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ABSTRACT

The second overtone vibration-rotation bands of carbon monox-
ide are used to determine the CIZ/C13 abundance ratio in fifteen stars of
spectral types K2 through M6, luminosity classes III through Ia. The
relation of the results to theoretical studies of the structure of evolved
stars is discussed. Twenty three spectra of the fifteen stars, covering
the wavenumber region 3900-8200 cm™1 or 2400-8200 cm™! with a

resolution of 8 cm™1

are analyzed,

A grid of synthetic carbon monoxide spectra is calculated using
a Milne~Eddington curve of growth, for various values of Clz/C13 ratio,
temperature, microturbulent velocity and damping parameter, These

synthetic spectra are used to construct curves of growth for the band

heads which are used to determine the 012/013 ratio from the stellar

spectra.

The 012/013 ratio is significantly lower than the terrestrial
value in all stars studied. This is interpreted as an indication that
material, which has been processed through the CNO bi~cycle, has been
transported from the interiors to the surfaces of the stars., This agrees
with the theoretical mpdels of the interiors of red giants which predict a

convective zone extending from the surface to the CNO burning shell.



The ratio of carbon monoxide line to continuum opacity is
determined. No attempt is made to interpret this ratio as a CO/H

abundance ratio due to uncertainties in the continuous opacity.

xXi



INTRODUCTION

The stars of spectral types K and M, luminosity classes III
through I, referred to as late type giants and supergiants, have been
more difficult to interpret, both observationally and theoretically, than
the hotter main sequence stars. Some of the reasons for this difficulty
will be discussed below along with the advances we may expect due to
the availability of infra-red spectra.

On the observational side, progress has been delayed due to
the problems associated with the analysis of late type giant and super-
giant spectra., The low temperatures of these stars cause them to be
intrinsically faint in the photographic region of the spectrum., This
region is also crowded with overlapping lines which makes quantitative
analysis of the spectra difficult., When these problems have been over-
come, the formation of molecules makes interpretation. of atomic
abundances difficult, since a significant fraction of many elements is in
molecules. Some important molecules, among them carbon monoxide,
have no spectral features in the photographic region, thus have been
unobservable until the recent development of efficient infra-red spectro-
scopic techniques. Effective temperatures have been difficult to obtain
because most of the stars' energy is radiated in the infra-red where
observational difficulties have existed (Johnson 1966).

1



Theoretical understanding of the interior struéture of cool
giants and supergiants had to await the construction of good evolution-
ary models in the post-main sequence stages, since these are probably
evolved stars. These models are now becoming available (Iben 1967)
although they are not yet refined to the same extent as the main
sequence models. Newly formed stars also pass through this region of
the temperature luminosity plane as they contract to the main sequence,
but this is a very short phase of their evolution. We are not likely to
observe more than a few stars at this evolutionary stage.

The atmospheric models for these stars have not been
thoroughly developed due to the importance of convection throughout the
atmosphere as well as the necessity of including molecules in the
opacity and equation of state. Model atmospheres have been calculated
by several workers (Gingerich and Kumar 1964, Kumar 1964,

Auman 1966, 1969, Tsuji 1966, Gingerich 1967, Gingerich et al. 1967,
Carbon and Gingerich 1969); among the most sophisticated are those by
Auman, who has included H,O opacity and convection in the calculations.
The calculated emergent spectra, however, do not fit the stellar

spectra. The models predict more HZO absorption than is seen in non-_

variable stars, only Mira variables do show strong HZO absorption.



The Carbon Isotope Abundances

Shortly after its discovery in the laboratory, Sanford (1929)

recognized the isotope 013

in the Swan bands of C5 in the spectra of
what are now referred to as carbon stars. Later, isbtopic CN violet
bands were also recognized. It was immediately apparent that the
strength of the 013 bands in many carbon stars exceeded their laboratory
strengths by a large factor. Several workers (Sanford 1932, 1940,
Menzel 1930, Wurm 1932, McKellar 1936, 1948, 1949a, 1949b, Shajn
1942, Herzberg 1946, Daudin and Fehrenbach 1946, Shajn and Gaze
1948, 1950, 1954, Schopp 1954, Phillips 1957, 1966, Wyller 1957,
1959,71960, 1966, Climenhaga 1960, 1966, Utsumai 1963, 1967, Cohen
and Grandalen 1968, Hirai 1969, Fujita 1970, Greene 1970, Querci and
Querci 1970, Thompson, Schnopper and Rose 1971, Spinrad et al. 1971)
have contributed to answering the question of whether this implies a

012/013 ratio less than the terrestrial value of 89.

The Swan bands of Cy occur in an easily observed region of the
spectrum and are well suited to analysis of the 012/013 ratio. Other
molecules involving carbon, such as CN, CH or CO, are less easily
observed. Because the Swan bands are only strong in carbon stars, most
of the analyses have been of carbon stars. These form two groups with
respect to the cl12/c13 ratio. The larger group has a ¢12/C13 ratio less
than the terrestrial value. Individual stars have quoted values which

range from 2 - 50. Analyses of the CN red system of bands sometimes



4
indicates a CIZ/C13 ratio that is higher than that indicated by the Swan
bands or CN violet system, both of which occur at shorter wavelengths.
The second and smaller group has a 012/013 ratio that is greater than
100.

Prior to the availability and use of infra-red spectra at l and 2
microns, the only analysis of the 012/013 ratio in oxygen stars was by

Schopp (1954). He found no evidence for an enhancement of the cl2 13

ratio over the terrestrial value that could not be explained by the difficul-
ty of detecting isotopic features in weak bands. At this point it seemed
obvious that carbon stars were those stars that had mixed material,
which had been processed through the CNO bi-cycle, to the surface thus
producing a low 01.2/013 ratio. Oxygen stars either had not mixed -
interior material to the surface, or were not operating on the CNO bi-

cycle.

Infra-red spectra of stars have recently become available cover~
ing the 1-2¥ region (Kuiper 1962, 1964a, 1964b, Sinton 1962, 1966, Boyce
and Sinton 1964, 1965, Woolf, Schwarzschild and Rose 1964, Danielson,
Woolf, and Gaustad 1965, Mertz 1965, Moroz 1966, McCammon, Munch
and Neugebauer 1967, Johnson et al, 1968, Sinton and Boyce (in press),
Thompson et al, 1962, Johnson and Mendez 1970, Thompson and
Schnopper 1970). As Kuiper first indicated, the most conspicuous feature
of non-variable, oxygen stars is the av =2 vibration-rotation 'band se-

quence of carbon monoxide at 2.3#, Surprisingly, there were also strong



features present which Meinel {Kuiper 1962) suggested were due to
013016. Because the CO bands were not resolved into rotational lines
with the resolution used, it could be argued that the c13016 features
were misidentified. It would, however, be unlikely that the entire se-
quence of bands could be a coincidence, especially since cl3016 fea-
tures also appeared in the av=3 sequence at 1.6u, The identification
problem was solved when Pierre Connes succeeded in producing high
resolution spectra of the CO bands in Arcturus (Connes et al, 1968,
Montgomery et.al. 1969), which unambiguously showed that the features
in question were due to C13016,

The next step was to determine the value of the CIZ/C13 ratio
for the oxygen stars. Greene (1970) used the CO av=2 sequence in

12/013

Connes' spectrum of Arcturus to determine C =3-4, He also used

the CN red system in the Photometric Atlas of the Spectrum of Arcturus

(Griffin 1968) to determine C12/c13>10, Spinrad et al. (1971) has

analyzed the CO bands in Connes' spectrum of Alpha Orionis with

similar results. The carbon monoxide bands indicate a Cl?‘/C13 ratio of
about 3. Other bands show no C13, implying 012/013:>>3. This dis-
agreement between bands of different molecules in different spectral
regions is extremely disturbing, but not surprising in view of the results
from bands in different spectral regions in carbon stars mentioned above.
The difficulty apparently is in the interpretation of the oi)servations , not

in fhe observations themselves.,



The CNO Bi-cycle

The importance of the 012/013 ratio arises from its relation
to the generation of energy in the interior of the star. According to Iben
(1967), stars in the red giant phase are burning hydrogen in their inter-
iors by means of the CNO bi~cycle. At equilibrium, the CNO bi-cycle
produces C12/013z4 in the energy generating regions. This value is not
very sensitive to temperature.

According to Iben's model for a 5 solar mass, population I star,
the convective envelope begins to mix interior material to the surface at
Teffz4500 K, prior to the star's reaching the tip of the red giant branch.
This decreases both the carbon abundance and the 612/013 ratio as well
as increases the nitrogen abundance and decreases the oxygen ébundance.
The total abundance of C, N and O remains constant., The carbon and
oxygen are converted to nitrogen, These abundance changes occur at
different rates. The 012/013 ratio and the carbon abundance reach their
equilibrium values in only a few tens of thousands of years. The carbon
is primarily converted to nitrogen, therefore the nitrogen abundance in-
creases on this time scale. The oxygen abundance takes considerably
longer to reach equilibrium. It does not begin to decrease noticably
until tens of millions of years have elapsed and only reaches equilibrium
after a few hundreds of millions of years, Clayton (1968) discusses
energy generation in stars and ilts effect on the abundénces of the el-

ements in more detail than is necessary for our present purposes. We



will return to the subject of abundance changes due to energy genera-
tion in the stars in Chapter 4 where we will discuss the relation of our
results to the interior of the stars.

At the red giant tip, Iben's model shows the triple alpha

cl?

process being ignited which converts He4 into . If the products of

this burning stage can be mixed to the surface, the carbon abundance

and 012/013

ratio will again rise. Iben, however, states that con-
vection will decrease after the red giant tip is passed and triple alpha

products will not be mixed to the surface.

Carbon Monoxide

Carbon monoxide was recognized as an important factor in the
molecular dissociation equilibrium in stellar atmospheres in the pioneer
study by Russell (1934). These studies have been refined by several
workers up to the present time (Fujita 1935, 1939, 1940, 1941, 1950,
Bouigué 1954, 1957, de Jager and Neven 1957, Tsuji 1964) by including
more molecules, better laboratory data and improved estimates of atomic
abundances. At temperatures below 4500 K, the formation of CO pro-
ceeds until either carbon or oxygen is essentially exhausted. Because
carbon monoxide remains abundant at temperatures as high as 5500 K,
CO is a major constituent throughout the observable layers of cool stars

and can even be detected in the sun., Carbon monoxide is also an
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important source of opacity in the infra-red in spite of the low transition
probability of its infra-red vibration-rotation transitions.

All electronic transitions from the ground state of CO occur in
the vacuum ultraviolet, so in spite of its high abundance and importance
to model atmospheres, it was not observable in stellar spectra until the
infra-red spectra mentioned above became available., These showed the
Av-2,3 vibration-rotation band sequences.

Statistical methods for including line blanketing in model
atmosphere calculations have pow been developed (Strom and Kurucz
1966, Mihalas 1967). Determinatiqn of the CO abundance is necessary
to include CO opacity in the model atmospheres. Molecular dissociation
equilibrium calculations can be used f&)r this purpose, but a direct
determination is preferable. Also the carbon and oxygen abundances
can not be determined unless the carbon monoxide abundance is
determined, since a large fraction of the carbon and oxygen is tied up
in CO,

To perform abundance analyses of the stellar CO bands, we
need lab oratory information on the energy levels, line positions and
transition probabilities of the vibration-rotation lines, Extensive
laboratory investigations of the spectrum of carbon monoxide have been
carried out (Krupenie 1966). The data necessary to analyze the stellar
bands has been published by Kunde (1967, 1968)., Lists of integrated

absorption coefficients and positions for the rotational lines of the
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av=1,2,3, vibration-rotation band sequences are given for C12/013=89,
016/018-493 and temperatures of 500 K, 1000 K, 2000 K, 2500 K,

3000 K and 3500 K. A method of converting the data to other tempera-

tures and C12/C13 ratios is given in Appendix A.

The Present Investigation

In the vpast, observations of the Clz/Cl3 ratio seemed to
show that CNO products were only visible on the surfaces of carbon
stars. The more recent infra-red observations indicate a low 012/013
ratio for all K and M giants and supergiants, with the possible exception
of X Cygni (Johnson and Mendez 1970). This result is based on the
-assumption of a linear curve of growth for the CO bands. Because the
Clz/(.J13 ratio is'related to the operation of the CNO bi-cycle in the
stellar interior and the mixing of interior material to the observable
surface layers of the star, it is desirable to eliminate the assumption
of a linear curve of growth and to determine the region of the tempera-
ture—lﬁminosity plane where CNO bi-cycle products are visible,

Johnson has published (Johnson et al. 1968, Johnson and
Mendez 1970) 23 infra-red spectra of 15 K axlld M stars suitable for
analysis of the CO bands. This excludes all Mira variables for which
spectra havé been published since they have strong stellar HZO absorp-
tion that overlaps the CO bands and makes analysis impossible., These

are medium resolution spectra (—3’7-‘-' 500) in which the rotational structure



10

of the CO bands is not resolved. They must be analyzed by means of
_synthetic spectra because the line by line techniques normally employed
are not possible, This is the most extensive set of observations yet
available, extending from K2 to M6 and including luminosity classes III
through Ia, so an attempt at quantitative analysis seems definitely
worthwhile,

Both the first and second overtone (av=2,3) vibration-rotation
band sequences are available in these spectra. With the atmospheric

16 band

correction applied by Johnson, at least six, first overtone CIZO
heads are always available in the spectra. Depending on the quality of
the terrestrial atmosphere during the observation, as many as eight band
heads can be visible. The positions of the band heads and origins are
012016' cl3plé 012018,

listed in Appendix C for the aAv=2 bands of , and

and the av=3 bands of cl2plé and 013016.

We intend to use the CO first overtone vibration-rotation bands
in Johnson's spectra of K and M stars to determine the carbon monoxide
abundance and 012/013 abundance ratio. Since most of the carbon and
oxygen are expected to be in the form of carbon monoxide, the CO
abundance must be known in order to determine the carbon and oxygen
abundances. We will not attempt to determine the carbon and oxygen
abundances, since this would involve also determining the atomic
abundances of C and O as well as all molecules involving thém. We

will, however, discuss the C and O abundances on the basis of
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molecular dissociation equilibria in Chapter 4. This approach, while
not as accurate as determining the abundance of all species of carbon
and oxygen compounds, should be more accurate than using measured
atomic abundances and molecular dissociation equilibrium calculations
to determine the abundances of carbon and oxygen. Knowledge of the
carbon monoxide abundance is also necessary tb include CO opacity in
model atmospheres., The CO abundances can be used directly for this
purpose,

The 012/013 abundance ratio is sensitive to the energy genera-
tion mechanism in the stellar interior and to the efficiency of mixing
from the interior to the surface of the star. The results from the stellar

spectra will be used to compare to the theoretical predictions.



THE SYNTHETIC SPECTRA

Analysis of spectra in which individual lines are not resolved
requires a grid of synthetic spectra. The line formation theory used to
construct this grid is a curve of growth tabulated by Swihart and Brown
(1967). This is a Milne~-Eddington curve of growth, which implies that
both the line and continuum are formed throughout the entire atmosphere
of the star. The other extreme is the Schuster-Schwarzschild curve of
growth which assumes that a pure continuum is produced below a layer
that only contributes line absorption.

The Milne-Eddington model was chosen because CO is abundant
throughout the entire atmosphere of cool stars. However, supergiants,
and to a lesser degree, giants have extended atmospheres which may be
an argument in favor of the Schuster-Schwarzschild model. Spinrad
et al, (1971) claim the low central intensity of the CO lines in Alpha
Orioﬁis indicate the Schuster-Schwarzschild model is preferable,'how-
ever a steep temperature gradient in the atmosphere could produce the
same effect in the Milne-Eddington model. The curvés of growth for both
models are quite similar except for a vertical displacement, therefore
the turbulent velocity should be the only parameter significantly affected

cy the choice of model.

12
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The line absorption coefficients published by Ktinde'(1'967)
were kindly provided by him on magnetic tape. These are integrated
absorption coefficients for C12016, 013016 and 012018, calculated for
cl2/c13=g9, 016/018=493 and temperatures of 500 K, 1000 K, 2000 K,
2500 K, 3000 K and 3500 K. The method used to convert these to other

temperatures and isotope ratios is described in Appendix A,

Theory of the Curve of Growth

The Milne-Eddington Curve of Growth has been discussed
several times (Aller 1960, 1963, Greenstein 1970, Wrubel 1949), | The
review given here follows closely that of Swihart and Brown (1967).

The source function in both line and continuum is assumed to be
the Planck Function, B, (T). From now on, the explicit reference to
temperature, T, will be dropped.

For a plane parallel atmosphere, the emergent intensity I, at

angle © =cos~ 1 from the normal to the surface is given by

0
- -G
()1 (W=Ie™° +/; B, e /"_df:,.

where optical depth, 7., is defined by

dt=Kd1
l=geometrical depth

For a semi infinite atmosphere,
TO = o0

and
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(2) 1,(u)=[f° B,e” rﬂ/u_c_i%l

Using the subscripts vor c to designate quantities that depend, respec-
tively, on line and continuum parameters or continuum parameters only,

the residual intensity, r, (#), at any frequency in an absorption line is

_f: Bye” @/l-l d Tv/l‘
J& e M q o

(3 r, ()=1 - 2=

using subscript 1 to indicate dependence on line parametérs only, .
(4) dv, =d 7 + d’€’1=(Kc + Kl)pdh=Kc(1 + n )pdh=(1 + n )dee
where the K's are mass absorption coefficients, p is the mass densify,
h is geometrical distance into the star and n is the ratio of line to
continuous absorption coefficient at frequency V.

The equivalent width, W, (¥), is given by

-]

) Wy (=S5 r,(Md T,
For stars it is necessary to integrate this over direction to convert from
intensity to flux, but this will be postponed until later.

The evaluation of equation (5) requires a model atmos.phere td
specify the frequency and depth dependence of 7 , ’C'c and By. The
Milne-Eddington model uses a very simple model atmosphere to simplify
the analysis. The basic assumption of the Milne~-Eddington model is that

n is independent of h.

(6) n-=L# (h)
C
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Two further assumptions will be made,
(a) The frequency dependence of n is given by the Voight function
(7) Ny =N H(a lu)
® e
where H(a,u)=-%—/

- (u—x)2 + a2

-x2
dx

and a is the ratio of the Lorentzian to Gaussian liné widths .
(b) The source function is a linear function of the continuum
optical depth
(8) B =By + BT,

Combining equations 3, 6 and 8 yields

_ = e n
e L A N

Using (5) and changing to the dimensionless frequency variablé

v-y
V=TV
where
1/2
= (BT 4 ur2)
yields

- W, (v) » AVp * n .
(10) 5 ==5FBy/B] Vo J-uTFr~

We have taken B 0/}31 outside the integral since it is a slowly} varying
function of frequency, and may be considered constant over the width of

a line.
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From 8 and 2

Ic(")=B0 + By ¥

The observable quantity is flux, not intensity, for stars.

- +1
F= 1Ic(u)u dw

=B + By (2/3)
=1,(2/3)

Therefore, in (10) we will use
(11) v =2/3

to vield

o0

W, ___2/3 aVp T 4u
Yo 2/3+Bp/By Yo [J o 1+n

(12)

Using (7), the integral in (12) can be tabulated as a function of n and

damping parameter, a. Defining

(13) D(ﬂ)=[:ﬁ-;—du

The plot of log C versus log n. is the theoretical curve of growth., The
curve of growth used was taken from Swihart and Brown (1967), Table
6.. For calculation, the polynomial approximations listed in Table 1
were used.,

The curves of growth as given by Swihart and Brown, and as

calculated by the polynominals are plotted in Figure 1. The pblynomials



" Table 1. Polynomial Approximations to the Curves of Growth
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Log q = -2
log D=0.25 + log n

Loga=-1
-2< logn < 2.5
log D=0.06 +0.6650 log a4 -0. 1550(log 1, )2
+0, 00127(logq) + 0.00938(log n)
2.5 <logn
log D=-0.11 + 1/2 logn

Log a=-2
-2 <logq < 3,5
log D=0.0278 + 0.6172 log n -0.2011(log n )2
+0.00534(log n )3 + 0.015089(log n )4
-0.0020351(log 1 )°
3.5 = logll

log D=-0,60 + 1/2 log g

loga =-3
-2 <log 1 < 2.0 2
log D =0,019 + 0.6204 log q -0. 1888(1092 )
~0.00142(log q )3 +0.01027(log 1 )
-0.00122(log ¢ )°
2;0<logq < 4.4
log D=-0,048 + 0.6031 log 7 -0. 15068(log 1 )Z
+0.002758(log 1 )3 + 0.0032315(log 1 )4
4.4 <log 4
log D=-1,09 + 1/2 log 1




+2 T ] T T T

4+ Swihart & Brown(1967)
— Polynomial

-2 | 1 | 1 !
-2 -1 0 + 1 +2 +3 + 4

log 71,

ig. 1. Milne~Eddington Curves of Growth.
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reproduce the calculated curves to much better than 10% accuracy in Wy,

over almost their entire length.

Procedure ,
To calculate the equivalent width of a line, we need to know
loga, n, aYp, BO/BI and ¥,. We assume Y, is known for the line.

" A value is assumed for log a. The value of By/B; can be obtained from a
- model atmosphere and is assumed constant over the entire band. The |
as'sumptidn of constant By/B; is not neéessarily good, since the width
of the usable section of the band sequence is about 10% of its central
frequency, so the Planck function changes appreciably over the bands.
This assumption, as well as the value of BO/Bl ., can be changed later
without recalculating the entire band sequence, however, so it is> a use-
ful first approximation.

The value of n depends on the abundance and state of
excitation of the carbon monoxide and on the confinuous opacity, How-
ever, if a vahlxe of n is chosen for one line of the band sequence and
the frequency dependence of the continuous opacity is known, the n
values for all lines of the band are fixed (see below: Interpretation of

n).

The choice of temperature and turbulent velocity determines



20
Given the above information, it is possible to calculéte W,
for each line. The total equivalent width between any two frequencies
Vl and 1’2 is then the sum of the equivalent widths of all lines within
the interval. This assumes that blending is negligible. The treatment
of blending will be discussed below.

The average residual intensity in any frequency interval

AV:)’_lllis

2
vy
Iy, W
NPT i Skl
(14) R, =1 =

The band profile can be calculated by setting AY equal to the
resolution of the observed spectra and calculating R, for successive
resolution elements. In the vicinity of the band heads, the value of Ry
is sensitive to the choice of central frequency of the resolution elements,
To alleviate this problem, the spectra are actually calculated with twice
the number of res}olution points that is necessary (i.e., for resolution of
AvV=S§8 cm"l, R, was calculated at intervals of 4 cm_l) and the frequen-
cies of the calculated points were chosen to coincide as closély as
‘possible with the observed frequencies.

From (12), we see that

2/3
b =273+ B 7131P

W =
0
where F = AVD o —1-—+—n—du
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Equation (14) then becomes

Y2
2/3  F
_. _2/3+B /By yo¥y

4 Ay

The value of BO/BI , therefore, does not affect the band profile. It is a

scale factor that only affects the equivalent width.

Blended Lines
The calculation of the equivalent width of blended lines is a
very difficult problem. A very.simple approach to the problem is taken
here, namely, if two lines occur closer than a specified frequency inter-
val, a Vbl, they are treated as totally blended, their n values are added
together, and the sum is used to calculate their combined equivalent
width, Otherwise, they are treated separately. The blending width,

Aybl' was arbitrarily chosen as the larger of the two quantities Ay.bor

W, (unblended) . _ ,
i . The second condition was inserted to allow for lines

with strong wings that are significantly wider than their doppler cores,
but the results are extremely insensitive to its inclusion. Ignoring
blending entirely makes only a few percent change in the equivalent

width of the band sequence.

Interpretation of n

Kunde (1967) has calculated values of the integrated absorption

coefficients, S™M, for individual lines in the av=1,2,3 vibration-rotation



bands of 012016, 013016 and 012018. These are related to the line

absorption coefficient, Kl.' by

N

—aqm
Kl’ 8 MCO CcO

where Mo =mass of a CO molecule
NCO=number of density of CO
The continuous opacity is given by
Ke=2y Ny
where a, = opacity per hydrogen atom
NH=number density of hydrogen

We then have

L3}
(15) n ==
l(C

m
_5" Mgo Noo
ay Ny

A model atmosphere is necessary to provide a,. Mg is

known.

"Whenever we refer to log 7 in reference to the synthetic

22

spectra or the analysis of the stars, we mean the value of log n corres-

ponding to S®=5,07 cm/gm. This value was chosen for the standard

value of S™ simply because it is the s™ value of the highest frequency

line in the av =2 sequence at T=3500 K. The values of n for all lines

can be determined from
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gm
"=5.07 "s
From Equation (15), we have

NCO= n a.’

(16) Ny sm M
(e]6)
The Grid of Synthetic Spectra
A grid of synthetic spectra was calculated with the following
parameters.,

T=2500 K, 3500 K, 4500 K

£t=D.~, 10 km/s

loga=-1, -2, -3

cl2/cl3=g9, 20, 4
The log n values were chosen to produce total equivalent widths for
_the first 6 bands that were in the range observed in stars (30 - 120 cm'l).
In addition, spectra were also calculated with parameters other than
those listed above to provide more closely spaced sequences in one
parameter or to determine the qualitative effect of exceeding the ranges
specified above. Some of the synthetic spectra are presented in
Figures 2-9. These are only meant to illustréte the appearance of typical
spectra under various conditions. The actual analysis is carried out
using the curves of growth presented in the next section. The' continuum

in the synthetic spectra is flat and coincides with the flat region



Fig. 2. Synthetic Spectra; Temperature Sequence with Log a=-3

ct2/c13=89, log n =12.5, & =10 km/s.
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Fig. 3. Synthetic Spectra; Temperature Sequence with Log a=-1

cl2/c13=89, log " =1.5, £, =10 km/s.
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Fig. 4. Synthetic Spectra; Damping Parameter Sequence

T=3500 K, log 1.5, & =10 km/s, cl2/cl3=y4
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Fig. 4. Synthetic Spectra; Damping Parameter Sequence




Fig. 5. Synthetic Spectra; Microturbulent Velocity Sequence

T=3500 K, log n =3,5, loga=-3, 012/013= 20
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Fig, 7. Synthetic Spectra; Abundance Sequence with T=2500 K

log a=-3, & =10 km/s, cl2z/cld =gg
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Fig. 8. Synthetic Spectra; Abundance Sequence with T =4500 X

log a=-3, &, =10 km/s, cl2/cl3=gg
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Fig. 9. Synthetic Spectra; Isotope Ratio Sequence

T=3500 K, log a=-3, log 7 =2,5, §,=10 km/s
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between 4360 cm™~! and 4400 cm'l. The vertical axis is proportional to
flux., The actual scale is indicated by the vertical bar which represents
0.5 [(2/3/(2/3 + Bo/Bl) of the continuum flux. Since BO/BI only enters
the equivalent width as a multiplicative factor, it only affects the flux
scale, not the band profile,

Figures 2 and 3 are both temperature sequex}ces, all other
parameters held constant. Figure 2 has a small damping constant,
log a=-3, Figure 3 has a larger damping constant, log a=-1, The long,
flat portion of the curve of growth for log a=-3 tends to eql_lalize the
strength of thé band heads compared to log a =-1. This effect only
occurs, of course, if the lines are far enough up on the curve of growth
to place a significant number of band head lines on the flat portion.
Increased temperature also makes more band heads visible by increasiﬁg
the population of the higher vibrational levels. There is no noticable
effect on the shape of the individual band heads due to changes in the
rotational excitation as the temperature changes. Temperature is most
effective at producing more visible band heads when the lines are on the
linear part of the curve of growth and least effective when they are on
the flat portion.

Figure 4 is a sequence of spectra with varying log a., Small
values of log a tend to equalize the band head strengths and produce a

" smaller total equivalent width for the band sequence. Both effects are
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due to the longer flat section of the curve of growth for smaller "a"
values.

A turbulent velocity sequence is shown in Figure 5. The
turbulent velocity effects the spectrum in two ways. The most conspicu-
ous is through the factor —A-,%:- in the equivalent width. This produces the
rapid increase in equivalent width with increasing avp . The other effect
is due to line blending. This has a small effect én the equivalent
width; ignoring blending entirely increases the equivalent width by only
a few percent, The details of the band profile, however, are sensitive
to turbulent velocity through the blending. The appearance of the (2-0)
band head at 4360 cm~! with g = 10 km/s never occurs in stellar spectra.
This may be a result of inaccurate line positions., The line positions
were calculated using polynomial approximations to the energy levels,

In some cases, the difference between calculated and measured line

positions is as large as 0.5 cm™1

. The doppler width, aYp, is on the
order of 0,02 cm"l, therefore errors of this size can make significaht
changes in the blending. For this reason, this band head has been given
lower weight than the others in the analysis.

The profiles of the band sequence when all lines are on the
linear part of the curve of growth are shown in Figure 6 for séveral tem-
peratures. Sequences of spectra with increasing carbon monoxide

abundance are shown in Figures 7 and 8 for temperatures of 2500 K and

4500 K respectively, The effect of the non-linear curve of growth is
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obvious. The contrast of the band heads becomes less sensitive to
temperature as abundance increases but the general depression of the
region from 4000 cm'1 to 4300 cm™~! still retains some temperature.
sensitivity through the higher level rotational transitions whiéh occur all
through this region. This is not an unambiguous temperature indicator
however,

The effect of changing the GIZ/GI3 abundance ratio is shown
in Figure 9. The relative strengths of the 013 and Cl2 band heads are
a strong function of log a, abundance and temperature in addition to
012/013 ratio, but this illustrates the general trend. As mentioned
previously, the spectra are useful primarily for qualitative comparisons
with stellar spectra. For quantitative analysis of stars, the curves of
growth discussed in the next section are more appropriate, We have,
therefore, only included a representative sample of the spectra to
illustrate the type of spectral changes caused by varying different

parameters.

The Curves of Growth

For the analysis of the stellar carbon monoxide abundance, the
synthetic spectra of the previous section were used to produce curves of

growth for the first six band heads (4036-4360 cm™1) of the av=2 se-

quence. These are presented in Figures 10-12 as curves of log F versus

log n where
log F=log W, -log [(2/3)/(2/3 + Bo/Bl) .
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To determine the Clz/C13 abundance ratio, it is necessary to
measure at lease two features, one of which is sensitive to C13 abun-
dance. The cl2016 (2-0) and (3-1) band heads have no c13016 jines
superimposed on them so either could serve as a C12 indicator. The
region of the C13010 (2-0) band head (4252-4264 cm™) is the best
choice for a C13 indicator since it has the smallest number of super-
imposed 012016 lines. It is also the furthest cl3pls band from the
terrestrial HpO band at 2.7¥ so is the least affected by the correction for
terrestrial atmospheric absorption. The final choice for a (le/C13
indicator was the ratio of the equivalent widths of the 013016 (2-0) band
head (4252-4264 cm™1) to the C12016 (3-1) band head (4284-4308 cm™}),
indicated by wld/wl2 rpe 612016 (3-1) head was chosen instead of
the (2-0) head for two reasons: (1) it is closer to the cl3016 (2-g)
head, so questions of changing continuous opacity or BO/ Bl are mini-
mized and (2) as mentioned above, there is some question about relia-
bility of the calculated cl2pl6 (2-0) heads at high zt. The primary
disadvantage of this choice is that we are comparing different vibrational
levels in the two isotopes. If LTE applies, this has no effect, but any
error in the relative populations of the first and second vibrational
levels will appear directly in the 012/013 ratio. Understanding the

population of the v=1 level will lead to a C12/C13 ratio that is too large

and overestimating the population of the v=1 level will lead to a

012/013 ratio that is too small. There is some evidence that the higher
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vibrational levels are underpopulated in stars (Spinrad et al. 1971). If

so, the Clz/C13 ratios derived here are lower limits.

The curves of growth for the cl2pl6 (3-1) and cl3pls (2-0)
heads are presented in Figures 13-15 and 16-18 respectively. These are
mainly useful for producing curves of W13/W12 versus 012/013 abun-
dance ratio, such as those in Figures 19-22, Figure 19 shows the curves
of W13/W12 versus 012/013 abundance ratio for those cases where all
the lines in the two band heads are on the linear part of the curve of
growth, In this case, log a and Et are irrelevant. Figures 20, 21, and
22 show the same curves with £, =10 km/s and with T, log a, and log n
as parameters. Curves like those of Figures 20-22 can easily be con~

structed for any values of &, and log n using Figures 13-18.

t
These curves give the carbon monoxide abundance and 012/013
abundance ratio as a function of BO/BI’ g T, and log a. Some other
means must be available to _fix the value of these four parameters. For
instance, BO/Bl can be taken from a model atmosphere. Any method
available can then be used to pick a best guess for the values of the
other three parameters., The combination of parameters yielding the best
fit to the observed profile of the band sequence can be determined, or
other analyses of the star, such as photometry or photographic spectra,
can be used to fix one or more of the parameters., The means used to fix

these three parameters will be discussed more fully for the individual

stars in Chapter 3.
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THE STELLAR SPECTRA

The stellar spectra used for this investigation were obtained by
Johnson and co-workers (Johnson et al, 1968, Johnson and Mendez 1970)
using a Mertz type, rapid scanning Michaelson interferometer at the
Catalina Station of the Lunar and Planetary Laboratory and are corrected
for atmospheric extinction to zero air mass. Details of the instrumenta~
tion, observing procedure and atmospheric extinction correction are given
by Johnson and Mendez (1970).' The spectra cover the wavenumber
region 2400-8200 cm_1 or 3900-8200 cm"1 depending on whether they
were obtained with refrigerated or un-refrigerated detectors. The
resolution is 8 cm'l. There are 23 spectra of 15 K and M giants and
supergiants. The spectra used are listed in Table 2 with their spectral
types.

The individual spectra will be discussed below with the results
of the investigation, but a few general remarks should be macie here.
The CO av =2 vibration-rotation band sequence is the strongest feature
in the spectra of these stars, extending from 4360 cm™! to 3900 cm™! at
which point the terresirial water vapor absorption blocks ground based
observations. The av=3 band sequence extending to lower wavenumbers

1

from 6418 cm™ ~ is also visible although considerably weaker in most

50



Table 2. Spectra Used in this Investigation
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Reference
Spectral (Johnson & Mendez
Star Type 1970)
Alpha Bootis KZIIIIp Fig. 2b
Gamma Draconis K5 III Fig. 2¢
Alpha Tauri K5 III Fig. 3a, b
Delta Ophiuchi MO.S§ 111 Fig. 3c
Beta Pegasi M2-3 II-III Fig. 4a, b
Eta Geminorum M3 III Fig. 4c
Mu Geminorum M3 III Fig. 5a
Rho Persei ‘M3 II-11 Fig. Sb
R Lyrae MS III SR Fig. 5¢, 6a, b
EU Delphini M6 III SR Fig. 6¢
Alpha Orionis M1-2 Iab Fig. 9b, ¢
Alpha Scorpii M1-2 Iab Fig. 10a
Mu Cephei M2 la Fig. 10b, c, 1lla
Delta? Lyrae M4 11 Fig. 11b
Alpha Herculis M5 Ib-II Fig. 1lc, 12a
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stars. The fundamental (av =1) vibration-rotation band sequence

begins just beyond the long wavelength cut-off of these spectra at

2328 cm™~1,

Sources of Error

There are three sources of error to be considered; noise in the
spectra, superimposed absorption features and errors in the placement

of the continuum. These are discussed separately below.

Noise

The signal to noise ratio can not be accurately determined from
the spectra, but a rough estimate of the noise level can be obtained by
looking at the regions where the continuum intensity is low. _ The noise
level should be approximately constant throughout the spectrum before |
correction for the terrestrial atmospheric absorption. This means that the
signal to noise ratio is lowest where the intensity is low and the
atmospheric correction is large.

The complete quantitative treatment of the transfer of noise
from the observed interferogram,‘ through the Fourier transform, to the
spectrum is a complex problem. The assumption of White noise, made
above, is sufficient for the purpose of estimating the quality of the

spectra. For a more detailed discussion of noise see Connes (1961).



53

Other Absorptions

Terrestrial water vapor absorption completely blocks observa-
tion between 3500-3900 cm™! and also usually blocks the region
5100-5500 cﬁm;l. Stellar water vapor, if it exists, will have strong
absorption over significantly wider bands than the terrestrial water, due
to the higher excitation temperature in the stars. This is easily visible
in the published spectra of Mira variables, Stellar water vapor absorp-
tion seriously overlaps the CO av =2 sequence and less seriously over-
laps the A=3 sequence. This complicates analyses of the CO bands,
since, even if the HZO is considered as a separate, continuous, opacity
| source, the position of the continuum depends on the HZO absorption
and is strongly variable with frequency., If HZO is not treated as a
continuous opacity source it is necessary to treat it line by liné, simul-~
taneously with the CO. The model atmospheres calculated by Auman
(1969) including HZO predict a high abundz;hce of sz 'na-nd strong éb-
sorption across the CO bands. Auman's models however, only fit the
HZO spectrum of Mira variables. There is no evidence of HZO absorp-
tion in non-variable K and M giants or supergiants in the spectra used
for this investigation.

Other molecules also have absorption bands in the region of
the CO first overtone sequence, but none are expected to be significant
sources of interference. Spinrad et al, (1971) have identified HF in

high resolution spectra of Alpha Orionis. Johnson and Mendez (1970)
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claimed to have detected the CH (2-0) band head at 4112 cm™! in K
giants. These are both weak absorption features, however, and should
not interfere significantly with the analysis of the CO bands. Both
electronic and vibrational transitions of CN produce absorption within
the CO bands. Band heads due to the av=-2 electronic transitions of
the CN red system (A ?,,i - X2_2+) have been detected in carbon stars by
Thompson and Schnopper (1970), but have not been found in oxygen
stars. The transition probability of vibrational transitions is much
lower than that of electronic transitions, therefore the vibration-rotation
bands are not expected to be detectable. There are some atomic lines
in this region, but most are high excitation lines and are not expected
to be strong enough or numerous enough to significantly affect the
results. The exception to this is the analysis of the 012/013 ratio
using very narrow sections of spectrum. A strong atomic line (or
molecular band head) could contribute significantly to the equivalent
width over a very narrow region. This effect is minimized by only mea- -
suring those regions where the CO absorption is strongest, therefore

the percentage error due to a superimposed absorption line is smallest.

Placement of the Continuum
The placement of the continuum level for the CO first overtone
bands is somewhat uncertain., The continuum level at the high wave-

number end of the sequence at 4360 cm"1 is well determined since the
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cl2plé (2-0) band head produces a sharp break in the spectrum at this
point. Between 4360 cm~! and 3900 cm"l, however, there is no place
where the continuum is visible at this resolution. Beyond 3900 cm'1,
the terrestrial atmosphere blocks observations completely. Since only
one continuum point is available, the continuum at larger wavenumbers
must be used as a guide to extrapolate across the CO bands. This
means that the position of the continuum becomes more uncertain for
the higher level transitions in the sequence. This extrapolation can
be carried out with sufficient accuracy for the present investigation,
but it should be kept in mind that this is the largest source of error in
the equivalent widths. The measured equivalent widths are probably
accurate to about 10%.

In this respect, the second overtone CO bands would probably
be easier to analyze, The continuum level can be more accurately
determined because the bands are weaker and the continuum is usually
visible between the band heads. However, interference from super-
imposed absorption lines is more severe, both because there are more
and stronger absorptions and because the weaker CO bands are more
susceptable to interference. Also, there are more band heads visible
than are expected from the appearance of the first overtone sequence and
the relative strengths of the band heads is not obviously explainable on

the basis of a simple model.
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Both of these effects can be explained if, as predicted by the
models by Gingerich et al. (1967) and Carbon and Gingerich (1969), H™
is the dominant opacity source. The H™ opacity is lower in the region
of the second overtone bands than in the region of the first overtone
bands, and there is a minimum in the H™ opacity at 6060 em™!, The
lower opacity accounts for the stronger bands and the variation of the
opacity over the band sequence affects the relative strengths of the

band heads. This will be discussed further in Chapter 4.

The Method of Analysis

As was pointed out in Chapter 2, there are four variables to be
determined before unique values of CIZ/C13 and CO abundance can be
determined; T, Bo/Bll ¢; and log a. The results for each star are pre-
sented as a series of curves, Log (012/013) is plotted versus abundance
(logn), withT, ¢ t and log a as parameters, in Figures 23 through 36.
Log n is plotted versus By/B; in Figures 37 through 40.

The value of Bo/Bl only affects the conversion of equivalent
width to log n , For a given value of log " , a wide range of equivalent
widths can be produced by varying BO/B1 without changing the band
profile. Therefore it is only possible to determine BO/B 1 indirectly.

Log n does affect the band profile, however, as do T, ¢ t and log a.
Therefore, logn , T, Et and log a can be directly determined from the

spectrum. These four parameters, with the measured equivalent width,

then determine the value of BO/Bl'
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Fig. 23, cl2/c13 109 n ; plpha Bootis.

The curves ere labeled with log a. The left column is &, =O km/s,
the right column is £, =10 km/s. The top row is T =2500 K, the middle row
is T = 3500 K, the bottom row is T=4500 K,
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Fig. 24, Clz/C13 - Log n ; Gamma Draconis and Alpha Scorpii.

See Fig. 23 for explanation of arrangement,
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Fig. 25. c!2/c!3 - Log n ; Alpha Tauri

See Fig, 23 for exglanation of arrangement.
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Fig.26. C2/C13 - Log n ; Delta Ophiuchi

See Fig, 23 for explanation of arrangement.
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Fig, 28. 012/013 - Log n ; Eta Geminorum

See Fig. 23 for explanation of arrangement.,
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Fig. 30. Cl?‘/C13 - Log n ; Rho Persei

See Fig. 23 for explanation of arrangement.
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Fig. 32. Cl2/Cl13 - Log n ; EU Delphini.

See Fig, 23 for explanation of arrangement.
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Fig. 35. C!2/Cc13 - Log n ; Delta? Lyrae

See Fig. 23 for explanation of arrangement,
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See Fiy. 23 for explanation of arrangement.
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In principle, BQ/BI can be obtained from the temperature
structure of a model atmosphere. This approach leaves only three ad-
justable parameters, T, & t and log a. One problem with this approach is
that the temperature must be known as a function of the optical depth at
the observed frequency. The temperatures are published as a function
of the optical depth at some standard frequency, which is not the
observed frequency. When six to ten opacity sources must be included,
the conversion is difficult without recalculating the entire model
atmosphere. In practice, therefore, better results are obtained by allow-
ing log n to also be determined by the band profile and only using
BO/B1 to check the consistency of the results with the models.

The models used in this investigation are those published by
Auman (1969). These models are not necessarily better than those
published by Gingerich et al, (1967) and Carbon and Gingerich (1969);
the water vapor opacity included by Auman in his models is certainly
overestimated for the stars investigated here. However, the temperature
structure of the model is' the only information needed to determine

BO / B;. This does not differ appreciably between the models by Auman

and those by Gingerich and co-workers. Also, Auman's models cover
the spectral type and luminosity range of interest. The published models
by Gingerich and co-workers do not include any between 4000 K and
2500 K. For consistency, Auman's models are used fhroughout this

investigation.
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The Isotope Ratio Analysis

Determination of the 012/013 ratio requires measurement
of the equivalent widths of two spectral features; one which is sensitive
to c13016 apundance and one which is only sensitive to C12016abun-
dance. The features measured are the C13016 (2-0) band head and the
012016 (3-0) band head. The reasons for this choice were discvussed in
Chapter 2. The ratio of the measured equivalent widths (wid /wl2) ig
listed in Table 3.

The 012/013 ratio depends strongly on the two parameters
log " and log a. It is a much weaker function of T and £t. The values

of T, Et, log a and log n listed in Table 4 were used to determine the

013/012 ratio.

Results

The analyses of individual stars are described below with a
discussion of the reasons for the final choice of parameters and of the
range of parameters that will produce an acceptable fit to the stellar band
profiles.. The final results are presented in Table 4.

The effective temperatures given in Table 4 are taken from
Mendoza (1969) or Johnson (1966). Johnson gives a table of spectral
type versus effective temperature which was used to obtain effective
temperatures for those stars for which direct determinations have not

been obtained.
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Table 3. Measured Equivalent Widths of CO av =2 Band Sequence and
the Ratio of the cl3plé and 012016 Band Heads

Star Wy (cm™1) W13/W12
Alpha Bootis 39 9.45
Gamma Draconis 47 .43
Alpha Tauri 51 .51
Alpha Tauri 54 .45
Delta Ophiuchi 62 .54
Beta Pegasi 70 .65
Beta Pegasi ' 66 .54
Eta Geminorum 74 .55
Mu Geminorum 77 - .47
Rho Persei ' 81 .52
R Lyrae 68 ’ .49'
R Lyrae 69 50
R Lyrae 74 .53
EU Delphini 78 .55
Alpha Orionis 87 57
Alpha Orionis 112 52
Alpha Scorpii 95 .43
Mu Cephei 112 ‘ .49
Mu Cephei 94 .48
Mu Cephei 94 .47
Delta® Lyrae 80 .62
Alpha Herculis 107 . .52

Alpha Herculis 92 : 0.62




Table 4. Stellar Results

Star Toff T € By /By log a log n, cl2/cl3 S%ey%téal
a Boo 4250 4000 8 1.7 -2 1.8 5 K2 IlIp
v Dra 3860 4000 10 2.1 <-3 2.0 14 © K5 I

a Tau 3860 4000 8 1.7 -3 1.9 20 K5 III

> Oph 3630 3500 6 1.3 -3 2.3 8 MO.5 III
8 Peg 3130 3000 6 1.0 -3 2.5 8 M2-3 II-111
n Gem 3300 3200 8 1.1 -3 3.0 10 M3 III

¥ Gem 3300 3200 6 . -2.5 2.8 20 M3 III

P Per 3300 3200 6 1.0 -2.5 2.8 15 M3 II-II1
R Lyr 2950 3000 9 1.3 -3 2.0 5.5 M5 III SR
EU Del 2800 3000 9 1.3 -3 2.0 3.5 ° M6 III SR
@ Ori 3790 3500 10 1.5 -3 2.5 5.0 M1-2 Iab
@ Sco 3520 3200 8 1.6 -2 2.5 10 M1-2 Iab
¥ Ceph 3500 3200 8 1.3 -2.3 2.7 10 M2 Ia
s Dyr 13100 3000 6 1.5 -3 3.0 3.5  M41II

a Her 3400 3500 6 1.2 -3 3.0 9 M5 Ib-1I

84
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Alpha Bootis
This is the earliest spectral type .(K2 IIIp) as well as the only
metal poor star included in this investigation. High resolution infra-red
spectra of Arcturus have been obtained (Montgomery et al. 1969) and the
CO bands analyzed (Greene 1970). Greene finds, using the infra-red
CO av =2 bands, C12/013 = 4, but using the CN red system electronic
bands in the photographic infra-red yields c12/c13 = 10,
Mendoza (1969) gives the effective temperature (Teff) of a Boo
as 4250 K. The surface gravity is given by Allen (1963) as log g=2.3.
| Figure 23 gives the 012/013 ratio as a function of abundance.
Figure 37 shows abundance as a function of BO/ B;. Four parameters
affect the band profile; T, & log a and log n . Temperatures less than
3500 K and log a=-1 can be eliminated immediately. In both of these
cases, no satisfactory fit Fo the observed profile can be obtained. If
T=3500 K, the best match to the observed profile is obtained with
g =~ 6~10 km/s, log n =1.7, log a=-2. The difference between log
=-2 and -3 is small, but loga=-2 provideé a slightly better match.
If T=4500 X, then &, =6-10 km/s, log n =1,8 and log a=-2. Tempera-
ture does not affect the adopted values of ¢, log a and log n signifi-
cantly. On the basis of the profile, the acceptable temperature range
is 3700 K< T < 4200 K. These parameters imply C12/C13= 5, almost

independent of T and log n over the ranges specified above. For log n
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=-2, the extremes are 4.0 < 012/0;3 = 7. If log a=-3 however,
the best value changes to 012/013 =11 with a range of 8 to 14.
BG/BI ~ 1.5 - 2,0 from Figure 37. Auman's (1969) model with
T=3500 K, log g=2.0 yields BO/B1=1.9. This is satisfactory agree~-

ment.

Gamma Draconis

This star and the next (aTau) both have the same spectral type,
K5 III, but the structure Qf the CO bands differs in the tWo stars. There
are five strong band heads visible in YDra then a sudden break occurs in |
the band head étrengths. The sixth, seventh and eighth band heads are
nearly invisible. The break occurs after the sixth band head in aTau and
is not as pronounced as in vyDra. The higher band heads are still visible,
None of the synthetic spectra show a break in band head strength after
only five strong band heads although a break after six band heads is a
common feature of spectra with log n in the range 2.5;4.5 for tempera-
tures of 2500 K, 3500 K, and 4500 K. Possibly a loWer temperature
would move the break to lower band heads but it seems unlikely since a
range of 2000 K has no noticable affect on its position.

The CIZ/C13 ratio and log n are shown as functions of all
parameters in Figures 24 and 37 respectively. Two conflicting factors
make the choice of the best fit parameters difficult.; the small number of

visible band heads and the small general depression of the continuum.
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If the parameters are adjusted to produce the proper general depression,
all band heads are strong. If the break in the band strengths is produced,
the general depression is 2 or 3 times too strong. The three best com-
promises were

T=2500 K loga=-3 £t=8—10km/s log n

=2.0
3500 K -3 8-10 km/s 2.0
4500 K -3 8-10 km/s 2.0

_ The best fit to the profile is obtained with T =2500 K, but this
is considered unrealistic in view of the spectral type. The general
depression is sensitive to the dampiné constant at this value of log n ,
so log a < -3 would improve the fit at the higher temperatures. A lower
damping constant requires an increase in log n to provide the same
equivalent width, but this change should not be very large since log
n =2,0 is still primarily on the flat portion of the curve of growth for
log a=-3. The 012/013 ratio would probably not be affected at all,
since the features used for its determination are even further down on the-
curve of growth.

The effective temperature has not been directly determined for
v Dra. The spectral type and colors are similar to a Tau, however, so
we will adopt Tos=3860 K. Surface gravity of a K5 giant is given by
Allen (1963) as log g=2.1.

The 012/013 ratio is nearly independent of temperature over the

range 3500 K-4500 X, changing from 14 at 3500 K to 15 at 4500 K. On
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the basis of the effective temperature, 012/013 =14 and log a <-3

were adopted.

From Figure 37, BO/BI =~ 1,8 - 2,3 which is somewhat higher
than the value 1.9 obtained from Auman's (1969) model with T =3500 K,

log g=2.0, but is still reasonable. )

Alpha Tauri

Two independent spectra of a Tau (K5 III) E;re available, one
taken with a refrigerated detector, the second with an unrefrigerated
detector. The second spectrum is slightly noisier than the first, but
both are satisfactory for analysis of the CO bands. Mendoza (1969)
lists the effective temperature as 3860 K. Allen (1963) gives the surface

gravity of a K5 giant as log g=2.1. The 012/013 ratio and log n are

shown as a function of all parameters in Figures 25 and 37 respectively.

The best fit 'to the profile is obtained with

T =~ 4000 K, £€,=6-10 km/s, logn =1.9, log a=-3

At 4500 K, either log a=-2 or -3 provide equally good profiles, but at
3500 K, log a=-3 definitely provides a better fit. From Figure 37,
these values give B’()/Bl = 1.,5-2.0. This is satisfactory agreement with
Auman's (1969) model with T=3500 K, logg= 2.0.

Each spectrum was analyzed separately and the results combined
into an average in Table 4. The first spectrum indicated 012/013 =48,

The second spectrum gave (‘3]‘2/013 =10,
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Delta Ophiuchi

The effective temperature of an i\/[O.S 1II star, as obtained
from Johnson (1966) is 3630 K. The surface gravity is given by Allen
(1963) as log g=1.7. The cl12/c13 patio and log 1 are shown in
Figures 26 and 37 respectively, as a function of all parmaters.

The best fit fo the profile is obtained with

T=3500 K, loga=-3, §,=3-6 km/s, log n =2.3
This leads to C12/c13 =g, Bg/By =1.4. Compared to Auman's (1969)
T=3500 K, log g=1.5 model, Bo/Bl is satisfactory. Auman's model
gives By/B; =1.5.

The profile is not very sensitive to changes in the damping con-
stant over the range log a=-2 to -3. We can, however, .eliminate
log a=-2. Intermediate values as large as log a=-2,5 can not be elim-
inated.

Temperatures from 3200 K to 3600 K produce a satisfactory fit
to the profile, The 012/013 ratio is almost‘constant over this range of
temperatures, varying from 7.9 to 8.5.

The range of the 012/013 ratio is from 4 to 10. The abundance

is between log n =2.0 and log n =2.5,

Beta Pegasi
Two spectra of BPeg are available. These were analyzed

separately and the results combined to produce the average parameters
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discussed below. The effective temperature of 8 Peg is given by |
Mendoza as 3130 K. The 012/013 ratio and log a are shown as func-
tions of all parameters in Figures 27 and 38,

The best fit to the band profile is obtained with

T=3000 K, &, =5 km/s, log a=-3, logn =2.5

These values lead to C2/c13=8, B /8, =1.0 |
Auman's (1969) T=3000 K, log g=1.0 model gives BO/Bl =1.1.
This is satisfactory agreement.
Both B Peg spectra are good quality and the profiles are repro-
duced very well by the parameters listed above. Therefore, the values
are not likely to be in error by a significant amount, The possible range

of c12/c13 g from 5 to 12.

Eta Geminorum

The spectrum of "Gem is noisier than those previously discussed,
Johnson (1966) gives the effective temperature of an M3 giant as
3300 K. The C!2/C!3 ratio and log n are shown in Figures 28 and 38
as functions of all parameters.

The best fit to the profile is obtained with

T=3200 K, & =8 km/s, log a=-3, log 1 =3,0

These lead to C12/C13 =10 and By/By=1.1. Auman's (1969) T=3000 K,
log g=1.0 model giveé BO/B1 =1.1 which agrees perfectly with the value

we derive.
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Because of the noise in this spectrum, all of these values are
uncertain, The temperature could be in error by 500 K. The turbulent
velocity could be anywhere in the range 4 to 12 km/s. The damping
parameter seems to be fairly well determined although log a =-2 might be
possible. Log n could vary by + 0.4. The 012/013 ratio is between

5 and 20.

Mu Geminorum

The spectral type of ¥ Gem is the same as that of n Gem,
M3 III, The effective temperature is assumed to be 3300 K. The noise_
is noticable in this spectrum but is not as bad as in the sp.ectrum of

1 Gem. Figures 29 and 38 show the 012/013

ratio and log ? as func-
tions of all parameters.

The values of the parameters that provide the best match to the
observed profile are

T=3200 K, ¥ =6 km/s, loga=-2.0r 3, log " =2.8

The best value of log a seems to be between -2 and -3. These values

lead to
log a=-2 - cl2/ct3a3 By/By =1.3
log a=-3 cl2/cl3 =38 By/By =0.8

The adopted values are

loga=-2.5 . clt2/ct¥=20 Bo/B; =1.0

Either value of BO/BI is in good agreement with Auman's (1969) T=3000 K
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log g=1 model. Both log a=-2 or log a=~3 reproduces the observed
profile reasonably well. The 012/013 ratio could be as low as 2 or as

high as 50 although we believe it is probably in the range 10 to 35.

Rho Persei

This spectrum is noisier than most, but is still satisfactory for
analysis. The spectral type is M3, the same as the preceding two
stars, but the luminosity may be higher (II-III). According to Johnson
(1966) this does not change the effective temperature which is still
3000 K. The 012/013 ratio and log n are shown as functions of all
parameters in Figures 30 and 38.

The band profile does not differ significantly from that of ¥ Gem
except for the strength of the c13016 pand heads. See the discussion of
# Gem for details of the band profile analysis.

The best value of 012/013 is 15 with a range from 3 to 40

possible. The value is probably between 6 and 25.

R Lyrae
There are three spectra of R Lyrae (M5 III) a\{ailable. The first
and the third are independent. The second was included in. the third,
therefore is not independent.
"~ This is one of two semi-regular variables included in the
investigation. Each spectrum was analyzed separately. The ‘possibility

of spectral changes over the three month interval between observations
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was considered, but no differences larger than the errors of measure-
ment were found, We will, therefore discuss all three spectra together,

The effective temperature is given by Johnson (1966) as
2950 K. The 012/013 ratio and log n for each spectrum are shown as
functions of all parameters in Figures 31 and 39.
The best match to the stellar band profile is obtained with
T=3000 K, & =9 km/s, loga=-3, log n =2.0
These lead to C12/C13 =55 and Byg/B1=1.3. These values are éll
very well determined. The probable ranges are

5.0= Ccl%ycl3< 6.0
1.8< log =2.2

The value of BB, agrees well with Auman's (1969) T= 3000 K, log g=

1.0 model.

EU Delphini

EU Deophini is the second semi-regular variable included in
this investigation. The spectral type is M6 III, for which Johnson
(1966) gives the effective temperature as 2800 K. The 012/013 ratio
and log n are shown as functions of all parameters in Figures 32 and
39.

The bandl profile does not differ significantly from that of R
Lyr. See the discussion of R Lyr for details of the band analysis.

The best value of CIZ/C13 is 3.5 with a ranée from 3 to 4.5

possible.
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Alpha Orionis

Two independent spectra of a Ori (M1-2 Iab) are available;
the first obtained with a refrigerated detector, the second used an un-
refrigerated detector. The first spectrum is the noisiest included in the
current investigation.

The effective temperature of a Ori is given by Mendoza (1969)
as 3790 K. The CIZ/C13 ratio and log n are shown as functions of all
parameters in Figures 33 and 39,
| The best match to the observed band profile is obtained with

T=3500 K, & =10 km/s, loga=-3, log " =2.5
These lead to C12/C13=5.0, By/B, =1.5

The value of Bo/Bl agrees satisfactorily with the values ob~-
tained from Auman's (1969) models. The T=3500 K, log g=0.5 model
gives B;/B) =1,6 and the T=4000 K, log g=1.0 model gives Bj/Bj=2.0.

The possible range of log n is from 2.3 to 2.8, This leads to

a possible range of C12/C13 from 4.0 to 6.0.

Alpha Scorpii

The spectral type of a Sco is the same as that of a Ori (M1-2
Iab), but the effective temperature is given by Mendoza as 3520 K. The
012/013 ratio and log n are shown as functions of all parameters in

Figures 24 and 39.
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The best match to the observed profile is obtained with

T=3200 K, §,=8 km/s, log 2=-2, log n =2.5
These lead to C12/cl3=10, BO/BI =1,6,

The temperature is lower than that of a Ori even though the
spectral types are the same, This temperature difference is well deter-
mined, being based on the different appearance of the CO depression in
the two stars, and is also indicated by their effective temperatures,

The value of Bo/Bl is in satisfactory agreement with Auman's
(1969) T=3000 K, log g=1.0 model,

The possible range of 012/013 is from 8 to 14, That of log n

is from 2.3 to 2.7.

Mu Cephei

.Three spectra of ¥ Ceph (M2 Ia) are available. The first and
third are independent. The second was included in the third and is
noisier than the other two, All three were analyzed separately. No dif-
ferences were found that could not be attributed to measurement errors,
therefore the three results were combined and the average results dis-
cussed below.

The effective temperature is given by Johnson (1966) as 3500 K
for an M2 supergiant, The 012/013 ratio and log n are shown as func-

tions of all parameters in Figures 34 and 40.
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The damping parameter is probably between log a=-2 and
log a=-3. For log a=-2 the best fit is obtained with
T=3200 K, €, =8 km/s, log a=-2, log n =2.6
which leads to
cl?/ct3=3.7, B,/B,=1.3
For log a=-3, the best values for the parameters are
T=3200 K, £,=8 km/s, log a=-3, log n =2.8
which leads to
ct2/ct3=10, By/B,=1.4
The damping constant is probably closer to log a=-2 than to
log a=-3, so log a=-2.3 was adopted, which leads to
cl2/cl3=10, B)/B;=1.3, log 0 =2.7
Either value of Bo/Bl agrees well with Auman's (1969) models
for T=3000 K, log=1,0 and T=3500 K, log g=0.,5.
The mosf likely range for 012/013 is from 3 to about 20; that of

log & from 2.5 to 3.0,

Delta2 Lyrae

The spectrum of SZ Lyr is noisier than xﬁost spectra included
in this investigation, but is still satisfactory for analysis. Johnson
(1966) gives the effective temperature of an M4 II star as 3100 K. The
012/013 ratio and log n- are shown as functions of all parameters in

Figures 35 and 40,
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- The value of the parameters that best reproduce the observed

band profile are
T=3000 K, & =6 km/s, log a=-3, log n =3.0

which leads to |

cl?/cl3=3.5, By/B; =1.5
This value of Bo/Bl agrees reasonably wéll with the value 1.1 obtained
from Auman's (1969) model with T=3000 K, log g=1.0.

All parameters are poorly determined because of the noise in

this spectrum. Temperature could be in error by + 500 K; &, by & 5 km/s;

log " by +0.5. The damping constant could be log a=-2. On this

basis, the possible range of cl2/c13 5 from 2 to 6.

Alpha Herculis
Two independent spectra of a Her (M5 Ib-II) are available; both
are very good quality. Mendoza lists the effective temperature of a Her
as 3400 K. The 012/013 ratio and log ® are shown in Figures 36 and
40 as functions of all parameters.
The. best match to the observed profiles was obtained with
T=3500 K, ‘£t=6 km/s, log a=-3, log " =3.0
These lead to
cl?/cl3=9, B /B, =1.2
The parameters are well determined although the temperature may

be somewhat lower than 3500 K. It is probably not as low as 3000 K.
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The possible range of C12/C13 is from 4 to 25; that of log n

from 2.7 to 3.2.



SUMMARY AND CONCLUSIONS

In the preceding chapter, the analysis of 15 late type giants
and supergiants has been presented., The CIZ/C13 abundance ratio and
the ratio of CO line opacity to continuous opacity have been determined
for each star. This chapter is devoted to a discussion of carbon monox-
ide and the carbon isotopes in the late type giaﬁts and supe;'giants as a
class, how these properties vary with spectral type and luminosity and
the implications of these properties for the theoretical models of these

stars.

The Carbon Isotope Ratio

12/013

The C ratios determined for the 15 stars included in this

investigation are listed in Table 4 (Chapter 3) and plotted versus-spectral
type in Figure 41. Schopp (1954) determined carbon isotope ratios for
20 KO through K5 giants. The only star the two investigations have in
common is Alpha Tauri (K5 III). Schopp determined a lower limit of
C12/C13 for a Tau equal to 0.6. The value determined in Chapter 3 is
cl2/c13 =30,

There is no easily discernable trend in Figure 41. The M stars
may have lower 012/013 ratios than the K stars. Alpha Bootis, the only

known metal deficient star included in this investigation, may be
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12/013 ratio than is typical

12/013

abnormal in the sense that it has a lower C
for early K stars. Howeve'r, until the discrepancy between the C
ratio determined from the CN bands and that determined from the CO
bands (Greene 1970) is resolved, even this point is not clear.

The only well determined feature of Figure 41 is that all the

stars included in this investigation have Cl2/c13 < 20. Although the

number of stars analyzed is small, this seems to be a general charac-
teristic, at least of those stars of spectral type K5 or later. This is

significantly lower than the terrestrial (89) or solar (>100) ratio.

The Carbon Monoxide Abundance
The ratio of line to continuous opacity (0 ) in the CO bands
was determined for each of the 15 stars included in this investigation,
The results are listed in Table 4 (Chapter 3). The accuracy of the
individual determinations was discussed in Chapter 3. In most cases,

the n values are orily expected to be accurate within a factor of 3.

The Assumption of Local Thermodyhamic Eqﬁilibrium

The n values obtained in Chapter 3 were base'd on a compari-
sor; of theoretical band profiles with the observed stellar profiles., The
theoretical profiles were calculated assuming LTE. Spinrad et al,
(1971) have suggested that the relative strengths of the CO lines in
Alpha Orionis differ systematically from those expectéd on the basis of

LTE., This does not necessarily imply that LTE is not a good
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approximation to the energy level populations of CO, The effect can be
produced by failure of the single layer, isothermal atmospheric model
used for the curve of growth analysis. If this is a general property of
CO absorption in late type stars, the n values determined in Chapter 3
are systematically wrong.

A few theoretical spectra were calculated treating fhe vibra-
tional and rotational excitation separately, as described in Appendix A,
in order to determine whether or not the effect described by Spinrad
et al, (1971) could be recogniged in spectra of this résolution. Differ-
ences in the band profile were detectable between the LTE and non-LTE
models, but the non-LTE models were not unambiguously distinguishable
from LTE models with a different choice of log n , T and log a. The
012/013 ratios are not very sensitive to the changes in parameter values
required by the non-LTE models. The scatter in Figure 41 is much
larger than the changes due to non-LTE effects. Because non-LTE ef-
fects can not yet be quantitatively predicted for late type stars, nor can
they be recognized observationally at this resolution, only LTE models

were used to obtain the results of Chapter 3.

The Continuous Opacity
The sources of continuous opacity in cool stars are not well
known. There are two reasons for this, The formation of molécules

strongly influences the importance of individual opacity sources by



97
depleting'atomic species and forming new, molecular opacity sources.
Elemental abundances in the atmospheres of cool giants and supergiants
are uncertain, which ﬁakes the importance of opacity sources such as

He™ uncertain and also modifies the abundances of molecules.

Some molecular abundances are extremely sensitive to small
changes in the elemental abundances. For example, the abundance of
free oxygen is sénsitive to the O/C ratio because carbon monoxide
dominates the molecular equilibrium. The HZO abundance is, in turn,
sensitive to the abundance of available oxygen, therefore it is sensitive
to both the oxygen abundance and the O/C ratio. Auman's models (1969)
predict that for a solar composition, HZO is the dominant infra-red

opacity source in these stars. However, there is no evidence fm.',HZO

absorption in these spectra therefore HZO opacity is not considered in
the discussion to follow, 'The lack of HZO can be explained by an O/C
ratio that is closer to unity than the solar value.

The strongest sources of continuous infra-red opacity for solar

compositions are negative ions such as H™, He™ and Hz'. The abundance

of these species is proportional to the electron pressure in the
atmosphere. The sources of free electrons are the light, easily ionized
metals, therefore the abundances of these negative ions is related to the
metal abundance in the atmosphere. Model atmospheres by Gingerich

et al, (1967) show that with metal abundances that are reduced by a

factor of 100 from the solar values, Rayleigh scattering from atomic and
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molecular hydrogen approaches the negative ions in importance as an
opacity source.

Accurate elemental abundances in cool giant and supergiant
stars are not known. Calculations of model atmospheres‘ and molecular
equilibria have been based on solar abundances or on solar abundances
with the metals decreased by an arbitrary factor. The presence of low
012/013 ratios in these stars, however, indicates that the abundances

have been modified by nuclear burning in the stellar interior.

Results

Because of the uncertainties discussed above, no attempt has
been made to interpret the n values determined in Chapter 3 as carbon
monoxide abundances. All that can be said is that, using only H™ opaci-
ty with the electron pressures determined from model atmospheres Qf
solar composition, the CO/H abundance ratio is higher than would be

expected for solar composition.

Relation to Theoretical Models
There are two ways in which a low Clz/C13 ratio can be ob-
tained in the observable surface layers of a star; by forming the star
from gas which has a low Clz/C13 ratio initially, or by mixing material,
that has been processed through the CNO bi-cycle, from the interior to

the surface of the star.
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If the low C12/C13 ratio was a characteristic of the initial
composition of the star it can tell us nothing about the history of the
star itself. The problem then is to explain the source of a low inter-
stellar 012/013 ratio and why the sun has a high 012/013 ratio, The
013 would, presumably, come from an earlier generation of evolved stars
that had produced it and then returned it to the interstellar medium. The
mechanisms by which material is cycled from the interstellar medium,
through stars, and returned to the interstellar medium are not all under-
stood. However, the 012/013 ratio should depend on age and place of
formation of the star. The consistently low 612/013 ratio observed in
late type stars would have to be regarded as a chance result of only

observing a small number of stars. Although the possibility can not be

eliminated, it is unlikely that the low 012/013 ratio reflects the initial

composition of the stars. This possibility will not be discussed further.
The low 012/013 ratio can not be produced by a star contract-
ing onto the main sequence because c13 js not produced until the CNO

bi-cycle becomes operative. Therefore, the stars with low 012/013

ratio must have evolved off the main sequence into the red giant region.
Also, in order to see cl3 . a significant amount of material must have

been mixed from their interior to their surface.
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Nucleosynthesis

The mechanism of nucleosynthesis that is of interest here is
the CNO bi-cycle. Clayton (1968) discusses energy generation and
nucleosynthesis by the CNO bi-cycle in great detail., Only those
points relevant to the present discussion will be reviewed here.

The CNO bi-cycle is given in Table 5. This, as its name
implies, is actually two interlocking cycles; a CN cycle and an ON
cycle, The CN cycle reaches equilibrium very quickly. This converts
the nuclei involved predominantly ( ~98%) into N14 and establishes the
cl2/c13 patio,

“The ON cycle reaches equilibrium very slowly because it is
only weakly coupled to the CN cycle. The ON cycle determines the
oxygen abundance, and through its relation to the CN cycle, the o/C
ratio,

| The equilibrium abundances of the CNO nuclei, with the
exception of NM, are very temperature sensitive. The fractional
abundances at equilibrium are shown in Figure 42 which is taken from

Caughlan and Fowler (1962). The equilibrium 012/013 ratio is almost

independent of temperature but the abundance ratios of rr;ost other
nuclei are temperature sensitive. Figure 43 (also from Cauglan and
Fowler 1962) shows the abundance ratios of the CNO nuclei at equilib-
rium. In particular, note the strong temperature dependence.c;f the O/C

ratio.



Table 5.

The CNO Bi-cycle
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The relative abundances of the CNO nuclei are shown as a
function of the number of protons consumed per initial nucleus in
Figure 44 which is taken from Cauglan (1965), The number of protons
consumed per initial nucleus is related to time through the reaction
rates which depend on temperature, density and hydrogen Aabundance..
The rapid approach to C12/013 equilibrium and the much slower approach
to oxygen equilibrium is evident in Figure 44,

The abundance of hydrogen decreases as hydrogen is converted
into helium. The H/He ratio depends on the lehgth of time the CNO
bi-cycle has been operating and on the temperature in the energy gener-

ating region.

Convection

From the discussion above, it is evident that if the CNO bi-
cycle is operative in stars, the 012/013 ratio can safely be expected to
have its equilibrium value of about 3 or 4 in the stellar interior. In
order to detect the C13 spectroscopically, it must be convectively
transported from the unobservable interior to the observable surface
layers.

According to Iben (1967) a convective zone extends from the
surface to the energy generating regions of red giants. This brings
material from the inte'rior, where the CNO bi-cycle is operating, to the

surface and carries surface material to the interior, where it can be
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processed by the CNO bi-cycle. This results in changesbof the surface
abundances towards the CNO bi-cycle equilibrium abundances. The
carbon abundance and the 012/013 ratio decrease. The nitrogen abun-
dance increases. The hydrogen and oxygen abundances may also de-
crease if the CNO bi-cycle has significantly depleted the hydrogen in

the energy generating region.

The 012/013 ratio in the stellar atmosphere depends on the
amount of mixing that has occurred between the interior and the atmos-
phere, the ratio of the abundances of Clz in the atmosphere to that in
the interior and thé ratio of the abundance of cl3 in the atmosphere to
that in the interior. If mixing continues until an equilibrium is attained,
the surface abundances will be the same as those in the CNO burning
region.

Complete mixing of the atmosphere with the region pf CNO
burning does not imply a homogeneous star, which would move back to
the vicinity of the main sequence. The CNO bi-cycle in red giants is
operating in a shell source around a hydrogen depleted core. This core

region produces the giant structure of the star,

Results

The stellar 012/013 ratios, which are lower than the terrestrial

ratio but not as low as the CNO bi-cycle equilibrium ratio, indicate

that mixing has occurred between the surface and the region where the
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CNO bi-cycle is operating. This mixing has not been extensive enough
to produce a homogeneous region from the CNO shell source to the

surface.

Summary and Suggestions for Further Research

A grid of synthetic spectra was calculated for the carbon monox-

ide first overtone (av =2) vibration-rotation bands between 3900 cm™1

and 4360 cm'l. The grid was used to determine 012/013 abundance
ratios for fifteen K and M giant and sqpergiant stars'for which infra-red
spectra have been published by Johnson and co-workers.

The results were as follows:

1.. 3.5 < C'lz/C13 = 20 for all stars analyzed.

2. No definite variation of 012/013 with spectral type or
luminosity class could be established over the range K2 to M6.

3. The low CIZ/G13 ratio indicates that mixing has occurred
between the interior and the surface of the stars.

4, No reliable carbon monoxide abundance was determined.,

5. It is not necessary to drop the assumption of LTE to satis~
factorily reproduce the stellar band profiles, but the possibil-
ity of non-LTE effects can not be eliminated.

6. The carbon monoxjde first and second overtone band
sequences are qualitatively consistent with the assumption

that H™ is a significant source of continuous opacity.
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Much can still be accomplished with spectra of this resolution,
particularly in the nature of survey work; looking for interesting objects.
Quantitative analysis of medium resolution spectra can be accomplished
but it is difficult because there are many interacting parameters. High
resolution infr-red spectra have been obtained by Pierre Connes of
three late type stars. It is now feasible to obtain infra-red spectra of
all the stars included in this investigation, at a resolution that will
resolve the rotational structure of the CO bands. Detailed analyses of
more stars at high resolution will help to suggest reasonable ranges of
parameters for the analyses of moderate resolution spectra.

The problem of obtaining different ClZ/C13 ratios from different
spectral regions of the same star needs to be solved before the 012/013
ratios obtained can be trusted. Perhaps, if convection has not distrib-
uted CNO products throughout the entire atmosphere, the variation of
continuous opacity from one spectral region to another allows the spec-
trum to be formed in regions of different 012/013 ratio. The H™ opécity
in the region of the CN red system bands in the photographic infra-red
is about an order of magnitude larger than the H™ opacity in the CO first
Qve{t_gne bands for a temperature of 3500 K, but this ratio is sensitive
to temperature,

Isotopic abundances need to be obtained for as many different
elements as possible, particularly nitrogen and oxygén, so that they can

be compared to the predictions of nucleosynthesis. Isotope ratios for
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the elements involved in building up the heavy elements can only be ob-
tained through molecular spectra.

Elemental abundances should be determined for late type stars.
This will involve using high resolution spectra to determine both atomic
and molecular abundances., The H, C, N and O abundances are impor-
tant due to their relation to the CNO bi-cycle. The light metals with
low ionization potentials (e.g., Na, Mg, Si, Ca) provide free electrons
that strongly influence the continuous opacity.

Most diat'omic molecu}es have‘ fundamental vibration-rotation
bands that occur in the 3 - 10 ¥ region, Some molecules have no
electronic transitions in accessible spectral regions, therefore spectra
in this range might allow detection of molecules that are otherwise un-

observable.



APPENDIX A

CALCUIATION OF S™ AT ARBITRARY TEMPERATURES
AND cl2/c13, 016/018 patIOS
We define optical depth in the usual way as
(1) dv =k™(») ds
The line strength is then defined as

(2) 5" (cm/gm) = f: K(¥)d ¥

Kunde (1968) shows that

(3) SM(T) =K exp (—El/kT) [1 - exp (~hc Vla/kT)] /Q

where |
K=a constant for each line
El =excitation energy of the lower level of the transition
le =frequency of the line (cm~ 1)

Q =partition function

and the other symbols have their usual meanings
The partition function is given by
o0 o0
4 Q=X I (27+1) exp (~Ey/kT)
v=b J=D
where

Ev] =the excitation energy of the energy level cbrrespond—

ing to quantum numbers v & J

110
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For -a temperature of 4500 K, the first excited electronic state affects
the partition function less than 0.01%. At lower temperatures the
excited electronic states have less effect. Therefore Equation (4)
ignores electronic.: states.

It is possible to use the data presented by .Kunde (1967) to
determine the constant K in Equation (3) for each rotational line.
Equations (3) and (4) can then be used with any value of T to determine
sM(T).

The isotopic abundanqe ratios enter S™ only as a weighting
factor. To change the 012/013 ratio from Kunde's value of 89, we
simply multiply S™ for the c13/01% lines by 89/(c12/c13). The exten-
sion to the 016/018 ratio is obvious. Kunde's calculations assume
016/018 =493,

It is possible, at least formally, to separate the excitation
energy of any energy level into a vibrational and a rotational contribu-
tion

E =E _+E
v

v,] J

[

If this is done, a quasi-non-LTE form of S™M can be calculated from-
Equations (3) and (4) by allowing different values of excitation tempera-
ture for the vibrational and rotational energy levels. This can be

viewed as two independent cases of LTE in the vibrational and rotational

levels separately. The justification for doing this is that the higher~
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vibrational levels seem to be under populated with respect to the lower
levels and the rotational population distribution (Spinrad et al. 1971).

The partition functions calculated from Equation (4) including

25 vibrational levels and 300 Ijotational levels in each vibrational level

are given in Appendix B.



PARTITION FUNCTIONS FOR CARBON MONOXIDE

APPENDIX B

T T 0%2016 SI3gT6 IToIs
4500 4500 3378.0 3589.7 3606.8
4000 3107.3 3299.6 3315.2

3500 2842.1 3015.2 3029.2

4000 4000 2758.5 2929.2 2943.0
3500 2523.0 2676.7 2689.2

3000 2293.6 . 2430.6 2441.6

3500 3500 2204.7 2339.1 2350.0
3000 2004.3 2124.0 2133.7

2500 1811.1 1916.4 1924.9

3000 3000 1715.7 1818. 2 1826. 4
| 2500 1550. 3 1640.5 1647.8
2000 1394.3 1472.5 1478. 8
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12416 1316 12418
L Ty cl2o cl3po cl2po
2500 2500 1290.2 1365.3 1371.3
2000 1160.4 1225.5 1230.7
1500 1043.8 1099.4 1103.8
2000 2000 927.01 979.02 983.19
1500 833.86 878.30 881.84
1000 760.96 798.72 801.71
1500 1500 624.45 657.74 660.39
1000 569.87 598.16 600.39
500 544.64 569.90 571.88
1000 1000 379.22 398.06 399.55
500 362.44 379.26 380.58
250 361.67 378.35 379.65
500 500 180.67 189.08 189.73
250 180.29 188. 62 189. 27




APPENDIX C

BAND ORIGINS AND BAND HEADS FOR THE FIRST
AND SECOND OVERTONE VIBRATION-ROTATION
BAND OF C*40°, c13016 anD ¢l2018

Vibrational Band Origin R Branch Band
Isotope Transition (cm™1) Head (cm™1)
cl2plt 2-0 4260.06 4360.04
3-1 4207.14 4305.37
4-2 4154.37 4250, 84
5-3 4101.73 | 4196.47
6-4 4049.24 4142.25
7-5 3996. 88 4088.18
8-6 3944.65  4034.27
9-7 3892.57 3980.50
10-8 3840, 62 3926.91
11-9 3788.82 3873.45
12-10 3737.15 3820.15
3-0 6350.42 . 6417.77
4-1 6271.15 6337.30
5-2 6192.10 6257.04
6-3 6113.24 | 6177.01
7-4 6034, 60 6097.20
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Vibrational Band Origin R Branch Band
Isotope Transition (cm~1) Head (cm™1)
8-5 5956.16 6017.59
9-6 5877.94 5938.21
10-7 5799.91 5859.05
11-8 5722.10 5780.10
12-9 5644.49 5701.36
13-10 5567.09 5622,87
cl3plé 2-0 4166.82 4264.64
3-1 4116.23 4212.36
4-2 ' 4065.77 4160,23
5-3 4015.44 4108.23
6-4 3965.24 4056.39
7-5 3915.17 4004.68
8-6 3865,22 3953.12
9-7 3815.41 3901.70
10-8 3765.72 3850.42
11-9 3716.16 3799.29
12-10 3666.73 3748.29
3-0 6212.30 6278.16

4-1 6136.52 6201.27
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Vibrational Band Origin R Branch Band
Isotope Transition (em~1 Head (cm™1)
- 5-2 6060.93 6124,53
6-3 5985.53 6048.01
7-4 5910.32 5971.68
8-5 5835.31 5895.54
9-6 | 5760.49 . 5819,62
10-7 5685.86 5743.90
11-8 5611.42 5668.38
12-9 55637.18 - 5593.06
13-10 5463.13 5517.95
cl2pl8 20 4159,02 4256,73
3-1 4108.63 4204.65
4-2 4058.37 4152.73

5-3 4008.23 4100.93
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