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ABSTRACT 

Both an II ide a li ze d II and a II det a i 1 ed 11 appro ac h are 

employed to c a lcul ate th e pr e-ma in se qu ence evolutionary 

b ehavior and ma in se qu ence struc ture of v e ry low mass stars 

of ne a rly s olar compositi on ( X = 0.739, Y = 0.240, 

Z = 0.0 21 ). Th e "idealized " appr o ac h i s b as ed on th e 

assumption s that during th e Hayashi contr ac tion ph ase a s 

well as during ma in sequence hydro gen burning such object s 

are in conv e ctive equilibrium throughout a nd that th e 

interiors are composed of a compl e t e ly ionized, partially 

d egenerate idea l gas . Und er these assulllptions th e int erior 

structure may b e r e pr esented by a polytrop e of index 

n = 1.5. Using a simple int e rpolation fo r mula to represent 

th e nucl ear energy generation rat e du e to the He 3 t ermi­

n ate d proton - p roton chain and a set of mod e l atmosph e r es 

calcul ations , a semi- analytic fo r mulation for calcul a ting 

th e evolutiona ry b e havior of these "ideali ze d" polytropic 

mod e l s is d e rived and emp loy e d to calculat e th e p re-main 

sequ e nce evolutionary b e h av j_or of objects in the mass range 

From th ese calcul at ions it is found that the 

lower l imiting mass b e low which obj e cts fail to ac hi eve 

sufficiently h igh i nt eri o r t e1npera tures to produce enough 

nuclea.r energy rel ease to stabil i:ze on th e ma in se quenc e 

Thi s v a lu e fo r th e main se qu ence limiting 

X 



xi 

mass is in good agreement 1vith values d e termin ed th e oreti­

cally by previous inv es tigators . 

Th e validity o:f th. e assumpt ions entering into th e 

poly-tro pic representation o f very low mas s obj ects i s 

te sted throu g h the ca l culation of " detailed" evolut ionary 

sequences at 0.1 and 0.0 7 M
0

. The " d etailed" models are 

construc t ed explicitly throu g h nu1n e rica l solution of th e 

equations of stellar structure . An improved calcu l ati on of 

th e nucl ear energy generation rate is und er taken in these 

mod e l 5 and the condition for convective equilibrium is 

t es t ed at each point wi th in the interior. The h ydrogen-

h e lium ioni zation-dissociation zone is t reated in d etaj.l 

throu gh app li cation of approximate treatments for the 

pr ess ur e ionization of hy drogen and helium and th e pr essure 

di ss oci a tion of molecul ar h ydrogen. In addition the effec t 

on th e overal l stru ct u re du e to d epartures from ideal gas 

beh a vior arising from the electro s t a tic interactions 

b etween charged particle s within th e ionized interior are 

explor e d . From th e results of the se mod el calculations it 

i s concluded that the poly-tropic models s hould provid e a 

reasonab l e approximation to the structure and evo luti on of 

very low mass main sequence obj e cts . Th e 0.07 M
0 

obj ect 

fails to reach th e main sequence and th e e l ectrostatic 

int eract i on effects begin to inf'lu e nce significantly th e 

evolut ionary tra ck in th e H- 11 diagram short 1y after th e 

c entra l t emperature rc,aclic s it c::. maxi mum v a l ue. 



Th e same se t o :f atmo s pheric mod e l s is u se d in 

conjunction ,\rith both t he 11ideali zed 11 and 11 d etai l e d 11 

mod e l s . In constructing th e s e atmospheric models th e 

Eddington gra ybody approximation i s u sed to tre a t the 

outermost radi at ive region while a s impl e version of the 

mixin g l ength th e ory i s u se d to treat th e und er lying 

superadiab a tic convective zone . Wat e r v apor i s included 

as a source of atmos pheric op a city. 

xii 

Th e currently avail a ble data regarding the mass es, 

r adii , lumino si ties, and effective temp er atur es for the low 

mass stars are review·ed . From the se d ata a set of mean 

empirical main sequence prop er ti es of th e low mass stars of 

presumed solar composition is adopted and compared ,vi th th e 

ma in sequence properties d efined by the theoretical models . 

It is found that while th e mod e ls appear to reproduce 

satisfactorily the adopted empirical ,nass -luminosi ty 

relation, th ere is a consider a ble lack of agreem ent b e twee n 

th e theor etica l and empirical ma ss -radius rel ations and 

th e refore b e tween the respective main sequence locii in the 

H-R di agram as well. Severa l po ss ible inadequacies of the 

mod e l s as well as the empirical d a t a are di s cussed but no 

compl e tely satisfactory explanation for th e apparent dis­

crep ancy between th e ory and obs e rvation is found. 



CHA PTER l 

INTRODUCTION 

Because of the observ e d existence of massive highly 

l uminous stars ,vhose ages are very much l ess than that of 

th e galaxy, we co~clude tha t star formation is a continuing 

process and that stars form out of the inter s tellar medium . 

While our understandin g of the ins tabilities which l ead to 

th e form ation of objects of stellar mass is far from 

compl ete ( cf . Spit zer 1968), we have reason to believe 

(H ayashi 1966) that once a proto-star is formed it will 

undergo rapid dynamical collapse until th e di ssociat ion of 

mol ec ul ar hydrogen as well as th e ionization of atomic 

hydrog e n and h elium are complete throughout the bulk of the 

i nterior and the interior op ac ity h as risen to such values 

as to inhibit the outward flow of th e thermal energy . At 

this point essentially stell ar conditions obtain, the 

central temperature will be of the order o f 105 °K and th e 

r a dius of an object of mass M will b e of the order of 

50 (M/M0 ) R
0 

(H ayashi 1966). At thi. s po int the object 

will enter into a period of re l a tiv e ly s low He lmholtz-Kelvin 

contraction. The charac teri stic fe ature of this ph ase of 

stell ar evolution: is that at any instant of tim e the obj e ct 

may be regard ed as being in a state of quas i-hydrostatic 

l 



equilibrium with the r a te of' contr ac tion b eing d e termin e d 

by the condition tha t the i~a te of gravitational energy 

rel ease oe jus t suffici e nt to ma int a in th e s t e ll ar 

l umin.o s i ty. 

2 

As th e contr a c tion p r oc ee d s , the interior v a lue s of 

t emperature and dens ity ri se , and f'or nor mal st a rs a point 

will b e re ac h e d at which th e temper a tur e in the centr a l 

r egions b ec om es hi gh enough to initiat e thermonucle ar 

h ydrogen burning . With a portion of th e star ' s energy 

d emands b e ing me t by nuclear energy g eneration, the con­

traction will slow, and wh e n th e nuclear ene rgy rel ease 

b ecomes sufficient to maint a in the luminosity, th e contrac-

t ion will cease altog e th e r . At this in s tant the star will 

b e i n steady-state therma l and me chanic a l equi l ibrium and 

will h ave arrived at its position on th e z ero-ag e main 

sequence . 

While it is true that in mo s t ins tance s continued 

gr a vitationa l contraction wil l be accomp a ni e d by a rise in 

t he interior t emperature, ind e finit e ly high v a l.ue s of 

t emperature can in fact n ever be obtained . This is a 

c onseque nce of the onset of e l ectron de generac y which will 

o ccur for an o bject of any given mass shoul d the int erior 

d ensity b ec o me sufficiently high . By electron d e gen eracy 

we refer to th e conctition pr evai ling at high elec t ron 

dens iti es under which th e el e ctrons mus t b e tr eate d 

explicitly as Fermi -·Dir ac particle s ob ey in g th e Pauli 
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exclus ion p r incipl e . In thi s cir cums t a nce the compre ss ion 

of the fr ee electrons· into e v e r shr inking ge om e tric volume s 

as a re s ult of continu e d co n tr ac tion. c a n be accompli s h e d, 

according to th e exclus ion p r inc ipl e , only by making states 

of high e r (kin e tic) en e rgy a vail a bl e to th e el e ctrons . 

Wh e n the d egr ee of deg e n e r a cy b e com es sufficiently high, a 

point will be reach e d b e yond which further contr a ction can 

o ccur only at th e e x p e n se of th e therma l en e rgy of the non-

degener a t e ion s . At this point th e temp e rature, ,vhich is a 

measure of the thermal (kin e tic) en e rgy of the ions , will 

reach a max imum value and ,,rill decre ase ,,vith further con-

tr action . We anticip a te th a t th e re exists som e limiting 

st e llar ma s s below which a s ufficiently hi gh d e gree of 

electron degeneracy is achi e ved during the cour s e of the 

gravitational contraction that the interior temp e rature 

n ever reaches a sufficiently high value to produce enough 

th e rmonucle a r hydrogen burning to stabilize the object on 

th e main sequ e nce (Kum a r 1963; Haya s hi and Nakano 1963; 

Ezer and Cameron 1966). Object s le s s massive than this 

limiting ma ss never reach the ma in sequence but are 

doom ed to undergo continu e d slow contraction towards 

compl etely degenerate configurations , thu s prematurely 

entering into the fin a l white d,varf st ag e of stellar 

evolution. 

It is our int ention to inves ti ga te thi s a s p ec t of 

st e llar evolution n.n d to a t t empt a d e t e rmin a tion of th e 



1 imi ting mass b e l ow 1vh.i ch o b j ec t s :[ a i l to r eac h th e mo.in 

s e q uenc To acco111pli s h th is we s h. a ll co ns t r u c t evolut i on-

ary sequen ce s o f s t e ll ar mode l s fo r obj ects of v ar iou s 

masses u n d erioin g p re-mai n sequ e n ce grav i t a tiona l contrac­

tion . We sh a ll :follow th e evo luti o n o f obj e c ts more 

mass iv e than th e h ypothe s i zed l i mitin g mass to th e po i nt 

at which it i s c e rt a in th a t th e main s e qu e nc e s t age i s 

reach e d; ,vhil e fo r obj ec t s l ess mass ive than th e limiting 

mass , we s h a ll continu e to f ollow th e ir e volu t ionary c ourse 

u ntiL th e i r radii h a v e approac h e d th e n ear ly cons tant 

v a lues a p propr i a t e to comp l ete l y d e generate c o n f i g u rat ions . 

A furth e r conse qu e nc e of th e hi g h d e n s iti es a nd 

rel a tiv e l y low t emper at u res expec t e d i n th e i nter iors o f 

low mass st a r s i s th a t , i11. d etermini ng th e thermodyn a mi c 

prop erti es of th e gase ous int er ior , th e id ea l gas a ppr o x i­

mation o:C non-int e r a cting p a rticl es br eaks down and th e 

int e ra c tions b e tween p a rtic l es mu s t be t a k e n e xp l icitly 

i nto account . I n a gas cons i s t i n g of a mix ture of ions a nd 

e l ectrons , we e x p ec t th a t th e e l e ct r o s t a tic int e r a ctions 

b etw en th e ch a rged par t ic l es will p r ovid e th e ma j or cont r i-

bution to d e p ar tures from id ea l gas b e h ~vior . We s h a ll , in 

a n admitt e dly very appr o x i ma t e wa y, att e mpt to incorporate 

c orr e ctions to t h e id ea l gas thermo d y n a mic fun c tions to 

accoun t f o r th e e l ec t ro s tat ic int erac t i o ns a n d s h a ll 

:furth e r end eav or t o ass ess t h e extent t o wh ich th ese affe c t 

t h e o ver a ll stru cture of' t he model s fo r lo,v mass s t ars . 
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We also expect that in high den ~ity gases neighbor­

ing particl es will so p e rtur b th e pot ential field in which 

th e outer bound electrons of a giv e n ion mov e as to result 

in an effective lowering of the energy r e quired to remove 

the se el ec trons from the ion . Thi s le a d s to th e ph enomenon 

of pre ss u re ind uc e d ioni zation which i s expected to affect 

greatly th e ioni za tion equilibriu1n within th e deep e r 

regions of the st e ll a r interior . We s hall d evelop a 

simplifi e d tr ea tm e nt of press u re ioni za tion which will be 

employ e d in d e t e rminin g th e ioni za tion equilibrium of 

hydrog e n and helium thr ou ghout th e st e ll a r interior . We 

sh a ll also e mploy an appro x im a t e th e ory to account for the 

an a lo g ous effect of the pr essur e di ss o c i a tion of molecular 

hydro gen . 

From th e computation of an evolutionary sequence of 

stellar mod e ls for an obj ec t of giv en mass and chemical 

compo s ition, we obtain pr e dicted values of the radius , 

luminosity , and the effective t e mp erature as functions of 

time . We can display the evolutionary path described by 

th e mod e ls in the theoretical H-R diagra1n, tha~ is, in a 

plot of lumino s ity ver s ~s th e effective t emp era ture . 

our hop e that such predicted b e h e vior will, in fact , 

r e pr esent th e evolutionary b e h avior of rea l stars . 

It is 

To te s t 

th e adequacy with which th e theor etic a l model s do r e pr esent 

r ea l s ta rs , we require ob s erv a tionally d etermin e d v a lues 

of th e masses , r a dii, lumino s itie s and chcn1ical 



compo s itions . Id ea lly FC ·..vonl d a l s o lik e in:Co r rnation 

regarding th e evolutiona ry b ehavi or, but, of cour se , mo s t 

stages o~ stell · r evolution are prohibitivel y long to be 

:followe d directly by ob servationa l n1eans. 

In the follo wing chapter we revi ew the historical 

d evelopments associated with th e cons truction of stell ar 

mod els for low mass stars a nd in Ch a pter J ,ve discuss the 

observational data concerning th e masses , lumino s iti es and 

effective t e mp eratur es for such stars . In Chapter 4 ,vc 

6 

consider th e thermodynamic proper ties of an interacting 

hydro gen-helium plasma ,iliile in Chapter 5 we present the 

results o:C model atmosph ere integrations appropriate to low 

mass stars . We utili ze th e latter to obtain th e surface 

boundary condition needed in the integration of the 

equations of stellar structure. FinalJ.y in Chapter 6 we 

desc r ib e the mod e l calculations of both an idealized and a 

detail ed approach to the problem. In this l ast chapter we 

also compare the th eoretical re s ults with th e avai l able 

observational data and attempt an assessment of the 

possible observational conse qu ences resulting :Crom the 

existenc e of a lower limit ing mass for main sequence stars . 



CHAPTER 2 

HISTORICAL BACFGROUND 

The construc tion of a stellar mod e l involves th e 

simultaneou s solution of a set of four first ord er , non-

linear diff erenti a l equations . These equations mu s t b e 

solved num er ically and to do so by hand computation i s , 

ind eed , a formid a bl e ta s k; a lthough technique s h ave been 

d evised to r e duc e th e r e quir e d l a bor ( see Schwarzschild 

19 58) . Prior to th e d e velopment or hi gh-speed comput ers , 

emphasis in stellar mod e l c a lculations was placed on th e 

cons trtiction of static equilibrium mod e ls of main sequence 

stars. An initi al reconnais ance or the problem of com-

puting such models for red dwarf stars i s und ~rtaken by 

Williamson and Duff ( 19l19a, b ) who attempt . to fit mod e ls to 

~h e obs ervational valu es of mass, r adius and l uminosity 

given by Ch a ndrasekhar ( 1939) for the star s Krliger 60A 

2 
(MJ), o Eridani C ( M5e) and YY Geminorum ( MG ). It is 

assum ed th a t th ese stars can. b e represent e d by sph er ically 

symmetric models consisting of central cor es in conv ec tivA 

equj_libriu;,1 surround ed by outer radiative enve lop es . It is 

further assumed that th e carbon cycle i s th e proc ess of 

energy generation . It i s found, howev er , th a t th e re s ult s 

7 



8 

obt ai n e d are u11satisfactory in that th e y are n o t entirel y 

consistent with the initi a l ass umptions. 

All er (1950) at t empts to a ss ess the rel a tive 

contributions of th e c arbon cy c l e and th e proton - proton 

chain in p rov iding th e luminosi ti es of low mass star s . 

Us ing mod e l s t aken to b e homolo gous to Schwarzschild ' s 

( 1946) mo de l of th e sun, h e seek s v a lues of th e abundances 

of hydr o gen a nd h e lium for which th e comput e d lumino s ity i s 

equ a l to that ob served and fo r which th e mo del s sati s fy th e 

mass -luminosity relation. Kuip er ' s (19 38 ) values of the 

masses, radii and luminosi ti es of th e stars KrU ge r 60A and 

2 E " d . o ri a ni C are emp loyed and it is found that cons istent 

mod e l s can b e obt a in e d only for r a ther low hydrogen 

abundances . It i s acknowled ge d, ho1vev e r, that a ssuming 

th ese stars to b e homolo g ous to th e sun ma y b e a poor 

assumption and th a t littl e confid ence c a n b e plac e d in the 

result s predicted by such mod e ls . 

Employing th e r esult s of Salpeter's (1952) c a lcul a-

tion of th e energy generation rate for th e proton-pro ton 

chain , Aller e t al. (1952) construct a mod el for th e star 

Krilg e r 60A und e r the as s umption tha t it is hom o logo u s to 

th e sun and th a t the proton-proton ch a in provid es th e 

energy output. Th e mass , r a diu s and luminosity are t aken 

from Kuip er ( 1938 ) and th e ch emi c a l compositions a r e t aken 

to be X = 0 . 3l.1: and Y = 0.64, wh e r e X and Y m:--e th e 

fr ac t i on a l abundances by mass of h ydr o gen 2u1d b e lium, 
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re s pectiv ly. No sati s fnctory so lution i s obtain e d a s th e 

mod e l pr edicts an ap prec i a bly high er luminosi ty than 

ob served . 

Ba s ic to th e mode l s propo se d by Williamson and Duff 

(1 949a, b) a nd by All er and hi s assoc i ates ( Al l er 1950; 

Al ler et al . 19 52 ) is th e assumption th a t th ese stars can 

be repr esented by mod e l s consisting of conv e ctiv e cor es 

over l aid by radiative envelopes . Naur an d Os terbrock 

(1 953) show th at stars of l ater typ e th an th e sun, and th e 

sun as well, ar e expect e d to be in r a di a tiv e equilibrium in 

th eir c entra l regions . Furth e rmor e Stro111gren ( 1952 ) 

suggests th a t th e zone in the outer regions of th e star in 

which hydr og e n is und e rgoing ioniz a tion will b e expect e d to 

be in conv e ctive equilibrium and will, fu r ther, be expected 

to extend deep into the int er ior s of the l ate typ e stars . 

Os terbrock (1 953) und ertakes th e t ask of computing 

n ew mod e l s for red dwarf s tars incorporating th ese f eatures . 

His mod e l s consist of central radi a tive core s surround e d by 

convectiv e envelop es ov er l a id in turn by thin r a diative 

atmospher es . He further assume s tha t th e proton-proton 

chain i s th e o n ly sourc e of energy generation. Th e calcula-

tions are p ar ticulariz e d to th e valu es of th e mass , radiu s 

and luminosity given b y Kuiper ( 1938) for the average 

compon e nt of th e bina ry s y s t em YY Gem . Mo de ls a re con-

structed b y fittin g to ge th er at ~h e out er boundar y of the 

r adintj e core in1,ar d integrat ions fro m th e s urface v, i th 
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oubvar d int egrat i ons from th e cent r . A frunily of models 

is obt ained which d epend s upon th e hydr og e n and h e lium 

abund a nce p arameters , X and Y. It is found that satis -

facto ry mod e l s fo r YY Gem as Fell as th e Kl dwar f' ex, 

Centauri B c a n b e oLt ained u s ing v a lu es of X and Y typic a l 

o f th e sun . Howev e r , it is fur th er found th a t s uch mod e l s 

will not ad e qu a tely repre sent s t ars of l ater s p ec tral type 

than MO f'or any r eas onable v a lues of th e abundances. It 

thus appear s that furth e r revi s ion of th e mode l s is required 

to extend th e mod e l calculations to stars of l ater typ e . 

In two pap ers Limb e r (195 8a , b) continues th e 

attack on th e probl em of th e int e rnal s t r uctur e of M dwarf 

stars . In th e fir st of th ese p a p ers Limb er ( 1958 a ) 

r eass esses th e ob s ervationa l ~ a t a regarding th e ma sses , 

r adii, and luminQ s iti es of low mass stars . In view of 

revisions in thes e d ata a s we ll as Osterbrock ' s ( 1953) 

work, h e conclud es that th e envelop e convec tiv e zone s in 

middle and l a t e M dwarfs will b e exp e ct e d to extend to th e 

c ent ers of th ese stars a nd, t hu s , that these stars mu s t be 

r egarded as wholly convective s tructures . 

I n the second p aper Limb e r ( 1958b ) attempt s to 

c onstruct mod e ls fo r comp let e ly convective sta s . He in-

e l ud es electron d egen eracy inas mu c h as it affe c ts th e 

int e rior equ a tion of s t ate and s h ows th a t th e interior c a n 

b e r e pr esen.t e d by a polytrop c of in d ex l . 5 thr ough out th e 

bulk of the t ar i11 ,vL ich h ydr o gen an d h e l ium are compl e t e ly 
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ionized . The polyt r op e , and thu s , the int e rior , solu t ion 

is compl e te ly d e t ermin e d up o n specii'ication of the ma s s , 

r adius, and ch e mic a l comp os ition of' th e configuration . The 

lumino s ity of' th e mod e l i s obtaine d through a subsidiary 

integration of the equation of th e rm a l equilibriu m. For 

thi s purpo s e Limber ( 1958b) repr e s ents the nuclear g e nera­

tion rate by interpolation formula e bas e d upon Salpcter ' s 

(1 952) work on the proton-proton cha in. Limber ( 1958b) 

tabul at e s lumino s ities and effective t emperature as a 

fun ction. of the radii for model s in th e ma ss r a nge from 

1 . 0 M
0 

to 0.091 M
0

. 

From the polytrop e s oluti ons alone on e obt ain s a 

mass , radiu s and luminosity relation for a given set of 

ch emica l compo s ition param e ters X and Y , for which Limber 

(19 58b) chooses th e v a lues X = 0.7 5 and Y = 0.2J. Con-

sid er ing th e composition as fixed, we see that associate d 

with a given mas s there will b e a continuous sequ ence of 

mod e ls o f di~fering r adii and luminosities . Hence , a model 

of given ma s s will d efine a lin e in th e H-R di agram. If 

th e th eory is adequate , the ob servation a l v a lu es of 

luminosi ty and effective temperature for a s t ar of given 

mass should fall a long th e corre s ponding th eore tic a l lin e 

within th e expec t ed probable errors in the th e ory and the 

observation . Limb e r comp a re s his result s with th e 

ob s ervation al dat a for the s t ars KrUger 60A and 60B and 

f'in d s th a t th e di s cr e panci es b et\\'een th e th eory and th e 
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ob serv a tj on s Arc l arger t h a n th e expec t ed errors . He co n --

elud es , hO\vever , th a t t h e rn odc l s can b e d e s crib ed as b e ing 

at l eas t c onsistent ,vi t h th e observ at i ous . 

On e d iff i c u lty encountere d with th e p o lyt r op e 

mo d e l s, as mentioned a b ove , i s that they a lon e d o not 

p e r mit a d e t ermination o f b o t h th e radiu s a n d lumi n o s i t y 

upon s p e c i f i c ati o n of t h e mass an d c h emi c a l compo s i ti on, a 

re s ult which we expe ct fro m th e Russe ll-Vo g t th eorem . The 

r eas on fo r th is i s tha t in ob ta i n i ng th e p o l y tr o p e s olution 

only one o f two out er b o u ndary c onditions i s act u a lly in-

volce d. Th e sec ond b ound ary c ondit i o n c a n b e expresse d 

thr o u g h th e r e l a tion b e t ween t h e pr ess u re a nd th e t emp er a-

tur e as th e s u riace of th e star i s appr oach e d. In th e 

com p l e t e ly ioni ze d int er i or th e p ress ur e , P, and t e mpe r a ­

tur e , T, sati s fy th e a di aba ti c rel a tion, P = KT
2

· 5 , wh e re 

K is a cons t a nt . To sati s fy th e se cond bound a ry condition 

we p e rforrn an i nwar d int egra tion thr ou g h th e out er r a dia­

tiv e atm os ph e r e a nd th e ioniza tion z on e to th e p o int in th e 

int e rior at which ion.i zation i s complet e and d e ma nd th e 

valu e of th e con s t ant, K, obt a ine d at thi s po in t b e e qua l 

to th a t at th e c e nt e r . Limber u n d e rt a k es s u c h a c a lcula -

tion u s ing th e ob serv a tion a l d a t a fo r th e mass , r a d i u s , 

a n d lumino si t y of Kr u.gcr 60 J\ . An appro xima t e a tm os ph er ic 

int egra tion i s p er for me d u s ing the grayb ody r e l ati on 

b e t,veen t emperature a nd optic a J d ep t h a n.d ass u mi n g the 

a tm o s ph e r e to b e c omp o sed entire ly of atomi c hyd :-- o ge n with 
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th e H ion being the only source of opaci ty. Th e a tm os-

ph er ic int egration is h al t ed o nce convect i on sets in, a nd 

th e v a lu es of pr essure and t empera ture a ppropri a te to th e 

bbttom of the ionj_zat ion zone are obtaine d by r e quiring 

that th e entropy computed at tb.e b ase o f th e atmosphere b e 

equ a l to that at th e b ott om of th e ionization zone . From 

this condition th e v a l ue of th e adiabatic constant , K, 

appropriate to th e atmosphere-envelope int egra tion i s 

evalu ate d. It is found th a t in u s ing th e ob servationa l 

dat a for Krilger 60A th e agreement b e tween th e i nterior a nd 

t he atmo s ph ere-env e lope so lutions i s quite poor. L imber 

(1 958b) emph as izes the approxi mate natur e of the at mospheric 

int egration and points out severa l pos s ibl e sources of u n-

c ertainty . He also a tt emp t s to d etermin e th e effect of the 

hydrog e n ioni zation zon e on the radiu s . In thi s c a lcul a tion 

h e include s a v e ry approximate correc tion fo r th e eff e ct of 

pr essure ioni zat ion of hydrogen and conclud es tha t the 

inclusion o f th e i onization zone will r esult in an incr ease 

in th e radiu s of th e model b y l ess than on e p e r c ent . 

Limber (1 958b ) a l so d e l ineates in th e mass- r ad ius 

pl ane th e domain appropriat e to th e complet e ly conv ect ive 

mod e l s . Th e phy s ic al effects r es tricting the app l icability 

of th e mo d els inc l ude th e occurrence of energy tr ansport by 

el ec t ron condu c tion and r adiation as we ll as th e o ccurr e nc e 

of compl e t e d egeneracy within th e int erior . From hi s plot 

it i s apparent tha t as one proceed s a l ong th e rn n i.n se qu e n ce 



from ear ly to late M d,,Tar f s the r a di a tiv e cores will 

di sappear, a nd th e stars b e come wholly convec tive . Electron 

conduction may b ec ome an i mpor t a nt energy transport 

mechanism in th e centr a l regions of tho se stars of lowes t 

mas s . Th e circums tance of n ear ly compl ete electron de-

generacy in th e int e riors o f the se stars will p r obably not 

occur in obj ec ts under go ing steady -s t ate hydr og e n burning , 

but would d e termin e th e limiting radii of tho se object s 

having exhaus t e d th e ir s tor e of h ydrogen or in tho se not 

passing through th e hydrog en burning stage . 

Recognizing tha t the polytrop e mod e l s of fixed mass 

and compo s ition but with d e creas ing radii can b e u sed to 

simulate th e stage of gravitational contraction, Kum ar 

(1 963 ) attempts to d e t e rmin e the limiting mass below which 

hydro gen burning will not be expect e d to occur . The pro -

cedur e involved is ess e ntially that of extending Limb er ' s 

(19 58b) calculations to obj e ct s of lower mass . Kum a r 

considers two po ss ible ch emical compositions which h e takes 

to b e repres ent a tive of Population I and II obj ects , 

re spectively . It is found th a t as a giv en obj ect 

appro a ch es th e limiting r adius appropri a te to a compl ete ly 

de generate configuration, the cent ra l temp erature passes 

thro ugh a max imum valu e and begins to d ec r ease . Kumar 

conclud es th a t the maximu m v a lue of th e central t emperature 

re ached by Population I obj ec ts l e ss ma ss ive th a n 0.07 M
0 

and Popul a tion II obj ec t s l e ss mass iv e th a n 0.09 M
0 

wi Jl b e 
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in s uffici ently hi gh to produce enough h ydrogen burning to 

me e t the energy d emands of th ese obj ec ts. These valu es of 

the lim i ti ng mass must b e r egarde d as b eing r a th er 

t entative, h owever , a s Kumar d oes not obt ai n compl e t e 

st e llar models in ,vhi c h both of th e o uter bound ar y con-

d itions are sat i sfied . To accompli s h thi s it would b e 

nece ssary to at t ac h appropr i ate st e ll a r atmospheric mod e l s 

to the int erior s olutions . 

Haya shi and Nakano ( 1963 ) h a ve inv es ti gated 

specifically th e pr e-ma in sequenc e contr ac tion phase for 

stars of low mass . Hi s torica lly th e fir s t attempt to 

d epict in th e H-R dia gram th e evolutionary tracks followed 

by contracting stars wa s under t aken by He ny ey , LeLevi er , 

and Levie ( 1955 ). Und e r the assumption th a t such obj ec t s 

·were wholly in radi a tive e quilibrium, they found that th e 

contr a cting stars move tow a rd s the ma in sequence along 

u pwardly inclin e d tr ack s orig inating in th e l ower right 

h and portion of th e H-R d iagram, th a t is , the r egion of low 

lumino s itie s and effectiv e t e mp e ratur es . However , Hayashi 

and H6shi ( 1961 ) point out that t h e outer r egions of con­

t racting stars are expected to be in conv ec tiv e equil i brium 

as a r esult of the lowere d adiab a ti c gradient prevailing in 

th e r egi o n in which hyd r o gen and h e lium are und ergoing 

i oniz a tion . By employing the out e r boundary condition 

appropr i ate to stars with convective envelopes, Hay a s hi 

( 1 9 6 1 ) ob t a ins pr e --ma in s c q u enc e tr a ck s wh i c: h d i f :[er 
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considerably :from tho se o.f Il eny e y et a l . ( 1955 ) . Sub se -

qu ent work by severa l autho rs , e . g . , Hayashi , H6 s hi, and 

Sugimoto (1 962 ) , Weymann and Moore (19 63 ), Iben (1965) an d 

M. Hayashi (1 965 ) , h a ve conf irmed Hayashi ' s (1961) r esult s . 

Ac cording to Hayas hi (1 961 ) th e initial coll a p se of 

a pr e - ste ll ar ob j ec t wi l l carry it to a po s ition of h igh 

luminosity in th e H-R di agram . At thi s point th e obj e ct 

will b e ,vholly convectiv e and will enter the pha s e of s low 

luminosity-controlled He lmholtz-K e lvin contraction . As the 

contr action proc ee ds th e obj ec t will d escend v ert ic ally in 

th e H-R dia gram , moving towar ds t he ma in sequ e nc e at almost 

constant effective temp erature . For stars mor e massi v e 

than 0 . 26 M
0

, according to Ha ya s hi a nd Nakano (1963), a 

radi at iv e cor e will d ~v e lo p and expand radially outwa rd 

during th e cour se of th e contraction . If the r adiative 

core achi e ve s appreciab l e extent, the tr ack will turn 

abruptly to th e left and sub se qu ent evolution will o cc u r in 

accordance with that predicted by He nyey et a l . ( 1955) . 

Th e tr ack will t ermination th e ma in sequence wh en th e 

temp eratur e in th e int erior ac hi eves su:ffici ently h igh 

valu es to init iat e h ydrog e n burning . 

Applying th ese r e s ults to lo,\' mass s t ars , Haya s hi 

and Nakano ( 1963) comput e a seri es of con t ractin g mod e l s 

for s t ars in th e mass range 0 . 6 M
0 

to 0 . 05 M
0 

in whi c h th e y 

inc lude th e effect s o:f electron d egen e r ac y within th e 

interior s as we ll. a s th e p resence of mol ecular hy drogen in 
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th e env e lop es . Obj ec t s l ess mass ive tha n 0 . 26 M
0 

are :found 

to r emain wholly convective throu g h o ut the contr ac tion 

phase , and th e interior regions o:C these obj ec t s in 1vhiclJ. 

ionizat ion i s complete are repres e nt e d by a polytrope of 

ind ex 1 . 5. Th e out er b oundary condition for th e models is 

obtaine d i n a manner v er y simil ar to th a t d escrib e d by 

Limber ( 1958b) by noting th a t within th e int e rio r the 

pr essure, P, and th e temp erature , T, sati s I'y th e adiabatic 

rel ation P = KT
2 

· 5 , 1vher e K i s a con s t ant . Thi s r e l a tion 

will hold for a sp eci fic v a lu e of K throughout th e r egion 

in which ioni zation is com p l e te . A complet e mod e l i s 

o btained by r e quiring tha t th e value of K obt ained f r om an 

integration through th e atmosph e re and envelope to th e 

point at ,vhich ioni zation is complete agre e with that 

obt ained from th e interior . For th e purpose of' thi s 

cal culation it is assumed that above the photo s phere , 

defin ed as that point in th e s t a r at which the optical 

d epth r = 2/J, the atmo s ph er e is isotherm a l . It is fur ther 

as s um e d th a t th e temperatur e gradient in th e envelop e 

re gion und e rlying th e photo s ph e re, in which mol e cul ar 

h ydrog e ri is und ergoing di ss o ciati on and hydrogen and helium 

are und e rgoing ioni zation, i s equal to th e adiabatic 

gradient . To perf'orm th e int egra tion throug h th e envelope , 

Haya s hi and Nakano ( 19 6 3) re s ort to th e exp e di e ncy oI' 

simply calculatjng th e entropy at th e photo s ph e re · nd 

r e quirin g th at th e v a lu e so obt a in e d b e equal ~o that in 



th e interior i11 ,vhich ioniz a tion i s complete . From thi s 

r esult th e v a lu e o:[ K a ppropr i a te to th e atmo s pher e -

envelop e int egrati on i s obta ined, and by fitting thi s to 

th e int erior v a lue , th e appropriate radius and lumino s ity 

o f each mo d e l is d et ermined . 

For obj ects of low mass , the energy generat ion is 

provid e d by th e pro t o n -pro-Con ch a in ,vhi c h, at th e low 
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t emp e rature s p rev a iling in th e int e riors o:f thes e obj e ct s , 

will t ermin a te with th e produ c tion of He 3 r a ther th a n going 

to com p l etion ,vi th th e p roduction of He
1
J In th is c ase th e 

rat e of energy generation ~ill b e about h a l:f th a t o:f th e 

complete chain. Expre ss ing th e energy generation rat e a s 

an int erpol at ion formula in p ow e r s of th e t emperature and 

the d ensity , Hayashi and Nak a no (1 96 3) find that th e 

limiting ma ss below which obj ects wi ll fai l to enter th e 

mai n sequence phase of st eady stat e hydrog en bur ning is 

0 . 08 M0 fo r Popu l a tion I obj e ct s and 0.1 2 M0 for Population 

II obj ec t s . Becaus e of th e incr easing e:f:fect s o:f electron 

de generacy in l ess massive obj ects , th e evolutionary tracks 

turn awa y from the ma in sequ e nce , and such obj ects continue 

to contra c t towa rds compl e t e ly d egen era t e con:figurations . 

It should be not e d that th is r esult is in quit e g ood 

agr eeme nt with th a t found by Kum a r (19 63 ) . 

Ha y a s hi and Nakano (1 963 ) a l s o comp a r e th e ir models 

with th e ob servationa l d a b '\ given b y Limb er ( 1958 a ) :for th e 

st a r s Krilg c r 60A and 60B and Ro ss 614A . A plot in th e H- R 
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di agram of the p redict e d lumi no. i ti es and effective t emper­

ature s against th e observed values shows th e mod e l s and th e 

observation to b e di screpant in th a t for Kr ilger 60A and B 

the mod e l s have hi gher effective t e mp eratures tha n the 

ob serve d v a lues , whil e th e mod e l for Ro ss 61'-±B ha s both a 

hi gher e ffectiv e t emperature and luminos ity . It is d ee me d 

like ly th a t th ese discrep anc ies r esulted from th e v e ry 

approx im a t e treatment a ccord e d the d e t ermina tion of th e 

outer boun dary condition for th e model calcul a tion s . In 

the fir s t place the atmo sph ere will not be isoth ermal, and 

th e eff e cts of non-grayness of th e atmo s ph ere should b e 

taken into account as well , Al so Haya s hi and Nakano (1963) 

consider a b s orption du e to th e II ion to be th e only source 

of atmosph e ric op ac ity, and in s o doin g they ma y have 

severely underestim a t e d th e tot a l op a city . Ind ee d, it is 

found that by arbitrarily multiplyin g th e ir op a city values 

by a factor of fiv e , they can significantly reduce th e 

disc repancy b etween th e ir n1od e l s and th e ob serva tions . 

Below th e point in th e atmo&phere at which conv e c­

tion set s in there wi ll lie a trans ition region jn which 

th e outwa rd flux of energy will be tran s port e d both by 

conv ect ion and radiation . In thi s region the a diabatic 

gradi ent may be a poor appr o x im a tion to th e actua l t empera­

tur e g radi ent and it i s n e cessary to r esort to some 

appro x imate techniqu e , s uch as the mixing lengt h th e o :::y, 

i n ord er to e s t ima t e th e tru e t e mperature gradient . 
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Hay ashi and Nak a no (1 963 ) n eg l ect the effec t of thi s region 

on the mod e ls but c a lcul a t e th at th e true and adiabatic 

gradient d iffer by a bout 10% in their models for stars of 

Th ey es timate however , that th e 

inclus ion o:f this ef:fect in th e :node l s will lead to a n 

inapprec i a ble r e d uc tion of th e effec tive t e mperat ures . 

Th e me thod e mploy ed to determin e the a ppr opri a t e 

v a lu e of th e p arame ter K from th e atmosph ere c a l c ulation 

which ma tch es tha t of th e int erior , th a t i s , of requiring 

th e entropy at th e top of th e convect ive region be equal to 

that at th e point at ,-rhich ionization i s compl e t e , n eg l ec ts 

the effect of the thickn ess of this region on the radius . 

Ha y ashi and Nakano (19 63 ) es tima t e that for a s tar of 

0.26 M
0 

the neglect of thi s effect will b e insignific ant. 

In computing th e entropy in th e re gi on of complete ioniz a ­

tion, they include the effects of electron d egeneracy and 

assume th a t hydrogen i s completely ioniz e d; however , th e y 

compl etely n eglect the ioni za tion o f h e l i um. In so doing 

th ey ma y h ave und eres tim a ted th e e l ec tron d ens ity and , 

thu s , th e entropy, to which th e e l ec tron s make an incr eas ­

ingly greater contribution as th e y b eco me increas ing ly 

d egenerate . Nakano (1 966) asserts , however , th a t th e 

n eg l ect of th e electrons contr ibut ed by th e ioni za tion o f 

h e lium ,vill hav e littl e e ff ect on th e overall mod e l s . 

More r ecent ly Ezer an d Cameron (1 966) h ave report e d 

th e results of th e computation o:f e volutionary se quenc es o:f 
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mod e l s for stars in the ma ss r ange 0.4 M0 to 0.1 M0 . Th ey 

u se the P opulation I ·compo s ition X = 0.739 and Y = 0. 240 

and find tha t the evolutionary b eh avior of th eir 1no de l s 

during the phase of gravitationa l contraction i s essen­

ti ally th e sam e a s th a t pred i cted by Hayas l1i an d Nakano 

(1963). However , th ey find th a t the limiting mass b e low 

which obj e ct s fa il to r eac h the ma in sequence i s 0.1 M0 , a 

value som e what hi gh er than tha t found b y Ha y ashi and 

Nak a no (1 963) and Kwnar (1 963) for Population I obj e ~t s . 

It is our purp ose in th e pr esent work to exp a nd and 

improve upon the th eo r e tical calculation s of Kum ar (19 63), 

Hayashi and Nakano (19 63 ), an d E z er and Camer on (196 6 ) 

r egarding th e structure and evo lution of v ery low mass 

stars. Sp ec ifically, we con s truct a set of evolutiona ry 

stellar mode ls in wh ich we d e t ermin e th e out er boundary 

condit ion thro ugh th e con s truction of approxi,nate mod e l 

atmo spheres in which we p rovide for th e e ff ec ts of wat e r 

vap or op aci ty . In th ese atmo s pheric c a lcul a tions we a l s o 

includ e a tr ea tm ent, b ase d on a sin1ple v ers ion of th e 

mixing l ength th e ory, of the convecti v e transition r egion 

imm e di a t e ly u nder lying the outermos t radi a tiv e l ayer· s . We 

incorporat e a pprox im a t e treatm ent s of th e pr ess ure di s ­

soci at ion o f molecular h ydrogen an d t h e p ressure ionization 

of hydrogen a nd h e lium in t rea ting th e st ruct u re of th e 

h yd roge 11 - helium ioni za t ion-dis s oc i ati on zon e . In addition 

we inv es ti ga t e th e e ff ec t s of non- id ea l gas b e h avior 
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within the st e llar interior on the overall structure and 

evolution 0£ these s tars . Finally we r eview th e currently 

b est available empirical d a ta for the ma in sequence 

properties 6£ the low ma s s stars and attempt an assessn1ent 

o f the adequ a cy of th e model calculations through co1npari­

son of the theoretical results with these empirica l data. 



CHAPTER 3 

OBSERVATIO~'lJ\L DATA FOR LO\v MASS STARS 

It is to gain an u nderstanding of the physica l 

st ate of th e interior regions of stars a s well as o f th eir 

evolutionary b e h avior and the p roce ss es governing th i s 

b e h avi o r that we at t empt th e con s truction of time 

d epen.dent ste llar models . In order to judge the adequacy 

with which the theoretical 1i1 o dels r epre s ent the stru cture 

and evo lution of r ea l stars , we mu s t compare the theoretical 

pr edicti ons with the ob served prop e rties cf real stars . 

Be cau se of th e prohibitively long time scales associ a ted 

with mos t evolutionary changes, the evolutionary b e h avior 

of individual s t ars is inaccessib l e to direct ob servation . 

However , we can d e t ermin e observationall y th e masses , 

r adii , luminosities , and effective t emp eratur es of i ndi-

victual stars . Our empirical knowl edge of stellar evolution 

consists l arge ly of infer ences d erive d from the color­

magnitude di agrams of star clus t ers and the obs erved 

di s t ribut ion o f fi e ld stars in th e H-R diagram . 

In Sec tion 6 .2 we calculate the pr e-main sequence 

evolutionary b e h av io r a s well as th e i n jtia l ma in sequ ence 

p roperties of' s t a rs h a ving ma sse s JJl th e r a nge O .1 4 to 

0.0 85 M
0

, and it i s th ese r es u l t s which we de s jrc t6 
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com pare with o b servat i on a l d a t a . Decau se o f th e v ery l ong 

ma in. s equence li fe tim es ass o cia t e d with s t a r s of low mass , 

,ve cxp ec t th at b y f ar th ' ma j ority of the M d 1vnr f s t ars in 

th e sol ar n e i ghborh ood are mai n se qu e n ce obj e ct s . Fu r th e r -

more b ecause o f th e s l owness wi t h whic h s u c h observ a bl e 

prop erti es as the lumi n o s ity and r a diu s ch ange dur ing main 

sequ e nc e hydr o gen burning , we exp ec t that cur r e nLly 

ob se rv e d v a lues d e par t inap p reciabl y f rom the initi a l main 

sequen ce v a lu es . Consequently we p res u me th at th e mean 

prop erti es o f any ob serve d sample o f M dwar f st ars in th e 

sol a r vicinity d e fin e those p r op er t ies ass o c i a t ed with th e 

zero-ag e ma in se qu ence . 

We must anticip ate , o f c o ur se , s om e dep ar tures by 

individu a l star s from s u c h 1nean r e l a tions du e , for e x a mpl e , 

to diff e rence s in e volutiona ry ages , sinc e a ny arbit rarily 

cho s en sanple of M dwarf st a r s ma y cont ai n som e po ss ibly 

youn g obj e ct s still u nd ergoing pr e-ma in s e qu e n ce cont r ac -

tion . A far mor e lik e ly s ourc e of int r in s ic sc a tter , ho w-

ever, may be du e to th e p resenc e within the samp le of 

di fferent popul a tion ty pe s h aving dif:f er ent ini t i a l ch emic a l 

compo s itions . As an ex a mpl e Eggen (1 963 ) find s tha t th e 

dwa rf st a r s of th e Hy a d es and Pl e i a d es clus t ers p o pul a t e a 

di stinct ly diff er e n t ma ss -lumi n os ity r e l at ion f' r om th a t 

d e fin e d by th e s un a n d th e members of th e Sirius common 

motion grou p . Th e Hyades -Pl e i ades stars are con s id erabl y 

younger th a n th s u n an d Eggen ( 196 3) s u gges Ls t h at th is 



ob serva t iona l d ifference i s explic a ble in ter1n s of th e 

Hyades st ars ' h aving a greater h e liuin a bundance th a n th e 

sun-Sirius s tar s . In addition to th ese poss ib l e sourc es 
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of intrins iri scatt e r, ,te mu s t expect som e acc id enta l 

sc a tt e r aLout any ob s ervationall y d e fin e d n1 ean re l ation du e 

to th e limitations on th e accuracy wi th ,iliich ob servational 

measures can b e mad e . 

In th e pr esent study we are concerne d with stars 

h aving a ch emic a l composition appropr i ate to th a t of th e 

sun and we wo uld pr efer to d efin e a ll means over a sampl e 

of stars h av in g n early thi s same compo s ition . It i s not 

po ss ibl e in gen eral, to d e termine M dwarf compo s itions 

dir ect ly thr oug h observation . We c a n , h ow~v e r , "distingui s h 

po pu l a tion typ es for th ese stars as above o r , for exam p l e , 

by th e ir kine tic prop ertie s . From s ub s idiary consider a -

tion s we ma y b e ab l e to as s ocia t e diff erences in ch emi cal 

comp os ition s with th e diff erent popu l at ion typ es , and thus , 

det er1nin e or at lea s t estima te, the quanti t a t ive ef fec ts of 

comp ositiona l diff erences on th e ob s erva ble stell ar 

p roper ti es . As a conse quence we s h o uld exerci se som e 

caution in applying the ob servationa ll y d e rived mean rela ­

tion s d efined ov e r an arbitrar y samp l e of stars to s t a r s 

having a spec ific, but perh a p s unknom~, compo s ition or in 

ut ilizing s uch mean r e l a tion s wi th which to c ompare th e 

r esu l t s of th e or e tic a l c a J.culations emp loy ing a fi xed 

compos ition . 
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In T a bl e l a we li st th e ma s ses, luminos iti es, 

ef'f e ctive t e mp e ratur e s , a nd r a dii f'or tho s e K and M d\\ra rf 

st a r s whic h are memb e rs of b i n a r y p a ir s f'o r which r e l iabl e 

masses h ave b een d etermined . In T a bl e l a we li s t th e d a t a 

fo r th e l ow mas s components o f v i s ua l binaries :Cr om t h e 

c omp ilati on s o f' Egge n ( 1 9 6 5 , 1967) . In a dd i tion we g ive 

th e valu e s of' th e photom e t rical ly d e t e r mi n e d B - V a nd ( R - I ) E 

col o r ind i c es f o r tho se s t ar s f o r wh i ch th e se d a t a a r e 

av a il a bl e . Here we a d opt the conv e n t i o n of' u s i ng th e 

sub s c r ipt E to d es i g n ate th e R - I ind ex a s mea s ure d by Eggen 

( 19 6 8) o n th e I,R sy s t e m d e f'i n e d b y Kro n , Gasc oi gn e , a nd 

Whit e (1 9 5 7 ). The qu a ntity R - 1 without a sub s c r ipt d es i g -

n a t es th e R-I index meas u re d on th e photom e t r ic s y s t e m 

d efine d by John s on (1 9 6 4) . In T a bl e lb we li s t the car-

responding q u a n titi es f'or th e compon en t s of th e e cli ps ing 

system YY Ge m . Here the mass and r a dii ar e t a k e n from 

Popp e r (1 967 ), ( H-I ) E and B- V from E g gen (1 96 8 ), and MV 

fr om J ohn s on ( 1964 ). Th e v a lue of' Mbol and Te i s b ase d on 

the bo l om e tri c corr e ction of -1 . Jl adopt e d fo r YY Ge m b y 

John s on (1 966) . 

Th e bolom e tri c correc tion s a nd ef' fe ctive t e mp e r a-

tur es we r e obt a in e d fo r the s t ars of' Tabl e la :Cr om the ma in 

s e qu e nc e b o l ome t r ic corre ction a nd e f'f ect ive t e mp e ra ture 

c a libra tion prop o sed by John s on ( 1 96 G, T a bJ e II) . Regar d ing 

t h e s e d a t a a s :[unc t i o n s o f th e R - 1 ind e x , we tr a n s fer~ th e n1 

to :[un cti on s of th e ( R - 1 )
1
~ i nd e x u s ing th e corr e l a ti on 
~ 



Table 1. Observational Data f or Low Mass Binary Pairs 

Sp MV ,ill ( 0) B- V (R - I)E Mbol Lo g T Log (R / R0 ) e 

a . Data for visual binary component s 

1729AB K8 +7 . 0 0.7 -- +0 . 42 -- * * 
1865AB dM2 8 . 5 o . 45 +1 . 39 o . 66 +7 . 4 3 . 578 -0. 14 

1J V Ceti AB M5 e 15 . 5 0.03 -- (1 . 66 )* 11 . 3 3 . 43 - 0 . 62 
Ross 614A dMl-:1: e 12 . 9 0 . 14 -- +1 . 38 10 . 1 3 . 4 71 - 0 . 47 

B M8 16 . 4 0 . 08 -- ( 1 . 72) 12 . 0 J . 42 - 0 . 75 
6554AB dK2 6 . 2 0 . 75 0.85 0 . 28 
6664:AB dMO 8 . 5 0 . 50 1 . 49 o. 66 7 • L1 3 . 578 - 0 . 1 4 
7114BC dMl 6 . 1 0 . 35 -- (0 . 28) 
728 4AB ctKL1 6 . 7 0 . 70 1 . 02 0 . 36 
80L18BC MOV 9 .0 0 . 19 1 . 38 0 . 75 7 . 7 3 . 558 - 0 . 16 
816 6AB KO 6 . 2 0 . 35 0 . 75 0.28 
8635AB K8 6 . 9 0 . 60 1 . 0 8 o . 405 
8680AB K5 6 . 8 o . 6 1 . 02 0 . 38 5 
8901AB K5 5 . 9 0 . 85 0 . 72 0 . 27 
9031AB dK6 7 . 0 o. 6 1 . 1 2 o . 425 
9J52AB dMO 8 . o o . 6 1 . 29 0 . 57 7 . 2 3.604 - 0 . 11 
97 16 AB dK4: 5 . 9 0 . 7 0 . 92 0 . 275 

100 75AB dK2 6 . 4 0 . 65 o . 86 0 . 315 
10158AB dK6 6 . 7 0 . 38 1 . 00 0 . 37 
10188AB dK6 6 . 7 0 . 77 1 . 0 4 0 . 38 

- 8° L.1; 352AB dM3 e 10 . 7 0 . 37 1.60 1.08 8 . 7 3 . 511 - 0 .27 
+45° 2505AB dM4 10 . 9 0 . 31 1 . 49 1 . 08 8 . 9 3 . 511 - 0 . 31 

105 8 5AB dMO 7 . 4 0 . 70 1 . 14 o . 48 
+27° 2853AB K5 7 . 2 0 . 60 1.16 o . 47 

10786BC dMLJ: 10 . 9 0 . 36 1 . 50 1 . 10 8 . 9 3.509 -0 . 30 
llOLl:6A KOV 5 . 7 0 . 90 0 . 76 (0.20) 

B dK6 7 . 5 0. 6 5 1 . 15 (0 . 52) 6 . 8 3 . 620 - 0.10 
['v 

""'-1 



Table 1 .--Continued 

15972A ML1 10.7 0.29 -- (1 . 06) 8 . 7 3 . 514 - 0.27 
B M6 12 . 4 0 . 17 -- ( 1. 31) 9.8 3 . '±84 - o. 4 3 

b . Data for eclipsing binary system~ 

YY Gem AB Mo . 5v +9.11 0 . 58 +1 . 50 +0 . 78 +7 . 80 3 . 578 - 0 . 222 

*Values of R-I contained within parentheses are obtained f rom measured 
MV and Figure 3 . 

** Data 
( R - I) E > 0 . 50. 

on Mbol ' Log Te' and R/ R0 given only for objects with 

[\) 

co 
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sho1vn in Fi g u r e l b etw e en t he H- I and ( R - I ) E indices . Thi s 

cor r e l a ti on. i s b ased on th e indivi d ual meas ures of 17 s t ars 

observ ed in common b y John s on (19 6 5, T a bl e l) a nd Eggen 

(1968, T a bl e l) an d i s sub s t a ntially in agr e ement with th e 

trans fo rm a tion b e t ween John s on ' s R - I index and that o f Kron 

et al . (1 957) as d e t ermin e d b y John s on et a !_ . (1 966 ). Th e 

r esulting r e l a tions b e t, -een th e bolome t r ic corr e ctions and 

th e e ff e ctive temp era tures a nd ( R - I ) E are s hown in 

Figure 2. 

Th e bolome tric corre ction s a nd ef fe c tiv e temp e ra -

ture s for th e s ta r s of Tabl e l a wh ic h h a v e dir e ct ( R-I)E 

measures a vail a bl e we r e obt a ine d from Fig ure 2. Valu es of 

(R-I )E for tho se s tar s not h a ving dir ec t me a s ur es were 
!., 

obt ained from th e ir ob s erv e d MV and the r e lation b etween 

MV and ( R - I )E shown in Figure J. Thi s r e lation was adapt e d 

from the d a ta of Egg e n (1 968 ) and the stars of Tabl e 1 for 

which dir e ct ( R-I )E meas ur es ar e av a il a bl e . In Figur e 3 

these star s ar e shown by filled circles except for YY Gem 

wh ich is sho,vn by a cro s s . For comp a ri s on we show in 

Figure 3 by a d as hed line the My, ( R-I ) E rel~tion we obtain 

from trans forming th e :MV , R-I relation adopted by Johns on 

(19 65, 1966 ) for th e ma in se qu e nc e M d warf st a r s . Th e 

(R-I)E value s l isted in Tabl e l a which we re obt a ine d from 

Fi gure 3 are s hown i n p aren t h e ses an d were u s e d with 

Figur e 2 to obt a in th e bol om e t r ic correc t i on s a n d ef fec tiv e 

t emp eratur e s . We a s sum e th n t th e ( R - I ) E me a s ur e l i s t e d b y 
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E ggen (19 6 7, T a bl e 15) fo r th e sys t em Ro ss 61l.1:AD a ppli e s to 

th e A comp onent a lone . 

Th e r ad ii g iv en in T a bl e l a were comput e d f r om th e 

d e fin i n g r e i a ti on fo r th e e ff ec tiv e t emperat u re , T, tha t e 

i s , L = Lni: CJ R 2 T L.1: , w h e r e L i s th. e 1 um i n o s i t y , R i s th e 
e 

r a dius , a nd 6 i s th e St e :C a n -B ol tzmann cons t ant . From this 

r e l at ion we obt ain, t a k i n g Mbol = 4 . 84 fo r the s un 

( Johns on 196L1), 

Lo g ( R / R0 ) = 8.495 - 0. 2 Mbol - 2 lo g Te ( 3 . 1) 

In Figure 4 we s how th e pl aceme n t o:C th e s tar s of 

Tabl e 1 in th e lo g m, MV pl ane , wh ere m d e no tes th e mass in 

M
0 

and MV i s , o f course , th e a b s olut e vi s u a l magni t ud e . 

Th e widely disc re p an t obj e c ts AD S ? 1 14BC , 8o48BC, 816 6 AD, 

10158AB, and UV Ce ti all a pp ear to ob e y th e Hy a d es mass -

lumino s ity relation d e fin e d b y Eggen ( 1963, 1965). Th e 

r e mainin g object s in th e sample of Tabl e la d e :Cin e the low 

ma ss limit of th e sun-Sirius mass -lumino s ity r e l a t i on of 

Egg e n (1 963, 1965) . We r epr esent thi s r e l a ti on by th e 

following linear rel a tion, which we show plott e d by th e 

solid line in Fi gur e 4: 

MV ~ -1 1 . 91 lo g m + 4.84 ( 3 . 2) 

From Fi g u re 4 we s ee th a t e quation ( 3 . 2 ) fit s th e plo t t e d 

points r eas on a bly we ll a lthough th e obj ect YY Gem , s h own by 

th e cros s i n Fi g ur e l1, may b e s o mewha t d iscre p ant . Because 
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of the l ack of d ata b e low 0 , 3 M
0

, we must re~ard e qua t ion 

( 3 . 2 ) to b e a som e~~at provisiona l extrapo l ation in thi s 

re g ion of mass. 

We assume that th e samp l e of sun-Sirius s tar s as 

defin e d by Eggen i s a representative sample of main 

sequence obj ects of sol ar compo si tion . In all fur th.er 

discus sion we employ th e t erm ' ' s un -S irius 11 to de s ignate 

s u ch a sampl e of stars . We additionally assume fo r th e 
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pr esent that equation ( 3 . 2 ) is valid over th e r ange of mass 

appropriate to th e main sequence M dwarf stars of sol ar 

composition . 

Using equation ( 3 . 2 ) we d erive a set of mean rela­

tions between the mas ses , boJ.ometric magnitude s , radii , and 

eff e ctive temp erature s for our sample of sun-Sirius stars . 

F or a giv e n mass we obtain MV fro;n equation ( 3 . 2 ), the 

c orresponding ( R - I )E index from Figure 3, and th e bolom e tric 

correction and effective temper a ture from Figur e 2 . We 

c a l culate t he radii from equation ( 3 .1). I n Table 2 we 

present the re s ulting re l ations for ob j ects having masses 

i n th e rang e from 0. 63 to 0 .1 2 M
0

. In addition we give 

th e corre s ponding approximate spectral types from t h e 

s p ectra l t yp e , effective temp e r a t u re ca l ibration for the 

main sequ ence M dwar fs giv e n by J ohn s on ( 1966 ). In Figur e 

5 we shovr th e resu l ting lo cus of th e empiri ca l main 

sequ ence in th e H-R di ag r am . For comp a ri son we s how th e 

positions of th e star s of Tabl e 1 ( by fillc0 ci rc le s except 



T able 2 . Adopte d Mean Empirica l Main Sequence 
P roperties o~ th e Low Mass St a r s 

Lo g m (0) MV ( R-I)E M 
bol Lo g T Log (R/ R0 ) 

e 

-0.2 7 . 22 0 . L17 6.63 3 . 637 -0.10 5 

-0 . 3 8 . lJ:l 0.6 5 7 . 37 3.582 - o.1L13 

- 0. l.1: 9 . 60 0. 87 8.0 3 3 . 536 - 0.1 83 

-0. 5 10 . 80 1.08 8.80 3.512 -0 . 289 

. -0. 6 11 . 99 1.26 9.53 3.492 -0.39 5 

-0 . 7 13.18 1 . Ln 10. 21 3.L166 -0 · L.1: 79 

-0.8 14.37 1.54 10 . 82 3.L.1:L.1:7 -0 . 563 

-0.9 15 . 56 1 . 65 11 . 46 3 · L135 -0 . 667 
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for YY Gem which we show by a cro ss ) and the mean relation 

(d ashed line ) a d o pt e d by J ohnson ( 1966) . Th e di screpancy 

b etween our Adopted ma in s e quence locu s an d th a t propo se d 

by Johnson r e flect s th e small di sc r e pancy shown in Figure 3 

b etween our adopted MV' ( R-I )E r e l a tion a nd that which we 

d erive from Johnson ' s d ata . We d ispl ay th e r esulting mass-

lumino sity relation and mass -r a diu s r e l at ion in Fi g ures 16 

and 17 , r es p e ctiv e ly, in which we colllparc our th e or e tic a lly 

pr e dict e d relations with th e se e mpiric a lly b ase d re l a tions . 

It i s al s o of int eres t to d e termine th e mass 

function, that is, th e di s tribut i on of s tars with mass , in 

th e sol ar n e i g hborhood . If th ere i s in fact a lowe r 

l imiting mas s for main sequ en c e obj ec ts, we would e x p e ct 

to observ e a sharp decrea se in th e numb ers of stars h aving 

ma sses l ess than this limi ting mass . Using th e re s ult s of 

h is partially complet ed prop e r motion surv ey, Luyt en (1968 ) 

tabulat es the numb e rs of stars p e r one magnitude interval 

in M ob served within 10 p arse c s of the s un. pg From a plot 

o f 201 r e d dwarf' stars h aving B-V > 1 . 30 ( extr a cted from 

th e data of Eggen 1968, Tabl e 1), we obtain the mean My , 

B-V relation for th e M dwa rf' st ars shown in Figure 6 ( so lid 

line ) . For comp ar ison we s how th e po s it i ons in thi s 

di agram of the stars o f T ab le 1 ( filled circles ) h aving B-V 

measures avai l a bl e as we ]J. R S th e mean re l a t ion ( d a s h ed 

line ) adopted by John. s on (J 9G6 ). Ad o pt ing th e zero - point 
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d ifference between M and the abso lut e B magni tud e quo t ed 
p g 

by Allen ( 1963, p. 197), we obt ain 

M 
p g MV + ( B-V ) - 0.11 

Using this r e l ation to get h er with Figure 6 we conv er t 

Luy t en ' s luminosity function to a function of MV. Assuming 

tha t th e f a int component of Luyt en ' s samp l e is compo se d 

entirely o f M dwarf stars of so l ar compo s i tion, we u se 

eiuation (3. 2 ) to ob tain th e empir ical mass function s hown 

in Figure 7. Here we plot th e actual numb er of stars 

ob serv ed within ten p arsecs o f th e sun as a function of 

stellar mass . Th e d ashed portion of th e curve in Fi g u re 7 

indic ates th a t r egion over which Luyten (1 968 ) s u ggests the 

dat a to be o bservat iona ll y incomp l ete . 

Luyten (1 968) find s th e luminosi ty function to p eak 

at M = 15.7 ~~i c h l eads to the occurrence of a r at h er 
pg 

sha rp maximum in th e mass function a t a mass of about 

As ma y b e se e n in Figure 7 th ere i s a quit e rapi d 

d e clin e i n th e numbers of stars as we p r oc eed to lo wer 

masses . It is t empting to attribute thi s beha vior of th e 

mass functio n to th e existence of a lower limiting mass for 

main sequence o b j ects . However , as we shall see in Chapter 

6, th e ma in sequence limiting mass appears to occur at a 

somewhat l o,ve r mass th a n th e maximum ob s erved in th e mass 

functi o n . Considering that equation ( 3.2 ) may not b e 

accurat e fo r very l o \v ma s5 ob j ects as well a s th e 

• 
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as s umption s inv olved in d eriving th e <?riginal luminosity 

function ( Luyten 1 9GB ) and th e con s id erable scatter 

exhibit cd in th e plot of :MV v er .s u s H- V :for th e M d,va r:f 

st ars , we are c er tainly jus tified in ques tioning th e 

accuracy with which th e a bove mass of 0.16 M0 h as b een 

det ermined . For examp l e , Luyten ( 1968) estimates that th e 

pe ak in th e lumino s ity function i s d etermin e d within a 

magnitud e ( photographic ) which would imply that th e 

maximum in th e mass fun.ction , under th e ass umed v a lidity 

of equation ( 3.2) , li es between 0 . 21 and 0 . 12 M0 . \v e ,vi th-

h old furth er comment o n th e implic a tion s of' Fi g ur e 7 as 

well as the r es t of the empiri ca l d a ta pres ent e d in this 

cha pt e r unt i l Section 6 . 3 - 6 . 5 at which p oint we cons ider 

the se d a ta in li ght of th e th e oretical c a lculations of th e 

structure of lo1v mass main sequence stars . 



CHAPTER L1 

THERMODYNAMIC , OPACITY, AND NUCLEAR ENERGY GENERATION 
DATA FOR THE STELLAR INTERIOR 

Supplementing th e equations of stellar structure 

are th e cons titutive data by ,vhich we r e f'er to tho se 

quantities entering into th e equa tions of' structure which 

d ep e nd upon the chemical compo s ition. Includ e d among these 

quantities are the equation of state, the op ac ity, the 

nuclear ene rgy generatj_on rate, th internal energy per 

gram, if' the star is undergoing gravitational contraction , 

and the adiabatic temp eratu re gradient , if' convection is a 

po ssible mod e of' energy transport within the ste ll ar 

interior . The se data mus t be supplied for each value of 

th e pr ess ure and t emperature encountered in the num e rical 

solution of' the equations of' structure . 

To compute th e th ermodyn a mic qu antities , that is, 

th e equation of state , the interna l energy and th e 

adiabatic gradient , we consider in Section ~-1 th e th ermo -

dyn amic properties of' a mixture of hydrogen and h elium 

i ncluding an approximate treatment for the departures from 

p erfect gas b e h avior arising from the Coulomb int eractions 

between ioni ze d p ar ti c l es . In computing the equilibrium 

abund an ces of th e p a rticle s (n e utr a l atoms , ions, f'ree 

electrons , and molecul es ) compo c ing such a mixture, we 



d esire to t ake into account the ph enom e na of pressure 

ioni zation and d issociation . I n S ec tion ~.2 we d er iv e an 

appr oximcl t e mode l fo r th e pr e s sure ionjz a t ion of hydrogen 

and hel i um and in S e ction 11.3 ,ve d es crib e a p r ovision for 

including th e pr es .sure di ssociat ion of mo l ec ul a r hydro gen 

followin g Vardya (1965). We approach th e p rob l em of 

pr ess u re ioniz a tion from th e standpoint that the mic r o-

fi e ld s established by free ions and e l ectrons in th e 

n e ighborhood of th e incompletel y j_onize d p artic les will so 

p er tur b th e bound sta t e energy l evels as to lowe r th e 

eff e ctive ioni za tion energies as we ll as to r ende r the 

int e rna l p arti tion function s d e pend e nt upon the fre e 

electron numb e r d ensity . We d eve lop a procedure by whi c h 

th e p ar tition function s as we ll as the lower ing of th e 

ioniza tion pot enti a ls ma y b e eva lua t e d for inclus ion in 

t h e S a h a ionization equation . 

In Section 4 . 4 we di sc us s th e procedures for 

computing th e op a city and in S ect ion 4 . 5 the nuc l ear energy 

genera tion rate . We conclud e thi s chapter with a d es crip -

t ion in S e ction 4.6 of th e num eric a l p rocedur es e mp l oyed in 

supplying th e const itutive d ata to th e comput e r p r o gram 

whic h i s u se d in computing the s t e ll ar mode l s . 

4 . 1 Th ermodynamic Prop e rties of an Int eracting 
Hy d ro g en- He l i u m P_~a s ma 

Histor ic a lly th e fir st successful attempt to 

a ccount, in an approx im ate way , for th e effects of 
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el ectrostatic int eractions b e t,·.reen the charged p 21.rtic l es in 

ionic sy s t ems wa s th e t rea tm en t of strong e l ectro l yte so lu -

tions d eve lop ed by Deby e and Hilckel (1 923 ) . Th e Debye-

Hil ckel (DH) th eory h as been carried over to th e dom ain of 

hi gh t empera ture plasm as ,vb. ere it h as b een u tilized to 

estimate th e d epartur es f rom th e id ea l gas th ermodynamic 

function.s re s ulting frolll Cou l omb interac tion effects . 

Bec ause of the approximations emp loy e d i n th e DH th eory , 

h owever , it i s app lic able only at suff i c i ently low d e n s ities 

that th e interactions remain sma ll; a t hi gh er den s i tie s th e 

DH treatment t end s to overcorrect for t h ese effec t s . 

A completely g ene r a l trea tm ent of systems of int e r­

acting partic l es entails th e solution of t h e quan tum 

mec h anica l manybo dy p r obl em . Although th e complexity of 

thi s probl mas yet prohibits th e obtaining of genera l 

solut ions app l icable to any system of i nterest , it h as b een 

subj ect to a t tack at several points alon g it s peri ph ery . 

On e o f th e more promi sing a n a l ytic me thod s i s tha t whi ch 

h as evolved from Mayer ' s ( see Ma y er an d Mayer 1940 and 

Brout and Ca rruth ers 1963 ) expans i on of the th erm odynami c 

func tions of a system of int eracting p ar ticl es as a power 

serie s in the densi ty ( th e virial exp ansi on) . The coef-

fic ients of th e powers of th e d ensi ty appear ing in thi s 

e x p ansion are expressed in t erms of th e so - cal l ed cluster 

integrals , th e eva luation of which proce e d s fro m th e 

p roperties of· the canonical ensembl e . In it s o rig ina l form 



this approac h is applicable only to classica l systems for 

,vhich th e potential b etween a pair o:f p ar ticl es d ec reases 

mor e rapidly th an the cube of th e particle separation . 

Mon.tro ll and War d (1 958 ) and Gl assgo ld , Hechroth e , and 

Wa t son (1 959) h ave generaliz e d Mayer ' s treatm ent through 

th e grand c anonical ensemble ancl the t echniques of qu antum 

fie ld th eory for applic ation to quantiz e d s y s tems of 

p art icl es interac ting through inverse-square force s . While 

it is p oss ibl e to extend these deve lopments to more 

complic ated sys tem s ( DeWitt 1961 , 1965), they h ave yet to 

yi e ld r esult s by which th e th ermo dynami c :functions for real 

system s may b e easi ly e v a luate d . 

A numb er of invest igations of the practical c onse­

quenc es of' th e Coulomb interaction ef:fects in p l asmas 

beyond the DH limit h ave ~dopted what we may d es i gnate a 

model approach . We r efer to th e appr oxima te pro cedur e by 

which th e system und e r consideration i s replaced by an 

idealiz ed but represent at ive mode l, ,vhich , for examp l e, the 

system may appro ac h as a limiting case and for whi c h th 

thermodynamic p ropert i s are r eadily d e rivabl e . Example s 

include th e equation o f state det ermination s ba se d on th e 

Thom as -Fermi th e ory ( cf . F eynman , Met ropoli s , and Tell er 

19li9); th e cellular mod e l s , which i nc lude th e ion- s ph ere 

approximation ( cf . Salpeter 1961) and th e Wign er -Seit z 

me thod for solids (cf. Seit ? 1940); and th e Monte-Carlo 

c a l cul ations ( cf . Bru~h , S a hlin , and Tell er 1 966 ). 



Within th e stellur int e rior we d ea l ,vi th a gaseous 

configura tion existing at temperatur es :from a few- thousand 

d egr ee s n ear th e s urf ace to a :f ew million d egrees at th e 

c enter . Th i inter ior d ensities are sufficiently hi g h tha t 

L1: 
pr essure ionization i s compl e t e n ear 5 x 10 °K . In addi-

tion th e fr ee electrons are p a rtially d egen erate in both 

r egions o:f compl e t e and p a rtial ioniza tion . In so f'ar as 

th e thern1odynamic prop ertie s of the stellar int e rior are 

concerned , we ma y r egard th e int e rior as cons isting o:f a n 

equilibrium mixture o:f hydro gen and helium, th a t i s , we ma y 

n eglect the s ma ll a bund ance of th e h eavi e r elements . 

Sp ec ific a lly we consid e r h e lium to be present in all o:f its 

ioni zation st ates and hydr o gen to b e p resent in ~oth 

ionization states a s we ll as combin e d as mol ecular h ydrog~n . 

- + We neglect th e le ss abund an t ioni c sp ec ies H and H
2 

. In 

this case we confront a phy s ical s ituation for which non e 

o:f the approximate th e orie s :for imp e rfect gas es provides a 

compl etely satisfactory r e pr esent a tion . As the b asis for 

incorporating th e int e r a ction. eff'ects in th e comput a tion of 

th e th ermodynamic functions , how e ver, we employ the DH 

th eory togeth er with th e re s ults o:f th e Mont e-Carlo (MC) 

c alcul ations perform e d by Br ush et a l . (1966) . At t e mpera-

tur es b e low 10 5 °K we introduce a r a th er artifici a l 

modification into th e DH and MC tr ea tm ents in order to 

p revent the o cc u rrence or err oneou s ly l Rrge electrostat ic 

c orrections . In p rJceeding in th is manner K C mu s t 
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acknowledg e that qunntitatively our estim a tion of th e 

iriteracti on effects may b e subs t anti a lly in error . 

ever , since we exp ec t th a t we tend to overestima te th ese 

e:ffects rath er than und erestimate them, our results should 

serve to in.dicate th e magni tu.de of such effects on th e 

over a ll structure and evolution of low mass s t ars . 

We cons id e r a gaseous mixture of hydro gen and 

helium at a temperature T and con:f'ined within a volum e V . 

We suppose th a t th e He lmholtz function , F, for the system , 

which may contain neutral atoms, molecule s , ions, and free 

electrons , may b e ,vri tten as th e sum of a perfec t gas 

contribution, F 0 , and a correction term, FC' arising from 

the effects of particle interactions . That is, we write 

Upon determjning F, we may calculate the tot a l gas pres-

sure, P , and the entropy , S, from the thermodynamic 

rel ations 

p = 

and 

s :: 

wh ere N
1

, N
2

, 

( aF) 
av T 

' 

d enote th e tot al numb ers of th e 

( 4 . 2) 

( 4. 3) 

v ar ious 

sp ecies of p ar ticl es p resent in th e mi xture . The total 
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thermodyn amic internal energy, U, o:C th e system i s obt ain-

abl e directly :Crom the de f:i..nition of th e I-Ielmholtz 

:[unction, that is 

U = F + TS (/±. 4) 

We note that we may regard each of th ese thermodynarn:i.c 

function s as con s i s ting of th e sum of a per:Cect gas term 

and a correction t e rm to account for th interac tion 

effect s . Sp e c if i c a 11 y we ,vr i t e P = P O + PC , S = SO + SC , 

and U = u0 + Uc . 

De by e-HUckel Re~ion 

In Appendix A we d er ive the correction to the 

Helmholtz :[unction, FC' for an ionized gas on th e Debye-

Hilck el mod e l modified to take into account tb e effects of 

electron d egeneracy . 

(A.LJO) and is 

Th e basic result i s given by equation 

F = 
C 

kTV I< 3 
1 2n 

wh ere k i s the Boltzmann con s t a nt and K is th e inverse 

Debye l ength d e fin e d as 

2 
K 

Lnce 
2 

kT 
2 

( z n. + n G ) 
J . e e 

Here e i s th e electronic ch a r ge , z i s th e mean ch arge 

(4. 6 ) 

numb e r p er ion ( c:C . equation A . 17 ), and n. and n are th e 
1 e 

mean i on and f ree electron numb r densities, re spective ly . 
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The quantity G enters as a r esult of e l ec t r on degeneracy 
e , 

and is d ef ine d in term s of tl1 e Fermi-Dirflc integrals, 

F ex ( ri ) , ' " h c re 

00 

= f ex 
X d x 

exp ( x-Tj ) + l 
0 

The par ameter Tj is define d such that in terms of the free 

electron numb er d ens ity and the temp erature ,,re have ( Tolman 

1938) 

h2 J / 2 
( 2 Tim kT) 

e 

wh ere hi s Planck's cons tant and m i s the mass of an 
e 

electron. In term s of these quantities ,ve define ( equation 

A.26) 

where the prime denotes differentiation with respect to Tj, 

From equation (4 . 5) and equations (l1.2)-(4.l1) we 

determin e the following corr ec tions to th e pr essure , 

entropy, and internal energy: 

l l d I-() Pc = -F (-. + C V I( oV ( 4 . 10) 

1 l 0 ,'( ) 
SC = -F ( - + C T I( oT ( 4 . 11) 

and 

( /1 • 1 2 ) 
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The quantities 3k/ av and aK / aT are obtaine d by straight-

forward p ar ti a l differ enti ation of equation ( 4.6) in which 

1ve note th at n. and n are deI'ined suc h that if N . and N 
1 e 1 e 

arc, resp ec tiv e ly, the total numbers of ions and electrons 

in the gas, then n . = N. / V and n = N / V . 
1 1 e e 

Th ermodynamic ally 

K is to b e regarded as a function of V, T, N 
i' 

and N 
e 

Thu s th e quantity oK / oV i s evaluated holding T , N., and N 
1 e 

fixed and , 

N fixed . 
e 

similar ly, a,c / aT is evaluated holding V, N., 
l 

Ov er that r egion of densi ty and temp eratur e for 

and 

which th e DE criterion, equc1tion ( A .11), is satisfied , 1ve 

may add these formulae, equations ( 4 .10) - (4.1 2 ) to the 

p erfect gas expressions i n order to obtain the tot al 

th ermodynamic functions including the interaction effects . 

At higher densities , that is , beyond the DH limit, th ese 

r esult s tend to overcorr ect for the int eraction effects and 

we must resort to other p rocedures . 

4.1.2 Monte-Carlo Re ~ion 

Following Brush et al . (1 966 ) we d efine the 

parameter r such that 

2 
z e ( 4 I J TI:n . ) 1 / 3 
kT 1 

( 1±. lJ ) 

In term s of thi s parameter th e DH criterion, equation 

(A. 11 ), ma y be written as 

1 << o .1; 
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wh ere thi s condition i s sati s £ied we may apply th e DH 

r esult s . Over t he r egion O . 05 < I< 0 . l we fit th e DI-I 

r esult s to th e re s ults of th e MC calculation of Brus h 

et a l . (196 6 ) and above i> 0.1 we t ake over the MC 

r esult s dir ect ly. Th e NC c alcu l ation s were performed, 

h owever , fo r a one-component sys t em c onsisting of po s itive 

point ions of c h arge n um b er z immersed in a uniform nega-

tive charge background . Such a model corresponds , for 

example , to a phy s ical sys t em a t su:C fi cient ly hi g h 

d e n si ti es that p ressure ioniz a tion is comp l e t e and the 

free e l e ctrons are s ufficiently degenerate that th ey are 

distributed n early uni for1nly, ind epend ently o f th e ions . 

We re gar d this as b e ing a r easonable approximation to th e 

phy s ic a l condit ions exi s ting wit hin th e interiors of low 

mass stars at t emperatures above 10 5 °K . Belo,v th is 

t e mp erature, at th e d ens itie s we consider , thi s model is 

no longer ad e quate . 

In essence a sing l e Mont e -Carlo chain consists of 

th e d e t erminat ion of th e equilibrium configuration of a 

system composed o f a sp ec ifi ed number o f particle s thr ough 

cons ide ration of th e r andom motion of the consti tuent 

p ar ticle s . Brush et al. ( 1 966 ) cons truct 50 suc h ch a ins 

o n th e mod e l d escr ibed ab ov e for systems cont a ining frorn 

32 to 500 p ar ticl es . They c a lcul ate the tot a l confi g ur a -

t ional pot entia l ener g y n s ,-re ll as the pair distribution 

f unction s and f'rom · th e former th ey obtain addit ion.Rlly th e 
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overall thermodynw1ic properties of th e sys tem. These 

latter data are tabul·ated as functions of the param e ter I 
over the r ange O. 05 ::::._ I ::::._ 1 25 . Near I = 125 th ey find th e 

occurrence of a solid-fluid phase transi tion. 

Ion-Pair Model 

Below 105 °K we introduc e an artifice into the DH 

and MC theories in ord er to extend their applicability 

beyond the DH limit. That th e DH theory fails at high 

den s ities is a consequence of it s r epresenting th e inter-

action effects through consideration of only two particle 

interactions. At low d ensities this suffices, but at hi gh 

densitie s ternary and hi gher order interactions tend to 

yield more uniform particle distributions than predicted by 

the DH theory . These effects are the most serious at the 

lo,,re st temperatures for which ionization is complete. 

Under these condition s we cannot disregard the ion- electron 

int eractions ; hence th e abov e MC mod e l is also inadequate. 

In order to comp e n sa te for these effects we adopt a 

procedure base d on Bjcrrun's (cf. Fowler 1936, p. 552) 

tr eatment of ion association. 

We consider a volume V containing N. and N free 
1 e 

ions and electrons, r espectively , and assume that the mean 

char ge p e r ion is unity so that N. = N • 
1 e 

We consi der an 

associated ion p air to be form ed within th e s y s tem when an 

el e ctron i s locat ed within the radiu s a of an ion. For 
p 



th e v a lu e o:C a we t ake that di s t ance from th e ion. at which 
p 

the max i1rmm average rel a tiv e kin e tic e n e rgy b e twe en an ion 

and an el ectron ( neg l e ctin g d egene r ac y ) i s e qu a l in magni-

tud e to th e pot enti a l energy o:C th e ion-e l ectron p a ir , that 

i s 

2 
e 
a 

p 
= JkT (l.1:. 15 ) 

We l et N b e th e tot a l number of such pairs and l et N. and 
p l 

N b e th e tot al numb e r of free ions and electrons , r es p e c ­
e 

tively , ,vhic h are no t associated as ion pair s . Letting 

Q , Q! , and Q' d enote th e r es p e ctive p ar tit i on functions we 
p 1 e 

h a ve 

N 
p 

N!N ' 
1 e 

Q 
= __p_ 

Q!Q' 
1 e 

We r egard the partition functions as product s o:C a trans l a-

tional t erm j and a con:Cigur at ion a l term u . For th e ion 

pair s we h ave 1 = Ii . p 1 e 
Reg arding th e ions as point 

p ar ticl es and n eg l ect ing any in.ter ac tions beb\·een th em we 

hav e u . = v , the tot a l volume o:C th e system . 
l 

Letting 

u 
p 

-· 4. / J rra J , 
p 

th e spherica l volume associated with th e 

radi a l di stance a about a n ion, we hav e that u i s j ust 
p e 

th e volum e availabl e to the fr ee , unas s ociat e d electrons 

r egarded as c l ass ical p ar ticl cc , th a t i s u = V - N v . 
e e p 
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For the configurational p ar tition function of th e ion pairs 

we h ave 

a 
p 

up = 2TIV f 
0 

[ 
dr)J 2 exp - ---· r dr kT . ( 4 . 17) 

wh ere E(r) is the interaction energy b etween th e ion and 

th e e l ectron compo s ing an ion-pair at the separation r 

wh ere O < r < a . p 
To expedite ma tters we set E( r ) = 0 for 

all rand obtain u = l / 2Vv . p p 
We let /3 denote the r a tio 

N' / N and writ e equation ( 4 . 16) as 
e e 

1- ~ _Le__ u p 
= = 

/32N ,e_ . _f u.u 
1 e l e 

e 

1 
2 

V 
p 

V - N V 
(4.1 8) 

e p 

We define th e ion-p a ir s equilibriun1 con s tant K s u c h th a t 
p 

1 1 
2 

V n 2q 
K p e 

= = 
p 1 -n V 1-q e p 

wh ere n i s th e tot al mean free e l ectron number density and 
e 

q = n V , 
e p 

We th en obtain the equil ibrium relation 

/3 2
K + /3 - 1 = 0 p 

whic h may be solved e x pl i citly for /3 given n and T . 
e 

(l1:. 20 ) 

When 

/3 = 1,0 we h ave no ion-pairs existing within th e system 

while /3 = 0.0 impli es that al l of the free e l ectrons and 

ions are a ss ociated i nto ion-pairs . Phy s jc a lly we inter -

pret ion-p a i r form ation as a tr ansient ph e nom e non wh ereby 



an electron found within th e radial di s tance a p 
of an ion 

results in th e mom entary existence o:f a neutral particle . 

As such ,ve assume that those fre e electrons a nd ions which 

are associated as ion-pairs make no contribution to th e DH 

or MC corrections; hence we include only th e unassociated 

free ions and electrons , thus employing the modified free 

electron number density n ' =Sn, in computing th ese 
e e 

corr ections . 

Although we can compute th e parameter S for each 

n and T encountered, we find it more convenient to repre­
e 

sent it by an analytic function of the parameter q . Th e 

function 

S ( q ) = 
2 27( 9-1) 

[ 1-2(q-1)] J 

has the desir e d properties in as much as S ( O) = 1.0 ( no 

ion-pair s ) , S ( l . O) = 0 . 0 ( complete ion-pair formation ) , and 

( dS / dq ) q =O = ( dS / dq ) q =l = o . 

In order to be thermodyna mically consistent , the 

thermodynamic function s for the system shou l d go smoothly 

over to tho s e for the system of associated ion-pairs as 

s ~ o . However , for computational convenience , we assume 

that, with the exception of th e pr essure , all of the 

thermodyn a mic quanti ti es go over to tho se v alues app r o-

priat e to a perfect gas mixtur e of ion s and electrons as 
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i3-> o. o . For the total gas pre ss ur e we take 

p = p + i3Pl. + pc ( Pn 'T ) ( l.1:.22 ) 
tot al e e 

where P and P. are th e idea l gas e l e ctron pressure 
e 1 

( inc l uding d egeneracy ) an d ion pressure, re s p e ctively, and 

PC is the DII or MC corr ec ti on term regarded as a function 

o f t h e modified fr ee electron numb er dens ity i3n and the 
e 

t emperature, T . We not e that in the limit of' comp l e t e ion-

pair formati on Ptotal b e comes , in the absence of deg eneracy, 

j ust h a lf the total pre ss ur e th a t would obtain for an ideal 

gas mixtur e of free ioris and electrons . 

4 . 2 Pressur e Ioniz ation o:[ Hydro ge_n and Helium 

We wish to cons ider the ioniz a tion e quilibrium in a 

gaseous mi x ture o:[ hydrogen and helium ,vhich is at a 

t emperature T and confined within a volum e V . Thermo-

dynamically ionization may b e r egarded as a special cas e 

o f a ch e mica l reaction of th e type 

A + e,2A 
r +l r 

(4 .23 ) 

wh ere A 
1 

and A denote the u pp e r and lower stages of r + r 

i onization , respectively , and e denotes an electron ( cf . 

L andau and Lifschitz 1958 ). In ord e r that a mixture of 

elements b e in equilibrium at constant volume and t e mp era -

tur e , we requir e th a t th e He l mho lt z fun c tion for the 

sy s t em , F = F ( T , \T , N
1

, N
2 

i •• • ) be mini mized with re s p e ct 



to th e c on c e n tra ti o n s , N
1

, N
2

, of th e ioni c s p ec i es 

·pre sent. L e t N b e the tot a l n u mb er of p ar ticl es of th e 
i,r 

illi e l e ment in th e r lli s t age o f ioni za tio n . 

th a t 

dF = (~-) o N dN. + 1,r 
i,r TV N N 

' ' j,r' e 
i r 

= µ . d N . + µ dN = 0 
1,r 1,r e e 

i r 

We th e n r e quir e 

(°F ) dN 
oN e 

e T , V,N. 
1,r 

,vb. e r e µ. ar e th e re s p e ctive ch emic a l potenti a ls and N 
1,r e 

andµ are th e tot a l numb er and th e ch e mical pot enti a l, e 

resp e ctively, of the fr ee e lectrons . Sinc e th e total 

numb e r of p a rticl es of a par ti c ul a r el e me nt i s fix e d, we 

have , suppo s ing th e g a s to b e a mix t ur e of m e l e ment s , the 

following m conditions of cons tr a int 

L N. = N = cons t a nt i = 1 ' ' 
m (l1:. 25 ) 1 , r l r 

which gives 

L dN. = 0 i = 1' ' 
m . ( 4.26) 

r 1,r 

Furthermor e we require that the syst e m b e el ectrically 

neut ra l so tha t 

N 
e 

i,r 

Z N. 
r 1, r 

(L1.27) 
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wh ere Z is th e char ge number o:f a n. ion in the rlli s tag e o:f 
r 

ioniz a tion. Thi s l eads to th e condition th at 

d N = 
e 

i, r 

Z dN. 
r 1,r 

Usin g equations ( l1:. 26 ) and we may eliminate dN and 
e 

m of th e dN. in equation (l1. 2L1) . J_, r Since th e re s ulting 

equation mu s t b e tru e for a r bitrary var iation of the 

remaining d N. , we must r equire th a t th e co e fficients of 
1,r 

th ese d N. v anish. 
1,r We are th e n l eft with th e following 

s e t of equilibrium equations 

µ . 1 + µ - µ. = 0 
1 r+ e 1 r 
' ' 

( 4 . 29 ) 

for all elements i in all st ages of ionizati on r . If ,,re 

now assume th a t th e ions may b e tr ea t ed as a cl ass ical , 

ideal Maxwe ll-Bolt zmann gas we h ave (Mayer and Mayer 1 940 , 

p . 126) 

= kT fin n. -L 1,r [ 

2 Tim.kT 3/
2

] ] 
ln ( ~ ) - JnQ . . 

h 1 , r 
(l1:. JO) 

wher e n. i s th e number d e nsity and Q. the int erna l 
1,r 1,r 

p art ition functi on for th e i lli elem e nt in the r lli stage of 

ioni zation and m. is th e mass o f the illi elem ent. In 
l 

gener a l the p a rtition function is given by 

CX) 

Q = I: 
s = l 

(l1:. 31) 
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where the summation is performed ove.r all bound states s of 

energy f and statisti ca l weight g . 
s s 

It is conventional to 

measur e the energie s c with r espect to the ground state 
s 

energy of the particular ion in que s tion . In evaluating 

Q. and Q. .l, 
1,r 1,r+ . 

for an elem ent in the partition function s , 

two successive stages of ioniz at ion, we must refer the 

bound state energies to a common zero of energy . 

choose th e ground state of the lower ionization stage as 

the zero point, then we must add to th e energies of the 

u pper st age the amount )(. , ,vhich is jus t the ionization 
1,r 

energy of the lower stage . Letting rJ = ~L / kT we obtain 
e 

from equations ( 4 . 29 ) and (4 . JO ) 

ni r+l ' . . exp ( - - ri ) . ( 4 . 32) 

I f we furth e r assume that the electrons may be treated as a 

Maxwel 1-Bol t zmann gas and ernpl oy equation ( LJ: . JO ) to obtain 

µ , we find that equation ( 4 . 32 ) reduces to the usual form 
e 

o f th e Saha equation . In general we are t o be concerned 

with a gas in which the el e ctrons may be degenerate in 

which case n mus t be evaluated from the Fermi - Dirac 

statistics . 

That the summation involved in the evaluation of 

t he partition function of the ions extends over an infinite 

number of bound states i s a con sequ ence of the Coulomb 

field in ,d1ich th e bounrl e lcctrori. s move and the assumption 
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th at a p a rticular ion can b e regarded as being i solated. 

In a r ea l g&s , h owever, no i on i s compl e tely i s ol ate d sin ce 

it will b e sub j ec t to th e p ertu rbing effect s of n eighboring 

particl es . The electro s tatic fi e ld a bout an ion will not 

be du e to th e Coulomb field o f the ion a lone but will be 

modi fie d by th e presence o f th e oth er p ar ticl es , e spec i a lly 

by o ther ions a nd th e fr ee e l ectron s , such tha t it will 

v a ni s h at som e finit e di s tance from the ion. Thus th e r e 

will b e in r eality o n ly a finit e numb er of bound states, a 

consequ e nce wh ic h provid es a natural cutoff to the parti-

tion function s umm a tion. Fur th ermore th e modified pat e n -

ti a l di s tribution a bout th e ion will re s ult in an upw ards 

di s pl acement of th e bound st ate energi es which will give 

ri se to an effective lower ing o f th e ioni zation energy . At 

a fix e d t e mp eratur e we th e n find tha t both th e tot a l number 

of bound states and the bound st a te e n ergies become 

d ependent on the d ens ity in such a ma n ner as to shift the 

ionization equilibrium to hi gher s t ages of ioni za tion with 

incr eas ing d e n s ity. Thi s i s th e ph enomenon of pressur e 

ioniz a tion and i s r es pon s ible for in s uring that pla s mas 

will t e nd towar d s compl ete i onization at very high d e n-

sitie s . The effect s of the particl e int e r ac tions will also 

b e to bro a d e n th e r espect ive en e rgy lev e l s , an effect which 

we n eg l ec t in th e p resent tr eatment . 

In cons jdering pres s u re ionization we are , or 

course , conc e rne d with t b c tim e averaged ef':f'ect s of th e 
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perturb at ions a ri s ing f'rorn th e p ar ticle int eraction s . In 

principle 011 e should tre a t th ese effects through statisti-

cal mec h anica l considerations but, becau se of the very 

complicat ed n at u re of' th e probl em, it is more conv enient 

to attempt to r e pr esent th ese ef'f'ec ts by means of simple 

models . In a gas consi s tin g 01 a mixtu re of charged and 

neutral particle s we expect th at the microfield s estab-

lished by th e charged p ar ticl es will provid e th e ma jor 

perturbing influence on the bound s t a te s of any particular 

ion . Mayer ( 19L17) a nd Armstrong e t al . ( 1961) hav e 

utiliz e d the ion-sphere mod e l in order to estimate th e 

lowering of the ioni za tion energies in a pl asma . In this 

mod e l each ion is consid e r e d to b e surrounded by a unif'orm 

spherical cloud of' f'ree electrons in which th e number of 

electrons i s equal to the cl1.arge number Z on the ion . The 

size of each ion sphere is cho sen to be that of the mean 

v olume p er ion corresponding to the mean ion number density . 

lt is assumed that the outermo s t bound el e ctron move s in a 

potential field arising from the ion (including the screen-

ing effects of the inner bound electrons ) and the out er 

free electrons composing the ion sphere. If' Zeis the 

ch a rge on th e ion and a is the ion-sphere radiu s , where 

(J / 4nn ) l / 3 and n is the mean ion number d ens ity , then 

it is found that the i oni za tion energy of th e ion in 

q_ue s tion is 2 
lmvere d by th e amount JZe / 2a . Thi s mod e l i s , 

strictly s p eaking , applicable only to ions at hi g h stages 
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of ionization and s hould b e app li e d only und er th e condi-

tion th a t the ion-s ph e re r adi u s i s much greater tha n. the 

radius as soci n t ed ,\ri th th e oru i t of th e out ermo s t bound 

electron . 

Eck er an d KrBll (19 63 ) e mploy th e simpl e De bye-

Hnck e l mod e l in order to es timate the lowering of the 

ionization energy of a given ion ari s ing from th e screening 

effect s of n eighboring ions and fr ee el e ctrons . Th e y find 

that in th e r egi ons of d e n s ity and t e mp erature in which 

the Debye - Hilck 1 approximation is valid , th e lowering of 

the ionization energ y in a class ical plasma is given by 

1 2 K(l z2 Z2) ,vb. ere i s th e inver se De bye l ength - 2e + - K r+l r , 

and z 
r+l 

and z ar e th e charge numb e rs of th e upper and 
r 

lowe r ioni za tion stages , resp e ctively, of th e ion in 

question . 

S tewart and Pyatt (1 966) d eve lop a th e ory for th e 

lowering of the i onization energy in a pla s ma which yield s 

the Debye-HJck el result in th e low d ensity, hi gh t e mp e ra-

tur e limit and the ion- sphere r esult in th e limit of v e ry 

high d e n s iti es . Th ey proceed by so lving Poisson ' s equation 

for th e tim e - averag e d potenti a l distribution about an ion 

arising from the ass w11 e d s pheri c a lly symmetric di stribution 

of ions and fr ee e J.ectrons about th e given ion . They 

a ss u me th a t th e b o und e l ectron di stribution about the ion 

c an b e d escr ib e d by th e Th omas -F ermi mod e l a nd th a t, 

effectiv e ly, the d is tribution of ion s and fre e electrons 



can both be d escr iL e d by the Maxwell-Boltzmann distribu-

tion . The lowering o:f th e ionization ene rgy then appears 

as the worl done in removing nn e l ectron :from the origin to 

in:finity against the pot ential :field of th e screening cloud 

of ions and :free electrons . 

Whil e th e procedure o:[ Stewart an d Pyatt yields an 

est~nate o:f th e lowering of the ionization potential ov e r a 

wid e r ange of density and temperature , it provides no 

informati on on th e accomp a nying effec t on th e partition 

functions . To accomplish this, one would h ave to solve 

Schr8dinger ' s e quation for the array of bound states 

utili zing the tot a l screened potential distribution about 

the ion. Onc e th e associated energy eigenvalu es were 

:found, the partition function s c an be computed :from th e 

summ a tion indicat ed in equation ( 4 . 31 ). Harri s and Trulio 

( 1961 ) approximate the effect o:f particle int erac tions on 

the bound states in a pure hydrog en p l asma by consid e ring 

each atom to be confined ,vithin a box o:f dim e n sions equal 

to the mean volum e per atom . The perturbed energy eigen-

value s are obtained :from the s olution o:f SchrBding er ' s 

equation and it is found that this proc e dure leads to a 

qualit atively correct thermodyn amic beh av ior of th e gas . 

A more realistic approach th an thi s so-called box 

mod e l is to consider th e outermo s t bound electron to move 

in R Coulorn l field which h as been appropriate ly modified to 

account for tl1e screening e:f:fects of n eighboring charged 



particl es . In tr eating a pure hydr o gen pl a s ma , Harr is 

(1962) adopts th e De by e-Hlick c l pot ent ial distribution , 

whi ch fo r a hydrogen- l ike atom o f nuclear charge Z can b e 

written as ( cf . equation A.Jl) 

(f) ( r) = 
Z e 
r 

exp ( - Kr) 

wh ere (f) ( r ) i s th e pot ential a t th e di s t ance r from th e 

nucl eus a nd K is i nverse De by e l ength. Approximate s olu-

tion s to Schr6dinger ' s e qu a tion, 

[ 
h

2 
2 Ze

2 J - V - -- exp ( - 1c r ) tf, 0 = 
2m r n,> ( t"' p n, n,,,,-

are obt a in ed u sing the v ar i a tional t echnique in whi c h 

u nperturbed hydrogen atom wave f u nctions ar e u se d as a 

bas i s se t o f function s for minimi zing th e energy . These 

c a lcul at ions are ma de for th e hydrogen atom ground s tat e 

and 44 excit e d states up through n = 9 and J = 8. The 

re s ultin g bound state e n ergies are t abul ate d as functions 

of th e param e ter 6 = Ka / Z wh ere a i s the r ad ius o f th e 
0 0 

fir st Bohr orb it. It is foun d that the bound state 

en e r g i es are shif t e d u pwards towards th e cont inuwn with 

i ncre as ing 6 with th e conse qu ence tha t at v a lues of 6 

g reater than 6 = 1.15 no more bonnd s t a t es ex i s t and th e 

atom i s compl ete l y pressure i onized . 

We shall ut i li ze Harr i s ' r esults in or d er to ob tain 

th e th e rm odynamic f unctions for a gase ous mixture of 
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hydr ogen and h e lium . For th e hydro gen-lik e s p ec i es III and 

Hell we c a n emp loy Harr i s ' d a ta dir ec tly although for ease 

in comput ation we shall int r o d u ce several s implifications . 

In computing th e p ar tition func tions we shall not includ e 

th e nin e bound l e v e ls consi d e red by Harris but shall sum 

explicitly only over all the s t a t es up throug h then = 4 

leve l. We cons ider all of the r ema ining upp er states 

through th e n = 9 level to li e at a common energy equal to 

that of then = 5 lev e l ,vi th ,vhi c h we a ss oci ate th e stati s -

tical we ight g = 510. We further assume th a t all states of 

common n li e at the s ame energy ; although u se of the 

potential given in equation ( L1 . JJ) removes the n -J, degen-

eracy peculi ar to th e pur e Coulomb field . We assume that 

th e state s vani s h sequentially with thos e of high es t n and 

l vanishing first . Below we tabul a te the value s of 6 at 

which the various states we cons ider vanish and the statis -

tical weight g O as s ociat e d with e ac h state : n..,, 

St ate 6 gnJ, 

5s 0.05 510 
4f 0 . 06 14 
l1d 0.06 10 
l1 p 0.08 6 
3d 0.09 10 
J p 0 . 110 6 
lJ: s 0 . 120 2 
Js 0 .20 2 
2p 0.21 6 
2s 0.30 2 
l s 1 . 15 2 



In this model th e partition function c a n be repre-

sented by 

Q = 

n ' 

L 
n=l 

+ g I n,( 6) 
n , ,t, 

( 

exp(-~) 
k T 

exp ( -

where n ' and J • are the quant um numb e rs associat e d with the 

upp ermost state existing for a given value of 6 and E n 
n , .K-

are the bound state energies . Th e partition function for 

the uppermo s t bound state is regard e d as a function of 6 

and is computed such that it vanish es smoothly ,vi th 6 as 

the excit a tion energy approaches zero , th ereby insuring 

that the contribution of the upp ermo s t state to the total 

partition function wi l l , in f ac t, vanish . Sp ec ific a lly, 

taking th e slli l evel of unp e rtur bed statistical weight g 0 

s 

to be the uppermost level existing at a value of 6 such 

that O < 6 < 6 , where 5 is the value of 6 at which the 
- s s 

slli l eve l vanishe s , we repr esent the 6 d ependent statistical 

weight , g ( 6) , by 
s 

A ( 6-6 )
2 

g ( 6 ) 
s = 

s s 

l + B (6-6 )
2 

s s 

Th e cons t an t s A and B cho sen suc h that 
0 a r e g -gs as s s s 

6 o, 0 6 6 and 1 / 2g 0 
wh en 5 6 -> . gs -;:, a s -> 

s ' 
g - = s +l' s s 

that j_ s ' we t ake the statistical we ight of th e slli l e v e l to 



h ave one - h a l f i ts u npert u r be d va lu e a t th a t v a lu e of 

6 = 6 
1 

a t whi c h th e p rece d ing l e v e l v a n ish es . 
s+ 
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We n o t e th at i n r epresenting th e p a rtiti on funct ion 

fo r th e b ound states i n this way it b ecomes. impl i citly 

d e p end ent upon th e fr ee e l e c tron n u mb er d e n s ity a nd add i -

tion a lly d epen dent up on t h e t e mperature thr ough th e explicit 

dep e nd e n ce of th e (. 
n ,t a nd th e g 0 n , ,., on th e p arame t e r 

6 = 6( n ,T). 
e Th e d e p endence o f the gnJ on 6 h as b ee n 

introduced in a hi ghly ar ti f i c i a l way , how e v er . Be c a u se o f 

thi s , we n eg l ec t thi s im p licit d e p enden ce of th e p a rtition 

function o n n and T . 
e 

Conse q uent l y , we contin u e to r egar d 

th e sub s y s t e ms cont a ining boun d e l e ctrons a s cons tituting 

an a ssemb l y of idea l Bolt z mann p a rticl es for which, hmv-

ever, th e p artition fun ct ion v a ni s h es with th e di sap-

pe a rance of th e bound st a t es . 

In applying Har ri s ' d a t a to n e utr a l h e lium , ,ve 

consider only one e x cit e d st a t e ,vho s e d e p e nd e n ce on 6 we 

take to b e the s a me as tha t of the 2 s state of hydr og e n . 

The partition fun ction i s comput e d in a ma n ner compl e t e ly 

analo g ou s to equa tion (4.34) for HI and He ll . We as s um e 

that th e d e p e nd enc e of th e He I g roun d st a t e e n e r gy, and, 

thus, th e ioni zation en e rgy, i s th e s am e a s th a t for a 

hydr o gen-lik e atom h a v i n g an e f fec tive nu c l ear charge 

Th e tot a l I-Je l mho l tz func t ion fo r th e sys t em con-

s is t s o f th e s um o f th e c ont r ib u tions ar i s in g, fr o m th e 



tran s l ational degree s o:r fre e dom of the ions and mo l ecu l e s 

and a correction t erm arising from the Coulomb interactions 

betwe en the charged particles. If we let N. be the tot a l 
l 

number of ions of the illi ioni c species ( we h erein regar d 

neutral atoms as ions h aving an ionic charge number Z. O) 
l 

and l et Q. and m . be th e associated internal p art ition 
l l 

function and p art icl e mass , r espectively, th e n th e contribu-

tion to the Helmholtz function due to the illi species treated 

as a Maxwe ll-Bolt zmann gas is 

F 
i = N. kT [ jn N. - )n V -

l l 

2 l 1, 3 / 2 nm . c 
Jn ( ~ ) 

h 

where his Planck's constant and k is the Boltzmann 

constant. 

of course, 

Th e total cont r ibution from the ions, F 
ions' is, 

F = LF' .. ions 1 
(4.37) 

The contribution made by the free electrons , F , treat e d as 
e 

an ideal Fermi-Dirac ga s is 

where N is the total numb er of electrons present and e 

(4.38) 

Tj = µ / kT ,vhere µ i s th e chend. ::a l potential o:f the fr0e eo eo 

electrons corre s ponding to the me an free electron den s ity 

n = N / V. 
e e The fun ction D(Tj) is d efined in t erms of the 

Fermi-Dirac integrals by D ( Tj ) = 2/ 3 F
31 2

( T] ) / F
112

(TJ) . The 



contribution to th e Helmholtz fun ct ion , F , arising fron1 
C 

the electro s t a tic interac tions b e tween th e ion s and the 

free el e ctrons on the Debye-HUcke l model is gi v en by 

equation ( l1 . 5) . 

We now establish through th e set of e quilibrium 

conditions contained in equation ( 4 . 29 ) the e quations 

governing the equilibrium concentrations of the various 

ionic species present . Th e chemical pot ential of th e illi 

ionic species, 

relation 

µ., is obtaine d from th e thermodynamic 
l 
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µ. 
l 

= ( 4 . 39 ) 

T , V , N. , N 
J e 

where the subscript N. indicat es that all of the ionic 
J 

species oth e r than the illi are to be held con stant in 

performing the differentiation . From equation ( l1 . 36 ) we 

h ave 

2Tim.k:T J/2 

µ. 
l 

Jn ( ~ ) 
h 

where n. is the mean numb er densi ty of the illi species . 
l 

Th e c h e mical potenti a l of' the free electrons , µ , 
e 

i s given by 

{~ ) oN 
e T , V,N. 

l 

= _(?_ ( F. + Ji' 
cl N ions e 

e 
+ F ) 

c T V N 
' ' i 



from which ,ve obtain 

=-Tj+T] 
C 

wh ere 

fl C = 
2 

1 e K 

2 kT 

Th e prim es denot e diff e renti a tion with re spect to th e 

par ame t er T] . 

From these re s ults and th e discuss ion preceding 

equation (4 . 32), it follows that the ratio of the numb er 

densi ties , n. and n. 
1

, 
i , r i,r+ of th e illi element in th e 

succ ess ive stages of ionization, rand r+l, i s given by 

71 

n. 1 i,r+ 
n. 
i,r 

= 
Q. ] 

J _ 'r+ -
Q . exp(-~. - Tl - Tl ) 

1,r C 
(LL 44) 

i , r 

where we let ~- = X . / kT . 
. i , r i,r In the treatment of press ure 

ioniz a tion which we employ h ere , both th e ionizat ion 

energy , xi r' 
' 

and the partition functions , Q. and 
i,r 

Q are to be regard ed as functions of the mean elec-i,r+l ' 

tron density and the temp eratur e . Equation (4.44) repre-

sents the final form of the ionization equation which we 

shall utilize in computing th e i0ni zat ion equilibrium in 

th e gas . 

For th e hydro gen-h e lium pl as ma which we cons id e r 

he re, we h a ve th e followin g e quilibrium r e lations : 



and 

= 2 
exp ( -(f) o - Tl - Tl ) , 

QHo I-I C 

nH e + 

nJ-I e + + 
- --- = 
nl-I e+ 

Qtt e+ 
- --· exp ( - <pI-IeO - Tl - Tlc) 
QHcO 

th e numb er densitie s of n e utral and ionized h ydrogen and 

neutr a l , singly and doubly ionized helium. 

4 . 3 Pres s ur e Di ssociation of Mol ec ul ar Hydro Q;en 

In th e low t e mp e r ature re gions of a star we must 

also a llow for the pres e nce of molecular hydrogen , which 

we consid er to b e in equilibrium with n e utr a l a tomic 

hydro gen throug h th e re act ion 

In this case the equilibrium r e l ation for mol ecu l a r 

hydro gen i s given by 

nm kT 3 / 2 . 

( I-1 ) exp(-D / kT ) 
h2 e 

7 2 

wh ere nl-1 i s 
2 

th e number d ensity , QII th e partition f unction 
2 

and D th e di ssociation energy for mo l ecular h ydro g en an.ct e 
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mH the ma s s 0£ a hydro gen atom . We n e g l ect the po s sibility 

of electronic excit a tion and, a s suming a norm a l mi x ture of 

the ortho and par a modific a tions , write th e H2 p a rtition 

functio n in the £arm 

QH = L L ( 2J+l ) e x p [ - [ ( v + ( J ( v ) J / kT 1 
2 

V J 
even 

(L1. l17) 

+ J I: I: ( 2J+l) exp [ - [fv + ( J ( v) J /kT1 
V J 

od d 

wh ere fv and fJ are , respectiv e ly , th e energ i es of th e 

v ibrational energy l eve l with vibrational quantum number 

v and the rotational energy level with rot ational quantum 

numb e r J . From Herzberg (1 950) we h ave 

and 

(V 

he 
( v + l)w 

2 e 

1 2 
(v + -) W X + 2 e e 

= J(J +l ) B 
V 

1 J 
( v + -) w y 

2 e e 

wh ere hi s Planck ' s con s t ant and c i s th e velocity of 

li g h t . We t ake the follo wing molecular constants fro m 

Herzberg (1 950 ) 

W = LJ:J95 , 2 
e 

W X - 117 
e e 



w y = 0.29 
e e 

B 
V 

] 2 
60.8 - 2.993(v + ~) - o.0 25 (v + ~) 

DV = 0.0465 - o . 00134(v + ~) 

H = 0 . 0000518 
V 

The summation in equation (L1.47) i s terminated when 

We provide for th e effects of pr essur e dissoci a tion 

following Vardya (19 65 ) who estimates the lowering of the 

dissociation energy of a hydro ge n molecule arising from its 

interaction with the ne ares t n e utral hydrog e n atom . He 
! 

find s that t h e dissociation energy is d epre ssed by an 

amount ~D given by 

~D = I [ 1. 2u (;) - 0. 6u ( r) ] I 

where 

u(() = - 7. 605 x 10-
12 

(1.0 + 2 . 04[) exp (-2.04() 

and ( = r / r - 1 . 
e 

( 11. 51) 

Here r = 0.7414 A and i s the equilib­
e 

rium separation of th e two protons in the nucleus of a 

hydrogen molecule. For r we choo se th e mean volume per 

particle in the gas rather than the mean volume per neutral 

hydrogen atom as was ori ginally d one by Vardya ( 1965) . 
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In perf'orrning t h e partit ion f'unction summation o:f 

equati on ( 4 . 47) a s w~ll as in evaluating e qu a tion ( 4 . 46) we 

tak e th e ef'f'ective dissociation energy D = D - ~D, wh ere e o 

,ve denot e by D th e u nperturbed valne. 
0 

It i s thi s parti-

tion function and dissociation energy which ,ve employ in 

th e subsequent eva luation o f th e thermody n a mic function s of 

molecular hydro gen . 

4 . 4 Int er io r Opacity 

Th e computa tion of' Ro s s e l an d mean op aci ti es 

appr opr i a t e to s t e ll ar ma tt er requires a knowl e dg e of th e 

total mono c h r omatic op aci ty K at every frequency v . In 
V 

gener a l th e monochrom a tic op ac ity at a p a rticul a r fr e qu e ncy 

is th e sum of contributions aris ing from a large numb er of 

ab s orption processes involvin g many elements in various 

stag es of ioniz a tion . We shall employ th e extensive 

o pacity dat a compiled by Co x and St ewart ( 1965) who have 

computed t ab l es of opacit i es , including th e effects of 

electron conduc tion , in a numb er of diff erent ch e mic a l 

compo s itions . In computing th e Ross e l and mean th e y have 

i nclud ed both di s cr e t e and continuous absorbing proc esses 

and have comput e d th e contribution to the tot a l opacity 

made by conduction on th e b as i s o f the Mestel ( 1950 ) 

tr ea tm ent o f electron conduction . Th e dat a are pre sente d 

as t ab l e s of the logarithm o f th e tot a l op acity versus th e 

logarithm s of' th e temp era ture and mass d ens ity . 



In p ar t icul ar we s h a ll utilize th e opaci ty tabl es 

f'or th e compo s i t ion ,vhich Cox and Ste,,rart d es ignat e as the 

Ca meron Mi x ture I . We shall find, however, that in 

applying th ese t a bl es we s h a ll require d a ta at den s ities 

gre a ter th a n tho se includ e d in th e tabul a ted d a ta . To 

extend th ese table s to higher den s ities we resort to the 

following expediency : In thi s rang e of den s ity and tempera-

tur e the eff'ective op a city is principally d e termined by 

electron conduction . We th erefore assume tha t the radia -

tive contribution to th e op a city r e ma ins constant with 

incr easing dens ity and equol to the la s t tabular entry , and 

we comput e the conductive contribution from the Mestel 

theory f'ollowin g Cox (1965). It should be noted , howev e r , 

that in thi s region of density and temperature, th e 

conductivity as computed f'rom the Mes tel theory may be in 

error by as much as an ord e r of magnitude ( Hubb a rd, 1966). 

4.5 Nuclear Energy Gen eration Rate 

In the region of density and t emperature appro-

pri ate to the deep int erior regions of low mass stars the 

proton-proton chain is th e principal source of' nuclear 

energy gen era tion . At t emperatures le ss th an about 

6 x 10
6 

°K th e proton-proton chain will terminate with the 

production of He 3 . At hi gh er t em p erat u res th e reactions 

proc eed at suf'ficient ly hi g h r a te s that He 3 will obtain an 

equilibrium a bund ance , and th e proton - prot on chain will 



4 
terminat e with the production of He . We antici p ate th a t 

th e central t emperatures of th e stars und e r inve s tigation 

h ere will, in fact , b e le ss th an 6 x 106 °Kin which c ase 
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the proton-~roton chain will involve only th e following two 

reactions : 

2 · 3 H (p, y)I-Ie 

We obtain th e r eaction rates and, hence, th e rat e of energy 

gen e r a tion :from the d ata given by P ark e r, Ba hc a ll, and 

Fowler ( 196Ll:) . For t emp eratu res greater than about 

5 x 10 5 °K we c a n a ss um e th a t th e r a te s of production and 

d estruction of H2 
are equal . In t h is c ase th e r a t e of 

energy generation per gr a m fo r th e proton-proton cha in, 

f can b e written a s 
p - p 

( 

p-p 
2L.1: . 2 2 - r = ( 2 . 803931 x 10 )P X fSr e erg / gm 

where Pi s th e mas s d e n sity an d Xis the fraction a l 

abundanc e by mass of hydr o gen . L e tting T6 b e th e temp era -

tur e in units o:[ 10
6 

th e cro ss - se c t ion factor Sis 

given by 



lvher e 

s ::: 3 . 36 X 
10-22 

0 

1 dS 8.036 10- 3 --( - - ) ::: X 
S dE 

0 0 

Eo(T6) ::: 0 . 968315 T 3/2 
6 

and k is the Boltzmann. con s tant. The factor r is given by 

r = 

The screening factor f is computed according to the treat-

ment of Salpeter (1954). We find, however, that we will be 

concerne d with a region of d ensity and temp e rature inter-

mediate between Salp e ter ' s cases of weak and strong 

screening. To obtain an estimate of the appropriate 

screening factor in thi s region we compute a weighted mean 

off such that f reduce s to the factor for weak screening 

at low densitie s and to the factor for strong screening at 

high d ens itie s . 

4.6 Con s titutiv e Dat a Table 

In the preceding sections we have established the 

formulae by which the cons titutive data are to be computed. 

Because of the rath e r complicated num er ical procedure 

involved in evaluating th e th ermodynamic quantiti es , we 

find it mo s t convenient to provide t h ese d ata in t a bular 

form over th e r a ng e of t emperature and pressure encountered 
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within th e s tellar int erior . In constructing such a t ab l e 

we con s id er specifically th e probl e m of comput ing the tot a l 

mass d e n s ity, P, the int erna l energy per gram , u, th e 

adiabatic gr a di e nt, vad' a s well as the op a city and th e 

nuc lear energy generat ion rate for a fixed chemical 

compo s ition specified by th e v a lues of X, Y, z, a nd for 

given v a lu es of th e t empera ture , T, and th e tot a l pressure , 

P. We choo se th e Popul at ion I composition X = 0 . 739, 

Y = 0 . 240, and Z = 0.021 . We no,v r e-f ormul ate and summarize 

th e r esult s of S ect ions 4.1 and 4.2 so as to r e nder th e m 

more suitabl e for u se in th e numerical pro ce dures . 

T > 5000 °K 

At t e mp e r atures above 5000 °K we cons id e r a plasma 

u ndergoing ioni za tion or in which ioni zat ion is complet e . 

We let n denote the mean fr ee electron numb er d ensity and 

l et n
0 

and ni be the mean numb er d e n s ities of' atomic nuclei 

and ions, resp ec tively. We let a be th e -fr ac tional 

abundance by numb e r of helium nuclei wh e re a= (1-X)/(l +JX ). 

We d e :Cin e th e mean charge number p er ion, z s uch that 

n = zn . . 
l 

Bec a u se z do es not vary s e n s ibly from 1.0 even 

und e r th e condition of compl ete ioni z ation fo r th e assumed 

hydrog e n - h e lium abundance , we exp e di e ntly set z = cons tant 

= 1.0 for a ll P and T considered . 

We d e fin e th e foJlowing quantitie s : 

(4.53) 



and 

H = 8 
e 

C = Ji'II / Ji' ' 
y y ' 2 2 

G = C - H 

Bo 

,vh ere th e primes d e not e di:f:C erenti a tion ,vi th re s pect to the 

de generacy p arame t er , Tl, ,vhich i s d e :fined in t erms o:[ th e 

me an fre e el e ctron numb er d e nsity, n. The inverse D e bye 

l ength , K, may be expressed in term s of th e a bove quanti -

ti es as 

De:Cining w = n
0

/ n a nd letting nk (k = 1,6) be the numb e r 

densitie s of Ho , I-I e o, H e+ , H
2

, H+, and He++, . resp e ctively, 

we d e fin e the ionization par ame t e rs, xk (k = l, l1), and th e 

abundance parameters, yk (k = 1 , 6), as follows : 

nl 
xl = (1-a )n0 

x3 = 
n3 
ex.no 

= 
n5 

x2 (l-0'. )no 

n6 
(l1.58 a ,d) X4 = 

ex.no 

and 

Y1 = ( 1-cx.)x
1 y l1 = ~(l- cx. ) (l -x

1
-x

2
) 

y = CX. ( l - X J --X l, ) 2 1: Y5 = (J.- CX ) x
2 

Y3 = O:x . 3 y6 = ax 
l1: 

( 1J; • 5 9 a , f ) 
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We let Qk ( k = 1,4) and Xk (k = 1 , 4) be, re s pectively, the 

int erna l p ar tition function s and th e ioniz a tion and dis-

soci a tion energ i es for H0 , Heo , He+ , and H
2

, comput e d in 

accordanc e with th e results of S e ction 4.2. We define m 'i' k 

( k z 1,ll:) such th a t (j)k = Xk/kT. We may no,v write th e 

ionization-dissoci a tion equilibrium rel a tions , equa tions 

( 4 . 45 a ,c) an d equation (4.46), so a s to define the r es p e c-

tive equilibrium con s t an t s Kk (k = 1 , 4) as follows : 

x2 
= X 

1 

X 
J 

l-x
3

- x 4 

xlJ: 
= 

XJ 

1-x - x 
1 2 

2 
Ql 

= 

1 

QJ 

= 

exp ( - <p 
1 - Y\ * ) = Kl 

QJ 
exp ( - (j) Y\ * ) K.2 Q2 

- = 2 

exp(- (1) Y\ * ) KJ - = 
' J 

Q 2 
1 

Q4 

ATJ/2 
\Vn exp (-<.p4 ) = wn 

wh ere we hav e set Yj* = Yj - Yj . Th e pr essur e ioni zation 
C 

p aram e ter , Yjc' is, from equation ( 4 . 43) , 

Y\ :::,: -Y( l+C )( l+I-I) 1 / 2 
C 

Th e qu antity A app earing in equ a tion ( 4 . 60d) is 

1 
1 -0'. 



We ma y s olv e e qu a t ions (4 . 6o a ,d) d irectly fo r th e r es p e c-

tive x : 
k 

x = l [ K l / 2 -K (l +K )] 
l ~ 0 4 1 

X = Klxl 2, 
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(4. 62a,d) 

X = K2 /[ l+K 2 (l+K
3

)J 
3 

XL1 = K3x3 

wh e re 

Noting th a t the par a me t e r w d e fin e d a bove and a ppe a ring in 

equ a tion ( 4 . 60d) is giv e n by 

(4. 63 ) 

we may evalua te equati 6 n s (4. 62a,d ) dir e ctly . In the 

absence of H
2 

(that i s, und e r th e conditions of compl e t e 

p ressure dissociation) , we h a v e x
1 

= 1 - x
2 

and x
2 

= 

K1 (1 - K1 ) i n ~~ich case the se relations a ss um e a p ar ticu-

l ar ly simp l e form. We note that, in th e inst a nce of 

complete ionization and dis s ociation of all p a rticl e 

sp ecies , we hav e x = x
2 

= 0 a nd x = x 1 = 1.0. 
1 3 ± 

We ma y now writ e d cnvn explicit e xpre ss ions for th e 

tot a l pr es sur e , P ( we n eg l ec t r a di at ion p r e ssur e ), th e 

i nt e rn a l en e r g y p e r gr a m, U, an d th e clin1 e n s i on l es S e n t ropy 
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,vhere µ is th e mean mol ec ul ar weight 
0 

p er nucl eon , µ
0 

= l +, J a , n1i-1 i s th e mass of a hydrogen_ 

atom, sis th e total entropy pr gram , and k is Boltzma nn ' s 

cons tant. We regard th ese quanti tie s as cons i s ting of th e 

sum of an idea l gas contribution plus a corr ec tion term to 

account fo r th e e lectro s t a tic int erac tion s ; th a t i s , we 

write 

p = p + p 
o C' 

u = u 
0 

6 = (J 
0 

+ oc 

In th e not a tion of the presen t sec tion we h a ve 

u 
0 

6 

6 

P O = ( 13w L y k + D ) nl{:T , 

k =l 

~J kT 

60 = L yk [ ~ + ~ )!.nT - ln ( yk,,TJ1 ) + in.Ck 

k = l 

(4.64a , c) 

wh ere 13 i s th e ion-pair ab u ndance p arameter g iven in equa-

tion ( 4.21 ), Di s as d efin ed p rev i ous ly, D = 2 / JF
31 2

/ F
112

, 



and th e cons t a nt s c k (k -- 1,6 ) ap p earing in e qu a ti o n 

(Li. 6 5c ) a re g i ven b ·y 

2 TEm
1
) {: J / 2 

c k -- ( - \. ) 
h 2 

(11.66 ) 

lvh e r e th e mk ar e th e masses of th e r es p e ctive p a rticl es , 

k i s Bolt z mann ' s cons t ant , and hi s Planck ' s con s t a nt . 

w e 

Wh e r e th e Mont e -C ar lo cor r ec tions are applic a bl e , 

comput e th e p a r a me t e r I = ( e 2 / kT ) (L1/ J TEn ) l / J and int e r -

pol a t e dir e ct l y in th e tabul ar d a t a of Bru s h e t a l . ( 1966 ). 

In th e DH region the r e sp e ctive corre c tion ter ms , i ncl u ding 

t h e additiona l corr e ction ror ion-p a ir for ma tion, ar e 

d eter min e d from e q u a tion s ( 4 . 10 ) , (LJ:. 1 1 ), (L1.1 2 ), and 

u 
C 

d 
C 

Th e to ta l mas s density is give n by 

p = 

and th e adi a batic gr a di e n t i s g i v e n by 

(4. 6 ? a , c ) 



vad 
( c> lo g p 

= T ) a log 
CJ 

( d.,- 'OT ) ] T [ ap ( oP) I n 
(l.1:.69) = p ( cl T ) (o CY / on )T 

n an T 

In th e above formulation th e th ermodyn a mic 

quantities , i ncluding the DH an d MC corrections , as well 

as the i onization-di ssociation equilibrium relations h a ve 

b een r egar d e d expl icitly as functions o f n and T . Up on 

sp ec ific a tion of a P and T, we compute th ese qu ant i ties by 

first computing th e corresponding value of n. 1·ve emp loy 

a Newton-Raphson iterative proc e dure wh ereby corr e ctions , 

~n, to tr ial v a lues , 

comput ed from 

n* 
' 

~ n = 

of th e e l e ctron d ensi ty are 

P -P* 
(oP / on) "' n =n· 

( l.1, 70 ) 

wh e r e P * = P ( n* ,T). Th e i teration on n i s continued until 

th e el ec t ron dens ity converges to within a specified 

tol erance . 

Th e pr escription proceeds as follo ws : For a trial 

valu e o f n and the g iv en T we compute th e degeneracy 

p arame t er F 112 from equa tion (4 . 8 ) and obt ain th e other 

d egeneracy parameters n, 2 / J F
31 2

, and th e d eri v a tive s of 

F 112 either by direc t interpolation in th e tables of 

:McDou gall and Stone r (1 938) or by u s ing the appropriate 
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extr apo l at ion formulae for values of F
1 1 2 

outside the range 

o f these t ab l es . We compute. K and, thu s , 6 = Ka and 
0 

evaluate the atomic partition functions and ioni zation 

energi es . For the tri a l n, we know the total p a rticl e 

number d ens ity from ,vhich we evalu a t e th e dissociation 

en ergy and the partition function for mol ecular hydro gen . 

We the n compute the respective x ' s from equations ( 4 . 62a , d ) 

and th e y ' s from equations ( 4 . 59 a -f ). We th e n compute P * 

from equations ( 4 . 65a ) and ( 4 . 67a) and det ermin e ~n from 

equation ( 4 . 70) . Once th e convergence of n has b een 

o bt a in ed , the remaining thermodynamic qu antities may be 

eva l u a t e d directly . Th e derivative s required in the 

iteration procedur e as well as in th e comput a tion of vad 

are obtained throug h straightforward differ e ntion of the 

respective quantities P ( n , T ) and 6 (n,T ). In keeping ,vi th 

t he discus s ion of Section 4 . 2 we n eglect any implicit 

d ependence of th e atomic partition functions and ioniz a tion 

energies on n and T . 

4. 6 . 2 T < 5000 °K 

At temperatures below 5000 °K both hydro gen a nd 

h elium r e ma in neutral at all rel e vant pre ssur es so that we 

n eed only consider a mixture of neutral atomic h e lium and 

neutra l. atomic hydro gen in equilibrium with mol ec ul ar 

hydro gen . We let the s ub scr ip ts k = 1, 2 , 3 denote those 

quantities p e rtaining to II, H
2

, and He, respectively . The 
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resp ec tiv e parti a l pres s ure s are P
1 

(k = l,J) and th e tot a l 
J C 

pre s.s u re i s z. Pk . Th e I-I - I-1
2 

di ssociation equilibrium 
k =l 

r e lation i s 

where 

Q 2 
K 1 

= Q2 

TI l 'I' J / 2 mH c 
(- - -- ) kT 

h2 

Here th e Q ' s d enot e th e resp ec tive partition functions. If 

we l et x be th e ratio of th e number of atomic hydr og e n 

nucl ei to th e tot a l numb er of H nucl e i present and intro-

duce th e abundance paramet er ex. as define d previous ly, 

equation ( 4 .71) may b e rewritt en in th e form 

(l- cx. )( K* +4)x 2 + 2 CX.K*x - (1 -cx.)K* = 0 ( 4 .7 2 ) 

wh ere K* = K/P. Upon specification of P and T , this equa -

tion ma y be so lve d for x in t erms of which we calcul a te the 

p artial pre ssur es of atomic and mol e cular h ydrogen , that 

i s , 

(4.73) 

and 

1 
= 2 ( 1-x)(l.-cx. ) P

0
. 
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In term s of ex, the partial pressure of h e lium i s 

where 

From th e perfect gas law we obt a in the total mass 

d ensi ty, P, 

p = (4.76) 

wh ere the mean mol e cular ,ve i ght p er particle, µ, i s 

Th e dim e n s ionless entropy p er gram , which we nmv define as 

a = m8 s / k, wh e res i s th e total entropy per gram , i s given 

by 

3 

(5 = L <\c (4.78) 

k = l 

where 

(4.79) 

The Ck are as d efined in equation (4.66) and the Qk are th e 

re spective partition function s (w e note tha t aJ,nQ
1

/ olnT 

The adi abatic gradient is given by 



\7 (P lo g ~) 
ad a lo g <5 

= (4.80) 

th e d e rivatives of a with r es p ect to T and Pare evaluated 

by diff e ration of e qu a tion (4.78). Finally, the expression 

for th e int erna l energy p er gram, u, is given by 

= 1 p ( 4.81) u 2 p 

Having det ermin e d th e th e rmodyn a mic qu antities for 

a given P and T, we may now compute the op a city, K, and the 

nuclear energy generation r a te, c, both of which, according 

to the d e velopm ent s of S e ction s 4 . 4 and 4.5, are functions 

of the d ensity and the temp e ratur e . Below 10 5 °K we set 

f = O, and below 10
4 

°K we fit th e Cox and Stewart opacities 

to the atmosph e ric opacity tabl e cons tructed a s de s crib e d 

in Section 5 .1. 

We cons truct a t a ble (th e "cons titutive data 

tabl e ") of the constitutive data with log T and log Pas 

arguments over the temperatur e range J . 1 ~ log t < 7.0 with 

a spacing in log T of A log T = 0.1. For each temperature 

entry, we compute th e cons titutiv e qu a ntities , p' u, vad' 

(, and /( ' for 56 values of lo g p such that the total span 

in lo g p is equal to 5.0 . Th e low pressure bound a ry of the 

table at a g iv e n v a lu e o f lo g Ti s d efine d by th e r e l at ion 
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(lo g P)
1 

= 2.94118 
OW 

log T - l1. 58825 

By defining the constitutive data t a ble in this way, we 

int e nd to encompa s s the entire range o:f temp e ratur e and 

pressure that we expect to encounter in the interior 

structure of low mass stars, at leas t over that segment of 

their evolution with which ,ve are to b e concerned. It is 

th ese data ,vhich ,ve later utilize in. the construction of 

what we designa te the "detailed'' stellar models. 

In Figures 8 and 9 we summarize som e of the 

quantitative results we find relating to the th e rmodynamic 

properti es of the actual hydrog en-helium mixture we con-

sider in cons tructing the cons titutive data table. In 

Figure 8 we plot the loci in the log P, log T plane of 

several relevant boundary lines . The shaded boundary 

d elimits the region above lo g T = L1. 0 within ,vhich the 

constitutive data table is d e fined. The line~ labeled r 1 

and r
2 

demarcate the regions of complete pressure ioniza-

tion of hydrogen and helium. To the left of r
1 

both 

hydro gen and helium are partially ionized; between r
1 

and 

I
2 

hydrogen is completely, but helium partially, ionized; 

and to the right of r
2 

both hydrogen and h e lium are 

compl etely ionized. Below log T = 4.3 the pressure ioniza-

tion effects ,ve consider cease to b e important and the gas 

remain s inappre ci ab ly ioni zed ov er th e entire range of 

d ensities encountered in constructing the con s titutive data 
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table . We th e r efore take log T = 4 . 3 to be the low temper -

ature limit in Figure 8 at which we termina te th e plotted 

loci of those quantities dep end e nt upon the degree of 

ionization. 

The line Ji in Figur e 8 is defin e d by the con.di tion 

1 = o .1, ,vh ere r is as d efined in equation ( l1: . 13) . This 

line is jus t th e DII crit er ion, equation (l1:.1l1); conse -

quently to th e l e ft of this line we apply the DH re s ults 

while to the right we employ the MC re s ults . We ob serve 

that th e MC data are u se d almost exclusively in estimating 

the thermodyn a mic corrections du e to th e interaction 

effects . The line '2 is d efine d by the condition I = 1.0 

and serves to indic ate the d egree to which we pen e trate th e 

MC region . At temp e rature s b e low 105 °K we employ th e ion-

p ai r artifice and in the r egi on b e low and to the right of 

th e line l abeled~ we find on thi s model that all of th e 

ch arged p a rticles are associated as ion-pairs . Th e da s hed 

lines lab e led by v a lues of the p arame ter F indicate the 

d egree of electron deg eneracy encountered . In terms of th e 

Fermi - Dirac integr a l F
1 1 2

( n) we h a ve from equa tion (4.8) 

that the d egenerac y crit e rion , equation ( A,3), ma y be 

expressed as 

F 
1 

( n ) << :1;_,(n 
l 2 LJ: \ 
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We defin e F = it-yTL/ 1\; i '(]) and plot the re s ulting lines for 

F = 0 . 1, 1 . 0, 10, and 100 appropriate , however, to the 

condition of complete ioni za tion . We ob serve th a t the 

electrons are to be regarded as being partially d egen era te 

throughout the region within th e constitutive data table in 

which the gas is appreciably ioniz e d. 

In Figure 9 we plot for several temperatures the 

ratio of the magnitude of the pressure correction term, 

I Pc\, to the total gas pre ssure, P , against the tot al 

pressure . Instead of th e actual values of the pressure (or 

log P) , however , we employ as abscissa in figure 9 the 

running numbers 0-55 ,vith which we label the pressure grid 

points at a fixed log Tin the cons titutive data t a ble. 

Th e grid spacing in log Pis 0 . 090909 and the pres s ure at a 

given temperatur e corresponding to the point O is deter-

mined from equation ( 4 . 82) . In Figure 9 we plot data for 

lo g T = 4 . 5, 5 . 0, 5.5, 6 . o, 6 .5, and 7.0. 

We see from Figure 9 , as we s hould expect~ that the 

magnitud e of th e pressure correction d ecreases with 

increasing temp erature ; th at is, the gas becomes increas-

ingly ideal with increasing temperature . In addition we 

see that at a fixed temperature l pc \/P is an increas ing 

function of the pressure at l ow pressur es but at a suf-

ficicntly h igh pres s ure it reach es a maximum and ther eafter 

d ecreases with incr easing pre ss , re . Although I pc I i s a 

mon otonically incr eas in~ function of th e pres sure (at fixed 



T ), ,,re f'ind that at hi g h r ressur es it in.e r ases much l ess 

r apidly th an th e (p erfect gas ) contr ibution to th e total 

pr essur e du e to the degenera te electrons . Consequently 
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wh e n the d egre e o:f de gen e r ac y b ecomes suff'iciently high the 

gas is driven towar d s p erfect ion . This accounts f'or the 

beha vior of' lpc l/P shown in Figure 9 f'or log T > 5 . 0 . At 

log T = 4.5 we are we ll within th e region within which non e 

of our appr oximat e tr ea tm ents of gas imp erf' e ction are 

ad e quat e . Here we resort to the ion-pair artific e and we 

find , but do not show in Fi g ure 9 , th a t lpc l/P approaches 

a cons tant vaJ.ue of n ear ly 0.50. 

Our appro ac h to the comput ati on of th e th ermo­

d yn a mic qu a ntitie s ha s b een at b es t very approximate and at 

worst very crud e . We h a ve n eglect e d entir e ly th e effects 

o f int erac tion s between n eutral atoms and mol e cules and , 

i n ignoring th e presence of' H
2

+ and H-, hav e certainly not 

considered all of the po ss ible particle species . We h ave 

made provision for pre ssur e ionization and dissociation , 

but our approach h as c aused us to a s cribe rather arti:ficial 

prop erties to the partition f'unction s in order to ins ur e 

that th e Saha equation ,vi ll yield compl e tely ionized 

sp ec i es at high pres s ures. In thi s a pproach we h ave 

incorporated , in the form of th e modified Coloumb pot ential 

of equation ( l1 . 33), th e ef'fects o:f interac tion s on th e 

atomic bound states , but h ave i gnore d these int eractions 

i n as much as we h a v e employed
1

ih e u s u a l ideal ga s 



expr ess ion s :for th e thermodynamic functions . Furthermore , 

th e physica l s i gni:ficance of ion-pair formation and it s 

consequ ences are hi gh ly suspect . Wh at is requir e d is a 

theory allowing for int eractions of a ny ord e r occurring 

betwee n both n eutra l and charged particles . At low· 

densit ies such a th e ory must yi e ld th e u s u al id ea l gas 

relations ; while at v ery high densities it mu s t encounter 

a fluid-solid phase tr a n s ition . While we may not f ee l 

secure that our r esult s accurately represent th e physical 

stat e of th e stellar int er ior , we, neverthele ss , gain some 

insight into th e complic ations introduced by extending 

thermodyn amic th e ory beyond th e idea l gas approximation. 



CHAPTER 5 

ATMOSPHERIC MODELS FOR LOW MASS STARS 

The overall structure of st a rs which a re either 

wholly in conve ctive equilibrium or which po ssess de e p 

out er conv e ction zon es is very sensitiv e to the sur·face 

boundary conditions (cf. Heny e y, Vardya, and Bod.enb.eimer 

Conse quently it is nec essary to have a knowl e dge of 

the structure of th e out e r atmospheric layers of such 

stars. For the purposes of thi s inv es tiga tion we consid er 

the atmospheric l ayers to cons i s t of two distinct regions, 

an outermo s t region which is in strict radiative equilibrium 

~nd an und erlying trans ition zone ~ ~ich is convectively 

unstabl e and in which convection and radiation act simul-

taneously to tr ansport energy outwa rd. We shall treat the 

radiative region by mean s of the gray atmosphere appr oxima-

ti.on and the transition zone by means of a simple ver s ion 

of the mixing length tbeory. We acknowledg e that th e 

approximate treatments accord e d these r egion s may well 

constitute the greatest source of u ncertainty in the model 

calculations . For example, preliminar y calcul a tions by 

Gingerich~!. al. (1967) indic a te con s iderab l e d e p ar tures 

from grayness in a s t e ll ar atmo s phere h aving an effective 

t emperature T = 2500 °K. 
C 

It i s we ll knmvn (1-Ienyey ~t a l. 
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1965) that the mixing l e n g th th eory is, at b es t, a rather 

rough approxim a tion for tr eat ing the convective trans ition 

zone . Becau se of the curr e nt l ack of a completely rigorou s 

theory by wh~ch we ma y tre a t these regions , we adopt these 

very approximate me thod s of tr ea tm ent with the hop eful 

expectation th a t such will s uffic e for providing phys ically 

realistic boundary conditions for th e int erior mod e ls . 

5,1 Equ a tion of St a t e, Adiab a tic Gr a dient , 
and Radi~t i ve Op ac2.!_y 

Although each of the two atmo s ph eric regions 

r equires a con s id erably different me thod of attack , th e 

equation of state, adi a b a tic gr a di e nt, and radiative op acity 

are tr ea t e d in the s a me way in both r egions . In computin g 

the equ a tion of state and the adiab a tic gradient we follow 

th e proc edures describ e d by Weymann and Moore 

cons ider hydro gen in four states , H
2

, H, H-, 

( 1963 ). 

+ and H , 

We 

and 

helium in all of its ioni zation states . In computin g the 

electron pressur e we includ e the first ionization of the 

met als K , Na , Mg, Si, C, and (C a+Al) with the abund a nces 

ad jus ted so as to account for th e presenc e of the othe r 

metals of low ionization energies which are not sp e cifically 

i nclud e d . The partial press ur e of at omic hydrogen and th e 

e l ectron pressure are computed a s function s of the total 

pressur e an d th e t emperature by a p r o~ e dur e ba se d on th e 

Newton-R aph s on me thod . Th e adiabatic gradient i s compute d 

in a ma nner similar to th a t emp loye d by Vardya (1960) in 
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which the thermodyn a mic functions for mol ecular hydrogen 

~re computed so as to account for the effects of pressure 

dissoci ation following Vardya ( 1965) . 

We have computed a table of Rosseland mean opacities 

for u se in the region of temperature and pressure appro -

priate to the atmospheres of M dwarf stars . The sources of 

op ac ity considered in these calculations include the 

continuous absorption due to tl1e photoionization of neutral 

hydrogen , bound- free and free-free absorption by H- , free-

free absorption by H; as well as Rayleigh scattering by 

atomic and molecular hydrogen . We also include the effects 

of the band absorption by water vapor in an approximate way. 

For th e absorption coefficient due to the photo-

ionization of neutral hydrogen, we e mploy the expression 

quot ed by All en ( 1963) , 

CX, = 
}.) 

2 ( cm ) 

where av i s th e ionization cross-section at the frequency 

v, A is th e wavelength in microns, n is the principal 

quantum number, and g is the Gaunt factor ,vhich we set 

equal to unity. We specifically include the absorption 

arising from the states up through n = 3 . 

,ve use Chandra s ekh a r ' s (1 958) value s of the ab s orp-

t:i.on coefficient for the bound - fr ee II ab. orption. 
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Following Ga u stad (1963), we multiply the tabulated values 

by the factor 

~ = 4 . 158 x 10-lO G5 1 2 exp(1 . 726 G) 

where G = 5040.39/T and Ti s the temperature, to obtain the 

cross-s e ction p er neutral hydrogen atoin and unit electron 

pressure . We employ Geltman ' s (19 65 ) tabulations for the 

H free-free absorption co efficient. For temperatures 

below and wav e lengths longer th An tho se considered by 

Geltman , we use Gingerich ' s (1961) polynomi a l approxima-

tions . More recently John (1 966 ) has extended the calcula-

tion of H free-free absorption coefficients into the far 

infrared but, since his calculations do not extend beyond 

G = 2.0, we have, for the sake of expediency , continued to 

us e the polynomial approximation for all regions outside 

of Ge ltman ' s data . We follow Vardya (1966) and take the 

H; free-free absorption coefficient to be twice that du e to 

H fr ee -fr ee . The Rayleigh scattering cross-sections are 

taken from Vardya ( 1962) who gives 

2 (cm) 

for th e cross-section per neutral H atom and 

-29 -4 
= 8 . 4909 x 10 A( µ) 

for that per H2 molecul e . 

2 (cm) 
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It is now rather firmly established that wat er 

vapor will b e an imp or t ant source of opacity in th e atmos-

phere s of cool stars. Strong absorption fe a tur es due to 

water vapo r have been found in th e spectra of M type giants 

by sever a l investigators (Kuip er 1963; Woolf, Schwarzschild, 

and Rose 1964 ; Daniel s on, Woolf, and Gaust a d 1965; . Spinrad 

and Newburn 1965; Spinrad e t al . 1966 ; McCammon, MLi.nch, and 

Neugebau e r 1966 ). From d e tailed calculations of water 

vapor opacities , Aum an ( 1966) ha s found that wat e r vapor is 

exp e cted to be an import ant source of opacity at tempera­

tures less th a n 3400 °Kand the domin a nt source at tempera-

tures less tha n 2500 °K . We include the effects of water 

vapor absorption by employing the experimentally based 

absorption coefficients for the vibration-rotation bands 

and the pure rotation band of water vapor obtained by 

F erriso , Ludwig, and Thom s o~ ( 1966 ). These data ,vere 

o btained from the measurement of water vapor e missivity 

over the temperature range from JOO ° K to JOOO °Kand at 

o ne atmosphere pre ssure. The monochromatic absorption 

c oefficient is obtaine d from the emissivity data through an 

averaging process over finite wavenumber int e rva l s . In 

proceeding i n this manner we sm ear out th e intrinsic line 

absorption and replace it by a pseudo - continuous absorp-

tion . Such a procedur e is j u s tified if the mean line 

spacing in the b ands is l ess th a n th e mean widt h s of th e 

individua l line s . We find that in the temp e rature ran ge 
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from 1500 DK to JOOO DK and at pressures greater than one 

atmosph ere the combined effects o:f thermal smearing , 

arising I'r om the increased number of l ines at elevated 

t emperatures, and pre ss ure broadening are sufficient to 

sati sfy the abov e requirem ent . At lower pre ssur es thi s 

proc edur e b ecome s some,vh a t qu es tionab l e and ma y r es ult in 

an over estimation of the contribution made by water vapor 

to the tot al op acity , since it negl ects th e possibility o:f 

r adiation l eaking out through the spaces betwe e n th e lines . 

We h ave n eg l ecte d thi s latt e r effect in applying th e d ata 

of F e rri s e et al . (1 966 ), and hav e used th eir dat a as 

pre sen t ed ov e r th e entire range of pressures encountered in 

the atmospheric mod e l s . 

Having obt a in e d th e absorption cross- section, 

a.(v), du e to th e illi absorbing species at the frequency v, 
l 

we may obtain th e tot al monochrom a tic opacity per gram, 

from th e rel a tion 

K ' V 

wh ere µ is th e mean molecular weight, mH is th e mass of the 

hydrogen atom and P./P i s the r ati o of the partial pressure 
l 

of th e itl! ab s orbing species , P., to the total pre ssure P. 
l 

We calcul ate th e Ros se land mean , KR' from 
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K 
R 

= 
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r aB (T) 
_l _ __ v___ d I/ 

1< aT 
0 V 

/

::o·-aB-- -1,1 ~( rr---
~~- di/ 

0 

where B (T) is the Planck function evaluated at the temper-1,1 

ature T and frequency v. In Table J we pres ent the calcu-

lat ed Rosseland mean op a cities as functions of the 

temp erature and the total pressure ov e r the range 

J.O ~ lo g T < 4 .o and 1 . 0 ~ log P < 10 . 0 . At temperatures 

greater than 10,000 01( we use the opacity tables of Cox and 

Stewart ( 196 5) . 

In computing the partial pressure o:f water vapor we 

resort to th e expediency of assuming that all of the carbon 

present is in the form of CO. We then assume that water 

vapor will be in equilibrium with OH with the initial 

oxygen abundance being reduced in amount by that of c arbon . 

From Vardya's (1966) calculations of th e run of molecular 

abundances in th e atmospheres of late - type stars , it 

appe ars that thi s is a quite r easonable procedure; although 

on e should , perhaps, also account for the presence of SiO. 

5.2 Radiative Region 

In the outermost radjative region of the atmosph e re 

we shall adopt the temperature di stribution appropriate to 

th e Eddingt on approximation for a gray atmosphere . If we 

l et T be th e t e mp erature at optic a l depth r in a s t ar 



Log T 1 . 0 

3.00 - 2 . 978 

3.10 - 3 . 519 

3 .20 -3. 869 

3 . 30 -3 . 797 

3 . 40 - 3 . 986 

3.50 - '± . 541 

3 . 60 _ l:1:. 178 

3.70 - 3 . 236 

3 . 80 - 2 . 035 

3.90 - 1 . 136 

4 . 00 - 2.412 

Table J . Rosse l and Mean Atmospheric Opacities 
( Log i<R) 

Lo g P 

2 . 0 3.0 4.o 5 . 0 6 . o 7 . 0 8 . o 9.0 10 . 0 

-2 . 978 - 2 . 978 - 2 . 978 - 2 . 978 - 2 . 978 - 2 . 978 -2 . 978 - 2 . 978 - 2 . 977 

-3 . 519 - 3 . 519 - 3 . 519 - 3.519 - 3 . 518 - 3.516 - 3 . 510 - 3 . 492 - 3 . 441 

- 3 . 870 - 3 . 869 - 3 . 866 - 3 . 856 - 3 . 827 - 3 . 749 - 3 . 580 - 3 . 302 - 2 . 937 

-3.757 -3 . 710 -3 . 627 - 3 . 501 - 3.298 -2. 993 - 2.606 - 2 . 176 - 1 . 738 

- 2 . 997 - 2 . LHO - 2 . 17L1 -2 . 075 - 1 . 982 - 1 . 835 - 1 . 592 - 1 . 247 - 0 . 840 

- 3.987 - 3 . 339 - 2 . 577 - 1 . 825 - 1 . 293 - 0 . 964 - 0 . 690 - 0 . 385 - 0 . 039 

-3 . 409 - 2 . 633 -1 . 919 - 1 . 2L18 - 0 . 6 26 - 0 . 104 0 . 229 o . 459 o . 684 

- 2 . 792 - 2 . 273 - 1 . 607 -0 . 830 - 0 . 103 o.497 0 . 898 1 . 156 1 . 331± 

- 1 . 616 -1 . 154 - 0 . 681 - 0 . 190 0 . 350 0 . 943 1 . 482 1.788 1 . 932 

- o . 476 - 0 . 052 0 . 373 0 . 816 1 . 271 1 . 737 2 . 207 2 . 533 2 . 605 

- 0 . 552 0 . 732 1 . 333 1 . 755 2.176 2.601 3 . 038 3 . 1±30 3 . 550 

f-' 
0 
,.c-

I 
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I 

having an effective temp eratur e Te, ve hav e 

= 3 Tq ( r + 23) • Ti e 
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The optical d epth at th e radial di stance r from the center 

of the star i s defined such that 

CX) 

r = J KPclr 

r 

wher e K is the opacity per gram and P is the mass density. 

The condition of hydrostatic equilibrium in this region can 

be writt en as dP / dr =-g p which, with dr = -Kpdr , gives 
r . 

= dr K 

where Pis the total pr essure . Here g is 
r 

due to gravity , - GM / r 2 where G is the 
r 

( 5 . 3 ) 

the acceleration 

constant of 

gravitation and M is the total mas s interior to a sphere 
r 

of radius r. Combining equations ( 5 .1) and ( 5.3 ) we obtain 

d l o~ T 
d log P 

Let us now define th e quantities x and q such that 

x = r / R and q = M / M where Rand Mar e , respec tively , the 
r 

radiu s and tot a l mass of th e star. From equation ( 5 . 3) and 

the condition for th e conservation of mass , 

we obtain 

dM 
r 

2 = 4nr pdr, 

j 



and 

~012; X = 
d .log P 

]_ p l 

RP xgr 

d lo g 9. 
d log P 

= R
3 4Trx

3 
P ~or;_2 

M q d log P 
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We must now numerically integrate equations (5.4), 

(5.5), and (5.6) in ord e r to obtain the structure of the 

radi ative zon e . To obtain starting values of P, T, x, and 

q, we estimate the pressure at a very shallow optical 

depth, say , r = 0.005. 
0 

We asswne that the total pres s ure 

at this point can be approximated by the sum of the partial 

pressures of atomic and molecular hydro gen and that the 

tot al opacity is du e to H and H; alon e . lv e obtain the 

t emperature at thi s optical depth from equation (5.1) and 

use th e approximat e expression for the H op acity , K
8

_, 

given by Demarqu e (19 60 ), 

wher e Xis th e fractional abundance of hydrogen by mass and 

P8 , Pe' and Pare the partial pressure of atomic hydrogen, 

the electron pressure, and the total pressure, respectively. 

For this calculation we assume 

we take 

tLat P 
e 

-5 = 10 P. 



Writing equation (5.3) as a differe nc e equation and 

eliminat ing p through the idea l gas la,v, we c a n ,vr ite at 

T ::,; T 
0 

p 
0 

where g f is th e surface gravity and f(T ,P) is a 
sur o o 

function of the t e mp erat u re, T , 
0 

and pressure , p ' 0 
at 
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T :as T • 
0 

We solve for P throug h an iterative procedur e and 
0 

use th e r es ultant value s of T and P for initializing th e 
0 0 

num e rical integr a tion of equations (5.4) through (5.6) , 

assuming that q = 1.0 and x = T /p K . 
0 0 0 0 0 

The actual 

nwn e rical integration is p erformed u s ing the Heun method 

and we continue the int egra tion through th e radiative 

region until th e point is re a ch e d at which the local 

adiabatic gradi e nt is l ess ste e p than the prevailjng 

radiative gradi e nt given by th e inver se of equation ( 5.4 ). 

At this point convective motions will break out and we 

encounter the transition zone . 

We must emphasiz e th e very approximate nature of 

this treatm e nt of the radiativ e region . A more thorough 

tr eatme nt would involv e the con s truction of non-gray 

atmospheric model s which would t a l e i nto account the 

effect s of molecul ar line blank e ting in a more adequate 

way th a n that attempt ed h ere . It i s n ot yet cl ear th a t 

all of th e po ssib l e i mp o r t ant sources of op ac ity presen t 



in very cool stars are known. 
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Vardya and BBhm (1965) have 

investigated th e possibl e existenc e of unknown sources of 

op a city in th e atmo s ph ere o f' th e M2V st ar L a l 21185 by 

compar ing the total pr ess ur e obt a in e d from a mod e l atmos­

ph ere calculation with th e obs e r ved pr ess ur e bro a d ening of 

the ,\ 4-227 line of' CaI. Th ey find that for an ef :f cc tive 

t emperature of 3400 °K, which is in good agre e me nt with the 

valu e (3500 °K) given by Johnson (1965) :for this star , the 

pressure s as det e rmined :from th e mod e l and th e obs ervations 

are in quit e rea s on a bl e agreement . We cannot, how e v e r , be 

assured th a t thi s will b e th e c ase in much cool e r atmo s -

pheres . In cool atmospheres we would expect tha t the band 

absorption due to molecular s p ecies othe r than wa ter vapor, 

such as CO, for exa mpl e , will also contribut e to the 

infrar ed o~acity . Fr ee - free trans itions of electrons in 

th e fields of atomic and molecular speci es other th a n 

neutral and mol ecul ar hydrogen will a lso contribut e to the 

op ac ity in the infrared (D algarno and Lane 1966). Sine e 

th e opacities u sed in this work were comput ed , extensive 

d ata on th e absorption coe:fficient due to free-free transi­

tion s by neutral h e lium h ave become avail a ble (Som ervi ll e 

1965; McDow e ll, William s on, and Myerscough 1966). Furth er-

more, Linsky and Gingerich (Linsky 1966) have found that 

th e pseudo - continuous absorption arj.s ing from pre ssure 

indu:: e d dipole tran s itions in mol_ccular h ydrogen may 

con.tribut e to th e op ac ity in th e infrared at t e mperatur es 
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less th an 2500 °K. It s hould be borne in mind, however, 

that at th ese low temperatures, water vapor will be over-

wh e lming ly th e dominant source o.f op ac ity in atmospheres 

having a norm a l oxygen abundance. 

5.3 Convective Trans ition Region 

To continue the int egra tion of equations ( 5.4) 

through (5.6) throug h th e convective tr a n si tion region we 

employ th e simple form of the mi x ing length th e ory d escribe d 

by Schwarzs chil d (19 58, p , 44). In this region the pre-

vailing temp erature gradient will be superadiabatic but 

will be less steep than th e loc a l r adiative gradient. Both 

radiation and convec tion will b e responsible for the out-

ward tr ansport of energy and the total outwa rd flu x F can 

be written as the swn of a r a di at ive contribution, F d' ra 

and a convective contribution, F 
conv 

The radiativ e flux 

is giv e n by 

F 
rad 

16a gr T 4 d log T 
J K P d log P • 

( 5. 7) 

According to the mixing length theory, the convective flux 

can be approximated by 

F 
conv 

where cp is the ratio of' specif'ic h ea t s of th e materia J at 

cons tant pressure, Pi s th e ma ss d ens ity, j is th e mixing 
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length, which is essentially a mea s ure of the distance over 

which an individual convective cl e ment exists, and /!iVT 

denotes th e differ e nce between the prevailing ( 11 Tru e 11 ) and 

the local ad~abatic gradi ent, th a t is, 

(d log T) ]· 
d log Pad 

( 5. 9) 

Letting ( = (d log T/d log P)True and ( = (d log T/d log P)ad 

and employing the perfect gas law to eliminate P, we 

obt ain from equation (5.9) 

/1'\/ T = (5.10) 

L et us now set l = aHP wh er e a is a constant and Hp is the 

pressure scale height defined by 

= 
l dP 
P dr = 

The total flux can then be written as 

where wc let 

~ = 
k 1/2 

(-) 
µmH 

(5.11) 

(5.12) 

1 

Solving for the tru e gradient ( we obt a in a cubic equ a tion 

of the fonn 

(5.13) 
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where the coefficients are given by 

A = 

B = 
2 2 ( J( + 2 0:[3 J:i') 

and 

For a star having an effective temperature T the flux at 
e 

any radial distance r from the center ( assuming r to be 

above the region in which energy generation occurs ) is 

given by 

F(r) 

where R i s the total radius. 

oTL1H2 
e = - --2 

r 

We can compute J:i' at any point 

rand solve equation (5.13) for the superadiabatic gradient . 

Knowing the gradient ,ve can continue the numerical integra-

tion of equations (5.4) through (5.6) through the convective 

transition region . A point Kill be reached at which the 

prevailing temperature gradient becomes effectively equal 

to the adiabatic gradient and energy may be assumed to be 

wholly transported by convection. It i s the values of the 

pressure and temperature at this point, the base of th e 

mixing l ength region , tha t we employ as a boundary con.di-

tion for the integration of the int erior model . 
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In ord e r to em ploy th e mixing leng th theory ,,,e mu s t 

specify the appropria t e v a lue of th e mi xing leng t h , ~ -

Cons id erabl e attention h as be en p ai d to obtaining 

physic a lly r eali s tic v a lu es for J u sin g cons tant v a lues 

of the p arame t er a a s we ll a s v a lues w-l1ich vary with depth 

( see Henyey e t a l . 196 5) . We s imply a dopt the valu e of 

unity for a and , thu s , t ake £ to b e equal to th e pr essur e 

scale h e i ght . In M dwarf stars n ear th e ma in s e qu e nc e we 

expect that th e a tmo s ph eric d e n s itie s will be suffici e ntly 

high th a t conv e ction will r a pidly become an efficient mod e 

of en e r gy trans port as one proc ee d s inw ard from th e radia-

tive zon e . In s uch case s the conv e ctive transition region 

will be relativ e ly shallow and the valu es of th e pr es sur e 

and t emperature at th e base of th e mixing length r egion 

will b e rath e r insensitive to the precis e value of i. 

5.4 Comput a tion of Atmo spheric Data T ab le 

Because of the excessive comput e r tim e that would 

be involved in dir e ctly computing the atmospheric structur e 

for each stellar mod e l, we find it most convenient to pro-

vide th e atmo s ph eric data r equired for th e so l ution of th e 

equations of st e llar structure in tabular form . These data 

includ e th e fractional radius, X • 
mxl' the pressure , p . 

mxl' 

and th e temp e ratur e , T 
1

, evaluat e d at th e base o:f th e mx 

mixing l e ngth r egion . We find :from the atmos ph er ic model s 

that for th e low mas s stars th e atmospheric re g ion i s 
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sufficiently s h a l lm,' that lv e may n eglect it s mass comp a r e d 

to th e tot a l mc'lss of th e star. Conse quently we find it 

conv e ni ent to provide th e atmo s ph e ric d a ta as function s of 

th e effective temperature, T, and the logarithm of th e 
e 

surface gravity, gsrf · In t erms of the -tot a l mass , M, and 

radius, R, we have 

We h ave construct e d a gr id of mod e l atmospheres 

over the r a ng e 1500 °K <Te< 3500 °Kand 3 . 0 < log gsrf < 

6 . 0 with a spacing ~Te = 200 °Kand ~log gsrf = 0.2 . 

Interpolation in thi s tabl e of 176 mod e l atmosphere 

integrations provides the outer boundary condition for the 

stellar mod e l calculations . In Figures 10 and 11 we show 

the resulting rel a tions b e tw een log Tmxl and log Pmxl' 

respectively , and log g :f with T as param e ter . sr . e 
At low 

T and high g 
1 

the conv e ctive transition region dis -
e sr 

appears and the star becom es adiabatic immediat e ly below 

the radiative region . This accounts for the distinctly 

linear portions of' the relations shown in Figur es 10 and 11 

and especially noticeable in Figure 11 . Over th e entire 

grid o:f .3tmospheres we find that x 
1 

remains su:ff'iciently mx 

close to unity that we may , to v e ry good approximation, 

complet e ly n eg l ec t th e geometric th i cknes s of th e atmos-

ph ere . 
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In addition to th ese d a ta we h ave a lso cons truct e d 

a tabl e of th e entr opy at the ba se of th e mixing l ength 

region, which He d esigna t es 1 , mx 
ov e r th e grid of atmos-

phere s . Th e entropy values ,,,ere computed under the 

assumpt ion. that all of th e p a rticle species pre sent, 

including the fr ee electrons? at th e giv en v a lue of T 1 mx 

and P 1 beha v e d as id ea l Boltzmann particl es . mx 
In this 

case th e entropy ma y b e computed in a v ery straightforward 

manner from equation ( L1. 65c) . Th ese dat a provide th e outer 

bound a ry condition for the d e t ermination of the simple 

polytrop e evolutionary sequences which we construct in 

Section 6 .1. 



CHAPTER 6 

CONSTRUCTION OF THE THEORETICAL 
EVOLUTIONARY STELLAR MODELS 

We ass um e at th e outset that we may negl ec t th e 

effects of rotation , magnetic fields , and pul sa tion in so 

far as they affect overall s t e ll ar s truc ture and evolution . 

In negl ect ing th ese effects we ma y a dditiona lly assume that 

stars ar e spherically symmetric . We assume that th e 

object s we consider ar e chemically homo geneou s , a condition 

which is rigorou s ly true as lon g as th e int erior is in a 

stat e of convective equilibrium throughout. Lastly , we 

as sume that at any point in time a star may b e r egar ded as 

existing in a stat e of essentially strict mechanical and 

therm a l equilibrium. That thi s is a rea s onab l e assumption 

i s borne out by noting tha t the tim e sc a l e over which 

d ynamical re a djustment of the int eri or st ructur e would . 

o ccur following a p e rturb a tion from equilibrium is very 

much shorter tha n that associated with th e usually slow 

evolutionary changes ( Schwarzschild 1958, p . J2 ). 

It i s from the conditions of mec h anical and th erm a l 

equilibrium that we d eriv e the equa tion s of stellar 

structure ( see Schwa rz s child 1958 , Ch a p ter 2 ). Th e cond i -

tion of hydrostatic e quilibrium requjr es th a t th e inward 

dir ec ted gravit ationa l fo rc e acting on an e l eme nt of ma tte r 

]_) 7 
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at any r adia l di s t ance r from the center mu s t be exactly 

balanc e d by th e outward di rec t e d pre ss ur e force to give 

Gm oP 
or 

r p 
2 

(6. 1 ) 
r 

wher e P and p are , r es pectiv e ly, the tot al pressure and th e 

mass dens ity a t r , m is the total mass interior to the 
r 

spherical volum e of radius r, and G is the constant of 

gravitation . . The cons ervation of mass r e quir es 

om 
r 

or 
2 = L1nr P (6 . 2 ) 

The condition of thermal equilibrium requires that the net 

o utward flux of energy per gram from an elem e nt of matter 

be equal to the rate of nuclear energy g e n e ration per gram 

within the elem ent, £, minus the time rate of change of 

interna l energy per gram within th e elem ent , u , plus the 

work done on the element due to contraction . In term s of 

th e lumino sity at r , L , we have 
r 

oL 
r 

or 
2 = 4:nr P ( E _ ou + ~- a p) 

at p 2 at ( 6. J) 

Finally we have that the temp e rature gradient is given by , 

in the case of convective transport of energy , 



I 

119 

where vad is the adi a batic gradient defin e d as vad = 

( d log P / d log T) 
1

, ·or in the case of radiative transport 
ac 

oT 
ar 

L 
3 1<P r 

166 TJ L1nr
2 

where K is the opacity per gram of material and 6 is the 

S tefan-Boltzmann cons tant. The condition that a region be 

unstable agains t convection is that the adiabatic gradient 

be l ess steep than the radiative gradient, both being 

evaluated at the same point, thus 

( 6 . 5 ) 

These four first order non-linear dif ferential 

equations to gether with the appropriate boundary conditions 

at the center and at th e surface of th e star determine the 

equilibrium structure . At the center we have L -> o, 
r 

m ..... 0 as r -~ O· while at th e surface we have p -> 0 as r ' 

r _,, R, the total radius . In addition we must specify the 

d epend ence of the temperature on, for example , the pressure 

as the surface i s approached . We express thi s dependence 

throug h th e values of th e radius , temperature , and pressure 

at the base of the mixing length region which we provide as 

de scribed in Chapter 5 . Upon providing the required 

constitutive data, that is the value s of P, u n 
' "ad' ( ' and 

K, the s e equ a tion s ma y be solved .nume rically to give the 
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run of mass , t e mp e r a tur e , p res s ur e, and lumino si ty with 

radius . In ad d ition we ob ta i n the total r a dius and 

luminosity appr opr i a t e to th e equilibr ium s t r ucture . By 

furth e r inc luding the d e p e nd e n ce upon th e tim e , we may 

constru c t a s ucc ess ion o f e qu i librium mod e l s to r e pr esent 

th e evolutionary cour se of th e obj e ct. 

In th e following two s ec tion s we de s crib e th e 

techniques by whi ch we c a l c ul a t e the structure a nd evolu­

tion of st a r s h a v i n g ma s ses in th e vi c inity of 0.1 M0 . In 

S e ction 6 .1 we . p e rfor m a r econn a i ssanc e of th e probl e m by 

con s id e ring th e simplific at ions r esulting from the a s sump ­

tion that th e int e rior struc tur e ma y b e repr esented by a 

polytrop e of index n = 1.5. In S e ction 6 . 2 we cons truct 

evolution a ry se qu e nc e s of mo de l s f or obj ec t s of 0.1 M
0 

and 

0.07 M
0 

u s ing th e tabl es of th e con s titutive d a ta comput e d 

as de s crib e d in Chapter 4 . In S e ction 6.3 we an a lyze the 

results of th e s e model calcul a tions and comp a re them with 

th e ob s erva tion a l data pr esented i n Cha pt e r 3. 

6.1 Polytropi c Ev o J.ut i ona r y Mod e l s 

It has b een shown by Ha y ashi a nd Nak ano ( 1963 ) and 

Ezer and Cam e ron (1 966) th a t obj e ct s l e s s mas sive tha n 

0.26 M
0 

remain in convective e quilibrium th r ou ghout th e 

Haya s hi phase of pre-main se qu ence cont r a ction . By 

a ssu ming tha t th e th e r mo dyn a mic pr o perties o f th e int er ior s 

of such obj ec t s c an b e r epre sente d by a compl e t e l y ioni ze d , 
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parti a lly d egenerate idea l gas , we ma y, followin g Limb er 

(195 8b), re present th e int erior structure ov e r th e r egion 

of compl ete ionizat ion by a polytrop e of index n ~ 1.5. 

Under th ese a ssumptions the c a lcul a tion of the evolutionary 

beh avior, as we shall now show, a ssumes an es p ec ially 

simple form. 

We as s um e that th e thermodynamic prop ertie s within 

th e d ee p int er ior may b e adequately r e pre sent e d by tho se of 

a completely ioni ze d, p artially degenerat e hydrog e n-he lium 

plasm a . We let n. b e th e numb e r densi ty of ions and d efin e 
l 

the parameter a such th a t the numb er d e nsitie s of H+ and 

fl 
++ . 

e ions are giv e n by (1 - a ) n. and an . , re s pective ly. 
l l 

The fre e electron numb e r d e nsity n is, th en, n = 
e e 

( 1 + a) n .. 
l 

We l etµ. be the mean mol ec ul ar we ight p er ion 
l 

such that in terms of the ma s s density p 

( 6. 7) 

in which case, µ. = 1 + 3a. 
l 

Her e m
8 

is the mass of the 

hydrog en atom. In terms of th e fraction a l abundance by 

mass of hydrogen, X, we have 

a - (1 - X)/(1 + JX) ( 6. 8) 

We write the equation of state, including th e 

eff e ct s of electron d egenerac y, in the form 

p = (6.9) 
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wh ere µ is th e mean mol e cular weight p er particle, 

L1: 
µ = - --- -3 + 5X 

( 6 .10) 

Pis th e pressure, k i s Bolt z mann 's constant , and G is 

defined in terms of. th e t e mp erature T as G =AT. Th e 

param e t er I\. is introduce d to account for d egeneracy and is 

given by 

.I\. = 
n. 

l 

n. 
l 

+ n D 
e 

+ n 
e 

= 
1 + (1 + ex ) D 

2 + ex 
(6.11) 

wh eri D = 2/J F
3 1 2

; F
1 1 2 

and th e F ' s are d efine d by equation 

( 4., 27) . We not e that_/\ i s a constant ,,ri th respect to the 

radius r ( cf . Limb e r 1958b). 

Assuming th e int er ior structure to be represented 

by an n = 1,5 polytrop e , we obtain ( Chandrasekhar 1939, 

pp. 95-100) the following expre ss ions rel ating th e total 

radius, R, th e central pr essure , PC ' and the central 

d ensity , PC, to the mass of the obj ect , M, and the value 

of G at the c enter , Ge =/\.TC: 

R Kl 
M 

= 
GC 

(6.1 2 ) 

Ge 
4. 

Pc = K2 
M2 

(6.13) 

and 
3 

GC 
Pc - · KJ M2 



Th e constants K
1

, K
2

, and K
3 

are given by 

and 

= ( 4TLµm
1
,GW ) / ( 3ka ) , 

-1 n 

l:1: = GW / K. 
n l 

K 
3 

= 3 a / ( L1 TIK 
1 

3 ) 

wh ere we hav e from Chandrasekhar (1939, p . 96) th at 

S ince from the se retults it is apparent that th e 
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interior structure for an object of given mass and chemical 

composition is d e termin e d upon specification of GC ' it 

follows that th e evo l utionary behavior is ob tainable from a 

d etermination of th e tim e dep endence of GC. Using equation 

(6.2), we may rewrit e equation (6.3) in the followin g form: 

oU 
at = 

p 'c7 p 
p2 ot 

~L 
r 

a rn 
+ ( 

Th e interna l energy p e r gram at any point is 

(6.15) 

where we h ave employed equation (6. 9 ) and d efine d th e tim e 

independent quantity d = G/GC . Wh er e a s G = G ( r , t ), we h ave 

that QC = QC(t) only, wher e t d enotes the time . Th e 

q uantity d = d ( r ) i s obtain a ble directly from the polytrope 

solution. Fo r th e nucl e a r energy generation rate we 



employ the int erpolation :for mul a o:f Ha ya s hi and Nakano 

(1963 ), which is b ase d 011 the energy rele ase for th e He 3 

terminat e d proton-proton chain , 

V ( = f PT 
0 

( 6 .1 6 ) 

where ( 
0 

( 10 - 8 ) = 2 . 5515 X 
2 

X and v = 6 . 6 . We may now 

write equation ( 6 . 15 ) as 

o L 
r = -- + om 

where we h a v e us e d equation ( 6 . 14) for Pc and to :find 

Here we simpli:fy our notation by using 

d ots to denote differ e ntiation with resp e ct to th e time . 

We integrate thi s resu l t ov e r th e total mass of' the star 

t o o btain 

(6 . 1 7) 

where L i s the tota l luminosity and 

and 

Here th e cons t a nt k
1 

i s ob tained from th e r e l a tion 



kGC 
M 

G1''12 J c5clm 1-o 2 = = R ' µmI-1 J 7 
0 

wh ere n is the tot a l gravitational potential energy (cf . 

Ch andrasekhar 1939, p . 100). Using equation (6 . 12) we 

obt ain k
1 

= 2 / 7 G/K
1

. We defin e the constant k 2 to be 

M 

k 
2 

= J er v + 3 I 2 dm 

0 

which, with v = 6.6, has been evaluated using Simp s6n's 
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rul e and tables of th e n= 1 . 5 polytrop e so lution to give 

We may solve equation (6 . 17) num erically for a 

specified mass and chemical composition provided that we 

can determine TC and L for given Ge· Using equation_ 

(4.31), noting that n 
e 

= 1 / 2(1 + X) PC / mI-1 and using 

equat ion (6.14) , we obtain th e relation 

where the constant K is 

K/\_J / 2G J / 2 = 
C 

o, ( 6 . 18) 

For a given value of GC' W8 regard equation (6.18) as a 

transcendental equation in F 
1 1 2 

which ,,e solve by means of 

a Newton-Raph s on iterative technique using the table s of 
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F
11 2 

and 2 / J F
31 2 

compiled by McDougall and Stone r ( 1938 ) 

together with the definition of th e parameter D and equa-

tion ( 6 . 11 ) for /\. Obtaining th e value of .I\. corre s ponding 

to a given Value of GC ' we calculate TC from the defining 

r elation for Ge that is , TC = Geo\.· 

We obtain the tot a l l umino s ity L corresponding to 

given Ge from the atmo s ph er ic dat a of Chapt e r 5 . From the 

assumption that th e i nterior be in compl e te conv ec tive 

equilibrium , and , hence , adi a b a tic, it follows that the 

entropy p e r gram of materi a l must be con s tant with radius 

o ut to t he base of the mixing length region . We regard 

t h e atmospheric solution appropriate to a mod e l of given 

mass and QC to be that for ,iliich the entropy p er gram 

c omputed at the ba s e of the mixing length r egion be equal 

to the entropy per gram computed. at the center of th e 

o b j ect . Employing the notation and results of Section 4 .1, 

th e d i mensionl ess ent r o py p e r gram, I, for an i deal gas 

mixt u re of hydrogen and helium nuclei , regard e d as 

Bo ltzmann partic l es , and partially deg e n era t e electrons at 

a press u re , P, and temperature , T , is ( cf . equation 4 . 65c ) 

5 (l +CX. ) ( ·- D-Y) ) 
2 

+ J n [ 1 + ( l +cx. ) D J + C ( 6 . 19 ) 

whereµ . is as defined in equation ( 6 . 7 ), th e d egenerac y 
l 

par a me ter s D and Y) a re compute d u s ing th e fr ee electron 
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density corresponding to th e given P and T and the constant 

C is 

5 J c = 2 + (1-a )CH + a cHe - ( 1 - a ) n ( 1-a ) - alna ( 6 . 20 ) 

where CH and CHe are computed from 

[ 

( 2 Tim .) 3 / 2k5 / 2 ] 
C . = J, n __ _J ____ _ 

J h 3 
+ f,nQ. 

J 

where m. and Q . are th e r es p e ctiv e masses and partition 
J J 

functions . For the assum e d polytrope configuration , we may 

u ti l ize the adiabatic relation b e tween the pressure and the 

param e ter G, that is , P = K . G5/ 2 
( with K . t = const a nt ), int i n -

and equation ( 6 . 13 ) t o give at th e center of an ob j ect 

with 

P C = K. _/\_5 / 2T 5 / 2 
int C 

K G 3/2 
2 C 

( 6 . 21 ) 

( 6 . 22 ) 

S ubstituting for P C in equation ( 6 . 19 ) and using equation 

( 6 .11), we o btain for I, C' at t he center of the ob j ect , 

+ ( l+a )( ~ D-ri )} (6. 23 ) 

where I
0 

= ~ ln ( 2 +a ) + C . 
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Th e prescription whi c h we n o w employ to obt a in L 

for a giv e n M, Ge combina tion is as follow s : We calculate 

K. t from e qu a t ion (6.2 2 ) a nd, u s in g th e v a lu e s of../\. a nd D 
in -

obt a ined fro~ th e a u x iliary solution for TC from equa tion 

(6.18), we comput e IC . From equa tion ( 6 . 12) we c a lculate 

th e polytrope r a dius R a n d , h e n ce , the s ur face gravity 

2 
g = GM/ R • srf By r e quiring th a t IC = Lmxl, th e e ntropy at 

th e b ase o f th e mixing l ength r egion, we int erpol a t e within 

the tabl e o f eff e ctive t e mp e ra ture v e r s u s lo g g f and I 
1 sr : mx 

( con s truct e d a s d escrib e d in S e ction 5 . 4) to obt a in the 

effective t e mp e r a ture corres p onding to the c a lcul a t e d IC 

and g f " sr -
2 L1 

We th e n comput e L from the rel a tion L = 4 n 6R T , 
e 

wh e re h e r e , of cours e , 6 d e not es the St ef a n- Bolt z ma nn 

con s t a nt. In thi s pro ce dur e , we should not e , we h a v e 

neglect e d th e thi c kn e s s of th e r e l a tively sha llow zon e near 

the surfac e within which hydrogen a nd h e lium a r e incom-

pletely ioniz e d . 

Using th e Runge -Kutta t e chni qu e , we h a ve int egr a t e d 

equation ( 6 . 17) num e ric a lly to obt a in th e evolution a ry 

behavior during the Hay as hi contr ac tion ph ase for a numb e r 

of masses. We pre sent th e r e sult s for obj e cts of 0 . 1 , 

0.08, 0.06, 0.04, and 0.02 M
0 

in Figur e 12 in wl1ich we show 

the resulting tr a ck s in the H- R d iagram . In p e rforming 

th ese calcul a tion s ,r e h a v e ch o s en , quit e a rbitr a rily, the 

st a rting tim e to b e 10
4 

y ear s an d , for e ac h mass , pi c k e d a 

suffici entl y low v al u e f or th e ini t i a l v a lu e of th e c entr a l 
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Fi g . 12 . Pol ytropic evo]ution in the H -R di ag r am . 

Evolut ion a ry tr acks l a b e l e d by ma ss in M
0 

( s o] i d 
line ), ma in sequ e nce locu s (h ea vy s o] id lin e ), main sequ.ePc e 
lo c u s of Hay a$ h i and Nakano (J 963 ) (h e avy d as h e d l in e ) , 
l ines of con s t a nt tim e (lj ght d r-1.s h e d lin es l a h c l c d b y tim e 
in miJJ.jon ::::: o f years ) , J o c j of co11 p l c-Le ly d ep;c n e r a i" e 
confi gurotioJ1 s of . 0 2 and .O l. M

0 
( dot -d a s h J in cs l a hcJ e d 

hy mass ): a nd o li .serVE!d p o s :ii jo,1 ,-:; o f Ro ss 6 J l.1: 8 ( eras:::: ) and 
UV C e t :i ( cj re. J ed cro '"'.s ) . 
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temp e r a ture suc h tha t we c an b e sux·e th~ t th e obj e ct is 

initially we ll up on the Ha y ashi tr a ck . We obs e rve that of 

th e masses cons id ere d only th e 0.1 M
0 

obj ec t stabilizes on 

the main sequence, lvhile th e less massive object s remain in 

a stat e of continu e d s low contr ac tion toward compl e t e ly 

d egenerate confi g ur a tions . In Figure 12 we show by th e 

straight lines l a beled .0 4 Me and . 02 Me, resp ec tively, the 

lines of cons tant radius which corr es pond to the limiting 

radii appropri a te to compl etely d egenerat e configurations 

of 0.04 and 0 . 02 M
0

. We also show th e lines of con s tant 

tim e in Figur e 12 corresponding to the evolutionary ages of 

7 8 9 10 , 10 , and 10 years . Be cause o f the arbitrary 

specific a tion o:f the initi al tim e at which the integration 

of equation ( 6 . 17 ) is begun, the absolute values of the 

time indic ated in Figure 12 are not physically me a ningful . 

However we can attach meaning to the tim e differences 

between di:f:ferent points in the evo lutionary track at a 

specific mass . 

Upon setting Ge = 0 in equation ( 6 . 17) we ma y solve 

th e re sulting transcend ent a l equation :for Ge, given th e 

mass , and obtain th e reby th e corr es ponding main sequ ence 

configurations as a function of stellar mas s . In T ab l e 4 

we pres ent th e r esulting n1 a in sequence confi g urations :for 

obj ects h avin g masses in the r a n ge 0.14 to 0.085 M
0

. In 

Figure 1 2 we show by th e h eavy so lid lin e the resulting 

main sequence l in in the H-P. di agr a m . Th e filled circ l es 



M/ M0 
L,,g TC 

0 . 085 6 . 482 

0 . 09 6.547 

0.10 6 . 598 

0.11 6.630 

0 . 12 6.65L.1: 

0.13 6 . 674 

0 . 14 6 . 690 

Table 4 . Theoretical Main Sequence Properties of 
the Polytropic Models 

Log PC Log Pc Fl / 2 Log R/ R0 Log L/ L0 

17.777 2 . 841 12.502 - 0 , 995 - 3 . 431 

17 . 584 2 . 684 6.966 -0 . 934 - 3 . 138 

17 . 4LH 2.554 4 . 325 - 0 . 876 -2 . 883 

17 . 356 2.469 3 . 184 _ 0 . 834 -2 . 71L_1: 

17 . 291 2.402 2 . 509 - 0 . 799 -2 . 585 

17.238 2 . 345 2 . 059 -0 . 768 -2 • L.1:79 

17 . 193 2.295 1 . 736 - 0 . 741 -2.390 

Log T e 

3.403 

3 . 446 

3 . 480 

3 . 502 

3.516 

3 . 528 

3 . 5.36 

Mbol 

13 . 42 

12 . 68 

12 . 04 

11 . 62 

11.30 

11 . 04 

10 . 81 

I-' 
w 
I-' 
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along thi s line indicate , from l ef't to right, the mc1.in 

sequ e nce po s ition s of obj ec t s having masses of 0.14, 0.12, 

0.10, 0 .0 9, and 0.085 M
0

, r espec tive ly . For masses below 

0.0 85 M
0 

we find tha t equat ion ( 6 . i7) (with ~C = O) h as no 

solution and we conclud e that , to th e e xtent tha t these 

essentially polytropic mod e l s r epresent real stars , 

0.0 85 M
0 

is th e lowe r limiting mass for ma in sequence 

obj ects of solar compo s ition . 

In Figure 13 we plot lo g TC ver s u s log Pc for th ese 

objects . In this di agr a m we see that th e c e ntr a l tempera-

tur e do es in fact p ass throug h a max imum value and b egin to 

d ecrease :for those ob j ects in s u f'ficient l y massive to r each 

the main sequence . This turn -ove r in th e c e ntral tempera-

ture will act u a lJ.y occur for a contracting obj ec t of' any 

mass once th e int e rior d ensity , and h ence th e d egree of 

el ec tron degeneracy, becom es s ufficient ly high . For 

o bjects more mass iv e than the limiting mass, however , a 

c ombina tion of TC and PC will be encountered on the rising 

limb of the log TC - l og PC curve such tha t the nuclear 

energy generation rate will be sufficiently hi gh to h alt 

the contraction and , thus , stabiliz e th e object on th e ma in 

s equence . For these obj ects , however , we hypo thesize that 

th e re exists two combin a tions of TC and Pc, on e on the 

ri s ing side an d one which would occur on the :f a lling side 

o :f the l og TC - lo g Pc curve , for whic b ,ve ma y achieve 

stabl e configur a tion s . Only th e first will actually be 
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encountered in nature but such a result i1nplies, at least 

theoretically, the existence of two main sequence solutions 

at any mass above tl1e limiting ma ss . Presumably, the locus 

of the second set of solutions in the H-R diagram will fall 

below the u sual zero - age main sequence with the two so lu-

tion s becoming coincid ent at the limiting mass. Of course, 

th e second set of main sequence solutions is only of 

academic int erest but its existence does pos~ an interesting 

count er example to the uniqueness of the solution of the 

stellar structure problem implied by the Russell-Vogt 

th eorem . We h ave made no attempt to obtain the se solutions 

explicitly, how ever . 

In addition to the present results we also show in 

Figure 12 by a dashed line the theoretical main sequence 

solution obtained by Hayashi and Nakano (1963). The filled 

circl es along this line, again fro,n left to right , indicate 

the main sequence positions Hayashi and Nakano determine 

for obj ects of 0.14, 0.12, 0.10, 0 . 09, and 0.08 M
0

, respec­

tive ly (th ey find the main sequence limiting mass to be at 

We observe that their results are in quite 

reasonably good agreement with those we have obtained . The 

small discrepancy is readily explained in tenns of th e dif­

ferent composition used by Hayashi and Nakano (th ey take 

X = 0.61, Y = 0.37) and, more significant ly, the diff e rence 

by which the outer atmospheric bound a ry condition was 

obt ain e d . Hayashi and Nakano approximate the atmosph e re as 
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an i sothermal r egion extending above th e photo s ph ere which 

was d efined to li e at an optic a l d e pth of 2 / 3 . We , on the 

other h a nd , h a v e utiliz ed complet e , albeit crude , atmos-

pheric mod e ls which include an explicit treatme nt of the 

convective tran s ition region. Sinc e we h a ve a ss umed in 

these mod e ls that the int er ior structure ma y be represented 

by a polytrop e with n = 1.5 , as did Haya s hi and Nak a no, our 

tre atment of th e atmospheric re gi on s is th e major improve-

ment ov er their work as we ll as tha t of Kum a r (1 963) whos e 

origina l investigation of th e limiting mass probl e m 

include d no treatment of th e atmospheric boundary condition 

what soever . 

In an attempt to furth e r improve th e th e ory we now 

consider th e problem of constructing d ~tailcd evolutionary 

mod e ls at 0.10 and 0.07 M
0 

utilizing th e computations of 

th e th ermodynamic data described in Chapter 4 as well as 

i ncluding the effect of th e hydro gen-h e lium ioni zation zone 

o n the structur e . 

6.2 Calculation of the Detail e d 
Evolutionary Model s 

In order to construct the det ai l ed stellar models 

f o r low mass stars , that is mod e ls utili zing th e cons titu-

tive d a t a comput a tions of Ch a p te r 4 and cons truct e d without 

b enefit of the simplific a tion s introduce d in th e pr e ceding 

section, we employ the so-called. " Li_ tting me thod " of mod e l 

construction as d escrib e d b y Schwarzsc hild (1958), 



136 

Hase lgrovc a nd Hoyl e (1 956), and S ears an d Br o wnl ee (1965). 

In this procedur e we separate th e evolutionary c a lculation 

into a "s pace p ar t" and a "t ime part ." In th e space par t 

of the probl e m we are conc erpe d with th e explicit solution 

of the equations of stellar structure to obtain a single 

stellar mod e l at a s pecific point in tim e . Th e tim e p a rt 

consi d e r s the evolutionary tim e change r es ultin g fron1, for 

ex a mple, th e work done through gravit a tion a l contr a ction 

and provid es th e input d a t a by which a n e w ( s tatic) stell ar 

model is comput e d at som e forwar d s t e p in time. By 

proceeding in this way we tr ea t th e tim e d e p end enc e 

implicitly in ord e r to con s truct a tim e ord e r e d s e qu ence of 

static , equilibrium s t e ll a r mod e l s . Th e u se of thi s 

"fitting me thod," rath e r than th e implic it diff e r e nc e 

method d e veloped by Heny e y and his co-workers ( cf . Henyey, 

Forbe s , and Gould 1964) for stell ar evolution probl e ms , was 

n e cessitated by the severe storage limitations of th e IBM 

7072 computer u sed in the initi a l s t ages of this work. The 

final calculations were p erform e d on a CDC 6400 computer, 

howe ver. 

Reg arding m, which we now designa te to b e th e mass 

interior tor, as the independent variable, we rewrite th e 

equa tions of structure, e quati ons (6.1) throu g h (6.4), as 

fol lmvs : 

oP 
om = 

G m 
l1: n ti 

r 

( 6 . 2 l1:) 
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ar l l = L.rn: am 
r

2P 
( 6 . 25 ) 

oT l T ap 
( convective ) = p a 111 am vad 

( 6 . 26 a ) 

or 

oT J 
L K 

r ( radiative) ( 6 . 26b ) = 21 am 256 rc
2 o TJr 

and 

oL 
( .!. ) r au p 0 ( 6 .2 7 ) = ( - 'at - at om p 

In th e actual num e rical calculations we r eplace th e time 

deriva tives in equation ( 6 .27) by the diff erence relation 

where the sub s cripts 2 and l designate tho se quantities 

appropriate to the present and previous mod e l s , respec-

tively, and ~tis th e time step separat ing the se two 

mod e ls. At any point within a model we choose between 

equations ( 6 . 26a) and ( 6.26b) by means of the criterion 

expr esse d through equation ( 6 . 6 ). It is th e solution of 

these equations which constitutes the space part of th e 

problem . 

Because of the presence of singul arities at th e 

center and surface , we cannot solve th ese e qu a tions 

d irectly from eith er th e cent er to the surface or from the 



surface to the center . We choose therefore a convenient 

point within the star , which we designate the fitting 

point, and develop solutions outward from the center and 
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inward from the surface . For an object of' total mass M, ,ve 

regard the outward so lut ion to be a function of the central 

t emperature , TC' and the central pressure, PC' and the 

inward solution to be a function of the total radius, R , 

and th e luminosity, L. The equilibrium structure of a 

specific mod el , as well as the corresponding values of TC' 

PC' R, and L , are determined by that pair of solutions 

which join smoothly at the fitting point with all of the 

physical variables, r , T , P , and L being continuous across 

the fitting point boundary . In the present application we 

h ave chosen the fitting point to be at that mass , m
1

, for 

which mf/M = o.6. 

Because of' the complicating effects arising from 

th e rel ease of gravitational and int ernal thermal energy, 

we must modif'y, to some extent , th e usual numerical methods 

by which this problem is treated ( a review of the usua l 

methods is given by Sears and Brownlee 1965 ). As input 

d ata to begin the construction of a specific model we 

requir e initial tri a l values for TC' PC' R, and L. These 

may be obtained , for example, by extrapolation from 

prec eding models in the evo lut ionary sequence or, in the 

case of the first model , from the properties of the 

corresponding polytrope solutj.on. Holding the trial value 
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of TC fixed , we first determin e through variation of th e 

par a met ers PC' R , and L that configuration for which r, P, 

and Tare continuous across the fitting point. We accorn-

plish thi s iteratively through the u s u a l Newton-Raphson 

techniqu e (cf . Se a rs and Brownlee 19G5) . We then employ an 

auxi li ary iterative procedure, again b ased on the Newton-

Raph son technique, in ord er to d etermin e th at value of TC 

for ,vhich the luminosi ty, L ' r 
as well as the other physical 

variabl es , are continuous across th e fitting point . For 

each it eration on TC we must perform the subsidiary itera­

tion on th e parameters PC' R, and L to d e termin e that 

structur e for which r, P , and Tare continuous across th e 

fittin g point . 

Upon s pecification of M, L, and R th e starting 

valu es of r , T, and P for th e inwar d solution were obtained 

by dir ec t int erpolation within th e atmosphere data tabl e 

con s tructed as describ e d in Ch a pt er 5 . The starting valu es 

for th e outward integration were obt aine d from the simple 

expansi ons given by Schwarzschi ld (1958, p . 114) . The 

constitutive d ata , P, u, Vad ' r, and K , for each value of 

T and P encountered in the num e ric a l so lutions were 

obtained from a four-point Lagr angian int erpol at ion scheme 

within the constitutiv e d ata t ab l e . Both the atmospheric 

and th e constitutive d ata t ables were stored on magnetic 

tap e and read into th e computer prior to execution of the 

evolutionary pro gram . Becaus e of its size, th e 



constitutive data tabl e was divided into two equa l parts, 

only one of which was stored in the computer's central 

memory at a tim e . The num er ic a l integrations of equations 

(6.24) through ( 6 .27) were performed using the Heun me thod 

of numerj_c al integration. 

In Tables 5 and 6 we present the results of the 

detail ed evolutionary calculations for objects of 0.1 and 

0.07 M
0

, re s pectively. In Figure 14 we show the cor-

responding tracks in the H-R diagr a m along with those 

comput ed according to the silllple scheme of Section 6.1. As 

was found for the simple polytrope models, th e 0.1 M0 

object stabilizes on th e main sequ e nce while the 0.07 M0 

obj ect do es not. A mor e significant conclusion to be 

dr awn from Figure 14, however , is that th e complications 

introduced into th e computation of the int erior thermo-

dynamic properties for the d e tailed models appear to have 

little effect on the evolutionary behavior in the H-R 

diagr a m. Quantitatively, how ever , we find that th e ma in 

sequ ence values of th e radius, luminosity, central t empera -

ture, and central density of th e d etai l ed model differ by 

-9%, -27%, +11%, and +6.5%, r espective ly, over the cor-
/ 

responding values for th e polytropic model. The physica l 

difference s between the models include the corr e ctions for 

non-id eal gas effects , a r evised form of the energy 

generation law, and th e inclus ion of the hydrogen-helium 

ioniz a tion zone . To the extent th a t the non-id ea l gas 



Table 5. Det a iled Evolution at 0.1 M
0 

Log t (yrs) Log TC Log Pc Log Pc Lo g R/ R0 

4 . 324 5.958 14 . 258 0 . 164 - 0 . 091 
5 . 344 5 . 985 1L.1: , 372 0.249 - 0 . 119 
5 . 624 6 . 009 14.470 0.32 4 - o . 1L.1:4 
5.793 6.029 14 . 558 0.3 89 - 0 . 166 
5 . 898 6 .0 46 14 . 626 o . 441 - 0 . 183 
5 . 994 6 . 062 14 . 697 o.4 94 - 0 . 200 
6 . 173 6 . 093 14 . 827 0.592 - 0 . 233 
6 . L.1:96 6 . 150 15 . 065 0 . 771 - 0 . 291 
6 . 607 6 . 181 15 . 200 0 . 872 - 0 . 325 
6 . 903 6 . 196 15 . 263 0 . 919 - 0 . 340 
7 . 153 6 . 309 15.757 1 . 290 - 0 . 46 3 
7, L103 6 . 368 16 . 027 1 . L.1:95 - 0 . 531 
7 . 653 6 . L.1:28 16. 310 1 .705 - 0 . 601 
7 . 903 6 . 486 16 . 599 1 . 922 - 0 . 673 
8 . 153 6 . 539 16 . 887 2 . 138 - 0 . 745 
8 . 403 6 . 582 17 . 163 2 · 3L.1:5 -0 . 812 
8 . 778 6 . 621 17.520 2 . 612 - 0 . 903 
8 . 828 6.624 17 . 565 2 . 61±6 - 0 . 91L.1: 
8 . 878 6 . 625 17 . 599 2 . 671 - 0 . 923 

Log L/ L0 

- 1 .10 2 
- 1.154 
- 1 . 200 
- 1 . 241 
- 1 . 272 
- 1 . 316 
- 1 . 367 
- 1 . 482 
- 1 . 548 
- 1 . 580 
- 1 . 841 
- 1 . 994 
- 2 . 143 
- 2 . 306 
- 2 . L.1: 82 
- 2 . 663 
- 2 . 924 
- 2 . 961 
- 2 . 988 

Loa- · T 
C e 

3 . 533 
3 . 534 
3 . 535 
3 . 536 
3 . 537 
3 . 537 
3 . 538 
3 . 539 
3 . 539 
3 . 538 
3 . 535 
3.530 
3 . 528 
3 . 523 
3 . 515 
3 . 504 
3 . 48L.1: 
3 . 480 
3 . 478 

~ 
,.c:­
i--' 



Tab le 6. De t a il ed Evolution at 0.07 M
0 

Log t (yrs ) Log TC Log Pc Log PC Log R/ R0 

L1:. 206 5 . 849 14 .1 30 0 . 145 - 0 . 1Ln 
5 . 335 5 . 881 15 . 265 0 . 246 - 0 . 174 
5 . 619 5 . 908 14 . 380 0 . 333 - 0 . 202 
5 . 790 5.931 14 . 480 O . L1:09 - 0 . 227 
5 . 895 5 . 950 14 . 558 0 . L1:67 - 0 . 246 
5 . 998 5 . 969 14 . 641 0 . 529 - 0 . 267 
6 . 2L1:8 6 . 012 1L1: . 827 0 . 669 - 0 . 312 
6 , L1:98 6 . 062 15 . 0L.1:2 0 . 830 - 0 . 366 
6 . 748 6 . 115 15 . 280 1 . 009 - o . 425 
6 . 998 6 . 171 15 . 53L1: 1 . 200 - o . 488 
7 . 248 6 . 229 15 . 807 1 . 404 - 0 . 556 
7 . L1:98 6 . 285 16 . 088 1 . 616 - 0 . 625 
7 . 748 6 . 337 16 . 373 1 . 829 - 0 . 697 
7 . 998 6 . 382 16 . 655 2 . 040 - 0 . 767 
8 . 2L~8 6 . 414 16 . 928 2 . 245 - 0 . 836 
8 . 253 6 . 418 16 . 994 2 . 295 - 0 . 861 
8 . 268 6.422 17 . 119 2 . 388 - 0 . 914 
8 . 3L1:2 6 . 417 1 7. 28L1: 2 . 512 - 0 . 973 
8 . 394 6 . 412 1 7 · 311:5 2 . 558 - 0 . 991 

Log L / L0 

-1 . 258 
- 1 . 319 
- 1 . 372 
- 1 . 430 
- 1 . 457 
- 1 . 496 
- 1 . 589 
-1 . 701 
- 1 . 830 
- 1.975 
- 2 . 116 
- 2 . 275 
- 2 . 448 
- 2 . 633 
- 2 . 829 
- 2 . 874 
- 2 . 992 
- 3 . 153 
- 3 . 221 

Log T 

3 . 519 
3 . 520 
3 . 521 
3 . 522 
3 . 522 
3 . 522 
3.522 
3 . 521 
3 . 518 
3 . 51 4 
3 . 512 
3 . 508 
3 . 500 
3 . 488 
3 . 474 
3 . 475 
3 . 472 
3 . 462 
3 . 454 

e 

I-' 
~ 
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beh avior of th e i nt e rior i s r e p resent e d by th e d e v e l o pm e nt s 

of Chapt er 4, we conclude tha t we ma y f ee l relative ly 

s e cur e in n eg l ec t i n g th ese e ff e ct s in cons id e rin g th e 

structur e of ma in s e qu e n ce obj e ct s . 

For th e 0.07 M
0 

obj e ct we find tha t the d e p ar tur e 

of th e d e t a il e d t rack in Fj_gur e 14 from tha t corr es pondin g 

to the polytrop e mod e l s inc r eases a s evolution pro cee d s . 

This i s to be exp ec t e d inasmuch a s th e non-id ea l g as e ff ec ts 

will b e com e mor e imp ort a nt onc e th e c e ntr a l t emp e r a tur e 

pass es through it s max imum v a lu ~ a nd the int erior b egins to 

cool. At th e point ,d, e r e th e c entra l t e mperature r eaches 

its maximum valu e th e diff e r e n ces b e tween th e c entr a l 

temp e ratur e , radiu s , lumino s ity, a nd c e ntr a l dens ity of the 

detailed mod e l ov e r the pol y trop e mod e l a mount to +4%, -6%, 

+18%, and -10%. 

In Figure 14 we al s o show the evolutiona ry track 

computed for a 0.1 M
0 

st a r by Ez e r and Ca meron (1966). 

Using th e s a me compo s ition as th a t employ e d in th e pr esent 

work, th e y find tha t thi s obj e ct fails to produc e e noug h 

nuclear burning to st a bilize on the ~ain s e qu e nc e . In 

Figure 15 we comp are our re s ults ( s hown by a solid line ) 

for the r a dius, lumino s ity, and c e ntral dens ity r e g a rd e d as 

function s of th e central t e mp e r a tur e with th e irs (shown by 

d as h e d lin es ). Th e turn - ov e r s in Ezer a nd Cam e ron' s 

re s ult s o c cur b e c a u se of th e p assage of th e ir c e ntr a l 

temp e r a ture throug h a maximum. Th a t our r es ult s , oth e r 
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than for the b e h avior of the c entra l t emperature, agree so 

well with theirs s u gg~s t s tl1at the basic differenc e lies 

in the calculated energy generation r a te. Appar ently th ey 

find th a t the He 3 terminated proton-proton chain produc es 

l ess energy than do we. Th e only apparent difference 

between th e two formulation s of th e e n ergy generation rate 

li es in th e use of diff erent methods of tr eat ing the 

screening function . For these s tars we d ea l with a situa-

tion lying between S a lp e t cr ' s (195 4 ) cases of weak and 

strong screening . We hav e used a mean screening function 

tak e n between th ese two extremes whil e Ezer and Cameron 

h ave employed which ever appr oxima tion, weak or strong, 

gives the larger v a lue. The p r incip a l s ourc e for the dif-

ferenc e b e tween th e track s in th e H-R di agram c a n readily 

be explain e d by the differ enc e in the way which the out er 

atmospheric bound a ry condi tion has been treated. Our 

bound ary condition is base d on mod e l atn1osphere int egra­

tions; while th ey emp loy a somewhat more approximate 

proc edure (E zer and Cam eron 1963) . The diff erenc e between 

o ur results for th e central density regarded as a function 

of the central temp e rature and thos e of Ezer and Cam e ron is 

an indi cation o f th e magnitude of the effects of including 

particle inter a ctions in th e equation of state . 



6.3 Comparison and Discuss ion of the Theoretical 
and Empirical Main Sequence Properties 

In Figures 16 through 18 we summarize graphically 

th e theoretical results obtained in the preceding sections 

for main sequence objects and compare them with the adopted 

mean empirical data for the main sequence given in Table 2. 

In Figures 16 and 17 we compare the theoretical and 

empirical mass- luminosity and mass -radius relations, 

respectively. In these diagram s we show by solid lines 

labeled MS and ZAMS, respectively, the polytropic main 

sequence from Table l1 and th e empirical relations from 

Table 2. For comparison we show the theoretical results of 

Haya s hi and Nakano (19 63 ) and Ezer and Cameron (1966 ) by 

d ashed lines labeled HN and EC, resp ec tively. In addition 

we show th e mnin sequence position of the detailed 0.1 M
0 

object from Table 5 by a circled cross , the position of 

YY Gem by a cross and that of the sun by the symbol 0. 

Examination of these figur es reveals that while the 

theoretical and empirical mass-lumino s ity relations appear 

to be in quite reasonable agreement , there is an apprec i able 

l ack of agreement between the theoretical and empirical 

mass-radius relations. This discrepancy between theory and 

ob servation is also apparent in th e H-R diagram as may be 

seen in Figure 18. Here, u s ing the same notat ion as in 

Fi g ur es 16 and 17, we plot th e ma:1.11 s cquenc e loc i in the 

H-R diagram, that i s , th e plot of M ver sus the effective 
bol 
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t emperature . Alon g each of th ese loci we show the posi-

tions of obj e cts of various masses by filled circles which 

we label by the corr esponding value of the mass in M0 . We 

se e that not only are the th e or et ic a l and e mpiric a l ma in 

sequ e nce s displac e d by as much as 700° in effective 

temp erature but th e y also exhibit quite di fferent slop es 

as well . 

The diffic ulti es pre sented by Figure s 17 and 18, 

that is, the l ack of agre ement b etween the main sequence 

mass -r adius r e l a tions and the loci in th e H-R di agram, are 

significant and oblig e us to re - examine th e adequacy of th e 

theor etical models as well as the adopted mean empirica l 

r elations . Although we mu s t acknowl edge th e possibility 

that the app arent good agr eement b e b veen the th e oretical 

and empiri ca l mass -lumino s ity relations indic a ted in 

Figur e 16 may b e fortuitou s , we assume f o r the mom ent that 

our theoretical mod e ls do in fact provide a satisfactory 

representation of th e low mass , main sequence mass -

luminosity rel ation fo r stars of solar compos ition. It is 

within the context of this assumption that we now und ertake 

a re as s es srnen t of th e assumpt ions and appro:'ima ti on s 

ent ering into the model calculations and th e d e rivation of 

th e mean em p irical relations . 
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6 . 3 . 1 Theoretic~! Mod els 

In d eriving th e th e oretical main sequence proper­

ti es for the very low mass obj ects listed in Table 4, we 

h ave assumed that th e int erna l structur e of th ese obj ec ts 

ma y be repre sented by polytropes of index n = 1.5. For 

thi s to be th e case , as di sc u ssed in Section 6 . 1, obj ec ts 

must be in complete convective equilibrium throughout, 

compose d of an ideal, compl e tely ionized gas and the 

thickness of the out er l ayers in which hydrogen and helium 

ar e incompl etely ioni zed must be very small corupared to th e 

tot c. l r a dius . This i n fact appears to b e the c ase along 

th e very low mass main sequence . Hay as h i and Nakano (1963) 

and Ezer and Camer on (1 966 ) find that below a bout 0.2 5 M0 

stars arrive and remain on th e ma in sequence as wholly 

convective obj ec ts . From th e results of th e d etai l ed 

0.1 M
0 

mod e l considered in Se c tion 6.2, we find that not 

only i s it wholly convective o n th e main sequence but a l so 

that th e atmospheric r egions as well as th e h ydrogen-heli um 

ionizat ion-dis s ociation zone involve only a few per cent of 

th e tot al radiu s . We a l so explored i n this d e t a il ed model 

th e effect on th e o verall structure of e l ectrostatic 

particle interactions within the ioniz e d interior . We find 

that, a t l east on th e main sequence , these effects may be 

i gnored and th a t the bulk of th e interior may be safely 

re garded as composed of' a complete l y ioni zed id ea l g as . 

Thus a polytropic r e presentation of very low mass ma in 
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sequence obj ects should b e quite adequate; although we did 

find that th e radius of th e d e tail e d 0 . 1 M
0 

main sequence 

model to b e 9% smaller than that of the corr es ponding 

simple polytropic model ( cf . Tabl es lJ: and 5), which ,vorsen.s 

the existing di screpancy b etween th e theoretical and 

empirical mass-radiu s relations . 

The primary effect of th e stellar atmosphere on the 

compl etely convective mod els is to determine th e luminosity. 

Although the main sequence position in the H-R diagr a m, as 

wel l as that of th e pre-main sequence evolutionary tracks, 

will be sensitive to the atmospheric opacity, we expect the 

main sequence radii to be little affected by changes in the 

op acity . Consequently , we expect that the errors to be 

associated with th e comput e d value s of the atmospheric 

opacity, Table 3, will not greatly affect the existing 

discr epancy between the th e oretical and e mpirical ma ss ­

radiu s relations . Simil ar remarks apply to the determina­

tion of the outer boundary condition for the interior 

structur e through the calcul a tion of d etailed non-gray 

atmospheric models which i s , perhaps, the major improvement 

to be made on the present low mass models. Because these 

region s are so extremely shal low, it seems unlikely that 

improvements on the simple mixing length theory employed 

in S ection 5.3 or on our treatm ent of pres s ure ioniza tion 

and dis s oci a tion in th e hydro gen -h e lium 



ioniz a tion - di ssociat ion zone will greatly affect the 

theoretic a l results . 

The pre-1n a in sequence contraction of a star is 

halted wh en the rat e of nuclear energy relea se becomes 

sufficient to supply compl ete ly th e total lun1ino s ity. We 

therefore consi d e r the po ssibi lity that we h a ve under­

estimated th e nucl ear energy generation rate in the 

pres e nt mod e ls to the extent that, for a given mass , 

gravitational contraction actually will be h a lted at that 

radius appropriate to the adopted empirical ma ss -radius 

relation. For a 0.14 M
0 

obj ect we find , roughly, that this 

would increase the main sequence luminosity by nearly one 

magnitude in Mbol and would r equire the energy generation 

rate to be increased by a factor of about 25. Not only 

does it seem unlikely that our nuclear energy formulae 

could admit of so larg e an error, but we would also then be 

faced with having to account for the resulting discrepancy 

b etween the theoretical and empirical mass-luminosity 

relations. 

We conclude from the above discussion that neither 

the approximations nor th e obvious improvements to be made 

in the mod e ls can be expected to explain the discrepancy 

between theory and observ a tion. If this discrepancy is due 

to inherent inadequ acy of th e models, we suggest that it is 

du e to th e oini ss ion of s?me majo r . physical effect which 

result s in l arge scale departures fron1 polytropic structure . 
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Befor e pursuing such possib i litie s , however , we should 

first be certain that we po sses s a co1npl e tely adequate set 

of empirical d a t a with which to compare the theoretical 

mod e ls and, thus , that th e d iscrepancy exhibited in Figur es 

17 and 18 r eally exists . 

6 . 3 . 2 Empirical Data 

In Ch a pter 3 we d e riv e d on th e b as i s of th e 

curr ently av a il ab l e ob servational data a s e t of me a n rel a -

tions b e tween the masses , r a dii, lumino si ti es , and effec -

tive t e mp eratures for th e M dwarf stars . We summarize 

th ese adopted r e l ati ons in Table 2 and tak e th em to define 

the mean empirical prop er ti es o f low mass s tars of solar 

compo s ition . Th e adopted mass -luminosi ty r e l a tion i s b ase d 

on th e dat a t ak e n from Egg e n ( 1965 , 1967) for the masses , 

m , and the absolute vi s u a l magni tud es , My , of th e visua l 

bina ry pairs listed in Tabl e l a and plotted in Figure 4 . 

Disregarding the ob j e cts ADS 7114BC , 8o48BC , 8166AB , 

10158AB , and UV Ceti , we r epresent e d th e corre lation 

between log m and MV for the se s t ars by th e linear r e lation 

given in equa tion (3 . 2). From Fi g ur e 4 , we suggested th a t 

equation ( 3 . 2) adequately repre sents th e available data for 

masses ab6vc 0 . 5 M
0 

ahd, p erhap s , to n1asses as low as 

0.3 M
0

. ( Th e r a th e r l arge d e p ar tures , indicate d in Figure 

4, of Ro ss 614 AB from th e a dopted mass luminosity relation 

may b e du e to th e fact that th ese ar e youn g object s which 
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hav e not yet reached th e main sequence , a point to which ,-.re 

return in Section 6 .4.) 

Th e boloni e tric corrections given by Jolmson (1966) 

for the M dwarfs were obtained essential ly by integrating 

und e r the spectral energy distributions deriv ed from th e 

results of bro a d band infrar ed photometry o f a selected 

sampl e of M dwarf stars (J ohn s on 1965, 1966). We take 

th ese bolometric corr ect ions to be quite reliable . Thl!l.S 

except for h aving to u se equation (3.2) to extrapo l ate to 

masses below 0.3 M
0

, ,-.re derive our adopted mass -luminosity 

relation, that is the lo g m, Mbol relation, directly from 

o bservation. Below 0.3 M
0 

we lack sufficient d ata to 

d etermine empirically th e mass-luminosity relation with any 

confidence . However from Figure 16 we observe that the 

theoretical results of Ezer and Ca1neron (1 966) and Hayashi 

and Nakano (1963) over the range of mas s 0.1 to 0.4 M
0 

show 

no abrupt change of slope in the log m, Mbol plane . This 

suggest s that there i s some validity for the linear extra­

polation based on equation (J. 2 ) of the adopted mass­

luminosity relation down to mas ses of about 0,1 M
0

. 

We cannot d etermine the empirical mass-radius 

relation for the M dwarf stars directly by observ ation, 

ho,vever. It has thu s far been possible to d etermine 

dir ectly th e mass and radiu s of only a single M dwarf, th e 

M0.5 components of the eclip s ing system YY Gem . To d e ter-

min e our adopted empirical mass-radius relation we have 
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resorted to th e indirect procedure of u s ing our adopted 

mass -lumino s ity r e l a tion to geth e r with equation ( J . l ) and 

th e effective t e mp e r a tur e , R-I calibration of Johnson 

(1966 ). In J:i'igur e 19 we comp a re th e mass -radius relation 

o bt a ine d in this way with th e d a ta given by Popp e r (196 7) 

f'or th e masses a nd radii of tho se eclipsing binary systems 

con s isting of ma in sequence components . We plot the data 

for the individua l objects as filled circle s and show by a 

d ashed lin e our adopted empiric a l rel a tion . In addition we 

show the th e or e tical mass- r adius relation from T a bl e L1 by a 

solid line , the po s ition of YY Ge m by a cro ss , and that of 

t h e sun by the s ymbol 0 . From thi s di agr a m we se e that the 

eclips ing systems d e fin e a di st inct mass -radi u s relation 

but only for masses a bov e one solar ma ss . 

It is to b e e mphasize d tha t our adopted mass -radius 

relation b e low 0 . 6 M
0 

r es ts entirely on Johns on ' s (1 966 ) 

cali b ra ti on b ebve e n th e R-I ind ex and th e ef':Cec ti v e temp e r-

ature a nd the adopted mass- lwninosi ty relation . fi'or stars 

l ater t h a n so J.ar typ e and with th e exception of YY Ge m , 

this calibration rests ultima t e ly on the int erferom e tric 

measure s of th e angular ·di ame t ers of seven stars , all of 

which arc giants or supergiants . Th e fact th a t ther e 

app ears to b e fair agreement b e tween th e effective t e mp era­

tur e and th e color t e mp erat ures d er ive d f'rorn the I-L ind ex 

fo r th e s e object s was utili zed b y· J ohnson (19G6) to extend 

th e or igina l e:Cfective t e mp era ture , I-L calibration to 
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obj ec t s of spectral typ e l a ter than MO. The validity of 

th e extension of th e .effective temp e rature, R-I relation to 

the dwarf s , howev er, r ests on the assumption that this same 

rel ation appJ.i es equally well to dwarfs as to giants . The 

only dir ect evidence for this ass umption is that the 

o bserved data for YY Gem fits Johnson ' s (1 966) original 

relation rather well , Neverth e l ess , since the value of th e 

surface gravity r a nges over perhaps four or even five 

o rders of ma gnitud e between th e supergiants and dwarfs of 

l ate spectral typ es , one mu s t b e somewhat cautious about 

the validity of thi s assumption for dwarfs appreciably 

cooler th a n YY Gem . Not only might the dominant sources 

o f opacity and th e result an t n a ture of the d eparture fron1 

grayness be quite different in the dwarf atmospher es , but 

also the role of sub-photospher ic convection will be quite 

different and may influence the spectral energy distribu-

tion . In order to bring the th e oretical mod e ls into 

agre e ment with the mean empirical data , the v alue of the 

effective t emperature for a 0.14 M
0 

obj ect of spectral 

typ e M7 and R-I = +2 ,08 would h ave to b e increase d by 700 

d egrees. Whether or not we can reasonably expect this 

l arge a difference between the effective temperature of th e 

very l ate M dwarfs and giants i s open to question . Unless 

low mass ec l ipsing systems are di s covered which yield 

reli a bl e radii, th e only way to attack thi s probl e m would 
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seem to b e to construct detailed theor e tical non- gray mod e l 

atmospheres for both ~ian t s and dwarfs. 

Since at the p resent t ime YY Gem pl ays a critic a l 

role in establishing th e effec t ive t e mp e r at u re scale for 

th e lat e type dwarfs , it i s int eres tin g to note th at YY Gem 

falls di stinc tly off th e me an empirical mass -radius r e la-

tion as well as th e mean empirica l mass-luminosity relation. 

Th ese d iscrepancies seem significant ly l arger than c an be 

accounted for by th e prob ab l e errors in th e det ermin a tion 

of th e mass , r a d i u s , and luminosity of thi s obj ec t . This 

n ee d not n ecessari ly invalidate the u se of YY Ge m as a 

means of calibrating th e effec tive t e mp eratur e with the 

R-I ind ex , since there is no indicat ion that YY Gem is 

photometrical ly anoma lous . Nevertheless, this anomaly ( and 

th e curious fact th a t th e v a lues of th e mass and r a dius of 

YY Ge m do pl ace it on what a pp ears to be a simple extension 

of th e mass -r a diu s relation d efin e d by the mor e mass ive 

eclip s in g systems, cf. Fi g ure 19) suggests tha t considerab ly 

more work, both ob serv a t iona l and theoret i ca l , n eeds to be 

done b efor e we can claim a good und ers t a nding of th e 

structur e of th e very low mass stars . 

6.4 St ars Be low th e Main Sequence 
Lirn i tin~ Nass · 

Th ere a.re tw·o stars , Ros s 614B and th e components 

of UV Ce ti, whose masses of 0 . 0 8 and O . OJ M
0

, r espectiv e ly , 

li e below th e ma in sequence limi t ing mass as d e t ermine d in 



Section 6 . 1. We h ave sh01v11. by a cross and a circled cross, 

respectively, the observed po si tions of the se stars in the 

theoretic a l H-R di agram s hown in Figure 12 . It is diffi-

cult to reach many conclus ions regarding th e evolutionary 

state of th ese obj ec ts . UV Ceti is a member of the Hyades 

common motion group ( Egg e n 1963) and, since it pre s umably 

shares any abundance difference s tha t may exist between 

the Hyade s stars and the sun, we cannot necessarily expect 

our O.OJ M
0 

evolutionary tr ack to represent this obj e ct . 

Ross 614B , how ever , seemingly falls along Eggen's sun­

S irius mass-luminosity relation ( cf . Figure 4 ) and we 

conclude that it is likely to be a solar composition 

ob j ect . We note from Figur e 12 , however , that Ross 614B 

is discrepant relative to our computed evolutionary track 

f o r a 0. 08 M
0 

object . This simply reflects the discrepancy 

between the theoretical and empirical main sequence 

properties discussed in the preceding section . 

Because its observed mass is so near to the main 

sequence l imiting mass and its observed luminosity places 

it so near to the theoretical main sequ e nce line , we may 

specul ate that Ross 6 1 4B is in fact on the main sequence . 

Should this be the case , it would seemingly i ·ndicate a 

l ower value for the main sequence limiting mass than the 

value of 0.1 M
0 

determined by Ezer and Cameron ( 1966) . Our 

value of 0 . 085 M
0 

may be mor e n early corr e ct; however we 

cannot attach much s igni f ic a nce to any theor e tical 



determination of a nwin sequence limiting mass until we 

sati s factorily rcmove·tl1e discrepancy between the theoret­

ical and empirical main sequence mass-radius relations. 

In connection with the discuss ion of Figure 4 in 

the previous section , we pointed out that the objects 

Ross 614AB dep ar t appreciably from our adopted empirical 

ma ss -luminosity relation. Should it be that Ross 614B is 

insufficiently mass ive to re ac h the main sequence , the dis­

placement of both components ,na y be intrinsic, since we 

could not expect the B component to obey a main sequence 

mass-luminosity relation and the A component, wh.ile ma ss ive 

enough (0,14 M
0

) to reach the ma in sequence , may be suf­

ficiently young as not yet to have completely contracted to 

its main sequence configuration. If this is the case, then 

the A component should appear overly luminous for its mass 

which is, in fact, consistent ,dth its plotted position in 

Figur e lJ:. 

6.5 The Shape of the Mass Function 

From the luminosity function data of Luyten (1968) 

and the sun-Sirius mass-luminosity relation of Eggen 

(1965) we have obtained the mass function for the solar 

neighborhood shmm. in Figure 7. This curve indicates the 

occurr ence of a sharp peak in the mass function at about 

0.16 M
0 

with a rapid d ec line in the numbers of observed 

stars as we proceed to lower masses . Assuming the 
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ob serva tiona l d a ta pert aining to th e luminosi ty f u11 ction to 

b ~ compl ete at l east thro u g h th e maximum o f th e mass 

fun c tion , we :f ind th e mass at ,vhi c h th e maximum o ccurs to 

be s orn e ,vh at great e r th an that which we find f'or th e ma in 

sequ e n ce limiti ng mass . Neverth e l ess it is t empting to 

associate th e ob serve d behavior of th e mass function with 

th e exi s tence of th e limiting mass . For example, s hould it 

be th e case tha t as a consequ e nc e o f st ar form a tion , th e 

initial mass function incr eases monotonically with d ec r eas ­

i ng stellar mass down to masses b e low th e limitin g mas s , 

then we would expect to ob serve a fo r m for th e mass 

function shmvn in Fi g ur e 7 . Th ere would b e a piling u p of' 

star s on th e main sequence with th e maximum number o cc urring 

at the limi ting mass . Below th e limiting mass there would 

be a paucity o:f ob serv a bl e obj ec t s , since all tha t could be 

se e n would b e thos e stars youn g e nou g h to be observab ly 

h igh on the Ha ya s h i contr a ction track s . Thi s would h a v e 

t h e int e re s ting consequence tha t th e galaxy ma y contain a 

l arg e compon ent of v e ry low mas s , d ark obj ec ts . 

Gaustad ( 1963) suggests , howe v er , th a t i:f fr ag ­

mentation in massiv e clouds of g a s and dus t d e t e rmines th e 

i nitial mas s function, we might we ll exp e ct the ma j ority of 

stellar obj ec ts form e d to h ave masses of' a f ew t e nth s of a 

sol ar mass . This too wou l d l ead to a mass function h aving 

th e shape shown in Fi g ur e 7 and wouJ.d h ave nothing at all 

to do with th e exist e nc e of a main se qu e nce l.imiting mas s . 
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This int erpr e t at ion 01 th e mass 1unction would be 1avored 

should it b e tha t the' maximum in th e mass function occurs 

at an appreciably hi gher lll ass than th e limi ting mass . We 

mu s t , there1or e , be convinc e d th a t both the ma ss 1unction 

and the limiting mass are d e t e rm i n e d su11iciently accu ­

rat e ly . Ag a in, we cannot trus t our value 1or the limiting 

mass so long as th e re remains a dis cre p a ncy between our 

theoretic a l mod e l s and th e empirical dat a . 



APPENDIX A 

DEBYE-HtiCKEL THEORY FOR AN IONIZED, 
PARTIALLY DEGENERATE PLASMA 

We consid er a fully ioniz e d pl asma at a t e mp e r a tur e 

T and confine d within a volum e V. We re gar d th e ion s and 

el ec trons as point ch arges a nd consider each charged 

particl e in the ga s to be s urround ed by an inhomo gene ous ly 

charged but spheri cally symme tri c di s tribution of ion s and 

electrons . We as s ume th a t the tot a l pot e ntial e n ergy of· 

th e system, W, may be writ t e n as th e sum of two-part icle 

electrostatic int erac tion s , th at is 

w -
a,b 

2 
zazbe 

rab 

wh ere the summ a tion is perform ed ove r all p a irs of 

particl es a , b of charges zae and zbe , respectively, and 

s eparation rab (c f . Fowl er and Gu ggenh e im 1956, pp. 283-

393). L et us cho ose a p art icul ar charg e d particl e , say 

p article a , to be at th e origin of a syst e m of spheric a l 

coordinates . At any ins t an t th e elec tro s tatic pot ential 

~ (r) at a dist ance r from p a rticle a is r e l a ted to the 
a 

charge d ens ity P ( r) 
a 

at r thro u gh Poisson ' s equation , 

2 V ~ Cr ) = a 
L1: 11. p ( r ). 

a 
(A. l) 
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We shall be conc e rn e d with tim e av e rages of th e pot ential 

and charg e d en s ity which we ass um e to be equiva lent to 

averag es t a k e n over all po ss ible spatial conf'igurations of 

the p a rticle s . We then assert tha t the average pot ential 

at r i s relat e d to th e average char ge dens ity at r through 

v 2< <P ( r ) > = - l.1:n; < p ( r ) > 
a a a a 

(A. 2 ) 

where < (fl ( r ) > and < p ( r ) > are the potential and 
a a a a 

charge den s ity , r es p e ctive ly , at r averaged over all 

po ss ible spatial distributions of the othe r charge d 

particles in th e gas with p ar ticl e a held fixed . 

L et u s now assume th a t all of' th e p a rticl es in the 

gas , both th e ions and the e l ec trons , obey th e Ma xw e ll-

Boltzmann statistics . Whil e this is always a good a pproxi-

mation for th e ions , it is v a lid for the electrons only if 

the electron numb e r density n satisfies th e condition 
e 

n << e 

( 211111 kT ) J / 2 
e ( A. J ) 

where h i s Planck ' s constant , 111 is the mas s of' an electron 
e 

and k i s Boltzma nn ' s const a nt . Upon assuming this con.di-

t ion to be satisfied , we ma y write down the probability , 

'Vab ( rab ), that any particle b o:C charge zbe , ,vb.ere e i s t h e 

ch a r ge o:C the electron , b e found at a dist a nce rab from 

particle a of ch a r ge z e a , that is 

\JI ( r ) = A exp [ - ~ f b ( r 1 ) J ab ab a aJ 



where A is a cons t ant , ~ = ( kT) -
1

, and f ab ( rab ) is the 

interaction energy between particles a and bin the 

presence of all th e other particles in th e gas . Th e 

averag e probability that particle b be found at a distance 

rab from a is 

wh ere the average is tak e n over all configurations of 

particles holding particles a and b fixed. In their study 

of the effects of ionic int eractions in so lutions of strong 

electrolyt es , Deby e and Hiickel (19 23 ) ( see also Fowler and 

Guggenheim 1956) introduced th e following approximations, 

which we lab e l the DH approxima tion s , 

and 

> . a 

( A , 5) 

(A. 6) 

As in equation ( A . 2), < ~ ( r b) > is the electrostatic 
a a a 

pot ential at the distance rab from particle a averaged over 

all configurations of particles with a h eld fixed . We see 

that th e first DH approximation can be strictly valid only 

i f 
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2 
(ab ( rab) 

2 
< ( ab ( rab ) >ab < >ah 

t: 3 ( r ) < (ab ( rab) 
3 

< >ab -- >ab ab ab 

The a v e r aging to obt a in < (ab (r a b) >ab i s p erform e d over 

all p ar ticl es except a and b, which a r e h e ld fixed , whil e 

th e a v eraging to obt a in< <p ( r b) > is performed over a ll 
a a a 

p a rticles exce pt a, which i s h e ld f i xed , but including 

p article b . We see th a t the second DH approximation will 

be b es t when particle b do es not contribute appreciably to 

< <p (r b) > • a a a 
This conditon wi ll b e met if zb is sm a ll and 

i f th e d e n si ty of th e oth er charged particles is high . 

Th e qu antity< (ab(r ab ) >ab can be int erpr ete d as 

th e work nece ssary to bring particle b from infinity to th e 

di s t ance rab from p article a averaged o ver all possible 

configurations of th e othe r p ar ticl es . By symmetry we must 

second DTI approximation. le a d s tc th e condition 

(A. 7 ) 



for all pairs of charged particles within the systen1. It 

can also be shown froin general principles ( Fowler and 

Gug genheim 1956) that th e instantane ous electrostatic 

pot entials at partj_cles a and b, say ~a (O) and ~ b(O), due 

only to the presence of the other charged particles in the 

system, that is, excluding th e self -pot entials of the two 

p ar ticles, mu s t ob ey the relation 

= (A. 8) 
0 ~ ( 0) 

a 

Equations ( A.7 ) and ( A . 8) can be used to test the se lf-

consistency of any approximate solutions to the problem. 

Employing the second DH approximati on we may write 

equation (A. 4 ) as 

For simplicity of notation let ~ ( r ) now denote th e 
a 

(A. 9) 

potenti a l at the di s tanc e r from particle a averaged over 

all particles excluding a . I f we now l e t n denot e the 
so 

mean number d ensity of th e slli species of charg ed p ar ticle 

i n the absence of any electrostatic int erac tions , it 

follow s from equ ation (A . 9) that we may approximate the 

distribution of th e slli species o~ particles about particle 

a by 

n ( r ) = n exp [ - z e ~ ( r )] as so s a 
(A.1 0 ) 
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In what f'ollO\vs we s h a ll assume tha t the gas 

deviate s only slightly :Crom a perf'ect gas which implies 

that the CoulomL interaction between the particles must be 

small compared to th e mean therma l e nergy per particle . If 

we let ze be th e mean charge per p ar ticl e and r be the 
0 

mean particle sep a r a tion, we require th a t 

2 2 
Z C 

r 
0 

<< kT 

which gives the condition on the me a n charge d particle 

number den s ity n that 

3 
n << ]__ ( kT ) 

4n 2 2 
z e 

( A .11) 

Thi s is equivalent to a ssuming that z e~ (r) << kT which 
s a 

allows us to expand the exponential in equation (A.10) to 

give , ret aining only the first order term in ~ , 

n ( r ) = n [ 1 - z e /3~ ( r ) J . as so s a 
(A . 12 ) 

At this point we have introduced the further approximation 

o f considering a lineariz e d treatment of th e DH problem. 

In so doing we shall see th a t the conditions containe d in 

equations ( A .7) and (A.8) will be automatically satisfied. 

In general any attempt to improve the r esults through the 

ret ention of hi gher ord er term s in the expansion of equa-

tion (A.10) will not b e cons ist ent with respect to these 

symm e try conditions . The criterion on th e d ensity and 
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t emperature cont a in ed in equ a tion (A.11) d e fines th e r e gion 

over which th ese considerations ,vill rem a in valid. At the 

lowest d e n s iti es we h a ve a p e rfect g as while at suffi-

ciently high d e n s iti es tha t e qu a tion (A.11) is not 

satisfi e d, we sha ll find it nec essary to introduce a new 

mod e l by which we ma y estima t e th e non-id e al b e h a vior of 

th e system. 

In arriving at equation (A,10) we have assumed that 

all of th e particles in the ga s ma y be treated by the 

Maxwell-Boltzmann stati s tics. We now wish to g enerali ze to 

the case in which we explicitly consider the electrons to 

ob ey th e F e rmi-Dirac statistics. To accompli s h this we 

employ what is essentially the Thomas-Fermi approximation 

and assum e that any given electron moving in th e vicinity 

of any particular charged particle moves in a potenti a l 

field arising from the superposition of that of th e given 

p artic l e and that of all of th e other charged particles in 

the gas such that the fractional chang e in the pot e ntial 

is negligibly small over a distance corresponding to the 

mean thermal d e Broglie wavelength of an electron. This is 

equivalent to treating the electron as if it we re moving in 

th e . presence of a static, uniform external field. Let 

µ (r) be the chemical potential of th e electrons at a 
a 

di stance r from p a rticl e a. We may express µ ( r) 
a 

as 

µ (r) = ~l (r) + ( (r) 
a ae ae 

(A.13) 



whereµ i s the che mical potential appropriate to th e 
ae 

electron d ensity a t rand E is th e int eraction energy ae _ 

betwe en particle a and an electron at r. We employ the 

second DH approx ima tion and assume that 

< E ( r) > = - e (f) ( r ) 
ae ae a 

where< ( 
ae 

J_S th e electrostatic interaction energy 
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between particle a and an electron at r averaged over all 

corifiguration s of particl es with particle a and the 

el ec tron h e ld fix e d. Under the conditions of equilibrium 

th e ch emica l potential of th e electrons mu s t be cons tant 

with r otherwis e the electrons would mi grate to tho se 

regions of sp a ce in which the ch e mic a l p otential wer e 

minimum. Henc e ,,re may write equation ( A . 13) in the form 

(A.15) 

We now consider a gaseous mixture of ions and 

electrons. Let zk and nko be th e charge numb e r and the 

mean numb er density of th e klli species of ion , r espective ly. 

We can define a total mean ion number d ens ity, nio ' and a 

mean ionic ch arge number z such tha t 

(A.1 6 ) 

and 

z = 
l (A .17) n . 
J . O 

k 
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We may thus tre a t the gas as cons isting of a mixture of 

N. = Vn. ions of char ge ze and N = Vn electrons of 
1 10 e eo 

charge -e. Re quiring that th e system b e electrically 

neutr a l as a whol e gives 

n = zn . (A.18) 
eo 10 

Th e me a n charge d ensity (). (r) at a distance r from 
1 

the illi ion can be writt e n as 

P . ( r ) = e zn . . ( r ) 
1 J . l 

en . (r) 
i e 

(A.1 9) 

wh e re n .. ( r) and n. (r) are, respectively, the mean ion and 
11 . 1e 

electron numb er d ensi ti es at th e di s tance r from the illi 

ion. We may u se th e Boltzmann formula , equation (A.10), 

for n .. ( r ), 
11 

n . . (r) = n. exp [- f3e c.p
1
. (r)] 

11 10 
(A.20) 

where c.p. (r) is the mean potential at th e distanc e r from 
1 

the illi ion. From the Fermi-Dirac distribution ( sec Tolman 

1938) we may write 

(A.21.) 

where from equation ( A .1.5) we hav e 

11. = Sµ. = S[µ. ( r ) - e (f)
1
. (r)] 

1 1 ie 



and th e F e rrn :i. -Dirac int egr a l s ore d e fin e d by 

CX) 

= J 
0 

O'., 
X 

e x p ( x -11 f+l d x · ( A . 2J) 

Exp anding t he exponenti a l in e qu a tion ( A . 20) we h a v e to 

fir s t o r d er 

n . . ( r ) = n . [ 1 - z e (3(() . ( r ) J 
ll 10 l 

while e xp a nding n. (r) 
ie 

in a T ay lo r ' s s e ri es a boutµ , th e 
0 

ch emical pot enti a l of th e el ec t r ons in th e a b senc e of 

particl e inter a ctions , we o b t a in to fir s t ord e r in (j) . ( r) 
l 

n . ( r ) = n [ 1 + e f3cp . ( r ) G J ie eo 1 e 

where G is de f ine d by 
e 

Ge = n4nhJ ( 2TimekT )J/2 F.l / 2(Tjo ) 

eo 

Fl/2(Tjo) 

= Fl / 2( Tj o) 

since from Tolm a n ( 1938) it ma y b e shmvn that 

3/2 

( A . 25 ) 

(A.26) 

(A.27) 

In equa tions (A . 21) and (A.22) we h a ve let Tj = (3µ , and 
0 0 

the prim e d enote s differ enti a tion with resp e ct to Tj . 
0 

We ma y now writ e down Poi ss on's equ a tion for th e 

po tenti a l fi e ld a bout th e i lli ion , th a t is 

2 V <p . ( r) = 
l 

lrn P. ( r ) 
l 

( A . 28) 



which up o n s ub s titu t ing e qu a tions ( A . 24 ) a n d (A.25) for 

P. ( r ) giv es , approximate ly, 
]_ 
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2 
V <p i Cr ) = l.1: TI e 2 13 ( z 

2 
n . + n G ) cp . ( r ) . ( A .29) 

10 eo e 1 

Le t ting K b e t he inv e r se De by e l e n gth, ,vh e r e 

2 2 2 
K = 4ne A( z n. + n Q ) 

l--' 10 eo e 

and noting th a t cp . (r) mu s t s a ti s fy th e followin g two 
]_ 

bound a ry cond itions 

and 

we obt a i n th e solution 

cp. (r) = 
1 r 

ze exp ( - Kr ). 

( A . JO ) 

(A.Jl) 

We proc e ed in a compl e tely an a logous ma nn e r to 

o btain th e potential di s tribution about a p a rticular 

el e ctron in th e g a s . We wri te down Poisson ' s equa tion 

2 V cp Cr) = 
e 

wh e r e cp ( r) a nd P ( r ) ar e th e mean pot entj_al and ch a rge 
e e 

dens i t i es , r es p e c t iv e ly, a bou t the giv e n el e c t ron , a n d 

P ( r) c an b e wr itt e n a s 
e 



P ( r ) = z en . ( r) 
e e1 

en ( r) 
ee 
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(A. J2) 

wher e n . (r) and n (r) d eno t e , re spec tiv e ly , th e mean ion 
e1 ee 

and electron number d ensity distributions about th e given 

electron. To ob tain n. ( r ) we invoke th e symmetry argument 
e1 

of Cowan and Kirkwo od (1958) an d asser t that 

zn . ( r ) = n . ( r ) . 
e1 1e 

(A. JJ) 

That is, that th e form 01 th e d is t ributi on 01 th e ions 

about an electron i s th e same as tha t of the electrons 

about an ion . Thus 

zn . ( r) = n [1 + ef3G tp . ( r) J ei eo e 1 

We takeµ = µ - etp = con s t ant and n = ~µ to give to e e e e e e 

first ord er in tp ( r) 
e 

n ( r ) = n [ 1 + e [3 G tp ( r ) J . ee eo e e 

Pois s on ' s equation now becom es 

From th e symmetry requirem ent 01 equation (A. 7) it is 

app a rent that tp ( r) = Ctp . ( r ) wh e re C is a const an t . 
e 1 

(A. J5 ) 

(A. J6) 

Substituting thi s into th e above equation we find that 

C = - Q / z and we obtain the s olution 
e 

(p ( r ) = 
e 

eQ 
e 

r 
exp ( - Kr ). (A. J?) 
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The solutions~- and~ r epresent th e mean electro-
1 e 

static potential di s tributions about any particular ion or 

electron, re spec tiv e ly. Expanding the expon entials in 

equations (A.Jl) and (A . 37 ) we h ave 

and 

~ .( r ) = ze ( 1 - Kr + l 2 2 
2 K r 

1 r 

~ ( r ) = 
e 

eG 
e 

r 
1 2 2 

( 1 - Kr + - I< r 
2 

. ) 

. ) . 

We now subtract off th e self-potentials of the i on and the 

electron, z e / r and -eGe / r, re s p ec tive ly, from thes e equa-

tion s and let r ~ 0 to obt a in th e residu a l electrostatic 

potential at the po s itions of each of the hvo particles 

arising from all of th e oth e r particles in the gas . 

Denoting t h ese potentials a s~ - ( O ) and~ ( O ) we have, 
1 e 

r espectively , 

and 

~ - (O) = - ze 1< 
l 

~ ( 0) = eG K . 
e e 

We observe that these solutions satisfy t he symmetry 

(A. 38 ) 

(A. 39 ) 

r equirements expressed by equations ( A . 7 ) and ( A . 8 ) in 

which t he degeneracy par a me te.r G appe ars as th e effective 
e 

c h a rge number of th e el e ctron s . 
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The contribution to th e Helmholtz function of th e 

gas re s ulting from th e int crnctions between th e p ar ticle s 

is jus t the work done in ch arging up th e particl es of th e 

gas at const a nt volume and t emperature . For th e ions we 

h a ve 

F. 
lC 

V = 

= 

e 

n . J ( ze 't( · z)d e ' 
10 

0 

1 2 J(~ nf3 )1/2 ( 2 
3 

n . z e ~ z n. 
10 10 

and for th e electrons we h a v e 

F 
ec = 

= 

n 
eo 

e 

J 
0 

e ' G Kd e ' 
e 

+ n G )1/2 
eo e 

G ) 1/2 + n • eo e 

The total el e ctro s tatic correction to th e Helmholtz 

function F = F + F , is , then , 
c ic ed 

F = 
C 

(A. '-±O) 

This result is in agreement with a simil a r r esult obt a ined 

by Kidd e r and DeWitt ( 1961) . 
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