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ABSTRACT 

It is well known that when the input variables of the 

linear regression model are subject to noise contamination, 

the model parameters can not be estimated uniquely. This, in 

the statistical literature, is referred to as the 

identifiability problem of the errors-in-variables models. 

Further, in linear regression there is an explicit assumption 

of the existence of a single linear relationship. The 

statistical properties of the errors-in-variables models under 

the assumption that the noise variances are either known or 

that they can be estimated are well documented. In many 

situations, however, such information is neither available nor 

obtainable. Although under such circumstances one can not 

obtain a unique vector of parameters, the space, n, of the 

feasible solutions can be computed. Additionally, assumption 

of existence of a single linear relationship may be 

presumptuous as well. A mUlti-equation model similar to the 

simul taneous-equations models of econometrics may be more 

appropriate. 

The goals of this dissertation are the following: (1) To 

present analytical techniques or algorithms to reduce the 

solution space, 0, when any type of prior information, exact 

or relative, is available; (2) The data covariance matrix, ~, 

can be examined to determine whether or not 0 is bounded. If 
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n is not bounded a multi-equation model is more appropriate. 

The methodology for identifying the subsets of variables 

within which linear relations can feasibly exist is presented; 

(3) Ridge regression technique is commonly employed in order 

to reduce the ills caused by collinearity. This is achieved 

by perturbing the diagonal elements of !:. In certain 

situations, applying ridge regression causes some of the 

coefficients to change signs. An analytical technique is 

presented to measure the amount of perturbation required to 

render such variables ineffective. This information can 

assist the analyst in variable selection as well as deciding 

on the appropriate model; (4) For the situations when n is 

bounded, a new weighted regression technique based on the 

computed upper bounds on the noise variances is presented. 

This technique will result in identification of a unique 

estimate of the model parameters. 



CHAPTER 1 

INTRODUCTION 

1.1 Linear Models 

12 

A variable of interest, often referred to as the output 

or the dependent variable, is written as a function of one or 

more other variables commonly referred to as the input or 

independent variables. In a linear model, this function 

takes the form of a simple linear combination. It is unlikely 

that the true relationship among the variables is linear, or 

that all relative variables will be accounted for. However, 

in many instances, such models represent a "close" enough 

approximation of the true system. To account for inadequacies 

in the model, as well as other factors such as measurement 

errors, non-linearities, etc., some stochastic terms are 

usually included in the model. 

The emphasis of this dissertation is on linear regression 

one of the most commonly-used statistical analyses tools. The 

mathematical representation of this static model is, 

y X 13 + € (1.1.1) 

Where Y, the output variable, is a column vector of n 

observations; X is an nx(p-1) matrix of n observations on p-1 

independent columns representing the input variables; € is the 

stochastic term also referred to as the equation error, is an 
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nx1 set of zero-mean, constant variance, independently and 

identically distributed (LLd.), random variables 

uncorrelated with X; and finally, B is a (p-1)x1 vector of 

unknown parameters. Under these assumptions, the least 

squares estimator for B, Bls : 

(1.1.2) 

is computed by minimizing the variance of the residuals, or 

equivalently, minimizing the sum of squared deviations of 

model output from the observed output. 

This estimator, under the stated assumptions, has all the 

desirable statistical properties: it is unbiased, consistent, 

and minimum-variance. If e: is distributed normally, the least 

squares estimator for B is equivalent to the maximum 

likelihood estimator. The properties of this estimator will 

now include asymptotic normality of Bls (consult any standard 

statistics book such as Graybill, 1976). It should be noted 

that while X is assumed to be a matrix of constants, i.e. non

stochastic, Y can be assumed stochastic. In other words, even 

if there are errors of measurement in Y, or more generally, if 

the observed values of Yare noisy, the least squares 

estimator will retain its properties. Noise in the input 

variables, however, is considerably more troublesome. In the 

statistical literature, models which consider noise in the 
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input variables are commonly referred to as the errors-in

variables (EIV) models. It can be shown that in the presence 

of noise in the input variables (Johnston, 1972, for example) , 

the least squares estimator is biased and inconsistent. A 

further complication is multi-collinearity (or simply 

collinearity), which implies the existence of excessive 

correlation among the input variables. The standard 

regression models (and of course, the EIV models) inherently 

assume the existence of a single linear relationship. These 

models will, therefore, be referred to as the single-equation 

models. 

A common multi-equation analysis technique in 

econometrics is the simultaneous equation model (SEM). In 

this model, the relationship between a group of output 

(endogenous) variables and a group of input (exogenous) 

variables is examined. In some of the equations, the roles of 

endogenous and exogenous variables are switched. The noise 

structure is commonly of the equation-error type. This is 

equivalent to assuming that the endogenous variables are the 

only variables which are allowed to be noise contaminated. 

All of the unknown parameters of these models are estimated 

simultaneously. Due to the assumed error structure and the 

fact that some input and output variables can switch roles, 

situations arise when the errors and the input variables in 

some equations become correlated. This rules out the OLS as 
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Other techniques such as the two-stage or 

three-stage least squares (see, for example, Johnston, 1972) 

must be used instead. Researchers such as Hsiao (1976) or 

Geraci (1976) have further extended the analysis to include 

cases when all the variables are subject to noise 

contamination. 

The common element in parameter estimation for the SEM, 

however, is that in order to obtain unique estimates, the 

analyst is restricted to choose the subsets of variables to be 

linearly related. There have been no analytical techniques to 

actually determine which subsets of variables can feasibly be 

linearly related. This specific situation will be addressed 

in this dissertation as well. 

In a series of papers, Kalman (1982a, 1982b, 1983) 

criticized the statistical treatment of the EIV models. His 

criticisms were that (1) Just because a unique estimate of the 

vector parameters cannot be estimated, the model should not 

necessarily be deemed unidentifiable. A solution space can be 

identified which is more reflective of the uncertain nature of 

the problem: (2) within a given data set, one should not 

automatically assume that there is only one linear 

relationship. 

Later, Kalman (1984) showed some similarities between his 

system theoretic approach which was also referred to as the 

noisy realization theory, to ridge regression and SEM. 
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This work is basically concerned with the methodological 

issues related to model identification and parameter 

estimation of linear models when all or some of the noise 

variables are subject to noise contamination. 

1.2 Goals of This Research 

As presented in the previous section, in linear models 

when more than one variable is considered noisy, the 

tradi tional model identification and parameter estimation 

techniques are unreliable. This is true, of course, when 

there is no mechanism through which the noise variances can be 

obtained. If the noise variances are known, the EIV models 

are statistically tractable (Fuller, 1987, for example). The 

noise variances can be assumed to be either known or 

estimated. Some of the noise variance estimation techniques 

will be discussed in the next chapter. 

The question remaining is this: How does one deal with 

situations when the noise variances are unknown or that they 

cannot be estimated? In addition, how would one take relative 

information such as lower or upper bounds into consideration? 

The question of deciding on the appropriateness of the single

equation as opposed to the multi-equation models needs to be 

resolved as well. All of these issues will be addressed in 

this dissertation. 

resolved: 

In summary, the following issues are 
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I. utilization of prior information about noise variances. 

It is well known that if noise contaminates the input 

variables, it is not possible to estimate the parameters 

uniquely unless sufficient prior information about the noise 

variances is available. Up to now, this information has been 

assumed to be in one of the following forms: exact knowledge 

of the noise variances; exact knowledge of the noise variance 

ratios; or that all the noise variances are assumed equal. 

Such precise information may not be available, obtainable, or 

supportable. 

When such information is unavailable, it is possible to 

compute the mathematically feasible region within which the 

"true" parameters must lie. This region, 0, however, may be 

too large to be of any practical use. Utilization of any 

available prior information about the noise variances to 

reduce the size of this region is one of the goals of this 

dissertation. Patefield (1981) has produced an algorithm to 

accomplish this when some information about the ratio of noise 

variances is available. Kher (1985) and Kher and Sorooshian 

(1987, 1988) have presented a mathematical programming 

formulation to update 0 when prior information in the form of 

upper bounds on noise variances is available. In Chapter 3, 

algorithms are presented to update n for the parameters when 

information in any of these forms is available: 

1) Some noise variances are known apriori; 
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2) Lower bounds on one or more of the noise variances are 
known; 

3) Some of the noise variances are equal to one another; 
4) The ratios of some noise variances are known; 
5) Upper bounds on one or more of the noise variances are 

known. 

II. compute the maximum number of linear relationships and 

identify the groups of variables which can feasibly be 

related. 

Kalman (1982a, b) has shown that if the data covariance 

matrix, ~, is inverse positive (~'1 has all positive elements) , 

then one and only one linear relationship can be identified. 

Some new sufficient conditions for ~ to be inverse positive 

are presented first. Then, in situations when ~ is not 

inverse positive, the need for employing a multi-equation 

model is clear. This situ~tion is very similar to the SEM 

except that the presented methodology brings objectivity to 

the analysis by providing the mathematical foundation to 

identify the groups of variables within which linear relations 

could exist. In econometrics, the analyst must choose these 

relationships in order to ensure identifiability (unique 

estimates for the parameters). 

III. Relationship of NVM to ridge regression. 

As an extension of Kalman's work in 1984, the 

relationship of NVM to ridge regression is explored. In 

presence of collinearity, it is known that the OLS estimates 

------------------ -._-_.- .......... --
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are quite sensitive, have excessive variances, and some may 

even have signs that are contrary to theoretical expectations. 

To overcome this problem, the ridge-regression technique of 

Hoerl and Kennard (1970) has shown significant promise. This 

technique is based on "strengthening" the diagonal elements of 

the covariance matrix by adding a fixed, positive constant, 

say, k, to those elements. When collinearity is excessive, 

the covariance matrix of the input variables will be nearly 

singular. Adding this constant to the diagonal alleviates the 

problem by shifting the eigenvalues of the input covariance 

matrix away from zero. The OLS estimates obtained by this new 

covariance matrix will be much less sensitive and will have 

their variances significantly reduced while becoming only 

slightly biased. other techniques such as the principal 

components and factor analysis (see, for example, Mardia, et

aI, 1979, for a general treatment of these topics) are also 

common means of dealing with situations when the covariance 

matrix is nearly singular, or when relationships between 

subsets of variables are to be examined. In this 

dissertation, ridge regression is the only technique under 

scrutiny in order to extend the findings of Kalman (1984). 

As mentioned in the previous section, when ~ is inverse 

positive, a single-equation model is appropriate. There are 

situations, however (see Kalman, 1984, p. 120), where ~ is 

inverse-positive but only nearly so. When some positive 
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scalar, say, k is added to the diagonals (of the input 

variables only to stay consistent with the ridge regression 

methodology), this matrix becomes non inverse-positive, and 

some of the coefficients actually change signs. For this 

specific situation, an analytical technique is devised to 

measure exactly how close such variables are to being 

ineffective. This should not only help the modeler in 

deciding between the single-equation and multi-equation model, 

it should also prove useful in the variable selection process. 

IV. Weighted regression to compute unique parameter estimates. 

Finally, based on the model assumptions, it is possible 

to compute the upper-bounds on the noise variances. Tinter 

(1940) has devised a methodology to estimate the noise 

variances for time series data. Based on these estimates, 

Tinter (1952) advocated the use of a weighted regression 

technique to compute a unique vector of parameter estimates. 

A new weighted regression procedure based on these computed 

upper bounds on the noise variances will be presented. This 

new technique does not suffer from some of the drawbacks of 

Tinter's method. Some of these drawbacks include time series 

data requirement and the fact that Tinter's noise variances 

estimates can be infeasible. 

In summary, the goals of this research are to extend the 

model identification and parameter estimation techniques in 
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linear, static, noise-in-variables systems. In most 

situations, rather than computing point estimates, a range for 

each of the model coefficients is estimated. This is the 

reason why such models are not very conducive to statistical 

analysis. Such analyses, however, can be extended to the 

weighted regression estimates (see, for example, Malinvaud, 

1980, Chapter 10, and Fuller, 1987). 

A complete set of algorithms to reduce this range based 

on any prior information about the noise variances is 

presented. As far as model identification is concerned, a 

choice between single-equation and multi-equation models must 

be made. The data covariance matrix, ~, is first examined to 

determine the appropriate model. If ~ is inverse positive, 

then the single equation model will be employed. Ridge 

regression type techniques will then be used to assess how 

close ~ is to being not inverse positive. A range for the 

parameters can then be estimated. Barring problems with 

collinearity, a new weighted regression type estimator will be 

presented to produce a unique vector of parameters. 

When ~ is not inverse positive, the multi-equation 

systems are appropriate. Methodology for identifying subsets 

of variables which can feasibly be linearly related is clearly 

defined. 

1.3 Organization of this Work 
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A brief overview of what has been done and what is to be 

presented in this dissertation has already been presented. 

Chapter 2 deals with the review of the relevant 

literature. Both linear regression, and error-in-variables 

models and the statistical ramifications for the OLS estimator 

are discussed for cases ~f fixed and stochastic input 

variables. Kalman's noisy realization theory and methods of 

obtaining the parameter bounds as well as Kher and 

Sorooshian's extensions are considered in some detail. 

Chapter 3 is concerned with the development of algorithms 

to update the feasible solution bounds in light of any type of 

prior information about the noise variances. A method of 

computing the corank (the maximum number of linear 

relationships within the data) of the true noise covariance 

matrix is developed. A brief discussion on the theory of 

positive matrices and some sufficient conditions for ~ to be 

inverse posi ti ve are also presented. Examples have been 

provided to illustrate the methodology and to compare the 

techniques presented here to the approaches found in the 

literature. 

Chapter 4 investigates some of the very interesting 

relationships between the noise-in-variables models, SEM, and 

ridge regression. A new weighted regression technique to 

compute a unique vector of parameters when all or some 

variables are considered noisy, is also presented. The 
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methods described in this chapter should be viewed as model 

identification as well as parameter estimation techniques. An 

example to study the summer water use in different apartment 

complexes in Tucson, Arizona, utilizing the weighted 

regression technique and other techniques presented in this 

chapter, will be presented as well. 

Finally, conclusions and some suggestions for future 

research are presented in Chapter 5. 
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CHAPTER 2 

REVIEW AND LITERATURE SURVEY 

Parameter estimation in static linear systems when all 

variables are subject to noise has a very long and rich 

history. In order to expose the subj ect concisely, the 

simpler case of linear regression is studied first and later 

the implications of adding noise to all variables instead of 

just one, is explored. 

2.1 Linear Regression 

The material in this section can be found in any standard 

regression analysis, econometrics, or linear models text books 

such as Johnston (1972, Chapters 2, 5, and 9), Hald (1952), 

Draper and smith (1981), and Graybill (1976, Chapters 6 and 

10). In essence, it is assumed that a linear (in parameters) 

relationship between a set of k-1 input variables X" ••• , Xk_, 

and an output, or dependent variable Y, and a disturbance or 

stochastic term € exists in the following manner, 

Y = X B + € (2.1.1) 

Here, Y and € are nX1, X is nx(k-1), and B is kX1. The 

k-1 input variables comprising the columns of X are referred 

to as independent, explanatory, or exogenous variables as 

well. The vectors Band € are unknown. 

----- ~------- -~---.- -------_._---------_ .. --.. -
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Several assumptions must be made prior to proposing a 

practical estimation technique. Two separate situations 

regarding the independent variables are studied. Both 

situations make the following assumptions: 

E (€) o (2.1. 2a) 

and 

E ( € € ') = 0
2 In' (2.1.2b) 

where In is an identity matrix of size n. The first 

assumption states that the noise component has zero 

expectation, and the second implies that the noise sequence is 

pairwise uncorrelated with constant variance 0 2 • This latter 

condition is referred to as homoscedasticity. 

The matrix X is assumed to be either constant or 

stochastic. In standard linear regression analysis X is 

assumed to be a matrix of constants. The ordinary least

squares estimate of the model parameters: 

(2.1.3) 

under the assumptions stated in (2.1. 2), is unbiased and 

possesses the smallest variance within the class of unbiased 

estimators of B. In other words: 
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and 

var(Bls ) ~ var(B") 

where B" is any other unbiased estimator for B. Further, it 

can be shown that: 

An unbiased estimator for the noise variance, a2 , is: 

e I e/ (n-k) (2.1.5) 

where, 

e = Y - XB ls (2.1.6) 

In order to construct a statistical hypothesis test and 

confidence bounds on the parameters and/or predicted values, 

some distributional assumptions on € must be made. Normal (or 

Gaussian) density is the most common distribution assumed. 

The reason is that it is symmetric, and a sequence of 

uncorrelated random variables is independent if and only if 

they are distributed normally. Further, if all else fails, 

one can always fall back on the Central Limit Theorem and 

state that the tests are "approximate". 
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Let us assume that ~ is distributed normally, with zero 

mean and a diagonal covariance matrix t.,i th a2 on the diagonal, 

Under this assumption, it can be shown that Bls will be 

distributed as: 

and that Bls is distributed independently of e'e. Confidence 

intervals and test of hypothesis can now be constructed 

easily. The normality of € has another desirable property: 

the maximum likelihood estimator for B and the least-squares 

estimator for B are the same. 

In many practical situations, however, the assumption 

that the columns of X are some distribution-free constants is 

too strong and may be replaced by a less stringent assumption 

that X is stochastic. Most of the analytical results which 

apply~o the case of constant X, however, will remain valid 

under some further assumptions. These new assumptions state 

that the distribution of the vectors of X must not involve the 

parameters B or a, and must be independent of each other and 

of ~ (Johnston 1972, Chapters 2 and 9; Graybill 1976, Chapter 

10). In addition, the properties of the estimators in the 
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last section do not depend on the sample size. Here, however, 

many of the results will hold only asymptotically (as the 

sample size, n approaches infinity). 

To extend the properties, one of two approaches can be 

followed. One is to assume that, regardless of how the XIS are 

distributed, distributional assumptions on Y remain the same 

conditioned on the observed values of X. All tests, etc., now 

remain conditionally valid. Another approach is to assume 

that the columns of X and Y represent realizations of random 

variables which are jointly distributed with a certain density 

independent of the parameters Band a. This joint density is 

commonly assumed normal for mathematical tractability. For 

the case of Y and X having a joint normal density, with the 

stated assumption that this density is independent of B and a, 

it can be shown that the least squares estimate (2.1.1.1.2) is 

best in the statistical sense. The usual tests follow in the 

same manner. 

The OLS estimator is, therefore, appropriate in both 

cases of fixed X and stochastic X when the above stated 

assumptions hold. Binkley and Abbott (1987), however, 

emphasize the pitfalls of making such assumptions incorrectly. 

This is particularly, true in the econometric setting, where 

the regressors (X matrix) can hardly ever be assumed fixed. 

For the distribution-free case (when the joint density of 

X and Y is not known), very little can be inferred 
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statistically. Some relationships for the linear case have 

been discussed in Graybill (1976, section 10.4). 

2.2 Noise-in-Variable Models 

Noise-in-Variables model (NVM) is the advoca ted 

terminology by Kalman and Kher (1985) over the more 

traditional name of error-in-variables model. The reason for 

this is that noise is a more encompassing measure of the 

uncertainty than error. In some of the older literature, 

analysis of such models is referred to as confluence analysis 

after Frisch (1934). In the regression case, whether X were 

considered stochastic or not, the assumption is that no noise 

contaminates the input variables. As will be seen shortly, 

this assumption is essential in order for the analyst to 

compute a unique estimate for the parameters B and for its 

least-squares estimator to have all the desirable statistical 

properties. When the input variables are subject to noise 

contamination, it can be shown (see e.g. Davies and Hutton, 

1975 or Johnston, 1972, section 9.4) that the least squares 

estimator is neither unbiased nor consistent. All is not 

lost, however, when some or all input variables are subject to 

noise contamination. To illustrate, let the observed data 

matrix be: 

1\ 

X X + X (2.2.1) 
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A 

where X represents the true unobservable values, and X 
A 

represents the unobservable noise contaminating X. Assume 
A 

that a true relationship between X, and Y exists in the usual 

manner of: 

A 

Y = XB + € X B + (€ - XB). (2.2.2) 

NOw, if the least-squares estimate of B in (2.2.2) is 

computed, we will have 

B ls = (XIX)-' Xly 

= (XIX)-' XI [ (X - X)B + € 

(XIX)-1 [ XIX B + X' ( € - X B) 

= B + (X' X) -, X, (€ - XS) (2.2.3) 

from which it is clear that for unbiasedness and consistency 

of the estimator, the following is needed: 

plim[ X'(€ - X B)/n] 0, (2.2.4) 

where plim in Johnston's notation implies the following: Let 

bn be an estimator based on a sample of size n. Then plim bn 

= B for some 6>0, implies that 

.. -._------_. ,---_.--.- "~ .. ' 
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1 im Prob { I b" - B I < c5} 1-
n-+oo 

(2.2.4) can be rewritten as: 

plim[X'(E - XB)/n] = plim(x'E/n) - plim(X'X B/n). 

One of the basic assumptions is that the noise vector, E, is 

uncorrelated with the inputs, X. The first term of the RHS of 

the above inequality will, therefore, vanish but the second 

part will not. As X increases, X will certainly increase. 

They are, hence, correlated. write the second part as: 

" ~ 
plim(X'X/n) plim(X'x/n) + plim(X'X/n) 

Again, it is conceivable (actually, always assumed except 

" for the case of Berkson, 1950) that X and X are uncorrelated; 

hence, the only remaining non-zero part is the second term of 

the RHS of the above equation, which is termed ~x' the noise 

covariance matrix. write an expression for the asymptotic 

bias of the least-squares estimator: 

plim (B ls ) - B -plim (X' X/n) ·1. plim (X' X) B. (2.2.5) 

For the two-variable case, the terms in the above equation 

will be scalars and with some simple algebra one can write 
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a 
plim als 

where ax and ax represent the standard deviations of x, the 

true input variable, and x, the input noise variable, 

respectively. The above limit approaches a only when ax = 0, 

which is the standard assumption in least-squares regression. 

Another interesting fact involves the true cross 

correlation coefficient T xy (Brownlee, 1960, pp. 366--367). It 

can be shown that the observed correlation coefficient is 

/\ - 1\ 

[1 + (ax/ax)2][1 + (Gy/Gy )2])1!2 

which impl ies that in presence of measurement noise, the 

observed correlation is always less than the true correlation. 

Even in regression, which assumes that the output-noise 

standard deviation is positive and the input noise variance is 

zero, the correlation coefficient will be greater than when 

both noise variances are assumed positive. 

Much work has been published in this area. The major 

concern is how to produce a unique and consistent estimate for 

B. Most of this work, a comprehensive study of which can be 

found in the book by Fuller (1987), or the survey paper by 
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Anderson (1984). Most of the accomplished work rely on the 

availability prior information about the noise variances. If 

sufficient prior information is available, unique estimates 

can be found. Berkson (1950) advocates a different type of 

error structure (see also Waugh, 1961) which has been the 

cause of some controversy. Wald (1940) introduces a technique 

which advocates "grouping" of the observations in a 

particular manner so as to obtain consistent estimates for B. 

As Moran (1971) and Lindley (1947) point out, the exact 

foundation for this methodology is not clear. 

Hodges and Moore (1972) examine the sensitivity of the 

regression coefficients to each observation and calculate the 

approximate amount of bias in each coefficient under the 

assumption that the noise covariance matrix for the input 

variables will tend to zero as the sample size, n, tends to 

infinity. 

Davies and Hutton (1975) present the methodology of 

examining the seriousness of the bias in the least-squares 

estimator when prior knowledge about the magnitudes of the 

noise variables is available. 

Robertson (1974) develops the large-sample theory for the 

variances, covariances, and the bias under various assumptions 

about the error variances in the structural case. stewart 

(1987) examines the problem of collinearity, producing a 

somewhat different look at measuring the seriousness of high 
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correlation among the input variables as well as examining its 

implications in the errors in the variables models. 

Atchison and silvey (1958) study the feasibility of 

maximum likelihood estimators subject to functional 

constraints, while Schafer (1986) bases his instrumental 

variable approach on the grounds that the measurement errors 

are not too large. 

Hwang (1986) introduces the model where the errors are 

multiplicative instead of additive. A nonparametric approach 

is utilized in order to obtain a consistent estimate of B. 

The cited literature above is not nearly a comprehensive 

review. The majority of these papers rely upon having 

sufficient information about the noise variances so that a 

unique estimate of B can be computed. The statistical 

properties on the estimates and of the model in general can 

subsequently be examined. 

The goal of this dissertation is to study cases where 

sufficient or sufficiently accurate information is not 

available to yield unique estimates. This is done at the cost 

of statistical tractability. 

The traditional work in this area has also been divided 

into two areas: when the "true" input variables are constants 

and the less stringent case of true input variables being 

stochastic. The former is often referred to as the "func-

tional" case and the latter as the "structural" case. In the 
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following sections, some of the underlying principles of these 

models are briefly discussed. 

2.2.1 Functional and structural Relationships 

As before, it is assumed that n observations of k 

variables (n>k) are available among which there exists an 
A 

inherent linear relationship(s). Denote the nxk matrices ~, 

~, and ~ as the nxk matrices of true (unobservable), noise 

(unobservable), and observed values, respectively. The 

relationship between these matrices is: 

A 

Z Z + Z (2.2.1.1) 

It must be noted that, unlike regression analysis, the 

noise-in-variable models do not treat any particular variable 

as the output variable so that all of the variables are 

treated symmetrically. Z, in the notation of the previous 

section, is the concatenation of the vector Y and the matrix 

X: Z = [Yl-X]. Noise and true variables matrices are treated 

similarly. Assuming that: 

E[Z] o and E[Z'Z] = ~, (2.2.1.2) 

where ~ is diagonal with non negative elements on the 
A 

diagonal. Further, assume that Z is not correlated with Z. 
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Diagonal noise covariance matrix, clearly implies that the 

noise variables are uncorrelated with one another as well. 

As far as the true variables are concerned, there are two 
A A 

choices: one is to assume that the vectors (Z" ••• ,Zk)' the 
A 

columns of Z, are fixed, nonstochastic or, in Kendall and 

stuart's (1979) terminology, mathematical. In this case, 

(Z" ••• , Zk) represent the expected values of these fixed 

"parameters" which are contaminated by noise. Alternatively, 
A A 

(Z" ••• 'Zk)' can be treated as random variables (these values 

are assumed to be a sample from a population). The first 

situation (Kendall and stuart, 1979, Chapter 29) is termed the 

"functional" representation, and the latter situation is 

termed "structural". 

In regression analysis, the input variables, the last k-1 

columns of Z, are assumed fixed and error-free. All of the 

statistical inferences are based upon the joint distribution 

of the observed value of the output variable conditioned on 

the value of the fixed input variables. 

The I inear structural and functional problems become 

mathematically equivalent when prior information about the 

noise variances is available (Moran, 1971). See also Madansky 

(1959) for a survey of different approaches to this problem, 

such as using instrumental variables. The asymptotic theory 

for the functional case depends on the assumed distributions 

while in the structural case, the statistical properties must 
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be examined as the sample size approaches infinity. A brief 

discuss both of these problems is done by examining the two 

variable problem first. 

2.2.1.1 Two-Variable FunctionaJ. and structural Relationship 

In the case of fixed variables, the following 

relationship: 

A A 

y ~ + .B x (2.2.1.1.1) 

is assumed to relate the true unobservable and "mathematical" 
A A 

variables y and x. The true variables are contaminated by 

unobservable, zero-mean, L Ld. (independently and identically 

distributed) noise variables. with the additional assumption 

that the noise variables have a Gaussian distribution, x and 

Y will have a joint Gaussian density with respective means of 
A A 

X and y. with the further assumption that the noise variances 

are equal, Anderson (1982) gives the maximum likelihood (ML) 

solution using orthogonal regression. Creasy (1957) gives the 

confidence limits for the slope .B. 

When the noise variances are not necessarily equal, 

Kendall and stuart (1979) provide the likelihood equation. 

They point out, however, that no ML solution for the intercept 

term, ~,exists. Further, they cite Solari (1969) who proves 

that the ML solution for the slope .B is actually a saddle 
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point. consistent estimates can be computed only when some 

prior knowledge of the noise variances such as the ratio of 

the noise variances is available. 

In the absence of prior information, when the role of the 

input and output variables is switched, the regression 

parameters provide the feasible range for the parameters a and 

B. It should be noted that this range bears no probabilistic 

connotation and should not be confused with the confidence 

limits. It merely represents the mathematically feasible 

range for the parameters. 

Computationally, when the true variables are considered 

stochastic, and the assumptions about the noise variables 

remain unchanged, there is little change in the analysis. 

statistically, the properties hold asymptotically. Assume 

that the noise variables y and x are Gaussian, i.i.d., and 

zero-mean with respective standard deviations of ux' and ux' 

It can easily be establish that x and yare jointly normally 

distributed with the further assumption that x is also 
A 

distributed normally with mean ~x and standard deviation ux' 

Following Moran's (1971) development, it is apparent that the 

whole model is specified by the following statistics: 

A 

~x = E[x] 
A 

~y = E [y] = a + B ~x 
A 

var(x) = var(x) + var(x) (2.2.1.1.2) 
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A 

var(y) = B2 var(x) + var(y) 
A 

Gxy = B var (X) 

Sample estimates for the above are computed using the 

following relationships: 

X = l: Xj )/n 
i 

y l: Yj )/n 
i 

S2 
= ( l: (Xj - x)2 )/n (2.2.1.1.3) x j 

S2 
= ( I:: (Yj _ y)2 )/n y 

j 

SXy = ( I:: (xi - x) (Yj - y) )/n 
i 

The difficulty, of course, is that there are only five 

equations for six unknowns of (2.2.1.1.2), namely, a, B, ~x, 
A A 

var(x), and var(y). This problem is often referred to as the 

identifiability problem of the error-in-variable models. 

In the absence of a functional relationship between ~x 

and ~y' x, and yare their respective maximum likelihood 

estimators. without extra information, it is not possible to 

estimate the other parameters uniquely. The common 

assumptions are that one or both of the noise variances are 

known exactly, or at least the ratio of the noise variances is 

known. In such cases, this "non-identifiability" issue can be 

resolved, and maximum-likelihood estimates can easily be 
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obtained (Lindley, 1947~ Wolfowitz, 1954, 1957~ and Neyman, 

1951)0 Mehra (1976) gives a complete statistical analysis of 

this case based on the assumption that the sequence {Xt } is 

serially correlated. Particularly, the autocorrelation at the 

first lag: 

A A 

7", = E[Xj x i +'] ':f 0 

The sample estimate of 7"" 

r, :E Xl· x i +' i 

is used as the "sixth" equation to resolve the identifiability 

problem. 

Scott (1950) gives the consistent estimates of the 

parameters if the normality assumption of the distributions is 

relaxed. 

2.2.1.2 Multivariable Functional and Structural Relationship 
A 

For the functional mUltivariate case, Z is an nxk matrix 
A 

with n>k~2. Z is considered fixed (nonstochastic), and it is 

assumed that m linear relationships exist within the data 

(m<k). The usual regression theory always assumes m=l. For 

simplicity, subtract from each of the variables its mean. 
A 

Doing so will make the intercept term zero. Z is then the 

collection of k zero-mean, unobservable variables. In other 

words: 



41 

'" Z = Z + J1. + Z 

and 

'" 
J1.j = ~ Zij )/n, j = 1, ••. ,k 

j 

Existence of linear relationships within the true 

variables implies that one can find a kxm matrix B such that: 

'" 
~ B = 0 (2.2.1.2.1) 

'" The usual notation of ~, ~, and ~ for the kxk covariance 

matrices of the true, noise, and the observed values is 

continued. The noise variables are, again, assumed to be 

L Ld., uncorrelated with one another, and the true variables. 

Another minor point is that assuming some B satisfying 

(2.2.1.2.1) is found, any constant multiple of it will also 

satisfy the same linear relationship. The common ways of 

handling this indeterminacy problem are either to assume that 

the first row of B is equal to one, the diagonal elements of 

B consist of ones; alternatively, B can be made to have length 

one, i . e., B 'B = I m, where, Im is an mxm identity matrix, 

which implies that there are m independent linear parameter 

vectors of length one. Under this latter condition, and 

assuming that all noise variances are equal (which also 

implies that all variables have to be of the same unit of 

measurement) : 
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(2.2.1.2.2) 

and the log-likelihood function (Patefield, 1981) is: 

~ 

log L = - (1/2)np log2~ - (1/2)np log 0 2 -
~ A A 

0-2 ~ (Zj-JL-Zi) I (Zj-JL-Zj) 
1 

(2.2.1.2.3) 

~ 

The ML estimate of the noise variance, 0 2 , is shown to be 

the average of the m smallest eigenvalues of ~ (the observed 

values are assumed centered about the mean). ML estimates for 

the other parameters follow easily. It should, however, be 

noted that (2.2.1.2.2) is a strong assumption, and because ~ 

is almost always full rank, no clear method of estimating m is 

available. 

For time-series observations, Tinter (1940) provides a 

method of estimating the noise variances called the "variate 

difference method". For the same case, Tinter (1945) presents 

a test statistic for computing m once the noise variances are 

estimated. 

If the noise covariance matrix has an arbitrary structure 

(still positive semi-definite, but not necessarily diagonal), 

replications on the observations will be necessary. The 

likelihood function, as well as a test statistic to compute m, 

are presented in Anderson (1951, 1984). 



43 

For the structural case, the true variables are now 
1\ 

assumed to be stochastic variables. Assuming that Z has been 

corrected for the mean: 

1\ 

E[Z] o. 

The nxp matrix of the true random variables satisfies the 

linear relationship 

1\ 

Z B = 0 (2.2.1.2.4) 

or equivalently, 
1\ 

~ B o (2.2.1.2.5) 

with probability one (Anderson, 1984). The assumption about 

the noise variables being i. i. d., uncorrelated wi th one 

another, and uncorrelated with the true variables still 

remains valid. These assumptions, together with (2.2.1.1) 

will again, yield: 

1\ 

~ = ~ + ~' (2.2.1.2.6) 

where all the covariance matrices are nonnegative definite, 

and ~ is diagonal. 

If all noise variances are assumed equal, Anderson (1984) 

sho\.;rs that the ML estimate of this value would be the average 
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of the m smallest eigenvalues of~. A test statistic for the 
1\ 

value of m, the corank of I:, is also provided (for this 

particular case). 

Klepper and Leamer (1984) have also examined this problem 

in detail. For the general case of combined functional and 

structural models (ultra structural), see Dolby (1976) and 

Fuller's (1987) book, which gives a comprehensive statistical 

analysis of all these models assuming that sUfficient prior 

information is available on the structure and the magnitude of 

the noise variances to yield unique parameter estimates. 

Berkson (1950) introduces a different type of EIV models 

in which the noise variables instead of being independent of 

the true variables, are independent of the observed variables. 

This new model stirred some controversy which was partly 

settled by Lindley (1953). Burr (1988) extends Berkson's work 

to the case of binary regression, while Whittemore and Keller 

(1988) examine approximate solutions of the Berkson error 

models. 

In addition, Kendall and stuart (1976, Ch. 29), Moran 

(1971), Anderson (1976), and the references therein should 

provide the interested reader with ample background in the 

field of "error-in-variables" modeling. 

Again, the common denominator in statistical analysis of 

the EIV models is the assumption that the noise variances can 

be estimated or that they are known apriori. This, and the 
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fact that there is an inherent assumption that a only a single 

linear relationship exists, prompted Kalman to re-examine the 

EIV models in a more system theoretic light. (Actually, as 

will be proven in Chapter 4, if X is noise-free, there can be 

no more than a single linear relationship.) 

2.3 Kalman's Noisy Realization Theory 

In a series of papers, Kalman (1981, 1982a, 1982b, 1983) 

sharply criticized the statistical treatment of noisy linear 

models. He discounts such models and parameter estimation 

techniques as artifacts of modeler's "prejudices" which are 

not necessarily supported by the data. 

Kalman assumes the usual relationships relating the true, 

observed, and noise variables, (2.2.1.1) and their respective 

covariance matrices, (2.2.1.2.6). Assumptions about the noise 

variables must hold so that the noise covariance matrix is 

diagonal. If such is not the case, Kalman (1982a) argues that 

the premise that noise should not be "modelable" is violated. 

All variables are assumed zero-mean for simplicity, and of 
;.. 

course (2.2.1.4.2), ~B = 0, is still valid. All variables, as 

mentioned before, will be treated symmetrically, i. e., no 

explicit distinction between the input and the output 

variables is made. The number of the linear relationships, m, 

which exists among the true variables is not known in advance; 

its value is inferred from the data. 
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The above assumptions and the inferred relationships will 

be sufficient for identification even though unique parameter 

estimation may not be possible. In this sense, Kalman's 

perception of the problem differs from the others. For the 

sake of convenience, the relevant equations will be presented 

again: 

" Z = Z + Z, Observed = True + Noise (2.3.1) 

z = y I -X], matrix of "output" and "inputs" 

" ~B 

" ~ - ~, ~ singular, p.s.d. 

0, B [1 4>]' is kxm 

~~ 0, and diagonal 

(2.3.2) 

(2.3.3) 

(2.3.4) 

The problem is basically to find all feasible (diagonal, 

nonnegative) noise covariance matrices ~, such that (2.3.2) 

" holds. ~ must become singular but remain positive semi-

definite (p.s.d.). One obvious solution is to let the 

diagonal elements of ~ be the smallest eigenvalue, 0min of ~. 

This is equivalent to assuming that all the noise variances 

are equal which is most likely, too stringent an assumption in 

practice. For this particular case, m will be one, and a 

unique estimate of B will be obtained. 

The identification problem is now reduced to a 

mathematical exercise in matrix theory. No prior assumptions 

regarding the explicit magnitudes of the noise variances, or 
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the corank of the true noise covariance matrix, m need be 

made. To illustrate, start with the simplest case. 

2.3.1 Two-Variable Noisy Identification Problem 

Given the observed covariance matrix, ~, Find all ~~O 

such that: 

;::] = [::: 

" and ~ is singular and p.s.d. 

If 0'2 = 0, then no modeling is possible. There is no 

linear relationship between the two variables. For 0'210, the 

" singularity of ~ implies that: 

"" 2 
0" 0 22 - 0'2 = 0 

The solutions to this problem can be represented by a 

hyperbola as depicted in Figure 2.1. 

Every solution within that hyperbola corresponds to a 

solution of the problem. There is a "bijection" in Kalman's 

terminology between the parameter vector, B, and the noise 

covariance matrix, ~. 
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The bounds on ~ are easily computed by setting one noise 

variance to zero and computing ~, and then setting the other 

noise variance to zero and doing the same. 

~ ~ ::;; --, sign(~) (2.3.2) 
0' 11 

This result has been discussed by several authors including 

Kalman (1982a), Kendall and stuart (1976, Ch. 29), and Frisch 

(1937). The interesting aspect of (2.3.2) is that these 

bounds can be obtained by computing the ordinary least-squares 

(OLS) estimate for ~ and then switching the roles of the input 

and the output variables. 

In the absence of any other information about the noise 

variances, (2.3.2) is all that can be inferred about the 

parameter ~. 

Although the corank of ~ in the two variable case will 

always be equal to one, the bounds given in (2.3.2) may be too 

wide to be useful. A point estimate for ~ can be obtained 

only if either one of the noise variances is known "exactly", 

the ratio of the noise variances: 
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Solution ,.. 
0' 12 = BO':Z2 

1 

Figure 2.1. Feasible Solution Set as a Function of ~~ 
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is known, or it is assumed that the noise variances are equal. 

For the case of known noise variance ratios, Lindley (1947) 

analyses the estimation problem in detail. Creasy (1956) 

further examines this same problem and provides the confidence 

limits for l/J. 

2.3.2 Multivariate Noisy Identification 

The earliest work in this area was conducted by Koopmans 

(1937, 1949) and Reiersol (1941). 

Here, we are again trying to come up with analytical 
1\ 

bounds on the true parameter vector B = [1 l/J]' such that LB = 

o. The first row of B is assumed to consist of ones. B is, 

for now, assumed to be a vector, which implies that the corank 
1\ 

of L is equal to one. 
1\ is 

The question of corank of L 
discussed . . 1n the later sect1ons. 

The vectors which comprise the "bounds" for the true 

vectors are referred to as the elementary-regress ion-vectors 

or ERVs. As in the two-variable case, these vectors can be 

found by systematically assigning the "output" variable role 

to the different variates and computing the OLS estimates. In 

other words, regress the ith variable against the remaining k-

1 variates for i=1, •.. ,k. This is equivalent to assuming that 

only the ith variate is noisy and the rest noise-free. Let Li 

= diag(O, ••• O ,U i , O, ..• ,O}, for Ui >0. The ith ERV, b i , is 

found by solving: 
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(2.3.2.1) 

For i=l, b' is the OLS regression point estimate (after 

normalization) • 

Kalman (1982a), Patefield (1981), and Malinvaud (1980) 

have shown that these vectors are actually the columns of ~-, 

after dividing every row by the first row. This will make the 

first row of every column equal to one. (This is referred to 

as "normalizing" ~-'.) This matrix will be referred to as the 

matrix of the ERVs. 

Some very important results in this area are as follows: 

(1) If I; is inverse positive, i.e., if all elements of ~-1 are 
"-

positive, then Kalman (1982a) shows that the corank of ~, mt 

is equal to one (this is equivalent to every element of any 

particular row of the ERVs matrix having the same sign). This 

has been shown by Koopmans (1937) as well. Kalman's proof 

relies on the well-known Perron-Frobenious theorem (see e.g. 

Gantmacher, 1959) and the properties of symmetric positive 

semi-definite (p.s.d.) matrices. This result still applies 

when the elements of ~-1 can be made positive by an appropriate 

sign change of the variates. 

The cases when m > 1, however, imply that more than one 

simultaneous linear relationship exists within the data. In 
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such situations, even the sign of the OLS regression coeffi-· 

cients is not reliable. 

(2) When (1) holds, every coefficient vector b * associated 

with a solution of the problem is positive and is a positive 

linear combination of the ERVs (Kalman, 1982a), i.e.: 

~ IJ.. b j
, IJ.Jo > 0, j =1, ••• , k 

j J 
(2.3.2.2) 

This result can also be found in Klepper and Leamer (1984). 

(3)Any linear combination (2.3.2.2) of the ERVs (Kalman, 

1982a) induces a solution of the problem with: 

* * diag {1J.,/b" ••• , J.LpfbJ 

This result clarifies the bijection that exists between the 

parameter space and the noise space. 

In parts (2) and (3) above, all elements on the diagonal 

of the noise covariance matrix are assumed to be strictly 

positive. This assumption, with some matrix manipulations, 

can easily be relaxed. 

Klepper and Leamer (1984) show that if the noise 

variables are distributed normally, and if ~ is inverse 

positive (i.e., the ERVs lie in the same orthant), then these 

ERVs form a convex space such that (a) within which any 

estimate which is a maximum likelihood estimate of the true 
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regression coefficients must lie; and (b) any point within 

this space is a maximum likelihood estimate of the true B, and 

the points outside this space are not feasible. 

However, Klepper and Leamer (1984) show that if ~ is not 

inverse positive, solution space is unbounded. In such 

situations, the minimum required correlation between the 

variables to make this space bounded, as well a measure of the 

sensitivity of the regressors (or the boundedness of the 

solution space) is also provided. Krasker and Pratt (1986) 

examine the usefulness of using proxy variables and computed 

the minimum required correlation between the proxy and the 

true variables to have at least the sign of the coefficients 

correct. 

Another common method of dealing with noise in all 

variables 

Schneeweiss 

is the 

(1984) 

method of instrumental variables. 

knowledge on the 

provides the link between using prior 

noise variances and using instrumental 

variables. 

2.4 utilizing Prior Information About Noise Variances 

As previously mentioned, the parameter range obtained by 

the noise-in-variable (NVM) techniques of the previous section 

may be too wide to be of any practical utility. One reason 

for this may be attributed to the fact that each ERV 

corresponds to only one of the variables being considered 
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noisy, while the rest are being considered noise-free. It 

can, however, be safely assumed that more than one, in fact 

most likely all of the variables, are noise contaminated. The 

ERVs merely define the boundaries for all of the possible 

feasible solutions. 

Another contributing factor is collinearity, also 

referred to as multicollinearity. This problem arises when 

excessive correlation among the variables exists. chatterjee 

and Hadi (1988) explore this problem in conjunction with the 

EIV models in some detail. See also Rubin and Barone (1976), 

that expose the adverse consequences of the simultaneous 

existence of noise and collinearity by purturbing the data 

slightly. 

In order to reduce the size of this parameter space, or 

the bounds on the regression coefficients, some prior 

information about the magnitudes of the noise variances must 

be utilized. This information need not be exact. However, if 

a unique estimate for B is required, other than resorting to 

the weighted regression technique as described in section 4.7, 

either one must have access to exact information on at least 

k-1 of the noise variances, or else it must be assumed that 

they are all equal. In most practical situations, this kind 

of information is impossible to assume or obtain. 

Many have utilized this exact type of prior information. 

As mentioned before, for the two variable case, knowledge of 
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the ratio of noise variances is sUfficient for unique 

parameter estimation. Patefield (1981) extends this result to 

the multivariate case. Klepper and Leamer (1984) discuss the 

implications of using the unique parameter estimate when all 

noise variances are equal. 

When enough information is not available to estimate B 

uniquely, any information can still be utilized to reduce the 

parameter bounds. Kher (1985) and Kher and Sorooshian (1986, 

1988) devise a methodology to compute the new bounds for the 

parameters when prior information on the upper bounds of the 

noise variances was furnished. This methodology is based on 

solving 2(k-1) (an upper and a lower bound for every 

coefficient) nonlinear programming problems. The formulation 
/\ 

of this problem, assuming that the corank of ~ is equal to 

one, is as follows: 

Factorize (Cholesky-type decomposition) ~ so that: 

/\ 

~ = T T' (2.5.1) 

where, T is a kxk lower triangular matrix with unknown 

elements. B must be found so that (2.3.1-4) hold 

true. Because ~ is diagonal, then: 

/\ 

O"ij O"ij for i 'f: j 
and 
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for i=l, ••• , k 

Therefore, the following relationships will hold 

~ tip tjp = aij' 1 ::; i < j ::; k (2.4.2) 

and 

" = t t 2 
::; a ii an' 1 ::; i ::; k (2.4.3) 

p=1 pp 

The prior information is given as the diagonal matrix Du s.t. 

r: ::; Du 

or equivalently, 

" a ii ::; d j or an - an ::; tn 

which implies that 

(2.4.4) 

The updated bounds are now computed by solving the following 

constrained nonlinear programming problem: 

Min ¢j and Max ¢j 

subject to the constraints (2.4.2-4) for i=l, .•. ,k. 
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This is di ff icul t to solve because of the nonl inear 

nature of the constraints and having to solve this problem 2k 

times in order to obtain the new parameter bounds. 

In the next chapter, an algorithm will be presented to 

compute the new bounds exactly (no optimization necessary). 

Algorithms will also presented to compute the bounds given any 

type of prior information such as lower bounds, etc. as well 

as means to compute the corank of ~,m. Kher (1985) gives a 

mathematical programming formulation to compute this number. 
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CHAPTER 3 

UTILIZING PRIOR INFORMATION 

As discussed in the previous chapter, the essence of the 

problem is: Given the observed symmetric positive-definite 

data covariance matrix, ~, find all diagonal noise variance 

matrices ~ or, equivalently, find all kxm matrices of 

parameters, B, such that the true covariance matrix: 

(3.1a) 

and 
1'\ 

~B o (3.1b) 

is symmetric, singular, and non-negative-definite. m 

represents the corank, or the dimension of the null space of 
A 

~. This value, as discussed in the previous chapter, is equal 

to one if and only if ~ is inverse positive. In this 

particular case, every solution of this problem is a linear 

combination of the ERVs of ~, and these ERVs are the vertices 

which constitute a bounded convex hull. These bounds bear no 

probabilistic connotation; they merely represent, based on the 

information provided by the data and the model assumptions, 

the only feasible solutions to the problem. 

Every ERV corresponds to the least-squares solution when 

that particular variable is considered to be the output 

variable. In other words, the ith ERV is the vertex 
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associated with: 

I;i = diag{O, ••. , 0, Ui , 0, ••• , O}, Ui > 0 (3.2) 

In dealing with parameter estimation of error-in

variables models, it is commonly assumed either that all of 

the noise variances are known, that the noise variance ratios 

are known, or that all of the noise variances are equal. Such 

assumptions enable the modeler to reduce the solution space to 

a single point. The problem, however, is that obtaining such 

precise information could, quite conceivably, be unrealistic. 

Kalman (1982a,b), Patefield (1981), and Kher (1985) 

concentrate on computing the solution space for the parameters 

when either no prior information or else a limited amount of 

information is available to reduce the solution space. 

The contributions of this chapter are as follows: 

(1) To clearly define the problem, and present the 

conditions for a feasible solution. 

(2) To present some new methods of computing the 

theoretical upper bounds on the noise variances. 

(3) To present algorithms to reduce the solution space 

in light of any type of prior information. 

(Patefield, 1981, has done some work similar to that 

presented in Sections 3.2.1, and 3.2. 3 . All the work 

here, however, was developed independently, and the 
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proofs are new). 

(4) To present some new sufficient conditions for ~ to 

be inverse positive. 

3.1 Upper Bounds on Noise Variances 

For now, let us reword the problem in the following 

manner: Find Ui such that: 

-
I~ - ~i 1 = 0 (3.1.1) 

". with the usual requirement of ~1 being non-negative definite, 
-

and ~i as in (3.2) ~ 1.1 refers to the determinant. 

Where ~ii is the cofactor corresponding to the ith diagonal 

element of ~. (Which is ~ with the ith row and column 

removed. ) The proof easily follows by expressing the 
". 

determinant of ~1 by expanding on the ith row or column: 

o 

or 
". 
1~11 = {a1il~1i1 + ••• + aiil~iil + ••• + akil~kil} - uil~iil 0 

It is assumed that the determinants of the cofactors take 

the appropriate alterations in sign into effect (i.e., the 
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determinant of the ith cofactor, is (-l)i times the actual 

value of the determinant). 

The term in the brackets in the above equation is, by 

definition, the determinant of ~ and the proof follows 

trivially .• 

It is important to note that ui is actually an upper 

bound on the noise variance of the ith variable. Should the 
• 1\ 

noise variance exceed UI
, ~ will have a negative determinant 

and, hence, fail to be non-negative definite. The lower bound 

on the noise variances, unless specified to the contrary, is 

zero. Kalman (1982a,b) shows that ui can be computed by 

inverting the ith diagonal element of ~·1. 

There are some interesting properties associated with 

this ratio. From Kendall and Stuart (1976, Ch. 27), the 

following expression is obtained: 

1 -
2 

l' = 1.2 ••• k 

IRI 

I R111 

I~I 
= 

a 11 

where R is the data correlation matrix, with diagonal elements 

which consist of ones, and R11 is the data correlation matrix 

corresponding to the input variable (s), X, and l' 1.~ ••• k is the 

coefficient of multiple correlation between Y, the 11 output II 

variable, and X. By abbreviating the coefficient of multiple 

correlation by 1'2, it is apparent that 

----.-~.---.. -.---.-~. ,_ .. _ .. _.-
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1 - R2 = U' / G" 
or 

R2 = 
A 

G" / G" 

This can be interpreted as R2 being the fraction of the total 

variation attributed to the true variation of Y. 

In addition, U' is known to be the MSE in linear 

regression. A similar interpretation can be extended to the 

other variables and their respective ERVs. Denote by MSE j as 

the MSE when the ith ERV is chosen as the vector of 

parameters, and let BO be the j th element of the i th ERV 

(B jj=l, Vj, i=l). 

Lemma 1: Uj 

Proof: This is a more general case of the point just 

illustrated for i=l. A similar version of this was also 

presented by Pate field (1981) and Klepper and Leamer (1984), 

but a different proof which is more consistent with the 

notation and the algorithmic approach in this work is 

presented here. 

Assuming that z is the data matrix, and denoting E j by 

the ith ERV (first element is equal to one), the ith residual 

vector will be: 
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and 

MSE j = (ei ) 'ei/n = E! Z'Z Eji I 

= E! I: E j I 
1\ 

E! 
1 

I: Ej + E! 
1 

I: Ej 

but 
1\ 

I:E j = 0 

therefore, 

MSE j = E! I:
j 

Ei I 

Recall that I: j is a kxk zero matrix except for the ith 

element on the diagonal which is Uj • Carry out the 

multiplication in the above equation to get 

and the result is now immediate •• 

In the absence of any other information, the range of the 

elements of the ERVs defines the parameter space, n. 

(Actually, this range is defined by the convex hull whose 

vertices are the ERVs. This space is not hyper-cubical). As 

shown before, assuming that the model assumptions are correct, 

the true noise variances must fall inside the following 

bounds: 

(3.1.9) 
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Different methods of computing u i have also been 

demonstrated. Again, it is noticed that each ERV corresponds 

to only one of the noise variances being at its maximum level 

and the rest of the variables being at their minimum level of 

o. This being the case, in many situations, even when ~ is 

inverse positive, n is simply too large to be of any practical 

utility. (When:E is not inverse positive, more than one 

linear relationship may govern the situation at hand). The 

goal is to establish the methodology to significantly reduce 

this solution space based on some prior information about the 

noise variances. There is no requirement that enough 

information should be provided to shrink n to a single point. 

In the next section, techniques for utilizing any amount of 

useful information to reduce this space are explored. 

3.2 utilizing Prior Information about the Noise 

The available prior information can be in one of the 

following forms: 

(1) "Exact" knowledge of some or all noise variances 

(2) Lower bounds on some or all noise variances 

(3) Some noise variances, although unknown in magnitude, 

are assumed to be equal to one another 

(4) The ratio of some or all noise variances 

(5) Upper bounds on some or all noise variances 
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Many authors, including Klepper and Leamer (1984), have dealt 

with this problem when all the noise variances are supposed to 

be equal. In this particular case, a unique estimate for the 

parameters can be obtained. The noise variance matrix will 

have the same value on the diagonals which will have to be the 

smallest eigenvalue of~. It must be noted that if such an 

assumption is ever considered, one must be certain that at 

least the measurement unit for all variables is the same. For 

the case of known noise variance ratios, Patefield (1981) 

presents the complete statistical analysis in the multivariate 

case. The approaches taken towards this problem and all 

algorithms presented here are different and were developed 

independently of his work. Kher (1985) and Kher and 

Sorooshian (1987, 1988) present the nonlinear programming 

algorithm for the case when the upper bounds on some or all of 

the noise variances are specified. 

In this chapter, algorithms to compute the reduced 

solution space, based on any available information exactly (no 

optimization necessary), are presented. All of these 

algorithms rely on choosing a feasible diagonal noise variance 

matrix such that: 

(3.2.1) 

is singular and non-negative definite. 

_ ... _. ____ ~_.~_. _____ • ___ ., ••• _____ ~ •• _____ 4_~ •• ·._·~ •• ____ ·, '-"-"---
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3.2.1 Some of the Noise Variances Known Exactly 

This is the simplest and the least realistic case with 

the exception of dealing with indicator variables, or 

variables which may have been introduced for trend removal. 

In other cases, this assumption is usually too strong. 

(Another exception, commonly encountered in the economic 

sector, is when reaction is to the value which is believed to 

be true regardless of whether or not it is noisy or noise

free). Tinter (1940) provides the methodology to estimate the 

noise variance for time-series data. 

To update n, the space of feasible solutions, form a 

diagonal kxk matrix, ~I containing the available information 

only. Set to zero the elements for which no prior information 

exists. Let 

~ - ~I (3.2.1.1) 

If ~" is singular and non-negative definite, existence of a 

unique solution is implied and the task is complete (the 

solution is the normalized eigenvector(s) corresponding to the 

zero eigenvalue(s». If ~II is negative definite, the 

information supplied is inconsistent with the model assumed. 

If ~" is positive definite (all eigenvalues are 

positive), the following algorithm (also suggested by 

Patefield, 1981) will yield the updated n: 
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(1) Compute the ERVs matrix of l::" 

(2) From this matrix eliminate the columns which 

correspond to known noise variances to get the new n. 

The reason for eliminating the columns corresponding to 

the known variances is the following: Each ERV represents the 

vector of parameters when that particular variable has its 

maximum feasible noise variance and all of the other variables 

are noise-free. If a particular variable is noise-free or its 

noise has already been accounted for (as in l::"), then no ERVs 

can be attributed to this variable. 

One application of this technique, not discussed in the 

literature, is the computation of the intercept terms if the 

variables are not corrected for the mean. In such cases, as 

is common practice, a vector of ones is added to the columns 

of X. If this vector is the first column of the X variables, 

then it is clear that the (1,2) element of the OLS vector is 

the intercept term. The question is how to compute the 

intercept terms in the NVM setting. The following algorithm 

will simultaneously produce the intercept term corresponding 

to each ERV: 

(1) Append a column of ones as the first column of X, the 

matrix of input variables (not corrected for mean); 

(2) Let Z be the data matrix, i.e. Z = [Y!l!X], where 1 
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is an nXl vector of ones: 

(3) Compute the ERVs of Z'Z!n and drop the second 

column. The second row of this matrix contains the 

intercepts terms. 

The second column of the ERVs matrix is dropped since ~ is 

noise-free. 

3.2.2 Lower Bound on Some or All Noise Variances Available 

Let L denote the diagonal matrix of the available 

information. The following algorithm can be used to update n: 

(1) Let ~"= ~ - L, 

(2) Compute the ERVs corresponding to ~" to up date n. 

~" simultaneously considers all of the noise variances; 

it is corrected for the provided information. (~" must, of 

course, remain positive semi-definite. If such is not the 

case, either the information is inconsistent or the model is 

inappropriate). Each ERV corresponds to a particular variable 

containing all of the noise and the others being noise-free 

(in this case, at a particular lower-bound). 

3.2.3 Some Noise Variances Are Known to be Equal 

This type of information can reduce the parameter bounds 
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significantly, even though the actual magnitudes of the noise 

variances are not specified. The extreme case is when all 

variables are assumed to have equal noise power in which case 

n is a single point. It should be noted that if such an 

assumption is made, at the very least, one must make certain 

that all of the measurement units are the same. 

The value for this noise variance will be the smallest 

eigenvalue of ~. The reason for this is ql\ite simple. A 

value of a such that ~ - aIk is singular and non-negative 

definite is required. By definition, the eigenvalues of ~ are 

the values of ~ satisfying I~ - ~Ikl = o. Any eigenvalue of 

~ will satisfy this equality; the reason for choosing the 

smallest value becomes clear from the eigenvalue shifting 

theorem. Let 6 be the eigenvalues of an arbitrary square 

matrix A, i.e. IA - 6Ikl = O. The eigenvalues of the matrix 

B = A - ryIk will then be equal to 6-ry since the eigenvalues of 

B must satisfy: 

o 

If, therefore, the smallest eigenvalue of ~ is not chosen, at 

'" least one of the eigenvalues of ~ = ~ - aIk will be negative, 

which violates the requirement that covariance matrices are 

non-negative-definite. Many researchers, including Klepper 

and Leamer (1984), consider parameter estimation when all of 
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the noise variances are assumed equal. In this section, a new 

algorithm is presented to reduce the solution space under the 

less restrictive assumption that only §QID.g of the noise 

variances are equal. This situation would most commonly arise 

when a variable and its lagged version (s) are used in the 

analysis. There are two possible scenarios. The first is 

that they are noise-free, and the second is that they are at 

some other level a I. To illustrate, assume that the last p of 

the k variable has equal noise. The first k-p ERVs of ~ will 

correspond to the usual case of one variable being noisy and 

the other k-1, including the last p, being noise-free. For 

the rest, there exists only one more ERV which corresponds to 

the case of the noise variance matrix being 

~, = diag {O, •.• , 0, a, ••• , a} 

a is, clearly, the upper bound on a l • In order to compute the 

ERV corresponding to this noise covariance matrix, the 

numerical value of a must be computed. To do so, partition ~ 

in the following manner: 

(3.2.3.1) 

where A is pxp, and the other matrices are dimensioned 

accordingly. 
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Theorem 2: a is equal to the smallest eigenvalue of 0 - CA"'B 

Proof: Relying on the fact that I:" = I: - I:' must be singular, 

the determinant of I:" can be written as: 

(3.2.3.2) 

Because I: is positive definite, A will not be singular. 

Hence, the second term of the RHS of (3.2.3 .2) must be 

singular. When a is any eigenvalue of 0 - CA"'B, I I: II I will be 

zero, but the non-negative-definiteness is retained only for 

the smallest eigenvalue .• 

Of course, C = B', CA"'B will remain symmetric, and hence, 

will have real eigenvalues. 

In summary, the algorithm to update n under the prior 

information that the last p variables have equal noise 

variances is as follows: 

(1) Retain the first k-p ERVs of I: 

(2) The ERVs of part (1), together with the normalized 

eigenvector corresponding to the zero eigenvalue of 

I: - I:', constitute the new parameter space. 

3.2.4 Some or All Noise Variance Ratios Are Known 

Assume, without loss of generality, that: 
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are known. Define the diagonal ~, in the following manner: 

1 
Q 1 

~, a' 

o 

Partition ~ as in matrix (3.2.3.1), where A is pxp and so on. 

The new parameter space can now be computed as follows: 

(1) Retain the last k-p ERVs of ~; 

(2) Normalize the eigenvector corresponding to the zero 

eigenval ue of ~'. The ERVs from (1) and this new ERV 

constitute the updated fl. 

The arguments for choosing these ERVs are exactly the same as 

the ones in the previous section. 

It now remains to show how to compute a'. a' must be 

chosen such that ~ - ~, is singular, symmetric, and non

negative definite. Partition ~ as in (3.2.3.1). 

Theorem 3: To satisfy the above requirements, a' must be the 

smallest eigenvalue of KGK, where: 
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K = r-'/2, 

and 

G = A - BO-'C 

Proof: The determinant of ~ - ~I using (3.1.4), can be written 

as follows: 

I~ - ~II I 011 (A-aIr) - BD-'cl o (3.2.4.2) 

Because ~ is positive-definite, 0 is full rank. Therefore, 

for the above determinant to be zero, the second term of the 

RHS of (3.2.4.2) must be zero. As IKI ~ 0, IG - alrl can be 

written in the following form: 

o (3.2.4.3) 

The reason for pre- and post-multiplying is to retain 

symmetry. Again, for a l equal to any eigenvalue of KGK, the 

requirements of symmetry and singularity are met, but only the 

smallest eigenvalue will guarantee non-negative-definiteness.g 

As before, if all of the noise variance ratios are known, 

the updated n will shrink to a point estimate. 
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3.2.5 Upper Bounds on Some or All Noise Variances Known 

Assume that prior information in the form of upper bounds 

on the noise variances is available on the first p variables. 

In other words, assume that NJ < uJ, for j=l, ... ,p are 

available. (Information in the form of Nj ~ uj is 

contradictory). This is the most complicated case. Unlike 

the previous cases, the information furnished here will not 

necessarily hold concurrently for all the of variables. In 

other words, when one of the first p variables, say the mth 

one, is at its maximum noise level: 

I:' m I: - diag { 0, ••• , Nm, 0, ••. , O} (3.2.5.1) 

will not be singular (but will remain positive-definite since 

Nj~Uj, Vj). At least one other variable must be at some noise 

level greater than zero to ensure the singularity of the 

""Crue" covariance matrix. If this is to be one of the other 

first p variables, one must be careful so as not to exceed the 

stated upper bounds on the noise variances. The pool of the 

available ERVs must, therefore, be qualified in the following 

manner: 

(1) Retain the last k-p ERVs of I: since these have 
A. 

maximum noise levels which will make the I: 1
, i>p 

singular. 
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(2) Compute ~; using (3.2.5.1), and Uj corresponding to 

~: for i = l, ••• ,j-1, j+1, ••• ,k, using the result of 

Theorem 1 of section 3.1. 

(3) Retain the ERVs of ~il which correspond to uf < Nj 

for j = l, .•• ,p and discard the rest. Do this for 

every i. The retained ERVs will constitute the 

updated n. 

Some of the ERVs obtained in this way may be linear 

combinations of other ERVs, Le., not all of the ERVs obtained 

will necessarily be extreme points on the hull of the solution 

space. 

3.3 Examples in utilizing Prior Information 

This section discusses examples and illustrations of the 

algorithms presented in the previous sections. Throughout 

this section, a data covariance matrix provided in Kher and 

Sorooshian (1988) is used. 

To start, the algorithm of §3.2.1 is utilized to compute 

the intercept terms of the ERVs. The covariance matrix for the 

"mean-corrected" data is: 
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[ 
1. 2327 1. 2359 0.4599 0.0783 

] X 10
5 ~ 

1. 2359 1. 2538 0.4597 0.0816 (3.3.1) = 
0.4599 0.4597 0.1752 0.0298 
0.0783 0.0816 0.0298 0.0071 

The ERVs matrix corresponding to ~ is: 

[ 1. 0000 
1. 0000 1.0000 1.0000 

] ERV 0.6936 0.8861 0.3771 0.9057 

0.9855 0.5358 1.8356 0.9163 
-1. 0636 -1. 3888 -0.9889 -3.9325 

(3.3.2) 

NoW, add a column of ones as the first column of the inputs, 

compute the ERVs matrix corresponding to covariance matrix of 

the raw data (with the augmented column of ones), drop the 

second column (since the second column of the data matrix is 

noise free) to get: 

1.0000 1.0000 1.0000 1. 0000 
-438.9670 -206.0412 -903.9617 -428.4906 

ERV'= 0.6936 0.8861 0.3771 0.9057 (3.3.3) 
0.9855 0.5358 1. 8356 0.9163 

-1. 0636 -1. 3888 -0.9889 -3.9325 

The second row of ERV' in (3.3.3) represents the 

intercept terms corresponding to the individual ERVs. To 

further illustrate, it is known that for any given vector of 

parameters, S, the intercept term, at can be computed by this 

relationship: 
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0: = Y - XB 

Where, Y, and X represent the mean of Y (scalar) and the mean 

of X (lxk vector), respectively. 

given data are: 

The mean values for the 

Z = [Y X] = 
[1.7125 -1.6245 -1.1435 -0.0962]] x 103 

Mul tiply (3.3.2) by Z to get the second row of (3 . 3 .3) . 

Round-off errors could cause the different methods to produce 

slightly different results. In general, it would be best to 

deal with zero-mean variables and have the lower dimension 

covariance matrix. The intercept terms can easily be computed 

later. 

There are, of course, other situations when a variable 

can be considered noise-free. Indicator variables and 

variables which are artificially introduced into the model 

for a specific purpose such as trend removal, can safely be 

assumed noise-free. Under most other circumstances, however, 

the assumption that the noise variances are known a priori is 

rather unrealistic. 

The second algorithm presented (Section 3.2.2) is 

concerned with the reduction of the feasible solution space, 
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0, under the assumption that lower bounds on all or some of 

the noise variances are known. To demonstrate, let us use the 

data covariance matrix (3.3.1) and assume that a 3% minimum 

noise is suspected on all of the input variables. By 3% 

noise, it is implied that 3% of the observed standard 

deviation of the variable can be attributed to noise. Thus, 

the lower bound noise covariance matrix, L, is: 

L = [ ~ o 
112.8424 

o 
o 

o 
o 

15.7677 
o 

The ERVs matrix corresponding to ~ - L 

[ 
1. 0000 1.0000 1. 0000 

ERV (L) = 0.7045 0.8782 0.4069 

0.9637 0.5567 1. 7599 
-1. 0977 -1. 3869 -1. 0155 

~ I 0.6420 

is: 

1.0000 
0.8900 

0.8915 
-3.5399 I 

For comparison purposes only, look at the range of the rows of 

ERV(L) vs. the ERVs matrix of (3.3.2). This range itself is 

not very meaningful because the ERVs constitute the vertices 

which bound the convex hull where all of the solutions lie. 

The range corresponding to ERV(L) is: 
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[ 
1.0000 1.0000 

I RANGE[ERV(L)] = 0.4069 0.8900 
0.5567 1.7599 

-3.5399 -1.0155 

While the range corresponding to (3.3.2) is: 

[ 
1. 0000 1. 0000 

I RANGE(ERV(I:» = 0.3771 0.9057 (3.3.4) 
0.5358 1. 8356 

-3.9325 -0.9889 

The new range is clearly tighter than the old one. Both the 

lower and upper bounds have improved. It should be noted that 

the lower bound on the noise variances of the input variables 

with available prior information is no longer zero. 

The algorithm of §3.2.3 updates n when some of the noise 

variances are known to be equal. There is, however, no prior 

information about the magnitude of this noise variance. To 

illustrate, consider the same example as before. ~ is given 

in (3.3.1); assume that the last two variables have equal (but 

unknown) noise variances. Partition ~ as in (3.2.3.1) where 

A, B, C, and D are all 2X2 matrices. Retain the first two 

ERVs of (3.3.1} and compute the third one. The requirement is 

that: 

e = MIN eigenvalue (D - C A- 1 B) 122.5543 
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Let E = Diag{O, 0, e, e} and the normalized eigenvector 

corresponding to the zero eigenvalue of ~ - E will provide 

that third ERV. 

The eigenvectors and eigenvalues of ~ - E are as follows: 

[ 
0.3861 0.2758 -0.5584 0.6805 

I Eigenvectors = -0.0536 -0.2135 0.6935 0.6860 

-0.8165 -0.3159 -0.4113 0.2538 
-0.4259 0.8824 0.1951 0.0441 

Eigenvalues {0.0022 0.0000 0.0090 2.6552} 

Note that the second eigenvalue is zero and all other 

eigenvalues are non-negative. Normalize the second 

eigenvector so that the first element is equal to one. The 

updated ERVs are then: 

ERVs 

[ 

1. 0000 
0.6936 

0.9855 
-1. 0636 

1. 0000 1.0000 

I 0.8861 0.7740 

0.5358 1.1453 
-1. 3888 -3.1992 

It is apparent that the parameter space is much reduced. 

When some or all of the noise variance ratios are known, 

the algorithm of §3.2.4 is used. To demonstrate this 
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technique, continue with the same example and let the noise 

variance ratios of X, and X2 to Y be 1.3, and 0.5, 

respectively. Therefore: 

K = [1.000g 
o 

0.8771 
o , .. J] 

Partition ~ in the usual manner, which implies that A is 3X3, 

and so on. Matrix G = A - B D-' cis: 

and 

[ 

3.7258 
G = 3.3998 

1. 3313 

3.3998 
3.2056 
1.1937 

1. 3313] 
1.1937 
0.5108 

a' MIN eigenvalue(KGK) = 260.6708 

~, is then equal to a' Diag{ 1, 1. 3, 0.5, O}. The updated 

parameter bounds are computed by retaining the last ERV of 

(3.3.2) together with the normalized eigenvector corresponding 

to the zero eigenvalue of ~ - ~', yielding: 

RANGE(K) = 
[ 

1. 0000 
0.6700 

0.9163 
-3.9325 

1.0000 I 0.9057 

1. 0680 
-1.1373 
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which again, compared to (3.3.4), is much improved. Finally, 

when the upper bounds on some of the noise variances are 

known, the algorithm in §3.2.5 provides the means of updating 

n. The same example is used once again. This time, the 

results obtained are compared to those of Kher and Sorooshian 

(1988) • 

Let the upper bounds on the noise variances of the input 

variables be 5, 10, and 15% respectively. This translates to 

maximum noise variances of 313.45, 175.196, and 16.051. 

(These numbers are obtained by multiplying the observed 

standard deviation of the variable by the given percentage and 

then squaring the product). The upper bounds on the noise 

variance of Y as computed by theorem 1 of this chapter, for 

example, is 555.33. As previously stated, the new ERVs cannot 

be computed simultaneously; they must be first qualified so as 

not to produce infeasible solutions. Of course, the OLS 

solution is retained because no prior information on the noise 

variance for Y is provided. 

Let N1 = Diag{O, 313.45, 0, OJ, and ~/ = ~ - N1• The 

upper bounds on the noise variances of ~1' are 392.25, 590.15, 

287.97, and 111. 42 respectively. The second element is 

ignored because the noise in that variable has already been 

taken into consideration. NOw, observe that the only element 

which does not violate the stated upper bounds is the first 

one. This, of course, corresponds to the LS solution of the 
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problem when Y is considered noisy and the second variable has 

the maximum possible noise variance. This being the case, the 

SSE which in a sense estimates the noise variance of Y (see 

§3.1), is less than U1 and, therefore, this is a feasible 

solution. Only the first ERV of ~11 can then be retained. The 

updated ERVs to this point are: 

[ 

1.0000 
0.6936 

0.9855 
-1. 0636 

1.0000 1 0.7501 

0.8535 
-1.1591 

Next, let N2 = Oiag{O, 0, 175.20, O} and compute the upper 

bounds on the noise variances of ~2 = ~ - N2. These values 

are, respectively: {324, 776, 132, 114}. The third element of 

this set is ignored because the information about the noise 

variance of the third variable has already been taken into 

consideration. The other three elements all violate the prior 

information except the first one. The updated ERVs are then: 

[ 
1.0000 1.0000 1. 0000 

1 
ERV2 = 0.6936 0.7501 0.5618 

0.9855 0.8535 1.3396 
-1. 0636 -1.1591 -1. 0324 

Lastly, let N3 = oiag{O, 0, 0, 16.05}, and ~3 = ~ - N3 • 
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The noise upper bounds of ~3 are {535, 861, 302, 117}. Ignore 

the last element and, again, the only element not violating 

the prior information is the first one. Retain the first ERV 

of ~3 and together with the previous computation comprise 

updated ERVs as: 

[ 
1. 0000 1. 0000 1.0000 

ERV3 0.6936 0.7501 0.5618 = 
0.9855 0.8535 1. 3396 

-1. 0636 -1.1591 -1. 0324 

The range for these updated bounds is: 

RANGE = 
1. 0000 
0.5618 

0.8535 
-1.1664 

1.0000 
0.7501 

1.3396 
-1. 0324 

1. 0000 

1 
0.7012 

0.9831 
-1.1664 

These bounds are somewhat different from those of Kher and 

Sorooshian (1988). More specifically, the upper bound on the 

coefficient of first input variable is 0.7501, which 

corresponds to diag{392.25, 313.45, 0, O} as the noise 

covariance matrix. This value is lower than 0.759 with ~= 

diag{368.68, 0, 175.2, O} of Kher and Sorooshian. Similarly, 

the lower bounds of 0.8535 and -1.1664 which correspond to ~= 

{535, 0, 0, 16.05} are better than 0.849, and -1.27 of Kher 

and Sorooshian, even though the same noise covariance matrix 
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was obtained. Such discrepancies are most likely due to the 

round-off errors of the constrained non-linear programming 

optimization code used by Kher and Sorooshian. All other 

bounds agree exactly. 

/\ 

3.4 Corank of I: 

To this point, although the question of singularity of 

the true covariance matrix has been central, the actual 
A 

corank, m, or the dimension of the singularity of I: has not 

been discussed. It is known that if I: is inverse positive, 

then m is always equal to one. In other cases, if prior 

information is available and it is utilized, then in most 

instances no more than one linear relationship can be 

identified. The theory of non-negative matrices, and matrices 

whose inverses are non-negative, although not very rich, is 

quite interesting. Here, before presenting the new sUfficient 

conditions for I: to be inverse positive, some background 

material is presented. This material pertains mostly to the 

properties of positive matrices and matrices whose inverses 

are positive. 

3.4.1 Matrices with positive Inverses 

The background material presented here (mostly from 

Bellman, 1968, pp. 298-301) is essential in the development of 

the results presented in the next section. 
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Theorem 1: Let A={aij} be any nxn matrix, then A- 1 exists and 

it is non-negative iff there exists an nxn matrix D such that 

(i) D ~ 0 

(ii) In - DA ~ 0 

(iii) All eigenvalues of In - DA are inside the unit circle. 

The proof for this theorem is based on the following results: 

Lemma 1: The eigenvalues of an nxn matrix, X, are inside the 

unit circle iff Xk ~ 0 as k ~ roo 

(See Luenberger (1979), pp. 155-156 for a proof) 

Two well-known results of matrix theory are now stated: 

The first result states that X can be written in a factorized 

form such as: 

X v W V- 1 (3.4.1.1) 

where w is a diagonal matrix with the eigenvalues of X, ¢j on 

the diagonals, and V is the matrix of the eigenvectors of X. 

(If X does not have distinct eigenvalues, w will be block 

diagonal). It is then true that: 

Xk = V wI: V- 1, (3.4.1.2) 

and 

(3.4.1.3) 



Lemma 2: If ~k -+ 0 as k -+ 00, then (In - A) -1 exists and 

(In - A)-1 = In + A + A2 + ••• 

(See Luenberger (1979), p. 198 for a proof). 

Proof of theorem 1: This is done in two parts: 
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(a) if A-1 exists and is greater than or equal to zero, then 

let 0 = A-1• Then I - OA = 0, and clearly (i), (ii), and (iii) 

hold. 

(b) Assume that the conditions (i), (ii), and (iii) hold. Let 

B = I - OA, then by Lemmas 1 and 2, Bm -+ 0 as m -+ 00 and 

I - B = I - (I - DA) = OA 

is non-singular. This implies that A is non-singular, and 

which is non-negative since both Band 0 are non-negative. 

This completes the proof for theorem 1 .• 

A special class of these matrices are those for which 

conditions (i), (ii), and (iii) are satisfied when: 

where a jj constitutes the diagonal elements of the matrix A. 

A matrix with such properties is called an M (or 
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Minkowski) matrix. If A is a Minkowski matrix, then 

a'2 a'n 
0 - --

a" a" 
a2, a2n 

I - DA = - -- 0 a22 a22 . . . . 
an' an2 - -- - -- 0 
ann ann 

Therefore, if a kk > 0 for all k, and a ki < 0 for ktl, then a 

sufficient condition for A to be inverse positive is that A be 

strictly diagonal dominant, i.e.: 

for all k 

This last condition is required to assure that I - DA has 

eigenvalues inside the unit circle. For all matrices (see for 

example Luenberger p. 194), it is known that the largest 

eigenvalue is bounded by the row norm. The above equation can 

be written in the equivalent form of: 

MAX -2- ~ lakl l<l 
k Qkk kjll 

In the next section, the above results are extended to deal 

with covariance matrices, which have the added advantage of 

having positive eigenvalues. Some sufficient conditions for 
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~ to be inverse positive are presented. 

3.4.2 Applications to NVM 

Theorem 4: Any non-singular covariance matrix ~ is 

inverse positive if all of the cross covariance terms are non

positive (or can be made non-positive with an appropriate sign 

change on some of the variables). 

Proof: First define a Metzler matrix. A Metzler matrix 

(Luenberger, p. 204), 9, is a matrix with all non-negative 

off-diagonals. A Metzler matrix with all eigenvalues in the 

complex left-half plane is inverse negative (see Luenberger, 

p. 206, theorem 3). If a covariance matrix, ~, is the 

negative of a Metzler matrix, i.e., if all of the off-diagonal 

elements are non-positive, then because all of the eigenvalues 

are positive, its inverse will be positive.. (Aother proof of 

this can be found in Varga, 1962, p.85. Also see Hearon, 1968 

for a different proof applied to kinetics). 

Lemma 2: If the columns of the input variables, X, are 

orthogonal, then ~ is inverse positive. 

Proof: Since the columns of X are orthogonal, ~x is diagonal. 

Further, it is clear that all the cross covariances of Y with 

the different columns of X can be made negative with an 

appropriate variable sign change. When this is done, ~ will 

be the negative of a Metzler matrix with positive eigenvalues, 

and the proof is now immediate •• 
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A 

3.4.3 Algorithm to Compute the Corank of ~ 
For the sake of completeness, an algorithm to determine 

m when ~ is not inverse positive is presented. This algorithm 

is rather tedious and cumbersome. It involves the systematic 

inspection of the cofactors of E until they become inverse 

positive. This technique will be illustrated using a 

hypothetical 5X5 covariance matrix. It is assumed that ~ is 

not inverse positive so that m~2. There are five 4x4 

co factors c i , i=l, ... , 5 corresponding to the diagonal elements 

of~. Examine all of these cofactors; if any is not inverse 

positive then m is either 3 or 4. Suppose C1 and c3 were not 

inverse positive. Check the cofactors of C1 and c3 • If they 

are both inverse positive, m=3. If either is not, then m=4. 

3.5 Conclusions 

This chapter was dedicated to updating the feasible 

solution space, n, for the regression parameters when any 

prior information about the noise variances was available. 

This prior information can be exact (in which case, the 

dimension of n is reduced by one for every exact piece of 

information) or relative. Some researchers such as Patefield 

(1982) had already provided some algorithms to update n only 

when exact prior information was provided. The algorithms 

presented here, when the prior information is relative (such 
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as knowledge of the noise variance lower bounds), are new; 

the other algorithms were also developed in dependently, and 

the proofs are new. 

The algorithm presented in the previous section 

basically explores the possible linear relationships which can 

exists among the variables themselves. One would expect the 
A 

corank, m, of I: to exceed one as collinearity (excessive 

correlation among the input variables) increases. In the 

presence of noise, however, such conclusions become more 

difficult to draw. Analysis when dealing with models in which 

the variables are noisy and collinear becomes much more 

difficult (see Chatterjee and Hadi, 1988, Chapters 4 and 7). 

The focus of the next chapter is on extensions of 

Kalman's (1984) paper in which he briefly explores some of the 

links between some of the multi-equation models of 

econometrics, and ridge regression. 

When I: is not inverse positive, the existence of more 

than one linear relationship is evident. This situation is 

similar to the simUltaneous equation models of econometrics. 

Means for identifying the subsets of variables which are 

linearly related will be explored. 

There are also situations when I: is inverse positive but 

only barely so. This problem could be the result of nearly 

collinear data. In such situations, ridge regression is quite 

useful. The particular situation of interest is when some of 
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the regression coefficients change signs. using a methodology 

consistent with the algorithms presented in this chapter, the 

amount of perturbation required to render a variable 

ineffective is presented. The amount of this perturbation is 

often the same amount of perturbation required in changing a 

single-equation model to a multi-equation one. This 

methodology, therefore, can prove useful in variable selection 

as well as model selection. 



CHAPTER 4 

RIDGE REGRESSION, SIMULTANEOUS EQUATIONS, WEIGHTED 
REGRESSION AND NOISE-IN-VARIABLES MODELS 
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The previous chapter discussed how to utilize any prior 

information about the noise variances in order to reduce the 

feasible parameter solution space. This was in response to 

Kalman's (1982a, b) criticism that one should not expect point 

estimates for the model parameters in face of uncertainty. 

The methodologies presented can be utilized to obtain a 

feasible solution space when all or some of the variables are 

noisy, and when there is some or no prior information about 

the noise variances is available. 

In another brief paper, Kalman (1984) outlines some of 

the similarities of the noise-in-variables models (NVM) to the 

simultaneous-equation models (SEM) of econometrics and ridge 

regression (RR). Kalman's (1984) paper was a simple expose of 

the extensions of NVM to the three-variable SEM and RR by 

means of a numerical example. No exact methodology was 

presented. Recall from the previous chapter that only one 

linear relationship within the data can be identified when ~, 

the data covariance matrix, is inverse positive. When ~ is 

not inverse positive, more than one linear relationship can be 

identified. This situation is quite similar to that occurring 

in simultaneous equation models (SEM) of econometrics. The 

available parameter estimation techniques, however, rely on 

prior specification of the groups of variables within which 

------_. __ .- ----
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linear relations can exist without providing any mathematical 

means of testing such assertions. The most popular error 

structure is the equation-error type which assumes noise-free 

input variables. 

When ~ is inverse positive, although one is assured that 

only one single linear relationship can exist within the data, 

~ may be close to being not inverse positive. This situation 

could be attributed to the presence of collinearity and noisy 

variables. Collinearity, or multicollinearity, defines the 

problem of high correlation among the independent (also known 

as the input, or the explanatory) variables. Denote the nxp 

matrix of these observed values by X. When collinearity is 

acute, the X I X matrix is nearly singular. The problems 

associated with this situation are well documented in the 

literature. Some of the problems encountered in multiple 

linear regression which can be attributed to collinearity 

include (Netter et ale 1985, pp. 388-390): 

1) The least-squares computations are apt to be 

inaccurate due to excessive round-off errors. 

2) Least-squares regression coefficients may be erratic 

from sample to sample. 

3) The variances of the regression coefficients tend to 

be excessively large. 
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In addition, as chatterjee and Hadi (1988, pp. 257-261) 

point out, that if the input variables are noisy as well as 

highly correlated, the above-stated problems intensify. 

Several methods have been suggested to address 

collinearity, including principal components analysis and 

ridge regression. 

Principal components analysis, first proposed by 

Hotelling (1933), involves the use of a linear combination of 

m<p eigenvectors corresponding to the largest eigenvalues of 

the XIX matrix. As an extension of Kalman's (1984) work, 

however, this chapter will focus on the ridge regression 

technique of Hoerl and Kennard (1970). This method is most 

successful in reducing parameter sensitivity when collinearity 

is dominant. 

The obj ecti ves of this chapter are two-fold: model 

identification and parameter estimation. The main assumption 

is that the model under scrutiny is static and linear (in 

parameters). 

In model identification, the means for distinguishing 

between the single-equation and multi-equation models is 

stated. As Kalman (1982a, b) points out, this is achieved by 

examining the inverse of~. When ~ is not inverse positive, 

the multi-equation models are appropriate. Kalman (1984) 

shows how two different linear relationships can be identified 

when ~ is not inverse positive. This was demonstrated only 
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through a numerical example with only variables without 

presenting the methodology for identifying such linear 

relationships. In this chapter, the algorithms for 

identifying such linear relationships, regadless of the size 

of the problem, are presented. As there are currently no 

clear methods of identifying the groups of variable which can 

be linearly related, these algorithms should bring objectivity 

to the process of utilizing the SEM. 

As far as parameter estimation is concerned, in addition 

to the computation of the feasible solution space, a new 

weighted regression technique is presented to compute a point 

estimate of parameters when ~ is inverse positive. 

One of the main points of this chapter is to obviate the 

relationships between NVM, SEM, ridge regression and a variant 

of a weighted regression procedure, and to show that the NVM 

encompasses both the single-equation and mUlti-equation models 

with minimal restrictions. 

In summary, the contributions of this chapter (§4.3-4.6) 

include: 

(1) To establish clearly the means for selecting between 

single-equation and multi-equation models. 

(2) If mUlti-equation models are appropriate, to 

establish the mathematical basis for identifying the 

feasible linear relationships. 
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(3) When single-equation models are appropriate, to 

present a methodology similar to that used in ridge 

regression to compute how close ~ is to being not 

inverse positive, or in other words, how close is 

this single-equation model to being a multi-equation 

model. This can prove useful in model as well as 

variable selection. 

(4) To present a new weighted regression procedure to 

obtain point estimates, based on the upper bounds on 

the noise variances when ~ is inverse positive. 

Sections 4.1 and 4.2 briefly discuss ridge regression and 

simul taneous equation models. Section 4.3 examines the 

relationships between the NVM and SEM and RR while section 4.4 

is concerned with model specification. section 4.5 

establishes the methodology to identify the groups of 

variables which are linearly related when ~ is not inverse 

positive. The algorithm to compute the amount of perturbation 

required to change an inverse positive matrix to one which is 

not inverse positive is presented in Section 4.6. This is 

similar to the RR technique. It is included here as an 

extension of Kalman's (1984) work, specifically for the cases 

when applying the RR technique will result in some of the 

parameters to change signs. 



Finally, in section 4.7, a new weighted 

procedure is presented to compute a unique 

parameters when ~ is inverse positive. This 
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regressjon 

vector of 

chapter's 

conclusions and an example of summer water use in some 

apartment complexes in Tucson, are prsented in section 4.8. 

4.1 Ridge Regression 

The general model for multiple linear regression is 

y = X B + e 

E[e] = 0, and E[e'E] = a2 In (4.1.1) 

Y and e are nX1, X is nxp and full rank, B is pX1. Assuming 

that X is noise free, the least squares estimate, 

is linear, unbiased, and minimum variance. When the columns 

of X are orthogonal, or at least nearly so, then the OLS 

estimate works quite well. On the other hand, when the 

columns of X are nearly collinear, XIX is nearly singular, and 

the OLS estimate becomes quite sensitive. In certain 

situations, some of the OLS coefficients have values and, 

particularly, signs which would seem contrary to the physical 

laws governing the process (see, e.g. Mullet, 1976). 



99 

It is clear that the near singularity of the XIX matrix 

implies that it has at least one eigenvalue close to zero. It 

is also known, from the eigenvalue shifting theorem, that if 

a constant is added to all of the diagonal elements of a 

square matrix, the eigenvalues of this new matrix will be 

increased by the same amount. Therefore, if ~ is the vector 

of eigenvalues of XIX, ~+k is the vector of eigenvalues of W 

= (XIX + kI), where I is the pxp identity matrix. Depending 

on the magnitude of k, W is no longer close to singularity; 

its eigenvalues have been shifted away from zero, and it is 

now "stable". This is the main idea behind using ridge 

regression. The least-squares parameter estimates obtained 

this way tend to be much more stable. 

As a side note, in the NVM sense, it is clear that if the 

input variables are highly correlated, the possibility of 

existence of a linear relation within the input variables 

themsel ves is high. In the most extreme case, X I X is 

singular. This would actually be the most desirable case. If 

XIX does have a zero eigenvalue (which is the case if it is 

singular), one of the columns can be written as a linear 

combination of the others exactly. Therefore, it would make 

sense to merely relate this linear combination with Y as a 

8180 model instead of trying to relate Y and X. When XIX is 

not singular but only nearly so, the presence of a second 

linear relationship could be feasible. Even when more than 
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one linear relationship is governing the variables under 

study, the noise in the observed variables may inhibit this 

situation to manifest itself in the form of a non-inverse 

positive~. The observed covariance matrix may be inverse 

positive, but only nearly so. It is common practice to 

convert the XIX matrix to its correlation form so that the 

diagonal elements equal one, and the off diagonals are less 

than one in absolute value and represent the coefficients of 

pairwise correlation between the variables. In such 

situations, the range of k which is of interest is between 

zero and one. Clearly, when k=O, the ordinary least squares 

(OLS) solution is obtained. 

RR estimates the model parameters using: 

B (k) [X' X + kI] -1 X, Y, k>O (4.1.2) 

The length of the ridge estimate, B(k), is smaller than Bls and 

it has a smaller total variance. The drawback is that B(k) is 

no longer unbiased. Depending on the reduction in the 

variance of parameters, this trade-off may be worthwhile. Some 

of Hoerl and Kennard's comments about the ridge estimator are 

as follows: 

-"At a certain value of k the system will stabilize and 

have the general characteristics of an orthogonal 

system. 
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-Coefficients will not have unreasonable absolute values 

with respect to rates of change. 

-Coefficients with apparently incorrect signs at k=O 

will have changed to have the proper sign. 

-The residual sum of squares will not have been inflated 

to an unreasonable value. It will not be large relative 

to the minimum residual sum of squares or large relative 

to what would be a reasonable variance for the process 

generating the data." 

It is the part regarding the changing of the sign of the 

coefficients which interests us most. As Kalman (1984) points 

out, in such situations, adding a constant to the diagonals of 

the XIX matrix causes ~ to change from being inverse positive 

to non-inverse positive, Le., there are "almost" more than 

one linear relations at work. section 4.4 is dedicated to 

further exploring this situation. 

In order to shed some light on the mechanics of the RR 

some excerpts from Hoerl and Kennard (1970) and Draper and 

smith (1981, section 6.7) are presented with some slight 

modifications. In particular, the spectral factorization 

(eigenvalue-eigenvector decomposition) of the covariance 

matrix appears to enhance computational efficiency and make it 

easier to establish the different relationships. The sum of 

squared residuals associated with the Bls is: 

"--.~---~---. -._-----.- ._."-""---
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SSE(Bls ) = (Y - X'Bls)'(Y - XIB1s ) (4.1.3) 

B1s is unbiased, i. e. : 

(4.1.4) 

with the covariance matrix: 

COV(B 1s ) = 0 2 (XIX)-' (4.1.5) 

The distance from B to Bls is expressed as: 

(B ls - B) I (B ls - B) (4.1.6) 

and 

0 2 Trace (X I X) -, (4.1.7) 

implying that 

(4.1.8) 

and finally, 

2 0 4 Trace(X'X)-2 (4.1.9) 

writing XIX in its spectral factorization form: 

XIX v ~ VI (4.1.10) 
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where V and tare pxp and represent the orthogonal matrix of 

the eigenvectors and the diagonal matrix of the eigenvalues of 

XIX, respectively. It is clear that: 

(4.1.11) 

and because the trace of a matrix is the sum of its 

eigenvalues, (4.1.7) becomes: 

E (L2) = 0 2 ~1:... 
i ¢i 

(4.1.12) 

and similarly, 

VAR(L2) 204 (~ 1:... ) 2 
i ¢j 

(4.1.13) 

The lower bounds on equations (4.1.12) and (4.1.13) are 0 2/¢min 

and 204/¢m~rf respectively. 

Observe that if ¢min' the smallest eigenvalue of XIX, is 

small, these lower bounds grow indefinitely. This translates 

to unreasonably large estimates for some or all elements of 

else Most of these problems, however, can be alleviated if the 

matrix W = XIX + kI, k>O is used instead of XIX. Let e* be 

this estimate, i.e.: 

B* W· 1 X I y, (4.1.14 ) 
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which is related to Bls in the follo\.,ing manner: 

and 

B V ... ·, V'X'Y Is 'If 

then, 

(~ + kI)V'B* 

and with some further manipulations: 

B* (4.1.15) 

In order to avoid repeated matrix inversions, the spectral 

representation of XIX, i.e., equation (4.1.11) should be used. 

Some relationships which are of interest are as follows: 

where a 

Then, 

SSE (k) = (Y - B*X I) '(Y - S*X I) 

= yly - ~ (i: + kI)·'i: yx x xy 

= yly - ~ V(~ + kI) ·'VI~ yx xy 

= Y I Y - a I (~ + kI ) ., a 

~yxV is a lXp vector: 

~xy = YXI, and ~Xy 



SSE (k) 
p a2 

Y'Y _ I: __ 1_ 
1=1 tPI+k 

It is, therefore, easy to see that: 

SSE(O) < SSE(k), for k > 0 
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(4.1.16) 

Note that the length of B* (equation 4.1.15) is smaller than 

the length of Bls • 

To obtain the variance and the bias of this new 

estimator, compute (Hoerl and Kennard, 1970): 

E{ (B* - B) '(B* - B)]} 

(4.1.17) 

Clearly, both ~1(k) and ~2(k) are non-negative. 

represents the squared bias term which will vanish when k=O, 

and ~1 (k) represents the total variance of the parameter 

estimates. It is easy to see that this latter term decreases 

as k increases, while the bias term, ~2(k), increases as k 

increases. This creates a trade-off between a reduction in 

- .. --~~ ..---.--_. --- - - -.------.----~ ~---.-.-



106 

variability and an increase in bias. Both terms in (4.1.17) 

are monotonic functions of k. 

As mentioned before, a small increase in bias could 

reduce the variability by a significant amount. To show this, 

examine the sensitivities of ~1(k), and ~2(k) with respect to 

k: 

d~1 (k)/dk (4.1. 18) 

(4.1.19 ) 

Note that: 

while: 

From the above equations, it is now clear that a small 

increase in k from zero can result in a larger decrease in 

variance while only slightly increasing the amount of bias. 

Hoerl and Kennard prove an existence theorem which states 

that there always exists a k>O such that: 
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This value, k, is shown to be: 

k < a2/amax 

where, a max is the maximum value of VB. There are, however, no 

universally acceptable ways of computing the optimal value of 

k because neither a nor B are known apriori. Many different 

techniques have been suggested. Some survey papers, based on 

simulations, in this area include suljan (1984), Askin (1982), 

and Wichern and Churchill (1978). Weber et al. (1981) 

reviewed and made a comparison study of several methods such 

as RR and pricipal components in combating collinearity. 

Their conclusion is that RR has the potential to significantly 

improve the estimates, but it does not do so consistently. RR 

appears to work best when XIX is very close to singularity. 

It should be noted at the outset that in the context of NVM, 

this is like adding noise to the input variables. As is 

recalled from the previous chapter, the consequences of change 

in the parameters when k<O were examined. Gruber (1984, pp. 

6-9) makes the same observation, pointing out that there is 

yet no clear explanation for this situation. Vinod (1982) 

encourages the ridge regression type estimate because 

subtracting noise from the diagonals of the covariance matrix 

might create a problem with collinearity even though the data 
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covariance matrix itself did not have any eigenvalues close to 

zero. An attempt is made to further clarify this situation 

after the discussion on the simultaneous equation models. 

Methods which produce a diagonal matrix with different 

elements on the diagonal have also been suggested. The 

general consensus from these simulations studies appear to 

favor the same value for all of the diagonal elements. 

4.2 Simultaneous Equation Models 

These models are most commonly used to describe the 

system of relations governing a set of variables in the 

economic sector. This is in contrast to the single equation 

models which have been discussed up to this point. A 

commonly-used example of such models involves the use of the 

"supply and demand" equations. Both the supply and the demand 

equations can be written (see for example Johnston, 1972, 

Chapter 12) as linear functions of quantity and price. The 

slopes of these equations are opposite one another, indicating 

that greater supplies result in lower prices and vice versa. 

The mathematical formulation following Johnston (1972) is 

as follows: 

(4.2.1) 



(4.2.1) is known as the structural form. 
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B is a GxG 

invertible matrix, Yt is also a GxG matrix of endogenous 

variables, r is a GxK matrix of parameters, Xt is a KXG matrix 

of exogenous variables, and, finally, Ut is a GxG matrix of 

disturbance terms. Each endogenous variable in Yt : 

may be influenced by each and every disturbance term: 

ordinarily, (4.2.1) is rewritten as: 

(4.2.2) 

which is commonly referred to as the reduced form. 

Since some of the y terms may appear as exogenous 

variables in some of the equations, the correlation between 

the input (exogenous) variables and the disturbance terms will 

render the OLS estimates inconsistent. 

Geraci (1976) and Hsiao (1976) have considered a more 

liberal error structure where all of the variables can be 
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considered noisy. In order to obtain unique parameter 

estimates, however, some rigid assumptions about the subsets 

of variables which can be linearly related must be made. 

4.2.1 The Identification Problem 

In this section, the main focus is on specification of a 

model which will hopefully represent the true system in a 

realistic manner. 

The matrices Band r, as described in the previous 

section, are specified based on the theoretical considerations 

and apriori knowledge, experience, and beliefs (in Kalman's 

words "prejudices") of the modeler. More specifically, these 

matrices must contain some zeroes where the modeler would 

assume that some specific variable(s) does (do) not playa 

significant role in some of the equations. 

Parameter estimation in SEM involves the common 

assumptions of the asymptotic uncorrelatedness of the 

stochastic disturbances Ut and the exogenous variables Xt and 

zero autocorrelation of the disturbance terms. 

It can be shown that the reduced model (4.2 .2), the 

original structural model (4.2.1), and any other form obtained 

be premultiplying the structural equations by a non-singular 

matrix of size G are observationaly equivalent and yield the 

same likelihood function value (see for example, Johnston, 

1972, p. 354). without any prior restrictions on Band r, all 
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equations in (4.2.1) would be the ~ame, which implies that 

there are an infinite number of equivalent representations. 

This implies that the model is unidentifiable. 

Using the reduced form of the SEM as described by 

(4.2.2), the OLS estimator can be utilized to obtain a 

consistent estimate of 'If'. The question is : Given any estimate 

of 'Ir, is it possible to compute the values of Band r 

uniquely? In other words, find Band r such that: 

or B'Ir + r = 0 (4.2.1.1) 

Equivalently, find A such that: 

AW = 0 

where: 

A = [B r] and W = -['Ir I k ]' (4.2.1.2) 

The matrix W has rank K, and all of its elements are known. 

The prior restrictions will take the form of a matrix 9 to be 

concatenated with the matrix W. A necessary condition for 

identifiability is that the overall rank of the matrix [W 9] 

be G+K-1 exactly. This is required so that A[W 9] = 0 will 

have a unique solution. This is equivalent to stating that 

the rank of [W 9] = G+K-1 if and only if rank of AS = G-1. 
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One of the more popular forms is for B to be triangular 

and ~, the covariance matrix of the disturbance terms, to be 

diagonal. This is referred to as a recursive system. such 

systems are always identifiable. 

4.2.2 Estimation Techniques 

There are basically two estimation technique categories: 

single equation and complete system. Some of the e3timation 

techniques of the first category include two-stage least

squares (2SLS) and limited-information maximum likelihood 

(LIML). Three-stage least-squares (3SLS) and full-information 

maximum likelihood (FIML) are two techniques commonly used for 

the second category. A comprehensive treatment of these 

techniques can be found in Fisher (1966) or any standard 

econometrics text such as Johnston (1972) or Malinvaud (1980). 

The simplest and most commonly-used technique is 2SLS. For 

the sake of completeness, this method is briefly discussed. 

4.2.2.1 Two-Stage Least-Squares 

Any given equation of the model could be written as: 

y Y,B + X,1 + U (4.2.2.1.1) 

where y is an nx1 vector of observations on the dependent 

variable, Y, is an nxg matrix of observations of the 
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endogenous variables chosen for this particular equation B is 

the gX1 vector of structural coefficients X, is an nxk matrix 

of observations on the chosen exogenous variables 1 is a kX1 

vector of coefficients and u is an nx1 vector consisting of an 

independent sequence of disturbances uncorrelated with x,. 
Economic theory and modeler's beliefs usually guide which 

of the endogenous variables is to be used as y. Needless to 

say, this decision is, at times, somewhat arbitrary. 

As stated before, OLS estimates are unreliable, because 

Y, and u are, in general, correlated. To alleviate this 

problem, a very desirable property of OLS is utilized: It is 

known that once the parameters of a linear model are estimated 

by OLS, the residuals (the difference between the observed and 

the model "outputs") and yare uncorrelated. Using this fact, 

in the first stage of estimation, Y, is estimated by 

regressing Y, on ALL of the exogenous variables, X: 

A 

Y, = X(X'X)-'X'Y, 

For the second stage, Band 1 are estimated by OLS in 
A A 

(4.2.2.1.1), using Y, in place of Y,. Denote Bls and 1 as the 

OLS estimates of Band 1 and compute them in the following 

fashion: 
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[ Bf~] = " (MIM) -'MY , 

A 

where M = [Y, X,]. 

with some further mathematical manipulations (Johnston, 

1972 , p. 382), both stages are combined to get the OLS 

estimates in one step: 

Y~X(XIX)-'XI 

X~Y, 

-, 
Y~X, ] 
X~X, 

The major drawback of the SEM is that the groups of 

variables which are linearly related must be specified in 

advance. In the next sections, the similarities between the 

SEM and NVM will be explored and, specifically, the means for 

identifying these groups from ~, are presented. 

4.3 The Relationship Between Noise-in-variable, 
simultaneous Equation, and Ridge Regression Models 

The results in this section were motivated by Kalman 

(1983), who targesd the problem of multicollinearity in linear 

static models. In this brief paper, through some numerical 

examples of three-variable models, Kalman discusses some of 
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the similarities between the NVM and the simultaneous equation 

models and ridge regression. 

In this section, the mathematical foundation to establish 

the link between the NVM, SEM, and RR in the general multi

variable case will be established. Using this methodology, 

one can immediately identify whether a single-equation or a 

multi-equation model is appropriate. This is done by 

examining the inverse of ~. As stated previously, in 

utilizing linear regression models, the assumption of the 

existence of a single linear relationship is inherent. 

If it is determined that a multi-equation model is 

appropriate, the techniques presented in this section enable 

the user to identify the feasible linear relationships within 

the data. SEM, which is a multi-equation model, requires the 

modeler to make this determination so that the parameters of 

the model can be estimated uniquely. 

If a single-equation model is deemed appropriate, the 

algorithms presented in the previous section can be utilized 

in order to obtain the feasible parameter bounds for the 

model. The weighted regression technique of section 4.7 will 

produce unique parameter estimates. Single-equation-models, 

of course, are appropriate when ~ is inverse positive. In 

some situations, however, ~ is inverse positive but only 

nearly so. In such situations, slight perturbations of the 

diagonals of the XIX matrix will result in ~ to be non-inverse 
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positive. In other words, say a small positive constant, k, 

is added to the diagonals of the XIX matrix. This is exactly 

what is done in RR in order to shift the eigenvalues of a near 

singular XIX matrix away from zero. XIX will be near 

singularity when the columns of X are highly correlated. If 

such a perturbation causes E to change from being inverse 

positive to being non-inverse positive, as Kalman (1983) also 

points out, some of parameters change signs. In this 

particular situation, the methodology is presented to compute 

the exact amount of perturbation required to render a variable 

ineffective. This will have model as well as variable 

selection implications. 

4.4 Model specification 

The notation which was used throughout Chapter 3, such 

as: E = [Y -Xl I [Y I -Xl, and Ex = X I X (the division by 

sample size has been ignored) will be used in this chapter as 

well. E is, of course, symmetric and positive definite. 

There are three possible situations: 

(i) E is singular 

This situation is quite rare in practice even if prior 

information about noise has been utilized. If it does turn 

out that E is singular, the vector of parameters is easily 

found by normalizing (as in Chapter 3) the eigenvector 

corresponding to the zero eigenvalue of E. 
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(ii) ~ is inverse positive 

Some sufficient conditions for ~ to be inverse positive 

were presented in section 3.4.2. ~ being inverse posi ti ve is, 

in general, a desirable condition. As stated before, under 

such circumstances, one is assured that no more than one 

linear relationship can exist within the data. This does 

not, however, guarantee a good model. with no prior 

information on the noise variances, the range on the parameter 

estimates could be excessively wide, which was discussed in 

the previous chapter. Another problem one may face is when ~ 

is close to being non-inverse positive. 

An example of this particular situation that motivated 

the present work is given in Kalman's (1984) critique of 

vinod's (1982) work. In his paper, Vinod introduces a 

technique called the "enduring regression", which is similar 

to RR with with a specific method of selecting k. This value 

is set to be the maximum indistinguishable measurement error 

which may be added to each of the X variables without 

affecting the dependent variable, Y. In other words, this 

accounts for the round-off error which (1) is the only kind of 

noise included in X, and (2) it is ADDED to the X'X matrix 

instead of being subtracted, as is customary in dealing with 

noise variances. 

In using this methodology, Vinod shows that the parameter 

estimates are more stable, and some of these coefficients 
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changed signs. As Kalman points out, a small perturbation of 

the diagonals of ~x resulted in ~ to change from being inverse 

positive to being NOT inverse positive. In other words, ~ was 

close to being non-inverse positive, in which case a multi

equation model would have been more appropriate. 

The concern here is to see whether or not it is possible 

to find a particular value of k>O, such that one of the 

variables will have a zero coefficient and is, therefore, 

rendered ineffective. If such k does exist and it is "small" 

(relative to the diagonals of X'X), then the inclusion of this 

variable in the model should be questioned. 

(iii) ~ is not inverse positive 

Incorporation of reliable prior information about noise 

variances can usually alleviate this problem. This condition, 

however, is not necessarily undesirable. When ~ is not 

inverse positive, the presence of more than one linear 

relationship within the data is implied. This is the same 

si tuation as in the simultaneous equation models. The 

problem, however, is to identify these linear relationships 

without ANY prior assumptions about which set of variables 

should be related to one another. This, in a way, is quite 

similar to the situation addressed in (ii). Here, one seeks 

"feasible" (i. e., all elements less than the upper bounds as 

computed by, for example, Theorem 1 in Chapter 3) diagonal 
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noise covariance matrices such that some of the coefficients 

will become zero. In this case, however, the noise matrix is 

subtracted from ~ in the customary manner of Equation (3.1a). 

For specific cases in which either SEM or RR is selected, the 

procedures presented in the next section can guide the user in 

computing the parameters. 

These procedures rely mainly upon the ability to compute 

exact values of "k" to make some coefficients become zero. 

4.5 Identification of the Linear Relations in SEM 

It is assumed that ~ is not inverse positive. The goal 

is to present a method to compute the amount by which the 

diagonal elements of ~ must be purturbed so that some of the 

elements of the ERVs matrix corresponding to this purturbed 

matrix become zero. Doing so will help us identify the sets 

of variables within which a linear relationship exists as 

supported by the data only with no stringent constraints on 

the model structure. This would be particularly useful when 

the analyst does not have concise information to specify these 

linear relations apriori. Once this information is available, 

then the same proven techniques of 2SLS, 3SLS, etc. can be 

used. For the SEM, when the presence of noise in the X 

variables is suspected, the methods of Geraci (1976) or Hsiao 

(1976) can be utilized. These methods, however, put further 



120 

restrictions on the model structure in order to ensure unique 

estimation of parameters. 

The computation of this value, k, is equivalent to 

computing a diagonal non-negative noise covariance matrix ~ 

such that some of the ERVs of: 

A 

~. (4.5.1) 

have zeroes in desired locations. The ERVs, as is recalled 

from the previous chapter, are the columns of the inverse of 

~ normalized to account for the indeterminacy. This 

normalization could be done by making the length of each 

column of the ERvs matrix equal to one, or making the first 

row of the ERVs matrix equal to one, or doing the same to the 

diagonal elements. In this section, the two latter options 

are used. 

Assume, without loss of generality, that it is desired to 

have b12 , the (1,2) element of the ERVs matrix be zero. (In 

general, the smallest value of a particular row which 

corresponds to the variable of interest should be targeted). 

Note that: 

(4.5.2) 
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where C
12 

is the cofactor corresponding to the (1,2) element 

of ~ (i.e., it is ~ with the first row and the second column 

removed) • I I refers to the determinant operation f and S1: is 

the (1,1) element of S = ~-1. 

Partition C12 in the following way: 

S~x 

~1 
x 

] . (4.5.3) 

where cry1 is the dot product of Y and the first input variable, 

x1 ; sxx is a (p-1) Xl vector of cross products of X1 and the 

remaining p-1 input variables; and ~~ is ~x with the first row 

and column removed. Note that because the noise covariance 

matrix is diagonal, the cross-covariance terms must remain 

unchanged. 

An example presented by Kalman using the data provided by 

Malinvaud (1981) to study the French national economy during 

1949-1966 will be analyzed in some detail. The raw data were 

obtained from Malinvaud (1981, p. 19). All values are in 

billions of 1959 French Francs. The first column, 

representing the output variable, y, is the imports; column 2, 

x1 ' is the gross domestic production; and the third column, X2 ' 

represents the consumption. For the analysis, the deviations 

of variables from their respective means are used. Denoting 
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by Z as the data matrix containing the output and the input 

variables (corrected for the mean), I: will be: 

and 

I: = Z'Z ~ [ 0.2648 
1. 3265 
0.8687 

[ 

0.0125 
I:- 1 = -0.0005 

-0.0029 

1. 3265 
6.8600 
4.4849 

-0.0005 
0.0067 

-0.0100 

0.8687 
4.4849 
2.9386 

-0.0029 ] 
-0.0100 

0.0162 

The ERVs of I: can be written as either: 

ERV =[ 1.0000 
-0.0424 
-0.2309 

1. 0000 
-12.5794 
18.9033 

1.0000 ] 
3.4727 

-5.6075 

] x 

which is clearly indicative of ~ not being inverse positive, 

or else the diagonals elements can be made equal to one: 

[ 1.0000 -0.0746 -0.1790 ] ERV -0.0424 1.0000 -0.6173 
-0.2309 -1. 4925 1. 0000 

The upper bounds on the noise variances are: 

U = [79.8627, 149.6741, 61.6833] 
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These bounds can be computed by inverting the diagonal 

elements of ~·1 (Kalman, 1982a) or by using Theorem 1 of §3.1. 

since ~ is not inverse positive the existence of a linear 

relationship between the imports and consumption can be 

examined. Drop the first row and the second column of ~ to 

get: 

[

1. 3265 
C12 = 

4.4849 

0.8687 
] X 10' 

2.9386 

The (2,2) element of this matrix, corresponding to the (3,3) 

element of ~, is the only element which can be manipulated in 

order to make the determinant of C12 zero. Let 

k 14.1118 

Note that, k is less than U(3)=61.6833 and, therefore, it is 

feasible to establish the desired linear relationship. Let: 

Then: 

with: 

~I ~ - Diag{o, 0, k} 

0.2648 
1. 3265 
0.8687 

1. 3265 
6.8600 
4.4849 

0.8687 
4.4849 
2.9372 



[ 

0.0127 
0.0000 
0.0037 

0.0000 
0.0085 
0.0130 
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-0.0037 ] 
-0.0130 

0.0210 

It is observed that the (1,2) and the corresponding (2, 1) 

elements have become zero. Normalize the diagonal elements to 

get: 

imports = 0.3 x consumption 

from the first column of (~,)·1, and 

Production = 1.5 x consumption 

from the second column. 

These equations are exactly the ones reported by Kalman 

(1984). He did not, however, elaborate on the mechanics of 

computing these values and stated that a general methodology 

for solving problems of larger than three variables is needed. 

The methodology presented here is new and will work with any 

size problem. 

Of course, there is no need to put all of the noise on 

one variable. Methods described in the previous chapter can 

be used to distribute the noise in whatever form is desired. 

The main points of this section have been (1) to determine if 

within the observed data, more than one linear relationship 

exists, and (2), if so, to identify the variables within which 

these relationships are supported. In SEM, such relationships 

must be specified PRIOR to the actual analysis. 
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The next section will elaborate on cases where L is only 

nearly inverse positive. 

4.6 Ridge Regression and Noise-in-Variable Models 

When ~ is inverse positive, it may happen that when a 

"small" value, k>O, is added to the diagonal elements of the 

XIX matrix, a particular estimated coefficient will change 

signs. In other words, L(k), which is L with k added to the 

diagonal elements of LX' is no longer inverse positive. 

As in the previous section, the focus is on the 

particular value of k which makes a particular B coefficient 

zero. RR is commonly used to get rid of some of the effects 

of collinearity. computing the value of k will reveal how 

close a particular variable is to having no effect at all on 

predicting the output variable. If k is very small, maybe 

this variable should be discarded altogether. 

The data covariance matrix, L(k), ignoring the division 

by the sample size, is: 

L(k) = 

'fl'f 

'f I X, 
'fIX 

I ' X,X,+k 

which can be partitioned as: 

'fIX 
x;~ 

(4.6.1a) 
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I:(k) = 
[ 

Y"Y' 

I:xy 1 
(4.6.1b) 

Again, without loss of generality, find k such that the 

coefficient for, say, the first input variable, x1 ' is zero 

(clearly, one would target the smallest element of the ERVs 

matrix). As in the last section, to do so, the determinant of 

C1Z ' the cofactor corresponding to the (1,2) element of ~(k), 

must be zero. First, partition C1z (k) so that: 

1 
(4.6.3) 

where: 

and I:! is I:x with the first row and column removed. 

To make the determinant of the above matrix zero, proceed 

nearly identically as in section 3.2.3. The only maj or 

difference being that this time, in a way, noise is being 

added. 
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The following corollary is presented without proof. This 

is quite similar to the result found in section 3.2.3, and the 

proof presented in that section is nearly identical to the 

proof of this corollary. 

Corollary 1. /C'2(k)/ = 0 when: 

(4.6.3) 

There are three points which must be addressed: (1) There are 

p-2 eigenvalues satisfying the above relationship; (2) There 

is a possibility that k<O, which violates the requirement for 

having k>O; and (3) Because C'2 is not symmetric, what 

guarantee is there that these eigenvalues are real and not 

complex? 

As far as the first issue is concerned, one should always 

choose the smallest eigenvalue in order to obtain the smallest 

perturbation which renders a coefficient zero. Next, if this 

smallest eigenvalue turns out to be negative, then this 

situation is similar to the SEM case and should be treated 

accordingly, and finally, (4.5.3) will always produce real 

values. This is proven formally next. 

Theorem 1. Eigenvalues, k, of: 
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are real. 

Proof: In order to simplify the notation, first prove that the 

eigenvalues of, say, S = !: - c. r 1 are real. Here,!: is 

assumed to be'a real valued pxp symmetric matrix, and c and r' 

are two arbitrary real valued pXl vectors. Assume that S has 

some eigenvalues which are complex. Let ¢ and TJ be a complex 

eigenvalue and the corresponding complex eigenvector, 

respectively. Because S is real valued, q/ and TJ*, the complex 

c(mjug~tcc o:f .. ¢,a.nd 1], must also be an eigenvalue and the 

corresponding eigenvector of S; this can be proven by taking 

the conjugate of the eigenvalue-eigenvector relationship. In 

other words: 

or 

!:TJ - c rl TJ (4.6.4) 

and 

or 

(4.6.5) 

Premultiply (4.6.4) by (TJ*) I, transpose the new equation, 

multiply (4.6.5) by ~I and subtract to get: 

~ 1 rc 1 1]* - ~ 1 cr 1 TJ * = TJ 1 1]* (¢ - ¢ *) (4.6.6) 
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Note that ~,~~* was eliminated from both equations since it is 

a scalar and, therefore, it equals its own transpose. Rewrite 

(4.6.6) as: 

~'[rc' - cr']~* 

Let ~ = w + jz, ~* = w - jz, ~ 

j = ~. Note that: 

and 

a + jb and ~* 

tP - cp* - 2jb 

(4.6.7) 

a - jb, and 

~,~* is real. The left-hand side of (4.6.7) becomes 2jb(w'w 

+ z'z). The right-hand side of (4.6.7), however, is: 

(w' + jz) (rc' - crt) (w - jz) = 

w'rc'w - w'cr'w + z'rc'z - z'cr'z + 

j[w'cr'z - w'rc'z + z'rc'w - z'cr'w] (4.6.8) 

It is easy to see that every term in (4.6.8) is a scalar. The 

transpose of a scalar is itself, for example, w'cr'w = w'rc'w. 

Once this is established, observe that (4.6.8) is equal to 

zero. This being so, jb(w'w + z'z) must be zero. But because 
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both z I Z and WI W cannot be zero, b = o. This impl ies that the 

eigenvalues of S have zero imaginary parts and the proof is 

complete.,. 

The following example is from Vinod (1982) applying 

"enduring regression" to an economic time series reproduced 

from Klein in Theil (1971) and critiqued by Kalman (1984). 

The correlation matrix for the raw data is: 

[ 

1.0000 
0.9216 
0.9874 

0.9216 
1.0000 
0.9430 

0.9874] 
0.9430 
1.0000 

The eigenvalues of the input variables are equal to 1.94 and 

0.06, respectively, which suggests that there is a problem 

with collinearity. Examining its inverse, note that this 

correlation matrix is inverse positive: 

:E-1 = 
[ 

41. 3610 
3.5841 

44.2205 

3.5841 
9.3446 

-12.3513 

and the ERVs matrix is either: 

[ 

1.0000 
ERV = 0.0867 

-1.0691 

1.0000 
2.6072 

-3.4461 

-44.2205] 
-12.3513 

56.3117 

1. 0000 ] 
0.2793 

-1. 2734 



or 

ERV 
[ 

1.0000 
0.0867 

-1.0691 

0.3836 
1.0000 

-1. 3218 
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-0.7853] 
-0.2193 
1. 0000 

To make the (1,2) element of the above matrix zero, proceed 

in the usual manner and let: 

[

0.9216 

0.9430 

0.9874 

1. 0000 ] 

Because C'2 is a 2x2 matrix, k from (4.6.3) is unique. 

k 0.0104 

which is very small compared to the diagonals of L. NOW, add 

this number to the (2,2) and (3,3) elements of L and take the 

inverse: 

[ 

28.5289 
0.0000 

-27.8798 

0.0000 
7.6769 

-7.1649 

with the new ERVs matrix as: 

-27.8798 ] 
-7.1649 
34.9222 



ERV(k) 
[ 

1.0000 
0.0000 

-0.9772 

0.0000 
1.0000 

-0.9333 
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-0.7983] 
-0.2052 
1. 0000 

Note, therefore, that although ~ is inverse positive, a small 

perturbation of the diagonal elements of the input variables 

will increase its corank to two. In other words, the corank 

of ~ is one, but only nearly so. By adding k to the diagonals 

of the ~x, the desirable features of ridge regression are 

gained. However, in this particular case, if any k'> k is 

chosen, without further prior information about the noise 

variances, one can no longer hope to identify a single linear 

relationship within the data. 

To see this, choose k' = k + 0.0001 = 0.0105. Then: 

~(k' ) 
[

1.0000 
0.9216 
0.9874 

0.9216 
1.0105 
0.9430 

and the ERVs matrix will change to 

ERV(k' ) 
[ 

1.0000 
-0.0007 
-0.9765 

1. 0000 
-385.3952 

358.6830 

0.9874] 
0.9430 
1. 0105 

1. 0000 ] 
0.2568 

-1. 2524 

which clearly is, no longer inverse positive; in addition, the 

(2,1) element has changed signs. 
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4.7 Weighted Regression 

weighted regression, weighted least-squares, and 

generalized least-squares techniques have been in use since 

their introduction by Koopmans (1937). The main point is to 

estimate the regression coefficients when all or some of the 

variables are noisy. The difficulty is that the noise 

variances must be known. As mentioned previously, for 

observations which are a time-series, Tinter (1940) has 

devised a method to estimate the noise variances called the 

Variate-Difference technique. This method has proven useful 

for long data records. There is, however, no clear method of 

estimating the noise variances in other settings. 

Tinter (1952, section 6.5, and 1946) has implemented this 

method to study estimation of structural coefficients when all 

variables are noisy. (The terminology of structural 

coefficients is used in order to distinguish these 

coefficients from the regression coefficients. Regression 

coefficients terminology is reserved for prediction. Least

squares is adequate for this latter situation even if all 

variables are noisy). Even though the noise variances are 

assumed known, Tinter (1952) does not make the assumption that 

only one linear relationship exists. In fact, he presents a 

statistical test to estimate the number of linear 

relationships. 
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The methodology to identify the existing linear relations 

has already been presented. Tinter's weighted regression to 

estimate parameters will now be explored. This technique is 

advocated if a unique estimate of the parameters is required. 

Tinter's technique involves the computation of the roots 

of E - TD, where D is the matrix of the estimated noise 

variances and T represents the roots (or as Gantmacher (1959) 

defines it, the "pencil" of matrices E and D) such that: 

IE - TDI o (4.7.1) 

It should be noted that T does not represent the eigenvalues 

of~. Once T have been computed, the R smallest ones are 

selected, where R is chosen based on a statistical test and 

represents the number of possible linear relationships or 

corank of~. The R normalized eigenvectors corresponding to 

the zero eigenvalues of Equation (4.7.1) will represent the 

solutions. Examples are provided which examine the 

relationships among the different subsets of the variables. 

Again, no mathematical foundation for selecting these subsets 

is provided. 

4.7.1 weighted Regression using Noise Variance Upper-Bounds 

In this section, a new method is presented which computes 

a unique vector of parameters based on the computed upper 
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bounds of noise variances. There is no explicit assumption 

that the noise variances must be known apriori, and these 

bounds are computed using, for example, Theorem 1 of Chapter 

3. Recall that each of these upper bounds, individually, will 

make ~ singular and positive semi-definite. Now let G be a 

diagonal matrix with these upper bounds on the diagonal, i.e., 

G • {1 Uk+1} D~ag U , ••• , (4.7.1.1) 

and let 

g r min 

where r are the roots of ~ - rG, i.e., 

I~ - rGI = 0 

The weighted regression parameter vector, Pw' is computed as 

the normalized eigenvector of ~ - gG so that: 

o (4.7.1.2) 

The appeal of this technique is that in computing Pw' 

smaller weights are assigned to the variables with higher 

upper bounds on noise variances. This would certainly seem 

more reasonable than assuming that all noise variances are the 

same or that only one variable is noisy. This method is to be 
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used only when ~ is inverse positive so that it is assured 

that at least no more than one linear relationship exists. 

other advantages of this technique over Tinter's are that (1) 

the data are not required to be time series, and (2) Tinter's 

(1940) variate difference technique could result in noise 

variance estimates which are infeasible, i.e., some of these 

noise estimates can be greater than the computed upper bounds 

on the noise variances. 

It remains to show how to compute r. Assume for now that 

D>O, i. e. , all the diagonal elements of G are strictly 

positive. 

Theorem 2: The roots r are the eigenvalues of K ~ K, where K 

= G"1/2 or equivalently, they are equal to the inverse of the 

eigenvalues of ~"1G. For g = MIN(r), ~ - gG is singular and 

positive semi-definite. 

Proof: 

But, by assumption, IKI ~ 0 and, therefore, 

IK ~ K - 1I1 = 0, 
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where I, as usual, represents the identity matrix of 

appropriate size. It is also trivial to show the bijection 

between the T and the inverse of the eigenvalues of ~-1G. As 

a side note, observe that K ~ K is symmetric and, therefore, 

will have real eigenvalues. This being the case, the 

eigenvalues of ~-1 must be real even though in most cases ~-1 

will not be symmetric. 

To show that ~ - gG remains positive semi-definite, it is 

sufficient to note that the roots of ~-TG and the eigenvalues 

of K ~ K are the same. Since K~K - gI has non- negative 

eigenvalues, the eigenvalues of ~ - gG are non- negative. 

This implies that ~ gG is positive semi-definite and 

completes the proof •• 

Commonly, there are some variables in the model whose 

noise variances are known to be zero. As an example, say a 

variable such as time is added to remove a trend. This 

variable is, of course, noise-free. When such is the case, G 

will be singular. To find g, rearrange the rows and columns 

of G and ~ so that the zeroes are in the upper left block of 

G. (If some of the noise variances are known exactly and 

known to be other than zero, subtract these values from the 

observed variances first, and then assume that these variables 

are noise-free). 

Let G" be the diagonal matrix of upper bounds for noise 

variances of variables with no prior information. Partition 
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~ according to (3.2.3.1) with all matrices appropriately 

sized. The non-zero values of r are then found according to 

the following corollary: 

Corollary: The non-zero values of T are the eigenvalues of 

K~IIK, where K = (G") -1/2 and: 

~II D - TG" - B A-1 C 

Proof: After partitioning ~ and using, for example, the 

relationships for example in Equations (3.2.4.2) and 

(3.2.4.3), the proof becomes clear •• 

Of course, in situations such as this, one could use the 

eigenvalues of ~-1D which will have zero eigenvalues when D is 

singular, but only the maximum eigenvalue (always nonzero) is 

needed. 

The most desirable feature of this method is that there 

are no prior assumptions other than that the model is linear 

and static. Other similar methods assume either that one 

variable is noisy (OLS), or that the noise variances are 

known, or that all the noise variances are equal. In many 

practical situations, such assertions cannot be supported. 

4.8 Conclusions and an Application 
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Some possible interrelationships among the different 

variables, as supported by the observed data only, have been 

explored. 

A model reflects the modeler's beliefs and, as Kalman 

states it, prejudices. It mayor may not accurately reflect 

the situation at hand. The only tangible information against 

which these beliefs can be measured is the observed data. 

In this chapter, some mathematical advances in confirming 

or denying some such intuitions were presented. In SEM, for 

example, the question of which subset of all of the variables 

should be included in each of the equations is principally 

based on physical and economic laws, as interpreted by the 

analyst. Here, the mathematical foundations to examine such 

assumptions were explored. These methodologies were applied 

to real data as well. 

In the case of RR, the question of sensitivity of the 

parameters is the main interest. If a small value of "k" 

would render a particular coefficient irrelevant, then the 

inclusion of that variable in the model becomes questionable. 

Such omission will reduce the problem size as well as ease 

other difficulties of the model such as the collinearity 

problem. 

Ideally, a data covariance matrix is inverse positive and 

the coefficients derived from it will not change signs with 

small perturbations of the diagonal elements. Wi th the 
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addition of some sound prior information about the noise 

variances a very reliable model can be constructed. 

If unique parameter estimates are essential, a technique 

similar to that of Tinter (1952) for computing a weighted 

regression coefficient vector was presented. This technique, 

which should be used only when the covariance matrix is 

inverse positive, makes no restrictive prior a::;sumptions about 

the noise variances. The upper bounds on the noise variances 

which are computed directly from the data covariance matrix, 

~, are used to compute this vector. The lack of stringent 

assumptions required to compute this vector and the 

flexibility of this estimator to utilize prior information 

should make it superior to other linear estimator, such as 

OLS, etc. 

An example, applying the weighted regression and other 

aspects of the NVM to study the water use in different 

apartment complexes in Tucson, Arizona is presented next. 

4.8.1 Example: Modeling and Prediction of Summer Water Use 

In order to expose some of the capabilities of the NVM, 

an example to model and predict the summer water use in 

different apartment complexes in Tucson, is presented. As the 

data for most demand modeling for the utilities and water 

consumption are prone to be noisy, the NVM is an ideal choice 

for analysis. 
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-Preliminary analysis 

Initial set of variables selected for this investigation 

are the following: 

Xl Average Water Use per Occupied Apartment (Summer) 
X2 Average Water Use per Occupied Apartment (Winter) 
X3 Summer Vacancy Rate 
X4 Total Hours of Grass Irrigation/Week 
X5 Type of Vegetation Used in the Yard, can assume one of 

these values: 
1 => Completely Desert 
2 => Mostly Desert 
3 => Moderate water Use 
4 => Mostly Lush Green 
5 => Lush Green (requires lots of water) 

X6 Pool Cover (1 => Yes, 2 => No) 
X7 Have Water Saving Toilets (1 => Yes, 0 => No) 
X8 The interaction between X3 and X4 (X3 x X4) 

The variables: Xl, X2, X3, and X4 are considered noisy, and 

the rest noise-free. Sixty six observations of each variable 

have been made available. Ten points were set aside to be 

used for prediction. The four variables which are subject to 

noise contamination are arranged as the first four columns of 

the data matrix, and as previously discussed, one needs to 

examine the elementary regression vectors (ERVs) corresponding 

to the noisy variables only. A vector of ones was also added 

as the last column of the data matrix to account for the 

intercept term. 

The preliminary analysis included the first seven 

variables. It was decided that X5, and X6 could easily be 

eliminated from further consideration. This was due to the 

fact that the data covariance matrix was not inverse positive 
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with the sign discrepancies on the rows corresponding to these 

two variables. Standard regression analysis was supportive of 

this decision as well. However, the addition of an 

interaction term between total irrigation hours and summer 

vacancy rate, X8, seemed to be quite useful. This became 

apparent from examining the data covariance matrices and the 

coefficients of multiple determination. This latter 

coefficient, with the addition of X8, increase by more than 

three percentage points while the covariance matrix which was 

NOT inverse positive, became inverse positive. 

-Elementary regression vectors 

The data c~lTariance matrix; :E" (actually, this is the 

cross product matrix Z I Z.) corresponding to the variables: Xl, 

X2, X3, X4, X7, and X8, is computed as: 

~ X 10-5 = 

0.0762 -0.0530 -0.0911 -0.0225 0.3028 -0.0017 -0.0060 
-0.0530 0.0399 0.0637 0.0159 -0.2132 0.0013 0.0043 
-0.0911 0.0637 0.1938 0.0308 -0.6516 0.0032 0.0082 
-0.0225 0.0159 0.0308 0.0195 -0.2393 0.0009 0.0023 

0.3028 -0.2132 -0.6516 -0.2393 4.5183 -0.0122 -0.0308 
-0.0017 0.0013 0.0032 0.0009 -0.0122 0.0002 0.0002 
-0.0060 0.0043 0.0082 0.0023 -0.0308 0.0002 0.0006 

The corresponding ERVs are: 



1.0000 
0.9813 
0.0963 
0.1829 
0.0142 

-1.5285 
2.2694 

1. 0000 
1. 7503 
0.0608 
0.1923 
0.0058 

-0.6786 
-3.9291 

1. 0000 
0.6191 
1. 3504 
2.5534 
0.1977 

-8.4972 
-10.4921 

1.0000 
1. 0316 
1. 3448 
6.9561 
0.3693 

-11. 4112 
-21. 0831 

1. 0000 
0.4033 
1.3380 
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4.7471 (4.8.1.1) 
0.4000 

-8.2196 
-6.4964 

This matrix is inverse positive except for the last row which 

represents the intercept terms. The sign discrepancy here is 

inconsequential. 

The ERVs as presented in (4.8.1.1) are normalized so that 

the first row, which represents the coefficient of average 

water use in the summer, Xl, is equal to one. This form, of 

course must be adhered to if the ultimate goal of modelling is 

prediction. If this is not the case, a better way of 

representing these coefficients would be to normalize them so 

as the length of the vector of coefficients becomes one. This 

will give us a better feel for the relative magnitude of the 

coefficients with respect to one another. The length-one ERVs 

can be computed dividing every column of ~-1 matrix by its 

respective length which produces: 



0.3246 
0.3185 
0.0313 
0.0594 
0.0046 

-0.4961 
0.7366 

0.2236 
0.3914 
0.0136 
0.0430 
0.0013 

-0.1517 
-0.8785 

0.0722 
0.0447 
0.0974 
0.1843 
0.0143 

-0.6131 
-0.7571 

0.0399 
0.0412 
0.0537 
0.2778 
0.0147 

-0.4557 
-0.8419 

-Comparison of the normalization processes 

0.0859 
0.0347 
0.1150 
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0.4079 (4.8.1.2) 
0.0344 

-0.7064 
-0.5583 

Assuming that the sum squared residuals (SSEs) can be 

used as a measure of performance, the following results are 

obtained. First, if the ERVs as in (4.8.1.1) are used, the 

sum squared residuals will be: 

[0.04504 0.0803 0.631 1.71 0.0682]X104 

The first four numbers represent to the SSEs corresponding to 

(4.8.1.1). The fifth element represents the SSE corresponding 

to the weighted regression vector as described in the next 

section. 

The OLS clearly produces the smallest SSE which is, of 

course, expected. The OLS, by design, produces the closest 

fit for prediction of the output variable, Xl. For modelling 

only, (4.8.1.2) may present a less biased view of the 

situation. In fact, if the length-one ERVs are used, the SSEs 

corresponding to (4.8.1.2) and the weighted regression vector 

of the next section will be: 
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[47.46 40.17 32.89 27.32 40.87] 

Now the OLS is actually the poorest performing vector of 

estimates. 

-weighted regression coefficients 

At times, it may be desirable to have a point estimate 

for the vector of the coefficients even though more than one 

variable is considered noisy. The weighted regression method 

as described in the previous section can be used to obtain 

such estimates. To compute this vector, the upper bounds on 

the noise variances must first be obtained. Using either of 

the methods in section 3.1, the upper bounds on the first four 

variables which are considered noisy are the following: 

U=[O.0450 0.0262 0.3464 0.0354 0 0 0] X 104 (4.8.1.3) 

It is clear that as the last three variables are considered 

noise free, their corresponding upper bounds on noise are set 

to zero. The K matrix, which is the square root of the 

inverse of the diagonal matrix comprised of the first four 

elements of K will then be: 
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[ 
21. 2245 0 0 , ... J] 0 16.1951 0 

K = 0 0 58.8536 
0 0 0 

To compute the weighted regression coefficients, the 

method of section 4.7 can be utilized in a slightly altered 

manner to account for having the noisy variables as the first 

three columns instead of last. Basically, the only matrix 

that changes is matrix F which is computed in the following 

manner: 

F = A - B 0-1 c. 

The smallest eigenvalue of the matrix KFK will be 0.4930. The 

weighted regression coefficients are computed as the 

normalized eigenvector corresponding to the zero eigenvalue of 

~ - 0.4930 diag(u), 

which is yields the length-one weighted regression vector of 

parameters, WR_l1: 

WR_l1'=[ 0.245 0.295 0.0718 0.207 0.013 -0.631 -0.638]. 
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This is bounded by the ERVs as computed in (4.8.1.2). One can 

normalize WR_11 so that the first element is equal to one 

yielding WR: 

WR' [1 1.207 0.293 0.846 0.052 -2.579 -2.605], 

which is bounded by the ERVs of (4.8.1.1). 
-"""' 
It must be mentioned again that the weighted regression 

vector of parameters should only be used when the data 

covariance matrix is inverse positive. 

-Prediction utilizing prior information 

When prediction is the ultimate goal of modelling, it can 

be shown the OLS is asymptotically unbiased and consistent. 

For small samples, however, it is still worthwhile to take the 

noise in other variables into consideration. Another reason 

for assigning more weight to the OLS estimates is that for 

this particular set of data, it is quite unlikely for a 

perfect linear relationship to exist within the data even if 

they were observed without noise. An equation error term 

which can be combined with the noise in Xl would be more 

appropriate. As previously explained, each ERV corresponds to 

one particular variable being considered noisy while all 

others are considered noise free. In order to take some of 

the noise in Xl into consideration at all times, upper bounds 
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on the noise variances for the variables X3 (summer vacancy 

rate) and X4 (total irrigation hours) were contemplated. 

It was decided to allow no more than a maximum of 20% of 

the observed variance of X3 to be due to noise. The cap for 

X4 was put at 40%. X2, and Xl had no restrictions placed on 

them. 

The updated solution space using the methodology 

established in section 3.2.5, will consist of the first two 

columns of (4.8.1.1) and other qualifying ERVs as the prior 

information about the noise is taken into consideration. The 

first two ERVs of (4.8.1.1) are retained because no 

restrictions were placed on Xl, and X2. To compute the other 

vectors comprising the updated solution space, let X3 be at 

maximum allowable noise variance, i.e., let 

N diag [ 0 0 692.7490 0 0 0 0], 

and find the upper bounds on the noise variances corresponding 

to ~-N. Ignoring the upper bound for X3 (it has already been 

accounted for), the new noise variances on Xl, X2, or X4 

required to make ~-N singular, are: 442.6, 261.2, and 324.5 

respectively. Comparing these to (4.8.1.3), it is apparent 

that the first two of these numbers are below u1 = 450.479, 

and U2 = 262.281, therefore, the first two ERVs of :E-N 

tOlether with the first two ERVs of (4.8.1.11, 



1.0000 
0.9813 
0.0963 
0.1829 
0.0142 

-1.5285 
2.2694 

1.0000 
1. 7503 
0.0608 
0.1923 
0.0058 

-0.6786 
-3.9291 

1.0000 
0.9749 
0.1183 
0.2244 
0.0174 

-1. 6505 
2.0458 

1. 0000 
1.7377 
0.0751 
0.2185 
0.0080 

-0.7656 
-4.0021 

constitute the current solution space. Next, let 

N diag [0 0 0 141.6517 0 0 0], 
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and follow the same procedure to get the new qualifying ERVs. 

Finally, let 

N diag [ 0 0 692.7490 141.6517 000], 

so that both X3, and X4 a~':"e at their maximum allowable noise 

level. The above ERVs matrix together with the ERVs gained 

from the previous two steps constitute the updated solution 

space of: 

1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 
0.981 1. 750 0.975 1. 738 0.982 1. 737 0.974 1. 716 
0.096 0.061 0.118 0.075 0.118 0.084 0.152 0.109 
0.183 0.192 0.224 0.219 0.300 0.315 0.387 0.337 
0.014 0.006 0.017 0.008 0.020 0.012 0.026 0.017 

-1. 529 -0.679 -1.651 -0.766 -1. 699 -0.873 -1. 906 -1.038 
2.269 -3.929 2.046 -4.002 1.867 -4.239 1.461 -4.408 
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Of the ten sets of numbers which were set aside at the 

beginning, multiply [X2 X3 X4 X5 X6 X7] by the last six rows 

of the above matrix to obtain the predicted values, Yp, for 

Xl. The maximum and the minimum of each row of Yp represent 

the prediction bounds for X1obll • The minimums, in this 

particular case, happen to coincide with the OLS predictions. 

To further account for uncertainty, the mean squared error 

corresponding to the OLS, Se = SSE/(56-7), is subtracted from 

YPmin and added to YPmax. Figure 4.1 is a plot of these values. 

As it is evident from Figure 4.1, three of the served values 

of the NVM bounds. A major factor in satisfactory performance 

of the NVM, or for any modelling technique for that matter, is 

good data. The NVM, is ideal for dealing with noisy data, 

however, there is no SUbstitute for lack of influential 

variables. The data used for this example were missing some 

key variables which probably played a more significant role 

than the amount of noise. One set of observations absent from 

the data at the time of analysis, was the area under 

irrigation. It is possible, therefore, to have the exact 

number of hours of irrigation in two different locations while 

the water use in one apartment complex is significantly 

greater than the other. 
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This example serves as a tool to expose the potential and 

the flexibility of the NVM models in demand modeling (see also 

Kher and sorooshian, 1989). The bounds computed here can be 

used as an alternative to the confidence bounds of regression. 

The width of the NVM bounds will vary depending on the 

available prior information. A direct comparison with 

confidence bounds, however, is not appropriate due to the 

different underlying assumptions. 



CHAPTER 5 

SUMMARY, CONCLUSIONS, AND EXTENSIONS 

5.1 Summary and Conclusions 
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In the previous chapters, the methodologies for model 

identification as well as parameter estimation with or without 

prior information about the noise in the static noise-in

variable models were discussed. 

The basic assumptions made in this dissertation have been 

considerably less stringent than those of most statistical and 

econometric models. The cost of relaxing these assumptions 

has been to forego the ability to present a detailed study of 

the statistical properties of the parameter estimates. 

However, this trade-off is worthwhile. In many practical 

situations, for the lack of a better alternative, the analyst 

will resort to using a standard statistical model knowing that 

the model assumptions are violated. In such situations, since 

the parameter estimates are unreliable, unless cautiously 

interpreted, the statistical properties can be misleading. In 

choosing linear regression, for example, if the input 

variables are noisy, the OLS estimates of the parameters are 

biased and inconsistent. Additionally, the inherent 

assumption of the existence of a single linear relationship 

may be presumptuous. 

One of the important contributions of this work is that 

model selection is integrated in the analysis -it is not a 
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separate part of it. The main assumptions of NVM are that the 

model under study is linear and static. All variables, unless 

explicitly stated to the contrary, were assumed subject to 

noise contamination. This assumption is much less stringent 

than those of most other linear models which assume that the 

"output" variable(s) only is(are) noisy. The noise variables 

are assumed independent, zero-mean, with constant variance. 

The model identification part of this work was concerned 

with choosing between a single-equation vs. a multi-equation 

model. This determination, as usual, is based solely on the 

feasible solution space which is the hull bounded by the 

elementary regression vectors (ERVs) of the data covariance 

matrix,~. If all of the ERVs lie in the same orthant (in the 

two-dimensional case, an orthant is a quadrant), then ~ is 

inverse positive. This signals the existence of only a single 

linear relationship within the data and, hence, the single

equation model is appropriate. Some new sUfficient conditions 

for ~ to be inverse positive were presented. It was shown, 

for example, that in linear regression if the standard 

assumption that the input variables, X, are orthogonal holds, 

then the data covariance matrix is always inverse positive. 

Additionally, if it is observed that the columns of X are not 

orthogonal, but all the cross covariance terms of ~ are 

negative, then ~ is inverse positive. 
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In many situations f however, even when ~ is inverse 

positive, there is a high enough degree of collinearity among 

the input variables to warrant at least an attempt to identify 

more than one linear relationship. Methodology similar to 

that of ridge regression was established to measure how 

sensitive a positive ~-1 is to slight perturbations of the 

diagonals of~. If ~-1 changes to being non-inverse positive 

with a slight perturbation of the diagonals of ~, one should 

either resort to a using a mUlti-eaution model or else discard 

some of the variables. 

When ~ is not inverse positive, the use of a multi-

equation model is required. Methodology for identifying these 

liner relations was clearly established. 

A clear problem statement, in the matrix theoretic sense, 

is the basis for all of the work accomplished in this 

dissertation. The problem statement is as follows: Given a 

symmetric positive definite covariance matrix, ~, find all 

feasible diagonal noise covariance matrices, ~, such that: 

(5.1) 

is singular and positive semi-definite. The actual model 

parameters, B, that we seek are the solutions to: 

" ~B = 0 (5.2) 
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To resolve the indeterminacy, B is commonly normalized so that 

its first element is equal to one. It is clear that a 

"feasible" I: implies that it is a nonnegative matrix. The 

diagonal elements of I: represent the noise variances of the 

particular variables. The first concern is to find an 

analytical expression for the noise variance if only one 

variable is noisy and all others are noise free. For the ith 

variable, this value, ui , represents the upper bound on the 

ith noise variance, a i • corresponding to each u i , there exists 

a Si which comprises a vertex of the hull representing the 

feasible solution space. 

This feasible space, 0, even if bounded (~ inverse 

positive), could be too large to be of practical use. Two 

questions then arise: First, if there is some prior 

information about the noise variances, can it be used to 

reduce this space. Second, is there a way of computing a 

point estimate for B without having to resort to assuming that 

all the noise variances are known, or that they are equal or 

that all the noise variance ratios are known? The answer to 

the first question is yes. The algorithms to utilize any kind 

of prior information to update 0 exactly were presented in 

Chapter 3. The answer to the second question is also yes. A 

new weighted regression technique based solely on the Uis is 

presented in section 4.6. It is, however, cautioned that it 

should be used only when I: is inverse positive. An example in 
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modeling and prediction of demand for water in some aparment 

complexes in Tucson, Arizona presented in section 4.8.1, 

exposes the flexibility of the NVM. 

A schematic summary of data analysis for model 

identification and parameter estimation in NVM presented in 

Table 5.1. 

5.2 Suggestions for Future Research 

This work has concentrated mainly on the construction of 

algorithms for model identification and parameter estimation 

as well as attempting to encompass some of the traditional 

statistical and econometric models by NVM. Examples were 

presented to illustrate the techniques and to compare results. 

There is a need to utilize these algorithms more effectively 

in analysing real data and to assess their effectiveness. 

statistical properties for the weighted regression techniques 

are well documented. These properties should be established 

for the procedure in §4.6 as well. Unfortunately, trying to 

establish such properties for the range estimates would be 

futile. 



NVM approach to data analysis 

I. Compute the data covariance matrix ~ = z'z, Z = [YI-x] 

II. utilize prior information about the noise variances. 
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Use the algorithm in the specified section when prior 
information in the form of: 

II.l Exact knowledge of some noise variances: §3.2.1 
II.2 Lower bounds on some noise variances known: §3.2.2 
II.3 Some noise variances are known to be equal: §3.2.3 
II.4 Knowledge of some noise variance ratios: §3.2.4 
II.5 Upper bounds on some noise variances known: §3.2.5 

III. Determine whether ~ is inverse positive 

III.1 ~ is not inverse positive (multi-equation models) 

-Use §3.3 to compute the maximum number of linear 
relations 

-Use §4. 2 and §4. 4 to identify the groups of 
variables which can be feasibly linearly related 

III.2 ~ is inverse positive 

-Use ridge regression-type technique of §4.4 to 
determine how close ~ is to being non inverse 
positive 

-compute parameter range if ~ far from being 
inverse positive 

-If unique parameter estimates are desired, use 
§4.7 to get a weighted regression-type estimate 
based on upper bounds on noise variances as 
computed in §3.l 

Table 5.1. A Schematic Summary of Data Analysis for Model 
Identification and Parameter Estimation in NVM. 
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Another interesting avenue to pursue would be the study 

of dynamic models. In the econometric literature, such models 

are referred to as the distributed lag models. Computing the 

parameter ranges will be relatively easy. The algorithm in 

section 3.2.3 (assumption of equal noise variances being) will 

prove particularly useful. The question of autocorrelation of 

the individual variables, however, needs to be resolved. 

The ARMAX models in time series and spectral analysis 

literature are much more elaborate in terms of noise structure 

and parameter estimation. The drawback is that the inclusion 

of a number of different variables, as is common in linear 

regression, can severely hinder the estimation process. On 

the other hand, even if variables are assumed noise free, the 

elaborate equation-error structure, wi th a good maximum

likelihood estimation procedure, could more than compensate 

for this deficiency. Some of the theoretical contributions in 

this area are due to Anderson and Diestler (1984, 1987), 

Anderson (1985), Diestler (1986), and Green and Anderson 

(1986). 

Another interesting area of study is recursive parameter 

estimation. Recursive parameter estimation is used in 

situations where new parameter estimates are required on-line, 

i.e., the parameter estimates need to be updated every time 

new data become available. Two recent books which are 

---_ .. - ........ -----_.-_ .. -.------~-,..-.------~--.. -~----.. --.- .. -
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primarily concerned with the study of this topic are by Young 

(1984) and Ljung and Soderstrom (1987). 

One of the advantages of recursive estimation is that all 

of the data currently available are summarized in the first 

and second order statistics. When new data become available, 

we can update based only on the current data and this new 

information. For example, in the NVM setting with no prior 

information, to compute the ERVs, we need the inverse of the 

data covariance matrix. "'lhen new data become available, the 

inverse of I: can be updated without having to compute a new 

inverse for the updated I:. This can be accomplished by using 

the "matrix inversion lemma" (see Bodewig, 1956. This 

reference was obtained from Young, 1984, p. 26). The 

parameters bounds can then be easily updated as well, even 

when prior information is available. 

A plot of the recursively estimated parameters against 

time will provide valuable information about the behavior of 

the system. 

Finally, ramifications of relaxing the constancy of the 

error variances (heteroscedasticity) in the NVM should be 

studied. A typical situation would be when the measurement 

error is directly proportional to the magnitude of the 

observation. A comprehensive study of this problem in the 

hydrologic rainfall-runoff models can be found in Sorooshian 

(1978) and Sorooshian and Dracup (1980). Estimation of 

------. .----... -... _--- . 
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parameters in this setting usually relies on nonlinear 

optimization procedures. Ignoring this problem could yield 

nonconvergent results and/or unreliable estimates. Further 

research in implementation of techniques to handle 

heteroscedasticity in the static NVM is needed in order to 

study its effects on the parameter. ranges. 

Overall, the methodologies presented in this dissertation 

should serve to motivate further research in model 

identification and parameter estimation with more realistic 

and less rigid error structure assumptions. 
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