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ABSTRACT 

Solutions to the dispersion relation for waves propagating 

parallel to the static magnetic field in a plasma ofarbitrary S are 

obtained. (S is the ratio of thermal to magnetic pressure.) 

Resonant scattering by these waves is evaluated. It is found that the 

magnetostatic approximation, used extensively in the past, breaks 

down for particles with pitch angles near 90°, and one must consider 

the more complicated process of particle scattering in electro

magnetic turbulence. Many aspects of particle propagation in a finite 

temperature plasma can be discussed without assuming magnetostatic 

turbulence. This is accomplished by using a graphical method to 

obtain the solutions of the resonance condition. 

Results show that in a high '(3 plasma, wave damping causes a 

gap, or hole, in ~-space where the resonant particle scattering rate 

is severely depressed. It is found that only high energy (y~:1051 

electrons can be trapped within a typical supernova remnant. 

When the notion of electromagnetic resonance is applied to 

particle propagation in the interplanetary ts ~ 1) plasma, it is 

found that significant modifications to the conventional scattering 

picture must be made. It is found that a resonance gap exists which 

is similar to the one in a high S plasma. For electrons, this gap 

provides a natural explanation for scatter-free events. Theory 

predicts that these events should occur for kinetic"energies T ~ 300 

x 



xi 

keV while observations indicate that the majority have T S 500 keV. 

For protons and energettc electrons, the scattering mean free path is 

critically dependent on the non-resonant scattering rate for particles 

within the gap. This fact provides a way to resolve the well known 

discrepancy between the theoretical and observational values for the 

mean free path, A. 



CHAPTER 1 

INTRODUCTION AND SUMMARY 

Particle scattering in electromagnetic turbulence is ~ process 

which appears to operate in many astrophysical environments. For 

example, cosmic ray and solar flare particles propagating through 

the interplanetary medium are known to exhibit the diffusive behavior 

characteristic of strong scattering, and the observed isotropy of cosmic 

rays seems to imply the existence of an efficient scattering mechanism 

in the interstellar medium. In addition, scattering is an essential 

ingredient in physical theories concerning particle driven winds 

around QSOIS or clusters of galaxies~ and in some theories of particle 

acceleration by interstellar shocks. 

With few exceptions, previous analyses of energetic particle 

propagation in plasma turbulence have assumed a cold background plasma. 

However, x-ray observations of many of the plasmas discussed above have 

demonstrated that temperatures of 106-10 7 oK are not uncommon. The 

thermal speed of the particles in these high temperature plasmas is 

typically much greater than the Alfven speed. For these cases, the 

cold plasma approximation cannot be justified. Finite temperature 

effects, such as collisionless damping, must be incorporated into 

particle propagation theories before reliable predictions regarding 

particle scattering in these hot plasmas can be made. 
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The most important exception to the picture described above 

is the interplanetary medium. In the solar wind the Alfven speed is 

typically slightly greater than the thermal speed of the protons. 

Nevertheless, it is demonstrated below that even under these conditions 

thermal effects can affect particle propagation. Since particle 

propagation in the interplanetary medium can be observed directly, 

it also provides an important check for many of the predictions of 

particle scattering theory. 

This work is begun by considering wave propagation in a finite 

temperature plasma. It is found that the cyclotron turnovers, whlch 

occur at n (n.) for the RH(LH) waves in a cold plasma, occur at signie I 

ficantly lower frequencies in a finite S plasma. (S is the ratio of 

thermal to magnetic pressure and na is the non-relativistic cyclotron 

frequency for particles of type a.) In fact, lightly damped wave 

modes of a high S (S ~ 10) plasma are confined to frequencies w s n .. 
I 

1 In addition, these waves are significantly damped whenever k ~ 3nil 

vti where vti is the thermal speed of the ions. 

Waves with values of k this large, resonantly interact with 

particles having very small values of~. Therefore, to evaluate the 

effect of this damping on particle propagation, it is necessary to 

consider particle scattering at small values of p. But in this region 

of phase space the magnetostatic approximation, used extensively in 

the past, begins to break down, and one must consider the more com-

pI icated process of particle scattering in electromagnetic turbulence. 



Many aspects of particle propagation in a finite temperature 

plasma can be discussed without assuming magnetostatic turbulence. 

This is accomplished by using a graphical method to obtain the 

solutions of the resonance condition. Results show that in a high 

3 

e plasma, wave damping causes a gap, or hole, in ~-space where the 

resonant particle scattering rate is severely depressed. Details of 

the actual size of the gap depend on the particle energy and the wave 

excitation mechanism. 

It is found that the damping in a high e plasma is strong 

enough to suppress the self-generated turbulence of cosmic ray parti

cles streaming from a supernova remnant. The result is that the 

streaming particles are probably not isotropized within the remnant, 

and hence are not subject to the large adiabatic expansion losses 

previously predicted. Use of the full electromagnetic resonance 

condition allows a more accurate estimate of the size of the resonance 

gap for these particles. However, it has no significant impact on the 

qualitative picture of particle propagation as presented initially by 

Holman, lonson and Scott (1979). 

The exception to this general picture is high energy electrons. 

Calculations show that there is no resonance gap for electrons having 

v~ 105. It is probable that these particles are isotropized within 

the remnant. 

When the notion of electromagnetic resonance is applied to 

particle propagation in the interplanetary (e~ 1) plasma, it is found 

that significant modifications to the conventional scattering picture 



must be made. With the usual assumptions regarding interplanetary 

turbulence, it is found that a resonance gap exists which is similar 

to the one in a high S plasma. 

For electrons, this gap provides a natural explanation for 

scatter-free events. Theory predicts that these events should occur 

for kinetic energies T:: 300 keV whi le observations indicate that the 

majority have T:: 500 keV. 

4 

For protons and energetic electrons, the scattering mean free 

path is critically dependent on the non-resonant scattering rate for 

particles within the gap. This fact provides a way to resolve the 

well known discrepancy between the theoretical and observational 

values for the mean free path, A. 

An estimate of the mean free path due to particle mirroring 

on compressive fluctuations within ~he gap seems to give values of A 

in agreement with experimental values. However, additional work 

must be done before this estimate can be confirmed. 



CHAPTER 2 

\~AVES IN FIN I TE e PLASMAS 

The normal modes of an infinite, homogeneous, magnetized, cold 

plasma are well known and can be found in any standard plasma textbook. 

These include, of course, Alfven and ion-cyclotron waves in the low

frequency region, whistlers and electron-cyclotron waves in the inter

mediate frequency range and high-frequency electromagnetic modes (light) 

in the high-frequency region. It has been demonstrated in the past that 

cold plasma modes are excellent approximations to the normal modes of a 

warm plasma as long as e«l, where e is the ratio of thermal pressure 

to magnetic pressure. In most terrestrial applications, where the plasma 

is confined by a large magnetic field, the magnetic pressure exceeds the 

thermal pressure by several orders of magnitude and the assumption of 

S«l is well satisfied. The wave modes of these plasmas are then very 

well approximated by the usual cold plasma modes. 

HO\~ever, in many astrophysical environments, thermal plasmas are 

confined by a combination of magnetic and gravitational forces. It is 

reasonable to expect that for many cases of interest the S«l approxima

tion will not be valid. Observational estimates of S in several situa

tions have been summarized by Achterberg (1981). These results, presented 

in Table 1, clearly show that for many cases of astronomical interest 

S«l. Therefore, for astrophysical applications, analysis of the effects 

of high S on plasma wave modes is desirable. 

5 



Table 1. Estimates of Various Physical Parameters in Several Astrophysical Environments. 

n (cm -3) 
e 

T (K) 

B (G) 

B 

The parameters shown are the thermal electron density n , the temperature T, the magnetic 
field strength B, and the plasma for supernova remnantse(S.N.R.), the hot interstellar 
medium (H.I .S.M.), extra-galactic radio sources (E.G.R.) and the intra cluster gas 
(I.C.G.). From Achterberg (1981). 

S.N.R. H.I.S.M. E.G.R. I.C.G. 

0.1 - 10-3 -0.1 -5 -3 10 - 10 (j n c 1 us te rs ) 10-3 

- 5 x 10 
8 

3 x 105-106 2 x 106 - 108 108 

10-6 - 10-5 10-6 10-6 - 10-5 10-6 

102 _ 105 1 - 350 0.1 - 103 350 

0" 
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These waves have been investigated before. Foote and Kulsrud 

(1979) obtained numerical solutions to the dispersion relation for arbi-

trary propagation direction. They demonstrated that only waves which 

propagate nearly parallel to the ambtent magnetic field are lightly 

damped. Achterberg (1981) continued this work by obtaining analytic 

solutions to the dispersion relation for the case of k parallel to Do' 

the ambient field. He obtained expressions for the wave frequency w=w(k) 

and the damping rate r=r(k) for arbitrary S. Both of these analyses 

considered only waves in the range w«n. and k«n i/vt .. In a cold plasma 
I I 

this is the region where Alfven waves are found. 

Holman, lonson and Scott (1979) had previously suggested that wave 

damping in a S»l plasma can prevent energetic particles from scattering 

through pitch angles of 90°. Achterberg (1981) confirmed these sugges-

tions. However, it was unknown whether scattering by waves at other fre-

quencies or larger values of k could·fil 1 in this resonance gap. 

In this chapter, waves of frequency w~n are considered for all e 

values of k. The specific goals of this portion of the investigation are to ob-

tain analytic expressions for the wave frequency and damping rate, and to 

develop an overall picture of plasma wave modes in a finite S plasma. 

In this chapter, it is demonstrated that the normal modes of high S 

plasma are significantly different from those of the more familiar cold 

plasma. As S is increased, the cyclotron turnovers which normally occur 

at n. and n , occur at significantly lower frequencies. For S > 10 the 
I e 

electron cyclotron resonance is so severely depressed, that there are 

no 1 ightly damped waves having w> n i . I n the low frequency range (Jj < n. 
I 
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both the RH and LH wave dispersion relations exhibit significant differ-

ences from their cold plasma counterparts. The LH wave is essentially 

confined to frequencies w«2/a)n. in a high a plasma, and the RH wave 
1 

h d· . l' k2 f (2/ 0 ) as a Isperslon re atlon wa or w> .., n .. 
1 

In addition, waves 

having large values of k (kvt./n.~ O.3),~re strongly damped. 
1 1 

These results have significant implicati'ons for the evaluation 

of coll isionless transport phenomena in astrophysical plasmas, e.g. the 

heat flux instabIlity, as well as for particle pitch angle scattering. 

In later chapters, only pitch angle scattering will be considered. The 

results developed in this chapter will be used to examine scattering 

near supernova remnants and in the interplanetary medium. 

The dielectric for plane waves propagating in a homogeneous, 

magnetized plasma has been obtained from linearized Vlasov theory by 

many previous authors (e.g. Stix 1962). It has been shown that two 

linearly independent. circularly polarized transverse wave modes exist 

with dielectric functions given by 

2 

where the upper (lower) sign refers to 

polarized waves. In this relation Vtj 

of particles of type j wi th mass m. 
J 

and 

frequency of component j. The argument 

2 
w. 

- __ 1- f 
wk vt i 0 

(2.1) 

right (left) hand circularly 

= (K Tim.) 1/2 is the thermal speed 
J 

w. = (41Tn.q ./mj ) is the plasma 
J J J 

Z is given by z~ = (w + mnj I 

kvtj . The wave frequency wand wave vector k are related through the 

dispersion relation, given as usual, by: 

k
2c2 

-2- - e:(k ,w) = 0 (2.2) 
w 
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Analytic expressions are not available which describe the func-

tion f for all values of Z, however, series expansions can be obtained 
o 

which are applicable in the following ranges of Z. 

For z~»F 

(2.3) 

and for Z~«~ 

f (zj) zj . rrr k (2.4) 
om = m- 1'1'2 riZl 

To use these approximations, we must divide the w,k plane into four 

d i st i nct reg ions, (see Fi gures I and 2). 

Region I is defined by the inequalities z!Y>..[2 and z~»F. In 

this region waves are least affected by thermal properties of the plasma 

and damping is usually small. The l~w frequency portion has been studied 

previously. 

Region II is defined by the inequalities z~«..f2, Z~>.f2. In 

this region the wavelength of the plasma oscillation is small compared 

to the gyroradius of a typical thermal particle and significant wave 

damping results. 

Region I I I is defined by the opposite inequalities z~»yT:2, 

z~«fi. In this region significant damping is caused by thermal electrons 

in the plasma. In addition the inequalities defining this region can 

only be satisfied for waves having w>Q. which means that this region 
I 

need be considered only when the higher frequency waves are being 

investigated. 
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I04r-----r-----~----~----~----~ 

IA 

IT 

Figure 1. Regions of Dispersion Relation Approximation for RH Wave. 

The numerical values presented assume an electron-proton 
plasma. 
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Finally, in region IV (Z±«~ 2, Z±«V2), the wave motion is 

almost completely dominated by thermal motions in the plasma. All waves 

are heavily damped. This region is discussed only in a qualitative way. 

A. Solution of the Dispersion 
Relation in Region I 

Over most of region I, the normal modes of the finite S plasma are 

lightly damped (r«w). In areas where this assumption is satisfied an 

approximate solution to the dispersion region given in equation 2.2 can 

be obtained by first dividing the dielectric into real and imaginary 

pa rts, 

(2.5) 

The solution of the real part gives the wave frequency using 

(2.6) 

and the damping rate is obtained by Taylor expansion in the usual way 

as: 

r(k) = a 2 
2 Clw w El(k,w) 

w 

Low Frequency Waves in Region I 

w = w 
r 

(2.7) 

For frequencies w<Q.(m.T./m T )1/2«Q the dominant wave 
. I I lee e 

damping mechanism is ion cyclotron damping. In this frequency range the 

dielectric can be approximated as 
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c2 [(I - 2 J El (k,w) 
k. 

=- ± 
w. (1 I± iii.) 3 

2 
iii i ) v ± a I I 

(2.8) 

2 ~ - ~2 1 1 1 ± w. 
E2 (k,w) = : 2 v1 w. Ii() exp - '2 ki I 

I 
(2.9) 

a 

It was also assumed that v 2/c2«1 to obtain this result. The dimension
a 

less variables used in the dielectric are defined by Wi = w/Q j and 

k i = kvt/Qi' 

Using these relations the dispersion relation can be solved for 

k. (w.) and r/w. 
I I 

(2.10) 

Previous authors have considered only waves having iii. «I . They 
I 

have demonstrated that finite B has a profound effect on the dispersion 

relation of the waves at these frequencies. However, these analyses 

give very little insight into the effects of finite B for waves having 

w.~l, i.e. in the transition region between low frequency and high 
I 

frequency waves. In the expressions above only terms of order wine have 

been neglected, so they correctly describe the transition between the 

low and high frequency wave regimes. The results of previous authors 

can be obtained by taking the limit w.«l. 
I 
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Graphs of these functions are presented in Figures 3 through 

8. The solution for the RH wave is plotted at two different scales to 

specifically exhibit the dispersion relation and damping rate for a 

S ~ lOp 1 asma . 

. This·dispersion relation exhibits several interesting differ-

ences from the cold plasma result. These have been discussed previously, 

so they are only summarized briefly here. Consider the denominator of 

equation 2.10, then 

( ) - ( -)3 1 For Sw.«2 1 ±w. one obtains the usual cold plasma result 
I I 

w=kva' 

(2) For SWi - 2(1 - wi )3 the LH wave dispersion relation turns 

over so that the frequency is no longer a function of k. 

This is analogous to the ion-cyclotron turnover in a cold 

plasma, but it occurs at a significantly lower frequency, 

i.e. finite S tends to de'press the cyclotron turnover 

frequency. 

(3) For SW. > 2(1 + w.)3 the RH wave has a whistler-like 
I I 

dispersion relation wak2 • If S is large enough this 

transition can occur far below the ion cyclotron frequency. 

These high S whistlers are analogous to the whistlers of 

cold plasma theory. 

Finally, for S> 10 the frequency of the RH wave remains below 

(m.T./m T ) 1/2n. until k becomes large enough so that the assumption 
I lee I 

w + n i»yT2 kV ti is violated. This conclusion was not apparent from 

previous analyses which neglected terms of order w/n i . 
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Figure 3. Dispersion Relation for RH Wave in Region IA. 

The dispersion relation is shown for three values of e. 
The damping rate for these waves is shown in Figure 4. 
Dashed lfnes indicate boundary of the region where 
approximation for f(Z) is valid. 

15 



" r --w 
... ... 

. 2 
... , 

• 1 

, , 
', .... 

........ .... 
~ 

5 

5 6 

Figure 4. Damping Rate for RH Wave in Region IA. 
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The values of e shown correspond to those of Figure 3. 
Damping for e=l is too small to be apparent at this scale. 
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Figure 5. 
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The corresponding dispersion relations are shown in 
Figure 7. 
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High Frequency Waves in Region II 

In this region the dielectric can be approximated as 

2 
e: 1 (k, w) = ac 

W v 2 
e a 

21 

(2. 12) 

(2. 13) 

( I )1/2, 
To obtain this result it has been assumed that w» m.T. m T n. and 

I lee I 

2 I' 2 1 h I va ac « ,were a = m m .. e I 
The dimensionless variables are w = win e e 

and k = kv In . e te e 

Using these expressions for the dielectric, the dispersion rela-

tion can be solved to obtain 

2 1 Te 
K = - e-e 2 T. 

I 
T - 3 1 e_ -w) --f3-w 

.e 2 T. e 

(2. 14) 

I 

-it 
1 C -~:e~2 exp - '2 

r (2. 15) - = w 

w I R T 2 3< 2 ] Ti + 1 e e e 2 + 
(1 _e

we
)4 :2i T ( 1 

_ ) 2 
we e - w e 

Graphs of these functions are presented in Figures 9 and 10. 

The characteristics of the dispersion relation can again be seen 

by considering the denominator of equation 2.14,. Define wd = (miTil 

1/2 m T) n., then finite f3 effects are negligIble whenever the inequali-eel 

ties w» wd and f3 W «2(T./T ) (1 - W }3 can be simultaneously satisfied. e lee 
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For these frequencies the dispersion relation can be approximated by the 

usual cold plasma result. 

As larger and larger frequencies are considered the denominator 

becomes smaller until ata frequency defined by 13 w - 2(T'/T) (l-w)3 e lee 

the wave frequency becomes independent of k. This is analogous to the 

electron cyclotron turnover in a cold plasma. For sufficiently high 

13 th is turnover occurs for iii «1, and then the turnover frequency is e 

given by 

W
t 

= (2/13) (T./T ) Q 
'I e e (2. 16) 

For 13» 1 this can occur at a frequency considerably below the electron 

cyclotron frequency. There are no solutions to the dispersion relation 

for W greater than the turnover frequency. 

Finally, whenever the turnover frequency, wt ' becomes of order 

wd there are no solutions to the dispersion relation in the frequency 

range w»wd . By equating wd and wt ' it can be shown that this occurs 

whenever 

f3~2(j.).T./m T )1/2 
I lee 

(2. 17) 

This is consistent with the results obtained in the previous 

section for low frequency waves in this region of the w,k plane. There 

it was found that for 6> 10, the frequency of the RH wave remained below 

(m.T.lm T ) 1/2Q. until k became large enough so ,that the assumption 
I lee I 

w+Q» 12 k vti was violated. This leads to the prel iminary conclusion 

that in a high f3 there are no solutions to the dispersion relation with 

Q. :Sw:SQ. This result will be confirmed in subsequent sections when 
I e 

waves with larger values of k are considered. 



B. Solution of the Dispersion 
Relatfon in Region II 

25 

The inequal ities defining region II, w ± n. «12 kvt . and w ± n » 
. I I e 

12 kv te , can be rigorously satisfied only for a narrow range of k. Never-

theless, it is necessary to investigate waves in this region to determine 

whether they are consistent with the results of the previous sections. 

I n add it ion, these Ilfi rst approxi mat ion" so 1 uti ons exh ib it propert ies 

which are important for discussing the propagation of high energy parti-

cles through a thermal background plasma. A more accurate exposition of 

the wave properties in this region i's desirable, but it will probably not 

be available unless numerfcal solutions are done. 

The dielectric can be written 

dk,w) = ::2 {± w\ + 14l G:::) 1/2 wi IRll 

exp - ~ ~:~~ R> + wi \R111j 

2 2 where it was again assumed v Ic «1. 
a 

(2.18) 

(2.19) 

When this result is substituted into the dispersion relation, 

one can solve for the frequency and the damping rate: 

K.2 
I (2.20) 

1 + 

- = r (2.21 ) 
w 

These results are valid for any value of T, and are unlike many previous 
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treatments, not subject to the restriction r« w. (See however 

Morrison et al. 1981). 

First, notice that there is no solution to the dispersion rela-

tion for LH waves iOn this region having 00> 0.. This is a manifestation 

of the thermal nature of the plasma and it will be discussed in more 

detail in the following section. 

Graphs of the RH wave dispersion relation and damping rate are 

shown in Figures 11 and 12. Note that the results obtained here are 

consistent with those of previous sections in that RH waves do not exist 

in this region of the w,k plane unless S ~ 10.. In addi"tion, the damping 

" rate r/w is large over most of this region. 

C. The Maximum k Limitation; Application 
to LH Waves In Region I I I and RH Waves in Region IV 

In general, both the RH and LH wave propagating through a plasma 

exhibit cyclotron-like turnover, where by definition the wave frequency 

becomes independent of k. In a cold plasma this turnover in the disper-

sion relation occurs at 00 = nand 00 = n. for the RH and LH circularly e I 

polarized wave. As we have found in the previous sections, the turnover 

frequencies for the RH and LH waves are considerably lower in a high S 

plasma. The RH wave has a turnover at 00 ~ (2/S) ne while the LH wave 

has a turnover at 00 ~ (2/S) n .• For any plasma of finite temperature, 
I 

i.e. T F a, these resonances do not extend out to infinite values of k. 

It is found that, in a high S plasma, solutions to the disper-

sion relation do not exist for wavelengths smaller than the gyro-radius 

of a thermal electron (proton) for RH(LH) polarized waves. However, it 

is important to note that this minimum wavelength limitation is an 
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important characteristic of plasmas of finite temperature regardless of 

the value of 13. 

To see how this effect comes about, we will follow arguments 

similar to those given by Stix (1962 p. 195). In general, the disper-

sion relation for a Maxwellian plasma of a finite temperature is given 

by equation 2.2. In the lfmft T -+ 0, this can be written as 

2 
w· I 

w w tn. 
t 

(2.22) 

which is the usual cold plasma dispersion relation. Now, as w -+ n. or e 

w-+n. we see that k-+oo and there is no maximum limit on k. 
I 

In the region defined by zj » 12 the dispersion relation for a m 

plasm~ of finite temperature is very similar to the cold plasma disper-

sion relation. However, the assumption zj » 12 cannot be satisfied for m 

all values of 0 ~ k S 00 for plasma w~th T > O. In fact, as long as 

T ~ 0 there is a region where the expansion for f in the limit zj « 12 o m 

must be used. From the expressfon for f in this limit given in equation 
o 

2.4 we see that as 

given by I(fo ) max 

k -+ 00 zj-+ , m 

= (n/2) 112. 

o and f approaches a maximum value 
o 

This fact, which is entirely a finite 

temperature effect, gives rise to the maximum k limitation. 

Consider the LH wave in the region w «n. By substituting the 
e 

maximum value of f into the dispersion relation one obtains 
o 

(2.23) 

where w
t 

= turnover frequency. For a low S plasma wt = ni , and for a 

high S plasma wt = (2/s)n i . Using these in equation 2.23 
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k3 ffz 
w. ,no 

:: I I 

max -2-- for f3 « I (2.24) 
c vti 

k3 ffz 
2w. 2n. 

:: I I 

max -2-
f3c v t i 

for f3 » I (2.251 

In terms of the variables used in the previous section we can rearrange 

the high a result to obtain 

(k~ ~i) 3 :: If 
I max 

(2.26) 

Based on this result one would not expect to obtain solutions to the 

dispersion relation for the LH polarized wave in region I I. This is 

consistent with the results obtained in the previous section. 

Similar considerations for RH waves in region I II give; 

w 2n 
e e 

-2--' 
c v te 

If 
2w 2n 

:: 1T e e 
'2 2 

f3c vte 

for e « I 

for e » I 

(2.27) 

(2.28) 

Again, the high e result can be reformulated in the variables used in 

previous sections to give: 

(
kV te\3 

ne )max 

::{i; 
2 

(2.29) 

Therefore, we would not expect the RH wave to exist in region II I. By 

analogy with the LH wave result, one would not expect to obtain solutions 

to the dispersion relation for RH waves in region IV. 



CHAPTER 3 

RESONANCE OF ENERGETIC PARTICLES 
WITH PLASMA WAVE MODES 

In general, the kinetic theories developed to quantitatively 

describe the particle pitch angle scattering process have invoked 

various levels of approximation. These can be broadly classed as 

linear, quasi-linear or non-linear. Fundamental to all these approxi-

mat ions, however, is the notion of wave/particle resonance. Therefore, 

to ~nderstand the physical processes which affect streamin~ of high 

energy particles, one must develop a thorough understanding of wave/ 

particle resonance. So, in this chapter, the wave/particle resonance 

condition is examined in considerable detail. 

Proper application of the wave/particle resonance condition is 

particularly crucial in the region near p = O. Holman, lonson and 

Scott (1979) pointed out that, in a high e plasma, the short wavelength 

waves responsible for particle scattering in this region are strongly 

damped by the background plasma. They conclude that this damping 

leaves a gap in lJ-space with a width l\lJ:::Vt/c, where the scattering 

rate is severely depressed. This gap effectively prevents particles 

having lJ > 0 from scattering into the lJ < 0 hemisphere, and hence the 

relaxation of a streaming particle distribution to isotropy may occur 

on time scales much longer than previously thought. 

In this chapter, the application of the resonance condition is 

examined in considerable detail, particularly in the region near lJ = O. 

31 
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First, the approximation of magnetostatic turbulence which has 

been widely used in the past is considered. It is found that this 

approximation is inappropriate when considering small values of~. A 

method is then developed which allows simple consideration of the full 

electromagnetic resonance condition. This method is applied to the 

problem of wave particle resonance in a high S plasma, and more exact 

expressions for the size of the resonance gap of Holman, lonson and Scott 

(1979) are obtained. When this method is used to examine wave/particle 

resonance in a low S plasma, one can easily show that there are reso-

nance solutions which are no~ predicted by magnetostatic theory. 

Specific examples are the resonance of relativistic protons with LH. 

waves, relativistic electrons with RH waves and protons with whistlers. 

In addition it is found that a resonance gap exists (lI~ ~ v Iv) a 

which is similar in many respects to the one mentioned above for a S» 1 

plasma. 

All calculations assume parallel propagating waves, i.e. the 

usual picture of turbulence in the solar wind. The implications of 

these conclusions for flare propagation are discussed in later chapters. 

A. Some Preliminary Resonance Considerations 

The resonance condition which must be satisfied for high energy 

particles of type a to interact with circularly polarized waves is 

where n = Iq IB c is the non-relativistic gyrofrequency and Y is the a a a a 

usual Lorentz factor. The parameter v is chosen in accordance with the 
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prescription 

\I = qa. x {-I For resonance with RH waves 
(3.2) 

TcjI +1 For resonance with LH waves a. 

The wave frequency is determined by the dispersion relation w = w(R). 

Solution of the resonance condition is at this point a concep-

tually simple process. The dispersion relation is used to eliminate 

w, and kres can be solved for directly. However, in practice, solution 

of the full electromagnetic resonance condition can be algebraically 

complicated due to the complex dependence of w on the wave number, k. 

This has led many authors to adopt the simplifying assumption of magne

" 
tostatic turbulence. 

It is demonstrated below that this assumption leads to incorrect 

conclusions regarding particle propagation in many astrophysical settings. 

Further, it is pointed out that thi~ assumption is not necessary for 

the solution of the problem, if one approaches the resonance question 

with the graphical method developed below. 

B. Limits of the Magnetostatic Approximation 

The magnetostatic approximation is obtained by assuming that 

w « kl IVI I' so that temporal variations of the wave can be neglected. 

In this approximation the resonant wave number, k, is inversely 

proportional to ~, i.e. kl I = \lna./Ya.~v, where we have used vI I = ~v. 

In this picture, one sees that as ~ decreases the resonant wave number, 

k, becomes larger, and presumably in the limit ~ ~O one must require 

the resonant value of k ~ 00. If, on the other hand, one considers the 



full electromagnetic resonance condition, equation 3.1, in the limit ~~O 

(i .e. vl'~ 0) one obtains a result which is entirely independent of k, 

namely w = vn Iy . 
a a 

This apparent paradox can be resolved by noting that whenever 

VI' = w/k, I = vph' the inequality w« k, ,VI I' necessary for validity 

of the magnetostatic approximation, is violated. 't can be shown from 

the results of Chapter 2 that in a high S plasma vph can be of order 

vti ' while in a low S plasma vph _ va' Therefore, it is obvious that 

for pitch angles near 90° ('~I~ Vph/v) the magnetostatic approximation 

to the resonance condition breaks down, and that an alternate method 

of determining resonant wave parameters is required. Proper evaluation 

of particle scattering in this region is crucial to a qualitative under-

standing of particle propagation in plasma turbulence. 

C. Electromagnetic Resonance 

Simultaneous solution of the electromagnetic resonance condition 

and the wave dispersion relation can be accomplished analytically using 

the procedure previously outlined. However, to obtain expressions for 

k ,one must usually solve polynomial equations which are of cubic or res 

higher order. But the algebraic complexity of the solutions obtained 

in this manner makes their interpretation and application difficult. 

As an clternative to this procedure, a simpler semi-graphical method 

of solution is proposed. The primary virtue of this method is that the 

complex relationship between the dispersion relation, particle pitch 

angle and particle energy can be conveniently and concisely visualized 

without resorting to undue approximations. Then analytic results can 
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be obtained easily which define limiting or critical values of the 

resonance parameters. 

To solve the electromagnetic resonance condition, first rearrange 

equation 3.1 to obtain 

w kllu 
--=--n. n. 

I I 

where u is some fundamental speed of signal propagation in the plasma 

and ~ denotes particle type. 

For example, in a low S plasma the disperson relation is practi-

cally independent of S when k is measured in units of ni/va' Therefore, 

the most logical choice is u = v , so that the resonance condition is 
a 

also independent of S. In a plasma with S > 10, the dispersion relation 

is independent of S if k is measured in units of n./v t .. Therefore, 
I I 

when high S plasmas are considered U.= vti will be chosen. 

Notice that the resonance equation is a linear relation of the 

form w = aK + v b wi th independent var i ab 1 e k = ku/n.; and dependent 
I 

variable w = win .. The slope of this expression is related to ~ 
I 

through ~ = a(u/v) where v is the particle speed. Therefore, one can 

consider a and ~ as physically equivalent parameters which differ ~ 

by the scale factor u/v. This scale factor is nearly constant for 

relativistic particles having v = c. The intercept, vb, is inversely 

related to the particle energy. For protons b ~ 1 and for electrons 

b ~ (m./m ) with the equalities corresponding to non-relativistic i.e. 
I e 

y ~ 1, particles. For extremely relativistic particles y+c:o, and b+O. 
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To obtain the resonant wave parameters wres and kres (or 

equivalently wand k ), one makes a plot of the dispersion re1a-res res 

tion, rewritten in the form w = w(R). Then on the same graph plot the 

resonance condition w = aR + vb for a given particle energy (y) and 

pitch angle (~). The intersections of these two functions define the 

resonant wave parameters. Particle resonance with backward traveling 

waves, i.e. k . tl I < 0 can be examined by simply noting that w(R) = 

w(-R). 

To illustrate the utility of this procedure two situations of 

astronomical interest will be considered, (1) particle streaming in 

a ~ » 1 plasma such as the hot interstellar medium and (2) particle 

streaming in a plasma representative of the solar wind, ~ - 1. The 

results obtained here will be later applied to questions concerning 

the cosmic ray particle escape from supernova remnants and the propa-

gation of flare particles in the interplanetary plasma. 

D. Wave/Particle Resonance 
in as» 1 Plasma 

Consider a distribution of energetic particles all having ~ ~ 0 

streaming parallel to the magnetic field in a background plasma having 

13 »10. We will assume that the density in the beam is sufficiently 

low so that the normal modes of the plasma/beam system are well approxi

mated by the normal modes of the background plasma alone, (c.f. Morrison 

et al. 1981) and that only scattering by self-generated turbulence is 

significant. 
• -+ -r Since only waves with k· <v> > 0 are amplified, where 

<~> is the average velocity of the beam particles, resonances with 

backward traveling waves can be neglected. 
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At some value of R = Rd , where R = kvti/Qi' the wave damping due 

to the background particles is exactly balanced by wave growth due to 

the beam particles. Then, only waves with R S Kd are amplified above 

the thermal background level and, since the scattering rate is propor-

tional to the power of the resonant wave, Qnecan ignore scattering by 

waves having R > Rd. 

First consider the resonances having v = -1. This corresponds 

to resonance of protons (electrons) having energy Ea = Ya ma c2 with 

RH (LH) polarized waves. Solution of the resonance condition and dis-

persion relation is illustrated schematically in Figure 13. Since 

'small values of the slope, a, correspond to small values of ~, particles 

near pitch angles of 90° are resonant with waves of highest k. This is 

easily seen by considering Figure 13. As the slope of the resonance 

line becomes smaller the intersection between it and the dispersion 

relation occur at larger values of R. Eventually, as this process is 

continued, one arrives at the point where R = Rd. This condition res 

defines the minimum value of a, and hence the minimum value of~. This 

minimum value of ~ where resonances can occur can be easily calculated 

as 

o 
112 = (vt·/v ) 

I a 

where the superscript 0 denotes the applicable wave mode, and w = w/Q .• 
I 

The maximum value of the slope is determined by the condition O! ~ S 1. 

This gives a = v /v t .. Resonances for intermediate values of ~ fall max a I 

between these two limiting values. 
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Figure 13. Graphical Solution of the Resonance Condition in a S» 1 
Plasma for Resonances having v = -1. 

This condition corresponds to resonance of protons (elec
trons) with RH (LH) waves. The particular value of the 
slope shown is chosen to illustrate the minimum value of 
~ where scattering by these waves is possible. 
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Figure 14 shows a schematic of the solution of the resonance 

condition for v = +1, i.e. protons (electrons) resonant with LH (RH) 

waves. In this case, the resonance picture is sl ight1y more complicated. 

First, since by assumption there are no particles at ~ < 0, only reso-

nances having slopes a ~ 0 are allowed. Therefore resonance can only 

occur for waves having waln.~ b. This is especially significant for 
I 

electrons since in the high S case all waves have w < n. which requires 
I 

y ~ m./m . e I e 

Secondly if we assume that the particles are energetic enough 

a for resonance to occur, i.e. w In. ~ b, then resonances are possible 
I 

only for very small values of~. This is also best seen by consider-

ing Figure 14. The inequality wain. ~. b is easily obtained by simply 
I 

considering the resonance condition with a slope of zero, i.e. horizon-

tal in the graph. Then it is easily seen that there are no intersec-

tions between the resonance condition and the dispersion relation unless 

the above inequality is satisfied. 

The fact that these resonances occur only for small values of ~ 

can be seen by starting with an intercept small enough (i .e. assume a 

particle which is energetic enough) so that the inequality above is well 

satisfied. Then as larger and larger slopes are considered, one finds 

that the largest occurs when K = Kd. In fact, from the figure one res 

can show that resonances exist only for values of ~ satisfying 0 S ~ ~ )11' 

where 
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-"'d 

b 

Figure 14. Graphical Solution of the Resonance Condition in a /3» 1 
Plasma for Resonances having \I = +1. 

This condition corresponds to the resonance of electrons 
(protons) with RH (LH) waves. The slope shown illustrates 
the maximum value of ~ where scattering by these waves is 
possible. 
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These results can be summarized as follows. Particles streaming 

along magnetic field lines with ~ : 1 can be resonantly scattered down 

(i .e. decreasing slope) to some minimum value ~2 > 0 by resonances 

having v = -1. The exact value of ~2 depends on the type of particle, 

h • 1 d t h • r: CJ d - CJ t e partlc e energy an e wave spectrum, I.e. Kd an wd. For low 

energy particles, Ya < w~, there are no additional resonances in the 

range ~ < ~2' In other words, there is a gap in ~-space, near ~ = 0, 

where resonant scattering cannot operate, because the resonance condi-

tion cannot be satisfied for these particle energies. This is in direct 

contrast with magnetostatic theories which predict resonances for all 

I~I> O. 

In addition, for very energetic particles (Ya > w~), there are 

solutions of the resonance condition for particles having 0 ~ ~ $ ~I' 

These resonance solutions are not obtained in magnetostatic theories. 

The precise effect of these resonant· interactions on the evolution of 

the particle distribution function is not clear however, since resonant 

pitch angle scattering at constant particle energy is no longer the 

dominant process. In this region, wave/particle interactions can also 

cause systematic changes of the resonant particle energy. The details 

of the precise interplay between particle energy change and pitch angle 

scattering in this range of ~ have not been fully explored. Therefore, 

firm conclusions relative to the evolution of the streaming particle 

distribution function cannot be drawn. 

Nevertheless, it is possible that a scattering mechanism will De 

found wh i ch can operate wi th i n the resonance gap. Ho I man, lonson and Scott 
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(1979) examined several possibilities and concluded that all of them 

were ineffective. It is reasonable to assume that whatever the dominant 

mechanism for scattering within the gap is found to be, it will operate 

on a time scale much longer than the time scale associated with resonant 

scattering. If this presumption is correct, then the time scale for 

relaxation to isotropy would depend strongly on the details of the 

scattering mechanism tn the resonance gap. 

E. Wave/Particle Resonance tn aSS I Plasma 

As a second illustration, the resonance of energetic particles 

with lowe plasma modes will be considered. This problem has been 

considered before, but only under the assumption of magnetostatic 

turbulence. In this section the semi-graphical methods developed 

earlier in this chapter will be used to examine wave/particle resonance 

while incorporating the full electromagnetic character of the waves. 

Assume e is small enough so that the wave modes in the plasma 

are reasonably well approximated by the cold plasma modes. Since the 

primary application of these results will be to particle scattering in 

the solar wind, it can also be assumed that all waves propagate with 

k > O. The resonance condition is now written as w = aR + vb, where 

w = w/n., k = kv In. and b = (n /y n.). The slope is now related to 
I a I a CL I 

J..l through a = J..lv/v • a 
It is convenient, in this case, to consider 

proton and electron resonances separately, so let us begin with con-

sideration of energetic protons. 

For protons the intercept of the resonance condition is negative 

(positive) for RH(LH) circularly polarized waves. This leads to the 
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graphical solutions shown schematically in Figure 15. Notice that on 

this figure, three special values of the slope have been indicated for 

the RH wave and two for the LH wave. 

Consider first the RH wave. For a > aI' only resonance with low 

frequency waves is possible. For a = aI' there are two values of wand 

k which are resonant with the proton. For a l > a ~ a2 there are three 

resonance solutions for a given value of ll. In the range a2 > a > a
3 

there 

are tW0 solutions to the resonance condition and for a = a
3 

there is 

only one solution. Now consider particles with a l > a, there are no 

resonances in this region. 

To show that the proper order has been chosen for these slopes, 

i.e. a l > a2 > a
3

, one must solve for the slopes expl ici"tly. The solu

tion for a l and a
3 

is facilitated by noting that at these points one 

can impose an additional condition. That is, one must not only 

require that the dispersion relation'and the resonance condition be 

satisfied simultaneously, one must also require that their derivatives 

are equal. By imposing this additional condition the value of kl , wI' 

a l and k3' w
3

, a
3 

can be uniquely determined. The dispersion relation 

for waves in a cold plasma is 

w = R ( .; 1 + R2 I 4 ± k/2) w « Q 
e 

w » Q. 
I 

where a = m 1m .. The results of the solution are shown in Table 2. e I 

(3.7) 

The values of w3 and a
3 

are given only in the relativistic (y » 1) and 

non-relativistic (y - 1) limits. 
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Figure 15. Graphical Solution of Proton Resonance Condition in a 
e «1 Plasma. 

The upper Clower} port ion of the fi gure shows resonance 
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of protons with RH (LH) waves. The numbers on the figures 
refer to specific values of ~ discussed in the text. 
Expressions for these values of ~ are shown in Table 2. 
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A lower limit to the value of a2 can be obtained in the following 

way. In Chapter 2, it was demonstrated that there are no solutions to 

the dispersion relation for RH waves for k ~ (TI/2)1/2 w!ne/c2vte , i.e. 

there are no RH waves with k larger than this value. 

value into the resonance condition, and assuming w = 

By inserting this 

n , one can obtain e 

an estimate for the slope a2 • This result is also shown in Table 2. 

This is, of course, only a lower limit for a2 since wave damping effects 

can become significant at smaller values of k than the one used in this 

estimate. The main point is, however, that 'a3 is smaller than even this 

lower limit on a2 and hence the value of a
3 

determines the smallest value 

of ~ resonant with the waves. 

In other words, it is easy to show that a l > a2 > a
3 

as long as 

(TIT./T ) (m Im.)3 < e < TIT./64T • This is an incredibly large range lee I I e 

spanning about eight orders of magnitude. Whenever e = lone would 

expect finite e effects to become significant in the high frequency 

region due to the depression of the electron cyclotron resonance fre-

quency. This effect was discussed in detail in Chapter 2. Unfortu-

nately, it appears that e is large enough in the solar wind so that 

the cold plasma results derived here for resonance with waves having 

w » n. are not rigorously applicable. The results derived for reso
I 

nance in the low frequency region are applicable since RH waves are not 

very sensitive to changes in e as long as e ~ 2. 

Solutions for the resonance of protons with LH polarized waves 

can be obtained in a similar manner. The results for points 4 and 5 

of Figure 15 are shown in Table 2. 



Table 2. Summary of Special Values of ~ for Proton Resonance. 

The point numbers are defined in the text and in Figure 15. 

Point I<. iii llres res res 

(m./m ) 1/2 1/2 1/2 m.lm 2 (v Iv) (m./me) 1 
I e a I I e 

( / )1/2 (wT./ST )1/6 1/2 ) 1/6 - m.lm (v Iv) (m.lm ) (S T/w Ti 2 - mi me I e I e - a I e 

[1- 1-1/y ] t2 2 
{2 (1-1/4y) 

F 3 (/3 /2) (v/v) (y - 1) 3 Y (l-l/y) 1 - (1-1/4y)2 
(1 + .,t1/2y ) (v/v) (y » 1) 

[1+ 
1-1/y ]} 1/2 

1 
(y - 1) {2 (1-1/4y) 0 4 Y ~l-l/Y) 1 - (1-1/4y 2 If (1 - .t1/2y ) (va/v) (y » 1) 

5 - (w/S)I/6 I (S/w)I/6 (1-I/y) (va/v) 

, 

.t:
O" 
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There are several important points to note in these results. 

First, we see that contrary to previous magnetostatic analyses (e.g. 

Melrose 1980) protons can reasonantly interact with high frequency RH 

polarized waves. 

Secondly, protons of a given energy and pitch angle can some-

times resonantly interact with waves having several values of k. Since 

the rate of interaction is proportional to the wave power P(k ), and res 

since P(k) is typically a strongly decreasing function of k, resonance 

with the wave of smallest k would dominate the interaction. 

For non-relativistic protons, there are essentially no resonances 

between the particles and LH polarized waves. The resonance at ~ = 0 

can usually be ignored since these waves are highly damped for any finite 

plasma temperature. 

When the particles are sufficiently relativistic however, proton 

resonance with lightly damped LH waves is possible. This result is 

again in direct conflict with magnetostatic theories which predict that 

protons can never reasonantly interact with forward travelling LH waves. 

The most important feature of these results, however, is that in 

all cases there is a gap in ~-space between the smallest value of ~ 

resonant with RH waves and the largest value of ~ resonant with LH 

waves. Therefore, unless additional particle scattering mechanisms are 

found which operate in this range of ~, particles ~~ resonantly 

scatter through ~ = 0 as has been assumed in the past. This gap can be 

very sma 11 6~ 

large, 6j.l : 3 

- ~2/Y. (v Ic) for relativistic protons, or relatively 
I a 

..[3/2 (v/v) for non-relativistic protons. 
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.Now consider the resonance of electrons with waves in a low S 

plasma. The resonance condition is of the same form, w = ak±b, where 

the slope a = ~ (viva)' The intercept, however, is b = (mi/me ) (l/ye) , 

different from the proton value by a factor of m./m. A schematic 
I e 

representation ~f the graphical solution is presented in Figure 16. 

Again several special points are labeled whtch separate p-space . 

into well defined zones. The values of a l , a2 and a
3 

can be determined 

from considerations analogous to those used for protons. The results 

of these calculations are shown in Table 3. 

Note that unless the electrons are at least mildly relativistic 

(Y > 1) there are no resonances with the RH wave. Even for mildly e 

relativistic electrons there are no resonances for a > a l • In the 

region a l > a ~ a2 there are two waves resonant with the particle and 

for a2 > a ~ 0, there is only one resonance solution. Resonance of 

electrons with LH waves is considerably simpler, there are resonance 

so 1 ut ions on 1 y for a :: a 3 . 

Again these results show that a resonance gap exists near ~ = o. 

To see this, consider electrons having y « m./m. Then, particles 
I e 

having ~ > 0 can resonantly scatter only if they have pitch angles 

such that ~ > (Sin) 1/6 (m.!m ) (l/y ) (v Iv). This gap can be large 
lee a 

for non-relativistic electrons, i.e. Y $ (m./m ) v • 
I e a 

As one considers electrons of higher and higher energy the size 

of the resonance gap decreases. This is due to two factors. First the 

value of the slope a3 decreases, i .e. ~ decreases indicating that 

particles can resonantly scatter to lower values of ~, and secondly 

scattering by the RH wave near ~ = 0 becomes important. This also 
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Figure 16. Graphical Solution of Electron Resonance Condition in a 
f3 «1 PIa s rna • 

The upper (lower) portion of the figure shows resonance 
of electrons with RH (LH) waves. The numbers refer to 
specific values of ~ given in Table 3 and discussed in 
the text. 



Table 3. Summary of Special VaJues of Jl for Electron Resonance. 

The point numbers are defined in the text and in Figure 16. 

-Point -k til Jl res res res 

1/2 {l ~}+2/Y [+ 1 1 + 4(1-1/y)]11I2 m./m 
va (~) (l-1/y)3/2 . 1 I e 

2 m l-l/y y( 1+2/y) v 3m e e 

1 1 1/2 
"2 m./m "2 v /v (m./m ) 

I e a I e 

2 - G'r ( 1fT / I3T c) 1/6 _ m./m _ (Vva ) (I3T /1fT.) 1/6 (m./m ) 1/2 (l-l/y) 
I e c I I e e 

(1f/I3) 1/6 
v 

(l3!1r) 1/6 3 _ 1 a 
[m./v m + 1] - V lee 

~ ... ------- - ------ -

\T1 
o 
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helps to close the gap. Eventually as one considers particles of higher 

and higher energy the gap can be completely closed allowing electrons 

to resonantly scatter from ~ > 0 to ~ < O. 

1/2 (m./m) • 
I e 

This occurs for y ~ 2 
e 



CHAPTER 4 

ESCAPE OF COSMIC RAY PARTICLES 
FROM SUPERNOVA REMNANTS 

In the past, several authors have suggested that high energy 

particles cannot freely stream through a magnetized background plasma. 

This suggestion is based on the fact that high energy particles 

amplify pre-existing waves in the background plasma, which in turn, 

resonantly interact with the streaming particles reducing their aniso-

tropy through pitch angle scattering. In this picture, pitch angle 

scattering continues until the high energy particle distribution has 

evolved to isotropy in a frame moving with the waves. 

This suggested evolution to near isotropy is surprisingly 

rapid. In fact, the scattering mean free path, as calculated from 

standard pitch angle scattering theory, is so small compared to the 

size of typical astronomical objects (e.g. supernova remnants, galaxies, 

etc.) that it has been widely assumed that the bulk propagation speed 

of the high energy particles streaming out of these objects was limi~ed 

to a speed on the order of the local Alfven speed, v = (B2/4nnm) 1/2. 
. a 

These results seemed to imply that supernovae could not be the source 

of cosmic ray particles observed in the solar system. 

This conclusion was based on the following argument. Supernova 

remnants are observed to contain relativistic particles. However, if 

these particles were to stream away from the remnant, the streaming 

. particles would cause rapid growth of the ambient plasma turbulence, 

52 
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and this turbulence would quickly isotropize the particles. Once 

isotropized, the relativistic particles would rapidly lose their 

energy as the supernova shell expanded. It was concluded, therefore, 

that the vast majority of the observed cosmic ray particles must be 

generated elsewhere. 

Holman, lonson and Scott (1979) questioned several aspects of 

this picture, however. They pointed out that recent observations show 

that most of the interstellar medium consists of a very hot (T - 106 

.OK) high (3 «(3~ 100) plasma. Since this hot medium fills most of the 

volume of interstellar space, they concluded that most supernova 
lit 

remnants should be immersed in. the (3~100 medium. However previous 

analyses of particle escape from supernova remnants have assumed a 

cold «(3« 1) plasma. 

Further, they pointed out that proper consideration of wave 

damping in a (3)> I background plasma, such as the hot interstellar 

medium, could significantly alter conventional particle scattering 

theories. They noted that for the streaming speed to be significantly 

reduced on short time scales, particles must be able to scatter 

efficiently through pitch angles near. 90°. However, the waves of 

short wavelength responsible for scattering in this region are 

strongly damped by the background plasma and hence must be present 

only at thermal levels. They concluded that the scattering rate, 

which is directly proportional to the wave power, is so severely 

reduced in the region around ~ = 0 (~ = cosine of particle pitch 

angle) that, to a good approximatio~, particles cannot resonantly 
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scatter from the forward hemisphere (~ > 0) into the backward hemis

phere (~ < 0), and therefore that a bulk propagation speed much larger 

than the Alfven speed was possible. They obtained these results, 

however, by using the damping rate and growth rate obtained for a 

13 «1 plasma. 

Foote and Kulsrud (1979) considered the propagation of waves 

having frequencies, w, far below the ion cyclotron frequency, n., in 
I 

a 13» 1 plasma. They also appl ied thei r results to the problem of 

high energy particle streaming, and concluded that pitch angle 

scattering by self-generated turbulence can effectively contain the 

high energy particles and force them to propagate at a bulk speed 

near v. However, in the application of the theory they neglected 
a 

wave damping in the background plasma and thereby missed the major 

relevant effect of the high 13 plasma. 

Achterberg (1981) combined these two approaches by consider-

ing low frequency (w« n.) waves in a 13» 1 plasma along with the 
I 

proper damping rates. In addition he used the non-linear theory of 

Vo1k (1973) to examine pitch angle scattering near ~ = 0 and concluded 

that particles with energies below a few GeV cannot be contained by 

self-generated turbulence, in general agreement with Holman, lonson 

and Scott (1979). 

In this chapter, the specific problem of particle escape from 

a supernova remna~t (SNR) is considered: The results obtained are 

slightly different from those obtained earlier by Achterberg (1981) 

and Holman, lonson and Scott (1979). It is found that only electrons 
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having y~ 105 can be contained within the SNR by self-generated 

turbulence. Protons, on the other hand, cannot be contained within 

the SNR by resonant pitch angle scattering regardless of the particle 

energy. The primary reason for the difference between these and 

previous results is the proper consideration of the electromagnetic 

nature of the turbulence. Based on these results, it is not possible 

to rule out supernovae as sources of cosmic ray particles. 

A. Calculation of the Wave Growth Rate 

When particles are scattered by self-generated turbulence 

alone, only waves having k ~ kd are effective. The value of kd is 

determined by equating the growth rate of the waves, which is due to 

the relativistic particle beam, to the wave damping. rate. For k > kd 

damping dominates, so there is 1 ittle wave power at these wavelengths, 

and hence particle interactions wit" waves having k > kd are negligi

ble. The damping rates for waves in a f3» I plasma were calculated in 

Chapter 2. In this section the growth rates necessary to estimate kd 

are calculated. 

The relativistic particles contribute an imaginary term to 

the dielectric (Montgomery and Tidman 1964) given by 

w: mac
2 J:E :~ r: I-i) 

o -1 

{;~ + i (:c - ") ;~ } d" 

C;(wkcl1 - \in /y ) 
ex a. 

(4.1) 
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where 
na 

the background plasma, E 

is the ratio of beam particle density to the density of 

2 = ymc and ~ is the cosine of the particle 

pitch angle. In addition it has been assumed that the growth rate 

of the waves due to the beam, fb« W , so that the P1eme1j formula 

can be used to separate out the imaginary part of the dielectric, i.e. 

the particle density is small enough so that the effect demonstrated 

by Horrison et a1. (1981) is negligible. With these assumptions the 

growth rate can be calculated from the dispersion relation ~sing the 

standard Taylor expansion technique discussed in Chapter 2. 

A distribution of the form f(~, E) = F(E) G(~) is assumed 

wi th 

r E < E* 
c3 -5 

s-l E F(E) = -
E ... E ... E > E .. , E2 (4.2) 

= {o (n+1)"n 

-1 < J.l < 0 
G (~) 

0 < 
~ $ 

It is assumed that this distribution function is representative of at 

least the initial distribution of cosmic ray particles streaming out 

of a supernova remnant, i.e. before backward scattering becomes signi-

fi cant. 

By substituting this distribution function into equation 4.1 

and performing the integral over J.l one obtains 
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J )( )-(S+l) 
s-l d Y Y ( 1 2 ) Y~': (Y* Y* -~res 

Yo/y 
* 

[
nkc 
w~res-

(4.4) 

where 

w 
= 

(4.5) 
kc 

is the solution of the delta function. The lower limit on the energy 

integral is chosen by requiring that 0 ~ ~ ~ 1. For resonances res 

having \! = 1, this inequality requires that y is chosen as the o 

greater of y* or n~/kc, and for resonances having \! = +1, Yo is chosen 

as the greater of y* or na/w. Only particles with y ~ y can 
o 

resonantly interact with a wave of given wand k. 

Finally, define 

I j C:)- f d(~.)(f.y(S+I> "r~s (~J 
Yo/Y~.: 

(4.6) 

then the relativistic particle contribution to the dielectric can be 

wri tten as 

(s -1) (n+ 1) 

Y~': 
{ nkc (I I) w n-l - n+l -

(n+s+ 1) (I 
n - In+2>} (4.7) 



In general, an analytic expression for I. can be obtained 
J 
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for any integer value of j by partial integration. For this example, 

it will be assumed n = 1. This corresponds to a situation where 

classical pitch angle scattering has already begun to redistribute 

the particles in pitch angle space, but scattering through ~ = 0 is 

negligible. In addition, kc»w and only the first term in the 

growth rate need be considered. With these assumptions 

2 (s-1) (Yo\ -s {l __ 1 (VQa )2] 
Y~ y~ 2 5+2 Y kc 

~lo .;~ 0 
(4.8) 

In this expression all terms involving w/kc have been neglected 

since they are always small compared to lis for the case considered 

here. 

B. Calculation of the. Resonance Gap Width 

In this section, the wave growth rate derived above will be 

used to estimate kd . From this, the size of the resonance gap for 

electrons and protons can be estimated. Before doing this however, 

it is necessary to consider some of the relevant physical parameters 

needed for this analysis. 

The electron density within a typical supernova remnant can 

be estimated from radio observations. Using the data presented by 

Woltjier (1972), one can estimate the density of relativistic 

electrons as 10-4-10-7 cm- 3. The spectral index for these objects 

indicates an electron distribution with n(E) a E-s where s ~ 2.0-2.7. 

The rest of the calculations presented in this chapter will assume 
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s = 2.7. The results obtained are, however, very insensitive to the 

exact va 1 ue of th is parameter., 

Also from radio observations, one can demonstrate that the 

electrons responsible for the observed emission have y ~ 103. 

However, it is probable that less energetic electrons are also 

present. It will be assumed that the electron power law distribution 

extends down to y* = 10. This assumption is a reasonable one, and 

is not in conflict with the observation above since emission by the 

low energy electrons is strongly attentuated by the Earth's atmos-

phere. 

The density of relativistic protons within these objects is 

essentially unknown. However, local observations within the solar 

system show that n./n ~ 100 at 1 GeV. This means that within tbe 
1 e 

sup~rnova remnant one can estimate 

For the numerical estimate, the values s = 2.7 and "C •••• = 2 were 
"I 

assumed. These are again based on local cosmic ray observations. 

(4.9) 

Using this ratio, the density of relativistic protons can be 

estimated as 10-7_10- 10 cm- 3 within the remnant. 

In a plasma having 13» 1, off-axis waves wi th propagation 

angles e > (213)-1/4 are strongly transit time damped by the background 

plasma. In this case, it is a good first approximation to assume 
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that all waves present in the background medium have e ~ 0, i.e., on 

axis waves, and therefore that the results of the previous chapters 

can be applied directly. 

With these assumptions, the growth rate for RH waves is 

dominated by the contribution from the proton portion of the energetic 

particle beam and can be written as 

rR 
b 1 = w .15' (4.10) 

where nb. is the density of protons in the relativistic beam, and n. 
I I 

is the density of ions in the background plasma. For the calculations 

presented below n. = 0.1 cm- 3, a typical value for the hot interstellar 
I 

medium. In this expression the inequality 'Y~'ti »n/kc was also used. 

This approximation is valid for all but the smallest values of k. The 

coefficient 0 is defined as 

2 
c 

D = 2" 
va 

1 
"2 
w 

The growth rate for LH waves is dominated by the electron 

beam component and is given by 

= 0 
1T(S-1) 

S 

(4.11) 

(4. 12) 



In this expression nbe is the density of relativistic electrons and 

ne = 0.1 cm- 3 is the density of electrons in the background plasma. 
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-0 -0 
The values of kd and wd are determined by requiring that the 

magnitude of the damping rate and the growth rate be equal. This pro-

cedure is illustrated graphically in Figures 17 and 18 for various 

values of the relativistic particle density. 

-6 Only supernova remnants with nbe ~ 10 can be accurately 

discussed using this analysis. Th ' . b h > 10-5 
. IS IS ecause w enever nbe ' 

-L kd is large enough so that the assumption of weak damping is no 

longer rigorously justified. (r/w = 0.1 at k = 0.36 for LH waves). 

Therefore, the results presented below pertain only to these low 

density remnants, but it is anticipated that calculations performed 

for arbitrary damping and growth rates would result in conclusions 

similar to those presented below. 

An electron density of nbe - 10-5-10-7 implies a proton 

density -8 -10 within the remnant of nbi - 10 -10 • Using these particle 

densities and Figures 17 and 18, one can estimate k~ as 

-R kd = 0.125 -L kd = 0.24 (4.13) 

Assuming S = 100, typical of the hot interstellar medium, these values 

of Kd correspond to 

-R wd = 0.027 w~ = 0.015 (4.14) 

These values can be inserted into the expressions for ~l and 

~2 derived in Chapter 3. The width of the resonance gap, 6~ = u2-~I' 
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Figure 17. Comparison of the Dielectric Contribution from Damping 
and Growth Rates for RH Haves, 

Curves are shown for several values of the relativistic 
electron density nbe' 
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Figure 18. Comparison of the Dielectric Contribution from Damping 
and Growth Rates for RH \~aves. 

Curves are shown for several values of nbi , the rela
tivistic ion density. 
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can then be calculated. The results of these calculations are dis-

cussed below. First, the resonance gap for protons will be discussed. 

Protons 

Using the procedure described above the width of the proton 

resonance gap can be estimated as 

(0.16 + 121y) (4.15) 

For y» 75, this width fill - 0.16 vt/c is approximately 

independent of the particle energy. This width is a factor of five 
~ 

smaller than the one given by Holman, lonson and Scott (1979). For 

y~ 75, however, the width of the gap does depend on the particle 

energy. For example, the resonance gap for 1 GeV protons is fill-Vti/c. 

Regardless of the particle energy, however, resonant pitch 

angle scattering cannot cause protons to scatter through II = O. One 

must conclude, therefore, that energetic protons cannot be contained 

within a supernova remnant by self-generated turbulence. 

This conclusion must, of course, be modified if another 

scattering mechanism is found which can operate on particles within 

the resonance gap. Two such mechanisms have been considered in the 

past. Holman, lonson and Scott (1979) considered particle mirroring 

on compressive waves excited by the energetic particle beam. 

Achterberg (1981) considered resonance broadening (non-linear) effects. 

Each concluded that these mechanisms could not provide significant 

particle scattering across the resonance gap. 
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Electrons 

The size of the gap for electrons can be determined in a 

simi lar manner. Electrons wi th y < 7xl04 (and Il ~ 0) cannot resonantly 

interact with RH waves. For these particles then, the width of the 

gap can be estimated as 

till = (0.0625 + 7.69xl03/y) (4.16) 

From this expression it is obvious that the width of the 

resonance gap for electrons also depends on the particle energy; At 

1 . 10th b 1 All - 103 vt 'l Ic. ow energies, y - , e resonance gap can every arge Ll 

But as one considers particles of higher and higher energy the 

resonance gap becomes smaller. Until finally, when electrons having 

y ~ 105 a re cons i dered, it is found that the resonance gap has com-

pletely closed. 

This closing of the gap is caused by two effects. First the 

resonant interaction of the energetic electrons with LH waves can occur 

at smaller values of Il. This effect is described by equation 4.16. 

Secondly, resonance of electrons with RH waves becomes possible when-

ever y > These additional resonances also help 

to close the gap. 

The net result is that electrons with y?; 105 ~ resonantly 

scatter through Il = O. It is therefore, probable that these particles 

are trapped by self-generated turbulence within the supernova remnant. 

Lower energy electrons, however, cannot resonantly scatter through 
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~ = O. Therefore, unless a scattering mechanism which operates in the 

gap can be found, it seem~ reasonable to conclude that electrons 

with y~ 105 cannot be trapped by self-generated turbulence within 

a supernova remnant. 



CHAPTER 5 

ENERGETIC PARTICLE PROPAGATION 
IN THE INTERPLANETARY MEDIUM 

In the previous chapter, it was demonstrated that resonance 

gaps can have significant impact on conventional theories of particle 

propagation in turbulent plasmas. There it was demonstrated that, 

in a e» I plasma, a resonance gap inhibits the scattering of energetic 

particles through lJ=O. Therefore, thetimeforastreamingparticledis-

tribution to relax to isotropy can be significantly longer than pre-

dieted by conventional scattering theories. 

Those basic ideas, developed to describe particle scattering 

near a supernova remnant, can be applied in many astrophysical environ-

ments. Examples include propagation' of cosmic rays in the Galaxy 

and the transport of energetic particles in radio sources. 

In addition, the results of Chapter 4 have significant impli-

cations for models of particle acceleration near interstellar shocks 

(Jokipi i 1966, Fisk 1971, Bell 1978) and for the calculation of 

transport coefficients (e.g. heat flux instability) in high tempera-

ture plasmas. Before considering these additional problems, however, 

one would like to have some experimental confirmation of theoretical 

predictions regarding particle propagation in a medium where a 

resonance gap is predicted. 

67 
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Supernova remnants are, of course, not accessible for direct 

observation of particle propagation. However, the efects of scattering 

in the interplanetary medium ~ be observed directly. Solar flares 

provide a unique opportunity to compare the observed properties of 

particle propagation in a turbulent plasma with the properties pre-

dieted by "resonance gap" theory. 

In this chapter, the problem of particle scattering in the 

interplanetary medium is considered. It is found that "resonance gap" 

theory can account for the observed magnitude and dependence of the 

particle scattering mean free path, and it provides a natural explana-

tion for scatter-free electron events. This discussion is begun in 

the following paragraphs wi th a brief review of the apparent confl ict 

between conventional theory and observation. 

The propagation of solar flare particles in the interplanetary 

medium is usually regarded as a diffusive process. In this picture 

energetic particles released near the surface of the sun resonantly 

interact with the interplanetary turbulence as they propagate outward. 

This interaction causes the particle pitch angle to change in a 

random way, resulting in phase space diffusion. The pitch angle 

diffusion coefficient D is related directly to the spectrum of the 
llll 

turbulence by conventional quasi-linear theory. 

The spatial diffusion coefficient for propagation parallel 

to the zero order field, KI I' is then obtained by properly averaging 

Dover ll. 
llll 

Several such averaging schemes have been developed 

(Jokipi i 1971), but they all seem to give simi lar results. The 
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following expression is that given by Earl (1974) 

(5. 1) 

It demonstrates the basic property of all averaging schemes, i.e. as 

D~~ increases the spatial diffusion coefficient KI I decreases. 

In principle, once the turbulent spectrum is measured; 

one can calculate D~~ and KI \. Then the calculated value of KI I can 

be compared to the experimental value of KI I inferred from observa

tions of flare particle propagation in the interplanetary medium. 

The results of these comparisons have not been encouraging 

(Ma Sung and Earl 1978, Zwickl and Webber 1977). Scattering theory 

predicts that the mean free path of energetic particles in the solar 

wind should increase with increasing rigidity. Experimentally it is 

found that the scattering mean free path is either constant or 

decreases slightly with increasing particle rigidity. In addition, 

KI I talculated from scattering theory is approximately one to two 

orders of magni.tude smaller than KI I estimated from observations. 

(This, of course, implies a similar discrepancy for the mean free 

path). 

Furthermore, the discrepancy between theory and observation 

cannot be resolved by considering higher order, i.e. non-linear, 

scattering terms in the usual way. This is because non-linear 

scattering terms cause the delta function resonance of quasi-linear 
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theory to be broadened. This broadening is unimportant except in the 

regions near ~ = 0 and ~ = I where the quasi-linear scattering coeffi

cient vanishes. 

The net result is that consideration of non-linear terms 

increases D~~ and hen~e decreases KI I (equation 5.1). Since KI I 

calculated from quasi-linear theory is already an order of magnitude 

smaller than the observed value, incorporation of non-linear scatter

ing terms only increases the disagreement between theory and observa-

tions. 

Goldstein (1980) suggested that many of these problems could 

be reconciled if two assumpti~ns were made. First, he assumed that 

resonant scattering by transverse waves could not scatter particles 

through ~ = O. This meant that the mean free path could be signifi

cantly longer than predicted by resonant scattering theory. Secondly, 

he assumed that all scattering through ~ = 0 was due to particle 

mirroring on compressional fluctuations of the interplanetary magnetic 

field. 

In this chapter, it is demonstrated that these assumptions 

follow naturally from the proper consideration of resonant 

scattering in electromagnetic turbulence. It is found that both 

electrons and protons have a resonance gap, similar to the one obtained 

for scattering in a high a plasma. Within this gap (near ~ = 0) 

resonant scatte ri ng processes cannot operate and scatte ri ng th rough ~ = 0 

is significantly inhibited. The width of the gap is not the same 

for electrons and protons however. It is found that for electrons 
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with T ~ 300 keV the gap is wide enough so that the particles are not 

scattered at all. This provides a natural explanation for the scatter 

free electron events observed in the interplanetary medium. Goldstein's 

(1980) analysis does not predict differences between electron and 

proton propagation. 

One can begin to understand these differences when it is recog-

nized that two of the basic assumptions underlying the theoretical 

results discussed above cannot be justified for particle scattering 

in the solar wind. These are: (1) the assumption of magnetostatic 

turbulence, and (4) the related assumption that wand k of the turbu-

1ence are related by w = kv. Both of these assumptions break down 
a 

when scattering at small values of ~ is considered. 

Failure of the magnetostatic assumption was discussed in 

Chapter 3. Basically whenever w becomes of order kv", i ,e, vII ~ vph ' 

the temporal variation of the wave cannot be ignored in the solution 

of the resonance condition. For most waves v h~ v . p a 

In addition, particles having v 1'1 - va do 'not resonantly 

interact with Alfven waves, i.e. waves having w = kv 
a 

For example, 

consider non-relativistic protons having v II ~ va' These particles 

resonantly interact with waves having k~n./v but Alfven waves exist 
I a 

only for k« n./v. It is clear, therefore, that protons which have 
I a 

small values of ~ do not resonantly interact with Alfven waves, and 

the assumption w = kv is simply not appropriate. Waves having 
a 

k ~ n./v are in fact in the transition region between Alfven waves 
I a 

and whistlers. 
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Further, it is \'Iell known that whenever k ~ fJ../v t . cyclotron 
I I 

wave damping becomes important. In the solar wind one can estimate 

vt . ~ v for nominal plasma parameters. 50 one can expect damping to 
I a 

be significant for waves having k~fJ../v , but again these are precisely 
I a 

the waves which interact with particles having vII ~ va' 

From these preliminary considerations it is obvious that 

current notions of particle scattering in magnetostatic turbulence 

with w = kv' and O!Sk::: oo are inadequate. This is particularly true 
a 

for particle scattering near ]J = O. In this chapter, particle scatter-

ing in a plasma where these assumptions are relaxed is considered. 

It is worthwhile to emphasize that rejection of the hypothesis 

of magnetostatic turbulence does not imply a rejection of qua~i-linear 

scattering theory. Quasi-linear theory has been developed for electro-

magnetic turbulence by Hall and 5tu~rock (1967) and Melrose (1980). 

But it does imply that many of the applications of quasi-linear 

scattering theory which have assumed magnetostatic turbulence should 

be reconsidered. In this chapter only one such example will be con-

sidered; particle scattering in the interplanetary medium. 

First, some of the relevant features of proton and electron 

scattering in electromagnetic turbulence will be discussed. It is 

found that both protons and electrons exhibit a gap near ]J = 0 where 

resonant scattering processes do not operate. The implications of 

this gap for particle scattering theory are then discussed, and it 

is shown that reconcillation of theory and observation is possible 

if the non-resonant scattering rate in the gap can be calculated. 
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Finally, in the last section of this chapter, the non-resonant 

scattering rate due to particle mirroring is estimated. It is 

shown that the combination of resonant scattering outside the gap 

and mirroring within the gap can account for the observed particle 

mean free path in the interplanetary medium. 

In addition, it is demonstrated that cyclotron wave damping 

is important for the analysis of electron propagation. Incorporation 

of wave damping leads naturally to an explanation of scatter free 

electron events. 

A. Particle Scattering in the 
Interplanetary Medium 

Except for the items mentioned above, a conventional view of 

scattering in the interplanetary medium will be adopted. Only 

scattering by waves havfng' I I l will be considered. I~ addition, o . 

it will be assumed that all turbulence is generated near the sun 

so that only outward propagating waves are present. In the solar 

wind plasma a ~ I, so that finite a effects can essentially be ignored 

in the dispersion relation, except for cyclotron damping which is 

important when electron propagation is considered. Only particles 

having y - I will be considered. The generalization of this discussion 

to more relativistic particle energies is straightforward, but 

unnecessary for the vast m~jority of solar flare events. Finally, 

only scattering in a frame moving with the solar wind will be discussed. 

First consider proton scattering. 
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Proton Scattering 

In Chapter 3, it was demonstrated that non-relativistic 

protons with ~ ~ 0 resonantly interact only with RH polarized waves, 

and that these interactions do not occur for all values of ~ ~ O. In 

fact, there is a minimum value ~ . = (3 /31/2) v /v such that in the mIn a 

range ).J • ~).J ~ 0 there are no solutions to the resonance condi tion. mIn 

Th is means that there is a resonance gap of wi dth fill -).J. in wh i ch mIn 

resonant particle scattering processes do not operate. 

This result is not obtained in magnetostatic theories, and 

can be interpreted in the following way. The order of magnitude of 

).J • - v /v is determined by the characteristic propagation speed of mIn a 

the waves while the coefficient, 3 /31/2, is determined by the details 

of the dependence of won k. There are t ... JO important differences 

between this result and the predictions of magnetostatic theory. 

First, magnetostatic theories predict that D = 0 only in 
).J).J 

an infinitesimally small region around ).J = O. This is because 

particles having ).J + 0 are required to resonantly interact with waves 

having k + 00 in these theories. Since the power spectrum of the 

turbulence, Pk, is assumed to vanish for k + 00, one must then conclude 

that D + 0 as ).J + o. 
).J).J 

When the electromagnetic nature of the turbulence is properly 

accounted for it is found that D = 0 in a finite region around 
).J).J 

-0' f > >0 ~ - , I.e. or jJmin -).J - • This result is independent of the wave 

power spe,ctrum and comes about simply because the resonance condition 

cannot be satisfied in this range of jJ. The finite size of the 



resonance gap is an important point which will be considered again 

when discussing the proper calculation of KI I in electromagnetic 

turbulence. 

The second major difference between magnetostatic and 

electromagnetic scattering theories also involves scattering near 

)l = O. In magnetostatic theories, when )l + 0 the coherence time, 
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t , between the waves and the particle can become very large. This, 
c 

of course, violates one of the fundamental assumptions of quasi-

linear theory which is that t «t , where t is the scattering time. c s s 

This point has been widely discussed in both derivations and criti-

cisms of quasi-linear theory (Jokipii 1971 and Volk 1973). It comes 

about because of the approximation vph = 0, where vph is the phase 

velocity of the wave. 

When the full electromagnetic resonance condition is con-

sidered, it is found that 

n./k 
I 

This means that whenever the resonance condition is satisfied, one 

is assured that vph # VI I' and therefore tc is finite. This d'Jes 

not guarantee t «t , but it does show that this condition is not c s 

automatically violated for small values of )l. 

(5.2) 
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Electron Scattering 

Electrons wi th )l ~ 0 and y ~ I are scattered almost excl us ively 

by LH polarized waves. However these waves are subject to strong ion 

cyclotron damping in the interplanetary thermal plasma. This damping 

can significantly modulate the power spectrum of the waves and hence 

is one of the major factors to be considered when discussing electron 

propagation in the heliosphere. Therefore, this discussion is begun 

with a consideration of cyclotron damping of LH polarized waves. 

In Chapter 2, it was shown that waves having w = win. ~ 0.4 and 
I 

k = kv In. ~ 0.25 are damped out in approximately ten wave periods in a I 

a plasma having 0.1 $13~ 1. This range of 13 is similar to that typi-

cally observed in the solar wind. Waves which are damped this rapidly 

will not propagate far into the interplanetary plasma before being 

absorbed. Since, by assumption, the turbulence responsible for parti-

cle scattering in the solar wind is generated somewhere. near the 

solar 'surface, one must concl ude that LH waves having k ~ 0.25 wi 11 

not be available for particle scattering throughout most of the inter-

planetary medium. 

The absorption of LH waves having large values of k has sig-

nificant impact on the scattering of electrons. This can be seen in 

the following way. First, waves having large values of k are resonant 

with p'articles having small values of].J. However wave damping 

causes the wave power to be severely depressed for large k. Since 

the scattering rate is proportional to the wave power, the scat-

tering rate is severely depressed for small values of)1. This 
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leads to a resonance gap which is somewhat analogous to the gap 

discussed in Chapter 4 for a high S plasma. 

It should be emphasized that the discussion above applies 

only to LH waves. For the small values of S observed in the solar 

wind the RH wave does not experience significant wave damping until 

k - v
t 

/n e e Therefore the damping of LH waves with k ~ 0.25 is cons is-

tent with observations of interplanetary turbulence which show signi-

ficant wave power at these values of k. 

Returning now to the discussion of electron scattering, once 

the value of ~ is determined, the value of p. ~an be estimated max min 

from the resonance condition 

Pmin -

where it was assumed that 

6 
assumed that va = 5xl0 

at AU. 

m. 
I 

m e 

m. 
I y«- . 

m e 
cm/sec, a 

1.23 
y(v/c) 

For the numerical estimate it was 

typical value for the Alfven speed 

The significance of this result is that the resonance gap can 

be very large for low energy electrons. In fact for vic S 0.78 one 

can estimate p. -min and the particles are not scattered at all. 

This corresponds to electrons having kinetic energies T S 300 keV, and 

provides a natural explanation for the scatter free electron events 

observed in the solar wind. (See McDonald, Fitchel and Fisk (1974) 

for a discussion of these events.) Such events are not explained by 

theories which ignore cyclotron wave damping. 



Observational evidence seems to indicate that scatter free 

events are possible only for low energy electrons. Typically, 

scatter-free propagation is observed for T::: 500 keV. This is in 

good agreement with the energy range derived above. 

B. Non-Linear Scattering 
in the Resonance Gap 

The problem of scattering particles through ~ = 0 is not a 

new one. Previous authors (Volk 1973, Goldstein 1976, and Jones, 
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Birmingham and Kaiser 1978) have approached the problem by considering 

non-linear scattering processes. They find that non-linear scattering 

leads to a broadening of the wave/particle resonance which is unim-

portant (compared to quasi-linear terms) except in the region of small 

~ where 0 becomes very small. However, this is also where the 
~~ 

assumption of magnetostatic turbulen,ce, universally invoked in these 

theories, breaks down. 

In the previous section, it was shown that when the electro-

magnetic nature of the turbulence is properly incorporated into quasi

linear scattering theory, there is a gap of finite size, near ~'= 0, 

where resonant scattering processes are ineffective. Based on this, 

it is almost certain that existing formulations of non-linear scatter-

ing theory are not directly applicable in electromagnetic turbulence. 

Nevertheless, it is worthwhile to consider whether the resonance 

broadening mechanism discussed by these authors could result in signi-

ficant scattering for particles having values of ~ within the resonance 

g~p if the assumption of magnetostatic turbulence were relaxed. It is 
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concluded that significant scattering by this mechanism is not likely. 

To see this one must consider the physical mechanism of resonance 

broadening. 

In non-linear theories, it is assumed that the actual particle 

trajectory is essentially just the product of two components. The 

first component is due simply to the helical motion of the particle 

in the zero order field. This component of the motion is completely 

determined by the initial conditions, i .e. ~(t) = ~(t=O). 

The second component, due to the interaction of the waves 

on the particle, can be regarded as essentially a probability distri-

bution. This factor accounts for the small random changes in ~ due 

to the resonant interaction of the particle with the waves. The 

magnitude of this effect is proportional to the rate of pitch angle 

scatter i ng , D jJl.l When D~~ is large., the particle is more likely to 

have been scattered away from its initial value of l.l than when D is 
~~ 

small. 

In this picture, therefore, a particle with a given value of 

~=jJo at t = 0 has a finite probability to be in a range of jJ (near jJo) 

at some'later time t>O. Since the resonant wave number, k, is a 

function of jJ, this finite range of possible values for jJ means that 

the particle which had jJ at t = 0 can resonantly interact with waves 
o 

in a finite range of k. 

In other words, resonance broadening is an inherently statis

tical process which assumes that the primary n'on-l inear, effect' of the 

fluctuating fields on particle motion is to cause a slow "difussion" 
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of the particle away from its unperturbed helical trajectory. This 

"diffusion" introduces uncertainty in the value of 1.1 for t > 0, and 

this uncertainty is translated, via the resonance condition, to un-

certainty in the value of k. This is the physical mechanism respon-

sible for resonance broadening. 

Now consider particles within the resonance gap. These 

particles cannot resonantly interact with any component of the tur-

bulence present in the plasma. Therefore, the unperturbed trajectory 

used in quasi-linear theory is an excellent approximation to the 

actual particle trajectory, i.e. l.1(t) = 1.1 is an excellent approximao 

tion to the true orbit of the particle. Based on this, one would not 

expect resonance broadening to be signiffcant for particles within 

the resonance gap. 

Current formulations of resonance broadening theory, there-

fore, almost certainly overestimate the scattering rate for small 

values of 1.1. The primary reason for this is that existing theories 

assume that there are resonant interactions at all values of 1.1 > 0, 

i.e. they assume magnetostatic turbulence. The calculations presented 

below assume that· resonance broadening is negligible for pa~ticJes in t!1e .. - .. 

resonance gap. 

C. Qualitative Picture of Particle 
Scattering in Electromagnetic Turbulence 

It has been demonstrated above that resonant wave/particle 

interactions cannot cause particles to scatter through 1.1 = O. This 

is because both electrons and protons have a gap in l.1-space, near 



~ = 0, where the resonant scattering process does not operate. For 

electrons, this gap is due to collisionless wave damping, and for 

protons it is due to the fact that there are no solutions to the 

resonance condition for ~. > ~ > O. 
min 
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Based on these results, one can develop the following quali-

tative picture of particle propagation in the interplanetary medium. 

Flare particles, released near the sun, scatter rapidly in velocity 

space throughout most of the ~ > 0 hemisphere. This scattering 

occurs on the very short time scale characteristic of conventional 

pitch angle scattering theory, i.e. within approximately 0.01 AU of 

the sun. However, the gap prevents particles from resonantly 

scattering through ~ = O. Observational evi~ence on the other hand 

indicates that particles do scatter through ~ = 0, but that this 

scattering occurs on time scales much longer than those predicted by 

resonant pitch angle scattering theories. 

The purpose of the following section is to show how these 

qualitative ideas can be incorporated into a quantitative picture of 

particle propagation in the interplanetary medium. 

D. Calculation of Scattering Mean Free 
Path in Electromagnetic Turbulence 

To compare the theoretical results to the observational dat~, 

one must calculate KI lor equivalently the mean free path A. This 

can be accomplished by using equation 5.1. It will be assumed that 

o can be divided into two parts. 
~~ 
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(5.4) 

The first portion, DR , represents the pitch angle scattering due to j.Jj.J 

resonant processes, while the second, o~~, represents the non-

resonant scattering, i.e. all scattering due to other processes. In 

regions of j.J-space where both processes operate, it will be assumed 

In the conventional picture of scattering in·magnetostatic 

turbulence, resonant scattering operates at all values of j.J except 

j.J = O. Non-resonant scattering has also been assumed to occur, but 

for ~ny value of j.J it has been assumed that the scattering rate is 

dominated by the resonant scattering processes. As a result, the 

mean free path calculated from this theory is practically independent 

of the non-resonant scattering rate and -is given by 

(5.6) 

The equality applies when ONR = O. This upper limit to the mean free j.Jj.J 

path is at least an order of magnitude too small to explain the 

observed values of A for low rigidity particles. 

When particle scattering in electromagnetic turbulence is 

considered, one finds that there is a gap of finite size near j.J = 0 

R where 0 = O. In this region only non-resonant interactions conj.Jj.J 

tribute to the scattering rate. Therefore, contrary to previous 



results, the proper incorporation of non-resonant scattering is 

essential to the calculation of A in electromagnetic turbulence. 

For example, if one neglects non-resonant scattering, 0 = 0 
1111 

for 11. > 11 2: O. It is then obvious that the integral which defines 
min 

A diverges. This is equivalent to the more i~tuitive statement that 

in the absence of particle scattering through 11 = 0 one must find 

that the mean free path, A ~ 00. This behavior is clearly not observed 

for scattering in the interplanetary medium, and therefore, non-

resonant scattering processes must be able to scatter particles 

that have values of 11 within the resonance gap. 

From these arguments it is clear that the expression for A 

must be rewritten as a sum of two integrals. 

(5.7) 

The inequality, 5.5, has been used to obtain this result. For most 

particles 11 • «1, and A can be estimated as 
min 

A ~ ;\. + R ANR 

where 
1 

(1 - /}2 
AR 

v J dl1 '" 1j OR 

l1min 
1111 

and 

"NR '" 
v j.Jmin 
1j ONR 

j.J]J 

(5.8) 

(5.10) 
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The magnitude of the first term AR, is approximately equal to 

the mean free path calculated from conventional magnetostatic theory, 

e.g. Jokipii (1971). This term is entirely due to resonant wave! 

particle interactions. The second term, ANR' is due entirely to the 

interactions within the resonance gap. This term is not obtained in 

conventional theories. 

emphasized. 

There are several features of this result which should be 

First, if the scattering rate ONR is small enough, the 
~~ 

second term can dominate the first and the magnitude of A is determined 

almost entirely by the non-resonant scattering term. Therefore, A can 

be much larger than previous ~stimates indicate. 

S dl · . . 1 -1 h f econ y, since ~. IS proportlonato v ,t e mean ree min 

path is approximately independent of particle energy provided ONR is 
~~ 

also independent of particle energy. Particle mirroring provides such 

a scattering mechanism. The mean free path for mirroring is estimated 

later in this chapter. 

And finally, the magnitude of the non-resonant term remains 

approximately constant with increasing particle energy. But the 

magnitude of the resonant contribution increases with particle energy. 

So in the limit of relativistic particle energies, one would expect 

the mean free path to approach the value calculated from magnetostatic 

theory. All of these properties are observed for particle propagation 

in the interplanetary medium. 
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The last step in this analysis is to estimate the contribution 

of non-resonant scattering to the mean free path, and to compare these 

results with observations. This is done in the following section. 

E. Estimate of Mean Free Path for 
Mirroring and Comparison with Observations 

There are several sources of non-resonant scattering which 

could contribute to the particle scattering rate inside the resonance 

gap. These include particle mirroring, backward propagating waves, 

off-axis waves and magnetic field discontinuities near shocks or the 

equatorial neutral sheet. In this section only the scattering rate 

due to particle mirroring is estimated. 

This approach was chosen primarily to provide a concrete 

example of the application of the theory developed above. However, 

the remarkable agreement between the observed value of A and the one 

estimated for particle mirroring suggests that mirroring may be the 

dominant process by which particles are scattered through the resonance 

gap. First mirroring of protons will be considered. 

Protons 

The magnetic field fluctuations in the interplanetary medium 

are primarily non-compressive. Measurements indicate that the power 

in transverse (non-compressive) waves is approximately an order of 

magnitude larger than the power in fluctuations in the magnitude of 

B. Nev~rtheless, even at this relatively low power level, the 

compressive fluctuations are strong enough to mirror protons across 
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the resonance gap. The condition required for mirroring to occur is 

(S.I1) 

In this expression the initial velocities near the edge of the resonance 

gap have been used. For typical non-relativistic protons one can 

estimate that mirroring can occur when 

(S.12) 

Measurements of the power spectrum (Burlaga 1972) of olBI show that 

this condition is easily satisfied in the interplanetary medium. 

The other condition which must be satisfied for mirroring to 

occur is that the scale size of the compressional fluctuation should 

be large compared to the particle gyro-radius. This means that only 

waves whose 

21TQ. 
k « I (S.13) 

can effectively mirror protons in the resonance gap. For this numeri-

cal estimate typical values of Qi = O.S rad/sec and vI = O.lc were 

used. Again, observations show that waves with values of k which 

satisfy the inequality above are present in the interplanetary medium. 

These considerations show that magnetic compressions of suf-

ficient strength and proper scale are available in the interplanetary 
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medium for mirroring protons in the resonance gap. The mean free 

path for scattering on these fluctuations can be estimated in the 

fo 11 ow i ng way. 

First, note that protons near the edge of the gap have parallel 

velocities on the order of 2v. The compr.essiona1 waves have phase 
a 

velocities typically of order vph - va' So that the relative velocity 

between the waves and the protons is of order v. For a proton to be a 

mirrored it must travel a distance, measured in the wave frame, on the 

order of the wavelength of the fluctuation. This takes a time 

t - 21T/kv . a 

During this time the motion of the particle through the 

interplanetary medium is primarily due to convection in the solar wind, 

i.e. v 11 :S va «vw' where Vw is the wind speed. 

estimate the mean free path as 

Therefore, one can 

0.3 A.U. 

For the numberica1 estimate 6 va = 5x10 cm/sec and Vw ~ 

were used. In addition, it was assumed that k _ 10- 11 

4x107 

-1 cm 

(5. 14) 

cm/sec 

Larger 

values of k are allowed by the inequality, however waves with k on 

this order represent the dominant scale of the magnetic turbulence, 

and hence contain most of the wave power. 

Although the estimate described above is admittedly a crude 

one, a mean free path for particle mirroring of this magnitude is not 

without precedent. Go1dstein ' s (1980) more sophisticated numerical 
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study resulted in a similar value. The difference between the analysis 

presented here and previous results is that at low proton energies 

ANR» :~R' i.e. the non-resonant contribution to the mean free path 

dominates the resonant scattering contribution (see equation 5.8). 

Therefc::>re, one can estimate the total mean free path for low energy 

protons as 

A - ANR - 0.3 A.U. (5.15) 

The mean free path above is independent of the proton rigidity. 

This is because non-relativistic protons can pitch angle scatter only 

until 'lf ll = (3 /3/2) va' This minimum value of vII is independent 

of the proton rigidity. This fact makes the scattering time and 

hence the mean free path independent of rigidity. 

Furthermore, the estimated magnitude of A (see Figure 19) is 

only a factor of two larger that the observational results of Ma Sung 

and Earl (J978) and Zwickl and Webber (1977). Consideration of addi

tional sources of scattering would ·lower the value predicted for A 

bringing it into even closer agreement with the observations. The 

estimated value is also consistent with the lower limits obtained by 

Zwickl and Webber (1978). Previous theoretical estimates of A based 

on magnetostatic resonance theory are more than an order of magnitude 

too small at rigidities - 300 MV, and the discrepancy becomes larger 

at lower rigidities. 
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Electrons 

As discussed above, non-relativistic electrons (T $ 300 keV) 

experience scatter free propagation in the interplanetary medium. 

However, as one considers electrons of higher and higher kinetic 

energies, it is obvious that the resonance gap becomes narrower. 

Eventually, an energy will be reached where particle mirroring will 

cause electrons to scatter across the resonance gap. This energy 

can be estimated in the following way. 

The condition for mirroring to occur can be written, assuming 

01 B 1/ I B I « I, as 

11 ::: 

"'min (
0 H3I\ 1/2 
IBI/ 

(5.16) 

where)J. represents the smallest value of )J where resonant pitch mIn 

angle scattering is effective, i.e .. lJ at the end of the resonance 

gap. 

Using the expression for )J. given in equation 5.3, one can mIn 

show that mirroring across the gap can occur only for electrons with 

y ~ 1. 23 (
OIBI) -1/2 
IBI (5.17) 

01 B I . The value of '-nnr varIes somewhat with solar activity, but 

is typically on the ord~r of 0.06. With this value one can estimate 

that mirroring can cause electrons to cross the resonance gap only 

when 

y ~ 5 (5.18) 
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This corresponds to kinetic energies T ~ 2 MeV. 

For electrons mirroring can be effective only for waves 

having 

(5.19) 

This again is easily satisfied by interplanetary turbulence. 

The mean free path can be estimated in a mannter similar to 

that used for protons. The significant difference however is that 

convection is completely negligible for most electrons of interest 

since vII» vw' The result is then 

2n 
" - "NR - l< - 0.04 AU (5.20) 

This result is roughly an order of magnitude smaller than 

the mean free path estimated for protons. However, again there is 

reasonable agreement between the estimated and observed value 

for electrons. (see Figure 20) The mean free path estimated for 

particle mirroring is approximately a factor of two lower than the 

observational result. 

From their analysis of flare particle propagation, Ma Sung 

and Earl (1978) obtained an electron mean free path" - 0.08 AU. 

Zwickl and \O/ebber (1978) derive a lower 1 imit of A - 0.04 AU, 

although they consider" - 0.1 AU a more likely average value. Both 

of these results are in reasonable agreement with the estimate given 

above. 
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