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ABSTRACf 

Experiments were carried out to investigate the modulated nature of cross-waves in 

a long, deep, rectangular channel with a plane-flap type wavemaker at one end. Poincare 

sections, power spectra, Lyapunov exponents, correlation dimensions and winding numbers 

were generated from local wave height data to reveal the temporal behavior of modulated 

states. Information about the transverse spatial structure was obtained from digital image 

processing and multiprobe techniques. In general, three frequencies were observed: the 

subharmonic and two slow modulation frequencies. A one-mode modulation was associated 

with stream wise variation, and a sloshing modulation was associated with spanwise 

variation. The interaction of the oscillations produced a pattern of overlapping frequency

locked tongues in parameter space. In some tongues, all three frequencies were locked. 

The frequency-locked tongues had winding numbers in Farey tree sequences, and the 

overall picture was similar to the Arnold tongues of one-dimensional circle maps. Near 

the intersection of the neutral stability curves for two adjacent modes, a standing wave 

localized on one side of the tank was observed, in agreement with the coupled mode 

analysis of Ayanle (1989). At large forcing amplitudes or negative detunings, the 

transverse sloshing motion broke up into more than one soliton-like structure propagating 

in the spanwise direction and reflected by the sidewalls. 
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CHAPTER 1 

INTRODUCTION 

1.1 Cross-waves 

The complex dynamics of surface wave fields have generated considerable interest 

in recent years (see Gollub and Meyer, 1983; Ciliberto and Gollub, 1985; Meron and 

Procaccia, 1986, 1987; Lichter and Underhill, 1987; Shemer and Lichter, 1987; Funakoshi 

and Inoue, 1988). In contrast to flows without a free surface, surface wave fields are 

relatively easy to observe and time histories of wave height can be readily obtained. In 

this dissertation, the dynamics of an experimentally generated cross-wave field in a long, 

deep, rectangular channel are studied. Cross-waves are an example of a parametric 

resonance at the subharmonic of the forcing frequency. They are standing waves with 

their crests aligned with the channel, and a given cross-wave mode can be identified by a 

unique transverse mode number which is equal to twice the number of wavelengths 

spanning the channel width. 

In a long channel with a wavemaker at one end, cross-waves are generated in the 

vicinity of the wavemaker when the forcing amplitude is greater than a frequency

dependent value. Barnard and Pritchard (1972) observed cross-wave fields which had a 

unique transverse mode number, and whose envelope had constant amplitude across the 

width of the tank. They found that most of the cross-wave field remained trapped in the 

vicinity of the wavemaker at low forcing amplitudes, while at larger forcing amplitudes a 

soliton-like pulse periodically propagates away from the wavemaker. The trapped fields 

resulted in steady (subharmonic) states and the stream wise variation caused a periodic 

modulation on a long time scale. Lichter and Shemer (1986) also observed both steady and 

modulated states in a rectangular wave channel. 
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In the present experiment, other modulated states were identified for which the 

mode number was no longer unique, but rather the transverse spatial structure was a 

superposition of two, three, or more spatial modes. These states were characterized by 

transverse propagation or sloshing of the cross-wave envelope. One-mode and sloshing 

modulations, to be discussed in detail, interacted with the forcing frequency to create a 

rich bifurcation structure in which quasi-periodic or periodic states resulted from the 

locking of two or all three frequencies. Chaotic states resulted when the three frequencies 

were incommensurate. 

The rich bifurcation structure in parameter space suggested that transitions to chaos 

could be observed by varying the controllable forcing parameters in the experiment. Such 

transitional studies have become common with the hope of discovering the existence of 

some underlying order after the onset of chaotic behavior (see Swinney and Gollub, 1978; 

Dubois et aI., 1982). Many transitional studies have been undertaken to better understand 

transitions to turbulence in fluid and thermofluid systems. The creation of models for the 

chaotic dynamics of thermofluid systems has been hampered by their large number of 

degrees of freedom. However, the study of chaotic phenomena in systems with fewer 

degrees of freedom may provide more immediate insight. The low-dimensional chaos of 

cross-waves offers an attractive opportunity for such a study. 

1.2 Research Objectives 

Most of the existing knowledge about cross-waves in a rectangular wave tank is 

concerned with the instability that leads to the growth of cross-waves, and comparatively 

little information is available about the stability of cross-waves themselves (see Shemer and 

Lichter, 1987). The main goals of the present study are to experimentally identify 
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bifurcation behavior and to evaluate specific routes to chaotic cross-waves in terms of 

existing mathematical theory. 

Chaotic diagnostic techniques will be used on time series obtained from a single 

probe placed in the wave field to identify periodic, quasi-periodic, and chaotic states. 

Multiprobe and image processing techniques will be used to decompose the wave height 

across the width of the channel into a superposition of spatial modes. The time histories 

of the modal amplitudes will be used to identify modal interaction. 

The transition from steady and quasi-periodic to chaotic behavior will be investi

gated in detail. Comparisons to the bifurcation structure of circle maps will be made, and 

the behavior of cross-waves will be explained in terms of simple dynamical models. 

1.3 Research Summary 

The experimental study was initiated by obtaining the neutral stability curves on a 

forcing frequency vs. forcing amplitude phase diagram for three consecutive transverse 

modes. In addition, the onset-of -modulation curves were obtained, and all data were 

compared with the results of a linear stability analysis on the inviscid equations for each 

mode. While the data were asymptotic to the theoretical in viscid neutral stability curves at 

large forcing amplitudes and positive detuning, they were not fitted by the theoretical 

curves at negative detuning. Nevertheless, the neutral stability data agreed well with the 

inviscid scaling which indicates that bifurcations should occur across constant detuning 

curves in parameter space. In addition, the transition from a subcritical to a supercritical 

bifurcation at neutral stability was found to be across the 1/3 detuning line, as predicted 

(Lichter and Bernoff, 1988). 

Various experimental techniques revealed frequency-locked periodic regions and 

quasi-periodic regions interwoven with chaotic regions in parameter space. Temporal data 
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were obtained and used to generate power spectra, Poincare sections, Lyapunov exponents, 

correlation dimensions, and winding numbers. A uniform one-dimensional modulation and 

a transverse sloshing modulation that was observed at larger forcing amplitudes were 

identified. A transverse spatial investigation with image processing and multiprobe 

techniques, revealed that two modes were interacting to produce the sloshing modulations. 

The results were used to construct the bifurcation structure of parameter space where 

modulated states occurred. Most of the bifurcation structure at small forcing amplitude 

was explained in terms of coupling of frequencies due to forcing, one-mode modulations, 

and sloshing modulations. 

In addition to the two basic modulation states, other states in which the sloshing 

modulation frequencies were doubled and tripled were found to exist at large forcing 

amplitudes. These states were characterized by the appearance of more than one 

transversely propagating (sloshing) wave. 

A frequency-locking transition to chaos at constant frequency has been identified, 

and the frequency-locked structure in parameter space is typical of that observed in other 

systems that imitate the transition to chaos of a critical circle map (MacKay and Tresser, 

1986). However, some of the observations suggest that there may be a better explanation 

for the observed structure. MacKay and Tresser's circle map breaks up due to an outbreak 

of local foldings, each of which can be modelled as a unimodal map; the observations 

appear better described by the nonlinear coupling of harmonic oscillators. Also, at a lower 

constant frequency. the period of modulation undoubles before being intermittently 

interrupted by chaotic bursts, the frequency of which increases with forcing amplitude. 

This route appears to correspond to an intermittency route to chaos of Pomeau and 

Manneville (I 980). 
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CHAPTER 2 

RELATED PREVIOUS WORK 

2.1 Experiments 

Faraday (1831) was the first to report the phenomenon of cross-waves. He observed 

standing waves with crests at right angles to the edge of a vibrating wooden plate with one 

end immersed in water. Horizontal vibration of the vertically oriented plate was induced 

by placing the end of a glass rod against the middle of the plate and stroking it with moist 

fingers. He noticed that cross-wave fields with half the forcing frequency developed when 

the plate was inserted to a sufficient depth. Cross-waves were defined as subharmonic 

standing waves with crests perpendicular to the wavemaker. 

Faraday also performed experiments in which he observed standing wave fields on 

the surface of the fluid in a vertically vibrating cylindrical container. In these 

experiments, the standing waves had a frequency that was half the forcing frequency and 

an amplitude much larger than the vertical forcing amplitude. The wave patterns included 

waves with crests perpendicular to the container walls. These standing waves are not 

cross-waves but their presence may similarly be described in terms of a parametric 

excitation. Hence, a review of experiments where containers of fluid were vertically 

vibrated can be enlightening. 

A. Related Experiments 

Benjamin and Ursell (1954) conducted experiments with a vertically oscillating 

cylindrical fluid layer to verify a theory that explains some of Faraday's observations. By 

starting with the equations of motion for an inviscid, irrotational fluid and appropriate 

boundary conditions, they were able to show that the standing wave amplitudes behaved 
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according to a Mathieu equation. Since the properties of Mathieu equations are well 

known (see McLachlan, 1947), they were able to explain the subharmonic frequency of the 

wave fields. The Mathieu theory also predicted which combinations of forcing frequency 

and forcing amplitude were necessary to excite a given mode. The fluid surface was stable 

and flat when no modes were excited. Benjamin and Ursell's experiments qualitatively 

verified much of their theory. 

More recently, Keolian et al. (1981) performed an experiment in which they 

oscillated an annular fluid layer vertically. The annulus was narrow and therefore 

approximated a one-dimensional wave guide closing on itself. The experiments revealed 

that slow modulations of the wave heights could occur with frequencies that were integer 

multiples of the driving frequency. When the forcing amplitude was increased at constant 

forcing frequency, it was found that the modulation period could increase in a sequence 

that was inconsistent with the usual period-doubling sequence. 

More experiments in a cylindrical fluid layer were conducted by Gollub and Meyer 

(1983). They used a laser deflection technique to extract information about the spatial 

structure and identified a series of symmetry-breaking instabilities that could lead to a 

chaotic state. After the primary instability led to circularly symmetric standing waves, a 

second instability occurred at higher driving amplitudes, which caused a slow precession of 

the wave pattern and quasi-periodic motion. At even higher forcing amplitudes, the 

azimuthal modulations produced a chaotic time dependence, and a fourth instability led to 

spatially disordered motion. 

Wu et al. (1984) conducted experiments with a vertically vibrating rectangular 

container of fluid. They observed that standing waves which resembled trapped solitons 

formed near the center of the channel length. The position of the soliton could be moved 
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by tilting or other manipulation of the channel. Under some circumstances, two solitons 

appeared in the channel and moved in a manner that would suggest that they were 

repelling each other. 

Ciliberto and Gollub (1985) performed experiments to further investigate the quasi

periodic and chaotic nature of surface waves in a vertically oscillated fluid layer. Their 

experiments focused on the chaotic motion that occurred when the driving amplitude and 

frequency were chosen to be near the overlap of linear instability regions for two adjacent 

spatial modes in parameter space. By using digital image processing techniques, they 

deduced that the quasi-periodic and chaotic motions were due to competition between 

spatial modes. They also utilized local sampling and phase portrait reconstruction methods 

to measure positive Lyapunov exponents and fractal dimensions for the chaotic motion. 

They reported that by increasing the forcing amplitude at constant frequency, the steady 

subharmonic motion became modulated on a slow time scale, and at least one modulation 

period-doubling occurred before chaotic motion. By adding coupling, damping and cubic 

nonlinearity to two Mathieu equations, they were able to qualitatively reproduce some of 

the observed structure of parameter space. 

B. Cross-wave Experiments 

Several experimental studies have b~en performed on cross-waves generated with a 

wavemaker at one end of a long channel. Barnard and Pritchard (1972) reported on 

detailed experiments that were conducted in a long channel (aspect ratio 8.82: I) with a 

wavemaker at one end. They described measurements of the formation of cross-waves 

from an instability of a parasitic and a progressing primary wave field which was 

originally described by Havelock (1929). The growth rates and the neutral stability curves 

were determined for the transverse spatial modes 2 and 3. The amplitude of the cross-
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wave field along the channel was also investigated, and Barnard and Pritchard (1972) 

reported that the bulk of the cross-wave field remained trapped in the vicinity of the 

wavemaker at smaller forcing amplitudes. At larger forcing amplitudes, the amplitude of 

the cross-wave envelope grew near the wavemaker and periodically propagated down the 

channel. 

Lichter and Shemer (1986) also measured cross-wave amplitudes in a long channel 

(aspect ratio 15: 1) with a wavemaker at one end. Their investigation similarly revealed 

that at larger forcing amplitudes, the cross-wave field was modulated on a slow time scale 

as a result of a soliton propagating away from the wavemaker during each modulation 

period. The propagation speed was also estimated from the evolution of the wave field 

along the channel. 

In a later report, Shemer and Lichter (1987) investigated the variety of cross-wave 

fields that were observed in the vicinity of the wavemaker. The forcing parameters 

necessary for obtaining various long time modulations of the wave field were determined 

experimentally. In addition to observing periodically modulated behavior associated with 

propagating solitons, they also reported that chaotic cross-waves could develop for certain 

combinations of forcing frequency and amplitude. The type of transition to chaos 

depended on forcing frequency, but they stated that the modulation period became shorter 

and the modulation gradually grew more chaotic with increasing forcing amplitude. In 

addition, chaotic local wave height signals contained intermittent intervals of modulation 

with well defined periods. 

The possibility that transitions to chaotic cross-waves could occur by changing the 

wave-tank geometry was demonstrated by Lichter and Underhill (1987). They reported 

recurring transitions form quasi-periodic to chaotic behavior associated with shifting 
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transverse mode number as the tank width was decreased. Prior to transition to a lower 

mode number, transition to chaotic motion was revealed by abruptly growing Lyapunov 

exponents and correlation dimensions. The dimensionality of the chaotic attractor 

remained less than 4.0 as a result of the shifting of the system to a more stable state. The 

mechanism for chaos was speculated to be mode competition. 

Lichter and Bernoff (I988) conducted experiments to verify some predictions of a 

bifurcation analysis performed in the neighborhood of the neutral stability curve (see 

Section 2.4). By increasing or decreasing forcing amplitude at constant forcing frequencies, 

they investigated the hysteresis of the primary instability that leads to cross-waves and the 

stability of the cross-waves themselves. They found good agreement with the predicted 

location along the neutral stability curve of the bifurcation from subcritical transition to 

supercritical transition. Additionally, in the in viscid limit, that was attainable 

experimentally at large forcing amplitudes, the experimental bifurcation curves in 

parameter space agreed well with the predictions of their analysis. 

2.2 Development of Theory 

Benjamin and Ursell (1954) showed that standing waves in a vertically oscillating 

container are generated as a result of work done against pressure exerted on the bottom of 

the container by the surface waves. Garrett (1970) constructed a theory for the generation 

of in viscid, subharmonic cross-waves in closed channels that showed that a function related 

to the amplitude of the cross-waves satisfies a Mathieu equation. This mathematically 

accounted for the subharmonic frequency of the cross-waves and gave theoretical regions 

of instability in parameter space that corresponded to conditions for observing cross-waves. 

Garrett's analysis revealed that cross-waves were excited by work done by the wavemaker 

against transverse stresses associated with the cross-waves. 



27 

Although Garrett's analysis explained the generation of cross-waves in closed 

channels reasonably well, it was not well suited for long channels, and he was forced to 

merely speculate about applicability to this case. Mahony (1972) recognized that the 

heaving of the free surface in long channels was confined to the vicinity of the wavemaker 

and developed a theory of resonant interactions to explain the excitation of cross-waves. 

His formulation started from the basic inviscid equations for surface waves in a semi

infinite channel with a wavemaker at one end. 

The basic equations are stated here in a form similar to that used by Mahony. In 

the present formulation, the channel has infinite depth and length. The length and time 

scales land l/w, respectively, are used to nondimensionalize the equations, where w is the 

angular wavemaker frequency. 

Let the vertical z-direction be positive upwards from the undisturbed fluid surface, 

and let W be the dimensional width. The transverse mode number, n, is simply twice the 

number of wavelengths spanning the width of the channel. The rigid side walls are at 

y = 0 and mr/Q where Q = mrl/W. The x = 0 coordinate coincides with the mean position 

of the plane flap type wavemaker, and the channel extends to infinity in the positive x

direction. 

The fluid motion is assumed inviscid, incompressible, and irrotational, and the velo

city field is.E. = V¢ where ¢(x,y,z,t) is the velocity potential. The governing equation is 

The free surface r(x,y,t) satisfies the boundary conditions 

¢z = rt + ¢x rx + ¢y ry on z = r(x,y,t), 

¢t + r + ~ (¢! + ¢; + ¢~) = 0 on z = r(x,y,t). 

(2.1 ) 

(2.2) 

(2.3) 
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Surface tension has been assumed to be negligible to simplify the analysis. It provides a 

small contribution to the cutoff frequency and is. therefore. included in the dispersion 

relationship given by Eq. (4.1). 

The no normal flow condition at the side walls gives 

on y = 0. mr/a . (2.4) 

The velocity potential vanishes at large depth giving 

as z - -00 • (2.5) 

The plane flap type wavemaker oscillates horizontally about x = 0 at an angular 

frequency w = 27ff and amplitude E «1. The instantaneous longitudinal displacement of 

the wavemaker hinged at z = -d is 

x = E F(z) sint (2.6) 

where 

F(.) ={ I + ~d -d ~ z ~ 0 • (2.7) 

z ~ -d . 

The kinematic boundary condition at the wavemaker is 

cPx = E (:t + cPr. :z) [F(z) sint] on x = eF(z) sint . (2.8) 

The radiation condition at x - 00 completes the problem statement. 

Using Eqs. (2.1) - (2.8) as a starting point. Jones (1984) developed a weakly 

" nonlinear multiple scale perturbation method to obtain the complex amplitude A of the 

cross-wave velocity potential. To facilitate the perturbation analysis. he decomposed the 

velocity potential into the form 
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¢ = ¢(X,y,z,t,e) + x(X,z,t), (2.9) 

where 

" " ¢ = e Q-8/2 [A (X, ~) e-i..,t + *] ea~ coSQy (2.10) 

is the cross-wave potential, and X is the first order solution which corresponds to the 

progressing waves. In Eq. (2.10), 1 = Q1/2 is the subharmonic cutoff frequency, and • 

" denotes the complex conjugate. The large spatial scale was X = eQX and the slow time 

scale was ~ = e21t. 

Miles (1985) reformulated Jones' evolution equations to obtain the single nonlinear 

Schrodinger equation, 

(2.lla) 

with the boundary condition 

at X = 0, (2.llb) 

where 

A - wl2l - I 
- e2 ' 

(2.12) 

R = Q [C .. a. : ds - 2F(O) + 4 Q C F dS] . (2.13 ) 

" The definition of A in (2.12) is slightly different from that of Jones (1984) due to 

stretching of the t-coordinate instead of the y-coordinate. Miles showed that equation 

(2.1 1) has a trapped soliton solution which decays exponentially away from the wavemaker 

in the semi-infinite geometry. 



30 

Lichter and Chen (1987) found that an additional rescaling was neccesary to 

describe the evolution of cross-waves much larger than the forcing amplitude. For scaling, 

they used 

A 

X=RX 

A 

v1A 
A=-

R 

The resulting amplitude equation and boundary condition 

iA,. + Axx + AA + /A/2 A = 0 , 

Ax = iA* at X = 0 , 

(2.14a) 

(2.14b) 

are exactly equivalent to (2.11). The new scaling based on fR accounted for the fact that 

cross-wave amplitude depends on the wavemaker shape. 

It has been shown (see Lichter and Chen, 1987) that in order to make quantitative 

comparisons with experimental measurements, the in viscid formulation must be augmented 

with a damping term. This is most simply accomplished by the replacement A -+ ). + iL in 

(2.14a) where 

). = 4(f/fo - 1) 
(fR)2 

(2.15) 

is the observed frequency detuning, fo is the cutoff frequency and L is an empirical 

damping coefficient. An analysis by Bernoff et a1. (1989) provides a formula for 

estimating L. They used a matched asymptotic expansion technique that accounted for 

viscous dissipation at the free surface, sidewalls, bottom, and v..'avemaker. Their results 
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explained previous observations that viscosity delayed cross-wave excitation and detuned 

the resonant frequency (see Shemer and Lichter, 1987). Also, a linear analysis by Barnard 

et al. (1977) showed that the quantity (fR)2 L is expected to be constant for a given 

transverse mode number. With viscous damping included in the analysis, we can be sure 

that all solutions are damped at sufficiently large X. 

Chen (1987) numerically found solutions to the one-mode nonlinear SchrOdinger 

equation (2.14>". He obtained steady solutions at positive detuning and modulated solutions 

at negative detuning. The time scale for one-mode modulations was found to be about one 

hundred times the subharmonic time scale. 

2.3 Linear Analysis 

Following the work of Jones (1984) on the solution of the linearized inviscid 

equations, Lichter and Bernoff (1988) found the solution to the linearized versions of 

equations (2.14) augmented with damping (as described in the paragraph above equation 

(2.15», 

A = Ao (1 - i) p1/2 e-qX ea,. , 

where Ao is a real constant, 

1/2 
P = [-A + i(L - 0)] , 

1/2 
q = [-A + i(L - o)J 

(2.l6a) 

(2.16b) 

(2.l6c) 

Re(q) > 0 . (2.16d) 

The neutral stability curve can be located by setting Re(o) = O. Because the detuning 

parameter, A, is real, and the damping parameter, L, is nonzero and real, 0 must be real. 

Hence, the locus of neutral stability is given by 
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1/2 
(t:R)2 L = [(t:R)4 - 16(f/fo - 2)2] 

2.4 Bifurcation Analysis 
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(2.17a) 

(2.17b) 

A bifurcation analysis in the neighborhood of neutral stability is provided by 

Lichter and Bernoff (1988). They begin their analysis by writing A = C + iD and 

expressing the governing equations (2.14) as a pair of real equations. The solution is then 

defined by the vector 

(2.18) 

Since they consider only behavior in the neighborhood of the neutral stability curve, 

lal « 1, and perturbations in the direction of the most unstable eigenvector Co, will 

evolve slowly. The solution becomes attracted to a one-dimensional center manifold 

tangent to Co at C =.Q. To leading order, C can be approximated by 

C = r(t) Co . (2.19) 

The time dependent amplitude, r(t), satisfies the Landau equation, 

(2.20a) 

where 

(2.20b) 

is the Landau constant. 
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The dynamics of the Landau equation depend on the independent parameters (1 and 

H. For H < 0 (i.e., ). > 1/3), the bifurcation is a supercritical pitchfork. When H > 0 (i.e., 

). < 1/3), the bifurcation is a subcritical pitchfork. In this case, hysteresis is expected 

when ). < 1/3. 

In the inviscid limit (L «).), which is attainable at large forcing amplitude E, a 

similarity scaling was identified. Hence, when viscous effects are small, ). is the only 

parameter relevent to the cross-wave dynamics. If a bifurcation occurs at some ).c' it will 

occur across the curve 

(2.21 ) 

Therefore, on a (f/fo - I, E2) phase diagram, bifurcations at large E will occur across 

straight lines radiating from the origin. The). = ±1 lines are asymptotes for the neutral 

stability curve, and there is a bifurcation from subcritical to supercritical behavior where 

). = 1/3 intersects the neutral stability curve. 

2.5 Modulation Equations for Two Modes 

A. Cross-wave Equations 

The analysis of Sections 2.2-2.4 has been extended for the case that allows two 

transverse spatial modes to be present (see Ayanle, 1989). The result is two coupled 

nonlinear SchrOdinger equations that have terms aUowing for the transverse modulation of 

the cross-waves and coupling between modes. Let A and B be two slowly modulated 

amplitudes. The resulting amplitude equations are 

iAt + Axx + iAy + (). + il) A + /A/2 A - 2 /B/2 A = 0 , (2.22a) 

and 

iBt + Bxx + iBy + (). + il) B + /B/2 B-2 /A/2 B = 0 . (2.22b) 
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At the intersection point of the neutral stability curves, both A and B become 

unstable simultaneously. Two eigenvalues are marginal at this point, and the real parts of 

the others are negative. The solution is therefore attracted to a two-dimensional center 

manifold, and center manifold theory gives the set of ordinary differential equations, 

rIt = 0'1 rl + Hll r~ + H12 ri rl , 

r2t = 0'2 r2 + H22 r~ + H2l r~ r2 . 

The coefficients H jj , i,j = 1,2 are Landau constants that need to be calculated. 

(2.23a) 

(2.23b) 

Various behaviors can occur depending on the specific values of the Landau 

constants, but some general statements can be made at this point. First of all, mixed mode 

states are certainly possible in some regions of parameter space. In particular, steady 

mixed mode states can occur in small regions near the intersection point. Secondly, it is 

likely that the modes will trade energy through the coupling. 

B. Theory for Related Systems 

Some recent theory has been developed for the interaction of spatial modes in 

vertically vibrated containers. Miles (J 984) constructed a model for the excitation of 

secondary. modes by the primary mode in a cylinder of liquid undergoing vertical 

oscillation. He derived a Hamiltonian system for the slowly varying amplitude of the 

primary mode and obtained specific conditions for the excitation of secondary modes when 

the natural frequencies were in internal resonance. The problem was studied with the 

assumption that the nonlinearity and the dissipation were both small. 

The case where dissipation effects were higher order compared with nonlinear 

effects was studied by Holmes (1986). He also introduced a detuning parameter so that the 
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ratio of the natural frequencies was in a small neighborhood of two. His study focused on 

applying global perturbation techniques to Miles' model to demonstrate the existence of 

chaotic motions due to the irregular "sloshing" of energy between modes. The analysis was 

qualitative and could be generalized to specific container geometries. 

Gu and Sethna (1987) performed an analysis similar to those of Miles and Holmes 

and studied the coupling effects of spatial modes of vertically oscillating rectangular fluid 

layers in detail. They discovered Hopf bifurcations that led to regions of parameter space 

with chaotic behavior. In addition, their analysis predicts period-doubling cascades with 

chaos at the accumulation point. 

2.6 Routes to Chaos 

A. Introduction 

The extensive bifurcation analysis of Gu and Sethna (1987) provides information to 

predict routes to chaos in vertically oscillated rectangular containers, and an analysis by 

Meron and Procaccia (1987) suggests some specific routes for wave motion in cylindrical 

containers. However, the analyses do not apply for cross-waves in a long, deep, 

rectangular channel with a wavemaker at one end. Presently, a complete bifurcation 

analysis for this case does not exist. An attempt will be made to explain some of the 

global bifurcation structure for cross-waves in terms of theory for coupled oscjJIators. 

The asymptotic motion of a forced dissipative oscillator is often periodic, and the 

oscjJIator may be considered to be a dynamical system with a limit cycle attractor. Figure 

2.1 shows how the motion in phase space is represented by a closed curve which is 

topologically equivalent to a circle. The Poincare section contains a single fixed point. It 

is convenient to represent the motion of two coupled oscillators on a 2-torus for which the 

phase of the oscillators provide natural coordinates. The simplest types of motion which 
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result from the weak coupling of two oscillators are quasi-periodic motion where long 

trajectories cover the surface of a 2-torus densely, or frequency-locked, periodic motion 

where the attractor of the combined system is a limit cycle embedded on the torus. One 

can define a Poincare section of a torus by observing the trajectory at a fixed phase of one 

of the oscillators. The points on the section fill a complete circle for the quasi-periodic 

case while a finite number of fixed points appear for the frequency-locked periodic case. 

In both cases, points may be considered iterates of a circle map. 

The sine circle map 

[mod I] (2.24) 

has received a great deal of attention (see Ecke et a1., 1989). The bifurcation structures of 

other circle maps may be qualitatively similar. Since quasi-periodic behavior frequently 

precedes transitions to chaotic motion for cross-waves, it seems natural to try to understand 

the dynamics in terms of models for coupled oscillators and corresponding circle maps. 

The two parameters in (2.24) are n and the nonlinearity parameter K. When the 

nonlinearity parameter is zero, map (2.24) reduces to a simple rotation about a circle with 

winding number w = n. Quasi-periodic orbits have irrational winding numbers w, and 

periodic orbits have rational w = p/q where p and q are integers. At a fixed 0 < K :5 I, 

each rational frequency ratio persists in an interval of n. These periodic intervals form an 

infinite set of "Arnold tongues" in the K - n plane (see Figure 2.2). The tongues have 

zero width for K = 0 and the width of the tongues, An, scales as Kq as K -+ 0 (Ecke et 

aJ., 1989). 

The Arnold tongues are labelled by their rational winding number p/q, which is the 

ratio of the frequencies of the two oscillators. The rational tongues can be filled in using a 
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construction called the Farey tree (see Figure 2.3). Given two rational ratios, PI/ql and 

P2/q2' called Farey parents, their Farey daughter located between parents, is given by 

(PI + P2 )/(ql + q2)' Hence, all rational tongues in the interval (0, 1) can be constructed 

by starting with the values 0/1 and 1/1. 

Transverse paths (e.g., K = constant) through the K - 0 parameter space reveal 

quasi-periodic states alternating with frequency-locked periodic states that are associated 

with rational Arnold tongues. Figure 2.4 shows a sequence of Poincare sections at points 

along a path through a tongue with w = 1/3 in K - 0 parameter space. The first section 

corresponds to quasi-periodic motion outside of the tongue where the iterates never repeat 

and fill the entire circle. The second section shows the creation of three pairs of stable 

and unstable fixed points by a saddle node bifurcation as the tongue is entered. The 

unstable points are marked with asterisks. The points of each pair move apart along the 

invariant circle in sections 3, 4 and 5. Finally, the unstable fixed points meet the next 

stable fixed points along the circle and annihilate as the tongue is departed. The iterates 

of section 6 never repeat as quasi-periodic motion resumes. 

B. Bifurcations of Tori 

The transition to chaos in systems with a small number of intrinsic frequencies is of 

interest for this study. The Ruelle-Takens-Newhouse scenario predicts that chaotic motion 

is practically unavoidable and would be represented by a strange attractor in phase space 

after the addition of a third frequency by a Hopf bifurcation (see Newhouse et aI., ]978). 

That is, they found that three-frequency quasi-periodic flows were unstable to arbitrarily 

small perturbations of parameter values, and the flow would consequently become chaotic. 

Transitions of a 2-torus have been studied in more detail by MacKay and Tresser 

(J 986, ] 987). They analyzed the break-up of a 2-torus by looking at the transition to 



38 

chaos for the corresponding circle map. In particular, they examined the break-up of the 

two-parameter family of circle maps given by (2.24). The circle map was perturbed by 

initiating a fold in the circular structure. It was argued that the behavior of a perturbed 

circle map reduces to that of a map of an interval to itself with llXed end points and at 

most two turning points. The folded circle map becomes equivalent (locaJJy) to a one

hump map. The interval maps perturbed in this fashion are ca]]ed bimodal and are of the 

form, 

C~,q(X) = ± xS + px + q . (2.26) 

Transitions to chaos for two-frequency systems were reasonably we]] described by using 

these simple maps as models. 

MacKay and Tresser's technique made use of kneading sequence theory on bimodal 

maps to reveal where frequency-locking and chaos may appear in parameter space (see 

Procaccia et aI., 1987). Any orbit which had two distinct frequencies, had a winding 

number which measured the rotation of the map per iteration. Winding numbers always 

fe]] within a winding interval of possible rotations and corresponded to maps of an Arnold 

tongue. Frequency-locked maps had rational winding numbers and always belonged to 

Arnold tongues, and chaotic behavior occurred for maps with nontrivial rotation intervals. 

For K < 1, the winding interval contracted to a single point so that only a unique, rational 

winding number was possible. Above certain curves in parameter space, both frequency

locked and chaotic maps resided within the Arnold tongues. 

MacKay and Tresser determined the bifurcation structure of cubic families of 

bimodal maps. The structure was revealed by plotting curves in parameter space that 

border regions with stable periodic orbits. Also, bands corresponding to topological chaos 
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were found to exist among frequency-locked bands of constant period. They note that 

every stable periodic orbit could be made to period-double by appropriate perturbation of 

the map, and period-doubling generally preceded chaos. The bifurcation structure within 

an Arnold tongue was determined up to period 5 (i.e., winding number five times p/q) and 

is shown in Figure 2.5. Path A through the Arnold tongue for this case had the following 

transition sequence of stable periods and chaos: 1 - 2 - 4 - chaos - 5 - chaos - 3 -

chaos - 5 - chaos - .... 

C. Experimental Routes 

Shemer and Lichter (1987) found that the general route to chaos for cross-waves 

began with a basic state that consisted of small amplitude progressing waves. As the 

forcing amplitude was increased at constant frequency, the first transition was to steady 

subharmonic cross-waves. The next transition was to a quasi-periodic state that included 

the slower, incommensurate modulation period of the subharmonic envelope. Finally, the 

quasi-periodic state evolved into a chaotic state. Their description was brief. 

Ciliberto and Gollub (1985) reported that the route to chaos for surface waves on a 

cylindrical fluid layer exhibited a similar sequence of transitions when the vertical forcing 

amplitude increased. They mentioned only one modulation period-doubling before the 

onset of chaos. The harmonic oscillations of the basic states were of such small amplitude 

that they may be considered fixed points relative to the subsequent states. 

Funakoshi and Inoue (1988) conducted experiments to document routes to chaos for 

surface waves in a horizontally oscillated cylindrical container. They mentioned a route to 

chaos that contained a period-doubling bifurcation. Although only one period-doubling 

was confirmed, they associate the bifurcation with an anticipated period-doubling cascade. 

They blamed their failure to observe other periodic wave motions on the unavoidable 
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variation of the forcing frequency. They state that the variation was greater than the 

expected width of the periodic windows and that they found some unstable approximately 

periodic wave motions. 

Bifurcation sequences typical of coupled oscillators have been recently observed in 

the Rayleigh-Benard experiments of Dubois et a1. (1982) and the Taylor-Couette 

experiments of Swinney and Gollub (1978). In each case, the first transition was a Hopf 

bifurcation from an attracting equilibrium to an attracting periodic orbit, and the second 

transition was a Hopf bifurcation to an attracting 2-torus in phase space. 

In a computational experiment by Franceschini (J983), a system of ordinary 

differential equations, obtained through truncation of the two-dimensional incompressible 

Navier-Stokes equations for flow over a flat plate, had a solution which exhibited the same 

type of route. However, before the appearance of chaos, he observed two period-doubling 

bifurcations of the 2-torus. In addition, he obtained several frequency-locked quasi

periodic states alternating with chaotic states at parameter values larger than needed to 

generate the first chaotic state. 
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Figure 2.1 Phase portraits and Poincare sections for (a) single oscillator and (b) two 
coupled osciUators. 
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44 

K 

1 2 3 

@ @ © 
4 5 6 

® ® @ 

Figure 2.4 Poincare sections for a path through Arnold tongue 1/3. Upon entering the 
Arnold tongue, three pairs of stable (dots) and unstable (asterisks) fixed 
points develop. The trajectory on the torus then passes through each stable 
point consecutively. Outside of the Arnold tongue, the trajectory never passes 
through the same point twice. 
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indicate period of orbits with respect to period at K < 1, and shaded regions 
are chaotic. 
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CHAPTER 3 

TIlE EXPERIMENT AND TECHNIQUES 

3.1 Introduction 

This chapter describes the experimental facility and the experimental techniques. 

The experiments were conducted in the same wave tank as used by Lichter and Bemoff 

(1988), and their neutral stability results were reproduced (c.f., Section 4.2). Other cross

wave experiments performed by Barnard and Pritchard (1972), Lichter and Shemer (1986), 

Shemer and Lichter (1987), and Chen (1987) provide a basis for additional, although more 

qualitative, comparisons. 

Comparisons will also be made between the present observations and the results of 

Ciliberto and Gollub's (1985) experiments on surface waves in a vertically oscillating 

cylindrical fluid layer. Their report contains considerable detail about interaction between 

spatial modes during modulated states. In addition, the chaos that arises in the experiment 

will be evaluated via Lyapunov exponents and correlation dimensions. Also, the 

experimental observations of modulated states and routes to chaos will be compared with 

the applicable circle map theory of MacKay and Tresser (1986, 1987). 

3.2 Apparatus 

The experiments were performed in a rectangular wave tank 121 cm long, 30.9 cm 

wide, and 30 cm deep (see Figure 3.1). The water depth of 25.8 cm was sufficient to be 

taken as infinite in most of the existing theory. The wave tank, which was constructed at 

the University of Arizona, was made of glass plates framed with aluminum. The wave

maker was a plane flap hinged 11.7 cm from the bottom of the tank, 29 cm from one end 

of the tank. More extensive details on the wave-tank facility can be found in Chen (1987). 
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Gaps of approximately 0.75 mm existed between the wavemaker edges and the side 

walls. To investigate the effect of the gaps on the results presented in Chapter 4, the gaps 

were temporarily reduced to approximately 0.25 mm, and experiments were performed to 

check the locations of several transition curves. Since no change in the positions of these 

curves could be detected, it was determined that the original gap size was small enough. 

To simulate behavior in a semi-infinite channel, an aluminum wire frame filled 

with sponge was mounted at the far end of the tank. Figure 3.2 shows low frequency 

power spectra for modulated states generated with the same forcing frequency and 

amplitude with and without the absorber. The absorber effectively damped out much of 

the low frequency noise due to reflections and shifted the dominant modulation frequency. 

Investigation using a moveable end wall revealed that the modulation frequency continued 

to decrease when the wave tank was shortened without the absorber. The modulation 

frequency is plotted as a function of wave-tank length in Figure 3.3. Linear extrapolation 

of the frequency shift to larger tank lengths indicates that the absorber created a frequency 

shift characteristic of a tank at least 1.45 times as long than the tank with no absorber. 

Further investigation using the moveable end wall with the wave absorber in place showed 

that the dominant resonant peaks remained at fixed frequencies as the tank was made 

shorter by up to 10 cm. 

In an attempt to minimize perturbations to the wavemaker and cross-wave field, a 

1/2 in. thick sheet of floating sponge was used to suppress waves on the free surface 

behind the wavemaker. 

A DC linear motor was connected to the top of the wavemaker with a 1/4 in. 

aluminum rod. The motor was driven by a DC amplifier and controlled by a Galil DMC-

2]0 digital motion control system. The motion control system compared signals from two 
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sources and sent updated signals to the motor amplifier every millisecond. The first input 

to the controller was a DC analog waveform with an amplitude in the range of ±5 Volts 

generated with a Masscomp MC5500 computer. The waveform amplitude corresponded to 

the desired linear displacement of the motor though some preset voltage/distance 

relationship. The second input to the controller was a digital signal which supplied the 

actual motor position from an optical encoder. The RSF Electronics MSA 655-8LD linear 

encoder had a resolution of 0.002 mm and was used for closed loop positioning feedback. 

The stability of the waveform source and control of the waveform amplitude and 

frequency is described in Section 3.3. 

Appendix A contains additional information about the motion control system. 

Specifically, it gives more details about the methods used to close the positioning feedback 

loop and illustrates the system's ability to accurately reproduce motion corresponding to the 

input waveform. The addition of the digital motion control system and a more powerful 

DC linear motor resulted in a significant improvement in the stiffness of the wavemaking 

system from the time of Lichter and Bernoff's (1988) experiments. The new wavemaking 

system was more capable of resisting pressures due to modulated cross-wave fields, and 

consequently, better able to maintain a sinusoidal wavemaker displacement at large forcing 

amplitudes. During most of the experiments described here, the wavemaker amplitudes 

never exihibited fluctuations of more than 2%. The fluctuations were random and not 

related to modulations of the cross-wave field. Fluctuations were as great as 5% of the 

forcing amplitude in the few experiments that required forcing amplitudes larger than 

0.06 cm. 

Experiments were performed to eliminate the possibility that any of the results 

described in Chapter 4 were influenced by the coupling of the forcing to modulations of 
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the cross-wave fields. In one experiment, the motion control system gain was decreased to 

allow the forcing amplitude to modulate with the cross-wave modulations. In another 

experiment, the resonant frequency of the motion control system was varied by changing 

the zeros and poles of the digital filter. In both cases, the positions of constant modulation 

frequency ratio regions in the parameter space remained unchanged, but the regions 

became narrower. In addition, the chaotic bands broadened when the forcing amplitude 

became modulated on a slow time scale. 

The wavemaker alignment was within 1/2 degree of being normal to the side walls. 

Efforts were made to improve alignment, but it was very difficult to attain perfect 

alignment. However, experiments were performed with worse wavemaker alignments, but 

still within a few degrees of being normal to the sidewalls. These experiments indicated 

that a small wavemaker misalignment produces some asymmetry of the cross-wave field 

but no qualitative changes in behavior. The asymmetry was observed by measuring the 

peak wave heights across the tank during a steady one-mode state. 

In most experiments described in the following sections, the instantaneous local 

wave heights were measured by up to three capacitance-type probes. Each probe consisted 

of an insulated wire that was partially immersed in the water. The capacitance of the wire 

changed with waveheight and acted to detune an RCL oscillator relative to a similar 

oscillator. The difference in oscillator frequencies was converted to an analog voltage that 

varied linearly with wave height. The probes created very little disturbance in the wave 

field. Appendix B contains more information about the probes, their static calibration, and 

their dynamic response. 

The signals from the probes were amplified and shifted with a buck-and-gain 

amplifier to put them in the range of ±5 volts. The signal was then passed through a 
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Krohn-Hite 3342 low-pass filter with a cutoff of 1500 Hz. Finally, the filtered signals 

were digitized to 12-bits and stored by a Masscomp MC 5500 computer. The sample rate 

of the analog-to-digital conversion depended on the data processing technique to be used. 

3.3 Parameter Control 

Since a sinusoidal input waveform was supplied to the motion control system, the 

controllable experimental forcing parameters were wavemaker amplitude and frequency. 

A Masscomp MC 5500 computer calculated 100 points per period of a sine function with a 

12-bit amplitude and stored them in a buffer. The frequency of an output analog 

waveform was set by the rate at which the buffer was released by a digital-to-analog 

converter. The resulting analog sine wave was passed on to the motion control system. 

A computer supplied clock was used to set the frequency and provided a frequency 

stability within 0.0001 Hz. The frequency was adjustable in increments of 0.002 Hz and, 

could be changed on-the-fly with no disruption of the output waveform by directly 

accessing the clock chip. Hence, the waveform remained smooth and continuous during 

incremental changes of the frequency. 

Although the waveform amplitude could be changed by specifying a new 12-bit 

amplitude, changing the amplitude in this manner resulted in a disruption of the waveform 

while regenerating the sine wave. Variation of wave maker amplitude in a continuous 

manner, however, was achieved by varying the amplitude of the analog waveform with a 

potentiometer. 

3.4 Preparation Techniques 

At least 24 hours before any experiments were conducted, the wave tank was filled 

with tap water. This allowed time for the water to partially deaerate and reach room 
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temperature. Also, 20 fluid ounces of the Kodak surfactant Photo-Flo 200 was added to 

produce a concentration of 0.6% by volume. This was done at least 6 hours prior to 

experimentation. After adding the Photo-Flo 200, the solution was stirred by moving a 

]6 inch long, 1/4 inch diameter rod throughout the tank. This procedure was repeated 

prior to experimentation so that experiments could be conducted in a consistently mixed 

solution. 

The Photo-Flo contains p-tertiary-octyl phenoxy polyethyl alcohol and has the 

effect of reducing surface tension and wall pinning (see Wu et aI., 1984). Virnig et al. 

(1988) found that the results of their experiments with subharmonic surface waves were in 

better agreement with theory when the surface tension was lowered with the addition of 

the surfactant Photo-Flo 200. The surface tension as a function of Photo-Flo 

concentration was measured with the de Nouy ring technique by Chen (1987). He found 

that the surface tension of the solution decreased with the addition of Photo-Flo until it 

reached the saturation value of 33.8 dynes/cm. The concentration of 0.6% is well into the 

range where surface tension becomes constant. 

The addition of Photo-Flo had other consequences as well. Chen also measured a 

decrease of the wavemaker amplitude necessary for neutral stability as he increased the 

Photo-Flo concentration. In fact, the critical wavemaker amplitude continued to decrease 

after the surface tension had reached a constant value. The change of surface viscosities 

may influence the dynamics of the air-water and air-water-glass interfaces even though 

surface tension remains unchanged. This causes changes in the energy dissipation due to 

contact angle hysteresis (see Hocking, ]987) and, consequently, the critical forcing 

amplitude. Presently, no measurement of the surface viscosities of Photo-Flo has been 

performed to confirm these ideas. 
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3.5 Experimental Procedures: Single Probe Techniques 

In this section, experimental procedures for exploring the temporal behavior of the 

wave height at a fixed location will be explained. To obtain the largest signal to noise 

ratios, the probe was inserted where there was a large temporal variation of wave height. 

This required the positioning of the probe near the wavemaker where the cross-waves 

attained the largest amplitudes. The largest wave amplitudes were observed within a few 

centimeters of the wavemaker. However, considerable breaking of large amplitude waves 

sometimes occurred close to the wavemaker. In these cases, the probe was positioned 2-3 

cm from the wavemaker where wave heights were smaller. The transverse locations of the 

probes were near cross-wave crests. 

The determination of the neutral stability curves in parameter space was made by 

utilizing the methods of Barnard and Pritchard (1972) and Chen (I 987). The growth of 

cross-waves within a field of progressing waves could first be observed in an oscilloscope 

trace that was monitoring the probe output. The existence of cross-waves could be 

detected as a sub harmonic component on a trace that originally contained only the forcing 

frequency of the progressing wave field. The technique for determining the neutral 

stability curves consisted of setting the forcing frequency, then slowly increasing the 

forcing amplitude from zero until the presence of cross-waves could first be detected. 

When the bifurcation was supercritical, the initial growth rate was small and difficult to 

observe. Therefore, the following method was used to determine points on the neutral 

stability curves .. 

The forcing amplitude was slowly increased at a constant frequency until cross

waves formed at an amplitude above the neutral stability curve. During the initial growth 

stage. a time series was recorded from which an exponential growth rate could be 
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estimated from the cross-wave amplitude at two points in time. The process was repeated, 

letting cross-waves grow at smaller wavemaker amplitudes, until at least three growth rates 

had been measured. The forcing amplitude was then slowly decreased until a decay rate of 

the cross-wave field could be measured. The cross-waves were then regenerated and 

allowed to decay at smaller amplitudes until two more decay rates had been measured. 

When the cross-waves grew due to a supercritical bifurcation, the decay rate was slow at 

amplitudes near neutral stability and increased at lower amplitudes. Figure 3.4 shows 

examples of the growth and decay of cross-wave heights at forcing amplitudes above and 

below a neutral stability curve. The amplitudes are in computer units (1024 computer 

units = 1.04 cm.) A linear interpolation to zero of the growth and decay rates allowed a 

precise determination of the forcing amplitude for neutral stability. Figure 3.5 shows a 

plot of growth rates as a function of forcing amplitude near a neutral stability curve for a 

supercritical bifurcation. 

For a subcritical bifurcation, the growth and decay rates were all very rapid 

regardless of the proximity to the neutral stability curves. This behavior is typical of 

hysteretic subcritical bifurcations, and it is not appropriate to use the interPOlation 

technique in this case. After making the determination that a subcritical bifurcation was 

taking place, the stability points were obtained by carefully locating the lowest forcing 

amplitude for which cross-wave growth could be observed and the largest for which decay 

could be observed. If no growth or decay was observed after waiting for three minutes, 

the forcing amplitude was changed. The theory in Chapter 2 indicates that the ratio of the 

slow time scale to the fast time scale is (£R)2'Y/4. This predicts a typical dimensional slow 

time of about 25 seconds. Since disturbances grow by a factor of e during each slow time 
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interval, small disturbances will grow by a factor of 100 in approximately two minutes.· 

No disturbances wer~ introduced to the wave field during any of the experiments because 

subcritical bifurcations are sensitive to disturbance amplitudes. 

The cross-wave amplitudes became modulated at some frequency-dependent forcing 

amplitude above the neutral stability curves. The onset-of -modulation curves were 

obtained by a method similar to that used to obtain the primary instability curves. If the 

cross-wave amplitude displayed no modulation, the forcing amplitude was slowly increased 

until the subharmonic oscillation of the time series became modulated. Again, the 

maximum allowable time for a modulation to occur was three minutes. 

Transitions to long period and chaotic states occurred at forcing amplitudes above 

the onset-of-modulation curves. Since time series for periodically modulated and chaotic 

states frequently appeared similar. the determination of bifurcation curves for these states 

required further data aquisition and processing techniques. These techniques are described 

in Section 3.6 and Appendix C. 

3.6 Data Aquisition and Processing 

Periodic and quasi-periodic states were identified by generating power spectra with 

a fast Fourier transform algorithm for time series. The FORTRAN code for this algorithm 

is listed in Appendix C5. Appendix Cl contains information about sampling rates, record 

lengths, and windowing used to obtain the spectra that are presented here. 

·Some disturbances may grow more slowly and growth rates are slower at lower 
transverse mode numbers. Hence, three minutes was chosen as the maximum waiting time. 
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Embedding a time series in a d-dimensional phase space provided a pseudo-phase 

portrait upon which many chaotic diagnostics could be performed. Takens (1981) proved a 

theorem which allowed reconstruction of phase portraits from a single time series of the 

wave height. Takens found that if :it = F(x) generates a d-dimensional flow, then 

(3.1) 

provides a smooth embedding for the flow, and the metric properties in both spaces are 

the same. In this case, the wave height at time t is Xj (t), a single component of ..!(t), and r 

is a time delay which is chosen to untangle the phase portrait as much as possible. 

Poincare sections were obtained by cutting the trajectory in the d-dimensional 

pseudo-phase space with a (d-I)-dimensional hyperplane. The sections were obtained 

directly by sampling at the subharmonic frequency. The FORTRAN program that was 

used for data acquisition is listed in Appendix C5. 

Other diagnostic tools were also helpful in determining the degree to which a state 

was chaotic. The techniques are briefly stated here and provided in more detail in 

Appendix C. 

The finite evolution time algorithm of Wolf et a1. (1985) was used to estimate the 

largest Lyapunov exponent. The algorithm was tested by estimating exponents for simple 

models with known exponents. The FORTRAN code is listed in Appendix CS and results 

are shown in Appendix C2. 

The methods of Grassberger and Procaccia (1983) were used to measure the 

correlation dimension of phase portraits. The technique is described in Appendix C3 and 

the FORTRAN code that implemented their algorithm is listed in Appendix C5. The code 

was tested on phase portraits with known dimensions. 
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An algorithm was developed which could measure the winding number or the ratio 

of half the forcing frequency to the modulation frequency. The FORTRAN code for this 

algorithm is listed in Appendix C5 along with a description in Appendix C4. 

3.7 Measurement of Transverse Spatial Modes 

The interaction of several spatial modes during periodically modulated and chaotic 

cross-wave states was revealed in the experiments of Ciliberto and Gollub (1985). They 

obtained local wave-field data at several points and were able to calculate the contributions 

of several modes. The methods relied on prior knowledge of the number of active modes 

because at least one probe must be employed for each active transverse mode. The mode 

amplitudes measured here were obtained with a similar technique after first determining 

the number of active modes with an image processing technique. 

Selected cross-wave states were videotaped from the end of the wave tank, looking 

at the wavemaker. The camera line-of -sight was nearly horizontal, and the view included 

the entire width of the tank at the wavemaker. The lighting was arranged to minimize 

direct reflections to the camera and to make the wave field as dark as possible relative to 

the white wavemaker. The camera stored images on 3/4 in. video tape at a rate of 30 

frames/second. Images on selected frames were digitized and stored on floppy disks. 

Usually every fifth or sixth frame was sufficient to follow the slow modulation of the 

cross-wave field. Frames that contained images of relatively fiat cross-waves were avoided 

because interfacial velocity was large enough to cause blurring, and mode strengths were 

weak. An edge finding program, developed by Dr. Robin Strickland of the Department of 

Electrical and Computer Engineering at the University of Arizona, was used on the 

digitized images to determine the height of the cross-waves at the wavemaker at 512 

transverse locations. Finally, after generating a symmetric waveform by reflecting the 
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wave profile across one side wall, a Fourier decomposition provided the Fourier amplitudes 

for the transverse mode numbers. 

The image processing provided enough information so that the number of active 

modes could be deduced. However, the technique could not be performed at half the 

forcing frequency because images were stored at the fixed rate of 30 frames/second. 

Hence, the image processing was used only to determine the number of active nodes, and 

then a multiprobe method was employed to obtain the long time histories of their Fourier 

amplitudes. The method requires that one stationary wave-height probe be used for each 

active spatial mode. The probes were placed 2 cm from the wavemaker at crest locations 

for each mode to avoid any bias. 

The method for measuring Fourier amplitudes is presented by Simonelli and Gollub 

(I 98 8). At each probe position, Yi' the contribution of mode n to the total wave height is, 

(3.2) 

where 

(3.3) 

gives the spatial structure of the transverse linear modes and w/2 is the subharmonic cross

wave frequency. Also 

kn = mr/W , (3.4) 

where W is the tank width. The assumption of approximately harmonic spatial structure 

breaks down for large cross-wave amplitudes. By sampling the wave heights at the 

subharmonic frequency when the cross-wave peaks were large, the subharmonic periodicity 

was removed and 
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(3.5) 

The functions An (tj) were the Fourier mode amplitudes at discrete times tj' and they 

varied on a time scale an order of magnitude larger than l/w. 

To estimate the amplitudes for N transverse modes at times tj , one first writes the 

total wave heights as the sum of the contributions Zn (Yi' tj) from each mode 

N 

~i(Yi' tj) = L An(t) cos n~i . 

n=] 

(3.6) 

Since there were N equations for N mode amplitudes, the mode amplitudes could be 

estimated by a simple calculation at each timestep after first inverting the N x N 

coefficient matrix of the N x N system. The FORTRAN code which implemented this 

technique is presented in Appendix C5. 
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frequency of 8.55 Hz. 
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EXPERIMENTAL RESULTS 

4.1 Neutral Stability 
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The initial experiments established the location of the neutral stability curves. 

Using the procedures of Section 3.5, the neutral stability points were experimentally 

determined for transverse modes 5, 6, and 7, as shown in Figure 4.1 a. The symbol t::. 

marks the minimum forcing amplitude necessary to excite cross-waves as the forcing 

amplitude was increased at constant forcing frequency. The symbol V marks the minimum 

forcing amplitude to which cross-waves, once present, persisted as the forcing amplitude 

was decreased at constant forcing frequency. The onset-of-modulation curves are also 

shown for increasing forcing amplitudes at constant frequencies. The transitions to one-

mode modulated states were not hysteretic at positive detunings, but transitions to 

modulated sloshing states at larger forcing amplitudes were generally hysteretic. Section 

4.2 contains more detail about hysteretic transitions to modulated states. 

The mode 6 stability curves were also determined by Lichter and Chen (1987) and 

later by Lichter and Bernoff (1988) for cross-waves in the same experimental facility. The 

results of their experiments were reproduced to establish a benchmark for this study. The 

cutoff frequencies were calculated with the dispersion relation, 

f = 1.. [B.!!! + I [mrJS ]1/2 
o 211" W P W (4.1 ) 

where T = 33.8 dynes/cm is the surface tension of the Photo-Flo-water solution which was 

measured by Chen (1987), and p = J .00 g/cms is the density of the solution calculated with 
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a Photo-Flo density of 1.03 glcmS and a water density of 1.00 g/cms . The calculated 

cutoff frequencies were 7.12 Hz, 7.82 Hz, and 8.46 Hz for modes 5, 6, and 7 respectively. 

The experimentally measured cutoff frequencies at which cross-waves were most easily 

excited were all slightly larger but still within 1 %. The critical forcing amplitudes or the 

minima of the neutral stability curves marked by A's in Figure 4.1a, decreased with 

increasing transverse mode number. 

Lichter and Bernoff (1988) found that as viscous effects become negligible at large 

forcing amplitudes, all bifurcations occur along curves of constant>. (c.f. equation 2.15». 

These bifurcation curves appear as straight lines if the stability diagram is plotted as the 

square of the forcing amplitude vs. frequency. These coordinates are therefore adopted 

here. The straight lines in Figure 4.1(b) correspond to constant>. and emanate from the 

inviscid cutoff frequencies for each mode. The constant>. lines were calculated with the 

relation 

(4.2) 

where>. = ±1/3, ±t. The parameter R was calculated from equation (2.13) and a is the 

dimensional wavemaker horizontal displacement at the mean free surface. Lichter and 

Bernoff determined R experimentally by assuming >. = ± I along the asymptotes to the 

neutral stability data for large a, and then evaluating R along the asymptote. Values of R 

that were obtained by this method along>. = + I were within 10% of the calculated value of 

13.9. However, the experimental neutral stability data at negative detuning did not agree 

well with the theory. 

Figure 4.1(b) shows that at low forcing amplitudes where viscous effects are 

significant, there is, as expected, no agreement between the experimental points and the 
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constant). lines. However, at larger forcing amplitudes, several of the transition curves 

qualitatively agree with the similarity scaling that predicts bifurcations across constant ). 

lines. The lines for ). = ± 1 are the theoretical predictions for the neutral stability curves 

for inviscid cross-waves. As noted above, the line for). = +1 is in reasonable agreement 

with observation. However, the neutral stability curve for negative detuning is better fit 

by ). = -1/3. The value). = +1/3 was chosen as being a reasonable fit to the data for 

transition from steady to modulated behavior. Similarly,). = -I was chosen for the lower 

hysteretic transition from cross-waves to cross-wave extinction. In addition, as predicted 

by Lichter and Bernoff (1988), the ). = 1/3 line intersects the neutral stability curve to 

divide it into two sections: nonhysteretic behavior occurred along the neutral stability curve 

to the right of this intersection and hysteretic behavior was observed to the left, for all of 

the explored modes. (See Section 2.4 for the discussion of the theoretical derivation of the 

). = 1/3 intersection point.) 

4.2 Periodic and Quasi-periodic States 

The slow-time periodicity of the envelope of the basic subharmonic state was often 

observable in the wave-height signal from a single probe placed in the wave field. The 

subharmonic cross-waves were generally found to be modulated with the two low 

frequencies F 1 and F2 (F 2 ~ F 1 ). The lowest frequency, F I' was defined as the frequency 

at which soliton-like pulses were generated at the wavemaker. After the pulses appeared 

at the wavemaker, they often subsequently propagated down the channel. (See Lichter and 

Chen (1987) for an account of propagating and trapped solitons.} Since this behavior was 

observed when only a single transverse mode was present, Fl was called the one-mode 

modulation frequency. Frequency F2 was the frequency associated with a transversely 

travelling pulse near the wavemaker. This frequency was called the sloshing frequency 
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because of the appearance of the transverse motion. Since the subharmonic frequency, 

Fo = f/2, was always present, periodic or quasi-periodic states could be characterized by 

the two winding numbers w(Fo/F2) and w(F1 /F2). The winding number w(F1 /F2) was 

determined from power spectra, and the winding number w(Fo/F2) was measured by 

counting the numbers of subharmonic cycles per modulation period 1/F2 (c.r., Appendix 

C4). If both pairings of frequencies resulted in irrational winding numbers, then all three 

frequencies were incommensurate. If both winding numbers were rational, the motion was 

periodic, and if only one winding number was rational, the motion was quasi-periodic. 

For any mode number, steady cross-waves were observed to occur in a band of 

parameter space above the neutral stability curve at positive detuning (above the A symbols 

in Figures 4.1 and 4.2 for increasing forcing amplitude and down to the V symbols for 

decreasing forcing amplitude). During the steady state, in addition to the dominant 

subharmonic contribution from the cross-waves, there was also a small contribution at the 

forcing frequency due to the progressing waves. The amplitude of a steady cross-wave 

field increased smoothly for increasing forcing amplitude. 

Parameter space above the onset-of-modulation curve was characterized by periodic, 

quasi-periodic, or chaotic modulations of the subharmonic cross-wave amplitude. Two 

distinct types of slow periodic modulations of the cross-wave field were observed. The 

steady cross-waves lost stability (on crossing lower -e- in Figure 4.2) to a modulated state 

where the amplitude envelope across the width of the tank was uniform but grew and 

decayed with low frequency F l' A soliton similar to those observed by Lichter and 

Shemer (I986) was observed propagating away from the wavemaker during each modula

tion cycle (see Plate 1). The nodes of the cross-wave field remained stationary during the 

modulations so that a unique transverse mode number could be identified. The frequency 
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of this one-mode modulation was as much as 2 orders of magnitude less than ·the forcing 

frequency f and increased continuously with increasing forcing amplitude. The variation 

of the frequency was consistent with the experimental measurements of She mer and 

Lichter (J 987) and the numerical predictions of Chen (1987). 

The second type of modulation of the cross-wave field appeared as the forcing 

amplitude was further increased (on crossing upper -G- in Figure 4.2). This modulation 

was characterized by a transversely propagating wave or sloshing that caused the 

instantaneous peak wave height to vary across the width of the tank. The sloshing 

transition was hysteretic and the sloshing waves persisted down to the lower forcing 

amplitudes marked by (---) in Figure 4.2. The sloshing frequency F2 was greater than or 

equal to the one-mode modulation frequency F1 , and after transition to sloshing, the 

amplitude of the sloshing field continued to be modulated with the lower one-mode 

frequency. The typical appearance of the sloshing modulation is shown in Plate 2. The 

sloshing modulation is discussed further in Section 4.3. 

Figures 4.3(a) and (b) show the typical time series and power spectrum for the one

mode modulation. The wave-height amplitude is in computer units (1024 computer 

units = 1.04 cm). The time series shows that there are many subharmonic cycles in a 

modulation period. The power spectrum shows the one-mode frequency Fl and its 

harmonics. The typical time series and power spectrum for a sloshing state are shown in 

Figures 4.4(a) and (b). The dominant sloshing modulation contains approximately nine 

subharmonic cycles per period, and the sloshing modulation is itself modulated on a slower 

time scale. The power spectrum contains large peaks corresponding to the one-mode 

frequency F l' the sloshing frequency F 2' and their linear combinations and harmonics. 

The smaller peaks at frequencies greater than about J Hz are due to the incommensurate 
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subharmonic frequency Fo. Immediately after a transition to a sloshing state. the longer 

one-mode modulation was often frequency-locked with the sloshing. Low frequency 

power spectra revealed that the winding number w(FdF2> was rational over substantial 

regions of parameter space in the vicinity of the onset-of -sloshing curve. Figure 4.5 shows 

w(FdF2> when Fl and F2 were frequency-locked along path A in Figure 4.2. The struc

ture of the frequency-locked regions of parameter space is discussed further in Section 4.3. 

The sloshing frequency increased with increasing forcing frequency over most of a 

given mode regime. Figure 4.6 shows how the ratio of the subharmonic frequency to the 

sloshing frequency w(Fo/F2> varied along paths A and B of Figure 4.2. Along path B, the 

frequency-locked intervals are longer than those along path A due to the widening of the 

tongues, and they are shifted due to the tilt. Within these intervals. the cross-wave motion 

was periodic while the motion was quasi-periodic or chaotic in other regions that 

corresponded to sloshing behavior. 

Figure 4.7 shows the frequency-locked regions in the parameter space of mode 

n = 5, as determined from figures like Figures 4.5 and 4.6. The band in which the one

mode modulation appeared alone (without sloshing) is interrupted by the tips of frequency

locked tongues which extend into the one-mode region from the sloshing region. In the 

tips of these tongues. the one-mode modulation was suppressed and the sloshing 

modulation was locked to the subharmonic frequency. These tongues are called 

subharmonic tongues and are labelled with winding numbers w(Fo/F2> = 19/2. 9. 17/2. 

Outside of and overlapping with these subharmonic tongues are other tongues in which the 

one-mode modulation was locked to the sloshing modulation. These tongues are labelled 

with the ratio w(FdF2> and are called quasi-periodic tongues because the two frequencies 

Fl and F2 were not locked to the subharmonic frequency Fo. 
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Inside the broad quasi-periodic tongues of parameter space, the ratios w(F1 /F2) 

deviated from the indicated rational values by less than the 5% error due to measuring F 1 

and F2 from power spectra. In the shaded regions between the quasi-periodic tongues, the 

one-mode modulation was aperiodic, causing chaotic behavior. Data points for the 

boundaries of the subharmonic and quasi-periodic tongues are shown in Figure D1.1 of 

Appendix D. Figure 4.8 shows a power spectrum of a state between quasi-periodic 

tongues 2/5 and 1/2. The appearance of several incommensurate low frequencies and a 

significant noise level was typical of the weakly chaotic states between quasi-periodic 

tongues. 

4.3 Bifurcations of the Sloshing Mode 

A. Introduction 

This section describes the bifurcations of the sloshing cross-waves that occurred 

when the dominant transverse mode number was 7. This covers the frequency range 

8.25 Hz< f < 8.90 Hz and the forcing amplitude range a < 0.1 cm. The mode 7 parameter 

space was explored because most of the sloshing behavior occurred at forcing amplitudes 

low enough that forcing amplitude fluctuations remained less than 5%.· It was sometimes 

easier to locate periodic states in the parameter space for which mode 5 was dominant 

because the bifurcation structure was on a larger scale. Therefore, the discussion also 

includes references to sloshing behavior for mode 5. The steady subharmonic case 

occurred in bands above the neutral stability curves on the phase diagram of Figure 4.1(a). 

·The large forcing amplitudes necessary to observe some of the sloshing bifurcations 
at lower mode numbers required high velocities which exceeded the specifications of the 
linear motor. When operational limits of the motor were approached, random forcing 
amplitude fluctuations were observed. 
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The modulated states occurred to the left of the onset-of -modulation curves and are the 

focus of this section. 

B. Transverse Sloshing Waves 

Figure 4.9 shows the bifurcation structure in the mode 7 parameter space. When 

the onset-of -modulation curve was crossed from right to left in parameter space, the 

steady subharmonic oscillation developed a one-mode modulation. The one-mode 

modulation was never stable for mode 7 cross-waves and the uniformity of the envelope in 

the transverse direction would, within a minute of the onset-of -modulation, be augmented 

by a sloshing motion. It was found that the one-mode band became thinner for increasing 

mode number. The region of stable one-mode modulations, visible for mode 5, was 

presumably too thin in the mode 7 parameter space for one to observe a stable one-mode 

modulation. 

A sloshing period of approximately three seconds was characteristic of the motion 

throughout most of the mode 7 regime. Outside of the subharmonic tongues and near the 

onset-of-modulation curve, the sloshing motion was additionally modulated with the slower 

one-mode modulation period. The ratio of the one-mode modulation frequency and the 

sloshing frequency w(FdF2) tended to be locked to ratios of small integers. This is 

illustrated in Figure 4.10 where several power spectra have been plotted for sloshing fields 

that correspond to points along path A, which parallels the onset-of -modulation curve in 

Figure 4.9. The first three spectra are of quasi-periodic motion at increasing forcing 

frequencies. They show a significant amount of power in the lower one-mode modulation 

frequency Fl and the sloshing modulation frequency F2. In addition, Fl and F2 are 

frequency-locked. The fourth spectrum is of a state within the sub harmonic tongue where 
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the ratio of the subharmonic frequency to the sloshing frequency w(Fo/F2) = 13. The 

lower one-mode modulation frequency was found to be suppressed during this periodic 

state. The one-mode modulation amplitude was less than 2% of the sloshing amplitude in 

the parameter space below the curve shown within subharmonic tongue w(Fo/F2) = 13 in 

Figure 4.9. Figure 4.1 I shows the growth of the one-mode modulation amplitude within 

subharmonic tongue w(Fo/F2) = 13. 

Figure 4.9 shows the frequency-locked regions in the parameter space of mode 7. 

Data points used to determine boundaries are shown in Figure DI.2 of Appendix D. The 

ratios of the two slow modulation frequencies w(FdF2) are labelled in the quasi-periodic 

tongues. The subharmonic tongues which emanate from distinct points on the onset-of

modulation curve are labelled with winding numbers w(Fo/F2) = 13. 25/2. 12. As stated 

above, only the sloshing frequency F2 was present in the region below the curve within the 

subharmonic tongue w(Fo/F2 ) c 13. Above the curve, the unshaded bands within 

subharmonic tongue w(Fo/F2 ) = 13 correspond to regions where sloshing motion was 

modulated with one-mode frequencies F 1 that were locked to the sloshing frequency F2. 

Therefore, the unshaded bands indicate where both slow modulation frequencies were 

locked to the subharmonic frequency. The shaded bands correspond to regions where the 

one-mode modulation was not periodic, and an overall chaotic motion resulted. The cross

hatched regions within quasi-periodic tongues w(FdF2) = 1/3 and 2/5 show where these 

states were intermittently chaotic due to splitting of the sloshing wave. This type of 

behavior is described more thoroughly in Part C of this section. Figure 4.12 shows a 

power spectrum of a state in the cross-hatched region of tongue w(F1/F2) = 1/3. This can 

be compared to the spectrum in Figure 4.10a. It can be seen that though the 1/3 locking 

is still evident in Figure 4.12, the noise level has increased compared to Figure 4.lOa. At 
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larger forcing amplitudes within the cross-hatched region of quasi-periodic tongue 1/3, the 

power spectral peak at 2/3 F2 was larger than the peak at ]/3 F2 • When quasi-periodic 

tongue w(FdF2) = 1/3 was followed into the overlap region with subharmonic tongue 

w(Fo/F2) = 13, the power spectrum clearly had a larger peak at 2/3 F2 than at 1/3 F2 (see 

Figure 4.32g). This may indicate an additional overlap with quasi-periodic tongue 

w(F1 /F2 ) = 2/3. Similar]y, the power spectrum in Figure 4.32e, which corresponds to the 

overlap region of quasi-periodic tongue w(F1 /F2) = 2/5 with subharmonic tongue 

w(Fo/F2) = ]3, has a larger peak at 3/5 F2 than at 2/5 F2. 

Figure 4.13 shows the Poincare section of the periodic state that corresponds to 

parameters (f = 8.49 Hz, a2 = 0.00]4 cm2 ) within subharmonic tongue w(Fo/F2) = 13. 

The amplitude of Poincare sections is in computer units (1024 computer units = 1.04 em). 

The section is a collection of 13 clusters of dots that identify the "periodic" trajectory 

which is attracted to the surface of a 2-torus in phase space. The scattering of the dots 

can be attributed to breaking of sloshing waves and sma]] one-mode modulations. The 

forcing amplitude used to generate this Poincare section was found to be greater than the 

minimum forcing amplitude which could cause breaking. Theoretically, a stationary wave 

field loses stability and breaking occurs when the peaks attain angles less than 900 (see 

Penney and Price, ]952). For mode 7 cross-waves, the critical wave amplitude was 

calculated to be ] .25 cm. An experiment was performed in which the forcing amplitude 

was increased at constant forcing frequencies until some peak in the mode 7 cross-wave 

field attained an amplitude of 1.25 cm. Curve A in Figure 4.]4 shows how this minimum 

forcing amplitude for breaking varied with forcing frequency in the mode 7 regime. The 

normalized standard deviation of the wave height is plotted as a function of average wave 

height in Figure 4.]5 for parameters along path B in Figure 4.14. The Poincare section for 
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a periodic state in the tip of subhannonic tongue w(Fo/F2) = 9 of the mode 5 regime is 

shown in Figure 4.16. Since the forcing amplitude was below minimum, the scatter within 

the 9 clusters of dots was less than in the Poincare section of Figure 4.13. 

Poincare sections for states within the overlap regions of quasi-periodic tongues 

w(F1/F2) = 1/2 and 1/3 with subharmonic tongue w(Fo/F2) = 13 are shown in Figure 

4.17. Since the states were generated with forcing amplitudes greater than the minimum 

forcing amplitude for breaking, the sections again contain clusters of scattered dots. The 

section from the region of overlap with quasi-periodic tongue w(F1 /F2) = 1/2 has clusters 

on closed curves with two loops, which indicates that a period-doubling bifurcation may 

have occurred. Similarly, the section from the overlap region with quasi-periodic tongue 

w(F1 /F2) = 1/3 has clusters of dots on three loops of a closed curve. 

Poincare sections for quasi-periodic states on both sides of subharmonic tongue 

w(Fo/F2) = 13 are shown in Figure 4.18. The section of a 2-torus in Figure 4.18(a) 

corresponds to a state with no one-mode modulation. The section in Figure 4.18(b) is of a 

quasi-periodic state that has a one-mode modulation period twice as long as the sloshing 

period. 

C. Multiple Transverse Waves 

At small and moderate forcing amplitudes (a ~ 0.06 em), the sloshing consisted of 

one or two transverse waves. For frequencies f ~ 8.45 Hz, the sloshing appeared as a 

single wave traversing the tank from side to side. For frequencies f ~ 8.45 Hz, a second 

transverse wave appeared. Near f:::::: 8.45 Hz, the two waves were difficult to distinguish. 

As the frequency was further decreased, they became easier to identify, and they were 

observed to pass through each other on alternate sides of the tank. The behavior was 

chaotic and power spectra were characterized by high noise levels due to stochastic 
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fluctuations in the location of the crossing points. On traversing the upper neutral stability 

curve, the two waves attained their greatest separation and crossed repeatedly at the 

channel centerline. In the region between the hysteretic neutral stability curves, power 

spectra possessed clearly defined peaks at the sloshing frequency and rather broad one

mode peaks. Figures 4.19(a) and (b) show the typical time series and power spectrum for 

states in this region. Note that the sloshing frequency doubled because two waves pass a 

probe twice as often as a single wave. 

At large forcing amplitudes (a > 0.06 cm), considerable splashing occurred due to 

the breaking of large amplitude cross-waves. This showed up as a small-scale noisy 

perturbation of the modulation envelope in a time series, but two "noisy-periodic" states 

which remained stable to the splashing disturbances, were found. Generally these states 

had modulation frequencies that were multiples of the sloshing frequency for one 

transverse wave. These states were found in thin bands above the transition data points 

indicated in Figure 4.20. The lower boundary of these bands falls along the data points 

shown. The upper boundary was difficult to determine and is not shown. 

As an example, consider one of these noisy-periodic states found at forcing 

amplitudes in the region of parameter space above the SQuares in Figure 4.20. This state 

had a modulation frequency that was twice the sloshing frequency for one wave, and was 

again characterized by two transversely propagating waves repeatedly crossing at the 

centerline. A time series and a power spectrum are shown in Figure 4.21. 

Another noisy-periodic state occurred at forcing amplitudes in the region of 

parameter space above the circles in Figure 4.20. While the cross-wave field was in this 

state, the modulation frequency was triple the sloshing frequency of one wave. The 

transverse motion was complex, making it unclear how one might account for the triple 
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frequency. There was some visual evidence that would support a case for 3 transverse 

waves which crossed each other at 1/3 of a tank width from each sidewall. A time series 

and a power spectrum are shown in Figure 4.22. 

4.4 Chaotic States 

Whenever there was any doubt about the periodicity of a cross-wave state, 

Lyapunov exponents and correlation dimensions were measured. The regions in the 

parameter space of mode 7 that corresponded to chaotic states are shaded in Figure 4.9. 

The low-dimensional chaos that occurred at forcing amplitudes near the onset-of

sloshing is perhaps of greatest interest. Two qualitatively different types of chaos occurred 

at the lower forcing amplitudes, and they are separated in parameter space of mode 7 by 

an approximately vertical boundary near f = 8.45 Hz. 

In the region of parameter space bounded by f ~ 8.45 Hz, a = 0.06 cm, and the 

onset-of-modulation curve, chaotic cross-wave states were found in bands between 

periodic or quasi-periodic states. The chaotic states had well-defined frequencies 

associated with a single transversely propagating wave. The chaos resulted from additional 

nonperiodic one-mode modulations. Within subharmonic tongue w(Fo /F2 ) c 13, the 

chaotic cross-wave states were located in diagonal bands squeezed between frequency

locked periodic states. The time series and power spectrum for a typical low-dimensional 

chaotic state are shown in Figure 4.23. The Lyapunov exponent for this state was 0.43 

bits/second, and the correlation dimension was 2.6. 

In the region of parameter space bounded by f ~ 8.25 Hz, f ~ 8.45 Hz, the upper 

neutral stability curve, and a ~ 0.06 cm, a different type of chaotic cross-wave state 

occurred. The states in this region also had remnants of the single wave sloshing 

frequency, but the dominant three-second modulation was due to two transversely 
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propagating waves that crossed alternately on either side of the tank centerline .. The chaos 

appeared to be the result of the instability of this state because the crossing position was 

different at each crossing. A time series and a power spectrum for this type of chaos are 

shown in Figure 4.24. The Lyapunov exponent and correlation dimension for this state are 

0.55 bits/second and 2.5. The crossing position moved to the centerline to produce the 

noisy-periodic state (c.f. Section 4.3C) as the forcing amplitude was increased above 

a = 0.06 cm. 

Other types of chaotic cross-wave states occurred at forcing amplitudes greater than 

0.06 cm. However, because of experimental limitations and the difficulty of determining 

the number of transverse waves, conclusions could only be drawn from standard diagnostic 

tests (c.f. Appendix C). In addition to unknown consequences of breaking, the 

displacement of the wavemaker became more difficult to control at the increased velocities 

that were required. Nevertheless, a strongly chaotic state with no remnants of any 

modulation frequency occurred. This state was observed at f = 8.3 Hz and a = 0.081 cm. 

A characteristic time series and a power spectrum are shown in Figure 4.25. The 

Lyapunov exponent had a relatively large value of 1.6 bits/second and the correlation 

dimension was estimated as greater than 4.6. For comparison, the noisy-periodic states had 

exponents less than 0.70 bits/second and dimensions less than 2.8. 

4.5 Interaction of Spatial Modes 

A spatial mode analysis was performed to determine the contributions and 

interactions of various spatial modes during modulated cross-wave states. The results of 

the image processing, described in Section 3.7, indicated that the one-mode modulation 

consisted almost entirely of a single mode. The contributions of adjacent modes were 

revealed by placing three probes in the wave field and using the multiprobe technique. A 
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time history of the Fourier components of a one-mode modulation at f = 7.1 Hz and 

a = 0.045 cm in the . parameter space near the cutoff frequency for mode 5 is shown in 

Figure 4.26. Since the contributions of the adjacent modes 4 and 6 almost vanish when 

the amplitude of the modulation is small, their presence can be attributed to the finite 

amplitude of the cross-wave field (see Penney and Price, 1952). 

In most cross-wave states, the adjacent spatial modes contribute to the dynamics of 

the wavefield. Following the procedure outlined in Section 3.7, a sloshing wavefield was 

deconvoluted by a spatial Fourier analysis. Figure 4.27(a) shows the time history of the 

two active Fourier components of a sloshing state generated at a forcing frequency of 

8.49 Hz and a = 0.037 cm in the subharmonic tongue w(Fo/F2) = 13 of mode 7. The 

amplitudes of transverse modes 7 and 8 varied periodically, and the phase relation between 

the modes changed as a function of time as is necessary for sloshing to occur. Figure 

4.27(b) shows the phase plane plot for modes 7 and 8. 

The interaction of spatial modes was further studied near the intersection point of 

neutral stability curves for two adjacent transverse modes. Figure 4.28 shows a blow-up of 

the region in the vicinity of the intersection of the curves for modes 6 and 7. The 

symbols 1::. and V are as in Figure 4.l(a) and mark the neutral stability data. Figures 

4.29(a-d) show the modal amplitudes of modes 6 and 7 as determined by multiprobe 

measurements. During the steady one-mode state in Figure 4.29(a) (point a in Figure 

4.28), the peaks of the cross-wave field were observed to have constant height across the 

width of the tank. However, during the steady mixed-mode states (Figures 4.29(b) and 

(c», the cross-wave peak heights decreased linearly across the width of the tank. The 

crosses indicate a nonhysteretic transition from the one-mode steady state to the mixed

mode steady state. 
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The contribution from mode 7 was found to be initially small after transition to the 

mixed-mode steady-state. Mode 6 dominated during all of the observed mixed-mode 

steady states, however, the mode 7 amplitude grew as the forcing amplitude was decreased 

or the forcing frequency was increased. 

Near the extension of the neutral stability curve for mode 6, the steady mixed

mode state became unstable and slow oscillations developed. The open circles in Figure 

4.28 indicate where the instability was observed to begin as the forcing frequency was 

slowly increased. Large changes of the forcing parameters initiated the instability at larger 

forcing amplitudes and smaller frequencies than shown. Figure 4.29(d) shows time 

histories of the Fourier amplitudes as the instability developed at point d in Figure 4.28. 

When the amplitude of mode 7 became equal to that of mode 6, chaotic mode competition 

developed and two transversely propagating envelope waves were observed in the tank. 

This transition was irreversible since the steady mixed-mode could not be regained by 

decreasing the forcing frequency. 

4.6 Frequency-Locking Route to Chaos 

The route to chaos presented in this section is a distinct route that was observed by 

increasing the forcing amplitude at constant frequency within subharmonic tongue 

w(Fo/F2) = 13 of mode 7. The route is called the frequency-locking route because of 

transitions to various frequency-locked periodic states enroute to chaos. The route is 

presented in detail for a forcing frequency of 8.49 Hz, and the path is labelled C in Figure 

4.30. A sequence of time series is presented in Figure 4.31 for some of the observed states 

during this route. Corresponding power spectra are shown in Figure 4.32. Figure 4.33 

shows corresponding Poincare sections. Figure 4.34 shows plots of the largest Lyapunov 

exponent and the correlation dimension as a function of forcing amplitude. 
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After increasing the forcing amplitude from 0.03 cm to 0.035 cm, the steady cross

wave field developed a sloshing modulation with a period of about three seconds. The 

Lyapunov exponents for both the steady state and the initial modulated state were 

estimated to be very small « 0.04 bits/second). This measurement along with correlation 

dimensions near unity reveals the periodic nature of these states. In the initial modulated 

sloshing state, the one-mode modulation was too small to be measured, and the sloshing 

frequency was locked to the forcing frequency. The one-mode modulation amplitude 

remained less than 2% of the sloshing modulation amplitude below the curve shown within 

tongue w(Fo/F2) = 13. This state persisted as the forcing amplitude was increased to 

0.0435 cm, however, the correlation dimension increased to 1.3 due to the growth of the 

one-mode modulation. The fact that the Lyapunov exponent remained small indicates that 

the trajectories were still strongly attracted to a periodic orbit in phase space. 

Increasing the forcing amplitude to 0.044 cm caused a bifurcation to a period

doubled state to occur. This period-doubled state occurred in the region of overlap with 

quasi-periodic tongue w(F1/F2) = 1/2. There was no evidence of a second period

doubling or cascade of period-doublings. However, a weakly chaotic state developed at 

a = 0.0468 cm. During this state, the one-mode and sloshing frequencies did not lock to a 

rational ratio and the low frequency noise level increased. The motion remained chaotic, 

but the low frequency content varied slightly throughout the forcing amplitude range 

0.0468 cm < a < 0.0477 cm. The evolution to the chaotic state at a = 0.0468 cm was 

accompanied by abrupt increases of the Lyapunov exponent to 0.43 bits/second and the 

correlation dimension to 2.45. 

A detailed view of the transition to the chaotic state at a ... 0.0468 cm from the 

period-doubled state is shown in the sequence of Poincare sections in Figure 4.35. The 
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power spectra in Figure 4.36 correspond to the intermediate stages of the transition. 

Initially, the one-mode frequency remained well-defined and added sidebands to the 

sloshing frequency peak. The spectrum in Figure 4.36(a) shows that the one-mode 

frequency shifted away from half the sloshing frequecy as the chaotic band was entered. 

The iterates of the Poincare section in Figure 4.35(b) hop from loop to loop and completely 

revolve around each loop with a frequency 2F 1 - F2 , which appears as the lowest frequency 

peak in Figure 4.36(b). When the forcing amplitude was increased further, the one-mode 

frequency shifted more and became indeterminable. Finally, no well-defined one-mode 

modulation frequency could be identified as the cross-waves became chaotic. 

At a = 0.0480 cm, the system returned to a periodic state with a winding number 

w(F1 /F2 ) = 3/5. Figure 4.32(e) shows that there are strong one-mode frequency peaks at 

both 2/5 and 3/5 of the sloshing frequency. Associated with the transition was a decrease 

of the Lyapunov exponent and the correlation dimension. The dimension only dropped to 

1.60 because breaking caused the trajectory to wander from the attracting periodic orbit. 

This state persisted as the forcing amplitude was increased to 0.0492 cm. 

Chaotic motion reappeared for forcing amplitudes in the range 

0.0492 cm < a < 0.0495 cm. Again the Lyapunov exponent and correlation dimension 

increased abruptly as the one-mode modulation became aperiodic. 

As the forcing amplitude was increased beyond a = 0.050 cm, a state evolved with 

w(FdF2) = 2/3 and associated reductions of the Lyapunov exponent and correlation 

dimension were calculated. This state persisted for forcing amplitudes in the range 

0.050 cm < a < 0.052 cm. 

At forcing amplitudes greater than 0.052 cm, the cross-waves became chaotic again 

until the noisy-periodic frequency-doubled state developed at a = 0.063 cm. 
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4.7 Intermittency Route 

The route to chaos described in this section was observed by increasing the forcing 

amplitude at a constant frequency of 8.3 Hz. The path through parameter space is labelled 

I in Figure 4.30. At this forcing frequency, the cross-waves actually evolved immediately 

to a chaotic state from a primary progressing wave state, however the chaos was initially 

low-dimensional, and a transition to a stronger type of chaos at larger forcing amplitudes 

was observed. During this transition, the splashing due to breaking cross-waves became 

increasingly audible. The disturbances due to splashing presumably accelerated the 

transition to strong chaos and blurred the bifurcation structure to some extent. The 

transitions are presented as sequences of time series, power spectra, and Poincare sections, 

in Figures 4.37 through 4.39. The variations of the largest Lyapunov exponent and the 

correlation dimension are shown in Figure 4.40. 

After first generating cross-waves by raising the forcing amplitude to 0.042 cm, the 

amplitude was lowered to obtain the nearly quasi-periodic two-wave state at a = 0.032 cm. 

That is, the longer one-mode modulation was nearly periodic. (See Section 4.3C for a 

description of the state with two transverse waves.) As the amplitude was increased from 

0.032 cm, the two-wave state persisted with increasing one-mode frequency until the wave 

crossing position moved away from the centerline at a = 0.042 cm. A Lyapunov exponent 

of 0.43 bits/second and a dimension of 2.4 indicated that this state was actually chaotic. 

As mentioned in Section 4.4, the dominant three-second modulation period of this state 

was the result of two transversely propagating waves crossing alternately on either side of 

the tank centerline. The stability of this state was initially quite good, but, at larger 

forcing amplitudes (a > 0.047 cm), the crossing point became more variable and moved 

sporadically closer to the centerline. This occasional movement of the crossing point to the 
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centerline caused intermittent frequency-doubling to occur. During this stage, the 

Lyapunov exponent increased to 0.95 bits/second, and the dimension increased to 3.7. 

Eventually, the two-wave noisy-periodic state evolved at a = 0.059 cm. At this point 

considerable splashing could be heard, and the modulation envelope of the time series was 

perturbed. However, the Lyapunov exponent dropped to 0.66 bits/second, and the 

dimension dropped to 2.8. 

For forcing amplitudes in the range 0.06 cm < a < 0.08 cm, the dominant 

modulation frequency was intermittently interrupted by strongly chaotic bursts. The 

frequency of occurrence of the bursts increased with forcing amplitude until a strongly 

chaotic state developed with a Lyapunov exponent of 1.6 bits/second and a correlation 

dimension of 4.7. According to the intermittency theory put forth by Pomeau and 

Manneville (1980), the Lyapunov exponent should scale in a definite way during an 

intermittent transition from a periodic state. Specifically, if r is the forcing parameter and 

r c is the critical parameter for which the system is in a periodic state, >. - >'c should be 

proportional to (r - rc)1/2 for r close to rc during the intermittent transition. The 

Lyapunov exponent >'c corresponds to the state when r = rc' In the present experiment, 

the forcing amplitude is the forcing parameter, and the intermittent transition begins at the 

noisy-periodic state generated with ac = 0.059 cm (point e in Figure 4.4O(a». A least 

squares fit was performed on the Lyapunov exponent data from point e to point g in 

Figure 4.40(a). The algebraic function, >. - >'c 0:: 8.9 (a - ac ).S5, gave a best fit to the data 

and is shown as the dashed curve in Figure 4.4O{a). Considering a 10% error in estimating 

the Lyapunov exponents, the .55 power law appears to be a reasonable approximation of 

the theoretically predicted 1/2 power law of the intermittency theory. 
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After the strongly chaotic state was established at a = 0.08 cm, a frequency-tripled 

noisy-periodic state developed in a band of forcing amplitudes greater than 0.09 cm. (See 

Section 4.3C for a description of the three-wave frequency-tripled state.) 

4.8 Quasi-periodic Route 

The route to chaos described here was observed along path Q in Figure 4.30. The 

route is called the quasi-periodic route because the path goes from quasi-periodic tongue 

w(FdF2) = 1 directly into a chaotic region of parameter space. Poincare sections are 

shown in Figure 4.41 for four states along path Q. 

The Poincare section of state a (f = 8.55 Hz, a = 0.0436 cm) is composed of points 

that form a closed curve. This indicates quasi-periodic motion on a 2-torus in phase 

space. A correlation dimension of 2.04 was measured, and a Lyapunov exponent of 0.03 

bits/second was estimated. 

The Poincare section of state b (f = 8.53 Hz, a = 0.0424 cm) developed a fold but 

the motion was still nearly quasi-periodic. This is supported by a correlation dimension of 

2.06 and a Lyapunov exponent of 0.05 bits/second. 

State c (f = 8.525 Hz, a = 0.0422 cm) is at the edge of the boundary of chaos, and 

the Poincare section has developed more folds and a fuzzy appearance. The correlation 

dimension increased to 2.14 and the Lyapunov exponent was 0.15 bits/second. 

Finally, chaotic state d (f = 8.52 Hz, a = 0.041 cm) has a Poincare section that 

resembles a cross-section of a fuzzy torus. The correlation dimension for this state was 

2.45 and the Lyapunov exponent was 0.18 bits/second. 
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Figure 4.1 a Neutral stability data for increasing (.to) and decreasing (V) forcing amplitude 
in the parameter space near the cutoff frequencies of modes 5, 6, and 7. 
The onset-of-modulation data are denoted by the diamonds. 
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Figure 4.18 Poincare section of state within (a) quasi-periodic tongue w(FdF2) = 1 of 
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Figure 4.2 1 (a) Time series of noisy-periodic state at f = 8.4 Hz and a2 = 0.0045 cm2 ; 

and (b) corresponding power spectrum. 
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Figure 4.22 (a) Time series of three-wave noisy-periodic state at f = 8.6 Hz and 
a2 = 0.0050 cm2 ; and (b) corresponding power spectrum. 
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Figure 4.23 (a) Time series for low-dimensional chaotic state at f = 8.49 Hz, a2 = 0.00225 
cm2 ; and (b) corresponding power spectrum. 
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Figure 4.27 (a) Fourier amplitudes of modes 7 and 8 during a sloshing state in the tip of 
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Figure 4.31 Cross-wave amplitudes as a function of time at f = 8.49 Hz along path C 
shown in Figure 4.30 for forcing amplitudes (a) 0.031 em (steady-state); (b) 
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Figure 4.31 Cross-wave amplitudes as a function of time at f = 8.49 Hz along path C 
shown in Figure 4.30 for forcing amplitudes (e) 0.048 cm; (f) 0.0493 cm; (g) 
0.051 cm; (h) 0.053 cm. 
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Photographs of the one-mode modulation for mode n = 5. The view is toward 
the wavemaker from the end of the channel. The one-mode modulation is 
shown over one-half of a modulation period Tl = I/Fl ~ 15 seconds at the 
approximate times (a) t = 0, (b) t = Td4, (c) t = Td2. Note that the peak 
amplitude is constant across the width of the tank. 
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The sloshing modulation is shown for a state near the cutoff frequency of mode 
n = 7 at approximate times (a) t = 0, (b) t = Tz/4, (c) t = T z/2 where the 
modulation period Tz = I/Fz ~ 3.0 seconds. At the beginning of the 
modulation period (a), the wave amplitude has a peak at the right wall. The 
transverse wave propagates to the center of the tank (b), and is then reflected 
from the left wall (c). 
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CHAPTER 5 

DISCUSSION 

5.1 Types of Cross-waves 
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The experiments revealed that many qualitatively distinct types of cross-wave states 

could be generated, but that the number of observable states in the vicinity of a given 

cutoff frequency depended on the transverse mode number. The bifurcation structure in 

the parameter space near each cutoff frequency appeared similar, however, a particular 

state observed for one-mode number did not always have a realizable analog for another 

mode number. This was evidently due to the variation of bifurcation structure scale and 

unavoidable fluctuations of the forcing amplitude. At large mode numbers (n > 6), the 

interesting bifurcation structure occurred at physically attainable forcing amplitudes, but 

some states could not be observed because the regions of parameter space where they could 

occur had widths comparable to forcing amplitude fluctuations. At small mode numbers 

(n < 6), the structure appeared to expand, but the interesting behavior occurred at large 

forcing amplitudes that were not attainable. 

In general, the cross-waves were either steady or modulated in a periodic or chaotic 

fashion. For all mode numbers studied (n = 5, 6 and 7), steady cross-waves were observed 

at forcing amplitudes just above the neutral stability curves at positive detunings. 

Modulated cross-waves were observed at negative detuning and larger forcing amplitudes. 

Periodic modulation of a single mode developed for cross-waves with mode 

numbers n = 5 and n = 6. The transition to cross-waves with a one-mode modulation 

from a steady state was nonhysteretic. The one-mode modulations were characterized by 

slow uniform oscillations of the cross-wave envelope near the wavemaker. During each 
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modulation cycle, the cross-wave envelope grew and then decayed near the wavemaker as 

a soliton-like pulse propagated down the channel. The modulation period was found to be 

as much as two orders of magnitude larger than the forcing period and to decrease with 

increasing forcing amplitude and frequency. One-mode quasi-periodic oscillations of a 

cross-wave field were also reported by Barnard and Pritchard (1972) for n = 2 and n = 3, 

by Shemer and Lichter (1987) for n = 5, and by Chen (1987) for n = 6. The modulation 

period and its variation were qualitatively similar in their experiments. Also, the numerical 

solutions of the nonlinear SchrMinger equation for a single mode indicate similar 

modulation behavior (see Chen, 1987). The stable one-mode periodic modulations occurred 

in a thin band of parameter space that had decreasing width for increasing mode number. 

Hence, the single mode modulation became increasingly difficult to observe for mode 

numbers larger than n = 6 because as the width of the one-mode region became thin, 

finite fluctuations of the forcing amplitude or wavebreaking could precipitate a transition 

to an adjacent sloshing state. 

At forcing amplitudes above the one-mode modulation band, the one-mode 

modulation became additionally modulated by a transverse sloshing motion. The sloshing 

frequency was greater than the one-mode modulation frequency, and the transition was 

hysteretic. At large forcing amplitudes and frequencies, nonhysteretic transitions occurred 

directly from steady to sloshing states. Depending on the forcing frequency, the overall 

modulation of the sloshing states was either periodic or chaotic. 

Shemer and Lichter (1987) reported that only chaotically modulated states were 

observed when transversely propagating waves were present. However, they mentioned 

that within some of the chaotic signals, there were intermittent regions with well-defined 

modulation periods and that the modulation became increasingly erratic for increasing 
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forcing amplitudes. The increased breaking associated with the transverse sloshing motion 

may have contributed to the chaotic nature of the modulations, but the present experiments 

revealed that some periodically modulated sloshing states were stable when breaking 

occurred. Furthermore, periodically modulated sloshing states were generated subsequent 

to chaotic states when the forcing amplitude was increased. 

The bifurcation structure near the intersection of neutral stability curves for modes 

n = 6 and n = 7 was also investigated. A small region of parameter space with steady 

mixed-mode states was identified in the region of overlap where both modes were linearly 

unstable. The region was predicted to exist in the overlap region by the analysis of Ayarue 

(1989), but its exact location and size were not determined. Nevertheless, the relative 

magnitudes of modes n = 6 and n = 7 behaved according to the analysis within the steady 

mixed-mode region. That is, the magnitude of mode n = 7 increased as the region was 

traversed from left to right in parameter space, and no steady mixed-mode states existed 

with the magnitude of mode n = 7 greater than that of mode n = 6. The steady mixed

mode states became unstable and chaotic motion resulted upon crossing a boundary near 

the extension of the neutral stability curve for mode n = 6. This bifurcation, however, 

was not predicted by the theory. 

5.2 Frequency-Locking of Sloshing 

During the sloshing states near the cutoff frequency for mode n, transverse spatial 

analysis showed that mode n + 1 was also active. The two modes interacted in a manner 

such that they exchanged energy in either a periodic or chaotic fashion. Therefore, mode 

competition was indicated as the probable cause of periodic and chaotic sloshing 

modulations. For a sloshing state located near the cutoff frequency for mode n = 7, mode 

n = 8 was found to be flipping in and out of phase with mode n = 7 to satisfy the 
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boundary conditions at the sidewalls (the no-flow condition at the sidewalls requires that 

either a peak or a trough exist at the sidewalls in a standing wavefield). The amplitude of 

mode n = 7 oscillated about a nonzero mean. The phase plane plot was approximately 

symmetric about the horizontal line where the magnitude of mode n = 8 was zero in 

Figure 4.27(b). 

The coupling of the oscillations for the two modes resulted in behavior that is well

described by coupled oscillator theory (Ecke et al., 1989). In particular, it was found that 

the one-mode and the sloshing oscilJations were frequency-locked in tongues of parameter 

space near the onset-of -modulation curves. The frequency-locked tongues in Figure 2.2 

should be compared with the experimental quasi-periodic tongues in Figures 4.7 and 4.9 

which also lie in Farey tree sequence. The structure of the parameter space was 

additionally complicated by the presence of the sub harmonic cross-wave frequency. As a 

result, regions were identified where two or all three of the frequencies were locked. The 

regions where all three were locked corresponded to overall periodic cross-wave motion. 

These regions were thin because of the large ratios of the subharmonic to the sloshing 

frequency. 

The quasi-periodic tongues where only the one-mode and the sloshing frequencies 

locked were generally wider due to their ratios being those of small integers. These 

tongues corresponded to overall quasi-periodic motion. The states in regions of parameter 

space between the quasi-periodic tongues had a weakly chaotic character where the long 

modulation was aperiodic, but the sloshing modulation retained a well-defined frequency. 

This is consistent with the RueJIe-Takens-Newhouse theory that stable motion with three 

incommensurate frequencies is unlikely to exist. 
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Most of the modulated states generated at relatively small forcing amplitudes were 

explained in terms of the quasi-periodic and subharmonic tongue structure of parameter 

space. When a path through a subharmonic tongue of parameter space was followed at 

constant forcing frequency (path C in Figure 4.30), the series of transitions to alternating 

periodic and chaotic states was similar to that described by MacKay and Tresser (1987) for 

non invertible circle maps. However, some differences indicate that the transitions were not 

related to folding of a torus which can be investigated with one-hump maps (c.f., Section 

2.6B). First of all, there was no evidence of a period-doubling cascade prior to entering 

the first chaotic band. Figures 4.37 and 4.38 show that the transition to chaos from the 

2-period state began with an unlocking of the one-mode and the sloshing frequencies. 

Ciliberto and Gollu b (J 985) and Funakoshi and Inoue (1988) similarly reported observing 

only one modulation period-doubling before the onset of chaos, however, they blame 

sizable fluctuations of forcing parameters. Secondly, a power spectrum from the 5-period 

band (Figure 4.32(e» had a much larger peak at 2/5 F2 than at 1/5 F2. This and other 

observations indicate that the structure of the quasi-periodic tongues, which lie in a Farey 

tree sequence, overlaps with the subharmonic tongues to produce "periodic" bands. Hence, 

the behavior within the "periodic" bands of the subharmonic tongues may be explained 

with the Arnold-tongue theory for weakly coupled oscillators. 

It was often difficult to determine the winding number w(F1/F2) for states within 

the "periodic" bands of subharmonic tongues. The power spectrum for the 5-period band 

(Figure 4.32(e» contained a larger peak at 3/5 F2 than at 2/5 F2. At other points within 

the band, both peaks were comparable in size. This may be an indication that several 

quasi-periodic tongues were overlapping in this region. Although several one-mode 

frequencies should be possible in the overlap region, selective amplification of the 
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frequencies, 2/5 F2 and 3/5 F2, may have taken place. Similarly, the overlap of several 

quasi-periodic tongues may be responsible for the noisy appearance of the power spectrum 

for the 3-period state (Figure 4.32(g». The overlap of quasi-periodic tongues that is 

necessary to describe these observations may not be obvious in figures such as Figure 4.30. 

However, the present experiments may not have revealed the left-hand boundary of the 

quasi-periodic tongues in the regions of overlap. 

The Poincare sections for states within the 5-period and 3-period bands (Figures 

4.33(e) and (f) showed a considerable amount of scatter that may have resulted from more 

than just wavebreaking. The presence of several one-mode frequencies due to the overlap 

of quasi-periodic tongues may have been responsible for some of the scatter. 

Although the observed Arnold tongues had increasing widths for increasing 

nonlinearity, and the subharmonic tongues contracted to a point at the onset-of-modulation 

curve, the quasi-periodic tongues were found to have finite width at the onset-of -sloshing 

curve. The bottom of these tongues may be folded under and obscured by the subcritical 

bifurcation at the hysteretic transition to sloshing. Figure S. I shows how the tongues may 

lie on a folded sheet and consequently have the lower parts hidden. 

S.3 Multiple Transverse Waves 

For the modulated sloshing states that were observed at relatively low forcing 

amplitudes (a < .06 cm) and positive detunings, the transverse modulation resulted from the 

motion of a single transversely propagating wave (see Figure 4.20). However, at negative 

detuning or at large forcing amplitudes, the transverse wave split into two transversely 

propagating waves. Wu et al. (1984) reported observations of a similar phenomenon in a 

vertically oscillating rectangular container of fluid. 
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Two qualitatively different types of two-wave states were observed at negative 

detuning. States that were characterized by two waves crossing alternately on both sides of 

the centerline of the tank width were generally unstable and had overall chaotic motions. 

These states were observed above the upper neutral stability curve in the region labelled 

1 -2 in Figure 4.20. The motion resembled the irregular motion of the bidirectional 

azimuthal waves in the cylindrical geometry of the experiments of Funakoshi and Inoue 

(1988). Observations of these states revealed that crossing points of the transverse waves 

jumped randomly to different transverse locations. This chaotic behavior developed 

immediately from the quiescent state as the forcing amplitude was increased from zero. 

Also at negative detunings, two-wave states characterized by stable noisy-periodic motions 

were observed where two waves repeatedly crossed at the tank centerline. These states 

were found in regions labelled 2 in Figure 4.20. 

At large forcing amplitudes, motion that included three transverse waves was 

observed. Noisy-periodic behavior was identified where three waves crossed each other at 

transverse locations one third of a tank width from the sidewalls. This motion was stable 

in the region of Figure 4.20 labelled 3. 

Transitions to the various multi-transverse-wave states were generally of an 

intermittent nature. In fact, the loss of stability of the noisy-periodic two-wave state as 

forcing amplitude was increased had characteristics of a Type I intermittency route to 

chaos (Pomeau and Manneville, 1980). The amplitude of the cross-waves grew prior to 

intermittent strongly chaotic bursts, and the change of the Lyapunov exponent was 

proportional to the square root of the change of forcing amplitude (see Figure 4.40(a». 



Figure 5.1 
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The quasi-periodic tongues do not reduce to a point as the forcing amplitude 
is decreased. One explanation is that the tongues are folded under the 
subcritical sloshing bifurcation as shown. 
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APPENDIX A 

THE MOTION CONTROL SYSTEM 

Al System Compensation 

The linear motor provided accurate sinusoidal forcing of the wavemaker when 

operated with a Galil DMC-210 digital motion controller. Proper adjustment of the 

motion control system allowed the motor to compensate for time-dependent loads due to 

the pressure of the cross-wave fields. The functional elements of the motion control 

position loop are shown in Figure ALl. Optimal system performance was achieved by 

programming the digital filter with coefficients determined with an experimental 

procedure. The optimizing procedure will be explained after a description of the position 

loop elements. Transfer functions for the position loop elements are given in the Galil 

DMC-210 User's Manual. 

The digital filter can be mathematically described by the transfer function 

G(s) = ~+ fls (s+b) , 

where s is the Laplace transform variable and the filter parameters are determined by the 

programmable parameters GN, ZR, PL, and KI through the relations 

a = 2000(256-ZR) 
(256+ZR) 

b = 2000(256-PL) 
(256+PL) , 

g = GN(256+ZR) 
4(256+PL) , 

f = 3.9 KI . 
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The ZOH or zero-order-hold represents the sampling process that updates the motor 

command once every sampling period. The effect of the ZOH can be modeled by the 

transfer function 

1 
H(s) = (l+sT/2) • 

where T is the sampling period (I msec. for the present application). 

The DAC or digital-to-analog converter converts an 8-bit motor position command 

into an analog voltage in the range of ±10 volts. Hence, the effective gain of the DAC is 

where 

Kd = 5/64 volts/count. 

The transfer function for the motor and amplifier is given by 

Kr = force constant, 

K 
M(s) = J: ' 

J = inertia of motor and load. 

The RSF Elektronik glass-slide encoder has a grating interval of 0.008 mm. Since 

the two outputs are in quadrature, the position resolution is increased to 0.002 mm. The 

model of the encoder can be represented by the gain 

Ke = 500000 counts/m. 

The transfer functions can be combined into the single open loop transfer function 

A(s) = M(s)Kd Ke H(s)G(s). 
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The experimental optimizing procedure consisted of selecting filter parameters and 

readjusting them after observing the system response to a step input. The digital filter 

performed two functions: lead and integrator. The lead function stabilized the system 

while the integrator added to the accuracy. The first step of the compensation procedure 

was the determination of the lead filter parameters, GN, ZR, and PL. Subsequently, the 

integrator gain, KI, was selected. 

The value of the gain parameter, GN, generally depends on the motor, amplifier, 

and load. As the gain parameter was increased, the system response followed the input 

more closely and there was less overshoot. However, beyond a certain gain, the system 

became less stable and oscillatory. When that occurred, the gain was decreased until the 

response stabilized. After adjusting the gain parameter, the parameters, ZR and PL were 

selected to further improve the system response. 

The step response was one of the three types shown in Figure AI.2. Curve (a) is 

typical of a slow underdamped response that was improved by selecting larger values of 

GN and ZR. Response (b) is the ideal form of response because there was no overshoot or 

oscillation, and response (c) is underdamped and required a reduced gain. The values for 

GN, ZR, and PL which provided the most ideal form of response for a step input were 2, 

233, and 10 respectively. 

After the lead compensation was achieved, the accuracy of the wavemaking system 

was improved by including the integator function of the digital filter. This simply 

required an increase of the integrator parameter, KI, from its initial value of zero until the 

position error was eliminated for a motionless state. For large integrator parameter values, 

the system became oscillatory. This indicated that the reduced value, KI = 1, was 

optimum for wavemaking. 
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A2 Wavemaker Performance 

The motion control system was designed and optimized to force the wavemaker 

with a displacement that corresponded to a ±IO volt analog sinusoidal input waveform. 

The experiments described here required wavemaker displacements with a maximum 

frequency of 10 Hz. and maximum amplitude of 0.10 cm. Since the linear motor was 

capable of reaching speeds of 77 cm/sec, there was no difficulty forcing the wavemaker 

under the most extreme conditions. Furthermore, the digital motion control system 

accurately produced a wavemaker motion that followed the input waveform since it 

updated the motor command every millisecond or more than 100 times per cycle. 

It was important that the wavemaker motion contained only the single frequency of 

the input waveform. This meant that the motion control system needed to compensate for 

the time-dependent pressure forces of the cross-wave field near the wavemaker. The 

largest anomalous pressures were at the cross-wave frequency which was half the forcing 

frequency, and at the slow modulation frequency that was typically approximately 1/20th 

of the forcing frequency. Figure A2.1 shows a frequency power spectrum of the 

wavemaker motion when the cross-wave field was periodically modulated. The forcing 

frequency was 7.10 Hz. and the modulation frequency was 0.37 Hz. It can be seen that 

the motion control system effectively excludes any contributions from the subharmonic and 

modulation frequencies. Under these extreme modulation conditions, the wavemaker 

amplitude fluctuated by at most 2%. 
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Figure AI.l Elements of the motion control position loop. 
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Figure A1.2 System responses to step inputs are: (a) slow underdamped; (b) ideal response; 
(c) underdamped. 
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Figure A2.1 Frequency power spectrum of the wavemaker motion during a periodically 
modulated cross-wave state. The forcing frequency was 7.10 Hz and the 
observed modulation frequency was 0.37 Hz. 
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APPENDIX B 

TIlE WAVE-HEIGHT PROBES 

BI Physical Description 

The wave heights were measured by capacitance-type probes and a signal processing 

system that supplied an analog voltage that varied linearly with the local water level. A 

special thank you goes to Joe Hammack of the University of Florida for providing the 

basic design of the probes. A probe consisted of a vertical length of insulated wire 

connected to an RCL oscillator circuit. When partially submerged through the air-water 

interface, the wire and surrounding grounded water column became a variable capacitor as 

the local water height varied. Figure BJ.l shows how the conducting wire and surrounding 

water column act as the two "plates" of a cylindrical capacitor with the insulation serving 

as a dielectric. The steel shell serves to support the probe wire. The active element of the 

probe is that length of wire not encased in the stainless-steel suport. For such a capacitor, 

the time-varying water height, h(t), creates a time-varying capacitance given by 

where 

C(t) = 211"(0 Kh(t) 
InCa/b) 

(0 = permittivity constant 

K = dielectric constant 

a = radius of conducting wire 

b = radius of insulation 

Hence, the capacitance of the probe wire increased linearly with the height of the water. 

Figure B1.2 shows how the probe wire was connected to one of two nearly identical 

RCL high frequency oscillators with natural frequencies of about 300 kHz. Since the 
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natural frequency of the oscillators was proportional to the square root of ] IC, several 

small tuning capacitors were added so that the oscillators were tuned to the same frequency 

when the water level was at some reference height. The probe wire acted as a detuning 

capacitor which changed the frequency of one oscillator when the water height changed. 

For small changes of the probe oscillator capacitance, .6.C, the change of natural frequency 

varied linearly according to 

1 1 .6.w = - - --.6.C 
2 v'LC3 

where 

L = inductance of the oscillator. 

Therefore, an increasing water level decreased the frequency of the probe oscillator. 

The frequencies of the two oscillators were supplied to a frequency subtracter 

circuit which yielded a difference frequency. This frequency was proportional to water 

height but was too large to be supplied to the frequency-to-voltage converter. Hence, the 

difference frequency was further reduced and tuned by a frequency divider circuit so that 

the full scale water height change produced by the wave probe had an approximately 

4 kHz frequency variation within a band of I kHz to 10 kHz. 

The frequency from the divider was transmitted by a digital current loop to a signal 

conditioner. An opto-electronic isolater electronically isolated the probe from the signal 

conditioner and other probes. Each probe had power isolation provided by a DC-DC 

converter. 

The signal conditioner contained a frequency-to-voltage converter which produced 

an analog voltage directly proportional to the received frequency. This was accomplished 
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by summing input pulses for each cycle into an average current. The current pulses were 

initially integrated in a circuit which reduced noise. A desired time constant and 

bandwidth were obtained with an appropriate choice of capacitance in the integrator 

circuit. Finally, the current-to-voltage conversion was made with a known resistance so 

that an analog voltage which varied linearly with water height was supplied as an output. 

B2 Static Calibration 

Each probe was calibrated by measuring the static response when placed at 40 

vertical locations relative to a quiescent air-liquid interface. The probes were all adjusted 

by adding or removing tuning capacitors (c.f., Section BI) to provide nearly the same 

voltage change for a given probe displacement. A probe response of 1.20 ± 0.003 volts/cm 

was measured from the sample calibration curve of Figure B2.1. The other probes had 

static responses within 2% of 1.20 volts/em. Except when the ends of the wire were 

within 2 mm of the air-water interface, the static voltage response was a linear function of 

water level, and the linear range extended over the middle 9.5 em of the probe wire. 

Some of the experimental techniques required the use of several probes to measure 

the evolution of spatial structures. In these cases, it was necessary to adjust the probe out-

puts so that each probe provided the same voltage response for a given water level. There-

fore, whenever several probes were used simultaneously, the output signals were offset 

with a buck and gain amplifier so that the mean water level corresponded to an output of 

zero volts. 

The output voltage signals from the probes contained high frequency noise. The 

probe with the noisiest response had an r.m.S. level of 0.06 volts. Since the useful linear 

range of a probe wire was 9.5 em (11.4 volts), the maximum signal-to-noise ratio of the 

unfiltered probe output was 190/1. The noise level was reduced to 0.03 volts by passing 
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the signal through a Krohn-Hite 3342 low-pass filter with a cutoff at 1500 Hz. This 

increased the max~um signal-to-noise ratio to 380/1 for a dynamic range of 52 dB. 

Since the typical cross-wave field had maximum amplitudes of only about 5 cm, the actual 

signal-to-noise ratios were almost half of the maximum value. 

B3 Dynamic Response 

The wave-height probes were designed to have a bandwidth of approximately 

100 Hz. This was accomplished by using the appropriate capacitor in the integrator circuit 

of the signal conditioner (see Appendix BI). However, some lower bounds on the value of 

the bandwidth were estimated experimentally by observing the transient responses to fast 

vertical displacements of a probe through a quiesent air-liquid interface. 

The probe voltage response to upward displacement of 1.3 cm is compared to the 

actual probe movement in Figure B3.l. Experiments in which the probe was moved 

downward provided similar results. There was no detectable overshoot of the probe 

response for probe velocities up to 77 cm/sec. Hence, the probe was treated as a first 

order system in which the bandwidth can be determined through a time constant of the 

transient response. The time constant, r, is the time interval required for the difference of 

probe response and its asymptotic response to reach l/e of the initial difference. 

The first order system for the probe can be represented by the ordinary differential 

equation 

{B3.! ) 

where 

qj = input probe displacement, 
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and CIa = output probe response, 

and the static sensitivity is assumed to be unity. 

For an input signal of the form 

the resulting output signal is of the form 

The frequency response can be determined from equation (B3.1) to be 

Qo e-i~ 

Qi = vI + (wr)2 
(B3.2) 

where 

Defining the bandwidth as the frequency range over which the real part of the output Qo 

is within 3% of the real part of the input Qi implies 

(wr)2 < 1 - (0.97)2 
- (0.97)2 

Therefore, the bandwidth in Hertz, f, is given approximately by 

f = 0.2506 . 
271"T 

(B3.3) 

(B3.4) 

The velocity of the probe was limited by the maximum velocity of the linear motor, 

and instantaneous step displacements were not possible. However, a comparison of the 



155 

plots in Figure B3.l indicates that the probe response followed the probe motion to within 

the accuracy of the plots. An upper bound for the time constant was estimated to be 

approximately 0.003 seconds. According to equation (B3.4), the bandwidth was greater 

than 13.3 Hz. 

An alternative method was also used to estimate a lower bound on the probe 

bandwidth. In this method, the maximum velocity of the probe was measured during the 

step displacement shown in Figure B3.1. Subsequently, a value for the bandwidth was 

obtained by calculating the frequency of a hypothetical probe undergoing sinusoidal motion 

with the same maximum velocity. Since the probe response closely follows the probe 

displacement profile, the bandwidth of the probe must be at least this frequency. 

The maximum velocity of the probe, as measured from Figure B3.l, was found to 

be approximately 77 em/sec. Assuming a hypothetical sinusoidal displacement with an 

amplitude of 1 cm, the corresponding frequency of the sinusoidal motion is 12.25 Hz. 

Hence, 12.25 Hz is an alternative lower bound on the probe bandwidth. 

Both of the values obtained experimentally for the bandwidth are clearly lower 

bounds because of the limited velocity of the testing apparatus. Furthermore, all of the 

experiments described in this dissertation were performed with forcing frequencies less 

than 9.0 Hz, and so the subharmonic frequencies were always less than 4.5 Hz, and the 

modulation frequencies of interest were less than 1 Hz. 
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Figure Bl.l Schematic of wave height probe as cylindrical capacitor. The steel shell 
supports the wire, and the length of wire not surrounded by the shell 
comprises the active element. 
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Figure BJ.2 Wave height probe as detuning capacitor and subsequent signal processing. 
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frequency difference is determined and reduced before conversion to an 
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APPENDIX C 

DIAGNOSTICS 

CI Frequency Power Spectra 

A standard Fast Fourier Transform (FIT) FORTRAN subroutine was used for the 

extraction of frequency content from digitized time series. A calling program supplied 

N = 2M elements of a time series (where M was an integer) and processed the output. The 

FFT subroutine returned complex Fourier coefficients that were converted to power levels 

for discrete frequencies. Since the time series contained points sampled at fixed time 

intervals TO' information was lost for frequencies greater than 1/2To. Also, the truncation 

of the time series resulted in a frequency resolution of l/NTo. Since the data acquisition 

window generally began and ended at arbitrary points in a modulation cycle, some leakage 

error exists in the power spectra. Nothing was done to reduce this error. 

Most of the experiments described here were aimed at resolving the low frequency 

content of the coll~cted signals. Specifically, the power at frequencies less than I Hz was 

of interest. The dominant subharmonic frequency of the cross-waves was known to be 

exactly half the forcing frequency and no information was gained by calculating its power. 

Therefore, the time series were mostly obtained by sampling at the subharmonic frequency. 

This provided the desired information of frequency content in the approximate range of 0 

to 2 Hz. For this case, there was actually no data at frequencies greater than half the 

subharmonic frequency. The duration of the time series was usually more than four 

minutes. This allowed at least 1024 points to be supplied to the FFT subroutine for a 

frequency resolution of better than 0.004 Hz. 
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C2 Lyapunov Exponents 

Lyapunov exponents were estimated in order to reveal essential dynamical properties 

of chaotic motion by measuring the average divergence of trajectories in phase space. A 

positive Lyapunov exponent implies that trajectories initially close in phase space will, on 

average, separate exponentially with time. The exponents measure the average rate at 

which information about the state of a dynamical system is lost with time. Moreover, they 

are inversely proportional to the time interval over which the state of a chaotic system can 

be predicted. 

An algorithm developed by Wolf et al. (1985) provided a method for estimating the 

largest positive Lyapunov exponent, AI' from an experimentally obtained time series. The 

algorithm starts with an initial point on a reconstructed phase portrait and locates its 

nearest neighbor (see Figure C2.1). The initial distance, L(fo), between the trajectory 

elements is followed for short times, and, at a later time, tl , the distance between the two 

trajectory elements is L/(t1 ). At this time, the algorithm searches for a new point on the 

trajectory that satisfies two criteria reasonably well. Both the new length, L(tl ) and the 

angular separation between L(t1 ) and the evolved length, L/(tl ) should be small. If an 

adequate replacement is not found, the previous points are retained. After all trajectory 

points have been used, the exponent is calculated with the formula, 

where M is the number of replacement steps. 

The use of the algorithm required tests for convergence as four input parameters 

could be varied. The value for the reconstruction time delay could be almost arbitrary, 
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but it was best to avoid the natural period of the orbits. The evolution time is a parameter 

that could not be more than about one half of an orbit or the exponent would be under-

estimated because of contractions and large scale foldings. The minimum search length 

scale was approximately equal to the noise level, and the maximum search length scale was 

specified to be less than 1/4 of the phase portrait cross section so that only local structure 

was examined. These criteria for input parameters were determined by using the algorithm 

on numerica]]y generated maps and trajectories for systems with known Lyapunov 

exponents. For the Henon map and R~ssler systems, Table C.l compares Lyapunov 

exponents calculated from the equations of motion to values calculated from the solutions. 

Figure C2.2 shows the convergence of ).1 for the R~ssler system. Exponents are given in 

bits/iteration or bits/orbit because a base 2 logarithm was used in the calculations. 

C3 Correlation Dimensions 

An infinite set of dimensions has been defined to characterize the structure of 

phase portraits for dynamical systems (see Grassberger, 1983). These dimensions can be 

calculated directly from their definitions by first partitioning the phase space into d-

dimensional hypercubes of edge £ and calculating the probability of the trajectory visiting 

each cube. The general formula is 

log >(£~ p~ 
1 i=O 

Dq = £l!!:b -q--1 -~l:-"o'-g';;"£--

where 

Pi = probability of visit to cube i, 

M = total number of cubes visited, 

q = 0,1,2, .... 
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The zeroth order dimension is better known as the Hausdorff dimension or the 

capacity. The first and second order dimensions are known as the information and 

correlation dimensions respectively. The first, second, and higher order dimensions are 

generally less than or equal to the Hausdorff dimension, but they are more physically 

relevant because they take into account the frequency of occurrence of particular states. 

The differences between the dimensions is a measure of the inhomogeneity of trajectories 

in a phase portrait. 

The dimensions can qualitatively identify various types of behavior in phase space. 

Periodic motion on a limit cycle is one-dimensional and quasi-periodic motion on a 2-torus 

is 2-dimensional. The dimensions all share common integer values for these cases. 

However, the dimensions are generally unequal and noninteger for chaotic motion on a 

strange attractor. The chaotic phase portraits typically have noninteger dimensions greater 

than two. 

The probability of a visit to a particular cell can be estimated with simple box

counting algorithms. The general technique consists of partitioning the phase space and 

counting the number of times the trajectory visits a specific cell. A sufficient amount of 

data eventually allows a good estimate of the probability of visit. The procedure is 

repeated for as many finer partitions as possible so that the dimensions can be calculated in 

the limit as E: -+ O. 

Greenside et a!. (1982) have shown that algorithms based on box-counting methods 

only converge for phase portraits in low dimensional (0 < 3) phase space. This can be 

traced to the fact that large quantities of data are necessary to estimate the probabilities 

when the box size is small and the dimensionality of phase space is large. When data 

storage is not a problem, the time required for box-counting becomes an inconvenience. 
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Hence, box-counting methods tend to underestimate the dimension because the 

probabilities of visits to small boxes are underestimated. 

Grassberger and Procaccia (1983) developed an efficient method to calculate the 

correlation dimension 

They reasoned that the probability summation could be estimated by calculating the 

correlation integral, 

C(f) = lim _1_ {number of pairs <ei' ej), j > i} 
N-+oo N2 whose distance lei - ej I < f • 

where N is the total number of data points on the trajectory. When their technique was 

implemented, data storage requirements were significantly reduced. This allowed its use on 

the large-dimensional phase portraits more frequently encountered in experiments. 

A version of the correlation integral method was used to measure the correlation 

dimension in the experiments described here. The method was significantly faster than 

box-counting particularly with the further modifications suggested by Caputo and Atten 

(1987). When interpreting the dimension results, one must recall that the correlation 

dimension is only a lower bound on the Hausdorff dimension. However, comparisons of 

the dimensions with box-counting revealed that differences were within 10%. 

The noise level in the data could be easily determined along with the correlation 

dimension when the logarithm of the correlation integral was plotted as a function of log f. 

This allowed identification of the region of length scales from which the dimension could 



165 

be measured. At length scales larger than the noise level, the slope of the correlation curve 

was approximately constant and equal to the correlation dimension, while at smaller length 

scales, the slope corresponded to the embedding dimension. 

Figure C3.l shows the correlation curves for various embedding dimensions for a 

quasi-periodic experimental trajectory. The convergence of the correlation dimension for 

this data is shown in Figure C3.2. Also shown in Figure C3.2 are the correlation 

dimensions estimated from the correlation curves in Figure C3.3 for a strongly chaotic 

experimental trajectory. The correlation dimension for this case had errors as large as 10% 

because the length of the interval where it could be measured decreased when the 

embedding dimension increased. 

C4 Winding Numbers 

Although it was possible to estimate the winding number (the ratio of half the 

forcing frequency to the modulation frequency) from power spectra, a more precise and 

reliable method was also devised. A time series composed of samples from a single probe 

taken at intervals of twice the forcing period was obtained. This data was scanned for 

successive maxima of the series. Subsequently, the number of data points between maxima 

was recorded as Pi' Hence, the series (Pi) contained half the number of forcing cycles in 

each modulation cycle. Another series was generated which contained averages of Pi 

defined by 
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When the method was used on data from experimental cross-wave states~ wn varied 

between two values defined by 

and 

~ == lim inf wn 
N-+oo 11>N 

~ax = lim 
N-+oo 

where N was the minimum number of modulation periods required to obtain the limits. 

For large N, 0min and 0max approached a common rational limit ~/q for periodic states or 

a common irrational limit Ow for quasi-periodic states. Figures C4.1 and C4.2 show plots 

of Wn vs. n and the bounds 0min and ~ax for periodic and quasi-periodic cross-wave 

states. For chaotic states, wn took on any value in the winding interval bounded by ~in 

and ~ax. In fact, chaotic states often revealed themselves with nontrivial winding 

intervals. Figure C4.3 shows a plot of wn vs. n for a chaotic cross-wave state. This state 

appears to have a finite winding interval, but finite winding intervals were difficult to 

determine precisely. 

Determination of the winding number or winding interval required limit evaluation 

on long records of data. In practice, only finite data sets were accumulated and 

convergence to a limit was pursued. At small forcing amplitudes, convergence was 

generally observed with less than 50 modulation cycles of data, however, wavebreaking at 

large forcing amplitudes contributed to slower convergence rates. For some states with 

considerable wave breaking, the method was applied to records that included as many as 

200 modulation cycles before convergence was achieved. 
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CS FORTRAN Codes 

CS.l Power Spectrum FORTRAN Code 



PROGRAM PWSPC 
INTEGER CK 
COMPLEX A(15000) 
DIMENSION CS(8000),P(8000),PA(8000),X(50000),F(8000),S(4) 
CHARACTER TITL*80 
CALL DOPEN('ENTER DATA FILE NAME ',4,'0','F') 

5 PRINT *,'ENTER M,SR,INC' 
READ *,M,SR,INC 
IF(M.GT.13) GO TO 5 
PRINT *,'ENTER THE NUMBER OF AVERAGING INTERVALS' 
READ *,IA 
N=2**M 
DF-SR/FLOAT(N*INC) 
CK-l 
DO 30 K=l,IA 
J=O 
READ(4,*) (X(I),I-l,N*INC) 
Nl-l 
IF(X(2) .GT.X(l)) Nl-2 
DO 10 IcNl,N*INC,INC 
J-J+l 

10 A(J)-X(I) 
CALL FFT(M,A,CK,CS) 
NHALF-N/2-l 
DO 20 I=l,NHALF 
A(I+l)-A(I+l)/FLOAT(N) 
P(I)-2*(CABS(A(I+l)))**2 
PA(I)-PA(I)+P(I) 

20 CONTINUE 
::0 CONTINUE 

?OW.x",O.O 
F(l)-O.O 
DO 40 I=l,NHALF 
F(I+l)-F(I)+DF 
PA(I)-PA(I)/FLOAT(IA) 
IF(PA(I) .LT.POWMX) GO TO 35 
PO~"MX-PA (I) 
FMX-F(I) 

35 IF(PA(I) .LT.O.Ol) THEN 
PA(I)--2. 
ELSE 
PA(I)-ALOGlO(PA(I)) 
END IF 

~O CONTINUE 
IMIN-O 
IMAX=DF*(NHALF-l)+l 
JMIN--2 
JMAX-6 
CALL STRIN('ENTER PLOT TITLE' ,TITL) 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 

S(l)-IMIN 
S(2)-IMAX 
S(3)"'JMIN 
S(4)-JMAX 

168 



CALL KCHG(900,9500,1000,7500) 
CALL ZSCALE(S,O,O) 
CALL TICKS(1,IMAX*10,1,8) 
CALL TITLE(TITL) 
CALL XNUM(IMAX+l,'I',O,O) 
CALL YNUM(9,'I',0,O) 
CALL XLABEL('FREQUENCY (Hz)') 
CALL YLABEL('log P') 
CALL MOVABS(IFX(F(l»,IFY(PA(l») 
DO 150 I-2,NHALF 

:50 CALL DRWABS(IFX(F(I»,IFY(PA(I») 
CALL ENDPCT 
PRINT ~,'DOMINANT FREQ - ',FMX 
END 
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SUBROUTINE FFT(M,A,CK,CS) 
C 
C FAST FOURIER TRANSFORM ROUTINE 
C 
C FROM COMPUTING TECHNOLOGY CENTER, O.R.N.L. 
C 
C WHERE: M - 2**M COMPLEX DATA POINTS IN A 
C A - ON INPUT, 2**M COMPLEX DATA VALUES 
C ON OUTPUT, 2**M COMPLEX COEFFICIENTS OF THE TRANSFORM 
C CK - AN INPUT INTEGER CONTROL VARIABLE 
C -2 m INVERSE TRANSFORM (FROM COMPUTED COSINE TABLE) 
C -1 - COSINE TABLE AND INVERSE TRANSFORM CALCULATED 
C 0 - COMPUTE TABLE OF COSINES 
C 1 - COSINE TABLE GENERAGTED AND TRANSFORM CALCULATED 
C 2 - TRANSFORM CALCULATED ASSUMING CALCULATED COS TABLE 
C CS - REAL SINGLY DIMENSIONED ARRAY OF SIZE 2** (M-2)+1 USED 
C TO STORE THE COSINE TABLE 
C 
C 

C 

C 

C 

INTEGER CK 
COMPLEX A(l),W,T 
DIMENSION CS(l) 

DATA PI/3.1415926/ 

IC=CK 
IF(IABS(IC) .GT. 1) GO TO 20 

C GENERATE TABLE OF COSINES 
C 

IF(M .LE. 0) STOP 3 
MOLD=M 
NM-2**M 
FNM"NM 
NMT-NM/2 
NMTP1=NMT+1 
NP.F-NMT/2 
NMFP1-NMF+l 
FNMT"NMT 
PION-PI/FNMT 
DO 10 J=l,NMFPl 
IaJ 
FI=I-l 
THT-FI*PION 

10 CS(I)-COS(THT) 
IF(IC .EO. 0) GO TO 140 

20 IF(M .NE. MOLD) STOP 4 
IF(IC .GT. 0) GO TO 40 

c 
C INVERSE-(TRANSFORM(A*)/N)*, THUS CONJUGATE 
c 

DO 30 J-1,NM 
I-J 

30 A(I)-CONJG(A(I» 
C 
C ':'Rl'.NSFOP.M 
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C 
40 DO 100 L-1,M 

LP1-L+1 
MML=M-L 
NSTEP"2**MML 
NS2-2*NSTEP 
ITER-NM/NS2 
DO 90 J-1,ITER 

C LAST BIT SHOULD ALWAYS BE ZERO FOR IR 
IR-(J-1)*2 
IBR-O 
DO 50 IL=l,L 
K-MOD (IR, 2) 
IBR-2*IBR+K 
IR-IR/2 

50 CONTINUE 
IBR-IBR*NSTEP 
IBI-IABS(NMF-IBR)+1 
WI=CS(IBI) 
IF(IBR .GT. NMF) GO TO 60 
WR-CS (IBR+1) 
GO TO 70 

60 WR=-CS(NMTP1-IBR) 
70 W-CMPLX(WR,WI) 

NB-(J-1)*NS2 
DO 80 I-1,NSTEP 
N-NB+I 
N1-N+NSTEP 
T-A(N1)*W 
A(N1)-A(N)-T 
A(N)-A(N)+T 

80 CONTINUE 
90 CONTINUE 
100 CONTINUE 
C 
C THE FOURIER SUMS ARE COMPLETE, BUT THEIR ADDRESSES ARE BIT 
C REVERSED. REORDER THEM. 
C 

DO 120 I-1,NM 
IR-I-1 
IBR-O 
DO 110 J-1,M 
KaMOD(IR,2) 
IBR-2*IBR+K 
IR-IR/2 

110 CONTINUE 
C 
C IBR IS BIT REVERSED VALUE OF I-1 
C 

IER-IBR+1 
!F(IBR .LE. I) GO TO 120 
T-A(I) 
A(I)-A(IBR) 
A(IBR)-T 

::'20 CONTINUE 
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C BIT REVERSAL IS COMPLETE 
C 

IF(IC .GT. 0) GO TO 140 
C 
C CONJUGATE AND DIVIDE BY N 

DO 130 I-1,NM 
130 A(I)wCONJG(A(I»/FNM 
140 RETURN 

END 
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CS.2 Lyapunov Exponent FORTRAN Code 



:0 

:!.2 
15 
C 
C 

C 

C 

c 

c 

c 

20 

C 

,.. 
'-

:0 
c 

PROGRA."1 FET 
INTEGER DIM,TAU,EVOLV 
DIMENSION X(16384),Z(16384,8),PTl(12),PT2(12),SEP(12) 
OPEN(unit-4,file-'inputfile') 
REWIND 4 
OPEN(unit=7,file-'outputfile') 
PRINT *,'ENTER * OF SAMPLES AND SAMPLING INCREMENT' 
READ *,NPT,INC 
READ(4,*) (X(I),I-l,NPT) 
IF(INC.EQ.l) GO TO 10 
J .. O 
DO 5 I=l,NPT,INC 
JaJ+l 
X(J)"'X(I) 
NPT=NPT!INC 
PRINT *,'ENTER DIM,TAU,DT,SCALMX,SCALMN,EVOLV' 
READ w,DIM,TAU,DT,SCALMX,SCALMN,EVOLV 
WRITE(7,*) DIM,TAU,DT,SCALMX,SCALMN,EVOLV 
N2=NPT-«DIM-l)wTAU) 
DO 15 I-l,N2 

DO 12 J-l,DIM 
Z(I,J)-X(I+(J-l)*TAU) 

CONTINUE 
IND POINTS TO FIDUCIAL TRAJECTORY 
:ND2 POINTS TO SECOND TRAJECTORY 
SUM HOLDS RUNNING EXPONENT ESTIMATE SANS l/TIME 
:~S IS TOTAL * OF PROPAGATION STEPS 

IND-l 
SUM-O.O 
ITS-O 

CALCULATE USEFUL SIZE OF DATAFILE 
NPT-NPT-DIMwTAU-EVOLV 

FIND NEAREST NIEGHBOR TO FIRST DATA POINT 
DI=1.E38 

~ONT TAKE POINT TOO CLOSE TO FIDUCIAL POINT 
1)0 30 I a 11, NPT 

CO~~UTE SEPARATION BETWEEN FIDUCIAL POINT AND CANDIDATE 
D=O.O 
DO 20 J-l,DIM 
D=D+(Z(IND,J)-Z(I,J»**2 

CONTINUE 
D=SQRT(D) 

STORE THE BEST POINT SO FAR EUT NO CLOSER THAN NOISE SCALE 
IF(D.GT.DI.OR.D.LT.SCALMN) GO TO 30 
DI-D 
IND2-1 

CONTINUE 
GET COORDINATES OF EVOLVED POINTS 

DO 50 J=l,DIM 
PTl(J)-Z(IND+EVOLV,J) 
P!2(J)=Z(I~D2+EVOLV,J) 
SEP(J)=PTl(J)-PT2(J) 

CONTINUE 
COMPUTE FINAL SEPARATION BETWEEN PAIR, UPDATE EXPONENT 

DF-O.O 
!)O 60 J-l,DIM 
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60 

C 
C 

70 
C 

C 

C 

80 

C 

C 

90 

C 

100 

c 

C 

110 

C 

DFcDF+(PT1(J)-PT2(J»**2 
CONTINUE 
DF-SQRT(DF) 
ITS-ITS+1 
SUM-SUM+ALOG(DF/DI)/(FLOAT(EVOLV)*DT) 
ZLYAP-SUM/FLOAT(ITS) 
WRITE(7,*) ZLYAP,EVOLV*ITS,DI,DF 

LOOK FOR A REPLACEMENT POINT 
ZMULT IS MULTIPLIER OF SCALMX WHEN GOING TO LONGER DISTANCES 

INDOLD .. IND2 
ZMULT-1. 
ANGLMX-.3 
THMIN-3.14 

SEARCH OVER ALL POINTS 
DO 100 I-1,NPT 

~ONT TAKE POINTS TOO CLOSE IN TIME TO THE FIDUCIAL POINT 
III-IABS(I-(IND+EVOLV» 
IF(III.LT.10) GO TO 100 

COXPUTE DISTANCE BETWEEN FIDUCIAL POINT AND CANDIDATE 
DNEW-O.O . 
DO 80 J-1,DIM 

DNEW-DNEW+(PT1(J)-Z(I,J»**2 
CONTINUE 
DNEW-SQRT(DNEW) 

LOOK FARTHER AWAY THAN NOISE SCALE, CLOSER THAN ZMULT*SCALMX 
IF (DNEW.GT.ZMULT*SCALMX.OR.DNEW.LT.SCALMN) GO TO 100 

FIND ANGULAR· CHANGE FROM OLD TO NEW VECTOR 
DOT-O.O 
DO 90 J-1,DIM 

DOT-DOT+(PT1(J)-Z(I,J»*SEP(J) 
CONTINUE 
CTHcABS(DOT/(DNEW*DF» 

C7H IS SOMETIMES INCORRECTLY LARGER THAN 1 
IF(CTH.GT.1.0) CTH-1.0 
TH-ACOS(CTH) 

SAVE POINT WITH SMALLEST ANGULAR CHANGE SO FAR 
IF(TH.GT.THMIN) GO TO 100 
THMIN-TH 
DII-DNEW 
IND2-I 

CONTINUE 
IF (THMIN.LT.ANGLMX) GO TO 110 

CANT FWD REPLACEMENT, LOOK AT LONGER DISTANCES 
ZMULT-ZMULT+1 
IF(ZMULT.LT.6) GO TO 70 

NO REPLACEMENT AT 6*SCALE, DOUBLE SEARCH ANGLE, RESET DISTANCE 
ZMULT-1.0 
ANGLMX-2*ANGLMX 
IF(ANGLMX.LT.3.14) GO TO 70 
IND2-INDOLD+EVOLV 
~II=DF 
CONTINUE 
IND-IND+EVOLV 

LEAVE PROGRAM WHEN FIDUCIAL TRAJECTORY HITS END OF FILE 
:F(IND.GE.NPT) GO TO 120 
!::I-DII 
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GO TO 40 
120 CALL "EXIT 

END 
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C5.3 Correlation Dimension FORTRAN Code 



PROGRAM GP 
DIMENSION X(15000),NK(81),Y(81) 
INTEGER RSHIFT,TAU,DIM 
EQUIVALENCE (R,IR) 
OPEN(unit-4,file-'inputfile') 
REWIND 4 
OPEN(unit-7,file-'outputfile') 
N"12000 
READ(4,*) (X(I),I-1,N) 
TAU=2 
NS .. 1 
INC-6 
DO 10 I-NS,N,INC 

J-J+1 
X(J)-X(I) 

10 CONTINUE 
DO 15 DIM-3,7 
DO 20 I-=1,81 

NK(I)-O 
20 CONTINUE 

N2-J-«DIM-1)*TAU) 
Nl=N2-1 
DO 60 I-l,Nl 

12-I-TAU 
K1"I+1 
DO 50 J-K1,N2 

J2"J-TAU 
R"O.O 
DO 40 K-1,DIM 
S"(X(I2+K*TAU)-X(J2+K*TAU»**2 
IF(S.GT.R) R"S 

~O CONTINUE 
J1"RSHIFT(IR,23)-86 
NK(J1)-NK(J1)+1 

50 CONTINUE 
EO CONTINUE 

C"O 
DO 80 I .. 1,81 

C=C+NK(I) 
IF(C.EQ.O.O) THEN 
Y(I)--40.000 

ELSE 
Y(I)-3.321928*ALOG10(C/(N1**2» 

ENDIF 
80 CONTINUE 

WRITE (7, 370) 
WRITE (7,370) 
WRITE(7,400) 
WRITE(7,210) 
DO 90 1--40,39 
Fl-I 
F-=F1/2 
DY-2*(Y(I+42)-Y(I+41» 
WRITE(7,450) F,Y(I+41),DY 

90 CONTINUE 
- :CNTINUE 
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210 FORMAT(' ') 
370 FORMAT('-.'7)-------------------------------------------
400 FORMAT(' 10g2(1) 10g2(c(1)) 
450 FORMAT(4X,F5.1,7X,F7.3,10X,F7.3) 

END 

d(10g2(c))/d(10g2(1))') 
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C5.4 Winding Number (Fo/F2) FORTRAN Code 



!O 

20 

30 

:0 

PROGRAM WINDING 
DIMENSION WND(1000),WMAX(1000),WMIN(lOOO),S(4) 
INTEGER IX(10000),NW(lOOO) 
CHARACTER TITL*80 
CALL DOPEN('ENTER DATA FILE ',4,'0','F') 
PRINT *, 'ENTER * OF SAMPLES' 
READ *, N 
READ (4, *), {IX (1),1 .. 1, N) 
IS-1 
!F(IX(2) .GT.IX(l» IS-2 
PRINT *,'ENTER SEARCH INTERVAL' 
READ *,IG 
IG-IG*2 
IS=IS+IG 
DO 10 I-2,IG,2 

IF(IX(IS) .GE.IX(IS-I) .AND.IX(IS) .GE.IX{IS+I» THEN 
GO TO 10 

ELSE 
IS-IS+2 
GO TO 5 

ENDIF 
CONTINUE 
Il-IS 
J-O 
DO 30 L-IS+2,N-IG,2 

DO 20 1-2,IG,2 
IF(IX(L) .GE.IX(L-I) .AND.IX(L).GE.IX{L+I» THEN 

GO TO 20 
ELSE 

GO TO 30 
END IF 

CONTINUE 
J .. J+1 
NW{J)-(L-Il)/2 
n-L 

CONTINUE 
PRINT *, (NW(I),I-1,20) 
SUM=O 
DO 50 L-1,J 

SUM-SUM+NW(L) 
WND(L)-SUM/FLOAT(L) 

CONTINUE 
v.'MIN (J) -WND (J) 
v.'MAX (J) -WND (J) 
DO 70 I-J-1,1,-1 

IF(WND(I) .LT.WMIN(I+1» THEN 
WMIN(I)-WND(I) 

ELSE 
WMIN(I)-WMIN(I+1) 

ENDIF 
IF ("mD (I) • GT. ilMAX (1+1» THEN 
WMAX(I)-WND(I) 

ELSE 
WMAX(I)-WMAX(I+1) 

ENDIF 
:ONTINUE 
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M1"v.'MIN (1) 
M2 .. WMAX (1) +1. 0 
M3"M2-M1 
M4"M3+1 
PRINT", (WND (I), I-I, 10) 
CALL STRIN('ENTER PLOT TITLE ',TITL) 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
S(l)-O.O 
S(2)-100 
S(3)-M1 
S(4)~M2 

CALL KCHG(1200,9S00,1000,9000) 
CALL ZSCALE(S,O,O) 
CALL TICKS(1,SO,1,M3) 
CALL TITLE(TITL) 
CALL XNUM(ll,'I',O,O) 
CALL YNUM(M4,'I',0,O) 
CALL XLABEL('N') 
CALL YLABEL('WINDING #') 
CALL MOVABS(IFX(l.),IFY(WND(l») 
DO 80 1-2,100 

CALL DRWABS(IFX(FLOAT(I»,IFY(WND(I») 
80 CONTINUE 

CALL MOVABS(IFX(l.),IFY(WMAX(l») 
DO 90 1-2,100 

CALL DRWABS(IFX(FLOAT(I»,IFY(WMAX(I») 
90 CONTINUE 

CALL MOVABS(IFX(l.),IFY(WMIN(l») 
DO 100 1-2,100 

CALL DRWABS(IFX(FLOAT(I»,IFY(WMIN(I») 
:00 CONTINUE 

CALL ENDPCT 
PRINT ",'AVERAGE WINDING # a' ,WND(J) 
PRINT ",'~INIMUM WND -' ,WMIN(J-40) 
PRINT ",'MAXIMUM WND -' ,WMAX(J-40) 
END 
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CS.S Fourier Mode Decomposition FORTRAN Code 



PROGRAM !-lDPLT 
DIMENSION AB(4,5),CB(4,4),NM(4),Y(4),X(5000),S(4) 
CHARACTER*l REPLY 
COMMON AB,N,NP,NDIM 
PRINT *,,' ENTER THE NUMBER OF MODES (PROBES)' 
READ *,N 
PRINT *,'ENTER THE MODE NUMBERS' 
READ *, (NM(I),I-l,N) 
PRINT *,'ENTER THE PROBE POSITIONS (IN CM)' 
READ *, (Y(I),I-l,N) 
W-30.9 
PI-4.0*ATAN(1.0) 
DO 50 I .. l,N 

DO 40 J=l,N 
CB(I,J)-COS(NM(J)*PI*Y(I)/W) 

~O CONTINUE 
:0 CONTINUE 

CALL DOPEN('ENTER PROBE DATA FILE' ,4,'0' ,'F') 
PRINT *,'ENTER THE NUMBER OF TIME STEPS AND PROBES' 
READ *,NT,N1 
READ (4, *) (X (J), J=l, NT*N1) 
DO 100 J-1,NT*N1,Nl 

DO 60 I-1,N 
DO 55 L-1,N 

55 AB(I,L)=CB(I,L) 
AB(I,N+1)-X(J+I-1) 

EO CONTINUE 
NP-N+1 
NDIM-N 
CALL ELIM 
DO 70 I-1,N 

IF(ABS(AB(I,N+1» .GT.XM) XM-ABS(AB(I,N+1» 
X(J+I-1)-ABS(AB(I,N+1» 

70 CONTINUE 
:00 CONTINUE 

PRINT *, (X(I) ,1=1,20) 
DO 110 1=1,20 

110 IF(500.*I.GE.XM) GO TO 112 
:12 XM"500*I 
115 PRINT *,'INDICATE PLOT TYPE (l-TIME 5ERIES,2-PHASE PLOT)' 

READ *, IR 
IF(IR.EQ.2) GO TO 150 
PRINT *,'ENTER LENGTH OF TIME SERIES (SECONDS)' 
READ "',TM 
PRINT *,'ENTER THE SAMPLING RATE' 
READ *,SR 
PRINT '*,'WHICH MODES?' 
READ *,M1,M2 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
CALL KCHG(1500,9000,1000,5000) 
S(l)"O.O 
S(2)-TM 
S(3)-0.0 
S (4) .. x.'1 

184 



CALL ZSCALE(S,O,O) 
CALL TICKS(1,4,1,4) 
CALL XNUM(5,'G',0,0) 
CALL YNUM(5,'G',0,0) 
CALL XLABEL('TIME (SECONDS)') 
CALL YLABEL('FOURIER AMPLITUDE') 
NT2-TM*SR*N 
DO 140 I"Ml,M2 

IF (I.EQ.l) M .. 35 
IF (I.EQ.2) M"40 
IF (I.EQ.3) M-43 
CALL SYMPLT(0.0,X(I),1.2,M) 
CALL MOVABS(IFX(O.O),IFY(X(I») 
DO 130 J-Nl*2+1,NT2,Nl*2 
T-(J-l)/(Nl*SR) 
CALL DRWABS(IFX(T),IFY(X(J+I-l») 
CALL SY~2LT(T,X(J+I-l),1.2,M) 
CALL MOVABS(IFX(T),IFY(X(J+I-l») 

130 CONTINUE 
14 0 CONTINUE 

CALL ENDPCT 
GO TO 200 

150 PRINT *,'WHICH TWO MODES DO YOU WANT PLOTTED (1,2,3)7' 
READ *,Ml,M2 
PRINT *,'HOW MANY POINTS?' 
READ *,N3 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
CALL KCHG(2000,8000,1000,8500) 
S(l)-O.O 
S(2)=XM 
S(3)-0.0 
S(4)"XM 
CALL ZSCALE(S,O,O) 
CALL TICKS(1,4,1,4) 
CALL XNUM(5,'G',0,0) 
CALL YNUM(5,'G' ,0,0) 
CALL XLABEL('AMPLITUDE (MODE I') 
CALL YLABEL('AMPLITUDE (MODE I') 
CALL MOVABS(IFX(X(Ml»,IFY(X(M2») 
DO 160 J-N+l,N3,N 

260 CALL DRWABS(IFX(X(J+M1-1» ,IFY(X(J+M2-1») 
CALL ENDPCT 

200 PRINT *,'DIFFERENT PLOT?(y OR n)' 
READ' (A)',REPLY 
IF(REPLY.EQ.'y') GO TO 115 
STOP 
END 
SUBROUTINE ELIM 
DIMENSION AB(4,5) 
COMMON AB,N,NP,NDIM 
NM1-N-1 
DO 35 I-l,NM1 

IPVT-1 
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DO 10 J=IP1,N 
IF(ABS(AB(IPVT,I» .LT.ABS(AB(J,I») IPVT=J 

10 CONTINUE. 
IF«ABS(AB(IPVT,I» .LT.l.E-5» GO TO 99 
IF(IPVT.EQ.I) GO TO 25 
DO 20 JCOL-I,NP 

SAVE-AB(I,JCOL) 
AB (I, JCOL) -AB (IPVT, JCOL.) 
AB(IPVT,JCOL)-SAVE 

20 CONTINUE 
25 DO 32 JROW-IP1,N 

IF (AB(JROW,I) .EQ.O.O) GO TO 32 
RATIO-AB(JROW,I)/AB(I,I) 
DO 30 KCOL-IP1,NP 

AB(JROW,KCOL)-AB(JROW,KCOL)-RATIO*AB(I,KCOL) 
30 CONTINUE 
32 CONTINUE 
35 CONTINUE 

IF(ABS(AB(N,N» .LT.l.E-5) GO TO 99 
NP1-N+l 
DO 50 KCOL-NP1,NP 

AB(N,KCOL)-AB(N,KCOL)/AB(N,N) 
DO 45 J-2,N 

NVBL-NP1-J 
L-NVBL+l 
VALUE-AB (NVBL, KCOL) 
DO 40 K-L,N 

VALUE-VALUE-AB(NVBL,K)*AB(K,KCOL) 
40 CONTINUE 

AB (NVBL,KCOL)-VALUE/AB (NVBL,NVBL) 
45 CONTINUE 
50 CONTINUE 

RETURN 
99 PRINT *,'SOLUTION NOT FEASIBLE' 

RETURN 
END 
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CS.6 Data Acquisition FORTRAN Code 



C 

C 

PROGRAM DATAKE 
INCLUDE '/usr/include/mr.f' 
INTEGER ADPATH,TlMEOUT,STATUS(2),CK 
INTEGER BWPATH,CLKPATH1,CLKPATH2 
INTEGER STDADR(2),ADRSARR(3),NW(1000) 
INTEGER*2 IX(60000),BWDAT,BWDAT1 
INTEGER KILL$,SPRINTF$ 
DIMENSION U(10000),S(4),CS(6000),PA(6000),F(6000) 
DIMENSION P(5000),T(5000),WND(lDOO),WMAX(1000),WMIN(1000) 
COMPLEX A(10000) 
CHARACTER CAMP*3,COMMAND*lS,TITL*SO 
CHARACTER*l REPLY 
LOGICAL LEX 
DATA STDADR /z'FF04',z'FF05'/ 
DATA ADRSARR /1,z'FFOO',z'FF07'/ 
DATA BWDAT /z'FFOC'/ 
DATA MAXN,MAXCHN/60000,15/ 

NADDRS=l 
ADPATH--1 
BWPATH--1 
CLKPATH1--l 
CLKPATH2--l 
FREQ-S.O 
LCNT-60000./FREQ 
lAMP-SOD 
IJK-SPRINTF$(CAMP,'%d',%VAL(IAMP» 
COMMAND(1:13)-'nice -15 das ' 
COMMAND(14:l6)-CAMP(1:3) 
COMMAND(17:1S)-' &' 

PRINT 5,'POINTER BUS WINDOW DATA:',BWDAT 
CALL MROPEN(BWPATH,'/dev/dacpO/clkl',O) 
CALL MRWNOPN(BWPATH,NADDRS,ADRSARR,O,l) 
CALL MRCLKSETTER(BWPATH,11,LCNT,LCNT,0,O,l,4) 
CALL MRCLKARM (1, Br,'PATH) 
CALL MRWNWR(BWPATH,STDADR(1),12,BWDAT) 
PRINT *, (COMMAND(I:I),I-l,lS) 
CALL SYSTEM (COMMAND) 

5 FORMAT(SU,16RIIO) 
C 
10 PRINT *,'WAVEMAKER FREQUENCY CHANGE?' 

READ ' (Al ' , REPLY 
IF(REPLY.NE.'y') GO TO 16 
PRINT *,'ENTER NEW FREQUENCY' 
READ *,FREQ 
LCNT-60000./FREQ 
RFREQ-60000./FLOAT(LCNT) 
BWDATl-LCNT 
PRINT 5, ' POINTER BUS WINDOW DATA:',BWDAT 
CALL MRWNh~(B~~ATH,STDADR(1),12,BWDAT) 
CALL MRWNWR(BWPATH,STDADR(2),lf,BWDAT1) 
PRINT *,'FREQUENCY CHANGE: REAL FREQ -' ,RFREQ 

16 PRINT *,' WAVEMAKER AMPLITUDE CHANGE?' 
READ '(Al', REPLY 
!: (REPLY. NE,' J") GO TO 20 
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PRINT *,'ENTER NEW AMPLTUDE' 
READ *,IAMP 
IJK-SPRINTF$(CAMP,'%d',%VAL(IAMP» 
COMMAND(1:13)-'nice -15 das ' 
COMMAND (14:16)-CAMP (1:3) 
COMMAND(17:18)-' &' 

17 INQUIRE(FILE-'PID',EXIST-LEX) 
IF(.NOT.LEX) GO TO 17 
OPEN(8,FILE-'PIO') 
REWIND 8 
READ(8,*) IPID 
CLOSE (8) 
CALL SYSTEM('rm PlO') 
IKILL-KILL$(%VAL(IPID),%VAL(9» 
PRINT *, (COMMAND(I:I),I-l,18) 
CALL SYSTEM(COMMAND) 
GO TO 20 

19 PRINT *,' 

C 

PRINT *,'--READY TO TAKE OATA--' 
PRINT *,'ENTER: ICB1,ICH2,NSPC,SR' 
READ *,ICH1,ICH2,NSPC,SR 
NCHAN-ICH2-ICH1+l 
TIMEOUT-O 
IF (NCHAN.LT.l.OR.NCHAN.GT.MAXCHN) GO TO 10 
IF (NCHAN*NSPC.GT.MAXN) GO TO 10 
IF(ICH1.LT.0.OR.ICH1.GT.MAXCHN) GO TO 10 
IF(ICH2.LT.0.OR.ICH2.GT.MAXCHN) GO TO 10 
CALL MROPEN(ADPATH,'/dev/dacpO/adfO',l) 
CALL MROPEN(CLKPATH1,'/dev/dacpO/clkO',O) 
CALL MROPEN(CLKPATH2,'/dev/dacpO/clk2',O) 
CALL MRADMOD(ADPATH,O,O) 
CALL MRCLK2(CLKPATH1,CLKPATH2,O,1,SR,RS,0,lOOOOO.,RBF,NCHAN,0) 
CALL MRADXIN(ADPATH,CLKPATH1,CLKPATH2,ICH1,NCHAN,1,0,NSPC,IX) 
CALL MREVWT (ADPATH, STATUS, TIMEOUT) 
PRINT *,'REAL SAMPLING RATE - ',RS 
PRINT *,'REAL BURST FREQUENCY - ',REF 
CALL MRCLOSE(CLKPATH1) 
CALL MRCLOSE(CLKPATH2) 
CALL MRCLOSE(ADPATH) 

20 PRINT *,' 
PRINT *,'CHOOSE ONE OF THE FOLLOWING CHOICES' 
PRINT *,' 
PRINT *,' (0) CHANGE PARAMETERS' 
PRINT *,' (1) TAKE MORE DATA' 
PRINT *,' (2) TYPE DATA' 
PRINT *,' (3) RECORD DATA' 
PRINT *,' (4) PLOT TIME SERIES' 
PRINT *,' (5) PLOT POWER SPECTRUM' 
PRINT *,' (6) OBTAIN FORCING AMP' 
PRINT *,' (7) OBTAIN WINDING #' 
PRINT *,' (8) EXIT' 
READ *,N5 
IF(N5.EQ.0) GO TO 10 
IF(N5.EQ.l) GO TO 19 
IF(N5.EQ.2) GO TO 30 

189 



C 

IF(N5.EQ.3) GO TO 50 
IF(N5.EQ.4) GO TO 100 
IF(N5.EQ.5) GO TO 200 
IF(N~.EQ.6) GO TO 248 
IF(N5.EQ.7) GO TO 300 
IF(N5.EQ.8) GO TO 400 

30 PRINT *,' 
PRINT *,'--TYPE DATA--' 
PRINT *,'ENTER: CHAN,NPTS' 
READ *,ICHN,NPTS 
PRINT 35 , (IX(I),I-ICHN-ICH1+1,NCHAN*NPTS,NCHAN) 

35 FORMAT(lX,1016) 
GO TO 20 

C 

50 PRINT *,' 

C 

CALL DOPEN('ENTER DATA FILE NAME ',4,'N','F') 
WRITE(4,*) (IX(I),I-1,NSPC*NCHAN) 
GO TO 20 

100 PRINT *,' 
PRINT *,'ENTER CHANNEL AND NUMBER OF POINTS' 
READ *,ICHN,NPTS 
J-O 
DO 110 I-ICHN-ICH1+1,NCHAN*NPTS,NCHAN 
J-J+1 

110 U(J)-IX(I) 
CALL STRIN('ENTER PLOT TITLE ',TITL) 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
TM-NPTS/SR 
S(l)-O 
S(2)-TM 
S(3)--2048 
S(4)-2048 
CALL KCHG(1200,9500,1000,6000) 
CALL ZSCALE(S,O,O) 
CALL TICKS(1,4,1,2) 
CALL TITLE(TITL) 
CALL XNUM(5,'G',0,0) 
CALL YNUM(5,'I',0,0) 
CALL XLABEL('TIME (SECONDS)') 
CALL YLABEL (' AMPLITUDE' ) 
CALL MOVABS(IFX(O),IFY(U(l))) 
DO 120 I-1,NPTS 
RI-I*TM/FLOAT(NPTS) 
CALL DRWABS(IFX(RI),IFY(U(I))) 

120 CONTINUE 
CALL ENDPCT 
GO TO 20 

200 PRINT *,' 
205 PRINT *,'ENTER CHAN,M,INC' 

READ *,ICHN,M,INC 
IF(M.GT.13) GO TO 205 
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PRINT *,'ENTER THE NUMBER OF AVERAGING INTERVALS' 
READ *,IA 
N-2**M 
DF-SR/FLOAT(N*INC) 
CK-l 
DO 207 I-l,NHALF 

PA(I)-O. 
F(I)-O. 

207 CONTINUE 
DO 230 K-l,IA 
J .. O 
DO 210 I-ICHN-ICH1+1,NCHAN*N*INC,NCHAN*INC 
J-J+l 

210 A(J)-IX(I) 
CALL FFT(M,A,CK,CS) 
NHALF-N/2-l 
DO 220 I-l,NHALF 
A(I+l)-A(I+l)/FLOAT(N) 
U(I)-2*(CABS(A(I+l»)**2 
PA(I)-PA(I)+U(I) 

220 CONTINUE 
230 CONTINUE 

F(l)-O. 
PMX1-0. 
PMX2--2.0 
DO 240 I-l,NHALF 
F(I+l)-F(I)+DF 
PA(I)-PA(I)/FLOAT(IA) 
IF(PA(I) .LT.PMX1) GO TO 235 
PMX1-PA(I) 
FMX1-F(I) 
IM-I 

235 IF(PA(I) .LT.O.Ol) THEN 
FA(I)--2. 
ELSE 
PA(I)-ALOG10(PA(I» 
END IF 

240 CONTINUE 
IM-FLOAT(IM)*0.75 
DO 242 1-2,IM 

IF(PA(I) .LT.PMX2) GO TO 242 
PMX2-PA(I) 
FMX2-F(I) 

242 CONTINUE 
PRINT *,'Fl - ',FMXl 
PRINT *,'F2 - ',FMX2 
IMIN-O 
lMAX-DF*(NHALF-l)+l 
JMIN--2 
JMAX-6 
CALL STRIN('ENTER PLOT TITLE ',TITL) 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
S(l)-IMIN 
S (2) -Il-'.AX 
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S(3)-JMIN 
S(4)-JMAX 
IF(IMAX.GT.10) THEN 

IT-lMAX . 
IN-lMAX/5+1 

ELSE 
IT-lMAX*lO 
IN-lMAX+l 

ENDIF 
CALL KCHG(900,9500,1000,7500) 
CALL ZSCALE(S,O,O) 
CALL TICKS(l,IT,1,8) 
CALL TITLE (TITL) 
CALL XNUM(IN,'I',O,O) 
CALL YNUM(9,'I',0,0) 
CALL XLABEL('FREQUENCY (Hz)') 
CALL YLABEL('loq P') 
CALL MOVABS(IFX(F(l»,IFY(PA(l») 
DO 245 I-2,NHALF 

245 CALL DRWABS(IFX(F(I»,IFY(PA(I») 
CALL ENDPCT 
GO TO 20 

248 NS-NSPC*NCHAN 
IG-2 
PRINT *,'ENTER FORCING SIGNAL CHANNEL' 
READ *, ICHN 
J-O 
DO 250 I-ICHN-ICH1+1,NS,NCHAN 
J-J+l 
U(J)-IX(I) 

250 CONTINUE 
M-O 
DO 255 L-IG+l,J-IG 

DO 253 I"'l,IG 
IF(U(L) .GE.U(L-I) .AND.U(L) .GE.U(L+I» THEN 

GO TO 253 
ELSE 

GO TO 255 
ENDIF 

253 CONTINUE 
M-M+l 
P(M)-U(L) 

255 CONTINUE 
Ml-O 
DO 265 L-IG+l,J-IG 

DO 260 I-l,IG 
IF(U(L) .LE.U(L-I) .AND.U(L) .LE.U(L+I» THEN 

GO TO 260 
ELSE 

GO TO 265 
ENDIF 

260 CONTINUE 
Ml-M1+1 
T(Ml)-U(L) 

265 CONTINUE 
IF(M.GT.Ml) M-Ml 
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SUMaO. 
DO 270 I-I,M 
P(I)-P(I)-T(I) 
SUM-SUM+P(I) 

270 CONTINUE 
XM-SUM/FLOAT(M) 
SUM-O. 
DO 280 I-I,M 

280 SUM-SUM+(P(I)-XM)**2 
SD-SQRT(SUM/FLOAT(M»*0.70E-4 
XM-XM*0.70E-4 
A2-(XM/2.)**2 
PRINT *,'AVERAGE PEAK-TO-PEAK AMP :',XM,' em.' 
PRINT *,'STANDARD DEVIATION: ' ,SD,' em.' 
PRINT *,' 
PRINT *,'AMPLITUDE SQUARED :',A2,'em**2' 
GO TO 20 

300 PRINT *, 'ENTER t OF SAMPLES, AND SECTION' 
READ *,NS,IS 
PRINT *,'ENTER SEARCH INTERVAL' 
READ *, IG 
IG-IG*2 
IS-IS+IG 

305 DO 310 1-2,IG,2 
IF(IX(IS) .GE.IX(IS-I) .AND.IX(IS) .GE.IX(IS+I» THEN 

GO TO 310 
ELSE 

IS-IS+2 
GO TO 305 

ENDIF 
310 CONTINUE 

I1-IS 
J-O 
DO 330 L-IS+2,NS-IG,2 

DO 320 1-2,IG,2 
IF(IX(L) .GE.IX(L-I) .AND.IX(L) .GE.IX(L+I» THEN 

GO TO 320 
ELSE 

GO TO 330 
ENDIF 

320 CONTINUE 
J-J+l 
NW (J)" (L-I1) /2 
Il-L 

330 CONTINUE 
PRINT *, (NW(I),I-l,20) 
SUM-O 
DO 350 L-l,J 

SUM-SUM+NW(L) 
WND (L)-SUM/FLOAT (L) 

350 CONTINUE 
WMIN(J)-WND(J) 
WMAX(J)-WND(J) 
DO 370 I-J-l,I,-1 

IF(WND(I) .LT.WMIN(I+l» THEN 
WMIN(I)-WND(I) 
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ELSE 
WMIN(I)-WMIN(I+1) 

ENDIF 
IF(WND(I) .GT.WMAX(I+1» THEN 

WMAX (I)"WND (I) 
ELSE 

WMAX(I)-WMAX(I+1) 
ENDIF 

370 CONTINUE 
M1-WMIN(1) 
M2-WMAX(1)+1.0 
M3-M2-M1 
M4-M3+1 
PRINT *, (WND(I),I-1,10) 
CALL STRIN('ENTER PLOT TITLE ',TITL) 
CALL PCTRIF 
CALL PAGE 
CALL CORNER 
S(l)-O.O 
S(2)-100 
S(3)-M1 
S(4)-M2 
CALL KCHG(1200,9500,1000,9000) 
CALL ZSCALE(S,O,O) 
CALL TICKS(l,50,l,M3) 
CALL TITLE(TITL) 
CALL XNUM(ll,'I',O,O) 
CALL YNUM(M4,'I',O,O) 
CALL XLABEL (' N' ) 
CALL YLABEL('WINDING t') 
CALL MOVABS(IFX(l.),IFY(WND(l») 
DO 380 1-2,J 

CALL DRWABS(IFX(FLOAT(I»,IFY(WND(I») 
380 CONTINUE 

CALL MOVABS(IFX(l.),IFY(WMAX(l») 
DO 390 I-2,J 

CALL DRWABS(IFX(FLOAT(I»,IFY(WMAX(I») 
390 CONTINUE 

CALL MOVABS(IFX(l.),IFY(WMIN(l») 
DO 395 1-2,J 

CALL DRWABS(IFX(FLOAT(I»,IFY(WMIN(I») 
395 CONTINUE 

CALL ENDPCT 
PRINT *,' 
PRINT *,' 
PRINT *,'AVERAGE WINDING f -',WND(J) 
PRINT *,'MINIMUM WND -',WMIN(J-40) 
PRINT *,'MAXIMUM WND -',WMAX(J-40) 
GO TO 20 

400 CALL MRCLOSALL 
STOP 
END 
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PROGRAM DAS 
CHARACTER*3 CAMP 
INTEGER GETPID$ 
INCLUDE '/usr/include/mr.f' 
PARAMETER (iexread-l,iexwrite-0,nearest-0,isquare-4,low-0) 
PARAMETER (ifinish-0,isimul-l,indef-0,ishorts-3) 
INTEGER dapath,clkpath,indx,ichan,nchans,incr 
INTEGER*2 IX(5000) 
REAL fret,wret,period,tpbypr 
DATA dapath,clkpath/-l,-l/ 

CALL MRLOCK(O,O,NLOCK) 
CALL GETARG(l,CAMP) 
iamp-100*(intasc(camp(1:1»-48) 
iamp-iamp+10*(intasc(camp(2:2»-48) 
iamp-iamp+intasc(camp(3:3»-48 
OPEN(4,FILE-'PID') 
IPID=GETPID$() 
WRITE(4,*) IPID 
CLOSE (4) 
twopi-8.0*atan(1.0) 
period-100. 
freq-10.0 
tpbypr-twopi/period 
sr-freq*period 

c ** generate the sine wave 
DO 100 I-1,period 
IX(I)-iamp*sin(tpbypr*I) 
DO 10 J-I+period,5000,period 

10 IX(J)-IX(I) 
100 CONTINUE 
c ** open the D/A converter and the clock 

CALL mropen(dapath,'/dev/dacpO/dafO',iexwrite) 
CALL mropen(clkpath,'/dev/dacpO/clk3',iexwrite) 

c ** Set up the clock for the correct sampling rate 
CALL mrclk1(clkpath,nearest,sr,fret,isquare,0.0,wret,low) 

c ** Identify and release the buffers 
CALL mrbufall (dapath, IX,5, (1000*2» 

c ** Set incremental channel-addresing mode for D/A converter 
ichan-O 
nchans-1 
incr-O 
CALL mrdainc(dapath,ichan,nchans,incr,isimul) 

c ** Define the trigger clock and set up the D/A mode 
CALL mrclktrig(dapath,l,clkpath) 

c ** Start the transfer 
CALL mrxoutq(dapath,lOOO,indef,O.O) 

c ** Wait for a completed buffer : timeout - 20 sec 
500 CALL mrbufwt (dapath,20000) 
c ** Retrieve the DBQ, then re-release the it 

CALL mrbufget (dapath,ishorts, indx) 
CALL mrbufrel(dapath,IX(indx» 
goto 500 
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END 
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Figure C2.1 Schematic representation of the replacement procedure used during 
estimation of largest Lyapunov exponents. 
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Figure C2.2 The convergence of the Lyapunov exponent for the Rossler attractor. The 
attractor was generated with 2048 points with 6 points/orbit. The embedding 
dimension was 3, the time delay was 1/6 of an orbit, and the evolution time 
step was 2/3 of an orbit. 
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Figure C3.l Correlation curves at embedding dimensions 1, 2, 3, 4 and 5 for an 
experimental Quasi-periodic phase portrait. The noise level is approximately 
22.6 (4.5 bits). 
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Figure C3.2 The convergence of the correlation dimensions for experimental quasi
periodic motion and strongly chaotic motion. 
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Figure C3.3 Correlation curves for a strongly chaotic attractor. 
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Figure C4.1 Convergence to rational winding numbers for (a) periodic motion within 
tongue w(Fo/F2) = 9 of mode 5; and (b) periodic motion within tongue 
w(Fo/F2) = 19/2 of mode 5. 
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Figure C4.2 Convergence to an irrational winding number for a quasi-periodic state 
between subharmonic tongues w(Fo/F2> = 9 and 19/2. 
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Figure C4.3 The winding number vs. number of modulation periods for a chaotic cross
wave state at f = 7.2 Hz and a2 = 0.0055 cm2 • This state appears to have a 
finite winding interval and no unique winding number. 
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Table Cl. Comparison of Calculated Lyapunov Exponents with Known V-alues from 
Equations of Motion of Two Systems. 

Parameter 
System Values Al from Equations Al Calculated 

Henon: 

Xn+I = 1 - a~ + Yn a= 1.4 

Yn+I = b xn b= 0.3 0.603 bits/iter 0.58 bits/iter 

Rossler: 

it = -(y + z) a= 0.15 
y = x + ay b= 0.20 0.79 bits/orbit 0.79 bits/orbit 
z = b + z(x + c) c = 10.0 
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APPENDIX D 

DA TA POINTS OF BIFURCA nONS 
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Figure Dl.1 Data points used to determine bifurcation structure of mode 5. 
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