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ABSTRACT 

The mathematical model of a two-dimensional linear imaging system is given in 

terms of an integral operator whose kernel is called the point-spread function (PSF) of the 

system. Through this model, the PSF completely characterizes the noise-free imaging 

properties of the system. Therefore, in order for an imaging system to be useful for 

quantitative work, its PSF must be known. An innovative technique for inferring the PSF 

of a locally isotropic imaging system from the images of line-segment sources was 

proposed in a paper by Dallas et al. [J. Opt. Soc. Am. A 4, 2039 (1987)]. Although 

algorithms based on their calculations provided sufficiently accurate results when applied 

to simulated problems, a rigorous proof of their formal calculations had not been 

established. In this dissertation, we supply the mathematical details of their formulation. 

The problem of determining the PSF from the image of a line-segment source can 

be formulated in a Hilbert space setting as an inverse problem. By applying the proper 

coordinate transformations, the operator modeling the relationship between the PSF and 

the image of a line-segment source can be cast into the form of a Wiener-Hopf integral 

operator of the first kind whose kernel vanishes along the positive axis. We will perform 

a detailed analysis of this operator, known as the incomplete Abel transform. 

Instead of limiting attention to this single operator, however, we will generalize 

it, thereby introducing large class of Wiener-Hopf integral operators, acting in the Hilbert 

space of square-integrable functions supported along the positive axis. By appealing the 
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theory of Hardy spaces on the real line, necessary and sufficient conditions will be 

developed for determining when an operator falling into this class is invertible. 

Furthermore, by using a regularization technique, we will develop explicit expressions for 

the inverses of a certain subclass of these operators. As a special case, we will present 

a number of inversion formulas for the incomplete Abel transform. In addition, we will 

formulate, and test, an efficient algorithm for performing a numerical inversion of the 

incomplete Abel transform. 



CHAPTER 1 

INTRODUCTION 

13 

Over a long period of time, the field of imaging has evolved into a scientific 

discipline that has far reaching effects in almost every branch of the physical sciences. 

The construction of the first magnifying lenses dates back as far as 700 B.C. to ancient 

Assyria (Southworth, 1975); invention of the co~pound microscope took place in Europe 

around the year 1600 A.D. (Hecht, 1987). From a more modern point of view, the 

concept of imaging is no longer restricted to reproducing or magnifying the appearance 

of an object or scene, but now includes the production of visual representations of the 

physical properties of matter and gases. For instance, an infrared image, or thermogram, 

displays the temperature variation of an object (Kaplan, 1993); the holographic image of 

a plasma describes its electron density distribution (Jahoda and Sawyer, 1971). Perhaps 

a more well known form of imaging takes place in an X-ray examination where an image 

is taken that reveals properties of the internal structure of a patient's body. Today an 

imaging system is any device that produces a visual portrayal of some object's 

characteristic. 

The designer of an imaging system is, naturally, concerned with developing a 

system that produces images of high quality. To be meaningful and to be of practical use, 

however, the phrase "produces images of high quality" must be quantified. Since most 

scientific imaging systems are designed to perform a specific task, e.g., detecting the 
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presence or absence of a tumor in a patient, a measure of image quality should reflect 

how well that system is able to successfully accomplish its task. There may be several 

factors, such as system noise, object variability, and fidelity that limits the performance 

of an imaging system. All of these factors must be taken into account if one is to 

develop any precise notion of image quality (Barrett, 1990). A full treatment of image 

quality is, however, beyond the scope of this dissertation and we will discuss only the 

fundamental concept of fidelity. For discussions that address a precise formulation of 

image quality see Swets and Pickett (1982), Hessler et al. (1985), and Barrett (1990). 

All imaging systems produce degraded (i.e., blurred and distorted) representations 

of the entity that is being imaged. This degradation limits the amount of information that 

an observer can extract from the image. For instance, even in a sharply focused 

photograph there is a limit to the amount of fine detail that can be discerned. To 

understand the behavior of these degradations it is helpful to develop and analyze a 

mathematical model describing the image forming process. Probably the most important 

simplification one can introduce in constructing the model of an imaging system is to treat 

it as a linear system. This assumption, of course, is an idealization since no system is 

strictly linear, but it is often a good one. The model of a noise-free linear imaging system 

is completely characterized by a single function, known as the point-spread function. The 

point-spread function represents the image of an object with negligibly small area (e.g., 

the photographic image of a distant star) and is the fundamental building block of the 

imaging system. It quantitatively describes the details of image formation and can be 

used to quantify the fidelity of the system. Determining or estimating the point-spread 
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function of a system is the central theme of linear systems theory. 

The intent of this chapter is to introduce the reader to the fundamental principles 

of linear imaging systems. In § 1.1 we provide a brief overview of X-ray image 

formation. This system provides us with an excellent example of an imaging system that 

is familiar to almost everyone. In § 1.2 we introduce a few of the key ideas of linear 

systems theory. More extensive discussions can be found in Barrett and Swindell (1981), 

Gaskill (1978), and Lathi (1992). We do not give a treatment of noise properties. 

Readers interested in the noise properties of specific systems are referred to Dainty and 

Shaw (1974) (for photographic imaging), Barrett and Swindell (1981) (for radiographic 

imaging), Kennedy (1993) (for infrared imaging). In § 1.3 an outline of the remaining 

chapters of this dissertation is presented. 

§1.1 X-Ray Imaging 

X rays are frequently used in medical diagnostic imaging because of their ability 

to probe deep within the body and present information to a radiologist. There exists a 

vast number of clinical procedures which use X-ray imaging including mammography, 

angiography, and myelography, but perhaps the most familiar procedure involves imaging 

a broken limb. These techniques work because the tissues of the body react differently 

when exposed to X-ray radiation, that is, the tissues exhibit radiographic contrast. Bone 

strongly absorbs X rays, so a fracture can be clearly seen on an X-ray image or 

radiograph. For the interested reader, a number of common medical X-ray imaging 
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techniques are discussed in Thompson (1973). 

Fig. 1.1 schematically illustrates a simple X-ray imaging device. (Actually, the 

system shown in Fig. 1.1 is no longer used for X-ray imaging. To protect the radiologist 

from excess radiation, the X-ray image formed on the phosphor screen is either recorded 

on film or relayed to a television monitor for viewing. However, the system shown in 

the figure contains most of the essential elements of modem X-ray imaging systems and 

it provides us with a simple means for understanding the fundamental ideas of X-ray 

imaging). A portion of the patient's body is irradiated with a uniform beam of X rays. 

When the X rays penetrate the body they are attenuated and the energy distribution 

(irradiance) of the beam decreases. The change in the beam's irradiance reflects the local 

nonhomogeneities of the body. The attenuated X-ray beam that leaves the body thus 

contains local energy variations that reflect the morphological structure of the patient's 

body. To make use of this information, because X rays are not perceivable by the human 

eye, it is necessary to convert the X rays into visible light. In fluoroscopy the conversion 

is achieved by the use of a phosphor screen. This screen consists of crystals, for example, 

silver-activated zinc cadmium sulfide, supported in a layer of plastic. The X rays excite 

the crystals causing them to produce visible light at a wavelength of about 550 nm, the 

peak of visual acuity for the human eye. The local brightness pattern produced on the 

phosphor screen is proportional to the X-ray irradiance thereby revealing the 

morphological details of the patient's body to the radiologist. 

To complete this discussion of X-ray imaging we will describe the details of the 

image forming process. The underlying reasons for doing this is to help us understand 
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Fig. 1.1 Schematic diagram of an X-ray imaging system. 



18 

what properties of the body go into forming an image. That is, we will see what 

particular characteristics of the body appear in an X-ray image. 

To understand how X rays interact with the body as a whole we must first look 
~ 

at interactions on a smaller level. A thin beam of X rays, traveling in the z direction, 

may be described in terms of quantity and energy, or wavelength, of the photons in the 

beam. Quantity refers to the number of photons in the beam. The energy (E) and 

wavelength (A) of a given photon are related by the equation 

E = he 
A ' 

where h is Planck's constant and c is the speed of light. The total energy (7) in the thin 

beam is the product of the number of the photons (N) and the energy of the photons 

T = EN. 

Suppose that the thin X-ray beam, consisting of photons of a single wavelength 

A, falls on the surface of a thin layer of tissue as illustrated in Fig. 1.2. As the beam 

traverses the tissue in the z direction it is attenuated, i.e., it loses energy. To simplify this 

discussion, we will assume that the energy of the individual photons in the beam remains 

unchanged. The attenuation is therefore due to the reduction of the number of photons 

in the beam as it passes through the tissue. Photons may be eliminated from the beam 

by either absorption, due to the photoelectric effect, or deflections, due to scattering 

(Christensen et al., 1972). The number of photons that pass through the tissue is 

governed by Beer's law : 
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Fig. 1.2 Attenuation of an X-ray beam through a thin material with a constant 
attenuation coefficient. 

z=o ---7!lz~ z=z e 

• z 

-&(JJ. +J.1 + ... +J.1 ) Me I 2 n 

o ~ 

Fig. 1.3 Attenuation of an X-ray beam through multiple layers, each having a different 
attenuation coefficient. 
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where: is the number of incident photons of wavelength A 

N(llz) is the number of transmitted photons of wavelength A 

Ilz is the distance the beam travels in the material [cm] 

J.l is the material's linear attenuation coefficient at wavelength A [cm- I
] 

In an extended length of tissue the linear attenuation coefficient generally varies with the 

position z. By chopping up the tissue into thin layers, over each of which the attenuation 

coefficient is effectively constant, Beer's law may be applied to each individual layer (see 

Fig. l.3). Thus, if No photons are incident upon the surface of an extended length of 

tissue, of total length z., then the number of emerging photons is given by 

z. 

N(z) = No e,xp[ -J dz I-L(Z)] • 
o 

After passing through an extended length of tissue, the total energy of a thin X-ray beam 

has therefore been reduced to 

z. 

Tout = E No e,xp[-J dzl-L(Z)] • 
o 

This equation is the fundamental principle of X-ray imaging. 

(1.1.1) 

Now assume that a uniform, parallel beam of X rays irradiates a patient's body at 

the plane z= O. As a portion of the beam, traveling in the z direction, enters the body at 
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the coordinate (x,y, 0) it is attenuated by the body tissue. If no is the number of photons 

per unit area incident on the body at (x,y, 0) then, according to Eq. 1.1.1, the number of 

photons per unit area exiting the body at the coordinate (x,y, z,) is given by 

:, 

n(x,y) = no e.xp [-f tkll(X,y,Z)] • 
o 

The attenuation coefficient Il is now a function of three variables since it is allowed vary 

throughout the three dimensional space defined by the body. The constant no does not 

depend on x or y since it is assumed that the incident X-ray beam is uniform. The energy 

distribution or irradiance I of the X-ray beam upon passing through the body is given by 

the product of the energy and number of photons per unit area: 

:, 

I(x,y) = En(x,y) = Enoe.xp [ -f tkll(X,y,Z)] • 
o 

(1.1.2) 

In clinical settings the photons in an X-ray beam are produced in a continuous 

range of wavelengths, usually ranging from about lA to o.IA (Christensen et al., 1972). 

Eq. 1.1.2 reflects only that portion of the beam irradiance coming from photons of the 

single wavelength A.. We can account for the continuum of wavelengths by integration: 

where: 

:, 

I(x,y) = J dAE(A)no(A)e.xp [ -J tkll(x,y,z; A)] 
o 

(1.1.3) 

E('A) is the energy of the photon of wavelength 'A [KeV] 

no('A) is the number of photons of wavelength 'A per unit area per unit 
wavelength [cm'3] 

Il(x,y,z ; A.) is the attenuation coefficient of the body at wavelength A. [cm')] 
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The transition from the attenuation coefficient J.l to the irradiance pattern I described by 

Eq. 1.1.3 is what we refer to as the attenuation process. The quantity E(J...) no(')..') 

appearing in Eq. 1.1.3 represents the irradiance per wavelength of the X-ray source that 

is used to irradiate the patient. A typical plot of this quantity that is generated in clinical 

settings is shown in Fig. 1.4. 

Of course it would be naive to expect that a formula as simple as that given by Eq. 

1.1.3 can exactly describe real-world phenomena such as the X-ray process. It doesn't. 

X-ray beams are never uniform and Beer's law is not an exact description of the photon 

interaction with matter. The process of X-ray imaging is actually a stochastic process. 

That is, if we were to repeat the process a number of times, under the same conditions 

each time, the outcome from each repetition would be different. The attenuated beam of 

X-rays emanating from a patient's body may be better described as a random variable than 

by the deterministic expression provided by Eq. 1.1.3. But such complexities are not 

always necessary. On average Eq. 1.1.3 provides a faithful model of the X-ray process 

and its simplicity makes an excellent starting point for understanding the information 

content of the attenuated X-ray beam. Furthermore, although the body is a three

dimensional object, the X-ray information is a two-dimensional quantity since it is 

acquired by averaging attributes of the patient's body over the z direction. Because of this 

averaging, information in the z direction is unresolvable from the X-ray information alone. 

Three-dimensional information can be attained through other techniques such as 

computerized tomography and nuclear magnetic resonance imaging, but we will not 

discuss these modalities here. (See Herman (1980) for the details of computerized 
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Fig. 1.4 Irradiance distribution vs. wavelength plot of a typical clinical X-ray source. 
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tomography and Mansfield and Morris (1982) for magnetic resonance imaging.) 

The irradiance pattern I in Eq. 1.1.3 contains all the information about a patient's body 

that can be obtained from a single X-ray examination. This two-dimensional information 

is that characteristic of the patient that the radiologist would like to ascertain. Because 

X-ray radiation is invisible to humans, the information contained in I must be transferred 

to a medium suitable for viewing by the eye. The method of transference might involve 

photographic film or a fluoroscopic screen. This transference is what we refer to as the 

X-ray imaging process. The unknown irradiance pattern I is transformed into a viewable 

image, which we will denote by another two-dimensional function I'. This image is the 

end result of the X-ray examination, it presents to the radiologist morphological 

information of the patient exhibited by the attenuation coefficient. Primarily, the image 

represents the density variations within the body. However, since the attenuation 

coefficient is rather complicated function of the atomic structure of the body tissue and 

the wavelength of the emitted source, X rays can be used to discriminate between tissues 

of similar density by the use of low energy X-ray sources (Christensen et al., 1972). 

One medium that can be used to view the information carried by the attenuated X-ray 

beam is photographic film. The process works in a way very similar to ordinary 

photography, the main difference is simply the nature of the electromagnetic energy that 

exposes the film. The basic contents of the film is an emulsion in which silver halide 

grains are suspended. When an X-ray photon from an attenuated beam strikes the film 

it is either absorbed by the emulsion, inducing a chemical reaction which exposes a grain, 

or it contributes no information to the process. Upon development, the exposed grains 



25 

are reduced to metallic silver which produces a variation in optical density of the film 

corresponding to the variations in exposure. When viewed on a light box the density 

variation in the film (the developed film is often called a radiograph) produces a 

brightness pattern which is proportional to the irradiance pattern of the incident X-ray 

beam. 

Unfortunately, only a very small fraction of incident X-ray photons are actually 

absorbed by the film emulsion. To obtain a proper film exposure, therefore, a patient 

would need to sustain prohibitively large doses of radiation. Avoiding this problem can 

be accomplished by placing intensifying screens in direct contact with the film. The 

screen converts the X-ray photons into light photons which then expose the film. These 

screens absorb a larger fraction of the X-ray photons than does the film and, furthermore, 

it converts each absorbed X-ray photon into about 1000 light photons. Patient radiation 

dose can thus be significantly reduced by using screen/film combinations to produce the 

radiograph. 

In order to view X-ray images dynamically it is necessary to immediately transform 

the irradiance pattern I onto a viewable medium. This can be achieved by the use of a 

fluoroscopic screen. When the irradiance pattern irradiates the screen an image is 

instantaneously produced. However, this mode of viewing does come with certain 

drawbacks. The fluorographic process produces an image that is only about 1110,000 as 

bright as a conventional radiograph. This means that viewing the image on a fluorescent 

screen is equivalent to viewing a scene with full moon illumination. In order to see the 

brightness pattern on the screen there cannot be any other source of light in the room. 
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The radiologist has to look at the image in total darkness. This limits the amount of fine 

detail that can be seen in the image since visual acuity in scotopic (dark) vision is about 

a factor of ten less than that of photopic (daylight) vision (Christensen et al., 1972). 

Another factor that degrades fluorographic images are large statistical deviations resulting 

from the limited number of photons transmitted by the screen. 

To overcome these deficiencies, an X-ray image intensifier is now often used in 

fluoroscopy (see Fig. 1.5). The important features of an image intensifier are a scintillator 

screen (commonly made up of cesium iodide), a photocathode, an electrostatically 

focusing lens, an accelerating anode, and a phosphor screen. When an X-ray photon falls 

upon the scintillation screen it is converted into a number of optical photons which are 

immediately converted into electrons by the photocathode. The electrons are drawn away 

from the photocathode by the high potential of the accelerating anode. As the electrons 

proceed to the output phosphor their geometrical configuration is preserved by the 

focusing effects of the electrostatic lens. The electrons strike the output phosphor causing 

the screen to fluoresce, displaying the X-ray image. The gain in brightness levels from 

the use of an intensifier depends on the quantum efficiencies of the scintillator screen and 

the viewing phosphor and also the potential difference between the photocathode and 

accelerating anode (Roehrig and Fu, 1985). Factors of more than 1000 are easily 

achieved by using an intensifier, allowing an image to be viewed under normal daylight 

illumination (Csorba, 1985). Radiologist are thus able to view the image with photopic 

vision allowing them to perceive the finer details of the image. Of course, one can never 

get something for nothing. There are tradeoffs. Just as all ordinary lenses suffer from 
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Fig. 1.5 Schematic diagram of an X-ray intensifying system. 
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some amount of aberrations so too does the electrostatic lens of an image intensifier. 

These aberrations have the effect of blurring and distorting the image, so although the 

intensifier aids the viewing process by reducing the statistical deviations and allowing the 

viewer to use his photopic vision, it introduces other limitations. In practice, many of the 

aberrations can be corrected, but it is never possible to eliminate every one. 

The entire X-ray imaging process is the result of two subprocesses. The first 

subprocess, which we have called the attenuation process, involves the interaction of a 

uniform beam of X-rays and the patient's body. The outcome of this process is the 

irradiance pattern I given by Eq. 1.1.3. The second subprocess, which we have called the 

imaging process, involves the transference of the irradiance pattern I into a viewable 

object 1'. Describing the relationship between I and I', which depends upon the method 

of transference, is our primary concern. 

The transfer of information from the attenuated X-ray beam I to the viewable image 

I' always results in a loss of information, i.e., the image is a degraded representation of 

the irradiance pattern. The effects causing the degradation depend upon the method of 

transference. For example, when light is created by an X-ray photon incident on the 

intensifying screen of a screen/film combination it tends to diffuse laterally. This causes 

a number of grains in a broad area of the film to be exposed. As a result, the radiograph 

depicts a blurred, or unsharp, image of the irradiance pattern. Similar effects take place 

in the fluoroscopy/intensifier system, but they are compounded by the aberrations of the 

electrostatic lens. To accurately interpret the information contained in the image, the 

radiologist must be aware of the limitations imposed by these degrading effects. Since 
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the image usually results in a blurred representation of the intensity pattern, the 

relationship between I and I' can often be described in terms of a mathematical integral 

operator. The loss of information, or degradation, is then exemplified by the kernel 

function associated with the particular operator. We will discuss these details in the next 

section. 

§1.2 Linear Systems Approach to Imaging 

The common thread that links imaging systems to other types of physical phenomena 

is the general concept of system. The term system is broadly used to refer to any device 

that exhibits a response when a stimulus is applied. The stimulus is referred to as the 

input, whereas the response is called the output. We have already encountered two types 

of systems in the preceding section; the X-ray attenuation process and the X-ray imaging 

process. The input for the attenuation process is the linear attenuation coefficient of the 

patient's body and the output is the resulting attenuated X-ray beam. The input for the 

imaging process is the irradiance pattern of the attenuated X-ray beam and the output is 

the viewable image of that pattern. The entire X-ray imaging process is thus the 

combination of two subsystems. 

System theory is the science of modeling the relationship between the input and the 

output of a given system. We can attempt to identify a suitable model from two different 

points of view. On one hand, we can build a model by applying physical laws controlling 

the behavior of the system. This approach entails the use of the skills and specialized 
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knowledge of experts in the field of study who are able to examine the intrinsic features 

of the system. For example, the input-output relationship for the attenuation process was 

derived from physical laws (e.g. Beer's law) governing the interaction of the X-ray 

photons with matter (see Eq. 1.1.3). On the other hand, we can build up a structure of 

the model from a number of postulates which we require our system to obey. This 

approach does not lead to an explicit representation of a model, but rather to a 

mathematical form to which the model conforms. The form is usually an operator which 

is defined in terms of a (possibly infinite) set of parameters. In the latter approach, which 

lies within the scope of this dissertation, the role of system theory is reduced to finding 

a set of parameters that accurately describes the behavior of the system. The theory is 

applicable to any system which obeys the postulates we set forth and it is independent of 

the physical nature of the system. 

The assumptions that we will impose on our system are standard in the imaging 

systems literature. First, since we are concerned with two-dimensional imaging systems, 

it is assumed that both the input (object) and the output (image) can each be quantified 

by a scalar-valued function of the two independent variables. In this case it is customary 

to speak of the input plane as the location of the object and the output plane as the 

location of the image. In the X-ray imaging process example, the input plane is the plane 

directly opposite the side of the patient from the X-ray source, and the output plane is the 

film plane, for the photographic process, or the viewing screen, for the fluoroscopic 

process. Second, we assume a linear relationship between the object and the image. The 

linearity condition means that the system is additive and homogeneous so the principle 
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of superposition applies. That is, if two different objectsft and}; produce the images gl 

and g2, respectively, then the image produced by the objectJ;=aft +b};, where a and b 

denote arbitrary scalar constants, is precisely g3 = agl + bg2 • The most general description 

of a linear relationship between the input and output is given in term of a linear integral 

operator S. If we denote the object by a function fthen the image, denoted by Sf, is 

given by an integral of the form 

00 00 

Sf(x,y) = f f dx' dy'j(x',y')h(x,y;x',y') . (1.2.1) 

-00 -co 

The kernel function h appearing in the integral contains the parameters of the system, i.e., 

for each set of numbers (x,y; x' ,y') the value h(x ,y; x' ,y') is a parameter of the system. 

To understand the role of the kernel function h associated with the integral operator 

S, it is helpful to introduce the Dirac delta (or impulse) function. This function, denoted 

by 8(x -Xo,y -Yo), represents an ideal point object located at the coordinate (xo, Yo); it takes 

on the val ue zero for (x, y) :;t: (xo, Yo) and is characterized by the si fting property 

00 00 

-00 -00 

whenever the function f is continuous as the point (xo, Yo). When the point object 

f(x ,y) = 8(x -Xo ,y-Yo) is used as input to the system, the output is easily computed from 

Eq. 1.2.1 by using the sifting property of the delta function: 

'" 00 

Sf(x,y) = f J ~'~'8(x'-xo ,y'-yo)h(x,y;x',y') = h(x,y;xo'yo) . 
___ eo 
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The function h(x,y; Xo ,Yo) thus represents the image of a point object located at the 

coordinate (xo ,Yo) in the input plane. This image represents the way an ideal point is 

blurred or spread-out by the system. For this reason, h is called the point-spread function 

(PSF) of the system. Eq. 1.2.1 has a particularly simple interpretation. It states that the 

image of an object/is the superposition of the image of point objects, each of which is 

weighted by the object itself. 

An ideal system would image point objects as point objects, i.e., an ideal imaging 

system would have a PSF that is represented by a delta function. The images produced 

by an ideal system would therefore be perfectly sharp and clear. However, all real 

systems suffer from some amount of distortion and blurring. As a result the image of a 

point object has a finite spatial extent. A good imaging system should produce a fairly 

sharp image of a point object. In terms of the PSF, this means that for each fixed 

location (xo ,Yo) in the input plane the function h(x ,y ; Xo ,Yo) should have a narrow region 

of support in the output plane. Fig. 1.6 illustrates how two different systems image a 

single point object. The image produced by the first system is localized to a narrow 

region of the output plane, whereas the image produced by the second system exhibits a 

significant amount of spread. We cannot say that the first system is better than the 

second system from this single observation since the image of a point object generally 

changes as its location at the input plane varies. In order to completely characterize the 

deterministic imaging qualities of a particular system it would be necessary to determine 

the shape of the PSF for each location of the point object in the input plane. This would 

require us to map out the PSF on an entire four-dimensional space. Fortunately, in many 
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Fig. 1.6 Illustration of how two different systems respond to a point source. 
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situations, the shape of the PSF (i.e., h(x,y; Xo ,Yo) as a function of x and y for fixed 

values of Xo and Yo) is slowly varying with respect to the location (xo ,Yo) of the point 

object in the input plane. In this case we can partition the input plane into regions, so-

called isoplanatic patches, within each of which the shape of the PSF does not appreciably 
. 

change. (If, within the isoplantic patch, the shape of the PSF also exhibits circular 

symmetry then the patch is said to be isotropic). To characterize the imaging system it 

is therefore usually sufficient to determine the shape of the PSF for a few select values 

of (xo,Yo), each lying within a distinct isoplanatic patch. In §3.1 we will discuss several 

experimental methods that are used in practice to measure a system's PSF. 

Let us now return to the example of the X-ray imaging process discussed in the 

previous section. The object that is to be imaged is the irradiance pattern of the 

attenuated X-ray beam that exits the patient's body. The quality of the image of this 

pattern depends on how it is transferred into a visible object. This transference may be 

achieved by a photographic process or more directly by a fluoroscopic process used in 

conjunction with an image intensifier. Each process has its own imaging characteristics, 

i.e., each leads to a system with a different PSF. 

To discuss the factors that affect to the shape of the PSF of an X-ray system, we must 

first define what we mean by a point object other than describing it in terms of a delta 

function. A point object is simply a thin beam of X rays that strikes the output plane 

from a normal direction. A point object can be created in practice by drilling a small 

hole in a thick lead plate. When the plate is placed in front of the X-ray source, the lead 

plate absorbs all of the X rays except those which pass through the small hole. The 
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position of the hole gives the location of the point object. The image created by the lead 

plate with the hole is precisely the PSF. 

For X-ray photography, there are a number of factors that contribute to the spread of 

the PSF and depend upon the physical properties of the screen/film combinations (see Fig. 

1.7). When an X-ray photon from a thin beam crosses the surface of the intensifying 

screen it is either absorbed, and converted into a large number of optical photons, or it 

contributes nothing to the image. The optical photons, produced by a single X-ray 

photon, are then distributed in random directions causing the light to spread out through 

the intensifying screen. The amount of spread increases with the thickness of the screen, 

but can be reduced by the presence of light-absorbing dye. Upon passing through the 

screen, most of the light exposes the grains in the film emulsion. Some light, however, 

passes through the emulsion and strikes the film base. This stray light is either absorbed 

by the film base or is reflected back to the film emulsion and exposes more grains. Most 

contemporary film bases contain material that absorbs light, thereby reducing the effects 

of the stray light. The paths traveled by a number of photons are illustrated in Fig. 1.7. 

The spatial extent, or shape, of the PSF for X-ray photography is therefore dependent 

upon the amount of spread caused by the intensifying screen and the reflections of 

photons from the film base. Since the structure of the screen/film combination is 

approximately uniform, the shape of the PSF does not appreciably change as location the 

point object is moved in the input plane and, furthermore, it is reasonable to assume that 

the shape of the PSF should exhibit circular symmetry about the location of the point 

object. Therefore the X-ray imaging system is an isotropic system, and it can be shown 
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Fig. 1.7 How the PSF of a photographic X-ray imaging system is formed. Optical 
photons generated from an X-ray photon are distributed in random paths; black squares 
indicate sites of absorption, which can be in the intensifying screen, the emulsion, or the 
base. 
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that the PSF of such a system has the functional form 

(1.2.2) 

The function hR represents a radial profile of h. The value hR(r) is a measure of the 

amount of blurring, at a distance r from the point (xo ,Yo) in the output plane, that has 

occurred from imaging a point object located at the coordinate (xo ,Yo), Sanderson (1979) 

outlines an experimental procedure that is commonly used to characterize the PSF for x

ray photography. 

From the discussion in the previous paragraph, we see that the effects leading to the 

shape of the PSF for X-ray photography are purely random in nature. In a strict sense, 

therefore, X-ray photography is a stochastic process generated by a random PSF. 

However, if the intensifying screen emits a large number of photons per incident photon, 

the PSF may be viewed as a deterministic quantity. In this case the X-ray imaging 

process is also deterministic. 

To obtain a feeling for the effects that a PSF has on the imaging system it models, 

consider two hypothetical imaging systems whose PSFs have the form given by Eq. 1.2.2. 

The radial profiles of the PSFs for both system 1 and system 2 are shown in Fig. 1.8. 

The figure shows that system 1 has the ability to produce a sharper image of a point 

object than does system 2. Hence, the images generated by system 1 will be sharper. To 

illustrate this point we show in Fig. 1.9 the images of a bull's-eye object produced by 

each system. The object consists of three uniform concentric disk objects of radii 113 in., 

2/3 in., and 1 in., respectively. The figure gives a clear indication that system I does 
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Fig. 1.8 A plot of the radial profiles for two hypothetical PSFs of different X-ray 
imaging systems. 
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a) 

b) c) 

Fig 1.9 illustration of how systems with different PSFs degrade an image. a) Actual 
object to be imaged. b) Image of object as seen through system 1. c) Image of object as 
seen through system 2. 
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indeed produce a much sharper image. However, both produce degraded images. These 

degradations make it difficult locate the edges of the disks in the object, in fact, the edges 

completely disappear in the image produced by system 2. 

§1.3 Scope of This Dissertation 

Determining the PSF of an imaging system is a crucial step for understanding the 

imaging properties of that system. However, measuring the PSF directly is uncommon 

because of the low signal levels available for measurement when the energy flux is 

limited at the input by a pinhole aperture. Most current methods for calculating the PSF, 

within a particular isotropic patch, involves measuring the image of a test object whose 

support must be small enough so that it can be placed within the given patch. The 

measurements are then processed in a suitable way to infer the PSF. For these methods 

to work, however, the test objects must be very large relative to the spread of the PSF. 

But if the spread of the PSF has a size comparable to the size of the patch, this condition 

implies that the test object would have to be larger than the size of the patch. This size 

constraint violates our previous assumption that the test object can be placed within the 

patch. Thus, when the PSF has a spread of comparable size to the isotropic patch, these 

methods cannot be used to infer the PSF. This dilemma motivates one to consider the 

problem of calculating the PSF by measuring the images of test objects having arbitrarily 

small support. 

The problem of inferring the PSF from the image of an arbitrarily short and 
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infinitesimally thin test object (i.e. a weighted line source) has been addressed by Dallas 

et al. (1987). Measurements of the image in the output plane are assumed to be taken 

along the line perpendicular to the test object. The relationship between the image 

measurements and the PSF can be quantified mathematically in terms of a generalized 

Abel transform. In their paper, Dallas et al. formulated an inverse of this transform, 

which can then be used to calculate the PSF from the image measurements. 

The problem of inferring the PSF within an isoptropic patch from the images of a 

weighted line source can be formulated in terms of a generalized Abel transform equation. 

For this reason, we will analyze in some detail a certain class of Abel transforms as 

operators in a suitable Hilbert space. It will be shown that, by applying an appropriate 

coordinate transformation, the class of Abel transforms is isomorphic to (i.e. has the same 

theoretical properties as) a certain class of integral operators of the Wiener-Hopf type. 

For reasons of simplicity, it is this latter class that will be given the most attention in this 

dissertation. However, all the properties of the class of Wiener-Hopf operators also carry 

over to the class of Abel transforms via the isomorphism. 

In chapter 2 we lay down the mathematical foundations and notations that are 

necessary for much of the work in the following chapters. This chapter contains a lot of 

information and its purpose is to make this dissertation essentially self-contained. In 

chapter 3, we review a number of common techniques used to compute the PSF of an 

isotropic system. In that chapter, we define a class of generalized Abel transforms, in 

particular the incomplete Abel transform, which act on the set of circularly symmetric 

functions defined on the plane. This class of transforms is then shown to be isomorphic 
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to a class of Wiener-Hopf operators. In chapter 4, the Wiener-Hopf operators are 

analyzed in detail and a regularization technique is devised that will enable us to solve 

a wide class of Wiener-Hopf integral equations. In chapter 5, we show how these 

regularization procedures can also be used to solve generlized Abel transform equations. 

In particular, explicit formulations for the inverse of the incomplete Abel transform, some 

of which were originally derived in the paper by Dallas et al., are developed. A fast 

algorithm for carrying out one the inversion formulas is also presented and a number of 

numerical examples are given. Finally, in chapter 6 we present a summary of the main 

results presented in this dissertation and make some suggestions for further research 

directions. 
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MATHEMATICAL PRELIMINARIES 
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Being mathematical in nature, this dissertation draws upon a wide variety of 

mathematical concepts including Fourier transform theory, operator theory, and Hardy 

space theory. In order for this work to be self-contained we include this chapter to 

familiarize the reader to the mathematical tools, concepts, and notations that will be used 

in the remaining chapters. 

We will adhere to the following notations throughout the remainder of this 

dissertation. R is the real line and C is the complex plane. R+ is the nonnegative real line, 

R. is the non positive real line, C+ is the open upper half complex plane, and C. is the open 

lower half complex plane. The superscript • denotes complex conjugation. For a given 

set X, we denote by c/(X) the closure of X. In particular, we use II+ and II. to denote the 

closed sets c/(C+) and c/(C.), respectively. If X is a measurable subset of R, then a 

property will be said almost everywhere on X (abbreviated a.e.) if the set of points for 

which it fails to hold forms a set of Lebesgue measure zero. Given the extended real 

numbers p, k, etc. satisfying 1 ~p, k~ 00 we will denote by p', k', etc. the positive extended 

real numbers defined by p'=p/(P -1), k'=k/(k -1), etc. Thus, for example,p' satisfies the 

equation lip + IIp'= 1. In the case p = 1 it is understood that p'= 00, whereas if p = 00 it is 

understood that p'= 1. The extended real numbers p' and k' will then also satisfy the 

inequality 1 ~p',k'~oo. 
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§2.1 Function Spaces and Operators 

A function space is nothing more than a vector space whose elements are 

functions. All of the vector spaces described in this dissertation are defined over the 

scalar field C and are usually referred to as complex vector spaces. [For a list of the 

vector space axioms see, for example, Nering (1971, pp. 7-8)]. The first two function 

spaces that will be introduce are sometimes referred to as test function spaces. The 

symbol C~(R) is used to denote the space of all infinitely differentiable complex-valued 

functions/defined on R which have compact support (i.e., there exists a finite real number 

M> 0 such that/(x) = 0 for all I x I> M). The symbol o1>(R) is used to denote the space of 

all infinitely differentiable complex-valued functions / defined on R such that for every 

pair of positive integersN andkwe have I XN/(k)(X) I ~o as I x I ~oo. For a closed interval 

Xc R, C~(X) will denote the set of functions in C~(R) with support in X. For a semi

infinite closed interval Xc R we denote by o1>(X) the set of functions in o1>(R) with support 

in X. 

The remaining classes of function spaces to be introduced all have the additional 

structure of a norm, which allows one to introduce the concept of a length of a vector. 

Before defining these spaces, however, we will briefly review some of the basic ideas 

associated with normed vector spaces. The abstract ideas of normed vector spaces we 

present in the material below is adapted from the material presented in Stakgold (1979, 

Ch.4). 

The concept of a norm on a vector space is an abstraction of the notion of the 
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modulus operation on the set C and is defined to obey a prescribed set of axioms. 

Definition 2.1.1 Let Vbe a vector space. A norm (or length) defined on Vis a mapping 

11·11: V ~ R+ which satisfies the following three axioms: for all I, g E V and all a E C 

i) 

ii) 

iii) 

11/11=Oiff/=O, 

11/+gll~ 11111+ Ilgll, 

II alii = I a 111/11, 

(Triangle inequality) 

(Homogeneity ) 

A vector space V equipped with a norm is called a normed vector space. 

Let V be a normed vector space. A subspace VI of V is a subset of V that is 

closed under addition and scalar multiplication. That is, VI is a subspace of V iff VI is 

a subset of V and for aII/,g E VI and all a E Cone has/+ag E VI' The subspace VI of V 

is said to be dense if every element I in V can be approximated to arbitrary precision by 

an element in VI' Le., for every e > 0 there exist an is E VI such that III -is II ~ e. 

A sequence of vectors In in V is said to converge to the vector g E V, written in 

symbols as In ~ g, if the norm of the difference In - g become arbitrarily small as n tends 

to infinity, Le., 

.f" - g iff lim 11.f" - gil = 0 • 

A sequence of vectors In in V is said to be a Cauchy sequence iff for every real number 

e> 0 there exists a positive integer N such that for every m ~N 
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Every convergent sequence in V is obviously a Cauchy sequence. However, it is not 

always true that a Cauchy sequence necessarily converges in V [see Stakgold (1979, p. 

238) for a counterexample]. A normed vector space Vin which every Cauchy sequence 

converges is said to be complete and is given a special name. 

Definition 2.1.2 A normed vector space which is complete is called a Banach space. 

Other types of vector spaces that play important roles in analysis are inner product 

spaces. An inner product space is a special type of normed vector space which is 

equipped with an additional algebraic structure, called an inner product, that satisfies the 

following set of axioms. 

Definition 2.1.3 Let V be a vector space. An inner product defined on V is a mapping 

(. , .): V x V -» C that satisfies the following four axioms: for all j, g, h E V and all a E C 

i) 

ii) 

iii) 

iv) 

(J,g)=(g,f)., 

(aJ,g)=a(J,g) , 

(J+h ,g)=(J,g)+(h ,g), 

(J,J»O, forftO. 

(Hermitian symmetric) 

(Homogeneous) 

(Additive) 

(Positive definite) 

An inner product space is automatically a normed space with the natural norm generated 
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by the inner product 

~/II = J<.t,/) . (2.1.1) 

The proof of the fact that this norm satisfies the axioms of Definition 2.1.1 can be found 

in Stakgold (1979, p. 263). The key to proving the triangle inequality is the following 

important result. 

Theorem 2.1.4 (Cauchy-Schwarz) For any two vectorsfand g in an inner product space 

1 </,g) 1 ~ ~/llIlgll , 

Proof: See Nering (1971, p. 177). I 

The inner product operation on a vector space allows us to define the notion of 

orthogonality of vectors and subspaces. Two vectors of an inner product space are said 

to be orthogonal if their inner product is zero. Two subspaces VI and V2 of an inner 

product space V are said to be orthogonal, if each element of VI is orthogonal to every 

element of V2 • The orthogonal complement of the subspace VI' denoted by V/, is the 

set of elements in V which are orthogonal to every element of VI' It is easy to verify that 

VIi is a subspace of V and, in fact, VIi is always a closed subspace of V (Stakgold, 1979, 

p. 266). Since inner product spaces are also normed spaces, the concept of completeness 

can be defined for inner product spaces. The class of complete inner product spaces are 

also given a special name. 
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Definition 2.1.5 An inner product space which is complete is called a Hilbert space. 

Because a Hilbert space is a complete normed space, it is also a Banach space. 

The converse is not true, however. It can be shown [see Riesz and Sz. Nagy (1955, p. 

211)] that a Banach space is also a Hilbert space iff each pair of elements J,g in the 

Banach space obey the parallelogram law 

11/+gl+ ~/-gil = 211/11 +2 IIgll • 

If this condition is satisfied, one can define an inner product (.,.) on the Banach space 

by the following rule 

(j,g) = ~[II/+gll-lI/-glI+ill/+igll-ilil-igll]. 

Having introduced the abstract concepts of Banach and Hilbert spaces, we will 

now introduce an important class of examples that play an important role in this 

dissertation. Let Xc R be an interval. For a nonnegative measurable function m defined 

on X satisfying m(x) > 0 a.e. on X and a real number p~ 1, we denote by U(X,m(x)dx) the 

classical Banach space of complex-valued measurable functions J satisfying-

f dxm(x) I/(x) IP < 00 • 

x 

The integral is understood in the sense of Lebesgue integration. The principal details 

-To be precise, the objects in the Banach space are not functions but rather 
equivalence classes of functions which differ on a set of Lebesgue measure zero. 
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involved in the construction of the Lebesgue integral can be found in the references. [See 

Royden (1989) or Goffman and Pedrick (1983), or, for a more elementary treatment, see 

Apostle (1971)]. For eachJe LP(X,m(x)dx) the norm, or length, ofJis defined by 

I 

11!lIv(X,m~)dx) = (fxdxm(X) I!(x) IP)p • 

That this norm satisfies the triangle inequality given Definition 2.1.1 is a classical result 

established by Minkowski [Kuller (1969, p. 200)], whereas the completeness of these 

spaces is a result due to Riesz and Fischer [Williamson (1962, p. 71)]. For p = 2, the 

spaces U(X,m(x)dx) are Hilbert spaces and are endowed the inner product defined for 

J,g e L2(X,m(x)dx) by the integral 

(f, g >L2(lt,m~)dt) = f dxm(x)!(x)g ·(x) , 
x 

When no confusion arises, the subscript will be left off of the inner product symbol. 

We will denote by L «l(X) the Banach space of complex-valued measurable 

functions that are essentially bounded on X, i.e., functions which are equal a.e. on X to 

a bounded function. The norm of Je L «l(X) is defined by the essential supremum (ess 

sup) and is sometimes referred to as the uniform norm 

III ilL -(X) = ess sup I/(x) I == in! {M ~ 0: I/(x) I ~ M for a.e. X € Xl. 
xeX 

In much of what follows, the set X will represent one of the sets R, R+, or IL We 

will therefore use the shorthand notations U(m(x)dx), L!(m(x)dx), and L~(m(x)dx), to 

represent, respectively, the spaces U(R,m(x)dx), LP(R+,m(x)dx), and U(R.,m(x)dx). 
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Furthermore, if the measure m == 1 we will omit writing it. Thus, for example, U(X) 

consists of those functions which are pth-power absolutely integrable over the set X, 

whereas L~ consists of those functions which are pth-power absolutely integrable over R+. 

Let B, and B2 be Banach spaces. An operator, or transform, A from B, into B2 

is a linear mapping of a subspace D(A) of B, into B2:- The subspace D(A) is called the 

domain of A while B2 is called the codomain. The operator A is said to be densely 

defined if D(A) is a dense subspace of B,. The image R(A) = {Af:fE D(A)}, which is a 

subspace of B2, is called the range of A. The subspace N(A) of B, consisting of the 

elementsfE D(A) such that Af= 0 is called the null space of A. IfB, =B2, we will simply 

say that A is an operator on B,. If C is an operator from B2 into another Banach space 

B3 having domain D( C), then we can form another operator CA, called the composition 

of C and A. The domain of CA is specified by D( CA) = {f E D(A) : Af E D( C)} and for 

fE D(CA) we define (CA)f=C(Af). Operators will always be denoted by italicized bold 

capital letters such as A, B, Yo etc. When defining an operator A from B, into B2, it is 

necessary to designate two conditions. First, one must specify the action of A by 

explicitly showing how it manipulates a functionfE B, to produce the function AfE B 2' 

Second, one must specify the domain on which A is intended to act. Two operators, 

mapping B, into B2, are then said to be equal iff they have the same action and the same 

domain. The following definitions summarize some of the important concepts of operator 

theory. The notation A : D(A) ~ B2 is used to indicate that operator A has domain D(A) 

--In this dissertation all operators and transforms are assumed to be linear. 
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and codomain B2. 

Definition 2.1.6 Let BI and B2 be Banach spaces with norms 11·111 and 1I·lb, 

respectively, and let A : D(A) ~ B2. Then: 

a) A is said to be bounded iff 

sup II AI Ih = M < 00 • 

Iflt .. 1 

The constant M is called the norm of the operator A and will be denoted by IIA II. If A 

is not bounded then we define IIA II = 00. 

b) If A is injective (one-to-one), i.e., N(A) consists of only the zero element, we define 

the operator A,I, called the inverse of A, with domain D(A,I)=R(A) by the rule A·Ig=f 

iff Af= g. 

c) A is said to be closable iff for every sequence i" in D(A) for which Ill" II. ~ 0 then 

either II Ai" Ib ~ 0 or Ai" does not converge in B2. 

d) A is said to be closed iff for every sequence i" in D(A) with the property i" ~ fin BI 

and Ai,,-+u in B2 it follows thatfE D(A) and Af=u. 

e) If B I = B2 then a complex number A. is said to be in the resolvent set of A, denoted 

by p(A), iff the operator A - ')J (where I denotes the identity operator on BI)' having 

domain D(A), is injective, surjective (onto), and has a bounded inverse. The complement 

of p(A), denoted by cr(A), is called the spectrum of A. 

f) If D(A)=BI and ILfIiI = IIAfib for all fE BI, then A is said to be an isometry. If A 

is also surjective then it is called an isomorphism and, in addition, if BI and B2 are both 
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Hilbert spaces then A is said to be a unitary transformation. 

g) If A) is an operator on B) and A2 is an operator on B2, then A) is said to be 

isomorphic to A2 if there is an isomorphism U: B)--)oB2 such that UA) =A2U. 

In operator theory, two isomorphic operators are viewed as being indistinguishable. 

This idea follows from the fact that two isomorphic operators enjoy all of the same 

theoretical properties. Hence, from an abstract point of view the two operators are the 

same. 

A bounded operator A : D(A) --)0 B) is continuous in the following sense: if fn is a 

sequence in D(A) such that f" --)of e D(A), then Af" converges in B) to the vector Af 

Conversely, any continuous operator is also necessarily bounded [Stakgold (1979, p. 

296)]. For this reason the terms bounded and continuous can be used interchangeably. 

All densely defined bounded operators can be uniquely extended to a bounded 

operator with domain B). It will thus always be assumed that a bounded operator has 

domain B) and is therefore a closed operator. The concept of closability is a technical 

detail whose presence becomes important when we begin working with adjoint operators. 

All of the operators that encountered in this dissertation are closable. Operators which 

are not closable tend to be highly discontinuous. But, just to make it clear that there 

do exist operators that are not closeable we provide an elementary counterexample. Let 

B) = B2 = L 2([ -1,1]) and let A be the operator defined by Af(x) = f(O) on the dense domain 

D(A) consisting of the functionsfe L2([_I,I]) which are continuous at zero. The sequence 

of functions fn defined by fn(x) = 1 for I x I < lin andfn(x) = 0 for 1 > I x I > 1 In, converges to 
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zero in BI while the sequence Afn converges trivially to the constant function f(x) = 1. 

Definition 2.1.7 Let HI and H2 be two Hilbert spaces with inner products (',,)1 and 

(''')2' respectively, and let A be a closable operator from HI into H2 having dense domain 

D(A). Then: 

a) A densely defined operator B: D(B) ~ HI with D(B) c H2 is said to be a formal adjoint 

of A iff for all g E D(B) and f E D(A) 

(Bg,f>1 = (g,Af>2 • (2.1.2) 

b) The adjoint of A, denoted by At, is a closed formal adjoint of A. 

When one restricts his attention to only bounded operators, the terms adjoint and 

formal adjoint mean precisely the same thing. This fact follows from the result that a 

formal adjoint of a bounded operator is necessarily bounded and is therefore closed. 

However, in the realm of unbounded operators, the two terms are different. If A is a 

densely defined, unbounded operator then its adjoint does exists and, by its very 

definition, is necessarily a closed operator. But a formal adjoint of A need not be closed. 

In many cases, a formal adjoint of A can be easily constructed through the direct use of 

Eq. 2.1.2. But to construct the adjoint of A one must perform the additional task of 

precisely determining its domain of definition. Finding this domain is, in general, a very 

difficult problem. 
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Definition 2.1.8 Let X c R be an interval and let <I> be a measurable function on X. The 

multiplication operator M4>: D(M4»~L2(X) is defined by the action MJ= <1>1 and has the 

domain specified by D(M4» = {IE L 2(X) : <1>1 E L 2(X)}. 

Proposition 2.1.9 Let M4>: D(M4» ~ L 2(X) be a multiplication operator. Then: 

a) M4> is densely defined and closed, 

b) M4> has norm given by 

IIM~II = esssup I ~(x) I , 
zeX 

and is bounded iff <I> E L OO(X), 

c) the adjoint of M4> is the multiplication operator M4>0 where f is the function defined 

on X by the rule f(x) = (<I>(x)f. 

Proof. See Weidman (1980, pp. 51, 54, 91, and 92). I 

§2.2 Some Special Functions 

Special functions commonly appear in describing the equations that model the 

behavior of physical systems. Many of these special functions cannot be defined by a 

single algebraic expression throughout their entire domain, and others need to be defined 

by complicated formulas. In order to simplify many of the equations appearing later on, 

it is helpful to furnish some shorthand notation for the special functions that recur often 

in this dissertation. For this reason, we will introduce in this section a few special 



ss 
functions and assign special notation to them. The notation used below is adopted from 

Gaskill (1978). 

The rectangle function (reet) and the step function (step) are the piecewise 

continuous functions of a real variable defined, respectively, by the formulas 

1 I x-xci <! 
2 ' 

(X-X) 1 Ix-xol _ b 
reet T = - - "2 ' 2 

(2.2.1) 

0 , I x-xci >! 
2 ' 

1 , X > Xo , 

step(x-xo) 1 
X = Xo ' = -

2 
(2.2.2) 

0 , X < Xo , 

where Xo and b are fixed constants. The values of the functions at the points of 

discontinuity have been defined by taking a symmetric average of the left hand limit and 

the right hand limit. These functions are often used to restrict the support of a function 

to an interval in R. that is of prime concern for a given problem. For example, the product 

reet(xI2'1t)eos(x) agrees with one period of the function eos(x), over the interval [ -'It, 'It], 

and vanishes elsewhere. These two functions are plotted in Figs. 2.1 and 2.2. 

Another piecewise defined, but continuous, function is the triangle function (In) 

,(X-XO) _ { 1-tn-- -
b 

(2.2.3) 

This function is plotted in Fig. 2.3. 
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Fig. 2.1 The rectangle function. 

1 

Fig. 2.2 The step function. 

Fig. 2.3 The triangle function. 
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The error function (erf), the Fresnel function (jr), and the sine function are the 

continuous functions defined, respectively, by the formulas 

sine(x) = sin(1tX) 
1tX 

x 

erj(x) = .2. f dte _t
2 

, 

(io 

1 + • (J~.) x .! It
2 

fr(x) == 11' erj VTx = £ dte 2 • 

(2.2.4) 

(2.2.5) 

(2.2.6) 

All three of these functions are analytic along the real line and have entire extensions into 

the complex plane. The arguments in the definitions provided by Eqs. (2.2.4)-(2.2.6) can 

therefore be complex. The error function is commonly used in statistics and probability 

theory. The sine function and Fresnel function appear in the optics literature. 

By decomposing the complex exponential in the integrand of Eq. 2.2.6 into the 

sum of a cosine function plus the imaginary unit times a sine function, we find that we 

can express the Fresnel function as the sum/rex) = C(x) + i Sex), where the functions C and 

S are defined by 

(2.2.7) 

Both of the functions C and S are also entire functions of a complex variable and, when 
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the argument x is real, C(x) is the simply real part of/r(x), whereas S(x) is the imaginary 

part of /r(x). Graphs of the functions sine, elf, C, and S, are plotted along the real line 

in Figs. 2.4-2.7. 

The final special function to be introduced is the Dirac delta function, B(x). 

Strictly speaking, this object is not really a function at all, but rather it is a distribution, 

or measure. Nonetheless, the object B(x) can be viewed as a function having the 

following sifting property 

CD 

f dx a (x - xo> I(x) = l(xO> , (2.2.8) 
-CD 

whenever the function / is continuous at xo. (This definition is the one-dimensional 

analog of the two-dimensional Dirac delta function B(x - Xo,Y -Yo) defined in § 1.2). For 

a rigorous development of the Dirac delta function as a distribution see Zemanian (1965). 

§2.3 The Fourier Transform on LP Spaces (1 ~p ~ 2) 

Although we have distinctly stated that the definition of an operator must specify 

its domain, and that two operators having different domains are considered distinct, we 

will represent the Fourier transform by the symbol /T regardless of the domain on which 

we choose to define it. The reason for doing this is that the Fourier transform can be 

defined on many useful domains, and it would be a notational nightmare to furnish a 

different symbol for each particular domain. We will proceed to define /T on a number 
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Fig. 2.6 The Fresnel cosine integral. 
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Fig. 2.7 The Fresnel sine integral. 
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of domains and when it is important to specify the domain we will do so. We begin by 

defining .9' as an operator from L 1 into L CIO and then show how it can be defined as an 

operator between other Banach spaces. The principal results on this subject are due to 

Hille and Tamarkin (1933) and Plancherel [see Titchmarsh (1948, p. 382) for a list of 

references], and full treatments can be found in Titchmarsh (1948) and Champeney 

(1989). In this section the symbol p will represent a real number in the interval [1,2]. 

Definition 2.3.1 The Fourier transform, viewed as an operator from 0 into L CIO, is 

defined for all j EL I by 
00 

!Tf(~) = f dxf(x)e2nl~% • (2.3.1) 

The integral in Eq. 2.3.1 is absolutely convergent sincejE Ll and it converges uniformly 

to a bounded, continuous function. 

IfjE U,p> 1, then the integral in Eq. 2.3.1 may not be absolutely convergent and, 

in fact, may not converge for any value of~. In order to define :F on other U spaces it 

is necessary to slightly modify the definition. One way is as follows 

Definition 2.3.2 The Fourier transform, viewed as an operator from the space U into U', 

p'=pl(p -1), is defined for allfE LP by 
R 

!Tf(~) = lim f dxf(x)e2nl~% • 
R-oo -R 

(2.3.2) 

The limit converges in the space U' and pointwise a.e. 
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Theorem 2.3.3 Consider the Fourier transform as the mapping /T: LP -» U'. Then: 

a) /Tis a bounded operator with II/TII ~ 1, with equality holding if p=2, 

b) /Tis injective, and is also surjective iff p=2. 

Proof See Titchmarsh (1948, pp. 96 and 111). I 

On each domain for which we have defined it, the Fourier transform is injective 

and hence it possesses an inverse. As the following theorem shows, the inverse Fourier 

transform is quite similar to the Fourier transform itself. 

Theorem 2.3.4 Consider the Fourier transform as the mapping /T: U -+ LP'. The inverse 

Fourier transform, denoted by yo1, has domain R(.9) and codomain LP. IfF E R(.9) the 

action of /To1 is defined for p> 1 by 

R 

[F-IF(x) = lim f d~F(~)e-2T1'~% , 
R .... -R 

(2.3.3) 

and for p= 1 by 

R 

y-1F(x) = lim J d~F(~)(l- ill )e-2T1'~% . 
R .... -R R 

(2.3.4) 

Both of the limits in (2.3.3) and (2.3.4) converge in the space LP and pointwise a.e. 

Proof For p> 1 this is a classical result proved by Hille and Tamarkin (1933). 

The proof for p= 1 can be found in Butzner and Nessel (1971, p. 191). I 
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The reason we need to define :T-I differently for p = 1 follows from the fact that there 

exists functions F, which are Fourier transforms of functions in LI, that decay to zero 

slowly enough to keep the integral in Eq. 2.3.3 from converging for any value of x. 

As a matter of convenience, we will omit writing the limiting expression when 

expressing the Fourier transform or its inverse in its full integral representation. We will 

simply write the Fourier transform and its inverse as 

00 

:Tj(~) = J dxj(:x)e2nl~% , 
-00 

00 

-00 

and the limiting operations will be implied. 

Some of the most important properties of the Fourier transform result from 

viewing it as an operator on the Hilbert space L2. Two of these results are Plancherel's 

identity and its immediate corollary. 

Theorem 2.3.5 (Plancherel) Iff, g E L2 have Fourier transforms denoted by F and G, 

respectively, then 

{j,g} = {F,G}. 

Corollary 2.3.6 Viewed as an operator on the Hilbert space L2 the Fourier transform is 

a unitary operator, and therefore :Tt = :T-I
• 
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Suppose that a function/E L2 has a Fourier transform F which has support in the 

interval [-~c,~c], Le., F(~c)=O for I ~ I >~c' (Such a function/is said to be band-limited). 

Now F can be represented over the interval [-~c'~c] by its Fourier series representation 

.. .'Ck 

F(~) = :E cke Tc, -~c s ~ s ~c , 
Ie. -00 

where the Fourier coefficients Ck are given by 

(2.3.5) 

Since F is supported within [-~c,~c]' the interval of integration in Eq. 2.3.5 can be 

replaced by (-00,00) and, in view of Theorem 2.3.3, we obtain 

1 00 _.'Ck 1 
ck = - fd~F(~)e C

c = -f(...!..) . 
2~ 2~ 2~c 

C -00 C 

Therefore, the Fourier series representation of F takes the form 

(2.3.6) 

Now since F is supported on [-~c'~c], we may write 

(2.3.7) 

where the rectangle function, recI, is defined by Eq. 2.2.1. By applying the inverse 

Fourier transform to the expressions on each side Eq. 2.3.7 we are led to the following 
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representation for! 

(2.3.8) 

We have used the fact that the integration and summation may be interchanged since the 

series in Eq. 2.3.7 converges in L2. It has thus been shown that a band-limited function 

! is completely specified by an infinite number of discrete samples !(Xk), Xk = k/2~c' This 

result, known as the Shannon sampling theorem, is discussed in Marks (1991) and Young 

(1980). 

Now assume that only a finite number of samples of the band-limited function! 

are given at the sample points Xk , k=-N, -N+ 1,,,,, N -1, for some integer N. From these 

samples F can approximated by the finite series 

(2.3.9) 

This approximation can be made accurate to any desired precision in L 2([ -~c, ~c]) by 

choosing N sufficiently large. Using Eq. 2.3.9 we can approximate samples of F at the 

points ~n = n~c/N, for n = -N, -N + 1, "', N -1, by the formula 

(2.3.10) 
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The set of approximate sample values F(~n) is called the discrete Fourier transform (DFT) 

of the sample values /(xk). The formula for F(~n) given by Eq. 2.3.10 makes sense 

whether or not / is a band-limited function. Furthermore, for an arbitrary function / the 

sample values/(xk), xk=k/2~c k=-N, -N+ 1, "', N -1, can be recovered perfectly from the 

DFT values F(~n) by the inverse discrete Fourier transform (IDFT) 

(2.3.11) 

Although Eq. 2.3.11 is only guaranteed to correctly determine the values/at the sampling 

points Xh it can be used to interpolate / at any x E [-N/2~c' N /2~c] by the formula 

~ N-l _~ 

I(x) I:: --.!. :E F(~,.)e N • 

N ,,--N 
(2.3.12) 

The degree of precision to which this series approximates / depends on the sampling rate 

~c and the behavior of the Fourier transform F [see Atkinson (1989, pg. 180)]. Fast 

algorithms, known as the Fast Fourier Transform (FFT), have been developed to compute 

the values F(~n) in Eq. 2.3.10 from the samples /(xk) with great efficiency. For a 

development of the FFT algorithm see Press et al. (1986). 

Before leaving this section it should be remarked that the concept of the Fourier 

transform can be extended to act on domains other than the LP spaces. In fact, it can even 

be extended to act upon objects that are not even functions, e.g. distributions. However, 

these extensions of the Fourier transform call for new interpretations, and we will not take 

the time for their development. The interested reader is referred to Zemanian (1965) or 

Champeney (1987) for a more general treatment of the Fourier transform. 
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§ 2.4 Convolution 

The operation of convolution is fundamental in the area of image science. In fact, 

convolution provides a precise mathematical model for linear shift-invariant imaging 

systems. Although imaJing systems are inherently two- or three-dimensional in nature, 

it is sufficient for our purposes to look at the convolution of functions of a single 

variable. The theorems we present in this section, which can all be found in Champeney 

(1987), are used repeatedly in Chapter 4. 

Definition 2.4.1 Given two functions j and g we form another function h, called the 

convolution of j and g, by 

h(x) = f dyg(y)f(x - y) == f(x) * g(x) • (2.4.1) 

provided the integral exists. 

The convolution is a commutative operation, Le., j * g = g * j, as can be seen by 

applying a simple change of variable in Eq. 2.4.1. Of course, two arbitrary functions may 

not be convolvable, i.e., the integral in Eq. 2.4.1 may not converge for any x. The 

following theorem, due to W.H. Young, gives sufficient conditions for which the 

convolution exists a.e. 
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Theorem 2.4.2 (Young) Suppose thatfe LP and g e Lq where p and q satisfy 1 ~p,q~oo 

and 1 ~ p >1 + q >1 ~ 2. Then the convolution off * g exists a.e. and lies in the space Lk, 

where k>1 =p>1 +q>1 -1 and Ilf*g Ilk ~ Ilfllp Ilg Ilq. 

The most important aspect of the convolution process is the way in which it interacts 

with the Fourier transform. 

Theorem 2.4.3 Assume p,q e [1,2] and letfe U, g e U have Fourier transforms F and 

G, respectively. Then the Fourier transform of the convolution f * g is equal to the 

product FGe Lr, where r>I=2 _p>1 _q>l. 

Theorem 2.4.4 Assume p,q e [ 1 ,2] and letf e U, g e Lq have Fourier transforms F and 

G, respectively. If F is in Lk for some ke [1,2] and k~q~2 then the productfg has 

Fourier transform equal to F*GeLr, where r>l=k>1 _q>l. 

§ 2.5 Hardy Spaces 

There are two types of Hardy spaces that we will introduce in this section. The 

first type of Hardy space is constructed from certain classes of functions that are analytic 

within C+, whereas the second type of Hardy space is constructed from functions that are 

analytic within C_. Although we will define both types of spaces, the theory presented 

here applies directly to the Hardy spaces of the first type. This treatment is sufficient 
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since the theory for the Hardy spaces of the second type is completely parallel. i.e. the 

two spaces are isomorphic. For a thorough development of the Hardy space concepts we 

refer the reader to Garnett (1981). Koosis (1980). Dym and McKean (1976). Duren 

(1970). Hoffman (1962). and Hille (1962). In this section. p is used to represent an 

extended real number satisfying 1 ~p~oo. 

The Hardy space IF:. is defined as the set of functions J analytic in C+ satisfying 

sup (j dt If(X+iY)IP)~ < 00 • 

y>O _00 

(2.5.1) 

Thus for each fixed value of y> O. the function J;, (x) = J(x + iy) is an infinitely 

differentiable function of x that lies in the Banach space LP, and the collection of 

functionsJ;"y>O, is a uniformly bounded set in LP. For p=oo inequality 2.5.1 should be 

understood as 

sup sup If(x + iy) I < 00 • 

y>O -oo<x<oo 

Similarly, the Hardy space H~ is defined as the set offunctionsJanalytic in C_ satisfying 

sup (j dt If(x -iy) Ipl~ < 00 • 

y>O _00 

(2.5.2) 

Admittedly, one cannot be expected to gain much insight into the structure of these Hardy 

space functions from such simple definitions. The following theorems, which will be 

used extensively in Chapter 4, should help to provide a clearer picture of the types of 

functions that exist in these Hardy spaces. 



Theorem 2.5.1 If J E m then the boundary function 

f(x) = limf(x + iy) 
]-0 

exists a.e., it is in U, and ifJis nontrivial (Le.,J-O) then 

JeD d; In If(x) I > -00 • 

_00 1 +x2 
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(2.5.3) 

(2.5.4) 

If, furthermore, p:;c 00 then the limit in Eq. 2.5.3 converges to the boundary function in the 

norm ofU. 

Proof For 1 ~p<oo see Duren (1970, pp. 189-192) and for p=oo see Dym and 

McKean (1976, p. 46.) I 

Inequality 2.5.4 implies that the zeros of the boundary function form a set of measure 

zero and that the boundary function has limited decay to zero as I x I ~ 00. For example, 

the boundary function cannot be of the form J(x) = e-b Ix I, for any b > 0, since then 

inequality 2.5.4 would be violated. 

Theorem 2.5.1 shows that each function in m has a boundary function, defined 

along the real line, lying in U. This fact provides to us a way of embedding H~ in U by 

associating to each fEH~ its boundary function in U. The fact that this association is 

injective, i.e two functions J,g E H~ having the same boundary values a.e. must be 

identical, is established in Theorem 2.5.2 below. Hence, it does no harm to assume that 

m c U, and we will adhere to this presumption throughout the remainder of this 
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dissertation. It is probably best to think of II! as the set of functions in U which can be 

analytically extended into C+ in such a way that inequality 2.5.1 is satisfied. 

Now that H! has been identified as a subspace of LP, the question now arises of 

how it can determined whether or not a function in LP lies in the subspace H!. If a 

function is in II! it is only known as a function in U, i.e., as a function defined only 

along the real line, how do we regain its analytic extension into C+. These questions can 

be answered by looking at the Poisson integral or the Cauchy integral of the given 

function. 

For fEU the Poisson integral off, denoted by h, is the function defined on the 

open half·planes Cr u C. by 

... 
/p(z) = L I dt let) ,z = x + iy • 

1t.... (x - t)2 + Y 2 
(2.5.5) 

For p < 00, we define the Cauchy integral off as the function fe on Cr u C. defined by 

... 
J. (z) = ~ Idt/(t) . 
c 21tl t-z -... 

(2.5.6) 

The next two theorems provide ways to determine whether or not a functionfE LP is also 

in H! by looking h or fe. Furthermore, the theorems give the correct formulas for 

analytically extending f into C+ when it is in H!. 

Theorem 2.5.2 If fE U, thenf E H! iff its Poisson integralh is analytic in C+ and, in 

this case, h is precisely the analytic extension off into Cr. 

Proof See Duren (1970, p. 190). I 
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Theorem 2.5.3 If p:t;oo and IE LP, then IE II! iff its Cauchy integral Ie vanishes on C_. 

In this case, Ie (z), Z E C+, is the analytic extension of I into C+. 

Proof See Duren (1970, p. 195). I 

Of particular importance to the theory of the spaces II! are the notions of inner 

functions and outer functions. These two types functions provide a way to uniquely 

decompose the functions in II!. 

Definition 2.5.4 A function IE II! is said to be an outer function (for C+) iff for each 

complex number z=x+iy E C+ we have 

In If(z) I =.1.. j dt In If(t) I . 
1t _... (t-X)2+y2 

(2.5.7) 

A functionj is said to be an inner function (for C+) if it is in ~, Ij(z) I ~ 1 for z E C+, and 

Ii(x) 1=1 for a.e. x E R. 

Theorem 2.5.5 Every function in H~ can be factored as the product of an inner function 

and an outer function in II!, and this can be done in only one way, up to a constant factor 

of modulus 1. 

Proof See Koosis (1980, p. 160). I 

In view of inequality 2.5.4 and Eq. 2.5.7 an outer function has no zeros in C+, although 
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it may have zeros along the real axis. Thus, if/is a function in If! all of its zeros within 

C+ must also be zeros of the inner function which appears in the factorization off 

To provide an example of an outer function, consider the function/e H~ defined 

by 

1 
f(z) = -., Z E II+ . z+, 

(Note that for ze R we also have/eL2
). Setting z=x+iy, we see that 

and along the real axis (y= 0) we have 

1 lnlf(x) 1 = --In(x2 + 1) • 
2 

By referring to a table of integrals [see, for example, Gradshteyn and Ryzhik (1965, pg. 

563)] one can easily evaluate the following integral 

.1. j dt In If(t) 1 = -.2... j dt In(x2 + 1) 
1t -co (x - t)2 + y2 21t _00 (x- t)2 + y2 

= -.!.In(x2 + (y + 1)2), 
2 

which verifies that/is an outer function. On the other hand, the function g e H; defined 

by g(z) = eiz /(z) is not an outer function because In 1 g(z) 1 = In I/(z) 1 for z e R, but 

In 1 g(z) 1 < In I/(z) 1 for z e C+. 
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The following three theorems, which are fundamental results of Hardy space 

theory, provide us with powerful tools that are helpful in determining the injectivity of 

a certain class of operators that will be the subject of analysis in chapter 4. 

Theorem 2.5.6 II! is a closed subspace of U and hence it is complete. 

Proof See Garnett (1980, p. 53). I 

Theorem 2.5.7 If j is an inner function then the set j II! = Uf:f E H2 +} is a closed 

subspace of II; and is equal to II; iff j is a constant. Furthermore, if j' is another inner 

function, then j'H2+ cjH2+ iff j'/j E He:. 

Proof See Garnett (1981, p. 82). I 

Theorem 2.5.8 (Beurling) Let S denote the multiplication operator on II; defined by 

z-i 
Sf(z) = -.f(z) , z € C+ • 

z+z 
(2.5.8) 

Then a nontrivial closed subspace M c II! is invariant under S iff there is an inner 

function j such that M = JII!. 

Proof See Rosenblum and Rovnyak (1985, p. 98) I 

The following theorem of Paley and Wiener and its corollary completely 

characterizes the spaces II! and H: in terms of the Fourier transform. 
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Theorem 2.5.9 (Paley-Wiener) FE II: iff its Fourier transform (which is in L2) vanishes 

a.e. along the positive axis. Alternatively, FE H: iff its inverse Fourier transform vanishes 

a.e. along the negative axis. 

Corollary 2.5.10 Let 9: and :T.. denote the Fourier transform operator restricted to the 

domains L; and L:, respectively. Then 9::L;~II: and :T..:L:~H: are both unitary 

transformations. Therefore, L2 decomposes into the direct sum L 2 = II: EB H:, i.e., every 

f E L 2 can be written uniquely as the sum f = g + h where g E II: and h E H:. 

Before proving the Paley-Wiener theorem, we will first prove the following result, due 

to Hille and Tamarkin (1934), which supplements the Paley-Wiener theorem by 

characterizing an important subspace of H~ for p'~2. The proof will be given to 

demonstrate the association of Fourier theory and Hardy spaces. 

TheOl'em 2.5.11 Let f E LP, P E [1 ,2] , have Fourier transform FEU'. Iff vanishes a.e. 

along the negative axis then F E H~, whereas iff vanishes a.e. along the positive axis then 

FEHP~ . 

Proof: Sincefis supported along the positive axis its Fourier transform F is given 

by the integral 

F(~) = J dxf(x)e2T11~X • 
o 

(2.5,9) 
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In this formula, let us replace the real variable ~ with a complex variable z=a+ ib, b > 0, 

to obtain the following function F(z) defined in C+ 

.. 
F(z) = J dxf(x)e 2rcl

1.X 

o 

00 

= J dxf(x) e 2rclax e -2TCbx • 

o 

(2.5.10) 

For each b> 0, the integrand on the last line is in LI and therefore the integral IS 

absolutely convergent. Therefore, as can be shown by direct use of the Cauchy-Riemann 

equations (Wunsch, 1983, p. 55), F(z) is an analytic function on C+. Now, from the fact 

that! is supported on R+, the integral on the last line of Eq. 2.5.10 is the Fourier 

transform of the product !(x)e-271blr I evaluated at the point a. The Fourier transform of 

e-271blr I can be easily computed by elementary integration and is given by the function G 

G(~) 
1 b - -

Therefore, by using Theorem 2.4.4, the function F(z), z E C+, defined by Eq. 2.5.10 may 

be written as the convolution 

.. 
F(z) = !!.. J d~ F(~) ,z = a + ib • 

1t -00 (a - ~)2 + b2 

Because F(z) is an analytic function on C+ , the result follows from Theorem 2.5.2. I 

The bottom line of this theorem is that the Fourier transform of a function in L~, 

is necessarily in the space H~. However, the proof is more constructive. It shows that 
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the analytic extension of the Fourier transform can be computed directly in terms of the 

Fourier integral by replacing the real argument with a complex argument within C+. This 

theorem also proves half of the Paley-Wiener theorem. The remainder of the proof will 

now be given. 

Proof of Paley-Wiener theorem: Assuming that F E ~ we must show that its 

inverse Fourier transform f vanishes along the negative axis. Because FE H: , we may 

express F(z), Z E C+, as the Cauchy integral of its boundary function F(~), ~ E R, 

eo 

F(z) = ~fdt F(t) , z € C+ • 
2m t-z 

-00 

Writing z=a+ib, b>O, this expression becomes 

00 

F(a+ib)=~f F(t). , b>O. 
21U t- a -lb 

-eo 

Viewed as a function of the variable a for fixed b, the function F(a+ ib) is therefore the 

convolution of the boundary function F(a) , aE R, with [-21ti(a+ib)]"I. In view of 

Theorem 2.4.3, along with the fact that [-21ti(a+ib)]"1, as a function of a, has inverse 

Fourier transform step(x)e·b:I;, the inverse Fourier transform of F(a + ib) is given by 

9"-l{F(a + ib)}<x) = step (x) e -b%J(X) • 

Now, because the inverse Fourier transform is continuous on L2 and F(a+ib) converges 
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to the boundary function F(a) as b ~ 0, we find that f(x) = step(x)f(x) and therefore f 

vanishes along the negative axis. I 

Given a function f, we define its transpose J, by 

f,(x) = j*( -x) • (2.5.11) 

If fE L~ then J, E L~ and the Fourier transform of J, is in HP~. Just as we analytically 

extended the Fourier transform off into C+ by means of its Fourier integral, we can 

similarly extend the Fourier transform of J, into C_ by its Fourier integral 

o 
.9J,(z) = f dxf,(x)e 2nl:x , z € C_ • (2.5.12) 

-00 

It is interesting to derive the relationship between the Fourier transform off and the 

Fourier transform of its transpose. For z= a - ib E C_ we may rewrite Eq. 2.5.12 in terms 

of f as follows 

o 
9J,(z)= ff·( _x)e2nlaxe2nb 

-00 

00 

= f dxf· (x)e -2nlax e -2nb 

o 

= [I dx!(x)e2nl .... e-2n ... r 
= [I dx!(x) e

2n1
,', r 

= p*(z*) 
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Before summing up the results that have just been derived, we introduce the following 

notation. If g is a function defined in the region Xc C, then the function denoted by gh 

is defined in the region X· = {z·: Z EX} by the formula 

(2.5.13) 

Theorem 2.5.12 Let P E [1,2]. IfJE L!, then its Fourier transform FE HP; is defined 

on the complex domain TI+ by Eq. 2.5.9 and it E U. has a Fourier transform Fh E HP~ 

defined on the complex domain TI_. Furthermore, if J E L~, then its Fourier transform 

FE HP~ is defined on the complex domain TI_ by the Eq. 2.5.12 and it E L! has a Fourier 

transform Fh E H~ defined on the complex domain TI+. 

As mentioned earlier in this section, all of the theorems and definitions given for 

the space H! have exact analogs yielding theorems about H~. We will not state these 

results here, but the translations are quite simple given the following fact. 

Proposition 2.5.13 g E H~ iff gh E H! . In other words, the mappmg g H gh IS an 

isomorphism from the Banach space H! to the Banach space H~. 
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§ 2.6 Delta Sequences and Apodizing Sequences 

The notion of delta sequences, or approximate convolution identities, plays an 

important role in applied mathematics. Loosely speaking, a delta sequence is a sequence 

of functions indexed by a small parameter e each having unit area and becoming 

increasingly concentrated near the origin as the parameter e tends to 0 so as to 

approximate a delta or impulse function. Delta sequences are used in a number of 

applications such as solving heat-flow problems (Haberman, 1987 pp. 350 and 375) and 

low-pass filtering procedures in signal processing (Hamming, 1983 Ch. 6). Often times, 

delta sequences are used as a tool to help solve ill-posed inverse problems, i.e., problems 

whose solutions do not vary continuously with respect to small perturbations in the data. 

This latter application is what we will be interested in this dissertation. 

Definition 2.6.1 A sequence of functions Bs in 0, with either a discrete or continuous 

parameter e, is said to be a delta sequence iff the following two conditions are satisfied 

GO 

-GO 

ii) lim J dx I ae(x) I = 0 for every c > 0 . 
e .. O Ixl>c 

Each individual member Bs of a delta sequence is called an approximate delta function. 

If each member of a given delta sequence has support on the interval R. (R+), the sequence 
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will be referred to as a left-sided (right-sided) delta sequence. 

A delta sequence does not converge in LI as the parameter 8 tends to zero; 

however, the sequence does converge in a certain sense that is described in the next 

theorem. 

Theorem 2.6.2 Let oe be a delta sequence and assumefE U, 1 Sp<oo. Then for each 

8 the convolution off with oe is in U, and 

lim. 118e(x) * !(x) - !(x) II = 0 , 
e .. O 

that is, oe * f converges to f in LP as 8 ~ O. 

Proof See Butzner and Nessel (1971, p. 121). I 

Given any apodizing sequence, we can form another type of sequence, called an 

apodizing sequence, by taking the Fourier transform of the individual approximate delta 

functions. Similar to the use of delta sequences, apodizing sequences can be used as tools 

for solving ill-posed inverse problems. The role played by apodizing sequences in solving 

an inverse problem is especially important when the problem can be simplified by using 

the Fourier transform. 

Definition 2.6.3 Let oe be a delta sequence. For each 8, let Ae denote the Fourier 

transform of oe' The resulting sequence Ae is said to be the apodizing sequence 

associated with the delta sequence oe' 
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Because each member ~s of an apodizing sequence is the Fourier transform of 

an Ll function, it necessarily follows that ~G tends to zero as its argument tends to ±oo. 

However, in contrast to the behavior of a delta sequence, the members of an apodizing 

sequence become increasingly broad as the parameter 8 tends to o. Indeed, the apodizing 

sequence converges, in a sense made precise in the following theorem, to the constant 

function that is equal to one over the whole real line. 

Theorem 2.6.4 Let Bs be a delta sequence with the associated apodizing sequence ~I: 

lim 114cl -1112 = 0 • 
c~O 

Proof The result follows from Theorems 2.5.1 and 2.6.2 and Corollary 2.3.6.1 

We will now construct an example of a left-sided delta sequence and its associated 

apodizing sequence that will be of importance to us in chapters 4 and 5. Let K E ~(~) be 

defined by 

{ 
cexp( ~ ) , I X I < 1 , 

K(X) = Ixl -1 

o , Ixi ~ 1 , 

(2.6.1) 

where the constant c is chosen so that the integral of K over the real line is normalized 

to one. For all integers N> 0, one can show that K(N)(l) = K(N)( -1) = 0, and therefore K is 

an infinitely differentiable function. Define the sequence Bs by 

(2.6.2) 
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The sequence Os is a left-sided delta sequence and plots of a few of the approximate 

delta functions for various values of the parameter E, are shown in Fig. 2.8. The 

associated apodizing sequence As cannot be expressed in terms of elementary functions, 

but can be expressed as the following integral that can be easily evaluated by numerical 

means 

o 
aeCe) = ! J dxK(x:e )e2nl~X 

-2e 

= e -2nle~ J dx KCx)e2nle~x • 

-1 

(2.6.3) 

Fig. 2.9 illustrates the behavior of the real valued function e211IeI;As(~) for a few values 

of E. Note that as the parameter E shrinks to smaller values the function e211IeI;Ae(~) 

becomes increasingly broader or smoother near the origin. This behavior is just the 

opposite as that of the associated approximate delta functions. 

In view of Theorem 2.4.10 we have As E H~ for each E and the analytic extension 

of Ae into C. is given by the Fourier integral in Eq. 2.6.3 by replacing with the complex 

number Z E C .. Furthermore, each member of the apodizing sequence is a rapidly decaying 

function within C. as explained in the next lemma. 

Lemma 2.6.5 Let As be the apodizing sequence given by Eq. 2.6.3. Then for every 

positive integer N there exists a positive constant Me' perhaps depending on E, such that 

for each complex number Z E C. 
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829 

o ~~--------~---------=~--. -x o 2 

Fig. 2.8 Graphs of a few approximate left-sided delta functions along the negative axis. 
Graphs are of the functions ~a defined by Eq. 2.6.2 for three values ofe. 

Fi§ 2.9 Graphs ofa few apodizing functions. The graphs are of the real-valued function 
e271 ~Ai~) for three values ofe, the apodizing functions A, are defined by Eq. 2.6.3. 
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Proof: First consider the case I z I > 1. Starting with Eq. 2.6.3 we successively 

perform an integration by parts N times and multiply the resulting quantity by (1 + I z I)N 

to obtain 

(1+ IzI)NIAe(z)1 s (1+ Izl)N jdxIK(N)(X) I 
I 21tez I N -I 

S -1-IIK(N) III , 
(e1t)N 

where 11·111 denotes the LI-norm. For the case I z I ~ 1 we have 

§ 2.7 Some Notes on Analysis 

In this section, we will introduce the remaining concepts from classical analysis 

that will be utilized in Chapters 4 and 5. All of the results which are stated without proof 

are widely-known facts and can be found in Champeney (1987). Except where otherwise 

indicated, the symbols p, q, and, k are used in this section to denote extended real 

numbers in the closed interval [ 1 ,00]. Throughout the remainder of this dissertation, the 

norm denoted by II-lip is used exclusively for the norm defined on the Banach space U 

and its respective subspaces. 
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Theorem 2.7.1 (Holder's Inequality) Let JE LP and g E U where p and q satisfy the 

conditions 1 ~p, q ~ 00 and 0 ~p.1 +q.1 ~ 1. Then the productJg is in Lk, where k satisfies 

Definition 2.7.2 A function J defined on [a, b 1 is said to be absolutely continuous, 

abbreviated a.c., on [a, b 1 if for every E> 0 there is a B > 0 such that 

n 

:E I/(bt) - I(at ) I < e , 
.1:-1 

for every set of n disjoint subintervals (a n' b n) of [a, b], n = 1,2,.··, the sum of whose 

lengths is less than B. 

Definition 2.7.3 LetJ be a function defined on an infinite interval X. Then J is said 

to be a.c. on X ifJis continuous on X andJis a.c. on every compact interval [a, b 1 eX. 

Also, J is said to be piecewise a.c. on X if the support of J can be partitioned into a 

disjoint finite union of compact intervals over each of which J is a.c. 

A function J which is a.c. on a finite interval [a, b 1 turns out to be differentiable 

in the classical sense a.e. on [a, bland can be expressed in the form of an indefinite 

integral 
x 

I(x) = J dyv(y) + I(a) , x € [a,b] , 
Q 

for some VEL 1([ a, b 1). The property of a.c. is sufficient for us to apply the rule for 

integration by parts. 
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Theorem 2.7.4 Let f and g be a.c. on the finite interval [a, b ]. Then the derivatives of 

f and g exist a.e. on [a, b], the derivatives are in L I( [a, b]), and, furthermore, 

b b 

f dx/(x)g' (x) = /(b)g(b) - /(a)g(a) - f dx/' (x)g(x) • 
Q Q 

An important, and quite simple as well, class of bounded operators acting on a 

Banach space are the projection operators. For a general Banach space, a projection 

operator on B is a bounded operator P which is idempotent, i.e., it satisfies p2 = P. If B 

is a Hilbert space, we also require that P be self·adjoint. 

Definition 2.7.5 The projection operators P+ and P. are defined on LP by the formulas 

P+/(x)= step(x)/(x) , 

p./(x) = step(-x)/(x) • 

These projection operators are complementary in the sense that P + = 1-P _, where I is the 

identity operator on U. 

The range of P+ is simply the set of functions in LP that vanish a.e. on IL This 

range is obviously isomorphic to L! and we will not distinguish between the two spaces. 

Similarly, we will not distinguish between the range of P_ and the space L~. The spaces 

L! and L~ are thus to be viewed as subspaces of U, consisting of functions supported on 

the half-lines x~o and X~O. respectively. 

Since the Hardy space H! is a closed subspace of L2 it is possible to define 



88 

another projection operator on L2 having the range II!. 

Definition 2.7.6 The operator S+: L! ~ II! is the projection operator defined by the rule 

S+/= g where g is the unique function in II! satisfying 

111- gl12 = inJ IIJ- h~2 • 
heR! 

As a result of the Paley-Wiener theorem (Theorem 2.5.9), we can decompose S+ in terms 

of the Fourier transform and the projection operator P+ as the product 

(2.7.1) 

Now, because any function in II! can be uniquely extended as an analytic function into 

C+ , the function S+J. for/ E L 2 , can be analytically extended into C+. In view of Eq. 2.7.1 

this extension may be constructed from the Fourier integral representation by the 

following formula 

... 

If we write out the inverse Fourier transform of/in integral form and use the fact that 

e2nl
l;: is an exponentially decreasing function for ~ > 0 and Z E C+ we find 

... ... 
S+J(z) = f d~ e2Id~z: f dtJ(t)e -2trl~t 

o -... 

... ... 
= f dtJ(t) f d~ e -2Id~(t-z:) (2.7.2) 

-... 0 

... 
= ~fdtJ(t) =.h (z), 

21tl t- Z C -... 
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where fe is the Cauchy integral off Comparing this to the result of Theorem 2.5.3 we 

see that iffeH;, then S+f(z)=fdz)=f(z), which makes sense since S+ projects L2 onto 

H~. Now, by Theorem 2.5.1, the boundary functionS+f(x), x e R, is the limit in L2 of the 
... 

sequence S+f(x+;y) as y~O+. Therefore, for xe R we have 

C» 

S +f(x) = ~ lim f f(t). • 
21tly .. o· -C» t-x- Iy 

(2.7.3) 

This expression for S+f(x) can be broken up into two separate integrals by using the 

algebraic identity 

1 = iy + t-x 
(t-X)2+ y2 (t-X)2+ y2 

(2.7.4) 
t-x- iy 

Therefore, 

C» C» 

= lim [.1... f dt f(t) +.J.-. f dt (x - t)f(t) ] • 
y .. o· 21t -C» (t- X)2 + y2 21t -C» (x - t)2 + y2 

(2.7.5) 

Because the sequence Oy defined by 

is a delta sequence, it follows from Theorem 2.6.2 that 

As for the other limit in Eq. 2.7.5, it can be shown that [see Butzner and Nessel (1971), 

pg. 306] 
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(2.7.6) 
co 

== .2...pvfdt f (t) , 
21t x- t 

-co 

where the symbol Pv is used to designate that the integral is to be evaluated in the 

principal value sense. The integral on the last line of Eq. 2.7.6 is related to the Hilbert 

transform H which is the operator defined by the action 

co 

Hf(x) = .!Pvfdtf(t) • 
1t x-t 

(2.7.7) 

-co 

(Some properties of the Hilbert transform are described below in Theorem 2.7.8). Thus, 

it has been shown that for any IE L2 the projected function S+I can be expressed in the 

form 

S+f(x) = ~ (f(x) + Hf(x») • 

Hence the projection operator S+ can be written as the sum of the identity operator I and 

the Hilbert transform H as 

1 1 S =-l+-H. 
+ 2 2 

(2.7.8) 

Each of the representations for the projection operator S+ on L2 given by Eqs. 2.7.1, 2.7.3, 

and 2.7.8 are all equivalent and may therefore be used interchangeably. 

Before leaving this section, let us state a few significant properties of the Hilbert 

transform operator. 
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Theorem 2.7.9 For 1 <p<oo the Hilbert transform H defined by Eq. 2.7.7 is a bijective 

bounded operator on U, with inverse -H, and is a unitary operator when p=2. The 

Hilbert transform of a function in LI is a well-defined function, however it may not lie 

in LI. 

Proof See Titchmarsh (1948, pp. 122, 132, and 144). I 
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Imaging systems vary greatly in the quality of images they produce. In order to 

understand the inherent limitations of an imaging system it is necessary to provide a 

quantitative description of the image forming process. For a noise-free imaging system, 

this process is completely specified by the system's PSF, and the mathematical model of 

the process is an integral operator [Andrews and Hunt (1977, Ch. 1)]. 

In §3.1 we will introduce the concept of isotropic imaging systems and in §3.2 we 

will discuss a few common experimental techniques that are used to measure an isotropic 

system's PSF. Of particular importance to this dissertation is a novel method developed 

in a paper by Dallas et al. (1987) which enables the PSF of an isotropic system to be 

approximated from a set of measurements called the finite-length line-spread function 

(FLSF). The FLSF to PSF conversion is obtained by inverting an integral operator, 

termed the incomplete Abel transform in a paper by Hansen (1992), which is the 

mathematical model relating the FLSF to the PSF. In §3.3 we introduce two classes of 

operators defined on the Hilbert spaces L;(2rdr) and L; from generalizing the incomplete 

Abel transform. These two classes of operators are then investigated in detail in Chapters 

4 and 5. In Chapter 5, we present a number of formulas that can be used to invert the 

incomplete Abel transform as an operator on the space L;(2rdr). 
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§3.1 Isotropic Imaging Systems 

As discussed in Chapter 1, the general model for a noise-free linear imaging 

system may be represented by a linear integral operator. This operator, which will be 

denoted by S, describes the relationship between an object and its image, i.e., iff is the 

object then its image Sf is given by an integral of the form 

co co 

(3.1.1) 
-00 -00 

The kernel of this operator, hex ,Y; XO ,Yo), is the PSF of the system. As a function of the 

two variables x and y, with Xo and Yo fixed, hex ,y ; Xo ,yo) represents the image created by 

the system of a point object located at the coordinate (xo ,Yo) in the input plane (see § 1.2). 

Since the PSF completely characterizes the integral operator modeling the system, all of 

the imaging properties of the system can be identified by measuring the system's PSF. 

Knowledge of the PSF can be used to formulate a measure of the systems fidelity 

[Rosenfeld and Kak (1982, p. 210) and Levi (1970)]. This measure, used along with the 

noise properties of the system, can be used to quantify the performance of the system and 

can serve as a gauge to compare performances of different systems. Another, and perhaps 

more important, reason for calculating the PSF of an imaging system occurs when the 

system produces poor images. This is not to say that the imaging system is necessarily 

poorly designed, since in some systems the factors leading to the poor images are 

uncontrollable. For example, atmospheric turbulence degrades the astrophotographic 
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images of celestial bodies [Lohmann et al. (1983)]. In such situations the fidelity of the 

images produced by system is often too poor to resolve the finer details contained in the 

object being imaged. It is therefore necessary to enhance the image in order to obtain a 

more detailed representation of the unknown object. In principal, this can be 

accomplished by inverting the integral operator S modeling the system. However, in 

practical situations, S may not be invertible and the images produced by the system are 

corrupted by noise. In this case the image cannot be fully enhanced, i.e., the original 

object can never be exactly recovered. But by using pseudoinversion and regularization 

techniques it is often possible to process the image to produce a sharper representation 

of the unknown object. In either case, to perform the inversion or pseudoinversion, it is 

necessary to calculate the PSF. Once the PSF has been calculated, there are a variety of 

methods that can be used to carry out the inversion. An overview of the common 

inversion techniques can be found in Bertero et al. (1985) and (1988), Demoment (1989), 

and Sezan and Tekalp (1990). 

In general, computing the PSF of an imaging system is an enormous task which 

requires one to map out the function h over an entire four-dimensional space. In 

principle, for each fixed location (xo ,Yo) in the input-plane, h(x,y; Xo ,Yo) can be mapped 

out over the x-y variables by measuring the image of the point-object located at (xo ,Yo), 

By repeating this procedure for every point (xo ,Yo) within the input-plane the PSF can be 

fully mapped out. However, there are a number of certain drawbacks when this procedure 

is implemented experimentally (e.g. low signal-to-noise ratios). We will discuss some of 

these problems in §3.2 Fortunately, for many imaging systems it is possible to 
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circumvent these two problems. 

For many imaging systems the shape of the PSF does not change appreciably as 

the location of the point object remains within a neighborhood of a fixed point (xo ,Yo). 

That is, whenever the point (x'o ,Y/o) lies sufficiently close to (xo ,Yo), the PSF depends 

only on the difference of the two coordinates (x ,y) and (x/o ,Y/o) and can be expressed in 

the form 

(3.1.2) . 

where hR is a function of two variables. The set of all points (x/o ,Y/o) in the vicinity of 

(xo ,Yo) for which the PSF h(x,y; x/o ,Y/o) can be expressed in the form given by Eq. 3.1.2 

is called an isoplantic patch about the point (xo ,Yo), A further simplification arises if the 

shape of the PSF exhibits rotationally symmetry with respect to the points (x/o ,Y/o) within 

the isoplanatic patch. In this case the isoplanatic patch is said to be isotropic and the PSF 

reduces to the particularly simple form 

(3.1.3) 

where hR is a now a function of a single nonnegative variable. If the isoplanatic, or 

isotropic, patch about the given point consists of the entire input-plane then the system 

is said to be shift-invariant. In this case, the PSF for the system is entirely characterized 

by the function hR and the model of the system reduces to a two-dimensional convolution 

operator 

.. .. 
-ClQ-OI) 
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Now, if the shape of the PSF is a slowly varying function of the input-plane 

coordinates then it can be accurately approximated given h(x,y; Xo ,Yo) as a function of 

x and y for a select few locations of input-plane coordinates (xo ,Yo), Even in the case 

where the shape of the PSF exhibits abrupt changes as the input-plane coordinates vary 

over a certain regions, it is still sometimes possible to accurately describe the entire PSF 

given h(x,y; Xo ,Yo) at a specified number of locations (xo ,Yo), This would be the case, 

for example, if there exists a number of input plane coordinates (XI 'YI)' i = 1 ,2 , .. , N, such 

that the isoplanatic patches about each of the points cover the entire input-plane. This 

type of system is said to be piecewise shift-invariant. Examples of such systems are 

discussed in Tekalp et al. (1988). 

In this dissertation we will investigate the problem of determining a system's PSF 

h(x,y; Xo ,Yo) at a fixed location (xo ,Yo) in the input plane. Without any loss of generality, 

it will be assumed that (xo ,Yo) is located at the origin, that is, (xo ,yo) = (0 , 0). It will also 

be assumed that there is an isotropic patch surrounding the origin. In this case, the PSF 

has the form given by Eq. 3.1.3 for points (x'o,y'o) located near the origin of the input-

plane. Therefore, to determine the PSF it is only necessary to map out the function hR , 

which is a function of a single real variable. In order to accomplish this task, we will 

probe the system with test objects f which are supported within the isotropic patch 

surrounding the origin. Under this assumption, the image of the object is given by the 

convolution equation 

.... 
(3.1.4) 

-OO-CIQ< 
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An imaging system which can be modeled by an integral operator of this particular form 

is said to be isotropic. It can therefore be assumed that our system is isotropic as long 

as the test objects we choose to image are supported within the isotropic patch. In 

general, a system will be isotropic if one of two conditions are satisfied; either the 

isotropic patch about the origin consists of the entire input plane or the set of objects to 

be imaged are supported within the isotropic patch about the origin. For systems which 

are isotropic, it is common practice not to distinguish between the single variable function 

hR and the PSF h which is, to be precise, a function of the four independent variables x, 

Y , xo, and Yo. This convention will be followed here so we will drop the subscript R on 

the function hR characterizing the PSF and simply view the PSF as a function of a single 

variable. 

§3.2 Procedures for Measuring the PSF of an Isotropic System 

As discussed in the preceding section, an isotropic imaging system can be modeled 

by an operator of the form 

00 ... 

(3.2.1) 

-00 -OIl 

In this section, we discuss a number of common methods that can be used to determine 

h by measuring the images of test objects. Many of the methods do not lead to an explicit 

description of h, but rather provide ways to map out its Hankel transform H defined by 



H(p) = ~h(p) ;;; 21t J rdrh(r)Jo(21tpr) , 
o 

98 

(3.2.2) 

where Jo is the zeroth-order Bessel function of the first kind. The quantity H is referred 

to as the optical transfer function (OTF) of the system. Mapping out H is equivalent to 

mapping out h because, as shown in Appendix C, the Hankel transform is a self-reciprocal 

unitary transformation on the Hilbert space L~(2rdr). Thus, from H, one can calculate h 

by applying the Hankel transform operator to H. (See Murphy and Gallagher (1983) and 

Stark (1979) for efficient algorithms and sampling strategies for performing the discrete 

Hankel transform). However, it is often preferable to measure a system's OTF as 

opposed to the PSF because the former function describes the spatial frequency transfer 

characteristics of the imaging system and is commonly used to quantify of the imaging 

system. 

The basic components of an experimental setup for measuring the PSF or OTF of 

an imaging system are illustrated in the block diagram of Fig. 3.1. The essential 

components of any such system are (i) a source of radiant energy (e.g. light, infra-red 

radiation, or X-ray radiation), (ii) a test object located in the input plane, (iii) an isotropic 

imaging system, (iv) a detection device in the output plane to measure the irradiance 

distribution of the test object's image, and (v) a data processor for approximating the PSF 

from the image measurements. When a particular test object is used as an input to the 

system the image is measured in the output plane, usually only along a single line, by the 

detection device. Utilizing the model of the system given by Eq. 3.2.1, the continuous 
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Fig. 3.1 Essential components of a PSF measuring system. 
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set of data measurements can be related to the unknown PSF by a linear integral equation. 

By solving the resulting equation, the PSF can thus be determined once the data has been 

measured. Below we will discuss some of the procedures which are commonly used to 

determine the PSF or OTF from the images of various test objects. The solutions we 

present to the integral equations, relating the image data measurements to the PSF or 

OTF, assumes a continuous data set but can be used as a basis for developing numerical 

processing schemes to approximate the PSF or OTF from a discrete set of data. 

Direct Measurement 

The simplest method, at least conceptually, to measure a system's PSF is to 

measure the image created by a point source. Although a point object is a non-physical 

mathematical construct, it can be satisfactorily approximated in practice by the use of a 

small pinhole aperture as long as the dimensions of the pinhole are small compared to the 

scale of the PSF [Barrett and Swindell (1981, p. 32)]. When a strong flux of radiant 

energy (e.g. X rays, light, or infra-red radiation) is passed through the pinhole, situated 

in the input plane, an approximate point object is achieved. If the pinhole is centered at 

the origin of the input plane then the object can be expressed mathematically as the point 

objectj(xo,Yo) =B(xo) B(yo). The image of this object may be computed from Eq. 3.2.1 

.... 
-oa-oa 
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where we have used the sifting property of each of the delta functions (see Eq. 2.2.8). 

By measuring the image along the line y= 0 in the output plane, the PSF can be fully 

mapped out. 

Although this method seems to be appealing because it reqUires no data 

processing, it is not often implemented in practice due to the experimental problems it 

introduces (Rossman, 1969). First, in order to approximate a point source, the pinhole 

must be very small. The limited amount of radiant energy passing through the small 

pinhole and reaching the output plane is usually difficult to measure accurately. Second, 

the measurements in the output plane requires scanning the image starting precisely at the 

center, a location which may be difficult to pinpoint. 

Ronchi Ruling 

A Ronchi ruling, or rectangular-wave grating, is an infinite array of infinitely long 

parallel rectangular regions which absorb or reflect all incident energy. Each rectangle 

has constant width a and the spacing individual rectangles are separated by the distance 

a. Fig. 3.2 illustrates the transmission characteristics of a Ronchi ruling aligned parallel 

to the Yo axis. Also shown in the figure is a cross-sectional plot of the transmission 

properties varying in the direction parallel to the Xo axis. The energy transmission of the 

ruling can be described by the function !(xo,yo) which takes on the value one only if 

I Xo -2an I ~ a/2 for some integer n and otherwise has the value zero. Since/varies only 

as a function of Xo and is periodic in xo, of period 2a, it can be expressed in terms of a 

Fourier series as 
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Yo 

b) 

-4a -2a o 2a 4a 

Fig. 3.2 Illustration of a Ronchi ruling. a) Plot of a Ronchi ruling with spacing a. 
Shaded regions designate regions which transmit no energy. b) A cross-sectional plot of 
the energy transmission of the Ronchi ruling along the Xo axis. 
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1 ~ _·'~~o 

f(xo,yJ = - E sinc(i) ea. 
2 n--~ 

(3.2.3) 

By measuring the image of the Ronchi ruling through an isotropic system, one is provided 

with enough information to compute a number of sample values of the OTF [Murata 

(1966)]. We will now discuss the details. 

When the Ronchi ruling! described by Eq. 3.2.3 is used as input to an isotropic 

system then, assuming that the PSF vanishes sufficiently fast as its argument tends to 

infinity, the image can be computed from Eq. 3.2.1 as 

~ ~ ~ d.~ 

Sf(x ,y) = ~ n ~~ sine (i) ££ dxodyoe --a h(J(x - XJ2 + (y - yJ2) 

(3.2.4) 

We have used the change of variable u = x - Xo and v = y -Yo in the integral appearing on 

the first line to obtain the expression on the second line. By expressing the double 

integral appearing in the second line of Eq. 3.2.4 in terms of the polar coordinates rand 

1 ~ _!!!!! 2" ~ ~ 
Sf(x,y) = - E sinc(i)e a J J rdrd6e a her) 

2 n· -~ 0 0 
(3.2.5) 

~ .bu ~ 

= 1t E sine(i)e --;;-JrdrJo(,,;r)h(r) . 
n .-~ 0 

where we have used the integral representation for the Bessel function Jo given by Eq. C.7 

in Appendix C. The integral appearing on the second line of Eq. 3.2.5 is proportional to 
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H, the Hankel transform of h, evaluated at the argument nl2a (see Eq. 3.2.2). Thus, 

1 CD _.!!!!! 
S/(x) = - E sinc(i)H(;;,)e a • 2

n 
__ 

CD 

(3.2.6) 

The variable y has been omitted because the image is independent of it. Eq. 3.2.6 shows 

that the image Sf is periodic in x of period 2a. Fig. 3.3 illustrates the image of a Ronchi 

ruling and its a cross-sectional plot of Sf(x) for a system with PSF given by 

(3.2.7) 

when the rectangle width a is set to 20 mm. The function J) is the first-order Bessel 

function of the first kind. This PSF is typical of diffraction-limited incoherent optical 

systems that are out of focus [Ojeda-Castaneda, (1983)]. As can be seen in the figure, 

the image of the ruling exhibits less contrast than the original Ronchi ruling, i.e., the peak 

value is slightly less than one and its minimum value is slightly larger than zero. 

Furthermore, the edges of the rectangles are no longer sharp, but have been rounded out 

due to the blurring effects of the system. 

Because the image of the Ronchi ruling is periodic in x, of period 2a, it can also 

be expanded in terms of a Fourier series as 

CD a .Iu· .'IIS 

S/(x) = ..!. E {J dx'S/(x')e-a } e ---;- • 
2a n--CD -a 

(3.2.8) 

Now, Fourier series representations for any periodic function are unique [Butzner and 

Nessel (1971, p. 44)], and hence form the two Eqs. 3.2.6 and 3.2.8 we are lead to the 
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Fig. 3.3 Image of a Ronchi ruling. a) Image of a Ronchi ruling with spacing a= 20mm 
through a system with PSF given by Eq. 3.2.7. b) Cross-sectional plot of the image 
along the x-axis. 
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following identity 

o .dlLl 

sin~i)H (~) = .; J dxSf(x)e-lI
, n = "', -2, -1,0, -1, -2, .. ·• (3.2.9) 

-0 

The sine function, evaluated at the arguments n/2, can be expressed by the simple formula 

° neven,n*O, 

sinc(~) = .-1 
2(-1>,""2 

(3.2.10) 

n odd • 
me 

Therefore, by combining Eqs. 3.2.9 and 3.2.10, we obtain the following sample values of 

H at the locations (2k+ 1 )/2a 

= (2k+ 1)1C(-1)k J
O 

dxSf(x)e .'~.I).t 
2a 

-0 

k = 0,1, .. · . 

We can also take advantage of the fact that Sf is an even function of x to express the 

sample values of H in terms of an integral of Sf over the nonnegative axis. 

k
O 

H(~l) = (2k+ 1~1C(-1) J dxSf(x)cos(,,(2ko+l)X), k =0,1,. ... (3.2.11) 

o 

Therefore, by measuring the image of a Ronchi ruling on the positive x axis in the output 

plane, it is possible to obtain a sampling of the OTF on an evenly spaced grid of points. 

Of course, because the Ronchi ruling is of infinite extent, the function Sf defined 

by Eq. 3.2.6 does not always accurately quantify the image of the Ronchi ruling. In 

general, it is valid only when isotropic patch consists of the entire input plane. However, 
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in some cases this problem can be rectified. Specifically, if the spread of the PSF is 

small compared to the size of the isoplantic patch, then the method outlined above can 

still be used to infer the OTF as long as we truncate the support of the Ronchi ruling to 

lie within the patch. In fact, if the two functions 

both vanish for points (xo ,Yo) outside of the patch, then the image of the truncated ruling, 

as measured along the x-axis in the output plane, is exactly the same as Sf(x) over the 

period [ -a,a]. Hence, because Eq. 3.2.11 only uses the values Sf(x) of over this interval, 

the samples of the OTF can still be determined from the image of the truncated ruling. 

Line-Spread Function 

Probably the most common method of measuring the PSF of an isotropic imaging 

system involves measuring the image of a line object. A line object aligned parallel to 

the Yo axis is a very long, thin object which may be described in term of the Dirac delta 

function by the formula 

(3.2.12) 

In practical settings, a line source can be satisfactorily approximated by passing a strong 

flux of radiant energy through a long thin slit cut out of a medium which highly 

attenuates the energy. The image of the line object specified by Eq. 3.2.12 is obtained 

from Eq. 3.2.1 by the integral 
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00 00 

-00-00 

00 

-00 

Measurements of this image are made along the line y= 0 in the output plane and the 

resulting function, denoted by sex), is called the line spread function (LSF) 

00 

sex) = f dyo h(Jx2 + y;) . (3.2.13) 

-00 

A plot of the line spread function of a system with PSF given by Eq. 3.2.7 is illustrated 

in Fig. 3.4. 

The integral in Eq. 3.2.13, describing relationship between the LSF and the PSF, 

is known as the Abel transform, which will be denoted by A 

sex) = Ah(x) • (3.2.14) 

The literature on the Abel transform is quite extensive, and many of its properties can be 

found in Gorenflo and Vessell a (1980) and Bracewell (1983). In particular, it is well 

known that a one form of the inverse Abel transform is given by the following integral 

formula involving the derivative of s [see Gorenflo and Vessell a (1980) for the precise 

conditions under which this formula is valid] 

00 

A -1s(r) - -! f dx s'(x) , 
1t r JX2- r2 

r ~ 0 • (3.2.15) 
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Fig. 3.4 Plot of the lin~-spread functionofasystem withPSF given by Eq. 3.2.7. 
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Therefore, the PSF can be reconstructed from the LSF by applying the inverse Abel 

transform to Eq. 3.2.14 

her) = A -IS(X) r ~ 0 . (3.2.16) 

Marchand (1965) was the first to publish this formula for determining the PSF from the 

LSF measurements, although the inverse of the Abel transform had been established much 

earlier. One should note that, from the formula given by Eq. 3.2.16, it is evident that the 

PSF can be determined for a set of values r > ro from the measurements of the LSF sex) 

only for the values x> roo This is the so-called hole property of the Abel transform. 

Because the inverse Abel transform requires the data function s to be 

differentiated, numerical computation of the inversion is a difficult problem, especially 

when there is noise present in the data. This problem has been addressed in the literature 

and more stable techniques for inverting the Abel transform have been developed. [See, 

for example, Thau (1990) or Hansen and Law (1985)]. 

Instead of performing the LSF-PSF conversion as described above, it is often 

desirable to compute the OTF directly from the LSF. This computation can be done quite 

easily through use of the Fourier transform. Indeed, by applying the Fourier transform 

to the LSF s given in Eq. 3.2.13 we obtain 

00 

.9S(~) = f dts(x)e21tI~x 
-00 

00 00 

-00-00 



2n: .. 

.9S(~) = J J rdrdeh(r)e2n:I~rcos(e) 
o 0 

.. 
= 21t J rdrh(r)Jo(21t~r) 

o 

= H(~) • 
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In practice, the LSF-OTF conversion can be done efficiently by using the FFT algorithm. 

These procedures for calculating the PSF or OTF from the LSF are valid provided 

that the support of the PSF lies within the isotropic patch. If this condition is satisfied, 

then any line source supported within the patch which extends beyond the support of the 

PSF is effectively of infinite extent. 

Finite-Length Line-Spread Function 

The techniques discussed so far to indirectly infer the PSF are only valid when the 

size of the isotropic patch is large relative to the spread of the PSF. In particular, they 

cannot be used to accurately compute the PSF when the spread of the PSF extends 

beyond the isotropic patch, which may be the case in practical imaging systems such as 

X-ray image intensifiers. To rectify this deficiency, it was originally proposed by 

Wagnerl to consider the problem of inferring the PSF from measuring the images of 

arbitrarily small line-segment sources, the so-called finite-length line-spread function 

IRF. Wagner, Office of Science and Technology, Center for Devices and Radiological 
Health, Food and Drug Administration, Rockville, I\.1D 20857 (personal communication). 
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(FLSF). As a first approach, Wagner attempted to compute the PSF, or rather the OTF, 

from the FLSF by using an iterative method. Later, on a visit to the University of 

Arizona, Wagner posed this problem to Dallas2 and Roehrig3. It was only a short amount 

of time before Dallas, working along with Barrett4, began working on this problem. They 

soon developed an innovative transform technique to solve the problem. This work was 

later published in a paper by Dallas, Barrett, Wagner, Roehrig, and West (1987). (For 

brevity, in the sequel we will refer to this paper as Dallas et al.). Further (unpublished) 

research on the problem was carried out in detail by Barrett. In particular, Barrett had 

shown that the PSF could be obtained from the FLSF by an integral formula similar to 

a convolution operation. Later, Hansen (1992) was able to reproduce Barrett's inversion 

formula by using a different approach based on an iterative procedure. Below, we will 

outline the methods that were developed in the paper by Dallas et al. and discuss some 

of the points of the further research carried out by Barrett and Hansen. 

The mathematical formula of a finite-length line source of length L> 0, situated 

along the Yo axis and symmetric with respect to the Xo axis in the input plane, may be 

expressed in terms of the rectangle function and the Dirac delta function as 

2W.J. Dallas, Optical Sciences Center, University of Arizona, Tucson, AZ 85721. 

3H. Roehrig, Department of Radiology, University of Arizona Health Sciences Center, 
Tucson, AZ 85724. 

4H.H. Barrett, Optical Sciences Center, University of Arizona, Tucson, AZ 85721. 
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Fig. 3.5 illustrates the transmission properties the finite-length line source. 

The image of the finite-length line-source is given by the integral formula 

L/2 

= f dyo h(Jx2 + (y - YO)2) • 
-L/2 

If the image is measured along the line y= 0 in the output plane then the resulting 

function of x, denoted by w, is called the finite-length line-spread function (FLSF) 

L/2 L/2 

w(x) = f dYoh(Jx2 + y;) = 2 f dyoh(Jx2 + y;) . 
-L/2 0 

In Fig. 3.6 we have plotted the FLSF, for L= 1 mm, of a system having a PSF given by 

Eq.3.2.7. 

The integral operator relating the FLSF to the PSF, first introduced in the paper 

by Dallas et al. and later termed the incomplete Abel transform by Hansen (1992), will 

be denoted by AL : 

L/2 

w(x) =ALh(x) = 2 fdyoh(Jx2 + y;). (3.2.17) 

o 

If the PSF h vanishes for arguments larger than L/2, then the FLSF w is precisely the 
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Fig 3.5 Illustration of a finite-length line-source, of length L, in the Xo-Yo plane. Shaded 
area designates regions which transmit negligible energy. 
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Fig. 3.6 Plot of the finite-length line-spread function, with the parameter L = hnm, of a 
system with PSF given by Eq. 3.2.7. 
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same function as the LSF s defined by Eq. 3.2.l3. In this case the PSF can be 

determined from the FLSF by the inversion formula for the Abel transform given by Eq. 

3.2.16. In general, however, the support of the PSF extends beyond L12. To develop 

and inversion formula valid under this more general condition, the following integral 

transform pair was introduced in Dallas et al. 

GO 

1(a.) = 2 J xdxl(x)e-2nluxz, -00 < a. 00. (3.2.18) 

o 

GO 

I(x) = J da.j(a.)e -2nlaxZ
, r ~ 0 . (3.2.19) 

-OQ 

It was claimed by Dallas et al. that if one applies the integral transform of Eq. 3.2.18 to 

Eq. 3.2.17 then the result is a transfer function relationship 

w(a.) = Q(a.)h(a.) • (3.2.20) 

The function Q, called the transfer function, is defined in terms of the error function by 

the formula 

Q(a.) = -1-eif(!J21tia.) • 
J2ia. 2 

(3.2.21) 

Alternatively, Q can be defined in terms of the Fresnel function as (see Eq. 2.2.6) 

Q(a.) = fr(LFi.) 
J-a. 

Assuming that Eq. 3.2.20 is correct, the PSF can be reconstructed from the FLSF 
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by dividing both sides of this equation by the transfer function Q and then applying the 

inverse integral transform given by Eq. 3.2.19 

00 

her) = f d« W(<<) e -2nlcrr2 • 

_00 Q(<<) 
(3.2.22) 

The validity of this inversion formula hinges upon the transfer function relationship given 

by Eq. 3.2.20. Unfortunately, this relationship turns out to be incorrect as can be seen 

from the following example. 

Consider the function h given by 

her) = e -2nr2 • 

The incomplete Abel transform of this particular function is given by 

LI2 
w(x) :: AL hex) = f dyoe _Z1I~2+yg) 

-LIZ 

The integral transforms of both the function h and its incomplete Abel transform lV, can 

be computed by elementary integration 

00 

and 
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Hence, 

W(cx) 1 (if) -A- = -erf L - ~ Q(cx) • 
h(cx).f1 2 

which verifies that Eq. 3.2.22 is generally not correct. 

The fact that the transfer function relationship is not correct does not prove that 

the inversion formula given by Eq. 3.2.22 is incorrect. Indeed it is correct, provided that 

the integral is properly interpreted. However, to establish its validity one must use a 

technique that does not rely on the transfer function relationship itself. 

The main difficulty in proving that the function h defined by the integral in Eq. 

3.2.22 solves Eq. 3.2.17 comes from the fact that the quotient w/Q is, in general, not 

square integrable nor is it even in U for any p E [1,2]. In fact, if w is an a.c. function 

which does not vanish at w(O) * 0 then its integral transform, W, cannot decay to zero 

faster than I ai-I -C as I al ~ 00 for any e > O. Thus, since the error function asymptotically 

approaches the value one within the complex region -rrJ4~arg(z)~rrJ4 [Abramowitz and 

Stegun (1965, p. 298)], the quotient w(a)/Q(a) decay to zero at the rather slow rate I al- l12 

as I a I ~ 00. Therefore, the integral in Eq. 3.2.22 defining h is not, in general, a convergent 

Lebesgue integral and it must be properly regularized to assure that it converges for a.e. 

value of r~O. Once we have determined a suitable regularization procedure, it then 

remains to establish that the resulting function h provides the solution to Eq. 3.2.17. 
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These details are discussed in Chapters 4 and 5. 

An alternative inversion formula for the incomplete Abel transform, which does 

not require using the transform pair in Eqs. 3.2.18-19, was derived by Barrett. Barrett 

noticed that the inversion formula given by Eq. 3.2.22 is simply an inverse Fourier 

transform of the quotient w(a)/Q(a) evaluated at~. He used this fact to express the 

inverse incomplete Abel transform in the form of a convolution-like formula 

her) = f w' (x)kL(r
2 

- x 2
) • (3.2.23) 

r 

The kernel function kL , defined in a Appendix A by Eq. A.3 and plotted in Fig. 3.7 over 

the interval [-1,0] for the special case L = 1, appearing in this integral was first calculated 

by Barrett through numerical methods based on the calculus of residues (see appendix A). 

He observed that kL has support along the negative axis and exhibited discontinuities or 

kinks (discontinuous derivatives) at positive integer multiples of (L/2)2. 

Later, Hansens was introduced to the incomplete Abel transform problem while 

on sabbatical at the University of Arizona Optical Sciences Center. On investigating this 

problem, as explained in his 1992 paper, he realized that if the function h has finite 

support, say her) = 0 for r> Ro, then for values r> [Ro - L/2] \oS values ALh(r) were equal to 

Ah(r), where A is the ordinary Abel transform. Utilizing the hole property of the Abel 

transform he then realized one could use the inverse Abel transform to correctly 

SE.W. Hansen, Thayer School of Engineering, Dartmouth College, Hanover, NH 
03755. 
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-1 ---?-' 

x 

o -1/4 -1/2 -3/4 -1 

Fig. 3.7 Plot of the kernel kL' over the interval [-1,0], appearing in the inversion formula 
for the incomplete Abel transform given by Eq. 3.2.23 for the case L = 1. 
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reconstruct h(r) for r> [Ro - L/2] '1... Having determined h is this outer region, he proceeded 

to show how one could use this information to compute Ah(r) - ALh(r) for 

r> [Ro -2(L/2)]'I... Since ALh(r) is given in the problem, one could again use the hole 

property of the Abel transform to compute h(r) for r> [Ro -2(L/2)]'I... Continuing in this 

fashion, he proceeded to show how h(r) could be reconstructed for all values r<Ro. In 

the end, this method of solving the incomplete Abel transform problem was shown to be 

precisely the inversion formula given by Eq. 3.2.23, which was derived earlier by Barrett. 

However, in developing this constructive solution, Hansen was able to heuristically 

explain why the kernel kL has the discontinuities or kinks observed by Barrett. 

A significant amount of further (unpublished) research on the FLSF problem was 

carried out by Barrett. In addition to deriving the FLSF-PSF conversion formula given 

by Eq. 3.2.23, Barrett has developed many other useful formulas describing the 

interrelationships among the FLSF, the PSF, the OTF, the Fourier transform of the FLSF 

and the integral transforms (in sense of the integral transform defined by Eq. 3.2.18) of 

these functions. He has also constructed a convenient diagram that characterizes these 

interrelationships in terms of a number of various integral transforms he developed. The 

diagram is useful for determining the correct formulas for transforming one function in 

the diagram into another. 

Besides the procedures we have just outlined, there are a number of other 

experimental techniques that are used to measure the PSF or OTF of an imaging system. 

For example, it can be shown that, in principal, the OTF can be sufficiently approximated 
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by computing a finite number of moments of the LSF [Kumar and Sayanagi (1968) and 

Papoulis (1972)]. An additional list of experimental techniques is presented in Murata 

(1966) and Rosenbruch and Rosenhauer (1968). On the other hand, it is possible in some 

circumstances to calculate the PSF by analytical methods. For instance, the OTF of a 

diffraction-limited incoherent optical systems is given by an autocorrelation of the pupil 

function [Lohmann and Rhodes (1977)], which is a physical parameter of the system. 

Further analytical methods as discussed in Barakat and Houston (1965) and Williams and 

Becklund (1989, Chs. 8 and 9). 

§ 3.3 A Generalization of the Incomplete Abel Transform 

The main intent of this dissertation is to develop, in a rigorous mathematical 

fashion, the inversion formula for the incomplete Abel transform derived in the paper by 

Dallas et al.. That is, given the function 

L/2 

w(r) = ALh(r) = 2 f dth{Jr2 + t 2
) , 

o 

we want to verify that the function h defined by Eq. 3.2.22, or some interpretation of it, 

solves the equation without using the transfer function relationship given by Eq. 3.2.20. 

This problem is, of course, equivalent to inverting the integral operator AL • 

To be precise in our calculations it is helpful to define a suitable domain for AL , 

i.e., the space of functions on which AL is intended to act, and a codomain. In order to 
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take advantage of the structure of a Hilbert space, we will insist that the both domain and 

codomain of AL lie within the space L!(2rdr), the set of rotationally symmetric functions 

in L 2(R?). This is not much of a constraint since most physical quantities which are 

represented by a rotationally symmetric function (e.g. the PSF of an isotropic imaging 

system) will be in L;(2rdr). 

Proving that AL is injective and developing an inversion formula can be done in 

a sufficiently general manner so as to be applicable to a large class of operators acting 

in L;(2rdr). For this reason, we introduce in this section a whole class of operators by 

generalizing the incomplete Abel transform. This class of operators will be investigated 

in detail in Chapters 4 and 5. 

The incomplete Abel transform can be viewed as an operator which maps a 

rotationally symmetric function to a set of its weighted line integrals, where the weighting 

function p is defined in terms of the rectangle function as 

p(t) = rect( ~ ) (3.3.1) 

In terms of p, the action of the incomplete Abel transform on a function h can be 

expressed as the integral 

GO 

-GO 

The geometry of the incomplete Abel transform is illustrated in Fig. 3.8 

A natural generalization to the incomplete Abel transform comes from considering 
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r 

Fig. 3.8 Geometry for the incomplete Abel transform AL • Uniform annular object hand 
its transform ALh are shown. 
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other types of, not necessarily nonnegative, weighting functions. For an arbitrary even 

function p, we define the operator Ap by the formula 

(3.3.2) 

" 
The transformed function Aph(r) is simply the value of the p-weighted line integral of the 

rotationalIy symmetric function h over the line x=r in the plane R2. Operators of this 

form have been shown by Quinto (1983) to be injective, and hence invertible, on the 

space of compactly supported functions in L;(2rdr) provided that p is positive and 

continuously differentiable. For the incomplete Abel transform, where p is the 

discontinuous function given by Eq. 3.2.1, this result does not apply. The aim here is to 

present a much deeper analysis of these types of operators. The theory we develop will 

apply to the entire class of operators Ap for which the weighting function p lies in one 

of the Banach spaces LH I t pop dt), the set of even functions in LP (I t pop dt), for some 

P E [ 1 ,2]. In the remainder of this dissertation this class wilI be referred to as the class 

of Abel operators. 

Instead of performing an analysis the class of Abel operators directly, we will find 

it less cumbersome to work with an isomorphic class of operators. The analysis of this 

new class can be done efficiently by using Fourier methods and appealing to the theory 

of Hardy spaces introduced in §2.5. 

Let T: L;(2rdr) ~ L; be the unitary operator defined by the coordinate 

transformation 
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Th(x) = h({i) • (3.3.3) 

For pE[ 1,2] let Vp: LHI t jI-Pdt) --»U. be the isomorphism defined by 

JjP(y) = step( -y) peA) . 
A 

(3.3.4) 

The fact that these operators are isomorphisms, i.e., that 

GO GO 

f dx ITh(x) 12 = 2 f rdr Ih(r) 12 , 
o 0 

o GO 

f dx 1 Vpp(x)!P = f ItI1-Pdtlp(t) IP , 
-GO -GO 

can be easily established by using a simple change of variable in the integrals on the left 

hand side of the respective equalities. 

The inverses of these transformations are given, respectively, by the formulas 

T-1/(r) = /(r2) 

V;l4>(t) = I t I 4>( -t2) 
(3.3.5) 

With these two isomorphisms, we can define a class of operators which are isomorphic 

to the class of Abel operators. 

Proposition 3.3.1 Let <I> E U. for some p E [ 1 ,2], and define the operator R~ on L; by 

where P+ is the projection operator introduced in Definition 2.7.5. Then, with the 
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weighting function p = V/<I>, we have 

Therefore, the class of operators R41 defined by Eq. 3.3.6 with <I> E U. is isomorphic to the 

class of Abel operators Ap defined by Eq. 3.3.2 with p E 4(1 til-Pdt). 

Proof Letp E L,(I til-Pdt) and set <I> = ~p. Leth E L~(2rdr) have compact support. 

Then 

T-1 R4I Th(r) = T-1{cI>Cx) * h(VX) }(r) 

= T-1 {J. dy+(y) h( "x - y ) } (r) 

o 
= J dy p(A) h{Jr2 - y) , 

-co A 

(3.3.7) 

By applying the change of variable t 2 = -y in the integral appearing on the last line of this 

equation, we obtain 

co 

T-1R4I T = 2Jdtp(t)h{Jr2 +t2
). 

o 

Using the fact that p is an even function we arrive at the desired result 

co 

T-1R4I Th(r) = J dtp(t)h{Jr2 + t 2
) = Allh(r) • 

-co 

What this actually shows is that Ap = T- IR 41 T on the dense domain of compactly 
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supported functions in L!(2rdr). The result obviously extends to the domain of closure 

of AJI, which we have not yet determined, since T is unitary. We will take up the issue 

of closability in the next chapter. I 

The reason we have imposed the assumption that }l E LHI t P-Pdt), for some 

P E [ 1 ,2], is to assure that the function Vp}l has a well defined Fourier transform in U'. 

This property allows us to use Fourier methods to analyze the operators AJI and their 

isomorphic counterparts R.p. 

Operators R.p of the form given by Eq. 3.3.6 are classified as Wiener-Hopfintegral 

operators of the first kind. Proposition 3.3.1 therefore establishes the fact that the class 

of Abel operators that we are interested in are isomorphic to a class of Wiener-Hopf 

integral operators with kernels vanishing along the positive axis. In particular, the 

incomplete Abel transform is isomorphic to the operator R.p when the kernel <I> has the 

form 

<I>(x) = step( -x)step(x + L2/4) 

Fi 
(3.3.8) 

In the next chapter, we will present a complete analysis of the class of Wiener-Hopf 

integral operators R.p of the form given by Eq. 3.3.6, where <I> E U .. In that chapter we 

develop the necessary tools to aid us in solving integral equations of the form 

given the function g in the range of R.p. The interested reader can find an overview of 
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some analytical methods commonly used for solving specific types of Wiener-Hopf 

integral equations in Paley and Wiener (1934), Krein (1958), and Davies (1985). 
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CHAPTER 4 

A CLASS OF WIENER-HoPF INTEGRAL OPERATORS WITH 

KERNELS VANISHING ALONG THE POSITIVE AXIS 

In this chapter we perform a complete analysis of the Wiener-Hopf integral 

operators acting in the Hilbert space L: that were introduced in §3.3. Throughout this 

chapter we will be consistently adhering to the following notation. The real number p 

is assumed to lie in the interval [1,2] and the extended real number k is defined in terms 

of p by k= 2p/(2 - p) ~ 2. The function $ is assumed to lie in the space L~ and has Fourier 

transform denoted by <I> 

o 
~(~) = f dl<l>(x)e2KI~ • 

We note that <I>EHP~ by Theorem 2.5.10. We will also be making use of the functions 

$, and <I>h defined by 

By Proposition 2.5.13 we have <I>h E ~ and along the real line the functions <I>h and <I>* 

agree with one another, i.e., for ~ E R we have <I>h (~) = <I>.(~). 

The chapter is divided into three sections. In the first section we will establish 

some of the important theoretical properties of the operators such as determining domains 
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of closure, finding the adjoints, and classifying the spectrum. The second section is 

devoted to finding the necessary and sufficient conditions for injectivity of these 

operators. Inversion formulas will be provided in specific cases. The construction of 

these inversion formulas is motivated from some formal results established in Dallas et 

al. (1987). Most of this work is intended to place their calculations on a firm 

mathematical foundation. In the third section, we will put much of the theoretical tools 

developed in the first two sections to use and apply them to the particular operator which 

is isomorphic to the incomplete Abel transform. In this section, results are obtained that 

can be used to rigorously prove that the inversion formula for the incomplete Abel 

transform derived in the paper by Dallas et al. (Eq. 3.2.22), and the one later formulated 

by Barrett (Eq. 3.2.23), are valid in a Hilbert space setting. 

§4.1 Definition and Basic Properties 

Consider the operator R~ acting in L~ whose action is prescribed by the formula 

... 
J dyf(y) 4>(x - y), X ~ 0 
o 

o X < 0 . 

We can represent the action of R~ In a more compact notation as the truncated 

convolution 
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(4.1.1) 

where P+ is the projection operator introduced in Definition 2.7.5. Now, in view of 

Theorem 2.4.2, the convolution <I> * 1 always exists as a member of Lk, whenever 1 E L;. 

Therefore, the transformed function R4J/is always well-defined and lies in L!. However, 

since we want to view R4J as an operator on L;, we must also require that R4JI E L;. This 

property is only guaranteed for p = 1 and, in this case, R4J is a bounded operator and its 

domain is the entire space L;. For other values of p it is not always possible to let the 

domain be all of L~ since there may exist functions 1 for which R4JI ~ L~. Thus the first 

task we will take care of is to find the largest domain possible so that R4J is a well-defined 

and closed operator on L;. We will begin by defining R4J on the dense domain of smooth 

functions C~(R+) and then it will be shown how this domain can be enlarged so that R4J 

becomes a closed operator. 

Suppose that/E C~(R+). Then IE Lq for all q~ 1 and by Theorem 2.4.3 we have 

cJ>(x) *f(x) = /T-IMlf}/T+f(x) , -00 < X < 00 , 

where M¢I denotes the multiplication operator g .... <I>g. The action of R4J on a function 

lEe ~(R+) may thus be represented in the alternative, but equivalent, form 

(4.1.2) 

Now since the Fourier transform maps C~(lt) into J>(R) [Zemanian (1965, p. 182)], 

F= 9:1 E J,(R), we may apply Holder's inequality to obtain 
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J d~ 1 «Il(~)F(~) 12 ~ 1I«IlI~·IIFlli , 
-00 

which verifies that the product <!>F is in L2. Since the Fourier transform is an 

isomorphism on L2 and P+ is a bounded operator on L2, we conclude that Rrp/E L;. We 

have thus established that C~(R+) c L; is a perfectly good domain for Rrp, i.e., Rrp maps 

C~(R.+) into L;. However, with this domain Rrp fails to be a closed operator (i.e., its 

domain can be enlarged). 

In view of Eq. 4.1.2, it seems natural to extend the domain of Rrp from C~(R+) to 

the larger set D(Rrp) defined by 

D(Rrp) = {IE L;: P+ y-1M<z> 9: IE L;}. (4.1.3) 

Certainly when I is in this set we have Rrpl E L; since, by Theorem 2.4.4, 

(4.1.4) 

We may therefore consistently extend Rrp from the dense domain C~(R+) to the larger 

domain D(Rrp). As the next theorem shows, it is precisely this domain which makes Rrp 

a closed operator. 

Theorem 4.1.1 With the domain D(Rrp) given by Eq. 4.1.3, the operator Rrp: D(Rrp) ~ L; 

is a densely defined closed operator. 

Proof. The domain is dense in L; since it contains the dense set C~(R+). Suppose 

that/" is a sequence in D(Rrp) such that/"~/and Rrp/,,~g in L;. Then 9:/"~ 9:/in L2 

aI1d, with k' = k/(k - 1) E [ 1 .2), Holder's inequality shows 
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Therefore, by continuity of y 0

1 from Lk' into Lk we obtain 

with convergence in L!. Since, by hypothesis, R$/" ~ g we have a.e. 

This shows thatfe D(R$) and that R$f=g a.e Thus R$ with domain D(R$) is closed. I 

The domain D(R$) can also be described by appealing to the Hardy space ~. 

Theorem 4.1.2 Letfe L! and denote its Fourier transform by F. Thenfe D(R$) iff the 

function 0 defined for z e C+ by 

.. 
9(z) = ~ J ely cll(y)F(y) , 

21tl_.. y-z 
(4.1.5) 

is an element of H;. In this case the R$f is precisely the inverse Fourier transform of 

the boundary function 0(~), ~ E R. 

Proof Suppose thatfe D(R$)' For a fixed TJ> 0, the function 0T)(~)= 0(~ +iTJ) is 

given by the convolution of the product ct>F with the function G defined by 

-1 
G(~) = 2 '(~ ')' 1tl + IT) 

An easy calculation shows that the inverse Fourier transform of G is given by 
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Thus, by Theorem 2.4.3, the inverse Fourier transform of 0TJ, denoted by 9TJ, is given by 

8
11
(x) = step(x)e-2n1)%7-1{~F}(x) 

= e -2n1)% R~f(x) • 

Now, for all 11 > 0, 9TJ E L;, and from Eq. 4.1.6 we have the bound 

which implies 0 E ~. 

(4.1.6) 

Conversely, assume that 0 E~. Then, since 0TJ(~) ~ 0(~) in L2 as 11 ~ 0, the 

sequence 911 converges to an L2 function as 11 ~ O. Now Eq. 4.1.6 is still valid and it is 

clear that 911 ~ R~f pointwise. Therefore R~f E L! so that f E D(R~). 

Finally, if 0 E ~, then the relationship R~f= 7,10 follows from Eq. 4.1.6 and the 

fact that 0TJ(~) converges in L2 to the boundary function 0(~) as 11 ~o. I 

Let us look more closely at the function 0 defined in Eq. 4.1.5. For Z E C+ write 

Z= ~ + irl. 11 > o. Then, using the algebraic identity given by Eq. 2.7.4, we have 

CD 

e(~ + iT) = -~ Jdy F(y) ~'!) 
21tI_oo ~-Y+IT) 

Now let's look at these two integrals as the parameter 11 tends to zero. 
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We have by Theorem 2.6.2 

(4.1.7) 

the convergence holding pointwise a.e. and in the norm in L k
'. As for the other integral, 

we have [Butzner and Nessel (1971, p. 322)] 

(4.1.8) 

where H is the Hilbert transform defined by Eq. 2.8.7. The limit in Eq. 4.1.8 does 

converges pointwise a.e. but it may not converge in the norm of Lk
' when k'= 1 (i.e., 

when p=2). From these results, we see that Theorem 4.1.2 states that/E D(R4J) iff the 

function 

lies in H~. In addition, this theorem verifies that R4J is isomorphic to the operator Sit> on 

H~ defined by 

(4.1.9) 

with domain D(SIt» given by the set of functions F E ~ such that the function on the right 
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hand side of Eq. 4.1.9 also lies in H!. The isomorphism between Rep and Sib is given by 

the decomposition 

(4.1.10) 

Note that if <I> e L "', then, in view of Eq. 4.1.9, the norm of SlbF has the bound 

IIS~FI12 ~ .!.II~FII + .!.II~FII 
2 2 

~ II~ II ... ~F112 , 

where we have used the fact that the Hilbert transform is a unitary transformation on L2. 

Therefore, Sib is a bounded operator and its norm does not exceed II <I> II", . Since Rep is 

isomorphic to Sib' this result implies that Rep is a bounded operator and that its norm has 

the bound II Rib II = II <1>11", whenever <I> e L "'. The following theorem sharpens this result. 

Theorem 4.1.3 II Rep II = 11<1>11",. Thus Rep is bounded iff <I> e L "'. 

Proof If <I> e L'" then it is shown by Gohberg et al. (1990, p. 222) that 

II Rep II = 11<1>11",. To prove the converse let A be the convolution operator on L2 with 

convolution kernel <1>, i.e., Af=<I> *fwith domain D(A) = {f:MIb.9JeL2
}, and note that 

IIAII=II<I>II",. Assume that <l>e;L"', i.e., 11<1>11",=00, but that Rep is bounded. Let Tf 

denote the shift operator defined by the mapping f(x) ..... f(x -'t). The operator Tf is a 

unitary transformation on L2 with inverse T.f and it commutes with A, i.e., ATf = TfA. 

Now assume f e C~(R) c D(A) with Ilflb = 1. Then for sufficiently large 't we have 
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I (AI,/) I = I (T_tATt/,l> I 

= I (ATt/, Ttl> I 

= I (P+ATt/, Ttl> I 

= I (R~ Ttl, Ttl> I 

s IIR~II 

Since C~(R) is dense in L2 this result implies that (A/,f) is uniformly bounded for all 

/E D(A) from which it follows that A is bounded [(Weidman, 1990), pg. 58]. This is a 

contradiction and hence R~ must be unbounded. I 

Our next task is to determine the adjoint of R~. We will find that the adjoint 

operator has a much simpler structure than R~ and its simplicity will allow us to compute 

the spectrum of R~ without too much difficulty. In addition, from the adjoint we will be 

able to deduce some important properties of R~. Computation of the adjoint is fairly 

straightforward once we have established the following lemma and corollary. 

Lemma 4.1.4 Let MCP4 be the multiplication operator on L2 defined by g r.<I>hg with 

domain D(Mcp4) = {g E L2: <l>hg E L2}. Then H;flD(Mcp.) is mapped into H; by Mcp4. Thus 

the operator M'CP4 obtained by restricting MCP4 to the space H;flD(Mcp4) is a densely 

defined closed operator on H;. 

Proof: Let gEH; flD(McpJ Then, by Holder's inequality, the product g<l>h is in 

L2flLk'. Furthermore, we have for y > 0 
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00 GO 00 

-00 -00 -00 

so that g<l>h E H~: Therefore by Theorem 2.5.3 we have for all Z E C+ 

_1_ foo dt get) ibh(t) = 0 • 
21ti t-z 

-00 

Since also g<l>h E L2 it again follows from Theorem 2.5.3 that g<l>h E~. Therefore M'q,A 

is an operator on H;. From Theorem 2.1.9, D(Mq,A) is dense in L2 and hence 

D(M'q,J=H;nD(Mq,A) is dense in H;. Finally,M'q,A is closed. This follows directly from 

the fact that Mq,A is closed and that ~ is a closed subspace of L2. I 

Corollary 4.1.5 The convolution operator A, defined by AI= <Pt *1 is a densely defined 

closed operator on L; with domain 

Proof Let IE D(A), and denote its Fourier transform by F. Then FE D(M'q,A)' 

where M'q,A is the multiplication operator on ~ defined in the previous lemma. Now we 

have 

By Theorems 2.4.3 and 2.5.11 the Fourier transform of AI is given by 

Therefore, 
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and since M'(J)A operates on ~, we may replace /T-I by /T~I. This establishes the operator 

identity /T~~'(J)A.9: =A, i.e., A is isomorphic to the densely defined closed operator M'(J)A' 

and the result follows. I 

Theorem 4.1.6 The adjoint of RIjl is the convolution operator A on L; defined in 

Corollary 4.1.5. 

Proof By the previous corollary, the operator A is closed. It thus suffices to 

show that A is a formal adjoint of RIjl' Let! E C~(~) and g E D(A) and denote their Fourier 

transforms by F and G, respectively. Then, by Plancherel's identity, 

(/,Ag) = (F(J), G) . (4.1.11) 

Using Plancherel's identity for the inner product on the right hand side of 4.1.11 along 

with Theorem 2.4.4 we find 

(/,Ag) = (/* <I>,g) = (R~/,g) , 

Since C~(~) is a dense subset of D(A), this verifies that A is a formal adjoint of RIjl. I 

This theorem tells us that the adjoint of RIjl is the convolution operator on L! 

whose action is given by 
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Rlf = cI>, * f , x ~ 0 , (4.1.12) 

and has domain D(R~t) = {J E L; : M'(J)A9:J E L2}. Furthermore, the adjoint is isomorphic to 

the multiplication operator M'(J)A on ~ and can be decomposed into the form 

(4.1.13) 

By using the adjoint operator we can easily establish some important results, such as 

describing the spectrum of R~ and verifying that the range of R~ is always dense in L;. 

Theorem 4.1.7 The spectrum of R~t is the closure of the set X = { <l>h(Z) : Z E c.. }. 
Proof Since R~t is isomorphic to the multiplication operator M'(J)A on H! it 

suffices to show that a(M'(J)J = c/(X). We will show first that Xca(M'(J)J Assume that 

A.EX, say A.=<l>h(ZO) with ZoE C+> and defineJE~ by 

f(~) = 1 . 
21ti(~ - Z;) 

For all g E D(M'(J)A)' the product (<l>h - A.)g is in H; and by Theorem 2.5.3 we have 

Thus J is orthogonal to the range of M'(J)A - ')J and we have I.. E a(M'(J)J This shows that 

X c a(M'(J)A) and since a(M'(J)J is closed the closure of X is also contained in a(M'(J)J 

Conversely, suppose that I.. (C c/(X). Then <l>h I(<l>h -1..) E H': (i.e., it is bounded and 

analytic in C+) and we have R(M'(J)A -I..)=H!. Indeed, ifJE H!, theng=JI(<l>h - A.) E D(M'(J)A) 
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and (M'~A - ')..)g = f Therefore, the inverse of M'~A - ').. has the closed domain ~, and since 

this inverse is a closed operator, it must be bounded [Stakgold (1979, pg. 310)]. Hence 

I 

Corollary 4.1.8 The spectrum of R$ is the closure of the set {<I>(z): z E C_}. 

Proof Since R$ is a densely defined operator, we have cr(R$) = {')...: ').. E cr(Rept)} 

[Weidman (1980, p. 99)]. The result now follows from the fact that for z E C+ we have 

I 

It is interesting to note that each complex number in the set {<I>(z): z E C_} IS 

actually an eigenvalue of R$' 

Theorem 4.1.9 For each Z E C_, the complex number <I>(z) is an eigenvalue of Rep. 

Proof Let z E C_ and define f by 

f(x) = step(x) e -21(i1;x • 

SincefE U for all q E [1,2] it follows by Theorem 2.4.2 thatfE D(R$)' Now an easy 

calculation gives 
o 

R,f(x) = step(x) J dY$(y)e-2nl:~-y) 
-00 

o 
= step(x) e -2nlu J dy $(Y) e 21(I:y 

= lb(z)f(x) 

Thus, <I>(z) is an eigenvalue of with corresponding eigenvector f I 
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Theorem 4.1.10 The range of R4I is dense in L!. 

Proof The multiplication operator M'4>A on ~ is injective since, by inequality 

2.5.4, the zeros of <l>h along the real axis form a set of measure zero. Therefore R4It is 

injective and the result follows from the equality R.i(R4I) = N(R4It) [Stakgold (1979 p. 

320)]. I 

The fact that R(Rcjl) is dense leads to the following unfortunate, although certainly not too 

surprising, result. 

Corollary 4.1.11 If Rcjl is injective, i.e., zero is not an eigenvalue of R4I , then its inverse 

is unbounded. 

Proof Since R(Rcjl) is dense in L! it suffices to show that zero is in a(R4I). For 

p> 1, this follows from the fact that for <l>EHP~, we have (Hille and Tamarkin, 1935) 

lim<b(~ - iTJ) = 0 • 
'1 .... 

For p = 1 the function <I>(~ - ill) converges uniformly to <I>(~) as 11-» o. Since <I> is the 

Fourier transform of an L I function it necessarily tends to 0 as ~ -» 00. Thus in either case 

I 
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§ 4.2 Injectivity and Inversion Formulas 

The primary goal of this section is find the necessary and sufficient conditions on 

q, ensuring that the equation 

R~=g (4.2.1) 

has at most one solution in L;, and hence a unique solution whenever g E R(R",). In other 

words, we want to find the proper conditions under which R", is an injective operator. 

Once we have established these necessary and sufficient conditions, we will briefly 

examine the null functions associated with R", (Le., functions / for which R",/= 0) that 

must occur when the conditions are not fulfilled. Note that if q, were to vanish a.e. on 

some interval [-0.,0] then R",/=O for every function/supported on [0,0.]. In this case 

the data function g=R",/provides absolutely no information about/throughout the entire 

interval [0,0.] and, obviously, R", cannot be injective. To avoid this possible dilemma we 

will impose the following assumption on the function q,: for every a> 0 the measurable 

set Xa= {x E [-0.,0]: q,(x):;eO} has positive measure, Le., 

f dx>O. 
xa. 

(4.2.2) 

From Theorem 4.1.9, it follows that if <I> has a zero in C_, say <I>(z) = 0, then R", is 

not injective since the exponentially decaying function e"271/X, x> 0, lies in the null space 

of R",. However, if <I> has no zeros in C_ it does not necessarily follow that R", is injective. 

To get the precise necessary and sufficient conditions we need the following lemma. 



145 

Lemma 4.2.1 Let W be a nontrivial function such that WE II! for some extended real 

number 1 ~k~oo and define the set II!(W) by 

II!(W) = {gW:g ,gW E II!}. 

Then, if W = jOl is the decomposition of W into the product of inner function j and outer 

function Ol E II!, the closure of II!(W) is precisely jII!. 

Proof Let S be the operator on II! defined by Eq. 2.5.8. It is clear that the 

subspace H;(W) is invariant under S and, since S is a bounded operator, the closure of 

the space H;(W) is also invariant under S. From Theorem 2.5.8, it follows that the 

closure ofII!(W) is of the formj'II! for some inner functionj'. LetfE H;(W), say f=gW 

with g E H2+. Write g as the productjgOlg wherejg is an inner function and Olg is an outer 

function in H;. Then the functionfljg=jOlOlg is in H;(W)cj'H; and, since OlOlgEH; is 

an outer function, it follows that there must exist another inner function j" such that 

j= j'j". This establishes thatjH; cj'H2+. Conversely, any function in H;(W) has the inner 

factor j, i.e., H;(W)cjH\. SincejII! is closed it follows thatj'H;cjH;. I 

We can now completely characterize the eigenvalues, and hence provide the 

necessary and sufficient conditions for injectivity, of the operator R~ for the case p= 1 

Theorem 4.2.2 Let p= 1. The complex number A, is an eigenvalue of R~ iff the function 

W(z) = Cl>h(Z) - A,., which lies in H~, has a nontrivial inner factor, i.e., the inner function 

appearing in the decomposition of W into the product of an inner function and an outer 

function is not constant. In particular, R~ is injective iff Cl>h is outer. 
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Proof Note that A. is an eigenvalue of RIjJ iff R(RljJt - A.*I) is not dense in L;. Since 

RljJt is isomorphic to the multiplication operator M'4>A on R; it suffices to show that A. is 

an eigenvalue of RIjJ iff the range of M'4>A - A.*I = M w is not dense in R;. 

Since p = I, <l>h is bounded and hence M w is a bounded operator and its domain is 

all ofH;. Thus R(Mw) is given by the set R;(W)= {Wf:fE R;}. Letj be the inner factor 

of W. Then, by the previous lemma, the closure of R(Mw)=R;(W) isjR;. The result 

now follows from Theorem 2.5.7. I 

For the remaining values of p:l; 1 it is difficult to characterize the eigenvalues of 

RIjJ since it is generally not true that <l>h E H':. It may therefore not be possible to 

decompose the function <l>h (z) - A. into the product of an inner and outer factor for 

arbitrary complex numbers A.. However, we can still establish whether or not 0 is an 

eigenvalue of RIjJ by looking at the inner-outer factorization of <l>h' 

Theorem 4.2.3 If ~ is a nontrivial then RIjJ is injective iff <l>h is outer. 

Proof Note that RIjJ is injective iff R(RljJt) is dense in L;. Thus, since RljJt is 

isomorphic to M'4>A' it suffices to show that <l>h is outer iff the R(M'4>Aj is dense in H;. Let 

j be an inner factor of <l>h' Then R(M'4>A) is the set R;(<I>h) = {g<l>h: g ,g<l>h E H;} whose 

closure isjR;. The result now follows from Theorem 2.5.7. I 

It is an interesting exercise to look into the reason why RIjJ has a nontrivial null 

space if of <l>h is not outer. Suppose that j is a nontrivial inner factor of <l>h' This inner 
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factor itself is composed of three factors of the form [(Dym and McKean, 1981), pg. 53] 

i) a complex exponential of the form e2111a\ with a> 0, 

ii) a factor B, called a Blaschke product, consisting of the zeros of <l>h in C+o 

iii) and a singular inner factor S, typically of the form e-m •. 

Let's look at each individual case and derive the null function associated with each 

different factor. 

From our assumption that <P satisfies the condition stated in inequality 4.2.2, <l>h 

can have no component of the form e2111a~ with a> O. For if this were the case, then the 

product e-2I1ia~<I>h lies in H~ and hence its inverse Fourier transform, which is <Pt{x +0.), 

must vanish for a.e. x>O. This implies, in particular, that <Pt vanishes a.e. on [0,0.]. 

Since <Pt{x) = <p·{-x) it then follows that <P vanishes a.e. in the interval [-0.,0], contrary to 

inequality 4.2.2. 

Now if the lOner factor of <l>h has a Blaschke product component, then it 

necessarily has a zero at some point Zo E C+. From the relationship <l>h{Z) = ( <I>{z·) r we see 

that z·o E C_ is a zero of <1>. The functionJ defined by 

f{x) = step{x)e2nlzox 

is then a null function of R.p as was shown in the proof of Theorem 4.1.9. 

Next, assume <l>h has a singular inner factor of the form e-II~, say <l>h{~)=e-II~'P{~), 

where 'P E H~. Then with FE~ defined by F{~)= (I -e-II~) set J= .9:-1 F. From the 

asymptotic equality 
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1 I F(~) I - TIT' I ~ I -+ 00 , 

we see that fED(R~), indeed I F<1>h I = I F<1> I E L2. Now, for I; E R, we have 

<1>(1;) = <1>·h(l;) = eil~'P·(I;) and hence F(I;)<1>(I;) = (eil~-1)'P·(I;) E H:. From Theorem 2.5.9 the 

inverse Fourier transform of F<1> vanishes along the positive axis and henceflies in the 

null space of R~. 

Theorem 4.2.3 provides the precise conditions in order for Eq. 4.2.1 to have a 

unique solution in L; given that g E R(R~). This uniqueness theorem alone is quite an 

important result which could prove useful if one attempts to solve the Eq. 4.2.1 by a 

regularization technique (Goncharsky, 1987). Unfortunately, however, it does not provide 

us with an explicit solution. Under certain conditions for the case p= 1 we can prove a 

much stronger result that provides us with a way to obtain an approximation to the 

solution of Eq. 4.1.2. In fact, the approximations can be made to any desired precision 

both pointwise a.e. and in the L2 norm. First we need to establish the following lemma. 

Lemma 4.2.4 Let p = 1 and assume that there exists positive constants C, C', and y such 

that 

Then <1>h is outer. 

Proof It suffices to show that H!(<1>h) = {g<1>h : gEH!} is dense in H;. Let Il & be 

the apodizing sequence in H: defined by Eq. 2.6.3 and define another apodizing sequence 
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Bs in ~ by Bs(z)=(As(z·)r. From lemma 2.6.5, it follows that for each 8>0, the 

quotient Bs/<Ph remains bounded within fL.. LetJE~. Then, for each 8>0, we have 

the sequence JBe converges in L2 to f. Therefore ~(<Ph) is dense in H;. I 

Theorem 4.2.5 Let p= 1 and suppose that <P satisfies the following condition: there 

exists positive constants C, C', and y such that 

1 I ~(z) I ~ C [ I z I + C']Y, Z E C_ • (4.2.3) 

Then RtIJ is injective and if g E R(RtIJ), then the solution J of Eq. 4.2.1 is given by 

(4.2.4) 

where G is the Fourier transform of g and As is the apodizing sequence given by Eq. 

2.6.3. Alternatively,J can also be recovered from the formula 

where Gc denotes the Fourier cosine transform of g 

'" 
Gc(~) = 2 J dtg(x)cos(21t~x) • 

o 

(4.2.5) 

Proof Since <P satisfies inequality 4.2.3 the hypothesis on <Ph stated in Lemma 
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4.2.4 is satisfied so that R4> is injective. Now suppose that g=R4>f Then. by defining 

h=P_(4)*j) E L:. we obtain the convolution equation 

g+h=4>*I· 

By applying the Fourier transform to this equation and using Theorem 2.4.3 we obtain 

G+H = ~F, 

where H and F denote the Fourier transforms of h and J, respectively. Since, by 

inequality 4.2.3, <I> has no real zeros we can write 

(4.2.6) 

By Theorem 2.6.4, /::;.&F ~F in U and hence, by applying the inverse Fourier transform 

to Eq. 4.2.6 we obtain 

I(x) 

To verify Eq. 4.2.4 we must show that the integral in braces containing H vanishes for 

x> O. From Lemma 2.6.5 and inequality 4.2.3, the quotient /::;.&/<1> is bounded and 

analytic as a function on IL for each 8>0. Thus, since HE H:, the quotient HIl&/<I> 

remains in the space H:. Therefore, it follows from Theorem 2.5.9 that for every 8 > 0 

we have, for almost every x ~ 0, 
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Now that we have established the validity of Eq. 4.2.4, Eq. 4.2.5 follows directly from 

the fact that the difference G c - G is in H:. I 

Note that the assumption g E R(R4I) in the theorem is essential. The range of R4I 

is not closed, because its inverse is unbounded, and Eq. 4.2.1 will not always have a 

solution in L; for arbitrary gEL;. There may, however, exist solutions outside of L; for 

arbitrary g. 

The reason we give the alternative inversion formula in Eq. 4.2.5 comes from the 

fact that if g is supported on Il and g(O):;t:O then its Fourier transform cannot decay very 

fast as I ~ I ~ 00. For example, suppose that gEL; is continuous with derivative in L! and 

that g(O):;t:O. Then, by performing an integration by parts, we find for large I ~ I 

G(~) = -g(O) - Jdxgl(x)e21tl~% , 
21ti~ 0 

and hence G will generally not decay to zero faster than I ~ I-I as I ~ I ~ 00. This poor decay 

rate will make the approximation integral in Eq. 4.2.4 difficult to compute numerically 

for small parameters B. On the other hand, the Fourier cosine transform of g will decay 

to zero faster than I ~ I-I as I ~ I ~ 00 since, again by an integration by parts, we have 

.. 
-1 J Gc(~) = - dxg'(x)sin(21t~x) 

21t~ 0 

Thus working with the Fourier cosine transform may be beneficial when attempting to 

solve Eq. 4.2.1 by numerical methods. 
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The technique used to prove the inversion formulas in Theorem 4.2.5 is very 

similar to deconvolution methods used to solve ordinary convolution equations on the real 

line. However, our equation is a truncated convolution equation, i.e., we were only given 

the convolution data g(x) = <I>(x) * I(x) for nonnegative values of x. The remaining data 

along the negative axis, which we called h in the proof of the theorem, was unknown to 

us. Somehow the information contained in h is irrelevant for constructing / along the 

nonnegative axis. This fact was conveyed to us by making use of a specially chosen 

apodizing sequence. In general, the appearance of the apodizing sequence in the inversion 

formulas is essential and cannot be removed from the limiting process. For instance, the 

integral formula defined by 

(4.2.8) 

will not generally converge to the solution/in L~. In fact, it is possible that the quotient 

G(~)/<I>(~) may not even decay to 0 as I ~ I ~ 00 and could even exhibit polynomial growth. 

This fact can be demonstrated through an example. Consider the specific case where <I> 

and I are the exponentially decaying functions defined by 

4>(x) = 21t step( -x)e2nx 
, 

I(x) = 21t step(x) e -2nx • 

Then, an easy calculation shows that the data function g=R.p1 is the exponentially 

decaying function 



g(x) = step(x)[ cI>(x) * f(x)] = 1t step(x)e -2u • 

The Fourier transforms off, g and <j) are given, respectively, by 

i 
F(~) = -. , 

~ +, 
i 

G(~) = 2(~ + i) , 

The inversion formula of Eq. 4.2.4 then gives 

= step(x) lim [f(x) * al:(x) - .!.al:(x)] , 
O• 2 

1:" 

-i 
~(~) = - .• 

~ -, 
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(4.2.9) 

where we have made use of Theorem 2.4.3 and that the approximate delta function Be' 

defined by Eq. 2.6.2, is the inverse Fourier transform of L\&. The convolution appearing 

on the bottom line of Eq. 4.2.9 converges to f as 8 ~ 0 , while the function Be is always 

supported on R_, and hence is eliminated by the step function. We thus see that the 

inversion formula produces the correct solution along the nonnegative axis. In contrast, 

for fixed R> 0, the formula given by Eq. 4.2.8 yields 

R R 

step(x)fd~ G(~)e-2nl~x = -.!.step(x)f ~-~e-2nl~x 
-R ~(~) 2 -R ~ + , 

R R 

= i step(x) f d~. e -2nl~x - .!. step(x)f d~ e -2n1~x 
~ +, 2 

-R -R 

= Rstep(x)[f(x) * sine (Rx)] - ~ step(x)sine(Rx) • 
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The first term on the bottom line of this equation will converge to f in L~ [Champeney 

(1987, p. 67)], but the second term does not converge to zero in L~ nor does it even 

converge pointwise to zero anywhere. This shows that use of the special apodizing 

sequence is generally necessary. This is not always the case, however, and sometimes 

it is possible to eliminate the use of apodizing sequences in developing inversion 

formulas, as we will see in the next section. The two important properties of the 

sequence ~e is that each member is analytic in C_ and decays sufficiently fast (i.e., faster 

than the reciprocal of the polynomial in inequality 4.2.3) as the modulus of its argument 

tends to 00 within the closed region IL. In fact, the inversion formulas given by Eqs. 4.2.4 

and 4.2.5 remain valid when ~e is replaced by any apodizing sequence which is analytic 

in C_ and has sufficiently fast decay in IL. 

Theorem 4.2.5 shows us how to solve Eq. 4.2.1 when suitable constraints are 

placed upon <1>. The solution is given in terms of a limit that converges in the Hilbert 

space sense. A natural question that now arises is under what circumstances is pointwise 

convergence also attained at a particular value x. Let f be the unknown function of 

interest and let g = R~f be the data. Denote by Ic the approximation to f given by 

J. (x) = g--1{1l flex) = Jco d~ G(~) Ile(~) e -2nl~% X ~ 0 • 
e e 4l(~)' 

-co 

(4.2.10) 

By noting that ~c is the inverse Fourier transform of the approximate delta function Be 

given by Eq. 2.6.2 we may apply Theorem 2.4.4 to write Ic as the convolution 

co 

hex) = Jf(y) 5e(x - y), X ~ o. (4.2.11) 

o 
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For a fixed x > 0, a graphical illustration of this integral is shown if Fig. 4.1. From this 

figure it is apparent that as long as/is continuous from the right at x, i.e.,/(x) =/(x+ 0), 

then fs(x) ~ /(x + e), and in this case we should expect that fs converges pointwise to f 

We will show that this is indeed true by proving the more general result thatfs converges 

pointwise to / a.e. on Rr. It will also be shown that uniform convergence is obtained 

within intervals over which / is continuous. 

Let / be a locally integrable function. Then for a.e. x we have [Stein and Weiss 

(1971, p. 61)] 

e 

lim.!. J dy[/(x+y) - I(x)] = 0 . 
e ~o+ & 0 

(4.2.12) 

The points x for which Eq. 4.2.12 holds are called D-points of f Note that if / is 

continuous from the right at x, then x is necessarily a D-point off The next theorem 

shows that the approximation fs of/given by Eq. 4.2.10 converges pointwise to I at x 

whenever x is D-point off 

Theorem 4.2.6 Let <p satisfy the hypotheses of Theorem 4.2.5. Assume that /, g E L~ are 

related by R~/=g and letfs be the function defined by Eq. 4.2.10. If x is a D-point of 

j, then fs converges pointwise at x to I(x). Furthermore, if/ is continuous in the interval 

(a, b), 0 < a < b, then fs converges uniformly to / in any closed interval [c, d] c (a, b) . 

Proof Let x be a D-point of/and define the function s by 

t 

set) = J dY[/(x+Y) - I(x)] • 
o 
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/Ii(X-Y) 

x x+2e 
y 

Fig. 4.1 Illustration of tJ:te convolution of a function f with the approximate delta 
function Be at a fixed value of x. 
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Note that sis a.c. and s'(t)=f(x+t) -f(x) a.e. within some interval [O,a.], a.>0. Then, 

with K defined by Eq. 2.6.2, we can use Eq. 4.2.11 to write 

2e 

fe(x)-/(x) = .!. J dy1<:(Y- eH/(x+Y)-/(X)] 
e 0 e 

e 

= ! J dy1<:( :H/(X + Y + e) - 1(X)] 
-e 

e 

= ! J dy1<:( :)S'(Y + e) . 
-e 

By performing an integration by parts and noting that K(I)=K(-I)=O we obtain 

e 

lfe(x) - I(x) I = :21 f dy1<:'( :)s(Y + e) I· 
-e 

From the fact that x is a D-point off satisfying Eq. 4.2.12 we can choose for any y> 0 

a 13>0 such that for O<y<13 

Is(Y) I < _Y-Y • 
21<:(0) 

Therefore, for 8 < 13/2 we may use the fact that K is an even function which decreases 

monotonically on [0,00] to obtain 

Ife(x)-/(x)1 ~ Y Ii dy1<:'(Y)(Y+ e)1 
21<:(0)e2 -e e 

e 

= --Y-!dY1<:'(Y) = y. 
1<:(0)& 0 & 
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This shows that Is converges pointwise to / at x. 

Now assume that/is continuous on (a,b) and let [c,d] c(a,b). Let y>O be 

given. Choose -r>0 such that [c,d+-r] c(a,b). Then/is uniformly continuous on 

[c ,d+-r] so we can choose 13> 0 such that for Y\ ,Y2 E [c ,d+-r] with Iy\ - Y21 < 13 we have 

I/(Y\) -/(Y2) I < y. Let e < min {-r , f312}. Then for all x E [c, d] we have 

2e 

Ife(x)-f(x)1 = If dy~e(Y)[f(x+Y)-f(X)]1 
o 

Therefore Is converges to / uniformly over [c, d]. I 

As a corollary, we see that our heuristic observation based on Fig. 4.1 is indeed correct. 

Corollary 4.2.7 The inversion formula given by Eq. 4.2.4 converges pointwise to f at x, 

with the value/(x+O), whenever lis continuous from the right at x. 

If <I> happens to have zeros in C_ then it is sometimes possible to find solutions of 

Eq. 4.2.1, based on the formulas given in Eqs. 4.2.4 and 4.2.5, although these solutions 

will not be unique. If <I> has a finite number of zeros in C_ then it can be expressed in the 

form 

. (4.2.13) 
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with \}I E IF~ . If the function \}I satisfies the inequality 4.2.3 then the following theorem 

shows that Eqs. 4.2.4 and 4.2.5 yield particular solutions of Eq. 4.2.1. 

Theorem 4.2.8 Let p = 1. Assume that <I> can be factored into the form given by Eq. 

4.2.13 where the Zn are distinct and assume that \}I satisfies the inequality 4.2.3 for some 

choice of positive parameters C, C/, and y. Let f, g E L~ be related by Eq. 4.2.1. Then 

f is determined from g, up to a linear combination of the one-sided exponential functions 

step(x) e -2nl:.%, n = 1,2, ... , N • (4.2.14) 

Furthermore, the function fa defined by 

F I ) _ I ) lim foo dJ: G(~) Ae(~) -2nl~x JO\x - step\x .. e, 
e~O+ -00 4»(~) 

satisfies Eq. 4.2.1 and, in fact, any solution to this equation has the form 

N 
fo(x) +step(x) E cne -2nl:,,% , (4.2.15) 

n-l 

for some choice of constants en' 

Proof Suppose that R4Jf= g for somefE L!. The proof proceeds exactly the same 

way as the proof in Theorem 4.2.5 and we will begin with Eq. 4.2.7 
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the convergence holding in L;. Now, due to the zeros in C_ of <1>, the quotient H~/<1> 

may not lie in H: and hence the second integral in braces in the above equation may not 

vanish for x>O. Using the factorization given by Eq. 4.2.13 we have 

For x> 0, we can evaluate this integral by contour integration over a semi-circular region 

in the lower half complex plane. The integral is given by the sum of the residues at the 

simple poles Zn multiplied by the factor -21[i 

For any fixed ZE Il_ the sequence Il c{z) converges to one as e~O and hence we obtain, 

in the limit, 

f{x) = fo(x) 

Since each of the terms appearing in the sum on the right is a null function of Rep, it 

follows that!o lies in L; and also satisfies Eq. 4.2.1. Furthermore, it is clear from the 

construction of J, that any solution of 4.2.1 has the form indicated by Eq. 4.2.15. I 
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It should be remarked that under the hypothesis of Theorem 4.2.8, the function 

defined by Eq. 4.2.5, which uses the Fourier cosine transform of the data function g, also 

yields a particular solution ofEq. 4.2.1. However, the solution will generally be different 

from that given by Eq. 4.2.4, differing only by a linear combination of the null functions 

given in Eq. 4.2.14. 

The results of Theorem 4.2.8 can be extended to include the case where <I> has 

multiple roots in C_. Roots of multiplicity n give rise to null functions which are the 

product of an exponentially decaying function and polynomials of degree n - 1. We will 

not include here the details of this statement simply because the calculations are too 

tedious. The key to establishing the result is to apply the residue theorem to the integral 

expression in Eq. 4.2.l6. 

The results we have proven m this chapter can be applied to any half-line 

convolution equation of the form 

<I>(x) * I(x) = g(x) , x ~ xo , (4.2.17) 

withfe L~( a, (0) and cj> e L~. By properly shifting the functions cj>,f, and g it is possible 

to put Eq. 4.2.17 into the form 4.2.1. Thus, the injectivity results and inversion formulas 

presented in this chapter can be applied to determine if there are solutions to Eq. 4.2.17 

over some half-line x> Xo, and determine whether or not such solutions are unique. 
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§4.3 An Example 

In this section we will apply some of the theoretical tools developed in the 

previous two sections of this chapter to a concrete example. We consider the operator 

Rep where <I> E L~ is specified by Eq. 3.3.8, repeated here for convenience, 

<I>(x) = step( -x)step(x + A) • 

Fi 
We have set A= (L/2)2, which is simply a fixed constant. Since <I> is absolutely integrable, 

its Fourier transform is bounded, and Rep is a bounded operator. Thus, Rep is defined for 

all f E L; with action given by the integral formula 

~+A. 

R~f(x) = J dt f(t) , X ~ 0 . 
~ Jt-x 

As discussed in §3.3 this particular Wiener-Hopf operator is isomorphic to the 

incomplete Abel transform defined by Eq. 3.2.17. As a result, the analysis performed in 

this section will directly apply to the incomplete Able transform via the unitary 

transformation T defined by Eq. 3.3.3 (see proposition 3.3.1). The details for translating 

the results derived in this section over to the incomplete Abel transform will be carried 

out in the next chapter. 

In this section we will show that the operator Rep is injective and show how the 

results proven in the previous section can be used to develop a number of inversion 

formulas. Many of the formulas we obtain are not new, but are rather rigorous 
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rederivations of results previously developed in the paper by Dallas et al. and Barrett in 

their earlier work on the incomplete Abel transform (see §3.2). However, the methods 

we use to develop the inversion formulas verify that they are valid in a Hilbert space 

setting. 

We consider the equation 

z+A. 

R~/(x) = f dt I(t) = g(x), x ~ 0 , 
z ,jt-x 

(4.3.1) 

for a given g E R(R4J)' What we will first establish is that this equation has at most one 

solution. This will be done by verifying that the Fourier transform of ~ satisfies 

inequality 4.2.3 for some choice of positive parameters C,C', and y. We will then have 

the luxury of using the formulas given by Eqs. 4.2.4 and 4.2.5 to compute the solution 

of Eq. 4.3.1. It will then be shown that the limiting operations appearing in these 

inversion formulas can be removed provided the data function g is a compactly supported 

function. Furthermore, the subspace of compactly supported functions in the range of R4J 

will be characterized. This result supplies a partial answer to the question of when Eq. 

4.3.1 has a solution in the space L!. 

The Fourier transform of ~ is given by the integral 

o 2nl~z L/2 

cIl(~) = f dx_e - = 2 f dte -2nl~tl • 

-A. R 0 

(4.3.2) 

This function is entire and can be expressed in closed form in terms of either the error 

function or the Fresnel function which are defined, respectively, by Eqs. 2.2.5 and 2.2.6. 
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Indeed, applying the (complex) change of variable v= (21ti~)112 t to the second integral in 

Eq. 4.3.2 leads to 

!~ 
:l 

<b(~) = _1_~ f dve-v:l 
{ii~ {i. 0 

= -1-eif(!v21ti~) . 
v2i~ 2 

(4.3.3) 

This representation for <1> is independent of which branch chosen for the square root since 

the error function is entire and odd. From the definition of the Fresnel function given by 

Eq. 2.2.6 we can also write <1> as 

~(~) = fr(L.I-1) . 
R 

(4.3.4) 

We note that since <1> is an entire function, the real variable ~ may be replaced by a 

complex variable z in each of the above equivalent representations for <1>. 

The zeros of <1>, which are related to the zeros of the error function via Eq. 4.3.3, 

are all complex and lie within C+ as explained in Appendix A. Thus, the reciprocal of <I> 

is an analytic function within the closed region 11_. Furthermore, since the error function 

behaves asymptotically as [Abramowitz and Stegun (1965), pg. 298] 

eif(z) -+ 1, I z I .. 00 , I arg(z) I < ~ , 

we find that <I> obeys the following asymptotic relationship within C_ 
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1 

1«>(z)l- (2Izl)-"i, Izl-+OO, Z€C_. 

Therefore <I> satisfies inequality 4.2.3 and, in fact, there exists a positive constant C such 

that 

1 

1 ~ C(l+ Izl)"i, Z€C_. 
I «>(z) I 

(4.3.5) 

If g E R(RcjI)' we may apply Theorem 4.2.5 to show that Eq. 4.3.1 has the unique solution 

f E L! given by the limit 

(4.3.6) 

where G is the Fourier transform of g and As is the apodizing sequence defined by Eq. 

2.6.3. Alternatively, the solution can also be written as the limit 

where Gc is the Fourier cosine transform of g. Although it may not be clear by 

inspection, Eq. 4.3.6 is the same as Eq. 3.2.22 which was originally derived in the paper 

Dallas et al. to solve the incomplete Abel transform equation (except for the presence of 

the apodizing sequence and the limiting operation). This fact will be made more clear 

in the next chapter. 

Since the function <I> decays slowly as a function in Il_ it is possible, under some 

mild assumptions, to express the solution of Eq. 4.3.1 as the Cauchy principal value 
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integral 

(4.3.7) 

Indeed, if 1 is bounded on the interval [O,A.] then the function h = P_(<I> *1) will be 

absolutely continuous and supported within the interval [- A., 0] . Hence the Fourier 

transform of h, which is an entire function in the space H:, will decay to zero at least as 

fast as I z I-I as I z I-I ~ 00 within fL. Now, since h + g= <I> *1 we may apply the Fourier 

transform to this equation to obtain 

G + H = Pi/) • 

Therefore 

Since the quotient HI(/) decays to zero at least as fast as I z I-~ as I z I ~ 00 wi thin Il_ we can 

perform a contour integration within Il_ to show that for x> 0 

Hence for a.e. x> 0 we have 
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This verifies that the limit in Eq. 4.3.7 converges pointwise a.e. to the solution of 

EqA.3.1. It is important to note that our argument does not prove that the limit 

converges in the norm of L;, but only that the convergence holds pointwise. However 

it is not difficult to establish that for every 8> 0 

Thus, the convergence of the limit in Eq. 4.3.7 can only be poorly behaved in a 

neighborhood of the origin. These results we have just stated are summed up in the 

following theorem. 

Theorem 4.3.1 Assume that f E L; is bounded within the interval [0, Iv] . If 

%+A. 

g(x) = J dt f(t) , X ~ 0 , 
% vt - x 

then f is determined pointwise a.e. by the Cauchy principal value integral in Eq. 4.3.7. 

In many cases, solutions of Eq. 4.3.1 can be obtained without having to use any 

regularization techniques or limiting operations. We will now derive a number of such 

inversion formulas. To aid the development of these additional formulas we will assume 

that the data function g= R",fhas compact support, say on the interval [0 ,M]. It follows 

from this assumption thatfhas support on the interval [0 ,M] as well. Before proceeding 

We will prove two useful lemmas. 
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Lemma 4.3.2 The sequence SR defined by 

converges pointwise to the function Y2 step(x) - Y2 step( -x) as R --)0 00 and does so boundedly, 

i.e., there is a constant C such that I SR(X) I ~ C for all x E R. 

Proof Using the change of variable v= 21t~x in the integral defining SR and 

taking advantage of the symmetry we obtain 

2nxR 

SR(X) = -1. f dv cos(v) - 1- i sin(v) 
21t1_2UR v 

2nxR 

= ..!. J dv sin(v) • 
1t 0 V 

The result follows from the fact that the function Si defined by 

x 

Si(x) = f dv sin(v) , 
o v 

is an odd continuous function such that Si(x) --)0 TC!2 as x --)0 00 [Abramowitz and Stegun 

(1964, p. 232)]. I 

Lemma 4.3.3 Let ~& be the apodizing sequence defined by Eq. 2.6.3 and define the 

sequence of functions k; by 

(4.3.8) 
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For each 8> 0, k/: is infinitely differentiable with derivative 

~k~(x) = foo d~ A£(~) e-2n'~x • 
dx (,t)(~) 

-00 

(4.3.9) 

Proof Proving Eq. 4.3.9 is straightforward if we regularize the principle value 

integral by writing it as the sum of two absolutely convergent integrals 

The two integrals on the right define smooth functions in the variable x. Upon 

differentiation, we can interchange the order of integration and the differential operator 

to verify Eq. 4.3.9 [see Apostle (1974, pg. 283)]. Now 11<1> is an analytic function on R 

and each of its derivatives is polynomially bounded, so the quotient !lc/<1> in the space 

l>(R) of smooth functions of rapid decay (see §2.1). Since the space l>(R) is invariant under 

the Fourier transform the derivative of k/: is also in l>(R) and is therefore infinitely 

differentiable. I 

The reason we choose to denote the particular sequence in the previous lemma by k/: is 

not by accident. Indeed, as we will show, each of the functions k/: in this sequence 

represents a smooth approximation to the kernel function kL appearing in the inversion 

formula of the incomplete Abel transform derived by Barrett (see Eq. 3.3.23). 

Suppose now g=R,/for some/E L! and that g is supported on [O,M] and define 

hE L: by h=P_(c!> */). Then 
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g+h=4>*f, 

and by an applying the Fourier transform to both sides of this equation we obtain 

G+H=lbF. (4.3.10) 

Consider the function s defined by the principal value integral 

GO 

SIX) = 2PvJd~ G(~) e-2nl~%, X ~ 0 . 
\: 21ti '- ~ lb(~) 

-GO 

(4.3.11) 

In view of Eq. 4.3.10 we can write s as 

GO 

SIX) = 2pvJd~ lb(~)F(~) - H(~) e-2nl~% X ~ 0 . 
\: 21ti '- ~ lb(~) , 

-GO 

Since <p has compact support, h does as well. Thus H, the Fourier transform of h, is an 

entire function and remains bounded within the closed region TI_. Since the growth of 11<1> 

is bounded by inequality 4.3.5 we can use Cauchy's integral formula and perform a 

contour integration in the lower portion of the complex plane to establish 

Therefore, 

GO 

_l_pvJd~ H(~) e-2nl~% = 
21ti ~ lb(~) 

-GO 

GO 

H(O) 

2lb(O) 
X > 0 • 

SIX) = 2PvJd~ F(~) e-2nl~% - H(O) X = 0 . 
\: 21ti '- ~ 2lb(O) , 

-GO 

Now the principal value integral in this equation can be regularized as 



171 

R M 

= ~ lim f d~ f dyf(y)(e -2nl~(¥-y) - 1) 
2m R~«J -R ~ 0 

Using Lemma 4.3.2 we can apply the Lebesgue dominated convergence theorem [Apostle 

(1974), pg. 270] to obtain 

«J M 

-1, Pv f d~ F(~) e -2nl~x = ! fdyf(y) {step(x - y) - step(] - x») 
2m -«J ~ 20 

x M 

= ! f dyf(y) - ! f dyf(y) . 
20 2x 

Therefore Eq. 4.3.11 can be rewritten as 

x M 
- 1f If H(O) sex) - 2 dyf(y) - 2 dyf(y) - 2Cb(0) , 

o x 

and upon differentiating this quantity we find 

«J 

~/;X) = s'(;x) = ...:!.!!. Pv fdr: G(~) e -2nl~x 
J\I 2lti dx .. ~ Cb(~) , 

-eo 

(4.3.12) 

which represents another inversion formula for Eq. 4.3.1. An additional inversion formula 

is obtained by noting that Eq. 4.3.12 remains valid if G is replaced by Gc , the Fourier 

cosine transform of g. 
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The solution of Eq. 4.3.1 represented by Eq. 4.3.12 is, in essence, the result 

derived earlier by Barrett in his work on the incomplete Abel transform. However, he 

carried his computations much further by formally interchanging the order of integration 

and differentiation. Our next step is to mimic these ideas, proceeding with rigor and 

caution, to show that we can also express the solution of Eq. 4.3.1 directly in terms of g, 

without the need to compute its Fourier transform. 

We begin with Eq. 4.3.6 and denote by Is the approximation to f given by 

Since g is supported on the interval [0 ,M] we can write this integral as 

I,<x) = j d~ ~.m j dyg(y)e'·'b 
-... (~) 0 

the interchange of order of integration being permissible from Fubini's theorem. In view 

of Lemma 4.3.3 we can also express Is in the form 

M 

fe(x) = .!!.. f dyg(y)k~(x - y) • 
dx o 

(4.3.13) 

Since Is ~ f in L~, this equation will lead to another inversion formula if we can verify 

that the sequence of functions kf converge, in some sense, to a limit function as & ~ 0 

and that the limiting operator and the differential operator can be interchanged. We will 
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see that these ideas can be substantiated. 

In Appendix A, it is shown that the tempered distribution D defined by 

D(I:) - Pv __ - 1_ 
.. 21ti~ fIl(~) 

has (distributional) inverse Fourier transform given by 

It is also established in Appendix A that kL is a locally integrable function supported 

along R_ and satisfies the scaling property 

Therefore its behavior for arbitrary L can be determined from the single function k\. Plots 

of k\ over the intervals [-1,0] and [-2,-1] are shown in Figs. 3.7 and A.I. 

By appealing to the theory of distributions it can be shown that [see, for example, 

Champeney (1987, Ch. 13)] 

00 

= ...!..+ !dtkL(t)fJr.(a-t) , 
2L 

-00 

where o£ is the left-sided delta sequence defined by Eq. 2.6.2. Comparing this equation 

to Eq. 4.3.8, we find that 
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00 

-00 

Thus, as we mentioned earlier, the sequence k; form a set of smooth approximations to 

kL. In fact, because kL is locally integrable, we can utilize Theorem 2.6.2 to show that 

these approximations satisfy 

o 
lim J Ikt(x) - kL(x) I = 0 , 
e~O_M 

(4.3.14) 

that is, k; converges to kL in LI([ -M,O]) as 8-»0. Now, since g is supported on [O,M] 

and both of kL and k; are supported along R_ we have the norm-convergence 

lim ~g * kt - g * kL Ih = 0 . 
e~O 

Hence the function II E L 2([ ° ,M]) defined by 

M 

u(x) = f dyg(y)kL(x- y) , (4.3.15) 

:x 

is the limit in L2([ ° ,M]) of sequence lis defined by 

M 

ue(x) = J g(y)kt(x - y), 0 s x sM. (4.3.16) 

:x 

In view of Eq. 4.3.13, we have lI's=fs. Thus, the sequence lis satisfies the three 

conditions: 



175 

(i) each lie is a.c. and converges to II in L2([0,M]), 

(ii) each lie satisfies the boundary condition lIe(M) = 0, and 

(iii) the sequence of derivatives lI's=/s converges tofin L2([0,M]) as e~O. 

Since the differential operator B= d/dx with the domain specified by 

D(B) = {f E L 2([ 0 ,M]) :/ is a.c. with f(M) = O} 

is a densely defined closed operator [Stakgold (1979, pp. 306 and 311)] we conclude that 

lilies in the domain D(B) and, most importantly, that lI'e~lI' in L2([0,M]). Therefore, 

the solution to Eq. 4.3.1 may be expressed in the form 

M 

d df I(x) = ax u(x) = ax JC dyg(y)kL(x - y), 0 ~ x ~ M • (4.3.17) 

The result we have just derived shows that if g E R(Rop) has support on [0 ,M] then 

the function II defined by Eq. 4.3.15 is a.c. with derivative in L 2([ 0 ,M]) and satisfies the 

boundary condition 1I(M) = O. The converse to this statement is also true. 

Theorem 4.3.3 A function gEL 2([ 0 ,M]) will be in the range of Rop iff the function u 

defined by Eq. 4.3.15 is a.c. with derivative in L2([ 0 ,M]) and satisfies 1I(M) = O. 

Proof We have already proven the only if part, so assume g is given and that the 

function II defined by Eq. 4.3.15 satisfies the given conditions. Define the function f by 

I(x) = u' (x), 0 ~ X ~ M. 

It will be shown that g=RopJ. 
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The sequence of functions Us defined by Eq. 4.3.16 can be written as the 

convolution 

Since u is a.c. on Rr and 6s is supported on R_ the derivative of Us can be expressed as 

u' e(x) = u'(x) * °e(x) , 0 s x sM. 

The sequence Us therefore satisfies the three conditions (i), (ii), and (iii) stated above and 

hence the sequence of derivatives u'e converges to u'=f. Define the sequencefc=lI 'c 

and note that by Lemma 4.3.3 we have for x~O 

M 

hex) = !f dyg(y)k:(x- y) 
o 

M '" Il.() 
= f dyg(y) f da. e a. e-2n1a (r-y) 

o _'" /b(a.) 

= f'" da. G(a.) ae(a.) e -2nlax 

/b(a.) 
-'" 

Now we apply the Fourier transform to this equation to obtain 

(4.3.18) 

Recalling that the projection operator S+ (see Definition 2.8.6) ofL2 onto the Hardy space 

~ can be decomposed into the form given by Eq. 2.7.1, we see that the quantity on the 
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right side of Eq. 4.3.18 is just the projection of GA,J<P onto the Hardy space H;. In 

view of Eq. 2.7.2, the analytic extension of Fe into C+ is therefore given by 

1 Joo G(t)ae(t) 
F£(z) = 21&i dt Cb(t)(t - z) , 

-00 

Now we apply the operator S(1), defined by Eq. 4.1.9, to Fs,TJ to obtain 

= -1 lim Joo ely cIl(y) Joo dt G(t) ae(t) 
(21&i)2y-o_00 ~-y+iy_oo ~(t)(t-y-i11) 

= -1 lim Joo dt G(t)ae(t) Joo ely ~(y) 
(21&i)2y-O_00 cIl(t) _00 (~-y+iy)(t-y-i11) 

= _I_lim Joo dt G(t)ae(t)~(t- i11) • 

21&i y - ° _00 ~(t)(~ - t + iy + i11) 

We have evaluated the inner integral on the second to last line by a simple contour 

integration. An easy calculation shows that for 11 > 0 

1 1 -----+---

uniformly as y~O. Therefore, 

(4.3.19) 
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We now claim that 

(4.3.20) 

To prove this, we expand the function <l>(t - ill) into the power series 

which is uniformly convergent since <l> is an entire function. We can obtain a bound on 

the derivatives of <l> by using the representation for <l> given by Eq. 4.3.2 as follows 

LI2 

IfIl(n)(t)I = 12 J dt(-21tit2)ne-2ni~t21 
o 

~ L(21tA)n , 

where we have used the relationship A= (L/2)2. This inequality used in conjunction with 

Cauchy-Schwarz inequality establishes the bound 

f
OO dt G(t) ~1I(t) fIl(n)(t) 

_00 fIl(t) (t - ~ + iTJ) 
~ L(21tA)n" GA", [fOO dt. l~ 

~ 2 _00 It - ~ + ITJ 12 

= fi L(21t A)n" GA, " • 
~ ~ 2 

(4.3.21) 

Therefore we can write the integral appearing in Eq. 4.3.19 as the absolutely convergent 

infinite series 



JOO dt G(t)l1e(t) <b(t- iT) = E (-iT)nJ
oo 

dt G(t)l1e(t) <b(n)(t) 

_00 21ti<b(t)(t-~+iT) n-O 21tin!_oo <b(t)(t-~+iT) 

= _1_ Joo dt G(t) l1e(t) -l i: (_iT)n-l Joo dt G(t) l1e(t) <b(n)(t) 

21ti _00 t- ~ + iT) 21t n-l n! _00 <b(t)(t- ~ + iT) • 
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(4.3.22) 

Since S~ is a continuous operator and the first expression on the second line in Eq. 4.3.22 

converges in L2 as 11---+ 0, the infinite series on the second line ofEq. 4.3.22 must converge 

in L2 as 11---+ O. But from the bound given by inequality 4.3.21 the infinite series has the 

uniform bound 

E (-iT)n Joo dt G(t) J1 e(t) <b(n)(t) ~ 2(1tA3T)~IIG4·11 E (21tT)A)n-l 
n-l n! _00 <b(t)(t- ~ - iT) ~ 2nal n! 

~ 2(1tA 3T)t II G :e t e2n'l" . 

Therefore the infinite series must converge to zero as 11---+ O. This verifies Eq. 4.3.20. 

Now, from the continuity of the operator S~ along with Eqs. 2.7.1, 2.7.2 and 4.3.20 we 

obtain 

Applying the inverse Fourier transform to this equation and using the decomposition for 

Rep given by Eq. 4.1.11 we obtain 
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Since Rc\l is bounded we have Rc\lh ~ Rc\lf and since g is supported on Rr we have, 

This shows that g E R(Rc\l) and completes the proof. I 

This theorem completely characterizes the subspace of compactly supported functions in 

the range of Rc\l and therefore tells us when Eq. 4.3.1 has a solution in L; under the 

assumption that g has compact support. 

The inversion formula given by Eq. 4.3.15 can be moved under the integral if we 

make the further assumption that g is a.c on [0 ,M]. Indeed, we have already established 

that 

M 

I(x) = lim!!.. J dyg(y)kt(x- y) 
£~O dx x 

M 

= -lim J dyg(y) dyd kt(x - y) 
£~O X 

Now by using the fact that kLC(O) = 0 for each 8> 0, an integration by parts gives 

M 

I(x) = lim[-g(M)kt(X-M) + Jdyg'(Y)kt(x- y)] 
£~O x 

M 

= -g(M)kL(x - M) + J dyg'(y)kL(x - y), 0 s X s M , 
x 
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where passage to the limit is justified from the fact that g' E LI([ 0 ,M]) along with Eq. 

4.3.14. In most practical cases the value g(M) will be zero, for otherwise the function! 

will have to be highly discontinuous near x=M (e.g. it would have to be unbounded in 

every interval about M). Therefore, for most practical purposes, we may write 

M 

!(x) = J dyg'(y)kL(x - y) • 
x 

This result is not new. It is a restatement of the fact that the function h defined by Eq. 

3.2.23 solves Eq. 3.2.1, the incomplete Abel transform equation. This issue will be 

addressed in more detail in the next chapter. 

For the reader's convenience, we list the inversion formulas for solving Eq. 4.3.1. 

If g E R(R,p) then Eq. 4.3.1 has the unique solution! E L! given by either of the 

limiting formulas 

(4.3.23) 

(4.3.24) 

If g is supported on [0 ,M] then the solution of Eq. 4.3.1 is also supported on [0 ,M] and 

we have the additional inversion formulas 
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00 

I(x) = -l.~pv f d~ G(~)M e-2nl~, o:!: X < M , 
21tl dx _00 ~fr(LM) 

(4.3.25) 

(4.3.26) 

The solution can also be expressed directly in terms of g as 

M 

I(x) = !J dyg(y)kL(x- Y), o:!: X :!: M , 
% 

(4.3.27) 

and if, in addition, g is a.c on [0 ,M] the solution can be expressed as 

M 

I(x) = -g(M)kL(x - M) + f dyg'(y)kL(x - y), o:!: X :!: M • (4.3.28) 
% 

The solutions given by Eqs. 4.3.27 and 4.3.28 should be compared with similar 

results obtained in Gorenflo and Vessell a (1980). In particular, if we restrict the support 

of f to [0 ,M], where M < A., then the equation R$f = g can be written as 

00 

g(x) = R~/(x) = f dy f(y) , o:!: X :!: M , 
% Jy-x 

(4.3.29) 

which is a typical Abel integral equation. If Eq. 4.3.29 is solvable then the unique 

solution is [Gorenflo and Vessella (1980, pg. 23)] 
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f(x) O~x~M. 

If, in addition, if g is a.c. then the solution can also be expressed as 

M 

f(x) = g(M) -.! f ely fCy) , 0 ~ x ~ M • 
1CJM -x 1C x Jy-x 

These formulas agree, respectively, with the formulas given by Eqs. 4.3.27 and 4.3.28 

given above since for x E [-A.,O] we have 

a result that is established in Appendix A. 

In practical settings, e.g. f is real-valued and piecewise continuous, the inversion 

formulas given by Eqs. 4.3.23 and 4.3.24 can be used to approximate f arbitrarily well 

along the positive axis by choosing 8 sufficiently small. For example, if we define the 

two approximations.fcl and.fc2 by the formulas 

(4.3.30) 

then we are guaranteed that both of the approximations will converge pointwise to f as 

discussed in the previous section. The two formulas in Eq. 4.3.30 can be used as a basis 

for developing very fast routines, based on the FFT algorithm, for approximating the 
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function/on a uniformly spaced grid of points. However, we note that although the two 

functions .fc I and.fc2 will be approximately the same along ~, they can differ from one 

another on 1Il_. In general, the behavior of these two functions along R_ are significantly 

different. Because any numerical quadrature rule used to approximate the integrals 

defining.fcl and.fc2 does a certain amount of local averaging, Le., smoothing, the 

behavior of the two functions along the negative axis will affect the approximations along 

the positive axis. Therefore, to investigate the stability of these two different inversion 

formulas, one should examine the general behavior of the two functions.fcl and.fc2 along 

the negative axis. We will do the analysis, but it will be deferred to Appendix B. 



CHAPTER 5 

GENERALIZED ABEL OPERATORS AND 

THE INCOMPLETE ABEL TRANSFORM 
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In this chapter our aim is to investigate the class of Abel operators on L;(2rdr) 

introduced in §3.3, paying special attention to the incomplete Abel transform defined by 

Eq. 3.2.16. It was established in Proposition 3.3.1, by utilizing the isomorphisms T and 

Vp defined by Eqs. 3.3.3 and 3.3.4, that the class of Abel operators is unitary equivalent 

to the class of Wiener-Hopf integral operators on L; that was the subject of analysis in 

Chapter 4. (Throughout this chapter p is assumed to lie in the interval [1,2]). All of 

the theoretical results developed in Chapter 4 pertaining to the class of Wiener-Hopf 

operators therefore carry over directly to the class of Abel operators. In particular, 

Theorem 4.2.3 will be used to find the conditions which are both necessary and sufficient 

for an Abel operator to be injective. Also, Theorem 4.2.5 will be used to construct the 

inverses of a number of Abel operators. These two basic results are established in §5.1. 

In §5.3 a few different forms for the inverse of the incomplete Abel transform will be 

given based on the formulas presented in §4.3. In §5.3 a simple algorithm will be 

formulated to numerically invert the incomplete Abel transform. In §5.4 this algorithm 

will be used to numerically reconstruct a variety of test objects from their incomplete 

Abel transform data. We will investigate the stability of the algorithm when the data 

measurements have been corrupted by Poisson noise. 
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§5.1 Injectivity Results and Inversion Formulas for the Abel Operators 

Let P E LH I t II-Pdt), the set even functions in LP( I t jI-Pdt). We define the Abel 

operator All' acting in the Hilbert space L;(2rdr), by the formula 

eo 

AlJh(r) = 2 J dt lJ(t)h(Vr2 + t 2
), r ~ 0 . 

o 
(5.1.1) 

In this section, our primary goal is to find the exact conditions on p for which the 

equation 

Ah=w 
IJ 

(5.1.2) 

has a unique solution h E L;(2rdr) for a given data function W E R(AIl ). For a certain set 

of p we will also construct the explicit action of the inverse operator A/ which will, of 

course, enable us to solve Eq. 5.1.2. 

In view of Proposition 3.3.1, All is isomorphic to a Wiener-Hopf integral operator 

R~. The kernel <I> E L~ is related to p by the isomorphism Vp: L~ (I t II-Pdt) -)0 L~, defined by 

Eq. 3.3.4, and this relationship is given explicitly by the formula 

<I>(x) = VplJ(x) = step( -x) 1J({=i) . 
{=i 

(5.1.3) 

The isomorphism relating the two operators All and R~ to each other is given in terms of 

the unitary transformation T: L;(2rdr) -)0 L;, defined by Eq. 3.3.3, by the decomposition 

formula established in Proposition 3.3.1 

(5.1.4) 
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Through the use of this decomposition, all of the results pertaining to the class of Wiener-

Hopf integral operators developed in Chapter 4 carry over directly to the class of Abel 

operators defined by Eq. 5.1.1. In particular, the injectivity result established in Theorem 

4.2.3, the inversion formula given in Theorem 4.2.5, and the pseudo-inversion formula 

given in Theorem 4.2.8 all apply to the class of Abel operators. Before stating these 

results, however, it will be helpful to introduce a few new operators. 

The Fourier transform provided to us a useful tool in developing a relatively 

simple inversion formula enabling us to solve the Wiener-Hopf integral equation of the 

form given by Eq. 4.1.2. The analogous transformation which will aid us in constructing 

an inversion formula to solve Eq. 5.1.2 is the mapping 0+ == 9:T: L;(2rdr) ~ H;. Because 

both of the operators 9: and T are unitary, 0+ is a unitary transformation and its action 

on a function h E L;(2rdr) is given by the integral formula 

.. 
o +h(~) = J dxh({X)e21Ci~X 

o 

.. 
= 2 f rdrh(r)e21Ci~r2. 

o 

(5.1.5) 

Note that 0+ is precisely the integral transform introduced in the paper by Dallas et al. 

(1987) defined by Eq. 3.2.18. The inverse of 0+ is the operator 0~1= T·I9"~I: H; ~L;(2rdr) 

whose action is prescribed by 

.. 
(5.1.6) 

-GO 
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The operator 0+-1 is, of course, just the inverse integral transform presented in Dallas's 

paper (see Eq. 3.2.19). Another operator that is worthwhile introducing is a symmetrized 

version of 0+ which we will denote by Oc. This mapping is a unitary transformation 

from L;(2rdr) into L~, the set of even functions in L2, whose action is defined by 

00 

Och(~) = 4J rdrh(r)cos(21C~r2) • 
o 

(5.1.7) 

Finally, we introduce another composite mapping Up == 9"_ ~ : L~ (I t II-Pdt) ~ HP~, where 

p'=p/(P-l), whose action is defined by any of the following equivalent integral formulas 

o 
Upp(~) = f dtVpp(x)e2Ttl~ 

-00 

00 

= 2 f dt pet) e -2Ttl~t2 • 
o 

(5.1.8) 

The operator Up is a continuous mapping ofLHI t II-Pdt) into HP~, a property that follows 

from the fact that Vp is an isomorphism and that 9" maps U. continuously into HP~. Now, 

because the range of Up lies within the Hardy space HP~, the transformed function Up}l 

can be extended as an analytic function into C_, the lower-half region of the complex 

plane. Indeed, the analytic extension of Up}l into C_ is obtained simply by replacing the 

real variable ~ with a complex variable Z E C_ in any of the integral representations given 

in Eq. 5.1.8. 
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Having done away with these preliminary notations, we are now ready to establish 

some of the important results concerning the Abel operators. 

For p E L~ (I t II-Pdt) letA~ be the Abel operator defined by Eq. 5.1.1. As mentioned 

above, A~ is isomorphic to the Wiener-Hopf operator R~ with 4>= Vpp. Let <1> E HP~ denote 

the Fourier transform of 4> and let the function <1>h E H~ be given by <1>h(Z) = (<1>( z·) r. It 

was established in Theorem 4.2.3 that R~ is injective iff <1>h is an outer function in H~. 

This proviso is therefore necessary and sufficient in order for A~ to be injective. The 

assumption that <1>h is an outer function is easily translated directly to the function p itself 

by noting that the Fourier transform of 4> is given in terms of p by 

Utilizing Eq. 5.1.8 we can therefore express the function value <1>h(Z), for z=~ + ill E c.., 
in terms of p by the integral formula 

~h(Z) = (~(Z .»). 

= [I tit pet) e -2.,(~ - '.)1' r 
00 

= J dt /J -(t) e 2nl(~ + IfJ)t
l 

o 

00 

= J dt /J -(t) e 2nlr.t
l 

• 

o 

Thus, as an immediate corollary of Theorem 4.2.3, we have established the following 

injectivity result. 
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Theorem 5.1.1 Let Jl E L~ (I t II-Pdt). Then the Abel operator Ap is injective iff the function 

J dt IJ ·(t) e 2nl:t
2 

o 

is an outer function in H~. In this case Eq. 5.1.2 has a unique solution in L;(2rdr) 

whenever w E R(Ap). 

Developing an inversion formula that will enable us to solve Eq. 5.1.2 in the case 

p = 1 can now be accomplished provided that <l> = UI Jl satisfies inequality of the form 

4.2.3 for some choice of positive constants C,C', and 'Y. Let us assume that the indicated 

inequality is satisfied. To obtain the inversion formula, we first convert Eq. 5.1.2 into an 

integral equation involving the operator R 4I• With the aid of the decomposition given by 

Eq. 5.1.4 we may rewrite Eq. 5.1.2 in the form 

Now we apply the unitary transformation T to both sides of this equation to obtain 

(5.1.9) 

Let us define the functionsJ,gE L; by J=Th and g=Tw. Then Eq. 5.1.9, expressed in 

terms of these new functions, takes the form 

(5.1.10) 



191 

As was established in Theorem 4.2.5 the unique solution/E L! of Eq. 5.1.10 is given by 

the following limit involving the Fourier transform of g and an appropriate apodizing 

sequence de 

(5.1.11) 

The sequence of functions de must be analytic in C_ and the quotients de/<P have to 

remain bounded within C_ for each value of e> O. That the apodizing sequence obey these 

two conditions is sufficient to ensure that the limit in Eq. 5.1.11 converges in L; to a 

function/which solves Eq. 5.1.10. Now by applying the inverse operator Tot to both 

sides of Eq. 5.1.11, and using the relationship h= Tot/, we obtain 

her) = T-1 {lim fCD d~ G(~) Ae(~) e -21t1~%}(r) 
e ~o· -CD <b(~) 

= lim fCD d~ G(~) Ae(~) e -21tI~rl • 
e -0· _0> 4>(~) 

The interchange of the limiting operation with Tot is permissible because Tot is a unitary 

transformation and because the limiting integral converges in the Hilbert space norm. 

Finally, the Fourier transform of g may be expressed in terms of the function w and the 

operator 0+ as 

We have therefore established that the solution to Eq. 5.1.2 is given by the limiting 

expression 
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(5.1.12) 

Recall that if, in Eq. 5.1.11, we replace the Fourier transform of g with its Fourier cosine 

transform Ge the resulting function f does not change, i.e., it is still the solution of Eq. 

5.1.10. Similarly, the function h defined by Eq. 5.l.12 remains the unchanged if we 

replace O+w with the symmetric function Oew. Thus the solution to Eq. 5.1.2 may also 

be expressed in the alternative form 

(5.1.13) 

The results we have just established are sum up in the following theorem. 

Theorem 5.1.2 Let p. E L~ (I t I dt) and assume there exist positive constants C,C', and y 

such that Ut P. E H~ satisfies the inequality 

(5.1.14) 

Then, if W E R(AI')' Eq. 5.1.2 has the unique solution hE L;(2rdr) given by either Eq. 

5.1.12 or Eq. 5.l.13 where it is assumed that each member A c of the apodizing sequence 

is analytic in C_ and for each e> 0 the quotient A c /( Ut p.) is a bounded function within 

If the function Ut p. does not itself satisfy inequality 5.1.14 but can be factored into 

the form 
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N 

U ( ) 1TJ (z) IJ Z - Zn• C C 1 2 N 
1 J.l z I ' z E - ' Zn E + ' n = ' ' ... ' ' (5.1.15) 

n=l z-zn 

such that \{' E H~ satisfies an inequality of the form 5.1.14 and the complex numbers zn 

are distinct, then it is possible to construct a particular solution to Eq. 5.1.2. However, 

this solution will not be unique because, in this case, the solution space is an N 

dimensional hyperspace of L~(2rdr). The next theorem, which is the analog of Theorem 

4.2.8, clarifies this statement. 

Theorem 5.1.3 Let J1 E L~ (I t I dt) and assume that U1 J1 can be factored into the form 

given by Eq. 5 .1.15 where the function \{' E H~ satisfies an inequality of the form 5 .1.14 

and the zn are distinct complex number lying in c_. If w E R(A~) then the function 

hE L~(2rdr) defined by Eq. 5.1.12 solves Eq. 5.1.2. Furthermore, the set of solutions 

h' E L:(2rdr) to Eq. 5.1.2 can be expressed in the form 

N 2 

h'(r) = h(r) + E cne2niz,.r , 
n=l 

for arbitrary choices of the complex constants en. 

§5.2 Inversion Formulas for the Incomplete Abel Transform 

Having presented the inversion results for the general Abel operators, we now tum 

to the specific operator A.u where the function J1 takes the form specified by Eq. 3.3 .1, 
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repeated here for convenience 

pet) = rect({) , L > 0 • 

The resulting operator was introduced in §3.2 as the incomplete Abel transform (see Eq. 

3.2.16). In order to be consistent with the notation presented in §3.2, we will denote the 

incomplete Abel transform by AL • This notation has the advantage of indicating the 

explicit dependence of the incomplete Abel transform on the parameter L> O. In this 

section we present a number of inversion formulas which will enable us solve the 

equation 

L/2 

ALh(r) = 2 f dth(Jt2 + y2) = w(r) , 
o 

(5.2.1) 

for h E L;(2rdr) given the data function W E R(AL)' Most of the work leading to the 

formulas we present below has already been done in §4.3. 

As indicated in §3.3, AL is isomorphic to the Wiener-Hopf integral operator R¢l 

where the function <I> given by 

cI>(x) = step( -x)step(x + L 2/4) • 

Fi 
(5.2.2) 

The operator R¢l was investigated in §4.3 where it was shown that the equation 

(5.2.3) 

has a unique solutionfE L; provided that g is in the range of R.p. We had also presented 



195 

a number of inversion formulas enabling us to solve Eq. 5.2.3 (see Eqs. 4.3.23-28). 

Because AL and R.p are isomorphic to each other, it follows that Eq. 5.2.1 also has a 

unique solution h E L~(2rdr) for any WE R(AL)' Furthermore, by using the appropriate 

transformations, all of the inversion formulas we developed to solve Eq. 5.2.3 can be 

converted into formulas for solving Eq. 5.2.1. We will now present a number of these 

formulas. It is assumed throughout the remainder of this chapter that W is in the range 

of the operator A L • Also, in order to ensure that are inversion formulas are valid, it will 

be assumed that our apodizing sequence 6& has been chosen such that for each 8>0 the 

6& is analytic within C_ and obeys an inequality of the form 

(5.2.4) 

These assumptions on the apodizing sequence are sufficient to confirm that the hypotheses 

of Theorem 5.1.2 are satisfied because it already established that the Fourier transform 

of the function ~ defined by Eq. 5.2.2 obeys inequality 4.3.5 

We can immediately give two solutions of Eq. 5.2.1 by using the formulas given 

10 Eqs. 5.1.12 and 5.1.13 derived in the previous section. Using the explicit 

representation for the Fourier transform of the function ~ defined by Eq. 5.2.2 (see Eq. 

4.3.4) the solution of Eq. 5.2.1 is given by the limit 

(5.2.5) 

This solution may also be expressed in an alternative, but equivalent, form by replacing 

D+w with the symmetric function DeW 
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(5.2.6) 

Eq. 5.2.5 should be compared to the inversion formula given in the paper by Dallas et al. 

which was given by (see Eq. 3.2.22) 

(5.2.7) 

The only difference between the inversion formula given by Eq. 5.2.5 and this expression 

is the appearance of the apodizing sequence and limiting operation in the former. In 

general the integral in Eq. 5.2.7 is not absolutely convergent because O+w will, most 

likely, decay at a rate no faster than I ~ I') as I ~ 1--)- 00. The reason for the poor asymptotic 

decay of O+w can be most easily seen by examining integral representation for O+w given 

by Eq. 5.1.5 

.. 
o +w(~) = f dxw(Ji)e2nl~X • 

o 

From this expression, we see that O+w is the Fourier transform of a function which has 

been set to zero along the negative axis. If w is the incomplete Abel transform of a 

nonnegative function h which is not identically zero in the neighborhood of the origin, 

then w(O):;t.:O and therefore O+w cannot decay asymptotically at a rate faster than I ~ 1')'(1 

for any cx.> O. Now, if the integral in Eq. 5.2.7 is not absolutely convergent, it must be 

regularized in a way to guarantee that it converges for a.e. value of r> O. One such 



197 

regularization, which makes use of a special type of apodizing sequence, is given in Eq. 

5.2.5. It is not clear whether or not other regularization techniques can be used. 

However, if the solution h is known to be bounded within the interval [0 ,LI2], then 

Theorem 4.3.1 can be used to establish that the Cauchy principal value integral 

(5.2.8) 

does indeed converge pointwise to the solution h for a.e. r> 0, although this limit may not 

converge in the norm of L;(2rdr). 

A number of additional inversion formulas that can be used to solve Eq. 5.2.1 can 

be established if we make the additional assumption that the data function w has finite 

support within the interval [0 ,M]. Before stating these formulas, however, we present 

an important theorem which characterizes the subspace of compactly supported functions 

in the range of AL• The theorem is a direct consequence of Theorem 4.3.4 and the proof 

will not be given. 

Theorem 5.2.2 Let kL be the function defined by Eq. A.3 in Appendix A. A compactly 

supported function w E L 2([ 0 ,M] ,2rdr) will be in the range of the incomplete Abel 

transform AL iff the function u defined by 

M 

u(r) = J tdtw(t)kL(r
2 

- t l
) 

r 

satisfies the boundary condition u(M) = 0 and possesses a derivative u' a.e. in [0 ,M] such 
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that r,l u' (r) E L 2([ 0 ,M] ,2rdr). 

Now, assuming that w is supported within the interval [0 ,M] (from which it 

follows that h is also supported in [0 ,M]) we can introduce a number of additional 

inversion formulas to solve Eq. 5.2.1. The following two inversion formulas, which are 

analogous to the inversion formulas 4.3.25-26 developed in §4.3, utilize a principal value 

integral followed by a differentiation 

Another inversion formula, which does not require the computation of O+w, is given by 

M 

her) = ~ :'f tdtw(t)kL(r 2 
- t 2

), 0 ~ r ~ M . 
r 

(5.2.11) 

where the kernel kL is the same function appearing in Eq. 3.2.17. If, in addition, w is a.c. 

over [0 ,M], then Eq. 5.2.11 reduces to 

M 

her) = -w(M)kL(r 2- M~ + f dtw'(t)kL(r2 - t2) ,0 ~ r ~ M. (5.2.12) 
r 

For the reader's convenience, the inversion formulas for Eq. 5.2.1, along with the specific 

conditions under which the are valid, are given in Table 5.1. 



Inversion Formula 

M 

her) = -w(M)kL(r2-M2)+ f dtw'(t)kL(r2-t2) 
r 
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Conditions for Validity 

No assumptions 

No assumptions 

W has compact support 

w has compact support 

W has compact support 

w is absolutely continuous and 
supported in the interval [0 ,M] 

Table 5.1 Inversion formulas for the incomplete Abel transform along with the conditions 
under which they are valid. 
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Under the very general assumption that solution h is in LP([M - 8,M],2rdr) for 

some p>2 and 8>0 then w satisfies the boundary condition w(M)=O and Eq. 5.2.11 

reduces to 

M 

her) = !dtw'(t)kL(r2 - t2 ) ,0 ~ r ~ M . (5.2.13) 

r 

This formula is precisely the same inversion formula as given by Eq. 3.2.23, derived 

previously by Barrett. In fact, each of the inversion formulas given by Eqs. 5.2.9-5.2.11 

are extensions of Eq. 3.2.23, in the sense they are valid under more general conditions 

(i.e., they are valid when g is not a.c.). 

§5.3 Formulation of a Numerical Inversion Algorithm 

Each of the inversion formulas listed in Table 5.1 can be used as a basis for 

developing an algorithm for performing a numerical inversion of the incomplete Abel 

transform. Hansen (1992) developed an algorithm for doing the inversion based on Eq. 

5.2.13. He used a trapezoidal quadrature rule to perform the integration. Fast numerical 

algorithms, based on the FFT routine, can be developed by using the inversion formulas 

given by Eqs. 5.2.5 and 5.2.6. Gagne et al. (1993) used an algorithm based on Eq. 5.2.5 

for reconstructing the PSFs of imaging tubes from a set of FLSF data. In this section, we 

will develop an efficient inversion algorithm based on the formula given by Eq. 5.2.6. 

The reason we choose to work with this formula comes from the fact that, for a given 
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data function w, the symmetric transform Dew will generally decay to zero at a rate faster 

than D+w. Hence the integral appearing in Eq. 5.2.6 will have better convergence 

properties than the one appearing in Eq. 5.2.5 and we should expect that it is better suited 

for numerical computation. 

To construct an algorithm to solve Eq. 5.2.1, we begin by considering the 

approximation formula 

(5.3.1) 

This approximation to h can be made as accurate as desired by choosing the parameter 

E sufficiently small. To formulate an accurate approximation scheme, we will need to 

make some apriori assumptions. First, it is assumed that h is of compact support. 

Without any loss of generality, we can take [0,1] as the interval of support of h. With 

this assumption, it follows that the data function w = AL h is also supported on [0,1]. The 

incomplete Abel transform parameter L is assumed to be less than one. This is not 

essential, but will simplify our approach in making some key estimates. Also, we will 

assume that the apodizing function L1s is the Fourier transform of a nonnegative left-sided 

approximate delta function and that it decays to zero asymptotically at least at the rate 

Il; 1'2. With this assumption, all of the formal calculations in this section can be rigorously 

justified. Finally, the data function w is assumed known along some finite grid of 

sampling points. But because the particular choice of sampling grid is not immediately 

necessary in our calculations, we will defer specifying it until later. 
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To expedite our calculations, it is helpful to introduce the two auxiliary functions 

Is and g by applying the coordinate transform operator T to each of the functions he and 

w, respectively, 

hex) = Th,.(x) = h,.(/i), x ~ 0 , 

g(x) = Tw(x) = w(/i), x ~ 0 . 

(5.3.2) 

In view of Eq. 5.3.1, the auxiliary functions Is and g are related by the Fourier integral 

(5.3.3) 

where Gc is the Fourier cosine transform of g and we have set 

(5.3.4) 

Now because Is completely determines he over the interval [0,1] by a simple coordinate 

transformation we can redirect our efforts to approximating Is. 

Up to this point, Is has been defined only as a function defined along the 

nonnegative axis. However, because the integral expression appearing in Eq. 5.3.3 defines 

a function of x along the whole real axis, and this function agrees withls(x) for x~O, it 

can be used to extend Is into the negative axis. Although this extension of Is provides 

us with no additional information about the unknown function he' which is defined only 

along the positive axis, it introduces a certain symmetry that will allow us to simplify our 
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approach in finding a suitable approximation of fc. However, we must be aware of the 

possibility that even if fc is a well-behaved, smooth function along the positive axis, it 

is quite possible that its extension into the negative axis may not be so well-behaved. In 

general, for small parameters 8, the extended function will have a sharp gradient just to 

the left of zero. (In Appendix B, we show that this can even occur if h itself is a very 

smooth function). Because any quadrature rule used to approximate the integral defining 

fc does a certain amount of local averaging, i.e., smoothing, the sharp gradient will affect 

the approximations of fc near the origin. Having mentioned this potential problem, we 

now move on to describe a method for approximatingfc. 

What we will show first is that fc can be accurately approximated by a Fourier 

series of the form 

X E [0,1]. (5.3.5) 

Note that this is simply a trapezoidal quadrature approximation of the Fourier integral in 

Eq. 5.3.3. Remarkably, this approximation would be exact if each of the functions Gc and 

rc had inverse Fourier transforms vanishing outside of the interval [-MI2,MI2], i.e., 

if they are band-limited functions with band-limit M12. The truth of this fact is a direct 

consequence of the Shannon sampling theorem (see §2.3). Although Gc has band-limit 

one (because its inverse Fourier transform is the even extension of g into the negative 

axis), the function rc is not band-limited. Therefore, for any M> 0, an approximation of 

the form given by Eq. 5.3.5 will suffer from some amount of error. The amount of error 
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depends on how fast the inverse Fourier transform of rc vanishes outside of the interval 

[-MI2,MI2]. We will show that the error is small as long as we choose M=4. (This 

is a minimal requirement, in fact the error can be made as small as desired by choosing 

M sufficiently large.) To establish this result, we introduce an error function E defined 

by 

What we claim is that E is small within the interval [0, 1 ]. If we can verify this fact, 

then fc can be approximated by the Fourier series in Eq. 5.3.5 with M=4. In order to 

estimate this error, we will find it helpful to express each of the terms on the right side 

of Eq. (5.3.6) in an alternative form. 

By using Theorem 2.4.3 we can show that the first term on the right side of Eq. 

5.3.6 can be expressed as the convolution 

-'" 

1 

= J dy 8E(Y)Y e(x - y) , 
-1 

(5.3.7) 

where gE is the even extension of g into the negative axis and Yc is the inverse Fourier 

transform of rc' Now we establish in Appendix A that the inverse Fourier transform of 

the function 
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is given by 

where kL , defined by Eq. A.3 in the appendix, is the same function appearing in the 

inversion formula for the incomplete Abel transform (see Eq. 3.2.23). Let eSc denote the 

inverse Fourier transform of ~&' Then if we use the following property of the Fourier 

transform 

we may write 

Ye(X) = /T-l{.1.mA }(X) = .E..[l>e(X) * (kL(x) + 2..)] 
.fr(LA) dx 2L 

(5.3.8) 

= ![l>e(X) *kL(x)] == !k:(X). 

To obtain the expression on the bottom line, we used the fact that the convolution of eSc 

with a constant is constant and therefore its derivative is identically zero. 

Now, to simplify the second term on the right side of Eq. 5.3.6 we express Gc in 

terms of the Fourier integral of the even function gE and we express rc as the Fourier 

integral of 'Yc to obtain 

00 1 00 -nlm(x-y- t) 

= 1. f dty e(t) f dY8E(Y) L e 2 
4 1 m--oo 

-00 -
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This equation can be simplified by noting that the infinite series complex exponentials can 

be written as an evenly spaced array of delta functions (Stakgold, 1979, p. 139), 

-nlm(x-y-t) 00 

:E e 2 = 4 :E ll(x-y-t-4m) • (5.3.10) 
m __ 00 m--co 

Substituting this expression into Eq. 5.3.9 gives us 

I 00 

= f dygE(Y) :E ye(x-y-4m) (5.3.11) 
-1 m·-oo 

1 1 

= f dygE(Y)Ye(X-y) + :E f dygE(y)ye(x-y-4m). 
-1 m .. O -1 

The sum on the bottom line of the above equation is taken over all nonzero integers m. 

Having established Eqs. 5.3.7 and 5.3.11, we can now write the error term E 

defined in Eq. 5.3.6 as 

1 

E(x) = f dygE(Y):E y e(x-y-4m), x€[O,l]. 
-1 m .. O 

(5.3.12) 

In this form, we see that the error arises from the fact that "Ie is nonzero outside of the 

interval [- 2,2]. To anyone familiar with Fourier methods, this is a familiar source of 

error commonly referred to as aliasing. It is the unavoidable consequence of trying to 

approximate the Fourier integral of a function that is not band-limited by a Fourier series. 

(See Press et al. (1986, p. 386) or Gaskill (1974, p. 270) for a heuristic explanation of 
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aliasing.) However, as we will now show, in our case the aliasing error is small . 

Define the aliasing kernel BL
s by 

B~(x) = .E Ye(x-4m), x€[-2,2]. (5.3.13) 
m .. O 

In view of Eq. 5.3.8, Ys is the derivative of the convolution 8s * kL • Because both 8e 

and kL are supported along the negative axis, so is their convolution. Therefore the index 

of summation m of the series on the right side of Eq. 5.3.13 need only to extend over the 

range of integers from 1 to 00. What we claim is that the aliasing kernel is small. 

Now it is shown in Appendix A that kL(x) is continuously differentiable for x < -L 2 

(here is one place where our assumption that L < 1 is crucial) and therefore 

Thus we have 

co co 

B~(x) = .E J dylle(x-4m-y)k~(y) 
m -I -co 

co 

= J dtlle(x-t).E k~(t-4m) 
-co m-l 

(5.3.14) 

co 

= lle(x) * .E k~(x - 4m) • 
m -I 

To show that BLG is small, we can therefore turn our attention to estimating the aliasing 

kernel for B = 0 
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00 

BL(x) == Bf(x) = E k~(x-4m), x € [-2,2] . (5.3.15) 
m-l 

As established in appendix A, the kernel kL asymptotically approaches the constant 

value IlL as x ---+ -00 and, for x < _(L/2)2, can be written as the uniformly convergent series 

1 4 00 dll(x_,.) nc 
kL(x) = -- - - E e :u cos( 2,." (x - A) ) , 

L L n-l 

(5.3.16) 

where we have set 'J...= (L/2)2. The coefficients en and bn are, respectively, the real and 

imaginary parts of the zeros of the functionfr«-~)"'.), located in the first quadrant of the 

complex plane, i.e. en, bn> O. The complex numbers en + ibn are related to the countable 

infinite set of zeros Zn of the error function erj(see Eq. 2.2.5), located in the first quadrant 

of the complex plane, by the transformation 

2 
'b 2zn C +l = - , 

n n in n=1,2,··· . 

Using this relationship, we can use the asymptotic formulas for the values Zn given in 

Abramowitz and Stegun to show that as n ---+ 00 

C :::: 4n-! , 
n 2 

(5.3.17) 

With these asymptotic formulas, we will be able to verify that the series given in Eq. 

5.3.16 converges very nicely for the values of x we will need to consider. 

In view ofEq. 5.3.15, we see that the aliasing kernel BL depends on kL(x) only for 



209 

values of x less than or equal to -2. Because we have assumed that L< 1, and therefore 

A< Y4, this means that we need consider only values of kL{x) for x<-SA. For these values 

of x, the series representation for kL given by Eq. 5.3.16 converges uniformly. In fact, 

using the asymptotic approximation for bn given by Eq. 5.3.17, the terms of this series are 

dominated asymptotically by 

n ..... OO , 

whenever x< -SA. The series can even be differentiated term-by-term to compute the 

derivative kf. The result is 

This senes can be written In a more computationally convenient form by using the 

trigonometric identities 

cose = 
e,a + e-Ia 

2 

and, upon setting an = bn + i en, we have 

sine = 
e,a + e -10 

2i 

(5.3.18) 

Substituting this representation for kf into Eq. 5.3.15 we find that the aliasing kernel BL 

can be written as the following series 
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The two series in the brackets can be evaluated by using the geometric series formula 

oa 

1 
= --, 

l-z 
Izl < 1 , 

and we find 

oX E [-2,2] • (5.3.19) 

This series converges uniformly, and by using the asymptotic relationships given by Eq. 

5.3.17, along with the fact that an = bn + i en, we can show that the terms of this series are 

dominated by the factors 

n-+ oo 

for each XE [-2,2]. Therefore, the series in Eq. 5.3.19 can be used to numerically 

approximate the aliasing kernel BL to a high degree of precision. 

Plots of the aliasing kernel are shown in Fig. 5.1 for the three parameter values 

L = 1.0, 0.9, and 0.8. As these figures suggest, the effects of aliasing are reduced as the 

parameter L decreases. In addition to generating the plots, we have also computed the 

integral of I B L I , which is simply BEL lit , the L 1 
- norm of B L . These values are listed in 
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-2 -1 0 1 2 

Fig. 5.1 Plots of the aliasing kernels BL(x) for L = 1.0,0.9,0.8. 
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Table 5.2. As we will show next, these values can be used to bound E, the error due to 

approximatingfc by the Fourier series in Eq. 5.3.5 with M=4. 

In view of Eqs. 5.3.12, 5.3.14, and 5.3.15 E can be expressed as the three-fold 

convolution 

Now, by two applications of Young's theorem (Theorem 2.4.2), we can form the following 

estimate 

IE(x) I ~ 11gB * ar; * BLII .. 

~ II gBII .. liar; * BLII. 

~ IIgBII .. lIa,;lI. IIBLI!. = IIgBII .. IIBLII •• 

(5.3.20) 

The equality on the bottom line follows from our assumption that 0& is nonnegative. 

Inequality 5.3.20, used in conjunction with the series representation for BL given by Eq. 

5.3.19, can be used to rigorously form an upper bound on the error term E. As we have 

demonstrated above, the error term is small for the parameter values L= 1.0,0.9, and 0.8. 

IIB •. o II. :::l 2.3 x 10-;' 

IIBo.9 11. :::l 1.8x 10-6 

IIBo.slI. :::l 4.9x 10-s 

Table 5.2. Approximate values of the Lt. norm of the aliasing kernel BL for the three 
parameter values L= 1.0, 0.9, and 0.8. 
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Based on these observations, we will assume the is no significant loss in accuracy in 

approximatingfs with the Fourier series 

(5.3.21) 

If necessary, the bound on forming this approximation can be easily established through 

numerical means by utilizing the methods outlined above. 

The analysis we have just performed to estimate the error in approximatingfs by 

the Fourier series in Eq. 5.2.21 was done under the assumption that L ~ 1. However, even 

when L> 1 we can still show that fs can be accurately represented by a Fourier series. 

All that one must do is choose the value of Min Eq. 5.3.5 sufficiently large, i.e. M~4L. 

Under this assumption, all of the methods we used above to form a bound on the error 

can be repeated almost verbatim. 

Having established thatfs can be accurately approximated by a Fourier series, we 

now tum to the problem of evaluating this series given only a finite set of samples values 

of the function g. We will assume that g is known along the uniform set of sampling 

points 

k xlt; = N' k = 1,2, .. , ,N - 1 . (5.3.22) 

Now we cannot hope to evaluate the infinite series in Eq. 5.3.21 so we will only consider 

the truncated series 

x€[O,l] . (5.3.23) 
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This truncation induces an additional amount of error. However, in practical problems 

the series in Eq. 5.3.21 converges uniformly. Therefore the truncation error can be made 

as small as desired by choosing M sufficiently large [Butzner and Nessel (1971, Ch.l)]. 

To evaluate the series in Eq. 5.3.23, we will have to estimate the values of 

Gc (mI4), for m=O, 1, ... ,M (because Gc is an even function the values of Gc (mI4) for 

m < 0 can be obtained by symmetry). Because g is supported on the unit interval, Gc (mI4) 

can be written in the form 

1 

Gc(;) = J dyg(y)cos(1t;Y) 
o 

(5.3.24) 
1 nlmy 

= J dygE(y)e 2 , 

-1 

where gE is the even extension of g into the negative axis. We will find it convenient to 

further extend gE into the interval [ -2,2] by setting it to zero outside of [ - 1 , 1 ]. (This 

type of extension is commonly referred to as zero padding.) \Vith this extension of gE, 

we may replace the interval of integration on the bottom line of Eq. 5.3.24 with [-2,2], 

a fact we will make use of later. Given the samples of g specified by Eq. 5.3.22, we can 

form an approximation to gE by a trigonometric polynomial of the form 

IN-l -nlny 

gE(Y) == 1: One -l-
n--lN 

where the coefficients n" are given by the discrete Fourier transform formula 

N-l lnlnk 
1 -

On = - 1: gE(Z)e 2N • 
4N k--N 

(5.3.25) 
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Indeed, the finite series in Eq. 5.3.25 interpolates gE exactly at the uniform set of points 

Yk = kN-1 , k = -2N, - 2N + 1, ... , 2N - 1. Furthermore, if gE is a smooth function (e.g. 

continuous) then this series can be made to approximate gE uniformly to any desired 

precision over [-2,2] by choosing N sufficiently large [Atkinson (1989, p.180)]. Now 

we substitute the finite series approximation of gE into the integral on the bottom line of 

Eq. 5.3.24 to obtain the following estimate of Gc (mI4) 

2N-I 

= 4 E 0nsinc(n- m) . 
n--2N 

Substituting this approximation for Gc (mI4) into Eq. 5.3.23 gives us 

M -nlmx 2N-I 

fe(x) ~ E r e(:)e-2- E 0nsinc(n-m). 
ma-M n-2N-I 

Finally, by using the fact that the sine function takes on the value zero at all nonzero 

integer arguments, the double series in the above equation can be replaced by a single 

senes 

K-I -nlmx 

fe(x) ~ E Om r e(:)e-2
-

ma-K 

(5.3.26) 

where K is the smaller of the two values M and 2N. For this reason we will simply 

assume that M= 2N in the remainder of this chapter. 

Now that we have devised a method to accurately approximate the function fc 
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from a from a finite number of samples of g, we now tum to our original problem of 

estimating he from w. 

Because he and !c are related to each other by the simple coordinate 

transformation he(r) = !c(r 2
), re [0,1], we can immediately use Eq. 5.3.26 to write 

2N-l -nlnr1 

h (r) r::: ~ 0 r (.!)e-2-
e .£J ne4 

n--2N 

(5.3.27) 

All that remains to be done is to express the coefficients n", in terms of the data function 

w. This is easily accomplished by noting that, in view of Eq. 5.3.2, w(y'lz)= g(y) and 

hence w( I y I ~) = gE(Y) , ye [ -1,1]. Therefore, from Eq. 5.3.26 we find that 

(5.3.28) 

Thus, we can compute the coefficients of the series in Eq. 5.3.27 given the samples the 

data function w along the nonuniform sampling grid specified by 

r" = ~, k = 0,1, .. , ,N - 1 . (5.3.29) 

For some of our work later, we will find it useful to express the series approximation for 

he in the form 

2N-l -nln" 

he(r) r::: E Hn e2N (5.3.30) 
n--2N 

where, in view of Eqs. 5.3.4 and 5.3.27-28, the coefficients Hn are given by 
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A (~) G N-l 2nlnk 
Hn = e V"4 E W(v Ikl )c 4N", n = -2N,"', 2N - 1. (5.3.31) 

4Nfr(LH) k"-N N 

For sake of completeness, we will next discuss a numerical procedure for efficiently 

computing the Fresnel function Jr. 

A number of good methods have been developed to evaluate the Fresnel function 

Jr(x) for real values of x. For example, Cody (1968) has constructed piecewise rational 

functions, defined over 5 disjoint intervals, which accurately approximate Jr(x) for x> o. 

Another approximation is a simple, but accurate, piecewise approximation to the Fresnel 

function presented in a paper by Boersma (1960). It is given by the formula 

fr(X) ::: (5.3.32) 

1 + i + l!.!.e'ix2 ~ (c _ id )(.-!.)n X ~~ • 
2 V ~ X L.J n n nx2 ' V ~ n -0 

The coefficients an, bn, en, and dn are tabulated in Table 5.. The modulus of the error in 

approximating the Fresnel function by Eq. 5.3.30 does not exceed 1.6x10·9• 

Although the arguments of the Fresnel function will sometimes be purely 

imaginary, we do not need to be concerned with evaluating it for imaginary arguments 

because the quotientJr(l;)/l; possesses Hermitian symmetry. Specifically, we have for 

l;>0 
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n an bn en dn 

0 +1.595769140 -0.000000033 0.000000000 +0.199471140 

1 -0.000001702 +4.255387524 -0.024933975 +0.000000023 

2 -6.808568854 -0.000092810 +0.000003936 -0.009351341 

3 -0.000576361 -7.780020400 +0.005770956 +0.000023006 

4 +6.920691902 -0.009520895 +0.000689892 +0.004851466 

5 -0.016898657 +5.075161298 -0.009497136 +0.001903218 

6 -3.050485660 -0.138341947 +0.011948809 -0.017122914 

7 -0.075752419 -1.363729124 -0.006748873 +0.029064067 

8 +0.850663781 -0.403349276 +0.000246420 -0.027928955 

9 -0.025639041 +0.702222016 +0.002102967 +0.016497308 

10 -0.150230960 -0.216195929 -0.001217930 -0.005598515 

11 +0.034404779 +0.019547031 +0.000233939 +0.000838386 

Table 5.3. Coefficients for approximating the Fresnel function. 
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Also, because the Fresnel function becomes zero at ~ = 0, we will need to make use of the 

limiting value 

1 
L 

to properly interpret the quotient 

at n=O. 

The method we have just outlined for numerically inverting the incomplete Abel 

transform is summed up in the following simple algorithm. This algorithm is similar to 

the numerical method used by Gagne et al. (1993) to estimate the PSF of imaging tubes. 

However, our algorithm differs in the fact that we effectively interpolate the sampled data 

with a cosine series whereas Gagne et al. performed the interpolation with complex 

exponentials. The output of the algorithm are the series coefficients of Eq. 5.3.27. The 

values of ~ can be computed by an FFT routine and, if one uses the approximation to 

the Fresnel function given by Eq. 5.3.30, the algorithm if is of the efficient order 

4Nlog2 (2N) + 12N. 



Purpose: 

Input: 

Output: 

Step 1 

Step 2 

INVERSE INCOMPLETE ABEL TRANSFORM ALGORITHM 

To approximate the solution h of the integral equation 

LfJ, 

w(r) = 2 J dth(Jr2+ t2), 0 ~ r ~ 1, 
o 

by the finite series 

2N-l -nlnrl 

h( ~ --2--
e r) = L.J Hn e 

n--2N 

given the values of the data function along the nonuniform grid of N 
sampling points 

r" = ~, k = O,1,· .. ,N-1 , 

under the assumption that h is supported within the interval [0,1]. 
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incomplete Abel transform parameter L; number of data samples N; 
apodizing function l\ and regularizing parameter 8; val ues of the data 
function w(rk), k= 0,1, ... , N - 1. 

approximating coefficients Hn 

For n= -2N, ... , 2N -1 set 

Use the approximation to the Fresnel function given by Eq. 5.3.33 to define 
the following array values Fn, for n=-2N, ... ,2N-l 
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In the next section we will test this algorithm by using it to reconstruct a number of 

specified test functions. 

In order to implement this algorithm, a proper apodizing function ~G needs to be 

chosen. As established in §5.2, this function must be analytic within the region C_ and 

obey inequality 5.2.4. Because of its simple analytic form, it is convenient to select the 

function ~e associated with the left-sided approximate delta function oe defined by 

a (x) = 1. tri(x+ e) , 
e e e 

where lri is the triangle function defined by Eq. 2.2.3. The approximate delta function 

has support on the interval [-2e,0] and has its peak value at x=-e. The apodizing 

function ~e' which is the Fourier transform of 0e, can be evaluated by elementary 

integration 

(5.3.33) 

The real-valued function and e211is~~Il(~) is plotted in Fig. 5.2 for various values of e. 
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1 

-10 -5 o 5 10 ~ 

Fig. 5.2 Plots of the real-valued function iK/e~ai~) = sinc2{E~) for various values of E. 



223 

§5.4 Numerical Examples 

In this section we will investigate the performance of the inverse incomplete Abel 

transform algorithm developed in the previous section by presenting some numerical 

examples. First, to demonstrate the accuracy of the algorithm, we will carry out a number 

of inversions given noise-free sets of data. Then, to analyze the more realistic condition 

of having noise-corrupted data sets, we will model each datum as a random variable. The 

fact that real data sets are inherently random also means that the vector of coefficients 

H = (H .2N , H 2N -1 , ... ,H 2N) output by our algorithm, is a random quantity. To 

investigate the stability of the algorithm, i.e., the statistical deviations in the output due 

to random input, we will need to compute the covariance matrix KH of H based on a 

given data model. In the situation we consider, it will be assumed that each datum can 

be modeled as a Poisson random variable. This particular random variable serves as a 

good noise model if, for instance, the data are collected by a photon-counting detector 

[(Barrett and Swindell (1980, §3.3)]. Once we have computed the covariance matrix KH, 

we will then show how it can be used to compute the variances in the numerical 

reconstructions. 

The functions we will use to test the algorithm are defined over their interval of 

support [0,1] in Table 5.4 and are plotted in Fig. 5.3. It is assumed that the data function 

w is known only at the set of N points specified by Eq. 5.3.29 

L 
2 

w(~) =ALh(~) = 2JdYh(/!+y2), k=O,l, .. ·,N-l. 
o 
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Fig 5.3 Plots of the functions hi, i = 1,2,3,4, defined in Table 5.4, used to test the inverse 
incomplete Abel transform algorithm. 
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The incomplete Abel transform of each of these functions can be calculated in closed 

form as a finite sum of elementary function by referring to a table of integrals [e.g., 

Gradshteyn and Ryzhik (1965)]. In our simulations, we choose N=256 and we use the 

apodizing function L\s defined by Eq. 5.3.33 with &=0.001. Furthermore, to investigate 

how the algorithm performs with different incomplete Abel transform parameters L, we 

will run the algorithm for the two values L = 1.0 and L = 0.1. 

In Fig. 5.4 we have plotted the reconstructions of hi, i = 1,2,3,4, provided by the 

algorithm when we supply it with an accurate set of data. We will denote these 

reconstructions by his. The reconstructions for both of the parameter values L = 1 and 

L= 0.1 are the same to graphical accuracy. Comparing these figures to those given in Fig. 

1- 2 h 2(r) = e -2Or2 + __ r_ 
4 

h4(r) 

-7 2 = e r 

4 2 -r 
3 ' 

= 

0 , 

Ix - .! I s; 1. 
2 4 

Ix- 1.1> .! 
2 4 

Table 5.4 Mathematical description of the functions, supported in the unit interval [0,1], 
used to test our numerical reconstruction algorithm. 
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Fig 5.4 Numerical reconstructions of the functions h', i = 1,2,3,4, defined in Table 5.4, 
from the inverse incomplete Abel transform algorithm with 256 samples. 
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5.3, it is apparent that the algorithm performs well and, for the case of noiseless data, its 

performance does not appear to be significantly affected by the parameter value L. 

However, as we will now investigate, the stability of the algorithm is indeed influenced 

by L. 

By providing the incomplete Abel transform algorithm accurate data measurements 

we have found that it produces accurate reconstructions, at least for the choice of test 

functions that have been used. Now we will examine the outputs of the algorithm when 

we are only able to provide it with approximate data values, Le., data that has been 

corrupted by noise. We now assume that a particular datum value w(rk) is a random 

variable that has mean defined by 

For our analysis later, we will also need to know the variance of w(rk). This additional 

piece of information will become available to us by modeling w(rk) in terms of random 

variable with a known probability law. 

Recall that the incomplete Abel transform has been introduced the mathematical 

model relating the PSF of an isotropic imaging system to the FLSF, which is the image 

of a line-segment source of length L (see §3.2). It will therefore be presumed that a 

single data measurement w(rk) is a quantized value derived from a photon-counting 

detector located at the coordinate rk 

(5.4.1) 

In this expression, n" is the number of photons detected at position rk' Nph is the total 
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number of photons counted at all locations Tko and c is the normalization factor 

Since the parameter L limits the amount of photons which can pass through the system, 

we will assume that the total number of photons collected is directly proportional to L, 

i.e., Nph = LNo. We will assume that the integer nk yields an unbiased estimator of W(Tk), 

i.e., we assume that the average value of nk obeys 

(n
k

) = LNo (w(rk» • 
c 

(5.4.2) 

Because nk is a random variable that is measured by a photon-counting detector, its 

probability law can be described by the Poisson distribution [Barrett and Swindell (1981, 

pp. 82-84)] 

Pr(nk = m) 
e -(nk) (nk)m 

= ----.;.;;,....-
ml 

m~O. (5.4.3) 

From this probability law, one can easily show that the variance of nk is given by 

(5.4.4) 

that is, the variance of a Poisson random variable is equal to its mean. 

To simulate noisy data values W(Tk)' one can replace the value nk in Eq. 5.4.1 with 

a Poisson deviate having mean {nk ) defined by Eq. 5.4.2. Using the Poisson probability 

law given by Eq. 5.4.3, the deviate can be simulated on any computer that is supplied 

with a uniform random number generator [see Press et al. (1986, p. 206)]. Using these 
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ideas, we have generated noisy incomplete Abel transform data sets for each of the 

functions hi , i = 1,2,3,4, listed in Table 5.4. The data sets were generated for both of the 

parameter values L= 1.0 and L= 0.1 with No = 2.5xl0s. The reconstructions provided by 

our algorithm using these noisy data sets are plotted in Figs. 5.5-5.6. The plots have been 

truncated to lie on or above the r axis by imposing a nonnegativity constraint. This 

constraint is commonly used when one knows a priori that the functions to be 

reconstructed are nonnegative. To be able to distinguish between the noise-free and noisy 

reconstructions, we will denote the latter set by jle, i = 1,2,3,4. To see how hie differs 

from hie we have plotted the residual functions EI, defined by EI=hle - hie, in Figs. 5.7-

5.8. It is apparent from these figures that the noisy reconstructions oscillate about the 

noise-free reconstruction and that the amplitudes of the oscillations vary with position. 

For each of the four test functions hi, the residuals EI obtained from the reconstruction 

for the case L = 0.1 are smaller and one might want to conclude from this observation that 

the algorithm is more stable for the smaller value of L. However, these reconstructions 

provide us with only one noise realization; other sets of noisy data may lead to a different 

conclusion. To better understand how L affects the stability of the algorithm, it is helpful 

to investigate the statistics of the reconstructions. We know that on average, the 

reconstructions are the same, effectively independent of L. That is, 

(h ~)nlh'.L = h:(r) , 

where < ·)nlh,L denotes an averaging over noise-realizations given h and L. This result 

was verified when we performed the reconstructions with noise-free data. On the other 
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Fig 5.5 Numerical reconstructions of the functions h', i = 1,2,3,4! when the data has been 
corrupted by Poisson noise. Noise level is based on 2.5xlO total photons and the 
parameter L has been set to 1.0. 
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Fig 5.6 Numerical reconstructions of the functions h" i = 1,2,3,4l when the data has been 
corrupted by Poisson noise. Noise level is based on 2.5xlO total photons and the 
parameter L has been set to 0.1. 
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Fig 5.7 Plot of residuals E', i = 1,2,3,4, for reconstruction with data that has been 
corrupted by Poisson noise. Noise level is based on 2.5xl0' total photons and the 
parameter L has the value 1.0. . 
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Fig 5.8 Plot of residuals E~ i = 1,2,3,4, for reconstruction with data that has been 
corrupted by Poisson noise. Noise level is based on 2.5xI0· total photons and the 
parameter L has the value 0.1. 
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hand we will see that the variance in the reconstructions fls , defined by 

will depend on L. To simplify the notation in the sequel we will simply write <.) for 

< ·)nlh.L, the values of h and L will be understood from the context in which it used. 

Before we can calculate the variances in the reconstructions, we will need to 

determine the second-order statistics (Le., variances and covariances) of the both the data 

set w(rk) and the set of coefficients Hn output by the algorithm. The second-order 

statistics of a collection of random variables can be conveniently combined into a single 

matrix, known as a covariance matrix. The covariance matrix of a random vector g, i.e., 

a vector g whose components gj are random variables, is defined as the matrix Kg whose 

elements are 

The diagonal elements of Kg are the variances of the component random variables gl and 

the off-diagonal elements are the covariances between two different components. If two 

random vectorsg andfare related by a linear transformation,f= Tg, then it can be shown, 

by using brute-force algebra, that the covariance matrix of/is related to Kg by 

K, = TKgTt , (5.4.5) 

where Tt is the adjoint (conjugate transpose) of the matrix T. 

Now, consider the vector w whose components wk> k=O, ... ,N -I, are the finite 
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samples of the incomplete Abel transform data function w(r), i.e., 

Assuming that the measurements are statistically independent, the covariance matrix Kw 

is the diagonal matrix 

(5.4.6) 

where (jk
2 is the variance of the data value Wk' Because, in view of Eq. 5.4.1, W k is a 

constant times a Poisson random variable nh the variance of Wk is easily computed as 

(5.4.7) 

where we have made use of the fact that the variance of nk is equal to its mean (see Eq. 

5.4.4). If we let H denote the vector of coefficients Hn, n=-2N, ... ,2N-1, output by the 

algorithm, then we can utilize Eq. 5.3.31 to show that H may be written in the form Tw, 

where T is the 4NxN matrix whose components are given by 

Fn Ae(~) 

8 Nfr(R) 

Fn Ae(~) (1tnk) 
T k = ----cos-- , 

n, 4 Nfr(R) 2n 

n = -2N, ... , 2N - 1 

n = -2N, ... , 2N - 1 , k = 1, ... , N - 1 . 

Utilizing Eqs. 5.4.4-7, the components of covariance matrix KH can therefore be written 
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in the form 

(5.4.8) 

Note that the entries of KH are inversely proportional to L so that, in particular, the 

variance of the coefficient Hn increases as L decreases. The covariance matrices KHi, 

;= 1,2,3,4, associated with the functions hi defined in Table 5.4, are displayed in modulus-

phase form as grey-scale images in Fig. 5.9 for L= 1.0 and in Fig. 5.10 for L=O.1. A 

square-root mapping was applied to the modulus of the components of the the matrices 

KHi to enhance the images. The band of large values running perpendicular to the main 

diagonal results from the fact that the components Hn are Hermitian symmetric, i.e., 

Given the covariance matrix KH , we can now determine the variances in the 

reconstructions. Let he denote the reconstruction based on noisy data and let he denote 

its mean. Then, 

2N-l 2N-l 

h,.<r) - h,.<r) = L Hne -1IImr'" - L {Hn)e -1IImr'" 
m--2N m--2N 

2N-l 

= L (Hn - {Hn»)e-1IImr," • 
m--2N 

Therefore, the variance in he is given by 
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k 

n n 

k 

Fig. 5.9 Grey-level plots of the square-root of the modulus of the covariance matrices 
K~, i = 1 ,2,3,4, for the parameter value L = 1.0. 

k 

k 
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arg [K~(n,k)] arg [K~(n,k)] 

k k 

arg [K~(n,k)] arg [K~(n,k)] 

k k 

Fig. 5.9 (cont.) Grey-level plots of the phases of the covariance matrices K~, i = 
1,2,3,4, for the parameter value L = 1.0. 
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k k 

k k 

Fig. 5.10 Grey-level plots of the square-root of the modulus of the covariance matrices 
K~, i = 1,2,3,4, for the parameter value L = 0.1. 
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Fig. 5.10 (cont.) Grey-level plots of the phases of the covariance matrices K~, i = 
1,2,3,4, for the parameter value L = 0.1. 
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2N-l ,,'(,,-k)r2 

= E e - 2 < (H" - (H,,>)(Hk - (Hk»·) 
(5.4.9) 

",ka-2N 

2N - 1 _ "'(11- k)r2 

= E e 2 [ KH]II,k • 
",k--2N 

From this calculation, we see that the full covariance matrix KH , and not just the 

variances of the coefficients Hn, affect the variance in the reconstructions. In Figs. 5.11-

12 we have plotted the variance in the reconstructions of the functions defined in Table 

5.4. Comparing these figures to Fig. 5.3, we see that the variances in the estimates fl& 

have the same shape as the original object hi, i.e., the quotient of the two are 

approximately constant. For each of the four variance calculations, this (approximate) 

proportionality constant is smaller for the value L = 0.1 than for L = 1.0. Based on this 

observation the algorithm appears to be more stable, with respect to Poisson noise, for the 

smaller value of L. However, simply decreasing the value of L will not always decrease 

the variances of the reconstructions. In fact the opposite is true once L falls below a 

critical value. Indeed, the variance of hie depends on the covariance matrix KH which 

was seen to be inversely proportional to L (see Eq. 5.4.8). Thus, decreasing L tends to 

increase the elements of the covariance matrix which may then increase the variances in 

1,1&. However, the affect that L has on the variance of hi& is not simple. The complexity 
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"I 
.006 Var[h £ (r)] 

"2 
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Fig 5.11 Plots of the variances in the numerical reconstructions induced from Poisson 
noise in the data. The parameter L has the value 1.0. 
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.0025 Var[he(r)] 
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o .25 .50 .75 1.00 0 .25 .50 .75 1.00 

Fig 5.12 Plots of the variances in the numerical reconstructions induced from Poisson 
noise in the data. The parameter L has the value 0.1. 



244 

arises because L also factors into the covariance matrix KH in the argument of the Fresnel 

function. But if L is very small, then the approximation 

jr{L{f.) = LA, L - 0, I ~ I ~ M <00 • (5.4.10) 

can be used to show that the variances will increase for decreasing values of L less than 

some critical value. To see this, suppose h is a smooth function for which h(l) = O. 

Then for sufficiently small values of L the incomplete Abel transform of h is 

approximately proportional to h 

w(r) = AL her) =: Lh(r) • 

In this case, using the approximation given by Eq. 5.4.10, the covariance matrix KH , 

defined by Eq. 5.4.8, takes the form 

ell (~)Il·(!)[ N-I 1 
[K] =: e 4 e 4 h(O) + E her )eos(1tmk)eos(1tmn) • 

H n,t 4L2No 4 m-l m 2N 2N 

Since KH now depends on L by a simple inverse proportionality relationship, the affect 

that L has on the variance is clear; the variance in hs increases as IlL 2 as L decreases. 

One might therefore expect that there exists an optimal choice of L that decreases the 

variance. However, the term optimal must be precisely defined. Because the variance 

is both object and position dependent, the variance can be smaller at some set of positions 

for one value of L than for another, but at a different set of positions the situation can be 

reversed. 
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CHAPTER 6 

SUMMARY, CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH 

The first section of this chapter briefly summarizes the malO points of this 

dissertation. We will use the second section to outline a problem that is in need of 

further research. 

§6.1 Summary and Conclusions 

Motivated by the problem of characterizing the PSF of an isotropic imaging 

system from the FLSF, we were led to investigate the properties of the incomplete Abel 

transform. However, instead of restricting our focus to this single operator, we chose to 

consider a quite large class of Abel operators on the Hilbert space L;(2rdr) which were 

obtained by generalizing the incomplete Abel transform. This class of transforms, in tum, 

were shown to be isomorphic to a class of Wiener-Hopf integral operators, on the Hilbert 

space L;, having kernels vanishing along the positive axis. Because the analysis of the 

Wiener-Hopf operators could be simplified through the use of the Fourier transform and 

because isomorphic operators have the same theoretical structure, we performed the 

analysis directly on the class of Wiener-Hopf operators. 

In chapter 4 we investigated the properties of the class of Wiener-Hopf operators 

with kernels vanishing along the positive axis. In particular, by using the Fourier 
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transform and appealing to the theory of Hardy spaces, we developed the necessary and 

sufficient conditions for an operator of this class to be injective, i.e., to have a well

defined inverse. Furthermore, by using special apodization techniques, we were able to 

explicitly construct the inverses of a certain subclass of these operators. In chapter 5 we 

put to use some of the theoretical results derived in Chapter 4 to formulate a number of 

inversion formulas for the incomplete Abel transform. Many of these inversion formulas 

had already been formally derived in a paper by Dallas et al. (1987) and in some 

unpublished work by Barrett (see footnote on page 112). However, our reformulations 

placed these previous results on a firm mathematical foundation, verifying that they are 

valid in a Hilbert space sense. 

In Chapter 5 we used one of the inverse Abel transform formulas to develop an 

efficient inversion algorithm for carrying out a numerical inversion of the incomplete Abel 

transform. This algorithm was then tested on a number of specific test objects for two 

different values of the incomplete Abel transform parameter L. When the algorithm was 

supplied with a noise-free set of data, we found that it produced accurate reconstructions 

for both values of L. To simulate a realistic situation, we investigated the stability of the 

algorithm with respect to data sets that can be modeled by independent Poisson random 

variables. We found that the statistical variations in the reconstructions were different for 

the two parameter values L. In each of our test cases, the variance of the reconstructions 

were smaller for the smaller of the two values of L, suggesting that the algorithm may be 

more stable, with respect to Poisson noise, for smaller parameter values L. We had 

shown, however, that such a conclusion is false by showing that the variances would 
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increase without bounds for arbitrarily small values of L. In general, therefore, decreasing 

the parameter value L will not necessarily decrease the variances in the reconstructions. 

§6.2 Suggestions for Further Research 

In this dissertation, we have presented a number of formulas for determining the 

PSF of an isotropic imaging system from the FLSF. However, many practical imaging 

systems which are shift-invariant are not isotropic. That is, the PSF, h(x ,y), is not a 

circularly symmetric function, but rather a more general function of the two variables x 

and y. In this case, the PSF cannot be completely characterized from the FLSF. Recall 

that the FLSF, w, which is the image of a finite-length line-source aligned parallel to the 

Yo axis in the input plane as measured along the x axis in the output plane, represents the 

integral of the PSF over the line segment Xo = x, -L/2 5.Yo 5.L/2 

L 
l 

w(x) = J dyo h(x 'Yo) • 
L 

-'2 

If the PSF h(x ,y) vanishes for I y I > Ll2, then we obviously have w(x) = O. Thus, in order 

to completely characterize a general type of PSF it will be necessary to collect more 

information than what is given by the FLSF. 

Instead of measuring the image of a single line segment source in the input plane 

aligned parallel to the Yo axis, it has been suggested by Dallas (1988) to consider the 

images of all line-segment sources, of a fixed finite length L, which are centered at the 
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origin of the input plane. A line-segment source of length L centered at the origin of the 

input plane and which form an angle </> with respect to the positive Yo axis can be 

expressed mathematically in terms of the rectangle function and the dirac delta function 

as 

When this source is used as input to a shift-invariant imaging system, the image is 

obtained by the convolution integral 

If the image is only measured along the line in the output plane parametrized by the real 

variable t: (x ,y) = t (cos</> , sin</». -00 < t < 00, then the resulting function of t and </> can be 

written in the form 

00 00 

-C»-CIaI (6.2.1) 

(

X sinel> - ~ eosel» 
reet 0 L 0 a(xo eosel> + Yosinel» • 

This integral can be cast into a more convenient form by using the change of variable 

v=xosin</> -Yo cos</> and u=xocos</>+yosin</>. Using this change of variable in Eq. 6.2.1 

we obtain 
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00 00 

I(t,<I» = J J dudvrect(i)5 (u) X 
-00 -00 

h(tcos <I> - vsin cI> - ucos<l>,tsin cI> - usin <I> + vcos <1» 

00 

(6.2.2) 
= J dv h(tcos <I> - vsin <I>,tsin cI> + vcos <1» rect(i) 

-00 

L/2 

= J dvh(tcos <I> - vsin <I>,tsin <I> + vcos <1» • 

-L/2 

The mapping h(x ,y) .... 1(1, <1» defined by Eq. 6.2.2 is what we will the incomplete Radon 

transform. For L = 00, the function 1(t, <1» represents the set of transaxialline integrals of 

h and is known as the Radon transform of h. [See Deans (1983) or Natterer (1986) for 

a thorough discussion of the Radon transform and its applications.] If h is a compactly 

supported function, then the values 1(t, <1» for -oo<t<oo and 0 ~<I> ~1t uniquely determines 

h. However, simple formulas for computing h directly from 1 have not yet been 

developed. 

For a given function 1(t, <1» Eq. 6.2.2 represents an integral equation with the 

function h(x ,y) unknown. The problem of finding closed form inversion formulas for 

solving this equation is, at present, an unsolved problem. However some progress can 

be made by using a procedure known as circular harmonic decomposition. 

Because the function 1(t, <1» is a periodic function of <1>, with period 21t, it can be 

decomposed into the form 

00 

(6.2.3) 
II. -CD 



where the coefficients In are given by the formula 

2'1" 

1,,{t) = _1 J dcj>l(t,cj»e
'
''cjI • 

21t 0 
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Now the function h(x,y), viewed as a function of the polar coordinates r2=x 2+y2 and 

e = tan-I(y / x), is also periodic in e, of period 21t. Therefore h can too be decomposed 

into the form 

h(r,6) = E h,,(r)e-I"o , (6.2.4) 
n. -00 

where the coefficients hn are given by the formula 

2'1" 

h (r) = .-!...Jd6h(r,6)e l"O • 
" 21t o 

Substituting the expansions for I and h given, respectively, by Eqs. 6.2.3 and 6.2.4 into 

Eq. 6.2.2 gives 

E 1,,(t) e -1"cjI 
n. -00 

L 
2 

= J E h,,(vv2 + t 2 )e -1,,(cjI+IiJ,,-I(~) 
_!:. ,, __ 00 

From the uniqueness of the Fourier series expansion, we conclude from this equation that 

(6.2.5) 
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Now, by using the trigonometric identity 

we can express the integral appearing in Eq. 6.2.5 as 

where Tn is the Chebyshev polynomial 

Thus, by use of the circular harmonics decomposition, we have reduced the two-

dimensional integral equation given by Eq. 6.2.2 to the set of one-dimensional integral 

equations 

(6.2.6) 

For the simple case n = 0, this equation reduces to the incomplete Abel transform equation 
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which, as we showed in chapter 5, can be solved by using the Fourier transform. For the 

case n = 1, Eq. 6.2.6 reduces to the form 

Upon dividing both side of this equation by t, we find 

(6.2.7) 

which has the same form as the incomplete Abel transform equation. Hence Eq. 6.2.7 can 

too be solved by the methods developed in Chapter 5. Furthermore, since the Chebyshev 

polynomials obey the property Tn = Ton' we can also solve Eq. 6.2.6 for the case n =-1. 

In general, once the set of equations defined by Eq. 6.2.6 have been solved for 

each value of n, the two dimensional function h(r, 9) can be reconstructed from the series 

in Eq. 6.2.4. However, closed form solutions of Eq. 6.2.6 have not been developed for 

n> 2. Developing formulas to carry out the inversion of these equations would be a great 

contribution to both the field of Optics and Mathematics. 
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ApPENDIX A 

COMPUTATION OF THE INvERSE FOURIER TRANSFORM 

OF A TEMPERED DISTRIBUTION 

In this appendix we will compute the inverse Fourier transform of the distribution 

D defined by 

D(I:) = Pv -1 
" 21ti~ <b(~) , 

(A.1) 

where the function <I> is defined in terms of a fixed parameter L> 0 by the formula 

L/2 

<b(~) = 2 J dte -2nl~12 • 

o 

The entire function <I> can be expressed in terms of the error function or Fresnel function 

as shown in Eq. 4.3.3 and 4.3.4. It will be shown that the inverse Fourier transform of 

D is a regular function and, near the end of this appendix, we will describe a numerical 

method to compute the inverse Fourier transform of D efficiently and with very high 

precision. The methods and ideas we will use in computing the inverse Fourier transform 

are by no means intuitive or obvious. The motivation for the work presented below is 

fully explained in Hansen (1992). 

In order to compute the Fourier transform of D, we will need to introduce a 

sequence of functions that are defined in terms of the two basic functions h and he defined 
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by the equations 

= step(-x) 

r::x 
hex) 

hc(x) = step( -x - A) , 

r::x 
where A= (LI2)2. In terms of these two functions, we introduce a sequence of functions 

hn which are defined, depending on whether n is even or odd, by the following formulas 

The symbol g*n is used to denote the n-fold self-convolution of g with the conventions 

g*O = 8, the Dirac delta distribution, and g* 1 = g. The convolution of he with itself is easily 

computed by referring to a table of integrals [see, for example, Gradshteyn and Ryzhik 

(1965, pg. 81)] and we have 

-A. 

hc(x) * hc(x) = step( -x - 2A) f ely 
x+ A. J _y2 + xy 

= 2 step( -x - 2A) sin-1 (2~+ x) 

This function, which is continuous along the real line, is differentiable a.e. and has the 

discontinuous derivative 

= 2{J.step(-x-2A) 

XV-A -x 
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We can obtain closed form formulas for the first four sequence members ho, hI' h2, h3 

directly from their definitions. They are given by the equations 

ho(x) = step(-x) 

Fi 

hI (x) = step(-x- A) 

Fi 

~(x) = 2step(-x- 2A) [2: + sin-l (_A_) 1 
1tFi 2 X+A 

(A.2) 

The functions h2 and h3 were computed by referring to a table of integrals. 

The sequence members hn get progressively smoother as n increases. In fact, for 

n> 1 each member is a continuous function and, furthermore, each of the functions h2n and 

h2n+1 have n -1 continuous derivatives, the nfll derivative being discontinuous. Further 

properties of this sequence are mentioned in the next two propositions. 

Pl'oposition A.1 Each of the functions hn are nonnegative and have support in the 

interval (-00, nA]. 

Proof The proposition is true for n = 0 and n = 1. Finishing the proof is a 

straightforward proof by induction, treating the cases n even and n odd separately. I 

Proposition A.2 Each of the functions hn is dominated by h. 

Proof The proof proceeds by induction. We will prove the proposition for the 
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case n even, the case for n odd can be proven in precisely the same way. The proposition 

is true for n=O since ho=h. Assume that h2n is dominated by h. Then 

h2(n+ l)(X) = h2n(x) * [ - ~ (hc(x) * hc(x»)'J 

. r; -2n1 dy ~(y) 
= -2v

A 
step(-x-2(n+ l)A) f -:-~;::;:::=== 

1t z+21 (x- y)J-A -x + Y 

-2n1 

s -2.[f. step ( -x - 2(n + l)A) f dy 
1t z+2dx-y)AJ-A -x+y 

= ~step(-x-2(n+ 1)A)[sin-1(_A_)-Sin-1( -x
2

- (2n+l)Ax+2nA
2
)] , 

1t{=i x + A (x + A)(x+2nA) 

where we have used a formula from Gradshteyn and Ryzhik (1965, pg. 84) to evaluate 

the definite integral appearing on the third line. Now for x < -2(n + l)/v we have 

O > 
_X2 - (2n + l)Ax+ 2nA2 A 
--..:.....--~--- > -- , 

(x+ A)(x+2nA x+ A 

and hence 

1t < [ . -l( A) . -l( _X2 - (2n+ l)Ax + 2nA2)] < 0 -- sm -- -Sin • 
2 x + A (x + A)(x+2nA) 

Therefore, 

hI) < step(-x-2(n+ l)A) 
2(n + l)\X f'""::. 

v-x 

which proves the result. I 
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Using the sequence hn • we construct the locally integrable function kL ; with 

support on R_. by the infinite series 

(A.3) 

That kL is locally integrable follows directly from the preceding two propositions and, 

furthermore, it can be fully computed over the interval [-4A., (0) from the formulas given 

in Eq. A.2. We will now show that kL is a function of slow growth and as such defines 

a tempered distribution. 

Proposition A.3 The locally integrable function kL defined by Eq. A.3 defines a tempered 

distribution. 

Proof For each fixed N> 0 the partial sum 

(A.4) 

is a function of slow growth and hence defines a regular tempered distribution by the rule 

00 

for each \jI E J>(R). (Here, the notation (g, \jI) is used to represent the action of the 

tempered distribution g on a function \jI E J>(R), it does not represent an inner product.) To 

show that kL defines a tempered distribution, it suffices to show that for each fixed cj> E J>(R) 

the following limit converges in C [Zemanian (1965, pg. 104)] 
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00 

For a fixed", E h(R) we can choose a constant M such that for all x E R 

Now. 

2N -n'" 
I (kL,N' 'iT) I = I E f dxhn(x) 'iT(x) I 

n-O _00 

and the series therefore converges absolutely. I 

The next step is to compute the Fourier transform of kL• but we will first need the Fourier 

transforms of h. he and each of the sequence members hn. 

To compute the transform of h we must proceed with a bit of caution. For 

example. if we attempt to compute this transform by the improper integral 

o 

f 
e2111~~ 

lim dx--, 
R.oo_R h 
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we will find that the result is multi-valued due to a branch at zero. To obtain the correct 

branch we will compute the transform of e6%h(x) and then take the limit e~O+. 

This is equivalent to defining 

= lim 
e-O· 

1- i 

2t/~ - ie 

H(~) = 1- i 
2~ 

if we use a branch cut along the positive imaginary axis for the square root function. A 

similar calculation, using the same branch cut, gives 

Now to compute the Fourier transforms of the distributions hn we will utilize the 

following rules for distributions [Richards and Youn (1990, pp. 66 and 123)]: 

i) the Fourier transform of the convolution of two distributions is the product of their 

Fourier transforms, and 

ii) the Fourier transform of the derivative of a distribution is the product of the Fourier 

transform of the distribution with -21ti~. 

Applying these rules, the Fourier transforms of the sequence members hn can be computed 



quite easily 

Yh2n(~) == H2n(~) = H(~)(2i~H;(~»)2n 

:Th2n+ 1(~) == H2n+ 1(~) = Hc(~)(2i~H;(~»)2n • 
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Having done away with these preliminary results, we are now ready to do the pertinent 

computations. 

The Fourier Transform of kL is given by the limit 

N 

= -!(H(~) + Hc(~») lim E (2i~H;(~)t • 
1& N"''''n-O 

The interchange of the Fourier transform operator and the limiting process is justified 

from the fact that the Fourier transform is a continuous operator on the space of tempered 

distributions. The geometric series can be summed rather easily provided that the term 

2E)f; has modulus less than unity. This is indeed the case so long as ~:;t:0. 

Proposition A.3 For ~ E R, we have 

(A.S) 

with equality holding only when ~ = O. 

Proof After a bit of tedious algebra it can be shown that, for ~ ~ 0, inequality A.5 
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is equivalent to the condition 

c~Lf() + S~Lf() ~ C(Lf() + S(Lf() , 

where C and S are, respectively, the Fresnel cosine and sine integrals defined in Eq. 2.2.7. 

The inequality is strict for ~ > 0, since 0 < C(x) , S (x) < 1 for all x> 0, and equality holds 

when ~ = O. These results remain true for ~ < 0 since He has Hermitian symmetry. I 

As a consequence of this proposition, we can now compute the Fourier transform 

of kL at the points ~ *" 0 from the geometric series formula 

N 1 :Ez n =-, Izl<l. 
n-" 1-z 

Using the identity H2(~)=1/(2i~) we then have for ~*"O 

KL(~) = _.![H(~) + Hc(~)l 
1t 1 - 2i~H;(~) 

-1 =----
21ti~ cI>(~) 

Thus for any & > 0 and any <I> E J>(R) supported within (- 00, &] U [&,(0) we have 

which implies that the support of the distribution KL - D lies at the single point O. The 

difference KL - D must therefore be a finite sum of the Dirac delta distribution and its 

derivatives (Kanwal, 1983) 

M 

KL(~) - D(~) = L Cna(n)(~) • (A.6) 
n -0 
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We will now show that all of the coefficients Cn vanish for n:;t:O and that co= 1I(2L). 

Let KL•N denote the Fourier transform of the partial sum kL•N defined by Eq. A.3, 

N 

KL,N(~) = (H(~) + Hc(~»):E (2i~H;(~)t • 
n-O 

This partial sum can be computed as 

which remains valid even at ~ = 0 if we interpret the value in the limit ~ ~ O. With a little 

algebra, we obtain 

K (1:) - - 1 [1- (2il: H2(1:»)N+ 1] 
L,N" - 21ti~~(~) .. c" , 

which shows that KL•N is a locally integrable function, having only a square root 

singularity at ~ = O. Now let \j1 E C~(R->, and note that its Fourier transform 'I' is entire 

with \{I(z) decaying to zero rapidly as I z I ~oo within 11_. Then, 

(Y{KL,N- D},1Jr> = (KL,N-D,'P) 

= lim J d~(KL,N(~) - D(~»)'P(~) 
e-olel>o (A.7) 

Since <I> has no zeros in C_, as we will discuss below, the integrand is analytic within C~ 

Therefore the integral in Eq. A.7 can be evaluated using a contour integration, with the 
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contour shown in Fig. AI, by noting that, from Cauchy's integral formula, 

(A.8) 

Since 'I' is of rapid decay in TI_, the integral over the arc CR tends to zero as R -)- 00. We 

thus need only evaluate the integral over the arc C&. Using the variable e implicitly 

defined through equation l; = eelS, the integral over C& can be written as 

Therefore, upon taking the limit e -)- 0 we find 

lim f d~ 'P(~)(2i~H;(~)t+l = 'P(O) J de 
e" 0 C 21ti~ ~(~) 21t ~(O) -n 

« 

= 'P(O) 
2~(O) 

This result, taken along with the Eqs. A7 and A8, implies that for all N> 0 

(!F{K - D} "') - _ ~(O) 
L,N ,'fI - 2~(O)' 
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Im(z) 

Re(z) 

Fig. A.I Sketch of the integration contours used to evaluate the integral appearing in 
Eq. A.7. by Cauchy's integral formula. 
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and upon taking the limit N ~ 00 we obtain 

(/T{K - D} d.) = _ V(O) 
L ,'t' 2~(0) 

This equation hold for all \jI E C~(R_) and hence each of the constants Cn in Eq. A.6 vanish 

for n>O with co=-1/(2<1>(0». Since <I>(O)=L we have shown 

-1 1 /Tk (J:) = Pv - - 8(J:) 
L .. 21ti~ ~(~) 2L .. , 

(A.9) 

or, equivalently, 

/T - Pv x = k x +-I{ -1} 1 21ti~ ~(~) ') L') 2L' 
(A.10) 

which was is the quantity we set out to compute. 

We will now discuss a simple method to numerically evaluate the function kL with 

high accuracy. First we will show that kL can be computed for arbitrary L from the single 

function k\. The truth of this statement follows directly from Eq., A. 9. Indeed, using Eq. 

4.3.4 to represent of <I> in terms of the Fresnel function we find 

= L Pv V -'1"'- - -8(~L2) I -G[) 1 l 
21ti(~L2)fr(J-~L2) 2 

= LKI(L2~) • 
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Therefore, by the scaling property of the Fourier transform (i.e. ifJhas Fourier transform 

F the inverse Fourier transform of F(a~) is I a IO\J(xla) for a:tO) we find that 

(A.H) 

Therefore, once the single function k\ has been computed, kL can be computed for 

arbitrary L by using a scale factor. We will therefore restrict our attention to computing 

Fig. 3.7 shows a plot of k\ over the interval [ - 1 ,0], which was obtained by using 

the closed form expressions given in Eq. A.2. To obtain a plot of k\ over other intervals, 

we need to compute it numerically. We could attempt to do this directly from the 

definition of k\ given by Eq. A.3, but this requires the computation a large number of 

convolutions. We have found that the numerical computations for x<-l can be done in 

a stable manner by using the Fourier integral representation 

(A.12) 

Using symmetry of the integrand, this integral can be rewritten as an ordinary improper 

integral, and as such it can be evaluated by any of a number of quadrature methods. 

However, the integrand decays to zero slowly and therefore the resulting integral is 

conditionally convergent, i.e., its convergence requires a precise cancellation of small 

terms having opposite signs. Thus, quadrature methods will generally yield poor results. 

An alternative way to calculate this integral is to use the calculus of residues. This 
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method, first carried out by Barrett (see footnote on the bottom of page 112) in his earlier 

on the incomplete Abel transform, can be used to compute the integral in Eq. A.12 with 

high accuracy for arguments x<-1I4. 

We can rewrite Eq. A.12 as a sum of terms (residues) once the zeros of <1> have 

been located. These zeros can be found with very high precision by using widely-known 

formulas for the zeros of the error function. The zeros of the error function lying in the 

first quadrant of the complex plane form a sequence Zn , n = 0, 1 ,2, ... , which asymptotically 

approaches the ray z(t)=t(1 +i), 1>0, in the complex plane Abramowitz and Stegun 

(1965) lists the first ten values of Zn and gives asymptotic approximations for the 

remaining values. The asymptotic approximations for Zn, n> 10, can be refined by using 

a fixed point iteration, such as Newton's method. Of course, one must be able to compute 

the error function for a complex variable to high precision in order to get good results 

from the fixed point iteration. The problem of numerically computing the zeros of the 

error function is discussed in Salzer (1951, 1955). 

All of the zeros of the error function, symmetrically situated within the four 

quadrants of the complex plane, are given by the complex numbers zn, zn·, -Zn, -zn· , n = 

0,1,2, .... By using the relationship between the error function and <1> given by Eq. 4.3.3 

we find that the zeros of <1>, for L = 1, is the set of complex numbers an and -an· defined 

by 

2 
2Zn 

a =--
n i1t 

2 (Z;r 
=-- n = 1,2, .. · . (A.13) 

The value n = ° has been omitted because we have Zo = ° but <1>(z) has the limiting value 
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1IL as z~ O. Since the zeros Zn all satisfy rc/4< arg(zn) < rc/2 it follows that all of the zeros 

of <I> lie within C+. 

Using Eq. A.12 we can evaluate kJ(x), x< -1, from the zeros of <I> given by Eq. 

A.13 by summing the residues 

(A.14) 

where we have made use of the symmetry relation 

Computing the derivative of <I> is not necessary to perform the summation in Eq. A.14 

smce 

and hence, 

""'( ) _ 1 -1do./2 .., a - -e . 
n 2a 

n 

The sum in Eq. A.14 can therefore be written as a sum of complex exponentials 

(A.lS) 
... 

= -1 - 4 E e2nbiJC- v.) cos (2ncn(x -114») , 
n-l 



269 

where en and bn are, respectively, the real and imaginary parts of an' To see how well 

this series converges, we can use the asymptotic approximations for the zeros of the error 

function given in Abramowitz and Stegun to show 

The terms in the series therefore behave asymptotically as 

and we see that the series in Eq. A.15 converges absolutely for x < -114. This is consistent 

with the plot of k\ shown in Fig. 3.7 which shows that k\ exhibits a jump discontinuity 

at x=-1I4, but is continuous for x<-1I4. 

Implementing these ideas numerically, we obtain the plot of k\ along the interval 

[ - 2, - 1] shown in Fig. A.2. From this figure it seems apparent that k\ asymptotically 

approaches the constant value -1 at a fast rate, although this statement has yet to be 

proven. 
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-.999 

-1.75 -2 x 

-1.001 

Fig A.2 Plot of the function kit defmed by Eq. A.3, over the interval [-2,-1]. 
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ApPENDIX B 

ANALYSIS OF THE INvERSION FORMULAS 

OF THE INCOMPLETE ABEL TRANSFORM 

In §4.3 we had shown that the solution of the integral equation 

~+A. 

J dy f(y) = g(x) , x ~ 0 , 
~ Vy-x 

(B.1) 

can be computed from either of the following inverse Fourier transform formulas 

f(x) = lim Joo d~ G(~) Ae(~) e -2nl~~, X ~ 0 , 
e ~o' _GO ~(~) 

(B.2) 

(B.3) 

In these formulas G is the Fourier transform of g, Gc is the cosine transform of g, Ac is 

the apodizing sequence defined by Eq. 2.6.3, and <I> is the function defined by 

where L2=4A andfr is the Fresnel function defined by Eq. 2.2.6. We had also verified 

that each of the limiting expression in Eqs. B.2 and B.3 converge pointwise for all x to 

the valuef(x+O) whenever fis continuous from the right at x. 
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In this Appendix we will investigate the convergence properties of the integrals 

appearing in Eqs. B.l and B.2 for negative values of x near zero. Why should one be 

interested in the convergence properties of these integrals for negative values of x when 

it is only the positive values of x which supply the vital information? The motivation 

comes from the fact that when one tries to approximate the function value q(xo) from its 

Fourier transform Q by applying some quadrature rule to the integral 

.. 
q(xc) = f d~ Q(~)e -2n'~Zo , 

-.. 
the resulting approximation represents a local average of q (xo) throughout a neighborhood 

of Xo. If q happens to be discontinuous, or have a sharp gradient, within a neighborhood 

of Xo then this numerical approximation of q (xo) is likely to be inaccurate. If the integral 

formulas given in Eqs. B.2 and B.3, interpreted as functions of x on the whole real axis, 

are not well-behaved in a neighborhood of zero, then using them to numerically 

approximate the valuesf(xo), for xo~O, can produce poor results. This potential problem 

impels us to investigate the behavior of the integrals in Eqs. B.l and B.2 for small values 

of x<O. 

Define the function It and h along the real axis by the formulas 
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Note that, for x>O, we haveft(x)=f(x) andft(x)=f(x) so these functions agree with one 

another along the positive axis. However, along the negative axis these two functions are 

quite different. Under the assumption thatfis nonnegative and has a bounded derivative 

within some interval of the form [O,A,+y], y> 0, it will be shown that 

and 

hex) = -g(O) + 0(1) , 

1CFi 
x "'0- , 

.h(x) = 1(0) + 4c Fi+ o (x) , x ... 0- • 1C 

where c is the constant 

.\ 

C = f dvl'(v) . 
o IV 

The notation in Eqs. B.6 and B.7 mean that the two quantities 

hex) + g(O) 
1CFi 

~ [.h(X) -1(0) - :c Fi] 

(8.6) 

(8.7) 

remain bounded as x~O-. It follows directly from Eqs. B.6 and B.7 thatft has a negative 

square root singularity just to the left of zero, while h is continuous at the zero but has 

an infinite gradient just to the left of the zero. 

To prove Eq. B.6 we begin by writing Eq. B.l in the form of a truncated 

convolution 

g(x) = P +(f * cJ> lex) , 
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where P+ is the projection operator which maps L2 onto L; and the function <1>, defined 

by Eq. 3.3.8, is the inverse Fourier transform of <1>. By applying the Fourier transform to 

this equation, we obtain 

(8.8) 

where S+ is the projection operator that maps L2 onto the Hardy space H;. Since the 

function f has been defined only along the nonnegative axis, its Fourier transform F is 

taken to be the function defined by 

F(~) = J dxf(x)e2T11~:r • 
o 

Denoting by S_ the projection operator complementary to S+, i.e., 8_ =1-8+, Eq. B.8 can 

be written in the form 

(8.9) 

Substituting this expression for G in Eq. B.4 yields 

By appealing to Theorem 2.6.3 it can be shown that 

and therefore 
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(B.10) 

To evaluate this integral, it win be necessary to compute the quantity S_{F<l>}. 

Using the decomposition of S+ given by Eq. 2.7.1 we find that S+ can be written 

in the form 

s = I-S = 1-7P 7-1 = 7(/-P)7-1 = 7P 7-1 • - ... ... ... -

Thus, 

S_{F~}(~) = 7P ... 7-1{F~}(~) 

= y{p ... (f * cI> )}(~) 
(B.11) 

o y ... .\ 

= J dye2ftl~Y J dv i(v) • 

-.\ 0 "v- y 

To derive this result, we have made use of Theorem 2.4.4 along with the fact that f is 

supported on the nonnegative axis. By using the change of variable t = v -y in the inner 

integral appearing on the last line of Eq. B.ll and performing an integration by parts, we 

find 

[

.\ 0 .\ 1 = _1_. J dti(t) - J dye21CI~Y!!:.. J dti(t + y) • 
21U~ 0 ,fi _.\ dy -y ,fi 

The y derivative in the expression on the second line can be evaluated by using Leibnitz's 

rule for differentiation [Buck (1978, pp. 195-196)] 
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P(y) P(y) 

!! f dtr(y,t) = w(y)r(y,p(y»)- ex/(y)r(y,ex(y») + f dt.E..r(Y,t) , 
dy a(y) a(y) ay 

The result is 

S_{FCI»}(~) = _1_. [g(O) - J dye2nl~Y{f(0) + f dtf'(t+ y)}] 
21U~ -1 A -y {i 

(B.12) 

= _1_. [g(O) -f(O)CI»(~) - J dye2nl~y f dtf'(t+ y)]. 
21U~ _A. -y {i 

This expression has a well-defined value at ~ = 0, because the singularity is removable. 

Substituting this form of S_{FcI>} into Eq. B.IO leads to 

00 11 (~) -2nl~% [ 0 A. ] 
ft(x) = -lim f d~ e. e g(O)-f(O)ib(~)- f dye2nl~y f dtfl(t+y) • 

e ~O _00 21U~ ib(~) -A. -y {i 

By using the principal value integral formula, the integral in this equation can be broken 

up into three separate parts. In fact, from Eq. A.IO, we can write 

00 11 (~) -2nl~% [ 0 A. ] -f d~ e. e g(O)+f(O)CI»(~)- J dye2nl~y J dtfl(t+y) = 
_00 21t1~ CI»(~) -A. -y {i 

00 11 (~) -2nl~% 0 A. 
g(O)[kt(x) + ...!...]+ f(O)PvJ e e. - Jdy[kt(x- y) + ...!..]Jdtfl(t+ y) • 

2L _00 21t1~ -1 2L _y {i 

In this expression, k1(x) = kL(x) * Bc(x) where kL is the function defined by Eq. A.3 and 

Be, which is the inverse Fourier transform of !l,., is the approximate delta function 

defined by Eq. 2.6.2. Now any easy calculation shows 
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o A. 

--'!"'JdyJdtl'(t+X) = -J...g(O) + 1.1(0) 
2L {t 2L 2 ' 

-A. -y 

and also, we have 

x ~ 0 , 

x < 0 . 

Therefore, 

J,.(x) = lim. [g(O)kt(X) + I(O)step( -x) - J dykt(x - y) j dtl'(t + y) ]. 
e ~O -A. -y {t 

Upon taking the limit B~O and using the fact that kf converges locally in LI and 

pointwise to kL we obtain 

o A. 

J,.(x) = g(O)kL(x)+I(O)step(-x)- J dykL(x-y)! dtl'(t+y) . 
-A. -y {t 

It was shown in Appendix A that kL is supported along the negative axis and, for negative 

values of x near zero, it has the form 

(B.13) 

Hence, 

o A. 

J,.(x) = - g(O) +1(0)+1.. J ~ J dtl'(t+ y) , -A < x < O. 
1C {=i 1C x Vy -X -y {t 
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Eq. B.2 will be verified if we can show that the integral expression in the above equation 

remains bounded as x~D-. We will do better than this by showing that the integral 

actually vanishes as x~D-. LettingMbe a bound on the absolute value of the derivative 

of f over the interval [D,)..], we have 

o 
= 2MJ dy [VI-A] 

x ";y-x 

which finishes the proof of Eq. B.2. 

To prove Eq. B.3 we note that Gc=G+Gh , where Gh is the inverse Fourier 

transform of g 

... 
Gh(~) = J d.xg(x)e-2T1'~X • 

o 

From Eq. B.9, it follows that we can write.h in the form 

and therefore 
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(B.14) 

Before evaluating this integral, we first put Gh - S_{F<I>} into a form more convenient to 

work with. 

Using Eq. B.I, we can write this expression for Gh in terms of/as 

00 x+.\ 

Gh(~) = J dxe -2ni~x J dv I(v) 
o x vv-x 
o .\-v 

= J dye2ni~y f dv I(v) • 
-00 -y vv+ y 

Thus, from Eq. B.II we obtain 

Substituting this form of Gh - S_{F<I>} into Eq. B.14 we find, for x<O 

00 1!J.(~)-2ni~XO [.\-Y y+.\ 1 
.h(x) = lim J d~ e e J dye2nl~Y J dv I(v) - J dv I(v) 

e .. O· -00 ~(~) -00 -Y vv+y 0 vv-y 

o 00 1!J.(~)-2ni~(¥-Y)[.\-Y y+.\ 1 
= lim J dy f d~ e e f dv I(v) - f dv I(v) 

e-O·_oo -00 ~(~) ~ vv+y 0 Vv-y 
(B.15) 

o [.\-Y y+.\ 1 
= - lim f dy!!:... k~(x - y) f dv I(v) - J dv I(v) • 

e-O· x dy -y vv+ y 0 vv- y 

To obtain the expression on the last line of the above equation, we have used the fact that 
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k1 is an infinitely differentiable function which vanishes along the positive axis. By 

performing an integration by parts in the outer integral on the last line of Eq. B.IS we 

find 

o [A.-Y A.+y 1 
.h(x) = lim. felyk:(X-y).!!.. f dv I(v) - f dv I(v) . 

£~o+ :x ely -Y Jv+ y 0 Jv- y 
(B.16) 

The derivative of the expression in the brackets can be computed easily, by using 

Leibnitz' rule, once a change of variable has been applied to the individual integrals 

within the brackets. 

[
A.-Y A.+y 1 [A. A. 1 .!!.. f dv I(v) - f dv I(v) =!!... f dtl(t - y) - f dtl(t + y) 

ely -Y Jv + y 0 Jv - y ely 0 fi -y fi 

Upon taking the limit 8~0 we have, from Eq. B.l6 

x < 0 . 

For x~O-, we can use the closed form expression for kL given by Eq. B.I3 to write 

.h(x) = 1./(0)1 ely +1.1--.!!L[jdt l '(t- y)+ jdl-'(t+ y)] 
1t :x AJy -x 1t:x Jy -X 0 fi -Y fi 

(B.17) 

= 1(0) + .! 1 dy ['''jY dv I'(v) + A.jY dv I'(v) ], x ... 0- . 
1t :x Jy - X -Y Jv + Y 0 Jv - y 
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Now the key to proving Eq. B.7 are the following estimates 

o "-y 0" f ~ f dv f'(v) = f ~ f dvf'(v) + O(x) , (B.18) 
x Vy-x -y VV+ Y x Vy-x 0 ,fV 

o "+y 0" J dy J dv f'(v) = J dy J dvf'(v) + O(x) • (B.19) 
x Vy-x -y VV- Y x Vy-x 0 ,fV 

We will prove only Eq. B.l8, however, Eq. B.19 can be proven by using a similar 

argument. Letting M denote the bound on the derivative off over an interval of the form 

[O,A,+y], y> 0, we have 

o "-y 0 A. J dy J dv f'(v) - J dy f dvf'(v) 
x Vy-x -Y VV+ Y x Vy-x 0 ,fV 

= J ~ [A.jY dv f'(v) + j dvf'(v) (_1_ -2-) -J dVf'(V)] 
x VY - x" VV + Y -Y VV + Y ,fV 0 ,fV 

o 
= 4MJdY A = 2Mrex. 

x Vy-x 

which establishes Eq. B.18. Now, upon substituting the estimates given in Eqs. B.18 and 

B.19 into Eq. B.17 we obtain 
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o ,. 
hex) = 1(0) +! J ~ J dvl'(v) + O(x) 

1t JC Vy -x 0 rv 
,. 

= 1(0) + 4{-::x J dvl'(v) + O(x) , 
1t 0 rv 

which finishes the proof of Eq. B.7. 

To illustrate, and confirm, the results that have just been derived, we will now 

present an example. Let A= y.. and let/be the one-sided exponentially decaying function 

I(x) = e -2JC, X ~ 0 • 

An easy calculation shows that, for x> 0, 

JC+ 'fA 2 - y 

g(x) = J dy ~ 
JC y-x 

The Fourier transform and cosine transform of g can be computed by elementary 

integration. The results are 

G(~) = . ri'.. erf(-l) ~ , 
Vs .f2 I-m~ 

Now, according to Eqs. B.l and B.2, f agrees with the two function J; and h. defined, 

respectively, by the integrals 
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The limiting operations in these integrals can be omitted if we interpret the integrals in 

the principal value sense 

If ( 1) fIX> e-2Td~x 
X = ~e - Pv d ft' ) 8 if {2 _IX> ~ ~(~)(1 - i1t~) , 

-00 < X < 00 , (B.20) 

if ( 1) fIX> e -2rcl~x 
(x) = ~er - Pv d~ , h 2 i {2 _00 ~(~)(1 + 1t2~2) oo<x<oo. (B.21) 

In Fig. B.I we have plotted the two functions}; and}; over the interval [-1,1]. It is clear 

from these figures that}; has a square root singularity just to the left of zero, while}; is 

continuous at zero but has a steep gradient just to the left of zero. These observations 

confirm the two estimates given by Eqs. B.6 and B.7. 

To further illustrate the difference in the numerical implementation of the two 

inversion formulas, we have numerically approximated the Fourier integrals in Eqs. B.20 

and B.2I with an FFT routine. We used 1024 samples of the data function g over the 

unit interval [0,1]. The resulting FFT approximations of the function f are displayed in 

Fig. B.2 over the interval [0,.25]. As apparent from the figure, the FFT approximation 

of the integral in Eq. B.20 yields a smooth, accurate representation off throughout the 

indicated interval. On the other hand, the FFT approximation of the integral in Eq. B.2I 
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1.0 f..(x) 

.3 

-.4 

-1.1 

-1.8 -t-----,----+-----.----, 

-1.0 -.5 o .5 1.0 

1.0 h(x) 

.3 

-.4 

-1.1 

-1.8 -t----r---.,---....------, 

-1.0 -.5 o .5 1.0 

Fig. B.I Illustration of the difference between the two inversion formulas given by Eqs. 
B.2 and B.3. The graphs shown are of the two functionsf.. andh defined, respectively, 
by Eqs. B.20 and B.2l. Note that the two functions agree with each other along the 
positive axis. 
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(a) 
2 

1 

o -+--------~------~--------~------~~------~ 
o .05 .1 .15 .2 .25 

(b) 
2 

11 ____ _ 

o -+--------.-------~--------~--------.-------~ 
o .05 .1 .15 .2 .25 

Fig. B2 FFT approximation of (a) the Fourier integral in Eq. B.20 and (b) the Fourier 
integral in Eq. B. 21. 



286 

exhibits severe ringing effects and the approximations are very poor near the origin. 

However, for progressively larger values of x, the ringing gets damped out and the 

approximations do become much better. 

What we can conclude from this example is that the two functionsJ; and); do, in 

fact, have very different properties along the negative axis. Furthermore, because J; has 

a singularity at zero, numerically approximating J; near zero from its integral 

representation given by Eq. B.20 will inevitably be inaccurate. Indeed, due to the Gibbs 

phenomena, the approximation of J; obtained from the truncated integral 

(B.22) 

will exhibit severe ringing effects near the origin, no matter how large one takes the value 

R> O. Of course, the ringing can be reduced by properly apodizing the integral in Eq. 

B.22. However, the apodization introduces more smoothing and the infinite singularity 

will corrupt the approximations further into the positive axis. 

On the other hand, the fact that); is continuous at the origin implies that the 

truncated integral 

R 

If 
-2T1'~z 

f(x) = fR(x) == ; e1f( ~) J d~ e 2 2 ' 
V 2 -R 4>(~)(1 - 1t ~ ) 

x > 0 , (B.23) 

converges uniformly, as R ~ 00, to f for all x> O. However, because); has a sharp gradient 

just to the left of zero and because the approximation to f given by Eq. B.23 represents 

a local average of);, the estimates h (x) will be slightly smaller than the true value f(x) 

for x near zero. 
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ApPENDIX C 

THE TwO-DIMENSIONAL FOURIER TRANSFORM AND THE HANKEL TRANSFORM 

The Fourier transform in one dimension, described in §2.3, is readily extended to 

scalar-valued functions of two variables. Unlike its one-dimensional counterpart, 

however, the two-dimensional Fourier transform leads us to another operator, the Hankel 

transform. The Hankel transform arises by restricting the two-dimensional Fourier 

transform to the class of rotationally symmetric functions defined on R2. Because we will 

make limited use of the two-dimensional Fourier transform, we will only introduce it as 

an operator on the Hilbert space of functions on R2 which are square integrable, denoted 

by L 2(R2). For a rigorous development of the two-dimensional Fourier transform and some 

of its applications to partial differential equations see Weidman (1981), or for a more 

elementary development which discusses many applications see Bracewell (1983). 

Definition C.l The two-dimensional Fourier transform, denoted by .9;, is an operator on 

(C.l) 

Many of the properties of the one-dimensional Fourier transform operator carry over to 

its two-dimensional counterpart. The following inversion result is sufficient for our 
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purposes. 

Theorem Co2 The two-dimensional Fourier transform is a unitary transformation on 

L2(R2) and its inverse is given by 

Just as in one-dimension, the two-dimensional Fourier transform has an important 

association with the two-dimensional convolution operator. 

Definition Co3 For two function/,g E L2(R2), we can define a new bounded continuous 

function h, called the (two-dimensional) convolution of/and g, by 

h(x,y) =/(x,y) **g(x,y) == II dxodyo/(x-xo,y-yJg(Xo,yJ 0 (Co3) 
r 

Theorem Co4 Let/,g E L2(R2) and let their Fourier transforms be denoted by F and G, 

respectively. Then the Fourier transform of the convolution of/and g is equal to the 

product FG. 

The only two-dimensional functions we will be considering in this dissertation 

exhibit rotational symmetry. For our purposes, it thus suffices to consider the two-

dimensional Fourier transform as an operator restricted to the class of functions defined 
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on R2 possessing rotational symmetry. A functionJdefined on R2 is said to be rotationally 

symmetric if it can be expressed in the form 

(C.4) 

for a.e. (x ,y) e R.2. Such a function is actually a function of the single radial variable r, 

where r2=x 2+y2, and is independent of the angle e=tano1 (ylx). We will find that, under 

the assumption of rotation symmetry, the two-dimensional Fourier transform of a function 

has a simpler representation than the formula given by Eq. C.l. The calculations we 

perform below are only formal and follow along the same lines as the presentation given 

in Bracewell (1983, Ch. 12). For a more precise analysis see Titchmarsh (1948, Chs. 8 

and 9). 

Suppose now that a functionJe L2(R2) has the form given by Eq. C.4. Then by 

changing the variables x and y appearing in the integral expression of Eq. C.l into the 

polar coordinates r and e, the two-dimensional Fourier transform of J can be expressed 

as the limiting integral 

2n R 

Fi(l:) or ~(l: ) = lim fdefrdrw(r)e2nlr(~co.s(e)+'1sln(e» • ,-,T] = cT2J' ,-,T] 
R .... 0 0 

The rectangular coordinates ~ and 11 can also be expressed in terms of the polar 

11 = psin(4))). The two-dimensional Fourier transform of J expressed in terms of these 

polar coordinates p and 4> can then be written as 
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21£ R 

F(p ,4» = lim J d6 J rdrw(r)e 2nlrp(COS(cI»cos(6)+Sin(cI»Sin(6» 

RoO 00 0 0 
(CoS) 

R 21£ 

= lim J rdrw(r) f d6e21£lrpCOS(cI>-6), 
RoO 00 0 0 

where the trigonometric identity cos(a)cos(b)+sin(a)sin(b)=cos(a -b) has been used to 

obtain the expression on the second line. Now consider the inner integral over 9. By 

making the change of variable '1/=<1> -9 this integral can be written as 

2n cI>-2n J d6e21£lrpcos(6-cI» = J dlJre2nlrpcos(v) 0 

o cI> 

Note that the integrand appearing in integral on the right is periodic and has period 21t. 

Hence, because the interval of integration has the length of one period, it may be replaced 

by any interval of length 21t. We therefore replace the interval of integration (<I>, <I> - 21t) 

with the interval (0, 21t) to obtain 

~-cI> ~ f d6e2nlrpcos(6-cI» = f dlJre2nlrpcos(v) 0 

cI> 0 

This integral is easily evaluated in terms of the function Jo, the zero-order Bessel function 

of the first kind, given the following identity [Arfkin (1985, p. 587)] 

Thus, 

2n 

Jo(a) = ...!... f d6e'acos(6) 0 

21t 0 

(Co6) 



2n 

f dljl e2nlrpcos(v> = 21tJo(21trp) • 
o 

Eq. C.S can now be written as 

R 

F(p,cI» = 21t lim f rdrw(r)Jo(21trp) • 
R .. "" 0 
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(C.7) 

(C.S) 

It is apparent that the resulting function F(p,<I» is independent of the angle <1>, and 

therefore is also a rotationally symmetric function. In conclusion, what has just been 

shown is that the two-dimensional Fourier transform of a rotationally symmetric function 

is also rotationally symmetric. 

Each rotationally symmetric function / on R2 has associated with it a function w 

of a single nonnegative variable which satisfies Eq. C.4. If/is in the space L2(R2), then 

the associated function w must be in L~(2rdr). Because the two-dimensional Fourier 

transform of /, say P, will also be rotationally symmetric, it has associated with it a 

function, say W, of a single nonnegative variable satisfying the condition 

If / E L2(R2) then so is F, and hence W E L~(2rdr). Furthermore, from the result derived 

above, the functions w and Ware related by the equation 

R 

W(p) = 21t lim J rdrw(r)Jo(21trp) == ~w(p). 
RoO"" 0 

(C.9) 

The operator ~ is called the Hankel transform. As for the one-dimensional Fourier 
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transform, we will not explicitly write the limiting operation when defining the Hankel 

transform of a specific function, it will simply be implied. The following result can be 

proven directly from the theory of the two-dimensional Fourier transform. 

Theorem C.S The Hankel transform is a unitary transformation on L;(2rdr), and is self

reciprocal, i.e., ~-1 =~. 
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