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Abstract

The notion of complementarity is fundamental to economics, as reflected in the large

and growing number of studies that invoke alternate conceptions of this idea. Though

complementarity has been studied for many years, its connection with theory of su-

permodularity is far more recent. Modern theoretical analysis of complementarity

offers an attractive approach to equilibrium existence, monotone comparative statics

and Pareto optimal comparisons of different equilibria for models with strategic inter-

actions. This modern methodology makes explicit the conditions required to obtain

the latter properties, and does not rely on arguments based on uniqueness. Avoiding

the use of nonessential assumptions, connections become more transparent and results

easier to interpret. Taking advantage of these techniques, the first three chapters of

this dissertation study aspects of interest in newer models of industrial organization;

endogenous information acquisition; and some insights into the comparison of player’s

equilibrium strategies. The last chapter applies this methodology in a less exploited

direction, namely, econometric identification.

Chapter one provides a thorough analysis of oligopolistic markets with positive

demand-side network externalities and perfect compatibility. With a general comple-

mentarity structure on the model primitives allowing for products with low or high

stand-alone values, a nontrivial fulfilled-expectations equilibrium exists. We formalize

the concept of industry viability, investigate its determinants, and show that viabil-

ity is always enhanced by having more firms in the market and/or by technological

progress. These results enlighten some conclusions on viability from case studies in

the business strategy literature. We also characterize the effects of market structure

on industry performance, which are more diversified than in ordinary markets. The

approach relies on lattice-theoretic methods, supplemented with novel insights from

nonsmooth analysis. Chapters one and two are joint projects with Prof. Rabah Amir.
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The second chapter studies covert (or hidden) information acquisition in com-

mon value Bayesian games of strategic complementarities. Using the supermodular

stochastic order to arrange the structures of information increasingly in terms of

preferences, we provide novel, easily interpretable conditions under which the value

of information is globally convex, and study the implications in terms of the equi-

librium configuration. Increasing marginal returns to information lead to extreme

behavior in that agents opt either for the highest or the lowest quality signal. This

result explains the complete information game as an endogenous outcome, and sug-

gests the possibility of quite asymmetric information equilibria even in games that

are themselves symmetric. Our analysis also enlightens the effect of information on

players’ behavior.

Chapter three proposes a simple approach to compare players’ equilibrium choices

in asymmetric games with strategic complementarities. In our set-up, players differ

with respect to their marginal returns to increase own action and constraint sets. The

marginal returns to increasing own action are compared via a single-crossing property

on players’ marginal returns and their constraint sets by the strong order set. We

show that players that have "higher benefits to increasing own action" and "higher

constraint sets," select higher actions at equilibrium. Under additional conditions,

this result allows to compare their relative payoffs. We offer three applications of

our idea to industrial organization and new models in behavioral economics, which

have been the motivation for the paper. Specifically, we study horizontal mergers in

oligopolies, firm competition with differentiated costs of production, and a model of

biased perceptions.

The last chapter studies (nonparametric) partial identification of treatment re-

sponse with social interactions. Imposing simple monotone structure to the model,

we derive clear restrictions on the distribution of potential outcomes in terms of sto-

chastic dominance. The required conditions are naturally satisfied in many applied

settings, as reflected in the various examples we provide.
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Chapter 1

Network Effects, Market Structure and

Industry Performance1

1.1 Introduction

It has often been observed that the nature of competition is qualitatively different in

network industries. The presence of interlinkages in consumers’ purchasing decisions

induces demand-side economies of scale that may strongly affect market behavior

and performance. When such effects prevail, be they of the snob or bandwagon type,

purchase decisions are influenced by buyers’ expectations, leading to behavior not

encompassed by traditional demand theory (Veblen, 1899; Leibenstein, 1950). From

an industrial organization perspective, these distinctive features raise new questions

and impose some methodological challenges. In their pioneering work on markets with

network effects, Katz and Shapiro (1985) proposed the concept of fulfilled expectations

Cournot equilibrium (FECE), which was adopted by some of the early literature. This

has led to a number of results that distinguish network markets from ordinary ones.2

The purpose of the present paper is to provide a thorough theoretical investi-

gation of markets with homogeneous goods and network externalities. We consider

oligopolistic competition amongst firms in a market characterized by positive (direct)

network effects when the products of the firms are perfectly compatible, so that the

1This chapter is based on a joint project with Prof. Rabah Amir.
2See Economides and Himmelberg (1995), Economides (1996), Shy (2001) and Kwon (2007). In

contrast, the earlier literature in management science relied on dynamic models with no expectations,

e.g., Oren and Smith (1981) and Dhebar and Oren (1985). See also Bensaid and Lesne (1996) and

Chen et. al. (2009), among others.
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relevant network is industry-wide. This is motivated by both positive and normative

considerations. In terms of the former, several important industries fit the perfect

compatibility framework, in particular those in the telecommunications sector, such

as fax, telephone, the Internet, but also many classical industries such as compact

discs, fashion and entertainment.3 More important are the normative grounds, which

stem mainly from the critical problem of industry take-off that new network goods

are confronted with. A single (industry-wide) network is a crucial element in sur-

mounting the take-off hurdle, or at least in avoiding potentially long delays before

achieving success (Shapiro and Varian, 1998). Indeed, the business strategy literature

has concluded, through a number of detailed case studies dealing with the emergence

of particular industries in the last thirty years, that interconnection amongst all the

firms in a network industry (i.e., a single network) is probably the most important in-

gredient for success in launching a new network product (Rohlfs, 2001). Thus a good

understanding of the single network case will shed quite some light on the incentives

for compatibility faced by firms and consumers in the case of firm-specific networks.

We shall return to this key point several times below.

In contrast to the extant literature, this paper considers general demand functions

with non-separable network effects, a critical feature if one wishes to capture pure

network goods (those with no stand-alone value, such as most telecommunication

products), and the so-called feature of demand-side increasing returns (see Assump-

tion 5). With pure network goods, the trivial outcome of zero output is always a

self-fulfilling equilibrium, since there will be no actual demand if the market expecta-

tion is that there will be no eventual sales (in other words, nobody wishes to be the

only person around owning a phone, say). In view of this, the industry will fail to

take off at all if this is the only equilibrium, but might also end up coordinating on

3In some industries, each customer may have in mind his own social network only, not the overall

network, when making a purchase decision, but we follow the literature in industrial organization in

ignoring this distinction.
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this worst possible outcome when other equilibria are present. In a nutshell, this is

the so-called industry viability problem, a general treatment of which is the central

concern of this paper. To this end, an important pre-requisite is a good understanding

of the issues of existence and multiplicity of FECE, which can clearly discriminate

between the trivial FECE and the non-trivial ones, in terms of meaningful conditions

imposed on primitives of the oligopoly model. Another aim of the paper is to pro-

vide an extensive inquiry into the effects of market structure (or exogenous entry) on

market performance. Throughout, the paper takes a comparative perspective in that

results are contrasted with their Cournot counterparts, in an attempt to shed light

on the distinctive features of network industries.

The underlying approach is to impart minimal complementarity structure to the

model at hand, which achieves the twin goals of ensuring the existence of a fulfilled

expectations Cournot equilibrium while at the same time allowing clear-cut predic-

tions on the comparative statics of market performance with respect to the number

of firms. The critical structure is imposed in the form of two economically meaningful

complementarity conditions on the primitives that guarantee the key properties that,

along a given firm’s best response, industry output increases in rivals’ total output

as well as in the expected network size. In terms of methodology, the existence and

comparative statics parts rely on lattice-theoretic techniques, but these need to be

supplemented by basic novel insights from nonsmooth analysis, in particular for the

viability analysis.4

We next provide an overview of our findings, coupled with a literature review.

While existence of FECE follows from the monotonicity structure via a double ap-

plication of Tarski’s fixed point theorem, this is of limited interest, as the underlying

equilibrium may a priori be the trivial one. To complete the analysis, we derive two

4Relevant work includes Topkis (1978), Vives (1990), Milgrom and Roberts (1990), Milgrom

and Shannon (1994), Echenique (2002), Amir (1996a, 2003), Amir and Lambson (2000), and Kwon

(2007).
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sets of conditions, each of which ensures the existence of a non-trivial equilibrium.

These conditions have clear economic interpretations; they amount to requiring rela-

tively strong network effects near the origin or away from the origin.

Although the model is static in nature, we construct an explicit learning dynamics,

mapping consumers’ expectation of the network size to the corresponding Cournot

equilibrium industry outputs. This tatonnement-type dynamics shall serve a dual

purpose. It provides a natural theoretical foundation for an equilibrium concept

that might be viewed as too demanding in its implicit simultaneous determination of

both firms’ behavior and the correct size of the market. The dynamics also serves as a

convenient tool to analyze the viability of the industry. In fact, it has tacitly been the

basis of earlier informal discussions of the viability issue in the literature. Studies of

telecommunications markets, such as Rohlfs (1974) and Economides and Himmelberg

(1995), often suggest that network industries typically have three equilibria. Under

this natural dynamics, the two extreme equilibria are stable in expectations and the

middle equilibrium (usually called critical mass) is unstable. The argument behind

this structure is quite simple for pure network goods: If consumers’ initial expectation

is below the critical mass, so that few buyers are expected to acquire the good, then the

good will be of little value to consumers and few of them will end up buying it. These

low sales in turn further depress consumers’ expectations through the above dynamics,

and the market unravels towards the trivial (or no-trade) equilibrium, giving rise to

a failure to take off for the industry. However, if expectations are higher to start with

and network effects are relatively strong, higher equilibria will also be possible. This

argument is often used to explain the start-up problem in network industries, or the

difficulties faced by incumbent firms in attempting to generate enough expectations

to achieve critical mass. In this setting, due to increasing returns on the demand side

and to the need for expectations, multiple equilibria and path dependence (the notion

that early events can have significant long run effects) are the norm, rather than the

exception.
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An important aim of the present paper is to shed light on the role of market

structure as a determinant of the viability of a network industry, a novel and funda-

mental issue that, surprisingly, has not been addressed in the theoretical literature.

We find that the presence of more firms in the market always enhances industry via-

bility, by lowering the critical mass needed to avoid the trivial equilibrium. The same

conclusion holds for exogenous technological progress. These two effects provide a

plausible explanation of several recorded failures and successes in attempts to launch

new network goods, as reported in some detail in other sections, in particular with

regard to the history of the fax industry. Indeed, Rohlfs (2001) forcefully argues that

interconnection between suppliers of a network good is a critical feature that is at

the heart of past successful new industry launches, sometimes in conjunction with

technological improvements.5 Rohlfs’ detailed case studies provide strong evidence

for the policy relevance of our theoretical results on viability.

Regarding market performance, the basic structure leads to an industry output

that increases in the number of firms, , as in standard Cournot competition. As

this also implies an increase in the equilibrium network size, market price need not

decrease with more competition, i.e., quasi-competitiveness need not hold here. The

most drastic departure from standard oligopoly lies in the effects of entry on per-

firm profits. Whenever per-firm output and market price increase (decrease) with

 per-firm profits increase (decrease) in  as well (see Economides, 1996). The

conclusion that competition may increase each firm’s profit is quite provocative and

leads to several important implications, both from theoretical and policy-oriented

perspectives. The effects of entry on social welfare and consumer surplus also display

some distinctive features relative to standard Cournot competition. Demand-side

5This conclusion does not apply to network industries that do not lend themselves to intercon-

nection, due to a variety of reasons, which may be connected to technological, industry-specific,

geographic, linguistic, or other factors. Examples include bank deposits (Matutes and Vives, 1996),

local clubs, national associations, etc.
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economies of scale broaden the conditions under which social welfare increases with

more entry, but they have the opposite effect on consumer surplus, which can decrease

whenever the cross-effect on the inverse demand function is positive. Our results

build on the perception already prevalent in the literature that standard results on

the workings of competition can easily be reversed in network industries. Since, for

each dimension of market performance, the conventional intuitive outcome and its

opposite can both hold in robust ways, it is highly desirable to arrive at a clear

understanding of the respective specific market characteristics under which these two

outcomes prevail.6

As a consequence, a number of policy issues will need revisiting in network indus-

tries, whenever market characteristics are such that unconventional outcomes prevail.

There is more scope for pro-competitive cooperation or coordination by firms in net-

work markets. There will be a pronounced tendency towards less entry deterrence

activities; a higher propensity for licensing, probably coupled with lower royalty rates

or licensing fees; less patenting or a relatively more permissive attitude towards patent

infringement by a firm’s rivals; and more joint ventures for research and development

towards common standards, improved product performance and lower production

costs. Proper reaction to these new incentives for coordinated action by market com-

petitors might well require a significant overhaul of existing antitrust policy (Shapiro,

1996).

Another noteworthy aspect of this paper is that it offers three explicit exam-

ples with easy closed-form solutions to illustrate in a simple way some of the key

conclusions. In particular, Example 1 captures with closed-form solutions most of

the relevant features often associated with the telecommunications industry in the

literature, as well as our new results on viability.

6Boone (2008) provides interesting insights into the difficulties of deriving meaningful measures

of competition in regular industries. Our results will suggest that this task will be far more daunting

in network industries.
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The paper is organized as follows. Section 1.2 presents the model, the equilib-

rium concept and the assumptions. Section 1.3 deals with existence of equilibrium.

Section 1.4 formalizes the concept of industry viability and its determinants. Section

1.5 analyzes market performance as a function of the number of firms. Section 1.6

concludes, and section 1.7 contains all the proofs.

1.2 The Model

This section presents the standard oligopoly model with network effects along with

the commonly used equilibrium concept due to Katz and Shapiro (1985). We consider

a static model to analyze oligopolistic competition in industries with positive network

effects, reflected in consumers’ willingness to pay being increasing in the number of

agents acquiring the same good. The firms’ products are homogeneous and perfectly

compatible with each other, so there is a single network comprising the outputs of all

firms in the industry.

1.2.1 The Model and the Solution Concept

The market consists of  identical firms, with cost function  (·), facing the same
inverse demand function  (), where  denotes the aggregate output in the market

and  represents the expected size of the network. Postulating that each consumer

buys at most one unit of the good,  also stands for the expected number of people

acquiring the good.

For a given  a firm’s profit function is  (  ) =  (+  )− (), where

 is the firm’s output level, and  is the joint output of the other (− 1) firms. Its
reaction correspondence is

 ( ) = argmax { (  ) :  ≥ 0}  (1.1)
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Each firm chooses its output level to maximize its profits under the assumptions

that (i) consumers’ expectations about the size of the network,  is given; and

(ii) the output level of the other firms, , is fixed. Alternatively, we may think

of the firm as choosing total output  =  + , given the other firms’ cumulative

output,  and the expected size of the network, , in which case, with e (  ) =
( − ) ()−  ( − ), its reaction correspondence is

 ( ) = argmax {e (  ) :  ≥ }  (1.2)

Consistency requires  ( ) =  ( ) + 

At equilibrium, all relevant quantities    and  will be indexed by the under-

lying number of firms , e.g., we shall denote by  the equilibrium industry output

corresponding to  firms in the market, and  the equilibrium output of firm .

When clear from the context, we will avoid the subindex  in the latter variable.

An equilibrium in this game is a vector (1 2  ) that satisfies the following

conditions

1.  ∈ argmax{ (+
P

 6=  )−  () :  ≥ 0}; and

2.
P

  = .

Katz and Shapiro (1985) called this concept a "Fulfilled Expectations Cournot

Equilibrium (or FECE)". It requires that both consumers and firms correctly pre-

dict the market outcome, so that their beliefs are confirmed in equilibrium. While

strategic in their choice of outputs in the usual Cournot sense, firms are "network-

size taking" in their perceived inability to directly influence customers’ expectations

of market size. One plausible justification for this is that firms are unable to credibly

commit to output levels that customers could observe and reliably use in formulating

expectations about network size (Katz and Shapiro, 1985). Naturally, the plausibility

of the FECE concept increases with the number of firms present in the market.
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Viewing  as an inverse demand shift variable, the first line just describes the

equilibrium in standard Cournot competition with exogenous . Let  () denote

the corresponding industry output equilibrium correspondence. Adding condition 2,

an aggregate output  ∈  () constitutes a FECE industry output if it confirms

the expected level of sales (or network size) that generated it, i.e., has  = . Thus,

if we graph  () as a function of , the FECE industry outputs are all the points

where this correspondence crosses the 45◦ line. This idea will play a key role in both

the existence proof and the viability analysis.

An alternative, fully game-theoretic, interpretation of this equilibrium notion is in

the context of a two-stage game, wherein a market maker (or a regulator) announces

an expected network size  in the first stage, and firms compete in Cournot fashion

facing inverse demand  () in the second stage. If the market maker’s objective

function is to minimize | − ()|, then to any subgame-perfect equilibrium of this
game corresponds a FECE of the Cournot market with network externalities, and

vice-versa. This simple conceptualization of the FECE solution also provides one

natural approach for arriving at a FECE with the participation of a market maker,

and in case of multiple equilibria, also for selecting a particular FECE.7

The FECE concept has a dual nature: It consists of the conjunction of a standard

Cournot equilibrium and a rational expectations requirement. (The latter is not

related in any way to uncertainty but rather to the determination of the true final

demand that will prevail in the economy.) As it pins down both firms’ strategic

behavior in the market and the coordination of expectations as to the right market

size, all in one stroke within a static model, one might feel that this solution concept

is excessively ambitious.8 In other words, it attempts to compress an intrinsically

7We shall briefly return to this point in the Conclusion to argue that the U.S. government-

sponsored launch of the Internet fits this regulation-based description of the model.
8At the same time, this concept treats consumers in a reduced-form manner as being fully non-

strategic.
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dynamic succession of building blocks into a static representation. Partly to address

this natural critique, a theoretical foundation for FECE is provided in the form of a

simple myopic learning dynamics that converges to any Cournot-stable FECE from a

suitable basin of attraction.9 This dynamics is also intended as a natural vehicle for

investigating the important issue of industry viability.

This dual nature also implies that FECE is more appropriately classified not as

a purely noncooperative solution concept, but rather as one capturing co-opetition

(Brandenburg and Nalebuff, 1996). The familiar inter-firm rivalrous relationship in-

herent in Cournot competition is intertwined with an inter-firm partnership in terms

of jointly creating sufficiently high expectations for the industry prospects and build-

ing up a large common network of consumers. The overall outcome is an intricate

and interesting case of co-opetition, which is unambiguously confirmed by the results

below on industry viability and on the effects of increased competition on firms’ well-

being. In fact, the congruence between the main results of this paper and some central

case studies for the business strategy literature provides important real world evidence

in support of FECE as a suitable static solution concept for network industries.

An alternative solution concept has been proposed for environments where firms

possess the ability to make credible commitments to output levels. In such cases,

standard Cournot equilibrium with inverse demand  () would be a more ap-

propriate concept. A direct comparison between these two concepts appears in Katz

and Shapiro (1985), who find that firms’ market behavior is more aggressive, leading

to a higher industry output than under the FECE concept, an intuitive outcome.

Ultimately, the issue as to which of these concepts is more appropriate for network

industries is an empirical matter, and the answer is likely to vary according to indus-

try characteristics, in particular those relating to firms’ ability to credibly commit

9Some studies provide truly dynamic models of single-network competition amongst firms, which

may also be viewed as foundations for the present paper (e.g., Dhebar and Oren, 1985, and Bensaid

and Lesne, 1996).
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(observability conditions, firm reputation, government participation, marketing and

public awareness of the product, etc.).

1.2.2 The Basic Assumptions

We list the assumptions used in this paper, starting with a set of standard ones,

followed by more substantive conditions. Whenever well-defined, we denote the max-

imal and minimal points of a set by an upper and a lower bar, respectively. Thus,

for instance,  and  are the highest and lowest industry equilibrium outputs (i.e.,

fixed points of  ()) with  firms in the market.

Denote by  () ,
R 
0
 ( )  −  () the Marshallian social welfare

when aggregate output is  all firms produce the same quantity and the expected

size of the network is . Similarly, consumer surplus is  () ,
R 
0
 ( ) −

 ().

The standard assumptions are

(1)  ( ) is twice continuously differentiable, 1 ()  0 and 2 ()  0.

(2)  () is twice continuously differentiable and increasing, and (0) = 0.

(3)  ≤  for each firm .

These are all commonly used assumptions, including 2 ()  0, which reflects

positive network effects, or the property that consumers’ willingness to pay increases

in the expected number of people who will buy the good. 3 imposes capacity

constraints on the firms, a convenient way to force compact output sets in a setting

where firms may otherwise wish to produce unbounded output levels. No results rely

in any way on  taking on any particular set of values.

We allow for the possibility that  ( 0) ≡ 0, which characterizes pure network
goods, or those with no stand-alone value, such as most telecommunications devices

(telephone, fax, and e-mail). We also allow for mixed network goods, or those with
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strictly positive stand-alone value, for which  ( 0)  0, such as various types of

software, fashion goods, and entertainment goods and services.

The next two assumptions form the key complementarity structure of the model.

(4) ∆1 (  ) , −1 ( ) +  00 ( − )  0

on 1 , {(  ) :  ≥   ≥ 0  ≥ 0}.

(5) ∆2 (  ) ,  ( )12 ()− 1 ()2 ()  0

on 2 , {() :  ≥   ≥ 0  ≥ 0}.

In terms of the model structure, 4 guarantees that the profit function e (  )
has strictly increasing differences in ( ), so  ( ) increases in , or a firm’s best-

response has slopes greater than −1 in other firms’ quantity for fixed . Likewise,

5 ensures that e (  ) has the strict single-crossing property in (;), so that
 ( ) increases in .10

In terms of economic interpretation, 4 allows for limited scale economies in pro-

duction, and has been justified in detail by Amir and Lambson (2000).11 The novel

assumption here is 5, which has the precise economic interpretation that the elas-

ticity of demand increases in the expected network size 12 In his pioneering study of

the elementary microeconomic foundations of interdependent demands, Leibenstein

(1950) suggested that demand is more elastic in network markets than in ordinary

markets because individual reactions to price changes are followed by additional re-

actions, in the same direction, to each other’s change in consumption. 5 may be

viewed as a way to formalize the cumulative outcome of these mutually reinforcing

effects on aggregate demand via expectations of the network size. Another plausible

10All the lattice-theoretic notions and general results used in this paper are covered in Topkis

(1998) or Vives (1999).
11Also see Hoernig (2003) for an extension to differentiated-goods industries.

12The price elasticity of demand is −
³
 ()




 ()

´−1
= −

³

 log ()



´−1
, which is increas-

ing in  if and only if log () has increasing differences in ( ) (Topkis, 1998, p. 66).
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interpretation of 5 is that it provides a natural way to model the concept of demand-

side scale economies that is often postulated as a characteristic of network industries:

Higher expectations of ultimate market size increase consumers’ willingness to pay

and make demand more elastic.

5 also embodies a key respect in which the present paper departs from the extant

static literature, much of which deals with the case of additively separable network

effects, i.e.,  ( ) = () + ().13 This specification automatically excludes the

case of pure network goods (or  ( 0) = 0 for all ), for which the role of expectations

is often critical, making industry viability a crucial issue. Since this issue is central

to the focus of the present paper, we cannot adopt the simplifying assumption of

separable network effects. On the other hand, it is obviously a special case of 5. In

addition, the case of multiplicative network effects,  () = ()(), which can

capture pure network goods, also satisfies 5 (but with equality).14

1.3 Existence of Equilibrium

In this section we provide a general equilibrium existence result, exploiting the mini-

mal monotonic structure of the model reflected in 4-5. As the trivial (zero-output)

equilibrium is often part of the equilibrium set, we derive a second result that relies

on additional conditions to guarantee the existence of a non-trivial equilibrium, i.e.,

one with strictly positive industry output. Under these extra conditions, the market

has some chance to emerge at equilibrium.

We begin with the central monotonicity result, which is a direct consequence of

4 and 5.

13See Katz and Shapiro (1985), Economides and Himmelberg (1995) and Economides (1996)

among others.
14The strict inequality in 5 is purely for convenience, and our conclusions are all valid with an

equality instead.
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Lemma 1. Every selection of the best-response correspondence  ( ) increases in

both  and .

This lemma leads to an abstract existence result for symmetric equilibrium, along

with the fact that the same assumptions preclude the possibility of asymmetric equi-

libria.

Theorem 2. For each  ∈  , the Cournot oligopoly with network effects has (at

least) one symmetric equilibrium and no asymmetric equilibria.

The monotonicity structure behind the existence theorem will also drive other

results of this paper, many of which have a comparative statics flavor. Comparing 1-

5 with the assumptions in standard Cournot oligopoly, the only extra requirement

is that the price elasticity of demand increases with the network size, 5, taking

2 ()  0 as a natural property of network markets.

Recall that  () denotes the industry output equilibrium correspondence of

standard Cournot competition (with exogenous ), with  firms in the market. In

Section 1.2 we observed that a fixed point of  () constitutes a FECE. Conditions

1-4 guarantee that  () is non-empty using the results of Amir and Lambson

(2000). Then the added benefit of 5 is that the extremal selections of  (),  ()

and 

(), increase in , so that the existence of FECE follows via Tarski’s Theorem

applied to  () or 
(). This idea also plays a key role in the proof of existence

of a non-trivial equilibrium below.

It is well-known that in network markets, the trivial (zero output) outcome is

often an equilibrium. This arises when the network good has little stand-alone value,

i.e.,  ( 0) is small. Given any such good, if end users believe no one else will acquire

it, then the good will have no value, and the trivial outcome will necessarily be part

of the equilibrium set. Telecommunications industries, such as fax, phone and e-mail,

typically exhibit this characteristic.
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In such markets, Theorem 2 is not of much interest since the underlying equi-

librium may a priori be the trivial one. To complete the analysis, we give a simple

characterization of the trivial equilibrium and then add extra assumptions to guar-

antee the existence of a non-trivial one.

Lemma 3. The trivial outcome is an equilibrium if and only if  ( 0) ≤  () for

all  ∈ [0] 

This lemma simply says that the trivial outcome is part of the equilibrium set if

and only if, when the common expectation (amongst firms and consumers) about the

size of the network is zero, and a firm believes the other firms will produce no output,

the best it can do under the required condition is to produce zero as well. Clearly,

for pure network goods, this result always holds.

To provide conditions for the existence of a non-trivial equilibrium, we use a

fictitious objective function that achieves its maximum at a Cournot equilibrium

industry output level, for given  as shown in Bergstrom and Varian (1985) for

standard Cournot oligopoly.15 Define

Π () , − 1


∙Z 

0

 ( ) −  ()

¸
+
1


[ ()−  ()]  (1.3)

For given , this function is just a weighted average of welfare and industry profits,

with respective weights 1

and −1


, which may be viewed as a fictitious objective

function for Cournot oligopoly.

Theorem 4. A non-trivial equilibrium exists if at least one of the following is satisfied

(i) 0 ∈  (0), i.e., zero is not an equilibrium output (or  ( 0)   () for

some  ∈ [0]);
15Their simple proof just compared the first order conditions of the two problems, as their setting

implied unique solutions for both. Lemma 16 in Section 7 shows that any argmax of Π is a symmetric

Cournot equilibrium in our more general setting. This conversion of a game to a maximization

problem is crucial to the proof of Theorem 4(iii). A similar result appeared earlier in Spence (1976).
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(ii) 0 ∈  (0),  (0 0) =  0(0) and 1 (0 0) + 2 (0 0)  [−1 (0 0) +  00(0)];

or

(iii) 0 ∈  (0), 
00 () ≥ 0 and  ( ) + 


1 () ≥  0() for some  and all

 ≤ 

Theorem 2 guarantees equilibrium existence. Hence, if zero is not part of the

equilibrium set, there must be an equilibrium with a strictly positive industry output,

and Theorem 4(i) follows. This applies only to network goods with sufficiently high

stand-alone value (cf. Lemma 3), e.g., specific computer software, some fashion goods,

web sites, etc.

The extra requirements in Theorem 4(ii) guarantee that, although  (0) = 0,

 () starts above the 45
◦ line near zero, i.e., 0

 (0)  1 The existence of a non-

trivial equilibrium follows as the extremal selections of () increase in . Formally,

this derives from applying Tarski’s Theorem to any of the extremal selections of

 () for  ∈ [ ], and some   0 small enough. Observe that, ceteris paribus,
the condition of Part (ii) is more likely to hold with a stronger network effect around

the origin (as captured by 2 (0 0)) or with a higher number of firms in the market.

In fact, by 4, the condition requires that 1 (0 0) + 2 (0 0)  0.

The main condition in Theorem 4(iii) has a clear economic meaning: There must

be some network size  such that, along a symmetric path for firms, a firm’s marginal

revenue exceeds marginal cost for all  ≤ . As this amounts to Π1 () ≥ 0, the
same interpretation using marginal revenue also holds for the planner’s problem. It

follows that the argmax  () of Π () is above the 45
◦ line at the given .

Then a non-trivial equilibrium exists by Tarski’s Theorem applied to  () mapping

[ ] to itself.16 The economic interpretation of this condition is also that network

16This condition is stronger than what is actually needed, which is that Π ( 0 ) ≥ Π ( ) for
some , some 0 ≥  and all  ≤  We prefer to use the stronger condition due to its more

transparent economic interpretation.
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effects must be sufficiently strong, but for some   0, and/or the number of firms

in the market must be large enough. Indeed, taking the derivative of the LHS of

condition (iii) with respect to  yields 2 () +


12 ( ). Assuming this to be

strictly positive and large is related to requiring that 5 hold in a strong sense (i.e.,

with sufficient slack), which would boil down to requiring that the price elasticity of

demand be sufficiently responsive to the network size.17 This is a plausible measure

of the strength of network effects.

In a nutshell, the existence of a non-trivial equilibrium is guaranteed if the stand

alone value of the good is high. Otherwise it depends in a crucial way on the strength

of the network effect around the origin (as captured by 2 (0 0)) as well as away from

the origin, and on the number of firms in the market.

The proof of Theorem 4 uses the following intermediate result, which also plays a

key role in the viability analysis (Section 1.4).

Lemma 5. If 0 ∈  (0), then  (0) = 0 i.e.,  (0) is single-valued. If in addition

 (0 0) =  0(0), then 0
 (0) exists, is also single-valued and right-continuous at 0,

and

0
 (0) =

−2(0 0)
(+ 1)1(0 0)−  00(0)

 (1.4)

If the trivial equilibrium is not interior, i.e., if  (0 0)   0(0), then  (0) = 0 and

0
 (0) = 0

Thus, though  () is a correspondence, when 0 is part of the equilibrium set,

 () is single-valued at the origin. If in addition the trivial equilibrium satisfies

the first order condition for a maximum, i.e.,  (0 0) =  0(0), then the slope of this

correspondence at 0 is given by (1.4).18

17We could use the condition 2 ( )+12 ( )  0 in lieu of 5 throughout the paper. This

would make e supermodular instead of having the single-crossing condition in (;), thus yielding
the same conclusions.
18Lemma 5 reflects the extent to which the standard argument of (the smooth version of) the
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Multiple equilibria in markets with network effects are more of a norm than an

exception. They are due to the positive feedback associated with expectations: If

consumers believe the good will not succeed, it will usually fail. On the contrary, if

they expect it to succeed, it usually will. By assuming  ( ) is log-concave in ,

one obtains uniqueness of Cournot equilibrium for each  so  () is single-valued

and continuous. With network effects, much stronger conditions are required for

uniqueness of FECE, as a single-valued  () can cross the 45
◦ line several times.

Since our methodology easily handles multiple equilibria, there is no need to impose

the overly restrictive uniqueness conditions.

1.4 Industry Viability

Building directly on the results on the existence of non-trivial equilibrium, this sec-

tion provides an extensive treatment of industry viability, via a formalization of ex-

pectations dynamics and the associated stability analysis of the multiple FECE, in

particular of the trivial one. This dynamics maybe viewed as a natural extension

of standard Cournot dynamics, which integrates iterative expectations in the usual

myopic setting. As such, it constitutes an elementary theoretical foundation for the

FECE concept. We then derive insightful novel results on the effects of exogenously

changing market structure and technological progress on the viability of an industry.

1.4.1 A Natural Dynamics for the FECE Concept

Many studies suggest that Figure 1.1 reflects the structure of specific telecommuni-

cations industries. The underlying game there displays three possible equilibria, the

trivial equilibrium, a middle unstable equilibrium (usually called critical mass, ),

Implicit Function Theorem can be carried over to a setting in which the usual assumption of strict

concavity of the objective is replaced by a supermodularity condition (so the argmax is an increasing

correspondence as opposed to a differentiable function).



30

Figure 1.1. Viability and basin of attraction of the trivial equilibrium

and a high stable equilibrium. The intuition behind this configuration is quite sim-

ple: If all the consumers expect that no one will acquire the good, then the good has

no value and no one will end up buying it, resulting in the zero equilibrium output

for the industry. However, if expectations are high enough to start with, another,

non-trivial, equilibrium will prevail.

Whenever the trivial equilibrium is locally stable in expectations (as in Figure 1.1),

the market will never emerge if the initial expected network size is too low to start

with. Under such conditions, even if the industry does get going, Cournot equilibrium

on the basis of small expectations cannot lead firms to produce enough output to

generate prospects beyond the critical mass, and the industry will unravel through a

declining process towards the trivial equilibrium. In view of the equilibrium concept

adopted here, the incumbent firms are simply unable to influence these expectations

to circumvent this difficulty. This argument is commonly invoked to capture the start-

up problem that frequently arises in these markets, as a "chicken and egg" dilemma.

Oren and Smith (1981) offer an early discussion of this phenomenon in electronic
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communications markets.

The dynamic process underlying this analysis can be formalized through the fol-

lowing expectations/network size recursion, starting from any initial 0 ≥ 0,

 =  (−1)   ≥ 1 (1.5)

where  denotes the maximal selection of . The analysis that follows is also valid

for the minimal selection 

, and most results work for any monotonic selection of

.

This process thus begins with an initial expectation 0, then postulates that firms

react by engaging in Cournot competition with demand  ( 0), leading to an in-

dustry output  (0). The latter will in turn determine consumers’ expectation

1 =  (0), and the process repeats indefinitely. This yields a sequential adjust-

ment course in which consumers and firms behave myopically with respect to the size

of the network. Taking a single-valued selection of () amounts to selecting one

particular Cournot equilibrium for each given . Under this dynamic process, the

trivial equilibrium is stable if there is a right neighborhood  of 0 such that for all

0 in  the orbit  =  (−1)→ 0 as  →∞19

When zero is an equilibrium, let  denote its basin of attraction when there are

 firms in the market, i.e., the set of values of 0 for which the trivial equilibrium is

the limit of (1.5).

Remark 1. In view of Lemma 5, when zero is a FECE, () is continuously differ-

entiable at 0 Therefore, assuming henceforth that this derivative is (generically) not

equal to 1, it follows that zero is an isolated fixed-point (for a formal proof, see, e.g.,

Granas and Dugundji, 2003, pp. 326-327). Since in addition () is increasing in

,  is an interval.

19The notions of stability used here are the standard ones applied to the one-dimensional dynamic

system (1.5).
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Define the critical mass () as the smallest initial expectation such that for

all 0   , the orbit given by (1.5) converges to a nonzero FECE.20 In other

words,  = sup, so  can be of the form [0  ] or [0 ) The trivial

equilibrium is globally stable, locally (but non-globally) stable, or unstable according

as  = [0 ],  Ã [0 ] or  = , or equivalently according as  = 

    0, or  = 0

1.4.2 Industry Viability and its Determinants

We begin by formalizing the concept of viability used in this paper, illustrated in

Figure 1.2.

Definition 1 An industry is (i) uniformly viable if zero output is either not part of

the equilibrium set or it is an unstable equilibrium; (ii) conditionally viable if zero

output is a locally (but non-globally) stable equilibrium; and (iii) nonviable if zero

output is a globally stable equilibrium.

In other words, an industry is (i) uniformly viable if the dynamic process (1.5)

converges to a non-trivial equilibrium from any initial expectation 0 about the size

of the network, (ii) conditionally viable if the same convergence takes place from high

enough 0, and (iii) nonviable if (1.5) always converges to 0. It is intuitive that the

maximal (minimal) selection of  () is the most (least) favorable for the viability of

the industry.

The next result provides sufficient conditions for the three possible viability out-

comes, by directly linking them with the sufficient conditions for a nontrivial equilib-

20Such orbits always converge by the Monotone Convergence Theorem, since (·) is increasing.
This limit FECE will always be a fixed point of the correspondence (·) since the latter is upper
hemi-continuous (see the proof of Lemma 5 in Section 7), but may fail to be a fixed point of the

selection (·) in some cases where  is not a point of continuity of (·). This definition captures
the essence of critical mass in this context, and is a suitable extension of the usual definition of 

to this more general setting where discontinuities are induced by multiple equilibria.
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Figure 1.2. Industry Viability

rium provided in Theorem 4 (the proof is omitted due to its similarity with that of

Theorem 4).

Proposition 6. An industry is (i) uniformly viable if either Theorem 4(i) or (ii)

holds; (ii) conditionally viable if Theorem 4(iii) holds; and (iii) nonviable if and only

if zero output is the unique equilibrium.

Thus, just like the existence of nontrivial equilibrium, viability depends in a crucial

way on the stand alone-value of the good, on the strength of the network effects at

the early start of the industry, on the strength of network effects away from the origin

(i.e., after the build-up of some consumer base), as well as on the number of firms in

the market. Last but not least, viability depends on the initial expectations level 0.

For nonviable industries, the latter dependence is only transient and the dynamics

is actually of an ergodic nature, with the death of the industry being the ultimate

outcome. A similar conclusion holds for uniformly viable industries in case of a unique
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non-trivial equilibrium; otherwise, 0 determines which non-trivial equilibrium the

industry will converge to.

In the most interesting scenario as captured by Proposition 6(ii), whenever the

stand alone value is low and network effects are weak near the origin but strong away

from it, the industry is conditionally viable, so the location of the initial expectations

level 0 relative to the critical mass emerges as the critical determinant of actual

viability. This constitutes an extreme form of path dependence due to the all-or-

nothing character of the final outcome: Historic factors (or early events) matter

greatly for the ultimate fate of the industry. Such path dependence is commonly

associated with increasing returns in diverse contexts in economics (e.g., Arthur,

1994). Here the increasing returns property lies in the demand-side externalities

(Assumption 5), when these are strong enough as implied by the conditions in

Proposition 6.

These results shed light on a commonly observed strategy that firms in network

industries often follow as a way to create a stand alone value thereby inducing uniform

viability: The bundling of multiple functions in one product, with at least one of them

ensuring a positive stand alone value. Thus later fax machines often include a copier;

and Blu-ray discs enable storage, recording, rewriting and playback of high-definition

video, along with compatibility with CDs and DVDs. These super-products are far

less vulnerable to the start up problem than pure network goods.

In order to derive some useful comparative statics of viability, we shall need to

compare two different situations for the same industry. To this end, a simple option is

to think of the size of the basin of attraction of zero as an inverse measure of industry

viability.21

21Recall that viability (and thus ) depends on the equilibrium selection under which the

industry operates. The selections  and 

correspond to the most and least optimistic scenarios

in terms of viability. Nevertheless, one implication of Lemma 5 is that an industry is uniformly

viable according to  if and only if it is according to 
.
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Definition 2 The viability of an industry increases if the critical mass () de-

creases.

The next result, a central finding of this paper, captures the effects of two key

determinants of industry viability. Here, exogenous technological progress (or process

R&D) is modeled as a decrease in  for the cost function ().

Theorem 7. With more firms in the market and/or technological progress, i.e., as 

increases and/or  decreases, (i)  () shifts up; and (ii) the viability of an industry

increases.

Thus, market structure may play a critical role in industry viability: Having

more firms around implies a lower critical mass would be needed to launch a given

industry.22 The underlying intuition is intimately connected to the FECE concept.

Consider the natural question: If 0 happens to be below the critical mass, what

prevents the existing firms from attempting to act as if there were more of them by

producing a higher output level in an effort to influence consumers’ expectations of

the network size upwards? In a context where the appropriate solution concept is

FECE, firms cannot commit to their desired output levels in a credible way, and,

likewise, attempting to inflate their number by committing to a higher output would

also not be credible, i.e., it would not constitute behavior compatible with the FECE

concept.

That technological progress also lowers the critical mass that would be needed to

launch an industry is more in line with standard intuition from ordinary markets.

In industries with multiple firms having their own versions of the same general

good, this theorem provides a clear explanation as to why firms often settle for full

22When  is a fixed point of , the result of Part (ii) corresponds to the Correspondence

Principle (Echenique, 2002). However, Theorem 7 does not make any such assumption about  .

We thus provide a novel and simple proof that works even when  is not a point of continuity of

.
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compatibility between their products, instead of incompatibility. Their objective is

to generate a single industry network that would be viable, when separate networks

with one firm each would not be. The business strategy literature offers many case

studies that can be instructively reviewed through the lens of the present results on

viability, as we now argue.

Several notable failures at product launch by well-established firms confirm that

the take off problem is a serious real-world concern for network industries. These flops

include Picturephone by AT&T in the 1970s, digital compact cassettes by Philips and

Matsushita in the 1980s, digital audiotapes by Sony in Japan in the late 1980s, early

e-mail systems in the 1980s, and minidiscs, among other products. Rohlfs (2001)

identifies the failure to "interconnect" or develop one unified network of consumers

as a critical ingredient behind most of these flops.

One well known success story is the case of Sony and Philips, two fierce competitors

that jointly developed one industry standard for compact discs in the 1980s, and

licensed the standard to other entrants on favorable terms. This led to an exemplary

launch of their common standard (Shapiro, 1996; Rohlfs, 2001), despite the need to

displace the existing inferior technology of LP records.

This comparative statics result can also shed some light on well known dynamic

episodes of multiple attempts at product launch and market formation. The most

instructive example is the fax industry, which took nearly one and a half centuries

beyond the discovery of the initial technology in the 1840s to achieve true take off

(Rohlfs, 2001). After a number of false starts with firm-specific networks, it took

several technological improvements of the fax machine and a significant drop in pro-

duction costs for the industry to achieve true take off in the 1980s.23 In particular, a

critical event in the evolution of this industry is the agreement achieved only in 1979

23These technological improvements include the speed of transmission and the suppression of

noxious smells, quality upgrades that cannot be accounted for in the present model, other than as

upward shifts in the demand function.
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by the major firms to "interconnect" or to make their machines fully compatible, thus

resulting in one very large network of users. This case study also indirectly provides

some support for the relevance of FECE as a solution concept in network industries.

Each subset of firms initially running a separate network failed to break out of its own

small consumer base, which suggests that these firms were unable to have a decisive

influence on the pessimistic expectations of their specific consumer base. Only upon

interconnection or (agreement on a common standard) were there sufficiently many

firms in one overall network to take advantage of the positive feedback effects and

break through the initial stalemate. Thus in this illuminating story, the conjunction

of the two factors described in Theorem 7 was needed to achieve long run viability.

Remark 2. Using insights from Theorems 4 and 7, two important threshold numbers

of firms can be derived, those at which an industry undergoes a qualitative change in

terms of viability. The first would cause the industry to switch from being nonviable

to conditionally viable, and the second from the latter to uniformly viable, thus

eliminating the risk of failed take off. Similar remarks on the effects of technological

progress can be derived. This is left to the reader.

On the other hand, if 1 (0 0) + 2 (0 0) ≤ 0, having more firms in the market

can improve the viability of an industry but the industry can never attain uniform

viability for any ! Indeed, it follows from Lemma 5 that in this case, one always has

0
 (0)  1 for all , so that 0 is a locally stable equilibrium for all . This result is

not surprising in light of the established intuitive link between industry viability and

the strength of network effects, as the condition 1 (0 0)+2 (0 0) ≤ 0 clearly stands
for weak network externalities near 0.

The next example illustrates various aspects of the effects of  on viability in

Theorem 7.

Example 1. Let  ( ) = exp
³
− 2
exp(1−1)

´
and assume no production costs.

Each firm’s reaction function is  ( ) = (12) exp(1 − 1) Hence  () =
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Figure 1.3. Viability and market structure

(2) exp(1 − 1) Then, setting  () =  for  = 1 2 3 4 the FECE industry

outputs are easily calculated: 1 = {0}, 2 = {0 1}, 3 = {0 0457 2882} and
4 = {0 0373 4311}. The graphs of the functions  () for  = 1 2 3 4 are shown

in Figure 1.3.

Here, the trivial equilibrium is always stable. With monopoly ( = 1), the trivial

equilibrium is the only one, so the industry is nonviable. With one extra firm, a

nontrivial equilibrium appears and the industry becomes conditionally viable but

only barely, since  () is tangent to the 45
◦ line. This is a knife-edge (non-generic)

situation where the stable (high output) equilibrium coincides with the unstable (low

output) equilibrium, and with the critical mass. In this case, as one firm alone

would simply be unable to achieve industry take-off, an incumbent monopolist would

welcome one extra firm into the market as a matter of survival. Due to the knife-

edge equilibrium, a monopolist might even opt for encouraging two other firms to

enter, even though its profit can be seen to be lower with two competitors than with
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just one.24 For any number of firms beyond three, the equilibrium set includes three

points; the two extremal ones are stable and the intermediate one is unstable. This

is the first example with closed-form solutions of the three-equilibrium constellation

that is often portrayed as typical of many network industries.

It is easily verified that at the largest equilibrium per-firm profit decreases as 

increases beyond 2 firms. So, of all possible market structures, the lowest per-firm

profit is achieved by monopoly (zero profit) and the highest by duopoly, an outcome

with no counterpart in ordinary markets. In addition, due to the non-emergence of the

industry, monopoly is clearly the worse scenario out of all possible market structures

for firms, consumers and thus society as well, but not because of deadweight loss, but

something far worse. This example is also instructive as to the co-opetitive nature

of the FECE concept. Indeed, the cooperative aspect dominates the competitive

aspect (in the strong sense of survival) when less than two firms are present in the

market. With more than two firms, a higher number of firms carries the advantage

of higher prospects for industry take-off (due to a lower critical mass), but it reduces

per-firm profit. Thus, in the latter case, profit alone is an insufficient indicator of firm

"well-being", as it does not take into account the possibility of failure in take-off.

Clearly,  () shifts up as  increases. As  increases beyond duopoly, viability

increases since the basin of attraction of the zero equilibrium contracts, but uniformly

viability is never attained as 1(0 0) + 2(0 0) = 0 (see Remark 2 above). k
24Indeed, in a richer model (possibly including uncertainty), depending on the size of the critical

mass and on their risk attitude, the firms might welcome entry beyond the threshold number b that
allows the industry to exit the nonviable state. This would shrink the critical mass, and thus would

increase the probability of reaching the high steady state if the initial expectations level 0 is viewed

as randomly drawn.
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1.5 Number of Firms and Market Performance

This section studies the effects of market structure (or exogenous entry) on the equi-

librium industry output, market price, per-firm output and profits, consumer sur-

plus and social welfare. Amir and Lambson (2000) and Amir (2003) address similar

questions for standard Cournot competition, and show that scale economies lead to

counterintuitive results. This section shows that, under network effects, similar (and

additional) reversals are typically much easier to come by, and that they can be gen-

erated solely by demand-side externalities instead of production scale economies. We

provide sufficient conditions (or at least closed-form examples) for these counterintu-

itive outcomes.

The analysis that follows refers specifically to the largest equilibrium FECE, with

outputs denoted by  and , throughout. All the results in this section also apply

to the smallest equilibrium, although these are trivial conclusions whenever the zero

outcome is that equilibrium.

The new assumptions we invoke below depend on the signs of the functions (with

domain [0 ])

∆3() = 1 () + 2 () and

∆4() = [ ()−  0 ()] [11 () + 12 ()]

−1 () [1 () + 2 ()] 

∆3() evaluates the total effect on market price of changing aggregate output

along the fulfilled expectation path. We will provide some insight on ∆4() later. In

what follows, let  = [ +1]

The first result relates entry to equilibrium industry output and market price.

Theorem 8. At the extremal equilibria

(i) aggregate output satisfies +1 ≥ ; and
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(ii) +1 ≥  if ∆3() ≥ 0 on , and +1 ≤  if ∆3() ≤ 0 on 

That industry output increases with  is also true in standard Cournot competition

[Amir and Lambson (2000), Theorem 2.2(b)]. In the latter case this implies that

market price decreases after new entry. As captured by Theorem 8(ii), the effect of

entry on market price is ambiguous when network effects prevail. The reason is that

when industry output increases firms must set the price low enough to attract the

marginal consumer, but when more buyers join the network, consumers’ willingness

to pay increases. Thus the overall effect of entry on price depends on how strong

the output effect is relative to the network effect. As a consequence, the so-called

property of quasi-competitiveness need not be hold here, in contrast to the standard

Cournot game.

The next result deals with the effects of entry on per-firm outputs, and is important

in terms of its implications on the performance of the industry (on profits and welfare).

In what follows, interior equilibrium means  +1  

Lemma 9. At an interior equilibrium, per-firm outputs are such that

(i) +1 ≥  if ∆4() ≥ 0 on ; and

(ii) +1 ≤  if ∆4() ≤ 0 on .

In short, this result means that the scope for the business-stealing effect, which is

nearly universal in standard Cournot oligopoly, is quite a bit narrower in the presence

of network externalities. On the other hand, the scope for the opposite, or business-

enhancing, effect is much broader here.

To shed light on this comment (and the meaning of ∆4()), assume no cost of

production for simplicity, so that ∆4() ≥ 0 reduces to

[ ()12 ()− 1 ()2 ()] +
£
 ()11 ()−  2

1 ()
¤ ≥ 0
(1.6)
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The first term is positive by 5, and log-convexity of  () in  would make the

second one positive as well. Thus, log-convexity is a sufficient (but not necessary)

condition for the extremal selections of per-firm equilibrium output to increase after

new entry whenever marginal costs are zero. Amir and Lambson (2000), Theorem 2.3,

require log-convexity to guarantee the same result for standard Cournot competition.

Thus, network effects facilitate this unusual outcome.

Based on Theorem 8 and Lemma 9, the following result deals with the effects

of entry on per-firm equilibrium profits. Recall that in standard Cournot oligopoly,

the only part of the conventional wisdom about the effects of competition that is

universally valid is that per-firm profits decline with the number of competitors (Amir

and Lambson, 2000, and Amir, 2003). We now show that in the presence of network

effects, this result can be easily reversed.

Theorem 10. At an interior equilibrium, per-firm profits are such that

(i) +1 ≥  if ∆3() ≥ 0 and ∆4() ≥ 0 on ; and

(ii) +1 ≤  if ∆3() ≤ 0 and ∆4() ≤ 0 on 

The first result provides sufficient conditions for the firms in the market to prefer

entry by new firms. It generalizes a result in Economides (1996), based on a more

specific formulation (also see Katz and Shapiro, 1985). While at first surprising, this

result has a simple intuition. As seen above, with strong network effects, the output

increase in response to entry also shifts the inverse demand function up, thus pushing

for a price increase. If the overall effect on the market price is positive and each firm

increases own output, then the incumbent firms in the market are better-off with

entry. So, again, strong network effects can overturn the usual competitive effect of

entry.

A natural question arises when profits increase in . Why can’t the existing firms

attempt to act as if there were more of them in order to each get higher profits at
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equilibrium? Since they would do so by producing a higher output level in an effort

to influence consumers’ expectations of the network size upwards, the answer is the

same as for the start-up problem: The tacit lack of commitment power on the part

of the firms, which is at the heart of the FECE concept.

These departures from standard Cournot competition reinforce the perception

suggested by the viability results that FECE is a co-opetitive, rather than a purely

non-cooperative, equilibrium concept (Brandenburg and Nalebuff, 1996). Firms work

together to build a common network base, and then compete with each other in

serving it. Thus more firms can be helpful or detrimental to a firm, depending on the

relative strengths of the network and the business-stealing effects.

Under conditions often imposed in the related literature, no second order effects

on  , or 11 ()+12 () = 0, ∆3() ≥ 0 (∆3() ≤ 0) suffices for per-firm output
and profits to increase (decrease) with entry.25

This result identifies industry characteristics that make firms benefit from further

entry by competitors. Both conditions in Theorem 10(i) can be interpreted in large

part as saying that network effects must be strong enough. Recall that (1.6) is more

likely to hold when 5 holds with sufficient slack, which means that price elasticity

increases fast enough in the network size.

The next example highlights the implications of Theorem 10.

Example 2. Consider a Cournot oligopoly with no production costs and

 () = max {+  −  0} with  ≥ 0   0 and  ∈ (0 1) 

The reaction function of any given firm is e ( ) = max {(+  − ) 2 0}  (Here
we assume  is large enough.) From the first order condition, the symmetric equi-

librium industry output is implicitly defined by − (1 + ) + + 
 = 0

2511 () + 12 () = 0 is satisfied if, for example,  ( ) =  () −  with () an

increasing function (as in Example 2), or  ( ) =  ( − ) with  () increasing.
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Setting  = 10  = 5 and  = 45, per-firm equilibrium profits for different values

of  are

1 ≈ 14 561  2 ≈ 49 255  3 ≈ 67 316  4 ≈ 70 676
5 ≈ 67 288  6 ≈ 61 520  7 ≈ 55 301  8 ≈ 49 404    21 ≈ 14 444

When the number of firms is small,  = 1 2 or 3 incumbent firms will be better

off if an extra firm enters the market. In particular, a monopolist would prefer to

have a few competitors. However, when  ≥ 4, firms would be worse-off upon further
entry.

Consider a hypothetical situation where per-firm entry costs are 14 443. Then a

single firm in the market would barely make a positive profit, and potential entrants

might decide to stay out if they based their assessment on standard oligopoly settings

(due to profits just covering entry costs). Yet, the market could actually accommodate

a full 21 firms at the unique free entry equilibrium! k

The last result describes the effects of entry on consumer surplus and social welfare

(here,  () denotes average cost, defined as usual by  () = () and (0) =

 0(0)).

Theorem 11. At the highest equilibrium output

(i) +1 ≥  if ∆3() ≤ 0 on  or 12 () ≤ 0 for all ; and

(ii) +1 ≥  if 
¡
+1

¢ − 
¡


¢ ≥  (+1) −  () for all , or

+1 ≥ 

In thinking about social and consumer welfare throughout, it is useful to keep in

mind that since 2 ()  0 and +1 ≥  by Theorem 8(i), the inverse demand

shifts up as the number of firms increases, i.e., 
¡
 +1

¢ ≥ 
¡
 

¢
. Hence, the

area under the inverse demand changes through two effects: The shift in the demand

curve and the change in the equilibrium output.
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As a consequence of the so-called property of quasi-competitiveness (price falls

with the number of firms), which under similar conditions holds in the standard

Cournot game, the first condition in Theorem 11(i) is always satisfied in the absence

of network effects. The condition 12 ≤ 0, which is consistent with 5, is always

satisfied in the widely used cases of additively and multiplicatively separable inverse

demand, so consumer surplus is well-behaved in much of the extant literature. In

contrast, Example 3 (below) shows that consumer surplus can decrease with entry in

network industries, even in a global sense. Katz and Shapiro (1985) explain why this

unusual effect might occur here: If the network externality is strong for the marginal

consumer, then the increment in sales generated by the larger number of firms in the

market, will increase willingness to pay for the product above that of the average

consumer. As a consequence, the firms will be able to raise the market price by more

than the increase in the average consumer’s willingness to pay for the product and

consumer surplus will fall.

The left hand side of the first condition in Theorem 11(ii) is always positive. So

Theorem 11(ii) identifies two sufficient conditions for welfare to increase: Either one

has decreasing or constant returns to scale ( () is increasing) and decreasing per-

firm output, or one has per-firm output increasing in . Network effects play a key

role in inducing these two conditions. First, they facilitate the demand shift and the

increase in total output, which makes the first condition more likely to hold. As seen

earlier, they also weaken the business-stealing effect, thereby easing the conditions

under which per-firm output increases in . Therefore, the effects of entry on welfare

conform quite closely to standard intuition, and it would take a combination of strong

economies of scale and weak network effects to reverse this result.

To recapitulate, while the scope for per-firm profits and consumer surplus to re-

spond in a counter-intuitive way to entry is non-existent in standard Cournot (under

the present assumptions), it is fairly broad under network effects. On the other hand,

the usual result on social welfare is much harder to reverse for network industries.
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Example 3 shows an interesting case in which both social welfare and industry

profits increase with entry, but consumer surplus decreases, with all these effects

holding globally.

Example 3. Consider an industry with zero costs and inverse demand function

 () = max{ − 3 0} with   1. The reaction function of a firm is

then

 ( ) =

⎧⎨⎩ max {(3 − ) 2 0} if (3 − ) 2  

 if (3 − ) 2 ≥ 


Upon calculation, we find three FECE, with industry outputs:

 =
n
0
p
(+ 1) () 

o


We restrict consideration below to the highest equilibrium,  = .

From a simple computation, consumer surplus is  = 1 (2), assuming  ≥
1 ()

2
. Hence consumer surplus globally decreases in . This result is possible

as the two sufficient conditions in Theorem 11(i) are violated, i.e., industry price

 = − 122 increases in  and 12 () = 3
4  0 Note that price globally

increases here as network effects clearly dominate the effect of the law of demand,

i.e., 1 () + 2 () = 2
3  0

Per-firm profit is  = [ − 1 ()2], which globally increases in ! Despite

consumer surplus and profit behaving in counter-intuitive fashion, corresponding so-

cial welfare  =  − 1 (2) globally increases in , in line with intuition and

Theorem 11(ii).

Hence, an unusual outcome prevails here, which is a full reversal with respect to

conventional wisdom from non-network markets. The most preferred market structure

is monopoly from the consumers’ standpoint, and each firm would prefer to have as

many rivals as possible in the industry! In addition, the interest of society is fully

aligned with that of the firms, not consumers. k
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1.6 Concluding Remarks

This paper has provided a thorough theoretical analysis of a static model of oligopolis-

tic competition with non-additive network effects. A minimal complementarity struc-

ture on the model leads to industry output increasing in the rivals’ output that a firm

faces and in the expected network size, thus yielding in one broad stroke existence of

symmetric equilibrium as well as some key characterization results with a compara-

tive statics flavor. The so-called start up problem is extensively investigated, in terms

of basic properties of the market primitives, and the strength of network effects. In

particular, industry viability, a key concept in network markets for which we provide

novel theoretical foundations, is shown to be enhanced by higher numbers of competi-

tors in the market as well as by technological progress. The central feature here is a

simple learning/adjustment dynamics that also serves as a theoretical foundation for

the solution concept of fulfilled expectations Cournot equilibrium. We elaborate in

some detail on the natural tendency for multiple equilibria, path dependence, and the

importance of initial market expectations, features that emerge due to the presence

of demand-side increasing returns driven by non-additive network effects.

As to the effects of market structure, sufficient conditions are derived for each

dimension of market performance to increase or decrease with more competition.

The tendency for counterintuitive effects, which is extensively characterized, is much

stronger than in ordinary markets. Most notably, price and per-firm profits can both

increase with the number of firms, with the latter effect having no counterpart in ordi-

nary markets even under scale economies (Amir and Lambson, 2000). Along with the

need, often critical, for firms to join hands to successfully launch new network prod-

ucts, these results underscore the co-opetitive nature of the FECE concept: Firms are

partners in setting expectations and building consumer base, but (business-stealing)

competitors in serving that base.

Several instructive examples with closed-form solutions are constructed, one of



48

which reflects exactly the prototypical three-equilibrium configuration that is broadly

thought to capture the essence of the viability issue through expectation dynamics in

telecommunications industries.

In terms of policy implications, by identifying precise and tight conditions for

the various possible effects to hold, our results provide solid theoretical foundations

for some well-known policy prescriptions that need revisiting for network markets

(Shapiro, 1996). The main departure from ordinary markets is the emergence of a

start up problem, with potentially serious consequences for both firms and society. A

successful launch of a new product with a small stand-alone value depends on various

factors, including the usual ones, such as intrinsic quality, production costs, reputa-

tional aspects, and government participation. In addition, as the case studies reported

in the business strategy literature confirm, interconnection amongst competitors or

agreement on compatibility is quite often a critical determinant of success (Shapiro

and Varian, 1998; Rohlfs, 2001). The results on viability provide a solid theoretical

grounding to lend insight to the lessons on the start up problem gleaned from these

case studies, in ways that apply to both successes and failures. One implication for

product development is that, as a way out of the start up trap, firms ought to bundle

multiple functions in network products, in order to ensure a sufficient stand alone

value.

Our results on market performance also largely confirm Rohlfs’ (2001) clear-cut

conclusion that interconnection is most often a win-win proposition for both firms

and society.26 When the effects of more competition can lead to multiple reversals of

conventional intuition, the usual trade-offs between consumer surplus and producer

surplus are no longer the norm, and many pillars of conventional wisdom about suit-

able public policy for such industries need re-examining. The presence of network

26The one exception to this recommendation that he points out arises in industries wherein one

firm has a substantial first-mover advantage, typically achieved by being substantially ahead of rivals

in offering a new product.
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effects might have unusual implications on firms’ attitudes towards intellectual prop-

erty rights and entry deterrence. Firms in possession of patents will have a much

higher than usual incentive to engage in licensing to their rivals on rather generous

terms (Shepard, 1987; Shapiro, 1996). Pooling of patents held by different firms is also

to be expected. In terms of antitrust implications, various forms of pro-competitive

cooperation amongst direct rivals should be allowed or even encouraged. This is

particularly true concerning the often difficult and costly process of establishing a

common standard needed for a new network industry to succeed.

In terms of public policy, government participation in network industry start ups

can be crucial due to the major role it can play in terms of influencing market expec-

tations (the 0 variable) upwards. In addition, the interconnection process can raise

such thorny and complex issues for the private actors that a positive coordinating

role for government agencies often arises. Even initial subsidies might play a very

constructive role. In one of his most instructive case studies, Rohlfs (2001) reports

that the unprecedented success of the ultimate network industry — the Internet — is

largely due to the direct role played by the U.S. government via its DoD and NSF

temporary subsidy programs, in terms of ensuring global interconnection.27 Rohlfs’

detailed account of this glorious episode of government intervention suggests that,

without it, interconnection for the Internet — something usually taken for granted —

could easily have failed or been substantially delayed.

The present analysis paves the way for further promising research in a number of

interesting directions, including (i) the role of marketing in the start up problem, (ii)

the scope for divisionalization in network industries in terms of both start up and

profit incentives of firms, and (iii) the comparison with the case where firms possess

commitment power in setting output levels.

27Interestingly, this real life regulation scenario fits the two-stage game with a market maker

proposed in Section 2 as a purely game-theoretic foundation for FECE.
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1.7 Proofs

This section provides the proofs for all the results of the paper, and also contains the

statements and proofs of some useful intermediate results not given in the body of

the paper.

The proof of Lemma 1 calls for an intermediate result.

Lemma 12. e (  ) has the strict single-crossing property in (;) 
Proof of Lemma 12: First note that ∆2 (  )  0 if and only if

2 log ()   0

We show that this condition implies that e (  ) has the strict single-crossing
property in (;), i.e., that for any    0 and   0

e (  0) ≥ e ( 0  0) =⇒ e (  )  e ( 0  )  (1.7)

Since 2 log ( )   0, then

log ( )− log ( 0 )  log (0)− log ( 0 0)

or

 ()  ( 0 )   (0)  ( 0 0)  (1.8)

The left hand side of (1.7) can be rewritten as

( − ) (0)−  ( − ) ≥ ( 0 − ) ( 0 0)−  ( 0 − )  (1.9)

Combining (1.8) and (1.9), we get

( − ) () ( 0 0)  ( 0 )−  ( − )  ( 0 − ) ( 0 0)−  ( 0 − ) 

(1.10)
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Multiplying both sides of (1.10) by  ( 0 )  ( 0 0) we obtain

( − ) ( )−  ( 0 )
 ( 0 0)

 ( − )  ( 0 − ) ( 0 )−  ( 0 )
 ( 0 0)

 ( 0 − ) 

(1.11)

By 1,  ( 0 )  ( 0 0)  1 and, by 2,  ( − ) ≥  ( 0 − )  Thus, (1.11)

implies

( − ) ()−  ( − )  ( 0 − ) ( 0 )−  ( 0 − )  (1.12)

which is just the right hand side of (1.7). Hence, (1.7) holds. Q.E.D.

Proof of Lemma 1: Since 2e (  )  = ∆1(  )  0, by 4, the

maximand in (1.2) has strictly increasing differences in ( ). Furthermore, the

feasible correspondence [  +] is ascending in 28 Then, by Topkis’s theorem

(Topkis, 1978), every selection from the argmax of e (  ),  ( ), increases in


By Lemma 12, e (  ) has the strict single-crossing property in (;). In
addition, the feasible correspondence [  +] does not depend on . Then, by

Milgrom and Shannon (1994), every selection from the argmax of e (  ),  ( ),
is also increasing in  Q.E.D.

Proof of Theorem 2: The proof proceeds in two steps. First, for each fixed ,

consider the mapping, a normalized cumulative best-response (Amir and Lambson,

2000)

 : [0 (− 1)] −→ [0 (− 1)]
 −→ − 1


 0

where  0 = 0+ denotes a best-response output level by a firm to a joint output  by

the other (−1) firms, given . It is readily verified that the (set-valued) range of is

as given, i.e., if  0 ∈ [ +] and  ∈ [0 (−1)], then [(− 1)] 0 ∈ [0 (−1)],
28Notice that with capacity constraints  ( ) = argmax {e (  ) :  + ≥  ≥ } 
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and that a fixed point of  is a symmetric Cournot equilibrium, and vice versa. By

Lemma 1, every selection of  () increases in  By Tarski’s fixed point theorem

(Tarski, 1955),  has a fixed point.

From [Amir and Lambson (2000), Theorem 2.1], we know that no asymmetric

equilibria exists.

The second step is to show that (), the set of Cournot equilibrium industry

outputs when inverse demand is  (· ), has fixed points. To this end, by Top-

kis’s Theorem and 5, every selection from the argmax of e (  ),  ( ) or
[(− 1)](), is increasing in . Hence, by [Milgrom and Roberts (1990), The-

orem 7], the extremal fixed points of (), i.e., () and (), are increasing in

. Since  () = [(− 1)] [(()] and 

() = [(− 1)][()] the

extremal selections of the correspondence  : [0 ] −→ [0 ] are both increasing

in . Then, by Tarski’s fixed point theorem, , say, has a fixed point, which is easily

seen to be a FECE. Q.E.D.

Proof of Lemma 3: By definition, an industry output of 0 is a FECE if 0 ∈ e (0 0).
This holds if and only if  (0 0 0) ≥  ( 0 0) ∀ ∈ [0 ], i.e., 0 ≥  ( 0)− (),

∀ ∈ [0]  Q.E.D.

The proof of Theorem 4 calls for several intermediate results. We first state a non-

smooth version of the Implicit Function Theorem for increasing selections of  (·).
We then show that when 0 is part of the equilibrium set,  () is single-valued and

right-differentiable at  = 0.

Lemma 13. Let e be an increasing selection of  (). Then e () is differentiable

for almost all  and, if e () ∈ (0 ) for   0 its slope is given by (here, e

stands for e ())

 e ()


= − 2( e ) + e12( e )

(+ 1)1( e ) + e11( e )−  00( e)
 (1.13)
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Proof of Lemma 13: If e () is interior, it satisfies the first order condition (upon

multiplying by  and writing e for e ())

 ( e ) + e1( e )−  0( e) = 0 (1.14)

Since e () is increasing, it is differentiable almost everywhere (w.r.t. Lebesgue

measure). Hence, differentiating both sides of (1.14) with respect to  on a subset of

full Lebesgue measure and collecting terms, we get that for almost all , (1.13) holds

(since the derivatives on the RHS of (1.13) all exist from our smoothness assumptions).

Q.E.D.

Proof of Lemma 5: We first show that if 0 ∈  (0), then 0 =  (0), i.e.,  (0)

is a singleton. By Lemma 3 we know that 0 ∈  (0) if and only if

 ( 0) ≤  () for all  ∈ [0]  (1.15)

By 1, (1.15) implies that  (+  0)   () for all    0 In other words, 0

is a (strictly) dominant strategy in the standard Cournot game with  = 0. Hence

 (0) is single-valued and  (0) = 0.

It is convenient to divide the rest of the proof into two separate cases.

Case 1.  (0 0) =  0(0). Then the trivial outcome is an interior equilibrium. To

show (1.4), take any sequence  ↓ 0 such that e is differentiable at  for all  (this

is possible since the set of points of differentiability of an increasing function is a set of

full Lebesgue measure, and thus a dense subset of the domain). In addition, since e

is increasing, it admits left and right limits at every point, so lim→∞ e() exists.

Treating  as a parameter and invoking the upper hemi-continuity (u.h.c) of the

equilibrium correspondence for the Cournot game (see, e.g., Fudenberg and Tirole,

1991), we conclude that () is u.h.c.. Hence, lim→∞ e() ∈  (0) = {0}, so
that by the earlier part of this proof, lim→∞ e() = 0.

Now consider (1.13) with  = . By 1 and the fact that lim→∞ e() = 0,

the right-hand side of (1.13) is right-continuous in  at 0. Taking limits as  −→∞,
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it follows that lim→∞  e ()  exists and is equal to the RHS of (1.4). Since

this argument is clearly independent of the sequence () chosen (out of the subset

of full Lebesgue measure of the domain [0 ]), we conclude that  e () 
¯̄̄
=0

exists, is continuous at 0, and given by (1.4).

Next observe that this entire argument for e (·) is also valid for the two selec-
tions  (·) and  (·), since these are both increasing. Hence,  () 

¯̄
=0

=



() 

¯̄̄
=0
, with both being equal to the RHS of (1.4). A moment’s reflexion re-

veals that max{ () |=0} =  () 
¯̄
=0

and min{ () |=0} =



() 

¯̄̄
=0
. Hence max{ () |=0} = min{ () |=0}. It fol-

lows that, for the entire correspondence  (·),  () |=0 exists (in the sense
of being single-valued), is continuous and given by the RHS of (1.4).

Case 2.  (0 0)   0(0). Then the trivial equilibrium is not interior. By A1,

 (0 )   0(0) for  sufficiently small, so  () = 0 for all such . It follows that

0
 () = 0 for  small enough. Q.E.D.

We next show that any argmax of the fictitious objective Π () is an element

of  () 

Lemma 14. Assume 1-5 are satisfied and  () is convex. Given any  ∈  and

 ∈ [0 ], if ∗ ∈ argmax {Π ( ) : 0 ≤  ≤ } then ∗ ∈  () 

Proof of Lemma 14: We show that if ∗ is an argmax of Π ( ), then ∗ is

the industry output of a symmetric Cournot equilibrium with exogenous . Let

∗ = ∗ + ∗, with ∗ = ∗ and ∗ = (− 1)∗, and consider  0 = 0 + ∗, with

0 ∈ [0 ]  Then 0 denotes a firm’s possible deviation from its equilibrium output

∗ We show this unilateral deviation is never profitable.

Since ∗ is a maximizer ofΠ ()  thenΠ (∗ ) ≥ Π ( 0 ), which is equivalent
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to say

− 1


Z ∗+∗

0

 ( ) + ∗ (∗ + ∗ )−  (∗) ≥

(− 1)


Z 0+∗

0

 ( ) +
(0 + ∗)


 (0 + ∗ )− 

µ
0 + ∗



¶
 (1.16)

Then we have

∗ (∗ + ∗ )−  (∗)

≥ − 1


Z 0+∗

0

 ( ) +
(0 + ∗)


 (0 + ∗ )

−
µ
0 + ∗



¶
− − 1



Z ∗+∗

0

 ( ) + (− 1) (∗)

≥ − 1


Z 0+∗

∗+∗
 ( ) +

(0 + ∗)


 (0 + ∗ )−  (0)

≥ (− 1) (0 − ∗)


 (0 + ∗ ) +
(0 + ∗)


 (0 + ∗ )−  (0)

= 0 (0 + ∗ )−  (0) 

The first inequality follows from (1.16), after rearranging terms. The second one

holds as we assumed  () is convex (and ∗ = (− 1)∗), and the last one by 1,

1 ()  0 Since 0 is arbitrary, this argument shows that ∗ is a symmetric

Cournot equilibrium. Q.E.D.

Proof of Theorem 4: Part (i) holds because if the trivial outcome (zero output)

is not part of the equilibrium set, then Theorem 2 guarantees there is a FECE with

strictly positive industry output.

The proofs of Parts (ii) and (iii) both depend on the following argument. By

the proof of Theorem 2, the maximal and minimal selections of  (),  () and



(), increase in . Assume, for the moment, there exists an 0 ∈ (0 ] such

that  (
0) ≥ 0 If we restrict attention to the values of  in [0 ], it follows

that  () ∈ [0 ] because  () is increasing and  (
0) ≥ 0 Therefore,

for all  ∈ [0 ],  () is an increasing function that maps [
0 ] into itself.
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Hence, by Tarski’s fixed point theorem (Tarski, 1955), there is an 0 ≤ 00 ≤ 

such that  (
00) = 00 Since this condition implies  (

00) is a strictly positive

FECE, the existence of a nontrivial equilibrium reduces to showing there is at least

one  ∈ (0 ] for which  () ≥ 

To prove Part (ii), we show 0
 (0)  1. By Lemma 5, 

0
 (0)  1 if

1 (0 0) + 2 (0 0)  [−1 (0 0) +  00(0)]

Then the existence of a nontrivial FECE follows by the argument in the previous

paragraph, as Lemma 5 and the property 0
 (0)  1 imply there exists a small   0

for which  ()   This completes the proof of Part (ii).

The condition in Part (iii) guarantees there is some  ∈ (0 ] and some  0 ≥ 

for which Π ( 0 ) ≥ Π () for all  ≤  As a consequence, the largest argmax

of Π ( ) must be larger than . Call this argmax  00. Our proof follows because

 00 ∈  (), by Lemma 14, and this ensures there is an  ∈ (0 ] for which an
element of  () is higher than  Q.E.D.

Proof of Theorem 7: We will prove the result for a change in , using the selection

 (), or any other increasing selection. The proof for , being almost identical, is

omitted.

(i) The fact that  (·) shifts up as  increases follows from [Amir and Lambson

(2000), Theorem 2.2(b)], which shows that the largest Cournot equilibrium output

increases in . The proof here consists of applying this result at every exogenously

given .

(ii) Let 0   and  0 and  denote the critical masses corresponding to

0 () and  (), respectively. Pick any 0   . By definition of  , we know

that the orbit  =  (−1) starting from the given 0 is a bounded monotonic

sequence. Hence, by the Monotone Convergence Theorem, there is some ∞  0

such that {} ↑ ∞, with ∞ being a FECE industry output of the -firm problem.
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From the same 0   , the orbit 0 = 0(
0
−1) is also bounded and monotonic,

so there is some 0∞ such that {0} ↑ 0∞, with 0∞ being a FECE industry output of
the 0-firm problem. Since 0(·) ≥ (·), we have 0∞ ≥ ∞  0. To recapitulate,

we have shown that

for any 0   we have {0} ↑ 0∞  0 (1.17)

Since  0 is by definition the smallest initial expectation satisfying (1.17), then

 0 ≤  . Q.E.D.

Proof of Theorem 8: The mapping (), defined in the proof of Theorem 2,

increases in  Hence, by [Milgrom and Roberts (1990), Theorem 7], the extremal

fixed points of (), i.e., () and (), are increasing in  for each given .

Every selection from the argmax of e (  ),  ( ) or [(− 1)](), in-

creases in , by Lemma 12. Then the extremal selections of the correspondence

 : [0 ] −→ [0 ]

 () = [(− 1)][ ()] and 

() = [(− 1)][ ()]

are both increasing in . Hence, again by [Milgrom and Roberts (1990), Theorem 7],

the extremal fixed points of   and , increase in . This shows Part (i).

Part (ii) follows directly from the previous claim since  ()  = ∆3 () 

Q.E.D.

Proof of Theorem 9: At any interior equilibrium  must satisfy the first order

condition

 ( ) + 1 ( )−  0 () = 0 (1.18)

Differentiating (1.18) with respect to  and rearranging terms we get




=
{1 ( ) + 2 ( ) +  [11 ( ) + 12 ( )]}

−1 ( ) +  00 ()



 (1.19)
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Substituting in (1.19)  by [
0 ()−  ( )] 1 ( )  and rearranging

terms, we get



=

−1
1 ( )

∆4 ()

−1 ( ) +  00 ()



 (1.20)

It follows from 1 4 and Theorem 8 that



has the same sign as ∆4() on .

Q.E.D.

Proof of Theorem 10: Consider the following inequalities

+1 = +1
¡
+1 + +1 +1

¢−  (+1)

≥ 
¡
 + +1 +1

¢−  ()

≥ 
¡
+1 + +1 +1

¢−  ()

≥ 
¡
 +  

¢−  () = 

The first inequality follows by the Cournot equilibrium property. The second one is

from +1 ≥  (see Lemma 9) and 1. The third inequality holds as our assumptions

imply 
¡
+1 +1

¢ ≥ 
¡
 

¢
 Therefore, +1 ≥  This shows Part (i). We

omit the proof of Part (ii) as it is almost identical to the last one. Q.E.D.

Proof of Theorem 11: The first claim in Part (i) follows directly from Theorem 8.

The following steps prove the sufficiency of the second condition

+1 − 

=

Z +1

0

£

¡
 +1

¢− 
¡
+1 +1

¢¤
−

Z 

0

£

¡
 

¢− 
¡
 

¢¤


≥
Z 

0

£

¡
 +1

¢− 
¡
+1 +1

¢¤
−

Z 

0

£

¡
 

¢− 
¡
 

¢¤


= 

£

¡
 

¢− 
¡
+1 

¢¤
−
Z 

0

©£

¡
+1 +1

¢− 
¡
+1 

¢¤− £ ¡ +1

¢− 
¡
 

¢¤ª


≥ 

£

¡
 

¢− 
¡
+1 

¢¤ ≥ 0
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The first inequality follows directly from 1 ()  0 and Theorem 8(i). The next

step is obtained from the previous one by adding and subtracting
R 
0


¡
+1 

¢


and rearranging terms To justify the second inequality notice that 12 ( ) ≤ 0 is
sufficient forZ 

0

£

¡
 +1

¢− 
¡
 

¢¤
 ≥

Z 

0

£

¡
+1 +1

¢− 
¡
+1 

¢¤


Our last step is true since 1 ()  0.

Hence, 12 ( ) ≤ 0 ∀  ∈ [0 ] is sufficient for +1 −  ≥ 0 or

+1 ≥ 

To prove the first claim of Part (ii) consider

+1 −

=

Z +1

0


¡
 +1

¢
− +1 (+1)−

"Z 

0


¡
 

¢
−  ()

#

≥
Z 

0


¡
 +1

¢
−  (+1)−

"Z 

0


¡
 

¢
−  ()

#
≥ 0

The first inequality follows because 
¡
 +1

¢− (+1) ≥ 0 for all  ≤ +1, and

+1 ≥  by Theorem 8(i). The second inequality holds by the assumed conditions.

To show the sufficiency of the second condition let us define

 ( ) =
R 
0
 ( ) −  () 

Notice  ( ) is concave in  since  [1 ( )−  00 ()]  0 by both 1 and 4.

In addition,Z +1

0


¡
 +1

¢
 =

Z +1

0


¡
 +1

¢
+

Z +1

+1


¡
 +1

¢


≥
Z +1

0


¡
 +1

¢
+ +1

¡
+1 +1

¢
(1.21)
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where the inequality follows by 1. Next, consider the following steps

+1 −

=

Z (+1)+1

0


¡
 +1

¢
− (+ 1) (+1)−

∙Z 

0


¡
 

¢
−  ()

¸
≥ +1 +

Z +1

0


¡
 +1

¢
−  (+1)−

∙Z 

0


¡
 +1

¢
−  ()

¸
= +1 + 

¡
+1 +1

¢− 
¡
 +1

¢
≥ +1 +

£


¡
+1 +1

¢


¤
(+1 − )

= +1 + 
£

¡
+1 +1

¢−  0 (+1)
¤
(+1 − )

≥ +1 + 
£

¡
(+ 1)+1 +1

¢−  0 (+1)
¤
(+1 − ) ≥ 0

The first inequality follows from inequality (1.21), 1 and Theorem 8(i), and the

second one by the concavity of  ( ) in  The third inequality holds by 1 and

because we assumed +1 ≥ , and the last one by the Cournot property. Q.E.D.
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Chapter 2

Endogenous Information Acquisition in Games

with Strategic Complementarities1

2.1 Introduction

The emergence of information economics as a major subfield of microeconomics,

grounded on solid theoretical foundations, owes much to the theory of Bayesian games

(Harsanyi, 1967-69 and Mertens and Zamir, 1985). The basic formulation of this class

of games, adopted by most economic applications, posits an exogenously given struc-

ture of information. An unknown payoff-relevant parameter is part of the structure

of the game and the players receive some exogenous partial information (or message)

that guides their play in the game. This message is usually costless and its reliability

or quality is fully out of the control of the players.

Yet, in many of the natural economic settings that invoke this class of games, it

would be more appropriate to postulate that the players have the option of acquiring

information on the unknown parameter, beyond what is readily available, provided

they pay the corresponding cost. Consider for instance price-setting firms that com-

pete in an industry where demand is known up to a parameter with a distribution that

is common knowledge. To deal with the uncertainty, some of the firms might consult

a market research firm, while others might search for information on the Internet.

The first group is likely to get better—and thus expensive—advice. The second group

can invest more or less time on the Internet–at varying opportunity cost. Regardless

of the method used to collect information, the acquisition process is costly and the

1This chapter is based on a joint project with Prof. Rabah Amir.
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firms will choose to acquire more information if the benefit in terms of better pricing

decisions exceeds its cost. However, an important complication for these firms is that,

in a strategic setting, better information need not translate into higher profits at the

ensuing Bayesian equilibrium.2

In an attempt to analyze such situations, this paper endogenizes information ac-

quisition in a particular class of games with incomplete information. We focus on

common value Bayesian supermodular games in which (i) actions are strategic com-

plements; (ii) there are complementarities between the actions and the unknown; and

(iii) interim beliefs are increasing in messages. Without endogenous information, the

framework of the present paper would be a special case of that of Van Zandt and

Vives (2007). For a broad class of Bayesian games with strategic complementarities,

they prove existence of a greatest and a least Bayesian Nash equilibrium, both of

which in strategies that are monotone increasing in type (see also Van Zandt, 2010).

To this basic building block, we add an initial period where players decide on the

quality of their own signal in light of a given cost function for signal quality. This

presumes tacitly that there is an information sector characterized by a production

function for information as a good.

The formal set-up here is as follows. Consider  agents who face two sequential

decisions: First, with the cost of information being common knowledge, each player

chooses how much information to buy independently and simultaneously with his

2In oligopoly models, endogenous information acquisition is studied by Hwang (1993), Hauk and

Hurkens (2001), Jansen (2008), Lee (1992), Li, McKelvey and Page (1987), Vives (1988), and Dim-

itrova and Schlee (2003), among others. In mechanism design this topic is addressed by Bergemann

and V

alim


aki (2002) and Persico (2000). The former papers differ from ours in that they assume

specific functional forms for the payoffs and (in some cases) Gaussian distributions for the signals.

Our approach is closer to the latter group, although their settings are quite different from ours.
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opponents; and then, after observing the realization of his purchased signal (message),

but neither the messages received nor the quality of information acquired by the other

agents, each of them selects an action in the Bayesian game that follows, the latter

being of the sort studied by Van Zandt and Vives (2007). To solve for the Bayesian

information Nash equilibrium of the whole game we follow a strategy similar to the

one used by Hauk and Hurkens (2001) to study covert information acquisition in a

Cournot game. We start the analysis with an artificial game that models the second

decisions of the players, for which we adopt the findings of Van Zandt and Vives

(2007). Then we move back to integrate the information acquisition phase and study

the equilibrium of the entire game. While this may be viewed as a two-stage game,

there is no observability of "first-stage" or information decisions before entering the

"second stage". In other words, when selecting an action for the "second stage",

the only signal quality a player knows is his own, whence the designation as "covert

information acquisition".

To ensure that more information is always valuable (when acquisition costs are not

taken into account), as Athey and Levin (2001) propose for (single-player) decision

models, we use the supermodular stochastic order to rank information structures in

terms of players’ preferences, so that "informativeness" is related to a signal that

is "more correlated" to the unknown. Athey and Levin (2001) compare attitudes

of decision makers towards information in monotone decision problems (where the

posterior beliefs induced by the signal can be ordered so that higher actions are

chosen in response to higher signal realizations). Our result extends their finding to

unilateral deviations in information acquisition in models with strategic interactions.3

3To the best of our knowledge, using different names for it, Richard (1975), Epstein and Tanny

(1980) and Tchen (1980) independently proposed the stochastic supermodular order for bivariate

distributions as a measure of association (see also Scarsini, 1985). Meyer and Strulovici (2009)

extend the characterization of this association order to multivariate distributions. Fernandez and

Gali (1999) offer an application of the supermodular stochastic order to a matching problem.
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We also investigate how information affects agents’ behavior regarding strategies in

the second (Bayesian) phase of the game. Our results suggest that "more informative"

signals lead agents to take more extreme actions in the second stage. The intuition

is easy to grasp: When the quality of the signal is higher, agents have more faith in

the messages they receive and this encourages them to make more extreme decisions

later on.

The central part of the present paper is concerned with the second order properties

of the value of covert information as a way to characterize a class of models that

possess extreme pure strategy Bayesian information equilibria. This class of models is

characterized by a novel assumption of convexity (resp., concavity) of the information

structure in the supermodular order. The interpretation of this notion of convexity

(resp., concavity) is quite natural for the setting at hand: It says that a higher signal

quality raises informativeness with increasing (resp., decreasing) returns. Under this

notion of convexity, in this class of information acquisition games, each player will

always choose to acquire either the minimal or the maximal quality signal, thus

reducing the complex existence issue to one in a two-action (matrix) game. Motivated

by different issues in economic dynamics, related notions of stochastic convexity of

integrals with respect to parameters of transition probabilities appear in Amir (1996c)

for first order stochastic dominance and Amir (1997) for second order stochastic

dominance.

The second order implications of information acquisition have been extensively

investigated in the (single-player) case or decision theory. Several studies show that

the value of information often exhibits increasing marginal returns over some range,

in particular near zero. In particular, Radner and Stiglitz (1984) and Chade and

Schlee (2002) offer a detailed investigation of this convexity of the value function in

a broad class of information acquisition problems.4 Our analysis might be seen as

4Among other economic applications where this convexity result emerges, Dimitrova and Schlee

(2003) study information acquisition and entry threat in a monopoly market. As we do here,
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an extension of their results to a multi-agent framework, suggesting global conditions

for convexity. Confirming their finding, we also illustrate the difficulties involved in

getting the value of information to be globally concave.

One of the broad-based possible uses of the present setting is as a framework for

costly rationality in strategic settings. Proponents of such a framework argue that

some of the well-known violations of the hyper-rationality paradigm, such as those

commonly observed in some laboratory experiments, might be better explained by a

recognition that good decisions require the acquisition of costly information, rather

than the more common postulate that economic agents are inherently boundedly ra-

tional. Radner (2004) discusses this premise in some detail. The setting of a Bayesian

framework with endogenous costly signals is clearly a natural one.5 The increasing

returns to scale in information acquisition are central to our approach to the exis-

tence of equilibria for the overall game. From the perspective of costly rationality

in game theory, the extreme behavior of the players might be seen as justifying the

familiar, complete information games as an endogenous outcome in cases where max-

imal signal quality corresponds to complete information and information costs are

not prohibitive. Another notable outcome is the possibility of maximally asymmetric

equilibria even in games with ex ante identical players, where one player ends up

with maximal, and the other player with minimal, signal quality. We illustrate such

a possibility via an example. This example underscores quite neatly the differences

of our setting relative to a decision-theoretic setting (where identical agents would

always select the same optimal solution).

The rest of the paper is organized as follows. The next section describes the

their paper highlights the natural drawbacks of the non-concavity result for modelling strategic

interactions.
5Neyman (1991) argues that the framework of Bayesian games is appropriate to contrast a player’s

welfare as his information changes in an unilateral way. He also claim that increasing information

in this way can never hurt him. More recently, Bassan, Gossner, Scarsini and Zamir (2003) describe

a class of interactive decision models where all the agents are better off having more information.
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model and the notion of equilibrium we use. Section 2.3 offers a motivating example;

its purpose is to provide some intuition about the approach we use and the results

we obtain. Section 2.4 analyses the game; it elaborates on the comparison between

information structures and second order effects on expected payoffs, and ends by

showing existence of (extreme) pure-strategy equilibria; it also enlightens the effect of

information on players’ behavior. Second 2.5 concludes, and the last section includes

all the proofs.

2.2 The Analytical Framework

In this section we set-up a model of hidden (or covert) information acquisition for

a common value Bayesian game of strategic complementarities. This class of games

includes various models of oligopolistic competition, arms races, bank runs, R&D,

among others.

To clarify notation, ≥ indicates partial orders in general, including the natural
order on the reals. All Cartesian products (including uncountable ones) are tac-

itly ordered by the product order. Terms "greater than" and "increasing" mean

"weakly greater than" and "weakly increasing." Measurability of all functions is al-

ways (tacitly) with respect to the relevant Borel sigma-algebra. We distinguish ran-

dom variables from their corresponding realizations by using wiggles, e.g.,  denotes

a realization of the random variable e
For further reference, we assume the conditions in the next two subsections (As-

sumptions 1, 2 and 3) hold for the rest of the paper.6

6The assumptions we enumerate in Sections 2.1 and 2.2 are stronger than the requirements in

Van Zandt and Vives (2007). This allows us to use a somewhat stronger version of their main results

in Section 4.1, the added strength being quite useful in our setting.
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2.2.1 Payoffs

The set of players is  = {1  }  with a typical element indexed by i. Each agent
i chooses an action  from a compact metric lattice .

7 His payoff is given by

 (a− ) :  ×A− ×Ω→ R (2.1)

where a− ∈ A− ≡ Π 6=∈ denotes the vector of other agents’ actions, and

 ∈ Ω ⊆ R is the realization of an exogenous payoff relevant random variable. We

will refer to e as the state of the world or the fundamental. Agents choose their
actions before the state of the world is realized. The prior distribution of e  ()  is
common knowledge among them. The first assumption, that payoffs are Caratheodory

functions, is standard.

Assumption 1. For all agent  in  we assume (i)  (a ) : Ω → R is measurable

∀ a ∈ A ≡ Π∈; (ii)  ( ) : A→ R is jointly continuous ∀  ∈ Ω; and (iii)  is

bounded.

Complementarities arise in our economy through two different channels. First,

the incremental returns of agent  with respect to own action increase in the action

profile of the others. Second, the marginal profitability of an increase in a player’s

action increases in the fundamental. To fix ideas, the reader might keep in mind a

Bertrand oligopoly with differentiated substitute products and demand uncertainty

(further studied in Section 2.3). Assumption 2 formalizes these conditions.

Assumption 2. For all agent  in  we assume (i)  is supermodular in ; and

(ii)  has strictly increasing differences in (;a− ) 

7Although individual action profiles might be multi dimentional, we do not use bold letters to

write  ∈ . We reserve bold letters to denote a profile of actions of all players, a ∈ A, and the
profile of actions of all players other than player , a− ∈ A−



68

Increasing differences is often interpreted as formalizing the notion of (Edgeworth)

complementarity. Although none of our results rely on differentiability, if  is an

interval on R and  is twice continuously differentiable, these conditions adopt a

simple form, as the next assumption reflects.

Assumption 20. For all agent  in  we assume (i0)
2


≥ 0 ∀ 1 ≤    ≤ ;

and (ii0)
2


≥ 0 ∀  6= , ∀ 1 ≤  ≤ , ∀ 1 ≤  ≤ , and

2


≥ 0 ∀

1 ≤  ≤ .

We next describe the information structure of the game.

2.2.2 Signals and Posteriors

Player  can acquire additional information about the state of the world by purchasing

a noisy signal Let  ⊆ R, with typical element , denote the set of all possible signal
realizations that player  might observe.  is assumed to be a compact interval or

a finite subset of the reals. We assume all messages in  are non-trivial. Following

the related literature, player  gathers information by choosing from a family of joint

distributions { ( ;)} indexed by  ∈ [ ] ⊆ R.8 Each  is related to a

statistical experiment, and increasing  raises informativeness in a way that we shall

formalize later. For the purpose of our analysis, we can think of  as the quality of

player ’s signal. Conditional on  players’ signals are assumed independent.

In our setting  : [ ] → R+ denotes the cost of information acquisition for

player . We assume  () is increasing and  () = 0, i.e.  is the quality of the

signal that the players can get for free. Without loss of generality, we normalize the

cost of information so that9

 () =  − , for all  = 1 2  

8Consistency requires E[ ( ;) |; ] =  () for all  ∈ [] 
9A similar approach is used by Ganuza and Penalva (2006).
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The reason this linear cost function is without loss of generality is that, starting

with any strictly increasing and continuous cost function e (e) for quality of infor-

mation e, we can consider instead a change of variable  = e−1 (e). This leads to

a linear cost function as given above but also changes the structures of information

accordingly. We are tacitly assuming that the given family { ( ;)} already
reflects such a change of variable. Thus, assuming a linear cost function may be seen

as imposing a particular way of measuring information quality. This is a convenient

measure for reasons that will become clear later.

Let s ∈ S ≡ Π∈ and α ∈ [ ] denote the realization of a vector of signals
and a quality profile, respectively. Each -tupleα ∈ [ ] induces a joint cumulative
distribution function (cdf)  (s ;α) : S× Ω→ [0 1] 10 Given α we let  (s |;α)
denote the cdf of es conditional on  and let  (s−  |;α) represent agent ’s interim
beliefs when he receives a message .

11

We assume that the posterior distribution  (s |;α) and the interim beliefs

 (s−  |;α) satisfy the following standard monotonicity condition.

Assumption 3. For every agent  in  we assume (i)  (s |;α) is first order
stochastically increasing in ; and (ii)  (s−  |;α) is first order stochastically
increasing in 

10We shall write integrals in the style of Lebesgue-Stieltjes integration throughout the paper,

as our assumptions on the underlying probability measures are more conveniently expressed on

the associated cdf’s. Given the need to use various marginal and conditional cdf’s derived from

 (s ;α), we adopt a common abuse of notation in the literature in denoting all of these conditional

cdf’s by the same function  , the distinction between them being reflected only in that integration

variables are always to the left, and conditioning arguments to the right, of the vertical bar.
11Since  and Ω are both subsets of the reals, the various conditional and marginal cdf’s of

 (s ;α) all clearly exist, and (tacitly) satisfy the standard assumptions in probability theory

throughout: Monotonicity and right continuity with respect to integration variables and Borel mea-

surability with respect to conditioning variables.
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By definition, Condition (i) means that, for all increasing sets  in SZ
S

1  ( |;α) ≤
Z
S

1  (  |0;α) for all   0

where 1 denotes the characteristic function of the set .
12 A similar statement holds

for Condition (ii). Thinking of Nature as an additional player of type  ∈ Ω, these

conditions mean that players’ interim beliefs increase in messages in the sense of first

order stochastic dominance.

2.2.3 The Game and the Equilibrium Concept

The timing of the game is as follows. During stage I, each agent i chooses  ∈ [ ]
independently and concurrently with other players; and at stage II, he observes the

realization of his signal,  and chooses an action  ∈ –he does not observe the

signals of the others. We denote this game by Γ Since the only information revealed

to the players at stage II are their own messages, we can think of Γ as a one shot game.

We distinguish between stages I and II because it clarifies our analytical approach.13

A pure strategy for agent  in Γ consists of a pair ( ), where  ∈ [ ] is the
quality acquired at stage I and  :  →  is a Borel measurable function that maps

messages into actions. We let Σ denote the set of all strategies  for player .

Given a strategy profile (ασ)  with α ∈ [ ] and σ ∈ Σ ≡ Π∈Σ let¡
α−σ−

¢
denote the profile where players other than  follow their corresponding

strategies at (ασ)  We next introduce the equilibrium notion for the game Γ used

in this paper.

12A set  in  is increasing if 0 ∈  whenever  ∈  and 0 ≥ .
13Persico (2000) uses a similar setting to compare the incentives to acquire information in first

and second price auctions; Hauk and Hurkens (2001) and Vives (1988), among others, to study

information acquisition in a Cournot game.
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Definition 15. A pure strategy profile (α∗σ∗) ∈ [ ]× Σ is a Bayesian Nash

equilibrium with endogenous information of Γ if

(∗  
∗
 ) ∈ argmax

∈[]
∈Σ

½Z
SΩ


¡
 () σ

∗
− (s−)  

¢

¡
s ;α

∗
−
¢−  ()

¾


for each player  in  .

Although this paper deals solely with the game Γ, the method of analysis used

invokes the related two-stage game Γ , obtained from Γ via the one modification

that each player  observes the entire choice vector α before choosing a second-stage

strategy   = 1  . Let Γ (α) denote the subgame of Γ starting at stage 2,

given the observed first stage choices α. Thus Γ (α) is the exogenous information

counterpart of Γ, wherein the profile of information α is common knowledge. In other

words, for each given α, Γ (α) is a Bayesian supermodular game, exactly as defined

by Van Zandt and Vives (2007). The game Γ (α) should not be viewed as the second

stage of the game Γ, due to α being common knowledge in the former but never in

the latter. Nevertheless, following Hauk and Hurkens (2001), the Bayesian Nash

equilibria of Γ (α) for a given α will turn out to form a key step in the existence

and characterization of the equilibria of the game Γ. The precise connection is that

if (α∗σ∗) is an equilibrium of Γ according to Definition 15, then σ∗ is a Bayesian

Nash equilibrium of Γ (α
∗) 14

While the game Γ can be thought of and treated as a one shot game, the informa-

tion acquisition phase and the action-taking phase may actually be quite spaced apart

in time, the crucial feature being rather the lack of observability of rivals’ information

decisions and signals by any one agent. This lack of observability may be a natural

14By contrast, a perfect Bayesian equilibrium of the game Γ is a pair (eα eσ(·)) such that eσ(α)
is a Bayesian Nash equilibrium of the game Γ (α) for every possible choice α. In the literature

on dynamic games, the latter are usually termed closed-loop equilibria, while the equilibria of Γ are

called open-loop equilibria.
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consequence of a number of different factors depending on the setting at hand. Some

of the more obvious factors include secretive behavior on the part of players in gen-

eral, and natural segregation and lack of communication (as mandated by antitrust

regulation) amongst competing firms in market settings.15 As noted by Hauk and

Hurkens (2001), although the game Γ can also be appropriate in modeling strategic

information acquisition in some settings, it is somewhat difficult to envision how the

vector α could realistically be common knowledge. Indeed, public announcements by

firms are often designed to manipulate rivals’ beliefs, and are thus unreliable to rivals.

While industrial espionage can succeed in providing information about a competitor’s

state of know-how, it typically would not do so in a manner consistent with common

knowledge.

To facilitate the understanding of our abstract framework, we begin with a simple

concrete example, which illustrates our general results in a common setting.

2.3 A Motivating Example

To motivate the rest of the paper, we present an example of differentiated-product

Bertrand competition in the spirit of our model. The setting is similar to Hauk and

Hurkens (2001) and Vives (1988)16. Although the analysis can be easily extended to

an arbitrary number of firms, we restrict attention to only two, for expositional ease.

Firm ’s chooses its market price  ∈ R, facing linear demand  = −2+−.
With unit costs normalized to zero, profits are given by

 =  − 2 2 + −  = 1 2 (2.2)

15In reality though, there are a number of natural channels through which presumably secret

information partially leaks to competitors, in what are usually referred to as spillovers, say in the

literature on innovation. Informational spillovers would be rather difficult to model in the present

setting, due to their ambiguities in terms of common knowledge.
16Information acquisition in oligopolies was also addressed by Hwang (1993), Jansen (2008), Lee

(1992), and Li, McKelvey and Page (1987).
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where  ∈ (0 1), and  is the realization of a random parameter drawn from a normal
prior with mean  and variance 2. The important feature of this model is that the

marginal profitability of a firm’s own price increase, increases in the price of its rival

and the demand shifter .

Firm  acquires information by choosing from a family of cdf’s { ( ;)}
indexed by  ∈ [0 1]  Given some  ∈ [0 1]  we assume the joint distribution of
(e e) is the bivariate normal

N [ ()]  with  = ( )   () =

⎛⎝ 1 

 2

⎞⎠  (2.3)

The variance of e is normalized to 1. The purpose is to highlight the fact that,
in our setting, what really matters to firm  is the correlation between its own signal

and the fundamental, captured by .
17

Firm  decides how much information to acquire by choosing the correlation be-

tween its signal and the demand shifter, the cost of which is given by  () = .

We assume signals are independent conditional on  Given a profile of qualities

α, our conditions imply that E( |; ) =  +  ( − ) and E(− |;α) =
+ − ( − )  The bivariate normal distribution has an additional nice feature:

if  = 0 then e is independent of e and from firm ’s perspective the message is

pure-noise; and if  = 1 then the conditional variance of e given  vanishes and the
signal reveals the value of the fundamental with certainty.

The timing of the game is as described before. In the first stage, firms select

the quality of information. After observing the realization of their own signals, but

neither the experiment selected nor the message received by the other firm, each of

them chooses a price. As Hauk and Hurkens (2001) notice, in this simple setting

it is straightforward to solve for the Bayesian information Nash equilibrium. First,

17For this example, since firms’ payoffs are both quadratic and supermodular, information could

be modeled with a mean-variance order. We opted for correlation to better connect the example to

our general framework.
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we solve for the (unique) Bayesian Nash equilibrium in the second stage. Then,

substituting firms’ actions by the corresponding strategies in the payoff functions, we

consider the game where only quality levels need to be chosen.

Assume for the moment that firms acquired a profile of information α = (1 2)

at stage I, and focus on the game that follows. For each α ∈ [0 1]2, it is well known
that (under the aforementioned conditions) the equilibrium strategies in the second

stage are affine with respect to messages. To get them, we will assume firm − follows
a strategy − (−) = + − (− − )  Inserting this expression in (2.2) we get

 =  − 2 2 +  [+ − (− − )]  (2.4)

If firm  receives a message  its interim payoff is

E ( |;α) = [+  ( − )]  − 2 2 +  [+ −− ( − )]  (2.5)

where the conditional expectation is calculated with respect to the Bayesian updated

beliefs. Computing the first order condition, its best-response is given by

 = +  ( − ) +  [+ −− ( − )]  (2.6)

Substituting  by −, we can get the corresponding expression for the other firm.
Combining results, the pricing equilibrium strategies (as a function of α) are

 () =


1− 
+ 

1 + 2−
1− (−)

2
 ( − )   = 1 2 (2.7)

Hence the sensitivity of firm ’s strategy with respect to unexpected shocks ( − )

increases in both  and −

To attain the profile of information at equilibrium, we need to go one step back

and find the conditions under which no firm i has an incentive to deviate from 

Two issues deserve attention. First, since we model hidden information acquisition,

if firm  deviates at stage I from  to 0, there is no strategic effect on the other
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firm. Second, if firm  selects 0 instead of , it will use this information to update

its interim pricing strategy in the second stage as follows

 (;
0
) =



1− 
+ 

1 + 2−
1− (−)

2
0 ( − ) (2.8)

where (2.8) is obtained by substituting − (−)  as defined in (2.7), in (2.6). Notice

(2.8) depends on both 0 and , the reason being that firm  can improve its strategy

after deviating but cannot affect the other firm’s beliefs and these beliefs do affect

firm ’s optimal behavior.

Let’s assume firm − follows the equilibrium strategy at stage II corresponding to
the profile α. We let Π (

0
;α) denote firm ’s highest expected profits if it deviates

from  to 0. Taking the unconditional expectation of  after substituting  by

 (;
0
) and − by − (−) we get

Π (
0
;α) =

1

2

"µ


1− 

¶2
+ 2

µ
1 + 2−

1− (−)
2

¶2
02

#
 (2.9)

Firm ’s highest expected profit has two interesting features: it is increasing and

convex in 0 In other words, the marginal returns to information are positive and

increasing.

Considering the cost of information acquisition we get that firm i will not have any

incentives to deviate from  if  ∈ argmax0∈[01] {Π (
0
;α)− 0}  We conclude

that a profile of information α =(1 2) constitutes an equilibrium if it satisfies,

simultaneously, the system

1 ∈ argmax01∈[01]

(
1

2

"µ


1− 

¶2
+ 2

µ
1 + 22

1− (12)2
¶2

021

#
− 01

)

2 ∈ argmax02∈[01]

(
1

2

"µ


1− 

¶2
+ 2

µ
1 + 21

1− (21)2
¶2

022

#
− 02

)
(2.10)

Since Π (
0
;α) − 0 is strictly convex in 0 and the constraint set is [0 1]  its

argmax is either 0, 1, or both, for  = 1 2 Then any equilibrium candidate α reflects

extreme behavior regarding information acquisition: firms acquire the full information
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signal or no information at all. Here a maximal and a minimal information equilibrium

always exist because the induced game at stage I is supermodular in the ’s.

In this setting α = (1 1) is an information equilibrium if 2 (1 (1− ))
2 ≥ 2

and α = (0 0) constitutes an equilibrium if 2 ≤ 2 Then the complete information
game emerges endogenously if either the prior is very uninformative (2 is large),

or there are strong complementarities in the second stage ( is large). The opposite

is true for the common uncertainty, no private information, game. In addition, if

2 (1 (1− ))
2 ≥ 2 ≥ 2 then the two extreme information profiles are both equilib-

ria.

Several insights can be highlighted from this example. First, expected payoffs from

deviating increase in the correlation between the signal and the fundamental. So firms

care about information because it allows a better match between pricing decisions and

the level of demand. Although the value of information is always positive, information

is costly and firms weigh the benefits and the costs of being informed to decide how

much money to invest in market research.

Second, the quality of the signal decreases firm ’s pricing strategy when it receives

low messages, and increases it for high messages. Formally,

 (;
0
)

0
= 2

1 + 2−
1− (−)

2
( − )

which is positive if  ≥  and negative otherwise. The intuition behind this behavior

is simple: when firm  acquires a more precise signal, it puts more trust in the

information received, and this encourages the firm to make more extreme pricing

decisions at stage II.

Third, the convexity of the payoffs induces firms to behave in an extreme fashion

with respect to information acquisition: they either prefer the full information signal

or to remain fully uninformed. In addition, when both α = (1 1) and α = (0 0) are

equilibria, then the former is Pareto-preferred to the latter.

The aim of this paper is to generalize the main features of this example to much
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more general settings.

2.4 The Information Acquisition Game

This section has four (related) goals. First, we investigate the exogenous informa-

tion counterpart of Γ, which is a standard Bayesian game in the sense of Van Zandt

and Vives (2007). Second, we show that a specific stochastic ordering for the fam-

ily { ( ;)}∈[] guarantees each player in  prefers (in a unilateral sense)

higher quality information (net of information costs), and study the unilateral ef-

fects of information on players’ strategies in the game Γ (α). Third, we address

the second order effects of information acquisition on each player’s expected payoff,

by postulating a natural restriction on the ordered family { ( ;)}∈[] that
leads to increasing returns in own information quality. Fourth, invoking the latter

property, we then characterize the Bayesian information equilibrium of Γ. While the

first two steps have antecedents in the related decision and game theoretic literatures,

the last two steps are fully novel and have no related counterparts in the economics

or probability/statistics literatures.

All proofs are collected in Section 2.6.

2.4.1 Monotone Equilibria for the Auxiliary Game Γ (α)

Let α ∈ [ ] denote any exogenous profile of experiments. We begin with the

analysis of the fictitious game Γ (α)  described above.

For each player  in  , the set of strategies Σ constitutes a lattice when ordered

with the pointwise (partial) order, i.e,  ≥ 0 if  () ≥ 0 () for every  ∈ .

We say that a strategy  ∈ Σ is increasing if for all  
0
 ∈  such that   0,

 () ≥  (
0
)  The first result, taken from Van Zandt and Vives (2007), states that

extremal equilibria for the game Γ (α) exist and are composed of strategies that are

increasing in own message for each player.
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Lemma 16. For any given α ∈ [ ], Γ (α) has a greatest and a least Bayesian
Nash equilibrium, both of which are monotone increasing and Borel measurable in own

message. Moreover, if Γ is symmetric and 1 = 2 =  = , then every equilibrium

is also symmetric.

Henceforth, given a vector of information qualities α, we select the maximal equi-

librium for the game Γ (α), denoted σ, which thus satisfies the monotonicity prop-

erty of Lemma 16. This property is a critical feature of our approach, invoked to

validate the procedure we use to order structures of information.18

The next step in the analysis is to investigate the conditions under which no agent

 has any incentive to deviate from a given profile α, using Lemma 16. We first focus

on the returns to information acquisition.

Two key aspects deserve some attention. First, since we model hidden information

acquisition, agent ’s deviation from  to 
0
 will not be observable to others, so that

there will be no strategic effect on the other players. The situation would be very

different if we were studying a case where agents, before choosing an action in the

second stage, were able to observe the profile of information acquired by the others in

the first stage (i.e. the game Γ). Hauk and Hurkens (2001) compare the implications

of these two different games for a Bayesian Cournot model with endogenous signals.

Second, since player  knows the quality of his own signal, if he deviates at stage I to

a given 0, he will need to accordingly adjust his strategy at stage II to continue to

best respond to the fixed strategy σ− (s−). These two observations will be used in

crucial ways, as we next investigate the value of information in the problem faced by

player .

Given any profile α, assume players other than  follow their corresponding strate-

gies at the (monotonic) equilibrium σ(α) of Γ (α) at stage II. Define  (
0
α) as

18Another way to proceed here would consist of assuming the equilibrium of Γ (α) is unique

as in Okuno-Fujiwara, Postlewaite and Suzumara (1990). Since complementarities often lead to

multiplicity of equilibria, the latter assumption would be too restrictive for our setting.
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the maximum expected payoff player  can get (net of the costs of information acqui-

sition) if he unilaterally deviates from  to 
0
 in the first stage, i.e.

 (
0
α) , max

0∈Σ

½Z
SΩ

 (
0
 () σ− (s−)  )  (s ;

0
α−)

¾
 (2.11)

In going from from  to 
0
, unobserved by others (who then still use the equilibrium

strategy σ− (s−)), he would then switch from the strategy  (·) to some selection of

 (;
0
) , argmax

∈

Z
S−Ω

 (σ− (s−)  )  (s−  |;0α− )  (2.12)

In the proof of the next result, we provide intermediate steps that show that the

maximum in (2.12) is achieved, so  (;
0
) is well-defined. While Borel measurabil-

ity of σ and  (
0
α) with respect to the ’s can be established (e.g. building on

the approach in Van Zandt, 2010), these properties would be useful only in impart-

ing some desirable but non-crucial regularity to the underlying outcome functions.

More importantly, our main results below require placing much more structure on

our primitives, which lead to  (
0
α) being increasing and convex in 0, so Borel

measurability is then a direct corollary.

Lemma 17. The maximal and the minimal selections of  (;
0
),  (;

0
) and



(;

0
), exist and are increasing and Borel measurable in .

Built on this monotonicity property, the next subsection compares information

structures. It characterizes  (
0
α) as a function of 

0
 and shows that the informa-

tiveness of a signal refers to its association with the state of the world. It also sheds

some light on the effect of 0 on players’ behavior at stage II.

2.4.2 Comparing Information Structures

This subsection centers on the stage of information acquisition. Our aim is to study

the incentives of player  to deviate from We only focus on one side of his decision:
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the returns to the quality of information. The cost side will be incorporated into the

analysis later on.

Recall  (
0
α) denotes agent i ’s maximum expected payoff when he unilaterally

deviates from  to 
0
 at the start of the game. We next consider all alternative infor-

mation structures { ( ;)}∈[] that he might acquire, unbeknownst to other
agents, and aim to answer the following two questions: (i) What conditions will ensure

that for all 0  00 , the information structure  ( ;
0
) is better than  ( ;

00
 )

in the sense that agent i receives a higher expected payoff, i.e.  (
0
α) ≥  (

00
 α)?

(ii) What conditions will suffice for  (
0
α) to be convex (concave) in 0? In other

words, (i) aims to characterize situations where the value of covert information is

positive, while (ii) addresses the issue of returns to scale in the value of information.

First Order Effects of the Quality of Information The approach in this sub-section

is similar to the one followed by Athey and Levin (2001). To address the two posed

questions, the methodology we use to order the family of signals compares structures

of information that share the same marginal distributions. Although this condition

about { ( ;)}∈[] seems to be very restrictive, we argue next that this is not
the case.

Assume e has a continuous cdf.19 We can always convert the message that player
 receives to a new message  =  (;), that has the same informational con-

tent as the initial one. Since in the game Γ signals enter payoffs only through

strategies, this approach does not affect the game in any fundamental way. This

transformation is often called "probability integral transformation" and makes e
uniformly distributed in the interval [0 1]  hence e is independent of  Let’s define

 ( ;) =  (−1 (;)  ;), where 
−1 (;) is the right-continuous inverse

of the marginal distribution  (;)  It can be easily verified that our new family

of joint distributions { ( ;)}∈[] share the same marginals. Then, without
19If the cdf of e is not continuous, there are other transformations that will work.
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loss of generality, we shall assume our initial family { ( ;)}∈[] satisfies this
property.20

To ascertain the impact of changing 0 on  (
0
α) we impose more structure

on the family { ( ;)}∈[]  We assume  ( ;) increases in  in the

supermodular stochastic order. Given that this order is central to our analysis, we

state a formal definition and a convenient characterization in a lemma.

Definition 18. Let  ( ;) and  ( ;
0
) denote two cdf’s that share the same

marginals Then  ( ;) is larger than  ( ;
0
) in the supermodular order if

 ( ;) ≥  ( ;
0
) (2.13)

for all ( ) ∈  × Ω. If  ( ;) increases in  on [ ], we say the family of

information structures { ( ;)}∈[] increases in  in the supermodular order.

The main characterization of the supermodular stochastic order refers to the ex-

pectation of supermodular functions (see Tchen, 1980, and Epstein and Tanny, 1980).

Lemma 19. Inequality (2.13) holds, ∀ ( ) ∈  ×Ω if and only ifZ
×Ω

 ( )  ( ;) ≥
Z
×Ω

 ( )  ( ;
0
) (2.14)

for all supermodular functions  ( ) for which these two expectations exist.

M

uller and Stoyan (2002, p. 108), Theorem 3.8.2, cover several characteristics of

the supermodular order.21 Broadly speaking, they state that the supermodular order

applies to information structures that share the same marginal distributions and

orders them increasingly in terms of the linear association of any increasing function

of their random arguments.

20This trick is standard in the literature [see, e.g., Athey and Levin (2001) and Ganuza and

Penalva (2006)].
21It is remarkable to note that the relation between Definition 18 and Lemma 19 relies on the fact

that, for bivariate distributions, the supermodular order is equivalent to the concordance order.
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The following example offers one general way of constructing such a class of bi-

variate joint distributions via the weighted mixing of two fixed distributions (for use

later on).

Example 20. Let ( ) and  ( ) denote two joint distributions that share the

same marginals and satisfy  ( ) ≥  ( ) on the entire support, i.e.  ( ) is

larger than  ( ) in the supermodular order. In addition, assume  : [ ]→ [0 1]

is a differentiable function.

Then  ( ;) =  () ( ) + [1−  ()] ( ) is a well-defined cdf

that shares the same marginals as  ( ) and  ( ). Clearly, if 
0 () ≥ 0,

 ( ;)



= 0 () [ ( )− ( )] ≥ 0

so the family { ( ;)}∈[] increases in  in the supermodular order, i.e. an

increase in  results in an upward shift of the distribution function  ( ;).

With a little algebra, it can be shown that an increase in  also shifts the survival

function up.22 The latter is an interesting property of the supermodular order that

applies only to bivariate distributions.

In terms of our set-up, the last example shows that a higher  leads to higher

chances of observing high realizations of the signal when the state of the world is high,

and low realizations when the state of the world is low. The Motivating Example,

in Section 2.3, offers another, widely used, family of bivariate distributions that fits

Definition 18: the bivariate normal. Keeping the marginal distributions of its random

arguments fixed, the bivariate normal is increasing in the supermodular stochastic

order if we let  denote the correlation between the two random variables. Many

other examples can be given.

22The survival function of a bivariate random vector (e1 e2) is defined as  ( ) ≡
Pr (1   2  ) 
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The next theorem is the main result of this subsection. It states that if  ( ;)

increases in  in the supermodular order, then player ’s maximum expected payoff of

deviating from  to 
0
 increases in 0, i.e. that the value of (unilateral) information

is positive.

Theorem 21. If { ( ;)}∈[] increases in  in the supermodular order, then

 (
0
α) increases in 0.

The economic interpretation of Theorem 21 is simple. The strategic complemen-

tarities in the payoffs, and the fact that agents other than  follow increasing strate-

gies, lead player  to prefer high actions when he predicts high values of , and low

actions in the other case When the structures of information are ordered according

to the supermodular order, a higher 0 increases the association between e and the
state of the world. Since the maximal selection of  (;

0
),  (;

0
), increases in

his message, a higher quality signal allows player  a better match between his ac-

tions, the fundamental and other players’ equilibrium strategies, thereby increasing

his expected payoff.

Athey and Levin (2001) establish a similar outcome for monotone decision prob-

lems. Since their model do not display strategic interactions, then (in their study)

the signal plays a single role: it helps the agent to predict the fundamental. Theorem

21 considers unilateral deviations of information acquisition in a model with strategic

interactions, then here the signal plays a dual role: it helps each player to predict the

fundamental and the equilibrium actions of the other players. The proof of Theorem

21 extends Athey and Levin (2001) by showing that the complementarities between

player i’s signal and the fundamental are preserved after integrating over his rivals’

equilibrium strategies. To this end we use some insights of Van Zandt and Vives

(2007), e.g. the monotonicity of equilibrium strategies in signal realizations.

We should remark here that although the proof of Theorem 21 relies on the

monotonicity property of player ’s greatest best reply at stage II as a function of



84

, stated in Lemma 17, the same result applies to any other measurable selection of

his best-response correspondence. The reason is that the properties of the maximum

value function  (
0
α) do not depend on the specific selection of the argmax’s we

are considering.

We next shed some light on the effect of information acquisition at stage I on

players’ strategies at stage II. Specifically, the next theorem states that the strategy

of agent  becomes more spread-out when he acquires a signal that is more accurate.

The intuition is easy to grasp: when the quality of his signal is higher, player i places

more faith in the messages he receives and this encourages him to make more extreme

decisions in the second stage.

Theorem 22. Assume the conditions of Theorem 21 are satisfied. Then  (;
0
)

decreases in  when player  receives a small message, and increases in  when the

message is high.

Remark. This result is valid for the minimal selection of  (;
0
) as well.

Theorem 22 only applies to small and large realizations of player ’s signal. Its

proof relies on the fact that when { ( ;)}∈[] is ordered according to the
supermodular order, then the conditional distribution function  ( |; ) increases

(decreases) in  for small (large) values of  (∀ ∈ Ω). As we notice next, in specific

applications, our statement results in a sharp prediction.

In the two examples of Levin (2001, pp. 665-666) the conditional cdf’s increase

(decrease) in  for any message that is lower (higher) than the unconditional mean

of  In these settings players’ strategies would rotate clockwise around the uncondi-

tional mean of  whenever the information becomes more precise–this also happens

in our Motivating Example.23

The next subsection studies the second order effects of 0 on  (
0
α). While our

results on the value of information have several related antecedents in the literature

23In the two examples of Levin (2001)  plays the role of , and  the role of 
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on information and games/decisions, the upcoming results have no analogs at all in

this literature.

Second Order Effects of the Quality of Information We showed in the previous sub-

section that if { ( ;)}∈[] is ordered in  according to the supermodular

order, then the value of unilateral covert information is always positive. We now

investigate the second order effects of information acquisition on agents’ payoffs. In

addition to being of substantial independent interest, the properties derived here are

central to our approach to the existence of equilibria for the game Γ.

To study the second order effects of changing 0 on  (
0
α) we impose more

structure on the family { ( ;)}∈[]  The next definition introduces the no-
tion of convexity (concavity) in the supermodular order and the subsequent lemma

characterizes the latter in terms of the expectation of supermodular functions. To

the best of our knowledge, this is the first study that proposes (global) second or-

der conditions on this class of information structures, or bivariate distributions in

general. Related notions of stochastic convexity of integrals with respect to parame-

ters of transition probabilities have been invoked in economic dynamics contexts, in

Amir (1996c) for first order stochastic dominance and Amir (1997) for second order

stochastic dominance.

Definition 23. Assume the family { ( ;)}∈[] shares the same marginals.
We say  ( ;) is convex (concave) in  in the supermodular order if

 (  | + (1− )0 ) ≤ (≥) ( ;) + (1− ) ( ;
0
) (2.15)

∀  
0
 ∈ [ ], ∀ ∈ [0 1], ∀ ( ) ∈  × Ω, i.e.  ( ;) is convex (concave) in



We next characterize this condition in terms of the expectation of supermodular

functions. The following result says that the family { ( ;)}∈[] is ordered
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and convex (concave) in  in the supermodular order if and only if the expectation

of any supermodular function increases in  at an increasing (decreasing) rate.

Lemma 24. Let us consider  
0
 ∈ [ ], and define 00 =  + (1− )0

 ( ;) is convex (concave) in  in the supermodular order if and only ifZ
×Ω

 ( ;
00
 ) ≤ (≥)

Z
×Ω

  ( ;) + (1− )

Z
×Ω

  ( ;
0
)

(2.16)

for all  ∈ [0 1] and all supermodular functions  ( ) for which the three expecta-
tions exist.

In terms of our set-up, the supermodular order ranks informativeness in the sense

that a higher  leads to higher chances of observing high realizations of the signal

when the state of the world is high, and low realizations when the state of the world

is low. This new notion of convexity/concavity refers to how fast a higher  raises

informativeness. Convexity (concavity) means that  raises informativeness with

increasing (decreasing) returns.

The next example illustrates how one can construct a family of joint distributions

satisfying convexity (concavity) in the supermodular order via mixing.

Example 25. In Example 20, in the previous subsection, recall that we defined

 ( ;) =  () ( ) + [1−  ()] ( ). Assume that  : [ ] → [0 1]

is twice differentiable

Using Definition 23, and the fact that  ( ) ≥  ( ), it is easy to verify

that the family { ( ;)}∈[] is convex (concave) in  in the supermodular

order if and only if 00 (·) ≥ 0 (00 (·) ≤ 0), since
2 ( ;)

2
= 00 () [ ( )− ( )] ≥ (≤)0

This example points out that the conditions for convexity and concavity refer to

how fast the cumulative distribution and the survival function increase in  (assuming

also that 0 (·) ≥ 0).
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To generate a rich family of joint distributions, one can either keep the same

fixed distributions  ( ) and  ( ) and vary the function  (·), or keep the
latter fixed and vary  ( ) and  ( ) while maintaining their ranking in the

supermodular order, i.e.  ( ) ≥  ( ). Out of the widely used bivariate

distributions, one can easily write down many examples of parametric families that

satisfy convexity in the supermodular order. Thus, in addition to having a natural

economic interpretation in terms of increasing returns to information, this property is

satisfied by easily generated families of distributions. Furthermore, convexity in the

supermodular order enjoys several desirable properties, such as being preserved by

various important operations such as convex combinations, pointwise maxima, and

weak* (or other) limits.

On the other hand, as is often the case with powerful assumptions (as this is

shown to be in the upcoming result), this convexity property does impose significant

restrictions on the family of distributions. For instance, since convexity in the su-

permodular order amounts to  ( ;) being convex in , a moment’s thought

will reveal that this distribution can possibly have atoms only along constant  or

 lines, so that the location of these atoms would always be fixed, independently of

the values of .
24 This is clearly a potentially significant limitation in the present

context since a higher quality of information (i.e. a higher value of ) necessarily

leaves invariant those values of the signal and the fundamental (i.e. the atoms) that

are more likely than others (i.e. the zero probability values). In this respect though,

it is worth recalling that several related studies assume non-atomic distributions (as

they posit density functions) at the outset.

The next theorem uses Lemma 24 to state that if { ( ;)}∈[] is convex
in  in the supermodular order, then player ’s maximum expected payoff when he

deviates from  to 
0
 is convex in 0 as well, i.e.  (

0
α) has increasing marginal

24In Example 25,  ( ;) inherits whatever atoms  ( ) and  ( ) have, but the loca-

tions of these atoms are invariant to the values of .
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returns in 0 Besides its independent interest as a foundation for the key property

of increasing returns in the unilateral value of covert information, as we mentioned

earlier, this result is also the centerpiece behind the existence and characterization of

the equilibria of the game Γ.

Theorem 26. If { ( ;)}∈[] is convex in  in the supermodular order, then

 (
0
α) is convex in 0, for each fixed α.

The proof of Theorem 26 relies on two key steps. Lemma 24 confirms that if

the family { ( ;)}∈[] is convex in  in the supermodular order, then the

expected value of any supermodular function is convex in  as well. So the first

part of our proof consists of showing that the problem of player  can be rewritten in

terms of the expectation of a function that is supermodular in ( )  The second part

relies on the fact that the pointwise maximum of any collection of convex functions

is convex (Rockafeller, 1970).

Several studies discuss the difficulties involved in getting the value of information

to be globally concave in (one-player) decision problems under uncertainty (most

notably Radner and Stiglitz, 1984, and Chade and Schlee, 2002, among others). The

present approach to establishing convexity sheds light on this issue. Although the first

part of our proof of convexity works for concavity as well, the pointwise maximum of

a collection of concave functions need not be concave. While a similar approach can

characterize concavity of  (
0
α) in 0, it entails a very restrictive joint condition

on the space of optimal strategies at the second stage and the family of signals (see

Appendix B). In addition, our results square well with the robust result in Chade and

Schlee (2002) that the value function is convex in a neighborhood of zero.

Chade and Schlee (2002, p. 433) raise a fundamental question directly related

to Lemma 28: Are the increasing marginal returns in the value of information a

direct product of the units used to measure information? Is it possible to recover

concavity by simply changing the units of information in a nonlinear fashion? Our



89

analysis indicates that the scope for an affirmative answer to this question is quite

limited. Indeed, by assimilating different possible information measures with the

inverse cost transformation described in Section 2.2.2, and noting that our convexity

result is robust to a whole class of valid cost functions as long as the resulting family

{ ( ;)} satisfies our stochastic monotonicity and convexity assumptions, the
aforementioned difficulties in obtaining a concave value of information would still

apply. On the other hand, the cost transformation does impose a certain constraint

on our procedure, in that the family { ( ;)} must continue to satisfy our two
key assumptions upon the application of that transformation.

2.4.3 Bayesian Nash Equilibrium with Endogenous Information

This subsection combines the results in the previous two to show existence and charac-

terize the pure strategy equilibria of Γ. Our previous analysis referred to the returns

to information acquisition. Considering the cost of acquiring information, we can

use Definition 15 to state that a pure strategy profile (α∗σ) is a Bayesian Nash

equilibrium with endogenous information of Γ if, for all  in  ,

∗ ∈ argmax { (α
∗)−  () :  ∈ [ ]} (2.17)

that is, if no player  has an incentive to deviate from ∗ .

Remark 27. If Γ (α) has a unique equilibrium for all α ∈ [ ], condition (2.17)
is also necessary.

Given any tuple α ∈ [ ], we let ∗ (α) denote the set of argmax’s of the net
payoff { (

0
α)−  (

0
) : 

0
 ∈ [ ]}. Theorems 21 and 26 state general condi-

tions under which  (
0
α) is increasing and convex in 0. Since we normalized the

cost of information to be linear in 0, these conditions guarantee the maximand in

(2.17) is convex in 0 as well. Then its argmax exists, and it is always given by the
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largest element of the constraint set, the smallest one, or both, as if the players were

in a binary action game.

Lemma 28. Assume { ( ;)}∈[] is increasing and convex in  in the su-

permodular order. Then, the game with action set [ ] and payoff functions given

by (2.17) is strategically equivalent (generically) to the  × 2 game with action set
{ } and payoff functions given by (2.17).25

The reason we used the cost transformation in Section 2.2.2 to generate w.l.o.g.

a linear cost function is precisely to compound the convexity question fully on the

value of information, while keeping the cost side neutral via its linearity. In other

words, our assumptions of stochastic monotonicity and supermodularity are actually

placed jointly on the pair ({ ( ;)}  ).

If the conditions of Lemma 28 are satisfied, for any given tuple of information,

then all the players have incentives to deviate to either  or . As a consequence,

any profile α that satisfies the equilibrium condition entails extreme behavior in the

first stage. The next theorem formalizes this assertion and characterizes the possible

equilibria that can arise in the entire game Γ.

Theorem 29. Assume { ( ;)}∈[] is increasing and convex in  in the

supermodular order. Then

(i) any equilibrium profile of experiments α∗ that satisfies (2.17) is given by α∗ ∈
{ };

(ii) α is an equilibrium profile of experiments if  (α) −  (α) ≥  − 

∀ ∈  ; and

25"Generically" here means that  (
0
α) −  (0) is not a constant, as otherwise one would

have that every action is an optimal response. To avoid this knife-edge case, we assume this cannot

happen for Γ.
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(iii) α is an equilibrium profile of experiments if  (α) −  (α) ≥  − 

∀ ∈  .

Theorem 29 characterizes the pure strategy equilibria of Γ, taking into account

that the second-stage equilibrium strategies are given by σ(α∗), which is the maximal

equilibrium actions in the sense of Van Zandt and Vives (2007), given information

profile α∗ We now make a number of remarks concerning the scope of Theorem 29.

Theorem 29 does not rule out mixed equilibria wherein a subset of players use

strategy  while the remaining players use strategy . Conditions for such mixed

equilibria similar to those that appear in Theorem 29 (ii)-(iii) can obviously be written

down. An example of such an equilibrium configuration is given below.

Conditions (ii) and (iii) of Theorem 29 are not mutually exclusive; both α and α

are equilibria in settings that satisfy

 (α)−  (α) ≥ −  ≥  (α)−  (α) (2.18)

for all  in  . Inequality (2.18) requires the supermodularity of  (
0
α) in (

0
α)

at the extreme values of these profiles. In words, player ’s incremental payoff of

deviating from  to  must be higher when the profile of information is α than when

it is α

Elaborating on the previous remark, since it is well-known that every 2× 2 game
is either a supermodular game or a matching-pennies game (Echenique, 2004), the

game at hand for the case of two players is also of one of these two types.26 It follows

that the game defined by (2.17) has a pure-strategy equilibrium if and only if the 2×2
game with action space { } is supermodular with respect to one of the four possible
ways of ordering the two binary action spaces (in the spirit of Echenique, 2004).27 In

26As its name suggest, a matching-pennies game is a 2 × 2 game with a unique mixed-strategy
Nash equilibrium, which is thus globally stable for a large class of learning dynamics.
27We cannot in general extend this statement to the game Γ itself, since that would entail taking

into account all possible increasing equilibrium selections in the second stage of the game.



92

this sense, our approach to ranking information structures leads to existence of pure-

strategy equilibrium in the two-stage game by exploiting strategic complementarities

in both the second and first stages of the game, with the important caveat that for the

latter complementarities are required only for the two extreme levels of information.

If inequality (2.18) is satisfied for all  in  , then α is Pareto-preferred to α if

(and only if)  (α) −  (α) ≥  −  for all  in  It can be easily shown

that the last condition is always satisfied if, as in the Motivating Example,  (
0
α)

increases in α.

Thinking of  as the full information signal, i.e. a signal that reveals the true

value of Nature with certainty, then Theorem 29 (ii) states sufficient conditions for

the complete information game to emerge as an endogenous outcome. For the sake of

tractability in much applied work based on game-theoretic analysis, we often assume

that all the economic fundamentals are common knowledge. Our result helps to

identify environments where this assumption fits better the underlying phenomenon.

We end the section with a brief discussion about the costs of information. Arrow

(1974) points out that as data observation often calls for an initial amount of resources

that is independent of the scale of operation, then production of information often has

increasing returns to scale. Radner (2000) adds that the situation is even more delicate

in the case of electronic communications, as the marginal cost of new information is

far smaller than the initial cost of development. Although our normalization of the

cost function does not capture fixed costs, their introduction would not change the

bang-bang nature of our results in any qualitative way. A fixed cost would only alter

results in favor of the uninformative outcome occurring more readily at equilibrium.

In cases where the players in the game Γ purchase the desired information from

some specialized suppliers, it is plausible that the actual cost schedule faced by the

players is concave in the level of information desired, as a reflection of a pricing policy

based on volume discounts.
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2.4.4 On the Possibility of Asymmetric Extreme Equilibria

As noted earlier, Theorem 29 encompasses the possibility of quite asymmetric infor-

mation equilibria. Specifically, we could observe a situation where, at equilibrium,

some of the players opt for the highest quality signal, while their rivals decide to

remain uninformed, and this even in games that are themselves symmetric. We next

illustrate such a situation with a closed-form duopoly example, but one that does not

satisfy all the maintained assumptions of the game Γ.

Example 30. Consider a market with two ex ante identical firms that compete in

quantities, where firm i’s action is  ≥ 0. Assuming linear inverse demand  =

 − 2− −, and constant unit costs normalized to zero, firm i’s profits are given

by

 =  − 2 2− −  = 1 2 (2.19)

where  ∈ (0 1) and  is the realization of a random parameter drawn from a normal
prior with mean  and variance 2. The remaining features of the model, including

the structures of information, are analogous to the Motivating Example. As a conse-

quence, we can follow the same steps to conclude that a profile of information α is

an equilibrium if it satisfies, simultaneously, the next system

1 ∈ argmax01∈[01]

(
1

2

"µ


1 + 

¶2
+ 2

µ
1− 22

1− (12)2
¶2

021

#
− 01

)

2 ∈ argmax02∈[01]

(
1

2

"µ


1 + 

¶2
+ 2

µ
1− 21

1− (21)2
¶2

022

#
− 02

)
(2.20)

Since the maximands of (2.20) are strictly convex in 0 ∈ [0 1]  their argmax’s
are either 0 or 1, for  = 1 2 Therefore, any equilibrium entails extreme behavior

regarding information acquisition.

It can be easily verified that in this game α = (1 0) and α = (0 1) constitute an

information-equilibria pair if and only if 2 ≥ 2 ≥ 2 (1 + )
2
.
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Although the firms are ex-ante identical and share the same prior information,

their posteriors are maximally different at equilibrium. Moreover, if the firms differ in

their marginal costs of information, the outcome where the firm with higher costs gets

the full-information signal and the other one remains uninformed, is an equilibrium

(for some parameter values).

This study focuses on common value Bayesian supermodular games in which play-

ers’ second-stage actions are strategic complements. Although the above duopoly ex-

ample satisfies instead the property of strategic substitutes, it is well known that this

game can be turned into a supermodular Bayesian game by reversing the order on the

strategy space of one of the players. However, upon this order reversal, the game no

longer satisfies the assumption that both profit functions are increasing in .

A remark on the connection between the present framework and the theory of

common knowledge in the sense of Aumann (1976) is in order here.28 In this example

of strategic interaction with endogenous information, the two players start with a

common prior (as is standard for Bayesian games), but end up with different posteriors

at the unique equilibrium of the game. This outcome is consistent with the conclusions

from the theory of common knowledge since, by the very nature of the game here,

the two divergent posteriors are not common knowledge between the two players.

Nevertheless, this feature of the example is definitely of interest to the interface

between game theory and common knowledge (Samuelson, 2004).

2.5 Concluding Remarks

The paper studies endogenous information acquisition in common value Bayesian su-

permodular games. Since there is a pronounced tendency towards nonconcavities in

the value of information, as shown by Radner and Stiglitz (1984) and Chade and

28A survey of the relevance of this literature in economic settings is Samuelson (2004).
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Schlee (2002) and confirmed by the results of the present research, a more general

approach to existence of pure-strategy Bayesian equilibrium with endogenous sig-

nals through the application of standard topological fixed point theorems appears

infeasible.29 A similar remark applies to the supermodularity approach and Tarski’s

fixed point theorem, as the complementarities of the second stage are not in gen-

eral inherited by the information decisions of the first stage, at least for the level

of generality postulated in the present research. Our approach to the existence of

equilibria thereby exploits the increasing returns to scale in information acquisition.

While our results on the value of covert information acquisition have several related

antecedents in the literature on information and games/decisions, the last one has

no analogs at all. From an economical perspective, the increasing returns to scale

imply extreme behavior regarding information acquisition. This result justifies the

complete information game as an endogenous outcome, and entails the possibility of

quite asymmetric equilibria (as we show via an example).

Along the analysis we elaborate on the meaning of information in the class of

games we focus on: we show that if the structures of information are increasing in the

supermodular stochastic order, then players’ incremental returns to information ac-

quisition (in a unilateral sense) are always positive. Then, informativeness relates to a

particular form of association between the signal and the unknown. As we mentioned

earlier, this result has related antecedents. Regarding the effects of information ac-

quisition on players’ second decisions, we find that the informativeness of the signals

leads to actions that are more spread-out. The intuition is easy to grasp: when the

quality of his signal is higher player i has more faith in the messages he receives, and

this encourages him to make more extreme decisions later on.

29Studying information acquisition and entry threat in a monopoly market, Dimitrova and Schlee

(2003) notice this difficulty as well.
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2.6 Proofs

Proof of Lemma 16: For any given α ∈ [ ], our Initial Assumptions guarantee
that Γ (α) is a monotone supermodular Bayesian game as defined by Van Zandt

and Vives (2007). Then existence of maximal and minimal Bayesian Nash equilibria,

in strategies that are increasing in own signal, follows directly from their main result

on p. 344. The symmetry statement is on p. 346. Q.E.D.

Most of our proofs require the usual characterization of first order stochastic dom-

inance.

Lemma 31. Let ex and ex0 denote two random vectors with supportX ⊆ R and respec-

tive distribution functions  () and  0 (). For any  ≥ 1, ex first order stochastically
dominates ex0 if Z

X

 (x)  (x) ≥
Z
X

 (x)  0 (x)

for all bounded increasing measurable functions  : R −→ R.

Although the next proof follows from Propositions 8 and 11 in Van Zandt and

Vives (2007), we provide it for completeness.

Proof of Lemma 17: Assume players other than  acquire profile α− at stage I,

and follow σ− (s−) at stage II. If player  deviates from  to 
0
 in the first stage,

recall the definitions

 (
0
α) , max

0∈Σ

½Z
SΩ

 (
0
 () σ− (s−)  )  (s ;

0
α−)

¾
(2.21)

 (;
0
) , argmax

∈

Z
S−Ω

 (σ− (s−)  )  (s−  |;0α− )  (2.22)

We next study the properties of the maximal selection of  (;
0
), denoted  (;

0
).

Continuity and supermodularity are preserved by integration. Therefore, by As-

sumptions 1 and 2, for all  ∈ , the maximand of (2.22) is continuous and su-

permodular in . It follows from Lemma 7 in Van Zandt and Vives (2007, p.
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348) that, for all  ∈ ,  (;
0
) is a non-empty complete sublattice, and that

 (;
0
) = sup (;

0
) belongs to  (;

0
)  The fact that  (;

0
) is measur-

able in , so that  (;
0
) belongs to Σ, is shown in Van Zandt (2010).

We next show the maximand of (2.22) has increasing differences in ( ), given

that σ− (s−) is increasing. Let  ≥ 0 and  ≥ 0, and consider the following stepsZ
S−Ω

 (σ− (s−)  )  (s−  |;0α− )

−
Z
S−Ω

 (
0
σ− (s−)  )  (s−  |;0α− )

=

Z
S−Ω

[ (σ− (s−)  )−  (
0
σ− (s−)  )]  (s−  |;0α− )

≥
Z
S−Ω

[ (σ− (s−)  )−  (
0
σ− (s−)  )]  (s−  |0;0α− )

=

Z
S−Ω

 (σ− (s−)  )  (s−  |0;0α− )

−
Z
S−Ω

 (
0
σ− (s−)  )  (s−  |0;0α− ) 

By Lemma 16, σ− is increasing and, by Assumption 2,  has increasing differences

in (;a− ). Then  (σ− (s−)  ) −  (
0
σ− (s−)  ) increases in both s−

and .

In addition, by Assumption 3,  (s−  |;0α− ) first order stochastically dom-
inates  (s−  |0;0α− ). So the inequality follows by Lemma 31. This shows the
maximand of (2.22) has increasing differences in ( ). Hence  (;

0
) is increasing

in . A similar argument applies to inf  (;
0
)  Q.E.D.

Proof of Theorem 21: The proof of this theorem consists of two steps. Step 1 shows

that for any  ∈ Σ that is increasing,
R
S−

 ( () σ− (s−)  )  (s− |;α− )
has increasing differences in ( ). Step 2 uses this result to show that  (

0
α)

increases in 0.

Step 1. Assume  ∈ Σ is increasing,  ≥ 0 and  ≥ 0, and consider the next
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inequalitiesZ
S−

 ( () σ− (s−)  )  (s− |;α− )

−
Z
S−

 ( (
0
) σ− (s−)  )  (s− |;α− )

=

Z
S−
[ ( () σ− (s−)  )−  ( (

0
) σ− (s−)  )]  (s− |;α− )

≥
Z
S−
[ ( () σ− (s−)  )−  ( (

0
) σ− (s−)  )]  (s− |0;α− )

≥
Z
S−
[ ( () σ− (s−)  

0)−  ( (
0
) σ− (s−)  

0)]  (s− |0;α− )

=

Z
S−

 ( () σ− (s−)  
0)  (s− |0;α− )

−
Z
S−

 ( (
0
) σ− (s−)  

0)  (s− |0;α− ) 

First, since σ− is increasing,  ( () σ− (s−)  ) −  ( (
0
) σ− (s−)  ) in-

creases in s− by Assumption 2. In addition, by Assumption 3,  (s |;α) increases
in  in the sense of first order stochastic dominance. Then, by property MA of

Theorem 3.3.10 in M

uller and Stoyan (2002, p. 94),  (s− |;α− ) increases in 

according to the same order. As a consequence, the first inequality follows by Lemma

31. By Assumption 2,  (σ− (s−)  ) −  ( (
0
) σ− (s−)  ) increases in 

So the latter difference is lower at 0 than at , for all s− ∈ S− and this justifies
the second inequality.

This argument shows that
R
S−

 ( () σ− (s−)  )  (s− |;α− ) has in-
creasing differences in ( ), and completes Step 1. We next use this result to

show that  (
0
α) increases in 0.

Step 2. Let  (;
0
) be the maximal selection of  (;

0
)  defined as in (2.22),
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and 0  00  Then,

 (
0
α) =

Z
×Ω

Z
S−

 ( (;
0
) σ− (s−)  )  (s− |;α− )  ( ;0)

≥
Z
×Ω

Z
S−

 ( (;
00
 ) σ− (s−)  )  (s− |;α− )  ( ;0)

≥
Z
×Ω

Z
S−

 ( (;
00
 ) σ− (s−)  )  (s− |;α− )  ( ;00 )

=  (
00
 α)

The two equalities are true by definition and because players’ signals are assumed

independent given the state of the world, i.e.  (s− | ;α− ) =  (s− |;α− ) 
The first inequality follows by the optimality principle. We know, by Lemma 17, that

 (;
00
 ) increases in . Then Step 1 guarantees the integralZ

S−
 ( (;

0
) σ− (s−)  )  (s− |;α− )

is supermodular in ( )  Since { ( ;)}∈[] increases in  in the super-

modular order, the second inequality follows by Lemma 19. Q.E.D.

Proof of Theorem 22: The cdf  ( ;) and the survival function  ( ;)

can be rewritten as follows

 ( ;) =

Z 

−∞
 ( |; )  ()

 ( ;) = 1−  ()−
Z ∞



 ( |; )  () 

where  () stands for the marginal cdf of player ’s message, and  ( |; ) represents

the conditional cdf of the fundamental given a message  = . Let  
0
 ∈ [ ]

satisfy   0. Since we assumed the conditions of Theorem 21 are fulfilled, the next

(in)equalities hold for all  ∈  and all  ∈ ΩZ 

−∞
[ ( |; )−  ( |;0 )]  () ≥ 0Z ∞



[ ( |; )−  ( |;0 )]  () ≤ 0Z ∞

−∞
[ ( |; )−  ( |;0 )]  () =  ()− () = 0
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The second inequality holds because for bivariate distributions the supermodular sto-

chastic order coincides with the concordance order (see Example 1.3 and the footnote

21).

Therefore, for any fixed  ∈ Ω there exists a value  ∈  such that for all  ≤ 

we have  ( |; ) ≥  ( |;0 ). Take  = inf { :  ∈ Ω}  By construction, if
 ≤  then  ( |; ) ≥  ( |;0 ) for all  ∈ Ω Using a similar argument, we

can find a value  such that  ( |; ) ≤  ( |;0 ) for all  ∈ Ω

According to Lemma 17 and Assumption 2, σ− is increasing,  is supermodular

in  and it has increasing differences in (;a− ). In addition, by Assumption 3,

 (s |;α) increases in  in the first order stochastic dominance. Then, by M

uller

and Stoyan (2002, p. 94), property MA of Theorem 3.3.10,  (s− |;α− ) increases
in  according to the same order. Therefore we can apply Lemma 31 to conclude

that the next function increases in  for all  ≥ 0Z
S−
[ (σ− (s−)  )−  (

0
σ− (s−)  )]  (s− |;α− ) 

Applying Lemma 31 again we get thatZ
Ω

Z
S−

 (σ− (s−)  )  (s− |;α− )  ( |; )

−
Z
Ω

Z
S−

 (
0
σ− (s−)  )  (s− |;α− )  ( |; )

increases (decreases) whenever  ≤  ( ≥ ) and player  chooses 0 instead of

. Then the incremental returns with respect to own action of the maximand in

(2.22) are higher at 0 than at  when the message is small (high) Since the latter

is supermodular in , Theorem 22 follows from Lemma 7 in Van Zandt and Vives

(2007, p. 348). Q.E.D.

Proof of Lemma 24: Since  ( ;) + (1− ) ( ;
0
) is a convex com-

bination of two cdf’s that share the same marginals, it is also a cdf with the same

marginal distributions  () and  (), respectively.
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Since  (  | + (1− )0 ) and  ( ;) + (1− ) ( ;
0
) have the

samemarginal distributions, we can try to compare them in terms of the supermodular

stochastic order. Let 00 =  + (1− )0 Assuming  ( ) is a supermodular

function with finite expectation with respect to both cdf’s, we know, by Lemma 19,

that the following two conditions are equivalent

(i)  ( ;
00
 ) ≤ (≥) ( ;) + (1− ) ( ;

0
) ∀ ( ) ∈  ×Ω

(ii)

Z
×Ω

 ( ;
00
 ) ≤ (≥)

Z
×Ω

 [ ( ;) + (1− ) ( ;
0
)].

Since expectation is a linear operator, condition (ii) is in turn equivalent to

(iii)

Z
×Ω

 ( ;
00
 ) ≤ (≥)

Z
×Ω

 ( ;) + (1− )

Z
×Ω

 ( ;
0
) 

Thus (i) is satisfied if and only if (iii) is fulfilled, which is exactly our claim. Q.E.D.

Proof of Theorem 26: Let  ∈ [0 1], 0 and 00 denote two arbitrary elements of

[ ], and 000 = 0 + (1− )00  The following inequalities show our statement,

 (
0
α) + (1− ) (

00
 α)

= 

Z
×Ω

Z
S−

 ( (;
0
) σ− (s−)  )  (s− |;α− )  ( ;0)

+(1− )

Z
×Ω

Z
S−

 ( (;
00
 ) σ− (s−)  )  (s− |;α− )  ( ;00 )

≥ 

Z
×Ω

Z
S−

 ( (;
000
 ) σ− (s−)  )  (s− |;α− )  ( ;0)

+(1− )

Z
×Ω

Z
S−

 ( (;
000
 ) σ− (s−)  )  (s− |;α− )  ( ;00 )

≥
Z
×Ω

Z
S−

 ( (;
000
 ) σ− (s−)  )  (s− |;α− )  ( ;000 )

=  (
000
 α)

where the first inequality is true since  (; ·) is a best-response to σ− (s−), and
the second one follows from the following argument. Consider the functionZ

S−
 ( (;

000
 ) σ− (s−)  )  (s− |;α− )  (2.23)
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Lemma 2 ensures  (;
000
 ) is increasing in , so we can use Step 1 in the proof

of Theorem 21 to confirm that (2.23) is supermodular in ( )  Then the second

inequality follows by Lemma 24, since { ( ;)}∈[] is convex in  in the

supermodular stochastic order. Q.E.D.

Proof of Lemma 28: By Theorems 21 and 26, our conditions imply  (
0
α) −

 (
0
) is convex in 0 for all α ∈ [ ] and all  in  , given that − () =

− ( − ) is linear (and thus convex) and the sum of convex functions is a convex

function. It follows from this convexity property that  (
0
α)− (

0
) is continuous

in 0 for all α ∈ ( ) and upper semi-continuous at 0 =  and 0 = . Hence,

 (
0
α) −  (

0
) achieves its maximum in 0 for each α ∈ [ ]. The same con-

vexity property also implies that, irrespective of the initial profile α ∈ [ ], each
player’s best reply will always be in { } i.e. one of the two extreme qualities at
stage I, for generic games. Hence, the game is strategically equivalent to the game

with the action set { } and the payoffs as given by (2.17), but restricted to these
binary action sets. Q.E.D.

Proof of Theorem 29

Part (i) is a direct consequence of Lemma 28. Parts (ii) and (iii) follow as a simple

application of Lemma 28 via the relevant comparison of the binary payoffs for each

player. Q.E.D.
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Chapter 3

Characterization of Nash Equilibria in

Asymmetric Quasisupermodular Games

3.1 Introduction

In applied studies players that interact in the same environment often differ with

respect to their characteristics, for example, firms face different costs of production,

individuals have different abilities, agents perceive reality in dissimilar ways, etc...

In all these cases a natural question arises: How do these differences affect their

equilibrium choices and payoffs? We answer this question for a specific class of games,

namely, games with strategic complementarities.

We model heterogeneity via a partial order on the set of players that involves two

conditions. The first one compares their possibilities to select higher actions by using

the strong order set. The second one compares their benefits to do so through a single-

crossing property on players’ marginal returns. We show that higher players select

higher equilibrium actions. In some cases, this result also allows to evaluate their

relative performance. The closest precedent is Amir (2008), who provides sufficient

conditions to contrast Nash equilibria of different games–its main result derives

from a clever observation of [Milgrom and Roberts (1990), Theorem 6]. Though

the question we try to answer is quite different from his, the methodology we use is

similar.

We offer three applications of our idea to industrial organization and new models

in behavioral economics, which have been the motivation for this paper. The first

application studies incentives to form coalitions in supermodular games with positive
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or negative externalities, and can be used to extend one of the results of Deneckere

and Davidson (1985) to horizontal mergers in Bertrand competition. The second

one compares the strategies of firms in the market as a consequence of differentiated

costs of production, that might be due to differentiated taxes. Our last application

relates to the model of biased perceptions in Heifetz, Shannon and Spiegel (2007).

In their setting, players choose their actions in the underlying game based on their

perceived payoffs, but receive rewards according to the true payoff functions (often

called material profits). Our result explains the behavior of the different players as

a function of their preferences, and allows (in some cases) to contrast their relative

performance. We discuss the implications of the latter findings regarding the dynamic

evolution of preferences.

The remainder of the paper is organized as follows. Section 3.2 defines the class of

games we consider and presents the main results. Section 3.3 elaborates on the three

described applications. Section 3.4 concludes, and the last one shows the omitted

proofs.

3.2 Result

This section describes the class of games we consider, introduces a specific type of

heterogeneity across players, and shows that these differences induce inequality re-

strictions on players’ equilibrium choices.

Consider a game in normal form (Π;  ∈ ), where  = {1 2 } is the set of
players. Here indicates the (pure) strategy space of player , andΠ : ×A− → R,

with A− = Π 6=, specifies his payoff function. We represent by a− an arbitrary

element of A−. Throughout we restrict attention to games that fit into the next

definition.

Definition 1 The game (Π;  ∈ ) satisfies, for all  ∈  ,
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(i)  is a complete sublattice of the lattice ;

(ii) Π is upper semi-continuous in  for any a−; and

(iii) Π is quasisupermodular in  and has the single-crossing property in (;a−).1

Def. 1 describes a standard game with (ordinal) strategic complementarities,

except that individuals’ action spaces are sublattices of the same lattice . This

is a logical requirement given that we want to compare the equilibrium strategies

of different players that interact in the same environment.2 Milgrom and Shannon

(1994) show that any game with ordinal strategic complementarities has a smallest

and a largest equilibrium. Their result applies to any game that satisfies Def. 1.

The analysis below requires the comparison of payoff functions for two arbitrary

players   ∈  . For expositional ease, we write the payoff of player  in  as

Π (  a−). Under this representation, the first argument of Π is player ’s own

action, the second one is the action of player , and a− is the vector of actions of

the other players in  . The payoff function of player  in  is defined in the same

way.

We differentiate players via a partial order on  . The latter involves a feasibility

condition, i.e., a condition that guarantees that player  can actually select an action

higher than the action of player  if it is convenient for him. It also involves an opti-

mality condition, i.e., a condition that guarantees that player  has higher incentives

to increase own action than player  To compare their constraint sets we use the

strong order set ≥ 3 Next definition formalizes this idea.

1All our topological statements will tacitly be with the interval topology on 
2Since any supermodular function is also quasisupermodular, and any function that has increasing

differences in (a−) also satisfies the single-crossing property, the ordinally supermodular games,

introduced by Milgrom and Shannon (1994), encompass all supermodular and log-supermodular

games, further studied by Milgrom and Roberts (1990), Vives (1990) and Topkis (1998).
3According to this order, we write  ≥  if for every  ∈  and  ∈  , we have that

 ∨  ∈  and  ∧  ∈ 
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Definition 2We say  ≥ , with   ∈  , if the next two conditions are satisfied

(i)  ≥ ; and

(ii) For all  0 00 ∈  ∩ with   0

Π ( 
00 a−)−Π (

0 00a−) ≥ 0 =⇒ Π ( 
00 a−)−Π (

0 00 a−) ≥ 0
(3.1)

We write    if in addition to (i) players   ∈  satisfy

(iii) For all  0 00 ∈  ∩ with   0

Π ( 
00 a−)−Π (

0 00 a−) ≥ 0 =⇒ Π ( 
00 a−)−Π (

0 00a−)  0

(3.2)

Condition (3.1) can be thought of as the single-crossing property in players’ mar-

ginal returns to increasing own action. Given the strategy profile of the others, it

states that if player  finds it profitable to increase own action so does player . If

payoffs are smooth, a stronger version of this condition holds if Π ( 
00a−)  ≥

Π ( 
00 a−) , for all  00 ∈  ∩ and all a− ∈ Π 6=. Condition (3.2)

is just a strict version of the last one.

In what follows ∗ denotes the equilibrium strategy of player  at some pure

strategy Nash equilibrium profile a∗ = (∗ )∈ . We write ∗ and ∗ to indicate

the corresponding strategies of player  at the least and greatest pure strategy Nash

equilibria, a∗ = (∗ )∈ and a∗ = (∗ )∈ , respectively. The next lemma states an

impossibility result that relates to Def. 2.

Lemma 32. If  ≥ , with   ∈  , then neither ∗  ∗ nor 
∗
  ∗ is possible.

If either    or ( ≥  and their best-responses are single-valued), then no strategy

profile a∗ such that ∗  ∗ can be a pure strategy Nash equilibrium.
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It can be easily shown that when players’ strategy spaces are just partially ordered

we cannot derive sharper implications. To make predictions more informative we need

their strategy spaces to be chains (i.e., totally ordered sets).

The proof of Lemma 32 follows by contradiction. That is, we assume both the

conditions of the lemma are satisfied and that player  selects an equilibrium action

that is strictly higher than the one of player , showing this is not possible. If their

strategy spaces are totally ordered, then this observation leads to the statements of

the next theorem.

Theorem 33. Assume the strategy space  is a chain. If  ≥ , with   ∈  ,

then ∗ ≥ ∗ and ∗ ≥ ∗ . If either    or ( ≥  and their best-responses are

single-valued), then ∗ ≥ ∗ at any pure strategy Nash equilibrium.

Let  (a−) denote the best-response correspondence of player  to a profile of

strategies a− of the other players. Figure 3.1 captures the insights behind Theorem

33, for a two-player game and one-dimensional action spaces. The black area contains

all the intersections of the best-response correspondences of players  and , i.e., the

pure strategy Nash equilibria. If condition (3.1) holds, then the reaction correspon-

dence of player  is above the inverse image of the reaction correspondence of player .

As a consequence, the lowest and the highest intersections occur above the 45◦ line,

and the extremal equilibrium actions of player  are higher than the ones of player .

Since a portion of the black area lies below the 45◦ line, the same comparison goes in

the opposite direction at some intermediate equilibria.

As Figure 3.2 illustrates our result holds at any equilibrium when either the single-

crossing property is strict (left panel)–and then the minimal selection of the best-

response correspondence of player  is above the inverse image of any point in the

reaction correspondence of player –or players’ best-responses are single-valued (right

panel).4

4Notice that the intermediate equilibrium of the right panel goes in the expected direction,
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Figure 3.1. Comparing Players’ Equilibrium Strategies Under Lemma 32

Figure 3.2. Comparing Players’ Equilibrium Strategies Under Theorem 33

3.3 Some Applications

This section offers three applications of Theorem 33, which have being the motivation

for the article. The first one studies incentives to form coalitions in supermodular

games with externalities and can be used to extend one of the results of Deneckere

and Davidson (1985) to horizontal mergers in Bertrand competition. In order to

although this equilibrium is unstable under a simple myopic best-response dynamics, i.e., non-

expected results are unrelated to the unstability of equilibria. The result is therefore quite different

to the comparative statics analysis in similar games, e.g., Echenique (2002).



109

model the behavior of players within the coalition, we follow the idea developed by

Amir (2008) to contrast Nash equilibrium payoffs with Pareto optimal outcomes in

supermodular games with externalities. The second example refers to oligopolistic

competition when firms face different costs of production. The last one pertains to

the area of behavioral economics, i.e., biased perceptions, and it is based on Heifetz,

Shannon and Spiegel (2007).

3.3.1 Coalitions in Supermodular Games with Externalities

Consider an -players symmetric game, i.e., a game where the payoffs for playing a

particular strategy depend only on the strategies followed by the others, not on who

is playing them. Each player  chooses an action  from a compact chain , which

is identical for all the players. His payoff is given by

 (a−) : ×A− → R (3.3)

where a− ∈ A− ≡ −1 is the vector of other players’ actions. We assume  (a−)

is upper semi-continuous in  for any a−; is supermodular in ; and has increasing

differences in (a−). Altogether, these conditions describe a supermodular game

that fits Def. 1.

This game has (strict) positive externalities if  (a−) is (strictly) increasing

in a− If  (a−) is (strictly) decreasing in a−, then the (strict) externalities are

negative.

Suppose a group 1 of the players decide to form a coalition to set their strategies

together in order to maximize joint profits, e.g., they decide to form a cartel. Let 2

represent the other players. If the decision of joint maximization is common knowl-

edge, then the coalition game can be studied as a new game where players perceive

the following payoffs

Π (a−) =
P

∈1  (a−) if  ∈ 1

Π (a−) =  (a−) if  ∈ 2

 (3.4)
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Since increasing differences are preserved by addition, the new game (Π;  ∈ )

also satisfies Def. 1. In addition, we observe that

Π (a−)−Π (
0
 a−) =

 ( a−)−  (
0
 a−) +

X
∈1 6=

£
 (a−)− 

¡
a

0
−
¢¤

(3.5)

Π (a−)−Π (
0
 a−) =  (a−)−  (

0
a−) (3.6)

for players in 1 and 2, respectively. Let us assume   0 If the game has positive

externalities, then (3.5) is higher than (3.6), i.e., the marginal returns of increasing

own action are higher for the players in the coalition as compared to the others.

Denoting by  a coalition member and by  a player outside the coalition, the last

observation implies that  ≥  (  ) according to Def. 2 when the externalities are

(strictly) positive. Since the opposite is true when the externalities are negative, the

same holds if we revert the names of the players. The next proposition uses the results

in Section 3.2 to compare the equilibrium strategies of players inside and outside the

coalition, and then contrasts their relative performance.

Proposition 34. In the coalition game with positive (negative) externalities, the

members of the coalition select, at the extremal equilibria, higher (lower) actions than

the other ones. Moreover, the profits of any coalition member are lower than the prof-

its of any player outside the coalition irrespective of the nature of the externalities.

If the externalities are strict, these results hold at any pure strategy equilibrium.

The first statement follows directly from Theorem 33. To show that a member

outside the coalition gets a higher payoff when the externalities are positive, observe

he shares (− 2) adversaries with the coalition members and faces the same actions
with respect to them. The extra competitor is a coalition member that selects a strat-

egy higher than his, and the opposite is true for the players in 1. Since payoffs have

positive externalities in other players’ strategies, the reward of a player outside the
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agreement is always higher than that of a coalition member. The result follows be-

cause non-coalition players establish strategies at their individual payoff-maximizing

level, while the others do not. The fact that a non-coalition member gets a higher

payoff when the externalities are negative, follows by a similar argument.

This result can be used to generalize one of the outcomes of Davidson and De-

neckere (1985). They study incentives to merge when firms that produce symmetric

differentiated products engage in price competition, and show that mergers are ben-

eficial to all firms, but non-coalition members take a free ride and earn larger profits

than the coalition members. Their model assumes constant marginal costs, continu-

ously differentiable demand functions that increase in other firms’ prices and decrease

in own prices, and strictly concave profits that lead to single-valued best-responses.

Since the nature of competition is Bertrand with differentiated goods, it is well-known

that (under a wide range of demand specifications) the game is supermodular with

positive externalities and their first statement follows directly from the main Theorem

of [Milgrom and Roberts (1990), Theorem 6]. Proposition 34, based on Theorem 33

above, shows their second statement can also be attained with much weaker condi-

tions.

3.3.2 Oligopolistic Competition with Differentiated Costs

This application compares firms’ equilibrium strategies and profits as a consequence

of differentiated costs of production, that might be due to differentiated taxes.

Consider a set  = {1 2 } of firms that compete in prices. The payoff function
of firm  is

Π (p−) = ( − ) (p−) (3.7)

where p− denotes the vector of other firms’ prices, and  (p−) represents the

demand function of firm  Without loss of generality, we restrict  to some interval

[ ]. We assume the function  (p−) has increasing differences in ( ) for
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any firm  different from ; is decreasing and upper semi-continuous in ; and is

increasing in , i.e., products are gross substitutes. We further suppose the -goods

are symmetrically differentiated. All these conditions guarantee ([ ] Π;  ∈ ) is

a supermodular game that satisfies Def. 1.5

Let us assume ( − ) (p−) ≥ (0 − ) (
0
p−) with   0 Since

 (p−) decreases in , if the last condition is satisfied for some  it is also true

for a firm that has higher per-unit costs. In addition, the constraint set [ ] is

ascending in  and then [ ] ≥ [
0
 ] for all  ≥ 0. Assuming that firm  has

higher per-unit costs than firm , the last observations imply that  ≥  according to

Def. 2. Therefore, we can use Theorem 33 to confirm that, at the extremal equilibria,

the firm with higher per-unit costs sets a higher price. The next proposition captures

this statement, and compares firms’ relative profits.

Proposition 35. If firms  and  satisfy   , then the price of firm  is higher

than the price of firm  at the extremal equilibria. Moreover, the profits of the higher

cost firm are lower.

As we just mentioned, the first proposition follows by Theorem 33. The fact that

firms with higher per-unit costs make less profits follows from two sources. First,

per-unit costs have a direct negative effect on firms’ own payoffs. Second, low cost

firms set lower prices than high cost firms and (since the goods are gross substitutes)

this benefits the former firms and makes the latter ones worse-off.

5This game is also a game with strategic complementarities if log [ (p−)] has increasing

differences in ( ) for any firm  different from , where log stands for natural logarithm. When

 (p−) is differentiable in , the last condition is equivalent to the property that each firm’s

price elasticity of demand is a decreasing function of the prices of the other firm’s products–see

Topkis (1998).
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3.3.3 Biased Perceptions: Optimistic, Pessimistic and Realistic Players

Consider a game with symmetric payoffs, where each player  chooses an action 

from a compact chain  which is common to all of them. His payoff is given by

 (a− ) : ×A− × Ω→ R (3.8)

where a− ∈ A− ≡ −1 denotes the vector of other agents’ actions and  ∈ Ω ⊆ R
is a payoff relevant parameter. Assume  ( a− ) is upper semi-continuous in

 for a− fixed; is quasisupermodular in ; and has the single-crossing property in

(;a− ) 

Although all the individuals share the same payoffs, they differ in the way they

perceive the payoff relevant parameter. Specifically, player  believes the value of 

is given by  =  +   where   ∈ [   ] ⊆ R and   0   Optimistic players

overestimate , i.e.,    0; realistic players asses  correctly, i.e.,   = 0; and

pessimistic players underestimate the parameter, i.e.,    0

Substituting  by   in (3.8), player ’s perceived payoffs are given by

Π (a−  ) =  ( a−  +  )  (3.9)

These conditions describe a game with strategic complementarities that satisfies Def.

1. In addition, since  has the single-crossing property in (;), the next condition

is satisfied, for all   0 and all     0,

Π ( a− 
0
)−Π (

0
 a− 

0
) ≥ 0 =⇒ Π (a−  )−Π (

0
a−  ) ≥ 0

In words, if a player of a given type prefers a higher action, so does a player with a

higher type. Thus, we can use Theorem 33 to compare the behavior of optimistic,

pessimistic and realistic players at the extremal equilibria. Moreover, if players’

actions have either positive or negative externalities on other players’ payoffs, we

can also rank their true rewards [ ( a− ) ;  ∈  ].
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Proposition 36. In the game with biased perceptions, at the extremal equilibria, opti-

mistic players select higher actions than realistic players, and realistic players choose

higher actions than the pessimistic ones. If there are positive externalities, realis-

tic players outperform optimistic players; if the externalities are negative, realistic

players outperform the pessimistic ones.

The first statement follows directly from Theorem 33. To see that a realistic

player outperforms any optimistic one if the externalities are positive, notice he shares

(− 2) competitors with the second one and therefore faces the same actions with
respect to them. His extra rival is an optimistic player that selects a strategy higher

than his, and the opposite is true for the optimistic player. Since players’ strategies

have positive externalities on other players’ payoffs, then realistic player’s true payoff

is higher than that of the optimistic one. The result follows because optimistic players

do not set strategies at their individual payoff-maximizing level, while realistic players

do. A similar argument applies to the case of negative externalities.

This result has implications for the dynamic evolution of preferences. Recent stud-

ies suggest that individuals within a generation behave rational with respect to the

inherited preferences, but that the distribution of preferences across the population

changes from one generation to the next under the pressure of differential material

rewards–see, e.g., Kockesen and Ok (2000). According to our analysis, if the game

has positive externalities then optimistic players have less chances to survive in the

long run as compared to the realistic players. If the externalities are negative the

chances to survive are lower for the pessimistic players as compared to the realistic

ones.6

6Our conlusion differs from the analysis in Heifetz, Shannon and Spiegel (2007), as they consider

a strategic evolution of preferences where players select own types as a best-response to the types

selected by the others.
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3.4 Concluding Remarks

This paper describes the Nash equilibria of asymmetric games with strategic comple-

mentarities. We model heterogeneity via a partial order on the set of players. This

order is based on a single-crossing property on players’ marginal returns to increase

own actions. We show that this particular type of differentiation maps into inequal-

ity restrictions on players’ equilibrium choices. In many situations of interest, this

outcome facilitates the comparison of their corresponding payoffs.

Theorem 33 requires a complete order on the strategy spaces of the players, which

reduces the applicability of these ideas to multi-action settings. It can be easily shown

that this constraint is, in some sense, critical to the resulting conditions. We offer

three applications of our result, and believe the idea might result useful in other

models of behavioral economics.

3.5 Proofs

Proof of Lemma 32: Given any strategy profile a− ∈ A−, let  (a−) denote the
best-response correspondence of player  in  , that is,

 (a−) =

½
 ∈  :  ∈ arg max

0∈

Π (
0
 a−)

¾
 (3.10)

We denote by b (a) ≡ ( (a−) ;  ∈ ) the best-response correspondence of all players

to a given profile of strategies a ∈ A = ΠWe say that a
∗ is a pure strategy Nash

equilibrium if and only if

a∗ ∈ b (a∗) ≡ £1 ¡a∗−1¢× × 
¡
a∗−

¢¤
 (3.11)

Milgrom and Shannon (1994) show that any game with ordinal strategic complemen-

tarities has a maximal and a minimal equilibrium, a∗ and a∗, with

a∗ = sup
©
a ∈ A : b (a) ≥ aª and a∗ = inf {a ∈ A : b (a) ≤ a} 
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Here b (a) and b (a) indicate the largest and the smallest (coordinatewise) elements

of b (a).

We break the proof in three parts, each of which covers one of the statements in

Lemma 32.

[1] If players   ∈  satisfy  ≥ , then at a∗ the inequality ∗  ∗ is not

possible

The proof follows by contradiction, then assume ∗  ∗  Since  ≥ , 
∗
 ∨ ∗ =

∗ ∈  and ∗ ∧ ∗ = ∗ ∈ , which means the strategy selected by player  is

feasible for player  and, vice-versa, the strategy selected by player  could have been

chosen by player .

As a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
. In addition, since

player ’s payoff has the single-crossing property in (;a−) and ∗  ∗ it follows

that Π

¡
∗  

∗
  a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
 Then we can use condition (3.1) to state

Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
=⇒ Π

¡
∗  

∗
  a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
 (3.12)

Since a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≤ Π

¡
∗  

∗
  a

∗
−
¢
 Combining this re-

sult with (3.12) we get Π

¡
∗  

∗
 a

∗
−
¢
= Π

¡
∗  

∗
  a

∗
−
¢
, which means that ∗

and ∗ are both player ’s best-responses to ∗ . This contradicts the fact that

a∗ = sup
©
a ∈ A : b (a) ≥ aª. Then ∗  ∗ is not possible.

[2] If players   ∈  satisfy  ≥ , then at a∗ the inequality ∗  ∗ is not

possible

Consider next the lowest equilibrium a∗, and assume ∗  ∗ . Since  ≥ ,

∗ ∨ ∗ = ∗ ∈  and ∗ ∧ ∗ = ∗ ∈ 

As a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
  a

∗
−
¢
. In addition, since

player ’s payoff has the single-crossing property in (; a−) and ∗  ∗ it follows (by

the contrapositive) that Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
  a

∗
−
¢
 Using the contrapositive
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of condition (3.1) we get

Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
  a

∗
−
¢
=⇒ Π

¡
∗  

∗
  a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
 (3.13)

Since a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≤ Π

¡
∗  

∗
 a

∗
−
¢
 Combining this re-

sult with (3.13) we get Π

¡
∗  

∗
 a

∗
−
¢
= Π

¡
∗  

∗
  a

∗
−
¢
, which means ∗ and

∗ are both player ’s best-responses to ∗ . This contradicts the fact that a
∗ =

inf {a ∈ A : b (a) ≤ a}. Then ∗  ∗ is not possible.

[3] If players   ∈  satisfy    or ( ≥  and their best-responses are

single-valued), then at any a∗ the inequality ∗  ∗ is not possible

Consider any equilibrium profile a∗ and assume ∗  ∗  Since  ≥ , 
∗
 ∨ ∗ =

∗ ∈  and ∗ ∧ ∗ = ∗ ∈ 

As a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
. In addition, since

player ’s payoff has the single-crossing property in (;a−) and ∗  ∗ it follows

that Π

¡
∗  

∗
  a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
 If condition (3.2) is satisfied, then

Π

¡
∗  

∗
  a

∗
−
¢ ≥ Π

¡
∗  

∗
  a

∗
−
¢
=⇒ Π

¡
∗  

∗
 a

∗
−
¢
 Π

¡
∗  

∗
 a

∗
−
¢
 (3.14)

Since a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≤ Π

¡
∗  

∗
  a

∗
−
¢
which contradicts

(3.14). If condition (3.1) is satisfied, then

Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
=⇒ Π

¡
∗  

∗
 a

∗
−
¢ ≥ Π

¡
∗  

∗
 a

∗
−
¢
 (3.15)

Since a∗ is an equilibrium, Π

¡
∗  

∗
 a

∗
−
¢ ≤ Π

¡
∗  

∗
 a

∗
−
¢
 Combining this result

with (3.15) we get Π

¡
∗  

∗
 a

∗
−
¢
= Π

¡
∗  

∗
 a

∗
−
¢
, contradicting the fact that

best-responses are single-valued. Then ∗  ∗ is not possible. Q.E.D.

Proof of Theorem 33: If  is a chain then  is completely ordered by ≥ for all
 ∈  , and the results follow directly from Lemma 32. Q.E.D.
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Chapter 4

Treatment Response with Social Interactions:

A Nonparametric Approach to Partial

Identification

4.1 Introduction

This paper studies partial identification of treatment response in models with endoge-

nous social interdependencies. During the last three decades, social interactions have

become an essential component of economic analysis. Activities subject to strong

social pressure include crimes, schooling, infection diseases, addictions, and fertility

decisions. Models of network goods and two-sided markets display this feature as

well.1 Despite the attention received by this kind of interdependence in many areas

of economics, just a few studies of treatment response incorporate the social dimen-

sion. Focusing on models with positive endogenous interactions, we use monotone

comparative statistics analysis to provide bounds on treatment effects.

Models of endogenous social interdependencies often start with the outline of a

system of structural equations that define the outcome of each individual as a func-

tion of a vector of observable covariates and the outcomes of the other members of the

group. The simultaneous solution to the system of equations (when it exists) is the

predicted outcome or behavior of the group members.2 Most of the research in econo-

metrics is concerned with the identification of the structural equations. Manski (2010)

1Brock and Durlauf (2001b) and Manski (2000) describe many applications of social interactions

in economics and review part of the empirical literature.
2We will elaborate on the possibility of multiple solutions (or equilibria) later.
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develops a formal language to study treatment response with social interactions, and

uses it to provide new results on identification of potential outcome distributions.

Following his idea, our objective is (partial) identification of the potential outcome

distributions under alternative treatment rules, not the structural functions per se.3

The approach we follow differs from Manski (2010) in that we impose shape condi-

tions on the primitives of the structural model, not on the reduced forms. In doing

this we provide the microfoundations for some of his novel results, and clarify the

strength of the identifying assumptions.

The basis of our model is then a system of simultaneous equations, whose solution

corresponds to the predicted outcomes of the group members. We assume the analyst

observes a vector of realized outcomes and treatments for a sample of groups in the

population. The outcomes that would have been experienced under other treatments

are counterfactual. The researcher’s objective is to mix the empirical evidence with

some plausible assumptions, to learn about the joint outcome distribution that would

occur in the study population if the groups were to receive a specific treatment.

Previous studies have required specific functional forms on the system of structural

equations. Brock and Durlauf (2001a, b, 2007), among others, develop parametric

and semi-parametric models and address point and partial (or set) identification of the

structural parameters that capture the strength of the social interactions.4 We extend

their analysis by using a nonparametric method that requires no specification of func-

tional forms. In this sense our project contributes to the literature on identification

of nonparametric simultaneous equations models [see, e.g., Matzkin (2008) and refer-

ences therein]. Identification is also often obtained via exclusion restrictions, e.g., by

3Manski (2003) offers a nice analysis of partial identification of probability distributions. Tamer

(2009) provides a recent review of partial identification in economics.
4Brock and Durlauf (2001a, b, 2007) study identification in an incomplete information model

that has multiple equilibria for some values of the relevant parameters. Moffitt (2001) and Graham

(2008) address formal identification of parametric social interaction models as well. Manski (1993)

is a direct predecessor of all these papers.
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assuming the outcome functions are statistically independent of realized treatments,

and/or by relying on random assignment of individuals to the groups. Founded on

Manski (1990, 1997, 2010), Manski and Pepper (2000, 2008), and the theory of games

with strategic complementarities, our identification strategy does not rely on these

conditions. The underlying approach is to impose minimal monotone structure to the

primitives (i.e., the structural equations) to derive sharp restrictions on the predicted

distributions in terms of stochastic dominance, by means of monotone comparative

statics. We next provide a detailed summary of our results, coupled with the related

literature.

The first two conditions we impose are as follows: the outcome of each individ-

ual increases with the outcomes of the others; and it varies monotonically with the

treatment to be received by the group. Most of the social interactions models intro-

duce these two conditions as the distinctive features of the phenomenon of interest,

so they are often easy to justify on economic grounds. By using well-known results

in economic theory, we show the last two assumptions imply clear restrictions on

the predicted outcomes. The system of structural equations leads to an increasing

function that maps possible outcomes into itself, so that the set of solutions of the

model coincides with the set of fixed points of this artificial function. By Tarski’s

Fixed Point Theorem, the first assumption guarantees the system has a minimal and

a maximal solution, i.e., the model is always coherent.5 The second restriction shifts

the function up or down, inducing the extremal solutions to vary monotonically with

the potential treatments. These two implications are akin to the main results in

the literature of supermodular games [see, e.g., Milgrom and Roberts (1990), Topkis

(1979) and Vives (1990)]. This paper provides a tractable econometric framework and

an appropriate deterministic equilibrium selection rule, which translate the monotone

comparative statics result into sharp distributional bounds for the potential outcomes

5Models of interdependent equations for which a solution exists are often named consistent or

coherent by the econometric literature.
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given observable data.

Manski (1990, 1997) derives nonparametric bounds on treatment effects by ex-

ploiting natural outcome limits and monotone shape restrictions in settings where a

person’s outcome varies only with his own treatment (i.e., SUTVA).6 Manski (2010)

generalizes that analysis to settings with exogenous social interactions, that is, models

where the outcome of each individual varies not only with his own treatment but also

with the treatments of the other members of his group. The result described in the

previous paragraph further extends Manski (2010) to settings with endogenous in-

terdependencies through a game theoretic approach, providing the microfoundations

for some of his novel results. In doing this, we shed extra light on the strength of

the identifying restrictions, e.g., on the equilibrium selection mechanisms that allow

counterfactual predictions when the underlying model has multiple solutions.

So far, the monotone assumptions discussed above restrict the response function of

each member of the group, but they are silent with respect to the process of treatment

selection. Many studies have established identification results by assuming the out-

come functions are statistically independent of realized treatments. This assumption

is often hard to validate. Manski and Pepper (2000, 2008) weaken that restriction

by assuming the outcome functions are stochastically increasing in the realized treat-

ments.7 We generalize their findings to nonparametric models with endogenous social

interactions. From a theoretical standpoint, this extension requires the comparison

of equilibrium outcomes for different groups, for which we follow the methodology

proposed by Amir (2008) to contrast Nash equilibria of different games. Our results

differ from Amir (2008) in that we need to compare the equilibria of two sets of games,

not just two games. This requirement introduces major difficulties into the analysis,

6In the treatment response literature SUTVA stands for Stable Unit Treatment Value Assump-

tion.
7Brock and Durlauf (2007) use a similar idea to address partial identification of a model with

social interactions in a semi-parametric framework.
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and has not yet been developed. Here again, we impose the monotone conditions

on the primitives of the model, and derive an implication on the potential outcome

distributions that is similar to the main assumption in Manski and Pepper (2000,

2008). We then formalize the identification power of the third shape restriction.

We develop the identification results for two alternative social interaction mod-

els. In the first set-up we study small groups, where each member has a distinctive

role, e.g., men and women in married couples. Since interdependencies among out-

comes within a group may be important for the researcher, here the interest is on

the joint outcome distribution that would occur if all the groups were to receive a

specific treatment. The notion of treatment we use is general enough to indicate, for

instance, a different policy for members that have distinct roles. The second set-up

is appropriate to study large neighborhoods with anonymous social interactions, that

is, models where each individual assigns an identical weight to the outcomes of every

other member of the same group. In this case, the attention is on treatment response

at the individual level across all the groups in the population.

An additional contribution of our study is to develop a flexible and tractable

probabilistic framework for the model. We typify groups through relevant features of

the group members, and relate the distribution of types of groups to the underlying

process of group formation.8 Economists and sociologists have long observed that

individuals choose friends who have socioeconomic profiles similar to their own [see,

e.g., Manski (1993)]. Our probabilistic framework can accommodate this and other

possibilities, and the identification results are robust to various matching mechanisms.

We illustrate our results by studying the effect of police per capita on crime rates in

the state of New York (NY), showing that the discussed monotone conditions provide

quite valuable information. In this analysis, the outcome of interest is the fraction of

8Manski (2007) shows how to predict counterfactual discrete choice behavior when the behavioral

model partially identifies the choice probabilities; to this end, he models discrete choice as treatment

response. We use a similar approach to typify groups in the population.
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people that would commit a crime in NY state at alternative levels of police per capita

(i.e., at different treatments). The results show that by adding monotone treatment

response and monotone treatment selection to the positive endogenous interactions

restriction, the identification area for the outcome of interest drastically shrinks, i.e.,

the predictions become quite informative. Our data source is the Uniform Crime

Reporting (UCR) program of the FBI for the year 2008 [similar data are used by

Glaeser, Sacerdote, and Scheinkman (1996)].

The rest of the paper is organized as follows. Section 4.2 presents an initial

example that motivates the rest of the paper. Sections 4.3 and 4.4 study identification

of social interaction models for small and large groups, respectively. Section 4.5

describes an empirical application of our results to crime rates and social interactions

in NY state. Section 4.6 discusses a relevant extension of the methodology, and

Section 4.7 concludes. We collect all the proofs in Section 4.8.

4.2 An Initial Example

This section studies a model similar to the one in Becker (1991) and Becker and Mur-

phy (2000). The example highlights the distinctive features of the interactions-based

models that justify our approach, and helps us to contrast the classical (econometric)

identification objective of previous analysis with ours.

Each person  ∈  decides whether to go to a popular restaurant. Here the

treatment is the price he would pay for the service, and the outcome () is a yes/no

indicator taking the value one or zero. A consumer’s demand for the good depends

on the price, and the decisions by the other members of his group of reference. The

latter is the source of endogeneity. Consumer  maximizes his utility considering as

given the behavior of the others. His demand for the good takes the form

 = 
£
 (1 ||)P∈ 

¤
,  ∈  (4.1)
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where  is a potential price for the service and (1 ||)P∈  is the average of the

decisions selected by all members of the same neighborhood. In this model || is
assumed to be large enough that changes in any  hardly affect the average of the

choices.9 An equilibrium in this market is a solution to the system of equations (4.1)

y () ≡ [ () ,  ∈ ] (4.2)

where  () is the predicted decision of consumer  in  for a potential price .

In each neighborhood  that has a branch of the popular restaurant, transactions

take place at some realized price   The empirical evidence consists of vectors of prices

and individual demands [(y)  ∈ ], where  indicates a particular neighbor-

hood and  is the set of all neighborhoods in the sample. The analyst objective

is to combine the empirical evidence with some initial assumptions to learn about

the distribution of individual demands that would occur (in the study population)

if the groups were to receive a specific price , i.e.,  [ ()]. (This model can easily

accommodate price discrimination across consumers.)

The simultaneous equations of system (4.1) are the primitives of the structural

model. Without further constraints, system (4.1) might have multiple solutions or no

solution. Tamer (2003) has named cases of multiple solutions as incomplete models;

models with no solution have no prediction power. Previous analysis have posed

specific functional forms on the system of structural equations

 = 1
£
1 + (2 ||)

P
∈  +  ≥ 

¤
,  ∈  (4.3)

where 1 () is the standard indicator function, and  is a random term that differen-

tiates individuals. Brock and Durlauf (2001a, b, 2007), among others, address point

and partial (or set) identification of the structural parameter 2 that captures the

9This assumption is sustained in Section 4.4 below. It simplifies the theoretical analysis without

changing the nature of the results in any fundamental way.
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strength of the social interactions.10 Awareness of the parameters and the distri-

bution of latent variables (i.e., ) imply knowledge of the demand functions, and

this information permits counterfactual predictions of individual demands for differ-

ent prices. If the parameters are only partially identified, or the equilibrium is not

unique, then the predictions may comprise a set of possible outcome distributions.

These procedures work when the maintained parametric forms approximate well the

true demand functions. As we describe next, we use a nonparametric approach that

combines economically meaningful assumptions on (4.1) with data to derive distribu-

tional bounds on the potential outcomes for treatments (i.e., prices in this example)

that may differ from the realized ones.

In this application there are two natural assumptions on the system of structural

equations: individual ’s demand increases with the decisions of the other mem-

bers of his group [positive endogenous interactions (PEI)]; and individual ’s demand

is a downward sloping function of the market price [monotone treatment response

(MTR)].11 The motivation for the first condition may be that a person wants to con-

form with others due to peer pressure or social influence, or because he thinks that

people go to the popular restaurant because it has good quality food. The second

condition is quite convincing, given the nature of the service we are studying.12

Using existing results in economic theory we show that the last two assumptions

10This example deviates from Brock and Durlauf (2001a, b, 2007) in many respects. It is, nev-

ertheless, the simplest possible representation to clarify how our approach differs from the classical

one.
11Molinari and Rosen (2008) take advantage of similar properties to show how the analysis of

Aradillas-Lopez and Tamer (2008) on the identification power of equilibrium in games can be ex-

tended to supermodular games. We make use of these constraints for a different purpose.
12The analyst observes realized prices and quantities in different neighborhoods, and uses the two

described assumptions to make inference on the counterfactual demands. Since these assumptions

are valid irrespective of the behavior of the firms in the market, his predictions are independent of

the shape of the supply functions.
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imply clear restrictions on the demands at equilibrium. First, for each given neigh-

borhood, the system of structural equations has a smallest and a largest solution.

Second, the extremal equilibrium demands decrease in the potential treatment .13

This paper provides a probabilistic framework and an appropriate equilibrium selec-

tion rule, that translate the comparative statics result into sharp implications on the

distribution of potential outcomes, or demands,  [ ()]. That is, we identify two ex-

treme distributions that are function of the observable data, so that any distribution

in between cannot be rejected as the true one. The endpoints of the identified area

usually differ, so  [ ()] is typically only partially identified.

The two discussed conditions assume nothing about the process of treatment selec-

tion, i.e., price determination. However, in the present analysis it would be reasonable

to think that the owner of the restaurant is more likely to set higher prices to those

neighborhoods with stronger demands [monotone treatment selection (MTS)]. This

paper shows that PEI and MTS also lead to a sharp identification region for  [ ()]

in terms of stochastic dominance. This inference approach is quite different from the

previous one (based on PEI and MTR), as it relies on the use of realized treatments

as monotone instrumental variables.

The next analysis formalizes and extends all previous ideas. Sections 4.3 and

4.4 establish regions of identification for the distribution of potential outcomes in

frameworks where groups are small and large, respectively. The restaurant example

is closer to the second setting.

4.3 Model of Social Interactions where Identities Matter

This section addresses identification of treatment response in situations where groups

are small (S), and each group member has a distinctive role. Models of decisions of

13Although the model here is similar to Becker (1991) our implications differ from his results

because he also assumes a vertical supply function and studies price determination.
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married couples, soccer teams, and pairs of patients and doctors fit in here.

4.3.1 Econometric Framework and the Analyst’s Problem

We model a population  that is partitioned into a finite set of classes , labelled

1 2  ||, i.e.,  ≡ ¡1 2  ||¢ with  as a typical element of  for some  in 
Each group is composed of a set of || individuals, one of each class. For instance, in
a model of marital decisions a group could be defined as a married couple and classes

may refer to gender.

Let  ∈  indicate a potential treatment to be received by a group . Here

 could be a vector that specifies a different policy for individuals that belong to

different classes. The behavior or achievement of individual  in  depends on the

treatment and the behavior of the other members of his group of reference

 =  (y−) ,  ∈  (4.4)

where  is the behavior or achievement of individual  in group , and y− ≡
[   ∈  6= ]  The simultaneous solution to the system of structural equations

(4.4)

y () ≡ [ () ,  ∈ ] ∈  || (4.5)

is the vector of potential outcomes for treatment . Throughout, we condition social

interactions to occur within reference groups, and assume group membership is known

to the econometrician.

We next describe the probabilistic framework we use. The distributional assump-

tions we impose incorporate two dimensions: we first typify groups through the out-

come functions of their members, and then relate the distribution of types of groups

to the underlying process of group formation. The next example sheds light on the

main insights of the general approach that we describe afterwards.
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Example 37. Let us consider a population that has six people, three of which are

boys and three are girls, i.e.,  ≡ (1 2) where 1 = (11 21 31) is the set of boys and
2 = (12 22 32) is the set of girls. We define a group as a dating couple, and describe

a scenario of a tobacco prevention program and smoking decisions.

Let each member of a dating couple decide whether to smoke. The treatment takes

a value of one if the couple receives information about the risks of smoking, and zero

otherwise. An individual’s decision about smoking depends on the treatment received

and the smoking decision of his partner. In terms of our notation,  = {0 1},
 = {0 1} and  :  ×  →  with  = 1 2 3 and  = 1 2

We categorize individuals and couples through their outcome functions, that is, in

terms of the way they react to their treatments and partner’s decisions.14 According

to this criterion, we have 24 (or 16) possible kinds of people–for each of the four

possible configurations of treatments and partner’s decisions there are two possible

decisions to make–and thereby 162 (or 256) types of dating couples.

Let us assume the population of interest has outcome functions as the ones de-

scribed in Figure 4.1 below. In its tables, 1 and 2 indicate the outcome that the jth

boy and girl, respectively, would select under each of the four possible configurations

of treatments and partners’ decisions. For instance, the one in square brackets means

that the second boy would smoke if he does not receive information about the risks of

smoking and his girlfriend smokes.

Note that the population described in Figure 4.1 involves only two kinds of girls and

boys–out of the possible 16–and thereby four types of couples–out of the possible

256. The fraction of couples that will actually belong to each type will depend not only

on the smoking preferences of the individuals in the population, but also on their dating

preferences. Let us assume, for instance, that these individuals prefer to date rather

14This example restricts the social interactions to occur within couples. Although reference groups

could be defined in many other ways, its purpose is to provide insights about our probabilistic

framework. So we preferred to keep the example as simple as possible.



129

Figure 4.1. Population Structural Functions

than remaining alone, and to share their time with other individuals with similar

smoking tastes. In this case, two out of the three couples will have members that will

smoke if and only if they are uninformed and their partners smoke, and the other one

will have members that will smoke if and only if their partners smoke irrespective of

the treatment. The other two types of groups involve members with different outcome

functions, and have no chance to be formed given the assumed dating preferences.

Let us formalize the idea in Example 37. In the system of equations (4.4), the

structural function  specifies the outcome that individual  would experience when

facing any potential treatment and any vector of outcomes by the other members of

the same group. Within each class two distinct agents may differ with respect to

their structural equations, that is, individuals may react likewise or differently to the

same incentives. For instance, in Example 37, the outcome functions of the first and

the second boy are equal to each other but differ from the structural function of the

third one. In this study, we assume the cardinality of  and  is at most countable.15

Hence, there are countably many distinct structural equations within each class, and

countably many different systems of structural equations (4.4) that can describe a

group. When we say a group is of type  we mean its members have structural

equations f (y) ≡ [ (y−) ,  ∈ ], with  :  ×  ||−1 →  for  ∈ . We let

15Our results extend to uncountable sets up to measurability considerations. Manski (2007) uses

a similar approach to develop partial identification of counterfactual choice probabilities.
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 indicate the set of possible types of groups. In Example 37 there are 256 types of

groups, i.e.,  = {1 2  256}.
The relative proportion of different agents within each class, and the underlying

matching process of individuals across classes define the distribution of types of groups

in the universe of groups U . Let  denote the fraction of groups which are of type ,
so that π ≡ (  ∈ ) is the discrete distribution of types in the population As an

example of why the underlying sorting mechanism matters, note that economists and

sociologists have long observed that individuals choose mates who have socioeconomic

profiles similar to their own. If this hypothesis were true and we were interested in

the decisions of married couples, we should then expect a high proportion of spouses

in the population with very similar structural functions, that is, that respond alike

when facing the same incentives. Marked differences between spouses would be more

often observed if men and women were, alternatively, randomly paired. In Example

37, the distribution of types could be described by π = (23 13 0  0) where π

has 256 elements.

This study assumes group formation is exogenous to the model, in the sense that

potential treatments do not affect the distribution of types of groups, π.16 Neverthe-

less, realized treatments may provide rich information about the type of groups that

could have generated the data. The informational content of realized treatments is

nicely captured by the restaurant example in Section 4.2. In that case, it is reason-

able to think that potential prices do not affect the composition of the neighborhoods.

However, the owner of the restaurant may set larger prices in those areas that have

higher willingness to pay. Then realized prices could help the analyst to infer some

relevant features of the neighborhoods under study.

16Manski (2010) describes a similar condition by saying that reference groups are treatment-

invariant. He adds that under the latter condition groups of reference are necessarily non-

manipulable, in the sense that the social planner cannot use the treatments in  to change a person’s

group of influence.
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From the last remark it follows that [(f )   ∈ ] characterizes the universe

of groups, U , in the study population. Groups of the population have observable
realized treatments  and outcomes y ≡

³
1  


2   


||

´
. Let [(y)  ∈ ]

denote the empirical evidence. The outcomes that would have been experienced

under other treatments are counterfactual. The researcher’s objective is to mix the

empirical evidence with some plausible assumptions, to learn about the joint outcome

distribution that would occur if the groups were to receive a specific treatment , i.e.,

 [y ()] where y () ≡ £1 ()  2 ()   || ()¤ is an ||-dimensional random vector

Example 38. A model as the one described can be used to study retirement decisions

of husbands and wives. Here 1 may indicate the set of men and 2 the set of women,

with the universe of groups U defined as the set of all married couples in . Let

the outcome of interest be the retirement age, and let the treatment be either the

income tax or the cost of Social Security benefits. Many studies argue that endogenous

interactions are important within couples as spouses will obtain greater pleasure from

retirement if they retire together.17

The next sub-section studies the identification power of monotone shape restric-

tions that are naturally satisfied in many social-interactions models.

4.3.2 Identification Region for  [y ()]

Sub-sections 4.3.2, 4.3.2 and 4.3.2 impose three alternative conditions on the prim-

itives (i.e., the structural equations) to derive distributional bounds for  [y ()] in

terms of stochastic dominance. Sub-section 4.3.2 briefly discusses an estimation strat-

egy for the identified endpoints.

17de Paula and Tang (2010) propose a new test for the signs of interaction effects, and use it to

provide evidence of positive interaction effects in couples’ joint retirement decisions.
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Coherence of the Model This sub-section starts by establishing a condition on the

primitives that guarantees coherence of the model or equilibrium existence. We then

relate the distribution of potential and realized outcomes to the model predictions.

Having described these distributions, we follow the identification strategy of Manski

(1990) to provide sharp bounds for  [y ()]. The identification area we derive is the

building block for the results in the next two sub-sections.

The framework in Sub-section 4.3.1 only conditions social interactions to occur

within the reference groups. Without further restrictions, the system of structural

equations (4.4) might have multiple solutions or no solution. The next assumption

imposes a shape restriction on (f  ∈ ). This single condition precludes the possi-

bility of incoherence.

Assumption PEI(S) Let  ⊆ R be compact. Let yy0 ∈  ||−1. Then

y ≥ y0 =⇒  (y) ≥  (y
0) (4.6)

∀ ∈  and ∀ ∈  This condition holds for all  ∈ 18

Condition PEI(S) requires the outcome of each individual to increase with the

vector of outcomes by the other members of the same group, i.e., positive endogenous

interactions. It also demands the set of feasible outcomes to be a compact subset of

the real line. For further reference, the minimum and maximum of  are denoted 

and  respectively. This is a standard assumption, often found in the empirical and

theoretical literature about social interactions.

Within the broad range of models that satisfy the last condition, we distinguish

two cases of particular interest. The first one encompasses the supermodular games,

18In Sub-section 4.3.1 we already assumed  is countable. Assumption PEI(S) imposes further

structure on the outcome set. While the restrictions in assumption PEI(S) are required by the

theoretical methodology we use, the previous condition is mainly imposed to simplify the exposition

(i.e., to avoid the use of measure theory).
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which are games where the complementarities in the payoffs translate into best-replies

that increase in each rival’s action. In this case the system of structural equations

(4.4) should be interpreted as players’ best-response functions. In Example 38, the

hypothesis that spouses obtain greater pleasure from retirement if they retire together

is consistent with the basic restriction maintained in this class of games. The second

kind includes models with positive externalities, in which the interactions occur at the

level of payoffs, e.g., peer effects in the classroom [see Graham (2008) and Hahn and

Hirano (2009), among others]. In this second case the system of structural equations

(4.4) should be understood as agents’ payoffs or achievements.

The next lemma uses assumption PEI(S) to state equilibrium existence, and de-

scribes the set of solutions when the model is incomplete. In Lemma 39, smallest and

largest mean coordinatewise smallest and largest.

Lemma 39. Assume PEI(S) holds, then the system of structural equations f has a

smallest and a largest solution for all  ∈  and for all  ∈ .

The system of structural equations leads to a function that maps possible outcomes

into itself, so that the set of solutions of the model coincides with the set of fixed points

of this artificial function. Assumption PEI(S) guarantees this function is increasing,

and then the proof of Lemma 39 follows directly from Tarski’s Fixed Point Theorem

[see Section 4.8 (Proofs)]. Although the requirements of Tarski’s theorem are satisfied

in many social-interactions models, most of the empirical analysis imposes continuity

on the system of structural equations to show existence via Brower’s fixed point

theorem. Exceptions to this approach are Ackerberg and Gowrisankaran (2006) who

establish existence by invoking results related to the literature of supermodular games,

as we do here.19

Let the symbol  ( ) denote the set of solutions (or fixed points) to system f

19See also Jia (2008) for an empirical IO study that relies on Tarski’s theorem, and De Paula

(2009).
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for a potential treatment . Lemma 39 states that  ( ) is non-empty, and has

a smallest and a largest vector for all ( ) ∈  × . We restrict attention to

deterministic equilibrium selection rules, that are allowed to depend on both  and

.20 We let y () indicate the element of  ( ) that is selected by a type- group

when it receives a specific treatment . It is readily verified that under these conditions

the probability that the joint vector of potential outcomes falls in a set  ⊆ R|| is
given by

 [y () ∈ ] =
P

∈ 1 [y () ∈ ]. (4.7)

The observation set [(y)  ∈ ] may entail different realized treatments

Let | indicate the fraction of groups in U which are of type  conditional on  , and
let  () denote the distribution of realized treatments across groups. Here we make

the convention that | ≡ 0 if the conditioning event does not hold. The probability
that the joint vector of realized outcomes falls in a set  ⊆ R|| is given by

 (y ∈ ) =
P

∈  (y ∈ | = ) ( = ) (4.8)

where  (y ∈ | = ) =
P

∈ 1 [y () ∈ ]|= Then  (y) is a mixture of the

distributions of realized outcomes for different realized treatments, with  () as the

mixing probability function.

The research objective is inference about the outcome distribution  [y ()] that

describes treatment response across groups. The problem of identification is captured

by the next identity

 [y ()] =  [y () | = ] ( = ) +  [y () | 6= ] ( 6= ) . (4.9)

Given the sustained assumptions, the equality (4.9) follows by the Law of Total Prob-

ability.21 The empirical evidence reveals  [y () | = ] =  (y | = ),  ( = ), and

20Section 4.6 discusses a possible extension of our model to a stochastic equilibrium selection

device.
21Manski (2003) uses this kind of decomposition to explain the anatomy of the problem of inference

in alternative settings, e.g., the problem posed by missing data.
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 ( 6= ).

The sampling process alone remains silent about the potential outcome distribu-

tion for those groups that have realized treatments different from the potential one,

i.e.,  [y () | 6= ]. However, by assumption PEI(S), the set of possible vectors of

outcomes is bounded from below and above by  || and 
||
respectively. Then the

degenerate distributions 
³
 ||

´
and 

³

||´

are sharp lower and upper distri-

butional bounds for the counterfactual distribution  [y () | 6= ]. Manski (1990)

examines identification of treatment response in individualistic models where out-

comes are naturally bounded. Having justified the existence of  [y ()] in our set-up,

the result that follows is a straightforward application of his route for inference.

Let 4 || denote the set of multivariate distribution functions that are in line

with the nature of  ||, and let the Greek letter  stand for the set of distributions

that are consistent with the initial assumptions given the empirical evidence, i.e., the

identification region for  [y ()]. From the previous analysis it follows that  [y ()]

lies in the identification area described in the following proposition, which is expressed

in terms of stochastic dominance (st).22

Proposition 40. Assume PEI(S) holds. Then,

 { [y ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 || :

 (y | = ) ( = ) + 
³

||´

 ( 6= )

≥  ≥

 (y | = ) ( = ) + 
³
 ||

´
 ( 6= )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.10)

for all  ∈  . These bounds are sharp.

The endpoints of (4.10) coincide with one another only in exceptional cases, thus

 [y ()] is typically only partially identified. Moreover, if  ( 6= ) = 1 the bounds

are still sharp but they are completely uninformative. The next two sub-sections

22See Section 4.8 (Proofs) for the typical multivariate characterization of the standard partial

order of stochastic dominance.
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address the identification power of two other monotone restrictions that shed extra

light on the counterfactual distribution  [y () | 6= ].

Identification Using Monotone Treatment Response The analysis that follows as-

sumes the structural equations are weakly increasing in potential treatments. Oppo-

site results apply if we reverse the signs of these effects.

Assumption MTR(S) Let  be a partially ordered set. Let  0 ∈  . Then

 ≥ 0 =⇒  (y) ≥  (
0y) (4.11)

∀y ∈  ||−1 and ∀ ∈  This condition holds for all  ∈ 

Manski (1997) introduces a monotone shape restriction to study identification in

settings where a person’s outcome varies only with his own treatment, i.e., SUTVA.23

Manski (2010) extends that analysis to settings with exogenous social interactions.

In both studies the monotone shape restriction is imposed directly on the predicted

outcomes. In this article the primitives are the structural equations, so MTR(S) is

defined on system f, and the monotone assumption sustained by Manski (1997, 2010)

derives from the statement in the next lemma.

Lemma 41. Assume PEI(S) and MTR(S) hold. Then the least and the greatest

solution vectors in  ( ) increase in , for all  ∈  and for all  ∈ .

The last result is well-known in the literature of supermodular games [see, e.g.,

Milgrom and Roberts (1990), Theorem 6]. The intuition behind the comparative

statics is nicely captured by Example 38. If the income tax increases for the spouses,

then the extra benefit of working an additional year decreases for both members of the

married couple, and they have incentives to retire earlier [this is the dual version of

23In the treatment response literature SUTVA stands for Stable Unit Treatment Value Assump-

tion.
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MTR(S)]. This first effect is reinforced then by the positive endogenous interactions:

if one of the spouses brings forward the retirement decision, then the other one has

an additional incentive to do so. As the direct effect and the indirect one act in the

same direction, then the overall effect of the policy change can be predicted at the

extremal equilibria.

Previous to examine the identification power of adding condition MTR(S), we

need to introduce another restriction.24

Assumption A.1(S) One of the following conditions holds, for all  ∈ , (i)

f ( inf  (
0 )) ≥ sup (0 ) for all  0 ∈  such that   0; or (ii) either the

smallest or the largest element of the solution set is always selected, and the selection

rule is increasing in 

This constraint needs to be justified on a case-by-case scenario. To this end the

distinction between the two kinds of models that satisfy condition PEI(S) turns out to

be extremely important. If the endogenous interactions occur at the level of actions

or strategies, then coordination among the members of a group could be a plausible

justification for assumption A.1(S)(ii), under some circumstances that we describe

below. If the endogenous interactions occur at the level of payoffs or achievements,

then coordination cannot be used to validate A.1(S)(ii). In models with positive

externalities, A.1(S)(i) is frequently (explicitly or implicitly) invoked.

Although condition A.1(S) is restrictive, it is weaker than the assumptions of-

ten used in similar analysis. When it is combined with the previous two, condition

A.1(S)(i) guarantees that for each type- group the solution set  ( ) is strongly

increasing in , in the sense that when  increases the smallest element of the new

solution set is higher than the largest element of the old one [see Echenique and

Sabarwal (2003) for a formal proof]. As a consequence, any selection of the equilib-

24The author thanks Lawrence Blume and Steven Durlauf for helping her to weaken a similar

restriction in a previous version of this paper.
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rium set  ( ) is necessarily increasing in the potential treatment, for all  ∈ .

The drawback of this condition is that it is non-primitive, i.e., to check it requires

knowledge of the extremal elements of the solution sets. It is trivially satisfied when

the solution set is a singleton, that is, when the equilibrium is unique. Uniqueness

is a common assumption in the empirical literature [see, e.g., Glaeser, Sacerdote and

Scheinkman (1996)] that would hold here if, for instance, the system of structural

equations were a contraction.

Condition A.1(S)(ii) imposes a monotone equilibrium selection rule. It is satisfied,

for example, when each type- group coordinates in the same extremal equilibria for

all  ∈  . The models discussed in this paper often allow the Pareto ranking of

the equilibrium outcomes [or, as in Brock and Durlauf (2001a), to rank equilibrium

outcomes in terms of expected welfare]. Several studies argue that when the largest

solution Pareto dominates the other ones, it may be reasonable to believe that people

will coordinate in that particular equilibrium [see, e.g., Gowrisankaran and Stavins

(2004)]. The emphasis of the literature on the extremal elements of the solution set

also relies on a simple observation: in these models the minimal and the maximal

solutions are (almost always) stable with respect to alternative adaptive dynamics,

and therefore robust under occasional perturbation [see, e.g., Brock and Durlauf

(2001a), Echenique (2002), and Milgrom and Roberts (1990)]. We next examine the

identification power of adding MTR(S) and A.1(S).

If in addition to PEI(S) and MTR(S), assumption A.1(S) is also satisfied, then

Lemma 41 implies that the predicted outcomes y () increase in . Assume these

conditions hold and consider a type- group that has empirical evidence (y). If

 ≤  then y is a sharp lower bound for y (). Otherwise, the empirical evidence

is uninformative, and  || constitutes the sharp lower bound. Alternatively, if  ≥ 

then y is a sharp upper bound for y (). Otherwise, the sharp upper bound is just

the greatest possible vector of outcomes, 
||
. Since the sustained assumptions do

not entail cross-restrictions (and  was arbitrarily chosen), this analysis extends to
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all groups in U . These observations justify the next identification region for  [y ()]
in terms of stochastic dominance.

Proposition 42. Assume PEI(S), MTR(S), and A.1(S) hold. Then,

 { [y ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 || :

 (y | ≥ ) ( ≥ ) + 
³

||´

 ( ¤ )

≥  ≥

 (y | ≤ ) ( ≤ ) + 
³
 ||

´
 ( £ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.12)

for all  ∈  . These bounds are sharp.

The multivariate standard stochastic order is closed with respect to marginaliza-

tion. Therefore, Proposition 42 also implies sharp bounds for the marginal distri-

butions of potential outcomes for those individuals that fit in any subset of classes

 ⊂  i.e.,  [y ()] where y () is the restriction of y () to . Corollary 43 (with-

out proof) captures this simple observation.25 In the next result we write  for the

set of classes in  different from those in .

Corollary 43. Assume PEI(S), MTR(S), and A.1(S) hold. Then,

 { [y (t)]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 || :

 (y| ≥ ) ( ≥ ) + 
³

||´

 ( ¤ )

≥  ≥

 (y| ≤ ) ( ≤ ) + 
³
 ||

´
 ( £ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(4.13)

for all  ∈  , where  (y| ) = y [ (y | )]. These bounds are sharp.

Proposition 42 can also be used to derive bounds for any increasing function 

from the potential outcomes y () to R (with  ≤ ||), e.g., the mean of the vector
of potential outcomes  [y ()] [see M


uller and Stoyan (2002), Theorem 3.3.11, p. 94].

Manski (1997) provides precise functional forms for many parameters that respect

monotonicity in individualistic models.

25Corollary 43 derives directly from Proposition 42, using M

uller and Stoyan (2002), Theorem

3.3.10, p. 94.
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The next sub-section introduces a third monotone restriction that allows mak-

ing counterfactual predictions for a subset of groups in the population by using the

empirical evidence of an alternative subset of groups.

Identification Using Monotone Treatment Selection Many studies have established

identification results by assuming the outcome functions are statistically independent

of realized treatments, i.e.,  [y () | = ] =  [y ()]. In our case, this condition

would be plausible if an explicit randomization mechanism had been used to assign

treatments to the groups, so that | = . This assumption is hard to justify in

many network models. Manski and Pepper (2000, 2008) weaken that restriction by

proposing a monotone constraint that fits better many applications of interest. They

assume the outcome distributions are stochastically increasing in realized treatments,

referring to this condition as monotone treatment selection (MTS). This sub-section

extends their finding to interactions-based models.

In our paper, the MTS condition can be interpreted as suggesting that groups

that have larger realized treatments have potential outcomes that are statistically

larger. The next analysis introduces a restriction on the primitives (i.e., the structural

equations) that leads to the latter result. Prior to introduce our main assumption we

define a (natural) partial order on (f  ∈ ).

Definition 44. We say f ≥ f0 if  (y) ≥ 0 (y) holds ∀ (y) ∈  ×  ||−1

and ∀ ∈ 

According to the last definition, f is larger than f0 if the first function is pointwise

greater than the second one. Lemma 57, in Section 4.8 (Proofs), shows that if PEI(S)

holds and f ≥ f0 then the least and the greatest solutions in  ( ) are larger

than the corresponding ones in  ( 0). Its proof is based on Amir (2008). The

identification strategy we pursue requires the comparison of equilibria for sets of

groups that have different realized treatments, not just two different groups. Then
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the analysis that follows goes beyond this last result.

Let f denote a random vector of functions with support (f  ∈ ), and define

 (f = f | ) ≡ | for all  ∈  The next condition formalizes the key assumption

in the present sub-section.

Assumption MTS(S) Let  be a partially ordered set. Let  0 ∈  . Then,

 ≥ 0 =⇒  (f |  = ) ≥  (f |  = 0) . (4.14)

Condition MTS(S) simply states that the structural functions are statistically in-

creasing in the realized treatments. Depending on the context, an alternative interpre-

tation would be that groups that self-select into higher treatments have stochastically

weakly larger structural functions than those that self-select into lower ones. Here

again, previous to examine the identification power of adding condition MTR(S), we

need to introduce another restriction.

Assumption A.2(S) One of the following conditions holds (i) f ( inf  ( 
0)) ≥

sup ( 0) for all  0 ∈  such that f ≥ f0; or (ii) either the smallest or the largest
element of the solution set is always selected, and the selection rule is the same for

all  ∈ .

The interpretation of condition A.2(S)(i) is similar to the one of A.1(S)(i) in Sub-

section 4.3.2. It guarantees that for every pair  0 ∈  such that f ≥ f0 the solution
set  ( ) is strongly greater than  ( 0), in the sense that the smallest element of

the first solution set is higher than the largest element of the second one. [This

analysis implicitly assumes that PEI(S) and MTS(S) also hold.] Condition A.2(S)(ii)

requires that the selection rule be the same across groups, a natural restriction given

that we want to compare potential outcomes between sets of groups that could have

different types.

The added benefit of A.2(S) is that now y () ≥ y0 () for all  0 ∈  such that
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f ≥ f0, whenever PEI(S) and MTS(S) are also satisfied. The next lemma describes
the main implication of the new two restrictions.

Lemma 45. Assume PEI(S), MTS(S), and A.2(S) hold. Let  0 ∈  Then,

 ≥ 0 =⇒  [y () |  = ] ≥  [y () |  = 0] (4.15)

for all  ∈  .

The last result states that groups that select larger treatments have potential out-

comes that are statistically larger. It is immediate to notice that MTS(S) and A.2(S)

will have identification power. The empirical evidence reveals  [y () |  = ] =

 (y |  = ). If PEI(S), MTS(S) and A.2(S) hold, then  (y |  = ) is a lower bound

for  [y () |  ≥ ], and it is an upper bound for  [y () |  ≤ ]. These two obser-

vations, formalized in Corollary 58, in Section 4.8 (Proofs), are direct implications of

Lemma 45. The next proposition uses these remarks (and the natural bounds for the

vector of potential outcomes) to state sharp distributional bounds for  [y ()].

Proposition 46. Assume PEI(S), MTS(S), and A.2(S) hold. Then,

 { [y ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 || :

 (y | = ) ( ≤ ) + 
³

||´

 ( £ )

≥  ≥

 (y | = ) ( ≥ ) + 
³
 ||

´
 ( ¤ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.16)

for all  ∈  . These bounds are sharp.

The bounds in Proposition 46 are neither tighter nor looser than the ones in Propo-

sition 42, they are just different. A more precise region of identification for  [y ()] is

obtained when the analyst is confident about PEI(S), MTR(S), and MTS(S) so that

he can combine both results (see Section 4.5 for further details).

Here again, Proposition 46 implies sharp bounds for the marginal distributions of

potential outcomes for those individuals that fit in any subset of classes  ⊂  i.e.,
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 [y ()] where y () is the restriction of y () to . Corollary 47 (without proof)

formalizes this claim.

Corollary 47. Assume PEI(S), MTS(S), and A.2(S) hold. Then,

 { [y ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 || :

 (y| = ) ( ≤ ) + 
³

||´

 ( £ )

≥  ≥

 (y| = ) ( ≥ ) + 
³
 ||

´
 ( ¤ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭
(4.17)

for all  ∈  , where  (y| ) = y [ (y | )]. These bounds are sharp.

Although the set of assumptions [PEI(S) and MTR(S)] and [PEI(S) and MTS(S)]

are not individually refutable, the combined restrictions can be shown false given the

data. Specifically, the two of them together imply that  (y | = ) ≥  (y | = 0)

for all  0 ∈  such that   0 In a recent article, Lee, Linton, and Whang (2009)

propose a test for stochastic monotonicity that could be used to check the validity of

the joint requirement.

Estimation from Sample Data The bounds identified in Propositions 40, 42 and 46

can be consistently estimated from sample data. The analyst just needs to substitute

all the empirical distributions with their sample analogs. The techniques developed by

Andrews and Soares (2010), Imbens and Manski (2004), Rosen (2008), Stoye (2009),

and Woutersen (2010), among many others, for partially identified parameters, could

be adapted to construct confidence intervals for the identified regions.

In this analysis data at the group level is needed because we take the research

question to be inference about the joint distribution of potential outcomes. If the

analyst’s problem were inference on the marginal distributions for a specific class

 ∈ , then a random sample of individuals that belong to that class would be

sufficient (with treatment information at the group level).
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4.4 Model of Social Interactions where Identities Don’t Mat-

ter

This section addresses identification of treatment response in situations where groups

are large (L), and social interactions are anonymous. Several models of crime deci-

sions, schooling, infectious diseases, and addictions fit well in this setting.

4.4.1 Econometric Framework and the Analyst’s Problem

We model a population  in which groups are composed of a large (but finite) number

of individuals, and they might differ with respect to the number of members. In this

section social interactions are anonymous, in the sense that each individual assigns

an identical weight to the outcome of every other member of its group of reference.

For each treatment  ∈  to be received by the members of a group , the vector

of potential outcomes y () ≡ [ () ,  ∈ ] ∈  || solves the system of structural

equations

 =  [  ()] ,  ∈  (4.18)

where  () is the distribution of individual outcomes induced by some vector of

decisions or achievements y ≡ (,  ∈ ), i.e., for all set  ⊂ R,  ( ∈ ) =P
∈ 1 ( ∈ ) (1 ||). Here || is assumed to be large enough that changes in any

individual outcome hardly affect  ().

The distributional assumptions are similar to the ones in the previous section, so

we omit their justification. We say a group is of type  if its members have structural

equations f ≡ [ ()   ∈ ], where  :  × 4 →  and  denotes the set

of members for a type- group. Therefore, the type of a group specifies how its

members react to the treatments and outcome distributions by all members of the

same neighborhood. The set of possible types of groups is denoted again by 

The relative amount of agents of distinct types in  , i.e., with different outcome
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functions, and the underlying social and economical incentives of group formation

define the distribution of types of groups in the universe of groups U . Let  denote
the fraction of individuals that belong to type- groups, so that π ≡ (  ∈ ) is

the discrete distribution of types. Since in this section groups may differ with respect

to the number of members,  depends on both the fraction of groups that are of

type  and the relative size of this type of group. Then [(f )   ∈ ] characterizes

the universe of groups in the population.

Groups have observable vectors of realized treatment  and outcomes y. The

objective of the analysis is to gain knowledge about the outcome distribution (at the

individual level) that would occur if all groups were to receive a treatment , i.e.,

 [ ()]. To this end we will use the empirical evidence, [(y)  ∈ ], taking

advantage of some monotone restrictions.

Example 48. A model as the one described can be used to study crime rates and

social interactions. Let  be the set of persons in a given state, and let us define a

group as the set of people that live in one of its cities. The outcome of interest is

the decision to commit a crime at the individual level, and the treatment is police per

capita at the level of the city. Distributional endogenous interactions are important

in this model as a higher crime participation rate by members of a city leads to fewer

resources being spent on apprehending each criminal, which lowers his probability of

punishment and further increases his incentives to commit a crime [see Sah (1991)].

The next sub-section studies the identification power of alternative monotone

shape restrictions that are naturally satisfied in various social interactions models.

4.4.2 Identification Region for  [ ()]

The first sub-section introduces a monotone shape restriction that guarantees coher-

ence or equilibrium existence. The following two address the identification power of

imposing some additional structure via monotone comparative statics.
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Coherence of the Model The first assumption imposes a monotone shape restriction

on (f  ∈ ). As in Sub-section 4.3.2 this single condition guarantees equilibrium

existence.

Assumption PEI(L) Let  ⊆ R be compact. Let yy0 ∈  ||. Then

 () ≥  (
0) =⇒  [  ()] ≥  [  (

0)] (4.19)

∀ ∈  and ∀ ∈  This condition holds for all  ∈ 

Condition PEI(L) requires the outcome of each individual to increase with the

distribution of outcomes by all members of the same group. As in this setting inter-

actions are anonymous, PEI(L) is clearly weaker than condition PEI(S) in Sub-section

4.3.2. In Example 48 this constraint is carefully justified by Sah (1991). Let us fix

police per capita at some initial level. He argues that if crime participation rate

increases, then the probability that a person who commits a crime will be punished

decreases thereby increasing his incentives to become a criminal.

The next lemma uses PEI(L) to state coherence.

Lemma 49. Assume PEI(L) holds, then the system of structural equations f has a

smallest and a largest solution for all  ∈  and for all  ∈ .

The proof of Lemma 49 follows again by Tarski’s Fixed Point Theorem. Most

of the social interactions models for large groups introduce PEI(L) as the distinctive

feature of the phenomenon of interest [see, e.g., Becker (1991) and Glaeser, Sacerdote,

and Scheinkman (1996)], then this condition is often easy to validate.

Let  ( ) denote the set of solutions to system f for a potential treatment  ∈  .

Since we take the analyst’s objective to be inference about outcome distributions

at the individual level, we find it convenient to let the elements of  ( ) be the

distribution functions  [ ()] induced by the solution vectors y (). Lemma 49

states that  ( ) is non-empty, and has a least and a greatest distribution–here
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least and greatest should be understood with respect to the partial order of standard

stochastic dominance.

As we did before, we restrict attention to deterministic equilibrium selection rules,

that are allowed to depend on both  and . We write  [ ()] for the element of

 ( ) that is selected by a type- group that receives a treatment . If PEI(L) is

satisfied, then the probability that the potential outcome falls in a specified set  ⊆ R
is given by

 [ () ∈ ] =
P

∈  [ () ∈ ] (4.20)

and it is linear in 

The observation set [(y)  ∈ ] may entail different realized treatments

Let | indicate the proportion of individuals in  that belong to groups which are of

type  conditional on the realized treatment   We let  () denote the distribution

of realized treatments in  . The probability that the realized outcome falls in a set

 ⊆ R is given by

 ( ∈ ) =
P

∈  [ () ∈ | = ] ( = ) (4.21)

where  [ () ∈ | = ] =
P

∈  [ () ∈ ]|=

The research objective is inference about the outcome distribution  [ ()], which

describes treatment response at the individual level across groups for a potential

treatment . The difficulties for addressing point identification are captured by the

next equality

 [ ()] =  [ () | = ] ( = ) +  [ () | 6= ] ( 6= ) (4.22)

where  [ () | = ] denotes the distribution of potential outcomes for those in-

dividuals whose groups have received treatments equal to the potential one, and

 [ () | 6= ] is the counterfactual distribution. Given the sustained assumptions,

the equality holds by the Law of Total Probability.



148

Data reveals  [ () | = ] =  (| = ),  ( = ), and  ( 6= ). The empir-

ical evidence alone are uninformative about  [ () | 6= ]. However, as noticed by

Manski (1990), the degenerate distributions  ( ) and 
¡

¢
are sharp lower and

upper bounds for the counterfactual one.

The previous analysis leads to the next identification region for  [ ()].

Proposition 50. Assume PEI(L) holds. Then,

 { [ ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 :

 ( |  = ) ( = ) + 
¡

¢
 ( 6= )

≥  ≥

 ( |  = ) ( = ) +  ( ) ( 6= )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.23)

for all  ∈  . These bounds are sharp.

The next two sub-sections address the power of identification of two extra restric-

tions, namely, monotone treatment response and monotone treatment selection.

Identification Using Monotone Treatment Response The next condition is similar to

condition MTR(S) is Sub-section 4.3.2.

Assumption MTR(L) Let  be a partially ordered set. Let  0 ∈  . Then

 ≥ 0 =⇒  [  ()] ≥  [
0  ()] (4.24)

∀ ∈  and ∀ () ∈ ∆  This condition holds for all  ∈ 

Assumption MTR(L) has direct implications for the extreme distributions of the

solution set  ( ).

Lemma 51. Assume PEI(L) and MTR(L) hold. Then the smallest and the largest

distributions in  ( ) increase in  with respect to the standard stochastic order,

∀ ( ) ∈  ×
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The analog to assumption A.1(S) in Sub-section 4.3.2, calls for a new function.

Let us define

 [ ∈  |   ()] ≡
X

∈

1 { [  ()] ∈ } (1 ||) (4.25)

for all set  ⊆ R Then  is just an aggregate response (or distribution) function,

that indicates the fraction of individuals in a type- group whose outcomes would lie

in the set  for a treatment  ∈  and some initial distribution  () ∈ ∆ . We next

describe the new restriction.

Assumption A.1(L) One of the following conditions holds, for all  ∈ , (i)

 [ |  inf  (0 )] ≥ sup (
0 ) for all  0 ∈  such that   0; or (ii) either

the smallest or the largest element of the solution set is always selected, and the

selection rule is increasing in 

When it is combined with PEI(L) and MTR(L), condition A.1(L)(i) guarantees

that the monotone comparative statics in Lemma 51 is strong, in the sense that

any selection of the equilibrium set increases in . Condition A.1(L)(ii) imposes a

monotone equilibrium selection rule that is identical to the one in A.1(S)(ii), in the

previous section.

It is readily verified that MTR(L) and A.1(L) will have identification power. If in

addition to PEI(L) and MTR(L), A.1(L) is also satisfied, then Lemma 51 implies that

 [ ()] is stochastically increasing in , i.e., if  ≥ 0 then  [ ()] ≥  [ (
0)].

Assume these conditions hold and consider a group of type  that has empirical

evidence (y). Let  () denote the outcome distribution induced by the vector

y. If  ≤  then  () is a sharp lower bound for  [ ()]. Otherwise, the

empirical evidence is uninformative, and  ( ) constitutes the sharp lower bound.

On the other hand, if  ≥  then  () is a sharp upper bound for  [ ()].

Otherwise, the sharp upper bound is just the degenerate distribution 
¡

¢
. Since
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the sustained assumptions do not entail cross-restrictions, this analysis extends to all

groups in U and justifies the next distributional bounds for  [ ()].

Proposition 52. Assume PEI(L), MTR(L), and A.1(L) hold. Then,

 { [ ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 :

 ( |  ≥ ) ( ≥ ) + 
¡

¢
 ( ¤ )

≥  ≥

 ( |  ≤ ) ( ≤ ) +  ( ) ( £ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.26)

for all  ∈  . These bounds are sharp.

Quantiles are often parameters of interest in applied studies. For  ∈ (0 1), the
—quantile of  [ ()] is defined as  [ ()] ≡ inf0 { {1 [ () ≤ 0]} ≥ }. The
characterization of the standard stochastic order in terms of the expectations of in-

creasing functions induces a partial order on the quantiles of random variables: if a

distribution function stochastically dominates another one, then all the quantiles of

the former are larger than the corresponding quantiles of the latter. Hence, Proposi-

tion 52 can be easily reformulated in terms of the quantiles of the pertinent distribu-

tions, e.g., the medians. Manski (1997) provides precise functional forms to construct

bounds for quantiles in an individualistic model.

The lack of objective basis for ordering multivariate observations is a major dif-

ficulty in extending the previous definition to random vectors. There are several

attempts in the statistical literature toward multidimensional generalizations of uni-

variate quantiles, each of which captures distinct aspects of interest. We remained

silent about quantiles in Sub-section 4.3.2 because it is not immediate that the multi-

variate standard stochastic order has clear predictions for all the existing definitions.

Identification Using Monotone Treatment Selection This sub-section provides suffi-

cient conditions on the primitives (i.e., the structural equations) to validate the use

of realized treatments as monotone instrumental variables, in the sense of outcome
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monotonicity. To this end, we need to introduce a partial order on (  ∈ ), as

defined in equation (4.25), similar to the one introduced by Definition 44.

Definition 53. We say  ≥ 0 if  [ |   ()] ≥ 0 [ |   ()] is satisfied
∀ [  ()] ∈  ×4 .

According to the last characterization,  is greater than 0 if the outcome dis-

tribution of the type- group is stochastically higher than the one of the type-0

group for any conditioning event. Let  denote a random function with support

(  ∈ ), and define  ( =  | ) ≡ | for all  ∈  The next condition is

similar to condition MTS(S) in Sub-section 4.3.2.

Assumption MTS(L) Let  be a partially ordered set. Let  0 ∈  . Then,

 ≥ 0 =⇒  ( |  = ) ≥  ( |  = 0)  (4.27)

Condition (4.27) states that the proportion of individuals that belong to groups

with weakly higher structural functions increases with the realized treatments. The

motivation for this constraint is well captured by Example 48: in the study of crime

rates it would be reasonable to think that the public authority is more likely to

invest more (per capita) on the criminal apprehension system of those cities where

people’s willingness to commit crimes is believed to be higher. Here again, previous

to elaborate on the identification power of adding condition MTS(L), we need to

introduce another restriction.

Assumption A.2(L) One of the next conditions holds (i)  [ |  inf  ( 0)] ≥

sup ( 0) for all  0 ∈  such that  ≥ 0; or (ii) either the smallest or the

largest element of the solution set is always selected, and the selection rule is the

same for all  ∈ .

The last two restrictions have direct implications for the conditional distributions

of potential outcomes, as stated in next lemma.
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Lemma 54. Assume PEI(L), MTS(L), and A.2(L) hold. Let  0 ∈  Then,

 ≥ 0 =⇒  [ () |  = ] ≥  [ () |  = 0] (4.28)

for all  ∈ 

It is again readily verified that MTS(L) and A.2(L) will have identification power.

The empirical evidence reveals  [ () |  = ] =  ( |  = ). Corollary 61, in Sec-

tion 4.8 (Proofs), based on the last lemma, shows that  ( |  = ) is a lower bound

for  [ () |  ≥ ] and an upper bound for  [ () |  ≤ ]. These remarks (and the

natural bounds for the individual outcomes) justify the next identification region for

 [ ()] in terms of stochastic dominance.

Proposition 55. Assume PEI(L), MTS(L), and A.2(L) hold. Then,

 { [ ()]} =

⎧⎪⎪⎪⎨⎪⎪⎪⎩ ∈ 4 :

 ( |  = ) ( ≤ ) + 
¡

¢
 ( £ )

≥  ≥

 ( |  = ) ( ≥ ) +  ( ) ( ¤ )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (4.29)

for all  ∈  . These bounds are sharp.

As we mentioned earlier, a more precise region of identification for  [ ()] is

obtained when the analyst is confident about PEI(L), MTR(L), and MTS(L) so that

he can combine both results.

4.5 Application: Crime Rates and Social Interactions

This section illustrates some previous results by applying them to the analysis of

crime rates in NY state. Becker (1968) studies individual decisions to commit crimes

from an economic perspective. He develops a cost-benefit analysis, and argues that

a key ingredient in an individual’s choice of whether to be a criminal is his per-

ceived probability of punishment. Subsequent work emphasizes the importance of
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positive social interactions in motivating criminal behavior [Glaeser, Sacerdote, and

Scheinkman (1996) review this literature].26

The model in Section 4.4 seems appropriate to study crimes across cities. Let each

person in a given city decide whether to commit a crime. We define the treatment

as police per capita at the level of the city, and the outcome as a yes/no indicator

taking the value one or zero, i.e.,  = {0 1}. Sah (1991) presents a model where
one individual’s choice to become a criminal lowers the probability that any other

individual ends up arrested. Since the police cannot be at two places at the same

time, the higher the criminal activity in a given city is, the lower the probability

of being punished. His argument justifies PEI(L).27 In addition, each individual’s

decision to commit a crime decreases with the amount of police per capita in his

own city. (This is a natural direct effect of the treatment.) Then the dual version

of MTR(L) holds here as well. As we explained in Sub-section 4.4.2, it could also

be reasonable to think that the public authority is more likely to invest more on the

criminal apprehension system of those cities where people’s willingness to commit

crimes is believed to be higher. The last statement validates condition MTS(L). We

will also assume that conditions A.1(L) and A.2(L) are satisfied.28

The aim of the analysis that follows is to learn about the fraction of people that

would commit a crime in NY state, if all its cities were to be assigned a given level of

police per capita. The next sub-section describes the data we use, and the last one

shows our findings.

26See also Durlauf, Navarro, and Rivers (2010) for an interesting description of the relationship

between individual decision problems and aggregate crime regressions.
27This assumption is justified in the criminology literature by using many different arguments (see,

for example, the theory of differential association by E. Sutherland). Our results do not depend on

the particular mechanism by which the positive interactions arise. Therefore, any of the existing

justifications can be used to validate PEI(L).
28Since this application uses the dual version of MTR(L), we should substitute increasing by

decreasing in A.1(L)(ii).
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4.5.1 Data Set

Our data source is the Uniform Crime Reporting (UCR) program of the FBI, for

the year 2008 [similar data are used by Glaeser et. al. (1996)]. The UCR program

informs crimes reported (and verified), and classifies them in two groups. The first

group, violent crimes, includes murder and manslaughter, forcible rape, robbery, and

aggravated assault. The second one, property crimes, comprises burglary, larceny-

theft, motor vehicle theft, and arson. We focus on the latter offenses because Glaeser

et. al. (1996) provide evidence that social interactions are stronger there.

The data set also provides information about the number of police at the city

level, and the population of each city. We decided to eliminate the city of NY from

the sample, as its features (e.g., population) are markedly different from the charac-

teristics of other ones. Our data covers 40% of the remaining population of NY state.

To perform the analysis we discretize the level of police per capita (i.e., number of

police in city /population in city ) in multiples of 00001.

Figure 4.2 displays the data for the 99.6% of the sampled population–for exposi-

tional ease, the figure does not include a few observations with extremely high levels

of police per capita, but these observations are taken into account for the estima-

tion purpose. For levels of police per capita between 0 and 0005, the probability

 () indicates the fraction of individuals in the sample that received treatment 

during the year 2008. Since a large part of the sampled population–specifically,

94.32%–received treatments between 0001 and 0004 the next sub-section estimates

the outcomes of interest for levels of police per capita in that range of values.

In Figure 4.3 the probability  ( = 1 | ) indicates the proportion of individ-
uals that committed a crime during the year 2008, conditional on those individuals

that belong to cities with a level of police per capita equal to   This interpretation

of Figure 4.3 implicitly assumes that each individual has committed at most one

crime during the year under study, an assumption that is sustained throughout this
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Figure 4.2. Realized Levels of Police per capita

application.

4.5.2 Findings

In this analysis, the outcome of interest is binary, i.e.,  = {0 1}  Therefore, the
fraction of people that would commit a crime at a given level of police per capita ,

 [ () = 1], fully describes the potential outcome distribution of criminal activity in

the state of NY for that specific intensity of the treatment. We consider four levels

of police per capita (i.e., four treatments): 0001, 0002, 0003 and 0004. For each

of them we report the lower and the upper bounds for  [ () = 1] under three sets

of monotone restrictions. These bounds are expressed in percentage points. First we

assume only PEI(L), then [PEI(L) and MTR(L)] and finally [PEI(L), MTR(L), and

MTS(L)]. Figure 4.4 displays the results.

The three sets of restrictions in Figure 4.4 are clearly nested. As a consequence,

the informational content of the estimations increases as we move from the left to

the right along each row. In this application, the informational content of each pair

of values increases when the absolute value of their difference gets smaller. We next
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Figure 4.3. Criminal Activity Conditional on Realized Treatments

highlight our main findings.

We can clearly see that PEI(L) alone is practically uninformative in the four cases,

as  [ () = 1] is (by definition) between zero and one for all . The mere addition

of MTR(L) noticeably improves all the predictions. For instance, for  = 0004,

PEI(L) alone predicts that  [ () = 1] ∈ [0 9993], while the introduction of MTR(L)
reduces that interval to  [ () = 1] ∈ [002 406]. The reason is that a very small
fraction of the population has realized treatment  = 0004–specifically, 0.67%–and

then the empirical evidence alone is ineffective to identify the potential outcomes.

However, by adding MTR(L) all the data are used in the estimation: part of the

observations shed light on the upper bound, other segment helps to estimate the

lower bound, and a third group of observations are used to construct the two of

them. For this treatment level, MTS(L) provides significant extra information as

the upper bound for  [ () = 1] decreases from 406 to 164, while the lower bound

remains unchanged.
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Figure 4.4. Lower and Upper Bounds for  [ () = 1] in %

4.6 A Potential Extension to Other Equilibrium Selection

Rules

The identification results in this paper rely on a deterministic equilibrium selection

rule. Exploring stochastic equilibrium selection mechanisms is thereby a natural di-

rection for future research. Echenique and Komunjer (2009) suggest a fairly general

stochastic equilibrium selection device, and show that the comparative statics has

testable implications on sufficiently small and large quantiles of the outcome distri-

bution. Although their analysis does not allow for counterfactual predictions–the

sufficiently small and large quantiles are not identified–the framework they use could

be a good starting point to extend our results.29 The main difficulty will be to sepa-

rate the distributions of the extremal equilibria from the other ones in the empirical

evidence. The statistical literature on "the mixing problem" may shed light on this

issue.

29Galichon and Henry (2010) study set identification in models with multiple equilibria. Some of

their results might also be useful to this extension.
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4.7 Concluding Remarks

This paper extends Manski (1990, 1997, 2010) and Manski and Pepper (2000, 2008) to

treatment response models with endogenous social interactions, by means of monotone

comparative statics. In doing this, we provide the microfoundations for some of the

results in Manski (2010), shedding light on the strength of the identifying conditions.

Our methodology makes use of some results about games with strategic complemen-

tarities.

Our approach to partial identification is nonparametric, and relies neither on ran-

dom treatment assignment nor on random assignment of individuals to the groups. It

is based on shape restrictions on the primitives of the model, which lead to monotone

comparative statics of the equilibrium sets. We provide precise conditions that val-

idate counterfactual predictions in models that might have multiple equilibria. The

identification regions have the form of intervals, that is, we identify two extreme dis-

tributions that are functions of the observable data such that the true one must lie

within these bounds. The identified regions are sharp. By applying our results to the

study of crimes and social interactions in NY state, we show that they can also be

very informative.

An additional contribution of this study is to develop a flexible and tractable

probabilistic framework for the model. This framework typifies groups through the

relevant features of the group members, and can accommodate various processes of

group formation. This project also contributes to the literature on identification

in nonparametric simultaneous equations models [see, e.g., Matzkin (2008) and ref-

erences therein]. The extension of our results to stochastic equilibrium selection

mechanisms is part of the agenda for future research.
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4.8 Proofs

In an attempt to make this paper self-contained we provide three theorems that are

invoked in the subsequent proofs.

Tarski’s Fixed Point Theorem If  is a complete lattice and  :  →  is an

increasing function, then  has a fixed point. Moreover, the set of fixed points of 

has a smallest and a largest element [Tarski (1955)].

Milgrom and Roberts’ Theorem If  is a complete lattice,  is a partially ordered

set, and  : × →  is an increasing function, then the least (greatest) fixed point

of  is increasing in  on  [Milgrom and Roberts (1990)].

The description of first order stochastic dominance (FOSD), or standard stochastic

dominance, requires the definition of upper sets. Let us consider (Ω≥), where Ω is
a set and ≥ defines a partial order on it. A subset  ⊂ Ω is an upper set if and only

if 0 ∈  and  ≥ 0 imply  ∈ 

FOSD’s Theorem Let  0 ∈ R be two random vectors. The next conditions are

equivalent

(i)  ( ∈ ) ≥  ( 0 ∈ ) for all upper set  ⊂ R; and

(ii)  [ ()] ≥  [ ( 0)] for all increasing function  (), such that the expectations

exist 

We write  () ≥  (
0) if these conditions hold. This definition extends to

arbitrary partially ordered domains up to measurability considerations [see Mosler and

Scarsini (1991)].

Proof of Lemma 39: Consider the next mapping

 :  || →  ||¡
1 2  ||

¢ → ³
01 

0
2  

0
||

´ (4.30)
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where 0 =  (y−) for  = 1 2  || and y− =
¡
1  −1 +1  ||

¢
. It is

immediate to notice that the range of  is as given. By construction, the solution

set to the system of structural equations f,  ( ), coincides with the set of fixed

points of . Then the proof of Lemma 39 reduces to show that the set of fixed

points of  is non-empty and has a least and a greatest element.

Here ( ||, ≥) is a complete lattice for the ordering y ≥ y0 if  ≥ 0 for all  ∈ ,

i.e., the coordinatewise (partial) order. By assumption PEI(S),  is monotone

increasing. Hence, Lemma 39 follows by Tarski’s Fixed Point Theorem. Q.E.D.

Proof of Proposition 40: We first show

 [y ()] ≥  (y | = ) ( = ) + 
³
 ||

´
 ( 6= )  (4.31)

Let  ⊂ R|| be an upper set, and let us consider the next two steps

 [y () ∈  ] =  [y () ∈  | = ] ( = ) +  [y () ∈  | 6= ] ( 6= )

≥  (y ∈  | = ) ( = ) + 
³
 || ∈ 

´
 ( 6= )  (4.32)

Under PEI(S), the equality holds by the Law of Total Probability. The empirical

evidence reveals  [y () ∈  | = ] =  (y ∈  | = ). The inequality is true because

 || is a lower bound for any possible realization of the vector of potential outcomes.

Since  was arbitrarily selected, our first claim follows by FOSD’s Theorem(i). The

proof for the upper bound is similar, so we omit it.

To show the identified area is sharp, first notice that we restrict  [y ()] to the set

of all possible distributions that are consistent with the nature of the outcomes, i.e.,

 [y ()] ∈ 4 ||. In addition, given the empirical evidence, our initial assumptions

are consistent with both  [y () | 6= ] = 
³
 ||

´
and  [y () | 6= ] = 

³

||´

.

Then  [y ()] can coincide with any element of 4 || that lies between the lower and

the upper bound, and our claim follows. Q.E.D.

Proof of Lemma 41: Lemma 39 shows that if PEI(S) holds then  ( ) is non-

empty and has a least and a greatest element. Condition MTR(S) ensures the system
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of structural equations [ ()   ∈ ] increases in  for any fixed  ∈ . Then, as

defined in (4.30), increases in  on  and Lemma 41 follows by Milgrom and Roberts’

Theorem. Q.E.D.

The proof of Proposition 42 requires an intermediate result that relates to Lemma

41.

Corollary 56. Assume PEI(S), MTR(S), and A.1(S) hold. Then  [y () | ≤ ] ≥

 (y | ≤ ) and  (y | ≥ ) ≥  [y () | ≥ ].

Proof of Corollary 56: To prove the first claim let  ⊂ R|| be an upper set, and
let us consider the next three steps

 [y () ∈  | ≤ ] =
P

∈
©P

∈ 1 [y () ∈  ]|=
ª
1 ( ≤ ) ( =  |  ≤ )

≥ P
∈

©P
∈ 1 [y () ∈  ]|=

ª
1 ( ≤ ) ( =  |  ≤ )

=  (y ∈  | ≤ )  (4.33)

Under PEI(S) the two equalities hold by the Law of Total Probability. If we add

MTR(S) and A.1(S), the inequality follows by Lemma 41, as it then implies that

y () ≥ y () for all  ≥ .30 Since  was arbitrarily selected, the first claim follows

by FOSD’s Theorem(i).

The proof for the second claim is similar, so we omit it. Q.E.D.

Proof of Proposition 42: We next show

 [y ()] ≥  (y | ≤ ) ( ≤ ) + 
³
 ||

´
 ( £ )  (4.34)

30Lemma 41 shows that if PEI(S) and MTR(S) hold, then the least and the greatest elements

of  ( ) increase in  Echenique and Sabarwal (2003) prove that if condition A.1(S)(i) is also

satisfied, then the monotone comparative statics is strong in the sense that when  increases the

smallest element of the new solution set is larger than the largest element of the old one. It follows

that any selection of the equilibrium set increases with the treatment, i.e., y () ≥ y () for all
 ≥ . It is readily verified that the same result holds if we add A.1(S)(ii) instead of A.1(S)(i).
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Let  ⊂ R|| be an upper set, and let us consider the next three steps

 [y () ∈  ] =  [y () ∈  | ≤ ] ( ≤ ) +  [y () ∈  | £ ] ( £ )

≥  (y ∈  | ≤ ) ( ≤ ) +  [y () ∈  | £ ] ( £ )

≥  (y ∈  |  ≤ ) ( ≤ ) + 
³
 || ∈ 

´
 ( £ )  (4.35)

Under PEI(S) the first equality holds by the Law of Total Probability. The first

inequality follows by Corollary 56 and FOSD’s Theorem(i). The second inequality is

true as  || is a lower bound for any possible realization of the vector of potential

outcomes. Since  was arbitrarily selected, the claim follows by FOSD’s Theorem(i).

The proof for the upper bound is quite similar, so we omit it.

Sharpness follows by the same argument as the one invoked in Proposition 40.

Q.E.D.

The proof of Lemma 45 requires an additional result. Lemma 57 is based on Amir

(2008).

Lemma 57. Assume PEI(S) holds. Let  0 ∈ . If f ≥ f0 according to Def. 44,
then the least (greatest) vector in  ( ) is larger than the least (greatest) vector in

 ( 0) for all  ∈ 

Proof of Lemma 57: Lemma 39 shows that if PEI(S) holds then  ( ) and

 ( 0) are non-empty and have a least and a greatest element. Let  = {0 1},
 (0) ≡0 and  (1) ≡, with 0 and  defined as in (4.30). Notice

that f ≥ f0 implies  () is increasing in  on . The result follows by Milgrom

and Roberts’ Theorem, because  ( ) and  ( 0) are the sets of fixed points of

and 0 respectively. Q.E.D.

Proof of Lemma 45: Let  0 ∈  , with  ≥ 0, and let us assume that PEI(S) and

A.2(S) hold. Fix an upper set  ⊂ R|| By definition,

 [y () ∈  | = ] =
P

∈ 1 [y () ∈  ]|= (4.36)
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Let us define  (f  ) ≡ 1 [y () ∈  ]. By Lemma 57 and A.2(S),  (f  ) ≥
 (f0   ) if f ≥ f0 .31 Substituting 1 [y () ∈  ] by  (f  ) in (4.36) we get

 [y () ∈  | = ] =
P

∈  (f  )|= (4.37)

Then  [y () ∈  | = ] is the expectation of an increasing function of f conditional

on  = . By MTS(S), we know that  (f |  = ) ≥  (f |  = 0). Then, by

FOSD’s Theorem(ii), we get that  [y () ∈  | = ] ≥  [y () ∈  | = 0]. The

result follows by FOSD’s Theorem(i) as  was arbitrarily selected. Q.E.D.

The proof of Proposition 46 requires an intermediate result that relates to Lemma

45.

Corollary 58. Assume PEI(S), MTS(S), and A.2(S) hold. Then  [y () | ≥ ] ≥

 (y | = ) and  (y | = ) ≥  [y () | ≤ ], for all  ∈ 

Proof of Corollary 58: To prove the first claim let  ⊂ R|| be an upper set, and
let us consider the next four steps

 [y () ∈  | ≥ ] =
P

∈  [y () ∈  | = ] 1 ( ≥ ) ( = | ≥ )

≥ P
∈  [y () ∈  | = ] 1 ( ≥ ) ( = | ≥ )

=  [y () ∈  | = ]
P

∈ 1 ( ≥ ) ( = | ≥ )

=  (y ∈  | = )  (4.38)

Under PEI(S) the first line holds by the Law of Total Probability. If we add MTS(S)

and A.2(S), the inequality follows by Lemma 45. The third line follows because

 [y () ∈  | = ] does not depend on .

31Lemma 57 shows that if PEI(S) is satisfied and f ≥ f0 , then the least (greatest) element of
 ( ) is higher than the least (greatest) element of  ( 0). Echenique and Sabarwal (2003) prove

that if condition A.2(S)(i) is also satisfied, then the monotone comparative statics is strong in the

sense that the lowest element of first solution set is higher than the greatest element of the second

one, i.e., y () ≥ y0 () for all  in  . It is readily verified that the same result holds if we add

A.2(S)(ii) instead of A.2(S)(i).
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The last line holds as
P

∈ 1 ( ≥ ) ( = | ≥ ) = 1. Since  was arbitrarily

selected, the first claim holds by FOSD’s Theorem(i). The proof of the second claim

is similar, so we omit it. Q.E.D.

Proof of Proposition 46: We next show

 [y ()] ≥  (y | = ) ( ≥ ) + 
³
 ||

´
 ( ¤ )  (4.39)

Let  ⊂ R|| be an upper set, and let us consider the next three steps

 [y () ∈  ] =  [y () ∈  | ≥ ] ( ≥ ) +  [y () ∈  | ¤ ] ( ¤ )

≥  (y ∈  | = ) ( ≥ ) +  [y () ∈  | ¤ ] ( ¤ )

≥  (y ∈  | = ) ( ≥ ) + 
³
 || ∈ 

´
 ( ¤ )  (4.40)

Under PEI(S) the first equality holds by the Law of Total Probability. Given the

sustained assumptions, the first inequality follows by Corollary 58, and the last one

holds as  || is a lower bound for any possible realization of the vector of poten-

tial outcomes. Since  was arbitrarily selected, our first claim follows by FOSD’s

Theorem(i). The proof for the upper bound is quite similar, so we omit it.

Sharpness follows by the same argument as the one invoked in Proposition 40.

Q.E.D.

Proof of Lemma 49: Consider the next mapping

 :  || →  ||¡
1 2  ||

¢ → ³
01 

0
2  

0
||

´


(4.41)

where 0 =  [  ()] for  = 1 2  || and  () is the distribution function

induced by the vector
¡
1 2  ||

¢
. It is immediate to notice that the range of 

is as given. By construction, the solution set to the system of structural equations f

coincides with the set of fixed points of . Then the proof of Lemma 49 reduces to
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show that the set of fixed points of  is non-empty and has a least and a greatest

element.

Here ( ||, ≥) is a complete lattice for the ordering y ≥ y0 if  ≥ 0 for

all  ∈ , i.e., the coordinatewise (partial) order. By assumption PEI(L),  is

monotone increasing. To see why, notice that if y ≥ y0 then the induced distributions
satisfy  () ≥  (

0) and by PEI(L) we get that the structural functions take higher

values at y than at y0. Hence, the claim follows by Tarski’s Fixed Point Theorem.

Q.E.D.

Proof of Proposition 50: We omit this proof as it is similar to the one of Propo-

sition 40.

Proof of Lemma 51: Lemma 49 shows that if PEI(L) holds then  ( ) is non-

empty and has a least and a greatest element. Condition MTR(L) ensures the system

of structural equations [ ()   ∈ ] increases in  for any fixed  ∈ . Then

, as defined in (4.41), increases in  on  and Lemma 51 follows by Milgrom and

Roberts’ Theorem. Q.E.D.

The proof of Proposition 52 requires an intermediate result that relates to Lemma

51.

Corollary 59. Assume PEI(L), MTR(L), and A.1(L) hold. Then  [ () | ≤ ] ≥

 (| ≤ ) and  (| ≥ ) ≥  [ () | ≥ ].

Proof of Corollary 59: To prove the first claim let  ⊂ R be an upper set, and let
us consider the next three steps

 [ () ∈  | ≤ ] =
P

∈
©P

∈  [ () ∈  ]|=
ª
1 ( ≤ ) ( =  |  ≤ )

≥ P
∈

©P
∈  [ () ∈  ]|=

ª
1 ( ≤ ) ( =  |  ≤ )

=  ( ∈  | ≤ )  (4.42)
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Under PEI(L), the two equalities hold by the Law of Total Probability. If we add

MTR(L) and A.1(L), then the inequality follows by Lemma 51 and FOSD’s Theo-

rem(i), because they imply that  [ () ∈  ] ≥  [ () ∈  ] for all  ≥ . The

added benefit of A.1(L) is similar to the one of A.1(S), discussed in Footnote 30.

Since  was arbitrarily selected, the first claim follows again by FOSD’s Theorem(i).

The proof for the second claim is similar, so we omit it. Q.E.D.

Proof of Proposition 52: Having established Corollary 59, this proof is similar to

the one of Proposition 42 so we omit it.

The proof of Lemma 54 requires an additional result.

Lemma 60. Assume PEI(L) holds. Let  0 ∈ . If  ≥ 0 according to Def. 53,

then the least (greatest) distribution in  ( ) is stochastically larger than the least

(greatest) distribution in  ( 0) for all  ∈ 

Proof of Lemma 60: Lemma 49 shows that if PEI(L) holds then  ( ) and  ( 0)

are non-empty and have a least and a greatest element. The least (greatest) fixed

point of the mapping (4.41), which is the smallest (largest) distribution of the solution

set  ( ), is also the least (greatest) fixed point of the mapping

∆ → ∆

 () →  [ |   ()] 
(4.43)

with  [ |   ()] defined as in (4.25). If  ≥ 0, then this mapping is higher for

the type- group as compared to the type-0 and the claim follows by Milgrom and

Roberts’ Theorem. Q.E.D.

Proof of Lemma 54: Let  0 ∈  , with  ≥ 0, and let us assume that PEI(L) and

A.2(L) hold. Fix an upper set  ⊂ R By definition,

 [ () ∈  |  = ] =
P

∈  [ () ∈  ]|= (4.44)
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Let us define  (  ) ≡  [ () ∈  ]. By Lemma 60 and A.2(L), we get that

 (  ) ≥  (0   ) if  ≥ 0. The added benefit of A.2(L) is similar to the

one of A.2(S), discussed in Footnote 31. Substituting  [ () ∈  ] by  (  ) in

(4.44) we obtain

 [ () ∈  |  = ] =
P

∈  (  )|= (4.45)

Then  [ () ∈  |  = ] is the expectation of a function that is increasing in 

conditional on  = . By MTS(L) and FOSD’s Theorem(ii),  [ () ∈  |  = ] ≥
 [ () ∈  |  = 0]. The result follows by FOSD’s Theorem(i) as  was arbitrarily

selected. Q.E.D.

The proof of Proposition 55 requires an intermediate result that relates to Lemma

54.

Corollary 61. Assume PEI(L), MTS(L), and A.2(L) hold. Then  [ () | ≥ ] ≥

 (| = ) and  (| = ) ≥  [ () | ≤ ].

Proof of Corollary 61: To prove the first claim let  ⊂ R be an upper set, and let
us consider the next four steps

 [ () | ≥ ] =
P

∈
©P

∈  [ () ∈  ]|=
ª
1 ( ≥ ) ( =  |  ≥ )

≥ P
∈

©P
∈  [ () ∈  ]|=

ª
1 ( ≥ ) ( =  |  ≥ )

=
©P

∈  [ () ∈  ]|=
ªP

∈ 1 ( ≥ ) ( =  |  ≥ )

=  ( ∈  |  = )  (4.46)

Under PEI(L), the first and the last equalities hold by the Law of Total Probability.

If we add MTS(L) and A.2(L), then the inequality follows by Lemma 54. The second

equality is true as
P

∈ 1 ( ≥ ) ( =  |  ≥ ) = 1 Since  was arbitrarily se-

lected, the first claim is true by FOSD’s Theorem(i). The proof for the second claim

is similar, so we omit it. Q.E.D.
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Proof of Proposition 55: Having established Corollary 61, this proof is similar to

the one of Proposition 46 so we omit it.
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Appendix A

The next result describes the required conditions for the value of covert information

acquisition to be concave. As it illustrates the needed conditions are quite strong.

Theorem 62. Let us assumeZ
×Ω

Z
S−

 ( () σ− (s−)  )  (s− |;α− )  ( ;0)

is jointly concave in ( ()  
0
). Then  (

0
α) is concave in 0

Proof: Let  ∈ [0 1], 0 and 00 denote two arbitrary elements of [ ], and 000 =

0 + (1− )00 . The following inequalities show our statement,

 (
000
 α)

=

Z
×Ω

Z
S−

 ( (;
000
 ) σ− (s−)  )  (s− |;α− )  ( ;000 )

≥
Z
×Ω

Z
S−

 ( (;
0
) + (1− ) (;

00
 ) σ− (s−)  )

 (s− |;α− )  ( ;000 )
≥ 

Z
×Ω

Z
S−

 ( (;
0
) σ− (s−)  )  (s− |;α− )  ( ;0)

+ (1− )

Z
×Ω

Z
S−

 ( (;
00
 ) σ− (s−)  )  (s− |;α− )  ( ;00 )

=  (
0
α) + (1− ) (

00
 α)

where the first inequality follows by the optimality principle and the second one is

true by the assumption of joint concavity. Q.E.D.
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