial, normalized so that J p(g)dn = 47r. Superpositions of Henyey-Greenstein 

phase functions are generally used for this purpose (e.g. Henyey and Greenstein 

1941, Buratti 1985, Verbiscer et al. 1990). These phase functions take the form 

I-a 
HG(a,g) = / ' (1 + a 2 - 2acosg)3 2 

(5.8) 

where a is an asymmetry factor, ranging from -1 to +1 for backscattering to for

ward scattering, respectively. When a = 0, P(g) = 1, and single particle scattering 

is isotropic. 

5.1.3. Backscattering function, B(g) 

The equation for bidirectional reflectance includes a semi-empirical factor 

B(g), to fit the peak in bidirectional reflectance observed for many surfaces near 

zero phase angle. This peak is caused by the hiding of shadows when a particulate 

surface is viewed at small phase angles (Hapke 1986). Hapke (1986) makes the case 

that B(g) can be expressed as 

B(g) = Bo (1 + tan~g/2)) -1, (5.9) 

where the angular width of the opposition effect is proportional to h, known as 

the "angular width parameter" or the "compaction parameter". Under specific 

assumptions about vertical porosity variations, h can be calculated analytically 

(Hapke 1986). For the simplest case, uniform porosity inside the surface, h = 

(D)/41!f, where (D) is the mean grain size and I!, is the mean free path for photons 

in the surface, to be discussed later in this chapter. 

The amplitude of the opposition effect, Bo, is approximated by Hapke 

(1986) as 8(0)/wP(0), where 8(0) is the fraction of the light scattered from the 

near surface of a particle at zero phase. Fresnel reflection is a lower limit to 8(0), 

and wP(O) is the upper limit (this is the case for an opaque material, for which 
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all scattered light comes from particle surfaces), but a more precise expression for 

this term was not found. 

5.1.4. Chandrasekhar H function 

The bidirectional reflectance equation also makes use of Chandrasekhar's 

H function (Chandrasekhar 1960), which can be obtained by numerically evaluating 

solutions to the integral equation 

(5.10) 

Hapke (1981) provided a simple functional approximation to the H function, but 

it deviates from the true function by several percent, especially for high albedo 

surfaces, of particular interest to this dissertation. Again, interpolating from a 

table of points calculated in advance is more accurate, and far less computation

ally intensive than solving the integral equation, so it is the approach used in 

this work, using H function values provided by Hiroi (1994). A further caveat to 

be noted is that the above definition of the H function assumes isotropic single 

scattering (phase function P(g) = 1). This has generally not been a controversial 

assumption because, after several scatters, most directional information is lost (e.g. 

Chandrasekhar 1960, Hapke 1981). 

5.1.5. Geometric albedo, Ap 

Until now the discussion has centered on the bidirectional reflectance, 

r(llo, Il, g). Because planets generally present an illuminated hemisphere to dis-

tant observers, a more useful parameter for comparison with astronomical obser-

vations is the physical or geometric albedo, Ap. The geometric albedo is defined 

as the ratio of the brightness of a spherical planet viewed at zero phase angle to 

the brightness of a Lambert disk of the same radius. A Lambert disk has bidirec-
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tional reflectance r(f-lO, f-l, g) = f-lo / 7r. The geometric albedo can be calculated by 

integrating the bidirectional reflectance over the planet's sub-viewer hemisphere at 

zero phase angle: 

A.p = 11 r(f-l' f-l, O)27rf-ldf-l 

A.p = ~ 11 (H(f-l)2+(1 + B(O))P(O) -l))lldf-l 

(5.11) 

5.2. EXAMPLE CALCULATIONS AND COMPLEXITIES 

Working from the model described above, I developed software to generate 

model geometric albedo spectra and used the code to explore the role played by 

parameters such as grain size, D, refractive index, n, absorption coefficient, 0', 

and single scattering phase function, P(g). Results are presented graphically in 

Figures 5.1 and 5.2, which show how the model geometric albedo depends on the 

dimensionless optical depth, aD, for three different values of n, and for three 

different single scattering functions. 

Greater grain size, D, or absorption coefficient, 0', increases the probability 

of a photon being absorbed in an encounter with a particle, and thus reduces the 

geometric albedo. The albedo does not go to zero, however, because even for very 

dark particles, first surface reflection can scatter some light towards an observer. 

Increasing the refractive index increases the absorption probability for a photon

particle encounter because the increased probability of total internal reflections 

increases the average internal path length. Of course, a backscattering single scat

tering phase function increases the geometric albedo, while a forward scattering 

phase function has the opposite effect. 

The above model includes the basic principles of multiple scattering theory, 

but is only an approximation to the surface of a real planet. Real planetary surfaces 
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FIGURE 5.1 

Model Ap behavior as a function of n . 

. 8 

P(g}=l 
.6 

.4 
------- n= 1.1 0 

-- n=1.25 

.2 --- n=1.50 

Increasing the refractive index increases the absorption probability for 
a photon-particle encounter due to the increased average internal path 
length from total interna.lreflections. 
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are composed of mixtures of many different components with wide ranges of grain 

sizes. At different wavelengths, photons penetrate to different depths into real 

surfaces, so distinct strata, such as surface frosts and glazes, 01' subsurface sintered 

strata, may influence surface reflectances at some wavelengths more than others. 

Finally, real landscapes are composed of diverse terrain types, each contributing 

reflected light toward an observer. Complexities such as these will be examined in 

the next few pages, and their potential spectroscopic implications will be discussed. 

The approaches used in modeling these effects are also described. 



FIGURE 5.2 

Model Ap behavior as a function of P(g). 
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Increasing the degree of backscattering of the single scattering phase func
tion (smaller a) increases the geometric albedo, because more light is 
scattered back out of the surface and less light actually penetrates to 
encounter more particles. 

5.2.1. Multiple components and terrains 
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To explore the effects of multiple components and terrains, my software 

was designed to facilitate variation of these parameters. Surface components are 

here defined as optically distinct populations of grains. These populations may be 

distinct either because of compositional differences, or because of shape, size, or 

any other attributes. Surface terrains are similarly defined as geographic regions 

with distinct optical properties. 

Multiple components can be combined in many ways. These include so-

called "intimate" mixtures as well as molecular mixtures. In an intimate mixture, 
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different types of grains are mixed mechanically, much like a mixture of salt and 

pepper. In this case, a mean single scattering albedo can be calculated from equa-

tions 5.3. In a molecular mixture, the mixing takes place within individual grains. 

The total absorption coefficient of a molecular mixture can be calculated from 

(5.12) 

where, for each component i, Qj is the absorption coefficient and Xi is the volume 

mixing fraction. This approach is accurate if the spectral behavior of each com

ponent species is not influenced by any changes in crystal structure resulting from 

the addition of molecules of different shape, mass, or charge distribution. 

The contribution of reflected light from different terrains can be calculated 

by integrating over the illuminated hemisphere, treating each surface element as 

having distinct optical properties. A series of map functions can be used to indicate 

the type of terrain found at each surface element. For example, 

(5.13) 

where j indicates a particular type of terrain and mapj(ll, <p) is unity if element 

(Il, <p) is surfaced with terrain type j. 

Surfaces near the limb of a body behave differently from surfaces near the 

center of the disk, because of the difference in illumination and emission angles, i 

and e. As shown in Fig. 5.3, bidirectional reflectance near the center of the disk 

shows more of the effects of multiple scattering, because light which has penetrated 

more deeply into the surface there can be detected by the observer at large Il and 

Ilo (small i and e). 

If more than one terrain type exists at surface element (Il, <p), the map may 

take values between zero and unity, so that at each element, the sum of mapj(p;, <p) 



FIGURE 5.3 

Reflectance at disk center and limb. 
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over all j equals unity. This latter type of mixing is referred to as "checkerboard" 

mixing, and behaves linearly, in that at each surface element, each terrain type 

contributes to the spectrum in proportion to the fractional area covered by that 

terrain. 

5.2.2. Distributions of grain sizes 

One can easily imagine a surface in which the mean grain size, D, is a 

poor representation of the actual sizes of grains, which exist in a range of sizes. 

Using the Hapke model, I was able to determine the spectral effect of replacing the 
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conventional mean grain size with distributions of grain sizes. The effects can be 

quite significant under some circumstances, as is shown in the following examples. 

A bimodal distribution of grain sizes consists of two populations of grains, 

each with a distinctive mean grain size, Dj. This configuration can be treated as an 

intimate mixture of two separate components, using the formalism described earlier. 

For bimodal mixtures of two similar-sized grain populations, the albedo curve lies 

between the curves for either grain population alone, as one would expect, and 

the error introduced by replacing the bimodal distribution with a mean grain size 

would be small. For bimodal mixtures of more dissimilar grain sizes, the scattering 

behavior is generally dominated by one of the two populations, depending on the 

relative abundances of the two grain types and on their relative optical depths, 

In equal volume mixtures, the smaller grains tend to dominate while the 

larger grains tend to dominate in equal surface area mixtures. For mixtures bet.ween 

these two, a plateau may emerge in the middle of the albedo curve where the 

albedo is relatively independent of absorption coefficient. This plateau results from 

saturated absorption in the larger grains combined with low absorption probability 

in the smaller grains. 

More general power law dist.ributions of grain sizes can be represented by 

the differential equation dN = CoD-qdD, where dN is the number of grains with 

sizes between D and D + dD, and Co and q are constants. This equation can be 

integrated from D to the size of the largest grain in the surface, Dmax , 

(5.14) 

to obtain N(D), t.he cumulative number of grains of size D or larger. This distri

bution can be input to the Hapke model by breaking it. into discrete bins evenly 
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FIGURE 5.4 

Bimodal grain size distributions . 
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The dashed curves show the albedos of surfaces composed of a single grain 
size. The solid curves are albedos of intimate mixtures of two grain sizes, 
combined so that the two populations have equal volumes or equal surface 
areas in the mixture, as indicated. In the left panel, the two grain sizes 
differ by a factor of 10 while in the right panel, they differ by 103 • 
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spaced in 10g(D). I experimented with different bin spacings, and found that three 

grain-size bins per decade provided more than enough resolution to investigate the 

spectral behaviors of different q exponents without introducing artifacts. 

For q larger than four, there are so many more small grains than large 

grains that the majority of photon-grain encounters involve the smallest grains. 

The reflectance behavior is very similar to that of a surface composed entirely of 

the smallest grain size. At q = 4, the total volume of the grains in each grain-size 

bin is the same, and the larger grains are beginning to reduce the albedo slightly. 

Reduce q to three, and the total surface area in each size bin is the same. The 

larger grains are beginning to dominate the albedo, especially at weakly absorbing 
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wavelengths where photons are typically scattered by a smaller grain and absorbed 

by a larger grain. At more strongly absorbing wavelengths, the smaller grains are 

still able to scatter some photons, so they increase the albedo. For q smaller than 

two, the largest grains control the spectral reflectance, and the surface is nearly 

indistinguishable from a surface composed only of the largest grain size. This 

behavior is shown in Fig. 5.5. 

FIGURE 5.5 

Power law grain size distributions. 
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In this example, the dashed curves are albedos as a function of a for 
surfaces composed only of grains of a single size. The solid curves are 
albedos for power law grain size distributions between Dmin and Dmax. 

Power law distributions with 3 < q < 4 are the most interesting because 

all grain sizes contribute significantly to the albedo spectrum, and the shape of the 

spectrum is quite different from that of a surface composed of anyone grain size. 
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The examples here show that grain size effects can change the shape of the 

albedo curve quite dramatically. In general, the decline of albedo with increasing (}' 

is slower for distributions of grain sizes than for a single grain size. These size effects 

decrease the albedo at weak absorption features (small a) relative to the albedo at 

stronger absorptions, leading to greater strength of weak absorption bands as well 

as broadening of stronger absorption bands. 

5.2.3. Macroscopic surface roughness 

Another effect which can have spectroscopic consequences is the macro

scopic surface roughness of a body. Hapke (1984) developed a correction to his 

1981 expression for bidirectional reflectance (equation 5.1) to account for surface 

roughness, expressed in the parameter 0, the mean local deviation of the surface 

from horizontal. The corrected bidirectional reflectance of a rough surface is given 

by equation 5.1 multiplied by a correction factor, S(i,e,cI», and with J-la and J-l 

replaced by J-l~ and J-l', respectively. The correction factor, S(i,e,cI», is given by 

Hapke (1984) equations 31, 48, 49, and 52, while J-l~ and Ji,' are given by Hapke 

(1984) equations 46, 47, 50, and 51. See Appendix B for the subroutine used to 

calculate the macroscopic roughness correction. 

The bidirectional reflectance of a macroscopically rough surface can be 

dramatically different from that of a smooth surface, sometimes in opposite ways 

at high and low J-l (near the center of the disk and near the limb, respectively). 

These differences are most dramatic at large phase angles and low i, where surface 

roughness leads to shadowing of low-laying areas. At zero phase angle, the effects 

of roughness are less, but there are still important differences between limb and 

disk center. Near the limb, facets tilted away from the observer are completely 

hidden from view, while facets tilted towards the observer are viewed at greater 
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Ap dependence on macroscopic surface roughness . 

. 8 

n=1.25 

~ 
P(g)=l 

. 6 ------------.... - .... 

" 0 ' ... ...... 
'lj ------- " (I) ---..,.. " 
..0 ........ , " 
ttl ",,\ 
t.l .4 

,,\ 
..... '\,\ 
~ --- 8=0

0 '\,\ -+oJ 
(I) '\~ 
S 0=200 ~ 
0 -------

~, (I) 

~ 
--- 0=40° .2 

Geometric albedo is reduced by macroscopic surface roughness. This effect 
is most pronounced for high single scattering albedos. 

82 

Il, so multiple scattering effects are enhanced. Near the disk center, facets are not 

hidden from view, but they are viewed at smaller Il, reducing multiple scattering 

effects. 

When light from the entire disk at zero phase angle is integrated to pro-

duce a geometric albedo, the disk center contributes more than the limb. The 

result is a reduction in multiple scattering effects, which could be classified as a 

band narrowing effect. There is also a general reduction in Ap at higher albedo 

wavelengths while Ap is little changed by surface roughness at lower albedos (small 

w, large aD). 
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5.2.4. Atmospheres and glazes 

Finally, atmospheres and glazes need to be considered. The absorptions 

due to an intervening layer of non-scattering material between illumination source, 

scattering surface, and observer are easily calculated from the law of exponential 

absorption. In my models I have assumed that this intervening material (it might 

be an atmosphere, an ocean, or a solid glaze) can be approximated as plane-parallel 

to the surface of the body at each point in the integration. Photons incident from 

zenith angle i then pass through a path length equal to eosec( i), where eo is the 

path length experienced by a photon at normal incidence to the surface. Emitted 

photons pass through a corresponding path length eosec(e). For phase angle 9 = 0, 

the bidirectional reflectance 7'(/-l, /-l, 0) is reduced by the factor e-2aiosec(i), where 

a is the absorption coefficient of the absorbing layer. The angular dependence of 

this absorption leads to enhanced limb-darkening in absorption bands. 

5.3. MONTE-CARLO MODELS AND VERTICAL INHOMOGENEITY 

Another issue to consider is the depth to which photons penetrate into a 

scattering surface. How deeply do photons penetrate before being scattered out of 

the surface towards an observer? At what depth in the surface are the absorbed 

photons absorbed? These questions are closely linked to questions about the effect 

of vertically non-uniform surfaces. Does an observer detect photons which have 

sampled distinctive subsurface strata? Issues of vertical inhomogeneity are most 

important for surfaces composed of nearly transparent materials, since photons 

penetrate most deeply into these mat.erials. Since the surfaces of both Pluto and 

Triton are composed predominantly of nitrogen and methane, transparent at a 
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wide range of wavelengths, this issue is of particular interest in remote sensing of 
o 

these bodies. 

Unfortunately, the Hapke scattering models described in previous sections 

are not suitable for answering these questions. I had to develop a new model, using 

a Monte-Carlo approach, to explore issues related to the paths taken by individual 

photons in a scattering medium. This approach is potentially very powerful, in that 

arbitrarily complex surfaces can be modeled. But to compare model results with 

telescope observations of distant planets, a geometric albedo must be calculated. 

To calculate Ap directly in a Monte-Carlo model, prohibitively many photons must 

be simulated before even a small number are scattered towards a model detector. 

Worse, the viewing and illumination geometry of a spherical planet change as a 

function of impact parameter across the observed disk, making a model geometric 

albedo determination even more computer intensive. Instead I produced hemi-

spheric albedos, AH, defined as the ratio of the number of photons escaping from a 

flat surface in all directions to the number of photons arriving at that surface from 

a specific direction. 

Using the Monte-Carlo model, AH spectra can be calculated for surfaces 

with vertically variable chemical as well as physical properties. The computer time 

required to generate a spectrum is considerable, however, as many photons must 

be run at each wavelength. Geometric and hemispheric albedos are not directly 

comparable, so the Monte-Carlo Ali spectra are not usable for fitting observed 

telescopic spectra. The Monte-Carlo model is useful, however, for understanding 

the qualitative effects of different vertical configurations, as well as providing an 

independent test of the Hapke model. 

The model simulates photons in a random scattering medium by iterating 

the following procedure for each photon until the photon is either absorbed or 
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escapes from the surface, contributing to the hemispheric albedo. On encountering 

a grain, the photon experiences a chance of being absorbed, with the probability 

of absorption equal to 1 - Qs. If it is not absorbed, the photon is next scattered 

in a randomly generated direction consistent with the previous direction and with 

the single scattering phase function. In that direction, the photon is moved the 

radius of the current grain, a random distance consistent with mean free path £" 

and finally the radius of the next grain encountered. 

The mean free path between particle encounters depends on the porosity 

and distribution of grain sizes in the particulate medium. Hapke (1986) calculated 

the mean free path for photons penetrating a porous granular medium as f. f = 

(1 - () (-n(O") In( (») -t, where ( is the porosity, n the number density of grains, 

and (0") is the average grain cross section. The compaction parameter, h, can be 

computed from a similar expression: h = (D)/4£, 

I compared values of AH obtained from the Monte-Carlo model with AH 

calculated from Hapke's equations, as a test of the Hapke model's accuracy and 

sensitivity to vertical inhomogeneities. To calculate AH from the Hapke model, the 

emission due to bidirectional reflectance is numerically integrated over a hemisphere 

while keeping the illumination geometry constant. 

AH = ~ pr(po, p, g(/-l, 1» )d1>dp, 2 127rl1 
po 0 0 

(5.15) 

where 1> is the emission azimuth angle and p is the cosine of the emission zenith 

angle. 

For isotropic single scattering phase functions, the Monte-Carlo model AH 

and the Hapke model AH agree to within a few percent, over five orders of mag-
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nitude of mean particle optical depth, aD, as shown in the left panel of Fig. 5.7. 

For darker surfaces, the backscattering function, B(g), of the Hapke model leads to 

greater albedos than the Monte-Carlo model, which does not include shadow-hiding 

or other opposition surge effects. The Monte-Carlo model also neglects first-surface 

Fresnel reflections, which also contributes to that model's slight underestimation 

of AH. 

Depth-dependent scattering behavior is easily investigated with the Monte

Carlo model. In general, photons penetrate more deeply iuto weakly absorbing 
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surfaces. If subsurface absorption is stronger than that of surface layers, the albedo 

at weakly absorbing wavelengths is depressed, while the albedo at more strongly 

absorbing wavelengths is little changed. This pattern results in broadening of 

absorption bands and enhancement of weak bands relative to stronger bands. 

The reverse situation also produces interesting behavior. When a pigment 

(any spectrally active component) is more concentrated at the surface, only photons 

at weakly absorbing wavelengths are able to penetrate to subsurface layers, where 

they are more likely to be scattered than absorbed. The result is that the albedo 

is increased at wealdy absorbing wavelengths, but not changed at more strongly 

absorbing wavelengths, thus leading to a narrowing of absorption bands and a 

weakening of weak absorption bands, relative to stronger bands. 

These phenomena should be familiar to anyone who has painted over a 

dark surface with white paint. A thick coat is needed to hide the previous color, 

because photons can scatter through the white paint to sample the surface below. 

Dark paints hide subsurface layers with a thinner coat, because they absorb rather 

than scatter incoming photons. 

I ran another series of experiments to test the effect of non-isotropic single 

scattering phase functions on AH, as shown in Fig. 5.8. 

Integrating Hapke's r(llo, Il, g) equation leads to AH > 1 for back

scattering particles. This result violates conservation of energy, and is especially 

troubling in light of the fact that Hapke models with back-scattering P(g) have 

been widely accepted, based on fits to photometric data from spacecraft images 

(e.g. Hillier et al. 1991, 1994). 

5.4. CONCLUSION 

In this chapter, I have laid out the details of the computer models that 

were developed in an effort to interpret the telescopic spectra of Pluto and Triton 
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A/-I for three different P(g) functions. 
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in terms of the optical properties of the chemical species thought to exist on their 

surfaces. All of the software was written in the programming language C, and 

source code listings for selected subroutines appear in Appendix B. In the following 

chapter, the models described in this chapter are applied to the actual data, to see 

what can be learned from modeling them. 
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CHAPTER 6 

INTERPRETATION OF PLUTO AND TRITON SPECTRA 

6.1. MODELING AN OBSERVED SPECTRUM 

A model geometric albedo can be generated by applying the theory de

scribed in Chapter 5, implemented on a computer via the subroutines listed in 

Appendix B. Inputs include the optical constants of surface materials as well as 

various assumed parameters (e.g. mean grain sizes and mixing ratios of component 

materials). Geometric albedos are calculated for many different wavelengths to pro

duce a synthetic spectrum for comparison with observed spectra. In an iterative 

procedure, model parameters are varied and more models are run, until the fit to 

observational data is judged to be good enough. This procedure can be automated, 

so that the computer runs a series of models and only reports back the parameter 

values which lead to the best fit to t,he observational data. Unfortunately, with 

automation, one looses sight of mouel sensitivity to different parameters, and of 

the uniqueness of the best fit parameter values. For this reason, parameters for 

each iteration were selected by the author. 

To test a synthetic spectrum against observational data, it must be gener

ated for illumination and viewing geometries matching those of the observational 

data. For Pluto and Triton, as viewed from Earth, the phase angle, g, between 

observer and Sun, with the object at the angle's vertex, can never exceed 2°, so as-
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suming 9 = 0 and generating geometric albedo spectra introduces negligible error, 

as long as the opposition effect is small, as is observed to be the case (at least at 

visible wavelengths) for both Pluto+Charon (Tholen and Tedesco 1994, Buie et al. 

1995) and Triton (Goguen et al. 1989). 

The spectrum should also be calculated at higher spectral resolution than 

the resolution of the observational data. After generating a high resolution model 

spectrum, it should be res amp led at the resolution of the observational data. 

Though it might seem desirable, because of potential savings in computer time, 

it would be a serious mistake to compute synthetic spectra from optical constants 

at the resolution of the observational data. The nonlinearity of albedo as a function 

of absorption coefficient can lead to erroneous results for the latter approach, es

pecially at wavelengths where optical constants are changing rapidly, such as near 

absorption bands. 

Finally, the observed spectrum must be absolutely calibrated. Unfortu

nately, not all available data were taken under photometric conditions, and thus 

absolute calibration to geometric albedo was not possible for all data. For non

photometric data, the relative albedos at different wavelengths can still provide 

useful constraints. In modeling uncalibrated data, one implicitly assumes that the 

observed albedo matches the synthetic albedo at some wavelength to which both 

are normalized. Care must be taken not to conclude that a model is an accurate 

picture of surface properties from a close match between the shapes of spectral 

curves, unless the model produces albedos with plausible values. 

A resampled synthetic geometric albedo spectrum can be directly com

pared with an observed, calibrated albedo spectrum. The chi-squared test can be 

a useful quantitative criterion for quality of fit, although it tends to be too sensitive 
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to continuum wavelengths away from specific absorption bands being studied. For 

most purposes a simple visual inspection is sufficient. 

The first problem one encounters when trying to interpret the high albedos 

of Pluto and Triton is that isotropically scattering Hapke models do not produce 

geometric albedos above "'0.68, while for both bodies, geometric albedos as high as 

0.8 have been measured in CCD spectrophotometry presented in this dissertation. 

Clearly, the assumption of isotropic scattering must be modified. From Voyager II 

images of Triton taken at different phase angles, variations in normal albedo as a 

function of viewing and illumination geometries have been modeled using Hapke 

theory. Several groups report that back scattering models provide the best fit 

to the observed visible wavelength albedos (e.g. Buratti et al. 1991, Hillier et al. 

1991, 1994). Back scattering particles preferentially scatter photons back towards 

the illumination source. Back scattering ice grains are counter intuitive, since icy 

particles on Earth tend to be strongly forward scattering (Veverka 1973, Verbiscer 

et al. 1990). This discrepancy has not be resolved at the time of writing, but it 

may result from the way the Hapke theory handles anisotropic single scattering, 

which was shown in Chapter 5 to violate conservation of energy for back scattering 

peg) (see Fig. 5.8). Hillier et al. (1994) used single parameter Henyey-Greenstein 

phase functions and found good visible wavelength fits to the Voyager data for 

asymmetry parameters, a, ranging from -0.013 to -0.373 for different regions 

on Triton's surface. The global average asymmetry parameter was -0.333. The 

average macroscopic surface roughness, jj = 14°, was derived by Hillier (1993). 

For these global average parameters, the maximum geometric albedo preduced by 

Hapke theory is 0.847, sufficiently bright to explain observed albedos. The Triton 

(and Pluto) models presented in the remainder of this chapter use these values of 

asymmetry parameter and surface roughness unless stated otherwise. 
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6.2. N2 BAND DEPTH ON TRITON 

When only a single absorption band has been observed, as is the case for 

nitrogen ice on Pluto and Triton, a good starting point is to model the planet as 

having a globally uniform surface covered by a single type of material. The addi

tional free parameters of more complex models are generally not well constrained 

by observations of a single absorption band. In the most simple single component 

simulation, the only free parameter is the mean grain size, D. At the wavelength of 

an absorption band, the albedo drops as D increases, so it is generally possible to 

find a value of D for which the synthetic and observed albedos match. Although 

one can fit the albedo at an absorption band with this procedure, the observed albe

dos at wavelengths outside the band are generally lower than would be predicted 

for a surface composed of a pure material. An additional source of absorption is 

necessary. A simple way of adding continuum absorption is to create a second free 

parameter (or function), Qc, the continuum Lambert absorption coefficient. This 

absorption coefficient is added to the absorption coefficient of the pure compo

nent before calculating the single scattering albedo. This procedure, simulating a 

solid solution, was used to interpret solid methane absorptions in CCD spectra of 

Pluto (Buie 1984), and Triton (Grundy and Fink 1990, 1991b), and the N2 band 

at 2.15 pm in spectra of Triton (Grundy and Fink 1991a, Grundy et at. 1993). 

For Triton, the absorption depth of the 2-0 nitrogen band at 2.15 pm is 16% 

in the Cruikshank et at. (1993) data at a spectral resolution of 300. Applying the 

broad band photometry of Spencer ct at. (1990) to spectra from Cruikshank et at. 

(1989, 1993) (and ignoring for now the unspecified continuum function the 1993 

spectrum was multiplied by) the albedo at the center ofthe N2 band is estimated to 

be 0.54±0.03. The best model fit to this band depth is obtained with D around 5 cm 

and Q c around 0.008 cm-1
, using fJ N2 optical constants for 37 K. One might ask 
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how sensitive this result is to model assumptions, such as the macroscopic surface 

roughness iJ = 14°, the asymmetry parameter a = -0.333, and to the photometric 

calibration (with a reported error of ±5%). These parameters were varied and the 

results shown in Table 6.1. 

TABLE 6.1 

Six single component N2 models of Triton 

Model number 

Assumed values 

2.15 f.lm albedo 

Roughness iJ 

Asymmetry a 

Best fit parameters 

Oc (cm-1 ) 

Grain size D (cm) 

1 2 3 

0.54 0.54 0.54 

-0.333 -0.333 0 

0.008 

5.0 

0.008 0.0002 

5.5 0.9 

4 5 6 

0.54 0.57 0.51 

o -0.333 -0.333 

* 
* 

0.006 

4.5 

0.009 

5.8 

Results of fits to Triton's 2.15 /Lm N2 band, showing how different grain 
sizes result from various combinations of model assumptions. The asterisk 
indicates no solution exists for model 4. 

These examples illustrate how the mean grain size required to fit an absorp-

tion band depends on various assumptions. The dependence arises because these 

assumptions influence overall albedo levels. Other things being equal, rougher sur-

faces have lower albedos while more highly back scattering surfaces have higher 

albedos. To fit an observed continuum albedo, Oc is adjusted to raise or lower the 

continuum absorption. By absorbing photons of aU wavelengths, greater contin

uum absorption reduces the overall albedo. But greater continuum absorption also 

reduces the contrast between absorption bands and continuum wavelengths, which 
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in turn mean that larger grain sizes are required to fit an absorption of a given 

depth. As long as parameters such as B and a are not well known, and as long as 

their treatment in the Hapke theory is suspect (see the discussion at the end of 

Section 5.3), the mean grain sizes calculated from these models are only good to 

order of magnitude precision. 

In addition, the nitrogen grain sizes reported above were based on the 

assumption of global coverage by N2 ice. For less than global coverage, D must in

crease in the remaining N2 covered areas to maintain the same absorption depth. To 

fit the observed N2 band using the theoretical nitrogen distribution of Stansberry 

et ai. (1992), in which small patches near Triton's equator are bare of nitrogen, D 

must increase by 10% in the remaining nitrogen covered areas. That factor grows 

to 35% for models in which nitrogen is restricted to the large south polar cap and 

the bright equatorial fringe (units 5 and 6, McEwen 1990). 

6.3. H 2 0 ICE ON CHARON 

Observed spectra of Pluto (except during certain mutual events) combine 

flux from Pluto and its satellite Charon. If Pluto and Charon radii are 1164 and 

621 km, respectively (Young and Binzel 1994), then Charon is responsible for 

22% of the total projected area of the system. The opportunity to measure the 

flux due to Pluto alone was provided by mutual events in which Charon passed 

behind the disk of Pluto. Charon's flux could then be calculated by subtracting 

Pluto's flux from the combined flux. This was done at CCD wavelengths (Fink 

and DiSanti 1988) and at infrared wavelengths (Marcialis et ai. 1987, Buie et ai. 

1987). Work by Bosh et ai. (1992) suggested that the surface of Charon might vary 

significantly with longitude, but more recent work (Buie and Shriver 1994, Buie 

et ai. 1995) suggests otherwise. In this dissertation, Charon's surface is assumed 
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to be homogeneous, which permits subtracting the same Charon flux from each 

Pluto+Charon spectrum to provide Pluto albedo spectra. 

The most comprehensive analysis of Charon's spectrum was published by 

Roush (1994). Unfortunately, he did not consider the absolute geometric albedo, 

just the relative albedos of the uncalibrated infrared data of Buie et al. (1987). 

Disregarding the absolute albedo calibration, Roush assumed the surface was an 

intimate mixture of pure ices, with no continuum absorption, so his models pro

duced albedos considerably higher than Charon's true geometric albedo, especially 

when extended to visible wavelengths. This omission of continuum absorption is 

potentially misleading. For pure water ice surfaces, the local maximum albedo at 

'" 1.8 f-lm tends to be much higher than the maximum albedo at ",,2.2 J-lm, for a 

wide range of grain sizes. For water ice surfaces darkened by the admixture of a 

spectrally neutral continuum absorber, the difference between these two albedos 

is reduced, because photons at wavelengths where H2 0 ice is more transparent 

(such as 1.8 J-lm) experience more scattering on average, and thus have higher 

probabilities of encountering and being absorbed by the continuum material. By 

not accounting for continuum absorption, Roush obtained poor fits to the relative 

albedos at these two wavelengths, which might lead an unwary reader to anticipate 

the presence of some additional absorber on Charon, with an absorption band in 

the vicinity of 1.8 f-lm to account for the lower albedo at that wavelength. 

These defects make the Roush (1994) models of Charon's surface unusable 

for the purposes of this work, so a new analysis of Charon's albedo spectrum was 

undertaken. The absolute albedo constraint in the visible, provided by the Fink 

and DiSanti (1988) data set, as well as additional unpublished observations from 

1988 were used to determine the level of continuum absorption. Details of the 

calibration of these data will be discussed in more detail later in this chapter. 

An excellent (though not unique) fit is shown in Fig. 6.1. This curve was 

calculated for an intimate mixture of 50 f-lm grains, 88% water ice and 12% a spec-
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trally neutral absorber with an absorption coefficient of 100 cm-1 and refractive 

index of 1.3. No values of P(g) or e for Charon were available, so P(g) was as

sumed to be isotropic and e was assumed to be zero. Equally good fits could be 

obtained for other values of these parameters, but for purposes of extracting Pluto 

spectra, it makes little difference which Charon model is used, as long as it provides 

a reasonable fit to the data. This baseline Charon spectrum was used in fitting the 

Pluto+Charon spectra discussed in this dissertation. 

FIGURE 6.1 

Model Charon spectrum. 
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Compared with Triton, the 2.15 /lm nitrogen band is considerably weaker 

in spectra of Pluto+Charon, making it harder to measure precisely. The March 

28, 1994 spectrum obtained for this dissertation shows the band depth to be ",8%, 
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with the albedo at band center ",0.41. With no spacecraft flyby of Pluto, estimates 

of P(g) and iJ were not available. For lack of specific numbers, the Triton param

eters iJ = 14° and a = -0.333, were assumed. Though the actual values for Pluto 

may be different, using the same assumptions as for Triton does facilitate compar

ison between models of the two bodies. It should be kept in mind how sensitive 

conclusions are to these parameters. 

Using 38 K optical constants (Grundy et al. 1993), the best fit to the depth 

of Pluto's N2 band is obtained with D around 5 cm and a c around 0.025 cm- I . 

Although the percent absorption on Pluto is smaller, the required grain size is 

comparable to that of Triton, because Pluto's lower albedo (higher a c ) permits 

photons to sample fewer grains, and because light from Charon, with no nitrogen 

absorption, dilutes the spectrum of Pluto. 

6.5. N2 BAND SHAPE 

Additional information can be derived from examining the shapes of indi

vidual absorption bands. As was pointed out in Chapter 4, remote sensing possi

bilities arise from the temperature dependent shape of the 2.15 pm absorption of 

nitrogen ice. In laboratory spectra of {3 ice, a shoulder was discovered on the long 

wavelength side of the band at temperatures below ",41 K, being most prominent 

in the lowest temperature spectra of that phase. However, converting the labora

tory data to albedo spectra via Hapke theory considerably subdues this shoulder, as 

does resampling at the lower resolution of the observational data (see Fig 6.2). The 

presence or absence of the shoulder cannot be established from the infrared spec

trum of Pluto+Charon obtained for this dissertation, as the 2.15 pm absorption 

is too weak (see Tryka et al. 1994 for a better Pluto+Charon spectrum in which 

the shoulder is visible, as well as an additional, unexplained shoulder on the other 
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side of the f3 N2 2-0 band). However, the nitrogen band is considerably stronger in 

spectra of Triton, and in data presented by Cruikshank et al. (1993), the shoulder 

is clearly visible, though the precise band shape may be slightly distorted by the 

continuum removal procedure applied to that data set. 

FIGURE 6.2 

N2 2-0 absorption band on Triton . 
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Large points with error bars are data from Cruikshank et al. 1989, small 
points are from Cruikshank et al. 1993, and the smooth curve is a model 
composed of 5.5 cm "grains" of f3 N2 at 37 K, with a continuum absorp
tion coefficient of 0.0067 cm -1. On the right side of the plot, the model 
diverges from the observations because the absorption of CH4 ice was not 
included in the model. The 1993 and 1989 data differ from each other as 
a result of the continuum removal procedure applied to the 1993 data. 

The shoulder is strongest in the lowest temperature (37 K) laboratory f3 

ice spectra, yet even albedo spectra generated from these optical constants show a 

much weaker shoulder than the observed spectrum of Cruikshank et al. (1993). The 

existence of the side band in Triton's spectrum is consistent with a temperature 
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for nitrogen ice on Triton's surface below 41 K, but the Htrengt.h of the band 

suggests that pure nitrogen ice optical constants may not be appropriate. Some 

contaminant species in Triton's surface ice may be distorting the f3 nitrogen crystal 

structure sufficiently to create an alternate, lower energy spectroscopic site for 

nitrogen molecules. Further laboratory experiments are needed to see if CH4 or 

CO, probably the most abundant contaminants, have this effect on N2 ice. 

By comparing the different optical constants of a and f3 nitrogen ices, a 

lower temperature limit can be set. The lower temperature a ice (T < 35.61 K) has 

a very narrow, strong absorption at t.he same wavelength as the broader, weaker 

absorption in f3 ice. The width of the 2.15 /-lm band in the Cruikshank et al. 

(1993) spectrum of Triton matches the width of the band in f3 ice, and not a 

ice, which implies that the N2 ice on the surface of Triton has a temperature of 

at least 35.61 K, if the ice is pure. Impurities could potentially shift the phase 

transition temperature. Higher spectral resolution observations have a greater 

ability to distinguish between a and !~ ices in reflected spectra. 

6.6. CH4 BAND DEPTHS 

While only a single nitrogen band has been observed, a number of methane 

bands are available for observation and interpretation. Each can be modeled in

dependently, using the above procedure. After fitting several bands of difFerent 

strengths, conflicting results were obtained, as shown in Table 6.2. In general, the 

weaker, shorter wavelength CH4 bands required larger D to match their absorption 

depths. The fact that different grain sizes were required to fit the different methane 

bands in spectra of Pluto and Triton implies that the simple model used previously 

is not sufficient. A more complex model is needed, in which weak bands are en-
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TABLE 6.2 

Single component models of methane band depths 

Object A (/lm) Band depth (%) D (/lm) Q c (cm- 1 ) 

Pluto + 0.73 4 5500 0.08 

Charon 0.89 18 1400 0.17 

1.66 50 200 0.60 

1.72 36 160 0.75 

2.20 55 160 0.75 

Triton 0.73 <1 < 190 0.21 

0.89 6 120 0.20 

1.66 25 50 3.5 

1.72 18 45 3.0 

2.20 26 33 10 

Pluto data are from LPL-CCD and FSpec observations near zero phase 
(minimum light) of Pluto's light curve. Triton data are from Grundy 
and Fink (1991b) for wavelengths < 1 /lm, while at longer wavelengths, 
relative continuum albedos were extracted from Cruikshank et at. (1989) 
and band depths from Cruikshank et at. (1993). 

hanced relative to stronger bands. As was shown in Chapter 5, many configurations 

produce enhancement of weak bands. 

It is interesting that the degree of enhancement of weak bands differs be

tween Pluto and Triton. For example, examine the ratio between grain sizes needed 

to fit the 0.89 and 1.66 /lm bands. The ratio for Pluto is almost triple the ratio 

for Triton. This spectroscopic difference might give some insight into physical or 

chemical differences between the surfaces of the two bodies. In the next section, 

results will be presented from models in which methane bands of different strengths 

were fitted simultaneously. 



101 

Before simultaneously fitting several bands, calibrated spectra were needed 

covering the widest possible range in wavelength. To this end, visible and infrared 

data were combined to make composite geometric albedo spectra. 
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Composite Triton spectrum. 
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For Triton, with little observed rotational variation in its spectrum, data 

from different rotational phases could be used interchangeably. CCD spectra taken 

in 1989 and 1990, calibrated to a precision of ",,5%, were combined with infrared 

Hand K band spectra taken in 1988 (Cruikshank et al. 1989). The composite 

spectrum is shown in Fig. 6.3. From infrared filter observations made in 1988 and 

1989, Spencer et al. (1990) found a mean geometric albedo of 0.59±.03 over the 

wavelength window 2.16±0.20 p,m. This datum provides a calibration for the K 
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Composite Pluto+Charon spectrum. 
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band segment (2.0 to 2.4 pm). Only the H band segment (1.5 to 1.8 l.lm) IS 

uncalibrated. 

In the case of Pluto+Charon, the spectrum varies with both latitude (sea

son) and rotational phase, so it is more difficult to assemble a composite spec

trum for a specific viewing geometry. FSpec and CCD observations obtained near 

zero rotational phase (minimum light, around 90° longitude), were combined (see 

Fig. 6.4). The ordinate scale is a fictitious geometric albedo for a body with the 

combined surface areas of Pluto and Charon (the radius of such a body would be 

1319 km, equal to the square root of the sum of the squares of the radii of the 

two bodies). This combined albedo is also the fractional area weighted sum of the 
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geometric albedos of both bodies. For example, at 0.7 /lm, the combined albedo is 

0.56, equal to 0.22x0.4 + 0.78xO.6, where 0.22 and 0.78 are the fractional areas 

and 0.4 and 0.6 are the 0.7 /lm geometric albedos of Charon and Pluto, respectively. 

In this spectrum the CCD segment is absolutely calibrated to ,,-,5% precision, and 

the Hand K band segments are uncalibrated. 

6.7. MULTIPLE CH4 BAND MODELS 

The simple models described earlier were unable to simultaneously match 

the band depths of different strength methane bands. More complex models, with 

more free parameters, can produce better fits. In this section, results are presented 

from four simulations in which multiple methane bands are fitted. In each case, 

a specific mechanism is assumed to be responsible for the enhancement of weak 

bands. When possible, the 2.15 f.lm N2 band depth is also matched. 

6.7.1. CH4 and N2 intimate mixture 

The first model uses an int.imate mixture of grains of three component 

materials. These materials are methane ice, nitrogen ice, and a continuum ab

sorber. Each has its own mean grain size and relative abundance, for a total of five 

parameters. The constraints are geometric albedos and band depths for several 

methane bands and one nitrogen band. The enhancement of weak CH4 bands in 

this model arises from the fact that methane grains are dispersed among ni trogen 

grains, so not every photon-grain encounter involves methane. At wavelengths of 

strong methane bands, photon encounters with methane grains have a high proba

bility of absorption, but encounters with nitrogen grains have a low probability of 

absorption. Scattering by the nitrogen grains raises the albedo, filling in the strong 

methane bands. For the weaker methane bands with lower absorption probabili-
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N2 and CH4 intimate mixture: Pluto. 
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ties for photon-grain encounters, this effect is less important because both methane 

and nitrogen grains scatter photons and the relative contribution of the nitrogen 

scattering is smaller. 

For Pluto, an intimate mixture of N2 , CH4 , and continuum, mixed in 

the ratio 3500:100:1 (by volume) with grain sizes of 10 cm, 0.4 cm, and 100 flm, 

respectively, enhances the absorption of the weaker 0.89 flm CH4 band to match 

the spectrum. At the same time, the stronger 1.66 and 2.20 flm bands do not 

become deeper, because they are saturated. Unfortunately, the 1.72 flm band 

is also saturated in this model, with an absorption depth similar to that of the 

2.20 flm band, and the 0.73 and 2.3 flm bands are not strong enough. For this 
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model the continuum absorber was assumed to have an absorption coefficient of 

10 cm-1 , except at wavelengths shorter than 0.9 /lm, where wavelength dependent 

values were used to fit the red continuum slope of Pluto. 
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N2 and CH4 intimate mixture: Triton. 
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Applying the model to Triton, simultaneous fits to the 0.73, 0.89, 1.66, 

and 2.20 /lm CH4 bands were found, using volume mixing ratios 50000:150:1 for 

the three components, with grain sizes 8.0 cm, 0.1 cm, and 2 /lm, respectively. The 

1.72 /lm band is also too strong in this model. A similar continuum spectrum was 

used, except that its absorption coefficient increased to 350 cm-1 in the K band, 

in order to match the continuum albedo of Triton in that wavelength region. 

In general, this mechanism produces broad saturated shapes for stronger 

bands, and narrower shapes for weaker bands. Since Pluto's weakest bands are 
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also broadened, this mechanism does not provide a very good match to the overall 

appearance of Pluto's spectrum. It does a somewhat better job of fitting Triton's 

methane absorptions, since Triton's weaker CH4 bands are somewhat less broad

ened and enhanced than those of Pluto. 

6.7.2. Two concentrations of CH4 in N2 

Weak bands can also be enhanced by an intimate mixture of two types 

of nitrogen-methane solid solution grains, one with a high methane concentration 

and the other with a low methane concentration. Both grain types are assumed 

to be the same size, for simplicity. Because this model allows grains with two dif

ferent methane optical path lengths, it is better able to fit the spectra. The high 

methane grains provide strong absorption and broadening of weak bands, while the 

low methane grains provide unsaturated absorption in stronger bands. The albedo 

response curves which can result from mixtures of two or more different concen

trations are very closely related to the response curves which result from different 

grain sizes, and can deviate dramatically from the single component response curve 

if the concentrations (or grain sizes) of the two populations differ by more than an 

order of magnitude (see Figs. 5.4 and 5.5). 

For Triton, simultaneous fits to the 0.73, 0.89, 1.66, 1.73, and 2.20 CH4 

bands result from a mixture of two types of 5 cm grains. The methane rich grains, 

containing one third methane and two thirds nitrogen, are only 0.7% of the to

tal. The majority, methane poor grains (99.3% of the total) contain only 0.08% 

methane. Turning to the Pluto spectrum, 50% and 0.3% CH4 concentrations in 

5.0 cm grains at a mixing ratio of 10:1 are able to fit the 0.89, 1.66, and 2.20 /-lm 

CH'l bands. The greater enhancement of weak bands in Pluto's spectrum requires 
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Two concentrations of CH4 in N2 : Triton. 
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a mixing ratio more heavily weighted toward the strongly absorbing methane rich 

grains. 

6.7.3. Two grain sizes of methane 

Multiple grain sizes is a third source of enhancement of weak bands. To 

first order, this mechanism is the same as the previous model, except that the 

nitrogen is removed from the two grain types, leaving two different size methane 

grains. For Pluto, this means 2.5 cm and 150 pm CH4 grains, mixed in the ratio 

16:1, by volume. For Triton, the two grain sizes are 1.67 cm and 40 pm, with 

volume mixing ratio 19:1. The synthetic spectra are virtually indistinguishable 
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Two concentrations of CH4 in N2 : Pluto. 
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from those shown in Figs. 6.7 and 6.8, so no additional figures are shown for this 

model. 

6.7.4. Two terrain types 

The band broadening effects of different components with different CH4 

contents can also be extended to different terrain types. The effect of two unre

solved terrains contributing to the observed spectrum is easy to calculate, because 

the combined spectrum is simply the area weighted sum of the two, assuming no 

difference in disk center to limb distribution for the two terrains. Results similar 

to those of the other models in this section can be obtained if the surfaces of Pluto 

and Triton are modeled as having two distinct terrains, one with longer CH4 op-
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tical paths and thus more saturation of the absorption bands, and the other with 

less saturated bands. 
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Two terrain types: Triton. 
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Good fits to Triton's 0.89, 1.66, 1.72, and 2.20 J.lm bands can be obtained 

from two terrains, one methane rich and the other methane poor. The methane 

rich terrain, covering only 7% of Triton's surface, has 5 cm grains composed of 75% 

N2 and 25% CH4 • A methane poor terrain covers the remaining 93% of Triton's 

surface, with 5 cm grains composed of 99.93% N2 and 0.07% CH4 • Both surfaces 

also include continuum absorbers to match observed continuum albedos. For Pluto, 

a similar model can match the 0.73, 0.89, 1.66, and 2.20 J.lm bands with methane 
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Two terrain types: Pluto. 
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rich grains (N2:CH4=2:1) covering 30% of Pluto's surface and methane poor grains 

(N2:CH4=500:1) covering the remaining 70%. 

From the above four models, it is evident that different scenarios can ex-

plain the relative strengths of CH4 ba.nds in spectra of Triton and Pluto. Comparing 

Pluto and Triton models, the fit to the Pluto data required more of the methane 

rich terrain or grains, because the weaker bands are more enhanced, relative to 

stronger bands, than on Triton. Since several models are able to produce similar 

fits to the relative band strengths, it is not possible to determine a unique CH4 ice 

configuration in the surfaces of Triton and Pluto. To evaluate these four competing 
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models, the next step is to examine what other constraints could rule out one or 

more possibilities. 

In addition to band depths, the observational data provide CH4 band 

widths and wavelengths. All but the first model (intimate mixture of pure N2 

and pure CH4) roughly match the observed CH4 band widths. The intimate mix

ture model is immediately ruled out by comparing the widths of synthetic and 

observed 0.89 /-lm bands. For Pluto, the observed 0.89 /-lm band is much broader 

than the calculated band, while the stronger 1.66 /-lm band is narrower than the 

model prediction. For Triton, the model 0.89 /-lm band is too narrow and all of the 

K band CH4 bands are too broad. So a global, homogeneous intimate mixture of 

only two grain sizes of CH4 and N 2 ices can be ruled out for both bodies, based 

on the spectral data. Of course, such a simple surface would quite unexpected in 

light of other observations as well, such as the heterogeneous character of Triton's 

surface in Voyager images, and the pronounced visible light curve of Pluto+Charon. 

The observed central wavelengths of methane bands provide another test 

for the four models. The absorption banels of CH4. shift to slightly shorter wave

lengths when the CH4 molecules occupy sites in the crystal structure of f3 N2 ice. 

The shift is caused by the difference in potential energy between crystal sites in N2 

and CH4 ices. Preliminary laboratory work at LGGE (Grundy and Schmitt 1992, 

unpublished) showed the shift for the 0.89 J.lm band to be about 17 A, for methane 

at approximately 20% concentration in f3 N 2 ice. The shift is greater if the CH4 

is more highly diluted, but systematic laboratory measurements for a full range of 

CH4 concentrations in N2 ice are not yet available. In the observed spectra of both 

Pluto and Triton, all the methane bands occur at shorter wavelengths than they 

do in pure CH4 ice. The wavelength shift implies that a significant fraction of the 

optically active methane must be in solid solution on both bodies. Unfortunately, 
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an independent determination of the N2:CH4 concentration from the band shifts 

cannot be made until more laboratory measurements are available. Pure methane 

ice was used in the first and third models (intimate mixture of N2 and CH4 , and 

different grain sizes of CH4 ). The observed band shifts are inconsistent with these 

two models. The other two models assume CH4 in solid solution with N2, and so 

are consistent with observed band shifts. 

What experiments could be used to discriminate between the second and 

fourth models? Ground-based, rotationally resolved spectroscopy could detect the 

existence of distinct geographical areas with different methane configurations, if 

these terrains are distributed in longitude such that the disk integrated spectrum 

changes with rotational phase. Rotational variations are observed in the case of 

Pluto (e.g. Buie 1984, Buie and Fink 1987, this work) ruling out the second model 

(globally uniform surface). Rotational variation of Triton's spectrum is more dif

ficult to detect, because of the current high southern latitude of Triton's subsolar 

point, as well as the proximity of Triton to Neptune. Nevertheless, hints of rota

tional variation in Triton's CH4 bands have been reported (Cruikshank and Apt 

1984), arguing against the second model in Triton's case, as well. 

The above constraints leave standing only the fourth model, in which two 

terrains have different CH4 concentrations in solid solution in N2 grains. It would 

be unwise, however, to conclude that this scenario provides a definitive picture of 

the surface ices of Triton and Pluto. The four models presented in this section 

do not exhaust the list of possible configurations which could result in good fits 

to the observed relative depths and widths of methane bands. As discussed in 

Chapter 5, many additional factors can influence the relative strengths and widths 

of absorption bands. These include stratification of the subsurface environment, 

variations in grain shape, orientation, and scattering properties, etc. Adding ad-
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ditional details (and free parameters) such as these to model calculations always 

leads to better fitting of data, but the number of possible models grows rapidly as 

their complexity is permitted to increase. Though the real surfaces of Pluto and 

Triton are undoubtably more complex than the models tested in this dissertation, 

it is doubtful that much more could be learned from testing more complex models, 

when they can all be adjusted to fit the observational data. 

What is important is that methane path lengths must differ, either in differ

ent geographic areas, at different depths in the surface, withiu individual grains, or 

most likely, through some combination of all of these possibilities. The constraints 

available from disk integrated spectroscopy are not sufficient to distinguish between 

models of sufficient complexity to be realistic. 

6.8. ABUNDANCE LIMITS 

Although the simplest simulations do not produce adequate fits to the 

methane bands in observed spectra, more complex models can do a better job of 

matching the bands. For four different scenarios, the question was asked: "can this 

model fit the observed CH4 bands?" In general, the answer was affirmative, but the 

existence of a good fit does not prove that the parameters which produced that fit 

are the correct solution. Unfortunately, the abundances of ice species (CH4 as well 

as others) derived from spectral data depend very strongly on model assumptions. 

Part of the goal of this work was to determine relative abundances, if possible. 

Thus a new question is now posed: "can the spectral data provide limits on the 

surface abundances of ice species?" This question can equally well be asked for 

species that have not been detected spectroscopically (e.g. NH3 , H20, tholin) as 

for ices that have (e.g. N2 , CH4 , CO). In the case of undetected species, only an 

upper limit can be derived. For species with observed absorption bands, lower 
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limits can be found as well. In either case, the choice of assumptions is crucial, so 

a variety of models must be tried. 

Obviously, large amounts of any possible species, with any optical con

stants, would be undetectable if buried below the spectroscopically active surface 

layer, or if mixed with very dark material in restricted geographic regions which 

contribute negligible light to the planetary albedo. Large quantities (by volume) 

of any component also fail to contribute spectroscopically if the grain size of that 

component is unusually large, so that most photon-grain interactions involve the 

smaller, but more numerous grains of other materials. For the exercise of setting 

abundance limits to be of value, restricted sets of assumptions must be imposed to 

eliminate models in which arbitrary quantities of a component do not contribute 

to the spectrum. Three such sets of assumptions were examined and the results 

tabulated in Table 6.3. 

Case 1. The first assumes the planet's surface is globally homogeneous, 

covered with a single type of grain. The mean size of these grains, composed of 

nitrogen, methane, and a continuum absorber, is set to match the depth of the 

2.15 ",m N2 band. The component to be investigated is mixed into each grain 

in a simulated solid solution with the other ices. As before, the single scattering 

phase function is assumed to be a single term Henyey-Greenstein phase function 

with the asymmetry parameter a = -0.333 and a macroscopic surface roughness 

of iJ = 140
• The methane and continuum absorber concentrations are adjusted to 

match the observed albedo spectrum in the spectral region where the candidate 

component is most optically active. For undetected components, the upper limit 

reported is the maximum volume mixing fraction of that component that can be 

added to the grains without violating observational constraints by producing a 

spectral signature that should have been detected in currently available data. In 
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the case of ices wit.h observed absorption bands, the upper limit is determined in 

the exact same way, and the lower limit is the minimum mixing fraction required 

to match the observed absorption band(s). 

Case 2. The previous case is less appropriate if the real surfaces of 

Pluto and Triton are not globally homogeneous, which is likely if the most volatile 

species are experiencing transport from higher insolation or lower albedo regions 

to brighter, less illuminated regions. The issue of geographic distribution of ices is 

addressed by means of this second set of restricted assumptions, which stipulates 

that the component of interest is confined to a dist.inct terrain, composed of only 

that component (and a continuum absorber, adjusted to match the disk integrated 

continuum albedo). Grain sizes are restricted to the range 10 ",m ::; D ::; 1 cm, 

to avoid grains so small that they approach the wavelengths of the spectral ob

servations, as well as improbably large grains. An additional problem with large 

grains is that optical constants have not been measured in thick samples (except 

for N 2 and CH4 ices) so continuum transparencies are not well enough known to 

accurately calculate the single scattering albedos of large grains. For case 2, the 

abundance limit is on geographical extent, rather than volume fraction. 

A geographic limit can emerge from this case in two ways. First, if a larger 

geographic area covered by the component in question produces an absorption 

feature that should have been detectable in the spectroscopic data but was not, 

a limit is established. Geographical extents still larger than this limit would be 

possible, if the terrain had lower albedos. In the case of Triton, Voyager images 

reveal that at a scale of several kilometers, visible wavelength normal albedos do 

vary from 0.62 to 0.95, a factor of 50% (e.g. Smith et al. 1989, McEwen 1990). 

Data from Pluto Charon mutual event light curves suggest that on a scale of tens 

to hundreds of km, Pluto's terrains may vary in normal albedo by a factor of ten 
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or more (e.g. Buie et al. 1992). More dramatic albedo variations on smaller spatial 

scales are likely as well, but for simplicity in these models, it is assumed that all 

terrains share the global average continuum albedos. 

A limit can also arise when so much area is occupied by the test component 

that it is impossible to develop sufficiently deep methane absorption bands in the 

remaining surface of the planet. For example, if an observed methane band were 

90% deep, methane free terrains could occupy no more than 10% of the planet's 

surface, assuming similar continuum albedos for both terrains and similar center to 

limb distributions for both terrains (not necessarily a valid assumption, if a partic

ular terrain is confined to a specific latitude range by volatile transport processes). 

From the Triton data used in this work, this second limit is ",,37%, because the CH4 

band at 2.31 /-lm has a minimum albedo approximately 63% lower than the 0.847 

maximum albedo under the stated assumptions. For Pluto+Charon, the 2.31 /-lm 

band has a minimum combined albedo of 0.20, which translates to a Pluto albedo 

of 0.18, or a 79% absorption. Assuming this absorption is all due to CH4 , that 

leaves a 21 % maximum area for methane free terrains. 

Case 3. For this case, it is assumed that the material being investigated 

forms a transparent glaze on the planet's surface. Expressing abundance in terms 

of glaze thickness facilitates comparison between optical path lengths for difFerent 

materials. Limits in this form have the additional advantage that the numbers 

are not sensitive to errors in albedo calibration of observational data or to the 

assumptions of Hapke theory. A given glaze thickness produces the same percent 

absorption regardless of the albedo of the surface it covers. Of course, less volatile 

materials, such as H2 0 ice, would not likely occur in the form of transparent glazes 

covering more volatile N 2 and CH4 ices, but for the sake of comparison, results for 

less volatile species are included in Table 6.3. 
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TABLE 6.3 

Abundance limits for possible surface components 

Pluto Triton 

Ice Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 
species volume area depth volume area depth 

f3 N2 \1 * 21% 5cm * 37% 5.0 cm 

f3 N2 8 * * 3cm * * 3.6 cm 

a N2 \1 20% 21% 2mm 35% 37% 10mm 

CH4* \1 0.15% 96% 2.2mm 0.07% 90% 450 I-lm 

CH4* 6 4.0% 79% 30 I-lm 0.30% 63% 19 I-lm 

CO2 \1 0.03% 21% 20 f.lm 0.07% 37% 18 f.lm 

CO2 6 0.01%* 5%* 5 f.lm* 0.03% 20% 10 f.lm 

CO \1 0.10% 21% 10 f.lm 0.08% 37% 20 f.lm 

CO 6 0.04% 10% 6f.lm 0.06% * 10 f.lm 

NH3 \1 0.0015% 21% 0.1 f.lm 0.0003% 5% 0.2 flm 

H2O \1 0.004% 21% 2 f.lm 0.01% 20% 5f.lm 

Tholin \1 0.0005% 21% 0.2 f.lm 0.00005% 10% 0.07 11m 

Upper (\1) and lower (6) limits on volume mixing fraction relative to 
nitrogen (case 1), fractional geographic coverage (case 2), and glaze thick-
ness (case 3), for various potential surface component speeies. These limits 
are highly sensitive to the model assumptions listed in the text. Asterisks 
indicates that a particular model requires additional explanation, to be 
found in the text. 

6.S.1. f3 N2 ice limits 

The f3 phase of nitrogen ice is stable at temperatures between 36 and 63 K. 

This phase of N2 absorbs photons so weakly, even in the center of the 2.15 11m 

absorption band, that it is possible for large quantities of the ice to result in 
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a minimal spectral contribution. Since the assumptions for the three cases are 

specified in terms of nitrogen and methane ices, the limits for these two ices are 

not always meaningful under those assumptions. For these models, 38 K optical 

constants were used, but the results are not sensitive to the precise temperature of 

the N2 ice. 

For case 1, no limits can be set on j3 N2 ice for either Pluto or Triton, except 

to say that the existence of strong methane absorptions rules out a globally pure 

j3 N2 ice surface. Surfaces dominated by f3 N2 are consistent with the observational 

data. 

For case 2, which requires the component of interest to be geographically 

separated from other ices, the methane band depths establish upper limits of 21 % 

on Pluto and 37% on Triton for the surface area free of methane. If nitrogen were 

segregated from methane, it would have to be restricted to these fractions of the 

surface area. The depths of the N2 bands can be reproduced by models in which 

nitrogen is restricted to these regions, but the "grain" sizes required are quite large 

(tens of centimeters), and thus outside the bounds of case 2 assumptions. 

Turning to case 3, a global nitrogen ice glaze 4±1 em thick on Pluto is 

consistent with the observed depth of the N2 band at 2.15 f-Lm. The Triton spectrum 

is consistent with a glaze 4.3±O.7 cm thiclc 

6.8.2. Q N2 ice upper limit 

The Q phase of nitrogen ice has a very narrow, strong absorption at 

2.15 f-Lm, so the detection limit for this phase depends strongly on spectral res

olution. For case 1 assumptions, f3 N2 ,",'as replaced with various quantities of 

Q N 2, and the spectroscopic results compared with observational data. For two 

different phases of N2 to exist simultaneously within each grain is implausible, but 

the upper limits still give a useful measure of the limits of detection, for any sce-
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nario in which a single photon can sample both ice phases. For Triton, the upper 

limit is in the range of 30 to 40% of the total nitrogen inventory, and for Pluto it 

is more like 20%. The higher spectral resolution of the FSpec instrument leads to 

lower detection limits. 

For case 2, no limits can be placed on the geographic extent of a N2 on 

either Triton or Pluto, other than the limits imposed by the methane band depths, 

37 and 21%, respectively. This is because smaller grain sizes of a N2 produce very 

little absorption at 2.15 pm. 

For case 3, a 10 mm glaze would have been definitively detected in the 

Cruikshank et al. (1993) Triton data, while a 2 mm glaze could have been detected 

in the FSpec Pluto+Charon data. 

6.8.3. CH4 ice limits 

Since all other models in this section involve methane plus additional 

species, this section on CH4 ice is slightly different. In these models, a spectrally 

neutral continuum absorber takes the place of the other speeies, and quantities of 

methane ice are varied instead. Also, simple limits do not make full use of the rich 

near infrared spectrum of CH4 , with its many strong absorption bands. Since the 

weaker bands require greater methane path lengths, the upper limits reported in 

this section are set using the 0.89 JlIn banel, and the lower limits are set using the 

2.38 pm band. The first is the weakest CH4 band detected in Hpectra of both Triton 

and Pluto+Charon, and the latter is the strongest band for which accurate 38 K 

absorption coefficients were obtained. This band was also observed on both Pluto 

and Triton at spectral resolutions of 300 and higher. As was discussed earlier in 

this chapter, weaker CH4 bands require greater CH4 concentrations than stronger 
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bands, in order to fit observed band depths. Most likely, methane concentration is 

actually heterogeneous. 

For Pluto, the case 1 upper limit is 4%, relative to N2 , and the -lower limit 

is 0.15%. For Triton the limits are 0.30% and 0.07%. 

Under case 2 assumptions, no upper limit can be placed on the geographic 

extent of CH4 , other than what is required to produce the N 2 band at 2.15 J-lm 

(assuming N2 and CH4 are segregated). Thus the upper limits are set to a generous 

96% for Pluto and 90% for Triton. Lower limits of 79% and 63%, respectively, come 

from the area required to produce the observed 2.38 J-lm band. 

Applying the glaze model, case 3, the thickness of CH4 ice glaze required 

to produce the deepest K band CH4 absorption at 2.38 /-lm is 30±5 /-lm for Pluto 

and 19±2 /-lm for Triton. To fit the depth of the much weaker 0.89 /-lm CH4 band 

requires thicker glaze layers, 2.2 mm for Pluto and 450 /-lmfor Triton. 

6.8.4. CO2 ice limits 

Carbon dioxide ice has several narrow absorption bands in the near in

frared, including a pair identified in Triton's K band spectrum at 2.01 and 2.07 /-lm 

by Cruikshank et ai. (1993). Two weaker CO2 ice bands at 1.58 and 1.61 J-lm are 

not particularly evident in Triton's H band spectrum. CO2 ice absorptions were not 

seen in spectra of Pluto+Charon using the same instrument (Owen et al. 1993), but 

there is a suggestion of weak absorption at both 2.01 and 2.07 /-lm in the FSpec 

K band Pluto+Charon spectrum. This spectrum was obtained near minimum 

light, so it probably samples the darkest, warmest areas on Pluto's surface, which 

are most likely to harbor less volatile ices such as CO2 or H2 0. Unfortunately, the 

2.01 J-lm band lies at the wavelength cut off of the FSpec K band spectrum, and the 

depth of the feature at 2.07 /-lm is comparable to the noise level, so the identifica-



121 

tion of a carbon dioxide ice absorption in the data must be regarded as tentative. 

An observation of the stronger CO2 band at 2.01 !-lm is needed to confirm this 

identification. 

For case 1, the Triton data limit CO2 relative to N2 ice to 0.05±0.02%. An 

upper limit of 0.03% can be derived for Pluto from the 2.07 flm banel. The addition 

of ",0.02% of CO2 ice improves fits to the FSpec Pluto data at that wavelength. 

FIGURE 6.12 

CO2 ice on Triton and Pluto. 

Triton 
.7 

0 
"d 
Q) 

..c 
«l 
0 .6 ..... ,.. 

+> 
Q) 

S 
0 
Q) 
t!) 

.5 
PI uto+Charon 

.4 ~~~~~~~~~~~~~~~~~~~~~~ 
1.98 2 2.02 2.04 2.06 2.08 2.1 

Wavelength (J.tm) 

Top curve: Triton case 2 model with 20% CO2 and data from Cruikshank 
et al. (1993). Bottom curve: Pluto+Charon case 2 model with 5% CO2 

and data from FSpec (this work). 

For Triton, under case 2 assumptions, if the grain size is smaller than 

100 flm, the possible area covered by CO2 ice is the full 37% remaining after the 

methane absorptions are produced. Larger grain sizes lead to smaller areas, since 
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the CO2 bands are deeper in those areas. For example, millimeter sized CO2 grains 

provide a good fit to the Cruikshank et al. (1993) data, if the CO2 ice coverage is 

20%. For Pluto, the picture is similar, in that small (10 /-lm) CO2 grains covering 

21 % of Pluto's surface are consistent with the spectral data. As the grain size of 

the CO2 is increased above millimeter size, the area covered by CO2 required to fit 

the FSpec data at 2.07 /-lm is reduced to "'5%. 

Put in terms of glaze thickness, a CO2 ice glaze 15 Jlm thick matches the 

strongest K band absorption in Triton's spectrum, and an upper limit of ",,20 /-lm 

can be set from the Pluto data at 2.07 /-lm. 

6.S.5. CO ice limits 

Carbon monoxide has few strong near infrared absorption bands, but based 

on cosmochemical arguments, it should be have been abundant in the nebular en

vironment where outer Solar System bodies accreted. Owen et al. (1993) identified 

an absorption at 2.35 /-lm in the spectrum of Pluto+Charon as being caused by CO 

ice, and Cruikshank et al. (1993) identified the same band in spectra of Triton. 

Case 1 is a more appropriate scenario for CO ice than it was for C02. The 

volatility and molecular size of CO are similar to those of N2 so it is quite possible 

for these two species to condense together in solid solution. For Pluto, the limits 

for CO relative to N2 are 0.07±0.03% under case 1 assumptions. The limits are 

0.07±0.01 % for Triton. 

Under case 2 assumptions, even for the full 37% coverage by CO ice per

mitted by the depths of CH4 bands in Triton's spectrum, the synthetic absorption 

at 2.35 /-lm is weaker than the observed band, for all grain sizes considered. For 

Pluto, only smaller grains (D < 100 /-lm) are consistent with the full 21% coverage 
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by pure CO ice. For millimeter sized grains, 10% coverage by CO ice is sufficient 

to produce the observed band. 

For case 3, CO ice glazes of thickness 15±5 J-lm produce a good match to 

Triton's absorption at 2.34 J-lm, and 8±2 Itm glazes match Pluto's spectrum. 

6.8.6. NH3 ice upper limit 

Pure ammonia ice has a number of strong absorption bands, making it 

easily detectable through near infrared spectroscopy. The bands most likely to 

be detectable are those in the K band, at 2.01 and 2.24 J-llll. A band has been 

observed in Triton's spectrum at 2.01 J-lm, but it has been attributed to CO2 ice 

(Cruikshank et ai. 1993). No absorption bands have been detected at 2.24 J-lm in 

spectra of Pluto or Triton. That spectral region is a local albedo maximum between 

methane bands, meaning that photons are able to encounter more particles and 

penetrate more deeply into the surface in that wavelength region. The absence ()f 

any observed 2.24 J-lm NH3 band thus leads to quite strong upper limits on the 

presence of pure NH3 ice. 

For the assumptions of case 1, the limits are 0.0003% for Triton and 

0.0015% for Pluto. 

For case 2, the grain size limits must be modified to rule out grains larger 

than 100 J-lm because the transmission measurements of NH3 ice were measured in 

unusually thin films, and absorption coefficients for weakly absorbing wavelengths 

were not accurately determined. A surface covered in 100 J-lm NH3 ice grains would 

be almost completely black, if the Sill et ai. (1980) absorption coefficients are used. 

For Triton, the upper limit is 5% of the geographic area, with the largest area 
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possible for the largest, most saturated grain size. For Pluto, the full 21 % coverage 

by NH3 ice is permissible for 100 {lm grains. 

For case 3, a glaze thickness of anything greater than 0.1 {lm would have 

been detected in the Triton data. The upper limit for Pluto is 0.2 {lm. 

6.8.7. H2 0 ice upper limit 

Water ice presents more of a challenge in spectroscopic identification be

cause its absorptions are much broader than those of the other ices discussed above. 

Water ice was used in some early models of Triton's spectrum (e.g. Cruikshank et al. 

1984), but more recent work by Cruikshank et al. (1993) finds no evidence for wa

ter ice on Triton's surface, though this can not be confirmed from the spectrum 

they published, due to the continuum having been removed. For Pluto+Charon, 

the water ice dominated surface of Charon accounts for some 22% of the total sys

tem surface area, and yet no obvious signature of H2 0 appears in the combined 

spectrum. This fact should be taken as a warning that geographically significant 

exposures of H2 0 ice are difficult to detect from disk integrated Hand K band 

spectroscopy. 

Under case 1 assumptions, the upper limits on water ice are tight, because 

each encounter between a photon and a grain involves H2 0, which is a strong near 

infrared absorber. The limits obtained were 0.004% for Pluto and 0.01 % for Triton. 

The case 2 model permits a full 21 % of Pluto's surface to be composed 

of water ice. This is in addition to t.he contribution of Charon to the combined 

spectrum. For Triton, the limit is "'20%. Fits to the spectra of both bodies are 

improved by including fine grained H2 0 ice dominated terrains covering 10 to 20% 
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Triton: 20% water ice. 
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of the surface, especially in the H band, where a slightly reddish continuum slope 

is observed in spectra of both bodies. Water ice is able to match this slope. 

For case 3, a water ice glaze as thick as 20 /-lm is consistent with the H 

band Triton spectrum of Cruikshank ct al. 1989, as well as with CCD spectra. The 

continuum slope in the 2.0 to 2.1 /-llll region, provides a tighter constraint on the 

presence of water ice, and the Triton data (Cruikshank et al. 1989) permits no 

greater than about a 5 /-lm glaze. Examining the same spectral region in FSpec 

Pluto data, the maximum glaze thickness is 2 /-lm. 
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6.8.8. Tholin upper limit 

Tholin type materials form in many environments, including carbon bear

ing ice mixtures experiencing radiation conditions similar to those found in the 

outer Solar System. Spectroscopically, tholins have red slopes at visible wave

lengths, as do the albedo spectra of Triton and Pluto. It is plausible that small 

quantities of tholins may be responsible for the red continuum slopes of Triton and 

Pluto at CCD wavelengths (e.g. McEwen 1990, Thompson and Sagan 1990). Like 

H2 0 ice, tholins exhibit broad rather than narrow absorption bands. Unfortunately, 

the very low spectral resolution of available optical constants and the nondescript 

spectral behavior of tholins from visible to K band wavelengths make definitive 

detection impossible from the data in this dissertation. Nevertheless, rough upper 

limits can be set. The tightest constraint comes from the high albedos and red 

slopes of the CCD data. 

Since tholins are such strong absorbers, very small quantities of tholin 

dispursed in each grain, as dictated by case 1 assumptions, can significantly darken 

the albedo in the 0.5 to 0.7 /-Lm range. The calibrated CCD spectra lead to tholin 

upper limits of 0.00005% and 0.0005% for Triton and Pluto, respectively. 

Confined to a specific terrain (case 2), pure tholin material is extremely 

dark in the visible and near infrared, even for small (10 /-Lm) grains. Upper limits 

can be established for the fractional area of a pure tholin terrain by setting the 

albedo to the maximum (0.847) outside of this terrain and seeing how much area 

of tholin is required to drop the disk integrated albedo down to the observed level. 

This fraction is 10% for Triton, but Pluto's CCD albedo (this is the minimum 

light spectrum, remember) is sufficiently low that the 21 % limit applies to that 

body. It should be noted that if tholins were mixed with a fine grained, more 
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transparent material, such as H2 0 ice, the resulting terrain would be brighter and 

the maximum 37% limit could apply for Triton as well. 

Expressed as a glaze (case 3), tholin layers up to 0.07 f..lm thick are consis

tent with the Triton CCD data, and glazes up to 0.20 f..lm thick are consistent with 

the Pluto CCD data, which shows a darker, steeper red continuum, especially at 

light curve minimum. 

6.9. SPECTRAL VARIABILITY 

Pluto and Triton were observed on many different nights for this project. 

The objective was to monitor their spectra for possible changes. Three categories 

of spectral variations can be detected from repeated observations. If the chem

ical of physical nature of a planet's surface changes as a result of the seasonal 

cycle, this could be detected through long term monitoring of the spectrum. For 

Pluto and Triton, gradual temporal surface evolution is difficult to distinguish from 

spectra variation caused by latitudinal differences in their surfaces, since their sub

solar/subearth latitudes change slowly over time scales of many decades. Shorter 

term periodic spectral changes, correlated with rotational light curves, result from 

longitudinal surface heterogeneity. 

For Triton, the CCD data presented in this dissertation were obtained over 

only a single year around the time of the Voyager II encouuter, so only minimal 

seasonal and latitudinal coverage were obtained. All the Triton observations were 

obtained at subsolar latitudes near -480
, giving a better view of the southern pole 

than of the equatorial region, so potential longitudinal variations were also poorly 

sampled. Triton's proximity to Neptune only permitted observations of Triton near 

times of greatest elongation, further reducing longitudinal coverage. Published light 

curves at CCD wavelengths show little variation in flux from Triton over the diurnal 
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period of 5.877 days (e.g. Goguen et al. 1989, Lark et al. 1989), though there is 

some evidence for larger diurnal variation in Triton's spectrum farther into the 

infrared (Cruikshank and Apt 1984) and ultraviolet (Stern et al. 1991). Possible 

rotational and temporal variabilities in Triton's spectrum will not be addressed in 

this dissertation, for lack of new data. 

The persistent visible light curve of Pluto+Charon (e.g. Walker and Hardie 

1955) implies that Pluto's surface is composed of terrains having different albedos. 

By comparing spectra of different Pluto hemispheres, it was hoped that composi

tional differences between these terrains might be determined. The CCD spectral 

data for Pluto+Charon obtained for this dissertation cover the full range of longi

tudes, with the largest gaps being about 45°. The coverage is much less complete 

in latitude, with subsolar points ranging from _10° in 1983 to +13° in 1994. The 

subsolar latitude gradually moved north over the past decade, so spectral changes 

caused by the passage of time are not easily distinguished from spectral changes re

sulting from the gradual change in viewing geometry. Fig. 6.13 shows the locations 

of subsolar points on Pluto's surface, at the times of CCD spectral observations. 

These points are superimposed on an image of Pluto's surface, constructed from 

an inversion of light curve and mutual event data (Buie ct al. 1992). 

The first step in interpreting Pluto+Charon spectra taken at different lon

gitudes is to separate the flux contributions of the two bodies, for which accu

rate calibration of the spectra is a prerequisite. To this end, a light curve for 

Pluto+Charon was determined from the subset of the CCD data which could be 

photometrically calibrated (all but three nights of data). Then all spectra, includ-
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FIGURE 6.13 

Geographic distribution of Pluto observations. 
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Subsolar points at times of CCD spectral observations of Pluto, superim
posed on a low resolution map of Pluto's surface albedo features at visible 
wavelengths (Buie et al. 1992). 

ing uncalibrated data, were normalized to match this light eurve, and the flux of 

Charon subtracted to produce spectra of Pluto alone. This procedure is described 

in more detail below. 

The light curve of Pluto+Charon was sampled at modest phase resolu-

tion in the CCD data presented here, so the functional form of the light curve 

was taken from the literature. Higher time resolution blue (B filter) light curves of 

Pluto+Charon have been published (Tholen and Tedesco 1994), along with polyno

mial fits to the data. More recently, separate visible (V filter) light curves of Pluto 

and Charon were obtained from Hubble Space Telescope images (Buie et al. 1995). 

Unfortunately, B and V filter passbands cover shorter wavelengths than the CCD 
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spectrograph. To approximate a longer wavelength light curve, the area weighted 

sum of the Buie et ai. (1995) V light curves for Pluto and Charon were scaled to fit 

the observed albedos at 0.59 /-lm in the absolutely calibrated CCD spectra. This 

wavelength was chosen because it is the nearest wavelength to the V filter for which 

the LPL CCD spectrograph gives reliable performance. As shown in Fig. 6.14, the 

calibrated CCD albedos generally fall within ±5% of the scaled curve, confirming 

that 5% is a good estimate of the photometric precision of the instrument and 

observing technique over the years from 1983 to 1994. Errors were dominated by 

short term variability of sky conditions and uncertainty in the fluxes of various 

calibration stars. Compared with these systematic errors, photon statistics and 

instrument noise were negligible sources of error. 

All Pluto+Charon spectra, calibrated and uncalibrated alike, were normal

ized to match the scaled light curve at 0.59 /-lm. The 0.59 /-lm flux ratio of Pluto to 

Charon was determined to be 5.71 at 1800 subsolar longitude from mutual event 

spectra taken in 1987 (Fink and DiSanti 1988). Assuming radii of 1164 and 621 km 

for Pluto and Charon (Young and Binzel 1994), the albedo of Charon can be calcu

lated to be 0040 at 0.59 /-lm. Uncertainties in flux calibration and Charon's radius 

lead to an uncertainty of about ±20% in Charon's albedo. 

Buie et ai. (1995) show that Charon's V band albedo varies by less than 

10% with longitude. Thus for this work, Charon's albedo was assumed not to vary 

with longitude at all, and the same model spectrum of Charon was subtracted 

from each Pluto+Charon observation, resulting in calibrated albedo spectra of 

Pluto alone. 

Four aspects of Pluto's spectrum were examined as functions of time. 

These were the slope of the reddish continuum, and the depths, widths, and central 

wavelengths of the methane absorption bands. 



FIGURE 6.14 

Pluto+Charon light curve at 0.59 /-Lm. 
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The shape of Pluto's continuum curve varies regularly as a function of 

longitude. Fig. 6.15 shows the ratio of albedo at 0.825 /-Lm to that at 0.59 Ilm 

for Pluto. Note that the reddest continuum slopes coincide with minimum light 

and the darkest terrain in the surface map. This implies that the darker areas 

are more reddish than the bright areas, which would be consistent with the darker 

regions containing higher quantities of tholin type materials. The analytic tech

niques described earlier in this chapter can help in interpreting spectral differences 

between different regions. If the continuum slope is assumed to be caused by tholin 

dispursed in otherwise transparent ice grains, as under the case 1 assumptions de

scribed earlier, the observed spectral difference from minimum to maximum light 

corresponds to about a tenfold increase in tholin content. If the dark material oc-
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Pluto continuum redness. 
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cupies less than the entire subsolar hemisphere at minimum light, as is suggested 

by the low resolution albedo map, even more tholin would be required in the dark 

regions to match the observed spectral variation. 

Next, variations in the depths of individual methane bands were examined. 

Band depths can be quantified in a number of ways, such as peak depth, equivalent 

width, or optical depth per grain required to produce the observed band. Since 

a band's peak depth is quite sensitive to noise, a function composed of a linear 

continuum multiplied by one minus a gaussian was fit to individual bands, using 

the Levenberg-Marquardt method of X2 minimization (Press et al. 1990). This 
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Pluto CH4 band depths. 
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fitting procedure gave the band depths, widths, and central wavelengths, each of 

which is discussed below. 

The best fit gaussian amplitudes, corresponding to fractional absorption, 

for the 0.73 and 0.89 J-lm CH4 bands are shown as a function of Pluto longitude 

in Fig. 6.16. The variation with longitude is similar for both bands, with mini

mum CH4 band depths in the vicinity of 160° longitude. Curiously, this longitude 

corresponds neither to the minimum nor maximum of Pluto's visible light curve, 

but to the most rapidly changing part of the light curve. This in turn implies that 

the distribution of methane ice on Pluto does not correlate simply with the surface 
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albedo. If methane were restricted to the darker regions of Pluto's surface, CH4 

band depth maxima would coincide with minimum light. Likewise, if methane were 

associated with the brighter terrains, CH4 band depth maxima would coincide with 

the light curve maximum. 

Plotting the 0.73 flm band depth divided by the 0.89 flm band depth as 

a function of longitude reveals that the 0.73 flm band is most enhanced at longi

tudes away from the steep portion of the light curve around 1600
• This localized 

enhancement of the weaker band indicates that the complicated scattering invoked 

to model the relative band strengths (Section 6.7) may also be associated with a 

particular terrain on Pluto. 

FIGURE 6.17 

Relative depths of 0.73 and 0.89 flm bands. 
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in band depths, but these potential errors are much smaller than the scale of the 

observed effects. The variation in the 0.73 flm band depth is about a factor of 

two. If the band depth were actually constant, the overall flux would have to be 

wrong by a factor of two to lead to a false band depth variation of this magnitude. 

This is quite unlikely, as the Pluto+Charon flux is calibrated to ±5%, the Charon 

flux to ±20%, and Charon only contributes 1'V22% of the total surface area of the 

system. The fact that the longitudinal variations in band depth do not match the 

light curve variation of Pluto's continuum albedo also argues for the reality of the 

observed band depth effects. 

Unlike the trends in band depth, no statistically significant dependence of 

band width on longitude could be perceived in the data, as indicated by the scatter 

of data points in Fig. 6.18. 

Turning to wavelength, an interesting correlation is seen between the cen

tral wavelengths of the CH4 bands and the light curve (see Fig. 6.19). The wave

lengths of both CH4 bands appear to be shortest at the rotational phases where 

the methane bands are weakest and the weak bands are least enhanced. A possible 

cause of this variable wavelength shift may be a variable dilution of the methane 

in nitrogen ice. Increasing dilution of CH;j in N2 ice shifts the wavelengths of the 

CH4 band centers to shorter wavelengths. Unpublished preliminary spectra ob

tained in 1992 show the shift to be about 17 A for the 0.89 flm band in a solid 

solution containing roughly 20% methane. Larger shifts should result from lower 

CH4 concentrations. Unfortunately, the optical constants were not yet available for 

measurements made on the thick samples necessary for measuring the weak CH4 

bands at wavelengths shorter than 1 flm. When these data become available, it 

will be possible to model a CH4 band using a mixture of pure and dilute methane 
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ices. Since weaker bands are formed, on average, deeper within a surface, it may 

be possible to detect the existence of a vertical gradient of methane concentration. 

6.9.1. Secular evolution of Pluto's spectrum 

Over the past four decades, as the subsolar latitude moved north from 

Pluto's southern hemisphere across the equator, Pluto's light curve gradually 

evolved. The light curve amplitude increased while the overall albedo decreased 

(e.g. Walker and Hardie 1955, Hardie 1965, Andersson and Fix 1973, Tholen and 

Tedesco 1994). Although the LPLjCCD data cover only a dozen years time span, 

evidence of secular spectral evolution can also be seen in the LPLjCCD data set. 

Two factors impede the detection and interpretation of secular spectral 

evolution. These are, first, spectral variation over the six day light curve and, 
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second, the difficulty in distinguishing between temporal and geometric secular 

evolution. In order to control for longitude variations, it is necessary to observe 

Pluto two or more times at a particular longitude. For this dissertation, three 

approximately matched pairs of observations were obtained for longitudes 175±5°, 

276±3°, and 332±4°, with time separations of seven years in each case. 

Fink and DiSanti (1988) reported that the relative strengths of the 0.73 

and 0.89 {tm CH4 bands had changed between 1983 and 1987, with the 0.73 /lm 

band becoming weaker relative to the 0.89 /lm band. Their 1983 spectrum was 

taken at a longitude of 1010 and their 1987 spectrum was taken at. a longitude of 

1230
• Examining Fig. 6.17, it appears that some of the observed difference may be 
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due to the 220 change in longitude, but a similar trend toward a weaker 0.73 /-lm 

band is seen in the three pairs obtained for this project. The three matched pairs 

show changes in the depth of the 0.73 Ilm band relative to the 0.89 /-lm band of 

-6%, -7%, and -16%, respectively. 

Does the relative weakening of the 0.73 /-lm CH4 band over the past decade 

result from some change in the texture or chemistry of Pluto's surface, or from the 

northward movement of the subsolar point? By modeling the relative strengths 

of the bands, it is possible to show what sort of differences between northern and 

southern hemispheres, or between the surface in 1983 and the surface in 1993 would 

be sufficient to cause the observed spectral changes. 

Ignoring the longer wavelength CH4 bands, several models were run, fitting 

the 0.73 and 0.89 /-lm bands in CCD spectra of Pluto. For simplicity, all grains 

were assumed to be 5 cm in diameter. The two bands in the 1983 spectrum at 

subsolar longitude 3280 can be matched by an intimate mixture of 7% pure CH4 

grains and 93% pure (3 N2 grains. To reduce the 0.73 /-llll band by about 10%, as 

appears to have occurred over the seven years between 1983 and 1990, it suffices 

to slightly reduce the CH4 path length, for example by mixing 25% N2 into the 

methane grains described above, and increasing their proportion from 7% to 8% of 

the total population of grains. 

In a more complex simulation, Pluto's northern and southern hemispheres 

were allowed to have different compositions, and the albedo was integrated over 

the surface using equation 5.13, for observing geometries appropriate to the 1983 

and 1990 observations. The subsolar latitude moved from -100 to +50 during 

that time. Distinct configurations for the two hemispheres can be found which 

fit both 1983 and 1990 spectra, again assuming all 5 cm grains. For example, 
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a northern hemisphere composed of 13% grains with 25% CH4 content and 83% 

pure N2 grains, and a southern hemisphere composed of 8% pure CH4 grains and 

92% pure N2 grains produces spectral changes comparable to those observed over 

a seven year time span. 

Since both temporal and geographic models can be easily constructed 

to fit the secular changes in relative band strengths, determining which mecha

nism caused the observed spectral change is difficult. Observations covering more 

bands simultaneously could constrain the models better, but as long as the spectral 

changes cannot be shown to have occurred suddenly (which would require temporal 

changes in surface texture or chemistry), the only way to definitively distinguish be

tween the two possible causes is to resolve the disk, such as could be accomplished 

by a spacecraft visit. 

6.9.2. Compositions of specific regions of Pluto's surface 

The possibility of using the CCD spectra to determine the compositions of 

specific regions was examined by testing various geographic distributions of hypo

thetical terrains. Synthetic spectra were calculated for different rotational phases, 

and these were compared with the observed spectra. 

Pluto's surface was assumed for one series of simulations to be composed 

of two terrains, one dark and the other bright at visible wavelengths. Low spa

tial resolution maps of Pluto's surface (e.g. Buie et al. 1992, Reinsch et al. 1994, 

Drish et al. 1995) show large albedo contrasts between different regions at these 

wavelengths. In order to match the albedo distribution of the Buie et al. map, one 

terrain was assumed to have an albedo matching the darkest part of that map while 

the other matched the brightest part. In the remainder of the map, intermediate 

albedos were assumed to result from unresolved checkerboard mixing between the 

two end-member terrains (see section 5.2.1). The synthetic visible light curve pro-
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duced from this model matched the observed light curve, and when the dark terrain 

was assumed to be much redder than the bright terrain, the observed variation in 

continuum redness could also be matched. On the other hand, when distributed 

according to this map, no two terrains can match the observed longitudinal be

havior of Pluto's methane bands. This is because the rotational phases showing 

the weakest methane absorptions coincide with both the brightest and the darkest 

parts of Pluto's light curve and surface map. 

o 
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FIGURE 6.20 

Map for Pluto 3 terrain model. 
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To mimic the relatively weak methane absorptions observed at both mini

mum and maximum light, another series of simulations was run in which methane 

bands were strongest in terrains of intermediate albedo. Three different terrain 

types were used, distributed according to the map shown in Fig. 6.20. The darkest 

terrain was assumed to be composed of tholin and water ice, with a spectral re-
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fiectance as red as that of the asteroid 5145 Pholus (e.g. Fink et al. 1992, Hoffmann 

et al. 1993). The brightest terrain was composed of a solid solution of very dilute 

methane in nitrogen ice, with a trace of tholin to produce a slightly red continuum 

slope. The third terrain, of intermediate albedo, was composed of methane ice, 

again with a trace of tholin to produce a moderately reddish continuum. This 

model was able to roughly match the observed rotational variation of the methane 

bands, as well as the visible light curve and continuum slope, as shown in Fig. 6.21. 
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Pluto 3 terrain model behavior. 
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Behavior of synthetic continuum redness, light curve, and methane band 
depths for the 3 terrain model of Pluto's surface. Synthetic values are 
shown as dashed lines and observational data are shown as square points. 

This model of Pluto's surface is not a unique solution to the observational 

constraints. It does, however, demonstrate that spectral variations similar to those 

observed can indeed result from a non-uniform distribution of ices on Pluto's sur-
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face. Additional observations, particularly at K band wavelengths, could better 

constrain the distributions of ices, as would models that include the wavelength 

shift of CH4 in solid solution in N2 • 



143 

CHAPTER 7 

SUMMARY AND CONCLUSIONS 

Pluto and Triton were spectrophotometrically observed over the years 1989 

to 1994 from the University of Arizona's 1.54 meter telescope on Mt. Bigelow and 

2.3 meter telescope on Kitt Peak. For the first time in spectra of Triton, the very 

weak 0.89 J.lm methane band was definitively detected and its shape, depth, and 

width measured. Numerous 0.5 to 1.0 J.lm wavelength spectra of Pluto+Charon 

were obtained at a variety of viewing and illumination geometries. Infrared H 

and K band spectra of Pluto+Charon were obtained at the time of light curve 

minimum, with a spectral resolution of ",600. The above data were combined with 

earlier, unpublished observations and with data from the literature to assemble a 

data set covering as wide a range of wavelengths, observing geometries, and times 

as possible. The resulting Pluto+Charon data set spanned a dozen years from 1983 

to 1994, the full 360° range of subsolar longitudes, and subsolar latitudes from -10 

to +13°, at spectral resolutions ranging from 370 to 690. 

In addition to the telescope observations, temperature dependent absorp

tion coefficients were measured at high spectral resolution for pure nitrogen and 

methane liquids and ices. Instead of using vapor deposited thin films, these mea

surements were done on more difficult to prepare thick samples, so that very weak 

absorption bands could be studied. The weak bands observed in infrared spectra of 

Pluto and Triton could not be accurately interpreted until suitable absorption coef

ficients were measured in the laboratory. An additional objective of the laboratory 

work was to seek temperature dependent spectral behavior which could provide re-
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mote sensing opportunities for future observational experiments. The results from 

methane were disappointing, in that the absorption spectrum exhibited minimal 

change with temperature, other than the broadening of bands at higher tempera

tures. The results for nitrogen were more exciting, with dramatic spectral changes 

being discovered in crossing the a-(3 phase boundary at 35.61 K, as well as more 

subtle temperature effects within both phases. 

In order to interpret the telescope spectra in terms of the measured lab

oratory transmission measurements, computer models based on Hapke scattering 

theory were constructed to simulate the scattering of light in particulate surfaces. 

Complexities that one might expect to find on real planetary surfaces, such as 

diverse terrain types, stratigraphies, and textures were considered in order to de

termine the sensitivity of modeling results to the assumptions inherent in the sim

ple, globally homogeneous simulations conventionally used to interpret spectra of 

unresolved bodies. It was shown that grain sizes and relative abundances of differ

ent species derived from Hapke models can be strongly dependent on questionable 

model assumptions, and that the way anisotropic single particle scattering is han

dled in the Hapke theory can lead to non-physical results. 

In spite of these problems, many things were learned from the modeling 

done for this dissertation. Some of the more notable conclusions are reviewed 

below. 

The shape of the 2-0 (3 N 2 band in the spectrum of Triton was used to 

show the temperature of the ice to be between 35.6 and 41 K, assuming the ice to 

be pure. The shape of the observed band does not quite match laboratory spectra 

of pure N2 ice, however. Various mechanical band-broadening effects change the 

width of the 2-0 band in reflected spectra just as temperature changes do. These 
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two problems foiled efForts to reach more precise conclusions about the N2 ice 

temperature on Triton. 

The spectrum of Charon, at CCD and K band wavelengths, was shown 

to be consistent with a mixture of fine grained water ice and a spectrally neutral 

continuum absorber, with no additional ices required by the observational data. 

For both Pluto and Triton, the weaker, shorter wavelength methane bands 

were shown to be enhanced relative to the stronger CH4 bands. This enhancement 

was greater than could be explained by multiple scattering effects in a globally 

homogeneous surface of a single mean grain size. The relative strengths of sev

eral methane bands were simulated in models in which surfaces were permitted 

to be composed of more than one CH4 grain size, more than one CH4 :N2 relative 

abundance in solid solution, more than one distinct terrain. Though the precise 

mechanism responsible for the additional enhancement of weak bands could not be 

determined from the available data, it was shown that the enhancement is greater 

on Pluto than it is on Triton, and that the enhancement varies with longitude on 

Pluto, as well as with latitude and/or season. 

Although infrared absorption bands of nitrogen and methane ices have been 

accurately measured in spectra of both bodies, and the optical constants of these 

ices have been accurately measured in the laboratory (at high purity levels only), 

the relative abundances of the two ices on Pluto and Triton could not be determined 

to high precision. In almost all plausible models, better fits were obtained with 

nitrogen more abundant than methane, but the relative abundances were shown to 

be extremely sensitive to model assumptions. Without independent knowledge of 

the physical configuration of the two iees, only very rough estimates of the methane 

fraction could be made, ranging from 0.15% to 96% for Pluto and from 0.07% to 
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90% for Triton, for different assumed surface distributions. If similar assumptions 

about the physical characteristics of the surfaces of both Pluto and Triton were 

made, the deeper methane absorptions in Pluto's spectrum would require a higher 

methane abundance on Pluto's surface. But if the configuration of surface ices 

differs between the two bodies, Pluto need not have the higher CH4 abundance. 

Based on the available data and three different model scenarios, limits were 

set on the relative abundances other species such as tholin, CO2 , CO, H2 0, and 

NH3 which might be expected to occur on the surfaces of Pluto and Triton. These 

limits were likewise extremely model dependent, but in general, these or other 

ices could cover significant geographic areas without violating currently available 

spectral constraints. Of particular interest, a tentative detection of CO2 ice on 

Pluto or Charon was made from an infrared spectrum obtained near light curve 

1ll111lnlum. 

With the large number of observations made for this dissertation, the 0.5 

to 1.0 ",m spectrum of Pluto was sufficiently well sampled as a function of longitude 

that it was possible to plot various spectral properties as functions of longitude (or 

light curve phase). The continuum slope was shown to correlate well with the 

visible light curve, with the reddest continuum slope coinciding with the darkest 

part of the light curve. This pattern is consistent with Pluto's darker areas being 

redder and the bright areas being whiter, as might be expected if the the bright 

areas were surfaces with relatively clean, recently deposited ices, less contaminated 

with photochemical residues. 

A somewhat different pattern emerged for Pluto's methane bands which 

varied with longitude, but not in the same way as the visible light curve and contin

uum slope did. Minimum methane band depths occurred around ",160° longitude, 

in the steep part of the light curve between maximum and minimum light. En-
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han cement of the weaker 0.73 flm CR.1 band relative to the st.ronger 0.89 flm band 

showed a similar pattern, with minimum enhancement of the weak band observed 

around t.he same longitude. No pattern in the variation of methane band widths 

was detected, but the wavelengths of the bands varied with light curve phase, such 

that the bands tended to occur at shorter wavelengths at longitudes where methane 

absorption was weakest. Methane's absorption bands are known to shift to shorter 

wavelengths when the methane is diluted in N2 ice. The observed CH4 band shifts 

and variations in depth are consistent. with nitrogen being abundant at the longi

tudes for which the methane bands are least deep and most. strongly shifted. The 

relative strengths of the methane bands are consistent with this scenario as well, 

if there is little variation in methane abundance in nitrogen dominated areas, and 

a wider diversity of methane concentrations (or grain sizes, or stratification, or 

other effect discussed in sections 5.2, 5.3, and 6.7) in the less nitrogen dominated 

regions. These areas might also be expected to be geologically older regions where 

less volatile lag deposits accumulate in the wake of sublimating nitrogen ice. Ro

tationally resolved observations of the 2.15 flm nitrogen band could confirm this 

scenario. Models in which the brightest areas of Pluto's surface were composed 

primarily of nitrogen ice, the intermediate areas were rich in methane ice, and the 

darkest areas were free of both ices produced similar variations of continuum slope, 

albedo, and methane bands depths as seen in the CCD data. 

In addition to the diurnal variation in Plut.o's spectrum, a secular change 

was observed in the relative strengths of Pluto's methane bands over a time span of 

seven years. This effect was small, a few percent reduction in the enhancement of 

the weaker 0.73 flm methane band, relative to the 0.89 flm band. A pair of models 

showed that a minor change in the nitrogen abundance could cause this spectral 
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evolution, as could a very slight difference between the ices in Pluto's northern and 

southern hemispheres. 

Several possible directions for future work are suggested by this disser

tation. Continued spectral observations of Pluto and Triton would be useful for 

monitoring the secular evolution of their surfaces. Since both bodies are currently 

experiencing summers, their rates of surface evolution should be relatively high. A 

wider range of subsolar latitudes could be sampled with continued observations as 

well. 

Additional laboratory measurements of the optical constants of low tem

perature materials are needed. In particular, H2 0 and tholins should be studied 

at cryogenic temperatures. Optical constants for solid solutions with a wide range 

of compositions need to be measured, and greater attention must be paid to the 

isotopic composition of laboratory ice samples. More study of the long term evo

lution of these solid solutions on exposure to a radiation environment would also 

be extremely useful. 

The different widths and wavelength shifts of various CH4 bands of differ

ent strengths hint at possible variations in ice composition as a function of depth. 

Using a more sophisticated radiative transfer model, hypothetical compositional 

gradients could be tested against the spectroscopic data. Such a model needs to 

correct the problem with anisotropic single scattering phase functions in current 

versions of Hapke theory, as well as accounting for the contributions of strata with 

different scattering properties. 

The Hubble Space Telescope's vantage point above the Earth's atmosphere 

offers many possibilities, once the NICMOS instrument is installed. Separate in

frared spectra of Pluto and Charon could be obtained. These data would put much 

tighter constraints on the composition of Charon's surface, and could cover wave-
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lengths not easily observed from Earth, due to telluric water bands. Data at these 

wavelengths would be especially useful for constraining broad band absorbers such 

as tholins, phyllosilicates, and H2 0 ice. 

Future visits to Pluto+Charon and/or Neptune+Triton by spacecraft 

equipped with infrared imaging spectrometers would offer a far more powerful 

means of mapping the surface terrains of those objects. With the high spatial reso

lution provided by a spacecraft encounter, far more rigorous limits could be placed 

on the abundances of possible minority species. A spacecraft flyby offers only a 

snapshot of the surface, with no temporal resolution. But a map of the distribu

tion of different terrains could be combined with earlier and future ground-based 

observations to distinguish between spectral changes caused by the passage of time 

and changes caused by changing viewing geometry. 
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APPENDIX A 

GLOSSARY OF SYMBOLS AND ACRONYMS 

Angstrom (1 A = 10-10 m = 10-4 Jim) 

Hemispheric albedo 

Geometric albedo 

Henyey-Greenstein asymmetry coefficient (-1 :::; a :::; 1) 

Backscatter or opposition surge function 

Some constant (also Co, GI , Gi, etc.) 

Charge Coupled Device 

Circular Variable Filter 

Mean grain size or scattering spacing 

Largest grain size in a distribution of grain sizes 

Smallest grain size in a distribution of grain sizes 

A verage extinction of medium (scattering+absorption) 

Emission angle from normal 

2.71828179 ... 

Full width at half maximum 

Phase angle 

Hapke compaction parameter 

Chandrasekhar's "H function" 

Henyey-Greenstein phase function 

Intensity 
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Illumination angle from normal, also index for sum of surface components 

Angular momentum quantum number 
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LGGE 

LPL 

LPL-CCD 
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ef 
mapj(,l, <p) 

Ni 

N(D) 
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P(g) 

Qs 
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1'(IiO, Ii, g) 

S 

S(i,e,<I» 

SE 

SI 

SNR 

s 

t 

T 

T(v) 

w 

z 

Index for sum of surface terrains 

Imaginary part of the index of refraction 

Laboratoire de Glaciologie et Geophysique de l'Environnement 

Lunar and Planetary Laboratory, University of Arizona 
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Dr. Fink's CCD/spectrograph system at the University of Arizona 

Distance traversed in some material 

Mean free path outside of particles in granular material 

Map of the distribution of terrain type j 

N umber density of particles of type i 

Cumulative number of grains of size D or larger 

Real part of the index of refraction 

Single particle scattering phase function 

Single particle scattering efficiency 

Exponent for a power law distribution 

Bidirectional reflectance 

A verage scattering coefficient of surface material 

Hapke (1984) correction for macroscopic roughness 

External surface scattering coefficient of particle 

Internal surface scattering coefficient of particle 

Signal to noise ratio 

Scattering coefficient inside particle 

Time 

Temperature (K) 

Transmission (function of v) 

Single scattering albedo (w == S/E) 

Vertical distance (up is indicated by + and down by -) 



apeak 

( 

() 

iJ 

A 

P 

{lO 

V 

Vcentral 

p 

Xi 

Lambert absorption coefficient of material i 

Lambert absorption coefficient of continuum material 

Absorption coefficient local maximum 

Porosity 

Angle 

Mean deviation of local surface facets from horizontal 

Wavelength (pm) 

== cose 

== cosz 

Wavenumber (cm- l ), equal to the reciprocal of wavelength 

Wavenumber of an absorption maximum 

3.1415926536 ... 

Mass density of a material 

Cross section or projected area 

Azimuth angle 

Volume mixing fraction of component i (2:i Xi = 1) 
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APPENDIX B 

SOURCE CODE LISTINGS 

This appendix contains source code listings of selected subroutines* used 

to model the interaction of light with multiply scattering surfaces. Alone, these 

subroutines are not sufficient to generate model spectra, but combined with other 

subroutines, these are the building blocks used by the author to assemble a wide 

range of more elaborate software packages to address specific objectives. 

The first subroutine calculates Hapke's Qs, the scattering efficiency of a 

single particle. This subroutine is based on equations 5.4, 5.5, and 5.6. 

1************************************************************************\ 

HAPKE_Q_S 

Q_S is the scattering efficiency of a particle. 
Hapke's 1981 expression for Q_S (Hapke 1981 eq. 24). 
Grundy 1995 assumes s=O, so trl is always 0.0. 

\************************************************************************1 
double hapke_Q_S(double alpha, 1* lambert absorption coef. (cm-i) */ 

double s, 1* internal scattering coef. (cm-1) *1 
double n, 1* refractive index *1 
double D, 1* mean grain size (cm) *1 
double lambda) 1* wavelength (microns) *1 

{ 

double terml,term2,tr1,/* arithmetic short cuts *1 
S_E,hapke_S_E(),/* external scattering efficiency */ 

* The subroutines in this appendix are available for public use, but appropri
ate citation of the source must be explicitly stated. Distribution of this software is 
limited to non-commercial, scientific purposes. Any commercial use or distribution 
must be negotiated with the author. Any and all liability associated with the use 
of this software is the exclusive responsibility of the user, not the author, and the 
author makes no claim as to the utility or efficacy of this software for any project. 
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S_I,hapke_S_I() ,1* internal scattering efficiency *1 
Q_S; 1* scattering efficiency of a particle */ 

if(s == 0.0) { 
term1 = 1.0; 
tr1 = 0.0; 

} else { 
if(alpha+s != 0.0) 

1* s = 0 is assumed for all my modeling *1 

1* but just in case, here's the full-up */ 

term1 = (alpha/(alpha+s))/sqrt(fabs(alpha/(alpha+s))); 

else term1 = 0.0; 

tr1 = (1.0 - term1)/(1.0 + term1); 
} 

S_E = hapke_S_E(alpha,n,lambda); 
S_I = hapke_S_I(alpha,n,lambda); 

term2 = exp(-2.0*alpha*D/3.0); 
Q_S = S_E + (tr1 + term2)*(1.0 - S_E)*(1.0 - S_I)/ 

(1.0 - tr1*S_I + (tr1 - S_I)*term2); 
return(Q_S); 

} /****************************************************************/ 

This subroutine for calculating Q s calls on two additional subroutines to 

provide S E and S I, the external and internal surface scattering coefficients. These 

two subroutines are based on FORTRAN code by R. Clark, generously provided 

by M. Nelson (personal communication 1991). They provide approximate fits to 

equations 5.7, plotted in Figure 6 of Hapke (1981). 

1************************************************************************\ 

HAPKE_S_E 
Routine to approximate Hapke's S_E. 

If n < 1, S_E = fresnel reflectance (for want of a better idea) 
Only valid when k « 1 (See Hapke 1981, p. 3047) 

\************************************************************************1 
double hapke_S_E( 

double alpha, 1* lambert absorption coef. (cm-1) */ 
double n, /* refractive index *1 
double lambda) 1* wavelength (microns) */ 



{ 

double offset=0.05,S_E,al,a2, 

convert_alpha_to_k(); 

if(convert_alpha_to_k(alpha,lambda) > 0.1) 

printf("WARN1NG: II 
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"assumption k«l violated in S_E (lambda=Y.lf). \n" ,lambda); 
if(n >= 1.0) { 

1* this portion translated from FORTRAN code obtained from 
Marcia Nelson (May 23, 1991) from USGS, Denver Colorado. *1 
if(n <= 1.3) offset = offset - 0.16667*(1.3-n); 

if(n >= 2.5) offset = offset - 0.01500*sqrt(n - 2.5); 

if(offset < 0.0) offset = 0.0; 

al = (n - 1.0)*(n - 1.0); 

a2 = (n + 1.0)*(n + 1.0); 
S_E = al/a2 + offset; 
if(S_E > 1.0) S_E = 1.0; 

} else { 

S_E = fresnel_normal_refl(alpha,n,lambda); 
} 

return(S_E); 

} 1****************************************************************1 

1************************************************************************\ 

HAPKE_S_1 

Routine to approximate S_1. Adapted from FORTRAN code 
obtained from Marcia Nelson from USGS Denver, (May 23, 1991) 

This approximation for S_1 is only valid when k « 1 
See Hapke 1981, p. 3047 

\************************************************************************1 
double hapke_S_1( 

{ 

double alpha, 

double n, 
double lambda) 

1* lambert absorption coef. (em-l) 

1* refractive index 

1* wavelength (microns) 



if(convert_alpha_to_k(alpha,lambda) > 0.2) 
printf(IIWARNING: assumption k«1 violated in S_I.\nll ); 

if(n < 1.0) 
printf(IIWARNING: n < 1, S_I is negative. \nll); 

if(n > 5.00) S_I = 0.97 + (n - 5.00)*0.001; 

else if(n > 4.00) S_I = 0.96 + (n - 4.00)*0.01; 

else if(n > 3.00) S_I = 0.90 + (n - 3.00)*0.06; 
else if(n > 2.00) S_I = 0.80 + (n - 2.00)*0.10; 

else if(n > 1.50) S_I = 0.60 + (n - 1. 50) *0 .40; 
else if(n > 1.25) S_I = 0.40 + (n - 1. 25) *0.80; 
else S_I = 1.60*(n - 1.0) ; 

if (S_I > 1.0) S_I = 1.0; 
return(S_I) ; 
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} 1****************************************************************1 

Using Qs for each of the different component grains, it is possible to calcu

late the mean single scattering albedo, w, for an intimate mixture. The following 

subroutine performs this calculation, equations 5.2 and 5.3. 

1************************************************************************\ 

HAPKE_MEAN_w 

Subroutine to calculate mean w for a surface composed of 
an intimate mixture of IIC Il components, with absorption 
coefficients lI*alphall , scattering coefficient IISIl, refractive 

indices "*n", mean grain sizes "*D", and volume fractions II*V Il . 
(sum of all v must = 1). 

\************************************************************************1 
double hapke_mean_w(int c, 1* number of surface component species *1 

{ 

double *alpha, 1* absorption coefficient [c] *1 
double s, 1* internal scattering coef. (cm-1) *1 
double *n, 1* refractive index [c] *1 
double *D, 1* grain size [c] *1 
double *v, 
double lambda) 

double hapke_Q_S(), 

Q_E=1.0, 

1* volume mixing fraction [c] 
1* wavelength (micron) 

1* Scattering efficiency of particles 

1* Extinction efficiency of particles 

*1 
*1 
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S=O.O,E=O.Oj /* accumulators for S and E summations */ 

while(c > 0) { /* sum over c components from 0 to c-l */ 
C--j 

S += hapke_Q_S(alpha[c],s,n[c],D[c],lambda)*v[c]/D[c]j 
E += Q_E*v[c]/D[c]j 

} 

return(S/E)j /* w = S/E (Hapke 1981, eq. 2) 

} /****************************************************************/ 

The next step is to calculate the single scattering phase function which 

describes the probability of photons being scattered into angle 9 after a single 

scattering event. The convention used is that 9 = 0 signifies scattering back toward 

the photon source and 9 = 7l" signifies scattering in the same direction as the 

photon's motion before the encounter. This phase function is a superposition of two 

normalized Henyey-Greenstein phase functions, leading to three free parameters -

an asymmetry factor for each phase function and the relative weighting of the two. 

/************************************************************************\ 

HAPKE_HGl 
One-term Henyey-Greenstein phase function. 
Negative fla fl is back scattering, positive is forward. 
flg" is phase angle: 0 for backscattering, PI for forward. 

\************************************************************************/ 
double hapke_HG1(double g, 

double a) 
/* phase angle (radians) 
/* asymmetry factor (-1 <= a <= 1) 

{ 

double terml j 
if(a > 1.0) {a = 1.0j 

printf (IIWARNING: bad phase fn parameter: a > 1 \nfl) j} 
if(a < -1.0) {a = -1.0j 

printf("WARNING: bad phase fn parameter: a < -l\n ll )j} 
terml = 1.0 + a*a - 2.0*a*cos(PI-g)j 
return«1.0 - a*a)/(terml*sqrt(terml»)j 

} 1****************************************************************1 



158 

1************************************************************************\ 

HAPKE_HG3 

Three-term Henyey-Greenstein phase function. 

(This is simply a superposition of two HGl phase functions) 

\************************************************************************1 
double 

{ 

hapke_HG3(double g, 1* phase angle (radians) 
double fweight, 1* fraction in forward scattering lobe 

double fwd, 1* forward lobe asymmetry factor 
double bkwd) 1* backwards lobe asymmetry factor 

double hapke_HG1(); 

if(fweight > 1.0) {fweight = 1.0; 
printf("WARNING: bad phase fn parameter: weight> l\n");} 

if(fweight < 0.0) {fweight = 0.0; 

*1 
*1 
*1 
*1 

printf("WARNING: bad phase fn parameter: weight < O\n");} 
return(fweight*hapke_HG1(g,fwd)+(1.0-fweight)*hapke_HGl(g,bkwd»; 

} 1****************************************************************1 

The backscattering function, B(g) is calculated using the following sub

routine. This particular piece of the scattering calculation does not appear to be 

based on particularly sound scientific footing. 

1************************************************************************\ 

HAPKE_B(g) 

Hapke backscatter function (Hapke 1986, p. 274, eq. 46). 

\************************************************************************1 
double hapke_B(double g, 1* phase angle (radians) *1 

double h, 1* compaction parameter *1 
double pO, 1* 1 scatter phase fn evaluated at g=O *1 
double alpha, 1* lambert absorption coef. (cm-i) *1 
double s, 1* internal scattering coef. (cm-l) *1 
double n, 1* refractive index *1 
double D, 1* mean grain size (cm) *1 
double lambda) 1* wavelength (microns) *1 

{ 

double w ,hapke_wO, 1* single scattering albedo *1 



fudge=1.5, 
/* fudge factor - can be used to adjust from the fresnel 

reflectance to account for light scattered from any 
asperities and defects near the surface of a grain. 
The fresnel reflectance is really a lower limit to SO 
for non-opaque particles with smooth surfaces. For 
rough, translucent particles, fudge> 1. For opaque 
grains, SO = w*pO, so BO = 1. But what exactly is an 
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"opaque" grain? (Hapke 1986, p. 277) */ 
so, 
/* "fraction of the light scattered from close to the 

surface of the particle at g=O" (Hapke 1986, p. 277) 
Fresnel reflectance is the lower limit to SO, and 
w*pO is the upper limit. So I use fudge*fresnel when 
that is less than w*pO, and go with w*pO otherwise. */ 

BO=O.O, 
/* "ratio of the near-surface contribution to the total 

particle scattering at zero phase." (Hapke 1986, 
p. 277) BO=SO/(w*pO)=fudge*fresnel/(w*pO) */ 

fresnel_normal_refl(); 

/* Fresnel reflectance, normal incidence */ 

w = hapke_w(alpha,s,n,D,lambda); 
SO = fudge*fresnel_normal_refl(alpha,n,lambda); 
if(w*pO> 0.0) BO = SO/(w*pO); /** Hapke 1986, eq. 53 **/ 
else { 

BO = 1.0; 
printf("WARNING: division by zero in function hapke_B\n"); 

} 

if(BO > 1.0) BO = 1.0; 

return(BO/(1.0 + tan(g/2.0)/h)); /* Hapke 1986, eq. 52 

} /****************************************************************/ 

As with the single scattering albedo, an average B(g) needs to be calculated 

for intimately mixed surfaces. 

/************************************************************************\ 



HAPKE_MEAN_B(g) 

Subroutine to calculate mean B(g) for a surface composed of 

an intimate mixture of "c" components, each with absorption 
coefficient "alpha tl

, refractive index "n", mean grain size 
"D", and volume fraction "v". (sum of all v must = 1). 
Weighting is by projected surface area (N*sigma) 
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\************************************************************************1 
double 

{ 

hapke_mean_B(double g, 

double h, 

double pO, 

int c, 

double *alpha, 
double s, 
double *n, 
double *D, 
double *v, 
double lambda) 

double hapke_B(), 

top=O.O, 

bot=O.Oi 

while(c > 0) { 

C--i 

1* phase angle (radians) 

1* compaction parameter 

1* 1 scatter phase fn evaluated at g=O 

1* number of surface component species 

1* absorption coefficient [c] 

1* internal scattering coef. (cm-1) 

1* refractive index [c] 

1* grain size [c] 

1* volume mixing fraction [c] 

1* wavelength (micron) 

1* 1 component backscatter function 

1* numerator 
1* denominator 

*1 
*1 
*1 
*1 
*1 
*1 
*1 
*1 
*1 
*1 

top += v[c]*hapke_B(g,h,pO,alpha[c],s,n[c] ,D[c],lambda)/D[c] i 
bot += v[c]/D[c]i 

} 

return(top/bot)i 

} 1****************************************************************1 

The H function is computed by interpolation from the table of values 

calculated by Hiroi (1994). 

1************************************************************************\ 

HIROI_H(mu,w) 

This function finds the Chandrasekhar H-function by interpolation. 
The data are from Hiroi, T. 1994, "Recalculation of the isotropic 
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H functions" Icarus 109, 313-317. 

\************************************************************************1 
static double sqrt_w_table[48] = { 1** table of sqrt(l-w) values ***1 

1.00000, 0.94868, 0.89443, 0.83666,0.77460, 0.70711, 0.67082, 

0.63246, 0.59161, 0.54772, 0.50000, 0.44721, 0.42426, 0.40000, 

0.37417 , 0.34641, 0.31623, 0.30000, 0.28284, 0.26458, 0.24495, 
0.22361, 0.20000, 0.18708, 0.17321, 0.15811, 0.14142, 0.13416, 
0.12649, 0.11832, 0.10954, 0.10000, 0.09487, 0.08944, 0.08367, 

0.07746, 0.07071, 0.06325, 0.05477, 0.04472, 0.03873, 0.03162, 

0.02236, 0.02000, 0.01732, 0.01414, 0.01000, 0.00000 }; 

static double w_table[48] = { 1** table of w values ***1 
0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.55, 

0.60, 0.65, 0.70, 0.75, 0.80, 0.82, 0.84, 

0.86, 0.88, 0.90, 0.91, 0.92, 0.93, 0.94, 

0.95, 0.96, 0.965, 0.970, 0.975, 0.980, 0.982, 

0.984, 0.986, 0.988, 0.990, 0.991, 0.992, 0.993, 

0.994, 0.995, 0.996, 0.997, 0.998, 0.9985, 0.9990, 

0.9995, 0.9996, 0.9997, 0.9998, 0.9999, 1.0 }; 

static double mu_table[21] = { 1** table of mu values **1 
0.000, 0.050, 0.100, 0.150, 0.200, 0.250, 0.300, 
0.350, 0.400, 0.450, 0.500, 0.550, 0.600, 0.650, 
0.700, 0.750, 0.800, 0.850, 0.900, 0.950, 1.000 }; 

static double hiroi_1994_H_table[1008] = { 1* table of H fn values *1 
1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 

1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 
1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 1.00000, 

1.00000, 1.00781, 1.01238, 1.01584, 1.01864, 1.02099, 1.02300, 
1. 02476, 1.02631, 1.02768, 1.02892, 1.03004, 1.03106, 1.03199, 
1.03285, 1.03363, 1.03436, 1.03504, 1.03567, 1.03626, 1.03682, 

1.00000, 1.01605, 1.02562, 1.03294, 1.03892, 1.04395, 1.04830, 
1.05209, 1.05546, 1.05847, 1.06118, 1.06363, 1.06588, 1.06793, 
1.06982, 1. 07157, 1.07319, 1.07469, 1. 07610, 1.07741, 1.07864, 

1.00000, 1.02481, 1.03987, 1.05155, 1.06115, 1.06930, 1.07636, 
1.08258, 1. 08811, 1.09307, 1.09756, 1.10164, 1.10537, 1.10881, 

1.11197, 1.11490, 1.11763, 1.12061, 1.12254, 1.12476, 1.12684, 

1.00000, 1.03416, 1.05536, 1.07198, 1.08578, 1.09759, 1.10790, 
1.11702, 1.12517 , 1.13252, 1.13919, 1.14528, 1.15088, 1.15603, 
1.16080, 1.16523, 1.16935, 1.17320, 1.17681, 1.18020, 1.18338, 
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1.00000, 1.04427, 1.07237, 1.09471, 1.11346, 1.12965, 1.14389, 

1.15657, 1.16797, 1.17831, 1.18774, 1.19638, 1.20435, 1. 21172, 

1.21856, 1.22493, 1.23089, 1.23646, 1. 24169, 1.24662, 1.25126, 

1.00000, 1.04966, 1.08158, 1.10714, 1.12873, 1.14746, 1.16400, 

1.17879, 1.19213, 1.20426, 1. 21536, 1.22556, 1.23498, 1.24371, 

1.25184, 1. 25942, 1.26651, 1.27316, 1.27942, 1.28531, 1.29087, 

1.00000, 1.05532, 1.09135, 1.12044, 1.14516, 1.16673, 1.18587, 

1.20304, 1. 21860, 1.23279, 1. 24581, 1. 25781, 1.26892, 1.279:;';.5, 

1.28887, 1.29787, 1.30631, 1.31424, 1.32170, 1.32875, 1.33541, 

1.00000, 1.06130, 1.10179, 1.13477, 1.16299, 1.18776, 1.20984, 

1.22976, 1.24787, 1.26445, 1.27971, 1.29382, 1.30693, 1.31914, 
1.33055, 1.34124, 1.35129, 1.36075, 1.36968, 1.37811, 1.38610, 
1.00000, 1.06765, 1.11303, 1.15034, 1.18252, 1. 21093, 1.23642, 

1.25952, 1.28062, 1.30002, 1.31794, 1.33458, 1.35008, 1.36456, 

1.37814, 1.39089, 1.40290, 1.41424, 1.42496, 1.43511, 1.44475, 
1.00000, 1.07448, 1.12527, 1.16748, 1. 20418, 1.23683, 1.26631, 

1.29317, 1.31785, 1.34064, 1. 36180, 1.38151, 1.39994, 1.4i 723, 

1.43349, 1.44881, 1.46328, 1.47697, 1.48996, 1.50229, 1.51402, 

1.00000, 1.08191, 1.13881, 1.18664, 1.22864, 1.26632, 1.30059, 

1.33203, 1.36109, 1.38808, 1.41326, 1.43684, 1.45899, 1.47985, 

1.49954, 1.51817, 1.53583, 1.55260, 1.56854, 1.58373, 1.59822, 

1.00000, 1.08510, 1.14468, 1.19503, 1.23943, 1.27942, 1.31590, 

1.34948, 1.38059, 1.40957, 1.43667, 1.46210, 1.48603, 1.50862, 
1.52998, 1.55023, 1.56945, 1.58773, 1.60514, 1.62175, 1.63761, 

1.00000, 1.08844, 1.15088, 1.20394, 1.25095, 1.29345, 1.33236, 

1.36830, 1.40169, 1.43288, 1.46213, 1.48964, 1.51559, 1.54013. 

1.56339. 1.58547, 1.60648, 1.62649, 1.64558, 1.66382, 1.68126, 
1.00000, 1. 09195, 1.15746, 1.21346, 1.26331, 1.30858, 1.35019, 

1.38876, 1.42472, 1.45840, 1.49007, 1.51994, 1.54820, 1.57498, 
1.60041, 1.62462, 1.64769, 1.66970, 1.69075, 1.71089, 1. 73019, 

1.00000, 1.09568, 1.16451, 1.22373, 1.27672, 1.32507, 1. 36971, 

1.41124, 1.45010, 1.48663, 1. 52109, 1.55368, 1.58460, 1.61398, 

1. 64196, 1.66864, 1. 69414, 1.71852, 1. 74188, 1.76428, 1.78577, 

1.00000, 1.09968, 1.17214, 1.23492, 1.29143, 1.34327, 1.39135, 
1.43628, 1.47850, 1.51833, 1.55603, 1.59183, 1.62588, 1.65834, 

1.68935, 1.71900, 1.74740, 1.77464, 1.80079, 1.82592, 1.85010, 
1.00000, 1.10180, 1.17623, 1.24095, 1.29940, 1.35317, 1.40316, 

1.45000, 1.49411, 1.53581, 1.57537, 1.61299, 1.64884, 1.68308, 
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1. 71583, 1. 74721, 1.77730, 1.80620, 1.83399, 1.86073, 1.88649, 

1.00000, 1.10402, 1.18053, 1.24732, 1.30786, 1. 36371, 1.41579, 

1.46471, 1.51088, 1.55464, 1.59623, 1.63587, 1.67373, 1.70994, 

1.74464, 1.77794, 1.80993, 1.84070, 1.87033, 1.89888, 1.92642, 

1.00000, 1.10636, 1.18509, 1.25412, 1.31691, 1.37503, 1.42939, 

1.48059, 1.52905, 1. 57508, 1.61894, 1.66084, 1.70093, 1.73936, 

1.77626, 1.81173, 1.84587, 1.87876, 1.91049, 1. 94111, 1.97069, 

1.00000, 1.10884, 1.18996, 1. 26142, 1.32667, 1.38729, 1.44417, 

1.49791, 1.54892, 1. 59751, 1.64392, 1.68836, 1.73099, 1. 77195, 

1.81136, 1.84932, 1.88593, 1.92127, 1. 95542, 1.98844, 2.02039, 

1.00000, 1.11151, 1.19523, 1.26935, 1.33734, 1.40074, 1.46045, 

1.51706, 1.57095, 1.62245, 1.67179, 1.71915, 1. 76471, 1.80859, 

1.85092, 1.89179, 1.93129, 1.96950, 2.00650, 2.04236, 2.07712, 

1.00000, 1.11441, 1.20101, 1.27812, 1.34918, 1.41575, 1.47870, 

1.53860, 1.59585, 1.65073, 1.70349, 1.75429, 1.80331, 1.85066, 

1.89645, 1.94080, 1.98377, 2.02545, 2.06590, 2.10519, 2.14338, 

1.00000, 1.11597, 1. 20416, 1.28291, 1.35569, 1.42403, 1.48880, 

1.55056, 1.60970, 1.66652, 1.72123, 1.77401, 1.82502, 1.87438, 

1.92220, 1.96857, 2.01357, 2.05728, 2.09977, 2.14109, 2.18130, 

1.00000, 1.11763, 1.20752, 1.28805, 1.36269, 1.43296, 1.49972, 

1.56353, 1. 62478, 1.68373, 1.74061, 1.79560, 1.84884, 1.90045, 

1.95054, 1.99919, 2.04648, 2.09249, 2.13729, 2.18092, 2.22344, 

1.00000, 1.11942, 1. 21115, 1.29363, 1.37031, 1.44272, 1.51170, 

1.57780, 1.64139, 1.70274, 1.76208, 1.81956, 1.87533, 1.92950, 

1.98218, 2.03344, 2.08337, 2.13203, 2.17948, 2.22578, 2.27099, 

1.00000, 1.12137, 1.21513, 1.29979, 1.37876, 1.45357, 1.52506, 

1.59376, 1.66003, 1.72414, 1.78629, 1.84666, 1.90536, 1.96251, 

2.01821, 2.07253, 2.12555, 2.17734, 2.22793, 2.27740, 2.32579, 

1.00000, 1.12220, 1.21685, 1.30246, 1.38244, 1.45831, 1. 53091, 
1.60076, 1.66822, 1.73356, 1.79698, 1.85864, 1.91866, 1.97716, 

2.03423, 2.08994, 2.14437, 2.19757, 2.24971, 2.30053, 2.35038, 

1.00000, 1.12308, 1.21867, 1.30528, 1.38633, 1.46333, 1.53711 , 

1.60819, 1.67694, 1.74360, 1.80838, 1. 87144, 1.93289, 1.99285, 

2.05140, 2.10862, 2.16458, 2.21934, 2.27294, 2.32545, 2.37689, 

1.00000, 1.12401, 1.22059, 1.30827, 1.39047, 1.46869, 1.54374, 

1.61616, 1.68629, 1.75439, 1.82065, 1.88522, 1.94823, 2.00978, 

2.06996, 2.12883, 2.18647, 2.24293, 2.29827, 2.35252, 2.40573, 

1.00000, 1.12500, 1.22265, 1.31149, 1.39492, 1.47445, 1.55090, 
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1.62477 , 1.69641, 1.76608, 1.83396, 1.90020, 1.96493, 2.02824, 

2.09021, 2.15092, 2.21043, 2.26879, 2.32605, 2.38225, 2.43744, 

1.00000, 1.12607, 1.22488, 1.31497, 1.39977, 1.48074, 1.55871, 

1.63419, 1.70750, 1. 77891, 1.84860, 1.91671, 1.98336, 2.04863, 

2.11262, 2.17539, 2.23700, 2.29750, 2.35694, 2.41536, 2.47279, 

1.00000, 1.12664, 1.22607, 1.31684, 1.40237, 1.48413, 1.56293, 

1.63927, 1.71351, 1.78587, 1.85655, 1.92568, 1.99338, 2.05974, 
2.12484, 2.18875, 2.25153, 2.31321, 2.37386, 2.43351, 2.49219, 

1.00000, 1.12724, 1.22732, 1.31882, 1.40512, 1.48771, 1.56740, 

1.64467, 1.71988, 1.79326, 1.86500, 1.93523, 2.00406, 2.07159, 

2.13789, 2.20303, 2.26706, 2.33003, 2.39199, 2.45296, 2.51300, 
1.00000, 1.12787, 1.22865, 1.32092, 1.40805, 1.49154, 1.57217, 

1.65045, 1.72671, 1.80119, 1.87406, 1.94548, 2.01554, 2.08433, 
2.15193, 2.21841, 2.28380, 2.34817, 2.41156, 2.47399, 2.53551, 

1.00000, 1.12855, 1.23008, 1.32317 , 1.41120, 1.49565, 1.57731, 
1.65667, 1.73407, 1.80975, 1.88387, 1.95658, 2.02799, 2.09816, 

2.16719, 2.23513, 2.30204, 2.36795, 2.43291, 2.49695, 2.56011, 

1.00000, 1.12928, 1.23162, 1.32561, 1.41463, 1.50013, 1.58291, 

1.66347, 1.74213, 1.81912, 1.89463, 1.96877,2.04166, 2.11338, 

2.18400, 2.25357, 2.32215, 2.38978, 2.45651, 2.52235, 2.58735, 

1.00000, 1.13008, 1.23332, 1.32831, 1.41841, 1.50509, 1.58913, 

1.67102, 1.75109, 1.82957, 1.90663, 1.98239, 2.05696, 2.13042, 
2.20284, 2.27427, 2.34476, 2.41439, 2.48309, 2.55100, 2.61810, 
1.00000, 1.13098. 1.23524, 1.33136, 1.42270. 1.51072, 1.59621. 
1.67964. 1.76133. 1.84153, 1.92038, 1.99802, 2.07455, 2.15004. 

2.22456, 2.29816. 2.37089, 2.44279, 2.51390, 2.58423, 2.65382, 

1.00000. 1.13204, 1.23750, 1.33497. 1.42779, 1.51742, 1.60464, 

1.68992, 1.77358. 1.85585, 1.93688. 2.01680, 2.09571, 2.17369, 

2.25079, 2.32706. 2.40255. 2.47730, 2.55133.2.62467. 2.69736, 

1.00000, 1.13266, 1.23884. 1.33711, 1.43082. 1.52142, 1.60968, 
1.69607, 1.78093, 1.86445, 1.94681. 2.02813, 2.10850, 2.18799, 
2.26667, 2.34458, 2.42177, 2.49827, 2.57412, 2.64933, 2.72393, 

1.00000, 1.13339, 1.24042, 1.33965, 1.43442, 1.52616, 1.61567, 

1.70341, 1.78967, 1.87473, 1.95869, 2.04169, 2.12382, 2.20515, 

2.28575, 2.36566, 2.44492, 2.52356, 2.60162, 2.67912, 2.75607, 
1.00000, 1.13434, 1.24247, 1.34294, 1.43909, 1.53236, 1.62351, 
1.71301, 1.80118, 1.88823, 1.97432, 2.05956, 2.14405, 2.22785. 

2.31102, 2.39362, 2.47567, 2.55721, 2.63826, 2.71885, 2.79901, 
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1.00000, 1.13458, 1.24299, 1.34378, 1.44028, 1.53393, 1.62551, 

1.71547, 1.80412, 1.89169, 1.97833, 2.06415, 2.14925, 2.23369, 

2.31754, 2.40083, 2.48361, 2.56591, 2.64774, 2.72915, 2.81014, 

1.00000, 1.13485, 1.24358, 1.34473, 1.44163, 1.53573, 1.62778, 

1.71826, 1.80747, 1.89563, 1.98290, 2.06938, 2.15518, 2.24036, 

2.32497, 2.40906, 2.49268, 2.57584, 2.26858, 2.74092, 2.82288, 

1.00000, 1.13517, 1.24428, 1.34585, 1.44324, 1.53785, 1.63048, 

1.72157, 1.81145, 1.90032, 1.98833, 2.07561, 2.16225, 2.24830, 

2.33384, 2.41889, 2.50351, 2.58779, 2.67154, 2.75501, 2.83813, 

1.00000, 1.13558, 1.24518, 1.34731, 1.44532, 1.54063, 1.63400, 

1.72591, 1.81665, 1.90645, 1.99545, 2.08378, 2.17151, 2.25873, 

2.34548, 2.43181, 2.51775, 2.60334, 2.68860, 2.77356, 2.85822, 

1.00000, 1.13658, 1.24735, 1.35083, 1.45035, 1.54733, 1.64252, 

1.73640, 1.82928, 1.92135, 2.01278, 2.10368, 2.19413, 2.28421, 

2.37397, 2.46346, 2.55270, 2.64174, 2.73059, 2.81927, 2.90781 }; 

1************************************************************************1 
double hiroi_H(double mu, 1* mu = cos(e) , emission geometry *1 

{ 

double w) 1* single scattering albedo *1 
1****************************************1 

double wt_wl, 1* weight for wl in interpolation *1 
wt_w2, 1* weight for w2 in interpolation *1 
wt_mul, 1* weight for mul in interpolation *1 
wt_mu2; 1* weight for mu2 in interpolation *1 

int Lwl, 1* index points to w_table[i_wlJ < w *1 
Lw2=1, 1* index points to w_table[i_w2J > w *1 
i_mul, 1* index points to mu_table[i_mulJ < mu *1 
i_mu2=1 ; 1* index points to mu_table[i_mu2J > mu *1 

1* find lower and upper mu indices and weights **1 
if(mu < 0.0 I I mu > 1.0) { 

} 

printf(IIERROR: illegal mu value ('l.lf).\nll,mu); 

exit(l) ; 

while(mu_table[i_mu2J < mu) i_mu2++; 
i_mul = i_mu2 - 1; 
wt_mul = (mu_table[i_mu2J - mu)1 

(mu_table[i_mu2J - mu_table[i_mulJ); 
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1** find lower and upper w indices and weights **1 
if(w < 0.0 I I w > 1.0) { 

} 

printf(IIERROR: illegal w value ('l.lf). \nll ,w); 
exit(1); 

w = sqrt(1.0-w); 
while(sqrt_w_tableCi_w2J > w) i_w2++; 

Lwl = Lw2 - 1; 
wt_wl = (sqrt_w_tableCi_w2J - w)1 

(sqrt_w_tableCi_w2J - sqrt_w_tableCi_wlJ); 
wt_w2 = 1.0 - wt_w1; 

return( wt_wl*wt_mul*hiroi_1994_H_tableC21*i_wl + i_mulJ + 
wt_w2*wt_mul*hiroi_1994_H_tableC21*i_w2 + i_mulJ + 
wt_wl*wt_mu2*hiroi_1994_H_tableC21*i_wl + i_mu2J + 
wt_w2*wt_mu2*hiroi_1994_H_tableC21*i_w2 + i_mu2J ); 

} 1****************************************************************1 

With these subroutines, it is possible to calculate the bidirectional re-

fiectance, r([lO, [l, g), for a surface, using equation 5.l. The subroutine implemen

tation of this equation follows. 

1************************************************************************\ 

HAPKE_R 

Hapke bidirectional reflectance evaluated for a specific viewing 
geometry (muO, mu, g) (Grundy 1995, eq. 5.1, Hapke 1981, eq. 16) 
Roughness parameter (see Hapke 1984, p. 53, eq. 57, eq. 58) 
Notes: radiance factor rf = r*PI (see Hapke 1981, eq. 36) 

radiance coefficient rc = r*Pl/muO (Hapke 1981, eq. 37) 
normal albedo An = r(muO,muO,O)*PI (Hapke 1981, eq. 38) 

\************************************************************************1 
double hapke_rCdouble muO, 1* muO = cos Ci) incident geometry *1 

double mu, 1* mu = cos(e) emission geometry *1 
double g, 1* phase angle *1 
double w, 1* single scattering albedo *1 
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double bg, 
double pg, 
double tbar) 
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1* backscatter fn evaluated at g *1 
1* 1 scatter phase fn evaluated at g *1 
1* mean macroscopic surface rough (rad) *1 

double r, 1* bidirectional reflectance accum. 
hiroi_H(), 1* Takahiro Hiroi's H function *1 
hapke_r_rough()j/* Hapke 1984 roughness correction *1 

if(tbar != 0.0) 1* if non-zero tbar, do roughness calc. *1 
r = hapke_r_rough(muO,mu,g,w,bg,pg,tbar)j 

else { 1* save cpu time: do the Hapke 1981 eq. 16 

} 

calculation instead of the 1984 version 
which includes roughness correction. *1 

r = (1.0 + bg)*pg + hiroi_H(muO,w)*hiroi_H(mu,w) - 1.0j 

r *= w*muO/(PI*4.0*(mu+muO))j 

return(r)j 

} 1****************************************************************1 

For surfaces with a non-zero average surface roughness, 8, a more complex 

alternate calculation is used, implementing equations from Hapke (1984). 

1************************************************************************\ 

HAPKE_r_ROUGH 

Macroscopic roughness correction to bidirectional reflectance. 

(See: Hapke 1984) 

\************************************************************************1 
double hapke_r_rough( 

double muO, 1* cos(i) incident geometry *1 
double mu, 1* cos(e) emission geometry *1 
double g, 1* phase angle (radians) *1 
double w, 1* single scattering albedo *1 
double bg, 1* backscatter fn evaluated at g *1 
double pg, 1* 1 scatter phase fn evaluated at g *1 
double tbar) 1* macroscopic roughness angle (rad) *1 

{ 

double r, 1* corrected bidirectional reflectance *1 
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Siephi, /* Hapke 1984 S(i,e,phi) function */ 
f, /* Hapke 1984 equation 32 */ 
mu_p,muO_p, /* Hapke 1984 equations 46, 47, 50, 51 */ 
mu_pO,muO_pO, /* Hapke 1984 equations 48, 49 */ 
i,e, /* incidence and emission angles (rad) */ 
phi, /* azimuth angle between i, e */ 
sqt, /* sqrt(1 + pi tan**2(theta_bar) */ 
cos_phi, /* short cut: cosine (phi) */ 
cot_tbar, /* short cut: cotangent (theta_bar) */ 
tan_tbar, /* short cut: tangent (theta_bar) */ 
cot_i,cot_e, /* more short cuts */ 
ce,ci,c2i,c2e, /* still more short cuts */ 
hiroi_HO; /* Takahiro Hiroi's H function */ 

i = acos(muO); 
e = acos(mu); 
if(i*e != 0.0) { /* usual non-vertical geometry **/ 

cos_phi = (cos(g) - mu*muO)/(sin(i)*sin(e)); 

if(cos_phi >= 1.0) { /***** avoids domain errors *****/ 

phi = 0.0; 
cos_phi = 1.0; 

} else if(cos_phi <= -1.0) { 

phi = PI/2.0; 

} 

phi 

cos_phi = -1. 0; 

= acos(cos_phi); 

} else { /** if geometry is vertical, phi is irrelevant **/ 

phi = 0.0; 
cos_phi = 1.0; 

} 

f = exp(-2.0*tan(phi/2.0)); 
cot_tbar = cos(tbar)/sin(tbar); 

/**** Hapke 1984 equation 32 ****/ 

tan_tbar = tan(tbar); 
cot_i = muO/sin(i); 

cot_e = mu/sin(e); 

ci = exp(-cot_tbar*cot_tbar*cot_i*cot_i/PI); 

ce = exp(-cot_tbar*cot_tbar*cot_e*cot_e/PI); 
c2i = exp(-2.0*cot_tbar*cot_i/PI); 
c2e = exp(-2.0*cot_tbar*cot_e/PI); 

/** short cuts **/ 
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sqt = sqrt(1.0 + PI*tan_tbar*tan_tbar); 

/**** Hapke 1984 equation 48 ****/ 
muO_pO = (1.0/sqt)*(muO + sin(i)*tan_tbar*(ci/(2.0 - c2i»); 

/**** Hapke 1984 equation 49 ****/ 
mu_pO = (1.0/sqt)*(mu + sin(e)*tan_tbar*(ce/(2.0 - c2e»); 
if(i <= e) { 

muO_p = (1.0/sqt)*(muO + /**** Hapke 1984 equation 46 ****/ 
sin(i)*(cos_phi*ce + sin(phi/2.0)*sin(phi/2.0)*ci)* 
tan_tbar/(2.0 - c2e - phi*c2i/PI»; 

mu_p = (1.0/sqt)*(mu + /**** Hapke 1984 equation 47 ****/ 
sin(e)*tan_tbar*(ce - sin(phi/2.0)*sin(phi/2.0)*ci)/ 
(2.0 - c2e - phi*c2i/PI»; 

Siephi = mu_p*muO/ /**** Hapke 1984 equation 31? ***/ 
(mu_pO*muO_pO*sqt*(1.0 - f + f*muO/(sqt*muO_pO»); 

} else { 

} 

muO_p = (1.0/sqt)*(muO + /**** Hapke 1984 equation 50 ****/ 
sin(i)*tan_tbar*(ci - sin(phi/2.0)*sin(phi/2.0)*ce) / 
(2.0 - c2i - phi*c2e/PI»; 

mu_p = (1.0/sqt)*(mu + /**** Hapke 1984 equation 51 ****/ 
sin(e)*(cos_phi*ci + sin(phi/2.0)*sin(phi/2.0)*ce)* 
tan_tbar/(2.0 - c2i - phi*c2e/PI»; 

Siephi = mu_p*muO/ /**** Hapke 1984 equation 52 ****/ 
(mu_pO*muO_pO*sqt*(1.0 - f + f*mu/(sqt*mu_pO»); 

r = (1.0 + bg)*pg + hiroi_H(muO_p,w)*hiroi_H(mu_p,w) - 1.0; 
r *= w*muO_p*Siephi/(4.0*PI*(muO_p + mu_p»; 

return(r); 

} /****************************************************************/ 
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