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PREFACE 
The original title of this dissertation was 

Classical and Quantum Mechanical Studies of 
iAj = f(IAjI2)(Aj+l + Aj-I) + F(IAjI2)Aj; 
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however, due to technical difficulties, it was Ilecessary to remove the equation and 
substitute the phrase "Nonlinear Lattices" with the result 

Classical and Quant.um Mechanical Studies of 
N onli near Lattices. 

The equation cannot appear in the abstract for the same reasons that prevent.ed 
its inclusion ill the title. I apologize in advance for any confusion these changes 
may cause. 

The original title is, in my opinion, more effective in conveying t.he cOlltent of 
this work: a study of the above equation. It also had the added benefit. of aiding 
the reader in ascertaining whether 01' not t.o go to the trouble of actually obtaining 
a copy. I have no desire t.o t.rick people into reading about my work; had I such 
intentions, I would certainly have chosen a title more like "An Int.erview with OJ 
Simpson." In reality, the goal was simply t.o offer a preview of the dissertat.ion via 
the title. 

Bereft of the opportunity to offer the reader a real clue of the subject. mat.teI· 
at hand through the "short" forms, t.he title and abstract, I can only offer you 
the "long" for111 that follows. I sincerely hope that, having obtained a copy of 
this dissertation and having seen for the first. time the equat.ion wit.h which it. is 
concerned, you, t.he reader, will still find it of interest. If not, there is still hope, 
as I can think of three good uses to which it may still be put: 

• as a door stop, 

• to prop up the short leg of a table, 

• as a supply of multipurpose paper for a camping t.rip. 

Mark I-lays 
Tucson, Arizona 
February 14, 1995 
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ABSTRACT 

A class of nonlinear Hamiltonian lattice models that. includes both the nonin

tegrable discretc nonlinear Schrodingcr and the intcgrable Ablowitz-Ladik models 

is investigated classically and quantum mechanically. In general, the model un

der consideration is non integrable and its Hal1liltonian strllcture is dcrived 1'1'0111 a 

nonstandard Poisson bracket. 

It is shown that solutions of the classical model can, under appropriatc and 

well-defined conditions, become infinite in finite t.imc (blowup). Under suitable 

restrictions, it is demonstrated that an associated quantum lattice does not exhibit 

this singular behavior. In this sense, quant.um mechanics can regularize a singular 

classical phenomenon. 

A fully nonlinear modulat.ion theory for plane wave solutions of the classical 

lattice is developed. For cases of the model exhibit.ing blowup, numerical evidence 

is presented that suggcsts thc existcnce of both st.able and unst.ablc modulat.ed 

wavetrains. At the present time, it is unclear the extent. to which one may relat.e 

the onset of instability t.o blowup. 

The Hartree approximation is applied to a, generalized discrete self-t.rapping 

equation (GDS'!'), \vith the result. that the effectivc Hat·tree dynamics arc described 

by a rescaled version of the GDST itself. In this manner, t.he Hartree approximation 

gives a direct connect.ion bctween classical and quantllm lattice models. 

Finally, Weyl's ordering prescription is shown to reproduce pert.urbative results 

for a weakly nonlinear oscillator. These results are ext.ended to Hamilt.onians that 

are nonpolynomial funct.ions of the number opcrator. Extcnsions to the method

ology that permit the treatment of othcr ordering prescriptions arc given and 

compared with Weyl's rule. 
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thought you'd 

like to 

Go to the show 

To feel 

1 Introduction 

the warm thrill of confusion 

That space-cadet glow ... 

Pink Floyd, In t.he Flesh? 

1.1 The Model 

13 

The first part of this dissertation is concerned with various aspects of the clas

sical Hamiltonian lattice model 

(1.1 ) 

where j = 1, ... ,111 and each Aj is a complex fuuction of time. In the case where M 

is finite, it is assumed that the boundary conditions are periodic. It is also assumed 

that f(O) f:. 0 for technical reasons that will be made clear later. The remainder of 

this document treats various quantum mechanical cases of (1.1). There are several 

important subcases of (1.1): 

• For f(x) = e and F(x) = -2c + TI:, (1.1) is t.he nonintegrable discrete 

nonlinear Schrodinger (DNLS) equation [46J . 

• For f(x) = e+'rx/2 and F(x) = -2e, (1.1) becomes the completely integrable 

Ablowitz-Ladik (AL) equation [1J. 
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• For f(x) = c+,'I]x/2 and F(x) = -2c+,(1-1/):Z~, (1.1) becomcs the system 

proposed by Salerno [87]. This generally Ilonintegrable system interpolates 

bctween the DNLS and AI., models as 1/ varies between 0 and 1. 

In general, t.his model describes a system of coupled nonlinear oscillators in 

which there is a nonlinear self-interaction (P), as well as nonlinear coupling be

tween nearest neighbors (I) (see figure 1.1). For example, the DNLS features 

nonlinear self-interaction and linear dispersive coupling. In t.he AI, system t.he 

situation is reversed: the self-interaction is linear and t.he coupling t.erms are non

linear. Both of these models reduce to the nonlinear Schrodinger (NLS) model 

in the continuum limit, which is interesting because the AL model is completely 

integrable and the DNLS is nonintegrable; their l1IicroHcopic (i.e., noncontinulIlll 

lattice) dynamics are cornplet.eiy different. in character. Abm, the continuum NLS 

is integrable and so provides an example in which a nonintegrable lattice becol1les 

integrable in the continuum limit. Finally, Salel'l1o's model features bot.h nonlinear 

self-interaction and non Ii near coupling. 

1.2 Applications of the Model 

One of the more heavily studied relatives of (1.1) is the discret.e self-trapping 

equation (DST) which has the form [27]: 

iA j = ,IAjI2 Aj + (L djkAk, 
k"h 

( 1.2) 

where j = 1, ... ,At! and the dispersion matl'i;c D = [d.id is assumed to be real and 

symmetric. The DST equation is a direct generalization of the DNLS model. The 

DNLS model has applications to polarons in one dimensional molecular crystals 

under a tight-binding approximation [48, 49], in nonlinear optics [51], and many 

others. The DST has similar applications for systems with more complicated cou

pling geometries, including the overtone spectrum of benzene [93] and biomoIecular 

energy transport [24, 88]. 
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f 

Figure 1.1, Physical interpretatioll of equat.ion (1.1). 

Since polarolls have llumerous applicatiolls in solid-st.ate and condellsed mat.

tel' physics, it seems appropriate to briefly discllss the phenomenon here. In t.he 

molecular crystal model, the atoms of an insulating crystal are arranged in a regu

lar lattice and each carries some positive charge. When the lattice is in clastic and 

elect.rostatic equilibrium, all of these atol\1s arc equidist.ant from onc another and 

the crystal is electrically neutral as a whole (since the Iluclear chcu'ge is balallced 

by a corresponding Ilumber of electrons). S\lpP()S(~ now that all extra electron is 

introduced into the crystal structure. If we imagine this electron at rest in the 

lattice, it is apparent t.hat the electrostatic attraction between the electron and 

the surrounding lluclei will serve to locally deforlll t.he crystal lattice, thus creating 

a region in which the crystal's atoms are closer t.han lIsual. Since such a region is 

locally positively charged, the electron will prefer to st.ay there. Once the electron 

has become localized in this manner, its llegative charge serves to further deform 

the lattice, drawing the whole structure (electron+lattice) closer together until 

the electrostatic repulsion of neighboring nuclei balances the attractive force of 
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the electron. This structure is called a pola'l'on and was first described by Landau 

[60J. In summary, a polaron is a mobile quantum mechanical entit.y consisting of 

an electron interacting with phonon modes in a cryst.al. The papers by Holstein 

[48, 49J arc an excellent introduction to the one dimensional polaroll problem. In 

Holstein's theory, the nonlinear DNLS equation arises when the phonons arc adi

abatically eliminated from the full (linear) model. In t.his applicat.ioll, the mode 

amplitudes Aj are the quantum mechanical probability amplitudes that t.he elec

tron is near the jlh atom in the lattice. 

The DST equation is generically nonintegrable and so exact solutions are gen

erally unobtainable [45J; however, there are several int.eresting solut.ion farnilies of 

the DST equation. The dimer form of the ])S1' experiences what. is knowll as a 

self-trapping transition as t.he energy is raised above a ccrt.ain critical level [27, 54J. 

Below the transitioll point, energy oscillat.es smoothly between the t.wo sites; how

ever, above the threshold, most. of the energy becomes trapped on OIlC site. This 

transition also occurs in the trimer [41, 77, 78J, wit,h t.he added complicatioll t.hat 

the model is 110 longer integrable and so chaotic regions appeal'. The sclf-t.rappillg 

effed is physically import.ant, as it. can explain pliellollIella that a lillear t.heory 

cannot. 

For instance, in the case of nonlincar opt.ics, self-trapping can explain the op

eration of optical switching devices [51 J. Such a device consist.s of t.hree optical 

fibers made of a nonlinear material coupled by a lineal' material and the relevant 

equation is the DST trimer. The idea is that one fires a strong beam into olle of t.he 

fibers. By sellding a weak control signal into another of the fibers, one can control 

the fiber from which the strong signal emerges. Figure 1.2 depicts such a device. 

Again, a linear theory cannot predict this experimentally verified phellomenoll. 

Since the govel'lling equation is the nonintegrable DSI' trimer, one would expect 

that such a device could exhibit chaoic behavior; this is indeed the case [35J. 



Input 

Output 

Control 
Signal 

Figure 1.2, The nonlinear optical switch 
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As a second example, in the spectrscopic measurment of the en overtone spec

trum in normal and deuterated benzene, it is observed that most of the oscillatol'y 

energy is concentrated on one of the CH bonds in the molecule [93J. A ben7.ene 

molecule consists of six carbon atoms arranged in a hexagon with a hydrogen atom 

attached to each one. The molecule is rot.ationally symmetrical and so a linear t.he

ory would predict that energy be evenly distributed among t.he six en oscillators. 

If one replaces five of the hydrogen atoms with deut.erium, almost exactly the same 

overtone series is observed. This proves beyond a doubt that energy is localized 

on one site for this series of spectral lines. Even if a linear theory could account. 

for the spectrum of normal benzene, it would produce completely difI'erent. result.s 

for deuterated benzene. 

A final example of the applicability of the DST system concerns energy trans

port in biological systems. A fundamental question in biology is how energy re

leased from the hydrolysis of adenosine t.riphosphate (ATP) into adenosine diphos

phate (ADP) is coherently transported to areas of the cell where it can do useful 

work: if the mitochondria are the factories, where is the interstate system and 

trucking industry? One theory is that protein molecules are the transport medium 

for this energy. Since these molecules can be very long, they provide a plausible 

means of spatial transport and so make up t.he interst.at.e system. Next. we must 

consider the packaging of this energy: to send goods from New York to L.A., one 

does not simply dump the chickens and shoes on the highway and hope for the 

best. Instead, the goods to be shipped are loaded into a. truck. III a lillear disper

sive theory, one would expect an energy packet to evenly distribute itself along the 

molecule. In order that the energy remain coherent, a truck is needed. In exper

iments with a model protein, acetanilide, it was found that the chain of Ctmide-I 

(CO) bonds provide such a packaging system [26]. This theory predict,s that energy 

can become self-trapped on a few of these bonds. Having become trapped in this 
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manner, it is possible for energy to "hop" from bond to bond with the whole pulse 

or Davydov soliton structure propagating down the pl'Otein chain and aniving at 

the other end intact [17, 18]. The governing equat.ion for this mechanism is the 

DST equation. An extensive review of t.his application may be found in [88]. 

Another interesting set of solutions of t.he DST syst.em is known as the "st.a

tionary states" [27]. These solutions possess the harmonic t.ime dependence 

Such states are of interest when one wishes to calculate the absorption spect.I'ulll 

of a molecule in a harmonic field. The determination of the Aj(O)'s and w involves 

the solution of a nonlinear eigenvalue problem that possesses a start.lingly complex 

bifurcation structure. 

In summary, nonlinear self-trapping can explain physical phenomena. that. a 

linear theory cannot. Feddersen has shown t.hat linear Anderson localization is it 

completely different effect than nonlinear self-trapping, and, in fact, disappearfl in 

the presence of even a small amount of nonlinearity [:!3]. 

1.3 Classical Theory 

Having seen that. many physical phenomena call be explained by a model con

taining a cubic nonlinearity (DST), one lTIay argue t.hat. the generality of (1.1) gaills 

us nothing physically; after all, we are faced with the remarkable fact that various 

incarnations of the nonlinear Schrodinger equation abound in physics, while Illore 

general systems of the form (1.1) are I11Il('h rarer. I concede that this may be tl'tle 

Jor now. On the other hand, the realization of the importance of the NLS model 

is quite recent and no one can say what the future of physics holds. My main 

personal reason for studying (1.1), however, has nothing to do with physics, but 

instead revolves al'Olind the fact that, since I have beell trained as a mathemati

cian, I possess a propensity for generalization and abstraction. It turns out that, 
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even if a physical interpretation of certain of the results herein does not exist, the 

mathematics is quite interesting: equation (1.1) possesses a very rich structme, as 

the reader will see. 

There are several properties of (1.L) and its solutions that, one might consider: 

• Integrability versus the existence of chaot.ic solutions 

• Existence of solutions that become infinite in fhlite time (blowup) 

• Existence of wavelike and modulated wavelike solutions, and, in particular, 

their stability 

• Existence of traveling waves 01' solitons. 

Each of these questions shall be considered in tUl'l1 in this section. Section 1.4 

will (after a brief introduction) focus on the quantum mechanical versions of these 

phenomena. 

Except for linear cases, the only known integrable syst.em falling in t.o the class 

(1.1) for M > 2 is the AL equation. The AL system is a completely integrable 

discretization of the NLS and takes the form 

Taking the "+" sign gives the focusing AL system while the AL with the "-" 

sign is called defocusing. The infinite lattice problem was solved using the inverse 

scattering method (ISM) by Ablowitz and Ladik [lJ. The periodic problem was 

solved by Bogoliubov and Prikarpat-skii in 1980 [11J using the ISM and methods 

of algebraic geometry. A number of corrections to the English version of [1 L J are 

given in Appendix E. Finally, a degenerate case that occurs in the defocusing AL 

system was recently treated by Vekslerchik [101]1. 

lSee also Chapter 10. 
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Since the AL system will receive no particular emphasis for the res!. of this 

document, its relation to the above list of propert.ieH will discussed separat.ely from 

the general treatment of (1.1). Integrablility imposeH a severe constraint Oil the 

dynamics of the AL syst.em. III particular, there are 110 chaotic solutions beca.use 

there are enough conservation laws t.o constrain the motion to a.n !\tf-torus. Also, 

there are exact N-soliton solutions for this model [1, all. A soliton is usually a 

pulse shaped structure that travels down t.he lattice int.act. For integrable Hystems, 

there are also N-soliton solutions consisting of N Huch pulHeH. These J>ulseH interact 

(or collide) elastically; i.e., they retain their shape after an interaciioll. Such 

behavior is generic in linear models, but iH very rare ill Ilonlinear equations. It has 

been numerically shown that the DNLS has stable pulse shaped solutions [20, :!3] 

analogous to solitons. However, if one puts two of t.hese pulses on the same lattice 

and allows them to collide, they will emerge from the illteraciion wit.h difl·crcllt. 

shapes. In particular, they will not be simple traveling wave solutions allY more. 

The AL model occupies a special place wit.h rcspect to finite-t.ime blowup. 

Referring to (1.1), consider all systems with an J of the form 

f(:z;) = 1 ± X'I. 

It can be shown (see Chapters 4 and 10) t.hat blowup cannot occur for /1 < 1, while 

it often occurs for /1 > 1. Therefore, the AL system is on the boundary bet.ween 

these two fates. In the focusing AL, the dynamics are globally bounded; in t.he 

defocusing case, it is possible for finite t.ime blowup to occur for certain initial 

data, as we shall see in Chapter 10. 

The integrable st.ructure present 111 the AL system also has strong implica

tions for its wavetrain solutions. Since this model possesses an infinit.e number 

of conservation laws, it is possible to approximately describe modulat.ed N-phase 

wavetrains for every N. By using the fact. that the AI, is expressible in t.erms of a 

zem curvature representation (ZCR), it is possible to derive the infinite hierarchy 
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of modulation PDE's simultaneously. By restricting one's attention to the prob

lem of modulating an N-phase wavetrain, it is possible to derive a set of N PDE's 

which describe the approximate evolution of this solution. This theory is covered 

in detail in [72J. 

For the remaindcr of this section it will be assumcd that (1.1) is Ilonilltcgrable 

for Jl!I > 2; thcrefore, there is no special strucLUl'C t.o help us answcr the rcmaining 

questions. Nonintegrable systems usually exhibit. chaotic (or irregula.r) dyna.mics. 

In the AL system, it is possible (in principle) to writc down a formula. for the solu

tion in terms of the initial data with time appearing as a parameter. Furthermore, 

the mapping 1'1'0111 the initial data to the time evolutioll of the system is smooth. 

For nonintegrable models, it is not possible to write down such a formula. '1'0 make 

matters worse, the mapping from initial data to the actual solution as a functioll of 

time is very complicated, and, in particular, not smooth: there exist sets of initial 

data that are arbitrarily close, but if we allow this data to evolve, evelltually t.he 

two orbits will exponentially diverge from one anot.her. 

In a recent work the author showed that thc subcase 

of (1.1) exhibits finite time blowup for mallY initial conditions if II> 1 [42J. It, is in

teresting that. this dimer blows up because it is int.egrable - most integrable dill1ers 

exhibit some form of pe1'iodic motion. There is numerical evidence that blowup 

also occurs for t.he nonintegrable M > 2 case, though the analytical argument is 

considerably weaker [42, 67J. Finally, if one takes ]I' to be "strong" ellough (in t.he 

sense of its growth rate as compared to that of fl, blowup is prevented and the 

solution remains regular. In contrast with the self-t.rapping phenomenon the DST 

dimer exhibits, this system exhibits selJ-dest'l'llclivl' dynamics: the model breaks 

down and becomes completely meaningless once blowup has occurred. Chapter 4 is 

concerned with a relative of this system that also exhibit.s blowup. The defocusing 
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version of the above system 

shall be covered in detail in Chapter] O. 

Equation (1.1) possesses a family of single phase wavetrain solut.iolls of the 

form 

VIi ei(lm-wt) 

when the parameters p, k, and w satisfy the 1I0niinear dispersion relation 

w = 2/(p) cos k + Ji'(p). 

On a finite lattice, it is assumed that the boundary conditions are periodic. In 

these cases, k may only take on a finite set of values. Sillce it is difficult. t.o idcnt.ify 

such solution familics for (1.1), one might ask if it is possible t.o extend t.his solu

tion by smoothly modulating it and allowing the abo\'c parameters to vary slowly 

over the lattice. It tUl'llS out that this is indeed t.he case: by averaging (1.1 )'s 

local conscrvation laws, it is possible to derive hydrodynamic PDE's that. gove\'l1 

the slow evolution of p and A~ [43]. This problem can also be approached frolll 

the perspective of \Nhitham averaging in which one averages the Lagrangian ovcr 

the solution family and derives the modulation PDE's via a variat.ional principlc 

[43, 105] - the Lagrangian approach will b<' used in Chaptcr 3 whcn we discllss 

this modulation theory. For certain choices of .f and P, the lllodulation equations 

can dynamically change type from hyperbolic (stable) to elli ptic (unstable); fur

thermore, it is possible to construct initial data t.hat call and cannot undcrgo t.his 

transition. As long as the modulat.ion equations rcmain hyperbolic, the theory laid 

out in [43] amounts to a nonlinear st.ability theory. Once t.he equations becomc 

elliptic, however, this theory breaks down. After the breakdown, one can usc a lin

ear stability analysis as described in [55] to determine t.he local stable and unstable 

solution manifolds. Therefore the two methods give different information. 
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In the integrable AL case, it is possible to extend the analysis to higher genus 

solutions [30, 74, 75J. This shall be discussed further in Chapter 3. 

Having described the plane wave solutions to (1.1), we might ask about other 

traveling solutions, and pulses in particula.r. Such 11 solution has the form 

where c is the speed of the pulse. If we plug t.his Ansatz into (1.1), we obtain a 

differential-delay equation: 

-icu'(a:) = J(lu(xW)(u(x + 1) + u(x - I)) + u(a:)F(lu(xW). 

Such equations are nearly impossible to approach analytically and remain at the 

frontier of research. For example, the innocent looking 

!I' (a:) = !I (x - 1) 

possesses an infinite number of fundament.al solutions, as compared t.o exactly one 

for the equation y'(X) = y(x). Despite the analyt.ical complexit.ies of this problem, 

it is possible to derive approximate solutions using w(~ak and variat.ional methods 

[21], as well as t.o numerically generat.e pulse solutions [20, 23J. In part.icular, the 

existence of such solutions is a complicated function of the pulse !-i(Jccd, c. For 

example, it was shown in [23J that pulses only exist. in the DNLS for values of c in 

a certain range. 

1.4 Qualltulll Theory 

Having described the classical theory, let us now engage the quantum mechan

ical version of (1.1). Since (1.1) is not explicitly a quantum system, our first task 

is to define what is meant by "quantum mechanical version." 

Many scientists have also been studying quantum mechanical counterparts to 

(1.1) for the last. 10 years or so, and, in particular, their relationship to one another. 
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The procedure of constructing a quantum mechanical model from a classical one 

will be generally termed "quantization" herein. This procedure is well known to be 

ill-defined from a mathematical standpoint [12, 13,38,09,83, 100, lOa, 104, 106]: 

there are many quantum mechanical systems t.hat arc equivalent to any given 

classical syst.em in "the classical limit." For the physicist or experimentalist there 

is no such confusion: if the result of the experiment does not agree with t.he t.heory, 

the theorist goes back to work and attempts a new mathematical description t.hat 

incorporates the unexplainecl phenomena. The great Sllccess of quant.um mechanics 

lies in its ability to explain experiments. The lIIath(~mat,ics of quantum mechanics 

is well known. What, then, is the trouble'? 

One such problem is the process of quantization. Element.ary QM texts such 

as [19, 85] abound with examples of quantization. The first. and simplest such 

example is the harmonic oscillator (IIO). Classically, t his system describes a mass 

attached to a spring and the dynamics are sinusoiclal oscillation. The dimensionless 

Hamiltonian of the classical system is 

where q is the coordinate of the particle and ]J is its momentum. The quantum 

version of the EO is obtained by quantization: simply replace the scalars ]J and q 

by the corresponding quantum operators to obtain the quantum Hamilt.onian 

There is no ambiguity in this example. If, however, one attempts t.o quant.ize an ex

pression like p2q2, problems arise. Classically, p2q2 = '12]12 since t.he multiplication 

of numbers is commutative. In QM, however, the operators corresponding to p and 

q do not commute. Since iJ and q satisfy the (nondimensionalized) commutation 

relation 

qp - fui = i, 
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one is faced with many choices for a quantum count.erpa.rt to p2q2, including [Jq'J.ii, 

(llJ2q, and (fj2q2 + q2jJ2)/2. In any case, one must. make an ordering choice. 

There are many ways to quantize classical systems and they all share the feature 

that they fail to meet at least one of several reasonable axioms for the procedure. 

For this reason, some mathematicians and physicists do not like "quantization." 

There is some merit to this view since qua.ntization appears to be synonymous with 

alchemy - it is an activity that appears t.o be equivalent to tUl'lling lead into gold. 

Those who mist.rust such witchcraft are correct to do so. Everyone's int.uit.ion has 

failed at some point - a perturbation series or ot.her formal caculation has tUI'l1ed 

out to be invalid - but, as Clint Eastwood said, "Everyone has the right to be 

a sucker once." Even if an axiomat.ic basis for quanl ization is missing, it. is sl,ill 

true that the method has given the correct physical wsult in a variety of contexts 

( descri bed below). 

Another example of quantization is the Hydrogen atom. Since the Hydrogen 

atom consists of a single electron orbiting a single proton, it seems reasonable 

to write down a quantum mechanical version of the Kepler Hamiltonian (which 

desribes the motion of a single planet orbiting t.he slln). Although t.here are many 

mathematical details, the basic result is that putting "hats" on the Kepler Hamil

tonian and solving the resulting quantum prohlem acc\ll'ately predicts the observed 

spectrum of the Hydrogen atom. In fact, this result was one of the t.riumphs of 

early quantum t.heory. 

It is clear that some mental process led to the Hamiltonian for the Hydrogen 

atom and quantum no. Furthermore, it is universally agreed that the procedure 

gives the correct answer in the cases of the Hydrogen atom and harmonic oscillator. 

Whether one terms this process "inspection" or "quantization" is irrelevant. Here 

"inspection" refers to the process in which one stares at the classical Hamiltonian, 

sees that there is no ordering ambiguity, and proceeds with impunity to put "hats" 
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on the p's and q's. It is obvious that "inspection" is a subjective act. Docs this 

process generalize, 01' is it an isolated and amazing property of the magnificent. 

nO? I personally cannot believe the latter and am therefore stuck with the forlller 

(and explaining my way out of its self-contradictory and paradoxical nature). The 

"put hats on everything" method will certainly work for all Hamiltonians of t.he 

form 

Therefore, one must delve into the ambiguous caseR III order to generalize the 

method. 

There has been other work on the operator ordering question [65,66, 9(i, 98, 99]; 

however, the approach is different from the one used here. Many of theRe works 

focus on the mechanics of manipulating operator expressions. Good references 

along this line include [65] and [66J. The relevant chapt.ers in t.hese books cont.ain 

a wealth of informat.ion on how to manipulate operator expressions. 

In any reasonable definition of quantization there are certainly two requirement.s 

that must be met: first, the resulting quantum problem should be meaningful f!'Om 

a mathematical point of view, and second, this quantum description should recover 

the classical dynamics in an appropriate classical limit. Therefore, there are two 

waypoints on the quantization journey: 

• agreement with experiment and 

• the classical limit (where it exists). 

It shall be demonstrated in Chapters 6 and 7 that there is one particular quan

tization scheme called sym.metric ordering (SO) and no other that gives the correct 

formal physical result for a weakly nonlinear quantum HO. The main feature of the 

scheme is its symmetry: it is simply the average of all possible quantizations one 

could choose. Besides the aesthetic appeal of this democratic viewpoint and the 
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fact that it could easily be arrived at by "inspection" (due to our human love of 

symmetry), its asymptotic correctness will be shown from within the framework of 

perturbation theory as it applies to quantum mechanics. The degree to which this 

result applies to other quantum mechanical systems is unknown: another featlll'e 

of QM is that nontrivial problems are extremely difficult to solve ill almost every 

case. 

The reacler might make the objection that almost every trick and technique 

111 the field of QM applies to the HO, and many a scientist has been unplcas

antly surprised after applying such techniqtws to other problems. To their crcdit, 

quantization methods have given good agreement with experiments involving CH 

stretching modes in normal and deutcrated ben~ene [90, 92J and dihalomathanes 

[7], as well as the infrared overtone spectrum of the amide-l mode in crystalinc 

acetanilide [94J. But again, in many cases approximate methocls must be used to 

solve resulting quantum problem and it is difficult for one 1.0 know whether the 

quantized system is a shadow of reality or t.he reality itself. I concede that the 

demonstration of the applicability of certain of these results to the "real" world 

is somewhat weak. In particular, we havc been unable Lo find a physical applica

tion for the SO quantization of arbitrary Hamilt.onians (see [15J and Cha.pt.er 7). 

This is because most molecules known to exhibit nonlinear behavior are fairly wcll 

described by a quadratic or cubic nonlinearity at won.,t. The waypoint lcading 

to experimental verification is still under construction. My personal int.erest in 

quantized lattice models is somewhat different, 

In my opinion there is something mysterious and counterintuitivc about QM in 

general. For example, consider the phcnomenon of w(l'IJcjuncliou co/lapsc. Accord

ing to quantum theory, the state of any quantum mechanical system is completely 

described by a wavefunciion which is a unit vector in a suitable Hilbert space. 

The set of possi ble measurements (or obsel'vables) is, in general, described by the 
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self-adjoint operators on this Hilbert space. Now self-adjoint opemtors possess a 

spectral representation and the opemtor's sci of eigenfullctions form a basis fot· the 

Hilbert space in which the wavefunction IiveH (usually). Therefore, before making 

a measurement, the wavefunction 1P can be decomposed into eigenfunctions of an 

observable 6 (for simplicity, suppose that we have a countable set of eigenfullc

tions): 

where 

1/J = L Ck1/)k, 
k 

For an arbitrary 1/J, many of the Ck'S will be nonzero, which is to say that there is a. 

nonzero probability (namely ICkI2) that t.he system will be found in the stat.e 1Pk for 

many such k's. However, when an observer actually measures the observable 6, the 

system automagically jumps into one of the states 1/Jk, wit.h Ak being t.he numerically 

observed value of the observable describing the meast1l'ement 6. Therefore, t.he 

wavefunction 1/) is said to have collapsed - from a superposition of all of t.he 

~)k 's into a single '!/Jk during the act of mcasurement. After the measllrement., t.he 

system remaim; in t.he state 1/'k aH long as it remains undisturbed. Two of the 

grand achievements of this line of reasoning are 

• Predicting the observed spectroscopic lines of the Hydrogen atom and 

• explaining the bizarre effect observed in the St(~l'II-Geriach experiment (see 

[85] for a detailed description). 

Neither of these phenomena can be explained wit.h any reasonable version of clas

sical mechanics. 

Such a description of the universe lectves me wanting, however. One of the 

axioms of QM is that the wavefundion collapses when a system is observed. By 

what mechanism? Is the collapse instantaneous? If not, what are the dynamics 
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during the collapse? Although I have taken several courses 011 and relating to 

QM, I have never heard any description (either coherent or incoherent.) of this 

phenomenon 2. I would feel more at case with quantum mechanics if some physical 

mechanism could be attributed to this fundamental axiom of the t.heory. 

Aesthetically speaking, I find classical mechanics (CM) more palatable. CM is, 

as a theory, based on two abstractions: force and mass. However, neit.her is terl'ibly 

abstract - anyone who has ever been hit in the head with a falling bowling ball 

(01' apple) is ei t.her a testament to the existence of force and mass, or can descri be 

these abstractions in detail. On the ot.her hand, since QM is mainly used to 

describe microscopic systems, it is more difficult t.o underst.and its fundamental 

abstractions. Much of t.his dissertation is directly concerned with the quantum 

mechanics of (1.1), as well its bosonic subcase. Of part.icular int.erest. here is t.he 

comparison of the two theories as they apply t.o (1.1) - this comparison is my 

attempt to understand the abstractions of quant.um mechanics in terllls of the more 

familial' ground of classical mechanics. 

Consider now the second waypoint: the classical limit. At high energy, cv

ery quantum system is supposed to behave in a fashioIl similar t.o it.s classical 

coullterpart.3. Given the restriction that a quantized system must. have t.he corrcct 

classical limit, there is a possibility that one may explore the relationship between 

the classical and quantum worlds. At low energy. different quantbmtions of the 

same system can have very difrerent properties; however, as we tUI'll lip the energy 

in a quantum lattice, the correspondence principle Htates t.hat it will start. to look 

like a "fuzzy" classical lattice. Since the classical lattice is easy to underst.and COIl-

ceptually, one might be able to gain some understanding of the difficult quantum 

world in terms of our everyday classical oIle. Refel'l'ing back to the discussion of 

2Researchers are currently working on a coherent explanatioll of the dynamics of wavefunct.ion 
collapse - this field is called mcasurcment theory. 

3 where one exists; in particular, fermionic systems (as in the Stern-Gerlach experiment) have 
no classical counterpart. 
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(1.1), one might inquire as to the existence of phenomena called quantum integra

bility, quantum chaos, quantum modulational instability, quantum blowup, and 

quantum solitons. 

The subject of quantum integrablility is cUl'l'ent.Jy popular. This thcory rclics 

on thc reprcsentation of a classically intcgrablc system in terms of it so-called "",ero 

curvaturc rcpresentation" (ZCR) [31] or "Lax Pair". The ZCR is a pair of linear 

problems for which the nonlincar system is a compatibility condition. In othcr 

words, if L and lV/ are the operators for these t.wo linear problcl11H, thcn 

LM - ML = 0 

recluces to the system in qucstion. An object called the I'-Inal'l'i:z: cmbodies thc 

funclamental structure of these two lineal' problems. On thc quantum side, there 

is an analogous object called the quantum H-'lnatl'ix that is basically the opcra

tor version of the r-matrix. From the H.-matrix, one can construct the quantum 

conservcd quantities for a system that is quantum mcchanically "integrable", al

though the details are formidable. This method is known as the quantum inverse 

scattering method (QISM) in analogy with the c1aHsical inverse scat.t.cring mcthod 

(ISM). QISM is a constructive approach that relies on thc algebraic l3ethc Ansat", 

to construct thc energy lcvcls and eigenfunctions for thc quantum system. This 

procedure involves solving a complicatcd sci of transcendental equations, known 

as the Bethe eqllations [28, 29]. 

For computational purposes, the number stat.e method (NSM) is a more prac

tical tool. The NSM does not rely on thc intcgrability of the system, but instead 

only requires the existence of two commuting conserved quantities (the Hamilto

nian being one). In all known cases, thcse two methods givc the same result:l. 

The quantum AL model was solvcd using QISM by Kulish in 1981 [571. Ten years 

later, Salerno discovered how the NSM could be applied to the AL model [86]. Be-

4 An example NSM calculation is given is Chapter 5. 
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fore Salerno's work, QISM was the only method available for the solution of this 

problem. This discovcry was an important milestone for the NSM for two reasons. 

First, it showed that the NSM can do evcrything QISM can do. Figure 1.3 

illustrates the reason. Since the Hamiltonian and the Ilumber opcrator (which 

simply counts the total number of cxcitat.ions in the syst.em) comlllute, it is pos

sible to block diagonalize the infinite Hamiltonian matrix, with each block being 

an eigenspace of the number operat.or. Having block diagonalized the Hamiltonian 

in this man ncr, it is a simple matter to numerically diagonalize as many of these 

finite blocks as desired. In order t.o understand why the QISM is more compli

cated, suppose that we knew a third conserved quantity that commuted with the 

Hamiltonian and number operators. In this casc tl\() above procedure could be 

repeated so that each of the previous blocks became block diagonal. The Hamil

tonian matrix would remain block diagonal, but with smaller blocks. Taken to it.s 

extreme, QISM uscs the fact that quantum mechanically integrable systems pos

sess a complete set of commuting obscrvahlcs and t.hercby completely diagonali;"cs 

all of these operators simultaneously. It is not surprising that such a feat requircs 

thc solution of complicated transcendental equations. 

The second reason that the solution of the quantum AL model via t.he NSM 

was important is that it opened the door for t.he solution of quantullJ systems 

involving commutation relations of the more general form 

[b, b+] = f(b+b), 

and, in particular, equation (1.1) [40]. The paper [29J gives a nice overview of 

both methods, as well as a "hands on" comparison of them for several models. 

Thc reader interested in QISM may consult this paper and references therein. 

Commutation relations of this type arise ill the context of quantum groups (see 

the references in [86]), and in connection with q-defol'med algebras and optical 

squeezing [5]. This dissertation is not cOllcel'l1ed with QISM, as the author has no 
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expertise in this field. However, the application of t.he NSM to these more general 

commutation relations shall be discussed in detail in Chapter 5. 

Similarly, quantum chaos is a topic that has enjoyed much popularity over the 

last several years. There has been a great deal of theoretical and experimental 

research in the field of quantum chaos: on my wall is a postel' announcing a 19!)'1 

conference at Los Alamos which shows an image of 76 iron atoms arranged in a 

stadium formation on a copper surface. There is a wavelike structUl'e inside t.he 

stadium that is due to an electron bouncing off the wallH of this stadium much like 

a billiard ball. This system is known t.o be classically chaot.ic. 

In terms of quasi- bosonic lattice models (as in t.he present case of (1.1)), there 

is still much to be done as there have only been a few detailed studies performed 

[16, 34J. Having performed many numerical simulat.ions, it. is my opinion that. 

quantum dimers and Lt'imers derived from (1.1) are quite difl'erent in terms of 

spectral propert.ies and temporal dynamics [41, 108). The dimer (1.1) is alwa.ys 

classica.lIy integrable, while the trimer is almost never integrable. A promising 

tool for the investigation of quantum chaos in (1.1) is the technique developed by 

NakarnUl'a, Bishop, et. al. [79, 80, 81). This technique basically measures the 

degree to which the spectrum contains avoided crossings and thus gives a mea

sure of the il'l'egularity of the spectrum. Time did not permit me investigate this 

fully, but a qualitative inspection of the energy levels of the quantum DST trimer 

versus I and E shows a large number of avoided crossings in certain paramet.er 

regions. In cont.rast, the dimer's spectrum appears very regular (see Chapter 8). 

This technique has generally been applied to spin systems; however, there is no 

reason that it cannot be applied to systems of bosons 01' mixed boson/fermion 

systems. Mixed boson/fermion system have numerOllS applications, including high 

Tc superconductors [62), nonlinear optics [70), and polaron theory [48,49). A de

tailed investigation along this line would certainly be fruitful; however, questions 
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involving quantum chaos will not not be considered any further herein. 

In a recent work, I-lays, Levermore and Millet· [,13] demonstrated the exist.ence 

and considered the stability of modulated planewave solutions of (1.1). One would 

hope that an analogous quantum phcIlomenoll exists for the quantumlat.tice. Un

fortunately, it is not clear how to formulate t.he question in a meauingful way. 

The main difficulty lies in assigning meaning to the term "modulated quantum 

plane wave" and the subsequent measuremcnt of the deviation of the dynamics 

from this (assumedly) exact solution [71]. For t.his reason, we will not. discuss t.his 

phenomenon in any qua.nt.it.ative sense further. 

There is also cOIlsiderable interest in the quant.um soliton problcm. Classical 

solitons permit t.he coherent transport of energy down a lattice, and it would be nice 

to know that there is au analogous quantum mechanical phenomenon. Solit.ons do 

exist in a variety of models - the article [25] provides many recent resuit.s for largc 

lattices. The computational obstacles encountered in applying t.he NSM to large 

lattices are immense, but, after judicious applicat.ion of certain approximations, 

not impossible. It is also difficult to analytically handle such problems, although 

one can get information like the soliton's effective mass and binding encrgy [25, 7fi]. 

There now remain only three avenues for t.he quantum mechanical portion 

of this thesis to travel: questions involving quautization, classical and quantuIll 

blowup, and the rclatioIl between classical and quant.um lat.tice models of t.he 

form (1.1). There arc partial results in all of these directions that will be further 

elucidated in lat.er chapters. 

One interesting restriction remains, however: it appears to be impossible to 

consider various ordering schemes for more geueral commutation relations. To be 

concrete, the question of quantization involves a choice of operator ordering in 

ambiguous classical functions like p2q2 (as above). A simple case of (1.1) that 

exhibits blowup occurs when F = 0 and J = L + .1:2. A QM counterpart to this 
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case involves operators obeying the commutation relation 

This relation describes how to replace the expression bb+ with an equivalent normal 

ordered (all daggers to the left) expression: 

Now consider attempting to normal order the expression (b)2(b+)2 using this iden

tity: 

(b)2(b+)2 = bb+ + bb+bb+ + bb+b+bbb+ 

= b+b + b+b+M + (b+b + b+7)+bb)2 + bb+b+bbb+ 

= b+b + b+b+bb + b+bb+b + ... 

Thus, it is apparent that the task is impossible since every swap introduces other 

operators that must also be swapped. Given this pathology it is difficult to say 

exactly what is meant by such a commutat.ioll relation. It is only for systems 

obeying the canonical commutation relation 

[b, b+J = 1 ; 

i.e., systems of bosons, that one can treat the ordering question in general. 

Besides the abilit.y to consider various ordering questions, bosonic commutation 

relations offer other simplifications as well. In particular, the Hartree approxima

tion applies to such systems; it is unknown whether this approximation can apply 

to quasi-bosonic systems. This approximation allows one to simplify the quan

tum dynamics to a simple set of ODE's for a certain class of initial states. This 

approximation has been applied to the quantum DST equation [lOSJ and will be 

covered in detail in Chapter S. It is remarkable that the approximate dynamics 
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are described by a rescaled version of the DST itself. It was found that the Hartree 

approximation gives good estimates for ground state energies. However, the dy

namical information was useful for short periods of t.ime only, as is common for 

approximate QM methods. Even so, this approximation is important because it 

offers a way to directly replace QM with an approximate classical syst.em. 

Although it appears to be impossible 1,0 change orderings for the quasi-bosonic 

case, it is possible to choose an ordering and simply proceed to solve the problem. 

For systems that exhibit classical blowup, it turns out that iUI analogous quantum 

phenomenon docs not occur, although expectat.ioll values do get large. In sOllie 

sense, quantum mechanics therefore regularizes this singular classical phenomenon. 

In the context of physical theory (if sllch systems are indeed physical), one might 

consider the classicalmodcl to be an approximat.e description of rea.lity as long as 

the evolution of the model remains regular. As the singularity forms, the classical 

description breaks down as quantum effects once again become import.ant. Once 

the catastrophe is averted and the system set.tles down, it is possible t.hat the 

classical model might once again describe the system in question. This argument. 

is speculative: there are no known physical systems of particles descri bed by these 

CJuasi- Bose statistics. 

1.5 Overview 

Having described the basic problems and issues in the ficld, I will now describe 

the structure of the remainder of this dissertat.ion. There are many ullwritten 

chapters in this story - I will attel1lpt to make clear those issues that remain 

unresolved in the hopes of facilitating the entrance of ot.hers into this field. 

This docllment consists of three basic components. The first part will be con

cerned with (lot) in some generality, particularly from the angle of finite time 

blowup. Part two treats the question of quantb:ation and ordering ambiguities for 
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bosonic systems. These two parts are intended to coherently present and summa

rize the work in which the author was involved, as well as to present related ideas 

that were not published. The third part contains new results as well as new ways 

of looking at existing results. 

Several of the chapters contain results published in vmious journals. References 

to these works, as well as the role of the other coauthors and myself will be given 

in footnotes near the beginning of the relevant chapters. 

The body of the dissertation is discursive in nature and centcrs around a corc 

set of examples that will be viewed from a variety of perspect.ives. A concise, 

self-contained statement of the major results may be found in the Conclusions 

(Chapter 12). 

Chapter 2 is concerned with the Hamiltonian st.ruct.\Il'c of equat.ion (1.1). The 

information covered in this chapter shall be used throughout the remainder of this 

work and has therefore been gathered in one place for reference. 

In general, t.here are two possible methods of approaching the system (1.1): 

one may attempt a detailed study of its propcrties for a small number of freedoms, 

or a more specialized study ma.y be made of (1.1) with a large number of sites. 

For example, Chapter 3 is concerned wit.h the modulation thcory of plane wave 

solutions of (1.1) via Whitham's averaged Lagrallgian technique [105J, and will 

draw heavily upon results from the recent paper [43J. This chapter falls into the 

"large lattice" category: the initial data is assumed t.o be a slowly modulated plane 

wave. Therefore, it is not possible to use this theory to describe a system consisting 

of two 01' three sites. Modulation theory also falls into the "specialized" category 

since the initial data to which it applies only occupies it tiny part of the total phase 

space of the model. 

In contrast, Chapter <1 is concerned with finite time blowup in the dimer (two 

site) version of (1.1) [42J. Since the dimer is always integrable, it is possible to 
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determine its qualitative behavior for every initial condition. However, it is not 

completely clear the extent to which these results apply t.o the three site lattice, let. 

alone the M site case. Thus, this chapter falls into the "small lattice" category. The 

main result. here is that the dimer generally blows up whenever it can. NUlllerical 

experiments indicate that larger lattices also exhibit this self-destructive tendency; 

in fact, the dimer suggests a method for constructing extremely unstable data. 

However, by using the modulation theory developed in Chapt.er 3, it shall be 

ntuTIP'l'kalIy shown that it is also possible to const.ruct solut.ions having a very long 

lifetime. 

Having dealt. with classical blowup, in Chapter 5 we will move on to the ques

tion of the quantization of (1.1) and the phenomenon of quantum blowup, wit.h 

particular emphasis on its relation to the cOl'l'esponding classical phenomenon. The 

development here will roughly follow [40J. 

Part two consists of Chapters 6 and 7 and discusses bosonic quantization as 

developed in t.he two recent papers [15, 44J. The main result. of this theory is tha.t. 

there is an unambiguous ordering scheme that reproduces t.he first. order pert\ll'

bation theory and other matrix elements of t.he quant.um mechanical anharmonic 

oscillator. 

Chapter 8 discusses the Hartree approximat.ion as it applies to the generalized 

discrete self-trapping (COST) model. In part.icular, this approximation allows one 

to describe the quantulll dynamics of certain initial states with a classical seL of 

OOE's. In the case of the COST, this set of OOg's t.urns out to be a rescaled 

version of the C DST itself. Such approximations are important because it is much 

more expensive to perform calculations on large quant.um lattices than on large 

classical ones. 

The remaining chapters of this dissertation are a "grab bag" of new results and 

generalizations of the earlier chapters. 
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Chapter 9 extends the rotating wave approxilllation as used in chapter 6 to 

arbitrary perturbations of the harmonic oscillator. This extension is called the 

rotating wave transform (RWT) since it is naturally represented as an integral 

transform. This chapter completes the description of the relationship bel;ween SO 

quantization and the usual quantum descript.ion of a mass-spring system. 

Chapter 10 treats finite time blowup for defocusing systems; i.e., ones in which 

the function f has a zero. It shall be shown that the stability criterion is far less 

complicated than in the focusing case (see Chapter 1/), and that there is no concept 

of criticality ill such systems. 

Chapter 11 generalizes the results described III Chapter 7. In particular, it 

IS a simple mat.ter to formally show that all quantization schemes in a certain 

class possess the same classical limit: the classical function from which they were 

quantized. 



2 The Hamiltonian Structure of (1.1) 

Linux is an operating system, 

Windows is a shell, and 

MS-DOS is a boot virus. 

anonymo'llS I comp.os.linux.help 

In this brief chapter, the Hamiltonian stl'llct.u\'e of (1.1) shall be described. 

This information will be used in variolls contexts in subsequent chapters and is 

therefore necessary in order to understand what follows. 

Recall that t.he model under consideration is 

(2.1 ) 

This system has two important characteristics: first, it, is t.ranslationally invariant; 

i.e., the form of these ODEs is invariant under the identification j -) j ± 1. Second, 

this system is invariant under the global gauge transformation 

(2.2) 

The system (2.1) possesses a Hamiltonian st.ructure in which Hamilton's equa

tions of motion take the form 

(2.3) 

The Hamiltonian function H is given by 

H = E A;(Aj +1 + Aj-d + E G(IAjI2), (2.4) 
j j 

where 

G( ) 
= ["' F(y)dy 

x Jo f(y)' (2.5) 
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The gauge symmetry (2.2) together with Noether's theorem [4] imply the ex

istence of a second conserved quantity, called the 'IIm'm or number, that takes t.he 

form 

N = L g(IAjI2). 
j 

The function g is defined by the integral 

r dy 
g(x) = Jo f(y)' 

Note that the requirement that f(O) i=- 0 implies that 

• g is nonsingular at x = 0, and, in fact, g(O) = o. 

• G(O) = O. 

• g'(O) = l/f(O) i=- o. 

Therefore, g possesses a compositional inverse 9 satisfying 

g(g(x)) = g([j(x)) = :r 

(2.6) 

(2.7) 

in some neighborhood of x = O. The requirement /(0) i=- 0 will also be important 

when the quantum counterpart of (2.1) is discussed. 

The equations of motion (2.3) may also be derived from a Poisson bracket: 

where the bracket is givell by 

{B C} = _. '" (aB ac _ aB ac) f(IA °12) 
, Z 7 aAj aA; aA; fJAj J' 

(2.8) 

In particular, the fundamenta.l Poisson brackets (FPB's) are 

{Aj,Ak} = 0 (2.9) 
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where Ojk is the Kronecker delta. When the quantum theory of (2.1) is is treated in 

Chapter 5, these FPB's will playa fundament.al role in setting up the QM problem. 

For now, the reader need only note that the FPB's imply that the classical system 

(2.1) is expressed in terms of nonca.nonical variables. Systems like the DNLS are 

expressed in terms of canonical variables that satisfy {Aj, An = -i. 

As a final remark, recall that both the AL and DNLS systems have as their 

continuum limit the nonlinear Schrodinger equation. By changing variables in 

the lattice Heisenberg fCl'l'omagnet model, olle Illay derive another integrable dis

cretization of the NLS due to Korepin [31, 10J: 

'A' - 4A + P'I,n+l + P71 ,71-1 7. n - 71 , 

Qn,n+1 Qn,n-l 
(2.10) 

where 

9(IA 12 1 A2A* )RI1+1) +'8 11 /11+1 + 11 11+1 r ' 

and 

This system tU1'l1S into the NLS under the scaling 

as .6. ~ O. This model is interesting from the standpoint of inverse scattering 

theory because it has the same l'-mat1'ia: as the continuum NLS model. 
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At this point, we are faced with three discretizations of the NLS: the DNLS, the 

AL model, and Korepin's model. The DNLS is nonintegrable, while the AL equa

tion and Korepin's model are integrable; therefore, it is a.ppa.rent that discretization 

does not preserve integrability. By the same token, the continuum limit can pre

serve integrability or apparently gencrate it out. of nonintegrability (in the case 

of the DNLS). I do not know of an integrable lattice possessing a nonintegrable 

continuum limit. Ii is true, however, that all int.egrable PDE's in widespread lise 

seem to possess at least one integrable discreti~:aj,ion. The relationship betwecn 

integrability, discretization of continuum problems, and the continuum limit of 

discrete systems is not well understood today. 

Having established some fundamental facts about (2.1), let us move on to t.he 

particulars. The modulation theory of plane wave solutions to this system shall be 

discussed first. 



3 Modulation Theory of (1.1) 

But for now I must sit here 

And ponder the yonder 

Herbivores ate well 

'Cause their food didn't; never run 

Phish, My Sweet One 

3.1 Introduction 
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In this chapter, the model (1.1) will be st.udied from the perspective of modu

lation tlworyl. For much of this chapter, the DNLS equation will be the primary 

example: 

(3.J) 

since it exhibits all of the phenomenology that. this modulation theory can describe. 

It is well known that the DNLS equat.ion has a two-parameter family of harmonic 

plane wave solutions of the form 

(3.2) 

where the complex amplitude A, unit cell twist angle (or wavenumber) k, and 

frequency ware related by the nonlinear dispersion relation 

w = 2c(cos A: - 1) + 'Y/A/2. (3.3) 

This solution is spatially periodic only in the case when k is a rational multiple of 

27r . 

Given the existence of such a solution family, it Heems natural to ask if it is 

possible to extend it into nearby regions of phase space by allowing the parameters 

1 Much of the material in this chapter appears in thc reccnt work [43] 



A, k, and w to vary slowly over the lattice and time. Such an extension is necessary 

because the DNLS is noninteg1'able, and the solution family (3.2) is, in fact, the only 

solution obtainable in analytical 1'01'1112. This extension is also important because 

it would represent a simplification of the underlying (complicated) dynamics of 

this lattice model. It is known that the continuous nonlinear Schrodinger equation 

(NLS) has an analogous family of plane wave solutions, and in the defocusing case 

(6/ < 0) there exist stable, slowly modulated plane waves. Of particular interest 

here is the degree to which the same story holds for the harmonic plane wave 

solutions to the DNLS lattice. 

Having esta.blished the theory for the DNLS, we willretul'l1 to the more general 

system (1.1). In the next chapt.er, it will be shown t.hat this full mode! possesses 

both stably modulated plane wave solutions and solutions which become infinite 

in finite time (blowup). 

In order to motivat.e the development, let us consider a concret.e numerical 

expe1'iment3 • Let p denote the quantity IAI2 and take p and k to be the t.wo inde

pendent real pa.rameters of the DNLS harmonic plane wave family, and consider 

preparing a. latt.ice of 400 sites arranged ill a periodic ring in a state described by 

a wave train with spatially constant I.: and an envelope given by an expression of 

the form 

IAjl2 = a + b sech (cj) , (3.4) 

with the constant c chosen so that the envelope has stabilized sufficiently in the 

wings to approximately satisfy the periodic boundary conditions. In the recent 

paper [43], we integrated the DNLS equat.ion with t.his data using a variable order 

Adams-Bashfort.h ODE solver, and, at several subsequent times, the macroscopic 

quantities p and k were extracted from the dat.a. Snapshots of these fields are 

reproduced in Figure 3.1, with the initial condition fields emphasized using thicker 

2For more than a few sites. 
3AIl of the numerical experiments in this chapter were performed by Peter Miller. 
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curves. It is clear that the Ansatz of a modulat.ed harmonic wavetrain is in fact 

valid for a time long compared to the local period of the wavetrain determined by 

(3.3). In fact, the ratio of the length of time between snapshots in the figure to 

the microscopic period is about 5. However, the regularity is locally destroyed by 

the eventual formation of a cusp-like singularity, as well as a steepening suggestive 

of shock formation. 

This numerical evidence suggests that the macroscopic fields p and A: should 

have a dynamical description that is independent of the details of the microscopic 

evolution. In Section 3.2 it will be shown t.hat this is indeed the case, and we 

will develop equations for the macroscopic fields. The procedure used is a direct 

applicat.ion of Whitham's averaged Lagragian method [105J to (1.1). 

Section 3.3 contains an analysis of t.he modulation equat.ions, with particular 

emphasis on the special case of the DNLS equat.ion. The characteristic velocities 

and the corresponding domains of hyperbolicity will be stated. It will then be clear 

that the formation of the cusp in Figure 3.1 h; preceded locally by a change of t.ype 

of the equations from hyperbolic to elliptic, which echoes Whitham's condition for 

modulational instability and local breakdown of the plane wave Ansat.?. Section 

3.3 and Appendix A also include a discussion of the corresponding linear stabilit.y 

analysis, which, while less useful prior to change of t.ype, provides the explicit. local 

stable and unst.able manifolds after change of type. 

Section 3,4 introduces the Riemann-invariant form of the modulation equations, 

which permits the identification of a class of macroscopic data that never experi

ences dynamic change of type. For data in this class, the only type of singularity 

that can form in the modulational system is an infinite derivative in finite time. 

If the modulation equations were not representing a certain microscopic system 

in a macroscopic limit, one might interpret such a steepening as the onset of a 

hyperbolic shock; in the present. case however, t.he loss of regularity corresponds 
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Figure 3.1, Above: The macroscopic quantity p. Below: The macroscopic quantity 
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to the local reemergence of the microscopic dynamics. In some cases, this class of 

permanently hyperbolic macroscopic data can be described explicitly in terms of 

the "physical" macroscopic variables p and I.', alt.hough it is much more naturally 

described in terms of the Riemann invariants. The utility of this classificat.ion 

scheme will be demonstrated with a numerical experiment in which initial data is 

chosen to avoid change of type, and it is shown that our prediction is borne out 

and that the evolution is regular until a shock forl1\s. 

3.2 Modulation Equations for Plane Waves 

Below we will develop a fully nonlinear modulation theory for harmonic plane 

wave solutions of (1.1), which we restate here for reference: 

(3.5) 

Our numerical simulations employ periodic boundary conditions on the integer 

index jj however, the analysis will be purely local, so that the results will hold for 

arbitrary boundary conditions. It is easy to Hee that a solution of the form 

(3.6) 

satisfies (3.5) if w obeys the dispersion relation 

w = 2f(p) cos k + P(p). (3.7) 

There are two ways to derive modulation PDE's for the macroscopic quantities 

p and k: 

• average (3.5)'s local conservation laws or 

• use Whitham's averaged Lagrangian method. 



50 

The technique of averaging local conservation la.ws is covered in detail in [43, 63, 611J 

and will not be treated in detail here. However, the basic idea is to start. from a 

local conservation law of the form 

!!..D· + (F· - p. 1) = 0 elt J J )- , 

where Dj is a density and Fj is a jlu:r.. It is clear that the exist.ence of such a 

conservation law implies that 
el 
-I "£ Dj = O. ct. 

J 

Also, the reader should note that this local form is basica.lly a discrete version of 

the form one normally sees in the continuum case: 

aD + aF = o. 
at ax 

Substituting the Ansatz (3.6) into the local conservation law and taking the con

tinuum limit yields a hydrodynamic POE t.hat approximately governs the evo

lution of the lllodulated wavetrain. The interested reader should refer t.o the 

works [43, 63, {i4J for further details. In this chapter, the averaged Lagrangiall 

method [105J will be extended to nonstanda.rd symplectic structures alld subse

quently used to derive hydrodynamic PDE's that. approximately govern t.he evolu

tion of smoothly modula.ted plane waves. 

The goal is to apply Whitham's averaged variational principle [105J t.o this 

family of solutions and obtain the PDE's which govern the evolution of the plane 

wave parameters. In order to apply this method, it is necessary to pass from a 

Hamiltonian formulation of (3.5) to a Lagrallgian formulation using the Legendre 

transform [59J. Hecall from Chapter 2 that the IIamiltonian is expressed in terms of 

non canonical variables; therefore, we must find canonical variables before carrying 

out the Legendre transform from which we obtain t.he Lagrangian formulation [4]. 

In what follows such a Lagrangian is obtained from a specific choice of canonical 
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variables4
• 

The simplest. set of canonical variables to work with are those that preserve the 

form of the plane wave Ansatz (3.6). Accordingly, let us propose 

(3.8) 

where 

P(x) = vg~:) . (3.9) 

P(x) is nonsingular at the origin due to the definit.ion of g(x) and the restrictions 

placed on f(x). Recall that g(x) denotes the compositional inverse of g(x). The 

inverse transformation to (3.8) is given by 

(3.1 0) 

where 

M(x) = Vg(X) . 
x 

(3.11 ) 

In the .t/J variables, the plane wave solution becomes 

(3.]2) 

Referring to the definition of the Poisson bracket, equation (2.8), it is appa\'(~nt 

that 

(3.13) 

with all other Poisson brackets vanishing - thus we have constructed canonical 

variables for (3.5). The Legendre transform of Ii is then 

L = ~£j = i ~ (~)jt/J; - /PjJ)}) - IJ, 
J J 

(3.] 4) 

41 introduced the model (1.1) during the development. of this theory and applied Whitham's 
variational method to it to see if it was possible to recover Peter Miller's results for averaged 
conservation laws in the DNLS equation. It worked. 
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with If written in terms of the 'IjJ variables. Recalling the definition p = JAJ2 and 

evaluating the Lagrangian density £j on the Ansatz (3.12) gives 

£j = wg(p) - 2pcos k - G(p). (3.15 ) 

Having "canonicalized" the fundamental variables in this manner, we are now 

in a position to apply Whitham's averaging method. Introduce the usual phase 

variable 0 by the expressions 

k(x, t) = Ox 
w(x, l) = -Ot. 

(3.16) 

In addition, allow the parameters 0 and p 1.0 vary slowly in such a way that the 

sum (3.14) may be approximated by the integral 

L = - J [g(p )Ot + 2p r.os 0," + G(p)J dx. (3.17) 

Whitham proposes the following variational principle: the evolution of the 

modulated plane wave solution extremizes the action functional 

1.
t1 

to 
Ldt, (3.18) 

with respect to independent variations in () and p. In general, such a variation gives 

leads to the Euler-Lagrange equations [36, 102J: if t.lH' Lagrangian is 

then the associated Euler-Lagrange equation is given by 

(3.19) 

The variation with respect to p results in an algebraic equation which we sup

plement with the consistency relation 

kt + W;r = 0, 
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to obtain a PDE. This relation imposes "conservation of waves." The second 

equation is obtained by varying with respect to O. The resulting system is given by 

a () 
at9(p) - ax [2psink] = 0, 

..fZ.k+i.[2](p)cosk+F(p)] = o. 
at ax 

(3.20) 

It is also possible to rewrite the first of these equat.ions and obtain the equivalent 

form 
a a 

aT P - J(ph- [2psin h:] = 0, 
(;;1: 

a~k+ :T[2J(P)COSh:+F(p)] = O. 

(3.21 ) 

These expressions are the same as those derived in [43] by averaging local con-

servation laws. If h denot.es the vanishing lattice spacing, then the time scale T 

in (3.21) is hi. This slow scale naturally appeat'H when one averages conservation 

laws; however, it must be added after the fact in Whitham's method. It is evident 

from these equations that the "tot.al twist." J k(:l:)d:r is a conserved quantity. 

In the special case of the DNLS equation, the above modulat.ion equat.ions 

(3.21) take t.he form 

(3.22) 

So, for the DNLS equation, the "total norm" J p(x)dx is also a conserved quantity. 

3.3 Structure of the Modulation Equations 

The behavior of a system of equat.ions like (:l.21) is determined by the ex

istence or nonexistence of a sufficiently large family of real characteristic curves 

along which information propagates. In t.his section, the nature of the character-

istic directions for (3.21) will be interpreted in the context of the stability of the 



underlying plane wave Ansatz, and connections will be drawn to the numerical 

experiment discussed in Section 3.1. 

The characteristic velocities for the modulation equations (3.21) are given by 

A± = -2f(p) sin ~~ ± J-2pf(p) [2f'(p) cos k + F'(p)] cos k, 

and, in the specific case of the DNLS, t.his expression reduces to 

A± = -2c sin k ± J -2qp cos~:. 

(3.23) 

(3.2/1) 

Strict hyperbolicity of the equations, which leads 1.0 stable modulations, requires 

rea.l a.nd distinct velocities. For the DNLS modulation equations there are two 

cases: 

• In the focusing case, c, > 0, the equations are hyperbolic when cos k < 0, 

which corresponds to short Wllves . 

• In the defocusing case, c, < 0, the equations are hyperbolic when cos k > 0, 

which corresponds to long Wllves. 

Referring to Figure 3.1, we sec that the initial data lies entirely in the hyperbolic 

region. Note that the location of the cusp singularity corresponds 1.0 a region where 

cos k has changed sign (the boundaries of tilt' region of hyperbolicit.y are Hhown as 

dashed lines in the lower plot), and hence the modulation equations have locally 

become ellipt.ic. Our numerical experiment.s sliggeHt that. the lengt.h of t.ime (as 

measured on t.he T scale) bet.ween the change of sign of cos~: and the onset. of less 

regular behavior vanishes as the lattice is refined. ThiH dynamic change of type 

has not been observed in the modulation equat.ions corresponding to integrable 

models, where the only singularities that are observed are hyperbolic shocks. 

Let. us compare these stability results to t.hose obtained from straightforward 

linear analysis (carried out in detail in Appendix A). The result of t.his stan

dard analysis is that a uniform wavetrain is unstable to a perturbation of relative 

wavenumber t::.~: if 
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• 'Yp/c> (1 - cos b.k) cod' when cos k > 0 (long waves) 

• 'YP/c < (1 - cos b.k) cos k when cos k < 0 (short waves) 

Thus when there is a b.A: satisfying these conditions, the wavenumber k expe

riences instability. Exist.ence of such a b.k corresponds exactly to the conditions 

derived above for ellipticity of the corresponding modulation equations. Hence, t.he 

modulation eq1\ation approach to modulatiollal instability and the linear stability 

analysis approach agree on this crucial point. However, it is important to note 

the complement.arity of the two approaches. The modulat.ion equation approach 

gives useful dYll1lmical information (a hyperbolic system) prior to instability, but. 

results in ill-posed elliptic equations at. the onset of instabilit.y. The lineal' stability 

analysis, on the other hand, while saying virtually nothing about well behaved 

global modulations, provides an explicit description of the local unstable mani

folds following t.he onset of the instability. In the particular case of t.he DNLS, for 

example, the instability begins with an infinite-dimensional manifold composed of 

perturbative wavenumbers in a narrow sideband of the local wavenumber A:. 

The stability criterion for the modulation equatiow; in the case of t.he Ablowit2-

Ladik equation is very different from that given above in the DNLS case. In 

the Ablowitz-Ladik equation, the velocities are never real in the focusing version 

c'Y > O. Thus all plane waves are unstable in this case. The defocusing version 

of the system is somewhat more delicate; there is a threshold value of p below 

which the velocities are always real and above which the velocities are always 

complex. Moreover the threshold value is a barrier which cannot. be dynamically 

crossed. The consequence is that there can be 110 dynamical change of type in the 

modulation equations for the Ablowitz-Ladik system. In Chapter 10, it shall, ill 

fact, be shown t.hat this instability can manifest itself as finite time blowup; i.e., 

one or more of the sites becoming infinite in finite time. 

Furthermore, the behavior of modulated harmonic waves in the DNLS equation 
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should be strongly contrasted with the corresponding behavior in the continuous 

NLS equation. In the focusing NLS equation, all such modulated waves are unstable 

(the modulation equations are elliptic), while for the defocusing case, all such 

modulated waves are stable. There is no dynamic change of type, and moreover, 

the stability does not even depend on the data. In the DNLS equation, however, 

hyperbolic and elliptic data coexist in both focusing and defocusing cases. Also, as 

in the example in Sedion 3.1, it is possible for an initial condition that is globally 

hyperbolic to evolve under the modulational system into a. sta.te that is locally 

elliptic. 

In spite of the difrerences, the modulation equations for the continuous N L8 

equation can be recovercd 1'1'0111 (3.22) through the following formal limit process. 

Replacing c by c/h2 and k by hk in (3.22), and passing to the limit II 1 0 yields 

the familiar plane wave modulation system for the NLS equation 

(3.25 ) 

where the modulatiol1 equations then contain the spatial scale x = hx = h2j, and 

the time scale T = hi. In this way the modulation theory for the DNLS is more 

general than that of the continuous NLS. 

3.4 Singularities and Rienlann Invariants 

In general, only two types of singularities Illay evolve from initially smooth 

hyperbolic data. One is a hyperbolic singularity associated with a folding-over of 

the manifold of real characteristics. The other is a dynamic change of type in which 

the characteristic speeds become complex. In this section, tools which allow us to 

identify hyperbolic data that will not undergo sllch a change of typc are developed. 

In order to proceed, the system of modulation equations (3.21) is written in 
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Riemann invariant form 

(3,26) 

where A± are the characteristic velocities of the original modulation equations 

expressed in terms of the Riemann invariants, 1'±, Expressing hyperbolic initial 

data parametrically as functions of x in terms of I'±, one obtains a ctll've in the 

(7'+,7'_) plane, which we call the Riemann signal'U.1'c of the data, Note that the map 

taking the data to its signature has no inverse, since all t.he dependence on x has 

been removed; that is, 7'±(X) and 7'±(h(a:)) have the same signature whenever h(x) 

is a homeomorphism of the line, The extreme values of 1'± in a particular signature 

define a rectangle in the (1'+,1'_) plane which we call the Riemann signatu1'e boa:, 

Under the hyperbolic evolution of (3,26) the signattll'e will generally change, but 

the signattll'e box remains in variant. 

In general the Riemann invariants for hyperbolic data, 1'±(p, k), only take values 

in a subset of the (7'+,1'_) plane, called the admissible region, Although the initial 

signature of such data must lie in this region, part. of the box may lie outside of 

the admissible region, Thus, if the box lies ent.irely within the admissible region, 

one may conclude that the modulation equations will not change type, as the 

data will be confined to the admissible region, where the modulatiol\ equations 

are hyperbolic, On the other hand, if some portion of the box lies outside the 

admissible region, the hyperbolic evolution of (:l,26) may lead the signature to the 

edge of the admissible region, at which time a change of type occurs5 , 

Note that any system of two conservation laws can, in principle, be put into the 

form (3,26), while larger systems cannot generally be written this way, In practice, 

however, it is necessary even for the two-equation case to integrate simultaneous 

differentials for which there is no obvious integrating factor; therefore, let us focus 

on cases where an integrating factor is easily identified, 

5These ideas are the joint work of Peter Miller, David Levermore, and myself, 
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Finding the Riemann invariants for the modulation equations (3.21) involves 

diagonalizing the Jacobian of the spatial derivative terms in the modulation equa

tions. The Jacobian is 

J _ [ -2/(p) sin k -2p/(p) cos ~~ ] 
- 2J'(p)cosk + F'(p) -2f(p)sink . (3.27) 

In each of the specific examples previously mentioned, the functions J'(p) and 

F'(p) have been proportional to the same positive function, say cp(p). In the next 

chapter it will be shown that such systems cannot exhibit finite tillle blowup and 

the current theory shall be re-examined ill the context of a family of systems that. 

do exhibit this singular phenomenon. In the present case, however, there is an 

obvious integrating factor; hence, the Riemann invariants may be expressed as 

1'± = _~ {k 
21ko 

---,-------:-:- ( It ± -cos It 1 1 laP 
-2(20' cos 'It + (3) 2 0 

(3.28) 

where /'(p) = CYlp(p) and F'(p) = (3cp(p). The base point ko in the first integral 

is chosen to be in the region of hyperbolicity (which coJ'responds to reality of the 

integrand). These Riemann invariants are of the general form 

r± = J1(k) ± B(p); (3.29) 

more shall be said about the consequences of this below. The admissible region 

for these Riemann invariants is a tilted rectangle defined by 

Amin < 
1'+ + r_ 

< Amax, 
2 (3.30) 

Bmin < 
1'+ - 1'_ 

< JJmax , 
2 

where Ama;t·, Amin, B max , and Bmi" are the ext.reme values taken on by the functions 

A and B for hyperbolic data, some of which may IIot be finite. 

In the case of the DNLS equation, the result is particularly simple. Let A( k) 

be the primitive of (lh)v-2qcosk that has mean value zero over the bounded 



59 

interval of hyperbolicity in k. Note that the domain of A(k) depends upon the 

sign of e'Y, whereas the range does not.. Then the Hiemann invariants are 

1'±(p, k) = A(k) T 2yp. (3.31) 

The admissible region is a half strip givcn by 

(3.32) 

The factor 1.69 is the maximum of IA(h:)I/I'Y/ei-
Figure 3.2 is a graph of the signatures of the data snapshots shown in Figure 

3.1, along with the admissible region and signature box. Once again the initial 

signature is emphasized using larger point.s. Note that whereas the initial data lies 

within the admissible region, the upper right-hand cornel' of the box does not. The 

hyperbolic evolution leads thc signat\ll'e to t.he edge of the admissible region, at 

which point a change of type occurs corresponding to the formation of the cusp-like 

singularity seen in Figure 3.1. 
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Figure 3.2, The evolution of the Riemann invariant. signature for Figure 3.1. 
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Next we select initial data whose signature box lies entirely within the admis

sible region. The evolution of this daia is displayed in Figure 3.3. Note that the 

entire evolution of the k field lies between the dashed lines, and hence the data is 

hyperbolic forever. 

The corresponding Riemann invariant signature is shown in Figure 3.'1. Note 

that in this case, a change of type is prevented since the signature box is completely 

contained within the admissible region, and the only singularity to appear is a 

hyperbolic shock. Hence, the Riemann invariant. signature is a useful tool for 

identifying data which will not experience a change or type. 

The most convenient representation of a modulated plane wave is through the 

quantities p and k, which have the interpretations of amplitude and wavenumher 

(or unit cell twist) respectively. Ideally then, one would like to be able to prepare a 

lattice in a hyperbolic macroscopic st.ate described in terms of these "convenient" 

variables such that the evolution will not change type. This requires a direct. 

translation of the condition that the signature box be contained in t.he admissible 

region in terms of the given data p(x) and J.·(x). There are t.wo interesting types 

of data for which such a translation is possible given Hiemann invariant.s of the 

separated form 'I'± = A(k) ± J3(p). We use the following names for these two types 

of data 

• Amplitude modulated (AM) data. In this case, the twist k is constant in .7: • 

• Frequency modulated (FM) data. In this case, the amplitude p is constant 

III x. 

These names are meant to be suggestive of the waveforms; they are accurate if t.he 

data in x is visualized as a time series. In each of these two cases, t.he Riemann 

invariant signature of the data is a straight diagonal line segment, the endpoints 

of which define the signature box. In order t.hat this signature box lie within the 

tilted rectangle that is the admissible region, it is only necessary to check that the 
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Figure 3.3, Above: The macroscopic quantity p. Below: The macroscopic quantity 
k. 



-3 

-4 

o 

Riemann Invariant Phase Plane 

I. 

1\ : 
. \ : 

""" : \. 

\............ '\\ " . 

...................... '.\ ....... . 
". ........ :.:. 

> ..... . . ... 

................ . 
' .. 
....... :.: .. 

3 4 

Figure 3.4, The evolution of the Riemann invariant signature for Figure 3.3. 

63 



two remaining corners of the square-shaped box are inside the admissible region. 

The length of the signature segment is the variation of the data measured using 

the A function in the FM case and using the B function in the AM case. The 

conditions for t.he permanence of hyperbolicit.y are: 

• in the ANI case, 

A(k) + ~ [sup B(p(x)) - inf B(p(x))] < Amax, 
2 x x 

A(k) - ~ [sup 13([1(:v)) - i,!f B(p(x))] > Amin; 2 x x 

• and in the FM case, 

B(p) + ~ [s~p A(k(x)) - i~f A("~(x))] < Bmax , 

B(p) - ~ [sup A(k(x)) - i,!f A("~(x))] > Bmin. 2 x x 

(3.33) 

(3.34) 

As an illustration of this result, consider ollce again the DNLS case with 1"M 

data depicted ill Figure 3.5. We see that. the admissible region is a semi-infinite 

strip, so that Bmax is 1I0t finite. It appears that it. is very easy to find 1"M data 

that is permanently hyperbolic, since there is ollly one effective constraint. which 

takes the form 

(3.35) 

since Bmin = O. Furthermore, it is possible to use the bounds on the function A to 

obtain a sufficient condition for permanence of hypcl'bolicity for 1"M data which 

takes thc form 

(3.36) 

and is independent of the twist data k(.'V). Thus, sufficiently large amplitude FM 

data will always be permanently hyperbolic in the DNLS equation. 

It should be pointed out that the results for AM and FM hyperbolic data can 

be extended to cover the case of data which is only nearly of AM or FM type. This 
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Figure 3.5, The Riemann signature for the DNLS with FM data. The admissible 
region is shaded. 
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follows from the observation that the signature box is defined by the endpoints of a 

line segment, so that small changes in the middle of the signature segment will not 

change the box or the conditions for permanence of hyperbolicity, which depend 

only on the endpoints. So, for example, in the quasi AM case, if the previously 

spatially constant /': field is perturbed slightly in the neighborhood of x values 

where B(p(x)) does not. take on extreme values corresponding to the endpoints of 

the signature segment, permanence of hyperbolicity will be guaranteed by the same 

conditions on the endpoints of the segment as given above. A similar argument 

holds for quasi FM data. In fact, the reader will observe thaI. the quasi AM and 

quasi FM classes are invariant under the modulational system (3.21) while the 

pure AM and FM classes are not. 

3.5 Conclusions 

In this chapter, a nonlinear modulation theory for plane wave solutions of the 

system (1.1) has been developed. This theory allows one to predict the hyperbolic 

evolution of such modulated solutions and to identify the types of singularities 

which may form. By passing t.o the Riemann invariant form of t.he modulation 

equations, it is possible to identify conditions under which the initial data are 

immune to dynamic change of type. In certain instances it. is easy t.o translate 

these conditions into constraints on the original variables, p and /':. 

The reader will note that nothing has been said about what. occurs after the 

modulational description presented here breaks down. Certainly t.his breakdown 

signals the end of the validity of the plane wave Ansatz. However, t.his begs the 

question of whether it is possible to repeat the Whitham averaging procedure on 

a more complicated Ansatz. 

The answer is, in principle, affirmative. There is no inherent limitation in 

Whitham's procedure that prevents such an extension. In fact, all that is needed 
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is an analytical description of an exact family of multiphase solutions, at, which 

point, the analysis proceeds as before6 • Unfortunately, there are no known solution 

families of (3.5) fOI' arbitrary M other than the plane wave Ansatz used in t.his 

chapter. 

Since the model under consideration is generally non integrable, we are faced 

with the fact that there are only two conserved quantities, Hand N. Although 

Whitham averaging does not care about the numbel' of conserved quantities, the 

method of averaging local conservation laws requires their existence. Fortunately, 

there arc enough such quantities to allow t.he description of modulated plane waves. 

If, however, one knew of a doubly periodic solut.ion family and would like to obtain 

a modulational description of the family using this method, four local conservat.ion 

laws would be needed in order to push the analysis through. Again, the averaged 

Lagrangian method would work in any case. Peter l\liller has considered cert.ain 

finite dimensional reductions of t.he full model and, in particular, reductions of 

spatial period two [72J. Whitham averaging gives a system of 2 PDE's and one 

ODE for the modulation equations of this reduct.ion. In the case of the DNLS, when 

there are not enough local conservatioll laws to describe t.he modulations using 

avemged local conservation laws, Whitham averaging gives an incorrect. result. It 

is unclear if the t.wo methods agree in inst.ances when there are enough conservation 

laws to describe modulatiolls of a more complicated solution family. 

These remarks naturally evoke t.he question of the equivalence of Whit.ham's 

method and the method of averaged conservation laws. I cannot. answer this at t.he 

present time because I have neither a second example of equivalence nor a nonde

generate counterexample to this proposition. If a doubly periodic solution family 

could be identified in a subcase of (3.5) known to possess exactly two conserved 

6In the plane wave case, however, it was not necessary t.o average over the "fast" phase variable 
kj - wt. Due to the gauge in variance of (3.5), all such fast oscillations dropped out, when the 
Lagrangian was evaluated on t.he Ansatz - this is not generally the case and such oscillations 
must usually be averged over before the action functional is extremized [105]. 
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quantities, it is clear that the methods are lIot equivalent. In that case it would 

be necessary to explain in detail the diffel'lleces bet.ween the methods. 

On the other hand, we are also faced with the fact that (3.5) has an int.e

grable subcase which possesses an infinite number of local conservat.ion laws, the 

Ablowitz-Ladik equation. This is sharply contrasted with the existence of t.wo COIl

servation laws for (3.5) in general. Is there a choice of the functions f and P for 

which the model (3.5) possesses, say, foul' local conservation laws'? If so, it. should 

be possible to compare the mcihods again, possibly gaining new insight.s about 

their relation to one anot.her. Alt.hough I am ullaware of any f and P satisfyillg 

this criterion, I suspect that one exists. 

Until such an example is discovered, t.here are only two known cases in which 

the analysis may be extended, both of which occur in the integrable AI., model. 

First, by using the integrable structure of the AL equation along with methods of 

algebraic geomet.ry, it is possible to describe 11Iodulat.ions of N-phase wavetrains for 

every N. This theory is described in detail in [72, 75J. Finally, it was recently shown 

that allowing certain degeneracies (pinching of branch points) in the Riemann 

surface associated with the integrable theory give rise to solutions such as kinks 

and solitons; such solutions are not obtainable via t.he nOJldegenerate theory [30J. 

The other case in which it is possible to ext.end t.he above analysis is a spe

cial solution of the AI., equation with spatial period two. By inspecting the AL 

equation, it is apparent that an "antidimer," in which an AI., dimer is replicated 

along the whole lattice with a change of sign between each cell, also solves the AL 

equation. The analysis of the modulation theory of this solution family is in the 

spirit of that described here, and leads to a previously unobserved phase-locking 

phenomenon [74J. 



4 FinIte Time Blowup in (1.1) 

[On Mark Twain] 

School is for people who are not nearly as 

gifted as Mark Twain, who need lessons in 

counterfeiting gifts they do not have. 

Kurt Vonnegul 

4.1 Introduction 
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In Chapter 1 we saw that the model (1.1) is a generalization of several phys

ically relevant models. For all of these models, the functions J and F arc lincar. 

If, however, onc allows a more general choice of J and F, it becomes possiblc for 

the solution of (1.1) to blow up (i.c., become infinite) in finite time [40]. Through

out this work, blowup will be defincd as thc existence of a finite t" such t.hat 

limt_t. IAj 12 ~ 00 for at least one j. This phenomenon is investigated in more de

tail in this chapter. From a mathematical perspectivc, blownp is int.ercst.ing in it.s 

own right; however, if one considers (1.1) in a context wherc the Aj variables have 

a physical interprctation, thc blowup phenomcllon call imply a fiuit.e timc break

down of the physical assumptions and approximations that lcd to the dcrivation of 

(1.1) as the govc1'lling equation for thc physical system. It is therefore important 

to detcrmine the circumstances under which (1.1) does and does not blow up, as 

well as the approximate lifetime of the model when it docs. 

Recall that the system (1.1) posscsses at. least two conscrved quantities, thc 

Hamiltonian H and norm N, where 

M 

If = E [A;(AJ+l + Aj-d + G(IAjI2)] 
j=l 

(4.1 ) 



M 

N = L g(IAjI2). 
j=1 

The functions 9 and G are given by 

I
~· d!J 

g(x) = 
o f(y) 

I x P(y) riy 
G(a:) = . 

o f(!J) 
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(4.2) 

(4.3) 

(4.4) 

To see how blowup can occur, note t.hat. if f grows fast enough at infinity, t.hc 

function 9 is bounded at infinity. If the t.otal norm is greater than this bound, wc see 

that it is possible for at. least one of the IA.il2's to become infinite while maintaining 

norm conservation. For example, in the DNLS, g(x) = :-c/c: and no blowup can 

occur. Note that this observation holds for all systems that are expressed in t.erms 

of canonical variables (Le., f = 1). In the AL equat.ion, g(x) = ~ log(c:+,a:j2) and 

again no blowup can occur. If, on the other hand, we choose f(:I:) = 1 + .1:2 , thcn 

g(x) = tan- 1(x). Since lim3,->oog(:c) = 71'/2, blowup is not excluded for N;::: 71'/2. 
It is the purpose of this chapter to clarify this !Jucristic argumcnt). In general, 

it is much casier to rulc out blowup than to show that it. happens in finitc time. 

A simple tool that. one call use to rule out ullbounded Illot.ion is an ana.lysis of 

the Hamiltonian during blowup. First, simply aSSUIl1<~ t.hat AI blows up while 

conserving thc Ilorm. Using the explicit. forms of f and P, it is fairly easy to see 

when If cannot be conservcd, thus ruling out blowup. If it turns out that JJ can bc 

conserved during this hypothetical blowup, there is st.ill thc task of showing that. 

blowup docs indeed occur in finit.e time. The goal here is to precisely describe the 

phenomenology in the !If = 2, P = 0 case and to show how making P be nonzero 

can regularize this blowup2. The M > 2 case will also be considered, and, in 

1 Although this argument was first given in JU03 in [40], a rigorolls demonstration of its truth 
cmae later [42]. Still more recent is the realization that the cases of (1.1) for which Riemann 
invariants are available (as discussed in [43] and Chapter 3) do not exhibit blowup. 

2Yixia Lu [67] has done work on dimers (M = 2) and trimers (M = 3), and in part.icular has 
considered the number of sites that can blow up simultaneously. 
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particular, its relation to the modulation theory described in the previous chapter. 

The analysis that follows focuses on the dimer (/11 = 2 case) of (1.1): 

iA1 = 2/(1;111 2 );12 + F(IAd2 )AI 

(4.5) 

The function /(x) is assumed to be globally positive (for positive x) and stl'ictly 

increasing; therefore, this is a focusing system. Equation (4.5)'s defocusing cow;in 

is treated in Chapter 10. 

There are two reasons choosing the climer as t.he object of study. First, it is 

the simplest nontrivial case of (1.1). It shall be shown that (4.5) possesses a rich 

structure despite its superficial simplicity. Second, since (4.5) has two conserved 

quantities, it is completely integrable in principle. In general, (1.1) is nonintegrahlc 

for /vJ > 2 and, in particular, OIlC cannot. use the techniqucs employed herein to 

prove that blowup actually occurs. It is also assumed that blowup is not excluded; 

i.e., that 

N* =:g(oo) < 00. 

At this point there are four cases to consider. The function F can either be 

identically 0 (a constant can be removed with a gauge transformation), 01' it can be 

some nontrivial function. For blowup to OCCUl', the norm N can either satisfy N = 
N*, which we call t.he critical case, or N > N*, which we call sllpcrcriiical. In the 

subcritical case (N < N*) all motion is bounded. The strategy is to first consider 

the case F(x) = 0 and determine when and how the solution blows up. Having 

done this, it, shall be shown how turning F back on can prevent this phenomenon. 

For convenience it is assumed that A1 blows up while A2 has some finite limit. 

The trivial case ;12(0) = 0 is also ruled Ollt. 

In what follows it is convenient to rewrite (4.12) ill terms of the real variables 
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to obtain the equivalent system 

U1 = 4f(ut} sin 0y'Uili2 

(4.6) 

for the amplitudes and 

(4.7) 

+2 cos OJU1U2 (f('ltd _ f(U 2)) , 
U1 U2 

for the angle 0 = O2 - 01• The conserved quantities 11 and N are now 

(4.8) 

(4.9) 

4.2 A Concrete EXaluple 

In order to perform a detailed analysis one must know something concwtc 

about the functions f and F. Thereforc, considcr t.he family of functions defined 

by 

f(x) = (.r + of - (x + 0") (4.10) 

(4.11 ) 

where 0" > 1, It > 1, and v > 1. With this choice the pail' of ODE's becomes 

It is now apparent from (4.3) that 

( ) 1 1 ( (x + 0" ),,-1 - 1 ) N* 9 x = -- og + v-I (x + 0") v-I 
(4.13) 
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where 
1 a ll - 1 

N* = --log 1 1 . 
/1 -1 a ll--

The compositional inverse of 9 is therefore 

g(x) = [1 - e(II-1)(X-N')f/(1-1I) - a. (4.15 ) 

This example will be used throughout this and the next chapter. Although this 

family of equations seems somewhat unnatural, there are three reasons for choosing 

it: 

e g( 3.:) and g( x) are obtainable in closed form. 

• The quantum theory can be solved in closed form. 

• It is qualiLatively identical to the more natural choice 

F(x) O'X II
-

I • 

• It will turn out that mOl1otonicity of f and the growth ra.te of .r at infinity 

are the only relevant faciors in determining wlwther finite time blowup ca.n 

occur. 

The rest of this chapter is organized as follows: first, it will be shown that, 

(4.12) blows up in finite time if 0' = O. The local shape of the singularity will be 

determined and bounds on the lifetime of the model will be derived. It tU1'IIS out 

that the singulariLies are generally movable branch points and that the dependence 

of the form of the singularity on the parameter /1 is quite complicated. Next, 0' 

will be taken to be nonzero. By taking t.he paramet.er Ii to be sufIiciently large, it 

shall be shown that blowup is prevented. Finally, connections with the modulation 

theory presented in Chapter 3 shall be made. 
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4.3 The Case a: = 0 

In order to show that (4.12) blows tip in finite time, it is necessary to integrate 

the system in a neighborhood of the singularity. It. shall then be shown that, 

for a certain set of initial conditions, the solution of the system will move into 

this neighborhood and lead to the blowup of site 1. For most initia.l critical and 

supercritical initial conditions not in this set, it tUl'llS out that site 2 blows lip 

instead. The case 0' = 0 offers several simplifications and so it will be treated first; 

the nonzero 0' case is considered in section 4.'1. Ta.king 0' = 0 gives t.wo major 

simplifications: 

H = 2COSO";Ultl2 ( 4.16) 

and 

= If (f(ltl) _ f( lt2)). 
'lll It',! 

(4.17) 

For initial data it is assumed that 0 ::; 0 ::; 71'/2, with the exception t.hat 

the fixed points at 111(0) = 1l2(0), 0(0) = a and 112 = 0 be ignored. Negative 

values of 0 may be ignored since simply permuting the indices 1 and 2 makes 0 

positive. Finally, the 0 ~ 71' - 0 and 1" ~ - 1" symmetry of the system excludes 

the 7r /2 < 0 ::; 71' range. Based on these observations, it is apparent t.hat. H ;:::: 0 

and that sin 0 is initially nonnegative. In order to cnsure that. site 1 blows up, it. is 

assumed that Ul(O) ;:::: 1l2(0) so that Itl is monotonically growing and 1[2 is decaying. 

This restriction shall be considered in Illore detail in section 4.3.:3. Furthcrmorc, 

Ul and 112 are chosen such that N ;:::: N* so that blowup is possible. By inspection, 

there are two major ca.ses to consider. The first occllrs when 0(0) = 71'/2. This is a 

fixed point of (4.17) and so the 0 dependence drops out of (4.6). The second case 

is given by 0(0) =1= 7r /2 so that 0 has a nontrivial time dependence. Since 71' /2 is a 
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fixed point of the system, 0 cannot dynamically pass th1'Ollgh 11"/2, Each of these 

cases is considered in a separate section, 

4.3.1 fJ(O) = IT /2 

For the 0(0) = 11"/2 case, norm conservation may be used to eliminate U2 from 

the system (4,6) with the result that, 

where g(a:) is the compositional inverse of g(;t), [ntegrating this ODE gives, after 

a change of variables, 

l Ub dw 
--;====== = h - la' 

Ua 4yg(w)g(N - w) 
(4,18) 

The denominator in this expression is sillgular at w = N*, Since N ;::: N*, it is 

conceivable that. gb = N*, If the left hand side is int.egrable, then h is finite and so 

finite time blowup actually occurs, Note that t.here is 110 singularity at, ttl = 0: gu is 

strictly positive since we assumed that UI(O) ;::: 112(0), First. assume that N = N*. 

After a change of variables, (4.18) becomes 

1 I N °-U(U!l dx * - = I -I, 
<1 0 Vg(N*-:I')g(.t) 

where t* denotes the time at which blowup OCCurH. Using the explicit form of f 

and the definition of g, (4.3), a simple asymptotic analysis reveals that 

Xl-II 

N* - g(a:) '" -' -, a: ~ 00 
I) - 1 

(4.]9) 

and 

g(N* - x) '" [X(II - 1)]1/(1-1'), x ~ O. ( 4.20) 

Therefore, near x = 0, the integrand in the above expression behaves like 

1 '" (I) _ 1 )1/(211-2).r(2-1I)/(211-2), x ~ O. 
Vg(N* - x)g(x) 
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This expression is integrable for v > 1 and so 

( 1 )(2/1-1)/(2/1-2) 
t* - t rv II - (N* - g(Udt/(2/1-2). 

211 

Using (4.19), this expression can be simplified to 

[ ]

-2//1 

U1 rv ~(l* - l) , 
II - 1 

t ~ t*. (4.21) 

In summary, (4.6) blows up in finite time for all II > 1 if 0(0) = 1f/2 and Q' = O. 

In the supercritical case, define .6 = N - N* > 0 and e = g(.6). Equation 

(4.18) becomes 

Again the integl'and is singular at x = 0 and posseHseH t.he local behavior 

This expression is integrable for all II > 1 and anot.her application of (4.19) gives 

2/( 1-2/1) 

1£1 rv [4(V - 1/2){c, (l* - t)] . (4.22) 

4.3.2 B(O) i- 7r /2 

If 0(0) f. 1f /2, H is nonzero and one can use this constraint to eliminat.e 112 and 

integrate the resulting system: 

or, after setting w = g(y), 

11gb dtv - = h - tao 
2 gil ,/lg(w)g(N - w) -1l2 

(4.23) 

Here the importance of the Ut (0) ::::: 1£2(0) assumption is apparent: it ensures that 

o is strictly increasing. If 0 were to change sign, it would be necessary to use the 
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negative square root in the above expression, reversing the roles of t.he two sites 

and generally leading to blowup on the second site. The integmnd in (4.23) is 

singular at N*. The subexpression involving 9 has the shape 

g(w),ij(N - 'tV) '" (II - l)t/(t-vl(N* - W)(2-Vl/(l-vl , 'tV ~ N*. 

Since the exponent (2-1/)/(1-1/) is positive for II> 2, the integrand would locally 

be 1/ V _If2 if 1ft grew without bound. This is obviously not. allowed and so there 

is no blowup for II > 2. One can also see this from the Hamiltonian (4.16): onc can 

easily show using the conservation of N that the product IttU2 ~ 0 as Itl ~ 00 for 

II > 2. Since If i= 0, there is no way to conserve II during blowup. For 1 < II :::; 2, 

blowup is not ruled out and the technique employed in the previous section gives 

There is a special case at II = 2. From (4.17) observe that iJ = 0 for any data; 

therefore, ('1.12) blows up unless 0(0) = O(l) = O. 

The supercritical analysis is similar. The result. is t.hat (4.6) exhibit.s blowup 

of the form 

1f1 '" 4(11 - 1/2)/i, (i* - l) [ ] 

2/(1-2vl 
( 4.25) 

for all v > 1. 

4.3.3 Calculation of the Lifethue of (4.12) 

Having determined when t.he solution of (4.12) blows up, it is desimble to 

obtain an expression for the minimum lifetime of the model. First suppose that 

'Il1(0) ~ 'Il2(0). From (4.6) it is apparent that the fastest blowup occurs when 

0(0) = O(i) = rr/2. Thus equation (4.18) gives t.he minimum lifetime as 

(4.26) 
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which may be calculated numerically. Furthermore, an inspection of the Hamilto

nian reveals that, during blowup, it mllst be the case that 0 i 7r /2 and so 

where 71 = sin 0(0). A rescaling of t.ime and subsequent integration gives the result. 

(1.27) 

If, on the ot.her hand, ttl (0) < tl2(0), 0 is init.ially decreasing and t.here are 

t.hree possible fates of the system. First, 0 can change sign while '/ll < 112 and then 

tl2 i 00. Second, there may exist a time such that 111 = '/l2 with 0 > O. In this case, 

the previous analysis holds and ttl i 00. The t.hird possibility is that the syst(!m 

asymptotically approaches the fixed point at. 11.1 = tt2 and 0 = 0 as t -l- 00. An 

inspection of the conserved quantities shows that. I,his can only occm if 

(1.28) 

Inserting this expression into the integral (4.23) reveals a. singularity ill the denom

inator at tv = N/2. A local analysis shows that 'Ill approaches the limit. 

( 4.29) 

where 

l/Q = (211 + 1)/l2v. 

This rare situation does not arise for other choices of initial data, and is, in fact, 

structurally unstable - any perturbation of the system leads to one of t.he sit.es 

blowing up in finite time. These considerations show that one cannot determine 

the maximum lifetime of the model; however, the bound (4.26) on the minimum 

lifetime still holds. 
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4.3.4 Sunuuary of the a: = 0 Case 

It has been shown that the dimer (,1.l2) always blows up in the supercritical 

case and that, for appropriate initial conditions, it will blow up in the critical case 

as well. The only exception to the possibili/.y of blowup leading to actual blowup is 

the special case /1 = 2, N = N* and 0(0) = O. In both the critical and supercl'itical 

regimes, the singularity is of the form 

where p is a rational function of /1. In the critical case, p = 2//1. In particular, 

the singularity is a simple pole if /1 = 2. As /1 ~ I, p ~ 2; however, there is no 

double pole at /1 = 1 because there is no blowup in the focusing AL syst.em. Figure 

4.1 graphically summarizes the results of this section by showing whether or not, 

blowup occurs and the exponent p when it does. 

The reader will note that, the exponents are different for the critical and supel'

critical cases. This is due to the fact that the critical case is actually the separatl'ix 

between bounded and singular motion of t.he system. For example, in the /1 = 2 

case there is a simple pole at critical no I' 111 , but t.his behavior changes t.o a branch 

point with exponent -2/3 in the supercritical reginw. Ii is also interesting t.hat 

almost all of these singularities arc movable branch points, and only in t.he v = 2 

critical case do we observe a movable pole. The results for t.he supercritical case 

have been numerically verified for a wide range of init.ial condit.ions. The crit.ical 

case is, unfortunat.ely, not. amenable t.o numerical comput.at.ion due to the sensi

tivity of the problem to roundoff enol' in t.hiH regime. 

The forms of the singularity ncar t*, (,1.21), et.c., may also be obt.ained directly 

by a simple dominant balance arguI1lent. in (tl.6). However, t.he longer deriva

tion presented here demonstrates t.hat. blowup actually occurs, while a dominant. 

balance argument only shows that the Hystem remains consistent during blowup. 
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6(0) arb. 6(0)="/2 

Yes 1-( -----M ---------) 
p .. 2 p=l p .. O 

Never 

No 

2 

Figure 4.1, Possibility of blowup and singularity exponent for the critical case and 
a: = O. 
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Finally, note that the above analysis holds for all positive increasing functions 

f with the property that 

lim f(x) '" XV. 
:1:-+00 

(4.30) 

It is equally obvious that any f exhibiting superlinear growth at infinity gives rise 

to a finite N*. Any such system always blows up in the supercritical regime. The 

critical case is more delicate; an estimate such as (4.30) is needed to determine t.he 

fate of the system in the critical case. 

4.4 The Case a: =I 0 

Having seen how blowup can occur, we now turn aliI' attention to the question of 

regularizing blowup by allowing a to be nonzero. Specifica.l1y, sufficient conditions 

to prevent blowup shall be given. The question of necessity is difficult due to the 

general nature of the system (4.5). To see in a simple manner how blowup can be 

regularized, recall the general form of I-I: 

where G is defined by (4.'1). Earlier it was noted t.hat H is conserved dming 

blowup. If a is nonzero, t.he G contribution in 11 must be taken into account, 

and, in particular, the growth rate of G becomes important. If 1" is chosen so 

that the growth rate of G inhibits the conservation of H, then the blowup that 

would otherwise occur is averted and the motioll regularized. In both the critical 

and supercriticalregimes, G(U2) remains finit.e and will be ignored. In the critical 

regime the first of the remaining two t.erms behaves at worst. like 

III -t 00. 

Therefore, if G grows faster that X I - v / 2 , blowup cannot occur. For /1 ~ 2, any 

unbounded G inhibits blowup; in particular, all Illotion is bounded for fl ~ v. 
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Conditions that Prevent Blowup 

v II N = N* N > N* 

It > 1 + v/2 It> II + 1/2 
It2:v p>II+1/2 

Table 4.1, Strength of F that prevents blowup. 

Expanding the definition (4.4) for large x gives the behavior 

0' G(x) '" __ :/:11- 11 • 

It - II 

Therefore, for 1 < v < 2, taking fl > 1 + 11/2 prevents blowup. In the supercl'itical 

case, the first term cannot grow faster than 

If G grows faster than VX, the motion is regularized. For example, the choice 

Jl > v + 1/2 prevents blowup. Table 4.1 summarizes these results. 

As an example, the system 

cannot blow up for any II 2: 1. 

4.5 Larger Lattices 

So far, only the dimer has been considered. It seems natural to ask the extent 

to which this phenomenology carries over to the M > 2 case3 • I have performed 

numerical experiments indicating that supercritical large lattices (400 sites) do 

3More Rhall be said about this in Chapter 10, especially with regard to the Ablowitz-Ladik 
system. 
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exhibit finite time blowup. In the preceding sections, it l;as been shown that 

supercritical dimers almost always blow up; i.e., a large part of the dimer's phase 

space consists of data that will blow up. Using t.he modulation theory developed 

in Chapter 3, it will be analytically and lIumerically demonstrated that the large 

lattice behavior is more complicated. Therefore, let. UH assume that a large lattice 

has been prepared with a smoothly modulated plane wave initial condition. 

Recall that the modulation equations remain hyperbolic (stable) as long as the 

discriminant 

- 2pf(p)[2/'(p) cos /.: + P'(p)] cos /.: 2:: o. (4.al) 

In the case 0: = 0, it is apparent that all such modulations are, in fact, unstable. 

One would like to interpret this instability in the context. of blowup. On the other 

hand, if the total norm of the lattice is subcritical, it is apparent that blowup 

cannot occur: 

For small enough data, the evolution of (1.1) 

remains bounded for all time. 

Recall that, for the dimeI', the case 0(0) = 7r /2 led to the fastest blowup. Defining 

the results from the dimer suggest that taking OJ+l (0) - OJ(O) = 7r /2 should lead 

to rapid blowup4. Such data guarantees that the Hamiltonian is identically zero. 

Numerical simulations of this case with a = 0 gave rise t.o extremely rapid blowup. 

These numerical results will not be presented here as they are not terribly illumi

nating or surprising. 

In order for stable modulations t.o exist, it is apparen t that a must be nonzero. 

To demonstrate stability, assume that Ii = /1 in (4.12), or, more generally, that 

F <X 1'. 
<I Note that the number of sites must be even in order that the periodic boundary conditions 

be satisfied. 
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With this choice, 

(
CI: + a)V - (x + a)) G(;r) = alog(J(x)/f(O)) = a log . . . 

a V - a 
( 4.32) 

This choice of P does not preclude blowup; however, if Ii' were any st.ronger, blowup 

would in fact be ruled out. From equation (4.23), it is apparent that the dimer 

with this P still exhibits blowup in the supercl'it.ical regime - the logarithmic 

singularity in G is not strong enough to affect the convergence of this int.egral. 

Let us now consider the }VI » 1 lattice from the perspective of modulation 

theory. For simplicity, assume that cos k > 0 ill t.he initial data. There are two 

cases to consider: a> 0 and a < O. From (4.31) it is apparent that all modulations 

arc unstable for a > O. For a < 0 the stabilit.y condition is 

10'1(11 - 1) 
p+a< . 

2 cos k 
(4.33) 

Figures 4.3 and 4.2 depict two numerical experilllents (the figures are similar to 

those shown in Chapter 3) illustrating the above predictions. In both experiments 

the parameters are 

11 = 2, a = LL, n = -4; 

only the initial conditions (shown with darker lincs) are different. In each figure, 

the top plot shows t.he quantity p, the middle one shows cos(k) (the local twist), 

and the bottom one shows the discriminant from equation (4.31). When this dis

criminant becomes negative the modulation equa.tions cha.nge type and we expect 

an instability to develop. 

Figure 4.2 shows an initial pulse shaped profile (AM data) that experiences 

dynamic change of type. The last snapshot is at t = 8.0, and blowup (floating 

point overflow) occms immediately after this snapshot. Note that it takes a bit of 

time for the system to blow up after t.he discriminant becomes negative. 

In Figure 4.:3 the amplitude of the initial data is uniform, but the local twist 

has been smoothly modulated; therefore, this is FM data. The final snapshot is 
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at t = 160, at which time a hyperbolic shock forms. Before that time, it appears 

that the discriminant is bounded below by its minimum value at. l = 0, in contrast 

to the previous case where it was strictly decreasing in t.ime. If one integrates the 

system further t.han indicated in the figure, the amplitude of the shock increases 

until there are regions in which the discriminant changes sign. Once this happens, 

the solution quickly blows up. 

Ideally, one would like to find the Riemann invariants for this system of modu

lations equations. It would then be possible to appeal to the rest of the machinery 

described in Chapter 3 and possibly describe data that cannot undergo dynamic 

change of type. Unforunately, it is not clear how to integrate the simultaneous dif

ferentials arising in t.he determination of the Riemann invariants. A more detailed 

study is reserved for the future. 
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There are two relevant facts to consider here. First, this system always seems 

to blow up eventually, and second, the time scale on which blowup occurs val'ies 

over a wide range (a factor of 20 in the present. case), and depends on the initial 

data. A further investigation of this dependence shall be presented elsewhere. 

This preliminary numerical study seems to indicate that. regions of permanent 

hyperbolicity do exist. 

4.6 Conclusions 

In this chapter it was demonstrated that t.he dimer (4.12) can exhibit finite 

time blowup. In cases where it does blow up, the shape of the singulal'it.y has been 

determined as well as bounds on the lifetime of the system. Systems that. a/ways 

blow up in the critical and supercritical regimes have been constructed, as well as 

their regularized counterparts in which motion alwayg remains bounded. 

In order for the evolution of the system to remain regular, it appearg that. 

the self-interact.ion terms must be at least as "strong" as the interaction between 

nearest neighbors. In any case, as long as 0(;1:) grows fast.er than ..;x at, infinity, 

blowup is not possible. One may also choose dilTerent. families of fllnct.iolls for J 

and F. The analysis is similar, although the det.ails are certa.inly different.. 

It. is difTicult to show analytically that. these reslllt.s gcncralize t.o larger lat.t.ices 

since the syst.em (1.1) is generaJly nonintegl'able. It. does appear that. all supercrit.

icallattices eventually blow up, although there is almost no analytical evidence for 

this. On the other hand, we have seen that it is possible to use modulation theory 

to generate long lived solutions to a large supercritical lat.Lice. 

The treatment of continuum limits of models of the form (1.1) from the pCI'spec

tive of blowup shall be considered in the future. It is not inconceivable tha.t such 

a PDE could exhibit finite time blowup. However, to demonstrate this, it would 

likely be necessary to rely on anlytical arguments alone. To see why, suppose 
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that such a PDE was discretized using the finite difference method. It is appar

ent that a DNLS-like discretization cannot exhibit blowup. On the other hand, a 

discretization in which F was taken to be constant can blow up, as we have seen. 

Thus the ability to blow up is not necessarily preserved under discretization or t.he 

continuum limit. 

The state of affairs for the dimer in the critical regime is a complicated function 

of Il, v and the initial conditions chosen. One could reasonably expect that this 

complexity would dramatically increase with increasiIlg M. 

In the next chapter, we will consider the behavior of a quant.um-mechanical 

counterpart to (1.1), especially from the standpoint of blowup. 



5 Quantizing Equation (1.1) 

The woman I'm thinkin' of 

She loved me all up 

But I'm so down today 

She's so fine, she's in my mind 

I hear her callin' 

Neil Young, Out on the Weekend 

5.1 Introduction 

89 

The classical model (1.1) was treated in the previous two chapters; now we will 

move on to one of its quantum mechanical count.erparts: 

(5.1 ) 

where j = 1, ... , NI, hj is an annihilation operat.or and lJj is its adjoint - we will 

get more specific about these operators in a moment l • In this chapter, several 

properties of (5.1) will be discussed and related t.o the corresponding classical 

system. In particular, it will be shown that, like (l.L), (5.1) generally possesses 

two conserved quantities, one of which is sign-definite, implying that the quantum 

problem may be solved using the Number State Method (NSM). The questions of 

quantum modulational instability and quantum blow1lp will also be considered. 

In order to arrive at (5.1), allow the mode amplitudes Aj ~ hj and A; ~ lJj. 
In order to arrive at a meaningful quantum theory, two ingredients are necessary: 

• The Hamiltonian il must be known and 

1 I came up with this model after reading Salerno's work on the quantum Ablowitz-Ladik 
system (86). Most of the results in this chapter are presented in (40). The model (1.1) was 
written down as a natural generalization of (5.1) during the work that led up to (43). 
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• The fundamental commutation relations (FCR's) obeyed by the operators il 
and h+ must be specified. 

Following Dirac, note that. the classical mode amplit.udes have the fundamental 

Poisson brackets (the rest are identically zero) 

where oij is the Kronecker delta. The correspondence principle states that we 

should choose t.he commutation relations such that [.,.] ~ ili{·,·}, where t.he 

commutator [".] is defined by 

[A,B] = AB - BA. 

It is well known that this procedure is inconsistent for arbitl'C1ry functions, and 

so let us restrict ourselves to the fundamental variables A and A* [19]. In wha.t 

follows, it is a.ssumed that Ii = 1. By the correspondence principle, we have 

rbi, hj ] = 0, 

A+ A+ fbi ,bj ] = 0, (5.2) 

[hi,bj] = 
~ A + A 

j (bi bdoi,i' 

The reason for the "hat" on the function J concerns t he choice of operator order

ing when quantizing the function J. Classically we have Ai Ai = AiAi, but t.he 

quantum operators do not. commute so the ordering of factors is important. This 

question also arises when one tries to quantize nonlinear classical Hamiltonians. 

This issue will be considered in the context of Bosonic systems in the next. chapter 

and will be set aside for now. In this chapter j( 'btil,.) is defined as follows: if 

(5.3) 
II 
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then 

(5.4) 
" 

In general, J(z) and j(z) may be different functions, depending upon the particular 

ordering chosen. It is interesting to note that if one chooses J(x) = 1 - 2x, then 

the quasi-bosonic commutation relations are equivalent to the canonical fermionic 

anticommutation relations [89] 

Having specified the commutation relations, we need only specify the Hamil

tonian. II may be simply quantized by "adding hats" since there is no ordering 

ambiguity in any of its terms. Thus, 

(5.5) 

With these choices, the Heisenberg equat.ion of motion 

d A A A 

i-b· = [b· Il] lit J J' 

reduces to (5.1). 

5.2 Operator Algebra 

To apply the NSM to this quantum system, it is necessary to construct its 

number operato!', N. In order to accomplish this, it. is necessary to investigate 

the algebraic properties of the fundamental operators band b+ in more detail. 

For convenience, drop all subscripts for a moment and consider a pair of adjoint 

operators obeying 

[b, b+] = J(b+b). 

In Section 5.6 it shall be shown that such operators may be represented as infinite 

order differential operators. The operator b+ b is self adjoint and nonnegative. 
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Assuming that t)+ b possesses an eigenstate 

A+A 
b bin) = an In), 

then a simple calculation shows that [85J 

• There is a pseudovacuum state 10) such that b 10) = o. 

• The operators band b+ obey 

b+ In) = v'0:71+1 In + 1) (5.6) 

bin) = Fn In-l). 

• The sequence of a's obeys the difference equation 

(5.7) 

Note that if 1(0) = 0 then an = 0 for all n. Itl what follows, 1 =.f. Since 

f(O) i- 0 by assumption, we avoid this situation. Equation (5.7) shows t.hat /) is 

a lowering operator and that b+ is a raising operator. The Hilbert space 1-{ Oil 

which the q uant um problem (5.1) is to be sol ved is defi ned to be the closu re of t.he 

orthonormal number st.ates as defined above. 

It is possible to view the difFerence equation for the o:'s as a fixed point. iteration 

problem for the function U, 

U(x) == ;1: + f(x), 

in which equation (5.7) takes the form 

Figure 5.1 depicts this iteration for several choices of f. The first panel shows t.he 

iteration for a Bosonic system like the harmonic oscillator. The second plot shows 

the iteration for the focusing AL model: 

f = 1 + x/2. 
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The O"s are rapidly growing in this case. The next graph shows the picture 1'01' a 

defocusing AL equation: 

f = 1 - x/2. 

There is an attracting fixed point at x = 2 and so lim,,_oo 0'" = 2. This accumula

tion point might be interpreted as the edge of a band of continuous spectrum for 

the quantum problem. It is interesting to note that the classical version of this 

defocusing AL equation has a fixed point when IAj 12 = 2. In fact, it is apparent 

that the fixed points of U are always the zeros of I; classically, the zeros of I are 

also fixed points of the differential equation (asuuming that P = 0). The final plot 

shows the 0' sequence for a perturbed logistic map: 

f = 1(1 - ()a:(L - :I:) + c: - x 

for f = .01. It is obvious from the figure that the sequence of O"s is chaotic; we 

shall not be concerned with such pathological cases. 

The reader might wonder as to the disappearance of the function P in the 

equations of motion (5.1). In order to add 1", one must find a function G such 

that the P term drops out of the Heisenberg equat.ion: 

Finding such a G is equivalent to solving the equation 

P(:z:) = G(x + f(x)) - G'(x). 

Since this equation is difficult to solve, it will be assumed that P = 0 for the 

duration of this chapter. The existence and determination of such a G shall be 

considered in a future work. 

5.3 The Nllluber Operator 

Before t.he number operator can be constructed, it. is necessary to reintroduce 

the multi-site notation. Accordingly, subscript the number state kets with the site 
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Figure 5.1, The Q difference equation as fixed point iteration. 
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number k such that 

A+ ) I) bk In k = v'an+l n + 1 k. 

The states of the lattice are linear combinations of product states2 of the form 

Let us now construct the quantum Humber operator N which counts the total 

number of excit.ations in the system. To see how to achieve this, consider the 

identities 

b
A 

+bA I) = i in i 

(5.8) 

where u(x) is a measurable function. The idea is pick a function F(x) such that 

(5.9) 

To accomplish this, we must first solve the difference equation (5.7). 

I-laving done this, define 

an = L(n) . (5.] 0) 

The next step is to analytically continue L int.o the real numbers, giving a function 

L(x). This is equivalent to having a clo8cd form expression for the a's which is 

valid for the real numbers. Note that. L(O) = O. If L'(O) 1= 0, we may define t.he 

compositional inverse of L, L(x), satisfying L(L(:v)) = L(L(x)) = x. Suppose that 

L(z) = L: Lnzn. (5.] ] ) 
II 

2These states live in an M-fold tensor product of the IIilbert space 1i with iteself [86]. 
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The definition 

(5.12) 
11 

implies that for all m and i 

L(btbj) Im)j = E Ln(Q'm)'1 Im)j 
11 

= E Ln(L(rn)t Im)j 
11 

= L(L(m)) Im)j 

= 111,lm')i (5.13) 

so that the operator L(btbi ) counts t.he excitation number at the ith site. Defining 

the number operator as 
M 

Iv = EL(bjbj ) (5.14 ) 
j=l 

yields the identity 

(5.15 ) 

Therefore, IV counts the total number of quanta present. The surprising feature of 

the NSM for such systems is that the functioJlal forms of IV and the classical nonn 

N are, in general, different. A detailed example of this will be illustrated below. It 

is remarkable that, up to a constant factor, the classical and quaJltum conserved 

quantities for the Ablowitz-Ladik system are ident.ical in form [86]. Not.e that. if 

J(:/:) = j( a:) = 1 (the dynamical variables are canonical) then N and IV will have 

exactly the same functional form. 

To see that Iv commutes with iJ (5.5) note t.hat by (5.7) every term in if 
preserves the total number of quanta in an arbitrary eigenvector of IV. Since IV 
counts the total number of quanta in its eigellvectors, it does not matter in what 

order we apply IV or if to an eigenstate of IV. Thus IV and ii commute since 
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they commute on a basis for our Hilbert space. Therefore N is what one normally 

thinks of as a number operator. Having established this, if may be diagonalized 

in each of the orthogonal eigenspaces of N. This procedure involves a sequence 

of finite dimensional matrix eigenvalue problems [29, 86J called the number slale 

melhod and shall be illustrated in the context of an example in thc next section. 

5.4 An EXalllple 

Let us now consider a family of quantum mechanical systcms that exhibit 

classical blowup, as was demonstrated in Chapter II. With the choice 

j(x) = (x + 0-)" - (x + (7), ( 5.16) 

it is easy to see that the solution to the associated difference equation 

is given by 

"" an = 17 - 17. (5.] 7) 

Therefore, the function L is 

and so the corresponding number operator is given by 

M 

N = 2: logv (log" (17 + bjllj )). ( 5.18) 
j=1 

Note that this looks entirely different from the c01'1'esponding classical quantity 

N also commutes with ii, which is given by (5.5). Thus we see explicitly that the 

forms of the classical and quantum conserved quantities can be quite different. To 
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see the reason for this, note that the function L (5.10) is the quantum counterpart 

to the classical function g. These two functions satisfy: 

g'(:v) = f(g(x)) 

L(x + 1) - L(:v) = f(L(x)). (5.19) 

Therefore, one of the main differences bet.ween the classical and quantum theories 

of (5.1) is the discretization of an ODE. 

The details of the N = I and N = 2 NSM calculation for a two site lat.tice will 

now be presented for pedagogical purposes - the reader might also like \,0 consult 

[92] for further details. In the N = 1 subspace, there are two basic kds: 101) and 

110). The Hamiltonian in this simple case is given by i1 = 2(btb2 + btlJd. To 

determine the N = 1 energies and eigenfunctions, onc need only diagonali2e the 

matrix 

therefore, 

JJ = ( (101 J! 110) (011 J! 110) ) 
(101 HIOL) (011 J[ 101) 

11 = ( ° 20'1). 
20:'1 ° 

The eigenvalues and eigenvectors arc given by 

E~) = ±2(a" - a) and 11/.,±) = ~ ( ~1 ) 

since 0:'1 = [(0) = a" - a. For N = 2, the H matrix is given by 

and so 

The energies are 

( 

(201 if 120) (llllI 120) (021 if 120) ) 
H= (2011!111) (1111!lll) (0211!111) 

(201 If 102) (Ill JJ 102) (021 H 102) 

( ° 2~ ° ) JJ = 2v'0:'10:'2 ° 2v'0:'10:'2 ° 2v'0:'10:'2 0 

E(2) = 0, ±2v'20:'j0:'2' 
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Let us now investigate the possibility of "quantum blow-up" in the system 

(5.16). Suppose that, classically, we have blow-up on the jth site so that IAjl2 -) 
00. It seems reasonable to investigate the corresponding quantum mechanical quan

tity; namely, 

where the expectation value is taken wit.h respect to some state 1'1/'). It is obvious 

that this quantity assumes its maximum value when all n of the excitations are 

located on the jth degree of freedom, due to the rapid growth of the o:'s. Let us 

call this particular state I¢». In this case the maximum expected value, X is 

X,. vn 
=a -a, (5.20) 

which is a very large but finite number. Since I¢» is not an eigenstate of the 

Hamiltonian (5.5), the expectation value will have a nontrivial time dependence. 

However, since the motion of the state vector is quasiperiodic, t,he expectation 

value will come arbitrarily close to X over and over as the state evolves in time. 

The main features of this example that carryover to similar examples are: 

• The dynamics conserves the total number of quanta .. 

• The maximum value of the expectation value is given by 0:11 if f grows HU

perlinearly. 

• The motion of the localized state vector is quasiperiodic. 

The expectation value is therefore finite for any wavefunction describing a finite 

number of excitations. In this sense the blow-up is regularized by the quantum 

theory. As n gets larger, the maximum value of this expectation value increaHes 

rapidly. Therefore, in the large n limit, the quantum dynamics can become singu

lar. 
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5.5 Conllnents on the Quantunl Modulational Instability 

Unfortunately, I have no idea how to approach the problem of finding a quantum 

modulational instability (QMI). In my opinion, there arc three basic issues that 

must be addressed before such an investigat.ion can be made: 

• A family of e:z:acl solutions (depending on sevel'Ct1 paramet.ers) called "quan

tum plane waves" must be determined. 

• A means of ext.racting these parameters from the wavefunction as it varies in 

time is needed. In other words, a statistic that measures the deviation of the 

wavefunction from the exact family of solutions is required. This requirement 

is fundamental to the numerical angle. 

• An analytical description of the dynamics of the parameters is needed so that 

it can be compared with the numerical evidence. 

The above program is a direct quantum mechanical tl'Ctnslation of the program 

given in Chapter 3; the reader should understand this prejudice and act accord

ingly. 

At this point, all that is required is a propel' formulation of the problem - after 

that, a detailed investigation should be fairly straightforward [71]. More comments 

on the QMI shall be made in the chapter OIl the Hartre(! approximation ill which the 

quantum dynamics are in certain circumstances described by the DNLS equation. 

As we now know from Chapter 3, it is possible to describe modulational instabilities 

in the DNLS model. 

5.6 Application: Linearization of a Bosonic Hmniltonian 

The reader may be curious as to the physical relevance of the quantum sys

tem (5.1). The author knows of no physical particles obeying the commutation 
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relations (5.3); however, there is at least one setting in which such relations a.re 

computationally useful. In 1993, Artoni, et a.1. [5] considered self-squeezing in a 

nonlinear oscillator. The basic idea is to map a nonlinear bosonic system onto a 

quasi-bosonic one with a linear Hamiltonian. The technique will be described and 

generalized in this section. 

Suppose that a one degree of freedom nonlinear quant.um Hamiltonian IJ(a+a) 

is expressed in terms of operators a and a+ satisfying 

[
' A +] 1 a,a = ; 

i.e., Bosonic operators. Furthermore, suppose that 

• IJ(O) = 0, 

• IJ'(O) > 0, and 

• IJ(x) is strictly increasing for positive ;/:. 

Thus, for low energy, t.he system is approximately harmonic, and, in addition, the 

function II possesses a compositional inverse Ef. By inspection, the energies of 

this system are En = H( n). The goal now is to find operators lJ and b+ such that 

IJ expressed in terms of the new operators is linear 

II = 6+b. 

The operators band b+ will, of course, obey nonstandard commutation relations, 

but since the number states of both systems are identical, applying the methods 

developed earlier in this chapter will result in precisely the same eigenvalues and 

eigenvectors. In other words, 

The goal is to linearize the Hamiltonian in such a way that 

the resulting spectrum and eigenstates are identical. 
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To begin, define 

h(x) = H(x)/x 

and note that h(O) is finite and nonzero. Consider now the definitions 

(5.21 ) 

b = Vh(a+a + 1) a. (5.22) 

It is easily verified from the relation [a, a+] = 1 t.hat 

Another simple calculation gives the commut.at.ion relations3 

[b,b+] = H(FJ(b+b) + 1) - b+b. (5.23) 

The solution to the associated difference equation for the an's turns out to be 

an = H(n), 

and this fact combined with the lineal' Hamiltonian gives the energies 

En = 11(n), 

which agrees with energies of the Bosonic version. 

For example, consider the Hamiltonian 

Using (5.23), we find that 

3These considerations show that the operators L ancl L+ may be realized as infinite order 
differential operators, since they are functions of the finite order operators a and a+. This result 
is summarized in the Conclusions of Chapter 12. 
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which are the relations obeyed by the quantum AL model (although the Hamilto

nian is different). 

It is important to realize that., although it. is possible t.o usc t.his mapp1l1g 

for systems composed of several coupled oscillat.ors, the nonlincar nat.ure of this 

transformation wit.h generally make the coupling bet.wecn t.he oscillat.ors more COln

plicated that it. originally was. 

H is also possible to attempt the reverse mapping; namely, t.o replace t.he 

"funny" commutat.ion relations with "normal" ones. By inspection, if we have 

operators band b+ satisfying 

then the "bosonized" Hamiltonian H is t.he solut.ioll to 

f(x) = H(ll(x) + 1) - x 

and so H(x) = L(x). 

5.7 Conclusions 

In this chapt.er the NSM was extended to permit the quant.ization and subse

quent solut.ion of non-bosonic systems. It was shown t.hat. there is 110 count.erpart. 

to the finite time blowup described in Chapter 11, alt.hough it does appear that t.he 

classical limit of such a system agrees wit.h it.s classical correspondent. 

The question of the existence of a quantum modulat.ional instability remains 

open. The discovery of such an effect would certainly be an interesting and irn

pOl'tant one. 

Although there are no known physical particles obeying the quasi-bose statis

tics described here, we have shown that such statistics do have a computational 

applicability. Operators obeying these nonstandard commutation relations have 

been put to good use in the study of self-squeezing in an anharmonic oscillator [5] 
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and could certainly be useful in other contexts as well. For example, linearizing a 

complicated Hamiltonian in a large NSM computation could conceivably lead to 

a significant reduction in the time required to numerically solve the problem or 

otherwise improve the numerical conditioning of the problem. 

The next chapter is concet'lleci with constmcting quantum mechanical opera

tors corresponding to nonlinear classical functions. Recall that such ambiguities 

were ignored throughout this chapter, especially in the choice of the fundamen

tal commutation relations (5.3). In general, operators obeying such commutation 

relations possess a certain pathology tha.t is best illustrat.ed by example. Thus, 

recall the example given in Chapter 1: 

This relation describes how to replace the expression bil+ with an equivalent normal 

ordered (all daggers to the left) expression: 

Now consider attempting to normal order the expression (b)2(6+)2 using this id(m

tity: 

(6)2(b+)2 = bb+ + bil+llb+ + 6b+b+b[lb+ 

= b+6 + b+6+bb + (6+b + b+ll+6b)2 + bb+6+bbb+ 

= b+b + [I+b+bb + b+bb+b + ... 

Thus, it is apparent that the task is impossible since every swap introduces other 

operators that must also be swapped. Given this pathology it is difficult to say 

exactly what is meant by such a commutation relation. 

Fortunately the Bosonic case is immune to this pathology, as will be seen in 

the folowing chapter. 
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6 Quantizing Bosonic Systems I: Polynomials 

Fearlessly the idiot faced the crowd 

Smiling 

Pink Floyd, Fearless 

6.1 Introduction 

In this and the next chapter, attention will be focused on bosonic systems. 

In particular, the discussion will not apply to the general model (1.1), but. will 

instead be concerned with the quantization of classical systems defined in t.erms of 

canonical variables, and in particular methods that address the ambiguous nattll'e 

of quantization 1. 

One basic problem in quantum mechanics is the const.ruction of a quantulll 

operator corresponding to a given classical function; WI! shall refer t.o this procedure 

as "quantization" in what follows. Often quantization is not. difficult; for instance, 

the classical Hamiltonian for the harmonic oscillator iH, in dimensionless variables, 

f{ = Hp2 + q2) and the quantum operator iI is obtained by replacing ]J and q by 

P and q respectively, giving ij = H]12 + q2), when! the operators ]1 and q sat.iHfy 

the fundamental commutation relation []1, tIl = -i. This procedure works because 

each term in H is a power of either p 01' q. 

The harmonic oscillator is described equally well by the complex rotating wave 

amplitude A = (q + ip)/V2, and the corresponding operator is I) = (q + ijJ)/V2. 

The adjoint of b, which corresponds to A*, is b+ = (q - ip)/V2, where + denot.es 

the hermitean conjugat.e. 1) and b+ are the familiar Bose operators satisfying the 

1 Many of the results in this chapter appear in [44]. 
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fundamental commutation relation 

[b, b+J = 1. (6.1 ) 

In the new variables the Hamiltonian for the harmonic oscillator becomcs 

If = AA* = IAI2. The process of quantization is now ambiguous, since wc may 

choose between many different possibilities, including if = M+ and if = b+ b 01' any 

linear combination thereof, all of which arc IIermitcan. Thc case of the harmonic 

oscillator is solvable in terms of the 1) and q variablcs and a straightforward substi

tution shows that the correct Hamiltonian operat.or is fJ = b+ll+ ~ = ~(il+b+ llb+)j 
i.e., the average of the two possible permutations above. 

Hamiltonians involving higher powers of IAI2 as well as t.wo 01' more degrees 

of freedom arise in a variety of applications including molecular vibrations [27J, 

nonlinear field theories [39], and nonlinear optics [56J. When considering higher 

powers of IAI2 the number of possible pcrlllutCltions increases rapidly. For t.he 

case IAI" we may choosc between the six operat.ors lI2(b+)2, (6+)262, (66+)2, (11+6)2, 
6(6+)26, and 6+626+. Now it does not help going back to the old variables p and q 

using IAI4 = ~P"+~JI'2q2+~q4, since the term ~p2q2 is not uniquely quantized for t.he 

same reason that IA 1'1 isn't, Therefore, there is no unique operator corresponding 

to IAI4 or any higher power of IAI2. 
To be specific, consider the generalized discrete self-trapping equation (GDS'!') 

[27J 
LA 1H 

/ I j = woAj + L dj/:A/: + ,IAj I2(m-I)Aj , 
cl /:=1 

(6.2) 

where Aj(t) and its conjugate are complex mode amplitudes, j = 1, 2, ... , 1'11, and 

!vI is the number of freedoms. This is a Hamiltonian system with 

((>.3 ) 

and the standard definition of the Poisson bracket. In addition, (6.2) possesses 



another conserved quantity called the norm or nu'mber that takes the form 

AI 

N = :LIAjI2. 
j=1 
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One can look at this system from two points of view: i) As a rotat.ing wave ap

proximation for anharmonic problems t.hat arise in experimental physics, and ii) 

As a model problem to test analytical methods of applied mathematics. Equation 

(6.2) is of particular interest because the nonlinearity is a function of IAI:.! so any 

corresponding quantulll problem can be solved using t.he number sLate met.hod 

[29] given the existence of the norm. Also, since t.he Hamiltonian (6.3) cont.a.ins 

higher powers of IAI:.!, the GDST system provides an opportunity t.o address the 

aforementioned ambiguities. 

It is our perspective that the problem of constructing quant.um mechanical 

couterparts to (L.l) is of primary importance. Therefore, the quantization of func

tions like IAI2k is a central one and cannot. be avoided. In this chapter, two main 

ideas shall be presented: 

• An expression for a particular quanti%ation scheme, known as symmetric 

ordering (SO) will be dedved, and 

• it shall bc shown t.hat SO quantization is directly related to the standard 

quantum t.heory (sans "quantization") of a nonlinear oscillator. 

Furthermore, SO quantization shall be shown to be rdated to Weyl's grollp theo

retical description of QM. The connection with nonlinear oscillators is not intended 

to say that quantization is the only mcthod by which this problem may be solved; 

rather, this connection is presented in order to indicate that, among all possihle 

quantizations of syst.ems like (6.2), SO quanti:.mtion in some sense preserves the 

salient. features of nonlinear oscillators better than ot.her schemes. 

The aim here is to compare two quantum prescriptions for resolving this am-

biguity: 
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• Normal ordering (NO) in which one assumes 

(6.4) 

• Symmetric ordering (SO) in which all combinations of the raising and 

lowering operators are weighted cqually. 

NO has the apparent advantage of simplicity, while SO is bascd 011 the demo

cratic principle that all combinations of (&+)111(6)1" should be treated equally. SO 

quantization of the GDST has been used in a study of t.he infrared overtonc spec

trum of the amiele-I (01' CO stretching) mode in crystallinc a.cetanilide [94], anel 

it has sllccessfully described overtone spectra of elI strctching modes of the di

halomethanes [7J and of liquid and vapor forms of normal anel deuteratcd bcnzene 

[90, 93J. In the following section SO quantizat.ioll is related to the zero order 

Laguerre polynomials, from which we observe t.hat it is implied by Weyl's rule 

for the unambiguous construction of quantum operators from classical functions 

[103, 1011J. (We note that the symmetrization of an operator anel its adjoint has 

been proposed by Tolman [99J as a mealls to insure an Hermit.ian operator, and 

general symmetrization rules have been related to generalizations of Weyl's l'Ille 

by Shewell [96J.) In Section 6.3 it is shown that. SO quantization is more accul'itt.e 

than NO quantization when the rotat.ing wave approximation is used for a mass

spring oscillator with a slightly nonlinear spring. Some comments anel conclusions 

are presented in Section 6.4. 

6.2 SYl1uuetric Ordering (SO) 

In the quant.um analog of IAI 2
m there arc m lowering operators and an equal 

number of raising operators (for a total number of orderings of (2m)!/(m!)2) so 
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the SO prescription assumes 

Through straightfol'ward--but ever more tedious--applications of the boson com

mutation relation in Equation (6.1) for increasing values of 71/., these operators can 

be put into normal form. Thus [91]: 

IAIO = 1 

A A 1 
IAI2 ~ b+b+"2' 

IAI" ~ (b+)2(b)2 + 2b+b + ~ , 

IAI6 ~ (b+)3(b)3 + ~(b+)2(b)2 + ~b+b + ~, 

IAls ~ (b+)'I(b)'1 + 8(b+)3(b):I + 18(b+yl(b)2 + 12b+b + ~, 

IAlto ~ (b+)5(b)5 + ~5 (b+)'I(b)'1 + 50(b+)3(b)3 + 75(b+)2(b)2 + 7
2
5 b+b + 145 , 

etc. 

In general 

(6.6) 

where xk == (b+)k(b)k. For the six examples listed above 

(6.7) 

where Lm (·) == Ll~)(') is a Laguerre polynomial of zero order [37J2. 

2Equation (6.7) was first derived by the author in 1992 by finding the three term recursion 
relation obeyed by the first few of these polynomials [91) and then deriving the associated gener
ating function. The first. proof of this relation was given by AI Scott in 1993. If these polynomials 
are re-expressed in terl11s of powers of b+b, the resulting set of polynomials are related to Pid
duck's polynomials [9], which are orthogonal on the real Jin!! with respect to sech 1I'X. Pidduck's 
polynomials shall he examined in greater detail in Appendix D. 
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To establish Equation (6.7) for arbitrary m, a simple means is needed to com

pute Pm+1 from Pm. To this end we take the formal second part.ial derivative of 

Pm+1 with respect to both b+ and b. Since all possible combinations of the bo

son raising and lowering operators are equally weighted in Pm +1 , they will also be 

equally weighted in this formal derivative. Thus 

Note that 

1 82Pm+1 _ p 
(m + 1)2 8b+8b - 711' 

~(b+)k+l(b)k+l = (~~ + L)2(b+)k(b)k. 
8b+8b ' 

(6.8) 

therefore, considering J~'l(X) as function of x, we can rewrite (6.8) as follows: 

(6.9) 

Defining qn(x) by Pn(x) = n!qn(x), (6.9) becomes 

(6.1 0) 

The solution to this relation subject to the initial conditions qo(x) = 1 and ql(x) = 

x + 1/2 shall now be obtained by the met.hod of generating functions. 

Let us define the generating function </J( x, l) by 

00 

</J(x, l) = L qn(:I: )tn ((U 1) 
n=O 

and furthermore assume that3 

</J(x, t) = A(t)exB(/). (6.12) 

Since qo = 1 we also impose the requirements 

A(O) = 1 and B(O) = O. (6.13) 

3This is a common form for generating fUlH'tions. 
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The initial condition ql = X + 1/2 gives the constraints, since (/>t(x,O) = ql(X), 

A'(O) = 1/2 and 13'(0) = 1. (6.14 ) 

Multiplying the left hand side of (6.10) by 111 and summing over n gives its 

generating funct.ion: 

8x x8x ¢(;z:, I) = (XB2 + B)¢(x, t). 

Doing the same for the right hand side leads to 

00 00 

L nQ1l_1(x)t1l = L nqn-d:cW' 
11=0 11=1 

00 

= L(n + l)qn(x)tU+l 
11=0 

00 

= t¢ + t L nqll(:z:)f1 
11=0 

Equating the generating functions for the left and right hand sides of equation 

(6.10) gives the relation 

and, upon use of the Ansatz (6.12), this translates int.o 

XB2 + B = I + t2 A' + xl2 B' . 
A 

The terms involving x must balance (since the other terms do not involve x). The 

solution to this ODE is given by 

t 
B(t) = -1 -. , -ct 

(6.15 ) 

where c is an as yet unknown constant.. Note that B automatically satisfies its 

constraints B(O) = 0 and B'(O) = 1. Inserting the formula for B leaves an equation 
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for A: 
c A' 

1-ct=J[' 

Substituting t = 0 into this ODE and using the initial conditions for A gives 

c = 1/2. Integrating what remains and using A(O) = 1 gives the generating 

function for the q's: 
00 2 2xl L: qn(x)ln = -2- exp -2-' 

n=O - t - t 
(6.16) 

Since the Lagllel'l'e polynomials satisfy [2, 22.9.15] 

00 1 ,vi 
" L (x)t n = - ex» -' -
L....- n' I-t t-l' 
n=O 

it is apparent that 

Appealing to the definition of qn in terms of Pn gives the general formula (6.7) for 

Pn{x). In summary, it has been shown that the SO prescription implies 

m l 

IAI 2
m ~ -' L (-2x) 2'1l 111. 

(6.] 7) 

for all m. Thus the SO quantization prescription can be readily extended to 

polynomials in IAI2. 
Since an arbitrary unitary transformation in the (p, q) phase space of a classical 

oscillator with a single degree of freedom takes the form 

Weyl [103, 104] represented a general function of the canonical variables, !c(p, q), 

as the Fourier integral 

(6.18) 
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From this formulation, he suggested that a rule for the unambiguous quantizatioll 

of !c(p, q) is 

(6.19) 

where p ~ p and q ~ q with the commutation relation qi3 - jJq = i. 
From Equation (6.19), the operator identity [65, 66, 96] 

and the properties of t.he Fourier transform, McCoy derived an explicit expression 

for !(p, q) that can be written as [691 

(6.20) 

where t.he sum is carried up to the smaller of l' and .~. This equatioll is identical 

to Equation (6.17) for the case l' = S = 111, and for l' f. s it can be obtained by 

formally differentiating Equation (6.17) with respect. to 1101' b+ with the result that 

JAJ2n A2T1l ~ ;7>~2111)( -2:1:) . (b)2T1l 

JAJ211(A*)2T1l ~ ~;: (b+)2m . LFm)( -2x), (6.21) 

where xk is interpreted as before. Thus we conclude that 

Weyl's rule ==> SO. 

The quantization rules proposed by Born and .Jordan [13], by Bopp [12], and by 

Rivier [83], on the other hand, do not imply SO quantization. 

6.3 The Rotating Wave Approximation (RW) 

Having described the SO prescription, we are now in a position to quantize the 

GDST (including the ambiguous diagonal terms) and subsequently solve it using 
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the number state method. Instead of doing t.his, 11'1. us instead investigat.e, in the 

context of a model problem, the implications of SO more carefully. Thus, consider 

a nonlinear oscillator dcscribed by thc Hamiltonian: 

( 6.22) 

For 0 < ). « 1, standard perturbation theory gives the energy eigenvalues of the 

oscillator (6.22) as (sec Appendix D) 

Ell = (n +~) + ). (?rn)! ~ (m) (n) 2k + O().2). 
? ?211l1'/1' ~ k k . ~ ~ '. k=o 

(6.23) 

An alternate method that leads to the same result without requiring evalua

tion of the inner products of perturbation theory is given in what follows; it will be 

shown that this met.hod may be considered an altr.l'nalivc to perturbation theory 

in this example. Regarding Equation (6.22) as a classical Hamiltonian, the rotat

ing wave approximation is introduced through substitut.ions of the complex mode 

amplitudes A = (q + ip)/V2 and A* = (q - ip)/V2) keeping only resouaut terms 

(of the form IAI2k) to obtain the approximate classical Hamiltonian 

Ilrw = IAI2 + ).2- 711 (2m.) IAI2m. 
1Il 

((i.24 ) 

The RW approximation will actually generat.e the first order perturbation of t.he 

1-10: in the perturbation theory approach, t.he diagonal matrix clements of t.he 

perturbation must be computed. The RWA achieves this by virtue of ouly passing 

on the diagonal terms to Ilrw . This approximation is expected to improve as ). 

and the energy of the system (n for the quantum system) are reduced. 

Under the NO quantization of Equation (6.4), Hrw becomes t.he Hamiltonian 

operator 

and energy eigenvalues are obtained from the number st.ate method as [29J 

END = n + ). (2m)! (n) . (6.26) 
n 211lm! m 
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Under the SO quantization of Equation (6.17), Ilrw becomes 

If (b'+b' 1) ,[?-m(2m)]m!l (?) - so = + 2 + 1\ ~ m. 2111 ..1m - ~X , (6.27) 

where xk == (b+)k(b)k, and the energy eigcnvalues are 

E(SO) = (n +~) +,.\ (2m)! ~ (m) (n) 2k. 
7\ 2 22111m! t:o k k 

(6.28) 

Comparison of Equations (6.23), (6.26) and «i.28) shows that the SO spectrum 

agrees with the exact spectrum to 0(,\) while t.he NO spectrum docs not. The 

quantum rules proposed by Bol'll and Jorda.n [13], by Bopp [12], and by Rivier [S~l] 

also fail to agree with the exact spectrum at 0(,\). ThiH result has been numerically 

verified [44] using the method detailed in [3]. 

In fact, if olle assumcs that E7\ is obtained from an effective Hamiltonian de-

scribed in terms of bosonic operat.ors, it is simple t.o Htal't from the answer (6.23) 

und obtain (6.27) as the effective Hamiltonian. Assuming that this II was ob

tained by some quantization rule from H,.tII in (6.2'1), it. becomes obvious t.ha.t SO 

quantization is the only rule that gives the correct answer. To summarize: 

SO quantization is the only scheme that can get you 

from (6.24) to the correct spectrum, (6.23). 

The reader might ask why we have introduced t.hiH roundabout way of solving 

the simple Hamiltonian of Equation (6.22). The CU\HWCr to this question is twofold: 

• It gives all of the correct matrix elements for the anharmonic oscillator. In 

Appendix B it is shown directly that 

n. L . - m n + 2m 2" , (n,k-7II) (k ) ( .) 
(n + 2m)! r=() r' n - l' , 

(6.29) 

where the kets are unperturbed no eigenket.s. This result is also derived 

using the RW approximation followed by SO quantization. Therefore, the 
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method generalizes to give lIot only the first order perturbation theory of 

(6.22), but, all of the relevant matrix elements in the no basis. It is apparent 

that no other quant.ization rule can reproduce this result., eit.her" . 

• Although WKB met.hods are useful at. large values of n and variational tech

niques work well at n = 0, these techniques fail at. n = 1,2,3, '1, 5, and this 

is the range of values for n at which our method-based on SO ordel'ing--is 

both efficient. and accurate. 

6.4 Conclusions 

If one takes the perspective of applied mat.hemat.ics and assumes Equat.ion (6.3) 

t.o be an exact classical Hamiltonian, standard quanthmtion is ambiguous because 

both the NO and t.he SO prescriptions--among ot.hers---are Hermitian and bot.h 

agree with Equat.ion (6.3) in the corrcspondence limit.. You pay your money and 

you t.ake your choice, but. this choice need not. be influenced by the prospect of 

ana.iytical convenicnce because t.he normal forms of the SO operat.ors are simply 

related t.o Laguerre polynomials of zero order. Furthermore, t.he SO quant.izat.ion 

prescript.ion has the following t.heoretical advantages over NO quantizat.ion: 

• \Veyl's quantization rule-which iH based on the group St.rucLUl'C of quant.um 

theory-implics SO quantizat.ion. 

• It can be shown that Weyl's l'Ille is the only correspondence rule t.hat IS 

preserved under linear canonical transformations [97]. 

• If the rotating wave approximation is used to st.udy the oscillat.or defined by 

the Hamiltonian operator (f)2 + rp)/2 + A(j2m, low lying energy eigenvalues 

4It is, of course, possible to calculate these matrix elements by substituting ij = (b + b+)/V2 
in equation (6.22) and normal ordering the resulting expression. The proof is quite tedious, hut 
the end result is the above expression for the matrix elements; in terms of band 6+, one ends 
up with an expression equivalent to the RWA followed by SO. Remember: the point here is to 
compare quantization schemes. 



117 

calculated under SO quantization agree with exact eigenvalues to O()'), while 

those calculated under NO quantization do not. 

Since the method for obtaining En just presented depends linearly on ). it can 

be extended to more general problems of the form 

with the same result. The spectrum computed using the RWA and SO quantization 

will agree with the exact spectrum of O()') (as calculated using formal perturbation 

theory). This extension is the subject of chapters 7 and 9. 



7 Quantizing Bosonic Systems II: Entire 
Functions 

You can't depend on intelligence 

You can't depend 011 a god 

You can only depend on one thing 

You need a busload of faith to get by 

Lou Reed, Busload of Faith 
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In this chapter the results of Chapter 6 are extended to allow the symmetric 

ordered (SO) quantization of classical Hamiltonians of t.he form lJ(IAI2) where JJ 

is an entire function i . Recalling that the SO prescript.ion requires 

I 

IA1 2711- rn·l (-2.) ~ ') -'m X, 
~711 

(7.1 ) 

where xk == (b+)k(b)k, it is straightforward to quantize functions that arc polYllo

mials of IAI2. In this chapter this procedure is generalized from polynomials to 

Hamiltonians that possess a power series. Closed formulae giving the quantulI1 

operator based all the above rule of symmetric ordering shall also be given. 

The outline of this chapter is as follows. In section 7.1, the quantum Hamilto

nian ii and associated spectrum En are expressed ill terms of the classical function 

H. Section 7.2 consists of an example of the application of these results using an 

exponential function to model an anharlllonic oscillator wit.h a saturable nonlin

earity. In section 7.3 the possible experimental consequences of these results are 

considered. Sect.ion 7.4 is devoted to a comparison of SO with two other orderings; 

namely, 

1 Much of the work in this chapter has been submitted for publication [15] 
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• Normal ordering (NO), in which 

(7.2) 

and 

• Number state ordering (NSO), whereby 

(7.3) 

Such a comparison is considered here in order to cOInplete the discussion of chapter 

6; however, Chapter 11 treats SO, NO, and NSO fl'Ol1I a I1lore unified and gen

eral perspective. In particular, this more general t.reatment allows one to easily 

establish that a quantization scheme independent classical limit exists. Therefore, 

a discussion of the classical limit shall be postponed until Chapter 11. Section 

7.5 generalizes the results of Section 7.1 to fu nctiolls with "ofr-diagonal" parts; for 

example, IAI2 A2. Such functions are quantized using the more complicated rule 

(6.21). Finally, these results are summarized in the conclusions. 

7.1 Syulluetric Ordering 

Consider an entire function If(IAI2) that may be expressed as a power series; 

I.e., 
00 

If(IAI2) = L: hm IAI2"'. (7.4) 
m=O 

Quantizing term by term using the symmetric ordering rule (7.1) formally gives 

A 00 m! 
If = L: hl1l -Lm (-2J:), 

m=O 2m 
(7.5) 

where xk == (b+)k(b)k. Collecting powers of x gives an expression of the form 

00 

if = L:9k(b+)k(b)k. (7.6) 
k=O 
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The main focus of this section is to derive expressions for i1, 9k, and the energies 

Starting with equation (7.5) and using the relat.ion [2, 22.1O.14J 

;~ Lm(-2x) = e-2x 10
00 

c-S1o(2v'2xs) (i)"1 ds, 

which is valid for all complex ;1; [61, 4.19.3], one finds that iI Illay be expressed as 

an integral transform: 

(7.7) 

where Io{z) is a modified Bessel function 2 • gxpanding the right hand side in powers 

of x using [2, 22.9.16J 

and interchanging the order of summation and integration leads to an expression 

for 9k: 

h: = 0,1,2, ... (7.8) 

Equations (7.6) and (7.8) provide t.he quantum operator corresponding to the 

classical function H(IAI2) based on the symmetric ordering rule. The int.egral in 

equation (7.8) is convergent provided H(l) exp (-o:l) is integrable for some 0: < 2. 

In order to determine the eigenvalues of if, recall that the bosonic operators 

satisfy 

bin) = ..;n In -1) 

b+ In) = vn+I In + 1) , (7.9) 

2This integral t.ransform was first derived by Peter Christiansen, Al Scott, myself, and half of 
the books in the Applied Mathematics library. 
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from which it is apparent that 

• + k • k n! 
(b ) (b) In) = (n _I.~)! In). (7.10) 

Thus the eigenvalues of ij are obtained from equations (7.6) and (7.10) as 

:l 11 n! 
i!J1I = L 9k ( _ k)" 

k=o n • 
(7.11) 

Inserting the expression for 9k (7.8) into (7.11) and interchanging the order of 

summat.ion and integration gives 

En = laoo c-SlJ(~) E(-2)k (~~) Lds)d8. 
o 2 k=() 

(7.12) 

Because the inner sum is equal t.o (-1)11 L7I (28) by [2, 22.12.7], this may be rewritten 

in the form3 

(7.13) 

A convenient method for evaluating this integral is to obtain the generating 

funelion for the energy levels 

00 

"'.E ~1I L.; 11';" 

71=0 

= -1 2 roo exp [_21 - Zl] H(l)dt 
+ z 10 1 + Z 

= 1!zC[Hj2~~;], (7.14) 

where C[JIj s] denot.es the Laplace transform of 11. It is also possible to derive 

another generating function using (7.11) 

ooE 
'"'" ~."n L.J ,-
n=O n. 

00 zit 71 n! 
= L, L9k( _ k)' 

11=0 n. k=o 11. • 

= eZ iJ(z). (7.15) 

3This shall also be derived in Appendix J) 
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Note that the result (7.15) is independent of the ordering scheme used. 

Finally, frol11 the orthogonality of the Laguerre polynomials [2, 22.2.13J it is 

possible to invert equation (7.13), thus giving the classical Hamiltonian in tcrms 

of the quantum energy levels En 

00 

H(IAI2) = 2exp(-2IAI2) L:(-1)"EnLn(4IAI2), (7.16) 
n=O 

showing that there is a one-to-onc correspondence bet.ween the classical Hamil

tonian H and the quantum energy levels as obtained via the symmetric ordcring 

rule. 

In section 7,4 the formulae (7.6), (7.8), and (7.13) for symmetric ordering are 

compared with the col'l'esponding formulae valid foJ' normal ordering and number 

state ordering. 

7.2 A Shnple Exmnple 

As an example of the rcsults of section 7.1, cOllsider the Hamiltonian 

(7.17) 

where Wo and Ell arc positive constant.s. In the limit Ell -t 00, this Hamiltonian 

reduces to the harmonic oscillator 

However, at highcr cnergy, this model exhibits saturation. 

The quantum operator Ii. is determined by insert.ing the Hamiltonian (7.17) 

into equations (7.6) and (7.8). Using t.he relation [2, 29.3.34J gives the expression 

2 00 1 (-20') k k iI = Ea-EII-2-.L:-kl -2 - x + Q k=O' + 0' 
= Ea (1 -~ exp (-20':r)) , 

2+a 2+0' 
(7.18) 
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where xk == (b+)k(b)k and Q' = ~~. From equation (7.13) the energy levels are 

computed with the result 

(7.19) 

If we fix n and let En --+ 00 we obtain the energies of the harmonic oscillat.or 

En = wo(n + 1/2). Finally, in the limit n --+ 00 in equation (7.19), it. is apparent 

that ECX! = Ho( 00). The approach is exponential in both cases, although the base 

is different. More shall be said about t.he classical limit in Chapter 11. 

7.3 Experhllental Consequences 

The reader may ask if anything is gained by treating Hamiltonians such as 

(7.17); after all, 1110st physicists obtain satisfactory results with Hamiltonians that 

contain quartic terms at worst. In this section we will compare a dimer of t.he 

forl11 (7.17) and an approximation to it and show that t.he two systems are quite 

differen t. The exact, Hamiltonian is 

2 

lJ = L Ilo(IA;l2) + ((AlA; + AiA2), (7.20) 
i=l 

where lIo is given by (7.17). Quantizing the diagonal parts of JJ as before and 

noting that there is no ordering ambiguity in the coupling terms yields the quantum 

Hamil tonian 

A 0 (. 2 (-2Q'Xi)) A A A A 

H = L.... E" 1 - -2 -exp -2--. + ((b,bt + btb2), 
i=l + Q' + Q 

(7.21) 

where xf == (bt)k(bi)k. 

We take the first few terms in the Taylor series of (7.17) to be the diagollal 

part of the approximate Hamiltonian: 

(7.22) 
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The SO quantized version of the approximate climer is therefore given by 

A 2 { (A AI) W
2 (A , " A AI) 

IJ' = (; Wo btb; +:2 - 2~a (btl 2(b;)2 + 2btb; + :2 

(7.23) 

where (7.1) has been used. 

One may solve the problems (7.21) and (7.23) numerically using t.he number 

state method (as descri bed in Chapter 5) since both of the above systems conserve 

the "total number" 
2 

N=L:)tb;. 
;=1 

This fact reduces these quantum problems to t.he diagonalization of symmetric 

tridiagonal matrices. In the following, t.he eigenvalue of the above opera.t.or shall 

be denoted by N. For our numerical experiment.s, we chose Wo = 1 and E" = 20, so 

that the oscillat.ors are weakly nonlinear at. low energy. Figures 7.1 and 7.2 depict 

the energy levelH of t.he two systems for the first 51 N subspaces (1275 energy levels 

total) in the weak coupling regirne (c: = 0.1). 

At low energy (N :::; 15), the two HYHtems are indistinguishable as expect(~d; 

however, the global behavior of (7.21) and (7.23) is quite different. At high energy, 

the "envelopes" for the two cases have completely difl'crellt. shapes. Also, (7.21) 

has degenerate pairs of eigenvalues at the lowest levels in each N subspace, while 

(7.23) has its degenerate pairs at the highest levels in each N subspace. 

Figures 7.3 and 7.4 show the c: dependence of the spectrum for N = 20. The 

spectrum of (7.21) only differs from that of (7.23) in two respects: first, the energies 

of (7.21) are slightly lower than those of (7.23), wit.h the effect greatest for small 

c::. Second, the level spacings are slightly different at high L Figures 7.5 and 7.fl 

show the same information, but for N = 40. The comments above apply to this 
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Figure 7.1, Energy levels of the saturable climer (7.21) versus N for E = 0.1. For 
each value of N we show the N + 1 energy levels for that subspace. The dotted 
line shows the classical Hamiltonian (7.17). 
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Figure 7.2, Energy levels of the approximation to the saturable dimer (7.23) versus 
N for E = 0.1. The dotted line shows the approximated classical Hamiltonian 
(7.22). Figures 7.1 and 7.2 show that the energy levels of (7.21) and (7.23) are 
very similar for N less than 20, and that the global hehavior of the two systems 
for large N is very different (as expected). 
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Figure 7.3, Energy levels of (7.21) versus t.he parameter (; for the N = 20 subspace. 
There are 21 energy levels for each value of L 
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Figure 7.4, Energy levels of (7.23) versus the para.meter I: for the N = 20 subspace. 
Note that Figures 7.3 and 7.4 are very similar, except near I: = OJ it would be 
difficult to experimentally distinguish (7.21) a.nd (7.23) at this energy. 
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Figure 7.5, Energy levels of (7.21) versus the parameter f for the N = 40 subspace. 
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Figure 7.6, Energy levels of (7.23) versus the parameter f. for the N = 40 subspace. 
The behavior neal' (; = 0 is radically different in Figures 7.5 and 7.6; one could 
certainly see this difference experimentally. 
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case too, but the effect is more pronounced. 

7.4 COluparison with Other Orderings 

Recall that for normal ordering one uses the prescription (7.2), while for number 

slale ordering the corresponding rule is given by (7.3). 

In the case of normal ordering (NO) 

00 

1l(IAI2) = L hmlAI2m 
m=O 

00 

~ L hm(b+)"'(b)'n , 
TIl =0 

which is of the same form as equation (7.6). Therefore t.he normal ordered quantum 

operator is 

jf = H(a:), (7.21) 

with the usual identification xk == (b+ )k( b)k, and the energy levels are given by 

00 n! 
E" = L hTII( )1· 

TIl =0 n - Tn . 

To obtain an alternate expression for these energy levels, multiply by In In! and 

sum over n. Thus 

and using Taylor's formula gives the normal ordered energy levels 

(7.25) 

In the case considered in section 7.2 

(7.26) 

the energies are 

E" = Ea (1 - (1 - Q·t). (7.27) 
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In the limit Ea -+ 00, we have 

Thus normal ordering misses the harmonic oscillator's zero point energy. 

In the case of number state ordering (NSO) 

00 00 

2 '"" 2m '"" (" +") m H(IAI ) = L,; hmlAI -+ L,; 11m Ii Ii , 
m=O 7/1=0 

the energy levels arc obviously 

Ell = H(n). (7.28) 

For the example problem (7.26), we get 

(7.29) 

and, as Ea -+ 00 this becomes 

Thus NSO misses the zero point energy t.oo. 

To obtain the normal ordered version of if 
00 

if = L:gk(b+)k(b)k, (7.30) 
k=o 

multiply 

by (p) (_l~n+l) and sum over n to obtain 
n p. 

9k = (-k~)k t (k) (-1)"H(n). 
• 11=0 n 

(7.31) 

An al ternate form is 

i1 = e-x t H(n) a:~. 
11=0 n. 

(7.32) 
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Using this formula we find the quantum operator of our example to be 

if = Ea (1- ex}) [x(e-a -1)]). 

If the dimerized versions of these Hamiltonians are compared with (7.21), one 

sees that their behavior agrees with that of (7.21) at. high energy but differs at, low 

energy. This is due to the fact Lhat all t.hree syst.ems possess the same classical 

limit. If the NO or NSO Hamiltonians are approximated with truncated Taylor 

series and ordered appropriately, one sees behaviors similar Lo those described in 

section 7.3. 

7.5 Generalizations 

In this section, functions of the general form 

00 

Q(A, A*) == Qd(IAI2)A2m = 2: h~m)IAI2k A2m (7.33) 
n=O 

will be quantized using the general formula for SO (6.21): 

The extension to functions containing extra 1)+'s is analogous; therefore, the focus 

shall be on the above case. The approach here will be identical to that of 7.1. III 

fact, the same formulae are used to calculate the relevant quantities. For this rea

son, the main results shall simply be staLed here. Below we list formulae analogous 

to equations (7.7), (7.8), (7.13), (7.14), and (7.16). 

By using the integral representation of the associat.ed Laguerre polynomials [2, 

22.10.14], it is relatively easy to show that Q, the quantum operator corresponding 

to the classical function Q may be realized as an integral transform: 
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where xk = (b+)k(b)k as usual. Defining \,he quantities glm) by 

00 

Q = L glm):rk b2111 

k=o 

and using the generating function [2, 22.9.l()] for the associated Laguerre polyno

mials leads to the expression 

( ?)k 100 

g(m) = -~ t2l11e- tQ (1/2)1(2m)(t) elt 
k (k 2 )1 d Jk ' • + m. 0 

It is clear from the form of the operator Q that thc only nonzcl"O mat.rix clements 

are of the form 

Q71,m == (11.1 Q In + 2m) . 

This may be written in the form, after applying the relation [2,22.12.7], 

It is straightforward to obtain the generat.ing function for these matrix clement.s: 

where C denot.es the Laplace transform. 

Finally, using the orthogonality rclat.ion of the associated Laguerre polynomials, 

one can obtain the classical Q which, when quant.ized according to the SO rule, 

gives the matrix elements Q",m: 

00 1 
Q( A A*) = 22m+le-2IAI2 "(-1)"(.1 n. L(2111)(4IAI2). A2m 

, L..J il'",m( +2 )1 " . ,,=0 n nl. 

This relation shows that there is a one to one correspondence between the matrix 

elements of the operator Q and the classical function Q4. 

4It is also possible to show that the integral transform (7.7) is invertible - this is discussed 
in Chapter 11. 
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7.6 Conclusions 

The previously developed symmetric ordedng method for quantizing polyno

mial functions of IAI2 has been extended to functions that are infinite power sel'ies 

of IAI2. Using these results and the number state method, one can solve quantum 

problems that involve nonpolynomial Hamiltonians on a lattice, allowing one to 

study effects like sat.uration. 

As an example, we have studied a weakly nonlinear, saturable climer and a three 

term polynomial approximation to it. Although t.he global behavior of the two 

systems is quite different, the systems are basically identical as far as experiments 

are concerned -- one would need to be able to achieve very high energy excitations 

and/or vary the coupling constant (0 over a wide range in order to experimentally 

distinguish (7.21) and (7.23). We suspect that this is the case for most weakly 

nonlinear models. A highly nonlinear model would signal its presence at much 

lower energy. 

Finally, the formulae which were derived for symmetric ordering were compared 

to the corresponding formulae for normal ordering (NO) and number state ordering 

(NSO). All three schemes give different spectra; in particular, NO and NSO fail t.o 

give the correct ground state energy fOI' an anharl1\onic oscillator in the harmonic 

limit. 

In Chapter () it was shown that the rotating wave approximation (RW) in 

conjunction with SO quantization gave the first order perturbation theory fo), a 

nonlinear oscillator with polynomial potential: 

(7.34) 

It was claimed t.here that this result extended by linearity to problems of the fo),m 
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We are almost in a position to accomplish this _.- all that remains is to determine 

how to apply the RW approximation to the function V(:I:). Having done this, t.he 

results of this chaptcr give the SO quantiz:ation and ellergy levels of the associat.ed 

quantum problem. Since the RW approximation and SO quanliz:ation are bot.h 

linear, it. is clear that the SO energy levels agree with t.hose of (7.31) to order ,\. 

The extension of the RW approximation to arbitrary functions shall be described 

in Chapter 9. 

Before dealing with the RW approximation, let. us first consider another way 

to relate c1assica.l and quantum mechanical systems: t.he Hartl'cc approximation. 



8 The Hartree Approximation for Bosonic 
Systems 

And it's just a box of rain 

I don't know who put it there 

Believe it if you need it 

Or leave it if you dare 

The Grateflll Dead, Box of Rain 

8.1 Introduction 
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The focus of this chapter will be the discrete self-trapping equation (DS'!') in 

the form 

.dAj ~ 1 12 tTL - woAj + ~ djkAj + 'Y Aj Aj = 0 , 
k=! 

(8.1 ) 

where j = 1,2, ... ,111, Wo is the site frequency, and the Aj's arc complex mode 

amplitudes. Also D = [clijJ is an 111 x M symmet ric matrix with rea.) coeffi

cients djk = clkj describing lineal' dispersive coupling between oscillators at the jt.h 

and kth sites, and 'Y is a nonlinear 01' anharmonic parameter for each individual 

oscillator!. 

In particular we investigate an approximat.ion of tIl(! quantum DS'!' that reduces 

to a rescaled version of (8.1). In order to begin, let us recall the basic st.ructure of 

the quantum DST. Under SO quantization Aj{Aj) --t bj(bj), the standard boson 

lowering (raising) operators, and the classical Hamiltonian becomes t.he energy 

lThe reader will note that (8.1) is not written in the way it has been thus far. The difference is 
that the present case is time reversed from the case considered in other parts of this dissertation. 
Equation (8.1) shall be used in this chapter because the numerical experiments presented here 
used this form of the DST. Needless to say, there is no major qualit.ative difference from the DST 
previously under consideration. 
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operator 

iI = t [(wo -i)bjbj - ~bjbjb))j] - L 7njkbjbk, 
j=l i¢k 

(8.2) 

where ground state energy has been neglected. 

Although exact eigenfunctions of if can be cOllstructed for any finite number 

of bosons through the use of the number state method (NSM), this becomes tech

nically inconvenient when n is large and Ai ~ 3. In such cases it is interest.ing 

to consider approximate methods. The method discussed here is the I-Iartrce ap

proximation [ll OJ, which-ill essence-determines the behavior of each boson in 

the presence of t.he n - 1 others. For plll'poses of comparison, the number st.ate 

method (see Chapter 5 and [29, 92]) shall be used to estimate the acclll'acy of 

various Hartree results2 • 

Some general aspects of the quantum analysis of iJ are presented in t.he fol

lowing section, and the Hartree approximation is described in detail in section 8.3. 

It is important to notice the close connection between the Hartree approximate 

eigenfunctions of if in Equation (8.2) and solutiolls of the classical DST in Equa.

tion (S.1). In Section SA we consider quantum expect.ation values and energies of 

stationary st.at.es. As examples, we discuss the dimer syst.em (M = 2) ill Sectioll 

8.5 and t.he trimer system (M = 3) in Section 8.6. In both examples we consider 

the significance of Hart.ree wave functions that are based upon stationary solutions 

of the classical OST and those that are based UpOII time dependent solutions. In 

Section 8.7, the I-Iartree approximation is applied to generalized nST equation 

for both SO and NO quantizations. Finally, these results are summarized in the 

conclusions. 

Since the numerical experiments presented here relate to the dimer and trimer, 

this chapter also afrords the opportunity to observe the qualitative difrerences 

2This chapter is based on the recent work [108]. There wert! three aspects of that work: the 
theory was developed by Ewan Wright, Al Scott, and Chris Eilbeck. I performed the numerical 
experiments relating to the dimer and Peter Miller did the Ilumerics for the trimer. 
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between the quantum theories of these two models. Since t.he dimer is classically 

integrable and the trimer is not, one might expect to see qualitative difrerenccs in 

the spectra of these two models. This is indced the case, as we shall sec. 

8.2 Quantunl Analysis 

Our analysis of If is in the Schrodinger picture; thus the state vector 11jJ(t)) 

IS time dependent, and the quantum operators are t.hose at timc t = O. The 

Schrodinger equat.ion for the state vector is then 

d • 
i dl I"b(l)) = JJ 11jJ(l)) . (8.3) 

A general n-boson state vector can be expanded in the Fock space as [50, Appendix 

AJ 

where 10) == 10)110)2'" 10)IH is the vacuum state. The 0" are M" time dependent 

coefficients of COl'l'csponding number stat.es. For example if jVJ = 2 and'll. = 3, 

03(2,1,2, t) indicates that the first boson is put onto the second site, t.he second 

boson is put on the first. site, and the third boson is Pllt. on the sccond site; t.hus 

it is a coefficient of the number stat.c 11) 12). More generally, O,,(jI,j2," .j", i) is 

the n-boson wave function, which is normali;"ed as 

III I'd M 

L L .. , L IO,,(j1 ,h, ... j,,, l)j2 = 1. (8.5) 

Substituting the state vector in Equation (S.4) int.o the Schrodinger equation in 

Equation (8.3) and using the boson commutation relations [bj, btJ = Djk' we obtain 

the following Schrodinger equation for the n-boson wave function: 

( i ~~ - wo) On(jl,j2,'" ,jn, i) + t [djl •kOn(k,h,j3,'" ,j'l' l) 
k=! 

+ dj2 •kOn(jl, k, j3, ... ,jn, t) + ... + dj".kOn(jl, h, ... , k, t)J (8.6) 
n n 

+y L L Djl.j",On(jh'" ,jl,'" ,jm,'" ,jtl' I) = 0 , 
1=1 m>1 
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where Wo == (wo - '),). Equation (8.6) is the Schr()dinger equation for a system 

of bosons at M discrete sites with linear coupling (mjk) and a Kronecker delta

function interaction between pairs of bosons and is therefore a discrete analog of 

the quantum field theory for a Bose gas, which involves a Dirac delta function 

interaction [50J. 

Equation (8.6) is identical in physical content to the Ilumber sLate method 

(NSM), which has been developed Lo solve the QDST equation [29, 27J. As was 

noted above, the OIl'S in Equation (8A) are Mn time dependent coefficients of 

corresponding nU111ber states, but not all are independent since bosons arc indis

tinguishable. For example if M = 2 and n = 2, Equation (8A) becomes 

+02(2,1, t))J 11) II) + OA2, 2, t) 10) 12) , (8.7) 

while in the number state method the 1110St general eigenfunctioll of the boson 

number operator is written as 

(8.8) 

and Cl, C2 and C3 are then chosen so 11/)2) is also an eigenstate of i1 with eigen

value E. Time dependence is then obtained from (8.3) by multiplying each energy 

eigenfunction by the factor exp( -iEt). 

In Equation (8.7), O2(1,2, t) is equal 1.0 O2(2,1, l) because there is no physical 

difference between putting the first boson on the first site and the second on the 

second and putting the first on the secolld and the second 011 the firsL. Thus the 

order of the system, ]1, is no larger than the Humber of ways that n bosons can be 

put on !v! sites or 
_ (M + n - I)! M" 

]1 - n!(M - 1)! < , (8.9) 

and it may be less if if has additional symmetries. 
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8.3 The Hartree Approxilllatioll (HA) 

Since the order, p in Equation (8.9), may be inconveniently large, we tUl'll to 

the Hartree approximation (HA). This approximat.ion is well known in quantum 

field theory [llOl-in particular, nuclear mallY body t.heory and 1110re recently to 

nonlinear optics [58, 107l-but to OUI' knowledge it has not yet, been applied to a 

discrete system stich as the QDST equation. 

In the HA it is assumed that the n-boson wave function Oll(jh'" ,jll' l) can be 

written as a product of the form 

II 

O~1/)(jl, ... ,jll,l) = II (Pn,jk(l), (S.lO) 
k=l 

which satisfies t.he symmetry condition fot· a mally-boson boson wave function 

The basic idea is that each boson feels the same mean field potential due t.o all 

the other bosons, and the many-body wave function can be a.pproximat.ed as a 

product of idenlical single-boson wave fUllctiolls ([>II"ik(l) with jk = 1,2, ... , M and 

k = 1,2, ... , n labeling the boson. Since the single-bosoll wave function is assumed 

to be identical for each boson, we may drop the superfluous h: label and simply lise 

<Pn,j(t), wherej = 1,2, ... ,M. 

Using the HA wave function in Equation (8.10) the n-boson state vector in 

Equation (SA) becomes 

(8.11 ) 

and from Equation (S.5) the normalization condition is 

fit 

L l<pn,j(tW = 1 . (S.12) 
j=l 
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To obtain an equation of motion for <I>n,At) we note that Equation (8.6) for 

OnUh j2, ... ,jn, t) can be obtained by minimizing the functional 

8 = 100 

dt. f f ... t o~ {(i cll - wo) On(jl,h,··· ,jn, t) 
-00 . l' 1 . 1 d Jl=)2= JIl= 

M 

+ '2Jdj1,kOn(k,h,ja, ... ,jll' t) + dh,kOIl(jl, k,ja, ... ,jn, l) +... (8.13) 

+;:~kOn(jhh' ... ' k, t)] +, t t 8j"imOnUt,··· ,jl,'" ,jm,'" ,jn,l)} 
1=1 m>1 

as 88/80· = O. By substituting the I-IA wave function from Equation (8.10) illto 

Equation (8.13) and using the normalization condit.ion of Equat.ion (8.5) we obtain 

(8.14) 

where we exclude the degenerate case in which all the djk are zero for some par

ticular value of j. Requiring 88(I1)/8<I>;I,j = 0 for the optimal I-Iat·tree solutioll we 

obtain the following equation for the effective single-boson wave functio)): 

.d<I>n,i '.J;. ~llJ;. (. ')11' 12r zdi- WO~n,j + L., (jk'l'n,k + , n - 1 °u,i °n,j = 0 . 
. k=l 

(8.15 ) 

Equation (8.15) is the main result of this section. Together with Equatio)) (8.10) it 

enables us t.o construct O~/l)(jl"" ,jn, I), t.he HA to the many-boso)) wave funct.ioll 

Oll(jll'" ,jn, t). In effecting this construction it is interesting to notice that Equa

tion (8.15) is closely related to the classical DST in Equation (8.1). The differences 

are these: 

• The solution of Equation (8.15) is constrained by the normalization condition 

of Equation (8.12), 

• The nonlinear parameter, is multiplied by the factor (n - 1), and 

• The site frequency in Equation (8.1) has challged from Wo to Wo == Wo - , in 

Equation (8.15). 
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Finally we note that Equation (8.15) can be written in Hamiltonian form as 

id<f>n,j/dt = f)hn/f)<f>~,j' where 

!II [ , /1</ ] 
hn =?= wol<f>n,jI2 - 2(n - l)I<f>n,j14 - L <f>~,jdj/~<f>n,k 

J=1 k=1 

(8.16) 

is the effective single-boson Hamiltonian for one boson in the presence of the other 

(n - 1) bosons. 

Let us conclude this section with a fcw general remarks. Hcre it was shown that 

the Hartrec approximation can bc applied to t.he DST equation; howcvcr, it is cb\.r 

that the formalism will work cqually well for any bosonic system that is classically 

exprcssed in terms of canonical variables. Thc question of t.hc applicabilit.y of t.he 

HA to quasi-bosonic systcms such as those considcrcd in Chapter 5 is, for now, an 

opcn question. To understand the problem, consider the normalization condition 

(8.12). Such a conserved quantity only arises in classical syst.ems for which t.he 

function f in (1.1) is constant - in other words, for bosonic systcms. Equat.ion 

(8.12) merely statcs that the wavcfunction is a unit \'ector, and this requircment 

cannot be wcakened. 

8.4 Quantum Expectation Values 

The approximate Hartrcc st.atc vector 11/111(1))(11) call 1I0W be used to calculate 

quantum expectation values. For examplr~ the mean number of bosons on the jLh 

site is 

(8.17) 

and using Equation (8.11) in Equation (8.17) we obtain 

(8.18) 

Thus quantum expectation vlaues can be related to the classical DST Equation 

(8.15). This is the basic reason for the usefulness of t.he HA: it connects expectation 

vlaues of the quantum problem with solutions of the corresponding DST equation. 
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The Hartree approximation can also be used to obtain energies of stationary 

solutions of the QDST equation. Consider a stationary solution of Equation (8.15) 

wi th the form 

(T) • _ e-mtv . * n,l - AU,} • (8.19) 

The single-boson Hamiltonian defined in Equat.ion (8.16) gives t.he energy of a 

single boson as 

en = f [wolxuAl - ~(n - l)IXn,jl" - f: X~,jdjkXn,j] 
J=1 k=l 

(8.20) 

For such stationary solutions t.he I-IA wave functioll ill Equation (8.11) becomes 

11PII(l))(IJ) = e- illflt 
. ~ ~ XII,i(l)llj 10), 

[

At ]11 
v n: J=1 

where nand XlI,i are solutions of the nonlincar eigenvalue equation 

AI 
(0 - wo)Xu,j + E dikXn,k + ,(n - 1)lxlI,jl2XII ,i = 0 . 

k=l 

The corresponding Hartree energy for the n-boson system is thcn given by 

(8.21) 

(8.22) 

(8.23) 

where ij is defined in Equation (8.2). Suhstit.uting Equation (8.21) into Equation 

(8.22), we find that 

(8.2/1) 

Thus in the HA the energy of an n-boson stationary state is just n times the energy 

of a single-boson stationary state. 

8.5 The DST Dhller (111 = 2) 

In this section we assume the renormalized sit.e frequency Wo == w - , to be 

zero. With two sites (f = 2) the Hamiltonian operator in Equat.ion (8.2) becomes 

2 

jj = - ~ [fbj(bj+1 + bj-d + ~bjbjbibj] . 
J=1 

(8.25) 
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Our aim is to explore the conditions under which t.he Hartree wave function is 

or is not a useful approximation to the exact wave [unction. Using the number 

state method, energy eigenvalues are eigenvalues of the (n + 1) X (n + 1) tridiagonal 

matrix 

where 

PI ql 
ql ]12 q2 

1171 = 
q2 ]13 q3 

q2 P2 ql 
q( PI 

]1j = _.l[(n + 1 - j)(n - j) + (j - 1)(j - 2)], 
2 

qj = -fVj(n+l-j). 

(8.26) 

Hartree energy levels are determined from stationary states of the classical 

DST, which are discussed in detail in rcl'erence [24, 27]. From Equations (8.15) 

and (8.24) one finds that [or sufficiently small values of I t.here are two Hartree 

levels at 

(8.27) 

where the "+" ("-") sign corresponds to all CLlltis),llImctric (symmetric) wave 

function. Above a critical value of the anharmonic parameter, 

2( 
Ie = --, n -1 

(8.28) 

the symmetric wave function bifurcates. Thus for I > Ie there are three levels: t.he 

two described above plus a localized level for which the probability amplitude o[ 

the Hartree wave function is larger on one of the two sites (see [24, 27] for details) 

and 

H I ( n ) (2 E( ) = --n(n - 1) - -- -. 
71 2 n-l I 

(8.29) 
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To appreciate the relationship between the exact wave functions and t.heir 

Hartree approximations, let us consider the case of two bosom; (n = 2). From 

Equation (8.26) the lowest energy eigenvalue (conesponding to a symmet.ric eigen

function) has the value 

(S.30) 

which lies close to the lowest value given by Equation (8.27), for I < IC' For I > IC 

the Hartree level, given by Equation (8.29) lies between the exact value of the lowest. 

(symmet.ric) level from Equation (8.30) and t.he next. lowest (antisymmetric) level 

at 

(8.31) 

In this case the Hartree solution is localized [2Il, 27] while exact eigenfunct.iolls of 

the Hamiltonian operator in Equation (8.25) cannot. be because they must share 

the symmetry of the reflection operator with whichii commutes. As Bemst.ein 

has shown [7], quantum theory responds to this dilemma by producing two lower 

levels which are quasi-degenerate with splitting 

2 ·It "E E(a) E'(') c; 
L.l. !i2 ==!ill - / It = ( 1) t 1 

'II. - .,Il- (8.32) 

Thus the quantum theory manages to keep energy localized on one site for t.imes 

short compared with the tunneling time 11./ ~E2' 

For a more det.ailed comparison we turn to numerical studies. In Figure S.l the 

heavy lines indicate the energies of Hartl'ee stationary states that are comput.ed 

from Equations (S.27) and (8.29) with c: = 1 and n = 10. The light (background) 

lines are the exact energy eigenvalues obtained from the mat.rix in Equation (S.2G). 

We note that this plot is similar-but not. idelltical---to one that has recently been 

prepared by Bel'llstein to compare classical and exact quantum energies for the 

DST dimer [6]. Again we see that the lowest Hartree level lies close to the lowest 

exact eigenvalue; to the accuracy of the plot ill Figure 8.1 they appear identical. 
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The largest of the three Hartree levels lies close to the largest exact level for 'Y < 'Ye 

but diverges for 'Y > 'Ye. An intermediate Hartree level, which appears in Figure 8.1 

for'Y > 'Ye, is dashed because the corresponding symmetric solution is dynamically 

unstable [14, 27J. We see from Figure 8.1 that. this unstable Hartree level indicates 

where pairs of exact solutions become quasi-degenerate. This degeneracy allows 

one to construct. localized wave packets that oscillate about the stationary localized 

solution for times shol'l. compared with the appropriat.e tunneling times. 

Next we consider how well the Hartrce analysis represents the exact time de

pendent behavior. Our approach is as follows: i) We choose an initia.l condition in 

Equation (8.15) and compute the time dependent behavior of the Harl.ree single 

boson wave function. ii) Equation (8.18) is t.hen used 1.0 obtain the I-lartree esti

mate of (nj(t))(Il) on a particular site. iii) Identical initial conditions for an exact. 

quantum mechanical calculation are obtained from Equation (8.11). 

The exact solutions (full lines) and I.he Harl.rce estimates (dashed lines) are 

compared in Figure 8.2 for initial conditions chosen from three different. points 

in the "'Y-energy" plane of Figure 8.1. The upper figure (8.2 a) is for an initial 

condition that is close to the localized Hart.ree solut.ion (see the cross denoted "a" 

in Figure 8.1), and the I.ime dependent. Hartree behavior is close to that of (he 

exact solution. 

Figure (8.2 b) is init.iated at a point. that lies close to the unstable Hartree 

solution in Figure 8.1, and-·in this case-·-Har(ree gives a poor approximation to 

the exact result. Figure (8.2 c) is calculated from an init.ial condition that is close 

to the stable antisymmetric branch in Figure 8.1. If it were plotted for an initial 

condition with the same value of 'Y as in Figures (8.2 a) and (8.2 b), the result. would 

be similar to that indicated in Figure (8.2 a); thus we choose a much larger value of 

'Y. Here the Hartree solution is periodic while the exact solution is quasiperiodic. 

This is because the initial condition chosen must be represented by a wave packet 
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Figure 8.1, A comparison of energy level calculat.ions for the quantum DST dimer 
for two boson (11. = 10) states with E = 1. The heavy solid (dashed) lines are the 
energies of stable (unstable) Hartree stationary states, which are calculated from 
Equations (8.27) and (8.29). The light. lines are exact energy eigenvalues comput.ed 
as eigenvalues of the Hamiltonian matrix in Equation (8.26). To the accuracy of 
the figure the lowest exact eigenvalue coincides with the lowest Hartree level. The 
points x indicat.e initial conditions fo\' time dependent calculations in Figure 8.2. 
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(a) 

(b) 

(c) 

Figure 8.2, Comparison of time-dependent IIartree calculations (- - - -) of 
(.,pI bjbj I¢') with exact calculations (---) 011 the DST dimer for three differ
ent initial conditions, with n = 10 and ( = 1. a) The initial condition is 'Y = 1 and 
close to the lowest (local mode) I-Iartree energy. b) The initial condition is 'Y = 1 
and close to the unstable (symmetric) Hartree branch. c) The initial condition 
is 'Y = 10 and close to the highest (antisymmetric) Hartree energy. In this case 
a larger value of 'Y is chosen to illustrate divergence betweell I-Iartree and exact 
calculations. 
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with approximately equal contributions from several of the n + 1 eigensta.tes. 

8.6 A DST Trimer (M = 3) 

Here we proceed along the lines of the previous section to consider a system 

with three degrees of sit.e: a trimer. Returning to Equation (8.1) we again assume 

Wo - I = 0 and also 

(8.33) 

which implies that each site interacts equally wit.h the other two. This example is 

an interesting generalization of the dimer because it is not classically integrable; 

thus it has played a role in exploring the relationship bct.ween classical and quan

tum descriptions of chaos [16, 34]. 

The classical bifurcation diagram for this system has been presented in reference 

[29, 27], and-although it can be expressed analytically-it is considerably more 

complicated than for the climer case shown in Figure 8.1. The corresponding 

Hartrce diagram for ( = 1 and n = 3,5, and 7 is plotted on the left, hand side 

in Figure 8.3 from Equations (8.15) and (8.24), where again the solid (dashed) 

lines indicate st.ationary states that are dynamically Htable (unstable). Using t.he 

number state method exact energy eigenvalues are plot.ted for the saIlle paramct.ers 

on the right hand side in Figure 8.3. 

To understand the relationships between exact energy eigenvalues and Hartree 

stationary energies, the left and right hand sides of Figures 8.3 should be viewed 

together. (We suggest that the reader make transparent copies of Figure 8.3 so 

the two sets of data can be directly superimposed.) As in the case of the dimer, 

the lowest Hart.ree energy is seen to give it good approximation to the lowest 

(symmetric) energy eigenvalue. Also for I larger than its value at the I-lartree 

bifurcation point, the three lowest levels become qUHsi-degenerate within an energy 
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Figure 8.3, A comparison of Hartree and exact energy level calculations for the 
quantum DST t.rimer for (n = 3, 5, and 7) with ( = 1. Left hand plots: The 
energies of Hat,tree stationary states. The solid ( .. -----) lines indicate dynamic 
stability and the dashed (- - - -) lines indicate dynamic instability. Right hand 
plots: The exact energy eigenstates calculated for the same parameters. The 
heavily dotted lines are doubly degenerate ("E" modes) while the lightly dotted 
lines are non-degenerate ("A" or "B" modes). Left and right hand sides of this 
figUl'e should be viewed superimposed as in Figure 8.1. 
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range t:.E3 given by Bernstein's formula [7] 

(8.3'1) 

As in the case of the dimeI', this permits the quantum theory to localize energy on 

a single site for times of oreler hi t:.E3' 

The uppet· Hartree energy coincides with the highest exact energy eigenvalue 

at / = 0 but diverges at increasing values of /. Between the highest and lowest 

Hartree energies are several stationary levels that are unstable as indicated by 

the dashed lines. These a.re related in it complicated rnanller-if at all--to the 

exact levels. In the vicinity of / rv 1 the spacing between the levels is rather 

irregular suggesting the Wigner distribution, which is characteristic of classical 

chaos [16, 34]. 

An alternative to studying the stat.istical properties of the level spacings is 

the method developed by Nakamura, Bishop, et a\. [79, 80, 81]. In the lower 

right plot. in FigUl'c 8.3 one can see a large number of avoided crossings in the 

trimer's spectrum. The dimer's spectrum (see Figure 8.1), on t.he other hand, does 

not exhibit this phenomenon. Tn Nakamura'H method, one meaSlll'CH the Ht.andard 

deviation of the average curvat.ure of the spectrum to obtain t.he dimensionleHs 

quantity g(N) defined by 

where N is the eigenvalue of the number operator. This statistic is a measure of the 

number and severity of the avoided crossings in the spectrum. As N increases, one 

expects that g(N) will increase: it is apparent from Figure 8.3 that the spectrum 

gets more complex as N increases. The next step is t.o look for fractal scaling 

behavior of the form 

g( AN) rv A (j(N) 

g(N) a . 

The spectrum has fractal character when j3(N) < 0 [79J: 



Here, by "fractal" we do not necessarily imply the self-similarit.y of the 

energy diagram with a fixed value of S [NJ, but; rather the successive 

similarity on smaller scales for increasing S [NJ. 
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In the case of case of the Nakamura-Bishop three spin system, such behavior was 

in fact observed in the energy regime where the classical system exhibits chaotic 

behavior. I made a preliminary study of t.he climer and trimer using their technique, 

but time did not permit the completion of this work [41J. The preliminary results 

were promising, however, and shall be reported in a. future publica.tion. 

In Figure 8.4 we compare Hartree and exact calculations of (~)Il)tbj I~)) on 

the trimer with E = 1. The initial conditions are for a Hartree stat.ionary st.ate 

so the I-Iartree (dashed) curves are horizontal lines. The exact calculations--on 

the other hand---oscillat.e in a quasiperiodic manner as is expected for a quantum 

mechanical wave packet. In these caiculations (1/' lilt b[ 11/)) shows an oscillation of 

larger amplitude and (~'I btb2 11/J) = (1/'1 bj"1131¢') is of smaller amplitude. Thus t.he 

larger curve plus twice the smaller curve is equal to n, t.he number of bosons. For 

n = 7 almost all of the wave packet is compos(!d of the lowest three quant.um st.at.es, 

which lie within the range given by Equation (8.311), alld t.he time dependence is 

almost sinusoidal. 

In Figure 8.5 we present results from a large Humber of plot.s of the sort shown 

in Figure 8.4. In particular the frequencies of the exact oscillations are plotted 

as functions of, for various values of n. These calculations are indicated by dots 

and are compared with calculations of !:lE3 from Berllstein's formula in Equation 

(8.34). Clearly t.he frequency approaches !:lEa for the larger values of ,. Returning 

to Figl1l'e 8.4 we see that the Hartree approximations remain close the the exact 

result for times of order 
h 

20!:lE
3 

seconds 

if !:lE3 is in joules and Ii. is in joule-seconds. 
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Figure 8.5, The triangles (6) show oscillation frequencies from dynamic calcula
tions as are indicated in Figure 8.4. The solid lines are computed from Bernstein's 
formula, which is given in Equation (8.34). 
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8.7 Hartree Analysis of Higher Order Nonlinearity 

In this section the results ou SO quantization are combincd wit.h thc I-lartrce 

approximation t.o obtain the Hartree descriptiou of the generalized discrete self-

trapping equation (GDST) (6.2): 

,dAj A ~ j A IA 12(m I)A 1- = Wo j + L.J CjA' j + /.i - j. 
dl k=l 

This classical system is described by the Hamiltonian 

AI 

11 = L [wolAjl2 + 1.1Aj12m] + L djkAjAk, 
j=l m .i# 

(8.35) 

(8.:16) 

where the dynamical variables Aj and A; are canollical. The SO results shall also 

be compared to the Hartree prediction for the GDS'!' quantized using the normal 

ordering (NO) prescript.ion. 

Under NO quantization, Equation (8.:36) becomes the Hamiltonian operator 

(8.37) 

and a general 11.- boson state vector 11,b( l)) can be approximated by the Hart.rce 

wave function 

I (Il) _ 1 "" '+ 
[ 

J ]Il 
7/J1I(t)) = vnr ,t;; glll,j(l)bi 10) . (8.38) 

In Equation (8.38) the single-boson wave function'<PII,.i(t), obeys the dynamical 

equation 

.d<P71 ,i Il> ~ ,f,. (n -1) l'li. 12(m-l),1' zdi = wO'J'II,i + tr. 7njk'l'II,k + / 7n _ 1 'l'tl,i -¥tl,j (8.39) 

with the normalization condition 2:f=1 l<pn,j(t)j2 = 1. 

Under SO quantization, Equation (6.17) implies that the siugle-boson wave 

function in the Hartrec approximation becomes 

i ll> J Ill-I 
,C'J'",j _ if "" ,Ii. "" I 12Sn, zdi = WO-¥",j + L.J 7njk'l'tl,k + L.J I,' <P",j 'I'",j, 

k=l .=( 
(8.40) 
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where 
N I (m - I)! 
w -w 0- 0 - 2111 - 1 ' (SAl) 

and 
s= (m-s-l)! (n-1) (m_1)2 

I I 2111-s-1 S S 
(S,42) 

Note that the leading nonlinear term (8 = m -1) in Equat.ion (S.40) is the same 

as in Equation (S.39); thus for m = 2 these equat.ions have the same form, but. for 

m > 2 Equation (S/1O) includes contributiolls at all lower orders of nonlinearity. 

A detailed comparison of the quantulll aDST and its Hartree approximation shall 

be given elsewhere. 

The choice of quantization is important in t.he Hartrce analysis of Equation 

(S.35) because NO quantizat.ion generates but a single nonlinear t.erm, 1<1>1 2(111-1)<1), 

in the equation for the single boson wave function, whereas SO generates a sum of 

nonlinear terms-I<1>1 2s<1>-with s = 1, 2, ... , m - 1. This difl'erence arises because 

NO implies that the effect of nonlinearity is not felt unt.il the number of bosons 

equals m, while SO indicates nonlinear influence for any number of bosons greater 

than unity. 

8.8 Conclusions 

In this chapter we have shown how to apply the Hartree approximation (HA) t.o 

the n-boson wavefunction for the quantulll discrete self-t.rapping (QDST) equation 

with !vI sites and arbitrary linear interactions. This is a useful approximation 

because it reduces the order of the quantum prohlem to that of the conesponding 

nonlinear classical problem. 

From investigations of the QOST dimer and trimer, we draw the following 

conclusions: 

• For a small number of sites the energy of the lowest Hartree stationary state 

gives a good approximation to the lowest exact energy eigenvalue. 
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• For a small number of sites t.he difrerence between the lowest and highest 

energy levels in the I-Iartree approximation gives a reasonable estimate of the 

bandwidth of the exact energy eigenvalues. 

• Time dependent Hartree calculations 1'1'0111 initial conditions on the lowest 

stationary state-for I > 1 and a small number of sites-are in good agree

ment with exact calculations for times of order iii t1E/lJ, where t1EM is t.he 

splitting of the M lowest (quasi-degenerate) energy eigenvalues. 

• Finally, it has been demonstrated that the Hartl'ee approximation applies 

to the GDS1' model. The main result is that the nonlinearity, 111, in t.he 

model is observable in the single particle case. In contrast., the NO quantized 

counterpart of the GDS1' does not exhibit nonlinear behavior until m bosons 

are present. The effective I-Iartree equat.ions of 1lI0tion also have this feature. 

A numerical study of this approximation for larger latt.ices is given in the work 

[108J. Overall, we have seen that, while t.he Hartree approximation gives a fairly 

good estimate of the ground state energy of the syst.<'111, it. did not perform so 

well on time dependent calcula.tions -- this is comTl1on in variational techniques in 

quantum mechanics. 

However, there are other factors t.ha.t accollnt for the quality of the time de

pendent calculations. Several choices were made along the way that directly t.he 

outcome of the numerics. First, the stationary solutions of the DS1' were chosen 

as the I-Iartree wavefunctions. Although there were several reasons for making this 

choice at the time, there is no way to tell whether 01' not stationary states are a 

good choice. Second, the quantity (btbk) was chosen t.o be the dynamical quan

tity measured in the numerical experiments. Again, this seems a logical choice; 

however, there is no way to be certain. The main problem with the I-Iartree ap

proximation as applied to this system is t.hat there is no way to analytically control 

the error in the approximation. 
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Let us consider an alternative to the stationary states used in this chapter. 

Suppose one wanted t.o use the I-Iat'tree approximation on a large problem, say, 

with 400 sites. Determining the stationary states [or such a latt.ice would be a 

very large calculation in and of itself. Suppose that instead we used a modulat.ed 

plane wave for the Hartree wavefunction. The theory presented in Chapter 3 can 

accumtely decribe the evolution of modulated plane waves for long periods of t.ime. 

Eventually this theory brea.ks down -- either beca.use a shock forms 01' due to a 

rnod1llalional instability. 

The Hartree approximation t.herefore gives us a. way to map a classical ll1od

ulational instability onto a quantum mecha.nical wavefullction. It would be an 

interesting study to see if this idea bears fruit. The technical difficulties ill obtain

ing the exact solution (for comparative purposes) are daunting: to solve the 400 

site quantum problem for n bosons requires the diagonalization of matrices on t.he 

order of p x p, where 

= (399 + n) 
p n ' 

which increases extremely rapidly as a ftlIlction of n. It. remains to be seen whether 

or not the Hart.ree approximation will be useful ill the description of a quantum 

modulational instability. 



9 The Rotating Wave Transform (RWT) 

Bright light, almost blinding 

Black night, still there shining 

I can't stop 

Keep on climbing 

Looking for what I knew 

Led Zeppelin, Friends 

9.1 Derivation of the RWT 
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It has been shown in chapters 6 a.nd 7 that SO quantization is equivalent to 

the perturbation theory for a nonlinear quantulll mechanical oscillator with even 

polynomial potential: 

if = ~(p2 + (?) + )..q2k'. 
2 

This theory will now be extended by linearity to problems of the form 

if = ~(1)2 + q2) + )"V(q) 
2 

where V is assumed to be analytic and even: 
00 

V(x) = L l'2k:v2k . 
k=o 

(9.1 ) 

This extension, combined with the results of Chapter 7, allows the perturbative 

description of the quantum harmonic oscillator with arbitrary even potentiaP. 

The first step in the process is to change from the variables q and p to t.he 

complex mode amplitudes A and A*, where 

A = (q + ip)/V2 

IThe case of an odd potential is not amenable to analysis with t.he NSM. The reason is simple: 
the NSM describes the bound states of the system. Equat.ion (9.1) with odd V does not have 
any bound states and is therefore not describable with the NSM. 
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A* = (q - ip)/0.. 

If we insert these definitions into (9.1) and keep only the resonant terms from V, 

which have the form 

2k ~ 2-k (2k:) IAI2k q k' (9.2) 

we get 

(9.3) 

This is known as the l'otaling wave (RW) approximation in the literature, espe

cially in the field of opt.ics. The extension to arbitrary V will be accomplished 

by obtaining an integral representation of the coefficients in (9.3) and summing it 

over k with the coefficients V2k. 

Since 

~ !orr (eiO ~ e- iO
) 211 dO = 2-211 (~:1.) , (9.4 ) 

we see that the altered potential in (9.3) is given by 

1 !orr = - \I( J2IAI cos 0) dO. 
7r 0 

(9.5) 

Note that v,.w only contains even powers of IAI becallse it is even. In chapters 7 

and 11, we disCllss how to solve the quantum problem associated with (9.5). 

There is one interesting difference betweell the RWT and SO quantization. Re

call that the SO quantization of a Hamiltonian If is given by the integral transform 

(7.7). It is obvious from this equation that, for any reasonable functioll H, the 

transformed Hamiltonian h( x) is an analytic function of its a.rgument. 

The RWT does not, however, possess this property. To see how a nonana.lytic 

\I gives rise to a nonanalytic l;;'w, suppose that V is identically zero in the interval 
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[-~, ~l. It is apparent from (9.5) that v,.w is also identically zero on [-~, eJ. Since 

the zeros of an analytic function are isolated, it follows that Vrw is not analytic. 

If, however, we insert this nonanalytic \~'1lJ into the transform (7.7), the resulting 

if is analytic on this interval2• 

9.2 The Inverse RWT 

We will now construct the inverse to (9.5). The inverse mapping to (9.2) is 

(k·I )2 
IAI2k ?k_'_ .2k 

~ w (21.~)!x . 

We will use the fact that 

. 211+10dO n. l
1T/2 2211 ( 1)2 

Sill = ----, 
o 2n+1(2n)! 

which may easily proven using integration by parts. If 

00 

It;.w(z) = E V;k Z2k , 
k=o 

then 
00 

W(z) == E V;k(2k + 1)z2k = (zlt;.w(z))'. 
k=o 

Using all of these facts together we find that:! 

(9.6) 

As an illustration of equation (9.6), let us retul'J1 to the example considered in 

Chapter 7. Equation (7.17), 

2 Assuming, of course, that Vrw is of exponent.ial order Q < !:!. 
3Th is result was first. obtained by Michael Jorgensen [52]. 

(9.7) 
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Figure 9.1, Inverse RWT of the Hamiltonian (7.17) 

may be considered a rotating wave approximation \t~tu to some classical I-Ianlil

tonian V(:r). Figure 9.1 shows the V(x) whose rotating wave approximation is 

(9.7). 

Recall that the RWT followed by SO quantization is equivalent to first or

der quantum mechanical perturbation theory. Therefore, first order pertll1'bation 

theory applied to the quantum Hamiltonian 

1("2 A2) V(") 2 P +q + q, 

where V is as in Figure 9.1, predicts the energies (7.19): 

( 2 (2 n) ") 
En = Ea 1 - 2 + Q' 2 + n . 

This spectrum is qualitatively what one expects, given the behavior of V. It is 

apparent from the figure that the quantum problem should possess a number of 
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bound states and a band of continuous spectmITl. The NSM cannot describe con

tinuous spectrum; however, it does signal the presence of this band through t.he 

appearance of an accuITlulation point in its prediction. A direct numerical com

parison of the exact quantum description of t.his problem and the NSM prediction 

is currently underway [53] - such a comparison should be interesting because t.he 

Schrodinger problem for a saturable V only possesses a finite number of bound 

states. The calculations presented here predict all infinite number of bound states; 

it is therefore necessary to directly determine the aCC1ll'acy of this prediction. 

9.3 Miscellaneous Results on the RWT 

From (9.4), it is easy to see the many body generalilmtion of (9.5). If we have 

then Vi'w is given by 

ll. (IA I IA I) -!.. t'll (Alc
iO + Aic-iO An

ciO + A~e-iO) (9.S) 
rw 1 , ••• , n - 7r Jo 12' ... , 12 

Equation (9.5) can be easily computed numerically using Gauss-Chebychev 

quadrature [<17]: 

1 AI ( (2n - 1 )) l'l'w(IAI) = !If ~ V V2IAI cos ~7r + 0(\/(211)(0), 

where ~ E [-IAI, IAI]. In fact, Gauss-Chebychev quadrature is defendably the best 

numerical method ill the evaluation of the RWT. 

To see why, rewrite equation (9.5) in the form 

l~w(IAI) = .!.jl V(V2IAI'll) du . 
7r -I Vf=U2 

It is well known that the Chebychev polynomials, 1~(:r), obey the orthogonality 

relation [47] 

1 1 d { 1, m = n = 0 -j Tm(x)Tn(x) h = ~,m = n f; 0 
7r -1 1 - :/:2 0 -/.. 

, Tn r n. 
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Therefore, M-point Gauss-Chebychev quadrature applied to the RWT has an ac

curacy of order 2!vl. Other M-point quadrature schemes will, in general, be less 

accurate than this. 

Finally, if V is expanded in terms of Chebychev polynomials 

00 

V( v'2IAlx) = E ck(IAi) l k(;1:) 
k=o 

for x E [-1, IJ, it is apparent that 

l~'w(IAI) = co(IAi). 

9.4 Conclusions 

In this chapter, the rotating wave approximation was extended to arbitrary 

even functions. This extension is best. represented as an integral transform which 

we call the rotating wave transform (HWT). This transform is invertible on t.he 

class of smooth even functions. 

The RWT has applications in the approxirnat.e descript.ion of the perturbed 

quantum harmonic oscillator when combined with the results of Chapter 7 and 

therefore completes the discussion begun in chapter (-i. To predict the energies of 

the nonlinear oscillator 

to first order in A, simply compute l~w(IAI) using equation (9.5). Finally, set 

H(x) = x + >'l~1V( JX), where x = IAI2 and use equations (7.8) and (7.13) to 

compute 9k and the energies En. These energies are t.he same as those comput.ed 

by first order perturbation theory applied to (9.10). 

Some basic properties of the RWT were also stated here. A detailed study of 

this integral transform is forthcoming [53]. 



10 Blowup in the Defocusing Dimer 

Those who know do not talk. 

Those who talk do not know. 

Lao-Tsu, Tao Te Ching 

10.1 Introduction 

In Chapter 1 it was demonstrated that the focllsing dimer 

iAl = 2f(IAlI2)A2 

iA2 = 2f(IA212)At 
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(10.1 ) 

exhibits finite time blowup above a certain critical norm provided that f has a 

superlinear growth rate at infinity. This chapter is concerned with the defocusing 

dimer in which the real valued function f(x) is assumed to be 

• positive for small x and monotonically decreasing in such a way as 1.0 have a 

simple zero at x = (, and 

• monotonically decreasing for x > ( and growing in magnitude supel'linearly 

at infinity. 

Referring to (10.1), it is obvious that the zero of f is a fixed point of the system 

which cannot be dynamically crossed. 

In this chapt.er the existence of this fixed point shall be used to show that, for 

any such f, finit.e time blowup occurs if at least one of the Ai'S satisfies 

IAi(OW > (. ( 10.2) 
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Let us call such an Ai "over the wall." The inequality IAi(O)1 < ( is therefore called 

"under the wall." Finally, we refer to the case IAi(O)12 = ( as "degenerate. I " In 

particular, it will be shown that the defocusing system has no notion of criticality 

associated with it, in contrast to the focusing case. 

This fixed point also has an interesting interpretation in terms of the continuum 

limit. For example, consider the defocusing Ablowitz-Ladik equation: 

where h is the vanishing lattice spacing. As h -f 0, this equation turns into t.he 

cubic NLS equation. Since f = 1/112 - ,,/x/2, it is apparent that ( -f 00 as II, -f O. 

For this reason, the only solutions of t.he defocllsing AL which can possibly have a 

continuum limit. are those for which every Aj is uuder the wall. 

Recall that (10.1) conserves the norm 

where 9 is given by 
r dy 

9 = io f(y) . 

The restrictions placed on f imply that 

• 9 is positive and strictly increasing on the interval [0,0, 

• 9 has a logarithmic singularity at x = (, 

• 9 is positive and strictly decreasing on ((,00), and 

Therefore, states of the lattice possessing a continuum limit cannot exhibit finite 

time blowup - it is impossible for any of the sites to grow arbitrarily large while 

I I would like to have called it "Humpty-Dumpt.y." 
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maintaining norm conservation. In order to observe blowup, it is thus necessary 

for at least one site in a defocusing lattice to be over the wall. These considerations 

show that any blowup observed in defocusing systems is strictly a noncontinuum 

effect. In contrast, it is not inconceivable that continuum limits of focusing lat

tices exhibit blowup. However, such possibilities shall not be considered ill this 

dissertation. 

In the remainder of this chapter, it shall be demonstrat.ed that the dimer (10.1) 

exhibits finite time blowup whenever at least one of the sites is over the wall (1l10~1-

ulo a few special initial conditions). Having established this fad, the supel'lil)(~al' 

growth condition on J will be relaxed and the AL dimer will be considered from 

this perspective with the result that the AL dimel' also exhibits blowup under these 

circumstances. Finally, some general comments on larger lal.tices will be made in 

the conclusions. 

10.2 Blowup in the Diluer 

For convenience, let us assume that sit.e 1 blows up. There are then three cases 

to consider: 

• the degenerate case IA2(0)12 = (, 

41 both IA 1(0)j2 and I/b(O)12 are larger than (. 

Each case shall be considered in turn. Note that the trivial case A2(0) = 0 of the 

second item is ruled out, 

10.2.1 The Degenerate Case 

If IA2(0)1 2 = (, then A2 is independent of time by (10.1). Vekslerchik recently 

considered the defocusing AL model with two such points [101], thereby reduc-
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ing the periodic AL problem to that of two decoupled finite chains. His work 

demonstrated that the inverse scattering method may still be applied in such a 

case. Vekslerchik also noted that the "over the wall" states have no continuum 

couterpart. 

Without. loss of generality, we may assumc that A2 (0) = A since any complex 

phase may be removed with the global gauge invariance Ai ~ Aieio of (10.1). 

Thus the equations of motion take the form 

(10.3) 

where the subscripts have been dropped for convenience. From (10.3) it is apparent 

that the real part of A is independent of time. Recall that. the Hamiltonian of (10.1) 

is given by 

which, in the degenerate case, becomes IJ = A(A + A*); therefore, the real part 

of A is simply the Hamiltonian. Note also that norm conservation plays no role in 

this case since g(() = 00. Defining A = :r + iy, equation (10.3) reduces to 

(IDA) 

where x is independent of time. 

There are now three cases to consider 

• x < J( with x 2 + y(0)2 < (, and 

• x < J( but ;v2 + y(0)2 > (. 

• x> J(, 

In the first case, A is under the wall; therefore, blowup is ruled out since A mllst 

rcmain there forever. In the last two cases, it is apparent from (lOA) that y is a 
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strictly increasing function of time since f is negative for x > C. Integrating (1004) 

gives the solution 
_ (YI dz 

lye 2V( f(x 2 + Z2) = il - tu. (10.5) 

Finite time blowup occurs when Yl ~ 00 which is possible if and only if the 

left hand side of (10.5) is integrable t.o infinit.y. The assumption that f grows 

superlinearly at infinity is more than cnough to guarantec t.hat this is indeed t.he 

case. If, for example, f(x) '" _Xli as a: ~ 00, it is apparcnt that 

[ ]

2/(1-211) 
IAlI2", 4(/1 - 1/2)/( (t* -l) 

as t ~ t*. This is thc same form of singularity as is observed in the supercritical 

focusing case. 

In summary, 

The degenerate dimer blows up if and only if site 1 is over the wall; 

otherwise, the evolution of (10.1) is regular for all time. 

The nondegencrate cases shall be trcated next. 

10.2.2 One Over the Wall, One Under the Wall 

Let tiS first considcr the situation ill which sit.e 2 is undcr the wall and site 1 is 

over the wall. Since neithcr site can pass through the fixed point, there is a strict 

order relation ul(l) > U2(t) bctween the t.wo sites. For convenience, rcwrit.e (10.1) 

in terms of the variables 

to obtain the equivalcnt system 

U1 = 4I(udv'u!,1l2 sinO 

(10.6) 
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where 0 == O2 - 01 and the Hamiltonian If is given by 

H = 2Jlt],1l2 cos O. (10.7) 

Since the two sites are now distinguishable, there is no longer a permutation sym

metry 0 ~ -0 and 1 ~ 2. Therefore, negative values of 0(0) are expected to play 

a role in the evolution. 

By inspcct.ion of thc initial data and (10.7), t.he following inequalities are seen 

to hold: 

ttl sin 0 < 0 

lt2sinO ~ 0 (10.8) 

OIJ < O. (10.9) 

The last of these follows from the superlinear growth of.f. Let us investigate the 

implications of t.hese inequalities. 

In the focusing case, thcre were fixed points at. 'It] = 'Il2 with 0 = 0,71". In that 

case, it, was shown that. t.his fixed point could be appl'Oached as I ~ 00. It is 

eleal' that this cannot, happen in defocusing systems with only onc sitc ovcr t.he 

wall, however. To see why, recall that the fUllct.ion g appearing in the nOl'm has a 

logarithmic singularity at :c = ( and that 9 is strictly positive on eithcr side of t.his 

singularity. Thus, therc is no possibility of maintaining norm conservation in the 

event that 'It( ~ (+ and 112 ~ (- In such an event, it is apparcnt that t.he 110rm 

would become infinite; thcrefore, this case is ruled out. If 0 dynamically passes 

through 0 or 71", the third of the above inequalities togcther with the sign of 11 

imply that 0 < 0 so that the values of UI and It2 are only momentarily stationary. 

Let us now examine the fixed points of the 0 equation, 71" /2 and 371"/2. In either 

case, the Hamiltonian is identically zero and so iJ = 0 regardless of the values 

of ltl and lt2. First suppose that 0(0) = 71"/2. In this case, It] and 112 are strictly 
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decreasing functions of time. Since tL2 is strictly positive, the only possible behavior 

this system can exhibit is tL2 -+ 0 as t -+ 00. By inspection, this point is, ill fact, 

a fixed point of (10.1) for this class of initial data. The above considerations show 

that the only fixed point for this class of initial data is lt2 = 0 and 0 = 7r /2. If 

0(0) = 7r /2 the system approaches this st.eady state as t -+ 00. For any other value 

of 0(0), however, it is obvious that 0 moves towards the point 37r /2'l.. It is now OUl' 

task to show that it arrives in finite time. 

Putting aside the point 0(0) = 37r /2 for a moment, consider the situation in 

which 0 ::; O( 0) :::; 7r, O( 0) =J. 7r /2. For such data, tL I and 1t2 arc decreasillg ill ti me. 

However, it is also clear that, at some finitc time, 0 will pass through one of the 

points 0 or 7r and continue t.owards the point. 37r /2. When this occurs, both ll) and 

112 (which still satisfy 11) > 1l2) will begin to increase. [n light of these observations, 

let us restrict our attention to the class of initial data for which 7r < 0(0) < 27r. It 

is clear that if this class of data exhibits blowup then all data (except 0(0) = 7r /2) 

blows up in fini t.e time. 

Having made this choice, the inequalities (10.9) become 

li l sin 0 < 0 

li2 sin 0 < 0 (10.10) 

OIl < 0, 

(10.11) 

with equality holding in the last of the above if and only if 0(0) = 37r /2. The most. 

important thing to note is that tLl and 112 are now strictly increasing functions of 

time. 

Returning to the fixed points of the 0 equation, assume that 0(0) = 37r /2 so that 

2These considerations show that this fixed point is structurally ullstable. 
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the 0 dependence drops out of the 111 and 'U2 equations. Using norm conservation, 

we may eliminate 'U2 as in Chapter 4 and integrate the resulting ODE for ttl: 

_l t1
b dy 

tla 4.f(y)Vyfj (N _ g(y)) = h -ta, 

or, after a change of variables, 

(flb dz 
- JOa 4Vfj(z)fj(N _ z) = lb - ta. 

(10.12) 

In (10.12) N is the norm of t.he system. Blowup occurs when gb = 0 and so we 

must verify that the singularity in the integrand at z = 0 is integmble. This is 

indeed the case, and with the definition ~ = fj(N), we determine the local for111 of 

the singularity to be 

[ ]

2/(1-211) 

111 '" 4(11 - 1/2)Vf, (t* - t) 

Again, note that this is the same shape of singularit.y as occurs in the supercritical 

focusing dimer with 0(0) = rr /2. 

Finally, suppose that 0(0) f:. 3rr /2. Using lJ and N to eliminate 112 leads t.o the 

integral 

10/. dz 
- = lb - t". 

Oa 4V4fj(z),ij(N - z) - J-l2 

There is no problem in eliminating 0 in this manner, since we are certain of the 

monotonicity of all of the relevant quantitics3 • Since the factor fj(N - z) does 

not vanish as z ~ 0, the singularity in the integrand is once again similar t.o t.he 

supercritical focusing case; in particular, we are assured that the expression under 

the radical is always positive. The forlll of the singularity is exactly the same as 

in the 0(0) = 3rr /2 case above. 

In summary, it has been established that 

3Recall that in the focusing case it was necessary to assllme that ttl > U2 so that we could 
be certain that 0 did not change sign. There is no such restriction in the present case, although 
such a restriction will be necessary in the following section. 
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the class of initial data in which one site is over the wall and one site 

is under the wall always blows up in finite time unless 0(0) = Ti /2. 

10.3 Both Over the Wall 

If both sites are over the wall at l = 0, we lose the strict order relation that 

was so useful in the previous section. However, this case is completely analogous 

to the supercritical focusing dimer described in Chapter /1. 

Since the signs of ill and 112 are opposite, there are, as in the focusing system, 

three possible fates for the system. First, it ('QuId be t.hat III grows monot.ollically 

and '1t2 decays. Second, 'UI could initially decrease for a time, and then subsequently 

increase monotonically. Finally, the evolution of the system could be to approach 

the fixed point '1/1 = '1t2 and 0 = 0 as t ~ 00. As in the focusing case, it is therefore 

necessary to choose initial data for which '1tl(O) > U2(0) and Ti :::; 0(0) :::; :3Ti/2 in 

order to ensure tha.t 1£1 is growing and 0 is moving towards 3Ti /2. 

The case in which 0(0) = Ti /2 is identical to that of 0(0) = 3Ti /2, except. t.hat 

the indices 1 a.nd 2 must be exchanged. By a similar analysis to that given above 

and in Chapter 4, it is apparent that finite time blowup occurs. The singularity is 

of the same form as in the supercrit.ical focusing dimeI'. 

If 0(0) f 3Ti /2, the Harniltoniall [f may be used to eliminate 0 as III the 

preceding section and Chapter 4. Again, blowup occurs in finite time. 

10.4 Blowup in the AL Dhner 

Finally, let us consider the defocusing Ablowitz-Ladik (AL) dimeI'. The argu

ments used before suffer somewhat of a breakdown ill this special case. Earlier 

in this chapter, the faei that g is unbounded at ( and vanishes at infinity was 

flagrantly used 1.0 obtain needed bounds. In the AL system, the situation is sOl1le

what different: the function g has logarithmic singularities at both ( and infinity. 
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Even so, we shall show that the previous result.s hold: finite time blowup occurs if 

and only if at least one of the sites is over the wall. 

In the degenerate case where A2(0) = VC" it is apparcnt from equation (10.5) 

that the AL dimer exhibits blowup. In fact, an easy calculation rcveals that the 

singularity in u, is a double pole. Recall that in Chaptcr 4 it was shown t.hat 

the singularity tend towards a doublc pole as the nonlinearity approachcs the AL 

limit; however, since the focusing AI, canllot blow up, the double pole is nevcr 

realized. It thus appears that the defocusing AL inherited what the focusing AL 

was cheated out of. 

If the initial data are such that only one site is over the wall, blowup also occllrs 

unless 0(0) = 7l' /2. We may still appeal to the strict. order relat.ion between t.he 

sites which implies that u, and U2 increase together. 1"01' the quantity 11, to become 

infinite, it is nccessary for U2 ~ 1 in ordcr to maintain norm conservation: in this 

scenario, g(ut} ~ -00 and so g(U2) must bccome large and positive in order that 

the total norm remain constant. Since Il, tends to a constant. value, the quantity 

that must be integrable to infinity looks like 

J dy 
f(y)yIY' 

(10.13) 

This is indeed integrable for the AL dimeI', and so blowup occurs in finite time. 

Integrating this quantity shows that the singularity is again it double polc in time. 

Finally, let us consider the situation in which bot.h sites are over the wall. As 

usual, let us ignore initial data that approaches t.he fixed point III = 'U2 and 0 = 0 

and assume that site 1 blows up. As in the previolls case, it is scen that the relevant 

quantity is the integral (10.13); therefore, blowup OCClil'S and the singularity t.akes 

the form of a double polc. 



176 

10.5 Conclusions 

In this chapter it has been shown that defocusing versions of the dimer (10.1) 

behave quite differently from their focusing counterparts. In particular, it has been 

shown that if 

• f(O) > 0, 

• there is a ( such that f( () = 0 wit.h 1'( () oj:. 0, 

• and if f(x) is monotonically decreasing and grows in magnitude supcrlincarly 

as x ~ 00 

then blowup is possible. In fact, blowup occurs if and only if at least onc of thc 

sites satisfies (modulo the two special cases mentioncd above) 

IA(OW > (, i = \,2. 

The form of thc singularity near to< is the same as in the supcrcrit,ical focusing casc. 

This situation is to be strongly contrasted with the focllsing problcms considercd 

in Chapter 4. Blowup ca.n only occur in such systems when the total norm is 

greater than a certain critical value, N*. 

Defocusing blowup is govc1'1Ied by a local condition - one or more sit.es bcing 

over the wall - while focusing blowup is det.ermined by the global condition of a 

sufficiently large norm. In both cases, thc motion of the systcm remains bounded 

for "small" cnough data. In the focusing case, "small" means a small enough Ilorm, 

while in defocusing systcms onc needs a uniform bound on cvery site in thc latticc. 

In order for a defocusing lattice state to have a meaningful continuum limit, this 

uniform bound must be satisfied (and other smoothness criteria besides); therefore, 

defocusing blowup should generally be considered a discrete effect. This is not to 

say that continuum defocusing systems cannot exhibit blowup. On the ot.her hand, 
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any solution of such a PDE that does blow up in finite time will not blow up in a 

defocllsing finite-difference discretization. 

The "over the wall" states appeal' to have no quantum mechanical analog, 

either. To see why, recall the result of Chapter 5 t.hat t.he quantities an obey the 

difference equation 

III a defocusing system, the restrictions placed 011 J combined with the initial 

condition 0'0 = 0 imply that lim" ..... oo nIl = (. Therefore, the a sequence always 

lives under the wall. 

It is possible to repeat the above calculations fo), the defocusing Ablowitz-Ladik 

(AL) dimer which violates the Huperlincar growth condition. The result. is that. t.he 

AL dimer also exhibits finite time blowup when at least one of the sites is over t.he 

wall. Again, this is to be sharply contrasted with the focusing AL which cannot. 

exhibit unbounded motion under any circumstances. 

In this chapt.er and Chapter 4 it has been shown that, for functions J growing 

polynomially at infinity, the singularity in the neighborhood of blowup is a branch 

point. In fact, only two cases give risc to poles: the defocusing AL equation in 

which J is lineal', and focusing or defocusing systems in which J is quadratic to 

leading order. 

As in Chapt.er 11, it is unclear the extent to which these results generalize to 

more than two degrees of freedom. Since the AL dim!!r exhibits blowup, however, 

it may be possible to use the complete int.egrability of t.his model to gain some 

insight into the multi-site problem". Due to its complete integrability, the phase 

space of t.he AL AI-mer is topologically equivalent /.0 an M-torus, where t.he va.lues 

of the action variables determine the shape of the torus and the initial values of 

the angle variables determine the initial point in the phase space. 

4The following 11Ileristic arguments were given by Peter Miller [73]. They are in no sense 
rigorous and await. a more detailed investigation. 
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In the case of the climer, the torus is simply 11 circle. Furthermore, suppose 

that the initial data is such that the mapping U( A1 (0), A2 (0); t) describing the 

evolution of the dimer as a function of t.he initial data and time has a pole in t.he 

time variable. Since the system evolves on a circle, there is no way t.o miss the pole. 

In a multi-site problem, however, the phase space is gcnerally more complicated 

than a circle. For example, the trimer's phase space is a 2-torus. If U has a pole 

somewhere on the t.rimer's two dimensional phase space, it would generally be 

necessary to choose special initial dat.a in order to hit the pole dead on. III fad, 

the system generally evolves in such a way as to densely cover the M -torus. If 

there exists a. pole on this torus, we might. generally expect to see largc dcvialions 

as the evolution of the system brought us arbitrarily close to this pole over and 

over again. In fact, it has been numerically observed that. the multi-site defocusing 

AL appears to be stable when all of the sites arc over the wall. 

These arguments are merely speculative. On the other hand, a rigorous verifi

cation of their truth using algebro-geomct.ric met.hods as developed in [72J would 

be of considerable help in understanding t.he multi-site problem of blowup for in

tegrable models. 

The nonintegrable case is, of course, considerably more difficult. Blowup has 

been observed numerically (see Chapter 11); however, it is unclear whether blowup 

is actually being observed - it. is conceivahle that this numerical "blowup" is ollly 

a temporary "large deviation." It is certainly the case that more sophisticated 

numerical techniques should be developed to investigat.e t.his possibility. 

Finally, let us mention a connection bet.ween focusing and defocusing systems. 

Equation (1.1) possesses the discrete symmet.ry (assuming that F == 0) 

Aj ~ A;, f ~ -f. 

Suppose now that we are given a defocusing system in which the function f = fo 

and define f1 by 2fo(0) - fo. It is apparent that. the choice /J gives rise to a 
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focusing system that blows up whenever N > N* (the critical norm is finite due to 

the restrictions on 10)' However, by shifting 11 down by the quantity 210(0) and 

appealing to the discrete symmetry stated above, a region of stability is induced 

into the now not-quite-focusing (since it violates the positivity of 1) system. 



11 The Quantum Transform (QT) 

If you could see all thc roads I have traveled 

Towards some unusable last equilibrium 

Run like an athlete 

Die like a dead-beaten speed freak 

An answer to all of the answers to 

Yes 

Yes, Tempus Fugit 

11.1 Introduction 
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In Chapter 7 it was demonstrated that SO quantization may be realized as 

an integral transform which maps a classical Hamiltonian onto its quantulll me

chanical counterpart.. In order to show this, it was lwcessClry to utilize a numher 

of special relations satisfied by the Lagucrre polynomials. It occurred to me some 

time ago to ask what, role these special relations play in the process of qUfLntization, 

and, in particular, to inquire whether t.he Laguerre polynomials themselves are fUll

damental to the procedure. In this chaptet· it shall be shown that the quantization 

process shows no particular favoritism towards t.he La.guerre polynomials (except 

that some formulae simplify with this choice) and that much of the forma.lism holds 

for a reasonably large class of quantization schemes. 

In this chapter we will take an approach that. connects the current task of 

quantizing classical systems with the theories developed by Boas and Buck [9] t 

and Roman [84]. The reader may object to t.he formal nature of the calculations 

herein, especially the disregard for convergence of series, swapping of integration 

1 Unfortunately this book is currently out of print. 
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order, etc. In fact this theory can be made rigorous - the interested reader is 

urged to read Boas and Buck [9]. The analysis is quit.e ordinary and extremely 

long; however, the author feels that such analysis would obscure the ideas contained 

herein. Also, the results of Boas and Buck's analysis requirc verificat.ion in any 

particular case, so including such analysis would not be particularly fruitful. In 

fact, there are counterexamples to many of t.he results in this chapt.er; in the use 

of these formulae, one must be careful t.o watch for pat.hological cases. Wc will 

take t.he approach in derivations that. all funct.ions of in('('rcst arc entire functions of 

finite exponential order; therefore, we can always expand int.o series, swap int.egrals, 

take and invert. Laplace transforms, and other such nicetics. In t.he course of our 

manipulations, we will discovcrf'ormulae such as (11.13) t.hat apply t.o all int.cgrable 

functions of a certain exponential ordcr. The author cOllsiders these formulae to 

be definitions for thc broadcr class of functions t.o which they apply. The author's 

intent is to gencralizc currently known rcsults in a broadcr conceptual framcwork -

such a framework is neccssarily morc delicat.e than a specific subcasc. The rcader 

should also be aware that the derivations hcrcin are not the short.est 01' fastest 

possible; for instancc, (11.13) was first derived by inspect.ion in an intcgml t.able 

[2, 22.10.14]. The rnatcrial in Appendix C is a prcrequisite to t.hat. presented here. 

The basic problem of quantization is to generat.e (in sorne coherent fashion) a 

quantum Hamiltonian from a classical one that is expressed in tcrms of complex 

mode amplitudes A = (q + ip)jV2 and A* = (q - ip)jV2. Unclcr quant.ization we 

set A --+ Vh band A* --+ jh b+, where band b+ arc boson creat.ion and annihilation 

operators satisfying 

(11.1) 

and fi is Planck's constant. Since band b+ do not commute, thcre is an ambiguity 

in this assignmcnt. In thc simplest case, IAI2, do we quantize this as hb+ b, hhf)+, 

fi(bb+ + b+b)j2, 01' something else? There are sevcral prescriptions in general 
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acceptance for dealing with this. In normal-ordering (NO) we let· 

(11.2) 

In number state O1'dering (NSO) it. is assumed t.hat. 

(11.3) 

Finally, symmetric ordering (SO) requires ([44J and Chapter 6) 

(11.4 ) 

where Ln(x) is t.he Laguerre polynomial of order nand xk == (b+)k(b)k. 

11.2 Derivation of the QT 

Suppose that, in general, we quantize by setting 

(11.5) 

where x is as ahove and {Pk(:Z:)}k:O is iLlI infinite set of monic polynomials2 with 

Pk of degree k. If JJ(IAI2) can be expressed as 

00 

H(IAI2) = L hk lAl2k, ( 11.6) 
k=O 

then the corresponding quantum operator is 

00 

lI(x) = L hkhkpk(X). (11. 7) 
k=O 

Referring to (C.8), we see that iI is simply given hy the umbral transform of H 

with A(ht)exB(ht) and so 

ii(x) = ~ 1 .cl/(s)A(hs)exB(hs) ds. 
271'1. Ie 

2Monic polynomials have a leading coefficient of 1. 

(11.8) 
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In section 11 A the semiclassicallimi t of (11.8) shall be discussed. 

To make the discussion concrete, let us consider several examples. For instance, 

in the case of NO, we have 

A(s) = 1, 

B(s) = s, (11.9) 

and so 

i/(x) = Il(lix). (11.10) 

The functions A and B are, in the NSO scheme (see (D.G)), 

A(s) = 1, 

B(s) = eS 
- 1. (11.11) 

There is no convenient reduction here; however, since En = H(hn), there is no 

particular reason to compute if; however, an expression for iI is given in Section 

11.3. For SO, A and Bare 

A(s) = 2 
2 - s' 

B(s) = 2s 
2 - s' 

(11.12) 

Using (11.8) the integrals may be evaluated one step further: 

Ali 100 
t 2 2rl .. H(x) = -. H(t)e- S --.-C2-'" dl ds 

211'1. G 0 2 - 118 

10
00 1 i 2 2rh.. t = H(t)-. --.-e 2- h .-·· dsdl 

o 27r1 G 2 -hs 

= roo H(t)C-2(X+tl")~ l _2_. e2~h.+(2-1Is)tl1t ds dt 
Jo 2n Ie 2 - Its 
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(11.13) 

At this point an int.egral transform describing quantization has been defined. 

It seems natmal to inquire as to the possibility of inverting this transform. The 

inverse of the QT involves the mapping 

and is simply the inverse umbral transform (C.9): 

H(.7;)=~l £.(s) 1 cxB(s)/"ds. 
211"z ICI II A( B( s)) 

In the case of NO, JJ(x) = iI(x/h). For NSO, we have 

H(x) = ~ 1 £: (s)eXh1(!+ .• )/h ds. 
211"t!c II 

SO quantization is the most interesting -- the forlllula ill that scheme is 

1 i 2 2x./h 
H(x) = -2' £/i(S)-2 -c 2+_ ds 

11"1 C + s 

or, after expanding ell' 

11.3 Generating Functions for En 

(11.14) 

(11.15) 

(11.16) 

(11.17) 

In this rather t.echnical section, several generating functions for the quantum 

mechanical energies En and coefficients gk in the quantum Hamiltonian if are 

derived. 

If we reorder the terms in (11. 7), we can express if as 
00 

H(x) = L hkhkpA.(a~). 
k=o 

00 

- L gk(b+)k(b)k. (11.18) 
k=o 
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By (11.8), we see that 

1 .. (/3(1is))k 
9k = -. 1 £l/(s)A(h.s) k' ds. 

27rZ fa '. 
(11.19) 

If we now let fj act on a number state In), we arrive at, the quantum mccha.nical 

energies of the system 

From (11.20) we observe that 

ooE 
"'" n "V

n 
L.J-, '" 
n=O n. 

The intermediat.e step follows from the lcmma. [68, 82] 

00 00 tXl 1l 

L L C(n, k:) = L L C(n - k:, k~). 
n=Ok=o n=Ok=o 

Now combining (11.21) and (11.8) we obt.ain 

En = ~ 1 £IJ(.s)A(h8)(1 + 13(118))11 ds. 
27rZ fa 

From (11.22) one can also construct the generator 

00 

"E" ",n = L...J u"" 
,,=0 

= 

_1_. 1 £}{ (8) A (8) _--:-_d_8 -:--:-:~ 
27rZ fa 1- z(l + B(lis)) 

£1I (~-l)A (13 U -1)) 
n.zB' (/3 U -1)) 

By expanding the Laplace transform, we derive the altel'1late expression 

( 11.20) 

(11.21 ) 

(11.22) 

(11.23) 

(11.24) 
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Finally, one can determine another generator of t.he 9k'S from the Laplace trans

form of if and (11.19): 

00 9 k' 
= L ~+; 

11=0 Z 

(11.25) 

1 i ds = -2' £l/(.s)A(hs) BU) 
1l'Z c z - /,s 

£H(B(z )/11 )A(B(;:)) 
= hB'(B(z)) 

(11.26) 

= A(H(z)) foo -tt II ( h,lt ) l 
8(z)8 /(8(z)) Jo e B( z) cu. (11.27) 

By (11.25) and (11.26) we have 

E9kk!zk = £ll(JJ(l/z)/h)A(B(1/z)). 
k=O hzB'(B(l/;:)) 

(11.28) 

Again, expanding the Laplace transform gives the altcl'Ilate expression 

~ k' k _ ACH(1/z)) {'X> -ttJ! ( liu ) 1 t:o ·9k Z 
- z8(I/z)8 /(8(I/z)) Jo e 13(I/z) w. (11.29) 

Below we give examples of these formulae for the various ordering schemes we 

have been considering. Only the "interesting" forml1lae are presented for each case. 

For NO, we have 9k = I/hk and so i1(x) = 11(11:1:). Equat.ion (l1.24) is, in this 

case, 

~ E' ~Il __ 1_ foo -ttl~l ( hZU) 1 
L.., II'" - in e (. Il, 
11=0 1 - z 0 I - z 

(11.30) 

while (11.29) is 

(11.31) 

Most of the formulae break for NSO, but by inspection or (11.22), we see that. 

Ell = H(nli)j therefore, we have 

iI(z) = c- z E H(1;h);:11 
11=0 n. 
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Picking off the coefficient of Zll, we find that 

(-l)k k (k) 
gk = --,.;y-,~ n (_1)11 ll(nh). (11.32) 

The SO case is by far the most interesting. Using (11.12) in (11.24), we obtain 

f: EIIZII = ~ [00 c-u H (hU 1 -I- ~) duo 
11=0 1 - .. io 2 1 - .. 

(11.33) 

If we change variables in the above integral and place the z dependence in the 

exponential factor, we find that 

Ell = (-1)" 100 
e- V L,l2v)1l (';J) dv. (11.34) 

Also, (11.29) becomes 

f k!gk zk = [00 e-uj{ (liu (z -I- ~)) du, 
k=O io ~ 

(11.35) 

and, after changing variables, we find that 

(_2)k [00 -tJ . ('IV) 
gk = ----;::! io c LII(v)H 2 dv. (11.36) 

11.4 The Senliclassical Lhnit of the QT 

Up to t.his point., the constant Ii = 1. In this chapter, howevcr, h remains 

an arbitrary parameter. III this scction the classical limit of the set of quanti;"a

tion schemes under consideration shall be detcrmincd. The classical limit we will 

consider is the limit n ~ 00 with E == uti fixed. First consider (11.8) 

Now 

and so 

limiJ(Ejti) = limil(n) = lim~ J £H(.5)A(lis)cxB(h.)/hds. 
II II II 21ft fc 

B(hs)jli. = s -I- OUt) 

lim /I(n) = JJ(E), 
11-00 
IItl=E 

( 11.37) 

(11.38) 
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since A(O) = 1 and what remains is the inverse Laplace transform of Cu. To find 

the limit of (11.22), we simply notice that 

and so 

lim Ell = H(E). 
n-too 
IIh=E 

(11.39) 

Therefore, all schemes under consideration possess the same classical limit, 

H(JAJ2). This result was shown for the particula.r case of SO quantization in [15]; 

however, the present analysis shows that this result. may be generalized to include 

NO, NSO, SO, and ma.ny others. 

11.5 Reconstructing H frolll Ell 

At this point we have if and Ell in terms of 0111' original H. In certain cases 

it turns out that given {E,,}:':"=o one can obtain a nice expression for Jl as an 

expansion in a set of polynomials {qll }:':"=o with t.he energies Ell as coefficients. 

Multiplying (11.22) by Q7l(x) and summing over n gives 

Assuming that 
00 

L ql(X)S" = A2(s)e,I'B2 (s). 

,,=0 
the above expression may be written as 

The trick is now to reduce this to the form 

f(x)-2
1

. J ClI(s)eXSds = f(x)1I(x); 
7rZ fe 

(11.110) 
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i.e., the inverse Laplace transform of £//. From (11.40), it is apparent that we 

must have we need 

A2(S) = l/A(B(s - 1)), 

B2(S) = (B(s - 1) - B( -1))/h, (11.41) 

To summarize, we have 

00 

exH(-l)/f, E Enq,,(:v) = H(x) (11.42) 
,,=0 

00 

E q,,(x)sk = 
"=0 

1 ex(B(s-I)-B(-l))/It 

A(B(s - 1)) 
( 11.43) 

if IB(-1)1 < 00 and if A(B(-1)) f; O. 

In the case of NO, A = 1 and B(s) = s and so 

00 E :r" 
l:l( .) = ,-xllt '" ~~ x e ~ -tTl ,. 

,,=0 I~ n. 

The NSO quant.ization fails ent.irely. This is due to the fact that the coefficients in 

the relevant polynomials exhibit factol'ial growth. Thus, there is no nice integral 

representation to fall back on. For SO, this formula becomes 

and so 

~ CJ,,(a.:) k 2 4rl 
~--l =--em 
k=O ~:! 1 + t 

Putting all of this together gives the inversion formula 

00 

H(x) = 2e-2x E E,,(-1)"L,,(4x) 
,,=0 

as in Chapter 7. 

(11.44) 
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11.6 COlnputing the Coefficients of En = ](o+n](1+n2 ](2+ ... 

This chapter has been concerned with expressing quantizations in terms of nor

mal ordered summands. However, one does not obscrvc normal ordered quantities. 

Instead, series of spectral lines are usually observed, at which point it is necessary 

to postulate a form for Ell as a function of n. [n this section the first few coef

ficients of the expansion Ell = /(0 + n/(1 + n 2/(2 + ... shall be determined ill a 

scheme-independent fashion. 

From (11.20) we see that /(0 = Eo = go. In our examples this reduces to 

NO /(0 = ll(O) 

NSO ](0 = H(O) 

SO /(0 = 10
00 

c- S H(li.s/2) doS. 

To find /(1, we simply note that 

00 

Ell L gk7l'k(n), 
k=O 

where 9k is defined by (ILlS) and the 7l'k'S are defined by (D.1) in appendix D. In 

other words, Ell are the umbral composition of iI with the 7l'k'S. To find ](t, we 

simply note that the linear term of 7l'k is (_l)k-I(~: -I)! by (D.3). Therefore, 

](1 = L 9d _l)k-l(~: - 1)! 
k=1 

where the last step follows from 
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This method of summing series by obtaining integral representations of its coeffi

cients is known as Egorychev's method [22]. If we define 

00 
1/J( t) = E k!gk lk , 

k=O 

we see that 
, 101 1/J(O) -IN-t) 

/\.1 = di. 
o t 

(11.45) 

Using this fact and (11.29), we get, for example, 

NO ](1 = [00 e-1I [I IJ(O) - IJ( -hta) dl du. 
Jo Jo t 

N50 is broken, but it is obvious that I\n = hnhn. 

50 T.' loo -11 /1 H(fw/2) - H(htlt/2) I 1 
.Ii 1 = e 1 ( I ( It. 

o -1 - t 

One may easily prove by induction tha.t the quadratic term in 7rk, Qk, is given 

by 

71-1 1 
Qk = (-It(n -I)! E-

k=1 A: 

[I 1 til-I 
= (-l)"(n-l)!Jo I-t dl, n;::: O. 

Therefore, we have 

For SO, this becomes 

](2 = 4 [00 e-2s rt [I {H(S) - Jl(s(l - 2t)) 
Jo Jo Jo 2t 

H(s) - H(s(l - 2tU))} dll I d --d S. 
2tll 1l - 1 

(11.'16) 

(11.47) 
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11.7 Conclusions 

In this chapter, quantization of functions of IAI2 has been examined from a 

slightly more abstract perspective. The integral transform related to SO quanti

zation described in Chapter 7 has been derived via the umbral transform. 

The theory presented here has several advantages over that. used in Chapter 7: 

• The present theory only relics on the genera.ting function of a set of polyno

mials. In Chapter 7, numerous special function identities were required t.o 

push the formalism through. 

• The results in this chapter deal with an entire class of quant.i;"ation schemes. 

• The classical limit of these quantization may be derived with a minimum of 

effort. 

• It was shown that the ability to express H(IAI2) in terms of Ell has relatively 

little to do with the orthogonality propert.ies of t.he underlying polynomial 

set (although this property does allow t.he inven;ion formulct to be expressed 

in terms of integrals). 

The role of umbral methods in questions such as these cannot be ovcrstat(~d. 

Manipulating expressions containing bosonic operators is essentially a combinat,o

rial task - one that is ideally suited to the combinatorial methods that generally 

arise in conjunction with the algebra of formal power series. This viewpoint is 

supported through tout this work, and is further elucidated in various calculations 

appearing in the appendices. Many of these rPsults could otherwise only be derived 

using "catch as can" methods. The formalism of generating functions and infinite 

order differential operators (which always make sense on spaces of polynomials), 

however, are powerful tools that can be used to cheaply prove relations of general 

utility in "real-life" calculations. 



12 Conclusions 

Tell me, is something eluding you, sunshine? 

Is this not what you expected to see? 

Pink Floyd, In the Flesh? 
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Below the major ideas considered in this work are summarized according to 

topic. Section 12.6 concludes this dissertation with a. list of open problems and 

directions for future inquiry. 

12.1 Modulation Theory 

The main model under consideration, 

(12.1 ) 

possesses a family of plane wave solutions of the form 

Aj = yIP ci(kj-wt) , 

when p, k, and ware related by the dispersion relat.ion 

w = 2f(p) cos I.: + F(p). 

The goal in Chapter 3 was to extend this exact solut.ion family to the case of 

modulated plane waves in which the parameters p and k vary slowly in space (j) 

and time. By using the formalism of Whitham averaging, it was shown that these 

parameters evolve according to the system 

8p _ f(p)i!.-(2psin k) a 
8t a:J: 

8k a 
Ft+ 8x(2f(p)cosl.:+F'(p)) = O. (12.2) 



The characteristic speeds of (12.2) are real whenever 

-2pJ(p)[2J'(p) cos h: + F'(p)] cos h: 2: o. 

When this local condition is satisfied at every point of the lattice, the modulation 

equations (12.2) are hyperbolic, and we interpret this as stabilit.y of the modulated 

plane wave. 

Complex characteristic speeds result in (12.2) being an ill-posed elliptic system. 

This may generally be interpreted as instability of the plane wave. In the case of' 

the DNLS, it has becn shown that it. is possihle for these modulat.ion cquations to 

dynamically cha.nge type fl'Om hyperbolic to elliptic, therchy signaling t.he onset of 

a modulatiollal instability. 

In certain cases, it is possible to cast the systcm (12.2) into Ricmann invariant. 

form. Such a reformulation is useful because it. allows olle to identify initial data 

which cannot undergo a dynamic change of type. For :iUch dat.a, the 1l10dulatioll 

theory generally breaks down during the format.ion of a hyperbolic shock, at which 

point the local microscopic dynamics aga.in become important. 

12.2 Finite Tilne Blowup 

Chapters 4 and 10 were primarily concel'lled with the two-site system 

ilL = J(IAt/2)A 2 + O'F(IAlI2)Al 

iA2 = f(IA212)A\ + O'F(IA212 )A2, 

especially from the angle of finite time blowujJ. 

(12.3) 

Definition 1 The solution oj a system of differential equations is said to blow 

up in finitc time if there exists a finite t· sllch that at least one of the dynamical 

variables tends to infinity as t ~ t· J07' some given initial data. 
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The value of t* generally depends on the initial data. In these two chapters, it 

was shown that such a phenomenon docs indeed occur for in (12.3). This system 

possess two conserved quantities, the norm N and Hamiltonian JJ given by 

where the function 9 is 
r dy 

g(:1:) = Ju f(y)' 

(12.4) 

(12.5) 

Note that N is nonnegative, while H is not sign-definite. In order that blowup 

occur, either IAl12 or IA212 must tend to infinity while conserving these two quan

tities. We have thus shown t.hat 

Theorem 1 If the function 1/ f( x) is not integrable to infinity, lhe evolution of 

(12.3) is bound(!d for all t for evcry initial condilion. 

In order for blowup to occur, it is therefore Ilece~sal'y to assume that 1/ f(x) is 

integrable to infinity. In what, follows, results pertainillg to the bounded ness of t.he 

solution of (12.:3) as a function of time arc given. 

At this point there are two interesting families of functions f to consider. 

Definition 2 Thc dimcl' (12.3) is called focusing whcll lhc jllnction f is positivc 

and bounded away fl'Om ZC1'O for al/nonnegativc x. 

Let us first consider what happens in this case. Define N* t.o be g( 00) - this 

number is finite by supposition. There are three classes of initial conditions to 

consider: 

• the case N < N* is called subcritical, 

• the case N = N* is called critical, and 
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• the situation N > N* is called supercriikal. 

In Chapter 4 it was demonstrated that 

Theorem 2 The dynamics oj (12.3) wilh 0' = 0 are boundcd JOI' all subcritical 

initial dala and almost cvcry sUjJcrcl'ilical initial condition blows IIp in finite tim.e. 

The state of affairs in the critical regime depends on the ('xact form of J. Numerical 

evidence indicates that the result for supercrit.ical data holds for systems of t.he 

form (12.3) with of more than two sites. The subcritical result holds regardless of 

the number of sites in the lattice. 

Finally, it was shown that allowing the parameter a t.o be nonzero could prevent 

blowup from occuring: 

Theorem 3 The dynamics oj (12.3) Jar nonzel'o n al'e boundcd Jor every initial 

condition provided that the Junction 

r F(y) dy 
10 f(y) 

grows Jaster in magnitude than vx as :/: -+ 00. 

Once again, borderline cases are more delicat.e and shall be treat.ed elsewhere. 

For functions f growing polynomially at infinity, the singularity genemlly takes 

the form of a movable algebraic bmnch point. It was also shown that the dynamics 

of the focusing Ablowitz-Ladik system are globally bounded in time. 

The other interesting class of functions f t.o consider is treated in Chapter 10 

and is called deJocllsing: 

Definition 3 The dimer (12.3) is called defocusing whcn the Junction J(;r) has a 

single simple zero at x = ( and additionally satisfies 

• J (x) > 0 Jor 0 ~ x < ( and 
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• f(x) is negative and bounded away jrom ZEro jor;l: > (. 

As in the focusing case, it is generally necessary that. 1/ f(x) be integmble to 

infinity in order that blowup occur. Again, let us first consider the case C\' = O. 

The main result of this chapter is the theorem 

Theorem 4 Unde'r lhe slaled conditions on j, 

• The solution (12.3) with C\' = 0 is boltndcdjor all lime provided thai IAt (OW < 

( and IA2(OW < (. 

• Finite time blowup always OCCU1'S if IAI(O)I:.! > ( and IA 2(OW :S (. 

• Blowup occurs for almost all initial conditiolls salisfying IAI (OW > ( and 

IA2 (0)12 > (. 

The first of these results also holds for larger lattices; it is unclear the extent 1.0 

which the last two parts of the theorem hold for larger systems. 

As in the focusing case, t.he singularities arc movable branch points when f 

grows polynomially at infinity. It is also interesting that. t.he defocusing Ablowit2-

Ladik climer blows up. Larger AL lat.t.ices most likely only blow up for special 

initial data. 

The case of nonzero C\' also falls under tlw disclIssion given above: 

Theorem 5 If C\' ¥ 0 and the function 

t' F(y) ely 
io f(y) 

grows fasler than fi, the evolulion of (12.3) is bou.nded for all time. 

It is not complet.ely clear how to interpret these results in the context of the 

modulation theory presented in Chapter 3. In Chapter 4 it was numerically shown 

that hyperbolic modulation equations generally lead to st.ably modulated wave

trains. Also, the numerics suggest that elliptic modulation equations give rise to 
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blowup in larger lattices. However, it is not at all cleat' as to the time scales on 

which blowup occurs once the modulation equations become elliptic. A detailed 

study will be presented elsewhere. 

In summary, it has been shown that solutions of (12.3) arc uniformly bounded in 

time for small enough initial data if 0' = O. The interpretation of "small" depends 

on whether the system is focusing or defocusing. If 0' i= 0, the evolution is bounded 

in time for all initial data provided that t.he function F' grows sufficient.1y rapidly. 

12.3 QualltU111 Theory of (1.1) 

Chapter 5 dealt with the quantum theory of a generalizcd Ablowitz-Ladik equa

tion: 

(12.6) 

where the quasi-bosonic operators bj and bj satisfy the commutation rclations (all 

others vanish identically) 

It is also necessary to assume that J is a positive illcreasing function of its argument 

and is bounded away from zero. Before stating t.he main results, it is first. necessary 

to introduce some notation. 

It was shown that the operators II and b+ may be expressed in terms of the 

creation and annihilation operators for the harmonic oscillator, (1+ and a: 

b+ = a+'ll(a+a) (12.7) 

for some real function 1t. Since the number operat.or for t.he harmonic oscillator, 

0.+0., is self-adjoint, the above definition makes sense provided that II is a measur

able function. Since we are primarily concerned with polynomial functions J, this 

restriction will automatically be satisfied. 
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The number operator for the harmonic oscillat.or possesses a complete set of 

eigenstates which may be represented in L2 as products of a gaussian with the 

Hermite polynomials. The definition (12.7) implies that the harmonic oscillat.Ol· 

eigenstates are also eigenstates of the operat.or b+ 1) and furthermore that b+ and 

b are similar to bosonic creation and annihilation operat.ors. Appealing to t.he 

defini tion (12.7) alld using the action of the bosonic operators on the harmonic 

oscillator basis leads to the relations 

bin) = ~In-l) 

b+ In) = VCYn+1 In + 1), ( 12.8) 

where the sequence an obeys the difference equation 

0'0 = O. (12.9) 

Relations (12.7) and (12.9) imply that t.he function II is related to the a's by 

an = n1l2(n - 1) since the operator b+b satisfies 

The fact that f is positive implies that 11 is an increasing functioll; therefore t.he 

mapping (12.7) is invertible. 

Therefore, the operator b+b is also self-adjoint and the harmonic oscillator basis 

are its eigenvectors. From the definition (12.7) and the representation of a and a+ 
on L2, 

a = _1 (~+ T) v'2 da~ . 

<i+ = _1 (~_ :I:) , 
v'2 da' 

it is apparent that b+ and b may be formally realil',ed as infinite order differential 

operators acting on a subspace of L2. The self-adjointness of b+b implies that 
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there also exists a number operator for the quasi-bosonic operators b+ and b which 

satisfies 

L(b+b) In) = n I'll) . 

If we consider the Hilbert space associated with a lattice of several sites, it is thus 

apparent that there is an analog of the number operator for the harmonic oscillat.or 

which counts the total number of excitations present: 

(12.10) 

Since f is bounded away from zero, the sequence of a's is nonnegative and strictly 

increasing and so the operator L defined above is positive semidefinit.e; thereforc, 

the number operator is also nonnegative. ThcHC results are summarized in the 

following 

Theorem 6 Let the opemtol's band t}+ satisfy the commutation I'clation 

[b+,b] = J(b+b), 

where the function f is enth'e, positive fm· nonnegative al'gument, and bounded 

away from zero. Let In) denote the nth clement of the harmonic oscil/atm· basis. 

Then band b+ satisfy 

bin) = y'a;;"ln-1) 

b+ In) = VO'II+1 In + 1) 

'+ 'I ) b b n = 0'/1 In) , 

whel'e the sequence oj 0' 's obeys the difference equation 
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Thae also exists an operator L that counts the quantum number of the hal'monic 

oscillator states: 

L(b+b) In) = n In) . 

Finally, defining the function 11 by the relaUon 

gives a representation of band b+ in iC1'1/lS of thc standard ha1'l1wnic oscillator 

crcation and annihilation operators it+ and it: 

b
A + I- + = &: u(a Ct). 

Let us now return to equation (12.6). The Hamiltonian operat.or is given by 

(12.11) 

It is apparent that fJ commutes with the number operator Iv as defined above. 

The Hamiltonian (12.11) is not sign definite, just as in the classical case. It has 

been demonstrated in Chapter 'I that the classical version of (12.6) exhibits finite 

time blowup under modest growth conditions 011 the function I; that is, for almost 

all initial data above a certain criticalnorl11 (for t.wo sites the result is rigorous), 

at least one IAjl solving 

(12.]2) 

becomes infinite in finite time. 

Let us now consider what happens in the quantum mechanical case. If I is 

growing at infinity, the a sequence will be rapidly increasing; for example, if f grows 

linearly as in the Ablowitz-Ladik equation, the a's grow exponentially. Consider 

now the evolution of a state vector I~!) that is a superposition of eigenstates from 



202 

a. finite number of IV subspaces. The evolution (12.6) preserves the t.otal number 

of excitations (due to the fact that il docs) in the state vector, and therefore any 

observable is simply a. function of the time dependent coefficients of each base ket 

and the a sequence alone. For example, consider the expect.atioll value of the 

observable bt1Jj. Under the growth conditions specified for f, it is apparent that 

reaches its maximum value when all of the excitations pile onto site .f. Although 

this measured value can become very large due to the rapid growth of the a's, it. is 

always finite for such states and for any observables that are, for example, entire 

functions. These observations may be succicntly stated as a finite SUIll of finite 

numbers is necessarily finite. Thus, under the stated conditions, one may conclude 

that "quantum blowup," as pertains to (J 2.6), does not. exist. Furt.hermore, since 

the evolution of such a 17{l) is necessarily quasiperiodic, one would expect. to sec 

large deviations periodically recurring and disappearing again. These observations 

may be summarized as follows: 

Theorem 7 Let f and the operators lJj lind bt satisfy the conditions of Theorem 

(l'. Let 17{l) denote the inilial slale of the syslem (12.6). It is supposed thai I¢') 

includes contributions from a finite number of IV subspllces, where the number 

operatol' IV is defined by (12.10). Finally, let A be an obsel'vable depending upon 

the opel'lltors band b+ which is an entire fUT/elion of all of its arguments. 

The expeelation value E defined ill the Schrodillger pictu're by 

is finite for all time. For a generic initial state of the system, this expeelation value 

E comes (!1'bitral'ily close to its maximum value infinitely often. 

In lhis sense, quantum blowup does not occur for (12.6), although the expecta

tion value E may become vel'y large. 
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It is not clear what happens if 11/') includes contributions from all of the IV 
subspacesj in fact, it is not a priori clear what subspace of L2(RU) such states 

span. The states consisting of superpositions of states froll1 a finite number of IV 
subspaces are clearly dense in L2j however, it is not at all obvious that infinite 

superpositions of IV subspaces include anything but. the most well-behaved L2 

functions. Such an investigation is reserved for futllre consideration. 

All of this is not to say that quantum blowup does not existj for instance, in 

the quantum problem 

the expection value of the position of a particle evolvillg under this law becollles 

infinite in finite time both classically and quantull1 mechanically [32]. On the other 

hand, we have seen that classical blowup is generically possible in (12.12) given 

suitable growth conditions on the function f -- in the context of (12.12), we sec 

that an analogous quantum phenomelloll simply does not exist. \Vc thus have an 

example in which quantum mechanics regularizes a singlar classical phenomenon 

- as well as an example in which it does not. 

12.4 Bosonic Quantization 

The goal of Chapter 6 was to investigate the possibility of constructing a quan

tum theory for the generalized discrete self-trapping (GDST) equation. The Hamil

tonian for the classical GDST is given by 

(12.13) 

In order to develop such a quantum theory, it is necessary to specify a Hamiltonian 

for the quantum system. Although it secllls natural (ill analogy with the harmonic 

oscillator) to allow the mode amplitude Aj to become the annihilation operator bj 



204 

and its conjugate Aj to become the raising operator hj', it is apparent from (12.13) 

that the process is inherently ambiguous since hj and hj do not commute. 

Many "correspondence rules" have been proposed over the years to resolve these 

ambiguities. The first result of Chapter 6 is that. 

Theorem 8 Weyl's correspondence rule cxp'/'cssed in terms of harmonic oscillalm' 

creation and annihilation opemtm's takes the form: 

where xJ == (bj)k(bj)k and Lh2m )(.) is the Lagucrre polynomial of m'der 2m and 

degree n. Fm'lhermol'e, this IJ1'esc7'iption is equivalent to averaging all possible 

combinations of n + 2m h's and n h+ 's in the first case, and vice ve7'sa in the 

second. 

For the present discussion, the immediate corollary will suffice: 

Corollary 1 Weyl's correspondencc rule implie8 lhat 

(12.14) 

Weyl's rule is based on the group structure of quantum mechanics [104] and 

has been shown to be the only correspondence rule invariant under unitary canon· 

ical transformations of the variables Aj [97]. In t.he paper [97], Springborg argued 

that Weyl's rule is t.herefore the best stat.e independent I correspondence rule; fur

thermore, with this choice, the Wigner transform gives the correct phase space 

description of quantum mechanics. He finally concludes that the Weyl- Wiguer 

formalism is the correct one to use. The rulf~ (12.1-1) enables one to constl'llct 

I in the sense that the quantum operator thus constructed is independent of the represen tation 
of the wavefunctioll on which it acts, 
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the quantum Hamiltonian il corresponding to (12.13) and subsequently solve the 

model by diagonalizing il in each of the orthogonal eigenspaces of the number 

operator 
AI 

N = Lbjbj • 
j=l 

It was also demonstrated that Weyl's rule is able to reproduce the first order 

perturbation theory for the quantum mechanical anharmonic oscillator 

(12.15) 

Assuming that 0 < A ~ 1, one may directly apply stal\dard perturbation theory 

to (12.15) and obtain its energies to 0(>') as 

En ~ (n + 1/2) + A{nl q2m In). 

The goal in Chapter 6 was to reproduce this pcrturbative result using Weyl's 

rule. Before the rule (12.14) can be used, it is necessary to start fr0111 a classical 

Hamiltonian expressed in terms of mode amplitudes A al\d A *. 

To see how this may be accomplished, consider the classical Hamiltonian 

(12.16) 

Substituting x = (A + A *)/ V2 and p = (A - A*)/( iV2l into the above and keeping 

only diagonal terms (this is known as t.he rotating wave (RW) approximation) gives 

a function of I/W. It was shown in Chapter 6 that applying Weyl's rule 1.0 this 

function gives exactly the same spectrulll as the direct perturbative calculation. 

In Appendix B, it is shown that the off diagonal t.erms in the above substitution 

generate, via the extended Weyl's rule (6.21), the other matrix clements of (12.15) 

in the harmonic oscillator basis. 

There are two main points to consider here. First, it is certainly the case that 

the substitution x = (A + A*)/.;2 in (12.16) creates an a7'lificial ambiguity in 
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the quantum theory for (12.15); after all, in going from (12.16) to (12.15) there is 

no ambiguity and standard mcthods may bc used to directly solve this problem. 

Furthermore, it is possible to derivc the first ordcr energy corrections by making 

the substitutions q = (b + (J+)//2 and i) = (b -(J+)/(iV2) directly in (12.]5) 

and computing the necessary matrix elements. There is no magic herc. The 

point is that Weyl's rcsolution of the ambiguity of assigning operators to classical 

observablcs manage:> to prcserve ccrtain rcsults relating to nonlincar oscillators. 

Thc second main point concerns the equivalena of the above manipulation:> to 

first order perturbation theory for a nonlinear oscillator. Indeed, thc RW approxi

mation followcd by WeyI's prcscription may be considered an alternative formula

tion of this first order perturbation thcory. In Chapters 7 and ~) it was shown that 

the procedurc outlincd above may bc gencralized as follows 

Theorem 9 The ene1'!Jies of the quantum system (as Jll'edicted by forlnal pel'llll'

balion theory) 

(12.17) 

al'e given 10 O(A) by 

(12.J8) 

where the function \~w is defined by the inteyrallm1!sfol'1n 

11011" l~w(x) = - V( v'2IAI cos 0) dO, 
7r 0 

(12.]9) 

and LII (-) is the Laguerre polynomial of zero 01'lie1' and degree n. In addition, we 

have the relation 

~ E n 2. [Tf ( [;) ) 1 - Z] ~ 'liZ = 1-=-£ I"w vi ;:..--~ , 
n=O + ~ 1 + '" 

where £(l~w( 0);·) denotes the Laplace transfol'In of l~,w( 0). 

Note that V mllst be bounded below 01' thcre are no discrete energies at all. In 

Chapter 11 it was formally shown that this spectrum approaches the correct value 
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in the semiclassical limit n ~ 00 with ntt = R held constant. In summary, it 

has been shown that the first order perturbation theory of (12.17) is equivalent t.o 

a pair of integral transforms: the one given in (12.1H) and the standard Laplace 

transform. 

A study is currently underway to determine the extent t.o which similar ideas 

(reduction of perturbation theory to integral transforms) may be applied to other 

problems. Of particular interest is the case of' a radially pert.urbed hydrogen atom. 

The details are more complicated because of the necessity to include angular mo

mentum quantum numbers in the calculation. A detailed accounting shall be 

presented elsewhere. 

12.5 The Hartree Approximation 

The Hartree approximation for t.he GDST equat.ioll was discussed in Chapter 8. 

The main result. is that. t.he approximate dynamics of t.he Hartree wavefundioll are 

described by a rescaled version of the GDST iteself. The effedive equations were 

also seen to depend on t.he correspondence rule chosen to construct. the quantum 

GDST from t.he classical olle. 

The energies of t.he st.at.ionary states of t.he Hartrec equat.ions for which Aj( l) = 
Aj{O)eiwt were shown to be in good agreement. with the ground state energies 

of the quantum problem for the DST dimer and trimer. Dynamical calculations 

performed with the lIartree wavefundion give some qualitative insights into the full 

quantum problem, but to date we have been unable to control the error associated 

with this approximation. Thus, further st.udy is warranted. 

Should error cont.rol become feasible, it. might. be possible t.o use this approxima

tion to discover a quantum moclulational instability: the effedive Hartree equat.ion 

is a rescaled version of the GDST and we know from the theory presented in Chap

ter 3 that i) the aDST itself possesses a moclulational instability, and ii) the t.heory 
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presented in that chapter gives a nice description of such modulations prior to the 

onset of the instability. 

12.6 Open Problenls 

A number of basic properties of equation (1.1) were described in this disser

tation; however, there remain a multitude of unanswered questions about. this 

system. A few of these concerns are briefly elucidated below. 

The modulation theory of plane wave solutions of (1.1) was described in Chap

ter 3. In certain cases it was postiible to analytically recast, the modulat.ion equa

tions into Riemann invariant. form. A nice extension of these result.s would be to 

determine the Riemann invariants for all choices of f and F, a process involving 

the integration of certain simultaneous differentials. At. a minimum, it would be 

nice to determine the general shape of the admissible region as a function of f 
and F, so that one would know whether or not l'<~gions of permanent hyperbolicit.y 

exist. If nothing else, it should be possible t.o int.egrate many sets of AM and FM 

data (as defined in Chapter 3) and get. an rough outline of the admissible region 

in phase space. 

Another important extension would be to replace the plane wave Ansat? with a 

more complicated onc - perhaps a two-phase or nntit.iphase wavetrain. At least one 

ingredient is necessary in order to push the analysis through: a two phase family of 

solutions. There is nothing in the formalism of Whitham averaging that. prevents 

us from carrying out the steps given in Chapter 3 and subsequently obtaining a 

set of four modulation equations. However, there are two main impediment.s to 

this approach. First, I do not have an expression for a four parameter family 

of solutions to (1.1). In fact, I do not believe that such a solution family exists 

for arbitrary f and F. Let us return to this point in a moment. The second 

problem concel'Ils the connection of Whitham averaging with the method of local 
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conservation laws. Peter Miller [72J has studied a number of finite dimensional 

reductions of the DNLS and shown that the two methods do not give t.he same 

answer in that case. The problem is that t.he DNLS dows not possess enough local 

conservation laws to permit a modulational description of this system. Retul'l\ing 

to the previous point, let us inquire as to the existence of a system that does 

have enough conservation laws so tha.t the met.hods Illay again be compared in a 

situation where they bolh apply. 

For arbitrary J and F, equation (1.1) probably possesses exactly two conserved 

quantities: the Hamiltonian and norm. Fo\' one particular choice of J and [i', t.he 

Ablowitz-Ladik (AL) model, (1.1) has infinitely ma.ny conservat.ion laws. Is t.here 

nothing in between? I suspect that there is, simply because there are many choices 

one can make: we are free t.o tinker with both t.he Ha.miltonian 11 and the strucLme 

of the Poisson bracket (which gives the norm N). There arc at. least t.wo intriguing 

questions waiting to be answered here. First, by adjusting 11 and N, can we 

achieve any desired number of conserved quantities, and is there a. procedure for 

ratchet.ing up and down this ladder'? If this t.urns out to be the case, it should be 

possible to once again compare the two modulational formalisms. If one integrates 

an n-mer with n-conserved quantities, an n-phase solution is obtained (barring 

degenerate cases) and we may immediately appeal to the formalism previously 

developed to obt.ain a modui<ttional description of the dynamics of nearby solutions. 

If we cannot have any desired number of conservat.ion laws, t.here is the equally 

interesting question of why it is so. 

Assuming that it is possible to ma.ke some headway in the above problem, 

there is the question of knowing which choices of J and F possess a zero CUl'vat.me 

representation (ZCR). The DNLS with two sites and the AL model for any number 

of sites are examples of systems that have such a representation. On the other hand, 

it seems unlikely that (1.1) with f = 1 + x 3/ 2 has a ZCR because of its nonanalytic 
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structure. Should a suitable set of rest.rict.ions be found, it would then be possible 

to compare the quantum formulation via the number state method (as in Chapt.er 

5) with the quantum inverse scatt.ering formalism. Such a compa.rison has been 

done for two-site models, but has yet to be done for three or more sites; therefore, 

this and the previous question arc inextricably linked. 

Another interesting phenomenon that wanants further investigation is the st.a

bility of FM initial data as compared to AM data. In both systems that do and do 

not exhibit blowup, the numerical evidence strongly suggests that FM perturha

tions of harmonic solutions are extrell1e1y stable compared to AM pert.urbat.ions. 

I am at a loss to offer any explanation, but it docs appear to be a robust observa

tion. Another not-so-robust. qualitative observat.ion is that most FM initial deLta 

tends to split into pulse like components reminiscent. of t.raveling waves. It would 

be interesting to perform a deta.i1ed st.udy concel'l1ing the existence, stability, and 

interaction properties of pure traveling wave solutions of this model. The spectral 

collocat.ion mcthod as descri bed in [23] appears to be an appropriate ll1et.hod for 

such a study. 

The discussion of finite time blowup in Chapt.er 4 also opened a number of 

questions. In that. chapter, it was shown that if f grows rapidly enough, and if 

the initial data is large enough, then t.he solution of such a dimer with F = 0 will 

become infinite in finite time. In particular, no effort. was made to sharpen the 

result to include the case of nonzero F. The reason for this omission is t.hat it is 

difficult for me to say anything definite for arbitrary F because it is then necessary 

to consider the geometry of the level sets of N and fl. I simply do not possess the 

expertise to effectively taclde sHch a problem. 

It is unclear how to connect Chapters 3 alld 4. In Chapter 3 a dynamic change 

of type of the modulation equations was interpret.ed as a local instability of the 

wavetrain. Numerical evidence illdicates that, t.ypically, the evolution of the solu-
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tion quickly becomes a complicated function of time. This int.erpretation does not 

appear to hold for systems that exhibit blowup. Numerical experiments suggest 

that large supercriticallattices always ElJcniually blow up. It is just t.hat the time 

at which blowup actually occurs can be long after the modulation equations challge 

from hyperbolic t.o elliptic. A thorough investigat.ion is reserved for future study. 

Let us end the discussion of the classical material by considering the possibilities 

of some continuum and noncontinuum effects. In Chapter 10 it was shown that the 

AL dimer exhibit.s blowup for appropriate initial data. In fact, I started analyzing 

this dimer when Pete!' Miller t.old me t.hat., fot· large lattices, having all of t.he sit.es 

"over the wall" was numerically dynamically stable, while it was unst.able if all but. 

one sites were "over the wall." I cannot rigorously explain this cffect2 • If the AL 

model truly behaves in this manner, I would not be s1lrprised to find out that the 

phenomenon is structurally unstable and disappears for nonint.egrable cases. This 

remains t.o be seen, however. 

Blowup in defocusing systems has been showII t.o be a noncontinuum efrect: 

any lattice state possessing a continuum limit must. be globally "under the wall," 

besides obeying some sort of smoothness condit.ion. AH far as I can tell, the normal 

continuum limit. of equation (1.1) has not. beell st.udied in great det.ail, except for t.he 

cubic nonlinear Schrociinger equation, of course, and certain of it.s generalizations. 

There is much work to be done here, although t.he physical relevance of the PDE's 

so derived is unclear. Let us now move on to things quantum. 

There are also many unanswered questions in\'olving the quant.um mechanics 

surrounding eqllation (1.1). First, the reader will lmv(: noticed that the treatment 

of ordering schemes was limited to bosonic commut.ation relations due to patholo

gies described in the Introduction and also in Chapter 5. It remains to be seen 

the extent to which anything may be said about ordering choices for more general 

2but see the discussion in Chapter 10. 
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commutation relations. At first glance, this problem appears to be academic in 

nature; however, a closer inspection reveals that it is intrinsic. There is no way 

around the ordering question for commutation relat.ions of t.he form 

[b+,b] = f(b+b); 

because it is necessary to choose an ordering for the right hand side. A notahle 

exception are the commutation relations arising in the Ablowitz-Ladik (AL) model. 

The ambiguity is treatable in this case bccause .r is liBertr. It. would be interesting 

to explore the conditions on J that pcrmit a treatment. of t.he ordering questioll. 

In Chapter 5 the quantum counterpa.rts of (1.1) was described with particular 

emphasis on quantizations of classical cases exhibiting finite time blowup. It was 

shown that, for this model, quantum theory regularize's the classical singularity 

as long as there are only a finite number of excita.tions present 011 the Ia.ttice. It. 

would be interesting to consider what happens for an infinite number of excitatiolls 

- as is the case for a coherent state. The situatioll appears tractible for a single 

oscillator; however, it is not at all clear how t.o generalize any such results to a 

ll1ult.i-site lattice. It is not possible t.o numerically determine eigenfunctions in 

an infinite number of N subspaces, while an analytica.l treatment seems similarly 

unlikely. 

Wit.h regards to bosonic qualltizat.ion, the subject of Chapt.ers 6, 7, 9, and 11, 

a number of ext.ensions are possible. In Chapter 6, it was shown that applying t.he 

rotating wave (RW) approximation to a classical IIamilt.onian Il followed by SO 

quantization reproduces the first order perturba.tion theory (PT) of Il .- which 

is valid, assuming that Il describes a weakly nonlinear oscillator. In terms of 

calculations, it was shown that the perturbative result is given by a pair of integral 

transforms. 

There are several directions to go, given this piece of information. First, one 

might ask whether or not it is possible to represent the first order PT for, say, 
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the hydrogen atom as a pair of integral transforms. Such a study is currently 

underway; it is 1110re complicated than the harmonic oscillator due to the necessity 

of keeping track of quantum numbers for angular momentum. 

A second simple question one might ask is whether or not t.he procedure rept'O

duces the perturbative result for two or more linearly coupled, weakly nonlinear 

oscillators. It is very easy to apply the RW approximation and SO quantization 

in this case; however, a numerical study is necessary to determine the exact spec

trum of the original problem so that t.he result,s may be compared. I suspect that 

the result does generically hold, but t.hat. spolltalwous degelleracies apP()ctrillg at 

certain parameter values might cause t.he result t.o fail. 

Another avenue to explore is the t'Obustness of PT for the harmonic oscillator, 

which determines the applicability of RW +SO. For example, consider a gaussian 

well potential. The exact quantum theory gives a finite number (possibly zero) 

bound states, while RW +SO predicts an infinite nllmber of bound st.at.es (wit.h an 

accumulation point). However, only a finite number of t.hese states are of positive 

energy. It is interesting to pose the question of how well t.he energies of lhese 

states agree with the exact answer. If t.he energies do not agree, is the number of 

bound states predicted correct? If the range of validity of t.his met.hod could be 

ascertained, we would have an easy method of answering t.hese sort.s of questions. 

Finally, let us reconsider the possible role of the Hartree appt'Oximat.ion in the 

study of quantum chaos and the search for a quantuJll lllodulational inst.ability 

(QMI). It was shown in Chapter 8 t.hat the effective Hartree dynamics for the 

quantum generalized discrete self-trapping equation (CDSI') arc described by a 

rescaled GDSI'. Given t.hat this systeJll exhibit.s classical instability and chaos, 

it is appealing to use this approximation in an attempt to understalld quail tum 

chaos and the QMI. For example, the modulation theory of Chapter 3 can predict 

instabilities in the effective Hartree system. Unfortunately, this appt'Oximation has 
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only recently been applied to lattice models like the G1)ST and it is t.oo early t.o 

tell whether such a description is feasible. The main problem with the Hartrce 

approximation is that of error control: it is not clear how to analyt.ically predict 

the rate at which the exact and approximate solut.iolls diverge from one another. 

In Chapter 8, it. was shown that this divergence can be very rapid. 

I feel that at least part of the reason for this rapid divergence is that only stat.es 

from a single IV subspace were used in t.he numericcti calculations. In addition, 

there is also the matter of choosing the quanl,itics to dyna.mically compute. In 

that chapter, quantities of the form 

were used. It would be interesting to do t.he numerical experiments again, using 

instead a "coherent state" of Hartree wavefunctions, 

where ItP .. (O))(J/) is the Hartree n-bOSOI1 product. wavefunction and Q is a param

eter, as the initial condition. Such an initial Htate would allow one to calculate 

quantities like 

in analogy with the classical mode amplitude Aj(t) [109]. 

The method of Nakamura and Bishop will almost certainly offer insights int.o 

nonintegrable quantum systems, such as the 1)ST trimer. A particularly intriguing 

study would be to compare the result.s of the method as applied to the ])ST and 

AL trimm·s. Since the AL model is integrable (via QISM) for any number of sites, 

one would expect this method to give very different results. 
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APPENDIX A Linear Stability Analysis for the 
DNLS Equation 

It's log, log. 

Ii's big, it's heavy, it's wood. 

It's log, log. 

It better ~;han bad - it's good. 

Rcn and Stirn]JY, The Log Song 

Here, we compute the conditions for linear stability of the uniform harmonic 

wavetrain solutions to the DNLS equation. We begin with the system in the form 

of (3.1). Under the transformations 

<Pj(t) = Aj(tle)e2il
, and r = lie, (A.1) 

the system takes the form 

(A.2) 

This system possesses uniform wavetrain soilltions given by 

iI> j (t) = aei(kj-w(k,a)l) , (A.3) 

where w is given by the amplitude dependent diHpcrsioll relation 

w(I.:, a) = -2 cos I.: - 1~la12 , (AA) 

and kEn while a E C. Consider choosing particular values for k and a and adding 

a "rotating" complex-valued perturbation pj(t) to the wavetrain solution: 

<I>j(t) = (a + pj(t))ei(kj-w(k,a)l) . (A.5) 



216 

The reduced DNLS equation (A.2) then becomes 

ZPj + (2qaJ2 + w(k, a) + ra*pj + 21'0]1; + rJpjJ2)pj (A.6) 
r 2 * ik -ik 0 + a Pj + e Pj+1 + e Pj-I = , 

which, in the case of infinitesimal perturbations pj(t) becomes 

. . (?I'J J2 (k)) I' 2 * ik -ik 0 1,Pj+ ~ a +w ',a Pj+ apj+e pJ+I+e Pj-t= . (A.7) 

If we let 
a = Vjie iCt

, 

pj(t) = [U(tk~k + c.c.] + i[\l(tk~k + c.c.], (A.S) 

equation (A. 7) t.akes the form 

(A.9) 

where the matrix 13 is given by 

13 _ [ -rpsin 20' - 2i sin 8 sin k 
- (cos 20' + l)rp - 2(1 - cos 8) cod~ 

(cos20'- L)l'P+2(1-COS8)COsk] 
rpsin 20' - 2i sin 8 sin k . 

(A.lO) 

Because we have selected a rotating frame, ,::::'J.: represellt.s a 1'elative wavenumber. 

The perturbatioll pj(t) will be linearly ullstable if t.here arc any cigcllvalues of 13 

in the right half-plane. The matrix 13 eit.her has both eigcnvalues pure imaginary 

or one eigenvalue Oil either side of the imaginary axis. Thc second case occurs if 

rp> (1- cosb.k)cosl.·, (A.ll) 

for cos k > 0 or 

r p < (1 - cos b. k ) cos I.~ , (A.12) 

for cos k < 0 which is a sufficient condition for the growth of the perturbation of 

relative wavenumber b.k. 
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APPENDIX B Calculation of the Matrix 
Elements (n I q2k In + 2nl,) 

And I said, 

"Yes sir, officer Obie. I cannot t.ell a lie. 

I put that envelope under that garbage." 

Arlo Guthrie, Alice's Restaurant 

In this appelldix, we derive the matrix clements fol' the perturbation theory [or 

the quantum mechanical anharmonic oscillator 

ii = ~(p2 + q2) + >.q2k. 
2 

In Section 13.1, the relation [37, 7.388.5] 

(B.l) 

(B.2) 

(where Ln(x) is a simple Laguerre polynomial) shall be used to determine t.he 

first order energy conection (171, = 0). We shall thon derive relation (13.2) "from 

scratch" in Section 13.2 so that the reader may be certain o[ its t.1'lIth. 

Finally, the off-diagonal matrix elements shall be calculat.ed in Section 13.3 and 

it will be demonstrated that the RW approximation combined with SO quanti;m

tion gives the correct value for all such matrix elements (see Chapter 6). 

B.l Calculation of the m = 0 Matrix Eleluents 

In ordor to make use of relation (13.2), it is necessary to know the correct 

normalized wavefunctions for the lineal' harmonic oscillator. After that, the 0(>.) 

term in iI may be treated with standard perturbation theory. Accordingly, define 

ilo to be 
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to obtain the bound st.ate Schrodinger eigenvalue problem 

for the energies En and eigenfunctions V'II' The L'2 solutions of this problem are 

given by 

(B.3) 

where I~ = J1r2 n n!, HII{x) is a Hermite polynomial, a.nd the encrgies are Ell = 
n + 1/2 [2,85]. Using equation 22.2.14 from [2], we find that the 'ljJ1I'S obey 

and, in fact, the 'tPlI'S form an orthonormal basis of £2 [61]. Thcrefore, the first 

order energy correction for nonzero ,\ in (B.l) is givclt by [85] 

By inspection, we see that (B.2) is equivalent to 

(B.4) 

By expanding the cosine under the integral in powers of t, it is apparent that the 

coefficient of tk equals 

(-2)k(I A2k l) 
(2~~)! n q 11, (B.5) 

so the left hand side of (B.4) generates these first order corrcctions. 

Expanding the right hand side of (B.4) and usiltg tlIP. explicit representation of 

Ln(x) [2,22.3.9] gives t (-t/2Y t (n) (-I)". 
r=O 1'! ,,=0]1 p! 

Picking off the coefficient of t k gives the cxpression 

{_t)k (n,k) (k) (n) 2" 
2kk! :;]J P , 
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where (n, k) denotes the minimum of nand k. SlIbstit.uting the expression iuto 

(B.5) yields the final answer 

(. I A2k I ) = (2k)! (~) (k) (n) 2P 
11 q n ?2k 1.1 L...." , 

~ h. p=o P ]J 
(B.G) 

in agreement with (G.23). 

B.2 Derivation of (B.2) 

In this section the expression 

(13.7) 

will be simplified to the form (B.2). To proceed, not.e that the Hcrmite polynomials 

possess the generating function [2, 22.9.17J 

~ HII(x)I" _ 2."1-12 
L...." . - e . 

l' I 11=0 <. 

Squaring this generating function and suppressing the infinite integmtion limits, 

it is apparent from the exprcssion 

(13.8) 

that the coefficient of (n! )2( uv)" is exactly equal to (13.7). It is our task to deter

mine this coefficient. Completing the square in the above equation gives 

I(u,v,z) = e 2ttu J e-[x-(tt+v)]2 cosxzdx 
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Completing the square in the remaining exponent further reduces the expression 

for I to 

I( ) = Re e- z2 /4+2Iw+iz(tI+v) J (-(y-iz/2)2 dy U,V,Z 

(B.9) 

The next step is to identify the powers of '/IV in eiz(lL+v) by expanding it into a 

series: 

Reeiz(u+v) 
00 ('~rlm = E _z_~_(/l + '0)2111 

711=0 (2m)! 

= ~ (_Z2)711 ~ (2m) . k 2111-k 
L.. ( )' L.. ~ tt V • 

711=0 217t. k=o : 

Collecting powers of ltv gives 

where 10 = 'ltv. Refel'l'ing back to (B.9), it is apparent that 

00 I (~) 00 (2 )" <X> ( ~2 )111 

E (11 ,"')2 w l1 
= v:rr e-

z2
/
4 E + E (~~;2 

11=0 n. 11=0 n. 111=0 1n. 

Using the lemma [68, 82] 

00 00 00 1l 

E E C(n,m) = E E C(lI - m,m), (B.lO) 
11=0711=0 11=0111=0 

the above can be rewritten 

~ In(z) II r.: _z2/'1 ~ ~ (21O)"-m(_z 2w)11I 
L.. -( ')2 10 = v 7re 

L.. L.. ( )'( ')2 n:'O n. ,,=0111=0 11 - m . 11~. 

Picking off the coefficient of 10", we obtain 

(B.ll) 

which is the same as (B.7) and (B.2). 
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B.3 The Case m =I- a 

The calculat.ion for m =J 0 is similar: a formula analogous to (B.2) for the 

off-diagonal integrals of the Hermite polynomials is needed. I-laving obtained stich 

a relation, one simply picks off t.he power of t in t.he integral to obtain t.he filial 

answer. First the analog of (B.2) will be derived, after which the actual matrix 

elements will be obtained. 

After calculat.ing the relevant matrix clements directly, it, will be shown that 

they may also be gotten from the RW approximation followed by SO quantization. 

B.3.1 The Direct Calculation 

Equation (B.9) can be written in t.he form 

um vn 100 _ L: -, I" e-x2 Hm(x )Iln(a:) cos n da: = fi c- z2 
/4 e211v cos z(u + v) (B.12) 

m,n In. n. -00 

as in the previous section. The strategy there was to pick off the powers of ltV 

so that only the diagonal inner products remained on the left hand side. In t.he 

present case, however, terms containing 2m, more u's t.han v's must be retained so 

that the integrals are of the form 

(B.13) 

Referring to (B.12), it is obvious that slIch terms come from the expansion of 

cos z( u + v), so let us fOCllS on that expression for a moment: 

00 (-z2)p 2p (2 ) 
cosz(u+v)=L:-?-,-L: ,: lI r V2p- r

• 
/1=0 (~p). r=O 

Since 2m more u's than v's are required, the relation 

l' - (2p - r) = 2m 

must be satisfied and so r = 171. + P giving 

f (_Z2)p ( 2p ) up+Tllvp-m 
p=m (2p)! 171. + p 
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or 
00 ( ~2)11I+p 
~ -'" W PU 2711 

L.J I( + <))1 ' 1,=0 p. P ~m. 

where tv = uv as before. Combining this expression with the e211v in (B.12) gives 

or, upon using t.he lemma (B.lO), 

Finally, this may be reduced to 

~ (2wY ~ (I') (-z2/2)P (_ 2 2)111 
L.J 1 L.J ? 1 ZU • 
r=O 1', 1,=0 P (]J+~m). 

Inserting all of t.his into (8,12) and using (B.13) gives 

""' J7II1I(;;) ," 2111_ '- -z2/4~ (2wY ~ (1') (-z2/2)P (_ 2,2)tIl. 
L..J I( <) ),W 11 - y7rC L..J ,L..J ( )' Z 1/ , m," n. 12 + um • r=O I'. 1'=0 P P + 2m , 

therefore, 

JtIllI(Z) = 211 '- _::2/4';;'" (11.) (-z2/2)P (_ 2)711 
I( <))' ly7rC L.J ( '»)1 z , n. n + ~m. n. ,,=O]J P + ~m . 

which can be rewritten as 

" ( +.) )' '( ~2/2)P . '-?"(_,>,2)111 -z2/4 ~ n ~nt .n. -", 
y7r~ ~ e L..J '( )'( )' ,,=0 p. n - p . ]J + 2m . 

. '-211 '(_ 2)111 _z2/'I~ (n+2m) (-z2/2)P = v 7r n. z e L.J , . 
1'=0 11 - 11 p. 

(B.14) 

Using the explicit representation of the associated Laguerre polynomials [2, 22.3.9], 

we obtain the final answer 
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in agreement with [37,7.388.7]. 

Referring back to the normalized wavefunctiol1s for t.he HO (B.3) and the rela

tion (B.15), the coefficient of t k in the expressioll 

I: 'IjJ~ (x )~'n+2tn (x) cos :vV2t cia: = 

equals 
( ?)k 
-u ( I A2k I 2) (2k)! nq n+ m. 

(B.16) 

(B.l7) 

Expanding the right hand side of (B.16) as before and using (B.17) gives the fillal 

answer 

?7II(?k)1 (. I A2k I ')) _ U U • 

n q n+~m - ?2k(k_ )1 
~ m. 

n! (1IEIIl) (!.: - m) (n + 2m) 2" 
(n + 2m)! r:::O l' n - l' 

(B.18) 

Note that this expression reduces to (IHi) if m = 0, 

B.3.2 The RWA+SO Calculation 

Having done the direct calculation, the task 1l0W is too see how the final result 

(B.18) may be obtained via the arguments of Chaptet· 6: the RW approximation 

and SO quantization, Substituting q = (;1 + A*)/V2 in q2k gives 

The RWA involves keeping only the diagonal t.erms in the above. In order to 

calculate the matrix elements 

(nl q2k In + 2m) , (B.HJ) 

it will be necessary to retain certain off'-diagonal terll1s -- this will still be called the 

RW approximation in what follows, although, strictly speaking, the terminology is 

incorrect. Finally, SO will be used to quanti~e /Jrtll via the rule (6.21): 

IAI 2n A2m ~ ;,; L~2m)( -2x) . (b)2m 
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(B.20) 

The inner products (B.19) possess two important properties 

• (nl q2k In + 2m) == 0 for m > k . 

• The function F in (nl F(b, &+) In + 2m) must. contain exactly 2m more b's 

than &+'s in order that the inner product be nOllzero. 

The function F is, in the present context, the qualJti~ed version of llrw, and it is 

apparent that only terms of the form 

will contribute to the matrix clement (B.19) under the prescription (B.20). In 

particular, the contributing term ill llrw is 

2-k ( 2/.~ ) IAI2(k-III)/l2rn 
k-m 

from which we obtain the quantization 

2-k ( 2/.~ ) (/.; - m)! L(2m)(_2:1:)' &2m. 
k - m 2k-711 k-m (B.21) 

Allowing this expression to act on the number sta.te In + 2m) and taking the inner 

product with (nl gives the matrix clement (B.19) as 

(nl q2k In + 2m) = L 2711 (2/';)! k-m ( k + m. ) 2r 

22k(k - m)! r=O k - m - l' ~ 
(n + ~m)! (11.1 (b+r(bY In) 

n. 

= 

= 

2m(2k)! 
22k(k - m)! 

2m(2k)! 
22k(k - m)! 

(n + 2m)! (k-m,lI) ( k + m ) 2r n! 
1I! ?; k - m - l' 1'! (n - 1')! 

n! 
-;------::---~ X 
(n + 2m)! 

(k-m,n) 2T (n + 2m)!(k + m)! 
?; (2m + 1')!(k - m - 1')!1'l(n - r)!' 
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Upon recollecting terms, this last expression gi yes the final result 

( I -2k I ) 27n(2k)! 
n q n + 2m = 22k(k _ m)! 

n! (k£,n) (n + 2m) (k - m) ')1' 

(n+2m)! r=O n-l" l' W 

(B.22) 

in agreement with (B.18). 
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APPENDIX C Basic Results on Generating 
Functions 

What can this strange device be? 

When I touch it, it gives forth a sound 

DisCOVC7'Y, Rush 

In this chapter, we layout some basic results on sets of polynomials derived 

from generating functions. We will only consider generating functions of the form 

¢(:l:,t) = A(I)cxB(t) = f PII(;r)t n, 
11=0 n. 

(C.1) 

where A(O) = 1, B(O) = 0, and B'(O) = 1. Under these conditions, the Pk'S are 

monic polynomials with Pk of exactly degree k [95]. Also, the function B has a 

compositional inverse, 13(1), in somc ncighborhood of I = O. Among thc polYllo

mials that fit the form (C.l) are those of Hermite and LagueITej the Chebyshev 

and Legendrc polynomials do not POSSCHS a gCllcrating function of thc form (C. L). 

No attempt will be madc to provide a coherent, accounting of this fieldj the 

interested reader is directed to the works [9,68,82,8,1,95] and references thewin 

for further information. In particular, Roman [8'1] develops a very nice theoretical 

framework for such sets of polynomials in his book. This chapter is intended to be 

"grab bag" of results that will be used elsewhere. First we will layout a few basic 

properties of generating functions and the differential operators associated with 

them. Second, we will derive the formulae for umbral transformations of various 

sorts. Finally, we will briefly tOllch on certain pathologies that some polynomial 

sets exhibit. 

It turns out that for all such polynomial scts, there are infinite order differential 
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operators Land N! sllch that [811, 95J 

(Co2) 

(C03) 

These are generally known as ladder operators [8Jo In Dreier to derive L, we note 

that the generator for npn-! is 

~ npn-! (x) 11 

~ ---:-,-t = 
n=! no 

= t¢o 

We also have the relation 

f( dl dx)¢ = f(B(t ))¢ 

which follows from (Col) and so 

B(dldx)¢ = t¢o 

Therefore, 

B(d/dx)p" (:v) = npn-! (:c)o (Co4) 

Obtaiuing an expression for 1I7[ is simila.r - the set {In+l is generated by ¢t, where 

the subscript denotes a partial derivat.ive, and since 

we have 

( 

1 AI(l)) 
¢t = xB (t) + A(t) ¢, 

( '(-( I )) A1(B(dld:r))) ( ( ) 
xB B d da: + A(B(dld:c)) ]1" :c) = Pn+l x 0 

Suppose now that the set Jln is generated by (Co l) and that 

" 
P7I(x) = L Cnk:Vko 

k=O 

(C05) 
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Now introduce another set of polynomials, qk(:Z~)' which is generated by 

Define I'll (x) by 
II 

7'II (X) = L cllkqk(;V)j 
k=o 

i.e., we replace all occurrences of xk in ]111(,'/:) with qk(:V). Roman calls this procedure 

umbral composition [811]. We will now determine a generating function for the 7·n 'S. 

Starting from 
00 Til 

c/> = A(t) L ~(B(t))r", 
11=0 n. 

we plug in the (jk's to obtain 

f= 7'1I(~)tll 
11=0 n. 

= A(I.) f= qu(;':) (B(t)t 
11=0 n. 

= A(t)P(B(t))cxG(B(t)). 

Now we will determine a set qk( x) stich that 

u 

xn = L CllkQk(:I:). 
k=O 

(0.6) 

In this case, we see t.hat 7'n (X) = XII and so the generat.or of the 7'II 'S is just ext. By 

(0.6) we require 

f= Qn(x) t" = L e~·7J(I). 
n=O n! A(tJ(t)) 

(C.7) 

Roman calls this set the inverse set 01' umbral iTl Vf I'se 1.0 the Pk'S. 

Now suppose we have an analytic function H(x) with the series representation 

00 

Jl(:v) = L hk:V!.· 

k=O 

and we wish to form the umb7'al tmTlsjorln of JJ 

00 

jf(x) = L hkPdx), 
k=o 
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where Pk is as before. This is exact.ly the procedure that will be used during the 

quantization process. What. follows is basically a condensed version of the theory 

of Boas and Buck [9]. Many of the technical details have been omitted for the 

sake of clarity, although it is fairly easy to verify (01' disprove) the result in any 

particular case. Recall that the Laplace t.ransform, £ 11 , of JJ is defined by 

roo 
£1I(S) = iu e-"IJJ(I) r11. 

If we integrate t.he series representation of 11 term by terlll, we obtain the forlllal 

relation 
00 I , 

£1I('~) = L Inn .. 
,,=0 sn+1 

If we multiply this by ¢ and perforlll a contour integral around a small loop C 

containing the origin and the singularity set of £1I [9], we get 

1 i B( ) _1 , i d$ ~ hkk,'! ~ Pn(X)s" -. £II(s)A(s)eX 
S ds = L...J L...J 

27rz C 27rl C s k=o sk n=U n! 

00 

L hkPd;l:), (C.S) 
k=O 

where the last step follows upon evaluating t.he residue, The inverse transform 

corresponding to (C.S) is given by 

_1_ J £. 1 cxIi(s) d.s 
27ri leI II A(I3(s)) 

(C.9) 

where we have replaced ¢ by the generator of the inverse set using (C.7). 

Finally, we consider the existence of 1'cp1'cscnluliolls oj ze1'O [9] as series of Pk'S. 

The simplest such case OCCtll'S when ther!' exist.s a to sllch that A(to) = O. In this 

case we have, by (C.l) and assuming that. B(to) is finite, 

0= f Pn(a:) t~. 
,,=0 n! 

(C.l0) 

The second case occurs when there exist to and II such that B(tu) = B(tl) with 

A(to) and A(td finite and nonzero. In this case, we s(!e that 

_1_ f: Pn(a:) t~ = _1_ f: Pn(x) t~ 
A(to) n=O n! A(td ,,=0 n! 
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and so 

0= f: Pn(x) [_l_t~ __ l_t~l] 
n=O n! A(to) A(td . 

(C.ll) 

If a polynomial set admits representations of zero, we end up with an ill defined 

expansion theory; therefore, we will rule out such sets as they lead to inherently 

ill defined quant,ization rules. 



APPENDIX D 

231 

Converting Between Operator 
Orderings 

Time is the best teacher. 

Unfortunately it kills all its pupils. 

IlL Bcrliolz 

D.I Introduction 

In this appendix we will consider a plethora or "conversion polynomials" 

polynomials tha.t allow you to convert from one ordering scheme to a.not.her. For 

example, the SO polynomials are most, easily expressed as sums of normal ordered 

summands; however, at. certain times it might be conv('nient to express t.hem in 

terms of number state ordered summands. Our approach here is to usc t.he result.s 

of Appendix C, which should be considered a prm·equisit.e to t.his appclldix, t.o 

derive generating functions for t.he various conversion polynornials. To convert. a 

given function to a different ordering, wc need only compute the umbral transform 

(C.S) of our function with the appropriate generating function. If we can express 

(b+)k (b)k in powers of 1)+ band obt.ain a g('nerating funct.ioll for these polynomials, 

then the solution of the above example is simply the umbral composit.ion of t.he 

two sets. 

In this disseltation, the results givcn below are only used III the context of 

bosonic operators band b+ satisfying 

where b+ is the adjoint of b. However, it is important to point. out that the 

adjointness condition is unnecessary here: only the algebraic properties of the 
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operators playa role. Therefore, the relations derived below apply to any operators 

satisfying 

LM - ML = 1. 

A concrete example of the utility of these formulae is given is section D.4. 

Some properties of Piddllck's polynomials (mentioned in Chapier 6) shall also 

be established. 

The reader will note t.hat we do not consider converting t.o SO from any other 

ordering here. Although one can easily write the generating functions for t1wse 

polynomia1 sets, they would certainly be of limited lise "in the field." The generat

ing functions for these set.s arc presented for completeness in section D.3, however. 

Finally, recall that it is not generally pm;sible to arbitrarily change orderings 

unless the creation and annihilation operators satisfy bosonic cornmutat,ion rela

tions. 

D.2 The Conversion Polynomials 

Below we give brief derivations of the generat.ing functions for polynomial sets 

relevant. in convert.ing between the following foul' orderings: 

Normal Ordering (NO) where each t.erm is of t.he 1'01'111 (jJ+)k(b)k' 

Number State Ordering (NSO) where each term is of the form (b+b)k 

Antinormal Ordering (ANO) where each term is of the for111 (b)k(b+)k 

Symmetric Ordering (SO) where each term is the average of all possible com

binations of /,: h's and /,: iJ+ '8 

using methods developed in Appendix C. Section D.3 summarizes the results from 

this section in tabular forl11. 
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D.2.1 NO~NSO 

In this case we seek a set of polynomials 7l"k(X) such that 

(D.l) 

Using the commutation relations (11.1) it is trivial to show that the 7l"k'S satisfy 

(D.2) 

and 

7l"k(X) = x(x - 1) ... (;v - (k - 1)), ,,~~ 1. (D.3) 

This is as close as one gets to an explicit representation of the 7l"k'S - the coefficients 

of these polynomials are called the St.irling numbers of the second kind [2]. If we 

set 

we see that 

If we multiply the above by tk and sum over k, a.nd define 

(
• ) _ ~ 7l"k(X) k 

¢1 x,t - t:a kit , 

we see that ¢1 satisfies 

where the subscripts denote partial derivatives. Integrating this ODE and using 

?fo = 1, we find that 

(D.4) 
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D.2.2 NSO~NO 

We define the Ilk's by 

(D.5) 

Since these polynomials are simple the umbral inverse of (D.1), we can construct 

the generating function for (D.5) directly from (DA): 

~ IIk(:l:)tk = x(et-l) 
L.J k' e . 
k=o . 

(D.6) 

The coefficients of t.hese polynomials are the St.irling llumbers of the first kind; 

needless to say, there is no simple formula for them. 

D.2.3 ANO~NSO 

We define the O'k'S by 

By induction, we find that 

and 

O'k = (:v + 1)(:1: + 2) ... (:1: + /"), /.::2: 1. 

Using arguments similar to those in section D.2. L, we find that 

f O'k(X)t k = _1_ (_1_) x • 

k=O k! 1 - I 1 - l 

D.2.4 NSO~ANO 

The Ek'S are defined by 

These are the umbral inverse to (D.7) and so 

~ Ek ( x) t k _ t x(l-e-') 
L.J k' - e e . 
k=O • 

(D.7) 

(D.S) 

(D.9) 

(D.lO) 
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D.2.5 ANO--+NO 

These polynomials are simply the umbral compmlition of those of sections D.2.3 

and D.2.2, and so if 

(D.ll) 

then 
~ ~dx) k 1.zL 
L...J --t = --e l - t • 

k=o k! 1 - t 
(D.12) 

Therefore, 

(D.13) 

D.2.6 NO--+ANO 

These are defined by 

(D.l4) 

and are the umbral inverse to those in section D.2.5 and so 

~ 3k(X) k 1..£L 
L...J -,-t = --e I+t • 

k=o k. 1 + t (D.15) 

Thus 

(D.16) 

D.2.7 SO--+NO 

It was shown in [44J that these polynomials arc given by 

(D.l7) 

The generating function is 
2 2%t 

--e2=l 
2 - t . (D.1S) 
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D.2.8 SO--+NSO 

These are the umbral composition of those in section ]).2.7 and D.2.1 and are 

generated by 

~(~)X 
2-t 2-1 

(D.19) 

D.2.9 SO--+ANO 

These are the umbral composition of the ones in section D.2.7 and D.2.6 and 

are generated by 

and so the nIh one is geven by 

2 - t 2", 
--c2t. 
2+t 

(-l)"(n -I)! [ L (2 ) + 1 (2)] XIH _= (b')IH(b'+)lII. 
I n II x '11-1:1:, 2"-

D.3 SUllilnary of Generating Functions 

(D.20) 

(D.21) 

The results of the previous section are summarized ill Table D.l. The cases 

with bolel superscripts are expressible in t.('rms of well known polynomials. Since all 

of these cases are expressible in terms of the Laguerre polynomials, it is apparent. 

that the formalism developed in Chaptet· 7 llIay be used to express the conversion 

process as an integral transform similar t.o (7.7). 

D.4 An Exanlple 

In this section the conversion polynomials cleHcribed above shall be used to 

prove a relation among the Laguerre polynomials t.hat was used in Chapter 7. 

To get from equation (7.12) to equation (7.13), I,he following relation was used: 

(D.22) 
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Pcriodic Table of the Conversion Polynomials 

From NO From NSO From ANO From SO 

To NO exp :!:l exp :z:(el - 1) _1_ exp 2i.L 1 
\-1 ' \-1 

....Lexp~ 2 
2-1 2-1 

To NSO (1 + ty expxl \ ( \ r t=t t=t ....L(wr 2-1 2-1 

To ANO \ xl 3 elexp:l:(l - e- I ) expxl 2-1 exp 2xl 4 mexPm 2+1 2+1 

To SO 2 2xl 5 _2_ exp (2-c tanh i) _1_ exp 2xl exp:I:t 2+1 exp 2+1 c l +l . 2 \-1 2-1 

1. niL .. (-"') 

3. (-l)"n!L,,(x) 

5. (-~rLn(2x) 

Table D.1, Generating Functions for Convcrsion Polynomials. 
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We shall derive this relationship from the generating function of the Laguerre 

polynomials and the relations derived in the previous sections of this appendix. 

In order to derive (D.22), consider the generating function of its left hand side: 

Using the lemma (B.lO) this may be rewritten 

Now define b = d/ dl and b+ = t. Although these operators are not adjointoS of one 

another, they clo satisfy [b, b+] = 1; therefore, if> becomes 

Using the polynomials given in section D.2.3, this antinormal orclered expression 

becomes number state ordered: 

since (b+b)mtk = kmtk. Referring to the generating function (D.8), the inner sum 

may be evaluated, giving 

Using the generating function of the Laguerre polynomials, 

00 lz:t L Ln(x)ln = -- exp -'-, 
71=0 1 - t 1- 1 
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we find that 
1 281, 

¢ = 1 + t exp 1 + t . 
By inspection, this expression is the generating function for 

as was to be shown. This proves the relation (D.22). 

Finally, note that this result generalizes as follows: if a set of polynomials Pl1(X) 

possesses a generating .function 

(X) 

'ljJ(x, I) = LP'I(X)ll1, 
11=0 

then the polynomial set ql1 (x) defined by 

has the generating function 

D.5 Pidduck's POlYllOluials 

It was mentioned in Chapter 6 that if one expresses SO quantization in terms 

of powers of b+[I, the resulting polynomial set is related to Pidduck's polynomials. 

It was also claimed that these polynomials are ort.hogonal on the real line with 

respect to the weighting fUllction sech (1rx). These fads shall be established in 

this section. 

Pidduck's polynomials, ])l1(X), possess the generating function [9J 

( ) 
_ ~ ])11 (x) 11 1 (.) -1) ¢ x, t = ~ --,-t = JI+I2 exp ~:r tan l. 

n=O n. 1 + 12 
(D.23) 
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It will first be shown that Pidduck's polynomials possess the stated orthogonality 

properties. Consider now the definition 

VI (s, t) = I: ¢(x, s )¢>(x, t) Secl17r;!: dx . 

It is apparent from equation (D.23) that LIt generates all of the innner products of 

the Pn's with respect to the weighting fundion. Hit turIlS out that VI is a function 

of st alone, then the polynomials Pn(x) are indeed orthogonal; in addition, the 

function of st is the generator of the normalization constants. We will use this 

method in what, follows to provc orthogonalit.y. 

Defining 

t = t.an v (D.24) 

allows the generating function (D.23) to be rewritten in t.he form 

¢(x, tan v) = cos ve'2xu • (D.25) 

Defining U( u, v) = [11 (tan s, tan t), the gencrator of the inner products becomes 

U( il, v) = cos 1l cos v 100 

sech 7r:I'C
2a:(tt+v) da: . 

-00 

This integml may be evaluated with standard cantotil' integration techniques with 

the result that 

Therefore, 

U(u,v) = 

= 

cos U cos 1J 

cos(u + v) 

1 
1 - tan u tan v . 

1 
U1(s, t) = -- . 

1 - st 
(D.26) 
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Since this is a function of st, the polynomials are orthogonal and the normalization 

constants are 

(D.27) 

where the factor (n!}2 arises because Pn(;r) was divided by n! in the generating 

function (D.23). Since the weight function Bech 71':1' is strictly positive, all of the 

zeros of Pn(x} are real and simple [47]. Since t.he generating function (D.23) is 

invariant under the identifications x --+ -x and I --+ -t, it is apparent that 

and so the ]In'S of even order are even and those of odd order are odd. Therefore, 

the zeros of PII(:V} are symmetrically distributed about the origin. Finally, setting 

x = 0 in (D.23) gives 

f: Pn(O}tn = 1 . 
11=0 n! v'f+t2 

Since this expression contains no odd powers of l, we have 

P2n+l(O} = O. 

Now let us establish the connection of Pidduck's polynomials with symmetric 01'-

dering (SO). 

To establish such a connection, we shall start from the generating relation 

(D.23), and, by translating and scaling ;1: and l, obtain t.he generating relation for 

the SO polynomials expressed in terms of NSO factors (see Table D.1): 

(D.28) 

The generator (D.23) may be rewritten 

1 . I (1 - it) ~ p" ( x) n --=== exp zx og --, = ~ --t . v'f"+t2 1 + zt n=O n! 
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Defining t = iu/2 and substituting into the above giv(~s 

2 . 1 (2 - U) ~ Pn(:I:) (i'lt)71 
----;::== exp 7X og -- = ~ -- -
V4-'1l2 2+u 71=0 n! 2 

Finally, let x = i(z + 1/2) to get 

2 )2 + 11 exp-zlog (2 - 11) = 
V4 - 112 2 - 'It 2 + 'It 

t Pn(i(z -; 1/2)) (i1l)n 
n=O n. 2 

2 (2+U):: 
2-u 2-11 

~ (jn(z) 11 = ~--,-(U . 
u=O n. 

Therefore, we have the relation 

(jn(z) = (~r Pu(i(z + 1/2)). (D.29) 

From the above discussion of Pidduck's polynomials it is seen that all of the zeros 

of (jn(z) lie on the vertical line in the complex plane passing through z = -1/2, 

arc distributed symmetrically with respect to this point, and arc all simple. All of 

the zeros of qn(z) are complex, except that q2n+I(-1/2) = O. 

D.6 S ulllluary 

In this Appendix, some basic properties of generating functions have been em

ployed to catalog polynomial sets that allow on<:, to convert between several com

mon orderings. 111 several cases, it is possible to express these conversions in terms 

of an integral transform. 

These conversion polynomials were used to derive t.he generating function fol' it 

certain binomial Stllll of any polynomial set obtainable from a generating function. 

In particular, a specific case of this general formula was used in the formalism of 

Chapter 7. 

Finally, the orthogonality of Pidduck's polynomials and their relation to SO 

quantization was established. Although t.he lore of generating functions is s011le

what arcane, the examples in this section illustrate that these tecniques are quite 

powerful and can be used to prove complicated relations quite cheaply. 



APPENDIX E Notes on the Periodic AL 
Problem 

"Assembling Japanese bicycle require great patience." 

Roberl Pil'sig, Zen and the Art of l'v[otorcycle Maintenance 
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It was mentioned in the introduct.ion that the periodic Ablowitz-Ladik (AL) 

problem was solved using the inverse scat.tering method (ISM) in [11]. This work 

was originally published in Russian and was later translated into English. Un

fortunately, a large number of errors appeared ill this t.ranslated version. About 

eighteen months ago r was given the t.ask of reading and reporting on this paper. 

After about ten days I realized why I was having so many problems deriving t.he 

results in this paper: the formulae were simply wrong! This appendix contains a 

skelet.on version of the paper [11] with t.he coneel. formulae, as well as a number of 

comments and calculat.ions that were "swept IInder the rug" in t.he original (short) 

paper. Not meant to stand on it.s own, it. should be read ill conjunction with [11]. 

It is my sincere hope that t.his appendix will be helpful t.o anyone trying t.o under

stand the general methodology of the ISM for periodic discrete problems. In any 

case, I feel that this is an important paper and so it seems to me that an accurate 

exposition of the method given in [11] is appropriat.e. Besides, it. took two monl.hs 

for me to read t.he first two pages of this paper- I think it at least deserves an 

appendix. For convenience (and reference), the equation numbers from the original 

paper will appear in square brackets "[ ]" throughout. 



E.l The AL Model and Properties of the MonodrOlllY Ma
trix 

Recall that t.he AL model may be wril.ten in the form 

[2J (B.1) 

where n = 1,2, ... , N + 1. Equation (E.l) with t.hc "+" sign is called focusing 

and the "-" sign is called defocusing. The boundary ronditions are assumed to be 

periodic. We will set up the solution t.o the init.ial vallie problcm for this equat.ion 

in what follows; therefore, the AL cquation is compktely intcgmble. Thc act.llal 

solution (i.e., the final step) requires knowledgc of algebraic geomcLry t.hat. I am 

not familiar wit.h and will not be considcred in much dct.ail hcre. The interest.ed 

reader is referred to the works [11, 72J for further details. The book by Faddeev 

and Takhtajan is also a very comprehensive (it is therefore expensive) introduction 

to the ISM [31J. 

The main feature of the AL equation that shall be used is t.hat this set. of 

nonlinear ODE's is expressible in terms of a zel·O cltrl1alul'c rC]J1·esenlatiou (ZCR) 

[31J. Define the vectors 'U1l(i) E C2. The ZCR for t.he AL equat.ion (Eol) is given 

by the pair of lineal' problems 

'Un+l = £nvn 

Vn = kJIl'Un • 

The consistency relation for this pair of problems, 

reduces to the AL equation if 

[3J (B.2) 

(E.3) 

[(i] (E.4) 
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where 

Qn = =F1).'l/J~ 

Rn = I).'l/Jn 

An .A
2 

- L ± .~ V = z~ Z ~n-l1 n 

i>. * i 'l/J* 
(E.5) 

En = =F I). 1/),. ± >'1). n-l 

e" 
iA i 

= I).,pn-I - AI). 'l/Ju 

Dn 
.1 _ >.-2 

=F 1/)'1 ~1~-1 , = 7, 1).2 

where>. is an arbitrary complex constant. A direct substitution shows that equa.

tion (B.3) reduces to (E.1) with the definitions of Ln and M" stated above. 

Having dealt. with these preliminaries, let us examine the ZCR in more detail. 

The all-important monodromy matrix Sn is defined by 

[4J (£'.6) 

and so 

(E.7) 

Note that if L" is nonsingular, t.hen SII+l Ln = LnSn slllce Lu+N+1 = Ln. The 

matrix L" is only singular in degenerate cas(' or the defocusing AL - this case is 

discussed in Chapter 10 and is treated in detail ill [101J. We exclude this situation 

in what follows. Therdore we have the relation 

[5aJ (E.8) 

which implies that tr Sn and det Sn arc independent. of 71. More shall be said about 

this in a moment. 

Next consider the relations 

(E.g) 
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therefore, the time evolution of the monodrony matrix is 

[5b] (B.l0) 

where the commutator [A, B] is defined as AB - BA. Earlier it was shown that, 

the trace and determinant of S" were independent, of 11 - it shall now be shown 

that these quantities are also independent of t. 

Since the commutator in (E.IO) is traceless, it is obvious that 

d 
-[ trS" = O. 
d 

Referring to the explicit [01'111 of L,,, it is apparell t I,hat. t.he determinant, of the 

monodromy matrix is, in [act, the exponent.ial of the norm of the AL equation. 

Since the norm is a conserved quantit.y, we have established 

d d 
-d tr Sn = -l det. 8" = 0 . 

l d 
[7] (E.] 1) 

Why do we care about the trace and deterl1linant of the monodromy matrix? 

Referring back to the definitions of the lllonodromy matrix and the matrices [,71' 

(E.7), (EA), and (E.5), it is apparent that both the t.race and determinant, of S" 

are polynomials in the spectral parameter >.. Furthermore, each coefficient of >. 

in these polynomials is a polynomial functioll of t.he original variables 'Ih· and 'I/)'k. 

Therefore, the trace and determinant of the monodroll1Y matrix are generat.ing 

functiolls of the conserved quantities of t.he A L model (E.1) 1. In summary, t.he 

following ha.ve been established: 

• tr S" and det Sn a.re independent of nand l. 

We shall exploit these results in the next section and set up the method used 

to solve the initial-value problem. 

lIt is not completely obvious that all conserved quant.ities are generated in this manner. 
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E.2 A Change of Variables 

In order to solve (E,1), lei us introduce the new variables 

211.71 - 8(11) + 8(22) = ir ') 
11 11 I n 

2171 - 8(11) _ 8(22) 
tl 1l 

-rP7I - 8(12) 
71 

Xn - 8(21) 
II 

so that 871 takes the form 

8 - ( h'l + In 
n- Xu 

-rPn ) 
lin - In . (E.12) 

Inserting (E.12) into equations (E.8) and (E,1O) results in the new system (using 

the fact that 11.11 is indepcni of 11.): 

).,(fn+l - In) = RnrPn+1 + QnX7I 
).,-I(fn+1 -In) = RnrPn + QnXn+l 
).,Xn+l - ).,-I Xn = Rn(fll+l + '/;,) [SaJ (E.l3) 

)., -1 rP7I+l - )"rPn = Qn(fn+l + In) 

for the spatial dependence, and 

in = BnX7I + C7l rPn 
An = 0 

rPn = rPn(An - ]),,) + 2BnIn 
[SbJ (E.14) 

Xn = Xn(Dn - An) + 2Cnin 

for the time dependence. 

In order to proceed, we will need the key thcorcm [11 J stating that the system 
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(E.13) and (E.H) has solutions that are polynomial in ..\ 

N+l 
In = E J,~k) ..\2k 

k=o 

N 
¢n = E ¢~,kl..\2k+l [9] (E.15) 

k=o 

Xn = 

if and only if the coefTicients satisfy "certain nonlinear differential-difference equa

tions" (i.e., plug in the Ansatz) and in additioll the following must be satisfied: 

X!fl(t) 
'lfJ1I-l (t) = (N) 2flJII +1 

¢!f)(t) 
± (N+l)' 2flJn 

If, in addition, there exists an no such that, at t = 0, 

J,7
0
(0,..\*) = _..\2N+2JIIO(0, 1/..\) 

¢~0(0,..\*) = ±..\2N+2Xno (0,1/..\)· 

[10] (E.16) 

[11] (E.17) 

then these differential-difrerence equations possess solutions for all 'II and t and 

equation (E.IG) gives the solution to (E.l). 

This theorem is quite a mouthful; however, every application of the ISM has a 

similar theorem. Fortunately, the proofs have a similar strudllre in almost. every 

case, as well. The basic format of the proof is to plug in the polynomial Ansat;.:, 

balance powers of ..\, and use induction. The constraints (E.IG) and (E.l7) require 

special treatment and are considered next. 

First let us consider the condition (E.IG). This equation is actually what one 

would call the "inverse" part of the ISM since it gives the solution of equation 

(E.I) in terms of the "scattering data." From t.he Ansatz (E.I5), it is apparent 

that deg(fn) = 2N + 2 and deg(¢n) = deg(Xn) = 2N + 1. However, it is also 
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apparent from the first two of equations (E.13) that this cannot be unless the 

supplementary conditions 

j,(N+1) = j,(N+1) 
n+1 n 

Q v(N) = -R -I,(N) 
nAII+l II'I'n 

hold. We also see that the last two of equations (8.14) cannot balance unless these 

supplementary conditions, as well as equations (E.16) hold. Finally, the first of 

equations (E.14) in conjunction with all of the above conditions imply that 

So far it has been established that the system (E.13) and (E.14) is consistent 

for the polynomial solutions (E.15). Furthermore, the consistency relations (Eo] 6) 

explicitly give the solution of the AL equations in terms of these "funny" variables. 

If we can demonstrate the existence of a solut.ion, then the AL model has been 

solved - to thi:; end, let us focus on t.he conditions (E. L 7) for a moment. 

In every application of t.he ISM I am aware of, there comes a point. where 

certain "involution relations" among the scat.tering dat.a are necessary in order 

to continue. Such relations generally depend on the explicit. form of t.he zen 
and allow one t.o clo clever thing[; in order to solve t.he problem. In the present 

case, the involution relations will have the effect of imposing a reality condit.ion 

on the scattering data - it is apparent t.hat. the data It,,, In, cPn, and Xn gros:;ly 

overdetermine the solution to the AL equation. This reality condition will select a 

unique subset of this data that is involved wit.h the act.ual solution of the problem. 

To determine these involution relations, define 

and the Pauli matrix 

a3 = (~ ~L) 
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An explicit calculation shows that i" obeys the involution 

(E.1S) 

where + denotes Hermitian conjugation. Another calculation gives 

(E.19) 

Using the definition of the monodromy matrix2, we determine that 

(E.20) 

The definitions of j,,, etc. lead directly to the constraints (E.17) 

The Ansatz (E.15) combined with the iuvariance of the trace and determinant 

lead to an invariant polynomial P(>.2) = (tr 8,,)2 - det 811 : 

[16] (E.21) 

The reality conditions (E.17) imply that 

(E.22) 

therefore P(>.) has N + 2 independent. coefficients. 

Let us now address which of the scattering is important in the solution of 

(E.1). If the determinant of the monodromy matrix is normalized to 1, we have 

2Scaled by an unimportant factor of ,\2N+2 since we are seeking polynomial solutions of (E.13) 
and (E.1"). 
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the relations 

hn (>\) = VI + P(>.2) 

111(>') = V P(>.2) =F cPlI(>')cP;,(l / >.*) j 

therefore, it is possible to reconstruct, all of the scatt.ering data from the quantities 

P(>.) and cPlI(>" t). Note t.hat P(>.) only depends IIpon t.he initial condit.ions for 

the AI.., equation (E.l). 

So far it has been shown that any solution of the A L equation generates a 

consistent solution of (E.13) and (E.14). Furthermore, any consistent solution of 

these equations is also a solution of the A L equation. It remains to be shown that 

there is a solution to this complicated systcm. 

E.3 The Initial Value Problelll 

Having eliminatcd all of the scattering data except P and cPT" we shall turn 

our attention to the question of the time dependence of the cP's. It will be shown 

that explicitly determining cPno(t) for any no is, along with the specification of P, 

is enough to det.ermine the solution of the AL equation for every 11 and I. 

It is convenient to define the quantities Jtj by 

N 

cPn(l) == >'cPl;'l(l) IIp2 -ltj(lI, I)). [12J (E'.23) 
j=l 

The first order of business is to detel'llline equations of motion for cP~['l and IIj. 

These equations look truly horrible - much worse t.han the original AL equations, 

in fact. It is a miracle of algebraic geometry that a general formula (involving 

theta functions) solving the cP~[') and Jl equations exists. In this section we shall 

derive the equat.ions of motion for these quantities. Lest the reader become totally 

bogged down in details, I will attempt. to explain what is happening first. 
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By substituting into the temporal equations (E.14) it. is relatively easy to geL 

equations of motion involving the scattering data and the 1/"S. However, we clo 

not know the t.ime dependence of the 'ljJ's in advance -- the entire goal of the 

method, in fact, is to determine these quantitics. Therefore, the equations for the 

scattering data cannot be considered "done" until they depend upon the scattering 

data only, along with constants determined by the initial data for the AL equation. 

Therefore, most of the labor comes about in eliminating the 1P'S in favor of the JI.'s 

and ¢It')'s. Be warned: the algebra is quite cumbcrsome. 

These equations of motion occupy a (mostly) theoretical place in the scheme of 

things. Horrible equations are written down, after which gcometric methods come 

into play. Remarkably, there exists a general solution to these nasty equations that 

is expressible in terms of ratios of theta funct.ions. Determining the parameters in 

the I,heta function is nontrivial; however, such a solut.ion is guaranteed to exist.. The 

main point is that these equations do possess it unique solution - and geometry 

specifies the explicit form of this solution. Given this fact, the other aspect of 

this method is considered in the sect.ion after this one: using the theta function 

solution to construct the "real-live" solut.ion to the Ablowitz-Ladik equation. In 

practice (i.e., numerically) it is more convenient t.o st.art with sOll1e theta function 

and construct the solution to the AL equation anyway; in fact, this more abstmct. 

construction opens t.he door to the quasiperiodic AL model. This is not appawnt 

from the current methodology. 

The third of equations (E.14) becomes, upon llS(~ of the fact that ¢n(yIJij) = 0, 

;p" ( yIJij) = - JIlj ¢!t') IT (P.i -- Ilk) ,t j 
k:l.i 

Now P(lli) = !;,(VJij) and so 

-fiiypj ¢!:') IT (Jli - Ild = 2/ P(Pi) Bn( JIlj) 
k,pj 
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Upon use of (E.16) we may write 

± ifJ![") . 11( ). 2fP(iJ ( .. /.. 1/J~-t) 
?Aj(N+t)/t j .,1j-llk ='l?A2j(N+t) '1-'11--,1' ' 
~L..lo n kf:J ~L..lo 11 J 

or 

.. _ . fP(iJ (1 _'P;'_t ) 
IlJ - Z (N+t) ./. • 

~2 In nkf:j(p.i - Ild'l-';'/lj 

Referring to equations (E.16) and (Eo L 7), it is seen thaI. the quant,ity 

r(N+t) -1.(0) 
• It '1'n = -flO) -I.(N+l) 

n I.f1& 

Combining the previous two equations with the faeL that 

gives (at last) the equations of motion for the quantities It: 

[13J (E.24) 

Although this equation appears quite intimidating, there are two things to notice 

about it. First, the quantity Ilj appears 011 the right. hand side through the expres

sion J P(Jlj ). Second, the only quant.ities 011 t.he right hand side other than the 

Jl'S are constant.s fixed by the initial data in the AL equation. In particular, t.he 

evolution of the It'S is independent of ¢f['). Alt.hough not discussed here, it turns 

out that this system may be solved using methods of algebraic geometry [11 J. It. 

is remarkable that, having solved equation (E.24) in this manner, it will be shown 

below that the only relevant functions of the Il's in the solution of the problem 

are L: /lj and n /lj. Even more remarkable is the fact that these two functions are 

precisely the ones most easily determined by geometric means. 



254 

Now a dynamical equation for r/>l!") must be determined. Before embarking 011 

this calculation, note that equations (E.17) imply that 

f (N+l) 
",(N) = (_I)N+l_. n_",(N) II 1I:(n) 
'l'n-l 1(0) 'l'n . r'J 

n J 

[15] (E.25) 

and 
{(OJ 

1Pn-l = (_I)N+l ;;+1) 1/!n n P'.f . 
J" J 

[18] (E.26) 

At this point it is also convenient to introduce the notation O(]J, k) for the 

coefficient of )..k in a polynomial p. All equation fol' r/>l[,,) may be determined from 

the third of equations (E.14): 

If we collect powers of order )..2N+1 in this expreHsiol1, it. is obvious that 

+20(Bn, -1)0(J", 2N + 2) + 20(Bn, J)O(Jnl 2N). 

Except for O(Jn, 2N), we may tabulate these expressions as [ollows 

r/>(N-l) = -r/>~N)Lltj n 
j 

O(An - Dn, 2) = i/b,.'2 

') . 
O(An - Dn,O) = - ~72 ± i('ljJn-l1P~ + 'if)n'IjJ~-I) 

O(Bn, -1) 
7, 

= ± b,. 1/'~-1 

0(Jn,2N + 2) /,(1\'+1) 
·n 

O(Bn,l) 
i 

= 1= b,. 1P~ . 
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In order to proceed, 0(fn,2N) = fAN) must be determined. To accomplish 

this, note that 

0(f2 2N + ?) = 2 r(N+l)j(N) n.' IW • 71 n 

and 
N 

¢nXn = ±,,\2J¢~~)J2 II (,,\2 -'lj)(l - ,,\2Ilj). 
j=l 

Setting P2N+1 == 0(P(,,\2), 4N + 2) gives 

O(fl~ - ¢nXn,4N + 2) = 2.1~~N+l)f,~N) =F (-ltJ¢~N)J2III-l; 
j 

= 0(P(,,\2),4N + 2) 

= P2N+1; 

therefore, we have 

r(N) = P2N+l ± (-1)NJ¢~)J2 II l~. 
·n 2f(N+1) ?/.(N+l) .1) 

n w. n J 

Combining all of these fads gives the equation of motion for ¢!.N): 

(E.27) 

').' ').' I ? (1)NJ'/'(N)J2 
+:!..I,.. j'(N+1) ~1 . • 1* ]J2l\ +1 _ ~l .1.* - 'I'n II ~ 

.6.'1- 11- 1 II =F .6.'P'I.)/'(N+l) .6.'I'n ')f(N+t) .Il). 
"'-J. n. OJ n J 

All that remains is to eliminate the .¢' variables from the right hand side and the 

task will be complete (almost). 

To this end, define 
2N+2 

P(A) = L Pk,,\k (E.28) 
k=o 

and note that [fl~N+t)12 = ]J2N+2' The differential equation may be rewritten as 

follows 

.:i I ,/,(N) i [" 2D.¢!.N) p'm+1] ' .. .. 
dt og'l'n = - .6.2 2 + 7 Jlj + '1.6.[fAN +1)j2 ¢~) ± z( 1Pn-1 1/;11 + 1/;111/;11-1) 
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2· ( I)N ",(N) n 
___ Z _1(N+1) - 'I'n j /1j 

/).¢hN) II 2/).IAO) 

where equation (E.26) was used. For simplicity (we're almost done) define 

X, = i [ P2N+l '" ()N I,~N+l) II 1 
- /).2 2 + 2 + L. pj + -1 -(-0)- Ilj 

P2N+2 j In j 

y = i(_1)NI",(N)1 2 

T 'l'n IIp': 
2/).2[12N+2 j J 

so that the above 0 DE takes the form 

~ I . ",(N) - X Y ± '(01, .• 1.* ,J. 01.* ) dl og'l'1I - + Z '/-11-1'1'" + '1"11'1'71-1 • 

Using equations (E.17) allows the ~"s to be eliminated once and for all: 

d -log ",(N) 
elt 'I'll 

Expanding X and Y gives the final form of the equation of motion for the quantity 
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d -log A-.(N) 
dt 'l'n 

[14J 

(E.29) 

Again, the main importance of this equation is that., given a solution of the Il 

equations, (E.2!)) also has a computable solution. It is also important to note that 

the dependence of the right hand side of this equation is limited to expressions of 

the form L: Pj and fI Ilj. I-laving spent, a great deal of time with the scattering 

data and its evolution, let us now return to the problem at hand: using this data 

to construct solutions of the Ablowitz-Ladik equation. 

E.4 Solving the Problelll 

We are now ready to generate a solution of the AL equation for all nand t. Let 

us suppose that solutions llj(no, l) of (E.24) and ¢!l~) of (E.29) are available for 

some no. Therefore, we ali:;O know the polynomial P()..2) as well as the constants 

J,\~+l), .d~), and all of the coefficients l'k. From equation (E.l6) we may imllledi

ately cletermine~'llo(t), while equation (E,26) immediately gives us 1Pllo-l (t). These 

two functions are valid solutions of (E.l) for alll. 

Ideally, we would like to invoke equation (E.26) agalll to generate 1fJ1l-2 (l). 

In order to do t.his, however, it seems that a method is needed to compute the 

quantity3 

II pAn - 1, t). 
j 

Below this problem shall be solved using only algebraic operations. A summary of 

the algorithm will be presented in the conclusions. 

3Recall that f~N+l) and fl~O) are independent of It, 
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At this point, use must be made of the spatial equations (E.13), and in par

ticular the first and fourth equations of this group -- these two equations may be 

combined to give 

The coefficient of >.2N+l in this expression is 

2Q f(N) = ",(N) (1 ± 6 211" 12) _ ,~(N-t) _ Q2v(N) II n '1'11+1 fll 'I'll nAn' 

Using the definitions of Q'11 RII , anel equation (E.2:J), we obtain 

=F261/J~f,~N) = ¢~I~~(1 ± 6214'1I1~) + ¢~~) L/lj(n) - 62[1/J~12x~~). 
j 

The expression 1,~N) may be expanded using (E.27): 

1"* [~ + '\'. l' ± (_I)NIq,\,N)1
2 n· l*] -

Pn 21'2N+2 L..J I J 2[!!,N+llj2 .1 I j -

1>~1} (1 ± 6 21'" 12) ± ~!t~Fl (N) =F 2~!~ +Il 'I'll 2!" +1 Xn . 

The last step is t.o eliminate dependence on the X variable through the use of (E.17) 

and (E.23) to obtain 

1/J~-1 L/lj(n-l)+.;)2N+l ±(-It+t6 2 (~+1)11/)71-d2II/lj(n-l) 
[ 

1(0) 1 
j ~P2N+2 III j [20] 

+1/J~(1 ± 6211/)n_tI2) = O. 

(E.30) 

Finally, equation (E.29) gives a second relation 

[19] (E.31) 
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Equations (E.30) and (E.31) define a lineal' system for the quantities L: Itj(n -

1) and [I Pj (n - 1). Every other quantitity in this system is explicitly known 

in advance; therefore, the determination of the needed quantities is reduced to 

algebraic operations. 

E.5 Conclusions 

In this appendix, a number of errors in a translation of a paper by Bogolyubov 

and Prikarpat-skii have been corrected [11]. Aside 1'1'0111 t.he level of detail, I feel 

that this work is a clear introduction 1.0 the inverHc scattering method for peri

odic lattice models and therefore deserves to be st.ated accllrately. The algorithm 

presented here lIlay be summarized as follows: 

" Solve equation (E.24) to det.ermine Itj(n, t). 

• Solve equation (E.2fJ) to obtain c!>ilN)(t). 

• Substitute into equation (E.l6) to get. '1/;/1(1). 

• Similarly, use equation (E.2(» t.o obtain 1/'/1-1 (l). 

Finally, repeat t.he following steps as necessary until all the 'l/Jn(t)'s are obtained: 

• Solve equations (E.30) and (E.3L) for the quantity [Ij Jlj(n -1, l). Note that 

this process requires only algebraic operat.ions since 'l/JII (t) and 'l/JII-I (l) are 

already known q uan ti ties. 

• Use this solution in equation (E.26) to generate 'I/'1I-2(t). 

The paper [11] closes with an abstract statement of the conditions on the scat

tering data that. guarantee a solution t.o the AL model. After reading and working 

through this appendix, it should be obvious what the various technical assump

tions (in terms of reality constraints on coefficient.s, etc.) mean. These authors 
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have written other papers in which they discuss t,he discrete KdV and modified 

KdV. Although the details differ, the met.hodology is exactly the same; therefore, 

if you master one example, it can be argued that. you have mastered them a1l4 • 

4{ have personally mastered no examples. The reader is urged to consult Peter Miller's 
dissertation [72] for an in-depth look at the AL model. 
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