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ABSTRACT 

The Astrometric Telescope Facility (A TF) is designed to be a space

based facility searching for planets and extra solar planetary systems. In order 

to be able to positively identify other planetary systems such as Uranus/Neptune

class planets. the A TF is required to be capable of surveying approximately 100 

stars within about 10 parsecs of the earth. of measuring a change in the relative 

position of stars to an accuracy of 10 microarcseconds. and of being stable for 

about 10 to 20 years. 

The A TF approach to astrometry is to modulate the intensity on the 

focal plane of the telescope by a moving Ronchi ruling or grating and then to 

determine the relative star positions from the phases of the modulated signals. 

This approach reduces noise from background stray light and reduces random 

noise by averaging over many measurements. 

The optical performance of the A TF system has been modeled mathe

matically using the concept of the system transfer function. Each subsystem has 

been studied analytically. The relationship between the measured parameter and 

aberrations of the system has been established analytically. Error sources from 

the system have been identified and calibration for the system is provided. 

Design and optimization for the astrometric telescope and gratings have been in

vestigated. The key issues to reach the 10 microareseconds are addressed. 



CHAPTER 1 

INTRODUCTION 

15 

The Astrometric Telescope Facility (A TF) is to be an earth-orbiting 

facility designed specifically to measure the change in relative position of stars. 

The primary scientific mission of the facility will be the search for planets and 

planetary systems outside our solar system. In addition. the facility will support 

astrophysics investigations dealing with the location or motion of stars [E. H. 

Levy et al .• 1986]. 

There are several fundamental reasons for seeking other planets [CO K. 

Sobek. 1987]. First, the Copernican revolution began with the discovery that the 

earth revolves about the sun and is not the center of the universe. Further steps 

in the revolution of astronomy have shown us that the sun is an ordinary star 

located relatively far from the center of our Milky Way galaxy. and furthermore 

that the Milky Way is not an extraordinary galaxy among galaxies. Curiosity 

about the question of possible cosmic neighbors remains to be satisfied. Second. 

the Copernican principle is the notion that the earth is ordinary in every way 

that we have been able to test. A major missing element of this picture is the 

answer to the question: are planets and planetary systems common? Third. a 

variety of questions about other possible planetary systems can be posed. and 

many of them are related to our attempt to understand the formation process of 

stars and planets. One question is whether the evidence provided is correct on 

the basically theoretically derived understanding of the formation process of stars 

and planets. The above questions may be answered by studying: 1) the 

frequency of occurrence of planetary systems. 2) the distribution of planets 

------ -- .-.. -------- ---- ------ ---.-
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among star typeS. 3) the variety of planetary systems. 4) whether planetary 

systems have the characteristics suggested by theoretical models. 5) the planetary 

formation process. 6) the removal of angular momentum from stellar systems. and 

7) whether planets can form in binary star systems. 

The positive identification of other planetary systems such as 

Uranus/Neptune-class planets requires that the A TF be capable of surveying 

approximately 100 stars within about 10 parsecs of the earth and of measuring 

changes in relative position to accuracy of 10 microarcseconds and that the 

measurement system and the reference frame must be stable for about 10 to 20 

years [E. H. Levy et al.. 1988]. 

The conventional approach to astrometry is to directly image a star field 

onto a photographic plane or detector array and determine the star locations from 

the centroids of the images. The accuracy of this approach can be improved by 

taking numerous images of the star. making precise measurements of the positions 

of the images and averaging over many such measurements. The accuracy 

achievable with such averaging is ultimately limited by the dimensional stability 

of the recording medium. as well as by the finite resolution of the system. the 

photometric uniformity. and by the earth atmospheric aberrations. The require

ments of measurement accuracy and stability for the detection of planetary 

system are beyond the present state-of-the-art for the conventional approach. 

The direct imaging approach is considered unfeasible [G. Gatewood. 1986]. 

The A TF approach to astrometry is to move a Ronchi ruling [V. 

Ronchi. 1964] (a grating with alternating opaque and transparent lines) across the 

focal plane to modulate the stellar images and. therefore. determine relative star 

positions from the phase difference of the modulated signals. There are two 
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techniques to implement detectors. One is a focal plane detection (FPD) as 

shown in Fig 1.1 and the other is a pupil plane detection (PPD) shown in Fig 

1.2. Both techniques require a multichannel detector system where stellar images 

are individually detected. 

The FPD detects the stellar images. Thus the individual detectors must 

be located at the focal plane of a telescope objective or the image plane of relay 

optics which images the stellar image on its image plane. The PPD places the 

detector at the pupil plane. The diffraction orders of beams are modulated by 

the moving grating. The signal-l<rnoise ratio (SNR) can be improved by masking 

some parts of the pupil. Provided all orders of diffraction beams are collected 

by detectors. the PPD and FPD are identical. 

The key element of the measurement is the Ronchi ruling or grating. 

The Ronchi ruling may be considered as a diffraction grating. The author uses 

the terms ruling and and grating somewhat interchangeably. The Ronchi ruling 

serves as a metric ruler measuring the relative position as well as a device for 

modulation or for diffraction. depending on which view is used. The ultimate 

ability of the instrument to meet the A TF astrometric requirements rests largely 

on the stability of the grating. Small random errors in the position of the ruling 

lines will average out because the final result consists of an average over many 

thousands of measurements. 

In an ideal system. the ultimate limitation to the accuracy is photon 

noise. Ideally. the systematic errors can always be corrected. By averaging over 

thousands of measurements. the photon noise will be reduced by the amount pro

portional to the square root of the number of samples. The ground-based 

telescope built at Pittsburgh [G. Gatewood. 1986] can achieve an accuracy of one 

------------------ --- -- -----------
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Fig. 1.1. The schematic diagram for the focal plane detection (FPD) of the 

Astrometric Telescope Facility. The incident light is focused onto the focal plane 

of the telescope. The intensity of the stars on the focal plane is modulated by 

the moving Ronchi ruling. The modulated intensity is imaged by a relay lens 

onto the detector. The centroid is retrieved by the signal processor. 

-------------------- -



Telescope 

1mIge1 

o 
MovIng 
Ronchi 
Ruling 

exit Pupil 
Detectors 

19 

Fig. 1.2. The schematic diagram for the pupil plane detection (PPD). The light 

on the focal plane is diffracted by the moving grating. The diffracted diverging 

beams are converted into the planar beams by a collimated lens. The overlapped 

pupils produce a shearing interferogram. The phase which is related to the 

position is detected by a detectors which is located in the conjugate plane to the 

exit puil. 

---------. - - -
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milliarcsecond. By taking advantage of the absence of atmospheric aberrations. 

the A TF will hopefully be able to obtain two orders of magnitude improvement 

in accuracy. 

Historical Background 

In the period between 1974 and the present. a number of science 

workshops have been held to discuss various approaches to the search for 

extrasolar systems. From 1974 to 1976. six SETI meetings dermed early steps to 

study extrasolar planets. In 1976. two workshops looked at both ground and 

space-based detection techniques. From 1978 to 1979. workshops focused on 

ground based techniques [So K. Sobek 1987]. They identified the most promising 

prospects: speckle and amplitude interferometry. long-focus astrometry. and high 

resolution spectroscopy. They also recommended the start of a ground-based 

program using radial velocity and speckle techniques. In 1983. workshops 

established the basic criteria for the requirements of the planet detection. In 

1985. workshops examined approaches to high accuracy astrometric telescope and 

astrophysics science potential. These workshops concluded that planetary search 

programs should be supported and recommended several approaches including 

both ground- and space-based systems. Among the various space based systems. 

the A TF approach appears to be the most promising. 

Two system studies to define the feasibility of programs to search for 

extrasolar planets have been conducted. In 1976 under project ORION. the 

system design and analysis was conducted of the ground-based instrument and 

space-based direct detection of the reflected visible and intrinsic IR radiation. 
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The conclusion was that the search for extrasolar planets is scientifically usefully 

and technically feasible. In 1982. Lockheed [L. Bandermann et aI .• 1982] did a 

comparative study of astrometry using the prime focus reflector vs the interfero

metric approach to the planetary detection. The conclusion of their study is that 

the prime-focused reflector approach is feasible and the interferometric approach 

is too complex. 

The A TF approach has been reviewed by a number of science peer 

group panels. Lockheed completed an advanced project study for NASA Ames 

Research Center (ARC) in 1985. A memorandum of the agreement with the 

University of Arizona was signed in January 1985. fonning a joint team of the 

University of Arizona and ARC to advance the A TF project. In 1986. the 

··Astrometric Telescope Facility Preliminary System Definition Study" edited by 

Charlie Sobeck gave comprehensive outlines of the A TF [C. Sobeck. et aI •• 1986]. 

Objectives of the dissertation 

The objectives of the dissertation are to theoretically analyze optically 

related aspects of the A TF. to investigate detection algorithms. to optimumly 

design the A TF by minimizing systematic errors and ramdon errors. and to ana

lytically estimate major errors of the A TF. Through years' efforts. the idea of 

the A TF was formed and showed the promising approach to the high accuracy 

astronometer. However there are many questions remaining to be answerd. By 

no means. this dissertation intend to solve all questions. However. this work will 

answer some important questions. More specifically. it will address the following 

issures for astronomical applications: 1) What is the best parameter for the 
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measurement of relative stellar positions? 2) Does centroid integrator measure 

the true centroids of the stars? 3) is the probola the optimum telescope? 4) 

What is the best ruling profile for the ruling designs? 5) What aberrations are 

most sensitive to the measuring parameter and how does one balance aberrations 

in the telescope design? 6) How does nonuniform reflectivity affect the 

measuring parameter? 7) How does the misalignment of the system affect the 

accuracy of the A TF? And 8) What is the reasonable accuracy that the A TF 

can achieve. 

Scope of the Dissertation 

The emphasis of this work is a thorough analytic study of the optical 

aspects of the A TF. Readers are required to have the background of basic 

optics. Some chapters related to the optical design and misalignment are intend 

to be understood by astronomical engieers. In the consequence. they may appear 

trivial to optical scientists and engineers. On the other hand. this dissertation is 

partly fufilling optical sciences degree. Pure astronomical issures which may be 

important exceed the scope of this dissertation. This dissertation is also involved 

with detection algorithms. and error analyses of the system. Thus. the signal 

processing background is helpful to understand this work. The mechanical and 

optomechanical analyses are beyond the scope of this dissertation. though they are 

necessary to instrumentation of the system. 

Optical designs and misalignment analyses are formulated for general 

purpose although the astrometric telescope is emphasized in the specific examples. 

----- --------
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The analytic forms help to develop insight into the optical properties and reveal 

the relationship between the image quality and structural parameters of an 

optical system. It also helps optical designers to set up initial lens data for ray 

tracing optimizations. This topic deals with the first order and third order 

optical designs. vector forms of wave aberrations. aberration field displacement 

resulting from misalignment. evaluations of the image quality through study of 

the optical transfer function. point spread function. and geometric spot size of 

optical systems. 

The grating optimization is based on the criteria that gives maximum 

SNR by selecting the profiles of the grating transmittance and period. It is 

related to the signal processing. algorithms of detection and Fourier analysis in 

the spatial frequency domain. 

The detection algorithms determine the implementation of detection 

schemes. Analysis of the algorithms requires some knowledge of interferometric 

wavefront reconstruction techniques. such as heterodyne phase shifting. lateral 

shearing interferometry. and match filtering. as well as diffraction optics. 

The section on error calibration covers systematic errors from the 

telescope. the grating. and detectors and random errors from photon noise. line

of-sight (LOS) and wavelength changes. The analytic relationship is established 

between the aberrations and the centroid - one of possible central measures. 

In summary. this work is a combination of geometric and diffraction 

optics. interferometry. and signal processing. The goal is to help design the 

system that will meet the astrometric requirement for the accuracy of 10 micro 

arcseconds. 

-------------- ... --.----.--- -._-' 
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Structure of the Dissertation 

Chapter I is an introduction to the dissertation. It discusses the 

scientific objective. the rational for the A TF. the astrometric requirement and 

approaches to astrometry. Also. the scope of the dissertation is defined and the 

structure of the dissertation is outlined. 

Chapter 2 establishes the end-to-end mathematical modeling for the A TF. 

The analytic study starts by finding the optical transfer function (Om of the 

telescope. the transfer function of the moving grating and detection processing. 

and leads to the output signals from the detectors. This modeling is essential to 

the thorough analysis of the system because any errors propagated from each 

processing step will be included in the derived forms that allow us to calculate 

systematic error contributions from each part of the system. 

Chapter 3 explores different types of detection schemes that will retrieve 

phase or centroid information from the modulated signals or interferograms. The 

algorithms that are studied are the centroid integrator. match filtering and 

heterodyne phase shifting. The performance of the algorithms is compared 

through evaluation of the propagation of photon noise. which is the dominate 

random noise in the system. 

Chapter 4 investigates transmittance profiles and periods of gratings that 

will give the best performance in terms of the photon efficiency and signal-to-

noise ratio. The gratings of primary interest are the Ronchi ruling and 

sinusoidal gratings. 

Chapter 5 studies one-mirror and two-mirror telescopes. Image quality 

for each type of telescopes is numerically evaluated. Among the two-mirror 
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systems. different types of aplanatic telescopes are compared and contrasted. The 

third order aberrations of each type of telescopes are analytically described for 

more general uses. The results are verified using ray trace programs. CODEY 

[ORA] and Super-Oslo [Sinclair]. 

Chapter 6 applies the misalignment theory developed by Thompson 

[1980] to the two-mirror systems and described the analytic forms of third order 

aberrations for the misaligned optical system. The key concept of the misaligned 

theory is the field displacement from the axis in the aligned system. The third 

order aberrations from the misaligned system are generated owing to the fact that 

the vector field displaced from the field center. However distortion is not as 

simple as Thompson's theory. The keystone and anmorphism affects distortion. 

Chapter 7 identifies the error sources and evaluates the contributions 

from the sources. The relationship between the aberrations and measured 

parameters are established. Also. the proof that the centroid is invariant with 

wavelength is provided. Finally an error budget is made. 

Chapter 8 presents conclusions of this dissertation and suggests the 

future research for the ATF. 
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CHAPTER 2 

MA TIIEMA TICAL MODELING OF TIlE SYSTEM 

This chapter describes two types of A 1F detection schemes. One is 

called focal plane detection (FPD). The other is called pupil plane detection 

(PPD). Both methods implement the moving Ronchi ruling with a constant 

motion on the focal plane of the telescope. The moving ruling enables measure

ments of the relative positions of reference stars and a target star. The precise 

position of stars is modulated by the moving ruling to form a time-varying 

signal. In the FPD. the modulated intensity is imaged by a relay lens onto 

detectors which aim at individual stellar images. By phase reduction techniques. 

one can precisely determine the relative positions of stars. The PPD scheme 

may be viewed as a form of lateral shearing interferometric detection if the 

period of the ruling is very small. With the PPD. a moving Ronchi grating is 

the same as implemented in the FPD but the detectors are placed at the 

conjugate of the exit pupil imaged by a collimate lens. The moving Ronchi 

grating diffracts a number of pupils that interfere together. By choosing the 

period of the grating appropriately. such that the + I and 0 orders and the -I and 

o orders overlap. a shearing interferogram is produced. The relative phases of 

stars can be obtained by a conventional sharing interferometer (more detail is 

given later this chapter) [C. Koliopoulos. 1980]. If the ruling period is large, then 

the diffraction angle is small and the detectors at the pupil plane are able to 

collect all of light. In this case, the FPD is identical to the PPD. 

In this chaphter, we give the detailed analyses and establish the mathe

matical model of the system, including the optical transfer function, transfer 

-------------------------. -
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function of the grating. and signal from the detection process. The analytical 

forms derived in this chapter are essential to carry on the analysis of the rest of 

chapters. Although we give separate analysis of the PPD and the FPD in this 

chapter and the fourth chapter. the remaining chapters apply equally to both 

schemes. 

2.1 The Focal Plane Detection of the A TF 

A basic system of the A TF for the FPD is shown in Fig. 2.1. The 

light from stars is reflected by a parabolic mirror (or other types of telescopes) 

and focused on the focal plane of the telescope objective. _ The intensity distribu

tion of a stellar image is the point spread function (PSF) of the telescope. The 

PSF is modulated by a moving Ronchi ruling (periodic transparent and opaque 

bars) across the image field. The modulated intensities are imaged by the relay 

optics onto photon detectors aimed at individual stellar images. The detectors 

collect photons and produce quasi-sinusoidal signals. Phases of the signals are 

directly related to relative positions of stars. and can be extracted by signal 

processing. Algorithms for extracting phases are one of the following. centroid 

integrator. autocorrelations. and heterodyne phase detection commonly used in in

terferogram reduction [J. C. Wyant. 1976]. More detailed discussions about 

algorithms will be in Chap. 3. The Ronchi ruling moving across the image field 

and modulated signals of stellar images are illustrated in Fig. 2.2. 

The Ronchi ruling here serves as a metric ruler measuring the relative 

positions between the reference stars and the target star as well as a modulator 

to reduce the background noise and to encode positions into phases. Each pass 

-------------



28 

of a period of the ruling measures the phase of the detected signal. The Ronchi 

ruling is typically designed to have about 4.000 periods. A round trip of the 

ruling moving across the image field results in 8.000 measurements. The average 

over many measurements reduces the photon-limited errors by a factor of the 

inverse square root of the number of measurements. Thus the desired accuracy 

is obtained by taking many low-accuracy measurements. 

The A TF system can be divided into four stages. The first stage is the 

telescope which images stars on the focal plane. The second is the grating 

motion which modulates the intensity of the star image. The third is the 

detector which converts the irradiance of the star image into the signal to be 

processed. Finally. the signal processing stage calculates the desired output -

relative positions of stars - from modulated phases. The logical diagram of the 

A TF model is shown in Fig. 2.3. Transfer functions for each stage of the A TF 

are derived in the following sections. Noise of the system is neglected in our 

derivations and will be scrutinized in Chap. 7. 

2.2 Transfer Function of the Telescope 

A star at a distance of 10 parsecs from the earth is nearly a perfect 

point source at infinity. The wave propagates from the star and arrives at the 

front of the telescope as a wavefront which is planar to a very high degree. In 

fact. the finite size of the star is close to the magnitude of the stellar motion to 

be observed. The very slight departure of the image from a perfect Airy 

pattern does not effect the arguments made here. Therefore. the stellar image is 

focused at the focal plane of the telescope and its electromagnetic field on the 
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Fig 2.1. Schematic diagram for astrometric telescope facility (A TF) where v is 

velocity of the Ronchi ruling. F is the focal length of the telescope objective. 

The incident light is focused on the focal plane. The image of the star is 

modulated by the moving Ronchi ruling. The modulated intensity is imaged by 

a relay lens onto the photon detector. The relative position is obtained through a 

signal processor. 
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Fig. 2.2. The stellar positions are modulated by a moving Ronchi ruling. Top: 

the Ronchi ruling position with respect to stellar images Q. b. and c at time to. 

Bottom: the intensity profiles with respect to time. The stellar image positions 

with respect to the Ronchi ruling are encoded into phases of intensity profiles 

[G. Gatewood. 1986]. 
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focal plane is the impulse response of the optical system. The intensity of the 

stellar image is the point spread function (PSF) for the incoherent system 

[Goodman 1969. Gaskill. 1979]. 

The point spread function of the telescope is the square of the Fourier 

transform of the pupil function. The general pupil function for a circular 

aperture can be expressed as follows: 

P(x.y) - cyl [ ~ ]exP(-ikW(X.y» . 

where 

CYl[~] - {~ ~; ::%}. 
T -J?+Jii. 

d - diameter of the pupil. 

W(x.y) - wave aberration function of the system. 

k - t . the wavenumber. 

Then the point spread function is given by: 

where 

x'.y' 

x' - ).,/ . 
.i. - ).,/ . 

- coordinates of the image plane. 

-------------------_.- -.-.--

(2.1) 

(2.2) 
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N4 

Fig. 2.3. The logical diagram of the A 1!. The noise NI is produced by photon 

uncertainty and background variations; N2 is the noise from telescope vibrations. 

aberrations. nonuniform reflectivities; N3 is from the Ronchi ruling non

uniformity. mechanical vibrations. or misalignment; N4 is from the detection 

process. including electronic circuit noise. 
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- the wavelength of light. 

/ - the focal length of the telescope. 

For an aberration-free system. the pupil function is simply a cylindrical function. 

In this case. the point spread function is the square of the sombrero function [J. 

Gaskill. 1979]. 

where 

somb(dp) -U.(wdp) 

wdp 

where J. is the first-order Bessel function of the first kind. 

p 

FF{ } - two-dimensional Fourier transform operator. 

The normalized PSF for the parabola with F / 13 is plotted in Fig. 2.4. 

(2.3) 

The optical transform function. OTF. is defined as the Fourier transform 

of the point spread function. The OTF is the autocorrelation of the pupil 

function. with appropriate scaling. 

OTF(j.§) _ FF{ PSF(tll) } 

f fA dxdy 
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_ P()'ft. 'AM· r ('Afr. 'At§) (2.4) 

J fA dxdy 

where .. denotes tw<Hiimensional correlation and A indicates the area of the 

aperture. 

In general. the optical transfer function can be written as the autocorre-

lation of the complex pupil function: 

OT F«.6) - J J A ejItW(X+>.r ~ ,y+>.r!> e -jW(x->.r ~ ,y+>.r ~> dxdy . (2.5) 

For an aberration-free system. the OTF is the autocorrelation of the cylindrical 

function. 

or F(P) - cyl [ t ) .. CYI [ t) 

- [~){ =-1 [t) -t (ffl1}Yl[~) · ~.6) 

where Pc is the cutoff spatial frequency and p - Jr! + §2. The OTF of the 

telescope is a band-limited function with bandwidth 2pc as shown in Fig. 2.5. 

The system transfer function HI (r.§) of the telescope is given by 

HI (r.§) - OT F(p) . (2.7) 

-- -----
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Fig. 2.4. The normalized PSF for the parabola with F /13 and aperture diameter 

of 1 meter. semifield angle of 5 min of arc. The Strehl ratio is 0.85. Because of 

coma. the PSF is not symmetric. The centroid shift is 7.1 microns. 
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36 

2.3 Transfer Function of the Gratings 

Two types of gratings are considered. These are the Ronchi ruling and 

sinusoidal grating. In fact. the rectangle function can be expanded as a series of 

sinusoidal functions. Once one understands the sinusoidal grating. one can 

comprehend the rectangle grating. The purpose of using the grating is that it 

provides us with accurate measurements of the distance between the target and 

reference stars. reduction of the background noise. and thus improvement of the 

signal-to-noise ratio. 

The intensity transmittance of Ronchi ruling (without further specifica-

tion. the ruling or grating is assumed as an intensity transmittance function) can 

be expressed as a rectangular function convolved with a comb function. The 
.. 

Ronchi ruling moves in the x direction with constant speed. Consequently. the 

irradiance of the star on the focal plane is modulated. The relative positions of 

stellar images between period of the grating is modulated into the phase of the 

quasi-sinusoidal signals. The Ronchi ruling with the motion speed v can be 

expressed as Fourier series since it is a periodic function. 

+00 .] 
~ 1 !fmc _ nWot 

g(x.t) - L./n e P • (2.8) 

where cn are the Fourier coefficients of the grating transmittance. in this case. 

w. [wn] - psznc p . 

w - width of transparency of the ruling. 

P - the period of the ruling. 

v - the speed of the ruling. 
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Fig. 2.S. The diffraction limited OTF ( same as MfF in this case) 

has a bandwidth of 2pc' 

--_._---
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The sinusoidal grating function is given by the following: 

sW) - [ 4 + 4= [ ~x - w.t) ] · 
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(2.9) 

The spectrum of the grating and ruling functions can be found by taking the 

Fourier transform of the grating function which is given by 

G<r.t) - P{ s(x. t) } • (2.10) 

where 

P{ } - the one-dimensional Fourier transform. 

The spectrum of the Ronchi ruling is the comb function modulated by the sine 

function as shown in Fig. 2.6b. 

(2.11) 

and the spectrum of the sinusoidal function consists of the three spectral 

components. One of the spectra is a DC signal at the origin and two others are 



located at ± ! as shown in Fig. 2.6a and expressed as the following: 
p 

2.4 Incident Power and Power Spectra 
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The intensity distribution. assuming the light source is incoherent. after 

the grating is the product of the PSF and the grating function. i.e .• 

E(x'. y') - 10PSF(x'. y,)g(x'. t) • (2.13) 

where 10 is the magnitude of the star intensity. 

The power on the photon detectors (single cell detectors) is the 

integration over the detector area covered by irradiance. also. the power is the 

convolution of the PSF with the grating function. Assume that the detector area 

function is A(x.y). then the power on the detector can be written as follows: 

where 

x(t) 00 

~(t) - 10J I A(x.y)PSF(x.y)g(x. t) dydx • 
x(0) -00 

- PSF y(t)**g(t) • (2.14) 
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Fig. 2.6. a) The spectra for the sinusoidal amplitude grating with 

a period of p. Arrows represent delta functions. b) The spectra 

for the Ronchi ruling. The width w of the transparent bar of the 

Ronchi ruling in the figure is half of the period p. The spectra 

are modulated by a sinc function. 
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which is a line spread function. The power spectrum is the multiplication of 

the line OTF by the spectrum of the grating. Assume the stellar image falls in 

the detector and the detector is uniform. then A(x.y) is unity (the finite size and 

nonunifonnity of the detector are considered later). The power spectrum is the 

following: 

~) - loOT Fm G(t) . (2.15) 

For an aberration-free system. setting the variable" of OTF in Eq. 2.6 to zero 

and then substituting Eq. 2.6 and Eq. 2.11 into Eq. 2.1S. the power spectrum 

using the Ronchi ruling is given by 

~ - [~.] { cor' [t] -t [RtF]} 
reet [ ~ ]( ~SinC[ ~. )comb(pt)] . (2.16) 

If the bandwidth of the optical system is less than ~. then higher frequencies 
p 

are filtered out. only the first (there are no second) harmonic component can be 

detected. Thus the function of the Ronchi grating is identical to that of the 

sinusoidal grating except the amplitude of the signal is different. The power 

spectrum using the sinusoidal grating is the following: 
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~ - [~.] {=Ol [t] -t [RtF] }re<t[~] 
!{ 6(!) + ! [6H] + 6~-~ J]}. ~.17) 

In more general case. 

10 
where C - w - • a constant. Taking the inverse Fourier transform of Eq. 2.18. 

p 

the power function in time domain is the cosine function plus a OC term. i.e.: 

where 

t(t) - C { MTF(O) + MTF[~ )C:OS(w,t +PTF)}. 

- CMTF(O){ I + 'Ylcos(wot + PTF)} • 

'Yl - MTF[~ J. the contrast of the first harmonic signal. 

PTF - a phase transfer function. 

(2.19) 

If we assume that the OTF is strictly real and rotationally symmetric. i.e .• 

OTF(-r) - OTF Cr) - MTFcrl. which is true for the aberration free system. then 

PTF -0. In general. OTF carries the phase produced by the wave aberrations. 

Therefore the phase caused by the aberration should be included in the phase 

argument of Eq. 2.19. This phase varies with field position at the specific pupil 

position. causes the true phase shift. and directly contributes to the phase 

systematic error. More detailed discussions are included in the section on 
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systematic errors. 

The PSF may shift from the origin with off-axis Xo. The power 

expression is the same but with a time shift to. that is 

(2.20) 

where Xo is the star position to be detected and E is the phase error produced by 

the wave aberrations. 

The beauty of this expression is that it allows us to use the phase 

detection technique to detect the position of Xo. Since the expression is exactly 

the same as the interferogram. except that the phase in this case is constant. all 

signal processing techniques used in interferometry can be applied to star position 

detection here. 

If the period of the Ronchi ruling is large enough. the OTF cuts the 

small portion of the high frequency spectra. in other words. most of star energy 

falls on one cycle of the ruling. we can predict that the power function is 

approximately the Ronchi ruling function itself with smoothing of the edges due 

to the high frequencies being cut off. 

2.5 Pupil Plane Detection of the Astrometric Telescope Facility 

The pupil plane detection is actually a lateral shearing interferometric 

detection or a Ronchi test [Malacara. 1978] if the period is chosen to be small. 

The schematic diagram is shown in Fig. 1.2. The Ronchi grating on the focal 

plane produces a number of diffracted overlapping pupils. These diffracted 

beams are imaged onto the detector which is located at the conjugate of the exit 

~----- -- --------- -.-- ----_ .. _-----
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pupil. The amount of overlap depends on the spatial frequency of the grating. 

In order to produce a clear interferogram shown in Fig. 2.7 and 2.8, 

only two diffracted pupils are allowed to interfere. In the most cases, the +1 

diffracted order of the pupil overlaps the 0 diffracted order and the -I order 

overlaps the 0 order. 

The interfered beams produce spatially-distributed sinusoidal intensity 

patterns called fringes. By translating the grating at a constant velocity. a 

Doppler shift is produced in the diffracted light and causes beat frequencies to 

occur when the different orders interfere [W. H. Stevenson. 1970]. The minus 

diffracted orders are downshifted. and the plus diffracted orders are upshifted. 

Thus. heterodyne phase detection can be used with a moving grating lateral shear 

interferometer to determine precisely the phase difference between the interfering 

wavefronts [J. C. Wanyt. 1976. C. L. Koliopoulos 1980]. 

However. if the period is large. all of diffraction orders are spatially 

close to one another and. thus. detectors intergrat all of light. By the energy 

conservation. the FPD is identical to the PPD. More detailed analysis of the 

PPD is included in Chapt 4. 

This chapter described the principle of the A TF. The mathematical 

models derived here are transfer functions of the telescope and gratings, signals 

from the detector. We did not address any errors here. It is important to study 

each of stages and to include analysis of random errors as well as the systematic 

errors from the system in the following chapters. Each stage contributes the 

systematic and random errors. These errors must be minimized in terms of 

design parameters of telescope. the grating profile and period, choice of 

detectors. and choice of signal processing algorithms. Each systematic error must 
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Fig. 2.7. Interferogram. using the Ronchi grating has only odd diffracted orders 

in the present. If the grating period is chosen such that the shearing distance 

equals the radius of pupil. only the 0 and + 1 and 0 and -1 orders overlap. The 

fringes changes alternatively from bright to dark due to the moving of the 

grating. 
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Fig. 2.8. Interferogram using sinusoidal grating has only three diffracted pupil 

orders present. 
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also be calibrated to improve the accuracy of measurements. 
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CHAPTER 3 

SIGNAL PROCESSING ALGORrmMS FOR ASTROMETRY 

This chapter discusses several signal processing algorithms for the 

detection of the relative position of the stars and finds the optimal algorithm in 

terms of the following criteria: a) SNR. b) linearity of the process. c) insensitivity 

to intensity variations. and d) insensitivity to the wavelength shift. In this 

chapter. first. principles of the algorithms are described. then the signal-to-noise 

ratios are derived. and finally. algorithms are compared and contrasted. 

The algorithms that are studied are the centroid integrator [L. 

Bandermann. 1982. O. Gatewood. 1987]. crosscorrelation algorithm [J. Gaskill. 

1979]. and heterodyne phase detection [J. C. Wyant. 1976. C. Koliopoulos. 1980. 

1982. J. E. Greivenkamp. 1984]. The centroid algorithm intends to measure 

centroids of the irradiance distributions of the stars. This algorithm requires 

use of a moving rectangular grating or Ronchi ruling and photon detectors on the 

focal plane - FPD. The photons are integrated as the ruling moves through the 

image of stars. The number of photons counted by the detector is linear to the 

centroid measurement if the irradiance of stars is unchanged. The centroid 

integrator algorithm has been used successfully in ground based experiments and 

its operation is simple and straightforward [0. Gatewood. 1986]. There are 

some questions remaining to be answered. Does centroid integrator has any sig

nificance over the other phase detection algorithms? What does the centroid 

integrator measure? Are the centroid measurements using the centroid algorithm 

insensitive to the wavelength shift? The answers are no. 

The correlation algorithm may be used with any type of transmittance of 

._--- ---------- - -- -----
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the grating. although there exists an optimal transmittance of the grating for the 

highest signal-to-noise ratio. With the implementation of the crosscorrelation 

algorithm. the signal of the target star from the detector is correlated with the 

signal of the reference star. When the value of the crosscorrelation reaches 

maximum. the shifting length is the relative position of the two stars. This 

algorithm does not depend on the particular form of the signal and is insensitive 

to the uncorrelated noise. 

Finally. the phase detection may be done by many techniques. such as 

heterodyne phase demodulation. zero crossing. frequency domain filtering and 

phase shifting. etc. The main techniques which were put into use in past years 

are phase shifting techniques (N-integrated bucket and phase stepping). These 

two techniques are well developed in the field of interferometry and are able to 

achieve very high accuracy. Heterodyne phase detection is relatively insensitive 

to intensity variations. Because the phase modulated by the grating or the ruling 

is a function of wavelength. the uncertainty of measurement occurs when 

wavelengths of stars vary over the couse of detection. 

3.1 Description Of The Algorithms 

In this section the principal algorithms are described. The detailed 

analysis of noise propagation will be presented in later sections. 

Centroid Integrator Algorithm 

The centroid integrator algorithm consists of computing the first moment 
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of the irradiance distribution of the star imaged on the focal plane of the 

telescope. However. the centroid integrator does not meaure centroid as we will 

show. The centroid integrator counts the number of photons as the ruling moves 

through the irradiance of stars imaged by the telescope. The centroid of the 

irradiance distribution is found to be linear processing to the number of the 

photons detected as long as the irradiance of stars remains unchanged. 

The Ronchi ruling at the focal plane of the telescope moves with a 

constant speed through the stellar image. The incident intensity on the detector 

varies as a knife edge passes through as shown in Fig. 3.1. Assuming that the 

irradiance distribution completely falls on the detector and given the irradiance 

distribution E(x.y). the incident power on the detector is found by integration of 

irradiance over the detector area. and is written as 

x(t) OQ 

t(t) - J I E(x.y) dx dy • 
x(0) -00 

OQ 

Let Ey(x) - J -00 E(x.y) dy. and take the derivative of Bet. 3.1. 

Then we obtain the expression of 

:t t(t) - ~~ Ey(x) • 

- 11Ey(x(t)) • 

(3.1) 

(3.2) 

where 11 is the speed of the grating. The centroid of the stellar image in the x 

direction can be expressed by 
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00 00 I -00 I -00 E(x.y)x dx dy 

CC ~)dxdy 
(3.3) 

Substituting Eq. 3.2 into Eq. 3.3 and changing the integral variable x by t. we 

have 

T 

v Io t 9t~t) dt 

~o 
T 

vTt(T) - v Io ~t)dt 
- limy400 ~o 

(3.4) 

where 

00 00 

~o - I-oo I-oo E(x.y) dxdy (total power). 

and T is the period of time for one cycle of the grating to pass. Assume that 

the irradiance distribution is a finite function. i.e .• 

E(x.y) _ [E(Xo'y) x(o) ~ x(t) ~ x<n ] 
otherwise . 

Using the above equation and the relation of 
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Fig. 3.1. The incident photons are integrated as a knife edge moves across the 

image field. The number of photons integrated is propotional to the centroid of 

the intensity distribution of a star. For large periods. the Ronchi ruling approxi-

mates a knife edge. 
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~ - ~o. 

Then Eq. (3.4) is simplified to the following form: 

(3.5) 

where p - vT. is the ruling period; No - ~oT. is the total incident photons 

before modulation; and N(T) is total photons after modulation. If the irradiance 

distribution is not finite. then the centroid Xc is subject to a clipping error. 

Apparently. the centroid of the star is a function of a ratio of the total unmber 

of photons after modulatoin to those of before modulation. To measure a true 

centroid. one needs not only to meaure the photons before the modulation but 

also to measure the photons before modulation. The centroid integrator only 

measures the photons after modulation. The centroid integrator algorithm does 

not directly meaure the centroid of stars. Since the total number of photons is a 

funtion of wavelengths. inevitably. the centroid using the centroid integrator is 

subject to variations of wavelength unless one measures photons before and after 

modulation simultaneously so that the effect due to the variation of wavelength is 

cancelled out. The analysis rejects the argument that the meaurement using the 

centroid integrator is insensitive to the wavelength variations since the true 

centroid is not a function of wavlengths of stars as proved in Chapt. 7. As 

matter of fact. the centroid integrator algorithm meaures the phase of the stars 

which is proved to be a function of wavelength. There is one of the advantages 

of the centroid integrator algorithm which makes the detection process very 

----~----.-
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simple. But there is uncertainty of choosing a scale factor No. a total number of 

photons before modulation. 

3.1.2. The Crosscorrelation Algorithm 

The irradiance signals. modulated by the grating. from the reference 

stars and target star have the same waveforms but different phases and 

magnitudes. The crosscorrelation can be implemented to detect the phase 

difference between two stars. The crosscorrelation may be expressed as follows. 

T 

R(T) - ~ 10 il (t);2(I+T) dt • (3.6) 

where ;1 and ;2 are the signals from Star I and Star 2 and T is the observation 

period. 

If two signals have the same phase. the crosscorrelation value reaches a 

maximum. If the two periodic signals are ~ out of phase. then the signals are 

orthogonal and their crosscorrelation value has the smallest magnitude. This 

algorithm is able to detect the phase between 0 and ft/2 and can be realized by 

the following sequence of operations: 

1. delay one of the signals with time of T. 

2. sample signals il and ;2' 

3. multiply one function by the other. 

4. integrate the product function. 

5. shift by another delay time T. 
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6. repeat operation I to 5 until the maximum value is reached. 

The total shift is the phase difference between the two stars. The main 

advantage of the algorithm is insensitivity to uncorrelated noise. This technique 

is also referred to as match-filtering which is known to be an optimum method. 

Instead of using the reference star signal as the convolving function. we can use 

a noiseless waveform to convolve with the measured signal to obtain the phase. 

The disadvantage is that the operation is more complicated than the centroid 

algorithm. 

Phase Detection Algorithms 

There are many techniques able to retrieve phases as mentioned earlier. 

Two principal types of the phase detection techniques are considered: the 

n-integrated bucket and the phase stepping algorithms. 

The phase shifting technique is already well developed in the field of 

interferometry. The accuracy obtained is very high. Even if the contrast of the 

signal is low. it still gives good measurements. The operations are very simple 

and easily implemented. The principles of the operation are described below: 

The incident irradiance of stars modulated by the sinusoidal grating has 

a waveform consisting of a DC term and a sinusoidal function as described in 

Chap. 2. The star position is proportional to the phase of the sinusoidal 

function. The modulated waveform of the power is written as 

tet) . - ~o(1 + -ycos(wt + 6» . (3.7) 

----- -.- ... ----_ .. _------_ .... _--
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where -y is the signal contrast. which may slowly vary with time. 6 is the phase 

to be retrieved. and w equals 2" as defined in Chap. 2. 
p 

The time-varying power of the heterodyne waveform is detected by the 

integrating detector and integrated over a specific time period. The finite 

interval over which power is integrated is defined as an integrated bucket. 

Actually the bucket contains the number of photons in this period. as defined 

below. 

(2m+l)T 

J 
2N 

B m - (2m-l)T t(t) dt • (3.8) 

2N 

where m goes from 0 to N-I and N is the number of the buckets in the period 

T. Fig. 3.2 shows four integrated buckets within a period of the heterodyne 

signal. 

The time-varying power on one detector is integrated into four buckets 

Bo. BI • B2• and B3 in the period T. Each integrated bucket is the sum of the 

photons counted by the integrating detector in ~ period of heterodyne signal. 

These four buckets can be expressed as follows: 

T 

Bo - L~ ~o( I + -ycos(wt +6» dt • 

8 

(3.9) 
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3T 

BI - J T 
8 ~o( I + -ycos(wt +8» dt • (3.10) 

8 

SF 

B2 - J ;. ~o( I + 'Ycos(wt +6» dt • (3.11) 

8 

7T 

B3 - J ;:. ~o( I + 'Ycos(wt +8» dt • (3.12) 

8 

The results of the integration are the following: 

[1.J2 ] 
Bo - No 4 + 21' 'Ycos9 • (3.13) 

(1.J2 ] 
BI - No 4 - 21' 'Ysin6 • (3.14) 

[1.J2 ) 
B2 - No 4 - 2" 'Ycos9 • (3.15) 

( I .J2 ) 
B3 - No 4 + 2" 'Ysin6 • (3.16) 

where 

the total number of photons within a period of T. 

By subtracting appropriate integrating buckets. dividing and taking the arctangent. 

one can obtain the phase of the heterodyne signal. 

~~~ -~ -~ ~. --_ .. --
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Fig. 3.2. Intensity is integrated by detector arrays using 4-bucket phase shifting 

technique shown on the left. The phase stepping techniques is shown on the 

right. Both techniques are basically the same. 

--------------"-"- - - " 
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(3.17) 

This is a straightforward computation that requires no other multiplication or 

shifting as in the case of the crosscorrelation. The arctangent function can be 

performed by using a look-up table. Note that the average power ~o or contrast 

.., could have a slow variation. The variation does not affect the phase 

measurement as long as the frequency of variation is slow enough or as long as 

they remain constant within one period; since the ~o and .., are cancelled out 

during computation. This algorithm is insensitive to the intensity variation. 

Unlike integrated-bucket algorithm. the phase stepping algorithm samples 

the signal in four steps at t - O. ~. ~. and 3J within a period of T. 

Then we obtain the following results: 

I(t) - ~o [1 + ..,cos(wt + 6)] • (3.18) 

+~) -~[I + 7COS[O>I+ ~ ~)] • (3.19) 

I [t+ ~] - ~o [1 + ..,cos(wt + 1f + 6)] • (3.20) 

+'J} •• [1 + 7=[0>1 + ~ ~)] (3.21) 

By simple trigeometric manipulation. Eqs. 3.19. 3.20. and 3.21 have the following 

forms: 



1 ~+ ~] - ~o [1 - 'Ysin(wt + 6)] , 

1 ~+~] - ~o[l - 'Ycos(wt + 6)] , 

1 ~+ ~] - ~O[l + 'Ysin(wt + 6)] • 
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(3.22) 

(3.23) 

(3.24) 

Subtracting I(t) by 1 ~+ ~] and 1 ~+ ~] by 1 ~+ ~]. we eliminate the DC 

components and obtain the following: 

x(t) - I(t) - I~+~] 
- 2'Ysin(wt + 6) , 

~t) - I~+~] -/~+~] 
- 2'Ycos(wt +6) • 

(3.25) 

(3.26) 

Dividing ~t) by x(t) and computing the arctangent of .l!, we retrieve the phase, 
x 

i.e., 

wt + 6 - arctan [ ~~J] . (3.27) 

The relative phase of the target star to the reference star can be obtained by 

subtracting one from the other. Since w depends only on the speed and period 

of the grating, wt is the same value in all signals. Thus wt is cancelled out by 

taking the difference of the phase between the reference star and target star. i.e .• 

-- -_.--- ._------_. __ .- ------
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[~] [Y2(t)] 6, - 62 - arctan x, (t) - arctan x2 (t) . (3.28) 

Since the argument on the right side of Eq. 3.28 can be any t. we can 

average the relative phase over all values continuously. This average reduces 

white noise by a factor of -IN where N is the number of samples. 

3.2 Accuracy Of Detection Algorithms 

The uncertainty of measurement of the centroid position is due to the 

fluctuation of photons. The photon noise. whose probability distribution obeys 

Poisson's Law. is proportional to square root of the number of photons. The 

photon noise is the main error source of the measurement. The photon 

fluctuation linearly propagates into the centroid measurement. The RMS error of 

the centroid. axe. is obtained by taking the partial derivative of Eq. (3.5) with 

respect to the ruling period and collecting photons and summing the square of 

individual terms. The result is given by the following: 

(3.29) 

where the first term is the contribution from the error of the nonuniform ruling 

period. the second term is the contribution from the photons detected. and the 

third term is the contribution from the photons before modulation which can be 

neglected since the centroid integrator algorithm does not detect No. Since the 

photon noise is expected to dominate. the RMS error of the centroid can be 
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presented only by the second term of Eq. (3.29). From the Poisson statistics. we 

know that the uncertainty of photons 1:1N(T) equals the square root of total 

detected photons N(T). Replacing I:1N with IN(t) in Eq. (3.29) then we have the 

error of the centriod as follows: 

(3.30) 

where SNR - J No· The approximation is made that the number of detected 

photons. N(T). is about half of the incident photons No due to the fact that the 

ruling period is about 50% duty cycle (non-50% duty cycle will be discussed in 

Chap. 4). The signal-to noise ratio. SNR. is the square root of incident photons 

No. To reduce the random error. one needs to average results over m measure-

ments. Then the RMS error of the centroid is given by 

(3.31) 

Theoretically speaking. the random error can be reduced to an amount 

as small as desired by integrating enough photons. However. all conditions of 

the A TF must remain the same as time goes on. Therefore. in practice. the 

other errors could dominate before the photon error reaches the desired amount 

if the integration time were too long. The larger the period of the ruling. the 

larger the RMS error of centroid. This is true because the larger the ruling 

period. the larger uncertainty about centroid location within the period. To 

minimize the uncertainty. the ruling period should be chosen as small as 
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possible. On the other hand. a large period ruling is required to cover 

irradiance distributions of stars in order to reduce the clipping error (the clipping 

error will be discussed in Chapt. 7) and also will produce a high modulation or 

contrast in the modulated signal. Therefore. the ruling period needs to be 

optimized. The optimization of the ruling or grating period will be discussed in 

details in Chap. 4. 

Due to the finite length of observation T. the photon noise is not 

completely eliminated by the crosscorrelation. Thus. there is uncertainty about 

the maximum value of the crosscorrelation due to photon fluctuations. This 

uncertainty is an error of the measurement of the shifting length and thus leads 

to an error of the centroid position. 

Consider a focal plane on which a one-dimensional irradiance distribu-

tion £(x.t) is incident. £(x.t) is gaussian and given by 

(x-x3 
~o --::;:r 

£(x.t) - --e .-
a.J2i 

(3.32) 

The use of a gaussian irradiance distribution is convenient analytically. and 

allows us to get an approximate value which can be used for estimation. A 

gaussian distribution may be made to fit the Airy pattern rather closely so the 

error is small for this application. A sine wave grating passes through the 

irradiance. At any instant. the integrated signal from the detector is 
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k. k. (X~[ ] 
t(t) - I_2

k. E(x.t) dx - I 2 ~e - V ! + !cos [2!<X-Vt>] dx. 
_k. a../Fi 2 2 xp 

2 2 

(3.33) 

The width of the detector is L and the period of the sinusoidal grating is xp' 

In general L » x.,. Evaluation of the integral in the limit where L .. 00 leads 

to 

to -. -, 21r(Xo-vt) 

[ 
22&' [ l] t(t) - "2 I + e Xp cos xp . (3.34) 

The noise variance which is the photon flux itself is given by 

(3.35) 

Using the sin wave as a match filter to correlate with the signal out of the 

detector. the result is 

(3.36) 

Substituting Eq.(3.35) into Eq.(3.37). we have 

---.-~ 
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(3.37) 

where T is the thne for one cycle. This expression may be integrated to yield 

(3.38) 

The photon noise after modulation is 

(3.39) 

For small x". siD [~"o ] -2;:-. Therefore the SN Rm is 

(3.40) 

where the subscript of m indicates the signal-ta-noise ratio after modulation. 

This function is maximum if xp - rr../ia 

(3.41) 

The minimum resolving centroid or the error occurs when SNRm is equal to one. 

Thus the error of detection is given by 

------~~---~-
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Axo - ~ • (3.42) 

where SNR - ..j~oT and is the signal-Urnoise ratio before modulation. For a 

general irradiance distribution. the error of the centroid can be expressed as 

follows: 

Axo -
7r(SNR)MT F f-I ] • 

lXp 

(3.43) 

where MT F [ ~ J is the modulation transfer function or the telescope at spatial 

frequency of -. From Eq. (3.43). note that there is optimal grating period 
Xp 

which minimizes the error of the centroid. because MT F [ ;p] decreases faster 

than Xp as Xp goes to zero. The condition for the optimum period is discussed 

in detail in Chap. 4. 

For the N-integrated bucket algorithm. the values of Bm are the number 

of the photons. Any fluctuation of the photons directly contributes to Bm and 

thus leads to error of the phase measurement. Each bucket has an uncertainty 

due to photon noise which is the square root of the number of photons. The 

noise of each bucket is statistically independent of the others. Therefore. if one 

uses four-integrated buckets. each integrated bucket can be written as the signal 

term plus a noise term. Although the photon noise is not an additive noise. it is 

useful to see how the uncertainty due to photon noise propagates to the 

uncertainty in the phase measurement [C. L. Koliopoulos. 1982. Y. Cheng. J. C. 

Wyant. 1984]. The four-integrated buckets are 



[ 1 ../i 1 Bo - N 4 + 211' "(cos6 ± 

[ 1../i 1 B2 - N - - - "(cos6 ± 4 211' 

H! + ;i Tcru8l] · 

H! -~ TSin9l] · 

H! -: Te056]). 
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(3.44) 

(3.45) 

(3.46) 

(3.47) 

where "( - MT F [ ~ 1 Since noise in each integrated bucket is independent. the 

noise after subtraction of the above equations is the square root of the 

summation of the square of the individual terms. i.e .• 

Bo - B2 - ../i ~ ± J ~ · 

B3 - Bl - ../i ~sin8 ± J ~ . 

(3.48) 

(3.49) 

The phase error then can be obtained by subtracting the measured phase from 

the actual phase. Assuming that the actual phase is zero and the error is small. 

the square of the phase error is given by the following: 

-----.-- . __ . __ ._--
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2 

(3.50) 

For a large number of photons. the RMS error is 

(3.51) 

In terms of displacement. Eq. (3.51) becomes 

(3.52) 

where Xp is period of the grating. Substituting the SNR of the total number of 

photons. ../if;, -I4ii. the centroid error is given by 

The RMS error is inversely proportional to the SNR. In order to achieve the 

microarcsecond accuracy. the SNR must be larger than 106 • With the same 

approach. the centroid error. due to the photon noise. of the phase stepping 

technique is given by 

---- ------



..fi 
tuo - x., .. -,SNR • 

Note that there is only a small difference between Eq. (3.53) and (3.54). 
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(3.54) 

Using a differentiation approach [J. C. Wyant. 1976] in the derivation of 

the phase error. one can find a similar solution for the phase error. Since the 

noise in each stepping measurement is independent of the others. the total square 

error is the sum of the square of the individual errors. Using the partial dif-

ferentiation formula. one can obtain the square of the total error as follows. 

[ a [!J::!.J.]]2 + aB
2 

arctan Bo-B2 dB2 

[ a [!J::!.J.]]2 + aB3 arctan Bo-B2 dB3 • (3.55) 

Since (dB3)2 - (dB2)2 - (dB,)2 - (dBo)2 - N. Eq. 3.55 is reduced to the following: 

-~---- --- ---------.- ---- ----_. 



70 

(3.56) 

The RMS error then is given by 

(3.57) 

In terms of displacement of the centroid. Eq. (3.57) turns to 

4xo ___ Xn __ 

.J2,.,SNR 
(3.58) 

The centroid error due photon noise. in general. is linearly proportional 

to the period of the ruling and is inversely proportional to the SNR. no 

matter what kinds of algorithms are used. This result is consistant with 

the known characteristics of the photon noise. 

3.3 Numerical Examples 

The goal of the A TF is to achieve an accuracy of 10 microarcseconds. 

The tolerance allowed for photon noise is one microarcsecond. Examples in Fig. 

3.3 are based on calculations of Eq. (3.31). (3.43). and (3.58) for the centroid 

integrator. crosscorrelation. and phase detection. respectively. Choosing the 

grating period of 200 microns. spectral bandpass of .3 microns centered at .55 

microns. focal length of 13 meters. and MTF of .5 at the chosen grating 
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frequency and using the equation of conversion of the magnitude of the star to 

the photon flux which is given by 

~t) - 3.IxI010-.4m (Sec-I) • (3.59) 

where m is the magnitude of the star. Figure 3.4 plots the photon flux vs the 

magnitude of stars. 

Figure 3.3 shows that the integration time exponentially increases as the 

magnitude of the star increases. The typical integration times for the target star 

whose magnitude is 10 in the table are 365.69. 415.15. and 902 hours for the 

centroid crosscorrelation. integrator. and phase detection. respectively. These 

values are calculated under the assumption that all incident photons are utilized 

for the signals. This could lead to a misleading conclusion that one of 

algorithms is better than others. Actually. the alorithms in theory are noiseless 

processing and will not alter the nature of photon noise. Thus the fundamental 

comparison should be conducted based on the efficiencies of the photon collection 

of algorithms. The efficiencies of the photon collection are directly related to 

the ways of implementing alorithms. i.e.. the ways to obtain the corresponding 

signals. Of course. they are related to profiles of gratings. This topic will be 

discussed in the following chapter. 

In summary. the three algorithms described here are the centroid 

integrator. crosscorrelation. and phase detection. The centroid integrator is simple 

and straightforward technique that integrates the total number of the modulated 

photons. Unless the total photons before modulation are detected at the same 

----_. -- ----. -------.-. ----, -'---
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time when the modulated photons are integrated. the centroid integrator algorithm 

will suffer from the background variations and the wavelength variations of 

light. The original impression that the centroid integrator algorithm is insensitive 

to the background variations and wavelength variations is paradoxical. The 

measured centroid is linear to the ratio of the number of photons after 

modulation to those before modulation. We need to consider the way in which 

those photons before and after modulation can be measured at the same time. 

Because this algorithm is much more simple than the others. it has larger 

potential to practical applications. 

The crosscorrelation is insensitive to the uncorrelated noise and to the 

background variations. Since it does not require any forms of signals. one can 

choose the optimum grating profile that gives high efficiency of the photon 

collection and the high modulation of the signal. However. implementation of the 

technique is more difficult than the centroid integrator algorithm because the 

procedures to retrieve the relative positions are more complicated. 

The phase detection algorithms are indirect methods to obtain the 

relative position of the stars and are a nonlinear mapping between the phase and 

photons. It is insensitive to the background variations. To obtain the sinusoidal 

signal. it requires the sinusoidal grating or a timporal filter if the Ronchi ruling 

is used. 
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Fig. 3.3. Time examples of three algorithms for one microarcsecond- accuracy. 

The vertical axis is time required for the desired ac~racy and the horizontal 

axis is the magnitude of stars. Data calculated here are based on the assumption 

stated in the text. The lowest line is for the crosscorrelation algorithm. the 

middle line for the centroid integrator and the upper line for the phase shifting 

algorithm. 
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Fig. 3.4. The photon flux (photons per second) is a function of the magnitude of 

stars. The plot is based on the spectral range of 0.3 centered at 0.55 microns 
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CHAPTER 4 

ANALYSIS OF MOVING GRATINGS 

In this chapter. we employ Fourier optics to describe the operation of 

the device. to explore performance at very long and very short periods. and to 

consider ruling profiles and other means of optimizing performance in terms of 

the signal-to-noise ratio. SNR. 

The Ronchi ruling has been described analogously to the moving knife 

edge method [G. Gatewood. 1986]. The moving knife edge can provide a 

relatively good measurement of the image centroid. However. it is not a true 

centroid measurement as shown in Chapt. 2. In fact. it is a phase measurement 

which is sensitive to the variation of wavelength as will be shown later. It has 

been shown analytically that the centroid has the interesting property of being 

independent of wavelength. Even with fixed aberrations of the telescope. the 

diffraction image changes with wavelength. It is very useful to have a central 

measure that is independent of wavelength. because stars generally have broad 

spectral distributions which may vary over the course of several years of 

observation. 

In this chapter we provide a proof that the Ronchi ruling performs 

similarly to the knife edge at long periods. However. a very significant 

improvement in the signal-to-noise ratio (SNR) may be achieved by using short 

period rulings. With good correction of coma in the telescope. we can make the 

short period rulings sufficiently insensitive to wavelength shift. The SNR is 

calculated for optimum detection and for the direct integration method. which has 

been previously used and which is shown in this paper to not be optimum. We 
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consider the question of whether the rulings should have rectangular profiles. 

such as are created by grating ruling engines. or sine wave profiles. such as are 

readily created by holographic methods. We show that rectangular rulings are 

preferable. although the comers need not be sharp. It is shown that some 

improvement in performance is achieved by making the transmitting bars of the 

ruling less that 50% of the period. By viewing the Ronchi ruling as a 

diffraction grating, it is shown that some advantage may be gained by masking 

certain regions of the pupil. For the PPD. masking may be done at the detector. 

In this chapter we derive some of the properties of the Ronchi ruling as 

an ideal device. neglecting manufacturing errors, translation instability. and other 

potential imperfections which are described in Chap. 7. The ruling may have 

line-to-line random error. the effects of which are generally reduced with large 

numbers of ruling cycles. The ruling may also exhibit large scale errors which 

may require correction of the phase values measured over the course of the 

ruling pass. These factors are important for a more detailed analysis and will 

be addressed in subsequent chapters. Analysis of the ideal ruling is a necessary 

precursor to treatment of a realistic ruling and is sufficiently complex. in its own 

right, to require thorough discussion. 

4.1. Analysis of The Moving Knife Edge 

The moving knife edge function has the following equation. 

g(x,t) - step(x + \It) • _l!.. ~ t ~ l!.. • 
2\1 2v 

(4.1) 

----_ .. --- ..... 



77 

where step(x+vt) represents a step function with transition from 0 to I at the 

point x+vt. The step function transmits on the positive x side. The transmission 

function for one half period may be determined by integration over time • 

.I!.. 

s(x) - I]v s(x.t) dt 
-j; 

1+~ 
2 p 

(4.2) 

where s(x) is the grating transmission function for one half period. Summing 

over N measurements we have 

I!. 00 

Sum. - N I!. J 2 J E(x-Xoo p) dp [1 + .!] dx - N I!. +0[1 + Xo] v:1!. 2 P y 2 p' 
2 -00 

where 

I!. 00 

+0 - J ~ I E(x.p) dydx. 
2 -00 

(4.3) 

and the number of measurements is assumed to be N - Lip. where L is the total 

length of the grating. 

The signal part of Eq. (4.3) is xol p. so that the SNR. in the case of a small 

Xo.is 
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SNR - - 2-to . XcI]*' 
P " 

(4.4) 

The smallest resolvable error is 

XcI- p (4.5) 

where SNR - I is assumed. Eq. (4.5) shows that the resolution is improved by 

minimizing p. In the discussion below. we show that a harmonic analysis of the 

Ronchi ruling provides a guide to the proper choice of p. 

The Ronchi ruling may be considered to be a periodic transmission 

function. The ruling has a finite length L which may have thousands of cycles 

and. as a consequence. will not affect our conclusions on the choice of ruling 

period and ruling profile. As a periodic object. the ruling may be described by 

a harmonic analysis. An ideal rectangular profile ruling may be described by a 

fundamental frequency and an infinite sum of higher harmonic frequencies. If. 

however. we have an analytical description as a function of frequency. then we 

can sum the effects of all frequencies. 

Let the moving sine wave ruling be described by 

(4.6) 

where " is the velocity of the ruling. The response of the moving ruling. 

combined with the point spread function located at point Xo. is 

-~---' -_ .. -- --------- -'-' ----~. - &_--



79 

(4.7) 

as shown in Fig. 4.1. At each instant of time the detector responds to the image 

energy passed by the moving irradiance transmission filter. g(x-t). The energy 

passed is always of the same period as the moving transmission filter. However 

the modulation is reduced. depending on the ruling period. The Fourier 

transform of E(x.y) is the optical transfer function (OTF). The Fourier transform 

of the sine wave function is 

The detector output function. o(t). is 

{
II [ ( I ] [21fXo -.0 "2 + "2 MTF P cos p- (4.9) 

where MTF is the modulation transfer function and PTF is the phase transfer 

function which is an odd function of the pupil coordiante. and we have taken 

advantage of the rotational symmetry of the MTF for a circular aperture. In 

fact. the aperture need not be strictly circular. It is necessary. however. that the 

aperture function be even. Otherwise there is a coupling of even aberrations 

into the PTF. Symmetrical obstructions such as spider support structure do not 
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cause a problem. but asymmetrical variations in the reflectivity of the mirrors 

may cause coupling of even aberration into PTF errors. Apodized apertures are. 

in principle. strictly rotationally symmetric and do not couple even aberrations 

into odd aberrations. although the actual value of PTF will change because the 

area of aperture over which PTF is calculated (as will be shown in Eq. (4.31) is 

altered. 

The MrF represents a drop in signal at high spatial frequencies and the 

PTF is an error in the centroid position which must be corrected to find the 

true centroid. Xo. For the purposes of measuring changes in relative angular 

position between stars. it is only necessary that the PTF remain constant across 

the field of view. The information needed to compute the SNR. and the error 

resulting from telescope aberrations. is contained in the output of the detector. as 

shown in Eq. (4.9). 

The SNR may be calculated by assuming a matched-filter technique. 

which has been shown to achieve optimal performance [H. VanTree. 1969]. as 

discussed in the appendix. This method may be applied to Eq. (4.9). The SNR 

for photon-limited performance [B. R. Frieden. 1984] is 

SNR _ f o(t)a(t)dt • 

J) o(t)ll2(t)dt 
(4.10) 

where a(t) is a noise-free analysis function. The PTF factor will be disregarded 

since a fixed value of PTF may be corrected by offsetting the starting and 

ending times of the integration. Eq. (4.9) may be rewritten. taking advantage of 

the fact that the shift of the centroid will be small (Le .• Xo « pl. 

----- -- - ------------------ -------
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+A/\/\I\ 
II .1 MovIng CosIne Wave Ruling 

p 

CosIne Wave Response From Detector 

.1 

Figure 4.1. A moving sine wave grating may be used to analyze the position of 

the image. The modulation of the resulting waveform is the MTF. The phase 

is the result of the image position and the PTF of the image distribution. The 

signal is extracted by multiplying the output of the detector and integrating over 

the time required for the ruling to pass the image. 

---_ .... __ ... 
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(4.11) 

The optimum method of detecting the signal is by match-filtering, as 

discussed in the appendix. The optimum analysis method is to multiply by 

a(t) - sin(-21n1tl p) and integrate over the length of the ruling. which is assumed 

to contain an integral number of ruling periods. Using the methods of the 

appendix, the SNR is 

In the case of finite p, the signal level is affected by the MTF of the ruling 

period and the accuracy is affected by the P1F of the ruling period. Coma 

causes the P1F to assume nonzero values and must be well corrected. 

4.2 Square wave grating 

The square wave ruling may be analyzed by harmonic expansion of the 

grating function. The derivation is similar to the sine wave derivation, except 

for the inclusion of higher harmonic terms. The moving Ronchi ruling equation 

is 

----- --- ------- -_. 
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The response of the moving grating. combined with the point spread function 

located at point Xo. is 

o(t) -

CC E~-~ Y) dy [! + : [=[2. x;. ) -!«+.x;vt) + •.•• J] dx . (4.14) 

Mter integration over the detector area. o(t) is 

I 2 [1 L[ Xo-l1t [I]] o(t) ~o[2 + i[MTF P r 27r-p + PTF p,O -

1 [3] r. Xo-vt [3 ]] 3MTF P cost611'p + FrF p,O + •••• ]] (4.15) 

As with the sine-wave-profile ruling. all of the information needed to determine 

the SNR and the effect of telescope aberrations is contained in the output of the 

detector. 

If short period gratings are chosen to increase the SNR. the MTF 

function will cut off the higher orders. Figure 4.2a shows the square waveform. 

The first harmonic has a larger modulation than the sine wave. Although the 

first harmonic dips below the axis to assume negative values. the resulting 

irradiance distribution will always be nonnegative - either because of the com-

pensating effects of the third and higher harmonics (in the case of a very wide 
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MTf). or because of reduction in the modulation of the first harmonic for a 

relatively narrow MTF. If the spatial frequency of the ruling is made at least 

33% of the MfF cutoff frequency. then only the first harmonic will be present. 

Working below the 33% frequency allows the third harmonic to make a contribu

tion. This harmonic is strongly affected by coma. 

The SNR may be calculated using methods similar to those used for the 

cosine wave. We shall consider several analysis functions. including the 

optimum one based on matched filtering. 

Assuming as before that the PTF factor can be removed by correctly 

determining and ending the integration times. the output factor for Xo « p is 

The optimum analysis function is 

Using this analysis function. the optimum SNR is 

SNR (4.17) 

Considering only the first harmonic. the SNR is 

--------_._----- ----. -
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\--..,,/ l 
DetKtar OUtput For Squ .. Wave Ruling 

.1 

Figure 4.2. a) The moving Ronchi ruling results in modulated output. The 

signal may be extracted from the output by multiplying by a rectangular 

waveform and integrating over the ruling transition time. The first harmonic is 

sketched on the rectangular waveform showing that its modulation is greater than 

for the sine wave ruling. b) If the first harmonic is higher than 33% of the 

cutoff frequency, there will be no response on the third harmonic because of the 

MTF curve. 

------------- ------- -----
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~ 4Xo [I] SNR - J;~o p MT F P . (4.19) 

This is better by a factor of 4/11 than the SNR for a cosine-profile ruling. as 

indicated by Eq. (4.12). The noise is based on the average signal level. which is 

the same for the square and sine wave rulings. The increase is attributable to 

the higher modulation of the first harmonic of the square wave ruling. 

It is interesting to consider a square wave function shifted by one-

quarter cycle as the analysis function. The best match is expected using a 

square wave function. as convolved by the image distribution: 

The SNR using this analysis function is 

(4.21) 

This function is always less than Eq. (4.18). as expected. since the shifted square 

wave is not a matching waveform. If the period is chosen to be very large. the 

SNR in the limit is 
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~ 4Xo [1 - ! + .... J ~ 2xo 
Lroo {SNR} - j v~o p - - - j2 v~o p' (4.22) 

jt+~+ .... 

where we have taken advantage of the fact that 'tC14 - [1 - ! + . . .. ] and 

r/8 - [1 + ~ + .... } The SNR of Eq. (4.22) agrees with Eq. (4.4). as 

determined from the integration of ~t). The multiplication by the square wave 

function and subsequent integration is mathematically identical to the series of 

integrations over the intervals -T12 to 3TI2 with a sign reversal at each half 

period. as described earlier. However. the use of only the first harmonic leads 

to a higher SNR. by ..ti. than the method of Eq. (4.1). Even better SNR may be 

achieved by using match filtering on all harmonics present. It should be noted 

that the use of higher harmonics makes the measurement more sensitive to PTF 

changes at the high spatial frequencies. The match-filtering method is most 

sensitive and the shifted square wave least sensitive. The single harmonic gives 

a good combination of high SNR and insensitivity to changes in PTF which 

occur at high spatial frequencies. Since the SNR depends on IIp. it is clearly 

advantageous to use short period rulings. Later in this chapter we shall show 

that. in the absence of aberrations. the best ruling frequency is at 50% or higher 

of the cutoff frequency. precluding the presence of the third and higher 

harmonics. An approximately square waveform with a sinusoidal analysis 

function gives the highest SNR. It is not necessary to have sharp corners on the 

square waveform since a slight rounding has little effect on the strength of the 

fundamental. 
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4.3 Optimum Choice of Ronchi Ruling Duty Cycle 

The duty cycle of the ruling is defined to be the ratio of the 

transparent bars to the ruling period. as shown in Fig. 4.3. In the general case, 

the moving rectangular ruling is described by 

g(x.t) - [~+ ~[sin[71~F[271X;t] + ~sin[2;d] 

cos [4. x;t] + lsin [ 3;d ]eas [671 x;t] + .... ]] , (4.23) 

where d is the width of the transmission bar and p is the period. The SNR of 

the fundamental frequency is proportional to 

SNR(P) cc ~ sin (. ~] . (4.24) 

This function is optimized when tan(.dl p) - 2d1 p. giving a solution of 

dIp!:!! 0.371. The improvement from dIp - 0.5 is approximately 7%. 

4.4 Optimum Ruling Period 

An approximate value for the optimum ruling period may be determined 

from Eq. (4.23) in the limit of Xo « p. by finding the optimum of MTF{l/p)/p. 

The choice of the optimum period does not depend on the ruling profile. The 

ideal MTF for a circular pupil is 
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Figure 4.3. The duty cycle of the ruling is the ratio of the width of the 

transparent bars to the period of the ruling. The modulation of the first 

harmonic depends on sin(Trd/ p). 
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where Pc - )'/NA. where NA is the numerical aperture. For an unobscured 

circular aperture. the maximum value occurs at approximately Popt a! )'/NA. or 

twice the limiting period of the telescope. We shall consider optimizing the 

period for two actual telescope designs later in the paper. including the effects of 

aberration and central obscuration. 

The optimum SNR for ideal imaging is approximately 

SNR 2! ~ N A Jto t . (4.26) 

The expression is more directly applicable to the astronomical problem if 

expressed in angular accuracy 

~D 
SNRe - J~ov 6 1:"' (4.27) 

where D is the diameter of the aperture and 6 is the angle to be measured. The 

minimum resolvable angle is 

em in -
D 1 
1:"--' 
Jto~ 

-------------------~--~~ .----- -~ ----~-~ 

(4.28) 
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where SNR - I is assumed. This gives an approximate value of resolution and 

indicates the scaling relationships. 

4.5 Ronchi Ruling As A Diffraction Grating 

We may consider the moving Ronchi ruling as a moving diffraction 

grating. The sine wave grating produces diffraction orders of O. +1 and -1. A 

rectangular profile grating will also have higher orders. As shown in Fig. 4.4. 

the diffraction images are displaced to either side of the detector. The 

movement of the grating creates a Doppler shift of the diffracted orders. which 

causes modulation of the overlap region. Both the + I and -1 orders are 

modulated in phase and this is the source of the modulation previously 

calculated. For short periods. higher orders. if present. do not overlap the 

detector and do not cause modulation. The part of the detector which is not 

overlapped by orders + 1 or -1 does not contribute to the modulation but does 

contribute to noise. Masking off this part of the detector will reduce the noise 

without decreasing the signal. This technique was suggested by Professor Shack. 

As shown in Fig. 4.4. the average value of the waveform is reduced so that the 

minimum of the signal is zero. Considering only the fundamental harmonic. the 

response of the detector with perfect masking is 

[ 1 ] [ 1 4xo. [ VI]] 0(/) - ~oMT F P 2 + P sm -2" Ii . (4.29) 

and the SNR is 
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SNR - - MTF - -to . 4Xo [I] L 
p p \I 

(4.30) 

which is better than Eq. (4.19) by the I/,fMTF(l/p). Reducing the average 

value of the detected signal improves the SNR. The SNR with the mask may 

also be optimized by the proper choice of the period. The function to be 

optimized is ,fMTF(l/p)/p. This function takes its largest value at approximately 

67% of the cutoff frequency for an unobscured aperture. The optimum period is 

approximately p - 3>../4NA. The ratio of improvement is 

SNRmut 
SNR 

MTF[4~A] 
4 - 3~(-) 

MTF 'iA 
e! 1.5. (4.31) 

This improvement will be difficult to achieve for a broad-band source because 

the size of the mask is a function of wavelength. as is the calculation of the 

optimum period. The choice of optimum frequency is also affected by the 

presence of a central obscuration. 

4.6 Effect of Wavelength Shift on Measured Position 

The aberrations of the telescope can cause the centroid of the image to 

be an imperfect mapping of the angles of the stars. In addition to these errors 

in the centroid position. the aberrations affect the phase transfer function (PTF). 

which is a correction factor to the measured centroid. The changes in the PTF 
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Figure 4.4. For short period gratings. the +1 and -1 orders are well separated. 

The detector modulation occurs only where the + 1 and -1 orders overlap the 0 

order. Masking off the unmodulated part of the detector (shown by cross 

hatching) will reduce the noise but not the signal. The response of the masked 

detector has a lower average value. which reduces the noise without altering the 

signal level. 
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are. therefore. a special problem of the Ronchi ruling. The PTF is either zero 

or 1t for all the even aberrations: focus. astigmatism. field curvatures. and 

spherical. 

Of the odd aberrations. distortion is indistinguishable from a translation. 

as viewed from a local coordinate system centered at the detector. Distortion is 

a nonlinear mapping of the star field onto the focal plane. Since we are inter

ested only in relative motion of the stars. distortion does not directly cause error. 

However. distortion may indirectly cause errors because of substantial motion of 

the stars over several years, or because of uncertainty in line-of-sigbt. The ana

lysis of the aberration effects will be discussed in more detail in Chap. 7. 

Coma is also the aberration which causes a shift in the measured cen

troid from the true centroid. The PTF resulting from coma is approximately 

cubic with respect to frequency as will be shown.. We may estimate the sensi

tivity to wavelength shift by calculating the PTF. The sensitivity to wavelength 

shift depends upon the design of the telescope. For the purpose of illustrating 

the effects. consider two telescopes: a Newtonian ( or a parabola) and a 

Ritchey-Chretien. both of 13-meter length. Some of the characteristics are listed 

in Table 4.1. The Newtonian has a very small central obscuration. low field 

curvature and astigmatism. no distortion. and a large amount of third order coma. 

For simplicity we will not consider apodization of the pupil. Apodization alters 

the MTF and PTF. but may be treated using similar methods. and the results for 

small apodization are qualitatively similar. The Ritchey-Chretien has a central 

obscuration diameter of approximately 50%. no coma. low distortion. and more 

field curvature and astigmatism. The principal issues that affect focal plane eff

iciency and accuracy are the shape of the MTF curve (altered by the central 
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obscuration) and the PTF. which is based on coma. Figure 4.5 shows the M1F 

curve for the Newtonian. The curve is slightly altered by the small obscuration 

in the Newtonian design. Plots of SNR for masked and unmasked detectors are 

shown normalized to the peak of the masked curve. Figure 4.6 shows the M1F 

and SNR curves for the Ritchey-Chretien. The central obscuration boosts the 

MTF and the SNR curves at high spatial frequencies. The optimum relative fre-

quency is about 0.7 for the unmasked detector and 0.75 for the masked detector. 

The improvement in SNR attributable to masking is about a factor of 2 for the 

Ritchey-Chretien under ideal circumstances. Control of the aberrations of the 

telescope to within about X/13 will insure a diffraction-limited image spread 

function and the ideal SNR may be achieved. 

The PTF has a direct effect on the phase measurement. If angular 

error attributable to coma is ~ then 

I I 
~a - IF 2ft PTFCfl • (4.32) 

where I is the ruling frequency and F is the focal length of the telescope. The 

OTF is determined by [J .• Goodman. 1969] 

I II [ XIF] jkW(x + ~r. y) [ 'AIF ] -jkW(x - >"~. y) or F(f, 0) -" a x + 2 ,yea x - 2' y e 

dxdy, 

or F(f, 0) _ MT F~PTF(r.o) , (4.33) 

where a(x,y) is the aperture function. Direct calculation of Eq. (4.33) is the best 

method of obtaining the PTF. An approximate expression (heuristically 
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Figure 4.5. The MTF of the Newtonian system (Curve 1) is shown with respect 

to relative spatial frequency. The MTF curve shows the effect of the 15% ceo-

tral obscuration. The unmasked curve is shown by Curve 2. The normalized 

SNR for the masked detector is shown by Curve 3. The masked system gives 

the best performance but is difficult to achieve for a broad spectral response 

system. The unmasked curve peaks at about 55% of cutoff. These high-fre-

quency gratings cannot be used because of the large PTF and the variation of 

PTF with wavelength. 
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determined). gives the PTF as a function of the coma. W m • in wavelengths: 

PTF :!! 41'W lSl(P - 2(Jr - p'» • (4.34) 

where p is the relative spatial frequency. Figure 4.7 shows the PTF for the 

parabola. based on ray tracing calculations and as determined from Eq. (4.34). 

A change in wavelength will cause a change in PTF. The PlF is nearly invari-

ant with wavelength for small spatial frequencies because Wm varies inversely. 

and p directly. with wavelength; i.e .• the two effects cancel each other. At large 

relative frequencies. there is substantial variation with wavelength. An approxi-

mate expression for the change in phase as a function of wavelength is 

A), APT F :!! -4(21')W m(Jr - 2p') T . (4.35) 

which was derived from Eq. (4.34) and verified by numerical calculations. 

Figure 4.8 shows the PTF for the original wavelength of 0.5 pm and for 

0.45 pm. as determined by numerical calculation of Eq. (4.34) and by the approx-

imate expression of Eq. (4.35). The agreement is sufficient to justify use of Eq. 

(4.35) for estimation purposes. The angular error is determined from Eq. (4.32) 

and Eq. (4.35): 

(4.36) 

For very low relative spatial frequencies. the cubic term may be neglected and a 

convenient expression determined. 

---- ------
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Figure 4.6. The MTF of the Ritchey-Chretien system (Curve I) is shown with 

respect to relative spatial frequency. The MTF curve shows a strong effect of 

the 46% central obscuration. The unmasked curve is shown by Curve 2. with a 

peak at about 75%. The normalized SNR for the masked detector is shown by 

Curve 3. with a peak at about 70%. Use of these high spatial frequencies 

requires very good correction of coma. 

----------- -- -- ---------_._---- .. -----
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Phase transfer function 

o 

Relative Frequency 

Figure 4.7. The P1F is shown for the Newtonian system. There is about 0.5 

wave of coma which causes an error in the centroid equal to about one ruling 

period at the high ruling frequency. Curve I is based on ray tracing. Curve 2 

is calculated from Eq. (39) and matches closely. 
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~2 ~~ 
~CX :!! -4Wl3lIF [)2 T . (4.37) 

which compares well with numerical calculations. We can calculate the allow-

able coma from 

W ISlaUowable 
(4.38) 

For the Newtonian. to achieve 10-5 arcsec accuracy requires the ruling 

frequency to be no more than about 0.75 mm- I for an uncertainty in a star spec-

trum of 1%. The use of such a long period for the parabola may invalidate the 

assumption that the length of the ruling is much larger than the period. depend-

ing on the actual length used. 

The coma of the Ritchey-Chretien is only 0.004 waves. The value is 

not exactly zero because only third order coma may be corrected exactly and the 

best design uses some third order coma to balance fifth order coma. The angu

lar error is on the order of IO-S arcsec at the optimum grating frequency. The 

ratio of SNRs between the Ritchey-Chretien and the Newtonian is about 28 for 

no masking and about 67 if pupil masking is used. 

If the secondary mirror is decentered. there will be a constant coma 

term which will introduce a spectrally dependent angular error. It will be nec-

essary to center the secondary very accurately. It is possible to use the moving 

Ronchi ruling and spectral filters over selected stars to measure the change in 

relative position with wavelength. By making the measurement at several points 

in the field. the aberrations resulting from misalignment may be determined and 
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Figure 4.8. The PTF curve for 0.5 pm for the Newtonian is shown (Curve 1). 

The ray trace data for 0.45 pm is shown in Curve 2. The data for 0.45 p.m. 

calculated by Eq. (40). is shown in Curve 3. There is an appreciable change of 

the PTF with wavelength at high relative spatial frequencies but very little at 

low frequencies. 
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corrected. Using a moderate ruling frequency of 33% ofcche maximum spatial 

frequency reduces the sensitivity to coma. while allowing only the first harmonic 

to pass. The allowable coma is about 0.007 waves to achieve 10-5 arcsec accu

racy. The improvement in SNR is about 18 times the SNR of the parabola for 

an unmasked detector. This amount of coma is readily detected by the Ronchi 

ruling with the spectral test. but requires a mechanically stable telescope. It is 

also possible to keep the secondary in position to well within the necessary accu

racy with separate auto-alignment instrumentation. The telescope will. of course. 

suffer from other errors which may reduce accuracy [C. Huang. et al.. 1987 and 

1988]. One of the most important is nonuniformity in the reflectivity of the 

mirrors. The higher field curvature of the Ritchey-Chretien and the location of 

the secondary away from the stop requires a tighter tolerance on reflectivity var

iation (more detail in Chap. 7). 

In summary. characteristics of the Ronchi ruling have been described in 

terms of Fourier optics. The harmonic analysis gives information regarding the 

optimum choice of ruling period and profile under idealized conditions. The 

SNR has been shown to be determined. in the ideal case. by the ruling fre

quency and the MTF. The PTF has been shown to cause an error in the cen

troid. It has been shown that the SNR may be significantly improved by the 

use of short period rulings. at the price of increased sensitivity to coma and var

iation of coma with wavelength. An optimum method of signal detection has 

been described with calculation of SNR and comparison with other methods. 

It has been shown that a rectangular profile ruling is somewhat better 

than a sine wave grating. but the most significant improvement comes from the 

use of relatively short period rulings. Some additional improvement is possible 
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by masking part of the detector area. The optimum rectangular grating profile 

was calculated to be with the transparent bars less than 50% of the period. 

Calculations for two typical telescopes. a Newtonian and a Ritchey-Chre

tien. show that the relatively large coma of the parabolic mirror in the Newto

nian leads to an unacceptable level of PTF change because of wavelength shift 

of the stars. Use of a very low ruling frequency to reduce the wavelength sen

sitivity in the Newtonian results in an SNR that is almost two orders of magni

tude lower than is theoretically possible. The Ritchey-Chretien telescope is capa

ble of achieving nearly ideal performance with short period rulings and is. there

fore. of considerable interest for astrometry. 

To gain insight into the fundamental issues. we have temporarily set 

aside many practical problems in the construction of the ruling and errors in the 

telescope. In general. reducing the ruling period improves the sensitivity of the 

instrument to star motion, but also makes it more sensitive to errors and aberra

tions, particularly coupling of even aberration into odd by reflectivity variations 

or obstructions. By determining the conditions for the best theoretical perfor

mance, goals can be established for the design process. 

----- -- --- ---------- --~-. _. ----
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Table 4.1. Characteristics of Newtonian and Ritchey-Chretien telescopes used 

in this analysis. 

Parameter Newtonian Ritchey-Chretien 

focal length (m) 13 43 

total length (m) 11.5 13 

diameter (m) I 

FOV (min. of arc) 5 5 

central obscuration (m) 0.075 0.23 

coma (waves) 0.55 0.004 

distortion (percent) 0.0 2.5xlO-5 

field curvature (m) 15 8.6 

(radius of field curvature) 

---- ------------- - -~-~-- ~- --------
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This chapter studies several telescopes which are commonly used in 

astrometry. Mainly we are interested in reflecting optical systems because they 

are free of achromatic aberrations. However. for the general purpose. most 

equations derived here are tailored to the general designs though the specific 

examples are oriented to astrometric optics. 

We start with review of theoretical background of aberrations. the wave 

aberrations. aberration expansions in terms of pupil and field coordinates. and 

Seidel aberrations for a centered and rotationally symmetric optical system. The 

properties for a decentered and tilt system is deferred to Chap. 6. Then we 

discuss balancing the root mean square (RMS) geometric spot size with the 

diffraction spot size in selecting I-number. Then we analyze performances of 

one- mirror and two-mirror aplanatic systems. Finally we give comparison and 

contrast among those telescopes. 

To those who are not familiar with the materials presented here. the 

following references are suggested: Welford (1974). IGngslake (1978). Smith (1966). 

Born and Wolf (1980). I have followed the same nomenclature as Shack. In 

particular. I adopt Shack's concept [Shack. 1974] of structural parameters which 

allows concise representation. 

5.1. Theoretical Background of Aberrations 

The wave aberrations are the optical path difference (OPD) between a 

-----~~---- ------
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reference wavefront and an actual wavefront evaluated at the exit pupil of an 

optical system. Wave aberrations. in general. are a function of pupil and image 

field coordinates. To characterize the wave aberrations. one can expand the 

wave function in terms of pupil and field vectors. The vector form of this 

expansion is given by the following: 

00 00 00 

W - L L L L(Wklm)j(H·H)p(p·p)n(H.p)m • 

j p n m 

(5.1) 

where k - 2p+m. 1 - 2n+m. j is the surface number. H and p are the 

normalized field and pupil heights. respectively. and Wklm is aberration coeffi

cients whose values depend on structures and configurations of an optical system. 

The scalar form of the wave aberration expansions is expressed as follows: 

00 00 00 

W - L L L L(Wklm)jHkplcosm; • (5.2) 
j p n m 

where ; is an angle between vector H and p. The wave expansion above 

indicates that the total aberrations of the optical system are the sum of the 

individual surface contributions in a centered and rotationally symmetric optical 

system. This makes it possible to carry out calculations of aberrations for 

complex systems. The calculation for the system aberrations is simplified to a 

task of evaluation of individual surface aberrations. 
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Seidel Aberrations 

The Seidel aberrations consist of spherical. coma. astigmatism. Petzval 

curvature. and distortion. The third order aberrations in the wave expansion 

form are equivalent to the Seidel aberrations. These third order coefficients are 

W04O• W131 • W222• W220• and W311 which correspond to spherical. coma. 

astigmatism. field curvature. and distortion. The conversion of the third order 

aberration coefficients to Seidel aberration coefficients are listed in Table 5.1. 

The aberrations of a given system are a function of the system 

parameters (aperture. focal length. and field) as well as structural parameters 

which depend on the specific configuration. The system parameters can be 

factored out of the aberration coefficients. leaving remaining factors which 

depend only on the configuration of the system. These remaining factors. (Tn' for 

relatively large I-number systems and small field angle. third order aberrations 

dominate and the higher order aberrations may be neglected. where n -I. II. III. 

IV. V. L. and T as given in Table 5.2 are called the structural aberration coeffi

cients which are determined by the given system configuration. For the simple 

optical system whose the pupil is at the principal planes. the Seidel coefficients 

are shown in Table S.2. The expressions for Seidel aberration coefficients are 

also applied to the multiple-element optical system. However. this system must 

normalize. in this case. unit power. unit marginal ray height at the principal 

plane. and unit lagrange invariant. before summation. The result is simply a 

sum of the individual surface contribution of the aberrations. The contributions 

from the stop shift and asphere are easily incorporated into the expressions for 

the structural coefficients. Table 5.3 gives the stop shift contributions for the 
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structural aberration coefficients [Shack. 1974]. As seen from Table 5.3. there are 

no effects of the stop shift on the spherical. Petzval curvature. and axial 

chromatic aberrations as expected. 

Table 5.1 Conversion of wave aberration coefficients to Seidel coefficients 

Wave aberration Seidel coefficients 

Sph. aberr. I 
W040 - 8 SI SI _ _l:A2y~ [ * ] 

Coma I 
WI3l - 2 Sn Sn - -l:ABya [ * ] 

Astigmatism Wm -
I 2 Sm Sm - -l:B2ya [ * ] 

Field curv. W220 -
I 2 Wm + W220p 

Petzval curv. I 
W220p - 4 SlY SlY - -l:f2c~ [ ~ ] 

Distortion I 
W311 - 2 Sv Sv 

l:A - TSm + SIV) 

Long. Chr. Ab. 1 
~W02O - 2 CL CL - l:Aya [ I): ] 

Trans. Chr. Ab. ~Wlll - CT CT - l:Bya [ I): ) 
A - ni - nu + nyc. B - ni - nu + ny. /1 - - - - -. [u] u' u 

n n' n 

6n --n 
n-I . un r - nuy - nuy. 
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Table 5.1 Continued 

- incident angle of the marginal ray at the surface. 

- incident angle of the chief ray at the surface. 

u - marginal ray angle in object space. 

u' - marginal ray angle in image space. 

u - chief ray angle in object space. 

n - refractive index in object space. 

n' - refractive index in image space. 

c - radius curvature. 

y - marginal ray height at the surface. 

y - chief ray height at the surface. 

r - Lagrange Invariant. 

u - Abbe number 

For a simple optical system such as a thin lens. the analytical 

expressions for the structural aberration coefficients can be derived. For a thin 

lens with a stop at the lens. the structural aberration coefficients are given in 

Table 5.3. The derivations for these expressions use the following relationships: 

----.------
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Table 5.2 The Seidel coefficients for the optical system whose pupil is at 

principal planes. 

Seidel Aberration coefficients 

SI -! Yp 4fjJSUI 

Sn -! rYp2<fun 

Sm - f2f/Jum 

SlY - f2fjJulV 

Sy 2rs 
- -f/Juy 

Yp2 

CL - Yp2fjJUL 

C - 2ruT 

Yp - Marginal ray height at principal planes. 

fjJ - Power of the system. 

r - Lagrange invariant 

U - structural aberration coefficient 

fjJ - (n-I)(C1 - CJ (power). 

C1+ C2 
X - C C (shape factor). 

1 - 2 

C1 - (X + 1>0 (first surface curvature). 
2(n-l) 

C2 - (X - 1>0 (second surface curvature). 
2(n-l) 

---- --------- -
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Table 5.3. Stop shift contribution must be added to structural aberration coef-

ficients in Table 5.2 when the stop is not at the principal planes. 

Stop Shift Contributions 

60'1 - 0 

60'11 - Sal 

6o'm - 2Sall +S2al 

6o'1Y -0 

6o'v - S(alY + Jam} + 3S2all + SSal 

S dJsln IS hif ff"} - (Y-I);sln -2 ~ top s t coe lClent 

s - Shift of the entrance pupil 

Y _ II+m (magnification factor) 
-m 

m - Magnification of the system 

Then substituting them into the Seidel aberration coefficients shown in Table 5.2 

and factoring out configuration-dependent parameters. one can obtain the 

expressions for the structural aberration coefficients as shown in Table 5.4. 

The structural aberration coefficients for a thin lens are essentially the 

same for a single mirror except that the refractive index for the single mirror is 

-1 and the radius of curvature of the second mirror. C2• is zero. Including the 

aspheric factor. the structural aberration coefficients are shown in Table 5.5. 

For a sphere. its aspheric factor is a - O. For a parabola. a - -1. There are. 
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Table 5.4. Structural aberration coefficients for thin lenses 

Structural aberration coefficients 

aI - AX2 - BXY + Cf2 +D 

an -EX-FY A- n+2 
n(n-If 

alII - 1 B-~ n(n-l) 

aIV I C- 3n+2 --n n 

av -0 D- til 
(n-lf 

aL 1 E- n+l -- n(n-l) u 

aT -0 F- 2n+1 
n 

of course. no chromatic aberrations in reflecting systems. This is a very 

important factor in choosing the mirror system for the telescope instead of 

choosing the refracting system. 

As the stop is shifted from the mirror. coma. astigmatism and distortion 

vary. However. the spherical and Petzval curvature aberrations remain the 

same. If a corrector plate is inserted in the stop after the stop is shifted from 

the mirror. the system can be made aplanatic by eliminating coma as well as 

spherical aberration. The general case of an aspheric mirror with a corrector 

plate is shown in Table 5.6. The more detail discussion about single mirror will 

be made in the later chapter. 

Two-mirror systems are among the most widely used of astronomical 

----- _._ .... _-----------_._-_. 
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Table 5.5 Structural aberration coefficients for single mirror including stop shift 

and the aspheric factor. For a telescope objective whose object is at infinity, 

magnification factor Y - 1 and stop shift factor S - ~s/2. For a paraboloid, a 

- -1 and 0'1 - o. 

Single Mirror 

0'1 - f2 + a 

un - -Y(l-SY) + Sa 

um - (l-SY)2 + $2a 

uIV --1 

Uv - S(l-Sy)(2-Sy) + SSa 

uL - 0 

uT - 0 

-~. E - conic eccentricity 

telescopes. Because it has an additional mirror. the two-mirror system gives the 

designer more degrees of freedom to correct coma. astigmatism, or distortion. 

For example, unlike the single-mirror system, the two-mirror system can be 

corrected for both spherical and coma aberrations at the same time by appropri

ately choosing conic constants of aspheres. Also, astigmatism, field curvature, or 

distortion can be corrected or balanced by adjusting the separation between two 

mirrors. The only drawback of the two-mirror system is that it increases the 

------- ----- --------- ~--
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Table 5.6. Structural aberration coefficients for single mirror with a corrector. 

For the Wright system. Y - I. f/ls - -I. S - !. a - I. and a c - -2. For the 

Schmidt system Y - 1. f/ls - -2. S - 1. a - O. and ~ - -4. 

Single mirror with a corrector plate 

Un - -Y(1-SY) + Sa 

urn - (l-SYf + S2a 

uIV --1 

Uv - S(1-SY)(2-SY) + SSa 

~ - Aspheric on a corrector 

degree of the difficulty for alignment. The misalignment of the two-mirror 

system will be addressed in detail in the following chapter. 

The first order defining parameters used in the derivation are the focal 

lengths of the system and the primary mirror. entrance pupil height. semi-field 

angle. and the image plane. The structural parameters are defined as secondary 

magnification M. image relief. G. which is the distance from primary mirror to 

the image plane. and the ratio of separation from the primary to the secondary to 

the back focal length. L. (distance from secondary to image plane). These 

parameters are shown in Table 5.7. 

Using paraxial ray tracing. the system prescription can be expressed ana-

------------------_._---_.- -------
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lytically in terms of system and structural parameters given in Table 5.7. The 

system prescription is shown in Table 5.8. 

Table 5.7 System and structural parameters defining a two-mirror telescope 

System parameters 

System focal length 

Entrance pupil height 

Semi-field angle 

Primary focal length 

Structural parameters 

Secondary magnification 

Image relief 

Ratio of mirror separation to 

Back focal length 

M - FIFp 

G - F(l-L)/(l +M L) 

L 

The structural aberration coefficients for the two-mirror systems can be 

derived from the single-mirror formulas given in Table 5.5. For the image 

conjugate at infinity. arbitrary aspheric. and the stop at the primary mirror. the 



Table 5.8 System Prescription 

Surface Radius 

Primary -2F p 

Secondary 2F/(l+MLXI-M) 

thickness 

-FL/(1+ML) 

F/(1+ML) 
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following steps lead to the resultant expressions for the two-mirror systems 

shown in Table 5.9. First. the normalized power of the individual surface must 

be included as a factor in the structural aberration coefficients for the single 

mirror. Then. the coefficients should be calculated individually Finally. the 

resultant coefficients are sum of the individual element contributions. Note that. 

in this case. since the stop is at the primary mirrorr. there are no stop contribu

tions to the aberration coefficients of the primary; and the secondary has the 

relative stop shift to the primary mirror. therefore the stop shift factor must be 

included in a secondary contribution; and both mirrors have the aspherical con

tributions. Primary and secondary contributions to aberration coefficients are 

shown in Table 5.9. 

Reasonably simple expressions for the aberrations of a two-mirror 

system with object at infinity are obtained. These expressions apply to all two

mirror systems with object at infinity and arbitrary aspherics. If aspherics are 

selected to make the mirrors separately free of spherical aberration. one obtains 



117 

Table 5.9 Wave aberrations for a two-mirror telescope whose stop is at 

primary. 

I E4~ 
Spherical W040 - 32 £fL-alj 

j 

lAE'~ 
Coma W 131 - 4 £2 L-aUj 

Astigmatism W 222 

j 

_ !A2£2~am 
2 F ~ j 

j 

Petzval curv. W 220p 
_ !A2£2~alV 

4 F ~ j 
j 

Dis+.ortion W 311 

the classical Cassegrain and Gregorian systems. However. one can choose two 

aspherics such that both spherical and coma are eliminated from the system. 

which yields the aplanatic class such as the Ritchey-Chretien system. Aplanatic 

designs will be discussed later in this chapter. 

5.2. Choice of An F-number for Telescopes 

The choice of the I-number (ratio of the focal length to the entrance 

pupil) affects both the geometric and the diffracted performances of an optical 

system. The geometrical aberrations are inversely proportional to the I-number. 



Table 5.9 continued 

LaIj -M'(I +<Xl) + z + k~ 
j 

Lallj - -I + L/2 (z + k~ 
j 

Lamj - I - (l-M)L + (z + ~L2/4 
j 

LaIVj --I -(I - M)ML 

j 

LaVj -L(I-M) - (l-MX3-M)L2/4 + (z+k~L'/8 
j 

z - k(l +M)2/(l-M)2 

k - (l-M)'/(1+ML) 

<Xl - Primary conic constant 

~ - Secondary conic constant 
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while the diffraction spot size is linearly proportional to the I-number of the 

system. Thus. the choice of the I-number is a trade-off between geometric spot 

size and the diffraction spot size. 

For the photon noise limited system. the accuracy of the detection is 

largely determined by the spot size of the telescope. It will be shown in Chap. 



119 

7 that the centroid error is linearly proportional to the spot size of the telescope. 

Thus. one needs to minimize the spot size by choosing an appropriate I-number. 

However. there is no obvious selection of the I-number for a general 

optical system since the dependence of the I-number varies with the aberrations. 

For example. the spherical aberration is inversely proportional to the cube of the 

I-number; coma is inversely proportional to square of the I-number; and 

astigmatism and Petzval are inversely proportional to the I-number. Therefore 

the optimum choice varies with the type of the telescope that one selects. 

Spot Size 

In the following analysis, the RMS geometric and diffracted spot sizes 

are calculated for a general system. Here assume that the dominate aberrations 

of optical systems are third order. This assumption is generally true for 

telescope objectives with a small FOY and large I-number. 

The RMS geometrical spot size can be obtained by taking an average of 

the square of the transverse ray aberrations over the exit pupil. The transverse 

ray aberrations can be calculated from the wave aberrations. A general 

expression for the RMS spot size is given as follows: 

(5.3) 

where W is a wave aberration function. Substituting the third order aberrations 

given in Eq. (S.13) and first order aberrations into the above equation. and 

------------ - -
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carrying out the integration. one has the mean square spot size: 

.. - 4(f/1t)'{ 2[W20 + ~W04O + [W220 +!Wm r} +;W'040 

+!(Wm.H2)2 +[WII + WI3I H +W311 H']2 +j(W131 H)2 } • (5.4) 

where W 20 and W II are defocus and tilt. respectively. The term with odd 

aberration coefficients determines the centroid of the image spot. Using the tilt 

term to locate the centroid. i.e.. setting [W II + W 131 H + W 311 H'] - O. the 

remainder of the above expression determines mean square spot size with respect 

to centroid. The term including defocus locates the best image. Setting that 

term to zero. the remainder of the above expression gives mean square spot size 

at the best focus. Assuming that the telescope works at the best focus. the RMS 

spot size with respect to the centroid is given as follows: 

(5.5) 

The diffracted spot size for the diffraction limited system is the radius 

of the Airy disk which is 

Ediff - 1.22>"1/# • (5.6) 

Fig. 5.1 shows a plot of the spot size against the I-number. The linear curve is 

the spot size of the Airy disk at the central wavelength of .5 microns. The 

others are the geometric spot sizes of a parabola and a Ritchey-Chretien aplanat 

---- ---- --_ .. _ ... 
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with a diameter of the entrance of one meters and FOV of 10 arcminutes (in 

diameter). The plot shows that the geometric and diffraction spots have the 

same size when the I-number is about 11 for the parabola and about 4 for the 

Ritchey-Chretien aplanat. These I-number's are not an exact but nearly 

optimum choice. The reason for not being the exact optimum choice is that the 

plot takes an extreme case in which either diffraction-free or aberration-free is 

taken into account. The more accurate measurement of the spot size should be 

the size of the point spread function which takes both the aberration and 

diffraction into account. The plots suggest that a I-number of 13 is close to the 

best choice for a parabola and F /6 for the Ritchey-Chretien with an entrance 

pupil diameter of 1 meter. 

5.3. Astrometric Telescopes 

Based on the analysis of previous chapters. it is obvious that the odd 

aberrations which are coma and distortion should be kept as small as possible. 

The chromatic aberrations are also not acceptable. For the considerations of the 

whole detection system. the spot should be kept not only symmetric but also as 

small as possible. since the centroid errors caused by the photon noise and by 

the clipping of finite-size detectors are proportional to the size of the spot [C. 

Huang. at. 1987]. Besides. the centroid error produced by the nonuniform reflec

tivity are proportional to both odd and even aberrations. This means that the 

overall aberrations should be small. Therefore. one needs to balance the 

aberrations with emphasis on the odd aberrations. 

The following designs assume that the system has parameters of F I 13. 

------_. -------- --
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Fig. 5.1. The geometric spot size and Airy disk are plotted as a function of 

I-number. The linear curve is the Airy disk radius which is linearly propor-

tional to the I-number. The dashed curve is the RMS spot radius for the 

Ritchey-Chretien whose design parameters are given in Table 5.16. The solid 

curve is the RMS spot radius for the parabola with the pupil diameter of one 

meter. The best choice of the I-number's is about 7 for the Ritchey-Chretien if 

both geometric and diffracted effects are taken into account. 
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the entrance pupil diameter (EPD) of one meter. a semi-FOV of 5 minutes of arc 

which contains about 30 stars. the stop at the primary mirror. and object at 

infinity if there are no further specifications. 

One-Mirror Telescopes 

As far as one-mirror systems are concerned. the parabola is one of the 

most promising telescopes. It has no spherical aberration or distortion. Since it 

is a reflecting system. it has no chromatic aberration. Further. it is a simple 

configuration and is easily aligned. However. the parabola has significant coma. 

It has the disadvantage of inaccessibility of the detector plane. Furthermore. the 

system configuration is not compact. 

Table 5.10 calculates the third and fifth order transverse wave 

aberrations. the geometric spot size (spot radius). and Airy disk (radius) for a 

parabola. using Super-Oslo [Sinclair. 1988] a lens design program. As will be 

seen from Table 10. there are no spherical aberration and distortion for the 

infinity conjugate and the stop at the mirror. The coma is about 0.00699 

millimeters of transverse wave aberration which corresponds to 626 microarcse

conds centroid shift; the astigmatism is about 20 nanometers; and the field 

curvature is flat. The separation between the vertex of the mirror and the 

image plane is 13 meters. The obscuration depends on the size of the detector 

system. 

The point spread function of the parabola is shown in the Fig. 2.4. 

Because of the coma. the point spread function is asymmetric. and thus the 

centroid is shifted from the origin. The Strehl ratio is .848. The geometric spot 
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Table 5.10 Transverse wave aberrations. spot size. OPO and centroid for the 
. parabola with FIJ3. EPo. 1 meter. semi-FOV- 5 minutes of arc. stop at the 

mirror and object at infinity. Units in millimeter. 

Seidel SA3 CM3 AS3 PZ3 DS3 
0.0 0.00699 -0.000528 0.000528 0.0 

Fifth SAS eMS ASS PZS DSS 
2.20e-20 S.17e-6 0 0 0 

Spot size RMSY RMSX RMS RAO AIRY RAO 
0.00502 0.00291 0.00579 0.00801 

Wavefront PVOPD RMS OPO STREHL 
0.243 0.0647 0.848 

Controid CENT Y CENT X 
Jl arcsec 626 0.0 

diagrams. with focal shift. are shown in Fig. 5.2. At the best focus and the 

edge of field. the radius of geometric spot is about 0.00579 millimeters and a 

little less than the Airy radius of 0.00801. The dominate aberration is coma. 

The ray f~ MfF. field sags and distortion are plotted in Fig. 5.3. 

Two-mirror Aplanatic Telescopes 

A very inclusive study on the two-mirror aplanatic telescope was 

carried out by W. Wetherell and M. Rimmer [1972]. C. L. Wyman and D. 

Korsch [1974] studied Cassegrain. Gregorian and Schwartzchild configurations of 

the two-mirror aplanats. J. McCann. and G. Lawrence [1988] have investigated 

several types of aplanatic telescopes for the ATF. This section gives more 
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Fig. 5.2. The spot diagram for a parabola with F / 13, semifield angle of 5 min. 

of are, and pupil diameter of one meter. The vertical axis is the image field 

height and the horizontal axis is change in defocus. The RMS spot radius at the 

best focus and edge of the filed is 5.8 microns. 
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thorough analysis of two-mirror telescopes. compares the one-mirror and the two-

mirror telescopes. and selects the telescope that is believed to have the best 

performance for the A TF application. 

The structural aberration coefficients for two-mirror systems shown in 

Table 5.9 are two conic constants. secondary magnification. and ratio of mirror 

separation to the back focal distance. For the aplanatic systems. the conic 

constants. otl and ot2' are selected so that the the third order spherical and coma 

aberrations are eliminated. i.e .• 

(5.7) 

(5.8) 

For two-mirror aplanatic telescopes. only two other structural parameters may be 

chosen freely. These are the secondary magnification and the ratio of mirror 

separation to the back focal distance (distance from the the vertex of the primary 

to the system focus) if the initial system parameters. (system focal length. primary 

diameter. field-of-view given in Table 5.7). are given. If three third order 

aberrations are to be corrected. only one parameter. either the secondary magnifi-

cation or the back focal distance. is unrestricted. Once the parameters are 

chosen. the system configuration. the third order aberrations. and obscuration are 

determined. 

Anastigmatic Aplanats 
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For the anastigmatic aplanatic designs. in addition to constrains of the 

conic constants given in Eq. (5.7) and (5.8). the mirror separation or the 

secondary magnification is constrained to be 

2 
L. I-2M' (5.9) 

All solutions having a magnification. M > 0.5. have virtual images since L is 

negative. Solutions within the range of 0 < M < 0.5 are called Couder designs. 

The separation between two vertices of the mirrors is twice the system focal 

length and is independent of the secondary magnification. For a focal length of 

13 meters. the separation is 26 meters long. This is too long for practical use. 

When M < O. we have the inverse cassegrain designs where the secondary 

mirror is larger than the primary mirror. 

Gregorians. 

There is no solution for the 

The anastigmatic apianatic telescopes are not suitable to the A TF not 

only because they have a long separation. but also because they have large field 

curvature (264 nanometers at M. .49). large distortion (990 nanometers at 

M - .49) as M approaches to 0.5, and big central obscuration (60% at M - .15) 

as m approaches O. Figure 5.4 shows the performance as a function of the 

secondary magnification. The best choice of the secondary magnification is about 

.35 which gives wave aberrations of field curvature of 23 nanometers. distortion 

of 3.5 nanometers. and obscuration of 20% for this case. 

The system prescription is given in Table 5.11. The performances of 

the anastigmatic aplanat are shown in Table 5.12 for the secondary magnification 

of 0.35. Note that field curvature is the dominate aberration. The centroid shift 

-------- -- -------------------
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is about 14 microareseconds. much smaller than the shift due to coma of the 

parabola. The point spread function in Fig. 5.5 is rotational symmetric and its 

Strehl ratio is about .9914. The spot size at the best focus shown and the edge 

of field in Fig. 5.6 is 7.09£-3 microns. Ray fan. MfF. field sags. and distortion 

of this telescope are plotted in Fig. 5.7. The MfF approaches the diffraction-

limited curve. 

Table 5.11 System Prescription for The Anastigmatic Apianat. 

SUP 
I (OBJ) 
2 (STO) 
3 
4 (1M) 

RADIUS 
INFINITY 
-7.428OOE4 
1.19983£4 
INFINITY 

THICKNESS 
INFINITY 
-2.60000E4 
3899.399946 
o 

APERTURE 

500.000000 
187.788475 
18.907700 

SUP CONIC CONSTANT 
1 -7.994214 
2 -0.67257 

Flat Field Aplanats 

GLASS 
AIR 
REF 
REF 
AIR 

The flat-field aplanatic design has a flat medial field and requires 

additional constrain of L where 

1 
L - I-M-M2. (5.10) 

Performances of the flat-field designs liS the secondary magnifications are shown 

in Fig. 5.8. This design has a real image over the range -1.618 < M < 0.618 

and a virtual image outside that range. The range of the secondary magnifica-

-------- ----------- ---. ------



130 

I '-
I GI 

I +' £ I GI c: 
I £ 

- lO'k -10 J 
I .. .... s 

I 
I . .. f·· 

......... I 
I 
I -- c 
I cs 0 

U +' 
I 0 cs • 

I 
~ L 

~-1 
J 

/ u 
U III 

" / cs ,g 

'''J .,g 0 
/', I 

/ I 
I 
I 
I 
I -

0.0 0.1 0.2 0.3 0.4 O.S 0.6 
secondo.ry Mo.gniriCo. tion (M) 

Fig. 5.4. The anastigmtic aplanatic design with FIJ3. The performances (wave 

aberrations. obscuration) and focal plane location are plotted as a function of the 

secondary magnification. The back focal length here refers to the primary 

mirror as a reference. The best choice of the secondary magnification is about 

3.5. 
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Fig. 5.5. The point spread function of the anastigmatic design with F /13 has the 

Strehl ratio of 0.9914 and are rotational symmetric. Its centroid is about -0.167 

microns. 
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tions can be divided into three regions. Gregorian and inverse Cassegrain 

designs correspond to regions -1.618 < M < -1.0 and -1.0 < M < O. respectively. 

In the region 0 < M < .618. the system configuration is the classical 

Schwartzschild. The Schwartzschild has a flat medial field. The vertex 

separation is from 13 to 21 meters for 1/13. The aberrations. (astigmatism. field 

curvature. and distortion). increase and the obscuration decreases as the vertex 

separation increases. The numerical calculation shows that W 222 - 10 and 71 

nanometers. W220 - -5 and -31 nanometers. W311 - 0.77 and 25 nanometers. and 

the obscuration - 100% and 1.4% at vertex separation - 13 meters and 20.3 

meters. respectively. There is a trade-off between the aberrations and 

obscuration. Taking a balance of the aberrations. obscuration and length of the 

vertex separation into account. the magnification M - 0.5 is the optimal choice 

which results in Wm - 20 nanometers. W220 - -10 nanometers. W311 - 1.53 

nanometers. the central obscuration - 14.7%. and vertex separation - 17.3 meters 

for the f/ 13 and FOV - 5 minutes. 

The 17.3 meter vertex separation may be impractical to implement as a 

space-based telescope. The Schwartzschild has the same problem of detector in

accessibility as the parabola and anastigmatic aplanats since the system focal 

plane lies between mirrors. 

The system prescription for 17.3 meter vertex separation is given in 

Table 5.13. The performance for this system is summarized in Table 5.14. 

This system is virtually diffraction-limited. The centroid shift due to distortion 

is only 0.18 microareseconds. The point spread function shown in Fig. 5.9 has a 

Strehl ratio of 0.997 - very close to an ideal system. The spot diagram shown 

in Fig. 5.10 has a very small spot size (0.378 microns) at the best focus. The 

~------- -
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Fig. 5.6. The spot diagram for the anastigmatic design has the RMS spot radius 

of 7.04£-3 microns at the best focus and edge of field. The vertical axis is 

image fields and the horizontal axis is shift of focus. 
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Fig. 5.7. Anastigmatic design. Ray fans: the dominate aberration is field 

curvature and it is evaluated at the edge of field. MTF: the MTF is nearly 

diffraction-limited. Field sags: the field curvature. Distortion: it is less than 

one microns. Units are in millimeter. 
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Table 5.12 Transverse wave aberrations. spot size and centroid error for the 
anastigmatic design with F/13. EPD - 1 meter. semi-FOV - 5 minutes of arc. 
stop at the primary mirror. object at infinity. All units in millimeters except 
centroid. 

Seidel SA3 CM3 AS3 PZ3 OS3 
0.0 0.0 2.12£-14 1.33£-3 1.48£-4 

Fifth SA5 eMS ASS PZS DS5 
-3.38£-5 -2.09£-6 1.56£-9 1.28£-8 2.02£-10 

Spot size RMS Y RMSX RMS RAD AIRY RAD 
0.005 0.0029 0.00579 8.01£-3 

Wavefront PVOPD RMS OPD STREHL 
4.88E-2 1.48E-2 .9914 

Centroid CENT Y CENT X 
parcsec 14.72 0 

medial field is flat. The sagittal and tangential curves of the MrF are the same 

curve as the diffraction-limited system. (see Fig. 5.11) 

Distortion-free Aplanats 

The condition for distortion-free designs is 

L _ 4(1-M) 
W-4M+2· (5.1l) 

There are many configurations for different regions of the secondary magnifica-

tion. M. The most interesting region is 0 < M < 0.5858 in which the configura-

tion is similar to that of the Couder and the Schwartzschild designs. The other 

regions of M are not practical either because the configurations give the virtual 
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Fig. 5.8. Flat field aplanatic design. The performance (wave aberration and 

obscuration) and vertex separation are uniquely determined by the secondary 

magnification. The secondary magnification that equals 0.5 is optimum choice. 
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Fig. 5.9. Flat field aplanatic design. The point spread function has a Strehl 

ratio of 0.997 which is highest among two-mirror aplanats. The shape is 

rotational symmetric. Its centroid is -2.09E-3 microns 
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images or because the vertex separation is too long. In the region 0 < M < 

0.5858 (referring to Fig. 5.12). the astigmatism increases from 0.2 nanometers to 

21 nanometers; the field curvature increases from -10 nanometers to 20 

nanometers; the obscuration decreases from 100% to 6%; and the vertex 

separation decreases from 26 meters to 20 meters for given 1/13 and 5 minutes 

half field angle. A reasonable choice is M - 0.4 at which W 222 - 11.6 

nanometers. W220 - -14.8 nanometers. the vertex separation - 20.5 meters. back 

focal length from primary - -15.7 meters and central obscuration - 18%. The 

configuration is longer than that of the Schwartzschild design. Its astigmatism 

and central obscuration are about the same order of magnitude as those of the 

Schwartzschild design. Since the configuration of the distortion-free aplanatic is 

similar to the Schwartzschild design. it has the same problem of image inaccessi

bility. 

Table 5.15 contains lens data for the design with secondary magnifica

tion of .4. As shown in Table 5.16. calculated by Super-Oslo. there is residual 

distortion. but it is very small - less than 0.4 narometers (transverse error). 

The dominate aberration is astigmatism. The centroid shift in the y direction is 

about 2.4 microaresec at the edge of field. The point spread function has a 

Strehl ratio of 0.998 - the highest of those discussed - shown in Fig. 5.13. 

One can see from the spot diagram in Fig. 5.14 that the geometric spot size is 

only about 0.22 microns - 40 times smaller than the AIRY disk. Ray fans, 

MTF. field sags. and distortion are plotted in Fig. 5.15. 
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Fig. 5.10. Flat field aplanatic design. The spot diagram of the flat field design 

has the RMS spot radius of 0.38 microns at the best focus and the edge of field. 

The vertical axis is the image field and the horizontal axis is the shift of focus. 
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Fig. 5.11. Flat field aplanatic design. Ray fans: There are small astigmatism. 

field curvature. and distortion. The curves are evaluated at the edge of field. 

MTF: MTF is very close to the diffraction-limited curve. Field sags: the middle 

field is flat which is good for flat detectors and intensity of stellar image is 

uniformly distributed at the middle field. Distortion; it is very small. within 0.3 

microns. Units are in millimeters 
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Table 5.13 System prescription for the flat field aplanat. 

SUP RADIUS 1lIICKNESS APERTURE GLASS 
I (OBJ) INFINITY INFINITY AIR 
2 (STO) -S.2000E4 -1.73OOOE4 500.000000 REF 
3 1. 74000E4 4.3SooooE3 192.469678 REF 
4 (1M) INFINITY 0 18.907100 AIR 

SUF CONIC CONSTANT 
1 -5.023121 
2 3.023121 

Table 5.14 Transverse wave aberrations. spot size and centroid error for the flat 
field aplanatic design with FIJ3. EPO - 1 meter, semi-FOV - 5 minutes of arc. 
stop at the primary mirror, object at infinity. Units in millimeters. 

Seidel SA3 CM3 AS3 PZ3 OS3 
0.0 0.0 -5.29E-4 1.06E-3 -4.00E-S 

Fifth SAS eMS ASS PZS OSS 
-7.7SE-S -7. 13E-6 4.81E-12 -1.68E-9 2. 76E-l 5 

Spot size RMS Y RMSX RMS RAD AIRY RAD 
2.67E-4 2.67E-4 3. 78E-3 8.01£-3 

Wavefront PVOPD RMS OPO STREHL 
3.26E-2 8. 389E-2 .997 

Centroid CENT Y CENT X 
parcsec 0.1838 0 

Ritchey-Chretien Design 

The Ritchey-Chretien is the most promising design of the two-mirror 

aplanats because its configuration is compact, and its image plane is located 

------- --- -----.. -.- ... ~--.---.--- -
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Table 5.15 System prescription for the distortion-free aplanat. 

SUP RADIUS TIllCKNESS APERlURE GLASS 
1 (OBJ) INFINITY INFINITY AIR 
2 (STO) -6.5800£4 -2.0SOOOO£4 500.000000 REF 
3 1.60000£4 4800.00000 214.431373 REF 
4(lM) INFINITY 0 18.907700 AIR 

SUF CONIC CONSTANT 
1 -8.317073 
2 0.427281 

behind the primary so that the detector can access the image without blocking 

Table 5.16 Transverse wave aberrations. spot size and centroid error for the 
distortion-free aplanatic design with FllJ. EPD - 1 meter. semi-FOV - 5 minutes 
of arc. stop at the primary mirror. object at inf"mity. Units in millimeter. 

Seidel SA3 CM3 AS3 PZ3 OS3 
0.0 0.0 -3.03£-4 1.07£-3 -3.s6E-7 

Fifth SA3 CMS ASS PZS OSS 
-6.35£-5 -3.97E-6 2.616£-10 -3.3IE-II 5. 18E-ll 

Spot size RMSY RMSX RMS RAD AIRY RAD 
1.53E-4 1.53£-4 2.16£-4 8.0IE-3 

Wavefront PVOPD RMS OPD STREHL 
2.36£-2 6.93£-3 .998 

Centroid CENT Y CENT X 
Il-arc-sec 2.43 0 

any incident light. Although the Ritchey-Chretien corrects only the spherical 

and comatic aberrations. the remaining aberrations can be kept within acceptable 

tolerances. Sometimes. the third order aberrations are used to balance the high 

order aberrations to improve the optical system. There are two parameters that 
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need to be specified. Here. the secondary magnification and back focal length 

are used. For detection convenience. the back focal length is chosen as I meter 

from the primary. From Fig. 5.16. note that as the secondary magnification 

varies from 0 to 3. the astigmatism monotonically increases from 10 to 58 

nanometers; the field curvature from -4.6 to 64 nanometers; and distortion 

changes from 0.76 to -2 nanometers. The vertex separation monotonously 

decreases from 12 to 3 meters and the central obscuration from 100% to 10%. 

The optimal choice is made at M - 2.0 at which W 222 - 44.7 nanometers. W 220 

- 28 nanometers. W 311 - -0.738 nanometers. the vertex separation is 4 meters and 

the central obscuration is 15%. 

The lens data for M - 2 is shown in Table 5.17. The system 

Table 5.18. Note that the fifth order spherical 

aberration is quite significant. If we use the third order spherical aberration to 

balance the fifth order the overall performance should be better. However 

astigmatism is the dominate aberration. 

in Fig. 5.17 has a Strehl ratio of .95. 

The point spread function of the system 

Note that the spot diagram in Fig. 5.18 

shows the sagittal focus and tangential focus. Although astigmatism normally 

does not contribute to the centroid error. when the mirrors suffer from 

nonuniform reflectivity. it does change the centroid. The other curves related to 

the image quality is shown in Fig. 5.19. 

5.4 Comparison of the Telescopes 

The configurations of telescopes that we evaluated are shown in Fig 

5.20. The quantitative descriptions for these types of telescopes are summarized 

----~~-----~ 
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0.6 

Fig. 5.12. The distortion-Cree aplanatic design. The wave aberrations and 

vertex separation are a Cunction of the secondary magnification. The optimum 

choice for this design is at 0.4. 
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Fig. S.13. The point spread function for the distortion-free design has the Strehl 

ratio of 0.998 and centroid shift of -2.76E-2 microns. 
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Fig. 5.14. The spot diagram for the distortion-free design has an RMS spot 

radius of 0.216 microns at the best focus and at the edge of the field. The 

semi-field angle is 5 minutes of arc and the diameter of the pupil aperture is 

one meter. 
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Fig. 5. IS. The performances of the distortion-free aplanatic design. Ray fans: 

astigmatism is the dominant aberration. which is still small. MTF: MTF is 

almost diffraction-limited. The full scale of frequency is 100 lines/mm. Field 

sags: the curve with cross marks is the tangential field and the other is the 

sagittal field. Distortion: distortion is virtually zero. 
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Fig. 5.17. The point spread function for the Ritchey-Chretien design has a 

Strehl ratio of 0.955. It has a centroid shift of -0.153 microns. 
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Fig. 5.18. The spot diagram for the Ritchey-chretien Design has a RMS spot 

radius of 0.892 microns at the best focus and the edge of the field. Astigmatism 

is the dominant aberration. The vertical axis indicates field positions and the 

horizontal axis does the shift of focus. 
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in Table 5.19. and the performances are shown in Table 5.20. 

There are several important properties in common for these reflecting 

systems. First. they are aplanatic. i.e .• free of third order spherical and coma 

aberration. Second. they are free of chromatic aberrations because there are no 

refracting reflecting surfaces. 

In contrast. the parabola is free of distortion for the stop at surface but 

has large coma and some astigmatism. resulting in the large centroid error of 

111.3 milliarcsec due to coma. Because the image plane is in the path of the 

incident light. the parabola has the obscuration as two-mirror systems do when 

the detectors are implemented. Besides. the image separation from the vertex is 

quite long compared with the Ritchey-Chretien. The advantages of the parabola 

are the one-mirror design and freedom from distortion. 

Of the two-mirror aplanats. one can immediately dismiss Couder and 

distortion-free designs from consideration because their vertex separations are too 

long for practical use. The most attractive design is the Ritchey-Chretien 

because of its compactness of the configuration. (here 4 meters) and its accessibil

ity of the image plane. Although the Ritchey-Chretien has double the 

astigmatism and field curvature of the Schwartzschild design. the distortion is 

much smaller than that of the Schwartzschild; therefore the centroid error is 

much smaller than that of the Schwartzschild. The field curvature problem can 

be solved by using a curved detecting plane. The central obscuration of the 

Ritchey-Chretien is about the same as that of the Schwartzschild. But the actual 

central obscuration of the Schwartzschild is larger than that of the Ritchey

Chretien. since the image plane of the Schwartzschild is located between the 

mirrors. the additional amount of obscuration will be created when the detection 

----- --------------- -----
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Fig. 5.19. The performances for the Ritchey-Cbretien design. Ray fans: the 

astigmatism is the main problem of this design; the curve also indicates some 

fifth order spherical aberration, MTF: the curve with cross marks is the 

tangential MTF; because of astigmatism. the tangential MTF bas lower response 

than sagittal and diffraction-limited curves. Field sags: the curve with cross 

marks indicates the tangential focus and the other is the sagittal focus. Units are 

in millimeters. 
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Table 5.17 System prescription for the Ritchey-Chretien design. 

SUP RADIUS 1lIICKNESS APERTURE GLASS 
1 (OBJ) INFINITY INFINITY AIR 
2 (STO) -1.30000E4 -4000.0000 500.000000 REF 
3 -1.OOOOOE4 4000.0000 187.788475 REF 
4 (1M) INFINITY 0 18.907700 AIR 

SUP CONIC CONSTANT 
1 -1.3125 
2 -15.500 

Table 5.18 Transverse wave aberrations. spot size and centroid error for the 
Ritchey-Chretien design with FI13. EPO - 1 meter. semi-FOV - 5 minutes of 
arc. stop at the primary mirror. object at infinity and the secondary magnifica
tion - 2 . Units in millimeters. 

Seidel SA3 CM3 AS3 PZ3 OS3 
2.99E-13 -2. 14E-15 -1. 16E-3 -3. 17E-3 9.68E-S 

Fifth SAS CMS ASS PZ5 OSS 
2.08E-4 3.62E-S -2. 36E-9 3.39E-9 7.04E-12 

Spot size RMSY RMSX RMS RAD AIRY RAD 
S.86E-4 S.86E-4 8.29E-4 8.01E-3 

Wavefront PVOPO RMS OPO STREHL 
1.20E-l 3.42E-2 .95472 

Centroid CENT Y CENT X 
parcsec 13.49 0 

system is mounted. 

The Ritchey-Chretien has several advantages over the others. First. the 

focal plane is located behind the primary mirror so that the detecting system 

does not block the path of the incident light. Second. the configuration is short 
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Table 5.19 Summary of the optimized configurations and third order aberrations 
for the FIl3 and FOV - 5 minutes of arc column a) parabola. b) Couder 
(anastigmatic). c) Schwartzschild (flat field) d) Couder-Schwartzschild (distortion-
free). e) Ritchey-Chretien. Units in meters. 

a b c d e 

primary F.L. 13 37.14 26 32.5 6.5 
secondary F.L. 6 8.67 7.89 -5 
primary conic K -I -7.997 -5 -8.29 -1.3125 
secondary conic K -6.722 3 0.42 -15.5 
secondary magnif. .35 0.5 0.4 2.0 
primary diameter I I I I I 
secondary diameter 0.376 0.384 0.428 0.396 
back focal length 13 -22.1 -13 -15.7 1.0 
vertex separation 26 17.3 20.5 4 
central obscuration (%area) 10 14 14.7 18.7 15.7 

Table 5.20 The third order and fifth order transverse aberrations. units in 
millimeter 

a b c d e 

SA3 S.63E-17 0 0 0 2.99E-13 
SAS 2.20E-20 -3.38£-5 -7.7SE-S -6.34£-5 2.08E-4 
CM3 -6.99E-3 0 0 0 -2.14E-IS 
eMS S.17E-6 -2.09E-6 -7. 13E-6 -3.97£-6 3.62E-S 
AS3 -S.25E-4 0 -S.29E-4 -3.03£-4 -I. 16E-3 
ASS 0 1.56E-9 4.8IE-12 2.60E-I0 -2.36E-9 
PZ3 S.28E-4 1.33E-3 -1.06E-3 1.07E-3 3.17E-4 
PZS 0 1.28E-8 -1.67E-9 -3.31E-l1 3.39E-9 
OS3 0 1.48E-4 -4.00E-S -3.SSE-7 -1.91E-S 
OSS 0 2.02E-I0 2.76E-IS S.17E-ll 7.03E-12 
SPOT RAD S.80E-3 7.09E-6 3.78E-4 2. 16E-4 8.29E-4 
STREHL 0.8478 0.9914 0.9972 0.9981 0.9547 
CENTRO (p.arcsec) 626 14.72 .184 2.43 13.49 
AIRY RAD 8.08E-3 for X - 500 om 
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- 4 meters between the primary mirror and focal plane - so that the system 

can be made more compact and thus more stable. Finally. distortion is small and 

so is the centroid error. 

5.5 Sensitivity To Misalignment 

The tilt and coma introduced by the misalignment is not field-dependent 

and does not directly affect the relative centroid measurements since we are 

interested only in relative positions. The field-dependence of the distortion due 

to misalignment is complicated. In general. for a small tilt or decenter the 

distortion will generate lateral image-field shift. Consequently. the distortion is 

not symmetric about the original field center. These effects are proportional to 

the amount of distortion present in the aligned system. Since the parabola is 

free of distortion. tilt and decenter will not introduce distortion. 

Compared with the parabola. the two-mirror system has an additional 

element that introduces misalignment. Assume that the primary constitutes the 

reference axis of the system. Therefore. the concern here is the effect of the 

secondary tilt and decenter. Table 5.21 shows primary sensitivity to the misal

ignment for the parabola and the secondary sensitivity to the vertex misalignment 

for the anastigmatic. distortion-free. and Ritchey-Chretien designs. As seen from 

Table 5.21. the parabola is most sensitive to the misalignment due to the presence 

of large coma. The dominant change in aberration is coma. Except for 

distortion. the parabola is more sensitive to misalignment than other telescopes 

described here. Although the field-independent coma and astigmatism do not 

directly contribute to the centroid error from a systematic point of view. they do 
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Fig.5.20. Optimized designs: a) FIJ3 parabola. b) FIl3 anastigmatic c) FI13 flat 

field Schwartzschild. d) F /13 Ritchey-Chretien. 
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cause centroid uncertainty Crom a random processing point oC view because any 

aberrations will increase the spot size. 

Table 5.21 sensitivity to misalignment with tilt - 0.01 degree. 

Aberration parabola 

change in nanometers 

6WJ31 

6W222 

~W220 

6W311 

64.6 

-8.6 

-8.6 

o 

anastigmatic 

8.5 

1.05 

1.05 

-().7 

distortion-Cree Ritchey-Chretien 

9.98 

0.3 

0.3 

0.41 

37.2 

-2.7 

-2.7 

-().38 

Comparing the results oC the configuration and centroid error 

summarized in Table 5.19. 5.20 and Table 5.21 among three telescopes. the 

Ritchey-Chretien is the most promising design because oC its compactness. nice 

location of the detector plane. and small centroid errors. Two major impacts of 

the Schwartzschild are the long vertex separation that causes the system to be 

more sensitive to the wander oC the LOS and misalignment and inaccessibility of 

the image plane which. thus. produces large central obscuration although its 

centroid errors are the same order as the Ritchey-Chretien. The main advantage 

of the parabola is that the system is single mirror and thus is easy to align and 

to be manuCactured. However the parabola has the same problems of long vertex 
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separation and image inaccessibility as the Schwartzschild. Besides. the centroid 

error due to photon noise is double that of the other designs because the 

parabola has such a large geometric spot size due the severe coma. The centroid 

error due to the aberrations and nonuniform reflectivity is far larger than the 

others. 

For the telescope design of the A TF. the odd aberrations including 

achromatic aberrations are emphasized since they immediately cause centroid shift 

or phase shift. On the other hand. although the even aberrations do not shift 

centroid or phase directly. they cause the spot size to be larger. and therefore. 

cause uncertainty of the centroid location and can couple into odd aberrations if 

the system suffers from the nuduniform reflectivity. Further. we want to collect 

as many photons as possible to reduce the photon noise so that the central 

obscuration should be small. Based on the above comparison. the Ritchey

Chretien is a practical choice for the ATF. 

-----_. ----- . __ ._------ ---_. ------_. -
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In this chapter. the vector theory of aberrations is used to determine the 

performance of slightly misaligned. (longitudinal shift. tilt. and decenter). one

mirror and two-mirror telescopes based on first and third order properties. The 

anamorphism and keystone effects of distortion are described. Formulas for third 

order aberrations of the misaligned two-mirror system are derived. Finally a 

Ritchey-Chretien telescope is used as a numerical example to illustrate the 

method and to verify results. 

Several authors have studied aberrations of the misaligned optical 

systems. They provide us excellent references. Thompson [1980] developed 

theoretical work for general perturbed optical systems based on earlier work by 

Buchroeder work [1976]. Rogers [1984] extended Thompson's work and included 

studies of anamorphism and keystone effects of distortion. The developments 

uses two well-known properties of aberration fields in aligned systems: 1) the 

aberration field at the image plane is the sum of individual surface contributions 

and 2) the aberration field contribution of a surface is centered along the line 

connecting the centers of the pupils for the surface with the center of curvature 

of the surface. In a perturbed system. the aberration field at the image plane is 

still the sum of the surface contributions but these contributions no longer have a 

common center at the image plane. Shack [1986] derived analytical forms of the 

first order and third Seidel aberrations (except distortion) for misaligned two

mirror telescopes with stop at the secondary mirror using the vector aberration 

theory. 
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This work applies theory developed by Thompson to analysis of the 

misaligned telescopes and extends Shack's treatment to describe telescopes with 

the stop at the primary. The author's approach is to rmd closed-form solutions 

rather than use ray tracing. The third order aberrations of the system are 

functions of the first order parameters. Higher order aberrations may be 

significant in the design of the telescope and may require a ray tracing analysis. 

However. the aberrations of small misalignment are almost entirely first and third 

order functions and are well represented by this low order analysis. Ray 

tracing. provides a quick numerical method of determining the image properties 

but does not give insight into the process and does not give clear information as 

to the center of symmetry and scaling relationships of the misalignment 

aberration. Also. the alignment tolerances of the A TF are so tight that it is 

difficult to get sufficent accuracy from a ray trace calculation. 

6.1. The First Order Properties of Misalignment 

The properties described here are those that can be derived by using the 

principal planes. entrance and exit pupil planes and object and image planes. 

Especially. we are interested in image displacement. pupil displacement. gaussian 

image plane tilt. and aberration field displacement due to misalignment. 

In the unperturbed optical system. the optical axis coincides with the 

mechanical axis about which all of the elements are rotational symmetric. The 

centers of pupils. curvatures. and aberration fields of all elements are on this 

axis. In the perturbed system. these are no longer true. The new coordinates 

need to be defined. 
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The axis about which all elements are rotational symmetric in an 

unperturbed system is defined as the reference axis (RA) of the perturbed 

system. The surface tilt and decenter as well as displacement of the center of 

the object. image. and pupils are measured from this axis. 

The local axis (LA) of a surface is defined as the line connecting the 

vertex with the center of curvature of the surface. A spherical surface does not 

have a unique vertex. Thus. any line joining the center of curvature and inter

secting that surface may be taken to be the local axis of the surface. 

The optical axis ray (OAR) is defined as the ray that passes through the 

center of the object. image. and pupils for all of the surfaces in the system. 

The intersections of this ray with object. image. and pupil planes define the 

center locations of these conjugate planes. The displacements of these conjugate 

planes are measured from their centers to the points intersected by RA. 

The aberration field of a surface is centered on the line connecting the 

center of the pupil. for that surface. with its center-of-curvature. The aberration 

field displacement is measured from the center aberration field to the center of 

the image or object plane for that surface. In the aligned system. there is no 

aberration field displacement. 

Tilt and Decenter 

The tilt of a surface is given by the angle between the local axis of the 

surface and the reference axis of the system. Since a spherical surface dose not 

have a unique vertex. the decenter of that surface can always be converted into 

an equivalent tilt by defining the intersection of RA with the surface as the 
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vertex of the surface. The equivalent tilt 110 is related to the displacement of the 

center of curvature k. Given the conventional tilt /1 and the decenter 6v of the 

spherical surface. then equivalent tilt /10 is 

/10 - 11 + c6v - ck • (6.1) 

where c is curvature of a spherical surface and bold face denotes a vector. The 

new coordinates are defined in Fig. 6.1 

To locate the center of the object and image and entrance and exit 

pupils. Thompson derived formulas for the perturbed system. For any surface 

the relative image displacement. (6QJy")'. where 6Q is the object displacement and 

YI is the image height in the centered system. is given by 

- - )1&1/10 
(6QJYI)' - (6QJYI) + -r - · (6.2) 

where 6QJY.. is the relative object displacement vector for the surface with 

respect to the reference axis. )I is the marginal ray height at the surface in the 

centered system. &I - n'- n. the difference of the refractive index of image and 

object spaces. respectively. and r - ';;)1 - nuy is the Lagrange Invariant (where u 

and ;; are the marginal ray and the chief ray angles. and )I and y are the 

marginal ray and the chief ray heights. respectively). 

The centers of the object and image planes for each surface and the last 

image field displacement for the system can be found by successive application 

of Eq. (6.2). noting the fact that the displacement of the image plane becomes 

that of the object plane for the following surface. For the same reason. the 
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center of the entrance or exit pupil throughout the system can be located by the 

following equation. 

(6.3) 

where ~E is the pupil displacement vector measured from the RA and YE is the 

pupil radius. The paraxial ray height y. measured from the RA to the OAR (* 

is to distinguish ordinary chief ray height and angle from the centered system) at 

a surface and the paraxial ray angle u· preceding the surface for the OAR 

measured from the RA are give by 

u· - ;(6QI YI> + u(~E/YE> • 

y. - y(6QI Yt> + y(~E/YE> . 

(6.4) 

(6.5) 

The perturbed system is completely described by tracing three rays. 

Two of them are the chief ray and marginal ray for the centered system. The 

third ray is the OAR. which is an extra ray required for the perturbed system. 

The center of the aberration field for any surface in the system is along 

the line that connects its center of curvature with the center of the pupil. 

Referring to Fig 6.4. the displacement of the aberration field. measured from the 

OAR. is given by 

(6.6) 

where Y is the incident angle of the chief ray and ii is the incident angle of the 

----- ----~----
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surTQCe 

Fig. 6.1. Defining the equivalent tilt and the local axis. The ~ is a conven

tional tilt and /Jo is the equivalent tilt which converts decenter to a tilt. c is the 

center of curvature of the surface. ~v is the displacement of the decenter. ~Q 

and 60' are displacements for field center of the object and the image. respec

tively. 
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OAR. which is given by 

i;. - (u· + y. c) - fJo • (6.7) 

where f1 is the relative displacement of the aberration field measured in the 

Gaussian plane. It is simply the ratio of the OAR angle of incidence with 

respect to the local axis of the surface in the perturbed system to the chief ray 

angle of incidence in the centered system. 

Since the wave aberrations are evaluated with respect to the gaussian 

image plane. it is necessary to find the tilt of the gaussian image plane for the 

perturbed system. Using the property called the gaussian tilt invariant as shown 

in Fig. 6.2. i.e .• 

u'6' - u6 . (6.8) 

The OAR passes throough the center of the object and image point and 

the principal points P and P'. The principal planes are normal to the line 

connecting the principal points to the center of curvature of the surface. In a 

perturbed system. the principal plane are tilted with angle fJ· measured from the 

RA. where 

(6.9) 

as shown in Fig. 6.3. Then the tilt invariant equation becomes 
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P pi 

RA Q Q' -+-------~-----
l l' 

Fig. 6.2. Gaussian tilt invariant. e and e' are tilt angles at the object and image 

planes. u and u' are the marginal angles for the object and image planes. 
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(6.10) 

where 

60' - 6' - If' . 

and 

60 - 6 - If' . 

The final form of the tilt invariant is 

u'·6' - u·6 + If'·~a • (6.11) 

where 

Au - u' - u . 

In the case of an aspheric surface. it can always be divided into a base 

sphere and an aspheric term. The displacement of aberration field for the base 

sphere has already been described. The displacement of the aberration field for 

the asphere is given by 

(6.12) 
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Q 

___ -M 

Fig. 6.3. Gaussian image tilt invariant including the principal plane tilt. 

-- ~~----- - --
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where 6V A is the vertex displacement of the asphere from the RA. y. is given 

by Eq. (6.S). The displacement fI A is measured from the center of the 

aberration field. which is on the line connecting the vertex of the asphere with 

the center of the pupil. to OAR at a particular plane (say an object plane as 

shown in Fig. 6.4). 

There are two special cases where the equation for the aspherical 

surface needs to be modified. One is when Y is zero at any surface with 

power. which corresponds physically to having the pupil at the center of 

curvature. and the other when y is zero at an aspheric surface. which 

corresponds physically to having an asphere at a pupil. For Y • O. the pupil 

coordinate displacement in the wave aberration expansion is modified. instead of 

the field displacement. The displacement. Ap. becomes 

Ap.&:-8E. 
YE 

For the case of y • O. the aspherica1 field contribution is 

(6.13) 

(6.14) 

Figure 6.4 snmmarizes the first order parameters in the perturbed system. The 

third order aberrations is based on the first order parameters. In particular. the 

most important parameter is the displacement of aberration field since it 

determines the change in the third aberrations. It will be discussed more in the 

following sections. 

6.2. Third Order Aberrations in A Perturbed System 

--_._-_ .. 
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liE 
I 

IRA 
.~--,-!~ _ ...... - - - - -1...1'----

Fig. 6.4. Summary of the first order parameters for the tilt and decenter 

system. 
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In an aligned system. the aberration field of each surface is centered 

along the line connecting the center of pupils with the center of the curvature of 

each surface. Centers of the aberration field of all of the surfaces are aligned. 

In a perturbed system. the aberration contributions from each surface are, to the 

first order approximation. the same as in an aligned system. but the centers of 

symmetry of the aberration fields are displaced. This conclusion can be justified 

by the following: the first order properties of an optical system is unchanged 

for small perturbation; since the third order aberration coefficients are only a 

function of the first order properties. therefore these aberration coefficients are 

unchanged for the small perturbation. The effects of the perturbation are only 

on the aberration field displacement as shown in Fig. 6.5. Thus the complicated 

task of finding the aberrations of a misaligned system is simply to obtain the 

amount of displacement of the aberration field for each surface as described in 

the last section. These displacements. in general. differ in magnitude and 

direction for each of surfaces. In addition. aberration field centers from 

aspherical contributions do not coincide with aberration field centers from 

spherical contributions unless the asphere is at the pupil. 

Thus the vector wave aberration expansions described in Chap. 5 is 

modified for a perturbed system as follows: 

00 00 00 

W(p.H) - L L L L L (Wklm)qj [(H-aqj).(H_Uqj)]i* 

j q n m 

(6.15) 

where subscript j denotes the surface number; q denotes the spherical or the 
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Fig. 6.5. The displacement of the image field. 7r is an equivalent image field. 

A is the new center of the image field. 
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aspherical contribution; Ie.. I. m denote the order of the aberration and are related 

to i and n by k-2i+m. and 1-2n+m: and 0" qj is the displacement of the aberration 

field at surface i of spherical or aspherica1 contribution and given by Eqs. (6.6) 

through (6.12). 

One can see that the field-independent terms are not affected by the 

misalignment. Specifically. the third order spherical aberration is. in general. 

unchanged. 

In the special case in which the base sphere is concentric with the pupil 

or the aspheric is at the pupil. tilt or decenter may shear the pupil with respect 

to the center of aberrations. The vector form of the wave aberration for the jth 

surface contribution is 

where 4p is pupil displacement given by Eq. (6.13) or (6.14). Expanding this 

equation gives 

Wj -W04Q[(P·p)3 +4(p.p)p.l1p) + 4(p'l:.p)3 + 

4(p·pXl1p·l:.p) + 4(p·l1pXl:.p·l1p) + (l1p'l1p)31 (6.17) 

The last term in this expression has no pupil dependence. and is identified as the 

piston error. which can be ignored. The pupil shearing generates additional 

aberrations of field-independent coma. tilt and defocus. For the small perturba

tion. the dominate aberration induced by shearing is the field-independent coma. 

Fig. 6.6 illustrates the displacement of pupils. 
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Coma. astigmatism. field curvature. and distortion for the tilt and 

decentered system are shown in Tables 6.1 through 6.4 expanded from Eq. 6.15. 

Where aqjx and aqjy are the x and y components of vector aqj. field displace

ment; q denotes either the spheric surface or aspheric surface contribution and j 

denotes the jth surface. H x and H y are x and y components of normalized field 

vector H; and x and y are the normalized pupil height components. 

Coma has an additional term which is induced by the perturbation. 

This term is independent of field variations and is linearly proportional to the 

field displacement fl. The effect of the perturbation is the displacement of total 

coma field from the origin. 

There are two points in the field at which the astigmatism vanishes. 

These two points are referred to as binodal. Since the astigmatism is propor

tional to the square of the field. there are. in general. two roots to solutions for 

which the astigmatism is zero. There are some special cases in which the 

astigmatism bas two identical nodes in the field. An obvious case. for example. 

is when the system is centered. 

The perturbation of the system produces trinodal distortion in the field. 

i.e., there are three points in the field at which the distortion is zero. The 

expression for distortion in the theory disregards effects of keystone and 

anamorphic distortion. These effects are discussed in great detail by Rogers 

[1984]. and will be discussed here in the later section. 
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PUPIL 

Fig. 6.6. The displacement of the pupil. p is the coordinate of the pupil before 

perturbation and p. is the new coordinate of the pupil after perturbation. 



Table 6.1. Coma due to misalignment. 

Perturbation coma 

Aberration coefficients 

Wave aberration 

Al3lx - l:DV131qj O'qjx 
A l3ly - nWl3lQJ O'qjy 

Ml31 - W l31 Hx -Al3lx 
N l31 - W l31 Hy - A l3ly 

W - (M131 x + Nl3l Y)(X2 +y2) 

Table 6.2 Astigmatism due to misalignment. 

perturbation astigmatism 
A222z - l:DV 222qj 0' qjx 
Amy - };IW222qj O'qjy 
B222z - ~W222qj (O'qjx2 - O'qjy2) 

B222y - ~W 222qj 0' qjx 0' qjy 

Aberration coefficients 
Mm - Wm (Hx2 - Hi) - 2(A222x H x - A222yHy) + B222x 
Nm - 2[WmHXHy - (Amy H.,. +A222xHy) +B222y1 

Wave aberration 
W - M222 (xl -y2) + N222 xy 

------ --_._-- - -- ------.- -------
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Table 6.3 Medial field curvature due to misalignment. 

Perturbation field curvature 

A220x - D:W222qj O'qjx 
A220y - D:W 222qj 0' qjy 
B220 - D:W 222qj (0' qjx 2 + 0' qjl> 

Aberration coefficient 

Wave aberration 

----------------
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Table 6.4 Distortion due to misalignment. 

perturbation aberration a311x - ~W311qj Uqjx 

A311y - ~W311qj Uqjy 

B311 - D;W311qj (Uqjx2 +CJ'qji> 

C311x - D;W3I1qj Uqjx2 

C3I1y - D;W3I1qj Uqjy2 

D311 - D;W . 2 2\-
X 311qj(lTqjx +O'qjy .... qjx 

D311y - l:IW 311qj(1T . 2 +0' • 2)cT . cux ClJY CUy 

Aberration coefficient 

M311 - W311 Hx3 - 2(Hx2..43I1X + HxHy..43I1Y> 

+ 2B311 Hx - A311x(Hx2 +Hy2) + C311xHx -D311x 

N311 - W311 H y3 -2(HxHy..43I1x +HiA311y> 

+ 2B311 Hy - A311)'(Hx2 +Hi) + C311yHy -D311y 

Wave aberration 

178 
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6.3. Applications of Theory to Misaligned Systems 

The general perturbation theory has been described up to this point. 

Applications of this theory to one and two-mirror telescopes are the main subject 

for the rest of the chapter. 

For the most general usefulness. the effort is made to find closed form 

solutions rather than to calculate a numerical example using ray tracing. Ray 

tracing provides a quick numerical method of determining image properties but 

does not give deep insight into the process nor clear conceptual information about 

the relationship between the centered system and the perturbed system. 

The aberration formulas derived in the following sections are valid up 

to third order. Higher order aberrations may be significant in the design of the 

telescopes and may require a real ray tracing analysis. However. the aberrations 

in the slightly perturbed system are almost entirely first and third order 

functions and can. therefore. be well represented by the low order analysis. 

Our approach to the perturbed telescopes is to work out aberration con

tribution from each surface in the centered system. then to find the displacement 

of aberration field for each perturbed surface. then to sum all of aberration con

tributions according to the theory. First. however. the appropriate design 

parameters should be defined. 

The analytical forms derived in this application are applied to two

mirror telescopes whose stop is at the primary and object is at infinity. which is 

the usual case for two-mirror telescopes. However. the method illustrated here 

may be applied to all types of systems. and the equations are easily modified for 

the particular system. 

----------------- ------.. - . --_._-. 
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System and Structural Parameters 

The parameters which describe the third order aberrations may be 

classified as the system parameters and structural parameters. The third order 

aberration coefficients can always be factored out of the system parameters and 

structural parameters. The forms of the system parameters in the aberration 

coefficients are identical for all systems. while the forms of structural parameters 

appearing in the aberration coefficients vary according to the system structure or 

configurations. The coefficients comprising the structural parameters are called 

structural aberration coefficients. This classification allows us to represent the 

aberration coefficients concisely. 

The system parameters are defined as the focal length of the system. F. 

the focal length of the primary mirror. F p' entrance pupil height or radius. E. 

and semi-field angle, A. and the image relief. The image relief is defined as 

the distance from the primary to the image plane. 

The structural parameters which may be derived from the system 

parameters consist of secondary magnification. M. image relief. G. which is 

defined as the distance from the primary mirror to the image plane. and the 

ratio of separation of the primary and the secondary to the back focal length 

(distance from secondary to image plane) L. These parameters are given in 

Table 5.7 

The prescription for the two-mirror telescope in terms of the radii and 

thickness is shown in Table 5.8. The prescription is easily obtained using the 

first order optical properties or using the y-y diagram which is very useful tool 

for the first order optical design. Readers who are interested in the y-y should 
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refer to Shack's class notes. 

The general analytical forms of aberration coefficients for a centered 

mirror system are given in Chap. 5. Those aberration coefficients for the two

mirror system have already been derived. These coefficients are the same as the 

perturbed system. However. we need to separate the individual surface contri

butions so that the perturbed theory can be applied. For two-mirror system. 

only two surfaces needed to be considered. Contributions from each surface 

come from two parts. the base spherical contribution and the aspherical contribu

tion. Applying single element equations from Chap. 5 to the two-mirror system. 

one can obtain structural aberration coefficients for the surfaces individually. 

These coefficients are given in Table 6.5. 

Longitudinally Misaligned Telescopes 

There are three types of misalignment for a rotational symmetric system. 

longitudinal shift. tilt. and decenter. Assume that the longitudinal shift is along 

the optical axis and the decenter is on the transverse plane of the optical axis. 

The longitudinal shift results not only in defocus but also in a change of 

the third order aberrations. For two-mirror systems. these aberrations are partic

ularly simple to evaluate. Any perturbations in mirror separation results in a 

change of L. the ratio of mirror separation to back focal length. The image 

relief and the third order aberrations are a function of L. Differentiating these 

aberrations with respect to L results in a change in the aberrations due to longi

tudinal displacement. Without loss of generality. we can assume that the 

primary is fixed and the secondary is displaced by small distance tu along the 
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Table 6.S Structural aberration contributions with stop at the primary. 

Terms Derived From Base Sphere 

Structural Terms Expression Primary Secondary 

spherical 0'1 M3 z 
coma un -M2 (M2 -1) + zLI2 
astigmatism urn M (l-M)(l-L) +z(LI1)2 
Petzval uIV -M -(1-M)(I+ML) 
distortion Uv 0 2(LI1)(I-M)-(LI1)2 

*(1-M)(3-M)+z(LI1)3 

where z - {1-MX I +Ml2 
I+ML 

Terms Due to Aspheric Contribution 

Structural Terms Expression Primary Secondary 

spherical 0'1 al M3 a2 k 
coma un 0 (LI1)ka2 
astigmatism urn 0 (U1)2 ka2 
Petzval uIV 0 0 
distortion Uv 0 a2 k(LI1)3 

where k - {f:Zi und al und a2 ure the conic constants 

optical axis such that first order approximation is valid. 

Defocus 

The image relief G is related to the separation of the two mirrors, i.e., 

G - F - s(l+M) . (6.18) 

--------------_.-
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where s is the separation of two mirrors and other variables are defined in 

Table 5.7. Differentiating of G with respect to s. one obtains the defocus as a 

function of longitudinal displacement as. i.e .• 

(6.19) 

The change in focus is with respect to the paraxial focus. 

Change in Third Order Aberrations due to Longitudinal Displacement 

L is defined as the ratio of separation of the two mirrors to the distance 

from the secondary to the image plane (system rear focal plane). Mathematically. 

For small perturbations. 

U.s) - G~s . 

s+as 
U.s+as) - G+W +s +as . 

(6.20) 

(6.21) 

Substituting Eq. (6.19) into Eq. (6.21). expanding Eq. (6.21) as the Taylor series. 

and collecting the first order terms. one can obtain the following expression for 

the change in L' 

----------------- -

~L _ As(l+L)(l+M) 
F 

(6.22) 
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Taking the derivative of the structural aberrations in Table 6.5 with respect to L 

and replacing the differential of L by a small change of I1L in Eq. (6.22) results 

in Table 6.6 and 6.7 for a change in the third order structural aberrations. 

Table 6.6 Change in structural aberration contributions with stop at the 
primary due to longitudinal displacement. 

Defocus -4s(I+M) 

Sphere Contributions 

Structural Terms Expression Primary Secondary 

spherical ~CJI 0 -[I:ZL]11L 

coma ~CJn 0 ~ [1- I:::L]11L 

astigmatism ~m 0 t Lz LzM ] (M-I)+T 4(l+ML) I1L 

Petzval ~CJIV 0 (M-I)M11L 

distortion ~v 0 L 3 2 [(l-M)-- (l-M)(3-M) +- L z 
2 8 

_[~]3 I:ZL]11L 

where z _ (l_M}{1+M)2 and ~L (l+M}{I+L)~s 
I+ML - F 

Tilted and Decentered Two-mirror Systems 

To find aberrations for the tilted and decentered system. it is key to 

calculate the field displacement for each of surfaces. The way to calculate the 
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aberration field displacement is described in the previous section. Here. one 

needs only to apply it to the misaligned two-mirror system. Once one finds the 

aberration field displacement. one can use the analytical forms given in Table 6.1 

to 6.3 to obtain the aberrations for the system. 

Table 6.7 Terms due to aspheric contribution 

Structural Terms Expression Primary Secondary 

spherical t.aI 0 _[ el2 kM]L\L 
I+ML 

coma t.an 0 (k!2)[I-I;:L fu. 
astigmatism t.am 0 kLa.2 [4 - 4(1~LM)]L\L 
Petzval t.aIV 0 0 

distortion t.av 0 i el2 k(L)2 [3- I ;:L]L\L 

h k (l-M)3 d . were - I+ML an ell and el2 are the COniC constants 

The displacement of the aberration field is measured from the intersec-

tion of the OAR with the center of the object or image plane to the center of 

aberration field as defined. If the displacement is normalized by the field 

height. the normalized displacement can be measured from two points intersected 

by any x-y plane along z axis with the OAR and the line connecting the center 
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of curvature and the center of pupil. 

The general expression for the normalized displacement of aberration 

fields are given by Eq. (6.6) to (6.14). It is particularly simple to apply the 

theory to two-mirror systems. Derming the line connecting the vertex of the 

primary and the center-of-curvature as the RA. then one needs only to consider 

perturbations of the secondary mirror with tilt and decenter since any perturba-

tion from the primary can be converted to the secondary perturbation by 

choosing an appropriate RA. Since the primary is not perturbed. the center of 

the entrance pupil and the image of the primary or the object of the secondary 

are not decentered. Thus. the OAR angle and height of the primary are zeros. 

i.e .• 

..... ..... 
"l - 0 • YI- 0 . (6.23) 

Using the first order ray tracing properties for aligned two-mirror system given 

in Table 6.8 and substituting them into Eq. (6.6) to (6.14). one can obtain the 

displacements for spheric and aspheric contributions. which are 

erl - CJ Al - 0 • 
1$2-g(M -1)8v I F 

CJ2 - (2+L(M-I»A • 

.E!... 
CJA2 - - LFA • 

where g - (l +M L) and /12 is secondary tilt about povit point. 

First Order Effect of Tilt and Decenter 

____ . ____ -"_0. __ .. 

(6.24) 

(6.25) 

(6.26) 
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Table 6.8 First order properties of the aligned two-mirror system. 

Surfaces marginal chief marginal chief chief 
ray high Lay high angle !.Ogle incident angle 
y y u u I 

primary E 0 0 A A 
secondary EI(l+ML) AFLI(l+ML) EIFp -A A[(LI2)( I-M)-l] 

image 0 AF E A[l-L(l-M)] A[I-L(l-M)] -F 

The entrance pupil remains unchanged. but the exit pupil is tilted and 

shifted due to the secondary perturbation. Misaligning the secondary causes tilt 

and defocus of the gaussian image plane. These first order quantities can be 

obtained using Eq. 6.9. Table 6.9 shows the results. 

Third Order Seidel Aberrations due to Tilted and Decentered 

The third order aberrations for the perturbed system can easily be 

obtained using the equations derived in Table 6.1 to 6.4. the aberration field dis-

placement in Eq. 6.25 and 6.26. and the aberration coefficients for the centered 

base sphere and asphere contributions of each of surfaces given in Table 6.5. 

Note that the aberration field displacement for the base sphere is different from 

that for the asphere. Thus. special care must be taken when summing the 

spheric and aspheric contributions for each of surfaces. The aberration coeffi-



Table 6.9 Perturbation parameters and the first order effects. 

Tilt of secondary about pivot point ~2 
Displacement of secondary vertex 6v 
displacement of center of curvature 6c 

Exit pupil shift 

Exit pupil tilt 

Ttlt of image plane 

Focus shift 

First order effects 

~v L(l-M) + 2F LP2 
l-L(l-M) U+ML-LXl+ML) 

[1+ 1+~L-L}2 
(M+l)~2 
UM+l)s(I-M)k 

2 
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cients from the base sphere contribution must correspond to the aberration field 

displacement from the base sphere. and those from the aspheric contribution must 

correspond to the aberration field displacement from asphere when all contribu-

tions from each of surfaces are summed. 

In the two-mirror aplanats. there are no spherical and comatic 

aberrations before perturbation. No spherical aberrations is generated by the 

perturbation. The field-dependent coma is still well corrected after perturbation. 

However. field-independent coma will be generated and dominate the change in 

aberrations for the small tilt and decenter of the secondary. One can see from 
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the ray fan plot shown in Fig. 6.7 that coma remains the same as the field 

increases. 

There may be two points in the field at which the astigmatism vanishes. 

making it binodal. Since the astigmatism is proportional to the square of the 

field. there are two roots at which the astigmatism is zero. In unperturbed 

systems. the roots are both located on the optical axis. In perturbed systems. the 

roots may be different and cause the nodes to be separated from the axis. The 

magnitude of the astigmatism is approximately proportional to the distance from 

the nodes. The field sag plot shown in Fig 6.8 exhibits binoclal behavior the 

secondary is decentered with 1 millimeter. 

Although the distortion is proportional to the cube of field. for the two

mirror system whose stop is at the primary it is not trinodal in the field. This 

is because there is no distortion contribution from the primary. thus. three nodes 

are collapsed at the same point in the field. This means that total distortion is 

simply shifted by the displacement of aberration field. 

6.4. Numerical Results And Comparison With Ray Tracing 

To check the theoretical prediction of the third order aberrations with 

results of the real ray trace. a Ritchey-Chretien telescope is used as the 

numerical example. This telescope has two mirrors with an I-number of 13. a 

separation of 4.772 meters, and the diameter of the primary equal to I meter. 

The specifications for the design parameters are given in Table 6.10. 

Code V [ORA]. a lens design program. is used to check the theoretical 

results. Since the third order aberration coefficients for asymmetric systems are 

------ ---------_ .. 
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Fig. 6.1. Ray fans for the misaligned Ritchey-Chretien design. The secondary 

mirror has a tilt of 0.1 degree around the x-axis. The field-independent coma is 

the dominant aberration in the misaligned system. 
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not available in Code V. results are obtained indirectly from the ray tracing by 

extracting the transverse ray fan from the OPD (optical path difference) of real 

ray tracing. Theoretical results agree with the ray tracing results with I percent 

accuracy. The third order aberrations. except distortion. computed from the 

analytical formulas are shown in Table 6.11. Distortion aberration is more 

difficult to compare with ray tracing data. The reasons are described below. 

The third order aberrations predicted by theory are based on wavefront 

difference between the ideal wavefront and the aberrated wavefront on the exit 

pupil. This evaluation assumes that the image plane is a gaussian image plane. 

For the aligned system, the gausssian image plane is perpendicular to the optical 

axis (RA for misaligned system as defined). However. for the misaligned system. 

the gaussian image plane is tilted and is no longer perpendicular to RA. The 

amount of tilt is a function of the magnification of the tilted image and the angle 

of the tilted surface. Therefore. care must be taken when one traces the chief 

ray. First, the image plane must be tilted to the gaussian image plane so that tilt 

does not contribute to ray fan. Second. since the amount of tilt of the exit pupil 

is different from that of a gaussian plane. the two planes are not parallel as 

theory assumes. Therefore. keystone effects are present in the ray fan. Third. 

an appropriate reference field center should be defined so that the theory and 

real tracing are referred to the same field point. Otherwise. the comparison 

between theory and ray tracing is meaningless. Although the shape of both 

curves is similar to each other. the curve is tilted and shifted from the other due 

to the fact that image plane is tilted from the gaussian image plane and field 

positions of both curves are not referred to the same. Figure 6.9 is the plot that 

has adjustments of image plane tilt and and field position shift so that the image 
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Fig. 6.8. Field curvatures for the Ritchey-Chretien with one millimeter decenter 

show that the tangential astigmatism is binodal at the gaussian focus. Code V 

exhibits an error near the axis when plotting distortion curves for deeentered 

systems. This is only an error in plotting and did not arc eet our calculations 
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plane is gaussian image plane and field positions are referred to the same point. 

Then both curves are registered very well and the error is within 5%. 

Figures 6.10 to 6.13 show the ray fans and field sags before and after 

misalignment. The ray fans and field sags agree with theory that field

independent coma is generated as the secondary is tilted to a small angle and the 

astigmatism appears binodal. 

The analytical models for aligned and misaligned systems are described. 

A specific example of aligned and misaligned two-mirror optical systems with 

longitudinal displacement. tilt and decenter is presented in analytical forms. The 

way to handle a general misaligned system is illustrated through this specific 

example. 

These analytical models are simple to program and they are useful as a 

preliminary design to take a quick look at characteristics of the system. These 

theoretical predictions of the first and third order properties of optical systems 

provides the optical engineer with a guide to optimal design. More importantly 

for the A TF. the analytical description will aide greatly in estaablishing 

procedures for calibrating the instrument. 
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Fig. 6.9. Distortion Plot. The secondary mirror of the Ritchey-Chretien design 

has a tilt of 0.01 degree. The dashed line is the theoretical prediction and the 

solid line is the CODEV ray data. Both results agree very well. 



Table 6.10. Specifications of Design Parameters 

System focal length F 
Entrance pupil high E 
Semi-field angle A 
Primary focal length F p 

Image relief G 

13000 
500 
5 
8583.035 
1000 

mm 
mm 
arc minutes 
mm 
mm 

Computed Structural Parameters 

Primary conic constant 
Secondary conic .constant 
Primary diameter 1000 
Secondary diameter 457.889 

-1.69622 
-63.85424 

Computed Prescription (mm) 

Surface 
Primary 
Secondary 

Table 6.11. 

aberrations 

Spherical 
Coma 
Astigmatism 

Radius 
-17166.07 
-22332.65 

Wave Aberrations. 

tilt fj-o 
decenter 

0 
0 
0.0748 

Petzval curvature -.00723 

Thickness 
-4772.104 
5772.104 

p-o.Ol p-o.05 
~v-O ~v-O 

0 0 
-.0371 -.1554 
0.0749 0.07815 
-.00723 -.00723 

Units in waves at wavelength of 500 nm 

Index 
-I 
I 

p-o 
~v-o 

0 
-0.1333 
.0734 
-.00723 

p-o 
~v-I 

0 
-.5716 

.0611 
-.00723 

195 

p-.01 
6v-5 6v 
-I 

0 
-.0962 
.0743 
-.00723 
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Fig. 6.10. The ray fans for the centered Ritchey-Chretien. Astigmatism 

dominates and a small amount of fifth oder spherical aberration. 
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Fig. 6.13. Coma changes sign as the secondary tilt change sign. This agrees 

with the theoretical predication. The amount of tilt of this plot is -0.05 degrees. 
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CHAPTER 7 

CALIBRATIONS OF THE A TF 
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In this chapter, sources of errors of the ATF are identified, The 

analytical forms for calibrations are derived. Sensitivities of measured 

parameters, centroid and phase, to a wavelength change are evaluated. Finally. 

the error budget for the system is discussed. 

7.1 Identification of Error Sources 

There exist many error sources which need to be considered in the 

A TF. Principal error sources are those resulting from the optical, mechanical. 

and electronic systems. Although the stray light background fluctuations can be 

a big problem. the grating modulation and sun shading system tremendously 

reduce its effects. These errors can, in general. be classified as either systematic 

or random errors. Here we define any repeatable errors as systematic errors and 

any nonrepeatable errors as random errors. Systematic errors can be calibrated. 

Random errors can not be calibrated. However random errors can be reduced 

by averaging over many measurements provided that they are uncorrelated. 

Systematic errors are primarily produced by telescope aberrations. 

telescope misalignment. nonuniform reflectivities of mirrors, dimensional error of 

the Ronchi ruling, misalignment of the Ronchi ruling. and clipping due to the 

finite size of detectors. 

Optical systematic errors are produced by wave aberrations. coma and 

distortion, which cause the PSF to be shifted and made asymmetric and, in turn. 

----------------------------
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cause the measured centroid of the star to shift from the true centroid. The 

amount of the centroid shift is image-field dependent. In other words. stars at 

different locations have different centroid shifts. Therefore reducing this 

systematic error is important to achieving high accuracy measurements. 

The absolute dimensional error from the grating is less important to the 

measurements. since the only measurement of interest is the relative position 

between the target and reference stars. However. those field-dependent errors 

resulting from the misalignment can not be neglected. 

The clipping error is caused by an uneven truncation of the irradiance 

distribution of the star due to the finite detector size for the FPD or a field lens 

with the PPD. Although clipping error is not so important as the error caused 

by the aberrations. it can not neglected for such a high accuracy measurement. 

However. this clipping error is very small since the detector is designed so as to 

collect nearly all of the light. Besides. clipping error can be greatly reduced by 

apodization of the pupil to suppress side lopes of the irradiance distribution in 

the image plane. 

Nonuniform reflectivity. equivalently resulting in nonuniform pupils. 

produces an asymmetric distribution of the irradiance of stars on the focal plane 

and thus causes a centroid error. 

Random errors are mainly caused by photon noise. thermal expansion of 

mirrors which produces aberrations of the telescope. thermal expansion of the 

Ronchi ruling which distorts its dimension. mechanical vibrations. wavelength 

changes of the stars over the course of years of measurements. and background 

fluctuations. 

Fortunately. with today's state-of-the-art technology. thermal expansion 
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can be kept within the necessary degree of accuracy by active or ~ive cooling 

systems and choosing materials which have a very small thermal expansion 

coefficient. Also. the mechanical vibrations can dramatically be reduced by 

using vibration isolation. The detailed analysis of thermal expansion and 

vibration isolation are beyond the scope of this dissertation. It is suggested for 

the future research. 

7.2 Systematic Errors 

In reality. the optical system is not an aberration-free system. 

Aberrations of the optical system cause the centroid of the star to be shifted 

from the true centroid. If the position of the star is modulated into phase by 

the grating or Ronchi ruling. the aberrations cause the phase to shift from the 

true phase. Specifically coma and distortion of the aberrations cause the 

measured centroid of the stars to be shifted. The amount of the shift caused by 

the coma is linearly proportional to the field position on the image plane and 

those caused by the distortion is cubically proportional to the field position. 

The first order aberrations do not affect the accuracy of the relative 

measurement. The first order aberration. which causes the centroid shift or the 

phase shift. is tilt. The piston error ( a constant phase ) is constant over the 

image field and tilt is linear change with field. The constant error of tilt of the 

each star position vanishes in the relative position measurement. The linear error 

is as if it is a change in the magnification of the system. The scale factor is 

simple for calibration. 

In the following derivation. only the third order aberrations are 
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considered. Similar methods may be applied to any higher order aberrations. 

The derivation gives the analytic relationship between the aberrations and the 

measured parameter, the centroid. Also it shows that the centroid of a star is 

invariant to wavelength changes and the phase modulated by the moving grating 

is sensitive to wavelength changes. 

Consider an optical system with a pupil complex amplitude function of 

P(x.y). The intensity distribution on the focal plane is the point spread function, 

PSF, derived in Chap. 2. The irradiance distribution is 

E(x',y1 - EoPSF(x',y1 , (7.1) 

where Eo is amplitude of the incident irradiance. The centroid for the x- and 

.v-directions is defined to be 

x' - 00 00 

J -00 J -00 E(x',y1dx'dy' 

(7.2) 

y' - (7.3) 

For the remainder of these discussions it is sufficient to consider only 
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x'. since y' is calculated in a similar manner. The first moment is related to the 

first derivative of the Fourier transform of the irradiance distribution evaluated 

at the origin [8. R. Frieden. 1984]. 

m __ 1_ aOTFCt.O) I 
10 -jn ar r _ O' (7.4) 

where OT F«".§) is the optical modulation function. which is the Fourier transform 

of E(x'.y'). The centroid is related to the first and zeroth moments by 

x'. ~ 
moo 

(7.5) 

where 

.... -JI..!(x.y)dXdJl • 

Substituting mlO and moo into Eq. (7.5). it results in the expression 

x' - I aOTF(f.O) I 
-jnOT F(O.O) dt r-o . (7.6) 

The OTF is the autocorrelation of the pupil which is given by the following: 

OT F«".O) - J J ;jkW(X+~' y)-jkW(x-~. y) dxdy • (7.7) 

-------
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where A is the pupil area; W(x.y) is the wave aberration function; I is the focal 

length; X is the wavelength. and k is the wavenumber. The derivative part of 

Eq. (7.6) may be written 

Assume that the wave aberration function is small. When the autocorrelation 

function is in the limit where r ~ O. the expression of Eq. (7.8) inside the 

integral may be simplified as follows: 

e
jkW(X+!tt2 • y)-jkW(X-!tt2 • y) jk aW>.rr 

-e ax . 

In the limit. the autocorrelation becomes a derivative as shown below. 

aOTF1t.0) I -!..[ II e
jk 

a!'>.rr dxdy ] ar r-o ar A r-o 
(7.9) 

Taking the derivative inside the integral and letting r - O. the exponential goes to 

unity. Then we have 
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aarF(t.O) I - jkXI JJ aw dxd)! . ar r-o A ax 
(7.10) 

Using the definition of Eq. 7.6. we have the expression for the centroid. 

aarF(r.O}I J J _law dxdy 

I 
ar r-o A ax 

x' - -jn arF(O.O) 
(7.11) 

ILdXdY 

This expression shows that the centroid is independent of wavelength. if there 

are no chromatic aberrations in the optical system. The optical system used in 

the A TF is such a reflecting system. Hence. the centroid of the star is invariant 

to the wavelength shift. Note that the centroid expression inside the integral is 

identical to the geometric transverse ray error. Ex - -I ~,:. Thus the centroid is 

an average of the transverse ray errors over the pupil. Using this fact. we have 

x' -

JJ -I aw dxd)! 
A ax 

-------Ex • (7.12) 

The derivation for y' is similar. The above analysis shows that the centroid 

calculated from wave optics coincides with the geometrical expression. 

To pursue this further. centroid displacement can be evaluated explicitly 

--------------- .. ----
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in terms of the third order aberrations: spherical. coma. astigmatism. field 

curvature and distortion. The third order aberrations can be expressed as 

follows. 

(7.13) 

where H is the normalized image field. p is the normalized pupil coordinates. 

and 8 is the angle of H with respect to the pupil coordinate p. W 040' W 131 • 

Wm • W220 and W31l are the aberration coefficients of spherical. coma. 

astigmatism. field curvature. and distortion. respectively. Taking the derivative 

of the wave aberration function with respect to the y. we have the following 

form: 

aW(H.r) 4W ~ + 2 W Hr2 cos28 + W Hr2 + ay - 040 a4 131 as 131 as 

where a is the pupil radius and r - .JX2 + j12. Substituting Eq. 7.14 into Eq. 

7.13 and knowing that ray transverse aberrations of spherical. astigmatism. and 

field curvature are odd functions and that the integration over an odd function is 

zero. then the geometric centroid position is determined by 
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2", a 

-I fo fo [.2W13I Ilj cos
2
6 +W131 !!f- + W311 l!l- ]rdrd6 

y'. ",a2 (7.15) 

The result of the integration of Eq. 7.15 is given by 

(7.16) 

where 1/# is the I-number of the telescope. For the same reason. the centroid 

in x direction is found to be zero. 

From Eq. 7.16. we can see that only coma and distortion contribute to 

the centroid shift. as expected. We can conclude that only odd aberrations such 

as tilt. coma and distortion contribute to the centroid displacement. Even 

aberrations do not affect the centroid. though they enlarge the spot diagram. 

which reduces the signal-to-noise ratio. provided that the pupil is circular and 

perfectly uniform in intensity. The centroid shift caused by coma aberration is 

linearly proportional to the field. Removal of the effect of the third order coma 

is simply a magnification change. The centriod shift caused by the distortion is 

cubically proportional to the image field position and requires a nonlinear 

mapping to remove the effects. Note that. the centroid is linearly proportional to 

the I-number. 

Phase Shift Caused by The Wave Aberrations. 

All of detection techniques described in Chapt. 3 and used in practice 

are phase detections. Thus the change in phase due to the aberration is a error 
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in the phase measurement. For a diffraction-limited system. the OTF is the same 

as the MrF and is a real function without phase. Therefore. there is no contri

bution of errors to the phase measurements. as shown later in this section. Of 

the third order aberrations. even aberrations. such as the spherical. astigmatism 

and field curvature. produce an OTF which is strictly real. 

However when the coma and distortion wave aberrations are present in 

the optical system. the OTF has nonzero phase. This phase contributes to the 

error of the measurement in the phase detection. Unlike the centroid 

measurement which is invariant to wavelength shift as proved in previous 

section. phase error caused by coma is proportional to square of the wavelength. 

Also phase error is field-dependent. Coma is linearly proportional to the field 

and distortion is cubically proportional to the field. The following work is the 

derivation of the phase error as a function of the wave aberrations and 

illustrates the points made above. 

The incident irradiance on the focal plane of the telescope objective is 

modulated by the grating moving with the constant speed. The resulting signal 

is the convolution of the PSF with the grating function. Its power spectrum is 

derived in Chap. 2. Because of the presence of aberrations. the OTF has phase 

information. This phase contributes to the error of the phase detection. The 

OTF given by Eq. (7.7) can be explicitly evaluated. If the wave aberration is 

small. which is true, then the exponential function inside the integral of Eq. (7.7) 

can be approximated by the first order term of the series expansion. Setting the 

y component of the spectrum to zero, the OTF becomes 
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am.r.O) '" I L { 1 - ik[w[X + ~I ~ .y] -w[x - ~I ~ ,y]] rdY . (7.17) 

Expanding the wave aberration function in terms of the third order 

aberration as given by Eq. (7.13). The aberrations which are an even function of 

the pupil coordinates vanish when they are entered into the above equation. i.e .• 

there are no phase error contributions from the spherical. astigmatism and field 

curvature. It is not difficult to verify the above conclusion from the Fourier 

transform properties. The point spread function suffering from spherical. 

astigmatism. field curvature. and defocus is a real and even function. Fourier 

transform of a real and even function is a real and even function. Thus the 

OTF suffering from the spherical. astigmatism and field curvature has a phase of 

either zero or _. The other two aberrations - coma and distortion - produce 

any phase in the OTF. Substituting Eq. 7.13 into Eq. 7.17 and appropriately 

simplifying the equation. the OTF becomes 

OT FfJ.O) a! MT F(!.O)exp{ - jPTF } • (7.18a) 

where PTF is derived to be 

(7.18b) 

and WI31 and W311 are the aberration coefficients of coma and 

astigmatism. respectively. 

- wavelength. 
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- focal length of the telescope objective. 

- the diameter of the pupil. 

- is the normalized image field. 

The power spectrum is obtained by substituting Eq. 7.18 into Eq. 2.19. If the 

center of the point spread function is located at Xo. then the power spectrum is 

the following. 

Ii!ll - MTF(O,O)6(l) + ! [MTF[-~ ,0 )eX+'1'F[~) + [j~]}[6 + ~ ) 

+ MTF[~ 'O)ex+PTF[~) - j~Xq H- ~)l . (7.19) 

Then the incident power is the inverse Fourier transform of the power spectrum 

and is determined by the following. 

(7.20) 

where 

~o - total incident power and is equal to MT F(O.O). 

MTF[! .0] 
- MT F~.O) (contrast of the signal). 

- center of the star image. 

p - a period of the grating. 

v - the speed of the grating. 

t - time. 
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As shown in the phase error expression. the phase error from the coma 

contribution comes from two parts. One is proportional to the square of the 

wavelength. and the other is wavelength-independent. However. the effect for 

low spatial frequencies of gratings is small because the dominate term is 

wavelength-independent. The phase error from the distortion contribution is 

independent of the wavelength but is cubically proportional to the image field. 

Spherical. astigmatism. and field curvature do not bring the phase error thus do 

not affect the phase measurements. P1F is plotted in Fig. 7.1 and Fig. 7.2 as a 

function of wavelength and spatial frequency. respectively. 

Systematic Error From The Grating 

Grating misalignment is a potential source of systematic errors. These 

errors can be divided into two classes. One is linear and the other is nonlinear 

with respect to the star position in the roV. The linear errors result in the 

scale change and are not so important to measurements since we are only 

interested in measuring the relative positions. The nonlinear errors have to be 

calibrated. 

Grating Misalignment 

To determine positions of the target stars, two measurements in 

orthogonal directions are required. Therefore, the Ronchi ruling must be capable 

of being rotated by 90 degrees. Suppose that the ruling is rotated by 90+8, 
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where 6 is the error in the question and the x-y plane is the plane of rotations 

as shown in Fig. 7.3. Then the error in y or x direction is given by 

~y - ycos(8) - urn(8) - y • 

(J2 
:!! -y'2 -x6 • 

:!! -x6 • 

where the first order approximation is made. since the angle 6 is small. 

The relative error in the y direction is 

(7.21) 

(7.22) 

Let ~-Xl - 5 arcminutes. a typical star separation in a 10 arcminute FOV. Set 

the error tolerance to lo-a arcsec. Then 8 has to be smaller than 0.6 x 10-3 

arcsec. For a 50 em long ruling. the tip motion corresponding to this angle is 

about 1.6 nanometers only. Fortunately. this error is linear with field angle. 

Suppose that there exits a tilt of '" in the x-z plane as shown in Fig. 

7.4. Then a star at the field angle ; will have an image whose center is at x' 

instead of x. By an appropriate trigonometrical manipulation. the following 

equation holds. 

X' x 
cos(lP) - cos( IP-I/I) • 

(7.23) 

and the error is 
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~ - x'-x • 

[ 
cos(@ ] - x cos(t/HI1) -1 • (7.24) 

where 

x - jtan(¢) • (7.25) 

and j denotes the focal length of the telescope. Substituting this relation into the 

error expression and making the first order approximation of the tilt angle I/J and 

the second order approximation of the field angle 9. we have the final expression 

for the error as follows: 

(7.26) 

which is quadratic in the field angle ¢. Thus the error due to a tilt in x-z 

plane is nonlinearly proportional to the field angle. For the tolerance of one 

microarcsecond at the edge of field (¢ - 5 arcminutes). the tilt must be less than 

0.5 arcseconds. 

Effect Of Oipping 

The centroid algorithm suffers from systematic error due to the uneven 

truncation by the finite size of detectors. If the irradiance distribution is 

symmetric about the center of the detector. truncation does not affect the 

symmetry of the irradiance. thus it does not affect the accuracy of the centroid 
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measurement. However. if the irradiance distribution shifts from the center of 

the detector. truncation affects the symmetry of the irradiance. It produces a 

systematic error. This error is referred to as the clipping error. Let the 

observation time be T +t:.T then the difference of the centroid of the observation 

time T and T +t:.T can be expressed from Chap. 3 as follows: 

T 

- ;~o [ .[!] + .[-!] ] -. G ~I)dl. 
2 
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Fig. 7.3. Rotational misalignment of the ruling in x-y plane results in errors of 

measurements which are linearly proportional to the field. 
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Fig. 7.4. Tilt misalignment of the ruling in x-z plane results in errors of meas

urements which are quadratically proportional to the field. 
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t(t)dt . (7.27) 

(7.28) 

where r is in the interval [0, ~ and Ey(x) is the integrated irradiance with 

respect to y axis. Using Eq. (7.28). rewrite Eq. 7.27. Then the clipping error is 

the following 

XT.AT -XT - 1fry(x[lf]) -Ey[-x[lfl]] 
+ ~[ EyHqtl]- Ey[_x[qtl]] . (7.29) 

Equation (7.29) tells us that if the irradiance distribution is symmetric about the 

integration origin, i.e., Ey(x) - Ey(-x), then the clipping error is zero. Otherwise. 

it results in clipping. The clipping error as seen from Eq. 7.29 is proportional 

to the position of the irradiance distribution away from the origin or proportional 

to the asymmetry of the irradiance. The clipping error is reduced by increasing 

---------- -------- -
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the detector size. since the irradiance decays exponentially away from the center 

of a star. 

The Effect of Oipping Error On The Phase 

The phase detection algorithms inevitably suffer from systematic errors 

caused by the uneven truncation of the irradiance of the star due to the finite 

detector size. The phase detection algorithms suffer from clipping by the same 

mechanism as the centroid integrator algorithm does. There is no phase error 

when the irradiance of the star is evenly truncated. The phase error is propor

tional to the displacement of the centroid of the star from the center of the 

detector. 

As derived in Chap. 2. the incident power on the detector modulated by 

the sinusoidal fundion is the convolution of the PSF of the telescope with the 

moving grating. Incorporating the detector area fundion. (here a rectangle 

fundion). into that equation. we have the signal expression: 

where 

- center of the star image. 

d - width of the detector. 

" - speed of the grating. 

Letting x' - x-xo' Equation (7.30) becomes 
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(7.31) 

The power spectrum is the Fourier transform of the power and given by the 

following. 

~ - ~ [OTF(!')*sinc(dnexp{-lj21fxo t)}][6(t) + ! (6[t - ~] 

+ 6[t + ~ rex1-j~Xo }] . (7.32) 

where * denotes convolution. Assuming that the optical system is diffraction 

limited for the sake of simplicity. the point spread function is a real and even 

function. Truncated by the finite size of the detector. the multiplication of the 

point spread function with the rectangular function with shift. xO' is a real but 

not an even function anymore. By the properties of the Fourier transform. the 

Fourier transform of a function which is not an even function is not pure real 

[J. Gaskill]. Therefore. the Fourier transform of the multiplication of the point 

spread function with the shifted rectangular function can be expressed as the 

amplitude B(t) with the phase 6(xo)' i.e .• 

B(t)exp{-j21f6(xo)t} - ~ OTF(t)*sinc(dt)exp{-j27rxo t} . (7.33) 

The amplitude. B(t). is the analog to the MTF of the optical system which is 

smoothed by convolving with a sinc function. The phase. 6(xo)' is the analog to 
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the phase of the OTF which is caused by the aberrations. This phase due to 

the uneven truncation of the point spread function is a function of the displace

ment. xO' of the centroid of the point spread function from the center of the 

detector. As proved earlier in this chapter. this phase directly contributes to the 

phase error in the phase detection process. 

For the case that the point spread function is located at the center of 

the detector. the multiplication of the point spread function with a rectangule 

function is still a real and even function. Therefore. its Fourier transform is a 

real and even function. i.e.. there is no phase error caused by the even 

truncation. 

Symmetrical truncation of the irradiance of the star image by the finite 

detector size does not produce the systematic phase error. Because the MTF of 

the optical system is smoothed by convolving with the sinc function. the contrast 

of the power signal is reduced. Thus symmetric truncation can indirectly affect 

the accuracy of measurements such as reduction of SNR. 

The uneven truncation of the irradiance of the star image due to the 

displacement of the centroid of the irradiance from the center of the detector 

causes phase errors. This systematic phase error is proportional to the displace

ment of the centroid of the star image from the center of the detector. 

The systematic error affects the measurement using the heterodyne or 

crosscorrelation phase detection algorithms in the same way as using the centroid 

integrator algorithm. Fig. 7.5 and Fig. 7.6 illustrate the phase change before and 

after clipping. Fig. 7.7 shows centroid error as a function of detector size 

where the gaussian distribution is used as the intensity distribution of a star. 
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Oipping Calibration 

Although the stellar image should be maintained at the center of the 

detector. the wandering LOS decenters the stellar image from the detector. thus. 

causing the clipping error. The calculation below estimates the clipping error as 

a function of detector radius. b. and decenter. tu. A is the radius of the 

aperture and Eo is the irradiance in the pupil. The irradiance in the image 

plane. E is 

(7.34) 

where 

J 1 is a first order Bessel function. The envelope of the irradiance at the edge of 

the detector [G. N. Lawerance. 1980]. assuming the detector radius is many 

times larger than the central lobe of the Airy pattern. is 

(7.35) 

The centroid shift due to the decenter of the detector with amount tu is found 

to be 
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Fig. 7.5. a) The intensity distribution of the star is modulated by the Ronchi 

ruling without truncation. Here the gaussian function is used. The Ronchi 

ruling has the period of 40 microns. b) The signal from the detector is obtained 

by convolving the intensity distribution with the Ronchi ruling. 
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Fig. 7.6. a) The intensity distribution is truncated by the decentered detector. 

The centroid is 8 pm away from the center of the detector b) The Ronchi ruling 

moving across the truncated intensity distribution. c) The resultant signal has a 

change in the phase compared with the case in Fig. 7.5 b without clipping. 
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Fig. 7.7. a) The centroid error versus the relative position of centroid of the 

star to the center of the detector which has the size of 20 pm about twice the 

size of the spot. b) It is the same plot but the detector size is reduced to the 

same as the spot. The centroid error increases dramatically. c) The centroid 

error versus the detector size. assuming that the centroid of the star is at 5 

microns from the center of the detector. 
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(7.36) 

Using the asymptotic expression for E(b) given by Eq. 7.35. the centroid shift is 

(7.37) 

Assuming the LOS wanders an RMS value of 0.1 arcsecond. i.e .• tu - 6 microns 

and also assuming a 480 micron detector radius. then Ai - 13 nanometers. This 

value is too high to be tolerable. because the desired accuracy is 0.624 

nanometers. Even with a relatively large detector diameter (l mm) and tight 

centering of the detector (I micron). the error due to clipping is substantial. If 

the pupil is apodized. the energy in the side lobes is greatly suppressed. 

Numerical analysis indicates that at least three orders of magnitude reduction in 

clipping errors is achievable with a small amount of transmission roll-off at the 

edge of the pupil. Studies by Steve Wein [1989] have shown that the drop in 

side lobe intensity for a truncated gaussian beam is proportional to the intensity 

at the edge of the aperture. To reduce side lobe intensity by three orders of 

magnitude requires the apodization to drop the pupil intensity to 0.1 percent of 

the peak at the edge of the aperture. We conclude that while a uniform pupil 

will pose significant problems they are solvable by apodization. 

Nonuniform reflectivity 

Nonuniform reflectivity of mirrors result in a nonuniform pupil. In 

turn. the nonuniform pupil may produce asymmetric distribution of irradiance on 
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the focal plane and cause errors of centroid measurements. Earlier in this 

chapter. it was stated that the even aberrations - spherical. astigmatism. and 

field curvature - do not directly affect the centroid. This is true only if the 

pupil aperture is perfectly symmetrical. 

The nonuniform reflectivity can be directly related to the centroid by 

substituting the pupil function into Eq. (7.12). This pupil function must take 

reflectivity into account. If the transverse ray error is Ex and the pupil function 

is p(x.y). then the centroid error. !u. is given by 

J J -/ ~~ p(x.y)dxdy 

~- (7.38) 

J J P(x.y)dxdy 

For the same reason. 

J J -/ : p(x.y)dxdy 

t1y - (7.39) 

J J p(x.y)dxdy 

We can evaluate these two equations in terms of the third order aberrations. 

Substituting Eq. (7.13) into Eq. (7.39). the centroid in the y direction yields 



+W311 lPmool • 

where 

"'ij -

I I xiyj P(x.y)dxdy 

I I P(x.y)dxdy 
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(7.40) 

We can see that each aberration is weighted by the moments of nonuniform ref

lectivity and that those odd moments are incorporated into even aberrations and 

even moments into odd aberrations. Thus the even aberrations contribute to the 

centroid error if there is an asymmetric reflectance distribution. For example. 

the parabola will exhibit sensitivity to the nonuniform reflectivity because of 

anstigmatism and field curvature. i.e .• 2(Wm + W220)Hmol. If the mirror has 

spots of low reflectance. the aperture may be blocked on the opposite side to 

reduce the centroid error to acceptable values. The numerical example is given 

in Sect. 7.4. All of the telescopes considered: single parabola. Ritchey-Chretien. 

Schwartzschild. suffer to some degree from astigmatism and/or field curvature. 

Field curvature may be removed by using a curved grating which rotates about 

its center of curvature rather than a flat grating and linear motion. Removal of 

astigmatism is not as easily accomplished. Balance of the reflectance distribution 

may be more complex for two-mirror systems as compared with the simple 

parabolic mirror. 
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7.3 Random Errors 

The main sources of random errors are photon noise. wavelength 

changes. nonuniform grating periods. LOS jitter. thermal expansions and 

mechanical vibrations. The following analyses exclude more detailed discussions 

of thermal expansions and mechanical vibrations. By supplying a cooling system 

and/or choosing low thermal expansion coefficient materials. thermal expansion 

problems can be minimized. and by providing vibration isolation. mechanical 

v ibrations can be controlled. 

Photon Noise 

Our ability to detect small amounts of radiant energy is inhibited by the 

presence of noise in the detection process. By noise. we mean random fluctua

tions in the electrical signal from the detector: thus we explicitly exclude 

spurious signals from a known source. such as a 60-Hz pickup. These spurious 

signals. being nonrandom. can. in principle. be eliminated. 

One source of noise - the most fundamental one - can be found in the 

intrinsic fluctuations of the radiation field itself [R. W. Boyd. 1984]. This is 

called photon noise. A detection system in which photon noise is much larger 

than other sources of noise can be considered to be ideal in the sense that it is 

impossible to improve the performance of the system. Such a detection system is 

said to be photon-noise limited [E. L. Dereniak. et aI.. 1984]. Photon noise can 

be considered to be the origin of shot noise in photon detectors and of 

temperature noise (fluctuations in the temperature of the active element) in 
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thermal detectors. This noise source will be discussed in detail in the following 

sections. 

Other sources of noise are less fundamental in that they result from 

noise generated within the detector or its associated electronics. Examples 

include the fluctuation in the dark current of a photomultiplier and Johnson 

noise (i.e.. thermally induced voltage fluctuation in resistors). 

Let us. for the present. consider only the noise that is introduced into 

any photon detection system as a result of the discrete nature of the radiation 

field. This noise is fundamental in the sense that it arises not from any imper

fection in the detector or its associated electronics but rather from the signal 

itself. 

This noise process can be understood from two conceptually distinct but 

complementary points of view. The noise can be viewed as resulting either from 

the randomness in the arrival times of individual photons or from the 

randomness in the emission time of photoelectrons. The former point of view 

forces us to treat the radiation field as a quantized system and thus to consider 

certain aspects of the detection process. For simplicity. we should consider the 

noise as resulting from the randomness of the emission times of the photoelec

trons. 

We consider here the case of nearly monochromatic radiation with 

spectral frequency 0 and constant power p falling onto a photon detector. The 

detector is assumed to be an ideal photon detector in the sense that it produces 

no output current in the absence of photons and no noise except that related to 

the randomness of the emission times of the photoelectrons. We shall assume 

that these emission events are uncorrelated and occur at the average rate 
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(7.41) 

where" is the detector quantum efficiency. h is Plank"s constant (6.63xlo-34 watt 

sec2). The average number of photoevents occurring in the time T is thus 

N - rT. (7.42) 

The probability of N photons that arrive in time interval of T obeys the Poisson 

probability law. Thus the standard deviation of photon noise is the square root 

of N. the number of average photons. 

Calculation of Photon Noise 

To calculate the photon noise 

rate due to the reference and target stars. The conversion of the magnitude of 

the star to the photon flux is given by [L. Bandermann. et aI .• 1982] 

~m • 3.1 x 1010 -.4m sec-1 • (7.43) 

where 

~ - photon flux (photons/second). 

m - the magnitude of the star. 

This equation is valid when the optical bandpass is .3 microns centered at 550 
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nanometers. For one target star and a field of reference stars. an effective 

photon flux rate. ~ err. can be calculated 

where ~t and ~r are the flux rates of the target and reference stars. This 

equation assumes that the phase noise from each of the stars is uncorrelated. 

Consider a field of 100 background stars of 16th magnitude and a target star of 

10th magnitude. The effective photon flux rate is approximately 7xl07 

photons/second. The expected error. assuming SNR - I being acceptable. and 

letting the grating period be the size of the diffraction-limited SPOt. the centroid 

error derived in Chap. 3 becomes 

(7.45) 

where N A is the numerical aperture and " is the quantum efficiency. For a 

time of 100 seconds for the full grating passage. a numerical aperture of .0385 

or I-number of 13. a quantum efficiency of .1. and X - 550 nm f - .38 

nanometers which is approximately .006 milliarcseconds. Consequently. in this 

case. the photon statistics allow measurement to the necessary precision. 

Sensitivity to Wavelength Shift 

-------------------------- ---
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The reference and target stars may change in color in the course of years of 

measurement. For the aberration-free system. the OTF is the same as the MTF 

and is a real function without phase. so wavelength has no effect on the 

accuracy. or the third order aberrations. spherical. astigmatism and field 

curvature do not affect phase measurements since they change in phase of OTF 

either by zero or by 7r. Coma and distortion convey phase errors into the 

centroid measurements since the PTF shifts the true centroid phase. We may 

calculate the sensitivity to wavelength shift by taking the derivative of PTF 

given in Eq. (7.18b) with respect to the wavelength. The change in the phase 

due to a shift of wavelength is 

(7.46) 

where A), is the RMS shift in wavelength. The coma term contains a cubic 

term which is dependent on wavelength. Thus. the Ritchey-Cbretien telescope. 

which is free of coma, is less sensitive to the wavelength shift. In practice. low 

order aberrations are used to balance high order aberrations. Thus it will not 

be absolutely independent of wavelength. However. if the measured parameter is 

centroid. then as shown in the beginning of this chapter. it is not a function of a 

wavelength. 

Nonuniform Grating Lines 

The grating is used not only as a signal modulator but also as a ruler measuring 

relative positions between target stars and reference stars. Thus. irregularities of 
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grating lines result in errors of measurements. 

The grating varies in the line center and spacing of width. Both obey 

gaussian statistical law. Owing to their statistical and uncorrelated nature. the 

errors of measurements can be reduced by taking an average of measurements 

over all periods of the grating. 

With today's state-of-the-art technology. the grating accuracy is of a 

very high degree. Lithographic methods can achieve dimensional stability of .1 

microns or better. A ruling machine can produce rulings with even better 

accuracy. The diamond turning machine developed at Lawrence Livermore 

Laboratory is designed to obtain a displacement stability of better than 0.25 

nanometers [L. Bandermann. et al.. 1982]. 

Thus it is reasonable to assume that the grating can be made and 

calibrated to an accuracy of .01 microns RMS or better. The analytical 

expression for centroid errors as a function of the RMS error of the grating 

derived in chapter 3 shows that the centroid error is linearly proportional to the 

RMS error of the grating. This is 

(7.47) 

where Xc is centroid. and xp is a period of the grating. and ~p is the RMS 

irregularity of the grating period. 

Sensitivity to LOS Shift 

LOS jitter of the telescope induces a random shift of the stellar images 
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on the focal plane. Because of field-dependent aberrations of the telescope. the 

amount of displacement of stellar images varies with the field. These errors can 

potentially degrade the accuracy of measurements if the pointing system of the 

telescope is not stable enough. 

The sensitivity to LOS jitters may be evaluated by differentiating the 

centroid error of Eq. (7.16) with respect to field height. 

t1E - -2/1#0¥ I3l + 3W 311 JP)t:JI • (7.48) 

where t:JI is the RMS LOS jitter. The above equation indicates that the error 

from the LOS jitter consists of a field-independent term and a quadratic field

dependent term. The field-independent term is from comatic aberration and the 

other is from distortion. The Ritchey-Chretien design has zero coma. 4 nm 

distortion at the edge of the field. If there is 0.1 arcsecond unknown shift in 

the LOS. it results in an unpredictable centroid shift of 8 x 10-5 milliarcseconds. 

This is completely negligible. 

A preliminary investigation of the A TF indicates that the principal 

random errors to be expected are photon noise and nonuniformity of reflection 

and the principal systematic errors is distortion. The photon error can be 

reduced by averaging many samples. i.e.. taking longer integration time to collect 

more photons; nonuniformity may be removed by calibration or balancing; and 

distortion may be removed by initial calibration from the system design. The 

numerical comparison of both systematic and random errors will be discussed in 

the following section. From the numerical results of comparison. we should set 

the error budget for each of the main sources. 
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7.4 Error Budget 

To reach the accuracy of ten microarcseconds. we need an error budget 

that will appropriately balance the contributions from each error source. With 

the budget. one can layout specifications of optical components for the 

fabrication. 

Before making the error budget. we should calculate errors for each of 

the main error source using the optical aberration data presented in Chaps. 5 

and 6. By knowing the weight of each source contribution. we can determine 

the error budget. Specifically. the two promising telescopes. a parabola and a 

Ritchey-Chretien. are used as numerical examples. The analytic forms for each 

error are summarized in Table 7.1. 

The results in Table 7.2 are calculated using the aberration data given 

by Table 5.10 and 5.17 for the parabola and the Ritchey-Chretien telescopes res

pectively. The centroid shift due to the optical aberrations are obtained directly 

from ray tracing shown in Chap. S. The parabola has a large centroid shift 

because of significant coma. The centroid shift for the Ritchey-Chretien is 

mainly caused by the distortion and fifth order coma. Both require corrections. 

The phase shift due to aberrations is calculated from the phase shift 

equation given in Table 7.1. with the assumption that the center of the spectrum 

is at 0.5 microns. The phase error appears when the phase detection algorithms 

are used. 

The phase shift due to wavelength change over the course of years is 

the random error. The calculation assumes that RMS wavelength change is equal 

0.01 microns. The parabola suffers wavelength change because of its coma. 
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Table 7.1 Analytic forms for the main errors of the A TF 

Centroid 
shift 

Phase 

Clipping error 

Reflection 
nonuniformity 

i - -2F/#~13IH + W311 lP) 
x-a 

tip or tU - 16/3r"AF/#Wx/b 

tip - -2F/#[4W04O(m21 + "'03 + W I3I H(m20 +3"'02) + 
~222 + W220)IP"'o1 +W311 H'1 

tU - -2F/#[4W04Om30 + 2W131 Hmll + 2W220IPmlol 

Error of wavelength shift I1FTF - 8d,WI3I H(F/#l')stiX 

Error due to LOS 

Ruling nonuniformity 

Ruling misalignment in 
Rotation 
Tilt 

Photon Noise 

tiy - AF9 
tiy - -A~F 

E _ _ ..;::tT~_ 

.j~.rr 

Only coma is sensitive to wavelength. Of course, the Ritchey-Chretien is 

affected to the some degree due to high-order coma. 

Clipping errors calculated in the table assume that the irradiance distri-
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bution of a star is a rotational symmetric gaussian profile; in addition. the 

detector size is 250 microns about 30 times as large as the Airy disk. The more 

accurate formula for calculating clipping is given by Eq. 7.29 which is incorpo

rated with aberration effects. or course. the answers for both telescopes would 

not be the same if the aberrations are taken into account. However. the clipping 

effects can always be eliminated by choosing a large size for the detector and/or 

the apodization of the pupil. 

The LOS jitter causes images of stars to wander. This is equivalent to 

changing field positions of the stars. The rt:SUlts shown in Table 7.2 assume 

that the LOS jitter has equivalent image field of one second of arc. The 

parz."oola has a centroid error 20 times larger than the Ritchey-Chretien does. 

owing to its large coma. 

The centroid error produced by the nonuniform reflectivity is calculated 

with the assumption that m20 - men - 0.01. mil - 0.01. and mol - mlO - 0.05. 

The reason that the Ritchey-Chretien has a larger error is that it has quite large 

field curvature and that the weight of the first moment is larger than the second 

one. 

The results for the ruling error are from the assumption that the RMS 

nonuniform period is about one micron and the period xp - 0.1 millimeter. The 

centroids for both telescopes are taken from Table 5.10 and 5.17. Since the 

parabola has a larger centroid shift. it results in a larger error due to nonunifor

mity of the grating. 

The misalignment of the grating produces errors that are from the 

assumption that the rotational misalignment is about I arcsecond and tilt in the 

x-z plane has I arcsecund. 
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The error caused by photon noise shown in Table 7.2 is from the 

assumption that there are 30 reference stars in the FOV of the 16th magnitude; 

the target star is of the 8th magnitude; the quantum efficiency fl is 0.2; and 

integration time is 300 seconds. The spot size has taken both geometric and 

diffracted effects into account. The parabola has the larger spot size. Conse-

quently. it has a larger error. 

Table 7.2 The numerical results using data and aberrations from the parabola 
and Ritchey-Chretien telescopes designed in Chap. 5. 

Telescopes Parabola R-C Causes 
Errors 

Centroid (m arcsec) 112.7 -2.427 Optical aberr. 
Phase (degree) 25.16 .348 Optical aberr. 
Phase (arcsec) 16.84 0 wavelength change 
Centroid (m arcsec) 1.6 1.6 clipping 
Centroid (JL arcsec) 5.37 0.223 LOS jitter 
Centroid (m arcsec) 4.39 6.82 nonuniform reflection 

Orating or Ruling 

Centroid (m arcsec) 1.127 -0.0243 nonuniform period 
Centroid (m arcsec) 1.45 1.45 rotational misalignment 
Centroid (JL arcsec) 2.12 2.12 tilt 

Photon Noise 

Centroid (JL arc sec) 50.83 27.60 

Among those errors. provided that systematic errors are calibrated. the 

only errors that degrade the accuracy of the A TF are those produced by photon 

noise. LOS jitter. nonuniformity of the grating. These errors are reduced by 

--_._---------_ .. -_._._. 
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averaging over many measurements. For instance. if integration time increases 

by 16 times. which is 80 minutes. the photon noise will reduce by 4 times. and. 

thus. the error becomes 9.15 microarcseconds if the Ritchey-Chretien design is 

used. The errors from the LOS jitter and the nonuniformity of the grating have 

the same improvement due to the random nature of error sources. 

In summary. of the systematic errors only distortion directly affect the 

accuracy of the relative measurements. Although coma causes the centroid of 

stars to be shifted. it doest not directly affect the accrucy of measuremets since 

coma is linear proporitonal to the image field and linear shift of centroid of stars 

does not change the relative position of the target star to the reference stars. 

The effect of coma is as if the magnification of system changes.are aberrations 

and photon noise. On the other hand, coma is the most sensitive to the 

wavelength variations. enlarges the diffraction spot. and therefore. produces the 

uncertainty of the centroid locations. The tilt of the ruling produces the centroid 

error which is nonlinear to the image field. We need to keep the tilt within the 

degree of tolerance. The ratational error of the ruling doest not the accuracy of 

the relative measuremets since it is a linear effect. or rondom errors. the 

photon noise. LOS jitter. and wavelength variations are dominant factors. These 

can be reduced dramatically by averaging over many thousands of measurements. 

---------- --------
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CHAPTER 8 

SUMMARY AND FUTURE RESEARCH 

Analytical studies on the astrometric telescope facility (A Tf) have been 

presented in this work. The objectives of studies are to understand error contri

butions from the optical aberrations. nonuniformity of reflection of the mirror. 

misalignment of the optical components and ruling. wavelength variations. LOS 

jitter. and clipping. to determine optimum telescope. detection techniques. and 

ruling duty cycles. and to make an error budget for the instrumemt designs. 

In early 1987. the baseline optical system for the AlP was a parabolic 

mirror of 13 meter focal length and 1 meter diameter. The parabola had been 

selected because it is a one-element telescope and can not. therefpre. suffer from 

alignment errors and. perhaps more importantly. it was judged to be free of 

field-dependent shift of star position because of variations in reflectivity. 

However. the studies here have shown that the parabola suffers from alignment 

error as well as from nonuniformity reflection error. The studies also show that 

there is great advantage in the SNR and there/ore,in reduction of observing time. 

in use very short period gratings. Tllese short gratings require that coma to be 

kept below extremely tight tolerances. which are incompatible with the use of a 

parabola. Also the claim that the parabola was not sensitive to variations in ref-

1ectivity of the mirror are not correct. Variations of reflectivity introduce 

coupling between odd and even aberrations. so that defocus and astigmatism 

couple into field-dependent centroid shift. The I-number of the parabola has to 

be made very large to keep the coma small. The studies here suggest that the 

best design is the Ritche-Chretien which is low in coma and distortion and 
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which can be made much shorter. The better aberration performance of the 

device may allow larger apertures than I meter, further reducing observing time. 

Considerable interest had aroused in the use of the centroid integration 

algorithm. It had been shown in numerical studies that the centroid of the 

image does not change for different wavelengths while other central measures 

did. In the dissertation, it is proved that the centroid is invariant with 

wavelength because the centroid diffraction image is equal to the centroid of 

geometrical image which is invariant. The centroid integrator was argued to be 

an ideal algorithm. This algorithm is explained in detail in the dissertation. 

The studies here have shown that the centroid integrator does not measure the 

true centroid and thus does not have advantage in that it is insensitive to the 

eavelength variations over the other aigorithms. However it is simple and dose 

not require any calculations. The number of photons collected by the detector 

is proportional to the centroid of the star. 

There was extensive discussion about the relative merits of squre wave 

gratings. the proper grating period. the best duty cycle and the importance of the 

quality of the transmitting and blocking bars of the ruling. Linear systems 

analysis leads to a spatial frequency description of the Ronchi ruling which 

allows us to readily consider all types of ruling design. It was found that a 

square waveform with temporal filtering has the highest SNR, but that having an 

exactly square profile is not important. What is important is the modulation of 

the fundamental harmonic spatial frequency. It was shown that the optimum 

duty cycle is near to but not exactly 50%. The most important result is that 

very short period gratings have the highest SNR's but place sever restrictions on 

the amount of coma which may be allowed. 
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Ray tracing. physical optics. and aberration polynomial analysis had been 

suggested for analyzing the system. Both ray tracng and physical optics analysis 

are limited by the numerical accuracy of the computers. The tolerances on odd 

aberrations are tight that it is very difficult to do numerical studies with conven

tional computer codes. On the other hand. the powerful aberration polynomial 

methods developed by Professor Shack and his students are capable of analyzing 

very small aberrations due to misalignment and other eff eets. The theory has 

been extended in the dissertation to include distortion which is extremely 

important for the ATF. 

The A TF requires that we rethink the conventional criteria for 

balancing aberrations. The dissertation will show that to keep the SNR as high 

as possible the even aberrations - spherical field curvatuer. and astigmatism -

must be kept small enough to keep most of the energy within the Airy disk. 

Odd aberrations contribute to centroid shift directly but nuknown variations from 

the calibrated values actually contribute to errors in the measurement. The issue 

has been resolved at least qualitatively. Odd aberrations should be minimized to 

reduce uncentainties in calibration and system changes. Even aberrations are 

much less critical than odd aberrations but are coupled by reflectivity and other 

asymmetries in the system. The telescope. grating. and aberration studies support 

the position that the best design strategy is to use the largest diameter Ritchey

Chritien. 

Optical designs has indicated that the Ritchey-Chretien design is the best 

choice among the parabola. and other aplanatic designs. The problem of the 

parabola is the significant coma which is sensitive to wavelength. produces the 

centroid error. and contributes to the geometric image size which leads to 
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reducing the photon-limited accuracy. The Ritchey Chretien bas little coma. 

small distortion. and some astigmatism. The geometric spot size is almost ten 

times smaller than that of the parabola. In addition. the Ritchey-Cbretien design 

has a much more compact configuration and better detector location than the 

parabola does. The study shows that the I-number for the Ritchey-Cbretien 

design can be reduced to about 7 by increasing the aperture without significantly 

increasing the geometric size beyond the diffracted spot size. This means that 

the photon limited accuracy of the system can be improved. The Ritchey

Chretien design will have a larger obscuration and there is more difficulty in 

aligning two mirrors. The overall comparison concludes that the Ritchey-Chretien 

is better for the ATF. 

The systematic errors are produced by the optical aberrations. the 

nonuniform reflectivity. the grating misalignment. and the clipping. The optical 

aberrations are the primary contribution. We apparently do not expect to design 

the optical system that produces a centroid shift less than 10 microarcseconds. 

The reasons are following. To reach the desired accuracy. the transverse 

aberrations of coma and distortion (only odd wave aberrations. tilt. coma and 

distortion. contribute to the centroid as shown in Chap. 7) have to be smaller 

than 0.63 nanometers. This is almost impcssible for given field angle of 10 

minutes of arc and a I-number of 13. Among the two-mirror systems. the 

distortion-free design has the smallest r.entroid error. The distortion-free 

aplanatic design shown in Chap. 5 has the third order distortion about 0.35 

nanometers. However. due to fifth order coma. the centroid is 438 microarcse

conds about 40 times larger than the desired accuracy. The other reason that 

make this design impractical is that the mirror separation is about 20 meters and 
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it is too long to be appropriately aligned. For the parabola design. the transverse 

coma bas to be reduced to 0.63 nanometers. This means that either the field 

angle shrinks to 0.06 arcseconds or the I-number is increased to 260. which are 

impratical. Apparently. to design a simple optical system that bas a centroid 

shift smaller than 10 microarc seconds is not practical. It is also not necessary 

because the systematic error can be calibrated to a considerable degree. The 

clipping problem can be solved by choosing a relatively large size for the 

detector and apodizing the pupil. The nonuniform reflectivity might be balanced 

by blocking the rays such that the pupil distribution will be symmetric. The tilt 

mislaignment of the grating must be less 5 arcseconds. 

The random errors are mainly caused by photon noise. LOS jitter. and 

wavelength shift. With good telescope design and calibration. photon noise is the 

principal limitation to the A TF accuracy. The accuracy can be improved by 

reducing the image size and increasing the quantum efficiency. The desired 

acc:uracy can be achieved through averaging over many measurements within a 

reasonable amount of time. The wavelength shift is not a problem if the 

measured parameter is the centroid. If the measured parameter is phase. the 

coma aberration should be eliminated in the optical design since only coma is 

sensitive to wavelength changes. This is also another reason that the Ritchey

Chretien design is preferred to the parabola. 

Future Research 

This work bas covered the most parts of the core of the A TF. Some 

areas still remain unknown or lack complete understanding. Thus. we need more 

------------ ------.-
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effort to explore some subjects further. 

The apodization mentioned earlier is one of the subjects that we should 

study more quantitativeiy. How much the pupil should be apodized to reduce 

the wings of the intensity distribution of the stellar image is the question that 

remains to be answered. 

Selection and characterization of detectors are also important for the 

high accuracy instruments. The A TF needs photon detectors that have low 

noise. high quantum efficiency. and uniform spectral response within the 

specified bandwidth. 

The Ronchi ruling or the sinusoidal grating wastes about 50% of the 

photons. The grating design has potential room for improvement of the photon 

efficiency. One of thought is to design a reflecting and transmitting grating that 

will reflect and transmit irradiance of stars. The reflected photons can be 

processed in the same way as transmitted photons. This design can improve 

photon efficiency up to 100%. 

The final task that could be carried out is system simulation and 

experiments before the A TF is built. The computer simulation of the A TF is 

practical and important. The experiment is expensive but worth doing. Three 

main parts of the system experiment should be included. the telescope. the 

moving grating. and detectors. The detected signals can be sampled by the 

computer and the results can be obtained using the algorithms that have been 

discussed. 
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APPENDIX 

CALCULA nON OF SNR FOR PHASE DETECTION 

Given a photon flux signal o(t), the integrated signal is 

signal - f o(t) dt . (A.i) 

The noise function is i(t), determined by 

i(t) - .j o(t) • (A.2) 

The sum of the noise power over time is 

noise - .jj F(t) dt - .jj o(t) dt • (A.3) 

Both the signal and the noise are modified by an analysis function, a(t), 

signal .. f o(t)a(t) dt , (A.4) 

noise .. f ,'2(t)a2(t) dt - f o(t)a2(t) dt • (A.5) 

and the SNR of the integrated signal is [R. B. Frieden, 1984] 

------



SNR -
f o(t)a(t)dt 

v'J s(t)(l2(t)dt 
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(A.6) 

For periodic rulings the information is contained in the phase of the 

resulting signal. The phase may be determined by a variety of techniques. one 

of which is multiplication by a function of the same period. Given the photon-

flux signal. o(t). and the small change. t:.. to be detected. 

o(t) - A + Bcos [2" t~l1) • (A.7) 

where A and B are the average value and modulation. Since our objective is to 

detect the phase, if 11 « p. then 

(A.8) 

This signal may be detected by match filtering which achieves the optimum 

SNR. The waveform for a(t) to achieve optimum SNR is 

(A.9) 

SNR :!! (A. 10) 
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SNR 5!!! 

(A. II) 

Only the sin2 term in the numerator and the constant term in the numerator have 

finite values after integration over N periods. 

(A.I2) 
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