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ABSTRACT 

A new technique of analyzing flows through dendritic microstructures for 

permeability calculations is presented. The method of applying a Navier-Stokes solver for 

analyzing flows normal and parallel to columnar dendritic structures and past equiaxed 

grains is elucidated. 

The permeability for flow normal to arrays of circular cylinders is fIrst calculated to 

verify the computational method. Calculated results are extended to volume fraction of 

liquid as high as 0.98 to achieve relevancy to solidifIcation modeling. The study showed a 

weak dependence of non dimensional permeability on the Reynolds number (Re), up to 

Re =60. 

Dendritic microstructures, obtained by quenching an alloy during solidifIcation are 

captured with an image analysis system. Complex solid-liquid dendrite interfaces are then 

represented in a computer program by retrieving and digitizing the pixel data. A mesh 

generator is used to subdivide the quenched liquid into quadrilateral fInite elements. Using 

a Navier-Stokes solver, the velocity and pressure at the nodes are calculated at the 

microstructural level and used to calculate nondimensional permeability. It is found that the 

calculated results for flows normal to the primary dendrite arms at high liquid volume 

fractions merge well with the empirical permeabilities obtained at lower volume fractions. 

The analyses are extended to calculate permeability for flow past equiaxed 

dendritic grains and past globular grains. A method has been devised to extrapolate results 
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from two-dimensional flows to three-dimensional flows. The results, considering specific 

surface area as characteristic length, compare to the analytical results for flow through 

different arrays of spheres. 

Numerical calculations are also performed to obtain permeabilities for flow parallel 

to primary dendrites in columnar structures, with high liquid volume fraction (gL), where 

physical experiments fail. For gL > 0.6, the results of the present work agree with the 

permeabilities calculated for fully developed flow parallel to an array of circular cylinders. 

Also, when the roughness factor is introduced, permeabilities obtained by the present 

technique merge well with the experimental data. The range in gL where the roughness 

factor should be introduced, however, is yet to be resolved. This merits, therefore, further 

work involving three- dimensional flow analyses. 
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Solidification of metals and alloys involves one or more nucleation events, followed by 

an evolution of geometrically complex interfacial structures between the solid and liquid 

phases. These processes ultimately give rise to as-cast structures which determine, to a large 

extent, the physical, chemical and mechanical properties of the metal or alloy. 

The macroscopic region over which the solid and liquid coexist is commonly called the 

"mushy zone" so as to distinguish it from the all liquid and completely solid regions in 

solidifying castings and welds. Mushy zones feature a variety of intricately linked phenomena 

occurring over a wide range of length scales [1]. Also, it is in this mushy zone that chemical 

microsegregation, macro segregation and resultant phase relationships are established for a fully 

frozen or as-cast material. Because of these, researchers have shown keen interest in 

understanding, modeling and controlling mushy zones. 

Metallurgists and foundrymen have dealt with various forms of macrosegregation in 

castings ever since metal casting techniques came into existence more than four hundred years 

ago [2-29]. Studies over the last three decades have shown that the most important 

phenomenon responsible for segregation is the buoyancy-driven convection of the liquid, which 

is caused by both thermal gradients and compositional variations within the mushy zone and the 

all-liquid zone of a solidifying alloy. Liquid flow also results from solidification contraction, 
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although this flow is generally small in comparison with buoyancy- driven convection. The flow 

of interdendritic liquid is impeded by the dendritic network of solid. Therefore, permeability for 

flow of liquid through these dendritic networks is vital for modeling the flow and attendant 

macro segregation in castings and ingots. 

In an effort to understand and control macrosegregation, various models that treat the 

mushy zone as a porous medium have been proposed [30-37]. Over the years these models 

have undergone changes and have become more sophisticated because of the simultaneous use 

of continuity, momentum, energy and solute conservation equations. In most porous media, the 

fluid phase convects in a network of uniform volume fraction solid. But in a solidifying alloy, 

the interdendritic liquid moves in a solid network in which the volume fraction solid 

continuously changes. In the case of a mushy zone in a solidifying alloy, Ganesan and 

Poirier [38] derived 

PL(~ +V'VV)=-VP+PLg+ ~ V2(KLV)-,ugLV[Kr1 
(1.1) 

where P L is density of the interdendritic liquid, gL is liquid volume fraction, V is interdendritic 

liquid velocity, P is pressure, g is gravitational acceleration, ,u is viscosity of the liquid, and K 

is the permeability tensor. In the interior of the mushy zone (where 0 < gL < 0.7 ), the 

momentum equation can be represented satisfactorily by Equation (1.1) without the inertial 

(the left side) and diffusion term ( third term in the right side), leaving Darcy's law. Darcy's law 

by itself, however, gives erroneous results in the part of the mushy zone that is adjacent to the 

all-liquid zone, where gLexceeds 0.7. Therefore, it is necessary to use Equation (1.1) with both 
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inertial and diffusion tenns along with the Darcy term to provide for a smooth transition in 

momentum transport from the mushy zone to the all-liquid region as gL varies from 0 to 1. 

Specifically as gL~I, K~ 00, and Equation (1.1) reduces to the Navier-Stokes equation for a 

single-phase liquid. 

A key parameter in modeling is the choice of permeability; unfortunately the 

permeability is least known where the volume fraction liquid is very high. The focus of this 

dissertation is to calculate the permeability factor in this critical part of the mushy zone. The 

method adopted basically utilizes finite element code to solve the two-dimensional Navier

Stokes equation for flow of the interdendritic liquid at the microstructural level An alloy is 

quenched during solidification in order to reveal the solid - liquid phases in the mushy zone. 

Using an image analyzer, pixel data are retrieved and digitized so that the complex solid-liquid 

dendritic interface can be represented in a computer program. A mesh generator is used to 

subdivide the quenched liquid into quadrilateral finite elements, and the mesh is used to solve 

for both velocity and pressure at the microstructural level These calculations are used to 

deduce the permeability. 

Several critical questions pertaining to utility of this unique technique are addressed: (1) 

How does the modeler correlate nondimensional permeability to volume fraction solid at 

various stages of solidification? (2) Can the two-dimensional analyses be extended to the actual 

three-dimensional flow situations? (3) How reliable are these nondimensional permeability 

values? 
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The new numerical analyses performed on microstructures of various alloys to study 

flow of liquid through both columnar and equiaxed dendrites are effective and versatile. 



CHAPTER 2 

LITERATURE SURVEY 
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The mushy zones in the solidifying dendritic alloys are usually treated as porous media 

in various macrosegregation mode1s. Therefore, before embarking on mushy zone analyses, a 

brief review of porous media in general and of flow through porous media is given. This is 

followed by an overview of permeability calculations for flow through fibrous and granular 

media. Finally, attention is given to flow through partially solidifying alloys, highlighting earlier 

works, their limitations and the importance of carrying out the present work involving 

numerical calculations. 

2.1 FLOW THROUGH POROUS MEDIA 

The term " porous media" encompasses a wide variety of substances. The ideal porous 

medium perhaps can best be represented by a body of ordinary unconsolidated sand. Such a 

material offers a completely interconnected network of openings through which a fluid can 

flow. In many naturally occurring porous media, however, the pore spaces or interstices are not 

all interconnected and may not be open to the flow. 

Flow through porous media is encountered in a broad range of scientific and 

engineering disciplines which include such diverse fields as soil mechanics, filtration, petroleum 

engineering, solidification processing and hydrology. Consequently, today there exists a vast 



26 

body of literature directed at describing the structure and characteristics of consolidated porous 

media. The pore structure of a given material may affect the performance of an electrode, the 

strength of a material, the resistance to flow of a fluid or the performance of a catalyst, to name 

just a few applications. In addition, biologists have a vested interest in the structural description 

of nerve cells, and blood vessels, all comprising pores of different sizes and shapes. 

Within the field of petroleum engineering, the emphasis is on the secondary recovery 

technique of oil from the granulated reservoir rocks. It is during this recovery process that a 

variety of fluids such as water, steam surfactants or COz are injected into the formation in order 

to displace the remaining oil in the field. When these multiple fluids flow in the microscopic 

channels, the descriptions of the pore structure and the permeability are necessary to accurately 

model and devise intelligent recovery strategies [39]. In the area of geological engineering, 

seepage of water through granulated sedimentary rocks poses a formidable challenge to 

designers, as the varying pore sizes and shapes cause unpredictable permeability for 'flow 

through the randomly packed rocks. 

As our main interest lies in predicting the passage of fluid into and out of a porous 

space, a microscopic description and analyses of the media are in order. The object of pore 

structure analysis is to provide a description that can be related to those flow properties such as 

porosity, permeability, connectivity, adsorption and wettability. With an understanding of the 

structure of the matrix, it is possible to get an insight into the direct effect of the matrix. 
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properties on the flow properties. This understanding enab1es one to evolve more quantitative 

and accurate models to predict and scale flow phenomena. 

Pore structure analysis involves mainly the description of the size, shape and the manner 

of interconnection of pores. Accordingly, pore size distributions are determined from capillary 

measurements, even though they do not describe the pore structure deterministically but rather 

describe them statistically. Specific surface is the other important property of the media, defined 

as the sum of all the surface areas relative to the bulk volume of the material in question. This is 

connected to the particle size distribution, the packing of material, the permeability and the 

porosity. Dullian and Batra [40] presented a comprehensive review of pore structures and 

Vershinin et al. [41] extended the analyses of pore structure to those problems relating to soils. 

2.2 PERMEABILITY AND DARCY'S LAW 

Permeability is a measure of the ease with which fluids traverse a medium under the 

influence of a driving pressure. In other words, it is the conductivity of the fluid through the 

solid network. The fundamental equation used to define permeability is Darcy's law; it is 

Q Ktlp -=--
A pL 

(2.2) 

where Q is volumetric flow rate through a cross section of area A, J.L is dynamic viscosity of 

the fluid, K is permeability which is a macroscopic property independent of the nature of the 

fluid and having the dimension of a length squared, and tlp is the pressure drop over a 

length L. Equation (2.2) gives the statistical average macroscopic velocity of Newtonian fluids 
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at low flow rates. For a linear flow, the fundamentally distinctive feature of the porous 

conducting medium is the uniformity of the velocity across the whole channel However, in 

every single pore the actual velocity at a p~int varies with the maximum speed occurring at the 

center of the pore. This remark suggests that samples of a porous medium studied must be 

large compared to the size of the pores [42,43]. 

2.3 POROUS MEDIA MODELS 

2.3.1 CAPilLARY MODELS 

The proportionality of the superficial velocity (QlA) to the pressure gradient (ApIL) as shown 

by Darcy's law suggests the analogy to the Hagen- Poiseuille flow of a Newtonian fluid through 

a circular capillary; i.e. 

d 2Ap v=--
32J1L 

(2.3) 

where d is pore diameter. Many investigators have used this analogy between a granular bed 

and a group of capillaries parallel to the direction of flow. Applying the above equation to a 

porous medium is equivalent to taking d as an average pore diameter in the straight capillary 

model More sophisticated models have been investigated since the model based on a bundle of 

straight parallel capillaries is evidently remote from the structure of an actual porous medium. 

Despite all the sophistication that can be brought to a capillary mode~ the average pore 

diameter has little meaning when compared to the pore size distribution. 
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A macroscopic element of porous medium contains an intricate three-dimensional 

network of flow channels, each of continuously curving tortuous paths. During passage of a 

particle of fluid, the velocity vector is free to assume any possible orientation in space. In the 

Hagen-Poiseuille flow, each particle moves along a rectilinear path at constant velocity. The 

analogy between these two types of flow is thus very limited, and deductions concerning the 

flow through porous media made from Hagen-Poiseuille flow are bound to be misleading. 

However, Hagen-Poiseuille flow can be considered as a very special case of Darcy-type flow. 

2.3.2 HYDRAUUC RADIUS THEORIES 

Hydraulic radius theory seems to be an appropriate approach, as the basic concept is a 

consequence of dimensional considerations. The permeability has the dimension of an area and 

depends on any dimensionless quantities and proportional to some hypothetical length squared. 

This length is called the "hydraulic radius". 

Scheidegger [44] has given various accounts of hydraulic radius theories. Kozeny's 

work, modified by Carman [45], remains as the most generally accepted of such theories. 

Carman's expression for permeability, K, for flow through a granular bed is 

(2.4) 

where C is constant, E is pore volume fraction, and de is eqivalent particle diameter defined by 

(2.5) 
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where Sp is the specific surface area of the grains. The form of Equation (2.4) is based on two 

assumptions: (1) the granular bed is equivalent to a bundle of flow channels such that the total 

internal surface and volume are equal to the particle surface and pore volume, respectively; 

(2) the length of the equivalent channels, Le, is greater than the length of the porous bed, L, due 

to the tortuous character of flow. The expression for C in Equation (2.4) is 

(2.6) 

and ko depends on the shape of the cross-section of the channel Experimental values for C 

cited by Carman range from 4.81 to 5.95 and are considered sufficiently close to C = 5.0 to 

confirm Kozeny's equation. Substituting this value into Equation (2.3) gives the Kozeny-

Carman expression for permeability as 

d 2e3 

K- e 
-180(I-e)2 

(2.7) 

Although this equation is widely used, it must be borne in mind that the Kozeny- Carman 

theory is based on the very restictive assumptions regarding the structure of the porous media. 

For unconsolidated porous media, the above equation has been used with success, but more 

accurate determination of the constant C was needed. The effect of particle shape on the 

constant C was studied by Wylie and Gregory [46]. Later the deviations from the Kozeny-

Carman equations leading to anomalously high hydraulic tortuosities were established by the 

experiments conducted by Michaels et al.[47]. According to many authors, particularly 
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Scheidegger [44], no more than a qualitative description of the phenomenon can be expected 

from Equation (2.7). 

2.4. LIMITATIONS OF DARCY'S LAW 

Measured pressure gradients when the flow rate is very small are used to deduce Darcy's 

law. In this domain, the flow is essentially viscous and the kinetic energy of the elements of fluid 

is negligible. By analogy to flow through pipes, a Reynolds number, Re, defined by 

Re= pVd~ 
Jl 

(2.8) 

is used to characterize the flow. In Equation (2.8), p is density, Jl is viscosity, V is superficial 

fluid velocity and de is the equivalent particle diameter. In the above definition of Reynolds 

number, de is obtained from hydraulic radius theory and is therefore questionable. Furthermore, 

the validity of Darcy's law is not necessarily related to a change from laminar to turbulent flow 

at a definite value of the Reynolds number. In fact, the local velocity and pressure drop do not 

vary linearly as soon as the inertia terms in the Navier Stokes equations become important. The 

tortuosity of the pore space gives to these inertia terms a perceptible effect long before the 

appearence of turbulence. Hence. even in laminar flow, a nonlinear relationship between fluid 

velocity and pressure drop can exist. 

Foust et al. [48] attempted to specify the Validity of Darcy's law. They introduced the 

term porosity. (1-g,), in the expression and proposed 

(2.9) 
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where Re is the Reynold's number and 8, is volume fraction solid. Muskat [49] also mentioned 

this constraint on the Reynolds number. For high flow velocities, heuristic correlations and 

theoretical equations have been proposed but are developed for particular systems which 

undoubtedly limit their domain of validity. 

2.5 PERMEABiliTY OF FIBROUS POROUS MEDIA 

Most porous media are granular; however, some are composed of long particles with 

very high aspect ratios and are described as fibrous porous media. Typical examples of fibrous 

media include steel wool. cotton batting, entangled polymer chains in solution and banks of 

heat exchanger tubes. The fibers may be straight or curved, man-made or natural, randomly 

oriented or in regular arrays. Studies on porous fibrous media are less extensive and not as 

common as studies on granular materials. Consequently, commonly observed facts, such as 

structural dependence of resistance in the fibrous porous media remain unanswered. In recent 

years, Jackson and James [50] critically examined and compared data and theories related to 

fibrous porous media, based on permeability (K). 

Permeabilities for flow through fibrous media have been divided into flow parallel to 

an array of paral1e1 rods, flow normal to an array of parallel rods, flow through random arrays 

of rods and flow through three-dimensional arrays depending on the structure and flow 

direction. These four categories of flow are summarized in the following sections. 
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2.5.1 FLOW PARALLEL TO AN ARRAY OF PARALLEL RODS 

The first attempt to solve problems related to flow parallel to an array of parallel rods 

was made by Langmuir [51] in 1942. He chose a circle as the shape of the unit cell and 

imposed a condition of zero stress at the. boundary of the circle. He then arrived at the 

following equation for permeability: 

.!..=_I_(_lng -1.5+2g _g,2) 
d 2 4g, ' , 2 

(2.10) 

where d represents diameter of the rod, g, is volume fraction solid and K is permeability. In 

1959 Happel [52] confinned the findings of Langmuir. In the same year Sparrow and Loeffler 

[53] used a non-circular cell for the analyses of flow parallel to arrays of rods. They solved the 

Stokes equation for both square and triangular arrays using a power series technique. The 

series constants were determined by imposing zero shear stress at discrete points on the 

boundary. They presented numerical results for a pressure gradient and friction factors in 

graphical form. From their graphs, Jackson and James [50] determined values of K/~ and gs. In 

1984, Drummond and Tahir [54] used a method of "distributed singularities" to determine the 

flow field in square, triangular, hexagonal and rectangular arrays. Jackson and James [50] 

converted the drag forces calculated by Drummond and Tahir to nondimensional permeability 

by applying a force balance on the fiber and arrived at the follOwing relations: 

K 1 ( g,2 ()4 ) -d2 =- -lng,-L476+2g, --+0 g, .... 
4g, 2 

(2.11) 

for square arrays, 
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(2.12) 

for triangular arrays, 

K 1 ( g/ (3)) -2 =- -lng6 -1.354+2g6 --+0 g6 ... 
d 4g

6 
2 

(2.13) 

for hexagonal arrays, and 

(2.14) 

for a two -by -one rectangular array. Based on the similarities of the above equations, 

Drummond and Tahir [54] proposed a reasonably accurate generalized empirical equation for 

flow parallel to an array of rods as 

!S..=_I_(_lng +K +2g _ gs2) 
d 2 4 6 6 6 2 g6 

(2.15) 

where Ks is a constant which depends on the array geometry. 

2.5.2 FLOW NORMAL TO AN ARRAY OF RODS 

The solution for flow normal to an array of rods was first reported by Happel [52] in 

1957. He proposed an equation for nondimensional permeability based on Langmuir's [51] 

unit cell approach as 
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_=_ -lng +g6 -K 1 ( 2 1) 
d 2 8g

6 
6 g/ +1 

(2.16) 

Following this work, Kuwabara [55] solved the problem using the same unit cell 

approach except that he imposed zero vorticity at the boundary instead of zero shear. He 

solved for the drag coefficient of the rod, from which he arrived at the following relation for g s 

< 0.5: 

K 1 ( 3 ) -=- -lng --+2g d 2 8 6 2 6 g6 
(2.17) 

Hasimoto [56], on the other hand, solved the Stokes equation for a square array using 

Fourier series and developed an equation for drag coefficient. From the drag coefficient, 

dimensionless permeability for g6 < 0.228 was calculated as 

K 1 
-=-(-lng -1476) d 2 8 6' g6 

(2.18) 

Adopting the method of singularities to treat the problem of flow normal to a square 

array, Drummond and Tahir [54] obtained the solution for nondimensional permeability as 

~ =_I_(-lng6 -1.476+2g6 -1.774g/ +0(g63
)) 

d 8g
6 

(2.19) 

In 1982 Sangani and Acrivos [57], using a least - squares technique similar to that of 

Sparrow and Loemer [53], solved the problem of normal flow through square and hexagonal 

arrays. They checked the accuracy of the numerical results for drag coefficients by showing 

that their results agreed well with the values from asymptotic solutions. Their analytical 

solutions yielded the following expressions for dimensionless permeability: 
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K 1 ( g/ (4)) 7= 8g, -lng, -1.49+2g, -2+ 0 g, (2.20) 

for a square array and 

K 1 ( g/ 3 (4)) -2 =- -lng, -1.490+2g, --+1.34g, +0 g, 
d 8& 2 

(2.21) 

for the hexagonal array. 

The results of Kuwabara, Hasimoto, Drummond and Tahir and Sangani and Acrivos 

confinned that in the range 0.1 S; g, S; 0.3, permeability for cross flow through arrays of rods is 

almost half that for flow parallel to arrays of rods. 

In 1972 Epstein and Masliyah [58] established the effect of fiber cross section on 

permeability. They reported in their work that for ~ < 0.1, permeability is unaffected by the 

shape of the fibers where the equatorial diameter of the fibers perpendicular to the main flow 

direction is taken as the characteristic length. 

2.5.3 FLOW THROUGH A RANDOM ARRAY OF RODS 

To find the apparent effect of non-uniform distribution of fibers in the medium on 

permeability, Yu and Soong [59] devised and performed experiments with random orientations 

of the fibers. They found that inhomogeneity of the medium could increase the permeability by 

as much as 50%. Their results were in agreement with the results of Kirsch and Fuchs [60] 

who performed similar experiments using randomly oriented cylinders. Spiehnan and Goren 

[61] modeled flow through fibrous porous media as flow around a single circular cylinder 
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surrounded by an infinite homogeneous porous medium. They obtained the flow field and drag 

on an infinitely long cylinder by using the Brinkman-Debye-Buech (BDB ) equation, which is 

basically the superposition of the Stokes equation and Darcy's law. From the drag, they 

deduced an expression for permeability ( K) in the range ~ < 0.5 as 

(2.22) 

In Equation (2.22), kJ and k2 are modified Bessel functions. The unique technique of Spielman 

and Goren, now generally termed as the "swarm" theory, was extended by Howells [62] who 

introduced a second set of fibers at random locations. His results agreed well with those of 

Spielman and Goren for g, S 0.3. 

Spielman and Goren [61] extended their work to three-dimensional arrays using 

randomly oriented rods and averaged permeability values ( K) over all the rod directions. They 

obtained the expression in the range for ~ < 0.75 as 

(2.23 ) 

2.5.4 FLOW TIIROUGH THREE-DIMENSIONAL ARRAYS OF RODS 

Jackson and James [63] performed a similar work on three-dimensional arrays using a 

cubic lattice model In their work they argued that the permeability of a random medium is 
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equivalent to the permeability of a cubic lattice formed of the same material. They estimated the 

flow resistance of the lattice by adding the resistances of the rods across the flow to that of 

rods aligned with the flow. Making use of the equation of Drummond and Tahir [54], they 

arrived at the following expression for dimensionless permeability for ~ < 0.3 as 

~ =_3_{-lngs -0.931+0(lngsf 1
) 

d 20gs 

(2.24 ) 

Their models agreed reasonably with others [61] and with the experimental results. 

2.6 FLOW THROUGH GRANULAR POROUS MEDIA 

Four principal methods of analysing permeability have evolved over the years. The 

methods are categorized as follows: 

1. Empirical methods developed by Kozeny and Carman [64]; 

2. Effective medium methods proposed by Brinkman [65]; 

3. Network modeling method, introduced by Fatt [66-68]; and 

4. Prager's [69] variational methods. 

2.6.1 EMPIRICAL METHODS 

Empirical methods are associated with tube models that have been the basis for the 

development of simple formulae to calculate permeability. As stated by Schopper [70], 

empiricism enters because of the various scale factors that are chosen to fit the data. 

Walsh and Brace [71] reexamined this approach by considering a section of a rock sample 

and treating the pore spaces to act as conduits for the flow of fluid or electric current. 
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Figure 2.1 shows a typical conduit in which inertial effects of the flow are ignored. When a 

fluid is forced through the sample, the average fluid velocity, Va, along a streamline shown 

in Figure 2.1 can be written as 

v = _(m2 )(dP) 
a bJl dl 

(2.25) 

where m is the hydraulic radius (ratio of the volume of a conduit to its wetted area), b is a 

constant which depends on the pore shape ( b = 2 for circular tubes and b = 3 for flat 

tubes), Jl is the fluid viscosity and dp is the pressure gradient along the streamlines. But 
dl 

as shown in the Figure 2.1, dp is related to pressure gradient dp as 
dl dx 

(2.26) 

where l' is the tortuosity factor, defmed as the ratio of actual path length to the apparent 

path length. Considering the flow, Q = A,Va, where A, is the cross-sectional area of the 

conduit normal to stream line, they defined permeability K of the rock sample as 

(2.27) 

where A is the cross-sectional area of the sample. But from Figure 2.1 it is clear that A, is 

less than conduit area A in a plane normal to the specimen axis and the two are related as 

A 
_Az ,-

l' 
(2.28) 
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Figure 2.1 Model of a porous medium. (a) Tortuous path followed by a 
fluid particle shown by a stream line; (b) Representative section 

of the network chosen. (Walsh and Brace [71]). 
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Defming porosity, e = Ax and m = e( ~) and substituting in Equation (2.27), we get 
A A8 

(2.29) 

where As is the wetted surface area. The specific surface area, Sv = A8 , can be found 
~ 

directly from measurements of the size and shape of the pores whereas tortuosity can be 

found only by measuring flow properties. 

The utilization of electrical conductivity parameters to characterize the porous 

sedimentary rocks was ftrst proposed by Archie [72]. He showed that a dimensionless 

parameter, called the Formation factor (F) could be determined by measuring the 

conductivity of the pore fluid (Ct) and dividing this conductivity by the conductivity of the 

rock saturated with a conducting pore fluid (C,). Later, Wyllie and Rose [73] and Wyllie 

and Spangler [74] suggested that the measurement of formation factor could lead directly 

to an evaluation of tortuosity. Assuming that electrical current and fluid flow follow the 

same paths in rocks, Walsh and Brace [71] related tortuosity to formation factor as 

1'2 C - = .J.. = F (2.30) 
l{J C, 

Substituting F in Equation 2.29, they arrived at the following expression for 

permeability, K : 

(2.31) 
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Each variable in Equation 2.31 has well-defmed physical meaning and in principle can be 

measured independently of penneability and other variables. Although the model is a very 

simple representation of the complicated pore space in granites, Walsh and Brace [71] 

found that it provided adequate simulation of how penneability in granulated media varied 

with external pressure. 

2.6.2 EFFECTIVE MEDIUM METHOD 

The effective medium method proposed by Brinkman[65] is based on the fact that, 

on the average, the fluid in proximity to an obstacle embedded in a porous medium 

experiences a body damping force proportional to the superficial velocity(V) in addition to 

viscous and pressure terms; i.e., according to Brinkman's hypothesis 

(2.32) 

where V is the average velocity field, p is the average pressure field and Ii is a tensor 

representing the damping coefficient. The term average refers to an ensemble average over 

all possible arrangements of the surrounding elements about a fixed central element 

pennitted by the geometry of the medium. Ii is Darcy's coefficient of resistance (inverse 

of the penneability) so that, far away from the obstacle where gradients of velocity vanish 

on the average, the equation reduces to the differential form of Darcy's equation. 

Brinkman derived an expression for the permeability by calculating the total damping force 

on a unit volume of the swarm containing n spheres as 
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K=R2[3+~]_3~8 -3) 
18 g, ~ g, 

(2.33) 

where g, is solid volume fraction and R is the radius of spheres. 

Brinkman's hypothesis breaks down when applied to media of very low porosities. 

This is because the effect of many solid boundaries in the immediate proximity to the 

central object cannot be well described by a simple damping term, with a constant 

damping coefficient The model also breaks down when applied to media having a 

sufficiently high superficial velocity such that the inertial tenns dominate and Darcy's law 

is no longer valid. 

Brinkman's "effective medium approach" was used by Wilkinson [75] to obtain 

penneability for a granular porous medium. In his model, the medium was built up 

iteratively beginning with the smallest grains. The analysis resulted in penneability in the 

form of nonlinear differential equation which could be integrated numerically for a given 

choice of porosity and grain distribution. However, his model could only yield an order of 

magnitude agreement between theory and experiments. 

2.6.3 NETWORK MODELING METHOD 

In an attempt to correlate matrix properties of porous media such as grain diameter 

and grain shape to flow behavior, Fatt [68] combined the empirical model based on arrays 

of spheres and bundle of tube models by substituting a unifonn cylindrical tube for each 

pore space. He modeled real porous media, which have pore spaces connected in a 
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complicated and random way, as regular interconnected two-dimensional networks of 

tubes of randomly distributed sized radii. He studied four different networks of tubes in 

order to show the effects of network structures on flow properties. 

The flow properties of networks of tubes were studied by use of an electrical 

analog of the network. The equivalence of Hagen-Poiseuille flow and Ohm's law was the 

basis for the substitution of an electrical resistor for each tube in the network. The 

electrical resistance of the network of resistors was then taken to be equivalent to the 

field resistance of a network of tubes. The results of these studies led to a correlation of 

the flow properties with network structure and showed the interrelation of the different 

structural properties of a given porous medium. 

Wang et al. [76] and Koplik et al. [77] tried different approaches by combining 

network models with an effective medium model. Their results too gave only an order of 

magnitude agreement between theory and experiment Following their work, Lin et al. 

[78] obtained permeability from collections of porous rock cross sections by 

reconstructing successive (connected) cross sections into the three-dimensional structures. 

Their results were comparable to experimental results. 

2.6.4 VARIATIONAL METHODS 

The variational formulation of the creeping incompressible flow problem proposed by 

Prager [69] is based on the classical energy minimization principle. According to this principle, 
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the stress distribution within the sample of porous material is such as to minimize the rate of 

energy dissipation, subject to the condition that the stresses on the exterior faces of the sample 

take on specified values. The local energy dissipation rate per unit volume at a point r in the 

void region is 0' U(r)O'i/r) where 0' ij is the local stress deviation and ,u is the viscosity of 
2,u 

the fluid and r is such that, if it lies in the solid, the local energy dissipation vanishes. He 

defined volume average VE of the energy dissipation rate per unit volume as 

(2.34) 

where g is the factor introduced solely to eliminate the solid regions from the averaging 

principles. Then, imposing the condition that force per unit volume produced by the stress 

deviation must be balanced by the pressure gradient, he estimated resistance of a porous 

medium to fluid streaming through it. 

Berryman and Milton [79] reexamined the variational methods to obtain permeability in 

granites. In the porosity range of practical interest, their results agreed to within one order of 

magnitude of the experimental data. In an effort to obtain better agreement with the theoretical 

and experimental results, Berryman and Blair [80] used a hybrid approach . They used image 

processing techniques to get correlation functions of the porous materials. The correlation 

function is a measure of the probability of finding a set of points (in a specified geometrical 

arrangement) all lying in the region of space occupied by one constituent of a two-phase 

material. For example, the one-point correlation function is the probability that any point lies in 
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Material 1. The two-point correlation function is the probability that two points, at a specified 

distance apart, are. both in Material 1. The three-point correlation function is the probability that 

all three vertices of a specified triangle lie in Material 1. Berryman and Milton [79] calculated 

the two-point correlation functions and estimated the porosity and specific surface area of 

various porous materials. The fonnation factor (F) was estimated from SEM images by 

obtaining the three-point correlation function of the sample surfaces. Using these parameters as 

variables in the empirical formuJa proposed by Walsh and Brace [71], they obtained 

permeability close to those from experiments on various sandstones and gJass beads. 

Up to this point, the focus has been on models of permeability in different arrangements 

of fibrous and granuJar porous media. In the succeeding sections, flow through partially 

solidifying alloys coupled with permeability calculations are given. 

2.7. PERMEABILITY IN PARTIALLY SOLIDIFYING MATERIALS 

The mushy zones in solidifying alloys have often been modeled as porous media. 

Figure 2.2 shows how quantitative results can be obtained by modeling the interdendritic fluid 

flow'in a remelted ingot. In this case, solidification starts at the bottom of the ingot and 

moves upwards. The liquidus and solidus isotherms are concave downwards (Figure 2.2a) and 

the gravity induced flow is towards the center, where reversal of flow takes p1ace. Since the 

solute-rich interdendritic liquid flows towards the center (Figure 2.2b), positive segregation 

occurs at the center of the ingot, as shown in Figure 2.2c. 
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Figure 2.2 Interdendritic fluid flow and macrosegregation in a remelted ingot of Sn-15 
wt pet Pb. 
(a) Steady state liquidus and solidus isotherms; 
(b) Flow lines of the interdendritic liquid; 
(c) macrosegregation measured and calculated. ( Kou et al. [12]) 
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When the velocity of the interdendritic liquid is in the same direction as that of an isotherm and 

the fluid speed is greater than the isothenn, then "freckles" result. Freckles form due to local 

remelting within the mushy zone, causing opening of channels through which the interdendritic 

liquid flows in a path of least resistance. Figure 2.3 shows freckles in Pb-20 wt% Sn alloy 

formed during solidification. 

Several attempts have been made in the past decade to model channel formation in 

solidifying alloys. An example taken from Heinrich et al.[81] is given in Figure 2.4. 

Solidification is effected by cooling the bottom surface and insulating the side walls. After 10 

minutes, there are channels along both sides of the mushy zone and a segregated pocket to the 

right of center, where some remelting has occurred. 

In order to model convection and macrosegregation and to predict freckles in cast 

alloys, accurate values of permeability for interdendritic flow in the mushy zone are required. 

Piwonka and Flemings [83] were the first to measure permeability. They forced liquid Pb 

through the interstices of a partially solidified AI- 4.5 wt% eu alloy under an applied pressure 

and calculated permeability from the flow rate of the lead. In the rather limited range of 

volume fraction liquid studied, they showed that permeability K and volume fraction liquid gL 

are related by 

(2.35) 

where A is a constant. 



Figure 2.3 Micrograph of a Pb - 20 wt pet Sn alloy showing 'freckles' (50X) 
(Nasser -Rafi et al.[81]) 
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In 1974, ApeIian et al.[84] measured penneability in equiaxed Al-Si alloys by forcing 

distilled water through the porous alloy after the liquid had been expelled. Their result indicated 

a similar dependence of penneability on the volume fraction liquid as did Piwonka and FIemin.gs 

[83]. Their work was criticized, however, because they forced liquids other than interdendritic 

liquid through the dendrithc network. Also, by forcing an inert gas through the dendritic 

networks to expel the liquid, the networks could have been distorted during the process of 

displacing the interdendritic liquid. These drawbacks were later addressed by Streat and 

Weinberg [85], who measured penneability in Pb-20 wt% Sn alloys with a volume fraction 

liquid of approximately 0.19. They measured penneability by allowing the flow of the in situ 

interdendritic liquid through partially solidified samples. Penneability was determined as a 

function of primary and secondary dendrite ann spacings; in columnar structures they gave 

penneability as 

(2.36) 

where dJ is primary dendrite ann spacing and 1'is a tortuosity factor. Although, they observed 

that penneability varied with the secondary dendrite ann spacing, they could not derive a 

relation between the two. 

In 1983, Takahashi et al. [86] measured specific penneability in an Al-Si alloy and 

related it to volume fraction solid and the cooling rate. Their results could not be verified, 

however, because of lack of data on dendrite ann spacings. At the same time, Murakami et 
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al.[87] reported studies on permeability in columnar dendritic networks using a binary organic 

alloy. In their studies, they forced a solution of water and ink through the columnar dendrites. 

They did so by frrst allowing the aqueous solution to flow parallel to the primary dendrite arms 

and later, normal to the dendrite arms. They presented their data as 

K - 6 2 xlO-13g 2.6d 2.4d -1.7 (0.27::;; gL::;; 0.61) y- • L 1 2 (2.28) 

for flow parallel to the primary dendrite arms and 

(0.26::;; gL::;; 0.66) (2.29) 

for flow normal to the primary dendrite arms. Here Kx and Ky are, respectively, the 

permeabilities for flow parallel and normal to the primary dendrite arms in m2
, gL is the liquid 

volume fraction, and d1 and d2 are the primary and secondary arm spacings in J.Ill1, respectively. 

Their work showed that permeability depends not only on volume fraction liquid, primary 

dendrite arm spacing, and secondary arm spacing, but also on the direction of flow relative to 

the orientation of the dendrites. 

Nasser-Rafi et aL [81] investigated permeability in Pb-20 wt% Sn alloys, while 

extending the volume fraction liquid to 0.29. They concluded that permeability varied with the 

square of the primary dendrite arm spacing but was independent of the secondary dendrite arm 

spacing for flow parallel to the primary dendrite arms. For flow normal to the primary dendrite 

arms, however, their study showed that permeability was considerably less than that for flow 

parallel to the primary dendrite arms. 
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In 1987, Poirier [88] summarized all the available permeability data for columnar 

dendritic structures in Ph-Sn and organic borneol-paraffin alloys. Using regression fits and 

simple flow models, he established relationships between permeability and microstructral 

metries of the columnar dendrites. He concluded that volume fraction liquid, gr." and primary 

dendrite arm spacing, dJ, were the two most important morphological aspects of dendrites that 

must be considered for flow parallel to the primary dendrite arm spacing. For flow normal to 

the primary dendrite arms, there was a weak dependence on the secondary dendrite arm 

spacing. Since the models proposed by Poirier [88] were based on regression analyses of data 

which are valid only in the range 0.1 ~ gL ~ 0.67, his extrapolations to greater values of gL 

have since been shown not to be valid. 

Ganesan et al. [89] investigated permeabilities for flow of interdendritic liquid in 

equiaxial AI-Co alloys with volume fraction liquid in the range 0.166 ~ gL ~ 0.434. They 

showed that the characteristic length scale for permeability could be taken as S/, where Sv is 

the specific surface of the solid. They defined dimensionless permeability as KS/, and showed 

that empirical data compared well with the theoretical curves for flow through arrays of 

uniform spheres. 

In analyzing porous media flows relevant to dendritic solidification, Poirier [90] 

integrated the results of many prevoius works and presented relationships for Stokes flow and 

turbulent flows through model microstructures in terms of both friction factors and 

permeabilities. The model microstructures were regular arrays of circular cylinders and both 
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regular and random arrays of spheres. When the flows were categorized as flows normal and 

parallel to the cylinders and through the interstices around the spheres, an appropriate length 

scale, once again, for nondimensionalizing permeability was found to be the specific surface 

area of the solid. 

2.8 NUMERICAL CALCULATION OF PERMEABILITY 

Permeability for liquid flow in dendritic alloys is analyzed according to the direction of 

liquid flow and the nature of the dendritic network. The flow can be through: (a) columnar 

dendritic networks with flow parallel to the primary dendrite arms; (b) columnar dendritic 

networks with flow normal to the primary dendrite arms; and (c) a network of equiaxed grains. 

Ganesan' et al. [89] performed "numerical experiments" to obtain permeabilities for 

flow parallel to primary dendrite arms using the boundary element method and compared the 

results for flow parallel to cylinders. He found that in the empirical data range 0.1 ~ gL ~ 0.61, 

the numerical experiments predicted larger values of permeability compared to the empirical 

data. However, with gL ~ 0.7, there appeared to be an excellent agreement between his 

permeabilities and permeabilities calculated for creeping flow parallel to arrays of circular 

cylinders [54]. This is due to the fact that at lower values of gL neighboring dendrites touch, 

resulting in tortuous flow paths for the interdendritic liquid. He also proposed a constricted 

tube model for gL < 0.65 where the morphology of the dendrites is so complex that the 

assumption of fully developed flow is not valid. 
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Sangani and Acrivos [57], Sparrow and Loeffler [53], and Larson and Higdon [91] 

calculated drag forces for Stokes flow through two-dimensional periodic arrays of circular 

cylinders. Launder and Massey [92], Thorn and Apelt [93]. and Eidsath et al. [94] also used 

numerical methods to calculate drag forces and permeabilities for flows with finite Reynolds 

numbers, but in these works the porosities were limited to a maximum of 0.5. Recently 

Edwards et al. [95], however, analysed flows for Reynolds numbers up to 180, while extending 

the porosity to 0.8. Even more recently McCarthy [96] calculated permeability for high fraction 

liquid using the lattice gas automata technique. 

Analyses for flow through equiaxed grains can only be done by considering the 

equiaxed grains as spheres. Zick and Homsy [97] solved the problem of Stokes flow through 

regular simple cubic (SC), body-centered cubic (BCC). and face-centered cubic (FCC) arrays 

of uniform spheres. They put their results in a convenient form of pressure gradient as 

(2.39) 

where C is a constant and tabulated by the authors in terms of gs. Kim and Russel [98] 

calculated Stokes drag in a random array of fixed spheres for 0 < gs S 0.5. When uniform sized 

spheres are randomly packed, however, the maximum attainable value of gs is approximately 

0.3, so their results in the range 0.3 S gs S 0.5 are suspect. 

The BIake-Kozeny equation is sometimes used to estimate friction factor or 

permeability for slow flow through randomly arranged spheres [99]. With the friction factor 

(/) and Reynolds number ( Re ) defined respectively. as 



and 

Re=dPU(_1 ) 
J.L 1-& 

the Blake -Kozeny equation for Stokes flow through spheres becomes 

jRe = 150 
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(2.40) 

(2.41) 

(2.42) 

The above relation is valid only for gL ~ 0.5 and is often applied to predict permeability in 

isotropic porous media. 

As can be seen from the review, the literature appears to be void of reliable data on 

permeability for flow through mushy zones of solidifying alloys with high volume fraction 

liquid. To address this issue, a versatile numerical simulation technique was adopted in this 

dissertation. 
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Two types of alloys and three types of dendritic structures (columnar, equiaxed and 

globular) were used in the present analyses. Columnar dendritic structures were obtained from 

directional solidification experiments using Pb - Sn alloys containing 20 to 50 wt% Sn. These 

alloys were selected mainly because they were easy to prepare and in partially solidified and 

quenched samples it was relatively easy to distinguish the dendritic solid from the quenched 

interdendritic liquid. To acquire equiaxed and globular dendrites, AI-Cu alloys were used. The 

methods used in obtaining the desired dendritic structures are presented in the succeeding 

sections. 

3.2 COLUMNAR DENDRITIC STRUCTURES 

Directional solidification experiments were performed in a vertical tube furnace to 

obtain columnar dendrites. The vertical tube furnace ( Marshall T. M. Model 1034 ) is shown 

in Figure 3.1. The bottom of the tube furnace is closed with an insulated plate. The furnace was 

connected to a power . source ( Variac Tecni) through a temperature controller ( Berman 

Colman, model 293C ). The power source used could supply up to 280 V to the furnace 

windings to achieve temperatures as high as 8000 C. Several trial runs were made to establish 

that directional solidification could be effected and interrupted by quenching. 
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Figure 3.1 A vertical tube furnace used in the directional solidification experiments. 
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A Pyrex tube of diameter 3 mm and length 12 cm containing Pb-Sn alloy was 

suspended inside the furnace using a copper wire. With the hot zone set at approximately 

500 0 C, the Pyrex tube was lowered at a control1ed rate using a spool and a variable slow 

speed motor. When approximately one-half of the melt was solidified, the specimen was 

quenched into ice-water positioned directly under the tube furnace. Quenching was effected by 

pulling the bottom plate aside as quickly as possible to open the bottom of the furnace and 

immediately cutting the suspension wire. After breaking the glass tube from the specimen, the 

mushy zone at the time of quench was located by etching the outside surface of the specimen. 

The specimens were cut just below the position of the eutectic isotherm and mounted in a 

plastic resin for metallographic analyses. By serial grinding and polishing, a series of transverse 

microstructures through the mushy zone was obtained. Figures 3.2a and 3.2b show typical 

microstructures of longitudinal and transverse sections of a Pb-20 wt% Sn alloy used in the 

present analyses. 

3.3 EQUIAXED AND GWBULAR DENDRITIC STRUCfURES 

The microstructures were prepared by Ocansey [100], in the course of a study of the 

early solidification events in Al- Cu alloys. In his work, equiaxed and globular grains in Al- 30 

wt% Co alloys were studied. Specimens from the alloy were placed in a closed-end quartz 

capsule, 40 rom long by 3 mm in diameter and suspended inside a vertical furnace using copper 

wire. A near eutectic LiS04 - K2S04 flux powder was placed at the top and bottom of the 

specimen prior to its suspension. The flux coated the specimen while in the liquid state 



(a) 

(b) 
Figure 3.2 Microstructures of directionally solidified Pb- 20 wt pet Sn alloy: 

(a) longitudinal section; (b) transverse section. 
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and prevented the fonnation of oxide films. Since the flux has a lower melting point than 

the alloy, the flux melted ftrst and coated the samples. A zirconia slurry was used to close the 

capsule at the top. The dried slurry kept a thermocouple positioned in the specimen during the 

entire period of an experiment. The samples were heated at controlled rates and were 

maintained at temperatures above the liquidus temperature for 10 minutes, and then they were 

cooled to identify the period of recalescence. Specimens were quenched into an ice-water bath 

during recalescence to get equiaxed and globular dendrites. Figures 3.3 and 3.4 show typical 

equiaxed and globular microstructures obtained and used in this dissertation. 

3.4 METALLOORAPillC SAMPLE PREPARATIONS 

The quenched samples of the Ph-Sn alloys were mounted in an epoxy resin and 

polished progressively using a Buehler Ecomet ill automated machine. A force of 5 lbs per 

specimen and a platen speed of 240 rpm for abrasive papers of grit sizes ranging from 180 to 

600 were used for coarse polishing. Grinding was performed approximately for 2 112 minutes 

with a 240 grit size SiC abrasive paper, followed by coarse polishing for 5 minutes with IJl1ll <X 

-alumina slurry on a nylon cloth. In order to eliminate minute scratches, polishing was 

continued for 10 more minutes with 0.3 JlI11 <X -alumina slurry. Final polishing was done 

using a microcloth with 'Mastermet' (0.5 JlI11 colloidal silica suspension) for 5 minutes. After 

polishing, specimens were cleaned in an ultrasound bath for 1 to 4 minutes, washed in a 

detergent solution and rinsed in distilled water. 
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Figure 3.3 Microstructure of equiaxed dendritic grams (Al- 30 wt pet Cu grain refined 
with Ti +B) used in the present analyses (lOOX). From Ocansey [100]. 



Figure 3.4 Microstructure of globular grains ( Al- 30 wt pet Cu grain refined with 
Ti +·B) used in the present analyses. From Ocansey [100]. 
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In Ph-Sn alloys etching was effected by immersing the polished specimens for 4 to 5 

minutes in 10% phosphoric acid (10 ml concentrated phosphoric acid and 90 ml water). In 

Al-Cu alloys, etching was effected by immersing them in a freshly prepared Dix-Keller's reagent 

for times ranging from 10 to 30 s. The etch consisted of 190 m1 distilled water, 5 ml HN03 , 3 

ml HCl and 2 ml HF as concentrated solutions. 

3.5 MICROSTRUCTURAL CHARACfERIZATIONS 

Three microscopic metrics were measured: volume fraction solid, gs, specific surface 

area, Sv , and primary dendrite arm spacing, d1. 

Volume fraction solid at the time of quench, gs, was measured using an image analyzer. 

The total area of dendrites on the plane of polish and the area of the plane of polish were 

measured to obtain gs. By definition, 

AD = VD 
Vr 

(3.1) 

. where A and V refer to area and volume, respectively, and subscripts D and T denote dendrite 

and total, respectively. In this work, the ratio of ALlAr was measured. 

The specific surface area, Sv, is defined as the ratio of solid surface area to solid 

volume. In the present analyses, Sv was measured in a two-dimensional image as the ratio of 

perimeter of dendritic solid to the area of dendritic solid. When applied to the computerized 

image of microstructure, Sv was calculated according to 
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(3.2) 

where Nc is the number of curves enclosing the perimeter of the dendrites (dark regions), NE is 

the number of elements (elements refer to individual dendrites), L is the length of the individual 

curve enclosing the perimeter, AIOIO\ is the total area occupied by the image, and Ai is the area 

of the ith element. In other words, the combined perimeters of all the dendrites in the image 

were found by adding the combined lengths of all the curves describing them, and their 

combined area was found by computing the total non-meshed area. 

The primary dendrite arm spacing, d], was measured by counting the number of 

primary dendrite arms and calculating the spacing according to 

(
A )112 

~= -
N 

(3.3) 

where NI A is the number of dendrites per unit area. 

3.6 IMAGE ANALYSES 

Since the present analysis is based on "numerical experiments" with microstructures, 

image analysis plays an important role in extracting useful information and data from a 

microstructure. A modem digital image analyzer uses a microcomputer to process digitized 

images using a range of software to enhance, measure and then analyze images [101]. In the 

present analysis "Photostylus" software was used to process the images. Scanning of images 
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was done by rastering the electron beam across the image, which produced variations in signal 

intensities associated with different reflectivities. A fully black, nonreflecting image produced 

zero signal; a bright image produced high signal output. 

The electrical signal was fed into a digitizer which is calibrated such that at the full 

analog signal, there is an associated full digitized scale of 8 bits (or 28 = 256 gray levels). The 

numerical representation of the electronic signal was stored in the computer memory as an 

array of numbers. 

Digitized images invariably contain flaws due to distortion, blemishes, and 

nonuniformities etc. in the original microstructures. Furthermore, the process of digitizing the 

microstructure may introduce errors such as geometric warping (e.g., a lens aberration or the 

microstructure not being perfectly flat while being digitized) and loss of resolution ( blurring 

due to the finite extent of each picture element (pixel», or quantization noise due to the finite 

number of intensity levels available per pixeL Nonlinearities in the algorithm for converting 

intensity level to pixel value also complicate the analysis. Therefore to obtain the desired binary 

digital image, preprocessing of the pixel data was required. 

A digitized "black and white" image typically contains 256 shades of pseudo gray with 

values ranging from 0 (black) to 255 (white). If an image is only black and white, then ideally 

the corresponding digitized image has all of its pixel values as two values. There is some 

spreading of pixel values even in the best of cases, because some of the pixels occur at 

interfaces between black and white. These pixels must have some intermediate value depending 

on the proportion of black and white contained in its area and on the particuJar algorithm used 
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for digitization. In the image analysis system used for this work, the threshold can be set to any 

value between 0 and 255. Once the threshold value was chosen, visual comparison of the 

original digitized image with the binary image was sufficient to determine whether it was a 

satisfactory representation of the original; if not, new threshold values were chosen and a new 

binary image was generated until a satisfactory binary representation was obtained. Different 

images required different thresholds in order to distinguish the liquid from the solid. This is 

because each segment of the image has a discrete digitized gray level Any pixel lower than the 

threshold value was assigned '0' and appeared black on the screen, and any pixel greater than 

the threshold was assigned '1' and appeared white on the screen. 

A program for detecting and tracing the interface of the dendrites was used next. Figure 

3.5 shows the microstructure after tracing the solid-liquid interface. Details pertaining to this 

operation are given in Nagelhout [102]. 

3.7 MESH GENERATION 

Mesh generation was accomplished by a grid superposition-deformation technique 

devised by Nagelhout [102]. 'The method consists of laying down a grid within the domain and 

then deforming the mesh to accommodate the domain boundaries. In this case, the domain is 

defined as the entire ~gion of the quenched liquid, and the domain boundaries are defined as 

the solid-liquid interfaces. The three major steps involved in mesh generation are discretization 

of the image using a quadtree method, formation of interior elements based upon the initial 
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Figure 3.5 Computerized images of a microstructure: (a) bitmap based on threshold of pixel 
intensities; (b) tracing of the image before curve fitting. 
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discretization, and finally the fonnation of boundary elements. Figure 3.6 shows a typical mesh 

generated using a grid-superposition-defonnation technique. 

Different types of elements will have different degrees of tolerance for distortion, 

but in general, quadrilateral elements are the most accurate when they are kept as close to a 

square shape as possible. In this superposition-defonnation scheme, a diagnostic kit for 

revealing the worst ratio of side lengths and the worst deviation of included angles from 90° of 

all the elements, and the specific location of the worst element, was included in the meshing 

program. IT elements were deemed unsuitable, then the level of refinement of the mesh was 

adjusted accordingly by modifying the input mesh control parameters, such as the number of 

nodes along the x- and y-directions. Details about the mesh generation are given in the 

dissertation of Nagelhout [102]. 
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Figure 3.6 Mesh of23,792 nodes and 22,693 elements generated around dendrites using the 
grid superposition-defonnation technique. 
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CHAPTER 4 

THEORETICAL ANALYSES 

4.1 PROBLEM FORMULATION 

The calculation of permeability in this dissertation is based on an analysis of two-

dimensional fluid flow through complex dendritic networks using a finite element code. A 

schematic of a microstructure with dimensions H and L is given in Figure 4.1. The Navier-

Stokes equation is used to model the steady microscopic flow of the interdendritic liquid 

through the network of dendritic solid; the components of the Navier-Stokes equation are: 

and 

subject to the incompressibility constraint 

. au dv 
-+-=0 ax dy 

(4.1) 

(4.2) 

(4.3) 

where Jl is viscosity, U is the x-component of the velocity, v is the y-component of the 

velocity, and p is pressure. The problem is specified by imposing U = Uo (uniform and 

constant) along the surface at x = O. Along the surfaces y = 0 and y = H, there is no outward 

flux, so that v = O. Internal to the region, U = v = 0 along the entire solid-liquid interface. 



Dendritic solid 
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Quenched 
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Figure 4.1 Schematic of a microstructure with coordinate system and dimensions used 
in simulations. 
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In order to nondimensionalize the equations, S/ is selected as the reference length. The 

input velocity at x = 0 is the reference velocity, uo• Then the referen~ time is pSy -2 p-l and the 

reference pressure isJ.lUoSy. With this scaling, Equations 4.1 and 4.2 become 

(4.4) 

and 

R{ U ;> v : ) = -~ + V' u (4.5) 

where Re (Reynolds number) = puo and the variables are nondimensional. 
Syp 

The numerical solution to this boundary value problem was obtained using a finite 

element algorithm based upon bilinear isoparametric elements and a Petrov-Galerkin 

formulation for convection [103]. A penalty function is used to impose incompressibility. 

Diffusion and pressure terms are treated implicitly while convective terms are explicit. 

After the velocity field is calculated, the pressure is retrieved from the velocity 

components by solving the Poisson equation using a method devised by Sohn and Heinrich 

[103]. The pressure gradients are evaluated starting at some distance from the vertical 

boundaries in order to avoid perturbations due to the inflow/outflow boundary conditions. 

After the pressure gradients are calculated, the permeability is determined by a procedure given 

by Nagelhout et 01. [104] and Bhat et al. [105], and discussed in the next section. 



4.2 PERMEABILITY CALCULATIONS 

According to Darcy's law for flow in a porous medium, the seepage velocity ( also 

called the superficial velocity) and the applied pressure gradient Vp are related by the 

expression 
KVp 

V=--
Jl 

(4.6) 

where Jl is the viscOSity of interdendritic liquid and K is the penneability. Considering a 
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control volume in which flow occurs between locations Xl and X2, we can write Equation 

(4.6) as 
KVp 

V=--
Jl 

(4.7) 

where Ap = P2 - PI is the drop in the average pressure between Xl and X2 and L = X2 - Xl • As the 

penneablity itself relates directly to the microstructural length scale of the dendritic solid in the 

network and to the volume fraction of liquid, Darcy's law can be rearranged to obtain the 

dimensionless penneability KSy
2 as [104] 

(4.8) 

where Ap' is nondimensional pressure drop, V' is nondimensional seepage velocity, L' is 

nondimensionallength and V'L'is nondimensional mass flux through the contr.ol volume, which 

can be calculated through integration of V' along the y-direction at Xl and X2 and Sy is the 

specific surface area of the solid. 
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4.3 CROSS FLOW THROUGH SQUARE ARRAYS OF CYLINDERS 

The FEM code was verified by analyzing the flows through regularly arranged 

cylinders, for which solutions are available. In the present analysis, the two-dimensional flow 

through the square array shown in Figure 4.2 was used. The Navier-Stokes Equations 4.4 and 

4.5 were solved for a computational domain with three semicylinders as shown in Figure 4.3. 

The cylinders have a radius R, and the center-to-center distance betwen them is 2L. Flow is 

symmetrical at planes y = 0 and y = L. The boundary conditions for velocity are v = 0 at 

y = 0, v = 0 at y = L, and u = Uo (uniform) at x = O. Along the solid-liquid interfaces, u 

= v = O. For pressure we simply specify p ( 0, L ) = po (constant). 

Using the finite element algorithm, numerical solutions were obtained in non-

dimensional form. Selecting D, the diameter of the cylinder as reference length, Uo as the 

reference velocity, pD
2 

as reference time and J.lUo as reference pressure, we get Equations 
J.l D 

4.4 and 4.5 in non-dimensional form as before. However, in this case Reynolds number is 

Dup defined as Re = _0_. 
J.l 

4.3.1 METHOD OF CALCULATION 

A typical ftnite element mesh is shown in Figure 4.3. The resulting permeabilities were 

verified by comparison with those obtained by Sangani and Acrivos [57] and Edwards et al. 

[95]. Edwards et al. enforced periodicity in the flow, whereas in this method a uniform velocity 

(Uo=l) at the inlet ( x = 0 ) was imposed. Hence, it was necessary to determine how many 

cylinders had to be included in the computational domain to develop periodic flow. 
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Figure 4.2 How through a square array of circu1ar cylinders 
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Figure 4.3 Computational domain used for the numerical simulation of flow normal to circu1ar 

cylinders in a square array. 
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For the range of Reynolds numbers considered in this work, three cylinders suffice to 

develop periodic flow over the second cylinder. This was validated with gL = 0.9 using a 

four-cylinder domain at a low Reynolds number (Re = 0.1). The average pressure obtained 

halfway between cylinders yields a 0.0004% difference in the pressure drop over the third 

cylinder when compared with the pressure drop over the second cylinder, and this small 

difference is therefore negligible. The pressure drops over the first and fourth cylinders are not 

examined because they are affected by the inlet and outlet boundary conditions. These results 

suggested that a four-cylinder domain is unnecessarily large, and it is detennined that a three

cylinder domain for the same fraction of liquid ( gL = 0.9 ) yields a pressure drop over the 

second cylinder that is within 0.33% of that obtained using four cylinders in the domain. 

Therefore, three cylinders were employed in all subsequent calculations. 

For the low Reynolds numbers, solving the system with a uniform velocity at the inlet 

was adequate for the flow to become periodic before it reached the second cylinder. However, 

for higher Reynolds numbers, the flow was not periodic after passing over only one cylinder so 

a special iterative method was adopted. The velocity along the plane midway between the 

second and third cylinders was taken as the boundary condition at the inlet for the next 

computation. In other words, for the ftrst computation the velocity was uniform (u = Uo ) at x = 

O. The velocity at x = 4L from the first computation was used as input at x = 0 for the next, and 

so on. Two iterations were adequate for Re = 40, while even after three iterations the results 

did not converge for gL ~ 0.90 when Re = 95. 
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Figures 4.4a and 4.4b show the velocity vectors and the pressure contours for the case 

of Re = 5 and gL = 0.99. In Figure 4.4a it can be seen that the flow field in the vicinity of and 

above the first cylinder differs from the flow field associated with the second and third 

cylinders. Periodicity can be observed, however, in the flow past the second and third cylinders. 

Figure 4.3b also shows that, near and above the second and third cylinders, the pressure 

contours are essentially identical. 

The major goal of the computations is to determine the permeability as expressed by 

Equation 4.8, which relates the superficial.velocity to the pressure gradient. In this case, the 

superficial velocity is precisely equal to the uniform velocity specified at the inlet. The pressure 

gradient is calculated from the difference in the average pressures at the plane midway between 

the second and third cylinders, pz , and between the frrst and second cylinders, Pl. The pressure 

gradient in Equation 4.7, therefore, is approximated by 

(4.9) 

Having ascertained the pressure gradient, the permeability can be calculated with Equation 4.8. 

4.3.2 DISCUSSION 

Table 1 shows the dimension1ess pressure gradients and permeabilities for flow normal 

to square arrays of cylinders by various workers. The calculated pressure gradient for Stokes 

flow ( Re = 0 ) as a function of the volume fraction of solid is shown in Figure 4.5 and 

compared with the calculated results of Sangani and Acrivos [57] and the numerical results 
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of Edward et aI. [95]. The pressure gradients calculated by the three sets of workers agree 

within 1.5% of each other for gL up to 0.5. At gL = 0.6 the agreement is also very good, with 

the two sets of numerical results approximatly 6% greater than the results of Sangani and 

Acrivos [57]. In Figure 4.6, pressure gradients calculated for dilute concentrations of solid 

for 0 ~ Re ~ 40 are shown. It is well known that flow past a single circular cylinder becomes 

unstable to small perturbations somewhere between Re = 30 and Re = 40, first affecting the 

wake at some distance downstream from the cylinder [106]. 

Table 4.1 
Dimensionless pressure gradients and penneabllities for flow nonnal to square arrays of 
cylinders. 

Liquid 
volume Present work Sangani and Acrivos Edwards et al. 
fraction [57] [95] 

gL 

Dimension- Dimension- Dimension-
less KSy2 less KSy2 less KS/ 
Pressure Pressure Pressure 
Gradient Gradient Gradient 

0.4 1448.20 0.01105 1346.90 0.01188 1441.40 0.01110 

0.5 344.40 0.04646 339.020 0.04720 347.880 0.04599 

0.6 113.85 0.14054 110.980 0.14417 111.690 0.14325 

0.7 40.309 0.39693 39.337 0.40674 39.096 0.40925 

0.8 13.227 1.20965 13.120 1.21951 12.800 1.25000 
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Furthennore, as the Reynolds number is increased to about Re = 60, a vortex sheds behind the 

cylinder. Accompanying the instability of the flow is a force normal to the cylinder axis [106], 

which indicates that the flow is not two-dimensional. Hence, the assumption of two

dimensional flow is probably not strictly valid for Reynolds numbers greater than 30. 

The observations for a single cylinder are relevant, especially for very dilute 

mixtures ( gL > 0.9 ) where the cylinders downstream are in the path of the unstable wake 

generated by the cylinders upstream. Therefore, the calculated results at Reynolds number 

greater than 40 are deemed to be incorrect because of the instability of the flow and 

because the numerical method lacks the necessary resolution to capture properly the 

unsteady fluid motion. Results at Re = 95 and gL? 0.9 did not converge to a steady state, 

and showed a decrease in the pressure gradient when compared with the results for 0 S Re 

S 40. Therefore, they show an increase of permeability with an increase in Re, contrary to 

physical expectations. 

Strictly applied, Darcy's law is valid for Stokes flow, and it is well known that 

inertial effects associated with ftnite values of a Reynolds number can cause a deviation in 

the proportionality between the velocity and the pressure gradient. Neverthless, Edwards 

et al. [95] defmed the permeability in Equation 4.8 as the apparent permeability for the 

purpose of analyzing the behavior of the flow as a function of the Reynolds number. Figure 

4.7 gives the calculated results for 0.8 S gL S 0.99 in terms of the nonnalized 

penneability, which is defined as KlKo where K is the apparent penneability and Ko 
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is the permeability for Stokes flow ( Re = 0 ). The results for the scope of 0.2 S; gL S; 0.8 

can be found in the paper by Edwards et 01.[95]. Figure 4.8 shows the variation of 

nondimensional apparent permeability for 0.4 S; gL S; 0.99. Values in the range 0.4 S; gL S; 

0.8 are from Edwards et 01. [95], and those in. the range 0.8 S; gL S; 0.99 are calculated in 

this work. We see that the two works give consistent results. Although there is an effect of 

the Reynolds number, it is relatively small and certainly much smaller than the accuracy at 

which the permeability can be measured in dendritic structures [88]. 

4.4 PERMEABILITY LENGTII SCALE FOR FLOW TIIROUGH MODEL 

STRUCfURES 

The fIrst hurdle to model the permeability is to assign a 1ength sca1e to the dendrites. It 

is well established that growth rate, temperature gradient and composition of material are the 

main factors that affect the dendrite morphology [107]. In dendritic alloys, behind the 

paraboloid tip, rod-like branches called secondary arms grow in preferred orientation. Also as 

time progresses tertiary arms may grow, even though their growth ceases as they encounter the 

diffusion field of branches of neighboring dendrites. 

In the present analyses, flows through transverse sections of columnar-dendritic alloys 

were mode1ed as flows through arrays of circ1es, rhombi, cruciforms and schematic dendrites. 

Cruciforms and rhombi were also used by McCarthy [96] who calculated permeabilities with a 

lattice gas automata technique. Here S/ was taken as the appropriate length sca1e of the solid, 

where Sv is the specific surface area-to-volume ratio of solid. As outlined in Section 4.2, 



Cll 
> 

Cll 
~ 

tl1l 
0 

3r----------.----------r---------~--------~ 

2 

1 

0 

-1 

-2 

• Re=O 
<:7 Re=20 
T Re=40 

-3~----------~~--------~~---------L __________ _j 
-0.4 -0.3 -0.2 -0 . 1 0 .0 

86 

Figure 4.8 Tile apparent penneability as a function of the volume fraction liquid, 8u 



87 

direct simulations of flows through regular model structures were carried out. The volume 

fraction of liquid in the porous media generated by these arrays was adjusted by changing the 

lengths of the anns in the cases of schematic dendrites and crucifonns whereas in the rhomb~ 

the lengths of sides were altered, and in the circles the diameters were varied. In all cases 

dendrite ann spacing was maintained constant. Figure 4.9 shows quadrants of the domains used 

for analyzing the flows. Velocity vectors around the model structures for Stokes flow are 

shown. Depending on the complexity of the solid, steep velocity gradients of the viscous fluid 

near the solid-liquid interface are readily discerned, and the overall flow rate is largely 

controlled by the minimum spacing between adjacent solid constituents. 

When Sy·l is selected as the length scale of the solid, the results of all the geometries are 

remarkably similar, as can be seen in Figure 4.10. The differences among the four cases are 

certainly within the experimental errors obtained when permeability is measured in alloys with 

lower volume fractions of liquid [108,109]. As shown in Figure 4.11, the application of the 

models to columnar dendrites is suggested by comparing the transverse structures that would 

have resulted at various stages of growth of dendrites. It is clear that at the tip of the dendrites 

the cylindrical model should give a reasonable estimate of KSy
2 for flow normal to dendrites. 

At later stages, branching of secondary anns would change the morphology of dendrites. This 

morphological change can be modeled as rhombi and then as cruciforms or schematic 

dendrites. The results in Figure 4.10 show that the exact geometry of the dendrites in cross 

flow need not be modeled provided S/ is measured and selected as the length scale for the 

permeability. 
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(a) (b) 

(c) (d) 

Figure 4.9 Velocity vector plots for Stokes flow in a quadrant of the domain used in the finite 
element analyses: (a) cylinders; (b) rhombi; (c) crucifonns; (d) schematic dendrites. 
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CHAPTER 5 

FLOW THROUGH COLUMNAR DENDRITIC STRUCTURES 

5.1 FLOW NORMAL TO PRIMARY DENDRITE ARMS 

5.1.1 FLOW THROUGH SCHEMATIC DENDRITES 

91 

Prior to treating microstructures of columnar dendrites, flows through schematic 

dendrites arranged in a periodic manner were simulated. Porous media generated by these 

arrays were adjusted by changing the size of the arms, while keeping dendrite ann spacing 

constant. Simulations were done with volume fraction of liquid ranging from 0.6 to 0.95. 

Figure 5.1 shows a 3 x 3 array of schematic dendrites and its mesh used for the finite element 

computations. The mesh was refined significantly to capture the variations of pressure and 

velocity near the no-slip surfaces. 

Once the meshes of desired quality were generated, they were used in the Navier

Stokes (N-S) finite element solver to calculate velocities and pressures at each node. Based 

upon the output from the N-S solver, a post processor was written to calculate average 

pressure gradient and nondimensional permeability. Figure 5.2 shows a velocity vector plot for 

flow across the schematic dendrites shown in Figure 5.1. 

In actual castings, depending on the heat transfer characteristics of th~ molds, it is quite 

possible that the dendrites grow in several directions and the convection patterns can be 

multidimensional. Therefore, the effect of orientation of dendrites with respect to the direction 

of incoming liquid was also studied. This was done by incrementing the orientation of dendrites 
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Figure 5.1 Schematic of a transverse section through an array of columnar dendrites and the . 
finite element mesh (17 ,520 nodes and 15, 929 elements). 
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by 15° with respect to the fluid flow direction. Figures 5.3 and 5.4 show the mesh used and the 

velocity vectors, respectively, when the dendrites are rotated by 15°. The plot of variation of 

nondimensional permeability with volume fraction liquid for various orientations is given in 

Figure 5.5. It was observed that the orientation of cross flow hardly affected the permeability 

for flow normal to columnar dendrites. A full accounting and discussion of the results for the 

idealized dendritic networks are presented in reference [105]. 

5.1.2 FLOW THROUGH ACTUAL MICROSTRUCfURES 

A transverse section of a columnar dendritic microstructure used in the analyses is 

shown in Figure 5.6. It is clear that the contrast of the image in Figure 5.6 has been enhanced 

considerably to distinguish clearly the solid ( black region) from the quenched liquid (white 

region). 

Digitized microstructures were analyzed using an Image Analysis System to calculate 

specific surface area ( Sv ) and volume fraction liquid ( gL). The domains in the digitized images 

were identified for generating meshes for finite element simulations as described in Chapter 3. 

These meshes were used in the N-S finite element solver to calculate nodal pressures with 

reference to the assigned pressure at the node in the upper-left corner of the domain. An 

algorithm was devised to calculate (by interpolation), the pressure up a column situated at a 

given value of x. The post processor calculated the average pressure at each requested x-value 

by integrating the pressures in the y-direction using a trapezoidal rule. Then by plotting the 
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Figure 5.3 Finite e1ement mesh (25,798 nodes and 23,776 e1ements) for a dendritic array with 
gL = 0.65 oriented at 15°. 
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Ftgure 5.6 Transverse section of a columnar dendritic microstructure showing the 
contrast between solid (black) and liquid (white) after digitizing the image into 
binary pixels. 
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average pressure versus x across the microstructural domain, the average pressure gradient 

and nondimensional permeability could be calculated. 

Figure 5.7 is a digitized image of a microstructure along with the mesh for the FEM 

analysis. It can be seen that near the interfaces the mesh elements are markedly refined. Using 

this as an input to the finite element solver, the velocity vector plot shown in Figure 5.8 was 

obtained. It is clear that the direction" and speed of the velocity depend on the intricacy of the 

network created by the dendritic distribution, with flow largely controlled by the narrow spaces 

between adjacent microconstituents of solid. 

The average pressure determined at each value of x is plotted in Figure 5.9. The results 

were verified with meshes of progressively increasing number of nodes and elements. It can be 

seen that when the number of nodes equalled 2.16 x 104 or greater, the number of nodes 

and elements in the mesh did not significantly alter the estimates of the pressures. To get the 

average pressure gradient in the x-direction, a linear regression fit was used for calculating 

permeability. The analysis was repeated for digitized images containing varying volume 

fractions of liquid ranging from 0.5 to 0.93. The results are tabulated in Table 5.1. 

Figure 5.10 shows the variation oflog KS/ with log gL- For comparison, there are also 

points for flows through arrays of cylinders and schematic dendrites. Apart from some 

scattered points, the trends of the variation of KS/ with gL is almost the same in the three 

cases, and the differences are well within the experimental errors obtained in measuring 

permeability in the laboratory [88]. 
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Figure 5.7 Digitized image of dendrites with mesh for finite element calculations (gL = 0.80). 
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Figure 5.8 Velocity vector plot for flow through the digitized images of Figure 5.7. 



102 

5 
Number of Nodes 

• 19886 
0 20569 

4 • 21610 

•a·~ 0 22554 -.. ... 23766 ....... 
~ ~ 0 ..... 
~ 3 
~ :.a 0 
d g 
'-' 2 
~ 
C'-l 
C'-l 

~ 
~ 
~ 

1 

~ 
< 

0 

-1 
0 10 20 30 40 50 60 70 

Distance (x) 

Figure 5.9 Regression plot of the variation of average pressure with the distance (x) from the 
inlet of the computation domain. 



3 ~------------------------------------------. 
-o- schematic dendrites 

·· ··• · ·· circular cylinders 

-e- dendrites in microstructure 
2 

1 

-1 / ... ·; 
c1 

-2 

/ .· 
/ .·· f)' . . ·· 

/.··· 
/..··· 

,{·· 

-3 L-----~----~-----L----~----~------L---~ 
-0.35 -0.30 -0.25 -0.20 -0.15 -0.10 -0.05 0.00 

Figure 5.10 Dependence oflog KS/ with log gL for cross flow through microstructures, 
schematic dendrites and circular cylinders (square array). 

103 



104 
1be variation of KSv 

2 with gL can be expressed in a convenient equation form, which is valid 

in the range 0.7 < gL < 0.98. This equation would aid those working in the area of modeling of 

segregation. 

KSv 
2 = -0.2395 + 1.3607m + 0.5327m2 - 0.04959m3 = 0.001108m4 (5.1) 

[ 

112]5/2 
where m = 1 1- (4(1- gL)) 

(1- gL) 1C 

TableS.1 
Nondimensional pressure gradients and permeabilities for cross flow through columnar 
dendrites. 

Liquid Volume Fraction Nondimensional Pressure Nondimensional Permeability 
Ih Gradient (dp/dx) KS/ 

0.5183 106.5222 0.0094 

0.6088 86.8960 0.0115 

0.6123 33.9390 0.0295 

0.6457 7.3104 0.1368 

0.6667 5.5098 0.1815 

0.7050 5.6372 0.1774 

0.7129 2.1208 0.4715 

0.7513 0.5346 1.8706 

0.8126 0.6466 1.5465 

0.8478 0.4703 2.1262 

0.9128 0.2983 3.3526 

0.9321 0.0646 15.4775 

In many of the previous works [81,85,88, 108-1101, nondimensional permeability was 

based on dendrite arm spacing as the characteristic length. To compare results herein to the 
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earlier data, the primary dendrite arm spacings (d1) in the digitized images of the 

microstructures were calculated using Equation 3.3 (from Chapter 3). 

A plot ( Figure 5.11) of KId/ was then made, where the numerical results are 

compared to the experimental measurements of permeability in borneol paraffin and Pb-Sn 

alloys. From Figure 5.11, it can be seen that the present work on the higher volume fractions 

of liquid follows the trend set by the earlier experimental results, which concentrated mainly at 

lower volume fractions of liquid. 

5.2 FLOW PARALLEL TO PRIMARY DENDRITE ARMS 

The numerical experiments carried out on microstructures consisted of describing the 

motion of the interdendritic liquid with the Navier-Stokes equation. By imposing a pressure 

gradient, the flow of interdendritic liquid was established and related to the permeability for the 

flow of liquid through the dendritic structures. In the analyses, the following assumptions were 

made: 

1. the structure was uniform along the flow direction; 

2. the flow was fully developed and parallel to the primary dendrite arms; and 

3. the physical properties of interdendritic liquid were uniform and constant. 

The computational domain used in the analyses is shown in Figure 5.12. The ''microscopic'' 

momentum equations for the flow of interdendritic liquid into the control volume is 

,,(iJ2w + (}2W) = _ Ap 
,- ax2 (jy2 L (5.2) 
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Figure 5.11 Dimensionless penneability for flow perpendicular to primary dendrite anns in 
columnar structures. Curves for the cylinders are from Sangani and Acrivos [57], 
calculated results are from the present work, and experimental results are from the 
data summarized in Poirier [88]. 
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with the boundary conditions: w = 0 on r 1 and : = 0 on r 2 , where r 1 represents the 

liquid-solid interface within the domain, r 2 is the part of the total boundary of the domain that 

cuts through the interdendritic liquid, and n is the local outward unit nonnal to the boundaries 

of the computational domain. 

In Equation 5.2, L is the length of the solid -liquid mixture, IIp is the pressure drop 

over the length L taken in the direction w, which is the z-component of the "microscopic 

velocity" of the interdendritic liquid. 

Equation 5.2 is nondimensionalized using the following variables. 

x =xS" Y=yS, and W=WS;(:) 

where x, y and X, Yare the dimensional and nondimensional space coordinates, respectively, 

S/ is the characteristic length of the solid, and W is the nondimensional velocity in the z-

direction. Using these variables, Equation 5.2 is transformed into 

with boundary conditions W = 0 on rlt and aw = 0 on r2• an 

(5.3) 

The above equation was solved for interdendritic fluid velocity using a finite element 

method. The nondimensional average velocity of the interdendritic liquid ( U) in the flow 

domain was calculated using the relation: 



- 1 J U=- WdA, 
A, A, 

where A, is the nondimensional area of the interdendritic liquid region. 

We know that the nondimensional average velocity is given by 

-S2 
U -~ - IIp. 

JlL 
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(5.4) 

(5.5) 

where w is the average dimensional velocity of the interdendritic liquid. Using Darcy's law, for 

the same flow situation, we can write 

(5.6) 

where K is the penneability for flow parallel to primary dendrite anns. By comparing Equations 

5.5 and 5.6, we get nondimensional penneability as 

2 -
KS" =UgL (5.7) 

Nondimensional penneabilities in sixteen microstructures calculated with 0.325 ~ gL ~ 

0.956 based on S/ as characteristic length for various values of gL are shown in Table 5.2. 

Also shown in Table 5.2 are the results from Drummond and Tahir's work for flow parallel to 

square arrays of cylinders. Figure 5.13 shows the plot of log KS.,,2 against gL for flow parallel to 

primary dendrite anns. For comparison, points from the analyses of flow parallel to square 

arrays of cylinders are also shown in the plot. It can be inferred from the plot that the present 

analyses gives slightly higher nondimensional penneability values for the same values of gL 
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Table 5.2 

Nondimensional penneability (KSy
2

) for flow parallel to columnar dendrites and cylinders for 
different values of gLo 

KSy2 
gL KSy2 (Drummond and Tahir [54]) 

(Present work) (Sauare oackin1!) 
.0.0200 ------------ 8.397 xlO-s 

0.0500 ------------ 2.757 xlO-4 
0.1000 ------------ 7.628 xl0-4 
0.2000 ------------ 3.415 xlO-3 

0.2150 ------------ 4.117 xlO-3 

0.3000 ------------ 1.132 xlO-2 

0.3224 3.679 xlO-2 ------------
0.3550 5.212 xlO-2 ------------
0.3784 7.586 xlO-2 ------------
0.4248 8.710 xlO-2 ------------
0.4572 1.029 xlO-2 

0.4000 ------------ 6.324 xlO-2 

0.5000 ------------ 8.913 xlO-2 

0.5420 9.55 xlO-2 -------------
0.6000 ------------ 2.379 xlO-1 

0.6670 7.946 xlO-1 -------------
0.7000 ------------- 6.587 xlO-1 

0.7130 1.0285 --------------
0.7560 2.8510 --------------
0.7870 3.7520 --------------
0.800 ------------- 2.0521 
0.8150 4.1000 --------------
0.8240 6.1603 --------------
0.8460 7.5790 --------------
0.8930 13.521 --------------
0.9000 ------------- 9.1918 
0.9320 21.600 -------------
0.9500 ------------- 30.7610 
0.9560 35.975 ------------
0.9800 ------------- 121.3388 
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Figure 5.13 Plot showing the relation between KS/ and gL for flow parallel to primary 
dendrite arms and through square array of cylinders. 
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when compared to the results of Drummond and Tahir [54]. However, at gL > 0.90, the 

values obtained are almost identical in both the cases. 

Nondimensional permeabilities obtained based on dendrite arm spacing as characteristic 

length for each of the numerical experiments performed on dendritic structures with gL ranging 

from 0.325 to 0.956 are shown along with the results of Drummond and Tahir [54] and 

Ganesan et al. [89] in Table 5.3 and Figure 5.14. Also shown in Figure 5.14 are experimental 

points for flow parallel to the primary dendrite arms, as compiled by Poirier [88]and Liu et al. 

[111]. 

From Figure 5.14, one can infer that, for gL > 0.4~ there is a good agreement between 

the permeabilities calculated by the present technique and the technique adopted by Ganesan 

et al. [89]. Also, the results from the present work agree fairly well with the permeabilities 

calculated for fully developed flow parallel to arrays of circular cylinders. However, the 

experimental values are significantly lower than the numerically calculated values for 0.2 < gL < 

0.6. The reason for the discrepancy is not clear. One possibility is that the assumption of fully 

developed flow is not valid at lower values of gL. where the dendrite morphology is very 

complex. Another possibility is that the experimental data might not be valid. For example, 

Murakami et al. [87, 110] used a method which involved displacement of the interdendritic 

liquid followed by flow measurements using colored water. It appears that experimental work 

on using the method of flowing the in situ liquid in metallic alloys should be done in the range 

0.3 < gL < 0.65. 
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Figure 5.14 Calculated and experimental results of Kid/. 
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It could also be that there is a transition at higher values of gL (the exact value or the 

range of gL in the transition is not c1early known). When the solid fraction is high and when the 

dendrite arms touch, Ganesan et al. [89] proposed a model of flow in a tube, where the flow 

is assumed to take on the characteristics of flow in a periodically constricted tube. They used 

the model of Lahbabi and Chang [112], who assumed the tube radius to vary as a cosine 

function along the flow direction. They defined a roughness factor, <x, as the ratio of half of 

the amplitude to the mean radius of the tube. Their results showed that when a= 0.7, the 

numerical data from the periodically constricted tube model appeared to follow the empirical 

data. In the present analysis, the ratio of nondimensional permeability for a = 0 (smooth tube) 

to the nondimensional permeability for a = 0.7 was used to recalculate KId/ obtained from 

numerical experiments to take into account the roughness associated with secondary dendrite 

arms. The ratio was applied to the calculated nondimensional permeabilities in the scope of the 

experimental data only. When this is done, the calculated results agree reasonably well (Figure 

5.15). It is seen that the numerical results obtained using the roughness factor merge well with 

the experimental results for the range at which it was tested. The question regarding the range 

of values of gs where the roughness factor should be applied is yet to be resolved. This merits 

further investigation using numerical experiments with three-dimensional flow. 



115 
Table 5.3 

Comparison of nondimensional permeability values ( K/d/ ) for various values of gL. 

KId/ KId/ Kld/' KId/ 
gL Present work Ganesan et al. Drummond and Tahir Drummond and Tahir 

[89] [54] [54] 
(SQuare oackin,g) ITrianl!ular oackin,g) 

0.2~0 ---- 10/;"'10,3 .. - ----
0.240 ItQ4 ... 10"" 
0.250 ------ 1.00 x10,J .. -----
0.~05 · 4.24 ... 10,3 . .. . .. 
0.320 ._- 1.98x10,J .- -- -
0.~22 6.101 ... 10"" 
0.344 -- 1.3711:10-3 · .- ... oo 

_0.355 7.716 ... 10"" . -- -' 
0.373 -- 2.20 x10,J · · oo · oo. 

0.~78 1 .'\02 'X 1 o~j ----
0.425 2.350 xl 0'3 -- .- _ .. 

oo ----
O.MO oo. · ~Q66 xl0,3 ?'d~ ... 10,3 
0.457 1.775 xlO,3 ----- ------ ---- ----
0.462 · oo. 4.56xl0,J oo .. .. ----

. 0.491 ----- 3.87 X 10,3 -------- -_ .. --------
0.500 · ._. 6.2'i0 'X 1 o,J d'i,Q xl 0,3 

0.542 7.721 xlO,J ----- ---------- .. oo · 
0.579 · ~.4Q ... l0'J · · · .. ------
0.600 · . · 6()'i ... 10,3 1.040 X 10'2 7.7110 y 1 0,3 
0.638 .- 1.66 ... 10,2 oo · . ------
0.667 1.564 XlO,2 · · oo · -_ .. --
0.684 2.22 ... 10'2 - · .. oo • 

0.695 ---- 2.04 X 10'2 ----_ ........ ... oo • 

0.700 · . ----- 2.100 ... 10'2 1'i~1 ... 10,2 

0.713 1.593 XlO,2 ---- ------ oo · 
0.730 .. 2.61 ... 10'2 · · · · 
0.7~8 - . · 2.17x10,2 
0.756 2.890 X 10,2 -- -oo .. _ ... _-------
0.774 - 2.6{; ... 1O,2 oo · ------

0.787 3.042 XlO,2 --- ------- --- ------
0.800 ... -- ':\':\~x10'2 '600 ... 10,2 
0.810 ----- 3.99xlO,2 ---------- .. -----
0.815 ~.7Q6 x10,2 ---- · -- · -----

.0.824 4.126xlO'2 -- ----- ---- -----
0.826 · 4.tlQ ... 1O,2 --- ---- ---- · --. 
0.846 5.794 X 10'2 _. . ---- -- -----
0.859 . 7.46 ... 10,2 .. -_ .... --- . · 
0.863 ----- 5.9x1o-2 · . · ---- -----
0.87Q · 7.54 X 10,2 ------ ... ----
0.893 Q.M5 xlO,2 --------- ------ . ------
0.900 ... . . .. --. 7.211 xlO,2 5.7M x 10'2 
0.908 ------ 7.85 x10,2 . ... _ ..... ----
0.932 1.164 'X 1 0'\ --. ----- .._-- --. 
0.950 oo-_. ._- 1.1 10 x10'\ ()on ... 10,2 
0.Q56 1?()6 ... 10·\ · --. --- ------
0.980 -------- oo. . · 26()8 xl 0'\ ? ,,':\ ... 10'\ 
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Fgure 5.15 Plot showing agreement between the calculated nondimensional 
permeabilities adjusted by the ratio associated with roughness and 
the experimental data for flow parallel to primary dendrite arms. 
Points are denoted in Figure 5.14. 
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CHAPTER 6 

FLOW THROUGH EQUIAXED DENDRITIC STRUCTURES 

For one-dimensional flow through a porous medium, the pressure gradient in the 

flow direction is written as 

(6.1) 

where b is an empirical constant related to the permeability [113]. The second term 

(Forchheimer term) on the right hand side of Equation 6.1 accounts for the effect of inertia 

and turbulence of the flow. For creeping flow, the Forchheimer term can be dropped and 

Equation 6.1 reduces to the classical Darcy's law. 

By defining the friction factor! and Reynolds number Re, respectively, as [90] 

(6.2) 

and 

(6.3) 

and combining with Equation 6.1, the Reynolds number can be related to the friction 

factor,/, as 

where A = KS/ and B = bS/. 

A 
!=-+B 

Re 
(6.4) 
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Equation 6.4 is an expression which is often used for calculating the pressure drops 

for fluid flow through beds of spheres and assortments of granular solids [114]. For 

creeping flow with a small Reynolds number, the Forchheimer term is negligible, so that 

the dimensionless permeability, KSv
2
, can be calculated directly from a friction factor and a 

Reynolds number. The expression is 

(6.5) 

6.1 FLOW THROUGH REGULAR ARRAYS OF SPHERES 

Zick and Homsy [97] studied Stokes flow tlrrough regular arrays of spheres and 

presented their results as a pressure gradient: 

dp 
-= 
dx 

(6.6) 

where C is the drag coefficient, ds is the diameter of the spheres and gs is the volume 

fraction solid. By combining Equations 6.2, 6.3, 6.5 and 6.6, the dimensionless 

permeability can be related to the drag coefficient by 

(6.7) 

where Sv is related to the sphere diameter by ds = 61Sv• Based on the drag coefficients 

given by Zick and Homsy [97], dimensionless permeabilities are calculated using Equation 

6.7. The results are tabulated in Table 6.1. 
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TabJe6.1 
Dimensionless permeabilities for flow of liquid through different arrays of spheres of 

varying volume fraction solid. 

Dimensionless Permeability (KS/) 
Volume 

fraction solid Regular Arrays 
gs 

(from Zick and Homsy [97]) Random Arrays 

sc Bee Fce Kim and Blake-
Russel [98] KozenyEq. 

0.7405 0.00621 0.008 

0.7200 0.00796 0.010 

0.6802 0.02 0.013 0.02 

0.6000 0.03 0.031 0.04 

0.5236 0.09 0.07 0.067 0.09 

0.5000 0.012 0.120 

0.4500 0.158 0.140 0.133 1.189 0.197 

0.4000 0.319 0.324 

0.3500 0.517 0.538 

0.3430 0.379 0.358 0.351 0.579 

0.3000 0.82 0.91 

0.2500 1.316 1.620 

0.2160 1.2442 1.1965 1.1935 2.479 

0.2000 2.169 3.072 

0.1500 3.831 6.551 

0.1250 3.7286 3.5984 3.5984 10.290 

0.1000 7.692 17.496 

0.0500 11.850 

0.0270 36.887 36.245 36.245 

0.0080 163.934 162.443 162.443 

0.0010 1650.165 1643.39 1643.39 

0.00062 14598.5 14573.011 14573.011 
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6.2 FLOW THROUGH RANDOM ARRAYS OF SPHERES 

Dimensionless penneability for slow flow through randomly arranged spheres and 

granular materials is often obtained from the Blake-Kozeny equation. The friction factor 

for such flows is defmed as 

(6.8) 

dup 
and Reynolds number as Re'=:L2:.. where dp is an average particle diameter, gL is the 

Jl 

volume fraction liquid and gl is the volume fraction solid. With these defmitions, the 

Blake-Kozeny equation for slow flow through a random array of spheres is 

I I 

f Re = 150 (6.9) 

Equation 6.9 is often used to predict penneability in isotropic porous media provided gl < 

0.5; it is based on empirical data collected for flow through granular materials [90]. By 

making use of Equations 6.2 , 6.3, 6.5 and 6.8, Equation 6.9 becomes 

(6.10) 

Table 6.1 also shows the results calculated from Equation 6.10 in the column 

headed ''Blake-Kozeny Eq.". Also shown are theoretical results of Kim and Russel [98] 

who calculated the Stokes drag in a random array of ftxed spheres for 0 S gl S 0.5. 

However, their results for gl > 0.3 (approx.) are suspect as an analysis of random 
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arrangements of unifonn size spheres indicates that the maximum attainable volume 

fraction of solid is about 0.3 when they begin to overlap. 

Dependence of dimensionless penneability on volume fraction solid for the various 

models is shown in Figure 6.1. From this figure it can be seen that Blake-Kozeny equation 

works well in the range for which it has been tested (approximately 0.3 < gs < 0.5), but it 

does not apply for gs < 0.25. In the regular arrays, the flow interstices are unifonn, 

whereas with random packing, relatively large interstices may exist at a given volume 

fraction solid. Accordingly, dimensionless penneabilities predicted for the random packing 

of spheres are somewhat higher than those predicted for the regular arrays. Most 

importantly, the dimensionless penneabilities predicted by the models based on the regular 

arrays essentially duplicate one another. 

6.3 COMPARISON OF 1WO- AND THREE-DIMENSIONAL FLOWS 

Figure 6.2 shows plots of KSv 
2 for cross flow ~ough two arrays of circular 

cylinders and for three different packings of spheres. From Figure 6.2, it can be seen that 

for all cases KS/ merges into one result as gs ~ O. In other words at small volume 

fractions of solid ( gs < 0.05), the penneabilities in three-dimensional flow (past spheres) 

and in two-dimensional flow (past circles) are essentially equal. The results also suggest 

that the permeabilities in three-dimensional cases are greater than those in the two

dimensional cases by a ratio that increases gradually as gs ~ 1. 
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Figure 6.1 Dependence of nondimensional permeability with gs for flow through various 

arrays of spheres and the Blak:e-Kozeny equation. 
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Figure 6.2 Plot showing the dependence of nondimensional penneability (KS/) with gs 
for cross flow through two arrays of cylinders and for flow through arrays of 
spheres. 
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Buoyed by Figure 6.2, a direct relationship between the three-dimensional flow 

past a random arrangement of spheres and the two-dimensional flow past the circles of 

the intersection of a plane and the random spheres was sought. The purpose of seeking 

such a relationship was to determine the permeability for flow past dendritic equiaxed and 

globular grains. By analyzing the flow in two-dimensional microstructures, permeability for 

flow in the three-dimensional microstructures was obtained. 

The following ratio was computed: 

(6.11) 

The numerator was calculated using the values obtained from the work of Kim and Russel 

[98] and tabulated in Table 6.1. The denominator was evaluated by the analysis of the two-

dimensional flow past the circles of intersection with randomly positioned spheres of a 

uniform diameter. Details of the analysis are given in the Appendix, and the values of y 

obtained are given in Table 6.2 and plotted in Figure 6.3. The ratio, y, was determined for 

gs:S; 0.30 because, as mentioned earlier, the randomly arranged spheres begin to touch at 

about gs = 0.30. 

Table 6.2 
The ratio defined by Equation (6.11). 
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Figure 6.3. Ratio of permeability in three-dimensional flow to permeability in two

dimensional flow. 
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6.4 FLOW THROUGH EQUIAXED AND GLOBULAR STRUCTURES 

There are no penneability data for flow through equiaxed or globular dendrites 

containing high volume fractions of liquid. To address this issue, the numerical techniques 

described in Chapter 4 were used to analyse two-dimensional flow through 

microstructures of equiaxed grains. Then the ratio given in Figure 6.3 was used to estimate 

the penneability of the three-dimensional flow through equiaxed microstructures. 

Techniques adopted in acquiring equiaxed and globular grains are explained in 

Chapter 3. These microstructures were digitized, and the domains in the images were 

identified for generating ftnite element meshes. Using the Navier-Stokes solver, the 

average pressure gradient and the nondimensionl penneability were calculated using the 

same procedure explained in Chapter S. These numerical experiments were done on 

microstructures containing liquid volume fraction ranging from 0.40 to 0.932. 

Figure 6.4 shows a globular dendritic structure with a mesh used in the present 

analysis. Figure 6.S exhibits the velocity vectors when fluid flows past these globular 

dendrites. The analyses were repeated with equiaxed dendritic structures, also containing 

high volume fractions of liquid. Figures 6.6 and 6.7 show an equiaxed microstructure and 

mesh, and the velocity vector plot obtained from the analysis,.respectively. 

The dependence of non dimensional penneability, KS/, with gL for both types of 

structures is shown in Figure 6.8. It can be inferred from Figure 6.8 that the trends of 

non dimensional penneability with gL in both the cases are similar. 
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Figure 6.4 Globular grains with a finite element mesh used to calculate 

two dimensional flow. 
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Figure 6.5 Velocity vector plot for flow past globular grains shown 
in Figure 6.4. 
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Figure 6.6 Equiaxed dendritic grains with a finite element mesh to calculate two
dimensional flow. 
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Figure 6. 7 Velocity vector plot for flow past equiaxed dendritic grains shown 
in Figure 6.6. 
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Figure 6.8 Variation of non dimensional permeability for two-dimensional flow 
past globular grains and equiaxed dendritic grains. 
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The results of the numerical calculations of the two-dimensional flows are 

compared with the results of flow through different arrays of spheres (Figure 6.9). It can . 

be seen that the permeabilities for two-dimensional flows are somewhat lower than those 

of the three-dimensional flows, particularly in the region gL < 0.85. Hence, Figure 6.3 was 

used to estimate permeabilities in three-dimensional flows past globular grains and 

equiaxed dendritic grains. 

Using the ratio "(, the non dimensional permeabilities were recalculated for three

dimensional flow, and plotted in Figure 6.10. From the plot, it is clear that the estimated 

nondimensional permeabilities are comparable to the analytical results obtained from flow 

through the model structures comprising spheres. 

Experimental values of dimensionless permeabilities in Al- Cu alloys, Pb-Sn alloys 

and bomeol-paraffm alloys are summarized in Table 6.3. Volume fraction solid, which 

has a range of 0.513 ~ gs ~ 0.917, and the morphology of the equiaxed grains are also 

included in Table 6.3. 

Figure 6.11 shows the plot where the results from the present analyses along with 

the experimental results are plotted against gs. From the plot, it can be concluded that the 

results Df nondimensional permeability obtained at higher volume fraction liquid follow the 

trend of the experimental results obtained at lower volume fractions of li'-luid. 
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Figure 6.9 Plot showing the variation of nondimensional permeability with gL for 
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Figure 6.10 Variation of nondimensional permeability (recalculated using y ) 
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Table 6.3 
Empirical dimensionless permeabilities for flow past equiaxed grains. 

Volume fraction Dimensionless Permeability (KS/) 

solid (g,) AI-eu Pb- Sn Borneol- Morphology* 
[l08] [l09] Paraffm [115] 

0.9170 0.000383 DG 
0.7300 0.00328 G 
0.7270 0.00256 G 
0.7248 0.0029 DG 
0.7174 0.0270 G 
0.7165 0.0062 DG 
0.7012 0.0047 DG 
0.6969 0.0280 G 
0.6920 0.0065 DG 
0.6913 0.017 D 
0.6850 0.0590 G 
0.6810 0.0880 G 
0.6780 0.0350 G 
0.6700 0.00371 G 
0.6614 0.0100 DG 
0.6310 0.00652 G 
0.6301 0.0290 G 
0.6204 0.062 DG 
0.6101 0.059 G 
0.6070 0.00753 D 
0.6025 0.035 D 
0.6023 0.084 G 
0.5740 0.021 D 
0.5774 0.021 G 
0.5720 0.00796 G 
0.5600 0.0590 DG 
0.5520 0.028 G 
0.5510 0.01500 G 
0.5318 0.033 G 
0.5180 0.01600 G 
0.5130 0.028 DG 

* D: dendritic: G: globular; DG: dendritic-globular. 
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Figure 6.11 Comparison of nondimensional permeability obtained from the present 

analysis of flow through globular dendrites with the experimental 
results. 



CHAPTER 7 

CONCLUSIONS 

Conclusions derived from this investigation are summarized as follows: 
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1. In order to pre~ct the convection of interdendritic liquid during solidification and 

the resulting macrosegregation, continuum models are used. Such models treat 

the mushy zone as a porous medium and require the determination of the 

permeability K. 

2. A special procedure for digitizing images and generating meshes for finite element 

computer calculations was effectively utilized to analyze the permeability. 

3. . In treating flow perpendicular to an array of regular cylinders, the nondimensional 

permeabilities for both Stokes flow and flow with a fmite Reynolds number were 

calculated with a fmite element computer simulation. The calculated results agree 

very well with the analytical results of Sangani and Acrivos [57], and with the 

numerical computations of Edwards et al.[95]. For finite Reynolds numbers, the 

results were extended to volume fraction of liquid as high as 0.99 in order to 

achieve relevancy to the solidification of alloys and to the inftltration of fiber 

composites. 

4. A dependence of the non dimensional permeability on the Reynolds number was 

observed, but this is not a strong dependence. 



5. The direct simulation of two-dimensional flow at the microstructural level and 

transverse to primary dendrite arms was successfully accomplished. 
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6. Using these special techniques, computations were done on dendritic 

microstructures with volume fraction of liquid ranging from 0.5 to 0.93. The 

calculated permeabilities for flow perpendicular to primary dendrite arms at high 

liquid fractions merged with the available empirical data at lower volume 

fractions. 

7. The computational technique was also used to study the anisotropy of permeability 

for cross flow. This showed that the orientation of flow perpendicular to the 

primary dendrite arms hardly has an effect on permeability. 

8. Numerical experiments were extended to calculate permeability for flow parallel to 

the primary dendrite arms. For gL> 0.6, good agreement between the present 

technique and techniques adopted by others was observed. Also, the results of 

the present work, agreed fairly well with the permeabilities calculated for fully 

developed flow parallel to arrays of circular cylinders. 

9. Permeability calculations for fluid 'flow past equiaxed dendritic and globular 

grains showed that results of two-dimensional computer calculations were 

comparable to various models for flow through arrays of spheres. 

10. A method of extending the results from the two-dimensional flow analyses to 

three-dimensional flows was devised and used to estimate the permeability for flow 

past equiaxed dendritic or globular grains. 
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11. Models for flow parallel to columnar dendrites should be modified to 

accommodate the effect of a roughness factor. This would hopefully shed some 

light on the transitional behavior of nondimensional permeability, so conspicuous 

among the experimental and numerically calculated results. Further work in this 

area is therefore highly recommended. 
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APPENDIX 

FLOW THROUGH RANDOM ARRAYS OF SPHERES 

The procedure adopted to calculate permeability for flow through random arrays of 

spheres consisted of two major steps: 

1. Development of an algorithm to generate two-dimensional cross sections of 

random arrays of spheres; 

2. Generation of a finite element mesh and use of a Navier-Stokes solver to analyze 

the flow through these randomly placed spheres. 

1. DEVELOPMENT OF THE ALGORITHM 

A computer program was written to generate bitmap image of cross sections of 

random arrays of uniform spheres. Upon running the program, the user is prompted for the 

desired volume fraction of spheres, the radius of the spheres, the minimum distance 

between the surfaces of adjacent spheres, and the me name of the image to be output. 

The algorithm used by the program to generate the cross-sectional image is 

relatively straightforward. Spheres of the user-specified radius are randomly placed in a 

three-dimensional container, ensuring that spheres do not intersect. Once a sufficient 

number of spheres have been placed to achieve the desired volume fraction, the imaginary 

container is sectioned and the resulting section is displayed and saved. 
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First, the correct number of spheres is calculated as the ratio of the volume of the 

container to volume of one sphere of the user-specified radius. Next, the spheres are 

randomly spaced into the container one at a time until a sufficient number of spheres have 

been placed. Each time a sphere is successfully placed, its coordinates are recorded. The 

placement of individual spheres is as follows. First, a trial position within the container is 

generated with random x, y, and z coordinates. The distance between this trial point and 

the centers of all previously placed spheres is then computed to ensure that the new sphere 

does not intersect with any existing spheres and allows for the user-specified minimum 

distance between sphere surfaces. If the test 'position is acceptable, then the sphere is 

added to the volume by recording its new coordinates. If the trial position is too close to 

other spheres, then the test coordinate is discarded and the process is repeated until an 

acceptable position is found. 

After the spheres have been placed, the array is sectioned. The cut is made through 

the middle of the container and is parallel to its top and bottom faces. Any spheres that 

intersect the sectioning plane appear as circles in the section. The radius of a circle of 

intersection is easily calculated from the radius of the sphere, its coordinates, and the 

height of the plane. 

Circles in the entire cross-section never intersect the boundaries of the section 

because the spheres are constrained to be entirely within the container. This has the effect 

of locally reducing the volume fraction of spheres near the walls of the container. Edge 
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effects are not desirable in the present study, so the computer program only displays the 

middle portion of the section in an attempt to achieve more spatially uniform sections. 

2. MESH GENERATION AND FLUID FLOW ANALYSIS 

Meshes were generated for ftnite element analysis in "the space between randomly 

arranged spheres using the procedure as explained in Chapter 3. Using the Navier-Stokes 

solver, flow through such randomly arranged circles (two-dimensional flow) were analyzed 

and the nondimensional permeabilities were subsequently computed. Analyses were 

repeated for each of the volume fraction solid assigned, every time with a different 

arrangement of circles. Figure Al shows one such plane containing circles of different 

sizes randomly arranged (gs =0.20) along with the ftnite element mesh. Figure A2 shows 

the plot of velocity vectors for flow through these randomly arranged spheres. 

The resulting nondimensional permeabilities are plotted against gL as shown in Figure A3. 

Also plotted are the results of Kim and Russel [98] for flow through random arrays of 

uniform spheres. It is to be noted that the present technique of randomly arranging spheres 

yields a maximum of gs = 0.3 (approx.), whereas Kim and Russel [98] reported 

permeability values for gs up to 0.5. Even with the spheres touching, the present technique 

could not randomly place spheres to achieve volume fraction high enough to be compared 

with that of Kim and Russel [98]. Therefore their results for gs > 0.3 seems to be suspect. 

In the present analysis, a minimum distance between spheres of 2 to 4 pixels was imposed 
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Figure Al Intersection of a plane through a random array of uniform spheres 

( 8s = 0.2) with a ftnite element mesh used in the two-dimensional flow 
analysis. 
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Figure A2 Velocity vector plot for flow through the structure shown in Figure Al. 
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Figure A3 Plot showing the variation of log KS} with gL for three-dimensional [98] 
and two-dimensional flow (present work) through random spheres. 
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between the spheres. This condition was necessary to get a satisfactory mesh, for the fluid 

flow calculations. 

To calculate penneabilities for three-dimensional flows from the analysis of two-

dimensional flows, the ratio of the nondimensional penneability in three-dimensional flow 

(3-D) to the nondimensional penneability in two-dimensional flow (2-D) was calculated in 

the range 0.7 s gL ~ 0.95. The ratio is 

KS,,2(3-D) 
r= KS,,2(2-D) 

Calculated values of "i, which were used to calculate non dimensional penneability for flow 

through equiaxed and globular grains, are shown in Table 6.2. 
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