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ABSTRACT 

A theory is presented which accounts for a particular aspect of 

nonlinearity caused by the deviation of plume "particles" from their mean 

trajectory in three-dimensional. statistically homogeneous but anisotropic porous 

media under an exponential covariance of log hydraulic conductivities. 

Quasilinear expressions for the time-dependent nonlocal dispersivity and spatial 

covariance tensors of ensemble mean concentration are derived. as a function of 

time. variance u~ of log hydraulic conductivity. degree of anisotropy. and flow 

direction. One important difference between existing linear theories and the new 

quasilinear theory is that in the former transverse nonlocal dispersivities tend 

asymptotically to zero whereas in the latter they tend to nonzero Fickian 

asymptotes. Another important difference is that while all existing theories are 

nominally limited to situations where u ~ is less than I. the quasilinear theory is 

expected to be less prone to error when this restriction is violated because it 

deals with the above nonlinearity without formally limiting u~. The theory 

predicts a significant drop in dimensionless longitudinal dispersivity when u~ is 

large as compared to the case where u~ is small. As a consequence of this drop 

the real asymptotic longitudinal dispersivity. which varies in proportion to u 2 y 

when u~ is small. is predicted to vary as uy when u~ is large. The 

dimensionless transverse dispersivity also drops significantly at early 

dimensionless time when u~ is large. At late time this dispersivity attains a 

maximum near u~ - I. varies asymptotically at a rate proportional to u~ when 

u ~ is small. and appears inversely proportional to u y when u ~ is large. The 

actual asymptotic transverse dispersivity varies in proportion to u~ when u; is 
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small and appears pr?portional to uy when u~ is large. One of the most 

interesting findings is that when the mean seepage velocity vector p. is at an 

angle to the principal axes of statistical anisotropy. the orientation of longitudinal 

spread is generally offset from p. toward the direction of largest log hydraulic 

conductivity correlation scale. When local dispersion is active. a plume starts 

elongating parallel to p.. With time the long axis of the plume rotates toward the 

direction of largest correlation scale. then rotates back toward p.. and finally 

stabilizes asymptotically at a relatively small angle of deflection. Application of 

the theory to depth-averaged concentration data from the recent tracer experiment 

at Borden. Ontario. yields a consistent and improved fit without any need for 

parameter adjustment. 
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INTRODUCTION 
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During the last two decades. problems of groundwater quality have 

attracted increased attention on the part of the public and the scientific 

community. The pollution of groundwater due to waste infiltration from 

landfills. industrial plants. domestic sewage. agricultural fertilizers. and salt 

water in coastal areas. have been reported in many parts of the world (e.g .• 

Miller. 1980; Pye et al.. 1983; Holden. 1986). As a result. the study of 

subsurface solute transport phenomena has attained importance. 

Solute transport by groundwater is a challenging problem not only 

because the phenomenon is physically and mathematically complex. but even 

more so because meaningful experiments are difficult to perform. Solute 

sampling requires expensive drilling and monitoring of boreholes or wells. 

Because the spread of solutes is a slow process (especially in low permeable 

aquifers). experiments may last months to years. Under such circumstances. the 

availability of a theory to interpret field tests and predict plume evolution is of 

critical importance. The theory must identify all factors that control transport 

and provide mathematical tools to compute the spatial and temporal distribution 

of the solute concentration in an aquifer. 

1.1 Background 

Solute transport by groundwater has been traditionally described by 

the advection-dispersion equation (Scheidegger. 1954; Bear. 1972; Fried. 1975) 
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ac _ (V.d V - V'v)c at 1 
(1.1) 

where c(x. t) is concentration per unit volume or mass of groundwater. x is a 

position vector. t is time. dl is a hydrodynamic dispersion tensor. vex. t) is a 

seepage velocity vector. and V is a gradient operator. 

Equation 1.1 is derived from mass balance under the assumption that the 

dispersive mass flux Jd obeys Fick's law (Fick. 1855). given by 

(1.2) 

The hydrodynamic dispersion tensor is generally taken to have principal 

directions parallel and normal to the seepage velocity. The principal values of 

dl' dlL and diT • are termed longitudinal and transverse dispersion coefficients. 

respectively. They are usually expressed as 

dlL - dm + alL v 

dlT - dm + alT v 

(I.3a) 

(l.3b) 

where dm is the subsurface molecular diffusion coefficient. alL and aiT are 

longitudinal and transverse dispersivities. and v is the modulus of v. In this 

Fickian model of dispersion the dispersivities are local medium properties that do 

not vary with time. 

Fickian dispersion with constant dispersivities has been observed to 

occur in small-scale laboratory tracer experiments within relatively uniform 

granular materials (Bear. 1972; Fried. 1975; Klotz et ai .• 1980). However. in 

larger-scale laboratory and field tracer experiments within heterogeneous media. 

dispersivities seem to increase with the scale of experiment (Bear. 1961; Lawson 

and Elrick. 1972; Lallemand-Barres and Peaudecerf. 1978; Anderson. 1979; Klotz 

et al.. 1980; Pickens and Grisak. 1981; Gelhar. 1986; Arya et al.. 1988; Lake. 
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1988. 1989). The manner in which apparent longitudinal dispersivities from such 

experiments increase with scale is illustrated in Figure 1.1. 

Furthermore. in a given experiment. dispersivities appear to grow with 

distance between the sampling point and the source. suggesting that they are 

neither local medium properties nor constant in time. Such non-Fickian behavior 

has been observed by many researchers including Martin (1971). Lawson and 

Elrick (1972). Peaudecerf and Sauty (1978). Sud icky and Cherry (1979). Sudicky 

et aI. (1983). Dieulin et aI. (1981). Siliman and Simpson (1987). and Freyberg 

(1986). In the tracer experiment of Peaudecerf and Sauty (1978) the plume has 

spread at variable rates. corresponding to time varying dispersivities. for more 

than 380 hours. The same has happened over a much longer period of at least 

600 days in a tracer experiment at Borden. Ontario. Canada (Mackay et aI.. 

1986). In both experiments the plumes appear to have reached a linear rate of 

longitudinal spread (corresponding to a constant longitudinal dispersivity) 

asymptotically. but it is not clear that the same has happened with respect to 

transverse spread. In fact. one should not expect even the longitudinal spread to 

remain linear indefinitely. As a plume grows. it inevitably encounters 

heterogeneities on scales larger than those already experienced and thus enters a 

new phase of non-Fickian. or preasymptotic. dispersion. Fickian spread is then 

merely an intermittent episode in what is otherwise an inherently non-Fickian 

mode of transport. 

Today it is generally recognized that subsurface solute transport is 

strongly influenced by spatial variations in groundwater velocity due to 

fluctuations in hydraulic conductivity K and other parameters or conditions 

within the geologic medium. Such velocity variations cause dissolved chemicals 
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to disperse over distances considerably larger than those normally observed in 

laboratory column experiments. At the scale of a small laboratory sample. 

dispersion is mainly due to velocity variations within pores (Bear. 1972. 1979; 

Freeze and Cherry. 1979). Such laboratory-scale dispersion can sometimes be 

characterized by a local dispersion tensor d/. However. in the field dispersion is 

caused by heterogeneities on a much larger scale due to clay lenses. facies 

changes. and sedimentary layers. One way to deal with such heterogeneities. 

when their details are unknown. is to treat the seepage velocity as a stochastic 

process or random field. Assume that c(x. t) satisfies (1.1) on a local scale but 

that the seepage velocity vex) varies randomly from one location to another due 

to aquifer heterogeneity (v can of course vary with t as well as x but we shall 

consider only steady state velocity fields). Then C(X. t) becomes a random 

function. Clearly. c(x. t) can not be fully described or predicted without 

knowing the velocity at each point in space. One can. however. determine the 

ensemble mean concentration (c) which is of interest as the most easily obtained 

estimate of the actual concentration. Efforts have been made to calculate the 

moments of ensemble mean concentrations and associated nonlocal dispersion 

parameters. A brief review on previous work in this aspect is presented below. 

Many theoretical analyses of scale-dependent dispersion have been 

carried out in the past (e.g .• Buyevich et al.. 1969; Dieulin et al.. 1981; Guven 

and Molz. 1986; Sposito et al .• 1986; Koch and Brcody. 1987. 1988; Sposito and 

Barry. 1987; Yeh. 1987). Special efforts have been made to relate the nonlocal 

dispersivity and dispersion tensors to statistical parameters of aquifer 

heterogeneity. such as variance and correlation length of log hydraulic 

conductivities log K and to estimate the moments of ensemble mean 
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concentrations (e.g .• Mercado. 1967; Gelhar et al.. 1979; Matheron and de 

Marsily. 1980; Gelhar and Axness. 1983; Dagan. 1982. 1984. 1987. 1988; Winter. 

1982; Winter et al .• 1984a. b; Neuman et al .• 1987; Naff et al.. 1988). 

The study of nonlocal dispersion in aquifers started as early as the 

1960's. Mercado (1967) investigated dispersion in a stratified aquifer by treating 

the hydraulic conductivity of each layer as a random variable. He demonstrated 

that when local dispersion is absent and flow is parallel to the layers. the 

nonlocal dispersivity grows indefinitely with mean displacement distance at a rate 

equal to the coefficient of variation of the hydraulic conductivity. Gelhar et al. 

(1979) proceeded one step further by allowing the hydraulic conductivities of the 

layers to be correlated in space and considering a nonzero local dispersivity. 

They described the mass transport process with a first-order approximation 

which is analogous to that of GJ. Taylor (1953) for flow in tubes and solved the 

resulting local stochastic advection-dispersion equation for the ensemble mean 

concentration using spectral representation by assuming that the medium is 

statistically homogeneous and heterogeneity is mild. They found that. when local 

dispersion is active and flow is parallel to the layers. the nonlocal dispersivity 

will reach a constant value once the solute body travels sufficiently far from its 

source. This nonlocal dispersivity was shown to be proportional to the 

correlation scale and variance of hydraulic conductivities and inversely 

proportional to the local mean transverse dispersivity. 

Matheron and de Marsily (1980) followed a Lagrangian analysis to show 

that a vertical flow component is needed for the nonlocal dispersivity to reach an 

asymptotic value in stratified aquifers when local dispersion is zero. The larger 

is this vertical component. the faster is the asymptote reached. They found that 
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a hydraulic conductivity covariance exhibiting a "hole function" is necessary for 

an asymptote to develop. The same was confirmed later by Guven et al. (1984) 

and Gupta and Bhattacharya (1986) using deterministic approaches based on the 

periodic medium concept. 

A three-dimensional Fickian dispersion in statistically homogeneous. 

anisotropic. mildly heterogeneous porous media was carried out by Gelhar and 

Axness (1983). The asymptotic nonlocal dispersivity tensor was related to the 

variance and correlation scales of log K and shown to be a second-rank 

symmetric tensor. The authors found that longitudinal nonlocal dispersion is 

mainly convectively controlled and the classical Fickian relationship is valid for 

large-scale displacements. In addition. they found that at large local Peclet 

number Pl (defined as being inversely proportional to the longitudinal local 

dispersion coefficient) the asymptotic dispersivity tensor may possess more than 

one nonzero eigenvalue and. when the mean flow is inclined to the stratification 

in typical layered media. the direction of the largest principal dispersivity is 

offset from the mean velocity toward the direction of least spatial correlation of 

hydraulic conductivity covariance (or away from the stratification). However. 

these findings rest on an inconsistent second-order approximation in relating the 

spectrum of the velocities to that of log hydraulic conductivities as pointed out 

by Neuman et al. (1987) and later confirmed by Ababou et al. (1988) and 

A babou and Gelhar (1990). 

A multidimensional stochastic theory of nonlocal Fickian dispersion in 

statistically homogeneous and isotropic media with mild heterogeneity was 

developed by Winter (1982) and Winter et al. (1 984a. b). They used a second

order perturbation approach to relate the effective velocity vector V and total 
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dispersion tensor D to the mean and covariance of the local seepage velocity 

vector v and the local dispersion tensor dl. The authors found that in general. 

V is not necessarily equal to the ensemble mean of v. ". and that D is a 

second-rank symmetric tensor. In the particular case where V·v - 0 (e.g .• 

incompressible fluid in a rigid porous medium of uniform effective porosity). V 

becomes equal ". and their expressions for D simplify to those obtained by 

Gelhar and Axness (1983). They further extend a conclusion of Gelhar and 

Axness. that as the local Peclet number PI increases. D becomes asymptotically 

linear in p.. by showing that it holds for arbitrary velocity covariance functions. 

They also derived expressions for D as a function of PI under a spherical 

covariance of log K. 

Neuman et al. (1987) extended the above work to statistically anisotropic 

media. Their study leads to results which differ in important ways from earlier 

theoretical conclusions about dispersion in anisotropic media. They showed that 

at large Peelet number Pz. the nonlocal dispersivity tensor reduces to a single 

principal component parallel to the mean velocity. regardless of how " is 

oriented. This result. valid for arbitrary covariance functions of log K. differs 

from that of Gelhar and Axness (1983). They also showed that when the mean 

seepage velocity " is at an angle to the principal axes of statistical anisotropy. 

the direction of largest principal dispersivity is offset from the mean velocity 

toward the direction of largest spatial correlation at small and intermediate Peelet 

numbers but rotates towards the mean velocity as PI increases. 

differs from the earlier conclusion of Gelhar and Axness (1983). 

which again 

At small Pz 

the three principal dispersivities are proportional to Pl. As Pz increases. the 

largest (longitudinal) principal dispersivity reaches a constant asymptote but the 
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other two principal (transverse) dispersivities reach a peak and then diminish 

asymptotically in proportion to Prl. Since D is dominated by dl at small PI 

and by convection at large PI- the eigenvalues of D are generally neither parallel 

nor normal to p.. Their maximum deviation from p. occurs at intermediate PI 

values. 

Dieulin et ale (1981) used Taylor's Lagrangian theory of dispersion (1921. 

1953) to express the nonlocal dispersion coefficient in terms of the Lagrangian 

velocity autocovariance. Upon assuming that the velocity distribution is Gaussian 

and neglecting local dispersion. they were able to show that the nonlocal 

dispersion coefficient is a function of time for a slug injection and found that 

tracer experiments performed both in situs and in the lab seem to be in 

accordance with this hypothesis. 

Dagan (1987) followed Taylor's (1921) theory of diffusion by continuous 

motions and work by Lundgren and Pointin (1976) to derive a nonlinear integra

differential equation for the spatial covariance of ensemble mean concentrations 

in a statistically homogeneous random field of mildly fluctuating log K. 

Neglecting nonlinearities due to the deviation of plume particles from their mean 

trajectory and the effect of local dispersion. he (1984. 1987) presented closed

form expressions for the nonlocal dispersivity and spatial covariance tensors in 

statistically isotropic media. under an exponential log K covariance. as functions 

of dimensionless time tIL (mean travel distance relative to integral scale of log K). 

In the limit of large tIL his expressions agree up to a constant of multiplication 

with corresponding Fickian results of Gelhar and Axness (1983) and exactly with 

the longitudinal dispersivity expression obtained for isotropic conditions by 

Neuman et ale (1987) under a spherical covariance. More recently. Dagan (1988) 
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extended his analysis to a special class of statistically anisotropic media in which 

the integral scale of log hydraulic conductivity covariance can take on two 

distinct values. one in a plane containing the mean seepage velocity vector p. and 

the other normal to this plane. 

1.2 Objectives. Approaches. and Scope 

This dissertation analyzes the manner in which the ensemble mean 

concentration evolves during the preasymptotic or non-Fickian stage toward an 

asymptotic or Fickian regime in aquifers. More specifically. we derive general 

quasilinear expressions for the time-dependent nonlocal dispersivity and spatial 

covariance tensors. a and X. as well as the total dispersion and spatial 

covariance tensors. D and 1:. of ensemble mean concentrations in three

dimensional. statistically homogeneous. anisotropic fields of mildly fluctuating log 

hydraulic conductivities characterized by an exponential covariance. obtain 

corresponding simplified formulae for a and X at small and large values of 

effective Peelet number P (defined inversely proportional to the asymptotic 

longitudinal nonlocal dispersion coefficient) and dimensionless time tp.. investigate 

the manner in which a. X. D. and 1: vary with tp.. P. and anisotropy of 

hydraulic conductivities. and apply the results to the tracer experiment conducted 

a few years ago at Borden. Ontario. Canada. 

This study is closely related to earlier work by Dagan (1984. 1987. 1988) 

who derived an expression for the spatial covariance of ensemble mean 

concentrations in a statistically homogeneous random field of mildly fluctuating 

log hydraulic conductivities. The condition of mild log hydraulic conductivity 

fluctuations is imposed by Gelhar and Axness (1983). Neuman et al. (1987). and 
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others to justify disregarding nonlinear terms when relating the statistical 

properties (e.g.. spectra) of groundwater velocities to those of log hydraulic 

conductivities. The same condition is generally used by Dagan to further justify 

neglecting nonlinear terms arising from the deviation of plume "particles" from 

their mean trajectory and is tacit in all other linear theories of non local 

dispersion. Numerical experiments in isotropic media by Tompson et al. (1987) 

and Kitanidis (1988) demonstrate that such nonlinear terms may cause a 

significant drop in dimensionless longitudinal dispersivity as compared to the 

linear case when velocity fluctuations are large; this translates into a slower 

increase in actual longitudinal dispersivity with the amplitude of these 

fluctuations than one might surmise from the linear theory. 

Dagan (1987) points out that disregarding the deviation of plume particles 

from their mean trajectory is equivalent to adopting the first iteration in a 

successive-approximation method proposed for related problems of turbulence by 

Phytian (1975). In testing his method against four particular Eulerian velocity 

spectra Phytian (ibid. p.147) found that a second iteration was required to obtain 

an acceptable agreement with exact results in the absecce of negative 

correlations. and at least a third iteration would be needed to achieve the same 

in the latter as well as some other cases. A more recent numericai analysis of 

nonlocal dispersion in a particular two-dimensional isotropic medium by Rubin 

(1990) demonstrates that such higher order terms may cause some reduction in 

dimensionless longitudinal mixing. and a significant enhancement of dimensionless 

transverse spread. even if the velocities fluctuate mildly. It is thus clear that 

nonlinearities have a potentially important effect on non local dispersion in 

geologic media. 
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We recover part of the nonlinearity due to deviations of plume particles 

from their ensemble mean trajectory by adopting Corrsin's conjecture (c.j .• 

Lundgren and Pointin. 1976) and quasilinearizing the result. The same 

conjecture with linearization is employed briefly by Dagan (1988) to obtain a 

second-order correction for the Fickian asymptote of the nonlocal dispersion 

tensor when fluctuations in log hydraulic conductivity are small. We expect 

quasiIinearization to result in a higher order of accuracy for this tensor than 

simple linearization. We further expect (based on the conclusion of Lundgren 

and Pointin (ibid. p. 358) that Corrsin's conjecture is "nearly the same" as the 

iterative method of Phytian (1975) and on tests of this conjecture by Peskin 

(1974) and Salu and Montgomery (1977» Corrsin's conjecture to yield a more 

accurate description of both Fickian and non-Fickian nonlocal dispersion than 

does Dagan's (1984. 1987. 1988) linear theory without it. though the order of 

accuracy should be lower for non-Fickian than for Fickian conditions. We 

therefore use the conjecture in a much more extensive way than does Dagan by 

developing quasilinear analytical expressions for the time-dependent nonlocal 

dispersivity and second spatial moment tensors of ensemble mean concentrations 

and evaluating them numerically by means of a rapidly converging iterative 

process. The same iterative process can easily be used to recover analogous 

nonlinear effects in Fickian theories such as those of Gelhar and Axness (1983) 

and Neuman et al. (1987). 

Our analytical solutions involve an "effective Peelet number pIt which is 

inversely proportional to the effective longitudinal nonlocal dispersion coefficient 

and is therefore much smaller than the conventional Peclet number which is 

inversely proportional to the equivalent local coefficient. A similar effective 
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Peelet number can be used to recover higher-order effeets in existing Fickian 

theories such as those of Gelhar and Axness (1983) and Neuman et al. (1987). 

Thus. while Dagan deals with an infinite local Peelet number Pl. we must 

account for small values of the effeetive Peelet number P. This is doubly true 

considering that even traditional Peelet numbers associated with local dispersion 

are in reality finite and may be low where groundwater seepage velocity is very 

slow due to mild hydraulic gradients and/or low hydraulic conductivities. We 

therefore develop analytical expressions corresponding to arbitrary P values 

which lend themselves to quantitative evaluation by a simple iterative process. 

Our solutions reduce to those of Dagan (1984. 1987. 1988) if one arbitrarily sets 

P~oo. 

In Chapter 2. we first develop the fundamental relationship between the 

spatial covariance tensor of ensemble mean concentrations and the Fourier 

components of the Eulerian velocity field. then introduce Corrsin's conjecture and 

quasilinearization. and finally derive general quasilinear expressions for the time

dependent non local dispersivity tensor ex and spatial covariance tensor X of 

ensemble mean concentrations in three-dimensional. statistically anisotropic media. 

under an exponential covariance of log hydraulic conductivities. 

The expressions for ex and X obtained in Chapter 2 are generally 

difficult to evaluate exactly. except in some speeial cases. such as small tp. and P 

or as tp. and/or P go to infinity. These asymptotic behaviors of ex and X are 

discussed in Chapter 3. In addition. Fickian expressions for ex and X under a 

modified exponentia] covariance are derived in this chapter to compare with 

analogous expressions under the exponential covariance. 
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The expressions derived in Chapter 2 are quasilinear and a general 

analytic solution of a and X is therefore difficult to obtain. A simple iterative 

scheme and numerical integration are used in Chapter 4 to investigate the 

influences of effective Peclet number and anisotropy of hydraulic conductivity 

covariance on nonlocal dispersivity and spatial covariance as functions of 

dimensionless time. It is also shown in this chapter how the theory can be used 

to analyze nonIocal dispersion in two-dimensional and layered systems. 

Chapter 5 deals with the total dispersion and spatial covariance tensors. 

D and~. The relationships between local and nonlocal components of D and ~ 

are discussed and the influences of effective Peclet number and anisotropy on 

the direction of plume spread are studied. 

In Chapter 6 the results are applied to vertically-averaged concentration 

data from a trace experiment conducted a few years ago at Borden. Ontario. 

Canada (Freyberg. 1986). 

The entire study is summarized in Chapter 7; some conclusions are 

drawn and recommendations made for further research. 
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CHAPTER TWO 

QUASI LINEAR THEORY OF NONLOCAL DISPERSION 

2.1 Basic Equation for Spatial Covariance Tensor 

Based on previous work in the area of turbulent diffusion (Taylor. 1921; 

Phytian. 1975; Lundgren and Pointin. 1976) Dagan (1987) presented an integro

differential equation satisfied by the spatial covariance tensor of ensemble mean 

concentrations due to nonlocal effects. X. resulting from the instantaneous 

introduction of solute mass at a point in a statistically homogeneous seepage 

velocity field associated with mildly fluctuating log hydraulic conductivities. For 

the sake of completeness. his derivation is briefly reviewed below. 

Let the seepage velocity v(x. t) be a random space function (stochastic 

process or random field). deterministic in t. with 

v(x. t) - U(x. t) + u(x. t) (2.1) 

where U - (v). (-) represents ensemble mean. and u is a random function with 

(u) - O. 

Let Xt be the total displacement of a solute particle. As such. it is a 

stochastic process that can be separated into two components 

Xt - X + Xd 

where Xd represents Brownian transport such that 

Xd - 2dlt 

(2.2) 

(2.3) 

d, being the local dispersion tensor (assumed constant) and Xd the corresponding 

spatial covariance. The other component of Xt in (2.2). X. is the displacement 

due to fluid advection. a stochastic process that can be written as 

X - (X> + x· (2.4) 
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where X· is the random fluctuation of a solute particle displacement about its 

mean trajectory <x> - Ut. 

The total displacement Xt is related to the seepage velocity by 

dXt U dXd 
dt - (x. t) + u(Xt· t) + dt (2.5) 

where 

r!Sl2. dt - U(x. t) (2.6a) 

and 

!!L. dt - u(Xt. t) (2.6b) 

We cast the problem in Fourier-transform space by using the spectral 

method. which has been widely used in study of turbulent diffusion theory. A 

general and rigorous derivation in an unbounded domain requires using Stieltjes-

Fourier integrals because a random function does not generally have an ordinary 

Fourier integral transform. However. the same final results are obtained by 

employing ordinary Fourier series in a finite cube whose dimensions are then 

allowed to expand to infinity or by generalizing the Fourier transform to include 

Dirac distribution. The Fourier transform of u. U. is defined as 

u(~. t) - I J u(x. t) exp(i~'x) dx 
(27f)m/2 

(2.7a) 

and the inverse Fourier transform as 

u(x. t) - I J u(~. t) exp(-i~'x) d~ 
(27f)m/2 

(2.7b) 

where m (- 1. 2. 3) is the number of space dimensions and ~ the wave number 

vector. 

The displacement perturbation X· can be written as. from (2.6b) 
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t 

x' - fo u(Xt. t') dt' (2.8) 

and the spatial covariance of the solute particle displacement. X(t). is thus given 

by 

t t 

X(t) - (X'(t)X,T (t» - fo fo (u(Xt. t') uT (Xt. tlt»dt'dt lt (2.9) 

since integration and ensemble averaging are commutative. Here T represents 

transpose. 

Assuming u is statistically homogeneous. we obtain (Appendix A) 

~; - 2(u(0. 0) u T (Xt. t» 

Since u is real 

uexp(-ie·x) - u· exp(ie·x) 

(2.10) 

(2. I I) 

". where u is the complex conjugate of U. By using (2.7b) and (2.11). equation 

(2.10) becomes 

(2.12) 

Replacing Xt in (2.12) with the relations in (2.2). (2.3). and (2.4) and assuming 

that the flow is steady and the mean velocity is a constant vector p.. we have 

This basic equation relates the spatial covariance tensor to the fourier transform 

of the Eulerian velocity field. It has been shown by Dagan (1987) that some 

earlier formulations of the nonlocal dispersion are particular cases of (2.13) (e.g .• 

Mercado. 1967; Matheron and de Marsily. 1980; Dagan. 1982. 1984; Gelhar and 

Axness. 1983; Neuman et ai.. 1987) even though they were derived using 
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different approaches. 

2.2 Corrsin's Conjecture and Quasilinearization 

Equation 2.13 is nonlinear due to the fact that X· under the integral sign 

depends on its (unknown) covariance. X. Dagan (1987) linearizes (2.13) by 

setting X· equal to zero. thereby disregarding the effect of variations in particle 

displacement on the covariance tensor X. In a later paper Dagan (1988) presents 

a brief analysis in which Corrsin conjecture is employed with linearization to 

obtain a second-order correction for the Fickian asymptote of the total dispersion 

tensor when velocity fluctuations are small. The conjecture relates Eulerian 

space-time velocity correlation to Lagrangian autocorrelation through 

(u(E'. 0) u*T (~. t) ei~·X') ~ (u(r. 0) u·T (~. t»(ei~·X') (2.14) 

which implies that X' and the Fourier components of the velocity are weakly 

correlated. From Appendix B 

(2.15) 

where O(x) is the Dirac delta function and p (~) is the velocity spectrum. which 
v 

can be related to the spectrum Py of log hydraulic conductivity Y - log K where 

K is a (locally) scalar. through (equation Al8. Neuman et al.. 1987) 

(2.16) 

where 

(2.17) 

in which ~ is the identity tensor. PI represents the direction cosines of p.. and ~ .. 

I ~I· 
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If X· is also Gaussian then (e.g.. Mood and Graybill. I %3. Theorem 

9.12) 

I ~.x~ 
i~.X' - 2" " 

(e ) - e (2.18) 

Dagan presupposes that (2.14) and (2.18) are (ibid. p. 1496) "valid only for large 

ttl and therefore does not use them for purposes other than the above brief 

asymptotic analysis; the same is done tacitly in all other related theories 

including. as will become obvious from (2.36) below. those of Gelhar and Axness 

(1983) and Neuman et al. (1987). However. we recall that according to Lundgren 

and Pointin (1976) Corrsin's conjecture is analogous to Phytian's (1975) method of 

successive-approximations the first iteration of which forms the basis for Dagan's 

linear non-Fickian theory. A numerical test of (2.14) and (2.18) by Peskin (1974) 

shows that while the Gaussian assumption is not valid at intermediate (and we 

suppose also early) times and causes the Lagrangian autocorrelation to be 

somewhat overestimated. the shape of the autocorrelation function is reproduced 

quite faithfully. In fact. their (ibid. p. 152) "most interesting result was the good 

correspondence ... between the Lagrangian autocorrelation as directly determined 

and that ... calculated from the Corrsin hypothesis." We therefore have reason 

to believe that. with the added benefit of quasilinearization (described beloW). 

Corrsin's conjecture leads to a more accurate description of Fickian as well as 

non-Fickian dispersion than does the linear theory which disregards X' all 

together. though the order of accuracy should be lower for non-Fickian than for 

Fickian results. 

Combination of equation 2.13 - 2.18 yields equation 30 of Dagan (1988). 

We expand this equation by including the local dispersion tensor dZ 
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(2.19) 

Equation 2.19 is nominally limited to small values of the log hydraulic 

conductivity variance. u ~< 1. due to the linear approximation which yields Py (~) 

G(~) under the integral sign. 

Expression 2.19 is a nonlinear integro-differential equation in X. With 

the exception of a brief analysis in which Dagan (1988) linearizes X under the 

integral to obtain asymptotic second-order terms in u~ when the latter is small. 

the author (Dagan 1984. 1987. 1988) sets the term involving X in (2.19) equal to 

zero when deriving his linear theory of nonlocal dispersion. From (2.13) it is 

obvious that this is equivalent to disregarding deviations of plume particles from 

their ensemble mean trajectory. an approximation which makes it even more 

important than before to insure that u~ remain less than 1. It should be possible 

to solve (2.19) in its nonlinear form under both asymptotic and preasymptotic 

conditions by numerical integration in the wave number domain. In the present 

work we perform a part of this integration analytically. and thereby weaken one 

of the two reasons why u~ must remain small. by retaining X under the integral 

in (2.19) and quasilinearizing the resulting expression. This is done by writing 

X as 2dot where do is an (initially) unknown "effective nonlocal dispersion 

tensor" which we take to be independent of time. For reasons to become clear 

later we are justified in stipulating that the eigenvectors of do coincide with 

those of d/. This enables us to define an "effective dispersion tensor" d - do + 

d/ which also has eigenvectors collinear with those of d/. Then (2.19) takes on 

the simpler form 
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(2.20) 

which is quasilinear in that it has the appearance of Dagan's (1987) linear 

expression 5.6 yet is actually nonlinear because do is made to depend on X. In 

particular. do is chosen so that 2dot would represent a linear approximation of X 

which however is (initially) unknown and hence d depends on X in a nonlinear 

fashion. We handle this nonlinearity by a simple iterative process described in 

Chapter 4. 

For statistically anisotropic media we define a direcHonal local Peclet 

number p[ and a directional "effective Peclet number" P as 

p[ _ ILLu P _ ILL u 

d[L dL 
(2.21) 

where LIJ. is the length of a radius vector parallel to p. of an ellipsoid having 

semi axes L l • 4,. and ~ oriented along Xl' X2' and X3' respectively. It represents 

the "directional integral scale" of the log K covariance function Py (x) parallel to 

the mean seepage velocity vector while d[L and dL are the longitudinal 

components of d [ and d. respectively. It is obvious that P is generally much 

smaller than p[ and we must therefore evaluate CI and X for arbitrary P values. 

Dagan (1987). whose (5.6) differs from our (2.20) in that it does not 

include do. further disregards d[ on the grounds that the integral scale L is much 

larger than the local dispersivities associated with d[ (ibid. p. 201). This is 

equivalent to setting d - 0 in (2.20) or P-+oo. For infinite directional effective 

Peclet number the latter equation simplifies to 

d2X 2p.2 J 
dt2 - - exp(i~·ILt) Py (~) G(~) d~ 

(211')m/2 
(2.22) 

Dagan then integrates (2.22) to obtain some closed-form expressions for the 
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principal components of X. For the case of a statistically isotropic exponential 

covariance of log K. 

p (x) _ (J 2 e-X!L 
y y (23) 

where x - I xl. his three-dimensional results (Dagan. 1984. eqs. 4.9 - 4.10) can 

be written as 

X (t ) _ 2(J~2rt - ~ + .i. - ~ + ~[l + .1..] e-tJl
] (2. 24a) 

L Jl l Jl 3 tJl tJl3 til 2 til 

X (t ) _ 2(J 2L2[1 - .1.. + ..i.. _ [..i.. + ..i.. + .1..] e-tJl
] (2.24b) 

T /l Y 3 til ti t/l3 ti tJl 

Here XL is the longitudinal component of X parallel to p.. X T the transverse 

component. and t Jl the dimensionless time 

tJl - 7 
For large tJl (ttJ.» 1) (Dagan. 1987. eq. 5.9) 

X (t ) .. 2u 21_2t + O[t,;I] LtJ. y-/l ,.. 

X (t) .. 'l:.(J2L2 + O[t- I ] 
T /l 3 y tJ. 

and for small tJl (t/l«I) (ibid, eq. 5.8) 

XL(t,,) .. ~L2(J2t2 ,. 15 y tJ. 

X
T 

(t,,) .. _I L2(J 2t 2 ,.. 15 y Jl 

(2.25) 

(2.26a) 

(2.26b) 

(2.27a) 

(2.27b) 

More recently. Dagan (1988) extended his analysis to a special class of 

statistically anisotropic media in which the integral scale has a unique value 

within a plane that includes the seepage velocity vector. p.. but can have a 

different value normal to this isotropic plane. His results reduce to (2.24) when 

the medium becomes statistically isotropic and are discussed in Chapter 4. 
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2.3 Expressions for Nonlocal Dispersivity and Spatial Covariance Tensors 

2.3.1 Nonlocal Dispersivity Tensor at Arbitrary Effective Peclet Numbers 

In this section we integrate (2.20) analytically to obtain quasilinear 

expressions for the nonlocal dispersivity tensor a at arbitrary effective Peelet 

numbers in three-dimensional media characterized by an anisotropic exponential 

covariance of log hydraulic conductivities. The expression for a in statistically 

isotropic media is considered as a special case. 

We set the Xl axis parallel to the ensemble mean seepage velocity p. and 

take d to be a diagonal matrix 

(2.28) 

in which d l - d
L 

is the longitudinal effective dispersion coefficient (taken to be 

parallel to p.) and d2• d3 are the corresponding transverse coefficients. 

Now we follow the approach of Neuman et al. (1987) in defining a 

system of Cartesian coordinates x in which Xl' X2• and X3 point in the principal 

directions of log hydraulic conductivity covariance. These coordinates are related 

to x through 

(2.29) 

where fl is a matrix of direction cosines. flij being the cosine of the angle formed 

by Xi and Xj. We designate the spatial covariance tensor in the principal 

coordinates x by X. Setting m in (2.20) equal to 3 and integrating it with 

respect to time from 0 to t gives 

(2.30) 

where 
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(2.3Ia) 

(2.3Ib) 

and the vector III now represents direction cosines of p. with respect to x. 
The imaginary part of (2.30) is odd and therefore cancels out. The real 

part is 

(2.32) 

By virtue of the normality assumption embodied in (2.18) the ensemble mean 

concentration of a Lagrangian plume particle satisfies an advection-dispersion 

equation (c,f.. Lundgren and Pointin (1976) or Dagan (1987» with a total 

dispersion tensor 

,.. ,.. IttX 
D - dl + 2 dt (2.33) 

in which dl - IldIIlT. Hence if we express i5 in terms of a nonlocal 

dispersivity tensor ex as 

(2.34) 

we obtain from (2.32) and (2.34) 

ex -

(2.35) 

When t---oo this general expression reduces to the asymptotic form 

(2.36) 

discussed (for the case where do - 0) by Neuman et al. (1987) and. with some 
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modification. by Gelhar and Axness (1983). On the other hand when d - 0 or 

equivalently P~. (2.35) reduces to 

(2.37) 

which is a generalization of the equation that forms the basis for Dagan (1984. 

1987. 1988) linear theory. 

The anisotropic exponential covariance of log hydraulic conductivities in 

the domain of x is written as 

Py(i) - u~ exp [ - [ci + ci + ci r ] (2.38) 

where L1• 4.. and ~ are integral scales in the principal directions. The 

covariance becomes isotropic when x is transformed according to 

• L-1 ", X - X 

where L is a diagonal matrix such that L - diag(L1• 4.. ~. 

spectrum of Py as 

py(I) - 1 LI py(r) 

where \ L\ is the determinant of L. 

'" 8 uy If 
2 

Py (r) - ;; (1 + ('2)' 

r - "rll - llLi11 
and I I ·1 1 represents Euclidean norm (magnitude of a vector). 

(2.41) is shown in Appendix C. 

Consider the transformation 

(2.39) 

We write the 

(2.40) 

(2.41) 

(2.42) 

Derivation of 

(2.43) 

where q is a diagonal tensor with elements q~ - 1. q~- d/d2• and qi - d/d3• 
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Since ql - and ~T ~1 - (1. O. O)T the dispersivity tensor becomes (see Appendix 

D) 

JLq2qsI LI J "·"+[('fJlp./d1)sin('fJlJLt)-"·7JCOS{'fJlJLt)]exp(-,,·,,d1t) 

d 1(2rr)3/2 RS [(,,·,,)2+('fJlp./d 1)2] 

(2.44) 

where Py (II LPq"ll) is given by (2.41). Switching to the spherical coordinates 

" - ra - r (cosO. sinO cosl/J. sinO sinl/J)T 

yields (Appendix E) 

I I 2 00 2rr rr 
ii - P.Q2Q3 L Uy I I I r+[(rulp.ldl)sin(rulp.t)-rcos(rulp.t)]exp(-rdlt) 

d1rr
2 0 0 0 [r+(u1p./d1)2][1 +(rLI' R)2]2 

G sin9d9dI/Jdr 

where 

Q _ ~qa S2 _ Q T Q _ aT Q2u 

R2 _ QT~-2Q _ uT ~T~-2~qu 

QuI T Q U1 ~ ][ T 1 G - ~l - S2 ~l ---sr 

(2.45) 

(2.46) 

(2.47a) 

(2.47b) 

(2.47c) 

(2.47d) 

If the medium is isotropic. we can always choose x to coincide with x such that 

~ ... ~ - ~ (identity tensor) and R2 - S2. 

Letting x - r LI' and defining the dimensionless time t I' as 

t _ 1!:!.. 
I' LI' 

(2.46) becomes 

ii(P. tl') - iioo(P) - ::;(P. tl') 

where P is defined in (2.21) and 

(2.48) 

(2.49) 
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G sin9d9dI/Jdx (2.51) 

Note that a{p. tIL) ccnsists of a time-independent part aoo{P) and a time

dependent part ;(P. tp.). 

The integral with respect to x in (2.51) is evaluated in Appendix F and 

that in (2.50) in Appendix G. After applying the transformation u - u1 - cose. 

we have 

(2.52) 

(2.53) 

where w - uPR 

(2.54a) 

(2.54b) 

(2.54c) 

(2.54d) 

for w '" I. 

(2.54e) 



for w - I. and 

MI -1(1 -4zilPtil - 2u4P2t:)ir[~.JPtll] 

M2 - u: (1 - 6u2Ptll )exp(2u2Ptll )ir [~.JPtll ] 

M3 - 0 

a - [u. ...Ii'=i7 cos 1/1. ...Ii'=i7 sin 1/1 r 
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(2.S4f) 

(2.S48) 

(2.S4h) 

(2.S5) 

Here ir(x) is the complementary error function. The expression for a in 

(2.S2)-(2.SS) is complex and lengthy. To ensure its correctness. an independent 

procedure is used to verify the above results for a in Appendix H. 

It is obvious that a is a symmetric second-rank tensor which is 

generally nondiagonal but becomes diagonal when the mean velocity is parallel to 

any of the three principal coordinates Xl' X2• and X3 or when the medium is 

statistically isotropic. In those cases (XL plays the role of longitudinal 

dispersivity parallel to p. and CXn • CX33 the roles of transverse dispersivities normal 

to p.. 

2.3.2 NonlocalSpatial Covariance Tensor at Arbitrary Effective Peelet Numbers 

From (2.33) and (2.34) we see that X can be expressed in terms of the 

dispersivity tensor a as 

(2.S6) 

where we have imposed the initial condition X(P. 0) - o. From (2.49). (2.S2) -

(2.53) and (2.S6) we have 
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The integration with respect to tp. in (2.57) is tedious but straightforward; for 

detail see Appendix I. It yields 

.... q2q3 p.Uy t P L
2 2 1211'1 I [ ] 

X(P. tp.) - 211'A1A2A3 0 -I -=R(:-:"I+"'-u W"":":)2:+INo+Nl+N2+N3 G du dl/l (2.58) 

where 

(2.59a) 

(2. 59b) 

(2.59c) 

(2.59d) 

for w:/:I. and 

N .!.. - J Ptu [I u'-Ptu u.p2ti ] C u'-Ptu ] 
o - 2u 11' + 6 + 6 exp L 4 (2.5ge) 

N __ [.!.. uPtu _ U
3p2ti _ U5p 3t: ]ir [!! r] 

1 4u + 8 4 12 2vrtP. (2.59f) 

N2 - [3U:tu - iu ]exP(2u'-ptp.)ir[ ~JPtp. ] (2.598) 

N3 - 0 (2. 59/z) 

for w - 1. 

The expressions for X in (2.58)-(2.59) were verified in Appendix J by 

taking derivative of X with respect to tp.' 

Like a. X is diagonal when the mean velocity is parallel to any of the 

three principal coordinates Xl' X2' and X3 or when the medium is statistically 
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isotropic. with X 11 acting as the longitudinal component. XL' parallel to p. and 

X 22' X 33 as transverse components normal to p.. 
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CHAPTER THREE 

ASYMPTOTIC BEHAVIOR OF NONLOCAL DISPERSIVITY TENSOR 

The expressions for the nonlocal dispersivity and spatial covariance 

tensors derived in the last chapter are generally difficult to evaluate analytically 

except for special cases some of which are discussed in this chapter. The 

results are consistent with those of Dagan (1984. 1987. 1988) and Neuman et al. 

(1987); they are consistent with the results of Gelhar and Axness (1983) up to a 

constant of multiplication which their theory should not include. 

3.1 Behavior at Early Dimensionless Time 

One can easily verify from (2.52) - (2.54) that :Yep. 0) - aoo(P) such that 

a(P. 0) - O. Similarly from (2.58) - (2.59). X(P. 0) - 0 as required by our 

initial condition. 

When tlL«1 and tlL«P. the following approximations can be made 

exp(-x'-tILIP) 2! I - x'-tILIP (3.la) 

COS(O'lxt IL) 2! I (3.1 b) 

sin(O' lxt IL) 2! 0' lxt Il (3.1 c) 

Substituting (3.1) into (2.49) yields. after disregarding the term involving t; 

tll Q2Q3
LIL O'i 1001211111 

x'-
a(P. til) 2! 112XIX2X3 0 0 0 [1+(xR)2]2 G sine de dl/l dx (3.2) 

which is proportional to til. This m(:ans that during the early stages of plume 

development a is linear in til' and hellce non local dispersion is non-Fickian. as 

long as tll«P. Note that (3.2) is independent of Peclet number. implying that 

nonlinearities and local dispersion have little effect on non local dispersion at 
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early dimensionless time when tl'«P. 

The integral with respect to x in (3.2) is easily evaluated by Cauchy's 

residue theorem (see Appendix K). When coupled with the transformation u - 0'1 

- cos e it becomes 

(3.3) 

In the special (and unlikely) case where the effective Fickian dispersion tensor d 

is isotropic and the medium is statisticallY isotropic so that d l - d2 - ds and Lp. 

- L. regardless of how p. is oriented. we have q2 - qs - 1. Al - A2 - As. R - 1. 

and (3.3) is easily evaluated to yield the longitudinal and transverse non local 

dispersivities (see Appendix L) 

ex -L 

ex -T 

(3.4a) 

(3.4b) 

Integration of (3.4) with respect to t JL and multiplication by 2L. as implied by 

(2.56). gives equivalent expressions for the longitudinal and transverse spatial 

covariance components 

x _ .!..L20' 2t 2 (3.Sa) 
L 15 y p. 

X _ _1 L20' 2t 2 (3.Sb) 
T 15 y p. 

These coincide with Dagan's (1984. 1987) early time results as given in our 

(2.27). However. (3.4) and (3.5) were obtained under the conditions tp.<<1 and 

tp.«P. As Dagan lets P-+oo. the second constraint is automatically satisfied in 

his analysis and therefore not explicitly stated. 
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3.2 Behavior at Small Effective Peclet Numbers 

It is evident from (2.52). (2.53) and (2.58) that Ci~ and X ~ when P~. 

If P«tp.. then 

(3.6) 

From (2.51) we have :Yep. tp.) :!! 0 so that Ci(P. tp.) :!! Cico(P) and thus. nonlocal 

dispersion is time-independent or Fickian when P is much smaller than t p.. 

Equivalently. the smaller is P. the earlier does the nonlocal dispersion attain its 

asymptotic Fickian limit. 

If P«1 in addition to P«tp.. one can ignore the term involving p2 in 

(2.50) to obtain 

a(P) :!! 

Integrating over x yields (Gradshteyn and Ryzhik. 1980. p.294) 

211 1 
PQ2Q3

Lp. (j ~ I I 1 Ci(P) - -R G du dl/J 
411).1).2).3 0-1 

(3.7) 

(3.8) 

which is linearly proportional to P. This agrees with an earlier finding by 

Neuman et al. (1987) (for the case where do - 0) that Q£ is proportional to P at 

small Peclet numbers during asymptotic (i.e .• Fickian) transport. Here we see 

that the same holds true during the early stages of plume development whenever 

P«l and P«tp.. 

In the case where the medium and effective dispersion are isotropic (3.8) 

yields. in analogy to (3.4) and (3.5). 

O! -.!..Lu 2p 
L 15 y-

O! _ 1...Lu2P 
T 15 y-

(3.9a) 

(3.9b) 
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(3. lOa) 

(3. lOb) 

As will become clear later. P«I may correspond to O'~»I for which 

the validity of our solutions cannot be guaranteed. hence the validity of (3.7) -

(3.10) is tentative. 

3.3 Behavior as tu-.oo 

The asymptotic dispersivity tensor as tll-.oo is given by aoo(P). We saw 

above that the same asymptote also applies at finite til values when P«tll • 

When d is isotropic. aoo(P) has the same mathematical form as (29) of Gelhar 

and Axness (I983) upon multiplying the latter by r as required for consistency 

(Neuman et ai.. 1987). Hence by replacing f in their equation (38) with P-I. we 

obtain for the (unlikely) case where d1 - d2 - d3 

"L - Lai[1 - ~ [~+ j,,) - I!P [1- ],-),) + ;,. [1- ), }n(I+p)] (3.lla) 

"-r - La~[ ~ [1 + ~ - ],) - ). [I - ], }n(I+P)] (3. lib) 
At large P values (P» 1) these simplify to 

a ~ Lu2 
L Y 

Lu2 
a :¥ !-Y

T - 3 P 

(3.12a) 

(3.l2b) 

as pointed out by Gelhar and Axness (their (33) and (36) after setting r - I). 

The corresponding principal components of X at large Pare 

(3.l3a) 

(3. I 3b) 
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For small P it is convenient to expand (I+p)-l and the logarithmic terms 

in (3.11) so that (Appendix M) 

a
L 

- Lu 2['!"P _lp2 + .!..ps + 4 ~(_I)n [_I __ I ]pn] 
Y 15 3 35 L n+4 n+2 

n-4 

(3.14a) 

a _ Lu 2 [_1 P _ ~(_I)n [.2. __ I ]pn] 
T Y 15 L n+4 n+2 

n-2 

(3.14b) 

which reduce to (3.9) when one neglects terms of order p2 and higher. 

3.4 Behavior as p .. oo 

The case of P-+oo when tp. remains finite is equivalent to that of d"O 

and hence ql - q2 - q3 - I. Taking the limit of (2.49) - (2.51) as p .. oo we thus 

have 

where the relevant terms in (2.47) simplify to 

Q - fju S2 - 1 (3.16) 

Integration with respect to x. followed by the coordinate transformation (2.55), 

gives (Gradshteyn and Ryzhik. 1980, p.4JO) 

ii(tp.) - ~?:l J211'J I RI3 exp [-7t] G du d", 
11' 1 2 3 0 _I 

(3.17) 

This is a generalization of Dagan's (1988) results which are restricted to a special 

class of anisotropic media at P-+oo. When the medium is statistically isotropic R 

- I and 
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(3.18) 

which was investigated by Dagan (1984. 1987) and we quoted his expressions for 

(3. 19a) 

(3. 19b) 

Their long-time approximations are 

a
L 

:! Lu~ (3.20a) 

Lu2 
a :! -Y- (3.20b) 

T t 2 
/L 

Note that aL is constant while aT-+O as tp. -+00. Neuman et al. (1987) have 

likewise shown (for do - 0) that the asymptotic dispersivity tensor (tp. -+(0) reduces 

to a single longitudinal dispersivity parallel to p. as P-+oo. i.e .• a is diagonal with 

only one nonzero component acting parallel to Xl. This asymptotic longitudinal 

dispersivity is given by their (60) which. upon noting the slightly different way 

their Fourier transforms are defined. becomes 

aL - lY-J py(r)I~-o d~2 d~3 
2J2iT R2 I 

From (2.31a) and (2.42) we have r 2 
_ ~T pT ep~ so that 

3 

r21~I-o - L Lj(.8j2~2 + I3j3~3)2 
j-l 

(3.21) 

(3.22) 

Substitution of (2.41) and (3.22) into (3.21) followed by a switch to the polar 

coordinates ~2 - r cos'" and ~3 - r sin", yields 



where 

3 

122(1/1) - L L~ CPj2 COS 1/1 + ~j3sin 1/1)2 

j-I 

Integration of (3.23) with respect to r results in 

The integral in (3.25) was evaluated by Neuman et al. (1987) to yield 
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(3.23) 

(3.24) 

(3.25) 

Q!L - Ll'u~ (3.26) 

When Py is isotropic. LI' - Land (3.26) reduces to (3.20a). It is interesting to 

note that (3.26) is mathematically identical to (64) of Neuman et al. derived by 

them for a spherical log hydraulic conductivity covariance. This is seen upon 

recognizing that the integral scale of a spherical covariance with a range r is L 

- 3r/8. 

For small values of tl' (tl'«1) it is useful to expand /1' in a Maclaurin 

series and rewrite (3.19) as (after further rearrangement) 

2[8 2 2 I 3 2 2 ~(_I)nt/] 
Q!L (tl') - Luy 1StI' - 1StI' + TStl' - 8tl' (tl' + 3tl'+3) ~ (n+6)! (3.27a) 

Q!T (tl') - Lu~[ /5 tl' - I~Ot/ - liotl'4 + tl'2(ti + 5tl'2 + 12t1' + 12) f (-(~:~fi n] 
n-O 

(3.27b) 

which reduce to (3.4) upon ignoring terms of order tl'2 and higher. 
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3.5 Asymptotic Dispersivity Tensor Under Modified Exponential Covariance 

All expressions for ex and X derived so far are under the exponential 

covariance function of log K. Although this covariance is popular. other models 

are sometimes of interest (e.g .• the spherical model considered by Neuman et al .• 

1987). We have shown that the asymptotic longitudinal dispersivity O!L (tp.-+OO 

and P-+oo) has the same mathematical form under exponential covariance and 

spherical covariance assumptions. We show in this section that similar asymptote 

is obtained under the modified exponential covariance 

(-) 2[ ~ ]-s Py x - (] y I - ~ s e (3.28) 

where s2 - ~I Lr + Xii Li + ~/~. Naff (1978) adopted this covariance to study 

flow in a perfectly stratified medium where mean flow is parallel to the layers. 

He found that (2.38) is not a suitable covariance for this particular anisotropic 

case because it results in a nonzero head variance. The head variance in this 

case must be zero because in this case the head field has a constant gradient in 

the Xl direction with no flow perpendicular to the layers. This condition is 

satisfied when (3.28) is used. 

The spectrum of (3.28) is given by Gelhar and Axness (equation 7. 

1983). upon noting the slightly different way their Fourier transform is defined 

(3.29) 

where r is given in (2.42). 

Replacing Py (~) in (2.35) and following the transformation in (2.43) and 

(2.45). we obtain. in analog to (2.50) 
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Integrating with respect to x by means of Cauchy's residue theorem (Appendix 

N). (3.30) becomes 

(3.31) 

where w .. uPR with u • u1 • cose. 

For small P values. (3.31) reduces to 

(3.32) 

which is linearly proportional to P. This agrees with the exponential 

and spherical covariance results. 

In the special case where the medium and effective dispersion are 

isotropic. (3.32) is easily evaluated to yield (Appendix 0) 

a • ~La2P 
L 35 y-

a __ 1 La2p 
T 30 y-

and 

(3.33a) 

(3.33b) 

(3.34a) 

(3. 34b) 

In analog to (3.23) the asymptotic longitudinal dispersivity as p .... oo is 

given by 

a -L 

41 LI L~ u~ 
7r 

(3.35) 

where 12 - [r(B32coSl/i + f333sinl/J)]2. Integration of (3.35) over r results in 
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(X -L 

ILI~ CT~ 
11 

211 

I Acos2l/J + 2Bcosl/Jsim/t + Csin~ d 
o (acos~ + 2bcosl/lsinl/l + csin21/1'f 1/1 

(3.36) 

where 

A - P3~ B - PJ33 C - P3~ 
3 3 3 

a - L LJPji b - L LJPj2Pj3 c - L LJPjj (3.37) 

j-I j-l j-l 

The integral in (3.37) is difficult to evaluate except in special cases. for 

example. where p. is parallel to Xl. In this case P reduces to an identity tensor 

and (3.36) becomes 

(X -L 

From Gradshteyn and Ryzhik (p.378. 1980) 

211 

I 
sin2l/J 11 

o (~cosl/l + Lisin21/1)2 dl/l - ~L: 

Using the result in (3.39) in (3.38). we obtain 

or 

(3.38) 

(3.39) 

(3.40) 

(XL - LIlCT~ (3.41) 

since we assumed that p. is parallel to Xl. This is the same as equation 3.26 

here and equation 64 of Neuman et al. (1987) for the exponential and spherical 

covariance function. respectively. 
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3.6 Summary of Asymptotic Results 

We conclude this chapter by summarizing in Table· 3.1 the above 

asymptotic results for the special isotropic conditions d1 - d2 - d3 and Ll - ~ -

~. The results are written in terms of the principal components O!DL 

(longitudinal). O!DT (transverse). X DL Oongitudinal). and X DT (transverse) of a 

dimensionless dispersivity tensor aD and a dimensionless spatial covariance tensor 

X
D 

defined. respectively. as 

a _ I a 
D LJlCT~ 

... I'" 
X D - L 2CT 2 X 

Jl Y 

(3.42) 

(3.43) 

As will be seen below. the condition d1 - d2 - d3 is not realistic and therefore 

Table 3.1 should not be used for calculation purposes. However. the table 

portrays correctly the manner in which the dimensionless quantities vary with tJl 

and P. 

It is useful to express these results in terms of the log hydraulic 

conductivity variance CT~ rather than P. This is easily done for the special case 

where dl - o. Then (2.21) implies dL - d1 - O!ooL Jl• where O!ooL is the 

asymptotic longitudinal dispersivity. and P - LJl/O!OOL. Since O!DL - O!L / LJl CT~. it 

follows that 

I 
O!ooDL P - ur 

y 
(3.44) 

Table 3.1 shows that when P»I. O!ooDL - I and we conclude from (3.44) that P 

- I/CT~; the condition P»I is thus equivalent to CT~«1. When P«I. O!DL -

8PIJ5 and thus P - (15/8)1/2 /CTy • implying that the condition P« I is equivalent 

to CTy » 1. Since our theory is nominally restricted to CT~< I. it follows that we 

cannot guarantee the validity of results corresponding to P< I. However. 
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arguments presented elsewhere in this paper suggest that this restriction is less 

severe in the quasilinear than in the linear case and we therefore present results 

for arbitrary values of P in Chapter 4. 

We conclude this section by noting in column 3 of Table 3.1 that when 

P<<l (O'~» I), a
OL 

is proportional to P and hence the latter is inversely 

proportional to O'y by virtue of (3.44). This together with (3.42) and (3.43) 

implies that a and X are both proportional to O'y when O'~»l. On the other 

hand column 5 shows that when P»I (O'~«l) then a
ooOL 

- I and hence p, 

according to (3.44), is inversely proportional to O'~. It follows that the asymptotic 

longitudinal quantities a
ooL 

and X
ooL 

are proportional to O'~ while the asymptotic 

transverse quantities a ocT and X
ooT 

are proportional to O'~ when 0';«1. 

TABLE 1.1 Asymptotic formulae for principal dimensionless dispersivities 

and spatial covariance components when Ll-~-~ and d1-d2-d3• 

t "0 tJl«1 P«I tJl»1 P»I tJl-+OO Jl 
or and and and and and 

P-+O tJl«P P«tJl P-+oo tJl-+OO P~ 

aDL 0 8 
TStJl 

8 
TS

P I I I 

0 I I I I 0 aDT TStJl TS
P t2 3P Jl 

XOL 0 8 2 
TStp. 

16 
TSPtJl 2tp. 2tJl 2tJl 

XOT 0 1 2 2 2 ~~ 2 
TStp. TSPtJl 3 3P 3 
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To investigate the manner in which the dimensionless tensors aD and 

X
D 

vary with dimensionless time tp. and the effective Peclet number P it is 

necessary to evaluate the quasilinear expressions (2.52) - (2.54) and (2.58) - (2.59) 

numerically since the analytic solutions of aD and X
D 

is possible only in some 

special cases. We do so by fixing P and varying q iteratively while evaluating 

the integrals in the above expressions using Gaussian quadrature (Appendix P). 

The numerical evaluation of aD and X
D 

was accomplished by means of 

computer program DDISV AR written in FORTRAN and listed in Appendix Q. 

To illustrate the computational approach we temporarily disregard dZ. The 

results below were obtained with a minimum of 96 and a maximum of 720 

Gauss points along the u axis in each of the intervals (-I, 0) and (0. 1) and a 

similar number along the I/J axis in the interval (0, 211). The reason for using 

more than 96 Gauss points is to recover lost accuracy when the anisotropy ratios 

become large. The numerical results agree in all cases with the closed-form 

asymptotic expressions given in the last chapter. All the results in this chapter 

are given in terms of dimensionless quantities aD and X
D 

defined in (3.42) and 

(3.43). respectively. From now on we simplify the notation by writing a and X 

instead of a and X. The two tensors are characterized below by their principal 

components in the x system of coordinates where XI' x2' and X3 point in the 

principal directions of log hydraulic conductivity covariance. We shall see that 

when the mean seepage velocity p. is inclined to the x axes the principal 
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directions of a and X generally differ from those of x and p.. 

Since our expressions are quasilinear. we solve them iteratively starting 

from the initial guess d1 - d2 - d3 or. equivalently. q2 - q3 - I (recall that ql == 

I). Figure 4.1 shows how the dimensionless longitudinal dispersivity ~L varies 

with tp. for various effective Peclet numbers P at the end of the first iteration. 

and Figure 4.2 shows how the dimensionless transverse dispersivity aOT varies. 

The corresponding values of dimensionless longitudinal and transverse plume 

variance. X OL and X OT' vary with t p. and P at the end of the first iteration as 

shown in Figures 4.3 and 4.4. respectively. We see that both a
OL 

and aOT tend 

asymptotically to constant Fickian values. a coOL and a coOT' while aOT exhibits a 

maximum near tp. - I when P>I which we designate by max(a
OT

). For 

subsequent iterations we then set q; - q: - q; - a
coOL 

/max(a
OT

). Figure 4.2 

suggests that a more accurate characterization of near Fickian and Fickian 

conditions might be achieved for P~l by setting q; - a
coOL 

/Cl
coOT

; we shall 

soon find that the two options yield nearly identical resUlts. In his brief use of 

Corrsin's conjecture Dagan (1988) effectively sets q; .. 00 but otherwise his 

theory corresponds to q; - I. 

Figure 4.5 shows how Cl
DL 

and Cl
DT 

vary from one iteration to another 

when P - I. We see that two to three iterations were sufficient to achieve 

convergence in this case; the number of iterations required for other P values 

ranged from 2 to 10. We found that q; varied between about 24 and 32 for all 

P values and were able to obtain improved rates of convergence by using these 

as initial guesses for q;. In the following. we first investigate the effect of P 

on a and X in statistically isotropic media and then the effect of P and 

anisotropy on a and X in statistically anisotropic media. 
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Figure 4.1 Longitudinal dimensionless dispersivity a
OL 

versus dimensionless 

time as a function of effective Peclet number when Ll - L" - ~ 
and d1 - d2 - d, (first iteration). • 
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Figure 4.2 Transverse dimensionless dispersivity ot
DT 
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as a function of effective Peclet number when Ll - L" - Ls and 
d1 - d2 - ds (first iteration). 
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Figure 4.3 longitudinal dimensionless variance component X DL of plume 

with zero initial spread versus dimensionless time as a function 
of effective Peclet number when Ll - L" - L, and d1 - d2 - ds 
(first iteration). Logarithmic scale 
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4.1 Statistically Isotropic Media 

4.1.1 Influence of P on Nonlocal Dispersivity Tensor 

The manner in which a
OL 

varies with t p. at various P values after 

convergence has been achieved is depicted in Figure 4.6. Identical results were 

obtained by using both options to determine q;' We see that when tp.<l and 

tp.«P. the longitudinal dispersivities are linearly proportional to tp. as predicted 

by the asymptotic formula (3.4a). This is evident from the I: I slope exhibited 

by all curves in Figure 4.6 within the range tp.~10-2 and p~lrrl. Clearly both 

constraints associated with (3.4a). tp.«1 and tp.«P. must be satisfied 

simultaneously for the I: I slope to develop. As an example. the curve 

corresponding to P - 10-2 satisfies tp.«1 at tp. - 10-2 but does not satisfy tp.«P. 

hence its slope there is somewhat smaller than I : I. indicating a nonlinear 

relationship between a
OL 

and t p.' In the linear case where P~ all finite t p. 

satisfy tp.«P but a 1:1 slope develops only when tp.«l. 

As dimensionless time progresses. a
OL 

approaches its asymptotic Fickian 

limit in a way which depends on P and thereby on rJ~; the relationship between 

these two quantities was discussed at the end of the last chapter under Summary 

of Asymptotic Results. In almost all cases a Fickian regime with respect to a
L 

is established no later than about tp. - 10. When P>I (rJ~<l). all a
OL 

agree 

closely with Dagan's (1984. 1987) linear theory corresponding to P-+oo. Thus. 

neglecting nonlinearity due to the deviation of plume particles from their mean 

trajectory by setting P-+oo as done by Dagan has little effect on longitudinal 

dispersivity in the isotropic case as long as CT~< 1. 

Figure 4.6 shows that when P« I (CTy » 1) and P«tp.. a
OL 

is 

independent of tp. and linearly proportional to P as predicted by (3.8). This is 
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evident from the uniform vertical spacing of most horizontal curve segments at 

P<O.1 and tJL>IO. Since we found earlier that here P is inversely proportional 

to we conclude that the actual longitudinal dispersivity increases 

asymptotically (at large tJL) at a rate proportional to O'y. These findings are 

consistent with a recent interpretation of data from tracer studies worldwide 

(Neuman. 1990; Neuman et al.. 1990) and find support in numerical results 

published by Tompson et al. (1987) and Kitanidis (1988). The paper of Kitanidis 

does not provide enough information to make possible a quantitative comparison 

between his results and ours but agrees with the latter in showing that 

dimensionless longitudinal dispersivity decreases significantly when O'~ becomes 

large. Tompson et al. (1987) report in their Table 7 asymptotic longitudinal 

dispersivities from seven relatively crude Monte Carlo simulations in isotropic 

media characterized by O'y - 1.0 and 2.3. They use two separate formulae to 

calculate the asymptotic longitudinal nonlocal dispersivity ct
ceL

• For O'y - 1.0 the 

first formula yields dispersivities ranging from 0.71 to 0.79 units of length and 

an average ct
ceL 

of 0.75; for O'y - 2.3 the range is 1.68 - 1.90 and the average 

is 1.78. This corresponds to an average increase in ct
ceL 

by a factor of 2.37 

which is only slightly larger than the factor of O'y - 2.3 we predict for 0'~»1. 

The second formula yields for O'y - 1.0 dispersivities that range from 0.52 to 

0.77 with an average ct
ceL 

- 0.66; for O'y - 2.3 the range is 1.67 - 1.90 and the 

average ct
ceL 

- 1.81. an increase by a factor of 2.74. We consider it fortuitous 

that our (3.9a) leads to ct
ceL 

- 0.73 for O'y - 1.0 and ct -ceL 1.68 for O'y - 2.3 

(in exceIIent agreement with the results of Tompson et al. (1987» because it 

assumes that q; - 1 while our iterative procedure yields q; ~ 30 for O'y - 2.3. 

After iteration we predict a value of ct
ceL 

slightly below 1.0 when O'y - 1.0 and 
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O!ooL - 4.07 (O!ooDL - 0.770. P - 0.245) for uy - 2.3. This corresponds roughly 

to a rate of increase proportional to u ~. 7 which is transitional between the rates 

proportional to u~ and uy that we predict. respectively. for u~«1 and u~»1. 

Tompson et al. (1987) point out correctly that the linear Fickian theory 

of Neuman et al. (1987) yields O!ooL - 1.0 for uy - 1.0 and O!ooL - 5.3 for uy -

2.3 both of which are higher than their simulated values. and we add that the 

same is true about the linear non-Fickian theory of Dagan (1984. 1987). Our 

quasilinear theory is seen to yield lower values of O!ooL which are thus closer to 

the simulated results. Tompson et al. ascribe to the linear theory of Gelhar and 

Axness (1983) the ability to deal with cases where u ~> 1 through a factor 'Y -

exp(u~/6). However. their Table 7 shows that this theory yields O!ooL - 0.72 for 

uy - 1.0 and O!ooL - 0.91 for uy - 2.3 which corresponds to an increase by a 

factor of only 1.26 from the first to the second case. This. the fact that 'Y arises 

from an inconsistent derivation (c.I .• Neuman et al .• ibid). and that the Gelhar-

Axness theory tacitly disregards the deviation of plume particles from their mean 

trajectory cast doubt on the ability of 'Y to account for situations where u~>l. 

That the use of 'Y leads to physically unacceptable results has been pointed out 

recently by Ababou et al. (1988). 

After achieving convergence. the dimensionless transverse dispersivity 

O!DT varies with tIL at various effective Peclet numbers as shown in Figure 4.7. 

The solid curves correspond to the case where q; is set equal to O!ooDL /max(O!DT) 

during the iterative process. the broken curves to that where q; - O!ooDL /O!ooDT. 

When P5;.] (u y > I) these two iterative options are identical; when P> I (u ~< I) we 

see that they yield essentially identical results. This insensitivity of the solution 
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to q; once the latter becomes large when P>I (0'~<1) supports Dagan's (1988) 

decision to effectively set q~ in using Corrsin's conjecture to obtain 

corrections for the asymptotic dispersivity tensor at small O'~. 

Figure 4.7 shows that when tl'«I. the dimensionless transverse 

dispersivity is linearly proportional to tl' as long as tl'«P' in accord with (3.4b). 

When P>I (or equivalently 0'~<1) a
DT 

coincides with Dagan's limit for P-+oo as 

long as tJl~I. At larger dimensionless times aT may coincide with Dagan's limit 

temporarily for a period that increases in proportion to ..;p but. as long as P is 

finite. always ends before the Fickian limit is approached. As dimensionless 

time progresses. aOT values corresponding to P~] (0'~<1) reach a peak and then 

diminish before reaching constant asymptotic values at large tJl. These 

asymptotes show an inverse relationship to P as predicted by (3.12b) and a direct 

proportionality to O'~ by virtue of (3.44). The dimensionless time to reach 

Fickian behavior is seen to increase at a rate proportional to .JP. In the limit as 

p ... oo the Fickian asymptote becomes zero. The descent to this minimum 

asymptote occurs at a rate proportional to t Jl-2 • a fact which follows from 

Dagan's (1984. 1987) theory and is manifested by the 2: 1 slope of the curve 

corresponding to P-+oo at tJl>IO. Though we cannot guarantee the validity of 

results for P5:.] (0' Y > I) in the isotropic case as our theory is nominally limited to 

0' ~< I. we again note with interest that the corresponding transverse dimensionless 

dispersivities in Figure 4.7 fall below those for P>I (0'~<1) at least as long as 

tJl~I. The rate at which these dimensionless dispersivities diminish (and actual 

dispersivities increase) is maximum during the asymptotic period where tl' is 

large and appears proportional to 0' y . 
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Figures 4.8 and 4.9 show how longitudinal and transverse dimensionless 

dispersivities. respectively. vary with effeetive Peelet number at given 

dimensionless time values. There is a remarkable similarity between these 

graphs and those in Figures 4.6 and 4.7 which show variation with dimensionless 

time. This similarity. as well as the difference between the slopes of a
OT 

versus P as tp.~. become self evident upon a close examination of the 

asymptotic formulae in Table 3.1. We therefore avoid a detailed discussion of 

Figures 4.8 and 4.9 except to point out that the asymptotic Fickian behavior as 

tp.-.oo conforms to that predicted by Neuman et al. (1987. Figure 1) for the case 

of do - 0 and an isotropic spherical log hydraulic conductivity covariance. In 

particular. at small effeetive Peelet numbers the principal dispersivities increase 

linearly with P. At large Peelet numbers a
OL 

becomes asymptotically 1 whereas 

a
OT 

diminishes at a rate proportional to P-I. 

4.1.2 Influence of P on Nonlocal Spatial Covariance Tensor 

The manner in which the longitudinal dimensionless variance X OL 

increases with tp. for various P. after convergence is achieved. can be seen in 

Figure 4.10. The 2:1 slope on the logarithmic scale when tp.<l and P»IQ-1 

conforms to (3.Sa) which states that X
OL 

is proportional to tp.2 when t/L«I and 

tp.«P. With increasing tp. this slope gradually decreases to 1:1 as predicted by 

(3. 13a). A similar 1:1 slope develops at all P<<l (O"y»l) when tp.»P as 

anticipated by (3.10a). The curves for P~ I (0";< I) are virtually indistinguishable 

from that for P-.oo on logarithmic scale. a situation that we will see changes 

when one plots them on arithmetic scale. The variance appears to be linearly 

proportional to P at tp.»l when P«I (O"y»1) in accord with (3.10a). 



~ 1 
> 10 

(II 
II:: 1 I&J 
D.. 
(II 

C 
(II 10 -e 

ur' UJ 

~ 
Z 
0 
in 10" ffi 10" 
:::::E 
C 
:;J 

10 -a :z 
10-' C 

E 
0 
:z 
9 10 -4 

10 -a 10" 10 -e 1 10 10 • 10 I 
PEeLEr NUMBER 

Figure 4.8 Longitudinal dimensionless dispersivity a
OL 

versus effective 

Peclet number as a function of dimensionless time when 
LI - ~ - Ls and d1 • d2 - ds (final iteration). 

73 



~ 
2 
U) 
II:: 
LLI a. 
en 
C 
en· 
en 
~ 
Z 
0 
in 
i5 
:::::! 
C 
LLI 
U) 
II:: 

~ 
~ 

10" 
t,.- 1 

10" 10 

10 -a 10'" 

10 -4 10-' 
lOt 

10 -e 10-4 

10" 
10 -a 10" 10 .. 1 10 10 s 10 • 10 • 10 • 

PECLET NUUBER 

Figure 4.9 Transverse dimensionless dispersivity a
DT 

versus effective Peclet 

number as a function of dimensionless time when Ll - 4. - ~ 
and d1 ':I: d2 - d3 (final iteration). 

74 



10 • 

~ 10 I 
1LI 
U 

~ 

~ 10 • 
rn rn 
~ z 
0 10 en z 
1LI 
::!! 
a 
..J 1 

~ a 
r: 
c:; 10'" z 
0 
..J 

10 ... 

10'" 1 10 10 • 10 I 10 • 10 • 
DIUENSIONLESS TlUE 

Figure 4.10 Longitudinal dimensionless variance component X DL of plume 

with zero initial spread versus dimensionless time as a function 
of effective Peclet number when Ll - L: - Ls and d1 ., d'J, - d, 
(final iteration). Logarithmic scale 

75 



76 

Following convergence. the transverse dimensionless variance X DT varies 

with t I' and P as shown in Figure 4.11. A 2: I slope develops on logarithmic 

scale when tIL < I and P~l (1T~<1) in accord with (3.Sb). At large tIL the 

corresponding slope for P~l is I: I as predicted by (3. I 3b). At intermediate 

dimensionless time a transition period exists during which X DT may remain 

essentially constant on logarithmic scale over a period the length of which 

increases with P. However. regardless of how long this transition period is. 

when P is finite it eventually ends and transverse spread resumes at a rate that 

remains indefinitely proportional to tIL' 

Though results cannot be guaranteed for P<l (lTy > 1). Figure 4. II 

suggests the development of a I: 1 slope during t I' »P as anticipated by (3. lOb). 

At these low effective Peelet numbers there seems to be no transition period. 

The rate of transverse spread appears proportional to tp. and thereby Fickian 

much earlier than in the case of larger P (smaller IT~) values. 

We end our discussion of isotropic media by examining the manner in 

which X
DL 

and X
DT 

vary with tIL as functions of P on an arithmetic scale. 

The corresponding relationships are illustrated in Figures 4.12 - 4.14. Contrary 

to the impression one may get from Figures 4.6 and 4.10 that longitudinal spread 

is adequately described by setting P-+oo whenever P~l (IT~< 1). we learn from 

Figure 4.12 that this is generally not so unless P> I (IT ~< 1). Figures 4.13 and 

4.14 show X
DT 

versus tIL as a function of P on two different arithmetic scales. 

They demonstrate that transverse spread cannot be adequately represented by 

P-+oo at any finite effective Peclet number except at small tIL provided P~l 

(1T~<1). At large tp. setting P-+oo is seen to underestimate this spread to a very 

large extent when P«IOO. For P<l (lTy > I). setting P~oo appears to overestimate 
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X DT at small t p. and to underestimate it at large t p. • 

4.2 Statistically Anisotropic Media 

4.2.1 Influence of P and Anisotropy on Nonlocal Dispersivity Tensor 

We start by examining the behavior of Cl
D 

when the local dispersion 

tensor dZ is zero and the principal integral scales of log hydraulic conductivity 

covariance are related through Ll/ ~ - L,./ ~ - 10. This corresponds to an 

imperfectly layered medium that is statistically isotropic parallel to the layers in 

the plane of the principal coordinates Xl and x2 • Figures 4.15. 4.16. and 4.17 

show how the principal dimensionless dispersivities O!Di for i-I. 2. and 3. 

respectively. vary with tp. at various effective Peclet numbers P when the mean 

seepage velocity vector p. is collinear with Xl (i.e .• parallel to the layers). The 

overall shapes of these curves are similar to those in Figures 4.6 and 4.7. Prior 

to examining them in detail. we recall from (3.44) that when local dispersion is 

disregarded. P is related to u~ and the asymptotic dimensionless longitudinal 

dispersivity O!ooDL through O!ooDL P - l/u~. 

Figure 4.15 shows that O!ooDL - 1 for P~lO and O!ooDL <1 for P<IO so 

that P~lO corresponds to u~~O.1 and PdO to u~>O.l. Analogously. O!ooDL - I 

when u~~O.1 and O!ooDL <1 when u~>O.l. We found that in isotropic media 

O!ooDL does not fall below as long as u~< I; in the linear theory of Dagan 

(1988) O!ooDL - under both isotropic and anisotropic conditions. This means 

that nonlinearity. which in isotropic media causes a reduction in dimensionless 

longitudinal dispersivity when u ~> 1. does the same in our anisotropic medium 

already when u~>O.l. It should become clear from the sequel that. generally. 

conclusions reached in paper I regarding nonlinear effects when u~> 1. which 
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could not be guaranteed because our theory is nominally limited to O'~<l, often 

hold in anisotropic media when 0';«1. 

Returning to Figures 4.15 - 4.17, we see that like in the case of 

statistically isotropic media the dispersivities are linearly proportional to tp, and 

independent of P when tp,<l and tp,<<P (equivalently, they are independent of 0'; 

when tp,<l and .tp,«I/a
ocDL 

O'~). As tp, increases the longitudinal dispersivities at 

all P (all 0';) and the transverse dispersivities at P<<l (0';»1.7 because a
ocDL 

5!! 

0.58 when P - 1) increase monotonically toward their asymptotic Fickian limits 

which are attained no later than at about tp, - 10. At larger Peclet numbers 

(P~J or O'~1.7> the transverse dispersivities climb to a peak before eventually 

descending to their asymptotic limits. These limits are attained at tp, values that 

increase at a rate proportional to .;p . When P-+oo (0';-+0) the transverse 

dispersivities decrease forever at a rate proportional to t;2. 

The dimensionless transverse dispersivity along x2 at any P (any u~> and 

til (Figure 4.16) is smaller than that along X3 at the same P (or 0';> and tp, (Figure 

4.17). As the integral scale of log hydraulic conductivity is larger by a factor of 

10 parallel to x2 than it is parallel to x3, the theory implies that spatial 

correlation has a negative effect on transverse dispersivity at all dimensionless 

times. A similar negative effect is implied for Fickian conditions by Gelhar and 

Axness (1983) and Neuman et al. (1987). To see this effect more clearly we 

plotted the principal dimensionless dispersivities for P - 1 and p .. oo in Figure 

4.18. We see that at small tp, the longitudinal and transverse components a
OJ

' 

a
02

' and a
03 

are independent of P and the ratios between them, a
OJ

/a
02 

and 

a
02

/a
03

' are constant. At intermediate tp, these ratios gradually increase to 

become again constant at large tp, when P - 1. However, when P-+oo the 
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transverse components ~2 and a
D3 

approach each other at intermediate til and 

eventually coalesce at about tll - 10. This means that transverse dispersion 

becomes isotropic even though it occurs in a plane of statistical anisotropy. At 

tll>IO the ratio between aD) and the two equal transverse dispersivities increases 

indefinitely at a rate proportional to t:. 
The principal dispersivities for P-+oo in Figure 4.18 were obtained from 

(2.52) - (2.53) by numerical quadrature. We verified that they are identical to 

values obtained from 

(4.Ia) 

(4.Ib) 

(4. I c) 

where J 0 and J 1 are Bessel functions of the first kind of order zero and one. 

respectively. and e - £,ILI - £,/4. Expressions 4.1 were derived by us from 

Dagan's (1988) equations 23. 36. and 37 for the corresponding spatial variance 

terms. This correspondence demonstrates that Dagan's linear theory agrees with 

our quasilinear theory and the linear theories of Gelhar and Axness (1983) and 

Neuman et al. (1987) that spatial correlation has a negative effect on transverse 

dispersivity. 

Figure 4.19 shows what happens when the mean seepage velocity p. is 

parallel to the direction of shortest integral scale which coincides with x3• In 
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comparing Figure 4.19 with Figures 4.15 - 4.18 it is important to bear in mind 

that the definitions of P and tp. have changed: earlier these were P - p.L/dl 

and tp. - p.t/Ll' now they are P - p.Ls/dl and tp. - p.t/Ls in accord with (2.21) 

and (2.48). Note that while in the case of Figure 4.15 P - 1 corresponds to O'~ 

~ 1.7, in the case of Figure 4.19 it corresponds to O'~ - 1. The fact that Ll -

10Ls helps explain why in Figure 4.19 the establishment of a Fickian regime 

occurs about one log cyele later (in terms of dimensionless time) than in Figure 

4.18. We observe that at small tp. the ratios between the longitudinal and 

transverse eigenvalues of aD are smaller in Figure 4.19 than in Figure 4.18. 

The transverse dispersivities are of course identical in the isotropic plane normal 

4.2.2 Influence of P and Anisotropy on Nonlocal Spatial Covariance Tensor 

Returning to the case where p. is parallel to Xl we examine next the 

effect of varying P and the anisotropy ratio L/ Ls - L/ Ls on the dimensionless 

covariance tensor X
D 

as a function of t p. • For P-..oo this variation has been 

investigated by Dagan (1988). We compare below our own results for P-..oo 

(O'~-+O) and P~JO (O'~~l). The way in which the dimensionless longitudinal 

variance X
D1 

increases with tp. when P-..oo and L/Ls - L,/Ls ~ I is shown in 

Figure I of Dagan (ibid). Our results for P-..oo coincide with Dagan's and 

confirm his finding that dimensionless longitudinal spread diminishes as L/ Ls -

L/ L3 -+ 0 so that in two-dimensional systems it is less than in three-dimensions 

(Figure 4.20). We further learn from Figure 4.20 that the same happens 

independently of Peelet number when P~JO. 
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Figure 4.20 Longitudinal dimensionless variance X Ol versus dimensionless 

time for P ~ 10 when LlLs - LlLs ~ 1 and mean velocity 
is parallel to Xl. 

90 



91 

Our calculations of X 01 when P~ and L/ ~ - L/ ~ ~ I likewise 

agree with Dagan's (1988, Figure 1) and confirm his conclusion that dimensionless 

longitudinal spread increases slightly as the medium changes from isotropic to 

stratified while Ll/~ - 4./~ .. 00 (broken curves in Figure 4.21). We see 

however (solid curves) that Dagan's conclusion no longer holds true when P - 10. 

Instead of X
01 

going up as it did when P-+oo, it now decreases rapidly toward 

zero as L/ ~ - £,./ ~ .. 00. This means that as the medium becomes more 

stratified while mean flow takes place parallel to the bedding, the influence of 

macroscopic velocity fluctuations on the dimensionless longitudinal variance of a 

plume (having zero initial spread) gradually diminishes. Since this diminution is 

accompanied by a reduction in ex coOL as evidenced by the decline in asymptotic 

slope of the solid curves in Figure 4.21. the u~ values corresponding to these 

curves increase beyond 1 as the anisotropy ratio climbs above 10 while P - 10. 

Figure 4.22 shows how the dimensionless transverse variance X 02 varies 

with t Jl in the isotropic plane of Xl and x2 when P~ (broken curves) and 10 

(solid curves) while L/ L3 - £,./ L3 :s; I; Figure 4.23 depicts the same for L/ L3 -

£,./ L3 ~ I. Our results for P-+oo coincide with those one obtains from formula 

(36) of Dagan (1988) and confirm the behavior illustrated in his Figure 4.23. As 

L/ ~ - £,./ ~ decreases below I the dimensionless transverse variance goes up. 

and as this ratio increases above I it goes down. In both cases X 02 stabilizes at 

sufficiently large tJl values. When we reduce P from 00 to 10 we find that the 

effect of L/~ - £,./~ remains similar but X
02 

becomes larger and continues to 

grow indefinitely. Regardless of whether P-+oo or P - 10. we learn from Figure 

4.23 that the more stratified a medium is the less influence does macroscopic 

differential flow exert on dimensionless transverse spread parallel to the bedding 
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when mean flow is in the plane of stratification and the plume has initially zero 

spread. Like in the case of X
D1 

the clue to understanding this phenomenon lies 

in the reduced ability of the plume to spread in a direction normal to the layers 

as we are now about to see. 

The dimensionless transverse variance X D3 in the plane of Xl and X3 

varies with Peclet number and the anisotropy ratio L/ ~ - 4/ ~ as illustrated 

in Figures 4.24 and 4.25. Our results for p .... oo (broken curves) are identical to 

those one obtains from Dagan's (1988) formula (37) and agree with his Figure 4 

when L/ ~ - 4/ ~ ~ 1. However, Dagan's Figure 4 does not depict correctly 

the behavior of X D3 when L/ ~ - 4/ ~ .... 0 (his e-+oo) and conveys the 

erroneous impression that dimensionless transverse variance increases as the 

above anisotropy ratio goes down. The broken curves in Figures 4.24 indicate 

that the opposite is true when P-+oo and L/ ~ - 4/ L3 ~ 0.2. We learn from 

Figures 4.24 and 4.25 that when P - 10 (solid curves) X
D3 

is generally larger 

than when P-+oo, increases indefinitely with t Jl' and decreases with anisotropy 

contrast regardless of whether L/ L3 - L/ L3 is less or greater than 1. In the 

limit as L/ L3 - 4/ L3 tends either to zero (two-dimensional case) or infinity 

(perfect stratification) all macroscopic influences on dimensionless transverse 

spread in the direction of X3 vanish. 
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Figure 4.25 Transverse dimensionless variance X D3 versus dimensionless 

time for P - 10 and P~ when LlLs - LlLs ~ I and mean 
velocity is parallel to Xl. 

97 



98 

CHAPTER FIVE 

INFLUENCES OF EFFECTIVE PECLET NUMBER AND ANISOTROPY 

ON TOTAL DISPERSION AND SPATIAL COVARIANCE TENSORS 

The total dispersion tensor D was defined in (2.34). The total spatial 

covariance tensor 1: for a plume with zero initial spread is defined as 

1: - 2dzt + X (5.1) 

where 2dZt is the local component of 1: and X the nonlocal component. Till 

now our attention has been focused solely on the nonlocal components a and X. 

We now wish to investigate the total dispersion and covariance tensors D and 1: 

and the effects of P and anisotropy of covariance of log hydraulic conductivities 

on the direction of plume spread. We first discuss the relative influence of local 

and nonlocal effects on the total spread of a plume. 

5.1 Local Versus Nonlocal Components of Total Dispersion and Spatial 

Covariance Tensors 

Neuman et aZ. (1987) examined this relative influence on the asymptotic 

dispersion tensor. We present below an extended analysis which considers 

preasymptotic conditions and the spatial covariance. For this we rewrite the 

total dispersion tensor as 

D - dl (qi2 + Pu~ao) - dIDo (5.2) 

where ql - dldi l • the dimensionless nonlocal dispersivity tensor is defined in 

(3.42). and the dimensionless total dispersion tensor as 

Do - qi2 + Pu~ao (5.3) 

(this latter definition differs somewhat from that introduced earlier by Neuman et 
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al.. 1987). The total spatial covariance is written as 

1: _ L(L d 1 (2tp. qZ-2 + Pu 2X ) _ L(L d 11: 
P. Y--o p. 0 

(5.4) 

where "0 is the dimensionless nonlocal spatial covariance defined in (3.43) and 

1:0 the total dimensionless spatial covariance defined as 

1:0 - 2tp.qj2 + Pu~~ (5.5) 

These expressions follow directly from (2.21). (2.34). (2.43). (2.48). and (5.1). 

Since we assumed that d and dZ (and therefore qj2) have principal 

directions parallel and normal to the mean velocity p.. the principal directions of 

a and X are generally not coincident with those of qr The principal axes of D 

and 1: are therefore neither those of qz nor those of a or X in the general case. 

Hence the relative magnitudes of dZ and p.a or 2dzt and X must be evaluated in 

terms of some appropriate norm II ·11 . The nonlocal component dominates D 

when 

(5.6) 

and 1: when 

(5.7) 

The opposite is true when the inequality sign is reversed. 

During the early stages of plume development (tll«1 and tll«P) aD a! 

aD tp. and Xo a! aD tt where aD is independent of til and P as we have shown 

in (3.3). Thus (5.2) and (5.4) become. respectively. 

(5.8) 

(5.9) 

Nonlocal differential advection has little effect on the early-time dispersion tensor 

D when 



til « Pu~11 ao IIII qlll 
and on the early-time spatial covariance tensor ~ when 

2 
til « Pu~1I ~ 1111 qlll 

If in addition P » I (so that P 5!! I lu ~). these conditions reduce to 

I 
til « II ao 1111 qlll 

2 
til « II ~ 1111 qlll 

100 

(5. lOa) 

(5.100) 

(5.lla) 

(5.llb) 

As the right-hand side of (5.IOa) or (5.lla) is half that of (5.IOb) or (5.11b). the 

nonlocal effect on D is felt twice as early as that on ~. 

When mean flow takes place parallel to one of the principal axes of 

anisotropy the eigenvectors of ql and a o coincide so that D and ~ become 

diagonal. Then their principal components Di and ~i are controlled by local 

dispersion as long as 

til « I 
i - I. 2. 3 (5.12a) P 2 2 uyaoiqZi 

til « 2 
i - I. 2. 3 (5.12b) P 2 2 uyaoiqZi 

respectively. where aOi is the i-th eigenvalue of ao . When P » I. (5.12) 

reduces to 

tp. « 
aoiqZi 

2 i-I. 2. 3 (5.I3a) 

tp. « 2 
i - I. 2. 3 (5.I3b) 2 

QOiqZi 

Consider the particular (unlikely) case of Figure 4.1 and 4.2 in last 

chapter where aOI - 8/15 and a
02 

- a
03 

- IllS (Table 3.1). It follows from 

(5.13) that the longitudinal dispersion coefficient DL is unaffected by nonlocal 

spatial variability when 



IS 
tp.« -8 2 

qll 

101 

(S.14a) 

whereas the transverse dispersion coefficient DT is free of this effect over a 

time span longer by a factor of 8. 

t «...Ii.. p. q 2 
l2 

(S.14b) 

Similarly. we conclude that the longitudinal plume variance 1:L is controlled by 

local dispersion when 

IS tp. « :;--z 
.,qll 

(S. I Sa) 

whereas the transverse variance is unaffected by nonlocal advective fluctuations 

for a period that is eight times longer. 

30 tp. « -2-

ql2 
(S.15b) 

for the special case where L1 - Lz - L, and d1 - d2 .. d3 when tp.«l. tp.«P. 

and P»l. Since qli2 (i - 1. 2. 3) is generally much large than I. tp. has to be 

very small for the local components to dominate D and X. 

At large dimensionless time the relative importance of local and nonlocal 

effects on D and 1: depends on P. The following two cases are of interest. 

1. When P«l and P<<tp. we see from (3.8) that a o ~ Pbo where bo 

is independent of P and tp.. hence X 0 ~ 2Ptp. bo . The dispersion and spatial 

covariance tensors become 

(5.16) 

(S.17) 

The effect of nonlocal dispersion dominates the behavior of both D and 1: when 

P2 I 8 
» u;11 qllill bo II (5.1 ) 

The larger is u~ the smaller needs P to be for this inequality to hold. We use 

norm in (5.18) because ql and bo may not be collinear when P«l. Since P -



C/Uy when P<<l where C is a constant. (5.18) can be rewritten as 

I « CII qllill bD II ) 
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(5.19) 

When mean flow takes place parallel to one of the principal axes of 

anisotropy the eigenvectors of ql and bo coincide so that D and 1.: become 

diagonal. Then their principal components D j and 1.: j are controlled by nonlocal 

dispersion as long as 

;-1.2.3 (5.20) 

In the special case of Ll -~ -Ls and d1 - d2 - d3• b
OI 

- 8/15 and b02 

- b
03 

- 1/15 (Table 3.1). The nonlocal component dominates the longitudinal 

dispersion if 

and the transverse dispersion if 

I e 2 
« TSqlj ; - 2. 3 

(S.2Ia) 

(S.2Ib) 

These two inequalities are generally true because q Ij2» I (i .. I. 2. 3). i.e.. the 

non local components always dominate the total dispersion tensor D and spatial 

covariance 1.: at large time when P«I and P<<tll . 

2. when P» I and t Il-+oo the principal directions of q land a o coincide 

(this will be shown later). the dimensionless longitudinal dispersivity tends 

asymptotically to a
OL 

- I such that P-I/u~. and the nonlocal longitudinal 

dimensionless variance tends to X
OL 

- 2tll (Table 3.1). Thus the longitudinal 

eigenvalue of the dispersion tensor is 

DL ~ d1(q[2 + 1) 

and that of the spatial covariance is 

1: ~ 211l LIl d1 (q -2 + 
L /L I 1) 

The nonlocal dispersion controls DL and 1:L as long as 

(5.22) 

(5.23) 



q -2 « 1 
11 
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(5.24) 

which is generally satisfied. The transverse dispersivities are proportional to p-I 

hence the transverse eigenvalues of D can be expressed as 

i - 2. 3 

where Cj are constants. The corresponding transverse eigenvalue of 1: are 

2te Lil d 1( -2 
I j E!! P. qlj + O'~Cj) i - 2. 3 

(5.25) 

(5.26) 

We see in (5.25) and (5.26) that the relative importance of local and nonlocal 

components on transverse dispersion depends on the variance of log hydraulic 

conductivities O'~; the local effect is more important if O'~«l and nonlocal effect 

dominates otherwise. 

In summary. at early time (tl'«1) the total dispersion is dominated by 

the local component and at later time (t 1'» 1) the longitudinal dispersion is always 

dominated by nonlocal effect and the same happens to the transverse dispersion 

when P«l (0'~»1). When P»l (or 0'~«1). the local component is more 

important to the total transverse dispersion. 

5.2 Effect of P and Anisotropy on Direction of Plume Spread 

To this point the mean velocity p. has always been taken parallel to a 

principal axis of statistical anisotropy so that aD and X
D 

remained diagonal in 

the x coordinates. Under these conditions. longitudinal spread occurred parallel 

to p. and transverse spread took place in the plane normal to 1'. We now turn 

to the more general situation where the mean seepage velocity vector I' is 

inclined to the principal coordinates x. As we shall see. this generally causes 

the eigenvectors of aD and X
D 

to become non-collinear with both p. and x. We 

recall our assumption that the local dispersion tensor dl is parallel and normal to 
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p.. This notwithstanding. we expect the eigenvectors of the total dispersion 

tensor D and the plume covariance tensor ~ to be generally collinear neither 

with p. and i nor with the eigenvectors of a and X. To study this effect we 

examine the manner in which the eigenvector e1 of a and X which corresponds 

to the largest (longitudinal) eigenvalues of these two tensors. and the eigenvector 

El which represents the largest (longitudinal) eigenvalues of D and ~. vary with 

dimensionless time. effective Peclet number. and the ratios between LI • 4.. and 

L,. For illustration purposes we again set Ll - 4. and take p. to lie in the XI-X3 

plane so that it forms a 45° angle with both coordinates. We designate the angle 

between p. and e l by e and that between p. and El by 9. Both angles are in the 

XI-X3 plane and we take them to be positive when between p. and X3' negative 

when between p. and Xl' 

Figure 5.1 shows how e and 9 vary with tJl and P for three different 

anisotropy ratios L/ L, - 4./ L, - 0.1 (upper part of the figure). I (center line). 

and 10 (lower part). The angle e is independent of local dispersion and remains 

constant at early t Jl as indicated by the broken curves. The angle e is equal to 

e and follows the broken curves at early tp. when the local Peclet number PI is 

infinity. When PI is finite. 9 is initially zero due to the dominance of local 

dispersion at early dimensionless time and our assumption that the eigenvectors 

of dl are parallel and normal to p.. As dimensionless time progresses. e 

gradually increases toward e as illustrated by the solid curves corresponding to 

PI - 102 and 103• This growth in e is equivalent to a rotation of the 

longitudinal plume axis away from its initial direction parallel to p.. toward the 

direction of largest correlation. due to the growing influence of nonlocal 

differential advection as tp. increases. The rate of this rotation and the 
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dimensionless time at which it starts (as well as ends) increase in a manner 

inversely proportional to Pl' At later tp. the two angles are identical and jointly 

follow the solid curves. As tp. approaches 1. the two angles diminish toward 

their Fickian limits which are reached shortly after t p. - 10 and depend on the 

effective Peclet number P. This is equivalent to a rotation of the longitudinal 

plume axis back toward p.. To our knowledge the possibility that a plume may 

rotate with time during non-Fickian dispersion in anisotropic media has never 

been noted in the literature. 

The angles 8 and 9 are seen to be positive when L/ Ls - ~/ Ls - 0.1 so 

that both e l and EI are offset from p. toward the direction of largest log 

hydraulic conductivity correlation parallel to x3. When L/ Ls - ~/ L3 - 10. the 

angles are negative which again means that e1 and EI are offset toward the 

direction of largest correlation. this time parallel to Xl' We thus complement an 

earlier finding by Neuman et ai. (1987) that longitudinal dispersion is generally 

offset from p. toward the direction of largest log hydraulic conductivity 

correlation under Fickian conditions. We learn. however. that the phenomenon is 

much more pronounced under non-Fickian than under Fickian conditions. When 

P~10. 8 and 9 are both less than 2° at large tp.' However. during the 

preasymptotic regime the two angles reach 15° when L/Ls - ~/Ls - 0.1 and as 

much as 36° when L/ Ls - ~/ Ls - 10. 

Varying the anisotropy ratios L/ Ls - ~/ Ls influences 8 (broken curves) 

and 9 (solid curves) as shown for P - 10 and PI - 100 in Figure 5.2. We see 

that as the contrast between the integral scales increases. the maximum angle of 

deflection goes up. However. the rate at which this angle increases goes down 

with the anisotropy contrast and appears to approach an asymptotic limit which 
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depends on whether Ll/ ~ - L,/ ~ tends to 0 or 00. Large ratios of L/ ~ -

L,/ ~ correspond to stratified media in which longitudinal dispersion is seen to 

occur essentially parallel to the layers during much of the preasymptotic period 

even though the mean seepage velocity is inclined at 45° to the stratification. 

Finally. we illustrate in Figure 5.3 the way in which e and e vary with 

the effective Peelet number and anisotropy ratio in the limit as tJl-+OO. In accord 

with an earlier finding by Neuman et al. (1987) e and e attain their maxima at 

intermediate Peelet numbers. At small P values where local dispersion 

dominates e is essentially constant while e is zero. Both angles tend to zero as 

p .. oo. 



Figure 5.3 Deviation angles 9 (dashed) and 9 (solid) versus Peclet number 
for various anisotropy ratios when t,,~. (1; - 0.5. d l - d2 - d,. 

and mean velocity is at 45° to Xl and X2. 
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CHAPTER SIX 

APPLICATION TO TRACER EXPERIMENT AT BORDEN SITE 

As has become customary in the recent literature we test our theory 

against data obtained from a plume of inorganic tracer extensively monitored 

during a natural gradient experiment conducted in a shallow anisotropic sand 

aquifer at the Canadian Forces Base. Borden. Ontario (Sudicky et al.. 1983; 

Mackay et al .• 1986; Roberts and Mackay. 1986; Roberts et aI.. 1986). 

6.1 Brief Description of the Experiment 

The experiment was conducted in the unconfined sand aquifer 

underlying an inactive sand quarry at the Canadian Forces Base. Borden. Ontario 

(Figure I. Mackay et al .• 1986). The goal of the experiment is to produce a 

detailed and accurate data base describing the transport. transformation. and fate 

of conservative tracers and selected halogenated organic contaminants in the 

saturated zone for quantitative testing of the models currently hypothesized to 

describe the dominant fundamental processes. 

The experiment was started on August 23. 1982. A relatively well

defined initial condition was achieved through the controIIed pulse injection of 12 

m3 of a uniform solution containing known masses of two inorganic tracers 

(chloride and bromide) and five halogenated organic chemicals (bromoform. carbon 

tetrachloride. tetrachloroethylene. I. 2-dichlorobenzene. and hexachloroethane) into 

the saturated zone. A dense three-dimensional array of over 5000 sampling 

points was instaIled throughout the zone traversed by the solutes. Over 19.900 

samples have been collected over a three-year period. The tracers followed a 
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linear horizontal trajectory at an approximately constant velocity. Horizontal 

spreading of the tracers was much more pronounced in the longitudinal direction 

than in the transverse direction; vertical spreading was very small. The 

vertically-averaged concentration distribution of bromide and chloride for 

different numbers of days after injection are shown in Figure 6.1 and 6.2. 

Spatial moment analysis techniques were applied to the data to obtain 

quantitative estimates of the spatial variance of the solute concentration 

distribution about the centers of mass as functions of time. Estimates of the 

spatial covariance for the Bromide and Chloride plumes are given in Table 6.1. 

TABLE 6.1 Estimates of spatial covariance for the Bromide and Chloride 

plumes (after Freyberg. 1986). 

Elapsed Bromide Chloride 
time(days) un u1Z UZZ un U1Z UZ2 

1 1.8 2.0 0.4 2.1 2.4 0.5 
9 2.3 2.8 1.0 1.7 2.4 0.7 

16 1.9 2.8 0.9 2.3 2.8 0.8 
29 2.4 2.5 0.9 2.5 2.6 0.9 
43 3.6 2.5 0.8 4.4 2.7 1.2 
63 4.9 2.7 1.1 4.4 2.4 1.1 
85 5.2 2.6 0.3 5.7 3.3 0.8 

259 16.7 4.6 2.8 17.8 4.4 3.7 
381 20.8 5.0 3.2 20.6 4.4 3.9 
429 22.0 7.3 1.9 24.3 6.0 3.2 
462 30.1 6.6 2.8 27.8 5.5 2.1 
647 50.1 6.9 2.4 51.5 5.5 3.0 

1038 83.3 18.8 13.6 
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6.2 Previous Analyses of the Experiment 114 

Mathematical analyses of the manner in which the plume. containing 

bromide and chloride. advanced and/or spread during the three-year experiment 

have been published by Freyberg (1986). Sudicky (1986). Sposito and Barry (1987). 

Barry et al. (1988). and Naff et al. (1988). The first two authors have made 

attempts to represent the horizontal spread of vertically-averaged concentrations 

by means of a two-dimensional version of Dagan's (1984. 1987) theoretical model. 

Part of their justification for using a two-dimensional model which considers 

only spread in the horizontal plane was the observation that (Sud icky. ibid. p. 

2070) "vertical spreading of the plume was ... very weak and appears to be 

controlled mainly by a local dispersion coefficient on the order of molecular 

diffusion ... consistent with the results of a tracer test performed in 1978 at 

(another) site ... nearby. " Based on the two-dimensional model Freyberg and 

Sud icky estimated the asymptotic longitudinal nonlocal dispersivity (XL at the 

Borden site to be 0.49 m and 0.45 m. respectively. Since the model they used 

corresponds to an infinite Peclet number. it yields a zero asymptotic transverse 

dispersivity (XT. Sudicky also used three-dimensional Fickian formulae derived 

by Gelhar and Axness (1983) to calculate an asymptotic (XL for the site of 0.61 

m and transverse dispersivities of zero. 

Barry et al. (1988) relied on Dagan's two-dimensional model to predict 

the time evolution of ensemble-mean tracer concentrations during the Borden 

experiment and compared them with vertically-averaged data. They found that 

predictions obtained with Dagan's model (ibid. p. 1805) "appeared to agree well 

with the field concentration data. especially in the preasymptotic regime for the 

longitudinal dispersion coefficient." 



115 

Naff et al. (1988) suggested that the vertically-averaged Borden 

concentration data should in theory fit a three-dimensional model better than a 

two-dimensional model. Contrary to this expectation. they found that the 

longitudinal variance of these concentrations evolved with time in a manner that 

could be described more accurately with Dagan's two-dimensional model than 

with three-dimensional models which view the medium as being either 

statistically isotropic or stratified. They puzzled over this apparent contradiction 

and proposed that it may stem from an inadequate determination of parameters 

such as integral scales of log hydraulic conductivity (based on a marked 

improvement in their fit when the horizontal integral scale is reduced by 25% 

below its original estimate) and early time inconsistencies in modelling a field 

pulse input. 

6.3 Interpretation of Vertically-Averaged Plume Spread 

We note that not only do two-dimensional models fit the original data 

better than three-dimensional models but. perhaps more importantly. the latter are 

contradicted by the observation that vertical spreading is much smaller than 

horizontal transverse spreading. Log hydraulic conductivity data from the site 

have been represented quite successfully (Sud icky. 1986) by an exponential 

covariance model according to which the aquifer is isotropic in the horizontal 

plane with corresponding integral scale Ll - L,. - 2.8 m but possesses a relatively 

short vertical integral scale L, - 0.12 m. This yields an anisotropy ratio of 

L/ L3 - L,./ L, E!! 23 which means that the aquifer is strongly (albeit imperfectly) 

stratified. We noted earlier that all stochastic theories discussed in this paper 

predict a greater transverse spread in the direction of lesser (in our case the 
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vertical) than greater (in our case the horizontal) correlation. a prediction which 

is contrary to observations not only at Borden but also at other sites. Why is it 

that existing three-dimensional theories are unable to reproduce such observations. 

and why do two-dimensional theories provide a better match with experimental 

data? 

We are not sure about the answers to these questions but suspect that 

part of the problem may stem from the inability of existing stochastic theories to 

fully account for hydraulic anisotropy. due in part to their approximate nature 

but perhaps more so due to having so far disregarded local hydraulic anisotropy. 

Suppose that local and/or structural anisotropy at Borden is larger than has been 

deduced from the data in the past. In particular. suppose that the ratio between 

horizontal hydraulic conductivity K
H

• and vertical hydraulic conductivity Kv' 

exceeds that estimated by Sudicky (1986) by a factor ,,2> 1. Local phenomena 

which appear to be only partially accounted for by the available hydraulic 

conductivity data and theory include (ibid. p. 2073) "the presence of numerous 

lenses of coarse to silty fine-grained sand embedded in a fine- to medium

grained sand" with a "usually sharp and near-horizontal" ... "contact between 

zones having a large textural contrast." and the fact that "the thickness of 

individual beds generally varied from a few centimeters to a few tens of 

centimeters ... although fine laminations on the order of a millimetre to a few 

millimeters thickness were sometimes encountered." The net effect of such 

phenomena may be similar to that of the hypothetical horizontal boundaries 

invoked by Dagan (1987. 1989) and Barry et ai. (1988) to justify their application 

of a two-dimensional theory to the Borden data. We can formally account for 

this excess anisotropy through a transformation of coordinates involving. say. a 
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contraction of the horizontal axes by a factor 11" or expansion of the vertical 

axis by a factor ". In the first case. a relatively small value of ,,2 - KH 1Kv -

1.8 would suffice to reduce Ll and ~ by 25% which. as shown by Naff et al. 

(1988). would bring about a reasonably good match between linear three

dimensional theory and longitudinal plume variance data from the Borden site. 

In the second case. a ,,2 greater than 530 would cause ~ to exceed Ll and 4.. 

while a much bigger value could render ~ so large that a three-dimensional 

description of the Borden plume might become essentially identical to a two

dimensional description. Whether the latter happens or not at the Borden site 

remains. in our view. an open question requiring further investigation. 

6.4 Simulation of Vertically-Averaged Concentration Moments 

To date. all theoretical interpretations of the Borden data were based on 

the premise that since local dispersion is negligibly small. one is justified in 

setting the Peelet number equal to infinity. However. from our quasilinear 

theory it is clear that setting P-.oo is tantamount to ignoring not only local 

dispersion but also nonlinearities due to the deviation of plume particles from 

their mean trajectory. In fact. by fitting straight lines to the variance of the 

depth-averaged Borden plume data Freyberg (1986. Fig. 10) determined the 

"apparent" longitudinal and transverse dispersivities of this plume to be. 

respectively. 0.36 m and 0.039 m. For a mean seepage velocity (ibid) p. - 0.091 

ml day and horizontal integral scales Ll - 4. - 2.8 m. the apparent longitudinal 

dispersivity of 0.36 m yields an effective Peclet number P 5!! 7.8. Since we 

define P as being inversely proportional to the asymptotic longitudinal 

dispersivity. we modify Freyberg's fit by placing more weight on the latter data 
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in his Figure lOa than he does. The result is an apparent longitudinal 

dispersivity of 0.40 m and a corresponding effective Peelet number P 5!! 7. 

Our next step is to calculate the plume variance according to (2.58). 

Since our solution is three-demensional. we create conditions under which 

dispersion becomes essentially two-dimensional by assigning a very small value to 

the vertical dispersivity (arbitrarily set equal to 0.004 m) and a very large value 

to the vertical integral scale (arbitrarily set equal to 280 m). Local dispersion is 

taken to be zero so that Pr+oo• According to Sudicky (1986) the log hydraulic 

conductivity variance after nugget removal is u; - 0.29. Freyberg (1986) found 

that in order to fit Dagan's two-dimensional model to the Borden data he had to 

reduce u; from 0.29 to 0.24. We use Sudicky's original value of u; - 0.29 and 

our calculations are compared with both his and Freyberg's in Figures 6.3 and 

6.4. All three sets of results involve a reduction of u~ by a factor of 0.74 to 

account for the two-dimensional nature of the analysis as suggested by Dagan 

(1987) on the basis of integration over one vertical integral scale. 

Figure 6.3 shows that by setting P - 7. we obtain a better fit between 

theory and longitudinal variance data than does Sud icky (1986) with Dagan's 

(1987) model in which P-.oo. Our fit. obtained without parameter modification. 

is as good as that attained by Freyberg (1986) with Dagan's model after having 

"calibrated" it by reducing u~ from its measured value of 0.29 down to 0.24. 

Our quasilinear solution yields a longitudinal variance for the Borden experiment 

which is smaller by a factor of 0.83 than that obtained from the linear theory 

and shows a better match with the data. Figure 6.4 show how our quasilinear 

model with P - 7 fits transverse horizontal variance data from the Borden 

experiment. Also shown are curves fitted to the same data by Sudicky (1986) 
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Figure 6.3 Longitudinal variance of Borden plume as a function of time. 
Solid curves are for P - 7 and Proo. Dashed curves correspond 
to results obtained by Sudicky (1986) and Freyberg (1986) with 
infinite Peclet number. 
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Figure 6.4 Transverse variance of Borden plume as a function of time. Solid 
curves are for P - 7 and Pr~. Dashed curves correspond to 
results obtained by Sudicky (1986) and Freyberg (1986) with 
infinite Peclet number. 
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and Freyberg (1986) on the basis of Dagan's (1987) model in which P-+oo. Their 

curves become asymptotically parallel to the time axis which reflects the fact that 

setting P-+oo is tantamount to disallowing transverse spread at late time. Our 

curve fits the available data quite well despite their considerable scatter and. 

more importantly. continues to climb without ever becoming flat. One 

experimental point at 1.038 days represents a transverse variance of 18.8 ~ and 

is too large to include in the figure; it has been treated as an outlier by most 

authors. Although our (solid) curve does not climb sufficiently high to reach this 

point. it nevertheless comes much closer to it than the (broken) curves in Figure 

6.4 which do not take nonlinearity into account. 

Finally. we show in Figure 6.5 how the longitudinal and transverse 

dispersivities. a
L 

and aT' vary with time during the Borden experiment when P 

- 7 and Pt-.oo. The figure shows that. strictly speaking. longitudinal spread is 

non-Fickian until approximately day 1.000 (2.8 years) at which time a
L 

attains 

its asymptotic value of 0.51 m. Transverse spread does not become strictly 

Fickian until approximately day 30.000 (82 years) at which time aT attains an 

asymptotic value of 0.0095 m. A somewhat less strict definition of what 

constitutes Fickian behavior might agree more closely with Sposito and Barry 

(1987) who have estimated the longitudinal limit to be reached after I year. the 

transverse after 60 years. The ratio between longitudinal and transverse 

dispersivities is initially 2.6. Following day 10. this ratio gradually increases 

until it stabilizes at the asymptotic limit of 53.7 after about 82 years. The peak 

transverse dispersivity of 0.056 m is attained on about day 100 and is almost six 

times as large as the asymptotic value. 
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CHAPTER SEVEN 

SUMMARY. CONCLUSIONS. AND RECOMMENDATIONS 

7.1 Summary 

Existing theories of non-Fickian and Fickian nonlocal dispersion in 

geologic media generally disregard nonlinear terms in the governing equations. 

We presented a Lagrangian theory which accounts for a particular aspect of 

nonlinearity caused by the deviation of plume "particles" from their mean 

trajectory in three-dimensional. statistically homogeneous but anisotropic porous 

media under an exponential covariance of log hydraulic conductivities. By 

adopting Corrsin's conjecture and quasiIinearizing the result we obtained 

analytical expressions for the time-dependent nonlocal dispersivity and second 

spatial moment tensors of ensemble mean concentrations which lend themselves to 

numerical evaluation by a rapidly converging iterative process. The same 

iterative approach can be used to recover analogous higher-order effects in 

existing Fickian theories such as those of Gelhar and Axness (1983) and Neuman 

et al. (1987). Our analytical solutions involve an "effective Peclet number P" 

which is inversely proportional to the asymptotic (Fickian) longitudinal nonlocal 

dispersion coefficient and therefore much smaller than the conventional Peclet 

number which is inversely proportional to the local dispersion coefficient. The 

linear solutions of Dagan (1984. 1987. 1988) generally correspond to P~. 

We developed expressions for the nonlocal dispersivity tensor a and 

spatial covariance tensor X of a plume having initially zero spread as functions 

of P and dimensionless time (mean travel distance relative to log hydraulic 

conductivity integral scale) tp.. These expressions are valid for arbitrary 
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directions of mean flow relative to the principal directions of statistical 

anisotropy. Our expressions have been evaluated numerically for a wide range 

of values of P. tp.. and anisotropy and analytically (i.e .• in closed-form) for 

extreme values of these parameters under isotropic conditions. The numerical 

and analytical results coincide in all cases and agree with those of Dagan (1984. 

1987) when P~. However. we have demonstrated that finite Peclet numbers 

due to nonlinearity and local dispersion may exert a considerable influence on 

time-dependent nonlocal dispersion in both isotropic and anisotropic media and 

one should therefore not be generally satisfied with setting P~ even if Pz is 

very large. Most importantly. P is related in a nonlinear fashion to the log 

hydraulic conductivity variance U ~ and conclusions we have reached in isotropic 

media regarding nonlinear effects when u~>l. which could not be guaranteed 

because our theory is nominally limited to u~<l. were found to hold in a broad 

class of anisotropic media when u~«1. 

7.2 Conclusions 

7 .2.1 Conclusions About Nonlocal Dispersivity and Spatial Covariance Tensors 

in Statistically Isotropic Media 

1. During early stages of plume development when tp.<l and tp.«P. the 

longitudinal nonlocal dispersivity OIL is independent of P (or u~) and grows in 

linear proportion to t p.. As dimensionless time progresses. OIL approaches its 

asymptotic Fickian limit in a way which depends on P. Generally. the smaller 

is P (or the larger is u~) the lower is the asymptote and the earlier is it reached. 

In most cases a Fickian regime with respect to (XL is established no later than 

about tp. - 10. When P«l (uy»I) and P«tp.. OIL is independent of tp. (hence 
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Fickian) and linearly proportional to P (or (1 y ). 

2. When P~l «(1~<l). dimensionless longitudinal dispersivities show no 

dependence on P or (1 ~ and hence coincide with those predicted by Dagan's 

(1984. 1987) linear theory under the assumption P~. 

3. When tp«I. the transverse dispersivities aT are independent of P 

«(1~) and linearly proportional to tp as long as tp«P. As dimensionless time 

progresses. aT corresponding to P< I «(1y > l) approaches asymptotic limits that 

depend on P in a manner similar to that of a
L

. However. transverse 

dispersivities corresponding to P>l «(1~<I) attain a peak and then diminish before 

reaching their asymptotes at large tp. These asymptotes. unlike those at small 

Peelet numbers which are linearly proportional to P. show an inverse relationship 

to P. In the limit as P~ the Fickian asymptote becomes zero. The descent to 

this minimum asymptote occurs at a rate proportional to t p -2. 

Within the entire range of Peelet numbers the smaller is P (the larger is 

(1 y)' the earlier does aT reach its Fickian asymptote. A Fickian regime with 

respect to aT is established no later than tp - 10 when P<1. When P>I the 

dimensionless time to reach Fickian behavior increases at a rate proportional to 

../P. 

4. Whereas in the linear theory dimensionless transverse dispersivities 

tend asymptotically to zero. in the quasilinear theory they tend to nonzero 

Fickian asymptotes as has been observed in a number of laboratory and field 

studies as well as a recent numerical experiment by Rubin (1990). 

5. For a. plume with zero initial spread. the nonlocal longitudinal 

variance XL is proportional to ti when tp«l and tp«P. With increasing tp 

the rate gradually becomes linear in tp. A linear rate of nonlocal longitudinal 
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spread also develops at all P«l (O"y»1) when t,,»P. The variance is linearly 

proportional to P at t,,»1 when P«I (O"y»1). 

6. The nonloca1 component of transverse spatial variance X
T 

is 

proportional to ti when t,,<l and P";::.J (0";>1). At large dimensionless time it is 

linearly proportional to t". At intermediate t" values a transition interval exists 

during which X T may remain essentially constant over a period that increases 

with P. However. as long as P is finite this transition period eventually ends 

and nonlocal contribution to transverse spread resumes at a rate which remains 

indefinitely proportional to t". Since nonlinearity causes P to be small. setting 

P~ is tantamount to disallowing continued transverse spread at large 

dimensionless time. 

At P<l (O"y>l) and t,,»P. X
T 

is linearly proportional to t". At these 

low effective Pec1et numbers there is no transition period and transverse spread 

takes place without interruption throughout the life of a plume. This spread 

becomes proportional to t" and therefore Fickian much earlier than in the case of 

larger P values. 

7. The nonlocal component of transverse spread. X T' cannot be 

adequately represented by P-+oo at any finite Peclet number except at early time 

provided P";::.J (0";<1) . At later t" values. setting P-+oo underestimates X
T 

to a 

very large extent when P«IOO. For P< I (O"y > I). setting P-+oo overestimates X
T 

at early dimensionless time and underestimates it at late t". 

8. Whereas both the linear theory where P-+oo and the quasilinear 

theory where P<oo are nominally limited to 0";<1. the latter appears to be less 

prone to error when this restriction is violated because it deals with an 

important aspect of nonlinearity without formally limiting 0";. This may explain 
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why the theory predicts. in agreement with numerical experiments in an isotropic 

medium by Kitanidis (1988). a significant drop in dimensionless longitudinal 

dispersivity when O'~» I as compared to the case where O'~< 1. As a 

consequence of this drop the real asymptotic longitudinal dispersivity. which 

varies in proportion to u~ when u~<I. is predicted to vary as uy when uy »1. 

Similar rates of variation are indicated by a recent interpretation of tracer 

studies from around the world (Neuman. 1990; Neuman et al.. 1990) while 

numerical simulations of transport in isotropic media by Tompson et al. (1987) 

show a growth in asymptotic longitudinal dispersivity proportional to uy as u~ 

increases from 1.0 to 5.3. 

9. Though nominally limited to u~<I. the quasilinear theory nevertheless 

predicts (and we feel justified in having some confidence in this prediction) that 

dimensionless transverse dispersivity drops significantly at early dimensionless 

time when 0' y »1 in comparison to the case where u ~< 1. At late time this 

dispersivity attains a maximum near u~ - I. varies asymptotically at a rate 

proportional to u~ when u~«I. and appears inversely proportional to uy when 

uy » 1. The actual asymptotic transverse dispersivity varies in proportion to u; 
when u ~<<l and appears proportional to u y when u y »1. 

7 .2.2 Conclusions About Nonlocal Dispersivity and Spatial Covariance Tensors 

in Statistically Anisotropic Media 

I. The dimensionless nonlocal dispersivity tensor aD varies with til and 

p (or u~) in a manner which is similar in principle. though not in detail. to that 

in isotropic media. At early dimensionless time aD is independent of P (or u~) 

and grows in proportion to til' As tp. increases the dimensionless longitudinal 
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dispersivity at all P (all CT~) and dimensionless transverse dispersivities at small P 

(large CT~) increase monotonically toward their asymptotic limits. Transverse 

dimensionless dispersivities at sufficiently large P (small CT~ first reach a peak 

and then diminish to approach their Fickian limits asymptotically from above. 

The actual longitudinal dispersivities are asymptotically proportional to CT ~ when 

CT~~€<1 (the value of € depending on the degree of anisotropy and direction of 

mean flow) and to CTy when CTy »€. The actual transverse dispersivities are 

asymptotically proportional to CT; when CT~€ and to CTy when CTy »€. The time 

at which the transverse asymptotes are reached increases in proportion to .JP 

when CT~~€. In the linear theory where P~ the transverse dimensionless 

dispersivities decrease forever at a rate proportional to ti.2 • 

2. Asymptotic Fickian behavior as tp.~ conforms in principle to that 

predicted by Neuman et al. (1987) for the case of a spherical log hydraulic 

conductivity covariance (a major difference being that their Peclet number 

represents local dispersion while our represents the latter as well as nonlinear 

effects). Most importantly. when local dispersion is not active and the mean 

velocity p. is at an angle to the principal coordinates of statistical anisotropy 

while P (or O'~) is neither very large nor very small. longitudinal nonlocal 

dispersion takes place in a direction which is offset from p. toward the 

coordinate associated with the largest log hydraulic conductivity correlation scale. 

As P becomes large (or CT~ small) the dimensionless nonlocal dispersivity tensor 

aD reduces asymptotically to a single longitudinal component acting parallel to p. 

while its transverse components diminish at a rate proportional to p-I (i.e .• vary 

in proportion to CT ~). 
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3. When the mean seepage velocity vector p. lies in a statistically 

isotropic plane and ]ocal dispersion is neglected. shortening the log hydraulic 

conductivity correlation scale normal to this plane causes the dimensionless 

]ongitudinal variance (second spatial moment) of ensemble mean concentrations to 

increase slightly in comparison to the isotropic case when P-+oo (O'~) but to 

decrease significantly when P - ]0 (and O'~ is finite); lengthening this correlation 

scale causes a variance reduction in both situations. The dimensionless 

transverse variance is generally much smal]er for P-+oo than for P - 10. Within 

the isotropic plane this variance is largest in the two-dimensional case 

corresponding to infinite normal correlation scale and diminishes as the norma] 

scale shrinks. Dimensionless transverse variance perpendicular to the isotropic 

plane diminishes as the normal correlation scale becomes either very long or very 

short. 

4. When the mean seepage velocity p. is at an angle to the principal 

axes of statistical anisotropy. longitudinal dispersion does not generally take place 

parallel to p. but in a direction offset toward the axis along which the log 

hydraulic conductivity correlation scale is largest. This has been demonstrated 

earlier by Neuman et aZ. (1987) for Fickian transport but we find that the 

phenomenon is much more pronounced under non-Fickian conditions. When 

local dispersion is active so that PZ<oo. a plume having initially zero spread 

starts elongating parallel to p.. With time the long axis of the plume rotates 

toward the direction of largest correlation scale at a rate proportional to Pz (it 

starts out paralle] to p. when PZ-+oo). When p. is inclined at 45° to an isotropic 

plane along which the correlation scale is L and normal to which it is Ln. the 

maximum offset is more than ]5° toward the norma] direction when LILn«] 
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and more than 4()0 toward the plane when LI Ln» I. The maximum offset 

generally increases with the anisotropy contrast toward an upper bound. 

Asymptotically as tp. -+00 the offset becomes maximum at intermediate Peclet 

numbers and zero at very small and very large P values. 

5. Our quasilinear theory implies that spatial correlation has a negative 

effect on transverse dispersivity at all dimensionless times. A dmiIar negative 

effect is implied for Fickian conditions by the linear theories of Gelhar and 

Axness (1983) and Neuman et al. (1987). and for non-Fickian conditions by the 

linear theory of Dagan (I 988). 

7.2.3 Conclusions About Application to Tracer Experiment at Borden Site 

I. Depth-averaged concentrations of bromide and chloride obtained 

during the Borden tracer experiment should fit a three-dimensional model better 

than a two-dimensional model. Yet attempts (including our own) to fit three

dimensional models to these data have been much less successful than similar 

attempts with two-dimensional models. Most importantly. three-dimensional 

models predict transverse spread to be more pronounced normal to the bedding 

than parallei to it because the correlation scale is smaller in the first than in the 

second direction. yet experimental evidence from Borden and other sites clearly 

shows that the opposite is usually the case. Why is it that existing three

dimensional theories are unable to reproduce such observations. and why do two

dimensional theories provide a better match with experimental data? 

While we are not sure about the answers to these questions we 

nevertheless wish to propose that part of the problem may stem from the 

inability of existing stochastic theories to fully account for hydraulic anisotropy. 
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due in part to their approximate nature but perhaps more so due to having so 

far disregarded local hydraulic anisotropy. We showed that if the ratio between 

horizontal and vertical hydraulic conductivities in finely stratified media is many 

times greater than that allowed by existing theories. and if one compensates for 

this excess anisotropy through a suitable transformation of coordinates. one 

obtains a much greater vertical correlation scale than the original. If the 

transformed vertical scale becomes big enough to exceed the horizontal correlation 

scales by a large factor. it suppresses vertical dispersion to a sufficient extent 

that most of the spread takes place horizontally; a three-dimensional model 

collapses to a two-dimensional model. The net effect is similar to that of the 

hypothetical horizontal boundaries invoked by Dagan (1987. 1989) and Barry et 

al. (1988) to justify their application of a two-dimensional theory to the Borden 

data. While available measurements of hydraulic conductivity from the Borden 

site may suggest that neither of these hypotheses is plausible. one must bear in 

mind that most measurements were done in the laboratory by allowing vertical 

flow to take place through core samples of unconsolidated material which 

required some repacking. and that many of the samples revealed sharp 

discontinuities between fine- and coarse-grained materials on scales smaller than 

the sample size. Though these measurements appear to be consistent with large

scale parameters obtained from a pumping test. we nevertheless reserve 

judgement on the extent to which they represent the true anisotropy of sediments 

at Borden in-situ; we feel that whether our explanation is plausible or not must 

be considered an open question worthy of further investigation. 

2. Our three-dimensional model is able to yield numerical estimates of 

two-dimensional spread merely by setting one of the integral scales equal to a 
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very large number. We have done so for the vertical integral scale at Borden in 

order to investigate the spread of inorganic tracers at the site. To date. all 

theoretical interpretations of the Borden data were based on the premise that 

since local dispersion is negligibly small. one is justified in setting the Peclet 

number equal to infinity. However. from our quasilinear theory it is clear that 

setting P-+oo is tantamount to ignoring not only local dispersion but also the 

influence of nonlinearities on nonlocal dispersion. By fitting a straight line to 

the longitudinal variance of the depth-averaged Borden plume data from the 

latter part of the test we found P to be approximately 7. With this value and 

P /"+00. we obtained a better fit between theory and longitudinal variance data 

than did Sud icky (1986) with Dagan's (1987) model in which P-+oo. Our fit. 

obtained without parameter modification. is as good as that attained by Freyberg 

(1986) with Dagan's model after having "calibrated" it by reducing the variance 

of log hydraulic conductivities from its measured value of 0.29 down to 0.24. 

This shows that in the Borden experiment nonlinearity reduces longitudinal 

spread by a factor of 0.83. 

Our quasilinear model with P - 7 and p/-+oo fits transverse horizontal 

variance data from the Borden experiment quite well. Curves fitted to the same 

data by Sud icky (1986) and Freyberg (1986) on the basis of Dagan's (1987) model 

become asymptotically parallel to the time axis. This reflects the fact that setting 

P-+oo is tantamount to disallowing transverse spread at late time. Our curve 

continues to climb without ever becoming flat and therefore diverges from the 

former as time progresses. This illustrates that nonlinearity greatly enhances 

transverse spread at the Borden site. 
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3. Our interpretation of the Borden experiment suggests that. strictly 

speaking. longitudinal spread is non-Fickian until approximately day 1.000 (2.8 

years) at which time the longitudinal dispersivity attains an asymptotic value of 

0.51 m. Transverse spread does not become strictly Fickian until approximately 

day 30.000 (82 years) at which time the transverse dispersivity attains an 

asymptotic value of 0.0095 m. A somewhat less strict definition of what 

constitutes Fickian behavior might agree more closely with Sposito and Barry 

(1987) who have estimated the longitudinal limit to be reached after I year. the 

transverse after 60 years. The ratio between longitudinal and transverse 

dispersivities is initially 2.6. Following day 10. this ratio gradually increases 

until it stabilizes at the asymptotic limit of 53.7 after about 82 years. The peak 

transverse dispersivity of 0.056 m is attained on about day 100 and is almost six 

times as large as the asymptotic value. 

7.3 Recommendations for Further Research 

Based on this study. the following research topics are recommended. 

1. Nonlinear Analysis by Numerical Integration of Equation 2.19 

The analysis presented in this document is quasilinear. It should be 

possible and interesting to solve (2.19) in its nonlinear form under both 

asymptotic and preasymptotic condition by numerical integration in the wave 

number domain. This provides a way of not only investigating the total effect 

of nonlinearity but also validating the quasilinear theory. 

2. Extension to Unsaturated Media While the quasilinear dispersion 

theory discussed in this dissertation is limited to saturated flow. the methodology 

can be extend to the domain of unsaturated flow. For this. we replace the 
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velocity spectrum in (2.15) by expressions due to Yeh et al. (1 98Sa.b.c) which 

relate it. through a first-order approximation. to parameters representing 

unsaturated soil properties. 

The equation governing steady-state infiltration into three-dimensional 

porous media is 

V· (KVif» - 0 (7.1) 

where if> - X3 - 1/1. Xl being the vertical coordinate and 1/1 the soil-water suction 

head (positive). The hydraulic conductivity K. a function of location and 1/1. is 

taken to be locally a scalar; anisotropy will manifest itself on a larger scale 

through the covariance structure of the log hydraulic conductivity in K. The 

relationship between K and 1/1 follows an exponential model due to Gardner 

(1958). 

(7.2) 

where Ks (x) is hydraulic conductivity at saturation and ex is a "pore-size 

distribution parameter." It follows that 

in K(1/I) - in Ks + ex1/l (7.3) 

Both Ks and ex are known to vary in space (Greenholtz et al.. 1988). 

Yeh et ai. (198Sa.b.c) take Y - in Ks and ex to be statistically 

homogeneous stochastic fields. In this way. (7.1) becomes a stochastic partial 

differential equation relating the spatial variability of log hydraulic conductivity 

(input) to the variability of soil-water suction (output). The authors solved this 

stochastic equation via perturbation and spectral methods to obtain expressions 

for the variance 1/1 and a tensor representing "effective" unsaturated hydraulic 

conductivity. 
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To calculate the spread of a solute plume by the quasilinear method 

developed in this dissertation, one needs to know the covariance of the 

underlying velocity field v. The latter depends, among other factors, on the 

covariance of the specific discharge vector q. For the special case where In Ks 

has an isotropic covariance structure and a is a deterministic constant. Yeh et al. 

(l985a,b.c) showed that the spectrum of specific discharge parallel to the direction 

of mean flow is given approximately by 

P ql - K~ [J2py - 2aJ2 Re[J)Yt/I] + 2J Re[pyJ ] + (a2 J2 + ~1)P t/I ] (7.4) 

where P ql is the desired spectrum parallel to the Xl coordinate which is aligned 

with the direction of mean flow. Py is the input spectrum of Y - In Ks. Pyt/l is 

the cross-spectrum of In Ks and l/J. P
YJ 

is the cross-spectrum of In Ks and 

hydraulic gradient. P t/I is the spectrum of l/J, Km is the mean of in Ks. J is the 

magnitude of the mean hydraulic gradient, Re represents the real part of a 

complex variable, and ~l is the wave number corresponding to Xl' The spectra 

and cross-spectra P t/I' PYt/I' and PYJ are related to the spectrum of the input 

covariance. Py • in a given fashion. 

Inasmuch as the variability of a plays a very important role in 

unsaturated flow (Yeh et al.. 1985a.b.c; Yeh. 1989). one should be able to derive 

expressions for the three-dimensional spectral tensor p by treating both In Ks 
q 

and a as random fields while allowing the covariance of In Ks to be anisotropic. 

The spectrum of the flux q must be converted to the spectrum of the 

velocity v for input into the quasilinear dispersion theory. In the special case 

where moisture content does not vary significantly in space. this conversion 

entails merely a division of the flux spectrum by the square of the constant 

moisture content. In the more general case where the moisture content varies. 
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the variance of 1/1 can be shown theoretically (Yeh et al .• 1985c) and empirically 

(Yeh et al .• 1985 c; Yeh et al .• 1986; Greenholtz et al .• 1988) to increase with 

the mean value of 1/1. This mean-dependent head variance implies that the 

variance of moisture content grows as the water content goes down (Yeh et al.. 

I 985c). a situation one could handle by adopting a relationship due to Klute 

(1986) between the water content 6 and the suction head 1/1. 

6(1/1) - 60 ; '" (7.5) 

where 60 is the porosity and f3 is a stochastic parameter. The velocity is then 

related to the flux through 

v - , - [K~)] (VI/I - 6) 

where 6 - (0. O. l)T. This together with (7.2) and (7.5) gives 

v _ Ks ir:k-m!/J (VI/J - 6) 
60 

(7.6) 

(7.7) 

By treating 60 as a constant in the manner of many authors (e.g .• Gelhar and 

Axness (1983). Dagan (1987). Neuman et al. (1987». one should be able to couple 

(7.7) with the approach of Yeh et al. (1985 a.b.c) to derive suitable expressions 

for velocity spectra under unsaturated conditions. These expressions would 

involve the spectra and cross-spectra of In Ks. O! and f3. 

One could adopt the resulting expressions as a vehicle for replacing the 

velocity spectrum in (2.15) by an expression involving the spectra and cross-

spectra of In Ks. O! and f3. thereby leading to a modified form of (2.20). The 

next step would be to integrate this modified equation analytically. or 

numerically should analytical integration prove not possible. in order to 

investigate the manner in which the dispersivity tensor a and the plume 

covariance tensor X vary with travel distance under unsaturated conditions. 
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3. Extension to Variable Ensemble Mean Velocity This study is 

limited to a constant ensemble mean velocity. Although such a constant velocity 

does exist in reality. it generally varies with both space and time. Therefore. it 

is important to extend the analysis to the case where mean velocity is 

nonuniform and/or time-dependent. i.e .• p. - p.(x. t). The starting point would be 

the following equation 

(2;)m J J 
where 

t 

XO
t 

- Xo + J U(Xt· t') dt' (7.9) 
to 

Equation 7.8 is valid for nonuniform and time-dependent mean flow. The 

Corrsin's conjecture and Gaussian X' are adopted in deriving (7.8). Since the 

mean velocity is not a constant. the velocity spectrum should be related to the 

spectrum of log hydraulic conductivity in a more complicated form than that in 

the constant mean velocity case. Analytical solution for the nonlocal dispersivity 

and spatial covariance tensors may not be possible in this case. 
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APPENDIX A 

DERIVA nON OF EQUA nON 2.10 

By taking derivative of (2.9) with respect to t under the integral sign. 

using the Leibnitz's rule (e.g .• Hildebrand. 1976. equation 92 in chapter 7) 

B B 
!!...J ""x t)dx - J a¢(x. t)dx + ""x B) dB - ""x A) dA (AI) dt Y'\. at Y'\. dt Y'\. dt 

A A 

we have 

t 
dX _ I aF dt" + F 
dt 0 at 

(A2) 

where 

t 

F - J 0 (U(Xt. t') u T (Xt. t"»dt' (A3) 

Since 

~~ - (U(Xt. t') u T (Xt. t"» (A4) 

t t 

aa~ - J 0 (u(Xt. " u T <xt. '''»d,'' + J 0 (u(Xt. " u
T 

(Xt. ,"))d,' (AS) 

Applying Leibnitz's rule again to (AS). we obtain 

~; - 2(u(Xt. t') uT(Xt. t"» (A6) 

Assuming u is statistically homogeneous and noting Xt -0 at t-o. we 

obtain 

tf2X T dt2 .. 2(u(0. 0) u (Xt. t» (A7) 
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APPENDIX B 

OERIVA nON OF EQUA nON 2.15 

By using (2.11). we have 

r - (G(r. 0) G-T (~. t» - (G(r. 0) GT (E. t) e-2i~·x) (BI) 

According to the definition of fourier transform in (2.7a). (BI) becomes 

r I I I (u(x'.O) u T (x. t» ei(~'·x'-~·x) dx' dx 
- (211')m 

(B2) 

which is rewritten as 

r 1 I I (u(x'. 0) u T (x. t» ei~·(x'-x) dx ei(t-~)·x' dx' (B3) 
- (211')m 

Assuming the seepage velocity u is statistically stationary in space. we 

have 

I (u(x'. 0) u T (x. t» ei~·(x'-x) dx 

-I (u(O. 0) u T (x'-x. t» ei~·(x'-x) d(x'-x) - (211')m p (E) 
v 

(B4) 

Substituting (B4) into (B3) yields 

(B5) 

where 

(B6) 

because the inverse Fourier transform then given 
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(B7) 

Hence 

f - (2rr)m/2 p (~ o(E'-~ 
v 

(B8) 
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APPENDIX C 

DERIVATION OF SPECTRUM OF EXPONENTIAL COVARIANCE FUNCTION 

The spectrum or inverse Fourier transform Py (i) of a covariance 

function Py (X) is defined as 

'" - 1 J ~ ti·x ~ Py (~) - (211')m/2 Py (x, e uX (CI) 

where m (-1. 2. 3) is the number of dimensions. Replacing Py (X) in (Cl) by 

(2.38) and setting m equal to 3 give 

Py(~)-(;.tf2 CCC exp [ - [ci + ci + ci r ] l~dx.dx,dX3 (C2) 

The triple integral in (C2) can be rewritten as. in terms of rand x· defined in 

(2.42) and (2.39). respectively 

(C3) 

Switching to the spherical coordinates 

x· - r(cose. sinecos1/l. sinesin1/l)T (C4) 

yields 

(C5) 

where 

11' 

I ir~· coso . 1I d ll 2sin(rr> e Slnl7 17-o r( 
(C6) 

After integrating over 1/1. (C5) reduces to 
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00 

I - ~ Io rSin(rr)e-r dr (C7) 

The integration of (C7) gives (Gradshteyn and Ryzhik, 1980, p.198) 

I - (1 +8(2)2 (C8) 

Hence 

(C9) 



APPENDIX D 

OERIVA nON OF EQUA nON 2.44 

From (2.43). we have 

E' - /lq" 

Using the relations in (01) and (2.3Ia) yields 

S· T mce x-y - x y 

Similarly 

i-d1 - "T qlJT /ldlq-I" 

- dl"T" - dl"-,, 

E'-Ii - /lqfl"/l11L - "T qlJT /l11L 

Since /IT /ll - (I. O. O)T and ql-I. we have 

i-Ii - flIlL 

By recognizing 
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(01) 

(02) 

(03) 

(04) 

(05) 

(06) 

since det(IJ) - 1 and det(q) - q'J.q3 and using the results in (03) and (05). equation 

(2.35) becomes 

(07) 

which is essentially the same with (2.44). 
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APPENDIX E 

DERIVATION OF EQUATION 2.46 

From relations in (01). (2.42). and (2.45) 

r - /I ~q'l/l - r/l ~qall 

_ r(aT qftT VfJqa)l/2 

_ r(aT qftT >.,-2 fJqa)I/2 (El) 

where 

>.,-2 V (E2) - L2 JL 
Letting 

R2 _ aT qftT A-2 fJqa (E3) 

we obtain 

r - rLJLR (E4) 

Now let us look at G in (2.31b) which is rewritten as. using (Dl) 

G _ [fJl _ fJq'l'lT qftT fJl] rfJlT _ fJl
T 

fJq'l'lT qftT] 
'IT qft T fJq'l ~ 'IT qft T fJq'l 

(E5) 

Since fJT fJl - (1. O. O)T. fJ1T fJ - (1. o. 0). and fJT fJ - ~. we have. after switching 

to spherical coordinates 'I - roo 

(E6) 

or 

G- ~,- ~']k -Q>] (E7) 

where 

Q - fJqa (E8) 
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The equation (2.46) is obtained by substituting (E4) into (2.41). replacing 

Py in (2.44) by (2.41). switching into the spherical coordinates fI - Ta. 
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APPENDIX F 

EVALUATION OF INTEGRAL OVER x IN 2.51 

Consider the integral arising from (2.51) 

(Fl) 

where 

(F2) 

(F3) 

(F4) 

Here 

(F5) 

Evaluation of II when w ~R ~ 

II is evaluated by considering the integral 

I 100 

coS(CtX) e-
px2 

dx 
.. - r+).2 

o 
(F6) 

From Gradshteyn and Ryzhik (p. 497. 1980) 

I 11 8)..
2 

[ 0:).. ,T. -0:).. 
.. - 4), e- e ... (a) + e +(b)] (F7) 
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where a - ../P).. + at [2../p J. b - ../P).. - at [2../p] and lJr(x) is the complementary 

error function. Since I,(h) is uniformly convergent provided ).. :j: O. we can 

differentiate I,(h) with respect to ).. under the integral sign and 

II ___ I dI,(h) 
2)" d).. 

Substituting (F7) into (F8) and taking the derivative gives 

II ., - ;).. {- ~2 ;A2 [eCtAlJr(a)+e -etA lJr(b)] + ¥;A
2 

[eCtAlJr(a)+e -a:AlJr(b)] 

+ ft?' ["",,,, +(a)-2]I e·' e .... -ae'" +(0)-2 ]Ie'" e ..." } 

which is simplified to yield 

(F8) 

(F9) 

I, - 8~ +~]I exp [- ~;] + t?' [e'" (l-2/!X 2-o<~)+(a) + e~' (l-2,B~ 2+,,~) +(0)] } (FlO) 

The result in (F 10) is verified with contour integration as described in 

the following. We rewrite II as 

_ 1Joo (ei(kX+e-iCtX)e-PX
2 

I [a2]Joo e-~2+e-fl 
II 4 -00 (r+)..2)2 dx - 4exp - 4P -00 (r+)..2)2 dx (F 11) 

where i=.J-T. ~ - ../px - ail [2../p] and 11 - ../px + ail [2../p 1 Replacing x in (F I I) 

by ~ or 11 yields 

(F12) 

where e - ail [2../p] and 

/(T) - [(T+e)tp)..2]2 + [(T-ei+p)..2]2 (FI3) 

which is an even function of T. To make integration by Cauchy's residue 

theorem possible. we introduce the function w(x) defined as 
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-r. -r . t' 
1O(x) - e V(-IX) - e I + ~ I: dt [ Xl (Fl4) 

As the real part of w(x) is an even function of x and the imaginary part is odd. 

we can replace e-r' in (F 12) by w(T) so that 

I ~ [ a
2

] 100 

II - 4P exp - 4{3 -00 w(T) I(T) dT (Fl5) 

Replacing T by the complex variable z - Rei9 and applying the residue theorem 

enables us to write 

lim 
R~oo 

R 

I w(z) I(z) dz + J/!! 
-R 

(Fl6) 

where C
R 

is a semicircle of radius R about the origin in the upper half complex 

plane and B1• B2 are the residues at Zl - ~}.j - e. Z2 - ~).,i + e. respectively. 

contained inside the contour of integration. According to Abramowitz and 

Stegun (1964. p. 297) w(z) can also be expressed as 

w(z) _ 1 1 00 e-
r 

dx· 
11 z-x • 

-00 

Hence when I zl - R .. 00 

. 100 

r w(z) ~..L e-
1TZ -00 

1m z > 0 

dx _ _ i_ 

";;z 

(F17) 

(FI8) 

It follows that the integral over C
R 

vanishes in the limit as R-+oo and can be 

dropped from (F 16). 

The residues Bl and B2 in (F 16) is calculated as follows (e.g .• Derrick. 

1984. p.153). 
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z~ 

Similarly 

B _ lim L[(z-zJw(z)!(z)] _ lim 
2 z~ dz z~ 

Combination of (E 15). (E 16). and (E 19) gives 
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(E19a) 

I, - 8~'exP [- ~; ] [4X.If + .. ' (I-2,6X'-<JIX)"'(a) + e
b
' (I-2,6X'+o<X)"'(b)] (F 2IJ) 

which is essentially the same with that in (E 10). 

Evaluation of 12 when w..!...! 

This integral is evaluated by the same procedure as above. We rewrite 

(E21) 

where i-..r-f. ~ - ../px - ail [2../p] and 1'1 - ../px + ail [2../p l Replacing x in (E21) 

by ~ or 1'1 yields 
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I, - ! ~ ~ exp [-~ J{ C [(f+<1l'+~.,j:E+eNA'l' dE + C [(""""l'+~.,j~,,"",,l'+Wl' d~} 
- !~~ expr~JC e-r fer) dr (F22) 

where e - 00/[24] and 

f(T) - [(T+ef+p,r]~(T+ef+PA2]2 + (F23) 

which is an even function of T. In analog to (F 15) and (F 16). we have 

(F24) 

and 
R 

J w(z) fez) dz + lim R .. oo 
-R 

where B1• B2• B3• B4 are the residues at Zl - 4vi - e. Z2 .. 4vi + e. Z3 -= 4Ai 

- e. Z4 - 4 'Ai + e. respectively. contained inside the contour of integration. 

These residues are calculated as follows. 

(F26a) 

(F26b) 

B _ lim 
3 z-oz, 



Combination of (F24). (F25). and (F26) yields. after rearrangement. 

12 - 4;t~~)2[eCWW(C)+e-<ww(d)] + 8X3(;_X2)2(4XJ!"(u2-X2)exp [-:;] 

+ e{3}.,% {e
Q

}., [u2-3X2-(2,BX2+O!X)(u2-X2)]w(a) + e -o.}., [u2-3X2-(2,BX2+O!X)(u2-X2)]w(b)}) (F 27) 

where c - ~v + a/2~ and d - ./pu - a/2./p. 

Evaluation of 13 when w....!....!. 

The integral 13 can be evaluated either by the previous procedure or by 

considering the derivative 

13 
_ _ dI2(0!) 

da (F28) 

since 12 as a function of O! is uniformly convergent. We present the result by 

the latter approach first. 

By taking the derivative of 12 in (F27) with respect to a and simplifying 

the result. we obtain 

1112 
13 - ~2_u2)2[e-<WW(d) - ecww(c)] 

1}.,2 
+ 8X(u2-X2f {e

Q

). [2X + (2,BX+a)(v2-X2)]w(a) - e -o.}., [2X + (2I3X-O!)(u2-X2)]w(b)]} (F29) 

Now we use contour integration to evaluate 13• 

1 J 00 x(eiQx -e -iQx)e -{3x% I [2] J 00 -f _fJ
2 

13 - 4i -00 -(r+v2)(r+I2)2 dx - 4iexp - :13 -00 (r:u2X~+X2)2 dx (F30) 
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where i. ~. and 11 are the same as before. Replacing x in (F30) by ~ or 11 yields 

-~/ex+~]C e-
r 

f(T} dT (F31) 

where e - ail [2..)j3) and 

f(1) 1+e + 1-e (F32) 
.. [(1+e)2+~,r][(1+e)2+~~.2]2 [(1-ef+~,r][(1-e)2+~X2]2 

which is an even function of 1. In analog to (F24) and (F25). we have 

and 

lim 
R"oo 

R 

I w(z) fez) dz + H!! 
-R 

(F33) 

where B1• B2• B3• B4 are the residues at ZI - ..)j3vi - e. Z2 - ..)j3vi + e. Z3 ... ..jftXi 

- e. Z4 .. ..)j3Xi + e. respectively. which are calculated in the following. 

(F35a) 

(F35b) 
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_ 2 I {2h fI(v2_h2)+e
b2 

[v2-3h2-(1+2,sh2-ah)(v2-h2)]'ir(b)} (F35c) 
4h2,s (v2-h2)2 J 1r 

Similarly 

(F35d) 

Combination of (F33). (F34). and (F35) gives the same result in (F29). 

From (Fl). (FlO). (F27). and (F29) one obtains. after some simplification. 

1.. 1rh
3 {~h(h2_v2)e-o.2/4~ - 4Vh!j)2-Q11'ir[~V_..JL] 

8(h2_V2)2 L In 
v1r 2v,s 

+e~}'? [eO:). 'ir [~h+ ..JLj(V-h)2[1-(2,sh+0!)(V+h)] 
2~ 

+e -0:). 'ir [~h-..JL ](V+h)2[ I +(2,sh-0!)(V-h)]]) 
2~ 

Substitution of (F5) into (F37) yields. after further simplification. 

(F36) 

+ 8R2(~+W)2exP [[iR + u,] t ]w[ [R~ + u': r ][R - [}R + u, JeW+l)I,] 

+ 8R2(~-wrexp([iR -U']tH[R~ -":r][R + [}R -U+-l~.}F3n 
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Evaluation of 12 when w ~ 

When w - I. A - II. Thus 12 reduces to 

(F38) 

Going through the same procedure as the case when w :/: I. we have 

. 5 [2] 111 - ex --13 2 exp -- (B1 + BJ 
2 413 

(F39) 

where 

(F40) 

and Bl and B2 are the residues at Zl - .;phi - e and Z2 - .;pAi + e. respectively. 

which are calculated as follows. 

D, - ~ ~ :;, [ [z+e~M ]3] 

- I 5/2 [2A fI(3_f3A2)+e
b2 

(f32A4_f3A2+3)'Ir(b)] 
16i'A5f3 J 1i 

(F41a) 

D, - ~ ~ :;, [ [z-e~M ]3] 

- I 5/2 f6'A fi(l-f3'A2)+l2 (9f32X4_7f3X2+3)'Ir(Q>] 
161f...5f3 l J 11 

(F41b) 

Combination of (F39) and (F41) yields 

12 - 3;'A5[(9f32'A4_7f3'A2+3)e~).\Ir[~.;p'A] 

+ (f32'A4-f3'A2+3)'Ir [!.;p'A] + 4'AjI(3-2f3'A2)eXp [-~]J (F42) 
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Evaluation of 13 when w-=-.!. 

In this case 

(F43) 

which. like the case when w '" I. can be evaluated either by the previous 

procedure or by considering the derivative in (F 28). 

The result is 

1.- 3;l..' r'< 1-9Pl..'le2ft" >1< [ ~,;pl.. ]+Pl..'< 1 +Pl..')>1< [ ~,;pl..]+ ~ P ~ ex+ ~ ]] (F 44) 

From (Fl). (FlO). (F42). and (F44) we obtain. after some simplification. 

1 ~ ;2 [(l-6Pl.. 'le"'" >1< [ ~,;pl.. ]+(l-4lll..'-2.8'l.. ')>1< [ ~,;pl.. }4l..Jf (1 +pA')exp [-~ ] }F45) 
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APPENDIX 0 

EV ALUA nON OF INTEORAL OVER x IN (2.50) 

The integral 

(Ol) 

that arises from (2.50) is identical to I in (FI) when tp. there is set equal to zero. 

This is the same as setting tp. - 0 in (F37). i.e .• 

I 1fW 1f 1f 

00 - - 2R(l-w)2 + 8R(l+w)2 + 8R(1-W)2 (02) 

since 1/1(0) - I. Further simplification of (02) results 

100 - 4S(f+w)2 (03) 

The result in (03) is verified by contour integration. Let the integrand 

of 100 be designated by I(x). i.e .• 

I(x) _ r 
(r+v2)(r+),2)2 

which is an even function of x. Then 

I )'4100 ),4 lim 
00 - "2 -co/(x) dx - 2R ... 00 

R 

1 I(z) dz 
-R 

(04) 

(05) 

where z is a complex variable and equal to Ri~. From Cauchy's residue 

theorem 

(06) 

where C R is a semicircle of radius R about the origin in the upper half complex 

plane and BI• B2 are the residues at Zl - vi. Z2 - Ai. respectively. contained 

inside the contour of integration. Since on the semicircle 



thus 

Hence 

lim 
R .. oo I fez) dz - 0 

CR 

The residue B 1 and B2 are easily calculated and they are 

Bl - !!~i [(z-uz)f(z)] - - 2i(;";.2)2 

A..[(z-N1f(z)] - lim. d [ r J 
dz ZOOA.I dz (r+o2)(z+XI)2 

02+";.2 
- 4i";.(o2_";.2)2 

Replacing Bl and B2 in (G9) by (G10) yields 
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(G7) 

(G8) 

(G9) 

(G10a) 

(GlOb) 

/00 - 1T";.4[ 4;;':-;2)2 - 2(/-";.2)2J - 4(::~)2 (G11) 

I which is identical to (G3) by recalling that";. - "R: U ... (lIP. and w .. uIRP. 

When w - I or ";. - U 

(G12) 
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APPENDIX H 

VERIFICATION OF EXPRESSION FOR a IN (2.52) - (2.55) 

In previous derivation. we obtained a complicated expression for a by 

first integrating (2.20) over t and then over x. Here we verify the expression by 

first integrating (2.20) over x and then over t. The two procedures are 

independent; the present one does not involve contour integration. 

We rewrite (2.20) in x coordinates 

where the imaginary part cancels out because it is odd. Following the 

transformation in (2.43) and (2.45) and replacing Py (E) in (HI) by (2.40) yields 

cPX 21L
2
q2q31 LI Uy 21

00

1
2

11'111' cos(rU1ILt)eXP(-rd1t)G ..2 • 

dt2 - 1T2 0 0 0 [I +(rL
IL

R)2]2 rSlnededl/Jdr (H2) 

Letting x - rLIL and recalling the definition of P and til' (H2) becomes 

cPX 21L
2
q2q31 LI Uy 21

00

1
211'1 1T rCOS(Ulxt)eXP(-tp. rIP) G . ede 

dt2 z: 1T2 0 0 0 [1+(xR)2]2 sm dl/Jdx (H3) 

Considering (2.33) and (2.34). the dispersivity tensor is thus given by 

,., I cPX ~ cPX 1 t "" 1 til "" 

a - 21L 0 dt2 dt = 21L2 0 dt2 dtll 

(H4) 

The integral with respect to x arising from (H4) is 

(H5) 
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where h. a. and fJ are given in (F5) and the integral with respect to tp. is 

I 
tp. 

It - 0 Ix dtp. (H6) 

In the following. we first evaluate I x and then It. 

Evaluation of h. 

I x is evaluated by considering the integral 

(H7) 

From Gradshteyn and Ryzhik (p.497. 1980) 

Is - i,).2 [e -o.).'It(b) - eO:).'It(a)] (H8) 

where a and b are the same as in Appendix F. Since Is(h. a) is uniformly 

convergent provided h :/: O. we can differentiate Is with respect to h and a 

under the integral sign and obtain I x by 

I _ h4[.!L [=1. dIS]] __ h3 [i!... [dIS]] 
x da 2h dh 2 dh da 

(H9) 

Taking derivative of (H8) with respect to a gives 

- - - -exp - - - he [e 'It(a) + e 'It(b)] dIs 1T{ 2 [ a 2
] 8).2 0:). -o.).} 

da 4 ~ 4fJ 
(H10) 

Taking derivative of (H 10) with respect to h yields 

.;i [ ~:]- ~ {4A JI exp [-~; )-J" [eo>. (1 + 2,6>.+aA)i«a)+e~' (1 + 2PA-<xA)V(b+H Il) 

From (H9) and (H 11). we have 

Ix - .~, {.!" [e·' (1 +2/lA+aA)v(a)+e ~'(l +2/lA-o<A)V(b)]- 4A JI exp [- ~; ]} (H 11) 



Evaluation of It 

Let 

A __ 1_ 

R.JP 
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(HIl) 

Then by virtue of (HIl). (H6) becomes 

t 

It - .~, Io '{e(A'.c)t (1 +2A2t-tCt)v[(A+ Blt)+e(A"C)t (1 + 2A't-Ct)v[(A-Bltl-::" eB
" rt 

-.~, t,' + It' + (2A2+C)lt' + (2A2-C)lt' - ::"/,'} (H14) 

where 

(HI5a) 

(HI5b) 

(HI5e) 

(HI5d) 

(HI5e) 

Letting 

a - A2 + C b - A + B (HI6) 

(H I5a) becomes 



161 

(Hl7) 

or 

(Hl8) 

where 4>(x) is the error function. which is obtained through integration by parts. 

The integral It 
2 

is obtained by replacing a in (H 17) with A2-C and b 

with A-B. i.e .• 

It' - A,~{e(A'-C)t. +[(A-Blv'i;] - 1 + AliB4>[Bv't,;" n (HI9) 

Since It I is uniformly convergent. the integral 1/ can be obtained by 

I
t

3 
_ d~~l (H20) 

From (H 19) and (H20) 

l{t p. /tp. ir [W;;] - b.Jt; exp[-(b'-Q~.l + 2I.b' b l'/24> [J(b2-a)t p. J } 
a (fjl-a)/; -a 

- ~t·+[b.Jt;) -1 + ~-Q {/(b'-Q)/.J} (H2/) 

or 

(H22) 

Similarly 
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It' - A'~f.e(A'-C)t. V[(A-SW;;] - As! J ;:-exP(-B't.) + ~#~[B~]} 
- (A'~{e(A'-C)t. V[<A-SW;;] -I + At~[B~n (H23) 

By changing variable in (H 15e) with x - .Ji and 11 - B2. 

(H24) 

which is evaluated by considering the integral 

(H25) 

By recognizing 

(H26) 

and using (H 25) 

It' - -2';; [~JI~[';~t. ]] -;~[s~] -~e-B't. (H27) 

Combining (H 14). (H 18). (H 19). (H22). (H23). and (H27) and simplifying 

the result yields 

It - 8(A~~~2)2 {e (A
2

+C)t1l 'ir [(A+Bw'i; ]<A2-C)2[(2A2+c)(A2+C)t Il-A2] 

+ e (A 2-C)t1l lJr [(A-Bw'i; ]<A2+C)2[(2A2-c)(A2-c)t Il-A2] 

_ (A4-C2)AC2 J ~ e-B2tll + AC4 lJr [B£] + A3C3+2BC4_2AC4 
B2 7r 2B3 Il 4B3} (H28) 

From (H4). (H5). and (H6). we obtain 

(H29) 

Substituting A. B. and C in (H13) into (H28) and then (H28) into (H29) leads 
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directly to (2.52) - (2.53). 
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APPENDIX I 

DERIV A nON OF INTEGRAL OVER t...JL IN (2.57) 

Consider the integral arising from (2.57) 

I - J:' [R(l~W)' - M. - M 1- M, - M.]dl (11) 

Evaluation I when w :I: I 

Substituting Mo. MI' M2• and Ms for w :I: I in (2.54) into (11) gives 

I _ tu _ I 11_ 
R(l +w)2 2R(l +W)2 t 

(12) 

Appendix H. Therefore. the only integral in (12) to be evaluated is 

(13) 

where B is given in (H 13). Integration of (13) by parts yields 

It
e 

- tl' 'IT [B.Jt;] + ~ 1/ (14) 

where I t
5 

is given in (H27). Thus 

It
e 

- tl''IT[B.Jt;] + 212~[BJt;] - 1J}exP(-B2tl') (IS) 

Replacing It
1

• It
2

• It'. I t
4

• I t
5

• and I t
e 

in (12) by (HI8). (H19). (H22). 

(H 23). (H 27). and (IS). respectively. and simplifying the result. we obtain 

I - R(l~w2)2 + No + NI + N2 + N3 

where No. N 1• N2• and Ns are for w :I: I in (2.59). 

(16) 



Evaluation I when w - I 

Substituting Mo. M l • M2• and Ms for w - 1 in (2.54) into (11) gives 

I - u71l 
- t[l/ + H t

2 
- 6u2PI/ - 4u2PH/ + 

4U~/tS + 4usp~Hte - 2u4P2H/l 

where I t
l

• It', and ItS are given in (H15) and 

Ht' - I;" v[~fft] dt 

H t ' - r t v[~fft] dt 

Integration by parts yields 

H: - tIL 'Ir( ~.jPtlL ] + ~~/tS 

[ t - l)'Ir [!!.JPt::] - ~ ~ exp [-~] + l 
IL u2P 2 IL uJ P1T 4 u2p 
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(17) 

(18a) 

(18b) 

(18c) 

(I8d) 

(19) 

(110) 

(/11) 
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[~ 40 ]1Ir[u r] 2 ~[20 ~2 2] r~] 40 3 U6p3 'i,vrtp. - uJh U4p 21 3u2P '3tJL expr 4 + U6p3 
(l12) 

(H 22). (l10). (H 27). (Ill). and (Il2). respectively. and simplifying the result yield 

uPt 
I - T + No + NI + N2 + N3 (Il3) 

where No. N I • N2• and N3 are for w - 1 in (2.59). 

------------------_. ---
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APPENDIX J 

VERIFICATION OF EXPRESSION FOR X IN (2.58) - (2.59) 

The expression for X IN (2.58) - (2.59) is derived by integrating a in 

(2.52) - (2.55) over t. We thus verify it by taking derivative of X with respect 

to tp. to gain back the same expression for a. 
To do this. we first compute the following derivatives. 

J!... [..Ii e-B2t 
] _ [_I _ B2..1i]e _B

2
t 

dt 2..1i 
(JIa) 

d [ [1:]] B _B
2
t 

dt 'It B'II t - - .Ii{ (JIb) 

:, ~+ ~v'i]] -+[Bv'i] -B Jre-B
" (JIc) 

:, [eat + [Wi ]] - e" [a+[Wi] - J.,e-b't] (JId) 

:, [teat + [Wi ]] -.. ' HWi] + at+[Wi] - b Jre-b't 1 (JIe) 

Let the integrand in (2.58) be designated by I. By taking the derivative 

of I with respect to tp. and using the results in (JI). we obtain 

dI I • _B
2
tp. 2w • atp. [1.~] . ctp. 

dtp. = R(l+W)2 IA e + R(l_w2)2'1t(Btp.)+B e 'It O'I/tp. +C e 'It(dtp.) (J2) 

where a. b are given in (H 16). c - A2 - C. d - A-B. A. B. C. are given in 

(H 13). and. after further simplification 

(J3a) 



Ir __ [PR2-(2+wXl+wU 
2PR3(1+wf 

C- __ [PR2-(2-wXl-wU 
2PR3(l-W)2 
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(J3b) 

(J3c) 

Substituting (J3) into (J2) yields the same integrand in the expression for a as in 

(2.S2H2.SS). 



APPENDIX K 

DERIVATION OF EQUATION 3.3 

The integral with respect to x arising from (3.2) is 

where X is given in (F5) and 

:x;2 
!(x) - (:x;2+X2f 

For the same reason as before. we can apply the Cauchy's residue theorem 

X4 { z-1-- 1m 
2 R"oo 

R 

J !(z) dz + lim R .. oo 
-R 
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(Kl) 

(K2) 

(K3) 

where Bl is the only residue at Zl - Ai in upper half plane and is calculated as 

B _ lim lL[(Z-Zl)!(Z)] _ lim 
1 z~ dz rz1 

(K4) 

Thus 

(K5) 

Substituting (K5) into (3.2) gives (3_3) 
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APPENDIX L 

DERIVATION OF EQUA nON 3.4 

In this special case. dl - d2 - d3• Lp. - L. q2 - q3 - I. ),1 - ),2 - ),3' R -
T I. Q - tT. and fJl - ~1 - (I. O. 0). The expression (3.3) for the early-time 

nonlocal dispersivity tensor reduces to 

ex-

211' 11' 

fo fo G sine de dI/J (Ll) 

where 

The longitudinal nonlocal dispersivity is. after changing variable 0'1 .. 

cose ,.. u 

which is easily evaluated to yield 

8 Lu2 
(XL - 15 ytp. 

The transverse nonlocal dispersivity is given by 

which is evaluated to give 

(X -T 

(L3) 

(L4) 

(L5) 

(L6) 
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APPENDIX M 

DERIVATION OF EQUATION 3.14 

For P < I. 

00 

_1 __ , (_1)n pn 
I+P L- (MIa) 

n-O 
00 

In{l+P) - L (_1)n+1 pn (Mlb) 

n-I 

Using (MI). (3.l1a) is rewritten as 

a L - Lu~{l - ~ [~ + ~ - ;2 J 

-[f (_1)n pn] [I - ;2 - ;3 J + ;2 [1 - ;2 J[f (_l)n+1 pn]l (M2a) 
n-O n-I 

"T - £q+[~ + ~ - ;,] - ~[l - ;,][~ (-I)'.' p,]} (M2b) 

After further simplification and rearrangement. the longitudinal and transverse 

dispersivities in (3.14) are obtained. 

--------------------- ----. ----
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APPENDIX N 

DERIVATION OF EQUATION 3.31 

The integral with respect to x in (3.30) can be evaluated with Cauchy's 

residue theorem. i.e .• 

R 

LR (z2+v2rz2+X2)3 dz 

(Nl) 

where v. X are the same as in (F5) and B1• B2 are the residues at Zl - vi and Z2 

'" Xi. respectively. These residues are calculated as 

(N2a) 

(N2b) 

After taking the first and second derivatives and simplifying 'the result. we 
obtain 

(N3) 

Substitution of (N2a) and (N3) into (Nl) yields. after further simplification 

(N4) 

Equation (3.31) is obtained from this. 
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APPENDIX 0 

DERIVATION OF EQUATION 3.33 

In the same special case as in Appendix L. the expression (3.32) for the 

longitudinal dispersivity at small P values reduces to 

PLu2 121T1l 
Oi! - Y (l - zr)3 sin~ du d", 

L 41T 0-1 
(01) 

Integration of (01) over '" gives 

PLu2 II 
Oi!L - 4 Y (1 - zr)3 du 

-1 
(02) 

which is easily evaluated to yield 

Oi!L - 385PLa~ (03) 

The transverse dispersivity at small P reduces to 

PLu2 121T1 I 4/ zr(l_zr)cOS2", sin2", du d", 
o -I 

Q! -T 
(04) 

where 

21T 
J 0 cos~ sin2

", d", - ~ (OS) 

Hence 

Q! -T 
PLu2 1 I 

16Y zr(l-zr) du 
-I 

I _ -PLu2 
30 Y (06) 



APPENDIX P 

NUMERICAL EVALUATION OF a IN 

(2.52) - (2.53) AND X IN (2.58) 
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The numerical evaluation of a in (2.52) - (2.54) and X in (2.58) are 

carried out by the Gaussian quadrature. which is described first. Also discussed 

in this appendix is the complementary error function in the expressions for a 
and X whose approximation is essential for a successful numerical evaluation. 

Approximation of a and X by Gaussian Quadrature 

Let the double integral in (2.52) - (2.53) or in (2.58) be designated by II. 

i.e. 

where 

for (2.52)-(2.53) or 

for (2.58). 

211' I 

II -I I feu. 1/1) du d1/l 
o -I 

To increase accuracy. we rewrite (PI) as 

II - Ia Ll I(u, 1/J) du + Ia I(u, 1/J) du dl/J 
211' [ 0 I] 

(PI) 

(P2a) 

(P2b) 

(P3) 

The Gauss-Legendre formula (e.g .• Abramowitz and Stegun. 1964. p.887) 

states 



where 

b n 

fa !(Y) dy ~ b 2 a L wi!(Yi) 

i-I 
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(P4) 

y. _ b - ax. + b + a (P5) 
1 2 1 2 

Here xi are the zeros of the Legendre polynomials (e.g •• Scheid. 1968. p.126) 

Pn(x) __ 1_ dn [(r-on] (p6a) 
2n n! dxn 

and the weight factors Wi are 

W· -1 

2(l-Xj2) 

n2[P n-I (Xj)]2 
(P6b) 

The values of xi and corresponding Wj can be found in books (e.g .• Abramowitz 

and Stegun. 1964. p.916) if the total number of Gauss points is not very large. 

say less than 96. or calculated from existing computer programs. for example. the 

subroutine GQRUL or DGQRUL in IMSL. 

Using the above formulae. (P3) is approximated by 

21T n 

II - -2] I 'wi(f(U.1
• 1/1) + !(_u.1• 1/1) + !(u.2• 1/1) + !(_u.2• 1/1)] d1/l (P7) o ~ I I I I 

i-I 

where 

1 
uj

1 
- 2(Xj - 1) 

Ui
2 

- !(Xi + 1) 

(P8a) 

(P8b) 

App]ying the Gauss-Legendre formula to the integra] over 1/1 in the above 

expression. we obtain 

m n 

II - ~LL WjWi(f(U/- 1/Ij) + !(-u/. 1/Ij) + !(ul. 1/Ij> + !(-ul. 1/Ij) 

j-] i-I 

+ !(u/. -1/Ij) + !(-u/. -1/Ij) + !(uj
2

• -1/Ij) + !(_uj
2
• -1/Ij)] (P9) 

where 

(PJO) 
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Approximation of Complementary Error Function 

The complementary error function w(x) is related to the error function 

~x) through 

w(x) - I - ~x) (PII) 

Various approximation for 4>(x) are available (Abramowitz and Stegun. 1964). 

We adopted three formulae depending on the values of x. 

1. x < I 

where 

We use the series expansion (ibid. p.297) 

4J l (x) - .J:....p leX) 
..Ii 

00 
P 'C_l)n x 2n+1 

leX) - L n!(2n+1) 
n .. O 

(PI2) 

(P13) 

2. I ~ x < 5 The rational approximations is adopted. i.e. (ibid. 

p.299) 

where 

3. x ~ 5 

where 

t __ 1_ 
I+px 

c l - 0.254829592 

C3 - 1.421413741 

Cs - 1.061405429 

I E(x)1 - 1.5 x 10-7 

C2 - -0.2844%736 

C4 - -1.453152027 

p - 0.3275911 

We use the asymptotic expansion (ibid .• p.298) 

4J3(x) - I - P3(x)e-
x2 

(PI4) 

(PI5a) 

(PI5b) 

(PI5c) 

(PI6) 



177 

00 

P
3
(X) __ 1_L(_l)n (2n-l)!I 

X..;; n-l (2r)n 
(P17) 

It is worth mentioning that we originally only used (P 14) to approximate 

'lr(x) in the expressions for a and X since this formula is valid for all positive 

value of x. We found. however. that it did not work well and much better 

results were obtained by using different formulae for different values of x. 

When ~2(X) or ~3(X) is used. the terms M2 and M3 in (2.54) reduces to 

(PI8a) 

(PI8b) 

where P(x) is either P2(x) or P3(x) depending on x and x - (2+w}It,Jpf(2R) in 

(P 18a) and x - (2-wtli;lP 1(2R) in (P 18b) 

(PI9a) 

(PI9b) 

The expressions in (P 18) are also true for N2 and N3 in (2.59) when ~2(X) or 

~3(X) is used except that then 

u( I +w)(2+w)t IL -Rw(3+w) 
A2 - 2Ru(l +W)3 

A3 _ u(l-w)(2-w)t IL -Rw(3-w) 
2Ru(l-W)3 

(P20a) 

(P20b) 
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APPENDIX Q 

PROGRAM ODISVAR 

ODISVAR 

(VERSION 1.0. SEPT.. 1989) 

C This program evaluates the expressions for the nonlocal dispersivity 

C and spatial covariance. total dispersion and spatial covariance tensors 

C (equation 2.52 -2.53. 2.58. 5.2. and 5.4. Zhang. 1990). and their 

C eigenvalues and eigenvectors as a function of dimensionless time (Ut! Lp.) 

C and Peelet number (U Lp. / d) in principal coordinates. It computes the 

C angle between the eigenvector corresponding to the largest eigenvalue 

C and the seepage velocity vector. The numerical integration scheme is 

C Gaussian quadrature. The program was written by You-Kuan Zhang. 

C based on program DISPER written earlier by Shlomo P. Neuman for 

C the asymptotic case 

C 

C 

C 

==z_=-_==--==----= ____ INPUT GUIDE .......... -__ ........... __ .. _ •• __ aan-..o ... 
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C An input file DDISVAR.DA T has to be created before running the pro-

C gram. Free format is used in the file. The file contains only three lines 

C which are described in the following. 

C 

C Line I (Control variables): 

C 

C Variable: lAX ITP IG KFL KF KL ILF ILL ILS CRTW 

C 

C lAX - I Only non local dispersivity tensor is calculated; 

C 2 Both dispersivity and dispersion tensors are calculated; 

C 3 Only the nonlocal spatial covariance is calculated; 
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c 4 Both the nonlocal and total covariances are calculated. 

C ITP - 0 A function of dimensionless time is calculated; 

C A function of Peelet number is calculated. 

C IG - Number of Gauss points used in integration (must be 20. or 48). 

C 

C 

C 

C 

C 

(Dispersion parameters and/or covariances are computed at 

TP - S(L)/lO**(KFL-K) IF K . LT. KFL 

TP - S(L)*IO**(K-KFL) IF K .GE. KFL 

where TP is dimensionless time if ITP - 0 or Peelet number if 

ITP - I. S(L) are listed in the data statement and) 

C KFL - Exponent in above equation (default - 4); 

C KF Lowest K value; 

C KL Highest K value; 

C ILF - Lowest L value (default - 1); 

C ILL - Highest L value (default - maximum - 11); 

C ILS.. Increments of L between ILF and ILL (default - I); 

C CRTW - Criterion for using the particular solution for w-l. 

C 

CLine 2 (parameters of aquifer and flow): 

C 

C Variable: ANGI ANG2 LANG SQ AL(1) AL(2) AL(3) 

C 

C ANG I .. Angle in degrees between mean velocity vector and first 

C principal coordinate. Considered zero if less than 0.0001. 

C ANG2 - Angle in degrees between mean velocity vector and second 

C principal coordinate. 

C LANG - 0 if mean velocity veetor forms an acute or right angle with 

C the third principal coordinate; 

C I otherwise. 

C SQ Variance of log hydraulic conductivity (sill of semivariogram). 

C AL(I). I - 1.2.3 - Range of semivariogram in I-th principal coordinate. 

C 
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C Line 3 (parameters of dispersion): 

C 

C Variable: DLl DL2 DL3 DFt DF2 DF3 PEL TOP 

C 

C DLi - Longitudinal local dispersivity. 

C DL2. DL3 - Transverse local dispersivities. 

C DFI - Effeetive longitudinal dispersivity. 

C DF2. DF3 - Effeetive transverse dispersivities. 

C (Note: DFt. DF2. and DF3 all have to be 1.0 if (ITP.EQ.O.AND. 

C TOP.GE.1.0DtO» 

C PEL .. Local Peelet number. 

C TOP - Value of Peelet number if ITP - 0; 

C Value of dimensionless time if ITP -1. 

C (If (lTP.EQ.I.AND.TOP.GE.I.OD8) asymptotic values (as dimensionless 

C time goes to infinity) as a function of Peelet number is calculated. 

C If (ITP.EQ.0.ADN.TOP.GE.I.OD8) asymptotic values (as Peelet 

C number goes to infinity) as a function of dimensionless time 

C is calculated.) 

C 

C .. "" __ az._:_.-... _____________ OUTPUT GUIDE --.... ...,-.. --...... -~=== 

C 

C There are seven output files which are described as follows. 

C 

C 1. DDISVAR1.0UT contains input data and some basic parameters 

C computed. 

C 2. DDISV AR2.0UT contains dispersivity and dispersion tensors or 

C covariance tensors as well as their eigenvalues. 

C 3. EGAX.OUT contains eigenvalues of dispersivity (IAX.LE.2) or 

C covariance (IAX.GE.3) tensor. 

C 4. DEGAX.OUT contains eigenvalues of dimensionless dispersivity 

C (lAX.LE.2) or spatial covariance (IAX.GE.3) tensor. 

C 5. EGDS.OUT contains eigenvalues of dispersion (lAX.LE.2) or total 

C spatial covariance (IAX.GE.3) tensor. 
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C 6. DEGDS.OUT contains eigenvalues of dimensionless dispersion 

C (IAX.LE.2) or total spatial covariance (IAX.GE.3) tensor. 

C 7. TH.OUT contains angles between mean velocity and eigenvectors 

C corresponding to largest eigenvalues of dispersivity and 

C dispersion tensors. 

C 

C 

C 
--------- MAIN ROUTINE ---......... ------

DOUBLE PRECISION ALMANG IANG2ANG3ATA.CONST.CONSD. 

I CRTW.DA TH.DFI.DF2.DF3.DLI.DL2.DL3.DLT.PE.PEL.PI.RANG I. 

2 RANG2.8Q.TH.TMU.TOP.TP 

DOUBLE PRECISION AA(3.3)AD(3)AMDA(3).AL(3)ALF(3.3). 

I ALF A(3.3)AQ(3).B(3.3).BB(3.3).BD(3.3).BDB(3.3).BQ(3.3). 

2 BQB(3.3).D(3).DALF A(3.3).DD(3.3).DDA(3.3).DEGAX(3). 

3 DEGDS(3).EGAX(3).EGDS(3).S( II). V(3.3). VD(3.3). VEL(3). 

4 W(48).X(48).Y(96).Z(96) 

OPEN(I. FILE-·DDISVAR.DA r.8TA ruS='OLD') 

OPEN(10.FILE-·DDISVARI.OUT'.8TA ruS-'NEW') 

OPEN(1I.FILE-·EGAX.OUT'.ST A ruS-'NEW') 

OPEN(12.FILE-·DEGAX.OUT' .sT A ruS-'NEW') 

OPEN(13.FILE-'EGDS.OUT'.8TA ruS-'NEW') 

OPEN(14.FILE-·DEGDS.OUT'.STA ruS-'NEW') 

OPEN(15.FILE-·TH.OUT'.ST A ruS-'NEW') 

OPEN(20.FILE-·DDISVAR2.0UT'.8TA ruS-'NEW') 

DATA S/I.00.1.500.2.00.2.500.3.00.3.500.4.00.5.00.6.oo.7 .00.8.00/ 

C-READ INPUT DATA 

5 READ (1. *. END-310) IAX.ITP.IG.KFL.KF.KL.ILF.ILL.ILS.CRTW 

READ (1. *) ANGI.ANG2.LANG.8Q.AL(I).AL(2).AL(3) 

READ (1. *) DLI.DL2.DL3.DFI.DF2.DF3.PEL.TOP 

IF(DF2.LE.I.OE-9*DFl) DF2 - DFI 

IF(DF3.LE. I.OE-9**FI) DF3 - DFI 

DLT -DABS(DFI-DF2) 

----------------- -.-.--



IF(DLT.LT.O.OOOl) DFI-DF1+0.000l 

DL T -DABS<DLl-DL2) 

IF(DLT.LT.O.OOOOl) DLl-DL1+0.0000l 

IF(DABS(ANG l).LE.O.OOOl) ANG 1-0.000 

PI - 3.14159265358979300 

RANGI - PI*ANGI/180.000 

RANG2 - PI*ANG2/180.000 

IF (KFL.EQ. 0) KFL - 4 

IF (ILF .EQ. 0) ILF - 1 

IF (ILL .EQ. 0) ILL - 1 1 

IF (ILS .EQ. 0) ILS - 1 

C-COMPUTE TENSOR OF DIRECTION COSINES. B: 

B(I.I) - DCOS(RANGI) 

B(2. I) - DCOS(RANG2) 

B(3.1) - DSQRT(DABS(1.0DO-B(I.I)**2-B(2.1)**2» 

IF(LANG .NE. 0) B(3.1) - -B(3.l) 

DO 25 I - 1.3 

IF (DABS(B(I.I» .LE. 0.001) B(I.1) - 0.00 

VEUI)-B(I.I) 

25 CONTINUE 

ANG3 • DACOS(B(3.1»*180.000jPI 

B(1.2) - 0.00 

B(1.3) - DSQRT(DABS(1.00-B(I.l)**2» 

B(2.3) - -B(1.1)*B(2.1) 

B(3.3) - -B(1.1)*B(3.1) 

B(3.2) - B(2.1) 

B(2.2) - -B(3.1) 

DO 40 1-2.3 

IF (DABS(ANG1) .GT. 0.0001) GO TO 27 

B(I.I) - 1.000 

GO TO 40 

27 00 30 J - 2.3 
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B(I.J) - B(I.J)f8(1.3) 

30 CONTINUE 

40 CONTINUE 

C-COMPlITE DIRECTIONAL RANGE. ALM. RANGE RATIOS. AMDA. 

C AND SQUARE ROOTS OF DISPERSIVITY RATIOS. AQ: 

50 ALM - (B(1.l)/AU1»**2 

00601-2.3 

ALM - ALM+(B(I.l)/AUI»**2 

60 CONTINUE 

ALM - 1.00/DSQRT(ALM) 

DO 70 I - 1.3 

AMDA(I) - ALM/AUI) 

70 CONTINUE 

AQ(l) - 1.000 

AQ(2) - DSQRT(DF1/DF2) 

AQ(3) - DSQRT(DF1/DF3) 

AD(l) - DSQRT(DF1/DLl) 

AD(2) - DSQRT(DF1/DL2) 

AD(3) - DSQRT(DF1/DL3) 

DO 71 1-1.3 

DO 71 J-l.3 

BDB(I.J)-O.Ooo 

71 BQB(I.J)-O.Ooo 

DO 72 1-1.3 

DO 72 J-I.3 

BD(I.J)-B(I.J)/(AD(J)**2) 

BQ(I.J)-B(I.J)/(AQ(J)**2) 

72 CONTINUE 

DO 73 1-1.3 

DO 73 J-I.3 

DO 73 K-I.3 

BDB(I.J)-BDB(I.J)+BD(I.K)*B(J.K) 
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BQB(I.J)-BQB(I.J)+BQ(I.K)*B(J.K) 

73 CONTINUE 

IF (lAX.LT.3) 1HEN 

CONST - 0.12SOO 

ELSE 

CONST - 0.2Soo*ALM 

ENDIF 

CONST -CONST*ALM*AQ(2)*AQ(3)*SQlAMDA(I)/AMDA(2)/AMDA(3) 

CONSD - CONST/ALM/SQ 

IF (IAX.GT.2) CONSD - CONSD/ALM 

C-PRINT INITIAL DATA: 

IF (ITP .EQ.O) THEN 

WRITE(10.100S) TOP 

ELSE 

WRITE(10.1010) TOP 

ENDIF 

100S FORMA TU /SX.34HEFFECTIVE PECLET NUMBER. PE ...... -EI2.5) 

1010 FORMATU/5X.34HDIMENSIONLESS TIME. TMU .......... -EI2.5) 

WRITE(1 0.1 020) DLl.DL2.DL3.DFl.DF2.DF3.PEL.sQANG I.ANG2. 

1 ANG 3.AL( 1 )AL(2)AL(3)ALM.(VEL(I).I-l.3).(AMDA(I).I-1.3). 

2 (AQ(I).I-l.3).«(B(I.J).J-l.3).I-l.3).«BQB(I.J).J-l.3).I-l.3).IG 

1020 FORMA TUSX.36HLOCAL LONGITUDINAL DISPERSIVITY.DLlzIP. 

1 EI2.S/ 

1 SX.34HLOCAL TRANSVERSE DISPERSIVITY.DL2-EI2.S/ 

2 5X.34HLOCAL TRANSVERSE DISPERSIVITY.DL3-EI2.5/ 

3 SX.34HEFFECTIVE LONGI. DISPERSIVITY.DFI-EI2.5/ 

4 SX.34HEFFECTIVE TRANS. DISPERSIVITY.DF2-EI2.S/ 

5 SX.34HEFFECTIVE TRANS. DISPERSIVITY.DF3-EI2.S/ 

6 SX.34HLOCAL PELET NUMBER. PEL ......... -EI2.S/ 

7 SX.33HVARIANCE OF LOG-CONDUCTIVITY ... -EI2.S/ 

8 5X.33HANGLE BETWEEN VELOCITY AND XI.. -EI2.S/ 

9 SX.33HANGLE BETWEEN VELOCITY AND X2 .. -EI2.S/ 
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1 SX.33HANGLE BETWEEN VELOCITY AND X3 .. -EI2.SI 

1 SX.33HRANGE OF SEMIVARIOGRAM ALONG Xl -EI2.SI 

2 5X.33HRANGE OF SEMIV ARIOGRAM ALONG X2 -EI2.51 

3 5X.33HRANGE OF SEMIVARIOGRAM ALONG X3 -EI2.51 

4 5X.33HRANGE PARALLEL TO VELOCITY ..... -EI2.5/! 

5 5X.16HVELOCITY VECTOR-3EI5.5/!5X.16HLAMBDA VECTOR. 

S -3EIS.5/! 

6 5X.16HQ VECTOR ...... -3E1S.5/!5X.16HBETA TENSOR. .. .. 3EI5.51 

7 2(21 X.3EI5.5f)15X.16HBET A *Q**-2*BET A-3El S.51 

8 2(21X.3EI5.5f)15X.16HGAUSS WEIGHTS. -I3f) 

18S 

C-SET UP COORDINATES AND WEIGHTS FOR GAUSSIAN QUADRATURE: 

IF (IG .EQ. 20) CALL G2O(X.W.Y.z.PI) 

IF (IG .EQ. 48) CALL G48(X.W.y.z.PI) 

WRITE (*. 1030) PEL 

IF (lTP.EQ.O) THEN 

PE-TOP 

WRITE(*. 1040) PE 

ELSE 

TMU-TOP 

WRITE(*. 1050) TMU 

ENDIF 

1030 FORMA T(,PEL .·.E8.2) 

1040 FORMAT(,PE .·.E8.2) 

10S0 FORMATCTMU .·.E8.2) 

C-LOOP ON DIMENSIONLESS TIME. TMU (ITP-O) OR PECLET NUMBER. 

C PE (ITP-l): 

DO 170 K • KF.KL 

DO 160 L - ILF.ILL.ILS 

IF (K . LT. KFL) TP • S(L)fl0.0**(KFL-K) 

IF (K .GE. KFL) TP • S(L)*lO.O**(K-KFL) 

IF (ITP .EQ.O) THEN 

TMU-TP 



WRlTE(*. 1060) TMU 

ELSE 

PE-TP 

WRlTE(*. 1070) PE 

ENDIF 

l060 FORMA TCTMU -'.E8.2) 

1070 FORMA TCPE -·.E8.2) 

IF (pE.GE.l) SQ - 1.0DO/pE 

IF (PE.LT.I) SQ - IS.0DO/8.0DO/PE/pE 

C-INITIALIZE DISPERSIVITY (lAX-lOR 2) OR FIELD-SCALE 

C COVARIANCE (IAX-3 OR 4): 

DO 100 N - 1.3 

DO 90 M - N.3 

ALF(N.M) - O.ODO 

90 CONTINUE 

100 CONTINUE 

C-PERFORM INTEGRATION AND OBTAIN DISPERSIVITY (lAX-lOR 2) 

C OR FIELD-SCALE COVARIANCE (IAX-3 OR 4): 

CALL INT(Y.Z. W.B.AQ.AMDAALF.PE.IG.TMU.IAX.CRTW) 

DO 120 N - 1.3 

DO 110 M - N.3 

ALF(N.M) - ALF(N.M)*PE 

ALFA(N.M) - CONST*ALF(N.M) 

DALFA(N.M) - CONSD*ALF(N.M) 

110 CONTINUE 

120 CONTINUE 

DALF A(2.1)-DALFA(l.2) 

DALF A(3.1 )-DALF A( 1.3) 

DALF A(3.2)-DALFA(2.3) 

1080 FORMATC ·.4E13.S) 

C--COMPUTE EIGENVALUES AND EIGENVECTORS OF DIMENSIONLESS 

C DISPERSIVITY TENSOR (lAX-lOR 2) OR FIELD-SCALE 

C COVARIANCE (IAX-3 OR 4): 

-----------------_. ----. -.-
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N-3 

NI-3 

00 127 1-1.3 

00 127 J-I.3 

127 AA(I • .J)-DALF A(I.J) 

CALL EIGENJ(AA.BB.N.NI) 

00 130 1-1.3 

DEGAX(I)-AA(U) 

EGAX(I)-DEGAX(I)*CONSTjCONSD 

DO 130 J-I.3 

130 V(I.J)-BB(J.I) 

WRITE(II.1080) TP.(EGAX(I).I-I.3) 

WRITE( 12.1 080) TP.(DEGAX(I).I-I.3) 

IF(IAX.EQ.I.OR.IAX.EQ.3) GOTO 1000 
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C-COMPUTE DIMENSIONLESS DISPERSION TENSOR (IAX",2) OR TOTAL 

C COVARIANCE (IAX-4) AND ITS EIGENV ALVES AND EIGENVECTORS 

DO 140 1-1.3 

DO 140 J-I.3 

IF (IAX.EQ.2) THEN 

DD(I.J)-BDB(I.J)+SQ*PE*DALF A(I.J) 

DDA(I.J)-DD(I.J)*DLI 

ELSE 

DD(I.J)-2.0DO*TMU*BDB(I.J)/pE+SQ*DALF A(I.J) 

DDA(I.J)-DD(I.J)* ALM**2 

ENDIF 

AA(I.J)-DD(I.J) 

140 CONTINUE 

WRITE( 13.1 080) TP.(DD(I.I).I-I.3) 

CALL EIGENJ(AA.BB.N.Nl) 

DO 150 1-1.3 

DEGDS(I)-AA(I.I) 

EGDS(I)-DEGDS(I)*CONST jCONSD 

------------------- -------- --------- -----



DO ISO J-I.3 

ISO VD(IJ)-BB(J.I) 

WRlTE(I3.1080) TP.(EGDS(I).I-I.3) 

WRITE(14.1080) TP.(DEGDS(I).I-I.3) 

C-COMPUTE TIlE ANGLE BETWEEN MEAN VELOCITY AND THE 

C EIGENVECTOR CORRESPONDING TO THE LARGEST EIGENV ALVES 

C OF DIMENSIONLESS DISPERSIVITY (lAX-I) AND DISPERSION 

C TENSOR (IAX-2) OR FIELD-SCALE COVARIANCE (lAX-3) AND 

C TOTAL COVARIANCE (lAX-4).TH AND THE ANGLE BETWEEN XI 

C AXIS IN THE PRINCIPAL COORDINATOR AND THE EIGENVECTOR. 

C ATA. 

1000 CALL TITA<TH.A TA.DEGAX.V.VEL.N) 

THDA-TH 

ATADA-ATA 

1090 FORMA T(SEI4.4.12) 

IF(IAX.EQ.I.OR.lAX.EQ.3) GOTO 2000 

CALL TITA<TH,ATA.DEGDS.VD.VEL.N) 

WRlTE(IS.109O) TP.THDA.TH,A TADA.A T A.N 

C-PRINT RESULTS FOR THE GIVEN DIMENSIONLESS TIME (ITP ... O) 

C OR FOR THE GIVEN PECLET NUMBER (ITP-l): 

2000 IF (ITP.EQ.O) THEN 

WRlTE(20.1100) TP 

ELSE 

WRlTE(20.lll 0) TP 

ENDIF 

1100 FORMATU3X:DIMENSIONLESS TIME - ·.IP.EI3.Sj3X.34(lH*» 

1110 FORMA TU3X:EFFECTlVE PECLET NUMBER·.IP.EI3.Sj3X.36(lH*» 

IF(IAX.L T.3) THEN 

WRlTE(20.1 120) (ALF A(I.I).I-I.3),ALF A( 1.2).ALF A(2.3),ALF A( 1.3). 

I (DALF A(I.I).I- I .3).DALF A( 1.2).DALF A(2.3).DALF A( 1.3).(EGAX(I). 

2 1-1.3).(DEGAX(I).I-I .3).«V(I.J).J-I.3).I-I.3).(DDA(I.I).I-1.3).DDA( 1.2). 

3 DDA(2.3).DDA( 1.3).(D0(1.1).1-1.3).DO( 1.2).D0(2.3).DO( 1.3).(DEGDS(I). 

-------------- -- -----
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4 I-I.3).«(VD(I.J).J-I.3).I-I.3) 

ELSE 

WRITE(20.1130) (ALF A(I.I).I-I.3).ALF A( 1.2).ALFA(2.3).ALF A( 1.3). 

1 (DALF A(I.I).I-I.3).DALF A(I.2).DALF A(2.3).DALF A(I.3).(EGAX(I). 

2 I-I.3).(DEGAX(I).I-I.3).«V(I.J).J-I.3).I-1.3).(DDA(I.I).I-I.3).DDA(I.2). 

3 DDA(2.3).DDA( 1.3).(DD(I.I).I-I.3).DD(I.2).DD(2.3).DD(I.3).(DEGDS(I). 

4 I-I.3).«(VD(I.J>.J-I.3).I-I.3) 

ENDIF 

1120 FORMA T(f3X.35HDISPERSIVITIES(II.22.33.12.23.31) -3EI3.5/ 

1 38X.3EI3.5/ 

2 3X.35HDIMENSIONLESS DISPERSIVITIES ..... -3EI3.5/38X.3EI3.5/ 

3 3X.35HEIGENV ALUES (1.2.3) .............. -3EI3.5/ 

4 3X.35HDIMENSIONLESS EIGENVALUES (1.2.3) -3EI3.5/ 

5 3X.35HCORRESPONDING EIGENVECTORS(I.2.3) -3EI3.5/ 

5 2(38X.3EI3.5f) 

6 3X.35HDISPERSION COEFFICIENTS.......... -3EI3.5/38X.3E! 3.5/ 

7 3X.38HDIMENSIONLESS DISPERSION COEFFICIENTS-3EI3.5/ 

8 4IX.3EI3.5/ 

9 3X.38HDIMENSIONLESS EIGENVALUES O.2.3) .... -3EI3.5/ 

1 3X.38HCORRSPONDING EIGENVECTORS (I.2.3) .... -3EI3.5/9 

2 2(4IX.3EI3.5f» 

1130 FORMAT(f3X.38HFIELD-SCALE COVAROI.22.33.12.23.31) -3EI3.5/ 

1 41X.3E13.5/ 

2 3X.38HFIELD-SCALE DIMENSIONLESS COY ARIENCE -3E13.5/41 X. 

2 3EI3.5/ 

3 3X.38HEIGENVALUES 0.2.3)................ -3EI3.5/ 

4 3X.38HDIMENSIONLESS EIGENVALUES (1.2.3) .. -3E13.5/ 

5 3X.38HCORRESPONDING EIGENVECTORS 0.2.3) .. -3E13.5/ 

6 2(41X.3E13.5f) 

7 3X.38HTOTAL COVARIANCE .................... -3EI3.5/4IX. 

7 3E13.5/ 

8 3X.38HTOTAL DIMENSIONLESS !;OVARIANCE ...... -3E13.5/41X. 
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C 

C 

8 3EI3.5/ 

9 3X.38HDIMENSIONLESS EIGENVALUES O.2.3) .... -3EI3.5/ 

1 3X.38HCORRSPONDING EIGENVECTORS O.2.3) .... -3EI3.5/ 

2 2(41X.3EI3.5f» 

160 CONTINUE 

170 CONTINUE 

GO TO 5 

310 STOP 

END 

----------------- SUBROUTINES ---------

SUBROUTINE INT<Y.Z. WW.BAQAMDA.ALF.PE.IG.TMU.IAX.CRTW) 

C-THIS SUBROUTINE EV ALUA TES THE OOUBLE-INTEGRAL BY 

C GAUSSIAN QUADRATURE 

OOUBLE PRECISION PE.R.W.U,PRS.FNF.FIC.RNF.RNFIC.TMU 

1 .US.TS.RS.QQ.QA.R3.TMUP.CRTW 

OOUBLE PRECISION Y(96).Z(96).WW(48).B(3.3).AQ(3).AMDA(3). 

1 ALF(3.3).S(3).Q(3).UU(4).A(2) 

C-DETERMINE NUMBER OF GAUSS POINTS: 

C-LOOP ON GAUSS POINTS: 

C--LOOP ON U VALUES 

00 130 II - 1.1G 

UUO) - Y(I1) 

UU(2) - Y(II+IG) 

UU(3) - -UUO) 

UU(4) - -UU(2) 

00 125 IU - 1,4 

C-LOOP ON A VALUES 

DO 120 JJ - I.IG 

AO) - Z(JJ) 

A(2) - Z(JJ+IG) 
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DO liS IA - 1.2 

S( I) - UU(lU) 

US - SQRT(I.-UU(IU)*UU(IU» 

S(2) - US*OCOS(A(lA» 

S(3) - US*DSIN(A(lA» 

U - DABS(S(I» 

TS - O.DO 

RS - O.DO 

DO 20 1 - 1.3 

Q(I) - O.ODO 

DO to J - 1.3 

IF (B(I.1) .NE. 0.) Q(I) - Q(I)+S(I.J)*AQ(J)*S(J) 

10 CONTINUE 

QQ - Q(I)*Q(I) 

QA - QQ/ AMDA(I)/ AMDA(I) 

TS - TS+QQ 

RS - RS+QA 

20 CONTINUE 

R-DSQRT(RS) 

R3-R*R*R 

W-PE*R*U 

C-FORM THE INTEGRAND 

FIC-l.ODO/R/(l.O+ W)**2 

IF(IAX.GT.2) FIC-FIC*TMU 

IF(IAX.LT.3.AND.TMU.GE.I.OD8) THEN 

FNF-FIC 

GOTO 90 

ENDIF 

IF(IAX.LT.3.AND.PE.GE.I.OD8) THEN 

FNF-TMU*DEXP(-U*TMU/R)/R3 

GOTO 90 

ENDIF 

----------------- "---
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RNF-RNFIC(pE. TMU.R.U. W.IAX.CRTW) 

FNF-FIC-RNF 

90 DO 11 0 N - 1.3 

DO 100 M - N.3 

ALF(N.M) - ALF(N.M) + WW(II)*WW(JJ)*(B(N.I)-

Q(N)*S( I ){I'S)*(B(M.l )-Q(M)*S( 1 )(I'S)*FNF 

100 CONTINUE 

I 10 CONTINUE 

115 CONTINUE 

120 CONTINUE 

125 CONTINUE 

130 CONTINUE 

RETURN 

END 
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C---------------------------------------------------
FUNCTION RNFIC(PE.T.R.U.W.IAX.CRTW) 

C-THIS FUNCTION GIVES THE VALUE OF THE NON-FICKIAN PART OF 

C THE INTEGRAND FOR A PARTICULAR GAUSSIAN POINT. 

DOUBLE PRECISION RNFIC.PE. T.R.U.W.PI.SP.ST.SPI.Vl.V2.V3.V4.EC.EB. 

I PTS.EPR.AO.A 1.A2.A3.C.CI .C2.C3.X.X3.EBl.EB2.EB3.FO.Fl.F2. WI .CRTW. 

2 UPT 

NW-IOO 

WI -DABS(I .000-W) 

IF(Wl.LT.CRTW) NW-I 

IF(WI.LT.CRTW) WRITE(*.*) 'W - 1 !!!!!!!!!!!!!!!!!!!!!' 

PI-3.141592653589793oo 

SP-DSQRT(PE) 

ST-DSQRTm 

SPI ... DSQRT(PI) 

VI-l.oo+W 

V2-1.OO-W 

V3-VI*V2 

---------------- -- ---- ---- ---------------



V4-2.0OO+W 

V5-2.0DO-W 

UPT -U*U*PE*T 

PTS-UPT /4.000 

EPR-DEXP(-PTS) 

IF(IAX.LT.3) THEN 

IF(NW.L T.2) THEN 

AQ.O.5DO*U*U*PE*SP*ST*EPR*(I.OOO+UPT)/SPI 

ELSE 

AO-2.0OO*ST*EPR/R/R/SP /SPI/V3 

ENDIF 

ELSE 

IF(NW.LT.2) THEN 

AO--0.5OO/U+SP*ST*(I.OOO+UPT /6. OOO+UPT**2/6. OOO)*EPR/SPI 

ELSE 

AQ--W*(3.0OO-8.0OO*W +6.0OO*W**2-W**4)/U/V3**3 

+2.000*(3.000+ W*W)*SP*ST*EPR/SPI/V3/V3 

ENDIF 

ENDIF 

X3-DSQRT(PTS) 

IF(X3.L T.l.O) THEN 

EBI-FO(X3.SPI) 

ELSE 

IF(X3.L T.5.0) THEN 

EBI-Fl(X3)*EPR 

ELSE 

EB I-F2(X3.SPI)*EPR 

ENDIF 

ENDIF 

IF(lAX.LT.3) THEN 

IF(NW.LT.2) THEN 

AI-0.125OO*U*PE*(1.OOO-4.0OO*UPT-2.0OO*UPT**2)*EBl 
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ELSE 

AI-2.0DO*W*EBI/R/V3/V3 

ENDIF 

ELSE 

IF(NW.LT.2) THEN 

AI-o.2SDO*(I.ODO/U+O.SDO*UPT/U-UPT**2/U-UPT**3/U/3.0DO)*EBl 

ELSE 

A 1--(2.0DO*W*T /R/V3/V3+8.0DO*W**2/U/V3**3)*EBI 

ENDIF 

ENDIF 

CI-5T/R/SP 

C2-0.SDO*U*SP*ST 

C3-T*U/R 

C-Cl*Cl+C3 

X=CI+C2 

EB2-EB(X.EPR.SPI.O 

IF(IAX.LT.3) mEN 

IF(NW.LT.2) mEN 

A2-o. I 2SDO*U*PE*(l.ODO-6.0DO*UPT)*EB2 

ELSE 

A2-0.5DO*(pE*R*R-VI *v 4*l)*EB2/PE/R**3/Vl/Vl 

ENDIF 

ELSE 

IF(NW.LT.2) mEN 

A2--0.2SDO*O.5DO*UPT /U- I .ODOfU)*EB2 

ELSE 

A2--O.5DO*(U*VI *V4*T -R*W*(3.0DO+ W»*EB2/R/U/Vl **3 

ENDIF 

ENDIF 

C-CI*CI-C3 

X-CI-C2 

IF(X.LT.O.O) mEN 
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EC-DEXP(C) 

X-DABS(X) 

IF(X.L T.l.0) THEN 

EB3-(2.DO-FO(X.SPI»*EC 

ELSE 

IF(X.LT.5.0) THEN 

EB3-2.DO*EC-EPR*Fl(X) 

ELSE 

EB3-2.DO*EC-EPR*F2(X.sPI) 

ENDIF 

ENDIF 

ELSE 

EB3-EB(X.EPR.SPI.C) 

ENDIF 

IF(NW.LT.2) THEN 

A3-o.0DO 

GOTO 100 

ENDIF 

IF(IAX.LT.3) THEN 

A3-0.5DO*(pE*R*R-V2*V5*T)*EB3/PE/R**3/V2/V2 

ELSE 

A3--O.5DO*(U*V2*V5*T -R*W*(3.0DO-W»*EB3!R/U/V2**3 

ENDIF 

100 RNFIC-AO+Al+A2+A3 

RETURN 

END 
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C--------------------------------------------------
FUNCTION FO(X.sPI) 

C-THIS FUNCTION GIVES THE VALUE OF COMPLEMENTARY ERROR 

C FUNCTION FOR SMALL X. 

DOUBLE PRECISION FO.ACC.C.X.SUM.TERM.sPI 

ACC-l.5D-7 



Ca1.0DO 

SUM-X 

DO 10 1-1.10000 

C-C/I 

TERM-(-I.0)**I*X**(2*1+ 1)*C/(2.DO*I+ I.DO) 

SUM-5UM+ TERM 

IF(ABS(TERM).LT.ACC) GOTO 20 
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10 CONTINUE 

20 FO-1.DO-2.0DO*SUM/SPI 

RETURN 

END 

C---------------------------------------------------
FUNCTION Fl(X) 

C-THIS FUNCTION GIVES THE VALUE OF THE POLYNOMIAL IN THE 

C APPROXIMATION OF THE COMPLEMENTARY ERROR FUNCTION. 

DOUBLE PRECISION F1.X.B.Cl.C2.C3.C4.C5.T 

B-0.3275911DO 

Cl- 0.254829592DO 

C2--O.2844% 736DO 

C3- 1.421413741DO 

C4--1.453152027DO 

C5- 1.061405429DO 

T -l.DO/(1.DO+B*X) 

FI-Cl *T +C2*T*T +C3*T**3+C4*T**4+C5*T**5 

RETURN 

END 

C-------------------------------------------------
FUNCTION F2(X.SPI) 

C--THIS FUNCTION GIVES THE VALUE OF SERIES EXPANSION OF THE 

C COMPLEMENTARY ERROR FUNCTION FOR LARGE X. 

DOUBLE PRECISION F2.X.ACC.C.TERM.sPI 

ACC-l.5D-7 



F2-1.DO{X 

C-1.0DO 

DO 10 K-l.l0000 

C-C*(2*K-l) 

TERM-(-1.0)**K*C/(2.0**K)/(X**(2*K+l» 

F2-F2+TERM 

IF(ABS(TERM).LT.ACC) THEN 

F2-F2/SPI 

GOTO 20 

ENDIF 

10 CONTINUE 

20 CONTINUE 

RETURN 

END 

C--------------------------------------------------
FUNCTION EB<X.EPR.SPI.C) 

C-THIS FUNCTION GIVES THE VALUE OF EB ACCORDING TO THE 

C VALUE OF X. 

DOUBLE PRECISION EB.X.EPR.SPI.C.FO.Fl.F2 

IF(X.LT.l.O) THEN 

EB-FO(X.SPI)*DEXP(C) 

ELSE 

IF(X.LT.S.O) THEN 

EB-EPR*Fl(X) 

ELSE 

EB-EPR*F2(X.SPI) 

ENDIF 

ENDIF 

RETURN 

END 

C-------------------------------------------------
SUBROUTINE TITA(TH.A TA.EG.V.RM.N) 
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C-THIS SUBROUTINE COMPUTES THE ANGLE BETWEEN THE VELOCITY 
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C AND THE EIGENVECTOR CORRESPONDING TO THE LARGEST EIGEN

C VALUE OF DISPERSIVITY OR DISPERSION COEFFICIENT TENSOR. 

C TH AND THE ANGLE BETWEEN Xl-AXIS IN THE PRINCIPAL COOR

C DINA TOR AND THE EIGENVECTOR CORRESPONDING TO THE LARG

C EST EIGENVALUE OF DISPERSIVITY OF DISPERSION COEFFICIENT 

C TENSOR. ATA. 

OOUBLE PRECISION THA TA.PI.EGMAX.VM.V2.R2.Y 

OOUBLE PRECISION V(3.3).RM(3).EG(3) 

PI ... 3.141592653589793DO 

EGMAX-o.DO 

00 10 1-1.3 

IF (EG(I).GT.EGMAX) THEN 

EGMAX-EG(I) 

N-I 

ENDIF 

10 CONTINUE 

VM-V(N.I )*RM( 1)+ V(N.2)*RM(2)+ V(N.3)*RM(3) 

V2-V(N.I )**2+ V(N.2)**2+ V(N.3)**2 

R2-IDtt!~ 1 )**2+RM(2)**2+RM(3)**2 

Y -DSQRT(V2*R2-VM**2) 

TH ... DA TAN2(y.VM) 

TH-TH*1 80.DO/pI 

A TA-DACOS(V(N.N» 

ATA-ATA*180.DO/pI 

RETURN 

END 

C--------------------------------------------------
SUBROUTINE EIGENJ(A.B.N.Nl) 

C-THIS SUBROUTINE COMPUTES THE EIGENVALUES AND EIGEN

C VECTORS OF MATRIX A. 

OOUBLE PRECISION ANORM.FNORM.THRALAMAO.sINX.sINX2. 

1 COSX.COSX2.A T.BT.XT 



DOUBLE PRECISION A(NI.Nl).B(NI.Nl) 

C-SUBROUTlNE TO CALCULATE THE EIGENVALUES AND EIGEN

C VECTORS OF AN N*N SYMMETRIC MATRIX. 

C UPON COMPLETION THE EIGENVALUES ARE STORED IN THE 

C DIAGONAL ELEMENTS OF MATRIX A (IN DESCENDING ORDER). 

C THE EIGENVECTORS ARE STORED BY COLUMNS IN MATRIX B. 

C-CALCULA TE INITIAL AND FINAL NORMS 

C SET B TO IDENTITY MATRIX 

ANORM-O.O 

DO 100I-I.N 

DO 101 J-I.N 

IF (I-J) 2.1.2 

I B<I.J)-l.Ooo 

GO TO 101 

2 B(1.J)-O.Ooo 

ANORM.ANORM+A(I.J)* A(I.J) 

101 CONTINUE 

100 CONTINUE 

ANORM-DSQRT(ANORM) 

FNORM-ANORM*I.0D-09/FLOA T(N) 

C-INITIALIZE INDICATORS AND COMPUTE THRESOLD 

THR-ANORM 

23 THR-THR/FLOA T(N) 

3 IND-O 

C--SCAN DOWN COLUMNS FOR OFF-DIAGONAL ELEMENTS 

C GREATER THAN OR EQUAL TO THRESOLD 

DO 1021-2.N 

11-1-1 

DO 103 J-1.I1 

IF (DABS(A(J.I)-THR) 103.4.4 

C-COMPUTE SIN AND COS 

4 INo.l 
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AL-A(J.I) 

AM-(A(J.J)-A(I.I»/2.0DO 

AQ-ALJDSQRT(AL*AL+AM*AM) 

IF (AM) 5.6.6 

5 AQ--AO 

6 SINX-AOJDSQRT(2.0DO*(l.000+DSQRT(l.ODO-AO* AO») 

SINX2-SINX*SINX 

COSX-DSQRT(l.ODO-SINX2) 

COSX2-COSX*COSX 

C-ROTA TE COLUMNS I AND J 

00 104 K-I.N 

IF(K-J) 7.10.7 

7 IF(K-I) 8.10.8 

8 AT-A(K.J) 

A(K.J)-A T*COSX-A(K.I)*SINX 

A(K.I)-A T*SINX+A(K.I)*COSX 

10 BT -B(K..J) 

B(K.J)-BT*COSX-B(K..I)*SINX 

B(K.I)-BT*SINX+B(K.I)*COSX 

104 CONTINUE 

XT -2.000* A(J.I)*SINX*COSX 

AT-A(J.J) 

BT-A(I.I) 

A(J.J)-A T*COSX2+BT*SINX2-XT 

A(I.I)zA T*SINX2+BT*COSX2+XT 

A(J.I)-(A T -BT)*SINX*COSX+A(J.I)*(COSX2-SINX2) 

A(I.J)-A(J.I) 

00 105 K-I.N 

A(J.K)-A(K.J) 

A(I.K)-A(K.I) 

105 CONTINUE 

103 CONTINUE 
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102 CONTINUE 

IF (IND) 20.20.3 

20 IF (THR-FNORM) 25.25.23 

C-SORT EIGENVALUES AND EIGENVECTORS 

25 DO 11 0 I-2.N 

J-I 

29 IF (A(J-I.J-I)-A(J.J» 30.110.110 

30 AT -A(J-I.J-l) 

A(J-I .J-I )-A(J.J) 

A(J.J)-AT 

DO III K-I.N 

AT-B(K.J-I) 

B(K.J-I )-B(K.J) 

B(K.J)-AT 

III CONTINUE 

J-J-I 

IF (J-I) 11 0.11 0.29 

110 CONTINUE 

RETURN 

END 

C:---------------------------------------------
SUBROUTINE G2O(X.W.Y.Z.PI) 

DOUBLE PRECISION PI 

DOUBLE PRECISION X(48).W(48).Y(96).Z(96) 

X(l) -.03877241750605082193300 

X(2) -.11608407067525520848300 

X(3) -.19269758070137109971600 

X(4) -.26185218500725368114100 

X(5) -.34199409082575847300700 

X(6) -.41377920437160500152500 

X(7) -.48307580168617871290900 

X(8) -.54946712509512820207600 

-------------- -- --_. ----
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X(9) -.61255388966798023795300 

X(l 0)-.67195668461417954837900 

X(lI)-.72731825518992710328100 

X( 12)-.77830565142651938769500 

X(l3)-.82461223083331166319600 

X( 14)-.865959503212259503821 00 

X( 15)-.902098806968874296 72800 

X(l6)-. 9328128082786 7653336100 

X(l7)-.95791681921379165580500 

X(l8)-.97725994998377426266300 

X( 19)-.99072623869945700645300 

X(20)-. 99823770971055920035000 

W(l) -.07750594797842481126400 

W(2) -.07703981816424796558800 

W(3) -.07611036190062624237200 

W(4) -.07472316905796826420000 

W(5) -.07288658239580405906100 

W(6) -.07061164739128677969500 

W(7) -.06791204581523390382600 

W(8) -.06480401345660103807500 

W(9) -.06130624249292893916700 

W(lO)-.05743976909939155136700 

W(II)-.05322784698393682435500 

W(l2)-.04869580763507223206100 

W(l3)-.04387090818567327199200 

W(l4)-.03878216797447201764000 

W(l5)-.033460 19528254784739300 

W( 16)-.02793700698002340 1 09800 

W(l7)-.02224584919416695726200 

W(l8)-.0 1642105838190788871300 

W(l9)-.01049828453115281361500 

W(20)-.00452127709853319125800 
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DO 10 J - 1.20 

Y(J) - .5DO*(X(J)+ 1.00) 

Y(20+J) - .500*(-X(J)+ 1.00) 

Z(J) - PI*(X(J)+ 1.00) 

Z(20+J) - PI*(-X(J)+l.OO) 

10 CONTINUE 

RETURN 

END 

C,-----------------------------------------------
SUBROUTINE G48(X.W.y.z.PI) 

DOUBLE PRECISION PI 

DOUBLE PRECISION X(48).W(48).Y(96).Z(96) 

X(l) - .01627674484960296957900 

X(2) - .04881298513604973111200 

X(3) - .08129749546442555899400 

X(4) - .11369585011066592091100 

X(5) - .14597371465489694198900 

X(6) - .17809688236761860275900 

X(7) - .21103131046056720360300 

X(8) - .24174315616384001232800 

X(9) - .27319881259104914148700 

X(lO) - .30436494435449635302400 

X(ll) - .33520852289262542261600 

X(l2) - .36569686147231363503100 

X(l3) - .39579764982890860328500 

X(l4) - .42547898840730054536500 

X(15) - .45470942216774300863600 

X(l6) - .48345797392059635976800 

X(17) - .51169417715466767358600 

X(l8) - .53938810832435743622700 

X(19) - .56651041856139716840400 

X(20) - .59303236477757208068400 
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X(21) - .61892584012546857038600 

X(22) - .64416340378496710679800 

X(23) - .66871831004391615395300 

X(24) - .69256453664217156134400 

X(25) - .71567681234896762622500 

X(26) - .73803064374440013285100 

X(27) - .75960234117664749870300 

X(28) - .78036904386743321760400 

X(29) - .80030874413914081722900 

X(30) - .81940031073793167553900 

X(31) - .83762351122818712149400 

X(32) - .85495903343460145546300 

X(33) - .87138850590929650287400 

X(34) - .88689451740242041605700 

X(35) - .90146063531585234131900 

X(36) - .91507142312089807420600 

X(37) - .92771245672230869096500 

X(38) - .93937033975275521693200 

X(39) - .95003271778443763575600 

X(40) - .95968829144874253930000 

X(41) - .96832682846326421217400 

X(42) - .97593917458513646645300 

X(43) - .98251726356301467744700 

X(44) - .98805412632962379948100 

X(45) - .99254390032376262457200 

X(46) - .99598184298720929065000 

X(47) - .99836437586318167772400 

X(48) - .99968950388323076682800 

W(l) - .03255061449236316624200 

W(2) - .03251611871386883598700 

W(3) - .03244716371406426936400 

W(4) - .03234382256857592842900 
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W(5) - .03220620479403025066900 

W(6) - .03203445623199266321800 

W(7) - .03182875889441100653500 

W(8) - .03158933077072716855800 

W(9) - .03131642559686135581300 

W(lO) - .03101033258631383742300 

W(ll) - .03067137612366914901400 

W(l2) - .03029991542082759379400 

W(l3) - .02989634413632838598400 

W(l4) - .02946108995816790597000 

W(l5) - .02899461415055523654300 

W(l6) - .02849741106508538564600 

W(l7) - .02797000761684833444000 

W(18) - .02741296272602924282300 

W(19) - .026826866725591762198DO 

W(20) - .026212340735672413913DO 

W(21) - .02557003600534936149900 

W(22) - .024900633222483610288DO 

W(23) - .024204841792364691282DO 

W(24) - .023483399085926219842DO 

W(25) - .02273706965832937400100 

W(26) - .021966644438744349195DO 

W(27) - .021172939892191298988DO 

W(28) - .020356797154333324595DO 

W(29) - .01951908114014502241000 

W(30) - .01866067962741146738500 

W(3l) - .017782502316045260838DO 

W(32) - .01688547986424517245000 

W(33) - .01597056290256229138100 

W(34) - .01503872102699493800600 

W(35) - .01409094177231486091600 

W(36) - .01312822956696157263700 
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W(37) - .01215160467108831963500 

W(38) - .01116210209983849859100 

W(39) - .01016077053500841575800 

W(40) - .00914867123078338663300 

W(41) - .00812687692569875921700 

W(42) - .00709647079115386526900 

W(43) - .00605854550423596168300 

W(44) - .00501420274292751769300 

W(45) - .00396455433844468667400 

W(46) - .00291073181793494640800 

W(47) - .00185396078894692173200 

W(48) - .00079679206555201242900 

00 10 J - 1.48 

Y(J) - .500*(X(J)+ 1.00) 

Y(48+J) - .500*(-X(J)+1.00) 

Z(J) - PI*(X(J)+ 1.00) 

Z(48+J) - PI*(-X(J)+1.00) 

10 CONTINUE 

RETURN 
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APPENDIX R 

EXAMPLE OF USING DDISVAR 

This example calculates the dispersivity and dispersion tensors at 

dimensionless time tp. - 100 when the mean velocity vector is parallel to 

the principal coordinate Xl in an isotropic medium. 

I. Input file DDISV AR.DA T: 

2 0 20 4 6 6 I I I LOD-4 

0.0 90.0 0 0.5 1.0 1.0 1.0 

0.05 0.005 0.005 0.5 0.02 0.02 2.001 1.0EI 

2. Output file DDISVARl.OUT: 

EFFECTIVE PECLET NUMBER. PE.... ...... ..... - . IOOOOE+02 

LOCAL LONGITUDINAL DISPERSIVITY.DLl.- 5.00000E-02 

i.OCAL TRANSVERSE DISPERSIVITY.DL2... - 5.00000E-03 

LOCAL TRANSVERSE DISPERSIVITY.DL3 ... - 5.00000E-03 

EFFECTIVE LONG I. DISPERSIVITY.DFl ....... - 5.00000E-Ol 

EFFECTIVE TRANS. DISPERSIVITY.DF2.... ... - 2.00000E-02 

EFFECTIVE TRANS. DISPERSIVITY.DF3.... ... - 2.00000E-02 

LOCAL PELET NUMBER. PEL ..................... lIE 2.00000E+OI 

VARIANCE OF LOG-CONDUCTIVITY .......... - 5.00000E-OI 

ANGLE BETWEEN VELOCITY AND Xl.. ...... - O.ooOOOE+OO 

ANGLE BETWEEN VELOCITY AND X2 ........ - 9.00000E+OI 

ANGLE BETWEEN VELOCITY AND X3 ........ - 9.00000E+OI 

RANGE OF SEMIVARIOGRAM ALONG XI - 1.00000E+00 

RANGE OF SEMIVARIOGRAM ALONG X2 - 1.00000E+00 

RANGE OF SEMIVARIOGRAM ALONG X3 - 1.OOOOOE+00 

RANGE PARALLEL TO VELOCITY ............ - l.OOOOOE+OO 
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VELOCITY VEcrOR- 1.OOOOOE+OO O.OOOOOE+OO O.OOOOOE+OO 

LAMBDA VEcrOR. - 1.OOOOOE+OO 1.OOOOOE+OO 1.OOOOOE+OO 

Q VEcrOR ..••.•.•...•• - 1.OOOOOE+OO 5.00000E+OO 5.00000E+00 

BET A TENSOR ....•.. - 1.OOOOOE+OO O.OOOOOE+OO O.OOOOOE+OO 

O.OOOOOE+OO 1.OOOOOE+OO O.OOOOOE+OO 

O.OOOOOE+OO O.OOOOOE+OO 1.OOOOOE+OO 

BETA*cr*-2*BETA- 1.OOOOOE+OO O.OOOOOE+OO O.OOOOOE+OO 

O.OOOOOE+OO 4.00000E-02 O.OOOOOE+OO 

O.OOOOOE+OO O.OOOOOE+OO 4.00000E-02 

GAUSS WEIGHTS. - 20 

3. Output file DDISV AR2.0UT: 

DIMENSIONLESS TIME - 1.OOOOOE+02 

DISPERSIVITIES( 11.22.33.12.23.31) 

.51589E+OO • 34572E-02 .34369E-02 

.24783E-19 -.15618E-18 -.37122E-22 

DIMENSIONLESS DISPERSIVITIES 

.1 0318E+0 1 .69 1 44E-02 .68738E-02 

.49566E-19 -.31236E-18 -.74244E-22 

EIGENVALUES 0.2.3) 

.51589E+OO • 34572E-02 . 34369E-02 

DIMENSIONLESS EIGENVALUES 0.2.3) 

.10318E+Ol .69144E-02 .68738E-02 

CORRESPONDING EIGENVECTORS(I.2.3) 

. 1 OOOOE+O 1 .48363E-19 -.72440E-22 

-.48363E-19 . 1 OOOOE+O 1 -.76937E-14 

. 72440E-22 .76937E-14 . 1 OOOOE+O 1 

DISPERSION COEFFICIENTS 

.56589E-Ol . 84572E-03 .84369E-03 

.24783E-20 -.15618E-19 -.37122E-23 

-------------------- ---------------------
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-------

DIMENSIONLESS DISPERSION COEFFICIENTS 

.11318E+Ol .16914E-Ol . 1 6874E-O 1 

.49566E-19 -.31236E-18 -.74244E-22 

DIMENSIONLESS EIGENVALUES (1.2.3) 

.11318E+Ol .16914E-Ol . 1 6874E-O 1 

CORRESPONDING EIGENVECTORS (1.2.3) 

.1OOOOE+Ol .44459E-19 -.66592E-22 

-.44459E-19 .1OOOOE+Ol -.76937E-14 

.66592E-22 .76937E-14 .1OOOOE+Ol 

209 



210 

LEST OF REFERENCES 

Ababou. R.. L. W. Oelhar. and D. McLaughlin. 1988. Three-dimensional flow in 
random media. Parsons Laboratory Technical Report No. 318. 
Massachusetts. 2 vols .• PP. 883. 

Ababou. R. and L. W. Oelhar. 1990. Self-similar randomness and spectral 
conditioning: analysis of scale effects in subsurface hydrology in 
Dynamics 0/ Fluids in Hierarchical Porous Media. ed. J. H. Cushman. 
Academic Press. 

Abramowitz. M. and I. A. Stegun. 1964. Handbook 0/ Mathematical Functions with 
Formulas, Graphs, and. Mathematical Tables. National Bureau of 
Standards. Washington. D.C .• pp. 1046. 

Anderson. M. J .• 1979. Modelling of groundwater flow systems as they relate to 
the movement of contaminants. C.R.C. Crit. Rev. Environ. Control. 9. 
97-156. 

Arya. A .• T. A. Hewett. R. Larson. and L. W. Lake. 1985. Dispersion and 
reservoir heterogeneity. Society 0/ Petroleum Engineers. SPE14364. 
Presented at the 60th Annual Technical Conference of the Society of 
Petroleum Engineers. Las Vegas. Nevada, Sept. 22-25. 

Arya, A.. 1986. Dispersion and reservoir heterogeneity. PhD dissertation. U. of 
Texas. Austin. 

Arya. A .• T. A. Hewett. R. O. Larson. and L. W. Lake. 1988. Dispersion and 
reservoir heterogeneity. SPE Reservoir Engineering. 3(1). 139-148. 

Barry. D. A .. J. Coves. and O. Sposito. 1988. On the Dagan model of solute 
transport in groundwater: Application to the Borden site. Water Resour. 
Res .• 24(10). 1805-1817. 

Bear. J .• 1961. Some experiments in dispersion. J. Geophys. Res .• 66. 2455-2467. 

Bear. J .• 1972. Dynamics 0/ Fluids in Porous Media. Dover. New Youk. pp. 764. 

Bear. J .• 1979. Hydraulics 0/ Groundwater. McGraw-Hill. New York. pp. 569. 

Bear. J. and A. Verruijt. 1987. Modeling Groundwater Flow and Pollution. D. 
Reidel Publishing Co .• Dordrecht. pp. 414. 

Buyevich. Yu. A .• A. J. Leonov. and V. M. Safrai. 1969. Variations in filtration 
velocity due to random large-scale fluctuations of porosity. J. Fluid 
Mech .• 37. 371-381. 

Byers. E. and D. B. Stephens. 1983. Statistical and stochastic analysis of hydraulic 
conductivity and particle size in a fluvial sand. Soil Sci Soc. Am. l .. 



211 

47. 1072-1081. 

Cushman. J. H .• 1987. Development of stochastic partial differential equations for 
subsurface hydrology. Stochastic Hydrology anti Hydraulics. 1(4). 
241-262. 

Dagan. G .• 1982. Stochastic modeling of groundwater flow by unconditional and 
conditional probabilities: 2. The solute transport. Water Resour. Res .• 
18. 835-848. 

Dagan. G .• 1984. Solute transport in heterogeneous porous formation. J. Fluid 
Mech .• 145. 151-177. 

Dagan. G .• 1986. Statistical theory of groundwater flow and transport: pore to 
laboratory. laboratory to formation. and formation to regional scale. 
Water Resour. Res .• 22(9). 120S-134S. 

Dagan. G.. 1987. Theory of solute transport by groundwater. Ann. Rev. Fluid 
Mech .• 19. 183-215. 

Dagan. G.. 1988. Time-dependent macrodispersion for solute transport in 
anisotropic heterogeneous aquifers. Water Resour. Res .• 24(9). 1491-1500. 

Dagan. G .• 1989. Comment on "A Note on the Recent Natural Gradient Test at 
the Borden Site" by R.L. Naff. T.-C. Jim Yeh and M.W. Kemblowski. 
Water Resour. Res .• 25(2). 2521-2522. 

Derrick. W.R.. 1984. Complex Analysis and Application. second edition. 
Wadsworth. Inc .• pp. 604. 

Dieulin. A .• G .• Matheron. G. de Marsily. and B. Beaudoin. 1981. Time 
dependence of an "equivalent dispersion coefficient" for transport in 
porous media, in Proceedings, Euromech Symposium. A. A. Balkema. 
Rotterdam. The Netherlands. 

Fick. A .• 1855. On liquid diffusion. Phi/os. Mag .• 4(10). 30-39. 

Freeze. R. A. and J. A. Cherry. 1979. Groundwater. Prentice-Hall. 

Freyberg. D. L.. 1986. A natural gradient experiment of solute transport in a 
sand aquifer: 2. Spatial moments and the advection and dispersion of 
nonreactive tracers. Water Resour. Res .• 22. 2031-2046. 

Fried. J. J .• 1975. Groundwater pollution. Elsevier Science. New York. pp. 330. 

Gardner. W.R.. 1958. Some steady state solutions of the unsaturated moisture 
flow equation with application to evaporation from a water table. Soil 
Sci .• 85. 288-232. 

Gelhar. L. W .• A. L. Gutjahr. and R. L. Naff. 1979. Stochastic analysis of 

--------------------_. --------------------



212 

macrodispersion in a stratified aquifer. Water Resour. Res.. IS. 
1387-1397. 

Gelhar. L. W. and C. L. Axness. 1983. Three-dimensional stochastic analysis of 
macrodispersion in aquifers. Water Resour. Res .• 19(1). 161-180. 

Gelhar. L. W .• A. Mantoglou. C. Welty. and K. R. Rehfeldt. 1985. A review of 
field-scale physical solute transport processes in saturated and 
unsaturated porous media. EPRI EA-4190. Project 2485-5. 

Gelhar. L. W .• 1986. Stochastic subsurface hydrology from theory to application. 
Water Resour. Res .• 22(9). 135S-145S. 

Gelhar. L.W.. 1987. Stochastic analysis of solute transport in saturated and 
unsaturated porous media. in Advances in Transport Phenomena in 
Porous Media. ed. J. Bear and M. Y. Corapcioglu. Martinus Nijhoff 
Publishers. Dordrecht. NATO ASI Series. 657-700. 

Gradshteyn. I. S. and I. M. Ryzhik. 1980. Table oj Integral. Series. and 
Products. Academic. pp. 1160. 

Graham. W. and D. McLaughlin. 1989a. Stochastic analysis of nonstationary 
subsurface solute transport: I. Unconditional moments. Water Resour. 
Res .• 25(2). 215-232. 

Graham. W. and D. McLaughlin. I 989b. Stochastic analysis of nonstationary 
subsurface solute transport: 2. Conditional moments. Water Resour. Res .. 
25(11). 2331-2356. 

Greenholtz. D. E.. T.-C. Yeh. M. S. B. Nash. and P. J. Wierenga. 1988. 
Geostatistical analysis of soil hydrologic properties in a field plot. J. 
Contam. Hydr. 3(2-4). 227-250. 

Gupta. V. K.. and R. N. Bhattacharya. 1986. Solute dispersion in 
multidimensional periodic saturated porous media. Water Resour. Res .• 
22(2). 156-164. 

Guven. 0 .• F. J. Molz. and J. G. Melville. 1984. An analysis of dispersion in a 
stratified aquifer. Water Resour. Res .• 20(10). 1337-1354. 

Guven. O. and F. J. Molz. 1986. Deterministic and stochastic analyses of 
dispersion in an unbounded stratified porous medium. Water Resour. 
Res .• 22(1). 1565-1574. 

Hildebrand. F. B.. 1976. Advanced calculus jor application. second edition. 
Prentice-Hall. 

Holden. P. W .• 1986. Pesticides and groundwater quality: Issues and problems in 
jour states. prepared for the Board on Agriculture. National Research 
Council. National Academy Press. 

--------------------- -------



213 

Hufschmied. P.. 1985. Estimation of three-dimensional statistically anisotropic 
hydraulic conductivity field by means of single well pumping tests 
combined with flowmeter measurements. Proc. Int. Symp. Stochastic 
Approach to Subsurface Flow. Int. Assoc. Hydraul. Res .• 
Montvillargenne. 110-116. 

Kitanidis. P. K.. 1988. Prediction by the method of moments of transport in a 
heterogeneous formation. Jour. Hydrology. 102(1-4). 453-473. 

Klotz. D .• K.-P. Seiler. H. Moser. and F. Neumaier. 1980. Dispersion and velocity 
relationship from laboratory and field experiments. J. Hydrol .• 45(3/4). 
169-184. 

Klute. A.. 1986. Methods of soil analysis. Part i-Physical and mineralogical 
methods. 2nd ed. Amer. Soc. of Agron. Inc. and Soil Sci. Soc. of 
Amer.. Inc. Madision. Wisconsin. 

Koch. D. L. and J. F. Brady. 1987. A non-local description of advection-diffusion 
with application to dispersion in porous media. Jour. Fluid Mech .• 180. 
387-403. 

Koch. D. L. and J. F. Brady. 1988. Anomalous diffusion in heterogeneous porous 
media. Phys. Fluids. 31. 965-973. 

Lake. L. W .• 1988. A marriage of geology and reservoir engineering. pp. 177-198 
in Numerical Simulation of Oil Recovery. ed. M.F. Wheeler. Springer
Verlag. New York. 

Lake. L. W .• 1989. Enhanced Oil Recovery. Prentice Hall. Englewood Cliffs. New 
Jersey. 

Lallemand-Barres. A. and P. Peaudecerf. 1978. Recherche des relations entre la 
valeur de la dispersivite macroscopique d'un aquifere. ses autres 
caracteristiques et les conditions de mesure. Bull. du BRGM. 2e Serie. 
Section Ill. no. 4. 

Lawson. D. E. and D. E. Elrick. 1972. A new method for determining and 
interpreting dispersion coefficients in porous media. in Proceeding 
second symposium on fundamentals of Transport Phenomena in Porous 
Media. 753-777. University of Guelhp. Guelph. Ont .. 

Lundgren. T. S •• and Y. B. Pointin. 1976. Turbulent self-diffusion. Phys. Fluids. 
19. 355-358. 

Mackay. D. M .• D. L. Freyberg. P. B. Roberts. and J.A. Cherry. 1986. A natural 
gradient experiment on solute transport in a sand aquifer: 1. Approach 
and overview of plume movement. Water Resour. Res.. 22(13). 
2017-2029. 

Martin. J. M .• 1971. Deplacements miscibles dans des milieux poreux naturels de 

~~~~-------



214 

grande extension. Rev. Inst. Fr. Pet .• 26. 1065-1075. 

Matheron. G .• and G. de Marsily. 1980. Is transport in porous media always 
diffusive? A counter example. Water Resour. Res .• 16(5). 901-917. 

Mercado. A .• 1967. The spreading pattern of injected water in a permeability
stratified aquifer. p. 23. Proc. Int. Assoc. Sci. Hydro!. Symp .• Haifa 
Pub. 72. 

Miller. D. W .• ed .• 1980. Waste disposal effects on ground water. Premier Press. 

Mood. A. M. and F. A. Graybill. 1963. Introduction to the Theory 0/ Statistics. 
McGraw-Hill. New York. 

Naff. R. L.. 1978. A continuum approach to the study and determination of field 
longitudinal dispersion coefficients. Ph.D. dissertation. N. M. Inst. of 
Mining and Techno!.. Socorro. 

Naff. R. L.. T.-C. Jim Yeh. and M. W. Kemblowski. 1988. A note on the recent 
natural gradient tracer test at the Borden site. Water Resour. Res .• 
24(12). 2099-2103. 

Neuman. S. P .• C. L. Winter. and C. M. Newman. 1987. Stochastic theory of 
field-scale Fickian dispersion in anisotropic porous media. Water 
Resour. Res .• 23(3). 453-466. 

Neuman. S. P.. 1987. Stochastic continuum representation of fractured rock 
permeability as an alternative to the REV and Fracture network 
concepts. Proc. 28th U.S. Symp. Rock Mech .• ed. I. W. Farmer. J. J. K. 
Daemen. C. S. Desai. C. E. Glass. and S. P. Neuman. A. A. Balkema. 
Rotterdam. 533-56 I. 

Neuman. S. P. and J. S. Depner. 1988. Use of variable-scale pressure test data to 
estimate the log hydraulic conductivity covariance and dispersivity of 
fractured granites near Oracle. Arizona. Jour. Hydrology. 102(1-4). 
475-501. 

Neuman. S. P.. 1990. Universal scaling of log hydraulic conductivities and 
dispersivities in geologic media. Water Resour. Res .• in press. 

Neuman. S. P .• Y.-K. Zhang. and O. Levin. 1990. Quasilinear analysis. universal 
scaling. and Lagrangian simulation of dispersion in complex geologic 
media in Dynamics 0/ Fluids in Hierarchical Porous Media. ed. J. H. 
Cushman. Academic Press. 

Peaudecerf. G. and J.-P. Sauty. 1978. Application of a mathematical model to the 
characterization of dispersion effects on groundwater quality. Progr. 
Water Technol .• 10. 443-454. 

Peskin. R.L.. 1974. Numerical simulation of Lagrangian turbulent quantities in 



215 

two and three dimensions. in Turbulent Diffusion in Environmental 
Pollution. edt F. N. Frenkiel and R. E. Munn. Academic Press. New 
York. 141-163. 

Phytian. R .• 1975. Dispersion by random fields. Jour. Fluid Mech .• 67. 145-153. 

Pickens. J. F. and G. E. Grisak. 1981. Scale-dependent dispersion in a stratified 
granular aquifer. Water Resour. Res .• 17(4). 1191-1211. 

Pye. V. I.. R. Patrick. and J. Quarles. 1983. Groundwater contamination in the 
United States. Univ. of Pennsylvania Press. 

Rehfeldt. 1988. Prediction of macrodispersivity in heterogeneous aquifers. Ph.D. 
dissertation. Massachusetts Institute of Technology. 

Rinaldo. A.. A. Marani. and A. Bellin. 1989. On mass response functions. Water 
Resour. Res.. 25(7). 1603-16 17. 

Roberts. P. V. and D. M. Mackay (Eds.). 1986. A natural gradient experiment on 
solute transport in a sand aquifer. Tech. Rep. 292. Dept. Civil Engin .• 
Stanford University. Stanford. Calif .. 

Roberts. P. V .• M. N. Goltz. and D. M. Mackay. 1986. A natural gradient 
experiment on solute transport in a sand aquifer. 3. Retardation 
estimates and mass balances for organic solutes. Water Resour. Res .• 
22(13). 2047-2058. 

Rubin. Y .• 1990. Stochastic modeling of macrodispersion in heterogeneous porous 
media. Water Resour. Res .• 26(1). 133-142. 

Salu. Y. and D. Montgomery. 1977. Turbulent diffusion from a quasi-kinematical 
point of view. Physics of Fluids. 20(1). 1-3. 

Scheid. F.. I %8. Numerical analysis. McGraw-Hill. pp. 422. 

Scheidegger. A. E.. 1954. Statistical hydrodynamics in porous media. J. Appl. 
Phys .• 25. 994-1001. 

Silliman. A. E. and E. S. Simpson. 1987. Laboratory evidence of the scale effect 
in solute transport. Water Resour. Res .• 23(8). 1667-1673. 

Sposito. G .• W. A. Jury. and V. K. Gupta. 1986. Fundamental porblems in the 
stochastic convection-dispersion model of solute transport in aquifers 
and field soils. Water Resour. Res .• 22(1). 77-88. 

Sposito. G. and D. A. Barry. 1987. On the Dagan model of solute transport in 
groundwater: Foundational aspects. Water Resour. Res.. 23(10). 
1867-1875. 

Sudicky. E. A. and J. A. Cherry. 1979. Field observations of tracer dispersion 



216 

under natural flow conditions in an unconfined sandy aquifer. Water 
Pollut. Res. Can .• 14. 1-17. 

Sud icky. E. A .• J. A. Cherry. and E. O. Frind. 1983. Migration of contaminants 
in groundwater at a landfill: A case study. 4. A natural gradient 
dispersion test. Jour. Hydrology. 63. 81-108. 

Sud icky. E. A.. 1986. A natural gradient experiment on solute transport in a 
sand aquifer: Spatial variability of hydraulic conductivity and its role 
in the dispersion process. Water Resour. Res .• 22. 2069-2082. 

Taylor. G. I.. 1921. Diffusion by continuous movements. Proc. London Math. 
Soc .• 2(20). 196-214. 

Taylor. G. I.. 1953. Dispersion of soluble matter in solvent flowing slowly 
through a tube. Proc. London. Math. Soc. Ser. A219. 186-203. 

Tompson. A. F. B .• E. G. Vomvoris. and L. W. Gelhar. 1987. Numerical 
simulation of solute transport in randomly heterogeneous porous media: 
Motivation. model development. and application. Lawrence Livermore 
National Laboratory Rep. UCID-2I28I. 114 pp .. 

Vomvoris. E. G .• and L. W. Gelhar. 1986. Stochastic prediction of dispersive 
contaminant transport. U.S. Department of Commerce National 
Technical Information Service. Cooperative Agreement. CR-8IJJ35-0I-2. 

Wheatcraft. S. W. and S. W. Tyler. 1988. An explanation of scale-dependent 
dispersivity in heterogeneous aquifers using concepts of fractal 
geometry. Water Resour. Res .• 24(4). 566-578. 

Winter. C. L.. 1982. Asymptotic properties of mass transport in random porous 
media. Ph.D. dissertation. Univ. of Ariz. Tucson. 

Winter. C. L.. C. M. Newman. and S. P. Neuman. 1984a. A perturbation 
expansion for diffusion in a random velocity field. SIAM J. Appl. 
Math. 44(2). 411-424. 

Winter. C. L.. S. P. Neuman. and C. M. Newman. 1984b. Prediction of far-field 
subsurface radionuclide dispersion coefficients from hydraulic 
conductivity measurements-A multidimensional stochastic theory with 
application to fractured rocks. Rep. NUREGICR-3612. pp. 56. U.S. 
Nucl. Regul. Comm .• Washington. D. C .. 

Yeh. T.-C. J .• L. W. Gelhar and A. L. Gutjahr. 1985a. Stochastic analysis of 
unsaturated flow in heterogeneous soils. I. Statistically isotropic media. 
Water Resour. Res .• 21(4). 447-456. 

Yeh. T.-C. J .• L. W. Gelhar and A. L. Gutjahr. I 985b. Stochastic analysis of 
unsaturated flow in heterogeneous soils. 2. Statistically anisotropic 
media with variable alpha. Water Resour. Res .• 21(4). 457-464. 



217 

Yeh. T.-C. J .• L. W. Gelhar and A. L. Gutjahr. 1985c. Stochastic analysis of 
unsaturated flow in heterogeneous soils. 3. Observations and 
applications. Water Resour. Res .• 21(4). 465-472. 

Yeh. T.-C .• L. W. Gelhar and P. J. Wierenga. 1986. Observations of spatial 
variability of soil-water pressure in a field soil. Soil Sci .• 142(1). 7-12. 

Yeh. T.-C. J .• 1987. Comment on "Modeling of scale-dependent dispersion in 
hydrogelogic systems" by J. F. Pickens and G. E. Grisak. Water 
Resour. Res .• 23(3). 522. 

Yeh. T .-C. J.. 1989. A review of the scale problem and application 01 stochastic 
methods to determine groundwater travel time and path. Technical 
Report No. HWR 89-010. Department of Hydrology and Water 
Resources. University of Arizona. Tucson. Arizona. 


