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ABSTRACf 

The Voyager 2 encounter with Neptune and its moons in August of 1989 completed the 

discovery phase of planetary ex.ploration. In the 25 years since Marine!_4 returned the first 

images of another planet, geophysical models for such basic processes as mantle 

convection and loading which were developed for the Earth have been strained beyond their 

limits by features such as the Tharsis rise on Mars and the coronae of Miranda which cover 

as much as a quarter of their planetary circumference. In this work I develop a general 

planetary shell model in spherical coordinates that is capable of treating shells of arbitrary 

thickness and driving forces of arbitrary breadth. I then present a methodology for finding 

the forces exerted on the shell from two processes. I first develop a treatment for mantle 

convection driven by a density anomaly within a viscous mantle. This model is applied to 

the small moon of Uranus, Miranda, to study the three large coronae which dominate its 

surface and for which several competing hypotheses were offered, two of which invoked 

mantle convection driven by density anomalies of opposite sign. I then develop a general 

model for loading of the lithosphere and examine the effects of a range of load breadths and 

lithosphere thicknesses. I map out the combinations of these two variables where classical 

approximations such as the flat-plate and thin-shell models are applicable as well as 

determine the nature and extent of the transition between these two regimes. Finally, I 

employ finite element modeling to investigate the coronae on Venus, showing that 

morphological aspects of these features reported in the literature can be produced by flexure 

of the lithosphere beneath a volcanic load and gravitational sliding of a cooled crust off 

these volcanic mounds. I then, however, produce independent characteristic topographic 

profiles for three of the more regular coronae which question how typical the reported 

morphologies are in the coronae in general. 

---------------------.--~~--.. ---.--.. -...... --..... _., ..... _. _ ........... __ ._ ...... .. 
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The construction of mathematical models to determine the stresses and strains in 

planetary lithospheres, and thus predict the tectonic response, has a long and distinguished 

history. Such models allow the determination of lithospheric properties such as thickness 

and rheology from the observed tectonics and have been employed, for example, to study 

Lunar mas con loading (Melosh, 1978) and the Montes (Comer et al., 1985) and Tharsis 

Rise (Banerdt et al., 1982; Sleep and Phillips, 1985) of Mars. When reviewing such 

applications for their usefulness, however, it is necessary to keep in mind the assumptions 

and restrictions of the models on which they are based. 

The traditional approach to studying a planetary lithosphere is to adopt thin shell theory, 

and to follow the general approach of Love (1944) or Reissner (1941). These fonnulations 

for stress and strain in a shell depend on treating the shell as thin and the vertical nonnal 

stress as zero. Kraus (1967), in his review of thin shell theory, points out that 'thin' in 

these derivations is never defined but gives, as a general rule of thumb, that the shell's 

thickness be less than 10% of its radius so that, in the derivations, one may treat the ratio of 

the shell's thickness to its radius as much less than unity. This 10% rule of thumb has 

since entered the literature as a canonical value without further examination. Similarly, 

Kraus states that the assumption of zero normal stress can be considered generally 

reasonable so long as the model is restricted to thin shells and any surface load is not highly 

concentrated. 

---------------------_. __ ... _ .. - . 
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Brotchie (1971) develops a somewhat different model for spherical shell stresses due to 

surface loading. With the additional constraint that the load be narrow when compared to 

the planetary radius, he simplifies the general equation for flexural displacement in the 

shell, and reduces the 6th order differential operator (V6w, where w is the displacement) to 

a more tractable 4th order operator. He then finds the stresses and strains in a restricted 

region of the shell using Bessel-Kelvin functions. This additional constraint, however, 

effectively requires that the shell not only be thin but shallow as well, so that distances 

along the spherical surface may be approximated by those along a conical section. 

A second approach is to treat the lithosphere as though it were a flat elastic plate and 

solve the problem in Cartesian coordinates. Comer (1983) develops this methodology for 

loads on plates of arbitrary thickness. Employing Fourier transforms of a general harmonic 

Airy stress function, he determines displacements, stresses and strains due to an 

axisymmetric load and shows that his modeling agrees (with the appropriate correction for 

the surface load) with both the thin plate approximation of Brotchie and Sylvester (1969) 

and elastic half-space solution of Officer (1974). Other load models based on flat-plate 

solutions, such as that by Melosh (1978), have added corrections that simulate some of the 

spherical effects such as the arch support afforded by the curvature of the shell. 

The stated restrictions of these models are generally met in the case of the Earth, but not 

by other solar system bodies. For example, Mars shows some evidence both for a 

relatively thick shell (Lorell et al., 1972; Carr, 1973) as well as changing thickness with 

time (Carr, 1974; Plescia et al., 1979), while the breadth of the Tharsis Rise precludes its 

evaluation as a load by flat-plate approximations. Modeling of Tharsis using only the 

membrane stress portion of thin shell theory (e.g. Sleep and Phillips, 1985) is thus highly 

dependent on both the thickness of the lithosphere at the time of loading as well as the 
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nature of the lithospheric response at thicknesses which are near or even greater than 10% 

of planetary radius. Banerdt has developed models which allow for arbitrary lithospheric 

thickness and load width by including both membrane and bending stresses from shell 

theory. He employed these models to examine the Tharsis Rise of Mars (Banerdt et 

ai.,1982) and the stress state in the lithosphere of Venus (Banerdt, 1986). This modeling 

uses the spherical harmonic coefficients for both topography and gravity as boundary 

conditions. Although knowledge of these coefficients is currently limited in both order 

and accuracy, these models allow the determination of stress due to long-wavelength loads 

as well as the effect of lateral variations in crustal thickness and density for those cases 

where the harmonic coefficients are known. 

The same restrictions on lithospheric thickness and curvature discussed above for 

models which treat loading also apply to models of mantle convection with attendant 

limitations on the thickness of the lithosphere or the size of upwelling plumes in the mantle. 

Such models are quite useful and informative for smaller features on the terrestrial planets 

(e.g. Phillips, 1990). However limitations on load or convection cell size are exceeded by 

some features of the small icy moons of the outer solar system, while the relative paucity of 

data on these bodies precludes assuming that their litho spheres may be treated as thin. For 

example, images of the Uranian moon Miranda show three areas of complex terrain, 

trapezoidal to ovoid in shape, with no previously known counterpart. These features, 

called coronae, are characterized by an inner core of intersecting ridges and troughs 

surrounded by a series of subparallel and concentric bands. Two of the proposed 

explanations for these tectonic features involve mantle convection driven by density 

anomalies. However, these features have diameters which extend for approximately 15% 

of the moon's circumference so that any model of them or the mantle convection cells 

responsible for them must at least take planetary curvature into account. Due to the low 
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surface temperatures at Miranda's great distance from the sun, the models should also be 

capable of treating relatively thick, rigid lithospheres as well. 

It is the purpose of this dissertation to present an exact analytical model to determine the 

stresses in an arbitrarily thick, spherical shell due to an idealized axisymmetric load of 

arbitrary width or due to mantle convection cells driven by the density contrast between the 

cell and the surrounding mantle. The model includes as end members the flat-plate and thin 

shell membrane approximations and allows the determination of the nature of the transition 

between them. I investigate stress states and the resulting tectonic patterns due to an 

idealized exponential load as functions of five dimensionless parameters: HlRp, the ratio of 

lithospheric thickness to planetary radius; w, the lie decay width of the load; q, the 

'support parameter', which is the ratio of buoyancy to flexural support; 0, the angular 

distance from the load center; and r/Rp, the normalized radial distance from the planet's 

center. I examine the parameter space to determine the validity and limits of assumptions 

made in various models: the width of loads that can be treated using flat-plate theory, the 

lithospheric thickness that can be treated using thin shell theory, and the nature of the 

transition between these two regimes. I also develop a model for mantle convection and 

employ it to study the feasibility of producing the coronae on Miranda by this mechanism. 

Finally, I employ a general finite element model of Melosh and Raefsky (1980) to study 

the coronae of Venus, which though they are similar in size and general appearance to those 

on Miranda, are considerably smaller when scaled to the size of the planet and require 

extremely high order solutions and computation times when studied using the models 

described previously but can be adequately treated using the flat plate approximation of the 

fmite element code. 
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CHAPTER 2 

ELASTIC SHELL DEVELOPMENT 

To determine the response of a spherical lithosphere of arbitrary thickness to various 

forces acting on it, the first step is to develop a general mathematical model for an elastic 

planetary shell. To this end I adopt a spherical coordinate system (Figure 2.1) assuming 

axial symmetry about the 9=0 axis. Displacements, Vr and Va within the shell can be 

expressed in terms of Legendre polynomials, Pj, as: 

00 

Vr = L a A. rn P. (~) 
. 0 J J J= 

I 

00 ( 2\2 a 
Va = - L A. r n 1 - ~ ) a~ p. (~) 

. 0 J J 
J= 

where ~ = cos 9, and finally, due to the assumed axial symmetry: 

V =0 
cjI 

(2.1) 

(2.2) 

(2.3) 

Since I will be primarily interested in the expression of stresses and tectonics on the surface 

of the shell I adopt the usual nomenclature for the various directions as they are viewed in 

the plane of the planetary surface. Displacements and stresses parallel to the r direction are 

termed vertical, those parallel to 9 are termed radial, and those parallel to cp are termed 

hoop. 

---------------------------~.-.. --.. -.-........... -........ -.......... "-"" .... _-_ ...... . 
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Figure 2.1: Planetary elastic shell coordinate system and radii. 

----------------------~-------.. --.- ..... _ ...... __ ... _--..... _ ... -_ ... -.. . 
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I now seek to fmd expressions for the terms Aj' n, and a. I first find the definitions 

for strain in spherical coordinates and then substitute the general expressions (2.1 through 

2.3) into them, yielding the following: 

e =...i u = ~ n a Arn -1 P.
J
. (~) rr ar r.k J 

J=O 
(2.4) 

= fAr n - 1[( 1- ~2) ~ P. (~) + a P.(~)J (2.5) 
j=O J a~ J J 

= ~ fAr n - 1 [- ~ :la~ P. (~) + a P ( ~)J 
. 0 J Q J J J= 

(2.6) 

--------------------~--~-.---.-.-.--....... --.......... -'-"-_ .. ,., .. _-_ .. -_ .. . 
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= 0 (2.9) 

The pressure is given by: 

00 

= L A rn - 1[(n + 2)a- j(j+ 1)] P. (l;) (2.10) 
. 0 J J J= 

Now from the general expression for stress: 

.--------------------~-•.. ----.--.. -.--...... _ ...... __ ...• -._., ..... _.-._-_ .•....... 
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(J .. =2 J.1E .. +A. Tr(E .. ) 
lJ lJ lJ (2.11) 

the stresses are given by: 

00 

(Jrr=L A.rn - 1{2J.1na +A.[(n+2)a-j(j+1)]}P.(~) (2.12) 
. 0 J J J= 

(Jee= f A.rn-l {2Jl(1-~2) a22p·(~)+ [2Jla+A«n+2)a+j(j+l»] P.(~)} (2.13) 
j=O J a~ J J 

(J,y. = f A.rn-l{-2Jl~ ~}: P.(~)+[2J.1a+A.(n+2)a-j(j+1»]P.(~)} (2.14) 
'I"t' j = 0 J (}~ J J 

(JQjl =0 (2.17) 

Setting the vertical stress equilibrium equation to zero (no body forces): 

and substituting the stress equations (2.12 through 2.17) into (2.18) and simplifying, I 

obtain a fourth degree equation for n and a: 

f Aj rD -2 {[{2n2+2 n-4-j 2 -j)a +( 3-n )(1 +j) 1 +[(n2+n -2)a+ (- n+ 1) (f + P]A} P
j 
(~) =0 (2.19) 

j=O 
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Similarly, the radial stress equilibrium equation: 

yields upon substitution: 

In general, A ¢. 0, r n-2 ¢. 0, and (1_;2)1/2 ¢. 0, while the orthogonality of the Legendre 

polynomials and their derivatives insures that each individual term within the infinite sums 

must also be identical to zero, so that the vertical and radial equilibrium equations imply: 

and: 

Making the convenient substitution, A. = J.L (1+8), (X can be eliminated between (2.22) 

and (2.23), which become, upon simplification, 

which can be factored and has as roots, 8 = -3, which is trivial, as well as: 

-------------------------~--.'- .. -.. -~-' ... "'.' ...... "' .""'., 



22 

j -1 

-j-2 
(2.25) 

n= 
j+ 1 

-j 

These expressions for n, when substituted into the vertical and radial stress equilibrium 

equations, (2.22) and (2.23), yield the following expressions for a: 

n= j-l => a= j 

r.=-j-2 => a=-j-l 

which hold regardless of A and J,L, while: 

. [(j - 2) Jl + (j)A ] 
n = j + 1 => a = (J + ~ (j + 5)Jl + (j + 3) A 

n =-j [ 
(j+ 3)Jl+ (j+ I)A ] 

=> a=(j) (-j+4)Jl+(-j+2)A 

(2.26) 

(2.27) 

(2.28) 

(2.29) 

so that the various a and n are coupled and can be expressed in terms of j, the Legendre 

order. Since there are four solutions to the quartic equation in j and n (2.24), there will be, 

in general, four constants for each Legendre order, namely Ajl through Aj4, each of which 

is associated with a given set of expressions for n and a which are now known to be 

distinct for each Legendre order, that is nj and aj. The final expressions for the various 

stresses within the shell can thus be given in full by substituting these coupled Aj, aj, and 

nj into equations (2.12) through (2.17) and solving. Where Jl is taken to be equal to A for 

simplicity, the resulting expressions for the stresses are given in Table 2.1, using the 

generalized form: 

.... ---.-.-~-.. "--.. -.--.... --' ... - ... _._ ... _._-_ .... _.-_ .. -_ .. _-_. 
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o xy= L f(1;) ~ L '1 .AI·~ +'2 jA2 jr +f 3, .A3 . ( + f4 .A4 ·r -I P. (~) (2.30) 2 {OO [ . -2 ~ - 2 . +1 ~ ] } al 

1=0 1 1=0 oj oj " J,J oJ,J ~ J 
1 

Neither the functional dependence of radius, rn nor the constants Aj have any 

dependence on either the order of the Legendre derivative I or the particular stress being 

deter-mined; these dependencies are carried in the various functions f(~) and fj which are 

given in Table 2.1. 

Since there are four coefficients for each Legendre order, I will need four boundary 

conditions. These boundary conditions will be determined from the physics of the two 

general problems that I will solve, convection due to a density anomaly within the mantle 

and loading of the lithosphere. 
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Table 2,1; Functional Tenns for EQl1ations of Utbospberic Stress (2,3Q) 

Stress 1 f(~) 

all' 0 1 2j2 - 2j 2l-7j-S 2,3+ 6,2 , 
2j2 + 6j + 4 j ~-j 

j+4 j- 3 

0'00 ,3+ S ,2 , S ,3 2,2 8' 0 1 j2+ 3j j2_j-2 j j -j- j - J - j 
j+4 j-3 

1 - 4~ 1 1 1 1 

2 3 (1 - ~2) 1 1 1 1 

O'clull ,3+ S ,2 , S ,3 2,2 8' 0 1 j2+ 3j j2. j - 2 j j -j- j - J - j 
j+4 j-3 

1 - 4~ 1 1 1 1 

2 (1 - ~2) 1 1 1 1 

are 0 0 0 0 0 0 

1 - (1 - ~2) 2j - 2 - 2j - 4 - 2j2+4j-l - 2j2+3 
j+4 j-3 

------------------------~.--.----.--.... -....•.. ,--" .... _ .. _ •......... _._ .... 
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CHAPTER 3 

MAN1LE CONVECTION AND ITS APPUCATION TO MIRANDA 

3.1: Introduction 

The images (Figure 3.1) returned by Voyager 2 of Miranda, the small, inner Moon of 

Uranus, show tectonic features called coronae (Strobell and Masursky, 1987) that have no 

previously known analog in the solar system. The three known large coronae, Elsinore, 

Arden, and Inverness, are all roughly 250 km in diameter, a scale comparable to the body's 

radius. While large concentric structures occur on other bodies, for example, Caloris on 

Mercury, Orientale on the Moon, and Valhalla on Callisto, these are all obviously due to 

impacts. Miranda's coronae present a different picture. The outer banded terrain in these 

features is composed of ridges and troughs (Smith et al., 1986) that are not truly concentric 

but more ovoid in shape, unlike typical large impact basins. These bands are spaced much 

more closely than the rings in multiring basins. The bands terminate rather abruptly against 

the older, heavily cratered terrain which shows no apparent tectonic deformation. 

Conversely the coronae show few remnants of the topography of the older terrain. This 

contrasts with the outer regions of large impact basins which clearly show unaltered older 

terrain between the tectonically produced rings. The central 60 km or so of both the 

Elsinore and Arden coronae inside the banded terrain are characterized by randomly 

oriented ridges and troughs rather than by a smooth crater floor and/or a central peak. 

Various mechanisms have been proposed to explain the coronae. Two of these 

proposals involve mantle convection driven by mass anomalies within the mantle, either as 
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Figure 3.1: Photomosaic of Miranda. The coronae are (left to right) Arden, Inverness, and 

Elsinoh.', The image shows the moon from a vantage point over the south pole. The moon 

is 500 km across (USGS photomosaic, 1986, Flagstaff, Arizona). 

-----------------------------~--~---.--.-- ............ -........ - .. _ .. "" ... ---... -..... ' 
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a result of late accreting large silicate bodies slowly sinking through an icy mantle toward 

the body's center (the "sinker" model of Shoemaker) or as a compositionally produced, 

low density, rising diapir (the "riser" model of Soderblom) (Johnson et al., 1987). While 

it has been argued that these mechanisms can produce the tectonic features observed in the 

coronae, no analytic methodology was employed to predict the actual stresses produced in 

an overlying shell by such induced mantle convection. The size and angular extent of the 

coronae preclude the use of flat plate approximations, while the lack of any information on 

the composition, thickness, and history of the lithospheric shell of Miranda make it unclear 

that a thin shell approximation is applicable. Furthermore, no clear agreement exists as to 

the actual tectonic features present in the coronae. Whether, for example, the ridges and 

troughs represent compressional folding or extensional horsts and grabens is critical to the 

determination of the mechanism that produced the surface tectonics of Miranda. 

3.2: Corona Topography and Tectonics 

All three of the coronae possess a central area of disordered ridges, troughs, and other 

tectonic features surrounded by a series of roughly concentric bands. The two equatorial 

coronae, Elsinore and Arden, are incompletely imaged due to the geometry of encounter. 

Their general shape, however, is highly suggestive that as the term corona implies, the 

outer concentric banding forms a complete circuit. The modl~ls of Shoemaker and 

Soderblom which are to be tested implicitly assume this to be the case. With them, I 

assume that these observed features of Elsinore and Arden coronae continue over the limb 

into the unimaged portions of Miranda. Inverness Corona, while completely imaged, is 

more trapezoidal than ovoid, with linear sides and angular corners. These linear 

--------------------------~'"-.. ~ .... - ... -.'-".' ........ ," ,_. 
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boundaries appear to have been inherited from a set of preexisting, planetary-wide fractures 

trending SooE and 1600E (Croft, 1987). With these caveats I will treat the coronae as 

roughly circular in overall shape. 

Two general lines of evide;:nce, stemming from crater counts and brightness differences, 

suggest that the coronae of Miranda have been resurfaced (Smith et al., 1986). Crater 

densities on the coronae are significantly smaller than those on the older, heavily cratered 

terrain. The craters within the coronae also represent a separate population of impactors 

with a steeper size-frequency distribution than the older terrain. This later population of 

impactors may have evolved in Uranian orbit after the initial accretion of the system's 

moons (Strom, 1987). There is no evidence for altered, compressed, or faulted early 

craters within the coronae except for a few limited remnants of old terrain in Elsinore 

Corona. The crater density in Elsinore is about 40% less than that in Arden and Inverness 

(S.K. Croft, personal communication, 1987), so that the surface of Elsinore is younger 

than that of the other two coronae which are in tum younger than the surrounding heavily 

cratered terrain. 

Each of the coronae is approximately 5% darker on average than the surrounding 

cratered terrain (Hillier et al., 1987). This contrast appears to be produced by a 

compositional difference and is not simply due to grain size effects. Darkening of the 

water ice surfaces prevailing in the Uranian system is commonly attributed to an admixture 

of carbonaceous rock fraction (Johnson et al., 1987). On Miranda, the upper kilometer of 

the subsurface layer is bright where it 1S exposed in fresh craters and along fault scarps 

(Smith et al., 1986; Croft, 1987). This suggests that the coronae are overlain by at least a 

thin blanket of slightly darker material which may have originated at depth . 

..... -~. _.- .. _-, _ ..•........ " . 
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A recent analysis oflirnb topography (Thomas, 1988) shows that the coronae generally 

conform to the best fit, triaxial ellipsoidal shape for Miranda. Thus any large-scale uplift or 

downwarp associated with their production has relaxed. The same analysis fmds that both 

Arden and Elsinore coronae are bounded in places by steep-walled troughs a few 

kilometers deep and a few tens of kilometers wide. These troughs exhibit sharp 

topographic breaks, asymmetric steps, and steep slopes. They are typically flanked by 

peripheral highs that rise 1 to 2 Ian above the surrounding terrain. The best example of 

these bounding troughs lies in the southeast comer of Arden Corona, where it has been 

interpreted as a fault block (Thomas, 1988) or as set of outward facing scarps (Croft, 

1987). This structure may have been inherited from a preexisting set of global scale 

grabens (Smith et al., 1986). 

Elsinore Corona (Figure 3.2) occupies the equatorial region of the trailing hemisphere 

of Miranda. It is the youngest, most regular corona and has the most uniform albedo of the 

three. The troughs and ridges of the central area show no preferred orientation. The outer 
\ :\" 

bands are concentric about the center of the ovoid and are typically a few kilometers wide. 

Occasional remnants of the ancient cratered terrain are apparently preserved between the 

outer bands (Smith et al., 1986). Both the central and concentric ridges and troughs are 

undulose in plan. As with the other coronae, the relief within Elsinore is smoother than 

that in the ancient cratered terrain (Thomas, 1988). Ridges and troughs within the banded 

terrain are continuously traceable for distances in excess of 100 Ian and occasionally up to 

200 km. In the southwest and southeast comers, where these features follow a much 

smaller radius of curvature, individual ridges and troughs can be traced completely around 

the comer. No en echelon offsets to these linear features are evident anywhere within the 

---------------------~-.. -.... - ... -.............. -
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Figure 3.2: Elsinore Corona. The central area of disorganized ridges and grooves occupy 

the limb. These are surrounded by a set of concentric, continuous ridges with an average 

wavelength of 4 km. The corona extends approximately 250 km along the limb. 

Southwest is to the left, and southeast is to the bottom of the image (NASA photo 

26846.20) . 

. -------------_ .. _ ..... _ .. 
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bands. Both the undulosity and 'continuity of the concentric banded terrain are typical of 

compressional folding tectonics. 

Arden Corona (Figure 3.3) is situated on the leading hemisphere of Miranda at the 

equator. The outer bands of Arden are typically broader than those of Elsinore, having a 

wave width of approximately 8 km. As with Elsinore, these bands are continuously 

traceable over more than 100 Ian without en echelon offsets and curve smoothly around the 

comers of the corona. Extensional troughs radial to the center of Arden occurring in the 

older cratered terrain as well as other features suggest that Arden may be a large, modified 

impact basin (Croft, 1987). The coincidence of Elsinore and Arden coronae with 

Miranda's leading and trailing hemispheres implies that at least one and possibly both are 

associated with negative mass anomalies on moment of inertia arguments, in contrast with 

lunar mascons which are positive anomalies and face the primary, Earth. This is due to the 

tendency of rotating bodies to minimize their rotational energy by rotating about the 

maximum principal moment of inertia axis while tidal despinning aligns the minimum 

moment of inertia axis with the primary (Hubbard, 1984). 

Inverness Corona (Figure 3.4) is located near the south pole of Miranda. It is more 

rectangular in general plan than the other two coronae and also has a narrower outer band 

of ridges and troughs. The tectonic features of its inner core are more organized, being 

preferentially oriented in two roughly orthogonal directions. Inverness's polar position is 

also consistent with its being a site of mass deficiency rather than excess. 

------------------------_._ .... _-- . 



32 

Figure 3.3: Arden Corona. The outer concentric bands are broader than in Elsinore with an 

average wavelength of 8 km. Arden extends about 250 km along the limb. Its bands are 

also continuous and curve smoothly around corners. The southeast corner is to the upper 

right (NASA photo 26846.11). 

------------------------------------------.--------
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Figure 3.4: Inverness Corona (top right) and the southeast corner of Elsinore Corona. 

Located at the south pole, Inverness Corona is much more angular than the other two but 

stiII shows an outer area of concentric banding which wraps around comers. The narrow 

band of older cratered terrain between them is approximately 25 km wide (NASA photo 

26846.29) . 

. _------------_._ ... - - -



-;-' 

THIN 
CRUST 

ICE 
MANTLE 

34 

Figure 3.5: Sinker model. The core is treated as rigid, the mantle as a viscous fluid, and 
the lithosphere as an elastic solid. The sinker drives a flow in the mantle as shown. 

-----------------------~--.. --.. --- .................. - . '--" .. _ .......... _-_ .... -.•... 
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3.3: Planetary Mantle Convection Model 

I have undertaken an analysis of the stresses induced in Miranda's lithosphere by an 

anomalously dense mass sinking through its mantle. This model (Figure 3.5) was inspired 

by the proposals of Shoemaker and Soderblom. The lithosphere is represented by a global 

shell that behaves elastically for small strains over time scales less than the Maxwell time. 

The Maxwell time, 'tM, is defined as the time at which the time dependent creep strain, 

e creep' is equal to the initial elastic strain, Eel' and is given for a Newtonian viscous 

material by: 

Eel (J I J.1 11 
't --------

M - Ecreep - (J 111 - J.1 
(3.1) 

where h is the viscosity and m is the modulus of rigidity. Such conditions are appropriate 

to a body such as Miranda where the external temperature is significantly below the melting 

temperature of its surface material and which shows no evidence of multiplate tectonics. I 

further assume that the body being modeled possesses a rigid core. For Miranda this core 

represents either partially differentiated silicate materials or an undifferentiated silicate-ice 

mixture under a pressure and temperature regime which precludes flow. I have studied 

models with widely different core sizes in an effort to compensate for the uncertainty in its 

size. My final results are not significantly dependent upon this size up to core radii that are 

90% of the planetary radius. 

For the study of convective flow within a Newtonian viscous mantle, I adopt a 

spherical coordinate system with its origin at the center of the planet. The a=o axis 

coincides with the mass anomaly and the shell and mantle are axially symmetric about the 

a=o axis so that longitudinal displacement (Ucp) is everywhere zero and all derivatives with 

----------------------------~.---------.--..... -.. - , .. -.. 
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respect to cj) are likewise zero. The radii, Re, Rs, and RI, are those to the top of the core, 

the mass anomaly, and the base of the lithosphere, respectively. _ _ ___ , 

The vertical and radial stress equilibrium equations in a viscous sphere are, after 

rearrangement and simplification, given in terms of the vertical velocity, iJ, and radial 

velocity, V: 

- -2- iJ ..2...LiJ L + + 2iJ 
? r ar ar 

~ a . (1_~2) a2 . 3~ 
IV ----u + -=-:-2 U 

a ? a~ 2r2 
~ 2 -ar P = 2T) 2r2( 1- ~ ) 2 -F r 

(3.2) 

where P is the pressure, T) is the viscosity, ~ = cos a, and Fr is the radial component of any 

body force. Similarly, the radial stress equilibrium equation becomes 

~P= 2T) 
a~ 

-F a 

(3.3) 

.... _ ... _____ ._.1!11111~.~ •..• ,~ . ••..••.. ' "_",-,,, .. _0 _ •• _-_ •••• _--. 
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and I assume that any force acting on the mass anomaly is directed toward the center of the 

coordinate system so that Fa = O. The longitudinal stress equilibrium equation reduces 

trivially to zero due to axial symmetry. 

I express flow, strain rates, and stresses within the mantle in terms of a stream function 

'1', defined such that the vertical component of flow is given by 

(3.4) 

and the radial component of flow is given by 

V= 1 a 'I' 
( 2)1. Or 

r 1- ~ 2 

(3.5) 

and the hoop component of flow is everywhere zero. The flow field (iJ, V) can be shown 

to be incompressible for arbitrary 'I' in equations (3.4) and (3.5). Substituting these 

expressions using the stream function into the vertical and radial equilibrium equations 

gives 

(3.6) 

(3.7) 

I now expand the stream function into a sum of Legendre polynomials (pekeris, 1935) of 

the form 

____________________ -_~-____ ._ •• __ .-••• - ••••••• _ .... · ... _ .. w_ .. • .. ·_·· __ • .... •• .. 
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00 ( 2)iJ 
'II = - Lb. r 1-1; ~1; P .( 1;) 

. 0 J u J 
J= 

(3.8) 

Substituting this fonn into the expressions derived for the vertical and radial derivatives of 

pressure, taking the alternate derivative, and assuming a constant viscosity in the mantle, 

yields two expressions: 

and 

where a prime indicates a derivative with respect to radius. Subtracting (3.9) from (3.10) I 

get an expression for the radial derivative of the vertical body force: 

~~ F = ~ r b':" _ 2j(j + 1) b". + 4j(j + 1) b/. + j(j + l)(j + 3)(j - 2) b .J.Q. p .(~) 
11 a~ r j-:ot. J r2 J r3 J r4 J a~ J (3.11) 

The functions bj' are polynomials of the general type: 

b.=B.r(X 
J J 

(3.12) 

where Bj is a constant. Because (3.11) is a fourth-order differential equation for bj' there 

should be four a and four Bj which satisfy the equation, giving a general solution: 

(X 1 . (X 2 . (X3 . (X 4 . 
b.=B1.r .J+B .r oJ+B .r oJ+B .r oJ 
J,J 2,J 3d 4,J (3.13) 

--------------------------~-- .. ~ .... --.-........... --... ....... ..-.................. __ ....... . 
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where each B and associated a must be detennined for each Legendre order j. For the 

homogeneous solution, where Fr = 0, I substitute (3.12) into (3.11). From the 

orthogonality of the Legendre terms, each order sum is zero: 

which has the roots 

a= 

-j 

-j+2 

j+ 1 

j+ 3 

(3.15) 

giving the coupling between the various coefficients, exponents, and Legendre order for bj

Using this solution, I determined explicit expressions for pressure, stresses, and strain 

rates within the mantle. Pressure and stresses are given by using the general form 

1 [ 
-j - 3 -j - 1] ) 2 f I · B

I ·r +f 2 · B
2 ·r I 

00 ,j ,J. ,J,j 0 
X = 11 r f (;) I .r . _ 2 . -1 P l;) 

1 = 0 J = 0 + f . B . r J + f . B . r J 0; 
3,j 3, J 4,J 4,j 

(3.16) 

while strain rates follow the same general form but without the viscosity dependence: 

{ [ 
-j-3 -j-I~} 2 il . B I .r + f2 . B 2 .r I 

00 ,j,J ,J,J 0 
X = L i ( ;) L . . I P j( ;) 

I = 0 1 j = 0 + i . B .r J - 2 + f . B .r J 0; 
3,j 3,J 4,j 4,J 

(3.17) 

and the particular functions are given in tabular form in Table 3.1. 

,--------------~--.,- .... --, ......... -.......... ' ............. '"._-''''''' 
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Table 3. 1; Functional Terms for Equations of Mantle Pressure and Stress (3.16) 

and Strain Rate (3.17) 

flJ 

0 1 0 -4j2 + 2j 0 - 4j2 - 10j - 6 

0 1 2j3 - 6j2 - 2j 2j3 + 6j2 - 2j - 2j3 + 2j - 2j3 + 8j + 6 

0 1 _ j2 _ j 3j2 - 3j - j2 - j 3j2 + 9j + 6 

1 4~ -j -j + 2 j+l j+3 

2 2 (1 - ~2) j j - 2 - j - 1 - j - 3 

0 1 - 2j2. 2j 2j2 - 4j - 2j2. 2j 2j2 + 8j + 6 

1 2~ -j - j + 2 j+l j+3 

1 (1 - ~2)1/2 2j2+4 2j2- 2 2j2- 2 2j2+4 

0 1 j3 + 3j2 + 2j j3+j2+j - j3 + j - j3 - 2j2 - j 

0 1 _ j2_j _ j2_j - j2-j - j2-j 

1 ~ 2j 2j -4 - 2j - 2 - 2j - 6 

2 (1 - ~2) -j - j + 2 j+l j+3 

0 1 
. ., . 

- JL. - J - j2 - j _ j2. j - j2 - j 

1 -j - j + 2 j + 1 j+3 

Ere 1 (1 - ~2)1/2 j2+ 2j j2 - 1 j2 + 2j 
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For the inhomogeneous solution the body force at the sinker location is set equal to the 

gravitational force acting on the mass anomaly: Fr = .run g(r), where the mass difference is 

given by 

2x7t00 -100 

.run = J J J~r2sin(e) dr de dcp = -21t J J~pr2drd~ (3.18) 
o 00 1 0 

where ~p, the infinite density anomaly of the point mass, is expressed in terms of delta 

functions: 

(3.19) 

where rs and ~s are the radius and cosine of the sinker location. Expanding the angle delta 

function in Legendre polynomials, 

a(~ - ~s) =a(~ -1) = f, 2
j
; Ip .(~) 

. 0 J J= 

(3.20) 

(Lighthill, 1964) and integrating across rs, I obtain 

r +E 
gr s.run(2j + 1) _ 8

J 2 -
11410' s r 8 -E + 4,ij + 1) b. + ,ij + l)(j + 3)(j - 2) b. 

r3 J r4 J 

dr (3.21) 

I now express the stream function in terms of a Green's function gj such that gj has exactly 

the same functional expression as bj' given in equations (3.8) and (3.13), but where there 

are two different sets of coefficients, one set describing flow inside the sinker radius while 

the second set describes flow outside this radius. Since the delta function a(p - Ps) is 
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infinite when P = PS' at least one of the derivatives in the integral of equation (3.21) is 

discontinuous. Integrating term by term shows that in fact bj'" is discontinuous and is 

given by 

g'!'(r + £) _ g'."(r _ £) =_gr..:.s_&n_(_2-=-j +_1) 
J S J S "47tr~ 

(3.22) 

while all lower-order derivatives are continuous. 

The eight boundary conditions necessary to solve for the eight coefficients of each 

order of the Green's function are thus that radial and tangential velocities are zero at both 

the mantle/core and mantlenithosphere boundaries, and that gj' gj', and gj" are continuous 

across rs' while gj'" is discontinuous and satisfies equation (3.22). 

Flow field streamlines are functions of RclRI and RslRI only. Flow velocities vary 

directly with the magnitude of the mass anomaly and the strength of the gravitational field at 

the anomaly's location and inversely with the viscosity of the mantle material and the 

square of the lithosphere base radius RI. Strain rates and stresses within the viscous mantle 

share these dependencies with the exception that the instantaneous stress field produced by 

convective flow is in~ependent of the viscosity. This surprising independence results since 

the stress in the mantle is the product of the fluid's strain rate and viscosity. But the fluid is 

driven by the sinking mass whose velocity (and hence strain rate) is inversely proportional 

to the viscosity. Viscosity thus cancels out in the overall product. The time rate of change 

of the stress field does depend on viscosity through the dependency of the instantaneous 

stress field on sinker location. Thus the time derivative of stress depends on the sinker 

velocity. 
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Flow. in the mantle exerts both normal and shear stresses on the base of the elastic 

lithospheric shell. Solution of the full equilibrium and constitutive equations within this 

shell yields vertical and radial displacements (see Chapter 2). The mantle flow solution and 

the shell solution are coupled by requiring that the radial stress is continuous across the 

mantle-shell interface and that the vertical stress at the base of the lithosphere plus the 

isostatic restoring force resulting from uplift at the surface are equal to the radial stress at 

the top of the mantle. The two remaining boundary conditions necessary for the shell 

solution are that the vertical and radial stresses are zero at the surface. 

The stresses transferred to the shell by a mass anomaly sinking or rising through the 

mantle can be determined from this idealized model. These stresses are functions of the 

size and depth of the mass anomaly as well as of the thickness and mechanical properties of 

the lithospheric shell. 

3.4: Application to Miranda 

The choice of many of the model parameters for Miranda is problematical. Only 

Miranda's radius and mass are known with any degree of certainty. Moreover, the values 

of many parameters must be known at the time of coronal formation, rather than at the 

present day. 

Miranda's radius was initially given as 242±5 Ian (Smith et al., 1986). Later work 

(Thomas, 1988) has shown Miranda to be a triaxial ellipsoid having axes of 240, 234, and 

233 km. My spherical shell model employs the earlier value. Miranda's mass was 

determined from radio Doppler shifts during Voyager 2's closest approach (Tyler et al., 

----------------------~--.---------------- ... - --.. 
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1986) to be 7.5 ± 2.2 x 1019 kg. This mass is used in conjunction with an estimate of the 

degree of rock/ice differentiation to determine the strength of the gravitational field at the 

location of the mass anomaly. 

The choice of radii for the core-mantle boundary and the position of the mass anomaly 

are free parameters in this model. No a priori constraints can be placed on these values 

from the current observations of Miranda's surface. While the bulk density of Miranda 

places an upper limit on the size of any silicate core at -140 km (Tyler et al., 1986), 

assuming complete differentiation, the relevant boundary is a mechanical rather than a 

compositional one. The mass anomaly position changes over the course of convective 

flow. Computer models have been run which vary the core radius and mass anomaly depth 

over the range of possible values, and their effects on the tectonics predicted have been 

examined. 

I treat the mass anomaly as a point mass. Thus its physical dimensions are not included 

and do not affect either the flow streamlines within the mantle or the stress directions within 

the shell as determined by the model. The magnitudes of the stresses in both the viscous 

mantle and elastic shell scale directly with the mass excess or deficit in the sinker or riser. 

The results given here will be for the mass anomaly equivalent to the buoyancy force 

generated by a 100km-diameter silicate (3000 kg/m3) body in a water ice (1000 kg/m3) 

mantle. The stresses produced by larger or smaller bodies vary with the cube of their 

radius. The effect of having an embedded mass with a density less than that of the mantle 

is to reverse the signs of all stresses. 

Any model for mantle flow assumes that the viscosity will be low enough to permit flow 

initiation. Adopting the power law rheology for cold water ice found by Durham et al . 

.... --.. ---~-.-- .. --.~~--...... ---.... --.~ ...•. --.~-. -_ .. __ .... -. , 



45 

(1983), I calculate viscosities (Figure 3.6) and Maxwell times (Figure 3.7) for temperatures 

and stresses relevant to Miranda. Stresses in the vicinity of a 10 Ian diameter silicate sinker 

are generally of the order of a few megapascals. Such stresses allow viscosities of some 

1012 MPaos and Maxwell times of a few tens of years at temperatures as low as 175 K. 

Stresses induced by a rising diapir, with a density contrast roughly an order of magnitude 

less than that for a sinker, are correspondingly smaller. For stresses of a few tenths of a 

megapascal and temperatures near 175 K, expected viscosities and Maxwell times are 

approximately 1015 MPaos and 1000 years, respectively. Near the surface, temperatures 

should not rise significantly above the radiative equilibrium temperature of 70 K due to the 

strong Cf4) temperature dependence of the energy radiation rate: 

where: Pnet is the net energy loss 

O'SB is the Stefan-Boltzmann constant = 5.6696xlO-S I·s-l·m-2·K-4 

A is the radiating area = 4m2 for a rotating body 

e is the emissivity 

T is the temperature of the body in degrees Kelvin 

TO is the background temperature in degrees Kelvin 

(3.23) 

For an emissivity of 1 and a background temperature of 70 K, Miranda will radiate heat at 

the rate of 3.17x1012 lIs at a surface temperature of 100 K. Thus the surface remains cool, 

Maxwell times are longer than the age of the solar system, and the surface behaves 

elastically. 

---~ .. -.. -... -~- ..... -..... -, ..... -. , .. _ ... --_ ......... _-_ .... __ .. 
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The model for viscous flow, as developed here, implicitly assumes that viscosity is 

constant. However, viscosity is a strong function of stress (going as the fourth power of 

stress in the Durham et al. rheological law). Stress in tum is a function of the gradient in 

the stream function. The flow lines shown in the schematic diagram of the model (Figure 

3.5) are those actually found for a sinker located at a radius of 80% of the radius to the base 

of the lithosphere and for a core size half the radius of the body. As these flow lines 

indicate, flow will be restricted to a relatively narrow area of the mantle and die away 

rapidly with increasing colatitude. Within the area of flow, stresses will be relatively 

uniform as indicated by the generally even spacing of the flow lines. 

Several mechanisms may have contributed to the internal warming of Miranda and thus 

allow the initiation of mantle flow, including accretional, radiogenic and tidal heating as 

well as enhanced heat retention due to the presence of c1athrates in the shell of Miranda. 

For a full consideration of the potential contributions of each of these sources the reader is 

referred to the discussion in Greenberg et al. (1990). One intriguing method for warming 

the Mirandan interior by 100 K has been proposed by Marcialis and Greenberg (1987). 

This model tidally heats the interior during an episode of chaotic rotation, depositing this 

heat throughout the body. I assume that any sinker tectonics occur during this period of 

warming when the temperature profI1e of Miranda is characterized by a steep near-surface 

gradient and a uniform mantle temperature (R. Marcialis, personal communication, 1987). 

The asymmetric mass distribution required by this chaotic rotation model is fully consistent 

with that implied by the presence and size of the silicate bodies of the sinker model. 

Miranda's elastic shell is modeled as having a shear rigidity of 4.528 x 109 kg/mos2 

(Cas sen and Reynolds, 1979). This value is used to determine Maxwell times and the 
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Figure 3.6: Viscosity as a function of temperature and stress for H20 ice using the power 
law rheology of Durluun et al. [1983]. 
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Figure 3.7: Maxwell times as a function of temperature and stress for H20 ice using the 
power law rheology of Durham et al. [1983]. 
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rebound stress induced in the lithosphere by the displacement resulting from the man tIe 

convection vertical stresses. The rebound stress is found to be some 3 orders of magnitude 

less than the primary, convectively induced stress at the mantIe-lithosphere boundary. 

The thickness of the Mirandan lithosphere at the time of the corona development is 

uncertain. An upper limit to the lithospheric thickness in the ancient cratered terrain during 

tectonic activity can be derived from the large, planet scale grabens which cross it. These 

graben are typically of the order of 30-40 km wide. Such grabens imply, for bounding 

faults which dip 60° and intersect at the base of the lithosphere (McGill and Stromquist, 

1979), a lithospheric thickness of some 87% of their width. The ancient cratered terrain, 

then, was probably of the order of 25-35 km thick at the time of the development of these 

features. A lower limit to lithospheric thickness can be determined by assuming that the 

ridges and troughs of Elsinore Corona represent a thin folded lithosphere. It has been 

found (Currie et al., 1962) that for a variety oflayered arrangements under tangential load, 

the wavelength of folding is approximately 27 times the thickness of the dominant layer. 

This relation holds over several orders of magnitude. Thus the 4 km wavelength typical of 

Elsinore implies that the layer controlling any folding is roughly 100m thick. This places a 

lower limit on the lithosphere thickness. The lithosphere can be thicker if composed of 

multiple, rheologically different layers. 

The actual method and time of formation of the surface features on Miranda is 

unknown. Neither is the lithospheric thickness during formation. For purposes of 

determining the stresses predicted by this model, I initially adopt a value of 5 km. This is 

the depth at which the Maxwell time becomes short relative to geologic time scales during 
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the interior warming episode accompanying chaotic rotation (Marcialis and Greenberg, 

1987). Model runs assuming other lithospheric thicknesses have also been examined. 

3.5: Discussion of Model Results 

Several computer runs using the model developed here were carried out to determine 

whether any plausible combination of lithospheric thickness and mechanical properties, 

sinker size and depth, and core size could account for the tectonic features observed on 

Miranda. The results of those runs are presented. 

I fIrst consider the stresses produced in a 5-Ian-thick shell by a silicate sinker 10 Ian in 

diameter, where RslRl = 0.9 and RclRl = 0.5. Surface stresses (Figure 3.8) directly over 

the sinker and extending outward to 9=15° ( .... 60 Ian) produce a zone of both radial (9) and 

hoop (cj» compression which would be expected to lead to folding and thrust faults. Within 

this zone, however, neither radial nor hoop compression dominates, so that these features 

would have no preferred orientation. Beyond 15° the surface stresses are essentially zero. 

Stresses produced deeper within the shell, and in particular at its base, are nonzero 

beyond 15° (Figure 3.9) and may result in surface tectonic expressions. In particular, at 

9=15°, where surface stresses are declining to zero, these basal stresses reach their 

maximum deviatoric values with radial stresses in compression and hoop stresses in 

extension. This relative state of stress holds at the base of the lithosphere outward to an 

angular distance of 40°-45° ( .... 160 km) where basal stresses also decline to zero. Such a 

stress state should result in compressional features preferentially oriented parallel with lines 

of colatitude or concentric about the sinker location (Figure 3.10). Such features will 

probably not extend completely to 45° as stresses decline below the strength of the shell. 

---------------------------------------. _._- _.----
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Figure 3.8: Surface stresses for a sinker at Rs/Rl=O.9, in a Miranda with a core size of 

RcIRl=O.5, and having a lithospheric thickness of 5 km. 
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Figure 3.9: Basal stresses for a sinker at Rs/Rl=O.9, in a Miranda with a core size of 

RcIR1=O.5, and having a lithospheric thickness of 5 km. 
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Figure 3.10: Expected surface tectonic expression for a sinker at RsIR1=0.9, with a core 
size of Rc/Rl=O.S, and having a lithospheric thickness of S km. The transition from 
disorganized to concentric compression occurs 15° out from the sinker location . 
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As lithospheric thickness increases, stresses produced by the same size sinker in the 

same location decrease in magnitude and increase in areal extent (Figure 3.11). Increasing 

lithospheric thickness from 5 to 20 km reduces the surface stresses by an order of 

magnitude and increases their extent to 9 .... 20° before they decline to zero. The effect on the 

basal stresses is similar (Figure 3.12), again producing smaller stresses spread over a 

larger areal extent. 

The effect of increasing sinker depth is very similar to that produced by increasing 

lithospheric thickness (Figure 3.13). For a sinker having RsIRJ=0.6, surface stresses are 

again reduced by more than an order of magnitude while extending to approximately 20° 

before declining to zero. 

While in all cases the radial and hoop stresses are roughly equal to each other at the surface, 

the relative strength of the two stresses is controlled by the sinker depth. When the sinker 

is near the surface (sinker radius at 90% of lithospheric radius), the radial stress is slightly 

larger than the hoop stress, while the opposite becomes true as the sinker reaches greater 

depths (sinker radius at 60% of lithospheric radius). 

The distribution of stress orientations thus depends on the the thickness of the 

lithosphere, the size of the core, and the position of the sinker. The magnitude of the 

stresses in the lithosphere depends directly upon the gravitational field at the sinker location 

and the magnitude of the sinker mass anomaly and inversely as the square of the radial 

distance to the base of the lithosphere. This mechanism produces the largest stresses when 

large anomalous masses are embedded near the top of the mantle. Whether or not such 

-------------------------_ .•..... _ .... _ .. -_ ..... __ .... -
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Figure 3.11. Surface stresses for a sinker at RslRl=O. 9, in a Miranda with a core size of 
RcIR1=0.5, and having a lithospheric thickness of 20 krn. 
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Figure 3.12: Basal stresses for a sinker at RsIR1=0.9, in a Miranda with a core size of 

RcIR1=0.5, and having a lithospheric thickness of 20 km. 
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Figure 3.13: Surface stresses for a sinker at RsIR1=O.6, in a Miranda with a core size of 

RcIR1=O.5, and having a lithospheric thickness of 5 km . 
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sinker induced stresses result in surface tectonic expressions depends on both the 

magnitude of the mass anomaly and the strength of the lithospheric material. 

For large, planetary-sized bodies, the model predicts a different distribution of stresses. 

In this case, stresses at the lithosphere surface are still strongly compressional directly over 

the sinker and decrease rapidly away from it. However the hoop stress is greater than the 

radial stress everywhere within the compressional zone. Stresses at the base of the 

lithosphere no longer exhibit any maximum in radial compression at 9=15°. Indeed, the 

stresses predicted at the base are essentially equal to those at the surface, resulting in a 

stress field which does not vary with depth in the lithosphere. 

This stress field is in agreement with that given by flat plate models. It predicts that the 

tectonics will consist of a set of features radial about the mass anomaly's location. For a 

sinker, these features will be compressional folds and thrusts. Over a diapiric riser, they 

will be extensional grabens, again oriented radially about the center of the upwelling. 

The changeover in tectonic styles is a function of planetary radius. For a constant 

lithospheric thickness of 5 km, planets with radii larger than approximately 1500 km 

exhibit radial tectonic features. Bodies smaller than this critical radius, such as Miranda, 

are subject to a stress field characterized by an outer zone of longitudinal compression at the 

base of the lithosphere. The critical radius of -1500 km is slightly smaller than those of the 

Earth's Moon (Rp=1738 km, Hartmann, 1983) and 10 (Rp=1820 km, Hartmann, 1983) 

and slightly greater than that of Triton (Rp=1350 km, Smith et al., 1989), so that plate 

curvature effects may be important on these bodies. 

----------------------------~--... --.. --- .................. -. 
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3.6 Implications for Tectonics 

As the redundant use of the terms ridges and troughs implies, the nature of these terrain 

features is open to interpretation as either horsts and grabens, implying an extensional 

tectonic regime, or as folds, implying a compressional one. The model developed here 

predicts that if these outer bands are folds (compressional), then they are consistent with 

sinker-driven tectonics, whereas if they are horsts and grabens (extensional), then they are 

consistent with a diapiric riser in the mantle. 

The banded terrains generally show albedo and topographic variations which extend 

linearly around the coronae for considerable distances, usually for the entire visible portion 

of the corona. These features show no interruptions or en echelon offsets typical of 

extensional features. The bands generally show smooth, rounded transitions between 

ridges and troughs, again more indicative of folded terrain than of horsts and grabens. I 

feel that the best interpretation is that these features are compressional fold bands and that 

the terrain features exhibited by both the Elsinore Corona and the Arden Corona are 

consistent with the tectonic expression expected from sinker-driven mantle convection 

under a relati vely thin lithosphere. The sinking mass need not be an intact impactor, since a 

collection of silicate fragments would induce the same sort of convective pattern. 

The characteristics of these l-anded terrains of Miranda are in contrast to banding 

attributed to extensional tectonics. For example, the grooved terrains of Ganymede (Figure 

3.14), while superficially similar on a broad scale, differ in detail. The grooved terrain 

consists of individual ridges and troughs which are not continuous over the full length of 

the planet-scale features. Instead they are composed of shorter segments which swell and 

die out, beginning again as new segments offset laterally by some small distance. Where 

. _ .... -., ...... _ .. __ 0'-- .. ..... _- _." .--_ .. _-" "-~'" .•... -- ... 
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Figure 3.14: Grooved terrain on Ganymede, demonstrating discontinuity of the individual 

ridge or trough segments, angularity at comers and pinch-out of groove sets. Ridges are 

5-8 km apart; the crater at the center of the image is approximately 25 km in diameter 

(NASA photo 20640.37). 

-------------------------------------------------_. - . 
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these linear features wrap around corners with small radii of curvature, as at the left center 

of Figure 3.14, they do so by discontinuous angular breaks rather than by smooth curves. 

In addition, sets of grooves tend to pinch out against each other, as at the lower left of 

Figure 3.14. 

If the coronae are produced by compression resulting from mantle sinkers, it is 

necessary to account for the coincidence of compression and resurfacing. Extrusional flow 

is generally associated with extensional tectonics. There are two possible mechanisms 

which might account for a combination of compression and resurfacing for the Mirandan 

coronae. The resurfacing may occur as a result of the impact which emplaces the silicate 

mass anomaly. The kinetic energy of such an impactor would be preferentially deposited in 

the lithosphere of the moon and might be sufficient to melt some portion of the surficial ice. 

The compression brought about by the sinking mass would then be applied to the 

resurfacing material after its emplacement Such a model is consistent with the view that at 

least Arden Corona may be a large, modified impact basin (Croft, 1987). Second, forced 

mantle convection, driven by a compositional mass anomaly, would bring warmer mantle 

material to the mantlellithosphere boundary. Since for an icy Moon like Miranda this 

boundary is defined on mechanical grounds, such a warming from below would effectively 

thin the lithosphere, perhaps to the point of allowing the minor amounts of extrusive flow 

observed. 

The implied asymmetric mass distribution is consistent with Miranda's axis of rotation but 

not with the current longitudinal position of Arden and Elsinore coronae. For a des pun 

satellite the axis of minimum moment of inertia aligns with the primary, while the coronae 

occupy the leading and trailing hemispheres. This can be understood if the positive mass 

---~-.. ~ . ., ... --- ... -.-.- .•. , '" -
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anomalies which formed the coronae have completely descended to the core of Miranda. In 

sinking, they draw down the surface of the body behind them. This depression in the 

figure of Miranda then produces a negative free air anomaly and forces the Moon to reorient 

90° about its spin axis. The surface then slowly rebounds toward isostatic equilibrium but 

does not achieve complete adjustment; the negative anomaly and orientation persist to the 

present epoch. In contrast, if the coronae were produced solely by flooding, they would be 

expected to be positive mass anomalies in analogy with the lunar mascons, the Caloris 

Basin on Mercury and the Tharsis volcanoes on Mars, which are all positive free air gravity 

anomalies. With incomplete isostatic adjustment they would remain mascons and align 

with the primary. 

There are three lines of evidence for the size of the sinkers. For reasonable lithospheric 

thicknesses the stresses required to produce surface tectonic expressions imply that the 

sinker is equivalent to a silicate body several tens of kilometers in diameter. The chaotic 

rotation heating mechanism proposed by Marcialis and Greenberg (1987) requires an initial 

asymmetric mass distribution which can be expressed in terms of principal moments of 

inertia as (B-A)/C ~ 0.1. For this moment of inertia difference to be supplied entirely by 

two positive mass anomalies at surface equatorial antipodes requires two silicate bodies, 

each roughly 100 km in diameter. The Shoemaker sinker model posits low-velocity impact 

by these late accreting silicate bodies. Impacts at low velocity typically produce craters of 

the same size as the impactor, so that bodies of 100 kIn diameter are also consistent with 

the general size of the coronae. 

--------------------~-~.---.. - .. - ................ -.. 
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3.7: Conclusions and Further Considerations 

In general, then, the stress patterns predicted by this model of sinker tectonics and the 

tectonics of Miranda's coronae are consistent with the sinker model proposed by 

Shoemaker. Late accreting silicate bodies may induce a heating episode (Marcialis and 

Greenberg, 1987) which, in conjunction with the stresses induced by the sinker, can be 

sufficient to lower the mantle viscosity and allow sub solidus flow. On Miranda, such 

sinker induced mantle convection seems to require that there be several late impactors, each 

of large dimensions. The required size of the sinkers implies that a substantial portion of 

Miranda's silicates accreted late in the formation of the Moon and that they accreted as 

large, discrete packages. 

Shoemaker's proposed model for the formation of Miranda posits that a "proto

Miranda" accreted, differentiated, and then was subject to catastrophic disruption. The 

Moon then reaccreted, not as a homogeneous mixture of grain sized fragments, but as a 

heterogeneous assemblage of planetesimal-sized bodies. Any large silicate fragments 

accreting late in this process would· be unaffected by the state of differentiation of the 

reforming Miranda. Their descent toward the core and the mantle convection driven by that 

descent are affected primarily by the magnitude of the gravitational field and the density 

contrast between the sinker and mantle. This process of disruption and reaccretion can 

occur any time after the initial formation and differentiation of Miranda. It need not be 

entirely completed within the primordial sweepup time. Indeed there may have been 

several cycles of disruption and reaccretion in Miranda's history (Smith et al., 1986). 

An estimate of the number versus size of large silicate bodies available in the reaccretion 

of Miranda may be obtained by assuming that the core radius of the proto-Miranda is 

---------------------~--... -.. ---- ............... -
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similar in size to the current .. 140 krn radius core. The volume of such a core is capable, 

on disruption, of producing over 300 silicate bodies 40 krn in diameter or 22 bodies 100 

krn in diameter. Requiring that three of these bodies be among the last fragments reaccreted 

to Miranda does not seem unreasonable. It should also be noted that these late accreting 

silicate fragments would be co-orbiting with Miranda prior to reaccretion. They would thus 

impact with approximately the escape velocity of Miranda (~.2 km!s). 

On the basis of the model developed here, the Shoemaker hypothesis that the coronae 

of Miranda were produced by stresses induced by positive mass anomalies within the 

mantle is a viable explanation for these features. Indeed the patterns and magnitudes of 

stress predicted by my model are consistent with the areal extent and orientation of the 

tectonics observed on Miranda. In order to produce the observed coronae, the model 

indicates that such silicate sinkers need to be several tens of kilometers in diameter and 

located near the top of the mantle beneath a relatively thin lithosphere. 

--------------------~-"----.-... --... ., ... - .... ,.-.. ---._ ... _. __ ......... . 
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CHAPTER 4 

S1RESSES DUE TO LOADING 

4.1: Introduction 

I here develop an exact analytical model to detennine the stresses in the arbitrarily thick, 

spherical shell solution found in Chapter 2 due to an idealized axisymmetric load of 

arbitrary width. The model includes as end members the flat-plate and thin shell membrane 

approximations and allows the determination of the nature of the transition between them. I 

investigate stress states and the resulting tectonic patterns due to an idealized exponential 

load as functions of five dimensionless parameters: HlRp, the ratio of lithospheric thickness 

to planetary radius; 00, the lIe decay width of the load; q, the 'support parameter', which is 

the ratio of buoyancy to flexural support; 9, the angular distance from the load center; and 

rIRp, the normalized radial distance from the planet's center. For any given planet and load 

size, the location and type of faults that develop are functions of lithospheric thickness and 

distance from the load center, allowing determination of the thickness of the lithosphere 

from the distances at which one fault type gives way to another. I also examine the 

parameter space to determine the validity and limits of assumptions made in various 

models: the width of loads that can be treated using flat-plate theory, the lithospheric 

thickness that can be treated using thin shell theory, and the nature of the transition between 

these two regimes. 

--------------------~-•.. -----.... --...... _ ......... _ ... __ ......... _-_ ..... .. 
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4.2: Load Model 

I have developed a model to determine the stresses induced in an arbitrarily thick 

spherical lithosphere by an arbitrarily wide, axially symmetric load. The general solution 

for the lithospheric stress state was initially presented in Chapter 2. Four boundary 

conditions are required to solve for the four coefficients of each order (Aj,l through Aj,4)' 

For a superposed load (Figure 4.1), these boundary conditions are that the shear stress at 

both the surface (r=Rp) and base of the lithosphere (r=Rl) are zero: 

CJra(r=Rp) = CJra(r=R 1) = 0 (4.5) 

The vertical stress at the original lithosphere surface is due to the overlying load. In this 

paper I choose to express the load as an exponential distribution since such a functional 

distribution is continuous and infinitely differentiable (including at the load center), 

decreases monotonically and can be parameterized by a single variable, co, the lie decay 

width in radians. Thus: 

where: 

"rr (r = Rpl = -(Pcgh) exp ( - ::) 

e = angular distance from the load center 

Pc = the density of the load 

g = gravitational acceleration at the surface 

h = the height of the load 

(4.6) 

and the negative sign indicates the convention that compressive stresses are negative. Each 

order coefficient for a given load is then given by: 

-----------------------------~.-.. -.--.-..... -... ",. ..•. - ._ ................. __ •.... ,. .. 
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Figure 4.1: Model parameters and coordinate system. 

---------------------~.-... ----... -.. --- .. - --_ .. , .-.•......... _ .... __ .•.. __ .. 
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(4.7) 

At the base of the lithosphere, the radial stress is continuous across the lithosphere/mantle 

boundary. The fluid mantle (or more generally, the asthenosphere) resists downward 

displacements with a buoyant restoring force: 

(4.8) 

where: PI = density at the base of the lithosphere 

gl = gravitational acceleration at the lithosphere/mantle boundary 

Note that in equation (4.8) the restoring force is applied at the base of the elastic 

lithosphere, (at r = RI), rather than at the surface (r = Rp). This procedure is the correct 

implementation of the rather subtle difference in boundary conditions between elastic and 

viscous media (Comer, 1983; see also Cathles (1975) for a particularly clear discussion of 

this point.) 

Since all other stresses and strains are expressed in terms of elastic properties, it is 

convenient to express this relationship in terms of the ratio of elastic to buoyant support: 

(4.9) 

where the dimensionless parameter q, the 'support parameter', is defined as: 

(4.10) 

This support parameter is essentially the ratio of the buoyant to elastic restoring forces 

on the lithosphere. Note that small q implies a negligible buoyant restoring force as in the 
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small, icy moons having low density, gravity and radius, whereas large q implies a low 

shear modulus, i.e. a small elastic restoring force. Unfortunately, q cannot be detennined 

exactly for most planetary bodies, since their internal structure and rheological properties 

are not known a priori, but it can be estimated by assuming that the density at the base of 

the elastic lithosphere is approximately the bulk density of the planet or satellite, that the 

gravitational acceleration at the base of the lithosphere is approximately the same as at the 

surface, and that the radius to the base of the lithosphere is approximately equal to the 

planetary radius, leading to: 

where: 

3 Mp 

( 2) q ... -G-
47t ~R~ 

G = gravitational constant 

Mp = mass of the planet 

(4.11) 

With the possible exception of centrally compressed Mercury, the fIrst two approximations 

are generally valid, while the third, (R .... Rp)~ _i~troduces an error of~.ss 25% for 

lithospheric thicknesses less than 20% of planetary radius. Although the value of q varies 

by orders of magnitude through the solar system, the tectonics of loading prove to be 

relatively insensitive to such changes in q. Table 4.1 gives the approximate values of q 

calculated from Eqn 4.11. 

4.3: Range of Model Parameters 

The model allows the calculation of the stress state due to the chosen load at any given point in 

a planetary shell as a function of several dimensionless parameters: the width of the load relative to 
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Table 4,1, Q values for Solar System Bodies 

Planet Mass Radius Shear Rigidity Support Parameter 
Mp (kg) Rp (103 m) JI. (1010 kg/m's2) q 

Mercury1 3,30 x 1023 2439 6.05 0.81 

Vanus1 4.87 x 1024 6052 6.05 4.70 

Moon1 6.98 x 1022 1738 3.05 0.31 

Mars1 6.42 )( 1023 3398 4.55 1.11 

Europa1 4.79 x 1022 1565 0.924 0.68 

Ganymede1 1.48 x 1023 2640 0.92 0.79 

Ca"lst01 1.08 x 1023 2420 0.92 0.57 

Mlmas1 4.5 x 1019 196 0.92 0.17 x 10-2 

Enceladus1 8.4 x 1019 250 0.92 0.27 x 10-2 

Tethys1 7.5 x 1020 530 0.92 1.25 x 10-2 

Dlone1 1.05 x 1021 560 0.92 1.95 x 10-2 

Rhea1 2.49 x 1021 765 0.92 3.14 x 10-2 

Mlranda2 7.48 x 1019 242 0.92 0.28 x 10-2 

Ariel2 1.35 x 1021 580 0.92 2.78 x 10-2 

Umbriel2 1.27 x 1021 595 0.92 2.23 x 10-2 

Titania2 3.47 x 1021 805 0.92 4.98 x 10-2 

OOOron2 2.92 x 1021 n5 0.92 4.10 x 10-2 

Plut03 1.06 x 1022 1142 0.92 1.69 x 10-1 

Values for masses and radii are taken from: 1) Hartmann, 1983, 2) Smith at al., 1986, 

and 3) Tholen and Bule, 1988. Values for shear rigidity are from: 4) Turcotte and 

Schubert, 1982, with 5) approximate corrections for compression on the terrestrial 

planets (Anderson, 1989). 



71 

the planet's size (ro), the support parameter (q), the thickness of the lithosphere normalized 

by the planetary radius (HIRp), the angular distance from the load center (9), and depth 

within the lithosphere (rlRp)' Since the observed tectonics are generally due to the near

surface stress state I limit my examination of this five dimensional parameter space by 

considering only the stresses at the surface of modellithospheres. 

Solid solar system bodies fall into two broad categories: silicate planets and the larger 

icy moons, having q of order 1; and the smaller icy moons of the outer solar system, with q 

of order 10-2 (Table 4.1). Mars (q ... 1.1) and the small inner moon of Uranus, Miranda (q 

... 0.0028), represent the extremes of q among single-plate solar system bodies [The 

number of plates on Venus (q ... 4.7) is open to question (e.g. Head and Crumpler, 1989) 

as is the effect of plate edges on the results of the current model]. I therefore use Mars and 

Miranda as end member examples to determine the effect of the physical properties 

represented by q on the stresses due to loading. 

Loads on planetary surfaces range in breadth from the limit of resolution of available 

imagery up to the Tharsis Rise area of Mars which has a dianleter that is fully a quarter of 

the planetary circumference (ro = x/8, or a total width of about 90°). I examine such a 

broad load as the upper limit on load width. For a lower limit, I examine a narrow load (ro 

= x/64, or a total width of about 11°). Very much narrower loads require progressively 

higher order Legendre polynomials for adequate resolution (the ro = 1£164 load is computed 

to order 119) and, as I will show, such narrow loads can be adequately treated by flat-plate 

approximations. As with the two endmembers in q, the broad and narrow loads taken as 

examples serve to demonstrate the effect of load width on the stresses produced. 
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For each of these combinations of q and co I determine the surface stresses as functions ' 

of lithospheric thickness and radial distance from the load center. Lithospheric thicknesses 

vary both from planet to planet as well as during the evolution of a given planet. For each 

of the combinations of planet and load width considered, I ftrst look in detail at the stress 

state for a particular lithospheric thickness to determine the fault types predicted by the 

Anderson (1951) criteria. I then examine how the tectonic response varies, both in the fault 

type predicted and the radial distance at which they occur, for lithospheric thicknesses 

ranging from 1 % to 20% of planetary radius. With these results, I describe how the overall 

tectonic style varies for a given planet as a function of load width and lithospheric 

thickness. 

4.4: Narrow Loads on Thick Lithospheres 

Figure 4.2 shows the model calculated stresses at the original planetary surface for a 

narrow load (co = 1t/64) superposed on a relatively thick lithosphere (HIRp = 0.10) for 

Mars (a) and Miranda (b). The total load width of .... 11 0 corresponds to load diameters of 

650 km on Mars and 45 km on Miranda while the lithospheric thicknesses are 340 km and 

24 km respectively. Stresses are normalized to the vertical stress at the load center (Pcgh). 

In both cases the stresses are generally similar. Under the load (O'rc) all stresses are 

compressional (negative values). Under the center of the load the radial and hoop stresses 

are equal (as required by the stress equilibrium equations) and one expects a narrow ( .... 10
) 

region of compressional features with no preferred orientation). At small angular distances 

from the load center, the hoop stress is the most compressional and the vertical stress the 

least compressional. Using the Anderson (1951) criteria, such a stress state results in a 

-----------------------~---~'.-.. -... - .•. -' ... ' ... '.'. ",-, , .... - .. - ....... __ ........ 
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Figure 4.2: a) Surface stresses for Martian lithosphere having a thickness of 10% of 
planetary radius (340 km) due to an CI) = 7t/64 load, normalized to the central load. b) 

Surface stresses for Mirandan lithosphere having a thickness of 10% of planetary radius 
(25 km) due to an CJ) = 7t/64 load. 

------------------~--.. --.-----.... - ..•... --.. ~ ..... - .. '--"""'-'-'-'" 



I ~. 

74 

region of radial thrust faults. In the next region outward the hoop stress remains 

compressive while the radial stress becomes extensional, resulting in strike-slip faulting. 

Still farther outward hoop stresses become extensional but are smaller than the extensional 

radial stress resulting in concentric normal faults. At still larger radial distances, the hoop 

stress becomes more extensional than the radial stress, so that a region of radial normal 

faulting develops. These concentric regions of fault types can be generalized as tectonic 

provinces surrounding the load center (Figure 4.3). Since this is the same general pattern 

(in the region near the load) as that which develops on a flat plate, I hereafter refer to this 

style of faulting as the plate response. For unloading due to significant excavation of 

surface materials, only the sign of the stresses changes and the general pattern becomes one 

of radial normal, strike-slip and concentric thrust faults. However, there are differences 

between the current model results and those based on flat-plate approximations, particularly 

at large distances from the load where the curvature of the lithosphere exerts a significant 

influence on the stress field. 

The exact radial distances at which the transition from one faulting type to the next 

occur are functions of lithospheric thickness for a given planet and load width. Figure 4.4 

shows these transition distances for lithospheric thicknesses, H/Rp, up to 0.20 for Mars (a) 

and Miranda (b). For very thick lithospheres, it shows the development of an additional 

region of strike-slip faulting near the load center on both Mars and Miranda. The major 

difference between the two cases is the relative magnitude of the stresses. Figure 4.5 plots 

the second invariant of the stress tensor, defined as: 

(4.12) 

.... --.... -.~.--.. -.-, ..... -.... - ~ ........ -- ....... -. __ .... -... . 
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Figure 4.3: Generalized tectonic style due to a narrow load on a thick lithosphere, the 
'plate' response. 
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Figure 4.4: Tectonic response as a function of lithospheric thickness and angular distance 
from the load center for an co = 7t/64load on Mars (a) and Miranda (b). Key: SS=Strike-

Slip, RT=Radial Thrusts, RN=Radial Normal, CN=Concentric Normal. 
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Figure 4.5: Second stress invariant at the lithosphere surface as a function of lithospheric 
thickness and angular distance from the load center for an CO = 1t/64 load on Mars (a) and 
Miranda (b). Contours in tenns of the central load (Pc8h). 

----------------_._-_ .. _-_ ...... _- .. ----_ .. --.- .... _. 
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which represents the differential stress available to rupture the lithosphere. The plots of the 

second stress invariant are contours of multiples of O'rr (Pcgh) at the load center. For 

smaller q (due to either a greater shell rigidity or a combination of lower gravity, smaller 

distance to the lithosphere/mantle boundary or lower density at the boundary), greater 

deflection of the lithosphere is required to generate comparable buoyancy restoring forces at 

the base of the lithosphere. This produces proportionally greater induced radial and hoop 

stresses. This effect is offset by the generally smaller loads on these small, icy moons due 

to the lower density of the load (ice liS. rock) and lower gravity. 

4.5: Broad Loads on Thin Lithospheres 

Broad loads, covering a significant degree of curvature on the planet, result in a 

completely different tectonic style. Again using Mars and Miranda as the type examples, I 

examine the stresses produced by a broad load (00 = 1t/8) and a thin lithosphere (HIRp = 

0.02) (Figure 4.6). Here, the total load width of -900 corresponds to load diameters of 

5300 Ian on Mars and 380 Ian on Miranda while the lithospheric thicknesses are 68 Ian and 

5 Ian respectively. For such broad loads, the nrst tectonic style, working outward from the 

load center, is one of disorganized thrusting where all stresses are compressional with both 

the hoop and radial stresses being approximately the same. For purposes of this study, I 

consider that faulting is disorganized if the principal stresses which determine the 

orientation of faults are within 5% of each other. Moving away from the load center, the 

radial stress remains strongly compressional while the hoop stress becomes less 

compressional and the thrust faults take on a concentric orientation. This region of thrust 

faulting is surrounded by an area of strike-slip faulting where the radial stress is 

--------------------~--~.--.-.. -.--............ -.. 
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Figure 4.6: a) Surface stresses for Martian lithosphere having a thickness of 2% of 

planetary radius (68 Ian) due to an CJ) = x/8 load, and b) Surface stresses for Mirandan 

lithosphere having a thickness of 2% of planetary radius (5 Ian) due to an CJ) = x/8 load. 

-------------------~---.~--,.-.-.-... -................ _ .. _-- .. _._._--... -_ .. 
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compressional and the hoop stress is extensional. This tectonic style is shown graphically 

in Figure 4.7, and differs considerably from the plate response of Figure 4.3. Since this is 

the same general pattern that develops when only membrane stresses are considered, I 

hereafter refer to this style of faulting as the 'membrane'response. 

As with the plate response previously described, the exact radial distances at which the 

transition from one faulting type to the next occur depend on the lithospheric thickness for a 

given planet. Figure 4.8 shows these transitions for values of HlRp up to 0.20. Again the 

stresses relative to the load (Figure 4.9) are considerably greater for smaller q. 

4.6: Transition 

The model also allows determination of the stresses and tectonic response for 

intermediate load widths and lithospheric thicknesses. The nature of the transition between 

the membrane response shown in Figure 4.7 and the plate response shown in Figure 4.3 is 

seen in Figure 4.8a, where the transition occurs over a range of lithospheric thicknesses 

(0.05 ~ HlRp ~ 0.10). With increasing lithospheric thickness, a region of radial normal 

faulting forms within the zone of strike slip faulting at large angular distances from the load 

center. Additionally, a region of radial thrusting forms within the zone of concentric 

thrusting near the load center. For lower q bodies, this radial thrust zone first occurs in 

comparatively thicker lithospheres. The singularity in the stress fields (shown as * in 

Figure 4,8a) represents a point of isotropic stress «(Jrr = (Jee = (JcjlcjI) at the original planetary 

surface. For lithospheric thicknesses greater than the value at which this singUlarity 

occurs, the lithosphere exhibits the plate response even for the wide, co = n/8, load. As the 

load width narrows, the isotropic singularity and the changeover from membrane to plate 

-----------------------~.-.. ----.. -.-..•... -..... ' .-..... ,'- -_ ........... _-_ ....... .. 
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Figure 4.8: Tectonic response as a function of lithospheric thickness and angular distance 

from the load center for an co = nl8 load on Mars ( a) and Miranda (b). Key: 

DT=Disorganized Thrusts, RT=Radial Thrusts, SS=Strike-slip, CN=Concentric Normal, 

RN=Radial Normal, CT=Concentric Thrusts. The asterisk (lie) marks the point where 

stress is isotropic: O'JT = O'ee = O'~. The plate and membrane responses are labeled, as well 

as the transition between them . 

. ~~~~~~~~~~~~~~~~~~------~------- .... -' .~ -_ ..... _._._-.-_. 
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Figure 4.9: Second stress invariant at the surface as a function of lithospheric thickness 
and angular distance from the load center for an co = nl810ad on Mars (a) and Miranda (b). 
Contours in tenns of the central load (p~h) 
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responses occurs in increasingly thinner lithospheres. In addition, near the changeover in 

styles, the region of disorganized thrusting under the load center becomes significantly 

wider. 

The changeover from one type of tectonic response to another thus depends on both 

lithospheric thickness and load breadth for a given planet. By mapping where these 

changes occur, it is possible to determine the conditions under which a given planet will 

exhibit the plate response, where it will exhibit the membrane response and where it will be 

in transition. Graphs of the tectonic response types as functions of ro and HlRp are given 

in Figure 4.10 for Mars (a) and Miranda (b). Also shown in Figure.l0 are the widths for 

the Montes and Tharsis Rise of Mars as well as for the coronae of Miranda. These 

demonstrate the necessity for a general loading model of the type I present here for the 

determination of lithospheric thickness from observed tectonics. Even for the same load 

breadth, the tectonic response is significantly different for different lithospheric thicknesses 

at the time of fault formation. 

4.7: Comparison with Previous Models 

To demonstrate the generality of the present model, I show here that it agrees with 

previous approximations of the general load problem under the appropriate conditions. 

Specifically, I demonstrate agreement with the two end member approximations: flat-plate 

and membrane restricted thin shell. 

A previous study (Melosh,1978), developed a general flat-plate approximation to 

determine lithospheric thickness from the faults produced by lunar mascon loading. The 
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Figure 4.10: Tectonic styles as a function of lithospheric thickness (normalized to 

planetary radius) and total load width (normalized to circumference) for Mars (a) and 

Miranda (b). Also noted are the locations of the type examples discussed in the text, 

labelled with the figure number which shows the stress state at that point, as well as the 

widths of representative features on the two planets. 

-_._--. ---------------------- - -'" --- . 
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mascon model and the current model both include terms that give the relative contributions 

of buoyancy and lithospheric rigidity to the support of the load. The two factors (~ in the 

mascon model, q in the present model) are related by: 

(4.13) 

The difference is primarily due to the length scales employed by the two models. The 

mascon model normalized lengths to the characteristic width (00) of a Gaussian 

(exponential) load while the current, spherical model normalizes to the planetary radius. 

Given the different unit lengths in the two models, they can be shown to agree for any 

particular choice of load width and planetary radius. Melosh plotted the fault types as 

functions of distance from the load center and lithospheric thickness, finding successive 

concentric regions of radial thrust, strike-slip and concentric normal faulting surrounding 

an axially symmetric load. For the moon (q = 0.31, Rp = 1738 km) and a characteristic 

load width of ro = 1t/64 (a = 85 km, ~ "" 0.01) the present model gives results comparable 

to those of Melosh (Figure 4.11). Both models show the same progression of fault .types 

(radial thrusts, strike-slip and concentric normal) near the load center and for relatively thin 

lithospheres. 

This agreement breaks down at larger distances and for thicker lithospheres, as stress 

differences (~) become negligible. The present model predicts radial normal and strike

slip faulting beyond the zone of concentric normal faulting, while that of Melosh predicts 

concentric thrust faults. However, changing from concentric normal to concentric thrust 

faulting (as in the Melosh results) requires that the radial and vertical stresses 

simultaneously exchange places as maximum and minimum compressive stresses with no 

intervening zone where the hoop stress is a maximum or minimum. The Melosh model, 

-----------------,---~-.. -.•... --- ................... . 
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Figure 4.11: Comparison of the fault types predicted by (a) the present model with those 
of (b) Melosh (1978) [After his Figure 3a - see text for normalizations]. Key: RT=Radial 
Thrusts, SS=Strike-slip, CN=Concentric Normal, RN=Radial Normal, CT=Concentric 
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however, incorrectly compensates for buoyancy effects by applying an upward force at the 

surface rather than at the base, where they should be applied (Comer, 1983), resulting in 

tensile rather than compressive restoring induced stresses. This difference is possibly 

enough to overwhelm the small deformational stresses in areas far from the load. 

Comer (1983) developed a general model for flat elastic plates of arbitrary thickness 

and showed that it agreed in the proper limits with both half space and thin-plate models. 

His results (see his Figure 3) indicate that hoop stresses are everywhere compressive as 

one should expect from a flat plate, any vertical displacement of a point on the plate 

resulting in a lateral displacement toward the center of the load. The current model agrees 

with Comer's results in the region near the load, but at large distances from the load 

predicts tensional hoop stresses since, with the addition of curvature, positive vertical 

movement results in a lateral displacement away from the load center. 

Turcotte et al. (1981) found that in the thin shell approximation, when only membrane 

stresses are considered and when the load does not significantly affect the geoid, the 

relative radial and hoop stresses under a vertical load modeled as an exponential, are given 

(in current notation) by 

(4.14) 

and 

(4.14) 
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where the relative stresses have been nonnalized to the central height of the load and the 

physical parameters of the planet through the factor H (1 + 't) I (R p't P cgh) , where 't is a 

dimensionless rigidity parameter (in the absence of bending stresses) given by: 

't= 2 
Rp8{Pm - Pc) 

EH 
(4.15) 

where: E = Young's modulus 

(Pm - Pc) = density contrast across the Moho 

These stresses may be plotted against 9/ro, converted to degrees, together with the load. 

Figure 4.12 compares the results of the present study (Figure 4.12a) for a ro = x/8 load on 

Martian lithosphere that is 2% of the planetary radius thick with those of Turcotte et al. 

(Figure 4.12b) taking ro to be 22.5°. These choices of ro for the exponential decay scales of 

the two models result in the same load widths and allow the two results to be graphed 

normalized to each other as shown in Figure 4.12. The two models are generally in good 

agreement: in the thin lithosphere case the radial stress is everywhere compressional while 

the hoop stress becomes extensional at a radial distance somewhat greater than half the load 

radius and remains extensional beyond the load boundary. The resulting tectonic style is 

the membrane response pattern of disorganized thrust, concentric thrust and strike-slip 

faulting described in the discussion of broad loads on thin lithospheres. 

Thus the present model is capable of reproducing both the flat-plate and the thin shell 

approximations under the appropriate conditions. The model has also been tested directly 

by insuring that the computed stresses at any given point in the lithosphere for any arbitrary 

combination of H/Rp' q, and ro satisfy both the stress equilibrium equations and the 

constitutive. relationships. The fundamental equations of elasticity (e.g. Love, 1944) 

-------------------~--.-.---.-....... -.. ' ... --" .... _._ .......... __ .... ,. 



I .~.' 

:g 
I! -UJ 

" CD 
.~ 
iii 
E 
0 z 

0 

·1 

·2 
0 

o 

·1 

a) 

b) 

" 

15 

.' . ' .' " 

45 

Vertical 
Radial 
Hoop 

60 

............... - ....... _----.. _ . 

,. .......... ..... ". ,. .., .... 
,I' ~ ."..---
"/ .' .::.~:-- _ .... _ .. _- Vertical 

Radial 
Hoop 

·2+-~~--r-,-~-,--r-,-~~--~ 

o 15 30 
Colatitude (0) 

45 60 

90 

Figure 4.12: Comparison of the results of (a) the present model with the results of (b) 

Turcotte et al. (1981) for membrane stresses due to a broadly distributed load. The vertical 
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ensure that if the stresses satisfy the equilibrium equations, constitutive relationships and 

boundary conditions, then they are the unique solution of the problem.More importantly, 

the model allows the determination of stresses due to loading for any arbitrary lithospheric 

thickness and load width. More complicated load shapes can be built up as superpositions 

of exponential loads. This is of particular interest for the case of the Tharsis Rise of Mars, 

where the load size and lithospheric thickness preclude the rigorous application of the end 

member approximations. Banerdt, et a/., (1982), employing a model (Alterman et a/., 

1959) which does not rely on these approximations, inverted Martian topography and 

gravity data sets to order four and predicted stress fields and tectonics for three models of 

construction for Tharsis; flexural uplift, isostatically compensated topography, and 

flexurally supported loading. They modeled flexural loading for lithospheric thicknesses of 

100 to 400 Ian (0.03 S HlRp S 0.12). Their data set includes the asymmetry of the Tharsis 

Rise and they simultaneously adjust subsurface density anomalies to match the gravity 

harmonics. They obtain stresses which result in successive regions of concentric thrust 

faulting out to ""300 from Tharsis' center, a narrow band of strike-slip faulting, and radial 

normal faulting in a band ""40-900 from the load center. In the area of predicted normal 

faulting, they obtain maximum stress differences (0'1 - 0'3) of ""lkbar (""100 :MFa). The 

present model also predicts rings of concentric thrusting, strike-slip and radial normal 

faulting (the transitional response, Figure 4.8a), with increasing distance from the center of 

Tharsis. It gives somewhat smaller values for the second stress tensor invariants (Figure 

4.9a) in the region of radial extension of SO.5 pgh (or "'36:MFa for a central load height for 

the broad Tharsis Rise of ""9 km above the mean surface level (Scott and Carr, 1976». 

However, my modeling (Figure 4.8a) indicates that these transitional response stress fields 

apply only within a limited range of lithospheric thicknesses between 200 and 300 Ian on 

Mars (0.06 < HlRp < 0.09). 

-----------------------------~.-----.. - .... - ............ '-
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Sleep and Phillips (1985) attempted to extend membrane modeling to Martian lithospheres 

having thicknesses of "'13% of planetary radius. My work shows that such an extension 

of theory is not justified since, even for loads as wide as Tharsis, in such thick Martian 

lithospheres (See Figure 4.10a and the discussion in the following section) the resulting 

tectonic pattern will not be that predicted by membrane theory. 

4.8: Conclusions 

I have developed a model capable of determining the stress state and resulting fault 

types for any arbitrary combination of planet, load width and lithospheric thickness. The 

progression of fault types outward from an axisymmetric load describe two basic styles of 

faulting with a transitional zone between them. Narrow loads on thick lithospheres 

produce successive zones of radial thrust, strike-slip and concentric normal faults. This 

faulting style is similar to that predicted by flat-plate models for lithospheric stress, hence 

my designation of this style as the plate response. Broad loads on· thin lithospheres 

produce zones of disorganized thrust, concentric thrust and strike-slip faulting, a style 

similar to that predicted from membrane stresses, hence my designation of it as the 

membrane response. The precise demarcation between narrow and broad loads as well as 

between thin and thick lithospheres depends both on the physical properties of the planet 

considered, including its size and composition, and on the interplay between load width 

and lithospheric thickness. Thus I have been careful not to label the two tectonic patterns 

as either 'thick' vs. 'thin' shell or 'narrow' vs. 'broad' load styles. The changeover from 

one characteristic style of faults to the other occurs through a relatively broad region as 

shown in Figure 4.10. Rules of thumb which attempt to define the applicability of 
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approximations to a general shell solution solely on the basis of either lithospheric 

thickness or of load width should not be employed. 

Generally, in trying to determine geologic histories of planets from their response to 

surface loads, one knows the size and density of the planet, the width of the load and the 

tectonic response. One then seeks to determine the lithospheric thickness at the time of 

loading. Due to the interplay among composition, load size and lithospheric thickness the 

choice of a model in such a determination is critical. Regions where the classic 

approximations are generally adequate as well as the transition between them are shown as 

functions of load size and lithospheric thickness for for Mars and Miranda in Figure 4.10. 

Both of these bodies possess features which are relatively large and, if they are to be treated 

as loads, could have formed in any of the three regimes of faulting style depending on the 

thickness of the lithosphere during their formation. The model presented here allows a 

general treatment without placing prior constraints on the she~ thickness or load width. 

-------------------~--.. ------.-... -....... - ... - ... __ ... _ ... _._. __ ... __ ... . 
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CHAPTER 5 

FINITE ELEMENT MODELING OF VENUSIAN CORONAE 

5.1) Introduction 

I have modeled the coronae of Miranda as resulting from mantle convection (Chapter 3) 

and loading (Chapter 4). Similar features, also called coronae, occur on Venus; however, 

although they have roughly the same diameter, they are much smaller relative to the size of 

the body on which they occur, and thus, as we have seen, require an independent 

evaluation. 

The coronae of Venus were first described in a pair of papers by Barsukov et al. (1986) 

and Basilevsky et al. (1986) on the basis of Venera 15 and 16 radar images. Barsukov et 

al. (1986) characterized the coronae on the basis of several features. They are large (200-

600 Ian in diameter) circular to elliptical features rising 1 to 2 Ian above the surrounding 

plains and surrounded by a series of narrow ridges. The ridges stand out as the highest 

topography of the coronae while the interior lies below these encircling ridges but above the 

elevation of the plains. They interpret radar-bright areas surrounding the coronae as lava 

flows. The coronae occur in the plains of Tethus Regio, Mnemosyne Regio and Guinevere 

Planitia adjacent to Ishtar Ten'a in the northern hemisphere of Venus. Their existence in 

equatorial and southern regions of the planet cannot be ruled out, however, since those 

areas have as yet been examined only by Pioneer Venus which lacked sufficient resolution 

to image them. 

...-_ ... --_ ... __ ....... _ ... ~ .. , ..•.... , .... _-_ ... --_ ...... -_._-_._ .. , 
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Basilevsky et al. (1986) found no clear evidence for distinguishing whether the ridges 

which encircle the coronae are compressional folds or extensional faults and typified them 

simply as having circular defonnation. They note that these concentric belts are as much as 

200 Ian wide and contain up to a dozen ridges. The concentric ridges are occasionally 

bounded on their exterior by a broad moat. In cross-section, the coronae are broadly 

higher than the surrounding terrain and have smaller scale domes on their flanks and 

summits. The interior is usually an area of irregular relief. The coronae are locally 

clustered and distributed predominantly around the borders of Ishtar Terra and Tethus 

Regio in a band between 550 and 800 N, although they also occur infrequently south of this 

region. The radar-bright features have a subradial distribution surrounding the coronae. 

Basilevsky et al. (1986) interpret their location in the deformation zones around Ishtar 

Terra, their association with lava flow like features and their general morphology as 

suggesting an endogenic volcanic formation process. In particular, they suggest a 

combination of diapiric or hot-spot uplift combined with gravity sliding of the surface off 

the resulting topographic high for producing the observed central uplift and peripheral 

ridges. 

Stofan and Head (1990) examined the coronae in Mnemosyne Regio to the west of 

Is h tar, finding in addition to the morphological characteristics already noted that the 

concentric bands often do not completely encircle the coronae and vary in width. They give 

the spacing between individual ridges as 5 to 10 Ian and interpreted these ridge belts as 

being of compressional origin. They also noted that ridges within the interiors of the 

coronae were disorganized, having concentric, radial and oblique orientations. Radar 

return data suggests that coronae generally have surface textures moderately rougher than 

the surrounding plains. The coronae tend to be smoother in their centers while their 

----------------------------~.--.. -.- ... --.-'..,.-.. -.. . ... . ..... - ........ _-_ ........ 
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greatest inferred roughness occurs in the annulus of ridges. Smaller coronae tend to be 

geologically simpler and morphologically more distinct indicating that the smaller coronae 

have had a simpler geologic history. On the basis of crosscutting and superpositional 

relationships they suggest a four stage evolutionary sequence of coronal formation: uplift, 

ridge annulus formation, trough formation, and lava flow emplacement. They suggest that 

the coronae formed as the result of hot spots which produced localized uplift and 

volcanism, followed by a period of gravitational relaxation leading to the annulus of 

concentric ridges, and finally the withdrawal of the diapir at depth, continued relaxation and 

the formation of the peripheral trough. 

I will now look at two portions of this general model. I examine the elastic relaxation 

of the lithosphere under the load of the volcanic pile to determine predicted directions and 

magnitudes of stresses as well as the possible development of a central depression and 

peripheral trough similar to those reported in many of the coronae. I then examine the 

relaxation of the volcanic pile itself to determine the stresses and possible tectonics that 

result. Since these mechanisms are the last in the sequence proposed for corona formation, 

features which result from them should be the least altered and most readily identifiable in 

the morphology of the coronae. 

5.2) Applicability of Models 

As shown in Chapter 3, loads as wide as the coronae on Venus are adequately treated 

using flat plate approximations. Brotchie and Sylvester (1969) modeled lithospheric 

flexure due to a disk load by employing the Bessel-Kelvin functions, ker, kei, ber, bei, and 

their derivatives. Specifically they fmd displacements in the plate as: 

----------------------------~ .. -... -... ---........ -.. ---..... "'-



w= ~Og[~ker(~)ber(~) - ~ker(~)bei(~)+l] 

w = ;Og[~ ber( ~) ker( ~) - ~ ber( ~) kei( ~)] 

where: w = the deflection 

Po = the disk load = Pload g hload 

a = the load width 

r = the distance from the center of the load 

a = (4D l.1p g)1I4 (the flexural parameter) 

D = Eh3 /12 (1 - v) (the flexural rigidity) 
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forr<a (5.1) 

forr>a (5.2) 

However a problem arises in applying this model to Venusian coronae. Studies of the 

thickness of the lithosphere of Venus (e.g. Solomon and Head, 1984; Grimm and 

Solomon, 1988) suggest that due to its high surface temperature, Earth-like inventory of 

radio-thermal elements, and lack of active plate tectonics, its basaltic lithosphere may be as 

thin as 10 km. Using basaltic values for rheological parameters, namely a Young's 

modulus (E) of 7x1010 Pa and a Poisson's ratio (v) of 0.25, a .1p of 300 kg/m3, and a 

lithospheric thickness of 10 km gives a flexural parameter of 58.5 km. The Bessel-Kelvin 

functions employed by Turcotte have as their argument the distance normalized to this 

flexural parameter. However, the Bessel functions ber(x) and ber'(x) go to infinity as x 

goes to 8 while bei(x) and bei'(x) go to negative infinity as x goes to 8. While these cancel 

each other out in the analytical solution, in practice one usually calculates these values with 

polynomial approximations (Abramowitz and Stegun, 1968) where differences between the 

calculated and analytical values preclude precise cancelation, so that Brotchie and 

Sylvester's model cannot be extended beyond a distance of 450 km from the load center. 
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Many of the coronae have radii that are as great as 300 km (Basilevsky, 1986) so that the 

area of interest for tectonics and flexure of the lithosphere, which can extend significantly 

beyond the edge of the corona, is not accessible to this model. The load model presented in 

Chapter 4, while it can theoretically model features as small as the Venusian coronae, 

would need to determine Legendre coefficients for the load and carry out summations to 

order 300 to resolve them. 

5.3) Finite Element model 

To determine the stresses in the Venusian coronae and the lithosphere beneath them, I 

adopt the finite element code of Melosh and Raefsky (1980) for axisymmetric problems. 

Unfortunately, finite element modeling can be discussed in either gross generalities or 

excruciating detail; I do not seem able to find a happy medium. It is beyond the scope of 

this work to offer the full details of this numerical method. The reader is instead referred to 

any of several excellent books on the subject such as Bathe and Wilson (1976), Desai 

(1979), or Hughes (1987). I give here only a brief outline of the methodology as 

implemented for elastic problems. 

The finite element code operates by constructing a grid consisting of a series of 

triangular and quadrilateral elements to simulate the geometry of the particular feature(s) 

under study. One specifies nodal points at initial positions in a global coordinate system. 

These nodal points, in tum, define the corners of each element. The volume elements are 

then assigned rheological properties such as Young's modulus and Poisson's ratio. One 

then defmes a material matrix (D) of the rheological properties of the elements: 

.,.-_ .. -.~--- .... -.." .... -.~,- - '.' .... ', .. - ,- ~ .... - --_.-~--_ .... _--, 
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(1- v) v v 0 

v (1- v) v 0 
E D- -(1- v)(l- 2v) v v (1- v) 0 (5.3) 

0 0 0 
1-2v 

2 

and a strain-displacement matrix (B): 

Sh n, r o 

o Sh n, Z 

(5.4) 
o 

Sh n, r 

where (Shn) indicates the shape function, (,r) indicates the fIrst derivative with respect to r, 

and (n) indicates that the shape function or derivative is summed and averaged over the n 

nodes that describe the element. The shape functions are a set of interpolation functions 

that determine the position or displacement for any point within the element given the 

positions or displacements of that element's nodes. 

From these two matrices, one forms the 'stiffness' matrix (K): 

(5.5) 

where 0 is the bounded region under consideration. 

K then relates the force at any node and in any direction (this combination is a 'degree 

of freedom') to the displacement of any node in any direction and forms the heart of the 

finite element method. It gives the relation between the force vector, f, which is the set of 

----------------------~--.'--".--' ...... ' ..... -.. " .. - .. '--'. -"'-" ... __ ... _ .... 
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all force directions acting on all nodes, with the displacement vector, x, which is the set of 

all displacements at all nodes: 

f=Kx (5.6) 

Forces which the model simulates in the force vector include gravity and other constant 

applied forces. Winkler forces are spring-type forces, proportional to but opposite in sign 

to any displacement, such as isostatic restoring forces. Since they also relate force and 

displacement in the same manner as the stiffness matrix, but always relate the equivalent 

degrees of freedom of force and displacement, they are simulated by adding terms to the 

diagonal of the stiffness matrix. 

Since one knows, from the initial conditions, the force vector, f, and the stiffness 

matrix, K, one then inverts the stiffness matrix to fmd displacements: 

-1 
x=K f (5.7) 

It is then a straightfOIward matter to calculate the strain vector, E, and the stress vector, 0', 

from the displacement vector, x: 

Err 

Ezz 
E= =Bx 

E~ 
(5.8) 

Erz 
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(5.9) 

5.4) Application to Venusian Coronae 

Figure 5.1 shows the grid employed for the lithosphere flexure model. The 

lithospheric plate consists of four layers of elements (two layers being the minimum 

necessary to model bending stresses) having a Young's modulus (E) of 6x1010 Pa, a 

viscosity (11) of 1x1022 Pa's, and a Poisson's ratio (v) of 0.25. I model different 

lithospheric thicknesses by varying the thickness of the individual elements. A set of 

elements resting on the surface of the lithosphere represents the extruded lava, using 

axisymrnetry so that the volcanic pile is modeled as circular. The pile is 250 km in radius 

and the lithosphere is extended to 1000 km to minimize edge effects. I adopt a parabolic 

profile for the load to simulate the cross sectional profile that results from a Bingham 

rheology. The Bingham yield stress (Yb) is defined as: 

where: 

2 
pgho 

Y =-
b Wo 

ho is the central height of lava flow 

Wo is the width of the lava flow from its center to its edge 

(5.10) 

Since the derivation of the fonnula for Bingham yield stress depends only on the height and 

width from a given point outward, the central height and width being used for ease of 

measurement, the height of the lava as a function of distance from the edge is given by: 

----------------------------~.--.~ ..... -.--..•........ , ... _- , . -............... --- ...••.. 
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Figure 5.1: Finite Element Grid employed in modeling a parabolic load on a lithospheric 

plate. 
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(5.11) 

Winkler forces are applied to the series of nodes defining the lower boundary of the 

lithosphere to simulate the isostatic restoring force. The model thus fmds the displacements 

and stresses for the elastic solution to lithospheric loading, the load being supported solely 

by the isostatic forces at the base of the lithosphere and the elastic flexure of the 

lithosphere. 

The main objective of this model is to test the proposition that the Venusian coronae 

represent loads supported by an elastic lithosphere. If this is the case, then the amount of 

lithospheric flexure caused by the load should be a function of the lithospheric thickness. 

The models I will present implicitly assume that the volcanic load is emplaced 

instantaneously and that the lithosphere responds elastically (instantaneously). Neither of 

these assumptions is strictly valid. While the purely elastic response of the lithosphere is, 

in essence, immediate, in flexing down into the mantle it must displace the viscous mantel 

material. The exponential decay time (tv) for the viscous retarding force is given by: 

(5.12) 

For values of Young's modulus (E) of 6x1010 Pa, viscosity (11) of 1022 Paos, and 

Poisson's ratio (v) of 0.25, this characteristic decay time is approximately 20,000 yrs. The 

lithosphere will reach essentially full flexure in about five decay times, or about 100,000 

yrs. Effusive volcanism timescales are typically longer than this, so that continued 

-----------------_._-_ .•.. _ .. _- - .•. --....... ~ ... ,- ...... _ •......•............ __ ....... . 



104 

volcanism will tend to flll in any topographic lows produced by flexure. However, the 

response to the latest eruptive loading should be discernable in the topography, while 

determination of the total flexure would require seismic profiling, which is not likely to be 

available on the surface of Venus in the foreseeable future. 

With this in mind I have run several models varying lithospheric thickness to determine 

the nature of the flexural response of the Venusian lithosphere to coronal loads. Young's 

modulus for the basaltic lithosphere is 6xlOlO Pa. The downward force on the lithosphere 

due to the load is the product of the height, density and gravity. Gravity is a constant 8.87 

rn/s2 so that the force of the load is proportional to the product of density and height. The 

examples shown are for central load heights of 2.96 lan and a load density of 2.7 glcc 

giving a central weight of 8x106 kg/m2 and a force of 7.1x107 N/m2. Flexure of the 

lithosphere will be the same for topographically lower but denser loads. 

Figure 5.2 shows the resulting flexure of the lithosphere and the elastic distortion of the 

volcanic pile for a lithospheric thickness of 100 lan. The lithosphere has flexed downward 

by -1.4 km under the center of the load and the flexure extends outward for slightly more 

than 500 lan. The central depression of the lithosphere has caused the topographic height 

of the load to be reduced from its initial value of almost 3 lan to approximately 1.5 lan. 

The average slope of the lithosphere over the 25 lan just outside of the load is 2.6°. 

For thinner Iithospheres, the flexure is more pronounced but of narrower extent. Figure 

5.3 shows the elastic response for a 50 km thick lithosphere. The central 

depression is now 2.2 lan; the topographic height of the load has been reduced to -750 m; 

the flexure extends to 350 lan from the load center; and the average slope of the lithosphere 

before it disappears beneath the load is 4.4°. 

---------------------~----- .. _- . 
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Figure 5.2: Flexure of the lithosphere and displacement of the load for an initially parabolic 
load on a basaltic lithosphere 100 km thick (H). hand p are the initial central height and 
the density of the load. 
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Figure 5.3: Flexure of the lithosphere and displacement of the load for an initially parabolic 
load on a basaltic lithosphere 50 km thick (H). h and p are the initial central height and the 
density of the load. 
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Additional effects become evident in thinner lithospheres. Figure 5.4 shows the elastic 

response for a 25 km thick lithosphere. Here, the central lithospheric flexure increases to 

2.7 km; the highest topography of the load is only -250 m and now occurs as a raised 

circular ridge near the edge of the load; the flexure extends to only -300 km; and the slope 

of the lithosphere as it plunges beneath the load is 5.5°. Additionally the lithosphere 

develops a forebulge beyond the flexural trough and a central depression in the interior of 

the load. 

For a lithosphere that is 10 km thick (Figure 5.5), the forebulge and central topographic 

depression are also evident. The lithosphere under the center of the load is now depressed 

-2.9 km; the highest topography of the load is still only -250 m in an annular ridge; the 

flexure extends to -250 km; and the slope of the lithosphere just beyond the load is 5.8°. 

For all of the cases shown, the depth of the depression surrounding the load is 

approximately 0.5 km, although the width of the moat increases with increasing 

lithospheric thickness. The slope of the lithosphere as it disappears under the load is a 

fairly sensitive indicator of lithospheric thickness, if the load is known. Values for the 

slope are plotted in Figure 5.6 as functions of lithospheric thickness for some values of 

h*p. 

The finite element model also determines the stresses within the lithosphere, finding the 

stress state at the center of each element. Since the lithosphere is modeled with four rows 

of elements of equal thickness the surface stress state is determined at a depth of 1/8th the 

total thickness of the lithosphere. Figure 5.7 shows the stresses in the top row of elements 

for a lithospheric thickness of 10 km. At large distances from the load, the lithosphere 

exhibits the expected stresses, namely that the vertical stress is equal to pgh, the horizontal 

.,. .• _.,._ ---._ .. --l1li', .••. --.... • ...... 
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Figure 5.4: Flexure of the lithosphere and displacement of the load for an initially parabolic 
load on a basaltic lithosphere 25 Ian thiek (H). h and p are the initial central height and the 
density of the load. 

--------------------~ .. ----........ ---- ....... - .... - .... -... ~ ........ --.---.. .. 



109 

1000...---------------, 

o 

-g -1000 
>. 

-2000 
H = 10 km 
h = 2.96 km 
P = 2.7 glee 

-3000 -f-, .......... -r-....,....,....~_w_.,......._W_'l'__r.....,....,__.__r_-.-t 

o 250 500 750 1000 

x (km) 

Figure 5.5: Flexure of the lithosphere and displacement of the load for an initially parabolic 
load on a basaltic lithosphere 10 Ion thick (H). hand p are the initial central height and the 
density of the load. 
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Figure 5.6: Average slope of lithospheric surface over the 25 Ian beyond the load edge as a 
function of lithospheric thickness for various values of p*h (in kg/rn2) of the central load. 
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Figure 5.7: Stresses due to flexure under a load for a 10 krn thick lithosphere. 
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v 
stresses are equal to 1- v pgh [=0.33pgh for v=0.25], and the shear stress is o. 

Deviatoric stresses are largest where the lithosphere exhibits the greatest degree of flexure, 

at the center and edge of the load. At the edge of the load, where any tectonics resulting 

from the stresses should be visible, the radial stress is the least compressional stress and is 

extensional, while the vertical stress is the most compressional. This stress state will result 

in normal faulting oriented circumferentially about the corona. 

For thicker Iithospheres, the results are qualitatively similar. Figure 5.8 shows the 

stresses in the surface layer of elements for a lithospheric thickness of 25 km. Stresses in 

the region of flexure at the load edge are generally higher since they are determined at 

greater depth. The radial stress is stilI extensional while the vertical stress is the most 

compressional, resulting in an expectation of concentric normal faulting. For a lithosphere 

that is 50 km thick (Figure 5.9), the top row of elements is 12.5 km thick and stresses are 

determined at 6.25 km. The stresses bear the same relationship to each other, but all 

stresses are now compressional. However, since faulting is determined by the relative 

stress, these stresses should also result in concentric normal faulting. Thus the' expected 

result that axisymmetric loading of an elastic lithosphere leads to an outer region of 

concentric normal faulting is robust over the range of lithospheric thicknesses possible for 

Venus. It is also in agreement with the results from the general shell modeling of Chapter 4 

for relatively narrow loads on thick Iithospheres, the plate response regime determined by 

that model. 
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Figure 5.8: Stresses due to flexure under a load for a 25 km thick lithosphere. 
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Figure 5.9: Stresses due to flexure under a load for a 50 km thick lithosphere. 
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5.5) Relaxation of a Volcanic Mound 

We have seen in the previous section that any volcanic mound emplaced on an elastic 

lithosphere will undergo deformation and develop stresses as the lithosphere flexes beneath 

it. However, as we shall see in the next section, there is little evidence that the Venusian 

lithosphere is significantly flexed due to loading by the coronae, suggesting that the 

lithosphere is thicker than 100 km or that there is continued dynamic support from mantle 

upwelling. Volcanic mounds emplaced on such a dynamically supported lithosphere will 

still develop stresses generated under their own self gravitation and I now turn my attention 

to determining these stresses. Pronin and Stofan (1990) suggest that the final stage in the 

formation of the coronae is extrusion of lava. If there is no flexure of the lithosphere under 

the load, the emplacement of a volcanic construct subject to self gravitation should produce 

a characteristic set of stresses and tectonics. If the lithosphere flexes beneath the load at 

some point after the load has been emplaced and cooled, then the evidence of this self 

gravitational signature might still be evident. 

I model a volcanic pile on a supported lithosphere with the grid shown in Figure 5.10. 

The surface of the pile is made up of five rows of elements to represent the cooled crust of 

the lava. The rows have an exponential viscosity profile after the models of Biot (1961) 

and Fink (1980) with a surface viscosity of lxl()27 Pa's and an interior viscosity of Ix 1022 

Pa·s. All rows have a Young's modulus of 6x1010 Pa, so that the interior has a Maxwell 

time of approximately 5000 yrs. The mound is modeled as being 200 km in radius. I vary 

the height of the mound and thus its aspect ratio, in effect varying the assumed Bingham 

yield stress of the lava I also vary the thickness of the cooled crust and model the presence 

of a central pipe of lower viscosity material. 

.. .. -.. -.. -~-.. -,-..... --... ~. . .'- . ~" , 
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Figure 5.10: Finite element grid for the gravitational relaxation of a volcanic mound. The 
five rows of elements forming the exterior crust have viscosity exponentially decreasing 
with depth. The core of the mound has a constant viscosity. 
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Figure 5.11 (a - d) shows the stresses that develop in the 'standard' model volcanic 

construct, with a central height of 1 km, a cooled crust that is 250 m thick and no central 

pipe. Initially, at t=O (Figure 5. 11 a), the construct responds elastically. Throughout the 

crust the vertical stress is equal to pgh while the radial and hoop stresses are both equal to 

v 
1 - v P gh [v/(l-v) = 0.33 for v=0.25]. At later times, stresses through most of the crust 

maintain this relationship. However, at the center of the mound stresses start to become 

extensional while those at its outer edge become more compressional as the crust responds 

to gravity by sliding off the viscous interior. At 20 My (Figure 5.11 b) the radial and hoop 

stresses become extensional over a very narrow range at the center. At slightly greater 

distances, these stresses are compressional but less so than in the initial elastic response, 

with the hoop stress being less· compressional than the radial stress. At the periphery of the 

mound, both the radial and hoop stresses become more compressional, with the radial 

stress more compressional than the hoop stress, however both stresses are still less 

compressional than the vertical stress. 

As time progresses, these trends in the radial and hoop 5tress response continue. After 

50 My (Figure 5.11c), these horizontal stresses become extensional over a range of 

approximately 10 km from the center, the hoop stress being more extensional than the 

radial stress, while at the periphery the radial stress has become more compressional than 

the vertical stress and is slightly greater than 1 MPa. After 100 My (Figure 5.11d) the 

central hoop and radial stresses are virtually unchanged from their values at 50 My while 

the peripheral radial stress, still the most compressional, has increased to about 1.5 MPa. 

These stress states lead to an expectation of radially oriented nonna1 faulting in the center of 

the mound and concentrically oriented folding or thrust faulting at its toe. 
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Figure 5.11 (a and b): Surface stresses in a 200 kIn radius, 1 kIn high volcanic mound with 

a 250 m thick cooled crust and no low viscosity central pipe at times t=O (a) and t=20 My 
(b). 
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Figure 5.11 (c and d): Surface stresses in a 200 Ian radius, 1 Ian high volcanic mound with 

a 250 m thick cooled crust and no low viscosity central pipe at times t=50 My (c) and t=loo 
My (d). 
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Changing the aspect ratio of the volcanic mound has a significant effect on the 

magnitude but not the sense of stresses. Figure 5.12 shows the stresses which develop in 

a mound which has an original central height of 2 km and a radius of 200 km. The results 

are qualitatively the same as those for the 1 km high mound: the radial and hoop stresses at 

the center are extensional, with the hoop stress being more extensional than the radial 

stress, while at the periphery all stresses are compressional, with the radial stress being the 

most compressional and the vertical stress the least compressional. Quantitatively, stresses 

have increased substantially. The extensional stresses at the center of the mound are now 

on the order of a few :MFa, compared to the few tenths of a :MFa for the 1 km high mound 

of Figure 5.11d, and extend farther from the center, changing to compressional stress at a 

distance of between 50 and 75 km rather than the 10 km distance for the 1 km high mound. 

Similarly, at the periphery, the radial compressional stress is approximately 5:MFa for the 2 

km high mound compared to 1.5 :MFa for the 1 km high mound 

For a mound which starts out with an aspect ratio significantly lower, stresses are 

sufficiently smaller that a qualitative difference appears. Figure 5.13 shows the stress state 

after 100 My for a mound that is initially 0.5 Ian high. The central radial and hoop stresses 

remain compressional and do not diverge greatly from one another. At the edge of the 

mound, the radial stress has become more compressional than in the initial elastic case but 

is still less compressional than the vertical stress. Thus very low mounds should develop 

neither radial normal faulting at the center nor concentric compressional features at the 

periphery. 

The examples shown thus far all have had 250 m thick crusts. Figure 5.14 shows the 

stresses at 100 My in a crust that is only 125 m thick on 1 km high mound. Compared 
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Figure 5,12: Surface stresses in a 200 km radius, 2 km high volcanic mound with a 250 m 
thick cooled crust and no low viscosity central pipe at time t=loo My. 
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Figure 5.13: Surface stresses in a 200 krn radius, 0.5 krn high volcanic mound with a 

250 m thick cooled crust and no low viscosity central pipe at time t=100 My. 
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Figure 5.14: Surface stresses in a 200 Ian radius, 1 Ian high volcanic mound with a 125 m 
thick cooled crust and no low viscosity central pipe at time t=100 My. 
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with the case for the thicker crust case, the vertical stress is reduced by half since the 

stresses are detennined in the center of the topmost element, which is now half as thick. 

The central extensional stresses, however, are similar, being about 0.5 MPa. The hoop 

stress is the least compressional, as before. The compressional stresses at the toe of the 

mound are smaller, with the radial stress the most compressional at slightly less than 1 

MPa. For a crust that is 500 m thick (Figure 5.15) the central stresses are barely 

extensional while the peripheral radial stress becomes fairly large at about 2.4 MPa. 

I simulate the presence of a central pipe of viscous lava by assigning the viscosity of the 

interior of the mound to the elements adjacent to t~e x=O axis to test whether this will 

substantially relieve the stresses in the mound and thus alter the expected tectonic response. 

Figure 5.16 shows the stress state for this case after 100 My. The viscous material around 

the center of the mound cannot build up any extension, and indeed at the center, within the 

pipe, the stresses are hydrostatic. In the toe, we again have the radial stress as the most 

compressional while the vertical and hoop are essentially equal. 

The general results of this modeling are very robust in that, after 100 My of relaxation, 

stresses near the surface of the pile take on the same characteristics in all the cases studied. 

At the center of the mound the horizontal stresses tend to become extensional and the hoop 

stress becomes the most extensional while the vertical stress is the most compressional 

leading to the expectation of radial normal faulting. In some cases, for example low 

mounds or mounds with thick crusts, this effect is mitigated since the horizontal stresses do 

not become strictly extensional but only become less compressional than the elastic state. 

Near the edge of the mound the horizontal stresses tend to become more compressional, the 

radial stress becoming the most compressional while the vertical and hoop stresses tend to 
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Figure 5.15: Surface stresses in a 200 km radius, 1 km high volcanic mound with a 500 m 
thick cooled crust and no low viscosity central pipe at time t=l00 My. 
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Figure 5.16: Surface stresses in a 200 Ian radius, 1 Ian high volcanic mound with a 250 m 
thick cooled crust and a low viscosity central pipe at time t=l00 My. 

-------------------~------... -..... -............... -..... -............. __ ......... . 



127 

become roughly equal leading to the expectation of concentrically oriented folding or thrust 

faulting. 

5.6) Comparison with Coronal Topographic Profiles and Images 

Few profiles of Venusian coronae have appeared in the published literature. Stofan and 

Head (1990) presented single profiles for five coronae of Mnemosyne Regio derived from 

the Pioneer Venus data set. They oriented their profiles, however, to best display certain 

morphological aspects of corona topography. Their profiles do not extend very far beyond 

the corona into the surrounding plains and so do not yield information on any flexure of the 

lithosphere. 

To find a general or typical cross sectional profile for coronae, I obtained several 

profiles of three coronae classified as symmetrical by Pronin and Stofan (1990). The three 

coronae profiled are Anahit (Figure 5.17, located at 77°N, 278°E), Earhart (Figure 5.18, 

71°N, 136°E), and Pomona (Figure 5.19, 79°N, 3000E). The data set used is that prepared 

by L. Soderblom and G. Schaber of the USGS Astrophysical Branch, Flagstaff, Arizona, 

by interpolation from the combined altimetry information of the Venera missions, Pioneer 

Venus and Earth based observations from Arecibo. The data set gives altitudes as radii 

from the planet's center for each 0.125° of longitude and latitude resulting in a cylindrical 

projection map of the entire planet 

For each corona, the pixel nearest the center was taken as the central pixel and profiles 

across the corona were taken in four directions, N-S, E-W, NE-SW, and NW-SE. To 

correct for the distance distortions of the cylindrical projection, I converted the latitude and 

-------------------~-... --.---................. -. 
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Figure 5.17: Anahit (77°N, 278°E) and Pomona (79°N, 3000 E) Coronae. Photomap No.3 
in the Venera series prepared by the Vemadsky Institute, Moscow. 
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Figure 5.18: Earhart Corona (71 oN, 136°E). Photomap No.7 in the Venera series prepared 
by the Vemadsky Institute, Moscow. 
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longitude of each pixel to arc distance over the surface of Venus to the central pixel using 

the fonnula (Robinson et al., 1984): 

where: 

D=6051. 9km * cos- l{[sin(a) sin(b)] +[cos(a) cos(b) cos(c)] } 

a = latitude of point a 

b = latitude of point b 

c = longitude difference between points a and b 

(5.13) 

Each of the four profiles for the three coronae are plotted in Figures 5.19, 5.20, and 

5.21. There is considerable variation both in regional slope and in roughness of the 

profiles. Relatively few generalizations about the coronal profiles can be made .. Anahit 

[Figure 5.19 (a-d)] demonstrates troughs at the periphery of the central topographic dome 

of the corona on all profiles, but none of the profiles shows a plain level that can be 

identified with confidence beyond the central dome. In addition there is a distinct 

asymmetry in the location of the trough. It occurs at a radial distance of approximately 500 

Ian to the SW, S, and SE, but at a radial distance of only about 200 km to the NW, N, and 

NE. 

Earhart Corona [Figure 5.20 (a-d)] shows no evidence for peripheral troughs in any of 

the profIles with the possible exception of the depression displayed south of the corona, but 

does display a fairly consistent central depression. 

The N-S and NE-SW profiles for Pomona Corona (Figure 5.21, a and c) are suggestive of 

peripheral troughs, but in the case of the N-S profile the 'troughs' appear more like broad 

valleys between a series of gentle swells, the middle swell being the corona. In addition, 

there is no reliably discern able base level apparent in any of the profiles. The NW -SE 

---------------------------~ .. -.. -.-... -.- ......... -............ "- .. -..... "'"--'''--''' 
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Figure 5.19 (a and b): N-S and E-W profIles of Anahit Corona. Center of corona is located 
at 77°N, 278°E. Elevation is relative to mean planetary radius of 6041.9 lan. 
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Figure 5.19 (c and d): NE-SW and NW-SE profiles of Anahit Corona. Center of corona is 

located at 77°N, 278°E. Elevation is relative to mean planetary radi us of 6041.9 Ian. 
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Figure 5.20 (a and b): N-S and E-W profiles of Earhart Corona. Center of corona is located 

at 71 ON, 136°E. Elevation is relative to mean planetary radius of 6041.9 kIn. 
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Figure 5.20 (c and d): NE-SW and NW -SE profiles of Earhart Corona. Center of corona is 

located at 71 ON, 136°E. Elevation is relative to mean planetary radius of 6041.9 kIn. 
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Figure 5.21 (a and b): N-S and E-W profiles of Pomona Corona. Center of corona is 

located at 79°N, 300oE. Elevation is relative to mean planetary radius of 6041.9 km. 
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Figure 5.21 (c and d): NE-SW and NW-SE profiles of Pomona Corona. Center of corona 
is located at 79°N, 300oE. Elevation is relative to mean planetary radius of 6041.9 km. 
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profile (Figure 5.21, d) continues to rise steeply to the SE, eventually reaching an elevation 

of approximately 4 kIn at a distance of 1000 Ian from the corona center. 

These profiles demonstrate the noise and variability in profiles taken through the center of 

the coronae. To find a more generalized representation of the coronae, I combined the four 

individual profiles for each corona by binning the data points in 10 km bins (by distance 

from the center of the corona) and finding the average elevation for each bin. The binned 

data was then smoothed using a 5 element moving boxcar averaging algorithm. That is 

each 10 km bin was assigned a value that was the average of its initial value plus the initial 

value of the two bins to either side of it. The final binned and smoothed data for the three 

coronae are plotted in Figures 5.22, 5.23, and 5.24. The smoothed combination profiles 

for Anahit (Figure 5.22) and Pomona (Figure 5.24) Coronae exhibit what might be taken 

for peripheral troughs. At the edges of the coronal mound there is a region that is 

approximately 150 m below the mean datum level (6041.9 km from the planetary center). 

However, in the case of Anahit Corona this depression exists between the corona and a 

topographic high which, on average, surrounds the corona, so that whether this depression 

represents a flexural trough due to the coronal load or one due to this surrounding ring is a 

moot point. In the case of Pomona Corona the trough is actually within the boundary of 

the corona itself, where even the thinnest lithosphere model predicts a topographic high. 

Even this smoothed profile exhibits considerable remnant noise in regions beyond a few 

hundred kilometers from the coronal center. Earhart Corona (Figure 5.23) exhibits a 

relatively smooth and continuous decrease in elevation with increasing distance form the 

center of the corona. It shows no evidence at all for a peripheral trough. 

Tectonics due to the stresses predicted by the modeling of the Venusian coronae as 

lithospheric loads are also notably absent. Pronin and Stofan (1990), in a rather exhaustive 
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Figure 5.22: Average profile for Anahit Corona. The profile is produced by placing the 
elevation for each pixel along a profile in bins based on distance from the center of the 

corona. The bins are 10 Ian wide. An average elevation for each bin is computed and the 
resulting profile is then smoothed using a 5 bin wide moving boxcar smoothing routine. 
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Figure 5.23: Average proflle for Earhart Corona. The profile is produced by placing the 
elevation for each pixel along a profile in bins based on distance from the center of the 

corona. The bins are 10 km wide. A average elevation for each bin is computed and the 
resulting profile is then smoothed using a 5 bin wide moving boxcar smoothing routine. 
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Figure 5.24: Average profile for Pomona Corona. The profile is produced by placing the 
elevation for each pixel along a profile in bins based on distance from the center of the 

corona. The bins are 10 km wide. A average elevation for each bin is computed and the 
resulting profile is then smoothed using a 5 bin wide moving boxcar smoothing routine. 
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description of the morphology and tectonics associated with coronae note no concentric 

normal faulting peripheral to any of the 21 coronae examined. As sharp changes in slope, 

the expected high angle faults should be readily visible as either changes in radar brightness 

in the radar imagery or as topographic breaks in the altimetry data. To the contrary, such 

observations are noticeably absent. 

5.7) Conclusions 

I have examined the result of loading of a basaltic lithosphere by parabolic loads having 

the width of the coronae of Venus. The results of this modeling indicate that both the 

lateral extent and the degree of flexure are functions of the lithospheric thickness. In 

particular, the lateral extent of flexure increases with increasing lithospheric thickness while 

the degree of flexure as measured by the slope of the lithosphere at the edge of the load 

increases with decreasing thickness. The depth of the trough peripheral to the load is not a 

sensitive function of lithospheric thickness, remaining nearly constant at approximately 0.5 

km. The width of this trough, however, increases with increasing thickness. For 

relatively thin lithospheres, the steep slope of the lithospheric flexure allows the central 

portion of the initially parabolic load to sink significantly farther than the outer portions of 

the load, resulting in a caldera like central depression without withdrawal of magma from a 

central chamber or withdrawal of dynamic support. The flexure of the lithosphere under 

loading is sufficient to produce this feature providing that the lithosphere is less than -50 

km thick. 

The examination of the combined Pioneer Venus, Venera and Arecibo data sets fails to 

reveal any standard profile for the Venusian coronae. In particular features which have 
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been noted in the literature such as peripheral troughs and central depressions are not 

universally present or at least cannot be identified without fear of contradiction. The 

averaged and smoothed profIles I have obtained for Anahit, Earhart and Pomona Coronae 

share only a single topographic commonality, namely they appear as dome shaped 

topographic highs rising approximately 0.5 km above the surrounding terrain and having 

an average radius of approximately 250 km. The absence of the features predicted by the 

modeling presented here indicates that these coronae are not simply volcanic piles resting 

on an elastic lithosphere. As pointed out at the beginning of this chapter, I have modeled 

two of three possible support mechanisms for the lithospheric loading represented by the 

coronae. The third mechanism, dynamic support by continued mantle upwelling remains to 

be tested, but should in general be able to account for the high topography associated with 

the coronae. If this is the case, then the topography may be wholly or significantly due to 

this dynamic support with effusive volcanism providing only a relatively thin veneer of 

surface flows. The results of the Magellan radar mapping of the surface of Venus will 

provide a significant increase in our understanding of the Venusian surface, providing 

resolution down to a few tens of meters. More importantly, it will provide for 

distinguishing between unaltered lithosphere and volcanic flows so that one might be 

capable of determining whether the coronae are indeed completely covered in volcanic 

materials or are rather thinly and partially covered by lava flows. Assuming that Magellan 

provides usefulline-of-sight accelerations over its extended mission lifetime, it should 

provide a determination of spherical harmonic coefficients of sufficient order to determine 

the gravity signature of the coronae. If the coronae are associated with positive gravity 

anomalies, this wi1llend support to the idea that they represent surface bulges overlying 

mantle hot spots. 
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