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ABSTRACT 

Receptivity processes by which free-stream acoustic waves generate instability waves in 

boundary layers are investigated. Concentration is placed on mechanisms associated with 

local regions of short scale variation in wall suction or admittance distribution. These 

mechanisms are relevant to laminar flow control technology, in which suction is utilized to 

control the growth of boundary layer instabilities. 

The receptivity process requires a transfer of energy from the long wavelength of the 

free-stream disturbance to the short wavelength of the instability wave. In the case of wall 

suction, this occurs through the unsteady modulation, by the acoustic wave, of the short 

scale mean flow variation due to the steady wall suction. In the wall admittance mechanism, 

the boundary condition for the unsteady motion contains a short scale variation which 

directly scatters energy from the acoustic wave into the instability wave. The latter 

mechanism does not require a short scale adjustment in the mean boundary layer. 

Time harmonic, two and three-dimensional interactions are analyzed using the 

asymptotic, high Reynolds number, triple deck structure. The influence of subsonic 

compressibility is examined for the case of two-dimensional interactions, and a similarity 

transform is found which reduces the problem to an equivalent incompressible flow. For 

three-dimensional interactions, a similarity transform is possible only in the Fourier 

transform wavenumber space, and in the equivalent two-dimensional problem the frequency 

is complex. However, in many cases of practical interest, the imaginary component of this 
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frequency is quite small and can be neglected. 

The acoustic wave orientation and the geometry of the wall suction or admittance 

distribution are found to significantly influence the amplitude of the generated instability 

wave. For an isolated, three-dimensional region of wall suction or admittance, instability 

wave growth is confined to a downstream, wedge shaped region. The saddle point method 

is utilized to calculate the characteristics of this instability wave pattern. In some ranges of 

parameter space, two saddle points are found to make comparable contributions. The 

instability wave pattern in these directions exhibits a beat phenomemon, due to constructive 

and destructive interference of the contributions from the two saddle points. 
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CHAPTER 1 

INTRODUCTION 

1.1 Receptivity as the Genesis of Transition 

Transition from laminar to turbulent flow in the boundary layer is a problem of 

fundamental importance which also has significant practical applications. In recent years, a 

substantial research effort has focused on the development of techniques which reduce skin 

friction drag by delaying or eliminating boundary layer transition; reviews are presented in 

Reshotko (1976, 1985) and Bushnell and Malik (1987). For high speed flows, delaying the 

onset of transition has the additional benefit of reduced surface heating. 

Laminar-turbulent transition is a result of the instability of the laminar state. At high 

Reynolds numbers, the Navier-Stokes equations have a multiplicity of solutions 

corresponding to the various equilibrium states possible. The laminar flow solution 

corresponds to an unstable equilibrium state; hence, suitable perturbations to this state are 

amplified, eventually leading to the stable (in-the-large) turbulent state. The term 

'transition' refers to the sequence of events which starts from the initially laminar state and 

leads to the final, fully turbulent state. 

It is important to note that the introduction of these "suitable" perturbations into the 

boundary layer flow is a necessary prerequisite for transition to occur. The forcing field 
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required for this is provided by the various disturbances in the environment in which the 

boundary layer develops. One may then view the transition of the boundary layer as the 

forced, nonlinear response of a very complicated oscillator - the laminar boundary layer - to 

the external disturbances (Reshotko, 1976). In most aeronautical applications, the 

amplitudes of these external disturbances are small enough that the initial stages of the 

response are linear. 

With this background, it i:; useful to separate the transition process into three stages: 

receptivity, linear amplification and nonlinear breakdown. The first stage, which we call 

receptivity (Morkovin 1969, Reshotko 1976) concerns the processes by which the available 

environmental disturbances initiaIIy generate linear instability waves in the boundary layer. 

The second stage involves the linear growth of these instability waves, and the third stage 

ensues when the instability waves have reached sufficient levels that nonlinear mechanisms 

come into play. 

While the importance of all three stages of the transition process has been appreciated 

for many years, it is only for the second stage that the theory has developed to the point 

where calculations are used in engineering design methods. The third stage of transition is 

an extremely active current research area, but detailed calculations are not yet possible in 

the engineering design context. The first stage of transition has been less actively studied, 

partially for lack of a suitable theoretical framework. However, in a series of papers over 

the last few years, Goldstein (1983, 1985) has identified the fundamentals of the receptivity 

process. Utilizing Goldstein'S framework, the research presented in this dissertation extends 

the theory of receptivity in a number of important directions. 
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As well as advancing our understanding of boundary layer transition, the study of 

receptivity prom.ises significant advances in practical methods for predicting and controlling 

transition. In the following sections of this chapter, we first briefly review transition 

prediction methods and show how the study of receptivity will allow some of their present 

limitations to be overcome. We then discuss the various transition control techniques used to 

extend the laminar flow region on an airfoil and the role which receptivity could play in this 

area. Finally, we review the general features of the receptivity process and present the 

problem addressed in this dissertation. 

1.2 Transition Prediction and the Role of Receptivity 

In order to design airfoils with a significant region of laminar flow, it is essential to 

have a method which can predict the transition location. There are essentially three types of 

procedures which have been used to predict the transition Reynolds number on a given 

airfoil: (i) an amplitude ratio criterion, commonly called the eN method, (ii) an absolute 

amplitude criterion, and (iii) methods based on turbulence-model equations. In this section, 

we briefly review each of these methods and make some general remarks regarding desirable 

features for transition prediction criteria. 

The most widely used prediction method is the eN method, originated by Smith and 

Gamberoni (1956) and van Ingen (1956). This method postulates that boundary layer 

transition occurs when the most unstable disturbance has grown by a factor of eN relative to 

its amplitude at the lower branch neutral stability point. The disturbance growth is 

calculated from linear stability theory, and the value of N is determined empirically by 
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comparison with experimental observations of transition location. Values of N between 9 

and II are found to correspond to experimental observations in a wide class of flows. 

The success of the eN method is particularly remarkable when viewed from the 

conceptual framework of transition described above, since this method incorporates 

calculations of only the second stage, and absorbs the first and third stages into the empirical 

constant N. Historically, the concentration on stage two of the transition process was only 

natural in that, at least for low speed flows, linear stability was fairly well understood by the 

mid I950s, while nonlinear stability theory was in its infancy and no theoretical models of 

receptivity existed. 

In transition prediction, a partial justification for ignoring the final, nonlinear stage 

comes from the fact that the linear stage involves fairly small instability growth rates, and 

hence linear amplification occurs over a considerable streamwise distance before nonlinear 

processes become important. The nonlinear dynamics are quite violent, and once initiated 

lead rapidly to transition. Hence, although the details of the nonlinear breakdown are very 

interesting, they do not significantly influence the stream wise location of the transition 

point. 

The neglect of the first stage of the transition process is a more serious deficiency of 

the eN method. While values of N in the range of 9 to II are successful in correlating data 

from "typical" wind tunnels, higher values are required to correlate data from very low 

turbulence wind tunnels, N may be as large as 15 in the sailplane environment, and for high 

disturbance flows typical of turbo machinery N may be as small as five (Bushnell and Malik, 
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1987). These differences in amplification factor eN are much too large to be explained by 

variations in the amplitude of the disturbance at the transition point, and hence must reflect 

differences in receptivity. 

The second type of prediction procedure utilizes the local instability wave amplitude to 

estimate the transition point location. This amplitude criterion is obviously more sensible 

than a criterion based on amplification ratio eN. However, unless the receptivity problem is 

considered, the initial amplitudes of the instability waves must be determined by some 

empirical or ad hoc approach. For example, Mack (1975 a, b) utilized an amplitude criterion 

to explain transition Reynolds number variations in noisy supersonic wind tunnels as a 

function of flow Mach number and/or wall cooling. However, Mack calculated the initial 

amplitude of the instability wave in terms of a particular solution to the Orr-Sommerfeld 

equation, and this particular solution was assumed to turn into an instability wave 

eigensolution in some unknown manner.. The basic reasons why this approach is 

unsatisfactory will become clear in Section 1.4 . 

To utilize an amplitude criterion without empirical input, the transition prediction 

method must incorporate calculations of both the receptivity and linear growth regions. 

This approach would provide a direct link from the disturbance environment to the unsteady 

motion downstream in the boundary layer, eliminating the uncertainty in the N factor 

associated with environmental disturbances. In addition, a method combining receptivity 

and linear stability would include the influence of the unsteady motion in the whole 

boundary layer, as compared to present eN methods which consider only the region 

downstream of the lower branch neutral stability point. These advantages illustrate the 
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importance of developing theoretical prediction methods for receptivity. 

It should be noted that, in the above form, the amplitude criterion ignor~s the details of 

the nonlinear third stage of transition. An argument for the reasonableness of this approach 

was given above. Of course, it would be possible to incorporate these effects in the 

amplitude criterion approach when our understanding of the nonlinear stage of transition 

improves to the extent that routine calculations can. be made. 

Finally, there have been attempts (Yates and Donaldson 1972, Wilcox 1975) to predict 

transition based on turbulence model equations with the intention of capturing the influence 

of nonlinear processes on the transition location. However, turbulence modeling methods 

are intrinsically empirical in nature, requiring one to specify values for the modelling 

parameters involved. Furthermore, they cannot account for the initiation of the 

disturbances and, as pointed out by Reshotko (1976), also cannot predict the onset of 

disturbance three-dimensionality. Therefore, an amplitude criterion appears to be the most 

attractive approach for transition prediction. 

1.3 Transition Delay and the Role of Receptivity 

It is quite clear that, in principle, transition can be delayed by controlling any of the 

three stages. However, the intricate and violent nature of the nonlinear breakdown suggests 

that it is most advantageous to influence transition by suppressing the generation and/or 

linear amplification processes. Due to a lack of knowledge concerning the generation 

processes, laminar flow technology has focused on means to reduce the linear growth of the 
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disturbances. The various techniques used to achieve this goal can broadly be grouped into 

two classes: natural laminar flow (NLF), in which the airfoil shape is chosen to maintain 

favorable pressure gradients, and laminar flow control (LFC), in which wall suction, heating 

(water) or cooling (air) is utilized to enhance stability. Both these approaches have their own 

merits and demerits and presently the focus is upon using an optimum balance of the two. 

This latter approach, called Hybrid Laminar Flow Control (HLFC), utilizes suction in the 

leading edge region to control cross-flow instabilities, and favorable pressure gradient in the 

mid-chord region to control the Tollmien-Schlichting (henceforth T -S) instabilities (Fig. 

1.1 ). 

The success of these techniques in extending the laminar flow region has been 

demonstrated in the flight environment (Bushnell and Malik 1987, Wagner et al 1988), but it 

seems worthwhile to consider other ways of delaying transition as well. For instance, if one 

understands receptivity, Le., how and where the instabilities are generated, one could attack 

them at the root and possibly even eliminate them altogether! While that goal is probably 

overambitious, clearly any decrease in the efficiency of the instability wave generation 

process would increase the length of the laminar flow region achieved by the existing 

techniques. Alternatively, an efficient control of the generation of instabilities would allow 

the use of simpler LFC systems, thus reducing the cost, weight and maintenance penalties 

associated with them. 

In recent years, a new concept has arisen in the area of laminar flow technology. In 

contrast to present techniques, which utilize passive means such as favorable pressure 

gradient or suction to influence the growth rates of the instabilities, this new concept 
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involves active control of the transition process by means of a controlled input into the 

boundary layer. Typically, the control input is provided through wall actuators using 

unsteady suction/heating. The actuators generate instability waves with the goal of 

cancelling the existing instability waves as much as possible. It is obvious, therefore, that 

understanding of the receptivity phenomenon is essential for the active control of boundary 

layer transition as well. 

Finally, it should be noted that, when a transition delay technique is introduced with 

the intention of controlling a specific stage in the transition process, the influence of this 

technique on the other stages must also be considered. For example, passive control 

techniques employed to suppress instability growth may well result in enhanced receptivity 

levels, thereby negating the benefits obtained. Indeed, it is shown in this dissertation that 

certain types of suction system designs significantly enhance receptivity levels. This 

emphasizes the importance of understanding the receptivity phenomenon in the design of 

laminar flow control systems. 

1.4 Technical Background 

The important influence of external disturbances in the transition process has been long 

recognized (Schubauer and Skramstad 1948, Spangler and Wells 1968, Kendall 1970) but a 

satisfactory mathematical formulation of the problem has arisen only recently. It was 

appreciated for some time that the receptivity problem must be posed as a boundary value 

problem (Reshotko 1976), as compared to the eigenvalue problem nature of linear stability 

theory. The earliest attempts to perform boundary layer receptivity calculations were those 
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of Mack (1975a), RogIer and Reshotko (1975) and Tam (1981). Mack and Tam addressed 

the influence of free-stream sound waves at supersonic and low subsonic Mach numbers, 

respectively, while RogIer and Reshotko considered vortical free-stream disturbances in 

incompressible flow. 

The critical issue left unresolved by the above authors was the mechanism by which the 

free-stream disturbance wavelength at a particular frequency is transformed to the 

wavelength of the boundary layer instability wave. In a series of papers, Goldstein (1983, 

1985) and Goldstein et al (1987) utilized high Reynolds number asymptotic methods to 

analyze the receptivity phenomenon. His work has shown that the receptivity occurs in 

regions where the mean boundary layer flow changes rapidly in the streamwise direction, 

invalidating the parallel flow assumption of the Orr-Sommerfeld equation. 

In cases where it has been possible to make comparisons, the general features of 

Goldstein's theories have been borne out by the experiments of Kachanov et al (1978), Aizin 

and Polyakov (1979) and Leehey and Shapiro (1980) (see Goldstein 1985, Goldstein and 

Hultgren 1987). Murdock (1980) performed a numerical integration for leading edge 

receptivity, and his results show reasonable agreement with those of Goldstein et al (1983). 

Further experiments and discussion can be found in Nishioka and Morkovin (1986). In the 

remainder of this section, we present a brief review of Goldstein's pioneering work. 

Before discussing the mechanisms through which the boundary layer is receptive to 

free-stream disturbances, it seems appropriate to first briefly review the basic concepts of 

classical stability theory. Classical theory assumes infinitesimal disturbances to a steady, 
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quasi-parallel boundary layer. Implicitly, the disturbance length scale is assumed to be the 

same in both the streamwise (x· Land normal(y·) directions; further, this disturbance length 

scale is assumed to be much smaller than the streamwise length scale of the mean flow. 

These assumptions lead to the Orr-Sommerfeld equation in the case of incompressible 

boundary layers. Classical stability theory utilizes homogeneoHs boundary conditions at the 

wall (y=O), and the disturbance is also assumed to vanish as y -> 00. Since the differential 

equation is also homogeneous, this leads to an eigenvalue problem. It might seem that the 

receptivity problem could be addressed by simply imposing nonhomogeneous conditions 

appropriate to the free-stream disturbance as y -> 00 (or at y = 0, if the external 

disturbance corresponds to wall vibration). This was the approach taken by early 

investigators (Mack 1975a, Rogier and Reshotko 1975 and Tam 1981). However, in low 

speed flows, the wavelengths of external disturbances are much larger than the instability 

wavelength. As a result, formulating the receptivity problem in the above fashion leads only 

to an additional particular solution which is independent of the eigens<?lution corresponding 

to the instability wave. Hence, the amplitude of the eigensolution is left undetermined and 

one must look elsewhere for the receptivity mechanisms. 

Since the above discussion shows that receptivity does not occur in the parallel flow 

region, it seems natural that any region where the quasi-parallel approximation is not valid 

would be a possible candidate. The regions where non-parallel flow effects are important 

can be grouped into two categories. The first class consists of body leading edge regions, 

where the boundary layer is thin and growing rapidly. The second class contains regions 

farther downstream where the boundary layer is forced to make a rapid adjustment. 

Examples here are short scale surface humps or other rapid changes in wall boundary 
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condition, shock-boundary layer interaction and boundary layers near separation. The 

physics and the appropriate equations in these two classes are somewhat different and will 

be discussed separately. 

First consider the leading edge region. Goldstein (1983) showed that, for the semi

infinite flat plate geometry, the asymptotic solution to the Navier-Stokes equations for small 

f.' (f.'6 = w'II' /U:x, 2) contains two distinct streamwise regions which overlap in the matched 

asymptotic expansion sense (Fig. 1.2). Near the leading edge where x'w' /U:x, = 0(1), a 

consistent approximation to the Navier-Stokes equations leads to the linearized unsteady 

boundary layer equation (henceforth, LUBLE). Here, cross-stream pressure gradients can 

be neglected since the boundary layer is relatively thin, but the divergence of the mean flow 

must be included at leading order. Furthp.r downstream of the leading edge where 

x' w· /U:x, = 0(f.'-2), the boundary layer is much thicker and grows more slowly, and a 

consistent approximation to the Navier-Stokes equations leads to the classical large Reynolds 

number, small wavenumber asymptotics for the Orr-Sommerfeld equation, appropriately 

modified for slow mean flow divergence. The solution in this region is closely related to the 

asymptotic triple deck structure developed by Smith (1979) for the vicinity of the lower 

branch neutral stability curve. 

Goldstein shows that the LUBLE admits an infinite set of asymptotic eigenfunctions 

which match, in an appropriate overlap domain, with an infinite set of eigenfunctions for 

the Orr-Sommerfeld region. In particular, the first eigenfunction (n = I) of the LUBLE 

matches onto the Orr-Sommerfeld region eigenfunction that eventually becomes the unstable 

T -S wave. Hence the initial amplitude of the T -S wave is linearly proportional to the 
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amplitude of the n = 1 eigenfunction. This coefficient must be determined from a 

numerical solution of the LUBLE. 

Goldstein addressed the specific problem of a plane acoustic wave propagating 

downstream parallel to the plate. Kerschen and Heinrich (1989) have examined the 

receptivity for a range of free-stream disturbances, including acoustic waves and convected 

gusts of varying orientation. In addition, in order to resolve an anomaly that arises at low 

Mach numbers in the case of oblique acoustic waves incident on an isolated semi-infinite 

flat plate, they have considered the case of a flat plate mounted between channel walls. 

The second category of nonparallel flow effects was analyzed by Goldstein (1985) and 

Ruban (1985) for the specific case of small but sudden changes in surface geometry. Due to 

the rapid change in the surface boundary condition, the boundary layer approximation for 

the mean flow is locally invalid, and must be replaced by the interactive, triple deck 

structure of Stewartson (1969) and Messiter (1970). The unsteady flow is also governed by 

the triple deck equations, with certain inhomogeneous terms. Since T -S waves near the 

lower branch of the neutral stability curve also exhibit the triple deck structure, the T-S 

waves are generated directly within the local interaction region. Although Goldstein and 

Ruban studied only the specific case of incompressible, two-dimensional instability wave 

generation due to rapid changes in wall geometry, their general framework can be applied to 

a variety of problems. In this dissertation, we extend the theory in a number of directions 

which have applications in laminar flow control. 

In comparing the two classes of receptivity mechanisms, it IS important to note that 
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instability waves generated near the leading edge undergo exponential decay upstream of the 

lower branch neutral stability point, even a weak receptivity mechanism close to the neutral 

point is likely to be more important than a much stronger receptivity mechanism near the 

leading edge. 

1.5 Focus of Present Investigation 

In this section, we briefly describe the problems examined in this dissertation. We 

address problems in the second class of receptivity mechanisms which involve acoustic free

stream disturbances interacting with porous suction surfaces. These problems are directly 

relevant to laminar flow technology in which wall suction is used as a means to control the 

growth of boundary layer instability waves. Our focus on acoustic free-stream disturbances 

is motivated by the high noise levels produced by aircraft propulsion systems. Laminar flow 

designs typically involve suction strips or holes which produce receptivity locations far 

downstream of the leading edge. For example, suction is applied only near the leading edge 

in hybrid laminar flow control (HLFC) designs, and a junction with a downstream hard wall 

is invariably present (see Fig. 1.1). Designs which apply suction over the whole upper 

surface typically also involve junctions, since the suction may be concentrated in discrete 

strips or holes or its uniformity may be affected by structural design constraints. 

The receptivity process occurs in regions where a short-scale variation in wall suction 

and/or admittance is present. There are two separate mechanisms by which free-stream 

acoustic disturbances can generate T -S waves in this region. The first mechanism is due to 

the short-scale adjustment in the mean boundary layer flow, and the second is related to the 
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short-scale variation in the admittance. For the parameter values which typically occur in 

laminar flow control systems, both these mechanisms are linear and the results can be 

superposed. 

In Chapter 2, we examine the generation of two-dimensional instability waves due 

short-scale streamwise variations in wall suction and admittance. The effects of 

compressibility and of the unperturbed boundary layer profile on the amplitude of the 

instability wave generated by each of the above mechanisms is determined. In Chapter 3, 

the same theoretical framework is extended to the case where the wall suction and/or 

admittance distribution changes rapidly in the spanwise as well as the streamwise direction, 

leading to the generation of three-dimensional instability waves. Three-dimensional waves 

are an important element in the nonlinear stages of the transition process. It should be noted 

that the localized interaction discussed Chapter 3 appears to be the only mechanism by 

which a free-stream acoustic wave can excite three-dimensional instability waves in the 

boundary layer. To focus on the effects of three-dimensionality in the simplest setting, we 

:·estrict attention to low Mach number flows. Finally, in Chapter 4 we summarize the results 

of this study and suggest directions for future research. One of the important findings of 

this study is that the receptivity due to wall admittance variations may be quite important in 

practice. 
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CHAPTER 2 

THE GENERATION OF TWO-DIMENSIONAL INSTABILITY WAVES 

In this chapter, we consider the generation of two-dimensional instability waves due to 

the interaction of free-stream acoustic waves with short-scale variations in wall suction and 

impedance. As discussed in Chapter I, this problem falls under the second class of 

receptivity regions. In this class of regions, both the mean and unsteady flows are described 

by the triple deck framework of Stewartson (l969) and Messiter (I970). It should be noted 

that the T -S waves near the lower branch of the neutral stability curve are also described by 

the triple deck equations. The triple deck theory involves a short streamwise length scale of 

O(e3L·), where L· denotes the distance from the leading edge to the region of short scale 

variation and e = Re- 1/ S, Re being the Reynolds number based on L· . 

The triple deck is a large Reynolds number asymptotic approximation to the Navier

Stokes equations. The length scales associated with this structure are illustrated in Fig. (2.1). 

The physics of the triple deck can be explained as follows. The short streamwise length 

scale of the wall suction boundary condition causes the original boundary layer (main deck) 

of thickness O(e4L·) to respond inviscidly. A viscous sublayer (lower deck) of thickness 

O(f5L·) is then necessary to satisfy the no-slip wall boundary condition. Finally, the rapid 

change in the boundary layer displacement thickness induces a short scale perturbation in 

the outer potential flow and this forms the upper deck of thickness O(f3L·). The 

asymptotic matching requirement between the three decks produces an interactive 
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relationship between the pressure and displacement thickness. The common stream wise 

length scale of e3L· is necessary for consistency in the matching of the three decks. 

For the convenience of the reader, we briefly summarize the analysis. The flow is 

assumed to be two-dimensional and compressible, with an arbitrary, specified dependence 

of viscosity on temperature. The mean boundary layer profile just upstream of the junction 

is assumed to be given, although it turns out that, to leading order, the amplitude of the 

generated instability wave depends only on the free-stream Mach number and the shear 

stress and temperature at the wall. The wall suction velocity and admittance are assumed to 

have short-scale streamwise variations in a region at distance L· from the leading edge. The 

wall suction velocity is assumed to be much smaller than e3U~. The mean flow adjustment 

is then found to satisfy the linearized form of the triple deck equations (see Reed 1980 and 

Nayfeh, Reed and Ragab 1980). The solution of this linearized problem is easily found 

using Fourier transform methods. 

We now discuss the analysis of the unsteady motion in the region of short-scale 

variation. The amplitude of the unsteady motion is assumed to be small enough so that it 

can be linearized about the mean flow in this region. A plane acoustic wave of frequency 

w· L· /U~ = O(c 2 ) is assumed to be incident on this region with its wavevector making an 

angle ()ac with respect to the local normal to the body surface. This frequency corresponds 

to the high Reynolds number asymptotic scaling near the lower branch of the neutral 

stability curve. Since practical suction surfaces generally have quite small porosities, we 

assume that the wall admittance is very small. The leading order term for the unsteady 

motion is then simply the incident acoustic wave and its reflection by an impermeable wall, 
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appropriately modified within the steady boundary layer region. This motion is inviscid 

except for a thin Stokes layer of thickness O(€6L·) adjacent to the body surface. 

The presence of the mean flow adjustment and the change in wall admittance then 

causes a perturbation to the unsteady flow described above. The perturbation flow satisfies 

an inhomogeneous form of the linearized unsteady triple deck equations. The governing 

equations in the lower deck are then the linearized unsteady boundary layer equations, with 

a source term representing the interaction between the Stokes shear wave and the mean flow 

adjustment. The variation in wall admittance enters as an inhomogeneous wall boundary 

condition. The solution to this problem is also found by Fourier transform methods. The 

generated T -S wave is given by the residue of the appropriate pole of the transform 

solution. 

There are two separate mechanisms by which free-stream acoustic disturbances can 

generate T -S waves in the short-scale region. The first mechanism is due to the adjustment 

in the mean boundary layer flow in this region, and the second is related to the short-scale 

variation in wall admittance. For the parameter values which typically occur in laminar 

flow control systems, both these mechanisms are linear and the results can· be superposed. 

To simplify the presentation, it appears sensible to treat these mechanisms separately. 

The receptivity due to the mean flow adjustment is considered first. In Section 2.1, we 

develop the linearized solution for the mean flow adjustment. The unsteady flow just 

upstream of the region of short-scale adjustment is examined in Section 2.2. The 

perturbation to this solution due to the presence of the short-scale mean flow adjustment is 
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calculated in Section 2.3. Similarly, the unsteady flow perturbation due to the wall 

admittance variation is determined in Section 2.4. In Section 2.5, the amplitude of the T-S 

wave is determined, in each case, as the residue corresponding to an appropriate pole of the 

Fourier transform solution found in Section 2.3 or 2.4. A parametric study for both these 

mechanisms is presented in Section 2.6 . 

2.1 The Short-Scale Mean Flow Adjustment 

In this section, we consider the mean flow adjustment produced by a short-scale 

streamwise variation in wall suction. The flow speed, speed of sound, Mach number, 

density, viscosity and thermal conductivity evaluated at the free-stream conditions are 

d •• ( •• •. b f enoted by U oo ' coo' Moo <I), Poo' J.l. oo and koo respectIvely. The Prandtl num er 0 the 

fluid is assumed to be of 0(1). We introduce a Cartesian coordinate system (x·, y.) where 

x· and y* are parallel and normal to the surface respectively, and x· = 0 lies within the 

region of short-scale adjustment (Fig. 2.2). The steady velocity {U, V} is normalized by 

u~, and the deviation in pressure P from its free-stream value is normalized by p ~ U·';'. 

The density p and the transport coefficients J.I. and k are normalized by their free-stream 

values. The Reynolds number Re = u~L* P"oo/J.I.~ = c 8 is assumed to be large, and the 

wall suction velocity is assumed to be O( €3V w U~), where V w «I . 

As mentioned above, the short-scale mean flow adjustment has the well-known "triple 

deck" structure. The triple deck as originally developed involves an 0(10) streamwise velocity 

in the lower deck near the wall, thus yielding a nonlinear response in this viscous sublayer. 

The continuity equation then requires the normal velocity component in the lower deck to 
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be O(€l). In our problem the suction velocity is assumed to be much smaller than this and 

hence, the mean flow adjustment is a small perturbation of the flow which exists just 

upstream of this region. The triple deck equations can then be linearized about this 

undisturbed flow. Furthermore, since the streamwise extent of the mean flow adjustment 

region (Le., the triple deck length scale) is small compared to C, the undisturbed flow is 

simply a parallel shear flow Uo(y) with an associated density profile po(y). The coefficients 

of the linearized equations then depend only on the transverse coordinate y, and the 

solutions can be developed easily by taking a Fourier transform in the streamwise direction. 

A general recipe, which can be used for any linearized triple deck problem, is as 

follows: We first obtain the solution for the inviscid main deck, which simply amounts to a 

transverse displacement of the streamlines of the upstream boundary layer by an unknown 

displacement thickness function. Proceeding to the upper deck, we use the matching of the 

main and upper decks to find the interactive relationship between the pressure and the 

displacement function. This provides the necessary boundary condition to close the lower 

deck problem, which is analyzed using Fourier transform methods. The introduction of an 

affine transformation of the independent and dependent variables in the lower deck problem 

allows the equations to be reduced to a form which is independent of parameters associated 

with the upstream boundary Idyer profile and compressibility effects. 

Following this recipe, we begin with the main deck problem. Utilizing the standard 

triple deck scalings 

(2.1.1 ) 
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and a suction velocity of O(e3V w), the flow in the main (or middle) deck can be written as 

u = Uo(y) + e Vw 4(%,Y) + .... , 

V = e'J.V w ~1(%' y) + .... , 

p = e'J.V w 'P 1(%' y) + .... , 

P po(y) + e Vw pl9:,y) + (2.1.2) 

The scaled variables 4, ~1' 'PI and PI are determined by the equations 

84 8p 1 8(po ~1) 
Po 8fC + U 0 8% + 8y = 0, (2.1.3a) 

84 , 
U 0 8fC + ~1 U 0 = 0, (2. 1.3 b) 

8'P1 -=0 8y , (2.1.3c) 

8p 1 ~, , 
Uo 8fC + VI Po = 0, (2.1.3d) 

where the primes on Uo and Po denote differentiation with respect to y. The solutions of 

these equations are 

4 = 

VI = 

1\ = 
-
PI 

where 

Al(fC) Uo'(y) , 

- A 1'(fC) Uo(Y) , 

-
9l~~') , 

A1U?:) po'(y) , 

(2.1Aa) 

(2.1.4b) 

(2.1.4c) 

(2.1.4d) 

Examining the solutions (2.1.4) as y -+ 00, it can be seen that VI -+ - A 1'(!:{;), 

corresponding to a (dimensional) perturbation of - e5V w A 1U?:) L· in the displacement 
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thickness. This. displacement thickness distribution occurs over the short streamwise length 

scale 0(e3 C), and induces a corresponding short-scale disturbance to the potential flow, 

which forms the upper deck region. The matching of the main and upper decks provides a 

relation between the two unknown functions, Al9;') and .q($") . 

The length scales for the upper deck are 

(2.1.5) 

where 9:: = y = O( 1). Since the flow in the upper deck is inviscid and irrotational (and 

therefore isentropic), it can be described in terms of the perturbation velocity potential 
I\. 1\ 1\ 1'\ 

<P = e2Y W <Pl($", y), where <Pl is 0(1). It then follows that <Pl should satisfy the Prandtl-

Glauert equation of linearized compressible flow theory 

(2.1.6a) 

Matching of the middle an"d upper decks produces the two relationships 

A 

a<Pl( 9::,0) A 

A ~(9::,0) = -Al'(9::) , (2.1.6b) 
ay 

and 

A 

a<P1(·Q;,0) A 

ag; = 9i(9::,0) .qU&") . (2.1.6c) 

The solution in the upper deck is most conveniently represented in terms of Fourier 

transforms, defined by 

00 

_1- f-oo ei,i.9:: f( 9::) d9:: . v'fi 
(2.1.7) 
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Applying the transform (2.1.7) to the PrandtI-Glauert equation, noting that the flow 

" disturbances are bounded as y --. 00, and utilizing (2.1.6b), we obtain 

= 
-i sgn(i-) Jt 1 -J l-Moo 2 sgn(i-) i- ; 

e . (2.1.8 ) 

Applying the other matching condition (2.1.6c), the interactive relationship between 

displacement thickness and pressure in the Fourier transform space is found to be 

fl'l == 
sgn(i-) i- Jt 1 

J I-M oo2 

For complex i-, we utilize the analytic continuation 

..; i- +iO 
sgn(i-) = ~' 

i- -10 

(2.1.9 ) 

where the branch cuts for the numerator and denominator are taken along the lower and 

upper imaginary axes in the i- plane respectively. This completes our discussion of the 

upper deck. 

The middle deck is in viscid in character and hence cannot satisfy the no-slip boundary 

condition at the wall. To satisfy the wall boundary conditions, we must introduce a viscous 

lower deck whose length scales are 

• 
L = €5 r}/ L. 8 , (2.1.10) 

where g; and JI are O( I). To determine the scaling of the dependent variables in the lower 

deck, we examine the limit of the corresponding middle deck quantities as y --. O. For small 

y, the base flow velocity and density profiles can be approximated by low order Taylor 

series, leading to 
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v 1(SC, y) --> - A 1'(SC) U~ y . 

and 
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(2.1.1la) 

(2.1.11b) 

(2.1.1lc) 

as y --> O. Here U~ = Uo'(O) and p~ = Po'(O). The expressions (2.1.11) imply that, in the 

lower deck, the velocity perturbations in the streamwise and transverse directions are 

O(fVW ) and O(f3Vw ), respectively. Hence, we set 

U = f U~ J/ + f V w rtt1(SC, Y) + .... , 

V = 

p == 

f3V w 1/1(SC, Y) + 

f2V w 9\(SC, Y) + 

P = Pw + f P~ Y + f V W P1 + .... , 

.... , 

.... , 

(2.1.12) 

where Pw = Po(O). From thermodynamic considerations, the viscosity is a function of two 

other state variables. We choose these to be pressure and density. This choice is convenient 

because the pressure is constant across the boundary layer, and hence the viscosity is a 

function of density only. One can write down an expansion for J.L which is similar to that 

for p. 

Substituting expansions (2.1.12) into the continuity and momentum equations, the 

leading order perturbations are found to satisfy 

a'lt1 a'l/ 1 

asr: + ay == 0 , (2. 1.1 3a) 

, ] a9\ 
U w V 1 + asr: (2. 1.1 3b) 

a9\ 
aJ/ = 0 (2.1.13c) 

where J.L w = J.Lo(O). Equation (2.1.13c) implies that the pressure 9\ is constant across the 

lower deck, and matching with the main deck requires that 
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(2.1.14) 

Thus the lower deck perturbations are governed by the incompressible, linearized boundary 

layer equations. The incompressible nature of the lower deck flow is to be expected in view 

of the reduced, O(e) streamwise velocity near the wall. The density perturbation P1 is 

determined at a higher stage in the expansion, but this will not be pursued here. 

We assume a physical configuration of the porous suction surface such that, at the wall, 

Zt1 satisfies the no-slip boundary condition 

Ztl~,O) = 0 , 

.. while V l~, 0) is given by the wall suction distribution, 

Vl~,O) = - .9"9(,9;') . 

(2.1.1 Sa) 

(2.1.1Sb) 

Here Fs(st") is the normalized suction distribution. At present, .9"9 is assumed to be any 

arbitrary function of the streamwise variable st". Later on, we will specialize the result:; for 

particular geometries relevant to laminar flow technology. 

For large J/, :1t1 must match the main deck slip velocity, leading to the condition 

Z't1(st",oo) = U~ A1Ue) , (2.I.1Sc) 

where the displacement function A 1(st") is related to the pressure 9\(st") through the 

interactive relationship (2.1.9). Finally, note that the triple deck disturbances must die out 

at upstream infinity in order to match with the unperturbed base flow. 

Equations (2.1.13a, b) with the auxiliary conditions (2.1.9, 2.1.14, 2.I.1S) and the far 

upstream condition, form a well-posed problem for the variables :1t1, VI' 9'1 and '/&1' With 
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9 1 and Al found as part of the lower deck solution, all quantities in the main and upper 

decks are also determined. It turns out that the parameters Pw' J.l.w' V~ and Moo which 

appear in (2.1.13, 2.1.15, 2.1.9) can be scaled out by using a simple affine transformation of 

the independent and dependent variables. The resulting set of equations is then independent 

of the free-stream Mach number and the wall temperature, density and shear stress. After 

solving this canonical problem, the solution for any base flow can be obtained quite easily, 

using the inverse of the affine transformation. In order to allow easy comparison with 

Goldstein's (1985) incompressible analysis of receptivity due to a wall hump, we express the 

wall shear stress V~ in terms of its value relative to the incompressible, Blasius wall shear 

stress >'0 (~0.33206). Thus, we write V~ = B >'0' and introduce the following 

transformations: 

9: = J.l.
w 

-1/4 B-5/4 (I-M 2)-3/8 P -1/2 
001 w X, (2.1.16a) 

y = J.l.w 1/4 B-3/4 (I-Moo 2) -1/8 P
w 

-1/2 Y, (2.1.16b) 

U 1 = J.l.w
1/ 4 8 1/4 (I-Moo 2) -1/8 Pw -1/2 E8 VI' (2.1.16c) 

V
l J.l. w

3/ 4 83/4 (I-M
00

2)1/8 P
w 

-1/2 E9 Vl ' (2.1.16d) 

Al J.l. w 
1/4 8-3/4 (I-Moo 2) -1/8 Pw 

-1/2 E9 AI' (2.1.16e) 

and 

9 1 = J.l. w 
1/2 Bl/2 (I-M

00
2)-1/4 E8 PI . (2. 1.1 6f) 

The corresponding transformation for the Fourier transform variable ~ is 

(2.1.I6g) 

A special case of this transformation was presented by Stewartson (1974), who considered 

the nonlinear lower deck problem, but restricted attention to zero pressure gradient 

boundary layers, and also assumed the variation of viscosity with temperature to be 
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governed by Chapman's law. We have introduced an extra scaling factor Es for the 

dependent variables. This factor will be utilized to suppress explicit dependence on 

compressibility and upstream wall shear stress in the canonical form of the inhomogeneous 

boundary condition associated with wall suction. 

Substituting (2.1.16) into (2.1.13) and the associated auxiliary conditions (2.1.15), the 

equations governing the lower deck perturbations reduce to the canonical form 

U IX + V1y = 0, 

>'oY U IX + >'0 VI + PI '(X) - U Iyy = 0, 

with the wall boundary conditions 

UI(X,O) = 0, 

VI(X,O) 

and the main deck matching condition 

UI(X,oo) = >'0 AI(X) , 

where Fs(X) = .9""s(.5t'), and we have set 

Es = 1/(J1.w 3/4 B3/4(l-Moo2)1/8 Pw -1/2) 

(2.1.17a) 

(2.1.17b) 

(2.1.18a) 

(2.1.l8b) 

(2.1.l8c) 

(2.1.l8d) 

in order to canonize the boundary condition (2.1.l8b). Finally, the interactive pressure

displacement relationship (2.1.9) takes the form 

PI = sgn(k)k Al ' (2.1.18d) 

where the overbar now denotes a Fourier transform with respect to the canonical stream wise 

variable X. Unless stated otherwise, all overbars in the remainder of this chapter will 

denote the Fourier transform with respect to X. 

We develop the solution to the lower deck problem in the Fourier transform space. 



38 

Taking Fourier transforms of (2.1.17) and (2.1.18), the lower deck problem can be written as 

-ik U1 + V IY = 0 , 

-ik~oY U1 + ~o V I + Ql - U1YY 

and the boundary conditions 

U1(0) = 0, 

VI (0) = - F 8 (k) , 

U1(00)= ~o Al ' 

along with the interactive relationship 

where we have set 

for convenience, and g- is given by 

kZ sgn(k) . 

0, 

(2.l.19a) 

(2.l.l9b) 

(2.1.20a) 

(2.1.20b) 

(2.1.20c) 

(2.1.20d) 

(2.l.20e) 

(2.1.20f) 

To solve the set of equations (2.l.19a, b), we first differentiate the X-momentum 

equation (2.l.I 9b) with respect to Y and use continuity (2.1.I9a) to get 

U1YYY + ik~oY U1Y =0 . (2.1.21) 

Solving (2.1.21) for U1y, we obtain 

U1y = C1(k) Ai [(-ik~o)1/3 Y] + Cz(k) Bi [(-ik~o)1/3 Y] , 

where Ai and Bi denote the Airy functions, and we have chosen (-i) 1/3 = e- i7r/ 6 • The 

solution for U1y must be bounded as Y -+ 00 for all real values of k and hence the 

coefficient of Bi must be set equal to be zero. Furthermore, in order for the Ai function to 

remain bounded for complex values of k, the branch cut for k1/3 must be chosen along the 

negative imaginary axis. We then obtain 



,.----_.. . "-

Integrating with respect to Y and using the no-slip boundary condition, we find 

Y 

U1 (Y) = C1 fo Ai [(-ik >'0)1/3 t] dt . 
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(2.1.22) 

(2.1.23) 

To complete the solution, we must determine the constant C1 and the displacement 

function A1(X). The main deck matching condition (2.1.20c) leads to 

- C1(k) 
A1 (k) = 3>'0(-ik>'0)1/3 ' (2.1.24) 

where we have used Iooo Ai(z) dz = 1/3. To obtain a second equation relating Cl and 

A 1 , we first evaluate the X-momentum equation (2.1.l9b) at Y=O 

>'0 V 1(0) = - Q1 + U1YY (0) . 

Utilizing (2.1 .20b, d) and (2.1 .22), we find 

- >'0 Fa = i fT Al + C1 (-ik>.o) 1/3 Ai'(O). 

Solving the simultaneous equations (2.1.24) and (2.1.25), we obtain 

A1 = 
i >'0 Fa 
3 fT D ' 1 

C l 
i>.o 2 (- ik>'o) 1/3 Fa 

= 
fT D1 

where we have set 

D1 
I i( - ik>'o) 2/3 >'0 Ai'(O) 

= - fT 3 

(2.1.25) 

(2.1.26a) 

(2.1.26b) 

(2.1.27) 

To complete the solution for the mean flow adjustment due to the short scale variation 

in wall suction, the physical variables A 1, U l' VI and P 1 can be obtained by utilizing 

(2.1.26) in conjunction with (2.1.1 9b), (2.1.20d), (2.1.23) and (2.1.27), and inverting the 
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resulting Fourier t~~nsform expressions. However, our primary interest lies in obtaining the 

part of the unsteady solution corresponding to the instability wave, and it turns out that for 

this purpose the Fourier transform results can be used directly. 

2.2 Unsteady Flow Upstream of Short-Scale Adjustment 

In Section 2.1 we considered the mean flow adjustment caused by a short-scale 

variation in wall suction. For suction levels of interest, this mean flow adjustment was 

found to be a small perturbation to the mean boundary layer profile just upstream of the 

adjustment region. Similarly, it will be shown that the unsteady flow in the adjustment 

region is also a small perturbation to the upstream unsteady solution. Hence, in this section 

we examine the upstream unsteady flow produced by a free-stream acoustic wave. 

There is, of course, some arbitrariness in the definition of the free-stream disturbance. 

For example, the amplitude of the free-stream disturbance can be specified in terms of its 

value just outside the boundary layer near the short-scale adjustment region, or by its value 

far upstream of the body. Furthermore, the disturbance amplitude can be measured in 

terms of either the pressure fluctuations or the velocity fluctuations in some direction. Since 

the receptivity phenomenon we wish to investigate are localized on the body surface, the 

most appropriate measure of the free-stream disturbance is its local amplitude in the vicinity 

of the short-scale adjustment region. It also seems most appropriate to utilize the physical 

quantity which most closely approximates the distinctive features of the disturbance under 

consideration. Since acoustic disturbances are basically pressure waves, we specify the 
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acoustic disturbance amplitude in terms of the magnitude of the pressure fluctuations 

incident on the short-scale adjustment region. Specifying the acoustic wave amplitude in 

terms of pressure has the further advantage that this measure is independent of the angle of 

incidence of the wave, which is one of the parameters we want to investigate. 

We therefore assume that the local acoustic field impinging on the short scale 

adjustment region consists of a plane, two-dimensional acoustic wave with frequency w* , 

propagating at an angle 0ac (-1T'/2 < 0ac < 1T'/2) with respect to the local normal to the body 

surface. An acoustic wave normally incident on the surface corresponds to 0ac = 0, while a 

downstream propagating grazing wave corresponds to 0ac = 7r/2. The amplitude of the 

pressure fluctuation is denoted by P~c, and the amplitudes of the stream wise and transverse 

velocity fluctuations associated with this incident wave are 

(2.2.1a, b) 

The nonzero value of v ~c produces a specularly reflected wave which is analyzed below. 

As mentioned at the beginning of this chapter, the external disturbance amplitudes are 

typically quite small, so the unsteady motion can be treated as a small perturbation of the 

mean flow. We are interested in free-stream disturbance frequencies which are of the order 

of the T -S wave frequency in the vicinity of the lower branch of the neutral stability curve. 

This corresponds to a nondimensior:al acoustic frequency (Strouhal number) w * L * /U~ of 

O(C2 ). Provided that Moo » 102, the acoustic wavelength >'~c (= O(€2L * /Moo B is small 

compared to the distance of the adjustment region from the leading edge, and the airfoil 

surface appears locally flat and of infinite extent in both directions. 

Now consider the unsteady flow just upstream of the region of short-scale adjustment, 
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or equivalently, in the absence of such an adjustment. In the direction parallel to the 

surface, the local length scale of this unsteady motion is obviously the acoustic wavelength. 

However, in the transverse direction, three distinct length scales must be considered. The 

regions associated with these length scales are illustrated in Fig. (2.3). The outer region has 

a transverse length scale equal to the acoustic wavelength, and lies in the free-stream region 

outside the mean boundary layer. The mean flow is uniform in the outer region, and the 

unsteady motion associated with the acoustic disturbance is governed by the convected wave 

equation with constant coefficients. The appropriate solution in this region consists of the 

incident acoustic wave plus a specularly reflected wave with an equal amplitude and 

propagating at an angle 7r/2-0ac with the mean flow direction. The combination of incident 

and reflected waves satisfies the condition v * = 0 at the wall. However, since the outer 

region is inviscid, it does not satisfy the no-slip condition at the wall. The velocity and 

pressure at the inner edge of this region (corresponding to the outer edge of the mean 

boundary layer) are given by 

where 

,* 
Uoo = 

* ·(k* . 0 * * *) --:;:-P-.:a::.:;c,--_ 2 . 0 1 ac sm ac x - w t * * sm ac e 
Pooc oo 

·(k* . 0 * * *) ,* 2 * 1 ac sm ac x - w t 
Poo = Pac e 

I + Moo sin 0ac 

(2.2.2a) 

(2.2.2b) 

(2.2.2c) 

The intermediate region consists of the main part of the boundary layer, which acts as a 

buffer zone between the inner, viscous layer and the outer, uniform base flow region. The 

mean flow in this intermediate region is a parallel shear flow of magnitude comparable to 
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the speed of sound. The acoustic motion in this layer is governed by the convected wave 

equation, with variable coefficients corresponding to the mean boundary layer profile. Since 

the acoustic wavelength is large compared to the thickness of the boundary layer, to leading 

order the unsteady pressure fluctuation is independent of y*. Hence in this intermediate 

layer the pressure fluctuation is also given by (2.2.2b). 

Very close to the wall, the motion is viscous, and is driven by the unsteady pressure 

gradient associated with (2.2.2b). For w* L * /U~ = O(c2), the thickness of this sublayer is 

O(€6L *), i.e., of the same order as the thickness of the lower deck from the triple deck 

theory. Since the sublayer is very thin, and embedded very close to the wall, the mean flow 

velocity there is much lower than its free-stream value. Therefore, convection by the mean 

flow is unimportant alld at leading order the streamwise momentum equation reduces to 

* * * * au' ~ * azu' 
Pw -.- = - • + Jl.w --.-, at ax ay z 

(2.2.3) 

* * where P wand Jl. ware the density and viscosity, evaluated ~t the wall temperature. The 

flow here is then simply the Stokes shear wave solution driven by the in viscid pressure 

gradient, 

2 sin 0ac p~c 
• • Pwcoo 

e 
·3/Z J • • / • 1 W Pw Jl.w 

. (k· . 0 * * .) ,* 2. 1 ac SIn ac x - w t 
Po = Pac e . (2.2.4b) 
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2.3 Unsteady Flow Perturbation Due To The Mean Flow Adjustment 

In this Section, we analyze the perturbation to the unsteady flow component caused by 

the presence of the short-scale mean flow adjustment. A crucial feature of this unsteady 

flow perturbation is the production of a ToIlmien-SchIicting wave. As discussed in the 

previous section, the mean flow adjustment is a small perturbation to the basic boundary 

layer flow, and hence the unsteady perturbation caused by this mean flow adjustment is also 

small compared to the basic unsteady motion analyzed in Section 2.2. For frequencies of 

the order considered here, the acoustic wavelength >'~c is O(e2L· /Moo ), which is much 

larger than the O(elL·) length scale of the mean flow adjustment region. Therefore, on the 

local triple deck scale, the stream wise variation of the basic upstream solution can be 

neglected. This simplifies the analysis of the unsteady flow perturbation within the triple 

deck region. 

To determine the appropriate scaling for the unsteady variables in the local triple deck 

region, it is instructive to consider the X-momentum equation in the free-stream 

[ • • 1 • • au' • au' ~ 
Poo -.-+U oo -.- = - •. at ax ax 

(2.3.1 ) 

The analysis of the upstream motion in the previous section utilized the acoustic wavelength 

as the length scale, and all three terms in (2.3.1) were of equal importance. However, when 

the shorter triple deck length scale is introduced into (2.3.1), it can be seen that the unsteady 

term can be neglected at leading order. In fact, the resulting equation is easily integrated, 

leading to the quasi-steadY relationship 
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,* * u* ,* p = - Poo oou (2.3.2) 

between the short scale pressure and velocity fluctuations in the free-stream. Hence, in this 

section the short scale unsteady velocity and pressure perturbations (u', v') and p' are 

normalized by p~c/P:'c:' and Moop~c, respectively. Note that, at low Mach numbers, 

the short-scale pressure fluctuation is smaller than the acoustic pressure fluctuation by a 

factor of O(Moo )' However, since the acoustic pressure fluctuation is essentially uniform 

across the triple deck region, it plays no part in the dynamics of the motion. 

The procedure to solve the unsteady linearized triple deck problem is quite similar to 

the steady problem, and hence the details of the analysis are given only where differences 

between the two cases arise. The discussion in the previous paragraph shows that the middle 

and upper decks are quasi-steady, so the solutions in these two decks are identical in form 

to those obtained in Section 2.1. This then implies that the interactive relationship between 

the pressure and the displacement thickness, which is produced by matc4ing the middle and 

upper decks is identical to that obtained for the steady case. Therefore, the solution 

procedure again reduces to solving the linearized lower deck problem along with the 

interactive pressure - displacement relationship. The influence of the parameters Moo, Pw, 

J1.w and U~ characterizing the base flow can be removed from the lower deck problem by 

the affine transformation (2.1.16). However, we replace Es byes, and transform time t and 

Strouhal number J by 

2 * * * t == C t Uoo/L = (2.3.3a) 

and 

(2.3.3b) 

Since the problem is linear, the unsteady flow exhibits the harmonic time dependence of the 
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free-stream disturbance, and we can write 

where uo(Y) and Po correspond to the upstream solution (2.2.4), evaluated at X = O. Only 

Uo appears in the governing equations for the unsteady perturbation within the triple deck 

region, and in lower deck variables it is given by 

sin 0ac 
uo(Y) = 2 -~ 

Pw 
(2.3.5) 

The constant es ' scaling the dependent variables, will be utilized later to canonize the source 

term in the lower deck equations. 

With these expansions, one finds that u1 ' v 1 satisfy the linearized unsteady boundary 

layer equations 

o , (2.3.6a) 

(2.3.6b) 

where we have set 
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2 sin /Jac Es 
e -
s - J1.w I / 4 BI/4 (l-M

00
2)-1/a Pw 1/ 2 ' 

(2.3.6c) 

in order to simplify the inhomogeneous term in (2.3.6b). At the wall, ul and VI satisfy the 

no-slip and no-flow boundary conditions, 

ul = VI = 0 on Y = 0, (2.3.7a, b) 

respectively. (Recall that the influence of unsteady flow through the porous surface is 

considered in Section 3.4.) In addition, the condition for matching with the middle deck 

(2.3.7c) 

and the interactive pressure-displacement relationship 

(2.3.7d) 

must be satisfied. Finally, the upstream matching condition forces all triple deck 

disturbances to vanish as X -> - 00. 

We develop the solution to the lower deck problem in the Fourier transform space. 

Taking the Fourier transform of (2.3.6, 2.3.7) with respect to the canonical streamwise 

variable X, we find 

(2.3.8a) 

'S - 'k' Y - ,- - u-Iyy:: (I - ei3/ 2 Sl/2 Y) l'k VI - 1 ul - 1 AO ul + AO VI + qI -

along with 

where we have set 

+ p/2 Sl/2 eP / 2 Sl/2 Y VI' (2.3.8 b) 

(2.3.9a, b) 

(2.3.9c) 

(2.3.9d) 
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(2.3.ge) 

and 9'"" is given by (2.1.20f). 

To solve (2.3.8, 2.3.9), we first differentiate the X-momentum equation (2.3.8b) with 

respect to Y. After using the steady and unsteady continuity equations (2.1.19a, 2.3.8a), we 

obtain 

= ik (I - ei3/2 Sl/2 Y) UlY 

'S p/2 Sl/2 Y V 
- 1 e 1 . (2.3.10) 

It may be seen from (2.1.l9b) and (2.1.23) that V l' which appears in the source term in 

(2.3.10), involves an integral of the Airy function. Hence, a direct attempt at solving 

(2.3.10) would involve rather cumbersome algebra. Following Goldstein (l985), we 

introduce the following change of dependent variable in order to simplify the source term, 

Y 

-* - - ~ U - is J i3/2 Sl/2 Y U dY u - ul + S 1 >. e l' 
o 0 

(2.3.11) 

Using (2.3.11) to eliminate VI on the right side of (2.3.10), we find that ij* satisfies 

ij* '" + i(S+k>'o Y) ij*' = ik G(Y) , (2.3.12u) 

where 

(2.3.12b) 
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is = (2.3.12c) 

and fT is given by (2.1.20f). Note that in the new source term G(Y), V I has been replaced 

by A!, which is independent of Y. Moreover, the SOllrce term G(Y) decays exponentially as 

Y -> 00. Since (2.3.12a) possesses the homogenec),ls solutions Ai(r) and Bi(r) , where 

(2.3.13) 

It follows that the solution to (2.3.12a) that remains bounded as Y--+oo is given by 

[ 

Y 
- - ik.>. 2/3 'Il' 
().: Bi(r) Ioo Ai(f)G( 'Y)dY -

+ cl(k) Ai(r) . (2.3.14) 

-To complete the solution, the constants a l and c I must be found. Applying the 

boundary conditions (2.3.9a-d) in a manner similar to that in Section 2.1, we find that the 

displacement thickness iiI is given by 

k - S-, - S A 1 - ).fT VI (0) , (2.3.ISa) 
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where 

(2.3.15b) 

(2.3.l5c) 

and Gi and Gi' denote the combinations of Airy functions and Airy function integrals 

defined on p. 448 of Abramowitz and Stegun (1964). 

Substituting the expressions (2.1.23, 2.1.26) for V 1 and Al into (2.3.lSa), changing the 

variable of integration, and deforming the contour yields 

-ik>'o2 FsAi'(ro) 
g-2!:l. D1 

k - S-, - S A1 - >. g- V 1 (0) (2.3.16a) 
o 
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where we have put 

(2.3.l6b) 

and the integral in (2.3.l6a) can be carried out along the real axis. The constant c1 is given 

by 

(2.3.l6c) 

This essentially completes the solution to the problem. Physical quantities can be found by 

inverting the Fourier transform solutions found here. We are, however, interested only in 

the amplitude of the Tollmien-Schlichting wave produced by the interaction and not in the 

complete solution. In Section 2.5, we develop an expression for the coupling coefficient 

relating the amplitude of the T -S wave generated by the local receptivity mechanism to the 

amplitude of the free-stream acoustic wave. 
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2.4 Unsteady Flow Perturbation Due Wall Admittance Variation 

In this section, we analyze the generation of Tollmien-Schlichting waves by the 

interaction of a free-stream acoustic wave with short-scale variations in wall admittance. 

The admittance of a surface relates the unsteady normal velocity component through the 

surface to the pressure fluctuations imposed on the surface. Practical suction surfaces 

typically have quite small porosities, and hence we shall assume that the wall admittance is 

very small. The leading order term for the unsteady motion is then simply the upstream 

solution derived in Section 2.2. One may recall that this upstream motion consists of the 

incident acoustic wave and its reflection by a rigid wall, appropriately modified within the 

steady boundary layer region. This motion is inviscid except for a thin Stokes layer of 

thickness O(e5L·) adjacent to the body surface. 

The non-zero wall admittance produces a small perturbation to this leading order 

solution. If the admittance distribution contains a region of short-scale variation, the 

unsteady flow perturbation in this region satisfies the linearized, unsteady triple deck 

equations. The governing equations in the lower deck are then the linearized unsteady 

boundary layer equations. The variation in wall admittance enters as an inhomogeneous wall 

boundary condition. The solution to this problem is also found by Fourier transform 

methods, following the recipe given in Section 2.1 . To avoid unnecessary repetition of 

details, after formulation of the triple deck problem, we simply state the final solution. 

For harmonic motion, the surface admittance is defined as the ratio, at the surface, of 

the normal velocity to the pressure, expressed in complex notation as 
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1* (0 0) p wall X ,t 
o 0 -I'W" t*,. ••. • to 

= p wall (x ) e , V wall = V wall (x ) e- IW 
, (2.4.la) 

fJ"( ") = V:'a1I(X") (24 Ib) 
fJ x "( *) , .. 

Pwall x 

where, of course, the "real part" convention is implied in (2.4.la). Nonzero values of 

Arg(po) imply a phase shift between the pressure and velocity fluctuations. For p" p':x, c':x, = 

O( I), calculation of the acoustic scattering involves a mixed boundary value problem for 

which closed form analytical solutions do not exist. However, for pO p':x,c':x, « I, a 

perturbation solution to the acoustic scattering problem is easily found. In particular, since 

the analysis of Section 2.2 showed that the pressure is uniform across the boundary layer to 

leading order, the vertical velocity at the wall in the region of short-scale adjustment is 

simply given by 

* " * * . * t* v' (x ,0) = - P 2Pac e-IW 
• (2.4.2) 

It proves convenient to represent the wall admittance in the region of short-scale variation 

in the form 

(2.4.3) 

where the factor 10 2 has been introduced in (2.4.3) so that the small parameters V wand Pw 

will have equal importance in the final results. 

The triple deck problem driven by the inhomogeneous boundary condition (2.4.2) is 

formulated using the same non-dimensionaIizations and expansions (2.3.4) as in the previous 

section, with the parameters V wand es replaced by Pw and ea respectively. The lower deck 

problem then takes the form 

(2.4.4a) 
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(2.4.4b) 

with the main deck matching condition (2.3.7c) and the interactive pressure-displacement 

relationship (2.3.7d). At the wall, u1 satisfies the no-slip condition 

(2.4.5a) 

and v 1 is given by 

(2.4.5b) 

gr n (.9;'), and in (2.4.4), we have replaced es by en which is given by 

(2.4.5c) 

The solution to this problem is developed in Fourier transform space following an 

approach very similar to that utilized in the previous section. The final solution for the 

perturbations to the unsteady displacement function and the streamwise velocity in the lower 

deck are given by 

(2.4.6a) 

and 

U' 1 (2.4.6b) 

where . 
>'0 (-ik>.) 1/3 _ 

c1 = Ir 0 00 Ai(r l)dr 1 a1 • 
(2.4.6c) 

In Section 2.5, we develop an expression for the coupling coefficient relating the 

amplitude of the T -S wave generated by the wall admittance receptivity mechanism to the 

amplitude of the free-stream acoustic wave. 

,,------ - ---



55 

2.5 Extraction of the Coupling Coefficient 

In Sections 2.3 and 2.4, we obtained the Fourier transform solutions for the unsteady 

flow perturbations due to the short-scale mean flow adjustment and variation in wall 

admittance, respectively. In this section, we examine the part of these unsteady solutions 

that corresponds to a T -S wave. Consider the canonical form of the unsteady perturbation 

to the boundary layer displacement thickness a1(X), which is given by the inverse Fourier 

transform 

00 

= _1_ I e-ikX a1(k) dk . 
V2-i -00 

(2.5.1 ) 

Our interest is in the region X > 0, i.e., downstream of the junction. Then the integration 

contour can be closed in the lower half plane. Observe that the function A appears in the 

denominator of a1(k) for the solutions (2.3.16a) and (2.4.6a) to the two problems. The 

points where 

A = ° (2.5.2) 

obviously correspond to poles of the integrand in (2.5.1). Furthermore, (2.5.2) is the lowest 

order triple deck approximation to the T -S wave dispersion relation (Smith 1979). Hence, 

the T -S wave amplitude can be determined by evaluating the residue of this pole. 

We suppose that the short-scale interaction region lies upstream of the lower branch of 

the neutral stability curve so that, in the local solution, the T -S wave initially decays with 

downstream distance. Then the root of (2.5.2) corresponding to the T -S wave must lie in 

the third quadrant of the k-plane. The contribution aT-S to (2.5.1) from the corresponding 

pole at k = -K. is equal to 27ri times the residue of the integrand. Then denoting the 



56 

corresponding val~e of r 0 by T] so that 

(2.5.3a) 

and 

T]>. 3/2 00 [)2 
A(n,S) - t Ai(,)d, + i +- Ai'(n) = 0, (2.5.3b) 

we find from (2.3.16a) that the canonical displacement thickness fluctuation a.r-s due to the 

mean flow adjustment mechanism is given by 

(2.5.4a) 

where we have put 

. f! . T{~ Ai'Cn) {JOO - 1/2., [.( ) ( ) 1/2 .()] d 
As = 3JJ 2 (S/ >'03/2)3 D

1
(T], S) 811(T],S)/8T] 0 e 1/ KJ T+T], T] g T, T] - T] Al T T 

_ i (>'0 77)3 _ ( 1/2 + 1 ) D ( S)} 
32/3 f(2/3) S2 T] T] 1 T], . (2.5.4b) 

In Eq. (2.5.4b), 811(T], S)/8T] denotes the partial derivative of (2.5.3b) with respect to T] and 

I [71>'03/2 )2 I 
3 - -S - 31/ 3 f(l/3) . (2.5.4c) 

Having obtained aT-S, it is easy to obtain the expression for the streamwise velocity 

fluctuation produced by the T -S wave. This quantity varies across the boundary layer, and 

experimenters usually measure it only at the transverse location where its amplitude is 

maximum. For T -S waves near the lower branch of the neutral stability curve, it can be 

shown that the maximum of the stream wise velocity eigenfunction occurs within the lower 

deck, and hence we restrict our attention to this region. We then find the following 
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canonical expression 

Numerical computations show that the maximum magnitude of the ratio within the braces is 

close to 1.0 for all S. Therefore, we can write 

(2.5.6) 

Introducing the scaling parameters from (2.3.4a), utilizing the definition (2.3.6c) of es ' and 

writing the result in dimensional terms, we obtain 

where 

The factor 

• 
uT-S = 

c = 8 

X = Il -1/2 U' 1/2 (1 - M2 )1/4 s r-w woo' 

y. 
w 

3 u· € 00 

(2.5.7a) 

(2.5.7b) 

(2.5.7c) 

(2.5.7d) 

relates the amplitude of the generated T -S wave to the amplitude of the incident free-

stream sound wave and has been referred to as the coupling coefficient in the literature 

(Tam 1971). 

We can now utilize the result (2.4.6a) for the unsteady flow perturbation due to the 
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short-scale variation in wall admittance to obtain the following canonical expressions for the 

T -S wave displacement function and streamwise velocity fluctuations associated with this 

mechanism 

(2.5.8a) 

UT-S (X, Y) 
J 
( -ilC,),o) 1/3 Y + TJ 

Ai(r)dr 

~,'/4 F. (-<) A. (SI VI') {q co } e"", (2.5 .8b) 

L Ai(r)dr 

IUT-S(X=O)lmax ~ >'03/4 IF a(-II:) Aa(S) I, 
where we have put 

00 

ql/' L Al(,) d, 

~'(TJ) (S/>'03/2)3/2' 

Re-expressing the result in dimensional terms, we find 

where 

X = J.L -1/4 U' 3/4 (1 - M2 )l/S P 1/2 a W W 00 W • 

The coupling coefficient for this case is given by 

c = a 

(2.5.8c) 

(2.5.8d) 

(2.5.9a) 

(2.5.9b) 

(2.5.9c) 
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Note that, at larger values of the frequency parameter S, the root (-~) of the dispersion 

relation (2.5.3b) crosses into the upper half plane. However, causality arguments can be 

used to show that the Fourier inversion contour in (2.5.1) must then be deformed to include 

this pole in the integrand (see also Goldstein 1985). The pole in the upper half plane now 

corresponds to a T -S wave which exhibits exponential growth with downstream distance. It 

is obvious then that the formulas derived above for the decaying wave remain valid for the 

growing wave as well. In the following section, we discuss the results (2.5.7) and (2.5.9) and 

their implications for laminar flow control. 

2.6 Parametric Study 

We first present some general observations regarding the instability waves generated by 

these localized receptivity mechanisms. The amplitude of the instability wave is linear with 

respect to the amplitude p:C of the incident free-stream acoustic wave, and also with 

respect to the suction velocity (2.5.7) and wall admittance (2.5.9). The functions g; and ~ 

are the Fourier transforms, with respect to 9:, of the streamwise distributions of the suction 

velocity and wall admittance, evaluated at the complex wavenumber (-Xk~) of the T-S 

wave. The receptivity due to wall admittance variation is independent of the orientation of 

the free-stream acoustic wave, while the receptivity due to the mean flow adjustment 

depends on the incident wave angle through the factor 2 sin BOle. This quantity is the ratio 

of the amplitude of the local, unsteady slip velocity just outside the mean boundary layer to 

the velocity fluctuation associated with the incident acoustic wave. The two factors As and 

An are frequency dependent and are characteristic of the recePtivity mechanism involved. 
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Figures (2.4a, b) show the amplitude and phase of the functions As and Aa plotted against S, 

the normalized frequency. For both As and Aa , the maximum amplitude occurs at a 

frequency somewhat below the lower branch neutral frequency. 

We now discuss the influence of the Mach number and the wall shear stress on the 

amplitude of the T -S wave generated by the two mechanisms discussed above. First, one 

may note that holding p:C constant, the relative importance of the mean flow adjustment 

and wall admittance contributions is independent of free stream speed at low Mach 

numbers. As the Mach number approaches one, the Prandtl-Glauert factors start to 

influence this balance. However, the effect is rather weak until the transonic range is 

reached, since the Prandtl-Glauert factor appears to fractional powers. One may also 

observe that, for a fixed geometry, and sayan insulated waIJ boundary layer (which is the 

common case for subsonic boundary layers), the parameters Pw' J.Lw and U' w depend upon 

the Mach number. The suction velocity levels required to stabilize the boundary layer may 

also depend on the Mach number. In fact, even the free-stream disturbance characteristics 

depend on the Mach number to some extent. AU these effects would have to be considered 

in a precise comparison of the relative strengths of the two mechanisms. 

As shown by the expressions (2.5.7,9), the influence of the Mach number on the 

amplitude of the generated T -S wave is two-fold. First, a change in Moo (and hence a 

change in Pw' J.Lw and V' w) changes the effective (or normalized) frequency parameter Sand 

thereby, the wavenumber -Xkit of the T-S wave. The shift in the effective frequency and 

wavenumber, in turn, implies a change in the value of As (or Aa) and SZ;; (or ~]. In 

addition, the spatial growth rate, given by the imaginary part of the wavenumber also 
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changes with the Mach numbers. Whether the magnitude of the coupling coefficient 

increases or decreases depends upon the total change in S as a result of the change in Mach 

number (including the effect of the change in other parameters such as Pw' J-Lw' U' w' etc.) 

and the local slope of the coupling coefficient curve as a function of S. Similar conclusion 

also holds for an increase or decrease in the growth rate. 

For Mach numbers approaching 1, the asymptotic expansions used in this chapter are 

not valid, and must be replaced by a new structure appropriate for transonic Mach numbers. 

However, we can use the present result to gain some insight regarding the trends of the 

different functions. As Moo - 1, the shift in effective frequency and wavenumber is 

dominated by the Prandtl-Glauert factors. One can observe from (2.3.3b) and (that both S 

and Xk tend to zero as Moo -I; hence K. and XkK. also become small, implying that the 

wavelength of the two-dimensional disturbances becomes very large. Since both As and Aa 

also go to 0 as S - 0, the effect of the shift in frequency is to reduce the magnitude of the 

coupling coefficient in the limit Moo -I. The other effect of the Mach number is to 

change the magnitude through the factors Xs and Xa. It can be seen from (2.5.7b) and 

(2.S.9b) that both these factors go to 0 as Moo - I, Xs at a faster rate than Xa It is worth 

mentioning at this point that the factors Xs and Xa will remain the same for a three-

dimensional problem also, where the wall suction. and adrn:~tance varies in the spnnwise as 

well as stream wise direction. This implies that the receptivity due to wall admittance is 

likely to be more important in the transonic range than the receptivity due to suction 

variation. 

The effect of the wall shear stress U' w is similar to that of the Mach number in the 

---_.-, 
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sense that a change in wall shear stress also changes the effective frequency and the T-S 

wavenumber on one hand, and the coupling coefficient magnitude through the factors Xs 

and Xa on the other. Note that, in general, values of U' w larger than the Blasius value 

0.33206 are also associated with favorable pressure gradients. Similarly, lower values of U' w 

indicate adverse pressure gradients. Note that the amplitude factors Xs and Xa increase with 

increasing U' w' the latter increasing at a larger rate than the former. Similarly, an increase 

in U' w (i.e., a favorable pressure gradient) increases S, Xk and hence I/CI. However, as 

mentioned above, whethe, the p,oduct 1 A. F. ( -Xk.) 1 [0' 1 A. F. ( -Xk.) I] increases 0' 

not depends upon the specific values of S and /c. Of course, the influence of U' w is quite 

weak at all values of the Mach number, since U' w appears to fractional powers. 

We now discuss the application of the present results to laminar flow control and hybrid 

laminar flow control designs. Nayfeh and EI-Hady (1979) have evaluated the relative 

effectiveness of· boundary layer stabilization by distributed suction and by suction 

concentrated in discrete strips. Appropriate levels of strip suction were found to be as 

effective as distributed suction; their results suggest values for the parameter V:"/U:x, €3 of 

the order of 0.02 for distributed suction systems and of 0(0.2) for strip suction systems. Of 

course, these investigations considered only the stability of the boundary layer and did not 

examine the influence of the suction distribution on the boundary layer receptivity. The 

above range of suction velocities yields a coupling coefficient of 0(10-1) for Reynolds 

numbers of the order of 106 • This range is comparable to that found by Goldstein (1985) 

for the case of receptivity due to the interaction of an acoustic wave with a wall hump. In 

contrast, the T -S wave generated at the leading edge undergoes considerable decay before 

reaching the neutral stability point. Hence, in many cases, the receptivity due to suction 
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variations is likely to dominate the receptivity occurring near the leading ec;lge. 

No data on wall admittance values associated with laminar flow designs are available in 

the literature. It is tempting to simply dismiss this effect as unimportant, since the face 

sheets used in such designs generally have quite small porosities. However, our analysis 

shows that a small wall admittance of f3"wP:x,c:x, = 0(€2) and scaled wall suction velocities 

V:' /U:x, €3 = 0(1) produce receptivity levels of the same order of magnitude. Hence, in 

order to obtain some information regarding this effect, we have analytically estimated the 

face sheet resistance and backing cavity reactance for a design utiiized by McDonnell 

Douglas (Braslow and Fischer 1985). The face sheet resistance appears to be the dominant 

effect, producing wall admittance f3"wP:x,c:x, values of the order of om. Using these 

estimates to compare the receptivity produced by wall suction and wall admittance it appears 

that, for distributed suction designs, the receptivity due to wall admittance is an order of 

magnitude larger than that due to the mean flow adjustment! 

In applications where porous surfaces are utilized for sound absorption, the wall 

admittance values f3:'P:x, c:x, are typically O( 1). For this situation, the above linear analysis 

must be reexamined. We find that, for O( 1) values of the wall adm;ttance, the triple deck 

receptivity problem becomes nonlinear when the velocity fluctuation p:x,/p:x,c' 00 associated 

with the incident acoustic wave is of 0(€3U:x,). In typical applications, this corresponds to a 

sound pressure level of approximately 130 dB. Hence, nonlinear receptivity may be partially 

responsible for the enhanced turbulence levels observed in flow over aircraft engine acoustic 

duct liners. 
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We now examine the influence of junction geometry which enters through the 

functions g;; and ~ in Eqs. (2.5.7, 2.5.9). We first consider the case of strip suction, and 

examine the influence of strip width on receptivity. For strip suction designs, the wall 

admittance effect is usually less important, since most of the surface is rigid. Hence, we 

consider only the receptivity due to mean flow adjustment. We assume that the strip 

spacing is an order of magnitude larger than the strip width, so that the receptivity at each 

strip can be considered independently. The global boundary layer stabilization depends 

mainly on the rate of mass flow removed through the strip, and hence this quantity is held 

constant as the strip width is varied. 

In Fig. (2.5), we plot the receptivity coefficient for strip suction, divided by the narrow 

strip limit, as a function of the strip width normalized by the local T -S wavelength. The 

Blasius boundary layer is utilized, and results are shown for four strip locations. Observe 

that the maximum receptivity generally occurs for very narrow strips. For the strip located 

at the neutral stability point, a strip width equal to an integer number of T -S wavelengths 

produces a zero receptivity coefficient. Essentially, the instability wave generated at the 

front edge of the strip is cancelled by that generated at the rear edge. Similar results are 

obtained for a strip located at half the distance from the leading edge to the neutral stability 

point, and for a strip located at the point of maximum instability growth rate, except that 

the minima at integer values of d/.AT_s are nonzero. Basically, the growth or decay of the 

instability wave prevents perfect cancellation between the front and rear edges of the strip. 

However, it can be seen that, by choosing a slot width equal to the instability wavelength, 

the receptivity can be reduced to 12% of its narrow slot limit. At the 1/4 point location 

closer to the leading edge, the receptivity is not reduced as much by choosing d/ .AT-S = I, 
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and for sufficiently wide strips, the receptivity is actually increased due to the downstream 

displacement of the rear edge of the strip. We note in passing that the geometrical analysis 

performed here is also relevant to the design of active control devices, where it is desirable 

to maximize the receptivity coefficient. 

Next, we consider receptivity at a transition from a distributed suction surface to a 

downstream hard wall. This geometry is relevant to hybrid laminar flow control designs. 

The receptivity depends on the details of the transition through the functions g;; and g; 

describing the distribution of wall suction and admittance, respectively. These functions are 

likely to be very similar in typical applications, and hence we do not distinguish between the 

two cases in the following discussion. To examine the dependence on junction geometry, 

we have compared the receptivity for a number of transition profiles. The case of a single 

step discontinuity has been taken as the baseline. The additional profiles considered are a 

double step discontinuity, a linear variation and a half-wavelength cosine variation, as 

shown in Fig. (2.6). The ordinate of the graph corresponds to the receptivity coefficient 

normalized by the baseline case of the single step discontinuity, and the abscissa is the 

transition length normalized by the instability wavelength. In varying the transition length, 

the location of the downstream end of the transition was held fixed. Results are presented 

for three junction locations: the lower branch neutral stability point, half the distance from 

this location to the leading edge, and the location corresponding to the maximum instability 

growth rate. 

It can be seen from Fig. (2.6) that the double step discontinuity generally has the largest 

receptivity coefficient and the cosine variation generally has the smallest. The results for 
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the linear profile are surprisingly close to those for the cosine profile. A choice of transition 

profile length approximately equal to two instability wavelengths appears near optimum in 

most cases. Profile smoothing is less effective in reducing the receptivity coefficient for 

growing waves as compared to the neutral wave or decaying wave cases. In fact, for the 

maximally growing wave the double step discontinuity generally increases the receptivity 

coefficient as compared to the single step baseline case. Essentially, the double step junction 

has a discontinuity farther upstream, and the additional growth of this upstream generated 

wave negates the beneficial effects of spreading out the discontinuity in wall suction. 
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CHAPTER 3 

GENERATION OF THREE-DIMENSIONAL INSTABILITIES 

In the previous chapter, we considered the generation of two-dimensional T -S waves 

by the interaction of a free-stream acoustic wave with short-scale streamwise variations in 

wall suction and admittance. Here we extend the same theoretical framework to analyze the 

generation of instability waves by the interaction of a free-stream acoustic wave with wall 

suction and admittance distributions which exhibit short-scale variations in the span wise as 

well as the stream wise direction. Understanding the processes by which three-dimensional 

instability waves are generated is important for transition prediction and control. At all 

speeds, three-dimensionality plays a critical role in the nonlinear breakdown stage of 

transition. Furthermore, three-dimensional instabilities dominate even the linear growth 

regime at high subsonic and moderate supersonic Mach numbers. Finally, since the 

distributed suction surfaces used in LFC systems typically involve arrays of holes, this is a 

question of practical importance as well. 

As discussed in Chapter I, free-stream acoustic waves can generate two-dimensional 

instability waves by interacting with either the leading edge region (Goldstein 1983, 

Kerschen and Heinrich 1989), or with a localized downstream region containing a short

scale inhomogeneity. However, since the boundary layer growth near the leading edge is 

effective in shortening the disturbance length scale in the streamwise direction only, a free

stream acoustic wave cannot generate three-dimensional instability waves by the leading 
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edge mechanism. Thus the localized interaction discussed in this chapter appears to be the 

only mechanism by which a free-stream acoustic wave can excite three-dimensional 

instability waves in the boundary layer. 

For the three-dimensional problem, we restrict attention to the low Mach number case. 

Both the receptivity mechanisms discussed in Chapter 2 are applicable for the three

dimensional case as well. We consider an arbitrary distribution of wall suction and 

admittance which is localized in the streamwise direction, with periodic short-scale 

variations in the span wise direction. The mean flow adjustment due to the localized wall 

suction distribution is calculated in Section 3.1. In Section 3.2, the unsteady motion 

upstream of the localized interaction region is examined. In the interaction region, the 

presence of the short-scale mean flow adjustment and variation in wall admittance produces 

small perturbations to this upstream motion. Solutions for these two perturbations are 

developed using Fourier transform techniques in Sections 3.3 and 3.4, respectively. In 

Section 3.5, we extract the part of these solutions which corresponds to the instability wave 

motion. The linear stability properties of three-dimensional T -S waves are presented in 

Section 3.6. The characteristics of the T -S wave patterns generated by the three

dimensional receptivity mechanisms are examined in Sections 3.7-3.9. Particular emphasis 

is placed on the case of a single, isolated region with short-scale variations in both 

directions, obtained in the limit of infinite spanwise period. 
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3.1 The Short-Scale Mean Flow Adjustment 

In this section, we consider the mean flow adjustment caused by a short-scale region of 

wall suction, located at a distance L ° downstream of the leading edge. The suction velocity 

distribution is assumed to be periodic in the spanwise direction, with a short span wise length 

scale of the same order as the stream wise length scale. 

The unperturbed boundary layer is assumed to be a two-dimensional, incompressible 

flow with free-stream speed U:x" density pO and kinematic viscosity vO. At a distance LO 

from the leading edge, a short-scale region of wall suction is present. The streamwise length 

scale of the wall suction distribution is assumed to be O(€3L·), where 

€ = (U:x,Lo/vo)-l/S« I. 

Due to the short scale of the wall suction distribution, the local meal) flow adjustment 

has the well-known "triple deck" structure. Recall from the analysis in Chapter 2 that, for 

frequencies characteristic of the lower branch of the neutral stability curve, the instability 

wave length is also O(€3L 0). Hence, in order to generate three-dimensional instability 

waves, a spanwise length scale of O(€3L·) is required. Thus, the wall suction and 

admittance distributions are assumed to be periodic in the spanwise direction, with a 

fundamental wavelength of f3L· dz • Since the length scales in stream wise and spanwise 

directions are comparable, the mean flow adjustment is governed by the three-dimensional 

triple deck equations. The waH suction velocity is assumed small compared to f 3 U:x" and 

hence the triple deck equations can be linearized about the unperturbed, two-dimensional 

boundary layer. 
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The major features of the three-dimensional analysis are quite similar to the two

dimensional case analyzed in Section 2.1. Hence, with certain modifications, the recipe 

outlined in Section 2.1 can be applied here as well. We introduce a Cartesian coordinate 

system (x·, y., z·), centered within the short-scale region, with y. denoting the direction 

normal to the wall and x· and z· denoting the streamwise and spanwise directions 

respectively (Figure 3.1). The steady velocity (U, V, W) and the pressure P above the free

stream pressure are assumed to be normalized by U:,., and / U~ respectively. The scaling 

of the stream wise and spanwise coordinates x" /L· = f3 X, z· /L" = f3 Z , is identical in 

all three decks. Following the recipe from Section 2.1, we begin with the main deck, where 

the normal coordinate scales on the mean boundary layer thickness, 

y* /L" = f4 Y . (3.1.1) 

For suction velocity of O(f3V w), V w « I, the flow in the main (or middle) deck can be 

written as 

U = Uo(Y) + f Vw 4 (X,y,Z) + .... , 

V = f2Vw V'1 (X,y,Z) + .... , 

W = f2Vw w,. (X,y,Z) + .... , 

P f2V w i\ (X, y, Z)+ ..... (3.1.2) 

Since the X and Z directions have the same length scale, the disparity in scaling of the 

corresponding velocity perturbations might seem surprising at first. The larger amplitude of 

the streamwise velocity perturbntion arises from the mean boundary layer shear via 

displacement, by V l' of surfaces of constant stagnation pressure. 

The scaled variables 4, V'l' w,. and 1\ are determined by the equations 



whose solutions are 

where 

and 

'4x + VIY = 0, 

Uo '4x + Vl UO' - = 0, 

ISIY = 0 , 

U 0 WIX + IS lZ = 0, 

'4 = Al(X,Z) Uo'(y), 

Vl = -A1X(X,Z) Uo(y) , 

W. = I;!x,Z) 
1 Uo(y) 

ISl == ISl(X,Z), 

Al(X, Z) -+ 0 as X -+ -00 , 

1\ (X,Z) 
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(3.1Ja) 

(3.1.3b) 

(3. 1.3 c) 

(3.1.3d) 

(3.1Aa) 

(3.1.4b) 

(3.1.4c) 

(3.1.4d) 

(3.1.4e) 

(3.1.4f) 

Examining the solutions (3.1.4) as y -+ 00, it can be see!} that Vl -+ - aAl(X,Z)/ax, 

corresponding to a (dimensional) perturbation to the displacement thickness of 

-e5V WA1(X, Z) L·. This displacement thickness perturbation occurs over the short 

streamwise length scale O(e3L·), and induces a corresponding short-scale disturbance to the 

potential flow, which forms the upper deck region. The matching of the main and upper 

decks provides a relation between the two unknown functions, A1(X, Z) and I\(X, Z). 

o:X, Z) is then calculated using (3.IAf). 
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The length scale for the normal coordinate in the upper deck is .. /\ 

Y IL = E3 y, (3.1.5) 

/\ 

where y = O( I). Since the flow in the upper deck is inviscid and irrotational, it can be 
/\ /\ /\ 

described in terms of the perturbation velocity potential ~ = E2V w ~l(X, y, Z), where ~1 is 
/\ 

O( I). From the continuity equation, it follows that ~1 should satisfy Laplace's equation. 
/\ 

Matching of the middle and upper decks provides the boundary condition at y 

and 

/\ /\ 

~l· (X,O,Z) = Y,. (X,O,Z) = - A1X (X,Z) , 
y 

/\ /\ 

- ~lX (X,O,Z) = Pl (X,O,Z) Pl(X,Z) . 

0, 

(3.1.6a) 

(3.1.6b) 

Since the mean flow adjustment is periodic in Z, it is convenient to use a Fourier series 

in this direction combined with a Fourier transform in the streamwise direction. We thus 

introduce the following transform 

Tn (k) = ..l. J 211" 

00 

-00 J
dr)2 

ei(kX + ~ Z) f(X, Z) 

-dz/2 
dX dZ , (3.1.7) 

where we have set in = 2n1l"ldz • Observe that in the limit dz -> 00, Tn (k) becomes the 

two-dimensional Fourier transform nk, i). 

Applying the transform (3.1.7) to Laplace's equation, noting that the flow disturbances 
/\ 

are bounded as y -> 00, and utilizing (3.1.6a), we obtain 

(3.1.8a) 

where 

K - - v'k2+P 2 n - '"n , (3.1.8b) 

the branch for the square root being chosen so that Kn has negative real part. The unusual 
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choice of sign for Kn is motivated by the fact that, for the Fourier transform definition 

utilized here, Re(k) < 0 for a downstream traveling wave. Hence, for the choice utilized in 

(3.I.8b), Kn -+ k as l. -+ O. The second matching condition is the interactive relationship 

(3.I.6b) between displacement thickness and pressure, which in Fourier transform space 

becomes 

p 1n = 
Kn 

This completes our discussion of the upper deck. 

(3. I .9)· 

Since the middle deck is inviscid in character, it cannot satisfy the no-slip boundary 

condition. To satisfy the wall boundary conditions, we must introduce a viscous lower deck 

in which the normal coordinate scales as 

y. /L· = €5 Y . (3.1.10) 

To determine the scaling of the dependent variables in the lower deck, we examine the 

limit of the corresponding middle deck quantities as y -+ O. For small y, 

4 (X,y,Z) -+ A AI(X,Z) , (3.l.I la) 

VI (X,y,Z) 
aA1(X,Z) 

(3.1.1 Ib) -+ ax AY, 

and 

\\i (X, y,Z) -+ 
Elx,Z) (3.1.1 Ic) 

AY 

where A = Uo'(O). Observe that \\i increases algebraically as y -+ 0, thus becoming O(€V w) 

in the lower deck. Therefore, in the lower deck, the velocity perturbations in the 

streamwise and span wise directions are O(€V w), while the velocity perturbation in the 

transverse direction is O( €3V w). Hence, we :;et 
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V = € >. Y + € V w v leX, Y, Z) + .... , 

V = €3Vw VI(X, Y,Z) + .... , 

W = € Vw WI(X, Y,Z) + .... , 

P = €2Vw PI(X, Y,Z) + ..... (3.1.12) 

Substituting expansions (3.1.12) into the continuity and momentum equations, the 

leading order perturbations are found to satisfy 

V IX + VIY + WIZ = 0, (3.1.13a) 

>. Y V IX + >'VI + PIX - V IYY ° , (3.1.13b) 

PlY = 0, (3.1.13c) 

>. Y WIX + PIZ - WIYY = 0. (3.l.l3d) 

Thus, the lower deck perturbations are governed by the linearized, three-dimensional 

boundary layer equations. Equation (3.1.13c) implies that the pressure PI is constant across 

the lower deck, and matching with the main deck requires that PI should be equal to the 

main deck pressure P leX, Z). 

We assume a physical configuration of the porous suction surface such that, at the wall, 

V I and WI satisfy the no-slip boundary condition 

VI(X,O,Z) = WI(X,O,Z) = 0, 

while V lex, 0, Z) is given by the wall suction distribution 

VI(X,O,Z) = - Fs(X,Z) , 

(3.1.14a, b) 

(3.1.14c) 

where Fs(X,Z) is a suitably normalized function. For large Y, VI and W1 must match the 

main deck slip velocity, leading to the conditions 



----.- - .--

U 1(X,oo,Z) = ). A1(X,Z) , 

L(X,Z) 
W1(X,OO,Z).... >.Y 
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(3.1.14d) 

(3.1.14e) 

where A1 is related to the pressure P1 via the interactive relationship (3.1.9), and D and P1 

are related by (3.IAf). Finally, note that the triple deck disturbance must die out at 

upstream infinity in order to match with the unperturbed boundary layer. 

We develop the lower deck solution in the transform space. Applying the transform 

(3.1.7) to (3.1.13a-d) yields the following set of equations 

-ik Um + V1n '(Y) - i~ W1n = 0 , 

-ik>. Y U1n + >. V 1n - ik Pm - U1n "(Y) = 0, 

-ik>. Y Wm - i~ Pm - Wm"(Y) = O. 

(3.1.15a) 

(3.1.15b) 

(3.1.15c) 

Similarly, the boundary conditions (3.I.l4a-e) transform to the following conditions in the 

Fourier transform space 

Um(O) = Wm(O) = 0, 

V m (0) = - F 8 (k), 
n 

along with the interactive relationship 

PIn = 

(3.l.l6a, b) 

(3.1.l6c) 

(3.1.l6d) 

(3.1.16e) 

(3.1.16f) 

Equations (3.l.l5a-c) represent a system of coupled ordinary differential equations for 

the mean flow adjustment. The fact that the order of this system is greater (by two) than 
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the order of (2.1.19) obtained for the two-dimensional case, might suggest considerable 

complications in the three-dimensional analysis. Indeed, the results of Smith et al (1977), 

who analyzed the problem of mean flow adjustment near a three-dimensional wall hump, 

show several interesting features which are completely absent in the two-dimensional case. 

However, the main interest here lies in determining the T -S waves generated within the 

triple-deck region. In Section 3.5, we show that the T -S wave characteristics can be 

deduced from a reduced order system. In this system, the mean flow perturbation enters 

only in terms of the variables V l' Pl' and the velocity component U1 along the direction of 

the wavenumber vector. Hence, in this section, we examine the related (reduced) problem 

for the mean flow adjustment. Furthermore, by means of an affine transformation, this 

subsystem can be reduced to precisely the set of equations (2.1.19,20) obtained in the two

dimensional case. Of course, the complete description of the mean flow adjustment would 

require the solution of an additional second order differential equation for the horizontal 

velocity component perpendicular to the wavenumber vector. However, since this 

component of the mean velocity does not influence the T -S wave pattern, it will not be 

considered further. 

In developing the affine transformation, it proves convenient to express the. equations in 

terms of the streamwise wavenumber k and the angular orientation of the wavenumber 

vector ifJn, where 

(k,~) = Kn(cos ifJn, sin ifJn) . (3.1.17) 

Note that in general ifJn is complex. Defining 
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the continuity equation (3.1.1Sa) can be written as 

ik - -, 
---",- U1n + V1n = 0, 

cos'l'n 

and the X and Z momentum equations (3.1.1Sb,c) can be combined in the form 

-ik>. Y U1n + >. cos CPn V In + Q In - Uw"(Y) = O. 

Similarly, the boundary conditions for Uw and V In are 

Uw(O) = 0 , 

V w (0) = - F 8 (k), 
n 

and the interactive relationship 

where we have set 

- ik -
- i Kn P In = - COS CPn P w ' 

fT = - k2 , 

for convenience. 

Introducing the affine transformation 

k (cos CPn)3/4 k, 

Y = (cos CPn)-1/4 Y, 

Uw (cos CPn) 1/2 U IO ' 

Vw V In , 

Pw (cos CPn)5/4 p 10 ' 

Qln = cos tPn Qln' 
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(3.1.18) 

(3. l.l 9a) 

(3.I.19b) 

(3.1 .. 20a) 

(3.1.20b) 

(3.1.20c) 

(3.1.20d) 

(3.l.20e) 

(3.1.20f) 

(3.1.2Ia) 

(3.1.2Ib) 

(3.1.2 Ie) 

(3.1.2Id) 

(3.1.2Ie) 

(3.1.21f) 



the system (3.1.19) transforms to 

-ik U ln + YIn' = O. 

-ik>. Y U ln + >. YIn + Qln - Uln"(Y) = 0, 

and 

and the interactive relationship 

where we have set 

for convenience. 

Uln(O) = 0, 

YIn (0) = - F s (k), 
n 

g- = _ k 2 , 
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(3.1.21 g) 

(3.1.22a) 

(3.1.22b) 

(3.1.23a) 

(3.1.23b) 

(3.1.23c) 

(3.1.23d) 

(3.1.23e) 

(3.1.23f) 

Note that (3.1.22,23) are identical in form to the two-dimensional problem (2.1.19,20). 

Therefore, utilizing the result (2.1.26) obtained in the previous chapter, we can immediately 

write down the solution to (3.1.22) 

where 

3 !T Dl ' 
Y 

= C ln 10 Ai [( -ik>.) 1/3 tj dt , 

(3.1.24a) 

(3.1.24b) 
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(3.1.24c) 

and we have put 

1 i( -ik>. )2/3 .A Ai'(O) 
Dl = 3 - !T (3.1.24d) 

The physical variables Al and Pl can now be obtained by utilizing (3.1.23) in 

conjunction with (3.1.20,21,24) and inverting the resulting Fourier transform expressions. 

However, our primary interest lies in obtaining the part of the unsteady solution which 

corresponds to instability waves, and it turns out that the Fourier transform solution 

obtained above is quite adequate for this purpose. 

3.2 Unsteady Flow Upstream of Short-Scale Adjustment 

In Section 3.1 we considered the mean flow adjustment caused by a short-scale 

variation in wall suction. For suction levels of interest, this mean flow adjustment was 

found to be a small perturbation to the mean boundary layer profile just upstream of the 

adjustment region. Similarly, the unsteady flow in the adjustment region is also a small 

perturbation to the upstream unsteady motion. Hence, in this section we analyz~ the 

upstream unsteady flow produced by a free-stream acoustic wave. 

As mentioned in Chapter I, the external disturbance amplitudes are typically quite 

small, so the unsteady motion can be treated as a small perturbation of the mean flow found 

in Section 3.1. We assume that the local acoustic field impinging on the short-scale 
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adjustment region <;onsists of a plane three-dimensional acoustic wave with frequency w·, 

propagating in the direction indicated by the polar and azimuthal angles OaJ! and <PaJ!' 

(0 < OaJ! < 7r/2, -7r < <PaJ! < 7r) respectively. As in the two-dimensional case, O",e = 0 

corresponds to an acoustic wave incident normally on the surface, while <PaJ! = 0 denotes the 

downstream direction parallel to the local free-stream. The amplitude of the pressure 

fluctuation is denoted by p:C, and the amplitudes of the streamwise and transverse velocity 

fluctuations associated with this incident wave are 

u:C = (p:c/p-:x,c-:x,) sin OaJ! cos <PaJ! 

v:C = -(p:c/p-:x,c-:x,) cos OaJ! , 

w:C = (p:c/p-:x,c-:x,) sin OaJ! sin <PaJ! • 

(3.2.la) 

(3.2.lb) 

(3.2.lc) 

We are interested in free-stream disturbance frequencies which are of the order of the 

T -S wave frequency in the vicinity of the two-dimensional, lower branch neutral stability 

point. This corresponds to the nondimensional acoustic frequency w· L· /U-:x, being O(c2 ), 

so that 

(3.2.2) 

will be O( I) (Reid 1965, Smith 1979). Then, provided that €2 « Moo« I, the acoustic 

wavelength A",e ( = O(€2L· /Moo »), is much longer than the triple deck length scale, but 

much shorter than the distance of the adjustment region from the leading edge, and locally, 

the body surface appears flat and of infinite extent in both directions. For Mach numbers 

of O(€2) or smaller, the acoustic wavelength is no longer short compared to L·. In that case, 

the free-stream disturbance is most conveniently specified directly in terms of the unsteady 

slip velocity just outside the mean boundary layer, as will be seen later. 
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Now consider the unsteady flow just upstream of the short-scale adjustment, or 

equivalently, in the absence of such an adjustment. Since the mean flow Mach number is 

small, this solution corresponds to acoustic motion in a quiescent medium. The inviscid 

acoustic motion consists of an incident wave approaching the surface, producing the velocity 

and pressure fluctuations given by (3.2.1), plus a specularly reflected wave which serves to 

cancel the component of velocity normal to the surface. This interaction produces an 

unsteady slip velocity with amplitudes 

(3.2.3a) 

(3.2.3b) 

and an unsteady pressure fluctuation whose amplitude is twice that of the incident wave. 

The unsteady slip velocity is brought to zero at the wall by viscous effects in the form 

of a Stokes shear wave. For frequencies of interest, the thickness of the Stokes layer is 

O(€5L·), i.e., of the same order as the thickness of the lower deck in the triple deck 

framework. The flow here is simply the Stokes shear wave solution, given by 

,. 2 sin Oac cos ,pac:. p:C 
uo = 

2 _')in Oac sin ,pac P :c:. 

p:"c~ 

I _ e,,-iw Iv y 
[ 

r:_o-_o *] 

I _ e,,-iw Iv y 
[ 

r:_O-_O *] 

(3.2.4a) 
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p~* = 2 p:C ei (k:Csin 0ac cos <Pac x* + k:Csin 0ac sin <Pac z* - w*t*)(3.2.4c) 

where v* is the kinemat~c viscosity of the fluid and k:C = w*/c*, c* being the speed of 

sound. 

3.3 Unsteady Flow Perturbation Due To Mean Flow Adjustment 

In this Section, we analyze the perturbation to the unsteady flow component due to the 

presence of the short-scale mean flow adjustment. A crucial feature of this unsteady flow 

perturbation is the production of Tollmien-Schlicting waves. As discussed in the previous 

section, the mean flow adjustment is a small perturbation to the basic boundary layer flow, 

and hence the unsteady perturbation caused by this mean flow adjustment is also small 

compared to the basic unsteady motion analyzed in Section 3.2. For frequencies of the 

order considered here, the acoustic wavelength ).:C is O(f2L" /Moo ), which is much larger 

than the O(f3L·) length scale of the mean flow adjustment region. Therefore, on the local 

triple deck scale, the stream wise and spanwise variations of the basic upstream unsteady 

solution can be neglected. This simplifies the analysis of the unsteady flow perturbation 

within the triple deck region. 

As shown in the discussion following (2.3.1), the short-scale unsteady motion in the 

free-stream is quasi-steady. Hence, in this section the short scale unsteady velocity and 

pressure perturbations (u', v', w') and p' are normalized by p:C / p. c· and Moo P:c, 

respectively. Note that at low Mach numbers, the short-scale pressure fluctuation is smaller 
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than the acoustic pressure fluctuation by a factor of O(MoeJ. However, the acoustic 

pressure fluctuation is essentially uniform across the triple deck region, and hence plays no 

part in the dynamics of the motion. 

Since the procedure to solve the unsteady linearized triple deck problem is quite similar 

to the steady problem, the details of the analysis are given only where differences arise 

between the two cases. In fact, one finds that the middle and upper decks are quasi-steady 

so that the solutions are identical in form to those obtained in Section 3.1. This then 

implies that the interactive relationship between the pressure and the displacement thickness, 

which is produced by matching the middle and upper decks, is identical to that obtained for 

the steady case. Therefore, the solution procedure again reduces to solving the linearized 

lower deck problem along with the interactive pressure - displacement relationship. This 

section essentially presents the analysis of the lower deck problem. 

The solution in the lower deck can be written as 

u e-iSt [ 2 sin Oac cos tPac (1 - eiJ/2 S1/2 y) + V w u1(X, Y, Z) + ... ], 

v = e-iSt [ f.2Vw v1(X, Y,Z) + ... ], 

w e-iSt [ 2 sin Oac sin tPac (I - eiJ/2 S1/2 y) + V w w 1(X, Y, Z) + ... ], 

p = e-iSt [ Po + f.V w P1(X, Y,Z) + ... ], (3.3.1) 

where Po corresponds to the local expansion of the upstream solution (3.2.4c). Since the 

pressure enters through a linear term in the momentum equation, Po plays no role in the 

solution for the perturbation due to the short-scale adjustment. With the above expansions, 

one finds that u l' v l' W 1 and P1 satisfy the following inhomogeneous form of the linearized, 

unsteady boundary layer equations 
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(3.3.2a) 

+ 2 sin (J cos'/' V i3/ 2 SI/2 ei3/2 Sl/2 y 
ac 'Pac 1 ' (3.3.2b) 

+ 2 sin (J sin'/' V i3/2 Sl/2 ei3/2 SI/2 y 
ac 'Pac 1 ' (3.3.2c) 

where P1 is a function of X and Z only. At the wall, u1 and w1 satisfy the no-slip 

condition, while v 1 satisfies the zero normal flow condition, 

u1(X,O,Z) = w1(X,O,Z) = ° , 
v1(X,O,Z) = 0. 

(3.3.3a, b) 

(3.3.3c) 

Recall that the influence of unsteady flow through the porous surface is considered in 

Section 3.4. In addition, we have the condition for matching with the middle deck 

WI -+ o(X,Z)/>.Y as Y -+ 00, 

(3.3.3c) 

(3.3.3d) 

where o(X, Z) is the unsteady analog of D:x, Z) which appeared in the context of the main 

deck solution for the mean flow adjustment (see 3.1.4c, f), and is related to P1 by 
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aX (X,Z) = - PIZ (X,Z) . (3.3.3e) 

The interactive pressure-displacement relationship is most conveniently presented in the 

transform space as 

(3.3.3f) 

Finally, the upstream matching condition requires that all triple deck disturbances die out as 

x - -00. 

We develop the solution to this problem in the Fourier transform space. Application of 

the transform (3.1.7) to (3.3.2,3) leads to 

-""'tn = 0, 

-ik>. Y U1n + >. V10 - ikn P10 - u1O"(Y) = 

+ 2 i sin Oa.c (cos I/Ja.c k + sin I/Ja.c e) (1_ei3/
2 

Sl/2 Y) U1n 

+ 2 sin 0 cos). p/2 Sl/2 ei3 / 2 Sl/2 Y V ac 'Pac In , 

-ik>. Y ~n 

+ 2 i sin Oac (cos I/Jac k + sin I/Jai:. en) (I_ei3 /
2 

Sl/2 Y) WIn 

+ 2 sin 0ac sin I/Jac p/2 Sl/2 . ei3/ 2 Sl/2 Y V 10 ' 

and the boundary conditions 

U1O(O) = ~n(O) = 0 , 

v1O(O) = 0., 

along with the interactive relationship (3.3.3f). 

(3.3.4a) 

(3.3.4b) 

(3.3.4c) 

(3.3.5a, b) 

(3.3.5c) 

(3.3.5d) 

(3.3.5e) 
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Note that the main interest here lies in determining the T -S waves generated within the 

triple-deck region. With this limited objective, it is sufficient to deal with a self-contained, 

reduced order system obtained by decomposing the three-dimensional problem in a suitable 

fashion. It is known from previous work on stability theory (see, e.g., Mack 1984) that, for 

incompressible flow, the dispersion relationship for three-dimensional T -S waves can be 

obtained from a reduced system; this subsystem has the same order as the two -dimensional 

problem, and involves the following dependent variables: v m' Pm' and the velocity 

component lim along the direction of the wavenumber vector. This set of equations does 

not involve the velocity component orthogonal to the direction of the wavenumber vector. 

Furthermore, by means of an affine transformation, this system can be reduced to precisely 

the two-dimensional problem. This reduction is also useful for the receptivity problem. 

The reduced system provides the complet~ solution for the vertical velocity component 

V 1n and the pressurl,'l Pm' However, calculation of the horizontal components lim and V"in 

would require the solution of an additional second order differential equation for the 

horizontal velocity component along the direction orthogonal to the wavenumber vector. 

For reasons explained in Section 3.5, we restrict our attention to the unsteady pressure 

fluctuations pro~uced by the T -S waves, and hence it suffices to simply consider the 

reduced subsystem. In any case, once the pressure distribution associated with the T-S 
, 

waves is known, the distribution of the fluctuating horizontal velocity components can also 

.l.Je obtained by solving a corresponding homogeneous problem. 

Defining the new dependent variable 
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- - -
uln = cos ifln U1n + sin ifln ~n' (3.3.6) 

the problem corresponding to Eqs. (3.3.4,5) can be decomposed into two simpler sub-

problems. The subsystem of interest to us is given by 

ik = -, 
--- u + v1n = 0 cos ifln In 

(3.3.7a) 

-ik>. Y + >. cos ifln 

2 sin () cos (ifl -ifl ) { ...iL (I _ei3/ 2 sl/2 Y) U1n + pi 2 SI/2 ei3/ 2 SI/2 Y V1n }(3.3. 7b) 
ac n ac cos ifln 

with the boundary conditions 

and the interactive relation')hip 

where we have set 

and 

as before. 

- k 2 , 

(3.3.8a, b) 

(3.3.8c) 

(3.3.8d) 

(3.3.8e) 

(3.3.8f) 

We now introduce the following affine transformation which suppresses explicit 

dependence on the orientations of the wavenumber vector and the acoustic wave. 



S = (cos rPn)1/2 S, 

= 2 sin I)ac cos (rPn-rPac) (cos rPn )-1/4 = u1n u ID ; 

- 2 sin I)ac cos (rPn -rPac) (cos rPn)-3/4 -v1n = v ID , 

- 2 sin I)ac cos (rPn -rPac) (cos rPn )1/2 -
PIn = PID , 

= 2 sin I)ac cos (rPn-rPac) (cos rPn)l/4 = qm = qlD , 

- = 2 sin I)ac cos (rPn -rPac) (cos rPn )-5/4 -
am aID' 

Substituting this transformation into (3.3.7,8), and utilizing (3.1.21), we obtain, 

-i kAY 

and 

q 10 = - i fT aID , 

where 

q In = - i k P 10 ' 

fT = - k 2 , 

and k, ~[, U 10 and V 10 have been defined by (3.1.21) . 
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(3.3.9a) 

(3.3.9b) 

(3.3.9c) 

(3.3.9d) 

(3.3.ge) 

(3.3.9f) 

(3.3.l0a) 

(3.3.l0b) 

(3.3.1 la, b) 

(3.3.llc) 

(3.3.lld) 

(3.3.1 Ie) 

(3.3.11 f) 

It can be seen that the problem (3.3.10, II) is now identical to the two-dimensional 

problem (2.3.18,19), with k, Y, U1, VI' Ql' AI' Ul' VI' QI' a1 and ET replaced by k, 'Y, 

U 1n , V 1n , QI0' AID' ~10' V1n , Ql0' aID and fT respectively. Therefore, utilizing , 
:. (2.3.11,14,15,16), we can immediately wriLe down tM solution 
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s = , 
>. fT U1n (0) 

i fT Dl fX>Ai(r1) dr1 

+ ~ A;(O) + >. (-ik>.):;' M(r.) f";' + :.J}. (3.3.12a) 

- Hk1'/' ~ [o;(r> I~ A;(f)G('V)d'Y - A;(r) IoYo;(f)G('V)d'Y ] 

+ cIn(k) Ai(r) (3.3.12b) 

where the constant c In is given by 

C = -1 fT a +- -I {. [- k-] 
In ( _ ik>.)1/ 3 Ai'(r 0) In S ~n ~ U ' (0) >. In 

(3.3.12c) 

The functions g, Ki, ll. and G are given by 



and 

as before. 

= [Ai'(r o)Gi(r) - Gi'(r O)Ai(r)] 
Ki(r, r 0) 7r Ai'(r 0) 

. /::,. = /::"(k;S) = loo 

Ai(r)dr - ;. ~ 0 Ai'(r 0) 

. ro 

G(Y) " ."" ,'I' Y [ (2io'l' +1) u .. ' + i ~ fA,. ] , 

- is 
( -ik)..)2/3 

e-i1r"/6 S 
(k)..)2/3 ' 
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(3.3.12d) 

(3.3.12e) 

(3.3.12f) 

(3.3.12g) 

(3.3.12h) 

The part of this solution which corresponds to three-dimensional instability waves is 

examined in Section 3.5, 

3.4 Unsteady Flow Perturbation Due To Wall Admittance Variation 

In this section, we calculate the unsteady flow perturbation produced by a short-scale 

variation in wall admittance. Since practical suction surfaces generally have quite small 

porosities, we assume that the wall admittance is a small quantity. The leading order term 

for the unsteady motion is then simply the unperturbed solution (3.2.4), corresponding to the 

Stokes shear wave. Recall that for frequencies of interest in instability wave generation, the 
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thickness of the Stokes layer is O(€GL·), i.e., of the same order as the thickness of the lower 

deck. 

The nonzero value of wall admittance produces a perturbation to this leading order 

unsteady solution. If the wall admittance has short-scale spatial variations, the local 

perturbation satisfies the linearized, unsteady, three-dimensional triple deck equations. The 

governing equations in the lower deck are then the linearized, unsteady, three-dimensional 

boundary layer equations. The variation in wall admittance enters as an inhomogeneous wall 

boundary condition. The solution to this problem is also found by Fourier transform 

methods, by applying the recipe given in Section 2.1 . To avoid unnecessary repetition of 

details, we simply state the solution following the formulation of the triple deck problem. 

As in Section 2.4, the wall admittance distribution is represented in the form 

(3.4.1 ) 

where the factor €2 has been introduced so that the small parameters V wand f3w will have 

equal importance in the final results. The function Fa (X, Z) is assumed to be periodic in Z 

with period d7;' Utilizing the same non-dimensionalization as in the previous section, and 

also using the expansions (3.3.1) (with Vw replaced by f3w ) for the lower deck variables, we 

obtain the homogeneous set of equations 

o , (3.4.2a) 

(3.4.2b) 
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+ P1Z - W1Y:{ = 0, (3.4.2c) 

where Pl is a function of X and Z only. At the wall, u1 and w 1 satisfy the no-slip 

condition, 

(3.4.3a, b) 

while v 1 is given by 

(3.4.3c) 

In addition, we have the condition for matching with the middle deck 

(3.4.3d) 

a w1 -+ >.y as y -+ 00 , (3.4.3e) 

and the interactive pressure-displacement relationship (3.3.3f). Finally, the upstream 

matching condition requires that all triple deck disturbances die out at X -+ - 00 • 

Applying the transform (3.1.7), the problem statement takes the form 

- is ~n - ik>. Y ~n - i~ Pw - ~n"(Y) = 0 , 

with the boundary conditions 

along with the interactive relationship (3.3.3f) 

(3.4.4a) 

(3.4.4b) 

(3.4.4c) 

(3.4.5a, b) 

(3.4.5c) 

(3.4.5d) 

(3.4.5e) 
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-
Pm = (3.4.5f) 

We develop the solution to (3.4.4,5) by introducing the variable Uln , defined by (3.3.6), 

and following a procedure similar to that utilized in the previous section. The affine 

transformation 

= (cos ,pn) 1/2 = uln = 2 u ID , (3.4.6a) 

- 2 - (3.4.6b) vln = v ID , 

- 2 (cos ,pn) 6/4 - (3.4.6c) Pm = PID , 

= cos ,pn = qln = 2 qID , (3.4.6d) 

- 2 (cos ,pn)-1/2 - (3.4.6e) a1n = aID' 

reduces the three-dimensional problem to an equivalent two-dimensional problem. 

Applying the results of Section 2.4, the following solution is obtained for aID and UID . 

where the constant C1D is given by 

fTt:.. 

U ID' = CID Ai(r) , 

oX (-i koX)l/3 
00 

J Ai(rl)drl 
ro 

-
aID' 

(3.4.7a) 

(3.4.7b) 

(3.4.7c) 

In Section 3.5, we extract the part of this solution that corresponds to instability wave 

motion. 
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3.5 Extraction of the Coupling Coefficient Function 

In Sections 3.3 and 3.4, we obtained the Fourier transform solutions for the unsteady 

flow perturbations due to the short-scale mean flow adjustment and wall admittance 

variation, respectively. In this section, we examine the part of these unsteady solutions that 

corresponds to T -S waves. 

First consider the short-scale unsteady perturbation to the boundary layer displacement 

thickness, a1(X, Z), which is given by the inverse transform 

where 

(X Z) vz:; ,,*00 (X) -i~ Z a1 , = d ~oo a1n e , 
II 

00 

am (X) = _1_ f e-ikx a1n (k) dk 
vz:; -00 

(3.5.la) 

(3.5.1b) 

Our interest is in the region X > 0, i.e., downstream of the short-scale variation. Then the 

integration contour can be closed in the lower half plane. Observe that the function f),. 

(= f),.(k; S» appears in the denominator of the expression for the solution (in Fourier 

transform space) to both the problems analyzed in the previous section. Here, k and S are 

the similarity variables defined by (3.1.21a) and (3.3.9a). In terms of the original three-

dimensional Fourier transform variables k and ~ and the frequency parameter S, we can 

write 

(3.5.2) 

where ro and Kn are given by (3.3.12h and (3.1.8b) respectively. The points where 
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Lln = 0 (3.5.3) 

correspond to poles of the integrand in (3.5.lb), and in fact, Hall and Smith (1984) showed 

that (3.5.3) is the lowest order triple deck approximation to the dispersion relation for a 

three-dimensional T -S wave. Hence, the amplitudes of the T -S waves generated by the 

receptivity mechanisms analyzed in Sections 3.3 and 3.4 are given by the residues of these 

poles. 

Zhuk (I 984) and Hultgren (I987) examined the two-dimensional dispersion relationship 

(2.5.2) in the complex wavenumber (k) plane for real values of the frequency parameter S. 

They showed that, for any given (real) value of the frequency parameter, (2.5.2) has a 

countable infinity of roots. The lowest order root corresponds to the lower branch 

asymptotic form of the T -S wave dispersion relationship. The higher roots correspond to 

asymptotic forms of the higher modes, the temporal analogs of which were first found at 

finite Reynolds numbers by Mack (1976). These higher modes decay exponentially with 

downstream distance. The similarity transform (3.1.21a,3.3.9a) then shows that, for any 

general value of in' (3.5.3) has a (countably) infinite number of roots, each being an 

analytic continuation of the two-dimensional root into the complex i space. Since only the 

lowest order root ever exhibits growth with downstream distance, we shall ignore the higher 

order roots. Residue theory then gives the contribution aT-S to (3.5.1) from the T -S waves 

in the form 

-..n:i we ) -i~ Z 
aT-S (X, Z) = d _~ ~(T-S) (X e , 

r; 

(3.5.4a) 

where 

an(T-S) (X) 

---_ .. 
'" 



for the mean flow adjustment mechanism, and 

~(T-S) (X) = 2 (cos <pnP/4 )..-1/4 Fan (-1I:n) Aa(S/)..3/2 "'cos <Pn) =n e~nx, 

for the wall admittance mechanism. Here, 

ei31r/ 4 S3/2 
11: = 

n ).. TIn 3/2 
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(3.5.4b) 

(3.5.4c) 

(3.5.4d) 

and -1I:n denotes the location of the pole in the k plane, TIn being the corresponding value of 

r o' The functions As and Aa are given by (2.5.4b) and (2.5.8d) respectively. The factor =n 

is defined as 

=n = 
I + J Sn all./as 

4 TIn all./ aTl 

(3.5.4e) 

Note that the T -S fluctuation corresponds to an infinite sum of modes, each having a 

spanwise wavenumber equal to an integer multiple of the fundamental wavenumber of the 

span wise periodic wall suction (or admittance) distribution. 

For a two-dimensional problem, the most natural quantity to measure in the boundary 

layer is the streamwise velocity fluctuation. Since a single T -S wave is generated in this 

case, the receptivity can be determined by simply measuring the velocity fluctuation at the 

transverse location corresponcing to maximum amplitude of the T -S wave. Hence, in 

Section 2.5, we presented results for this quantity. However, the velocity fluctuations 

associated with the T -S waves in the three-dimensional problem consist of an infinite sum 

of modes, each with a maximum amplitude at a different transverse location. In view of 

this, it seems sensible to measure the pressure fluctuations instead, since these are 

independent of the transverse location in the mean boundary layer. Unfortunately, the 

short-scale pressure fluctuations in the triple deck region are smaller than the free-stream 
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acoustic pressure by a factor of O(Moo ) in the low Mach number limit; recall the remarks at 

the beginning of Section 3.3. However, the acoustic pressure is essentially uniform over the 

triple deck region and can easily be suppressed by simply subtracting out the free-stream 

pressure fluctuation. Having obtained the expressions (3.5.4) for the displacement thickness 

fluctuations associated with the T -S waves, the following result for the pressure fluctuations 

can easily be found using the interactive relationship (3.3.3f) . 

..n:; *-PO ( ) -ilzt Z . 
PT-S (X, Z) = d!ix, Pn{T-S) X e , 

z 
(3.5.5a) 

where 

Pn{T-S) (X) 

(3.5.5b) 

and 

for receptivity due to the mean flow adjustment and wall admittance variation, respectively. 

Writing this result in dimensional terms, we obtain, 

P• = n· tpo C eiltnX - ilztZ 
T-S I"lIC -00 n ' (3.5.6a) 

where C corresponds to 
n 

(3.5.6b) 

or 

The sequences {Ca } and rCa } relate the amplitude of a generated T -S wave with span wise 
n n 

wavenumber 21l'n/dz to the amplitude of the free-stream acoustic wave. Following the 

nomenclature used in Chapter 2, we refer to each of them as the sequence of "coupling 

coefficients". One may observe from (3.5.6b,c) that the coupling coefficient for each mode 
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can be expressed in terms of the coupling coefficient for an equivalent two-dimensional 

mode with (complex) frequency S/vcos r/ln • 

We now consider the limit where the region of short-scale variation remains of 0(1) (on 

the triple deck length scale) in both the streamwise and spanwise directions, but the 

spanwise periodicity dz becomes large. This corresponds to a single, isolated region of 

short-scale variation in wall suction or admittance. As dz becomes large, the span wise 

wavenumber spectrum becomes progressively denser, and in the limit of dz -'00, the 

Fourier series (3.5.5a) becomes the inverse Fourier integral. Writing this result in 

dimensional terms, we find 

+00 

P;'-s (X,Z) = p:c J C(e) e~(e)X - ilz dl, 
-00 

(3.5.7a) 

where C(e) corresponds to 

(3.5.7b) 

and 

(3.5.7c) 

for the suction and wall admittance mechanisms, respectively. Here lI:(l) is obtained from 

(3.5.4d) after dropping the suffix n, while Fa (-II:, e) and Fa (-II:, l) denote the two-dimensional 

Fourier transforms of the wall suction and admittance distributions evaluated at the 

streamwise wavenumber -1I:(l) and spanwise wavenumber e. For consistency with the 

dz = 0(1) result, we call Cs(l) and Ca(e) the "coupling coefficient functions". 



99 

The expressions (3.5.6) or (3.5.7) involves a summation or an integral over an infinite 

number of modes. The streamwise wavenumber -K:n and wavenumber vector orientation 

factor cos ¢n for each of these modes must be determined from the dispersion relationship 

(3.5.2) for three-dimensional T -S waves. Therefore, before proceeding to a parametric 

study concerning the instability wave patterns generated by both the receptivity mechanisms 

analyzed in this chapter, we first examine the features of three-dimensional instability 

waves in the following section. 

3.6 Linear Stability Properties of Three-Dimensional T -S Waves 

In this section we examine the properties of linear, three-dimensional instability waves. 

First consider the implications of similarity transform (3.1.2Ia,3.3.9a) for the stability 

properties of three-dimensional T -S waves. Equation (3.5.2) shows that the dispersion 

relation for a three-dimensional T -S wave with nondimensional frequency S and orientation 

¢> in the complex (k, f.) wavenumber space can be written in terms of the two-dimensional 

dispersion relation with equivalent frequency S = S/v'cos ¢. This is an important result in 

itself, and although the finite Reynolds number analog of this result is well-known as 

"Squire's transformation" (see Mack 1984), the similarity transform in the infinite Reynolds 

number limit apparently was not noticed by previous investigators who studied three

dimensional instability properties of the boundary layer using the triple deck framework. 

The infinite Reynolds number result is more powerful than Squire's transformation, since it 

also allows self-similarity of the mode shape (at least within the lower deck which contains 

the critical layer), as indicated by the similarity transform for the vertical coordinate Y. 
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In view of the above similarity transformation, the growth rate properties of three

dimensional instability waves can be understood most easily if one notes the following 

features of two-dimensional instability wave growth rates from Fig. (3.2a): 

(i) For S < Snt (~0.44), i.e., for frequencies smaller than the two-dimensional neutral 

frequency, the two-dimensional T-S wave decays. 

(ii) Beyond S = Snt' the growth rate increases with increasing S up to S =Smg (~ 1.385), 

which corresponds to the maximally growing 2-D mode. For S> Smg' the growth 

rate of the two-dimensional T -S wave decreases. 

(iii) A second local maximum (or hump) occurs in the growth rate curve near 

S = Ssh ( ~ 3.30). This second maximum is quite weak, corresponding to a growth 

rate less than one third of the growth rate at Smg. It is interesting to note that no 

second humps have been observed in the finite Reynolds number Orr-Sommerfeld 

results reported to date. As S is increased further, the spatial growth rate of the two

dimensional instability wave drops off, asymptotically as S-1/2 for large S. In the 

lower branch frequency scaling utilized here, the upper branch neutral stability point 

corresponds to an infinite value of the scaled frequency S. 

Now consider three-dimensional instability waves. The span wise wavenumber l is 

assumed to be real, since the summation in (3.5.6)· is over real wavenumbers, and the 

nominal integration contour for the inverse Fourier transform in (3.5.7) is assumed to be the 

real l axis. One must note that, for real l, the parameter <p is in general complex, and hence, 

the equivalent two-dimensional frequency S = S/vcos <p is also complex. Thus, the two

dimensional growth rate results obtained for real values of the frequency parameter cannot 

immediately be applied to the three-dimensional case with i real. However, the imaginary 
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part of I/J and hence that of S is quite small compared to the real part. Therefore, little 

quantitative error is produced by using the two-dimensional growth rate curve for real S. 

Moreover, for the special case of neutral, three-dimensional T -S waves, exact predictions 

can be made. Note that I/J is real for a neutral three-dimensional T -S wave, and the 

similarity transform then shows that the entire neutral curve presented in Hall and Smith 

(I 984) can be related very simply to the two-dimensional neutral wave corresponding to 

S = Snt and k =knt (~-0.25). Specifically, for any frequency S < Snt' the orientation of the 

three-dimensional neutral wave is given by I/Jneutral = arccos (S2/Snt 2), and the magnitude of 

the wavenumber vector is equal to 0.25 (cos I/JneutraJ)-1/4. Furthermore, since the equivalent 

two-dimensional frequency S/";cos I/J is always larger than S, and the two-dimensional 

dispersion relation showed that the growth rate is positive for all S > Snt' the similarity 

transform shows that, for S > Snt' all three-dimensional T -S waves exhibit growth in the 

downstream direction. 

In Fig. (3.2b), the spatial growth rate Im(k) is plotted as a function of the (real) 

span wise wavenumber e for several values of S. One can observe that, for each S, there is a 

clear maximum in the growth rate as a function of the span wise wavenumber. For S < Smg' 

this maximum occurs at a nonzero value of e, implying thereby that at these frequencies the 

most unstable mode is oblique. With increasing S, this maximum shifts closer to e = 0, and 

at S = Smg' the maximum occurs at e = O. For all values of S larger than Smg' the maximum 

growth rate always corresponds to the two-dimensional wave. For very large values of S, a 

second local maximum appears in the growth rate curve at large values of the spanwise 

wavenumber e. Since the second hump appears only at large frequencies, and corresponds to 

growth rates much smaller than the maximum growth rate for the two-dimensional mode, it 
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does not seem very important in the context of the present study. All these remarks are 

perfectly consistent with the properties of the similarity transform discussed above. 

Finally, recall from the definition of S (= e2 w·C /U:x,) that increasing values of S may 

correspond to increasing values of physical frequency w· at a fixed location L·, or to 

increasing distance L· downstream of the leading edge at fixed w·. The equivalence of 

variations in the physical frequency or the physical distance, as represented through this 

similarity parameter, will be taken for granted in the following discussion. In the remaining 

part of this chapter, we examine the instability wave motion that evolves downstream of the 

region of receptivity. 

3.7 General Characteristics of the Instability Wave Patterns 

In this section, we employ the results (3.5.6,7) to examine the general characteristics of 

the three-dimensional instability wave patterns generated by the two receptivity 

mechanisms. Although derived in the particular context of receptivity due to short-scale 

suction or admittance variations, many of the results concerning the instability wave patterns 

are equally relevant to other situations involving the generation of three-dimensional 

instability waves, such as active boundary layer control of three-dimensional instabilities by 

localized actuators. 

We examine the case of dz = 0(1) first. As shown by (3.5.6), the generated instability 

wave pattern corresponds to the superposition of an infinite but discrete set of T -S waves 
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with spanwise wavenumbers 2rn/dz • Further, since each mode amplifies (or decays) 

exponentially at its own characteristic growth rate, in most cases the unsteady fluctuations 

sufficiently far downstream are dominated by a single mode with the highest spatial growth 

rate. A somewhat more complicated pattern arises if two members of the discrete set are 

dominant with nearly equal growth rates. This occurs, for example, if dz is close to 

(2n+I)7I'/~nx. growth for some n, ~nx. growth being the wavenumber associated with the 

maximum growth rate. The amplitudes of the dominant waves can be determined easily 

using the sequence of coupling coefficients Cs and Ca given by (3.5.6b, c). 
n n 

In Fig. (3.3), we have plotted the orientation factor Icos ~I as a function of the 

span wise wavenumber e. at a few values of the nondimensional frequency S. One can 

observe that for each S, Icos ~I = I at e. = 0 (corresponding to the two-dimensional mode), 

and Icos ~I drops off monotonically to zero as e. - 00 (corresponding to very oblique waves). 

Further, for all real e., the imaginary part of cos ~ is small compared to the real part. Recall 

that, although the similarity transform allows one to calculate the three-dimensional coupling 

coefficients using the two-dimensional functions As (S) and Aa (S) were found in Section 2.5, 

the effective frequency S = S/v'cos ~ for a three-dimensional wave is complex. Fortunately, 

since the imaginary part of S is very small, approximate values for the coupling coefficients 

can be obtained by using the absolute value lSi instead of S itself. The accuracy of this 

approximation is illustrated in Fig. (3.4). 

Equation (3.5.6c) shows that the coupling coefficients for the wall admittance 

mechanism are independent of the orientation of the acoustic wave. For the case of 

receptivity due to the wall suction mechanism (3.5.6b), the dependence of the coupling 
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coefficients on the polar and azimuthal angles of the acoustic wave is expressed through the 

factor 2 sin (}ac cos (</>-¢/). This factor is simply the ratio of the Stokes shear wave 

amplitude in the direction of the instability wavenumber vector to the velocity fluctuation 

p:C/p"c· in the incident acoustic wave. The variation of the factor 1=1 in (3.5.6b,c) as a 

function of l is illustrated in Fig. (3.5) at a few representative values of S. It is easy to show 

that, for each S, :: = I at l = 0, while:: --+ 2 as l --+ 00. 

For very large spanwise wavelengths (dJ: --+ 00), the series approaches the inverse 

Fourier integral. Unlike the case of dz = 0(1), where it is possible to focus on a small 

number of individual three-dimensional modes, in the present case the spanwise 

wavenumber spectrum is dense, and mutual cancellation or reinforcement between 

neighbouring wavenumbers must be accounted for. For O( 0 values of X, the integral over 

span wise wavenumbers must be evaluated numerically. However, for distances sufficiently 

far downstream of the interaction region (X» I), one can use asymptotic methods to 

evaluate the integral. This downstream region is also of interest for comparing the theory 

with experimental observations, since it is there that the unstable T -S waves can be clearly 

distinguished from the decaying higher modes and the continuous spectrum. Of course, at 

very large downstream distances, the cumulative effect on the disturbances of the slow 

growth of the mean boundary layer cannot be neglected. However, the boundary layer 

growth occurs on the length scale L', which is large compared to the 0(t3L·) instability 

wavelength. Hence, the method of Matched Asymptotic Expansions (MAE) may be utilized 

to separate the problem into two streamwise regions: 
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(i) The local region X = O( I) where the receptivity occurs; here, the mean boundary 

layer is parallel to the leading order. 

(ii) A global region further downstream (X = 0(.:-3», over which the slow growth of the 

mean boundary layer cannot be neglected, but the details of the generation process 

are irrelevant. 

The analysis presented in this chapter corresponds to the local region of receptivity. In 

the global region farther downstream, the method of mUltiple scales would be appropriate. 

The asymptotic matching between these two regions occurs in an overlap region where 

1 « X « .:-3, i.e., X large compared to the local triple deck length scale, but small relative 

to the scale L' on which one observes O( 1) changes in the mean boundary layer properties. 

In this region, we can use the saddle point method to obtain asymptotic values for the 

integral. Within the framework of MAE, the quantity we calculate corresponds to the outer 

limit of the local solution. 

An MAE approach of this sort is quite common in acoustics, for cases where a short 

scale source is embedded in a globally varying medium, and the variations in the medium 

occur on a scale large compared to the wavelengths produced by the source. Hence, the 

acoustic source radiates into a locally uniform flow; far from the source, this local solution 

matches onto a ray theory for the slowly varying global region. Finally, it should be 

mentioned that the above remarks regarding the role of mean boundary layer growth are 

also relevant to the dz = O( I) case. 
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In order to apply the saddle point method to determine the asymptotic behaviour of the 

integral (3.5.7a) in the limit X -+ 00, we first rewrite (3.5.7a) as 

P;'-S (X, Z) 
• (3.7.1a) 

Pac 

where the amplitude function C(£.) is given by (3.5.7b) for the receptivity mechanism due to 

wall suction variation, and C(t) is given by (3.5.7c) for the receptivity due to wall 

admittance variation. The exponent function h(t) is given by 

h(t) = i (x:(t) - tan 4>' l ), (3.7.1 b) 

where tan </I' = Z/X identifies the azimuthal location of the observation point downstream of 

the region of receptivity. The saddle point method consists of deforming the original 

contour of integration into an equivalent contour which includes the steepest descent paths 

through a set of saddle points of the exponent h(t). Watson's lemma (Carrier et. ai., 1983) 

then shows that the principal contributions to the integral come from a narrow band of 

wave numbers in the vicinity of each saddle point. The leading order contribution from a 

saddle point takes the form 

• 
PT-S -.-
Pac 

..n; C(f.# ) eX h{t#) as X -+ 00 , 

.f-h"(l# ) X 
(3.7.2a) 

where t# , the saddle point location in the complex l plane, is determined by the condition 
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(3.7.2b) 

The result (3.7.2a) shows that, rather than a simple exponential character, the instability 

motion exhibits a dependence on downstream distance which includes both an exponential 

and an algebraic part. The algebraic part is related to the dispersion; larger amounts of 

dispersion (manifested through h"(l#» lead to a weaker disturbance. The attenuation 

factor x-liz occurs due to the spreading of the disturbance in the two-dimensional X-Z 

space. Equation (3.7.2b) implies that the saddle points correspond to the wavenumbers in 

the vicinity of which the T -S wave group propagates along the direction corresponding to 

Z/X = tan ~'. In other words, at the saddle point location, the angle of orientation 

corresponding to the (complex) group velocity vector is real and equal to ~', the observation 

direction in the physical plane. 

The exponent function h(l) may have many saddle points. Saddle points through which 

the deformed contour passes are called "accessible", "admissible" or "relevant", while the rest 

are termed "inaccessible", "inadmissible" or "irrelevant". The determination of the 

appropriate deformed contour is a global problem (Ursell, 1970), and not an easy one unless 

the functions h(l) and Cs(l) (or Cn(l» are extremely simple. Therefore, quite often the 

global nature of the contour deformation is ignored, particularly when the above functional 

relationships are known only implicitly or in the form of a numerical solution. In these 
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cases, it is assumed that a single saddle point is relevant as well as dominant. The location 

of this saddle point is typically calculated using a marching procedure, with an initial 

condition supplied by considerations such as symmetry. Of course, such a procedure is ad 

hoc, and may lead to erroneous conclusions in certain circumstances. The results of Section 

3.8 show that, in the present case, consideration of the global contour deformation is 

necessary in order to identify the relevant saddle points in certain regions of parameter 

space. 

When more than one saddle point lies on the deformed contour, the relative importance 

of the contributions from different saddle points is determined by the real part of the 

exponent. The quantity .!l = Re (h(l# ~ is simply the exponential growth rate of a single 

mode l = l# , corresponding to the saddle point location. Hence, unless two of the relevant 

saddle points have nearly equal growth rates, the motion far downstream is dominated by a 

single saddle point. This allows one to assign a unique disturbance growth rat~ .!l 

Re (h(l# ~ == 1m (-K(l# ) + tan ¢' l# ) and phase gr = X 1m (h(l# ~ even in the 

three-dimensional case. Both these quantities depend on the azimuthal location ¢' of the 

observation point, and in fact the growth rate .!l turns out to be po~itive only within a finite 

range of ¢'. Thus, the instability wave pattern has the shape of a wedge with the region of 

receptivity as its vertex. The "neutral boundaries" of the wedge correspond to rays along 

which !J' is zero. Of course, if the growth rates corresponding to two relevant saddle points 

are nearly equal, the evolution of the instability wave motion along this direction is much 

more complex. This situation is illustrated in Section 3.8. 
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In view of the result that the saddle point location depends only on the parameter 

tan 4>' = Z/X, it might seem more appropriate to take R = -/X2 + Z2 as the large 

parameter in the asymptotic evaluation of the integral. This is certainly the preferred choice 

in acoustic applications of the saddle point method. However, experimental investigations of 

instability waves typically measure spanwise variations at fixed downstream stations. Hence, 

we have chosen to take X as the large parameter. Moreover, it will be seen later that 

exponential growth of the disturbances occurs only in a fairly narrow wedge centered on the 

downstream direction. 

In the following section, we analyze the detailed characteristics of the saddle points and 

the associated steepest descent paths in the complex l plane. It is found that as many as 

three saddle points may playa role in construction of the appropriately deformed contour. 

The following section has a fairly mathematical flavor, and those readers interested only in 

the physical characteristics of the three-dimensional instability wave pattern may wish to 

proceed directly to Section 3.9, where the results deduced from the analysis in Section 3.8 

are discussed. 
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3.8 Saddle Point Analysis 

Before presenting details of the saddle point analysis for the present problem, we first 

briefly review previous applications of the saddle point method in problems related to 

instability waves. One of the first saddle point applications which involved fluid dynamic 

instabilities was presented by Brooke Benjamin (1961), who analyzed packets of three

dimensional instability waves in a thin film of fluid moving down an inclined wall. Later, 

Gaster (1968, 1975, 1981) made extensive use of the saddle point method in his excellent 

theoretical work, which most aptly complemented his pioneering experiments on propagation 

of wave packets in a boundary layer (Gaster and Grant, 1975). The saddle point method also 

formed the basis of the criterion developed by Briggs (1964) and Bers (1975) to distinguish 

between absolutely and convectively unstable plasmas. This criterion has been applied in a 

variety of fluid dynamic problems (see Huerre and Monkewitz, 1985). 

Recently, Balsa (1988, 1989) analyzed the inviscid instability wave patterns generated 

by line and point sources within a two-dimensional shear layer with a piecewise linear 

profile. Both wavepackets generated by pulse type sources and wedge shaped instability 

patterns generated by time harmonic sources were considered. The neglect of viscosity and 

the simplicity of the base flow profile led to a relatively simple dispersion relation for the 

instability waves. Hence the analytic structure of this dispersion relation could be examined 

in great detail, allowing all contour deformations in the pulsed line source case to be 

justified on a rigorous basis. Previous investigations of shear layer instability had generally 

involved more complicated dispersion relations, and the global contour deformation problem 
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had not been addressed rigorously. Balsa also adopted a novel approach in which the time 

harmonic solution was represented as a superposition of wavepackets. 

Mack and Kendall (1983) analyzed the stationary pattern of instability waves produced 

by a time harmonic, point source in a boundary layer. Their interest was in the evolution of 

the wave pattern over large downstream distances, and they simply assumed that the initial 

spanwise wavenumber spectrum was uniform. The influence of mean boundary layer 

growth was partially accounted for by applying the correction suggested by Gaster. Their 

application of the saddle point method was ad hoc. Only a single saddle point was assumed 

relevant, and the location of this saddle point was. obtained by a marching procedure. 

The present investigation also considers time harmonic disturbances in a boundary 

layer, but focuses on the receptivity mechanisms by which the instability waves are 

generated. As discussed in Section 3.7, receptivity is a local problem in the sense of 

matched asymptotic expansions. The outer limit of the solution to the local receptivity 

problem provides the initial condition for the evolution problem, which was addressed by 

Mack and Kendall. This outer expansion corresponds to distances from the "source region" 

which are large enough such that a definite instability wave pattern is formed, but not so 

large that non-parallel effects become important. 

In this section we examine the global contour deformation problem for time harmonic, 

three-dimensional boundary layer instabilities within the triple deck framework. The 

present problem is considerably more complex than that analyzed by Balsa. The instabilities 

owe their existence to viscous processes, which doubles the order of the system of governing 
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differential equations. The dispersion relation has an infinite number of branch point 

singularities, and the choice of proper branch cuts is not always obvious; in fact, even 

calculation of the eigenvalues in the entire complex wavenumber plane is not a trivial task. 

There is a mUltiplicity of saddle point families, and the results presented in this section show 

that, as the parameter tan ¢/ is varied, relevance and/or dominance may shift from one 

saddle point family to another. The qualitative shape of the amplitude distribution (or 

directivity pattern) within the wedge varies significantly with frequency. Finally, it is 

found that, under certain circumstances, two saddle points simultaneously make comparable 

contributions to the instability wave field. This situation was not encountered in any of the 

previous investigations discussed above. Its occurrence destroys the simplistic interpretation 

of a single T -S wave group along each ray, and also shows the possible pitfalls in replacing 

the global contour deformation problem by an ad hoc method. 

The procedure utilized for the saddle point analysis in the present problem can be 

summarized as follows. For a given frequency S, we first search for saddle points of the 

exponent h(£). Recall that the saddle points of h(£) correspond to wavenumbers satisfying 

the condition dX:(£)/d£ = tan ¢/, where tan ¢/ = Z/X is real. We restrict our attention to 

Z < 0, which yields saddle points in the right half of the £ plane. (The saddle point 

locations for Z > ° are obtained by a simple reflection with respect to the origin.) Different 

curves (or families) of saddle points are found in the right half £ plane, with tan rp' varying 

from ° to -00 along each family. Next, the growth rates along each saddle point family are 

determined as a function of rp'. This growth rate information is 'used to rule out some of the 

saddle points using a criterion presented by Bleistein and Handelsman (1975). The B & H 

criterion is simple to apply, but unfortunately, is not sufficient to exclude all the 
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inadmissible saddle points in important ranges of parameter space. We then conduct a 

detailed examination of the steepest descent contours from each of the remaining saddle 

points. This procedure determines the dominant and relevant saddle point(s) as a function 

of if/. In constructing the steepest descent contour passing through the relevant saddle 

point(s), additional saddle points not ruled out by the Bleistein and Handelsman criterion are 

shown to be irrelevant. The instability motion along each direction rp' can then be easily 

obtained using the saddle point result (3.7.2). Of special interest are the saddle points 

corresponding to the directions of maximum and zero growth rates. Finally, we evaluate the 

inverse Fourier integral numerically as an independent verification for the above procedure. 

Very high frequencies are not of much interest from the standpoint of receptivity, since 

these frequencies are near the upper branch, and therefore have little potential for 

downstream growth. Hence, in this study we have restricted attention to S < 4 Snt ~ 1.76 . 

This frequency range can be divided into different subregions, based on differences 

exhibited in the saddle point characteristics, and in the resultant wave pattern. For each 

subregion, details of the saddle point analysis are presented for a representative frequency. 

We begin with the case S = 1.54, which is the easiest to visualize conceptually, and is 

representative of all frequencies S ;> Smg(~1.385). This case is also utilized to illustrate the 

details of the procedure outlined above. 

Figure (3.6a) is a map of saddle point trajectories in the right half of the complex e 

plane for S = 1.54. The saddle point locations were determined by performing a global 

search in a semicircular region of fixed radius (usually 5.0) in the right half of the complex 

e plane. The eigenvalues were obtained by an iterative procedure, which began with the 
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known two-dimensional root at l = 0 and proceeded along a radial ray. The entire semi

circular region was covered by radial sweeps at an angular spacing of approximately 1/3 

degree. Along each saddle point trajectory in Fig. (3.6a), the direction of the arrow 

indicates the direction of increasing I tan tP'j. The dotted part of the curve indicates the 

saddle points which are ruled out by applying the B & H criterion. The bold circles 

marking the termination of each trajectory correspond to the saddle point locations for 

tan tP' = -00. In the context of the original integral (3.7.1a), these can be interpreted as 

branch points of the dispersion relation" = "(l), or as poles of the coupling coefficient 

For definiteness, the branch cuts are taken as lines 

Im(l) = constant, extending to infinity away from the real axis. The radial sweeps were 

terminated if a branch cut was encountered. However, it will be seen subsequently that this 

did not affect the relevant saddle points and appropriate contour deformations. 

Throughout the frequency range investigated, the search domain contained only three 

singular points, and a corresponding number of saddle point trajectories. We classify these 

saddle point families according to the location of the singular point at the end of each 

trajectory. The saddle point associated with the singular point in the first quadrant is 

referred to as fl. The other two singular points lie in the fourth quadrant. Of these, one is 

closer to the real axis, while the other is closer to the imaginary axis. A numerical study of 

the dispersion relation showed that the singularity closer to the real axis corresponds to a 

double root of the dispersion relation, and arises from the coalescence of the first mode root 

with the third mode root. Hence, we refer to this saddle point family as f3. The 

significance of the remaining singular point was not ascertained, but is denoted as f2. 

However, note that the location of this singularity is also close to the region in the complex e 
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plane where the higher mode roots are found. On the other hand, the location of the 

singularity corresponding to the fl family is away from the region of higher modes. In fact, 

the existence of the fl singularity can be predicted on the basis of large l asymptotics for 

the first mode alone, but this singularity seems to have no particular physical significance. 

In fact, it is natural to expect that there is an infinite number of singular points, each 

corresponding to the coalescence of the first mode root with a root belonging to a higher 

mode. This is indeed the case, and an asymptotic analysis (for large i) of the dispersion 

relation reveals that the location of these singular points alternates between the two sides of 

the line, arg(l) = -71"/4, as l (or equivalently, the mode number) approaches infinity. The 

line of singularities identified from the asymptotic structure was verified by employing 

circumferential sweeps into the fourth quadrant in the l plane, starting from the reall axis. 

Next, we apply the Bleistein and Handelsman criterion to rule out some of the saddle 

points in a relatively easy manner. This criterion compares the value of the growth rate .!l = 

Re(h) at each saddle point with .!l max' the maximum of Re(h) along the original contour of 

integration. Basically, as X -+ 00, the integral along the original path is exponentially 

bounded by .!l max' Hence, any saddle point which produces an exponential growth rate 

larger than .!l max clearly cannot be admissible. 

One result of importance can immediately be ascertained from the B & H criterion. 

The original contour of integration is the real l axis, and .!l max corresponds to the maximum 

growth rate identified in Section 3.6. Since Im(dIC/dl) vanishes at l = ~ax growth, this point 

is a saddle point for the direction tan t/J'max = (Re(dIC/dl»l = I h' Now, the B & H 
"max growt 
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criterion excludes any saddle point with .!J > .!J max' and hence the maximum exponential 

growth within the unstable wedge must occur in the direction if/max. A similar argument 

was utilized by Gaster (1968) to determine the maximum growth rate and the associated 

propagation speed for the case of a two-dimensional temporal wavepacket. 

In Fig. (3.6b), the growth rate .!J = Re(h(t) )is plotted as a function of Itan </>'1 along 

each of the three saddle point families. Observe that the growth rate along the fl family is 

maximum at tan </>' = 0, and drops off monotonically as Itan </>'1 increases. The fl saddle 

point corresponding to this maximum growth rate is at the origin. The stability analysis in 

Section 3.6 showed that for S > Smg' the maximum growth rate along the real t axis also 

occurs at the origin. Hence, the maximum along fl also corresponds to .!J max' the maximum 

growth rate along the original contour. Thus, the B & H criterion shows that the fl saddle 

point family may be relevant at all values of </>'. Figure (3.6b) also shows that, at tan </>' = 0, 

the growth rates .!J 2 and .!J 3 along the f2 and f3 families are much smaller than .!J max' 

However, .!J2 and .!J3 increase monotonically with increasing Itan </>'1, and exceed .!J max for 

all Itan </>'1 greater than 0.24 and 0.78, respectively. Hence, according to the B & H 

criterion, the f2 saddle point is inadmissible for 1 tan </>'1 > 0.24, and the f3 saddle point is 

inadmissible for 1 tan </>'1 > 0.78. However, the B & H criterion still leaves two saddle points 

(fl and f3) as possibly relevant in the range 0.24 < Itan </>'1 < 0.78, while all three saddle 

points may be admissible for Itan </>'1 < 0.24 ! 

As discussed above, for S > Smg, the direction of maximum growth is </>' max = 0; the 

associated saddle point lies at the origin, and belongs to the fl family. An ad hoc method 

could be used to follow the movement of the fl saddle point with changes in the location of 
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the observation angle ¢/. This would correspond to the assumption that the f2 and f3 saddle 

points are inadmissible and/or subdominant throughout the range of ¢/. However, Fig. 

(3.6b) shows that the f2 family is not subdominant compared to fl for 0.23 < Itan cp'l < 0.24, 

and. the f3 saddle point family is not subdominant for 0.44 < I tan cp'l < 0.78. Therefore, a 

global contour deformation is necessary to determine whether these saddle points are 

inadmissible in these ranges. 

This global problem consists of the deformation of the original contour (the real l axis) 

onto a new path which includes steepest descent contours from the relevant saddle points. 

For Z < 0, the behaviour of the exponent for large l requires both ends of the path to 

approach infinity in the upper half of the l plane. The integral along the new path can 

formally be equated to the original integral provided that the contributions from the arcs at 

infinity can be shown to be zero. Note that, due to the lower branch asymptotics employed 

in this work, the upper branch of the neutral stability curve corresponds to infinite values of 

l. Hence, the disturbance is neutral as l --+ 00 along the real l axis. However, since the 

coefficient functions Cs(l) and Ca(l) decay at least algebraically for large l, the contribution 

from the arcs at infinity can be neglected based on Jordan's lemma (Carrier et aI, 1983). 

We first present the steepest descent contours for the case Itan cp'l = 1.0, where the B & 

H criterion shows that both the f2 and f3 saddle points are inadmissible. Hence, the 

appropriate deformed contour must pass through the fI saddle point. The steepest descent 

contours away from all three saddle points are shown in Fig. (3.7a). One may observe that 

the steepest descent paths from the f2 and f3 saddle points intersect the respective branch 

cuts and cannot be extended to infinity. This confirms the conclusion, arrived at earlier 
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using the B & H criterion, that these two saddle points must be inadmissible for 

ltan cp'l = 1.0. As anticipated, the reall axis can be deformed into the steepest descent path 

away from the fl saddle point without encountering any singularities or branch cuts. Of 

course, the growth rate associated with the fl saddle point is negative for this value of cp', 

which simply implies that the disturbance in this direction is actually dominated by the 

algebraically decaying pressure fluctuations associated with irrotational motion in the upper 

deck. 

The qualitative nature of the steepest descent paths away from the three saddle points 

remains the same as Itan cp'l is reduced below 1.0, until Itan cp'l ~ 0.33. Note that the 

disturbance is neutral along the angle Itan cpl ~ 0.49, and exponential growth occurs at 

smaller values of Itan cp'l. A plot for Itan cp'l = 0.40, which is representative of this range, is 

shown in Fig. (3.7b). 

The steepest descent paths typical of the range 1 tan cp'l < 0.33 are illustrated by the 

specific case Itan cp'l = 0.30 in Figure (3.7c). Observe that the right half of the fl steepest 

descent contour intersects the f3 branch cut, and hence cannot be extended to infinity in the 

first quadrant as desired. Here, the appropriate deformed contour consists of steepest 

descent contours from the fl and f3 saddle points connected by a short, constant altitude 

path at zero growth rate, which lies just to the right of the f3 branch point and is shown as 

a dashed curve in Fig. 3.7c. The integral along the constant altitude segment is end-point 

dominated as X ..... 00, and the exponential growth rate associated with it is zero. Hence, the 

contour deformation has shown the f3 saddle point to be also relevant for Itan cp'l < 0.33 . 

However, since the growth rate .!l3 is much smaller than .!ll in this range, the fl saddle 
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point is found to be dominant for all values of tP'. Thus, for this frequency, our results 

rigorously justify what would have been obtained by an ad hoc method which determined 

the saddle points by marching away from the saddle point corresponding to !l max at l = o. 

Note that the deformed integration path is non-unique in that the zero growth rate segment 

could be replaced by any constant growth rate segment with a negative growth rate. 

As the frequency parameter S is reduced below Smg' the qualitative nature of the saddle 

point topology remains similar to that discussed above, until the vicinity of S = 0.885 is 

approached. Hence, for S > 0.885, the fl saddle point family remains admissible and also 

dominant throughout the wedge of unstable motion. The primary difference is in the 

growth rate curve along the fl trajectory. For S < Smg' the saddle point at l = 0 

(corresponding to a two-dimensional T -S wave) no longer corresponds to !l max. The 

maximum growth rate is associated with a saddle point which lies on the real l axis, 

indicating that tP'max is now nonzero and qualitatively, the directivity pattern is heart 

shaped. 

As S approaches 0.885, the fl and f2 trajectories progressively come closer to each 

other near the point ~ = (0.43,-0.16). A pinch-off occurs between S = 0.88 and 0.885, as 

shown by the saddle point trajectories at these two frequencies (Fig. 3.8a, b). This pinch 

off implies the presence of a second order saddle point at the frequency Sp' corresponding 

to a vanishing second derivative h"(l# ) at the pinch-off point. In the vicinity of the angle 

tP' corresponding to the pinch-off point, the simple saddle point result (3.7.2) is not valid 

and must be replaced by a more complicated asymptotic expansion which simultaneously 

considers two nearby saddle points (Bleistein and Handelsman, 1975). However, the fI and 
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f2 saddle point locations are close only for a small range in (4)', S) space. Since our main 

objective is to obtain the global characteristics of the wave pattern, such as the direction and 

width of the beam, we have not developed an asymptotic expansion for this local region of 

parameter space. 

As S is decreased below Sp' the fl and f2 saddle point families move apart quite 

rapidly. However, the pinch-off alters the qualitative nature of the saddle point trajectories 

for S < Sp. We ilIustrate the saddle point behaviour in this range by presenting results at 

S = 0.66. The saddle point map and the growth rate curves along the different families are 

shown in Figs. (3.9a) and (3.9b) respectively. Not~ that the saddle point at the origin is now 

connected to the f2 family, while the fl family originates down in the fourth quadrant. The 

character of the growth rates for the fl and f2 saddle point families undergoes a 

corresponding change. The maximum growth rate on the real l axis is !l max ~ 0.047 

(corresponding to Itan c/l'1 ~ 0.20). As in the high frequency case, the saddle point 

corresponding to !l max lies on the fl family. However, the f2 saddle points are now 

dominant, relative to the fl saddle points, as tan c/l' -. O. Application of the Bleistein and 

Handelsman criterion rules out the f2 saddle points for Itan <P'I > 0.26 and the f3 saddle 

points in the range Itan c/l'1 > 0.33. In order to determine which saddle points are relevant 

for Itan c/l'1 < 0.33, the global contour deformation problem must be considered. 

The steepest descent contours for tan c/l' = -0.27 are shown in Fig. (3.10a). It is obvious 

from this figure that the appropriately deformed contour consists of the steepest descent 

paths away from the fl saddle point, and that both the f2 and f3 saddle points are irrelevant 

in this case. For larger values of Itan c/l'I, the steepest descent paths away from the fl saddle 
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point wrap more tightly around the branch cut in the upper half of the l plane. In contrast, 

for lower values of Itan 1/>'1, the left half steepest descent path from the fl saddle point 

gradually rotates counterclockwise toward the fourth quadrant, necessitating a global change 

in the deformed contour. 

This global change in the deformed contour is illustrated in Fig. (3.l0b) for the case 

Itan 1/>'1 = 0.14. Note that the left half of the steepest descent path from the fl saddle point 

cannot be extended to infinity in the UHP. Hence, the appropriately deformed contour 

consists of the steepest descent paths from the fl and f2 saddle points connected together by 

a constant altitude segment corresponding to zero growth rate. Although the f2 saddle point 

is relevant for I tan 1/>'1 = 0.14, it is subdominant compared to the fl saddle point. However, 

as I tan 1/>' I is decreased further, III decreases more rapidly than Ilz• The growth rates III 

and Ilz become equal at Itan 1/>'1 ~ 0.09, and Ilz is larger than III for smaller values of 

Itan 1/>'1. Hence, the f2 saddle point is dominant at these smaller values of Itan 1/>'1. It is 

interesting to note that, although the growth rates III and Ilz are equal for Itan 1/>'1 ~ 0.09, 

the fl and f2 saddle points are not close to each other. Hence, the switchover of dominance 

between the fl and f2 families at this point involves spatially separated saddle point 

families. 

A second change in the global character of the deformed contour occurs for very small 

values of Itan I/>l This is illustrated for Itan 1/>'1 = 0.07 in Fig. (3.10c). Here the right half 

steepest descent path from the fl saddle point intersects the f3 branch cut, and a constant 

altitude segment must be introduced to pass around the f3 branch point and connect to the 

f3 steepest descent path. Of course, the f3 saddle point is subdominant with respect to the 
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fl and f2 saddle points, both of which have nearly equal growth rates. At very small values 

of Itan tP'l, the two constant altitude segments merge together, completely bypassing the fl 

saddle point. This is illustrated for Itan tP'l = 0.017 in Fig. (3.10d). 

In a strict asymptotic sense, whenever the growth rates associated with two relevant 

saddle points are not exactly equal, the leading order asymptotic expansion for the integral 

(3.7.1) contains only the contribution from the dominant saddle point. Relative to this 

contribution, the contribution from the subdominant saddle point is exponentially small as 

X - 00, and hence negligible compared to the algebraic error term associated with a finite 

term expansion about the dominant saddle point. However, for distances of practical 

interest, contributions from two saddle points are generally comparable whenever their 

growth rates are nearly equal. In fact, due to the weighting factors corresponding to the 

coupling coefficient and the dispersion factor h"(£# ), it may happen that the numerically 

larger contribution comes from the subdominant saddle point at some large but finite 

distance. Hence, for Itan tP'l in the vicinity of the switchover point (~0.09), the most useful 

approximation for the instability amplitude is obtained by summing the contributions from 

the fl and f2 saddle points. Note that the present situation is different than that discussed 

in connection with the pinch-off frequency Sp; here the contributions from fl and f2 are 

each given by the simple saddle point formula, since the two saddle points have a finite 

spatial separation. 

We now discuss the saddle point characteristics for subcritical frequencies, 

S < Snt (~0.44). Results for a representative case, S = 0.22, are used for illustration. The 

saddle point trajectories and growth rates for this frequency are plotted in Figs. (3.11a) and 
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(3.IIb), respectively. The maximum growth rate on the original contour is 8'max ~ 0.0105, 

corresponding to Itan tP'l = 0.035. This saddle point also corresponds to the maximum 

growth rate of the fI family. The B & H criterion eliminates the f2 and f3 saddle points for 

Itan tP'l greater than 0.70 and 0.04, respectively. Furthermore, since 8'2 < 0 for 

Itan tP'l < 0.60, contributions from the f2 saddle point are of possible interest only in the 

range 0.60 < Itan tP'l < 0.70. However, the contour deformation results presented below show 

that the f2 saddle point family is irrelevant for all values of I tan tP'l. 

When I tan tP'l is large, the appropriately deformed contour simply consists of the 

steepest descent paths away from the fI saddle point. This is illustrated in Fig. (3.I2a) for 

the case of Itan tP'l = 0.18. As Itan tP'l becomes smaller, the left half of the steepest descent 

path from the fI saddle point enters the fourth quadrant, and cannot be extended to infinity 

in the upper half plane. A typical case, corresponding to Itan tP'l = 0.035 (the direction of 

maximum growth), is illustrated in Fig. (3.12b). Here the appropriately deformed contour is 

a combination of the steepest descent path away from the fI saddle point and the zero 

growth rate contour extending from the neutral point on the real f. axis. Note that, for 

Itan tP'l = 0.035, the f3 saddle point is not ruled out by the B & H criterion, but the contour 

deformation proves it to be irrelevant. 

At lower values of Itan tP'l, all three saddle points satisfy the B & H admissibility 

criterion. Hence, the relevance of the saddle points must be determined by contour 

deformation. The growth rate of the fl family remains the largest until the angle I tan tP'l = 

0.0048 is reached. Below this angle, 8'3 is greater than 8'1" The appropriate steepest descent 

contour for Itan tP'l = 0.005 is shown in Fig. (3.12c). The location of the fl saddle point has 
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moved down in the complex l plane, and constant altitude segments are necessary to bypass 

both the f2 and f3 branch cuts. The constant altitude segment on the right connects to the 

steepest descent path from the f3 saddle point. Hence, in this range, both the fl and f3 

saddle points are relevant. A switchover in dominance between the two saddle points occurs 

at Itan </>'1 = 0.0048; fl is dominant for larger angles and f3 for smaller. In the vicinity of 

the switchover point, the contributions from the fl and f3 saddle points must be added in 

order to obtain a useful approximation for the instability amplitude. 

As Itan c/>'I is reduced below 0.0048, the fl saddle point soon becomes subdominant 

relative to the f3 saddle point. In fact, !J 1 is negative for 1 tan </>'1 < 0.004. In this range, 

the deformed contour corresponds to a combination of the steepest descent paths from the 

f3 saddle point and the zero growth rate contour through the neutral point on the real l axis. 

This is illustrated in Fig. (3.12d) for the case Itan </>'1 = 0.0039. Of course, one must note 

that the f3 saddle point moves away to infinity as Itan </>'1 -+ 0, and the validity of our lower 

branch asymptotics becomes questionable. 

This completes our discussion of the saddle point behaviour throughout the frequency 

range of interest. In Section 3.9, the results of the saddle point analysis are used to examine 

the variation in instability wave pattern characteristics as" the frequency parameter S is 

varied. As an independent check for the contour deformation results presented above, we 

also evaluated the inverse Fourier integral (3.7.1a) numerically. Since the objective was only 

to verify the saddle point analysis, the spanwise spectrum of the instability waves was 

assumed to be uniform (Le, the coupling coefficient function was taken to be unity). At 

each selected frequency, the integral was evaluated as the discrete Fourier series (3.5.6) with 
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the spanwise period dz held fixed at a large value (= 2007r). The summation of this series 

was accelerated by using a one or two stage Shanks transformation (Bender and Orszag, 

1978). 

Comparisons of the numerical and asymptotic results for S = 0.66 are presented in Figs. 

(3.13) and (3.14). The development of the instability amplitude along a ray q/ = constant is 

considered. The quantity plotted is 10g(Ampl·v'X), where Ampl is the local magnitude of 

the instability wave, as a function of the downstream distance X normalized by the 

wavelength of the two-dimensional T -S wave. Thus, a straight line result implies that the 

disturbance along that ray conforms to the simple saddle point behaviour discussed in 

Section 3.7 Recall that our asymptotic analysis for S = 0.66 showed a switchover in 

dominance between the fI and f2 saddle point families near Itan ¢'I = 0.09. Results for 

angles above and below the switchover point are presented in Figs. (3.13) and (3.14), 

respectively. In both figures, the results obtained by numerical integration are plotted in 

part a, and our asymptotic approximation is plotted in part b. 

First consider Fig. (3.13b), which corresponds to Itan ¢'I ~ 0.09. In this range, the f2 

saddle point is relevant, but is subdominant compared to the fI saddle point. Since the f3 

saddle point is irrelevant in this range, the saddle point resuit utilized for Fig. (3.l3b) 

corresponds to a sum of the contributions from the fI and f2 saddle points. Since!J 1 is 

much greater than !J2 for Itan ¢'I = 0.176 and 0.141, the instability development along these 

directions is nearly monotonic, simply corresponding to the contribution from the fI saddle 

point. At Itan ¢'I = 0.105, the difference between !J1 and !J2 is smaller, and one finds a 

distinct pattern of oscillations corresponding to the contribution from the subdominant f2 
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saddle point superimposed on the fl saddle point contribution. At Itan 4>'1 =.0.09, 112 is 

nearly equal to Il l' and the contributions from the fl and f2 saddle points are comparable, 

leading to the beat pattern seen in Fig. (3.13b). The maxima of this pattern correspond to 

the locations where reinforcement occurs between the contributions from the two saddle 

points, while the minima of this pattern imply cancellation between __ the two wave groups. 

The results in Fig. (3.13a), obtained by numerical integration, are in good agreement with 

our asymptotic results for large X, thus confirming our saddle point analysis. 

Now consider the instability development along directions corresponding to 

Itan 4>'1 ~ 0.09, as illustrated in Fig. (3.14). In this range, the fl saddle point is subdominant 

relative to the f2 saddle point. Furthermore, the f3 saddle also becomes relevant for 

Itan fl ~ 0.07. Hence, for those directions, the saddle point result corresponds to a sum of 

the contributions from all three saddle points. Of course, 113 is always small enough so that 

the f3 saddle point plays no role in determining the character of the instability development 

along the ray. Fig. 3.14 exhibits a beat pattern for values of I tan 4>'1 close to the switchover 

value. For very small I tan 4>'1, e.g., at I tan 4>'1 = 0.052 or 0.0 I 7, the growth rate III is much 

smaller than !J2' The inverse Fourier integral is then dominated by the f2 saddle point, 

leading to the nearly straight line behaviour of the curve for large values of X. The 

numerical results shown in Fig. (3.14a) are not in quite as good quantitative agreement with 

the asymptotic results as was the case for Fig. (3.13). However, the wavelength of the beat 

pattern matches exactly, confirming the fact that both saddle points must be considered for 

distances of practical interest. The quantitative disagreement is probably due to a 

combination of slight inaccuracies in the saddle point computation (which are amplified as 

X increases) and round-off errors in the numerical evalua(ion of the integral (which also 
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increase for large X due to increasingly rapid oscillations of the integrand). 

The results presented in Figs. (3.13) and (3.14) also illustrate a possible pitfall in an ad 

hoc steepest descent calculation which does not address the global contour defonriation 

problem. Such a method tracks only a single family of saddle points. This procedure is 

particularly error-prone in problems such as that examined here, where a switchover in 

dominance occurs between two well separated saddle point families. 

3.9 Results from the Saddle Point Analysis 

In this section, we describe the variation in the T -S wave pattern as the frequency 

parameter S is varied. The characteristics of this wedge shaped pattern (or "beam") which 

we focus on are: 

(i) The direction of maximum instability growth in the X-Z plane and the orientation of 

the T -S wave group which propagates along this direction, 

(ii) The angular width of the beam, defined by the rays along which the disturbances are 

neutral, and 

(iii) The general shape of the beam, which is given by the amplitude distribution within 

the wedge at a given downstream station. Borrowing a phrase from the acoustical and 

optical jargon, we refer to this shape as the directivity pattern. 
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We begin with results related to the instability development along the direction of 

maximum growth. As explained in Section 3.8 utilizing an argument similar to that of 

Gaster (1968), the direction of maximum growth corresponds to a saddle point on the real f. 

axis. The saddle point analysis in the previous section showed that, for S < Smg' there are 

two saddle points on the real f. axis. The saddle point at the origin (Le., the two

dimensional mode) corresponds to a local minimum in the growth rate curve, while the other 

saddle point corresponds to a global maximum in the growth rate curve. For S > Smg' there 

is only one saddle point on the real f. axis; it is at the origin, and corresponds to the 

maximum growth rate. The global contour deformation analysis in Section 3.8 showed that 

the saddle point on the real axis, which corresponds to the direction of maximum growth 

rate, is always relevant. (This result is also evident intuitively, since this saddle point 

already lies on the original contour of integration, and in fact, this contour locally 

corresponds to a path of descent, if not steepest descent.) It is also interesting that the 

maximum growth saddle point always lies on the f1 saddle point trajectory. 

In Fig. (3.15), we have plotted the (real) span wise wavenumber ~ax growth 

corresponding to the direc~ion of maximum growth as a function of the frequency 

parameter S. For S < Smg ( !:::!1.385), the receptivity for the (locally) most unstable modes 

can be minimized by choosing wall suction and admittance distributions such that the 

fundamental wavenumber 21r/dz of these span wise periodic distributions lies beyond 

lmax growth' At a frequency of the order of S = 0.88, a fundamental wavenumber 

21r/dz ~ 1.5 would reduce the receptivity for strongly amplifying modes. At lower 

frequencies, the drop-off in growth rate with increasing f. is slower, and a fundamental 

wavenumber 21r/dz ~ 2.0 would be required in order to avoid the peak of the growth rate 
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curve. For S> Smg' the most amplified mode is two-dimensional. Hence, at high 

frequencies, the spanwise periodicity dz of the wall suction/admittance distributions has 

little effect on the coupling coefficients of the maximally growing modes. However, the 

receptivity at lower frequencies is generally much more important, since these waves 

undergo a substantial amplification with downstream distance. Hence, proper choice of the 

wall suction/admittance span wise periodicity may significantly delay the transition process. 

In Fig. (3.16), we have plotted the direction t/J'max corresponding to the maximum 

instability amplitude, and the angle ¢>max corresponding to the orientation of the associated 

phase lines, as a function of the frequency parameter S. Observe that, for very small values 

of the frequency parameter S, the angle t/J'max is close to zero. As S increases, t/J'max slowly 

increases, reaching a maximum of 13° at S ~ 0.88, twice the two-dimensional neutral 

frequency. Hence, in acoustic terms, the generated T -S "beam" is most oblique at S ~ 0.88, 

being directed at an angle of 13° to the downstream direction. As S is increased further, 

¢>' max drops rapidly, approaching zero with infinite slope at S = Smg. For all S > Smg' the 

direction of maximum instability growth remains along the downstream direction. In fact, 

since ¢>' max is never greater than 13°, the direction of maximum instability amplitude is 

always fairly close to the downstream direction. 

Next consider the instability constant phase lines along the direction of maximum 

growth. The constant phase lines are very oblique (¢>max -+ 900) at small values of the 

frequency parameter. However, the obliqueness ¢>max of the constant phase lines decreases 

steadily with increasing S, finally approaching zero with infinite slope at S = Smg. For all 

values of S> Smg' ¢>max is zero, implying that the most unstable wave group is nearly two-
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dimensional. 

The analysis in Section 3.8 showed that a unique neutral boundary for the wedge 

shaped T -S wave pattern can be identified. This boundary is defined by the value of 4>' 

along which the growth rate is zerO. The analysis in Section 3.8 also showed that, 

throughout the frequency range investigated, the neutral boundary is always defined by a 

saddle point on the fl family. (This family also provides the maximum growth rate 

information.) In Fig. (3.17), the beam width is plotted as a function of S. For small 

frequencies, the wedge semi-angle increases almost linearly with S to about 250 at S = 0.66 . 

The curve then flattens out, reaching a maximum of 270 around S = l.l0. The wedge angle 

slowly decreases for S> l.l0, reaching about 250 at S = 1.80, the highest frequency 

considered in this work. 

For frequencies between Snt( ~ 0.44) and Smg( ~1.385), the analysis in Section 3.8 

showed that a switch over in dominance between the fl and f2 saddle point families occurs 

as the observation angle 4>' is varied. At observation angles in the vicinity of the switchover 

point, both saddle points are admissible and have nearly equal growth rates. At most 

frequencies, the switchover in dominance involves spatially separated saddle points, and the 

instability wave development along these directions is a superposition of two simple saddle 

point contributions. The imaginary parts of the exponent for the two saddle points are 

different, and hence the instability development with downstream distance exhibits a "beat" 

pattern, as illustrated in Figs. (3.13, 14). 

For frequencies near the pinch-off frequency Sp ~ 0.885, the two saddle points 
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involved in the switchover of dominance come close together. At S = Sp' these two saddle 

points coalesce at Itan cP'l ~ 0.21 to form a second order saddle point. The simple saddle 

point result (3.7.2) is not valid there, due to the proximity of the two saddle points. A 

uniformly valid expansion, which involves Airy functions and a dispersion factor of X-l/'J, 

can be constructed. However, since the two saddle points lie close together only in a very 

narrow range of (S, cP') space, this expansion was not developed. 

Except for the vicinity of the switchover points discussed above, a unique disturbance 

growth rate along each direction can be defined, corresponding to the exponent of (3.7.2a) 

associated with the dominant saddle point. Since dependence on growth rate is exponential, 

the qualitative features of the amplitude distribution within the wedge are determined by 

the growth rate variation across the wedge. Thus, the directivity pattern corresponds to the 

envelope of the growth rate curves for the relevant saddle points. Based on the growth rate 

curves and saddle point analysis presented in Section 3.8, we can identify three distinct types 

of directivity patterns as a function of frequency. For S > Smg' a single lobed pattern with 

a maximum amplitude in the downstream direction is obtained. A heart shaped pattern is 

obtained for Snt < S < Smg' with maximum growth in two oblique rays which are 

symmetrical about the downstream direction, and a smaller but non-zero growth rate on the 

downstream axis. For subcritical frequencies, corresponding to S < Snt' the growth rate 

vanishes on the downstream axis, resulting in a bi-lobed pattern. 

The unstable wedge characteristics discussed above are essentially controlled by the 

stability properties of the flow. The influence of receptivity enters algebraically through the 

multiplying factor Ca(l) or Ca(l), evaluated at the (complex) saddle point location l#. 
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Hence, the influence of various parameters on the receptivity is similar to that discussed in 

Section 3.7. For example, the wall admittance receptivity mechanism is independent of 

acoustic wa.ve orientation, while the receptivity for the mean flow adjustment mechanism is 

proportional to 2 sin 8ae cos (~ - l/Jae ) where l/J is the complex wavevector angle l/J = 

cos-1 ( /\,# ) evaluated at the saddle point location l#. Similarly, the geometry 
v' /\,2( l# )+l# 2 

of the short scale variation enters multiplicatively through the two-dimensional Fourier 

transform F (-/\,(l# ), l#). Note that l# is a function of observation angle f as well as 

frequency S. Hence, changes in geometry or orientation of the acoustic wave have different 

effects on the instability motion along different rays in the unstable wedge. An important 

observation is that, along a given ray, it is the relationship of the geometry or acoustic wave 

orientation to the phase lines of the unstable motion that controls the receptivity level. 

The coupling coefficient expressions (3.5.7b, c) also contain the functions 

As(S/>.3/2v'cosl/J) and Aa.(S/v'cosl/J). For the direction l/J'max of maximum growth, l# is real 

and the equivalent two-dimensional frequency S/>.3/2v'cosl/J is almost real. Hence, little 

error is introduced by utilizing the values of As (S) and Aa. (S) for real S presented in Chapter 

2. For observation angles considerably different than the direction of maximum instability 

growth, til' is a substantial distance from the real axis, leading to equivalent two-

dimensional frequencies that have non-negligible imaginary parts. However, since these 

observation angles are of less physical interest, we have not evaluated (2.S.4b) and (2.S.8d) 

for complex S. 

An interesting observation from the above discussion is that, under exceptional 

circumstances, the receptivity process can dramatically alter the directivity pattern within 
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the unstable wedge. For example, consider the wall suction mechanism, for which the 

receptivity coefficient is proportional to cos (ifJ-ifJat;)' Along the direction of maximum 

growth, ifJ is almost real. Hence, for an acoustic wave propagating perpendicular to the 

constant phase lines associated with the direction of maximum growth, the function 

cos (ifJ-ifJat;) nearly vanishes for the observation angle ifJ'max' The growth rate is stationary at 

(f max' while the cosine function locally has a linear variation, leading to an instability 

amplitude proportional to (¢/ -ifJ' max) e§ maxX • Thus, in this situation, the original "beam" of 

the unstable wedge is effectively split into two lobe:; on either side of ifJ'max' This is an 

extreme case, of course, and under more usual circumstances the effect of acoustic wave 

orientation may be limited to local dips in the directivity pattern. 

We illustrate general characteristics of three-dimensional receptivity for isolated 

geometries in Figs. (3.18) through (3.20). These figures present suitably normalized 

receptivity levels for the instability development in the direction of maximum growth, 

~' max' As mentioned previously, the wall admittance receptivity is independent of acoustic 

wave orientation. In Fig .. (3.18), the influence of acoustic wave orientation on the mean 

flow adjustment receptivity mechanism is considered. The receptivity coefficient, 

normalized by its maximum value, is plotted as a function of acoustic wave azimuthal angle, 

~ac' For the two-dimensional neutral frequency Snt ~ 0.44, the highest receptivity is 

produced by acoustic waves propagating in nearly the spanwise direction. As the frequency 

increases, the acoustic wave orientation which produces the highest receptivity becomes less 

oblique. Finally, for S ~ 1.38, the maximum receptivity is produced by a downstream 

propagating acoustic wave, ifJac = O. Figure (3.18) is restricted to the range -1r/2 < ifJac< 1r/2. 

However, a reversal of the acoustic wave propagation direction, from downstream to 
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upstream, for example, does not change the receptivity level. 

In Fig. (3.19) the influence on receptivity of the planform size of the wall 

inhomogeneity is illustrated, for a geometry function with circular symmetry, F(X,Z) = 

e-(X2 +Z2 )/:1:) • Three representative frequencies are plotted. It can be seen that, at all 

frequencies, the receptivity coefficient is maximized by a planform size R of approximately 

one-third the instability wavelength. 

The influence of wall inhomogeneity aspect ratio is illustrated in Fig. (3.20). Here the 

geometry function F(X, Z) = exp (_X2 //ex2 - Z2 /:eZ
2 ) was utilized. The product /ex:ez 

was held constant at the value corresponding to the peak in Fig. (3.19) as the aspect ratio, 

AR = :ez//ex, was varied. At low frequencies, the maximum receptivity occurs for 

geometries which are elongated in the stream wise direction. At high frequencies, geometries 

which are elongated in the spanwise direction, and hence produce almost two-dimensional 

disturbances, lead to the highest receptivity coefficients. These results can be understood by 

recalling that, at low frequencies, the most amplified waves are very oblique, while at high 

frequencies the most amplified waves are two-dimensional. 
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CHAPTER 4 

SUMMARY AND CONCLUSIONS 

In this research, we have developed high Reynolds number asymptotic analyses for the 

generation of boundary layer instability waves by receptivity mechanisms relevant to laminar 

flow control. Specifically, the receptivity to free-stream acoustic waves in regions where the 

wall suction and/or admittance exhibit short scale variations has been examined. These 

problems fall into the class of localized receptivity regions, which involve short scale 

changes in the surface boundary condition. The other class of receptivity regions consists of 

body leading edges, and was not considered here. 

As pointed out by Bushnell (1989), the transition process involves a number of stages. 

It begins with the free-stream disturbances, which can be of various types, each with its 

own temporal and spatial spectra. These free-stream disturbances typically undergo an 

inviscid interaction with the body and its flow field before being internalized in the 

boundary layer during the receptivity stq.ge. Subsequently, the instability waves undergo 

linear amplification and nonlinear interactions which lead to transition. Hence the question 

of what modes are critical to the transition phenomenon is a global problem which depends 

on specific circumstances and must take into account all these stages. The role of receptivity 

theory is to provide the locations and the transfer functions through which the free-stream 

disturbance field generates boundary layer instability waves. 
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In laminar flow control technology, wall suction is used to control the growth of 

boundary layer instabilities. The hybrid laminar flow control design utilizes suction only 

near the leading edge; favorable pressure gradient is utilized to control boundary layer 

instability growth over th.e remainder of the wing. In this approach a junction is invariably 

present between the porous suction surface and the impermeable surface downstream. 

Designs which apply suction over the entire upper surface may also involve short scale 

variations, since the suction may be concentrated in narrow strips, or its uniformity may be 

affected by structural design constraints. In assessing the importance of these localized 

receptivity mechanisms, one should note that instability waves generated near the leading 

edge undergo exponential decay before reaching the lower branch neutral stability point. 

Hence, even a weak receptivity mechanism in the localized class of regions is likely to be 

more important than a stronger mechanism near the leading edge. 

There are two separate mechanisms by which short scale variations in porous suction 

surfaces can generate receptivity. First, short scale variations in wall suction lead to a short 

scale adjustment in the mean flow. The interaction of the Stokes wave produced by the 

free-stream acoustic wave with this mean flow adjustment leads to receptivity. Secondly, 

even in the absence of wall suction, a change in surface porosity modifies the surface 

admittance to unsteady motion. This produces a short scale scattering of the free-stream 

acoustic wave, also leading to receptivity. Both these mechanisms were analyzed in this 

research. 

In Chapter 2, two-dimensional instability wave generation by the above receptivity 

mechanisms was analyzed for the case of subsonic flow. Receptivity due to the mean flow 
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adjustment mechanism is linearly related to the amplitude of the inviscid slip velocity 

produced by the free-stream acoustic wave. Hence, the mean flow adjustment receptivity is 

a maximum for acoustic waves propagating parallel to the body surface, and vanishes for 

normally incident waves. In contrast, receptivity due to the wall admittance mechanism is 

linearly related to the free-stream pressure, and hence is independent of the acoustic wave 

incidence angle. For both mechanisms, the maximum receptivity levels occur for 

frequencies slightly below the lower branch neutral frequency. The influence of the 

subsonic Mach number enters in essentially two different ways in the receptivity process. 

First, in the upper deck just outside the boundary layer, the relationship between the 

unsteady pressure and displacement thickness fluctuations is modified by quasi-steady 

Prandtl-Glauert effects. Secondly, the viscous dissipation associated with high speed flows 

modifies the values of density and viscosity in the lower deck deep inside the boundary 

layer near the wall. The influence of these effects can be absorbed by an appropriate 

similarity transform of the independent and dependent variables. 

The geometry of the wall suction or wall admittance variation plays an important role in 

determining the receptivity level. For application to the design of laminar flow control 

systems, the influence of wall suction strip width was examined. Maximum receptivity 

levels were found for very narrow strips. The receptivity was a minimum for a strip width 

equal to an integral number of T -S wavelengths. More generally, a strip width on the order 

of several T -S wavelengths produced a substantial reduction in receptivity compared to the 

narrow strip limit. Receptivity generated at a junction between a porous suction surface 

and an impermeable downstream wall was also examined. Smoothing of the transition 

substantially reduced the receptivity coefficient. For receptivity at the junction in typical 

----, 
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distributed suction HLFC designs, our results suggest that the wall admittance mechanism is 

more important than the mean flow adjustment mechanism. 

In Chapter 3, the generation of three-dimensional instability waves was considered. 

For simplicity, attention was restricted to incompressible flow. It was found that, by a 

similarity transform of the independent and dependent variables, the mathematical problem 

governing the generation of T -S waves in Fourier transform space could be reduced to the 

form of the two-dimensional problem. A slight complication is that the effective two

dimensional frequency is complex, rather than real as in Chapter 2. However, in many cases 

the imaginary part of the effective frequency is quite small, and results from Chapter 2 can 

be used directly. 

The three-dimensional instability wave pattern downstream of the receptivity region was 

analyzed in detail for two types of configurations: spanwise periodic, and isolated 

geometries. For the span wise periodic case, an infinite but discrete set of T -S waves is 

generated. For large downstream distances, the instability motion is then dominated by a 

few modes having the largest growth rates. For the case of a single, isolated region of 

receptivity, the span wise wavenumber spectrum of the generated instability motion is dense. 

However, far downstream of this region, the dominant contribution to the inverse Fourier 

integral comes from the vicinity of the saddle points of the integrand. To determine which 

saddle points are relevant (or accessible), and hence make contributions to the large X 

behavior, a global analysis of the integration contour deformation on to appropriate paths of 

steepest descent away from the saddle point (or points) is required. 
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For the isolated region of receptivity, instability growth is found to be confined to a 

downstream, wedge shaped region. The wedge semi-angle is very small at low frequencies, 

and increases with frequency up to a peak of 270 at slightly above twice the two

dimensional lower branch neutral frequency. The direction of maximum instability growth 

within the wedge is always fairly close to the downstream direction. For high frequencies, a 

single lobed instability pattern with a maximum amplitude in the downstream direction is 

obtained. The pattern is heart shaped at intermediate frequencies, with maximum growth in 

two oblique directions which are symmetrical about the downstream direction. The 

instabillty growth directly downstream vanishes at low frequencies, leading to a bi-lobed 

pattern. The constant phase line orientation along the direction of maximum growth is very 

oblique at low frequencies, while at high frequencies the constant phase lines are almost 

two-dimensional. 

As discussed above for the two-dimensional case, the receptivity level for the mean flow 

adjustment mechanism depends on the acoustic wave orientation. The highest receptivity 

level is produced when the orientation of the acoustic wave phase lines coincides with the 

constant phase lines of the instability pattern. Hence, for the mean flow adjustment 

mechanism, at low frequencies the highest receptivity arises from spanwise propagating 

acoustic waves, while at high frequencies acoustic waves which propagate parallel to the 

stream wise direction are most effective in producing receptivity. The wall admittance 

receptivity mechanism is independent of acoustic wave orientation. For either mechanism, 

wall geometries which are elongated in the streamwise direction generate the most 

receptivity at low frequencies, while at high frequencies wall geometries elongated in the 

span wise direction produce the largest instability wave amplitudes. 
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At low and high frequencies, a single saddle point generally makes the dominant 

contribution to the inverse Fourier transform integral, and the instability wave growth has 

the form of ~ simple exponential, multiplied by x-liz to account for geometrical spreading. 

However, at intermediate frequencies, two saddle points make comparable contributions for 

some directions within the unstable wedge, leading to complicated instability wave patterns. 

A characteristic feature in these directions is that the instability amplitude exhibits a "beat 

pattern" which is similar to that produced by the interaction of two different wavelength 

signals in conservative wave motion. 

The research in this dissertation has utilized large Reynolds number asymptotics, and the 

wall suction and admittance variations were assumed small enough in magnitude to permit 

linearization. This approach allows the relevant physical mechanisms to be elucidated in the 

simplest possible framework. However, our analysis has limitations with respect to 

quantitative accuracy at finite Reynolds numbers and large mean flow disturbance 

amplitudes. The former limitation could be overcome by calculating higher terms in the 

high Reynolds number asymptotic series. Alternatively, the present theory could be used to 

guide the development of finite Reynolds number interactive boundary layer or full Navier

Stokes models. The problem of nonlinear mean flow disturbances has already been tackled 

within the triple deck framework by Bodonyi et al (1989) for the case of a two-dimensional 

wall hump with height comparable to the thickness of the lower deck. Their framcvJork can 

be extended to the problems addressed in this dissertation in a relatively straightforward 

manner. Careful experiments, such as those recently initiated by Wlezien (1989), are also 

needed in order to validate our current concepts and to identify areas where further 

theoretical development is necessary. Finally, only subsonic Mach numbers were considered 
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here. With the resurgence of interest in high Mach number flows, the extension of 

receptivity theory to the high-speed case is an important area for future work. 
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