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ABSTRACT 

 
This dissertation deals with analytical and experimental investigations of a number of 

distinct problems related to defect detection in solid structures. All these problems have 

applications in structural health monitoring (SHM) and nondestructive evaluation (NDE). 

With this broad goal in mind the mode selective excitation and detection scheme for 

guided Lamb waves in isotropic and anisotropic plates has been investigated. Change in 

the time of flight technique is applied to the detection of inherent variations in material 

properties. Symmetric and anti-symmetric modes are resolved with orthogonal phase 

difference and homodyning. Noncontact Electro-Magnetic Acoustic Transducers 

(EMATs) are developed for generation and detection of Lamb waves. Its interaction with 

circular defects having dimensions comparable to the wavelength is investigated. Short 

time Fourier Transform and Hilbert Transform are applied for feature detection and 

identification of localization of damages. Distributed point source method (DPSM) is 

applied to model the scattering of acoustical wave field and to study the stress singularity 

in penny shaped cracks. Both experimental and numerical investigations are performed in 

the framework of structural health monitoring and non destructive evaluation for gaining 

insight in damage initiation and progression in materials. 
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CHAPTER 1 
 

INTRODUCTION 
 

1.1 Background and Motivation  
 

Aviation industries has expanded and immensely matured in last few decades. Several 

smart materials have emerged to cater the ever increasing demands and challenges of 

mechanical and aerospace industries. Low density and high stiffness materials such as 

Carbon fiber reinforced polymer composites and aluminum alloys have been developed 

due to emphasis on efficient and eco-friendly systems. The complexity of the material 

induces the challenges in characterizing and evaluating the performance of the material.  

Even under normal operating conditions, the aerospace structures are subjected to high level 

of dynamical loading under adverse environmental conditions that can induce damages such as 

cracks, delamination, corrosion and fatigue.  Such damages can adversely affect the safety and 

performance of aircraft. Qualitative and quantitative inspection of aircraft is currently a time 

consuming and cost-ineffective process.  

Acoustic waves, electromagnetic waves, infrared testing, MRI (magnetic resonance 

imaging), thermal stereography, liquid penetrate testing, X-ray and Gamma-ray based 

techniques are some of the commonly used NDE (nondestructive evaluation) and SHM 

(structural health monitoring) methods today. Ultrasonic wave based structural health 

monitoring tool is an emerging powerful method that is increasingly being used to 

evaluate the strength, performance and remaining life of different critical structures. In 

recent years, the focus of the inspection and monitoring of various structures have shifted 

from the traditional nondestructive evaluation (NDE) (off board monitoring) to structural 
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health monitoring (SHM) (on/off board monitoring). SHM involves continuous in-service 

monitoring and evaluation of structures. The ability of Lamb waves to propagate long 

distances in structural components without significant loss of energy and momentum has 

made it popular for SHM applications.  

Extensive research has been conducted for understanding the fundamental mechanics 

and applications associated with Lamb waves. The propagation of ultrasonic waves in 

plates is of particular interest for theoretical and experimental physics. The problem has 

been investigated over a century in mechanics of deformable solids and has recently 

found many practical applications in SHM. Various theoretical and numerical models 

have been proposed in the framework of continuum mechanics for development of 

generalized dispersion curves for propagation of guided wave modes with orthogonal 

mode shapes in isotropic and anisotropic materials. Lamb, Rayleigh and a few other 

guided waves are being used for detection of macro-damages in the structure. 

 

1.2  Organization of the Thesis 
 

This dissertation focuses on the damage detection in plate type structures by 

measuring the change in the time of flight (TOF) of the ultrasonic waves as the damage 

grows. It also studies the interaction between propagating elastic waves and internal 

cavities and cracks in a solid. 

Chapter 2 briefly describes different types of elastic waves and some of their recent 

use in NDE and SHM of anisotropic solids. Chapter 3 discusses the fundamentals of the 

guided wave (Lamb wave) propagation and dispersion relation in plate structures. 

Chapters 4, 5 and 6 show the applications of Lamb wave time of flight measurements for 
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damage detection in aluminum plate and carbon fiber reinforced composite plate. Lamb 

waves are generated and detected by the piezo-electric transducers and electro-magnetic 

acoustic transducers. Chapter 7 focuses on the modeling aspects and discuses a semi-

analytical technique called distributed point source method for the ultrasonic field 

modeling in cracked solids.  
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CHAPTER 2 

LITERATURE REVIEW 

 
In optics, Dutch physicist Huygens (1678) proposed that the wave front of a 

propagating wave of light at any instance conform the envelope of the spherical wavelets 

emanating from every point on the wave front at the prior instant. In 1662, Fermat stated 

that the path taken by the ray of light to propagate from one point to another point is the 

path that takes least time.  That is why in a homogeneous medium light propagates along 

a straight line between two points; however, when two points are located in two different 

media, separated by an interface light changes its direction at the interface as Snell’s law 

predicts. In 1818, Fresnel considered phase and amplitude values of Huygens’ secondary 

wavelet sources and allowing them to interfere showed the diffraction of light. Many of 

these fundamental properties of light propagation are applicable to elastic wave 

propagation as well. 

Elastic wave propagation in fluid and solid has been studied extensively in the last 

century. Lord Rayleigh (1885) studied the elastic wave propagation in a half space and 

investigated the exponential decay of the wave amplitude with depth.  This wave is 

known as Rayleigh wave.  In 1911, Love studied the shear horizontal (SH) polarized 

waves propagating in a layered half-space.  This wave is called Love wave. Love waves 

are dispersive unlike Rayleigh waves. An elastic wave is called dispersive when its 

propagation velocity changes with frequency. The guided wave propagation in plates was 

first studied in 1917 by Lamb. Lamb formulated elastic wave potential to satisfy the 

stress-free boundary conditions on the plate surface. The potentials inherently possess 
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two orthogonal wave fields namely, anti-symmetric and symmetric. Particle 

displacements are symmetric about the central plane of the plate for symmetric modes 

and those are anti-symmetric for anti-symmetric modes. For Lamb wave propagation in 

an elastic plate both energy and momentum are conserved. Lamb waves are dispersive 

waves and have multiple characteristic roots for the solution of wave potential. Stoneley 

(1924) and Scholte (1947) showed the existence of wave propagation at the interface of 

two elastic half spaces that can be fluid-solid or solid-solid interface. Sommerfeld (1954) 

proposed Green’s function solutions for the modulation of phase and amplitude at the 

boundary and showed diffraction of light using Huygens’ principle. Similar principle 

from the optics has been adopted in acoustics to model the acoustic field. Mindlin (1955), 

Mason (1958), Auld (1973) and Landau and Lifshitz (1986) have demonstrated the 

angular dispersion relation in the bulk anisotropic media. Green’s functions for the elastic 

wave propagation in solid and fluid media can be found in Mal and Singh (1991) and 

Schmerr (1998). Kundu and Placko (2007) have computationally demonstrated the 

applications of Huygens’ principle and Rayleigh-Sommerfeld equation for ultrasonic 

field modeling in isotropic materials.  

Ultrasonic wave propagation for the characterization of anisotropic solids is an 

emerging area of research. There is a rapid advancement in the application of piezo-

electric crystals in SAW (surface acoustic wave) devices, acoustic microscope and 

communication devices. Over the years several experimental techniques have evolved to 

measure ultrasonic bulk waves and guided waves in isotropic and anisotropic media 

(Rose, 1999). Kim and Grill (1998) have developed phase-sensitive acoustic microscopy 
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and point contact coulomb field excitation microscopy for generation and detection of 

bulk and guided waves using short delta pulse technique.  

The technique developed by Grill (1998) has been utilized in the present study for 

mode selective generation and detection of Lamb waves in isotropic and anisotropic 

plates and to investigate the change in the time of flight, in damaged and undamaged 

structures.  
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CHAPTER 3 

LAMB WAVE DISPERSION RELATION AND THE 

EXPERIMENTAL TECHNIQUE  
 

3.1  Lamb Wave Dispersion Relation 

Elastic waves are generated by the periodic oscillations of the material particles. 

Energy propagates through a medium in the form of elastic waves.  Energy and 

momentum are conserved when elastic waves propagate in lossless homogeneous elastic 

media. Elastic waves are broadly classified into two groups - bulk waves and guided 

waves. Bulk waves propagate in the bulk of the material, for these waves the 

characteristic wavelengths are smaller than the problem geometry. Bulk waves can have 

longitudinal or transverse polarization. For longitudinal waves the particles vibrate in the 

direction of the propagation of the waves and produce dilatation and contraction in the 

medium. For transverse waves, particles oscillate orthogonal to the propagation direction. 

The transverse waves have two directions of polarization giving rise to shear horizontal 

(SH) and shear vertical (SV) waves.  

Guided wave propagates along any waveguide. For these waves the wavelengths can 

be comparable to the thickness of the medium. Lamb wave is one type of guided wave 

and it is dispersive. As mentioned before the term dispersive means the wave speed is a 

function of the frequency.  Surface acoustic waves and Interface waves are also guided 

waves. In this chapter, a generalized approach is presented to compute dispersion curves 

for Lamb waves in a homogeneous, linear elastic and isotropic plate.  
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Consider waves propagating in �� direction in an unbounded elastic plate of thickness 

2h, with   −∞ < �� < ∞.  The density of material is ρ and the first and second Lamé 

constants are λ and µ, respectively. We assume in-plane harmonic wave motions in the 

plate with stress-free boundary conditions (Fig. 3.1). The material properties are assumed 

to be constant in the plate. Let us assume the Primary (P) and shear vertical (SV) 

harmonic waves propagating inside the plate. The P wave potential is denoted by � and 

amplitudes corresponding to up-going and down-going waves are written as a and b, 

respectively. For the SV wave the particles oscillate perpendicular to the direction of the 

wave propagation. The amplitudes of SV wave potentials corresponding to up going and 

down going waves are denoted by c and d, respectively. P and SV waves interact with the 

traction-free surfaces of the plate and reflect back and forth before being fully developed 

as Lamb waves. Dispersion relation for fully developed guided waves is derived in the 

following. 

For harmonic waves of frequency � propagating in a plate the primary wave potential 

φ and the shear vertical wave potential Ψ have the form (Kundu, 2007, chapter 2) 

� = (������ + �����)����            (3.1) 

� = (������ + ����� )����           (3.2) 

where 

� = ���� − ��             (3.3) 

� = ���� − ��                          (3.4) 
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In the above equations are the wave numbers of the bulk longitudinal (P) and 

bulk shear (S) waves respectively,  denotes the wave number that is to be determined. 

 are the amplitudes of respective components of the wave potentials. The 

harmonic time dependence �� ! is implied and omitted in all equations. The phase 

velocity is defined as  v# =  $  and group velocity as, v% = & &$  . 

 

Fig. 3.1 Harmonic excitation of plane waves in a plate of thickness 2h  

The stress boundary conditions on the plate surfaces are '((='() = 0 at +, = ∓ℎ. 

Satisfying the boundary conditions at top and bottom surfaces, the generalized Lamb 

wave dispersion relation is obtained:  

/012 (�3)/012 (�3) = (�������)�
4����                (3.5) 

/012 (�3)/012 (�3) = 4����
(�������)�            (3.6) 

Equations 3.5 and 3.6 represent degenerated symmetric and anti-symmetric dispersive 

modes, respectively. The dispersion equation has multiple solutions for the wave number 

k. Equations 3.5 and 3.6 can be evaluated numerically.  
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Let us investigate as a special case the dispersion relation for symmetric and anti-

symmetric modes at low frequencies and wave numbers. For symmetric modes equation 

(3.5) at low wave numbers can be written as,   

 
/012 (�3)/012 (�3) = ��=

(�������)�
4����              (3.7) 

Expanding the above equation and using Equation (3.3) we get 

  46(76( − 6#(8 = 469 − 46(6:( + 6:(  

and  

 �� = ;�
<=� = ��44(�������) 

The dispersion relation obtained at low frequencies is then given by  
;� = �>��(� − V��V��) 

(Kundu, 2007, chapter 1). From this equation one can see that the slope of the dispersion 

curve at low wave numbers is independent of the frequency and the plate thickness.  

For the fundamental symmetric mode, the slope of frequency versus the wave number 

has a finite value. The interaction between symmetric and anti-symmetric modes 

produces the rod wave speed given by �@ AB  as shown in Fig. 3.2. From the equation of 

motion the following equation is obtained where A is the area of cross section, m is the 

mass per unit length and u is the displacement,   

@CDEE = FDG                          (3.8) 
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Dividing by mass gives us 
HIJ DEE = DG  or K(DEE = DG . Let K = �HIJ  and m=ρA. Thus the 

elastic wave speed in the bar is L = �@ AB . Here, E is the Young’s Modulus and ρ is the 

density of the material. In case of fundamental anti-symmetric mode, equation 3.6 is 

solved with the perturbation technique to obtain (Kundu, 2007, chapter 1, Mal and Singh, 

1991) 

 
;� = �� M4N O � − ������PQ�4 R;3�� S�

           (3.9) 

It should be noted that at low frequencies, in the limiting case as �→0, the frequency 

to wave number ratio goes to zero.  In equation 3.9 one can see that the slope of the 

frequency to wave number ratio is proportional to the square of the frequency. As the 

frequency approaches zero (�→0) the square of frequency rapidly converges to zero and 

produces standing wave with zero group velocity. The group velocity is zero because at 

zero frequency the slope of the line obtained by plotting frequency along the vertical axis 

and wave number k along the horizontal axis is zero, in other words it has a horizontal 

slope at the origin (Figs. 3.2 and 3.4). In the low frequency limit the velocity of the anti-

symmetric mode depends on thickness of the plate unlike the symmetric mode.  The 

localized slope of the frequency to the wave number is the phase velocity of the acoustic 

wave.  

As an example, the dispersion curves are calculated numerically from equations 3.5 

and 3.6 for a 2 mm thick aluminum plate. Material properties of aluminum are: (first 

Lamé constants) λ = 52 GPa, (second Lamé constant or the shear modulus) µ = 27 GPa 



28 
 

and the density is 2.7 g/cm
3
. The longitudinal wave, shear wave, rod wave and SAW 

(Rayleigh wave) velocities are calculated as 6.2 km/s, 3.13 km/s, 5.06 km/s and 2.91 

km/s, respectively.  

Using these Lamé constants the dispersion relation for the aluminum plate is plotted 

in Fig.3.2. The continuous lines represent symmetric modes and the dotted lines indicate 

the anti-symmetric modes. The slopes of the straight lines (higher to lower slopes) of the 

dispersion curves indicate longitudinal wave speed (Vlong), rod wave speed (Vrod or 

VYoung), shear wave speed (Vshear) and Rayleigh wave speed or surface acoustic wave 

(VSAW), respectively.  Since the rod wave speed is directly related to the Young’s 

modulus OUVW& = �H
ρ
P this wave speed is also denoted as VYoung. 

For the fundamental symmetric mode as the frequency and wave number approach 

zero, the slope of the dispersion relation approaches a finite value which is the rod wave 

speed determined from the Young’s modulus and the density OUVW& = �H
ρ
P. However, for 

the anti-symmetric modes as the frequency approaches zero the wave number also 

approaches zero with a horizontal tangent or the mode becomes soft. The soft mode 

implies for long wavelength limit the geometric stiffness of the material decreases. For 

example, in case of a long cantilever beam the elastic wave speed decreases due to the 

geometrical softening of the material. This relates to the well known fact that any bar 

becomes unstable for a transverse load if infinite aspect ratios are approached since the 

respective limit for the Lamb mode relates to bending.  
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The dispersion relations for vanishing wave number show a regular spacing on the 

frequency axis. The lowest anti-symmetric mode has a horizontal tangent which is also 

present for higher modes. The corresponding wave modes indicate standing wave 

patterns with zero velocity normal to the plate (standing waves in the thickness direction). 

The frequencies (at zero wave vectors, with wave vector parallel to the direction of 

propagation) are given by the respective resonances for transverse (bulk) waves. It may 

be worth noting that even though lower symmetric modes approach zero with finite slope, 

the higher modes approach a horizontal slope and are therefore, as to be expected from 

the standing waves in the thickness direction, not propagating (not transporting energy) 

along the plate. Standing transverse polarized waves with wave vectors normal to the 

surfaces of the plate relating to symmetric and anti-symmetric Lamb wave modes at wave 

number approaching zero and wave vector parallel to direction of propagation are 

displayed in Fig. 3.3. The standing waves oscillate without propagating energy.  
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Fig. 3.2 Dispersion curves for symmetric and anti-symmetric wave modes in a free 

isotropic aluminum plate of 2 mm thickness. Continuous lines indicate symmetric modes 
and dotted lines are anti-symmetric modes. The straight lines refer to the denoted modes 

and their slopes correspond to the respective velocities 
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    Anti-symmetric            Symmetric            Anti-symmetric  

Fig. 3.3 Standing wave patterns for transversely polarized waves with wave vector 
normal to the surfaces of the plate. The number of half wavelengths in the standing wave 

pattern is denoted by n. The respective resonances relate to the frequencies for zero wave 
vectors of different branches of the Lamb wave dispersion relations. The symmetric and 

anti-symmetric nature of the standing waves which are represented by the particle 
velocity is discernible from the continuous and dotted envelopes for the standing waves 

 

At higher frequencies and wave numbers, even order symmetric modes intersect with 

odd order anti-symmetric modes. The line joining the intersection points represents 

longitudinal polarized bulk waves whose slope represents the longitudinal wave speed. In 

the neighborhood of these crossings the Lamb waves exhibit an enhanced group velocity 

as visually discernible by the slope (see Fig. 3.2). 

The universal dispersion relations are generated by setting the slope of the surface 

acoustic wave to unity (45
o
) and setting the increment of symmetric and anti-symmetric 

modes along the frequency axis to unity as shown in Fig. 3.4. At low wave numbers, the 

shear wave velocity is given by vSYZ[\ = νλ, where ν is the frequency and λ is the 
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wavelength. For the standing waves confined inside the plate vSYZ[\ = nν (̀, where the 

factor n takes values 0, 1, 2, 3, 4, … . Corresponding wavelengths are λ=2h, h, 2h/3, h/2, 

2h/5, … , where h is the thickness of the plate. The respective frequencies for an 

aluminum plate with h = 2 mm are 1.56, 3.13, 4.69, 6.26, and 7.8 MHz. 

For the generalized dispersion relations the increment of the frequency axis (related to 

energy) is scaled using the shear wave velocity together with the standing wave 

condition. vSYZ[\ = νλ for the lowest frequency standing wave with half the wavelength 

related to 2h. To generate material specific dispersion relations the normalized frequency 

axis (energy) has to be multiplied with a scaling factor of vSYZ[\ 2hB .  

In classical wave mechanics, at high quantum numbers, the wave number and 

momentum of phonon implies the same physical quantity. Under the assumption of 

phonon dynamics (Auld, 1973), a simple harmonic oscillator with unit mass the energy of 

the system is given by Hamiltonian operator, ℋ = ,( ∑ (fg(/i)g + 6(jgk, − jg)(, where 

fg = i+l . The jg is the displacement of the mass at, +W = mn, where a is inter-atomic 

distance and l is the number of atoms. For a periodic system, the Fourier transform is 

jg = o�,/( ∑ j$��$gp$ . The displacement of the individual atom as a superposition of N 

atoms with the wave vector, is given as, k=2nq/Na (n ranges from 1 to N/2). For classical 

mechanics, the position x (t) and momentum p (t) are determined by setting time 

variation of the energy equal to zero. The variant of the energy is 
&ℋ(!)&! = R#rS &#&! + 6+ &s&! 
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The resulting equation is Newton’s equation of motion, 6+l + i + = 0G . The potential 

of differential equation is CWsin (�v + 6+). Here k corresponds to the transfer of 

momentum and � corresponds to the energy in dispersion relations. From above 

derivation the momentum is related to the time derivative of the displacement. The 

displacement of the particle is a function of linear stiffness and inter-atomic distances. 

The solution of the vibration of the particle in the linear chain model is given by Fourier 

transform of displacement in wave vector space. Thus, the energy and momentum in 

space and  time domain is related to frequency and wave vector space in Fourier domain. 

wave number is related to inter-atomic distance and To obtain the corresponding 

wave number the momentum axis or the wave number axis is scaled with a factor of 

vSYZ[\ 2hvSAWB .  This condition results from the desire to obtain a universal graph where 

the asymptote for the lowest Lamb wave branches has a slope of 1. 

For common materials (such as metals) representative ratios of SAW speed to shear 

and longitudinal wave velocity exist. For materials with the equivalent ratio of SAW 

speed to shear speed and SAW to longitudinal wave speed, only a single universal 

dispersion relation is needed to plot dispersion curves. 

Once the general behavior is plotted the frequency scale (related to energy) is 

adjusted such that the spacing between the mode intersection points is unity. Following 

this adjustment the wave-vector axis (related to momentum) is adjusted such that the 

SAW velocity is unity (respective line is at an inclination of 45
o
).  Depending on the 
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Lamé constants the slope of the other characteristic modes of the Lamb waves change. 

These different cases represent characteristic dispersion curves for a class of materials. 

 

Fig. 3.4 Dispersion curves for symmetric (continuous) and anti-symmetric (dotted) 

Lamb wave modes. The normalization factor is vShear/2h for the normalized frequency. 
The normalized frequency is chosen such that the SAW-velocity is 1 in the graph with 

respect to the normalized units 
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CHAPTER 4  

MODE SELECTIVE EXCITATION AND DETECTION OF 

ULTRASONIC GUIDED WAVES FOR DELAMINATION DETECTION 

IN LAMINATED ALUMINUM PLATES 

 

4.1 Introduction 

Previous attempts to use Lamb waves for damage detection in composite and metal 

plates include the works of Chimenti and Nayfeh (1985), Bar-Cohen and Chimenti 

(1986), Nagy, et al. (1986), Mal and Bar-Cohen (1988), Ditri and Rose (1994). 

Piezoelectric transducers with oblique incidence and pitch-catch configuration have been 

used for delamination detection by Alleyne and Cawley (1991), Alnassar et al. (1991). 

Guo and Cawley (1993), Rokhlin and Wang (1991), among others. Experimentally 

obtained ultrasonic guided wave dispersion curves have been plotted in time-frequency 

plane by Short Time Fourier Transform (STFT) (Eisenhardt et al. (1999), Presser et al. 

(1999), Wigner-Ville distribution (Hayashi, 1999)), Hilbert transform and continuous 

wavelet transform (Niethammer, 2001). Niethammer et al.(2001) and Benz et al. (2003) 

have presented guided waves in spectrograms and identified sensitive Lamb modes for 

damage detection in narrow frequency band ranges. Studies have been conducted for 

suitable selection of guided wave modes and frequency range for effective delamination 

detection by Kundu et al. (1997, 1998), Grill et al. (2009) and Hahn (2009).  

Selective modes of guided Lamb waves are generated in a laminated aluminum plate 

for damage detection using a broad band piezoelectric transducer structured with a rigid 

electrode. Appropriate excitation frequencies and modes for inspection are selected from 

theoretical and experimental dispersion curves. Dispersion curves are obtained 
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experimentally by Short Time Fourier Transform of the transient signals. Sensitivity of 

anti-symmetric and symmetric modes for delamination detection is investigated. The 

anti-symmetric mode is found to be more reliable for delamination detection. Unlike 

other studies where the attenuation of the propagating waves is related to the extent of the 

internal damage in this investigation the changes in the time of flight (TOF) of guided 

Lamb waves are related to the damage progression. The mode conversion phenomenon of 

Lamb waves during progressive delamination is investigated.  

4.2 Technique and Experimental Set-up 

Guided ultrasonic Lamb wave was used to determine the Time of Flight (TOF) in an 

aluminum plate of dimension 1000 mm x19 mm x 1 mm. Aluminum properties are – 

density = 2.7 gm/cc, P-wave speed = 6.32 km/s and S-wave speed = 3.13 km/s. The plate 

was placed on Styrofoam for approximately maintaining stress-free boundary conditions. 

The entire setup was secured in a thermal chamber to avoid any change in TOF due to 

variation in temperature. The geometry of the plate and the block diagram for generation, 

reception and measurement of TOF is shown in Fig. 4.1. 
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Fig. 4.1 Schematic of the experimental setup for Lamb wave propagation in a plate 
 

Two broadband piezoelectric transducers were attached on two sides of the aluminum 

plate for generation of Lamb waves. The electrode to electrode distance between the two 

transducers was 362 mm and the end to end distance was 390 mm. The dimensions of the 

piezo-electric transducer are 20 mm x 20 mm x 0.5 mm. The transducer consists of 

piezoelectric ceramic materials manufactured from modified Lead Zirconate Titanate and 

Barium Titanate. The piezo-electric transducer has relative ease of mobility of Ferro-

electric components and polarization. The properties of piezo-electric transducer are 

given in Table 1. The piezo-electric transducer used has high curing temperature, high 
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permittivity, high coupling factor and low coefficient of thermal expansion which is 

desirable for low power non-resonating broadband ultrasonic transducers. 

Table 4.1 Electromechanical and Acoustical Mechanical Properties of the PZT 
 

Elastic Constant (Compliance) (S11) m
2
/N 16.1x10

-12
 

Piezo-electric charge constant (d33) C/N 400 x10
-12

 

Frequency constant(Hzm) NA 2000 

Frequency constant(Hzm) NR 1450 

Piezo-electric Voltage constant (10
3
) Vm/N 25 

Density(g/cm
3
) 7.8 

Curie Temperature(
o
c) 350 

Permittivity (in direction of polarization)(ε33/ε) 1750 

 

To characterize the transducer, mounted on the aluminum plate, a chirp signal in the 

frequency range 1 kHz to 25 MHz was transmitted through the plate. The direction of 

polarization of the electrode was perpendicular to the plane of the aluminum plate. The 

schematic diagram of polarization of the piezo-electric transducer and the direction of 

propagation of the wave is shown in Fig. 4.2. The frequency spectra of the transient 

signal (see Fig.4.3) show different dominant frequencies in the frequency range varying 

from 1 kHz to 7 MHz.  

 
Fig. 4.2 Direction of polarization of PZT and transmission of Lamb waves in sample 
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Fig. 4.3 Frequency spectra for piezo-electric transducer excited with a chirp of 

frequency varying from 1 kHz to 25 MHz. (Frequency above 7 MHz was not propagated) 
 

A silver line electrode was rigidly attached to the piezo-electric transducer at a 

distance one-fourth of its length from the direction of propagation of the wave. Such an 

arrangement minimizes the resonance arising due to reflections from the endings of the 

waveguide. It also facilitates maximum energy travel in the direction of propagation of 

the Lamb wave. The property of the thin electrode also helps in exciting broad band 

frequencies. The arbitrary function generator (AFG) can produce electrical alternating 

frequency of 25 MHz with 24 volts as differential amplitude. The signal from the AFG 

was distributed equally (with suitable electronic circuit) and transmitted to identical 

piezo-electric transducer to produce symmetric excitation. To generate anti-symmetric 

mode shapes, polarity of one channel was inverted. The differential amplitude of voltage 

10 V to 11.6 V at 5 MHz frequency was transmitted for delamination detection in plates. 

85 kHz 

4.6MHz 

3.2MHz 
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The in-phase excitation of the structured piezoelectric transducer attached at both 

sides of the aluminum plate compressed and expanded the sample simultaneously to 

generate symmetric mode. In anti-symmetric excitation one transducer is compressed 

while the other transducer is expanded causing bending of the plate. Due to the 

symmetric arrangement of the two transducers the guided mode of choice (anti-

symmetric or symmetric) can be easily generated by changing the polarity of the applied 

voltage. 

4.3 Delamination Detection in Aluminum Plate with Guided Ultrasonic 

Wave 

 
The ultrasonic guided wave is then used for delamination detection in a laminated 

aluminum plate. A second aluminum plate of dimension 265 mm x 19 mm x 1 mm was 

cut from the same big sheet of aluminum and was glued (using resin) to the first plate to 

make the laminated aluminum plate. The effective thickness of the laminated plate thus 

became 2 mm. A wedge of 6 degree was polished at both ends of the second plate for 

effective propagation of Lamb waves. 

Anti-symmetric and symmetric Lamb modes were generated in 1 mm thick aluminum 

plate using broad band transducer of frequency bandwidth 1 kHz to 10 MHz. Time 

histories of these two types of guided waves are shown in Figs. 4.4 and 4.5. An arbitrary 

function generator was used to generate the chirp signal. The time domain responses of 

the two receivers were added arithmetically for the symmetric mode and subtracted for 

the anti-symmetric mode. The multiple wave packets in the transient signals indicate 

higher order modes or presence of the internal multiple reflections. 
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Fig. 4.4 Anti-symmetric Lamb mode in 1 mm thick aluminum plate produced by 

linear chirp signal excited from 1 kHz to l0 MHz 

 

 
Fig. 4.5 Symmetric Lamb mode in 1 mm thick aluminum plate produced by linear 

chirp signal excited from 1 kHz to l0 MHz 
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4.3.1 Spectrogram Analysis for Generating Dispersion Curves 

Dispersion curves for the aluminum plate are obtained experimentally by short time 

Fourier transform (STFT). The Fast Fourier Transform (FFT) of anti-symmetric and 

symmetric transient responses was first performed to identify the dominant frequencies as 

shown in Fig. 4.6. The dominant frequencies in the frequency spectra correspond to 

different modes in the dispersion curve plot. However, FFT has the limitation of losing 

the time information. 

 
Fig. 4.6 Frequency spectra of symmetric (top) and anti-symmetric (bottom) Lamb 

modes in aluminum plate 
 

Short Time Fourier Transform (STFT) was carried out on anti-symmetric and 

symmetric transient responses to generate experimental dispersion curves for 1 mm thick 

aluminum plate. The signal was multiplied by a Hanning window function which is non 
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zero only for a short time period. The window was moved along the time axis, resulting 

short-time Fourier transform of the signal. The STFT function is defined as  

yz{z|+(v)} = ~(�, �) = � +(v)�(v − �)��� !�v���                                              (4.1) 

w(t) is the window function and x(t) is the signal to be transformed. .X (τ, ω) is the 

short-time Fourier Transform of x(t). The STFT sacrifices the precision of either time or 

frequency due to Heisenberg uncertainty principle. The time-frequency information 

depends on the size of windowing. The wide window gives better frequency resolution 

but time resolution is lost and vice versa. Theoretical dispersion curves of Lamb waves 

for 1 mm and 2 mm thick aluminum plates were generated. The experimentally obtained 

dispersion spectrograms for anti-symmetric and symmetric wave modes were 

superimposed on the theoretically obtained dispersion curves for 1 mm thick aluminum 

plate and shown in Fig. 4.7. 

4.4 Mode Selective Excitation and Detection 

4.4.1 Anti-symmetric Modes 

The spectrogram identifies the dominant frequencies and the corresponding times-of-

flight (TOF) for anti-symmetric modes in the frequency range 1 kHz to 10 MHz and is 

shown in Fig. 4.7. Theoretical dispersion curves obtained for anti-symmetric Lamb 

modes are superimposed on the experimentally obtained contour plots or dispersion 

curves (Fig. 4.7). It should be noted that the experimentally obtained dispersion curves 

are in close agreement with the theoretical dispersion curves. It helps us to identify 

experimentally generated different anti-symmetric modes.  
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Fig. 4.7 Theoretical group velocity dispersion curves for anti-symmetric modes are 

shown as continuous lines for Lamb wave propagation in 1 mm thick aluminum plate. 

Experimental dispersion spectrogram for anti-symmetric modes is shown as contour 
plots. The spectrogram is derived from the time domain signal with frequency content 1 

kHz to 10 MHz 
 

From Fig. 4.7 one can see that strong anti-symmetric modes A0 and A1 are generated 

by the broad band transducer. A dominant A0 mode with some contribution from the A1 

mode is generated in the frequency range 1.5 MHz to 2.5 MHz. Another dominant A0 

mode is observed in the frequency range 0.5 MHz to 1 MHz. Fig. 4.7 also shows the 

generation of the A1 mode in the frequency range 3 to 4.8 MHz. Among these different 

anti-symmetric modes shown in Fig. 4.6 and 4.7 lower frequency (below 2.5 MHz) 

modes are preferred because they are stronger, or in other words have higher energy 

content. In Fig. 4.6 one can clearly see that the energy content of the A1 mode in the 
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frequency range 3 to 4.8 MHz is relatively small; Figs. 4.6 and 4.7 show strong signals 

between 1.5 and 2.5 MHz.  

During the delamination process the laminated plate is disjointed and therefore the 

plate thickness is reduced to half of its original thickness – from 2 mm reduced to 1 mm. 

Dispersion curves for 1 mm and 2 mm thick aluminum plates are shown in Fig. 4.8.  

 
Fig. 4.8 Theoretical group velocity dispersion curves for anti-symmetric Lamb modes 

in 1 mm (black lines) and 2 mm (grey lines) thick aluminum plates 

 

From the dispersion curves of Fig. 4.8 one can see that the time of flight of the A0 

mode decreases in the frequency range 1.5 to 2.5 MHz as the thickness of the aluminum 

plate is reduced from 2 mm to 1 mm. This frequency range is ideal because the decrease 

in TOF is 6.5 µs which is much greater than the resolution of the equipment. Another 

reason for selection of the A0 mode (at 1.5 to 2.5 MHz frequency range) is that the 
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results are not significantly influenced by the increase in temperature of the piezo-electric 

transducer. Considering all these factors, finally the A0 mode in the frequency range 1 

MHz to 3 MHz is generated in the plate. 

4.4.2 Symmetric Modes  

The Short Time Fourier Transform of the transient response (frequency content 1 kHz 

to 10 MHz) of symmetric Lamb modes propagating through 1 mm thick aluminum plate 

is shown in Fig 4.9. The contour plots in Fig. 4.9 show the dominant frequency content of 

the transient response when Lamb waves propagate through the aluminum plate. 

Theoretical dispersion curves obtained for symmetric Lamb modes are plotted as 

continuous lines along with the experimentally obtained contour plots in Fig. 4.9.  

 
Fig. 4.9 Theoretical group velocity dispersion curves for symmetric modes are shown 

as continuous lines for Lamb wave propagation in 1 mm thick aluminum plate. 
Experimental dispersion spectrogram for symmetric modes is shown as contour plots. 

The spectrogram is derived from the time domain signal with frequency content 1 kHz to 
10 MHz 
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Symmetric modes S0 and S2 are found to be the strongest in Fig. 4.9 among all 

symmetric modes generated by the structured piezo-electric transducer. Fig. 4.9 also 

shows a weak S1 mode. The strong S2 mode is observed between 3.7 and 5.3 MHz while 

strong S0 mode is generated in the frequency range 200 kHz to 1 MHz and again between 

2 and 2.5 MHz. Fig. 4.9 thus clearly shows three frequency ranges where strong 

symmetric modes are generated – 200 kHz to 1 MHz (S0), 2 to 2.5 MHz (S0) and 3.7 to 

5.3 MHz (S2). Among these three choices the S2 mode in the frequency range 4 to 5 

MHz is chosen for plate inspection because this signal is strong and less dispersive. S0 

mode in 2 to 2.5 MHz range shows strong dispersion and can be very sensitive to 

temperature variation and other environmental effects. In the very low frequency range 

(200 kHz to 1 MHz) the ultrasonic energy propagates not only as the S0 mode but also as 

other modes that cannot be explained from the theoretical symmetric modes plotted in 

Fig. 4.9. Strong energy is observed experimentally far away from the theoretical 

continuous lines of Fig. 4.9 in the low frequency range. A possible explanation of this 

observation is that at low frequencies the wavelength is large and therefore it interacts 

with the side boundaries of the plate. As the frequency increases the wavelength 

decreases and the influence of the side boundaries on the propagating wave diminishes. 

As a result, at higher frequencies the contour plots match better with the theoretical 

dispersion curves (continuous lines) obtained for the plate of infinite width (no side 

boundary). It is interesting to note that the side boundary effect is significantly less for 

the anti-symmetric modes; in other words, the contour plots in the low frequency range is 

closer to the theoretical curves for the anti-symmetric modes (Fig. 4.7) than the 
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symmetric modes (Fig. 4.9). This phenomenon may be explained in the following 

manner. For symmetric mode generation and propagation the plate is alternately 

compressed and elongated in the thickness direction. Due to Poisson’s effect as the plate 

thickness is shortened and elongated its side boundaries move outward and inward, 

respectively generating another guided wave mode in the plate of finite width. Anti-

symmetric mode on the other hand is generated by moving both surfaces of the plate in 

the same direction. Then the side boundaries simply move up and down. This rigid body 

motion of the side boundaries does not generate any new guided wave mode.  

Theoretical dispersion curves for symmetric Lamb modes in 1 mm and 2 mm thick 

aluminum plates are shown in Fig. 4.10. For 1 mm thick plate in the frequency range 3.7 

to 5.3 MHz (S2 mode), the TOF varies from 95 to 125 µs. For 2 mm thick plate the TOF 

is expected to vary between 85 and 165 µs for the S2 mode in the same frequency range. 

It should be kept in mind that the time-frequency plane is not a very good tool to 

accurately determine the first arrival time of the signal due to the loss of resolution 

governed by Heisenberg uncertainty principle.  
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Fig. 4.10 Theoretical dispersion curves for symmetric Lamb modes in 1 mm and 2 mm 
thick aluminum plates 

 

4.4.3  Spectrogram Analysis for Anti-symmetric Modes  

To achieve better resolution in time of flight and frequency, anti-symmetric ultrasonic 

guided wave in the frequency range 1 MHz to 3 MHz was propagated in 2 mm thick 

laminated aluminum plate. The recorded time history is shown in Fig. 4.11. The Fourier 

transform of this time history shows dominant frequency at 2 MHz and is in agreement 

with Fig. 4.7. This observation ensures that with our experimental setup Lamb waves can 

propagate effectively through 2 mm thick aluminum plate. The time of flight of the 

guided wave in 2 mm thick and 362 mm long laminated plate is 122 µs calculated 

accurately from the cross correlation technique applied to the first arriving wave packet. 
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Fig. 4.11 Anti-symmetric Lamb wave in 2 mm thick aluminum plate produced by 

linear chirp signal excited from 1 MHz to 3 MHz 
 

To create delamination in the 2 mm thick laminated aluminum plate, a sharp cut was 

introduced in the epoxy with minimum disturbance elsewhere. After creating partial and 

full delamination the guided Lamb waves were again propagated through the specimen 

and the new transient responses were recorded. The delamination was created in two 

stages. In the first stage an edge defect was introduced by removing epoxy at the central 

plane in the middle of the plate. Depth and width of the defect are 8 mm and 5-6 mm, 

respectively. The sample with this edge defect will be called partially delaminated plate. 

Stage two involves complete removal of epoxy using acetone. However the two 

laminated plates were kept in physical contact without any epoxy bonding. This specimen 
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will be called fully delaminated plate. The transient response was recorded after each 

stage of delamination. 

The recorded transient response in 1 mm thick plate after complete delamination is 

shown in Fig. 4.12. As in the laminated plate here also the signal was generated by linear 

chirp signal in the frequency range 1 MHz to 3 MHz. Time of flight for the Lamb wave 

propagation in 1 mm thick aluminum plate of length 362 mm is 116 µs. To obtain both 

TOF and frequency information, STFT was applied to the time histories for the 2 mm 

thick defect-free laminated plate, partially delaminated plate, fully delaminated plate and 

1 mm thick aluminum plate. Transformed results are shown in Fig. 4.13. 

 
Fig. 4.12 Anti-symmetric Lamb wave in 1 mm thick aluminum plate produced by 

linear chirp signal excited from 1 MHz to 3 MHz 
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Fig. 4.13a shows A0 anti-symmetric mode in 2 mm thick aluminum plate. Time-of-

flight of the A0 mode at central dominating frequency of 2 MHz is in the range 118-122 

µs (see Fig. 4.8). Fig. 4.13a also shows TOF associated with the high energy signal in the 

118-122 µs range. When two plates are partially delaminated, then A0 mode is converted 

to both S0 and A1 modes. In Fig.4.13b the time of flight varies between 95 and 195 µs in 

the frequency range 1.5 to 2.5 MHz. Experimentally obtained S0 mode shape in partially 

delaminated specimen shown in Fig. 4.13b is in close agreement with the theoretical 

dispersion curve corresponding to the S0 mode for 1 mm thick plate traced in Figs. 4.9 

and 4.10. These figures show a theoretical variation of TOF from 80 to 200 µs for the S0 

mode in 1 mm thick plate. Fig. 4.8 shows a variation of TOF from 100 to 160 µs for the 

A1 mode in 2 mm thick plate. Dispersion curve shape of this mode also matches well 

with the contour plots of Fig 4.13b. Two strong peaks are observed in the contour plot of 

Fig. 4.13b – one corresponds to TOF 115 µs and for the second peak it is 138 µs. Fig. 

4.10 shows a TOF of 120 µs for the S0 mode in 1 mm thick plate at 2 MHz frequency 

and Fig. 4.8 shows a TOF of 138 µs for the A1 mode in 2 mm thick plate at 2 MHz 

frequency. 
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Fig. 4.13 Spectrogram (STFT) of the transient signal with frequency content 1 MHz 

to 3 MHz during progressive de-lamination a) 2 mm thick defect-free plate, b) 2 mm 

thick plate after partial delamination c) after full de-lamination but two plates are in 
contact d) 1 mm thick aluminum plate. Figures 4.7 and 4.9 are inserted on the right 

column for easier identification of the regions of the dispersion curves that are 
experimentally generated in Figures 4.13a, b, c and d. 

 
The arrival time of the A0 mode in 1 and 2 mm thick plates are close to 115 and 120 µs at 

2 MHz frequency (Fig. 4.8). From this observation it can be concluded that some energy 

of the propagating A0 mode is converted to S0 and A1 modes in the partially delaminated 

plate. As the delamination progresses from partial to full delamination the TOF is again 

changed. Fig. 4.13c (for fully delaminated plate) shows a variation of TOF from 120 to 

160 µs with a peak value near 135 µs. Fig. 4.13d (for 1 mm thick plate) on the other hand 

shows a variation of TOF from 110 to 150 µs with a peak value near 122 µs. The shapes 

of the contour plots of Fig. 4.13c and d have some similarities and some differences. In 

Fig. 4.13c the plot shows two branches but only one branch can be seen in Fig. 4.13d. 

The dominant branch of Fig. 4.13c has a shape very similar to that of Fig. 4.13d. This 

a b 

c d 

A0 

A0 

A0+S0 

Mode  
conversion 

Mode 
conversion 
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shape is similar to the S0 mode shape of 1 mm thick plate near 2 MHz frequency. The 

shape of the weak branch of Fig. 4.13c matches with the S0 mode shape for the 2 mm 

thick plate. Fig. 4.10 shows the intersection point of S0 modes in 1 mm and 2 mm thick 

plates close to 135 µs near 2 MHz frequency; these values match with those for the strong 

peak in Fig. 4.13c. The TOF for the S0 mode in 1 mm thick plate at 2 MHz frequency is 

120 µs (see Fig. 4.10) which is close to what is observed for the strong peak in Fig. 

4.13d. Therefore, from Figs. 4.13c and 4.13d it can be concluded that, in 1 mm thick 

plate and 2 mm thick fully delaminated plate the ultrasonic energy propagates mostly as 

the S0 mode. For the delaminated plate in addition to the S0 mode it is possible to have 

some contribution from the A1 mode also because the TOF for the A1 mode in 2 mm 

thick plate at 2 MHz frequency is 138 µs (see Fig. 4.8) which is close to the observed 

value in Fig. 4.13c.  

The A0 mode is thus found to be very efficient for delamination detection because it 

undergoes the mode conversion from A0 to S0 and A1 during partial delamination and 

then converted back to S0 mode during complete delamination. The shape change in the 

contour plots due to mode conversion along with the change in TOF is a very good 

indication of the formation of the delamination damage in the laminated plate.  

4.4.4 Spectrogram Analysis for Symmetric Modes  

Symmetric ultrasonic guided wave in the frequency range 3.5 MHz to 5.5 MHz was 

propagated in the 2 mm thick laminated aluminum plate. The time history is shown in 

Fig. 4.14. The Fourier transform of Fig. 4.14 shows a dominating frequency at 4.5 MHz. 

The time-of-flight of the guided wave in 2 mm thick and 362 mm long laminated plate is 
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129 µs, obtained from the cross-correlation technique. The response of the symmetric 

mode at various stages of delamination was recorded. After complete delamination, the 

symmetric guided wave of frequency content 3.5 MHz to 5.5 MHz was propagated in the 

1 mm thick plate specimen. The time history obtained from the 1 mm thick plate is 

shown in Fig. 4.15. The time of flight for the Lamb wave propagation in 1 mm thick 

aluminum plate is 110 µs.  

 
Fig. 4.14 Symmetric Lamb wave in 2 mm thick aluminum plate produced by linear chirp 

signal excited from 3.5 MHz to 5.5 MHz 
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Fig. 4.15 Symmetric Lamb wave in 1 mm thick Aluminum plate produced by linear chirp 

signal excited from 3.5 MHz to 5.5 MHz 
 

Short Time Fourier Transforms were obtained from the time histories of Figs. 4.14, 

4.15 and two other time histories obtained from the 2 mm thick plate after partial and full 

delamination. Computed STFT results from these four time histories are shown in Fig. 

4.16. 
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Fig. 4.16 Spectrogram (STFT) of the transient signal with frequency content 3.5 MHz 

to 5.5 MHz during progressive delamination a) 2 mm thick defect-free plate, b) 2 mm 

thick plate after partial delamination, c) after full delamination but two plates are in 
contact, d) 1 mm thick aluminum plate 

 

Fig. 4.16a shows a variation of TOF from 120 to 140 µs with two peaks occurring at 

125 and 130 µs. From Fig. 4.10 one can see that for 2 mm thick plate the TOFs of the S0 

and S2 modes at 4.5 MHz frequency are close to 125 µs and that for the S1 mode is 140 

µs. Therefore, S2 and S0 modes must have given rise to the two peaks of Fig. 4.16a. 

After two plates are partially delaminated, Fig. 4.16b is obtained. In Fig 4.16 we see a 
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variation of TOF from 110 to 128 µs with the strongest signal arriving at 116 µs. When 

the plates are fully delaminated but still in contact then Fig. 4.16c is generated. In this 

figure the TOF is found to be varying from 122 to 137 µs with the strongest signal 

arriving at 126 µs. Fig. 4.16d shows the STFT plot for the 1 mm thick plate, the TOF for 

this plot is found in the range 102-122 µs and for the strongest peak it is 110 µs. 

Theoretical dispersion curves in Fig. 4.10 indicate that the difference in TOF for the S2 

mode for 2 mm and 1 mm thick aluminum plates at 4.5 MHz frequency should be about 

15-20 µs. Experimental TOF difference between 2 mm and 1 mm thick aluminum plates 

is in that range (difference between 125-130 µs and 110 µs). It explains why a jump of 15 

to 20 µs in TOF occurs when 2 mm thick plate is replaced by 1 mm thick plate. Next it is 

investigated why the TOF is changed to 116 µs for the partially delaminated plate and to 

126 µs for the fully delaminated plate. Fig. 4.10 shows the TOF for the S0 mode in 2 mm 

thick plate at 4.5 MHz to be 126 µs and that for the same mode in 1 mm thick plate is 131 

µs. Two peaks in Fig. 4.16c probably correspond to the ultrasonic energy propagating as 

the S0 mode in both 2 mm and 1 mm thick plates. In Fig. 4.16b the arrival time of the 

strong signal at 116 µs and another weak peak at 120 µs cannot be clearly explained from 

the generated dispersion curves. May be the sharp edge of the delamination or the epoxy 

layer at the central plane contributed to it and will be investigated in greater detail in the 

future.  

From the cross-correlation of the excitation signal and the transient response, the 

difference in TOF (for the symmetric wave) in 2 mm and 1 mm thick aluminum plates 

was found to be 15 µs. This result is in good agreement with the theoretical value of 15 to 
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20 µs. The slight inconsistency between the theoretical and experimental results for the 

difference in TOF is due to the inability of the piezo-electric transducer to generate a 

narrow-band excitation. All experiments were repeated three times to check the 

reproducibility of the experimental results. 

This investigation revealed that for the delamination detection in the laminated 

aluminum plate considered here anti-symmetric modes in the frequency range 1 to 3 

MHz are preferred over symmetric modes (3.5-5.5 MHz) for the following reasons. 

1) Anti-symmetric mode A0 goes through strong mode conversion from anti-symmetric to 

symmetric as delamination progresses. Symmetric modes S2 and S0 however are not converted to 

anti-symmetric modes by the delamination. 

2) When A0 mode is used for monitoring the laminated plate then both spectrogram shape 

and the TOF of the signal are affected by the delamination as shown in Fig. 4.13. However, when 

the symmetric mode is used for plate monitoring then only the TOF measurement is affected by 

the delamination. Changes in the contour plot shapes due to delamination are not that prominent 

as one can see in Fig. 4.16. 

4.5 Conclusion 

Guided Lamb waves are sensitive to delamination damage in laminated aluminum 

plates. Structured piezo-electric transducers are capable of exciting ultra broadband 

frequencies. Selective modes (symmetric and anti-symmetric) are generated by properly 

tuning the polarities of the transducers. It is experimentally observed that fundamental 

anti-symmetric mode (A0) is highly sensitive to the presence of delamination. A0 mode 

shows mode conversion when it interacts with a flaw or delamination defect. Short Time 

Fourier transform is a powerful tool for identification of different propagating modes and 
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selecting the right mode for damage detection. Measuring the time of flight of Lamb 

waves in defect-free and delaminated plates for delamination detection appears to be a 

promising new technique for delamination monitoring. Conversion of fundamental anti-

symmetric (A0) mode to S0 and A1 indicates presence of delamination. Fundamental 

symmetric mode (S0) was not used because at low frequencies it was strongly influenced 

by the side boundaries of the plate. At higher frequencies symmetric modes S2 and S0 

showed change in TOF with delamination but the degree of change in the spectrogram 

shape with delamination is found to be much stronger for the anti-symmetric mode and 

therefore this mode is recommended for delamination monitoring in the laminated plate.  
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CHAPTER 5 

MULTI-SCALE DAMAGE STATE ESTIMATION IN COMPOSITES 

USING NONLOCAL ELASTIC KERNEL 
 

    5.1 Introduction 

       Composite materials are the most popular alternative structural materials in the 

aviation industry. Advanced composite systems have relatively high specific strengths as 

well as high temperature survivability. However, composites under cycling operational 

environments are susceptible to incipient damages. Carbon composites suffers from 

internal or interfacial damages that may occur due to impact events or damage growth 

under fatigue loading conditions such as delamination, matrix cracking, accumulated 

micro voids, component de-bond etc. However, the challenge is associated with detecting 

the incubation of damage before the damage manifests in the macro scale.  

Generating high frequency (above 2 MHz) wave signals using piezoelectric wafer 

active sensors is a challenging task.  Besides, high frequency signals cannot propagate in 

composite materials due to attenuation. Therefore, one needs to detect micro-cracks in 

composites using guided acoustic waves at the frequency range of 200 kHz to 800 kHz. 

The final objective of this research is to quantify the micro level damages from the macro 

scale signals.  

It has been established that almost all material behaviors show strong dependency 

on the length scales. However, classical elasticity theories are independent of the length 

scale and are insufficient to predict the behavior at variable temporal and spatial scales.  
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Lack of consideration of scaling laws in material modeling creates some 

ambiguity in the material response (Bazant, 1998). The stress singularities at the crack tip 

and non dispersive behavior of waves at high frequencies are few of the discrepant 

behaviors predicted by the classical theories. At atomic scale, existence of voids, 

dislocations and disinclinations or presence of impurities causes strain singularities 

(Lazar, 2006).  Linear elastic theories are well behaved at low frequencies. However, at 

the scale where wavelengths are comparable with inter-atomic distances, continuum 

theory breaks down. To resolve the issue of length scale, molecular dynamics (MD) have 

been applied to wave propagation in anisotropic solids (Muralidharan et al., 2003) and 

the information at atomic scale has been extended to the continuum scale through discrete 

wavelet transform (Mishra et al., 2008). However, MD is computationally expensive and 

is not preferred in solid mechanics applications. Therefore, continuum theory has to be 

modified to take into account the length scale using Non-Local theory and peridynamics 

theory (Eringen, 1983, 2002 and Emmrich and Weckner, 2006). To achieve this goal 

Kroner and Datta (1966) attempted to incorporate non local theory of materials to 

calculate perturb velocity from the solution of Christoffel-nonlocal solutions for 

anisotropic solids. The non-local theory was first proposed by Kroner and Datta (1966) 

and then extended by Eringen (1983, 2002). In nonlocal approach, strain gradients are 

modified in the governing momentum equilibrium equation to take into account the effect 

of the long range force (Eringen, 1977).  Non-local theory for anisotropic solids considers 

the spatial variation of elastic modulus, governed by singular non-local kernel function 

(Eringen, 1977). For long wavelength and low frequency nonlocal theory condenses to 
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classical continuum theory. At high frequency and low wavelength, comparable to lattice 

distances of the crystal, nonlocal theory predicts realistic dispersion relationship. 

In this study an attempt has been made to apply non-local theory to predict the 

dispersion relationship of anisotropic solids. Multi-scale material modeling is 

continuously gaining popularity in structural health monitoring (SHM). The fact that the 

multi-scale modeling migrates the information from various scales makes it suitable for 

early prediction of catastrophic material failure. However, in SHM it is difficult to extract 

micro-scale information from the Lamb wave signals. The challenge lies in relating the 

small scale material damage information to global macro-scale response of the material. 

It is well known (Kim and Grill, 1998), that the small change in time of flight of 

ultrasound is related to the material changes originating at atomic scale. Unfortunately 

continuum theories are unable to predict the response at variable length scales. Recently, 

attempts have been made to extract useful and qualitative information from the time of 

flight data to quantify initiation of material changes at the lower scale (Banerjee, 2009).  

Till today, only theoretical formulation of nonlocal theory has been devised to study the 

effect on micro-scale changes on the global response of the materials. For the first time, 

in this study the capability of nonlocal theory is demonstrated for real time structural 

health monitoring applications. Initiation of delamination in anisotropic carbon 

composites is predicted using the nonlocal theory. Mal et al. (1991) experimentally and 

theoretically showed that reflection spectra are strongly affected by delamination in 

composite plates. Scanning using Lamb waves for internal damage detection has been 

tried out by Nagy et al. (1989), Chimenti and Martin (1991), Detri et al. (1992), Kundu et 
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al. (1996) and Maslov and Kundu (1997). Wang and Chang (1999) have utilized smart 

sensors for generating ultrasonic Lamb waves and developed damage detection 

framework. In the present work, ultrasonic Lamb waves are generated by piezoelectric 

transducer in carbon composite plates (anisotropic solid) and the time of flight is 

measured using cross correlation technique. 

A 4 mm thick composite plate was used for this study. A very fine damage was 

introduced using a sharp knife tip at a depth of 2 mm from the surface of the plate in 

between the transmitter and the receiver.  Piezoelectric Actuator and sensor set was used 

to generate and sense the ultrasonic guided wave in the composite plate. Cross correlation 

technique was used to determine the changes in time of flight of the received ultrasonic 

signal from the damaged and undamaged plates. The difference in TOF is associated with 

the initiation of damage at micro-scale. Such changes are very small and almost 

negligible. However in this research such changes are not neglected and an attempt is 

made to correlate the changes in TOF with the non-local parameters associated with the 

dispersion relationship of the carbon composites. 

 

5.2 Mathematical Derivation for Nonlocal Kernel and Operator 

Extensive study on material characterization enhances the understanding of the 

response at variable length scale and provides guidelines for assumptions of suitable 

nonlocal kernel functions. From ab initio dynamics study (Picu, 2002), the kernel 

function can be calculated. It is evident (Silling, 2000) that a unique operator exists for 

the nonlocal kernel to be the Green’s function in specified L
2
 space. Nonlocal elasticity 

includes the effect of long range inter atomic force and it can be used as a continuum 
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model of the atomic lattice dynamics. Lattices are repeated in a crystal of the material and 

hence the continuum model of the atomic lattice dynamics includes wave propagation in 

a periodic structure (Brillouin, 1953). Periodicity exists both in the direct lattice and 

reciprocal lattice systems. The vector in reciprocal lattice is a propagation vector of wave 

propagating in the direct lattice. Therefore, the wave frequency is a periodic function of 

the wave vector in the reciprocal lattice. Wave numbers are the magnitudes of the wave 

vectors in reciprocal lattices. Let us assume a position vector of a point (Brillouin, 1953) 

in the direct lattice 332211 lllr
rrrr

ααα ++=  where, 21 , ll
rr

 and 3l
r

 are the basis vectors of the 

lattice. The wave potential of a wave propagating through the lattice can be observed 

only at the lattice points r
r

and the potential can be written as

)}(exp{ 332211 tkkkiA ωαααϕ −++= . The function ϕ  is periodic in

332211 mkmkmkk
rrrr

++= . Where, k
r

is the wave vector in reciprocal lattice and 321 ,, mmm
rrr

are the basis vectors in reciprocal lattice system. There is an explicit relation between 

lattice vectors in reciprocal and direct lattices ikki ml δ=• )(
rr

, where, ikδ  is the Kronecker 

δ symbol. Hence, the similar potential is true for a wave vector gkk
rrr

+=′ , where, g
r

is a 

suitable translation vector ( 332211 mmmg
rrrr

ξξξ ++= ) in reciprocal lattice system.  There is 

a specific periodic relationship between the frequency (ω ) and k
r

 to enforce the lattice 

scale relationships (Brillouin, 1953). Such relation must satisfy the boundary conditions 

at the boundaries of the Brillouin zones (Brillouin, 1953), specifically at the boundaries 

of the first Brillouin zone. Functional relationship presented by Born-Von Kármán from 
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the lattice dynamics study can be further approximated (Eringen, 1983). The 

approximated atomic dispersion relation can be written as 
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Where,ε = l0e  is the intrinsic length scale factor, and l is intrinsic length scale such as 

lattice dimension, granular distance etc. (Eringen, 1983). The suitable operator L can be 

written as 

)1( 22∇−= εL                                                                          (5.2) 

Where, 2∇ is a Laplace operator in three dimensions. The suitable Kernel function can be 

written as (Lazar et al., 2006) 

( ) ( ){ }
sp

sp

cc
cc

/)(exp/)(exp
)(

11

4

1
)(

22
xyxy

xy
xy −−−−−

−−
=−

π
κ                      (5.3) 

Where, 
( )

2

2

02

,

le
c sp =  

Lazar et al. (2006) recommended the use of bi-Helmholtz type operator to circumvent the 

problem of satisfying the boundary condition. According to Lazar et al (2006), the atomic 

dispersion relation can be written as 
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Where, l0f  
is another intrinsic length scale factor. The operator which can explicitly 

catch the dispersion equation at intrinsic length scale have been derived by several 

researchers (Eringen, 1983, 2002, Silling, 2000, Picu, 2002) and adopted in the present 

study. The suitable operator L can be written as 

)1( 444

0

222

0 ∇+∇−= ll feL                                                                     (5.5) 
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Where, 2∇ is a Laplace operator in three dimension. The suitable Kernel function can be 

written as (Lazar et al., 2006) 
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5.2.1 Nonlocal Continuum Theory: Equation of Motion 
 

Einstein index notations have been used throughout this study with indices taking values 

1, 2 and 3. Let us consider a body Ω  with boundary Γ . At any point y in Ω , the stress-

strain relation can be written as 

)()()( yyy klijklij C εσ =                                                                                                     (5.7) 

Where, )(yijklC defines the constitutive material properties at a point y . According to the 

nonlocal elasticity, the stress at a point of interest )( nxx  can be written as 

( )∫
Ω

Ω−= dCt klijklij )()()( yxyyx εκ                                                                                 (5.8) 

Where, ( )xy −κ  is a nonlocal kernel or nonlocal modulus. Various researchers 

investigated the suitable use of the nonlocal kernel for specific problem formulation. A 

list of different types of kernels is presented in literature (Eringen, 1983).  A functional 

form of nonlocal elasticity kernel is presented by Picu, 2002 and the potential is 

developed from a molecular dynamic study. From these past studies, it is concluded that 

the kernel function can also be considered as the probability density function. The 

nonlocal kernels have a few specific properties (Eringen, 1983). The Integro-differential 

equation of motion at x can be written as 
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( )( ) ikkiij

j

uFds
x

δρκ
..

)()()()( xxyxyy =+Ω−
∂

∂
∫
Ω

                                                         (5.9) 

The above equation can be manipulated in a different way by operating the equation with 

the operator L. Thus equation (5.9) can be written as 

( ) ikkijklijkl uLLFdLC δρεκ 







=+Ω−∫
Ω

..

, )()()()( xxyyxy                                      (5.10) 

( ) ikkijklijkl uLLFdC δρεδ 







=+Ω−∫
Ω

..

, )()()()( xxyyxy                                         (5.11) 

( ) )()(
..

, xxx iikkjklijkl LFuLC −=







− δρε                                                                   (5.12) 

Homogeneous solution of equation (5.12) can be seen as nonlocal solution of Christoffel 

equation. The nonlocal Christoffel equation can be written as 
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5.2.2 Nonlocal Christoffel Equation 
 

Calculation of elasto-dynamic Green’s function, calculation of wave field in 

anisotropic materials, understanding of wave signals for real time SHM of generalized 

materials, etc. need a clear understanding of the wave velocity (quasi longitudinal, quasi 

shear wave) profile in anisotropic materials. Therefore, any perturbation in such profile or 

in slowness direction will be an important aspect to know the ‘incubation of damage’ at 

the intrinsic length scale. The study is efficient in predicting the nonlocal parameter by 

satisfying the boundary conditions at the first Brillouin zone. But for real time wave field 

modeling, that parameter cannot be used directly. Eigen vectors and eigen values from 

the solution of Christoffel equation will be useful to understand the behavioral changes in 

the solution due to the incorporation of nonlocal parameters. This study will be useful in 
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two ways. If ab initio dynamics study is performed on the damaged state of the material 

and the suitable nonlocal parameter is known, the perturbed velocity profile can be 

calculated directly from the nonlocal Christoffel solution. However, on the other hand if 

we have the dispersed velocity profile with different nonlocal parameter plotted as a 

catalog; the experimental value of wave velocity can be matched to predict the suitable 

nonlocal parameter for the material. This study will give a parametric understanding of 

internal damage occurring even before the crack nucleates. This parameter can be used in 

elegant prognostic theories to predict when the crack will nucleate based on the present 

damage state at the intrinsic length scale. Let us proceed with the solution methodology. 

Let us assume that the displacement wave potential in a material is in the form

).exp( tiiAu kk ω−= xk . Hence, substituting in equation (5.13) we get 

( ) ( ) ( )( )( )[ ][ ] 01
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Simplifying the above equation we can write 
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To have nontrivial solution of equation (5.15) one must satisfy 
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Where, ljijklik nnC=Μ , defining ik

ik ℑ=
Μ

2ρω
 and )( 2

3

2

2

2

1

2
kkk ++=k , the equation 

(5.16) can be written in the matrix form. 
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Therefore the eigen value solution is performed on the following nonlocal Christoffel 

equation. 
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The above nonlinear equation has four roots. Only positive roots are considered in this 

study, negative roots and complex roots are not taken into consideration.  The 

perturbation parameter γ is selected as γ<ε/21/2 
(Lazar, 2006).The iteration of γ is 

performed for the solution of nonlinear equation. Depending on variable γ dispersion 

curves are plotted. Comparison of experimental time of flight with Nonlocal perturbation 

dispersion curves shows that the value of γ is 0.03, and is suitable for simulation. The 

experimental TOF and dispersion relation is discussed in section 5.3.2. Perturbation in 

nonlocal parameter γ does not influence dispersion relation at macro-scale to the higher 

degree. As γ is least sensitive to perturbation, it is assumed to be a constant. With the, 

evolution of pico-second equipment to measure the time of flight (TOF) of Lamb wave, γ 

and other nonlocal parameters will play a significant role. The investigation on the higher 

order nonlocal parameter will be a future topic of research. However, the theoretical 

development of nonlocal parameters depends on the evolution of capability of the devices 

used for TOF measurement. 
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5.3 Experimental Results 

 
Guided ultrasonic Lamb wave is used to determine the Time of Flight (TOF) in 

carbon composite plate (0/45/0/45) of dimension 350 mm x 19 mm x 4 mm. Material 

properties of the carbon composite are 8.12811 =C GPa, 9.612 =C GPa, 33.723 =C GPa ,

8.344 =C GPa , 7.666 =C GPa and density = 1.56 gm/c
3
. The geometry of the plate and 

the block diagram for generation, reception and measurement of TOF is shown in Fig. 

4.1. The plate was placed on Styrofoam for maintaining temperature and stress free 

boundary conditions. Entire setup was secured in thermal chamber to avoid perturbation 

in TOF due to variation in temperature. The dimensions of piezo-electric sensors were 

3mmx19mm and 0.5 mm thick. The direction of polarization of electrode was 

perpendicular to the plane of the carbon composite.  

The arbitrary function generator (AFG) can produce electrical alternating chirp 

signal with 25 MHz sampling rate. The AFG facilitates the excitation of two PZT at 

different times with constant phase difference. To generate symmetrical guided waves, 

two PZTs were excited in phase. Where as, for anti-symmetrical wave modes, the PZTs 

were excited out of phase with π/2 phase difference. During in-phase excitation of the 

structured piezoelectric transducer attached at both ends of carbon composite, the 

transducers compress and expand the sample simultaneously to generate symmetrical 

mode. In anti-symmetrical excitation one side is compressed and the other side is 

expanded causing bending in plate. In this manner depending on the polarity of the 

applied voltage mode selective (anti-symmetrical or symmetrical) guided modes could be 
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generated in the plate by the two transducers. The detail of the method is explained in 

chapter 4. 

Cross- correlation technique is a pattern recognition tool used to identify short 

time features in long time transient periodic signals. In cross-correlation the information 

in small time frame is convoluted along the transient signal. The time instant at which the 

product of amplitude of short time window and transient signal is maximum, indicates 

good correlation between the two signals. The convolution of the signal is defined as  

(� ∗ �)[�] = ∑ �∗[F]�J��� �[� + F] 
In the above equation f and g are the vectors of time signals and n, m are the size of the 

vector for the pattern that needs to be recognized in the signal. In simple words, a short 

time vector is shifted linearly and multiplied with each element in the transient signal and 

the product is computed. The maximum product value defines the point of correlation. In 

this study we correlated the Time of Flight (TOF) of the wave modes.     

5.3.1 Symmetric Guided Wave Propagation  

Symmetric guided wave mode was generated in a 4 mm thick composite plate 

using mode selective broad band transducer of frequency bandwidth 550 kHz to 750 kHz. 

High frequencies are not easily propagated due to the woven structures. Woven structures 

are periodic and thus act as phononic crystals where material exhibits multiple acoustic 

band gaps. At higher frequencies the guided waves are scattered by the fibers and suffer 

from strong multiple reflections and attenuation. The multiple wave packets in the 

transient signal indicate higher order modes or internal multiple reflections. The time 

domain signal is shown in Fig. 5.1.The central frequency of the time domain response is 
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found around 650 kHz. The frequency distribution of the time domain signal is shown in 

Fig.5.2. 

 

 Fig. 5.1 Symmetrical Lamb wave in 4 mm thick carbon composite plate produced by 

linear chirp signal excited from 550 kHz to 750 kHz 

 

 

 Fig. 5.2 Frequency spectrums of symmetric Lamb modes (550 kHz to 750 kHz) in 4 mm 

carbon composite 
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To create delamination in the 4 mm thick laminar composite plate, a sharp cut was 

introduced at 2 mm depth (in the epoxy) using thin knife tip along the wave propagation 

path with minimum disturbance elsewhere. 

The time domain response from the defective plate is shown in Fig. 5.3. The 

frequency spectrum of the signal is shown in Fig. 5.4.  It can be seen that the magnitude 

of the frequency response is comparatively higher. There is a negligible shift in central 

frequency of 640 kHz with a bulge near 680 kHz.  

 

 Fig. 5.3 Symmetric Lamb wave in defective 2 mm thick carbon composite plate 

produced by linear chirp signal excited from 550 kHz to 750 kHz 

 

 



75 

 

 
Fig. 5.4 Frequency spectrum of symmetrical Lamb mode (550 kHz to 750 kHz) in 

2 mm carbon composite 

 

However with close observation it can be found that there are two additional 

frequency spikes at 325 kHz and 960 kHz. 650 kHz is twice the frequency of 325 kHz 

and 960 kHz is very close to 975 kHz which is three times 325 kHz. In the subsequent 

sections we will investigate these features of the frequency spectra in addition to the TOF 

correlated to nonlocal parameters.  

5.3.2 Anti-Symmetric Guided Wave Propagation  

Anti-symmetric guided wave mode was generated in the composite plate using mode 

selective broad band transducer of frequency bandwidth 550 kHz to 750 kHz.  

Experimental results are shown in Fig. 5.5. The time domain responses at the two 

receivers were subtracted arithmetically for the anti-symmetrical mode. Even though 
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attempt was made to excite pure anti-symmetrical mode, PZT generates both symmetrical 

and anti-symmetric guided wave modes. Therefore, both the modes are present in 

transient time history plots. The velocity of the symmetrical mode is faster than the anti-

symmetric mode. Two consecutive first arrivals (TOFs) are measured from the two 

consecutive peaks obtained from the cross correlation technique. These TOFs are 

designated as symmetric TOF and anti-symmetric TOF. The TOF for symmetric mode 

obtained from both symmetric and anti-symmetric excitations was cross verified. 

Detailed feature extraction technique to quantify nonlocal parameter is described in later 

sections.  

 

Fig.5.5 Anti-symmetric Lamb wave in (a) 4 mm thick defective and (b) 4 mm thick non 

defective carbon composite plate produced by linear chirp signal excited from 550 kHz to 

750 kHz 

 

 

b 

a 
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Fig.5.6 Frequency spectrum of anti-symmetric Lamb wave in 4 mm thick defective and 

defect-free carbon composite plates (550 kHz to 750 kHz) 

 

 

5.4 Inverse Analysis for Elastic Constant Determination  
 

In most practical cases of health monitoring, it is difficult to accurately know the material 

properties (the constitutive equation). However, to generate the nonlocal reference curves 

(Banerjee, 2009) knowledge of the material properties are necessary. The primary 

objective of this technique is to implement the process for real time monitoring of the 

structure. For such structures generally no material properties are available except for an 

intelligent guess from few standard material property tables. Therefore, the following 

technique is proposed to generate the nonlocal reference curves.   
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Let us consider elastic constants Cij for hexagonal anisotropic material of density 

ρ. The mean values for the elastic constants are assumed to be C11 =135 GPa, C22 =16 

GPa, C44 =3.81 GPa, C66 = C55  = 7 GPa, C12 =7 GPa and C23 =7.33 GPa, ρ = 1.56 gm/c.c. 

as an intelligent guess from the material table for carbon fiber composite materials. Next, 

the nonlocal Christoffel equation (equation 5.18) is solved for 0=ε  and 0=γ , the 

unperturbed solution. The Quasi longitudinal, and two Quasi shear wave velocities along 

the 1x  direction (fiber direction on top layer) and 45
o
 to 1x  direction (45

o 
to the fiber 

direction) are obtained as 9.316 km/s (
0

cpQ ), 2.12 km/s ( 0

1cs
Q ) and 2.12 km/s ( 0

2cs
Q ), 7.295 

km/s (
45

cpQ ), 2.54 km/s ( 45

1cs
Q ) and 1.91 km/s ( 45

2cs
Q ),  respectively for the composite 

(0/45/0/45 sandwiched) plate. Fig. 5.7 shows a typical wave velocity variation in the 

carbon fiber composite plate with above mentioned material properties. The experimental 

TOF was measured along the fiber direction and for this exercise it is quite reasonable to 

consider the group velocity in the wave guide also along the fiber direction. Fig. 5.8 

shows the group velocity plot for the 4 mm plate using the above mentioned material 

properties. Only symmetric and anti-symmetric wave modes are plotted because between 

550 kHz – 750 kHz (blue band) these two modes dominate.   
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Fig.5.7 Typical wave velocity variation in the carbon fiber composite with assumed 

material property 
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Fig. 5.8 Group velocity dispersion curves for carbon fiber reinforced composite 

plate with fiber orientation (0/45/0/45) 

 

An attempt has been made to formulate an empirical equation for symmetric and anti-

symmetric group velocities using the solution parameters from Christoffel equation using 

same material properties. It is shown that without nonlocal parameters the solution is non 

dispersive. The proposed empirical equations are valid only within the most frequently 

used frequency band by the SHM community. This empirical equation will be a 

reasonable guess without going through the generation of dispersion curves of the plate 

during real time interpretation. In the following expression the frequency band is 

designated as 21 ωω − . The, expressions can be written as follows  
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Where, the velocities in the empirical equation are in km/s and frequency in kHz.   
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The proposed empirical equation was tested for several composite wave guides (glass 

fiber and carbon fiber reinforced composites) with different material properties. It can be 

claimed that the proposed empirical equation is suitable to obtain group velocity 

dispersion curves in the 4 mm thick composite wave guides within 450 kHz to 800 kHz if 

the Christoffel solution is available.  

Fig. 5.9 (a) - (b) and 5.10 (a) - (c) show the nonlocal dispersive plots for quasi 

longitudinal and quasi transverse wave velocities along 1x  direction and 45
o
 to 1x  

direction, respectively. The nonlocal velocity curves are plotted for 3.0=γ  and 

8.00 −=ε . In following figures the nonlocal ε  parameter is designated as ‘e’. 
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Fig. 5.9 Nonlocal dispersion a) quasi longitudinal wave velocity dispersion along x1 

direction, b) quasi shear wave velocity dispersion along x1 direction 
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Now using this nonlocal variation and equation (5.19) & (5.20) the variation in 

symmetric and anti-symmetric group velocities are plotted in Fig. 5.11. The velocities are 

plotted using nonlocal perturbation between the frequency 450 kHz to 800 kHz. This plot 

is used for our further analysis and damage estimation.  

5.5. Analysis of Experimental Results 
 

Using equations (5.19) and (5.20) and the plots in Fig. 5.9 and 5.10, Nonlocal 

symmetric and nonlocal anti-symmetric group wave velocities can be calculated for the 

wave guide. Hence equations (5.19) and (5.20) can be rewritten as 
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Where,
0

cpQ , 0

1cs
Q , 0

2cs
Q , 

45

cpQ , 45

1cs
Q , 45

2cs
Q  are functions of ω ,ε  and γ . To understand the 

dependence of group velocity (or TOF) on frequency, theoretical dispersion curves 

(Mindline, 1955) are plotted for carbon composite (0/45/0/45) and shown in Fig.5.8. The 

group velocity dispersion curves indicate that only fundamental symmetrical and anti-

symmetrical modes exist. However, Fig. 5.11 (a) and (b) show nonlocal group velocity 

dispersion curves between 450 kHz to 800 kHz.  
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The first arrival TOF is determined using the cross correlation technique applied to the 

time history obtained from the 4 mm thick damaged and undamaged composite plates. 

The experimental TOF of the symmetric Lamb wave mode in 4 mm thick composite plate 

under undamaged and damaged conditions were 42.955 µs and 42.934 µs. The 

experimental TOFs of the anti-symmetric mode in undamaged and damaged plates were 

found to be 170 µs and 171.5 µs. Such small differences in TOF can only be obtained if 

the sampling rate of the signal is significantly high (Banerjee, 2009). Group velocity of 

the symmetric wave mode in the undamaged plate is 8.1481 km/s and in the damaged 

plate it is 8.1520 km/s. Group velocity of the symmetric wave mode in the undamaged 

plate is 2.0588 km/s and in the damaged plate it is 2.0408 km/s. Comparing the 

symmetric wave velocity values in Fig.5.11 (b) it can be seen that the wave velocity 

obtained from the experiment are much lower than those values in the plot. This is 

because the assumed material properties are much stiffer than the actual material 

properties. Now as we do not have actual material properties we can readjust the material 

property using the following process. This is the usual procedure to introduce material 

variability by material perturbation parameter and redefining material properties as 

follows.  

                                                               ( )δ
ijijij CCC ∈+= 0

                                           (5.23)  

Material variability can be determined and the desired dispersion curves can be obtained 

using the optimization process or Taylor series expansion (Minachi et al., 1994) if 

sufficient data are obtained in real time. However, in real time damage detection 

algorithm one may not have that luxury.   Therefore, we propose to adjust the wave 
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velocity curves based on the nonlocal parameters. It is apparent that at 650 kHz the wave 

velocity of symmetric mode with 8.1481 km/s can be obtained at 71.1=ε , but this value 

of ε  should have been zero, if the correct material properties were assumed. In the 

proposed algorithm we will make a zero correction and will shift the curves in Fig. 

5.11(b) by 71.1=ε . Using the group velocity relation (in Equations 5.21 and 5.22) and 

making the offset correction Fig. 5.12(b) is obtained. Similar operation can be executed 

for anti-symmetric mode and Fig. 5.12(a) is obtained. The nonlocal correction factor for 

anti-symmetric mode is 36.0=ε .  The anti-symmetric wave velocity in the damaged 

plate is 2.0408 km/s. The nonlocal parameter to obtain this velocity at 600 kHz (Fig. 5.6 

and 5.12(a)) is 18.0=ε . However, there is no contribution found from the symmetric 

mode velocity (Fig. 5.12(b)) because the symmetric wave velocity is increased due to the 

damage. To explain this phenomenon one can argue that the delamination caused the 

local reduction of effective thickness of the plate and wave mode was faster due to the 

delamination. Whether this is the real cause of this variation is doubtful because the 

damage created in the specimen was very small and may not cause reduction in effective 

thickness. If micro-scale damage is incubated it is expected to have reduced wave mode 

velocity in association with the frequency shift. Thus to capture all possible phenomena 

the following damage index is formulated.  
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Where, NDI = Nonlocal Damage Index. 
ca

f and 
cs

f are the Central frequency of anti-

symmetric and symmetric wave modes, respectively obtained from the sensor signal. 
sa

ε  

is the nonlocal shift operated on the nonlocal anti-symmetric wave modes.  

 

Fig. 5.12 a) Nonlocal Anti-symmetrical Guided Wave Dispersion relation offset with 

36.0=ε  for Carbon Composite Plate 
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Fig. 5.12 b) Nonlocal Symmetric Guided Wave Dispersion relation offset with 71.1=ε  

for Carbon Composite Plate 

 

ss
ε  is the nonlocal shift operated on the nonlocal symmetric wave modes. 

da
ε  is the anti-

symmetric nonlocal damage parameter from the shifted curve as shown in Fig. 5.12(a). 

ds
ε  is the symmetric nonlocal damage parameter from the shifted curve as shown in 

Fig.5.12(b). The shift parameters account for the material perturbation due to assumed 

values of the material. The nonlocal parameters account for the damage in the materials. 

In this particular case 
ds

ε  is considered zero because the frequency-velocity intercept 

(Fig. 5.12(b)) intersects above 0=ε .  Therefore, hypothetically the damage index will 

increase if incubation of damage occurs and the wave velocity decreases due to micro 

scale damage. But as soon as the damage becomes bigger and delamination happens the 

effective thickness of the structure will reduce. Due to this reason the wave velocity 
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increases making 
ds

ε  or 
da

ε  equal to zero. The NDI will drop instead of growing due to 

the occurrence of macro scale damage in the composite plate. The damage progression 

curve using NDI can be generated from a fatigue test on a composite specimen. However, 

such experiment was not performed here and in the near future it will be investigated. 

During this experiment the artificially fabricated damage was closely controlled, 

however, it can be seen that the delamination introduced in the plate is significant to 

cause no contribution from
ds

ε . In the early stage of damage all parameters will have 

contribution to NDI and sudden drop in NDI can be an indication of the occurrence of 

delamination. The proposed NDI can be tested and verified by conducting a fatigue test 

and plotting the progression of NDI using the algorithm proposed in this study. Using the 

values obtained from this study the NDI is 0.7821.Where, 65.0=
ca

f , 65.0=
cs

f , 

60.0=
da

f , 64.0=
ds

f , 36.0=
sa

ε , 71.1=
ss

ε , 18.0=
da

ε , 0=
ds

ε . The algorithm 

proposed in this study is presented using a block diagram in Fig. 5.13. 
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5.6 Conclusions 
 

The incubation of damage at the micro-scale has a global macro-scale effect on 

the wave propagation in anisotropic solids. Explicit expressions for the micro-scale 

Christoffel equation with intrinsic length scale parameters are presented in this study. 

Applications to real time interpretation of damage occurring at the lower scale when the 

damages are not visually apparent or not detectable using standard signal comparison 

techniques, is demonstrated using a flow chart. 

In practical applications the composite may have several actuators and sensors in 

a grid fashion to facilitate the monitoring of the structure. In such cases total NDI can be 

calculated by adding the NDI values obtained from each wave propagation path. Hence 

the total NDI will be a function of the sensor network. The sensor network can be divided 

into several segments or elements and every segment can be represented by a unique 

NDI. The progressive NDI can be plotted or tracked for every segment. If there is a large 

sensor network the segment wise NDI plot can give an indication of possible occurrence 

of micro-scale damage or incubation of damage. In this manner it will be possible to 

identify a hot spot in large composite structures which is monitored by large sensor 

network. At nanoseconds resolution, any micro-scale damage will show significant 

amplified changes in dispersion relation and variation in nonlocal parameters. This study 

is applicable for forecasting initiation of damage in advance by monitoring the 

progressive evolution of the nonlocal damage index (NDI). 
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Fig.5.13 Flowchart to calculate progressive incubation of damage indicator using NDI 
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CHAPTER 6 

ULTRASONIC GUIDED WAVE FOR DAMAGE DETECTION IN 

CYLINDRICAL ROD USING MOVABLE EMAT 

 

6.1 Introduction 

 

The ultrasonic guided wave propagation in cylindrical structures has been studied for 

non-destructive evaluation (NDE) and structural health monitoring (SHM) (Chimenti, 

1997, Achenbach, 1984) of rods and pipes. Cylindrical guided waves have been popular 

for their ability to propagate long distances. The problem of wave propagation in hollow 

cylinders was analytically studied by Gazis (1959), Viktorov (1967), Qu, Berthelot and 

Li (1996), Greenspon (1960) and Zemanek (1972), they computed dispersion relations 

and displacement fields. Cawley and coworkers (1998, 2004) successfully used 

cylindrical guided waves for crack and corrosion detection in pipes. Rose and coworkers 

(1994) designed a special probe which was used both as a transmitter and a receiver 

during the pipe inspection. Guo and Kundu (2001, 2002) designed a new transducer 

holder mechanism for pipe inspection using cylindrical guided waves.  Using those 

transducer holders Na et al. (2002, 2003) generated cylindrical guided waves in 

underwater pipes, concrete filled pipes and steel bars embedded in concrete. 

Normally the ultrasonic waves are excited by PZT and are allowed to propagate 

along the length of the rod. The behavior of the received signal can be substantially 

different for undamaged and damaged rods. The challenging task is to detect small 

defects, such as a small hole or surface corrosion on the pipe wall located at a 

considerable distance from the wave generator. Vasiljevic et al. (2008) detected wall 
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damage by launching guided waves at one section of the pipe and recording the guided 

waves at another section through EMAT. The EMAT does not require direct contact with 

the pipe surface. Therefore, it is not necessary for the pipe surface to be smooth and no 

coupling fluid or gel is necessary.  

Salzburger et al. (2001) used movable tunable meander coil EMAT to excite 

guided waves and detected fundamental shear horizontal (SH) mode by pulse echo 

method to detect flaws in laser welded joints. Wilcox et al. (2003, 2005) has suggested 

numerical algorithm and experimentally validated the efficiency of scanning aluminum 

plates. 

In the present study, cylindrical guided waves are excited on the rod surface. The 

guided waves propagate along the length of the rod and are received at a distance using 

the EMAT. The entire length of the rod is scanned by a movable EMAT at an 

incremental length of one-fifth wavelength of the ultrasonic wave. However, to 

accurately quantify the defect size the increment of scanning must be less than the 

minimum size of the defect. The conventional method of SHM relies on the baseline data 

obtained from the undamaged structure for determining the size and location of the 

defect. However, often such baseline data is absent and one must obtain the damage 

information from some fast scanning technique for the entire structure using guided 

waves. 

     6.2 Experimental Investigation 

The detailed description and layout of the EMAT experimental setup was 

described in Vasiljevic et al. (2008). Electro-magnetic acoustic transducers are used for 
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non-destructive evaluation because of their capability of detecting ultrasonic waves in 

Ferro-magnetic materials without any coupling media.  The non-contact transducer 

facilitates acquisition of transient signals at various locations without the need of  

cleaning the surface.  

EMATs are designed to generate in-plane and out-of-plane vibrations for 

generating and detecting shear and longitudinal waves, respectively. The orientation of 

the orthogonal magnetic field with respect to the direction of propagation of the wave 

decides the sensitivity of EMAT for in-plane and out of plane vibrations. For in-plane 

motion the magnetic field is perpendicular to the surface and for out-of-plane motion the 

magnetic field is parallel to the surface of the material. The EMAT construction requires 

a high permittivity steel alloy, permanent magnets and solenoid insulated copper wire. 

The ultrasonic waves are generated by the PZT in the Ferro-magnetic plate. The time 

dependent oscillation of phonons in the plate (in low kHz range) in the presence of 

orthogonal magnetic field induces an eddy current in the solenoid.  

The permanent magnets produce magnetic field Bo and magnetic Lorentz force F 

due to vibration of phonons in the plate and generate an eddy current I in the solenoid 

coil as given by the equation { = ��~�W. 

The eddy current has the same frequency as the vibration of the acoustics waves. 

The induced eddy currents are amplified by an amplifier and recorded.  
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Fig. 6.1 shows the experimental setup. The length of the steel pipe under 

inspection is 1070 mm with outer and inner diameters of 22 mm and 16.4 mm, 

respectively. The cylindrical pipe was excited with a PZT transducer attached on one end 

of the pipe. The excitation signal is a narrow low side-lobe pulse with 60 kHz central 

frequency.  

 

 Fig. 6.1 Experimental setup for damage detection by movable EMAT 

The approximate determination of excitation frequency is derived from the fact 

demonstrated in the group velocity dispersion curve illustrated in Fig. 6.2. The dispersion 

curve in Fig. 6.2 shows significant change in group velocity and subsequently to the time-

of-flight for small change in frequency if the excitation is in the frequency range 40 kHz 

to 80 kHz. 
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Fig. 6.2 Dispersion curve in group velocity (v) and frequency (�) 

The L(0, 1) mode shows acute change in group velocity from 60 kHz to 69 kHz and L (0, 

2) mode starts at 70 kHz and has steep rise until 100 kHz. Therefore, narrow bandwidth 

pulse with central frequency 60 kHz should be highly sensitive to the damages in this test 

structure, and therefore this frequency is chosen as the excitation frequency. 

The PZT produces predominantly the longitudinal mode. The longitudinal and transversal 

speeds of sound in steel alloy were considered to be 4600 m/s and 2300 m/s, respectively. 

The density of steel alloy was assumed to be 7200 kg/m
3
.The increment in the position of 

the movable EMAT was 15 mm which is approximately one fifth of the longitudinal 

wavelength. At each position the transient signal was recorded to determine the time-of-
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flight. A circular hole of 3 mm diameter was drilled through the pipe wall at a distance of 

350 mm from the transmitting end and ten small defects were drilled at the distance of 

220 mm from excitation end to further investigate the sensitivity of the technique. 

     6.3 Scanning by EMAT and Results  

A typical time history for the cylindrical pipe with defects excited at 60 kHz is shown in 

Fig. 6.3.  Since the objective is to detect the defects in absence of any baseline data the 

transient signal for a defect-free sample was not recorded to use as the reference signal. 

In the absence of this baseline data, interpretation of transient signal to extract 

quantitative information on pipe defects is very difficult (Vasiljevic et al., 2008). The 

method proposed here is relatively less accurate but applicable. 

 

Fig. 6.3 Typical raw time-domain signal obtained from EMAT at location 350 mm 
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Fig. 6.4 Water fall plot representation of transient signal along the length of the 

cylindrical pipe (each at 15 mm discrete positions) excited at 60 kHz. zone-0 indicates 

cross-talk, zone-1 is first noticeable signal (forward propagating wave) and zone-2 is 

reflected signal from the pipe's end 

Fig. 6.4 represents waterfall representation of time of flight with function of space. The 

“zone-0” shown in Fig. 6.4 indicates the electro-magnetic crosstalk. The crosstalk can be 

used to detect the discontinuity in the material through inductive coupling. In the 

presence of any defect in the material, the crosstalk is shifted indicating the presence of 

the defect. However, the spatial and temporal resolution is not enough to quantify the 

defect size as compared to the guided ultrasonic wave technique and therefore it is not 

pursued or discussed here. 

The transmission envelope, i.e. the wave propagating from the excitation PZT to EMAT 

is indicated by “zone 1” in Fig. 6.4 and it represents the first arrival time. As the distance 

between the EMAT and PZT increases the first arrival time increases linearly. The slope 

of the envelope zone-1 in Fig. 6.4 indicates the speed of the guided wave in the 

cylindrical steel pipe.  The slope of the first arrival mode L (0, 1) is experimentally 

calculated as 4717 m/s, close to the group velocity value in the dispersion curve 

zone 2 
zone 1 zone 0 
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calculated with the assumed material properties of the alloy giving an error of only 2.5%. 

The envelope zone-2 in the plot is the reflected signal from the other end of the steel pipe. 

6.4 Analysis of the Results and Data Processing  

The amplitude of the reflected signal dropped due to the loss of energy. In 

between the second and third zones, several other peaks were observed. These peaks 

could be generated by L (0, 2) mode or by the waves reflected from the defect and pipe 

ends. In addition to that, the dispersion relation in Fig. 6.5 in frequency (ω) - wave 

number (k) space also predicts the presence of standing waves at certain lower 

wavelengths. It is difficult to identify every peak and all higher order modes and is 

therefore outside the scope of the present study. Fig. 6.2 shows that the L (0, 2) mode has 

a group velocity close to zero near 60 kHz indicating the standing wave generation (Prada 

et al., 2009). 

In Fig. 6.4 at the time-of-flight value 1.72 × 10
-4 

s and position 335 mm certain 

disturbance in the transmission envelope (Zone-1) is observed. This disturbance indicates 

the presence of a defect. Some disturbance in “zone-1” can also be noticed around 

position 200 mm which might be due to the presence of multiple small damages. But the 

spatial and temporal contrast is too low to obtain the possible location and size of the 

defect. 
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Fig. 6.5 Dispersion curves for the steel pipe in frequency (�) - wave number (k) space. 

The fundamental longitudinal L (0, 1) mode has finite slope and represents the bar wave 

speed (√E/ρ) at low frequency. However, at relatively higher frequency the slope of L (0, 

1) mode deviates from the bar wave speed slope and coincides with the SAW (Surface 

Acoustic Wave) speed as expected 

To accurately extract the defect information, the components of wave with different 

directions are filtered out in the reciprocal domain by performing a two dimensional 

Fourier transform and then again reverting back to temporal domain by treating the three 

dimensional matrix with inverse two dimensional Fourier transform. The two 

dimensional Fourier of the signal,�(�,�), here P and T are space and time, respectively 

�($�,��) = ℱ��(�,�)�                 (6.1) 

�($�,��) = ,�� ∑ ∑ �[�,�]��(��($��s�k$��!�)�������,�                       (6.2) 
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Where C is column of positions from 15 mm to 960 mm, and R is the row of time-of-

flight values from 0 to 6 × 10
-4

 s. xo and to are the spatial and temporal intervals between 

consecutive signals respectively. kx (1/xo) and kt (1/to) are the sampling rates in two 

directions.  

The resulting matrix is: 

�
  
 ¡

�(,,,)  �((,,) … … �(�,,)�(,,()  �((,() … … �(�,()�(,,))  �((,)) … … �(�,))....  �R,,�(S  …  �R�(,�(S … �R�,�(S�(,,�) �((,�) … … �(�,�) ¤
¥¥
¥¦

�§�

 

The plot of absolute values of this matrix after being processed by shift theorem 

represents dispersion curve in terms of angular frequency (ω) and reciprocal space (k), 

as in Fig. 6.6. The shift theorem redistributes the coefficients to the common origin. 
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Fig. 6.6 Experimental dispersion curve obtained from equation (6.2) in angular frequency 

(ω) and reciprocal space (k) domain. This image also strongly indicates the presence of 

two modes in the spectrum 

 

Among the four quadrants of Fig. 6.6, the first quadrant represents transmission wave 

components and fourth quadrant represents the reflected wave components. The second 

and third quadrants are expressions of symmetric nature of the Fourier transform. 

To enhance the backward propagating waves, only the components in positive reciprocal 

space and its symmetric part (negative frequency coefficients), i.e. fourth and second 

quadrants are preserved and all other are equated to zero.  

 

ω 

k 
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�(,,,) �((,,) … …  0 0 �(,,() �((,() … …  0 0 �(,,)) �((,)) … …  0 0 ....0 0  …  �R�(,�(S … �R�,�(S....0 0 … …         �(�,�) ¤
¥¥
¥¥
¥¥
¥¦

�§�

 

Thereafter, the inverse Fourier transformation brings back the modified signal in the 

temporal domain. The matrix obtained is free from the forward propagating signal. 

�E[�,�] = ,�� ∑ ∑ �($�,$�)��(��($��s�k$��!�)�$����$��,�                      (6.3) 

Then the two dimensional Hilbert transform of the modified time domain signal   
�E[�,�] results high contrast single soft peak removing all ambiguity from backward 

propagating signals obtained by equation (6.3). 

y(p,¨) = ©ªz «�E[�,�]¬©                 (6.4) 

(a, b) are same as (C, R), i.e. column and row indices. They could easily be replaced by 

(C, R), but are introduced for simplicity and avoiding redundancy in indices during the 

calculation steps. Now, the pseudo three dimensional representation of S (a, b) is plotted 

as a function of respective position and time-of-flight that were recorded during the 

experiment. This graphical representation reveals the high contrast positional resolution 

as well as higher degree of quantitative approximation of defect size as shown in Fig. 6.7. 
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The first highlighted peak in the image (Fig. 6.7) is a 3 mm diameter hole. This 

peak is observed at 350 mm from the excitation end which validates the experimental 

results. The enhanced contrast and positional resolution of the flaw validates the method, 

which otherwise would have been only a wild guess about the defect as in Fig. 6.4, 

without the proposed transformation. Another peak rather close to the transmission end 

may have been generated by the reflection of lower group velocity L (0, 2) modes from 

multiple small defects.   

 

Fig. 6.7 Water fall representation of signal after treating the transient signal through the 

proposed scheme along the length of the cylindrical pipe -the peak pointed by an arrow 

indicates reflection from the 3 mm diameter hole 

A number of smaller peaks that follow these two peaks correspond to faster and 

slower modes being reflected by these defects, stationary wave formation (discussed in 

Fig. 6.5) and interference between the reflected wave components. As a secondary 

approximate conclusion, it seems that the slower mode is more sensitive to the smaller 

cracks, but some future work is required to qualitatively discuss this impression. 
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6.5 Conclusion 
 

Longitudinal mode L (0, 1) was excited with a PZT transducer using low side-lobe pulse 

(60 kHz central frequency) and received by a movable EMAT. The scanned image shows 

transmitted and reflected wave packets. The defect reflects the ultrasonic waves. 

Discussed implementation scheme involving two dimensional Fourier transform, two 

dimension inverse Fourier transform and Hilbert transform orthogonally separates the 

backward propagating reflected waves from the waves propagating in the forward 

direction. The representation of resultant processed signal enhances the reflection from 

the defects. This method can locate the unknown defects in the entire length of the pipe, 

without the need of having any reference baseline information. The processing method 

highly enhances the contrast, by canceling most of the overlapping redundant features in 

the signal and unveils the flawed regions.  
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CHAPTER 7 

DISTRIBUTED POINT SOURCE METHOD FOR MODELING 

SCATTERED ULTRASONIC FIELD IN PRESENCE OF AN 

ELLIPTICAL CAVITY 

 

7.1 Introduction  

Ultrasonic field modeling in presence of cracks and inclusions is important for 

non-destructive evaluation (NDE) and structural health monitoring (SHM). It is 

particularly useful for detecting, sizing and characterizing the cracks. The scattered field 

modeling is essential for obtaining the optimized locations of sensors for crack detection. 

Scattering of elastic waves by a crack is not a new problem. It has been studied 

analytically for several decades. Analytical solutions are available for some simple 

problems, such as a circular crack in an unbounded medium struck by a plane body wave 

(Mal, 1970, Kundu and Bostrom, 1992). To solve more challenging problems with 

geometries involving multiple scatterers, semi-analytical techniques based on volume 

integral equation method (Lee and Mal, 1995, 1997)
 
and boundary integral equation 

technique (Kundu, 1988) have been developed.  Lee et al., 2004 have shown that a 

combination of volume integral and boundary integral equation methods can solve wave 

scattering problems involving multiple cracks and inclusions. In these analytical and 

semi-analytical techniques (Mal, 1970, Kundu and Bostrom, 1992, Lee and Mal, 1995, 

1997) the scatterers are placed on the path of a propagating plane wave, and the scattered 

field in the unbounded medium is computed. 

In real world problems, however, the medium is not unbounded and the incident 

field is not necessarily a plane wave.  The ultrasonic field is generated by a finite-sized 
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planar transducer and therefore the incident wave has neither plane nor spherical wave 

fronts. The cracks may be located close to a bounding surface and therefore, the 

unbounded medium assumption may not be applicable.  In these situations, numerical 

techniques such as the finite element method (FEM) are generally considered as the 

method of choice. However, the conventional FEM requires very small size elements for 

modeling high frequency ultrasonic problems making it computationally very expensive. 

Also, absorbing boundary conditions cannot always avoid spurious reflections completely 

from artificial boundaries used in FEM analyses for solving problems with unbounded 

geometry.  In recent years, mesh-free methods have been used to avoid mesh related 

problems (Belytschko et al., 1994, Duarte and Oden, 1996, Chen et al., 2004, Wang et al. 

2006).  One such method called Distributed Point Source Method (DPSM) has been 

developed by Placko and Kundu, 2004 to model ultrasonic fields in fluid and solid 

structures.  Using this method, ultrasonic fields have been modeled in a fluid medium by 

Ahmad et al., 2005, in planar and non-planar solid structures by Banerjee et al. 2007, 

2008 and in a solid half-space containing a circular hole by Das et al., 2008. DPSM 

predictions for non-planar structures have been experimentally verified Das et al., 2007.  

DPSM being a mesh-free Green’s function based technique avoids the problem of 

requiring small mesh size at high frequencies and can model problems with unbounded 

media without introducing artificial absorbing boundaries.  Thus the problem of spurious 

reflections of ultrasonic waves does not arise in the DPSM formulation.   

 The main objective of this investigation is to model ultrasonic fields in the 

presence of a crack and to study the scattering effect. DPSM is used to model the 
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ultrasonic wave field inside a cracked solid half-space. In the previous models for cracks 

Banerjee et al. 2007 only the traction-free conditions at the crack surfaces were 

considered without giving any special attention to the crack tip. In the present model, 

elliptical cavity has been studied so that the crack tip can be properly modeled. To the 

best of our knowledge this is the first attempt to investigate the effect of the crack tip 

modeling on the scattered ultrasonic field near and far away from the crack tip. 

7.2 Distributed Point Source Method (DPSM) 

The DSPM theory (Placko and Kundu, 2007) is followed here to model a half-

space containing an elliptical cavity approximately modeling the Griffith crack. The 

cracked half space is excited by a finite size transducer.  The transducer is modeled by a 

finite number of point sources. The total ultrasonic field generated by the transducer is 

the summation of the ultrasonic fields generated by all point sources. In DPSM every 

interface is modeled by two layers of point source, one layer generates the reflected field 

and the second layer generates the transmitted field. The point sources are placed slightly 

above and below the interface to avoid singularities at the source points; the distance 

between the point sources and the interface is set equal to rS = (wave length λ)/2π for 

proper convergence (Placko and Kundu, 2007). With this arrangement no explicit 

expressions for reflection and transmission coefficients are required to compute the 

reflected and transmitted ultrasonic fields.  The crack boundary is modeled by a finite 

number of point sources placed along the crack boundary at distance rS from the 

boundary. These point sources generate the scattered wave field in the solid. 
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7.2.1 Displacement and Stress Green’s Functions in the Solid 

When the point source is at position y acting in the 
j

x  direction then at position x 

the displacement field in the 
i

x  direction is expressed in terms of the Green’s function 

);( yx
ij

G , 

ti

jij

ti

ii ePGeUu
ωω −− == );( yx                      (7.1) 

Substituting yxr −= , the displacement Green’s function can be written as
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where, xi are the coordinates at the observation point, yi are the coordinates at the source 

point, kP is the P-wave number and kS  is the S-wave number of the solid.  In matrix form,  

[ ]T);();();();( 321 yxGyxGyxGyxG =       and         PyxGu );(=                         (7.3) 

For isotropic homogeneous linearly elastic solid, the expression for the stress Green’s 

function at x due to a concentrated time harmonic force at y is given as 

( )( )
qkkqijkqijkjikij

PGGG
,,,

);( λδδµσ ++=yx                                           (7.4) 
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7.2.2 Pressure and Displacement Green’s Functions in the Fluid 

Harmonic spherical bulk waves in a fluid can be generated by a harmonic point 

source in an infinite fluid medium. The governing differential equation for a harmonic 

Dirac-delta impulsive body force can be written as 

ti

f

f

f eG
c

G ωδ −−=−∇ )(
1 ..

2

2 yx             (7.5)   

where, 
f

G  is the pressure Green’s function in the fluid at x due to the point source acting 

at y. 

If ti

ff erGtrG
ωω −= ),(),(  then the above equation has the following solution (Placko and 

Kundu, 2007), 
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and the three components of displacement are 
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7.3 Ultrasonic Field Modeling in a Homogeneous Solid Half-Space with a 

Cavity 

 
Let us consider a plane interface between a solid half-space and a fluid half-space 

with a cavity inside the solid half-space. The schematic diagram of the problem geometry 

is shown in Fig. 7.1. The fluid-solid interface is modeled by two layers of point source 

placed on two sides of the interface. The crack is modeled with one layer of point source 

placed inside the elliptical cavity, as shown in Fig. 7.1. The circular piston transducer, 

immersed in the fluid, is modeled with one layer of point sources. When the contributions 

of all point sources are superimposed it produces the total ultrasonic field inside the fluid 

and the solid. The source strength vector of the point sources (AS) that are placed next to 

the transducer surface (S) generate the ultrasonic field in the fluid. 

The source strength vector of the point sources (A1), placed above the solid-fluid 

interface, generate the additional ultrasonic field in the fluid. The source strength vector 

of the point sources (
*

1A ) that are distributed below the solid-fluid interface are used to 

model the transmitted field in the solid half-space. The scattered wave field due to the 

crack is generated by the source strength vector AC.  In Fig.7.1, two points, (D and E), 

have been considered for illustration purposes. The ultrasonic field at point D is the 

summation of the contributions of the point sources A1 and AS. Similarly, the ultrasonic 

field at point E is the summation of the contributions of the point sources
*

1A  and AC.  
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Fig. 7.1 DPSM model for the solid half space with an elliptical cavity 

 

7.3.1 Matrix Formulation to Calculate the Source Strengths 

The particle velocity and the pressure inside the fluid can be expressed in the 

matrix form at any given set of points, called target points. The detailed derivation of the 

matrix formulation for calculating the source strength is given by (Banerjee and Kundu et 

al., 2007) and is not repeated here; instead the elliptical cavity modeling part is discussed 

in detail in the following.  

Let us consider a point P on the boundary of the elliptical cavity (see Fig. 7.2).  
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Fig. 7.2 Elliptical cavity with the normal vector at a point on the periphery 

 

 The direction cosines of the normal vectors on the periphery of the ellipse 

continuously change. The direction cosine (n) of the normal (P) to the ellipse is given by 

3311 enen +=n  where n1 and n3 are  

 )180cos(1 θ+=n                        (7.8) 

)90cos(3 θ+=n                        (7.9) 

where θ is in degree and it varies between 0 and 90. 

Stresses developed at point x due to a point source acting at y have been given in 

references 7.13 and 7.16. The stress tensor at point x on the elliptical cavity boundary 

generated by a point force acting along 
j

x (j=1, 2 and 3) direction can be written as 
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The transformation matrix at point x is given by  
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After the stress transformation, the final stress field at point x in the rotated coordinate 

system (x1’x3’) is given by 
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The normal and shear stresses at H target points on the elliptical boundary can be written 

in the following form 

CHCHH AS33AS33s33
'*

11
''

* +=                

CHCHH AS31AS31s31
'*

11
''

* +=                (7.13) 

CHCHH AS32AS32s32
'*

11
''

* +=         

The elements of the matrices *1
'
HS33 , HC

'
S33 , *1H

S31 , 
HC

S31 , *1H
S32   and 

HC
S32  are 

functions of 
j

σ′  given in equation (7.12) and are presented in Banerjee and Kundu , 2007
 

and Das et al., 2007. 

7.3.2 Boundary and Continuity Conditions 

Across the fluid-solid interface the displacement normal to the interface should be 

continuous. Also, at the interfaces, the normal stress (s33) in the solid and the fluid 

should be continuous and the shear stresses must vanish. At the crack boundary the 

normal stress '
s33  and the shear stresses '

s31  and '
s32  are all zero. 
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 If the normal velocity of the transducer face is assumed to be 0S
V , then on the surface of 

the transducer, designated as S, 

011 SSSSS
VAMAM =+                                                               (7.14) 

At the fluid-solid interface, from the continuity of the normal stress, 

CICIISIS AS33AS33AQAQ −−=+
*

1111 *                                             (7.15) 

Continuity of the normal displacement gives, 

CICIISIS ADS3ADS3ADF3ADF3 +=+
*

1111 *                                              (7.16) 

and from the vanishing shear stress condition at the fluid-solid interface we get, 

0
*

11* =+ CICI
AS31AS31                                                                             (7.17) 

0
*

11* =+ CICI
AS32AS32                                                       (7.18) 

The transformed normal shear stresses are zero on the boundary of the crack. Therefore, 

0'*

11
'

* =+ CHCH AS33AS33          (7.19) 

0'*

11
'

* =+ CHCH AS31AS31          (7.20)  

0'*

11
'

* =+ CHCH AS32AS32          (7.21)  

where H indicates the target points on the crack boundary. In matrix form the above 

equations can be written as, 
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                 (7.22) 

or,  

[ ]{ } { }VΩΜT =                                  (7.23) 

Equation (7.22) is obtained by satisfying simultaneously all boundary and 

interface conditions of the problem. N, M and NC are the number of point sources used to 

model the transducer, the interface, and the crack boundary as shown in Fig. 7.1.  The 

point sources are located at the centers of the spheres placed at a distance, rS, from the 

boundaries and interfaces. The boundary conditions are satisfied at the points where the 

small spheres touch the boundaries.  The number of point sources and the number of 

discrete boundary points where the boundary and interface conditions are satisfied are the 

same. Thus the system of Equations (7.22) has a unique solution.   The number of point 

sources needed for computing the ultrasonic field is obtained by satisfying the 

convergence criterion that the spacing between two neighboring point sources should be 

less than 
π

λ

2
. All results in this study are presented for the inter-source spacing equal 

to 
π

λ
.  
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Solving equation (7.22) one gets the source strength vector for the complete 

problem geometry,  

{ } [ ] { }VMTΩ
1−

=                         (7.24) 

Matrix [MT] is a well-conditioned matrix and no difficulty associated with its 

inversion is encountered. After solving for the source strength vector {ΩΩΩΩ} the pressure, 

velocity, stress and displacement values at any point in the solid or in the fluid are 

obtained by placing the target points in the region of interest. 

7.4 Results and Discussions 

The problem geometry is shown in Fig. 7.3. A transducer of finite size is 

immersed in an unbounded fluid (water with wave speed 1.48 km/s) near the solid-fluid 

interface. The solid half space (aluminum with density, longitudinal and shear wave 

speeds, 2.7 g/cc, 6.25 km/s and 3.04 km/s, respectively) has an elliptical cavity as shown 

in Fig. 7.3. To investigate the sensitivity of the computed results to the crack geometry, 

major to minor axes ratios of 1, 2, 10, 40, 80 and 120 are considered. Semi-infinite solid 

and fluid media are excited by 1 MHz and 2.25 MHz frequency transducers placed in the 

fluid half-space. The transducer is placed at a distance of 10 mm from the interface and 

the crack of length 4 mm is located at a distance of 12.9 mm from the transducer face. 

Numerical results are obtained for normal incidence at two different excitation 

frequencies. Point sources are placed over a length of 20 mm along the solid-fluid 

interface. 

The problem considered is three-dimensional and the ultrasonic field is computed 

at the central plane, i.e. the plane of symmetry of the problem geometry. The transducer 



119 

 

is modeled using 110 point sources. On the central plane, 125 point sources are 

distributed on each side of the fluid-solid interface and a total of N number of point 

sources are distributed at the interior periphery of the crack.  This number N is dependent 

on the size of the crack.  One layer of additional point sources is placed on each side of 

the central plane.  Thus a total of 750 point sources model the interface and 3N sources 

are required to model the crack. The number of point sources required to model the crack 

and the interface is based on the convergence criterion (Placko and Kundu, 2007). 

Results are presented for 1 MHz and 2.25 MHz signal frequencies. 

 
Fig. 7.3 Problem geometry – an elliptical cavity with a high aspect ratio modeling a 

Griffith crack in an elastic half space excited by a piston transducer 

 

Fig.7.4 shows the variation of the vertical normal stress S33 along a horizontal 

axis through the crack for different ratios of major to minor axis. This horizontal axis is at 
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a distance of 12.9 mm from the transducer face (Fig. 7.3).  In Fig. 7.4 the circular 

markers correspond to a notch, when the crack is modeled by two parallel stress-free 

surfaces with a small separation as considered by Banerjee and Kundu, 2007. The square 

markers correspond to a circular cavity (major axis equal to minor axis). The rest of the 

results correspond to elliptical cavities with semi-major axis (Rcx) to semi-minor axis 

(Rcy) ratio equal to 2, 10, 40, 80 and 120.  The two curves corresponding to Rcx/Rcy = 80 

and 120 are identical.  Curves corresponding to Rcx/Rcy = 40 and 120 are also close to 

each other.  Therefore, a crack can be modeled as an elliptical cavity with Rcx/Rcy ratio 

equal to 40 or greater, preferably 80. For -2<x<2, on the crack boundary, the S33 stress 

component is zero that ensures the stress-free boundary condition. Higher stress values 

close to the cavity tip is also expected due to the stress concentration effect. Our 

observation that the elliptical cavity with aspect ratio (major axis to minor axis ratio) 

equal to 40 or greater accurately models the crack behavior is in line with Lee and Mal, 

1997 observation.  
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Fig. 7.4 Normal stress (S33) distribution in an aluminum half space along the horizontal 

axis going through the cavity of length 4 mm for different aspect ratios. Signal frequency 

is 1 MHz 

 

Fig. 7.5 shows the distribution of the horizontal normal stress S11 along the 

central vertical axis that coincides with the central axis of the transducer and bisects the 

crack. This investigation is carried out to ensure convergence of stresses in the vertical 

direction – near the crack and away from it. In Fig. 7.5 different curves correspond to 

notch, circular cavity (Rcx/Rcy = 1) and elliptical cavities (Rcx/Rcy = 2, 10 and 80).  The 

pressure field in the fluid (0 < z < 10) is hardly affected by the cavity geometry; however, 

some differences in magnitude of normal stresses are noticed near the cavity. Fig. 7.6 

shows the normal stress (S11) distribution along another vertical line that passes through 

the tip of the cavity. High stress concentration near the tip is evident in this figure. 
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Fig. 7.5 Normal stress (S11) distribution in an aluminum half space and pressure 

variation in water along the vertical symmetrical axis going through the center of the 

cavity of length 4 mm. Signal frequency is 1 MHz 

 

Fig. 7.7a shows the pressure in the fluid and the crack opening normal stress 

(S33) in the solid for an elliptical cavity of length 4 mm (Rcx/Rcy = 80) when excited by 1 

MHz signal frequency. Fig. 7.7b shows the same stress distribution as Fig. 7.7a but 

plotted as a surface plot to get a better idea about the quantitative values of the stress 

distribution. High stress concentrations near the tips of the cavity tips are evident in Fig. 

7.7. The elliptical cavity with aspect ratio (Rcx/Rcy =) 2 is then modeled and the stress 

field S33 is plotted as contour plot and surface plot in Fig. 7.7c and 7.7d, respectively. 

The big difference in the magnitude of the stress concentrations at the cavity tips is 

evident in these plots. The variation of S33 along the vertical line going through the 

center of the cavity is shown in Fig. 7.8.   
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Fig. 7.6 Normal stress (S11) distribution in an aluminum half space and pressure 

variation in water along the vertical axis passing through the cavity tip. Signal frequency 

is 1 MHz 
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Fig. 7.7a) Normal stresses (S33) distribution in an aluminum half space with a cavity of 

length 4 mm and pressure variation in water. Ratio of major to minor axis is 80. Signal 

frequency is 1 MHz 

 

Fig. 7.7 b) Normal stress (S33) distribution in an aluminum half space with a cavity of 

length 4 mm and pressure variation in water – surface plot. Ratio of major to minor axis 

is 80. Signal frequency is 1 MHz 
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Fig. 7.7 c) Normal stress (S33) distribution in an aluminum half space with a cavity of 

length 4 mm and pressure variation in water. Ratio of major to minor axis is 2. Signal 

frequency is 1 MHz 

The stress component is continuous across the fluid-solid interface unlike S11 in 

Fig. 7.5 that has a jump across the fluid-solid interface; S11 distribution also shows high 

stress concentrations at the cavity tips similar to the S33 component (Fig. 7.7), but not 

shown here since the two figures are very similar.  

Fluid pressure and S33 distributions in the solid for 2.25 MHz signal frequency 

are shown in Figs. 7.9a and 7.9b – plotted in two different formats. Fig.7.10. shows the 

normal stress S33 distribution along a vertical axis going through the center of the crack 

at 2.25 MHz exciting frequency. 
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Fig. 7.7 d) Normal stress (S33) distribution in an aluminum half space with a cavity of 

length 4 mm and pressure variation in water – surface plot. Ratio of major to minor axis 

is 2. Signal frequency is 1 MHz 

 

Problem geometries involving solid half-spaces with internal cracks have been 

investigated earlier by the DPSM technique Banerjee and Kundu, 2008. However, in 

those solutions the crack was modeled as a notch – two traction-free parallel surfaces 

separated by a small distance. No special consideration to the crack tips was given. As a 

result the stress singularity at the crack tips could not be properly captured. The present 

formulation overcomes this limitation and can capture high stress concentrations near the 

crack tips, as shown in Fig. 7.7a.  Fig. 7.11 shows normal stress S33 in the solid and 

pressure in the fluid when a 4 mm crack is modeled as a notch. The normal stress 

distributions generated by the proper crack model and the simplified notch model show 

significant differences near the crack tip.  The elliptical cavity shows a maximum stress 

of 18 GPa in comparison to 1.9 GPa for the crack modeled as an open slit without special 
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consideration at the crack tip. However the pressure variations in the water and the stress 

field in the solid are similar from both approaches except at the crack tip as evident from 

Figs. 7.5, 7.6, 7.8 and 7.12. The differences in the stress at the crack tip can be seen in 

Figs. 7.4 to 7.6. 

 
Fig. 7.8 Variation of normal stress (S33) in aluminum and pressure variation in water 

along the symmetrical vertical axis (x1=0) going through the center of the 4 mm long 

cavity. Ratio of major to minor axis is 80. Signal frequency is 1 MHz 
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Fig. 7.9 a) Normal stress (S33) distribution in an aluminum half space with a cavity of 

length 4 mm and pressure variation in water. Ratio of major to minor axis is 80. Signal 

frequency is 2.25 MHz 

 

Fig. 7.9 b) Normal stress (S33) distribution in an aluminum half space with a 

crack of length 4 mm and pressure variation in water – surface plot. Ratio of major to 

minor axis is 80. f f Signal frequency is 2.25 MHz 
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Fig. 7.10 Variation of normal stress (S33) in aluminum with a 4 mm long cavity and 

pressure variation in water along the symmetrical vertical axis (x1=0). Ratio of major to 

minor axis is 80. Signal frequency is 2.25MHz 

 

 
Fig. 7.11 Normal stress (S33) distribution in an aluminum half space with a crack of 

length 4 mm and pressure variation in water. Signal frequency is 1 MHz.  Crack is 

modeled as a notch 
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Fig. 7.12 Comparison of the variation of the normal stress (S33) in aluminum with a 4 

mm long crack and the pressure variation in water along the symmetrical vertical axis 

(x1= 0). Continuous curve – crack is modeled as an elliptical cavity with major to minor 

axis ratio equal to 80;  Dotted curve with markers - the crack is modeled as a notch. 

Signal frequency is 1 MHz 

 

In summary, stress fields near a crack are computed and compared for two 

different types of crack model – 1) crack modeled as a notch with two parallel stress-free 

surfaces with a small separation and 2) crack modeled as an elliptical cavity with aspect 

(Rcx/Rcy) ratios varying from 2 to 120.  A circular cavity was also modeled by equating 

Rcx/Rcy = 1.   For both 1 MHz and 2.25 MHz signal frequencies the ultrasonic fields are 

found to be identical in the fluid for different crack models; those only deviate from one 

another near the crack tip. A typical simulation required 9 minutes of real time on a 32 
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bits 1 GB memory and 800 MHz SD RAM in comparison to over 1 hr computation time 

for the finite element software, PZFlez, 2001, on the same configuration. 

7.5 Conclusion  

Distributed point source method is used to model ultrasonic fields in the presence 

of an elliptical cavity of aspect (major to minor axis) ratios varying from 1 to 120 in a 

solid half space. The high stress concentrations near the cavity tips are clearly visible 

when the crack is modeled as an ellipse with aspect ratio of 40 or higher.  It is also shown 

that the scattered stress fields away from the crack tips can be accurately computed even 

when the crack tip geometry is modeled as a silt opening instead of an elliptical cavity. 

DPSM semi-analytical technique is computationally more efficient in comparison to the 

conventional numerical techniques, such as the finite element method, and thus can easily 

model cracks of various shapes and sizes. This simulation technique can play an 

important role in nondestructive testing and evaluation (NDE) and structural health 

monitoring (SHM) applications. 
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CHAPTER 8 

 

CONCLUSIONS AND SUGGESTIONS FOR FUTURE WORK 

 

8.1 Conclusions 

A number of distinct problems related to the structural health monitoring (SHM) 

and non destructive evaluation (NDE) have been solved in this dissertation.  Main 

conclusions derived from the solution of every problem are given at the end of the 

chapter where that problem is discussed. Original contributions of individual problems 

are also discussed in the respective chapters. All these conclusions are briefly 

summarized below.  

Lamb waves are dispersive guided waves.  Since the Lamb wave propagation 

depends on a limited number of elastic material properties, the dispersion relations of 

Lamb waves can be presented in a generalized form considering conservation of both 

energy and momentum which are strictly conserved in loss free homogeneous materials.  

Such a relation has been derived and presented here. An experimental technique has been 

developed to generate high frequency wide-band ultrasonic signals through silver line 

electrode on PZT crystals. The mode selective excitation and detection of Lamb waves 

using the time of flight (TOF) technique has been studied in laminated aluminum and 

composite plates. TOF information of Lamb waves in aluminum and carbon composite 

plates is used for delamination and ablation detection. Non-contact Electro-Magnetic 

Acoustic Transducers (EMATs) are designed for detection of guided Lamb waves in 

cylindrical structures. Short time Fourier transforms (STFT) and Hilbert transform (HT) 

are applied for feature extraction and identification of delamination. Ultrasonic field is 
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modeled in a solid half-space with a penny shaped crack and cavity and the scattering due 

to the crack tip is modeled using distributed point source method (DPSM).  

8.2 Suggestions for Future Work  

A number of improvements can be implemented to optimize and validate (DPSM) with 

the experimental data for propagating Lamb waves. 

• Thin PZT transducer producing shear waves can be used instead of inertial transducer for 

exciting perfect anti-symmetric modes in plates. Scanning electron microscopy (SEM) 

and atomic force microscopy (AFM) can be performed to characterize the piezo-sintered 

material of PZT. 

• A special movable EMAT probe needs to be designed for detection of ultrasonic Lamb 

waves in a plate. Discrete wavelet transform and Hilbert transform can be implemented 

for feature extraction of defects in plates. 

• A hybrid model of molecular dynamics and peridynamics can be formulated for detection 

of damages in micro-scale. In addition to guided waves, experiments on high frequency 

acoustic microscopy in transmission (~100 MHz) can be performed to topographically 

visualize the mode of damages.  

• Distributed point source method can be extended to simulate the experiments conducted 

in the present study.  
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Journal Publications 
 

1. A. Shelke, S. Das, and T. Kundu, “Distributed point source method for modeling 

scattered fields in presence of an elliptical cavity,” Structural Health Monitoring: 

An International Journal, vol. 9 (6), pp. 527-539, 2010.  

 

2. A. Shelke, T. Kundu, U. Amjad, K. Hahn and W. Grill, “Mode selective emission 

and delamination detection in aluminum plate using ultrasonic guided Lamb 

wave,” IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency 

Control, 2011 (In print). 

 

3. A. Shelke, S Banerjee, T. Kundu, U. Amjad, and W. Grill, “Multi-scale damage 

state estimation in composites using nonlocal elastic kernel: an experimental 

validation,” International Journal of Solids and Structures, vol. 48, pp. 1219-

1228, 2011. 
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representations and universal aspects of Lamb wave dispersion relations,”  Health 
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