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CHAPTER T
INTRODUCT ION

Algebra, as it is taught in the American seeondary
school, appears.to be both diffiecult to learn and diffi-
cult to teach, ZTvidence of this is found in numerous stud-
ies revealing the 1érge percentage of failures in first |
year courses, and in the results of investigations as to
~ errors and difficulties experiencéd by students. Thorndike,
after an exhaustive study of the latter type, sumslup hisl
=findings.in the following words: "It does not seem aﬁ exag-
geration to say that on the whole these students of algebra
had méstery of nothing whatesoaevero"l To this may be added
the persistenﬁ complaints of teaoheré of advanced 6ourseé
in m.athema’clcs9 and in subveets other than mathematlcs in
which algebra is used, that many of their students are un-
able to use their algebra eerrectlyo A recent survey,

1943, made in c@nnecﬁion with the governmeﬁt training pro-
gram for aviators seems to confirm the truth 6f both @f. |

2 , _
these statements, This survey was made in order to

1. Thorndike, Bdward L. ©7lhe ootrength of Mental GConnec=—
tions Formed in Algebrao? Mathematies Teacher,
15:318=31, : L

2., National Committee on Mathematlcal Requlrementso_ Reor=
ganlzatlon of Mathematics in Secondary Education.

U.3, Bureau of Educations Monegram 17,




determine whether or not students who have finished their
: fofmal schooling can be relied on to do accurate compuba-
tion; ‘Two thousand persons ranging in grade level from
the ninth grade through the first year in college were in-
cluded in the study. The test used in this survey.eonw
sisted of one hundred items covering computation in the
fundamentals of both arithmetic and'algebrau It ﬁas given
in forty different high schools and colleges throughout the
United States. The‘average'seore made on this test was only
forty-six. The seriousness of the situation revealed by
this  survey 1ies.in the fact that defieiencies in computa-
tional skills impose serious handicaps on the pefsons con=
cerned., They will hinder the individual in his mental re-
astions whenever quantitatiﬁe elements are involved, whether
these elements‘are encountéred in school studies or in the
practical affairs of life., 1t is signifieant that certain
wer industries, milita:y estéblishments, and teaecher-train-
iﬁg institutions have found it necessary to institute re-
medial programs in order to overcome the computational
deficiencies of individuals Who have been victims of the low
standards of achievements found inm many of our public schoois°
This condition is é.lie9 primarily, to the fact that the
major>purpose for instruotion in algebra in the past has
been to meet requirements set up by eollege entrance examié

nation boards, and many of the courses of study and textbooks



which we have today have been arranged with Tthat purpose
in vieW° The work of the pupil has been‘of the blind imi-
tation and'meohahieal manipulation type. It seems probable
that the aim, ceontent, and method of the course have occa-
sioned the high pércentage of failures in the subject. By
failures is meant not only ﬁhose who failed to make a passing
‘mark in the course, but alse those whé "got credit only.®

For some time the writer has felt the need for almore
comprehensive course of sbudy in algebra--one that would
make the course more meaningful to the pupil» and one that
would be based on insight and appreciation rather than on
imitation and mechanical manipulatioﬁ;. Therefores‘this
study has been undertaken for the purpOsé of furnishing
teachers of algebra with a eompléte handbook containing :
teaching units arranged in logieal sequence and in unit form;
and suggestioné as to methods of presentation, drillg tést=
ing, and evaluation.

| - The Problem

The purpose of this study is: ‘firstg to determine what
should be the aims of instruotion‘in algebra; second, what
‘materials should be used in making a course of study in
algebra in order to attain these aims, and in what order
- should these materials be arranged; third, how should these
materials be presented to attain the aceepted goals for

algebra instruction.,



Method of Treabtment

All available current educational literature on the
subject of the teaching of mathematics in general and al-
gebra'in particular was exémined in an attempt to determine
what the commonly acecepbted aims ana objec%ives for the
~ teaching of algebra are. The findings of this study are
given in detail in the fcliowing chapter on aims and objec=
tives. |

The selection and organization of the subject matter
and téaching procedures which appeaf to offer the greatest
value toward the sétisfaction of these accepted aims were
made from the sources in the_preeeding paragraphs. The two .
sources of information of greatesﬁ #alue used infthié_stugy
were the 1923 report éf the National Cemmitteg on the Reor-
‘ganization of Mathematics in Seeondary Schools, and a surs
vey report published im 1932 by the United States Bureau of
Edueationa‘ The latter report was especially vaiuable be=
- eause of the 1arge number of courses of studyvineluded in
the survey. . . | ' -

To set up general aims aﬁd @bje¢tives in any course is
not sufficient. These are generally broad, rather inelusive

- statements, or at least are sb regarded by many teachers

?g National Committee on Mathematical Hequlirements.
Op, Gib. ‘ L
L., National Survey of Secondary Edueation. Instruction in
Mathematies. U.S. Bursau of Edueation Bulletin 17,
Monegraph 23.




who are prone to lose sight of the fact that each single

unit of material contributes to the finmal structure of
aehievemento Just as a class peried is ineffective and

- wagteful of time and effort when specific aims and objeetives
are lacking, so is a course of study which doeé not take ac-
count of the aims to be aecomplished in each unit. The aims
of a course shape its character. Therefore, an atbtempt has
been made to justify each unit of Subject matter included

in thisrcourse of study in terms of the accepted aims set

Upo.

7 ~ Related Studies

Practicélly all committees. charged with the problem of
reconstructing the mathemétical'eurriculum have come to a
" common conclusion, The Committee of Ten in 1893 recommended
instruction in algebraic symbols and in simple equationso5
It advocated that a child’s geometriecal tréining should be-
gin as early as'possible;nthat systematic instruction in con-
erete and experimental geometry should begin at the age of
ten years, and that it should occupy one hour per week for
at least three years. These recommendations feliowed close~
ly the prevailiﬁg practice in'Euro§e° It was not presumed
that algebra and geometry should be taught’in the early '
grades as separabte subjects, but that they be'taught in

5 Tonroe, Walter 5. and Weber, Uscar F. The Hish SoBool,
P. 295, _ '



connection with arithmetic.
Thirty years later, in 1923, the National Committee on
Mathematical Requirements said in its reports

In recent years there has developed among
progressive teachers a very significant movement
away from the older rigid division in "subjects®
such as arithmetic and algebra, each of which is
completed” before the other is begun, and to-
ward a rational breaking down of the barriers
separating these subjeets in the interest of an
organization of subject matter that will offer a
psychologically and pedagogically more effective
approach to the study of mathematies., ... The ad-
vocates of this new method of organization: base
their eclaims on the obvious and important rela-
tions between arithmetic end algebra, which the
student may grasp before he can galin any real
insight into mathematical methods, and which are
inevitably obscured by a striet adherence to the
conception of separate "subjects.”™ ... The newer
mebthod enables the pupil to gain a broad view of
the whole field of elementary mathematics early
in his high school course. In view of the large
number of pupils who drop out of sehool at the
end of the eighth or ninth school year, or who
for other réasons cease thelr study of mathematies,
this faet offers a weighty advantage over the
older type of organization under which pupils stud-
ied algebra alone during the ninth sehool year to
the eomglete exclusion of all other types of mathe-
matics, ‘

One of the most valuable series of studies in the field
of mathematies was made by Dr, Breslich of %he Univérsity of
Chicago. - This seriés Qf investigations was begun in 1928
and compleﬁed'in 1931, The study was concerned with prob-

lems that relate to effective methods and procedures in

6, National Committee on Mathematical Requirements.,

0 o eito po lGo ) . ) . . T ) L A‘
7o BreslieEs‘Eérnest R. Problems in Teaching Secondary
School Mathematics, pp. 10-15,




teaching mathematics, and to the evaluation of the results
of teacehing., _This study was based on the recommendation
made in 1927 by the National Committee. The Tirst of the
series was devoted to the study of problems arising from the
teaehing activities which arise during the ﬂeaehing of a
unit to a class, making assignments, supervision of pupil
study, and eonducting recitations. The second was con-
egrned with‘the.pSyehologioal considerations éuch as motif
vating the study of mathematics, maintaining pupil interest,
developing effective habits of study, providing for indi-
vidual differences, supplying sufficient préoticevmaterialss
doing cecorrective teaching, and eliminating typical errors
end difficulties. The third of the group deals with meth-
ods of presenting subjeect matter such as the individual
method, the lecture method, the question-answer, the lab-
oratory method, the directed-study method, and the.projéet
method, The fourth and last of the group pertain to the
evaluation of the results of t_eaehing9 the construction and
administration of object%ve tests to determine the pupil's
apperceptive mass, his mathematical ability, and his habits
of study,Atests for research purposes, and diagnostiec tests
whose results might be used to impreve teaching. The find-
ings of these gtudies have been a valuable source of inféra

mation for curricular revision and improvement,



CHAPTER IT
ATMS AND OBJECTIVES FOR INSTRUCTION IN MATHEMATICS

The Development of Aims and Objectives
~ in Mathematies Sinee 1893

The discip;inary function of mathematies began to be
'emphaéiied abouﬁ 1825, and by tﬁe middle of the centu?y it
represented the dominant value., Mental arithmetic, fre-
gquently called ”intellectual arithmeticsw was considered to
possess a very high diseiplinary value. -The following is a
statement from the prefaeerf a textbook'published in 1873:

The seience of arithmetic, until somewhat

- recenbly, was much less useful as an educabtional
agency than it should have been. Consisting
mainly of rules and methods of operations, without
representing the reasons for them, it failed to
give that high degree of mental diseipline whieh, -
when properly taught, it is so well calculated %o
afford., Bubt a great change has been wrought in
this respect; a new era has dawned upon the science
of numbers; a "royal road" to mathematics has been
discovered, so.graded and .strewn with the flowers
of reason and philosophy that the youthful learner
can follow 1t with reason and pleasure; and one of
the most influential agents in this work has been
the system of mental arithmetic,

The importance of this change can hardly be
over estimated. The study of mental arithmetie,
introduced by Warren Colburn, to whom teachers and .
pupils owe a debt of gratitude which can never be

- paid, affords the finest mental diseipline of any
study in the public schools. When properly taught,
it gives quickness of perception, keenness of in-
sight, toughness of mental fiber, and an intel-
lectual power and grasp that can be acquired by ne



other elementary braneh. An old writer on arith-
metie quaintly called his work "The Whetstone of
Wit." Mental arithmetic is, in my opinion, truly
a whetstone of wit., It is a mental grindstone;
-1t sharpens the mind and gives it the power of
coneentration and penetration. To omit a thorough
course of mental arithmetic in the common school
is to deprive the pupil if ene of the principal
sources of mental power. '

In the period from 1875 to 1890, some writers began
to emphasize what was’generally desgignated as the cultural
value of mathematics. This attitude is expressed clearly
in the follow1ng statement quoned Irom.a paper read by W.H,
H. Hudson before the Educational Society, Londen, 1n 1886

_ I maintain, therefores that algebra is not

to be.taught en account of its utility, not to be

learnt on account of any benefit which may be sup-

posed to be got from it; bub because it is a part

of mathematical truth, and no one ought to be

wholly alien fro% that important department of

human knowledge. ) ‘

- The work of the Committee of Ten, which reported in =~
1893,'marked the beginning of the present era of secondary
school expansion and development. In its report this Com-
- mittee insisted that the diseciplinary function of mathe-
matics be minimized, and that the aims and objeetives, the

content, and the methods of instruction be modified so that .-

"the practical phases would be em.x;hasiied° The Committee

1. Wenroe, W.S8. Development of Mathemabics as a SCHooL
‘Bubjeet. U,8. Bureau of Educatlom Bulletin No. 10,
ppo 91‘“920‘ v, - ‘A Lo . .. V

2. 8mith, D,E. The Teaching of Mathematics, p. 167.
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also recommended that the different courses iﬁ mathematics
be

abridged and enriched; abridged by omitting en-
tirely all subject-matter which perplex and
exhaustv the pupil without affording any really
valuable mental dlsclplzne, and enriched by a
greater number of exercises in simple calculatlon
and the solution of concrete problems.>

The Committee recommended further the use of "oral exercises™
in algebra, and suggested that the proof of the binomial
theorem and other difficult propositions be omitted,

The 1913 report of the Committee on Mathematics of the
Commission on the‘ReorganiZation of Secondary Education gave
three chief aims for instruction in mathematics in the sec-
ondary school; They were:

1. To inspife and facilitate the acquigition of

. knowledge in an important field of -human
thought; mathematics 1s necessary to the

‘ comprehengion and mastery of nature.

2. To develop the ability bto apply this knowledge

. bo practical and theoretical investigations.

3. To develop and gtrengthen the ablility to pre-
ceive exact relations and te make inferences
correctly. The beacher's constant aim
should be to.train the pupil to think and to-
formulate clearly the results of his think-
ing.k

Tn addition to these aims the Committee recommended a list
6f attainments which might reasonably be expected of stu-

dents eompleﬁing a high school course and presenting

3. Report Of The Gommibtes of Ten on Secondary School
- Bltudies, p. 105, ,
Lo M@Lean, George Edwin, 'Present‘Standards of ngh@f*Edm
ueation in the United States.,. U.8, Bureau of
Education, Bulletin No. L, p. 171,
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themselves for admission to college. They are:

l. A fair degree of accuracy and rapildity in cal-
culations, and a falr knowledge of the ap-
pllcatlon of numbers te the solution of the

. common problems of llfeo_
2, A fair degree of skill in making algebraic
. btransformations.
3. The ablllty to use the equation as an 1nstru=
: ment in the solution of problems.

L. The ability to interpret algebraic results,

5 A fair comprehen31on of what constitutes a
proof in mathematics,

6 A good knowledge of the faets of elementary
algebra, and plane and solid geometry.5

In the recommendation concerning the organization of

materials and methods of instruction the Committee stated:
We recognize the fact that the students of the
last high school year, because of their greater ma-
turity, have much more ability to grasp the abstract
- thinking of mathematics than do students of the

first year. The material offered in the courses

and the methods of instruction should be determined

with this in view., At first the simpler and more

concrete ideas of the subject should be dealt with.

In later stages, more complicated mechanical work’

and formal theory should be introduced graduallyoé

In 1916 the Mabthematical Association of America organ-
ized a committee to be known as The National Committee on
Mathematical Requirements., It was the purpose of this Com-
mittee £0’give impetus to the movement which had been de-
véloping in the direction of reform in the teaching of mathe-
- maties. The>l920»preliminary report of this Committee il-

lustrates the views of the Committee en the reorganization'

5 MCLean George Edw:o.n° oD eit°9 P. L72.

6. Ibid. —
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of mathematics in secondary schoels, The following is a
summary of the recommendations of this report:

The committee believes that introductory
mathematlcs, ordinarily eonceived as separate
courses in algebra, geometry, and trigonometry,
should be given in connection with the solv1ng
of problems and the executing of projects in
fields where students already have both knowledge
and interest, This would make the study of mathe=
matics more nearly approximate a laboratory course,
in which individual differences could be consid-

- ered and effective devices of supervised study be
utilized., The minimum of the course might well

" in this way be cared for in the recitation period,
reserving the oubtside work for allied projects and
activities for the more advanced pupils,

A content thus instrumentally selected will
be free of the o0ld formal puzzles, the complex
instances, the verbal problems which in the past
have wasted so much time and destroyed so much
potential interest; and will, on the other hand,

- exbtend across the divisions heretofoge separating
algebra, geometry, and trigonometry.

The Committee also suggested that courses be planned for
four groups of pupils:

(1} The "general readers®™ whose needs lie
largely in the "interpretative®” functions of
mathematics; (R) those who, expecting to enter
trades, would have a small but still definite need
for "practical mathematics; (3) those who, as
prospective engineers, would need a considerable
body of content determined by the demands of
engineering study and practice; (L) those spec-
ializing in mathematics who would wish a content
determined by the satisfactions inherent in the
activity and by the demands of further studyos

7 ?roblems of‘MaLhematlos in Secondary Bducation, U.o.
4 " Bureau of Bducation, Bullebtin No. 1, p. 2k.
. Ibid. .
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In the 1920 report there are mentioned for the firét time
interests of students, individual differences, and integra-
tion of the different mathematical subjects., This, within
itself, is proof that we had come a long way téward the re=-
organization of mathematiges for the general benefit of the
masses rather than for the favored few,

- The 1923 report of the'Committee on Mathematical Re-
quirements has become widely recognized a8 authoritative,
Accepting the customary classification of aims into prae-
tical and utilitarian, disciplinery, and cultural, the Camp
mittee gave a more satisfactory statement of them than had
been available previously. The following is an excerpt of
the report

The primary purpose of the teaching of mathe-
maties should be to develop those powers of under-
standing and analyzing relations of quantity and

of space which are necessary to an insight into

and control over our environment and to an appre-

ciation of the progress of civilization in its

- various aspects, and to develop those habits of

thought and action which will make these powers

effective in the life of the individual.”

Under the practical and utilitarian aims were given:
(1) aceuraecy and facility in numerical computation; (2) an

understanding of the language of algebra and ability to

use it readily and intelligently; (3) the ability to

9, National Committes on Mathematical Requlrementso The
Reorganization of Mathematics in Secondary Educ f‘ono
U.5. Bureau of kducatlen, Bulletin 23, p. 10,
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'interpret correctly graphic representation of various kinds;
(4) a familiarity with geometric forms commen in nature, in
industry, and in life; and (5) the acquisition of ideas and .
concepts-in'termé of which the guantitative thinking of the
world is done, -

Under the disciplinary aim‘the following were stated:
(1) the ability to use those ideas and concepts in terms of
whioh the quantitative thinking of the world is done in the
practical situations of life; (2) the mental habits and at-
titudes needed to make the above.training effective in the
everyday life of the individual; (3) training in functional
thinking, as this term is used inm.éthemb.tieso

:Uhder the culture éims the Committee emphasized:
(1) appreciation of beauty in the geometrical forms of na-
ture, art, and industry; (2) the inculcation of ideals of
perfection as to logical feasonings diécrimination between
the true and the falSes_et ceterag (3) an appreciation of
-the extent of the influence of mathematics in the develop-
ment of our eivilization, the progress of éeience; the growth
of indﬁStry, and the establishment of systems of philosophy,

In the conclusions of this report the Cemmittee gave
the following additional recommendations that were highly
significant of the direction in which mathematical reforms

L

were moving:
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(1) It is very desirable te bring mathe-
matical writing into c¢loser touch with good
usage in English writing in general. This is -
desirable because mathematics should be a genu-
ine help btoward the acquisition of good habiits
in the speaking and writing of English. (2) The
eommittee recommends that teachers of mathematics
and writers of textbooks eliminate, so far as
possible, obsolete technical terms and symbols.
It seems perfectly natural that a printed dis-
cussion should strike the pupil as an expression
of reasonable ideas in terms of reasonable Eng-
lish forms., The fewer teehnical terms intro-
duced, the less likely is the subject to give
the impression of being diffiecult and a mere
juggling of words and symbols., (3) The com-
nitbee suggests that examining bodies, con-
tributors to mathematical journals, and authors
of textbooks endeavor to follow the gineralf
principles formulated in this report.id

The report of'this Committee hasg had an important in-
fluenece on the point of view of teachers. Authors of text-
books almbst ihvariab;y have claimed that their books con-
form to its recommendations, Teachers in training instit.u-=
tions have studied this report diligently, and writers on
methods of teaching continué to devote many of their pages
to a discussion of its views. B

In 1929 the North Central Association of Colleges and
Seeondary Schools recommended that an éxtensive study of
mathematics, "as it exists at the present time in the
schoéls of the United States,” be made by the Nationél Of -

fice of Bducation. This survey was made under the

10, National Committes on Mathemétical'Requirementsa
op. 6it., p. 8ho



directlon of Dr, Leonard V. Koos of the University of
Chicago, and the‘commi?teé report was published in 19320»
The investigation was made, primaril&, to determine the‘
similarities and the differences in the aims and objectives,
sontent, and-methods of teaching and the resﬁlts accomplished
in the field of mathematiecs throughout_the public sehools of
the United States. BSeventy-nine schools throughout the
eouhtry were included in this study. These sehools were
- selected because they published their own courses of study,
and their work in mathematics Wasrc@hsidered outstandingo.

| Table I shows the regional distribution of the cities
ineluded in this surveyoll

The first phase of this survey (page h)»was devoted o
a gstudy of the methods of treating the majbf phases of in-
struction in mathematicso~ Fifty-seven courses of study were
-used, The findings of the study are'shown.in Table II.

The results of this study arve significant. They show
conclusively that, although we had come a long way sinee
1893, we were not at the journey‘’s end by any means; thatb,
while the organization of eourseiof study outlines had bheen

improved since 1920, they were far from being the important

11, National Coﬁmiﬁtee on Mathematical Requirements. :
Insbructions in Mathematies. U.S. Bureau of Educa-
tlon, Monograph 23, p. 2.




| TABLE I
DISTRIBUTION OF CITIES INCLUDED IN THE K0OS STUDY
BY REGIONS AND BY.PORULATION GROUPS

- ' Legs than 10,000 30,000 100,000 More than

‘Region . - 10,000 30,000 100,000 - -500,000 500,000 -
New England . 0 2 b 1
Mid-Atlantic 1 -2 9 3 b
Southern 1 1 2 3 0
Mid-West L 3 12 7 5
West 3 1 3 6 2
v 28 23 12

LT




TABLE IT

METHODS OF QRGANIZATIQN OF COURSES OF STUDY IN MATHEMATICS
AS SHOWN BY THE XO00S .STUDY :

Informal Bare Organized Parallel Para- No State-

-Phasge : o 'Statement List Outline - Column- Ynits graph - ment
Objectives | 5 32 b 6 0 1 9
Content _ 5 lé 20 10 5 0 1l
Procedure 16' 7 5 10 &) 7 12
Evaluation 5 10 7 0 1 0 34
Individual o

differences 7 _ 2 1 L 0 1 L2
Misegllanedus 15 b 1 0 0 0 39

References 0 21 2 2 o o 32

8T
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teaching aid they were intended to be. As a result many
bteachersg especially these with less teaehing experience,
were "teaching" textbooks rather than children. "The
foresﬁ was still hidden by the trees.v '
General @bjeétives for Instruction in
_ Secondary School Mathematics B
The second phase of this investigation by the National
'Gommiﬁtee on Mathematical Requirements of 1932 was the
Aanalysis of the ijéetives eontained in fifty-seven gourses
in use at the time the survey was made. The objectives were
listed‘under seven headings, and the number éf courses of
gtudy contaiﬁing each was tabulated. In Table IIT the find-
ings of this analysis are shownel2 | N
.This table indicates that diseciplinary values still
- were given considerable prominence by the schools repre-
sented; It is also evident that the practical and utili-
tarian aims were considered of most importance. |
| In summarizing its findings with reference to objec-
tives; the Committee states:
. The objectives of mathematics as formulated
by the National Committee of 1923 seemed to have

influenced markedly those appearing in the out-
lines examined. The following characteristics

12, National Committee on Mathematical Requirements,
Instructions in Mathematics. U.S. Bureau .of Educa-
tion, Monograph 23, p. 19.




20

TABLE TTI

OBJECTIVES FOR INSTRUCTION IN SECONDARY SCHOOL
. MATHEMATICS AS SHOWN IN THE SURVEY
MADE BY L.V. KOOS

: , Number
Objectives S . Listing
1. Accuracy’in fundamental pfécesses _ 35 |
2. Knowledge and power to apply mathematlcal
- coneeplts . D 22
3. Speeific knowledgé ﬁseful in life 28
L. Diseiplinery vélues 28
5, Cultural values A / 22
é; Specific future needs .8
v7a_Exploratlon,and,guldance _______ 15

seem to prevall

1, Aims which relate t0 the practlcal obgec=
tives of ingtruetion seem to predominate.

2. They include the applicatlon of mathe-
matics to the social and eoonomlc environ-
ment of the child.

3. Informational as well as compubational
mathematics 1s emphasized.

L, The introduction and correlation of mathe-

: matices from higher courses is stressed.

5. Disceiplinary and cultural aims appear in
the majority of outlines, but less often
than the practical,

'Aluhough the aims reflect a leaning toward the
practical side of mathematics, the outlines do no
indicate a decided connection of such aims with
teaching materials and procedures. There seems ¥
be need of more careful breaking up of objectives

1Y

(a)
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s0 that they will not only connect with actual
materials of instruction, but also -the degree
to which they do conneet may be measured.

The Committee did not make any direcf or specifié
reeominendatiqnso By implication it did suggest: (1) a
psychological rather than a logical organization'of me -
terials of instfuction; (2) a closer connection between
aimé, materials, and procedures; (3) better trained teach-
ers. | ' /

The statements of aims and objectives in present-day
courses of study do not differ materially from those found
by the Committee in 1932, This ig shown by the following
aims and objectives as quoted from one of the recent pube=
‘ lications on the subject of teéching mathematies in high
schools, |

I. Practical aims

1, To give each pupll a mastery of those
phases of mathematics which are neces-
sary for living in his soecial ané
economic environmentb,

2. To give each individual those phases.
of mathematics which are necessary for
hisg vocation..

3. To enable individuals to reeognlze

- mabthematical situations so that they
may refer them to specialists if they
are unable to solve them.

Lo, To enable individuals to discover new
and more efficient methods of procedure.

13, National Committee on Mathematiecal Requirements. _
Instructions in Mathematics. U.S. Bureau of HEduca-
tion, Monograph 23, pp. 65-72.
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II Preparatory aims )

1. The acquisition of a suffieient know-
ledge of the elements of mathematics
which will serve as a basis for further
study if his present knowledge is not
gufficient to meet the requirements of
his vocation,

2. The mastery of the elements of mathe-
matics and mathemetical methods pre=
paratory te further study in that
field.

ITT, Cultural aims :

1. To develop the appreciation of the
values of mathematics as a tool for
solving bthe problems of our environ-
ment,

2. To give the student suzflclent know-
ledge of mathematics to enable him to
make the application implied above.

3, To develop the vocabulary through the
study of mathematical terms. -

L. To develop an aesthetic value through
the study of mathematical forms,.

IV, Disciplinary aims
- 1. To develop an understandlng of the
mathematical method in solving prob-
lems.lh

In alllthe articles'read by the writer, coming either
directly from the militery authorities or the United States
Bureau of Education working in eooperaﬁion with thém,-no
criticisms were found_éf the aims and objeetives for in-
struction in mathematics, The criticisms which have been
- offered deal with the fact that we have been satisfied with
ninimum attaimments, and that the prooédure used for measur-

ing attainments has been inadequate., The following excerpt

1k, Minnick dotle ieachlng Tathematics in Seoondary
Sohools9 PPo - 38=48
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is indicative of the trend of all these criticisms:

The committee making this report feels thatb
.adjustments must be made, in the field of mathe-
matics, but no extensive reorganization of the
mathematics courses should be undertaken. The
reason is fairly obvious. The modern program has
been emphasizing the concepts of mathematics that
are of permanent worth in our industrial civili-
zation. These basic and permanent ideas, such as
ratio, proportion, the language of algebra,
geometrice concepts, and above all arithmetie
fundamentals, are the concepts so desperately
needed in our war effort. There is no need to
recognize the materials of the mathematies pro-
gram in order to meet the needs of the armed
forces, WHAT WE NEED TO DO IS TO TEACH MORE .
THOROUGHLY. THE BASIC MATERTALS AEREADY IN TH=E
PROGRAM AND. PRESENT IDEAS COF . PERMANENT WORTH
RATHER THAN SPECIALIZED TECHNIQUE.L1S

_ 'On the basis of the fihdings of these investigations,
and.committee reports, -the writer offers below what seem to
be the more commonly accepted alms and ebjectives for in-
structibn in mathematics in secondary schools: |
1. To increase skills in computation.

2. To increase understanding of basic conecepts and prineci-
| ples of mathematies,
3, To provide a wider range of application of mathematics
to other figlds and to life needs.
L. To achieve more power in mathematical reasoning and

problem solving.

15, Mallory, Virzil 8. 'hssential Mathematics Tor
Minimum Army Needs.”™ The Mathematics Teacher,
Mareh, 1943, pp. 24L3=47.
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secure a thorough understahding of measurement.

become familiar with the properties of the common
geometric forms. | |

be able to ex@reSS and use‘mathematicai relationships.
learn to use and appreciate symbolism. |

be able to recognize the inter-relationships of the
vafious méthematical fields,

understand how mathematics is related to practically
all other bfanches of learning,

enjoy mathematics for its own sake.,

Objectives for Instruction in Algebra

In the teaching of algebra, as in any other kind of

work we set out to do, we can not expect to realize our aims

'unless they are specific and are defined clearly at the out=

set,

The firgt step, therefore, in planning a course of

study in algebra is to prepare a list of desirable objec—

tives which we hope to attain. Such a list should be the

result of much study, thought, and discussion on the part of

those who will actually use 1t, who know the work of the

classroom, and who themselves have some conecept of what can

be expected of the pupils, -

There are two_kinds of objectives to be kept in mind:

the great central ones, and those that more specifically

concern themselves with algebraic concepts. The former

have to do with the realization of aims and objectives that
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are not peculiar to the rield of algebréyalome, but which
are to be sought in all fields of knowledge and particularly
in the field of mathematics, For example, the most impbre
tant major‘objective in teaching of any junior high school
-mathematics is to develop well-educabed, useful citizens.
This purpose is mueh’the sdmexin literature, history, or
art. However, major objectives alone are not sufficient.
All élgebra and each algebraic activity should have a
gspecific oﬁjeetiveg and that objective should be carefully
geared to one or more of.the more general aims., If this is
not true, it is very easy for teachers to "lose'sight of'
the forest because of bhe trees.”™ A great deal of time and
efjort éan be wasted whep specifio aims and objectives are
lacking. They should not beeelaborate and "lovely® stateé
ments of things hoped for; but»simple'and ciear»cuﬁ stétee
ments of objectives to be achieved, Thé more elaborate the -
statement of objectives, the less.likely they will be put
into practice. The aims of a course should shape its char-
acter, _

The aims'androbjectives of this course of study were
selected after a careful examination of all availablé eur-
rent iitefature on the suﬁject of instruction‘in algebra.
The examination was made in order te try to determine what
are the éommonly accepted aims for the teaching of algebra.

Three important criteria were used: (1) the intrinsie
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worth of algebra itself; (2) the needs of students in gen-

eral, and especially those of the Tucson schools; and (3)

the interests of the students who are to study the subject,

1.

To'

To

To

To
To

To

These aims are:

dévelop an understanding of the formula, the graph,

and. the equation as'uéeful tools in!solving problems,
teach the student td‘know the meanihg of(positive

and negative numbers, and to be able ﬁo interpret

them in his reading.

give the studént a more accurate and ready working
knowledge of the four fundemental operations: addition,
subtraction, multiplication, and division.

teach the value and use of literal representation. .
drill in algebraic technique for the purpose of in-
creasing speed and accuracy in the use of fundamentw
als, |

give pupils who'may desire to specialize in the filelds
of science or méthematics sufficient acquaintance with
algebraic concepts and skill in their use %o enable

them to pursue such work successfully.



CHAPTER IIT

CONTENT OF THE COURSE OF STUDY FOR INSTRUCTION
.IN HIGH SCHOOL ALGEBRA

Subject content}for instruction in algebra has qhanged
'more_than.any other branch of mathematies, In the ninth
century, élgebra'changed from a subjeetwdealing with puzzie
problems solved by mére rule to being quite largely a sub-
Jeet in whiech the validity of rules was established. In the
six‘ceen’th‘eenfury9 it changed from a subject concerned with
rational numbers and the quadratic eqﬁatibn t0 oune whichf
dealu with 1fratlonals and with higher equatiens. In the
seventeenth century, it changed frcm a subject w1th awkward
symbols into one with a convenient symbolism and concerned v
with purely abstract formalismm=wofk with polynomials whieh -
were rarely used in life situations, and ﬁhe solution of
e@uations whieh had but little practical value, This type
of eoﬁtent continued to constitute the main course in alge-
bra until about 1850. The peried 1850 to 1893 was another
period of signifi@ant ehange in the}matérials used for in-
struction in algebra. This changé was governed prineipally
by‘changes iﬁ the eellege entrance requirementso However,
thé course conbinued to have little practical value except

to a very small group of individuals who were particularly
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interested in mechanical and civil engineering, or in the
field of physical science,

The 1893 report of the Committee of Ten made few recom=
‘mendations regarding the content of mathematics on the high
school level., In algebra the use of "oral exercises® was
advised, and the suggestion was made fhaﬁ the proof éf the
binomial theorem and other diffieult propositions be omit-

1 :
ted.”

The 1913 Committee on Mathematical Requirements was
the first group to make any extensive study éf the trends in
algebra, and alse the First to make any definite recommenda-
tions concerning the content of a course of study in algebra.
These recommendations were made, however, for college en-
trance requirements only, and the Committee stated that neo
~ significanece was to be attached to the order in which they
were listed. They were:

1. The fundamental laws of algebra.

2. The general view of algebraic numbers,

3. The four fundamental operations as applied to

' integral, fractional, and irrational expres-

sions,

L., FPactoring.

5. Binomial theorem for positive integral

- exponents, -

6. Solution of equations in one varlable, in-=

cluding simple quadratics, fractional, and
irrational eguations.-

1, Report of the Commictee of Ten on Secondary School
Studies, p. 105, -
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7. Solution of systems of equations in two
variables, including linear system, linear
quadratic system, and a few of the quadratiec
systems that occur more frequently in prae=

8. Eigig and proportiono 2

9. The statement and solution of problems,

This Committee also recemmended that arithmetie, algebra,
geometry, and trigonometry should be regarded‘and treated

as difficult phases of the same great subject--mathematies—-
and that algebra be divided‘into two portions: i.e., ele-
‘mentary algebra, to be given in the first year of high
sehool, and a more advanced course to follow plane geonetry
in the thifd or fourth year of high school,

The 1920 preliminary report of the Committee on Mathe-
matical Requirements concerning the.GOnﬁent of the course in
algebra was based on the 1913 repért° 'However, some fecomn
mendations were made concerning arrangemént of maﬁérials in

both eourses. These reeammendations were:

I Mlnor Requlfements
“ 1. Simple formulas

2. Positive and negative ‘numbers

3. Development of variables

L. Four fundamental operations

5, Factoring '

i 6. Fractions

7. Graphs and 31mple graphic representations
8, Ratio

9. Linear equations in two unknowns
10. Exponents and simple radiecals

2. MeLean, George'EdWJ.no Present otanderds oT ngher
‘Bducation in the United States. U.8. Bureau of
Bducation, Bulletin No. L, p. 172,
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II. Major Requirements
. 1, Quadratic equations
2. Exponents and radicals of higher order
3, Binomial theorem
k. Graphs and graphic_representations of
the second degree.

- The recommendations made by the'1923 Committee were
ﬁ praetieally the same as the 1913 and'l920 reports except
they were given in more detail, They were:

I, Formula - :
1, As a concise language
2. As a short-hand rule for computatlon
3. As a general solution
L. As an expression of the dependence of
one variable upon another.
II, Graphs and graphic representation in general
1. Representing facts, statisties, etc.
2. Representing dependence
'3, Solving problems
III. Positive and negative numbers, their mean-
, ing and use '
IV. The equation--its use in solving problems
1. Linear equations in one unknown
2, Simple cases of quadratic equations
3., Equations in two unknowns-
ly. Bimple application of ratio and
: proportion -
V. Algebraic technique
1. The fundamental operations., Their
connection with the rules of arithmetic
should be brought out and made to ll=
luminate numerical processes.
2. Factoring, Common factors of the
terms of a polynomial. The differences
of two squares. Trinomials of the
second dégree that can be easily fac-
tored by trial.

3. National Committee on Mathematical Requirements, Pre-
liminary Report. The Reorganization of the First
Courses in Secondary School Mathematlcso U.S, Second-
ary School Circular,; No., 5. . '
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3. Fractions. The intimate connection
with the corresponding processes of
arithmetie to be made clear. The
Tour fundamental operations should be
considered only in connection with
‘gimple cases.

b Exponents and radicals. Confined %o
simplest material required for the
treatment of formulas.

5. BStress checking solutionsoh

In 1923 a careful examination of twelve algebra text-
books ranging in date of publication from 1881 to 1920 re-
. vealed a number of significapt changes in eontent. The
recommendations of the National Committee on Mathematical
- Requirements were used as a basis of eompariéono Of the
topics that this Committee recommended for imelusion in the
course in algebra,only 71 per cent were found in the text
of 1881, All of them were included in the 1920 text. On
the other hand, all the topics recommended for omission were
ineluded in the}tezt of 1881, and 47 per ecent of them still
were inecluded in the 1920 text.

Although algebra texts still retain much of the con-
tent that characterized the texts of twenty-five to forty
years agos it 15 apparent that there have been Sl gnificant
changes in the toples included, as well as in arrangement

and the nature of treatment, These changes may be listed

L, Netional Committee on Mathematical Requirements. Reor-
gonization of Mathematics in Secondary Schools.”  U.S.
Bureau of Bducation, Bulletin 17, D. 32. :

5, Flagg, Elinor Bertha. "The Trends of the Content of
First Year Algebra Texbts." Unpublished Master's
thesis, University of Illin01s9 1923,
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under three headings: (1) thg elimination of materials ne
longer considered worth wﬁile; (2) the removal to a higher
level of topics for which there is ho immediate need but
which have deferred vaiues in mofe advanced coursesg, in sub-
jects other than algebra, and in life situations; (3) bring-
ing down to a lower level topics which traditionally have
been taught at higher levels. |

The 1932 Committee made a topieal analysis of twenty-
eight c&urses of study in algebra. These data, showing the
percentage of schools offering the vérious topics, the
order in which the various topics were presented, and the
average number of weeks allotted to each,are shown in Table
IV°6 |

The foregoing analysis reveals a wide variation in the
order in which the different topicg were intro@ucedo For
‘exemple, only 89 per cent placed the study}of the funda-
mental Qperations first; 79 per cent followed the study of
fundamentals with the beginning study of equations; and 57
’per cent placed the.étudy of the formnla as item number five,
following the study of faotoringo~'This gsituation probably
is due, in part, to the fact that no recommendations have

been made concerning the best order of arrangement of

6., National Committee on Mathematical Requirements. ThHe Re--
organization of Mathematics in Secondary Schools.
U.5. Bureau of Educatlon, Bulletin 17, Monograph 23,
P. 3ko : ,
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TABLE IV

CONTENT OF TWENTY%ETGHT-COURSES OF STUDY AS
FOUND .BY THE KO0OS. COMMITTEE IN 1932

Averége v Average -Average
: ‘Order Time
~Topie "~~~ " Counting - Presented ~ in Weeks
1. Fundamental opera-

tiong in algebra : 89 1 4L.9
2, Factoring | 86 L ol
3 Fractions | 86 6 505
Lo Exponenﬁs and radicals 86 9 3.l
5, Equations " 79 2 3.8
6. Simple quadratiecs 71 o 10 2,7
7. Graphs , - 71 , 7 1.9
8, Positive and nega- - | , o
~ tive numbers 68 3 1.7
9, Linear equations 6L 8 . 2.8
10, Formula meaning o : B
and use 7 5 ' 1.0
11. Ratio and proportion 39 11 2.0

12. Equations in two un- _
knowns : 30 7 12 3,0
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materials for instruction in algebra, with the exception of
those made in the 1920 Committee report; and thosé recom=
mendations were not stressed to ény extent, but were of=
fered as a suggestion for material érrangemento

In all the course of gtudy outlines for algebra:ex=
amined by the writer and in other current literature per=-
'tainihg to eontentvmaterials very little deviation from
the varieus committee recomméndétions was found. Textbooks
conform pretty closely to the 1923 recommendations and
courée of stﬁdy outlines, more often than not, are made to
fit some particular text. The following outline is indica-

tive.

Division of Secondary Education

OUTLINE OF COURSE OF STUDY IN FIRST YEAR ATGEBRA

Text: Algebra and Its Uses; Silverstein, Newell, Harper

GENERAIL OBJECTIVES:
A. PRACTTICAL
ALGEBRA SHOULD DEVELOR
1. The ability to solve more successfully quanti-

tative problems concerning the home, industry
and the government.
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2. An understanding of
o Common mathematical symbols and
b, Some common business practloes
- 3, The foundation for technical training
B, LOGICAL |
A STUDY OF ALGEBRA SHOULD DEVELOP

1. The ability to acquire useful ideas for quan-
titative thinking

2. The ability to think independently
3 Better habits of concentration and persistence

L. An appreciation of preelslon, clearness, ae-
curacy, neatness, and thoroughness, and a dis=-
taste Tor vagueness and incompleteness,

C. CULTURAL |
A STUDY OF ALGEBRA SHOULD DEVELOP

1. An appreciation of the great contributions of
mathematics to our present civilization, e.g.
in astronomy, engineering, and the Varﬁous
other sclences

2. The power of concentration and persistence and
the encourasgement of systematlc and orderly
habits of work

3. An 1noreased respect for truthfulneSS and
honesty

L, An appreciation of the language of algebra as
the pringipal tool of all mathematics above the
level of arithmetic, .

5. An appreciation of the contribution of mathe=
maties to the war effort

D. PROFICIENCY TO BE EXPECTED
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1°,The minimum course in Algebra should include the
following:

a. The fundamental operations involving
monomials, binomials, and btrinomials

b. Graphs (simple)
Co Formulas
do Simple and quadratic

e. Simultaneous linear equations in two un-
knowns, and

f. Powers and-radieals

 PIRST SEMESTER
I, First 8ix Weeks: (pp. 1-119 new text)

1. Study terms and symbols

2. Simple formulas

3. Graphs

L. Bign numbers and evaluatlng formulas
56 Slmple equations.

IT. Second Six Weeks: (pp. l58=l98)

1. Simple equations conbtinued

2. Fundamental operations involving binomials and
polynomials

3. Reviews on pp. 1-119

L. Reviews of arithmetic recommended

5., It is recommended that pp. 120-158 be postponed
until the second semester as honor work

ITII. Third Six Weeks: (pp. 198-225)

1. Special products and factoring

2. Reviews

3. Review of arithmetic. Fundamental processes
with whole numbers, decimals, and -common fraec-
tions,
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SECOND SEMESTER
v, Fourth 8ix Weeks° (pp. 226-263)

| 1. Solving quadratics by factorlng (2 or 3 lessons)
2, Fractlons

V. Fifth Slx'Weeks: {(ppo 264 328)

1. Fractional equatlons
2 Slmultaneous linear nquatlons in two unknowns

VI, Sixth Six Weeks: (pp. 329-38L4)

1. Squaré roots and radicals
2. Quadratic equatlons
3. Belected reviews in algebra and arlthmetlc

REFERENCE: Mathematics for the Emergency by Lapp, Knight,
Rietz. (Scott, Foresman and Company). Con-
tains good reviews in arithmetic and algebra.

It is to be noted that the Tucson Course of Study in
First Year Algebra follows exactly the textbook arrangement

of maoerlals given in Algebra and Its Uses by Silverstein,

Newell, Harper, with one exceptlon=~1t is recommended that
the material vresented on pages 120 to 157 1nolu51ve be
postponed untll the second semester and then be offered as
"honor work,"

In the more recent committee reports referred to in the
preceding chapter, no changes in the materials were recom-
mended for the courses in.alge.hrao Hére agalin the same
criticisms were offered to algebra as were offered for the

other phases of mathematics: that there ghould be a closer
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tie=up'between aims and objectives and the materials of in-=
struction; that the study of the mechanicecs of algebra |
should hot be an end in itself, as it so often has been in
the past, but a means btoward some purposeful éctivity° In
the various training programs connected with the war effort;
both civiliah and military, workers have had to "relearn"
thelr mathematics. Hspecially is that true of those in the
‘technical branchegs of the serviece and in industry. And
when we remember that these last-mentioned individuals are
high school graduates, we can not but wonder if our school
gystem is not guilty as charged.

In the following units of instruction the writer has
endea?ored to combine aims and objectives, materials, and
‘teéohing procedurss in such a manner that the study,of alge=
bra will not be a formal memorizing of fermulas or facts,
or mechanioal manipulations based on rote memory or Elind
imitation. If algebra is to functlon in the everyday life
of the student, he not only must'understand those funections,

but alse must be able to apply them in problem situations,

Summery 7
If algebra is to be made a living subject, 1t must be
approached gradually and the mind gradually 1ed into the
field of abstract thou’ghto ‘In the grades, vivid mental

images are very often established, thus matérially aiding
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the process o:f"recall° History and geography books are
illusﬁrated profusely, the arithmetic and the general sci%
ence texts are filled with projects, bﬁt algebfa is not so
‘motivated. The result is that it becomes vastiy different
from anything the stﬁdent has ever had before. Thus, the
big'problem.confrohting algébra teachers is how the subject
can be presentéd most sucecessfully. At the very outset
many students who enter algebrarelasses do not understand
) thé significance of the subjeétg its relation either to
practical‘problems or to the stﬁdy of higher'mathematies
or to science. The first few lessons then, in most cases,
will determine the suecess or the failure of the student,
Somé teachers of mathematics tend to over-emphasize
- speed, sometimes at the sacrifice bf éccuracyo Particularly

is this true in algebra. Sehultze?'in,The Teaching of

Mathematics in Secondary Schools, says that too much empha-

' sis has been placed on formal examinations and "apectacular
~effects.” Too much is atbtempted in the time allotted, with
insufficient.assimilation of the materials studied. Pupilé
are not baught how to'study algebra; they are drilled in
abstract formulas, lTherre$ultvis that néither memory nor
reasoning is developéd properly; This fact alone accounts
for many needless failures in the subject and, often times,

a development of distaste for higher mathematics in general.
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The content of a course of study in_algebra‘shOuld
give évidenee of being more than a mere logical outline of
the basic textual materials. In the first place, the selec-
tion should relate speoificall# to the broad and to the deé
tailed aims or objeetiveé which have been adopted, and -
should reflect pupils'® present-day as well as their future
life needs. In the sécond place, the organization should |
be psychological in that it indicates serious effort to
organize the ma#erial so that it will be within the_graSp
of the pupil and, as far as possible, appeal to his inter-
ests, In the opinion of the writer, the best type of such
an_orgahization is some form of the "unit" plan. In the
third place, there should be ineluded materials for re=
teaching and relearning, which are too infrequent in many
of our present-day courses of study. A

The provision which is made for individﬁal aifferenees
’ willireflect, more than any other item, ﬁhe carefulness of
atténtion given to the econstruction of the course of study.
There shoula be specific materials included for this pur-
- pose, as well as procedures suggested for indifidual progress,
such ag the use of the directed study or the laboratory plan
of instruction., A Variety-df activities should be suggested
which will aid in the attainment of specific types of learnal
ing, such as those for obtaining knowledge, habits, and at-

tiﬁudes and skills.,
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Thé conmplete course of study outline shoﬁld givé atten-
tion to general teaching procedures, and to procedures con-
nected with specifiec materials or specifiec types'of learning.
They should contain also suggestions relative to additional
subject matter. In the éccompanying couré@ of study'outline,
each unit’eutlineAcontains suggested teaching-activities and
procedure in the presentation of the subject matbter, and the
use of corrective and practice materials.

The lack of standards and of suggestions for testing
“is a ﬁeaknéss of maﬁy‘of our courses ef'Study,in high school
algebra, Ouﬁlines should contain general standards and, in
éo far as they may be présented with definitenessalmore de-
tailed statements of expécted outéamesoi These standards
should be kepb definitély in mind in making suggestions con-
eerning’tesbs that Will objectively measure pupil attainment,

The latest efforts in sehoéls.in which revision has
'vprogféssed over a period of years give evidencé-of more
careful attention to. the mechenical make-up of course of
étudy outlines as a»means of making them more attractive and
usable. Sueh}outlines:shguld.be madevmore attractive, as
well as foreeful; through the use of mechanical aids. In a
preogram of continuous reVision, the outline should provide“
spaee in which teachers' suggestions and criticisms may be’

recorded,



CHAPTER IV

A SUGGESTED COURSE OF STUDY IN
HIGH SCHOOL ALGEBRA

_In the‘preeeding disecussion the writer has traced the
develépment of aims and objectives for instruction in the
field of mathematics geneféily, aﬂd of algebra iﬁ particu-
lar. Changes in materials for instruction considered ap-
propriate for the attainment of these objectives also héve
been indicated. Findings of thé various national committess
and the recommendations of recognized authorities relative
to "what is“ and "what ought to be™ in the field of mathe=
matics have been cited. from these recommendations the
writer has set.up what seém to be the most commonly accept=
ed aims and objectives for instruction in algebra.

The followihg course of gtudy consists of materials
which seem to have the greatest possibiliﬁies toward the at-
tainment.of these objectives. 'Each subject matter unit is
preceded by both primary and immediate objeetives in keep-
ing with the general objeectives set up and proposed for the
entiré course of study for high school algebra. Each unit
is followed by suggested teaohing procedures which, in the'
opinion of the Wfiter, will be most efféctive in meking

algebra a vitalized subject in the high school curriculum.
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UNIT I. USE OF SYMBOLS

‘Suggested Time: 2 to 3 Weeks

I, Primary Objective

A, To assist pupils to understand and appreciate the
use of symbols to express quantitative
relationships

II. Immediate objectives

| A, To develop ab111ty of the pupils to 1nterpret the
meanlng of symbolic expressions

B. To enéble pupils to express and comprehend rela-
. tionships in symbols

C., To develop pupll skllls in solving simple literal
expressions

D. To teach pupils the purpose and value of various
algebraic expressions

II1, Materials

A, Introduction. This unit is intended as an intro-
duction to the symbolic mathematical
language of algebra. It should acquaint
the pupil with the concept of literal
numbers, and familiarize him with the
symbols and the methods of algebra. Since
most pupils will have gtudied literal
numbers and symbolism in the eighth grade,
this unit probably will require only a
brief review treatment

B, Subject content _
1. Use and meaning of literal numbers

2. Simple algebraic expressions and formulas
from oral and written statements

3. Evaluation of simple fqrmﬂ;as

ko Finding values from tables; making tables
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5 Adding and subtractlng similar terms

6 Use of the signs of operatlon

8o

-bG

Meaning and use of the signs of ag-
gregation

Omission of signs

7. Becoming familiar with new expressions

ao
b,
C.
a.

€,

.

go
-‘ﬁo

Literal number

Fermﬁla

Similar terms

ﬁissimilar terms

Factor

Oqefficieht ,

Product, sﬁmg difference, quotient

Monomial, binomial, trinomial, poly-
- nomial :

IV. Suggested Teachlng Procedure

A, Pre-test.

S8inee it is supposed that all puplls

have had some simple algebra in the eighth
grade, it would be well to give a simple
test in order to estimate the present
ability of the class with reference to:

1. Ability teo 1nterpret simple algebralc eX=

pressions

2. Ability to express oral and written statements

in symbols

3. Ability to use fundamental processes in com-

bining literal numbers

B, Introduecing the unit
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1. The use of letters to represent numbers can
be explained by dots and dashes of
the Morse Code, letters to identify
assigned frequencies of radio sta-
tions, KVOA, KTUC, and initial let-
ters in simple familiar formulas
as: A =1IW, P = 21 + 2W, et cetera

2. Attention should be called to the fact that
pupils have been using symbols
throughout their study of mathe-
matics in the use of such signs as
+, =, X, ¢+, et cetera

3. A comparison of literal numbers with denomi-
nate numbers may be effective in
~establishing the concept of symbol.
A simple problem from arithmetic
such as: "If a walk is 59 feet long
and 4 feet wide, how many square
feet of concrete will be required to
lay it?" will lead to similar prob-
lems in which letters can be used
instead of numbers. This can be il-
Justrated further by the familiar
simple interest formula I = PRT,

L. Emphasis should be placed upon orderliness
and neatness in solving problems in
sequentlal steps. The following ex-
ample illustrates:

Remove parenthgses and collect terms
(X + ¥) - (X2 = Y2) + (=X + Y)

Solution
(X + Y) = (X2 = Y2) + (=X + Y)

X+Y - X2 +Y? + X + Y
- X2 4 2Y + Y?

5. The use of symbols and literal numbers can be
illustrated clearly by the formula
for finding the area of a rectangle.
A rectangle may be drawn on the board
and divided into squares. These
squares can be counted and it may then
be developed that the area can be
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found by using the formula, area .
equals length times width., Letters
may then be substituted and the

- formula A = LW be developed. Show
the effect of substituting different
values Tor A, L, and W.

6. A brief hisbtorical sketech on the development
of algebra usually is effective in
arousing interest in the subject.

C, Drill

1. Pupils should be given drill materials in
terms of their needs. Drill work can
be done effectively through dictated
exercises, and mimeographed ma-
terlals for individual practlceo

2. Bach new eoncept. should have sufficient drill
to establish understanding, and a
reasonable degree of accuracy and
efficiency.

D. Demonstrations

1. The teacher should give explanations and

. demonstrations orally, on the black-
board, and individually to illustrate
each new concept. These demonstra-

~ tions SHOULD NOT BE TOO BRIEF OR

.HURRTIED., Remember that algebra is
a cumulative study, and that Ya chain
is as sbrong as its weakest link."

2, After the class seems to understand the new
processes involved, demonstration
work by all the pupils should follow,
the teacher giving help where

needed. After all, we learn mainly
by doing.

3

VO'Evaluaﬁion
A, Teacher's check list

1. Dovthe pupils understand how and why letters
are used to represent general numbers?
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L.
5.

7.

L7

Do the pupils know the meaning of the new
mathematical terms studied?

Can the pupils make and apply simple form-
ulas?

Can the puplls collect similar terms?

Can the pupils evaluate simple formulas and
algebraic expressions?

Do the pupils appreciate the idea of the de-
pendence of an algebraic quantity
upon the values of its various terms
and factors?

Can the pupils express changing or related
values?

B. Tests. The teacher should give short tests from

l.

2.

Ll'o

time to time to ascertain the achievement
of the class and as a basis for remedial
work. For exemple:
Combine the similar terms in the following:
a. 6A + A - 24 + LA
be 4X - 2X + X - 3X + 5X

Find the sum:

a. 3Y + 2 b 4X - 8
5Y - 3 6X + 7
8Y + L 3X - 5

Find the product:
a. 12 x 9W b, 16X x 4

Find the quotient:
a. 12X b, 210Y

3 5
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5. Five-ninths of a certain number is 55. What
is the number?

6. If P = A + 3B + 4C
Find P if A =2, B=5, C = 3.

7. Selective exercises
a. The algebraic expression 3X + L4 is a
monomial, term, binomial,
quotient.

b. In the formula A = IW, L is a term,
factor, sum, product.

8. True-False

a. In the formula A = LW, the length and
width are to be added together.

b. In the expression LY - 1, L is called a
coefficient.



49

To the Teacher: Please summarize the resulbs of your ex-
, . perience in teaching this unit, and offer
suggestions for its improvement.

I, Primary Objective
IT. Immediate Objectives
IIT. Materials

IV, Suggested Teaching Procedures

V. Bvaluation
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UNIT II. POSITIVE AND NEGATI KUMBERS

- Suggested Time: 1 to 2 Weeks

I. Primary Objective

A, To acquaint pupils with the concept of signed
numbers and to acquire skill in their
use, '

IT. Tmmediate Objectives

A, To teach the meaning and importance of positive
_ and negative numbers

B, To teach pupils to express temperature reading,
altitudes, debts, et cetera by the use
of signed numbers

C. To familiarize the puplis with the pr1n01ples of
making graphs and dlagrams using signed
numbers

D, To develop pupil skill in the fundamental pro-
cesses involving signed numbers

IIT, Materials

A, Inbroduction, This unit introduces a new system
> of numbers, negative numbers. They should
receive enough attention to make pupils
feel at ease in using them to express
quantities, and in using the laws govern-
ing their operations.

B.. Subject content
1. Expressing temperatures, latitude, longitude,
assets, debts, et cetera with posi-
tive and negative numbers
2. Plotting points on coordinate axes
3. Construction and reading of graphs

L. Addition, subbraction, multiplication, and
: division of literal numbers

5., Addition and subtraction of polynomials with
- positive and negative signs



51

éo The rules of signs
7. 8tudy of new words and terms
a, Positive o
b Negative
¢, Signed number
d. Directed number
e. Absolute value
f. Sign of equality
g. Sign of operation -
h, Abscissa |
i. Ordinate
J. Axis, et cebera
IV, Suggested Teaching Eropedure
' A. Pre-test. Informal questions to determine the
' pupils® knowledge of signed numbers may
precede the formal introduction of the
unit. ‘ : ,
B, Iﬁtroducing the unit |

1. Point out that plus and minus signs have two
meanings:

@, To indicate addition and subtraction
bo To‘indicate kind of numbers
2o Tempéfaturq readings are an application of
signed numbers within the experience
- of most pupils. They are a good
~medium for introducing the unit..

3., After familiar zero poinﬁs have been reviewed,
other examples should follow readily,
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Lo Illustrate the plus and minus concept with

€, Drill

statisties on a foothall game showing
"yards gained," "yards lost," et
cetera o

1. Exten31ve oral and written drill in express-

2. Several

ing signed quantities should be given,
Drill on addition, subtraction, mul-
tiplication, and division of signed
numbers. -Cheek with frequent short
objective tests and do remedial work
with individual pupils on the basis
of test errors.

exercises involving the "lawg of
gigns® in the fundamental processes
should be solved by each of the
pupils to develop skill in the use
of fundamental operations. ,

3, Oral and written exercises diectated by the

Teacher, mimeographed sheets, or
exercises from a standard textbook
also provide exeellent drill ma-
terials,

B, Eemonstrations

‘ 1. Show that subtraction is the reverse of ad-

dition, and that a number may be sub-
traeted by adding its opposite., Sub-
tract signed numbers on a number scale
by eounting the distance between two
numbers on the seale.

2. Number scales and diagrams can be used ef-

3. Uge the

feetively to demonstrate addition,
subtraction, and multiplication,
Most textbook writers explain divi-
gion as the opposite of multiplica-
tion.

time line in subbtraction to show
difference in time between dates.
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V. Evaluation

-

A, Teacher's check 1list

- | 1. Does each pupil understand the meaning and
' importance of positive and negative
numbers?

2. Can each pupll express numbers with the ecor-
_ rect sign9

3, Can each pupil state orally the Mlaws of
81gns?" :

L. Can eaeh~pupil add, subtract, m.ultiplys and
divide signed numbers accurately?

B, Testing
1. Achievement tests should be given as each new
topic is completed to ascertain fur-.

~ther needs of pupils., :

2. A test at the end of the uwnit, including ex-
ercises of each type studied, should
be given to determine present at-
tailnments. For example:

8. Lxpress the following assigned numbers:

1) An altitude of 250 feet above sea
level

) 15 below zero
3) A gain of $5.00
k) 8 pounds o#erweight
5) 300 years B.C.
b, Find the sum, difference, and produéti

1) =12 2) =10 3) +é L) +9
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¢, Find the quotient:

1) =12 2) +18 3) =25 L) +45
- +b T 43 - =5 =9

d. An elevator started from the ground fleor
and made the following trips:
Up 5 floors, down 2, up 3, down 6,
up 3. Using signed numbers, ex-
press its final position.

e. A thermometer registered 8° below zero
at midnight. It rose 20° by six
o'cloek the next morning. Ex-=
press the morning reading with
the correct sign.
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To the Teacher: DPlease summarize the results of your exper-
. ience in teaching this unit and eoffer sugges-
tions for its improvement. ‘

I, Primary Objective

II. Immediate Objeetives

ITT. Materials

IV, Suggesﬁed Teaching Procedures

‘Vo‘Evaluation
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UNIT ITI. LINEAR EQUATIONS

: Suggésﬁéd Time: 1 to 2 Weeks

I, Primary Objective

A, To assist pupils to understand and develop skill
in the use of linear equations

T, Immediate Objectives

A, To femiliarize the pupil with common berms. used
in working with equations

B, To teach simple functional relationships as ex-
pressed by equations and graphs

C. To develop pupil skill in solving 81mple equatlons
by the use of axioms

Do ToAhelp pupils acquire skill in analyzing verbal
problems, selecting significant data and
translating them into equations.

| III. Materials

A, Introduction., The equation may be introduced more
effectively by the use of materials from
geometry and the percentage relations of
general mathematics. Throughout this en-
tire unit, the importance of developing
the ablility to recognize examples of
gquantitative relationships and of func-
tional dependence should be kept in mind.
Frequent opportuhities should be given for
the development of generalizations which
may result from verbal problems.

B, Subject content
1. Application of the formula as an équation

2. Development of the concept of simple equa-
tions

3. 8tudy of common terms in worklng with equa-
tions, such as:
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Coefficient

Equation

Roob

Variable
Axiom

Transposition

* Coordinate

Conditional equation
Identity

Equivalent equation

Ly, Meaning and use of transposition

5. Solving simple literal equations

6. Checking solutions of equations; values of

the check

7. Principles of addition, Subtraction, milti-

plication, and division in solving
equations

8. Making equations from verbal statements

9. Bxpressing one quantity in terms of another

10, Use of simple functional relations, variables,

constants

11. Construction and interpretation of graphs

IV. Suggested Teachlng Procedure

A, Pre=test,

Formulate a brief test to measure the

present ability of the pupils with refer-
ence to the following:

1. Ability to seleet pertinent data from a

stated problem and to formulate an
equation
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2. Knowledge of ternms used in worklng with
" equations -

3, Recognition of dependence in tables and
graphs

L, Ability to solve linear equations
" B, Introducing the unit

1. For demonstration work, select problems that
are within the everyday experience
of most of the class. Illustrate
effectiveness of equations and form=
ulas in contrast to arithmetical
nethods.

2. Emphasize orderly arrangement and sequential
steps in solving equatioens. Werk
out pattern with the class.

3. Problem solving is te be emphasized., MNake
certain that pupils ean read prob-
lems understandingly. Begin with
simple problems containing familiar
terms. Use simple number problems,
then proceed to real problems.

L, The comparison of an eguation to a balance
is effective in the demonstration of
the axioms. : '

5, The following skills and concepts should be
employed in presenting the unit:

a, Understanding of terms used
b, Thinking problem through carefully.
What is given? What is to be
- found?
¢, Dependence of one quantity upon another

6. The following steps may be given pupils as
: aids to problem solving:

a. Read problem carefully two or three
times
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b. Determine what is to be found

¢, Determine how to find it; i.e., what
operations to use

d, W}ite equation 7

e, Solve for the unknown quantity

f. Check B |
C. Drill

1. Drill on expressing numbers and relationships
in problemg and use of algebraic
symbols, and use practice sheets con-
taining both oral and written prob-
lens.

D, Demonstrations

1l. See directions in Unit I. Demonstration -
: work by the teacher never should be
too brief or cover too much material.,
Be sure pupils understand. Review
each phase. .

L

V. Evaluation _
A, Teacher's check list

1. Are pupils familiar with the common terms -
used in working with equations?

2., Can pupils translate written and verbal
statements into eguation. form?

3. Do pupils appreciate the value of the equa-
tion in working with mathematical
problems?

k., Can pupils solve equations with reasonable
speed and accuragy?

5. Have pupils mastered such skills as the
use of addition,; subtraction, mul-
tiplication, division, et cetera
in working with equations?
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B. Tests. The instructor should formulate achieve-
ment tests emphasizing the materials
covered in the unit. The sampling should
not be too brief. The following will
serve to illustrate:

l. Solve the following in sequential steps and
check:

aoX+2=3
b. X =1 =2

002X+L|,=8
d. 3Xx - 6 = 18
€. 2ZX + 3 =X + 4

f03x-6=2X"2
e X = 7 + 5X = 9 = 61 + 5X - 3X
he 17Y + 16Y = 5Y =L = 5Y + 8 = 3Y +2 + 16Y

2. Solve the following. State the axiom you use
in each step. Check your solution.

3 2 5 10
Ce W = 4W L =W
5 3 9
3. Remove the parentheses and solve. Check your
work.

a. 6X + (7X - 11) = 15X = (4X + 50)
be (3Y + 5) = (2Y = 7) = (4Y + 9) - (2Y¥ - 11)
c. (6X - 8) - (9X + 4) = (9 - 13Y) - 11Y
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L Solve the following and prové FOUr answer,

a. What number inereased by 45 equais 63%

b.

d.

Three times a certain number equals 15

If 9 be

The sum

diminished by the number. What
is the number?

added to 7 times a certain num-
ber, the result equals 16 dim-
inished by the number., What is
the number? v

of twe numbers is 45. If four
times the smaller be decreased
by twice the larger, the result
ig 12. What are the numbers?
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To the Teacher: Please summarize the results of your
. , experience in teaching this unit and offer
suggestions for its improvement.

I, Primary Objective

II. Immediate Objectives

ITI. Materials

IV. Suggested Teaching Procedures

V. Evaluation
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UNIT IV. FUNDAMENTAT, ATGEBRATC OFERATIONS,
AND OPERATIONS WITH EXPONENTS

Suggested Time: 3 to L Weeks

I. Primary Objective
A To teach fundamental operations with 51gned
literal quantities, including operations
with exponents
IT, Immedlate Objectives
A, To teach pupils the meaning and use of exponents
B, To teach the application of the laws of exponents
in multiplication and division of mono-
mials and polynomials

C, To teach pupils to evaluate algebraic expressions
_ and formulas containing exponents

D. To teach pupils how to solve equations by perform- -
ing indicated operations

B, To teach pupils how to apply these prlnciples in
solv1ng pfoolems

ITT, Materials
B A, Introduction., This unit is intended to prepare
the pupil to understand and perform all
of the fundamental operations of alge-=
, bra preceding special factoring methods.
B. Subject dontent

1. Learning and using rule for order of opera=~
tions

2. Literal expressions
3. Meaning of exponents
L. Powers higher than the Tirst

5. Laws of exponents in multiplication
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Laws of exponents in division

6 . .

7o Multiplicétion of monomials and polynomials

78eﬁDivision of monomials and polynomials |
9

. Parentheses preceded by positive and nega-
' tive signs

10. Bquations involving parentheses
11, Simplé;equations involving simple fractions

12, Applioation of principles in verbal state-
ments

IV, Suggested Teaching Proéedure
A. Pre-test. (See Unit I)
B. Introducing the unit

1. Begin the gtudy of exponents by a review of
formulas from seventh and elghth grade
arlthmeulc, such_as:

A = TIr?, - e3, A = S2, et cetera

2., Stress law of exponents for multiplication,
Show that the exponent indicates a
gshort form of multiplication, Just as
multiplication indicates addition.

C. Brlll

l., Bee Unit L. Sufficient drill should be done
on each new topic to establish it as
an algebraic habit.

V. Evaluation
A. Teacher®s check list

1. Do pupils ﬁnderstand'the meaning of the new
terms introduced in this unit®

2. Can pupils raise a number to an indicated
power?
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3. Can pupils multiply and divide monomials
correctly?

L. Are operations with polynomials correct?
5. Can pupils remove parentheses correctly?
6. Can pupils check their own work?

B. Tests., The teacher should formulate tests to
check on each topic introduced. Tests
should not be extensive, but should
cover each item studied. For example:

l. ¥ind the sum, the difference, and the
product in the following:

a., - 8X b, - 21 XY ¢. 25A%
6X - 5 XY 1542

2. Find the quotient

a. 25X% b, =30XkY
5% 6X

c. (36XMY3 & 6XRY?)
3. Evaluate the following if[j=3.14, R = 10 in.
a. A = T R?
b. C = 2R TX
ce V=4
33 TY
4. Multiply
8. th + 6X = 5 by X + 3
5. Divide
a. 3Y% = 22Y - 24, by ¥ - 3
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6. Simplify the following:
a. 16 - (4X + 8) + 16X
b, 12Y - 2[X = 5 (X + 2]) + & (5% +2)
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To the Teacher: Please summarize the results of your
experience in teaching this unit and offer
suggestiong for its improvement.

I, Primary Objeetive

IT, Immediate Objectives

. III. Materials

IV, Suggested Teaching Procedures

V. Evaluation
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UNIT V. S?EC;AL;PROEUCTS AND FACTORING
. Quggested Time: 3 to k4 Weeks

I. Primaryvajective , - 7
A, To familiarize the student with the speéial
products and to develop skill in factor-
ing.
IT. Immediate Objectives

A, To familiarize the student with the different
types of special products ‘

B. To teach the value of factoring in the solution
of quadratic equations

C. To familiarize the pupil with the use of special
products as short cuts in mathematics.

III, Materials

A, Introduction. The mastery of this unit will be
: of value to the student throughout all
higher mathematics. To master type forms
is difficult, but the student who does so
has gone a long way toward a foundation
for real learning in mathematics., If
speeial products and factoring are de-
veloped together, the student will more
~easily grasp the meaning of form.

B, Subject Content 7
1., Terms used in special produets and factofing
a, Binomial
b. Trinomial
Go Square
d. Cube

2. The square of a binomial (sum and difference)
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3. Product of sum and difference of two terms

L. Product of two binomials hav1ng a common
term

5, Product of two binomials hav1ng s1m11ar
terms

6. Pinding prime factors of algebraic expres-
sions

7. Monomial factors
8, Factoring perfeot square btrinomials

9, Factorlng produets of each of the above=
- mentioned types

10, Factoring by grouping
Iv, SuggeSted Teaching Proceduré
A, Premtest Determine present ability or under-
standing of pupils with reference to the
following:

1., Factoring, using gimple arlthmetleal expres-
sions

2, Similarity between factoringfand division
3. Knowledge of terms used in unit
B, Introducing the unit

1. Illustrate the use of the special produect
method in arithmetieal multiplication

2. Show that factoring is the reverse of multi-
plication, using simple arithmetic

3. Inerease problem difficulties gradually -

Lo Use cross~product method in teaching how to
find the product of tweo binomials

C. Drill
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1. Drill on methods of selecting both factors,
stating the principle used. A thor-
ough knowledge of these principles is
a "must" because they form a major
part of the foundation for future work

in algebra.
2. Review frequently
D. Demonstrations. (See Unit I)

V. Evaluation
A, Teacher's check list
1. Do pupils understand and appreciate the
value and use of special products and

factoring in everyday mathematical
problems?

2. Have pupils become familiar with the terms
uged in this study?

3. Are pupils able to recognize type forms?

L. Can pupils use these type forms with reason-
able speed and accuracy?

B. Tests. The teacher should test frequently, em-
phasizing the materials covered. For

example:
1. Solve the followlng:
a. (2X + 3) (X +5)
b, N2 - 7N + 12
c. (4X - 6Y) (4X + 6Y)
d. (AX + AY + BX + BY)
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. To the Teacher: Please summarize the results of your
experience in teaching this unit and offer
suggestions for its improvement.

I. Primary Objective

IT. Immediate Objeetives

ITI. Maberials

IV, Buggested Teaching Procedures

V. Bvaluation
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UNIT VI. FUNDAMENTAL OPERATIONS WITH FRACTIONS
-AND FRACTIONAL EQUATIONS :

Suggested Time: 3 Weeks

' I. Primary Objective

A, To develop proficiency of pupils in the use of
algebraic fractions and their practical
application in the solution of fractional
equations

iT. ImmediaterObjeetiveS‘

A, To glve pupils mastery over prlnclples governing
. the use of fractions in the fundamental
operations

B, To teach the law of signs as-applied to fractiohs A

G; To assist the pupil in becoming skillful in the
use of fractlons

D. To teach princlples governing the finding of the
. L. C.M, and L.C.D. of fractions

E. To teach pupils how to reduce fractions to
. equivalent fractions

ITI. Materials

A, Introduction. The methods dealing with fractions
: -in algebra are the same as those the
~ pupils have already studied in general
mathematics, Only the techmnique is dif-
ferent. . The usual algebraic definition
for the sum of two fractions is usually
given in this form:
X + A = BX + AY

Y B BY
This is too difficult and mechaniecal,
Emphasize simpler manipulations with
fractions within the experience of pupils.
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B, Subject content
1. Reduction of fractions to lowest tenmé
2. Addition and subtraction of simple fractions

| 3. Mhltlpllcation and division of simple frac-
' tions

L. Solving simple fractional equations
5. Solving problems involving fractions

6. Complex fractions; the four fundamental
prineiples

IV, Suggested Teaching Procedure

A, Pre-test. The teacher should test the abillty of
the pupils w1th reference to:

1. Reduction of fractlons

2. Knowledge of terms; i.e., numerator, denom-
. inator, equivalent, et cetera

3, Finding L.C.D.
Lo Solving simpie fraetional equations
B, Introducing the unit 7 .
1; Review previous study of arithmetical frac-
tions and proeeed gradually to
-quantities

2., Stress meaningrbf“terms

3. Drill on mebthods of changing signs of frac-
tlons

L, Tliminate the term Ycancel'; use divide
5, Study'multiplicatioﬁ and division first
6. Rev1ew and emphasize faotorlng

G, Drill. (See Unlt I)
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V. Evaluation
A, Teacher's check list

1. Are pupils familiar with common terms?

2. Are they reasonably competent and accurate
in their addition, subtraction,
multiplication, and division?

3. Do they understand finding L.C.D.?

L. Do they understand the "why" for the chang-
ing of signs?

5. Can they reduce fractions to lowest terms?

6. Do they understand the "why" for inversion
in division?

B. Tesfs. ''ne teacher should formulate achievement
tests emphasizing the materials covered.
The following illustrate possibilities:
l. True~False

8. X + L(XY) X+ 4
XT3

2. Perform the indicated operations
y CII

a.(X2 + 2X + Xg
(Y ) (X + Y )

—~—

3. Write the equation for the following and
golve:

a. Separate 64 into two parts such that
2/3 of the smaller part exceeds
1/2 the larger part by 3.
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‘To the Teacher: Please summarize the results of your
. experience in teaching this unit and offer

I. Primary Qbjective

II. Immediate Objectives

ITI. Materials

Iv, Suggested.Teaching Procedures

V. Evaluvation
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UNIT VII.  SOLVING SYSTEMS OF LINEAR EQUATI@WS

Sugg ested Time: 2 Weeks

I, Prlmary Qbjective 7 _
| A To familiarize the pupil with bhe golutions and
uses of simultaneous equations in two
unknowns
IT., Immediaté Objectives

4. To familiarize the pupil with common terms used
: in this study

B. To teach functional relatlionships as expressed
by equations and graphs in two unknovms

C. To develop pupil skill and acecuracy- -in solving
equations by addition and subtraction,
substitution, and the graph

11T, Materials

| A, Introduction., Algebra again appears as a tool
subject in this study. It should be kept
in mind that the ability to recognize
quantitative relationships and functional
dependency ig essential. Generalizations
should be developed from word problems.

B. Subjeet content -

1, Definition of linear equation
2, Addition-gubtraction method
3. Substitution method
Lo Graphica; method
5. Formulating verbal stateménté into equations
6. Solving Word problems
7. Solving numbernﬂelatlon problems

8. Checking solutions
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9. Checking use of terms: variables, roots,
elimination,; substitution, incon-
sistent, et cetera

10, Solving systems of equations using three, or
four unknowns

IV Suggested Teaching Procedure
| A, Pre-test., A brief test should be given to deter-
mine pupils’ Dresent ability with refer-
ence to:
1. Terms used in the unit
2, Solving equations with two unknowns

3. Graphs and use of tables

L. Selection of data, and formulation of equa-
tions

B. Introducing the unit

1. In introduclng this unit, use problems with-
in the everyday experienees of the
pupils

2. Review simple equations and the idea of
balance

3. The following skills and concepts should be
kept in mind in presenting the unit:

2., Understanding terms used

b, Equation solving by:
1) Blimination ﬁethod
2) Substitution method
3} Graphical method

¢. Review the.following:

1) Axioums, parenthesesg negative
‘ signs, and L.C.D,
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d. Emphasize importance of graphs

e. Not much time should be spent on frac-
tional linear equations

C. Drill., (See Unit I)
V. Evaluation
A, Teacher's check list
l. Do pupils understand the three solutions?

2. Can they use these methods with reasonable
speed and accuracy?

3. Are they familiar with the common terms used?

L. Do they understand and apprecliate the value
of two variables in the solution of
problems?

B. Tests. The teacher should formulate achlievement
tests emphasizing the material covered in
this unit. The following illustrate:

1, Solve by elimination:

a. 2-A+3Y=l

34 - 2Y = 21
b. X -2=Y
3X = 5 = 2Y

2. Graph the following:

a, 3 X «Y =5
2 + ¥ = =2

3. Write the equations necessary and solve:

a, The sum of two numbers is 100, Twice
the first minus three times the
second is equal to 10. What are
the numbers?
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~

To the Teacher: Please summarize the results of your
A : experienee in teaching this unit and offer
suggestions for its improvement.

I, Primarj Objective

IT. Immediate Objectives

.IIT, Materials

1V. Suggested Teaching Procedures

V. Bvaluati ori
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UNIT VITI. SQUARES AND SQUARE ROQTS OF
ARTTHEMETICAL NUMBERS AND LITERAL NUMBERS

Suggested:Time: 2 Weeks

I. Frimary Objective

A, To develop skill in finding squares and square
: roots of monomials and polynomials, and
the application of these-skills to prac-
tical problems

II. Immediate Objeqtives

A, To familiarize the pupil with the terms used in
- working with squares and square roots; for
-example, factor, root, exponent

B. To develop pupil speed and accuracy in finding
squares and square roots

C. To assist the pupll in acquiring the knowledge
necessary to apply the principles of
squares and square roots to practleal
problems .

TIIT. Materials 7
N A, Introduction.  This unit is general and should
: cover the operations involved in finding

squares and square roots of numerical
and algebraic expressions, using the
table of squares and square roobts, - -and
the appllcatlon of. the rule of Pythagorasa

B. Subgect content

1. Squares and square roots of arithmetieal
numbers

2. Using table of squares'and square roots
3. Squares and square roots of monomials
L, Squares and sqgére roots of polynomials
5. ¥Finding square roots by compubtation

6. Application of the rule of Pythagoras
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IV. Suggested Teaching Procedures

A, Pre=oest The teacher should formulate a brief
test to measure the knowledge which pu-
pils already have with reference to the
following:

1. The ability to find the squares and square
’ roots of numbers from 1 to 1hk

2., Recognition of powers which are perfect
squares

3. Recognition of perfect square trinomials

L, Understanding the meaning of square and
square root

B, Introdueing the unit

1. The teacher should call attention to prac-
tical uses of squares and square
rootg=-problems of indirect measure-
ment solved by the use of the rule
of Pythagoras. Need for this study
as a foundation for further study in
mathematics and sclence should be
understood by the pupils.

2. The following concepts and skills should be
emphasized: -

a., Meaning and use of terms

bo Ahalysis of problems and selection of
pertinent data

¢, Determining approximate square roots
C. Drill., (See Unit I)
Vo Ivaluation
A, Teacher's eheek list

1. Do pupils understand thelmeaning of terms
and concepts used?
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2. Can they find squares and square roots with
reasonable speed and accuracy?

3. Can pupils apply the principles and concepts
studied in solving equations and word
problems?

B. Tests. Achlievement tests emphasizing the mater-
ials studied in this unit should be given.
These tests help the teacher and pupils
locate points of weakness which should be
reviewed and drilled on. For example:

1. Find the value of:

a. 72
b. 12
(3)
c. {81
a. (.16)°

e.J"ES‘
169
f. Jl.hh

g. Y329929
h. VX% - LXY + 18X + L4LY< - 36Y + 81

2, Complete:

a. The square root of a quantity is called
one of the two of
the number.

b. A number has two square roots. One is
, the other

¢. In the expression X6, the 6 is called
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d. The relation between the sides of a
right triangle is expressed
by . o

3. Solve:

a., An 18-foot ladder .reaches a window 15
feet from the ground., How far
from the wall of the building
igs the foot of the ladder?
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To the Teacher: FPlease summarize the results of your :
‘ . -experience in teaching this unit and offer

I, Primary Objective

II, Immediate Objectives

IIT. Materials

IV, Suggested Teaching Procedures

V. Evaluation
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UNIT IX, EXPONENTS AND RADICALS

Suggested Time: 3 Weeks.

I, Primary Obgectlve

A, To teagh the meaning and practical uses of the
various kinds of exponents, and to de-
velop aceuracy in performing the funda-
mental operations with radicals.

IT, Tmmediate Objectives

A. To help pupils attain a knowledge of simple rad-
© 1cals and exponents

B, To teach the meaning and use of the common terms
used in this study; for example, index,
power, radieal, exponent, et cetera

C. To help pupils attain accuracy and skill in per-
forming operations peculiar to exponents
and radlcals

II1TI. Materials

A, Introductlon° The first part of this unit sum-
marizes and extends the laws used in work-
ing with powers having positive integral
exponents. These are extended to include
negative numbers, fractions, and zero
exponents. The study of equations also
will be extended to include the solution
of those in which the unknown is under the
radical sign.

B. Subject content
- 1, Fundamental laws of exponents
a, Addition and subtraction
b. Mnltiplicaﬁion
¢, Division

© 4. Power of a product
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e, Power of a power
2. Meaning and use of X;
3. Meaning and use of X©
L. Meaning and use of X1
5. Problems involving the use of exponents
60 8imilar radicals
7. Simplification of radicals

8, Addition, subtraction, multiplicatiom, and
division of radicals

9. Equations containing radieals
IV, Suggested Teaching Procedures

A, Pre=test. Pupils should be given a brief test
to determine their present ability to:

1, Deal with the fundamentai‘opérations involv-
ing radicals and exponents

2. Change quéntities from radical to exponent
form -

3., Simplify radicals

By Understand and use terms such as power base,
index, radical, fractional exponent,
zero exponent, negatlve exponent,
rational and irrational numbers.

B. Ihtroducing the unit

1. Show how the concepts of radicals and ex-
ponents are related to those of
squares and square roots, also how
time and effort can be saved by

- using eyponents and radicals,

2. Develop a thorough understanding of the term
. ~"radical expression.”

3. Explain thoroughly rules of signs in involu-
- tlon and evolution with numbers.



87

V. Eyaluation
A, Teacher's check list

l. Are the pupils familiar with the meaning and
the use of the terms in this unit?

2. Can they use the fundamentel laws of exponents
with ease and understanding?

3. Do they understand the meaning of a negative
exponent? the "O" exponent?

L. Can they change from fractional exponents to
radical forms, or vice versa®?

5. Are they reasonably accurate and skillful in
solving equations containing radi-
cals?

B. Tests. The teacher should give achievement tests
emphasizing the materials studied in this
unit., For example:

1. Write in radical form:

a. 2/ o 4 T3/
b, ¥/ a. (x2 + 2v?)2
2. Rewrite, using fractional exponents:
a. Y c.XBY2
b, z° a. N° -1

3. Multiple choice:

a. All expressions with zero exponents are
equal to

1) o

2) 1

3) the number itself
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b. Y4815 equal to
1) Y4
2) L

3) Y
L) T2

32
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To the Teacher: Please summarize bthe results of your ,
. experience in teaching this unit and offer
suggestions for its improvement,

I, Primary Objective

II, Tmmediate Objectives

ITI, Materials

IV, Suggested Teaching Procedures

V. Evaluation
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UNIT X. QUADRATIC EQUATIONS

Suggested Time: 3 to L4 Weeks

TI. Primary Objective

A To teach the prineiples governing the solution

of second degree equations, and to de-
velop skill in their appllcatlon

II. Immediate Objectives , .

: A, To familiarize pules with the dlfferent klnés

of quadratlc equations

B. To develop pupll ability and skill in using the

ITI. Materials

various methods for solving quadratics

A, Introduction. The prineiples involved in this

unit are necessary to a magtery of alge=
bra. This unit is a comprehensive study
of all the methods for solving second
degree equations; that is, factoring,
completing the square, the formula, and
graphing.

‘B, Subject content

1.
20

Definition of quadratic equations

Complete and incomplete quadratics

- Solution by factoring (review)

‘Solution by completing the square

Development of the quadratic formula
Solving problems using the three methods
Solution by graphing

Literal quadratic equations
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IV, Suggested Teaching Frocedures
A, Pre=tesco The teacher should give a brief test
to determine how much the pupils already
know concerning:

1, Recognition of the different second degree
equations

2. Terms uséd in the study of this unit
3. Solving simple second degreelequations
L. Recognition of perfect gquares

B, Introducing the unit

1. Introduce the study by a comparison with
linear equations

2. Review the use of familiar formulas

3. Demonstrate appllcatlon of- prlnelples to
word problems

Lo Demonstrate and drill on the derivation of
v the formula from the standard quad~

ratic equation
X -BX -C -0

5. Review the construction of‘simple graphs
preparatory to the study of graphs
_of second degree equations

6. Emphasize terms used in this unit

V. Bvaluation
A, Teacher's check list

1. Are pupils familiar with the different kinds
of quadratic equations?

2, Can they use the four methods for solving
quadratics with equal skill?

3, Are the relationships between roots and co-
efficients understood?
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L. Do pupils understand the development of the
quadratic formula from the quadratic
equation?

5. Do pupils understand the meaning and use of
complex and imaginary roots?

B. Tests. The teacher should formulate achievement
tests emphasizing the materials covered
in this unit. The following suggestions
illustrate:

1. True-False:

a. A quadratic equation may or may not
have two roots.

b. The graph of a quadratic equation may
be a straight line.

2, Solve the following quadratics by the formula:
8. Y2 + 5Y + 4 = O
b. 25X2 = 26X + 1 = 0
3. The sum of two numbers is 8 and the sum of
their squares is 41. What are the

numbers?

L., If the roots of an equation are 4 and 7, what
is the equation?
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To the Teacher: Please summarize the results of your
~ . experience in teaching this unit and offer

I. Primary Objective

IT. Tmmediate Objectives

ITT. Materials

IV. Buggested Teaching Procedures

V. Bvaluation



Ok

UNIT XIo RATIO AND PROPORTION
Sﬁggested Time: 2 to 3 .Weeks

- I. Primary Objective

A. To develop a knowledge of the principles of ratio
and proportion and the application eof
these pr1n01ples to problems of everyday
life

II Immediate Qbjectives
A, To Iamlllarlze the pupils wwth the different
types of everyday problems solved by u51ng .
ratioand proportlon

B, To give pupils an understanding of ratio used as
a fraction, or as indicated division

C. To develop skill in the solubion of problems in-
volving ratio and proportion

ITI. Materials
- A, Introduction., The practicél phase of this unit
should be stressed; the use of ratio and
proportion in the solution of such prob-
lems as costs, measurement, mixing con-
crete and feeds should be emphasized.
This study is one of the most important:
phases of practical life mathematiecs,
B, Subject content

1, Definition of ratio, and proportion rela=\
tionship

»20 Writing simple ratios as fractions

3. Different methods of expressing a proportion
L. Bguations in proporﬁion form |
5. Bolving word problems

6, Variation as proportion (direct and inverse.
variation) -
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7. Study and use of common terms, for example;
ratio, proportion, variation, in-
verse variation, constant, variable,
direet varlatlon functlon mean
proportlon

8, Formatlon and solution of problems involving
inverse variation

IV. Suggested Teaching ﬁrogedures _

A, Pre-test, The teacher should formulate a brief
test covering the more elementary phases
of the unit to determine the present
ability of the puplls with reference to
the following:

1, Writing ratios in fraetionai form
2, Solving problems by proportion
3. Uging formulas as expressions of variation

L. Terms used in working with ratio and pro-
portion

B. Introdﬁcing the unit

1. Review the study of ratio and beportion in
general mathematics

2, Begin with the common fractlion and indicated
division

3., Emphasize the common unit and rules of means
and extremes

.. From the formula Wl = wLl, develop the pro-
portion W = L

=

| w I
C. Drill. (See Unit I) The teacher should give
- sufficient drill to establish the funda-
mental concepts of the unit.
V. Evaluation

A, Teacher's check iist
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1. Do pupils understand that ratio is a simple
fraction?

2. Can pupils solve problems of proportion and
variation with speed and accuracy?

3. Do they understand the relationship of one
variable with another?

L. Do they understand checking ratio to deter-
mine proportion?

5. Are they familiar with the meaning and use of
the study of ratio, proportion, and
variation?

B, Tests. The teacher should use aehievement tests-
to emphasize the materials studied in this
unit. For example:

1. In the proportion X = A
' Y B
Find Y if X = 2, A = 4, and B =6
Find Bif X = 3, ¥ = 7, and A = 12

2., Find three numbers whose sum is 110 and
o whose ratio is 1:4:6

3. TrgenFaise:
a, All ratios are equations
b. Four equal ratios form a proportion
L, Bolve the following for X:
16 = X = 12

L 6
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To the Teacher: Please summarize the results of your
. experience in teaching this unit and offer
suggestions for its improvement.

I, Primary Objective

JI. Tmmediate Objectives

IIT, Materials

IV, Suggested Teaching Procedures

V. Bvaluation
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UNIT XIT, SYSTEMS OF EQUATIONS

Suggested Time: 3 Weeks
I. Prlmary Objective

A, To further olarlfy in the minds of the pupils the

meaning of the equation by graphing, and
to teach the pupils how to find values

that are common to two or three equations
“in a system

IT. Immedlate Objectlves

A, To teach pupils how ﬁo recognize a cirele, el-

lipse, parabola, hyperbola, and equilat-
eral hyperbola by their equations

B, To teach pupils bow to solve systems of equations
such as one quadratic and one linear _
equation, two quadratics, and three linear

equations
III. Materials
| A, Introduction. The teacher should review the
: material taught relative to systems of
linear equations as a basis for the intro-
duction of the more advanced meterials
contained in this unit.
B, Bubject eontent |

1. Review systems of linear equations, introduc=

ing three equations with three un-
knowns

2 Solution of linear equations by using deter«
minants

3. Graphing second degree equations
a., Circle
bo Ellipée

¢. Equilateral hyperbola
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d. Parabola
e. Hyperbola

L. Solving mixed systems of equations by substi-
tution

5. Solving two gquadratics with two variables by
' addition, subtraction, substitutlon,
and graphing

.60 Solving written problems involving quadratic
systems, using the following terms:

a. Indeterminate equétion
‘bo Inconsistent equation
¢. Simultaneous equations
d. Linear systems

e, Quadratic systems

s

IV. Suggested Teaching Procedures

A, Pre-test. The teacher should formulate a brief
test covering materials studied in Units
VII and XI. The review work will be based
on the deficiencies revealed by this test.

B, Introducing the unit

1. This unit is an extension of materials covered
in Unit VII. That material should be
reviewed thor@ughly before introducing
problems involving simultaneous quad-
ratic equations. Demonstrations by
the teacher should clarlfy each step
in the procedures used in the solu-
tion of the different types of
problens,

C. Drill. (See Unit I)
V. FBvaluation |

A, Teacher's check list

L7248y
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1. Can pupils recognize the graph of a circle,
an ellipse, a straight line, a
parabola, and a hyperbola by seeing
only the equation?

2. Can pupils graph the second degree functions
of X and Y?

3. Do pupils understand how to solve quadratic

systems and pair the values correctly?

B. Test. The tests covering the materials of this

unit should be adequate for measuring the
attainments of the pupils. At least two
should be given. The following illus-
trate the type of questlon that might be
used:

l. Solve by graphing, addition or subtraction,
and substitution methods:

‘a, X +Y =10
2 =3¥Y = O

2. Solve by graphing and substitution:
X° + XY = 12

3. Solve by graphing, addition or subtraction,
and substitution:

a. X* + Y? = 50
32 4+ 2Y? = -95

L. Solve by any one of the above methods:

a.AB+CD=K
AC - YD = L
be X2 - Y2 = 16
X «Y = 2
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ce X +Y + 2 =11
3X - 2Y = =3
3X + 2 = 10

5. Solve by determinants:

a, 2X + Y - 32 =5
X+ 2y + 2 =11
3X =Y + 22 = 44



102

To the Teacher: Please summarize the results of your
experience in teaching this unit and @ffer
suggestions for its improvement,

I, Primary Cbjective

II. Immediate Objectives

I1T, Materials

IV, Suggested Teaching Procedures p

V. Brvaluation



CHAPTER V
 RECOMMENDATTIONS

It is suggestéd by the writer that this course in alge-
bra be offered to tenth-grade pupils who have com@leted a
course in general mathematics in the ninth grade, The
guidance service offered by the high‘school should be such
as to insure, within reasonable limits, that the pupils who
enroll for courses in algebra have voeational plans that re-=
guire more than an elementary understanding of mathematies, |
or that they wish to ceontinue their study of mathematics be-
cause of the pleasure or‘cultural value they derive from it.

The materials included in this course of study have
been selected in accordance with the recommendations of recog-
nized authorities on curriculum constructionen_These mater-
ials are ofganized into twelve units. The last three units
probably will be used only in elasses where the pupils have
had more than the average amount of experience with algebra
in their ninth-grade course in general mathematics,

The writer has made an attempt to provide for individ-
-ual differences on the basis of the pre-test of the'materm
ials to be imeluded in the unit, and upon previous records.

The greatest amount of achievement probably can be obtained
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by using the class period as a.laboratqry period, exce@t
when general demonstratioﬁs and eipl&nations are needed.

. This will enable the teacher to give more individual assist-=.
ance fo»each pupil,

Pupils should be given drill materials in terms of
“their heeds° Drili work cah be done effectively either at:
the board as dictated exercises, or by mimeographed work
sheets for each pupil. Eaéh unit should have sufficient
" drill to establish a reasonable degree of speed and aceuracy.

The teacher should demonstrate each new concept and
skill as needéd in terms .of problems within the expériences
of the pupils. Pupils may also be uséd to give demonstra=
tions és the unit is developédo This has been found to be
a good method of motivation with certain members of a class.

Contrary to the accepted custom, no text references
are listed in'this study outline, lIt,is intended for use
with any good text. However, no cléim for complétehess is
made. FProvisions have been made for teachers to add mater-
ials which may be helpful'in local situations, and for

~opriticisms which might be valuabie in future revisions of

the course.
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