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ABSTRACT 

We investigate stochastic systems which have a set of control parameters 

and a performance criterion. By operating the system at fixed control parameters, 

noisy performance values are observed. ( The values are noisy due to the inherent 

stochastic nature of the system. ) Certain relevant distributions of the system are 

assumed unavailable. The task is to develop algorithms that guide the system to 

optimal parameter settings based on its operating history. 

Consider the stochastic shortest path problem, where the time to traverse 

an edge is given by a random variable whose distribution is unavailable explicitly. 

The optimality criterion (to be maximized) is the probability of going from a given 

source node to a given terminal node within a specified critical time period. By 

choosing a particular path and traversing it, realizations of the distributions, i.e. 

time to go from the source node to the terminal node on that path are observed. 

Or consider the M/M/1 queue. Here, the control parameter is the average 

service time. The performance criterion is the sum of cost of the server and cost of 

system time of a customer in steady-state. By choosing a particular average service 

time and serving accordingly, a noisy observation of the total cost is obtained. 

We cO!llbine an asymptotically optimal random search method for finding the 

global optimum of a function with problem-specific local search techniques. Such 

a combination results in efficient solution procedures for the above problems. This 

conclusion is reached by applying the procedure to problems for which the optimum 

solutions are known. 

The main contribution of the study is in demonstrating that "reasonable" 

performance can be achieved for the proposed optimization problems in "reason

able" time by exploiting problem-specific structures to advantage. The generality 

of the method should allow others to use it in different optimization settings than 

ours. Also, the self-optimizing aspect of these methods and the stochastic versions 

of the local search techniques are new. 
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CHAPTER 1 

INTRODUCTION 

1.1 Towards Self-Optimizing Stochastic Systems 

The focus of this study is a type of stochastic system for which self-optimizing 

behavior can be achieved. There is a set of common characteristics for this type of 

system: A measure of system performance is available, and there is a collection of 

parameters associated with the system that affects performance. Performance as a 

function of parameters and the optimum parameter setting, i.e. the parameter val

ues at which optimum system performance is attained, are unknown (The existence 

of such an optimum is assumed. ) Furthermore, the observed performances at fixed 

parameter values are noisy due to the stochastic nature of the system. The system 

operates over an indefinite period of time, repeatedly performing the same tasks. 

For such a system the possibility of improving its performance by exploiting 

information from its operating history is clear. Moreover, this type of system should 

be operated with the dual purpose of performing whatever specific system tasks, as 

well as generating information about the cur~,mt state of the system with a view to 

improving performance. We are concerned with programming the system to exploit 

information from its operating history for self-improvement. 

The type of system described above is not so rare as it may appear: Consider 

a commuter in a big city who drives daily to work during rush hour traffic. If time 

to reach the workplace, instead of distance, is his main concern then the best route 

to work may not be obvious. Of course, most commuters in a big city would know 

the best or at least one of the better routes to work. But in order to know these he 

would have gone through a phase of learning; a phase where multiple routes that 

seem equally good were tried out. Otherwise he is at risk of using an inferior route 

to work. Based on our study of a similar system (chapter three), we conjecture that 

this type of learning can be transfered to a system in the vehicle. 

------ _._--_._ .. _ .... -.-_._---
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The theme of this study, self-improving systems, is by no means new. In 

an early paper ([5]), Box examines this problem from a perspective of operating a 

chemical plant: The parameters of the system are temperature, concentration of 

reactants, etc., and system performance is measured by the cost of producing a 

unit of the end product. At the design stage, the optimum parameter values are 

determined in laboratory conditions. But when the actual plant is launched, these 

are only a first approximation to the true optimum values due to scale-up effects 

from laboratory conditions. The author advances a systematic approach called 

"evolutionary operations" for steering the plant to its actual optimum operating 

conditions. Evolutionary operations, which derive their name from biological theory 

of evolution (see [34] for another optimization method which refers to this), work 

as follows: Small systematic perturbations are added to current parameter values 

and the corresponding cost per unit product is observed. The cost is averaged over 

several replications with fixed perturbed parameter values to remove effects from 

random fluctuations of plant conditions. When a set of perturbations that produce 

a decrease in cost is found, the system parameters are set to new values resulting 

from these perturbations and the whole process is repeated. 

Some points discussed in [5] have a bearing on our approach to self-improving 

systems: The importance of plant-scale optimization methods stemming from in

adequacy of extrapolating laboratory conditions are stressed. Furthermore, Box 

advocates using such optimization methods throughout the lifetime of the plant. 

And the plant operation is viewed as a means of producing both the end product 

and information about the chemical procesr;. Although some proposed methods 

seem outdated in view of modern computer based technology, the basic approach 

taken here continues to be valid. 

Our methodology is related to statistical learning theory ([75]) and bandit 

theory ([10]). By repeatedly playing the game known as go-moku, the program 

described in [75] is able to learn the best values for its parametrized strategy, and 

thus improve its ability to win. This is an example of a self-optimizing stochastic 

system. 
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The prototypical bandit problem can also be viewed as a system that allows 

improvement at the expense of trials: A collection of random variables with un

known mean values is given. Any random variable can be chosen and sampled. The 

task is to maximize the expected sum of sample values on the basis of sequential 

allocation of trials to random variables. Situations with a finite and an infinite 

number of total trials are considered. These problems have important applications 

and have generated a rich literature ( [3], [10], [59] ). 

The set of possible parameter values in our systems is extremely large (infinite 

in some cases). And most of available theory can not be applied to these systems 

without modification. For example, many algorithms for bandit problems require 

sampling each variable sequentialy at some step. But this, in the context of our 

systems, renders the algorithm practically infeasible. Therefore, we begin with a 

smaller set of variables and add new ones to this set sequentially. Due to the sheer 

number of variables in these systems, effective methods are necessary for generating 

and adding the optimum or near optimum variables to this set quickly. 

On the other hand, our systems have more system-specific structure than 

the usual bandit problem. This, as it turns out, provides a way out of the above 

mentioned difficulties. We exploit these special features of the systems to construct 

effective methods (as evidenced by our computational experiments) for handling 

these problems. This is the main contribution of our work. The general approach 

taken here, when coupled with system-specific features should be applicable to a 

wide range of systems. 

We have chosen stochastic versions of some classical problems in operations 

research for our study. These stochastic versions are important in applications 

since they model certain situations better than their deterministic counter-parts. 

Therefore, the specific methods and conclusions of the study would be valuable to 

the operations research practitioner. 
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1.2 Dissertation Overview 

In the next chapter we examine a simple bandit problem having two random 

variables with unknown mean values. A sequential sampling scheme which converges 

(in probability) to the random variable with the larger mean is developed. Also, 

the particular systems we intend studying are introduced and the sampling plan is 

modified to account for the large number of random variables in these systems. 

Chapter three begins with a discussion of the stochastic shortest path prob

lem. We isolate a particular stochastic shortest path problem of interest and de-· 

scribe its relation to other shortest path problems found in the literature. In the 

methodology section, a heuristic procedure for generating near-optimal paths is de

veloped and incorporated into the basic algorithm described in chapter two. Since 

it is new, this procedure is described in detail. Two families of random variables 

for which the optimum solution of the stochastic shortest path can be found easily 

are identified. The algori thm is tested using these families. Results of our compu

tational experiments are presented and discussed. 

In chapter four, as a natural extension of the system studied in the previous 

chapter, we focus attention on the stochastic traveling salesman problem. Related 

work found in the literature is discussed briefly. A heuristic method available for the 

deterministic traveling salesman problem is modified for the stochastic version. This 

procedure is coupled with our basic algorithm to produce an effective method for 

solving the stochastic traveling salesman problem. We selected five sets of problems 

found in the literature to evaluate this scheme. Computational results are discussed 

in the light of available optimum solutions. 

Chapter five is dedicated to queueing systems. The need for a new algorithm 

for these systems is explained. A modified version of the method used in [75] is 

shown to be adequate for constructing self-optimizing algorithms for certain types 

of queueing systems. We test the algorithm on two simple systems, one taken from 

the literature and the other of our own design. Our computational experience on 

these systems are shared and discussed. 

------------- .. _---------.- --------
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1.3 Contributions 

A new class of bandit problems is identified: Given a collection of random 

variables, find the one with the largest mean on the basis of sequential samples. In 

contrast to the standard bandit problem, the random variables are inter-dependent 

through a problem-specific internal structure. And sampling one random variable 

yields information about others in the collection. Also, the total number of variables 

in the collection is, typically, very large. An algorithm for solving such problems is 

developed and its convergence is analyzed under fairly general conditions. 

Stochastic versions of two classical operations research problems are shown 

to belong to this class of bandit problems. Methods of exploiting specific structures 

of these problems are incorporated into the general algorithm. This leads to the 

following: 

Construction of a new local search technique for searching the neighborhood 

of paths on planar graphs. 

Generalization of a local search rule for the deterministic travelling salesman 

problem to the stochastic case. 

The queueing systems investigated in the last chapter can be viewed as an

other extension of bandit problems: On the basis of sequential observations, the 

best sequence, according to a given criterion, b to be identified among a collection 

of Markov sequences. Also, the observations are dependent. We have complemented 

the theoretical results of [78] by applying the modified learning algorithm to con

crete queueing systems. Also, under additional conditions, we have shown how the 

Kiefer-Wolfowitz scheme of stochastic approximation can be effectively fused with 

the learning strategy. For reasons given in chapter 5, we believe that the implica

tions of these numerical studies extend beyond the particular systems considered. 
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CHAPTER 2 

AN ALGORITHM FOR DISCRETE STOCHASTIC OPTIMIZATION 

2.1 The Algorithm 

Our aim here is to introduce a basic algorithm useful in constructing self

optimization schemes for some particular systems of interest. To facilitate analysis 

we describe the algorithm (referred to as the sampling plan) in terms of a generic 

sequential sampling problem. The specific systems and the modifications imposed 

by them on the basic sampling plan are discussed in the next section. 

Consider the following sequential decision problem: Let Xl and X 2 be ran

dom variables with respective finite means J-lI, J-l2 (J-l1 i- J-l2) which are unknown. 

The task is to devise a sequential sampling plan {Zi} that will converge (in some 

sense) to the random variable with the greater mean as i -+ 00. Here, Zi denotes 

the value of the i-th sample. For discussion assume J-li > J-l2. But this information 

should not be used in devising the sampling plan. 

Let j11(i),j12(i) denote the sample means of Xt,X2, respectively, at the be

ginning of the i-th sample time. We propose the following sampling plan. 
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Sampling Plan for Two Random Variables. 

Initialization 

Sample each XI, X 2 once and obtain initial estimates ILl (1), IL2(1) of the means 

/l1,/l2· 

Set i = 1. 

Iterative Step 

At the i-th sample time 

(1) If (ILl (i) ~ IL2(i)) then 

Choose Xl, X 2 for sampling with respective probabilities rl (i), r2( i) , 

where 

Else 

End if 

.'Y 
( .) z r z --I-I + i'Y ( .) 1 r z ---

, 2 - 1 + i'Y ,0<,<1. (2.1) 

Choose Xl, X 2 for sampling with respective probabilities r2( i), rl (i) , 

specified in (2.1). 

(2) After each observation update estimates ILI(i + 1) or IL2(i + 1). 

(3) Increment i by one. 
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Lemma 1 

Under the above sampling plan, each random variable Xl, X2 is sampled 

infinitely often with probability i. 

Let (h,{1.I(I),{1.2(1),¢2,{1.1(2),{1.2(2), ... ,¢k,{1.I(k),{1.2(k), where ¢i E {1,2}, 

(¢i denotes the random variable chosen for sampling at the i-th sample time) be 

the values generated by the sampling plan at the end of sample time k. Denote by 

:Fk the O'-algebra generated by these values. Let Ai be the event "at the i-th sample 

time Xl is sampled" . Let Bi be the corresponding event when Xl is replaced by 

X 2 • Then Ai,Bi E:Fi and 

Therefore, from the Borel-Cantelli-Levi Theorem ([12]), the events Ai and Bi occur 

infinitely often with probability 1. 

End of Proof 
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Lemma 2 

By Lemma 1, each random variable Xl and X 2 is sampled infinitely often. 

Hence, by the Strong Law of Large Numbers we have 

PI (i) -10 III w.p. 1 , (2.2) 

And since by assumption III > 1l2' we have the result. 

End of Proof. 

Theorem 1 

Let Zi denote the value of the i-th sample. Let Xl, X 2 have finite first and 

second moments. Then under the proposed sampling plan, Zi converges in mean 

square ( llilld therefore, in probability) to the random variable with the largest mean 

value (in our case to Xl ), i.e. 

,lim E(Zi - Xt}2 = 0 .-00 
and hence, 

in probability . (2.3) 

We have 
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(2.4) 

For ease of notation denote Pr (fi,l(i) < fi,2(i)) by Pi. By conditioning on the event 

{fi,I (i) < fi,2( in we get 

E(XIZi) = {i'YE(Xl) + E(XI X 2 )} g~~~ + {i'YE(XI X 2 )+E(X;)} (1:\"1') 
(2.5) 

and 

Substitution of (2.5), (2.6) in (2.4) results in 

{ 2 } { 2 } [1 i'Y - 1 A ] E (Zi - XI) = E (Xl - X 2 ) • -1 -. + -1 -. Pi . 
+z'Y +z'Y 

Now, taking lemma 2 into account ( Pi --. 0) and taking limits in the above identity, 

we get the result. 

End of Proof. 

Having proved convergence of the sampling plan, we briefly discuss its con

vergence rate. The regret Rn(JL}, JL2) of a sampling plan is defined as ( assuming 

JLI > JL2 ): 
n 

Rn(JLI, JL2) = L {JLI - E(Zin (2.7) 
i=l 
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This function provides a way of comparing different sampling plans. Let us investi

gate the asymptotic behavior of Rn for our sampling plan. The following discussion 

follows ideas in Yakowitz and Lowe ([77]). We shall show that 

(a) when X t ,X2 have finite, absolute moments of order 8 + 1, ( 8> 0 ) then 

and 

(b) when X},X2 are bounded random variables 

We proved the convergence of the sample plan by showing Pi -jo O. Determi

nation of asymptotic growth rates of R n , entails deriving the rate at which Pi tends 

to zero. The following discussion leads to that end. 

Consider a generic random variable X. Let fL denote its mean. When X has 

finite, absolute moments of order 8 + 1, where 8 > 0, i.e. condition (a) is satisfied, 

the following is valid 

(2.8) 

If X is a bounded random variable (condition (b)), then we have 

Pr (Isy) - fLl > d) ~ c(d)exp(-rj). (2.9) 

Here, S(j) is the sum of j independent samples from X, and c(d), r are constants 

that depend only on d. (See [77]). Under conditions (a) and (b), respectively, using 

(2.8) and (2.9) we get: 

For j = 1,2 

Pr {Ipj(i) - fLjl > d} ~ c(d)E { 1. 6} 
(nj(z)) 

(2.10) 

Pr {Ipj(i) - fLjl > d} ~ c(d)E {exp (-rnj(i))} , (2.11) 
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where PAi) is the sample average of Xj at the i-th sample time, nj(i) is the total 

number of times Xj is sampled at the end of the i-th sample time. Now, by con

struction of our plan, the following upper bounds for the right hand sides of (2.10), 

(2.11) are valid: 

E{ 1 }<E{_l } 
(nj(i»c5 - (nf)c5 

(2.12) 

(2.13) 

where nf is the total number of successes in i Bernoulli trials with fixed probability 

of success p = l~i". Furthermore, for such Bernoulli trials, we can obtain 

E -- =0 - =0 { I} (1) (1) (nf)c5 (ip)c5 i c5 (l--y) 
(2.14) 

and 

where TO = 1 - e- r in (2.15). Consider the event {Pl(i) < P2(i)}. Let 

d == III - 1l2. Note the inclusion of events ([77]) 

Therefore, we have 

Pr(Pl(i) <P2(i» :5 Pr(IPl(i)-lld>d)+Pr(IP2(i)-1l21>d) , (2.16) 

Taking account of (2.10)-(2.15), in (2.16) yields 

(2.17) 

and 
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(2.18) 

respectively, when X1!X2 satisfy conditions (a), (b). With (2.17), (2.18) estab

lished, the asymptotic growth rate of Rn can be obtained. We summarize with a 

theorem. 

Theorem 2 

If the random variables Xl, X 2 

(a) have finite, absolute moments of order 6 + 1, where 6 > 0, then setting 

'Y = 1!6 in the search algorithm results in 

(2.19) 

(b) are bounded random variables, then setting 'Y = a for any 0 < a < 1 results 

in 

(2.20) 

The regret Rn is given by 

(2.21) 

Substituting for Pr(fi,l(i) < fi,2(i)) from (2.17) we have 

(2.22) 
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By equating exponents of the two last terms in (2.22), we get the optimal 

value of 'Y, namely 
8 

'Y=1+8' 

And with this value of'Y in (2.22), we have the first result. 

Substituting from (2.18) in (2.21), we get 

The second result follows from (2.23). 

End of proof. 

(2.23) 

The next item on our agenda is to discuss the generalization of this search 

algorithm to a situation where there are k random variables ( k > 2 ). This can be 

done easily. We list this modified algorithm below. 
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Sampling Plan For k Variables 

Initialization 

Sample each Xt, ... ,Xk once and obtain initial sample means pl(l), ... ,jtk(l) of 

Xl, ... ,Xk. 

Prescribe the constant 00 > o. 
Set i = 1. 

Iterative Step 

At the i-th sampling time 

Let Xj be the random variable with the largest pAi), i.e. pj(i) ~ p,(i), [ = 

1, ... ,k, [:lj. 

(1) Set 

For [:I j set 

.'Y 
rj(i) = (k-~)+i'Y. 

( 
k - 1 ) exp(p,(i)/Oo) 

TI( i) = k _ 1 + i'Y -k ---=-.:.:......:.~~~ 
L: exp(p'l (i)/Oo) 

'1=1 
'l~i 

where 00 > 0 is a constant. 

(2.24) 

(2.25) 

(2) Choose a random variable for sampling according to the probability density 

{r,(i)}7=1· 

(3) Update each p,(i + 1) [= 1, ... , k. 

( 4) Increment i by one. 

The rationale of this scheme is to sample the variable perceived as the op

timal with probability (k-;~H" and to sample a suboptimal variable (perceived to 
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be suboptimal) with probability (k!0~i'" . ( When k = 2 , these probabilities coin

cide with rl(i), r2(i) given in (2.1) ). But now there are k - 1 variables perceived 

as suboptimal. And a scheme for choosing one from the set of suboptimal vari

ables is necessary. This choice is made using a probability density that assigns a 

higher probability to a variable with a larger value of fJ,. Therefore, the conditional 

probability of sampling X, given that Xj, j :j: 1 is perceived as optimal was set to 

k 

L: exp(J-llt (i)/Oo) 
'1 'CIt '1 ;l>j 

(2.26) 

The constant 00 affects this probability as follows: The smaller the value of 00 the 

variables with higher J-ll values will have a relatively higher probability of being 

chosen for sampling. 00 is a design parameter that is prescribed at the beginning 

of the sampling plan. 

For discussion, let J-ll > J-l2 > '" > J-lk. The regret Rn (J-ll , ... , Uk) of the 

above sampling plan is 

n 

Rn(J-lI, .•• ,Uk) = LJ-ll -E{Zd· 
i=1 

The following bound can be obtained for Rn. 

(2.27), 

where Pi denotes the probability of the event {fJ,1 (i) < pj(i), for some j, 2 '5: j ~ k} 

and c is a constant independent of i. Comparing this with (2.21) we see that Rn 

has the same growth rate as in the two variable case. 

This concludes the theoretical discussion of the sampling plan. In the remain

der of this chapter, we introduce the specific problems that interest us and show 

that they belong to the class of problems for which the sampling plan was devised. 
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The background and motivation for investigating these problems are presented in 

the next two chapters. 

2.2 The Apolications 

The Stochastic Shortest Path Problem 

Let G = (E, V) be a graph with node and edge sets V, E. Let a source node 

s and terminal node t be specified. Furthermore, let there be a random variable 

Ti,i associated with each edge (i,j) E E. For concreteness, we think of Ti,i as the 

random time needed to traverse edge (i,j). Let A be the set of all s-t paths in G , 

a a particular s-t path, and Ta , the total time to traverse a . . Then the Stochastic 

Shortest Path Problem (SSPP) is: Given some critical time TO to find an s-t path 

for which the probability of going from s to t on time ( within TO ) is maximized, 

i.e. 

max Pr(Ta ::; TO) • 
aEA 

Furthermore, the distributions of Ti,i unavailable. For any a, Pr(Ta ::; TO) can be 

sampled by actually traversing a. The problem should be solved on-line on the basis 

of such samples. 

The Stochastic Traveling Salesman Problem 

Let n cities be given. Denote by T;,i the random time necessary to go from 

city i to city j directly. A traveling salesman tour is one which begins at some city, 

visits each city once and only once and returns to the initial city. Let A denote the 

set of all such tours. Let a be a particular tour and Ta the total random time to 
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complete tour a. The Stochastic Traveling Salesman Problem ( STSP ) is : Given 

some critical time TO 

max Pr(Ta ~ TO) • 
aEA 

The problem is to be solved on-line by sequentially choosing tours and traversing 

them to estimate Pr(Ta ~ TO), 

The SSPP and STSP are different versions of the problem of finding the 

random variable (path, tour, respectively, in SSPP and STSP) with the largest 

probability of success among a set of Bernoulli random variables. But the total 

number of paths and tours in SSPP's and STSP's of practical interest, although 

finite, are extremely large. And any algorithm in which each variable is sampled 

in a single step is infeasible. Thus, our sampling plan needs modification (In its 

initialization step, each variable was sampled once). To overcome this difficulty, we 

maintain and test a subset of available random variables (Le. subset of paths, tours) 

and add new variables to this set at a fixed rate. Since, by assumption, the time 

horizon for the problems are infinite, the optimum random variable will be added 

eventually to the set of variables being tested. But by exploiting problem-specific 

structures in the SSPP and STSP, we are able to generate the optimum or near 

optimum variables quickly and add them to the set of variables being tested. The 

details of these methods are discussed in the following chapters. Here, let us fix a 

reasonable rate for adding new variables to the subset that is being tested. 

Let A be the total set ofrandom variables (paths, tours) and Ao, (Ao C A), 

be the subset of these that are available for sampling at a given sample time. (For 

notational ease we have suppressed the dependence of Ao on the sample time). Let 

p be the probability of generating the optimal random, i.e. the one with the highest 

probability of success, at random from A. Then p = Pri, where IAI is the number 

of elements in A. Let there be k( i) be the number of times new elements have been 

added to Ao up to sample time i. Then the probability of the optimum variable not 

being in Ao by sample time i is 

(1 - p )k(i) = lei) , (2.28) 
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where q == (1 - p). The probability of sampling a suboptimal variable has order 

O( A) (see (2.21) ). We fix k(i) so that this probability has the same growth rate 

as that of (2.28). This results in 

k(i) = O(Q In i), (2.29) 

where Q = ~. Denote by t(j) the sample time at which the j-th variable is added 

to Ao. Then, by substituting j, tU) in (2.29) we can find the sample times at which 

new variables should be added to the set Ao. This yields 

tU) = lexp(j/Q)J . (2.30) 

Here, l·J denotes the integer-part function. Depending, on the value of Q, (2.30) 

prescribes adding more than one random variable to Ao for the first few sample 

times tU),j = 1, ... ,jo. But instead, we shall begin with a non-empty set Ao and 

add new variables to it one at a time. The number of initial elements that should 

be in Ao can be determined by (2.30). We summarize the modified sampling plan 

(called the search algorithm) below. 

----_. -_. 
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Search algorithm for the SSPP and STSP 

Initialization 

1. Generate a subset Ao C A at random from A . 

2. Sample from each X, E Ao and obtain an estimate for each Pl(1) . 

3. For each Ti,j that is observed via the chosen elements of Ao store the sample 

mean and variance. 

4. Prescribe" 90 , Q. 

Iterative Step 

At sample time i 

If (i = Lexpj/QJ) (j is any positive integer) then 

Obtain Xnew from A by a heuristic procedure. 

If Xnew rt Ao then 

Add Xnewto Ao 

Sample Xnew and get estimate {1.new 

End if 

Find Xj such that {1.j( i) ~ {1.,( i) ,1 = 1, ... , k( i), I =1= j and set 

.'Y 

Tj(i) = k(i) ~ 1 + i'Y 

For 1 = 1, ... , k( i), I =1= j set 

. (k(i) - 1 ) exp({1.,(i)/8o) 
T,(Z) = k(i) _ 1 + i'Y k(i) 

~ exp(p'l (i)/9o) 
'1=1 

'I "'i 

Choose a random variable for observation according to the probability den

sity {T,( i)} ~lii . 
After each observation update the corresponding estimates {1.,(i + 1) and the 

sample mean and variance of each Ti,j that was observed. 
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In the iterative step above we have referred to a heuristic procedure for 

generating new variables. This is a problem-specific method, and as such will be 

considered in detail in the following chapters. 
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CHAPTER 3 

THE STOCHASTIC SHORTEST PATH PROBLEM 

3.1 Introduction 

The shortest path problem is a classical network optimization problem. Its 

simplest version is formulated as follows: Let G = (V, E) be a graph, where V and E 

are the node and edge sets of G. To each edge (i,j) E E, where i,j E V, corresponds 

a real number called the weight of the edge. Two nodes 8, t E V known as the source 

and terminal are specified. A path from node VI to node Vk is a sequence of edges 

{(VI! V2), (V2' V3),'" (Vk-I! Vk)} such that (Vi, Vi+t) E E, i = 1, ... ,k - 1. A cycle 

is a path whose initial and final nodes VI, vk coincide. An s-t path is one that goes 

from 8 to t. For simplicity, we assume that graph G is connected and undirected, 

i.e. there is a path between every pair of nodes, and an edge can be traversed in 

either direction ( The weight of an edge is assumed to be independent of direction.) 

The problem is to find the shortest s-t path in G, where the length of a path is the 

sum of weights of its constituent edges. 

The above problem is encountered in many different versions as a subproblem 

in various optimization settings. Depending on the problem, the weight of an edge 

may represent attributes such as time to traverse the edge, the cost of transportation 

along the edge, time to complete the activity represented by the edge, etc. Due to 

its prevalence in applications, the shortest path problem and its many variations 

have been the focus of extensive research. There are several efficient algorithms 

for solving the shortest path problem, Dijkstra's label setting algorithm ( [70], for 

non-negative weights) and the Bellman-Moore label correcting algorithm ( [70j, for 

arbitrary weights) being two of the pioneers. 

In some applications of the shortest path problem, the weight of an edge 

represents random attributes: For example, the travel times in transportation net

works, delay times in communication networks, and activity completion times in 

PERT networks. In this stochastic setting, i.e. when the edge weights are random 
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variables, there is a number of different formulations of a "shortest path" problem. 

Of these related problems, we shall limit ourselves to studying a particular problem 

which we call the Stochastic Shortest Path Problem (SSPP). In the remainder of this 

section, we present the motivating background for some of the stochastic shortest 

path problem formulations found in the literature. Also, we establish connections 

between these formulations and the SSPP that we study. 

For concreteness, we shall think of random weights associated with an edge 

as the random time needed to traverse it. And hereafter the term "short" is used 

with respect to time. Denote by A the set of all s-t paths in G, and by a a particular 

s-t path. Let Ti,j and TO' be the random times needed to traverse the edge (i,j) and 

path a, respectively. By definition, we have TO' = L: Ti,j' The simplest shortest 
(i,j)EQ 

path problem in a stochastic setting is to find the s-t path with the minimum 

expected total travel time from s to t. That is 

where to avoid confusion with the edge set E we have denoted the expected value 

operator by Ex(·). When each Ex(Ti,j) is available, this problem is equivalent to a 

deterministic shortest path problem. The success of such a model depends on the 

particular Ti,/S involved and can not be guaranteed in general. Some pitfalls in the 

model are the following: (a) The time to traverse the shortest path may have a high 

variability. (b) The shortest path may have a high probability of realizing a longer 

travel time than its expected travel time. To avoid these situations, constraints that 

safeguard against such shortcomings are added to the formulation ([2]): 

min Ex(TQ ) , 
aEA 

s.t. V4(Tal~vo 

and 

min Ex(TQ ) • 
aEA 

s.t. Pr(Ta>rol<po 

---- ------- - --..... - .. -
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Here V a(· ), PrO denote variance and probability, respectively, and Vo, TO, Po are 

specified numbers. 

A number of investigators have generalized the approach of using expecta

tions by introducing a utility function U(·) defined on the edge travel times ( Eiger 

et. al [24], Loui [52], Mirchandani et. al [53]). Here, the optimal path is defined as 

the one that maximizes expected utility, that is 

max Ex(U(Ta)). 
aEA 

When the utility function is linear or exponential, the problem is effectively equiva

lent to a deterministic shortest path problem ([52], [53]). Therefore, a Dijkstra type 

algorithm can be used to solve it. Furthermore, Mirchandani et al. have studied 

this problem with a quadratic utility function, and Loui has considered a version 

where the weight of an edge is a vector and a utility function defined on vectors is 

available. 

Concrete applications of the stochastic shortest path mentioned in the above 

sources include communication networks, when the transmission is limited to certain 

times of the day and requests for transmission may have to queue, and Markovian 

decision policies, where the reward structure is stochastic ( Here, a path represents 

a particular realization of the decision process with stochastic weights representing 

the rewards). Note that in each of these situations, the application of the model 

requires identifying a particular path as the optimal one. 

In contrast, consider the following statistical problem proposed by Frank in a 

pioneering study of the stochastic shortest path problem ([26]): Define the random 

variable To as follows: 

To = min{Ta} , 
aEA 

(3.1) 

The problem is to compute the distribution function Fo(') of To. The author derives 

an exact expression for Fo in terms of the moment generating functions of Ti,j's, 

and uses a Monte Carlo method for computing it. Except in trivial cases, there is 
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no fixed s-t path with a travel time distribution identical to that of To. The trivial 

case is when there is an s-t path, with a travel time almost surely dominated by 

travel times of all other s-t paths. 

In [54], Mirchandani studies the same model motivated by the following 

emergency vehicle routing problem: Consider an emergency vehicle that has to go 

from node s to t. The path for the vehicle is determined by a dispatcher who has 

complete knowledge of the state of the network at any given time, by radio reports, 

etc. It is assumed that the network state does not change while the vehicle is en 

route. The dispatcher, having the realizations of all Ti,i's at his disposal, finds 

the route for the vehicle by solving a deterministic shortest path problem. In this 

scenario, To is the travel time of the emergency vehicle from s to t. The author 

considers Ti/s having discrete distributions with a finite number of possible values 

and explicitly allows infinite edge travel times, i.e. failed edges. An algorithm for 

computing reliability of the stochastic network (i.e. the probability that s and tare 

connected by a path consisting of operating edges) is given. And when reliability 

is 1, the same algorithm is used to compute the distribution of To without much 

added computational effort. But practical use of the algorithm on large networks 

is hampered due to its explicit requirement of all s-t paths. We note briefly that 

in stochastic PERT networks, a similar statistical problem concerning the longest 

path plays a central role: In these networks, edges represent activities and weights, 

random duration of the activity. The objective is to compute the distribution of 

TO = max TO' , since TO is the time necessary for completing the project ([2]). 
O'EA 
Recently, Sigal et. al. ([64]) have introduced a measure of path shortness in 

stochastic networks known as the path optimality index. The value of this index, 

for a..y given path, is the probability that the time to traverse it is not greater than 

the time to traverse any other s-t path. Mathematically stated, if RO' is the path 

optimality index of path a , then 

RO' = Pr(TO' ::; Ta, all a E A,a =1= a) . (3.2) 

Computing path optimality indices is difficult since the random variables {TO' }aEA, 

are not necessarily independent (due to common edges in paths ) even when the 
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{Ti,;} are independent. Rot is expressed as a multi-dimensional integral of the distri

bution functions of Ti,; and Monte Carlo methods are recommended for evaluating 

the integral. The authors suggest a way of reducing the dimension of this integral 

by choosing a special set of edges to condition upon. But .:;omputational examples 

are not given. 

Yet another criterion for comparing paths in a stochastic network was intro

duced by Kamburowsky ( [37] ). Denote by Rot the expected squared deviation of 

time to traverse path a from the minimum time To. That is 

, 2 
Ra = Ex{(Tot - To) } . 

Then given two paths, the one with smaller value of RO/ is preferred over the other. 

The rationale for introducing Rot is the following: RO/ is the probability of a being 

the shortest path in all realizations of Ti,;. But it is important to characterize the 

travel time of a when in a realization of {Ti ,;}, a is not the shortest path. The 

introduction of the new index Rot is an attempt to do this. Consider all realizations 

of {Ti,;} where a is not the shortest path. The value of Rot is the average of the 

squared difference of the time to traverse a and the shortest time to go from s to t 

( To ), over these realizations of Ti,j' 

To the set of indices for comparing s-t paths in a stochastic network, we 

add one more mentioned in Frank [26]. Namely, the probability of going from s to 

t within a prescribed time. Let a critical time threshold 7'0 be given so that it is 

necessary to go from s to t within time 7'0 • Then path a1 is prefered over a2 if 

(3.3) 

where Pr(.) denotes the probability of the event in the bracket. The author notes the 

difficulty of computing these quantities, specially when a path has a large number 

of constituent edges. The difficulty stems from the distribution of Tot being the 

convolution of distributions of Ti,;'S, where (i,j) are constituent edges of a. Frank 

suggests using normal approximations via the Central Limit Theorem to overcome 

having to compute exact distributions. As seen shortly, both this criterion and the 
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comment by Frank are relevant to the problem we propose to solve. Frank does 

not present computational examples using criterion (3.3), nor does he formulate the 

problem of finding a path with the highest probability of reaching node t on time. 

In swnmary, we isolate three characteristics relevant to shortest paths in 

stochastic networks: Fo- the distribution function of minimwn time to go from s 

to t, Fa- the distribution function of time to traverse path 0:, and Ra- the path 

optimality index of 0:. It turns out that these quantities are inter-related. To our 

knowledge this has not been noted in the literature. 

Consider the events Ca 

Ca = {Ta < Ta, all a E A,a =1= 0: }. (3.4) 

When the distributions of {Ti,j} are such that only a single path has the shortest 

travel time in every realization of {Ti,j} ( this is so when Ti,j have absolutely 

continuous distributions) the collection {Ca}aEA form a set of mutually exclusive 

and exhaustive events. Assume this is the case. Then introducing the notation 

Pa,p(TO) for the probability of traversing 0: within TO given that the path (3 is 

minimum, i.e. 

Pa,p = Pr(Ta ~ TO I Tp < Ta, all a E A, a =1= (3) , (3.5) 

and conditioning on the mutually exclusive and exhaustive events {Ca } , we get 

and 

FO(TO) = 2:: Pp,p(To)' Rp 
PEA 

Fa(TO) = 2:: Pa,p(TO)' Rp . 
PEA 

FUrthermore, for any 0:, (3 E A we have the inclusion 

(3.6) 

(3.7) 

{Ta ~ TO I Tp ~ Ta, all a E A a =1= (3} ~ {Tp ~ TO I Tp ~ Ta, all a E A a =1= (3} , 
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which implies Pp,p(TO) ~ PO',P(TO)' Using this in (3.6) and (3.7) we have 

Fo( TO) ~ FO'( TO), for all TO • (3.8) 

Equations (3.6) and (3.7) show the relation among the random variables 

To, TO' and the index RO' • From (3.8) we conclude that the distribution function of 

each TO' is majorized by that of To • In conclusion, we discuss these path optimality 

criteria, from an intuitive point of view, in two examples that follow. 

EXample 1 

2 t=4 

5=1 3 

Figure 3.1 An undirected network 

Consider the simple network given in figure 3.1 . Let the source and terminal 

nodes be 1 and 4, respectively. Then the set A of s-t paths comprises of 

etl = 1 24, eta = 1234 et4 = 1 324. 

We have excluded paths with cycles from consideration since travel times of such 

paths dominate, almost surely, travel times of the corresponding paths without the 

cycles. To keep the number of possible states of the network small, we assume that 

the times TI,a and T2,4 are constant and equal to 5 and 6, respectively. The times to 
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traverse the other edges are distributed as follows: ( fT(') denotes the probability 

density function of T ) . 

f - {3, w.p. 0.8 
Tl,2 - 4, w.p. 0.2 f {

3, w.p. 0.5 
T 2,a = 5, 05 w.p .. 

. {2 
fTa,4 = 6: w.p. 0.75 

w.p. 0.25 

Simple calculations yield the following: 

{ 

0, 

F. ( ) = 0.75, 
o T 0.95, 

1, 

if T < 7; 
if 7:5 T < 9; 
if 9:5 7 < 10; 
if 10 :5 T . 

{ 

0, if T < 9; 
PO'1 ,O'l(T) = 0.8, if 9 ~ T < 10; 

1, if 10 ~ T • 
{

O, if 7 < 9; 
PO'1 ,O'2(T) = 0.8, if 9:5 T < 10; 

1 , if 10 :5 T • 

{

O, if T < 9; 
FO'1 (T)= 0.8, if 9~T<1O; 

1, if 10 ~ T • 
{

O, if T < 7; 
FO'2 (T) = 0.75, if 7:5 7 < 11; 

1, if 11:57. 

Table 3.1 RO' and RO' values of the paths at, a2, a3, a4 

a RO' flO' 

at 0.25 3.75 
a2 0.75 0.85 
a3 0 8.75 
0'4 0 57.45 
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The reader can verify that (3.6) and (3.7) are satisfied. Let us compare the 

different optimality criteria in the context of the emergency vehicle routing problem 

discussed earlier. The path of the vehicle is determined by a dispatcher who uses 

these criteria. We consider 3 different dispatchers: 

1) The omniscient dispatcher has exact knowledge of the network state at all 

times, say from radio messages, etc., and chooses the path by solving a 

deterministic shortest path problem for each dispatch. 

2) The time-sensitive dispatcher has estimates of Fa (·), say from earlier routing 

records, and chooses, for a given TO, the path with the highest probability of 

reaching the destination on time. 

3) The index-dependent dispatcher has access to path optimality indices, R a , 

(or their estimates), and chooses the path with the highest value of this 

index. 

Note that the omniscient dispatcher computes a path for every new realization 

of the network state, the time sensitive one recomputes the path only when the 

critical value TO is changed, and the index-dependent dispatcher's choice of path 

never changes. The graphs of Fo, Fa1 , Fa2 are shown in figure 3.2. 

~-- ... ---.----.. -.. ----.----- --_ .. _._--_ ... - . 
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1.0 F. Fo, 

Fo 

0.9 

>-
Eo< 
:3 
~O.6 Fo, 
ca 
~ F. Fa, Fa, Fa, 
~ 

0.7 

0.6 

7 6 9 10 11 
TIME 

Figure 3.2 Distributions of To, To\, Ta2 • 

Let us compare the merits of each of these routing strategies for the emer

gency vehicle. It is clear that the omniscient dispatcher is to be preferred over the 

others. But to maintain such a dispatcher may be unrealistic due to cost, physical 

constraints, etc. If this were the case, the choice has to be between the other two dis

patchers. Here, the time-sensitive dispatcher is superior to the index-dependent one 

since when 9 ~ TO ~ 11, his vehicle has a higher probability of reaching t on time. 

In fact, for 10 :5 TO :5 11 the time-sensitive dispatcher's vehicle reaches t on time 

with probability 1, whereas the corresponding probability of the index-dependent 

vehicle is 0.75. The time-sensitive dispatcher has the advantage of choosing one 

or the other path depending on TO. But the index-dependent one is restricted to a 

single path. 

On the other hand, think of a race in which a vehicle is sent on each of the 

s-t paths. The aim is to reach node t before all other vehicles. In this situation, 

Ra is the probability of the vehicle on path a winning the race. Therefore, in our 

-.---~--- .. ----
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example, 0'2 is the preferred path. Note that in this scenario, To does not enter 

the picture since it is not associated with any single path. Also, the criterion of 

reaching t on time is not applicable because the aim is to reach t before all others, 

regardless of time spent. 

End of Example 1. 

Example 2 ( due to Kamburowsky ) 

Figure 3.3 A directed network 

Consider the directed network taken from [37] and shown in figure 3.3. Here, 

nodes 1 and 4 are the source and terminal nodes. The set A of all s-t paths comprises 

three paths 0'1, 0'2,0'3 , where 

0'1 = 124, 0'2 = 1 234, 0'3 = 134. 

But since the time to traverse paths 0'1 and 0'3 are identically distributed we shall 

not consider 0'3 further. 

The time to traverse each edge is exponentially distributed with rate Ai , 

where Al = 1, A2 = 0.5. Kamburowsky considers 3 values for Ao. Various values 

related to a}, 0'2 are given in [37]. We have reproduced these values in table 3.2. 

The value of Ao is given in the first column. The mean and variance of time to 
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traverse 0'1 and 0'2 are listed in the next 4 columns. The values of ROt and ROt are 

listed in the remaining columns. 

Table 3.2 Comparison of paths 0'1 and 0'2. 

1/>'0 MOtl MOt2 VOtl VOt2 ROtl ROt2 ROtl ROt2 

1/3 3 7/3 5 19/9 1/3 1/3 114/18 33/18 
1 3 3 5 3 7/18 4/18 106/18 73/18 

1.3294 3 3.3294 5 3.7674 0.4046 0.1908 5.7632 5.7632 

This example was presented by Kamburowsky to point out an anomaly that 

can occur when using ROt as an optimality criterion: When >'0 = 1/3 , the mean 

and variance of TOt2 is less than those of TOtI • Yet judging by path optimality index 

ROt, both these paths have equal merit (See table 3.2). However, using the index ROt 

the author is able to distinguish 0'2 to be the better path. When >'0 = 1, the mean 

time to traverse both paths are equal, and the variance of 0'1 is greater than that 

of 0'2. For this case, 0'1 is preferred over 0'2, according to ROt. But ROt orders the 

paths conversely. The last row of the table presents a situation where ROtl = ROt2 

but ROtl > R Ot2 • 

We computed the distribution functions Fo(·), FOtl (.), FOt2 (.) of To, TOtl , TOt2 . 

The graphs ofthese functions for each value of >'0 are given in figures 3.4(a)-3.4(c). 

It is clear from these graphs that when Pr(TOt ::; TO) is the optimality criterion, 0'1 

and 0'2 can be compared only when TO is specified. As seen from these figures, for 

each value of >'0 there is a range of TO for which one path is better than the other 

and vice versa. 
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Consider figure 3.4(a). Here, Fa2 (TO) > Fa2 (TO) holds for most of the range 

of TO. Nevertheless, Rat = Ra2 . This shows that even knowing FaO for all a E A, 

we can not infer the ordering of Ra , a E A. The distribution Fa (·) characterizes a 

and is independent of all Titi' (i,j) ¢ a. But Ra ( and also Ra ) is a characteristic 

of a which depends on all {Titi }. So, in a sense, Fa is a local characteristic of paths 

and Ra, Ra are global characteristics of them. This is why in the previous example, 

Ra was appropriate for judging the most frequent winner of the race (the winning 

path is a global characteristic of the network). In our opinion, Kamburowsky's 

"anomaly" is a misnomer: The local characteristics of paths such as their mean 

travel times, variances of mean travel times, distribution functions ( Fae-) ) etc., 

can not provide information about their global characteristics such as Ra , Ra , etc., 

and vice versa. 

End of Example 3. 

---- -----_ ...... -
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3.2 Methodoloa 

Let us formulate the stochastic shortest path problem we intend solving. 

Consider finding the path with the highest probability of reaching the terminal 

node on time when a critical time TO is given. This is the optimization problem 

resulting from Frank's criterion (3.3) for comparing paths. Furthermore, we assume 

that distribution functions FTi,i (.) of times to traverse edges are not available to 

the decision maker. (The decision maker is a human or computer which controls 

the system.) By choosing a particular path and traversing it, the decision maker 

observes realizations of times to traverse edges on that path. He also records the 

relative frequency of reaching the terminal node within TO on each path being tried 

out. And he is to seek the optimal path, i.e. the one with highest probability of 

reaching the terminal on time, based on these observations. Therefore, we have 

the following on-line Stochastic Shortest Path Problem (SSPP): Given a graph 

G = (V, E), with the source and terminal nodes 8, t specified, solve 

~~Pr(Ta :5 TO) , (3.10) 

where Ta = 2: Ti,j and A is the set of s-t paths in G. We assume the {Ti,j} are 
(i,j)Ea 

mutually independent. This is a common assumption in the literature ([27]). 

The SSPP is a special case of the general problem of finding the random 

variable with the highest probability of success among a set of Bernoulli random 

variables on the basis of trials (See chapter 2). Here, random variables correspond 

to s-t paths of G. Since it does not lead to confusion, we shall denote an s-t path as 

well as the corresponding random variable by a . The probability of success of the 

Bernoulli random variable a is given by Pr(Ta :5 TO) = Fa( To) . 

We use the search algorithm discussed in chapter 2 to solve the SSPP. This 

algorithm is outlined below. 
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The search algorithm for the SSPP 

Initialization 

1) Generate a subset Ao C A of s-t paths in G at random. 

2) Tryout each path in Ao recording the sample mean and variance i1i,j, ar,j 

of each Ti,j that is observed by traversing a path. Also, record whether the 

terminal node was reached within TO on each of these paths. 

3) Prescribe values for the parameters Q,;o, (}o. 

Iterative step 

1) At i-th trial 

If i = L ej /q J (j is any positve integer) then 

1) Generate an s-t path f3 using the local search procedure for the SSPP, 

explained below. 

2) If f3 ¢ Ao then add f3 to the set Ao and try it out updating the 

sample means and variances of relevant Ti,j'S. Also, record whether 

the terminal node was reached on time. 

2) Number the paths in Ao from 1 to k( i), where k( i) is the number of paths in Ao 

at the ith iteration. Let m, denote the relative frequency of reaching the terminal 

node within TO on path 1. Find path 1*, where 1* = arg max mi. 
199(i) 

3) S t po d (') (k(i)-l) exp(m,(i)/60 ) for 1 = e no = k(i)-1+i10 an r, Z = k(i) 1+i10 k(i) 

E exp(mj(i)/60 ) 

1, ... ,k(i),I=11*. 

j=1 
j~/O 

4)Choose path 1 from Ao according to the probability density {rl(i)} 7lil and traverse 

it, updating the sample mean and variance of relevant Ti,j'S and also the relative 

frequency m,(i + 1). 
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The practical applicability of this algorithm depends criticallly on the method 

of generating paths to be added to Ao. But how should new paths be generated and 

added to Ao? One method is to generate them at random. However, for any network 

of practical interest, the total number of paths from the source to the terminal would 

be quite large. Therefore, the probability of generating the optimal path a* that 

solves (3.10) or a path that has many common edges with a*, at random, in a 

reasonable number of attempts, is vanishingly small. Furthermore, such a random 

method completely disregards accumulating data of edge travel times, i.e. the 

sample means and variances of Ti,j'S. 

The sample mean and variance of Ti,j's are updated as each new realization 

of these random times becomes available, on-line, to the decision maker. Hence, as 

time progresses, the decision maker has estimates of the mean and variance of Ti,j's 

that have become accurate due to increasing sample size. This accumulating data 

should be effectively used to generate new paths. So, we need a method that uses 

past history of edge travel times, in the form of sample means and variances, to 

produce new paths. The remainder of this section is dedicated to discussing such a 

method. 

The strategy we use for generating new s-t paths is a heuristic procedure 

based on the following idea: Initially, there is a set of randomly generated paths Ao 

available. When a new path is required, one is chosen from Ao and its neighborhood 

( a neighborhood of a path is defined below) is searched for better paths, and the 

one that is judged best according to a heuristic criterion ( also explained shortly) is 

added to Ao and subsequently tried out. Noting the similarity of this method with 

local search methods for the traveling salesman problem (see the next chapter), we 

shall call it the local search for the SSPP. To make this plan feasible we need the 

following: 

1) A method for defining a neighborhood of an s-t path, where by a neighbor

hood we mean a set of s-t paths close to the original one in some sense. 

2) A method for comparing the probability of reaching the terminal node within 

the critical time on each of the paths in the neighborhood. This comparison 

------.-----... ----.-.. --.--.. ~----------
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should be on the basis of sample mean and variance of Tj,j's, and should not 

necessitate actual trying out of paths. 

We shall discuss the first of these two in detail since this concept is not found 

in the literature. The ensueing discussion focuses on the following: Definition of a 

neighborhood of a path, comparison of paths in a neighborhood, and the complete 

local search algorithm for the SSPP. Note that these are components of the single 

step of producing a new path in the main algorithm (step 1 of iterative part). 

But first some graph-theoretic concepts are required: An s-t cut of a graph 

G = (V, E), with specified source and terminal nodes s, t, is a pair of sets WI, W2 

such that 

Given an s-t cut, consider the set of edges Ec C E that connect the nodes of WI 

with those of W2 , that is 

We shall refer to Ec as the cut set of the cut (WI, W 2 ). When there are weights 

associated with edges of G, the value of a cut is defined to be the sum of weights of 

edges in the cut set Ec. 

A graph is called a planar graph if it can be drawn on the plane without 

intersecting edges. An s-t planar graph is a planar graph which retains its planarity 

when the edge (s, t) connecting the source and terminal are added to it. For each 

planar graph, there is a corresponding graph known as its dual. We use a relation 

existing between the graph and its dual to define a neighborhood of a path. Since 

the dual is defined only for planar graphs, we restrict G to be an s-t planar graph. 

Let Gd = (Vd, Ed) denote the dual of G. Given an s-t planar graph, its dual 

is constructed thus: Add the edge (s, t) to G and draw it on the plane without 

intersecting edges. The plane is divided into regions by such a drawing. These 

regions are called the faces of G. Place a node of the dual graph Gd on each of these 

faces. Let sd, td denote the source and terminal nodes of the dual. Place sd on the 
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unbounded face of the plane. Place t d on the face formed by the added (8, t) edge 

and the other edges of G. Now, we have placed all the nodes of the dual graph. 

The edges of the dual graph are constructed as follows: If an edge of G is common 

to two faces of G connect the corresponding nodes of Gd on these faces by an edge 

of Gd that crosses only the common edge of G. This completes the construction of 

Gd• Having constructed the dual, the edge (8, t) and its corresponding edge in Gd 

are removed. This procedure is illustrated in figures 3.5( a)-3.5( c). Also, given the 

edges of G specifying its faces, the procedure for constructing the dual can be easily 

implemented on a computer. 

8 '2 3 ~~ ________ ~~ __________ ~ 

5=1 13=t 

2 6 11 

Figure 3.5(a) A planar graph G. 
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The construction of the dual graph establishes a one-to-one correspondence 

between edges of E and those of Ed, and also between faces of G and nodes of Gd. 

The dual graph has the same number of edges as the original graph. The number of 

nodes in the dual graph is equal to the number of faces of the original graph. This 

number is given by one of Euler's classical results in graph theory: If n u , n e , n fare 

the number of nodes, edges, and faces of a connected planar graph drawn without 

intersecting edges on the plane, then 

The correspondence between the sets E and Ed for this graph and its dual 

are listed in table 3.3 below. Note that the dual graph may have multi-edges, i.e. 

several edges that are incident on the same pair of nodes. But there is always a 

one-to-one correspondence between E and Ed. 

Table 3.3. Correspondence of edges in the graph and its dual (figure 3.5(b)) 

E Ed E Ed 

(1,2) (1,5) (6,9) (3,4) 
(1,3) (9,14) (6,11) (1,4) 
(1,4) (5,7) (7,9) (3,8) 
(1,5) (7,9) (7,10) (8,10) 
(2,4) (2,5) (8,10) (10,13) 
(2,6) (1,2) (8,12) (13,14) 
(3,5) (9,12) (9,11) (4,6) 
(3,8) (12,14) (9,13) (6,8) 
(4,6) (2,3) (10,13) (8,11) 
(4,7) (3,7) (10,12) (11,13) 
(5,7) (7,10) (11,13) (1,6) 
(5,8) (10,12) (12,13) (11,14) 

Next, we list some important relations between paths in G and cuts in Gd • 

To every s-t path in G corresponds a sd - td cut in Gd. This correspondence is 

established through the one-to-one mapping between E and Ed : Edges in an s-t 
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path of G correspond to edges in Ec of an sd - t d cut of G d • In turn, Ec defines a 

cut (WI, W2). Hence, every s-t path in G defines a cut in Gd• Moreover, the time to 

traverse an s-t path ( the sum of weights of edges in the path) is equal to the value 

of the cut ( the sum of weights of edges in the cut set Ec ). 

Now, we are ready to define a neighborhood of an s-t path. Given G, let 

its dual Gd be constructed. Let a be an s-t path in G and let (WI, W2) be its 

corresponding cut in Gd. From (WI, W2 ) obtain other cuts by exchanging all pos

sible node pairs (except the source and terminal sd, td of the dual) between WI 

and W2 • To these new cuts correspond s-t paths in G. The set of these paths 

is the neighborhood of a. This definition is schematically depicted in figure 3.6. 

5-t oath In G 

cuts obtained by exchanging nodes in W .., 
It U"2 

5-t paths corresponding to these cuts 
( neighborhood of original 5-t oath) 

Figure 3.6 The neighborhood of an s-t path 

Let N~ denote the set of paths corresponding to cuts obtained by exchanging 

i pairs of nodes between WI and W3 • Then we call N~ the neighborhood of order 

i of a. The path a itself is the neighborhood N~. Let io be the number of nodes, 

excluding the nodes sd, td in the smaller of the two sets WI, W2. The neighborhood 

of higest order of the path is N~o since io is the maximum number of node-pairs that 
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can be exchanged between WI and W2 • The neighborhood of the s-t path, denoted 

by No, is the union of its neighborhoods of all orders, i.e. 

An example follows. 

Example 3 I 
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Consider the graph and its dual in figure 3.5(b). We reproduced this figure 

for the reader's convenience. Let a = 1 5 7 9 13 . The corresponding cut (WI, Wz) 

is 

WI = {I, 2, 3,4,5,6, 7} Wz = {8, 9,10,11,12,13, 14} . 
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By exchanging nodes 3 and 8, we obtain the cut (WI! W2 ) and its corresponding s-t 

path & where 

WI = {1,2,4,5,6, 7,8} W2 = {3, 9,10,11,12,13, 14} , 

and 

& = 1 5 7 4 6 9 7 10 13 . 

N! consists of all s-t paths that can be obtained in this manner. Next, consider 

the cut (WI! W2 ) and its corresponding path a obtained by exchanging two pairs 

of nodes 3,7 and 8,11. We have 

WI = {1,2,4,5,6,8,11} W2 = {3,7,9,10,12,13,14} 

and 

a = 1 4 6 9 7 10 12 13 . 

N~ is the set of all paths that can be obtained by exchanging two pairs of nodes, 

except nodes 1 and 14, in WI and W2 • Note, as in this example, when constructing 

a neighborhood of a path, it is possible to generate paths with cycles. 

End of Example 3. 

Having defined a neighborhood we proceed to search it for better paths. 

We remind the reader that the time TO! to traverse path a is TO! = L: Ti,i' 
(i,i)EO! 

where by assumption Ti,i are independent random variables. Therefore, when the 

path consists of a large number of edges and Ti,i's satisfy additional conditions, 

given below, the distribution function of TO! can be approximated by that of a 

normal random variable. These conditions are necessary to invoke the Central 

Limit Theorem (CLT) . Hence assume Ti,i satisfy the following conditions: 

(1) Ti,i = Ti,i 

(2) Ti,i are independent. 
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(3) Ex{T.· .} = /l' • < 00 ',] - ,....,.' 
(4) Ex{(Ti,j - J1.i,j)2} == O'[,j < 00 

(5) Ex{IT.· . - /l' '1 3 } == "" .. < 00 ',] ,....,] ",] 

The first condition is due to G being undirected. It is not necessary for the 

CLT. The second is a common assumption in the stochastic shortest path literature. 

We additionally require conditions (3)-(5) for that the CLT to be valid. 

Let ili,j, o-[,j denote the current sample mean and variance of Ti,j in the main 

SSPP search algorithm. Then the mean and variance of TOt are estimated by 

~ "" ~ J1.Ot = ~ J1.i,j, (3.11) 
(i,j)EOt 

Let J1.Ot,O'; be the actual mean and variance of TOt. Then under conditions stated 

above, the CLT yields ( Chung [14] ): 

(3.12) 

where F~(.) is the distribution function of (Ta -/la) , <1>(.) is the distribution function 
O'a 

of the standard normal random variable, Co is a universal constant, and "'lOt is given 

by "'lOt = L: "'Ii,j' Also, 
(i,j)EOt 

(3.13) 

And (3.12) and (3.13) imply 

(3.14) 
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Then for any paths ct, f3 E A we have 

( I) TO - fla TO - flfJ . 101 IfJ 
Pr(Ta :s; TO) - Pr(Tp :s; TO) :s; q, ) - q, ( ) + Co '3 + 3" 

Ua up \ua up 

(3.15) 

and 

( ) ( TO-fla) (TO-flP) ('01 IfJ) Pr(Ta :s; TO) - Pr Tp :s; TO ~ q, - q, - Co 3 + 3" . 
Ua up Ua up 

(3.16) 

From (3.15) and (3.16) it follows that if 

then 

(
TO - fl ) (TO - flfJ) q, U

a 
a > q, Up ::} Pr(Ta :s; TO) > Pr(Tp :s; TO) , (3.18) 

(
TO - fla) (TO - flP) q, U

a 
< q, Up ::} Pr(Ta :s; TO) < Pr(Tp :s; TO) . (3.19) 

Also, since the distribution function q,(.) is monotone increasing we have 

q, (TO - fla) > q, (TO - flP) ¢:} TO - fla > TO - flp (3.20) 
Ua up Ua up 

and 

q,(TO-fla ) <q,(TO-flP) ¢:} To-flOi < TO-flP. (3.21) 
UOI up Ua up 
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Then, (3.18)-(3.21) imply that if (3.17) is valid 

....,;TO;.----:..,J-l.;;;.a > TO - J-lp ~ Pr(Ta ~ TO) > Pr(TfJ ~ TO) , 
Ua UfJ 

(3.22) 

....,;TO;...,.---:..,J-l..;;;,.a < TO - J-lfJ ~ Pr(Ta ~ TO) < Pr(Tp ~ TO) • 
Ua UfJ 

(3.23) 

In summary, when (3.17) is valid, we can correctly compare probabilities of 

reaching the terminal within TO on paths a and f3 by using (3.22) and (3.23). But 

to use (3.22) and (3.23) we need J-la, Ua etc. which are not available. The remedy 

is to substitute estimates Pa, fra for /-la, Ua etc. in (3.22) and (3.23). This results 

in the heuristic criterion 

TO - Pa TO - pfJ 
A > A ~ Pr(Ta ~ TO) > Pr(Tp ~ TO) 
Ua UfJ 

(3.24) 

and 

(3.25) 

Every path is tried out infinitely often in the SSPP search algorithm. Also, 

the estimates Pi,j! fri,j are based on independent observations. Hence, the Strong 

Law of Large Numbers is applicable and yields 

Pi,j -. J-li,j a.s., 

This implies that for any path a E A 

Pa -. J-la a.s., 

Therefore, if condition (3.17) is satisfied the heuristic criterion (3.24),(3.25) will 

eventually correctly order the paths. Note that, the sufficient condition (3.17) was 

derived by using a uniform (ill T ) bound in (3.12), and it may not be necessary 

for (3.24),(3.25) to hold. Also, the validity of (3.17) can not be checked on-line 
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since la, IfJ are unavailable. Therefore, we have to treat (3.24),(3.25) as a heuristic 

criterion for comparing paths in a neighborhood. 

Now, we have all auxiliary concepts to reveal the method of generating a new 

s-t path: A neighborhood of a path has been defined and a method for comparing 

paths has been established. It only remains to search the neighborhood efficiently. 

To this end, we adapt a heuristic method proposed by Kernighan and Lin ( [41]) 

for finding an optimal cut in a deterministic network. We shall only discuss aspects 

of this method which are pertinent to the SSPP. 

Let some path a be selected from Ao. To this a corresponds a sd - td cut 

(Wb W2 ) and a cut-set Ec. Note that E Ti,j = E Ti,j, (the edges (i,j) in 
(i,j)Ea (i,j)EEc 

the left hand side are in E, and in the right hand side they are in Ed ). Hence, 

Pa = L Pi,j = L Pi,j, (3.26) 
(i,j)Ea (i,j)EEc 

fr2 = '" fr~. = '" fr~. a L..J I,) L..J I,}' (3.27) 
(i,j)Ea (i,j)EEc 

For any 

we introduce the quantities 

where for example, J.lint(U) is the sum of the sample mean of edges that connect u 

with nodes that are in the same set WI ( or W2 ) as U itself. The subscripts int, ext 

stand for internal and external. Let U E WI . Then, 

L Pu,j, 
(u,j)EE" 

JEWl 

(3.28) 
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and 

Pext(U) = Pu,; , (3.29) 

We have excluded the hat over the quantities in the left hand side for ease of 

notation. Let U E WI and v E W2 • Denote by Po, 0"5 the following: 

Po = 
iE W1.je W2 

iytu.jytu 

2_ 
0"0 -

ie W l,jE W 2 
iyl:.u,jyl:.u 

(3.30) 

That is, po, O"~ are the sum of sample means and variances of travel times of edges 

in the cut set Ec that do not involve u, v. Furthermore, let 

Pu,,, = L Pu,,, , 
(u,,,)EEd 

2 = O"u,,, 
~ ~2 
L..J O"u,,,' (3.31) 

(u,,,)EEd 

The sums in (3.31) are necessary since we are dealing with nodes and edges of the 

dual graph which may have multi-edges. The validity of the following can be easily 

checked. 

POI = Po + Pext( u) + Pext( v) - Pu,,, , (3.32) 

(3.33) 

These formulas, together with (3.26),(3.27), reflect two simple facts: (1) Edges of 

0: are the same as edges in the cut set Ec. (2) Edges in Ec consist of external edges 

of u, external edges of v, and edges that are not incident on u, v. The last term is 

subtracted since edges (u, v) are counted twice, once as external to u and again as 

external to v. Now, consider the exchange of nodes u and v. This results in a new 

cut set and a new path, say (3. The important point is for the new path (3 we have 

the following: 



{tp = po + Pint( U) + Pint( V) + l.lu,v , 
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(3.34) 

(3.35) 

Having {ta,Ucnpp,Up at our disposal from (3.32)-(3.35), we can select the better 

path by criterion (3.24),(3.25) . 

If we were to exchange two pairs of nodes, say UI, U2 E WI and VI, V2 E W2, 

the only changes would be in fonnulas (3.30)-(3.35) which would change to: 

po = 
U,ilEEd 

i~Ul ,u2,j,t:Vl.t12 

2_ 
0'0 -

(i,jEEd 
i,t:Ul'U2,';yl: Ut ,V2 

(3.36) 

{ta = PO+Pezt(UI)+Pezt(U2)+Pezt(vt}+Pezt(V2)-Put,Vt -PUt,V2 -PU2,Vt -PU2,V2 

(3.37) 

(3.38) 

(3.39) 

U~ = 0'5 + O'fnt(ut} + O'fnt(U2) + O'fnt(vt} + O'fnt(V2)+ 
2 222 

O'Ut,Vt + O'Ut,V2 + O'U2,Vt + O'U2,V2 (3.40) 

- 2 (0';t,U2 + 0'~t'V2) . 

----- ---- ----
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These formulas are cumbersome in comparison to (3.30)-(3.35), and this trend con

tinues when a larger number of node-pair exchanges are considered. Kernighan and 

Lin have produced a powerful heuristic by sequentially considering the exchanges of 

a total of io pairs of nodes. But for our stochastic situation, the efficiency of their 

method is lost. This is because in the stochastic situation, two paths a, f3 can not 

be compared only on the basis of pint, Pext, Pu,t} etc., independent of the quantities 

po, 0'0. (The reader is directed to [41] for details.) Hence, we shall restrict the num

ber of maximum node-pair exchanges to two. This is equivalent to searching only 

the neighborhoods of order 1 and 2 of a path. 

In summary, the local search of a path is conducted thus: We begin with 

some initial path a . The cut set of this path is found. Then all possible single 

pair exchanges of nodes except those involving sd, td are considered. If an exchange 

produces a path that is better than a, judged by the heuristic criterion (3.24),(3.25), 

we set a equal to the new path and repeat the procedure. Eventually, a path that 

is a local optimum with respect to single-node-pair exchanges is obtained. Then, 

we try exchanging two pairs of nodes in the cut set (if io ~ 2. ) When all single

node-pair and two-node-pair exchanges do not yield a better path, we have a local 

optimum path relative to single and two node-pair exchanges. In other words, a, 

thus obtained, is optimal in N~ U N~. This path is added to Ao and passed to the 

main SSPP search algorithm to be actually tried out. Let us summarize the local 

search procedure for the SSPP. 
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Local Search algorithm for s-t paths (Iterative Step 1 of main SSPP algorithm) 

Initialization 

1. Construct the dual graph ad. (This step is p.xecuted only once, and is actually 

implemented in the initialization section of the main SSPP algorithm.). 

2. Select a path 0 E Ao. 

3. Compute P,Ol,qOl. 

4. Find the cut (WI! W2 ) corresponding to o. 



Iterative step 

While a better path is found do 

For each (u E WI,u i: sd) do 

Compute JLext(u),O'ext(U),JLint(U),O'int(U) by (3.28),(3.29). 

For each (v E W2 , vi: t d ) do 

1. Compute JLext(v),O'ext(V),JLint(V),O'int(V) by (3.28), (3.29). 

2. Compute JLu,v,O'u,v by (3.31). 

3. Find JLo, 0'0 by (3.32),(3.33). 

4. Find {l,{J, up by (3.34),(3.35). 

If (ro-: Pn > ~) then up UQ 

1. Set a = {3. 
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2. Exchange U and v and obtain a new (Wt, W 2) that corresponds 

to{3. 

3. Set {LO/ = {l,p, UO/ = up. 

4. Go to the beginning of the while loop . 

End If 

For each (ut, U2 E Wt, Ut, U2 i: sd) do 

Compute JLext(u), O'ext(u), JLint(U), O'int(U) for u = Ut, U2' 

For each (Vt,V2 E W 2,VI,V2 i: td) do 

1. Compute JLext(v), O'ext(v), JLint(V), O'int(V) for v = Vt, v2' 

2. Compute JLu,u, O'u,v for all combinations with v = Vt, V2; U = UI, U2. 

3. Find JLo, 0'0, {l,p, up by (3.32)-(3.35). 

If (ro-:p(J > r o-:pa ) then 
Up U Q 

1. Set a = {3. 

2. Exchange UI, U2 and vI, V2 and obtain a new (WI, W2) that 

corresponds to {3. 

3. Set {l,0/ = {l,p, UO/ = up. 

4. Go to the beginning of the while loop 

End If 
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In the above procedure, to find a path a which is optimal in N~ all single

node-pair exchanges have to be considered. This requires O(n}) operations, where 

n / is the number of nodes in the dual graph (number offaces in the original graph). 

Likewise, consideration of all two-node-pair exchanges entails O( nj) operations. 

Hence, for large networks, the computational effort of producing a path by the 

above procedure could be prohibitive. But, since the.procedure is used as a heuristic 

method, it is not necessary to strictly adhere to it. And several variations based 

on it can be used instead. For example, the search can be terminated after a path 

optimal with respect to single-no de-pair exchanges is found, or it can be terminated 

after a specified number of node exchanges (either single or two-pair or both) have 

taken place. 

3.3 Computational Results 

We summarize our computational experience with the SSPP in this section. 

But before presenting the computational results, we discuss a way of evaluating the 

performance of the SSPP search algorithm. If the optimal probability of reaching 

the terminal on time Fa. ( TO) were available, we could compare this value with 

the corresponding probabilities of the best paths discovered in the algorithm and, 

thus, quantitatively evaluate the performance of the algorithm. But for general 

distributions of edge travel times Ti,;, we do not see a way of computing the optimal 

probability short of total enumeration of all paths in A. However, for a special 

class of distributions of Ti ,; 's, described shortly, we can easily compute a* and 

Fa. ( TO). We used these special distributions to construct test problems for the 

search algorithm. The results obtained for these test problems are given below. 

But note that special properties of the distributions are not taken advantage of in 

the search algorithm. Therefore, we trust that the performance of the algorithm for 

the test problems are representative of its performance in general. 
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Optimal solution of SSPP for a special class of distributions 

Let every Ti,j belong to a parametric family {FWi,j (.)} of distributions with 

the following properties: 

(a) The parametric family {FwO} is closed under convolution and, moreover, 

FWl * FW2 (') = FW1+W2 ('), where * denotes the convolution operation. 

(b) Wl > W2 <=> FW1 (T) > FW2 (T) for every T. 

When (a) and (b) are satisfied, the dynamic programming principle for optimal 

paths is valid: The optimal path consists of optimal subpaths. For this case, the 

optimal solution of the SSPP, Q*, can be found by replacing the random edge 

travel times Ti,j's with their corresponding parameter values, Wi,/S, and solving 

the resulting deterministic shortest path problem. The shortest path of this deter

ministic problem is the optimum path Q* of the SSPP for all values of the critical 

time TO. Also, if W* is the length of the shortest path of the deterministic problem, 

the optimum probability of reaching the terminal node in the SSPP is given by 

Pr(Te.. ::; TO) = Fw·(TO)' 

There are two well known families that satisfy conditions (a) and (b): 

1. The normal parametric family 

FT.' .(.) == q,1l' . (T' .(.) , 
I,) rt", I,) 

with the additional condition 

/l' • = '" . (j~ . rl,1 1,1 ' (3.41) 

where", is a constant independent of (i,j). The normal distribution is closed 

under convolution. And when Wi,j = I'i,j, condition (3.41) guarantees that 

property (b) is satisfied. 

2. The gamma family 

FT. . . (.) == Fo· . v(') , 't' t,J t 

where fJi,j is the shape parameter and v is the scale parameter. When v is a 

constant independent of (i,j), the gamma family satisfies both (a) and (b). 
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We reiterate that the search algorithm for the SSPP is applicable to problems, 

where distributions of Ti,j'S satisfy quite general conditions stated on pages 45-

46. Below, we have restricted Ti,/S to have normal and gamma distributions only 

because for these distributions the optimal solution of the SSPP can be computed 

easily and, therefore, provide a way of evaluating the perfonnance of the algorithm. 

The search algorithm was coded and run on the University of Arizona Vax 

11/780 computer. We used 4 different seeds for the random number generator. The 

results given below are from the first seed. 

Computational Example 1. 13 node network. 

(a) Normally distributed Ti,j 

Consider the graph in figures 3.7. This graph was taken from [27], page 290 

(The edge directions were ignored) . Let the times to traverse edges in the graph be 

nonnally distributed. The means of the distributions were generated randomly from 

the set of integers in [10,100]. These are shown below in figure 3.7. The variances 

of the distributions were set to 

2 - 2 0' i,j - J.i.i,j· 

The optimal solution of the resulting SSPP was found by Dijkstra's algorithm to 

be 

157913 . 

When TO = 250, this path has 0.9995 probability of going from the source s to the 

terminal t on time. 

------------------ ----
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3 58 8 81 '2 
~----------~----------~ 

29 80 

5=1 l= 13 

92 77 

2 79 6 59 11 

Figure 3.7 Mean values of normally distributed Ti,j'S. 

The following parameter values were used in the search algorithm: 

TO = 250, 80 = 0.3 . 

The experiment was stopped after 300 trials. There were 8 randomly generated 

paths in Ao initially. The results of the search algorithm (after 300 iterations) are 

given in table 3.4. 

Table 3.4 Experiment results (Normal Ti,j , 13 nodes). 

#trials m a na ra rna Fa(TO) 

10 0.3636 12* 190 0.798 1.0000 0.9995 
70 0.6848 13 11 0.028 1.0000 0.8995 

150 0.7898 18 22 0.028 1.0000 0.9990 
220 0.8340 27* 5 0.028 1.0000 0.9995 
300 0.8663 29 1 0.028 1.0000 0.9827 

The first two columns list the number of iterations and the corresponding observed 

average relative frequency of reaching node 13 on time. These two columns indicate 
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the on-line performance of the algorithm. The 5 best paths generated in 300 trials 

and their relevant statistics are in columns 3-7. The notation should be interpreted 

as follows: a, na, ra , rna, Fa(ro), denote, respectively, the path number, number 

of times path was traversed, probability of choosing path for trial, observed relative 

frequency of reaching terminal node on time, and theoretical probability of reaching 

terminal on time. 

The paths listed in the above table are 

0'=12, 147913 0'=13, 138 10 13 , 

0'= 18, 146913 0'=27, 1 579 13 , 

0'=29, 1581013 

Note that both paths 12 and 27 are optimal. In figure 3.8 below, we have shown the 

total number of times each edge was traversed, after 300 iterations in the algorithm. 

The thick line shows one of the optimal paths a = 12. 
24 57 

58 59 

18 15 

19 32 

Figure 3.8 Total number of times edges were sampled at the end of 300 iterations 
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(b) Gamma distributed Ti,j 

We chose the shape parameter of each distribution uniformly from (0.001,1). 

The scale parameter was set to 1. The parameters of the search algorithm were 

TO =4, 00 = 0.3 . 

The optimal path of this problem is 

13579 13 

The probability of reaching node 13 on time on this path is 0.9503. We have sum

marized the results of this experiment in table 3.5. 

Table 3.5 Experiment results (Gamma Ti,j, 13 nodes). 

#trials in a nOt rOt mOt FOt(TO) 

10 0.5455 9 21 0.015 0.9048 0.9049 
70 0.7391 15 72 0.016 0.9167 0.9442 

150 0.8068 16 23 0.015 0.9130 0.8594 
220 0.8178 18 49 0.016 0.9184 0.9443 
300 0.8419 27* 49 0.798 0.9592 0.9503 
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Comoutational Example 2: 41 node network 

(a) Normally distributed Ti,; 

Figure 3.9 41 node network 

The 41 node network shown in figure 3.9 was obtained by adding nodes 

to the previous 13 node network in a symmetric manner. The time to traverse 

edges are normally distributed. The means of these distributions were generated 

at random from the set of integers between in [1O,200j. The variances, as in the 

previous example, were set to twice the mean values. 

The parameters used in the algorithm were 

TO = 650, (Jo = 0.5. 

The initial Ao ,r:ontained 41 randomly generated paths. The optimal solution of the 

SSPP was found by Dijkstra's algorithm to be 

1 8 13 18 23 32 36 39 41 

On this path the probability of of reaching node 41 on time is 0.9670 . The search 

was stopped after 1000 trials. The average performance of the algorithm and the 5 

best paths generated by the search algorithm are listed in the table below. 
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Table 3.6 Experiment results (Normal Ti,il 41 nodes). 

#trials m a na ra rna Fa(TO) 

10 0.0000 66 15 0.005 0.4667 0.3916 
200 0.1143 71 189 0.008 0.7249 0.6937 
500 0.2727 92 93 0.012 0.9140 0.8739 
700 0.3692 95* 293 0.781 0.9693 0.9670 

1000 0.4728 103 5 0.006 0.6000 0.4669 

(b) Gamma distributed Tid 

Here, the Ti,i's had gamma distributions. The shape parameters were chosen 

uniformly from (0.0001,10) and rounded to the closest integer when greater than 

1. The parameter values for the the search algorithm were 

TO = 35, 90 = 0.5 . 

Initially, there were 41 randomly generated paths in Ao. The optimal solution of 

the SSPP is 

1 8 13 18 23 32 36 39 41 . 

The optimal probability is 0.9510. The search was stopped after 1000 trials. The 

results are in the table below. 

Table 3.7 Experiment results (Gamma Ti,h 41 nodes). 

#trials m a na ra rna Fa(TO) 

10 0.0392 44* 554 0.781 0.9621 0.9510 
250 0.3333 54 22 0.008 0.8636 0.7680 
500 0.4865 68 28 0.009 0.9286 0.8650 
750 0.5612 82 15 0.008 0.8667 0.8620 
1000 0.6178 100 12 0.008 0.8333 0.8488 
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3.4 Conclusions 

The search algorithm for the SSPP was highly successful in generating opti

mal and near optimal paths. Moreover, these paths were correctly recognized as the 

better paths. The high probability of choosing these paths for retrial ( tables 3.4-3.7 

) is evidence of this. 

In the search algorithm, a path can be generated in one of two possible 

ways: at random and by the local search procedure. In every test problem, the 

optimal path and all near optimal paths were generated by the local search proce

dure. This indicates the key role played by the local search method in the overall 

algorithm. In the local search procedure, we found that when searching the neigh

borhood of a path it was sufficient to restrict the search to N~, or equivalently, use 

only single-pair exchanges in the cut set. Two-pair exchanges were tried without 

any perceptible improvement in performance. Furthermore, two-pair exchanges are 

costly in computing time compared to single-pair exchanges (See pages 51-52). Due 

to these reasons, we eventually settled for using the two-exchanges sparingly ( once 

every 200 iterations). 

Since the SSPP search algorithm is an on-line optimization algorithm, it 

is important to evaluate its on-line performance. The average observed relative 

frequency of reaching the terminal on time ( column 2 in above tables ) is an 

indicator of on-line performance. The percentage increase of this characteristic at 

the end of the simulations were impressive: They ranged from 54%-1470% (average 

relative frequency at iteration number 10 being considered the starting value). 

Since the local search procedure was based on the dual graph, we had to 

restrict ourselves to planar graphs (the dual is defined only for these graphs). But 

if an effective local search procedure were available for general graphs, the extension 

of our algorithm to such graphs is immediate. Also, in an actual SSPP, the decision 

maker may have special information pertaining to the particular system under study. 

In such a situation, this information should be incorporated in the local search to 

produce as effective a search as possible. 
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CHAPTER 4 

THE STOCHASTIC TRAVELING SALESMAN PROBLEM 

4.1 Introduction 

In the previous chapter, we formulated and solved a stochastic version of the 

classical shortest path problem - the SSPP. Here, as a natural extension of that 

study, we examine an equally well-known problem in combinatorial optimization

the traveling salesman problem (TSP). 

The TSP is formulated as follows: Let n cities and distances between them 

be specified. A tour of the cities is a route that begins at some city, visits each 

city once and only once, and returns to the initial city. The length of the tour is 

the total distance traveled when visiting cities in the order prescribed by the tour. 

The task is to find a tour with minimum length among all tours. Although first 

formulated in the late 18-th century, this problem contim.:.es to receive a great deal 

of attention in the operations research and computer science literature. There are 

two reasons for this continued interest: Practically, the TSP is important since, in 

one form or another (distance replaced by time, cost, etc. ), it crops up in many 

applications. Theoretically, it is an easily formulated and well-understood member 

of the class of NP complete problems ([35]), and any significant result in solving it 

would have important consequences for the whole class of NP problems. 

The widely accepted conjecture, P =f. N P implies that existence of an al

gorithm for solving the TSP with execution time bounded by a polynomial in n is 

unlikely. Consequently, the practitioner who has to solve large TSP's is forced to 

make a compromise: Due to unacceptable execution times of exact algorithms he 

has to resort to heuristic methods. These methods, while not guaranteeing opti

mal solutions, sometimes achieve acceptable execution times and provide tours with 

reasonably short lengths. In comparison, the deterministic shortest path problem 

belongs to the class P for which algorithms having polynomial time bounds on 

execution time are available ( see, for example, [70]). 
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Although the literature is replete with work on the classical TSP, studies on 

its stochastic versions have been few ([8],[39]). This is in spite of the recognition 

that in several situations, a stochastic TSP is necessary to model reality. According 

to one author ([73]), the most notable and neglected inconsistency between theory 

and practice of TSP's is the presence of stochastic variations in actual distances and 

times used in TSP's and not accounted for in the classical model. The author goes 

on to cite practical situations where over-simplified modelling ignoring stochastic 

variations has led to inconsistent solutions of TSP's. 

From here on, we shall consider the stochastic TSP where time to travel 

between cities is random. For the reader's convenience, notation introduced in 

chapter 1 is restated here. Let n be the number of cities, A the set of all tours, and 

a a tour. Let Ti,;, TOt be the random times needed to go from city i to j, and to 

complete tour a, respectively. Any tour a E A is equivalent to a cyclic permutation 

of length n of the first n natural numbers. Let a( i) denote the image of i under the 

permutation a. Equivalently, a(i) is the next city visited from i in the tour a. So, 

we have the following 
n 

TOt = 'L:Ti,Ot(i) . 
i=l 

(4.1) 

Let us briefly review some stochastic TSP's found in the literature. Define 

the random variable To by 

To = min TOt . 
OtEA 

To is the travel time of a salesman who knows the realizations of all {Ti,;}'S and 

chooses his tour by solving a deterministic TSP based on these realizations. Bellman 

and Roosta ([8]) present a dynamic programming algorithm for computing Fo(To), 

where Fo() is the distribution function of To and TO is a given constant. Motivation 

for such a model or numerical examples are not presented in [8J. 

Jaillet ([2]) has examined the probabilistic TSP in his Ph.D. thesis: The 

distances between cities are known constants, but only k out of n cities need to 

be visited. The number k and the cities to be visited are determined by a known 
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probability law. The task is to find, a priori, a tour of n cities for which total 

expected distance traveled is a minimum, the chosen cities being visited in the 

same order they appear in the original tour. The expectation is computed over all 

realizations of k and the cities to be visited. This problem is in NP and sources for 

heuristic solution methods for it are cited. 

Kao ([39]) formulates yet another stochastic TSP: 

max Pr(TOI ~ TO) , 
OlEA 

(4.2) 

where the critical time TO is given and the distributions of all T;,j are known. In 

words, the tour with highest probability of completion on time is sought. When 

Ti,j'S are restricted to a special class of random variables, a dynamic programming 

algorithm for solving the problem is given. But Sniedovich ([66]), by producing a 

counter-example, has shown that it does not guarantee an optimum solution. The 

corrected algorithm amounts to a total enumeration of all tours, and, therefore, is 

of little use for problems of practical interest. Kao notes that when Ti,j'S belong to 

another class of parametric distributions, the problem is equivalent to a determin

istic TSP. This observation, with obvious modifications, was used in the SSPP. We 

shall use it again in connection with a stochastic TSP. 

Let us focus attention on a stochastic TSP with Kao's performance crite

rion, i.e. the probability of completion on time. But the distributions of T;,j's are 

assumed unavailable. By choosing some tour and actually traversing it, the deci

sion maker (human or computer) observes and records sample means and variances 

of of Ti,j'S. For each tour that is traversed, he also records the observed relative 

frequency of completing the tour on time. The optimum tour, i.e. the one with 

highest probability of completion on time, is to be determined on the basis of these 

observations. In what follows, this on-line optimization problem will be called the 

stochastic TSP (STSP). Some possible applications of the STSP are given below. 

We feel that situations where the salesman knows all realizations of {Ti,j} 's 

or has access to distributions of T;,j's are rare. For example, consider the following 
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job shop scheduling problem: A set of jobs are performed in a job shop each day. 

The sequence-dependent set up times of jobs are random. In such a setting, the 

task is to learn the best schedule of jobs by trying out different job sequences. The 

best schedule is the one with highest probability of completing all jobs at the end 

of the day. As a another example, consider the problem discussed in [50]: A robot 

is directed to drill holes on printed circuit boards at specified points. Because of 

mass production, the holes are drilled on each board at the same specified points. 

To minimize total production time, and thereby, cost, the holes should be drilled as 

quickly as possible. The total time spent on drilling consists of time spent on drilling 

and time spent in transit by the drill when moving between drilling locations. The 

latter component can be minimized by determining an optimal route for the drill 

by solving a deterministic TSP. With common use of computers and intelligent 

robots in industry, one can think of a situation where several robots are performing 

different tasks on the printed circuit board simultaneously. Here, the appropriate 

model of minimizing transit time of the drill is a stochastic TSP, since the path 

of the drill may be obstructed by other robots at random times. Consequently, 

the drill should be programmed to learn the better tours on its own rather than 

prescribing them in advance. 

4.2 Methodology 

The STSP is a special case of the basic problem of finding the random variable 

with the largest expected value on the basis of observing realizations of the random 

variables. Here, the random variables correspond to the traveling salesman tours. 

Moreover, in the STSP these random variables are Bernoulli. The probability of 

success of the Bernoulli variables is the probability of the corresponding traveling 

salesman tour being completed on time. The basic algorithm for the STSP has 

already been presented in chapter 1. For the reader's convenience we outline it 

here. 
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The search algorithm for the STSP 

Initialization 

1 )Generate a subset Ao C A of tours at random. 

2)Try out each tour in Ao recording the sample mean and variance Pi,j, o'[,j of each 

Ti,j that is observed when a tour is traversed. Also, record whether the tour was 

completed on time. 

3) Prescribe values for the parameters Q, "Yo, 00 • 

Iterative step 

1) At i-th trial 

If i = Lej/QJ (j is any positive integer) then 

1) Generate tour f3 from the local search procedure for the STSP, ex

plained below. 

2) If f3 rf. Ao add f3 to Ao and try it out, updating the sample means 

and variances of relevant Ti,j'S. Also, record whether the tour was 

completed on time. 

2) Number the tours in Ao from 1 to k(i), where k(i) is the total number of tours 

in Ao at the ith trial time. Let m, denote the relative frequency of completing the 

l-th tour within TO' Find tour 1*, where 1* = arg max mi. 
199(i) 

3) Set r,o = k(i) i'T1
o+i 'TO and r,(i) = (k(~~l~~'To) k(~?(m,(i)/8o) for 1 = 

E exp(mj(i)/8o) 

1, ... ,k(i),I/=I*. 

j=l 
j¢,O 

4)Choose tour 1 from Ao according to the probability density {rl(i)}~iil and traverse 

it, updating the sample mean and variance of relevant Ti,j'S and also the relative 

frequency m,(i + 1). 

---- ------- - --- ------
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At this point, the reader would have noticed the similarities between this 

algorithm for the STSP and the one used for the SSPP. Therefore, we need only 

discuss the aspects of the algorithm that are specific to the STSP, namely the local 

search algorithm. This is step 1 ( iterative part) of the main search algorithm given 

above. 

The plan for generating new tours is as follows: We begin with some tour 

a and search its neighborhood for better tours, the comparison being based on 

their estimated probabilities of completion on time. The best estimated tour in the 

neighborhood is added to Ao to be tried out. To implement this plan, we need two 

computational devices: 

(1) A definition of the neighborhood of a tour. 

(2) A method for comparing tours on the basis of accumulated sample data of 

For reasons stated in the introduction, there are many well-developed heuris

tic methods for the TSP. And in contrast to the SSPP, there are several definitions 

of a neighborhood of a tour in the literature. 

To compare tours, we use exactly the same procedure as in the SSPP, namely 

invoking the Central Limit Theorem to approximate the distribution of TO'. In (4.1), 

TO' is the sum of {Ti,O'(i)}:;'I' Therefore, if Ti,j's satisfy the conditions mentioned 

in the previous chapter, the CLT provides an approximation of TO'. Let the same 

set of assumptions on Ti,j's pages 45-46) be valid here. The equation Ti,j = Tj,i in 

the new context means that we have a symmetric TSP. This assumption simplifies 

computations, but is dispensable. Following the same reasoning as in the SSPP, we 

have the following heuri8tic criterion for comparing tours a and f3 : 

TO - PO' TO - pfJ 
(4.3) 

0-0' 
> ~ ¢: Pr(TO' :::; TO) > Pr(Tp :::; TO) 

Up 

and 
TO - PO' TO - pp 

(4.4) 
0-0' 

< ~ ¢: Pr(TO' :::; TO) < Pr(TfJ :::; TO) , 
Up 
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where {lex , a~ are the sample mean and variance of timd to complete tour 0'. These 

quantities are in turn computed by 

n 

{lex = L {li,ex(i) (4.5) 
i=1 

Here, {li,ex(i) , ar,ex(i) denote the sample mean and variance of time to go from city i 

to city 0'( i) directly. 

We shall use a neighborhood of a tour defined in terms of "two-exchanges" . 

The heuristic method based on this definition is known as the "two-opt" (for two

optimal) heuristic and belongs to the class of local search heuristics for the TSP 

([47],[48]). The classical two-opt needs to be modified for the STSP. This modifica

tion is explained in the context of an example. 
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5 

Figure 4.1 An exchange of two links in the two-opt 

Consider the 5-city TSP problem represented in figure 4.1. Let the initial 

tour be 12 345. Now, consider replacing links (1,2) and (3,4) by (1,3) and (2,4). 

This replacement would produce tour 1 3 2 4 5 . In the deterministic version of the 

two-opt for the symmetric TSP this exchange is carried out if 

len(l, 3) + len(2, 4) < len(l, 2) + len(3, 4) , 

where len(·,·) denotes the distance between the two cities in the bracket. Stated 

differently, the links are exchanged if it produces a tour with shorter length. The 

shorter of the two tours 1 2 3 4 5 and 1 3 2 4 5 can be found by comparing 

len(1,3) + len(2, 4) with len(1,2) + len(3,4). When a new tour is produced, it is 

treated as the initial tour and another pair of links is considered for exchanging. 
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The procedure is terminated when a tour which is optimal in its neighborhood is 

found, a neighborhood being the set of all tours produced by exchanging a pair of 

links in the original tour. 

In the STSP, since the optimality criterion is given by (4.2), we can not 

compare the tours only on the basis of information on T1 ,3, T?,4, T1,2, T3 ,4' So, we 

use the heuristic criterion (4.3) and (4.4). That is, the exchange of links is carried 

out if 

where 

a= 12345 (3= 13245. 

The following algorithm summarizes the two-opt rule for the STSP. 

,------------ -- --



The Local Search Algorithm for Tours. (The Two-Opt rule for the STSP.) 

Ini tialization 

1. Select a tour a E Ao. 

2. Compute Pa,fTa. 

Iterative Step 

While a better tour is found do 

For i = 1 to n - 1 do 

If i = 1 then 

Set ni = n - 1 

Else 

Set ni = n. 

For j = i + 2 to ni do 
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1. Consider the exchange of links (i,a(i)) and U,aU)) with (i,j) and 

(aU), a(i)) , which produces the tour (3. 

2. Compute Pp, a-~ by 

pp = Pa - Pi,a(i) - Pj,a(j) + Pi,j + Pa(j),a(i) , (4.6) 

3. If tour (3 is better than a according to the criterion (4.3), (4.4), then 

set a = (3 and go to the beginning of the while loop. 

In the deterministic case, the two-opt can be generalized to three-opt, four

opt, and even a >.-opt, where>. is a adaptively chosen number (Lin [49], Lin and 

Kernighan [48], Christofides [17]). Although quite complicated, the variable >.

opt procedure of Lin and Kernighan is one of the most powerful heuristics for 

the TSP. For the STSP, the effectiveness of this procedure is lost since tours can 

not be compared on the basis of only the links that are exchanged. Moreover, 
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the computational effort of the two-opt and three-opt is proportional to n 2 and 

n3 , respectively. Therefore, although the higher order "opts", in general, produce 

better tours (in some cases, the improvement gained by using higher order "opts" 

is marginal [17], [70] ), their execution times are also higher. For the local search 

of the STSP, we use only the two-opt procedure discussed here. 

4.3 Computational Results 

We need the optimal solution of the STSP to evaluate the performance of 

the search algorithm. When distributions of Ti,j satisfy the conditions specified on 

page 56, the optimal solution of the STSP can be found by solving a deterministic 

TSP. Since, this class of distributions has already been discussed under the SSPP, 

we do not repeat the details here. 

The search algorithm was used on several test problems for the TSP found 

in the literature: The 10, 33, 42, 57-city problems in Karg and Thompson ([40]), 

and the 20-city problem in Croes ([18]). The Ti,j'S were made to have normal or 

gamma distributions with the mean or shape parameter, respectively, set equal to 

the distances in the test problems. But since these distributions were available in the 

algorithm only through sampling tours, the generality of the search was preserved. 

Example 1. 

10-city problem (a) Normally distributed Ti,j. 

Ti,j are normaly distributed with means given in table 4.1 and variances 

given by 

Unless otherwise stated, we shall assume this for all normal distributions from here 

on. 

------------ --- -
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The optimal tour of the 10-city TSP is given in [40j. This tour is optimal for 

the STSP as well. When the critical time is set to TO = 400, it has a probability of 

completion on time equal to 0.7882. So, we have 

optimal tour: 1 2 345 10 9 8 6 7 1, with Pr(TOt ::; TO) = 0.7882 . 

The following parameters were used in the search algorithm: 

TO = 400, 00 = 0.5 . 

There were 8 randomly generated tours in the initial Ao. The on-line performance 

and the 5 best tours discovered in the algorithm after 300 trials are listed below. 

Table 4.1. 

# trials in a nOt rOt mOt FOt(TO) 

10 0.0909 10 13 0.017 0.6923 0.5141 
70 0.3913 15 102 0.021 0.8039 0.7305 
150 0.5284 19 29 0.021 0.7931 0.7544 
220 0.5587 2h 71 0.798 0.8451 0.7882 
300 0.5927 24 16 0.019 0.7500 0.6798 

The next table lists the total number of times each Ti,j was sampled during 300 

iterations of the algorithm. The underlined numbers correspond to links which are 

on the optimal tour. 

Table 4.2 Number of total samples of each Ti,j after 300 iterations. 

1 2 3 4 5 6 7 8 9 10 

1 279 31 23 23 6 212 6 17 61 

2 214 8 6 22 59 17 12 41 

3 274 16 41 27 18 18 19 

4 133 15 28 17 6 154 

5 61 22 3 204 190 --
6 199 279 12 23 -
7 64 30 17 

8 230 24 

9 129 

10 

----------------.-- ----
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In all examples we have considered up to now, the Ti,j'S were from a special 

class of distributions. In the next example, Ti,j'S do not belong to this special class. 

For this example, the optimum solution is unknown to us. But as seen from the 

table below, the optimal tour of the deterministic problem is no longer optimal for 

the STSP. 

Let Ti,j'S belong to the parametric family of normal distributions for which 

2 
O'i,j = "'i,j • Pi,j (4.8) 

holds. That is, the variances of Ti,j'S are proportional to their means, but the 

constant of proportionality depends on the link (i, j). With this slight modification 

(See (2.41) ), the resulting STSP can not be solved by our earlier approach. 

The parameter "'i,j was chosen at random from the set of integers between 1 

and 10. The critical time was changed to 7'0 = 500. The rest of the parameters were 

kept at their former values. The run was stopped after 300 trials. The better tours 

generated by the algorithm are listed in table 4.3. The optimal tour of the deter

ministic problem remains the same and has the following probability of completion 

on time: a* = 12345 109867 1 Fa.(7'o) = 0.9908. Consider the following 

tours that were generated in the algorithm. 

Table 4.3. Some tours generated in the search algorithm. (pi,; = "'i,; . O'f,; ). 

a na ra rna Fa(7'o) 

13 37 0.798 1.0000 0.9914 
15 14 0.013 1.0000 0.9822 
16 6 0.013 1.0000 0.9924 
17 8 0.013 1.0000 0.9677 
18 12 0.013 1.0000 0.9916 

Tours 13,16, and 18 have a higher probability of completion on time than the optimal 

tour of the deterministic problem. 

We have summarized results of our numerical experiments in tables 4.4 and 

4.6. The first columns of these tables list the number of cities in the STSP. The next 
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two columns show the on-line performance of the algorithm by listing the number of 

iterations and corresponding average observed relative frequency of completing the 

tour on time. The other columns are, respectively, the tour number, total number of 

times the tour was traversed, probability of choosing tour for trial, observed relative 

frequency of completing tour on time, and the theoretical probability of completing 

the tour on time. 

Table 4.4 Experiment with Normal distributions. 

n # trials m a nO' rO' mO' FO'CTo) 

20 10 0.0000 29 55 0.011 0.9818 0.9467 
120 0.5346 37 54 0.011 0.9815 0.9414 
250 0.6746 38 31 0.011 0.9677 0.9561 
350 0.7406 39* 57 0.011 0.9825 0.9925 
500 0.7745 42 104 0.790 0.9904 0.9678 

33 10 0.0000 34 9 0.005 0.4444 0.6475 
250 0.3562 35* 700 0.842 0.8357 0.8272 
500 0.4583 44 11 0.006 0.5455 0.6941 
700 0.5117 48 14 0.005 0.4286 0.3862 
1000 0.5673 70 1 0.014 1.0000 0.4839 

42 10 0.0000 58 5 0.006 0.8000 0.8364 
250 0.2965 63* 530 0.818 0.9151 0.9138 
500 0.4817 71 10 0.006 0.8000 0.7179 
700 0.5558 75 59 0.007 0.8814 0.8155 
1000 0.6270 79 11 0.007 0.8182 0.5103 

57 10 0.0000 90 282 0.003 0.4468 0.4462 
500 0.1418 125 7 0.002 0.2857 0.1957 
1000 0.2421 126 5 0.002 0.4000 0.2059 
1600 0.3221 152 16 0.002 0.3125 0.3427 
2000 0.3670 164 933 0.795 0.7117 0.7172 

In the 20-city problem, although the optimal tour was recognized as one of 

the better tours, a suboptimal tour was judged to be a better tour (tour # 42). To 

see whether the algorithm could correctly distinguish the optimal tour at a later 

but not so far off iteration, we kept all parameters fixed and doubled the number 

of iterations. As seen in table 4.5, this time the optimal tour was recognized as the 

better tour. 
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Table 4.5. The tours generated by the search algorithm in 1000 trials. (20-city 

problem with Ti,j having normal distributions. ) 

a na ra mOl Fa(TO) 

29 59 0.006 0.9661 0.9467 
37 67 0.006 0.9701 0.9414 
38 34 0.006 0.9706 0.9561 

39* 254 0.870 0.9843 0.9925 
42 298 0.006 0.9799 0.9678 

For the 57-city problem, the optimal tour is not known to us. Karg and 

Thompson have listed the two best tours known for the problem. They are 

1 11 53 16 27 18 12 10 30 17 22 9 32 38 50 45 25 51 26 54 37 15 33 41 5 

204948434729 40 46 8 14 57 55 13 21 35 23 28 31 3442 52 244456 

3 19 39 36 6 7 42 1 

and 

1 11 53 16 27 18 12 10 22 30 17 45 50 38 9 32 33 15 37 41 5 20 49 48 43 

472940468 14575426 25 51 55 13 21 35 23 28 31 344252 244456 

3 19 39 36 6 7 42 1 

The lengths of these tours are 12985 and 12986, respectively. And when 

TO = 13200 (the critical value we used ) the probabilities of completing these tours 

on time are 0.9089 and 0.9079. The best tour found in the search algorithm was 

1 11 42 7 6 36 39 19 3 56 44 24 52 2 4 34 17 30 22 38 50 45 25 51 28 

31 2335 21 13 55 5754 26 15 37 8 14 46 40 29 47 43 48 49 205 41 33 32 

9 18 27 16 53 10 12 1 

The underlined portions coincide with the best known tour. (Note that the travel 

times are symmetric, i.e. Ti,j has the same distribution as Tj,i' 



Table 4.6 Experiment with Gamma distributions. 

n # trials in a nOt TOt mOt FOt ( TO) 

10 10 0.2727 10* 162 0.798 0.9074 0.8702 
70 0.4457 11 20 0.021 0.8000 0.8351 

150 0.5795 12 12 0.022 0.8333 0.7487 
220 0.6356 14 36 0.021 0.8056 0.7487 
300 0.6687 21 6 0.022 0.8333 0.8351 

20 10 0.0000 33* 158 0.790 1.0000 0.9994 
120 0.5786 34 13 0.011 1.0000 0.9975 
250 0.7288 37 7 0.011 1.0000 0.9311 
350 0.7758 38 8 0.011 1.0000 0.9751 
500 0.8200 39 6 0.011 1.0000 0.9949 

33 10 0.0000 38* 670 0.842 0.8955 0.9086 
250 0.3333 48 11 0.006 0.5455 0.7634 
500 0.4529 49 15 0.007 0.6000 0.3784 
700 0.5261 52 9 0.005 0.4444 0.5401 
1000 0.5869 

42 10 0.0000 56 480 0.818 0.9729 0.9685 
250 0.4511 75 24 0.006 0.9583 0.9685 
500 0.6104 78 30 0.006 0.9667 0.9033 
700 0.6752 82 1 0.007 1.0000 0.8968 
1000 0.7313 

57 10 0.0000 92 169 0.005 0.7692 0.7756 
500 0.2496 95 17 0.003 0.5882 0.6246 
1000 0.4390 105 28 0.003 0.6071 0.7095 
1600 0.5332 124 1133 0.829 0.9665 0.9619 
2000 0.5862 128 8 0.004 0.6250 0.4246 

In the 57-city problem, the best tour found in the algorithm was 

1 42 7 6 36 39 19 3 56 44 24 52 2 4 34 31 28 23 35 21 13 55 51 25 26 

54 57 14 8 46 40 29 47 43 48 49 20 5 41 37 15 33 32 9 38 5045 17 30 10 

22 18 27 16 53 12 11 1 

89 

The underlined portions coincide with the second best known tour for this problem. 
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4.4 Conclusions 

The tables 4.4 and 4.6 show that the search algorithm was effective: In all 

test problems, tours with near optimal probabilities were found. In many problems, 

the optimal tour itself was found. The on-line performance improvements were 

also high: In all problems, except the lO-city one, the observed average relative 

frequencies of completing tours on time, at the 10th iteration, were 0 (up to 4 

significant decimal places). But at the end of the runs, these values had reached 

0.3670 in the worst case (57-city, Normal distributions) and 0.8260 in the best 

(20-city, Gamma distribution). 

We remind the reader that observations of edge travel times were very noisy 

in all test problems. Ti,j'S had standard deviations 1.14 times their means in the 

Normal case and equal to means in the Gamma case. So, in the STSP the problem of 

generating good tours is compounded by that of recognizing them. We noticed that 

bigger the STSP, the longer it took to generate tours with high probabilities. But 

this is an attribute of the two-opt local search. This heuristic procedure is usually 

capable of finding near optimal tours for moderate size (lO,20-city) deterministic 

TSP's. But for larger problems, this capability diminishes and higher order opts 

are necessary. Therefore, we have to expect this to manifest itself in the STSP 

as well: Ultimately, when the relevant means and variances of travel times have 

become accurate, it is the two-opt mechanism that produces the better tours. All 

the optimal and near optimal tours in the algorithm were produced by the two-opt 

(Note that some tours in the algorithm are generated at random). 

We restricted the TSP to be symmetric. This allowed us to use the relatively 

simple two-opt local search. But there are heuristic procedures for non-symmetric 

TSP's as well ([38]). And with some modifications, these can be used in stochastic 

problems and incorporated into the STSP. Moreover, the literature is rich with 

diverse heuristic procedures for the TSP. And, in any actual application of the 

STSP, it is important to incorporate the most suitable heuristic methodes) in it. 
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CHAPTER 5 

SELF-OPTIMIZING QUEUEING SYSTEMS 

5.1 Introduction 

Although queueing theory is a vast and growing research area, we could not 

find any work directly related to self-optimizing queues in the literature. (We con

ducted a computer search using the Quicksearch facility provided by the University 

of Arizona library.) Research that had a bearing on this area was optimization 

of queueing systems by simulation ([68]) and the control of queues. But with the 

availability of effective on-line optimization methods for these systems, the current 

state of affairs is bound to change. Our aim, in this chapter, is to provide evidence 

that such a methodology already exists for at least some queueing systems. 

For reasons that become clear shortly, the search algorithm analyzed in chap

ter 2 can not be used for optimizing queueing systems. An adequate algorithm for 

this purpose can be constructed by modifying the learning algorithm in [75]. Such 

a modification and its theoretical ramifications are discussed in [78]. We shall out

line this algorithm in the next section. But our main concern is its application 

to concrete queueing systems and evaluation of its performance on these systems. 

Therefore, the remainder of this discussion is centered around two particular queue

ing systems. 

We chose for study two simple queueing systems. The compelling reason 

for such a choice was availability of theoretical solutions which could be compared 

with solutions found by our algorithm. Nevertheless, the reader will notice that 

none of the special features of these simple systems are used in the algorithm. 

Thus, the general conclusions of this study, we believe, can be extended beyond the 

narrow classs of systems considered here. To further emphasize this, we discuss the 

examples in a general setting below. Later, we shall state additional assumptions 

needed to obtain theoretical solutions to the problems. 

----------_ .... -.-~ .. - . 
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A Single Server Queue 

Consider a single server queue with an adjustable parameter Jl (Jl E [a, b]) 

which affects the service rate. Assume that a Central Processing Unit (CPU) is in 

control of setting the parameter values. 

The operating cost of the system in steady-state consists of the cost of service 

and cost of system time of a customer, system time being defined as the expected 

time a customer spends in the system when it is in steady-state. Let X be the 

state space of the system and :F be a u-algebra of X-sets. Also, let {xl'(i)} be 

the sequence of states of the system when the parameter is fixed at Jl. We assume 

that {xl'(i), i 2: I} forms a transition-stationary Markov sequence with a single, 

irreducible, closed set of aperiodic, positive-recurrent states. By 7l" I' (x) we denote 

the unique stationary distribution of such a sequence. Let LI'(x), x E X be the cost 

of expected system time of a customer who enters the system in state x. ( L I' (x) is 

unknown but assumed to be uniformly bounded in Jl and measurable with respect 

to T.) Then the steady-state expected cost of system time is given by 

Let F(Jl) be the cost of service, where F(·) is some unknown bounded func

tion independent of x. So, the total operating cost of the system in steady-state, 

J(Jl), is 

(5.1) 

Furthermore, assume that J attains its minimum value at Jl = Jl*, which is 

also unknown. The task is to direct the system on-line to eventually operate at Jl"'. 

Hence, the following problem needs to be solved on-line: 

where J is defined in (5.1). 

min J(Jl) , 
I,e[a,bj 

(5.2) 
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By opera.ting the system at some fixed value Jl., the CPU obtains an estimate of 

J(Jl.). We seek a program for the CPU that would steer the system to its optimum 

operating characteristic Jl.... based on these estimates. 

A Closed Queueing Network With Two Servers 

2 

Figure 5.1 A closed queueing network 

Consider the closed queueing system shown in figure 5.1. Customers enter 

the system at server 1 and leave it after service at the second server. For each 

customer leaving the system a new customer is added at the first station. So, the 

total number of customers in the system, say N, remains constant. The "customers" 

here could be, for example, products that need sequential service at two stations 

in a manufacturing plant. There are two adjustable parameters Jl.l' Jl.2 associated 

with the two stations. The values of these parameters are adjusted by a controlling 

CPU. 

As in the earlier example, the total cost of the system comprises service cost 

and cost of system time. Here, system time is the expected time spent in the system 
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by a customer between entering at server 1 and completion of service at server 2, 

the system being in steady-state. The problem is to find the optimum operating 

parameters (/l!, /li), or equivalently to solve on-line 

(5.3) 

where in the notation introduced earlier, 

Here, J, FJ, F2 , L/Jl,/J2 are, respectively, the total cost, cost of first server, cost of 

second server, and cost of expected system time of a customer entering the system in 

state x when the parameters are fixed at /ll, /l2' Each of these functions are unknown 

and FI, F2 , L/-'1,/-'2 satisfy the same conditions as in the previous example. 

5.2 Methodology 

The basic problem that we studied in the previous chapters was the follow

ing: Given a collection of random variables find the optimum one, i.e. the one 

with th~ largest expected value, on the basis of sequential trials. For queueing sys

tems instead of a collection of random variables we have a continuum of Markov 

sequences, one for each /l (or (/ll, /l2) ). These sequences can be compared by the 

values of J (5.1, 5.4). The task is to find the optimum sequence on the basis of 

sequential observation of the Markov sequences. 

Let us discuss the two systems ir.troduced in the last section in a unified 

framework. The discussion that follows is a synopsis of the main results of [78]. 

Let (X,F) be a measurable space and {x/-,(i), i ~ I}, where x/J(i) E X, be a 

transition-stationary Markov sequence with a single, irreducible, closed set of ape

riodic, positive-recurrent states. Here, /l E [a, b] is some real-valued parameter and 

X is some arbitrary state space. (For our examples, we can think of X as being 

Rk for some positive integer k.) The unique stationary distribution of the Markov 

--------- --
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sequence is denoted by 7I"1'(x). Furthermore, the Markov sequences satisfy Doob's 

iJ condition ([23J page 197), i.e. 

Pr(xl'(v) Eel x,,(l) = x) > € , 

for all x E X and p. E [a, b] with the same positive real number €, positive integer 

v, and set C of positive Lebesgue measure. Let L,,(·) be an unknown, uniformly 

bounded (in p. ), .r-measurable function and define J as 

Let J attain its minimum value on [a, bJ at p. = p.*. The task is to program a 

controlling CPU to seek this optimum parameter value. (In the concrete systems 

that were introduced previously, J was defined to be the sum of two (or more) 

functions. But the reader can easily verify that this corresponds to a case where 

L,,(x) is the sum of a function of x and a constant independent of x.) 

By fixing the parameter at some arbitrary value p. E [a, bJ and observing the 

consecutive states of the Markov sequence, say for n time units, the estimate 

(5.5) 

is obtained. Then the value of p. can be changed, say to P.l, and the estimate 

can be obtained by observing the sequence for nl time units. Note that the terminal 

state of the previous observation segment serves as the initial state of the current 

one, i.e. x,,(n) = x"l(l). Hence, the observations are dependent. 

The main result of [78] is the following fact: Let nIl be the total number 

of time units (up to the present) for which the Markov sequence was observed 

with the parameter fixed at p.. Let the following rule be imposed on the number of 

time periods during which the parameter is fixed at an arbitrary value p. E [a, b] : 

Whenever an observation is taken at parameter value jL, the Markov sequence is 
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observed for at least lVnJlJ + 1 time units. In other words, when estimating J by 

(5.5), n grows at least as fast as Vnw Then the following is valid: 

where E is the expectation operator and 

We incorporate these results into the learning algorithm of [75J. This pro

duces the modified learning algorithm for Markov dependent sequences. The con

vergence of the learning algorithm, i.e. as i -. 00 

J(J.Li) -. J(J.L") in probability , 

where J.Li, J.L" are the i-th parameter under which the Markov sequence is observed 

and the optimum parameter value, is preserved when the condition of independent 

observations assumed in [75J is replaced by Doob's b mixing condition assuring 

asymptotic independence of observations (See [78]). 

The modified learning algorithm for queueing systems is outlined below. In 

addition to the conditions already imposed, we assume that J(J.L) is differentiable 

with respect to J.L. This assures the validity of using a Kiefer-Wolfowitz step in the 

learning algorithm. 
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The following notation is assumed: 

k( i)-total number of distinct parameter values sampled up to iteration i. 

/-Lj-jth parameter value that is generated. 

Jj- average observed total cost when /-L = /-L j. 

nj-current total number of customers served with /-L fixed at /-Lj. 

nkw-iteration number after which Kiefer-Wolfowitz algorithm is used to gen

erate new parameter values. 

{Uj}, {vj}-parameters of the Kiefer-Wolfowitz step. 

90 , io-parameters of the learning algorithm. 

u-a random variable distributed uniformly on [0,1]. 

Ng-set of natural numbers having integer square roots. When the iteration 

count is in this set, a new parameter value is generated and the total cost 

sampled at this new value. At other times an already generated parameter 

value is chosen for resampling. 

( For sake of uncluttered notation, we have suppressed the dependence of Jj's on 

/-L. ) 



The Learning Algorithm For Queueing Systems 

Initialization 

Initialize nkw, i o, 80 , k(O), set each {u j}, {Vj} to 1. 

Iterative Step 

At the i-th iteration 

Ifi E N g Then 

(i) Generate u uniformly from [0,1]. 

(ii) If (i < nkw) or (u < 0.25) (Here, 0.25 is arbitrary.) Then 

(1) Generate flk(i)+l uniformly from [a, b]. 

Else 

(1) Set 
eJj / O 

rj = -,,-k;-:'(~i)-Jn-/-O' 
L .. m=l e 

8 = 80 

VIn(i + 1) 

and choose fl j according to the probability density {r j } ~!:~ . 
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(5.6) 

(2) With flj do a Kiefer-Wolfowitz step ( explained below) and get 

flk(i)+l· 

(iii) Set nk(i)+l = Lio + v'i'j ; Serve nk(i)+l customers with fl fixed at flk(i)+l and 

set Jk(i)+l equal to the observed average total cost. Set k(i + 1) = k(i) + 1. 

Else 

(i) Compute {rj}~~~ by (5.6), and choose flj according to the probability den

sity {r j } ~~1. 
(ii) Fix the system parameters at the chosen value flj of step (i) above; Serve 

nj = L VnjJ + 1 customers. Let the resulting observed average total cost be 

Jj • 

(iii) Update J by setting J Jj .nj+lj"nj and increment n)' by n),. 
j j = nj+nj 



99 

Kiefer-Wolfowitz Step 

The parameter J.lj is passed to the Kiefer-Wolfowitz step from the main learning 

algorithm. 

(i) If (J.lj + Vj E [a, b]) and (J.lj - Vj E [a, b]) Then 

(1) Serve l.jiiiJ + 1 customers with the system parameter fixed at J.lj + Vj, J.lj -

Vj, and obtain observations of the total costs, J+, J_, respectively, at these 

values. 

(2) If J.lj - Uj(Jt:-
L

) E [a, b] Then 
J 

S uj(It-L) 
et J.lk(i)+t = J.li - 2."j 

Recursively define Uk(i)+l, Vk(i)+I as follows: 

1 1 
(5.7). 

Vk(i)+l = (l/vi + 1)1/3 

End If 

(ii) If J.lk(i)+l is not generated in (i) Then 

Generate J.lk(i)+I uniformly from [a, b] and set 

1 1 
V· -

J - (l/vi + 1)1/3 
(5.8). 

Ui = (l/ u i + 1)' 

(Here, uj, Vi are associated with the J.li passed from the main algorithm. 

(5.8) ensures that generating J.lk(i)+l is done in step (i) more frequently.) 

(iii) Return to main algorithm 

The Kiefer-Wolfowitz scheme (K-W) used here differs from the standard 

one (See [31].) in that here the K-W scheme may be initiated at different initial 

parameter values. So, in general, there are several independent K-W schemes in 

action. But the probability law (5.6) ensures that the parameter values yielding the 

better J values are chosen more frequently for the K-W step. 

-------- -----
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We have not assumed unimodality of J(.). Hence, in order to avoid conver

gence to a local minimum, we have to generate an infinite number of new parameter 

values from [a, b] by some other method than the K-W scheme. ( When a new pa

rameter value is to be generated, we choose it 1/4 th of the time uniformly from 

[a,b]. ) Under additional conditions, analogues of the strong law, the central limit 

theorem, and the law of the iterated logarithm can be proven for the K-W scheme 

([31]). It seems possible to establish similar results for a subsequence of parameter 

values generated in the above scheme. 

5.3 Computational Experiment With Exponential Service Times 

MIMl1 queue 

In the first system, let the service and inter-arrival times be independent and 

exponentially distributed. Also, let the arrival rate be fixed at A and the service 

rate J.l be adjustable. Under these additional assumptions the system is an MIMl1 

queue. 

Suri and Leung ([68]), have used this system for comparing two simulation 

methods for optimizing queues. The average service time of the exponential server 

was taken as the adjustable parameter in their example. Since we use their example 

here, let us adhere to this convention. The cost of service used in [68] is 

where s is the average service time (.; = s ) and Cl is a prescribed constant. The 

arrival rate A was fixed at 0.01 and s was restricted to be in [1,99]. 

Due to the memoryless property of the exponential distribution, the state 

space of this system is the set of non-negative integers, i.e. the state of the system 

is the number of customers in it. And the system time is 

J LIl(x}1l'1l(dx) = I=s(i + 1)· Pi 
i=O 

s 
=---, 

1 - AS 

--------- ----- -----
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where.s = * is the expected service time, and Pi = (1- P )pi, (p == .As) is the steady

state probability that the system is in state i. Note that .s(i + 1) is not bounded. 

But we can approximate the cost of this system by a MIMl1 queue with a finite 

buffer. By making the buffer capacity large enough, the cost of the original system 

can be approximated by the cost of the buffered system to any prescribed accuracy. 

Therefore, we assume that we are dealing with the buffered system. 

The minimum total cost is attained at 8* = 1+f7c1 . (System cost was set 

equal to system time.) Suri and Leung study this system using 5 different values 

of Cl. The optimum average service times 8* and the minimum costs J(s*) corre

sponding to these values of Cl are listed in table 5.1 below. 

Table 5.1 The optimum characteristic s* for different values of coefficient Ct. 

# Cl .s* J(8*) 

1 2000 30.90 109.44 
2 SOOO 47.21 25S.S9 
3 32000 64.14 677.77 
4 12S000 7S.16 1995.54 
5 512000 S7.74 6551.0S 

The shape of J(.) also depends on the value of the coefficient Ct. In fig

ure 5.2(a) below, we have shown the graphs of F t , H, for these particular values 

of Cl. The corresponding graphs of J are given in the next figure, 5.2(b). In these 

figures, 1,2, ... 5 denote the graphs for Cl = 2000, SOOO, ... ,51200, respectively. 
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Figure 5.2(a) Cost Vs. Average Service Time 

O-System Cost, 1,2, ... 5-Service Cost at different Cl values 
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Figure 5.2(b)Total Cost Vs. Average Service Time 

1,2, ... 5-Total Cost at different Cl values 
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We used the learning algorithm on this example. After 1500 iterations (A 

total of approximately 100000 customers were served during this time.) the algo

rithm was stopped. The three best average service times ( s values), judged by the 
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resampling probability rj, and the three average service times at which the most 

number of customers were served are listed in table 5.2. Also, the total number 

of customers served (n,,), the observed average total cost (Ja ), and the theoretical 

cost (J(s)) are given in this table. The numing average of total cost at iterations 

100 and 1500 are in table 5.3. We repeated the experiment with several random 

number generator seeds. The results of these replications are in appendix A. 
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Table 5.2 The three best and the three most used average service times (up to 1500 

iterations). 

Cl 8 n" rs J" J(8) 

2000 34.37 13157 0.030 111.15 110.56 
33.37 9247 0.085 109.24 110.01 
33.37 8192 0.077 109.41 110.01 
33.63 2990 0.091 109.09 110.14 

8000 42.53 9611 0.014 261.24 262.11 
46.60 17435 0.048 256.69 258.94 
49.20 7938 0.095 254.20 259.45 
46.60 1358 0.229 250.95 258.94 
41.53 344 0.083 254.69 263.66 

32000 60.89 13277 0.026 680.71 681.23 
58.45 5048 0.016 685.89 688.15 
61.89 4833 0.050 673.35 679.45 
60.55 4392 0.085 667.47 681.98 
63.89 2298 0.091 666.66 677.79 
64.89 1293 0.200 658.00 677.96 

128000* 97.03 15069 0.000 2795.55 4583.83 
77.98 7211 0.043 1991.44 1995.58 
84.38 9182 0.107 1957.97 2057.14 
82.20 6920 0.121 1953.47 2018.94 
79.98 1034 0.134 1949.82 1999.89 
81.98 774 0.143 1947.43 2016.27 

512000* 97.03 10003 0.001 7446.52 8541.46 
97.37 13849 0.002 7361.78 8966.71 
93.86 13251 0.161 6542.37 6983.69 
94.86 6369 0.112 6609.18 7243.09 
91.86 5804 0.179 6522.95 6702.24 
91.86 2202 0.103 6625.28 6702.24 

*-For these coefficient values, a fairly large number of services were at poor service 

rates that resulted in large costs. The reason for the difficulty lies in the shape 

of the total cost functions (see fig. 5.2(b)). TIllS trend was also observed in the 

experiments of Suri and Leung ([68]). 
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Table 5.3 The average observed total cost at iteration 100 and 1500. 

Cl at it. no. 100 at it. no. 1500 

2000 129.19 112.72 
8000 285.93 262.98 

32000 744.11 698.96 
128000 2906.93 2248.13 
512000 7743.22 7243.12 

Closed Queueing Network With Two Exponential Servers 

Here, we take up the second example discussed in the introduction. Let the 

servers have independent, exponential service times with adjustable rates J.-ll, J.-l2 • 

Then, due to the memoryless property of exponential distributions, the state of 

the system can be described by the pair (kl' k2), where kl' k2 are the number of 

customers at stations 1 and 2, respectively. (Actually, since kl + k2 = N, the 

number of customers at station 1 (or at station 2 ) adequately describes the system 

state. 

The theoretical system time can be computed thus: Let N denote the fixed 

number of customers in the system, and let E(Nt} be the expected number of 

customers at station 1 including the customer in service. Let Pk be the steady

state probability that there are k customers at station 1 including the customer in 

service. Then 

where 

And 

(1- pN+l) 
Po = (1 _ p) , 

J.-l2 p=-. 
J.-ll 

N 

k Pk = Pop, 

E(Nt) = L kpk. 
k=o 

(5.9) 

(5.10) 

(5.11) 
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The average arrival rate at server 1 is 

P{Server 2 is busy}. J.l2 = (1- PN)' J.l2. (5.12) 

Therefore, by Little's law the average system time, E(St), at station 1 is 

E(Nd 
E(Sl) = (1 P) . 

- N ·J.l2 
(5.13) 

The system time of a customer at server 2 can be fowld by interchanging J.ll and 

J.l2 in (5.10)-(5.13). The cost of system time was assumed to be twice the system 

time. 

The next step is to specify the service cost. In the previous example, the 

total cost J(.) was a convex function. We wanted to test the performance of the 

learning algorithm on a non-convex cost function. To this end, we postulated a 

plausible service cost that would result in a non-convex total cost. The graph of 

H (J.ll) is shown in figure 5.3. This is a monotonically increasing, smooth function 

of the service rate. We also assumed that the service costs are identical at both 

stations. But this information was not used in the learning algorithm, preserving 

the two-dimensionality of the problem. The surface of service cost and system cost 

are shown in figure 5.4. 
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The figure 5.5 below, depicts the total cost surface. The reader can see that 

locating the minimum of this non-convex surface on the basis of noisy function 

values is a rather difficult task. 

~ 
~J. 
~ o 
Eo< 

~lohal minimum ~ 

Figure 5.5 Total Cost V s. Service Rates 

By plotting graphs of the total cost with one service rate fixed, we estimated 

that the minimum of J(/ll, /l2) was attained near the point (1,1). Next, ,ve computed 

the function values of J(/lI,/l2) on a mesh about (1,1). The estimated optimal 

service rates and the coresponding total costs were (1.1,1.1) (correct up to one 

significant decimal place), 44.22. Since this provides an adequate approximation 

for our purposes it Was unnecessary to use a traditional non-linear programming 

method for finding the minimum of J. 

The results of our numerical experiment follow. We replicated the experiment 

with different random number generator seeds. The 3 best and most used pairs of 

service rates are listed in table 5.4. These results were obtained after 2000 iterations 
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(i.e. approx. 150000 customers served). The service rates are listed in the first 

two columns. The next columns list total number of services, the probability of 

using service rates (rj), the observed average cost (JI'I,1'2)' and the theoretical cost 

(J(JLI' JL2)), respectively. Note that in the table below, some service rate pairs 

appear identical due to rounding. 

The three best and three most used service rates (4 replications). 

JLI JL2 #cust rj J 1'1,1'2 J(JLI, JL2) 

1.340 4.016 9068 0.0000 68.22 67.55 
0.900 1.814 7742 0.0000 68.28 70.33 
1.164 1.243 73398 0.9630 45.72 45.71 
1.164 0.762 910 0.0093 54.14 57.26 
0.683 1.243 286 0.0027 56.40 65.26 
1.164 0.762 192 0.0043 55.52 57.26 

3.364 3.728 8486 0.0000 66.10 65.72 
1.076 0.865 73326 0.1890 50.10 49.77 
1.076 1.495 10994 0.0344 53.19 55.65 
1.076 1.495 5270 0.0394 52.95 55.65 
1.076 1.495 1130 0.0301 53.43 55.65 
1.076 0.911 9092 0.5434 48.19 47.83 

1.144 1.551 10606 0.0023 56.64 56.82 
1.144 0.857 21472 0.0511 51.02 51.29 
1.144 1.487 10026 0.0295 52.01 54.34 
1.144 0.903 24056 0.1309 49.31 49.20 
1.144 0.903 28242 0.1678 48.86 49.20 
1.144 0.930 13304 0.2254 48.33 48.10 

0.855 2.500 10468 0.0000 65.71 73.56 
1.126 1.304 116128 0.9583 47.54 47.55 
1.126 0.674 554 0.0013 59.47 63.25 
1.126 0.674 944 0.0049 57.11 63.25 
1.126 0.674 188 0.0052 56.99 63.25 
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The running averages of total observed cost for 4 replications are given in the next 

table. 

Table 5.5 Rlll1ning average of total observed cost (4 Replications). 

# cust. serv. J (#1) J (#2) J (#3) J (#4) 

148 103.33 94.62 63.28 82.57 
5806 80.53 77.00 71.21 71.26 
14718 73.72 70.16 64.50 68.76 
27408 71.06 64.01 61.17 62.02 
42014 69.65 61.41 59.04 58.11 
57694 68.91 59.93 57.28 56.19 
74788 67.39 59.01 56.31 54.87 
93176 63.55 58.52 55.69 54.06 
112798 60.93 58.31 55.28 53.41 
132766 58.92 57.90 54.65 52.91 
153768 57.36 57.16 54.29 52.47 

The next table presents the moving average of observed total cost. A window of 

20000 service completions were used. 

Table 5.6 Moving average of total observed cost (4 Replications). 

Group Jgr (#1) Jgr (#2) Jgr (#3) Jgr (#4) 

1 74.80 69.56 64.18 67.36 
2 66.58 53.21 53.45 49.34 
3 67.03 54.24 52.07 50.45 
4 57.76 53.89 52.03 49.43 
5 47.00 54.36 51.93 49.30 
6 47.28 53.84 50.78 48.83 
7 47.83 54.20 50.91 49.86 
8 46.68 50.80 51.47 48.92 
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4.4 Conclusions 

The tables of experimental results clearly show the success of the algorithm 

in locating optimum parameters of the systems. There were a total of approxi

mately 100,000 and 150,000 (for the first and second system, respectively) service 

completions when the experiments were stopped. But as seen in the tables, a large 

number of these services were at near-optimal parameter values. Therefore, the 

actual number of services needed for locating near-optimal values was less than the 

total number of service completions in the experiments. 

For the first system, we did expect such results because the function to be 

minimized was convex. But for the closed queueing network, the results were beyond 

our expectations. Here, the function was highly non-convex, and depended on two 

variables. Moreover, there were several local minima and the global minimum was 

hidden away near the point (1,1) (See figure 5.5). Also, near the global optimum 

the noisy component of the cost, i.e. the system cost, was much larger than the 

deterministic cost component (see figure 5.4). Therefore, the fact that one of the 

local minima was not mistaken for the best point, after a limited number of services, 

came as a surprise, and specially so, since this was the case in all 4 replications. 
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APPENDIX 

Replications of Computational Experiment on MIMl1 Queue. 

Table 1 The Three Best and Three Most Used Average Service Times (Replication 

No.1). 

Cl 8 ns rs Js J(8) 

2000 32.03 14875 0.022 110.70 109.57 
33.03 5630 0.085 108.14 109.87 
34.03 5271 0.053 109.04 110.36 
33.03 1171 0.120 107.50 109.87 
34.03 2948 0.107 107.71 110.36 
32.03 1857 0.207 106.46 109.57 

8000 42.54 5503 0.027 263.73 262.09 
50.32 12089 0.049 261.51 260.27 
51.32 4622 0.042 262.13 261.31 
46.89 2479 0.119 258.15 258.90 
46.10 2842 0.147 257.34 259.07 
50.32 217 0.153 257.19 260.27 

32000 70.89 13156 0.008 704.08 694.92 
60.79 12536 0.080 678.58 681.45 
60.79 10518 0.093 676.93 681.45 
61.79 7995 0.110 675.04 679.60 
61.79 1549 0.172 670.08 679.60 

128000 70.89 5856 0.000 2355.34 2049.16 
95.08 7978 0.000 2316.10 3278.37 
73.13 7271 0.036 2024.54 2022.52 
73.13 5472 0.061 2004.38 2022.52 
73.13 3174 0.063 2003.46 2022.52 
75.13 1768 0.124 1978.24 2005.84 

512000 95.08 10506 0.007 6932.68 7317.12 
90.18 5300 0.040 6599.30 6595.85 
92.18 6419 0.045 6578.26 6733.08 
92.18 4707 0.091 6448.04 6733.08 
93.18 2553 0.083 6465.11 6860.96 
95.18 3677 0.076 6481.73 7353.83 
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Table 2 The Three Best and Three Most Used Average Service Times (Replication 

No.2). 

Cl 8 nlJ rlJ JIJ J(8) 

2000 29.94 14958 0.019 111.58 109.54 
31.01 7354 0.107 108.32 109.44 
28.94 1937 0.087 108.73 109.83 
29.94 4305 0.123 108.07 109.54 
30.94 2799 0.083 108.81 109.44 

8000 49.54 7867 0.024 262.39 259.66 
52.20 6668 0.024 262.26 262.46 
52.20 5148 0.249 253.42 262.46 
51.20 2780 0.121 256.16 261.17 
48.54 2468 0.108 256.60 259.14 

32000 77.40 15761 0.001 743.31 755.97 
74.40 10701 0.053 694.33 720.77 
72.40 12098 0.111 686.03 704.33 
60.43 828 0.160 682.01 682.25 
59.64 2501 0.192 679.99 684.33 

128000 77.40 13470 0.012 2029.86 1996.22 
78.40 7688 0.048 1977.49 1995.62 
77.40 7797 0.074 1961.08 1996.22 
86.46 2305 0.091 1953.62 2119.03 
79.40 4658 0.085 1955.81 1997.54 
88.32 2378 0.165 1931.38 2205.28 

512000 93.66 12008 0.044 6677.58 6944.66 
94.38 8839 0.037 6708.85 7105.00 
98.92 6815 0.071 6589.26 14317.21 
94.66 5379 0.070 6591.36 7182.72 
94.52 2671 0.060 6621.65 7141.33 
92.90 1125 0.203 6395.47 6820.38 
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Table 3 The Three Best and Three Most Used Average Service Times (Replication 

No.3). 

Cl 8 n3 r3 J3 J(8) 

2000 33.58 7711 0.033 110.40 110.12 
29.22 6051 0.032 110.43 109.73 
34.58 8756 0.107 108.14 110.70 
32.58 2725 0.093 108.41 109.71 
28.14 283 0.143 107.58 110.23 

8000 43.74 7882 0.047 262.25 260.65 
49.04 11143 0.108 259.07 259.37 
53.28 6770 0.162 257.53 264.20 
48.04 4562 0.156 257.67 258.98 
47.04 2879 0.142 258.02 258.89 
51.28 1206 0.190 256.92 261.26 

32000 65.93 16181 0.018 687.48 678.87 
65.93 13644 0.060 674.11 678.87 
66.53 7470 0.079 671.07 679.75 
68.11 5751 0.152 663.85 683.42 
68.91 4563 0.239 658.77 686.01 

128000 88.23 17799 0.107 2175.11 2200.26 
90.78 9473 0.057 2198.31 2394.97 
89.99 9160 0.034 2217.33 2321.38 
89.20 4116 0.219 2148.59 2260.64 
90.78 3766 0.124 2169.54 2394.97 

512000 97.41 10631 0.006 7016.67 9020.51 
94.87 19255 0.050 6612.27 7245.98 
95.87 9865 0.070 6548.98 7661.54 
92.87 4964 0.208 6347.60 6815.52 
91.87 4752 0.196 6358.58 6703.05 
93.87 774 0.119 6450.50 6985.54 
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Table 4 Average Total costs (Replication No 1). 

Cl at it. no. 100 at it. no. 1500 

2000 129.75 111.68 
8000 323.95 274.94 

32000 951.91 716.58 
128000 3023.66 2201.61 
512000 7627.64 7017.66 

Table 5 Average Total costs (Replication No 2). 

Cl at it. no. 100 at it. no. 1500 

2000 120.32 113.27 
8000 299.45 269.69 
32000 712.82 728.04 
128000 2125.56 2074.16 
512000 7544.74 7076.07 

Table 6 Average Total costs (Replication No 3). 

Cl at it. no. 100 at it. no. 1500 

2000 119.56 111.85 
8000 285.81 266.69 

32000 712.06 695.42 
128000 2455.74 2349.32 
512000 7121.45 7131.45 
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