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ABSTRACT 

   This dissertation is on the development of a laser system for the generation of 

femtosecond frequency combs in the vacuum-ultraviolet (VUV) via intracavity high-

harmonic generation (HHG). The HHG process yields coherent vacuum ultraviolet 

(VUV) light resulting from the ionization of noble gases driven by intense near-IR 

femtosecond frequency combs in an optical enhancement cavity. An injection locked 

amplification cavity (fsAC) was developed in order to generate a high power 

femtosecond frequency combs based on a Ti:Sapphire oscillator. Detailed amplifier 

performance was investigated in order to evaluate the coherence of the pulse 

amplification process. A passive power enhancement cavity for fs pulses (fsEC) was 

designed for intracavity high harmonic generation. For maximum power enhancement 

and conversion efficiency, the intracavity dispersion was compensated and various design 

layouts tested.  

   A careful analysis of the phase matching conditions was performed, taking into account 

the effect of reabsorption of the generated high harmonic light, to compare different 

cavity geometries and determine which would produce the most efficient harmonic yield. 

Numerical simulations were also performed to determine the level of intra-cavity 

ionization that could be sustained before disrupting the pulse enhancement process. 

Based on the results of these simulations and calculations, it was determined that for a 

xenon gas target, a moderate peak intensity of the order of ~ 5×10
13

W/cm
2
 produces 

harmonics most efficiently. 



15 
 

This study has experimentally demonstrated a VUV frequency combs generated with 

record average powers of up to ~ 100µW at the 11
th

 harmonic.  
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CHAPTER 1 INTRODUCTION 

   Optical frequency combs are composed of millions of evenly spaced sharp spectral 

lines generated from stable ultrafast lasers. Their extremely exact spectral spacing makes 

them excellent frequency references [1]. First envisioned in 1978 [2, 3] and realized with 

the advancement of laser technology, the optical frequency comb technique has 

revolutionized conventional approaches to precision metrology, connecting the laser 

technology with RF technology though frequency comb [4]. For their contribution to the 

development of laser-based precision spectroscopy, including the optical frequency comb 

technique, half of the Nobel prize in Physics in 2005 went to Theodor W. Hänsch and 

John L. Hall [5, 6, 7]. One of the biggest contributions of optical frequency combs is in 

precision spectroscopy and atomic clock research [8, 9, 10, 11]. This extremely precise 

frequency reference brings the uncertainty of atomic clocks down to 10
-16

s [11]. Their 

application is not only limited to the atomic clocks but has expanded from metrology to 

remote sensing, astronomy, and biomedical engineering [12, 13, 14]. In remote sensing 

research, optical frequency combs enable nm-level resolution in laser ranging [13] and in 

biomedical applications, they successfully diagnose abnormal substances in human breath 

and opens a path to quick and convenient diagnosis of diseases [14].   

  In the same year the Nobel prize was awarded to Dr. Hänsch and Dr. Hall, optical 

frequency comb technology expanded its wavelength range from the mid-IR to the UV 

region. This was demonstrated by two independent groups, Jones et al, and Gohle et al. 

[15, 16]. Before VUV optical frequency combs are discussed, the importance of coherent 
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UV light sources must be mentioned. Coherent, ultra-short UV light sources are critical 

for research in fields, such as molecular dynamics, e.g. the ultrafast dynamics of small 

molecules, coherent control, ultrafast photoelectron spectroscopy, and time-resolved 

radiation chemistry [17, 18, 19]. Other relevant research areas include VUV lithography, 

ultrafast x-ray holography, x-ray microscopy, and biological imaging. Coherent UV 

sources are not yet as prevalent as broadband, short pulse near IR lasers, as they have 

only been available in facilities such as synchrotron, or Free Electron Lasers (FEL). The 

broad scope of applications for coherent UV light reinforces the demand for table top UV 

light sources. Progress in developing such a source has been made using a phenomenon 

called high harmonic generation. This, the advancement of high power ultrafast laser 

technology, has lead to the generation of attosecond pulses [20, 21, 22, 23]. The 

aforementioned achievements are based on laser systems which have repetition rates of ~ 

kHz or less. Due to the low repetition rate, pulse to pulse phase correlations dissipate and 

it is not possible to maintain comb structure with these systems.   

   The work done in 2005 by Jones et al. and Gohle et al. combine two powerful scientific 

methods: optical frequency comb technology and coherent X-ray light sources. The 

demonstration of expanding optical frequency comb technology into the UV optical 

frequency comb opened up new types of research. For example, atomic clock researches 

can be re-established based on atoms, such as mercury that has a transition line in the UV 

regime. In addition, the high repetition frequency of the combs enhances SNR in data 

acquisition in research where a high repetition rate is more desirable than high peak 
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power. Since their first demonstration, the attainable output power in the UV regime has 

been reported over 1 µW [24, 25, 26].  

  This thesis describes the results on the development of an efficient VUV coherent light 

source via high harmonic generation inside a femtosecond enhancement cavity. As a 

pump laser for intracavity high harmonic generation, the femtosecond injection locking 

amplifier has been developed, which generates up to 7W average power IR frequency 

combs. Analysis of the phase matching conditions for high harmonic generation led to the 

optimization for high yield of harmonic light in the enhancement. In this work, VUV 

frequency combs with the highest output power to date have been achieved at the full 

50MHz repetition rate of the Ti:Sapphire laser. 

    The work will be discussed beginning in Chapter 2 with the theory of high harmonic 

generation. Chapter 3 covers the development of femtosecond laser systems for 

generating high power frequency combs and Chapter 4 is on building a passive 

enhancement cavity for intracavity high harmonic generation. In Chapter 5, efficient 

generation of VUV combs via intracavity high harmonic generation is analyzed and 

finally some conclusions will be made in Chapter 6. 
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CHAPTER 2 THEORY OF HIGH HARMONIC GENERATION 

2.1 Basic physics  

  First observed by Ferray et al in 1988 [27], the generation of high harmonics via 

focusing high intensity laser pulses into gaseous media has drawn great interest in high 

field laser sciences. When a medium, in most cases a noble gas is driven by laser light 

with intensities above 10
13

W/cm
2
, which the driving electric field is comparable in 

strength to the Coulomb binding potential, some electrons are liberated from their parent 

atoms and travel around freely. Some of electrons come back into their parent ions and 

release their excess energy in the form of high harmonic photons. The spectrum of 

generated high harmonic radiation is composed of a series of odd harmonics of the 

fundamental frequency. However, it does not exhibit the exponential falloff as harmonic 

order increases as expected by low order perturbation theory. Instead, it displays an 

extended region of equal power of harmonic orders called the plateau, that quickly cuts 

off at a certain photon energy, as shown in Figure 2.1. This phenomenon cannot be 

explained by perturbation theory. Thus in 1993, so called “three-step” model suggested 

by Corkum and Kulander et al. [28, 29], is used to explain non-perturbative behavior of 

the phenomenon. It was explained quantum mechanically by Lewenstein et al. in 1994 

[30] and shows good agreement with the quasi-classical explanation by Corkum and 

Kulander. From the quasi-classical approach shown in Figure 2.2, the three step or 

“simple man’s” model depicts high harmonic generation with the single atom 

approximation that the electron under the influence of an external field undergoes the  
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Figure 2.1 Typical high harmonic spectrum (in exaggerated scale). The spectrum can be 

divided into three parts: the perturbative regime at low orders, the plateau for 

intermediate orders, and the cutoff at the highest orders.  

 

Figure 2.2 Illustration of the three step model for HHG. (1) tunnel ionization of the 

electron, (2) acceleration in the laser electric field, and (3) recombination and emission of 

a high energy photon [31].  
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following steps: ionization, free evolution, and recombination.  

The first step is the ionization process; a free electron is born into continuum with initial 

velocity of zero at time t0 when the atomic binding potential is deformed due to the strong 

E-field. This deformation results in a laser assisted Coulomb barrier suppression in which 

the electron escapes above the barrier and is freed. The rate of this ionization is 

determined by the Keldysh parameter γ,  

p

p

U

I

2


                                                          

(2.1) 

where Ip is the atomic ionization potential, and Up is ponderomotive energy given by: 

222 4/ mEeU p  = )()/(1093.0 22213 mcmWIU p                   (2.2) 

In this equation, e is the electron charge, m is the electron mass, and E the electric field of 

the laser at frequency ω. Ponderomotive energy is the time averaged mean kinetic energy 

acquired by a free or ejected electron in the rectilinear orientation to the driving electric 

field. This is also known as the quiver energy and the electron also picks up a “drift” 

momentum parallel to the direction of pump propagation.   

From the calculation of ionization rates done by Keldysh [32] and Ammosov, Delone and 

Krainov(ADK) [33], the ionization rate w is given from i) Keldysh theory, 
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where Ip is the ionization potential, E is the field strength, ω is the frequency of the 

electric field, e is the electron charge, and m is the electron mass.  

Also, from ii) ADK theory, the ionization rates is given by  
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where l is the angular momentum, m the magnetic quantum number, n*
=Z(2Ip)

-1/2
 is the 

effective principal quantum number, l*
 the effective angular quantum number, and Z the 

state of ionization. 

The ionization fraction η is then obtained from the ionization rate calculated from above 

equation and given by,  
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The regime where γ>1 is known as the multi-photon ionization regime is applicable for 

laser intensities of ~
21312 /1010 cmW . When γ is close to 1, tunneling ionization occurs 

and laser intensities of ~
21513 /1010 cmW  are typical.  It is the regime that is of interest 

for explaining high harmonic generation. This analysis of ionization is based on the 
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assumption of the strong field approximation (SFA) which assumes that the E-field 

affects only weakly those states that are tightly bound to the atom and that the Lorentz 

force on the free electron is much higher than the atomic Coulomb potential. 

Once an electron is born into the continuum state, a free evolution process follows in 

which the freed electron is accelerated by the laser electric field and removed from the 

ionized atom. When the laser field reverses its sign, the electron reverses its direction and 

accelerates back to the ion [34]. The phase of the driving field at the moment of 

ionization determines the kinetic energy of the electron, thus electron trajectories. An 

electron born before the driving field maximum will never return to its parent atom while 

an electron born at the field maximum returns with zero kinetic energy and does not 

contribute to harmonic generation. Only the electrons born after the field maximum will 

return with non-zero kinetic energy and generate harmonics. An electron with the 

maximum kinetic energy of 3.17Up is born at a phase of 17 . This corresponds to the 

cutoff energy and is illustrated in Figure 2.3.  

Quantum mechanical analyses show that it is desirable for the electron wave packet to be 

well localized near the atom and have close to zero velocity as possible at the time of 

birth t0 [30]. The phase of an emitted high-harmonic photon during atomic recombination 

is critical to the coherence efficiency. This efficiency depends on both the quantum phase 

that the electron accumulates during its free trajectory history in the strong laser field and 

the phase due to the time delay between the recombination time tf  and the reference time 

of the laser period given by,  
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where q is the harmonic order, ω is the laser frequency, t0 is the time of electron birth to 

continuum state, tf is the recollision time, ),,( 0 fttpS  is the quasi-classical action over the 

electron’s trajectory, and p is the stationary action value of the canonical momentum of 

the electron for which the trajectory starting from the atomic core at time t0 returns to it at 

time tf [35].  An electron in a strong field may have traversed paths that can be classified 

as short or long quantum trajectories, exhibiting differing coherence lengths due to 

spatio-temporal variations in pulse intensity along the propagation direction.  

The harmonics from a long quantum trajectory result from electrons that are ionized 

immediately following the peak of the laser field in a particular half-cycle and that re-

encounter the ion core after a relatively long excursion up to a full cycle of the laser field 

later. On the other hand, the short quantum trajectory results from electrons that are 

ionized shortly after the peak in the laser field, and propagate in the continuum for 

approximately half a laser cycle. In other words, the electrons experiencing a net delay in 

the atomic continuum will be subjected to the carrier cycle for a shorter time and hence 

will take a truncated path compared to those which are more instantly born into the 

continuum state.  
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Figure 2.3 [from the reference [31] Carsten Winterfeldt et al., Rev. Mod. Phys, 80(1), 117 

(2008)] Different classes of electron trajectories during the propagation phase of high 

harmonic generation plotted in the position velocity plane. The trajectories start at the 

atom located at (0,0) and depending on the phase of the electric field at the instant of 

ionization, they can return to the core at position 0 with different kinetic energies, 

visualized by the intersection with the velocity axis. The traces a and c correspond to the 

short and long trajectory, respectively, and lead to the same final energy. Class b is the 

cutoff trajectory with the highest kinetic energy starts at the peak of the electric field 

where most electrons are produced but returns to the core with zero kinetic energy 

Trajectory e never returns to its parent atom.  
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Other contributions come from the initial momentum or kinetic energy that the electron 

has at t0=0, which are largely due to the ionization mechanism as a function of the pulse 

parameters.  

  The recombination process is completed when the electron recombines with its parent 

atom and a photon is emitted with an energy given by  

pp WI  .
                                                      

(2.10) 

The maximum emitted harmonic photon energy at the cutoff is
 

pppp UIWIN 17.3max  .
                                  

(2.11) 

The wavelengths corresponding to these energies can extend into the UV regimes. 

  The resulting harmonic spectrum consists of only the odd harmonics of the fundamental 

laser frequency due to the centrosymmetry of gaseous media. The temporal spacing of 

high harmonic emission is twice the fundamental frequency because harmonics are 

generated at both the positive and negative half-cycles of the laser E-field. [36].   

2.2 Phase matching condition 

  It should be noted that the description of high harmonic generation in the previous 

section was based on a single atom approximation and that collective effects from 

multiple atoms and phase matching becomes relevant in practice. Because the condition 

of generation for high harmonics is very sensitive to the phase of driving field and the 
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electron trajectory, the spectral and temporal characteristics of high harmonic generation 

are also very sensitive to these parameters. Collectively these factors are referred to as the 

phase matching condition. 

  The wave vector k for a light wave propagating in a gaseous medium can be written as 

[37, 38] 
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(2.12) 

where λ is the wavelength of fundamental beam, n is the refractive index of the target 

medium, Natm is the neutral atomic density, Ne is the plasma density and re is the classical 

electron radius. Factors that influence the phase matching condition given in Equation 

2.13 are mainly attributed to the neutral atomic density, the plasma density, the 

geometrical nature of Gaussian beam propagation, and intrinsic atomic phase dependence 

on the intensity of the fundamental beam. The perfect phase matching is obtained by 

Equation 2.13 to be zero. 

harmonicsqlaser kqkk ,
                                               

(2.13) 

2.2.1 Contribution of neutral atomic density 

  The difference in index of refraction between the wavelength of the generated harmonic 

beam and the fundamental driving beam causes the phase mismatch.  When q is the 

harmonic order, the phase mismatch is given by the following equation: 
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For a neutral gas is used as the nonlinear medium, the refractive index in the UV region is 

smaller than that in the visible and IR region of the fundamental light.  

2.2.2 Contribution of plasma density 

  The refractive index of plasma is given by 
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where the plasma frequency is ωp, given by, 
e
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p
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2 4
  . Here N is the density of the 

plasma, e is the electron charge, and me is the electron mass. The density of the plasma is 

estimated by calculating the ionization rate as mentioned in Section 2.1. The equation can 

be approximated to  
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Using the classical electron radius 
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refractive index of plasma becomes 
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From the above equation, the phase mismatch between harmonic and fundamental beam 

due to the plasma density becomes 
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(2.18) 

2.2.3 Contribution of geometrical phase (Gouy phase) 

The geometrical phase shift comes from the deviation of focused Gaussian beam 

propagation geometry with respect to a plane wave. This phase shift, called the Gouy 

phase, is well documented [39, 40] and here only the final form is given as 
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where b is the confocal parameter, which is given by  /2 2

0b . The generated 

harmonic beam has the same geometrical parameter except that harmonic order q should 

be taken into account as a scaling factor. With the scaling factor, the phase mismatch due 

to Gouy phase between the harmonic and the fundamental beam is given by  
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2.2.4 Contribution of intrinsic atomic phase 

High harmonic generation being a strong field interaction with atoms has an intrinsic 

intensity-dependent phase. This intensity dependent phase term in Equation 2.8 and 

Equation 2.9 originates from a sum of the contributions from trajectories of electrons 
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during the free evolution [41, 42]. It affects the harmonic emission in radial and 

longitudinal manners, influencing phase matching condition [43]. The transverse 

intensity gradient of the driving field in target area affects the far-field angular profile of 

harmonic emission, while the longitudinal intensity gradient causes the position 

dependence of harmonic yield along the direction of the beam propagation [42, 44, 45]. 

Considering an intensity distribution near the beam focus, which is )/41/()( 22

0 bzIzI  , 

the intrinsic phase term can be compensated, to some degree, with the Gouy phase term 

whose slope displays the same sign. This is realized macroscopically by changing the 

relative position of the gas nozzle to the laser focus [41, 42, 46]. Depending on the 

harmonic order of interest, the optimum relative position of the gas nozzle to the focal 

position may change [47, 48].  

 

  The total phase mismatch Δk including all of the aforementioned factors is given by  
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where q is the harmonic order, P is the pressure in atm, η is the ionization level, re is the 

classical electron radius, Natm is the number density of atoms at 1atm, Δn is the difference 

between the indices of refraction of the gas at the fundamental and harmonic wavelength, 

b is the confocal parameter, θ is the slope constant of the intrinsic atomic phase, and I is 

the laser intensity [49].  
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  In summary, the phase mismatch factor is the sum of a pressure dependent positive 

contribution from neutral atoms, a negative contribution from the free electron 

dispersion, a pressure independent negative contribution from the Gouy phase, and a 

contribution from the intrinsic atomic phase.  

2.3. Re-absorption 

  In addition to the phase matching condition described in the previous section, the 

generated harmonics propagate in the target medium and become reabsorbed by the 

medium before it emerging into the vacuum environment because the harmonic photon 

energy is larger than the ionization potential of a target medium, except for a few low 

order harmonics. Absorption length is defined such that the intensity falls down to 1/e
2
 

level from the maximum and is given by /1absL , where σ is the absorption cross 

section and ρ is the gas density.  

2.4 High harmonic yield 

  The relative difference between three important characteristic lengths: absorption length 

Labs, interaction length Lint, and coherence length Lcoh, determine the final outcome of 

high harmonic photons [50, 51]. The coherence length Lcoh is given by kLcoh  / , 

where Δk is given by Equation 2.21.  

  When the length of the gas medium is given as Lint, the number of qth harmonic photons 

per unit time and unit area emitted on axis is described by 
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where Aq(z) is the amplitude of the atomic response at the harmonic frequency wq, φq(z) 

is the phase at the exit of the medium, c is the speed of light, ε0 is the vacuum permittivity 

and  is Planck’s constant [52].  

  When it is assumed that Aq(z) and ρ are independent of z, the equation simplifies to  


















































 abscohabscohabs

abs

q
L

L

L

L

L

L

LL

L
AC

2
expcos2exp1

)/(41

4 intintint

222

2
22 




       

(2.23)

 

where C is a constant, and ρ is the gas density. When the phase matching is optimized, 

reabsorption is the ultimate limiting factor for the efficiency of high harmonic generation. 

Reabsorption will be revisited in detail in Chapter 5.  
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CHAPTER 3 HIGH POWER FREQUENCY COMB SYSTEM 

   This and the next chapter will focus on the construction of the system for generating 

VUV frequency combs. The layout of the entire setup is shown in Figure 3.1. The goal is 

to obtain frequency combs of high enough intensity to ionize the gas medium and 

generate high harmonics. This was done in three stages in this study; first, the generation 

of seeding frequency combs from femtosecond laser oscillator, second, the amplification 

of the frequency combs via an injection locking amplifier, and finally, coherent addition 

of the amplified frequency combs in the enhancement cavity. Details of the femtosecond 

laser oscillator and the injection locking amplifier will be discussed in this chapter while 

the passive femtosecond enhancement cavity (fsEC) for intracavity high harmonic 

generation will be described in Chapter 4.  

3.1 Basic building blocks 

   This section provides a brief description on the theoretical design principles of building 

the laser system. This information can be found in numerous articles but the description 

given here is based primarily on the references [40, 53, 54, 55].  

3.1.1 Cavity design: ABCD matrix and Gaussian beam propagation in the cavity  

   In a paraxial ray approximation, the optical components along the beam propagation 

axis can be described by a series of matrices.  
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Figure 3.1 Layout of the laser system for intracavity high harmonic generation 
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The beam passing through these optical elements is determined by the combined matrix 

for all the optical components according to 
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(3.1) 

where r is the distance from the optical axis and θ is an angle with respect to the optical 

axis. The values of the matrix elements depend on the type of optical component. For 

example, for free space propagation with propagation distance d, the matrix elements are 

given by A=1, B=d, C=0, D=1, and for focusing optics, A=1, B=0, C=-1/f, D=1. All 

cavity design in this work was done using the ABCD matrix method to calculate 

resonator parameters, such as stability region, spot size, etc.  

  From Gaussian beam propagation theory, a Gaussian beam profile remains Gaussian 

during propagation with its properties described by the following equations. The spot size 

w[z] is given as  
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where w0 is a minimum spot size at the beam waist, z is the distance along the 

propagation axis, and zR is the Rayleigh range defined by  /2

0wzR  . The Rayleigh 

range is related to the confocal parameter by
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The wavefront radius of curvature of the beam after propagating a distance z is given by

]/1[)( 22 zzzzR R .
 

The electric field of the Gaussian beam propagating in the cavity is written as   
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(3.4) 

where P is a complex phase shift and q is the complex beam parameter which holds the 

relation 
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. The complex beam parameter q is given by  
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(3.5) 

This parameter q transforms while passing through the optical system described by an 

ABCD matrix, following 
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This is referred to as ABCD law of Gaussian beam optics. 

 The mode of a Gaussian beam in the cavity is calculated by letting q1=q0 and solving to 

determine the final beam parameter:  
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The corresponding beam radius is given as
22 )(4
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  To correct for astigmatic optical elements (e.g. curved mirrors), differences in focal 

location between the sagittal ray and the tangential ray are considered. When f0 is the 

focal length at normal incidence, an oblique incidence with an angle θ can be described 

by cos/0ff s 
 
and cos/0fft  .  

  The spatial mode profile and intensity distribution of the laser output is determined by 

the transverse cavity mode. The lowest-order transverse mode is TEM00 and its intensity 

profile given by  

)
2

exp()(
2

2

0
w

r
IrI 

                                                
(3.9) 

where r is the radial coordinate, w is the beam radius or spot size where the intensity 

drops to 1/e2
.  

3.1.2. Mode locking  

     Phase stabilized short pulses are the main frame of frequency combs. To achieve this 

pulse trains, a mechanism referred to as “mode-locking” is used. The longitudinal modes, 

or resonant frequencies f of the laser are given by  

 l

c
mfm

2


                                                       
(3.10) 

where m is the mode number, c is the speed of light, and l is the length of the cavity. In 

continuous wave (CW) operation, the laser output is the superposition of the electric field 

of single modes with random phase values which can be written as  
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When mode locking takes place, the phases of each resonant E-field locks and the phase 

difference between two consecutive modes becomes constant. This can be written 

mathematically as 
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A simple trigonometric calculation simplifies Equation 3.13 into Equation 3.14. 
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    The number of modes that are involved in mode locking is on the order of 10
5
 - 10

7 
and 

its output appears as a series of short bursts in the time domain.  From Equation 3.14, the 

temporal separation between two pulses is obtained by Δωtʹ/2=π.  

repfT /1/2  
                                                 

(3.15) 

where frep is the repetition rate of the laser. The FWHM pulse duration is

  /1)12/(1)12/(2 nn , where  is the total laser bandwidth, 

which is ultimately limited by the gain bandwidth. 
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Mode locking in our laser system is achieved by kerr lens mode-locking (KLM). It is a 

type of passive mode locking that is achieved by lens effect due to kerr nonlinearity. 

When the laser intensity is sufficient to modify the refractive index of a kerr medium 

(e.g. Ti:Sapphire crystal), the refractive index becomes dependent on the laser intensity , 

which can be written as Innn 20  , where 
2n  is the nonlinear refractive index and I is 

the laser intensity. In the laser cavity, the Gaussian radial intensity distribution gives rise 

to the nonlinear phase retardation in the propagating beam at the center of the Ti:Sapphire 

gain medium. This phase change works as a spherical lens and induces self-focusing. 

With higher beam intensity, the laser beam is focused tighter. When an aperture is 

positioned behind the kerr medium, the laser beam with higher intensity experiences less 

loss through the aperture and cavity mode locking is attained by the induced saturation 

absorption from the process. 

3.1.3. Optical frequency combs  

     Laser pulses generated by mode-locking form a series of femtosecond pulse bursts at a 

repetition frequency of 10MHz-10GHz. As shown in Figure 3.2, from Fourier 

transformation, these pulse bursts in the time domain form comb structures in the 

frequency domain described by  

orepm fmff 
                                                   

(3.16) 

where fm is frequency of the mth
 mode, frep is the pulse repetition frequency, and fo is the 

carrier envelop offset frequency given by Equation 3.17 [56, 57]. 
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   In Equation 3.18, Δυce is the pulse-to-pulse carrier-envelop phase change, υg is the 

group velocity, υp is the phase velocity, l is the round trip length of the laser cavity, and 

ω0 is the laser frequency.   

 

Figure 3.2 Femtosecond pulses in the time domain translate to comb structures in the 

frequency domain 

3.1.4. Description of femtosecond laser pulses  

   The generated femtosecond laser pulses with complex Gaussian envelope at carrier 

frequency ω0 can be described as  
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where parameter β is the chirp parameter from group delay dispersion (GDD). The pulse 

duration is determined from the FWHM of the intensity profile 
2

)(tE , and, with  the 

Gaussian envelope parameter it is given by 
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Similarly, the spectral width Δωp is determined from the FWHM of the spectral intensity

2
)(E . The temporal and spectral characteristics of a pulse are related through Fourier 

transforms, and the time-bandwidth product in Equation 3.22 represents the minimum 

frequency variation within its envelope function and leads to what are called transform 

limited pulses. 
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where cB is a numerical constant, which is 0.441 for Gaussian beam, 0.315 for hyperbolic 

secant fitting. When the chirp parameter β in Equation 3.20 is non-zero, the spectral 

width is given by  
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For chirped pulses, the time bandwidth product of Equation 3.22 becomes  
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3.1.5. Dispersion  

  When femtosecond laser pulses propagate through a dispersive medium, the frequency 

dependent refractive index of the medium n(ω0) modifies the spectral phase components 

ϕ(ω). The spectral phase ϕ(ω) can be expanded in a power series about the center 

frequency ω0 as 
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(3.24) 

     The first term )( 0  in Equation 3.24 is a zero order term and represents the carrier 

phase which takes on the same value on E-field in both the time and frequency domains.   

     The second term, known as the group delay term, is the first order phase term which 

gives rise to a shift of the E-field in time or frequency. Substituting zk )()(   , where 

the wave vector )/)(()( cnzk   , we obtain: 
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Similarly, the third term is a linear chirp term called group delay dispersion (GDD). This 

term directly affects the pulse duration as shown in Equation 3.23. 
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(3.26) 

There are other higher order terms, e.g. third order dispersion (TOD) and fourth order 

dispersion (FOD). Although large values of these terms will modify the pulse shape 

severely, the effects are relatively small in the temporal duration of the laser output used 

in this work and thus will not be included in the discussion.  

3.1.6 Dispersion compensation 

   In a femtosecond laser system, the dispersion compensation and control of chirp 

parameter is crucial for determining temporal duration of a pulse. Most materials 

introduce a positive GDD onto fs pulses and result in the elongation of pulse duration. In 

a fs laser cavity, the dispersion introduced by Ti:Sapphire crystal is compensated by the 

insertion of a pair of prism in the cavity or negative GDD mirrors (nGDD mirrors).  For 

pulse stretching and compression, grating or prism pair, or recently grisms (grating 

prisms) are commonly used. In this study, a pair of prism is used in the oscillator cavity, 

the amplifier, and pulse compressor. 

   In double prism dispersion compensation technique, the setup consists of two prisms 

with the separation L which determines the negative GDD value that adds to the phase of 

the pulse. The first prism disperses the light and decomposes the wavelength component 

which travels the distance L with different velocity. It is collected by the second prism 

and a high reflector behind the second prism reverses the light back to the first prism. 

Spatially chirped beam after the second prism is nullified by traveling back with proper 
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alignment of the prisms. Apex angle should be selected with the consideration of the 

wavelength for minimal reflection loss. All geometrical configurations were considered, 

the final GDD given by prism pair is determined by equation 3.27. 
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(3.27)

 

where D is the distance between the prisms, Dg  is total transmitted path in prism material, 

n is refractive index of prism [55, 58].  

3.1.7. Cavity stabilization and synchronization 

Developing a high power frequency comb system and enhancement cavity for 

intracavity high harmonic generation requires precise phase stabilization to synchronize 

the phase of all cavities. The repetition rate (frep) and carrier envelop phase (fceo) suffer 

short time scale instabilities from mechanical vibrations, air density changes or thermal 

drifting. To maintain these parameters, any deviation of cavity length (frep) and 

intracavity dispersion (fceo) must be actively corrected. This phase stabilization employs a 

phase locked loop technique and has been applied to many different fields of research and 

is well established. The following description can be found in detail in references [59, 60, 

61, 62, 63].  

Shown in Figure 3.3, a phase lock loop consists of three stages: phase detection, a loop 

filter, and a voltage controlled oscillator.  
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Figure 3.3 Phase lock loop for frequency stabilization. fref: reference frequency, VCO: 

voltage controlled oscillator 

In an actual setup, the light source is amplitude or frequency-modulated at a higher 

frequency than the fundamental, generating sidebands that are coupled into the secondary 

cavity to be locked. When the laser light at center frequency of ω0 is modulated at 

frequency ωm creating sidebands at ω0  ωm, the modulated laser light can be written as   
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where ρ is the modulation depth, and ω is the modulation frequency. The modulation 

frequency ωm should be much higher than the cavity linewidth.  

The reflection from the input coupling mirror of the second cavity is monitored by a 

photo detector, which contains the beat signals from carrier frequencies and the 

sidebands. The reflected light is written as incref REE 
 
whose reflection coefficient R is 

given by  
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where r is the amplitude reflection coefficient, and  ϕ is the round trip phase of the light. 

The E-field of the reflected light is then written as  
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where J(ρ) is Bessel function. R vanishes when the frequency of the incident light is an 

integer multiple of the resonant frequency of the second cavity. 

The signal from the photo detector is then compared with the reference in a frequency 

mixer and the difference is generated as an error signal. A frequency mixer filters out the 

imaginary part of 
2

)(tE
 
and the generated error signal is given by  
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(3.31) 

The error signal is coupled to the servo electronics through a loop filter and the 

feedback is delivered to the PZT controller (VCO) to apply negative feedback to the 

cavity mirror.  

3.2 Generation of IR frequency combs: Ti:Sapphire oscillator 

    A Ti:Sapphire laser oscillator is built as a master oscillator for seeding the amplifier. It 

can be operated in either a positive chirped oscillation regime or a soliton mode locking 

regime. In a positively chirped oscillation regime, the resultant pulse duration is in the 

range of 1 – 2 ps with >1W output power directly from the cavity, while sub 100fs 
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temporal duration pulses with Gaussian or Lorentzian shaped spectra are possible in 

soliton regime. Figure 3.4 shows the schematic for a Ti:Sapphire oscillator including the 

double prism for intracavity GDD compensation. For a positive-chirped pulse oscillator 

setup, the double prism combination is replaced by two negative GDD high reflectors. 

Since both of these oscillator types were used to characterize the injection locking 

amplifier, both regimes will be discussed briefly in the following section.  

 

Figure 3.4. Ti:Sapphire laser oscillator 

3.2.1. Positive-chirped pulse oscillator (CPO) 

   The major challenge in passively mode-locked femtosecond oscillators is to find a 

balance between high output power and strong intracavity nonlinear effects that cause 

instability, e.g. increased pulse energy noise, multiple pulsing, etc. Both a small positive 

and a large negative intracavity group-delay dispersion (GDD) have been proposed and 

tested for generating femtosecond pulses with higher pulse energy levels [64, 65, 66, 67]. 

A combination of the optical Kerr effect that results from a positive nonlinear index of 
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refraction with small positive dispersion over a broad spectral range results in strongly 

chirped picosecond pulses with a smooth, broad, spectrum. A typical spectrum from a 

CPO is shown in Figure 3.5(a). 

 

Figure 3.5 Typical spectrum of Ti:Sapphire oscillator: (a) CPO output (b) soliton mode-

locking regime  

3.2.2. Soliton mode-locked oscillator 

   The total intracavity dispersion is made slightly negative by adjusting a prism pair. 

When the double prisms were used in the laser cavity for compensating GDD from the 

intracavity optical components, the separation L is determined mainly by Ti:Sapphire 

crystal. The optimum prism separation was determined to be ~46 cm, in consideration of 

the GDD from the double pass of 3mm Ti:Sapphire crystal, the in-prism path in the 

LaKL21 prism material, and a small contributions from cavity mirrors. The suitable 

balance between intracavity dispersion and Kerr nonlinearity generates soliton mode 

http://www.rp-photonics.com/prism_pairs.html
http://www.rp-photonics.com/kerr_effect.html
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locked pulses. Initiation of modelocking is generally done by introducing some type of 

destabilizing movement, e.g. fast mechanical movement of cavity components or 

insertion of an acousto-optic modulator (AOM) into the laser cavity. A typical spectrum 

of soliton mode locked pulses is shown in Figure 3.5(b). 

3.3. Pulse stretching and compression 

     The amplification of a Ti:Sapphire laser is limited by the intracavity peak power. 

Seeding pulses are generally stretched in order to avoid damage caused by self-focusing 

in the amplifier cavity. In this setup, several 10cm-long SF10 glass rods were used to 

stretch the pulse. In addition to the GDD introduced by an isolator (4.5cm of TGG 

material), the glass rods introduce positive group delay dispersion (GDD) into the pulses 

from the oscillator. Group delay dispersion introduced by SF10 glass with the inclusion 

of 4.5cm TGG material along with the calculated stretched pulse duration is shown in 

Table 3.1 for a center wavelength of 790nm and an input pulse duration of 60fs.   

Glass rod GDD (fs
2
) Pulse duration 

10cm 16224 1.13ps 

20cm 32449 1.87ps 

30cm 48674 2.62ps 

40cm 64899 3.37ps 

Table 3.1 Pulse stretching by introduced GDD for 60 fs duration initial pulses. 

  After the amplification, the stretched pulses are compressed back to fs pulse duration. 

The double prism separation in this case should be sufficient to compensate the GDD of 

~ 64900 fs
2
 introduced by the 40cm SF10 glass rod.  The SF11 double prisms were used 



50 
 

for the pulse compression and the total prism separation was determined to be 4.85 m 

with the consideration of the in-prism beam path and small contribution from other 

optics. 

3.4. Amplification of the frequency comb 

    Obtaining high power fs pulses has been one of the major research subjects since the 

development of fs laser systems. Chirped-pulse amplification techniques developed by 

Mourou et al [68] offered drastic improvement and the further evolution of high power 

laser systems now makes PW level output powers accessible. However, all of these 

higher output power laser systems bear an unavoidable sacrifice in the repetition rate. For 

efficient frequency comb generation, maintaining the MHz level repetition rate is 

important in order not to lose the comb-to-comb phase relation. Increasing the average 

power directly from a mode-locked fs laser oscillator would be a desirable solution, but 

due to constraints on the maximum peak intensity of the intracavity pulse and other 

design criteria required for stable mode locking, this has been a challenge to implement. 

To overcome these issues, one approach is to operate in a regime of positive net group 

delay dispersion (GDD) in which the laser emits highly chirped picosecond (ps) pulses as 

discussed in the previous section. Our approach to facilitate frequency combs with higher 

power is based on optical injection locking to a secondary laser cavity for output power 

and beam quality. Using this method, the same repetition frequency of the oscillator is 

maintained while still achieving power amplification. The initial results of this work were 

reported in 2008 by our group [69] and the following sections are based on the reported 
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study with the addition of some subsequent improvements and modifications. First, a 

brief theoretical explanation on injection locking will be given followed by a description 

of the actual construction of the system.  

3.4.1 Theoretical background of injection locking amplification  

    In the case where a weak single frequency beam at ω1 and power I1 is incident on a 

higher power laser cavity with free running frequency ω0 and output power I0, the laser 

cavity still has gain at ω1 and since the high power laser operates below threshold for the 

weak beam, and an oscillator below threshold acts like a regenerative amplifier. [40, 70] 

This regenerative gain can be written as  
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where R is the input coupler mirror reflectivity, G(ω) is the round trip gain, ϕ(ω) =ωl/c is 

the round trip phase shift, l is the round trip cavity length, and c is the speed of light. For 

steady state laser operation above threshold, G(ω) becomes unity and indicates that 

regenerative gain for an injected signal at a frequency away from ω0 remains finite. The 

regenerative gain can then be re-written as                                                
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where γe is the energy decay rate of the laser cavity due to external coupling. When the 

injected signal is close to ω0, the amplified intensity of the injected beam 1

2
)(~ Ig  begins 
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to approach the free running oscillation intensity and begins to saturate the laser gain 

medium enough that free running laser oscillation is effectively turned off.  The injection 

locking frequency range Δω is defined such that only the amplified injected signal output 

is present while free running oscillation is completely suppressed. It is given as 

                                    01 /2 IIe  .                                                                (3.34) 

3.4.2 Injection locking amplifier 

   The schematic of the injection locking amplifier is shown in Figure 3.6. Initial 

configuration of the injection locking amplifier reported in our initial work [69] contains 

a 34% output coupler and two negative GDD mirrors for compensation of intracavity 

GDD from the 6 mm crystal. Two negative GDD mirrors were used to partially 

compensate GDD from the 6 mm crystal. Insertion of 6 bounces of negative GDD 

mirrors result in an estimated +50 fs
2
 residual round-trip GDD. The femtosecond 

amplifier cavity is independently aligned for maximum free-running power. Without 

injection locking femtosecond amplifier cavity alone cannot initiate the mode-locking 

independently as the dispersion compensation and cavity alignment are not optimized to 

support this. The stretched incident pulse train generated from the fs oscillator is injected 

into the fsAC. For efficient mode matching, a telescope which consists of two 150cm and 

100cm lenses is used. Then, by manually adjusting the fsAC cavity length, its repetition 

rate is matched to that of the fs oscillator at frep within frep/mo, where mo~4×10
6
 is the 

mode number of the laser’s approximate center frequency fmo. 
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Figure 3.6 Schematic of injection locking amplifier: HR, High reflector; OC, output 

coupler; PZT, Piezo transducer for cavity length control; FM, frequency modulation for 

dither lock; PD, photodiode, G: SF10 glass rod for stretching the pulse. 
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The laser is then frequency modulated at 1.2 MHz with a small intracavity mirror 

mounted on a piezo transducer (PZT) and standard FM demodulation techniques 

explained in Section 3.1.7 are used to generate an error signal from a portion of the light 

reflected from the cavity. The error signal is used to control a mirror translated by a PZT 

in the amplifier cavity to lock its nearest resonance to the approximate center frequency 

of the laser. A broad linewidth due to the low finesse of the fs amplifier cavity facilitates 

robust locking.   

    Initial characterization of fsAC was performed with the aforementioned configuration 

and then the amplifier cavity has been modified to achieve higher pulse energies and 

consequently higher peak intensities in the enhancement cavity. Upon modification 

though, the integrity of the cavity performance was found to be maintained. In the 

modified amplifier cavity, the cavity length of both the oscillator and the amplifier was 

doubled resulting in a repetition frequency of ~49MHz. Double prisms were used to 

compensate intracavity GDD from the Ti:Sapphire crystal instead of negative chirped 

mirrors. For more robust locking and to decrease nonlinear effects in the cavity, a 40% 

output coupler was used. The injection locking seed pulses were generated in the soliton 

mode locking regime and the amplifier was re-examined with the new injection pulses; 

the results of which will be discussed in Section 3.4.5.   

3.4.3 Results  

   Output power before compression was up to 7W with 0.9W injection pulses from the 

CPO-configured oscillator.  
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Figure 3.7 shows the measured amplifier spectra and output power as a function of pump 

power. As shown in the figure, the system exhibits a linear power extraction with an 

efficiency of 32% and the integrity of the spectrum is well maintained with power 

increment. As the pump power exceeded 12W, the spectrum showed some degree of 

modulation which originating from intracavity nonlinear effects. This resulted from the 

insufficient stretching of the injection pulses since the series of glass rods had not yet 

been introduced in the system when the oscillator was in a CPO configuration. It was 

resolved by adding positive chirp in the modified setup.  

3.4.4 Pulse duration 

An interferometric autocorrelation of the pulse train was measured after compressing the 

pulse. Figure 3.8 shows the result. The autocorrelation of a 65 fs Fourier transform-

limited pulse calculated from the amplified spectrum of the femtosecond amplifier cavity 

is shown in the figure in red. Based on these measurements, the amplified pulse duration 

is  ~ 68 fs, close to the Fourier transform limit.  

3.4.5 Pulse coherence 

     To verify the coherence of the injection-locking process across the pulse spectrum, a 

portion of the laser output is sampled and spatially overlapped with a portion of the 

amplified output from the femtosecond amplifier cavity. Two different methods are used 

for analysis: spectral interferometry and heterodyne detection. 
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Figure 3.7 (a) Amplified spectrum from the fs amplifier cavity as the pump power is 

varied from 1 to 18.5 W with 0.9 W incident power from the laser. (b)  Output power 

corresponding to the spectra in a). 
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Figure 3.8 Measured (black) and calculated (red) interferometric autocorrelation (AC) of 

the 68fs (65fs for calculation) pulse at 6.85 W average output power one. Baseline offset 

is added for comparison. 

 

Figure 3.9 Incident (solid), amplified (dashed), and combined (red) laser spectrum.  
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3.4.5.1 Spectral interferometry 

   In this configuration, both beams are sent into a spectrometer where their individual 

spectra and combined spectral interference are recorded as shown in Figure 3.9. The 

period of the spectral fringes indicates a relative time delay between the pulses of τ = 

Δϕ/(2πΔf) ≈ 700 fs, where ϕ is the spectral phase. The stability and high contrast of these 

fringes over seconds of observation time demonstrates the linear amplification of the 

pulse train without noticeable distortion of ϕ. The stability of the fringe position implies 

timing jitter between the pulse trains below a fraction of an optical cycle (i.e., Δτ << 2.7 

fs).  

3.4.5.2 Heterodyne detection 

   The second configuration uses an acousto-optic modulator to shift the amplified 

frequency comb by 40 MHz, allowing heterodyne detection between the incident and 

amplified pulse trains. The resulting beat note is shown in Figure 3.10 and gives a direct 

measurement of the phase-noise contributions integrated across the ~25 nm bandwidth of 

the laser spectrum. The linewidth was limited by the 9Hz resolution bandwidth of the RF 

spectrum analyzer and shows no significant noise above the detection noise floor. This 

indicates that there is no significant phase-noise contribution sufficient to broaden the 

measured linewidth (i.e., the integrated phase variance above ~9 Hz was << 1 rad
2
).  

3.4.6 Minimum injection power requirement 
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   The minimum power required from a single frequency master laser (I1) to injection lock 

a slave laser with free-running output power I0 depends on the relative range within 

which the two laser frequencies can initially be maintained. The locking range is given in 

the Equation 3.34 of Section 3.4.1 can be rewritten in terms of the direct cavity 

parameters, as 
01 // IIFSRTf lock   , where T is the coupling mirror transmission 

and FSR is the free-spectral range of the slave laser.  

   In a simple picture of injection locking with a femtosecond frequency comb in an ideal 

regime with no nonlinear response or net GDD in the amplifier cavity, the relationship 

between the locking range and laser power as expressed above can be applied 

individually to each frequency component of the comb and the nearest resonance of the 

amplifier cavity. Given the average free-running power of the amplifier cavity and the 

average frequency range within which femtosecond comb modes can be stabilized to the 

amplifier cavity, this expression can be used to determine the minimum average power 

required for injection locking. At an average power of 3.2W from the free-running fsAC, 

injection locking was accomplished with as little as 57mW without modification of the 

spectrum or optical extraction efficiency as shown in Figure 3.11. When the incident 

power drops to 27mW, the injection-locking becomes unstable. This minimum power 

level is comparable with that found in similar single-frequency injection-locked laser 

systems [70] and agrees reasonably well with that predicted from Equation 3.34.  
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Figure 3.10 The heterodyne beat note (linear scale) between the incident fs comb and the 

amplified fs comb offset by 40 MHz using an acousto-optic modulator. Resolution 

bandwidth is 9Hz. 

 

Figure 3.11 Amplified spectrum from the fs amplified cavity as a function of injected 

pulse power. Pump power of the amplifier cavity was fixed at 10W. 
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3.4.7 Modified system characteristics  

As mentioned previously, the amplifier system has been modified to generate higher 

energies per pulse. The repetition frequency of 95MHz has reduced to 49MHz by 

increasing the length of both the oscillator and the amplifier cavity, resulting in a 

doubling of the energy per pulse. Instead of using negative GDD mirrors which lacks fine 

tuning capability for intracavity GDD compensation, a prism pair was employed for both 

the oscillator and the amplifier. The oscillator was configured in the soliton mode locking 

regime. With the prism pair, the intracavity GDD of the amplifier is adjusted while 

observing the ratio of spectral filtering.  

In order for the intracavity dispersion compensation of the fsAC, the GDD from the 6 

mm Ti:Sapphire crystal and the two fused silica prisms are considered and the prism 

separation of ~39 cm was determined. In the fsAC, the final intracavity GDD at the 

highest pump power is slightly different from that in the cold cavity. This is due to the 

thermally induced drift in the cavity condition. But, this can be corrected by adjusting the 

prism insertion while observing the transmission of the cavity resonant peaks.  

When the GDD is not optimally compensated, the full spectrum of the incident light 

cannot be coupled into the cavity. As shown in Figure 3.12, the optimum intracavity 

GDD can be found from the highest coupling ratio of the resultant spectrum to the 

incident spectrum. The data in Figure 3.12 was obtained without the pump laser of the 

amplifier which results in GDD compensation of the cold cavity. When the pump laser is 

turned on, the final amplifier GDD can show small deviations as mentioned. 
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Figure 3.12 Spectral filtering as a function of net intracavity GDD 

In addition, the 34% input coupler was replaced by one with 40% transmission to take 

full advantage of injection locking, while having a broader locking range. Figure 3.13 

shows the final amplifier spectrum as a function of pump power for a 40% input coupler 

after optimizing the intracavity GDD with the pump laser. 

The pulse duration of the amplifier is measured to be ~80 fs after pulse compression, as 

shown in Figure 3.14. After passing through the compressor, the output power of the 

fsAC is reduced from 6.7W to ~6W. At a 49MHz repetition rate, the energy per pulse is 

approximately ~120nJ per pulse.  
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Figure 3.13 Output linearity of the amplifier and the output spectrum with an input 

coupler with 40% transmittance 
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Fig.3.14. Measured interferometric autocorrelation of the 80 fs pulse at 6W average 

output power. 
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CHAPTER 4 FEMTOSECOND ENHANCEMENT CAVITY 

    In Chapter 3, the generation of high power frequency combs was described. In this 

chapter, the femtosecond enhancement cavity (fsEC), as the last stage of power scaling 

for ionization, will be discussed. The stabilized passive cavity described here coherently 

adds incident pulses in the cavity in order to reach the energy required for ionization and 

the production of high harmonics.  

4.1 Parameters of passive cavity 

    The fsEC was built in a ring cavity geometry with an input coupler and high reflectors 

chosen so that the extinction ratio is very small for minimal cavity loss. Cavity design 

parameters such as the intra-cavity focal spot diameter and stability region are calculated 

with an ABCD matrix discussed in Section 3.1.1. A simple monochromatic Fabry-Perot 

cavity description provides the following frequently-used important parameters to 

determine cavity performance for efficient energy buildup.  

   The resonance peak by multiple beam interference in the high finesse cavity has a free-

spectral range (FSR) that is determined by the cavity length and the FWHM of the 

linewidth FWHM
 
which is determined by the cavity losses [53]. The cavity FSR and the 

linewidth are given by   
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where  is the cavity length and F is the cavity finesse. The total cavity losses and the 

transmittance of the input coupler determine the maximum energy that can be stored in 

the cavity. When the cavity modes are properly coupled with the incoming pulse train, 

the intracavity pulse amplification factor N, in the absence of dispersion effects, can be 

expressed as 

2

4

L

T
N 

                                                            
(4.2) 

where T is the transmittance of the input coupler and L is the total cavity loss. When the 

transmittance of the input-coupler matches the cavity loss from the other cavity 

components, the intracavity pulse amplification is maximized and it is called impedance-

matched. In this case, the intracavity enhancement factor becomes N=F/π. [71]

 

4.2 Setup 

   The schematic of the passive enhancement cavity is shown in Figure 4.1. The pulses 

generated by the lasers described in Chapter 3 are coupled into the passive cavity and 

coherently added. Two concave mirrors of the same radius of curvature were used to 

focus the light. With 10cm and 15cm radius of curvatures, the spot diameter (2w0) at the 

focal plane is 20µm and 30µm, respectively. The high reflectors used in the cavity were 

manufactured from Advanced Thin Films and Layertec GmbH. The reflectance and GDD 

profiles are shown in Figure 4.2. The sapphire plate used for out-coupling the HHG light 

has to be taken into account in the cavity design stage due to the GDD added by the plate. 

The characteristics of the sapphire plate are shown in Table 4.1.  
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Figure 4.1 A schematic of passive enhancement cavity 

 

HEMLUX Sapphire windows (0001)+/-2 deg. 

Material: Sapphire (AL203) 

Purity: > 99.99% 

Orientation: C-Plane ± 30' 

Diameter: 15mm Ø ± 0.05mm 

Thickness: 250 microns ± 10 microns 

Surface Finish: EPI on Fces, Fine Grind OD 

Flatness: 1/2 Wave--Best Effort 1/2 Wave TWE--Guaranteed 

Parallelism: < or = (1) Micron 

                                - Manufactured by Crystal Systems Inc. 

Table 4.1 Characteristics of out-coupling sapphire plate 
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(a) 

 

(b) 

 

Figure 4.2 Characteristics of high reflectors used in the enhancement cavity manufactured 

by (a) Advanced Thin Films: (Solid line) transmittance, (Dashed line) GDD profiles. (b) 

Reflectance (Solid line), GDD profile (Dashed line) of high reflectors manufactured by 

Layertec GmbH. 
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The 250µm-thick sapphire plate adds ~ 16fs
2
 of GDD in the cavity, which must be 

compensated by other optics in order to achieve the highest buildup. The GDD 

compensation of the enhancement cavity will be discussed in the next section. One of the 

high reflectors is mounted on a long translational stage for fine adjustment of the cavity 

length. Another high reflector is mounted on a PZT for cavity stabilization and 

picomotors are installed on the mirror mount for correction of minor cavity misalignment 

that happens during the pumping process of the vacuum chamber. Cavity stabilization is 

accomplished by the same method used to stabilize the amplifier cavity explained in 

Section 3.1.7. Input couplers of which transmittances are 0.25%, 0.5%, 0.7%, and 1% 

were tested in the cavity. Considering the locking stability and enhancement, it was found 

that 0.5% input coupler gave the highest intracavity energy while 1% input coupler 

yielded the most efficient high harmonic generation.  

4.3 Dispersion control 

  For a cavity that has non-zero net dispersion, dispersion compensation is crucial since 

the intracavity dispersion determines the spectral bandwidth over which the cavity modes 

and the comb components can be simultaneously overlapped [57]. With non-zero 

dispersion in the cavity, cavity mode spacing becomes frequency dependent according to  

0
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where l is the cavity length and c is the speed of light. The degree to which the cavity free 

spectral range (FSR) is wavelength dependent is determined by the intracavity dispersion 

term 
0

/





c . To illustrate the effect of non-zero GDD in the cavity, the 

consequence of light coupling into cavity with uncompensated GDD is shown in Figure 

4.3. 

 

Figure 4.3 (a) Pulses in the cavity with net zero GDD (b) with non-zero GDD in the 

cavity. Dotted line depicts cavity mode, solid line is input pulse trains. 

Figure 4.3(a) shows the case when the GDD in the cavity is compensated to be close to 

zero. When the repetition rate of the coupled pulses are tuned to match that of the cavity, 

the comb frequencies coupled into the cavity is well overlapped with the cavity modes 

and the energy storage becomes maximized. However, non-zero intracavity GDD 

prevents each laser mode from overlapping to the cavity mode exactly, as shown in 

Figure 4.3(b).  
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All high reflectors used in the passive cavity are chosen in consideration of the total 

intracavity GDD. The GDD values of the high reflectors shown in Figure 4.2 are 

theoretical estimation and, therefore the actual GDD of the mirrors could be different 

from the values shown in the Figure. In order to estimate the total GDD of the cavity,  

sophisticated experimental techniques that measures the net intra-cavity dispersion using 

frequency combs have been developed [72]. However, a simple pressure tuning method 

to check the intracavity GDD is used during system development. To ensure the highest 

buildup at vacuum pressure at which high harmonics are generated, the correlation 

between the amplifier center wavelength, the GDD characteristics of the high reflectors 

in the cavity, and the GDD added by the sapphire plate should be carefully considered. 

We note that we do not set the higher order dispersion of the cavity round trip (i.e. third 

order dispersion and higher) to zero. With the cavity GDD perfectly matched to zero at 

the center of the pulse spectrum, the laser spectral bandwidth that is coupled in to the 

cavity will ultimately be limited by this higher order dispersion. 

The tunability of the main-oscillator and the adaptability of the amplifier performance to 

a given injected wavelength facilitate fine GDD optimization of the enhancement cavity. 

Due to the +16fs
2
 of GDD from the sapphire plate, a net zero GDD should be achieved 

with a total of -16 fs
2
 of GDD from the high reflectors. As shown in Figure 4.2, high 

reflectors from Layertec GmbH (HR_LT) show a flat GDD response in the range of 

tunable wavelengths while high reflectors from Advanced Thin Films Inc. (HR_ATF) 

show varying GDD within the range. The required amount of negative GDD for 

compensating the sapphire plate is achieved by setting the amplifier wavelength such that 
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the GDD of the cavity mirrors balances the GDD due to the sapphire plate. There are 

total nine high reflectors and one input coupler in the fsEC. Choosing the amplifier 

wavelength at 792nm, the negative GDD introduced by a HR_ATF is estimated to be ~ -4 

fs
2
, and four HR_ATFs are needed for the intracavity GDD compensation and the rest of 

the cavity mirrors should be HR_LTs. By monitoring the spectral filtering and the change 

in the maximum buildup of the cavity under different chamber pressures of N2 gas, the 

intracavity net GDD was optimized. The amount of GDD introduced by N2 gas as a 

function of pressure is shown in Figure 4.4. The spectrum is monitored by coupling a 

small leakage of light from the cavity into the spectrometer while introducing N2 into the 

chamber. Figure 4.5 shows the spectrum of the fsEC as a function of chamber pressure. 

Because the cavity is optimized at vacuum pressure, the spectra become narrower due to 

spectral filtering as the vacuum chamber pressure increases. Figure 4.6 shows the 

spectrum with a 0.5% input coupler and a 1% input coupler after intracavity GDD is 

compensated. While some spectral filtering occurs at vacuum pressures, the intracavity 

pulse duration was estimated to be less than 100 fs from the spectrum FWHM and 

Gaussian-fit time-bandwidth product.  
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Figure 4.4 GDD introduced by N2 gas in the cavity as a function of Pressure 

 

Figure 4.5 Coupled fsEC spectrum as a function of pressure  
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Figure 4.6 Input amplifier spectrum (dashed), enhancement cavity spectrum (solid) for 

(a) 0.5% input coupler (b) 1% input coupler at vacuum pressure. 
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CHAPTER 5 INTRACAVITY HIGH HARMONIC GENERATION 

  In this chapter, the generation and analysis of high harmonics with the systems 

described in the previous chapters will be discussed.  

5.1 Characteristics of detection components and measurements 

Figure 5.1 shows the schematic of the setup for generating high harmonics inside the 

enhancement cavity. The cavity is built inside a vacuum chamber so that environmental 

instabilies and re-absorption due to surrounding species is minimized. The vacuum 

system is composed of two stages: First, a rotary vane pump (DUO 65D from Pfeiffer 

vacuum) attached with Zeolite traps (ZFO040) and oil mist filter (ONF 35/65) is used to 

pull the intracavity pressure down to 200mTorr. Then, a turbomolecular drag pump 

(TMH 1000M from Pfeiffer Vacuum), attached underneath the vacuum chamber with a 

vibration damper or bellow, pulls the intracavity pressure down to 10
-4 

Torr. The turbo 

pump maintains the intracavtiy pressure at ~ mTorr levels while generating high 

harmonics. Gas (Xe, Kr, Ar) is delivered to the focal position through a separate tubing 

line built into the chamber. A gas flow valve regulates the gas flow to the nozzle and it is 

monitored by a Kurt J Lesker 902020 pressure gauge. A KJL610 thermocouple controller 

and a MKS PDR 900-1 from Kurt J Lesker were used for pressure monitoring of the 

turbo molecular pump and the roughing pump. A diagnostic setup is built outside the 

chamber to monitor key properties such as the transmission, spectrum, and mode profile. 

The intracavity power measurements are made through a high reflector with a carefully 

measured transmission. Table 1 shows the transmittance of each mirror type. 
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Figure 5.1 A schematic of the intracavity high harmonic generation system. IC: input 

coupler, HR: high reflector, SP: 250µm-thick sapphire plate, UVG: EUV concave 

grating, PS: phosphor screen, C: camera. At the bottom, a typical high harmonic 

spectrum observed on the phosphor screen. 
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HR type manufacturer Transmittance 

HR dual band ATFs Inc. 5.4×10
-6

 

HR @ 795nm ATFs Inc. 3.013×10
-5

 

HR Layertec 2.85×10
-7

 

Table 5.1 Transmittance of high reflectors 

For maximum intracavity buildup, mode matching lenses with focal lengths of 250mm 

and 150mm lens were chosen. 

The EUV concave grating used to resolve the high harmonic spectrum is made by 

Mcpherson Inc. and has 2400 grooves per mm and is coated with Platinum (Pt). It 

focuses high-harmonic light onto the phosphor screen. The grating is designed for peak 

diffraction efficiency at 80nm, with a rapidly decreasing efficiency below 60nm. Figure 

5.2 shows its reflection characteristics.                          

 

Figure 5.2 Reflection of EUV concave grating                                    
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  The phosphor screen (sodium salicylate scintillator) is custom-coated on the surface of 

micro-slide glass by McPherson, Inc. It generates fluorescent emission centered at 420nm 

when excited by UV light [73]. Sodium salicylate has a high fluorescent quantum yield 

and its response is wavelength-independent over the range between 85nm and 200nm 

[73, 74]. The power of measured harmonic orders other than the 11
th

 (72nm) can be 

estimated by the relative spectral strength observed on the screen to the power 

measurement of the 11
th

 order.  

  The phosphor screen is replaced by a silicon photodiode for power measurements. The 

calibrated silicon photodiode (AXUV100Al manufactured by International Radiation 

Detector Inc.) has a 150 nm thick integrated aluminum filter in front of it to directly 

measure the average power of the generated harmonics below 80 nm while providing 

over 5 orders of magnitude suppression of the fundamental light at 800 nm. To ensure the 

harmonic order under measurement is correct, phosphor screens were placed on both 

sides of the photodiode to observe the adjacent harmonic orders.  

  The EUV detector, AXUV100Al, used in the measurements has been calibrated by both 

The National Institute of Standards and Technology (NIST) and Physikalisch Technische 

Bundesanstalt (PTB) to verify the detector responsivity. The calibrations from US and 

German national institute of standards matched to within their stated uncertainties. It is 

notable that the calibrated values differ greatly from that estimated by the company 

website. This is likely due to uncertainty in the oxidation layer on the Al coating. Figure 

5.3 shows the NIST calibration data which was used for the measured power data 
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reported in this work. The detector responsivity at 72nm from the NIST data is 0.0075 

[A/W] with a relative uncertainty of ~ 8%. The loss from the sapphire plate was not 

considered in the calibration although only < 20% of the generated harmonic light is 

reflected from the sapphire plate [75].  

 

Figure 5.3 NIST calibration of responsivity of AXUV100Al from IRD-INC 

The position of the measured harmonic order is verified by calculating the separation 

distance between adjacent harmonic orders, as determined from Equation 5.1. The 

absolute positions are also determined by using the 0
th
 order reflection to determine 

appropriate angles and mark the position of the reflected harmonic orders using a 

calibrated rotation stage. The measured position of the harmonic orders agreed with the 

calculated position within the resolution of the rotational stage of the grating. The 

separation of harmonic orders xm is given by 

)sin(sin 1

imm
d

mRRx 


  

                                          
(5.1)
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where d is the grating resolution, m is the diffraction order, and θi is the incident angle. 

Table 2 shows the angular separation and the position of each harmonic order. 

 

Harmonic 

order 

Wavelength 

(nm) 

Angle between 

HH orders (   ) 

Position between 

HH orders (mm) 

7
th

 113 1.912 12.01 

9
th

 88 1.251 7.86 

11
th

 72 0.884 5.56 

13
th

 61 0.659 4.14 

15
th

 53 0.511 3.21 

Table 5.2 The angle and the position between harmonic orders  

5.2 Results and discussion   

5.2.1 The effect of plasma in fsEC  

When the fsEC at vacuum pressure is phase locked at the peak resonance, the maximum 

cavity buildup exceeds 200 times enhancement and the corresponding intracavity power 

is close to 1250W or ~25μJ intracavity pulse energy. When two 10cm radius of curvature 

concave mirrors focus the pulse train in the cavity, the peak intracavity intensity can 

reach over ~1×10
14

W/cm
2
. Strong ionization is observed in both Xenon (Xe: ionization 

potential Ip=12.123eV) gas and Krypton (Kr: ionization potential Ip=13.99eV)) gas, as 

well as Argon (Ar: ionization potential Ip=15.76eV)) gas. Figure 5.4 shows a typical 

plasma for Xe ionization in the cavity. The spectrum of high harmonics in Figure 5.5 is 

obtained from Xe gas with ~12µJ energy at 800 Torr backing pressure (Top) and from Kr 

gas with >20µJ at 1500 Torr backing pressure (bottom). It shows spectral lines other than 

harmonic orders.  
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Figure 5.4 Cavity interaction region and Xe ionization in the enhancement cavity. The 

first picture shows the concave high reflectors, HHG out-coupling sapphire plate, and 

nozzle for gas delivery. Second picture shows ionization of the Xe gas jet.  
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Figure 5.5 HHG spectrum from (a) Xe gas at ~800 Torr backing pressure and (b) Kr gas 

at ~ 1,500 Torr backing pressure.    

These irregular spectral lines originate from incoherent plasma fluorescence. This 

fluorescence propagates with high solid angle and was projected on the phosphor screen 

along with the harmonic spectra. Although these plasma fluorescent lines are useful for 

wavelength calibration in some cases [76], they indicate the presence of strong plasma 

and not necessarily optimum harmonic generation. The high plasma density alters the 

intracavity refractive index and induces a phase shift that is sufficient to disrupt the cavity 

enhancement and prevent robust stabilization. In fact, it was not possible to maintain 

stable locking at 25µJ intracavity energy while ionizing Xe gas due to the strong plasma 

generation. The final intracavity energy ended up clamping at ~12µJ, regardless of the 

initial energy. This effect prevents utilizing the entire 25µJ to generate high harmonics 
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with Xe gas. When switching to Krypton, which has a higher ionization potential 

(Ip=13.99eV), more energy is needed for the ionization and thus less plasma is generated. 

As a result, stable locking to the enhancement cavity is maintained above 20µJ 

intracavity pulse energy at a backing pressure much higher than was attainable with 

xenon gas.  

Beam propagation simulations of the on-axis nonlinear phase shift during pulse 

propagation in the presence of plasma agree with our observed results. To determine the 

level at which intracavity ionization dynamics limit cavity buildup, the Nonlinear 

Schrödinger Equation, with ionization rate determined by the Keldysh formula was 

solved by split-step method under the condition of 100fs pulses and 20Torr Xe gas. The 

results of this simulation are shown in Figure 5.6.  The simulation shows that a phase 

shift of -120mrad in the propagating beam is induced by ionization at an intensity of 

1×10
14

W/cm
2
, while a phase shift of -1.6mrad occurs at an intensity of 4.5×10

13
W/cm

2
.  

The second simulation result shown in Figure 5.7 is the cavity buildup for a 0.5% input 

coupler and a 1% input coupler with and without the presence of plasma in the cavity. 

When plasma is not present in the cavity, cavity buildup is enhanced, as expected, by 

using an input coupler with lower transmission. However, when plasma is generated in 

the cavity, the fsEC with both a 0.5% IC and a 1% IC shows the significant buildup 

reduction and the buildup in two cases becomes similar value. In a 0.5% IC case, the 

fsEC buildup has reduced by more than a half and, in linear analysis of a cavity, it 

indicates the cavity linewidth has changed more than twice.  
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Figure 5.6 Phase shift in the presence of ionization of Xe gas in the beam propagation 

path 

 

Figure 5.7 Calculation of buildup multiplication factor (enhancement) with (solid) and 

without (dashed) the presence of plasma. Black – 0.5% input coupler, red - 1% input 

coupler, 100fs intracavity pulse, 20Torr of neutral gas density.    
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This means that the single- pass phase shift of -120mrad corresponds to the phase change 

of more than cavity linewidth. When the change in cavity resonant frequency shift due to 

this nonlinear phase shift is more than cavity linewidth, the cessation of cavity 

enhancement could occur [77]. The linewidth of the cavity varies depending on the cavity 

buildup though for a typical cavity linewidth of ~50kHz - 75kHz, which corresponds to  

phase change of ~6-10 mrad from the relation 2π( FSRFWHM / ), would not be 

desirable for stable locking. 

From the experimental evidence and supporting results from the simulations, it can be 

seen that regulating plasma density for efficient intracavity high harmonic generation 

becomes essential. To accomplish this, the curved high reflectors were replaced with 

15cm ROC and the 0.5% input coupler with 1% one. Doing this limited the 

corresponding intracavity energy per pulse and the intensity to 15µJ and 4.5×10
13

W/cm
2
, 

respectively. With the new configuration, the previously severe instability in the servo 

locking system has been reduced drastically. 

5.2.2 The harmonic power measurements  

  The reduced intracavity energy of ~15µJ has relieved the cavity instability issues 

observed previously. Though the replaced input coupler has lowered the cavity buildup, 

its higher transmission makes the resonant linewidth broader and allows a broader 

locking range which makes cavity locking more stable. The concave high reflectors with 

longer radius of curvature increase the focal spot diameter so that the peak intensity is 

reduced.  
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  Various sizes of nozzles were tested for higher harmonic conversion efficiency: 100µm, 

250µm, 300µm, and a thin needle type nozzle with a side hole. Among these, the highest 

harmonic yield was obtained with either the 100µm or 300µm sized nozzles. The 

effective gas density at the interacting region is very sensitively dependent on the relative 

distance between the output of the nozzle and the focal spot, the backing pressure, the gas 

distribution immediately after the nozzle output, and the effective interaction length 

determined by the relation between the geometrical characteristics of the nozzle and the 

backing pressure. Accurate estimation of these parameters requires a separate, rigorous, 

experimental procedure. However, the depiction of the results as a function of backing 

pressure does not blur the overall behavior of high harmonic generation. An empirical 

evaluation of the actual gas density at the interaction region is made by testing different 

types and shapes of nozzles and comparing to the actual cavity behavior. This evaluation 

indicates a ratio of ~ 20-30 to 1 between the backing pressure and the effective gas 

density in the interaction region.  

5.2.2.1. 100µm interaction length 

The following results are obtained with a 100µm interaction length. As shown in Figure 

5.8, power levels of up to 40µW were obtained at the 11
th

 harmonic order (72nm). The 

gas nozzle is located very close to the focal spot and its position is optimized for highest 

harmonic yield. The graph shows a quadratic increase in harmonic power, which 

indicates that the generated harmonics are added coherently until it starts to saturate. A 

maximum power of 37.1µW was obtained at 600 Torr of backing pressure.  
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Figure 5.8. UV power at 11
th
 harmonic (72nm) as a function of backing pressure using a 

100 μm gas nozzle diameter. 

5.2.2.2. 300µm interaction length 

Figure 5.9 shows the high harmonic spectrum from Xenon gas with 600 Torr backing 

pressure. The harmonic orders up to the 15
th

 are observed, consistent with the expected 

plateau region. A power measurement was done at the position of the 11
th
 harmonic order 

(72nm) as in the previous 100µm case and was recorded between 65.7μW and 104.4µW 

for a backing pressure between 200 and 500 Torr. Table 5.1 shows the estimated 

harmonic power with reference to the measured 11
th
 harmonic power and including the 

grating efficiency. Power over the 10µW level power was recorded for all harmonic 

orders from 7 to 15.   
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Harmonic 

order 

Wavelength 

(nm) 

Grating  

efficiency 

Estimated  

power(µW) 

7
th

 113 0.0567 57.6 

9
th

 88 0.05347 61.5 

11
th

 72 0.04515 77.3 

13
th

 61 0.05101 44.7 

15
th

 53 0.02949 15.4 

Table 5.3 Estimated powers of high harmonics with reference to the average power at the 

11
th
 harmonic using a 300 μm gas nozzle diameter.  

 

Figure 5.9. The spectrum of high harmonics (solid line) from Xe gas and the grating 

efficiency (dashed line) at each wavelength 

5.2.3. Optimization of intracavity high harmonic generation 

The efficiency of high harmonic generation is extremely sensitive to the various 

conditions discussed in Chapter 2. In order to optimize the fsEC for the highest high-

harmonic yield, these parameters in different conditions must be considered carefully.  
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The first requirement to improve the efficiency of high harmonic generation is to 

minimize the phase mismatch. The phase matching condition from Chapter 2 is again 

given by 

                   harmonicsqlaser kqkk ,    
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where q is the harmonic order, λ is the laser wavelength, P is the pressure, η is the 

ionization fraction, re is the classical electron radius, Natm is the number density of atoms 

at 1atm, Δn is the difference between the indices of refraction of the gas at the 

fundamental and harmonic wavelength, b is the confocal parameter, θ is the slope 

constant of the intrinsic atomic phase, and I is the intensity at the focus.  

  The ionization fraction is determined by Keldysh theory and for an intensity of 

4.5×10
13

W/cm
2
, it is estimated at ~2%. 

  The following discussion will be focused on the 11
th
 harmonic order, since all of the 

measurements were obtained at this order. In addition, the intrinsic atomic phase term 

was not included in the analysis. In the experiments, the relative nozzle position to the 

Gaussian beam focus is adjusted to optimize the harmonic yield in a test condition before 

the data acquisition. Once the nozzle position was optimized, the intrinsic atomic phase 

term which affects the optimum phase matching condition can be considered as a preset 

term and does not vary as a function of macroscopic parameters that change the phase 
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matching. The optimum nozzle position changes, depending on the harmonic order. 

However, because the discussion is focused on the 11
th

 harmonic order and other 

influences from the intrinsic phase such as the effects to the harmonic spectra, the far-

field profile, and the temporal coherence of harmonics are beyond the scope of the study, 

the exclusive consideration of first three phase matching terms in Equation 5.2 will 

illustrate the effect without significant deviation from the actual scenario. Also, it should 

be noted that the following description is rather qualitative, although specific numbers are 

given due to the uncertainty of actual medium density. 

    To determine the phase mismatch from neutral atomic density, the index of refraction 

of the gas medium is needed. The index of refraction of Xe at 72nm was determined from 

the polarizability of Xe gas presented in reference [78]. In the reference, the polarizability 

of Xe gas in the UV wavelength region was obtained by calculating its oscillator strength. 

From the polarizability data at 72nm, the refractive index was calculated by taking the 

real part of the dielectric constant ε, which is obtained using the Clausius-Mossotti 

relation: 

2

1

3
4










N

                                                 
(5.3) 

where N is the density, α is the polarizability, and ε is the dielectric constant. It should be 

noted that the polarizability data for high harmonic wavelengths near the ionization 

potential are not reliable due to strong absorption. The refractive index from a Sellmeier 

type equation such as these references [79, 80, 81], is found to be inaccurate in the 
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wavelength region of interest since they do not include any contribution from the 

imaginary part of the polarizability. The refractive index difference between the 

fundamental beam at 792 nm and the 11
th

 harmonics (72nm) is determined to be Δn = 

0.00113. By inserting all the relevant parameters, the phase matching equation becomes a 

function which is linearly proportional to the pressure. Table 5.2 shows the polarizability 

of the harmonic orders under measurement and the calculated phase mismatch due to 

neutral atoms and generated free electrons. 

 Harmonic 

order 

Wavelength 

(nm) 

Polarizability 

(real part:cm
3
) 

Neutral atom 

term (cm
-1

) 

Plasma term 

(cm
-1

) 

9
th

 88 -0.598E-24 -10.83 99.19 

11
th

 72 -2.844E-24 -19.27 121.73 

13
th

 61 -2.924E-24 -23.03 144.20 

15
th

 53 -2.539E-24 -25.16 166.64 

 

Table 5.4 Calculated phase mismatch at neutral atom density Natm = 6.25×10
17

cm
-3

. 

In a relatively tight focusing geometry, which is typical in a system for intracavity high 

harmonic generation, the phase mismatching term from the Gouy phase factor is large 

enough to compensate the pressure-dependent phase mismatch term from the neutral 

atomic density and plasma density. However, when the ionization reaches a point where 

the negatively contributing plasma phase mismatch term negates the neutral atomic term, 

it is no longer available to compensate the Gouy phase term with pressure tuning. This 

point is called the critical ionization level and is given by  

)2/(1

1
2 nrN eLatm

cr
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The critical ionization level of Xe at 72nm is ~14%. In order to keep the pressure tuning 

capability to optimize the harmonic yield, the free electron density should be maintained 

lower than the critical ionization point. This issue will be revisited at the end of the 

section with the consideration of reabsorption. 

   Considering the phase matching condition alone, it appears the optimum harmonic 

yield could be achieved by simply adjusting the pressure to match the Gouy phase term 

below the critical ionization point.  

   It is interesting to compare the optimum pressure while varying the confocal parameter, 

and consequently the Gouy phase term under the assumption that the intracavity intensity 

is fixed (This can be accomplished by adjusting the input power and/or the enhancement 

factor). As shown in Figure 5.10, a tighter focusing requires higher neutral density to 

compensate other phase matching term. However, higher neutral gas density enhances the 

chance for the generated high harmonics to be re-absorbed while propagating in the 

medium.  

    Phase matching has a critical role in improving the efficiency of high harmonic 

generation but there is another important factor that contributes: re-absorption. From 

Section 2.2.3, the generated harmonic photons considering re-absorption is described by  
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It should be noted again that this equation applies only for on-axis terms but does not 

alter physical perspectives significantly and gives an adequate explanation of 

experimentally observed trends. The absorption length is given as


1
absL . The Xe 

absorption cross section is obtained from the oscillator strength calculated in reference 

[82] from the relation  

dE

df
8.109                                                       (5.6) 

where the unit of oscillator strength is eV
-1

 and the unit of absorption cross section above 

is Mb. (Mb corresponds to 10
-18

 cm
-2

.) From this relation, the Xe absorption cross section 

at 72nm is calculated to be σ = 5.3×10
-17

cm
2
. The graph shown in Figure 5.11 shows the 

absorption length at 72nm as a function of gas pressure.  

The coherence length Lcoh is given as 
k

Lcoh





, where Δk is the phase matching 

condition.  In order to find the optimum interaction length for a given cavity condition, 

the harmonic yield as a function of the cavity focal spot size was calculated taking into 

account of re-absorption. 
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Figure 5.10 Calculated required pressure for optimum phase matching as a function of 

spot diameter at the 11
th

 harmonic (72nm) with an ionization fraction of 2%.  
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Figure 5.11 Calculated absorption lengths for Xe at the 11
th

 harmonic (72nm). 
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Figure 5.12 shows the result of this calculation performed with a condition of 20 Torr gas 

density with 2% ionization fraction. The result indicates that the harmonic yield is over 

20 times more enhanced with a 50µm spot size than with a 20µm spot size. Since a wider 

spot size reduces the Gouy phase term quadratically, the gas density for the optimum 

phase matching becomes lower as shown in the Figure 5.10. As a result, re-absorption 

during propagation can be reduced thus contributing to a higher final harmonic yield. 

Another important point to see from this result is that the elongation of the interaction 

length with a tight focus is not as effective in enhancing the harmonic yield as that with a 

looser focus. In addition to the oscillatory behavior for a relatively small variance of 

interaction length, the overall harmonic yield for the 20µm spot size case does not 

improve by increasing interaction length, in contrast to the other cases.  This was 

observed in the cavity with 10cm radius of curvature mirrors, in that the larger nozzle 

sizes did not yield higher harmonic powers than those obtained with the 100µm nozzle. 

Under the given ionization level and gas density, the Gouy phase alone dominates the 

coherence length. The calculated coherence length is shown in Figure 5.13 as a function 

of spot size (upper) along with the optimum interaction length as a function of coherence 

length for the 11
th
 harmonic (72nm) at 20 Torr of Xe gas. From the graph, the optimum 

medium length is determined to be approximately 60% of the coherence length. This 

value coincides with the estimation given in reference [52]. 
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(a) 

 

(b) 

 

Figure 5.12 Calculated normalized harmonic yield at the 11
th

 harmonic (72nm) with a Xe 

gas pressure of 20 Torr and ionization fraction of 2%. (dash-dotted) – 20 µm, (dotted) – 

30 µm, (dashed) - 40 µm and (solid) - 50 µm of radius of curvature. The second graph 

shows the magnified result from 0 to 1mm interaction length. 
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Figure 5.13 (a) Calculated coherence length vs. focal spot size, (b) optimum medium 

length  vs. coherence length with 20 Torr of Xe gas at the 11
th
 harmonics (72nm); 

intracavity intensity of 4.5×10
13

W/cm
2
 . 
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In an actual experiment, the interaction length and focal spot size are pre-determined 

and so the major varying factor is the gas pressure. In order to find this relation, the 

harmonic yield was calculated for different focal spot sizes as a function of pressure in 

two different interaction lengths: 300µm and 100µm. Figure 5.14(a) shows the result for 

the 300µm case, and Figure 5.14(b) the result for the 100µm case. Initially the general 

trend is similar to the case where only the phase matching condition is considered in that 

harmonic yield increases as the gas pressure increases. However, at higher pressures the 

harmonic yield starts to saturate due to re-absorption. This saturation starts at lower 

pressures with a larger spot size. Also, the saturation pressure is lower with the longer 

interaction length. This agrees with the experimental results. For example, with a 300µm 

interaction length, the maximum power was observed between 300-500 Torr backing 

pressure, while a 500-700 Torr backing pressure was needed to reach the maximum 

power with the 100µm interaction length.   

It should be mentioned that, in Figure 5.14(a), it appears as the higher harmonic yield 

could be achieved with 20 μm spot diameter than with 50 μm spot diameter when the gas 

pressure increases to ~over 200 Torr. However, this gas pressure is the actual pressure at 

the target medium, not the backing pressure and this level of pressure in the medium is 

not realistic in an actual experiment due to the limitation of turbo pump capability. The 

practical range of the medium pressure in an experiment is well below 100 Torr.  
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 (a) 

 

(b) 

 

Figure 5.14 Calculated harmonic yield at the 11
th

 harmonic (72nm) as a function of Xe 

gas pressure with (a) 300µm interaction length (b) 100µm interaction length; ionization 

fraction of 2%; (dash dotted) – 20µm focal diameter, (dotted)-30 µm, (dashed)-40 µm 

and (solid)-50 µm. 
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As mentioned earlier, the ionization fraction in intracavity high harmonic generation is 

critical, because it determines the servo locking stability and also affects the phase 

matching condition. Discussed in Section 5.2.1, an excessive free electron density hinders 

robust servo locking and consequently stable intracavity power. Also, the ionization 

fraction above the critical ionization level obstructs the phase matching by tuning the gas 

pressure.  

Figure 5.15 shows the calculated harmonic yield at different ionization fractions as a 

function of pressure with a 300µm medium length and a 30µm beam diameter. In a real 

experiment, the harmonic yield will be a varying function of intensity. The critical 

ionization level for Xe gas at 72nm is 14%. For an ionization level higher than 14%, the 

phase matching cannot be optimized by pressure tuning and the photon yield drastically 

decreases with ionization beyond this point.  

For an ultrahigh finesse cavity, the maximum tolerable phase change in the cavity will be 

determined by the cavity linewidth. However, when the cavity linewidth is approximately 

~100 kHz, the critical ionization level could become a determining factor, because the 

phase shift due to plasma at the critical ionization fraction may be smaller than the phase 

shift tolerance that is given by the cavity linewidth.  

The Figure 5.16 shows a summary of parameters that determine the efficiency of 

harmonic generation in an enhancement cavity. As shown in the figure, the parameters 

that determine harmonic yield does not influence unilaterally to the next parameter, but 

rather inter-related. Pulse width, input power of driving laser, and the radius of curvature 
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of focusing mirrors, and the finesse of the passive cavity determine the intensity in the 

cavity. The intracavity intensity determines the ionization rate and, thus cavity locking 

stability and limits cavity finesse which affects the intracavity intensity. Because of this 

feedback behavior, the critical ionization fraction can be a guiding factor. The critical 

ionization is determined by the difference in the refractive index between the 

fundamental and the harmonic light. The radius of curvature of focusing mirror may be 

determined with reference to the limit of the maximum driving intensity that is set by the 

consideration of the critical ionization fraction, assuming the target harmonic wavelength 

is pre-determined. 

In summary, the efficiency of the intracavity high harmonic generation can be enhanced 

by the careful control of macroscopic parameters with the consideration of the conditions 

of phase mismatch and reabsorption.  
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Figure 5.15 Calculated harmonic yield at 11
th
 harmonics (72nm) as ionization level 

changes.  
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Figure 5.16 Parameter chart for determining optimum condition for VUV frequency 

combs 
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CHAPTER 6 CONCLUSION 

  In this study, a high power frequency comb system and a femtosecond enhancement 

cavity have been developed for intracavity high harmonic generation. An harmonic 

power reaching up to 100µW has been attained with the system. This study has 

demonstrated that a detailed consideration of phase matching conditions and reabsorption 

in conjunction with enhancement cavity design can drastically improve the efficiency of 

intracavity HHG.  

Although the developed system has already generated a significant level of harmonic 

powers, it has persisting issues that should be addressed in the future for better overall 

conversion efficiency. First, there is near 80% loss by using a sapphire plate as an out-

coupling method. By improving the out-coupling ratio, the final output power can be 

further augmented. Second, the advancement of mirror coating technology is essential 

due to the UV induced damages on the intracavity optical components, which hinders 

long-term stable operation of the system.  

Due to the scarcity of VUV optics, the direct application of the generated high order 

harmonics may still be somewhat limited. However, there are optics available for the 

wavelength region between the 5
th

 and 7
th

 harmonic orders. Though not measured in the 

study, the generated harmonic power of 100 µW at 11
th

 order implies that there is even 

stronger level of available power at 5
th

 harmonic. This light can be used as a coherent 

light source for the study of atomic, molecular, and vibrational spectroscopy such as e.g. 

H2, NH3 whose aforementioned energy levels are in this range.   
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