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ABSTRACT 

This dissertation examines aspects of the interaction of multiple coherent light 

fields for the two-photon two-level model. In this model the interacting energy levels 

are not connected by an atomic dipole and a two-photon transition between them is 

necessary. We employ the density matrix formalism allowing easy comparison between 

the one- and two-photon two-level models. Significant differences are found due to 

dynamic Stark shifts and conjugate scattering off the pum~-induced two-photon 

coherence. 

Averages over Doppler broadening are performed and the new upper-level 

relaxation mechanisms of decay to an intermediate nonresonant level and ionization from 

the upper state are included. The new relaxation mechanisms, introduced to the theory 

to better model experiments, are similar except that ionization is intensity dependent. 

They cause the resulting probe absorption spectra to become more complex and in 

general asymmetric. Doppler broadening is also important in experiments using gases. 

We analytically average over a Lorentzian velocity distribution for both co- and counter

propagating pump and probe beams. For copropagating fields the results are similar to 

those for the one-photon case averaged over inhomogeneous broadening, whereas coun

terpropagating pump and probe fields yield the so-called Doppler-free configuration that 

is normally only modelled to third order in the pump amplitude. We consider the pump 

field amplitude to all orders and find that as long as the width of the Doppler velocity 

distribution is significantly larger than the two-photon Rabi frequency the results are 

Doppler-free. 

xi 
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The final part of the dissertation treats the question of two-photon squeezed 

states. This requires quantized sidemodes. Squeezed states are minimum uncertainty 

states with unequal variances in the two quadratures of the "lectromagnetic field 

amplitude. One way to generate these states is via multi wave mixing and we present 

here the first calculation for nondegenerate two-photon multiwave mixing as it applies to 

squeezed states. We find that in general two-photon squeezed states require lower inten

sities and de tuning than those predicted by the one-photon model. 



CHAPTER 1 

INTRODUCTION 

Two-photon transitions are becoming increasingly important in the treatment of 

nonlinear interactions between radiation and matter. Due either to selection rules or to 

the unavailabilty of an appropriate laser frequency, many energy levels cannot be excited 

by means of a one-photon transition but can be reached via a multiphoton transition, 

and use of such transitions is now quite common in laser spectroscopy. Multiphoton 

transitions are also of interest because of their potential application to isotope separation, 

laser chemistry, information transmission and high-power lasers. The two-photon transi

tion is the simplest multiphoton transition with which to work and yet it displays many 

of the complexities and diverseness of the physics that arise with multiphoton transitions 

in general. 

In this dissertation we examine aspects of two-photon multi wave mixing as 

described by a two-photon two-level model. Multiwave mixing involves the coherent 

interaction of two or more electromagnetic waves in a nonlinear medium and encom

passes many areas of quantum optics such as parametric amplification, phase conjugation, 

modulation spectroscopy, saturation spectroscopy, and resonance fluorescence. Most 

theories of multi wave mixing model the electromagnetic field classically using Maxwell's 

equations but describe the atoms using quantum mechanics. This is the semiclassical 

approximation and it is sufficient to describe the physics of most problems. Most of this 

dissertation uses semiclassical theory to extend the two-photon two-level model used by 

Sargent, Ovadia and Lu (1985) to include new decay paths and averages over Doppler 

broadening. For these processes, the semiclassical approximation is adequate. 
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Some interactions between light and matter, however, are not adequately handled 

by the semiclassical description and require a quantum mechanical description of the 

light. In general strong fields are adequately described classically, but when the fields 

are weak such that quantum noise becomes important a quantum theory is required. The 

final section of this dissertation deals with an inherently quantum mechanical phenome

non, that of squeezed states of light. A squeezed state arises when the variance in one 

quadrature amplitude of a light field is reduced below that of the vacuum fluctuations at 

the expense of the other quadrature amplitude. Three-wave mixing is often proposed as 

a means of obtaining squeezed light, and this requires a quantum theory of multi wave 

mixing as has recently been developed by Holm and Sargent (1986a). Squeezed states are 

currently the subject of interest, in quantum optics due to their potential application in 

communications and high precision metrology, and also due to their intimate connection 

with the Heisenberg uncertainty principle. 

A recurrent theme throughout this dissertation is the degree of similarity in the 

physics of one- and two-photon two-level models. This similarity allows us to trans,fer 

much of our knowledge of the one-photon system to the two-photon system. We deal 

throughout with a density matrix theory giving equations of motion for the two cases 

that closely resemble one another. However several major differences occur causing the 

two-photon algebraic expressions to be significantly more complicated and the resulting 

physics to have considerably more variety. 

The first of these differences is the dynamic Stark or level shift that can play an 

important role in the two-photon case. The physical origin of the Stark shift comes 

from the frequency shift of the upper and lower levels induced by virtual electric-dipole 

transitions to off-resonant levels. In the one-photon model this shift can be neglected 

since such non-resonant interactions are small compared to resonant ones, but for the 
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two-photon model the shift is of the same magnitude as the other parameters and must 

be included. It can cause significant effects on the absorption spectrum experienced by 

a probe under the influence of a pump by causing large dispersive-like asymmetries to 

occur and causing regions of significant gain. TI!roughout the dissertation the formulas 

include the effects of dynamic Stark shifts. 

The second significant difference between the two models is that, in the two

photon case, the coherence induced between the two levels does not contribute directly 

to the polarization of the medium. An additional atom-field interaction is required. 

This additional interaction manifests itself in a number of ways. For example, for a 

single running wave, the real part of the absorption experienced by a probe becomes 

directly proportional to the pump intensity (for low pump intensities) -- if there is no 

pump, there is no two-photon absorption. Another manifestation arises in the case of 

three or more interacting waves. The scattering of a conjugate field off the pump

induced coherence causes a new term to arise in the complex coupling coefficient of the 

coupled mode equations. This new term leads to several significant results. In the area 

of laser instabilities, it lowers the onset of instabilities relative to the one-photon case 

(Ovadia, Sargent and Hendow 1985). A corresponding new term arises in the quantum 

theory of two-photon transitions (Holm and Sargent 1986a), and we show that this plays 

an important role in the generation of squeezed states of light from two-photon media. 

This new term introduces significant differences between one- and two-photon 

squeezing, in general making two-photon squeezing easier to obtain. 

Chapters 2 through 6 of this dissertation deal solely with the semiclassical two

photon two-level model. Chapter 2 begins with a density matrix formulation and derives 

the polarization of the medium for the case of a single running wave and for two or 

three interacting waves. In the multiwave case, polarization components are generated at 
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multiples of the beat frequency between pump and probe beams giving rise to population 

pulsations. For these cases we Fourier analyze the two-photon coherence and the level 

populations as done by Sargent (1978) in the one-photon case. We extend the model 

used in previous works by including two new relaxation mechanisms from the upper 

level. In particuJar, we include the effects of population in one of the intermediate 

nonresonant levels due to decay out of the upper level. Such a cascade decay is an 

important addition to the theory since many experiments depend on such a near-resonant 

third level to populate the upper level. A more general cascade decay was included by 

Sargent (1978) in the one-photon case. As in the one-photon case, we find that cascade 

decays cause the expressions for the population difference decay time, T I , and the 

complex population pulsation factor, gr, to change. The inclusion of this level causes 

the resulting polarizations and absorption spectrum to be considerably more complicated. 

It causes the Stark shift to become a function of the detuning between the pump and 

probe waves and thereby in general to be nonzero even when it vanishes in simpler 

models. It is therefore not surprising that this mechanism causes the resulting spectra to 

be asymmetric and more complicated. 

The second new relaxation method that we include is ionization out of the upper 

level. This mechanism is important because our theory handles arbitrarily strong pump 

fields. As an example we can look at the hydrogen atom and a two-photon excitation 

from the Is to the 2s levels. The energy required for the two photons is 3/4 the energy 

required to ionize the atom. Thus with one additional photon of the same energy, ioni

zation may occur. We model the ionization in the simplest way--that prescribed by 

first-order perturbation theory giving an ionization decay rate proportional to the 

intensity. Much more complicated theories are available for multiphoton ionization, and 

the area is currently receiving a large amount of attention. These theories attempt to 
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predict such features as the energy spectrum of the emergent electrons and the Structure 

of the continuum. Our goal here is more limited. We are merely looking for the effects 

of ionization in multiwave mixing on features such as the probe absorption spectrum and 

coupling coefficient. In order to keep our theory in steady state and still keep it simple 

we only allow recombinations to the lower level, thereby approximating a cascade of 

decays through intermediate levels by one directly to the lower level. .Even with this 

degree of simplicity the model contains several new degrees of freedom thereby making 

the algebraic results that much more complicated. In Chapter 3 we derive the complex 

probe absorption and coupling coefficients for multiwave mixing. We then examine 

these coefficients in different lifetime and intensity regimes and determine the effects of 

these new relaxation rates. 

The middle portion of the dissertation deals with the effects of Doppler 

broadening on two-photon transitions. Two-photon Doppler-free spectroscopy is a 

commonly used technique in high resolution spectroscopic studies. The basic idea behind 

the technique is that for counterpropagating pump and probe beams, when one photon is 

absorbed from each of the beams the Doppler effect cancels in the sum due to the 

opposite velocity vectors of the two beams. Thus any resulting spectrum is independent 

of velocity broadening effects and thereby very narrow. This idea is widely accepted 

but is only true in general to third order in the field amplitudes. Thus it is commonly 

assumed that this technique can only be used with low intensity beams. Since our theory 

handles arbitrarily strong pump fields, we need not look at only low intensity beams. 

We perform averages over a Lorentzian velocity distribution for arbitrarily intense pump 

fields in Chapter 4 and derive the results for both co- and counterpropagating waves. 

The detailed integrations are presented in Appendices A and B. In Chapter 5 we present 

the results for counterpropagating beams for a number of different limits examining the 
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transition from homogeneous to extreme Doppler broadening. We also examine the 

differences caused by Stark shifts and detuning. We show that the resulting spectra are 

Doppler-free only when the Doppler broadening is significantly larger than the Rabi 

frequency. In this limit the asymmetries caused by Stark shifts or detuning simplify into 

a mere shift of the resulting Lorentzian profile. Well known features such as coherent 

dips and Rabi oscillations that appear in the homogeneous limit are rapidly washed out 

with even a small amount of Doppler broadening, but large amounts of broadening are 

required to reach the Doppler-free limit. Results for copropagating beams are presented 

in Chapter 6 for the same cases as the counterpropagating beams of Chapter S. These 

results are much more similar to one-photon results and in fact are equivalent to 

averages over non-Doppler inhomogeneous broadening. The spectra do not narrow with 

Doppler broadening, but in the extreme Doppler limit significant differences arise due to 

Stark shifts as opposed to atomic detuning. 

In Chapter 7 we leave the semiclassical theory of the previous chapters and go to 

a regime where weak fields are treated quantum mechanically. This is required for a 

detailed comparison between one-and two-photon squeezing. We use results from the 

quantum theory of multi wave mixing (Holm and Sargent 1986a) to examine two-photon 

squeezing and find that it is significantly different from one-photon squeezing. Using a 

fourth order limit we find very simple expressions showing that, in contrast to the one

photon results, two-photon squeezing can arise in low intensity limits and with little or 

no detuning or Stark shifts. However two-photon squeezing is not limited to the low 

intensity regime and significant squeezing also results for larger fields. In both cases the 

spectral regions where large squeezing occurs are significantly broader than in the one

photon case. Stark shifts with their significant regions of high gain can easily cause the 

side modes to saturate, and therefore the theory to break down. These areas also involve 
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sizable sidemode photon numbers, which tend to reduce the amount of squeezing. Hence 

we concentrate our squeezing studies on regimes with suitably small Stark shifts. In 

general the results lead to the conclusion that two-photon squeezing should be easier to 

observe than one-photon squeezing. 



CHAPTER 2 

GENERAL THEORY 

Two-photon two-level interactions have been the topic of a number of recent 

papers and experiments. A model that is often used (Takatsuji 1971, Mollow 1971, 

Grishkowsky, Loy and Liao 1975) assumes two-level atoms where transitions between the 

two levels are not dipole allowed but can occur via non-resonant intermediate states. 

The wide range of possible experimental configurations which this model describes is 

illustrated in Fig. 1. These range from the simple single-mode field represented in (a) to 

the more complicated two- and three-mode interactions shown in (b), (c) and (d). 

Recent work of Sargent, Ovadia and Lu (1985, hereafter referred to as TPMWM) 

presents a semiclassical theory of two-photon multi wave mixing for this model for an 

arbitrarily strong pump field and weak signal and conjugate fields. A corresponding 

theory with quantized probe and conjugate fields has been given by Holm and Sargent 

(1986a). 

Most experiments with two-level media have made use of a near-resonant inter

mediate level (see, for example, Allen et al. (1985» to aid transitions between the two 

main levels. For example, the 5p level in the 5s to 5d transition of Rb and the 3p level 

of the 3s to 3d transition in Na both enhance the corresponding two-photon transition 

probabilities. In this chapter we extend the theory in TPMWM to allow for nonzero 

population in such an intermediate level. We show that the existence of such a level can 

alter the absorption spectrum due to population of this level. A more general cascade 

decay scheme for the one-photon case has been examined by Sargent (1978) and found 

to cause changes in the population difference decay time as well as in the population 

8 
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Fig. 1. One-, two-, and three-wave two-photon interactions treated in this 
dissertation. 

9 

pulsation factor. We find that for two-photon transitions, similar changes occur, and in 

addition the intermediate level causes the Stark shift to become more complicated and 

inherently nonzero. In TPMWM Sargent et al. showed how Stark shifts cause the 

absorption spectra to become asymmetric. Thus it is not surprising that we find that the 

addition of the third populated level causes asymmetries in the spectra. 

Multiphoton ionization is currently receiving a lot of attention in laser spectros-

copy (Peterson and Cantrell 1985, Bischel et al. 1985, and Deng and Eberly 1984). In 

this chapter we also allow for upper-level ionization as an additional decay path in order 
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to study the effect of this decay process on the complex absorption and coupling coeffi

cients. Other authors have treated the energy spectrum of the continuum electrons 

(Deng and Eberly 1985) and coherent effects in multiple level systems (Peterson and 

Cantrell 1985). In this work we use a very simple model ignoring the structure of the 

continuum and assuming recombination to the lower level. This approximates a cascade 

of decays through the intermediate levels by one straight to the lower level. This 

assumption allows us to work in a steady state regime but does not describe transient 

behavior of the system. Transients for a resonant two-photon pump coupled to a third 

non-resonant level have been examined theoretically by Guzman de Garcia, Meystre and 

Sargent (1982) and Guzman de Garcia, Meystre and Salomaa (1985). They show that 

these transients can give information on the two-photon Rabi frequency and two-photon 

coherence lifetime. Since we expect the number of recombinations to be very small, we 

let the recombination rate in general be much lower than any of the other rates. Simple 

first order pertubation theory describing the photoionization as is commonly used in 

astrophysics (Osterbrock 1974) assumes the ionization rate is intensity dependent. We 

show that this effect can lead to significant changes in the complex absorption spectrum. 

In this chapter we derive the theory required to include these new decay paths. 

After introducing the two-photon two-level model in detail, we obtain the polarization 

of the two-level medium including the two new upper level decay paths. We then 

derive the corresponding single-mode steady-state complex absorption. In the final 

section we allow for two sidemodes and a pump wave with different frequencies and 

solve for the sidemode polarization. The inclusion of the third sidemode considerably 

increases the complexity due to the development of population pulsations at the beat 

frequency. In order to describe this phenomenon we need to Fourier analyse the popu

lations. We use the results from this chapter to look at the single sidemode complex 
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probe absorption spectrum and three-wave mixing in Chapter 3. There we also examine 

the effects of these new decay processes. 

Two-Photon Two-Level Model 

We begin by explaining the assumptions for our two-photon two-level model 

illustrated in Fig. 2. The electric-dipole matrix element between the upper level a and 

the lower level b is zero, and the pump field has an amplitude liz and frequency 1)2 

which is approximately one half the frequency difference between the levels, W = wa -

Wb' The intermediate levels j are assumed to be sufficiently nonresonant with the field 

frequencies that the a-j and b-j transitions can be accurately described by first-

order perturbation theory. The probe field with amplitude li1 and frequency 1)1 and, for 

continuum ~ III I I I 
10> ~ ~ 

U> 
V 

W 

, 
~ 

V 

Ib> ,~ ,17 

Fig. 2. Two-photon two-level model including continuum. 
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the three-wave mixing case, the signal wave with amplitude &3 and frequency "3' must 

remain weak enough that saturation does not occur and all fields are treated classically. 

Previous works (Takatsuji 1971, and Mollow 1971, for example) have not 

allowed for population in the intermediate levels. Here we allow one of these levels to 

become populated via upper level decay. Specifically, the upper level decays into the 

intermediate level t, which, in tum, decays to the lower level. Level t is sufficiently 

nonresonant that its population is not directly affected by the two-photon field connec-

ting levels a and b. In addition we allow intensity dependent ionization decay out of the 

upper level. This is modelled as in first-order perturbation theory (Sargent, Scully and 

Lamb 1974, Chap. 2) by an ionization decay rate linearly proportional to the intensity, 

111. We assume recombination to the lower level at a rate >.. 

Polarization of the Medium 

In general the polarization of the medium with the level scheme in Fig. 2 is 

given by 

P(r,t) = tr(erp) 

= L [p ajPja + P bjPjb] + c.c., (2.1 ) 

j 

where P aj is the electric-dipole matrix element between the a and j states, er is the 

atomic electric-dipole operator (not to be confused with r), and Paj is the population 

matrix element between a and j. Since a--b is a two-photon transition, P ab vanishes. 

We consider cases in which the polarization (2.1) is induced by the electric field 
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1 fl -illt E(r,t) = 2 D(r,t)e + c.c., (2.2) 

where lJ(r,t) varies little in a time 1/11, but has rapid spatial variations like exp(iK·r). 

This field induces the polarization 

( I /Z! -iVt P r,t) = 2 .::r~(r,t)e + C.c., (2.3) 

where the complex polarization §D(r,t) also varies little in the time 1/11. Combining Eqs. 

(2.1) and (2.3), we find 

§D(r ,t) = 2 2JP ajPja + P bjPjb + c.c.]eiVt , 

j 

where we keep only terms varying little in an optical frequency period (1/11). 

The electric-dipole coherences Pja are induced by the interaction energies 

'Pja = - iii P ja[lJ(r,t)e-ilIt + c.c.], 

with a similar formula for Pjb' Using the general SchrMinger equation of motion 

we have 

(2.4) 

(2.5) 

(2.6) 
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(2.7) 

and 

Pjb = -(ryjb + iWjb)Pjb 

i . P - ilIt ".. ilIt + 2fz [p jb~b - Pjj 6£j) + P jaPablle;,e + (:j e ], (2.8) 

where fzwjj = fz(wj-wj) is the energy difference between levels i and j, 'Yjj is the corres

ponding decay constant and l. identifies the intermediate state that may acquire popula-

tion. By comparison with TPMWM we see that wherever they had Paa we now have Paa 

- Pjj6£j and similarly Pbb -. Pbb - Pjj6£j' 

We integrate Eqs. (2.7) and (2.8) to first order in V without making a rotating-

wave approximation (RWA), since II differs substantially from all ±Wja and ±Wjb' Using 

the Wjj to drop the lower limit of integration, and setting Pba = Rbae2il1t, where Rba 

varies little in an optical frequency period, we have 

Pja = 2~ Jt dt'[8e-ilIt' + 8*eillt'] exp[-(ryja + iWja)(t - t')] 
-00 

\ 



15 

(2.9) 

Since we assume Wab == W !::! 2v, we have 

(2.1 0) 

which allows us to replace Wja + 3v in Eq. (2.9) by Wjb + v. Similarly integrating Eq. 

(2.8), we find 

(2.11 ) 

Substituting Eqs. (2.9) and (2.11) into the polarization (2.4) we have 
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• • [~ eSiVt 
8 e

iVt J } iVt + F' bj F' ja + -- Rba e . 
Wja -II Wjb-II 

(2.12) 

Now keeping only terms that vary little in the time 1/11, we have 

{ [ ] 
.. .~ 

g; = 1 L 1 12 8 + 8 (p 0) + P aj F' jb Rab h F' aj w:::;; W. _II aa -Pjj lj W. +11 
• Ja Jb Ja 
J 

(2.13) 

Performing the summation in Eq. (2.13) we obtain the slowly varying polarization of the 

medium 

(2.14) 
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where the two-photon coefficients kab' kaa' and kbb are given by the usual values 

kab = ii- 1 L" aj "jb/(Wjb - II) ~ ii-I L" aj" jb/(Wja + II), (2.15) 

j j 

kaa = 2fi-1 L I" jal Z Wja/(WjaZ - liZ), (2.16) 

j 

kbb = 2fi-1 L I" jb I Z Wjb/(Wjb Z - liZ), (2.17) 

j 

and kU' is given by 

(2.18) 

Note that the sum over j implicitly includes an integral over all j levels in the 

continuum. We see the Pu term adds an extra nonlinearity to the index similar to the 

kaaPaa term. Using Eqs. (2.9) and (2.11), we now derive the equations of motion for the 

level populations, Paa, Pbb' PU, the continuum population N+, and the two-photon 

coherence Pab using the two-photon rotating-wave approximation, i.e., we neglect terms 

like 1/['Y+i(W+211)] compared to 1/['Y+i(w-211)]. According to Eq. (2.6), we have 



and 

Pab "" -('Y + iW)Pab - i L [VajPjb - pajVjb], 

j 

Paa = -(-Ya+'YI1)Paa - L [iVajPja + C.C.], 

j 

hb = 'YtPI,l + ).N+ - i L [VbjPjb - PbjVjb], 

j 

18 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

N+ = 'Yllp~ - ).N+. (2.23) 

where N+ is the population of the continuum. For the steady state solution (i.e. single 

mode) we can set 

PI,l = N+ "" 0, (2.24) 

which then gives us Ptt = 'YaPaaht and N+ = 'YI1Paa/>'. These together with 

Paa + Pbb + Ptt + N+ = N (2.25) 

give us Paa and Pbb in terms of the population difference D = Paa - Pbb' 

Paa = 
D+N (2.26) 
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and 

N - 0(1 + 1aht + 111/),.) 
Pbb = 2 + 1aht + 111/),. 

(2.27) 

It is not true in general that the populations in level t and in the continuum will come 

to equilibrium before the other populations. However we make that assumption here 

merely for the purpose of deriving an approximate population difference decay time T1• 

Thus, we find the population difference equation of motion 

i> = -(1a+111) Paa - 1lPU - m+ - I [i('VajPja + 'VbjPjb) + c.c.] 

j 

= -2(1a+111) Paa - I [i('VajPja + 'VbjPjb) + c.c.] . 

j 

Substituting in the dipole Eqs. (2.9) and (2.11) we then obtain 

which in terms of D becomes 

• -2(1a+111) (D + N) 1 ['8%k -2il1t ] 
D.. 2 + 1

a
ht + 111/)" + 2fi 1 abe Pba + C.C. • 

(2.28) 

(2.29) 

(2.30) 

We can write this in terms of a "population difference decay time", TI analogous to the 
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traditional NMR name. T l' 

(2.31 ) 

. D + N 1 ['82k -2ilJt ] D = - TI + 2fz 1 abe Pba + C.C. • (2.32) 

We note that TI differs from the normal value for T 1 in that it is intensity dependent. 

For zero intensity we recover the cascade population difference decay time 

T = ! [2'1 -1 + '1 -1] 
1 2 a l· (2.33) 

found by Sargent (1978). Note that this expression for D agrees with that of TPMWM 

provided Tl is replaced by T1. 

Substituting the dipole Eqs. (2.9) and (2.11) into (2.19). we have 

(2.34) 

where the two-photon dimensionless intensity 

(2.35) 

the two-photon coherent decay time T2 e Ih. and the Stark shift parameter 



21 

(2.36) 

This expression for Pab also agrees with Eq. (2.20) of TPMWM. Here I is written in 

units of decay processes independent of intensity. It has been noted before (TPMWM), 

but we stress it again here, that Eqs. (2.32) and (2.34) (aside from the previously 

discussed TI ) are the same as those for a one-photon system with the following three 

substitutions: 

and v -. 2v. 

For single-frequency operation, we can solve these equations in the Rate 

Equation Approximation (REA). SpecificaIIy, we assume I] and D vary little in the two-

photon coherence decay time T%, allowing Eq. (2.34) to be formaIIy integrated with the 

value 

Pab = -ilkabl]%/4Ii] 0(w + w, I - 2v)D e-2ilJt , (2.37) 

where the complex denominator 

(2.38) 

Substituting this into Eq. (2.32), we have 
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D = -(D + N)/T1 - 2RD, (2.39) 

where the rate constant 

= 1 IZ'P'w + w I - 2v)/T 2 '"""\. 1 ' (2.40) 

and the Lorentzian 

(2.41 ) 

Solving for D in steady-state (D = 0), we have 

(2.42) 

Substituting this into Eq. (2.37) we have 

(2.43) 

Equations (2.42) and (2.43) are identical with those in TPMWM except for the different 

saturation factor S = (1 + IZm-I/T1)-1. This term is identical with the normal saturation 

factor (1 + IZ~-l in both the low and high intensity limits. However, in between these 

limits it is enhanced (Le., less saturation) or decreased (more saturation) depending on the 
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Fig. 3. Saturation factor S = (1 + IzZ~z TI/T 1t1 vs. Iz for 'Ya = 'Y£ = 2'Y, ). = 
O.Oha and 'YII'Ya = 0, 0.01. 

relative values of TI and T1• Thus when 
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2), 
'Ya > I-).I'Y£ ' (2.44) 

the medium is easier to saturate and when the inequality in (2.44) does not hold it is 

harder to saturate. In particular, we see that in the limit 'Y£ -+ )., it is always harder to 

saturate, which is expected because of the extra decay path. In Fig. 3 we have shown 

this new saturation factor C'Yd'Ya ... 0.01), along with the standard one C'YII'Ya ... 0) as a 

function of intensity for 'Ya ... 'Y£ ... I and ). ... 'Ya/IOO where all decay constants are in 
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units of 2IT,.. This new saturation factor follows through to all our results appears in 

the final expressions for the polarization and probe absorption and coupling coefficients. 

Substituting Eq. (2.43) along with Eqs. (2.26) and (2.27) into the polarization 

(2.14), we have 

where kU = 1akU'ht. Using Eq. (2.42) for D we can write this as 

where we now introduce the generalized Stark shift parameter, 

0(0) = kg - kU + kbb[I-2TI<'Ya + 111)] 

-2TI(1a +111)lkabIJT1T,. 

(2.45) 

(2.47) 

Although considerably more complicated, this expression reduces to w. of the two-level, 

nonionizatiori model of TPMWM when Tt == 1t-1 and 11 both go to zero. In this limit 

kU also goes to zero and we recover Eq. (2.36). Stark shifts are known to cause asym-

me tries in spectra. The fact that this new term is a function of intensity is significant 

because, while it may equal zero for a given combination of the k coefficients and for a 

specific intensity, it does not equal zero in general. This parameter also appears in the 
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multimode case where it is complicated by being function of !:A, the detuning between 

the modes. For our single-mode case, !:A = O. 

Single Running-Wave Saturation 

A simple special case of the electric field (2.2) is that for the single-frequency 

running wave (Fig. la) 

E(z,t) = I A () i(K"z-v"t) 2 "z e + c.c., (2.48) 

where A,,(z) varies little in an optical wavelength and K,,=v,,/c. We label the mode 2, 

since in multiwave mixing mode 2 is the large intensity mode. This field induces the 

polarization 

P(z,t) = 1 /21 () i(K"z-v"t) 2 "--" z e + c.c., (2.49) 

where §D,,(z) too varies little in a wavelength. We substitute Eqs. (2.48) and (2.49) 

without complex conjugates into the wave equation 

(2.50) 

neglect small terms like 8"A,,/az", etc., equate coefficients of ei(K"z-v"t), and find the 

propagation equation 
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(2.51 ) 

Writing this in the complex Beer's Law form, we have 

(2.52) 

where 

(2.53) 

For the two-photon polarization (2.46), this gives 

(2.54) 

where for typographical simplicity it is assumed that 1 - 12 in the expression for TI. 

The real part of Q 2 determines the absorption in the medium. This is given by 

(2.55) 

where the two-photon absorption parameter 
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(2.56) 

The imaginary part of Q% adds to the wave vector K% and hence, changes the index of 

refraction. It has the value 

Two- and Three-Wave Polarizations 

We now suppose the electric field has the form 

(2.58) 

i.e., the slowly varying complex field amplitude 8(r,t) in Sec. 2 is given by 

(2.59) 

8 2 is the pump-wave amplitude, while 8 1 and 8 3 are typically the signal and conjugate 

waves, respectively and 1:1 = "2-"1 .., "3-"2 is the pump-signal detuning. The spectrum 

for such a field is illustrated in Fig. 4. Similarly, we write the corresponding induced 

polarization in Eq. (2.3) as 

(2.60) 
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pump 

signal conjugate 

... 
v, v 

Fig. 4 Three-mode spectrum used for multiwave mixing. 

Here we assume both 81 and 8 3 are sufficiently small that other Fourier components of 

the polarization are negligible. As discussed in the single-photon theory (Sargent 197~), 

this occurs if 9'(r) is a linear function of 8 1 and 8 3, To determine 9', we need to 

solve the polarization (2.14) and Eqs. of motion (2.30) and (2.34) to first-order in 8 1 and 

(]3' while keeping all orders in the pump amplitude 8". As in the one-photon two-level 

problem, it is clear that the field (2.59) induces a set of Fourier components in the two-

photon coherence Pab and in the populations Paa, Pbb' PU and N+, as well as in the pro-

bability difference D. Hence letting dk ... nak - nbk we expand these as 

-2iv t ~ ,_At 
Pab ... e "L Pme~ , (2.61) 

m 
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~ ikdt P(XQ = L nQke a = a,b, I., (2.62) 

k 

(2.63) 

and 

(2.64) 

We note however that the population difference equation of motion (2.30) no 

longer holds because the populations are no longer in steady state but rather are respond-

ing to the beat frequency between the fields with population pulsations. In fact the 

populations act like forced damped harmonic oscillators of resonant frequency zero 

(Sargent 1978). For example, in Eq. (2.21) the term -'YI.PU acts as the damping term 

while 'Y"Paa acts as the forcing term. Driving an oscillator off-resonance gives rise to 

phase shifts, and we show later how these phase shifts between the populations affect 

the probe absorption. We need equations relating the nQk. Substituting Eq. (2.62) into 

Eq. (2.21) we obtain 

(2.65) 

Thus we see the population in level I. responds to being driven by level a with a 

complex phase shift contained in the (l} I. term. 

We next obtain an equation for the n.,k which is more complicated due to the 

fact that EQ. (2.23) contains a term with I. The assumption that /]1 and /]3 are weak 
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allows us to let 

(2.66) 

and 

(2.67) 

so that 

I - I + g ei~t + g*e-i~t - % , (2.68) 

where 

(2.69) 

Substituting expansion (2.63) along with Eqs. (2.66) - (2.68) into Eq. (2.23) and equating 

exponents of ei~t gives 

(2.70) 

The Fourier components of the continuum population not only exhibit a phase shift 

relative to the corresponding Fourier component of the upper level population, but also a 

dependence (with a phase shift) on the other Fourier components of level a. This dep-

endence arises due to the beat terms in the intensity (Eq. (2.68». By substituting expan-

sions (2.61) - (2.64) along with Eqs. (2.65) and (2.70) into Eq. (2.25) we obtain the 

following equation for the dk 
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where the complex dimensionless factor 

(2.72) 

can be interpreted as the phase lag of the kth Fourier component of level a relative to 

the kth component of the population difference. 

Substituting Eq. (2.71) and the expansions of Eqs. (2.62) and (2.64) into the pol-

arization equation (2.14) we then obtain 

9' = 8 L eilt~t { [ kaa + kbb -ktt''Ya0t(k~) ] 
k 

- kbbdk } + 28*kab $ L Pme~t . 

m 

(2.73) 

The assumption that 8 1 and 8 3 are weak limits these expansions to the nine Fourier 

coefficients ~1' do. nail' nao and P±l' Po' By equating the exponents of ei~t in Eq. 

(2.73) we find 
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Using Eq. (2.71) without reference to 8 1 or 8 3 since they cannot saturate the response 

we obtain the following expression for nao. 

(2.75) 

which then gives us the foIlowing expression for §1J1 in terms of do. d1• Po and Pl' 

(2.76) 

where the generalized Stark shift parameter which as promised is now a function of A is 
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(2.77) 

We interpret the ~-dependence of the Stark shift in the following manner. For a two-

photon media, the polarization (Eq. (2.14) depends on both the level populations and the 

coherence. In the two-level case (TPMWM) the population dependence of the imaginary 

part of the polarization (giving rise to the absorption) is solely due to the population 

difference. This gives rise to the Stark shift. With the three-level system, the depen-

dence is no longer just on the population difference between levels a and b but on a 

more complicated relationship between the level populations. Since these populations are 

out of phase relative to one another, the Stark shift also exhibits a phase dependence. 

Again we see that when 'yt - 00 and '11 - 0, B2(~) - 2 and O(~) - WI' It is signifi

cant to note that the Stark shift becoming ~ dependent is not solely due to the ioniza-

tion as can be seen by letting '11- O. We then still have the same expression only now 

B2(~) simplifies to 2 + '1a0 t(~). O(~) may equal zero for a specific value of ~ but not 

in general. Thus, either of these decay mechanisms causes in effect a built-in Stark 

shift. 

Similar to above we can equate the exponents of e-i~t in Eq. (2.73) and obtain 

the expression for §D3, 
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(2.78) 

To find the required Pm we substitute expansions (2.61) and (2.64) along with 

Eqs. (2.66) and (2.67) into Eq. (2.34). Equating coefficients of exp( -2iv2t + rni~t) we 

find 

kab nr f> 
Pm = -i 41i ~2_m[{J22dm + 20'1C>2 dm-l + 20'2{J3dm+l] 

-iw.(lJ2_m[YPm_l + rpm+l]' (2.79) 

where the two-photon complex denominator (differs from single photon definition) 

(lJ2-m = 1/[1 + i(w + w. 12 - 2V2 + rnA)]. (2.80) 

We solve for Po without reference to {Jl or {J3' since they cannot saturate the response. 

Hence, Po is given by the coefficient of e-2iVt in (2.37) with 0' replaced by {J2 

(2.81 ) 
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Keeping only terms linear in 8 1 and 8 3 and their complex conju.gates and noting 

that ~ 1 must already have such a field amplitude, we find from (2.79) 

(2.82) 

and 

(2.83) 

To obtain dk we first solve for the nak by substituting expansions (2.61) and 

(2.62) into Eq. (2.20) and then relate the dk to the nak using Eq. (2.71). Thus 

m 

Similar to the case for Po' we obtain nao from Eq. (2.84) ignoring terms containing 8 1 or 

nao = -'1
a
-+":"'1--:II=-, [~nb 8,,~: + Coc.]. (2.85) 

Together with Eq. (2.81) this gives 
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(2.86) 

where :1:-2 is the m=O case of the Lorentzian 

(2.87) 

Now, using Eqs. (2.86) and (2.71) we can solve for do to obtain 

(2.88) 

where again it is assumed that 1 - 12 in the expression for T1• Now returning to Eqs. 

(2.84) and (2.71) and retaining the terms linear in 8 1 and 8 3 we obtain a general 

ex presion for dk 

dk = -N50k + (S"nak_l+rnak+l) 11 [0>.(kA) - B2(kA)0I(kA)] 

+ B2(kA)0I (kA) 

(2.89) 
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(2.57) in TPMWM allows us to identify B~(ka)q}I(ka)/2 with T1.9"(ka). _ This then gives 

us the following generalized expression for the complex population pulsation factor 

.9"(ka) 

(2.90) 

We note that in the limit "'II -+'0 we recover the .9"(ka) found by Sargent (I978). Using 

.9"(ka) in Eq. (2.89) gives for d1 and d_ 1 

(2.91 ) 

• and d_ 1 = d1 • Substituting Eqs. (2.82) and (2.83) into (2.91) and solving for d1• we 

find 

(2.92) 

where 1], is given by Eq. (2.35) and 
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(2.93) 

• • and f3 = fl (-~). 

Substituting Po and PI of Eqs. (2.81) and (2.82) into the polarization (2.76) we 

find 

Substituting Eq. (2.91) along with Eqs. (2.81) - (2.83) into Eq. (2.94), we have 

(2.95) 



39 

?'3(r) is given by interchanging the subscripts 1 and 3 on the 8's. !iJ's and rs and 

replacing A by -A. 

We now have ?'1 and §D3 the slowly varying polarizations at frequency 111 and 113 

respectively. From these we are able to obtain the complex absorption coefficient for 

the probe or signal waves and also the complex coupling coefficient which couples these 

two modes together in the coupled mode equations. These expressions are derived in 

Chapter 3 where we also examine the results of the new decay paths on the absorption 

and coupling coefficients. 



CHAPTER 3 

IMPLICATIONS OF NEW DECAY PATHS 

In this chapter we examine the changes caused by the new relaxation processes 

included in Chapter 2. We begin with the two-wave case of Fig. 1 b and determine the 

complex probe absorption coefficient Ql' Next, we consider the phase conjugation (Fig. 

Ic) and modulation spectroscopy (Fig. Id) that lead us to the coupled mode equations 

and the complex coupling coefficient, Xl' We show how two-photon processes lead to a 

new significant term in the coupling coefficient. The remainder of this chapter looks in 

detail at the changes which arise in the absorption and coupling spectra due to the new 

decay terms. We look in several different limits including those for low and high inten

sities, long and short coherence lifetimes and with and without Stark shifts. In general 

these new processes cause asymmetries to appear in the absorption spectra in addition to 

those caused by Stark shifts. These asymmetries are due to the phase lags between ~he 

pulsating level populations. For recombination rates and ionization decay rates compara

ble to the coherence decay rate, coherent dips are washed out. 

Two-Wave, Two-Photon Absorption 

Consider first the simple two-wave case (Fig. 1 b) of the field (1.59) 

(3.1) 

Although this does induce a conjugate polarization at the frequency lis - "" + ll., we 

assume that either the length of the interaction is small enough, or the angle between K 1 

40 
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and K2 is large enough so that the V3 component is not phase matched and therefore can 

be neglected (this becomes clearer in the three-wave discussion). Substituting Eq. (3.1) 

into the wave Eq. (2.50) and projecting on exp(-iK1'r), we find the propagation Eq. 

(2.51), where the temporally and spacially slowly-varying 

(3.2) 

• Substituting Eq. (2.95) into Eq. (3.2), neglecting the 8 3 terms and using Eq. 

(2.53), we find the complex absorption coefficient 

-ioo(kaa + kbb - kU} 

Ikab IB2(0) JT2/ T1 

-122 [I2"f.7Jl-in(~)Tl] gr(~)-y 

1 + 122gr~(01 + 0 3·} 

(3.3) 

where 0 0 is given by Eq. (2.56) as KNlkablJT2/Tl/2fo. It is useful to compare this 
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result to the absorption coefficient of TPMWM. In addition to the previously discussed 

changes in 9'(~}, T1, O(~), and the saturation factor, we have two entirely new terms. 

Of the previously mentioned effects, all but the new saturation factor arise from the 

addition of the population in level t and are further complicated by the ionization route. 

The new saturation factor, like these other two new factors arises solely due to the ioni-

zation. The first of the new terms (the second term in Eq. (3.3» affects the incoherent 

part of the expression while the second (last term in Eq. (3.3» affects the coherent part. 

Three-Wave Mixing 

We now consider three-wave phase conjugation diagrammed in Fig. lc. This 

also pertains to modulation spectroscopy of two-photon media (Fig. Id) and to two-

photon laser and optical bistability instabilities (Ovadia and Sargent 1984). The signal (at 

frequency v1 = v2 - ~) and conjugate (at frequency V3 = v2 + ~) in combination with 

the pump (at frequency v2 ) induce polarizations affecting one another. If the angles and 

frequencies between the waves are small enough, these induced polarizations are phase-

matched to the corresponding waves, leading to a coupled-mode problem. For this case, 

we write the field (1.59) as 

(3.4) 

in which K 1, K2 and K3 are nearly parallel to one another as depicted in Fig. Ic. 

Substituting this field with the corresponding polarization into the wave Eq. (2.50) 

and projecting onto exp(-iK1'r), we find 
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(3.5) 

where Q1 is given by (2.3), z is taken along K2 for convenience (technically this z value 

should be divided by K 2,K1/K2K 1) and the coupling coefficient (which is often called 

. *) -1K:1 

In the limit that ,yt-1 = 11 = w. = 0, this answer is analogous to the one-photon Xl 

except for some extra factors of 12 and the first term proportional to q; 2' This term 

results from the term in the polarization f7J1 (Eq. 2.74) proportional to 1]3*PO and arises 

in the two-photon case due to conjugate scattering off the pump-induced two-photon 

coherence Pab' In the one-photon case this extra degree of freedom does not arise and 

all components of f7J1 are proportional to Pl' However, here the field 1]3* can interact 

with Po and give the correct frequency dependence for f7J l' This term leads to a 

number of important effects. Ovadia, Sargent and Hendow (1985) analyze this term in 

the context of laser instabilities and show how it tends to lower the onset of two-photon 

side mode instabilities relative to the one-photon case, In Chapter 7 of this dissertation 
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we show how this term affects two-photon squeezing, making it easier t~ achieve than in 

the one-photon case. 

Effects On the Absorption and Coupling Coefficients 

In this section we examine the effects of the new decay paths on the probe 

absorption and coupling coefficients. We look in several different two-photon coherence 

lifetime and intensity limits. The ionization decay and the cascade decay cause different 

types of effects, so we examine the two independently. 

The coherent dip limit occurs when the two-photon coherence lifetime T % is 

short relative to the population difference lifetime T l' In this limit and for a low 

intensity field, the probe absorption spectrum develops a dip of approximate width 2(1 + 

I%%)/Tl caused by the limited bandwidth of the population pulsations and thus provides a 

means of measuring T1' Decreasing'yt causes the dip to turn into a dispersive-type 

feature. This is shown in Fig. Sa, where we have plotted the real part of the complex 

probe absorption spectrum vs. pump-probe detuning in units of 1/T% for the case where 

Tl = 10T% and 1% = 1. We let 'YIT% = 0 and decrease 'YtTz from 10000 to 0.1. We show 

in Chapter S how atomic detuning and Stark shifts cause the coherent dip to become 

asymmetric. Here the asymmetry is due to a generalized Stark shift O(A) caused by 

population in the intermediate level. As 'Yt decreases, the population of level t increases 

and the phase lag it experiences has more influence on the spectrum thereby increasing 

the dispersive characteristic. The coherent dip also becomes asymmetric due to ionization 

decay as shown in Fig. Sb. Here we let 'Yt Tz-+ 10000, so we can just examine the 

effect of increasing ionization decay. We increase 'YITz from 0 to 0.1 letting >.Tz = om 

since in general we do not expect many recombinations. The coherent dip remains but 

becomes more dispersive due to the influence of the phase-shifted continuum, and the 

magnitude of the absorption peak decreases due to fewer atoms in the unionized systems. 
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It is interesting to compare this result to another regime handled by the theory, 

i.e., that for larger).. Although in general for a beam we do not expect many ionized 

electrons to recombine, this case may describe a gas cell where collisions can enhance the 

recombination rate. This limit is illustrated in Fig. 6 where the parameters are the same 

as in Fig. Sb except that now )'T2 = "I. and "IIT2 increases from 0 to 0.5. The signifi

cant change is the nearly immediate washout of the coherent dip. By the time "II 

reaches "1/2 there is no longer any evidence of the dip. The dip is dependent on a 

coherent interaction. Increasing). increases the population of level b but does it in an 

incoherent fashion (i.e. not by stimulated transitions). Thus the overall absorption 
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increases and the coherent dip disappears. From these examples we see that these new 

decay paths can make it difficult to use coherent-dip spectroscopy as a means of 

measuring T l' 

Next we look at the limit of high intensity and comparable coherence and level 

lifetimes. Here we expect the Mollow-type spectrum (Mollow, 1972) with gain inside 

the Rabi sidebands. This is illustrated in Fig. 7a where 'Yth. = 10000. As 1t is 

decreased, the Rabi sidebands move in due to the decrease in the Rabi frequency 

(121 JT1Tz for the two-photon case). This illustrates the dependence of T1 on 1£ as 

stated in Eq. (2.33). By decreasing 1t we are effectively increasing Tl' Eq. (2.33) 

shows no dependence on the ionization decay rate, thus we do not expect the location of 

the Rabi sidebands to change as we change 11' This is shown to be the case in Fig. 7b, 

where we vary 11h. from 0.0 to 0.01. The spectra in Figs. 7a and 7b also develop 

slight asymmetries as the decay rates change. In order for this asymmetry to become 

significant "1£ must be substantially smaller than 1. as shown in the curve of Fig. 7a, 

where 1t = 1a/10. The increase of ionization in Fig. 7b causes slight asymmetries to 

develop around /::,. = 0 and rapidly causes the absorption and gain to decrease. This is 

the expected result since we are decreasing the number of atoms in levels a, b, and £ by 

allowing ionization and only a very small recombination (>. = 1./100). The asymmetries 

are again due to the population phase lags and 0(/::,.). 

The asymmetries in the spectra caused by these two new decay terms are not as 

drastic as those caused by introducing a simple wI-type Stark shift shown in TPMWM. 

However due to the dependence of the Stark shift on T1 (Eq. (2.36», by decreasing 1£ 

for a given difference in kaa and kbb we can decrease the effective Stark shift. This is 

illustrated in Fig. 8, where we vary 'Yth. from 0.1 to 10000 and the Rabi resonances 
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move in toward ll.ha = O. Since we are also decreasing the number of atoms in levels a 

and b the resonances also decrease in amplitude. Thus we see that increasing the popu-

lation in the intermediate leveJ lessens the effective Stark shift. 

Finally we examine the effect of the new decay paths on the coupling coeffi-

cient Xl' In TPMWM it was shown that Stark shifts cause substantial asymmetries but 

maintain narrow resonances at the Rabi sidebands. The effect of the third level is 

similar as shown in Figs. 9a and 9b, which give the real and imaginary parts of Xl for 

increasing lifetime in level I. with no ionization. The effects of ionization are quite 

similar, although once again this mechanism tends to decrease Xl due to the loss of 
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atoms. Increasing 11 when >. is large causes the resonances at the Rabi sidebands to 

broaden substantially. The result of these effects on phase conjugation reflection coeffi

cients will be examined in a forthcoming work. 

In this chapter we have examined the effects of two new decay paths on two

photon two-level interactions. The inclusion of a perturbation-type ionization decay and 

a decay to a third intermediate level cause some significant changes in the probe absorp

tion and coupling coefficients. Population in the third level, in addition to changing T 1 

and .9"(06.) causes a new more generalized Stark shift term which is A dependent and 

therefore not zero. This causes asymmetries in the spectra due to relative phase lags 

between the populations. The ionization decay adds new terms to both the coherent and 

incoherent parts of the spectrum and causes the washout of the spectra. Another 

important ionization regime treated by the theory is that for which recombination is neg

ligible but for which the ionization rate 111 is substantially slower than the other rates. 

Provided one observes over times short compared to significant ionization, the problem 

then reduces to the case with no ionization, but with an overall linear absorption coeffi

cient that diminishes slowly in time as the medium ionizes. Hence the present theory 

treats the effects of ionization on two-photon two-level media interactions except in 

transient regimes, notably when the medium is ionizing fast compared to the other relax

ation processes. 



CHAPTER 4 

AVERAGES OVER DOPPLER BROADENING 

Two-photon Doppler-free spectroscopy is a commonly used technique in high reso

lution spectroscopy. The first experiments using this method were performed by Bloem

bergen and Levenson, and Grynberg, Cagnac and Biraben measuring hyperfine components 

in sodium, and many examples are given in the review articles by these two groups 

(Bloembergen and Levenson 1976, and Grynberg et aI. 1980). Since then the technique has 

been used extensively, primarily with alkali atoms, to measure fine structure splittings, 

isotope shifts, Stark splittings, and high lying Rydberg levels, and even to look at a 

number of molecules, (Bischel, Kelley and Rhodes 1975 and 1976) including NH3 and 

CH3F. In techniques employing Doppler-free spectroscopy, moving atoms Doppler upshift 

one running wave while Doppler downshifting a counterpropagating wave an equal 

amount. Hence the Doppler shifts cancel for a two-photon transition induced by C?ne 

photon from each of the two counterpropagating waves, and thereby result in a narrow 

absorption spectrum. Although this idea is widely accepted, it is in general only true to 

second order in the field amplitudes, and therefore may require low intensity beams. 

Three kinds of two-photon absorption configurations are shown in Fig. 10. Capron, 

Marathay, and Sargent (1986) reported results for the second configuration for which the 

transmitted probe intensity is measured as a function of the probe tuning for counterprop

agating pump and probe beams. It was shown that for Doppler widths much larger than 

the saturator Rabi flopping frequency, the probe absorption spectrum approaches a 

Doppler-free Lorentzian with its center displaced by the dynamic Stark shift. In contrast 

for weaker Doppler broadening and no Stark shift, Rabi sidebands emerge ultimately 
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Fig. 10. Three configurations for two-photon absorption spectroscopy. In (a) 
intensity due to decay from upper level is measured as a function of laser tuning 
v2• In (b) probe intensity is measured as a function of probe tuning vI' Atoms 
with velocity v as shown will see v1 Doppler downshifted to v1 - Kv and v2 
Doppler upshifted to v2 + Kv. In (c) same as (b) except with copropagating 
beams both v1 and v2 are Doppler upshifted. 
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producing an absorption spectrum reminiscent of the Mollow one-photon case. (Mollow, 

1972) With a Stark shift the spectrum develops dispersive-like asymmetries. 

In this chapter we generalize the two-photon probe-absorption coefficient for a 

homogeneously broadened medium subjected to an arbitrarily intense saturator wave to 

allow for Doppler broadening for both the case of the counterpropagating (Fig. lOb) and 
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copropagating (Fig. IOc) pump and probe beams. An equivalent analysis for the one

photon case was presented in two papers by Baklanov and Chebotayev (1971 and 1972). 

For the unidirectional case the Doppler-free conditions do not hold and for zero Stark 

shifts and pump de tuning the results correspond to those for the centrally-tuned one

photon inhomogeneously broadened probe absorption coefficient (Sargent 1978, Holm, 

Sargent and Hoffer 1985, and Holm and Sargent 1984). This unidirectional Doppler case is 

equivalent to a unidirectional inhomogeneously broadened case for stationary atoms. In 

order to include Doppler broadening we integrate the absorption coefficient over a Lorent

zian velocity distribution. The Lorentzian assumption allows us to obtain analytical 

answers and is a good approximation. Finally, the general answers for both the unidirec

tional and bidirectional cases are presented here while the detailed derivation of these 

results is given in Appendix A (bidirectional) and Appendix B (unidirectional). The results 

of this chapter are illustrated and discussed in Chapters 5 and 6 in a number of significant 

limits. 

Inclusion of Doppler Broadening 

In this section we perform the averages over Doppler broadening. The probe 

absorption coefficient is expressed as a function of velocity and t.hen averaged over the 

Doppler velocity distribution. In order to express (1(1 as function of velocity we replace the 

frequencies 111 and 111. in the (1(1 expression with velocity dependent terms. For copropaga

ting pump and probe beams we let 111 = 111 - KVII and 111. = 111. - KVII where K is the wave 

number and VII is the atomic velocity along the beam. We perform the equivalent substitu

tion for counterpropagating beams where we let 111 = 111 - KVII and 111. = 111. + Kvll • We 

justify these substitutions here. 

We begin with the expression for the probe absorption coefficient, (1(1 from Chapter 

3. For this case we do not include the added complications of ionization and cascade decay 
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since they make the problem considerably more difficult. In this limit Eq. (3.3) reduces to 

(4.1) 

where Q o is KzNlkabIJTz/Tl/2Eo and Kl and Kz are the wavenumbers for modes 1 and 

2. Q 1 represents the complex absorption experienced by the probe at frequency 111 for the 

homogeneously broadened case. In order to generalize Eq. (4.1) to a Doppler broadened 

medium we need to express Q 1 as a function of velocity v and then integrate over the 

Doppler velocity distribution W(v), 

(4.2) 

We remind the reader that the expression for Q1 is derived from Fourier expansions 

of the equations of motion for the two-photon coherence, Pab and population difference, 

D. These expansions are 

-2i(lIzt-KZ~) ~ im[At-(Kz-Kl)~l 
Pab = e L Pm e (4.3) 

m 

and 



which give 

and 

D ~ d ik[~t-(K2-Kl)Z) 
= Lite , 

k 

• ~. ( A 2 ) i[(rrul-2V2)t-m(K2-K1)z-2K2E) 
Pab = L IPm mQ- 112 e 

m 

D = I: ik~dk eik[~t-(K2-Kl)Z) • 

k 
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(4.4) 

(4.5) 

(4.6) 

Since we allow only (] 2 to saturate, these expansions are truncated to three terms each. 

Substituting the truncated expansions (4.3) and (4.4) along with the field into the polariza-

tion (Eq. 2.14) and equating coefficients of ei~t allows us to determine the slowly varying 

polarization flJ l(r) and from it the complex absorption coefficient. 

For moving atoms the time derivatives in the density matrix equations of motion 

become convective derivatives (Sargent, Scully and Lamb 1974, Chap. 10). Thus we have 

d a a 
dt --+ at + Vz az' (4.7) 

where Vz is the component of velocity along the direction of the beam. Using the expres-

sion in (4.7) for the derivative of (4.3) we obtain . 
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• - ~. [A -2 _ (K -K ) 2 K] i[(~-2l/2)t-m(K2-Kl)I+2K211 
Pab - L IPm m~ l/2 vIm 2 1 + VI 2 e . (4.8) 

m 

For the case of copropagating probe and pump beams we let K2 !:::! Kl !:::! -K where 

(4.9) 

and substituting this into Eq. (4.8) we obtain 

• - ~. (A -2 -2K ) i[(~-2l/2)t-2Ksl 
Pab - L IPm m~ l/2 VI e . (4.10) 

m 

By letting 

and 

(4.11 ) 

in the coefficients in Eq. (4.10) we retrieve Eq. (4.5). We find the same result for the i> 

equation (Eq. 4.6). Thus we can obtain Ql(V) for the unidirectional case by performing the 

substitutions of Eqs. (4.11) in Eq. (4.1). 
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Likewise we do a similar substitution for the bidirectional case where we let Kl ~ 

-K2 ~ K in Eq. (4.8). We then obtain 

. - '\""'. [A_2 2( -1)K ] i[(mA-2112)t+2(m-l)Kz) 
Pab - L IPm m~ 112+ m VI e . (4.12) 

m 

In this case if we let 

and 

(4.13) 

in the coefficients we again retreive Eq. (4.5). The same can be done for Eq. (4.4) to 

obtain D and thus for the bidirectional case we obtain Ql(V) by substituting Eqs. (4.13) into 

Eq. (4.1). To find the average over the velocity distribution W(v), we use the appropriate 

Ql(V) in Eq. (4.2). 

We would normally expect W(v) to be a Maxwellian distribution, but in order to 

perform the integrals analytically we let W(v) be the Lorentzian 

(4.14) 

where 2u is the width of the velocity distribution. This distribution yields exact results in 

both the Doppler and homogeneously broadened limits. 
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Bidirectional Solution 

The appendices carry out the averages for a Lorentzian velocity distribution for 

both unidirectional and bidirectional cases using the calculus of residues, and we just give 

the results here. For the bidirectional case we have 

(4.15) 

where 

(4.16) 

(4.17) 

(4.18) 

(4.19) 
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(4.20) 

and 

. [A2 + i(w + '1) . iw G(A2- ii)] 
<a3> = l'YB M(iw,'Y') G(-lW) + i (i+ '1) M(-ii,w) , (4.21) 

where M(iw,'Y) is given by Eq. (A.lS) as M(iw,'Y) = (A2+iw)2 + '12 and G(iw) is given by 

Eq. (A.31). Here we use a's for the bidirectional expressions and b's for the equivalent 

unidirectional expressions corresponding to the Appendices A and B in which the respec-

tive detailed solutions are derived. In practice for the Doppler broadened limit where w -t 

00, we have M(±iw,'Y) -t -w2, M«±i-y,w) -t w2 and G(-iw) -t 0 causing all the <~> except 

<all> to be zero thus giving us, aside from a constant index term, the Doppler-free 

expression given by Capron et at. (1986) 

(4.22) 

Unidirectional Solution 

For the unidirectional case we obtain 
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(4.23) 

where 

(4.24) 

(4.25) 

-We'Y [-~2+i(w-'Y)] iw we'Y(i-'Y) 
<b33> = [-~2-~+i(w+'Y)] M(-iwd) - 1" [-~2-~+ib'+'Y)] M(i'Y',w) , 

(4.26) 

_ i'Y2(2'Y+i~) [-~2+~+i(w-'Y)] [-~2+i(w+'Y)] _ ~ 12(21+i~)(-y' +1) [~+i(-y' -1)] 
<b1> - [-~2-~+i(w+'Y)] M(-iwd) N(iw) i [-~+i(i+'Y)] M(ii,w) N(~2+i'Y') 

'Y2(2'Y+i~) (-~2+~-i'Y+,81) (-~2+i'Y+,81) 
- 2w (-~2-~+i'Y+,81) M(-,81d) Q ' (4.27) 
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-i12W.[-A2+A+i(w-1)] [-A2+i(w-1)] w 12W.(1'-1) [A+i(1'-1)] 
<b4> = [-A2-A+i(w+1)] M(-iw,1') N(iw) + l' [-A+i(-y'+1)] M(i1',w) N(A2+i1') 

12W. (-A2+A-i1+,81) (-A2-i1+,81) 
+ 2w (-A2-A+i1+,81) M(-,81d) Q ' (4.30) 

1W
B[-A2-A+i(w+1)] [-A2+i(w+1)] iw 1Wa(1'+1) [-A+i(1'+1)] 

<b6> = - M(-iwd) N(iw) - -:r M(i1',w) N(A2+i1') 

(4.31) 

and 

(4.32) 

The expressions for M, B, G, ,81' Nand Q that appear in Eqs. (4.16) - (4.32) are given in 

the appendices in Eqs. (A.15), (A.29), (A.31), (B.20), (B.35) and (B.36), respectively. 

The general expression for <Ql>ud simplifies substantially in the extreme Doppler 

limit. Since the unidirectional case is not Doppler-free one needs to normalize by multi-

plying by Z = (W+1)/'Y to prevent all terms from vanishing in this limit. After the Z nor-

malization, the first and third terms in Eqs. (4.29) - (4.34) and the first term in Eq. (4.28) 

all go to zero. The general expressions for <Ql> (Eqs. (4.15) and (4.23» can be evaluated 

for any degree of Doppler broadening by merely changing the value of w, the width of 

the Doppler distribution. In Chapters 5 and 6 we present examples of varying degrees of 
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Doppler broadening in different timescale limits, both with and without Stark shifts and 

de tuning for both the co- and counterpropagating pump and probe beams. 



CHAPTER 5 

IMPLICATIONS FOR COUNTERPROPAGATING PUMP AND PROBE BEAMS 

In this chapter we illustrate and analyze the results from Chapter 4 for counter

propagating pump and probe beams. In particular we examine the effects of Doppler 

broadening on the probe absorption coefficient in different intensity and relative lifetime 

limits as well as with and without Stark shifts and atomic detuning. We also include 

some discussion of the effects of Stark shifts and de tuning in the homogeneous limit. 

Due to our analy-tical result we can easily examine the transition from humogeneous to 

extreme Doppler broadening. The results discussed in this chapter are some good 

examples of how two-photon results can differ substantially from those for the one

photon model. The whole basis of the Doppler-free result depends on the fact that two 

photons are absorbed, one from each of the two beams and the velocity cancels in the 

sum. Another significant point is that for the Doppler-free case, all the atoms are inter

.acting with the field. This is in contrast to the usual case in saturation spectroscopy 

when only one resonant velocity group can interact. In this chapter all figures are for 

the bidirectional case so we leave off the "bd" subscript for typographical simplicity. 

It is well known that the form of the homogeneous absorption spectrum changes 

dramatically in different limits. For example the strong-field Mollow spectrum obtained 

when the level and coherence lifetimes are roughly equal transforms into the coherent 

dip spectrum with a weak field and a coherence lifetime much shorter than the popula

tion lifetime. In the rest of the chapter we illustrate these limits numerically showing 

the effects of Doppler broadening. It was shown in TPMWM that the existence of Stark 

shifts dramatically change the absorption spectrum causing dispersive-like asymmetries 
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similar to those caused by detuning. In the first section we present results for the bidi

rectional case in these different limits for systems without Stark shifts. We find that for 

arbitrarily strong fields, as long as the Doppler broadening is significantly larger than the 

Rabi frequency, the spectrum is Doppler-free. In the next section we show how 

Doppler broadening affects systems with Stark shifts and also those which are detuned. 

In general, in the Doppler limit, Stark shifts merely cause the Doppler-free Lorentzian to 

be displaced. The same regimes for the unidirectio'nal case are presented in Chapter 6. 

Zero Stark Shifts and Detuning 

To second order in the strong field, the probe absorption coefficient of Eq. (4.1) 

approaches the simple form 

(5.1) 

aside from the constant index term proportional to kaa + kbb• This is the identical result 

given in Eq. (4.22) for the probe absorption coefficient in the extreme Doppler limit, 

confirming the well known result that for low intensities the absorption spectrum is 

Doppler-free. Thus, in this low intensity limit we do not expect the degree of Doppler 

broadening to affect the width of the Lorentzian. This is borne out in Fig. lla which 

shows the real part of the probe absorption spectrum as a function of pump-probe 

detuning for the dimensionless intenity 1% = 0.25 and for two different velocity distribu

tions widths w, expressed in units of IITI' The case for w = 0 is the homogeneous 

limit and w = 10000 gives the Doppler limit within the resolution of the graphs. The 

curves are nearly identical, differing only in the height of the absorption peak. This 

difference is caused by the fact that in the Doppler limit relatively fewer atoms are 

saturated by the pump than in the homogeneous limit where all the atoms are saturated. 
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Figure 11 b shows the imaginary part of Q1 for the same parameters, and again there is 

very little difference between the two limits. 

This result is strikingly different from that for a high intensity field in the 

homogeneous limit where the two-photon absorption spectrum has the same shape as the 

one-photon result of Mollow with wide wings extending beyond the Rabi sidebands and 

negative regions corresponding to gain. This limit is demonstrated in Figs. 12a and 12b, 

where, as the Doppler width is increased to O.5'Ya , the Rabi wiggles vanish but the 

spectrum remains power broadened. When the Doppler limit is reached the spectrum has 

narrowed to the Doppler-free Lorentzian of width 2fT" but substantial Doppler broad

ening is needed to overcome the power broadening and approach this width. This result 

is very different from the usual one-photon case in which the inhomogeneous width is 

larger than the homogeneous one. Here we can say that Doppler effects induce line 

narrowing rather than line broadening. 

In order to more thoroughly examine the width of the Lorentzian as a function 

of Doppler broadening we have calculated the full width at half maximum (FWHM) of 

the absorption spectrum for several values of the intensity. The results are presented in 

Fig. 13 which shows in log-log form the FWHM plotted against the Doppler width w for 

four different intensities I". Of course this particular measure really has no meaning for 

the cases in which the spectrum is not bell shaped, so for each curve we have limited 

the minimum Doppler width w that is allowed. However that part of the curve is well 

away from the region where the Doppler limit is approached. We can see that as the 

intensity is increased so too is the Doppler width required to reach the Doppler-free 

Lorentzian. 

The previous results have all been for the limit where the population difference 

and coherence lifetimes have the same order of magnitude. We now examine the limit 
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Fig. 12. Re{<al>} vs ATl for strong fields (12 = 10) and varying amounts of 
Doppler broadening. In (a) WT1 = 2, 5, 20 and 10000. In (b) WT1 = 0, 0.25, 
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where the coherence lifetime T 2 is much shorter than T l' This regime is known as the 

coherent dip limit because the absorption spectrum shows a dip reminiscent of the Lamb 

dip but of a completely different origin. The coherent dip is caused by the fact that 

population pulsations have a limited bandwidth of approximately (1+122)/T l' It only 

occurs for low intensities, evolving into the Mollow-type spectrum as the intensity 

increases. We examine this regime for both high and low intensities. Figure 14 shows 

the real part of Q 1 as a function of pump-probe detuning (now in units of I/T2) as the 

Doppler width is increased. The dip begins to fill in, and for w = 1/2Tz there is no 

longer any evidence of a dip. This result is expected physically since the dip is due to 

the atomic response to the coherent superposition between the two fields (fringe pattern) 

and with any degree of Doppler broadening the atoms see only an average field. 
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Fig. 14. Re{<lll>} vs. ~Tz in the coherent dip limit for wTz = 0, 0.25, 0.5 and 
1.0. 12 = 1 and Tl = 10Tz. 
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As mentioned above the coherent dip is only a low intensity phenomenon. In 

the high intensity regime the curves resemble those for equal lifetimes shown above. We 

illustrate this regime in Fig. 15a, which shows the Rabi sidebands rapidly vanishing as 

coherent effects are wiped out and the Doppler-free Lorentzian is approached. The lack 

of power broadening in the extreme Doppler limit is due to the fact that in this case 

only a small fraction of the atoms experience saturation due to the pump beam whereas 

with a small degree of Doppler broadening a larger fraction of the atoms are saturated. 

We also present the imaginary part of III in this limit in Fig. 15b. It shows how 

multiple regions of anomalous dispersion obtained in the homogeneous limit rapidly 

vanish. The standard dispersive-type curve is reached even for a value of w as small as 

1· 
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Non-Zero Stark Shifts and Detuning 

In this section we examine the effects of Stark shifts and detunings from the 

atomic resonance frequency in the various limits examined above. As shown in Chapter 

3 when either the ionization or cascade decay is included in the model, the Stark shift 

becomes non-zero even when kaa = kbb• Thus, effects of Stark shifts should be 

included to accurately simulate expected spectra. In general both Stark shifts and 

detunings cause asymmetries to appear in the otherwise symmetric absorption spectra. 

Often the effects of the Stark shift and detuning are very similar since the Stark shift 

term frequently occurs in the argument of a Lorentzian. Such is the case for the low 

intensity limit discussed below. However, as shown in Eq. (4.1) the Stark shift also 

occurs outside of arguments and then causes effects markedly different from simple 

detunings. 

We first examine the limit where T land T 2 have the same order of magnitude. 

In the weak field case the Stark shift is insignificant because as seen in Eq. (5.1) Ws only 

occurs multiplied by 12 in the argument of q; 1 and only causes a very slight shift of the 

Lorentzian, as long as wsl2 is not comparable or large relative to 'Y. Stark shifts do have 

a marked effect on the strong field absorption spectrum for the homogeneously 

broadened case, where once again the effect is very similar to that caused by detuning, 

and the changes caused by Doppler broadening in the two are also very similar. This is 

illustrated in Figs. 16a and 16b, where we show the real part of Ql with wlITl = 0.1 and 

02Tl == (W-2"2)T l = 0 in (a) and 02Tl = 0.1 while wlITl = 0 in (b). Both are shown for 

12 = 10 and for several values of the Doppler width w. Both sets of curves are remark

ably similar and vary in the same manner as w is increased. In particular, for the 

homogeneously broadened case a Stark shift or detuning causes the gain of one Rabi 

sideband to turn into an absorption peak while causing that of the other to grow. When 
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Doppler broadening is taken into account, as the width of the Doppler distribution 

increases, the asymmetry disappears. The absorption peak initially broadens and shifts 

inward away from the Rabi frequency while the gain vanishes. As in the zero Stark 

shift case, as the Doppler limit is approached, the spectrum reaches the 2/T2 width 

predicted in Eq. (5.1). In the extreme Doppler limit Stark shifts or detuning merely 

displace the Doppler-free Lorentzian from its zero-Stark shift location as illustrated in 
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Fig. 17. Re{<a1>} with a Stark shift (WSTl = 0.1) for large Doppler broadening. 
All parameters are the same as in Fig. 16a except WTl = 5, 10 and 10000. 

Fig. 17. 

We now examine the regime where T z « T 1" As shown in the previous section, 

for the low intensity limit, the coherent dip found in the homogeneously broadened case 

is washed out by Doppler broadening larger than 1/2Tz. The same is true when Stark 
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Fig. 18. The coherent dip limit with either Stark shifts or detuning. All para
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shifts or detuning are included as is illustrated in Figs. l8a and l8b. In this case while 

the effect of the de tuning and the Stark shift are quite dissimilar in the homogeneously 

broadened limit (which was also discussed in Chapter 3), as the broadening is increased 

the curves once again approach the same shape of the shifted Lorentzian. The final case 

to be examined is the strong field limit for these lifetimes. The transition from homo

geneously to Doppler broadened for both a Stark shifted but centrally tuned and a 

detuned system with no Stark shift are shown in Figs. 19a and 19b, where once again 

the effect of detuning and Stark shifting are very similar, and once again the asymme

tries appearing in the homogeneously broadened case disappear as the Doppler broaden

ing is increased. 

This chapter has examined the effects of Doppler broadening on a counter

propagating pump and probe in various limits. Using a simple analytical model of a 

Lorentzian velocity distribution for the Doppler broadening, we have looked at the tran

sition from homogeneous to extreme Doppler broadening for the probe absorption with 

an arbitrarily intense field. We find that for the bidirectional case for weak intensities 

the spectrum is narrow for any amount of Doppler broadening but even a degree of 

broadening as small as 1/2Tz washes out coherent dips. For strong intensities the homo

geneously broadened spectrum, characterized by a width of about twice the Rabi 

frequency, narrows in the Doppler limit to a non-power-broadened width of 2/Tz. This 

limit is reached only when the Doppler broadening is significantly larger than the Rabi 

frequency. This is true in all level and coherence timescale regimes. In this limit Stark 

shifts or detuning merely displace the Doppler-free Lorentzian from its zero value and 

all asymmetries vanish. Again we stress the contrast between these two-photon results 

and those for one-photon Doppler-broadened systems. These results are also significantly 

different than those for a unidirectional pump and probe discussed in the next chapter. 
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Fig. 19. The high intensity, short coherence lifetime limit with either Stark 
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CHAPTER 6 

IMPLICATIONS FOR COPROPAGATING PUMP AND PROBE BEAMS 

The probe absorption coefficient averaged over Doppler broadening for a 

unidirectional pump and probe contrasts substantially with the counterpropagating case. 

It is equivalent to unidirectional non-Doppler inhomogeneous broadening. Due to the 

similarity between the one and two-photon theories it is also of interest to compare the 

unidirectional results to those for one-photon inhomogeneous broadening. In this chapter 

we present the unidirectional results in the same limits that were examined in Chapter 5 

for the bidirectional case. These include comparable coherence and population lifetimes, 

coherence lifetimes much shorter than the population lifetimes, and low and high pump 

intensities. We also examine the differences arising from Stark shifts and atomic 

detunings. In general the unidirectional absorption coefficient does not approach a Lor

entzian. To prevent <Ill> from vanishing in the extreme Doppler limit and yet still 

reduce to the correct homogeneous value for w = 0, we have normalized some of the 

following results by multiplying <Ill> by Z = (w+"'()h. This was unnecessary in the case 

of copropagating beams since for that case all the atoms were contributing to the inter

action. In this case, only one resonant velocity group interacts strongly and as the 

Doppler width increases, the fraction of atoms in that group decreases. Since all the 

figures in this chapter are for the unidirectional case, we leave off the "ud" subscript for 

typographical simplicity. 
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Zero-Stark Shifts and Detuning 

First we examine the results for zero Stark shifts and zero detuning. As shown 

in Appendix B, in the unidirectional case q; 1 is no longer independent of velocity and is 

therefore not Doppler-free. Thus, Eq. (S.1) no longer describes the Doppler broadened 

result. In Fig. 20 we present the results for the two limiting cases of homogeneous and 

extreme Doppler broadening for a low intensity pump and comparable coherence and 

population lifetimes. All parameters are the same as those for Fig. II except here we 

have normalized by multiplying by Z. As required, the homogeneously broadened results 

are identical for the two cases, but for the copropagating pump and probe, in the 

extreme Doppler limit, we obtain for the real part of Q l a slight dip instead of a Lor

entzian peak and for the imaginary part a slight dispersive-type curve of opposite sign. 

The dip is an example of the well-known feature of spectral hole burning found in in

homogeneously broadened media. Only one velocity group of atoms is resonant with the 

pump and therefore saturated. The probe beam then samples this saturated medium. 

We next examine the low intensity limit with a short coherence lifetime. Fig. 

21a, corresponding to the bidirectional case of Fig. 14 and with the same parameters, 

shows the change caused by slight Doppler broadening. The coherent dip is not washed 

out as it was before, and in fact as shown in Fig. 21b (which is Z-normalized) even 

when we reach the extreme Doppler limit, there is still a dip. Since the washout of the 

dip depends on the angle between pump and probe, it offers a means of measuring the 

diffusion of atoms through the system by varying the pump-probe angle. 

Now we examine the short coherence lifetime limit for a high intensity pump. 

Figs. 22a and 22b correspond to Figs. ISa and ISb for the bidirectional case. In the 

previous case the Rabi variations rapidly vanished and the curve was bell shaped by the 

time w reached 'Y. In this case the Rabi variations remain and turn into the broad 
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Fig. 20. The real (a) and imaginary (b) parts. of Z <Ql> for homogeneous (WTl 
= 0) and inhomogeneous (wT 1 = 10000) broadening with a low intensity pump. 
Other parameters are the same as in Fig. 11. 
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Fig. 21. Re«Ql>} in the coherent dip limit, In (a) all parameters are the same 
as in Fig. 14 except here we leave out the wT 2 = 0.25 case. In (b) all parame
ters are the same except <Ql> is scaled by Z and is shown for homogeneous 
(wTz=O), intermediate (wTz=10) and inhomogeneous (wTz=10000) broadening. 
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Fig. 22. <a1> vs. AT~ for the large intensity, short coherence lifetime limit. In 
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Fig. 23. Z Re{<a1>} for the homogeneous (WT2 = 0), intermediate (WT2 = 10) 
and inhomogeneous (WT2 = 10000) limits. All other parameters as in 21a. 

83 

shoulders shown in Fig. 23 (Z-normalized) for the extreme Doppler limit. This figure is 

very reminiscent of those in Holm and Sargent (1984) showing extreme inhomogeneous 

broadening for the one-photon case. This is not surprising since Eqs. (45), (47), and 

(49) in the limit where W8 = A2 = 0 correspond to the formulae presented by Holm, 

Sargent and Hoffer (Eq. 22) for the one-photon centrally tuned semiclassical inhomo-

geneously broadened probe absorption coefficient except for some extra factors of 12 in 

the two-photon case. Their result was not as general as the one found here, since we 

allow for atomic detuning. The average over velocities for a co propagating pump and 

probe is thus equivalent to an average over different line centers except that for this 

case we still have remaining after the average the degrees of freedom represented by the 
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de tuning from the atomic line center and Stark shifts. We next examine the effects 

caused by changing these two parameters but first mention that the curves for nearly 

equal lifetimes and a strong pump are very similar to Figs. 22 and 23 with the exception 

that in the Doppler limit, the dip seen for the short coherence lifetime (Fig. 23) turns 

into a slight peak in the other regime. 

Non-Zero Stark Shifts and Detuning 

Figure 24a shows the absorption coefficient for the same parameters as in the 

bidirectional case of Fig. 16a (strong field and comparable lifetimes with a Stark shift of 

1/10T1). Here the dispersive-like asymmetries do not disappear with increasing Doppler 

broadening but merely decrease somewhat in intensity. The effect of detuning with no 

Stark shift is similar to that of a Stark shift with no detuning, as in the bidirectional 

case. In Fig. 24b (Z-normalized) we show the extreme Doppler limit with the small 

Stark shift. Again we see the broad shoulders except that one is slightly higher than the 

other. For a slight detuning with no Stark shift we obtain a similar curve except that 

the shoulders are once again equal. 

Figure 18 shows the difference between a small atomic detuning and a slight 

Stark shift in the limits of short coherence lifetimes and a weak pump (coherent dip 

limit) for Doppler broadening up to I/T2 in the bidirectional case. We show the equiva

lent (except Z-normalized) curves for the unidirectional case in Figs. 25a and 25b. Now 

neither the dip seen for small de tuning nor the dispersive characteristic seen for small 

Stark shifts wash out, but rather both stay at the same intensity. To show what happens 

in the Doppler limit we have Figs. 26a and 26b which are also Z-normalized. There we 

see that both the dip and the sharp dispersive shape remain. 

Finally we examine the difference between detuning and Stark shifting for long 

population lifetimes and strong pumps. As in the bidirectional case, shown in Figs. 19a 
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Fig. 24. In (a) Re«Ql>} vs. ATl for wIIT1 = 0.1. WTl varies from 0 to 1 and 
all other parameters the same as in Fig. 16a. In (b) the same as (a) except 
scaled by Z and for the homogeneously (WTl = 0), intermediately (wT1 = 10) 
and inhomogeneously (wT1 = 10000) broadened limits. 
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Fig. 25. Z Re«Cle1>} in the coherent dip liIJlit with either a small Stark shift 
(a) or a small detuning (b). WT2 varies from 0 to 1 and all other parameters are 
the same as in Figs. ISa and 18b. 
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Fig. 26. The same as Fig. 25 except for the homogeneously (wT 2=0) and inho
mogeneously (wT2=10000) broadened limits. 
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Fig. 27. Z Re{<Ql>} for strong pumps and long population lifetimes with a 
small Stark shift (wI! T 2 = 0.1). wT 2 varies from 0 to 1 and all other parameters 
are the same as in Fig. 19a. 
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and 19b, for small Doppler widths the results are similar, illustrated now in Fig. 27 for 

the Stark shifted case. However in the Doppler limit, shown in Figs. 28a and 28b, the 

results are different. We again see the characteristic dispersive shape as in Fig. 26a and 

the broad shoulders with a much smaller dip than seen in Fig. 26b. 

Tnis chapter has presented the results of Doppler broadening for a copropagating 

pump and probe. In contrast to the counterpropagating case of Chapter S, the results 

found here, in the limit of no Stark shift, are very similar to those for the one-photon 

inhomogeneously broadened case. The spectrum never becomes Doppler-free and 

coherent dips are not washed out. Since washout of the coherent dip is dependent on 

the angle between pump and probe, two-photon systems offer a means of measuring 
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Fig. 28. In (a) the same as Fig. 27 except for the homogeneously (wT 2=0) and 
inhomogeneously (wT2=10000) broadened limits. In (b) the same except with a 
small detuning (62 T 2 = 0.1) instead of a Stark shift. All other parameters are 
the same as in Figs. 19a and 19b. 
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diffusion of atoms through the system. In addition we have examined the differences in 

the inhomogeneous limit between detuning and Stark shifts. For comparable T 1 and T 2 

the two effects look very similar in the inhomogeneous limit. However when T2 « T1, 

Stark shifts cause asymmetries which remain in the inhomogeneous limit, whereas 

detunings do not. 



CHAPTER 7 

TWO-PHOTON SQUEEZED STATES 

In this chapter we present the first analysis of squeezed states of light using a 

nondegenerate quantum theory of multiwave mixing and a two-photon model. Savage 

and Walls (1986) have treated two-photon squeezing in the degenerate (v1 = v2 = v3) case 

and ignored Stark shifts. In Chapters 2-6 of this dissertation we examine aspects of 

two-photon multiwave mixing using the semiclassical approximation. That is, in the in

teraction of light and matter, the light field is treated classically, as described by 

Maxwell's equations. However, squeezed states of light are an inherently non-classical 

phenomenon. For this reason, we need to abandon the semiclassical approximation and 

go to a quantum calculation treating the light as a quantized radiation field. The first 

section of this chapter contains an introduction to squeezed states. The next section 

explains how they are calculated in the quantum theory of multiwave mixing. We then 

look at the results for squeezing with the two-photon two-level model. Due to the com

plexity of the subject even in the simplest cases, we ignore refinements such as spatial 

hole averaging. We find regions of good squeezing for both low and high intensities. In 

the low intensity limit, the generally complicated expressions required to describe 

squeezing reduce to very simple results. Some new and surprising results are found 

which are emphasized in the final section summarizing the differences between squeezing 

with one- and two-photon systems. 
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Introduction to Squeezing 

Squeezed states of light are those for which the quantum fluctuations in one 

quadrature phase of the electric field are reduced below the average minimum variance 

permitted by the uncertainty principle. They are currently being investigated theoreti

cally by a number of research groups (Reid and Walls 1985a, 1985b and 1986, Holm, 

Sargent and Capron 1986, and Ho, Kumar and Shapiro 1986) and several experimental 

efforts are underway to observe them (Slusher et al. 1985, Shelby et. al. 1986, and 

Kimble and Hall 1986). The first reported observation is by the Slusher group at AT&T 

Bell Laboratories (Slusher et al. 1985). Squeezed states are of interest for a number of 

reasons. They have potential applications in improving precision interferometric meas

urements and in the possible detection of gravity waves. In addition they offer the pos

sibility of improved signal to noise in optical communications. Finally, they are just an 

inherently interesting topic due to their connection with the Heisenberg uncertainty 

principle. 

Squeezed states of light arise due to a "squeezing" of the variance of one phase 

quadrature of the electric field of a light wave at the expense of the other quadrature 

while continuing to obey the uncertainty principle. This squeeze/stretch reciprocity arises 

in many areas familiar in optics one of which is the Fourier transform reciprocity of 

frequency and time. If one of these conjugate variables is described by a Gaussian of 

width Aw, via the Fourier transform relationship the other is described by a Gaussian of 

width AT = 1/ Aw. Thus a pulse of limited bandwidth of necessity has a long temporal 

duration. Squeezed states represent a basic application of the Heisenberg uncertainty 

principle. A usual example of this principle is given for the two conjugate variables 

position, represented by x. and momentum represented by p. The uncertainty principle 

states that the product of their variances must equal or exceed fi/2. Thus we have 



where 

fz 
AxAp ~ 2' 
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(7.1) 

(7.2) 

and the expectation values are performed quantum mechanically by averaging over many 

measurements on identically prepared states. A simple quantum mechanical example 

often given is that of the simple 'harmonic oscillator. 

This example is very appropriate because it is the basis for the quantum theory 

of radiation in which light is represented as a superposition of quantized simple 

harmonic oscillators and a quantum theory of radiation is required for a description of 

squeezing. For this case the electric field E is analogous to position and the magnetic 

field B to momentum. These two fields oscillate in quadrature. For a squeezed state of 

light, at one point in time, the width of the variance of the field has a given squeezed 

value and after a quarter period it is stretched and a quarter period later it is squeezed 

again. This is in contrast to the coherent packet introduced by SchrMinger which when 

placed in the harmonic potential well maintains the same variance in time. The coherent 

state is the quantum state most closely analogous to that of a classical wave, and was in-

troduced to quantum optics by Glauber (1963) in the 1960's. Mathematically we 

represent the quantized electric field as 
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E(t) = ~ ae-iIlt + adjoint, (7.3) 

where a is the annihilation operator that can be represented as having an amplitude and 

phase as a = Xl + iX2' Thus the uncertainty principle states that ~Xl~X2 ~ ~. For a 

coherent state the variances in these two quadratures are equal whereas in a squeezed 

state they are not. In a phase diagram a coherent state is represented as a circle and a 

squeezed state as an ellipse. 

General Theory 

Theory shows that the vacuum radiation can become squeezed when it is 

operated on by the squeezing operator. This operator contains terms quadratic in the 

annihilation operator, thus showing that a two-photon process as well as one that is 

phase sensitive is required for squeezing. Nondegenerate four-wave mixing in two-level 

atoms is a process which satisfies these requirements and is frequently suggested as a 

place to look for squeezing. In fact this is the experiment reported by Slusher et al. 

(1985) to show squeezing. Here we use a quantum theory of multiwave mixing to 

describe this process. This theory has been under development by Holm and Sargent for 

the past three years and is presented in a series of papers. (Holm 1985, Sargent, Holm 

and Zubairy 1985, Stenholm, Holm and Sargent 1985, Holm, Sargent and Stenholm 1985, 

Holm and Sargent 1986a and 1986b) Here we merely summarize aspects of the theory 

relevant to two-photon squeezing. The theory assumes classical pump waves and 

quantum mechanical signal and conjugate waves interacting with one- or two-photon 

two-level atoms. It is applicable to many types of experiments including resonance fluo

rescence and saturation spectroscopy. The theory produces the reduced sidemode density 



operator equation of motion (Sargent, Holm and Zubairy 1985) 

p = - A1(palal t - a1 t pal) - (B1+Z1/2Ql)(a/ alP - a1pal t) 

+ 01(pa3talt - a1tpa3t) + Cl(alta3tp - a3tpalt) 

+ (same with 1-+3) + adjoint, 
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(7.4) 

where a1 and a3 are the annihilation operators for the side modes at frequencies "1 and 

"3' respectively, symmetrically located on opposite sides of the pump frequency "2' as 

shown in Fig. 2. The coefficients A1, B1, C1, and Dl are functions of the mode spacing 

"2-"1' the de tuning from the atomic resonance, "2 - W, the upper-level and coherence 

lifetimes Tl and T2, and the pump-field intensity 12 (Sargent, Holm and Zubairy 1985 

and Stenholm, Holm and Sargent 1985). These coefficients are different in the one- and 

two-photon models and for our calculations here we use the two-photon coefficients 

derived by Holm and Sargent (I986a). This two-photon model does not include the 

extra relaxation terms analyzed in Chapters 2 and 3. Since in our analysis the Bl and 

01 coefficients only appear subtracted from Al and C1 respectively, and since these 

combinations are significantly simpler than the expressions for Bl and 01 alone, we only 

give the combined terms Al - Bl and C1 - Dr Thus we have 

2i(ktla + k6b f b) 

kab 



+ 
.f1f l/lJ2* /2 + i(kaafa + kbbfb)/kab 

i~ 

x [ 12.9'(-yrI20 1 - iWa) 

1 + 122.9'~(01 + 0 3*) 

+ 
-.f1f 12°2/2 + i(kaafa + kbbfb)/kab 

i~ 
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(7.5) 

(7.6) 



97 

(7.7) 

and 

(7.8) 

In the quantum theory the definitions of the k coefficients are slightly different than 

those given in Chapter 2. Thus, we have 

kab = (l/2hZ) L I' ajP jb/(Wjb - liz), 

j 

kaa = (l/2hZ) L II' jal Z Wja/(WjaZ - lIzZ), 

j 

kbb = (l/2hZ) L II' jbl Z Wjb/(WjbZ - " z
Z). 

j 

(7.9) 

(7.10) 

(7.11 ) 

and the k!a, k~b' k~, and kbb terms are the kaa and kbb sums in Eqs. (7.10) and (7.1 1) 

with only the Waj + liz, Wjb + liz, Waj - liZ or Wjb - liZ terms, respectively. Other new 
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terms appearing in Eqs. (7.5) - (7.7) are fa = I22:t:,2/2, fb = 1 + fa and r = "Ia = Tl-l. 

All the other terms are the same as before. The rate of cavity losses is given by v/Qn. 

The coefficient Al has the interpretation that Al+c.c. gives the resonance fluorescence 

spectrum, the difference Al - Bl is the semiclassical complex gain/absorption coefficient 

(al of Eq. (3.3) in the limit that "II and Tt go to zero) and Cl - Dl is the semiclassical 

complex coupling coefficient (Xl of Eq. (3.6) in the same limits). The Cl coefficient by 

itself is new with the quantum theory of multiwave mixing. The real part of Cl + C3 

appears similar to the 1:3:1 three-peaked resonance fluorescence spectrum except that it 

has a negative central peak (Holm, Sargent and Stenholm 1985). This quantity is respon

sible for squeezing along with several other interesting multiwave quantum noise effects. 

We consider four-wave mixing in a cavity as depicted in Fig. 29. The pump is 

servo-locked to the laser frequency v2 and the sidemode cavity is similarly locked to the 

sidemode frequencies vl and v3• The angle between the pump and sidemode cavity is 

sufficiently small to have adequate phase-matching. This angle is exaggerated in the 

figure. Quantum noise builds up in the vacuum cavity, developing correlations between 

the sidemodes. Heterodyne detection via the balanced detector allows direct measurement 

of the variance for any relative phase () of the superimposed sidemode field. This 

experiment is similar to the one-photon Slusher experiment except that they use a 

standing-wave pump, which requires averaging over spatial holes. Our objective here is 

to examine the differences between one- and two-photon squeezing for the simplest case. 

In the two-photon case, averaging over spatial holes is a very complicated problem due 

to the intensity dependence of all the qj's. Thus we assume a running wave pump in this 

work. In addition we do not consider here the question of intra- versus extra-cavity 

squeezing, but merely calculate the total amount of squeezing within the cavity. 
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phase 
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detector 

Fig. 29. Four-wave mixing in a cavity (after Slusher et at. 1985). 

Specifically we consider the linear superposition of modes 1 and 3 described by 

the coupled-mode annihilation operator 

(7.12) 

This yields the canonically conjugate Hermitian amplitude operators 

(7.13) 
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For squeezing, we wish to find the minimum squared variance satisfying 

(7.14) 

The squared variances are given by 

(7.15) 

where i = 1, 2 for -, +, respectively. The minimum variance is given by ~dl with the 

To calculate the variances in Eq. (7.15), we need to solve for the expectation 

values of the number operators altal and a3ta3, and the combination-tone operators 

alta3t and ala3. For a two-level medium, we multiply Eq. (7.4) by these operator 

products, take expectation values, and find the quantum coupled-mode equations of 

motioil 

+ (same with 1-3) . (7.17) 

The corresponding equation for <a3 t a3> is given by Eq. (7.16) with 1 - 3, and that 
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for <alt a3h is given by the complex conjugate of Eq. (7.17). We note from Eq. (7.16) 

that Al + Al* is the source for <altal>, while from Eq. (7.17), the new quantum 

mechanical coefficients Cl + C3 are the source for <ala3>. Paper vn in the series on 

the quantum theory of multi wave mixing (Holm and Sargent 1986b) shows that in the 

equivalent Langevin theory, Al+At and Cl+C3 are the diffusion coefficients for al tal 

and ala3, respectively. 

For the present cavity problem, we find steady-state expectation values for Eq. 

(7.15) by setting the time derivatives in the coupled mode equations equal to zero, and 

solving the resulting four algebraic equations. This yields 

(7.18) 

+ (same with 1-3), (7.19) 

where the denominator D is 

D = (Ql+Ql*)(Q3+Q3*)IQ1+Q31 2 + (xtx3 - X1X3*)2 

- [(Ql+Ql*)Xl·X3(Ql+Q3) + (same with 1-3) + c.c.], (7.20) 

where Ql = Bl+v/2Q-Al• Xl = Cl-Dl, and where <a3ta3> is given by Eq. (7.18) with 

1-3. 
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Inserting these steady-state solutions into Eq. (7.15), we obtain the maximum 

squeezing spectra. Since the "spontaneous emission" terms <altal> and <a3ta3> are expec

tation values for number operators, they are never negative. Hence for the minimum 

variance to drop below the vacuum level of 0.25, the "combination tone" contribution 

21 ala31 must exceed <al tal> + <a3 t a3>. This result is consistent with the one-photon 

work of Reid and Walls (198Sa and 1985b) and Slusher et al. (1985), who seek to avoid 

regions where spontaneous emission dominates. 

Results for Two-photon Squeezing 

In this section we examine the results for two-photon squeezing. Two limits of 

interest are those for high and low intensities. The spectrum of squeezing for the two

photon case is significantly different in both limits than that for the one-photon case. 

Part of this difference is due to the added complexities arising with Stark shifts. 

However even for the case of no Stark shift the results are quite different. This might 

be surprising since in general in the zero Stark shift limit, two-photon results mimic the 

one-photon results. As discussed above the source term for squeezing is the Cl coeffi

cient. Just like for the semiclassical two-photon Xl term discussed in Chapter 3, in the 

two-photon case the Cl coefficient contains a term due to the conjugate scattering off 

the pump induced coherence (the initial term proportional to 02 in Eq. (7.7». The 

differences between one and two-photon squeezing can be traced to this additional term. 

Since squeezing is a manifestation of an asymmetry between the two field quadratures, it 

is not suprising that de tuning from resonance is generally required to obtain squeezing. 

However this is not true in the two-photon case. We show here that even for very low 

intensities, no Stark shifts, and tuning to atomic resonance, the two-photon model gives 

significant squeezing. 
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In the one-photon expermiment of Slusher et aI. (1985) very high intensities 

(1800 times the saturation intensity) were required. Experiments are easier to perform 

with lower intensities. Thus it is of interest to examine the low intensity limit. For our 

case, the low intensity limit also makes the analysis simpler because the two-photon 

coefficients reduce significantly in a third order perturbation limit. In this limit we 

retain only the terms which are independent of intensity or proportional to the first 

power of the intensity. Thus Eqs. (7.5) - (7.8) reduce to the much simpler forms 

(7.21 ) 

(7.22) 

(7.23) 

and 

(7.24) 

Although these expressions are considerably less complex than the more general 

case, when they are substituted into the squeezing expressions (Eqs. (7.15) and (7.18) -



104 

(7.20» the result is still fairly complicated. From numerical analysis, Holm, Sargent and 

Capron (1986) find the following more simple expression for the variance which is valid 

where there is exceptional squeezing, that is where the spontaneous emission terms are 

negligible compared to the combination tone: 

I I 
.6.dl = 4 - 2 (7.25) 

We use this expression to look at two-photon squeezing for zero Stark shift. Substituting 

Eqs. (7.21) ··(7.23) into Eq. (7.25) gives us for this case 

(7.26) 

where f3 is the dimensionless quantity II/Qao representing the cavity losses. It is equal to 

the reciprocal of the cooperativity parameter often used in optical bistability. We note 

here that f3 can have an imaginary part which represents the cavity detuning. This part 

can have a large effect on the total amount of squeezing but in this analysis we shall 

assume the cavity is tuned to resonance. The resulting variance has two particularly 

simple limits: that when f3 dominates the term in brackets and that when f3 is vanishingly 

small relative to the rest of the term. For the first case we obtain 

(7.27) 
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For the second case, when we can ignore f3 in the denominator of Eq. (7.26) we have 

(7.28) 

(7.29) 

These expressions will always give squeezing because the second term in each is 

always positive. In addition, Eqs. (7.27) and (7.28) are independent of .6. so the 

spectrum will be flat. We show an example of the limits of Eqs. (7.27) and (7.28)" in 

Fig. 30 where we plot the general expression for .6.d1
Z from Eq. (7.15) against .6. for 12 

= 0.5, Ws = 0, and 0z = O. We vary the real part of f3 from 2 to 10-4 and let its 

imaginary part be zero. The curves are independent of .6., except for very small .6. 

where Eq. (7.25) is no longer accurate. Thus we see that as opposed to the one-photon 

case, the two-photon case shows squeezing for low intensities even when there is no 

Stark shift and no detuning. By including even a small Stark shift and detuning, 

though, we can significantly increase the squeezing. This is illustrated in Fig. 31 where 

Iz = .5 and oz/Tz = -wlllz/Tz = I and we vary Re{,8} from 0.1 to 10-4• The squeezing is 

a maximum for .6. = O. This also differs from the one-photon case where nondegenerate 

four-wave mixing is required for good squeezing. Thus both with and without Stark 
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shifts, we obtain significant squeezing for pump intensities less than the saturation 

intensity. 

Now we look at squeezing in the high intensity limit. Our theory requires that 

the sidemode intensities not saturate. This limits the quality of the cavity that we can 

have, since a good cavity results in sidemode saturation. It also limits the pump intensi-

ties. For a given detuning a maximum pump intensity is reached beyond which the 

theory breaks down. For detunings up to 200/T2 the smallest values of Re{f3} are on the 

order of unity. For a detuning of 20/T2 the maximum allowable intensity is 12 = 27 and 

for a de tuning of 200/T2 the maximum intensity is 327. However, in order to obtain 

the best squeezing for a given detuning, the maximum possible intensity is required. As 
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the detuning is increased, and thereby the maximum allowable intensity, the best 

squeezing improves accordingly. Thus for the case of °2= 20jT2 and 12 = 27, the 

mimimum variance is 0.17. For 02 = 200jT2 and 12 = 327, the minimum variance 

reduces to 0.13. Figure 32 illustrates these conclusions. In Fig. 32a we let 02 = 20jT2 

and 12 = 27 and plot the variance as a function of ~ for different values of p. Fig. 32b 

is the same except that °2 = 200jT2 and 12 = 325. 

The above results for high intensities are for zero Stark shifts. We have seen 

that Stark shifts significantly change the absorption spectrum and in particular can cause 

regions of high gain. Thus in this sense, Stark shifts further limit the amount of 

squeezing our theory is able to predict. For a given detuning, at the maximum intensity, 
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any amount of Stark shift of the same sign as the detuning causes the sidemode to 

saturate. Including a Stark shift opposite in sign to the detuning decreases the amount 

of squeezing. For a given detuning, if the intensity is not at its maximum value, then a 

Stark shift of the same sign as the detuning is allowed, and this increases the squeezing, 

but not above the level reached for the maximum intensity with no Stark shift. Thus 

for the high intensity limits, Stark shifts hinder rather than help the degree of squeezing 

within the limitations of our theory. These conclusions are illustrated in Fig. 33 with 

the same parameters as in Fig. 32 except that Re{,8} = 1 and Stark shifts are included. 

Comparison of One- and Two-photon Squeezing 

The previous section shows the results for two-photon squeezing. Throughout, 

the differences between the one- and two-photon cases are pointed out. In this section 

we summarize the two-photon results and compare and contrast the two cases. Besides 

the variations caused by the Stark shift in the two-photon case there are significant other 

differences. 

For one-photon media, a detuned, nondegenerate system is required. That is, 

the sidemodes must be detuned from the atomic resonance. This is because asymmetries 

in the system are required. The best squeezing occurs for detunings on the order of tens 

of homogeneous line widths (Holm, Sargent and Capron 1986). In general significant 

squeezing is only obtained when the spontaneous emission terms are small. This requires 

that the expectation value of the combination tone <a3a1> dominate the number operator 

expectation values, <a1 tal> and <a3 t a3>. For regions where there is significant squeezing, 

the simpler expression Eq. (7.25) is a good approxmimation. One-photon media require 

high pump intensities to attain squeezing. In the Slusher et aI. (1985) experiment the 

intensity is 1800 times the saturation intensity. Finally, in the one-photon case, for a 
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given set of parameters, good squeezing is only obtained over a limited region of the 

0.30 

Ad 2 
1 0.25 

0.20 
-60 60 

Fig. 34. One-photon squeezing. Minimum variance Adl: vs. A for 12 = 30, w 
- 1I2 = 10T2-l, T: = 2Tl and Re{,8} = 0.1. 

spectrum. As values of A continue to increase, the variance too ultimately increases. 

These features are illustrated in Fig. 34 which shows a typical example of one-photon 

squeezing. 

Many of the above conclusions do not hold in the two-photon case. We have 

illustrated how with low intensities and very small detunings, significant squeezing can be 

obtained. In fact, even with no Stark shifts, no detuning at all is required for squeezing 

on the order of 15%. These low intensities and detunings should make two-photon 

squeezing experiments easier to perform than one-photon ones. However, we are not 

limited to low intensities and in fact can obtain squeezing .for high intensities which then 
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require larger detunings, on the order of hundreds of homogeneous linewidths, to 

maximize the squeezing. Another feature that should make the two-photon squeezing 

easier to observe is the large region of the spectrum where reasonable squeezing occurs. 

This is illustated in Figs. 30 - 33 all of which show the variance remaining small out to 

large values of fl.. In fact it stays small out to arbitrarily large fl., and does not fall off 

the way the one-photon variance does. In some cases, as shown in Fig. 30, the variance 

is nearly independent of fl. altogether. Another significant aspect about two-photon 

squeezing can be learned by looking at the numbers for the case illustrated in Fig. 32b. 

In this example the number operator expectation values are not negligible relative to the 

combination tone expectation values, yet the combination prescribed by Eq. (7.25) still 

shows significant squeezing. Finally, we are unable to show for high intensities that the 

inclusion of Stark shifts improves the squeezing. When the Stark shift is opposite in sign 

to the detuning, the squeezing is decreased. One might expect to improve squeezing 

with a detuning and Stark shift of the same sign, but this results in large gains causing 

sidemode saturation and breakdown of the theory. 

This analysis only skims the surface of the subject of two-photon squeezing. We 

ignore the effects due to averages over spatial holes that must be included in the analysis 

of any experiment with a standing wave pump. Including such averages would signifi

cantly increase the complexity of the calculation due to the intensity dependence of the 

two-photon 0's as well as the extra Stark shift terms. One limit that would make the 

calculation less complex is that used by Fu and Sargent (I980) where wI! T 212 < 1. In 

such a case the 0's become intensity independent. A comparison for the one-photon 

case shows that the inclusion of spatial averaging, while indeed modifying the spectrum, 

does not significantly change the results. We can expect the same to be true for the 

two-photon case. 
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The present analysis also ignores the effects of alternative decay paths such as 

cascade decay through non-resonant levels and ionization decay as worked out in Chapter 

2. The quantum theory for these cases has not been worked out. It will be significantly 

more complicated and difficult to calculate. However, the general asymmetries intro

duced by these decay paths can be expected to effect the squeezing. Finally, this theory 

does not allow for saturating sidemodes. In particular for cases of non-zero Stark shift 

this is a severe limitation. A quantum theory allowing for arbitrarily intense, yet 

quantized sidemodes would be particularly difficult to develop for the two-photon model, 

yet it may be required to fully examine two-photon squeezing for good cavities and 

non-zero Stark shifts. 



CHAPTER 8 

CONCLUSIONS 

This dissertation has examined the interactions of one, two or three electromag

netic fields with a two-photon two-level medium. New decay mechanisms have been 

included allowing a closer approximation to actual experimental configurations employing 

two-photon media. Because this introduces phase-shifting terms in the off-resonant level 

populations, these new decay paths have a pronounced effect on the probe absorption 

and coupling coefficients. We have studied the effects of Doppler broadening for this 

medium for both counter and copropagating pump and probe waves, and have derived 

the precise conditions under which two-photon Doppler-free spectroscopy is valid. 

Finally, by applying a theory that quantizes the sidemode fields, we have analyzed the 

generation of squeezed states in two-photon two-level media. Due to the appearance of 

dynamic Stark shifts and the possibility of sidemode scattering off the pump-induced 

coherence, squeezing in this level scheme is markedly different than for one-photon 

transitions. A recurring theme throughout the dissertation has been the comparison 

between one- and two-photon two-level models because it allows us to transfer our 

knowledge of the one-photon case to the two-photon case and it also highlights the 

differences arising from the two models. 

The semiclassical model first presented by Sargent, Ovadia and Lu (1985) has 

been extended to allow two new upper-level relaxation mechanisms. The first, upper

level cascade decay via a non-resonant intermediate level, is frequently the situation in 

atomic systems, for example in sodium or rubidium. The second, ionization by means of 

an additional photon, was motivated by the fact that our theory handles arbitrarily strong 
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pump waves and for many examples of two-photon transitions, such as from IS to 2S in 

atomic hydrogen, a third photon of the two-photon frequency could cause ionization. 

We allowed recombination to the lower level to provide a means to achieve a steady state 

theory. For the case of atomic beams we expect the recombination rate to be van

ishingly small, but in the case of a vapor cell recombination may be more significant. 

These new degrees of freedom cause the algebra and the resulting multiwave 

expressions to be considerably more complex than in the simpler model, and several new 

features arise. As in the one-photon cascade work of Sargent (1978) the new decay 

mechanisms cause the population pulsation factor ar and the population difference 

lifetime T 1 to change. When ionization is included, both become intensity dependent. 

The new level lifetime, TI , in turn causes a new saturation factor that, depending on the 

relative value of the decay and recombination rates, can be either larger or smaller than 

T 1 of previous models. In addition dynamic Stark shifts, responsible for many effects in 

two-photon models, become more complicated. They are now dependent on the pump

probe detuning and thus are no longer zero for the analogous cases in the simpler model. 

These new decay paths have been examined to see what changes they cause in the 

complex probe absorption and coupling spectrum. They have been shown to cause 

general asymmetries in the spectra, although not as drastic as those caused by simple 

Stark shifts. By varying the relative decay rates we are able to look at what happens 

when just ionization occurs or just cascade decay or the two combined. We are also able 

to see the differences expected between atomic beams and atoms in cells by varying the 

recombination rate. We have seen that in the coherent dip limit, for recombination rates 

much smaller than the two-photon coherence or level decay rates, the new terms cause 

the dip to become dispersive. In the limit of larger recombination rates, the dip washes 

away even with very small ionization rates. In either limit the new effects cause 
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difficulties for experimenters attempting to measure T 1 from the width of the coherent 

dip. For comparable level and coherence lifetimes, the familiar Mollow spectrum 

develops asymmetries with the new relaxation mechanisms and the Rabi oscillations 

become washed out. In the future we intend to apply the extensions of the theory to 

phase conjugation to see how these new mechanisms effect the two-photon reflection 

coefficient. This is a natural extension and may show limitations for two-photon phase 

conjugation. 

The second part of this dissertation deals with the question of averaging over 

Doppler broadening for both co- and counterpropagating pump and probe fields. We 

derived analytical expressions for the probe absorption as a function of the Lorentzian 

Doppler velocity distribution width by performing a simple velocity-dependent substitu

tion into the homogeneous expression and doing the resulting integrals using contour in

tegration. We then examined the spectra for varying degrees of Doppler broadening 

from homogeneous to the extreme Doppler limit. We examined the similarities and 

differences caused by Stark shifts and atomic detuning in different lifetime and intensity 

regimes. The results for the co- and counterpropagating beams are very different. For 

the co propagating case with no Stirk shift, we obtain results similar to those for one

photon media averaged over inhomogeneous broadening. The spectra never narrow as in 

the Doppler limit achieved with counterpropagating beams. We find that in the extreme 

Doppler limit the effects of Stark shifts and atomic detuning are very similar if T 1 and 

T 2 are comparable but if T 1 » T 2 Stark shifts cause asymmetries that do not remain for 

atomic detuning. 

The results for counterpropagating beams are quite different. For weak fields 

we recover the often quoted result of the Doppler-free Lorentzian of width 2/T2 for all 

values of the Doppler width. We find that the coherent dip is washed out for even very 
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narrow Doppler widths. For strong fields we also recover the Doppler-free Lorentzian 

but only in the limit when the Doppler width is significantly larger than the two-photon 

Rabi frequency. In this limit the broad Mollow-type spectrum characterized by a width 

on the order of the Rabi frequency narrows as the Doppler width broadens and Stark 

shifts and detunings, which cause asymmetries in the homogeneous Mollow-type 

spectrum, merely cause a shift of the Doppler-free Lorentzian. 

Experimental confirmation of these results may be difficult for the high intensity 

limits. Because of our assumption of off-resonant intermediate levels, the Waj - II terms 

in the denominators of the k coefficients are quite large, thus requiring a much larger 

electric field amplitude (] for saturation. If the high intensities can be achieved then the 

question of ionization again arises and the Doppler averages, which in this work have 

only been performed for the simpler model, should be extended to allow the new relaxa

tion mechanisms of Chapters 2 and 3. Further work on the two-photon semiclassical 

model would be to extend it to allow for saturating probe fields as was done by 

Hambenne and Sargent (1976) for the one-photon model. We have performed some 

preliminary analysis in this direction and find some interesting differences caused by the 

additional atom-field interaction required in the two-photon case. The work of 

Hambenne and Sargent for the two-wave case derives a three term recursion relation 

relating the population difference Fourier components dk • From this they obtain an 

infinite continued fraction that ultimately truncates due to the bandwidth of the medium. 

In the two-photon case, the corresponding recursion relation has five terms and cannot 

be written as a simple continued fraction but rather requires the use of matrix continued 

fractions. Thus the problem becomes significantly more complicated. 

The question of high saturation intensities should not cause a problem for 

attempts to confirm the predictions made here about two-photon squeezing. We have 
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shown that significant two-photon squeezing in a two-level atomic medium should be 

achievable with very low intensity beams, even with no Stark shifts and no atomic 

detuning. The squeezing is good over very large regions of the spectrum and in some 

cases is nearly spectrally independent. We have derived very simple expressions showing 

these results in a fourth order perturbation limit to the quantum two-photon coefficients. 

They are verified by graphs based on the full complicated expressions accurate to all 

orders in the pump. However, we find that for higher intensities our theory is limited 

by the assumption of weak probe fields since Stark shifts may cause regions of signifi

cant sidemode gain resulting in instabilities. In addition the conjugate scattering off the 

pump-induced two-photon coherence causes instabilities. As long as instabilities do not 

arise we do find good squeezing for larger intensities and again over large regions of the 

spectrum. These results differ significantly from those for one-photon squeezing which 

require larger detuning and intensities and only give good squeezing in a limited spectral 

range. We feel that attempts should be made to find squeezing in two-level media and a 

two-photon two-level medium seems an obvious place to continue. 



APPENDIX A 

COUNTERPROPAGATING PUMP AND PROBE 

In this appendix we derive the expressions given in Chapter 4 for the probe absorp

tion coefficient (1(1 averaged over Doppler broadening 

(A.l) 

for the bidirectional case. Specifically we derive Eqs. (4.15) - (4.21). All the averages are 

done assuming the Lorentzian velocity distribution W(v) of Eq. (4.14). We need to express 

(1(1 (Eq. (4.1» as a function of velocity. As discussed in Chapter 4, for a counterpropagat

ing pump and probe we replace lI1 by lI1-Kv and liz by lIz+Kv where we now let v 

represent the z component of velocity for typographical simplicity. Having made these 

substitutions we have (setting x=2Kv) 

(lJ3(X)' = ['1 + i(~2-~-2x)r1 , 
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and 

(A.2) 

where the primes indicate the substitutions for v1 and v2 have been made. Note that 01 

remains independent of x, i.e., it is Doppler-free. 

Using Eq. (4.l4) we have for any function g(v) 

<g>DB = J 00 dv W(v) g(v)' = ; J 00 dx ;~~r2 ' -00 -00 (A.3) 

where w = 2Ku is the width of the velocity distribution in frequency units. Substituting 

Eq. (4.l) into Eq. (A.3) we obtain 

(A.4) 

where bd stands for bidirectional. The ak representing the functions over which the 

integral is performed are 

(A.5) 
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(A.6) 

(A.7» 

(A.8) 

(A.9) 

and 

(A.lO) 

We thus need only to evaluate the integral in Eq. (A.3) for the expressions (A.S) through 

(A.I0) to obtain the complete answer for <Ql>bd' The integrals are most easily evaluated 

in the complex plane using the residue theorem and thus for each one we need to evaluate 

the integrand at each of its poles. For the sake of typographical simplicity we drop the 

primes in the expressions which follow. 

First we determine all as a function of x 

(A.l 1) 

where 
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(A.l2) 

Substituting this into Eq. (A.3) and moving into the complex plane we obtain 

(A.l3) 

The four poles of the integrand are located at z = ±iw and z = A2±i'Y'. We close the 

contour in the lower half plane and evaluate the residues at z = -iw and z = A2-i'Y'. We 

then obtain 

where 

We proceed in the same manner to determine <au>' First we obtain a22(x) 

'Y£'Y-i(A2-x)) 
a22(x) = (x-A2- i'Y')(x-A2+i'Y') . 

(A.l4) 

(A.lS) 

(A.l7) 
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Substituting into Eq. (A.3) and evaluating at the poles z = -iw and z = ~2-iry', we obtain 

(A.l8) 

The final four averages require us to determine ao(x) which is more involved due to 

the complexity of ao' We can write ao as 

(A.l9) 

where 

(A,20) 

Then f as a function of x becomes 

f _ [1-i(~2-~-2x)] [1 + iT l(~+X)] 
- [1-i(~2-~-2x)] [1 + iTl(~+x)] + 1122 q}1(1+i(~+x» . 

(A.21) 

In order to determine the poles of ao we need to factor the denominator of f. We do this 

using the quadratic formula to obtain 

(A.22) 
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where 

(A.23) 

and 

(A.24) 

and 

(A.25) 

which are the standard homogeneous expressions for q; 3· and gr. Using the factorization 

in Eq. (A.23) we can then express f as 

(A.26) 

Finally we obtain 

(A.27) 
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Substituting this into the integral of Eq. (A.3) we then obtain 

(A.28) 

where 

(A.29) 

The location of the poles at P± is not immediately obvious, however graphical analysis 

shows them to always be in the upper half-plane for any parameters of interest. Thus, by 

closing the contour in the lower plane we are left with only the 2 poles at z = -iw and z = 

A2-i,'. This finally gives us 

where 

__ B[M(iW''Y)G<-iW) ~ (,2-'Y'2)G(A2-i,') ] 
<an> - M(iwd) + " M(-i'Y',w) , 

1 + 2i03h *z 
G(z) = (z-P_) (z-f3+) . 

(A.30) 

(A.31) 

Having evaluated ao we can now easily evaluate the remaining three terms. To 

obtain a1 we note that it is merely -f.lJ" * ao so we can write it as 
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· [.az-x-i"Y] [1 + 2i03h*] 
a1(x) = -l"YB [(.az-x)Z + 'iZ] (x-/3_) (x-/3+) . (A.32) 

Following the same procedure as before we substitute this into Eq. (A.3) and after closing 

the contour in the lower half-plane and enclosing the two poles at z = -iw and z = .az-h' 

we obtain 

(A.33) 

Using the same procedure for az we can write 

(A.34) 

and 

(A.35) 

Repeating the procedure a final time for a3 we obtain 

(A.36) 
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and 

. [~2 + i(w + 1) . iw G(~2-ii)] 
<a3> = I1B M(iw,i) G(-lW) + -::r (i+ 1) M(-ii,w) . (A.37) 

Using the expressions for the <~> in Eq. (AA) we obtain Eq. (4.l5). 



APPENDIX B 

COPROPAGATING PUMP AND PROBE 

Now we proceed in the same manner to derive Eqs (4.23) - (4.32) for the copropa

gating pump and probe. For this configuration we replace v1 by v1 + Kv and v2 by v2 + 

Kv. Making these substitutions and again setting x = 2Kv we have 

.6.(x)' = v2 + Kv - (v1 + Kv) = .6. , 

and 

(B.l) 

where once again the primes indicate the substitutions for vl and v2 have been made. We 
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note that for this case 0 1 is no longer Doppler-free, but A and therefore fF are. The 

expressions for A2, O 2 and cl::2 are the same as in the bidirectional case. 

Since 0 1 is no longer Doppler-free, when we substitute Eq. (4.1) into Eq. (A.3) we 

now obtain 

where ud stands for unidirectional and the bk are given by 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 
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o '0 ·'0 ·'b 
b - ,.,,2W 1 2 3 11 

3 -, 8 ' 
I + '1 I 2&'(0 '+0 .') 2 2 1 3 

(B.8) 

(B.9) 

(B.IO) 

and 

(B.1I) 

We note that b11 is the same as all but we reevaluate it since for this case we close all the 

contours in the upper half plane. 

Proceding as before, we determine each bk as a function of x, substitute it into Eq. 

(A.3), move into the complex plane and determine the poles. Since the expressions for bll' 

b22' and b33 have the same two poles, we shall handle them as one group. Thus expressing 

them all as functions of x and dropping the primes we have 

(B.12) 

(B.13) 

and 
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-'YW.(x-~2-i'Y) 
b33(x) = (x-~2-~+i'Y)[(x-~2)2+'Y'2] . (B.I4) 

When these three expressions are each substituted into Eq. (A.3) they each have two poles 

in the upper half plane. These are for z = iw and z = ~2 + i1'. Evaluating each of the 

residues at these poles and taking the sum we obtain the following expressions for the 

averages 

M(-iw,'y) W 12-1'2 
<bll> = M(-iw.'Y') + l' M(i-y'.w) • (B.lS) 

(B.16) 

and 

-W.'Y [-~2+i(w-'Y)] w -iwll 'Y(1' -'Y) 
<h33> = [-~2-~+i(w+'Y)] M(-iwd) + l' [-~2-~+i(1'+'Y)] M(i'Y'.w) . (B.17) 

As in the previous case we factor the complex denominator in Eq. (B.8) in order to 

evaluate the remaining integrals. We again let f = 1/2 [2 + 'YI22.9"(01+03*)rl which when 

expressed as a function of x becomes 

(X-~2)2 - (~-i'Y)2 

fud = (x-~2)2-(~-i-y)2+iI22'Y.9"(~-i'Y) . 
(B.I8) 
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We then factor the denominator to obtain 

(B.19) 

where now 

(B.20) 

All of the remaining integrals thus have poles at P1 and P2• These poles are not always in 

one half-plane as is the case for the bidirectional configuration. Instead their locations are 

dependent on .6., T l' 'Y and 12• When 

(B.21) 

where 

(B.22) 

the P1 pole is in the upper half-plane while the P2 pole is in the lower half -plane and 

otherwise the poles switch planes. In the expressions which follow we close all the 

contours in the upper plane, assume that Eq. (B.21) is true and that the P1 pole is in the 

upper half-plane. When Eq. (B.2I) does not hold we merely interchange P1 and P2• 
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Using Eq. (B.19) for f we express bl - ba as functions of x 

(B.23) 

(B.24) 

(B.25) 

(B.26) 

(B.27) 

and 

(B.28) 

Substituting Eqs. (B.23) - (B.28) each into Eq. (A.3) and going into the complex plane, we 

see that while Eq. (B.2!) holds they all have the same three poles in the upper half-plane 

at z = Pl, Z = iw and z = ~2+i'i. Evaluating the residues at these poles and summing the 

results we obtain the following averages, 
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_ i'Y:-'(2'Y+ia) [-a:-.+A+i(w-'Y)) [-az+i(w+'Y)] _ w ,,(:-'(2,,(+ia)(:(+,,() [a+i(:Y'-1U 
<b1> - [-az-a+i(w+'Y)] M(-iw,'Y') N(iw) 'Y' [-a+i('Y'+'Y)] M(i'Y',w) N(az+i'Y') 

'YZ(2'Y+ia) (-aZ+a-i'Y+/31) (-aZ+i'Y+/31) 
- 2w (-az-a+i'Y+/31) M(-/31d ) Q ' (B.29) 

-i'Yzws[ -az+a+i(w-'Y)) [-az+i(w-'Y)] w 'Yzws(-y' -'Y) [a+i(-y' -'Y)) 
<b4> = [-az-a+i(w+"Y}] M(-iwd) N(iw) + "Y' [-a+i(-y'+"Y)] M(i'Y',w) N(az+i"Y') 

"Yzws (-aZ+a-i"Y+/31) (-aZ- i"Y+/31) 
+ 2w (-aZ-a+i"Y+/31) M(-/31d) Q ' (B.32) 

'Yw.[-az-a+i(w+'Y)] [-az+i(w+"Y}] iw 'Yws('Y'+"Y) [-a+i('Y'+"Y)] 
<bs> = - M(-iwd) N(iw) - i M(i"Y',w) N(az+i'Y') 

(B.33) 
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and 

'YWa[ -~2+~+i(w-'Y)] [-~2+i(w-'Y)] iw 'Ywa('Y' -'Y) [~+i(i -'Y)] 
<be> = - M(-iw,i) N(iw) - "?" M(ii,w) N(~2+ii) 

(B.34) 

In Eqs. (B.29) - (B.34), M(z,x) is given in Eq. (A.l5), 

(B.35) 

and 

(B.36). 

Eqs. (B.29) - (B.34) hold while Eq. (B.21) is true. The equivalent expressions when it is 

not true are the same except that f3 I and f32 are interchanged. Using these equations for 

the <bk> in Eq. (B.2) we obtain Eq. (4.23). 
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