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ABSTRACT 

This dissertation explores some of the nonlinear properties of 

gravi ty-mode oscillations in the solar interior. In parti cular, it is 

concerned wi th the interactions amongst the nonradial modes of a single 

rotationally spl it mul ti plet. It investigates the mul ti -mode coupl ing 

of a large number (typically about 20) of the modes in a multiplet. 

Many internal resonances occur in a given problem, and the effects occur 

at third order. 

Motivation for this analYSis arises both frcm general theoreti

cal int er est and from observed properties of the Sun that have recently 

become avai I abl e. Obs er vat ions of solar gravi ty-mode os cill at i on 

eigenfrequencies and eigenfunctions obtained at the Santa Catalina 

Laboratory for Experimental Relativity by Astrometry (SCLERA) show 

strong evidence of nonlinear effects (Hill 1986; Hill and Czarnowski 

1986; Rabaey and Hill 1989; Rabaey 1989). 

This dissertation provides a general theoretical framework for 

investigating many problems of second- and third-order mode coupling in 

stellar systems. A mul tiple-scale pei'ti..i1~bation techni que is used. The 

formalism presents an alternative to that of Dziembowski (1982), and is 

more generally applicable. 

The theory provides a means to infer the core amplitudes of the 

gravity-modes exhibiting t.he nonlinear behavior in the SCLERA data. 

(These modes have a radial order of approximately 15 and an angular 
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degree of about 30.) This is. a significant accomplishment because it 

bypasses the traditional extrapolation of measured surface amplitudes 

into the interior, which is a questionable procedure, in part because of 

the uncertainty regarding the surface boundary condi tions in the Sun 

(Hill 1978). It is found that the relative radial displacement of these 

oscillations, orlr, has a typical maximum amplitude in the interior of 

(6x10-
4

±30%). The maximum of the relative Lagrangian temperature varia

tion, oTIT, is (7x 10-5 ). The potential implications of such interior 

amplitude determinations are bri.Jfly discussed. 

As a byproduct of the analysis, certain characteristics of the 

data used in conjunction with the theory allow the possibility of deter-

mining the linear damping time of these modes. As with the amplitudes, 

tradi tional approaches are bypassed, thus providing a novel and inde-

pendent determination. Very preliminary results seem to indicate a 

typi cal damping time of about 40 years. 
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CHAPTER 1 

INTRODUCTION AND LITERATURE SURVEY 

1.1. Overview of the Dissertation 

In this work we explore some of the nonlinear properties of 

gravity-mode (g-mode) oscillations in the solar interior. In par

ticular, we are concerned wi th the interactions amongst the nonradial 

modes of a single rotationally split multiplet. Motivation for this 

analysis arises both from general theoretical interest and from observed 

properties of the Sun that ...... '1ave recently become available. Observations 

of solar g-mode oscillation eigenfrequencies and eigenfunctions obtained 

at the Santa Catalina Laboratory for Experimental Relati vi ty by 

Astrometry (SCLERA) show strong evi dence of nonl inear effects (Hill 

1986; Hill and Czarnowski 1986; Rabaey and Hill 1989; Rabaey 1989). 

This dissertation provides a general theoretical framework, an 

alternative to that of Dziembowski (1982), for investigating many 

problems of mode coupling in stellar systems. In a system such as the 

Sun, one can describe small nonlinear effects. by a slow time variation 

of the complex amplitudes (Le., real amplitudes and phases) of the 

linear normal modes of the system. A commonly appearing family of 

approaches to sl ightly nonl inear problems involves obtaining equations, 

referred to as the amplitude equations, that descri be this slow time 

variation. One genus in this family is a set of multiple-order pertur

bation techniques called the method of multiple scales (Davidson 1972, 



15 

section 1. 3; Nayfeh 1973; Nayfeh and Mook 1979; Kevorkian and Cole 1981, 

section 3.5.2). (If time is the independent variable, variations of 

this genus may be referred to in the literature as the multiple-time 

method or the multi-time method. In appropriate special cases, the 

terminology two-time method is used). This approach has advantages over 

most other perturbation techniques (Nayfeh 1973, section 6.4.10; N ayf eh 

and Mook 1979, chapter 2; Kevorkian and Cole 1981, section 3.7). A 

specie of the method of multiple scales is used here to study nonlinear 

effects. 

In addition to the theoretical analysis presented here, the 

foremost accomplishment of this dissertation is a determination of the 

core amplitudes of certain g-modes in the Sun. The availability of the 

data mentioned above provides a novel way to infer these amplitudes. 

Two ways to determine interior amplitudes are to (1) do a full 

nonlinear, nonadiabatic calculation, or (2) measure the amplitude at the 

surface and then extrapolate back into the interior using assumed forms 

of the eigenfunctions of the modes. In regards to the first approach, 

realistic solar models are sufficiently complex and uncertain to make a 

full first-principles calculation very formidable. The modeling of 

convection is one key problem. There have been many linear, non

adiabatic calculations to determine the stability of various modes of 

oscillation in the literature, but there hav~ been no nonlineai' ,non

adiabatic attempts to determine equilibrium amplitudes of any modes of 

which I am aware. Alternately, one can consider the amplitudes of modes 

that are not in equilibrium. For example one might have a mode that is 
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damped, but was originally exci ted wi th an impulsive external force. To 

det ermi ne the ampl i tude at the curr ent point in time would require a 

highly detailed description of the complete evolution of the Sun in 

order to determine when the impulse occurred and how large it was. 

Since stochastic elements such as convection are involved in the evolu

ti on, the tas k is futile. 

At first glance, approach (2) seems viable. One can model the 

Sun sufficiently well so that reasonably accurate linear eigenfunctions 

can be obtained. One problem arises because of the outer boundary 

condi tions. The characteristics of the outermost regions of the Sun are 

not known well enough to provide a consensus in the field on these 

bOLU1dary conditions (Hill, Rosenwald and Caudell 1978a; Hill 1978). The 

g-modes considered here have their largest amplitudes in the central 

regions of the Sun, and their surface amplitudes might be three to six 

orders of magnitude smaller. Figure (8.5) gives a plot of the relative 

radial displacement for one typical case. Although this overall struc

ture is very insensitive to the outer boLU1dary conditions, clearly the 

behavior of the eigenfLU1ction in this region is not. But this is the 

only part of 'the eigenfunction that can be directly measured! Clearly a 

change in the boundary condi tions that yields a different behavior in 

the eigenfunction at the surface would result in radically different 

interior amplitudes extrapolated from a given surface amplitude measure

ment. This problem was noted earlier by Hill (1978; 1986). 
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A second problem is due- to the fact that many of the details of 

the unperturbed solar model are still unknown. Changes in the unper

tur bed model would affect the properties of the linear eigenfunctions. 

In fact, the very amplitudes we wish to determine here are important in 

this regard. If the core amplitudes of these g-modes are large enough, 

then they can provide a significant mechanism for energy transport out 

of the core. This then lowers the central temperature, changing the 

unperturbed model. So we have the impasse pointed out by Hill (1986). 

We need to know the details of the unperturbed Sun in order to extrapo

late the proper eigenfunctions from the surface to determine the 

interior amplitudes, but we need to know the actual amplitudes of the 

eigenfunctions in order to obtain the unperturbed model! 

As pointed out in Hill (1986), the determination of the interior 

amplitudes in the manner used in this dissertation avoids all the 

problems associated with approaches (1) and (2). There is clear 

evidence of nonlinear interactions amongst these modes in the SCLERA 

data, and since nonlinear effects are inherently amplitude dependent, we 

have a tool for determining these amplitudes. The postulated interac

tion is an adiabatic one in essence; thus modeling of nonadiabatic 

phenomena is not necessary. Also, the only quantities that need to be 

determined at the surface are frequenCies, which are not sensitive to 

the outer boundary condi tions. The postulated interaction invol ves the 

regions of maximum amplitude for the most part; surface amplitudes are 

unimportant. Some of the consequences of obtaining estimations of the 

amplitudes of these modes are mentioned in Chapter 9. A secondary 



18 

result of the analysis is the potential to infer the linear damping of 

these modes from the data, avoiding the tradi tional problems as was done 

wi th the amplitudes. 

In the remainder of the current chapter three topics are 

covered. First a brief review of perturbation techniques is presented 

in order to indicate how the method of multiple scales relates to other 

techniques that have been used in the astrophysical literature, and to 

facilitate the survey that follows. The next section contains a dis

cussion of solutions to the amplitude equations as classified by their 

complexi ty. This section also will serve to clarify some of the remarks 

in the following survey, as well as provide general background material 

that will help orient what is being accomplished in this dissertation. 

Next, the literature dealing with analytic stUdies of nonlinear stellar 

oscillations is surveyed. The goals here are (i) to provide a somewhat 

comprehensive survey, and (ii) to show how the current work relates to 

that of other authors. Finally, in supplement to the material above, a 

few remarks on the significance of this dissertation are made. 

The physical aspects of the particular mode coupling problem 

that we are concerned wi th here are di scussed in Chapter 2. The follow

ing chapters describe a detailed mathematical investigation. Chapter 3 

introduces the perturbation technique to be used. In Chapter 4, the 

nonlinear equations and the associated assumptions that define the 

physical system are presented. A multiple-order perturbation is per

formed and the system of equations obtained in first order is solved. 

In Chapters 5 and 6, the second- and third-order systems of equations, 
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respectively, are studied. At the end of Chapter 6, a significant 

milestone in the analysis is obtained - the amplitude equations, that 

is, a system of ordinary differential equations for the slow time varia

tion of the complex first-order normal mode amplitudes. In Chapter 7, 

this system is analyzed and in Chapter 8, the results are compared to 

the observed properties of solar oscillations obtained at SCLERA. Also 

in this chapter, the computations are described in some detail. Finally 

in Chapter 9, the major points of this thesis are reiterated, some 

applications of the results are noted, and potential future work is 

mentioned. 

1.2. Nonlinear Perturbation Techniques 

A number of analytic techniques have been developed to deal wi th 

slightly nonlinear perturbations of a stable system. A major concern of 

such techniques is to develop solutions in the form of perturbation 

expansions that are valid over various scales in the problem. A 

straightforward expansion is apt to have solutions for higher order 

terms that are larger than lower order terms in certain regions of the 

independent variable (long times, for example), thus leading to a series 

that requires a large number of terms for an accurate description. One 

technique, the method of multiple scales, formally assigns different 

variables to describe behavior at various scales of some independent 

variable. Often the independent variable of concern is time. As a 

simple example, consider a slightly damped simple harmonic oscillator. 

There are two natural time scales in the .system, the (short) oscillation 
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period and the (long) damping time. In the method of multiple scales, 

one formally assigns separate variables to the two time scales. This 

converts the problem to a generalized one that has extra degrees of 

freedom which can be used to obtain a low order solution that is 

uniformly valid over the longer time scale. From another point of view, 

it is a convenient bookkeeping device to help properly order the various 

terms in the analysis in order to obtain a series that converges more 

rapidly. For further discussion, see Chapter 3. 

The method of averaging (Nayfeh 1973, chapter 5; Nayfeh and Mook 

1979, section 2.3.5; Kevorkian and Cole 1981, section 3.7.1) is an 

al ternate path to the same goal of obtaining a uniformly valid expanSion 

over longer time scales. The analysis begins with a variation of 

parameters technique. One assumes, as in the method of multiple scales, 

that the normally constant (complex) coeff ici ents of the normal modes 

that make up the first-order solution vary. If the normal modes are 

pure sinusoidal oscillations for example, one allows the amplitudes and 

phases to vary. Later in the analysis one averages in time so as to 

remove dependence on the time scale of the normal mode; what remains are 

equati ons for the slow time variation of the complex coefficients. The 

results of the method, if properly applied, are the same as those of the 

method of multiple scales. In some cases though, it may not be clear 

precisely how the averaging should be done. Nayfeh and Mook as well as 

Kevorkian and Cole appear to prefer multiple scale methods in general. 

A third approach is the method of harmonic balance (Nayfeh and 

Mook 1979, section 2.3.4). In this technique one assumes a truncated 
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Fourier series solution, substitutes into the nonlinear equations, and 

sets the coefficients of the various harmonics to zero. One obtains a 

set of equations for the fundamental frequency and the coefficients of 

the original solution form. But there are a number of drawbacks to this 

techni que. It leads to more involved algebra than the methods mentioned 

pr evi ousl y. Also, one mus t be very careful to retain enough terms to 

get consistent solutions. Finally, it assumes at the outset a more 

restricted solution form than can be obtained with the other two ap

proaches. 

1.3. Ampl i tude Equation Sol uti ons 

We can, if we like, classify the solutions to amplitude equa

tions by their complexi ty. In the astrophysical literature the most 

common type of solution is a very restricted type referred to variously 

as "equilibrium" solutions (Dziembowski 1982; Dziembowski and Kovacs 

1984), "periodic" or "stationary" solutions (Aikawa 1984), "singly 

periodic" solutions (Buchler and Regev 1983), and "fixed point" solu

tions (Klapp, Goupil and Buchler 1985; Buchler and Kovacs 1986a). We 

shall use the term "equilibrium" in the chapters to follow. One assumes 

the real amplitudes are constant in time, and this generally leads to 

some function of the phases being constant in time as well. Although 

this is a very restricted form of solution, one can perform a stability 

analysis in order to determine what values of the parameters of one's 

system to which it is appropriate. (Dziembowski 1982; Buchler and Regev 



22 

1983; Dziembowski and Kovacs .1984; Aikawa 1984; Buchler and Kovacs 

1 986a) . 

One can relax the requirement that the real amplitudes are 

cons tant and obtain more general solutions. The resulting beha vi ors in 

time are often periodic. The adiabatic case of a set of resonant modes 

periodically exchanging their energy amongst one another is the typical 

example in this category. These solutions are referred to variously as 

"multiply periodic solutions", "limit cycles", lIunsteady mode 

interactionsll and "regular solutions". This category of solutions 

contains equilibrium solutions as a special case. In general, depending 

on the initial conditions, one can have a spectrum of solution types 

ranging from fixed real amplitudes and varying phases (often depending 

1 inearly on time) to varying real amplitudes and fixed phases (Simmons 

1969). Examples of analytic investigations of these more general solu

tions appear in Aikawa (1983) and Buchler and Regev (1983). Moskalik 

(1985) describes in detail mnnerical investigations of such solutions to 

the equations of Dziembowski (1982). References outside of the 

astrophysical literature include Bretherton (1964), Simmons (1969), 

Davidson (1972) and Nayfeh and Mook (1979). 

Finally, one can have IIchaotic" or "irregular" solutions to the 

amplitude equations. They are characterized by chaotic variations in the 

real amplitudes. Often these amplitudes are roughly periodic, with 

small random fluctuations in their frequency and amplitude. They have 

been discussed in detail by Perdang and his collaborators (Perdang and 

Blacher 1982; Perdang 1984). 
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1.4. Survey of the Literature 

Analysis of the linear stellar oscillation problem is extensi ve. 

For general reviews see Ledoux and Walraven (1958), Unno et al. (1979) 

and Cox (1980). But analysis of nonlinear effects has received rela

tively little attention. Nevertheless, a few groups have dealt with 

nonlinear analysis of stellar hydrodynamic systems. For a brief history 

up through the 1970s, see the introduction to Perdang and Blacher 

(1982). In recent years the focus has been on nonl inear effects in 

regard to multi-mode Cepheid pulsation and related phenomena, often with 

ambiguous results. 

One of the first approaches in recent times was an extension of 

a technique due to Eddington. Simon has developed an "Iterative Theory" 

that' invol ves a Fourier decomposi tion of a perturbation of the dependent 

variable in radial systems (Simon 1972, 1977, 1980). His pertUl"bation 

technique is essentially an application of the method of harmonic 

balance. Buchler and Pesnell (1984) have pointed out the inadequacies 

of his approach as opposed to, for example, mul tiple scale techniques. 

Papaloizou (1973) does a more sophisticated nonlinear analysis 

than Simon. He discusses nonlinear effects in the presence of 

resonance, including systematic modulations of velocity curves and 

amplitude limitation due to energy transfer to resonant modes. He 

discusses equilibrium solutions (as does Simon) for the case of six 

radial modes in the adiabatic and nonadiabatic cases, and he considers 

more general types of solutions in the adiabatic two-mode case. 
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Wolff has done some qualitative analysis of the effects of 

nonlinear coupling of solar g-modes. His basic theory is first 

presented in Wolff (1974a). It is based on the same basic phenomenon as 

that descri bed in Chapter 2. In his interpretation, the modes of a 

given rotationally split multiplet all have angular patterns which 

precess around the star at the same rate, to first order in the star's 

rotational angular velocity. Therefore, as Wolff argues, it seems 

reas onabl e that for slow rotation the modes might "lock together" si nce 

their temporal frequencies are similar. (Modes of the same multiplet 

ha ve the same radi al dependence.) Wolff comes to the conclusion that 

all g-modes wi th angular degree !I. above two or so will couple into a few 

sets of modes «-10). In subsequent papers (Wolff 1974b, 1976) he 

discusses observable phenomena that would result from these mode lock

ings. Wolff (1976) analyses the historical record of solar activity and 

large scale sector structure of the solar surface magnetic field, and in 

both cases finds strong evidence for his coupling theory. The solar 

acti vi ty work is refined and updated in Wolff (1983). In another paper 

Wolff proposes that nonlinear effects in the nuclear driving serve as 

the coupling mechanism (Wolff 1980), although this is disputed by other 

authors (e.g. Dziembowski 1980). 

Guenther and DeMarque (1984) consider three-mode resonances 

amongst g-modes as a possible explanation for the unusual observed 

properties of the solar 160-minute oscillation (Kotovet al. 1983). 

They do a simple comparison of a set of observed g-mode frequencies and 
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the number of differences between theoreti cal ei genfrequenci es. From 

this they infer that three-mode resonances are important in the Sun. 

Perdang and Blacher (1982) address the problem of nonlinear mode 

interactions, although for the most part using a numerical approach. 

The point they stress is the existence of the different types of pos

si bl e sol utions. They point out that for the adiabatic case there is a 

zero probability of obtaining stri ctly per i odi c sol uti ons for random 

ini tial condi tions. Their numeri cal experiments involve two-mode inter

actions. In a subsequent paper (Perdang and Blacher 1984) they 

investigate three- to ten-mode interactions, concentrating on chaotic 

solutions. A more detailed discussion of the classification of the 

possi ble types of motion in nonlinear systems is given in Perdang 

(1984). Theoretical aspects of the extension to the adiabatiC, non

radial case are discussed in Dappen and Perdang (1985). 

We note that Wolff (1983) argues and gives evidence that solar 

g-mode oscillations are not undergoing chaotic oscillations. The argu

ments are basically that chaotic solutions do not occur in 

noncons ervati ve systems. In this work we do not consider chaotic solu

tions. So to be consistent wi th Perdang et ale we can assume that we 

ar e 0 bt ai ni ng her e r egul ar sol ut ion appr oximati ons to mildly chaoti c 

solutions (Perdang 1984, p. 440), or we can assume that the system is 

essentially nonconservati ve and lean on Wolff's arguments. 

Wentzel has discussed various topics involving the coupling of 

oscillation modes in the Sun. Wentzel (1986) considers the coupling 

between two g-modes due to a small, static deformation of the cavi ty for 
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solar g-modes (the radiati ve interior). Because of the nonuniform 

structure of stars, the radial integrals in interaction coefficients are 

generally only known numerically. Therefore Wentzel (1987a) applies a 

form of asymptotic theory to mode coupling analysis. This allows him to 

obtain simple analytic interaction integrals, whose integrands are 

relatively easy to visualize for different mode coupling problems. 

Finally, Wentzel (1987b) applies the theory of Dziembowski (1982) (see 

below) to the coupling of two pressure modes (p-modes) to a g-mode in 

the Sun. 

The best example in the mathematical spiri t of what we intend to 

do is probably to be found in the work of Dziembowski (1982). 

Dziembowski (1982) presents a general formalism for nonradial mode 

coupling amongst two or three modes. His applications involve the 

amplitude limiting effects on linearly unstable modes due to an energy 

di ssi pation through mode coupl ing to resonant modes that are linearly 

damped. He uses the method of averaging approach. Unfortunately his 

formalism is not applicable to the present problem. It determines 

second order perturbations in veloci ty, but can not go to higher orders. 

He starts with an equation of the form 

a2v a t 2 + L( v) + If = 0 

where L is a linear operator and H denotes the second order terms. 

Basi cally he treats N as a perturbation on the 1 inear system and cal cu-

lates the perturbation in v due to N. What he does is analogous to the 
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quasi-adiabatic approximation (a· common procedure in the astrophysi cal 

literature where nonadiabatic terms are calculated using adiabatic 

quantities). In particular, he neglects v% (Le., second-order pertur

bations to the linear perturbation in v) in N. As a consequence, an 

extension of Dziembowski' s approach to third order, which is the highest 

order that must be considered here, may lead to considerable error in 

the final results. 

Follow-up papers discuss applications of this material to the 

Sun (Dziembowski 1983), double-mode Cepheids and RR Lyrae stars 

(Dziembowski and Kovacs 1984), and Delta Scuti stars (Dziembowski and 

Krolikowska 1985). Whereas all these papers deal exclusively with 

equilibrium solutions and their stability, other nontransient solutions 

exist as mentioned earlier. Moskalik (1985) numerically investigates 

sane simple nonequilibrium solutions for Dziembowski (1982) 's system. 

The work of Dziembowski (1982) was inspired in part by 

Vandakurov. Vandakurov (1979) also presents a general analysis of 

nonl inear, nonradial mode coupl ing, but he includes nonadi abati c term s 

from the start unlike Dziembowski (1982) who adds them empirically to 

the amplitude equations. He obtains equati ons for the time dependent 

coefficients in the normal mode expansions. He discusses the effects of 

the nonadiabatic terms on the linear, adiabatic system, and he studies 

the equilibrium solution for a three-mode resonant coupling in the 

nonadiabatic case. He does not make any applications, but he does 

motivate his analysis with certain phenomena associated with type DA 

variable white dwarfs, RR Lyrae stars, and S Cephei stars. 
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A few authors in the astrophysical literature have used the 

multi-time formalism. Aikawa (1983, 1984) has used it in his investiga

tions of the roles of mode coupling in double-mode and "bump" Cepheids. 

Aikawa (1983) considers the secular amplitude variation due to a three

mode resonance as a possible explanation for double-mode Cepheids. 

Aikawa (1984) investigates mode coupling again, but restricts himself to 

equilibrium solutions, and so obtains shifts in the frequencies of the 

modes involved. He discusses two problems; a two-mode resonance that 

appears to account for "bump" Cepheids, and a three-mode resonance that 

may explain double-mode Cepheids. The nonlinear equations analyzed in 

Aikawa's papers were obtained earlier by Takeuti and Aikawa (1980). 

They had applied the equations to the same problems as Aikawa (1984), 

but they had used the method of harmonic balance. Takeuti (1985) ap

plies the method of harmonic balance to the equations again, this time 

trying to explain double-mode Cepheids with nonresonant two-wave mode 

coupling. 

The multiple time formalism has been used in a series of papers 

by Buchler and his colleagues. They are interested in the evolutionary 

changes in eigenfrequencies and so they use a generalized (relative to 

our technique) multiple scale formalism (Kevorkian and Cole 1981), which 

they refer to as the two-time method, that allows them to deal wi th this 

extra effect conveniently. Early papers in the series (Buchler, Yueh 

and Per dang 1977; Buchler 1978a ,b) were concerned not wi th isolating the 

slow time variation due to mode coupling, but rather the slow time 

variation due to stellar evolution. These papers show the usefulness of 
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multiple time methods in astrophysical applications other than mode 

coupl ing. Buchler et ale (1977) use it to obtain a superior approach to 

investigating the effects of stellar evolution on pulsation (superior 

vs. quasi-static evolution, an approximation technique where the ac

celeration is set to zero). Buchler (1978a,b) uses the two-time method 

to help overcome ambiguities in the analysis of the vibrational 

stability of stars in thermal imbalance. Also, Buchler and Regev (1982) 

use their two-time formalism to clear up indefinite aspects of the 

calculation of the work integral. 

Regev and Buchler (1981) extend the theory to the multi-mode 

case. In particular, they apply it to the case of two (nonresonant) 

modes. They also restrict themselves to a linear momentum equation. 

This theory is extended to the case of two-mode and three-mode 

resonances in Regev, Buchler, and Barranco (1982). Buchler (1983) 

considers the combined effects of resonance and nonlinear momentum 

equations for the first time in this series. 

Buchler and Regev (1983) is in many ways a summary of the pre

vious papers in the series. They consider various orders of 

nonadiabatici ty and nonlineari ty for the single mode case and the three

mode resonance case. They address nonradial situations for the first 

time. Buchler and Regev (1983) is the paper in the series whose for

malism is closest to that presented here. In fact, one problem they 

discuss is characterized by nonadiabatic effects that are much smaller 

than nonlinear effects and by the presence of internal resonances. 
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These are essential aspects of the problem considered here. They sol ve 

this problem with the same multiple scale method used here. 

In Buchler and Goupil (1984) the formalism is modified in a .i':Clre 

r adi cal manner. They are interested in including in a natural way the 

highly nonadiabatic surface regions of stars. To do this they swi tch 

from their old technique using linear, adiabatic modes as basis solu

tions to a new technique involving linear, nonadiabatic solutions. 

Since they are concerned wi th the effects of stellar evolution, the 

adiabatic basis solutions continually evolved and they handled this with 

t hei r gener al ized version of the mul ti pIe scale techni que. In the new 

technique the basis vectors are referred to a fixed evolutionary state; 

they do not need their generalized method any more so they use the basic 

multiple scale method as it appears in this work. (Note that for our 

problem (involving only solar g-modes) we are not concerned with outer, 

highly nonadiabatic layers so we need not adopt their techniques; we 

shall use adiabatic basis vectors.) In subsequent papers this newer 

formalism is applied to "bump" Cepheids (Klapp, Goupil and Buchler 1985; 

Buchler and Kovacs 1986a) and to double-mode pulsators (Buchler and 

Kovacs 1986b). 
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1.5. Final Prel iminary Remarks 

The current work applies nonlinear analysis to a particular 

problem in stellar oscillations that has not yet been addressed - mode 

coupling amongst the members of a given rotationally split multiplet. 

It provides a link between theory and observation by yielding predicted 

effects that when compared to observation provide constraints on the 

interior structure and activity of the Sun. In particular it provides a 

novel way to determine the interior amplitudes of certain modes of 

oscillation in the Sun. Also, it makes use of a superior perturbation 

techni que. 

All of the work in the stellar pulsation literature up to this 

point has involved the inclusion of effects up to second order only. 

The reason is that the vast maj ori ty of the literature has been con

cerned wi th the two- and three-mode resonances that might expl ai n 

certain phenomena in the objects in the instability strip as mentioned 

earlier. If one assumes small amplitudes, then second order is often 

the most important order for nonlinear effects. But in our case, where 

we consider interaction amongst the modes of a particular rotationally 

split multiplet only, there are no resonances in second order (see 

Chapter 2). It is necessary to go to third order to investigate our 

pr 0 bl em. Thi sis anot her new as pe ct of the curr ent wor k. Thi s wor k is 

also unprecedented in the astrophysical literature in that it deals 

analytically with a large number of modes, with many resonance combina

tions amongst them. All other works deal with two or three modes and at 
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most one resonance. This factor makes the mathematics much more dif

ficult. 

Based on the above literature survey. we might anticipate a 

number of objections to the work below. Perdang and colleagues might 

object to the fact that we have not dealt with chaotic solutions. Our 

response to this was given above. Buchler et ale might say we should be 

using their two-time formalism or their recent nonadiabatic formalism. 

We mentioned earlier why we are not adopting the latter. and as for the 

former. we assume that all phenomena of concern take place on short time 

scales relative to stellar evolution so that we do not need to use their 

two-time method. Objections might also be made to our near-adiabatic 

treatment. The nonadiabatic terms are ordered below so that they first 

appear in third order. Although this is a poor apprOXimation for many 

stellar objects (Buchler 1983, Dziembowski and Kovacs 1984), for our 

problem it should be acceptable. We are concerned here with solar g

modes that are confined to highly adiabatic interior regions. 
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CHAPTER 2 

PHYSICAL MJTIV ATION 

In this chapter the physical framework of the problem to be 

addressed is described, building upon a briefer sketch which was gi ven 

in Hill (1986). In doing so a clearer picture of what is accomplished 

in this dissertation will unfold. 

Consider a star that has spherical symmetry when in its unper-

turbed state. Appropriate spatial coordinates are the spherical polar 

coordinates (r, e, <p), which are assumed to be measured wi th respect to an 

inertial frame. Time shall be specified by t. It will be shown in 

Chapter 4 that normal modes of small oscillation can be written in the 

form 

f (r) Pn (e) 
n ",m 

+ i (m <p + 1jJ ) 
n e ( 2. 1 ) 

Here f is a function of radius alone, P is the associated Legendre 

pol ynomi aI, and C1 is the angular frequency. The parameters 9. and m are 

the usual ones associated with the spherical harmonics y~(e,<p) 

(<X P 9.m ( e) e im<P). A third parameter, k, enumerates the various solutions 

to the radial boundary-value problem. The parameter n is a shorthand 

notation for the combination (k,9.,m). In general each normal mode will 



34 

have an arbitrary amplitude and phase, ljIn. In this chapter we shall 

focus for the most part on the longi tudinal and temporal dependence. 

The temporal frequency is independent of m, so that a1l modes 

with given values of (k.~) are degenerate in angular frequency. If now 

the unperturbed star is allowed to rotate slightly, its spherical sym-

metry is lost. This is manifested in one respect by adding m dependent 

terms to 0". In general the angular frequency can then be expanded in 

terms of m as follows: 

0" 
n 

where we assume 

+ ••• 

which is appropriate for slow rotation. Slow rotation lifts the 

degeneracy somewhat, giving rise to a multiplet of eigenfrequencies 

corresponding to all the modes with a given k and~. It is the purpose 

of this dissertation to address the possible nonlinear interactions 

amongst the modes of such a multiplet. 

In the remainder of this chapter we retain terms in 0" to second n 

order only. It would be straightforward to include higher order terms. 

Alternately, one can think of the (m20"k~) term as representing the exact 

difference between O"n and its first-order approximation. 
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2.1. Multiplet Mode Coupling in a Rotating Frame 

In the presence of slow rotation the modes in a multiplet have 

somewhat different angular frequenci es. Despi te the difference, one 

would expect mode coupling to occur. The reasoning is as follows. 

Consider a set of modes from some multiplet. In the inertial 

frame their azimuthal and temporal dependence is given by 

e xp [ i (m <p - a t + 1jJ )] = g (<p, t ) • 
n n n 

Will thes e modes resonate? For simpl ici ty assume all the phases ljIn are 

zero. Go to a particular angle <p and remain there. Then all that is 

left to vary in the above expression is the (ant) term. But since all 

the a values are different in a rotating star, as time goes on any 
n 

relationship between the g 's of different modes gets washed out. 
n 

Res onan ce do es not occur, it woul d seem. 

Next consider a rotating frame of reference, denoted by (-). 

Assume the frame is rotating at a constant 2ngular veloci ty Sl. Figur e 

(2.1) shows the inertial and rotating reference frames and defines 

various angles involved. Our coordinate system has changed in regards 

to <p. In fact, we have in general 

- -
<p 1jI + nt + <p, 

-where 1jI is a fixed angular displacement. So 
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Figure (2.1). The Inertial and Rotating Frames. 

The inertial frame is denoted by the solid axes and the rotating 
frame by the dashed axes. The position of the rotating frame's x axis 
at t = 0 is given by the dot-dashed line. The line of short dashes 
marks an arbitrary angular position. 
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In the new coordinate system there is a new effective angular 

frequency C1. Consi der now the frame that happens to be rotating at 
n 

angular frequency S'l = C1k9.' The significance of this particular frame is 

that the angular frequency is independent of m to first order. We have 

All the modes in the given multiplet will have very similar 

angular frequencies in this frame. We can estimate how much they will 

differ as follows. We make use of the relation C1k9. - (S'l~ / C1
k

9.) (Simon 

1969), where S'ls is the angular frequency of solar rotation. In order 

to obtain a rough estimate, we assume the Sun rotates as a rigid body so 

that we can determine Q using a typical solar surface rotation period 
s 

of 25.3 days. As for C1k 9.' we will be concerned wi th g-modes wi th k == 15 

and 9. == 30. Such modes have an approximate frequency of 340pHz as 

determined from data obtained at SCLERA (Hill 1986; Rabaey 1989). We 

find then that 

-6 1.8 x 10 . 

This is consistent with an estimate by Wolff (1974). Clearly in this 

particular rotating frame the angular frequencies of the modes in the 

multiplet are very similar, and one might expect that there exists some 
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nonlinear coupling mechanism that would erase the frequency differences 

and bring the phases roughly into line. 

Consider a case where a set of modes from some multiplet have 

locked together, so that the (m 2 okg) term has been removed from their 

angular frequencies, and their phases in the rotating frame are all the 

same. Now assume one member of the group of modes retains its natural 

angular frequency so that it starts to drift in phase a little from the 

common phase. To help motivate the physical picture, we introduce a 

dri ven simple harmonic oscillator (SHO) analogy to this system. Let the 

straying mode be the oscillator and the set of other modes be the 

dri ver • The SHO is governed by 

dx 
+ 2n- + w~x dt 

F = Focos(wt + 1jJ), 

wher e w is the angul ar frequency of the dri ver and t/J is its phase. A 

term involving a linear damping coefficient n has been added because the 

solar modes of interest here are generally assumed to be linearly 

damped. The solution is 

x (t) + ( 2.2) 

where 
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tjJo 
-1(-2nw ) tan -2-2' 

WO-W 
2.3) 

and A and a are determined by the initial condi tions. The first term is 

a transient solution at approximately the natural undamped frequency. 

The other is a steady-state solution at the forcing frequency. In time 

the transient solution dies away. Using the analogy, the straying mode 

is pulled back; one can say that its phase is locked and its frequency 

is pulled. So even if the phases were random to start, it seems 

reasonable that phase locking might still occur. Once you get to the 

pOint where by accident a few phases are the same you might tend to have 

a stable situation with more and more neighboring modes being pulled 

into line. This is because the energy pumped in to the straying mode is 

a quadratic function of the amplitude of the driving set. Returning to 

the SHO analogy, the rate that work is done on the oscillator by the 

applied force is given by (dx/dt)F). For the steady-state term this is 

proportional to F~. 

The result of mode locking is that the higher order angular 

frequency terms are removed. Also, if the damping time meets certain 

cequirements, the phases are nearly the same for all modes. In the SHO 

analogy, the forcing angular frequency w is gi ven by aki• Assuming the 

natural angular frequency, Wo, of the oscillator (the straying mode) is 

(a + m2 a" ) we have kg. ki 

-2nw n 
== - m2 a" • 

ki 
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If n « (m 2 ok1 ) then tan(l/Io) is negligible. Assume this is true and 

call the common phase 1/1. We have then, after coupling, 

Convert back to the inertial frame: 

Instead of having the angular frequency being a general polynomial in m 

for the modes in the multiplet, it is linear in m. So one might expect 

to see in observational data that the angular frequencies of the members 

of a multiplet are linear in m. Also, if damping is small enough, the 

phases should be proportional to m as well. This is in dramatic con

trast to the random phases that one would expect if the modes were not 

coupled. 

Above we have implicitly assumed that all the modes in the 

multiplet couple together. Alternatively, if the frequency pulling did 

not extend over all the modes in the multiplet, but rather only over 

groups of modes with nearby m values, one might see a series of straight 

lines spanning the multiplet in frequency and in phase. Evidence of 

such behavior has already been observed (Hill 1986; Hill and Czarnowski 

1986; Rabaey and Hill 1989; Rabaey 1989). 

In the SHO, the steady-state amplit.ude depends on the amplitude 

of the driver, Fo' and (W~_W2) (see equation (2.2»). In our system the 
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coupling coefficients assume the role of Fo, and the frequency pulling 

assumes the role of (W~_W2). The latter is determined from dat-a ob

tained at SCLERA (Rabaey 1989). The coupling coefficients can be 

calculatec from first principles. Therefore we have all the information 

needed to determine the steady-state amplitudes of these modes in the 

Sun. 

The availability of data wi th evidence of frequency pulling 

provides a novel way to determine the amplitudes of modes in the inte

rior of the Sun. The bulk of this dissertation is involved with 

calculating the coupling coefficients. Empl.oying numerical eigenfunc

tions obtained using a numerical solar model, these coefficients are 

evaluated. Associated with the coupling coefficients are the amplitudes 

of the modes in the locked set. These are assumed to be equal to the 

amplitude of the straying mode. For details, refer to Chapter 7 and 

Section 8.7. We also note that if n is not negligible, then evidence of 

it should be available in accurate enough data (see equation (2.3)). 

This is discussed in more detail in later chapters. 

2.2. Mode Interaction at Various Orders 

Given that the modes in a multiplet might couple,- the next 

question is, how many modes must interact for coupling to occur? Let us 

go back and consider the interactions at various orders in more detail. 

Obviously, if the dri ving mechanism is spatially orthogonal to the mode 

to be driven, then excitation will not occur. Any hypothesized first

order effects would involve one mode dri ving another. But since all 
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firs t-order normal modes are assumed orthogonal, no mode can dri ve any 

other mode. This of course is the conclusion of conventional linear 

theory; normal modes are independent of each other. 

Turn now to second-order effects. Here we need not even worry 

about spatial effects; we get no driving because of temporal properties. 

Higher order perturbations are dri yen by products of lower order pertur-

ba t ions. In second-order the driving is due to products of two 

expressions like equation (2.1). The angular frequencies of such 

products will be of the form ±( an 1 ± a
n2

). If we stick to only the 

members of a given multiplet, then 

Neither of these angular frequencies is close to the angular frequency 

of any mode from the multiplet, so dri ving will not occur. 

Third-order analysis will prove to be more frui tful. Here the 

dri ving terms are products of three expressions of the form of equation 

(2. 1) • Thus the angular frequencies are of the form ±( a ± (in ± (in ). 
n 1 2 3 

This is more apt to be equal to a normal mode angular frequency when one 

restricts oneself to a single multiplet. Also, the triple product of 

the spatial functions will in general have a component that is not 

orthogonal to the mode to be dri ven ,(gi yen certain restrictions on the m 

and 2. values), so one can have driving occur. The amount of driving 

will be proportional to the size of the non-orthogonal component. The 

importance of third-order nonlinearities was realized by Hill, Rosenwald 
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and Caude1l (1978b) in their investi gation of surf ace boundary condi t-

ions for the Sun. 

In principle we can have resonance occur amongst modes from 

different multiplets, that is 

±( (0 ==ok n ) ± (0 ==ok n ) ± (on ==ok n ») == ( 0n==okn) ). n 1 1 ,. 1 nz z,. Z 3 3" 3 ,. 

(Resonances involving modes from different multiplets are also possible 

in second order.) We shall assume though that resonances such as this 

are relatively rare. Thus we shall ignore them in favor of resonances 

between modes of the same multiplet. There are many of this latter 

type, since any mode of the multiplet can be used for any of the ° . n. 
1 

When restricted to a single multiplet all the zeroth-order terms in the 

° are the same, and one need only adjust the three signs on the left 
n. 

1 

hand side to satisfy the above expression. 

2.3. Coupling Amongst a Subset of Modes in the Multiplet 

The previous remarks in thi s chapter made an implici t assumption 

that the entire multiplet is involved in the mode locking. In this 

section we make a generalization, prompted by actual characteristics of 

the data, to allow mode locking amongst a contiguous subset of the modes 

of a multiplet. Therefore we consider a set of modes which a1l have the 

same k and 2. values and whose m values span the range from rna to mb , 

where ma < m
b

• We define a range parameter 



and an average value 

m 
m +m a b 
-2-· 

Also we shall make use of a relative m variable defined by 

Iii m - m. 
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In the inertial frame the natural angular frequencies of the 

modes are gi ven by 

a akn + mak'n + mZa" = (a +ma' +mza" ) + iii(a' +2ma" ) + Iiiz(all ) n So. So. kt kt kt kt kt kt k1 

We use the caret in this section to specify the natural angular fre-

quencies. In future chapters the caret will not appear. As before we 

convert to a rotating frame characterized by o. The angular frequency 

in this frame is given by 

a - mO 
n 
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Mode locking should be most effective in a frame such that the set of 

natural frequencies are closest together. It would appear that the best 

choi ce would be 

0" + 2iiiO''' kg, k~ 
( 2.4) 

since this removes the linear Iii dependence entirely. The only variable 

term remaining is proportional to the small quanti ty rlk~' 

For further clarification refer to Figure (2.2). The set of 

natural angular frequencies for the modes in a multiplet with g, = 1 ° is 

shown as the line labeled a (m). Any rotating frame is represented by a 
n 

straight line through (0,0) since its contribution to ~n is (mn). Let 

us assume for a moment that n = O'k2.' Then 

0' 
n 

a - mQ 
n 

The variable part of a (m) for a given m value is represented on the 
n 

plot by the vertical displacement between 0n(m) and line (1), which 

depicts the function (O'kg, + mO'k2.)' This displacement represents the 

angular frequency change for the mode that would have to occur for mode 

1 ocki ng. C lear I y t he optimal mode locking si tuation is more likely to 

involve a straight line that minimizes in some sense all the displace-

ments for the set of modes in question. Consider a subset of modes 

defined by ma = -10 and mb = 0. For line (1) the displacement goes to 

zero at one end of the set, but gets relatively large at the 
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Figure (2.2). Angular Frequencyvs. m For a Case With 9. = 10. 

This plot depicts the natural angular frequencies, through 
second order in m, for all the modes of the multiplet (a (m»), as well 
as lines associated with the subset of modes defined ~y m = -10 and 
mb = O. The size of 0k9. relative to ok.9. is greatly exagge~ated here 
compared to solar data. Also, this·~ = 10 case is for illustrative 
purposes only; the multiplets dealt with in this dissertation have 9. 
values of approximately 30. The angular frequencies are given with 
respect to the inertial reference frame. 
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other end. If one were to choose a tangent to 0n(m), the best choice 

would be the tangent at iii. This is depicted by line (2) in Figure 

(2.2). This line has a slope of 

da 
n 

dIn m 
a' + 2iiia" = 

k.Q. k.Q. 

Thi s then specifies the optimal rotating frame, in agreement wi th equa-

tion (2.4). 

Given that we have established the slope of the line in Figure 

(2.2) that describes the angular frequencies of the modes in a set after 

mode locking in the optimal rotating frame, we now turn to choosing the 

proper intercept. That is, what constant angular frequency will the 

modes of the set move to in the optimal frame? Lines (2), (3) and (4) 

in Figure (2.2) give three possibilities for the set -10 :::; m ~ O. Let 

us determine the intercept for a general case. Assume the modes couple 

so that the angular frequency of the mode with m = mo is unaffected; 

that is the line passes through the a (m) line at m = mo + m. Then 
n 

an - 0n(mo+iii) 

m - (iii 0 +iii) 

descri bes the sought for strai ght line. Rearranging: 
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Generalizing sanewhat, we shall use 

( 2.5) 

Equation (2.5) gi ves the expression for the angular frequencies in a 

mode-locked set. Note that mathematically there was no restriction that 

rno even had to be a member of the set! But let us turn to sane physical 

arguments to determine what values of No might be plausible. 

Consider first line (2) in Figure (2.2). Bringing all the 

angular frequencies up to line (2) requires an increase for all modes 

except (k,9..,iii). It might be easier to draw all the angular frequencies 

to sane line such as (3), which involves increasing some angular fre-

quencies and decreasing others, thus minimizing the overall frequency 

pulling required. The precise position of line (3) is not critical to 

what follows in this dissertation, but to make things defini te we assume 

that a least squares cri terion is involved in establ ishing the optimal 

line. 

That is, the set of angular frequencies in the rotating frame 

are drawn to sane constant value, b, by nonl inear interaction. Assuming 

the constant can be determined by a least squares cri terion, we minimize 

s = 
2 

[(cr -mn' )-b] n k9.. 
~m ~m a a 

wi th respect to b. Noting that 



mb 

~ b 
m=m a 

we have 

b 

Nb and 

(m
b 
-iii) 

~ 
iiI= (m -iii) a 
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1 
0i 2 = i2N(N-1) (N+l), 

In the rotating frame the angular frequencies an = (an -mok9.) are drawn 

to the value b, so that in the inertial frame the set of angular fre-

quencies is described by 

In this case 

We note a problem wi th this scenario when we refer back to the 

SHO analogy. With a line such as (3), the modes in the middle of the 

set are pulled in the opposi te direction as the modes at the ends of the 

set. If we change the sign of (w;-w 2
) then we change Wo by 1T in equa-

tion (2.3) (assuming that n is small). In general this phase shift will 

upset the coherence of the mode locked set. Lines (2) or (4) in Figure 

(2.2) avoid this problem and so might be more plausible. Given the 
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deri vation of equation (2.5), we see that No in these two cases would be 

o and tii 2 respectively. 
max 

One might imagine a set of a few contiguous modes locking due to 

accidental phase coherence for example. These would then draw the two 

neighboring modes into line, then the larger set would draw two more, 

etc. The result would be a set of angular frequencies su..:h as repre-

sented by line (2). An alternate situation might start with a few 

modes, not necessarily contiguous, locking to a line such as (3). They 

might draw in the other modes so as to form a contiguous set. This set 

then would draw in the neighboring modes two by two, resulting in a line 

such as (4). In either case the mode-locked set would grow until the 

frequency pulling to acquire a new mode was too great. Such sets are 

apt to start locally throughout the multiplet, growing and absorbing 

nearby lesser sets. The process would stop with a typical number of 

mode-locked sets spanning the multiplet, with the number depending on 

I imi ting mechani sms due to the required frequency pull ing be coming too 

great. Data obtained at SCLERA (Hill 1986; Hill and Czarnowski 1986; 

Rabaey and Hill 1989; Rabaey 1989) is consistent with the above 

scenario. The data involves about 20 multiplets wi th ~ = 30, and in all 

cases three mode-locked sets span the multiplet. If these or similar 

data were accurate enough, one could determine which of the three cases 

(line (2), (3) or (4)) actually occurs in the Sun. This is discussed in 

Chapter 8. 
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CHAPTER 3 

THE METHOD OF MULTIPLE SCALES 

Often one can describe small nonlinear effects in a system by 

allowing a slow time variation of the complex amplitudes (that is, the 

real amplitudes and phases) of the normal modes of the linearized sys

tem. We intend to perform a multiple order perturbation analysis of a 

nonlinear system. In particular, we shall use a multiple-time for-

malism. The result of this analysis will be a set of equations, 

referred to as the amplitude equations, that describe the above slow 

time variation. 

For reference to the technique, see, for example, Sandri 1965, 

Davidson 1972, section 1.3, Nayfeh 1973, Nayfeh and Mook 1979 or 

Kevorkian and Cole 1981. It is commonly used in diverse fields, includ

ing plasma physics (e.g. Davidson 1972; Sitenko 1982) and the ocean wave 

literature (e.g. Bretherton 1964), and occasionally appears in the 

astrophysical literature (see Chapter 1). For references to its ap

plication in various fields in physics and engineering, see section 6.1 

of Nayfeh (1973). The variant of the formalism that we intend to use 

here is known as the many-variable version, or the derivative expansion 

method (Davidson 1972, section 1.3; Nayfeh 1973; Nayfeh and Mook 1979). 

In this chapter we shall refer to this variant simply as the Method of 

Multiple Scales. Other variants exist (Nayfeh 1973). One in particular 

is conducive for use in systems where the unperturbed state is slowly 
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evolving (Kevorkian and Cole 1981). This variant has been adopted by 

Buchler and his colleagues. See Buchler and Regev (1983) for a summary 

of their work. 

In this chapter we present a motivation for the multiple-time 

analysis. In the works referenced at the beginning of the chapter, the 

technique is introduced in a number of ways. We present it here in a 

manner that, to the best of our knowledge, has not appeared before in 

the literature. Hopefully it will provide new insight. For addi tional 

insight and numerous worked examples, refer to the works cited above. 

3.1. A Straightforward Expansion 

We begin our descri ption of the method wi th a consideration of a 

straightforward perturbation expansion. We might express a general 

dependent variable z in the form 

where z. is the i(th) order perturbation of z, and we assume that 
1 

Zi+1 « zi· Although not necessary, it is convenient to introduce a 

small parameter e: for bookkeeping purposes. We use e: simply as a flag 

to allow us to readily determine at which order a particular term 

belongs. It is meant to be introduced wi th the understanding that when 

a final solution is obtained, any factors of e: will be set to unity. 

Including e:, the expansion is written 
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z(t) 3.1) 

Such an expansion is often not adequate. To see why, consider a 

nonlinear problem in one dependent variable z and one independent vari-

able t governed by the equation 

wher e a is of order uni ty. Assume an expansion of z of the form <3.1), 

where Zo is a constant in time with a static value of zero. Equating 

orders of e:: 

Order e: 0: ZO O. 

d 2Z 
+ W2 Z 1 O. ~ 

dt 2 Order e: 1: 

d 2Z 
+ W

2
Z2 

2 ~ az 1 dt 2 . Order e: z: 

d 2Z 3 
+ W2Z3 2ClZ 1 Z 2 • dt Z 

Order e: 3: 

Note that the homogeneous systems (the left-hand sides (LHSs») are 

identical after zeroth order. The (real) general solution at first 

order is 

Ae- iwt + * iwt A e , ( 3.2) 
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where the asterisk denotes compll':!x conjugate. Substitute this into the 

order e: 2 equation: 

The particular solution at this order causes no problens. We have for a 

general solution 

Substituting the known solutions into the right-hand side (RHS) of the 

third-order equation gives 

3" t * * * 3" t 5 *" t * * " t -3:2 (AAAe-
1oo 

+ A A A e 1(0) + 3:2 (AAA e-
1oo 

+ AA A e
1oo

). 

The last two terms cause the problems. They have the same angular 

f requenci es as the homogeneous sol uti ons; these are resonant driving 

terms. The particular solutions corresponding to them are given by 

These grow linearly wi th time, and are referred to in the literature as 

s ecul ar solutions. When t gets large enough these particular solutions 
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for Z3 will become comparable in. size to the lower order terms. Thi s 

violates the ordering scheme originally proposed for z. One says that 

the expansion <3.1) is not uniformly valid for large t. 

We point out that this expansion is not incorrect, it is merely 

inadequate. In general, for equation (3.1) to be an accurate repre

sentation of the solution, all orders must be included. We note that 

the solution itself need not be secular. For example, assume the sol u

tion contained a decaying amplitude factor of the form exp(-St). The 

straightforward approach would result in a series representation of this 

time dependence: 

Although the overall factor is not secular, the individual terms are. 

In any event, it is clear that the series representation can be un

des i rabl e. Undesirable representations of solutions are commonplace in 

physics, as are searches for more tractable ones. The Method of 

Multiple Scales is one way to generate an alternative representation 

that is much more convenient. 

3.2. Alternatives to Straightforward Expansion 

There are a number of al ternati ves to a straightforward pert ur

bation expansion that will resolve this problem. Small nonlinear 

effects can be characterized by slow variations in amplitude and/or 

phase of the usual linear eigenfunctions. One point of view is that the 
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straightforward approach fails to meet our requirements because it does 

not allow such vari ation (Nayfeh and Mook 1979, chapter 2). But these 

possibilities can be covered by allowing the coefficients of the linear 

eigenfunctions to vary slowly in time, as is evident if we express these 

coefficients, A, in polar form: 

A(t)e- iwt (t) i1/l(t) -iwt_ (t) -i(wt-1/I(t») a e e -a e • 

Some al ternati ves to straightforward expansion allow for such solutions. 

For example, there is a class of techniques collectively known as 

"methods of averaging". These techniques start wi th a "variation of 

parameters" approach, which is familiar from the well known technique 

for finding particular solutions to ordinary differential equations. 

Referring to the earlier example and assuming the nonlinear term to be 

small, one first solves the linear system obtaining a solution as gi ven 

in equation (3.2). One then assumes that the amplitude A varies slowly 

with time and substitutes the solution into the equation, converting 

the dependent variable from z to A. Then one carefully time averages 

the equation in some sense, obtaining a differential equation for the 

slow time dependence of the amplitude. For details refer to Nayfeh 

(1973) or Nayfeh and Mook (1979). For an astrophysical application see 

D zi em bows ki (1 982) . 
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3.3. Multiple Scale Analysis 

A conveni ent and powerful al ternati ve to the averaging methods 

that results in the same amplitude equations, and yet avoids the am-

biguities involved with the averaging, is the Method of Multiple Scales. 

Ini tial motivation for the method has been given above; it provi des an 

opportuni ty to specify a slow time dependence of the linear eigenfunc-

tion amplitudes which can account for nonlinear effects in the lowest 

order terms. It involves perturbation theory, but it uses this slow 

time dependence as an alternate, more tractable representation of the 

behavior described by the secular terms that would otherwise appear at 

hi gher orders. 

For further moti vati on consi der the foIl owi ng .. Consi der a 

quantity z that is a function of time. We assume that it contains 

various factors that depend on time, some slowly. More specifically, we 

assume an expansion in the form of equation (3.1), where each of the z. 
1 

take the following sum of products form: 

z. (t) 
1 

m m 

L 
j=1 

( 3.3) 
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All the factors Zo ok for a given i and k are specifically defined so as 
IJ 

to re-represent any time dependence that would first appear as secular 

terms at order (i + k) in a straightforward expansion. This can be 

accomplished by having the time variation of Zo Ok be so slow that its 
IJ 

time derivative belongs in the order (i + k) equation. 

As an example (one appropriate to our solar problem by the way), 

consider a nonlinear system where the first term in the expansion, zo, 

represents an unperturbed solution and the other terms are various 

orders of perturbation. Zl would represent the solution to the 

1 inear i zed s ys tern. If the gener al sol ut i on at firs t or der wer e to 

consist of a sum of linear eigenfunctions then the above format would 

admit such a sum, with the added possibility of amplitude factors for 

each term that depend slowly on time. Since we assume that the factors 

Z1jk are specified at the (1 + k)th order perturbation of the system, 

only the ZljO are determined at first order. Now if the problem were 

such that in a straightforward expansion secular terms should first 

appear at third order, the factors Z1j 2 are adjusted so that they do not 

occur. 

Next consider a time derivative of Zo: 
1 

dZ i I dZ ij = I [I( Zij dZijk )] 
dt = j dt j k Zijk dt 

d (In(zij k)) 
I [zo ° H dt )]. 
j IJ k 

For bookkeeping purposes we relabel the time variable with a series of 

var i abl es bas ed on 



a(ln(z .. ») 
1J 
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In other words, that factor in the amplitude of the z .. term whose time 
1J 

dependence is so slow that its time derivative belongs in the order 

(i + k) equation, has its time variable relabeled with '(k simply for 

boo kkee pi ng pur pos es . Given thi s def ini ti on we have 

dz. a(ln(z .. ») 
dt

1 
= I [z .. H a 1J )] 

j 1J k '(k 

d -
L-~ (Iz .. ) 
k O'(k j 1J 

In the formalism of the Method of Multiple Scales we replace a 

time derivative with a set of derivatives due to the variables '(k' 

Since the various factors z .. k are specifically constructed so that 
1J 

their time deri vati ves appear at order (i + k) we attach factors of e: to 

conveni ently keep track of order: 

d 
dt 

Also, equation <3.1) becomes 

CD 

\" k d 
l. e: d'(k' 

k=O 

z (t) ==> z ( '( 0 , '( 1 ,'( 2' ••• ) = z 0 ( '( 0, '( 1 ,'( 2' ••• ) 

( 3.4) 

Note that nothing has been altered or transformed here; z is still 

Simply a function of time. We are merely keeping explicit track, via 



60 

the Tk , of the different possible time scales that the factors in z may 

be based on. The Method of Multiple Scales provides a shorthand nota

tion for the explicit analysis that appears above. 

In practice the Method of Multiple Scales works as follows. One 

expands dependent variables as in equation <3.4) and replaces the time 

derivatives as given above. If at a given perturbation order, n, one 

has resonant driving terms that would normally give rise to secular 

particular solutions, one has available time derivative terms of the 

form dzi/dT
k

, where i + k = n, that were specifically constructed to 

appear at order n. One chooses an appropriate i = I (and k = (n-I) = K) 

and then sets the sum of the resonant driving terms and the dZrldT K 

terms to zero, yielding a differential equation for the factors ZIjK. 

By imposing the constraint that higher order terms in the expansion of Z 

remain smaller than lower order ones, we have obtained these new equa-

tions specifying the slow time dependence of the ampl i tudes at lower 

orders. (In subsequent chapters it will be convenient to refer to this 

acti vi ty as "removal" of resonant dri ving terms, al though we emphasi ze 

that in actual fact we are reexpressing, not removing, solutions. Also 

in the future we shall occasionally refer to the time scales T k . This 

can be interpreted to mean the time scales of the factors in which time 

is represented by T k .) What has been accomplished is a new, more con

venient representation of the solution. Previously some aspect of the 

time dependence of the overall solution was represented by a series in 

powers of t involving many perturbation orders starting with order n. 
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Now that aspect has been re-represented, in a closed form hopefully, as 

a slowly varying time-dependent amplitude at some lower order 1. 

3.4. A Generalization 

We note in passing that the assumed form given by equation (3.3) 

can be generalized. Rather than assuming a sum of products, we can 

imagine that z. (t) contains time dependent factors specifically con-
1 

structed so that a term in the time deri vati ve due to factor number k 

will be small enough that it will belong to the kth higher order than 

the i th order. For bookkeeping purposes only we relabel the tiine vari-

able for that factor by Lk . Since this is a simple relabeling, dLk/dt = 

1 f or all k. So we ha ve 

z. (t) 
1 

When we take a time deri vati ve we use the chain rule: 

dz. d az. d az. d az. 
1 ~ __ 1 + .:::!.l. __ 1 + ~ _1 

dt = dt aTo dt aLl dt aT 2 

+ ••• 

This agrees wi th the resul t from the sum of products case. 

In general the various factors might depend slowly on time 

because (i) t is multiplied by some small scale factor, or (ii) the 

factor contains a slowly varying function of time such as In(t+a), where 

a is large and positive. The usual presentation of the multiple-time 

formal ism (see the references gi ven at the beginning of the chapter) 
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defines a series of time variables based on t multiplied by various 

scale factors. The development given here, although resulting in the 

same formalism as the other authors, is more general in that it does not 

require the presence of explicit scale factors. 
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CHAPTER 4 

THE NONLINEAR AND FIRST-DRDER SYSTEMS 

Before getting involved with the details, we wish to give a 

broad sketch of the analysis that appears in this dissertation. The 

general plan is to apply a multiple-order perturbation analysis to the 

set of nonlinear, partial differential, hydrodynamic equations that 

govern the solar plasma. In particular, we are interested in nonlinear 

interactions amongst the modes in a rotationally split multiplet. The 

usual first-order solutions (that is, the eigenmodes of the linearized 

equations) provide an adequate description of the time variation of the 

macroscopic physical variables on the time scale of the periods of the 

eigenmodes. To allow for small nonlinear effects, these normal mode 

solutions will be augmented in that their amplitudes will be assumed to 

be slowly varying functions of time. The amplitudes referred to here 

are complex, which gives rise to the possibility of slowly varying phase 

- an d thus frequency changes - as well as magni tude. A mul tiple-time 

formalism will be adopted to describe the situation. 

The analysis will yield, for each order of perturbation, a 

system of nonhomogeneous differential equations for the perturbation at 

that order. The homogeneous part of the system at each order (except 

the zeroth) will be identical. The nonhomogeneous dri ving terms will 

consist of products of lower order solutions. If any of these driving 
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terms should resonate wi th a normal mode, they will gi ve ri se to par-

ticular solutions with "secular" behavior. The multiple-time formalism 

is then used to transfer this behavior to the first-order amplitudes. 

In so doi ng we obtain ordinary differential equations for the slow time 

dependence of the amplitudes of the first-order normal modes. For our 

particular problem of interaction amongst modes of a single multiplet, 

the frequencies of all the modes are comparable. Because of this we 

shall find that the secular solutions first occur at third order, as in 

the Simple example discussed in Chapter 3. 

The mathematical analysis for this dissertation can be divided 

into two parts: (1) obtain the amplitude equations, and (2) solve them. 

The second task is dealt with in Chapter 7. The main goal of the next 

three chapters is to outline the first, that is to apply the multiple-

time formal ism so as to obtain equations for the slow time dependence of 

the amplitudes of the first-order solutions due to the third-order 

resonance terms. 

4.1. Nonlinear Equations and Basic Assumptions 

If we neglect relativistic effects, forces exterior to the star, 

composition changes, magnetic fields, viscosity and turbulence, the 

mass, momentum, and energy equations of hydrodynamics can be wri tten 

(see e.g. Unno et al. 1979, section 12, or Cox 1980, chapter 4) 

2..e. + v. (pv) at 
dp 
dt + pV·v = 0, ( 4. 1 ) 



dv 
Pdt + VP + pV~ = 0, 

and 

dP 
dt 
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4.2) 

( 4.3) 

where P is density, P is pressure, v is velocity, ~ is gravitational 

potential, dq/dt is the net rate of heat gain per uni t mass, and 

d a 
dt = at + v ·V, 

( dlnP) 
r 1 dlnp s' 

and 

( dInT) 
dlnp s· 

T is the temperature and the s denotes an adiabatic derivative. The 

nonadiabatici ty of the system is contained in the quantity q. If we use 

equation (4.1) in equation (4.3) we have 

ap + v-V? + r1Pv.v (r 1) pdq Q at 3- dt = • ( 4.4) 

Equation (4.4) is more convenient to perform the perturbation on, so we 

take as our nonlinear system equations (4.1), (4.2) and (4.4). 
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Before perturbing this. system, we discuss its characteristics 

from a mathematical point of view in this paragraph. It is a nonconser

vative system, and when perturbed it will undergo free oscillations. It 

contains quadrati c and cubi c nonlineari ti es. (Since we shall ignore the 

perturbation of r 1 belOW, and since we shall only consider the two 

lowest orders of perturbation of Q, the only term that exhibits a cubic 

nonl inear i ty is P (d vi dt).) The Sun has essentially an inf ini te number 

of degrees of freedom, and so an infini te number of normal modes. In a 

s ys tem wi th the char act eri sti cs des cr i bed above, the only resonances 

that can exist are called" internal resonances". These transpire when a 

small number of normal mode ei genfrequencies, possibly wi th small in

teger coefficients, add up to approximately zero. Because we restrict 

ourselves to the modes in a single multiplet, all the eigenfrequencies 

are similar, and we shall find that no internal resonances occur at 

second order. They will occur though at third order. In order to focus 

our attention on the interactions of the modes in a single mul tiplet, we 

shall ignore the vast majority of normal modes. That is, we shall 

assume that the modes in the multiplet interact in isolation from all 

other modes. Finally, we mention a peculiari ty of this problem. The 

fact that the eigenfrequencies are similar results in forcing functions 

in second order of zero frequency. This, together with the particular 

form of our system, results in secular solutions that are not due to 

internal resonances per se. For clarification, refer to Chapter 5 and 

Appendix D. 
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We now proceed wi th a perturbation analysis of the system. For 

the Method of Mul ti ple Scales parti al time deri vati ves are expanded 

according to 

a 
at ( 4.5) 

as descri bed in Chapter 3. The multiple order Eulerian perturbation of 

a general dependent variable z will be of the form 

where r, a and cp are the usual spherical polar coordinates. We shall 

denote the i th order term in the Eulerian perturbation of z by z., and 
1 

the ith order term in the Lagrangian perturbation by o.z. (An Eulerian 
1 

perturbation in z is the difference between z in the perturbed and the 

unperturbed solutions at a gi ven point in space-time. A Lagrangian 

perturbation, on the other hand, compares z for the same fluid element 

in the two solutions. For more details see Lynden-Bell and Ostriker 

(1967) or Cox (1980), chapter 5. See also Appendi x A.) 

In order to simplify an involved problem we shall make the 

following four assumptions at the outset. 

(a) We adopt the Cowling approximation. Since we will be concerned 

wi th modes wi th approximate radial order k = 15 and approximate angular 
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degree 2. = 30, this should be a good approximation (Unno et al. 1979, p. 

69; Chri stensen-Dalsgaard 1984). So we assume 

4>. 
1 

O. i 1, 2, ••• (assumption a) 

One indication of the validity of this assumption appears in the 

eigenfr,equencies calculated for this dissertation. The eigenvalues for 

the (k,2.) = (15,30) mode, calculated with and without the Cowling ap-

proximation, differed by 0.05%. 

(b) For the time being we assume the unperturbed state is stati c, that 

is 

o. (assumption b) 

Later in the chapter we shall consider the effects of the most important 

deviation from Yo = 0, rotation of the star as a whole. The effects of 

such rotation are usually calculated as a perturbation of the Vo = 0 

state. 

(c) We assume that the Eulerian perturbation of r l is zero: 

r 1 . 
,1 

O. i 1, 2, .•• (assumption c) 

The notation rlO will be used in place of r1,0 henceforth. This assump

tion is plausible given the following two observations. First, we note 

that with respect to our solar model (Saio 1982) the unperturbed value 
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of r lO is spatially highly uniform until one gets near the surface of 

the Sun. This is expected; r l depends on the nature of the equation of 

state of the plasma and such things as the number of atoms/ ions per 

plasma particle, and whether ionization is occurring locally. Interior 

to the surface regions where hydrogen and helium are ionized, the solar 

plasma is monatomic and fully ionized (except for some trace heavier 

elements) and radiation pressure is negligible. Theoretically one would 

expect r lO to be close to 5/3 throughout these interior regions. And in 

fact, for the model we use, r lO is equal to 1.6646 ± 0.08% inside the 

ionization zones of hydrogen and helium (more precisely, inside 6.5xl0 10 

cm). Since the surface regions are not of concern to us because we are 

dealing wi th gravi ty modes that are confined to the interior, we take 

any spatial derivatives of rlO to be zero. The second observation is 

that, gi ven the above remarks on the origin of r l , one would not expect 

it to change for a fluid element throughout the course of an oscillation 

(except in an ionization zone). In other words, one would expect the 

Lagrangian variation of r l to be zero. Armed wi th these two observa

tions, equations (A.2) - (A.4) in Appendix A lead to assumption (c) 

above. 

(d) Finally, we assume that all phenomena to be described in this 

analysis occur at a single point in the evolutionary time of the star. 

Tha tis, we assume that the unperturbed state does not change on any of 

the time scales that we shall consider. The Sun is currently on the 

main sequence. It is in a very stable, slowly evolving period in its 

history that lasts roughly 1010 years. The '0 time scale, on the other 
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hand, is measured by the periods of the linear eigenmodes. For the 

modes of concern to us these periods are somewhat less than an hour, 

-4 
a bout 10 years. We shall find that the nonlinear effects of concern 

here occur on the 1"2 time scale, so if we find that the 1". scales are 
1 

separated by factors of -10 6 or less we have a very good approximation. 

Mathematically, we assume 

o. i 0, 1, 2, ••• (assumption d) 

It is not necessary to make this assumption at this pOint. But if we 

were to retain these terms, we would eventually be setting them to zero 

anyway. In zeroth order the assumption Yo = 0 leads quickly to the 

conclusion that all variables satisfy dZold'!o = O. At any higher order 

j we would have terms of the form dZold-r j • But these would not be 

useful in dealing with any secularities because the zo's are not oscil-

latory. Therefore we would use the freedom inherent in the multiple-

time formalism to set the dzold,. terms to zero. In other words, to 
J 

perform our third-order analysis, we do not need to invoke evolutionary 

changes to avoid secular solutions. By making assumption (d) now, the 

subsequent algebra is somewhat simplified. 

4.2. The Linearized Perturbation Equations 

We now proceed to obtain equations valid at various orders by 

substituting equations (4.5) and (4.6) into equations (4.1), (4.2) and 

(4.4) in turn, then equating orders of e:. We will include terms up to 
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third order. This will be sufficient to sui t oUr' purposes. At any 

order i we shall obtain terms linear in the quanti ties z ... as well as 
1 

terms involving products of quantities z .• where j < i. These latter 
J 

will be treated as nonhomogeneous terms and will be consi del" ed known 

functions. (This assumes we solve the lower order systems first.) The 

nonhomogeneous terms for the order i version of equati~n (4.1) will be 

denot ed by C i' For equati on (4.2) they will be denoted by D i and for 

equation (4.4) by E.. Consider each nonlinear equation in turn. 
1 

The Mass Equation 

We have, using assumptions (b) and (d) above, 

- V' [ ( Po + e: P 1 + e: 2 P 2 + e: 3 P 3) ( e:v 1 + e: 2V 2 + e: 3V 3 ) ]. 

There are no terms at zeroth order except c)p 01 ;h"o' which we have pre-

viously assumed to be zero. In first order we have 

o ( 4.7) 

in second order 

( 4.8) 
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and in third order 

( 4.9) 

The Momentum Equation 

We expand equation (4.2), making use of assumptions (a) and (b): 

( Po + e: P 1 + e: 2 P 2 + e: 3 P 3) {( f- + ~ + e: 2{- + e: 3{- ) ( e:V 1 + e: 2y 2 + e: 3y 3 ) 
aLO aLl aL2 aL3 

+ [( e:y 1 + e: 2y 2 + e: 3y 3 ) • V] ( e:V 1 + e: 2y 2 + e: 3y 3 ) } 

At the various orders we have 

(4.10) 

o (4.11) 

( 4. 12) 

and 

dY3 nn n dV l dY2 dYl dY 2 dY l 
Po

dLo 
+ YC"3 + P3v~O = - PO

dL2 
- PO

dL1 
- Pl

dL1 
- Pl

dLo 
- P2

dLo 

- P1'Y1·'Vv 1 - P O'Y 1 ·'Vv 2 - P O'Y'2·'Vv 1 = D3" (4.13) 
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The Energy Equation 

The modes of concern in this work have appreciable amplitudes 

only in the highly adiabatic interior of the Sun. We might in fact 

assume that our mode coupling problem is adiabatic. Given assumptions 

of the unperturbed state being in thermal balance and the perturbations 

being adiabatic, we show in Appendix A that the RHS of equation (4.4) is 

zero. Nevertheless, we shall carry the nonadiabatic terms along, using 

Q to simply mark their presence. That is, we shall make no attempt to 

calculate Q from first principles. On the contrary, when we compare our 

theoretical results to the data, we shall make some observational 

restrictions on the actual linear damping in the Sun. It should be 

emphasized though that the most important result of this dissertation, 

the measurement of certain interior amplitudes, is not dependent on the 

nonadiabatic terms. In any event, by retaining Q our analysis is 

capable of describing a richer set of physical phenomena. 

Because the interior is highly adiabatic, Q is small. We might 

assume that there is some small parameter associated with it that 

measures its amplitude. In order to involve Q in our perturbation 

expansion, we must relate this small parameter to e: (Nayfeh and Mook 

1979, chapters 4, 6 and 7; Buchler and Regev 1983). We shall assume 

that the effects of linear damping occur at the same order as the 

adiabatic nonlinear effects with which we are dealing. If linear damp

ing occurred at a lower order, then the damping effects would occur on a 

shorter time scale than the nonlinear effects, wiping the latter out. 

Because of the observational evidence we assume this is not the case. 
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If we decide later that linear .damping is a smaller effect than the 

lowest order nonlinear effects, we can easily drop the nonadiabatic 

terms (that is, banish them to a higher order). So we associate an 

overall factor of €2 with Q. In addition, Q is composed of various 

factors that can be expanded according to equation (4.6). So our expan

sion for Q takes the form 

Q1 is the linear damping. Q o contains only unperturbed quan

tities; it represents the thermal imbalance term. If Qo were to be 

nonzero at some point in the volume of the unperturbed star, then the 

fluid at that point would be gaining or losing heat. Clearly, ther

modynamics requires that adj ustments be made in response to this. So 

the unperturbed quantities must change with time and/or fluid motions 

must occur. This would violate assumptions (d) and/or (b). Therefore 

we shall assume Q o = O. A star evolves basically in an attempt to reach 

thermal equilibrium. By assuming above that there is no evolution on 

time scales of concern to us, we are assuming that the star is in ther

mal equil ibri urn for those time scales. 

Making use of assumptions (b), (c) and (d) the expansion of 

equation (4.4) is 
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(~TO + e:~Tl + e:2~T2 + e:3~T3)(PO + e:P 1 + e:
2
P2 + e: 3P3) 

+ (e:y 1 + e: 2y 2 + e: 3V 3 ) • V( P 0 + e:P 1 + e: 2 P 2 + e: 3 P 3 ) 

Equating like orders of e:: 

~ + VP V ~ VI· 0 + r 1 oP 0 -v 1 
aTo 

o (4.14) 

oP 2 vp 
-~- + V 2· 0 + r lOP 0 V-v 2 
aTo 

( 4. 1 5) 

and 

(4.16) 

The Equations at Any Order 

In the perturbation equations the LHSs will be referred to as 

the homogeneous parts. Note that the homogeneous system is of identical 

form for all orders beyond the zeroth. The system of equations at any 

order i. i = 1. 2. or 3. can be wri tten in the form 

Op. 
_1 + V. (p y.) 
OTo 0 1 

( 4. 1 7) 

(4.18) 



and 

ap. 
~ + v. -VP 0 + r 1 oP 0 V-v. 
aTo 1 1 

E .• 
1 
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( 4. 1 9) 

For the third order system, a combined equation is useful. If we take 

a/ aTo of the second, and use the first and third, we obtain 

where 

£ (v. ) 
1 

and 

G. 
1 

aD. 
- c. v ct> 0 + ~ - VE .• 

1 aTo 1 

(4.20) 

(4.21) 

( 4. 22) 

For the homogeneous and second order analysis it will be convenient to 

convert equation (4.19) back to a form analogous to equation (4.3). 

Using equation (4.17) to replace the third term on the LHS of equation 

(4.19) results in 

ap. r p ap i 
_1 + v.-VPo - ~(_ + v.oVPo) 
aTo 1 Po aTo 1 

E. - ~c .. 
1 Pol 

(4.23) 
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4.3. The Zeroth-Order System 

The only zeroth-order equation in the previous section is from 

the momentum equation, equation (4.10). This is the equation of hydro-

static balance; it equates the gravitational and pressure forces in the 

unperturbed state. Since in our assumptions we have removed all 

mechani sms that might destroy the spheri cal symmetry of the unperturbed 

state, the zeroth-order quantities depend spatially only on r. From 

assumption (d) there is no temporal dependence whatsoever. So at this 

pOint we can make the general statement 

We define some zeroth-order quanti ties for future reference. We 

have the gravi tational acceleration g 

gr (= - ~r) 
Podr 

and the adiabatic sound speed c: 

(4.24) 

There is a frequency, known as the Lamb frequency, associated with this 

sound speed and the horizontal wavelength: 
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We also have the Schwarzschild discriminant A and the Brunt-Vais~ila 

frequency N: 

A = Vpo _ ~ _ (dln po __ 1_ dlnPo)r 
p 0 r 1 oP 0 - dr r 1 0 dr 

N is the natural frequency of oscillation resulting from the restoring 

force due to buoyancy, that is the net gravi tational force on a local 

fluid parcel (assuming the local region is convectively stable). For 

more information, see Cox (1980), section 17.2. Nand L2, are the two 

cri tical frequencies that go a long way towards describing the nature of 

the ei genmodes of the homogeneous system. See for exampl e Unno et al. 

(1979), sections 3 and 14 in particular. N2 and Li (for three values of 

2,) are plotted in Appendix F in Figure (F.1). For gravity modes, 

propagating wave behavior only occurs in those regions in radius where 

both N2 and L1 are greater than the square of the eigenfrequency. 

4.4. The Homogeneous System 

Our interest here is in the LHSs of equations (4.17), (4.18) and 

(4.23). In fact, this is the same system as the linearized system that 

one sees in the majority of the astrophysical literature, at least that 

portion of the literature that ignores nonadiabatic effects, rotation 

and magnetic fields. We will sketch the solution here, mainly to estab-

lish notation. For reference, see for example Unno et al. (1979), 

section 12. 
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The solution here differs from that often seen in the literature 

in one respect. It is solved in terms of velocity rather than displace-

ment. In linearized adiabatic systems, displacement is convenient 

because it has the same phase as densi ty and pressure. In our case 

though, the conversion from velocity to displacement brings in many 

extra terms at higher orders (note equations (A.6) and (A. 7»), and so 

working wi th veloci ty is preferable. 

To simplify the notation, we will drop the i subscript in this 

section. The homogeneous system is then given by 

p o~~o + VP + pV~o 0, 

and 

ap 
-- + 
aLo 

0, 

where the perturbations are denoted now by the quantities without sub-

scri pts. First of all note that coefficients of the dependent variables 

are all zeroth-order quantities, and thus independent of all the time 

variables. Due to the presence of the Lo derivatives, we can assume 

that the Lo dependence of all quantities in this linear, homogeneous 

system is exp(-ioLo). The slow time dependence, on the other hand, is 

completely unspecified at this point. We define variables as follows: 
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Note that S is complex in general, so the amplitude and/or the phase 

might vary on the slow time scales. Substitute this in and eliminate 

all the time dependence. Next expand the dot products and take radial 

and horizontal components of the momentum equation, making use of the 

defi ni tions 

and 

V Ad + 1V 
= rar r h· 

See Appendix 8 for a discussion of the Vh operator. The system is now 

- icr =p + l E-(r 2 p U ) + V. (p u) 0, r 2 cr 0 r rho h 

-icrp ou + dP + gp 0, 
r cr 

and 
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- dP o 2( == dPn) -iap + u - - c -iap + u --'-'" 
r dr r dr 

o. 

This system is second order in r, so we eliminate all but two of the 

dependent vari ables. Note that the fourth equation can be solved for p: 

Now use the third to eliminate ~ in the first, then use equation (4.26) 

in the first and second: 

and 

Clearly we could use the second equation to eliminate ur in the first, 

resulting in a second-order (in r) equation for p. Separation of vari-

abIes would then lead to 
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so the angular dependence of p is the spherical harmonic Y~( a, </» (see 

m Appendix B). Substituting back inwe see that u
r 

must go as Y2, also. 

Using the notation 

U (I') 
I' 
- iO' 

p(r) 

w(r) 

P (I') 

the system reduces to 

(~- L)w + -'-(, dw + 
dr r c 2 Poc 2 

dp + g 
+ Po (N2 - 0'2) W 

dr ~ 

L2 

- o;')p 0 

(4.27) 

o. 

When we add the boundary condi tions at the center (r=Q) and the 

surf ace (r= R) of the Sun I we have an ordinary differential homogeneous 

boundary val ue probl em for the vari abl es w(r) and p(r), wi th e i gen val ue 

0'2. For a given i we label the solutions wi th the indice k. Therefore 

we shall denote eigenvalues by O'~i' and we shall use ki subscripts for 

radial eigensolutions as well. Thus a normal mode solution for P 

depends on the three parameters k, 2. and m, one for each spatial dimen-

sion: 

( 4. 28) 
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We shall use n as a shorthand notation for the set (k,g"m). The radial 

component of velocity has a similar form. U si ng equati ons (4.25) and 

(4.26) we see that the homogeneous solutions for v and p take the forms 

and 

(4.30) 

Not e that w
ki 

and hk J!. are the first-order radial and horizontal dis

placements for the mode (see equation (A. 5»). 

The radial boundary value problem, equation (4.27), contains 

coefficients that consist of unperturbed quantities. These depend in 

nontrivial ways on radius, therefore the system is solved numerically. 

Radial profiles for dimensionless quantities related tow 15,30 and 

P15,30 appear in Figures (8.5) and (8.6). This system is identical in 

form to systems that commonly appear in the astrophysical literature 

involving linearized perturbation analysis. As an example, compare this 

system wi th equations (13.1-13.2) in Unno et al. (1979) (in the Cowl ing 

approximation). Because of this equivalence we adopt some of their 

remarks. The system is self-adjoint, and the eigenvalues a~J!.' and 
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eigenfunctions Wkt and Pkt ' are real. Also, the eigenfrequencies as

sociated with stable modes are greater than zero, so that dividing by 

zer 0 in t he abo ve der iva t ion is not a probl em. Finally, consi der or-

thogonality. We shall assume that the spatial part of the normal modes 

in velocity are orthogonal with respect to mass. This can be shown for 

the case of "zero boundary condi tions" in a manner similar to that used 

commonly in the literature (Ledoux and Walraven 1958, section 80; 

Chandrasekhar 1964; Unno et al. 1979, section 13; Cox 1980, section 

15.2). Consider for example Cox's approach. Our £ operator (equation 

(4.21») is precisely the same as his equation (15.10) for the Cowling 

approximation case. The only difference is that we operate on v instead 

of the displacement. So we can follow his arguments to establish the 

following orthogonal ity int egral: 

( * 
J 

P aU 'U ,dV 
V n n { 

JOkt if 

if 

n = n' 

n '" n' 

where, using equation (4.29) and material from Appendix B, 

( 4. 31 ) 

We assume here that eigenfunctions corresponding to degenerate eigen-

values have been orthogonalized. 

We have completed a review of the solution of the homogeneous 

system for the case of a spherically symmetriC unperturbed state. If 



85 

the star were rotating on the. other hand, the unperturbed state is no 

longer spherically symmetric. Since rotation is a key element in our 

physical picture (see Chapter 2) we can not ignore it. Often the ef-

fects of slow rotation on the above solutions are determined via 

perturbation theory (Simon 1969; Unno et al. 1979, section 18; Cox 1980, 

chapter 19). The results of this analysis are to add terms to the 

eigenvalues that depend on m. That is, when rotation is included the 

angular frequencies take the form 

C1 n 
(4.32) 

where C1k1 is proportional to nr , the rotational angular frequency, C1 ki 

depends on n2
, etc. Before adding rotation all eigenfunctions differing 

r 

only in the index m were degenerate in angular frequency. Rotation 

lifts that degeneracy, giving rise to a multiplet of eigenfrequencies 

consisting of all the modes wi th a given k and 1. For slow rotation one 

has 

(4.33) 

When we make use of the homogeneous normal modes in subsequent chapters, 

we shall use C1
n 

in place of O'ki in the expressions (4.28) through 

(4.30). The rotational perturbation analysis also yields perturbed 

eigenfunctions that depend on orders of Qr. These we shall ignore in 

the interests of keeping the problem manageable algebraically. 
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4.5. The First-Order System 

We note from equations (4.7), (4.11), and (4.14) that there are 

no first-order nonhomogeneous terms. The first-order solutions are the 

homogeneous sol uti ons. We shall now turn to the higher order systems 

with the sole goal of obtaining explicit expressions for the 

S ('(1''(2''(3)'5 associated with these first-order solutions. 
n 
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CHAPTER 5 

THE SECOND-GRDER SYSTEM 

As stated in Chapter 4, the current goal of this analysi sis to 

obtain the slow time dependence of the first-order solutions, as defined 

by a multiple time scale formalism. This dependence is determined based 

on a requirement that no secular solutions appear in higher order per

turbations (see Chapter 3). In our particular case, given an 

approximation and a qualification to be described below, the first 

resonant driving (or source) terms, and thus the first secular solu

tions, occur at third order. (This was discussed briefly in Chapter 2.) 

But the driving terms at third order involve second-order solutions as 

well as first-order solutions. Therefore, we must also solve the 

second-order system for second-order solutions. 

It is obtaining full, self-consistent second-order solutions 

that generates much of the algebraic and computational difficulty in 

this exercise. If we were dealing with a problem that had secularities 

at second order, such as might occur if one were investigating interac

tions amongst the modes of two or three different multiplets, the 

analysis would be much simpler. In such a case a full solution is only 

necessary in first order; one merely has to identify the second-order 

driving terms that resonate with the homogeneous system, then evaluate 

the necessary slow time dependence of the first-order ampl itudes. 
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TUl"ning to the second-order solution, the homogeneous system and 

its solution are given in Chapter 4. But to obtain the first-order 

S (1: 1 ,1: 2 ,1: 3 )S, we only need to determine particular solutions at this 
n 

order. The reason will be apparent when we get to third order. 

Basically, because of oUl" restriction to modes of a single multiplet, 

only second-order terms with angular frequencies of the form ±(0'1±0'2)' 

where the (O'/2'11")s are eigenfrequencies of that mul tiplet, will lead to 

third-order secular solutions. Only the particular solutions have such 

angular frequencies in second order. This chapter is devoted to obtain-

ing these second-order particular solutions. 

5.1. The Form of the Second-Order Driving Terms 

For the second-order solution it will be convenient to work wi th 

the system in the form of equations (4.17), (4.18) and (4.23), where now 

we retain the nonhomogeneous terms. We temporarily adopt a symbolic 

vector notation to represent this system: 

L(x) F, 

where 

and 
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F 

The T superscript means "transpose". In order to·make subscripts avail-

abl e for other uses, we shall drop those signifying second order on all 

newly defined notation in this chapter. This should not cause confusion 

with the third-order analysis since the latter will be so different. 

Referring to equations (4.8), (4.12) and (4.15), we see that we might 

group the terms in F into two classes, those that take the form az1/a'I' 

and those that consist of products of two first-order solutions: 

where 

and 

lL 
all 

aV 1 

Po a, I 
~ 2~ - C a'l a'l 

VO(PI"I) 

dV 1 n. 
PI~ + POV1-VVI 

<;/'0 

VI-WI + flOP1VoV l - C
2 Vo (P IV l ) 

C' 

D' 

E' 
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In general the first-order solution v 1 will be a linear combina-

tion of normal modes (see equation (4.29)), 

HSue n n 
n 

-io L n 0 * * +ionLo 
+ Sue ) 

n n L 
n 

-ixo Lo 
L (S~ u~ en), 
X 

=±1 

where the complex conjugate is included to ensure the reality of the 

terms. The coefficients of the normal modes are absorbed into the S 'so n 

The X notation is partially symbolic. When a X appears in a spot other 

than where it designates the complex conjugate * or not, it can take on 

the values plus or minus one. For a normal X of +1, ignore the cor-

responding complex conjugate X's; for a normal X of -1, replace the 

corresponding X's with complex conjugate *'s. We expand P 1 and Pl 

similarly. Because of the linear, homogeneous relationships between the 

first-order quantities, the expansion coefficients are the same. The 

expansions are thus 

mx -ixo LO 
\ ( X Y

n 
en) 

l. Sn Pk2. N 

n 
X 

and 

mx -ixo LO 
\ (SX - n ) 
l. n P k2. Y 2. e • 
n 
X 
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We can use these expansions to obtain more explici t expr essi ons 

for the terms in Fl and Fzo For example, the first component of Fl 

becomes 

The other components have the same temporal dependence. Using F{ to 

represent the spatial parts of the components of F It we can wri te 

as X -iXO' To 

L (dT n FI en) ° 
n 1 

( 5.1) 

x 

Next consider the first component of F z• If we expand Plover n l and Xl 

and expand v l over n2 and Xz we have 

where 

0'. . 
lJ 

( 5.2) 



92 

The other components of F2 will have a similar form; only the spatial 

dependence will differ. Therefore we can wri te 

( 5.3) 

We have no intention of considering all the possible interacti-

ons amongst all the modes in the Sun, but rather wi sh to focus on only 

the modes in a particular multiplet. Since we are restricting our mode 

interaction to such a set of modes, all the modes of concern have the 

same k and JI., whi ch shall henceforth be denoted by K and I.. Therefore, 

in the driving terms that constitute F 2 , we reduce the sums over n to 

sums over m. That is, in F 2 we shall use the following restricted 

versions of the above expansions: 

L (SX u X 
-iXO To 

VI en), ( 5.4) 
m n n 

X 

L (SX 
mX -ixO To 

PI PK>. y>. en) ( 5.5) 
n m 

X 

and 

m
x -ixo To 

\' (SX - n ) 
L n PK>. Y>. e • ( 5.6) 
m 
X 
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These restrictions will result in a limited set of possible au values 

in F 2 • Making use of equations (4.32) and (4.33): 

( 5.7) 

Now it might happen by accident that these 0'12 values are close 

to homogeneous eigenvalues from other multiplets, particularly when 

0' 12 ==0. The terms wi th such 0'12 values are resonant driving terms, and 

could lead to secular particular solutions. In these cases it would be 

proper to apply the multiple-time formalism, involving those terms in 

equation (5.1) where 0' ==0'12. This would yield differential equations 
n 

for the corresponding Sn's. There are three potential effects of such 

resonances on our third-order mode coupling problem. 

(1) The terms with resonant 0'12 values will not appear in F2 (equation 

(5.3)) any more. 

(2) The multiple-time formalism will yield equations for the amplitudes, 

Sn' of the modes with eigenfrequencies corresponding to resonant 0'12 

values. But these equations will also involve the amplitudes of the 

modes from our multiplet, the S , 'so 
KAm 

(3) The altered first-order amplitudes will effect the model of the 

unperturbed Sun. These second-order resonance effects occur at the L1 

time scale. We will eventually be dealing with interactions at the L2 

time scale, so that we might assume that the shorter time scale effects 
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have reached an equilibrium. If this equilibrium consists of a pertur

bation that is constant in time, it amounts to an effective perturbation 

of the unperturbed solar model. On the other hand, if the second-order 

effects settle down to an oscillatory" steady state", then we might 

assume that on the '2 time scale they average away. 

At this point we make the approximation that none of the 0'12 lie 

sufficiently close to any of the homogeneous eigenvalues for resonance 

to occur, thus avoiding the complications described in the previous 

paragraph. Clearly this would be the case if we established a window in 

angular frequency space for our resonance criterion that was small 

enough. A reasonable window size though might result in some 

resonances. And yet it might be that, even in the presence of 

resonances, the above approximation is equivalent to a proper mul tiple

time analysis as far as the third-order solutions are concerned. This 

is pl aus i bl e be ca us e t he anal ys is do es not remove or alter any sol u

tions, it just represents them in a different way. Before moving on, we 

note that an easily implemented alternative to the no resonances ap

proximation is to decide on a cri terion for resonance, then remove the 

resonant terms from the sums in equation (5.3). This would handle the 

most important effect on the third-order solutions mentioned in the 

previous paragraph, but it would not address effects (2) and (3). 

So we assume that none of the terms in F2 are resonant driving 

terms (although there is a special case that results in secular solu

tions which is discussed in the next section). This leaves the terms in 

FlO all of which are resonant! Fl originally appeared as a result of 
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the multiple-time formalism, to provide the potential to transfer the 

effects of any resonant driving terms here in second order to the 

amplitudes of appropriate first-order modes. But since there are no 

nat ur al dr i vi ng term sin s eco nd or der un der our approximati on, thi s 

potential is not needed. In fact, because the terms in Fl are resonant 

themsel ves, they should be removed. The only place we have the freedom 

to do so is in the aSn/ih l term. Therefore we set aSn/ch l equal to 

zero. Thus we have the general result 

0, ( 5.8) 

and Fl = O. Note now in equations (5.4), (5.5) and (5.6) that Sn 

Sn(-r2,L3) only. 

So F reduces to F 2. Since the total particular solution due to 

F2 is simply the sum of the particular solutions due to each term in F21 

we concentrate on a single term in equation (5.3). Thus our immediate 

goal is to obtain a particular solution to 

L(x) ( 5. 9) 

Since F = F 2' we have dropped the pr imes on the components of F 2. U si ng 

equations (5.4), (5.5) and (5.6) the components can be written 

( - m Xl X ) -V. P Y 1 U 2 
KA A n 2 ' 
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and 

Note that in 0' we have used 

5.2. Special Case: 0"12 = 0 

Before proceeding with the solution to equation (5.9) in the 

next section, we consider a special case. Of all the possible values of 

0" 12 in equation (5.9), 0"12 = 0 must be treated separately. From equa-

tion (5.7) we see that half of the possible 0"12 values are small 

(relative to ad.)' and some of those are actually zero. For 0"12 to be 

zero we must have X2 = -Xl and m2 = mI. Although this is only a frac-

tion of the total possible 0"12 values, they need to be addressed. We do 

so in this section. 

For this special case analysis we shall use the combined equa-

tion approach. Therefore we start with equation (4.20) and note that, 

following arguments similar to those of the previous section, we can 

write the i = 2 version as 
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We are concerned wi th the solution for the terms where au 0, that is 

particular solutions to 

Noting that £ is independent of '0 J the solution takes the form 

I s I 2 U (r) , 
n 1 

which is not a function of To. When the velocity is constant in '0' the 

displacement will be linear in To. Densi ty and pressure will be the 

same. For example, if we substitute this v2 into equation (4.17), we 

must perform an integration in LO to obtain P2' so there will be a term 

in P2 that is proportional to '0. The a12 = 0 case leads to a secular 

solution! 

At higher orders the dri ving terms will depend on the second 

order particular solutions for V 2 , P2 and P2' including the a 12 = 0 

t er m s • In fourth order, for example, there will be a term 

V~0(V·(P2V2)), some of whose terms will be proportional to To. These 

will yield particular solutions v .. that are proportional to Lo and thus 
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particular solutions for Pit that. go as To 2. Continuing to higher or-

ders, the set of terms due to 0'12 = 0 that contribute to density (or 

pressure or displacement) will have secular time dependences of the form 

P - aTo + bT~ + CT~ + 

We have here an explicit series solution for some time dependence that 

the multiple-time formalism might be expected to handle more con-

veniently. For a sketch of a multiple-time analysis of this particular 

problem, refer to Appendix D. 

These solutions that stem from the 0'12 = 0 terms are secular 

solutions. On physical grounds we can not have them blow up in-

definitely. Clearly the coefficients of the various orders of To must 

be such that for larger To values the expansion approaches a constant, 

for example in a manner similar to 

1 1 x - -x2 + -=-:-X 3 
2! 3! 

We can think of the small To behavior as a transient solution and the 

larger To behavior as the steady state. We shall consider only this 

steady state and thus we shall ignore the 0'12 = 0 terms and all higher 

order terms stemming from them. In subsequent analysiS a prime on the 

summation sigmas shall signify that terms involving 0'12 = 0 are not 

included. 
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Physically, when a mode interacts with itself (recall that to 

have 012 = 0 we must have n l = n 2 ) part of what occurs is a steady

state, non-oscillatory perturbation. This is a common nonlinear effect. 

See, for example, sections (2.2) and (2.3) of Nayfeh and Mook (1979), 

where they refer to it as a drift term. It amolmts to a di stort i on of 

the unperturbed state. Although this distortion might affect the 

homogeneous eigenfunctions and eigenfrequencies slightly, we shall 

assume that the effects on mode excitation and interaction are negli

gible. Therefore we shall ignore the feedback resulting from these 

distortions in our analysis. An analysis of the effects of distortions 

of the unperturbed state on the linear eigenmodes in a different context 

(involving the solar atmosphere) was given by Logan et.al. (1980) (see 

also Logan 1984), where they referred to them as "mean field" effects. 

5.3. The Second-Order Particular Solutions 

In our problem the spatial dimensions are bounded, and time has 

a semi-infinite extent. The solutions to the homogeneous spatial 

problem consist of a discrete set of eigenfunctions. There is no such 

discrete set of solutions for the time domain (although one could per

form a Fourier analysis). The most common approach to sol ving such a 

system is the method of eigenfunction expansion. In our case, we would 

solve equation (5.9) by expressing x as a series over the (assumed 

complete) homogeneous spatial eigenfunctions wi th time dependent coeffi

cients. We would then multiply the equation through by one of the 

eigenfunctions, and use the orthogonality of the eigenfunctions to 
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isolate particular coefficients and solve for them. On the RHS we would 

have spatial integrals involving three spatial functions. 

The problem wi th such an approach is the infini te series. The 

series for x involves a sum over n, that is, over k, g" and m. Only the 

m sum is finite; m sums from (-g,) to (+g,). g, is nominally an infinite 

sum, although in practice it turns out to be large, but finite. The RHS 

angular integral, which can be done analytically, is nonzero only for ~ 

between 0 and (2)'). Since the modes we are investigating have>. '" 30, 

there are about 60 terms in the ~ sum. The main problem is in the 

infini te sum over k. One might calculate RHS radial integrals (which 

must be done numerically) for various k's to see if one can empirically 

claim that only certain values of k lead to nonzero RHS spatial in-

tegrals, but this is dangerous. It may be that the RHS spatial integral 

vs. k has a local maximum near k = K, and has another local maximum at 

say k = 10K. 

Fortunately we have another option. Consider a general expan-

sion for the spatial part of the densi ty: 

Because k only affects the radial part, we can group the sums as shown, 

and it is concei vable that we might determine the total r dependence for 

a gi ven ~ as a single function. Instead of expandi ng in terms of spa-

tial eigenfunctions wi th time dependent coefficients, we use r dependent 

coefficients and expand in the other independent variables. Problems 
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with infinite series are thereby avoided. We do not have difficulties 

with the time dependence of the solution because we only require a 

parti cuI ar solution. Essentially, we shall expand the 1:0 dependence in 

a Fourier series with an infinite number of angular frequencies, a. But 

when seeking particular solutions to equation (5.9), only those terms in 

the series where ° = 012 will be used. 

As stated towards the end of Section 5.1, our immediate concern 

is to obtain a particular solution due to one of the terms in F 2. We 

shall first remove the temporal dependence, then the angular dependence, 

so as to obtain an ordinary differential system in r. The steps will 

closely parallel the homogeneous solution approach. 

We begin with equation (5.9), where 012 .. O. The homogeneous 

operator L is independent of 1:0 (except for the dld1:oS). Therefore a 1:0 

dependence of exp(-ia 12 1: o ) will satisfy the system, provided 012 is not 

a homogeneous eigenfrequency. If it were, then after reducing the 

system to a nonhomogeneous boundary value problem in r, we would find 

that there is no solution (Boyce and DiPrima 1965, section 9.4). But we 

have explici tly assumed that this will not be the case. Next consider 

the slow time dependence. Because of assumption (d) in Chapter 4, L is 

independent of the slow time scales and so x will be proportional to 

(SX 1 SX2). Separating the time dependence in x, 
n 1 n2 

(5.10) 
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Substi tute this into equation (5.9), cancel the time dependence, 

define u 12 = u f' ... u h and D12 = D r + Dh ' expand the dot 
r 12 12 r 12 12 

products, and take components of the momentum equation: 

1° 0 P u + oj; 1 2 + g ==p 12 
- 12 0 "'r r 12 {} 

(5. 11) 

and 

~) 
dr 

== 
As in the homogeneous case, we can solve the last equation for P12: 

== 
P12 .E.u. 

c 2 ( 5.12) 

(Since we are not including the 012 = 0 case, we can divide by 012.) 

Next we eliminate ~ and P12 from the system: 
12 

u 
~(~) or - io 12 



and 

g 
-~-=2 E 12 • 
iO'12 c 
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The angular dependence of our variables can always be expressed 

as an infinite series over the complete set of spherical harmonics. 

Therefore we assume 

"" ~ 
L L (5.13) 

~=O m=-~ 

The caret helps to distinguish these second-order particular solutions 

from the homogeneous quantities wk~ and Pkl. Substitute this, multiply 

by y~o* and integrate over angle. Because of the orthogonality of the 
o 

m 
y ~s (see Appendix B), we have 

(5.14) 

~ + g A (2 2)" dr ~ 1 2 0 + P 0 N - 0' 1 2 W 1 2 0 n 12 0 

where 

( ~120) 
P120 

( :12(r;~o,mo)), 
p 1 2 (r ; ~ 0 ,m 0 ) 
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and 

n 12 0 (r ) 

In the future we shall refer to the nonhomogeneous terms collectively as 

1;, that is 

The system (5.14) is an ordinary differential system in radi us. 

To completely specify the problem, one must set boundary conditions. 

These are mentioned in Chapter 8, then discussed in depth in Appendix F. 

There are analytic techniques for solving such systems. One very 

general technique, applicable in this case, is known as Variation of 

Parameters. For further information refer to most any elementary 

textbook on ordinary differential equations, such as chapter 7 in Boyce 

and DiPrima (1965). The procedure gives the solutions in terms of 

indefinite integrals involving homogeneous solutions and 1;. In our case 

these all exist only as numerical profiles. An alternative to the 

Variation of Parameters is to turn to the computer immediately and solve 

the system (5.14) as a numerical nonhomogeneous boundary value problem. 
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This was the approach used for this dissertation. Plots of a few of the 

resul ting solutions appear in Chapter 8. 

5.lJ. Evaluation of the Spatial Integrals 

In the previous section we gave the solution to the second-order 

system. In this section we backtrack a little bit in order to present 

some of the details in the evaluation of the spatial integrals presented 

above. We shall first write the components of F12 in a more explicit 

form. Then we will be able to do the angular integrals in l;. 

From equation (lJ.29) and the remarks associated wi th equation 

(5.lJ) we note that 

To simplify the notation in this section we define 

m! 
1 

( 5. 15) 

We shall see below that Xo = -1 always. Next we generalize equation 

(B.9) slightly, then define a more compact notation for the spherical 

harmonics: 

Xi 
m. 

y 1 
.2.. 

1 

( 5. 16) 
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We shall also use 

F inall y, we shall drop any KA subscript combinations that appear. To 

avoid confusion we emphasize that whenever w, h, p or p appear wi thout 

subscripts, they refer to the radial variations of the eigensolutions to 

the first-order (that is, homogeneous) system corresponding to any mode 

in the multiplet designated by the indices K and >.. Using this more 

efficient notation we have 

x· 
u J 
n. 

J 

( 5. 17) 

Using these expressions the first component of F 12 , which is 

defined following equation (5.9), can be wri tten 

where 
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The defini tion and handling of the Vh operator is covered in Appendix B. 

The other components of F12 are expanded in a similar manner. Making 

use of equations (B.1) through (B.8) it is easy to show that 

and 

( E 1 2 + C 2C 1 2 ) 

where 

and 
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Note that due to assumptions made earlier, 11.1 ). in all the com-

ponents of F 12. 

Next we substitute the above results into l; and perform the 

angular integrations. One t erm in 1; 1 2 0 is 

The angular integrals are evaluated in Appendix B. Using equations 

(B.ll) and (B.14) this expression can be written 

Note that the entire expression is proportional to the angular integral 

The other term in 1;120 contains the following angular integrals: 

J YoVh·(YIVhY2)dn = H)'()'+l )-)'()'+1 )-11. 0 (11. 0+1 )]ZOI2 
S 
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and 

where equations (8.15) and (8.17) were used. Collecting everything, one 

finds that 

l; 1 2 0 (r ) 

Making use of equations (8.11) and (8.14), the other component of 1; is 
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n 120 (r ) 

Note that all terms in t are proportional to Z012' 

5.5. Expressions for the Second-Order Quanti ties 

As a final task in this chapter we write down expressions for 

the (real) second-order quantities for easy reference. These will be 

needed at third order. Before doing so though, we discuss a simplifica-

tion of equation (5.13) for our case. In the previous section we saw 

that all the terms in 1; are proportional to Zo 12' Because of this there 

are restrictions on the mo and 10 values involved. From equation (8.13) 

we see that Z012 will be zero here tmless 

(A+A) = 2A} 

and 

m[ + mJ + mJ ( 5. 18) 
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Also, 2. 0 must be even. For all. other values equation (5.14) reduces to 

a homogeneous system with °12 values that are not eigenvalues. So the 

solution in such cases is 

( ~120) O. 

P 120 

We can express this by restricting the sums in equation (5.13). Define 

Then from equation (5.18) the only term in the m sum in equation (5.13) 

that has nonzero coefficients is the m = Il term. So we can drop the m 

summation and replace Y~ with Y~. Also, the 2. summation is restricted 

to the range from 0 to (2)') by the properties of Z012' But, since Y~ is 

zero if 1m I > 2., the range is actually I III to (2)'). Finally, 2. must be 

even. So equation (5.13) reduces to 

((~)(r») 10'12 

P 12 (r) 

(5.19) 

Equation (5.10) gives the form of the particular solution to 

equation (5.9), which includes only one of the driving terms. A full 

particular solution involves sums over mt> Xl> m2 and X2 of quantities 
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of the form of equation (5.10).· The spatial parts are given in part by 

equation (5.19). Defining as usual 

we have 

v (r , t) 1:' ( {SX2(-r 2,'r a ) SXa('r 2,'r a ) -i0 23 To 
u (r) } e r 2 m2 ma 

n2 na r 2a 

X2 X3 

2' 2' 2 {SX2('r 2 ,'r a ) SXa('r 2,'r a ) -io 2a 'r o e 
m2 rna ~ 

n2 na 

X2 Xa 

x (- i 0 2 a) W 2 a (r ; t, ll) Y ~ ( e, <p) }, 

where 

and 

and the primes on the summation signs remind us that the 02a = 0 terms 

are not included. w2a is obtained from a numerical solution of equation 

(5.14). The indices are chosen for convenience in third order. 

Similarly 
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(5.20) 

These expressions are real because they are particular solutions due to 

real driving terms. 

To obtain the spatial parts of v
h 

and P2 in equation (5.10), we 
2 

turn to equations (5.11) and (5.12): 

and 
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P 2 (r, t) ( L' I {S~:(-r2''t'3) S~:('t2''t3) e-i023'to 
m2 m3 ~ 

X2 X3 

Collecting the expressions for vr 2 and v
h2 

we have 

{A ( n ) yl.l( )A pv(rji,ll) V l.l( )} 
W 2 3 r j N, II n 8, <p r + 2 hY n 8, <p 

N O2 3rp 0 N 

( 5.22) 

These second-order quantities have homogenous terms as well but, 

as all uded to ear 1 ier, the y wi 11 not be neede d when we get tot hi rd 

order. In third order we will be concerned wi th resonant dri ving terms 
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only, and to obtain resonant dri ying terms involving second-order quan

ti ti es Z2 we mus t have an angular frequency of the form of equation 

( 5. 2) • 



CHAPTER 6 

THE THIRD-GRDER SYSTEM -
OBTAINING THE AMPLITUDE EQUATIONS 

11 6 

We shall see below that the mode interaction that we wish to 

investigate first occurs at third order. That is, the resonant driving 

terms of concern first appear at this order. We shall apply the 

multiple-time formalism to handle these terms, obtaining equations for 

the T2 dependence of the first-order amplitudes, Sn' As stated earlier, 

this is our immediate goal. Therefore a full third-order solution is 

not necessary; we intend only to identify resonant terms, then apply the 

mul tiple-time formalism. 

6.1. The General Solution of the Third-Order System 

Just as in second order, we have here a nonhomogeneous system of 

partial differential equations. As mentioned in Chapter 5, when the 

homogeneous solutions are known the most common solution approach in-

valves an infinite expansion over the homogeneous eigenfunctions. When 

one is interested in a full solution involving numerical calculations, 

the infini te series is unacceptable, or at least dangerous. But here in 

third order we are not interested in a full solution! In fact, the 

infini te series approach is qui te adequate for our purposes, so we adopt 

it because of its simplicity. Also, it will be convenient to use the 

combined form of the system, that is equation (4.20). 
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The third order system is gi ven by the i = 3 version of equation 

(4.20). First let us write down G3 • Use equations (4.9), (4.13) and 

(4.16) in (4.22): 

where 

B VCPo[Vo(P 1V2 ) + VO(P2V1)] 

o ( oV 2 oV 1 + n.. ( ) ) 
- 0'0 P1(h

o 
+ P2(h

o 
P1V1o YY 1 + POV1"'Vv 2 + P OV2 °'Vv 1 

9 
+ V(V 1 oW 2 + V2 °W 1 + r lOP 1VoV 2 + r lOP 2 V"V 1 ) I Bi · 

i=O 

CBs consists of the two terms POV 1 "'Vv 2 and POV 2 "'Vv1') Recall assumption 

(d) from Chapter 4 and make use of equation (4.11) for the terms invol v-

ing 010'2' For those involving 010'1' apply assumption Cd) and use 

equation (5.8). Then use equation (4.12) and note that aD 2 1O'1 = 0, 

again by equation (5.8). The expression for G3 reduces to 

( 6.1) 

We now apply the method of eigenfunction expansion. For 

reference to the technique see, for example, Carrier and Pearson (1976), 
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chapters 1 and 7, or Haberman (1.983), sections 7.3-7.5. Use an expan-

sion of the form 

I (an(~O'~1'~2'~3)Un(r»), 
n 

where the u are the homogeneous spatial eigenfunctions given by equa
n 

tion (4.29). Substitute this into the i = 3 version of equation (4.20): 

a2 a 
\' { __ n Pou + a £ (u ) 1 G

3
• 

L. dT~ n n n r 
n 

Next note that if we substi tute a normal mode eigenfunction (4.29) into 

the i = 1 version of equation (4.20) we obtain 

£ (u ) 
n 

* Use this, dot in u ,integrate over volume, then use equation (4.31) to 
no 

obtain: 

( 6.2) 

Since we are interested in the slow time dependence of the modes in the 

* multiplet designated by k = K and !/, = A, when we dot in u we restrict 
no 

oursel yes to 
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(K,A,m o )' 

This is essentially a nonhomogeneous ordinary differenti al 

equation in '0' The homogeneous solution is straightforward: 

The '0 de pendence of the terms on the RHS of equation (6.2) are of the 

form exp (i a, 0 ) • If any of the a values should be equal to ±a , then 
no 

that term is a resonant driving term and will give rise to a secular 

particular solution. These are the terms we wish to identify. 

Essentially we want to do a Fourier decomposi tion of the RHS of equation 

(6.2) and set the coefficients of the exp(±ia '0) terms to zero. To 
no 

sear ch for resonant terms we do not want to restri ct ourselves to exact 

matches in angular frequency. As described in Chapter 2 we expect modes 

wi th similar angular frequencies to interact. Following the lead of the 

Chapter 2 discussion, we shall assume that driving terms are resonant if 

their angular frequencies are equal to ±a
KA 

through zeroth order in m 

(see equation (4.32»). 

The remainder of this chapter provides a sketch of the details 

of the algebra involved. Then in the final section in this chapter the 

amplitude equation is given. Also, all relevant quantities are 

redef ined in that section for easy reference. 
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6.2. Analysis of the First Two Terms in G, 

Consider the first term on the RHS of equation (6.1). 

* Substitute equation (5.4) in, dot in u , and integrate over space: 
no 

as X1 
-iXl 0 LO ( * 

2i I {xl0n a.n1 e n 1 J PoU;l.un dV}. 
m

1 
1 2 V 1 0 

Xl 

Using equations (4.29) and (8.9) we note that 

Now apply equation (4.31). We see that only two terms in the sum 

remain. The corresponding term on the RHS of equation (6.2) becomes 

2io 
no 

as -io L nn n 0 --"- e 0 

aL2 
+ ( 6.3) 

where n~ refers to (K,A,-mo ). The Fourier decomposition of this term 

consists of two terms which are in fact just the ones that will lead to 

secular solutions. These are the extra terms provided by the multiple-

time formalism which allow the transfer of the third-order secular 

behavior to the first-order amplitudes. 

Turn now to the second term on the RHS of equation (6.1). As we 

saw in Chapter 5, only the homogeneous second-order quantities might 

depend on Ll; the particular solutions definitely do not. So as far as 
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the second-order particular solutions are concerned, the second term in 

G3 is zero. If we were to include the homogeneous solutions, they would 

consti tute resonant dri ving terms in G30 and so must be set to zero or 

equated to other terms. We shall find below that the av l /a'2 terms are 

adequate to handle the resonant terms in Q l and B. Therefore the 

av 2 /a' 1 terms are unnecessary, and we use the freedom to adjust the 

lower order amplitude factors as we see f it to impose the requirement 

that av 2 /a' 1 is zero. Using' l derivatives of the second order equa-

tions, this leads to 

~-o (6.4) a' l - • 

6.3. Analysis of -VQ! 

We now turn to the term in G3 invol ving Ql. The nonl inear 

version, Q, is given by equation (4.4). Q l is the term in Q that is 

linear in first-order perturbations. Since it is a scalar, we assume, 

like P l or Pi' that we can write it in the form 

( 6.5) 

A partial breakdown of Q appears in Appendix A. 

As an example, consider the term in Q due to nuclear energy 

generation, QN: 
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where e: is the expansion parameter used in Chapter 4. ~ is the rate of 

gain of heat per unit mass from thermonuclear sources. It is propor-

tional to densi ty and depends highly nonlinearly on temperature. So we 

can wri te 

EN ap(b o+b 1T+b 2T2+ ••• ) = a(PO+e:P1+e: 2P2+"')[bo + b1(To+e:T1+e:2T2+"') 

+ b 2 (T 0 + e:T 1 + e: 2 T 2+ ••• )( To + e:T 1 + e: 2 T 2+ ••• ) + ••• ] 

EN + e:(a'P1 + b'T 1) + O(e: 2). 
o 

The form of the P1 expansion is given by equation (5.6). Since the 

solar plasma is very nearly an ideal gas and P1 has a similar expansion, 

T1 must have a related one as well. Clearly for this case the form 

(6.5) is appropriate. We assume that it is appropriate in general. 

The term corresponding to equation (6.5) on the RHS of equation 

(6.2) is 

* • u dV. 
no 

( 6.6) 

Note that the only resonant terms (that is, the only terms we are inter-
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n l in equation (6.5) is effectively reduced to a sum over mI. Let us 

evaluate the integral. Using equations (B.1) and (5.16) we have 

[ ( X Yml X I) ] V Q I 
n l 2.1 

* • u 
no 

* r + h V ymo )] 
h A 

where, as in Chapter 5, we drop the KA subscripts on the w and the h. 

Integrating over volume: 

where 

( 6.7) 
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and the angular integrals are done towards the end of the first section 

in Appendix B. We see that the ~l sum in equation (6.6) is restricted 

to one term whether we are looking for resonant terms or not. Also we 

see that the ml sum is restricted. Only two resonant terms remain in 

equation (6.6): 

-ia L '1' n 0 nnnn -ia S e 0 -"-"-
no no J 

no 
( 6.8) 

where as before n~ = (K,A,-mo ). These resonant terms will be factors in 

the amplitude equations that result below. (Recall in Chapter 4 that 

the ordering of Q was specifically set up so that Ql would be involved.) 

6.4. Analysi s of the B .. Term 

Now we must turn to the B terms in G3 and see if any of them 

have the proper La dependence. Before doing so though, we wish to 

obtain more explicit expressions for them and perform the spatial in-

tegrati on as gi ven on the RHS of equation (6.2). In the next several 

sections we shall present detailed analysis of a few terms. Then we 

will be in a posi tion to discuss the Fourier de compos i tion of the entire 

RHS of equation (6.2). The term B .. is unique in that it is a product of 

thr ee firs t-order quant i ti es; we consi der it firs t. 

The first-order quanti ties are expanded as usual. Use an expan-

sian over ml and Xl of the form of equation (5.6) for Pl' an expansion 

over m2 and X2 of the form of equation (5.4) for the first VI' and a 
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similar one over m3 and X3 for the second. As in the previous chapter 

we drop any KA subscripts that appear. Then rearrange terms to obtain 

B .. -*- [Pl(tV(Vl-Vl)-Vlx(VxVl»)] 
ato 

where the X's take on the values of plus or minus one as described in 

Chapter 5. There are 8 terms in the triple X sum. To simplify the 

notation below we define 

( 6.9) 

* Perform the LO derivative, dot in u and integrate over volume: 
no 

1 r * 
-J J B .. ·u dV 

V no no 
(6. 10) 

where 
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The first index on the K refers to the number of dependent variables in 

the integrand products and the second refers to the term in B. We 

evaluate the spatial integral using procedures similar to those in 

second order. Make use of equations (5.15), (5.16) and (5.17), as well 

as 

x 0123 

where again Xo will always be equal to (-1). After some straightforward 

manipulations involving the material in Appendix a, we finally obtain 

K .... 

01 

-X0123 XOO'noX20'n2X30'n3 0'123{I .... 1Z0123 + (I .... 3-I ...... )X
23 

12 1 3 _1 0 1 2 
+ tI .... 3 (X + X ) + tI .... s X + (I .... 2+I ...... -I .... 3 )X } 

03 02 23 03 
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-10 •. 

where 2 0123 , X , and the x~~s are angular integrals defined in equa-
23 

tions (B.19), (B. 28) and (B. 21). The last equality in the equation 

above made use of equation (B. 23). The I' s refer to r integrations. 

They are given in Appendix C. Their first two indices have the same 

significance as for the K's. The last index enumerates integrals for a 

gi ven set of the first tvlO. Note that all the radial quanti ties refer 

to the same mul tiplet. So all the Y.' s abo ve ha ve the same i val ue, A. 
1 

This allows us to make use of the formulas in Appendix B. Also note 

that if we apply equation (B.13) to the 3-j symbols in the angular 

integrals, for every term in K .... we obtain the following requirement for 

a nonzero resul t: 

m[ + m~ + m~ + mJ o. ( 6. 11) 

6.5. The Analysis of B9 

The next term we consider in detail is B9 • This term contains 

the second-order quantity P2' Expand VI over ml and Xl as given by 

equation (5.4), and expand P2 as given by equation (5.20). Rearranging, 

we obtain 

The corresponding term on the RHS of equation (6.2) is 



128 

where 

Let us evaluate the integral. We note that here we have only 

three independent variables instead of four as in the B .. analysis. 

Again we apply equations (5.15), (5.16) and (5.17), then manipulate the 

angular dependence using the tools given in the first section of 

Appendix B. This results in 

The factors of x. are not combined because it was found convenient in 
1 

the algebra to always associate a factor of x. with each a • The 
1 n

i 

angular integrals are covered in Appendix B. The first can be evaluated 

using equations (B.11) and (B.12). In the future the integral of this 
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particular combination of spherical harmonics will be denoted by Z0111. 

That is, 

Through the use of equations (B.2) and (B.14) the other angular integral 

is evaluated as 

Using radial integrals defined in Appendix C: 

So K 39 is proport i onal to Z0111. From equation (8.13) we see there are 

restrictions on the parameters of the spherical harmonics for nonzero 

results to occur. Since 2.0 = 2.1 = >.. the 2. restriction is 0 ~ 2. ~ (2)''). 

But this restriction was already in force from the 2. sum in 8 9 • The 

restriction on the m's is 

m~ + m{ + II O. 

Note that this is the same as equation (6.11)! 

We see that the terms in equation (6.2) due to Bit and 6 9 have 

turned out to be remarkably Similar, despite the fact that the first 
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involves three first-order quantities and the second involves the 

product of a first-order and a second-order quantity. Both terms in-

volve a similar triple sum. Both have the same time dependence. Even 

the spatial integrals have many similar characteristics. Both require 

equation (6.11) to be met. There appears to be an extra sum over i in 

the B9 term, but then we note that the quadruple Y~ integrals involve a 

sum over the dummy variable L that in fact covers the same range as i 

does. 

6.6. Analysi s of B 1 

As we can see from the formulas at the end of Chapter 5, those 

terms in B that involve P2 or vh (i.e., v 2 ) will be a little more 
2 

complicated algebraically. Nevertheless, the analysis is still 

straightforward. In fact, all the remaining terms (except B6 , whi ch is 

similar to B9 ) will come under this category. The 8 1 analysis is repre-

sentati ve, but not as com pI icated as others. 

Again, we expand v 1 over m1 and Xl as given by equation (5.4), 

and expand P2 as given by equation (5.21). Reordering the sums, etc.: 
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I' L' { 
ml m2 m3 
Xl X2 X3 

For use in equation (6.2) we need 

1 r * 
-J J Bl"u dV 

V no no 

where 

and 
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We see that this term, as well as any other term in B involving P2 or 

V
h 

' contains two types of spatial integrals. One type has three de-
2 

pendent variables as in the B9 case. The other has four dependent 

variables,. just like Bit. We analyze these integrals USing the same 

tools as before, obtaining 

- [A( A+1) - f1( ~+1)] 1312 z01) 

and 
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Kit 1 -x 012 3 

-X0123 

01 01 _01 

x {l ltll Z0123 + 1"12 X - 1"13 X + I ltllt (X 
01 

- A (;l. +1) X )} • 
23 23 23 23 

We see that the requirement (6.11) is appropriate for all terms in B l • 

6.7. Fourier Decomposition of the RHS 

The three terms of equation (6.2) considered in the previous 

three sections all have the same form. They differ only in the details 

of their spatial integrals. In fact all the terms due to the B. have 
1 

this form. We handle the remaining terms in the same fashion. (For Bs 

it is conveni ent to convert to cross products as was done wi th Bit. 

These can then be dealt with conveniently via equations (B. 8) and (B. 9) , 

as well as the BAC-CAB rule for vectors.) We now have 
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1 r * -J B·u dV 
J V no no 

( 6. 12) 

where 

K 

Note that K3 .. , K" 6 and K" 9 never appear, so we just consider them to be 

zero. All the K integrals are given towards the end of this chapter. 

The extra term with the double sum is a result of the fact that second-

order terms with zero frequency are not included in this analysis (see 

Chapter 5). The one term B .. does not involve second-order terms so the 

sums are not restricted. In the future we shall not carry this term 

explicitly. Rather we redefine the Significance of the primes on the m2 

and m3 sums. Whereas before they meant not to include the terms where 

X 3 = -X 2 and m3 = m2 , now we take them to mean that these terms are not 

included for any term in K except K ..... 

We are now in a pOSition to consider the Fourier decomposition 

of the RHS of equation (6.2). All the terms in G3 are covered by the 
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expressions (6.3), (6.8) and (6.12). We seek out only the resonant 

terms, then apply the multiple-time formalism. 

As stated earlier, the terms in equations (6.3) and (6.8) are 

all resonant. As for equation (6.12), we see that we will have s ecul ar 

solutions to equation (6.2) if, for some combination of Xs, 

or, since we only require equality to zeroth order for resonance, 

± (1 KA' 

where we have used equation (4.32). The seculari ty condi tion above thus 

There are two types of resonant terms, those with angular fre-

quencies of approximately -0 and those with approximately +(1 . 
no no 

Applying the multiple-time formalism, we group each type and set the 

sums of such terms to zero. So, for example, in the group containing 

the factor exp(-i(1 <0) we have the first term in equation (6.3), the 
no 

first term in equation (6.8), and some of the terms in equation (6.12). 

In regards to the triple sum in equation (6.12) we have those terms 

where 

+1 • ( 6. 13) 
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The group containing exp(+io To) terms is very similar; it is essen
no 

tially the complex conjugate of the exp(-io To) group. Because of 
no 

this, it adds no independent information and therefore we concentrate 

all future efforts on the exp(-io To) terms. 
no 

Let us look at the angular frequency of the resonant terms in 

equation (6.12) more closely. We define a detuning parameter, L, that 

gi ves the differ ence between the act ual angular frequency an d the 

resonant angular frequency: 

0 123 

For resonant terms the difference (0 123 - 0 ) must be small. In fact, 
no 

using equation (6.9) and equation (4.32) through second order in m: 

L 0123 - 0no = 0KA( Xl+X2+X3-1) 

+ 0~,,(Xlml+X2m2+X3m3-mO) + 0~,,(X1m~+X2m~+X3m~-m~). 

The first term is zero by our secularity condition, equation (6.13). We 

saw earlier that the angular integration is zero unless the coeff ici ent 

of 0;" is zero (equation (6.11)). Therefore 

( 6. 14) 
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This is indeed small as we can see by equation (4.33). Therefore the 

term exp(-iho ) is slowly varying, and to make this more explicit we 

replace '0 wi th '2 in this term henceforth. 

6.8. The Amplitude Equations 

In this section we wri te down the amplitude equation and gather 

together all the important formulas from this chapter for easy 

reference. Collecting the terms in the exp(-ia '0) group and setting 
no 

them to zero we ha ve 

o. (6. 15) 

This is the sought for amplitude equation. It represents a set of 

coupled ordinary differential equations in time for the first-order 

time-dependent complex amplitudes, S. The quantities involved include 
n 

2:' = L 
123 

where the X's are restricted by 

Xl + Xz + X3 ( 6. 16) 

so as to pick out only resonant terms, and the m' s must satisfy 
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( 6. 17) 

otherwise the angular integrals in K are zero. The primes on the second 

and third sums signify that the terms where 

and 

ar e not to be i ncl ude d (s ee Chapter 5) for all terms in K except K ..... 

The coefficient of '[2 in the exponential is the detuning, that is, the 

difference in angular frequency from exact resonance. It is gi ven by 

J is the normalization integral for linear eigenmodes. It is given by 
no 

equation (4.31). 'l' is the radial integral associated with linear 
nono 

damping; refer to equation (6.7). 

Finally, we list the K integrals: 

K ( 6. 18) 

The sum over J!. includes all even values between I JlI and (2)'), where 
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See the text preceding equation (5.19) for details. The Ks are ex-

pressed in terms of angular integrals defined in Appendix B and radial 

integrals defined in Appendix C. The K3 integrals are: 

0, 

-XOl Xoo Xlo °23°123 {I 35l + ~1(1+1)I352 + ~1(1+1),O+1)I35" 
no n l 

+ ),(),+1)I 353 -!1(1+1)I 355 + [),(),+1) - t1(1+1)]r356}Z0111' 

-XOl Xoo X10 {I 36l + ~1( 1+1) 1362 + ),( ),+1) 1363 
no n l 

+ tQ.(1+1)'()'+1)I 36 "}Z0111' 

-XOI Xoo 023 {I 371 + ~Q.(1+1)1372 + >'(>'+1)1 373 no 

+ tQ.(1+1)>'(>'+1)I 37 ,,}ZOlJ.l' 
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and 

where 

Not e that all terms in K3 are proportional to ZOl]J. Therefore we must 

have 

O. 

The radial parts of the K3 integrals have three dependent variables. 

One is a second-order quanti ty. The other two are first-order quan-

tities associated with the (K,J.) multiplet. As for the K" integrals: 

-X0123 

-X0123 
XOO Xl 0 X3 0 

no n 1 n3 

° 23 

01 
{1"11Z 0123 + [1"l2 - 1"13 - A(J.+1)1"llt]X 

23 



K .... 

Z 
-X01Z3 Xoon on X3 0

n o 1 3 

01 

+ 1(1+1) (I .. 36-I .... 5 )]X 

01 

+ [fI .... 3 - I ...... ]X 
Z3 

Z3 

1 Z 

+ [I .... z - 1 .... 3 + I ...... ]X 
03 
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0
n ]_03} 

- [~I""5 + 1"59 X , X 0 2 n
2 

12 

K"6 0, 

X0123 

02 

+ >.( >'+1) 1"74 + 1"77 + >.( >'+1) 1 476 ]X 
13 

03 

+ [1,,73 + >.( ),+1) 1 47 ,,]X 
12 

-X0123 

02 

+ A( >'+1) (1 464 + 1466 )](X 
13 

03 _01 

+ X ) + [1 485 + >'(>.+1)I 486 ]X } 
12 23 
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and 

K"9 0, 

where 

x 0123 

Note that due to the angular integrations, all terms in Kit require 

m~ + mr + m~ + m~ = 0, or 

to be nonzero. The radial parts of the Kit integrals consist of four 

dependent quanti ties. They are all first-order quantities associated 

with the (K, A) multiplet. 
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CHAPTER 7 

SOLUTION OF THE AMPLITUDE EQUATIONS 

We now turn to the solution of the amplitude equations (6.15). 

It will be conveni ent to convert the com pI ex ampl it udes, S , i nt 0 real 
n 

amplitudes and phases. Therefore we assume 

+iljJn(L2,L3) 
an (L2,L3) e 

where the an and ljJn are real. Substi tute this into equation (6.15), 

then divide byexp(i1jJ J. Next define a relative phase variable, Y: 
no 

Also define a linear damping coefficient, n: 

n 
'!' 
-~ 2J • 

no 

The sign convention is such that n is posi ti ve for net damping. For a 

sl ightly more explicit expression for n, make use of equations (6.7) and 

(4.31). Next take real and imaginary parts of the equation. In dOing 

so note that the spatial definite integrals, K, are always real. The 

radial integrals have real integrands, and the angular integrals can 
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be expressed in terms of 3-j symbols which are real (Edmonds 1960, p.40 

and eqn.C3.7.3»). Equation (6.15) becomes 

and 

L' {K 
123 

I' {K 
123 

sine y) } 

cos (y) }. 

( 7.1) 

( 7.2) 

In general this system is very difficult to solve. In par-

ticular, it is much more complicated than the examples found in the 

astrophysical literature where the amplitude equations have been much 

simpler due to the type of problems addressed. In the problem treated 

here, we are interested in the interaction amongst 10 or 20 modes in a 

single multiplet, all of which have similar frequencies. Because of 

this, the interactions of interest between these modes do not occur 

until third order. Previously, all problems considered have involved 

two- or three-mode resonances involving at least two multiplets. These 

interactions occurred at second order. So, whereas we have a triple 

sum, with each sum counting over 10 or 20 elements, they had double sums 

wi th only three elements each. Not only that, only one term in their 

double sum was resonant! We, on the other hand, have many resonant 

terms since all the modes involved have similar frequencies. 



7.1. The Stability of a Straying Mode -

Approximating the Amplitude Equations 

146 

Because our amplitude equations are so complicated, we shall 

consider here a restricted problem which will greatly simplify the 

solution. Let us review the physical picture as given in Chapter 2. In 

the frame rotating wi th angular veloci ty Q~)., the angular frequencies of 

all the modes in the multiplet (k,t) = (K,).) are nearly the same, and 

nonlinear interaction might be expected to occur. Let us assume that it 

does so for some contiguous subset of modes in the mul ti pI et ext endi ng 

from the mode with m = ma to that with m = mb. All the modes of concern 

have angular frequencies in the inertial frame as given by equation 

(2.5), wi th (k, t) = (K,).). The restricted problem that we wish to 

consider is, what is the stability of this situation? That is, what 

occurs if one mode were to stray from the group slightly by allowing it 

to retain its natural angular frequency (uK>. + iiiu~). + iii2n~).)? Will it 

be drawn back into line, or will it stray further? Since only this one 

mode will be allowed to vary, the no in equations (7.1) and (7.2) need 

only refer to this mode. We do not need to consider a very large system 

of coupled equations conSisting of a set of equations like (7.1) and 

(7.2) for each mode involved. Therefore, we shall refer to the straying 

mode as mode 0, wi th no = (K, A,m o). 

It should be emphasized that in this restricted problem the 

straying mode is not allowed to affect the rest of the set; the set is 

fixed. Because of this we have an incomplete description of the 

energy balance of the straying mode. This mode can gain energy due to 
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coupling with the set, and lose energy due to its individual linear 

nonadiabatic properties. But it might also lose energy to the fixed set 

via coupling. The latter mechanism is not included in this simplified 

model. Nevertheless, we assume that the fixed set assumption is a 

reasonable one since there are typically 20 modes coupled, so that the 

energy of the set is much larger than that of the straying mode. 

To investigate this we assume that all the a 's except a o are 
n 

constant. What is more, we assume that they are the same constant. 

This reduces the number of variables dramatically. So we have 

a = a 
n 

constant 

As for the phases, we assume the nonlinear interaction has lined up the 

modes so that in the rotating frame they all have the same phase, 1/1. In 

the inertial frame the phases are thus 

ljIn 1jI - mljl, 

where 1/1 is a constant that depends on initial conditions. Further 

interpretation of 1/1 can be found in Rabaey (1989). For the straying 

mode we allow a time dependent term in the phase: 

-1/In 1/1 - mo1/l + ljI oCr 2 )· 
o 
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This reduces a very complicated system to one with nominally two vari-

ables, a o and ljIo. We shall make no attempt to calculate n from first 

principles, so that in actuality there are four unknowns: a o ' ljIo' a and 

n. With the theory gi ven in this dissertation and the help of observa-

tional data such as that obtained at SCLERA, these quantities can be 

determined. And in fact, data obtained at SCLERA (Rabaey 1989) is used 

in this thesis to estimate a and a o • Finally, as mentioned above, we 

assume the angular frequencies of the modes are given by 

( 7. 3) 

and 

( 7. 4) 

Plausi ble estimates for No are discussed in Chapter 2. 

Given the expressions of the previous paragraph, we now present 

the arguments that are used to reduce the system (7.1) and (7.2) to a 

system in a o and $0. Consider first the terms in the sums that do not 

involve mode 0, that is those terms where none of the three n's involved 

are no. What is Y in these cases? Using the appropriate O'n formulas, 

we have 

0'123 - O'n = X10' + XzO' + X3 11 - 11 = (Xl+XZ+X3-1) 0 , o n1 n2 n3 no KI\ 

+ (Xl+X2+X3)NoO~A + (xliiil+Xziii2+X3iii3-iiio)O~A - iii~n~A· 
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Making use of the conditions on the sums, equations (6.16) and (6.17), 

this reduces to 

In Y, we also have for this case 

~nO - Xl~nl- X2~n2 - X3~n3 

= (1-XI-X2-X3)~ - (mO-Xlml-X2m2-X3m3)$ + WO('2) 

Therefore, when mode 0 is not involved in the sums, the corresponding Y 

value is 

It will be convenient to use new variables to represent these particular 

values of L and Y: 

( N - m2)Ql1 
o 0 d. ( N - m2)a ll 

o 0 KA ( 7.5) 

and 

( 7.6) 
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Not e that Mo is just the diff~r ence between the mode-locked angular 

frequency and the natural angular frequency of mode O. 

Next consider a case where ml = mo , m2 ~ mo, and m3 ~ mo' Again 

we make sure to use the appropriate formulas for an and ljIn to obtain 

r (Xl+X2+X3-1) Gd. + (xliiio+Xliii2+X3iii3-iiio)G~A + (Xl-1)m~Sl~A 

+ (X2+X3)NoSl~A = (l-Xl)Mo 

and 

ljI - Xlljln - X2lj1n - X3lj1n = (1-XI-X2-X3)ljI + (-mO+XlmO+X2m2+X3m3)$ 
no 1 2 3 

+ (l-Xl)ljIo = (l-Xl)ljIo. 

so that 

y 0, +2 IS( L 2) • 

More generally. if out of the three m
i 
's (i = 1,2 or 3) involved in the 

sum term, only one, m., is equal to mo , then 
J 

y 

Next assume that two of the three m.' s are equal to mo: 
1 

and 
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We could proceed to determine an expression for the Y in this case, but 

on closer inspection we note that such terms are not consistent wi th the 

s urn condi ti ons (6.16) and (6.11). Assume that X 3 = +1. By equation 

(6.16) then, X2 

We must have m3 mo, which violates the ori ginal assumption. The other 

possibility is X3 = -1, but this leads to the same violation. 

Therefore, given the conditions (6.16) and (6.17), there will be no 

terms wi th only two of the three m. s equal to mo' 
1 

Finally, we must consider the case of m1 = m2 = m3 = mo' We 

find that L = 0 and Y = O. In summary then, gi ven our assumptions at 

the beginning of this section, all possible values of Y that appear in 

equations (7.1) and (7.2) are covered by 

Y jo, j 0, 1 or 2. 

We are now are ready to reduce our system to two equations in 

the two unknowns a o and $0' It will be convenient though to replace the 

variable $0 wi th 0 (see equation (7.6»). We note that the only time 

dependent term in $ is $0' so that 
no 

We also use the fact that all the Y's equal (jo). All the terms in the 

triple sums will result in one of the three values of Y. We group terms 

bas ed on Y. In equation (7.1) there are terms that depend on a 3s in( 0), 
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these are partial sums of the K's di vided by 20 J , which are just 
no no 

numbers which we label Ao through A3 • Equation <7.2) is treated 

similarly, and involves the same A. values. We have finally 
1 

and 

This is our reduced system in the two variables ao and 0. 

7.2. A Discussion of the A Coefficients 

( 7.7) 

( 7.8) 

The involved algebra of the three previous chapters results in 

sums of integrals which constitute the A coefficients. The number of 

-terms that qual ify for a gi ven A. vari es wi th subscri pt i, and wi th mo , 
1 

that is where mode 0 is relati ve to the mode-locked set. One can make 

an i ni ti al approximation to the A values wi thout performing any of the 

detailed algebra by replacing each A. wi th the number of terms in its 
1 

sum. (This does in fact turn out to be a fair approximation, except for 

an overall constant factor of course.) 

Table (7.1) gives values for the number of terms in each of the 

A. SlD'DS as a flmction of mo. The data there are for the case where the 
1 

range par ameter, N, is 21. Refer to the beginning of Section (2.3) for 
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definitions of the various parameters. The table entries are easy to 

compute. One chooses values for mo, rna' and mb • Now turn to the full 

sum as given in equation (6.15), for example. There are three m sums, 

each wi th N el ements • There are three X sums wi th 2 elements each. So 

the total number of possible terms is 8N 3
• One goes· through each of 

these terms and checks to see if the two conditions (6.16) and (6.17) 

are met. If so, one increments the value of the appropriate Ai' based 

on how many m's are equal to mo' etc. (see the previous section). 

Tabl e (7. 1) • The number of terms in the A. sums as a function of mo for 
the case of N = 21. 1 

mo Ao Al A2 A3 total 
----------------------------------------------------------------------

-10 120 570 0 3 693 
-9 120 621 6 3 750 
-8 120 666 12 3 801 
-7 120 705 18 3 846 
-6 120 738 24 3 885 
-5 120 765 30 3 918 
-4 120 786 36 3 945 
-3 120 801 42 '3 966 
-2 120 810 48 3 981 
-1 120 813 54 3 990 

0 120 810 60 3 993 
1 120 813 54 3 990 
2 120 810 48 3 981 
3 120 801 42 3 966 
4 120 786 36 3 945 
5 120 765 30 3 918 
6 120 738 24 3 885 
7 120 705 18 3 846 
8 120 666 12 3 801 
9 120 621 6 3 750 

1 0 120 570 0 3 693 
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We note that the values for A 1 are much larger than those of the 

others. Therefore one approximation is to negl ect all the A's except 

for AI" This is equivalent to an approximation where one ignores all 

the terms in the sums in equations (7.1) and (7.2) that involve mode O. 

The resul ting system is exactly analogous to the amplitude equations 

that are obtained from a damped, dri ven simple harmonic oscillator (see 

Appendi x E). So in our si ngl e straying mode approximation, where all 

the other modes in the locked set are considered to be unaffected by the 

straying mode, the system approximates a SHO where the dri ving force has 

an amplitude proportional to a 3AI" Based on our experience with SHO 

solutions then, we expect the steady state solution to be at the driving 

frequency. That is, we expect the straying mode to be pulled in fre-

quency back to that of the locked set. We also expect to see a phase 

difference that depends on the damping, n, and the distance the straying 

mode is off resonance, which is given by Mo here. 

Another observation from Table (7.1) is that overall, A3 is much 

smaller than the other A's, so that we might neglect A3 only. This is 

useful because the resulting system is linear in a o . 

Finally, we note that each A. is symmetriC in mo about mo O. 
1 

The entries in Table (7.1) depend only on N. They would be the same no 

matter what value is chosen for rna. Therefore we might expect our final 

results to show strong evidence of this sort of symmetry. For example, 

consider a multiplet with 2. = 30. Assume that 21 of the 61 possible 

modes are coupled. Based on the above observations we would expect that 

a o (rn o ) and o(rn o ) would be roughly symmetri c about the center of the set, 
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whether we couple modes with m's equal to -10 to +10, or modes with m's 

from +10 to +30. This is consistent wi th what one might expect from 

physical intuition. We note though that we should not expect full 

symmetry in our final results. The modes in the multiplet have eigen

functions proportional to Y~ which has symmetry with respect to the 

entire mul tiplet, not an off center set of modes. Also, the modes have 

eigenvalues that vary monotonically as you move across the multiplet (or 

any conti guo us set of modes), and these eigenvalues affect the coupling 

coeffi cients. 

Table (7.2). The number of terms in the sums in the A. s associated wi th 
gi ven combinations of a o and a, for varibus values of N. 
In all cases, mo mo = O. 

m mb N 

I a 3 I a oa 2 

A O+A2 I a~a I a 3 I total a 0 

Al Ao A2 A3 
-----------------------------------------------------------------------

-1 1 3 0 12 6 18 0 3 21 
-2 2 5 18 24 12 36 0 3 57 
-3 3 7 54 36 18 54 0 3 111 
-4 4 9 108 48 24 72 0 3 183 
-5 5 11 180 60 30 90 0 3 273 
-6 6 13 270 72 36 108 0 3 381 
-7 7 15 378 84 42 126 0 3 507 
-8 8 17 504 96 48 144 0 3 651 
-9 9 1 9 648 108 54 162 0 3 813 

-10 10 21 810 120 60 180 0 3 993 
-11 11 23 990 132 66 198 0 3 1191 
-12 12 25 1188 144 72 216 a 3 1407 
-13 13 27 1404 156 78 234 a 3 1641 
-14 1 4 29 1638 168 84 252 0 3 1893 
-15 15 31 1890 180 90 270 0 3 2163 
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Next turn to Table (7.2). Here we consider the number of terms 

in the sums in the A. 's associated wi th gi ven combinations of a o and nan 
1 

for various values of the range N. To the extent that these approxima-

tions for the A. 's are valid, we can learn more about the system from 
1 

these data. For example, note from equation (7.7) that the Az term, 

because it is linear in a o , acts as a linear damping or driving factor, 

depending on the actual sign of A2 and the value of o. Assume that A2 

and 0 are such that this term is an effective damping factor. Then we 

see from the table that as the range N decreases, this effecti ve damping 

becomes more and more important relative to the driving due to the set 

(the Al term). The driving term dominates at large N. By the way, the 

N values that actually appear in the SCLERA data (Rabaey 1989) range 

from 1 0 to 31. 

7.3. An Equilibrium Solution 

We now turn to an equilibrium solution of equations (7.7) and 

(7.8). That is, we assume that a o is constant in time. (Refer to 

Chapter for a discussion of the possible types of solutions.) From 

equation (7.7) we see that if we assume that a o is independent of '2' 

then 0 must be as well. So we have the immedi at e 1" es ul t: 

~1jJ 0 + Mo = o. 
0'2 

The phase of the straying mode varies linearly in time in just such a 

way so as to negate Mo, the difference between the mode-locked angular 
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frequency for mode a and its natural angular frequency. The term IS is 

then interpreted" as the constant part of the phase, IPo. The time

dependent phase IPo negates the tendency of the mode to oscillate at its 

natural frequency. Its angular frequency is pulled back into line with 

the other locked modes. This is a common result in problems involving 

equilibrium solutions (Nayfeh and Mook 1919; Aikawa 1984). 

Of course this result stems directly from our assumption of 

equilibrium solutions. (Note though that it would result even if all 

modes had a different constant amplitude.) So we turn to obtaining our 

restricted type of equilibritnn solution to the system, and in the fol

lowing section we will test the stability of the solution. 

Setting the L2 derivatives to zero in equations (7.1) and (1.8) 

yields the system for the equilibri tnn solution: 

( 7.9) 

and 

(7. 10) 

To solve this system we begin with an assumption that n is small 

or negligible. If n = a then 
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So ei ther sin( 6) 0, or 

cos (6) 

We shall find in the next chapter that Al » A2 , so that the second 

solution is not allowed. Returning to a small but nonzero n, we assume 

then that 

I:! + 6' where!J. ° or 1T and where 6' « 1. (7.11) 

Using this yields the system 

and 

where the upper sign is for I:! = 0 and the lower sign is for I:! = 1T. 

Which value of !J. is appropriate depends on which direction the 

frequency pulling is to take place; that is it depends on the sign of 

Mo. Since we shall find that A 1 dominates the other A coeffiCients, the 

sign of the RHS of the second equation is the sign of the Al term. 

Clearly then, we must choose the sign on the A I term depending on the 

Sign of Mo. (For Mo = 0, I:! is chosen based on all the A values.) Refer 
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back to Chapter 2 and the discussion of the various ways the modes in a 

set might lock up. If the modes all lock to the natural angular fre

quency of the mo = 0 mode then l!. = 1\" is appropriate for all the modes in 

the set, assuming C1~A is less than zero as it is in the SCLERA data 

(Rabaey 1989). If the modes lock instead to the natural angular fre

quency of the maximum m~ mode, then l!. = 0 is appropriate for all modes. 

But if the modes lock to the natural angular frequency of an inter

medi at e mode, then l!. will shift twi ce as you go across the modes in the 

set. 

Next we keep terms to first order only in 0'. Also we shall 

assume 

a(1 + a') wher e I a 'I < 1. 

This is prompted in part by the SCLERA data (Rabaey 1989). Although 

these data are not extremely sensitive to amplitudes of the modes, if 

there was a dramatic variation in amplitude across a mode-locked set it 

would show up as a variation in the observed amplitudes of the modes, or 

as a variation in the number density of observed modes versus m. These 

effects have not been seen. Also in favor of the above approximation is 

the fact that A3 is much smaller than the other A's, and it is only in 

the A3 term where this approximation will be used. To first order in a' 

then, we have 
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The system can now be approximated as 

(7.12) 

and 

( 7. 1 3) 

To obtain an equation for the am pI itudes of the modes we turn to 

equation (7.13). To estimate the amplitudes, we drop at so that ao = a. 

Sol vi ng for "a" yi el ds 

( 7. 1 4) 

Results for "a" are presented in the next chapter. They constitute the 

single most important result of this dissertation. Note that this is a 

fully adiabatic result; we would obtain equation (7.14) even if n were 

zero. 

Return to equation (7.13) and retain a'. Solving for ao/a: 

This gives the variation in a o across the mode-locked set once "an is 

known. Numer i cal results are presented in the next chapter. Note the 

similari ty of this expression to the tradi tional steady-state am pI i tude 
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of a SHOo Recall that Mo is an. (w-wo) type factor. In the tradi tional 

solution (refer to Chapter 2), when there is no damping the amplitude 

blows up at resonance (w=wo )' Damping serves to limit this divergence 

by adding an extra term in the denominator. We see here that even in 

the absence of linear damping, there is an effective damping due to the 

coupling. The A coefficients in those terms that are linear in a o serve 

to limit the amplitude divergence at resonance (Mo = 0). Nevertheless, 

a tendency to diverge remains and we see that the functi onal form of 

(ao/a) vs rno will differ considerably depending on how the modes couple; 

that is, depending on which modes retain their natural angular fre-

quencies. 

Turn now to equation (7.12). Solving for 0': 

o ' n (aQ/a) 
az (±A 1 + 2A:t(ao/a)]" 

(7.16) 

Given a nonzero linear damping, one would expect to have nonzero results 

for 0', just as in the traditional SHOo Since 0' is proportional to 

(ao/a), the functional form of 0 '(m o ) will vary depending on how the 

modes lock, just as a o (m o ) does. Preliminary attempts to measure n 

based on equation (7.16) are discussed in Chapter 8. 

7.4. A Stability Analysis 

We now turn to the stability of the above equilibrium solution. 

We fOllow a common procedure where one expresses the variables as a sum 

of an equilibrium term and a small perturbation from equilibrium. One 
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linearizes the system in the ~mall perturbations, then looks at the 

roots of the corresponding characteri sti c e quati on. For stable equi-

libri urn solutions the real parts of these roots are all less than zero. 

Assume 

and 

a(1+a), 
e p 

(0 «1) 
p 

(a «1 ) 
p 

then substitute into equations (7.7) and (7.8), keeping terms to first 

order in small perturbations only. The zeroth order terms cancel by use 

of equations (7.9) and (7.10). Next use equation (7.10) to replace the 

coefficient of 0 in the first equation, and equation (7.9) to replace p 

the coefficient of 0 in the second, obtaining p 

and 

Temporarily wri te the system as 



aa 
-E.+a F+o G=O 
a1: 2 P P and 

Assume a solution of the form 

a 
p 

= a 
a 

e \)1: 2 and 

ao
p 

+ a H + 0p I 
a 1:2 p 

The characteri stic equation is thus 

\)2 + (F + I)v + (FI - GH) O. 
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O. 

To test the roots, we apply the Hurwitz stability criteria (Boyce and 

DiPrima 1965, p.208; Unno et.al. 1979, p.195). This results in the 

re quir ements 

(F + I) > 0 and (FI - GH) > O. 

The first condition gives 2n > O. So one requirement for equilibrium 

solutions to exist is that the linear nonadiabatic terms provide for a 

net damping. The second condition yields 

b n2 + (Mo + a2AO + a~A3)2 - a"A~ 

+ 2a 2A3[M o + a2Ao + a2A3 - a 2A2cos(2cS)] > O. e e e ( 7. 17) 

Calculated values for b are given in Chapter 8. 
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CHAPTER 8 

COMPARISON OF THEORY AND OBSERVATION 

In this chapter the numeri cal calculations are descri bed and the 

results are compared to recent analysis of data obtained at SCLERA 

(Rabaey 1989). A large number of figures are included. 

8.1. The Numeri cal Calculations 

The computations done for this dissertation implement the work 

described in Chapters 4 through 7. An overview of what is required is 

as follows. The equations of solar physi cs used here involve four 

independent variables -- time t and the spherical polar spatial coor

dinates r, 8 and <p. As discussed in Chapters 5 through 6, the t, 8 and 

<p dependence of solutions is determined analytically. This is possible 

because the solar model used is static and spherically symmetric. It 

has Variation in radius only. But the model used is a realistic solar 

model, and so has a nontrivial radial dependence. Therefore the radial 

solutions must be performed numerically. 

The key quantities to be determined are the coupling coeffi

cients K that appear in the amplitude equation (6.15). These involve 

integrals of the first- and second-order solutions which, therefore, 

must be determined first. The basic steps in the computations are: 

(1) numerical profiles of the equilibrium parameters that characterize 

the solar model are established, 
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(2) the r'adial par'ts of the linear' eigenfunctions are determined 

numerically, 

(3) two point boundary value problems for the radial par'ts of the 

second-order solutions are solved numerically, 

(4) the third-order integrals involving (1), (2) and (3) are deter

mined, yielding the K's that appear in the amplitude equations, and 

(5) the K's are combined to obtain the A coefficients that appear in 

Chapter' 7, and these are used to obtain the final resul ts. 

In the sections to follow we provide more detail regarding each 

of the above steps. We also mention the FORTRAN routines that were 

wri tten to implement these tasks. Programs wri tten by Rosenwald (1986) 

were only slightly modified to provide the code for (1) and (2). In the 

last section of this chapter the resul ts are presented. 

These programs were extensi vely ~ested at each stage of develop

ment. Some of these tests are mentioned below. Never'theless, the code 

can only be as accurate as the mathematics that it is meant to imple

ment. To verify the results in Chapters 5 and 6 and Appendices Band C, 

the entire calculation was redone independently six months after the 

ini tial derivation. No errors were found. 
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8.2. Interpolating the Solar Model 

The model used (Saio 1982) consists of the values of 18 quan-

tities (such as interior mass, temperature, pressure, density and 

various partial derivatives) at 282 radii. It is a standard solar 

model, with X=0.74, Y=0.24, and Z=0.02. Following Rosenwald's procedure 

(Rosenwald 1986), the first step is to calculate the five equilibrium 

* parameters needed (U, c l , A , Vg and rlO; see below), and then interpo-

late them to obtain profiles consisting of values at 12,265 different 

radii. This is accomplished wi th the program T1234. F. To obtain first-

order solutions with (k,1) :::: (15,30), Rosenwald (1986) had determined 

that a profile of 1600 to 1700 points was quite adequate for most pur-

poses. The higher point density was necessary here because of the 

second-order solutions. 

A small glitch was discovered in the Saio model for many of the 

18 variables (in density and in all variables dependent on density?). 

In density it appeared as a sudden offset of 0.5% at radius 

r = 0.0575 R, where R is the solar radi us. For the cal culations done for 

thi s di ssertation, thi s di sconti nui ty was removed empiri cally in all the 

variables used. 

In performing the interpolation, two spline fits were made to 

the inner 281 radii (the 282nd values were not used). Two fits were 

used because of a sudden change in the densi ty of absci ssae (In(r)) at 

the base of the convection zone. Rosenwald's original procedure in-

volved three spline fits. The extra spline was needed because of the 

discontinui ty mentioned above. T1234. F is a menu-dri ven routine that 
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allows the user to choose, among other things, Rosenwald's original 

point density or the density used here, and the number of spline fits. 

8.3. Integrating the Linear Equations 

Once the radial profiles of the equilibrium parameters are 

available one can determine the radial profiles of the first-order 

solutions by solving the two pOint boundary value problem given by 

equation (4.27) and appropriate boundary conditions. This is a 

homogeneous problem involving eigenvalues. 

The actual calculations are performed in terms of dimensi onl ess 

variables (see e.g. Unno et al. 1979, section 17). The equilibrium 

parameters used are 

U 

* A 

and 

v g 

(r/R) 3 

(M 1M)' 
r 

d(lnM ) 
r 

d(lnr) , 

g 
_d(lnP o ) 

rlO d(lnr) 
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where M is the solar mass, M is. the mass interior to radius r, and the 
r 

other quanti ties are defined in Chapter 4. For the. computations a 

* different formula for A was more convenient because of the variables 

that occur in the Saio model; see equation (17.15) in Cox (1980). 

Radial profiles of these four quanti ties appear in Figures (8.1) through 

(8.4). The Dziembowski variables are used for the dependent variables 

(Dziembowski 1971). In the Cowling approximation they are given by 

and 

w 
r 

-p-. 
pogr 

Also used are dimensionless versions of radius and angular frequency: 

r x =-
R 

and 

where G is the gravitational constant. Expressing the system (4.27) in 

terms of these eight variables results in 
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X 
dYl - (Vg - 3)Y1 ( 2.0.+1) 

- Vg )Y2 0 ) 
dx C1oo 2 . 

J 
( 8.1) 

dY2 * (A* - U + 1 )Y2 X dx - (C 1oo 2 - A )Y1 0 

We note here that 2. = 0 should be treated as a special case (Dziembowski 

1971). When 2. = 0 the coefficient of Y1 in the second equation should 

* be replaced with (C 1oo 2 - A + U). In first order this is not a concern 

for us since we have 2. = A 30, but we will have to deal wi th second-

order systems wi th 2. = o. 

The boundary condi tions can be obtained by following the proce-

dure in section 17 of Unno et al. (1979), specialized to the Cowling 

approximation case. Details are given in Appendix F. The first-order 

boundary condi tion at the center of the Sun is 

( 8.2) 

wher e 00 is the di mensionless eigenvalue for the mode being determined. 

At the surface 

( 8.3) 

where 

( 8.4) 



and 

V(1)-3. 
g 

and * A(1) +1. 
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( 8.5) 

There are two main classes of numerical techniques used to solve 

two point boundary value problems. (See any text on numerical methods. 

e.g. Press et ale 1986.) The relaxation methods constitute one class. 

The differential equations are replaced by finite difference equations 

on a mesh of points. and then a trial solution defined on the mesh is 

adjusted iteratively so as to bring it into successively closer agree-

ment wi th the difference equations and the boundary condi tions. The 

other class of techniques is the shooting method (Roberts and Shipman 

1972; Keller 1976). One chooses a full set of conditions at one bound-

ar y. consistent wi th the boundary condi tions at that boundary but 

otherwise arbi trary. and then performs an ini tial val ue i nt egration of 

the equations to the other boundary. In general the boundary condi tions 

there will not be satisfied. However. based on the discrepancies one 

can adjust the initial conditions appropriately for a better "shot". 

For linear systems (such as equation (8.1)) only one shot is necessary. 

Equations (8.1) are well known in the stellar physics literature 

and solutions are commonplace. The majority of researchers in stellar 

oscillations have used relaxation methods (see e.g. Unno et ale 1979. 

section 17). Rosenwald (1986) however uses a shooting approach. In 
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particular, he uses parallel shooting wi th Godunov-Conte orthonormaliza.-

tion, and takes advantage of the separated boundary conditions. 

Rosenwald wrote his code based on Keller (1976). However, a more lucid 

introduction to the ideas behind this approach to nUlllerical computation 

can be found in Scott and Watts (1977). For a general introduction to 

shooting, refer to Roberts and Shipman (1972). 

The general solution to an order n nonhomogeneous system is 

gi ven by 

n 
y(x) = vex) + I E;i U i (x), 

i=1 

where the u.' s are n linearly independent homogeneous solution vectors 
1 

wi th n components each and v is a particular solution vector to the 

nonhomogeneous system. Separated end conditions refers to the case 

where the conditions consist of k relationships involving the dependent 

variables (i.e. the components of y) at one boundary only, and (n-k) 

conditions involving only the other boundary. In such a case, if we 

choose sui table ini tial values, we can express y in general as 

k 
y(x) = vex) + I E;j uj(x). 

j=1 
( 8.6) 

This is a significant worksaver since fewer solutions must be determined 

to obtain y. 
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Parallel shooting refers. to specifying initial values for v and. 

the u.' s consistent wi th the boundary condi tions at one end, integrating 
J 

each solution in parallel to the other boundary using an ini tial value 

integration technique, then determining the E;. 's by applying the far 
J 

boundary condi tions • The problem is that the u.' s must be linearly 
J 

independent. Typically in numerical integration the u. 's will lose 
J 

their independence. To avoid this problem one periodically orthonormal-

izes the solution vectors. Let a "panel" refer to the range in x 

between two points of orthonormalization. One has a system of the form 

of equation (8.6) for each panel. When one reaches the far boundary, 

one applies the far end condi tions to obtain the E;. 's in the last panel. 
J 

Then one works one's way back in x, determining the E;j'S for each pre-

vious panel by requiring continuity of y(x) at each panel interface. 

Now the solution y(x) is available since all the E;. 's are known. 
J 

In general a program could test periodically in x to see if 

orthonormalization is required. Rosenwald (1986) took a different 

approach. He orthonormal ized at every radi us as determined in the 

interpolation in T1234. F, thus avoiding the need for testing. His 

procedure was adopted for this work. The radii are sufficiently close 

together that a local approximation can be made for the system. That 

is, the point density is large enough so that A and F (see below) can be 

treated as constants between one point and the next. Consider our 

system (8.1), and generalize it by adding nonhomogeneous terms (so that 

the formula given below can be used for second order as well). In 

vector form it can be wri tten 
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y'(z) - A(z) y(z) F( z), 

where z = In(x) is used as the dependent variable. (The panel involving 

x = 0 is treated as a special case. See Appendix F.) To integrate from 

z. to z. 1 we assume that A and F are the constants Ao = A(z.) and F 0 = 
1 1+ 1 

F(z.), perform a series solution (see e.g. Hochstadt 1975), and evaluate 
1 

it at zi+1. We find 

s 
y (z .) + 

1 
L 

t=1 

In practi ce we must truncate the sum at a fini te value s. A val ue of 6 

was used for s in the computations. 

The orthonormalization procedure is straightforward as well. 

Let the subscript "0" represent the far end of the panel that we have 

just integrated across, and "n" the beginning of the next panel. We 

normalize u to unit length and set u to the result. Then v is the o n n 

proj ection of Vo orthogonal to un: 

v - (u ·V )u . 
o non 

For further information, see Keller (1976) or Scott and Watts (1977). 

For the second-order solutions there are no free parameters, and 

the calculations ar e a strai ghtforwar d appl icati on of the procedur e 
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outlined above. This is also true of the fil"st-ol"del" homogeneous solu

tion once the eigenvalue is known. In fact, for our case of an order 2 

system where the k in equation (8.6) is equal to one, there is only one 

constant and that is arbitrary for the homogeneous problem! Therefore, 

parallel shooting and the associated orthonormalization are not needed! 

Also, it is not necessary to perform the back substi tution descri bed 

abo ve • We do not need to make us e of the outer boundary condition 

because it is already satisfied, assuming that 11)2 is an eigenvalue. 

But we must find an eigenvalue first. The procedure to do so is 

a standard nonlinear equation root finder, where the function to be 

evaluated is a discriminant based on the integration of the system for a 

trial eigenvalue. For the order 2 system we have, the discriminant is 

evaluated as follows. We integrate the system from x = 0 to x = 1 using 

the trial eigenvalue. Upon reaching the surface, we substitute the 

solution into the boundary condition (8.3) and evaluate it. This is the 

discriminant. If it equals zero we have found a root and an eigenvalue. 

The first-order solutions were obtained wi th the system order = 

2 option of a program called BVSHOOT. F. This was adapted from vari ous 

routines written by Rosenwald (1986). It is a menu-driven routine that 

allows the user to choose the system order and an i value, detel"mine a 

set of eigenvalues, or determine a radial eigenfunction given an eigen

value. Given an i value, a series of eigenvalues can be determined. 

These correspond to different values of k. (For the Sun one can deter

mine k by counting nodes in the corresponding radial eigenfunction. See 

Unno et al. (1979) or Cox (1980).) Since we ignore the rotational 
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pertl.ll"bation to the eigenfunctions, once we choose 2. and k we can deter-

mine profiles for Yl and Y2 that are valid for all the modes in that 

multiplet. They were normalized so that Yl(x)=1 at its maximum value. 

Figures (8.5) and (8.6) give the profiles for (k,2.) = (15,30). 

8.4. Obtaining the Second-Order Solutions 

As for the first-order solutions, the second-order solutions are 

determined analyti cally except for the radial dependence. The latter is 

given by equation (5.14), with appropriate boundary conditions. This 

too is a two point boundary value problem, but this one is non-

homogeneous and does not involve an eigenvalue. The angular frequency 

<112 (= Xl<1 +X2<1 ) is prespecifiedj it is not part of the solution. As n 1 n2 

long as CJ 12 is not an eigenvalue of the corresponding homogeneous sys-

tern, there will be a solution (Boyce and Di Prima 1965). As mentioned 

in Chapter 5, it is assumed that CJ 12 is never such an eigenfrequency. 

We note though that for this to be valid for the smallest 0'12 values 

us ed r equ i res a very small wi ndow about the ei genfrequenci es, since the 

latter get denser and denser in angular frequency space as O'n gets 

smaller. In the vicinity of 3401JHz (I< '" 15), the eigenfrequencies are 

separated by about 61JHz. By the time you get to eigenfrequencies of 

551JHz (k '" 225), they are separated by only O.21JHz. Unfortunately, the 

smallest (a 12 /21T) values used here are 2.91JHz. 

The second-order calculations were done in terms of the same 

dimensionless variables that were used in the first-order calculations, 

except that second-order variables analogous to Yl and Y2 were needed: 
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and 

The system (5.14) transforms into the same system as in first 

order, equation (8.1), except for the presence of the nonhomogeneous 

terms 1; 120 and n12 0' and the replacement of w wi th W12 and 1 wi th 10 on 

the LHS. For future reference we wri te it in the form 

and ( 8.7) 

In terms of dimensionless variables the nonhomogeneous terms are 
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1; 1 2 0 {
X 00 * 

-X Z ~ v {(C 1.1)2 -A )y2 + Cf 10-1)VgY1Y2 012 012 00
12 

g 1 KA 1 

and 
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where the X. 's are defined in. Section (5.1) and X012 and Z012 are 
1 

defined in Section (5.5). As in earlier chapters, K and A refer to the 

k and ~ values of the multiplet under consideration. Figures (8.7) 

through (8.10) give typical profiles for these nonhomogeneous terms. 

Note that the number of local maxima is roughly double the number that 

occur in the Yl and Y2 used. This is a typical result. 

The second-order boundary condi ti ons ar e deri ved in Appendi x 

F. They are 

at the center and 

at the surface, where B± is given by equation (8.~) with 0012 replacing 00 

and ~o replacing~. Also 

and 

b12 (n 12o/pog) - b22 ?;;12 0 
b 11 b22 - b12 b21 

b21 ?;;120 - b 11 (n!20/pog) 
b ll b22 - b12 b21 



179 

When the term under the square root sign in B± is posi ti ve, B_ is to be 

used. If it is negative then we would use B+ or B_ depending on the 

sign of (012' In our particular problem we ignore the imaginary terms. 

See Appendix F for further discussion. 

The second-order systems were solved using the shooting tech-

nique described in the previous section. Although k is still equal to 

one in equation (8.6), we now have a nonzero vex). Therefore it is 

necessary to use the parallel shooting, orthonormalization and back 

substitution described in the previous section. For this dissertation, 

Rosenwald's algori thm was augmented to handle these nonhomogeneous 

systems. For testing and development purposes a menu choi ce was added 

to BVSHOOT. F. For the actual production runs, these computations were 

done in the routine CUPCO. F, which is descri bed in more detail below. 

For cases where 0'12 == ± 20'KA the second-order solutions were 

well behaved. There are no eigenfrequencies for these £. values in this 

vicinity to cause problems. The set of - 1700 radii as originally 

specified by Rosenwald would have been qui te adequate for these calcula-

tions. An example of such a solution is shown in Figures (8.11) and 

(8.12). Note the clear evidence of the nonhomogeneous terms involved 

(Figures (8.7) and (8.8)). We can see how this comes about by solving 

equations (8.7) for Y1 or Y2' Using primes to denote deri vati ves wi th 

respect to In(x), we have 

A " 
A, , A , 

Y1[a ll +a 22+(ln(a 12 )) ] + Y1[a12a21-a22a11+a11-a11(ln(a12))] 
, , 

+ l,;120[-a22 -(ln(a 12 )) ] + /;120 + (n120/ pog)a 12 
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and 

"'11 A, , ,.. t 

Y2[a11+a22+(ln(a21)) ] + Y2[a12a21-alla22+a22-a22(ln(a21))] 

+ (n120/ pog)[-all -(ln(a 21 )) '] + (n120/ pog)' + 1;120a 2l" 

Consider Y1 for the case depicted in Figures (8.7), (8.8), (8.11) and 

(8.12). The coefficient of Y1 is much larger than the other terms in 

the equation, so one might expect the homogeneous solution to dominate. 

But there are no eigenvalues in the vicinity of W~2 = 41 for t = 56, so 

the homogeneous solution is essentially zero. Turning to the driving 

terms, in the region where they are largest the (n12o/pog)a12 term 

dominates, so one might expect Y1 to look a lot like (n12o/pog) for this 

case. Similar arguments lead to an expectation that Y2 should look 

s om et hi ng 1 ike I; 12 0 • 

The cases where au == 0 can be another story, particularly for 

the smallest a 12 values. This is due to the fact that as a gets 

smaller, the density of eigenfrequencies (corresponding to larger and 

larger k values) gets larger and larger. So the smaller au is, the 

more apt it is to be very close to an eigenfrequency. (Alternately, as 

one holds a12 fixed and increases t, problems get worse and worse for 

the same reasons.) As a result the numerical solution blows up, by as 

many as one hundred orders of magni tude in extreme cases. Nevertheless, 

even in these cases the solution damps out once it gets to the convec-

tion zone, following the usual behavior of g-mode eigenfunctions. The k 

values of the nearby eigenfrequencies for these extreme cases probably 
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approach 10, 000. This means the radial eigenfunction has on the order 

of 10, 000 nodes between the center and the surface, and clearly on the 

order of 40,000 pOints would be necessary to suitably desCl"ibe such 

functions. This explains the necessity of increasing Rosenwald's 

original point density dramatically. It was found that the solutions 

were well behaved, that is did not blow up, if the point density was 

lar ge enough to adequately descri be them. 

Figures (8.13) and (8.14) show the second-order solution for a 

case with a moderately small value of 012' In terms of dimensionless 

-2 
units the IW121 values (that are less than wd ) range from == 2.9xl0 to 

1.74 or more. The value appropriate to these figures is 

W12 = -0.115523226. This solution is well behaved. One sees clear 

evidence of the nonhomogeneous (driving) terms (Figures (8.9) and 

(8.10)), as well as another component related to a homogeneous solution 

for a nearby eigenfrequency. For this case the nearby eigenfrequency 

has a k of the order of 225, as estimated from the plots. 

Figures (8.15) and (8.16) show the solution for a much smaller 

012 value. This is a borderline case where the solution has started to 

blow up but it still manageable. Note that evidence of the dri ving term 

is still clearly visible. This is considered manageable because in the 

integrals to be done for the coupling coefficients, the quickly oscil-

lating component will contribute very little. This was verified in 

tests, but it is to be expected; the integrands involving these solu-

tions consist of products of one of these solutions, two of the first

order solutions (see Figures (8.5) and (8.6), for example) and 
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equilibrium quantities (Figures .(8.1) through (8.4»). Nevertheless, 

when the solution starts to blow up many orders of magni tude there soon 

comes a point where it is unusable. The program CUPCO. F allowed the 

solutions to blow up to two to three orders of magni tude larger than the 

part due to the dri ving terms before discarding them. 

The program wri tten to calculate the coupling coefficients K is 

called CUPCO. F. It determines second-order solutions as a subroutine 

when necessary. In order to investigate the coupling between 21 modes 

(for example) a large number of coupling coeffiCients must be calculated 

(equation (6.15»). In terms of the range parameter N, there are 

8N3 = 74,088 possible terms in the sum for each mode. For all 21 modes 

we have 1,555,848 terms. Fortunately only 18,543 of these terms satisfy 

the conditions (6.16) and (6.17). Many of these have different 0'12 

values and for each O'u~ value, second-order boundary value problems must 

be done for between 1 and (2),/2) JI. values. (Refer to the discussion 

regarding the JI. sum just after equation (6.18).) For 21 modes it turns 

out that between 25,817 and 33,097 boundary value problems must be done, 

depending on where the range is situated in the multiplet. This is a 

time consuming computational exercise. The coupling coefficients calcu

lated for a set of 21 modes required about 3 weeks (wall clock time) of 

runtime on a small minicomputer (Celerity 1200) that saw only moderate 

daytime usage (mostly word processing) otherwise. CUPCO was carefully 

written to maximize runtime efficiency. 

To use a point densi ty large enough to handle the smallest 0' 12 

values with the largest values of 9. 0 (that is, largest number of nodes 
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in the solution) would have increased this execution time significantly. 

Based on tests done at different point densities, it is estimated that 

30, 000 pOints might be adequate. Therefore a compromise was made be-

tween rtmtime (that is, number of points used) and the necessity of 

discarding solutions at the smallest 0'12 and/or largest 2.0 values. The 

" , 
number of points chosen was 12,265. Since O'KA « O' KA as determined in 

the SCLERA data (Rabaey 1989), small values of 0'12 are approximately 

, 
0'12 ± (O'

n1 
- O'

n2
) = ± (O'KA + m1O' KA - O' KA - m2O' KA ) 

, , 
= ± (m 1 - m2 ) O'KA = 1l0'KA· 

So the small 0'12 values essentially consist of a discrete set given by· 
, , , 

± O'KA' ± 20'd' ± 30'd' etc. (ll = 0 is not considered; see Chapter 5.) 

With the compromise adopted, solutions must be thrown out for 2.0 values 

between 28 and (2A) for Illl = 1, and 2.0 values between 54 and (2A) for 

Illl = 2. For all other II values, no solutions are discarded. Working 

in our favor is the fact that, for a given 0'12 value, as 2.0 gets larger 

than about 40 the contri butions to the to sum (see equation (6.18») 

become an order of magnitude or more smaller than contributions from 

smaller 2.os. Based on tests made at a series of different pOint den-

sities, it is estimated that, overall, the A coefficients of Chapter 7 

calculated for this dissertation are accurate to within 10% or better. 

To increase time efficiency, CUPCO.F used three different point den-

sities: one quarter 12,265, one half 12,265 and 12,265. The program 
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Figure (8.1). The equilibriwn solar model: U vs. In(x). 

The abscissa is the logari thIn of x = r/R, the radius normal ized 

to its surface value. 
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Figure (8.2). The equilibrium solar model: c 1 vs. In(x). 

The abscissa is the logari thm of x r/R, the radius normalized 

to its surface value. 
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* Figure (8.3). The equilibrium solar model: A vs. In(x). 

The abscissa is the logari thin of x = r/R, the radius normal ized 

to its surface value. Note that the ordinate scale on the middle plot 

differs from the other two. 
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Figure (8.4). The equilibri urn solar model: V vs. In(x). g . 

The abscissa is the logarithm of x = r/R, the radius normalized 

to its surface value. 
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Figure (8.5). The (k,1) = (15,30) first-order solution: Yl vs. In(x). 

The normalization is to unity at the maximum value of Yl. The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. 
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Figure (8.6). The (k,2.) = (15,30) first-order solution: Y2. vs. In(x). 

The normalization is to ut1ity at the maximum 'faiue of Y1' The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. 
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Figure (8.7). An ~0=56 second-order driving term: /;120 vs. In(x). 

The parameters used are IC = 15, A = 30, ~o = 56, IJJ l2 

6.42710619. ml = 3. m2 = 12, Xl = 1 and Xz = 1. The abscissa is the 

logari thm of x = r/R, the radius normalized to its surface value. 
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Figure (8.8). An 9. 0=56 second-order driving term: (n120/pog) vs. In(x). 

The parameters used are K = 15, A = 30, 9. 0 = 56, Ul12 = 
6.42710619, m1 = 3, m2 = 12, Xl = 1 and X2 = 1. The abscissa is the 

logarithm of x = r/R, the radius normalized to its surface value. There 

is a spi ke at the surface to -1.5 that is not shown. 
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Figure (8.9). An 2,0=6 second-order dri ving term: /;120 vs. In(x). 

The parameters used are K = 15, A = 30,1 0 = 6,0012 

-0.115523226, m1 = 3, mz = -1, Xl = 1 and X2 = -1. The abscissa is the 

logari thm of x = r/R, the radi us normal ized to its surface value. 
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Figure (8.10). An 2.0=6 second-order driving term: (n 12o/pog) vs. In(x). 

The parameters used are K = 15, A = 30, 2.0 = 6, W 12 = 

-0.115523226, ml = 3, m2 = -1, Xl = 1 and X2 = -1. The abscissa is the 

logarithm of x = r/R, the radius normalized to its surface value. There 

is a spike at the surface to +114. that is not shown. 
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Figure (8.11). A second-order solution for large W1 2 : YI vs. In(x). 

The parameters appropriate to this solution are K = 15. A = 30. 

)!.o = 56. W 12 = 6.42710619. m1 = 3. m2 = 12. Xl = 1 and X2 = 1. The 

abscissa is the logarithm of x = r/R. the radius normalized to its 

surf ace val ue . 
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Figure (8.12). A second-order solution for large WI Z : Yz vs. In(x). 

The parameters appropriate to this solution are K = 15, A = 30, 

~o:: 56, WIZ = 6.42710619, m1 = 3, mz = 12, Xl = 1 and Xz = 1. The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. 
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Figure (8.13). A second-order solution for small 11112 : Yl vs. In(x). 

The parameters appropriate to this solution are K = 15, A = 30, 

~o = 6,11112 = -0.115523226, ml = 3, m2 -1, Xl = 1 and X2 = -1. The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. There is one more oscillation (max value = 204.) inside 

of In(x) = -6.0 that is not shown. 
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Figure (8.14). A second-order solution for small 11)12: Y2 vs. In(x). 

The parameters appropriate to this solution are K = 15, A = 30, 

9. 0 = 6,11)12 = -0.115523226, m1 = 3, m2 -1, Xl = 1 and X2 = -1. The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. There is a spike at the surface to +0.0157 that is not 

shown. 
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Figure (8.15). A second-order solution for very small 0012: Yl vs In(x). 

The parameters appropriate to this solution are " = 15, >. = 30, 

2.0 = 24, 0012 = -0.0288716256, m1 = 0, m2 = -1, Xl = 1 and X2 = -1. The 

solution gets large in the very core in a manner reminiscent of the 

solution in Figure (8.13), The abscissa is the logarithm of x = r/R, 

the radius normalized to its surface value. 
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Figure (8.16). A second-order solution for very small W12 : Y2 vs In(x). 

The parameters appropriate to this solution are K = 15. A 30, 

l!.o = 24, W1 2 = -0.0288716256, m1 = 0, m2 = -1, Xl = 1 and X2 = -1. The 

solution gets large in the very core in a manner reminiscent of the 

solution in Figure (8.13), The abscissa is the logarithm of x = r/R, 

the radius normalized to its surface value. 
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used the least dense set possi.ble, switching only when it detected 

solutions blowing up by three orders of magnitude or more. 

8.5. Calculating the Coupling Coefficients 

Given the first- and second-order solutions, the computational 

requirements for this stage are qui te straightforward. cupeo. F keeps 

track of the sums appearing in equation (6.15) and conditions (6.16) and 

(6.17), and for each case determines the radial integrals as listed in 

Appendi xC. (For the final computations the integrands in Appendix e 

were combined somewhat before integration.) A simple trapezoidal in

tegration rule was used. Tests were made with spline integration but it 

was found that the change in A coefficient values (presumably for the 

better) was less than 1%. This was judged not worth the significant 

increase in execution time needed. 

The integrals were determined in two subroutines called from 

CUPCO.F. The dimensionless variables were recombined to yield the 

variables as they appear in Appendix C, except for factors of R, M and 

G. Then the integrals were performed in two ways to check on the code: 

(1) they were calculated just as they appear in Appendix e, and (2) the 

integrands were combined analytically as much as possible and then 

integrated numerically. For (2) the K3i integrals (see equation (6.18») 

were each done with a single integration. The integrands for the Klji 

integrals were combined as much as possible without including angular 

integrals or factors of o. Approach (2) was more time efficient because 
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of a significant reduction in the number of calls to the integration and 

differentiation subroutines, and so was used in the production runs. 

Also, it is apt to be less prone to numerical errors resulting from 

subtraction. 

Also needed to determine the coupling coefficients were the an 

values and various angular integrals. The former were determined using 

r " 
equations (7.3) and (7.4), with QKA' QKA' and Q

KA 
taken from SCLERA data 

(Rabaey 1989). The angular integrals can all be expressed in terms of 

3-j symbols. See Appendix B. The latter were determined by a recursion 

technique that made use of equations (C.20) and (C.25) of Messiah 

(1958). (Note that in (C.20) there is a factor of 4 error in f(x)!) 

8.6. Making Use of the Calculated Coupling Coefficients 

The time consuming part of the computations is determining the 

coupling coefficients K. This is done in CUPCO. F, the resul ts being 

wri tten to a file for subsequent use. The next step is to combine the 
\ 

K's into the A coefficients as described in Chapter 7, and then deter-

mine the final results as per equations in that chapter. These are 

simple algebraic calculations and need no further discussion here. 

Because the K values are saved, one can alter the amplitude equation 

analysis wi thout redoing the time consuming CUPCO. F calculations. The 

routine that performs this analysis is called AMPEQN.F. It also allows 

the user to sort and list the coupling coefficients in order to moni tor 

the output of CUPCO. F. 
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SUMI'ERMS. F is a stri pped. down version of CUP CO. F. It i ncl udes 

the entire complicated loop structure but replaces the loop contents 

wi th simple counter incrementations. This was the routine used to 

generate the data in Tables (7.1) and (7.2). 

8.7. The Final Results 

At this point in time, computations have been completed on six 

mode-locked sets. The parameters of these sets are given in Table 

(8.1). Runs 1 and 2 involve generic mode-locked sets; that is, they 

have rna and mb values that do not correspond to values found in the 

SCLERA data (Rabaey 1989). Out of 20 multiplets analyzed in the work of 

Rabaey (1989), all show three mode-locked sets spanni ng the mul ti plet. 

Runs and 2 involve two of the three sets that would occur if the 

(K, >.) = (15,30) multiplet locked into three equally sized sets. 

and ~ values for runs 3 through 6 correspond to the SCLERA data. 

The m a 

Table (8.1). Parameters of the mode-locked sets that were investigated. 

Run " K 

1 15 30 
2 15 30 
3 15 30 
4 1 lj 27 
5 1 lj 27 
6 1 lj 27 

m a 

-10 
10 
-5 

-27 
-5 
1 4 

N 

10 21 
30 21 

8 1 lj 
-6 22 
13 19 
27 1 lj 
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The A coeff ici ents (see Chapter 7) for the six runs are listed 

in Tables (8.2) through (8.7). These were photocopied directly from the 

com put er output. Note that how the values relate to each other and the 

functional dependences on mo are similar to those of the rough estimates 

given in Table (7.1). The anticipated approximate symmetry in Iii 0 is 

evident. This serves as a partial check on the computations. Lack of 

IDo symmetry would be inconclusive, but the presence of symmetry would 

argue against coding errors. 

Next we t urn to a det ail ed consideration of the run 1 values. 

Tables (8.8), (8.9) and (8.10) provide results involving equations 

( 7. 1 4), (7. 1 5), (7. 1 6), (7. 1 7) an d (7. 11) for the three types of mode 

locking indicated by lines (2), (3) and (4), respectively, in Figure 

(2.2). The "base mode" referred to is the mo of the mode whose angular 

frequency did not change after mode locking. 

The second column lists the zeroth-order amplitude calculations 

as given by equation (7.14) for each mode in the locked set. These 

values are within an order of magnitude or less of each other and an 

average value (not including the zero values) is taken for the value of 

"a" that appears at the head of each table. This value of "a" is then 

used for the resul ts in the other four columns. Lat er in thi s chapt er 

we return to these "a" values. 

Calculations for the amplitudes in the first-order in a' ap

proximation (equation (7.15») appear in the third column. As predicted 

in Chapter 7 we see a significant difference in the form of a o (m o ) 

depending on which mode is the base mode. As you approach the base mode 
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in mo you get closer to resonance and the ampl i tude gets lar ge as ex

pected. So ao(m o) will depend dramatically on whether the base mode is 

in the middle or at the ends of the set. 

The fourth column gives values of the stability coefficient b 

from equation (7.17). These values are all positive, indicating that 

the equilibrium solutions assumed in Chapter 7 are in fact stable. 

The fifth column gives values of 0 I in radians from equation 

(7.16), using the n value shown above the table. Since A1 » A2 , o'(mo) 

is basically proportiona~ to (ao/a), and so will show many of the 

characteristics of ao(m o). In particular, the magnitude of o'(mo) will 

tend to get large as mo approaches the mo of the base mode. Figures 

(8.17), (8.18) and (8.19) are plots of the last column, 0 = /). + 0', 

from Tables (8.8), (8.9) and (8.10). Anomalous values at or next to the 

base modes are not included. The three cases are quite distinct. 

Assuming n is small so that these effects are small, the measured phases 

of a mode locked set will be roughly linear in mo' the slope depending 

on ini tial condi tions (see Chapter 2). If the data are accurate enough, 

and n is nonzero, one should be able to see one of the three forms in 

Figures (8.17) to (8.19) superimposed on the linear phase data. 

According to Rabaey, preliminary indications are that the SCLERA data 

are not consistent with the 180 0 phase jumps that appear in Figure 

(8.18). Also note that all three plots show the same overall positive 

curvature. If the data analyst fits a quadratic to the phases in his 

mode-locked set he should arrive at the same sign of curvature as 

predicted here. This is an important self-consistency check in any 



205 

attempt to measure n this way. Note that sign conventions on the fre

quencies and phases used in the data analysis must be carefully checked 

to be sure they are consistent wi th those used here. \-lithout attempting 

to identify one of the three signatures, quadratic polynomials have been 

fit to the SCLERA data (Rabaey 1989). But as yet, a statistical 

analysis of the second-order coefficients has not been made, nor have 

the sign conventions been carefully checked. Given these qualifica

tions, and assuming the type of scenario depicted in Figure (8.18) is 

not involved, a very preliminary analysis of the data has been made, 

resulting in a typical quadratic polynomial coefficient of 2.6x10-3 

r adi ans per m 2. Thi s value was us ed to es timat e the n val ues gi ven at 

the tops of the tables. Again, anomalous values of 0' at or next to the 

base mode were not included in the fits. 

We note that because of the mo dependence of the A coefficients, 

the ao(m o ) variation is enhanced in Table (8.8) and subdued in Table 

(8.10). If the amplitudes of modes in the data could be determined well 

enough, one might be able to specify which type of mode locking exists 

for a given mode-locked set. (Rabaey sugges ts that an al ternati ve to 

measuring amplitudes might be to check for the densi ty in mo of observed 

modes.) Preliminary indications from the SCLERA data are that the 

amplitudes of the modes are fairly constant across the set, favoring the 

scenario where the modes at the ends of the set are the base modes, as 

in Table (8.10) and line (4) in Figure (2.2). 

Tables (8.11) through (8.15) give the calculations for runs 2 

through 6 for mode locking of the type indicated by line (4) in Figure 
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(2.2). The results for a and n are fairly consistent with those from 

run 1. 

All the modes with (K,A) - (15,30) are very similar in many 

respects. They all have a similar number of nodes in both their angular 

and radial dependences. Also, they all have maximum amplitudes at the 

same approximate depth in the Sun. Therefore, it seems reasonable to 

assume that they would all be subject to similar damping and driving 

phenomena; and so would all have similar amplitudes. We shall assume 

this is so, and combine the results from all six runs to reach a consen-

sus value for the amplitude "a". We shall take the error in "a" from 

the spread of "a" values, recalling the additional error due to numeri-

cal compromises mentioned earlier. (This of course ignores error due to 

approximations made in the analysis.) 

The consensus value for the amplitude "a" is 

a 6x10-4 ± 30%. 

Recall that "a" is the real part of the amplitude factor Sn. Also note 

from equation (4.29) that W is essentially a radial displacement due to 

the oscillations. 
w 

Since we normalize Y1 = - to unity at its maximum r 

interior value (see e.g. Figure (8.5»), "a" is a measure of the maximum 

val ue of the relati ve radial displacement of the mode of oscillation in 

the i nt er i or of the Sun. 
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Thes e modes are large in the core of the Sun, where the nuclear 

reactions take place. Because the nuclear energy generation is ex-

tremely sensitive to temperature, these oscillations might have 

significant effects. So one might prefer to have a measure of 6TlT o , 

where 6T is the Lagrangian variation in temperature and To is the unper-

turbed value. To estimate 6TIT o use these adiabatic, Cowling 

approximation, first-order relationshi ps: 

The radial dependence of this first-order quanti ty for the case of (k,~) 

= (15,30), where Y1 and Y2 have been scaled by a = 6x10-
4

, is depicted 

in Figure (8.20). 

The consensus value for n appears to be 

n 10-
6 ± an order of magnitude. 

This is in dimensionless units. Converting to dimensional units we 

det ermine a dampi ng time of 

1 
- - 40 years. 
n 

This is a reasonable value, as is discussed in the final chapter. 
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Figure (8.17). Phase 0 versus mode mo for a base mode of O. 

These data are from run 1F1 (Table (8.8»). 0 is in radians. 
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Figure (8.18). Phase IS versus mode mo for a base mode of ± 6. 

These data are from run IF1 (Table (8.9»). 15 is in radians. 
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Figure (8.19). Phase 15 versus mode mo for a base mode of ± 10. 

These data are from run 1F1 (Table (8.10»). 15 is in radians. 

0.5 

,-..... 0.4 
0 
,.......; 

-H 

II 
<l.) 0.3 

"'d 
0 

S 
<l.) 
rJ) 

0.2 ro 
...0 
"-'" 

'0 0.1 

o.o~~~~~~~~~~~~~~~~~~ 

-10 -5 o 5 10 



~ .; .; 
::r III 

CO CO cr ..... 
n- ..... CO 
::r III CO ........ 

CJ) 
(XI 

Sf n- .; . 
::r 

Calculations using: base mO .. 10 amplitude = 7. 696E-04 eta = 1.769E-05 
CJ) n- co 
CO :c 
3 

0 '@ 
mO a f'rom (7.14) aOla (7.15) b (7. 17) delta' (7.16) delta (7.11) 0 () -s ------------------------------------------------------------------------------------------- 0- 0 !1j > CO I-' 3 
10 O. OOOOE+OO 1. 1217 3. 75230E-09 -0. 2923 2. 8493 CJ) CO '0 C n- I-' 

11 6. 2191E-04 1. 6076 3. 81993E-09 O. 2939 O. 2939 3 
~ 

.... 
::s n-

12 5. 8528E-04 1. 9503 1. 15194E-08 0.1532 
CJ) CJ) §. O. 1532 

13 7. 4728E-04 1.0648 2. 21924E-08 O. 1184 ~ ~ CO 
O. 1184 

CO CO CO 
14 7. 4489E-04 1.0729 3. 59863E-08 0.0902 0.0902 .... 7'\ 'E 
15 B. 1078E-04 O. 8B42 4. 29270E-OB 0.OB12 0.OB12 ::s III 

n-
16 B.2851E-04 0.B37B 5. 26351E-Oe 0.0732 0.0732 -S ..... 

III 0 

17 8. 5475E-04 O. 7770 6. 18688E-OB 0.0677 0.0677 
0- Ion ::s ..... w 

18 8. 6535E-04 O. 7524 b. 78296E-08 0.0648 0.0648 ~ >- ~ 
CJ) III 

19 B.6B65E-04 O. 7445 7. 12055E-Oe 0.0634 0.0634 ..... 
'< 

20 B.6BStE-04 O. 7443 7. 2424BE-Oe 0.0629 0.0629 w CJ) 
.; 0 .... 

21 B.6762E-04 0.7417 6. 86136E-08 0.0646 0.0646 ::r w CJ) 
CO 

22 8.b388E-04 O. 74B6 6. 38532E-08 0.0670 O. 0670 :3 III 
:3 ~ 

0 .... 
23 8. 4922E-04 0.7759 5. 46196E-oe 0.0722 0.0722 0- ::s 

CO 0Cl 
24 B.2418E-04 0.B363 4. 50209E-OB 0.0795 0.0795 CJ) 

0 -S 

25 7. 9936E-04 0.9011 3. 26753E-Oe 0.0927 0.0927 0 w § ::s 
26 7.7041E-04 O. 9971 2. 26688E-08 O. 1111 O. 1111 

a 
n-O' ~ ::r 

27 7.0717E-04 1.2984 1. 12581E-08 O. 1558 O. 1558 CO 

28 6. 3842E-04 2.0658 3. 14826E-09 0.2846 0.2846 CO w 
::s 0 

29 5. 0635E-04 -16. 6356 8. 13706E-09 2.8052 2. 8052 !Z' III 

30 O.OOOOE+OO 0.6586 3. 38052E-09 -0. 3210 2.8206 ::s 
0 0-...., 
n- z 
::r 
CO 

CJ) I'\.l I'\.l 
CO I'\.l 
n- o 



Calculations using: 

mO 

-5 

-4 

-3 

-2 

-I 

o 

2 

3 

4 

5 

6 

7 

8 

a 'rom (7.14) 

O.OOOOE+OO 

4. 1237E-04 

5. 3441E-04 

6. 1626E-04 

6. 1062E-04 

6. 5669E-04 

6. 5623E-04 

6. 5197E-04 

6. 2745E-04 

6. 5461E-04 

5. 2195E-04 

5. 5915E-04 

3. 7745E-04 

O.OOOOE+OO 

base mO ... 8 

aO/ .. <7.15) 

3. 1418 

1.9804 

1. 1766 

O. B496 

O. B646 

O. 7303 

O. 7411 

O. 7546 

0.B155 

O. 7403 

1. 22BB 

1.0590 

2.3607 

3.9796 

amplitude ~ 5.733E-04 eta ~ 4. 576E-06 

b (7.17) delta' (7.16) delta (7.11) 

B.99131E-I0 

1. 76074E-09 

3. 96078E-09 

7. 31760E-09 

1.03655E-OB 

1. 26B30E-OB 

1.51BI2E-OB 

1.52B92E-OB 

1. 35B03E-OB 

1. 10657E-OB 

7. 75b93E-09 

3. 96B2BE-09 

2.06539E-09 

1. 43315E-09 

0.3033 

O. 1201 

0.0683 

0.0509 

0.0422 

0.0383 

0.0350 

0.0352 

0.0366 

0.0405 

0.0500 

0.0682 

O. 1151 

0.3102 

0.3033 

O. 1201 

0.0683 

0.0509 

0.0422 

0.0383 

0.0350 

0.0352 

0.0366 

0.0405 

0.0500 

0.0682 

O. 1151 

0.3102 

~ 
ro 
~ 
~ 
ro 

i 
(Jl 

ro 
a 
0 
Q. 
ro 
to 

>-J >-J 
~ II> 
ro 0' 

I-' 
I-' ro 
II> 
(Jl co 
~ 

i 
. 

~ N 
~ '-' 

0 '2 
() 

., 
0 ~ ;J:oo 

I-' a 
§ 

ro '0 
~ I-' 

!ll ~. ::s ~ 
(Jl (Jl a 
~ ~ ro 

ro ro ro 
.... 1\ '2 
::s II> 

~ ., .... 
II> 0 
Q. Ul ::s ..... ~ 

~ >- ~ 
(Jl II> 

u t-' 

W 'CA 
>-i 0 ~. 

g ~ to 
a ~ a Il> 

0 ~. 

Q. ::s 
ro OQ 
(Jl 

~ ., 
0 ~ § ::s 
~ a 
~O' 

:;;, 
w 

ro 
ro co ::s 
fit II> 

::s 
0 Q. 
HJ 

~ 
Z 

~ 
ro 
(Jl N 
ro z:: N 
~ .... 



~ -; ~ 
II> II> a 

t-' 
~ t-' II> 
::r III 
II> (.0 co 
!if ~:i . 

Ciliculat ions u. ing: ba." mO - -6 amp 1 i tude ~ 6.865E-04 eta" 1. 466E-05 (.0 ~ II> W 
II> ~ ...... 

mO II hom (7.14) aO/a (7.15) b (7.17) delta' (7.16) delta (7.11) S 0 ~ ________________________________________________________________ ~__________________________ 0 0 

0. 0 ~ ):» 

-27 O.OOOOE+OO 0.6447 2.37994E-09 -0.3155 2. 8261 ~ t-' II> ~ 
~ ~ t-' 

-26 4.5801E-04 -14.0510 1. 81728E-10 2.1298 2.1298 S II> ..... 
::s.., ~ 

-25 5.7215E-04 2.0763 2.35590E-09 0.2681 0.2681 (.0 (.0 6. 
-24 6.4226E-04 1. 2408 8.09487E-09 O. 1498 O. 1498 ~ ~ II> 

-23 6.8477E-04 1. 0073 1. 64884E-08 O. 1067 O. 1067 II> II> ~ 
..... "" ~ -22 7.2115E-04 0.8715 2.49494E-08 0.0871 0.0871 ::s III 

~ 

-21 7. 4506E-04 0.8013 3. 34540E-08 0.0759 0.0759 .., ..... 
III 0 

-20 7.6068E-04 0.7647 4.22187E-08 0.0678 0.0678 e.J:::::S 
-19 7.7331E-04 0.7357 4.87102E-08 0.0633 0.0633 § >- § 
-IB 7.B205E-04 0.7190 5.42856E-08 0.0601 0.0601 (.0 ~ 
-17 7. 8325E-04 0.7143 5.71S67E-08 0.0387 0.05B7 N ~ 

o-i -l ..... 
-16 7.8321E-04 0.7210 5.80215E-08 0.0582 0.0582 il . (.0 

-13 7.7803E-04 O. 7351 5.65252E-08 0.0590 0.0590 S illS fii 
-14 7.6940E-04 O. 7557 5. 24646E-08 0.0611 0.0611 8.;; 
-13 7.5607E-04 0.7897 4.68477E-08 0.0645 O. 0645 ~ I OQ N .., 
-HZ 7.3536E-04 0.8453 3.93111E-08 0.0703 0.0703 g;4 § 
-11 7.0743E-04 0.9291 3.08392E-08 0.0791 O. 0791 ~ S 0;;, 

-10 6.6730E-04 1. 0720 2.21057E-08 0.0933 0.0933 il a J::: 

-9 6. 2114E-04 1.2796 1. 37129E-08 0.1190 0.1190 II> 
::s I 

-8 5.3973E-04 1. 8118 7.05806E-09 0.1726 0.1726 g. 0-

-7 4. 4831E-04 3.0686 2. 94468E-09 0.3717 0.3717 0 ~ 

-6 O.OOOOE+OO 2.7731 2. 38263E-l0 -0.6129 2.5287 '"1) 0. 
~ z 
il 
(.0 N N 
II> N N 
~ • N 



~ o-J o-J 
::r III 

CD CD C7 ..... 
C"f' ..... CD 
::r III CD tD (» 

i C"f' o-J 
tD ("f' i6 .t: 

Calculations using: base mO .. 13 amplitude '" 7. 187E-04 eta = 4. 810E-06 CD ~ ......... 

S 
0 "@ 

1110 II 'rom (7.141 aOI. (7.151 b (7.171 delta' (7.16) delta (7.111 0 0 '"S 

------------------------------------------------------------------------------------------- 0- 0 !lI ;I> 
CD ..... 8 

-5 O.OOOOE+OO 4.9044 
tD 

§ 
CD '0 

4. 47034E-09 0.3098 0.3098 C"f' ..... 
CD .... 

-4 4. 9193E-04 1. 7011 5. 79530E-09 0.0654 0.0654 :l .., 
C"f' 

tD tD c 
-3 5.0834E-04 1. 7474 1. 51124E-08 0.0377 0.0377 0-

~ ~ CD 

-2 8. 8696E-04 0.8425 2. 94773E-08 0.0402 0.0402 CD CD CD 

-1 5. 8591E-04 1.2809 2. 43455E-08 0.0510 0.0510 .... 1'i '@ 
:l III 

0 1. 0631E-03 O. 7403 5. 47351E-08 0.0299 0.0299 C"f' .., .... 
1 6. 1525E-04 1. 1897 6. 61992E-OB 0.0255 0.0255 III 0 

0- .t: -:l 
2 1. 1365E-03 0.6485 6. 68723E-08 0.0237 0.0237 .... .. 
:3 6.:3473E-04 1. 1914 6. 4434:3E-08 0.0223 0.0223 

§ >- § 
tD III 

4 1. 0853E-03 O. 5604 
u ..... 

5. 60601E-OB O. 0222 0.0222 ~ IV 
~ 6. 4063E-04 1.2307 4. 88503E-OB 0.022~ 0.0225 o-J -'l .... 

i6 .. tD 
6 9. 2257E-04 0.6048 3. 87746E-08 0.0237 0.0237 8 ~ 
7 6. 6197E-04 1. IB78 3.2B490E-Oe 0.0255 0.0255 8 III 

0 .... 
8 7. 5810E-04 O. 8896 2. 49907E-08 0.0288 0.0288 0- :l 

CD ~ 
tD ~ 9 6. 3983E-04 1. 2891 1. 87908E-08 o. 0333 0.0333 .., 
0 .. § 

10 6. 3240E-04 1.3242 1. 219B3E-08 0.0413 0.0413 :l 
8 

11 5. 3999E-04 1. 8801 6. 61869E-09 0.0582 0.0582 C"f'C7 ~ ::r 
12 4. 1451E-04 3. 4076 3. 44580E-09 O. 1107 O. 1107 CD 

CD 
13 O.OOOOE+OO 5. 7323 4. 10479E-09 0.3271 0.3271 :l w 

!i III 
:l 

0 0-
t-t.I 

C"f' 
Z 

::r 
CD 

tD IV 
CD \D IV 
C"f' . W 



Calculation~ using: 

mO 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

a from (7.14) 

O.OOOOE+OO 

5. IS01E-04 

S.7281E-04 

6. 4000E-04 

6. 7368E-04 

7.0415E-04 

7. 1469E-04 

7.0124E-04 

6. 8534E-04 

6. 7787E-04 

6. 2206E-04 

5. 6934E-04 

4. 5645E-04 

O.OOOOE+OO 

base mO· 14 

aOla (7. 15) 

0.9511 

1.8022 

1.2796 

0.9496 

0.8315 

O. 7363 

O. 7111 

0.7418 

O. 7894 

0.8070 

1.0279 

1.4246 

8. 3764 

O. 7000 

amplitude = 6.277E-04 eta ~ 2.820E-06 

b (7.17) del ta' (7. 16) delta 17.11) 

4. 63'175E-l0 

S.S4S13E-l0 

1. 99076E-09 

3. 86101E-09 

5. 82605E-09 

7.07172E-09 

7. 95245E-09 

7. 5S781E-09 

6. 76484E-09 

5. 28856E-09 

2. 96967E-09 

1.04662E-09 

2. 08531E-l0 

5. 33759E-IO 

-0. 1287 

O. 1178 

0.0581 

0.0416 

0.0342 

0.0311 

0.0296 

0.0303 

0.0321 

0.0357 

0.0470 

0.0771 

0.2968 

-0. 1228 

3.0129 

0.1178 

0.0581 

0.0416 

0.0342 

0.0311 

O. 0296 

0.0303 

0.0321 

0.0357 

0.0470 

0.0771 

O. 2968 

3.0188 

~ 
(l) 

C1' 
;:J' 
(l) 

i 
(II 
(l) 

;3 
0 
0. 
ClI 
(II 

., ., 
;:J' III 
(l) cr ...... 
I-' (l) 

III 
(II 

?' C1' ., 
C1' il \Jl 
:( ......., 
0 '@ 
0 -S 
0 ~ > 
I-' ;3 

(l) '0 

~ C1' I-' 
(l) .... ::s .., 

C1' 
(II (II a 
~ ~ 

(l) 

(l) (l) (l) 

.... 1'\ .g 
::s III 

C1' 
-s ~. 

III 0 
0. .s= .::s 
~. · 
~ >' ~ 
(II III • ...... 

I\) ca ., -.1 ~. 

;:J' · (II 
(l) 

a ~ a III 
0 ~. 

0. ::s 
(l) OQ 
(II 

.s= -s 
0 · § ::s a 
C1'C1' .;;, 
::s' 0'\ 
(l) q 

(l) I\) 

::s -.1 
g- III 

::s 
0 0. ...... 
C1' 

Z 

::s' 
(l) 

(II I\) 
(l) .s= I\) 
C1' . .s= 



225 

Figure (8.20). The first-order temperature perturbation vs. In(x). 

The ordinate is the Lagrangian temperature variation over the 

equilibrium temperature value, for modes with (k,g,) = (15,30). The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. The amplitude shown is the actual amplitude in the Sun 

as inferred from SCLERA data using the analYSis in tnis dissertation. 

This plot does not include a spike at the surface to -0.00281. 
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CHAPTER 9 

SUMMATION 

In this chapter there are three sections. Section (9.1) reviews 

the importance of this work and discusses its relationship to solar 

oscillation data. The next section considers improvements and continua

tions of the current analysis. In part, it is a review of some of the 

assumptions made along the way. The final section deals with related 

problems. It provides some suggestions for applying the multiple-time 

formalism to other problems in stellar mode coupling. 

9.1. Review and Significance of the Results 

In addi tion to providing a detailed approach to mode coupl ing 

problems, this dissertation provides a novel determination of the core 

amplitudes of certain gravity mode oscillations in the Sun. The sig

nificance of this measurement is given in Section (1.1). Data obtained 

at SCLERA (Hill 1986; Hill and Czarnowski 1986; Rabaey and Hill 1989; 

Rabaey 1989) have shown clear indications of mode coupling in modes with 

the parameters (k,Q.) - (15,30). (The parameters are defined in Chapter 

2. In this chapter these modes will be referred to as the" intermediate 

g-modes" .) Postulating an adi abati c mode coupl ing mechani sm, the ap

propr i at e analysi s was performed, resulting in expressions , involving 

adiabatic coupling coefficients, for the mode amplitudes necessary to 

provide such nonlinear effects in the data. (We note in passing that 
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other coupling mechanisms are concei vable. For example, one might have 

coupl ing due to nonl inear effects of the nuclear ener gy generation 

(Wolff 1980). A preliminary analysis was made of this mechanism for 

this dissertation and it was found to be unimportant.) The results of 

this analysis are described in detail at the end of Chapter 8. It was 

found that a typical value for the mode amplitudes for the intermediate 

-4 -5 g-modes is 6x10 (± 30%) for or/r, or 7x10 for oTlT o• A plot of 

oT/To appears in Figure (8.20). 

We now turn to a brief discussion of the importance of this 

result. First of all, a determination of the interior amplitudes of 

these modes is interesting in its own right in that it provides a more 

detailed picture of the dynamic state of the current solar interior. 

But beyond that, a knowledge of these amplitudes touches on a number of 

key issues in solar physics, as described in the next few paragraphs. 

The main mode of energy transport out of the nuclear energy 

generation regions in the core of the Sun has traditionally been assumed 

to be radiati ve transport. But depending on the details of the exci ta-

tion and damping of the intermediate g-modes, they might provide an 

alternative transport mechanism. In this way the presence of these 

modes at significant amplitudes would alter the equilibrium temperature 

profile of the Sun. As an example, assume they are excited in the core 

vi a the nuclear reactions. This exci tation mechanism is referred to as 

the e::-mechanism. From there assume the waves travel radially outward 

and reach regions of intermediate radi us where the dominant nonadiabatic 

effect is radiative damping. Under this scenario the modes have picked 
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up energy in the core and deposited it outside the core, thus reducing 

the temperature of the innermost regions of the Sun. In the Sun the 

time scal'e of radiative damping is probably much longer than the 

propagation time from the core to the intermediate regions, so that the 

traveling wave would be reflected (at the bottan of the convection zone) 

back to the core, but the net energy transfer would still occur at the 

longer time scale. Such a process is clearly dependent on the 

amplitudes of these modes. Given the amplitudes one can test whether 

thi s trans port mechanism is important. Assuming the radiati ve damping 

is more efficient than the e:-mechanism (the modes would have to be 

excited by some other process in this case), the energy transported out 

of the core would be at least that energy deposi ted in the modes by the 

e:-mechanism. This can be estimated in a straightforward manner using 

well-known techniques (see e.g. Unno et al. 1979, sections 20-21). The 

result would then be compared to the total energy flux, which is deter

mined based on the solar luminosity. 

If energy transport out of the core via the intermediate g-modes 

proves to cause a significant reduction in the core temperature, then 

the rates of the nuclear reactions would be affected, thus lowering the 

solar neutrino flux. This was pOinted out earlier by Hill (1986). 

Clearly a knowledge of the amplitudes of these modes is crucial to such 

an investigation. Furthermore, Hill (1986) discusses how the mere 

pI" es ence of mode-locking effects leads to certain conclusions regarding 

the neutrino production and modulation of it in time. By using the 

amplitudes obtained by the above analysis, and given sufficient 
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knowledge of the neutrino production mechani sms. one mi ght be able to 

pr edi ct the ampl i tude of the modulation of the neutrino flux as well. 

One other topic involving neutrino production is the mixing of the core 

plasma. Assume for a moment that particle or thermal diffusion was fast 

enough relati ve to the oscillation time so that the oscillations could 

contri bute to compositional or thermal mixing. If the radial displace

ment due to an oscillation mode was large enough, then that mode could 

raise or lower the neutrino production rates by ei ther bringing into the 

core unburnt fuel or bringing in colder plasma. Despi te the fact that 

these oscillations are highly adiabatic, and that the maximum value for 

ar/r for one of these modes as determined above is rather small, it is 

conceivable that mixing could playa role if many modes act coherently. 

Recall that there are typically 20 modes per locked set, and 60 sets 

have been observed. Presumably, many more exist. 

The final topic to be mentioned in regards to the relevance of 

the amplitude determination involves the outer boundary condi tions. The 

nature of the boundary condi tions to apply at the solar surface in 

oscillation calculations is an unresolved problem in solar physiCS. 

This problem first came to light in the 1970' s when it was found that 

observations of solar oscillations measuring intensi ty did not appear to 

agree with observations that measured velOCity (Hill, Rosenwald and 

Caudell 1978a; Hill 1978). If one were to obtain measured values of 

aT/To for the intermediate g-modes at the surface, and then divide by 

the maximum interior value determined in this work, one could compare 

the ratio to that obtained from a theoretical profile using the standard 
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boundary conditions (SUCh as that given in Figure (8.20)). A dis-

crepancy could be due to a number of problems, but one of the mos t 

I ikely sources would be improper behavior of the theoretical eigenfunc-

tion near the surface due to use of the wrong boundary condi tions. 

Also coming out of the analysis were effects due to linear 

damping which are potentially visi ble in solar oscillation power spectra 

data. These open the door to measurements of the linear damping n that 

are analogous to the amplitude measurements in that they sidestep the 

necessi ty to do a full nonadiabatic analysis of the Sun. These n ef-

fects are discussed in detail at the end of Chapter 8. The (very 

preliminary) resul ts seem to indicate a damping time of about 40 years 

for modes with (k,i) - (15,30). This is an exciting result because it 

is consistent wi th tradi tional determinations of n that use the "work 

integral" (see Unno et al. 1979, or Cox 1980). Traditional calculations 

for solar gravity modes with i of 1 or 2 yield a damping time of about 

10 5 years. If one then factors in the 9.( i+1) de pendence of radi at i ve 

damping (Dziembowski and Pamjatnykh 1978; Unno et al. 1979, section 31), 

the major nonadiabatic effect considered in those calculations, one 

o bt ai ns a damping time of about 100 years for the i '" 30 gravity modes. 

This agreement lends credence to all the results obtained in this dis-

sertation. 

Finally we note that the second-order perturbations, that is the 

driven particular solutions at angular frequencies of the form 

0"12 = X10" + X2 0" , might be visible in solar oscillation data. The 
n l n 2 

best place to look may be at angular frequencies where Xl = X2. Then 
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0"12 '" 20"k1 '" 6.8 in dimensionless units. Converting to dimensional 

uni ts, this corresponds to about 68011Hz. This is a relatively sparse 

part of the solar oscillation frequency spectrum. Evidence of such 

second-order oscillations could provide al ternati ve measurements of the 

amplitudes of solar g-mode oscillations with (k,1) - (15,30). 

Alternately and more probably, the data analyst might find evidence of 

acoustic modes in the 68011Hz region that are longer lived than expected. 

This might be due to second-order nonlinear coupling with two of the 

long lived intermediate g-modes, in other words, a resonance between the 

acous ti c mode and the second-order perturbations of the intermediate g

modes. 

9.2. Continuation of the Current AnalysiS 

The work presented in the previous chapters consti tutes only a 

firs t pass analysi s of mode coupling due to third-order effects. Some 

improvements and extensions are listed in this section. 

One limitation of the present work is that some of the second

order solutions had to be discarded because of compromises with 

execution time. This is a nonessential problem that could be removed. 

One approach is patience. Based on tests at different point densities 

it is estimated that increasing the current point density of 12,265 

points to about 30,000 pOints will be adequate for all the second-order 

solutions that need to be performed for this work. Alternately one 

could attempt to improve the procedure for solving the boundary-value 

problems. For example, the ini tial value integration algori thm used is 
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very simple. A more sophisticat,ed one, for example an adaptive routi ne 

that also checks for the need for orthonormalization, may avoid blow up 

for lesser point densities and prove to be more time efficient overall. 

Another thing worth considering is swi tching from a shooting technique 

to a relaxation technique. The latter are typically much more stable 

than the former, but the very large mesh required to describe the most 

highly oscillatory sol uti ons that occur may be prohi bi ti ve. A com

pletely different approach would be to implement the Variation of 

Parameters solution mentioned in Chapter 5. This is apt to be ineffi

cient in execution time though because one must calculate two linearly 

independent homogeneous solutions, as well as do i nt egrati ons for many 

radii. A final suggestion is to solve the systems with the smallest a l 2. 

values by returning to the original system of partial differential 

equations and making the approximation that a 12. = o. 

A number of assumptions were made in the course of this 

analysis. It might be worthwhile to take a closer look at some of 

these. For example, one could investigate the au = 0 secularity dis

cussed in Chapter 5 in more detail. What is the form of the "mean 

field" due to the a l 2. = 0 terms, and how does it affect the homogeneous 

eigenfrequencies and eigenfunctions? Another approximation made in 

Chapter 5 was to ignore any second-order resonances involving the multi

plet of concern on the grounds that they should be rare. Are they 

indeed rare, and if not, how do they affect the third-order analysi sin 

detail? A third approximation that might be addressed is that, in first 
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order, eigenfrequencies involving rotation were used, but only nonrota

tional eigenfunctions were used. Does this significantly affect the 

results? 

Anot her ar ea for fut ure work is in propel" modeling of the non

adiabatic effects. The problem solved in this dissertation was 

essentially an adiabatic one. That is, we derived an expression for the 

amplitudes in terms of coupling coefficients that was independent of the 

val ue of n. The i ncl usi on of I inear damping was a nonessential sup

plementation in regards to determining amplitudes, and yet very 

interesting in its potential to measure n. We included n assuming that 

it was a damping term, but we never considered driving. What is the 

ultimate energy source for the system? This was never considered in our 

analysis because in Chapter 7 we only looked at a single mode and its 

behavior relative to a preexisting fixed set of locked modes. In this 

case the fixed set provides the driving and so an equilibrium can be 

established in spite of a net linear damping of the straying mode. But 

what about the energy balance of the entire set? 

Nonlinear nonadiabatic terms may be essential to the overall 

energy flow of the locked sets, or even individual modes. As an example 

assume that a mode may be dri ven at a low order, but that at a higher 

order the driving saturates as in the Van del" Pol OSCillator, allowing 

steady state equilibrium amplitudes. In such a case consideration of 

only the linear terms would lead to incorrect conclusions. But the 

mul tiple-time formalism presented here is well sui ted to the analysis of 

such nonlinear effects. Another example is a mode that is linearly 
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damped, but because of nonlinear terms, can also reach equilibrium at 

some finite amplitude. This is known as a "hard" inst·ability. In the 

language of phase space, if the system receives a small impulse, it 

falls into a traj ectory wi th the origin as an attractor. A larger 

perturbation on the other hand puts the system into a region of phase 

space where trajectories are attracted to a simple closed orbit of 

fini te size. 

Returning to the mode-locked set, consider a nonlinear, non

adi abati c effect whose strength is proportional to the amplitude 

squared, a 2• Consider n modes acting individually. The total strength 

of the effect would be (na 2). If on the other hand, the n modes were 

locked into a set, and were coherent to the point that they acted as a 

single mode with amplitude (na), then the strength of the nonadiabatic 

effect would be (na)2. So a nonadiabatic mechanism that is relatively 

unimportant for a single mode might take on much more importance in a 

mode-locked set. Consider a case where this is a driving effect, but in 

t he I inear regime the modes experi ence a net damping. If a scheme such 

as this were to find support in theory and observation, it would be the 

first evidence of a hard instability in stellar systems; an accidental 

coherence of a number of modes is necessary to obtain the required 

amplitude to allow the system to settle to an equilibrium at a finite 

amplitude of oscillation. (For some other remarks along these general 

lines, refer to Wolff (1980) and to section IV.a in Wolff (1983).) 

Since this dissertation helps to establish the nature of mode-locked 



235 

sets, it provides a good starting point for investigations into the 

nonadiabatic behavior of such sets. 

Another area for future work is in the analysis of the amplitude 

equations. In Chapters 4 to 6 a detailed, reasonably general derivation 

of the amplitude equations was made. Then in Chapter 7 major assump

tions were made in order to solve those complicated equations. First of 

all, only equil ibri urn solutions were considered. That restriction could 

be relaxed. But even within the realm of equilibrium solutions much 

more could be done. Chapter 7 dealt only with a very restricted 

problem: assume the modes are locked into a set and allow one mode to 

stray from the fixed set due to its natural angular frequency. One can 

ask other questions that require more difficult analysis but in turn 

give a more realistic approximation to the assumed actual behavior. For 

example, one can allow the fixed set to vary its parameters as a single 

ent i ty. We woul d s ti 11 ha ve one straying mode, but now we allow that 

mode to affect the set as well as vice versa. An even more realistic 

problem would be to assume that a set of modes have lined up into a 

locked set, and then allow them all to stray together. For a set of 21 

modes this yields a nonlinear system of 42 variables! One might use 

numerical methods to attack such a system. Another possibility is to 

ass urn e t hat the final val ues for the ampl i tudes and phas es can be 

descri bed in terms of low order polynomials in mo. This would reduce 42 

vari abIes to as little as 4 or 6. An even more general problem would be 

to consider a set of randomly excited contiguous modes with random 

relati ve phases. One could then investigate how they begin to line up 



236 

and predict whether they tend to line up as shown in lines (2), (3) or 

(4) in Figure (2.2). Such analysis might be facilitated by use of 

turbulent nonlinear theory as opposed to the coherent theory used here. 

For an introduction, see Davidson (1972). In investigating these more 

complicated problems, one should keep in mind that various classes of 

solutions to the amplitude equations are possible (see Section (1.3»). 

There is one dramatic aspect to the SCLERA data that has not 

been directly addressed in this work. Data from 20 multiplets of inter

mediate g-modes have been analyzed (Rabaey 1989). and all show evidence 

of three mode-locked sets spanning the multiplet. Why always three? It 

would seem that this is somehow dependent on the amplitude of the modes; 

given a certain amplitude, the modes can be pulled only so far from 

their angular frequencies. Consider the driven, damped SHO analogy to 

the fixed set/straying mode picture (see Chapters 2 and 7). It might be 

that the set only extends as far as the point where the energy pumped in 

to the straying mode from the set is still greater than or equal to the 

energy lost by the straying mode due to linear damping. This is 

plausible because the larger the set is, the larger the maximtml value of 

(W~_W2) is. But this factor appears in the denominator of the power 

delivered by the driver to the oscillator in the SHOo The point of 

energy balance is amplitude dependent since the power applied by the set 

goes as the sixth power of the single mode amplitude, whereas the power 

dissipated in linear damping only goes as the square. Investigations 

along these lines are underway. 
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9.3. Other Stellar Mode Coupling Problems 

The multiple-time formalism is fairly general and can be applied 

to various other problems. In particular, one could investigate the 

mode i nt er acti on amongs t modes in different mul tiplets. In this case 

there could very well be second-order resonances involving three modes. 

Second-order problems are significantly easier than the work presented 

here because full second-order solutions are not needed. In second 

order one would merely have to identify the resonant terms as we did in 

third order to obtain amplitude equations. Also, all the ambigui ties 

that we encountered here in second order, such as °12 = 0 and resonant 

°12 values, will not occur in such problems. 

An important example of such problems is when two modes from one 

multiplet resonate with a third mode from a different multiplet. This 

provides a mechanism for energy transfer between the multiplets 

(Dziembowski 1982). Such second-order effects might have important 

effects on the damping/driving times of particular sets of modes, as 

well as on the overall energy flow in the Sun. For example, consider a 

coupling between gravi ty modes wi th large amplitudes concentrated in the 

core and dri ven by the nuclear reactions there, and acoustic modes whose 

si gnif icant ampl i tudes occur in the outer regions of the Sun and whose 

linear nonadiabatic behavior is dominated by radiative damping. Because 

of such coupling one might find anomalously long lifetimes in the acous

tic modes. (In the linear regime the acoustic mode lifetimes are 

expected to be much shorter than the gravi ty mode lifetimes.) Also this 

would provide an extra mechanism to transport energy out of the core, 
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lowering the core temperature anq. so affecting neutrino production 

rates. This is in addi tion to the mechanism discussed in Section (9.1). 

As mentioned in Chapter 1, modifications of the multiple-time 

formalism used here would provide convenient tools to attack more 

general problems. If one were interested in behavior on evolutionary 

time scales, so that the eigenfrequencies of the linear eigenmodes 

changed wi th time, one might adopt the two-time formalism used in the 

earlier papers of Buchler and his colleagues (e.g. Buchler and Regev 

1983). For reference to the technique see chapter 6 in Nayfeh (1973) or 

Kevorkian and Cole (1981). Alternately, if one were to consider modes 

wi th large ampl i tudes near the highly nonadiabatic surface, one might 

turn to the formalism described in Buchler and Goupil (1984) which uses 

nonadiabatic basis vectors as opposed to the linear, adiabatic eigen

modes used here. 

Finally, in this dissertation we have generally made reference 

to the Sun. Clearly though, the method is applicable to any star. But 

of course the results are highly dependent on the nature of the star, 

that is on the form of the unperturbed model and the nature of the 

res ul ti ng linear ei genmodes . 
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Here we are concerned wi th the expansion of the nonadiabatic 

terms in equation (4.4) and what assumptions are necessary to remove 

them at the first few orders. We retain the assumption that Yo = o. 

But first we need to establish two tools for use below. 

A.1. The Relation Between Eulerian and Lagrangian Variations 

As defined in Lynden-Bell and Ostriker (1967), the Eulerian 

variation of a quantity z is 

z' z(r,t) - zo(r,t). (A. 1 ) 

As in the main text, the 0 subscript refers to the unperturbed solution. 

A Lagrangian variation in z is given by 

az z([r + arCr,t)],t) - zo(r,t). 

ar is referred to as the Lagrangian di splacement. It is simply the 

displacement, at a time t, between a fluid parcel in the perturbed and 

the unperturbed solutions. So we have 
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OZ - Z' z ([1' + or] , t) - z (r , t ) " 

A t this point the expressions are still exact to all orders. But now we 

make use of the fact that lor I « r and perform a Taylor expansion: 

OZ - z, 1 
(cSr'V)z(r,t) + ~or'V)(or'V)z(r,t) 

1 
+ F or' V) ( or' V) ( or' V) z (r, t) + 0 •• 

Note that the notation here is somewhat symbolic in that the Vs do not 

operate on subsequent ors (see Arfken (1970), section 5.6). EXpand this 

equation, making use of (A.1) on the RHS: 

( E 0 1 Z + E 2 0 2 Z + E 3 0 3 Z + 0") - ( E Z 1 + E 2Z 2 + E 3Z 3 + ••• ) 

= [(Eo1r + E202r + E3 0 3r + ••• ) ,V](Zo+EZ 1 +E 2
Z 2+"') 

+ 1.. [ ( E cS lr + E 2 cS 2r + ... ). V][ (E 0 1 r + E 2 0 2r + ••• ). V] ( Z 0 + EZ 1 + ••• ) 
2 

+ ~[(Eolr + ••• ) 'V][(Eo1r + ••• ) oV][Eo1r + '00) ·V](zo+···)+···. 

Equating orders of E we have 

(A.2) 

(A.3) 

and 



Z3 = (03r oV)ZO + (02roV)Zl. + (01r-V)Z2 

+ ~[(OlrOV) (02roV) + (02roV) (OlroV) Jzo 

1 
+ 6( 0 lr ° V)( 0 1 r ° V) ( 0 1 r ° V) z 0 • 

A.2. The Relation Between Veloci ty and Displacement 
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(A.4) 

The other tool needed is the order relationships between 

Euleri an veloci ty perturbations and Lagr angi an di splacements • The 

starting point again comes from Lynden-Bell and Ostriker (1967): 

.sh.., 
dt ur 

For this sub-section only, we'll retain the vo term. ~panding and 

equating orders, and making use of (A. 2-4), we obtain 

001r' + (v o ° V) .., lr' v + (.., V) ~ u 1 u lr ° v o , 
o -r 0 

and 

d03r' + (V OoV)0 3r' = V3 + (03roV)VO + (02roV)V1 + (01r oV)v 2 o -r 0 

+ ~[(02rOV)(01r'OV) + (Olr'°V) (02roV) Jvo + ~OlroV)(Olr'oV)Vl 

(A.5) 

(A.6) 

1 dO r dO r' 
+ fi( 0lroV) (Olr'°V)(olroV)v O - ~ - ~. (A.7) 



242 

A.3. The Nonadiabati c Energy Terms 

Now that our tools are established, we turn to the task at hand. 

Temporarily define T = [(r 3 -1)p] and expand the RHS of equation (4.4) as 

follows: 

We wish to show that, given two reasonable assumptions, all these terms 

vanish. One assumption is that the unperturbed star is in thermal 

balance for all time scales of concern to us. That is, 

O. i 0, 1, 2, ••• 

The second assumption is that of adiabatic oscillations. An oscillation 

will be adiabatic if there is no heat flow during the cycle, that is, if 

the Lagrangian variation of q is zero. So we assume, 

o. i 1, 2, ••• 

Because of the nature of these assumptions our proof would be much 

simpler if we performed a Lagrangian rather than an Eulerian perturba-

tion of the energy equation. But to be consistent with the rest of the 

dissertation we shall work a few orders of the Eulerian perturbation 
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here. For the Lagrangian approach, refer to the last section of this 

appendix. 

Let us isolate the various orders of E. In zeroth order 

This term is zero by the thel'mal balance assumption. The first-order 

terms are 

Again, the coefficient of T1 is zero by the thermal balance assumption. 

That same assumption removes the second term in the coeff ici ent of To. 

Now focus attention on the remaining two terms. Applying equation (A.5) 

in the case of Vo = 0, they are 

where we have used thermal balance in the first step, and equation (A.2) 

in the second. We then see that these terms are zero by the adiabatic 

assumption. Therefore the first-order nonadiabatic terms drop out. 

Turn now to second order. In second order the coefficients of 

T1 and T2 are the same as those that appeared in the first-order terms, 

so we need only concern ourselves with the coefficient of To: 
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The last term drops out by thermal balance. For the next to last term 

we use equation (A. 2), distribute the dI ;h i , then make use of both of 

our assumptions: 

(A.8) 

In the first three terms, use equations (A.5) and (A. 6): 

(A.9) 

In the next to last term, the curly brackets specify what the first 

(Olr-V) operator acts on. Treat that next to last term as two scalar 

operators and a scalar, and distribute the first scalar operator over 

the other two factors. The last term then becomes two terms. One is 

(A. 10) 

The other is 
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where the Vs in this term act. only on qo' which is what allows the 

manipulation shown. But this property also appeared in equation (A. 3)! 

Group this term wi th the first, second and fourth terms in (A.9) and use 

(A.3). Also group (A.10) with the third term in (A.9) and use (A.2). 

Finally cancel the last term in (A.9) wi th (A. 8). Equation (A.9) be-

comes 

This goes to zero by the adiabatic assumption and completes the analysis 

of the second order term. 

A.4. A Lagrangian Expansion 

If we perform a Lagrangian variation of the energy equation, 

then the proof is much simpler. It will be sufficient to show that, 

gi ven the two assumptions in the previous section, dq/dt = O. Since the 

multiple-time formalism does not affect things, we shall ignore it here. 

In expanding the energy equation, the rate of heat flow term is 

~(q ) + o(dQ) 
dt 0 dt 

The first term is zero due to our assumptions of thermal balance and 

Vo = O. For the second term we again use equation (9) from Lynden-Bell 

and Ostriker (1967), which is exact: 
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This is clearly zero by the adiabatic assumption. 
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APPENDIX B 

THE V
h 

OPERATOR AND ANGULAR INTEGRALS 

In the analysis of small perturbations of a star, the radial 

boundary value problem is generally solved numerically because the 

coefficients in the ordinary differential equation depend on the unper-

turbed values of density and pressure. These are far from being 

constant in radius; so the problem is difficult. On the other hand, if 

one assumes the unperturbed state does not depend on angle, then the 

angular dependence of the perturbations is the spherical harmonics. 

These are easy to deal with analytically. The relevant material is 

contained in this appendix. 

B.1. The V
h 

Operator 

Spherical polar coordinates are the most appropriate, therefore 

the gradient operator is broken down as follows: 

(B. 1 ) 

where 

... d ,. 1 d 
e as + I/» sine dcl>" 

Gradients are straightforward; for any scalar IjJ we have 
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and of course 

(B.2) 

Divergences can be expressed in terms of Vh as follows: 

+ (B.3) 

where we have defined 

In deriving this and subsequent formulas one must remember that the 

spheri cal polar uni t vectors are not constant: 

r = i sinS cos<p + j sinS sin<p + k cosS, 

8 i cosS cos<p + j casS sin<p - k SinS, 

- i sin<p + j cas <p. 

So one finds, for example, that ariaS 9. A useful application of the 

V
h 

operator is a familiar one: 

1jJi. ·v + v· V IjJ = 2ljJv + IjJV·v + v • V 1jJ. 
h h r h h h h 

(B.4) 
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This can be verified by expan~ing Vh in the following expressions to 

obtain the following results: 

v -( 1jJ r) 
h 

and 

1jJ'l -r = 21jJ 
h 

(B.5) 

Combining these yields equation (B. 4). Cross products involving Vh also 

often reduce conveniently. We find 

.. 1 aljl 

e sine alp" 

(Note here that the rule that the curl of all gradients is zero might 

lead one astray.) If we temporarily denote this quantity as f then we 

have 

(~r) x f 

and 

- ~V 1\1 
h 

v ~ x f = f\ (V 1jJ- V. ~). 
h h h 

(B.6) 

(B.7) 
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There is one other differential operator we wish to mention -

the Laplacian. It can be expressed in terms of V
h 

as follows: 

V• V = 02 = _1 L(r 2L) + _1 v.2 
v r2 ar ar r2 h' 

where 

cos e a 1 a 2 
+---+---

sine ae sin 2e a~2· 

The eigenfunctions of the V~ operator are the spherical harmonics. We 

use the orthonormalized version wi th the Condon-Shortley phase and 

denote them by Y~ (Edmonds 1960, p.24; Arfken 1970, p.571). The or-

thogonality relationship is 

00 0,0 , • 
N,N m,m 

The corresponding eigenvalue is !1.( !1.+1 ). that is 

(B.8) 

m 
The Y is also satisfy 

m -m 
(-1) Y !1.(e,~). ( B. 9) 
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In the remainder of this appendix we evaluate various integrals 

involving Y~s. In doing so we shall often make use of equations (B. 2) , 

(B.5) and (B. 8). We shall also frequently make use of the following 

application of Gauss' Theorem. Consider a vector v that has no r com-

ponent, and whose r dependence can be separated out. Using equation 

(B.3) we have 

and by Gauss' Theorem 

j V-(f(r)v
h

(6, cp) )dV 
V 

But da is normal to the spheri cal surf ace and vh has no r component. 

Therefore this expression is zero and we have 

PROVIDED that Vh has no r component. ( B. 10) 

All angular integrals that occur in the algebra outlined in this 

thesis are evaluated in the sections that follow except those that 

reduce to one of those listed below after a simple application of equa-

tion (B.2). 

The first integral we evaluate is one that appears in the or-

thogonality integral (4.31). After substi tuti ng equati on (4.29) i nt 0 



equation (4.31), one obtains two angular integrals. 

orthogonality integral gi ven above; the other is 
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One is the ym 
2. 

To evaluate this we apply equation (B. 5), and then (B.10) and (B. 8): 

To simpl ify notation below, we shall use the followi ng: 

m. 
y 1 Y •• 

2.
i 

1 

B.2. Triple Integrals 

In this section we evaluate some integrals involving three Y~s. 

The first one to consider is the basic triple integral. This can be 

expressed in terms of two 3-j symbols (see e.g. Edmonds 1960, p. 63): 

(B. 11) 

where 
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(
g.l 9.2 9.3) • 

000 
(B.12) 

There are certain restrictions on the parameters for a 3-j symbol to be 

nonzero (Edmonds 1960, Chapter 3). In particular, we must have 

and (B. 13) 

al ways the cas e for =:. 

The next integral to be evaluated is 

We handle this in the same manner as Dziembowski (1982). Using equa-

tions (B.5) and (B.8) we have 

Vh·[(VhYl)(Y2YS)] = (VhY1 )(Y 2Y3 ) + (VhYl)·Vh(Y2YS) 

= -9. 1 (9. 1+1 )Y 1 Y2Y3 + Y2VhY1°VhY3 + Y3VhY1oVhY2. 

After integrating over dO the LHS goes to zero by equation (B. 10) and we 

obtain 

2 3 

X + X 
13 12 
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We can permute indices and redo the calculations to obtain 

3 1 

X + X 
12 23 

and 

2 1 

X + X 
13 23 

3 

Combining these three equations so as to isolate X J we obtain our 
12 

resul t: 

Another integral is 

But through a simple application of equation (B.5) this can be expressed 
3 

in term s of Z 12 3 an d X 
12 

f 3 

J 
[V h • ( y 1 V h Y 2 ) ]y 3 dQ = X - t 2 ( 2, 2 + 1 ) Z 12 3 

S 12 

![2,1(2,1+1 ) - 2,2(2,2+1 ) - 2,3(2,3+1 )]ZI23. ( B. 15) 
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Other triple integrals that can be evaluated through use of 

equations (B.5), (B.8) and (B.l0) are 

r 3 

J 
[VhY3'Vh(VhY1oVhY2)]dO = 9. 3(9. 3+1)X 

S 12 

= t9. 3(9. 3+1) [9. 1 (i1+1) + 9. 2(9. 2+1) - 9. 3(9. 3+1)]Z123> (B.16) 

and 

(B.17) 

To obtain (B.16) apply equation (B.5) to the first V
h 

operator in 

Vho[(VhY1oVhY2)VhY3], then integrate and use equation (B.l0) on one term 

and (B.8) on another. The integral in (B.17) follows quickly from the 

one in (B.16). The two integrands constitute the RHS of a case of 

equation (B.5), where Y3 is the scalar. 

B.3. Quadruple Integrals 

To evaluate quadruple Y~ integrals, one additional tool is 

needed (Edmonds 1960, p. 63): 
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where =(Jl. 1 t 2 L) is given by equation (B.12). Through use of this, the 

basic quadruple integral can be expressed as a sum over Z123S: 

(to+t l ) 

L 
L = 

I to-J!.l I 

Note that due to the restrictions on the m values in the 3-j symbols, 

Z0123 is zero unless 

For the special case J!.o J!.l J!.2 J!.3 J!. we have 

r ymo yml ym2 ym3 dQ Z 0123 Js J!. J!. J!. J!. 

2J!. L 
( -1 ) M 2' ( UL) ( ~ J!. ~ )(:, J!. -:). L L ( B. 19) 

L=O M= mo ml m3 
-L 

In this case, because of =, only even values of L need to be considered. 

For the remainder of this appendix we shall assume 

( B. 20) 
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The next quadruple integral to be evaluated is 

Through use of equations (B.18) and (B.14) this is easily evaluated: 

01 

X (B. 21 ) 
23 

It is clear from the formula that, given condition (B.20), 

( B. 22) 

Also, since the factor of :: forces (~+~+L) to be even. the columns 

wi thin the 3-j symbols can be permuted wi th impuni ty, so that 

That this is true is also obvious from the form of the integrand. 

Another useful relationship can be obtained from Vh-(Y1Y2Y3VhYO). 

Distributing the outer 'Vh operator leads to 

12 13 23 

X + X + X (8.23) 
03 02 01 
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We can verify equation (B.22) via equations of the form of (B.23). 

There are three other equations of similar form that are obtained by 

permuting the indices of the starting quantity. These four equations 

can be combined to yield equation (B.22), assuming (B. 20) • 

Using equations (B.2), (B.5), (B.8) and (B.l0), all the quad-

ruple integrals involved in this dissertation can be expressed in terms 

of Zijrs' X~~ and x~~, which is given by (B.28). We now evaluate some 

integrals that can be expressed in terms of Z. . and xij 
only. Given 

lJrs rs 

the result (B.21), it is easily seen that 

01 
-1( 1+1) Z0123 + X 

23 
(B.24) 

Also, starting from Vh·{[Y1(VhY2oVhY3)]VhYO} then applying (B.5), we 

find 

01 
i(1+1)X (B.25) 

23 

Making use of (B. 2), then (B. 25), we see that 

r 03 02 
J
s 

Vhy~ooVh[VhY~loVh(y~2Y~3)]dfl = 1(1+1) (X
12 

+ \3) 

01 
1(1+1)[1(1+1)Zo123 - X ]. (B.26) 

23 

Applying (B.5) to the third V
h 

in the following integrand yields two 

integrals. One is of the form of (B.25). The other, after application 
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of (B. 8), can be expanded into three integrals of the form of (B. 21). 

We obtain 

r 13 12 
V ym o • V [ymlV • (ym2 V ym

3 )]dQ = -1( 1+1) (X + X ) 
Js h 1 h 1 h 1 h 1 02 03 

01 
.2.(1+1) (X - 1(1+1)Z0123). 

23 

Finally, distributing the first Vh using equations (B.5) and (B.2), we 

quickly see that 

01 
-X (B.27) 

23 

The third type of quadruple integral is represented by 

Through repeated applications of equations (B.2) and (B.5) we find we 
01 

can express twice this integral in terms of pure divergences, X and a 
23 

sum over (B.17) type integrals. That is: 

YIVhO(YOVhY23) = Y1YOV~Y23 + Y1VhYo,VhY23 = Vh'[YIVh(YOY23)] 

- Vh'[YOY23VhYl] + YOY23V~Yl - YIY23V~YO - YIVhYo,VhY23' 

where 
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Integrating, then making use of equations (B.10) and (B.8) and using 

23 

22. L 
2 2 (-1) M :=2 (HLHL( L+1) [22.( 2.+1)-L( L+1) ] 

L=O M= 
-L 

(B.28) 

Note from the formula that, because we assume equation (B. 20), relations 
01 

similar to those for X hold: 

-ij 
X 
rs 

-rs -xji 
X .. 
lJ rs 

-ij X • 
sr 

23 

The integral of YoVho(YlVhY23) is closely related. Applyequa

tion (B. 5) using the term in parentheses for V
h

, then integrat e and use 

( B. 1 0) : 

(B.29) 
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(B. 30) 

Next treat the term in square brackets below as the scalar and use 

equation (B. 5). One resul ting integrand is a pure di ver gence; it goes 

to zero by equation (B.l 0). The other, after application of (B.8), has 

the sarne form as (8.30). The resul t is 

Also, using the Y23 defined above, we can apply equation (8.5) to 

(8.31) 

Using Y23 as the scalar we apply (8.5) to the integrand below to obtain 

(B.32) 

The final integrand to be considered is (Y 01 Y23 ). We could obtain this 

almost immediately from (8.32). Alternately, using (8.5) we have 
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Mul tiply by Y 23 and integrate. The second term is g,( g,+1 ) X 
23 
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For the 

first term, treat Y23 as the scalar and use (B. 5). One integral goes to 
_01 

zero by equation (B. 10). The other is -X So 
23 

_01 01 

- X + g,( i+1)X 
23 23 
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APPENDIX C 

THE RADIAL INTEGRALS 

In this appendix we define the various radial integrals used in 

the text. They are denoted by I, wi th three subscri pts. The first one 

gives the number of dependent variables in the integrand. The second 

designates which term in B (see Chapter 6) with which the integral is 

associated. And the third simply enumerates integrals for a gi ven set 

of the first two indices. 

Three types of quantities appear in these integrals. (1) There 

are unperturbed quantities such as Po, g, c 2
, rlO and N2

• These are 

defined in Chapter 4 in the section on the zeroth-order system. They 

are available as numerical profiles in radius obtained from a realistic 

solar model (Saio 1982). (2) There are numerical profiles in radi us of 

the radial dependent variables of the homogeneous system (see Chapter 

-
4). In general these are denoted by wkl ' h kl , Pkl and Pkl' But as 

described in the main text, for our problem all the homogeneous quan-

ti ties that appear in these integrals belong to the same multiplet, 

which we assume is denoted by (k, i) = (K, A). For simplicity we drop 

the (K, A) subscripts, so that the homogeneous solutions are denoted by 

w, h, P and p. (3) The third type of quantity is the numerical profiles 

in radius of the second-order particular solutions (see Chapter 5). 

Thes e ar e denot ed by w 23 ( i, ll) and P2 3 ( i, ll) • 

The radial integrals are as follows: 
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rR 2[1 A (n) (P ON2 )A ( )] 2 J w C2 P23 N,)..I + g W23 R.,)..I r dr, 
o 

rR 2 [1 A (n) ( P oN
2

) ,. ( ] 2 J 0 h C2 P23 N,)..I + g W23 R.,]..I) r dr, 

I353 

rR wh 
r 2dr, 

(R h 2 p;p( R.,)..I) 
r 2dr, 

Jo 
Po r W2 3 ( R., )..I) I 3 SIt 

Jo 
Po 

l" cr~ 3 r p 0 

I35S 

(R 
P w (dh _ ~ + !!) p~ ~ ( R., )..I) r 2dr, = J o dr r r O'~ 3 r p 0 0 
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rR d [h... (n )] 2 J W dr r P23 x., II r dr, 
o 

rR 
hdp,. (9. ) 2 

W "r dr, J
o 

rdr 23 , .. 

rR d { [ 1 d ( 9.( 9.+1) ... (9. ) 
W r P r 2 w,. (n ,,)) P 2 3 , II ]} r 2dr , J

o 
dr 10 rz dr 23 N,.. - r 0 2 rp 

2.3 0 

rR h [ 1 d ( 9.( 9.+1 ) 
J r r lOP rz dr r 2 W 23 ( 9., ll)) - r 
o 

rR -
- p wh 

J 
gp - - r 2dr, 

o Po r 
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I" 03 
rR - W2 (dh W h) 
J 

g p - - - - + - r 2dr , o r dr r r 

rR wh [W dp .!J....2.E 1 d ( 2 ) 1 d ( 2 - ) 
Jog r ? dr + c 2 r 2 dr r W - r 2 dr r PW 

rR W2 d (W dp + r p 1 (r2 w) _ ,(, ... 1' r p _h) r 2dr 
J - - 1 0 r 2 dr 1\ I I o C 2 dr 1\ • lOr ' 

1"32 
rR w2 d ( 2 pw) r 2dr, 1"3,, 

rR h 2 d 
pw) r 2dr , 

J 0 ? dr r J r2 dr (r 2 
0 

rR p w2h 2d rR h 3 
1"35 J ---r r 1"36 E.... - r 2dr 

c 2 r ' J c 2 r ' 
0 0 
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1 .... 1 

(R _ 
dw 

1 P WZ - r 2dr 
dr ' 0 

rR - w2h 
1 .... 3 1 P - r 2dr 

r ' 0 
I ...... 

rR - h 3 
1 .... 5 1 P - r 2dr 

r ' 0 

1"50 
rR W3 

(w-2h) r 2dr , 
10 Po 2r2 

1"52 
rR W2 (dh _ w ~) (w-2h) r 2dr , 10 Po r - + 

dr r 

1"53 
rR 

Po Wh2 L(L) r 2dr, 10 dr Po 

1 .. 5 .. 
rR w2h dw 2 

1"55 
rR Wh2 dh 2 

10 Po r dr r dr, 10 Po r dr r dr, 

1"56 
rR wh d ( dh ) 

r 2dr, 
rR wh 2 

(dh w h) 10 Po r dr rw~wh 1"59 Jo 
Po - - - + - r 2dr 

r dr r r ' 

1"57 
rR w2h 2 rR hIt 

10 Po 2r 2 r 2dr, 1"58 Jo 
Po 2r 2 r 2dr, 

rR d p h rR - h 2 
1"71 J w -(p --) r 2dr, 1"72 J P 

L _ r 2dr 
o dr Po r 0 Po r2 , 
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1"73 
rR W d ( WZ) rZdr, 1,.7,. 

rR wZh 
J '2 dr P rZ JO P 2r 3 r 2dr, 
0 

rR w d h 2 rR h 3 
1"75 J 2" ar(p -) r 2dr 1"76 J P 2r 3 r 2dr, r 2 , 

0 0 

1"77 
rR 

d w dh h 
J 

w -[p - (- - ~ + -)] r 2dr 
o dr rdr r r ' 

rR 
wh dh h 

P (- - ~ + -) r 2dr 
J 0 ? dr r r ' 

rR d W2 

r 2dr, 
rR w2h 

I"S3 J w dr(rlOP r Z) I,.e,. 
JO 

r10p -3 r 2dr, 
0 

r 

rR d h Z 
rZdr, 

rR h 3 

I,.e5 J w dr(rlOP r 2) I,.e6 JO 
r10p ? rZdr, 

0 

rR d w (dh _ w 
;)] r Zdr, I,.e7 J 0 W dr [r lOP r -+ 

dr r 

and 
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APPENDIX D 

A MULTIPLE-TIME ANALYSIS 
OF THE SECOND ORDER SECULARITIES 

The terms involving 012 = 0 lead to secular solutions and we 

could, if we would like, bring the multiple-time analysis to bear on the 

problem. As we saw in Chapter 5 what we need are non-oscillatory ef-

fects. To involve the Method of Multiple Scales, we need to redefine 

the zeroth-order quanti ties, zo' Whereas in the rest of the disserta-

tion Zo refers to the unperturbed state of the star, to invol ve Zo her e 

we redef ine it to refer to the non-oscillatory state. Thus it includes 

the unperturbed state and any mean field effects. In this case we must 

relax the dzoldL. = 0 requirement to allow for time dependent mean field 
1 

effects. 

We return to Chapter 4 and relax assumption (d). In zeroth 

order we obtain zeroth-order versions of the mass and energy equations 

that gi ve directly dzold,o = O. In first order we find nonhomoge'neous 

terms of the form dZo/chl' Since there are no resonant driving terms to 

deal with, we use the freedom inherent in the multiple-time formalism to 

Since the seculari ty of concern here occurs at second order, we 

do not need a full second-order solution; we merely need to identify the 

terms that will lead to secular solutions and find the conditions neces-

sary to deal wi th them. So, as in Chapter 6, we start wi th the combined 
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equation (4.20) and apply the method of eigenfunction expansion. 

Assuming 

I(en(LO.Ll.L2. L3) un(r») 
n 

* in equation (4.20), dotting in u ,and integrating leads to 
no 

1 ( * 
-J J G2 "U dV. 

n V no o 

(D. 1) 

Because we have relaxed assumption (d), G2 will be augmented. In addi-

tion to the terms given in Chapter 4, there will now also be dZo1dL2 

type terms. These are 

-r dg 
Po dL2· 

G2 still has terms of the form dZ1/dL1' which we set to zero by essen-

tially the same arguments we used in Chapter 5. So G2 can be written 

(D.2) 

Since 0 12 can never be close to 0 ,there are no resonant driving 
no 

terms. And yet, as discussed in Chapter 5, seculari ties will occur when 
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Another way to see this is to note that the B s are veloci ty . n 

coefficients. If we convert v 2 in equation (4.20) to displacement, 02r, 

using equation (A.6) from Appendix A, then use 

02r (1',t) = L (Yn(LO,Ll'L2,L3) /;n(1'»)' 
n 

etc., equation (D.l) gets replaced by 

a3 y ay 
~+02 ~ 
aLo 3 no aLo 

dV. 

, 
Note that although G2 is much more complicated than G2, the temporal 

dependence of the terms is unchanged. Now the case of 012 o clearly 

leads to solutions proportional to Lo. It is the extra time deri vati ve 

in our system that is the cause of this difficulty. 

Returning to equation (D.l), we want to isolate and remove the 

terms on the RHS that have no LO dependence. Using equation (D. 2), and 

recalling that to have 012 = 0 we must have X2 = -Xl and m2 = ml , the 

appropriate terms are 

r ag A * { r *} -J P 0- r·u dV + l: 1 S 12 J Gll·u dV • 
V a1'2 no ml nl V no 

(D.3) 

By the mul tiple time formalism, we set these terms to zero, thus yield-

ing a condi tion on the 1'2 dependence of the zeroth order quantity, g. 
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Although we do not intend to perform a detailed solution for 

this dependence, it is plausible that a solution that saturates in time 

along the lines of (1 - e-'2) exists. We assume that g and Po are 

separable, wi th the same time dependence: 

and 

Po (r, t) 

We also consider a special case where the Sn's have constant real 

amplitudes so that ISnl2 is independent of '2' (This is in fact the 

case investigated in Chapter 7.) So the only '2 dependence remaining in 

(D.3) is that of the zeroth-order quantities in the first term and in 

one of the terms in G1l" Setting (D.3) to zero and replacing the spa-

tial integrals with capital letters signifying constants: 

Ah dh 8h + C. 
d, 2 

(Not e from (D. 3) that for A to be nonzer 0, g' mus t have an angular 

dependence with a nonvanishing y~o component - the mean field due to 
o 

nonlinear perturbations depends on angle.) This integrates to 

A.- CA (C 8) 8h - 82 In A + ft.h '2' 
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Provided the spatial integrals. evaluate to suitable values, this could 

very well be a proper sort of solution. For example, if we assume 

BIA = -1 and CIA = 1 then h = h ('( 2) sat urates very quickly, as a few 

minutes wi th a calculator will show. 
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APPENDIX E 

A MULTIPLE-TIME ANALYSIS OF THE SIMPLE HARr-DNIC OSCILLATOR 

In this appendix we apply the multiple-time analysis to a 

damped, dr i ven, s impl e harmoni c os cill at or (SHO). Pleas e ref er to 

Chapters 3 and 4 for details regarding the formalism. The form of the 

SHO is essentially the same as that which appears in Chapter 2. We have 

added here powers of a bookkeeping parameter e: in order to make explici t 

the intended relative sizes of the terms involved. The equation for the 

SHO is 

( E. 1) 

We consi der small oscillations, so we assume 

+ e: 3X 3 ( To, T 1 , T 2' ••• ) + (E.2) 

In the multiple-time formalism the time deri vati ve is expanded as 

+ ••• ( E. 3) 

so that 
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We shall also assume that the driving frequency is near resonant: 

(E.4) 

where in the second factor we use T2 instead of E2 to remind us that 

that factor vari es slowly in time. We substi tute equations (E.2) and 

(E.3) into (E.l) and equate orders of E. In first order 

The Well-known solution is 

. * . 
S -IWoTo + S 1WoTo 

1 e 1 e (E.5) 

At order E 2 we have 

o. (E.6) 

Using equation (E. 5): 

* . 
2 · D ~ lOOn TO 

10001;)1 8 -
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The terms on the RHS are resonant, so by the multiple-time analysis we 

set 

o. (E.7) 

Now the solution to equation (E.6) is 

( E. 8) 

The third-order equation is 

Using equations (E. 4), (E. 5), (E. 7) and (E.8) we have 

. * . 
2 · D S -lWo'o 2· D S lWo'o 

1 Wo 1 2 e - 1 Wo 1 2 e 

All the terms on the RHS are resonant. Assuming 
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removes the first two. Then the multiple-time formalism gives the 

re quir ement 

(E.9) 

To separate real and imaginary parts, let 

Then equation (E.9) becomes 

and 

Setting 

we note that 
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Therefore we can wri te the system in terms of the variables a o and 0: 

and 

dO 
ao~ - Lao 

01: 2 

E:....L sine 0) 
4 III 0 

.!:....!L
4
F cos ( 0) • 

III 0 

(E. 10) 

(E.l1) 

In passing we note that the solution to this system is consis-

tent with the traditional SHO solution (see Chapter 2). In the 

traditional solution a o is constant, so we set da old1: 2 to zero. This in 

turn gives dold1: 2 = O. The resulting set of equations can be solved for 

tan (0) and 

Gi ven t ha t equation (E.4) constitutes an approximation for (1Il-1Il0 )' thi s 

result is consistent with the traditional solution. 

In Chapter 7 it is shown that, given certain approximations, the 

amplitude equations for the mode locking problem are exactly analogous 

to equations (E.l 0) and (E.ll). Therefore one can refer to the tradi-

tional SHO analysis in order to gain insight into the mode locking 

problem under those approximations. Note that the amplitude equations 

that we obtained in the above analysis were dependent on how the terms 

in equation (E. 1) were ordered. 
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APPENDIX F 

THE BOUNDARY CONDITIONS AT FIRST AND SECOND ORDERS 

In this appendix we derive the boundary condi tions (BCs) for the 

radial solutions at first and second orders. The work done here uses 

the dimensionless variables introduced in Chapter 8. The general ap

proach is as follows. A condi tion relating Y1 to Y2 (or Y1 to Y2) at 

each boundary is obtained by first approximating the full system at that 

boundary. In particular, we set the equilibrium parameters equal to 

constants appropriate for that boundary. The resulting system can be 

solved analytically. One then rejects one of the two solutions on 

physi cal grounds, and the remaining sol ution provi des the r equi red BC. 

Section 17 of Unno et ale (1979) provides an in-depth discussion on 

obtaining boundary conditions for the first-order system. The material 

there differs from that presented below in that they do not use the 

Cowling approximation. 

In order to take advantage of the similari ty between the systems 

at the two orders, we shall use the first-order variables in both cases 

in this appendix. Therefore, when translating the second-order results 

given here to the main body of the thesis, replace the variables 1, 00, 

Y1 and Y2 with ~o, 0012' Y1 and Y2' respectively. Recall from 

Chapter 5 that the case of 00 12 = 0 is not considered. The first-order 

results below are only applied in the case of ~ = A '" 30 for this work. 
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F.1. The System at the Surface 

We turn first to the boundary condition at the surface. 

Referring to equations (8.1) and (8.7) and recalling the above remarks 

regar di ng notation, we see that the system at first or second order can 

be wri tten in the form 

A(z)y(z) + F(z), ( F.1) 

where 

A = 

* (A + 1 - U) 
y C) 

(V - 3) g 

and F depends on the perturbation order. The independent variable is 

z = In(x), where x is the radius normalized to its surface value. To 

obtain the surface Be we first approximate the system (F.1) by setting A 

and F equal to constants given by their values at the surface. Thus we 

have 

~z(y(z)) A(O)y(z) + F(O), ( F. 2) 

where the notation 
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(

b ll 
A(z = 0) = 

b 2l 

will be used. 

The surface boundary conditions in this work were applied at 

point number 281 of the Saio (1982) model. This point has a radius 

value of 6.9481 x10llcm and a temperature of 4369°K. The photospheric 

temperature minimum of this model is essentially at this radius. The 

-8 
values of the equilibrium quantities there are U = 5.5887x10 , 

* 0.99994, V = 4133.9 and A = 2353.3. g 

Turn now to the homogeneous solution of equation (F.2). A 

homogeneous system wi th constant coefficients has a solution of the form 

Xz y(z) =Ce • 

Substi tute this into equation (F.2) to obtain 

(A(O) - XI)C = 0, (F.3) 

where I is the identity matrix. We obtain a nonvanishing constant 

vector C if and only if X is an eigenvalue of the matrix A(O). Setting 

the determinant of (A(O) - AI) to zero we find two solutions for X: 



282 

where 

g 00" 
-4V (0)C 1 (0) { 

00
2 

* * (V (O)-A (0)+U(0)-4)2 + 4V (O)A (0)C1(0) + 4i(i+1)c 1(0) 
g g 00 2 

4V (O)C~(O) 
g 

(F .4) 

To determine the constant vectors C, substitute each eigenvalue into 

equation (F.3) and solve the system of linear equations for the unknown 

C. This then completes the general homogeneous solution of equation 

(F. 2) : 

(F.5) 

where d+ and dare arbi trary constants, and 
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In both first and second orders we would next apply the physical 

condition in order to specify the d±. To do so we make use of the 

following arguments from section 17.1 of Unno et al. (1979). We are 

really interested in energy flow, so we consider the kinetic energy 

densi ty 

cc 

Noting from the defini tions in Chapter 8 that 

we have 

* -(A+V), 
g 

* -(A +V )z 
Po cc e g 

Also, 

In(x 2) 
e 2z 

e 

We use these two results, equation (F.5), and the fact that U(O) is 

negl igi ble to obtain for ei ther homogeneous solution 

cc 

* -(A +V )z 
e g 2z e 

.1 
(±y2 )z 

e • 
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The solutions can be oscillatory or exponential in z, de pendi ng on the 

sign of Y. As is evident from equation (F. 4), Y in turn depends on how 

w2 compares to the critical frequencies w2 and w2 
, which are related 

r 1 r 2 

* to the local values of N2 and Li (= (A Ic 1 ) and ~(~+1)/(VgCl) respec-

tively in dimensionless units). The latter are depicted in Figure 

(F. 1) , which shows the variation throughout the solar radius, as well as 

the surface behavior that is of interest here. For more details, see 

section 17.1 of Unno et al. (1979). 

If the solution is exponential, one must choose between growing 

or attenuated behavior. The traditional procedure is to discard the 

solution that is growing as z approaches the surface. This has been 

called into question (Hill 1978); nevertheless, the traditional BC is 

used in this work. On the other hand, the solution may have an oscil-

latory character. In this case one has radially incoming and outgoing 

solutions, depending on the sign in front of Y. Since we are dealing 

here with free oscillations of the Sun, we assume no external in-

fluences. Therefore any incoming solutions must be discarded. 

F.2 The Surface Boundary Condition at First Order 

In first order we have II' = O. Therefore the solution (F.5) is 

the complete solution. We only need first-order solutions for modes 

wi th £. = A ::: 30, which have eigen-.. alues of w2 
'" 12. At the surface the 

* Brunt-VEiis~na frequency, N, gets large (A IC 1 = 2353.4), whereas the 

Lamb frequency, L~, is quite small (for ~ = 30, ~(~+1)/(VgCl) = 0.2). 

Since t hes e frequencies are closely related to the cri ti cal frequencies 
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wand w ,and since w is well in between these two values, we see 
r 1 r 2 

from equati on (F. 4) that Y will be greater than zero. See also Figure 

(F. 1) • For verification, we can evaluate Y directly from equation 

(F. 4), obtaining Y = +41,000,000. So the kinetic energy density varies 

exponentially in z at the surface for these modes, and we discard the 

growing solution. Therefore we set d+ in equation (F.5) to zero, and we 

have a first-order solution of the form 

To obtain a relationship between Yl and Y2 valid for the outer boundary 

we note that 

A z 
d e 

so that 

This is the first-order Be at the surface. 
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F.3 The Surface Boundary Condi tion at Second Order 

In second order 

(F.6) 

The full solution to the system (F.2) now includes a particular solution 

in addi tion to the Y
h 

in equation (F. 5). The following constant sol u

tion satisfies (F. 2): 

(:} 
So the full solution is 

(F.7) 

To apply the physical boundary conditions we need to determine 

the sign of Y. In second order ~ can take on even integer values be-

tween 0 and (2J..) = 60. (See the discussion preceding equation (5.19).) 

There are two ranges of values for w2 (equation (5.7»). The smaller 

values range from (W~J..)2 = 0.0008 to about (60W~A)2 = 3.0, and the 

larger values are approximately (2W
d

)2 = 47. The surface value of N2 

does not change for the different cases ('O 2353 in dimensionless 
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Figure (F.1). N2 and L~ versus In(x). 

The ordinate scale is in uni ts of GM/R 3, where G is the gravi ta
tional constant, M is the solar mass, and R is the solar radius. The 
abscissa is the logarithm of x = r/R, the radius normalized to its 
surface value. L~ is shown for three valu2s of t. Three typical values 
of w2 are depicted by horizontal lines. w15 iO is a typical homogeneous 
(first-order) eigenvalue. who and wi repres~nt t~Pical second-order w2 

values that occur in our prbblem: {. == (2W l 0)2 and wi '" (24w' )2. 
At the surface, N2 dips sharply negatl~e, rea~Js a minimlk of -f~18, 
then shoots up to a large positive value (2353) at In(x) .. O . 
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Figure (F.2). N2 and L 2 versus In(x): 
2. 
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enlargement at the surface. 

The ordinate scale is in units of GM/R 3
, where G is the gravita

tional constant, M is the solar mass, and R is the solar radi us. The 

abscissa is the logarithm of x = r/R, the radius normalized to its 

surface value. L2, is shown for three values of 2.. The wio shown here 

i s the same as the 0 net ha tap pe ar sin F i gur e (F. 1). N2 i s 1 ar ge an d 

negati ve for In(x) less than about -0.0005. Then from there out to 0.0, 

it is large and positive. L~ ranges from 0.0024 at In(x) .. -0.0006, to 

0.0014 at In(x) = 0.0. 
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uni ts), but Li depends on 1. In dimensionless units, it can vary from 

zero for 1 = 0, to 0.0014 for 1 = 2, to 0.89 for 1 = 60. So we see from 

equation (F.4) that when 00 2 ::: (200
d

)2, it lies in between the squares of 

the two critical frequencies for all 1s, and Y is always greater than 

zero. Refer to Figure (F.l). This will be true as well for the larger 

00 2 values that are less than OO~A' But once 00 2 starts to drop below 0.9 

or so, there will be negative values for Y for the larger 1 values. 

This will occur for more and more 1 val ues as w2 gets smaller. So we 

have oscillatory solutions at the surface if 00 2 is small enough and/or 1 

is large enough. Figure (F.2) depicts the quantities involved; it is an 

enlargement of a portion of Figure (F.1). Also shown is a horizontal 

line corresponding to an intermediate value of 00 2: 00 2 = 0.5 

When Y > 0 we have exponential behavior in the kinetic energy 

density and we discard the growing solution. Therefore, as in first 

order, we set d+ = 0 in the general solution. Doing this in equation 

A z 
(F.7), then eliminating d_ e , yields the Be for this case: 

when Y > O. 

When Y < 0 the solution is oscillatory at the surface. (We 

shall proceed wi th three pages of discussion of this case, and at the 

end point out that it really doesn't matter for our particular problem.) 
l. 

Now e
k 

a: exp(±i(-y)2 z ). We need to determine if this is propagating 

inwards or outwards. Using equation (5.22) we include the temporal 

dependence at the time scale of the oscillations: 
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The radial phase velocity can be found from dz/d'r o under the condition 

that the phase is fixed. Constant phase is given by 

~ 
± (_y)2 Z - 2w'ro constant, 

or 

Z = ± 2w'r Q.l. + constant. 
(_y) 2 

So the phase velocity is 

2w ± --.1 • 
(_y) 2 

In the second-order system w can be of ei ther sign, so the directi on of 

phase propagation depends on the solution chosen, that is the plus or 

the minus. and the value of w as well. For g-modes the group veloci ty 

in the radial direction has the opposite sign as the phase velocity 

(Unno et al. 1979. section 17.1). Therefore incoming energy is 

specif ied by 

± w > 0, 
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and given 00, the solution that satisfies this relation should be 

rejected (Unno et al. 1979, section 17.1). Thus either d+ or d is set 

to zero in equation (F.7) and the boundary condition relating Y2 to Y1 

is given by 

when Y < 0 and 00 > 0 

or 

when Y < 0 and 00 < O. 

The case of Y < 0 deserves a closer look. We note that because 

of the presence of B±, the BCs are complex. Up to this point only real 

quantities have been discussed, as one might normally expect in an 

adiabatic boundary value problem. But when there are traveling waves at 

the boundary, there is energy transport across that boundary and imagi-

nary numbers occur in the analysis (Unno et al. 1979, section 17.1). 

Recall from Chapter 8 that, in the second-order boundary value probl em, 

the boundary condi tion is used to determine the surface value of i; in 

equation (8.6), where the j subscript has been dropped since k = 1 in 

equation (8.6) for the present problem. Let i; and B± be complex: 

f,: + if,:. 
r 1 

and B = a ± ib. 
± 
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The surface values of u and v r~sulting from the initial value integra-

tions will be assumed to be real. This is reasonable since the inner 

BCs and A(z) and F(z) are real. Using equation (8.6) in the outer BC 

gi ves then 

This can be solved for ~ and 1;., yielding 
r 1 

and 

(au1-u2 )[a(gl-v 1 ) - (g2-V2)] + b 2u 1 (gl-V1 ) 

(au 1 -u2 )2 + b2u~ 
(F.8) 

Continuing wi th the procedure as descri bed in Chapter 8, one would back 

substitute to determine the ~ values for each panel, and then do the 

1 inear combination in equation (8.6) in order to obtain the sol uti on y. 

When one does this one finds there is no mixing of real and imaginary 

parts. That is, the real part of the profile of y is derived solely 

from the real part of ~ at the surface, and the imaginary part of y 

solely from ~i. Therefore, for the results presented in this disserta

tion, equation (F.8) was used to obtain the surface value of~. The 

imaginary term ~. and the imaginary part of the profile of y were ig-
1 

nored. 
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The last few paragraphs are misleading in that they imply that 

the solutions required for this dissertation are sensitive to the outer 

BCs. Tests were made on the sensitivity of the second-order solutions 

to the implementation of the outer BCs. The methods considered were 

(1) usage of equation (F.8), 

(2) usage of the B solution if Y is negative just change its sign, 

(3) usage of the B+ solution -- again change the sign of Y if necessary 

to avoid imaginary numbers, and 

(4) application of the BCs at a point in the outer convection zone where 

the solutions are evanescent in all cases, thus avoiding oscillatory 

beha vi or altogether. 

For a typical case the solutions inside of the convection zone were 

identical (14 decimal places) for (1), (2) and (3). The profiles 

resulting from method (4) agreed to within 6-9 decimal places. 

Insensitivity to the outer Bes for these solutions is to be expected, 

since their significant amplitudes are trapped well inside the Sun. See 

Figures (8.11) through (8.16). This should not be assumed for other 

modes though, particularly pressure modes, which tend to be largest near 

the surface. See, for example, Christensen-Dalsgaard (1984). 
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F.4 The System at the Center 

The variable z = In(x) is singular at the center of Sun, so 

instead of using equation (F. 1) , it will be convenient to let x be the 

independent variable, and the system is wri tten 

A(x) y(x) + F(x). ( F. 9) 

We point out that when the independent variable is zero, it will hence-

forth refer to the center of the Sun, as opposed to previous sections 

when it meant the surface. We use a series method to solve this system 

near the origin. The mathematical BC can be obtained from the lowest 

order term in the series solution. Series solutions are discussed in 

mos t el ementary text books on differential equations, for example, Boyce 

and DiPrima (1965). Hochstadt (1975) is particularly useful because he 

deals wi th systems of first-order equations. Refer to section 17.1 of 

Unno et al. (1979) for a more direct determination of the central BCs in 

the first-order case. The Cowling approximation is relaxed there. 

Near the origin physical quanti ties must be expandable in even 

powers of x so as to avoid discontinuities in their derivatives. Thus 

we find that 

as x ~ 0, (F.l0) 
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where O(x 2
) means "of the order x 2

". Therefore, the coefficient matrix 

can be written in the form 

A(x + 0) 

where 

(F.ll) 

We shall need the eigenvalues of this matrix below, so we proceed to 

solve 

(Ao - 8I)b 0, (F. 12) 

where 8 is an eigenvalue, b is an eigenvector, and I is the identity 

matrix. Setting det (A o-8I) = 0 yields 

82 + 58 + 6 - i( i+l ) 0, 

or 

8 (i-2), -(i+3). 
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Substituting each B back into equation (F.12), we obtain the correspond-

ing eigenvectors: 

b 1 0: ( C,;"') for B ( J/,-2) (F.13) 

and 

(Ct+;) c lOW 

b 2 0: 

1 

for a -(J/,+3) • (F.14) 

F.5 The Central Boundary Condition at First Order 

In first order, F = 0 and the system (F.9) reduces to Euler's 

equation, whose solution is well known. See, for example, section 3.2 

in Hochstadt (1975). In second order though, one has the nonhomogeneous 

term, and one must be more careful in solution. Use of the series 

approach will avoid ambiguities there. To be consistent overall, we 

adopt a series approach in first order as well. 

Since in order to specify the BC we only need the lowest order 

term in the series solution, we need retain only Ao in A. It is well 

known that a seri es sol ution of the form 

s 
y(x) = x Jl L 

• =0 
• d x, • 

(F.15) 
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wheres = CD, is convenient for equations with regular singularities. 

Substi tuting equation (F.15) into the appropriate form of equation (F.9) 

yields 

s 
L 

t =0 

The expression for the coefficient of each power of x is thus 

But we see that this is just equation (F.12)! Therefore, only when 

(t+jJ) is an eigenvalue of Ao do we obtain nonzero solutions for d. Let 
t 

jJ be equal to the smaller eigenvalue, 62 = -( A+3), where for first order 

we use .9. = A == 30. Then do will be nonzero, and is given by equation 

(F.14). The t value that corresponds to the other eigenvalue, elf is 

gi ven by 

t = 6 1 - jJ 6 1 - f3 2 ( A -2) + (A +3) = 2 A + 1. 

So d(2A+l) is the other nonzero coefficient vector. The solution (F.15) 

reduces to 



, 
= do 

( 

).+1) - c; ow' -( ).+3) , 
x +d(2)'+1) 

where d's are used to specify arbitrary constants. 
t 
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We now apply the physical boundary condition. We have two 

- 0+3) 
solutions, both exponential in x. Since). == +30, the x solution 

di verges at the origin, and so must be rej ected. Thus we have 

(
c 11~W2) ),-2 Y (x -+ 0) cc x (F. 1 6) 

for the behavior of the first-order solution near the origin. To obtain 

I ),-2 
a BC relating Y2 to Y1 we can eliminate d(2)'+1) x to obtain 

Actually, the precise quantity needed for the computations is not this 

BC, but rather an initial vector. A normalized version of the constant 

vector in (F.16) was used. 
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F.6 The Central Boundary Condi tion at Second Order 

In second order F is given by equation (F.6). To evaluate this 

near the origin we use equations (F.10) and (F.16) in the explicit 

expressions for fl and f 2 , which appear in Chapter 8 following equation 

(8.7). Recall that the Y1S and Y2S that appear there have ~ = L We 

find 

where 

Fo = a (
-~(~+~») 

c10w 
, 

2),-2 

(F. 17) 

with 

a = 

, 
d( 2),+1) is the arbi trary constant in equation (F.16). We note that if ~ 

equals (-2).-1) or (+2),) then Fo = O. Since ~ actually ranges from 0 to 

2)" the first case is of no concern, but the second is. When ~ = 2>', F2 

marks the lowest order term in F near the origin. 



300 

Since to determine the BCs we are only interested in the lowes t 

power of x, we subs ti tute A 0 for A and the above expression for F into 

equation (F. 9). Using equation (F.15) we have then 

s 
I + (F.18) 

t =0 

We shall find below that lJ = (9.-2) is often the most convenient choice. 

Then equation (F.18) becomes 

s 
I 

t =0 

t+9.-2 
X + 2.\-4 ( ) x F o+x 2 F 2 o. (F.19) 

In second order 9. can take even integral values ranging from 0 to 2>" 

We now turn to the various cases. 

The Case of 2 ~ 9. ~ (2.\-4). 

We set lJ = -(9.+3), the smaller of the two eigenvalues of Ao. In 

- (9.+3) 
equation (F.18) consider the lowest order term, x . Its coeffi-

cient is determined by 

The terms in F involve higher powers of x and so do not appear here. 

This is just a version of the eigenvalue equation (F.12); do is nonzero 
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and is given by equation (F.14)." The next higher power of x in equation 

(F.18) has a coefficient given by 

Since (-~-2) is not an eigenvalue of Ao. d 1 is zero. This will be true 

of all higher powers of x until we reach 1 = 2~+1. Then we have 

The terms in F involve still higher powers of x since we are currently 

restri cting ~ to be less than (2A-2). We have a nonzero solution, given 

by equation (F.13). So the two lowest order terms in the solution 

(F. 1 5) are 

, 
= do (~) 
We now apply the physical cri terion. As in first order we must 

, 
reject the solution that diverges at the origin. Therefore we set do 

equal to zero. We have then 
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(
C1 :OO

2
) 1-2 

Y (x ~ 0) ex: x. 

1 

(all values of 1) (F.20) 

The case of 1 = 0 is included because we shall see in the next subsec-

tion that the 1 = 0 result is consistent with equation (F.20). In 

subsequent sections we shall see that this result can be used for 

1 = (2),-2) and 1 = (2),) as well. Eliminating the arbi trary constant and 

1-2 x from the two equations represented by (F.20) yields a BC relating 

O. (all values of 1) (F. 21) 

For the second-order computations, we need two initial vectors, 

one for the v in equation (8.6) and, since the k in that equation equals 

one here, one for the only u. To obtain these ini tial vectors we follow 

the procedure outlined in Scott and Watts (1977); see also Keller 

( 1976). The gener al procedure would be to have the ini tial vector for 

u, u o ' satisfy the homogeneous version of the BC, and the ini tial vector 

for v, v o ' satisfy the full BC. Also, the Vo chosen is the unique 

solution of minimal length that is orthogonal to u o • One virtue of 

these particular initial vectors is that they satisfy the central BC 

regardless of the value of ~ in equation (8.6), thus leaving ~ free to 

be adj usted to satisfy the ou.ter BC. 

An ini tial vector that sati sf ies the (already homogenous) BC 

(F. 21) is 
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U o 0:: (all val ues of 2.) (F.22) 

A normalized version of this vector was used in the computations. Since 

equation (F.21) is homogeneous, the general procedure would yield a 

Vo = u o • This is not 1 inearly independent s so we use the solution 

Vo () (all val ues of 2.) 

This I suppose qualifies as an orthogonal vector of minimal length! We 

note that it would be unacceptable to have U o = 0 since u satifies a 

homogeneous equation. But since v satisfies a nonhomogeneous equation 

we can set Vo = O. As one does the ini tial value integration of v, the 

presence of F will yield a nonzero result. 

The Case of 2. = o. 

The resul ts for 2. = 0 are consistent wi th those of the previous 

section, but one must be a little more careful in obtaining them. When 

2. = 0 the a 2l in equa t i on (F. 11) is augment ed by the presence of an 

additive factor of U(O) (Dziembowski 1911). Nevertheless, the eigen

values of Ao are -3 and -2, consistent with the results for general 2.. 

Let us set 1.1 = -3 in equation (F.18). The lowest order terms are those 

for small values of t; the F terms are not involved. The coefficient of 

the x -3 term is 
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Since -3 is an eigenvalue of Ao there is a nonzero solution for do, 

given in fact by equation (F.14). The only other nonzero d will be 
t 

when (t+ll) is equal to the other eigenvalue of Ao. So equation (F.15) 

reduces to 

y II 1l+1 
do x + d 1 X _ '( - C 1 :00

2
) - do 

1 

x -3 C) -2 x 

, 
Next we apply the physical cri terion. Clearly do must be set to 

zero to avoid a solution that diverges at the origin. But is the other 

sol uti on physically reasonable? y 1 is acceptable because of the factor 

of zero in the constant vector. As for Y2' we recall from Chapter 8 

that Y2 = p/(Pogr). Near the origin we have 

p ---::--> x ~ 0 

The pressure perturbation is a finite constant at the origin, which is 

physically acceptable. The solution near the origin is thus 

(~ 0 case) 

We see that this is consistent with equation (F.20). 
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It is clear that for all 1 values the solution associated with 

the (-1-3) eigenvalue of Ao is always the unphysical one. We will 

ignore this solution henceforth. In equation (F.18) then it will be 

convenient to use 1l = t-2, so in the future we will refer to equation 

(F. 19) I' at her than the more general (F. 18). Thus for the remainder of 

this appendix we have implicitly applied the physical BC; the material 

from this point on is just mathematics. 

The Case of 1 = (2),-2). 

The coefficient of the lowest power of x in equation (F.19) for 

this particular t value satisfies 

(F.24) 

1 is finally large enough that Fo is involved. Since (1-2) is an eigen

value of Ao' the homogeneous solution for do is the usual one given by 

equation (F.13). Because 0.-2) is an eigenvalue, the particular solu

tion depends on the form of Fo (see e.g. Boyce and DiPrima 1965). If Fo 

is proportional to a column of (Ao - (1-2) r), then Cramer's Rule will 

gi ve % and there are an infini te set of particular solutions for do. 

Otherwise the system is inconsistent, and do = O. As is clear from 

equations (F.l1) and (F.17), when 1 = (2),-2) we have the former situa

tion. Either of the two equations represented by equation (F.24) can be 

wri tten as 
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In anticipation of the Vo that we wish to construct, we choose from the 

infinite possibilities that vector which has minimal length. Let 

L = d 2 + d 2 eliminate d using the above expression, then minimize 
PI P2' PI 

wi th respect to d 
P2 

Upon dOing so the general solution to equation 

(F.24) can be written as 

R. + (1 -....:..;;--

We note that this version of the particular solution is orthogonal to 

the homogeneous solution. So the lowest order term in the solution 

(F.15) is 

y 

, 

~. (1 
~-2 

x 

If we eliminate do from this vector equation, we obtain the following 

scalar Be: 

~ 
Y1 - ---2 Y2 

C lOW 

~ ~-2 
- (1 ---2 X 

C 1 oW 

~-2 
Because of the factor of x in the nonhomogeneous term, the RHS is 

zer a and the Be for ~ = (2)'-2) takes the same form as that for smaller 
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9.s, equation (F. 21). Thus the initial vectors (F.22) and (F.23) can be 

used. 

The Case of 9. = (2;'). 

For this 9. value, Fo = 0 (recall equation (F.17»), so that F2 is 

the lowest order term in F. The equation for the lowest power of x in 

equation (F.19) is 

The analysis for this case parallels that for 9. = (2;'-2). When we 

require a particular solution for do though, there is a difference. F2 

is much more complicated than Fa' and a form for it was not determined. 

Nevertheless, either F2 is not proportional to the columns of 

(Ao - (9.-2)1) and the particular solution for do is zero, or it is 

proportional and we can proceed with the arguments of the previous 

section. Either way, we find that we can adopt (F. 21), (F. 22) and 

(F.23) for the 9. = 2;' case as well. To mollify any concerns about this 

treatment of the BCs, we note that the contributions to the 2. sum in 

equation (6.18) for the largest 2. values are typically orders of mag

ni tude less than contri butions from smaller lI. values. 
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F.7 The Initial-Value Integration Across the Central Panel 

The" integl"'ation" across a general radial panel in terms of an 

evaluation of a series solution for that panel is described in Section 

(8.3). However, the first panel is unique in that it contains the 

singularity at the center of the Sun. In this section we discuss the 

"integration" across the first panel. It is included in this appendix 

because the same mathematics that were used for the central boundary 

conditions are used here. In fact, the same series solution obtained 

for the BCs is used here, except that the first s terms of the series 

are kept. (For the initial vector determinations we only required the 

lowest order physically reasonable term). The" integration" is then the 

evaluation of this series solution at the far end of the central panel. 

As in the general panel "integration", only the lowes t order components 

of A and F in equation (F.9) are retained, and so we work wi th equation 

(F. 19). For the computations, s = 6 was used. 

The Case of ~ < (2)'-2-s). 

The equation for the coefficient of the lowest power of x in 

equation (F.19) is 

0, ( F. 25) 

whose solution is given by equation (F.13). For the remaining s 1 

values, (1+~-2) is not an eigenvalue for Ao. Also, because of the 
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restriction on g" Fo is never involved in the (s+1) lowest powers. So 

the r'emaining s d s are zero, and the truncated solution (F.15) is 
t 

y(x (F.26) 

Since there is only one term, the" integration" is trivial. We normal-

ize u after integrating across the panel anyways, so the resul ts of the 

first panel "integration" are just what we started with, U o and vo' 

Why does (F.26) have only one term, whereas the series solution 

for the general panel as described in Chapter 8 contains (s+1) terms? 

The difference is ultimately due to the singularity at the origin. 

There is an extra factor of the independent variable on the LHS of 

equation (F.9) that does not appear in (F.n. When series solution 

forms are introduced in (F.n, two d s are involved in the coefficient 
t 

of each power of x, whereas there is only one per coefficient in equa-

tion (F.18). 

The Case of (2)'-2-s) :::l g, < (2)'-2). 

In this range of g,s, Fo does not appear in the equation for the 

coefficient of the lowest power of x, so we have eq.lo,tion (F,25) once 

again and a nonzero result for do. But there will also be some t be-

tween 1 and s, call it v, where the coefficient equation is 
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Since (\1+2.-2) is not an eigenvalue of Ao ' and since Fo $. 0, there is a 

unique nonzero solution for d. Thus there are two terms in the 
\I 

truncated solution (F.15), and the "integration" is not trivial as it 

was in the previous subsection. Nevertheless, to simplify the program-

ming we ignore this second term for these few large 2. values. This 

amounts to a more severe truncation of the solution (F.15) than is used 

in the general panel, or for the other 2. values in the central panel. 

To defend this, we note first of all that the second term is higher 

order in x and so considerably smaller than the first term. (The first 

panel extends from x = 0 to x = 1/3000.) Secondly, we refer to the 

final remark in section (F. 6) . 

The Case of 2. = (2A-2). 

The coefficient of the lowest power of x in equation (F.19) is 

specified by equation (F. 24). Since only the lowest power of F is 

retained, all the other coefficient equations take the form 

(Ao - (t+i-2H)d = 0, 
t 

and the d s are all zero for t > O. So there is only one term in the 
t 

truncated series (F.15), and the "integration" is trivial. 



The Case of J!. = (21). 

The situation here is the same as for J!. 

appears in place of Fo. 

3i 1 

(21-2) except that F 2 
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