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ABSTRACT

As device feature sizes shrink to nano-scale, continuous technology scaling has led to

increasing parameter variability during semiconductor manufacturing process. Ac-

cording to the source of uncertainty, parameter variations can be classified into three

categories: process variations, environmental uncertainties, and temporal variations.

All these variation sources exert a considerable influence on circuit performance, and

make it more challenging to characterize variability and achieve robust and power-

efficient designs.

The scope of this dissertation is conquering parameter variability and success-

fully designing an efficient yet robust Integrated Circuits (IC) system. Previous

experiences have indicated that we need to tackle this issue at every design stage

of IC chips. In this work, we focus on the pre-silicon verification stage and on-chip

validation stage, and propose several robust prediction techniques for accurate vari-

ability characterization and efficient circuit verification, as well as on-line tuning

approaches for dynamic workload balancing and operating condition calibration to

alleviate device aging effect due to parameter variations.

At pre-silicon verification stage, three robust techniques have been proposed for

statistical prediction of parameter variations and performance fluctuations. The

first one is a robust yield prediction scheme under limited descriptions of parameter

uncertainties. In this approach we define a Chebyshev Affine Arithmetic (CAA)

methodology for parameter uncertainty representation, and use CAA representa-

tions to predict the probability bounds for leakage power fluctuation. The pre-

diction scheme assumes incomplete probability information of parameter variations

and unknown correlation among parameter variations. After that, we introduce an-

other prediction framework for circuit performance under the impact of parameter

variations. This framework defines a concept of uncertainty importance to evaluate
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the impact of parameter uncertainty upon circuit performance, and predicts circuit

performance bounds based on the importance data. At last, a robust gate sizing

methodology will be discussed. This method employs a new ElasticR model to esti-

mate parameter uncertainties, and formulates the robust gate sizing problems into

a tractable geometric program by the ElasticR estimation model. These techniques

provide possible solutions to achieve both prediction accuracy and computation ef-

ficiency in pre-silicon verification.

At on-line validation stage, two dynamic strategies have been developed for on-

line tuning of workload assignments and operating conditions, considering variation-

caused performance degradation in multi-core platforms. We first discuss a dynamic

workload balancing framework under the impact of negative bias temperature in-

stability (NBTI) aging effect. The balancing framework develops a device-level

fractional NBTI model, employs the fractional model to define core’s capacity rate

as its workload constraint, and balances workload among active cores according to

their capacity rates. The second approach is an on-line self-tuning methodology

for application-specific power-efficient multi-core systems. The self-tuning strategy

combines internal device characteristics into an integrated tuning framework for on-

line operating condition adjustment. This self-tuning strategy is capable of achieving

high reliability and power-efficiency with graceful performance degradation. These

on-line techniques are beneficial to coping with time-dependent degradation of de-

vice performance and extending device lifetime.
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CHAPTER 1

INTRODUCTION

As integrated circuits (ICs) continue to scale down, it becomes more difficult to

reliably predict the manufacturing process. One reason is because the CMOS tech-

nology scaling has led to the increasing complexity in the manufacturing process,

which in turn causes an increase in the mismatch between prediction models and

hardware fabrication. More importantly, manufacturing variability resulting from

random and/or systematic phenomena is becoming a significant concern for circuit

design, and the modeling of variability becomes an urgent and challenging problem

to designers. It is predicable that the challenges of accurately predicting variability

will significantly increase the difficulty in performance prediction, leading to a gap

in theoretical model to device implementation (Orshansky et al., 2008).

Due to technology limits, we cannot guarantee a percent control during the

fabrication process of nanometer transistors. After manufacturing, the process pa-

rameters and the dimensions of the fabricated devices can be very different from

their nominally designed values. There are no two devices that have exactly the

same feature sizes at atomic level. The variation induced by manufacturing process

is called process variation. For example, a transistor is designed to have a nominal

effective channel length (Leff) of 45nm, However after manufacturing, the real Leff

value possibly turns out to be longer than the designed value at 50nm, or shorter

at 42nm. Such variations in the process parameters can propagate substantial fluc-

tuations in the performance of Very Large Scale Integration (VLSI) circuits. In

addition to process variations, other sources of parameter variations include envi-

ronmental uncertainties and temporal variations: environmental uncertainties are

mainly caused by changes in circuit operating conditions, such as fluctuations in

on-chip temperature and supply voltage; and temporal variations denote the varia-

tions that cause the device to behave differently at different time points and in turn
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cause device aging and stress, for example the negative bias temperature instability

(NBTI), which is a key reliability issue in PMOS devices that manifests itself as a

time-dependent degradation in threshold voltage.

All the variation sources described above may affect circuit performances ei-

ther positively or negatively. For example, a 30% variation in effective channel

length could cause over 20x fluctuations in leakage current (Rao et al., 2004). The

variation-caused fluctuation in performance metrics may lead to a faulty state of

a circuits system or a low manufacturing yield, as a majority of the manufactured

instances fail to meet the performance specifications. Therefore, accurate model-

ing and prediction of parameter variations is an important consideration in circuit

design and verification.

In this dissertation, we will mainly focus on the effects of parameter varia-

tions and uncertainties, and propose several statistical techniques for conquering

parameter variability and successfully design a low power yet robust IC system. In

this chapter, we will first introduce some background on parameter variations and

variation-aware circuit performance analysis, and then present our research goals

and the contributions of the dissertation.

1.1 Parameter Variations and Uncertainties

As integrated circuit (IC) technologies shrink to nano-scale, continuous technol-

ogy scaling has led to a large increase in parameter variability, and therefore a

wide-spread fluctuation in circuit performance. The increasing variability makes

it continuously more challenging to design a reliable, robust design that will work

properly under parameter variations (Li et al., 2006). Figure 1.3 shows the rel-

ative process variation (3σ/mean) predicted by ITRS ( International Technology

Roadmap for Semiconductors) (ITRS, 2005). Parameter variations introduce nu-

merous uncertainties in circuit behavior and result in the difficulty in achieving

robust IC designs.

Modern IC manufacturing typically involves a huge number of steps, and there-
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Figure 1.1: Relative process variations (3σ/mean) predicted by (ITRS, 2005),
adopted from (Li et al., 2006)

fore the true causes of parameter variations are highly complicated. For example,

they can be caused by fluctuations in equipment conditions, fluctuations in environ-

mental conditions, layout and topography interactions with the process, and their

combinations. Generally, variation sources can be classified into three categories:

(1) process variations, the variations due to the lack of perfect control in fabrication

process, including effective channel length (Leff), oxide thickness (Tox) etc.; (2) en-

vironmental variations, the uncertainties due to the lack of perfect control over the

environment (on-chip temperature, supply voltage, etc.) in which circuit must op-

erate; (3) temporal variations, the variations which cause time-dependent difference

in device behaviors and also cause device aging and stress, for example negative bias

temperature instability (NBTI) that causes threshold voltage degradation in PMOS

devices at different time points.

Circuit performance can be significantly affected by all these variation sources.

Specifically, under the impact of parameter variations, the timing yield can be af-

fected by up to 20% (Orshansky and Keutzer, 2002) and power yield affected by 25%

(Rao et al., 2004). For example, a design may have a perfect layout before manufac-

turing. However poly flare variation and doping variation will be introduced during
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the fabrication process. These two variations will further cause the variations in

saturation current and threshold voltage, which are two important parameters in

CMOS devices and will significantly affect many performance metrics. As a conse-

quence, there might be wide-spread fluctuations in power and timing metrics. The

end result is a low manufacturing yield or even a malfunction of a circuit system.

Variability significantly impacts circuit performance and unfortunately the sit-

uation is getting worse. Figure 1.2 illustrates the increase of parameter variations

as a result of technology scaling down. From 90nm technology to 20nm technology,

the spread of transistor performance changes has increased by 5 times and it is still

growing up fast. According to ITRS prediction, by year 2012 we can foresee about
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Figure 1.2: Performance trend of transistors predicted by (ITRS, 2007)

a 50% shift in device performance deviated from the nominally designed value, and

another about 200% shift in leakage power (as shown in Figure 1.3). The direct

impact of variability is the drastic increase of design complexity, the time to design

closure and of course the time to market (refer to Figure 1.4). Take corner number

for example. The simplest way to model parameter variations is to define a number

of process corners. Process corners represent the extremes of parameter variations

within which a circuit function correctly. Every parameter is assigned with a lower

bound and an upper bound, and the best-case and worst-case circuit performances

are computed by enumerating all possible combinations of the extreme values of
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Figure 1.3: Performance variability and leakage power shift predicted by (ITRS,
2007)

process parameters. Specifically, suppose there are totally N parameter of concern,

and each parameter simply has two process corners (i.e. the maximum value and

minimum value). Therefore, the total number of possible process corners is 2N . As

technology scales down, the fast increase of parameter size results in an exponen-

tial growth of corner numbers and therefore the design complexity. In addition,

it is not guaranteed that the best/worst-case performance always occurs at one of

these corners. An alternative approach is to use statistical models where parameter

variations are modeled as random variables, which makes it more complicated and

expensive to model and estimate parameter variability.

1.2 Modeling of Parameter Variations

To facilitate statistical analysis and optimization of integrated circuits, variability

models must be carefully established to abstract and approximate the physical phe-

nomenon during manufacturing process. The accuracy of variability models directly

impact the quality of the final statistical analysis and optimization results.

We first discuss process variations. In general, process variations can be sepa-

rated into the following two categories: inter-chip variations and intra-chip varia-
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Figure 1.4: Drastic increase of design complexity due to increasing variability,
adopted from (Yoshimura et al., 2010)

tions. Inter-chip variations model the variations of some parametric values across the

die, including die-to-die (within-wafer), wafer-to-wafer (within-lot), and lot-to-lot

variations, while intra-chip variations correspond to the individual local variations

on the same die. The total variation of a process parameter p can be represented in

the following equation:

δptotal = p− p0 = δpinter + δpintra (1.1)

where p0 is the nominally designed value, δptotal denotes the total variation deviated

from its nominal value, δpinter and δpintra denote inter- and intra-chip variations for

this process parameter, respectively. The variation components in (1.1) have mutu-

ally independent distributions, as their variation sources are different by definition.

Inter-chip variation has a global effect on the process parameters of all devices

across nominally identical die (whether those dies are fabricated on the same wafer,

on different wafers, or in different lots). For example, inter-chip variation may cause

all the devices on a single chip have gate lengths larger than their nominal values.

From statistical point of view, inter-chip variation can be further classified into two

categories: systematic variations and random variations. Systematic variations refer

to the deterministic, non-random variation components, for example, the variations

in channel length and width contain systematic components that mainly come from
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the fluctuations of focus and exposure of the lithography system (Li et al., 2006).

Random variations refer to the variation components that cannot be modeled an-

alytically due to imperfect process control and intrinsic fluctuations, such as the

threshold voltage variation caused by doping fluctuation. As device feature size

continues to decrease in the future, both systematic and random variations will

further increase.

As systematic variations are deterministic, they can be predicted by process

simulations (e.g., lithograph simulation) (Li et al., 2006). However, in practice it

may not be feasible to accurately predict systematic variations due to the lack of

computational resource and/or design information. On the other hand, the random

variation is usually modeled by a statistical distribution. For a process parameter

p, the random part of its inter-chip variation is usually modeled by a Gaussian

probability distribution: (Boning and Nassif, 1999):

δpinter ∼ N(0, σp,inter) (1.2)

where σp,inter is the standard deviation of the inter-chip variation. The Gaussian

distribution of variation is usually truncated at its 3σp,inter value.

Intra-chip variations refer to the parameter variations across identically designed

devices spatially correlated within a single die. Intra-chip variations can arise from

a number of manufacturing sources, especially the projection of variation trends

from the wafer-level to the die-level that lead to location-dependent parameter vari-

ations (Stine et al., 1997), as well as the layout and topology interaction that results

in proximity-dependent and layout-dependent variations (Boning and Nassif, 1999).

The same as inter-chip variation, intra-chip variation can also be decomposed into

systematic and random components, representing the variations that can be modeled

deterministically and the variations that remain unable to be modeled analytically,

respectively.

There have been a number of existing models for intra-chip variations in lit-

erature. For example in (Pelgrom et al., 1989) a mismatch model is proposed to

characterize the variations in identically sized transistors by a global component
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and a local component: the global component is modeled as a random variable

subject to Gaussian distribution whose variance is inversely proportional to the

transistor area, and the local component is modeled as a Gaussian variable whose

variance is dependent on the spacing between devices. In the following part, we

describe the intra-chip variation model proposed in (Liu et al., 2000). For a process

parameter p its intra-chip variation can be decomposed into three components, with

each component representing one source of variability:

δpintra = δglobal + δlocal + ε (1.3)

where δglobal and δlocal denote the systematic global and local components of intra-

chip variation, respectively, and ε is the random component of variation that cannot

be accounted for by either the global component or local component. Both the

global and local components of the variations exert significant influence upon circuit

behaviors and performance metrics.

Assume that the global component has a radial distribution (McQuarrie, 1976),

the global component across the die can be modeled as a simple linear function

which is location-dependent:

δpglobal = δ0 + x · δx + y · δy (1.4)

where δ0 is the horizontal component of the variation, δx and δy are the x-directional

and y-directional components indicating the spatial variations of parameters along

the x and y direction across the die, respectively. Note that (x, y) in (1.4) are the

normalized coordinates across the die. One main cause of the local component is the

interaction between layout design and topology pattern. For example, the under-

lying metal layer density may cause the variation in inter-layer dielectric thickness

(Liu et al., 2000). The global and local components of inter-chip variations both

have considerable impact on circuit performance. The local component can be char-

acterized based on layout pattern extraction and distinct spatial maps. The details

of this modeling approach can be found in (Orshansky et al., 2002). The remaining

variation component ε is usually modeled as a joint Gaussian random variable. All
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random components across the die follow a correlated multivariate normal distri-

bution, as the global systematic variations create a spatially correlated structure of

process variations:

ε ∼ N (0, P ) (1.5)

where P is the covariance matrix of all n process parameters: the diagonal entries of

P matrix denote the self-variances of process parameters; while each of other entry

denotes the covariance between two parameters, as described in (1.6).
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If the parameters are spatially uncorrelated, the covariance matrix becomes a diag-

onal matrix: each of the non-diagonal entry of P matrix will simply be zero. On

the other hand, if there exist spatial correlations among parameters, each of the

non-diagonal entry of captures the covariance between two process parameters.

To model correlated intra-chip variations, one useful approach is to partition

the entire die into a number of grids (Zanella et al., 2000; Chang and Sapatnekar,

2005). The intra-chip variations in the same grid are assumed to be fully corre-

lated, while those in close grids are highly correlated, and those in far-away grid are

weakly correlated or uncorrelated. As shown in Figure 1.5, gate a and gate b are

located in the same grid, and it is assumed that their parameter variations are fully

correlated, i.e. they have always identical variations of process parameters. Gate

a and gate c are located in two neighboring grids and their process parameters are

not identical but strongly correlated. Gate a and gate d are far away from each

other, and their process parameters may be weekly correlated or uncorrelated. In

(Agarwal et al., 2003) the authors proposed another hierarchical approach for mod-

eling correlated intra-chip variations, by using a multi-level partitioning scheme to

hierarchically divide the entire chip into a number of regions. In addition, the au-
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Figure 1.5: Grid-based model for spatial correlation

thors in (Xiong et al., 2007) proposed a robust technique to extract a valid spatial

correlation matrix from measurement data of process parameters.

In addition to process variations, environmental variations also exert great influ-

ence to circuit performances. Different from process parameters, which are usually

assumed to have complete distribution information in statistical estimation and

analysis, for some sources of environmental variability the probabilistic information

may be incomplete: the distribution may be uncertain or even unknown. For ex-

ample, variability in supply voltage and on-chip temperature affects leakage power

super-linearly (Su et al., 2003). An accurate estimate could be generated by char-

acterizing the distribution across the temporal and spatial domains. However, due

to the computational difficulty in performing temporal analysis, the uncertainty in

an environmental parameter is typically represented by the interval information (i.e.

the maximum value and the minimum value) (Ernst et al., 2004).

In (Wang and Orshansky, 2006) the authors first pointed out that such interval-

analysis method only used the range information and would result in an over-

pessimistic prediction of manufacturing yield. The authors addressed this limitation

by suggesting a probabilistic interval-analysis method which has the capability of
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preserving probability information rather than only using the interval information.

Although a complete characterization of supply voltage or on-chip temperature dis-

tribution is practically impossible, the mean value and variance can be estimated

by a Monte-Carlo sampling procedure. Besides, the variability of temperature can

be estimated using logic-level temperature estimators (Skadron et al., 2004). Con-

sequently, it is possible to estimate the statistical moments of environmental param-

eters, which are beneficial to assessing the impact of environmental uncertainties on

parametric yield. Although the probabilistic interval-analysis method incorporates

probabilistic information to estimate the impact of environmental variations, the

prediction result is still pessimistic since the method uses a first-order approxima-

tion for variability estimation. In this dissertation, we propose a novel estimation

approach based upon Chebyshev Affine Arithmetic (CAA), which is capable of gen-

erating more reliable and accurate prediction for parametric yield. The details will

be discussed in Chapter 2.

We now discuss the last sources of parameter variability: temporal variations.

With the scaling of CMOS technology to 45nm node, reliability issues such as

negative bias temperature instability (NBTI) (Paul et al., 2005; Puchner and Hinh,

2004) and electron migration can considerably degrade the circuit performance dur-

ing its operation. In fact, as the gate oxide thickness reaches 4nm, the threshold

voltage (Vth) degradation of the PMOS transistor due to NBTI impact becomes the

limiting factor of the circuit lifetime. NBTI occurs due to the generation of the

interface traps at the Si-SiO2 interface when a negative voltage is applied to the

PMOS device (Bhardwaj et al., 2006). NBTI manifests itself as an increase in the

magnitude of threshold voltage of the PMOS transistor. When the negative volt-

age is removed some of the interface traps can be annealed, resulting in a partial

recovery of threshold voltage. Due to the threshold voltage degradation, NBTI will

eventually result in device aging and therefore shorten device lifetime.

In order to characterize the effect of NBTI in circuit analysis, a number of

models for NBTI-induced threshold voltage degradation have been proposed. In

(Bhardwaj et al., 2006) a predictive model of NBTI effect is proposed to capture
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the dependence of NBTI not only on some key process parameters (e.g. threshold

voltage, supply voltage, etc.), but also on oxide thickness (Tox) and a variety of

diffusing species. (Bhardwaj et al., 2006) has also developed a closed-form model

for the long-term degradation of the threshold voltage as a function of time and

other design parameters. The complete set of the closed-form predictive equations

will be introduced and discussed in Chapter 5.

1.3 Circuit Verification and Validation under Process Variations

The scope of this dissertation is conquering parameter variability and successfully

design an efficient and yet robust IC system. Previous experiences have indicated

that we need to tackle this issue at every design stage for the IC chip. At pre-silicon

verification stage, it is necessary to shorten the verification time and enhance fabri-

cation accuracy. At post-silicon validation stage, it is also required to do thorough

testing and debugging for the fabricated chips. However, even with excessive veri-

fication and validation procedures, there is still no guarantee that the chip will be

perfect. The reality is that defects always exist on a fabricated chip. Therefore, how

to achieve correct operations on imperfect devices is the key target of on-chip vali-

dation. In this section we will briefly overview several classes of analysis techniques

for circuit verification and validation.

Corner-based Method

At early design stage, corner-based method has been widely used in variation-

aware device models for circuit verification. In general, the value of a process pa-

rameter fluctuates within a particular range, and every parameter is assigned with

a lower bound of minimum value and an upper bound of maximum value. A process

corner corresponds to a set of parameter values where each parameter takes the

extreme value, either the minimum or maximum value, within its variation range.

Typical process corners include FF (fast PMOS and fast NMOS), FS (fast PMOS

and slow NMOS), SF (slow PMOS and fast NMOS), and SS (slow PMOS and slow

NMOS). A worst-case/best-case corner is defined as the corner where the process



26

parameters take their extreme values that result in the worst/best behavior. In order

to assess the impact of parameter variation upon circuit performance, corner-based

method evaluates circuit performance at all possible process corners, and conse-

quently determines the worst-case circuit behavior. Although corner-based models

have been widely used in the past, they suffer from the following major limitations

that become increasingly critical in nano-scale technologies.

First, there is no guarantee that the worst-case circuit behavior always occurs

at one of the process corners. Because of the distinct topologies in different circuits,

the performance metrics typically show different sensitivities with respect to process

variations. As a consequence, the worst-case scenario may occur at different process

corners. More importantly, the corner-based method is too conservative, considering

that the worst-case process corner may have a very low probability of occurrence,

which produces an over-pessimistic prediction of worst-case performance. For ex-

ample, suppose there are two process parameters p1 and p2 subject to Gaussian

distributions, and p1 and p2 are uncorrelated. The standard deviations for p1 and p2

are σ1 and σ2, respectively. According to the corner-based method, the worst-case

scenario should be evaluated at the corners located at the 3-sigma values of process

parameters. It is known to all that for Gaussian distribution its 3-sigma value occurs

with a low probability (lower than 0.3%). In case of large number of variational pa-

rameters, the probability of worst-case corner occurrence becomes extremely small

and therefore is not worth attention.

In addition, corner-based models are typically created for inter-chip variations

only, and ignoring intra-chip variations tends to generate a pessimistic or even er-

roneous worst-case estimation for a particular circuit topology and performance

metric. Therefore, intra-chip variation must be carefully considered in corner-based

worst-case estimation. Last, this method is very computationally intensive. As

the number of variational parameters continues to increase, the number of process

corners to consider grows exponentially, and accordingly the design complexity in-

creases rapidly. It is not practically feasible to enumerate all process corners in case

of large number of design parameters.
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Monte-Carlo Method

Monte-Carlo approach is a very useful statistical simulation method for circuit

verification. Monte-Carlo approach relies on repeated random sampling to pre-

dict the effect of parameter uncertainty on circuit performance (Robert and Casella,

1999). This approach is an iterative process where each iteration consists of a sam-

pling step and a simulation step. The sampling step relies on the distribution of

parameter variations to generate a set of sampled values for all associated param-

eters. Based upon the randomly sampled values, the simulation step then runs a

circuit simulation to verify the corresponding circuit response. By repeating the

sampling step and simulation step, Monte-Carlo approach is capable of predicting

the statistical distribution of circuit performance fluctuations. The Monte-Carlo

approach is very accurate in case of large number of simulation runs, however, the

computation cost to achieve good accuracy is high. For a typical ASIC (Application-

Specific Integrated Circuit) chip with 25 million gates, 4000 Monte-Carlo simulation

runs take at least 6 months to complete the full-chip verification. Therefore, Monte-

Carlo approach is highly computationally expensive, and is not practical even for

medium-size integrated circuits.

Improved Fast Sampling Method

Due to the computation intensity of Monte-Carlo approach, a number of tech-

niques have been proposed to reduce the sampling size and computation cost.

For example, the Latin hypercube sampling (LHS) method, first proposed in

(McKay et al., 1979), is commonly used to reduce the number of runs necessary

for a Monte-Carlo simulation to achieve a reasonably accurate distribution. In LHS

method, the range of each parameter is divided into K non-overlapping intervals of

equal probability 1/K. One value is randomly selected from each interval according

to the probability density of the interval. Specifically, suppose there are N parame-

ters (x1, x2, · · · xN ), the K selected values of x1 are paired with the selected values

of x2 in a random manner, similarly these pairs are then paired with selected values

of x3, and finally a combination of N samples is formed for N parameters. In this

way, LHS method uses a so-created cube with KN cells to cover the sample space.
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The maximum number of combinations for a Latin Hypercube of K divisions and

N parameter is calculated by the following equation:

(
K−1∏

i=0

(K − i)N−1 = (K)N−1

)

. (1.7)

Generally speaking, LHS method is a particular Monte-Carlo sampling method that

generates random samples conforming to statistical distributions of parameter vari-

ations. In Monte-Carlo method the sample points are randomly selected without

taking into account the previously generated sample points, while LHS method first

splits the distribution of parameter variations and decides the required number of

sample points, and then selects sample values in the divided intervals.

Importance sampling is another sampling method for boosting up the speed

of brute-force Monte-Carlo approach (Srinivsan, 2010). The purpose of importance

sampling method is to obtain accurate estimates of statistical moments with smaller

number of samples than in Monte-Carlo sampling method. The idea behind impor-

tance sampling is that certain values of parameter variations have more impact on

the performance metrics than others. If these so-called “important” values are sam-

pled more frequently, then the variance of performance estimation can be reduced.

The fundamental issue in importance sampling is the choice of an alternative distri-

bution which emphasizes the important values. Suppose that a performance metric

can be expressed as a function of design parameters, and is denoted by f(X). In-

stead of choosing sample points from the original variation distribution, LHS chooses

sample points from an alternative distribution concentrating on the most important

values to estimate performance expectation:

Ef [f(X)] =

∫

f(x)p(x)dx =

∫

f(x)
p(x)

q(x)
︸︷︷︸

=ω(x)

q(x)

=

∫

f(x)ω(x)q(x)dx = Eg [f(X) · ω(x)] (1.8)

where p(x) and q(x) are the probability density functions of the original distribu-

tion and the alternative distribution, respectively. If the alternative distribution
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is properly selected, the variance of the importance sampling estimate can be less

than the variance obtained when sampling directly from the original distribution.

Therefore, to achieve the same estimate variation, LHS method uses fewer sample

points chosen from the important region compared with Monte-Carlo approach that

performs random sampling over the entire variation range.

Despite of all these efforts to reduce the computation intensity of Monte-Carlo

method, we still need a large number of random simulations in order to achieve a

desirable accuracy of prediction results, which prohibits these techniques from being

used for efficient circuit verification and optimization.

Statistical Analysis Method

To address the problem of heavy computation burden in corner-based method

and Monte-Carlo approach, some statistical analysis methods have been proposed

to analyze circuit performance with acceptable computation cost. The basic idea

of these approaches is to characterize the statistical properties of parameter varia-

tions, and to predict the statistical distribution of circuit performance by employing

stochastic techniques. For this purpose, design parameters are modeled as random

variables in order to capture the uncertainty of process parameters. As a result,

circuit performance has to be analyzed and predicted as a perturbation-based vari-

ational function of random variables. For example in leakage analysis, the leakage

current is modeled as an exponential function of process and environmental param-

eters, whose variations are random variables. As a result, the leakage dissipation is

computed statistically on a set of random variables. The statistical characteristics

of variation-caused leakage fluctuations, such as the probability density function

(PDF) and moment estimators (i.e. mean and variance, etc.), can be obtained ac-

cordingly, and leakage power yield can be therefore determined from the distribution

estimation. Similarly in statistical timing analysis, the propagation delay of each

gate is usually modeled as a posynomial of design parameters, with all parameter

variations modeled as random variables. The timing metric will be then evaluated

statistically and the timing yield information can be obtained from the predicted

distribution of timing metric.
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One popular method in statistical circuit analysis is called propagation of vari-

ance (POV). This method first calculates the local sensitivity of each parameter,

and uses the sensitivity information to predict mean value and variance of circuit

performance propagated from parameter variations. This method is fast in general,

however, the use of local sensitivity is only applicable in case of small perturba-

tions around the nominally design values. As parameter variability continues to get

worse, the POV method fails to provide accurate estimation results. To overcome

this limitation, we propose a new method that employs the concept of uncertainty

importance to statistically evaluate the impact of parameter uncertainty on circuit

performance. The details of this new method will be discussed in Chapter 3.

Principal Component Analysis

It is worth introducing a useful method, Principal Component Analysis (Seber,

1984), for handling spatial correlations among parameter variations. Most statisti-

cal analysis methods are able to handle uncorrelated random variations efficiently,

however, in the presence of spatial correlations, the analysis and computation pro-

cedure will be much more complicated. Principal component analysis (PCA) is a

mathematical procedure that uses an orthogonal transformation to convert a set of

correlated parameters into a set of uncorrelated variables.

Given N design parameters X = [x1, x2, · · · , xN ], with parameter variations

around their nominal values:

δX = X −X0 = [δx1, δx2, · · · , δxN ] , (1.9)

where X0 denote the nominal parameter values. The variation part δX is usually

approximated as a multi-dimensional random variable subject to a joint Gaussian

distribution. As introduced in Section 1.2, the correlations among parameter varia-

tions can be represented by the covariance matrix P . PCA method decomposes the

covariance matrix as follows:

P = Z · Λ · ZT , (1.10)

where Λ = diag (λ1, λ2, · · · , λN) is a diagonal matrix including all the eigenvalues

of P matrix, and Z = [Z1, Z2, · · · , ZN ] contains the corresponding eigenvectors.
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Following above decomposition procedure, PCA method uses Λ and V to define a

set of new random variables by:

δY = Λ− 1
2 · ZT · δX. (1.11)

These newly generated random variables in (1.11) are called principal compo-

nents. In (Seber, 1984) it is verified that all principal components in δY =

[δy1, δy2, · · · , δyN ] are uncorrelated and they conform with a standard Gaussian

distribution with zero mean and unit standard deviation. In addition, all elements

in δY = [δy1, δy2, · · · , δyN ] are mutually uncorrelated. The fundamental idea of

PCA method is an orthogonal linear transformation that transforms the original

random variables to a new coordinate system such that the projections of original

variables are mutually independent. More details of PCA method can be found in

(Seber, 1984).

A number of circuit analysis techniques for pre-silicon verification have been dis-

cussed. To summarize, the corner-based methods are too pessimistic, and tend to

generate over-constrained estimation results. As an alternative, Monte-Carlo meth-

ods can produce accurate results, however, Monte-Carlo approaches (as well as the

improved fast sampling techniques) suffers from a different drawback of expensive

computation cost, which prohibits these approaches from being universally used

in circuit analysis. In contrast to these methods, statistical methods dealing with

parameter variation provide possible solutions to achieve both good accuracy and

computation efficiency at early design stage of circuit analysis and verification.

Once pre-silicon verification has been completed, the designs will be delivered to

fabrication, where prototype chips are produced, and post-silicon validation proce-

dure starts after the fabricate process. As an example, the triple module redundancy

(TMR) scheme uses three identical testing blocks to perform the same task with cor-

responding outputs being compared through a voting system. In (Ernst et al., 2005)

the authors proposed the Razor approach that uses shadow latches to compare sig-

nal differences and detect errors in the circuit. The fundamental idea of above two

validation methods is to improve robustness by introducing redundancy. The key
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problem of post-silicon validation is the high validation cost, which is predicted to

grow even faster than the design cost. Although some promising works have been

developed in post-silicon validation area, there is no guarantee that all faults on the

chip could be discovered with a reasonable cost, and post-silicon validation methods

will not be considered in this dissertation. Alternatively, it is critical to develop

fault-tolerant strategies to deal with imperfect chips with faulty modules.

One potential solution is on-line tuning of workload assignments and operating

conditions. In order to facilitate on-line adjustment, real-time monitoring of cir-

cuit behaviors is required to determine whether the circuit performs as expected.

In addition, since all sources of variations have been characterized and estimated

in pre-silicon stage, the verification results will be incorporated to determine the

headroom for the device to be adjusted. Take gate delay for example. Gate delay

can be affected by environmental parameters including supply voltage and on-chip

temperature, as shown in Figure 1.6. Suppose that due to temperature variation,

d to find out how much we need to adjust

d to take actions (voltage scaling, frequency ad
temperature cooling) automatically and at realtemperature cooling) automatically and at real

You can  enh

robustness

the supply vthe supply vD
E
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Y
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Figure 1.6: Gate delay affected by supply voltage and on-chip temperature

when supply voltage is set to be 1.0V, the delay metric is determined to be 30ps,

which has been shifted from its expected value 20ps. Timing errors may occur due

to such delay shift. One action can be taken to avoid timing errors: by scaling up the

voltage level to 1.2v, the delay value has been changed back to its expected design

value 20ps. According to this example, obviously we can enhance circuit robustness
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by tuning its operating condition. If circuit behaviors have been well studied and

characterized in the pre-silicon stage, we are capable of tuning its operating condi-

tions based on the knowledge obtained in early design stage. This is the basic idea

of on-line self-tuning strategies for on-chip circuit validation. In Chapter 5 we will

discuss an on-line workload balancing strategy for multi-core systems considering

NBTI-induced device aging effect. In Chapter 6 an on-line self-tuning methodol-

ogy will be proposed to achieve computational reliability and energy efficiency in

application-specific multi-core systems through co-development of scheduling algo-

rithms, device characteristics and circuit designs.

1.4 Research Contributions and Dissertation Outline

In modern chip design, circuit performance is significantly impacted by parameter

variations, including process variations, environmental uncertainties and temporal

variations. The presence of these variation sources makes it more challenging to

achieve a robust and efficient design vulnerable to parameter variations. This dis-

sertation aims at the statistical modeling and prediction of parameter variations

and uncertainties, and proposes efficient statistical analysis methods for robust and

low-power designs under the impact of parameter variations. Previous experiences

have indicated that we need to tackle this issue at every design stage for the IC

chip. This dissertation focuses on the robust techniques and strategies for pre-

silicon verification and on-chip validation. Specifically, the research contributions of

this dissertation can be described as follows:

(a). Robust yield prediction based on Chebyshev Affine Arithmetic (CAA)

methodology: in modern circuit design it is increasingly difficult to achieve reli-

able prediction of parameter yield, because of the lack of complete descriptions of

parameter uncertainty. In addition, many existing yield prediction methods are

inadequate in handling correlation among parameter variations. This dissertation

suggests a new prediction approach under limited descriptions of parameter uncer-

tainty. We introduce the CAA methodology to approximate parameter variations
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and predict probability bounds for leakage dissipation under parameter correlations.

For process and environmental parameters, both fully- and partially-specified, CAA

methodology is capable of creating a piece-wise linear probability bounds (PLPB)

representation to estimate parameter uncertainty. In addition, CAA method fur-

ther reduces the leakage model to a series of affine operations. Then by employing

the PLPB representations, a reliable probability bound for leakage power can be

predicted under the assumption of unknown correlations among parameters.

(b). Robust circuit performance prediction based on uncertainty importance: as

the feature sizes of CMOS device continue to shrink, process variation becomes the

leading cause of CMOS-based analog circuit failures; a mere 5% variation in tran-

sistor feature size can make the circuit stop functioning. Corner-based methods and

Monte-Carlo approaches are useful to predict variation-caused performance fluctua-

tions, however, these methods are very computationally expensive as the prediction

relies on large number of repeated simulations. To address this problem, we propose

a novel efficient prediction framework for analog circuit performance under process

variations. The new method defines the concept of uncertainty importance to statis-

tically evaluate the influence of parameter variability on circuit performance. Based

upon the importance data, circuit behavior can be predicted by only evaluating

those most important elements. Integrated with the CAA methodology, this predic-

tion framework is capable of estimating both performance bounds and probability

bounds for a particular circuit response.

(c). Robust gate sizing by ElasticR model: robust gate sizing is an important

step in circuit design automation because it allows to explore the trade-off between

circuit performance and system cost. Therefore, how to achieve an accurate estima-

tion of gate size variations is the dominant concern in gate sizing problems. This

dissertation proposes a new uncertainty model called ElasticR model for parame-

ter variation characterization. In contrast to previously used Uncertainty Ellipsoid

(UE) method, this new model allows a varying size of uncertainty set to estimate

parameter variability, and therefore captures gate size variations in a more accurate

way. The ElasticR model requires no pre-determined information about parame-
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ter correlations, because the size of the USOC estimation region is changeable and

adaptive. By employing the USOC model to characterize parameter variations, the

robust gate sizing problem can be formulated into a standard geometric program

(GP), and therefore can be efficiently solved by existing GP tools.

(d). On-line workload assignment considering NBTI-degradation: new reliability

concerns have emerged in nano-scale devices as a result of the rapid technology

scaling, such as negative bias temperature instability (NBTI) effect. NBTI may

result in a time-dependent variation in threshold voltage, and further lead to circuit

performance degradation as well as short device lifetime. In this dissertation we

have developed a dynamic workload balancing framework for multi-core systems

under the impact of NBTI effect. By evaluating the performance fluctuation due

to NBTI-induced parameter variations, we define the concept of capacity rate to

quantify the diversity of core’s performance, which will be further incorporated as

a constraint in workload assignment. Based on core’s capacity rate, a Dynamic

Zoning (DZ) algorithm is applied to partition the multi-core system into different

zones for processing tasks. In addition, an on-line Dynamic Task Scheduling (DTS)

algorithm is proposed to determine the optimal task schedule by formulating the

workload balancing problem into a mixed integer program (MIP).

(e). On-line self-tuning design for power-efficiency: this dissertation also suggests

an on-line self-tuning strategy for multi-core systems coping with aging-effected de-

vices. The new methodology incorporates intrinsic characteristic curves of devices,

such as aging-duty cycle and aging-supply voltage relationships, to achieve low

energy consumption in application-specific multi-core platforms. The self-tuning

scheme defines a new concept of competitive index to indicate core’s status and

ability. Core’s competitive index is evaluated based upon their real-time behaviors

and operating conditions. A new dynamic task scheduler is proposed to assign work-

load according to the competitive indices of different cores. The end result is the

optimal operating condition (supply voltage and operating frequency) for each core

such that the multi-core system runs at low energy level with good robustness. The

experimental results show that the self-tuning strategy achieves power-efficiency and
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reliability improvement with graceful performance degradation.

The first three contributions can be attributed to robust techniques for statistical

prediction of parameter variations and performance fluctuations. These techniques

provide possible solutions to achieve both prediction accuracy and computation effi-

ciency at pre-silicon verification stage. The last two contributions can be attributed

to dynamic on-line tuning of workload assignment and operating conditions con-

sidering device aging effects in multi-core systems. These two on-line techniques

are beneficial to alleviating time-dependent degradation of device performance and

extending device lifetime.

The dissertation is organized as follows: Chapter 2 discusses the robust yield

prediction scheme under limited descriptions of parameter uncertainties. A novel

CAA methodology is introduced to represent parameter variations and predict the

probability bounds for leakage power fluctuations. Chapter 3 introduces the concept

of uncertainty importance and the prediction framework for circuit performance

based on the importance of uncertainties. Chapter 4 introduces the new ElasticR

model to characterize parameter variations and discusses how to use this uncertainty

estimation model to solve robust design problems. Chapter 5 and Chapter 6 propose

two on-line tuning strategies under the impact of NBTI-induced aging effect in multi-

core systems. Finally Chapter 7 concludes the whole dissertation.
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CHAPTER 2

ROBUST YIELD PREDICTION BASED ON CHEYSHEV AFFINE

ARITHMETIC

This chapter proposes a robust technique for parametric yield prediction under lim-

ited descriptions of parameter uncertainties. Circuit performances, such as leakage

power and gate delay, are significantly affected by parameter variations, therefore, it

is important to achieve robust and accurate yield prediction in early stage of IC de-

sign. Due to the hard-to-measure distributions of real process data, it is difficult to

provide accurate parametric yield prediction for modern circuit design. Most exist-

ing approaches are not able to handle the uncertain distribution properties coming

from the process data. Other approaches are inadequate in considering correlations

among the distributions of variations. This chapter suggests a new approach that

not only takes care of correlations among distributions but also provides a low-

cost and efficient computation scheme. The proposed method approximates the

parameter variations with Chebyshev affine arithmetic (CAA) to capture both the

uncertainty and nonlinearity in a cumulative distribution function. The CAA-based

probabilistic range presentation describes, both fully and partially, specified process

and environmental parameters. Thus, we are able to predict the probability bounds

for leakage consumption with unknown dependencies among variations. The end

result is the chip-level parametric yield estimation based on leakage prediction. Ex-

perimental results demonstrate that the new approach provides a reliable bound

estimation, which leads to a 20% yield improvement compared with only using the

intervals of partially specified uncertainties.
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2.1 Introduction

In modern circuit design, it is increasingly difficult to achieve reliable prediction

of parametric yield for a specific design. A significant reason is that existing yield

estimation methods rely on the hard-to-measure distributional properties of the

process data. One example is leakage power which becomes a major issue when

scaling down to submicron technology nodes. To be more specific, a 30% variation

in the effective channel length could cause over 20x fluctuations in leakage current

(Rao et al., 2004; Su et al., 2003; Raychowdhury et al., 2004). Therefore, it is very

crucial to develop an efficient and accurate performance estimation framework to

provide reliable yield prediction.

One obstacle in yield prediction is the mismatch between the fundamental fea-

tures of practical IC design processes and the assumptions made to carry on research

in the related area. The real process data is neither complete nor well understood. It

may not behave as normal distribution as assumed in a number of papers. Wang and

Orshansky were the first ones who pointed out this problem (Wang and Orshansky,

2006). The authors addressed the limitations of existing methods and suggested

a probabilistic interval analysis method which has the capability of preserving the

notion of probability compared with the pure interval analysis approaches.

However, as pointed out in (Ma and Rutenbar, 2007), the interval analysis ap-

proach uses first order approximation to estimate the impact of variations. Not

only the probability information is not incorporated in each operation, nonlinear

dependency of performance on parametric variations is always either overestimated

or underestimated. Moreover, correlation situations are handled in over-optimistic

manner. This situation is getting worse in the leakage power prediction case. To

illustrate, the leakage current, in general, is modeled as an exponential function of

variation parameters, e.g. effective channel length Leff and threshold voltage Vth. An

interval analysis method with first order approximation of an exponential function

will definitely lead to inaccurate predictions. In addition, putting leakage current

equations into interval analysis format ignores probability of each parameter and
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thus further deteriorates the overall yield prediction.

This work overcomes the aforementioned limitations by introducing a new

Chebyshev Affine Arithmetic (CAA) based formulation. The proposed method al-

lows the preservation of probability while captures nonlinearity of the predicted

performance, i.e. leakage consumption. It enables robust prediction of timing-

and power-limited parametric yield. In addition, CAA based method also permits

representations describing correlated, fully or partially specified parameter varia-

tions. It approximates a nonlinear function by a piece-wise linear function with

the representation of a random variable as a family of distributions, i.e., bounds

for cumulative distribution functions (CDF), and therefore can work with a wider

class of uncertainty models. During each operation, the new approach finds the up-

per and lower bounds of CDF instead of computing probabilities by discretized P-

box (Wang and Orshansky, 2006; Reagan et al., 2004; Williamson and Downs, 1990;

Berleant et al., 2003). This new approach divides the whole range of a random vari-

able into several intervals and approximates the random variable’s CDF in piece-wise

linear formulation. We name the probability box as Piece-wise Linear Probability

Bounds (PLPB). The CAA based framework can be easily extended to other circuit

and CAD applications, as long as the similar issues exist: 1) uncertain distribution

of process data. 2) unknown correlations among parameter variations.

The proposed CAA methodology is verified in chip-level parametric yield pre-

diction. Experimental results are promising. In most cases, not only the accuracy

is guaranteed because of the high accuracy of CAA approximation, the efficiency is

also improved as we only use “Add” and “Subtract” operations in most situations.

Experimental results show that our CAA based method is able to reliably predict

the chip-level parametric yield and improve the estimation by evaluating the impact

of environmental uncertainties. The proposed method leads to about 20% improve-

ment in the mean value prediction of total leakage current, compared with interval

analysis.

This chapter is organized as follows. Section 2.2 describes the new CAA based

robust estimation methodology. Section 2.3 presents the new mathematical formu-
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lation of CDF computation procedure. Then Section 2.4 demonstrates how to apply

the new CAA based method to chip-level leakage model and yield estimation. Ex-

perimental results are included in Section 2.5. Finally Section 2.6 concludes this

chapter.

2.2 Chebyshev Affine Arithmetic Based Random Variable Presentation and Com-

putation

Affine Arithmetic (AA) (Stolfi and Figueiredo, 1997) is a methodology for range

analysis, which is used to solve range estimation problems in the presence of un-

certainties. In this work, we apply affine arithmetic to handle random variable

computation and nonlinearity estimation. In affine arithmetic, the uncertainty of a

partially specified variable x is represented by a first order affine form x̂:

x̂ = x0 + x1ε1 + x2ε2 + · · ·+ xnεn. (2.1)

The quantity x0 is called the central value (mean). Each εi is called an uncertainty

symbol or a variation symbol, which stands for an independent component of the

total fluctuation from the central value. The value of the symbolic variable εi may

be unknown, but is assumed to lie in a certain interval with E[εi] = 0. The coef-

ficient xi is so-called partial deviation which gives the magnitude of corresponding

component εi. Note here that in our yield estimation framework, variation symbols

will represent parameter variations, including process variations and environmental

uncertainties. Central value will denote the nominal value of corresponding parame-

ter. Following this presentation, we can conveniently transform parameter variations

into affine forms.

With random variables represented in affine forms, we need to further evaluate

the arithmetical operations with these variables in affine forms. In general, AA

operations can be classified into two categories: affine operations and non-affine

operations.

Let us start with a bivariate AA operation z ← f(x̂, ŷ). This is a procedure that
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returns an affine form for z in terms of x̂, ŷ. By definition,

x =x0 + x1ε1 + · · ·+ xnεn

y = y0 + y1ε1 + · · ·+ ynεn

for variation symbols of ε1, · · ·, εn. Accordingly, the variable ẑ is a function of these

εi, given by

z = f(x̂, ŷ) = f(x0+x1ε1+· · ·+xnεn, y0+y1ε1+· · ·+ynεn)

Our task is to find an affine form ẑ = z0 + z1ε1 + · · ·+ znεn to substitute f(x̂, ŷ) in

(2.2).

If the operation f itself is an affine function of x̂ and ŷ, then (2.2) can be simply

expanded into an affine combination of the variation symbols εi. For any constant

value α, ζ :

x̂± ŷ = (x0+y0) + (x1+y1)ε1 + · · ·+ (xn+yn)εn

αx̂ = (αx0) + (αx1)ε1 + · · ·+ (αxn)εn (2.2)

x̂± ζ = (x0 ± ζ) + x1ε1 + · · ·+ xnεn

The above set of equations indicates that an affine operation provides an affine form

without any computation error.

However, it is more complicated for non-affine operations. A non-affine operation

ẑ ← f(x̂, ŷ) is described by:

z = f(x0+x1ε1+· · ·+xnεn, y0+y1ε1+· · ·+ynεn) = f ∗(ε1, · · · , εn) (2.3)

If f ∗ itself is not affine, then z cannot be exactly an affine combination of the

variation symbols εi. In this situation, a suitable and effective approximation for f ∗

is necessary. One way is to choose certain affine function in terms of εi, namely

fa(ε1, · · · , εn) = z0 + z1ε1 + · · ·+ znεn

to approximate f ∗(ε1, · · · , εn) over a given domain. Besides, an extra independent

term is introduced to represent the approximation error. Thus, (2.3) becomes

ẑ = fa(ε1, · · · , εn) = z0 + z1ε1 + · · ·+ znεn + zkεk (2.4)
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where zkεk denotes the approximation error term mentioned above:

e∗(ε1, · · · , εn) = f ∗(ε1, · · · , εn)− fa(ε1, · · · , εn).

The variation symbol εk (guaranteed to lie in the interval [−1, 1]) is induced in

the approximation procedure, and thus should be independent of all other existing

variation symbols.

Again, variation symbol εk must be distinct from all other variation symbols that

already appeared in the same computation. The coefficient zk must be an upper

bound on the absolute magnitude of e∗. That is,

|zk| ≥ max |e∗(ε1, · · · , εn)| (2.5)

Notice that the substitution of zkεk for e∗(ε1, · · · , εn) implies that from this point

on, the noise symbol εk will be implicitly assumed to be independent of ε1, · · · , εn,

whereas in fact εk may be a function of ε1, · · · , εn.

Now let us focus on how to obtain the most appropriate approximation expres-

sion. There are n+1 degrees of freedom in the choice of the affine approximation fa

(Stolfi and Figueiredo, 1997). In general, for the purpose of simplicity and efficiency,

we only consider the approximations fa which themselves are affine combinations

of input arguments x̂ and ŷ (Stolfi and Figueiredo, 1997), that is,

fa(ε1, · · · , εn) = αx̂ + βŷ + ζ. (2.6)

Thus, we need to determine the optimal coefficients in (2.6), α, β and ζ , to guar-

antee the accuracy if affine approximation. According to Chebyshev approximation

theory (Stolfi and Figueiredo, 1997), Chebyshev approximation is the optimal affine

approximation that minimizes the maximum absolute error.

Intuitively, Figure 2.1 shows that Chebyshev approximation achieves the mini-

mum absolute difference from a given function, which gives smallest perturbation of

approximation error. As an example, for univariate function ẑ ← f(x̂), Chebyshev

approximation (minimax affine approximation) follows Theorem 1.

Theorem 1 (Pearson, 1983) Let f be a bounded and continuous function from

some closed and bounded interval I = [a, b] to R. Let h be the affine function that
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best approximates f in I under the minimax error criterion. Then, there exist three

distinct points u, v and w in I where the error f(x)−h(x) has maximum magnitude;

and the sign of the error alternates when the three points are considered in increasing

order.

Theorem 1 states the existence of Chebyshev affine approximation, particularly

for univariate function ẑ ← f(x̂). It can be easily extended to multi-variate cases.

Theorem 2 provides an algorithm to find optimal coefficients α and ζ for Chebyshev

approximation.

Theorem 2 (Stolfi and Figueiredo, 1997) Let f be a bounded and twice differ-

entiable function defined on some interval I = [a, b], whose second-order derivative

f ′′ does not change sign inside I. Let fa(x) = αx + ζ be its Chebyshev affine

approximation in I. Then:

• The coefficient α is simply (f(b)−f(a)) / (b−a), which is the slope of the line

r(x) that interpolates the points (a , f(a)) and (b , f(b)).

• The maximum absolute error will occur twice (with the same sign) at the

endpoints a and b of the range, and once (with the opposite sign) at every interior

point u of I where f ′(u) = α.

• The independent term ζ is such that αu + ζ = [f(u) + r(u)] /2, and the maxi-

mum absolute error is δ = [f(u)−r(u)]/2.

Therefore, for univariate approximation ẑ ← f(x̂), as long as we can determine

point u where f ′(u) = α, coefficients α and ζ can be easily derived. Figure 2.1

illustrates the geometrical interpretation of Chebyshev approximation. The shaded

parallelogram is the range of univariate Chebyshev approximation. The dash line

denotes the affine approximation equation αx̂+ζ , with a perturbation of approxima-

tion error zkεk in (2.4). Clearly, Chebyshev approximation guarantees the smallest

area of this parallelogram by minimizing the approximation error δ. Hence, Cheby-

shev approximation achieves the minimum absolute difference from a given function,

which gives minimum approximation error. According to (2.4), we can express ẑ in
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following affine form explicitly:

ẑ = αx̂ + ζ + δεk

= (αx0 + ζ) + (αx1)ε1 + · · ·+ (αnxn) + δεk (2.7)

where εk is the newly introduced variation variable to represent approximation error.

Figure 2.1: Geometry of affine approximation (Stolfi and Figueiredo, 1997)

2.3 CAA Based Dependency Bounds Computation

This section introduces a framework for distribution function approximation. With-

out knowing the dependency among variation sources, this framework predicts

performance bounds with correlations among variations. As a key part of this

framework, Chebyshev approximation extracts probabilistic representation for per-

formance functions and introduces low computation compared with other existing

strategies.

2.3.1 P-box Representation

As a very first step, an accurate probabilistic representation for uncertainty is cru-

cial. Generally, a fully specified random variable can be described by its Cumulative



45

Distribution Function (CDF) (Feller, 1968). While a partially specified random vari-

able may be represented by a family of CDFs or a p-box (Ferson et al., 2002).

Definition 1 (Ferson et al., 2002): F and F are non-decreasing functions from

R to [0, 1], and F ≤ F , x ∈ R. A p-box, denoted by [F, F ], is defined as a set

of imprecisely known cumulative distribution functions, F (x) = P (X≤x), where

F (x)≤F (x)≤F (x).

A p-box includes both upper and lower bounds for a random variable’s Cumula-

tive Distribution Function. It is possible to provide a robust description of random

variable even with unknown distributions. This means that, if [F , F ] is a p-box for

a random variable X whose distribution F is unknown but within the p-box, then

F is a lower bound on F (x) which is the probability that the random variable X

is smaller than x. Likewise, F (x) is an upper bound on the same probability. For

example, X may denote power supply voltage variable Vdd which is an environmen-

tal parameter with variation. For any fixed value xi, the probability of this supply

voltage to be lower than xi is bounded by F (xi) and F (xi):
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Figure 2.2: P-box is a probability box consisting of a left and right bound

As shown in Figure 2.2, F is the upper bound while F is the lower bound.

The dash line in Figure 2.2 verifies this point. Here, x = xi. It is obvious that

F (x=xi) ≥ F (x=xi).

F (xi) ≤ Prob(X≤xi) ≤ F (xi) (2.8)
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For a partially specified random variable, given necessary statistical metrics

(e.g. mean value and variance) as well as variable range, we can successfully con-

struct a p-box by applying one-sided Chebyshev inequality and Cantelli inequality

(Wang and Orshansky, 2006). Therefore we are able to deal with a variety of non-

Gaussian distribution.

During the early design phase, the statistic metrics, such as mean value and

variance can be estimated for parameter variation. Besides, as long as the variable

interval is available, with the knowledge of mean, variance and range information

we can convert the variable uncertainty into p-box representation. This can be done

using a sophisticated generalization of the one-sided Chebyshev inequality (Feller,

1968) and Cantelli inequality (Godwin, 1964) which enables computing bounds of

the cumulative probability. The upper bound for the cumulative probability of a

random variable is:

P (X ≤ x) = 0, x < X

P (X ≤ x) ≤ 1
1+(µ−x)2/σ2 , X ≤ x < µ + σ2

µ−X

P (X ≤ x) ≤ 1− m2−my+s2

1−y
, µ + σ2

µ−X
≤ x < µ + σ2

µ−X

P (X ≤ x) = 1, µ + σ2

µ−X
≤ x

where [X, X] is the range of this variable, µ and σ2 denote the mean and variable,

y = (x−X)/(X −X), m = (µ−X)(X−X), and s2 = σ2/(X−X)2. Similarly, the

lower bound is given by:

P (X ≤ x) = 0, x < µ + σ2

µ−X

P (X ≤ x) ≥ 1− m(1+y)−s2−m2

y
, µ + σ2

µ−X
≤ x < µ + σ2

µ−X

P (X ≤ x) ≥ 1

1+ σ2

(x−µ)2

, µ + σ2

µ−X
≤ x < X

P (X ≤ x) = 1, X ≤ x

Figure 2.3 shows a p-box for the uncertainty of a partially-specified random

variable, which in fact represents all distributions with the same mean, variance, and

range. This extracted p-box can be easily transformed into PLPB representation

displayed in the figure.
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Figure 2.3: Constructing a p-box using the knowledge of mean, variance and range
information

2.3.2 P-box Linearization using Chebyshev Approximations

P-box is the basic notion of this work. It models all parametric variabilities

and operations. While CDF is the most general probabilistic representation for

fully-specified random variables, p-box is regarded as an appropriate presenta-

tion for partially-specified variables. Traditional p-box computation framework

(e.g. (Wang and Orshansky, 2006; Reagan et al., 2004; Williamson and Downs,

1990; Berleant et al., 2003)) employs a discretization scheme on parameter’s CDF

to obtain p-box representation. To be more specific, given a fully-specified random

variable X with its CDF function, the function FX(x) is discretized into stepwise

functions, a left bound FX(x) and a right bound FX(x) both with a number of steps

as illustrated in Figure 2.4. According to this scheme, a partially-specified random

variable with p-box representation gives stepwise functions for both upper and lower

bounds of cumulative probability as displayed in Figure 2.5. Different from these

traditional p-box discretization schemes, we divide the interval of a certain random

variable into several sub-intervals, apply Chebyshev approximation to Cumulative

Distribution Function for each sub-interval, and construct the CDF bounding func-

tions in piece-wise linear format. This novel piece-wise p-box based method is thus
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Figure 2.5: Discretization on probability box

referred to as Piece-wise Linearized Probability Bounds (PLPB). The rest part of

this section first introduces how to obtain the PLPB representation using Cheby-

shev approximations and then explains why PLPB is a better representation than

traditional discretization method.

As cumulative probability is continuous and non-decreasing, to accurately reflect

this property, PLPB determines the end-point for each sub-interval with the same

amount of error perturbation from Chebyshev approximation (i.e. the δ value in

(2.7)). Consequently, PLPB is also continuous and non-decreasing. Moreover, it

helps to manipulate the estimation error in an acceptable range. Since the estimation
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error will unavoidably accumulate in approximation procedure, when there are many

different non-affine operations in depth. Generally speaking, the more sub-intervals

we divide into, the smaller error perturbation Chebyshev approximation induces.

PLPB is applicable to both fully-specified and partially-specified random vari-

ables. Known a fully-specified random variable with its CDF, PLPB formulation

may be directly applied with Chebyshev approximation (as illustrated in Figure

2.6). Given a random variable already in p-box representation, applying Chebyshev

approximation to the upper and lower bound of existing p-box offers corresponding

PLPB (refer to Figure 2.7).

x

XF

XF

CDF
PLPB

C
u
m

u
la

ti
v
e 

 P
ro

b
ab

il
it

y

XF

Figure 2.6: Performing Chebyshev approximations on CDF to obtain PLPB repre-
sentation

Given a random variable already in p-box representation, Applying Chebyshev

approximations to the upper bound and lower bound of existing p-box (as shown in

Figure 2.7) offers corresponding PLPB.

PLPB is a better representation for probability compared with traditional dis-

cretized p-box. Figure 2.8 illustrates both the discretized p-box and the PLPB ex-

pression for the same probability box. The traditional p-box scheme keeps constant

in each sub-interval and thus is discontinuous. On the contrary, PLPB holds the

property of continuity and provides an impressive low computation cost as well as

high accuracy. This is because CDF is a continuous and slowly increasing function.

We can always extract corresponding PLPBs with fewer number of sub-intervals
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Figure 2.7: Performing Chebyshev approximations on p-box to obtain PLPB repre-
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than p-box.
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Figure 2.8: Discretization method vs. PLPB representation

2.3.3 Probability Bounds Computation

The main objective of this work is to predict performance bound such as the bound

for leakage current. At chip-level, leakage current follows an exponential function

with regard to process variation parameters. Chebyshev approximation transforms

this non-affine operation, e.g. quadratic and exponential function, to a series of affine

operations. The resultant affine operations, usually also referred to as binary opera-

tions and denoted by ∗, with ∗ ∈ {+,−,×,÷}, are applied to probability bound com-
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putation step by step. Previous works (Reagan et al., 2004; Williamson and Downs,

1990) also pointed out that these affine operations are valid to a group of random

variables with unknown relationships among them.

Let us explain how to compute probability function bounds. Given two random

variables X and Y in PLPB representation: a left (or upper) bound F X and right

(or lower) bound F X for random variable X, and F Y and F Y for B respectively.

Z = X ∗ Y is a function with ∗ ∈ {+,−,×,÷}. The relationship between X and Y

may be known or unknown. Let F (−1) and F
(−1)

denote the lower and upper bounds

of the inverse CDF for Z respectively. According to (Williamson and Downs, 1990),

for “Add” or “+” operation, these bounds can be derived from the CDF bounds of

X and Y , and can be written as:

F
(−1)
Z (p) = F

(−1)
X+Y (p)

=







min
u∈[p,1]

[F
(−1)
X (u) + F

(−1)
Y (p−u+1)], if p 6= 0

F
(−1)
X (0) + F

(−1)
Y (0), if p = 0

(2.9)

F
(−1)

Z (p) = F
(−1)

X+Y (p)

=







max
u∈[0,p]

[F
(−1)

X (u) + F
(−1)

Y (p−u)], if p 6= 1

F
(−1)

X (1) + F
(−1)

Y (1), if p = 1
(2.10)

Likewise, for “Subtract” or “−” operation, we have:

F
(−1)
Z (p) = F

(−1)
X−Y (p)

=







min
u∈[p,1]

[F
(−1)
X (u)− F

(−1)

Y (u−p)], if p 6= 0

F
(−1)
X (0)− F

(−1)

Y (1), if p = 0
(2.11)

F
(−1)

Z (p) = F
(−1)

X−Y (p)

=







max
u∈[0,p]

[F
(−1)

X (u)− F
(−1)
Y (u−p+1)], if p 6= 1

F
(−1)

X (1)− F
(−1)
Y (0), if p = 1

(2.12)

The associated derivations and their proofs are provided in (Williamson and Downs,

1990). As “Multiply” and “Divide” operations are not used in this work (refer to

Section 2.4.2), we omit the descriptions of both operations.
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From (2.9)-(2.12), it is shown that for binary operations Z = X ∗ Y , Z and X,

Y exhibit a function relationship in their respective inverses of CDF bounds. This

observation provides us an approach to work out the dependency bounds. Take

Equation (2.9), F
(−1)
Z =F

(−1)
X+Y for instance. For a fixed input value p which denotes a

probability quantity, F
(−1)
X (u) and F

(−1)
Y (p−u+1) both can be regarded as functions

with respect to u. Let g(u) = F
(−1)
X (u) + F

(−1)
Y (p−u+1) be the summation of them,

then g(u) is also a function of u. Hence F
(−1)
X+Y (p) is actually the minimum value of

g(u) over the range u ∈ [p, 1]. From this point of view, it seems to be attributed

to an optimization problem. However, with our PLPB representation of random

variables, we will show that the dependency bounds computation does not require

complicated optimization procedure and thus has very low computation cost.

0

1
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PLPB
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1,Xq

2,Xq

XmXq ,

XnLx ,XmUx ,

2,Xr

1,Xr

XnXr ,

Figure 2.9: PLPB representation for a fully-specified random variable

Given a random variable X in PLPB representation (as displayed in Figure 2.9),

we have:

F X(x) =







0, if x<xU,1

k
(i)
X · x + u

(i)
X , if xU,i−1≤x<xU,i, i = 2, · · ·, mX

1, if x≥xU,mX

(2.13)

F X(x) =







0, if x<xL,1

k
(j)
X · x + l

(j)
X , if xL,j−1≤x<xL,j , j = 2, · · ·, nX

1, if x≥xL,nX

(2.14)
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while for random variable Y :

F Y (y) =







0, if y<yU,1

k
(i)
Y · x + u

(i)
Y , if yU,i−1≤y<yU,i, i = 2, · · ·, mY

1, if y≥yU,mY

(2.15)

F Y (y) =







0, if y<yL,1

k
(j)
Y · x + l

(j)
Y , if yL,j−1≤y<yL,j, j = 2,· · ·, nY

1, if y≥yL,nY

(2.16)

Due to the non-decreasing property of cumulative probability, all k
(i)
X , k

(j)
X and k

(i)
Y ,

k
(j)
Y values are positive.

Recall that CDF for a random variable X is defined as

FX(x) = P (X ≤ x) = p (2.17)

That is, for a given value x, FX(x) denotes the total probability of X ≤ x as p. On

the other hand, given a probability value p1, F (−1) returns X = x1 as F (−1)(p1) =

x1 and FX(x1) = P (X ≤ x1) = p1. Here p1 is a probability value and x1 is the

given value for random variable X. Figure 2.10 demonstrates both CDF and its

inverse form for random variable X. As PLPB is continuous and non-decreasing,

the PLPB formulated CDFs and their inverse forms inherit the same nice properties

and are piece-wise linear (as shown in Figure 2.10), which is very convenient for the

subsequent probability bound computation.

The inverse function of F
(−1)

X and F
(−1)
X follows:

F
(−1)

X (w) =







xU,1, if 0≤w≤qX,1

1

k
(i)
X

(

w − u
(i)
X

)

, if qX,i−1 <w≤qX,i, i = 2, · · ·, mX

xU,mX
, if qX,mX

<w≤1

(2.18)

F
(−1)
X (w) =







xL,1, if 0≤w≤rX,1

1

k
(j)
X

(

w − l
(j)
X

)

, if rX,j−1 <w≤rX,j , j = 2, · · ·, nX

xL,nX
, if rX,nX

<w≤1

(2.19)
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Figure 2.10: The inverse of Cumulative Probability Function for a random variable

where 0 ≤ qX,1 ≤ qX,2 ≤ · · · ≤ qX,mX
≤ 1, and 0 < rX,1 ≤ rX,2 ≤ · · · ≤ rX,nX

≤ 1.

Random variable Y has similar expressions:

F
(−1)

Y (w) =







yU,1, if 0≤w≤qY,1

1

k
(i)
Y

(

w − u
(i)
Y

)

, if qY,i−1 <w≤qY,i, i = 2, · · ·, mY

yU,mY
, if qY,mY

<w≤1

(2.20)

F
(−1)
Y (w) =







yL,1, if 0≤w≤rY,1

1

k
(j)
Y

(

w − l
(j)
Y

)

, if rY,j−1 <w≤rY,j, j = 2, · · ·, nY

yL,nY
, if rY,nY

<w≤1

(2.21)

where 0 ≤ qY,1 ≤ qY,2 ≤ · · · ≤ qY,mY
≤ 1, and 0 < rY,1 ≤ rY,2 ≤ · · · ≤ rY,nY

≤ 1.

The rest part of this section focuses on how to construct the lower dependency

bound of F X+Y . Actually other three cases for F X+Y , F X−Y and F X−Y can be

derived in the similar way, which can be seen in Appendix ??.

Regardless of the relationship (known or unknown) between X and Y , (2.9)

shows that when p 6= 0:

F
(−1)
X+Y (p) = min

u∈[p,1]
[F

(−1)
X (u) + F

(−1)
Y (p−u+1)] (2.22)

For a fixed probability value p, F
(−1)
Y (p−u+1) can be regarded as a function with

respect to u, and we let F1(u)=F
(−1)
Y (p−u+1), where p ≤ u ≤ 1. Then substitute
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F1(u) into (2.21) and obtain:

F1(u) = F
(−1)
Y (p− u + 1)

=







yL,1, if 0≤p−u+1≤rY,1

1

k
(j)
Y

(

p−u+1−l
(j)
Y

)

, if rY,j−1 <p−u+1≤rY,j, j =2, · · · , nY

yL,nY
, if rY,nY

<p−u+1≤1

=







yL,1, if p<u ≤ p+1−rY,nY

1

k
(j)
Y

(

p−u+1−l
(j)
Y

)

, if p+1−rY,j <u≤p+1− rY,j−1, j =2, · · ·, nY

yL,nY
, if p+1−rY,1≤u≤p+1

(2.23)

Recall (2.22), if p 6= 0, we have

F
(−1)
X+Y (p) = min

u∈[p,1]
[F

(−1)
X (u) + F

(−1)
Y (p−u+1)]

= min
u∈[p,1]

[F
(−1)
X (u) + F1(u)] = min

u∈[p,1]
g(u)

Our purpose is to find the minimum value of F
(−1)
X (u)+F1(u) over the range [p, 1],

where F
(−1)
X (u) and F1(u) are both piece-wise linear functions (expressed in (2.19),

(2.23) and illustrated in Figure 2.11). In order to explain the algorithm, we take

the simple case shown in Figure 2.11 for interpretation. Function F
(−1)
X (u) has two

transition points rX,1 and rX,2, while the transition points for F1(u) are p+1−rY,2 and

p+1−rY,1. g(u) = F
(−1)
X (u)+F1(u) is also a piece-wise linear function with respect

to u, whose transition points are s1, s2, s3 and s4 as shown. Clearly s1 = rX,1,

s2 =p+1−rY,2, s3 =p+1−rY,1 and s4 =rX,2. Intuitively the minimum value of g(u)

is achieved at point s4, which is exactly the value of F
(−1)
X+Y (p) with correspondence

to input probability p.

To conclude generally, the probability range for F
(−1)
X (u) is divided by a set of

transition points {0, rX,1, · · · , rX,nX
}, while F1(u) is divided by set {p, p+1−

rY,nY
, p+1−rY,nY −1, · · · , 1}. Therefore we can redivide the probability range by

constructing a combinational set consisting of the transition points of F
(−1)
X (u) and

F1(u). Specifically, let

S = {rX,1, · · · , rX,nX
, 1, p, p+1−rY,nY

, · · · , 1}. (2.24)
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Figure 2.11: Illustration of how to compute dependency bound for a given proba-
bility

Rearrange the elements of S in ascending order, i.e., from smallest to largest and

rename them s1, s2, · · · . For each interval [si, si+1], F
(−1)
X (u)+F1(u) is a summation

of two linear functions and the resulting function is a linear function with respect

to u. That is, the minimum function value for each interval must be determined by

either starting point or end point. Then for probability range u ∈ [p, 1], we start

from value p and traverse all the intervals until u reaches 1. The local minimum

value for each interval is identified by comparing the slope of F
(−1)
X (u) and that of

F1(u). Afterwards, the global minimum on [p, 1] can be determined by choosing

the most minimum value among all the intervals. In fact, the global minimum on

range [p, 1] is exactly the value of F
(−1)
X+Y (p) in (2.22). It is obvious that the value



57

of F
(−1)
X+Y (p) can be directly determined by the interval endpoints, since the global

minimum of F
(−1)
X (u)+F1(u) must be achieved at certain transition points over

range [p, 1]. Thus, we avoid performing optimization procedure which may induce

expensive computation cost.

Figure 2.12 gives the flow diagram illustrating the operations to compute depen-

dency bound F X+Y (p) for a given probability p.
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Figure 2.12: Flowchart of dependency bound computation

2.4 Parametric Yield Estimation

This section discusses how to apply CAA to predict full-chip parametric yield. Here,

leakage current model follows (Rao et al., 2004; Wang and Orshansky, 2006) and is

presented as an exponential function of several key parameters. First, CAA (Section
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2.2) transforms the leakage model into a series of affine operations. Then probability

bounds for these affine operations are computed (Section 2.3).

In this prediction framework, Chebyshev Affine Arithmetic is applied in two

different way. On the one hand, Chebyshev affine approximation is performed to

reduce leakage current equation to a series of affine operations. On the other hand,

Chebyshev approximation is used for piece-wise linearization of parameter’s CDF.

This is the key point for probability bounds computation, under the assumption of

unknown dependencies among parameter variations, for it is able to capture both the

uncertainty and nonlinearity in Cumulative Distribution Function. This framework

can be easily extended to other circuit and CAD applications. Since affine arithmetic

is a sophisticated methodology, by which it is possible to handle various non-affine

operations.

2.4.1 Leakage Current Model

In (Rao et al., 2004) the authors described leakage current as a sum of subthreshold

current Isub and gate leakage current Igate:

Itotal = Isub + Igate (2.25)

Another way to express leakage current is by using the product of the nominal value

and the function of the deviation:

Ileakage = Inominal · f(△P ). (2.26)

Here deviation△P represents the impact from process variation. Recent research re-

vealed that other types of leakage current, such as Band-to-Band Tunneling (BTBT),

may become prominent in future process technologies (Mukhopadhyay et al., 2003).

Although this type of leakage is not incorporated in this prediction framework, the

aforementioned leakage model could be easily extended to the BTBT case.

Most previous works eg. (Rao et al., 2004) neglected environmental influence to

leakage current. (Wang and Orshansky, 2006) is the first work taking into account
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environmental parameters. This work considers both process related and environ-

ment related parameters. To illustrate, the variability of following key parameters

are included in our new method: process variations such as effective channel length

(△L), threshold voltage (△Vth) and oxide thickness (△Tox), and environmental un-

certainties such as power supply voltage (△Vdd) and on-chip temperature (△T ).

Subthreshold leakage current Isub is the source-to-drain current when the transis-

tor or device is turned “off”. Isub has an exponential relationship with the the thresh-

old voltage Vth and can be given as (Zhang et al., 2004; Jeng, 2002; Roy and Prasad,

1993):

Isub = A · e
q

nkT
(VGS−Vth−γ′VS+ηVDS) · (1− e

−qVDS
kT ). (2.27)

Following (2.26), the subthreshold leakage can be written as its nominal value

Isub,nom multiplied with an exponential function in terms of effective channel length

L, subthreshold voltage Vth variations, as well as power supply voltage Vdd and

on-chip temperature T uncertainties. Since L variation imposes a significant in-

fluence on subthreshold leakage, a quadratic exponential expression is adopted

here rather than a linear exponential model. Besides, the super-linear dependency

of subthreshold leakage on on-chip temperature (Su et al., 2003) can be well ap-

proximated using a linear exponential function according to SPICE simulations

(Wang and Orshansky, 2006). Therefore, the subthreshold leakage current of a unit-

width transistor can be given by:

Isub = Isub,nom · e
a△L2+b△L+c△Vth+d△Vdd+e△T (2.28)

The variation of each process parameter △P may be decomposed into global and

local components:

△P = △Pglobal +△Plocal (2.29)

where △Pglobal models the global (inter-chip) process variations while △Plocal repre-

sents local (intra-chip) process variations. Then we substitute such decomposition

(2.29) into the subthreshold leakage model, and rewrite global and local components
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separately:

Isub = Isub,nom · e
a△L2

l
+(2a△Lg+b)△Ll+c△Vth,l+d△Vdd+e△T

· ea△L2
g+b△Lg+c△Vth,g (2.30)

where Isub,nom is the nominal value of the subthreshold leakage current, (△Ll,△Vth,l)

and (△Lg,△Vth,g) denote intra-chip and inter-chip components of process variations.

When the oxide thickness of a device is reduced there is an increase in the amount

of carrier that can tunnel through the gate oxide. This leads to the presence of gate

leakage current (Igate) between the gate and substrate as well as the gate and channel.

Igate has a highly exponential relationship with the oxide thickness Tox (Cao et al.,

2000):

Igate = A · (
Toxref

Tox
)ntox ·

VGVaux

T 2
ox

· e−B(α−β|Vox |)(1+γ|Vox |)Tox (2.31)

Similarly, the intra-chip gate leakage is modeled as an exponential function of △Tox

and △Vdd (Wang and Orshansky, 2006). Accordingly, the gate leakage of a unit-

width device is expressed as follows:

Igate = Igate,nom · e
h△Tox+k△Vdd

= Igate,nom · e
h△Tox,l+k△Vdd · eh△Tox,g (2.32)

where Igate,nom is the nominal value of the gate leakage current. This model is

insensitive to the variation of on-chip temperature (Raychowdhury et al., 2004).

2.4.2 Robust Estimation Procedure

This section shows how to estimate the chip-level parametric yield by the proposed

CAA based method. We focus on predicting the probability bounds for full-chip

leakage current.

First, we represent all the parameter variations in affine forms. Each parameter

P with variation becomes:

P = Pnom +△P. (2.33)
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Since we only consider the deviation from the nominal value, △P is modeled as a

zero mean variable. Let P0 =Pnom, and ε be the corresponding parameter variation,

hence we get affine representation for each parameter:

P̂ = P0 + 1 · ε. (2.34)

In this framework, the uncertainties of environmental parameters (Vdd and T ) are

represented by PLPBs using Chebyshev Inequality and Cantelli inequality, described

in Section 2.3.1. While for the purpose of demonstration, process variations (L and

Vth) are modeled as truncated Gaussian distributions. However, as demonstrated

previously, a partially-specified distribution also can be handled by constructing

corresponding PLPB from its p-box to represent the uncertainty.

Each device has unique local variations △Ll and △Vth,l, while sharing the same

global variations △Lg and △Vth,g (Rao et al., 2004). Therefore, △Lg and △Vth,g

may be treated as constant for each device. Rewrite (2.30) in affine form for intra-

chip variations △Ll and △Vth,l:

Isub = Isub,nom · e
a△L̂2

l
+(2a△L̂g+b)△L̂l+c△V̂th,l+d△V̂dd+e△T̂

· ea△L2
g+b△Lg+c△Vth,g . (2.35)

Here△L̂l denotes the deviation from the nominal value of Ll with△L̂l = 0+1·△Ll.

Other parameters are treated in the same way. It is obvious that the quadratic term

of △L̂l and the exponential term in (2.35) are non-affine operations. We perform

two CAA approximations z ← x̂2 and z ← ex̂ respectively, in order to transform

these two non-affine operations into affine counterparts. In the meantime, we re-

duce the subthreshold leakage model to a serial of affine operations with parametric

variations. It needs to be pointed out that, other tan quadratic and exponential

operations, Cheyshev approximation is applicable for various non-affine cases. Thus

CAA based framework can be extended to many other circuits applications, but not

limited in this yield estimation application.

Now let us discuss how to compute the probability bounds for Isub with affine

operations. According to (2.2), affine operations can be generalized into three fun-

damental cases:
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Case 1. ẑ = x̂ ± ζ . We can directly obtain probability bounds for ẑ given x̂ in

PLPB presentation (see derivation in Appendix A).

Case 2. ẑ = αx̂. We can also work our the probability bounds for ẑ analytically,

using probability knowledge (also see in Appendix B).

Case 3. ẑ = x̂± ŷ. In Section 2.3 we have represented exhaustively how to compute

the dependency bounds for summation and difference of two random variables.

As the subthreshold leakage equation (2.35) has been reduced to a series of affine

operations, we can perform the probability bound computation step by step. Clearly

each step returns an affine form, thus we are able to produce the probability bounds

for subthreshold leakage current with affine operations.

A similar procedure applies to the gate leakage current with parametric variations

△Tox,l and △Vdd as variation symbols, and Igate in affine operation form of these

variations:

Igate = Igate,nom · e
h△T̂ox,l+k△V̂dd · eh△Tox,g (2.36)

The total leakage current is the sum of the subthreshold and the gate leakage com-

ponents and can be formulated as

Itotal,device = Isub + Igate. (2.37)

It is apparent from (2.30) and (2.32) that due to the introduction of environ-

mental parameter variations, subthreshold and gate leakage currents are correlated

since they both depend on Vdd variation. Hence, we compute function bounds fol-

lowing Section 2.3 to predict the probability bound for the total leakage current of

one device. Figure 2.13 describes the flowchart summarizing the elementary flows

of CAA based leakage bounds prediction.

To estimate the full-chip leakage current, we sum up the leakage current from

each device. By Central Limit Theorem (Papoulis and Pillai, 2004), we can use the

mean value of Itotal to approximate the sum of leakages over all devices. We perform

a weighted sum of the leakage current of all devices as in (Rao et al., 2004):

Itotal,chip = E[Itotal,device]
∑

i

Wi
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Figure 2.13: Flowchart of CAA based yield prediction

where Wi denotes the equivalent width for each device. Having the predicted

bounds of cumulative probability, we can easily deduce a bounded estimation of

E[Itotal,device]. Finally, for each chip with fixed value of inter-chip process variations,

we use our new methodology to reliably evaluate the parametric yield.

2.5 Experimental Results

The proposed robust yield prediction procedure was implemented by MATLAB pro-

gramming. All experiments were performed on a 3.0 GHz machine with 2GB RAM.

In the simulation part, we use the 65nm technology node provided by PTM model
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(Nanoscale Integration and Modeling (NIMO) Group, 2006). The coefficients a, b,

c, d, e and h, k in the leakage model (2.30), (2.32) are extracted from HSPICE

simulation results. The process variations are modeled as truncated Gaussian dis-

tributions. The 3σ values of L, Vth and Tox parameters are 20%, 10% and 8% of the

nominal values respectively. We assume that for all process parameters, the inter-

chip and intra-chip variations accounts for 50% of the total variation respectively.

As environmental uncertainties, power supply voltage (Vdd) and on-chip tempera-

ture (T ) are partially-specified, of which only mean, variance and variable range are

provided. The maximum supply voltage deviation is about 9% from its nominal

value. The standard deviation is 0.03V . The on-chip temperature spans about 20o

from its nominal value, with standard deviation 3o. We use these limited informa-

tion to construct their p-boxes, and then perform Chebyshev approximations on the

extracted p-boxes to obtain PLPB representations. A similar experimental set up

can be found in (Wang and Orshansky, 2006).

We assume that any given chip has fixed inter-chip variations. That is, all the

devices on the chip share the same global variations. Without loss of generality,

we estimate the parametric yield for a specific chip with zero inter-chip variations.

Figure 2.14 shows the experimental results of subthreshold leakage current for a unit

device (normalized to the nominal value). Our purpose is to predict the guaranteed

yield. Therefore, we only consider the lower probability bound. The upper bound

is not necessary and thus not shown in all the figures in the current work.

As mentioned in previous sections, the new method can handle arbitrary correla-

tions among parameter variations. To verify this point, we run HSPICE simulations

under correlation assumption among the parameters. Three correlation cases are

taken into account for comparison: correlation between process variations (Leff and

Vth), correlation between environmental uncertainty (Vdd and T ), and correlations

among all parameters. Figure 2.14 demonstrates that the guaranteed bound gen-

erated by our CAA method encloses the CDF obtained by correlation simulations

well. This indicates the importance of taking correlations among parameters into

account. Without consideration of correlation it tends to give an over-optimistic
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Figure 2.14: Comparison with MC simulations for subthreshold leakage current

prediction of parametric yield, which in turn implies a lower estimate. There are

similar results for gate leakage and total leakage, shown in Figure 2.15 and Figure

2.16.

Few existing chip-level leakage analysis methods, e.g. (Rao et al., 2004), consid-

ered environmental parameters such as supply voltage (Vdd) and on-chip temperature

(T ). To accurately evaluate the impact of environmental uncertainties, algorithm

in (Rao et al., 2004) selects the maximum values for Vdd and T for leakage pre-

diction. Also, the work of (Wang and Orshansky, 2006), which proposes a yield

estimation method considering environmental uncertainties, fails to address param-

eter correlations which in fact exist. The same problem do exist in (Rao et al.,

2004). Our CAA method mainly focuses on resolving this issue by assuming un-

known correlation situations among parameter variations. To be compared with the

work of (Wang and Orshansky, 2006), based on the same assumption of unknown

dependencies, we predict the probability bound of leakage current using discretized

p-boxes and PLPB representations respectively. Figure 2.17 shows that the guaran-

teed probability bound obtained by two methods are very close. However, our CAA
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Figure 2.15: Comparison with MC simu-
lations for gate leakage current
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Figure 2.16: Comparison with MC simu-
lations for total leakage current

based method avoids optimization procedure which is time-consuming.

The result generated by interval analysis is also provided for comparison, under

unknown dependency assumption equally. Figure 2.17 indicates that our predic-

tion considering environmental uncertainties provides a tighter bound for Isub. It

predicts 1.780X of nominal subthreshold leakage at 95th percentile. That is, the

probability of Isub ≤ 1.780Isub,nom is greater than 95%. Compared with algorithm

in (Rao et al., 2004), it improves the leakage estimate by 9.04% at 95th percentile.

The improvement is more significant at 50th percentile, which is 22.89%. Similar

results for gate leakage and total leakage can be referred to Figure 2.18 and Figure

2.19. To estimate the improvement generally, we consider statistical metrics.

Table 2.1: Estimate improvements of leakage current

Estimate Improvement Isub Igate Itotal

50th percentile 9.04% 13.93% 7.18%

95th percentile 22.89% 16.73% 21.71%

mean value 21.01% 16.59% 19.65%

For example, the mean value of device leakage is used to estimate the total

leakage for a chip. By computing the mean value induced by the probability bound,

we achieve an improvement of 21% for the mean value of Isub. Additionally, the
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Figure 2.17: Subthreshold leakage current considering process variations and envi-
ronmental uncertainties

predicted bound based on average Vdd and T also gives an optimistic estimation.

Similar results are obtained for Igate and Itotal (shown in Figure 2.18 and Figure

2.19). Table 2.1 lists the improvements in terms of %.

Table 2.2: Runtime comparison among different prediction methods

CAA method IA method Wang et al.’s method

Runtime 82.44 sec 49.16 sec 81.41 sec

Table 2.2 simply provides the runtime comparison among three different yield

prediction methods, including CAA based method, Interval Analysis (IA) method

and the algorithm in (Wang and Orshansky, 2006). The runtime for our CAA

method is 82.44 seconds, while the IA method costs 49.16 seconds for yield estima-

tion, roughly half of time cost by CAA method. That is because Interval Analysis

only uses the maximum values of environmental parameters (e.g. supply voltage Vdd

and on-chip temperature T ) when dealing with their uncertainties, thus inducing no

computation cost. On the other hand, for the purpose of comparison, the algorithm

in (Wang and Orshansky, 2006) is implemented based on the same assumption of
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unknown dependencies/correlations as in CAA prediction framework. The same as-

sumption results in similar computation procedures. That is why these two methods

have commensurable time complexities.

Table 2.3: Tradeoff between accuracy and runtime

Approximation

Error
δ = 0.1 δ = 0.05 δ = 0.02 δ = 0.01 δ = 0.005

Sub-interval

Number
3 5 5 7 10

(Normalized)

Mean Value
1.397 1.378 1.365 1.351 1.345

Runtime (sec) 4.360 37.234 53.105 82.437 143.397

As mentioned before (Section 2.3.2), CAA based prediction framework is able to

reach high accuracy by manipulating the error perturbation caused by Chebyshev

approximations (i.e. the δ value in (2.7)). When performing piece-wise linearization,

less approximation error at the same time indicates greater number of sub-intervals

we divide into. Of course, this also causes more computation cost. To quantify

the tradeoff between accuracy and runtime, Table 2.3 lists respectively the numbers

of sub-intervals used, mean value estimates and corresponding run-times based on
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different approximation errors. Note that in Table 2.3 the first row gives different

δ values, which stand for relative approximation errors. The third row provides

the mean value estimates of total leakage current normalized to its nominal value,

according to different δ values. The probability bounds prediction and mean value

estimation results in Figs. 2.14-2.19 and Tables 2.1-2.2 are based on approximation

error δ = 0.01.

As demonstrated, this work is presented to predict chip-level leakage current.

We apply the proposed CAA based method to ISCAS benchmark circuits (Hayes,

1996) for leakage estimation. We use the lower probability bound to compute the

guaranteed mean value of leakage current for ISCAS 85 circuits. The comparison

with estimation results by interval analysis (Rao et al., 2004) are listed in Table 2.4,

as well as the improvements using CAA based method.

Table 2.4: Chip-level leakage estimation for ISCAS benchmark circuits

Circuit
Mean Value(A)

Name CAA Method Interval Analysis Improvement

c1 3.77×10−9 5.00×10−9 24.72%

c5 9.73×10−9 1.18×10−8 17.54%

c17 2.26×10−8 2.87×10−8 21.25%

c432 8.58×10−7 1.06×10−6 19.06%

c499 2.08×10−6 2.57×10−6 19.07%

c880 1.81×10−6 2.21×10−6 18.10%

c1355 2.15×10−6 2.62×10−6 17.94%

c1908 2.99×10−6 3.68×10−6 18.75%

c2670 4.92×10−6 6.02×10−6 18.24%

c3540 6.76×10−6 8.29×10−6 18.46%

c5315 1.01×10−5 1.25×10−5 19.20%

c6288 9.69×10−6 1.19×10−5 18.57%

c7552 1.37×10−5 1.68×10−5 18.45%

At the last step, we estimate the (lower) probability bound of Itotal based on

different inter-chip Leff variations (△Lg). Figure 2.20 illustrates the 50th, 68th, 95th

and 99th percentiles when△Lg = 0, ±σ, ±2σ, ±3σ. The experimental result verifies
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that the shorter the channel length Leff, the more significant the leakage current

variations.
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Figure 2.20: Contours for inter-chip effective channel length variation

2.6 Conclusions

This chapter proposes a new parametric yield estimation framework based on Cheby-

shev Affine Arithmetic. The proposed strategy is able to handle uncertain parameter

distributions, and thus improves estimation of interval analysis for partially specified

parameters. When dependency and/or correlations are unknown, the new method

can predict reliable bounds for chip-level parametric yield with high accuracy.
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CHAPTER 3

ROBUST CIRCUIT PERFORMANCE PREDICTION BASED ON

UNCERTAINTY IMPORTANCE

This chapter introduces the concept of uncertainty importance and the prediction

framework for circuit performance based on the importance of uncertainties. By

employing this prediction framework circuit functionality under process variations

can be verified reliably and efficiently. With the scaling down of CMOS devices,

process variation is becoming the leading cause of CMOS based analog circuit fail-

ures. For example, a mere 5% variation in feature size can trigger circuit failure.

Various methods such as Monte-Carlo and corner-based verification help predict

variation caused problems at the expense of thousands of simulations before cap-

turing the problem. This chapter presents a new methodology for analog circuit

performance prediction. The new method first applies statistical uncertainty analy-

sis on all associated devices in the circuit. By evaluating the uncertainty importance

of parameter variability, it approximates the circuit with only components that are

most critical to output results. Applying Chebyshev Affine Arithmetic (CAA) on

the resulting system provides both performance bounds and probability informa-

tion in time domain and frequency domain. Experimental results on various circuits

demonstrate that the new method has achieved significant speedup in computation

time compared with brute-force MC method. Also the proposed method improves

the accuracy of performance pre- diction by up to 14% compared with traditional

sensitivity analysis.

3.1 Introduction

Process variation is becoming a showstopper to the deep submicron (DSM) CMOS

based analog circuits. Examples show that a mere 5% variation in the effec-
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tive channel length can cause analog circuit failure (Drennan and Kniffin, 2006;

Drennan and McAndrew, 2003; Shepard and Maynard, 2006). This issue has been

addressed in a number of recent publications with the general conclusion that the

success of CMOS based analog circuit design depends on good variation models

and accurate predication techniques. Instead of being modeled as a deterministic

system, an analog circuit, in the presence of process variations, is usually modeled

statistically to capture its stochastic behaviors.

Traditional methodologies rely heavily on Monte-Carlo (MC) and corner based

approaches to conduct analog and mixed signal circuit verification. Both approaches

are only effective at the expense of thousands of simulations and long computation

time (Shepard and Maynard, 2006). Several ideas were proposed recently to re-

place traditional approaches with simple and yet effective procedures. For example,

in (Drennan and McAndrew, 2003) the authors proposed a variance propagation

approach to identify mismatches in differential amplifiers. The authors approx-

imated differential amplifier circuits using a first-order Taylor expansion around

the nominal point to predict output perturbation. In a similar way, (Vytyaz et al.,

2007) developed a sensitivity analysis based prediction scheme for oscillators. While

the above-mentioned approaches focused on certain categories of analog circuits,

other approaches, such as (Grabowski et al., 2008; Kolev, 2002; Tian and Shi, 2000),

demonstrated new flows for general analog circuit designs. In these works interval

arithmetic (IA) and affine arithmetic (AA) were discussed for worst-case analysis.

The IA method is able to foretell analog circuit behaviors in terms of upper and

lower bounds. However, the computational cost rises dramatically as the number of

process variation parameters increases. Another limitation of such approaches is the

lack of stochastic information in the predictions, also viewed as a main obstacle in

applying both approaches to real analog applications (Wang and Orshansky, 2006).

As the first stochastic simulator, SiSMA (Biagetti et al., 2004) analyzes analog cir-

cuits by solving a set of stochastic differential equations. SPICE simulations are

required to provide initial solutions to these equations. The end results of SiSMA

are statistical performance bounds (bounds with probability information). Even
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though the accuracy of SiSMA is high, long computation time prevents the appli-

cation of such a simulation tool to general analog circuit designs.

This chapter presents a new methodology for statistical prediction of analog per-

formance based upon uncertainty importance of stochastic systems. To illustrate,

we use statistical uncertainty analysis to identify dominant poles and zeros and their

associated most important circuit elements. Different from the first-order Taylor ex-

pansion approach and sensitivity analysis method used in (Drennan and McAndrew,

2003; Vytyaz et al., 2007; Cacuci, 2005), the proposed method determines the un-

certainty importance of parameter variability by evaluating its overall influence upon

output performance using the entire parameter distribution. We rely on uncertainty

importance data to reduce the number of process variation related parameters. In

addition by applying CAA (Chebyshev Affine Arithmetic) method, we are able to

extract performance CDF (Cumulative Probability Function) bounds. Thus, the

new approach not only predicts the performance bounds but also provides the prob-

ability information.

Figure 3.1 further demonstrates the flow of the proposed method that is appli-

cable to general analog circuit designs. A well-designed circuit usually has sev-

zeros uncertainties

Statistical Uncertainty
Analysis to identify
dominant poles and 
zeros

Output: time domain
and frequency bounds

CDF at selected time 
points or frequecy 

dominant poles
and zerosfor analog circuits

Input: SPICE netlist

            CAA based 
performance CDF and 

bound  estimation

Prune Circuit Element
and predict poles/

Figure 3.1: The general design flow of the proposed method

eral dominant poles/zeros in frequency domain (refer to Figure 3.2(a)) introduced

by several important circuit elements (refer to the transistors with asterisk nota-

tions in Figure 3.2(b)). Statistical uncertainty analysis seeks to identify dominant

poles/zeros and their associated circuit elements. Here we evaluate the uncertainty

importance of each circuit element and prune the circuit elements that have little
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impact on dominant poles/zeros. During the pruning procedure, we apply a new

SPOV (Statistical Propagation of Variance) method to predict pole/zero perturba-

tions propagated from parameter uncertainties. After pruning, CAA approach is

applied to find out performance upper and lower bounds in time/frequency domain

with CDF distribution. Figure 3.2(c) illustrates a time-domain example of pre-

dicted performance bounds. At a particular time point (e.g. time point t1 in Figure

3.2(c)), the proposed approach offers CDF bounds for voltage distribution. This is

especially crucial to circuit designers, since they can obtain probability information

at any time/frequency point to identify performance distribution with reasonable

yield consideration. Experimental results on various circuits demonstrate that the

new method has achieved up to 106x speedup in computation time compared with

brute-force MC method. Also our method improves the accuracy of performance

prediction by up to 14% compared with traditional sensitivity analysis.

This chapter is organized as follows. Section 3.2 introduces a quantification

method evaluating parameter uncertainty importance. Section 3.3 discusses the

statistical propagation of variance (SPOV) relationship. Section 3.4 describes the

methodology to predict reliable performance bounds based on importance data.

Experimental results are presented in Section 3.5. Finally Section 3.6 concludes this

chapter.

3.2 Parameter Uncertainty Importance

Among the complete set of variations and their associated parameters, not all vari-

ation related parameters will have high impact on circuit performance. A straight-

forward inclusion of all the variations will only lead to overly pessimistic designs.

As the focus of this section, how to evaluate parameter importance not only helps

reduce the number of variation related parameters but also assures a reasonable

design.

Let us start with the meaning of sensitive parameters and important parameters.

As discussed in (Crick et al., 1987; Hamby, 1994), sensitive parameters are referred
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to the parameters that are highly sensitive to the output results. One can easily

determine parameter sensitivity by conducting sensitivity analysis. It is worth em-

phasizing that sensitivity analysis is usually performed based on a first-order Taylor

expansion around the nominal point, therefore sensitivity is only locally accurate

(Gardner et al., 1980; O’Neill et al., 1980; Downing et al., 1985; Yu et al., 1991). In

this sense, a parameter with high sensitivity solely indicates that it has significant

impact on the nominal output. Therefore parameter sensitive is only crucial to

nominal performance. When we talk about important parameters, we refer to those

parameters whose variations contribute substantially to the output uncertainty. Un-

certainty analysis is conducted to evaluate the importance of parameter variability

through its entire variation range.
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The rest of this section is devoted to the mathematical model for quantifying

parameter uncertainty importance. We assume that X = (x1, · · ·, xn) stand for all

device parameters in an analog circuit, and Y = Y (X) a dependent output variable.

Following the discretization scheme in (Morris, 1991), we standardize the variation

range of each parameter to the unit interval. Each parameter is then considered to

have k values in the set {0, (k − 1)−1, 2(k − 1)−1, · · ·, 1}. The local sensitivity of the

j th parameter can be calculated as:

Sj =
1

△
[ Y (x1, · · ·, xj+△, · · ·, xn)− Y (X) ] (3.1)

where xj ≤ 1−△, and △ is a pre-determined multiple of 1/(k−1), such that xj +△

is still within the region of experimentation. For each △ value, a probability density

weight is assigned to it according to the parameter’s probability density function

(PDF). For simplicity, we use a uni-dimensional example to explain the notion of

probability density weight. Assuming p(x) to be the PDF of parameter x and letting

△i = i/(k − 1), the probability density weight fi is then defined as:

fi =

∫ △i

△i−1

p(x)dx. (3.2)

As illustrated in Figure 3.3, fi in fact represents the cumulative probability over the

range [△i−1,△i], such that the total weights satisfy
k∑

i=1

fi = 1. The uncertainty

importance of the j th parameter is computed as:

Uj =
k∑

i=1

fi

△i

[ Y (x1, · · ·, xj+△i, · · ·, xn)− Y (X) ] . (3.3)

Probability density weight quantifies parameter uncertainty importance and illus-

trates the level of influence of parameter distribution on the output. By incorporat-

ing probability density weights, the proposed quantification method is more accurate

to reflect the influence of parameter variability upon output performance. The rep-

resentation in (3.3) is then denoted as the uncertainty importance of a particular

parameter to the output.
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Figure 3.3: Probability density weight by PDF discretization

3.3 Statistical Propagation of Variance

In (Drennan and McAndrew, 2003; Cacuci, 2005), the method of propagation of

variance (POV) is utilized to predict the fluctuation in output performance. How-

ever, POV method simply approximates the system by a first-order Taylor expansion

around the nominal value of device parameters, and therefore is restricted in deal-

ing with the sensitivity at a fixed point. To address this limitation, this section

discusses a statistical model that approximates an analog circuit as a stochastic sys-

tem. The concept of uncertainty importance will be further incorporated to estimate

the perturbation propagated from parameter variations to the output.

At the very beginning, the device parameters with process variations (x1, · · ·, xn)

can be expressed in the following form:

X = X0 + δX =
(
x0

1 + δx1, · · ·, x
0
n + δxn

)
. (3.4)

The output performance which is dependent on device parameters can be therefore

written as:

Y = Y (x1, · · ·, xn) = Y (x0
1 + δx1, · · ·, x

0
k + δxn). (3.5)

where (x1, · · ·, xn) denote the nominal values with associated parameter variations
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(δx1, · · ·, δxn). The device parameters (xi, · · ·, xn) are regarded as random variables

with mean values E(xi) = x0
i and variances Var(xi) = σ2

i .

Different from existing POV method (Drennan and McAndrew, 2003; Cacuci,

2005), which models the system using a local approximation around the nominal

point, we regard the expansion point to be a random variable. The system con-

sequently becomes a stochastic model depending on where the expansion point is

located. The resulting stochastic system could be represented as:

Ŷ (X, Λ) = Y (Λ) +
n∑

i=1

(
∂Y

∂xi

)∣
∣
∣
∣
Λ

(xi − λi)

= Y (Λ) +

n∑

i=1

Si(Λ) (xi − λi) , (3.6)

where Si(Λ) = (∂Y/∂xi)
∣
∣
∣ Λ is the local sensitivity of the output to device parameter

xi at point Λ = (λ1, · · ·, λn), which is determined by the location of expansion point.

As claimed before, we expect to thoroughly evaluate variance propagation using the

entire parameter variation range. Accordingly the expansion point Λ as well as the

associated sensitivity Si should be regarded as random variables, rather than fixed

values. In a same manner as in Section 3.2 is applied to restrict attention to several

expansion points. Each point is assigned a probability density weight which denotes

the cumulative probability over a separate interval (as illustrated in Figure 3.3).

For instance, the range of device parameter is assumed to be divided by several

points η(1), η(2), · · ·, η(k), where η(j) =
(

η
(j)
1 , η

(j)
2 , · · ·, η

(j)
n

)

. Each of the η(j)’s has a

probability density weight fj , which is calculated according to its joint probability

density function p (xi, · · ·, xn). We take into account all the local approximations to

model the output:

Y (X) =

k∑

j=1

fj · Ŷ
(
X, η(j)

)
, (3.7)

where Ŷ
(
X, η(j)

)
is the local approximation at point η(j) which is given by:

Ŷ
(
X, η(j)

)
= Y (η(j)) +

n∑

i=1

Si(η
(j))(xi − η

(j)
i ). (3.8)
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Based on (3.7), the statistical characteristics of the resulting statistical system,

i.e. the mean value and variance, can be then determined. In the subsequent part we

show concisely the elementary steps to derive the proposed SPOV relationship. The

detailed procedure of mathematical derivation can be referred to in Appendix C.

We first discuss the mean value of output performance based on the approximated

system (3.7). The mean value of the output is obtained by:

E [Y ] =
k∑

j=1

fj · E
[

Ŷ
(
X, η(j)

)]

. (3.9)

Then according to probability theory we can obtain:

E
[

Ŷ
(
X, η(j)

)]

= Y (η(j)) +
n∑

i=1

Si(η
(j))(x0

i − η
(j)
i ). (3.10)

where x0
i is the nominal value of the ith device parameter xi. Then by substituting

(3.10) into (3.9) we can conclude the mean value of Y (x1, · · ·, xn):

E[Y ] =

k∑

j=1

fj

(

Ŷ (η(j))−
n∑

i=1

Si(η
(j)) η

(j)
i

)

+

n∑

i=1

(
k∑

j=1

fjSi(η
(j))

)

x0
i . (3.11)

According to (3.3), the term
k∑

j=1

fjSi represents the uncertainty importance of pa-

rameter xi to the output, which will be subsequently represented by Ui. Accordingly

we further express (3.11) as follows:

E[Y ] =

k∑

j=1

fj

(

Y (η(j))−
n∑

i=1

Si(η
(j)) η

(j)
i

)

+

n∑

i=1

Uix
0
i . (3.12)

Once the mean value of Y (X) is determined, the variance can be calculated by

combining the result obtained in (3.7) and (3.12):

Var(Y ) =

n∑

i=1

U2
i Var (xi) + 2

n∑

i6=j

UiUjcov (xi, xj) . (3.13)

When device parameters are uncorrelated, i.e. cov (xi, xj)=0 when i 6=j, (3.13)

takes on the simpler form:

Var(Y ) =

n∑

i=1

U2
i Var (xi) =

n∑

i=1

U2
i σ2

i . (3.14)
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where Ui is the uncertainty importance of parameter xi to the output Y (x1, · · ·, xn).

(3.14) is defined as the statistical propagation of variance (SPOV) equation, in which

the uncertainty importance Ui is evaluated according to (3.3).

Equation (3.14) interprets the statistical relationship of variance propagation.

The SPOV equation (3.14) evaluates the variance of output performance consider-

ing the influences from all associated important parameters, by incorporating the

square of each parameter variation’s uncertainty importance to predict the statistical

features of output performance. The importance values of parameter uncertainty are

calculated by the quantification method described in Section 3.2. With the SPOV

relationship (3.14), the range information and variance information of output per-

turbations can be evaluated, which will further be utilized in Section 3.4 to predict

analog circuit performance.

3.4 Analog Circuit Performance Prediction

In this prediction framework, we first apply dominant poles approximation

(Shamash, 1975; Baker Jr. and Morris, 1981), which is accurate over the frequency

domain of interest (Lee et al., 1992), to replace a high order system by a trans-

fer function of lower order. Based on the reduced system, we take advantage of

Chebyshev Affine Arithmetic (CAA) to estimate analog circuits performance under

process variations. This framework predicts a tight but reliable bound to include all

possible simulation results, both in time domain and frequency domain. It is also

able to provide CDF estimation for output distributions.

3.4.1 Circuit Element Pruning

The preliminary procedure of the prediction framework is to identify those impor-

tant circuit elements associated with a particular output measurement. Based on

parameter uncertainty importance evaluated by the introduced statistical uncer-

tainty analysis, an importance rank of all associated circuit elements can be ob-

tained. We then emphasize these determined important circuit elements and prune
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unimportant ones. Those elements that have insignificant importance values will be

taken out of consideration when predicting circuit output performance.

A normalization operation for device parameters and output measurement is

necessary before element importance ranking and unimportant elements pruning. As

described in Section 3.2, the variation range of each parameter has been standardized

to the unit interval. For the purpose of standardization we normalize the fluctuation

in output results to their nominal values. Therefore when evaluating parameter

uncertainty importance, the corresponding output perturbation is computed by:

δY =
Y (X0 + δX)− Y (X0)

Y (X0)
. (3.15)

In this sense, the value of output perturbation in fact interprets the ratio of output

measurement deviated from its nominal value.

Using the above normalization operation we remove the effects of units in impor-

tance evaluation of circuit element’s uncertainty. Following the calculation proce-

dure described in Section 3.2, one can estimate the uncertainty importance of each

circuit element to a circuit output. An importance rank of all circuit elements asso-

ciated with this particular output, will be then arranged in descending order. The

circuit elements with low-ranking uncertainty importance will be pruned in output

perturbation prediction. The pruning criterion is to define a threshold importance

value Uth and neglect the importance data less than the threshold value. In this

work, the threshold value is set as 5% of the maximum importance value in the

generated importance rank:

Uth , max {U1, U2, · · ·, Un} × 5%. (3.16)

Algorithm 1 describes the procedure of importance based circuit element prun-

ing. The ‘Standardization’ operator and ‘PDF Discretization’ operator discretize

the variation range of device parameter within a standardized unit interval and cal-

culate the probability density weight for each discretized region. The ‘Normalization’

operator is responsible for the normalization of output perturbation, according to

the nominal output measured by SPICE simulation (the ‘Circuit Simulation’ op-

erator). SPICE simulation is necessary in this algorithm. For each related circuit
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element k times of SPICE simulation are required to determine its importance value.

After having determined the uncertainty importance for each associated element, the

‘Ranking’ operator and ‘Remove’ operator complete the procedure of unimportant

element pruning. The total number of SPICE runs in Algorithm 1 is n× k (n is the

number of all related circuit elements). By very few number of SPICE simulations,

we collect the importance data upon which circuit performance can be predicted

efficiently.

3.4.2 Circuit Output Response Prediction

This section details the proposed importance based predication procedure. As

known to all, assuming no repeated poles, and assuming that the order of denomi-

nator polynomial is greater than that of numerator polynomial, given the reduced

transfer function, H(s) can be expanded into partial-fraction expression:

H(s) =
k∑

i=1

qi

s− pi
, (3.17)

which in time domain corresponds to h(t) =
k∑

i=1

qi e
pit.

To predict the performance bounds for an analog circuit, we turn to estimate

the ranges and distributions of system poles, since the system response is primarily

determined by several dominant poles/zeros. According to (3.14), the variance of a

dominant pole propagated from those important parameter variations is computed

by the SPOV equation. In this work we are mostly interested in parameter variations

of MOSFET transistor lengths (L’s) and widths (W ’s). Empirically for MOSFETs,

Gaussian distributions are assumed to model L and W variations. The variance of

a dominant pole can be estimated by the the SPOV relationship:

σ2
pi

=
∑

j

U2
ej

σ2
ej

, (3.18)

where pi is a specific dominant pole, ej represents the process variation of the jth

important parameter associated with pole pi, ej could be either length variation or

width variation. Uej
stands for the uncertainty importance of the corresponding



83

element’s length/width variation. The uncertainty importance values Uej
’s are cal-

culated by the quantification method described in Section 3.2. In the subsequent

part we will discuss the proposed prediction methodology by applying Chebyshev

Affine Arithmetic (Sun et al., 2008).

Chebyshev Affine Arithmetic (CAA) is a methodology used to solve uncertainty

estimation problems in the presence of parameter variations. By Chebyshev affine

approximation (Pearson, 1983), CAA is able to transform a non-affine operation into

affine form with minimum approximation error. Then under all affine operations

CAA develops a rigorous methodology of uncertainty range estimation. Moreover,

CAA provides an efficient prediction scheme for CDF bounds under any affine oper-

ations with unknown parameter correlations. Having all operations formulated into

affine form by Chebyshev aproximation, CDF bounds prediction is performed step

by step under a series of affine operations. The detailed CAA prediction procedure

can be referred to (Sun et al., 2008). We take advantages of CAA to predict both

circuit performance bounds and probability bounds in time domain or frequency

domain.

For a dominant pole with perturbation assumed to follow Gaussian distribution,

its perturbation range is typically truncated at its 3σ value. Following the CAA

procedure, the pole uncertainty can be expressed in affine form p̂i:

p̂i = pi0 + xiεi, (3.19)

where pi0 represents the nominal value of pi, ǫi stands for a CAA variation symbol

denoting corresponding perturbation around the nominal value, and xi is the mag-

nitude of the corresponding uncertainty. Accordingly the time domain response h(t)

can be expressed in terms of the variation symbols:

ĥ(t) =

k∑

i=1

qi · e
p̂it, (3.20)

which is obviously not in standard affine formulation (Stolfi and Figueiredo, 1997),

since exponential function is not an affine operation. Thus Chebyshev approxima-

tion is required to transform such non-affine operation into its affine counterpart. In
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this work, for the purpose of high accuracy, we use a piecewise linearization method

to perform such affine transformation, which is illustrated in Figure 3.4. We divide

the interval of a certain affine form variable into several sub-intervals, apply Cheby-

shev approximation to non-affine function ep̂i, and obtain an affine representation

in terms of variation symbols (refer to (3.19)): ex̂ ≈ αx̂+ ζ + δε′, where α and ζ are

approximation coefficients, and ε′ is a newly introduced variational symbol repre-

senting approximation error. It is worth emphasizing that because of our piecewise

linearization scheme, Chebyshev approximation coefficients α, ζ and δ change their

values in different ranges, depending on which interval the value of random variable

falls into (as shown in Figure 3.4).

x

)exp(x

I II III

'

1 1 1 1x

'

2 2 2 2x

'

3 3 3 3x

Figure 3.4: Piecewise linearization of exponential function using Chebyshev approx-
imation

Then for a particular time point t1, the time domain response h(t1) can be further

explicated into affine form:

ĥ(t1) =

k∑

i=1

qi [αit1(pi0 + xiεi) + ζi + δiε
′
i]

=

k∑

i=1

(αiqipi0t1 + ζiqi) +

k∑

i=1

[(αiqixit1)εi + (δiqi)ε
′
i] . (3.21)

which is apparently reduced to a series of affine operations upon variation symbols

εi and ε′i. Such an expression of affine combinations directly provides the upper and
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lower bounds for output response at t= t1. More importantly, this affine expression

makes it possible to predict CDF bounds at this particular point, since CAA method

is able to handle CDF bounds prediction iteratively under any affine operations upon

parameter uncertainties.

Similarly in frequency domain, by applying CAA method the prediction frame-

work produces bounds information for possible frequency response results with prob-

ability information at a particular frequency point. Recall the frequency domain

impulse response H(s) is expressed as follows:

H(s) =
A(s)

B(s)
= c ·

(s− z1)(s− z2) · · · (s− zk−1)

(s− p1)(s− p2) · · · (s− pk)
. (3.22)

The frequency response H(jω) can be directly obtained by substituting s = jω

into (3.22) and reexpressed in magnitude-phase representation:

H(jω) = |H(jω)|ejφ(jω) = H(s)|s=jω,

|H(jω)| = c ·
k−1∏

i=1

√

ω2 + z2
i

/ k∏

i=1

√

ω2 + p2
i ,

φ(jω) =
k∑

i=1

arctan

(
ω

pi

)

−
k−1∑

i=1

arctan

(
ω

zi

)

. (3.23)

Here for simplicity we assumed that pi and zi are real, however, the CAA method

can be easily extended to the complex case.

Similar to time domain analysis, at a particular frequency point ω = ω1, for

the purpose of reducing |H(jω1)| and φ(jω1) to an affine expression, Chebyshev ap-

proximations are performed upon the non-affine functions in (3.23), e.g. square root

and arctangent operations. The affine form formulation of zi’s and pi’s uncertain-

ties is performed in accordance with the statistical uncertainty analysis framework

explained in Sections 3.2 and 3.3. As long as the magnitude and phase of fre-

quency response are represented as affine combinations, it is possible to predict the

frequency response bounds with distribution information at any specific frequency.

The general flows of the proposed circuit response prediction framework are

summarized in Algorithm 2. The ‘Response Explication’ operator starts from ex-
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tracting circuit response in an explicit form as in (3.20) and (3.23). Then the

‘Non Affine Check’ operator identifies the affine operations and non-affine opera-

tions in response models. The ‘Chebyshev Approx’ and ‘Combine’ operators further

translate the response model (at a particular point) into a sequence of affine opera-

tions. The ‘Range Computation’ and ‘CDF Computation’ operators are responsible

for calculating range information and CDF information respectively under a speci-

fied affine operation. By repeatedly performing above two operators the algorithm

eventually predicts the response bounds with probability information. It is worth

mentioning that this algorithm is applicable for multiple outputs. There is no need

to run different simulations for individual system outputs. The importance values

regarding different outputs can be evaluated separately and simultaneously, and no

additional computation cost will be induced in multiple-output cases.

3.5 Experimental Results

The proposed prediction framework has been tested on several circuits with different

complexities. All experimental results are done on a quad-core 2.5-GHz machine

with 4-GB memory. For all process parameters (transistor L’s and W ’s) we assume

Gaussian distributions truncated at respective 3σ values.

As the very first case, a CMOS-based differential pair using 90nm technology is

applied for verification. Figure 3.5 shows the schematic diagram of this circuit. The

nominal values of device parameters and DC operating condition are also indicated

in this figure. We focus on evaluating the influence on output signals due to CMOS

channel length (L) and width (W ) variations. A 15% Gaussian variation is assumed

for all L’s and W ’s of the MOSFET’s around their nominal values. We first perform

the uncertainty analysis procedure to obtain an importance rank by evaluating the

uncertainty importance of each parameter variation. As an example, Table 3.1 lists

all process parameters and their uncertainty importance values to the first dominant

pole. All device parameters and output measurements have been normalized during

importance calculation. From the table we observe that transistor M13 is the most
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VDD=1.2V

M3 M4

M1 M2

M13

VINP

VINN

VBIAS

=-0.59V

VSS=-1.2V
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48u/90n

W/L=
22u/90n

W/L=
22u/90n

W/L=
22u/90n

VX=0.64V

VCM=-0.62V

Figure 3.5: Schematic of a differential pair using 90nm technology

important element in this circuit.

Table 3.1: Importance rank of parameter uncertainties for the differential pair circuit

Process

Parameter

Uncertainty

Importance

Process

Parameter

Uncertainty

Importance

M13, L -0.9712 M4, W 0.1283

M13, W -0.2586 M2, L 0.1175

M4, L -0.1919 M3, W 0.1106

M3, L 0.1683 M2, W -0.0028

M1, L -0.1314 M1, W 0.0019

By applying the proposed methodology, Figure 3.6 shows the predicted response

bounds (denoted by ‘Pred Bounds’) in frequency domain. For the purpose of ver-

ification, the results from Monte-Carlo (MC) simulation are also provided. We

perform random experiments by HSPICE simulation for 2000 runs, and select the

worst cases for comparison. The bode plot comparison in Figure 3.6 reveals that the

worst-case responses are well enclosed by the bounds predicted by our method. Also
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the predicted bounds are tight, with less than 4% average relative error compared

with the worst-case responses.
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Figure 3.6: Frequency response comparison between predicted bounds and worst-
case responses for the differential pair circuit

As the most complicated circuit in our experiments, a high-gain, rail to rail out-

put, fully CMOS operational amplifier (opamp) is designed for verification using

90nm technology. We mainly put emphasis on several different implementations

based on this opamp circuit, demonstrating the efficiency of the proposed method-

ology. The schematic of this opamp is illustrated in Figure 3.7. In this open-loop

case, the process parameters are assumed to follow Gaussian distributions with 3σ

values truncated at 20% of their nominal values. Table 3.2 provides the importance

rank of all associated parameters with regard to the first dominant pole. Accord-

ing to this table, the parameter uncertainties in transistors M7 and M8, as well as

width uncertainties in M1 and M2, can be neglected when predicting output re-

sponse. At first, frequency analysis is performed on this open-loop opamp circuit

by using MC method and the proposed method respectively. Figure 3.8 shows the

comparison of bode plots between predicted bounds and worst-case responses. Since
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Figure 3.7: Schematic of a a fully CMOS operational amplifier

at higher frequencies both predicted and MC bounds are nearly the same, bode plots

are shown only within a particular frequency range. The predicted bounds are tight

when compared with MC bounds, with a relative error of less than 2%.

In the next step, the above-designed opamp (Figure 3.7) is connected to a non-

inverting configuration as shown in Figure 3.9. In this case,the resistances Rf, R2,

and Rin are also assigned 20% process variations in addition to transistor lengths

and widths. A sinusoidal wave with AC amplitude of 1V @ 1MHz frequency is

applied as the transient input to the circuit (Figure 3.9). The comparison of tran-

sient responses between MC simulation results and prediction results is described in

Figure 3.10. The worst-case responses and predicted bounds are perfectly matched.

A substantial explanation is that, due to the high gain of open-loop opamp as well

as the non-inverting configuration, the opamp circuit in Figure 3.9 is insensitive

to the MOSFET parameter variations, but highly depends on the perturbation in

resistances Rf and R2.

Moreover, as demonstrated before, our prediction framework is capable of esti-

mating probability information, by providing output distribution bounds at a spe-
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Table 3.2: Importance rank of parameter uncertainties for the open-loop operational
amplifier circuit

Process

Parameter

Uncertainty

Importance

Process

Parameter

Uncertainty

Importance

M9, L -0.5459 M2, L -0.0724

M13, L 0.5264 M1, L 0.0648

M13, W -0.4997 M5, W -0.0243

M9, W 0.4759 M6, W 0.0228

M6, L -0.3927 M1, W 0.0095

M3, L 0.3889 M2, W 0.0082

M4, L -0.3860 M7, L <0.0001

M5, L 0.3420 M7, W <0.0001

M3, W 0.1811 M8, L <0.0001

M4, W 0.1725 M8, W <0.0001

cific time point. CDF is helpful to verify the performance yield since it directly

indicates the cumulative probability information. Based on the MC simulation re-

sults of transient response in previous step, we select a specific time point t=100ns,

and collect all sample voltage values at this particular point to generate a distri-

bution function. Then following the CDF bounds computation procedure in CAA

methodology, the predicted probability bounds (denoted by ‘CDF bounds’) of out-

put voltage are presented in Figure 3.11. Compared with the CDF extracted

from MC simulations (denoted by ‘MC CDF’), our prediction framework provides a

reliable estimation range for cumulative probability. For example at 90% percentile,

it predicts a lower bound estimate of 1.362V, which means that the probability of

output voltage less than 1.362V is greater than 90%. There is a similar conclu-

sion for upper bound estimation of 1.209V. It is worth emphasizing that our CDF

prediction scheme is able to handle parameter correlations, since in CAA methodol-

ogy CDF bounds computation is based on the assumption of arbitrary correlations.

The real output distribution under any correlation situation will be bounded by

CAA predicted bounds, and parameter correlation relationships exert no impact on

computation cost.
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Figure 3.8: Frequency response comparison between predicted bounds and MC
bounds for a high-gain opamp

Furthermore, the above-designed opamp (Figure 3.7) is connected to a differen-

tiator configuration as shown in Figure 3.12. Similarly, a 20% Gaussian variation

is assumed for Rfb, Cin, and all transistor L’s and W ’s. In time domain a ramp

input with a slope of 0 to 0.5V in 0.25us is applied to the differentiator for tran-

sient analysis. The results of transient response are provided in Figure 3.13 and the

average relative error between worst-case responses and prediction bounds is about

3%. The proposed methodology has also been verified using two other circuits. We

choose a fifth-order low-pass filter (refer to (Temes and Mitra, 1973)) and Kerwin’s

circuit (refer to (Desoer and Kuh, 1969)) for verification. We assign 15% process

variations for all the resistors in these two circuits. The input sources are both set

as sinusoidal signals, but with different amplitudes and frequencies. Figure 3.14 and

Figure 3.15 present the predicted bounds as well as the comparisons with worst-case

responses generated from MC simulations.

As the last example, the proposed prediction method has been verified with a

Radio Frequency (RF) Active Band Pass filter. Figure 3.16 shows the schematic of
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Figure 3.9: Schematic of non-inverting amplifier

this RF circuit. A 20% process variation is assumed for capacitors Cx, Ca and

CL. Also, we assign a 20% variation for resistor RL and a 20% variation for L’s and

W ’s of the MOSFET’s around their nominal values. All the process variations are

assumed to be Gaussian distributions truncated at their respective 3σ values. We

predict the performance bounds in frequency domain using our prediction method,

and compare with the worst-case responses generated from MC simulations. The

results represented in Figure 3.17 show that the predicted bounds and worst-case

responses are well matched within an acceptable <5% relative error.

To summarize, Table 3.3 provides some statistics on computation complexity

to claim the advantage of the proposed method over brute-force MC approach.

Circuits 1-7 stand for the differential pair circuit, the open-loop opamp circuit, the

non-inverting amplifier circuit, the differentiator circuit, the low-pass filter circuit,

the Kerwin’s circuit and the RF band-pass filter circuit respectively. Column two

and column four present the runtimes by using the proposed method and MC method

respectively, while column three and column five list the numbers of SPICE runs in

both methods. Referring to Algorithm 1, the number of SPICE runs depends on 1)

the number of variation related parameters (n) and 2) the number of intervals the

parameter variation range is discretized into (k). We choose k=5 for the open-loop

opamp circuit and k=7 for all the other circuits. The runtime speedups for different

circuits are listed in column six.
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Figure 3.10: Transient response comparison between predicted bounds and MC
bounds for the non-inverting amplifier

All the results presented above are to show that our prediction method success-

fully captured the worst-cases selected from MC simulations. We have performed

another set of experiments to further demonstrate the effectiveness of the proposed

method. As discussed previously, the probability density weight is introduced to

evaluate parameter uncertainty importance. We conduct a comparison between the

prediction results with and without the weight information (i.e. the results obtained

by using (3.1) and (3.3) respectively). We focus on predicting the variance of the

first dominant pole in each circuit. Table 3.4 presents the predicted pole variances

with and without incorporation of probability weights in column three and column

five respectively. The variances generated from MC results are also provided in

column two for comparison. An improvement of relative error (compared with MC

generated variance) up to 14% can be observed from the last column in Table 3.4.

In addition, we conduct another comparison to verify the adequacy of pruning cir-

cuit elements with low-rank importance values. Table 3.5 presents the predicted

pole variances with and without circuit element pruning in column two and column

four respectively. The difference between two cases (in percentage) is provided in
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Figure 3.11: CDF by MC simulations and CDF bounds by prediction method

the rightmost column. Also, column three lists the number of all variation related

elements and column five lists the number of pruned unimportant elements. The

results presented in Table 3.5 demonstrate that pruning unimportant elements sig-

nificantly reduce the number of variation related parameters while providing high

computation accuracy.

3.6 Conclusion

In this chapter, we present a robust prediction framework for analog circuits perfor-

mance based on importance of uncertainties. A novel statistical uncertainty analysis

approach is developed to determine the uncertainty importance of circuit parameter

variations, while neglecting the non-critical components. This new design frame-

work is able to predict not only performance bounds but also probability informa-

tion. This proposed method has been tested with different circuits, demonstrating

the efficiency of the methodology.
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Table 3.3: Comparison of computation time between the proposed method and MC
method

Ckt Our method MC method Speedup

No. Runtime SPICE runs Runtime SPICE runs

1 18s 28 1238s 2000 69x

2 25s 30 1592s 2000 64x

3 20s 21 1635s 2000 82x

4 20s 21 1669s 2000 82x

5 7s 14 742s 2000 106x

6 13s 28 869s 2000 67x

7 26s 28 1792s 2000 69x

Table 3.4: Comparisons of pole variance predictions with and without probability
weights

Ckt MC W/ weights W/O weights Improv

No. Var. Var. %error Var. %error -ement

1 -1.936e7 -2.021e7 4.36% -1.735e7 10.42% 6.06%

2 -1.563e6 -1.534e6 1.85% -1.651e6 5.63% 3.78%

3 -1.834e6 -1.846e6 0.64% -1.845e6 0.58% -0.06%

4 -2.307e6 -2.375e6 2.95% -2.114e6 8.37% 5.42%

5 -1.192e3 -1.142e3 4.23% -1.335e3 11.95% 7.72%

6 -2.378e4 -2.431e4 2.19% -2.306e4 3.05% 0.86%

7 -7.472e6 -7.117e6 4.75% -8.878e6 18.82% 14.07%
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Algorithm 1 Circuit Elements Pruning

Input: device parameters X =(x0
1 + δx1, · · ·, x

0
n + δxn) ⊲ comment: nominal

values x0
i ’s, and parameter variations δxi’s

probability density function pdf = p(x1, · · ·, xn)

Output: importance rank RU =
{

R
(1)
U , · · ·, R(m)

U

}

1: Y0 ⇐ Circuit Simulation (X0) ⊲ comment: nominal output

2: for i = 1 to n do

3: {△1, · · ·,△k} ⇐ Standardization(xi)

4: {f1, · · ·, fk} ⇐ PDF Discretization(pdf) ⊲ comment: probability density

weight

5: Ui ⇐ 0

6: for j = 1 to k do

7: Sj ⇐ Local Sensitivity(△j)

8: Sj ⇐ Normalization(Sj, Y0) ⊲ comment: normalize output perturbation

to nominal output

9: Ui ⇐ Ui + fj · Sj

10: end for

11: end for

12: RU ⇐ Ranking({U1, · · ·, Un})⊲ comment: importance rank in descending order,

RU =
{

R
(1)
U , · · ·, R(m)

U

}

13: Uth ⇐ max ({U1, · · ·, Un}) · 5%

14: for i = 1 to n do

15: if Ui ≤ Uth then

16: RU ⇐ Remove(R
(i)
U , RU) ⊲ comment: prune unimportant elements

17: end if

18: end for

19: return RU =
{

R
(1)
U , · · ·, R

(m)
U

}
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Algorithm 2 Circuit Response Bounds Prediction

Input: time point t1 ⊲ comment: or frequency point ω1

variational symbols εi’s

Output: R(t1)=
[
R(t1), R(t1)

]
⊲ comment: response bounds

F (t1)=
[
F (t1), F (t1)

]
⊲ comment: CDF bounds

1: fun ← Response Explication(t1)

2: (op NonAff, op Aff ) ← Non Affine Check(fun)

3: op Appx ← Chebyshev Approx(op NonAff ) ⊲ comment: Chebyshev affine

approximations for non-affine operations

4: op Stack ← Combine(op Aff, op Appx )

5: R(t1) ⇐ 0

6: for i=1 to length(op stack) do

7: R0 ⇐ Range Computation(op Stack(i), εi) ⊲ comment: range information

for variational symbol εi

8: R(t1) ⇐ R(t1)+R0

9: F0 ← CDF Generation(εi)

10: PUSH(F0, CDF Stack)

11: end for

12: F1 ← POP(CDF Stack)

13: while CDF Stack 6= {∅} do

14: F2 ← POP(CDF Stack)

15: dummy op ← POP(op Stack)

16: F1 ← CDF Computation (dummy op, F1, F2)

17: end while

18: F (t1) ← F1

19: return R(t1), F (t1)
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Figure 3.13: Transient response comparison between predicted bounds and MC
bounds for the differentiator circuit
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Figure 3.14: Transient response comparison between predicted bounds and MC
bounds for a fifth-order low pass filter
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Figure 3.15: Transient response comparison between predicted bounds and MC
bounds for Kerwin’s circuit
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Figure 3.16: Schematic of the RF band pass filter
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Figure 3.17: Frequency response comparison between predicted bounds and MC
bounds for the RF band pass filter

Table 3.5: Comparisons of pole variance predictions with and without low-rank
element pruning

Ckt W/ pruning W/O pruning %Difference

No. Var. #Elements Var. #Pruned

1 -2.021e7 5 -2.021e7 2 0.00%

2 -1.534e6 10 -1.537e6 4 0.23%

3 -1.846e6 13 -1.849e6 10 0.18%

4 -2.375e6 13 -2.383e6 10 0.35%

5 -1.142e3 8 -1.148e3 6 0.52%

6 -2.431e4 8 -2.448e4 4 0.71%

7 -7.117e6 12 -7.133e6 8 0.23%
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CHAPTER 4

ROBUST GATE SIZING BY ELASTICR MODEL

This chapter introduces the new ElasticR model to characterize parameter varia-

tions and discusses how to use this new uncertainty model to solve robust design

problems. We use robust gate sizing as an example to describe the robust design

optimization procedure. Gate sizing is an important step at early stage of circuit

design, and the accuracy of estimation of gate size variations becomes a dominant

factor in design automation of gate sizing. This dissertation proposes a new para-

metric uncertainty model for parameter variation characterization. Different from

existing popular Uncertainty Ellipsoid (UE) method for uncertainty estimation, this

new model imposes no requirement on parameter correlations and no prerequisite

on their distributions. Referred to as ElasticR, the new approach achieves good ac-

curacy when applied to capturing gate size variations. Integrated with a signomial

delay model, the new method formulates the robust gate sizing problem into a stan-

dard Geometric Program (GP), which in turn can be efficiently solved by convex

optimization techniques. The ElasticR model can be extended to other robust design

problems for characterizing parameter variations and uncertainties. Experimental

results on ISCAS benchmark circuit show that the new estimation model improves

the accuracy of gate sizing problem by up to 28% compared with UE method.

4.1 Introduction

With the decreasing feature sizes and increasing demands on performance, it be-

comes more and more difficult to design high-performance circuits and systems.

Gate sizing is an important step in today’s circuit design because it has always

been an effective technique to achieve desirable circuit performance with acceptable

system cost (Chen et al., 1999). The main objective of gate sizing is to minimize
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the total area while reducing timing violations. Many automation algorithms use

modeling techniques to guarantee globally optimum solutions for given specifications

(Hershenson et al., 2001). Due to parameter variations in deep submicron (DSM)

regime, parametric uncertainty needs to be accurately modeled to facilitate gate

sizing. Compromised accuracy of uncertainty estimation will lead to low quality of

the final statistical analysis and gate sizing results (Li et al., 2006). This gate sizing

effort considering parameter uncertainties is referred to as robust gate sizing.

Transistor sizing and gate sizing are important problems in circuit design because

they allow to explore the trade-off between circuit performance and the cost of the

system. As pointed out in (Tennakoon and Sechen, 2008), the usefulness of a gate

sizing algorithm is dependent upon three factors: delay model accuracy, optimality

of the solutions, and efficiency of the algorithm.. Considering the significant impact

of process variations, there have been a number of previous literatures on solving ro-

bust uncertainty-aware sizing problems. The objective is to minimize the total area

while reducing timing violations in the presence of parameter variations. A generally

used method is to estimate a worst-case scenario for each gate, and then conduct gate

sizing according to this worse-case estimate (Mani and Orshansky, 2004; Patil et al.,

2004). The main limitation of this worst-case estimation method is that it uses a

conservative estimate and it cannot distinguish between correlated and uncorrelated

variations. Some other works start with conducting a statistical static timing anal-

ysis (SSTA) (Orshansky and Keutzer, 2002; Visweswariah et al., 2006) to capture

the delay distributions, and then employ non-linear optimization techniques to size

the gates (Raj et al., 2004; Choi et al., 2004; Jacobs and Berkelaar, 2000). However,

SSTA is too complex to couple to an optimization flow or algorithm, especially with

realistic distributions (often non-Gaussian). Therefore for simplicity when perform-

ing SSTA procedure, an assumption of Gaussian distribution is required to model

signal arrival time, which tends to be inaccurate.

Another approach for robust gate sizing is the popular Uncertainty Ellip-

soid (UE) estimation model (Singh et al., 2008; Nesterov and Nemirovsky, 1994;

Johnson and Wichern, 2002). This model estimates the feasible region of parameter
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uncertainties by an ellipsoid set and therefore neglects some corner regions of the

entire feasible design space. In real design the feasible parameter regions may be

irregular. UE approach intends to use a set of pre-defined radiuses to capture the

corner cases in feasible region. Figure 4.1 illustrates an example of UE estimation

in 2-dimensional (2D) parameter space, which estimates the feasible regions by two

different radiuses (λ1 and λ2). Most corner cases (marked as gray dots) will

x1

x2

1

X0
2

Figure 4.1: UE estimation of feasible design region

not be covered by this UE region, and thus the accuracy is compromised. Another

limitation of existing gate sizing algorithms is the use of posynomial functions to

model gate delays (Wang et al., 2007a) (Ketkar et al., 2000; Kasamsetty et al., 2000;

Shyu et al., 1988; Cong et al., 2008). For example, the well-known Elmore delay is

a special case of posynomial. However as pointed out in (Tennakoon and Sechen,

2008), signomial models are more accurate to estimate gate delays. For this reason

the new approach employs a signomial delay model when formulating the robust

sizing framework.

The main contribution of the current work is a new robust gate sizing frame-

work that incorporates a new ElasticR uncertainty estimation model and a signomial

gate delay model. Different from the popular Uncertainty Ellipsoid (UE) method,

ElasticR method does not require the parameter variations to follow certain distribu-

tions, nor force the covariance matrix of parameter variations to be pre-determined.

A more significant difference is, by employing the concept of a second order cone
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(SOC), this new model uses continuously changing radius to capture all the corner

cases in feasible region. As an example shown in Figure 4.2, in addition to λ1

X0

X0

X0

Figure 4.2: The 3-dimensional ElasticR representation for 2-dimensional parameter
variations

and λ2, the new model allows for multiple different radiuses (r1, r2, r3, · · · ) to in-

corporate all the corner cases. The new approach is thus referred to as ElasticR

(Elastic Radius): by varying radius, all the corner points will be included by this

feasible region estimation. In later part we will revisit this example in details. Us-

ing ElasticR method to characterize parameter uncertainties, the robust gate sizing

problem can be formulated into an optimization program in standard Geometric

Programming (GP) form and therefore can be solved by convex GP tools (Boyd,

2010), whereas UE method is incapable of handling signomial delay models. The

new sizing framework based on ElasticR method was verified on various ISCAS

benchmark circuits. Experimental results show that the new approach has achieved

up to 28% area reduction compared with UE method.

The rest of this chapter is organized as follows. Section 4.2 introduces some fun-

damental background on delay modeling robust gate sizing. Section 4.3 introduces

the ElasticR estimation model for parameter uncertainties. Section 4.4 discusses

how to formulate the robust gate sizing problem into standard GP form by ElasticR
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representation. Section 4.5 uses a simple example circuit to explain the detailed pro-

cedure of the proposed robust sizing framework. Experimental results are presented

in Section 4.6. Finally, Section 4.7 concludes this chapter.

4.2 Delay Modeling and Robust Gate Sizing Framework

This section provides some preliminary knowledge of gate delay modeling and gate

sizing. In many existing timing analysis approaches gate delay is in general modeled

as a posynomial function of gate sizes. Because of the posynomial property of delay

function, the gate sizing problems can be conveniently formulated and solved by

Geometric Programming (GP). This section starts with introducing the basic con-

cepts of GP, and then discusses different models for gate delay function. Based upon

traditional gate sizing framework, this section also introduces the design framework

for robust gate sizing considering parameter variations.

4.2.1 Geometric Programming

GP (Chiang, 2005; Boyd and Vandenberghe, 2004) minimizes a posynomial objec-

tive function subject to a set of posynomial upper bound inequality constraints, as

well as another set of monomial equality constraints. A geometric problem can be

described in the following standard form:

minimize f0(x)

subject to fi(x) 6 1, i = 1, 2, · · ·, m

hl(x) = 1, l = 1, 2, · · ·, p

variables x

(4.1)

where objective function f0(x) and constraint functions fi(x)’s are posynomials,

while constraint functions hl(x)’s are monomials. A monomial is defined as a func-

tion in such form:

h(x) = d · xa1
1 xa2

2 · · ·x
an

n (4.2)
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where d is the multiplicative constant, d > 0. A posynomial is in fact a sum of

monomials with index k:

f(x) =

K∑

k=1

dkx
a1k

1 xa2k

2 · · ·x
ank
n (4.3)

where dk > 0 for k = 1, 2, · · · , K. Posynomials are not convex functions, and a

standard GP is therefore not a convex optimization problem. In order to transform

a GP into a convex program, a logarithmic transformation is required for all the

variables and multiplicative constants. (Chiang, 2005) provides the details and

corresponding proofs. The resulting convex program can be efficiently solved by

interior-point algorithms (Nesterov and Nemirovsky, 1994).

4.2.2 Gate Delay Modeling

Gate delay is defined as the interval that elapses between the time when the input

waveform crosses a specified threshold, and when the output waveform crosses a

given threshold (Sapatnekar, 2010). The two threshold values are commonly set

to be at the 50% point of the waveform transition. Most research works on tim-

ing analysis and gate sizing use a posynomial function to model gate delay for

individual components (Wang et al., 2007a; Ketkar et al., 2000; Kasamsetty et al.,

2000; Shyu et al., 1988; Cong et al., 2008). In (Kasamsetty et al., 2000) the authors

proposed a class of generalized posynomial models to approximate gate delays. A

posynomial (with K terms) is a function f of a n-dimensional positive vector X ∈ Rn

in the following form:

f(X) =

K∑

k=1

ck · x
a1k

1 xa2k

2 · · ·x
ank
n =

K∑

k=1

ck ·

(
n∏

i=1

xaik

i

)

(4.4)

where the multiplicative coefficients ck’s are positive and the exponents a1k, · · ·, ank

are real. The well-known Elmore delay (Elmore, 1948) is in fact a special case of

posynomial. For example in (Fishburn and Dunlop, 1985) and (Sapatnekar et al.,

1993) the following expression of Elmore delay is used to model the delay function:

n∑

i,j=1

aij
xi

xj
+

n∑

i=1

bi

xi
+ K (4.5)
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where aij , bi and K are constant coefficients, and vector x = [x1, · · ·, xn] represent

gate sizes. According to (4.5), Elmore delay is a particular posynomial function in

which the exponent coefficient can be only −1, 0, or 1. As introduced in Section

4.2.1, a posynomial function can be transformed into a convex function via a log-

arithmic transformation. In (Chou et al., 2005) the authors proposed an iterative

procedure of regression analysis to generate an accurate posynomial approximation

for gate delay function.

Referring to (4.4), if the multiplicative coefficients ck’s are allowed to be any real

number, then f(X) is called a signomial. As there are no restrictions on the sign

of coefficients ck’s, signomials are expected to estimate delay functions more accu-

rately. The authors in (Daems et al., 2001) provided a simulation-based procedure

to automatically generate signomial and posynomial fitting models. In this robust

gate sizing work, we employ the signomial model for gate delay approximation. We

use an automated procedure of posynomial/signomial fitting to determine the best-

fit coefficients, exponents and the number of terms in the signomial delay function.

The fitting procedure starts with a single monomial term for delay approximation,

and gradually increase the number of monomial terms in the signomial function

until the fitting error is less than a pre-determined threshold value.

4.2.3 Robust Gate Sizing

The effort of robust gate sizing is to size the gates considering parameter variations.

Conventional framework of gate sizing problem can be formulated as:

minimize: Area =
n∑

i=1

αixi

subject to: Delay ≤ Tspec

Xmin ≤ X ≤ Xmax

variables: X = [x1, x2, · · ·, xn]

(4.6)

In this formulation, the area is represented by the sum of gate size xi, and αi is some

weight factor for gate i. The objective function is a posynomial (Chiang, 2005) and

therefore is convex. Delay is the maximum arrival time at any output, and Tspec
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enforces a set of timing constraints. Xmin and Xmax are the lower and upper bound

limits for gate sizes respectively.

We now discuss robust gate sizing under the impact of process variations. In the

nominal case, by employing a signomial delay model the timing constraints in (4.6)

can be represented as:

dj(X0) =

K∑

k=1

ck · x
a1k

10
xa2k

20
· · ·xank

n0
≤ Tspec (4.7)

where the j-th constraint function dj(X0) represents the path delay at gate j, which

is in signomial form. The vector X0 = [x10 , x20 , · · ·, xn0 ] represents the nominal

values of gate sizes.

Due to process variations, the gate sizes have been assigned random variations

around their nominal values. Hence in (4.7) xi’s are no longer deterministic quan-

tities but random variables. As a consequence the gate delay becomes variational

as well. Let δX = [δx1, δx2, · · ·, δxn] represent the variations in gate sizes, the con-

straint function dj(X0) in (4.7) will be replaced by dj(X0+δX). Obviously gate delay

under process variations is a random variable, rather than a deterministic function.

When conducting robust gate sizing, the path delay for each gate is required to

satisfy the user-defined timing specification Tspec for all possible perturbation values

introduced by parameter variations. Therefore it is crucial to develop an accurate

estimation model to characterize parameter variations and uncertainties.

4.3 Parameter Variations and Uncertainties Characterization

This section discusses uncertainty estimation methods. We start with introducing

the previously used UE method and its disadvantages. A new ElasticR method will

then be proposed to overcome the limitations of UE method.

Uncertainty Ellipsoid (UE) (Singh et al., 2008)(Johnson and Wichern, 2002) is a

popular method to estimate parameter uncertainties, by using the maximal inscribed

ellipsoid inside the variation region. For any vector X ∈Rn with random perturba-

tion around its nominal value X0, the parameter variability can be estimated by an
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uncertainty ellipsoid in Rn, which has the form (Boyd and Vandenberghe, 2004):

{

X
∣
∣
∣ (X−X0)

T P−1(X−X0) ≤ 1
}

(4.8)

where P represents the covariance matrix, which is required to be symmetric and

positive semi-definite (PSD). The nominal vector X0 is the center point of the un-

certainty ellipsoid. An alternative representation of an uncertainty ellipsoid is:

{

X0 + P 1/2 u
∣
∣
∣ ‖u‖2 ≤ 1

}

. (4.9)

The vector u is introduced to characterize the movement of X around X0, and

‖u‖2 is the 2-norm of vector u. The parameter variations are considered to be

bounded within the ellipsoid region. A 2D example of uncertainty ellipsoid has been

illustrated in Figure 4.1. Covariance matrix P determines how far the uncertainty

ellipsoid extends in every direction from X0. The lengths of radiuses λ1 and λ2, and

their directions are given by the eigenvalues of matrix P .

To build UE estimation model, the covariance matrix P of parameter varia-

tions must be pre-determined. In addition, the covariance matrix P must be PSD,

which implies that its elements are enforced to be non-negative. Upon this assump-

tion only positive correlations among parameter variations can be handled by UE

method. More importantly, UE method has another disadvantage that the maximal

inscribed ellipsoid may not cover the entire feasible parameter space. UE model

uses a set of radiuses with fixed lengths and directions to capture the corner cases

Therefore UE method estimates the feasible region in a pessimistic way and tends

to produce conservative optimization solutions. As shown in Figure 4.1, the esti-

mation of uncertainty ellipsoid indeed sacrifices some corner regions which in fact

may contain feasible design solutions in them. In case that the optimal solutions

fall into these uncovered corner regions, UE method will not be able to find true

optimal cases.

To address above limitations of UE method, we propose a novel ElasticR es-

timation method by employing the concept of a second order cone (SOC). Math-

ematically, a second order cone of dimension k is defined as (Lobo et al., 1998):
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{[

U

r

]
∣
∣
∣ U ∈ R k−1, r ∈ R, ‖U‖ ≤ r

}

(4.10)

where U is a vector of dimension k−1. For the random vector X of gate sizes, by

introducing an auxiliary variable r, the variation vector δX can be represented by

a second order cone, which is defined as a set:

{

(δX, r)
∣
∣
∣ ‖δX‖2 = ‖X−X0‖2 ≤ r, r ≥ 0

}

(4.11)

where ‖δX‖2 = δXTδX is the 2-norm of variation vector δX. Different from UE

estimation, in which the distances from the nominal point to the corner cases is

fixed by the covariance matrix P , the representation in (4.11) allows the elasticity

of maximum parameter perturbation range, and therefore is named as an ElasticR

representation. Referring to the example shown in Figure 4.2, a 3-dimensional (3D)

cone has continuously changing radiuses to their 2D slices. The intersections of the

3D cone and feasible region thus provide the corner case distances to the nominal

case. For example in Figure 4.2, the cone-feasible region intersection captures one

corner case (Point A) with radius r1. If we push the cone through the feasible region

continuously, more corner cases with different distance to the nominal point will be

captured. As an example, a new corner point B is identified with a different radius

r2. The elastic radius r in fact restricts how far the parameter variations can perturb

from their nominal values. By continuously varying radius r all the corner cases will

be included by this ElasticR region.

In subsequent part, we use a 3D example of Elastic representation to explain the

advantages of ElasticR estimation model. For a 2D vector X its ElasticR represen-

tation is with 3 dimensions and is represented by:












δx1

δx2

r







∣
∣
∣
∣
∣

∥
∥
∥

[

δx1

δx2

]
∥
∥
∥

2
≤ r, x1min≤δx1≤x1max, x2min≤δx2≤x2max







(4.12)

where x1max and x1min are the upper and lower bounds for parameter variation δx1,

the same as x2max and x2min for δx2. Here the feasible region is simply defined
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by parameter variation bounds, however in real cases ElasticR model is capable of

characterizing feasible regions of any shape. Without loss of generality, we assume

that x1min ≤ x2min ≤ x1max ≤ x2max. Then we can determine the upper and lower

bounds for variable r:






rmin = 0

rmax≥
√

(x1max)2 + (x2max)2
(4.13)

According to (4.11), for a specific value of radius r, the 3D ElasticR example

reduces to a circle in δX-plane, as illustrated in Figure 4.2. The ElasticR expression

for different radius values can be generalized as follows:

(1) if r ≤ min(x1min, x2min), the ElasticR representation of feasible region is given

by:
{
(δx1, δx2)

∣
∣ δx2

1 + δx2
2 ≤ r, 0 ≤ r ≤ min(x1min, x2min)

}

(2) if min(x1min, x2min) ≤ r ≤ max(x1max, x2max), the ElasticR representation is

accordingly given by:

{
(δx1, δx2)

∣
∣ δx2

1 + δx2
2 ≤ r, min(x1min, x2min) ≤ r ≤ max(x1max, x2max)

}

As demonstrated above, the ElasticR representation does not impose any distribu-

tion prerequisites or correlation requirements on parameter variations. However,

in UE method the PSD property of covariance matrix requires that the parameter

variations must be positively correlated (Singh et al., 2008). There is no such re-

striction in this proposed ElasticR model. By introducing an auxiliary variable r

to manipulate the maximum parameter perturbation value, a priori knowledge of

variation distributions is not necessarily required. Furthermore, as opposed to UE

method, the parameter variation range in ElasticR model is not deterministic but

varies according to the elastic radius r. This elasticity guarantees that all the corner

cases in feasible parameter region can be incorporated by choosing appropriate rmin

and rmax values. This is a crucial advantage of ElasticR representation over UE es-

timation, since UE estimation does not cover the entire design region and neglecting

feasible design solutions in corner regions may in turn yield inaccurate optimization

results.
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4.4 Robust Gate Sizing by ElasticR Model

Recall the robust gate sizing problem formulated in (4.6), obviously it is not in

standard GP form because of the signomial delay functions, and the variability in

delay functions propagated from process variations. This section discusses how to

formulate the perturbation-based variational sizing model into a standard geometric

program by employing the ElasticR estimation model.

Standard GP formulation requires that the objective and all constraint functions

are posynomials. The objective function in (4.6) is already in posynomial form. We

focus on formulating the set of constraint functions dj(X0+δX). For small parameter

variations from their nominal values, the variational constraint function dj(X0+δX)

can be approximated by a first-order Taylor series expansion:

dj(X0 + δX) = dj(X0) +∇dj(X0) · (X+δX−X0)

= dj(X0) +

n∑

i=1

(
∂dj

∂xi

)∣
∣
∣
∣

xi0

δxi (4.14)

where∇dj(X0) represents the gradient of delay function dj calculated at the nominal

values of gate sizes, and δX denotes the random variations around nominal gate sizes

xi0 ’s.

From (4.14) we observe that the variational function dj(X0 +δX) consists of two

components: 1) the deterministic part dj(X0), which is in signomial form; and 2)

the variational part
n∑

i=1

(
∂dj

∂xi

)∣
∣
∣
xi0

δxi, consisting of a gradient term and a parameter

variation term. For the gradient term, since delay function dj is modeled as a signo-

mial, it is not difficult to show that
(

∂dj

∂xi

)∣
∣
∣
xi0

, the derivative of signomial function dj

at nominal point xi0 , will still keep the signomial property. On the other hand, all

possible perturbation values in the parameter variation term are required to satisfy

the timing constraint Tspec. In other words, the complete variational function (4.14)

has to be smaller than this user-defined delay specification. This is equivalent to:

dj(X0) + max
∀δX

{
n∑

i=1

(
∂dj

∂xi

)∣
∣
∣
∣

xi0

δxi

}

≤ Tspec. (4.15)
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which indicates that the maximum possible value of the variational function must be

bounded by timing constraint Tspec. In what follows, the variational delay constraint

in (4.6) will be substituted by the deterministic constraint (4.15).

After one step of transformation, the constraint function is still not in standard

GP form, because of the signomial expression and the parameter variation term in

(4.15). Further transformations are necessary for GP formulation. We show that by

employing the ElasticR estimation model and introducing a set of slack variables, the

variational constraint function can be eventually transformed into a set of standard

posynomials. The formulation procedure is applicable to delay models in form of

any signomial. Posynomial delay models can be certainly addressed in the same

manner since a posynomial is a special case of a a signomial.

We employ the ElasticR representation, which is described in Section 4.3, to

address the parameter variation term δX. Given a gate size vector X ∈ Rn with

nominal vector X0, parameter variations around the nominal values are character-

ized by an ElasticR model with n+1 dimensions:

{

(δX, r)
∣
∣
∣ ‖δX‖2 ≤ r, r ≥ 0

}

(4.16)

where r is an auxiliary variable introduced to manipulate parameter perturbation

range. The variations are considered to be bounded within the ElasticR region

defined in (4.16), by varying the elastic variable r. Note that r variable itself has

an upper bound limit.

With parameter variations characterized in ElasticR representation, we now fo-

cus on formulating the gradient term in (4.15), which is not in posynomial form.

We rewrite the delay function as follows:

dj(X) =

K∑

k=1

ck ·
n∏

l=1

xalk

l . (4.17)

where ck and aik can be any real number. The derivative of delay function at xi is

then given by:

∂dj

∂xi

=
K∑

k=1

aikck ·
∏

l 6=i

xalk

l · x
aik−1
i . (4.18)
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By combining the results in (4.17) and (4.18) we can express the constraint

function (4.15) explicitly:

K∑

k=1

ck

n∏

l=1

xalk

l0
+ max

∀δX

{
n∑

i=1

(
K∑

k=1

aikck

∏

l 6=i

xalk

l0
xaik−1

i0

)

· δxi

}

≤ Tspec. (4.19)

where xi0 ’s represent the gate transistor sizes, and δxi’s the corresponding size vari-

ations. For conciseness we do the following substitution for (4.19):

gik(X) = aikck

∏

l 6=i

xalk

l0
xaik−1

i0
.

In above equation, ck stands for the multiplicative coefficient and aik stands for

the exponent index in posynomial delay function (4.17), therefore gik(X) could

be either positive or negative, bringing the difficulty in GP formulation since a

standard posynomial does not allow negative coefficients. To address this problem,

we introduce two vectors Φ1, Φ2∈Rn to collect the positive and negative coefficients

in (4.19) respectively. To be more specific, the components of vectors Φ1 and Φ2 are

generalized as follows:






φ1,i =
∑

p

gip(X) for ∀ aip >0, i=1, 2, · · ·, n

φ2,i =
∑

q

giq(X) for ∀ aiq <0, i=1, 2, · · ·, n
(4.20)

With loss of generality, we provide a simple synthetic example for explanation.

Suppose we have a simple circuit with only two gates. The path delay function is

given by a posynomial in terms of gate sizes x1 and x2:

d(X) = K1x1x
−1
2 −K2x1x

−2
2 + K3x

−1
1 x2 (4.21)

where K1, K2 and K3 are positive constants. Note that for simplicity the exponents

are all integers in this synthetic example. In practical posynomial delay fitting

the coefficients could be any real number. However the formulation procedure for

this simple example can be extended to any complicated signomial delay model.

Calculating the derivatives results in:

(∂d/∂x1)
∣
∣
x10

= K1x
−1
20
−K2x

−2
20
−K3x

−2
10

x20

(∂d/∂x2)
∣
∣
x20

=−K1x10x
−2
20

+ 2K2x10x
−3
20

+ K3x
−1
10

(4.22)
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Following the definition in (4.22), the components of Φ1 and Φ2 are extracted as

follows:

Φ1 =





K1

x20

2K2x10

x3
20

+ K3

x10



, Φ2 =




−K2

x2
20

−
K3x20

x2
10

−
K1x10

x2
20



 (4.23)

Having explained the definition of Φ1, Φ2 in (4.22), we further translate (4.19)

into the following expression:

K∑

k=1

ck

n∏

l=1

xalk

l0
+ max

∀δX

{
n∑

i=1

(
K∑

k=1

gik(X)

)

· δxi

}

(4.24)

=
K∑

k=1

ck

n∏

l=1

xalk

l0
+ max

∀δX

{

〈Φ1, δX〉+〈Φ2, δX〉
}

≤ Tspec

where 〈a, b〉 denotes the innver product of two vectors a and b. Following the well-

known Cauchy-Schwartz inequality:

〈a, b〉 ≤ ‖a‖2 · ‖b‖2 (4.25)

and the fact that in ElasticR model ‖δX‖2≤ r, an equivalent expression for (4.25)

is given by:
K∑

k=1

ck

n∏

l=1

xalk

l0
+ ‖Φ1‖2 ·r + ‖Φ2‖2 ·r ≤ Tspec. (4.26)

Note that variable r itself should be appropriately bounded to include all possible

parameter variations (refer to (4.13)), which results in an additional constraint:

rmin ≤ r ≤ rmax. One more step of formulation is to introduce two more slack

variables s1 and s2 to substitute Φ1 and Φ2:

s1 = ‖Φ1‖2 ⇔ s2
1 = ΦT

1 Φ1

s2 = ‖Φ2‖2 ⇔ s2
2 = ΦT

2 Φ2

(4.27)

Putting all the formulation results together, we conclude that the variational con-

straint function (4.15) has been replaced by an equivalent set of constraints:

K∑

k=1

ck

n∏

l=1

xalk

l0
+ s1 ·r + s2 ·r ≤ Tspec (4.28)

ΦT
1 Φ1s

−2
1 ≤ 1 (4.29)

ΦT
2 Φ2s

−2
2 ≤ 1 (4.30)
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which is very close to a standard GP expression with the new decision variable set:

(X, s1, s2, r). The quadratic terms in constraints (4.29) and (4.30) are already in

standard posynomial form by expanding them:

ΦT
1 Φ1 =

∑

i,j

φ1,iφ1,j, ΦT
2 Φ2 =

∑

i,j

φ2,iφ2,j.

Above expansion indicates that the quadratic terms both are summations of posyn-

omials with all positive multiplicative coefficients, therefore the constraints (4.29)

and (4.30) are also posynominals and they satisfy the requirements of GP formu-

lation. The last step is to formulate the first constraint (4.28), in which there is a

signomial delay function. Note that if the delay function itself is based on posyno-

mial delay models, then constraint (4.28) becomes a posynomial constraint and the

robust gate sizing problem is already in standard GP form. We now discuss the

further formulation procedure required for signomial delay models. (Chiang, 2005)

introduces an efficient way of converting such a signomial constraint into GP form.

We use two additional posynomial functions to replace the original signomial delay

function, and rewrite the signomial delay constraint (4.28) in the following form:

f1(X)− f2(X) + s1 ·r + s2 ·r ≤ Tspec. (4.31)

where f1(X) contains all monomial terms with positive multiplicative coefficients

from the original delay signomial, and f2(X) contains all monomial terms with

negative multiplicative coefficients. We further transform above signomial constraint

(4.31) into posynomial form by introducing one more auxiliary variable t:

f1(X) + s1 ·r + s2 ·r ≤ t ≤ f2(X) + Tspec

which can be expressed as the following two posynomial constraints:

t−1 (f1(X) + s1 ·r + s2 ·r) ≤ 1 (4.32)

t−1 (f2(X) + Tspec) ≥ 1 (4.33)

Apparently the upper bound inequality constraint (4.32) satisfies GP requirements,

however, the lower bound inequality constraint (4.33) is not in standard GP form.
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(Chiang, 2005) provides an approximation method to address this problem. The

approximation procedure is based on the geometric inequality:

∑

i

γivi ≥
∏

i

vγi

i . (4.34)

which indicates that the arithmetic mean is greater than or equal to the geometric

mean, for vi > 0 and γi > 0,
∑

i γi = 1. Letting ui = γivi and substituting into

inequality (4.34) yields:
∑

i

ui ≥
∏

i

(
ui

γi

)γi

. (4.35)

Suppose that ui(x)’s represent the monomial terms of the posynomial function in

(4.33). Following (4.34), the lower bound inequality constraint (4.33) can be ap-

proximated by an upper bound inequality constraint given by:

∑

i

ui(x) ≥ 1 ⇔
∏

i

(
ui(x)

γi

)γi

≤ 1. (4.36)

Now the problem is to select an appropriate set of coefficients γ’s in (4.36) such that

γi > 0 and
∑

i γi = 1 are satisfied. The details about choices of coefficients γi’s can

be referred to in (Chiang, 2005).

By far we have eventually formulated the robust gate sizing problem (4.6) into

standard GP form. To summarize, we conclude the resulting GP as follows:

minimize: Area =
n∑

i=1

αixi

subject to: t−1 (f1(X) + s1 ·r + s2 ·r) ≤ 1

t−1 (f2(X) + Tspec) ≥ 1

ΦT
1 Φ1s

−2
1 ≤ 1

ΦT
2 Φ2s

−2
2 ≤ 1

Xmin ≤ X ≤ Xmax

rmin ≤ r ≤ rmax

variables: X, s1, s2, r, t

(4.37)

where X represents gate sizes, s1, s2 and t are three slack variables for GP formula-

tion and variable r is introduced by the ElasticR estimation model. To successfully
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cover all feasible parameter space, the upper bound for r variable is required to be

slightly greater than the maximum parameter perturbation value: rmax ≥‖Xmax‖.

With the lower bound constraint on f2(X) approximated by the upper bound con-

straint described in (4.36), the objective and all constraint functions are now in

posynomial form. In real application, this formulation procedure is repeated for all

delay constraints, and the final formulated GP problem can be solved by convex

optimization tools.

4.5 A Simple Example

The complicated formulation procedure described in Section 4.4 is to demonstrate

the applicability of ElasticR method to any generalized posynomial/signomial delay

model. For better interpretation, in this section we use a simple example circuit to

explain our ElasticR sizing framework. Elmore delay (a special case of posynomial)

is used for explanation, however, the optimization procedure can be generalized

to any posynomial delay model and arbitrarily large circuits. For signomial delay

models, the formulation procedure follows the same flow, but further transformation

and approximation procedures will be required, as discussed in Section 4.4.

We apply Elmore delay model to the gate components of the example circuit

shown in Figure 4.3. For simplicity we neglect the interconnect delay and the effect

of drain and source capacitances. The gate sizes are x1, x2, and x3 respectively. The

posynomial delay function for this circuit can be expressed in terms of gate size xi’s:

d(X) = A

(
1

x1
+

1

x2

)

+ B
1

x3
+ C

x2

x1
+ D

(
x3

x1
+

x3

x2

)

(4.38)

where constant coefficients A, B, C and D can be derived according to

(Sapatnekar et al., 1993). As explained in Section 4.4, to guarantee that the

delay perturbation propagated from parameter variations will not violate the tim-

ing constraint Tspec, the variational constraint function will be transformed into the
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CLoadx1 x2 x3

Figure 4.3: A simple example circuit

following expression (refer to (4.15)):

A

x10

+
A

x20

+
B

x30

+
Cx20

x10

+
Dx30

x10

+
Dx30

x20

+

max
∀δX

{

−
Aδx1

x2
10

−
Cx20δx1

x2
10

−
Dx30δx3

x2
10

−
Aδx2

x2
20

+
Cδx2

x10

−
Dx30δx2

x2
20

−
Bδx3

x2
30

+
Dδx3

x10

+
Dδx3

x20

}

≤ Tspec (4.39)

where xi0 ’s represent the nominal gate sizes, and δxi’s the corresponding size vari-

ations. The next step is to determine the Φ+ and Φ− vectors collecting positive

and negative terms in (4.39) respectively. According to the definition in (4.22), the

components of Φ+ and Φ− are extracted as follows:

Φ+ =









0

C
x10

D
x10

+ D
x20









, Φ−=








− A
x2
10

−
Cx20

x2
10

−
Dx30

x2
10

− A
x2
20

−
Dx3)

x2
20

− B
x2
30








(4.40)

With gate size variations characterized in ElasticR representation:
{
(δX, s)

∣
∣ ‖δX‖2 ≤ s, s ≥ 0

}
, after several steps of transformation (4.39) be-

comes the following inequality constraint:

A

x10

+
A

x20

+
B

x30

+
Cx20

x10

+
Dx30

x10

+
Dx30

x20

+ ‖Φ+‖2 ·s +‖Φ−‖2 ·s ≤ Tspec. (4.41)

By further introducing two slack variables r1 and r2, (4.41) has finally been formu-

lated into a set of posynomial constraints:



120

d(X0) + r1 ·s + r2 ·s ≤ Tspec

ΦT
+Φ+r−2

1 ≤ 1

ΦT
−Φ−r−2

2 ≤ 1

where the delay function d(X0) is in accordance with (4.38). Solving the final GP

program yields robust gate sizing results.

From this simple example, we conclude the general flow of our robust gate sizing

framework based on ElasticR estimation model. Firstly, an appropriate posynomial

expression is determined to build gate delay model. Secondly, the ElasticR model

is employed to characterize parameter variations. Thirdly, by using the robust GP

formulation procedure described in Section 4.4 the variational delay constraint is

formulated into a set of posynomial inequality constraints. Lastly, the formulated

GP problem is solved by convex optimization tools and robust sizing solutions are

therefore obtained.

4.6 Experimental Results

In this section we present the robust gate sizing results on ISCAS benchmark circuits.

All simulations and experiments were performed on a quad-core 2.5-GHz machine

with 4-GB memory. In simulation part, we use the 65nm technology node provided

by PTM model (Nanoscale Integration and Modeling (NIMO) Group, 2006). The

coefficients in signomial delay functions are extracted from HSPICE simulation data.

We assume 20% process variations for all gate sizes around their nominal values. An

convex optimization software GPCVX (Boyd, 2010) was used to solve the final GP

problem generalized in (4.37). The optimization objective is to minimize the total

area
∑

i

αixi, where αi denotes the number of transistors in gate i, and gate size xi

stands for the ratio of area of gate i to that of a minimum sized inverter.

Table 4.1 lists the gate sizing results on ISCAS benchmark circuits. The opti-

mization results both by UE method and ElasticR method are provided for compar-

ison. For each circuit we first determine the minimum and maximum possible delay

values, then the timing constraint is selected around the median delay value. The
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third column in Table 4.1 lists the Tspec values (in picosecond) for all benchmark

circuits. To verify the correctness of gate sizing results, we generate 10,000 random

samples from a multivariate normal distribution, where the mean vector of the dis-

tribution consists of the optimal gate sizes determined by solving the robust sizing

problem. Based on the Monte-Carlo samples we determine the frequency of delay

violations for each circuit, i.e. the number of times that circuit delay exceeds the

timing constraint Tspec. The sizing results by both methods, including total areas,

delay violations (in percentage) and computation times (in second), are presented

in Table 4.1. Note that gate area has been normalized to the minimum sized in-

verter for each circuit. Both methods show a high efficiency in eliminating timing

violations. The differences in delay violations are very insignificant and can be ne-

glected (refer to column five and column eight). Also, compared with UE method

the computation time by ElasticR method is slightly longer, which is acceptable

(refer to column six and column nine). However, a significant difference in area cost

can be observed between these two methods. The last column of Table 4.1 lists the

area reductions in percentage by ElasticR method. For various circuits, an improve-

ment ranging from 11% to 21% can be observed. Besides, as the circuit complexity

increases, the achieved area reduction decreases slightly.

It is worth emphasizing that UE method is incapable of addressing signomial

delay models, therefore the the experimental results in Table 4.1 is generated by

using a posynomial delay model. To further demonstrate the efficiency of the Elastic

method, we use the same posynomial model and re-perform the ElasticR based

optimization procedure. As a posynomial is a special case of signomial, the ElasticR

approach also takes effect on posynomial delay models. The new comparison results

are presented in Table 4.2. Each column in Table 4.2 has the same meaning as

in Table 4.1. The new results show an area reduction of up to 21% for ISCAS

benchmark circuits. Compared with the results in Table 4.1, the improvement of

area cost is less significant by using the posynomial delay model. This observation

verifies that the application of ElasticR estimation model and signomial delay model

both improves the accuracy of gate sizing results, and implies the importance of
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Table 4.1: Gate sizing results by UE method and ElasticR method on ISCAS bench-
mark circuits

UE Method ElasticR Method

Circuit # of Tspec Area %Delay Time Area %Delay Time %Area

Name Gates (ps) Unit Violation (sec) Unit Violation (sec) Reduction

C432 616 1000 2021.41 0.00% 19 1486.40 0.00% 24 26.47%

C499 1262 1500 3758.51 0.00% 31 2805.95 0.00% 40 25.34%

C880 854 1100 4645.78 0.00% 19 3348.44 0.00% 23 27.93%

C1335 1202 2200 3854.32 0.01% 196 2968.16 0.00% 242 22.99%

C1908 1636 2000 8870.24 0.03% 202 6881.98 0.00% 258 22.41%

C2670 2072 2800 16204.19 0.06% 238 12775.29 0.03% 298 21.16%

C3540 2882 3000 21814.33 0.08% 258 16828.84 0.03% 327 22.85%

C5315 4514 3250 43256.65 0.08% 719 35338.24 0.05% 889 18.31%

C6288 5548 5700 42413.90 0.05% 1279 34655.67 0.04% 1473 18.29%

C7552 6524 4100 31696.69 0.06% 1106 26162.97 0.05% 1286 17.46%

using signomial delay models in robust sizing problems.

We perform another set of experiments to compare our approach with UE

method. For each circuit we set different Tspec values and observe the improvements

of area cost reductions. Circuits with tighter delay specifications would be more sen-

sitive to random process variations. Specifically we choose two benchmark circuits,

C432 and C1908, to present the comparison results. The sizing results are gener-

ated by using posynomial delay models. Figure 4.4 provides the area costs for C432

circuit with a series of Tspec values. The area reduction by ElasticR method varies

under different timing constraints. ElasticR method is more efficient for tighter de-

lay specifications, and leads to higher area reductions. The improvement decreases

as delay specification is loosened. For example, the area reduction is 28.51% at

Tspec = 800ps, while the improvement decreases to 19.48% at Tspec = 1050ps and

becomes stable even if Tspec keeps on increasing. A similar conclusion for C1908

circuit can be drawn from the results in Figure 4.5. When Tspec value changes from

1600ps to 2400ps, the area reduction decreases from 22.13% to about 15%.

The complete results for all benchmark circuits with different delay specifications
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Table 4.2: Gate sizing results by UE method and ElasticR method using posynomial
delay models

UE Method ElasticR Method

Circuit # of Tspec Area %Delay Time Area %Delay Time %Area

Name Gates (ps) Unit Violation (sec) Unit Violation (sec) Reduction

C432 616 1000 2021.41 0.00% 19 1602.77 0.00% 21 20.71%

C499 1262 1500 3758.51 0.00% 31 3056.42 0.00% 36 18.68%

C880 854 1100 4645.78 0.00% 19 3674.81 0.00% 21 20.90%

C1335 1202 2200 3854.32 0.01% 196 3164.79 0.00% 225 17.89%

C1908 1636 2000 8870.24 0.03% 202 7452.78 0.03% 239 15.98%

C2670 2072 2800 16204.19 0.06% 238 13718.47 0.06% 276 15.34%

C3540 2882 3000 21814.33 0.08% 258 18406.93 0.06% 303 15.62%

C5315 4514 3250 43256.65 0.08% 719 38000.97 0.09% 834 12.15%

C6288 5548 5700 42413.90 0.05% 1279 37684.75 0.05% 1382 11.15%

C7552 6524 4100 31696.69 0.06% 1106 27880.40 0.05% 1205 12.04%

are provided in Table 4.3. For each circuit we choose 3 different Tspec values (listed

in column two) to present gate sizing results. For each circuit the third column

shows the percentages of delay violations under different timing constraints. Column

four and column five present the optimal area costs using the same posynomial

delay models as in UE method, and the corresponding area reductions achieved by

ElasticR method, respectively. The computation times are listed in the last column.

4.7 Conclusions

This chapter presents a novel ElasticR estimation model for robust gate sizing under

process variations. With parameter variations characterized in ElasticR represen-

tation, the robust gate sizing problem can be formulated into a standard geometric

program, even with signomial delay functions. Different from previous uncertainty

estimation method, the new ElasticR model does not require any distribution or

correlation information of parameter variations, and estimates the feasible region

of parameter variations in a more accurate way. Experimental results demonstrate

promising improvements of gate sizing results by using this new methodology.
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Figure 4.4: Area costs for C432 circuit with different delay specifications

1600 1700 1800 1900 2000 2100 2200 2300 2400
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

11000

A
re

a
 U

n
it

Delay Specification (ps)

 UE Method

 USOC Method

Figure 4.5: Area costs for C1908 circuit with different delay specifications
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Table 4.3: Gate sizing results on ISCAS benchmark circuits with different delay
specifications

Circuit Tspec %Delay Area %Area Time

Name (ps) Violation Unit Reduction (sec)

900 0.00% 1678.5554 24.47% 23

C432 950 0.00% 1644.7070 22.51% 21

1050 0.00% 1594.6874 19.50% 21

1350 0.00% 3189.4417 21.78% 39

C499 1420 0.00% 3099.0934 20.49% 38

1580 0.00% 3004.3504 17.88% 36

1000 0.00% 3916.1062 24.40% 23

C880 1050 0.00% 3766.8544 22.51% 22

1150 0.00% 3645.3690 19.76% 21

2000 0.01% 3337.2448 20.89% 244

C1335 2100 0.00% 3291.5101 19.46% 231

2300 0.00% 3088.3175 17.08% 223

1800 0.04% 7952.1717 18.43% 272

C1908 1900 0.03% 7730.4157 17.03% 248

2100 0.03% 7345.4472 15.18% 239

2500 0.08% 14368.7188 18.36% 312

C2670 2650 0.06% 14195.3393 16.59% 293

2950 0.05% 13610.4361 14.55% 278

2700 0.09% 19274.5911 18.23% 343

C3540 2850 0.06% 19190.5619 16.77% 315

3150 0.06% 18549.6871 14.59% 298

2950 0.09% 40028.4154 14.29% 803

C5315 3100 0.09% 39491.1811 13.31% 735

3400 0.07% 38051.5852 11.28% 720

5100 0.06% 39520.3660 13.09% 1584

C6288 5400 0.06% 39022.0208 12.02% 1423

6000 0.05% 37208.6198 10.43% 1390

3700 0.07% 29435.4365 14.15% 1338

C7552 3900 0.05% 28663.1466 13.12% 1241

4300 0.05% 27678.5943 11.49% 1198
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CHAPTER 5

ON-LINE WORKLOAD ASSIGNMENT CONSIDERING

NBTI-DEGRADATION

This chapter proposes an on-line workload balancing framework for multi-core sys-

tems considering NBTI-induced aging effects in multi-core systems. Different from

previous pre-silicon verification techniques, this on-line tuning method is performed

dynamically during device operation period. As the technology scales dwon to 45nm

node, variability-caused reliability issues are of great importance at the early stage

stage. For example, negative bias temperature instability (NBTI) may result in

a considerable shift in the threshold voltage (Vth) of PMOS devices through the

lifetime, and in turn lead to a low yield and short mean-time-to-failure (MTTF)

in multi-core systems. This chapter proposes a new workload balancing scheme

based on device-level fractional NBTI model to balance the workload among active

cores while relaxing stressed ones. Starting with NBTI-induced threshold voltage

degradation, the concept of Capacity Rate (CR) is defined as an indication of one

core’s ability to accept workload. The proposed workload balancing framework em-

ploys the capacity rates as workload constraints, applies a Dynamic Zoning (DZ)

algorithm to group cores into zones to process task ows, and then uses Dynamic

Task Scheduling (DTS) to allocate tasks in each zone with balanced workload and

minimum communication cost. Experimental results on a 64-core system show that

by allowing a small part of the cores to relax over a short time period (10 seconds),

the proposed methodology improves multi-core system yield (percentage of core fail-

ures) by 20%, while extending device lifetime by 30% with insignificant degradation

in performance (less than 3%).
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5.1 Introduction

As device feature sizes continue to shrink, long-term reliability or permanent fault

such as Negative Bias Temperature Instability (NBTI) affects system life-span, and

leads to low yields and short mean-time-to-failure (MTTF) in multi-core systems

(Reddy et al., 2002; Chen et al., 2003; Mahapatra et al., 2004). A number of new

techniques have recently emerged to cope with permanent faults such as NBTI

using post-manufacturing burn-in (Constantinides et al., 2007; Wang et al., 2007c;

Bhardwaj et al., 2006). However, very little attention has been paid to device stress

and its impact on system life-span and performance in the multi-core era. Device

stress may happen after days of full workload operation, and requires days to relax

before recovery. Letting the device completely worn-out will impact the system

as defective cores have to be permanently removed from the pool of active cores.

A meaningful approach would be relaxing cores when they are stressed long before

they are completely wear-out. This approach would require solving three challenges:

(1) how to assess a core is stressed, (2) how to assign workload to relax stressed

cores, and (3) how to avoid additional performance cost associated with balancing

workload. The proposed approach in this work answered all these questions. We

explain each part in turn.

Different from existing approaches (Wang et al., 2007c; Bhardwaj et al., 2006)

that focused on long-term stress using static NBTI models, we propose to use a

fractional stress and recovery model to model partially stressed cores: cores alternate

between a heavy workload phase (once the core has relaxed) and a light workload

phase (when the core becomes stressed) with high frequency of alternation between

phases. During the light workload phase, pmos transistors of idle gates are set

to “1” to relieve the stress as discussed in (Abella et al., 2007). The end result

of fractional NBTI model is a core capacity rate (CR) that indicates how much

additional workload one core can accept before getting over-stressed.

The proposed approach has three components: (1) NBTI introduced core per-

formance difference estimation, (2) Dynamic Zoning (DZ), and (3) Dynamic Task
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Figure 5.1: The general flow of the proposed workload balancing methodology

Scheduling (DTS). Core performance difference is estimated using fractional NBTI

model and indicated by capacity rate. Each core has its own capacity rate. Dy-

namic Zoning (DZ) algorithm groups cores into zones according to core capacity

rates. It starts with a rectangular region as the initial zone, and adjusts gradually

considering zone connectivity and core capacity rate to match workload from the

assigned flow. Then, the Dynamic Task Scheduling (DTS) algorithm allocates tasks

in one zone to achieve maximum utilization with little communication cost. Figure

5.1 demonstrates the flow of our proposed approach. Note that this method is iter-

ative, the core capacity rate should be updated frequently because of changing core

performance or aging effect.

Specifically, the new contributions of this work are: 1) a system NBTI stress esti-

mation model, 2) a new workload balancing strategy considering core’s performance

difference, 3) a novel scheduling scheme including data packet size and communi-
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cation cost, and 4) a new insight into the relationship between core recovery time,

stress time, and workload, and their impact on core life-span. This strategy has

shown good system yield improvement and extended MTTF with insignificant im-

pact on latency or communication traffic overhead. Experimental results on a 64

core system show that by allowing a part of cores (approximately 12.5%) to relax

over a short time period (10 seconds), the proposed methodology improves multi-

core system yield by reducing core failure rate by 20%, and extending MTTF by

30% with insignificant degradation in performance (less than 3%). Moreover, as the

number of stressed cores increases, a very minor increase in system degradation can

be observed.

The remainder of this chapter is organized as follows. Section 5.2 investigates

previous researches on workload balancing techniques in multi-core systems. Section

5.3 introduces the NBTI device and core model. Section 5.4 discusses the proposed

workload balancing methodology considering NBTI introduced performance differ-

ence. Experimental results are included in Section 5.5. Finally, Section 5.6 concludes

this chaper and discusses directions of future works.

5.2 Related Works

In this section, we briefly discuss previous literatures on workload balancing and

temperature aware workload scheduling in multi-core systems. workload scheduling

in multi-core systems. A number of multi-core researches have focused on optimiz-

ing the scheduling with performance and energy objectives. Though not solving

the same problem, some of these ideas are worth mentioning and provided a good

initiative of the current work. For example, (Yang et al., 2001) introduced a two-

level scheduling strategy that combines design-time scheduling and flexible runtime

optimization. (Rong and Pedram, 2006) formulated the optimization problem of

determining the optimal voltage schedule and task ordering as an integer linear pro-

gram (ILP), and proposed a three-phase solution framework. In (Ruggiero et al.,

2006), the scheduling problem is decomposed into sub-problems of allocation and
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scheduling, with the objectives of minimizing the amount of data transfers and

guaranteeing execution deadlines, respectively.

In (Zhao et al., 2008), the authors proposed a dynamic workload balancing strat-

egy called Dynamic Load Balancing using Expectation-Maximization (DLBEM).

To characterize workload a mixture Gaussian model is employed to estimate work-

load distribution. Iterative load balancing approaches such as diffusive load balanc-

ing (Cybenko, 1989; Hu and Blake, 1999) exchange workload information between

neighbor processors, thus avoid communication messages flooding in the entire sys-

tem. (Gu et al., 2005) suggests a predictive method which estimates workload in-

formation based on historical workload data. These above-reviewed ideas and ap-

proaches work well in their applications but may not be applicable in our scenario.

For example, DLBEM requires an explicit expression of probability distribution

function (PDF) of the workload distribution, which is a significant limitation to our

situation where explicit PDF only exists at device level. Besides, the job migration

policy in DLBEM tends to cause considerable communication overhead when do-

ing workload balancing. Iterative load balancing approaches ensure local workload

balancing, and have been proven to be globally imbalanced (Cortes et al., 1997).

(Gu et al., 2005)’s approach was built on historical workload and thus could not

provide us dynamic workload balancing.

There are some other existing algorithms for task scheduling considering temper-

ature changes in embedded system and multiprocessor System-on-Chips (MPSoCs).

In (Coskun et al., 2007), the authors proposed a dynamic scheduling technique that

adjusts workload distribution to achieve best temporal and spatial temperature dis-

tribution. This technique is adaptive to temperature changes by incorporating the

thermal history when making scheduling decisions. (Hung et al., 2005) presented

another thermal-aware task allocation and scheduling algorithm to reduce the peak

temperature and achieve a thermally even distribution while meeting real-time con-

straints. However, both thermal-aware techniques require extraction of temperature

profiles based on the temperature history. Also, these thermal-aware techniques fail

to take traffic issues into account, which is increasingly critical in multi-core systems.
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5.3 NBTI Model for Multi-core Performance

In this section, we first introduce the NBTI-induced threshold voltage degradation

in PMOS devices, and model the resulting fluctuations in a core’s leakage power

and gate delay respectively. We further associate such performance fluctuations

with core’s supply voltage and task execution speed. The concept of capacity rate

is proposed to provide a quantitative index of a core’s ability to accept workload.

This index will be incorporated as a workload constraint in the proposed workload

assignment framework.

5.3.1 Circuit Performance under NBTI Effect

NBTI limits lifetime in nano-scale integrated circuits and continues to worsen

with device scaling beyond 90nm (Constantinides et al., 2007; Wang et al., 2007c;

Bhardwaj et al., 2006). When PMOS is negatively biased, the electrical field across

the gate oxide produces a complicated electro-chemical reaction that consequently

increases the PMOS threshold voltage over time. The impact of NBTI may take

days or months to ultimately affect timing and circuit delay, eventually leading to

system failure. Recent research works have confirmed that NBTI is getting worse

with further scaling starting from 90nm technology (Wang et al., 2007c).

According to (Bhardwaj et al., 2006), the widely different diffusivity in the ox-

ide and polysilicon causes PMOS transistors to alternate between stress phase and

recovery phase. The recovery itself consists of two steps, a fast recovery and a slow

recovery. Figure 5.2 demonstrates the alternation of stress and recovery. In

general, recovery and stress period are fairly symmetric. Suggested by the sampling

time of NBTI sensors (Karl et al., 2008), we currently assume a 10-second duration

for each period. The NBTI introduced threshold voltage change ∆Vth in stress phase

follows a similar style as reported in (Bhardwaj et al., 2006):

∆Vth =
(

Kv (T (t)) (t− t0)
1
2 + ∆Vth0

1
2n

)2n

. (5.1)

Equation (5.1) describes Vth degradation due to NBTI impact at time t, compared
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Figure 5.2: NBTI PMOS fractional model with both stress and relaxing Phases

with the threshold voltage Vth0 at starting time point t0:

∆Vth = Vth(t)− Vth(t0).

T (t) is simply the temperature fluctuation with regard to time. Kv and C are

two parameters defined in compact NBTI predictive model (Bhardwaj et al., 2006).

Kv and C are both functions in terms of varying temperature T (t), therefore they

change over time as well. Besides, n is the time exponent in NBTI model; typically

n = 1/6 or 1/4, depending on different diffusion based models (Bhardwaj et al.,

2006). In recovery phase the corresponding Vth degradation can be represented as:

∆Vth = Vth0

(

1−
2ǫ1 +

√

ǫ2C(T (t))(t− t0)

2tox +
√

C(T (t))t

)

(5.2)

where process parameter tox denotes oxide thickness. Considering the temperature

changes with regard to time, we include the time dependency in parameters Kv and

C, as they both are functions of T (t). The complete expressions of the associated

parameters in (5.1) and (5.2) can be detailed in (Bhardwaj et al., 2006).

The change in threshold voltage in turn affects the core’s gate delay (Dg) and

static leakage from subthreshold leakage (Pleak). For example, we consider gate delay

first. Following (Sarangi et al., 2008a,b) the time required to switch a logic output
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is given by:

Dg ∝
VddLeff

γ (Vdd − Vth)
α (5.3)

where Vdd and Leff are supply voltage and transistor effective channel length, respec-

tively, while α is a process parameter, which is typically 1.3; and parameter γ is the

mobility of carriers. The path between an input and an output with the maximum

delay is identified as the critical path. Note that for a single core there may be a

number of critical paths. Considering NBTI-induced Vth shift, a gate’s delay can be

further represented as:

Dg ∝
VddLeff

γ (Vdd − (Vth0 + ∆Vth))
α . (5.4)

According to (5.4), as Vth increases, Dg increases and the gate becomes slower.

Therefore, Vth variation may deteriorate critical path delay, and even worse cause

severe timing errors in a core.

On the other hand, although Vth variation has little impact on dynamic power

consumption, it affects the leakage power dramatically. Using an empirical leakage

power model (Sun et al., 2008), the leakage power for a single transistor is given by:

Pleak = C0 · exp (−C1Leff − C2Vth + C3Vdd) . (5.5)

where C0 is a constant coefficient in empirical leakage model, C1, C2 and C3 are the

fitting exponents of transistor channel length, threshold voltage and supply voltage,

respectively. Substituting the first-order perturbation model Vth = Vth0 + ∆Vth into

(5.5), leakage power under NBTI-induced Vth change can be further written as:

Pleak = C0 · exp (−C1Leff − C2Vth0 + C3Vdd) · exp(−C2∆Vth) (5.6)

While these equations work for a single transistor, for every gate and every core,

the total leakage power is simply the summation of the leakage power of all PMOS

devices in one gate or one core:

PleakT =
∑

j

Pleak,j. (5.7)

Here Pleak,j denotes a single PMOS transistor’s leakage power predicted by (5.6).
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5.3.2 Device Fractional NBTI Model

As discussed above, NBTI-induced Vth shift causes fluctuations in leakage power and

gate delay for one core. Core devices will behave distinctively under NBTI aging

effect. It is important to incorporate this diversity of core performance in workload

assignment. Intuitively, cores with lower leakage power and shorter gate delay have

the potential to accept more workload. We define a new concept of “Capacity Rate”

(CR) as an indication of how much workload one core can accept, by evaluating

core’s performance fluctuation and setting performance constraints.

We discuss timing issue first. Vth variation induces variation in in gate delays,

and therefore slows down some critical paths in a core. A core cannot cycle any faster

than its slowest critical path can. As a result, the maximum frequency that can be

achieved by the core to avoid timing errors decreases. If the core is not operated at

the resulting low, safe frequency, the processor will suffer timing errors. To estimate

the rate of these timing errors as a function of the processor frequency, we use

the error rate model proposed in (Sarangi et al., 2008b). This model considers the

dynamic distribution of the delays of all exercised paths. Figure 5.3(a) provides

an example of such distribution of path delays with no impact of Vth variation. All

paths take less time than the nominal clock period (Tnom) and no timing error occurs.

However, Vth variation does change gate delays (refer to (5.4)), slowing down some

critical paths. The result is a more spread-out dynamic path delay distribution as

in Figure 5.3(b). Some path delays may exceed the nominal clock period, therefore

the core requires a longer clock period (T ′) to run with no timing errors. Figure

5.3(b) indicates that if a core is clocked with a period TE < T ′, timing errors may

occur. In other words, a core must operate at a particular frequency fE < f ′, where

f ′ = 1/T ′, to avoid timing errors.

Such frequency loses may be reduced if the processor is equipped with ways

of tolerating some variation-induced timing errors (Sarangi et al., 2008b). Under

this assumption, we rely on (5.4) to estimate the probability of timing errors. We

assume that the Vth variations are subject to a Gaussian distribution with mean
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Figure 5.3: Impact of Vth shift on core frequency

value µ and standard deviation σ. As a function of random variable ∆Vth, the mean

and standard deviation of Dg can be obtained by using a Taylor series expansion

(Papoulis and Pillai, 2004):

µDg
=

VddLeff

γ
·

[

(Vx − µ)−α + (α2 + α) (Vx − µ)−α−2 ·
σ2

2

]

, (5.8)

σ2
Dg

=

(
αVddLeff

γ

)2

· (Vx − µ)−2α−2 · σ2. (5.9)

where Vx = Vdd − Vth. The detailed derivations can be referred to in the Appendix

??. Once having the mean µDg
and standard deviation σDg

, we can approximately

estimate the rate of timing errors. Empirically, delay function (5.3) is nearly linear

with respect to Vth within the parameter range of interest. Because Vth is normally

distributed and a linear function of a normal variable is itself normal, Dg is ap-

proximately normal. This model estimates the probability of error as the area of

the shaded region in the figure. Alternatively, we can efficiently compute error rate

using the Cumulative Probability Function (CDF) of the normalized path delays.

In general, if the core is clocked with period TE = 1/fE < T ′, the timing error rate

is computed as:

ER(TE) = 1− CDF(TE) (5.10)

where CDF gives the cumulative probability that path delays exceed the specified

clock period TE. With the mean value and variance estimated by (5.8) and (5.9),

such cumulative probability can be calculated based upon assumption of normal
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delay distribution. We set a target error rate for each core with Vth degradation:

the induced error rate cannot exceed a threshold value ER0. As a result, the core

has to run at a relatively lower, and safer frequency fE to satisfy the timing error

constraints:

ER(fE) = 1− CDF

(
1

fE
, µDg

, σDg

)

≤ ER0 (5.11)

Note that the timing error rate depends on not only Vth variation and operating

frequency, but also supply voltage Vdd. Lower supply voltage may increase gate

delays, slow down the critical paths, and leads to higher error rate.

We now discuss the power constraints considering NBTI degradation. The power

dissipation for one core consists of dynamic power consumption and leakage power

dissipation. At the 65nm technology node, leakage power may account for almost

half of total power of the circuit (Zhang et al., 2004). The fluctuation of leakage

power induced by NBTI effect is predicted by (5.6) and (5.7). As known to all,

the dynamic power consumption is determined by the supply voltage and operating

frequency:

Pdyn = CLV 2
ddf (5.12)

where CLoad denotes the external load capacitance, while Vdd,i and fi are the core’s

supply voltage and operating frequency, respectively. Therefore, the total power

consumption for one core can be described as:

PTotal = CLV 2
ddf + PleakT (5.13)

where the total leakage power is estimated according to (5.7). Similarly we set a

constraint of power requirement for each core:

PTotal,i ≤ P0. (5.14)

The power consumed by each core can not exceed a pre-determined specification.

With this power limit, the operating condition (Vdd,i, fi) of a particular core will be

restricted, due to the fluctuation in leakage power caused by Vth degradation.

Under performance constraints, the fluctuations in leakage and delay will force

the cores to operate at different points to avoid violating the limits. The cores



137

will in turn behave in differently manners during task execution. To estimate and

quantify this difference, we evaluate the task execution time on a particular stressed

core, and compare it with the result on a core without Vth degradation. Given a

specific task, we first evaluate the execution time on a non-stressed core working at

full frequency, and denote it as Ts0. We then perform the following optimization

procedure to determine the optimal execution time on the i-th stressed core:

minimize Ts,i(Vdd,i, fi)

subject to ERi(fi) = 1− CDF

(
1

fi

, µDg,i, σDg,i

)

≤ ER0 (5.15)

subject to PTotal,i = CLV 2
dd,ifi + PleakT,i(∆Vth) ≤ P0

where Ts,i(Vdd,i, fi) denotes the required execution time for core i running at op-

erating operation (Vdd,i, fi). Note that supply voltage Vdd and frequency fi are

correlated with each other in estimating the error rate. By solving problem (5.15)

we determine the optimal task execution time without violating performance con-

straints. We denote the optimal execution time as T ∗
s,i(Vdd,i, fi), which is achieved

by letting the core work at its best operating condition (V ∗
dd,i, f

∗
i ) under performance

constraints. We compare the obtained T ∗
s,i(Vdd,i, fi) with the execution time required

for a non-stressed core with full rate. The capacity rate of the i-th stressed core is

determined by calculating the ratio:

CRi =
Ts0

T ∗
s,i(Vdd,i, fi)

. (5.16)

The capacity rate for a core will lie in the interval [0, 1], indicating core’s capability

difference in workload assignment. For example, a non-stressed core requires a

execution time of 30 clock cycles to complete the assigned task, while it takes 50

clock cycles for a stressed core to process the identical task. Following (5.16), the

stressed core will have a capacity rate of 0.6, which means that it can accept at most

60% workload compared with a core with full capacity rate.

To conclude, we have transferred the NBTI degradation model to core capacity

rate interpretation. The NBTI model first captures its impact on threshold volt-

age. Considering threshold voltage degradation, we further model the variability in
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system-level delay and leakage power, based on which we quantify one core’s ability

in workload assignment. The end result is the capacity rate for each core in per-

centage. The generated capacity rate will be treated as an upper bound limit of

acceptable workload on each stressed core. The workload assigned to a core can not

exceed this limit, as its capacity rate is evaluated at its optimal operating condition

while satisfying the performance constraints. It is worth emphasizing that, since the

impact of NBTI on threshold voltage changes over time, as will the corresponding

capacity rate.

5.4 NBTI-aware Workload Balancing

This section introduces the new workload balancing framework under NBTI impact.

The proposed method groups cores into zones based on capacity rates. Each zone

has one task flow. Task scheduling within the zone is formulated as a mixed-integer

program (MIP) considering workload balancing and communication cost. Capac-

ity rate is also incorporated in the scheduling model as a constraint of workload

assignment. Capacity rates are frequently updated to accurately capture the time-

dependent Vth degradation.

5.4.1 Dynamic Zoning

Thanks to today’s advanced manufacturing technologies, cores are placed physically

adjacent to each other in multi-core systems. Depending on system architectures, a

core together with the router and input/output ports may be considered as a rect-

angular tile (Dally and Towles, 2001). We propose Dynamic Zoning (DZ) to spread

out the workload across the entire multi-core network. Workloads are fundamen-

tally composed of sets of tasks, named task flows. Tasks within a particular flow

may have dependencies among them, while tasks from different flows tend to have

very few or no dependencies among them (El-Rewini et al., 1994). Therefore, to

minimize communication cost, we limit the process of one task flow to a group of

cores physically adjacent to each other. Such a group of cores is defined as a zone.
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The DZ algorithm aims at mapping a task flow onto one particular zone. We then

schedule tasks belonging to this flow among the cores within the assigned zone.

Given a task flow presented as a DAG (Directed Acyclic Graph) G = (V, E)

in Figure 5.4, nodes V = {v1, v2, · · ·, vn} represent a set of tasks to be executed.

And the arcs E = {(i, j)} specify precedence relationships: each arc (i, j) means

that task vi must be completed before vj can start execution. Task weights wi’s

represent the execution time of task vi on a non-stressed core (i.e. a core with

capacity rate 1). The numbers at the input and output of each node are the number

of data tokens which represent the number of data packets are consumed (at input of

node) or produced (at the output of each node) on each arc (Lee and Messerschmitt,

1987)(Lee and Parks, 1995). Further details on the data tokens will be discussed

in Section 5.4.2. The workload caused by this flow can be evaluated by the
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Figure 5.4: A task graph representing a task flow

structure of the task graph and the task weights. These two factors provide sufficient

information for workload estimation. Each zone, once generated for a particular

flow, should be able to accept the workload evaluated based on the given flow. On

the other hand, as capacity rate specifies the upper bound of workload one core
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can accept, the sum of core capacity rates in one zone reflects the maximum total

workload one zone can accept. This summation must exceed the estimated workload

resulted from the flow assigned to this zone. We now explain how to evaluate the

workload induced by a particular flow. We sum up all the task weights of its task

graph, and average the total sum over the length of the worst-case path because

the worst-case path determines the longest execution time. The estimated workload

induced by this flow is defined as follows:

Workload =

∑

i

wi, ∀ vi ∈ V

∑

j

wj, ∀ vj ∈WCP
(5.17)

where WCP is the set of nodes existing on the worst-case path. The workload

estimation defined in (5.17) is the minimally required capacity rate for a required

zone to process this particular flow, since capacity rate indicates the upper bound

of acceptable assigned workload.

Zones are not restricted to rectangle shapes (not like tiles) in the current work.

Several factors determine the shape: capacity rates of included cores, total com-

munication distances, and the size of zones (defined as the number of cores in each

zone). We start zoning in a greedy way: start with a rectangular region for each

zone and perturb gradually to meet the communication and capacity rate require-

ment. The requirement of capacity rate in this zone has been discussed above. To

ensure low communication cost, a good zoning should have short Manhattan dis-

tances among cores in one zone. Thus, the problem of organizing an optimal zone

for a particular flow can be described as:

find Zk

minimize
∑

(i,j)

d(i, j), ∀vi, vj ∈ Zk

subject to
∑

i

CRi ≥Workload, ∀vi ∈ Zk

where Zk is the zoning result consisting of an optimal set of adjacent cores, d(i, j)

denotes the Manhattan distance between any two cores in this zone, and CRi rep-
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resents the capacity rate for each included core. The workload information of this

flow is evaluated according to (5.17).

Algorithm 3 describes the proposed DZ method. When a new task flow comes

into the system, DZ algorithm first searches for the maximally empty contiguous

region of available cores (‘Find Max Region’). Then starting from one corner of the

explored empty region, ‘Initial Rectangle’ initializes a zone in rectangular shape.

Rectangular shape leads to short Manhattan distances, and therefore is expected

to be a good initial solution. ‘Manhattan Distances’ calculates the total commu-

nication distances in this zone. Then ‘Perturbation’ makes slight adjustments to

this initialized zone to explore better grouping solution, according to a heuristic

procedure described in Algorithm 3. For each adjustment, the heuristic compares

the total distances between the initialized zone and the adjusted current zone. The

heuristic not only accepts changes that improve the objective, but also some changes

that deteriorate it. The latter are accepted probabilistically following a simulated

annealing algorithm. Above searching procedure is repeated until the termination

condition is satisfied (the total distances of current zone is less than a pre-determined

threshold).

5.4.2 Task Scheduling In One Zone

As mentioned above, the execution of tasks belonging to the same flow are restricted

within one zone, because of no inter-zone dependency. Therefore after zoning, the

subsequent step is to map the tasks onto the cores within this zone. We formulate the

Dynamic Task Scheduling (DTS) problem as a mixed-integer program (MIP). The

objective is to achieve maximum system utilization with minimum communication

cost under workload constraints. A mixed-integer program is an optimization model

in which some of the decision variables (not all of them) have to be of type integer

or binary (Wolsey and Nemhauser, 1999). Mathematically, given a set of decision

variables X = {x1, x2, · · ·, xn} and I ⊆ N = {1, · · ·, n}, the general form of a MIP
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Algorithm 3 Dynamic Zoning

Input: a task flow to be allocated; a multi-core system in which each core’s capacity

rate is identified

Output: the optimal zoning result to execute the given flow

1: S ⇐ Find Max Region ( ); ⊲ comment: determine the maximally continuous

region

2: DZ opt ⇐ Initial Rectangle (S );

3: Dist opt ⇐ Manhattan Distance (DZ opt); ⊲ comment: compute the

Manhattan distance for the optimal zoning result

4: k ⇐ 0;

5: while k < N and Dist opt > Dth do

6: DZ new ⇐ Perturbation (DZ opt); ⊲ comment: assign slight adjustments

to explore better zoning result with shorter Manhattan distance

7: Dist new ⇐ Manhattan Distance (DZ new);

8: if Dist new < Dist opt then ⊲ comment: update the optimal solution if a

better zoning result is explored

9: DZ opt ⇐ DZ new ;

10: Dist opt ⇐ Dist new ;

11: end if

12: ∆Dist ⇐ Dist new – Dist opt ;

13: if exp(–∆Dist /N) > random (0,1) then ⊲ comment: probabilistically

accept some adjustments that deteriorate the objective

14: DZ opt ⇐ DZ new ;

15: Dist opt ⇐ Dist new ;

16: end if

17: k ⇐ k+1;

18: end while

19: return DZ opt ;
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is defined as:

minimize: f(X)

subject to: g(X)

X l ≤ X ≤ Xu

variables: xj ∈ Z for all j ∈ I

(5.18)

where f(X) is called the objective function, or shortly the objective of the MIP. X l

and Xu are the lower and upper bounds of the decision variables X. g(X) represent

a set of constraints on the decision variables. xj ∈ Z for all j ∈ I are called the

integrality constraints of the MIP, indicating that a subset of the decision variables

must be integer variables.

To formulate the DTS problem into MIP form, we introduce a binary matrix M

to represent all task-core mapping relationship. Let V = {v1, v2, · · ·, vn} denote a

set of tasks to be executed within a zone of m cores. The task-core mapping matrix

is thus of size m× n. Each entry in this mapping matrix Mij is a decision variable

of binary type, which is set to “1” if task vi is mapped onto the j-th core and “0” as

the opposite situation. Figure 5.5 shows an example of a task-core mapping matrix

which assigns 6 tasks to 3 cores. The definition of this matrix obviously imposes

the first set of constraints:

m∑

i=1

Mij = 1, for j = 1, 2, · · ·, n. (5.19)

which indicates that one task can be assigned to only one core. Using this binary

mapping matrix, we conveniently determine task assignments.

Core 1

Task 1

0

0

Core 2

Core 3

Task 2

0

1

Task 3

1

0

Task 4

0

1

Task 5

1

0

1 0 0 0 0

Task 6

1

0

1

Figure 5.5: An example of a task-core mapping matrix

Other than the mapping matrix, another set of decision variables are the starting
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times for each task, denoted by Si’s. Task starting times are combined with the

task-core mapping matrix to determine the job sequences of all involved cores. An

optimal schedule can be fully specified by determining the mapping matrix Mij’s

and task starting times Si’s: each row in the mapping matrix indicates a set of tasks

to be executed on a particular core; the starting times help determine the execution

sequence of all assigned tasks. We then present the second set of constraints in this

optimization model, which is for the purpose of keeping the precedence relationships

among tasks. For each arc (i, j) of the task graph, the precedence relationship

requires that task i must be finished before the execution of its successor j:

Si + Ti + Tcomm(i, j) ≤ Sj, (5.20)

where Si and Ti represents the starting time and execution time for task vi respec-

tively, while Tcomm represents the communication time between task i and j.

The third set of constraints are workload constraints imposed by core capacity

rates. Capacity rate is included as an upper bound limit for workload assigned

to each core. A stressed core with low capacity rate indicates that light workload

should be assigned to this core. The proposed DTS method dynamically scales down

core operating frequency and thus leads to varying task execution time. Ti for task i

depends on which core this task resides in. Therefore, we need to take into account

the scaling ratio when evaluating the assigned workload on a particular core. Let

αij denote the frequency scaling ratio when core i is processing task j. For each

core within the zone, its assigned workload can be estimated as:

WLi =

∑

j αijTj ·Mij

Ts
≤ CRi, for i = 1, · · ·, m. (5.21)

WLi in (5.21) records the assigned workload on i-th core. Ts represents the length of

schedule, i.e. the execution time on the worst-case path. The value of core’s work-

load lies into the interval [0, 1], and therefore can be compared with its capacity rate.

The workload assigned to each core should not exceed its capacity rate. As defined

beforehand, one core’s capacity rate is measured based upon the optimal operating

condition under power and timing constraints. The real-time operating condition is
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restricted to be worse than the optimal case to satisfy the performance constraints.

Accordingly, when performing task scheduling the real workload assigned to this

core cannot exceed the pre-evaluated bounding value, otherwise it may break the

performance limits and worsen the stress level.

We now discuss the objective functions in the proposed DTS method. For an

efficient system, it is important to achieve high utilization. Core Utilization is

measured as the ratio of its busy time to its total active period of time:

Ui =

∑

j(Mij · Tj)

Ts
, for i = 1, · · ·, m. (5.22)

One goal in our optimization model is to optimize the overall system utilization

summed over all cores. Under core workload constraints imposed by capacity rates,

this total utilization is also bounded by total capacity rate of the zone.

Another goal in this DTS scheme is to minimize the total communication cost

among the cores. In a task graph with different rates of data production and con-

sumption (Lee and Messerschmitt, 1987), some data tokens have to be stored in the

buffer on the arc. Therefore the communication cost consists of two components:

Tcomm = Ttrans + Tbuff, (5.23)

where Ttrans denotes total transmitting cost, and Tbuff denotes the total buffering

cost (or storage cost). For each arc (i, j) in the task graph, the transmitting cost

is computed as the multiplication of the number of token transmitted and the unit

time to transmit one token. The total transmitting cost is summed up over all arcs

with buffering operations:

Ttrans =
∑

(i,j)

Nc(i, j) c(i, j) (5.24)

where Nc(i, j) is the number of tokens transmitted on arc (i, j), and c(i, j) is the

unit transmission cost on (i, j). The unit transmission cost is the communication

cost to transmit one data token on arc (i, j), which is dependent on the Manhattan

distances between the cores where the two tasks reside in:

c(i, j) ∝
∑

(k,l)

Mik ·Mjl · dist (k, l) (5.25)



146

where dist(k, l) is the Manhattan distance between core k and core j. The buffering

cost is calculated and accumulated in a similar way:

Tbuff =
∑

(i,j)

Nb(i, j) b(i, j), (5.26)

where Nb(i, j) denotes the number of tokens to be buffered on arc (i, j) or loaded

from (i, j), and b(i, j) is the unit buffering cost. In case that the number of input

data tokens is greater than that of output data tokens, b(i, j) indicates the time it

takes to buffer one unit token on (i, j). Under the opposite condition, b(i, j) denotes

the time it takes to load one token from the buffer on arc (i, j).

In summary, the DTS problem in our workload balancing framework can be

generalized by the following mixed-integer program:

minimize α ·

(
m∑

i=1

(1− Ui)

)

+ β · Tcomm

subject to
m∑

i=1

Mij = 1, ∀j = 1, 2, · · ·, n

Si + Ti + Tcomm(i, j) ≤ Sj, ∀ (i, j) ⊂ E

WLi(M, S) ≤ CRi, ∀i = 1, 2, · · ·, m

M(i, j) ∈ Z, ∀i = 1, 2, · · ·, m, ∀j = 1, 2, · · ·, n

0 ≤M(i, j) ≤ 1, ∀ (i, j)

variables M = [Mij ]m×n , S = {S1, S2, · · ·, Sn} (5.27)

where Ui represents the recorded utilization of i-th core, Tcomm calculates the total

communication cost based on the schedule. α and β are simply two weighting fac-

tors for the trade-off between two objective functions. The decisions variables are

the task-core mapping matrix, with each entry Mij constrained to be a binary value,

and the task starting times. The first constraint in this optimization model is to

guarantee the uniqueness of task-core mapping relationship. The second constraint

satisfies all the precedence relationships among the tasks. The third constraint re-

flects the workload constraint induced by NBTI introduced capacity rate, where
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WLi denotes the assigned workload on i-th core, which is dependent on the map-

ping relationships and task starting times (refer to (5.21)), and CRi represents its

corresponding capacity rate.

Although the optimal solution can be derived by solving the MIP formulas in

(6.7), its computational complexity is a serious problem when applied to realistic

task graphs. It is well-known that MIP-solving is often NP-hard (Schrijver, 2003).

MIP solvers use the branch and bound algorithm (Schrijver, 1998) to obtain possible

values of integer variables. In this task scheduling framework, allocation of tasks is

represented by integer variables Mij ’s. The size of the search space is proportional

to the number of combination patterns of integer variables, and therefore increases

exponentially as number of tasks and cores increases. Therefore, we develop an

integer heuristic-based algorithm to solve the MIP formulated in 6.7. The heuristic

is based on the Local Branching approach, which aims at forming a new feasible

solution of better objective value based upon one or more explored feasible solu-

tions (Fischetti and Lodi, 2003). The heuristic defines a neighborhood of a certain

feasible solution, determines a point in this neighborhood which is optimal for the

objective function. Such explored point is then used as a new reference point in the

next iteration step. The neighborhood of a feasible point is defined in terms of the

Manhattan distance of two points. In such neighborhood we form a sub-optimization

problem by exerting additional constraints to the original MIP, and the search pro-

cedure explores a new feasible solution by solving this sub-optimization problem.

The details about this procedure can be found in (Fischetti and Lodi, 2003). The

search heuristic relies on the observation that the neighborhood of a feasible MIP

solution often contains further solutions of possibly better optimality. The search

heuristic uses relatively small neighborhoods which can be quickly identified, and

performs a couple of iteration steps to build up a network of visited points.

5.4.3 NBTI-aware Workload Balancing

This section details how to dynamically spread the workload across the entire net-

work based on the proposed DZ and DTS methods. Each task flow is assigned to a
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particular zone for execution. The dynamic workload balancing policy should take

effect in case of inserting or relaxing a particular zone. Moreover, the balancing

strategy is adaptive to the frequent update of core capacity rate. As explained in

Section 5.3, core capacity rate varies at different time points. In most situations,

some of the cores may be in “quasi-defect” situations as they are over-stressed. Un-

der this situation, the over-stressed cores cannot be assigned heavy workload at that

moment. On the other hand, when they are released at a later time, they may be

available again. In this sense, the capacity rate for a core is not a constant number

but has to be updated frequently.

In subsequent part we focus on two important moments to explain our proposed

workload balancing policy: the moment when a new flow comes in, and the moment

when a flow is finished execution.
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Figure 5.6: The generation of a new zone

When a new flow comes into the system, the DZ algorithm takes effect imme-

diately to generate an appropriate zone to allocate the flow tasks. The DZ algo-

rithm first searches for available cores and explores the maximally contiguous region.

Starting from the bottom-left corner of the region, the DZ algorithm determines the

optimal grouping solution according to the heuristic described in Algorithm 3. After

the cores are grouped in a zone for task execution, the DTS algorithm is responsible

for mapping the tasks onto particular cores within this zone. Note that due to the

generation of a new zone, the maximally contiguous region will then be updated.
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The procedure of generating a new zone is illustrated in Figure 5.6. The blocks in

white color represent the cores having high capacity rates. They are not stressed,

and therefore can accept heavy workload when performing task scheduling. The

gray color shows a core is in stressed status and can only be assigned light work-

load. The cores in orange color represent the cores in the moderate status. Suppose

a newly generated flow G1 comes into the system, by employing DZ algorithm a

zone Z1 is explored and assigned to process this task flow (denoted in blue color).

At the same time, the maximally contiguous region has been changed. The cores

in zone Z1 should be excluded from core grouping before they are relaxed. After a

certain period, another flow T2 arrives, a new group of cores are organized to form

a zone Z2 (denoted in yellow color) to process this flow. Apparently an update of

the maximally contiguous region is required to reflect this zoning result.
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Figure 5.7: The relaxation of an existing zone

The case of relaxing a zone is relatively simple. When a zone finishes processing

all assigned tasks, all the cores within this zone will be relaxed to join other available

cores for the processing of new flows. Therefore the maximally contiguous region

will be changed in next search iteration. This is done by a merging procedure.

Moreover, after a period of task execution, the capacity rates of all involved cores

also will be updated. Figure 5.7 illustrates the relaxation procedure of an existing

zone. Suppose that zone Z2 has been finished processing flow T2 earlier than zone Z1

has, the five cores in Z2 will consequently be released and become available again.
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Such a relaxation of core zone results in a corresponding change in the maximally

contiguous region. We also observe that the capacity rates of the cores in Z2 have

been changed after processing the assigned task flow.

5.5 Experimental Results

This section presents the results of the proposed workload balancing methodol-

ogy. We consider a 8 × 8 multi-core system. We choose 8/64 nodes to be stressed

(∼12.5%). To demonstrate the effectiveness of our proposed approach, all task

graphs are generated by profiling realistic applications from several benchmark

suites, including MediaBench (Lee et al., 2008), MiBench (Guthaus et al., 2001),

and NetBench (Memik et al., 2001). In the analysis to create task graphs, we se-

lected individual functions (with at least 0.5% of the overall execution time) as

the corresponding task nodes, from which we can create the task graphs by adding

precedence relationships to them. We utilized the relative execution time for each

function to compute the task weight for each task. In this way, the smallest task has

a weight of 1, and all other tasks are presented in a multiple of this time unit. This

implies that the computational weights across various task graphs would not reflect

the varying degrees of complexity of those benchmark applications. The character-

istics of the generated task graphs are summarized Table 5.1. The first column lists

the names of all Benchmark applications. The other columns provide the number

of task nodes, the number of arcs, the total task weight, and the total number of

data tokens for each task graph.

Table 5.2 lists the scheduling results by applying the proposed strategy at 90

seconds after the start of simulation. The table provides the information of core

index, zone number each core is grouped in, each core’s capacity rate and its assigned

workload. Note that only the stressed cores are listed in Table 5.2. In addition, the

scheduling results at 100 seconds are further presented in Table 5.3. We can observe

that for each stressed core, its assigned workload is well bounded by its capacity rate.

The tables show that those cores stressed at 90 seconds have been relaxed at 100
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Table 5.1: Benchmark applications and the corresponding task graphs
Application

Name

Number of

Task Nodes

Number of

Arcs

Total

Weights

Data

Tokens

bc 12 23 14384 691

cjpeg 22 41 1128 1140

djkstra 25 42 523 1143

djpeg 21 38 3757 1058

fft 25 40 326 1109

qsort 24 44 1463 1201

rawcaudio 6 9 4829 231

ss 9 15 3637 445

susan 22 34 5021 956

tiff2bw 25 39 694 1140

tiff2rgba 25 48 847 1274

epicUnoptimizedEncode 14 26 4890 680

g721Decode 14 23 351 614

mpegDecode 18 36 5560 926

mpegEncode 23 35 4260 982

pegwitdecode 24 41 5464 1163

pegwitencode 20 34 5040 973

crcNetbench 10 19 3371 581

dhNetbench 25 47 4179 1322

drrNetbench 21 33 1337 1037

md5Netbench 25 44 4786 1262

tlNetbench 21 36 1285 1002

seconds, while a new group of cores alternate into stressed phase. The experimental

results demonstrate that capacity rate is an indication of upper bound limit one core

can accept workload. The DZ algorithm together with DTS algorithm adaptively

manipulate the workload assigned to those stressed cores, in order to ease their

stress levels.

We first evaluate network performance metrics considering NBTI im-

pact. We use a cycle-accurate NoC (Network-on-Chip) simulator BookSim

(Concurrent VLSI Architecture group, 2010) to evaluate system throughput and la-
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Table 5.2: Information of capacity rate and core utilization for the stressed cores at
90s

Stressed

Core Index

Zone #

Grouped in

Capacity

Rate

Assigned

Workload

9 #1 0.8193 0.6248

12 #2 0.5923 0.5000

28 #3 0.4550 0.3892

33 #4 0.5012 0.4000

37 #5 0.4242 0.4000

39 #6 0.4979 0.4473

50 #6 0.8238 0.6482

57 #4 0.8932 0.8079

tency. We initially ran simulations at a normal load up to 10000 cycles, then reduce

the load by 50% every 10000 cycles, i.e. at 10000 cycles the load is 0.5 of the offered

load, and at 20000 cycles it will be 25% of the offered load. We terminate generation

of new flows at 30000 cycles. In Figure 6.10, “Non-Stressed” represents simulation

without considering the stress cores and “Stressed” is the opposite case. Figure 6.10

shows that the throughput is almost identical before and after considering NBTI

impact. In experiment, while the load on these 8/64 stressed nodes is reduced,

other nodes are still at full rate. Here an insignificant 4% drop in throughput is

observed. Similar observation can be made according to the latency comparison

presented in Figure 5.9. When workload increases beyond 0.3, very minor differ-

ences can be observed between the ideal “Non-Stressed” and the “Stressed” cases.

As the workload approaches the throughput limit, we observe that this difference

saturates. This happens due to the fact that most of the packets are injected early in

the network simulation, therefore no additional packets can be injected successfully

into the system beyond saturation.

We run another set of experiments to compare system performance in terms of

execution time. We observe how long the task flows will run in such a 8× 8 multi-

core system. Here, while the stressed load on 8/64 nodes is reduced, other nodes can
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Table 5.3: Information of capacity rate and core utilization for the stressed cores at
100s

Stressed

Core Index

Zone #

Grouped in

Capacity

Rate

Assigned

Workload

14 #2 0.3959 0.3514

25 #2 0.4497 0.4000

31 #3 0.5470 0.5000

38 #4 0.5472 0.3892

41 #4 0.7224 0.5864

44 #6 0.3598 0.3000

52 #5 0.6239 0.5536

58 #6 0.5543 0.4293

59 #6 0.2163 0.2000

operate at the maximum rate. Each stressed core is able to execute these tasks at

certain frequency, which is associated with its capacity rate. We distribute the tasks

by using the proposed DZ algorithm and evaluate the execution time by using the

DTS algorithm. Figure 5.10 illustrates the overall task execution times at different

levels of offered network load. “Non-Stressed” represents the simulation results

without consideration of NBTI degradation and “Stressed” considers NBTI impact.

An insignificant increase in execution time (<2%) can be observed when the offered

load is above 0.2. When offered load increases beyond 0.5, very minor differences

can be observed between the ideal “Non-stressed” and “Stressed” cases (<1%). For

the worst-case of offered load as 0.1, approximately a 3% increase in execution time

is obtained. The results show that the proposed strategy effectively balances the

workload among the stressed cores, and therefore reducing system degradation to

the most extent.

To demonstrate the efficiency of our proposed methodology, we increase the

number of stressed cores and observe how system performance will be affected.

Figure 5.11 shows the comparison of task execution time between “Stressed” and

“Non-Stressed” cases. Here the offered load is fixed at full rate. Starting with 8

stressed cores, the execution time is almost identical before and after applying the
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Figure 5.8: Comparison of throughput between non-stressed and stressed cases

NBTI stress model. As the number of stressed cores increases, a slight increase in the

overall execution time can be observed. When the number of stressed cores grows

to 16, an insignificant performance drop (approximately 3%) is observed, which is

still acceptable. The results demonstrate the efficiency of the method in balancing

workload and alleviating aging effect on the stressed devices.

Figure 5.12 displays core failure rate (in percentage) with regard to time. The x-

axis represents the time in terms of year and y-axis represents the percentage of core

failure. The red solid line represents the result of our new approach while the blue

dash line represents the case without the new approach. The difference in terms of

yield becomes obvious after 2 years and begins to widen. For example, after 6 years,

the core failure rate without the new methodology reaches as high as about twice

of the result by using the proposed method. Furthermore, we used Monte-Carlo

simulations in SPICE to monitor the critical path delay and total leakage power for

each core, and predicted the changes in MTTF. The MTTF estimation follows the

derivation from (Greskamp et al., 2007; Srinivasan et al., 2005; Waldshmidt et al.,

2006; Srinivasan et al., 2004) where MTTF is modeled as an exponential function of
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Figure 5.9: Comparison of latency between non-stressed and stressed cases

operating temperature T . To be specific, the MTTF model we use is a physics-based

model verified using NBTI failure data (Srinivasan et al., 2004), and is given by:

MTTF ∝

[(

ln

(
A

1 + 2e
B
kT

)

− ln

(
A

1 + 2e
B
kT

− C

))

×
T

e
−D
kT

] 1
β

(5.28)

where A, B, C, D and β are fitting parameters, T is the operating temperature in

Kelvin, and k is Boltzmann’s constant. Figure 6.11 shows the MTTF comparison

between multi-core systems without the proposed methodology and with the pro-

posed methodology. The x-axis presents the time in terms of years of operation.

The y-axis measure shows the average MTTF of a 8/64 multi-core system. Though

after about 3 years both cases observe decreases in MTTF measurements. The

results indicate that by allowing relatively light workload assigned to the stressed

devices, the new strategy does great help in the recovery of stress and therefore

extends device lifespan. On average, the new methodology demonstrates about 30%

improvement in MTTF degradation.
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5.6 Conclusions and Future Work

This chapter presents a new design framework for multi-core system to include

device wear-out impact. The new approach starts from device fractional NBTI

model to evaluate core performance differences, and provides a new NBTI-aware

system workload model based on new DZ and DTS algorithms to balance workload

among active cores while relaxing stressed ones. Experimental results show that

by allowing some stressed cores to relax after a certain period of operation, the

proposed methodology improves multi-core system yield and extends system MTTF

with graceful degradation in performance.

Future work can be directed to take into account more considerations of ther-

mal control in the balancing strategy. In the current framework, the temperature-

dependent Vth degradation is assumed to follow a normal distribution during the

prediction of NBTI aging effect. A possible way to extend this work is to improve

the device degradation model to capture the temperature change more directly

and accurately, as well as to incorporate explicit thermal constraints in the bal-

ancing strategy. More importantly, recent researches on NBTI effect (Zheng et al.,
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Figure 5.11: Comparison of execution time in case of different number of stressed
cores

2009; Wang et al., 2010) reveal that Vth degradation is highly sensitive to the circuit

switching activity, and the aging effect tends to cause significant frequency degra-

dation at different voltage levels. These new characteristics bring in new challenges

in easing device aging effect and improving device reliability. In future works we

intend to incorporate these new aging characteristics in the balancing framework to

address the emerging reliability issues.
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CHAPTER 6

ON-LINE SELF-TUNING DESIGN FOR POWER-EFFICIENCY

This chapter proposes a new on-line self-tuning strategy for exploring optimal oper-

ating conditions to alleviate NBTI-induced device degradation and achieve power-

efficiency in multi-core systems. We will discuss how to achieve computational relia-

bility and energy efficiency through co-development of optimization algorithms, de-

vice characteristics and circuit designs for application-specific multi-core platforms.

The new methodology characterizes aging-duty cycle and aging-supply voltage rela-

tionships that are applicable to minimizing power consumption and task execution

time to achieve low Bit-Energy-Ratio (BER). A new dynamic task scheduler is pro-

posed to assign workload to multiple cores. Different from the traditional workload

balancing scheme where cores are regarded as homogeneous, the new task scheduler

categorizes cores as highly competitive cores and not competitive cores according

to their various competitiveness. The core competitiveness is evaluated based upon

their reliability, temperature and timing requirements. Consequently, highly com-

petitive cores will take charge of the majority of the tasks at relatively high supply

voltage/frequency without violating power and timing budgets, while not compet-

itive cores will have light workload to ensure their reliability. The new self-tuning

strategy combines internal device characteristics into an integrated framework to

achieve high reliability and low energy level with graceful degradation of system

performance. Experimental results show that the proposed method has achieved

a 18% power reduction with about 4% performance degradation (in terms of ac-

complished workload and system throughput) compared with traditional workload

balancing methods. The new method also improves system mean-time-to-failure

(MTTF) by up to 25%.
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6.1 Introduction

The scaling of CMOS technology has inevitably led to new reliability concerns, such

as negative-bias-temperature-instability (NBTI) and hot-carrier injection (HCI)

(Reddy et al., 2002; Chen et al., 2003; Mahapatra et al., 2004). NBTI is promi-

nent in PMOS devices and shifts threshold voltage (Vth) up to 50mV through device

lifetime, affecting system life-span and leading to low yields and short mean-time-to-

failure (MTTF) in multi-core systems (Wang et al., 2010; Zheng et al., 2009). Re-

cent research has discovered that the new nanometer devices anneal the aging effect

more frequently when used intensively (Gopalakrishnan et al., 2005; Padilla et al.,

2008). For example, when used aggressively, devices tend to decrease threshold volt-

age changes to ease the stress level (Bhardwaj et al., 2006; Lin and Banerjee, 2008).

Different from traditional negative trade-off designs (i.e. reliability goes down if per-

formance increases), the new feature suggests a positive win-win trend to achieve

slow aging when increasing performance. In addition, it is becoming possible to use

the additional reliability headroom to further improve performance.

Although it sounds very attractive, this new feature described above has not been

investigated sufficiently before. This may be because designers at both circuit and

system levels, in order to gear the device or circuits to provide certain functionality,

limit devices to work only in one or two regions or states and therefore fail to further

exploit new features of nanometer devices. To illustrate, the conventional circuit de-

sign has been based largely on manipulating circuits or systems to work in the state

or regions designed by external users or applications. For example, in system and ar-

chitecture designs, workload balancing strategies are universally applied to multiple

components or cores based on external demands or applications (Sun et al., 2010;

Coskun et al., 2007; Hung et al., 2005). These systems use predominantly non-real-

time, serial, synchronized electronic processing. In these systems, the algorithmic

processing of information occurs without any intrinsic regard for the system itself

and thus the system well being is extrinsic to the computation.

This work exploits this new discovery and proposes a new methodology that
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takes advantage of the aging-performance positive relationship to achieve compu-

tational reliability and energy efficiency. This new approach starts with compact

device models of threshold voltage shift versus duty cycle, and frequency degrada-

tion versus supply voltage (Vdd) curves under NBTI effect. Using these models, a

new reliability (aging) and power consumption relationship is modeled and incor-

porated into a proposed self-tuning performance optimization methodology. Figure

6.1 illustrates the general flow of the proposed methodology for one single core. As

shown in the figure, the sensor/measured data and device compact models provide

sensitivities to indicate the changing trend of aging, performance and power. In

addition, sensor/measured data also provide a clear picture of where cores stand in

terms of performance, reliability, and temperature. We propose a concept of com-

petitive index to estimate their ranking and categorize cores as highly competitive,

and not competitive ones. Here, instead of treating cores as homogeneous ones,

we identify a small set of “highly competitive” cores that have the potential to be

used intensively (high supply voltage, high frequency) to ease the stress level and

the reliability issue for the rest of cores, improve overall system energy efficiency

and thus achieve better average system performance such as mean-time-to-failure

(MTTF) and Bit-Energy-Ratio (BER).

The contributions of the current work can be summarized as follows: (1) we pro-

posed a new methodology that integrates sensors, regulator, and multi-core workload

assignment under the same framework; (2) through the self-tuning optimization, we

achieve energy efficiency considering reliability, performance constraints (such as

timing error rate) and environment constraints (such as temperature). The opti-

mizer determines optimal operating frequency and supply voltage (new f and Vdd

in Figure 6.1). Then a voltage regulator updates the frequency and supply volt-

age according to the optimizer. (3) By taking advantage of the aging-performance

positive relationship, the self-tuning design methodology helps anneal the aging ef-

fect and thus results in lower degradation rate. Notice that the current approach

is different from (Ho, 1999, 1997) where operating frequencies and supply voltages

are selected only based on one optimization goal, i.e. low power. Here, the opti-
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Figure 6.1: The flow diagram of the self-tuning methodology for one core

mizer itself is a dynamic task scheduler that optimally achieves energy efficiency

while satisfying reliability requirements. Compared with the forced workload bal-

ancing scheme (Sun et al., 2010), which only concentrates on maximizing system

utilization through uniformly distributed the tasks to different cores, the self-tuning

scheme dynamically perform workload assignments relying on the device aging and

performance changing trend. Hence, as opposed to static test and off-line reconfig-

uration techniques, this work focuses on system-wide self-tuning driven by analysis

of real-time data. It validates the self-tuning idea by modeling and monitoring the

device, circuit and system aging effects, an intrinsic property of the device that is

highly sensitive to switching activities and duty cycles. Experimental results show

that compared with the forced workload balancing scheme the new method has

achieved 18% power reduction and 25% MTTF improvement, with graceful perfor-

mance degradation of 4% (in terms of accomplished workload).

The rest of this chapter is organized as follows. Section 6.2 introduces the in-

trinsic characteristics of device aging impact on circuit performance. Section 6.3

discusses a new self-tuning optimization algorithm. Experimental results are demon-
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strated in Section 6.4. Finally, Section 6.5 concludes this chapter.

6.2 Characterizing NBTI-induced Degradations and Timing Reliability

NBTI exhibits a unique property of both stress and recovery behavior during cir-

cuit dynamic operation. To reduce power consumption, today’s circuit typically has

very low switching activity (Rabaey, 2009). Therefore, the major portion of the

dynamic operation is in the recovery phase of NBTI, rather than the stress phase.

As demonstrated in (Bhardwaj et al., 2006)(Vattikonda et al., 2006), depending on

the duty cycle and input patterns, over 75% of previous NBTI-induced degradation

can be annealed by biasing the PMOS gate at supply voltage (Vdd). Therefore, the

consideration of the recovery phase and its dependence on node switching activity

are critical to the modeling and prediction of NBTI-induced degradation. Figure

6.2 illustrates that dynamic NBTI degradation is a strong function of duty cycle.

Compared to the static case where the device is stuck at the stress mode, a higher
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Figure 6.2: PMOS Vth shift due to NBTI is highly sensitive to the switching activity.

switching activity will exhibit a lower degradation rate because of the rapid anneal-

ing in the recovery phase. To be specific, NBTI-induced Vth degradation can be
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further interpreted as:

Vth = Vth0 +
δ∆Vth

δα
∆α. (6.1)

Here we define threshold voltage-duty cycle sensitivity as SVth
α = δ∆Vth

δα
where ∆Vth

denotes the threshold voltage shift, and α is the duty cycle. From Figure 6.2 we

can observe that ∆Vth increases significantly when duty cycle exceeds an edge of

operation (EOO) point (as denoted by the circle). To avoid such dramatic Vth

degradation, we intend to limit device duty cycle below this upper bound limit,

and the corresponding duty cycle is therefore defined as αEOO. For the rest of the

curve in Figure 6.2, a two-segment piece-wise linear approximation can sufficiently

describe the aging-duty cycle relationship. Sensitivity SVth
α can be either of the two

constant values in these two intervals.The transition point of the two feasible regions

is denoted by α0. In the proposed self-tuning design, most of the devices will operate

with very low switching activity, while some identified competitive cores, which have

the potential to be used intensively with low degradation rate, will be pushed to

work at the EOO point. The EOO point αEOO is accordingly defined as the upper

bound limit of duty cycle for these strong cores.

Switching activity is just one example of how dynamic circuit operation im-

pacts reliability. In reality, the exact amount of degradation further depends on

the workload, voltage scaling, temperature and other low-power operation modes

(Zheng et al., 2009). Figure 6.3 illustrates the scaling of circuit aging effect under

voltage scaling and temperature control. At a particular temperature, the re-

lationship of the amount of frequency degradation (∆F/F ) to supply voltage can

be modeled as an exponential function using the measurement data (Wang et al.,

2007b). Lower Vdd helps reduce the frequency degradation rate. However, if Vdd

is too low, then circuit performance sensitivity to Vth shift is elevated, which will

eventually cancel the benefit. This trend is shown in Figure 6.3, where the reduction

rate in ∆F/F is much smaller when Vdd is lower than the nominal value. On the

other side, the aging-Vdd curves also indicate that the temperature rise will worsen

this trend, causing higher degradation rate in ∆F/F at the same voltage level. Note

that the aging-Vdd curves are temperature-dependent, each temperature value cor-
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Figure 6.3: The reduction of circuit aging with lower Vdd.

responds to a distinct curve with specific degradation rate. In this work we use

on-chip sensors to monitor device temperature change. These real-time feedback

data will be incorporated in the proposed self-tuning design framework for thermal

control. For example, a core may initially have low supply voltage and temperature

shown as point A. After certain period of time, core temperature goes up and its

aging effect is represented by a new curve. The same core now have higher tem-

perature as presented as point B, with a new temperature and Vdd value. Under

different operation conditions, the pair of Vdd and frequency degradation may jump

onto different point on the aging-Vdd curves.

Another important reliability issue in dynamic circuit operation is the timing er-

ror rate under voltage scaling (here, error rate refers to the fraction of cycles in which

an error is detected). Current circuit design is often limited by a critical operating

point that sets a hard limit on voltage scaling (Narayanan et al., 2009)(Kahng et al.,

2010b). Here, we have critical voltage value for supply voltage: any supply voltages

higher than this value will cause almost no timing errors, and any supply voltages

lower than this value will generate a large number of timing errors. This critical

voltage value restricts the use of voltage scaling technique to trade for power effi-
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ciency (Narayanan et al., 2009).Therefore, over-scaling of voltage will lead to more

timing errors than can be corrected, and end up with an unacceptable error rate.

Figure 6.4 provides an example of timing error rate under the impact of supply volt-

age over-scaling. When supply voltage is above the critical point, no time error
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Figure 6.4: Timing error rate under voltage scaling (error rate data from
(Kahng et al., 2010a)).

occurs. However, if the voltage is scaled down below this point, time errors begin to

occur and increase dramatically as the voltage continues decreasing. Note that the

error rate v.s. Vdd curve is frequency dependent. Higher operating frequency tends

to cause more timing errors, and consequently requires higher supply voltage such

that the error rate is less than a pre-determined threshold.

These reliability models have been developed to accurately predict NBTI-induced

aging effect, providing a physical understanding and certain guidelines from the

technology perspective. Such an understanding now needs to be transferred into a

general design context in order to reduce the aging effect with minimal performance

overhead. For the rest of this chapter, we discuss how to use these models to

guide workload assignment, in order to achieve good reliability and avoid significant

performance degradation.
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6.3 Aging Determined self-tuning Design Optimization

This section presents the details about the self-tuning optimization procedure con-

sidering aging-performance relationships discussed in Section 6.2. Here, to quantify

the core aggressiveness as well as its risk to exceed performance wall, we introduce

Competitive Index. By incorporating the aging-duty cycle and aging-Vdd curves and

the real-time data from the sensor, we develop a dynamic task scheduler that adap-

tively exploits the optimal operating point (supply voltage and operating frequency)

according to core’s competitive index.

6.3.1 Core Competitive Index

As discussed above, device aging and performance are characterized by a number

of factors: supply voltage, duty cycle, temperature, etc. Under different operation

conditions, devices will behave distinctively. Therefore when assigning workload,

it is important to take into account core performance diversity under aging effect.

This sections discusses how to estimate this diversity by competitive index (CI).

Cores with higher competitive indices will be identified to get more workload, and

to work with heavy duty cycle (close to αEOO). Not competitive ones will only have

light workload with low duty cycle and low supply voltage to help anneal the aging

effect.

The competitive index will be estimated dynamically with changing perfor-

mances such as power consumption, temperature and timing error rate. We use

two 3-dimensional (3D) spaces to interpret the concept of competitive index. As

shown in Figure 6.5 left hand side, the first space defines the performance walls.

Here, x, y, and z axis denote on-chip temperature, threshold voltage changes, tim-

ing error rate at given supply voltage respectively. A forth dimension can be added

as power wall. Note here that real-time sensor data on temperature, NBTI sensor on

threshold voltage changes and real-time measure data on timing errors provide in-

formation on how cores react to the operating conditions (right hand side 3D space).

Here, threshold values for performance metrics define the performance walls. Each
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point inside the walls denotes the performance metrics for a core under a feasible

operating condition (Vdd, frequency and duty cycle). For example, given two cores

under the same operating condition, the one performs close to performance walls

will be considered as less competitive than the one farther from the walls.

In this performance 3D space, we compare core’s current performance metrics

(Point B) with its previous status (Point A). Given point A as {xA, yA, zA} and

point B as {xB, yB, zB}, let rA = min(xA, yA, zA) and rB = min(xB, yB, zB). Then

r∆ = rB− rA denotes improvement of performance robustness. It reflects how much

we have improved performance robustness if it is working under particular operating

conditions (Vdd,i, fi and αi in the right plot of Figure 6.5). The second 3D space

denotes the operating condition as shown in the right hand side of Figure 6.5. Here,

“Duty Cycle”, “Frequency” and “Supply Voltage” are output variables from the

new self-tuning optimization algorithm. Vector rOP denotes the magnitude of the

operating point changes from previous operating condition A to current operating

condition B. The multiplication of r∆ and rOP provides an indication of consequences

associated to cores’ intensive use. The competitive index (CI) is therefore defined
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as:

CI = r∆ · |rOP|. (6.2)

where ‖ · ‖ denotes the 2-norm distance of a vector. It is worth emphasizing that all

the metrics should be normalized when computing the distances.

Referring to Figure 6.5, the competitive index defined in (6.2) indicates how the

core operates far from the performance walls under the current operating condition.

This quantitative index tells us whether a core is operating on a risky trend of

breaking the performance limits. For a core with higher competitive index, it takes

longer time for it to reach the bound, therefore it will be primarily selected as a highly

competitive core to accept more tasks when assigning workload. The opposite case

would be a core with low competitive index that indicates the core is prone to exceed

the performance threshold and gets stressed very quickly. Only light workload can

be assigned to this not competitive core to ease the stress level.

6.3.2 Self-tuning Design Optimization

Before we introduced the new optimization algorithm, we first review the workload

and core utilization definitions. Workloads are represented as task flows. Given a

task flow as a DAG (Directed Acyclic Graph) G = (V, E), nodes V = {v1, v2, · · ·, vn}

represent a set of tasks to be executed. Arcs E = {(i, j)} specify precedence rela-

tionships: each arc (i, j) means that task vi must be completed before vj can start.

Task weight wi represents the execution time of task vi on a core. Figure 5.4 in

Section 5.4 illustrates a simple example of task graph. Let T
(i,j)
comm represent the com-

munication time between vi and vj , and assume T 0
i and T 0

j are the starting times

for vi and vj respectively. The precedence relationship exerts the following set of

constraints:

T 0
i + T d

i + T (i,j)
comm ≤ T 0

j , (6.3)

where T d
i denotes the actual execution time of task vi on a particular core. The

proposed method dynamically scales core operating frequency and thus leads to

varying task execution time. Therefore, we need to take into account the scaling
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factor when evaluating the assigned workload on a particular core. Let ηij denote

the frequency scaling factor when core i is processing task vj . Each core’s working

time for one task flow can be estimated as
∑

j ηijT
d
j . As the counterpart of duty

cycle, Core Utilization Ui is measured as the ratio of i-th core’s busy time to its

total active period of time. If Ts represents the execution time on the critical path

of a task flow, then the i-th core utilization for this specific flow can be defined as:

Ui =

∑

j ηijT
d
j

Ts
. (6.4)

Because each core exhibits less Vth shift (∆Vth) or less aging effect with higher

duty cycle, we aggressively push a highly competitive core to work to its upper

bound limit (αEOO). We also partition cores into groups. Tasks in a flow may have

dependencies among them, while tasks from different flows tend to have very few or

no dependencies among them. Therefore, to minimize communication cost, we limit

the process of one task flow to a group of cores physically adjacent to each other.

Such a group of cores is defined as a Partition.

Using the competitive index, we are able to identify one or two cores as highly

competitive ones, and thus a set of the most competitive cores are selected in the

multi-core system. When doing workload assignment for a specific task graph,

we group the cores to form a partition according to the locations of the highly

competitive ones. Each group must include at least one such core, which is primarily

responsible for task execution to reduce the frequency of data swapping and data

transmission. If possible, the highly competitive core should be located at the center

of the group to avoid long communication delay. All the tasks on the critical path

will be assigned to this core, and in addition, this core is allowed to work at higher

voltage/frequency. Other cores within the same group, surrounding the chosen ones,

will have light workload and thus can work with low operating conditions to ease

the stress level. For this purpose, this workload assignment scheme will manage to

anneal the aging effect to the most extent for the whole system and reduce total

power consumption.

Now we discuss the aging-determined task scheduling problem as an optimization
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model. One objective is to minimize the task execution time to ensure graceful

performance degradation. The execution time mainly depends on the operating

frequency of the high competitive index cores, as they account for the majority of

workload. Another objective is to minimize the total power consumption within the

partition, which is determined by the frequency and supply voltage assigned to each

core:

Ptotal =
∑

i

Pi =
∑

i

kfiV
2
dd,i, (6.5)

where k is a constant factor, and fi is the i-th core’s operating frequency considering

aging degradation. According to the aging-Vdd curves in Figure 6.3, the actual

frequency under aging effect is given by:

fi = Fi

(

1−
∆F

F
(Vdd,i, Ti)

)

(6.6)

where Fi is the nominal frequency without aging, and Ti denotes its temperature

value detected from the on-chip sensor. The frequency degradation rate is ex-

tracted according to the temperature-dependent aging-Vdd curves (refer to Figure

6.3). Given workload, The number of total data bits is fixed, saying N . The total

energy required is equal to the multiplication of the total power consumption and

execution time: Energy=PTotal ·Ts. Thus, the Bit-Energy-Ratio can be estimated as:

BER=Energy/N . When we minimize PTotal and Ts for given workload (N is fixed),

we are minimizing the BER. The design variables are the operating frequency and

supply voltage for each core. The optimizer searches for the optimal pair (Fi, Vdd,i)

that minimizes the two objectives.

We now discuss the constraints in the optimization model. Firstly, αEOO re-

stricts that core duty cycle must be below this critical value. The core utilization

(defined in (6.4)) can not exceed this upper bound limit. Secondly, to satisfy the

precedence relationships in (6.3), every core has to operate at above a minimally

required frequency to meet the deadline. Lastly, depending on the frequency, the

core must operate at certain supply voltage such that the induced timing error rate

will not exceed a threshold rate. In addition, for each core there are also upper

bound limits for its power consumption and on-chip temperature, in order to avoid
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generating a hotspot in the network.

To summarize, the optimization model for the aging-determined task scheduling

problem is described as follows:

minimize Ts (fi)

minimize
∑

i Pi (Vdd,i, fi)

subject to fi = Fi

(
1− ∆F

F
(Vdd,i, Ti)

)
≥ fmin,i

Ui (fi) ≤ αEOO

RE,i (Vdd,i, fi) ≤ R0

Pi ≤ P0, Ti ≤ T0

variables Fi, Vdd,i

(6.7)

where Ui denotes i-th core utilization, fmin represents the minimal required fre-

quency for each core to finish task execution on time, RE,i provides the detected

timing error rate on i-th core, and R0, P0, T0 are the threshold values for error rate,

power consumption and temperature respectively. The optimization model (6.7)

provides an integrated framework of intrinsic aging-performance curves, real-time

data and timing error detection. All the factors taken into account are correlated

and have great impact upon each other. Note that there is a tradeoff between the

two objectives: increasing the operating frequency leads to not only short execution

but also considerable power consumption. The intrinsic aging-performance relation-

ships make it more complicated to achieve optimal trade-off between computational

reliability and power efficiency. In experimental simulations, we assign two weight-

ing factors to the objectives, for the purpose of adjusting optimization results under

different performance requirements.

Algorithm 4 presents the pseudocode of the optimizer. The ‘Compute CI ()’ func-

tion evaluates the competitive index for each core. We can then determine the highly

competitive core and assign the tasks based on the rank of competitive index. The

‘Find Min Freq (αEOO)’ function searches for the minimal required frequency fmin

for the highly competitive cores to operate with EOO duty cycle. In the pseudocode,

the operating frequency of the highly competitive cores is iteratively increased by

0.01GHz to explore the optimal operation condition that minimizes the execution
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time and power consumption. During each iteration, we first determine the fmin val-

ues for other cores such that the deadline is met during task scheduling. We let these

cores operate at their minimal required frequencies. The ‘Find Min Vdd (fi)’ func-

tion searches for the minimal supply voltage for each core that the timing error rate

is less than the threshold value at its operating frequency. The ‘Total Power (f ,Vdd)’

function and ‘Execution Time (f)’ function report the total power consumption and

task execution time respectively. The ‘Freq Degradation (V ∗
dd, T )’ estimates the fre-

quency degradation at specific supply voltage and temperature values. Note that

sensor data and timing errors are monitored real time. If any of the indications show

the possibility of violating performance walls, the CI indices will be re-evaluated and

hence the optimizer will be activated and provide new optimal frequency and supply

voltage values. The dynamic scheduler also determines the duty cycle for each core.
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Figure 6.6: The design flow of the self-tuning design methodology

Figure 6.6 illustrates the general flow of the self-tuning design methodology. By

employing the concept of competitive index, we identify a set of most competitive

cores capable of accepting heavy workload, and rely on these cores to perform task

scheduling. The aging-duty cycle curve provides the edge of operation information

for core utilization, i.e. αEOO. The aging-Vdd curves provides the degradation rate
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of frequency at specific Vdd and temperature values. NBTI sensors feedback the

device temperature change to the task scheduler frequently. The error checker de-

tects the timing error rate under a particular operation situation (supply voltage

and frequency). It is worth emphasizing that a highly competitive core may get

stressed and become not competitive after certain period of operation. Therefore, it

is necessary to re-evaluate core competitive indices and explore a new candidate core

with highest competitive index to take the role of leader. The update of leadership

has to be performed frequently during circuit dynamic operation. Once a new set of

highly competitive cores are found, they will substitute the previous ones to accept

the majority of workload. The stressed cores degrade themselves to not competitive

cores and get relaxed without being used intensively.

6.4 Experimental Results

This section presents the experimental results. The proposed self-tuning design

methodology has been verified on an 8x8 multi-core system. To demonstrate the ef-

fectiveness of the method, all task graphs are generated by profiling realistic applica-

tions of several benchmark suites, including MediaBench (Lee et al., 2008), MiBench

(Guthaus et al., 2001), and NetBench (Memik et al., 2001). For each application we

select individual functions as the corresponding task nodes from which we can cre-

ate the task graph by adding precedence relationships. For temperature simulation,

we use HotSpot (Skadron et al., 2004) as the thermal modeling tool. To accurately

characterize the thermal changes, HotSpot has to be initialized with a heat sink

temperature for every simulation. We use the temperature results obtained from

HotSpot to drive aging-based decisions in the next workload assignment phase.

At the beginning, every core has the same competitive index. We randomly se-

lect 8/64 (∼12.5%) cores as highly competitive ones. These cores are uniformly

distributed across the chip. After the system operates according to the opti-

mizer=suggested supply voltage and frequency for some time, each core reacts dif-

ferently with various temperatures, threshold voltage changes, and timing errors.
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The competitive indices will be different. We rank the cores according to their new

competitive indices. At the beginning of each optimization, we differentiate cores as

highly competitive (only about 12.5%) and not competitive (the majority of cores).

The optimizer explores the optimal operation condition workload assignment for

each core. Some cores, though regarded as not competitive at the beginning, may

end up as “competitive” after the optimizer assigns moderate duty cycles to them.

Table 6.1 presents the scheduling results at 90 seconds and at 100 seconds respec-

tively after simulation started. We mix all the benchmark applications to provide

the task flows. We randomly choose a set of cores and list the competitive index

for each selected core along with its assigned workload. Note that when computing

the competitive indices, all the metrics have been standardized into a unit interval

[0, 1] to cancel the effect of units. At 90 seconds, core 28 and core 39 show the

highest competitive indices, and therefore are identified as highly competitive ones.

Accordingly, both cores are assigned heavy workload and operate with high duty

cycle. As shown in the third column, the utilization for both cores are close to

the upper bound limit (i.e. αEOO). Other not competitive cores are assigned light

workload accordingly. As core’s competitive index changes dynamically depending

on its operating condition, one core may alternate its role in workload assignment

frequently. For example at 120 seconds, core 28 and core 39 become stressed after

a certain period of operation. The competitive indices decrease significantly, and

these two cores become not competitive. On the opposite side, core 57 shows a high

competitive index after relaxation, and therefore is explored as a highly competitive

core to accept high workload.

In the optimization model (6.7), the two objectives to be optimized are the

total power consumption and task execution time. At first step, to demonstrate

the efficiency of the self-design method, we compare the power consumptions by

using forced workload balancing scheme Sun et al. (2010) and self-tuning scheme,

respectively. Figure 6.7 shows the (normalized) power requirements for a set of

specific benchmark applications by using both methods. By exploring the optimal

operating condition for each core in workload assignment phase, the self-tuning
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Table 6.1: The aging-determined scheduling results at 90s and 120s

Core

Number

Competitive

Index at 90s

Core

Utilization

Competitive

Index at 120s

Core

Utilization

9 0.8469 0.2261 0.9248 0.3248

12 0.8802 0.4920 0.6927 0.2782

28 1.5576 0.7980 0.7343 0.2862

33 0.9148 0.3203 0.9582 0.4176

37 1.0361 0.4410 1.0251 0.3774

39 1.8872 0.7876 0.7821 0.3173

50 0.6781 0.1774 0.8316 0.2482

57 1.2754 0.3652 1.6862 0.7479

strategy saves power consumption for processing the assigned tasks. On average

about a 18% of power reduction has been achieved by employing the self-tuning

scheme. The results presented in Figure 6.7 are generated based on a target error

rate (R0) of 0.5%. In the next step, we choose a set of target error rate values,

and computes the power requirement for the system to meet the target error rate.

The comparison of power consumption by both methods is presented in Figure 6.8.

The results show that the self-tuning method has achieved on average a 17% power

reduction compared with the forced workload balancing scheme. At R0 = 0.25%,

the power consumption is reduced by up to 20%. In addition, the improvement

decreases as error rate constraint is loosened. We observe from the figure that the

power reduction in percentage is about 15% when the target error rate reaches 16%.

We perform another set of experiments to demonstrate that the self-tuning

method only results in graceful performance degradation. We distribute the tasks to

the cores based on the competitive indices and evaluate the accomplished workload

by using the self-tuning method and forced workload balancing method, respectively.

Figure 6.9 presents the average accomplished workload (“1” as full workload) at dif-

ferent levels of offered traffic. The offered traffic is referred to as a fraction of

network capacity. An insignificant performance drop in accomplished workload

can be observed, which is less that 4% on average, however the power consump-
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Figure 6.7: Power consumption for specific benchmark applications

tion is improved significantly (refer to Figure 6.8). Figure 6.10 further shows the

comparison of system throughput between self-tuning method and forced workload

balancing method. Again, a graceful performance degradation can be observed.

When the offered traffic is below 0.6, very minor differences (<5%) can be observed

between the two cases. As the offered traffic increases, we observe that this difference

saturates.

As claimed above, the new method aims at alleviating device aging effect to

improve system reliability. We further evaluate the improvement of mean-time-to-

failure (MTTF) by using self-tuning method. The MTTF estimation follows the

derivation from (Greskamp et al., 2007; Srinivasan et al., 2005; Waldshmidt et al.,

2006)(Srinivasan et al., 2004) where MTTF is modeled as an exponential function

of operating temperature T . The explicit expression of MTTF can be referred to

(5.28) in Section 5.5. We use the temperature data obtained from HotSpot to

predict the changes in MTTF. Figure 6.11 shows the MTTF comparison between

multi-core system with the self-tuning scheme and system with the forced workload
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Figure 6.8: Power consumption comparison between self-tuning method and forced
workload balancing method

balancing scheme. The x-axis presents the time in terms of days of operation. The

y-axis is the result representing the (normalized) average MTTF of the multi-core

system. Though after about 20 days both cases observe decreases in MTTF, the self-

tuning scheme shows about 25% less MTTF decrease and improves system reliability

considerably.

6.5 Conclusions

This chapter proposes a new self-tuning design optimization methodology consid-

ering NBTI-induced device aging effect. The new approach takes advantage of the

aging-performance positive relationship to achieve power reduction under reliabil-

ity constraints. By incorporating the aging-duty cycle and aging-Vdd characteristic

curves, a self-tuning optimization algorithm is proposed to incorporate the new reli-

ability and power consumption framework. Experimental results demonstrate that

the new self-tuning methodology has achieved lower power consumption with higher

reliability compared with traditional forced workload balancing scheme.
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Figure 6.9: Accomplished workload comparison between self-tuning method and
forced workload balancing method
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Algorithm 4 Aging Determined Task Scheduling
Input: a task flow G to be allocated; sensor temperature T ; EOO duty cycle αEOO, aging-Vdd

curves

Output: the optimal operating pair (F ∗

i , V ∗

dd
) for each core

1: //identify the highly competitive core

2: {CI1, · · ·, CIn} ⇐ Compute CI ();

3:

4: k ⇐ Argmax ({CI1, · · ·, CIn});

5: assign tasks of G according to CI ranking;

6: fmin,k ⇐ Find Min Freq (αEOO);

7: //the loop to find optimal Fi and Vdd,i

8: obj∗ ⇐ ∞;

9: for fk =fmin,k to 1.5GHz; fk =fk+ 0.01GHz do

10: for i=1 to n; i 6=k do

11: determine fmin,i to meet the deadline;

12: fi ⇐ fmin,i;

13: end for

14: for i=i to n do

15: Vdd,i ⇐ Find Min Vdd (fi);

16: end for

17: Ptotal ⇐ Total Power (f , Vdd);

18: Ts ⇐ Execution Time (f);

19: obj ⇐ β · Ptotal + γ · Ts;

20: if obj ≤ obj∗ then

21: V ∗

dd
⇐ Vdd; f∗ ⇐ f ;

22: end if

23: end for

24: ∆F ⇐ Freq Degradation (V ∗

dd
, T );

25: F ∗ ⇐ f∗ + ∆F ;

return F ∗={F ∗

1 , · · ·, F ∗

n}, V ∗

dd
=
{

V ∗

dd,1, · · ·, V
∗

dd,n

}

;



181

Time in Days

5 15 25 35 45 55 65 75

N
o

rm
a
li
z
e
d

 M
T

T
F

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Self-Tuning Scheme

Forced Workload Balancing

Figure 6.11: MTTF comparison between self-tuning method and forced workload
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CHAPTER 7

CONCLUSIONS

In modern chip design, circuit performance is significantly impacted by all types of

parameter variations, including process variations, environmental uncertainties and

temporal variations. This dissertation aims at solving the problem of conquering

parameter variability and achieving robust and low-power design. The increasing

variability makes it necessary to deal with this problem at every stage of IC circuit

design. At pre-silicon stage, this dissertation focuses on characterizing parame-

ter variability and predicting variation-caused circuit performance fluctuations for

pre-silicon verification. At post-silicon stage, thorough testing and debugging are

necessarily required for post-silicon validation. However, the key problem of post-

silicon validation is the high validation cost, as a result it is not practical to detect

all the faults on a chip with a reasonable cost. Therefore, post-silicon validation

is not the emphasis of this work, and how to achieve correct operations on faulty

chips is the path forward. As we are capable of predicting circuit behaviors, we can

perform on-line tuning of device behaviors based on the knowledge obtained in early

design stage, in order to deal with variation-caused device performance degradation.

This is the basic idea of on-line self-tuning scheme for robust chip design.

Three robust techniques have been discussed for pre-silicon verification, includ-

ing a robust parametric yield prediction scheme based on CAA methodology, a

robust circuit performance prediction framework based on uncertainty importance,

and a robust design optimization methodology by ElasticR estimation model. These

techniques enable efficient and accurate prediction of parameter variability and per-

formance fluctuations. As technology continues to scale down, it will be increasingly

difficult to ensure accurate modeling of variability. For example in current situa-

tion, parameter variations are usually modeled as Gaussian distributions, allowing

the designers to apply many mathematical techniques to simplify the statistical
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analysis. However in some practical cases, the variations may not necessarily follow

Gaussian distribution; the real distribution of parameter uncertainty could be uncer-

tain or even unknown. Therefore in future works, it is necessary to develop robust

prediction schemes under the assumptions of incomplete descriptions of parameter

variations. Also, there is always a trade-off between accuracy and computation

cost in these statistical models; it is important to achieve a good balance for these

variation-oriented techniques, in order to be integrated into realistic design flow and

optimization procedure.

We have also discussed two on-line tuning strategies for multi-core systems con-

sidering variation-caused device aging effect, including a dynamic workload balanc-

ing framework considering NBTI-induced degradation, and a dynamic management

methodology enabling on-line self-tuning of device operating conditions. Future

work directions include the following two items: (1) designing dynamic regulator ar-

chitecture to support on-line tuning, such as dynamic power regulator that enables

voltage scaling, as well as clock generator that provides various clock frequencies;

and (2) improving the on-line tuning strategies such that they are compatible with

operating systems. The proposed self-tuning methods are designed for future multi-

core platforms and they are currently algorithm-based. More practical problems,

such as task migration, cache coherence, etc., may arise and need to be addressed

if these methods are applied to real operating systems.
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APPENDIX A

DERIVATIONS FOR DEPENDENCY BOUNDS

A.1 Upper Dependency Bound of FX+Y

Regardless of relationship between X and Y , when p 6= 1 (2.10) gives:

F
(−1)

X+Y (p) = max
u∈[0,p]

[F
(−1)

X (u) + F
(−1)

Y (p− u)]. (A.1)

In the same way let F2(u) = F
(−1)

Y (p − u), where 0 ≤ u ≤ p, Then F2(u) can be

expressed as:

F2(u) =







yU,1, if 0≤p−u≤qY,1

1

k
(i)
Y

(

−u+p−u
(i)
Y

)

, if qY,i−1 <p− u≤qY,i,

i = 2, · · ·, mY

yU,mY
, if qY,mY

< p− u ≤ 1

=







yU,1, if p−1≤u<p−qY,mY

1

k
(i)
Y

(

−u+p−u
(i)
Y

)

, if p−qY,i≤u<p−qY,i−1,

i = 2, · · ·, mY

yU,mY
, if p− qY,1 ≤ u ≤ p

(A.2)

Similarly let

S = {0, qX,1, · · · , qX,mX
, p, p−qY,1, · · · , 0},

Then for any probability p, the minimum value of F
(−1)

X (u)+F
(−1)

Y (p−u) must be

determined at certain transition point belonging to set S. Thus we can construct

F
(−1)

X+Y (p) and obtain the upper bound of FX+Y in (A.1).
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A.2 Lower Dependency Bound of FX−Y

Regardless of relationship between X and Y , when p 6= 0 (2.11) gives:

F
(−1)
X−Y (p) = min

u∈[p,1]
[F

(−1)
X (u)− F

(−1)

Y (u− p)]. (A.3)

In the same way let F3(u) = F
(−1)

B (u − p), where x ≤ u ≤ 1. Then F3(u) can be

expressed as:

F3(u) =







yU,1, if 0≤u−p≤qY,1

1

k
(i)
Y

(

u−p−u
(i)
Y

)

, if qY,i−1 <u−p≤qY,i,

i = 2, · · ·, mY

yU,mY
, if qY,mY

<u−p≤1

=







yU,1, if p≤u≤p+qY,1

1

k
(i)
Y

(

u−p−u
(i)
Y

)

, if p+qY,i−1<u≤p+qY,i,

i = 2, · · ·, mY

yU,mY
, if p+qY,mY

<u≤p+1

(A.4)

Similarly let

S = {rX,1, · · · , rX,nX
, 1, p, p+qY,1, · · · , 1}.

After performing similar derivation to construct F
(−1)
X−Y (p), we can obtain the lower

bound of FX−Y in (A.3).

A.3 Upper Dependency Bound of FX−Y

Regardless of relationship between X and Y , when p 6= 1 (2.12) gives:

F
(−1)

X−Y (p) = min
u∈[0,p]

[F
(−1)

X (u)− F
(−1)
Y (u− p + 1)]. (A.5)
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In the same way let F4(u) = F
(−1)
Y (u − p + 1), where 0≤u≤p. Then F4(u) can be

expressed as:

F4(u) =







yL,1, if 0≤u−p+1≤rY,1

1

k
(j)
Y

(

u−p+1−l
(j)
Y

)

, if rY,j−1<u−p+1≤rY,j,

j = 2, · · ·, nY

yL,nY
, if rB,nY

<u−p+1≤1

=







yL,1, if p−1≤u≤p−1+rY,1

1

k
(j)
Y

(

u−p+1−l
(j)
Y

)

, if p−1+rY,j−1<u≤p−1

+rY,j, j = 2, · · ·, nY

yL,nY
, if p−1+rY,nY

<u≤p

(A.6)

Similarly let

S = {0, qX,1, · · · , qX,mX
, p, p−1+rY,nY

, · · · , 0}.

After performing similar derivation to construct F
(−1)

X−Y (p), we can obtain the

upper bound of FX−Y in (A.5).
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APPENDIX B

CDF DERIVATIONS UNDER AFFINE OPERATIONS

Given a random variable X with cumulative distribution function FX(x), and a

function g(X) = X ± ζ where ζ is a constant value, the cumulative distribution

function for Y = g(X) is derived by:

FY (y) = Prob{Y ≤ y} = Prob{X ± ζ ≤ y}

= Prob{X ≤ y ∓ ζ} = FX(y ∓ ζ)

Consequently, the probability bounds for Y are given by:

F Y (y) = F X(x∓ ζ), F Y (y) = F X(x∓ ζ)

For Z = h(X) = αX, FZ(z) is given by:

if α > 0,

FZ(z) = Prob{Z ≤ z} = Prob{αX ≤ z}

= Prob{X ≤
1

α
z} = FX(

1

α
z)

if α < 0,

FZ(z) = Prob{Z ≤ z} = Prob{αX ≤ z}

= Prob{X ≥
1

α
z}

= 1− Prob{X ≤
1

α
Z} = 1− FX(

1

α
z)
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APPENDIX C

DERIVATIONS OF SPOV RELATIONSHIP

For the n device parameters in an analog circuit, the parameter variations (mean

values, variances, covariances) are specified by a joint probability density function

p (xi, · · ·, xn):

E (xi) = x0
i .

Var (xi) = σ2
i =

∫
(
xi − x0

i

)2
p (xi, · · ·, xn) dx1· · ·dxn.

cov (xi, xj) =

∫
(
xi − x0

i

)(
xj − x0

j

)
p (xi, · · ·, xn) dx1· · · dxn.

Based on the statistical system generalized in (3.7) and (3.8), we express the output

result explicitly:

Y (X) =

k∑

j=1

fj · Ŷ
(
X, η(j)

)

=

k∑

j=1

fj

(

Y (η(j)) +

n∑

i=1

Si(η
(j))(xi − η

(j)
i )

)

(C.1)

=

k∑

j=1

fj

(

Ŷ (η(j))−
n∑

i=1

Si(η
(j)) η

(j)
i

)

+

n∑

i=1

(
k∑

j=1

fjSi(η
(j))

)

xi.

We now derive the various moments of the output, which are called the mo-

ment propagation equations. The first step is to determine the mean value of

Y (x1, · · ·, xn):

E [Y ] = E

[
k∑

j=1

fj · Ŷ
(
X, η(j)

)

]

=
k∑

j=1

fj · E
[
Y
(
X, η(j)

)]
. (C.2)

The expectation of Ŷ is calculated according to the joint probability density
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function of device parameters:

E
[

Ŷ
(
X, η(j)

)]

=

∫ n∑

i=1

Si(η
(j))(xi − η

(j)
i )p(x1, · · ·, xn)dx1· · · dxn+Y (η(j))

=

n∑

i=1

Si(η
(j))

∫ (

xi − η
(j)
i

)

p(x1, · · ·, xn)dx1· · · dxn+Y (η(j))

= Y (η(j)) +
n∑

i=1

Si(η
(j))(x0

i − η
(j)
i ). (C.3)

By substituting (C.3) into (C.2) we obtain:

E[Y ] =

k∑

j=1

fj

(

Y (η(j)) +

n∑

i=1

Si(η
(j))(x0

i − η
(j)
i )

)

=

k∑

j=1

fj

(

Ŷ (η(j))−
n∑

i=1

Si(η
(j)) η

(j)
i

)

+

n∑

i=1

(
k∑

j=1

fjSi(η
(j))

)

x0
i . (C.4)

The various moments of Y (x1, · · ·, xn) can be calculated by using (C.1) and

(C.4):

µl(Y ) = E
[

(Y − E (Y ))l
]

= E





(
n∑

i=1

(
k∑

j=1

fjSi(η
(j))

)

(x− x0
i )

)l


 .

where µl(Y ) is the lth central moment of Y (x1, · · ·, xn). We already understand that
k∑

j=1

fjSi is the parameter uncertainty importance, Ui, thus µl(Y ) can be obtained as

the following k−fold integral:

µl(Y ) = E





(
n∑

i=1

Ui

(
xi − x0

i

)

)l




=

∫
(

n∑

i=1

Ui

(
xi − x0

i

)

)l

p(x1, · · ·, xn) dx1· · · dxn. (C.5)
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The variance of Y (x1, · · ·, xn) is calculated by setting l = 2 in (C.5):

Var(Y ) = E





(
n∑

i=1

Ui

(
xi − x0

i

)

)2




=
n∑

i=1

U2
i E
[
(xi − x0

i )
2
]
+ 2

n∑

i6=j

UiUjE
[
(xi − x0

i )(xj − x0
j )
]
.

=
n∑

i=1

U2
i Var (xi) + 2

n∑

i6=j

UiUjcov (xi, xj) . (C.6)

If the device parameters are uncorrelated, which indicates that cov (xi, xj) = 0

when i 6=j, (C.6) finally becomes the SPOV equation:

Var(Y ) =

n∑

i=1

U2
i var (xi) =

n∑

i=1

U2
i σ2

i . (C.7)
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APPENDIX D

MEAN AND VARIANCE OF GATE DELAY

Given a normal random variable X with mean value µx and standard deviation σ,

consider a function of this random variable Y = (X). A Taylor series expansion

around mean value µ yields:

Y = f(X) = f(µ) +

∞∑

n=0

f (n)(µ)

n !
(X − µ)n . (D.1)

The mean value of Y can be determined by taking the second-order expansion:

µY = E

[

f(µ) + f ′(u) (X − µ) +
f ′′(u)

2
(X − µ)2

]

= f(µ) + f ′(u) · E [(X − µ)] +
f ′′(u)

2
· E
[
(X − µ)2]

= f(µ) + f ′′(u) ·
σ2

2
. (D.2)

Recall the gate delay function (5.4), which is a function of Vth variation. Letting

Vx = Vdd − Vth, the mean value can be obtained according to (D.2):

µDg
=

VddLeff

γ
· (Vx − µ)−α +

VddLeff

γ
· (−α)(−α− 1) (Vx − µ)−α−2 ·

σ2

2

=
VddLeff

γ
·

[

(Vx − µ)−α + (α2 + α) (Vx − µ)−α−2 ·
σ2

2

]

(D.3)

To derive the variance of gate delay, we simply use the first-order expansion to

estimate the function Y :

Y = f(X) = f(µ) + f ′(µ) (X − µ) . (D.4)

The mean value of Y is simply µY = f(u). Therefore, the variance can be derived

as:

σ2
Y = E

[
(Y − µY )2] = E

{

[f ′(u) (X − µ)]
2
}

= f ′(u)2 ·E
[
(X − µ)2] = f ′(u)2 · σ2 (D.5)
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By substituting the gate delay function (5.4) into (D.5), the variance of gate delay

can be derived as:

σ2
Dg

=

(
VddLeff

γ
· (−α) (Vx − µ)−α−1

)2

· σ2

=

(
αVddLeff

γ

)2

· (Vx − µ)−2α−2 · σ2 (D.6)
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