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ABSTRACT

The mechanics of soft tissues, specifically large arteries, have been studied for over 

200 years with great strides in the development o f material models in the last 25 years. 

Knowledge of the behavior of large arteries can provide an understanding of the causal 

factors associated with the onset of atherosclerosis as well as provide insight into effective 

means of drug delivery to treat the disease. Soft tissues mechanics involve the coupled 

nonlinear effects o f finite deformation, fluid transport, species transport, and swelling. In this 

dissertation, a general porohyperelastic theory including mass transport and swelling effects 

is presented. The theory models the finite strain and material nonlinearity effects associated 

with a porous hyperelastic solid skeleton saturated with a mobile fluid. Additionally, 

dissolved charged electrolytes diffuse within the fluid and are convected by the fluid. The 

distribution of the these electrolytes can, in turn, induce fluid motion by osmotic and electrical 

effects and cause the material to swell Overall, the theory models the behavior and coupling 

of the solid deformation, fluid motion, and mass distributions of ionic species within the fluid. 

A  corresponding mixed finite element formulation of the theory is developed and implemented 

in a computer program.

The behavior of soft tissues, specifically large arteries, can be described by the above 

theory. Finite element implementations of the theory can be used to model certain 

physiological conditions to investigate arterial stress states, wall transport, and transient 

response. The finite element models (FEMs) can then be used in conjunction with
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experimental data to develop data reduction schemes to identify material property trends and 

dependencies. This theory and corresponding FEMs can provide insight into soft tissue 

mechanics and species transport and aid in the study o f vascular structures, arterial cartilage, 

the intervertebral disk, and other soft tissues.
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CHAPTER 1 

INTRODUCTION

1.1 Motivation

The human body has been studied for centuries. Comprised of soft tissues, fluids, 

muscles, etc., the body is a living machine that exhibits complexity at all levels. The 

motivation for the study of the body has always been twofold: first, to gain an understanding 

of the biomechanics and physiological phenomena and second, to use this knowledge in 

productive ways to fight disease and promote better living. The analysis o f soft tissues as 

engineering structures has been an ongoing science for more than 200 years. Within the last 

50 years, significant strides have been made to refine these analyses to more accurately 

describe the physical realities. The last 20 years has seen the development of a foundation of 

mechanical analysis further promoting our understanding of biomechanical phenomena. The 

work presented in this dissertation attempts to build upon this foundation and present a 

complete theory which can be used to describe the mechanical behavior of complex soft 

tissues.

While the theory presented in this dissertation can be applied to a variety of soft 

tissues, the focus of this work will be on large arteries. Large arteries such as the aorta and 

the pulmonary and femoral arteries are the primary means of transport of blood and 

nourishment to the main organs and extremities of the body. The unrestricted flow of blood 

within these arteries is of utmost importance. Atherosclerosis is a disease o f the arterial wall
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that causes a buildup of biological material (plaque) around the inner surface of the arteries. 

This buildup can act to impair blood flow and can ultimately lead to occlusion of the artery. 

Atherosclerosis is a major cause of death and morbidity associated with stroke, heart attacks, 

etc..

While atherosclerosis is a multifactor disease, it is believed to be influenced by the 

mechanical behavior of the artery. Specifically, the buildup of low density lipoproteins (LDL- 

cholesterol) in the artery wall, a precursor to the disease, is a function of mechanical 

deformation and wall fluid/mass transport behavior, as w ell as other important physiological 

factors. Thus the ability to model these effects could aid in the understanding of the 

pathological phenomena associated with atherosclerosis. It is within this context that the 

research performed for this dissertation is presented.

1.2 Soft Tissue Material Description

While the theories developed in this work are general in that they can be applied to 

a variety of soft tissues, the focus will be on arterial mechanics. Arteries are complex 

biological materials. Typically, arteries are comprised of three primary layers: the intima, the 

media, and the adventitia. The intima is the inner lining of the artery and consists of a single 

cell layer o f endothelial cells, a thin layer of subendothelial cells, and other organ cells. The 

media forms the bulk of the artery and is made up of an extracelluar matrix comprised o f 

collagen fibers, elastin matrix, and glycoaminoglycans. Between the matrix are smooth 

muscle cells and fenestrated elastic lamellae to which the smooth muscle cells are attached. 

The presence of smooth muscle activity can cause the artery to constrict in response to either
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mechanical, chemical, or neural stimuli. The adventitia is a loose fleshy layer on the outside 

of the artery. Similar to the media, the adventitia contains collagen fibers, elastin matrix, 

smooth muscle cells, and glycoaminoglycans in addition to fibroblasts. The adventitia also 

contains the vasa vasorum which is a series of small blood vessels that provide nourishment 

to the arterial tissue.

Large arteries have been observed to undergo a highly nonlinear history dependent 

response to mechanical loading. Furthermore, the artery can remodel itself in response to a 

variety o f  stimuli (e.g., change its zero stress state to counteract the high stresses due to 

pressurization [Fung, 1990]). While the media and adventitia provide the structural stiffness, 

the endothelium serves as a barrier to tissue fluid flowing in from the vessel lumen. This 

barrier function is thought to be a function of the wall deformation as well. It is also thought 

that the endothelial layer acts as a barrier to species transport. It has been observed that 

damage to the endothelium can increase the vessel intake of low density lipoproteins that may 

lead to the onset of atherosclerosis. Thus, the fluid and species transport behavior of this 

layer is very important.

1.3 Fundamental Work

The theory presented in this dissertation builds on the convergence of two parallel 

research areas: poroelastic field theory (fundamental to soil mechanics) and arterial

mechanics.
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1.3.1 Poroelasticity

The fundamental early work in soil mechanics were contributed by Terzaghi [1943, 

1967] and Biot [1941, 1962]. Terzaghi developed a theory for the one dimensional 

consolidation of a porous column under confined compression. Biot extended this theory to 

three dimensions to provide the foundation for poroelastic field theories based on a solid 

skeleton saturated with a mobile fluid. This theory was originally applied to problems of soil 

mechanics and petroleum engineering. Ghaboussi and Wilson [1973] presented the analysis 

of a porous elastic media with a compressible fluid in the constitutive relation. Where these 

efforts assumed that the material underwent infinitesimal deformation, Gibson et al. [1967] 

examined the finite straining of porous clays. Smiles and Poulos [1969], B iot [1972], Mesri 

and Rokhsar [1974], DeSimone and Viggiani [1976], and Monte and Krizek [1976] also 

developed finite strain consolidation models. Prevost [1981] modeled the soil skeleton as an 

,, anelastic, anisotropic nonlinear material and Carter et al. [1979] incorporated elasto-plastic 

effects as well as finite straining into their consolidation models. To implement the theory 

numerically, Ghaboussi and Wilson [1973], Carter et al. [1979], and Prevost [1981] used the 

finite element method. While this method was able to accurately simulate the consolidation, 

Vermeer and Verruijt [1981] found that the pore fluid pressure may numerically oscillate 

under certain time integration conditions. They developed a time stepping criterion which 

removed this problem without adversely affecting the accuracy of the solution.

1.3.2 Elastic Arterial Models

The study of arterial mechanics has evolved over hundreds o f years. In the last 40
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years, significant strides have been made in understanding the material behavior of soft 

tissues, specifically the artery wall. Initial work was focused on characterizing the elasticity 

of an artery. Bergel [1961, 1972] used classical elasticity methods to determine the 

incremental Young’s modulus of an artery modeled as an isotropic tube. He was able to 

quantify the nonlinear behavior of arteries although he was unable to get the actual stress- 

strain relation where the modulus is non-constant. Using thin-walled tube assumptions, Patel 

et al. [1969] determined the anisotropic increment static elastic properties of canine aortas. 

Patel et al. reasoned that although the artery is subject to strains as large as 70% due to 

inflation, a small strain assumption could be used to study the deformation around that 

prestressed state. Acknowledging the incompressibility of the material, they demonstrated 

that the anisotropic material constants are not independent, as was also shown in Yuan 

[1991]. Other research of note using the incremental elasticity approach was done by Fry 

[1962], Cox [1968], and Vaishnav and Vossoughi [1984].

Research into the incremental elasticity models was able to characterize some of the 

deformation behavior of large arteries, but more importantly, it indicated the importance of 

considering the finite deformation and the influence of geometric and material nonlinearity. 

Most efforts in this area have focused on a hyperelastic approach using a strain energy density 

function to produce the stress-strain relation and model the finite elasticity. The primary 

concern is the determination of the form of the strain energy density function and the 

determination of the material parameters needed in the function. D oyle and Dobrin [1971] 

investigated the use of exponents of the principal stretch ratios. Vaishnav et al. [ 1972] 

examined a function that was represented by a polynomial in Green’s strain. Fung [1990] is
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responsible for much of the definitive work in the description of the strain energy density 

function. Chuong and Fung [1983, 1984] defined an anisotropic exponential function o f  

Green’s strain which can be used to describe the exponential-like pressure-distension response 

o f a rabbit artery. This approach was implemented in Simon [1992] and is applied in this 

dissertation.

1.3.3 Poroelastic and Biphasic Models

In addition to the characterization of the elastic response of arteries, work has been 

done in the analysis of fluid motion within the artery wall. This research has focused on the 

motion of fluid through the wall in the radial direction due to fluid pressure gradients. Fry 

[1968], Patel et al. [1969] and others reported the observation that permeability of the wall 

was a function of normal (radial) stress. In lieu of the coupling between fluid motion and 

deformation, attempts were made to model the artery as a poroelastic material. Fatt [1968] 

and Kenyon [1976, 1979] were among the first to introduce poroelasticity into biological 

mechanics. Jayaraman [1983,1985] developed a poroelastic analytical model that accounted 

for the nonlinear behavior of the permeability. Yang [1990,1992] developed transversely 

isotropic poroelastic models of cardiac muscle that included the material nonlinearity as well 

as strain dependent permeability. Simon et a l [1986 ,1995a,b], Gaballa [1989], Yuan [1991], 

and Simon [1992] have studied the effects of the finite deformation and fluid flow on large 

arteries with a nonlinear poroelastic approach.

In parallel with the development of poroelastic models has been the analysis of soft 

materials using mixture theory. This approach is based on the existence of a solid phase and
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a fluid phase with the porous nature of the material accounted for by means of drag forces 

between the phases. Mixture theory was applied as a biphasic model to articular cartilage by 

Mow et al. [1980]. Oomens et al. [1987] developed as nonlinear mixture-based analysis of 

the mechanics of skin. Biphasic theory has been applied to the study of pressure sores (Mak 

et al. [1994]), the diastolic left ventricle (Huyghe et al. [1991]), articular cartilage (Spilker 

et a l [1992]), and the intervertebral disk (Snijders [1994]). Simon [1992] demonstrated the 

equivalence between the poroelastic and biphasic analyses of soft tissues.

1.3.4 Remodeling Effects

Similar to bones responding to stress, soft tissues can remodel due to some external 

stimuli. The most common manifestation of soft tissue remodeling is the adaptation of the 

stress-free state of an artery. Takamizawa and Hayashi [1987] and Fung [1990] have shown 

the remodeling effects can be observed by examining the ‘opening angle’ of the material. The 

opening angle is a measure of the reverse bending stress the material applies to itself to 

counteract the high stresses induced by intraluminal pressurization. Matsumoto and Hayashi 

[1994] have shown that thickness of the artery wall can also remodel in response to an 

external stimulus such as hypertension.

1.3.5 Finite Element Models

As computational resources have increased, so have attempts to numerically simulate 

the behavior of soft tissues. Finite element models (FEMs) of soft tissues have been used to 

analyze a variety of conditions and materials, many of which are reviewed in Ghista et al.
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[1975] and Simon et al. [1993]. The early FEMs were based on strictly elastic models. 

Simon et al. [1971, 1972, 1973] and Ayorinde et al. [1975a,b] examined the arterial wall 

using transversely isotropic and isotropic models respectively. The work by Ayorinde et al. 

[1975a,b] is significant in that it used a combination of experimental, theoretical, and 

numerical methods to determine the material properties of in vitro canine aorta. Vawter 

[1978] investigated the influence of lung parenchyma on blood vessel deformation. Chandran 

et a l [1979], Fenton et a l [1984,1986], Thubrikar et a l [1990], and Salzar et al. [1991] used 

elastic FEMs to study the stress distributions at various points in the arterial tree.

Poroelastic and biphasic finite element models were first introduced by Simon et al. 

[1986] and Simon and Gaballa [1986]. These models used an isotropic, small strain approach 

to describe the transient deformation and fluid distribution in an artery wall. Spilker, Suh, and 

M ow [1988] used a biphasic finite element approach to model articular cartilage. Large 

deformations were introduced into the poroelastic FEMs by Simon and Gaballa [1988] by 

incorporating a hyperelastic material description and a strain dependent permeability. Yuan 

[1991], Yuan and Simon [1992], Simon [1992], and Simon et al. [1995a,b] built upon these 

porohyperelastic models to develop more general models of soft tissue deformation and fluid 

motion. Huyghe et a l [1992] have done poroelastic FEMs on the left ventricle using a finite 

deformation formulation. Laible et al. [1994] developed schemes that utilize FEMs in 

optimization schemes for the determination of material properties.

1.3.6 Electrolyte Transport

Recently, attempts have been made to include the effects of charged electrolytes
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within the fluid on the motion of the fluid and the corresponding swelling of the material. The 

transport of biophysical material was addressed in depth by Katchelsky and Curran [1965]. 

Maroudas [1975] examined the chemical aspects of the transport of nutrients in cartilaginous 

tissues. Fry [1985] presented analytical and finite element models for the transport of labeled 

albumin across the artery wall. His results suggested a functional dependence of the 

diffiisivity of albumin on intraluminal pressure. Tedgui and Lever [1984,1985] determined 

Peclet numbers for the transport of 131I-albumin through rabbit thoracic aortas under various 

internal pressures. They also examined the transport of low  density lipoproteins through the 

artery wall.

Fatt and Goldstick [1965] recognized the importance of fluid flow on the degree of 

swelling in corneal stroma tissue. The fluid flow, however, is directly coupled to transport of 

species through species-induced osmotic pressures. Thus, it became necessary to incorporate 

the transport of biological species into the existing biphasic and poroelastic frameworks. 

With these mass transport effects included, the model becomes a fully coupled set o f  

governing equations that describe the solid, fluid, and electrolyte behavior. The solid and 

fluid are coupled through the classic poroelastic theory while the mass transport and fluid 

(and therefore the solid) are coupled through an osmotic (swelling) fluid pressure and the 

convection of electrolytes by the fluid. Myers et al. [1984] introduced ion-induced swelling 

into a biphasic model of articular cartilage using a thermal expansion analog. Eisenberg and 

Grodzinsky [1987] modeled the influence of swelling with a “chemical stress” contribution 

in the poroelastic theory. This model differed from that of Myers by accounting for the 

transport of two charged ionic species as well as concentration-dependent elastic tissue
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properties. However, both theories did not include the convection of species by the fluid 

motion. Lanir [1987] included the convection effects and induced swelling as a driving fluid 

pressure. The work of Lai et al. [1991, 1994] presented a cohesive representation of the 

triphasic (solid, fluid, species) theory that accounts for convection and swelling including 

swelling associated with charge to charge repulsion. However, as Laible et al. [1993] points 

out, the triphasic theory contains a large number of unknown properties and parameters which 

present tremendous difficulties in the experimental determination of material properties. It 

should also be noted that the formulations of Lai et al. and Laible et al. considered only the 

small strain case. Snijders [1994] incorporated finite straining into a triphasic formulation. 

However, the analysis was restricted to a single neutral salt and it neglected effects associated 

with the convection of the salt due to the large deformation of the material. To simulate large 

arteries, a more physically relevant formulation is needed to model the nonlinear material 

response and finite strains as well as the effects of swelling and the convection/diffusion of 

charged species.

1.4 Objectives of Research

This dissertation will present a theory which extends the nonlinear poroelastic 

formulation of Simon [1992] and fully incorporates the modeling of mass transport and the 

associated coupling effects. The physical ramifications of the theory w ill also be discussed. 

First, the complete nonlinear porohyperelastic theory will be presented. The theory is applied 

in data reduction schemes that can be used in conjunction with experimental data to produce 

material constants and trends. The commercial finite element package ABAQUS will be used
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to implement the porohyperelastic theory in a mixed finite element formulation where the 

interpolated unknown degree of freedoms are solid displacements and pore fluid stresses. The 

FEMs will be used to simulate the behavior of typical soft tissue materials and problems such 

as arterial response to blood pressure cycling and remodeling effects o f large arteries.

The porohyperelastic transport-swelling (PHETS) theory that is presented in this work 

includes the nonlinear hyperelastic material description, chemically-induced swelling due to 

osmotic effects, and convection/diffusion of two arbitrary charged species within the mobile 

tissue fluid. Additionally, the material properties have a relevant physical significance in the 

poroelastic formulation which allows for easier identification with experimental methods. 

Eulerian and Lagrangian mixed finite element formulations are developed using a Galerkin 

principle with a Petrov-Galerkin scheme used for the species transport. The Lagrangian 

mixed finite element formulation of the theory, with solid displacements, pore fluid stresses, 

and species concentrations as interpolated unknowns, is implemented in a FORTRAN 

computer program. As with the porohyperelastic theory, the porohyperelastic transport

swelling theory will be applied in data reduction schemes to be used in conjunction with 

experiments to obtain material properties. The finite element implementation will be used to 

model the effects of mass transport in large arteries and the effects of swelling in other soft 

tissue problems. Numerical issues inherent in the implementation will also be discussed.

The specific objectives of the research in this dissertation are as follows:

1 Develop a general porohyperelastic field theory and apply the theory to soft tissue 

mechanics for the isotropic case. This includes numerically implementing the theory 

and using the theory in conjunction with experiments to examine arterial behavior and
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identify material property trends and dependencies.

2 Extend the porohyperelastic theory to develop a general porohyperelastic transport- 

swelling (PHETS) theory. For this model, it is desired to describe the behavior of a 

deformable porous solid skeleton saturated with a mobile tissue fluid which contains 

concentrations o f two dissolved charged species. The mass transport o f these species 

are coupled to the pore fluid flow and solid deformation by convection and by 

osmotically induced swelling of the tissue. The primary goal is to model the fully 

coupled nonlinear finite strain aspects of the theory. While the theory will be general, 

applications of the theory will be examined isotropically.

3 Numerically implement the porohyperelastic transport-swelling theory with the finite 

element method. A  mixed formulation will be used to interpolate solid displacements, 

pore fluid stresses, and species concentrations. Both Lagrangian and Eulerian 

formulations w ill be considered and the Lagrangian description will be implemented 

in a FORTRAN computer program. Issues of nonlinearity, time integration, solution 

strategy, convection and others will be addressed. While the formulation and 

implementation is considered to be new ground, many aspects of the problem have 

been analyzed previously within other contexts and this knowledge will be applied to 

this formulation.

4 U se the porohyperelastic transport-swelling theory to develop experiments, 

experimental protocol, and the necessary data reduction schemes to determine 

material properties and trends for use in the model. The model can then be used to 

provide a further understanding of the mechanics and species transport in soft tissues



such as vascular structures, articular cartilage, and intervertebral discs.
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CHAPTER 2

POROHYPERELASTIC FIELD THEORY

2.1 Assumptions

The porohyperelastic theory presented here assumes the presence of an incompressible 

hyperelastic porous solid skeleton (s) saturated by an incompressible mobile fluid (/). The 

solid skeleton is assumed to behave perfectly elastically, that is, in the absence of hydrostatic 

loads, there is a direct correspondence between stress and strain. For the purpose of this 

research, the fluid is considered to be water which can be approximated as incompressible. 

In arterial mechanics, there are two classifications of fluid considered within the material. 

Mobile tissue fluid completely saturates the pores of the solid skeleton and is free to displace 

relative to the solid as governed by the bulk properties of the material and the friction 

between the solid skeleton and the fluid within the pores (permeability). Regions of trapped 

fluid in the solid skeleton are considered part of the solid skeleton volume and may not 

displace relative to the solid. In typical soft tissues there exists a relatively large quantity of 

trapped incompressible fluid. Therefore, the solid skeleton can also be considered 

incompressible.

In the poroelastic formulation presented here, the pores are considered to be 

sufficiently small such that they can be viewed as a continuum and that a particle of solid can 

coexist in the same position as a fluid particle.
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2.2 Conventions

In this dissertation, the following conventions and notations will be used:

1. Index notation will be used throughout. The subscripts i, j, k, etc. represent 

the 1 , 2 , 3  directions in a Cartesian coordinate system. Note that i,j, k can 

refer to both current position, x. and the reference position, Xr  Repeated 

indices imply a sum over the 1 , 2 , 3  directions, i.e.,

^ii = ^ 2  ^kk = ̂ 'u + ̂ 22 + -̂ 33 - (2.2. 1)
k=l

2. Spatial differentiation may be represented in index notation with a comma 

denoting partial differentiation with respect to position holding all other 

variable constant, i.e.,

uhi
dui
dXj (2.2.2)

3. A dot above a quantity represents the material time derivative with respect to 

the original solid position

dui _ dut 
dt dt y

(2.2.3)

4. A tilde (~) above a quantity denotes a Lagrangian quantity.

5. In general, repeated superscripts indices will not imply a summation.
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2.3 Kinematics

A  volume of material dVQ is located at X. at time ?0. At time t, following 

deformation, the volume becomes dV located at position xi. The volume strain of the 

material is given by

J - dV
dV, (2.3.1)

Assuming the fluid saturates the pores of the solid skeleton, the porosity of the material, n, 

is the ratio of the fluid volume to the total volume and is given by

dVf n - ------
dV

dV=dVs +dVf . (2.3.2)

The initial porosity is defined as

n0
d v [
dV0

dV0 = dVQ + dv/. (2.3.3)

with the subscript 0 denoting initial quantities. Since the solid is incompressible, dVs = dV0s 

and the porosity can be expressed as a function of the deformation (volume strain)

n = l-J~ 1(l-n 0). (2.3.4)

Although both the solid skeleton and the fluid are considered incompressible, the total 

material (solid and fluid combined) can be compressible due to a net gain or loss of a volume
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of fluid.

The displacement of the solid is given by

ui=xi -X i

with the associated material time derivatives

,  d u i
U r v i = —r

and

u
dui
dt

The current and reference position vectors are related by

x^xfXpt)

and

X^Xfx^t).

The spatial velocity gradient is composed of symmetric and antisymmetric parts

8n.
_  = «y =Z># + W#

(2.3,5)

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)
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where is the rate of deformation or velocity strain and is the vorticity or spin tensor.

The displacement of fluid at this point is « / ,  defined in an average sense such that the 

volume of fluid that is displaced through a unit area perpendicular to the v.-axis is given as 

nu(. The apparent relative fluid displacement is defined in the same manner but relative to 

the deforming solid as

w ^ niuf-u^ . (2.3.12)

The apparent relative fluid velocity is similarly defined as the average fluid velocity relative 

to the deforming solid

v f  = n(yf-V i). (2.3.13)

%-■|(« y  (2.3.11)

The apparent relative fluid velocity given in equation (2.3.13) is a definition and in general

f r  d W -v- * w ■ = . The spatial relative volumetric fluid strain rate is

D /r = v/r -̂ kk ’ (2.3.14)

A  schematic of the poroelastic model is shown in Figure 2.1.
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~--- X ------+----

t---------- x 

Figure 2.1 - Schematic of Poroelastic Model 

2.4 Conservation of Mass 

Both the solid skeleton and the fluid are subjected to conservation of mass given as 

a =s,f (2.4.1) 

where pa is the apparent density of the a constituent equal to the mass of the constituent 

divided by the total volume of the material. At a given time, the mass present in volume dV 

is 

dm =dm 8 +dmf. (2.4.2) 

The density of the total material volume, p , is 
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where p£ are the true densities (mass of constituent per unit volume of the constituent). 

Therefore, the apparent densities (mass of constituent per unit total volume) are

p* = (1 -n)pT , (2.4.4)

and

pf=n{fT. (2.4.5)

p = (l-ft)Pr+ftf4=ps + f /  (2.4.3)

Conservation of mass for the solid phase is

d [(l-*)P r] | a [ ( l -n )p > /]  

dt dxi

which reduces to

8n d v / d(nv/)
- —  + --------------- -------------------- =  0

dt dxi dxi

(2.4.6)

(2.4.7)

when the solid is incompressible. Conservation of mass for the fluid phase is

d(” Pr) d(nPrvZ) A------- + ---------- = 0
dt dxi

(2.4.8)

which reduces to
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dn | d(m{) 
dt dxi

0 (2.4.9)

when the fluid is incompressible. Adding equations (2.4.7) and (2.4.9) results in a constraint 

due the incompressibility of both the solid and fluid phases

d v / d [n (v /-v /)]  d v / d v f  -----  + ------------------  = -----  + ------
dxk dxk dxk dxk

(2.4.10)

In terms o f the spatial rates of deformation and relative volumetric fluid strain, equation 

(2.4.10) can be rewritten as

* V < = o . (2.4.11)

2.5 Strain Measures

The current and reference position vectors are related by

%.=%.(%, f)

and

Xi=Xi(xj ,t).

(2.5.1)

(2.5.2)

The deformation gradient is defined as
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a*.
(2.5.3)

The volume strain, or Jacobian, can also be defined as

J=det(F..) = |F .. |. (2.5.4)

In the Eulerian description, the velocity gradient, rate of deformation and vorticity tensor are 

as defined previously

du.

I T ' V  " ‘ " l « (2.5.5)

with

1 l z .

Dij + %  2 ^ ij ^ ' (2.5.6)

In the Eulerian view, Almansi’s strain is

1
( v ^ 1)

whereas in the Lagrangian description, Green’s strain is defined as

Eij- \( .FkiFkj-6i?

where the Kroneker delta is 8,, /1 i = j
"to i*r

(2.5.8)

The rate of deformation (velocity strain), Green’s

strain, and the volume strain rate are related by
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FkPknFmj’ j=JDkk=JErf l n

with Finger’s strain, H~, given as

dX. dX.

The rate of change of the Finger’s strain is 

The relative volumetric fluid strain rate is

n fr- v frU kk ~ Vk,k •

. (2.5.9)

(2.5.10)

(2.5.11)

(2.5.12)

The Lagrangian relative volumetric fluid strain rate is

=JDfi
kk- (2.5.13)

2.6 Stress Measures

Stress measures are chosen for their conjugacy with the strain measures defined above 

such that the strain energy is independent of the problem description. In the Eulerian view, 

the stress and strain measures are applied to the current material configuration, dV, whereas 

in the Lagrangian description, the stress and strain measures are referenced to the referred to
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the original or reference configuration, dV0. Cauchy (true) stress, cr is conjugate to velocity 

strain in the current configuration. In the Lagrangian view, the 2nd Piola-Kirchoff stress, S~, 

is conjugate to Green’s strain rate. Conjugacy is specified as

TfiFijdVo- (2.6.1)

where TV is the 1st Piola-Kirchoff stress. From conjugacy, Cauchy stress, 1st and 2nd Piola- 

Kirchoff stress can be related by the following transformations

Sg -  JFik oklFji , °ki=J Fkfiifij (2.6.2)

and

Tu=JFik aki> Tn ~ îjFij• (2.6.3)

2 .7  Conservation of Momentum

In the poroelastic formulation the total Cauchy stress is cr.. Conservation of linear 

momentum for the bulk material in the absence of body forces and accelerations results in the 

quasi-static equilibrium equation

a* l=0’ z 0 . (2.7.1)

Conservation of angular momentum yields the symmetry of the total Cauchy stress, i.e.,
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cr. = a-. In terms of the 1st Piola-Kirchoff stresses, equilibrium in the absence of body forces 

and accelerations is specified as

—-7 = 0 , (Tij*Tji’ in general).
ÛLy

(2.7.2)

The total Cauchy stress for the bulk material is the sum of the partial solid stress and 

the partial fluid stress

ay " dz>' + 4 (2.7.3)

where

(1 n)aij’ (2.7.4)

6̂ . = nc/jj = (2.7.5)

and 'nf is the pore fluid stress (=-pore fluid pressure). The pore fluid stress is a hydrostatic 

term that has the convention of being positive in tension and negative in compression.

Conservation of linear momentum must be satisfied for each constituent (solid and 

fluid) as well as for the bulk material. The quasi-static equilibrium equations in the absence 

of body forces for each constituent is
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-Tr~+P i =  ̂ a = s,f  (2.7.6)
dXj

where p “is the partial momentum contribution to the a constituent from all other constituents

p ° = (l-n )p{  (2.7.7)

and

p f =nPi- (2.7.8)

Equilibrium in the solid phase (per unit bulk volume) can be written as

dXj
(2.7.9)

Equilibrium in the fluid phase (per unit bulk volume) is expressed as

d[no^]

dXj
+npf=0„ (2.7.10)

2.7.1 Momentum Supplies

The momentum supplies, p “ are internal forces (per unit total volume) and thus 

subjected to the constraint
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E p “ = 0 (2.7.11)a

or

( l - n ) p /+ n p /= 0 .  (2.7.12)

The momentum supplied by the fluid, p ( , consists of three forces

P ! = p f +P f +Pif - (2.7.13)

The momentum supply is a force that represents the viscous drag on the fluid by the 

surrounding solid as the fluid flows through the pores in the solid skeleton. The viscous 

nature of this force dictates that it should be a function of the relative fluid velocity with the 

form (Gaballa, [1988])

Pif= ~kijlvf  (2.7.14)

where is the hydraulic permeability.

A  buoyancy force, p^ , is due to the density difference between the solid and fluid 

phases. Bowen [1980] showed that this force is proportional to the gradient in density of the 

phases with the entire mixture and Oomens [1985] gave the expression of buoyancy force as

bf 1 fdn
Pi = — Tv----- .

n dxi (2.7.15)

A  fluid driving force p f  exists due to the presence of a chemical potential within the
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fluid. At this point in the analysis, the fluid is considered to be water with no chemical species 

present. Therefore, this term is not included here. Its influence w ill be included in Chapter 

Five when the influence of chemical and electrical effects are considered.

Substituting equations (2.7.14) and (2.7.15) into equation (2.7.10) produces an 

Eulerian Darcy law expression that relates the relative fluid velocity to the gradient in pore 

fluid stress

dvf
'i j dXj

v i (2.7.16)

where vf is the pore fluid stress and k- is the anisotropic hydraulic permeability. The Darcy 

law relates the relative fluid velocity to the gradient in pore fluid stress. A  similar Lagrangian 

Darcy law can be given as

(2.7.17)

where

(2.7.18)

and

v f (2.7.19)
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In equation (2.7.19), the relation between the Eulerian and Lagrangian relative velocities is 

taken from Yuan [1991] and derives from the consideration that the Lagrangian relative fluid 

velocity is specified such that the total fluid flux through a differential reference area dA0 is 

equivalent to the total fluid flux through the corresponding current area dA for an 

incompressible fluid.

2 .8 Summary of Conservation Equations

This chapter has presented the following Eulerian and Lagrangian conservation 

equations.

1. Conservation of Linear Momentum

a. Eulerian

(2.8. 1)

b. Lagrangian

dr.
- = 0  ( T ^ r . ,  in general) (2.8.2)

2. Conservation of Fluid Mass

a. Eulerian Darcy Law



50

(2.8.3)

Lagrangian Darcy Law

kijdxj Vi (2.8.4)

3. Conservation of Total Mass (Incompressibility Constraint) 

a. Eulerian

(2.8.5)

b. Lagrangian

(2.8.6)

These equations together with the constitutive relations comprise the complete 

pofohyperelastic field theory. The next chapter will discuss the characteristic behavior of soft

tissues and how that relates to the constitutive behavior.
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CHAPTER 3

CONSTITUTIVE RELATIONS

This chapter will describe the typical material response of large arteries to various 

loadings and how this behavior relates to the constitutive relations that will be used in the 

porohyperelastic theory. These relations will be given initially in anisotropic form but will be 

implemented in Chapter Four using the isotropic assumption.

3.1 Soft Tissue Material Responses

3.1.1 Undrained Response

When a porous structure with low permeability is loaded rapidly, the fluid does not 

move relative to the deforming solid. Since both solid and fluid are incompressible, the 

response of the entire structure is then incompressible. This is referred to as the undrained 

state. One example of this behavior is the confined compression of a column of porous media 

under a step mechanical pressure. If the load is applied over a very small time increment 

(close to a step) and the permeability is low, there will be no resulting deformation since both 

solid and fluid are incompressible and the fluid will not move relative to the solid. Since there 

is no deformation, there effective solid strain is zero and all of the load is taken up by the pore 

fluid stress.

Another example of undrained material phenomena is the sudden internal 

pressurization of a porous cylinder. Again, if the load application is rapid and the
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permeability is low, the fluid will not move relative to the deforming solid and the entire 

material will be incompressible. Contrary to the confined compression test, the cylinder will 

see deformation, but as the material is incompressible, the final deformed volume after 

distension will be equal to the original undeformed volume. The response of a blood vessel 

under cyclic blood pressure loading can also be considered an undrained response. In both 

of these examples, the undrained poroelastic response is equivalent to the incompressible 

elastic response. This point will be revisited when the constitutive laws are presented.

3.1.2 Drained Response

As a result of the application of a load, transient pore fluid stress gradients may be 

such as to transiently drive the intake or drainage of fluid to or from the material. The 

drained state is achieved when a steady state condition is reached and the pore fluid pressure 

through the material is equilibrated with an external bath. Referring again to the confined 

compression test, after a sudden application of the load, the response is undrained. As stated 

above, the load is taken up by the pore fluid stress. Typically, as time elapses, a gradient will 

develop between the pore fluid stress distribution in the material and the value of pore fluid 

stress in an external bath at the boundary. (In the undrained solution, there is a step between 

the boundary pore fluid stress and the pore fluid stress in the material at the boundary). The 

gradients that exist will cause fluid motion to occur. The pore fluid will diffuse until the 

steady state pore fluid stresses equilibrates with the external bath pore fluid stress. The steady 

state response is the drained condition and, for this example, equivalent to the steady state 

Terzaghi consolidation (Terzaghi [1943]). If fluid is imbibed or excluded from the material
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then the material has undergone a net volume change and is therefore compressible. The 

drained poroelastic solution is equivalent to the compressible elastic solution.

3.1.3 Flowing or Pressurized Response

If the steady state pore pressure gradients are such that there is flow through the 

material, this is referred to as ihe flowing or pressurized state. This will result from a material 

subject to different pore fluid stress boundary conditions on different boundaries of the model. 

Typically, the pore fluid pressure on the external boundary of a blood vessel is less than the 

intraluminal blood pressure. At steady state, these conditions will result in a net flow from 

the inside of the vessel through the wall to the outside. There is no elastic equivalent to the 

flowing condition.

It can be seen that the undrained and steady state drained states are determined by the 

elastic behavior of the material whereas the flowing state is dictated by both the elastic 

response and the fluid flow behavior. It should also be noted that the transient behavior 

leading to the drained case is determined by both the elastic response and the fluid flow  

description as w ell Since the fluid flow and thus, the pore fluid stress, t/ ,  has no bearing on 

the undrained and steady state drained solutions, these responses must be described by the 

effective elastic material description.

3.2 Constitutive Models

The constitutive model should relate conjugate pairs of stress and strain or conjugate 

pairs of stress rate and rate of deformation. For finite strains, the principle of objectivity
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dictates that the state of stress and strain must be invariant to the frame of reference. Thus 

the constitutive models should be invariant or indifferent with respect to the frame o f  

reference. The ramification of the principle of objectivity is to ensure that the material time 

derivative should vanish when a body undergoes rigid body motion. While the true Cauchy 

stress satisfies this criterion, the Cauchy stress rate, cr., does not. For this reason an objective 

stress rate that satisfies the principle of objectivity should be introduced. The objective 

Jaumann rate of Cauchy stress is defined as

4  = (3.2.1)

A  general anisotropic incremental poroelastic constitutive expression relating Jaumann 

rate, pore fluid stress rate, and rate of deformation is given as

0ij ~ ̂ ijkPkl + 6  MjjR? (3.2.2)

where Q is a bulk modulus and is a symmetric tensor representing the compressibility of 

the material. Gaballa [1989] incorporated the pore fluid stress rate into equation (3.2.2) by 

generalizing the linear theory of Biot [1956] in rate form with the introduction of the bulk 

modulus, Q, i.e.,

-k ^ m p ^ Q D H  (3.2.3)

When both the solid skeleton and the fluid phase are incompressible, m^Qb- and ' 

Thus, with the incompressibility constraint derived earlier,
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(3.2.4)

the pore fluid stress rate becomes indeterminate

(3.2.5)

Therefore the Jaumann rate constitutive relation becomes

(3.2.6)

where C~kl is the drained incremental material stiffness of the bulk material. (Drained refers 

to a state where t/ = t/ = 0 ) .

Note that equation (3.2.6) is an equivalent form of the effective stress principle often 

employed for poroelastic soil mechanics problems. The effective stress principle states that 

the total Cauchy stress can be written as the sum of the effective stress and the pore fluid 

stress

The primary task is to determine the appropriate form of the effective stress a*-.

3.3 Drained Elastic Material Description

Fung [1990] demonstrated that a finite strain hyperelastic material can be used to 

accurately describe the elastic behavior of soft tissues. A  hyperelastic material is defined as 

a material for which exists a strain energy density function, W, which can be differentiated

(3.2.7)'
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with respect to strain to produce the stress-strain relation, i.e., for the small strain case,

aij
aw (%)

(3.3.1)

While Fung proposed that such a material could be used to describe the elastic behavior, 

Simon [1992] integrated this concept into the poroelastic formulation. In this respect, the 

hyperelastic material function can be used to describe the undrained and drained material 

behavior while the poroelastic formulation captures the relative fluid motion. Following the 

traditional poroelastic soil mechanics, the stress can be written as the sum of the effective 

stress and the pore fluid stress

a.. = aJ+7/6... (3.3.2)

Hyperelasticity is introduced by using an effective strain energy density function

W e = W e(E.j,£) to define aL  where E.. is Green’s strain and C = — However,  because 
J J dx i

both the solid and fluid are incompressible, C is not independent o f solid strain, i.e., 

/ - 1 +C = 0.  Therefore, the strain energy density function can be written as only a function 

of Green’s strain W e = W e(Eip . The effective strain energy density function can be 

differentiated with respect to Green’s strain to produce the conjugate effective 2nd Piola- 

Kirchoff stress, S»

d w e

K
(3.3.3)
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The effective Cauchy stress can then be written as

o 'r J - 'F X F ,- (3.3.4)

The total Cauchy stress can also be split into deviatoric and hydrostatic components

aij ~ 0'ij+ (3.3.5)

where TZf=—okk is the hydrostatic stress and

°'ij =DEy(o..), DEVia^ = a.. -  | a M6... (3.3.6)

Thus, the total anisotropic Cauchy stress can be written as

a..=Z>EVi j - i p  dW_ p
imXJ7 >

+ (3.3.7)

3.4 Isotropic Case

For the isotropic case, the effective strain energy density function can be written in 

terms of the deviatoric strain invariants

W \E .) = w X1x,12,J) (3.4.1)

where
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l x=J-2% ,  72=/-4/3/2,

^\~->+ ̂ kk  ’ 2̂~~>+ ̂ kk + ~ EyEij) •
(3.4.2)

Although both the solid and the fluid are incompressible, equation (3.4.1) represents a 

compressible form of the strain energy density function since fluid motion can result in a net 

volume change. The use of invariants allows the definition of nd, the drained hydrostatic 

stress, as

which can be used to produce the effective stress

Since Tid a n d #  are hydrostatic terms, DEV(op =DEV(ap. Therefore, the total hydrostatic 

stress is n/=nd + # .  Combining equations (3.3.7), (3.4.3), and (3.4.5) results in

of.=DEV(op + Tiddtj . (3.4.4)

Thus, the total stress can be written as

cr. =DEV(ap + . (3.4.5)

oi r D E V r% m (3.4.6)
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3.4.1 Lagrangian Description of Porohyperelastic Material

The transformation of Cauchy stress (equation (3.3.4)) to 2nd Piola-Kirchoff stress 

results in

« = 1,2

dw

s i .  dEa

dw s i .  
3 s " a ;  dE„ l] dJ J

(3.4.7)

where C is Green’s deformation tensor (left Cauchy-Green deformation tensor) given as

C r s = F k f k s  =  2 E r s + 6 rs - (3.4.8)

The incremental form of the 2nd Piola-Kirchoff stress is

where

H E
« = 1,2

' dW' 1TT ^ dW6 dL- —H..C
31 dEa 3

ij rs -

\  n 
/

s i .  d%

d w dw
dJ

(3.4.9)

E
n = l ,2

d w e dh

si. dEtj_ : E
» = 1,2

E
wt-1,2

a2# *  K  a /m

s L a ? , sb ,  SEU

| d2# e 07 dh  ] d w e d I „
dJdIndEkldEij dJn dÊ dEk

(3.4.10)
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d_
dt

V  l l f f  /7 r  d^ e dIn I n  dW e dIn 
• 5  3 * # " 31 dE„ 3 » a r  dEu

\ H£>* E
m-1,2

d 2W e d l n d l m ^ d w e d j  dh  , B w e d2h

8 ? A  BE » ,
d i d E u  S E „  d /„  d E „ 8 E „

(3.4.11)

> V = (3.4.12)

j  d # e _ E
n = l t2

d2w e dh ^ d 2w e dj
Jr dJ , SJ3in d£« ; d j 2 a

(3.4.13)

and

-^7t/ =*/ . (3.4.14)

Substituting equations (3.4.10) through (3.4.14) into equation (3.4.9) yields the Lagrangian 

incremental constitutive relation

(3.4.15)

where
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£>,,,= EJijkl'
m=1,2

E
m=l,2

a2# g C | a2# g a / + a # g
 ̂ d I J I n d E ij d E ki J a /a /„  d£.. d/„

+ E
% = 1,2

E
m =l,2

2 r  aw2_C _ 2  a # g ^4
3 ^  " d/„ d£ra 3 * a/re dEa

d2w e din a/,
d / A  dE» dE>

d j  „  d w e

d2w e d j  dh  d w e d2l
+ ---------------------- + -----------------a2# g_ _ _ _ _ t_______

d J d l J E k i d E rs d l n d E rsd E kl

AT
■ — —H-.v/ -  2JHj!Hjlvf dE v *  *
\  /Cl /

+ J H .. E d 2W e dh | d 2W e d J

w=l,2 , 5/d7„ 6£B/ + a/2 3£„

(3.4.16)

3.5 Summary of Isotropic Field Equations

This section presents a summary of the isotropic Eulerian porohyperelastic field 

equations.

1. Conservation

a. Linear and Angular Momentum 

i. Eulerian

d x j
( ° < r 0P (3.5.1)

ii. Lagrangian
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(TV*TV, in general)

b. Fluid Mass (Darcy Law) 

i. Eulerian

dvf
v,-

ii. Lagrangian

f  0t/

Constitutive

a. Eulerian Cauchy Stress

=DEV r - l

-̂1,2

d # e dL
57, 5£„

7%
d w
a r 5»+,/8»

b. Lagrangian 2nd Piola-Kirchoff Stress

l H r  dWe
ij d l n d E .  3  r n £ H d E n lJ 8 J  lJ

(3.5.2)

(3.5.3)

(3.5.4)

(3.5.5)

(3.5.6)

3. Constraints
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a. Eulerian Incompressibility

Da + D *  = 0 (3.5.7)

b. Lagrangian Incompressibility

■® A +j5£ = 0  ' O S S )

This Chapter has outline the material constitutive behavior for a porohyperelastic 

material The field equations above can be used to solve problems with porous materials that 

undergo large deformations provided that the material properties are known. The material 

properties needed are those associated with the effective strain energy density function, W e, 

and the permeability k- (or k~). The next chapter will implement the porohyperelastic theory 

as well as present techniques that can be used to determine these material properties 

experimentally.
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CHAPTER 4

FINITE ELEMENT AND EXPERIMENTAL METHODS; 

IMPLEMENTATION, EXPERIMENTS, AND APPLICATIONS

This chapter will detail how the isotropic porohyperelastic field theory is implemented 

for use in the ABAQUS commercial finite element program. Finite element models were used 

to help create and refine data reduction routines that can be used to determine material 

properties from experimental data. Experiments were performed and then simulated using 

the determined material properties. Once the accuracy of the FEMs was confirmed, they were 

used to examine some examples of arterial cyclic response and arterial remodeling.

4.1 Soft Tissue Material Description

Much of the fundamental work in the study of soft tissues has been on the 

identification of the material constitutive relation. Attempts have been made to model the 

material with linear elastic, nonlinear elastic, viscoelastic, and hyperelastic descriptions. 

Typical of soft tissues, large arteries can undergo large deformations (50% to 100% true 

strain) and exhibit a nonlinear history-dependent response. These nonlinearities have been 

documented by many sources [see Chapter One - Introduction]. The characteristic 

exponential behavior can be seen when examining the radial distension o f an artery under 

varying intraluminal blood pressure, as shown in Figure 4.8 and documented by, among many 

others, Simon [1990]. This nonlinear deformation behavior arises from the composition of
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material in the artery wall The wall is comprised of a matrix of collagen fibers, elastic tissue, 

and smooth muscle cells, among other components. At low mechanical load levels, the stress 

is taken up by the comphant elastin matrix resulting in a compliant response. As the load 

increases, the stiffer collagen fibers align in the direction of load and take up a greater 

proportion of the stress, which results in a stiffer response. Furthermore, because of the 

porous nature of the material, distinctly different transient and steady state behaviors can be 

observed for different loading and boundary conditions (undrained, drained, and flowing).

4.2 Fung-Mooney Effective Strain Energy Density Function

Fung suggested an exponential strain energy density function to model the nonlinear 

elastic behavior of soft tissues based on the observed phenomena o f soft tissues. This 

dissertation utilizes a similar form of his function for the effective strain energy density 

function. The general anisotropic form of the function is

tf* (£ p = ir ( .t> )= ic 0(<.*-l), (4.2.1)

This function is shown in Figure 4.1. In equation (4.2.1), (J> is quadratic in strain. This allows 

the stress-strain relation to reduce to the classic linear form in the case of small strain 

<j)«l)

^  *(<!>)= ■ (4.2.2)
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Figure 4.1 - Fung-Mooney Effective Strain Energy Density Function

For the isotropic case, the use of strain invariants is convenient in equation (4.2.1). 

Additionally, if the deviatoric strain invariants are used (as in Chapter Three), expressions for 

deviatoric stress and drained hydrostatic stress can be directly obtained from the derivatives 

of W e with respect to the strain invariants.

The form used here is referred to as the Fung-Mooney material and it has the 

following form

W e(Eij) = W e($) = ±C0(e* - l ) ,

*  = %  -  3) + C2( /2 -  3) + K '(J-1)2.

(4.2.3)
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For this material, the effective stress is

a^DEM V  r -if? 3<t> ^a r
&  "  #  ar dE_, >

+ 7trf6.. (4.2.4)

and the drained hydrostatic stress is

Ttd = d W -J Q . = C K ;e *(J~ 1) • 
d *  d /  0

(4.2.5)

The total Cauchy stress is therefore

aij

/

DEV
\

v  , - iF a w ' a* s i ,  
h  *“ a *  a/„ a £ „  ^

+ C0̂ /e 4,(7-l)6..+Tr^5... (4.2.6)

From this expression, it can be seen that undrained, drained, and flowing material responses 

are all contained in this constitutive relation. In the undrained state, 7=1 which eliminates the 

compressibility term K'(J-Y) in cj> and the second term of equation (4.2.6) leaving the 

undrained elastic response and the indeterminate # .  In the incompressible elastic case 

(undrained), t/  becomes the indeterminate hydrostatic stress. For the drained state, j/ = 0 and 

the behavior is dependent on the compressible elastic description since J *  1. Finally, in the 

flowing state, and 1 so both the compressibility and pore fluid stress are included.

4.3 ABAQUS Finite Element Implementation

The ABAQUS finite element program was used to analyze isotropic porohyperelastic
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materials. ABAQUS contains poroelastic elements with displacements and pore pressures 

as unknowns (mixed formulation). More importantly, ABAQUS uses the effective stress 

principle and allows the use of an isotropic hyperelastic material description for the effective 

stress. This effective drained strain energy function was implemented in the ABAQUS finite 

element program using the UHYPER option. This allows the specification (via a FORTRAN 

subroutine) of a user-defined hyperelastic material law to describe the effective material 

behavior for a finite strain poroelastic material. To implement the effective Fung-Mooney 

hyperelastic constitutive law in ABAQUS, the effective strain energy density function, W e, 

and its derivatives with respect to the deviatoric strain invariants must be specified in the 

FORTRAN user subroutine, UHYPER. ABAQUS requires the following quantities

d W e d W e d2w e d2w e d2w e d3w e d3W e d3W e

d7„a/p 57„dJ 3 J 2 dfad J 2 3 J 1
(4.3.1)

where ct, p= l,2 . The expressions for these derivatives for the Fung-Mooney function are 

given in Appendix A .l. The user subroutine is given in Appendix A. 2.

4.3.1 Abaqus Permeability

ABAQUS allows the permeability to be input as a function o f the voids ratio, e, 

defined as

n _ d V f  
1-n  dVs

(4.3.2)
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While this allows some phenomenological dependence to be used for the permeability, 

equipresence dictates that all permeability measures (Eulerian or Lagrangian) for this model 

should be functions of (jx The data reductions schemes presented later model the permeability 

as a function of (|), but the implementation in ABAQUS limits this general capability.

4.4 Isotropic Axisymmetric Plane Strain Model

Figure 4.2 shows a schematic of the artery cross-section. The artery is considered to 

be a cylinder with a constant strain in the z-direction (axial stretch). Therefore, the problem 

is reduced to an axisymmetric plane strain problem (axisymmetric with all shear strains zero).

Figure 4.2 - Arterial Cross Section
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For the axisymmetric plane strain case, the principal stretch ratios are convenient strain 

measures

XR =
dr

~dR’ (4.4.1)

where r and R represent the deformed and undeformed radial position respectively, and lg and 

Lg represent the deformed and undeformed gauge lengths respectively (in axial direction). 

The deformation gradient matrix then becomes diagonal

A* 0 0

0 A0 0

0 0 Az

i , j=R,e,Z. (4.4.2)

Thus, the volume strain is related to the principal stretches by

(4.4.3)

Green’s strain can be written as

- l )  i=j -R,Q,Z,  

E^O i+j.
(4.4.4)

In the isotropic axisymmetric plane strain case, the Eulerian Darcy law reduces to
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drf _
' dr '

Jr (4.4.5)

and the Lagrangian Darcy law is

r dvf
km dR

(4.4.6)

4.5 Material Property Determination

For the isotropic Fung-Mooney porohyperelastic material, the unknown material 

properties are C0, Q , Q , K ’, and the permeability, krr (or kRR)- Experiments and data 

reduction schemes were developed using undrained, drained, and flowing conditions to obtain 

those properties for in situ rabbit aortae. hi this section, each experiment and the 

corresponding data reduction scheme will be presented.

4.5.1 Experimental Apparatus

The experiments in this dissertation were based on those described by Baldwin et al. 

[1992]. The experiments were performed on male N ew Zealand white rabbit aortas. A  

schematic o f the apparatus is shown in Figure 4.3. After anesthesia and preparation, an 

approximately two-inch long segment was isolated in the thoracic cavity and the intercostal 

arteries were ligated. To prevent drying, the artery was continually immersed in a 

physiologically buffered saline solution (PBS) containing 4% bovine serum albumin, 0.03%
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Trypan blue to test for leaks and endothelium damage, and N aN 03 (in concentration 10"3 M) 

to relax smooth muscle cells in the media and eliminate variations in active tension between 

vessels. Both ends of the segment were cannulated using the procedures described in Baldwin 

et al. [1982, 1992] to avoid depressurization. One end of the vessel was connected to a 

pressure transducer via a polyethylene capillary tube and the other end was connected to a 

fluid reservoir of PBS (at pH 7.4 and 37°C) via a second capillary tube. The PBS also 

balances the osmotic pressures within the wall to remove any chemically-induced swelling 

effects. The loose adventitia was stripped from the artery leaving only the intact endothelium 

and the media onto which an arbitrary gauge length, lg, was marked. Baldwin et al. [1992] 

demonstrated that throughout the entire experimental procedure, the endothelium remains 

intact. To measure transmural flow through the artery wall, an air bubble was inserted into 

the reservoir capillary tube which was horizontally placed at the same height as the rabbit. 

Details concerning the methods of determining transmural flow from the air bubble will be 

presented later. Prior to any measurements, the artery was preconditioned by cycling the 

internal pressure three times between 50 mmHg and 125/150 mmHg to remove any 

hysteresis. At the end of the experiment, the artery was depressurized and all undeformed 

dimensions were measured from an excised segment of the artery. Note that the order in 

which the experiments are described below is not the actual order in which the experiments 

were performed. The actual experimental protocol is given in Appendix A.3.

All experiments are recorded on video. AH spatial measurements (deformed and 

undeformed radii, lengths, etc.) are made using the video with NIH Image software. This 

program allows accurate measurements to be taken directly off a SuperS video feed.
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Pressure transducer Aorta in situ

To outlet pressure

3-way tap

Cannulas

Coil immersed in water at 40° C

Air bubble

From inlet pressure head

Figure 4.3 - Experimental Apparatus

4.5.2 Undrained Test

4.5.2.1 Experimental Procedure

The undrained experiment is performed by inflating the artery with PBS by means of 

an infusion pump. PBS is infused at a rate of 1 ml/min. This constitutes a rapid inflation of 

the artery and, therefore, is designed to provoke the undrained condition since soft tissues 

typically have low permeabilities (k~ 10"15 m4/N ‘S, Holmes [1985]). Numerical simulations 

were performed with ABAQUS to verify that this rate of inflation was sufficiently rapid, in 

conjunction with the low permeability of the tissue, to produce the undrained state repeatedly. 

Figure 4.4 shows a typical pressurization versus time history for the artery under these
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conditions.

160 T

1 4 0 -

Figere 4.4 - Typical Intraluminal Pressure History for Undrained Experiment 
(Infusion Rate=l ml/min.)

The artery is held at a constant axial stretch with sutures attached to the ends of the 

artery section in situ. The value of axial stretch is held close to the physiological state 

(A gg-1.5). The external radius, re, and gauge length, lg, are measured at internal pressures 

of 2 5 ,5 0 ,7 5 ,1 0 0 ,1 2 5 , and 150 mmHg (the maximum applied internal pressure depends on 

the size and robustness of the artery). The axial stretch is then adjusted to a new value (at 

least 10% different than the first level of axial stretch) and an additional set of pressure/radius 

data at the above pressures are measured. Measured quantities at two levels of axial stretch 

are required to produce unique material properties from the data reduction schemes.
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4.5.2.2 Undrained Test Data Reduction 

The artery is assumed to be homogeneous and comprised solely of the media, that is, 

the endothelium/intima are considered to have the same mechanical properties as the media. 

Since the artery is incompressible in the undrained state, the volume strain is one. Therefore, 

dr r A. A. A. =--A. =1 
R8Z dRR z (4.5.1) 

which can be integrated to give a relation between the deformed and undeformed radii, i.e., 

2 -1 2 2 05 
r=[ri +Az (R -Ri )] · (4.5.2) 

where i denotes internal radius. The equilibrium equation in cylindrical coordinates is 

(4.5.3) 

Integration of this expression and substitution of the appropriate Lagrangian quantities yields 

an analytical expression for intraluminal pressure 

(4.5.4) 

In equation (4.5.4), i denotes internal and e denotes external. A similar procedure using 

equilibrium in the z-direction can be used to produce an expression for the axial force 



where 

2 21t 
F= -P nr +-I 

e e A F 
z 
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(4.5.5) 

(4.5.6) 

Since the material is incompressible, the integrands in equations (4.5.4) and (4.5.6) are known 

functions of material properties and R (or r) and can be integrated numerically. It is important 

to note that in arriving at equations (4.5.4) and (4.5.5), the indeterminate hydrostatic stress 

( nf) c;ancels leaving, or:ij.y, terms with material properties of the media Co' cl' and c2 ( K I 

is not present since 1=1). Given the deformed external radius measured at a given pressure 

and the material properties, a 'theoretical' pressure and axial force can be calculated from 

equations (4.5.4) and (4.5.5) and compared with the corresponding experimental pressure and 

axial force. The difference between the theoretical and experimental values is minimized in 

a least squares sense by adjusting the material constants C0 , C1 , and C2 in an optimization 

scheme, i.e., minimizing the expression 

(4.5.7) 

where N is the number of experimental data points. The data reduction scheme was 

programmed in FORTRAN using a multi-dimensional simplex method (Press et al. [1992]). 
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The material constants are subject to constraints according to Jaunzemis [1967]

There is and additional constraint of Co> 0  to ensure that the material undergoes positive 

strain in tension.

Numerical experiments using ABAQUS and the data reduction program indicated that 

if both pressure/radius data and axial force data at a given axial stretch are used for the 

optimization, the data reduction scheme produces unique values for C0, Cl , and C2. 

Similarly, if pressure/radius data exist for two distinct levels of axial stretch, unique values for 

C0, C1, and C2 will be determined even without axial force information. However, 

uniqueness of the material properties is not assured if  the only data are pressure/radius data 

at one level of axial stretch. Since the axial force is a difficult measurement to make in situ, 

pressure/radius data at two distinct levels of axial stretch are measured in the experiment.

4.5.3 Drained Test

4.5.3.1 Experimental Procedure

The drained test consists of the inflation of the artery to steady-state with Dow  

Coming 200 (DC200) fluid (viscosity= 0.65 cS). The DC200 inflates the artery but cannot

(4.5.8)

where

h > o , (4.5.9)
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flow through the artery wall due to its water immiscibility. Under pressure, the DC200 fluid 

imposes a no-flow (insulated) boundary condition on the interior surface o f the artery. The 

external bath pore fluid stress is vf =0 (the artery is immersed in PBS). As the artery is 

inflated to pressure, the pore fluid stress distribution in the wall will cause fluid motion which 

in general will result in a net volume change because tissue wall fluid can be either imbibed 

by or expelled from the w a ll. When the artery reaches steady-state, the pore fluid stresses 

throughout the wall equilibrate with the bath fluid stress at 7/  = 0 . Experimentally, steady- 

state is determined by recording the motion of an air bubble inserted into the capillary tube 

which is connected to the DC200 reservoir. The pressure is changed by altering the height 

of the DC200 reservoir. Although the viscosity of DC200 is high, changes in reservoir height 

result in fairly rapid changes in intraluminal pressure. Upon initial pressurization, the air 

bubble will displace due to the sudden distension of the vessel (similar to the undrained 

response). The bubble will then move slowly as the artery consolidates. Upon reaching 

steady-state, t/ = 0 and all motion of the wall fluid and the wall ceases. At this point the 

bubble becomes stationary. Figure 4.5 shows a typical bubble velocity versus time response 

for the drained experiment. The deformed external radius and the deformed gauge length are 

measured at steady-state intraluminal pressures of 5 0 ,7 5 ,1 0 0 , and 125 mmHg.
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Figure 4.5 - Typical Air Bubble Displacement Time History for Drained Experiment

4.5.3.2 Drained Test Data Reduction

Again, the tube is assumed to be elastically homogeneous and comprised solely of the 

media. Since there are no steady-state effects of the pore fluid stress, the medial elastic 

response is determined by the material constants C0, C1, C2, and K 1. The constants C0, Cv  

and C2 have been determined from the undrained test so only K' remains unknown.

While there is no flow in the steady-state condition of the artery, there can be a net 

gain or loss of fluid and, therefore, volume changes during the transient response. For this 

reason, the material is considered to be compressible and expressions for the integrands in the 

equations for pressure and axial force (equations (4.5.4) and (4.5.5)) are no longer available.
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In order to determine Z z for the media, ‘thin-walled’ tube assumptions are employed. These 

approximations lead to simplified expressions for the principal stretch ratios

Re-Ri
, r e + r i

(4.5.10)

and for the Cauchy stresses

° e “
Pirj - Pere

re~ri
a ______

z , 2  2x 2 2K(re -  r j  re - r i
(4.5.11)

The hydrostatic stress is 1/3 of the trace of the total Cauchy stress

| aM = | ( a r + a 0 + CTz) (4.5.12)

where the thin-walled stresses are determined from equation (4.5.11). Since t/ = 0 , the

dWehydrostatic stress is also equal to where

= C0K fe H J - 1) = C0K '{J- 1 )exp[cx (71 -  3) +C2(72 -  3) 1)2] (4.5.13)

and

J = \R\ &XZ (4.5.14)

where the principal stress ratios can be determined in a thin-walled tube sense from the 

deformation from equation (4.5.10). Since C0, C1? and C2 are known, the optimized value
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for K 1 can be determined by minimizing the difference in the least squares sense between the 

two measures of hydrostatic stress 

(4.5.15) 

where N is the number of experimental data points. This data reduction scheme was 

implemented using FORTRAN program. The parameter K 1 is a bulk modulus and must 

4.5.4 Hydraulic Permeability Test (Flowing Test) 

4.5.4,1 Experi/Mntal Procedure 

In this part of the experiment, the artery is inflated with PBS. Unlike the DC200, PBS 

can permeate the artery wall from the interior surface. When the artery is pressurized, the 

fluid pressure on the inside of the artery will be equal to the applied mechanical pressure. As 

in the drained test, the external bath is at rr/ = 0. At steady-state, there will be a gradient in 

pore fluid stress in the wall that will result in a steady-state fluid flux through the wall. The 

steady-state fluid flux through the wall is determined by measuring the steady-state velocity, 

Vb> of an air bubble inserted into the reservoir capillary tube. As with the drained experiment, 

the air bubble will displace initially due to the sudden distension of the vessel (similar to the 

undrained response). The bubble will then move slowly as the artery consolidates and 

approaches a final pore fluid pressure distribution. At steady-state, the bubble will move with 

a constant velocity indicative of the steady flow through the wall. Figure 4.6 shows a typical 

.• 
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bubble velocity versus time response for the flowing experiment.

Figure 4.6 - Typical Air Bubble Displacement Time History for Flowing Experiment

In the undrained and drained experiments and data reduction, only the media was 

considered due to the structural homogeneity of the artery. However, the endothelium plays 

an vital function as a barrier to flow into the wall. Therefore, there are two porous materials 

to be considered and two corresponding permeabilities to be determined experimentally. 

Furthermore, preliminary experimental results indicated that the permeability may be a strong 

function of deformation.

Two separate experiments are performed on the same artery. With the endothehum 

intact, the artery is inflated to 50 ,75 ,100 , and 125 mmHg and allowed to reach steady-state.
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At each pressure, the deformed external radius, total length (between sutures) and gauge 

length are measured as well as the steady-state bubble velocity. The aorta is then de- 

endothelialized by inserting a 3-4 mm Foley catheter into the aorta and gently scraping the 

endothelium away as the catheter is removed. The experiments are repeated on the de- 

endothelialized vessel at the same pressures and the deformations recorded.

4.5.4.2 Hydraulic Permeability Data Reduction

All of the elastic properties of the media have been determined from the undrained and 

drained tests. The elastic response of the intima is assumed to be the same as that of the 

media (Le., the artery is elastically homogeneous). The only properties to be determined are 

the radial components of the medial and endothelial permeability. The media is a matrix of 

collagen fibers, elastin, protogycans, and smooth muscle cells that can be viewed in a 

continuum sense as a porous material However, the endothelium is a single cell layer on the 

inside surface of the artery that cannot be viewed in a continuum sense and therefore cannot 

be assumed to behave according to a porous description. For this reason, it is more 

appropriate to determine the gross hydraulic resistance of the endothelium/intima as opposed 

to the permeability.

The permeability of the media is determined first using the de-endothelialized 

pressure/radius-flow data. At a given pressure, the total volumetric flow  through the artery 

wall at steady-state can be calculated from the bubble velocity

cl =A.yb, At = TiRmbe (4.5.16)
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where Rtube is the internal radius of the capillary tube (Rtube=0.595 mm). Since there is fluid 

flux crossing the internal and external surfaces, there can be a net change in tissue volume. 

Therefore, the material is compressible and thin-walled and average approximations must be 

employed. The average Lagrangian radial relative fluid velocity is calculated as the average 

of the relative fluid fluxes on the internal and external surfaces 

(4.5.17) 

where L1 is the total length of the artery available for radial flow in the experiment (typically, 

the length between sutures). A second value for the relative fluid velocity can be determined 

from an approximation,.to the Lagrangian Darcy law 

_ P.-P 
Ve!k I e 
r MEDR -R. 

e 1 

(4.5.18) 

The Lagrangian medial permeability can determined by minimizing the least squares 

differences between these two relative fluid velocities 

t{ [- P.-P ]}2 
liMED= [V]. _ k (<j>) 1 e 

r; MED R -R. 
e 1 · 

j=l ~ 

(4.5.19) 

where N is the number of experimental data points. As indicated in equation (4.5.19), the 

Lagrangian medial permeability can be specified as a function of the quadratic strain 

parameter <j>, where <I> is based on the thin-walled principal stretches. The constants in the 
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function are determined using an optimization routine and equation (4.5.19). The Eulerian 

permeability of the media can easily be determined in a similar manner by utilizing the 

transformation between Eulerian and Lagrangian permeability

kM E D  =  J ^ r ^ M E D ' (4.5.20)

Similarly, the Eulerian permeability could be substituted into equation (4.5.19) and could be 

determined (by optimization) as a function of strain.

Once the medial permeability is determined, the hydraulic resistance of the intima can 

be obtained. With the adventitia removed, the resistances of the intima and the resistance of 

the media can be added in series to produce the total hydraulic resistance o f the arterial wall

R^=Rint +^med ■ (4.5.21)

At a given pressure (the same value for both intact vessel and de-endothelialized vessel), the 

resistances can be approximated as

'MED '
Pj-Pe

Vb%
(4.5.22)

where V^+M is the steady-state bubble velocity for the intact (endothelium and media present) 

vessel at P. and V^ED is the steady-state bubble velocity for the de-endothelialized vessel at 

P-. At a given pressure, the intimal resistance is
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(4.5.23) 

As stated above, the intima should not be considered a continuum. However, it is convenient 

for numerical simulations to use a permeability for the intima to describe arterial wall fluid 

flow. Assuming the undeformed thickness of the intima, T1Nr, to be 1% of the undeformed 

wall thickness, 

(4.5.24) 

the resistance as a function of permeability at a given pressure is 

(4.5.25) 

where A1 is the inside surface area of the intima given by 

(4.5.26) 

The Lagrangian radial permeability of the intima can be determined by minimizing the 

difference in a least squares sense between the two values of intimal resistance given in 

equations (4.5.23) and (4.5.25) 

(4.5.27) 
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where N is the number of experimental data points. Again the Lagrangian intimal permeability 

can be considered a function of <j> and the material constants in that function will be optimized 

to minimize equation (4.5.27). The Eulerian permeability function can also be substituted into 

equation (4.5.27) and determined in a similar manner.

Since the effective strain energy density function is a function of (j>, the principle of 

equipresence dictates that the permeability (Lagrangian or Eulerian) should also be a function 

of 4>. However, when the theory is implemented into the ABAQUS finite element program 

(Section 4.3), the Eulerian permeability can only be input as a function (table look-up) of the 

voids ratio, e, which is defined as

1 -n dVs
(4.5.28)

Therefore, it is convenient to optimize equations (4.5.19) and (4.5.27) using the Eulerian 

permeability functions kMED(e) md.kJNT(e) where the dependence on e can be arbitrary 

(specified in the optimization scheme independent of ABAQUS). While specifying the 

permeability as a function of the voids ratio removes some of generality of the model, it does 

still allow for the permeability to be an empirical function of deformation as observed 

experimentally.

4.6 Verification of Data Reduction Procedures

The data reduction programs were verified by using arbitrary material properties to 

generate ‘data’ (pressure/radius response, wall flow, deformed dimensions, etc.) with finite
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element models developed using ABAQUS. This data was then fed to the data reduction 

schemes which produced very good agreement with the original ABAQUS material properties 

(some of the programs utilize thin-walled tube assumptions which result in some error). The 

proper experimental protocol was designed to enable the data reduction schemes to produce 

unique material properties (verified by ABAQUS). This aspect is crucial since it is desired 

to use similar techniques to obtain the material behavior associated with species transport. 

The porohyperelastic transport-swelling theory (PHETS), presented in Chapter Five, extends 

the porohyperelastic theory. Therefore, for experimental data reduction, it is imperative to 

have the porohyperelastic aspects identified so as to isolate the effects to due the transport 

of ionic species and the associated swelling effects.
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4.7 Experimental Results

Experiments were performed on eight rabbits. The data reduction schemes were used 

to determine the material properties. The goal of this exercise was not to isolate the behavior 

of a single rabbit aorta per se but to characterize the ‘typical’ response of large arteries. For 

this reason, the properties determined represent description of a ‘generic’ rabbit aorta.

4.7.1 Undrained Test

The undrained test was performed according to the procedure outline above. The 

data are presented as a pressure/radius curve shown in Figure 4 7  (mean ± SD). The axial 

stretches o f the specimens ranged from Az=1.3 -1 .7 .  For some o f the aortas, the two 

required levels of axial stretch were too similar to provide unique constants for a given 

specimen. However, enough data were collected to uniquely determine the undrained 

material constants for selected aortas using the undrained data reduction scheme. The 

material constants were calculated by the program PORO to be C0=61.0, Cx =0.907, and 

C2 =0.01275.

4.7.2 Drained Test

The drained experiment was performed following the procedure listed above. For the 

different specimens, the experimental data produce drained pressure/radius curves. The data 

are shown in Figure 4 8  (mean ± SD). The results are very similar to the undrained data. At 

a given pressure and axial stretch, the difference between the deformed radii o f the undrained 

and drained experiments is dictated by the compressibility of the artery which is specified
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through the value of K '. From preliminary data and observations, it was clear that this 

difference was difficult to discern which is indicative of a large drained bulk modulus, 

CJC'e *. It was also determined that since the results of the drained test are dictated by only 

one unknown parameter (along with the three known undrained material constants), only one 

or two pressures are necessary to provide an adequate estimate of the drained bulk modulus 

constant, K '. The data reduction program, BULK, calculated the drained bulk modulus 

constant to be 22.0.
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< 7 .3  Flowing Test

The flowing test was performed on both intact and de-endothehalized arteries 

according to the procedure outlined above. Earlier experiments (see Baldwin et al. [1992]) 

indicated trends in the hydraulic permeability that were used to reduce the number of 

experiments needed to obtain the desired results. These previous experiments indicated that 

the intimal resistance to fluid flow (permeability) demonstrated some deformation dependence 

only over the range of pressures from 50 to 75 mm Hg. It was also observed that the medial 

permeability showed little variation with pressure. Therefore, the flowing tests for the intact 

vessels were performed only at two or three pressures (depending on the fitness of the artery).
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Similarly, for the de-endothelialized arteries, flowing experimental results at only one pressure 

were needed to determine the medial permeability. For these reasons, the data to construct 

the complete pressure/radius response do not exist for the flowing tests. Regardless, previous 

observations indicated the characteristic exponential behavior and numerical simulation 

showed that drained and flowing pressure/radius responses are very similar (see Figure 4.19, 

Section 4.9), Figure 4.9 shows the variation of bubble velocity with pressure for the de- 

endothelialized artery (media only). The correlation appears to be linear through the 

physiological range. The correlation coefficients for all curves range from 0.909 to 0.999 

with an average of 0.960 indicating the strong probability of a linear relationship. This 

indicates that the Eulerian medial permeability is nearly constant and not a strong function of 

strain. The value for the medial permeability was determined by the data reduction scheme, 

PERM, to be 9.85xl0"16 nf/N -sec which is comparable to permeabilities reported in the 

literature (Kenyon [1979], Holmes [1985], and M ow et al. [1990]),

The bubble velocity versus pressure for the intact vessels is shown in Figure 4.7. The 

bubble velocity is seen to level off (from the required increase from zero velocity at zero 

pressure) or even decrease at pressures around P=15 mm Hg. While in general increasing 

pressure tends to increase the bubble velocity, this leveling off must be due to some variation 

in the permeability of the artery wall with pressure (strain). Specifically, it would indicate that 

as pressure (strain) increases, the permeability of the wall must be decreasing to counteract 

this effect. At higher pressures, the variation of bubble with pressure appears to be linear. 

A  linear regression analysis indicated that for pressures above 75 mm Hg in the data of Figure 

4.10, the correlation coefficients range from 0.895 to 0.998 with an average of 0.953. The
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strong demonstration of linearity indicates that at high pressures, the permeability of the artery 

wall is close to constant. Since the wall is considered to be comprised of only two layers, the 

media and endothelium, and the data for the de-endothelialized arteries indicated that medial 

permeability is constant, the nonlinearity in the bubble velocity-pressure curve must be due 

to the permeability, or more appropriately, the resistance of the endothelium/intima. The 

results suggest that the intimal permeability decreases with pressure (strain) to a constant 

value at higher pressures. The data reduction scheme PERM was used to determine this 

relation. The results are plotted in Figure 4.11 which also includes the media permeability for 

reference. These numbers for the permeabilities are comparable with other published results 

of rabbit aortic permeability (Kenyon [1979], Holmes [1985], and Mow et al. [1990]).
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Figure 4.9 - Bubble Velocity vs. Pressure for De-endothelialized Vessel
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Figure 4.10 - Bubble Velocity vs. Pressure for Intact Vessel

In Figure 4.11, the permeabilities are plotted against voids ratio (a measure of the fluid 

space) for use in ABAQUS. A direct dependence of permeability on voids ratio should not 

inferred. This is simply a mechanism for characterizing the strain dependence of the 

permeabilities for the models. It is extremely important to note that while these experiments 

indicate that the intimal permeability is dependent on the state of strain, the interpretation 

should not be limited to a direct cause and effect between the state of strain and the intimal 

permeability. There are many other factors (chemical, biological, etc.) that may play 

intermediate role in the strain-permeability relation. Furthermore, although the intima is a 

significant complex barrier to flow, and even though the experimental data has indicated a 

constant medial permeability, the possibility still exists that the influence of the endothelium 

on the media may provoke some strain dependence of the media that may vanish in the
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absence of the endothelium. More research is needed to further investigate the direct factors 

that determine the strain dependency of the arterial wall permeability.

Although the mechanisms of the strain dependence of the intimal permeability remain 

unclear, this research has established a clear phenomenological relation between wall strain 

and arterial wall permeability (both intima and media). This relation can be used in the 

theoretical and finite element models. This brings into question the issue of which frame of 

reference to use as fundamental for the permeability. Figure 4.12 shows that if the 

permeability is considered to be constant in the Eulerian frame (as the media is in Figure 

4.11), the Lagrangian permeability will be a function of strain due to the mapping between 

the Eulerian and Lagrangian frames.

1.20E-15 T

8.0QE-16

i
CZD

I
4.00E-16 --

0.0QE+00

1.08

Media Permeability

. Intima Permeability

- I ------------1------------1------- " " 1...............1-
1.09 1.1 1.11 1.12 1.13

Voids Ratio

- h - -------- 1
1.14 1.15

Figure 4.11 - ABAQUS Medial and Intimal Permeabilities vs. Voids Ratio



L
ag

ra
ng

ia
n 

P
er

m
ea

bi
lit

y 
[m

4/
s 

N
]

96

3.5QE-15 T

2.5CE-15 -

- - Inlima

—  Media

l.(XE-15 -

*

Figure 4.12 - Lagrangian Medial and Intimal Permeabilities vs. Strain Parameter c()



97

4.8 Finite Element Simulations

An axisymmetric, plane strain cylindrical model was created in ABAQUS to study the 

behavior of a typical large artery described by the isotropic porohyperelastic field theory and 

using the experimentally determined material properties. The model is shown in Figure 4.13. 

A  typical artery is composed of three layers (as shown in Figure 4.2): a thin intimal layer 

(lined by a single cell endothelial layer) that acts as a barrier to wall flow, a relatively thick 

media layer that is the primary structural component, and a loose adventitia layer. For these 

initial models, the loose adventitia is neglected and it is assumed that the artery is elastically 

homogeneous. Using the material properties determined from the experimental data, 

undrained, drained, and pressurized flow conditions were simulated.

The ABAQUS model contains 43 axisymmetric pore pressure elements (ABAQUS 

element CAX8P). These eight noded elements interpolate displacements at all nodes and pore 

pressures at the comer nodes (mixed formulation). The internal radius was set as 1.325 mm 

and the external radius was specified as 1.85 mm. The axial length is arbitrary and was set 

as 1 cm. The desired level of axial stretch can be applied by prescribing the corresponding 

freedoms in the axial (z-) direction.

In the undrained and drained tests, it was assumed that the tube was homogeneous 

and represented the response of the media. For the pressurized flow test, the influence of the 

intima on wall resistance is significant and therefore the refined interior elements in Figure

4.13 represent the intima. Although in this paper the initma is considered to be a 

porohyperelastic material with elastic properties identical to those of the media, it should be 

noted that the intima does not exist as a continuum and is not a poroelastic material. While
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it is in general structurally unimportant, the intima serves as a resistance to fluid flow on the 

interior surface of the wall. For this reason the primary descriptive intimal flow property 

should be gross resistance rather than permeability which is used in this dissertation.

Z
/T\ A B A C U S  A R T E R I A L  MODEL

> R

-------------------------------------------- > R e

Figure 4.13 - ABAQUS Finite Element Model

4.8.1 Undrained FEM

The undrained test was simulated by applying a rapid (step) inflation (internal 

pressure) to the cylinder. The results also correspond to the incompressible hyperelastic 

solution ( t/  = 0 with no flow and nd = 0 for 7 = 1 ) .  Figure 4.14 shows the pressure/radius 

response (Ae = r/R) of the cylinder subjected to one level of axial stretch ( \ z = l/L). Large 

arteries in situ typically are at an axial stretch greater than one. This plot demonstrates the 

characteristic exponential behavior typical of soft tissues. There is good agreement between 

the FEM results using the experimentally determined material properties and the observed



99

experiment results (mean ± standard deviation).

\  @ External Radius

—  Abaqus 
□ Experimental

Figure 4.14 - Comparison of FEM and Experiments for Undrained 
Pressure/Radius Response

4.8.2 Drained FEM

The drained test was simulated by imposing a no flow boundary condition on the 

inside of the tube. After step inflation, the pore pressure gradients will drive fluid motion. 

Drained steady state is achieved when the pore pressure throughout the cylinder equilibrates 

with the external bath pressure (in this case, steady state t/ =  0). The degree to which fluid 

is drained or driven into the wall is determined by the drained bulk modulus, K d = C0K'e*. 

The drained steady state pressure/radius response is shown in Figure 4.15 and exhibits good 

agreement with the experimental results (mean ± standard deviation). Although the FEMs
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model the thick-walled response of the artery, there is some inherent error in the simulation 

because the drained bulk modulus was determined using thin-walled tube approximations. 

Nevertheless, it appears that this assumption is somewhat justified by the good agreement 

between the experiments and the FEMs. These results correspond to the compressible 

hyperelastic solution (j /= 0 w ith  no flow and tt̂ O  for J* 1).
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Figure 4.15 - Comparison of FEM and Experiments for Drained 
Pressure/Radius Response
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4.8.3 Flowing FEM

Two pressurized flow tests were analyzed. The first FEM examined the de- 

endothelialized vessel. In the second FEM, the wall was considered to be composed of two
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layers, the endothelium and the media. In this manner, the effects of both the endothelium 

and media on tissue flow can be examined. For the pressurized flow test, the cylinder is 

rapidly inflated to both fluid and mechanical pressure. The pressurizing fluid is allowed to 

permeate through the wall. At steady state, #  * 0 so there will be steady flow through the 

wall The volumetric flow rate can be determined and a corresponding ‘bubble velocity’ can 

be calculated. In the corresponding experiment simulated by these FEMs, the bubble velocity 

represents the velocity of an air bubble inserted into a capillary tube which provides the 

pressurized fluid to the artery. As flow through the artery wall reaches steady state, the 

bubble will move with constant velocity. The media was represented by a constant 

permeability and the intima was represented by a strain dependent permeability as given in 

Section 4.7.3. The FEM and experimental results (mean ± standard deviation) for the steady 

state bubble velocity is shown in Figure 4,16 as a function of pressure for the single layer de- 

endothelialized model. The FEMs show good agreement with the experimental results. As 

with the drained test, there is some inherent error due to the thin-walled tube assumptions 

employed in the data reduction schemes. For the two layer model, the FEM steady state 

bubble velocity versus pressure curve shown in Figure 4.17 demonstrates the characteristic 

‘dip’ at about P/C0 = 1. This results from the decrease in intimal permeability with increasing 

strain. The dip represents the increased resistance of the intimal layer as its permeability 

decreases. However, as the permeability of the intimal becomes constant, the bubble velocity 

begins to increase again driven simply by increasing pressure. This can be seen more clearly 

in Figure 4.18 which shows both bubble velocity and permeability of the intima versus 

normalized pressure. It should be noted again that the current model represents the intima
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as a thin poroelastic layer with a permeability. In reality, there is a net hydraulic resistance 

that should be associated with this layer and not a permeability.
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Figure 4.16 - Comparison of FEM and Experiments of Bubble Velocity vs. Pressure 
for De-endothelialized Vessels
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4.9 Compressibility

Figure 4.19 shows the comparison of the pressure/radius responses for the undrained, 

drained, and pressurized flowing tests as calculated by the FEMs. The closeness between the 

undrained results and both the drained and flowing results indicates that the material is close 

to incompressible, even when fluid is allowed to drain or flow. This is due to the high value 

of the drained bulk modulus, C0K 'e *, which results in very small amounts of fluid flux during 

pressurization and stretch. Nevertheless, upon pressurization, the artery wall does increase 

in volume due to a net gain in fluid from the surrounding bath. This can be seen by examining 

the transient pore fluid pressure gradients through the wall in Figure 4.20. It is clear that at 

early times there is an influx of fluid into the wall from both internal and external surfaces due

3.00 T

2.50 - -

2.0 0 -

^  1.0 0 -

0 .5 0 -

\  @ Internal Radius

.......... Undrained

--------Drained

------- Flowing

Figure 4.19 - FEM Undrained, Drained, and Flowing Test Pressure/Radius 
Response (Az=1.5)
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to the gradients in pore fluid pressure. Even when there is a steady state flow from inside to 

outside, there has been a net fluid gain due to the transient behavior of the material. Figure 

4.21 shows the porosity through the wall at steady state as compared to the initial 

distribution. The volume of fluid has increased in the entire wall.

3  -10 -

-15 -

- 2 0 -

-25 -
T i n e  =  1 . 0 0 E - 7
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Figure 4.20 - Transient Pore Fluid Pressures Through Wall for Pressurized 
Flowing Test
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Figure 4.21 - Initial and Steady State Porosities Through Artery Wall («0=0.5)

4.10 Discussion of FEMs

These results have demonstrated that the finite element models, with proper material 

properties, do an excellent job of simulating the behavior of soft tissues such as large arteries. 

They have also shown that the constitutive models developed in this dissertation accurately 

describe the nonlinear and history dependent poroelastic response of such materials. With the 

verification of the theory and methods developed in this dissertation, a useful tool for the 

critical analysis of soft tissues can be applied to problems of interest in soft tissue mechanics 

such as arterial hypertension, intervertebral disk compression, and conditions involved in the 

development of atherogenesis and atherosclerosis.



4.11 Application of Porohyperelastic Theory and FEMs

4.11.1 Cyclic Response of Rabbit Aorta

The porohyperelastic field theory was used with the finite element program ABAQUS 

to simulate the response of a rabbit aorta to a cyclic intraluminal pressure associated with the 

systolic and diastolic stages of blood pressure. The same axisymmetric plane strain model 

geometry and properties as were used for the simulation of the material property 

determination experiments in Section 4.8 were used for these simulations. The goal of this 

study is to investigate the effects of cyclic internal pressure (blood pressure) on the 

deformation and the fluid motion within the artery wall.

The cardiac cycle was approximated as a sawtooth wave with a frequency of 1
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Figure 4.22 - Cyclic Intraluminal Blood Pressure
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beat/sec (1 Hz) as shown in Figure 4.22. The systolic pressure is 120 mm Hg and the 

diastolic pressure is 80 mm Hg. This idealized cardiac cycle is such that systolic pressure is 

achieved in the first third of the cycle and then is relaxed to diastolic over the final two thirds 

of the cycle. These pressures represent the applied mechanical pressure as well as the fluid 

pressure at the internal boundary since the tissue fluid (not blood) is allowed to permeate into 

the wall.

Figure 4.23 shows the pressure/radius response of the artery over the cardiac cycle. 

As each individual cycle is applied over a short period of time and the permeabilities of both 

the intima and the media are low, the cyclic portion of the press ure/radius response is 

undrained. However, underlying this undrained behavior is a steady state flowing condition

120 T

Systolic

Diastolic

oo 60 -

Internal Radius [mm]

Figure 4.23 - Cyclic Pressure/Radius Response of Rabbit Aorta
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at some nominal pressure between 80 and 120 mm Hg. Therefore, there may be some net 

flow through the wall while the intraluminal pressure is cycling.

Figure 4.24 shows the pore fluid pressure distributions through the wall over the first 

third of the cycle (systolic) and Figure 4.25 shows the pore fluid pressure distributions 

through the wall over the final two thirds of the cycle (diastolic). Similarly, Figure 4.26 

shows the relative fluid velocity distributions for the extremes of the systolic (P=120 mm Hg) 

and diastolic (P=80 mm Hg) cycles.

—- - 0
-------0.01025
-----  0.04097
— - 0.08193
----- 0.143

0.236 
-------0.333

S  60-

Deformed Radial Position [mm]

Figure 4.24 - Pore Fluid Pressure Distributions Over Systolic Cycle at Various Times
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Figure 4.25 - Pore Fluid Pressure Distributions Over Diastolic Cycle at Various Times

These plots provide some interesting information concerning the fluid motion within 

the arterial wall during cyclic loading. The first observation is the development of large 

gradients in pore fluid pressure on the interior of the wall. This is due to the low permeability 

of the intimal layer. Figure 4.24 demonstrates that the pore pressure gradients across the 

intima increase with increasing pressure. This effect combined with the fact that the 

permeability of the intimal layer asymptotes to a constant value at high levels of strain, will 

cause the relative fluid velocity to increase substantially at higher pressures. This can be seen 

more clearly in Figure 4.26 where at P=80 mm Hg, the relative fluid velocity is close to zero 

on the internal surface of the wall whereas there is the maximum relative fluid velocity on the

inside of the wall at P=120 mm Hg. Figure 4.27 shows the Eulerian relative fluid velocity
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through the wall under hypertensive conditions (cycling between 120 and 160 mm Hg). 

Under these conditions, the pressure gradients are such that there is flow on the inside of the 

wall throughout the hypertensive pressure range. This will cause an increase in the net flow  

through the wall and may increase the transport of LDLs or other promoters of atherogenesis. 

Furthermore, this phenomena will be occurring many times over the life cycle of the vessel 

compounding the effects that are observed on a per cycle basis. More research is need to 

investigate the correlations between hypertension and arterial wall fluid motion. These efforts 

can be undertaken using the porohyperelastic transport-swelling theory, developed in the next 

chapter, to study the effects of cyclic convection on distributions of species (i.e., heparin, 

albumin, LDL, etc.).

A  second observation of the results of this study concerns the relative fluid velocities 

through the walls on the systolic part of the cycle. Over the diastolic part of the cycle, the 

fluid motion throughout the entire wall from the inner surface to the outer surface. However, 

at the higher pressures of the systolic portion, fluid is imbibed from both surfaces of the 

artery. Furthermore, there are regions within the wall where the flow changes direction. This 

churning motion could have a significant effect on the transport of species in the wall. Of 

particular interest are the effects of the cyclic response of the artery on various drug delivery 

systems. The results presented here suggest that distribution of a drug-infused into the artery 

wall by intraluminal pressure could be studied. Efficient means of drug delivery could be 

developed with the knowledge of the tissue fluid motion within the artery wall. The 

porohyperelastic transport-swelling field theory that will be developed in Chapter Five can 

also be used to expand this analysis to provide even more information and insight into this
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phenomena. Further studies of the phenomena associated with the cyclic response of the 

arterial wall are necessary.

O.OOE-mo

Deformed Radius [mm]

Figure 4.26 - Eulerian Relative Fluid Velocity Distributions for ‘Normal’ Cycling Case 
(80 mm Hg to 120 mm Hg)
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Figure 4.27 - Eulerian Relative Fluid Velocity Distributions for ‘Hypertensive’ Cycling 
Case (120 mm Hg to 160 mm Hg)

4.11.2 Remodeling Effects

Whenever living tissue is involved in an analysis, the influence of active physiology 

(cellular, chemical, electrical effects, etc.) must be accounted for. One manifestation of such 

physiology is referred to as remodeling. Remodeling occurs when a biological structure 

(tissue, muscle, bone, etc.) is altered or adapts in response to some change in its environment. 

For example, it is believed that bone growth is driven by stress in the bone due to loading.

Fung [1990] has shown that remodeling effects are present in arteries. The artery can 

be considered to be a cylinder under internal pressure. Under normal conditions, this loading 

would produce large gradients in the hoop stress distribution through the wall (thick walled



114

cylinder solution) and large values of a 00 at the inside surface where the fragile endothelial 

cells reside. The artery can remodel itself to remove these large gradients, lower internal 

values of o 00, and produce a nearly uniform hoop stress through the wall. Essentially, the 

artery, through physiological adaptation processes, applies a bending pre-stress in itself in 

order to counteract the elevated stress effects associated with the internal pressure. This 

prestress manifests itself in what is referred to as the ‘opening angle.’ If a segment of artery 

is excised and then cut axially, the section may open due to the pre-stress, creating an opening 

angle as in Figure 4.28 (Fung [1990]). For the case of axisymmetric plane strain, the opening 

angle, 0 O, can be introduced through principle circumferential stretch ratio, A@,i.e .,

0
A@ = — — . (4.11.1)

7T K

The influence of the opening angle was examined using ABAQUS FEMs. Initially, 

the material was considered to be hyperelastic with the properties as given in Section 4.7.1. 

To introduce the effects of the opening angle, a segment representing 1/4 of the sector shown 

in Figure 4.28 was modeled in ABAQUS with 0O = tt/ 2 . The displacements necessary to 

close the sector were prescribed. This applies the bending prestress to the artery. When the 

segment is closed, the cylinder will equilibrate to a cylindrical shape at a new radius as shown 

in Figure 4.29. An internal pressure (P=100 mm Hg, Az = 1.0) was applied to study the 

interaction between the pre-stressing and the stress due to pressurization. Figure 4.30 shows 

the artery segment after it has been closed and pressurized. Figure 4.31 shows the
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distribution of hoop stress, o 0Q, plotted against the undeformed radial position through the 

wall due to the opening angle, pressurization, and the combined effects. The stress due to 

pressurization only represents the hoop stress with the same undeformed dimensions but no 

opening angle ( 0O = tt ).

\  a  /

Figure 4.28 - Cross-section of Stress-free State of Artery After Remodeling
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Figure 4.29 - Closed Segment of Opening Angle FEM 

Figure 4.30 - Pressurized Segment of Opening Angle FEM 
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From Figure 4.31, it is obvious that the remodeling, which manifests itself here in the 

opening angle, acts to make the circumferential stress more uniform than without the opening 

angle. Also, o 00 for the intima is significantly reduced. These results are similar to those 

presented in Fung [1990]. The opening angle effects are clearly important. Its presence can 

also influence the determination of material properties. For this reason, it has been introduced 

into the porohyperelastic theory and data reduction schemes by using the principal stretch 

ratio described in equation (4.11.1) and the opening angle is among the experimental data 

collected.
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-500-L
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Figure 4.31 - Circumferential (Hoop) Stresses Due to Opening Angle, Pressurization, 
and Combined Effects

In the next Chapter, the opening angle will not be immediately implemented into the 

porohyperelastic transport-swelling theory in order to focus on the fundamental transport
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mechanisms. Nevertheless, remodeling effects are important and should not be overlooked

in future research.
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CHAPTER 5

POROHYPERELASTIC TRANSPORT-SWELLING

FIELD THEORY

5.1 Assumptions

The previous section illustrated the phenomena that can be described with

porohyperelastic field theory. This theory will be expanded in this chapter to include mass

transport and chemically-induced swelling effects. Charged ionic species are dissolved within

din a
the mobile tissue fluid. There are a species which are present in concentrations c “ = ------ .

dVf
Concentrations of mass can diffuse and be convected relative to the deforming solid. This 

couples the mass transport phenomena to the poroelastic behavior through the convection of 

the relative fluid velocity. Furthermore, there are various osmotic and charge-associated 

phenomena that can cause the solid skeleton to swell (or contract) by either a thermal 

expansion analogy or by driving fluid in or out of the solid with an chemical fluid pressure. 

These phenomena couple the mass transport to the poroelasticity. Additionally, in the case 

o f finite strain, all phenomena become directly tied to the changing material geometry and 

strain dependent functionality. The development of this theory is presented in this chapter, 

the necessary constitutive models are described in Chapter Six, and the implementation of the 

corresponding finite element code is given in Chapter Seven.

The transport of mass within biological tissues has been studied extensively (see 

Katchalsky [1975], Fry [1985], and Weinbaum et at [1989]). It has been w ell established that
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dissolved species can diffuse within and be convected by tissue fluid. Work has also been 

done to describe the interaction of diffusing species. Katchalsky [1975] has shown that the 

coupled diffusion coefficients are nonlinear and their effects nonsymmetric. Recently, 

attempts have been made to describe these coupled effects and tissue fluid flow  by the use of 

fluid, chemical, and electrical potentials that drive the transport.

The influence of the mass transport on the swelling of the solid skeleton has been 

documented by Maroudas [1975], Myers et al. [1984], Eisenberg and Grodzinsky [1987], 

Lanir [1987], and Lai et al. [1991], among others. In addition to the above mentioned 

potentials, the distributions of species can produce chemical fluid pressures that drive tissue 

fluid into or out of the material causing swelling. Lai et al. [1991] and Laible et al. [1993] 

have hypothesized that additional swelling effects are due to charge-to-charge repulsions 

between fixed densities of charges that are attached to the solid matrix.

The objective of this research is to develop a theory that extends the porohyperelastic 

theory to include an accurate description of the mass transfer and incorporate swelling effects 

into a general model To properly achieve this, it is convenient to examine the problem from 

a mixture theory point of view. It should be noted that the poroelastic and mixture 

formulations are equivalent and either could be used as a fundamental starting point.

5.2 Mixture Field Theory

5.2.1 Kinematics

The complex soft tissue structure is approximated as a continuum mixture in which 

there are four phases of homogeneous materials, all at constant temperature: an
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incompressible solid phase (5), an incompressible water phase (/), and two incompressible ion 

phases representing the positively and negatively charged species (+, -). The general 

convention of this dissertation is such that the superscript r\ denotes all constituents (s ,/ ,  +, 

-) whereas the superscripts a and P denote only the ionic phases (+, -). A particle of 

constituent r\ is located at X /1 at time t0 . Its current position at time t is given as

X ?  =x?(X}],t) T ] = J , / ,  +, - .  (5.2.1)

At time t, the apparent domain of all phases in the soft tissue coincides with the domain of the 

solid phase such that x j ] = x is = x i as shown in Figure 5.1. The displacement of each 

component is given as

u?=xi -X?  r| =s,f, (5.2.2)

a t  t = t 0

a t  t = t

Figure 5.1 - Schematic of Mixture Model Including Solid, Fluid, and Ionic Phases
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It should be noted that the mixture theory description is not an actual physical representation 

of the soft tissue. That is, it should not be implied that at some time there are distinct 

domains o f  individual constituents as shown in Figure 5.1. The poroelastic formulation 

depicts the more physically relevant description of the relative behavior of the constituents. 

The mixture based formulation is used as a convenient tool to derive the poroelastic 

description.

The volume fractions of the phases, (j)n »are subject to the constraint

E  = (5.2.3)

The volume strain of the material is again given by

J dV
dV„' (5.2.4)

Although all phases are considered incompressible, the material can be compressible due to 

a net gain or loss of a volume of fluid and species mass. The apparent density of the r| 

constituent (mass per unit of total tissue volume) is

pn = * ^  = (|, n ^  = (|)> n 
dV V dV"

T| (5.2.5)

where p j is the true density of the r\ phase (constituent mass per unit constituent volume). 

Although the mixture formulation dictates that the different constituents are distinct entities, 

it must be acknowledged that the ionic species in this problem are dissolved in the water
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phase which in turn saturates the pores of the solid skeleton. Therefore, it can be assumed 

that their volume fractions are much less than those of the solid and the water. In this case, 

the volumes o f the species are neglected and the porosity of the fluid saturated material, n, 

is defined as the ratio of the fluid volume to the total volume and is given by

n = — —, dV=dVs+dVf
dV

(5.2.6)

with

n - l - J  1( l - n 0)

when the solid phase is incompressible. Therefore,

p5 - ( l  n)pT, pf-npfT

The displacement of the solid is given by

S -rf SUi =xi~Xi

with the associated material time derivatives

, , d u i<  = v /

(5.2.7)

(5.2.8)

(5.2.9)

(5.2.10)

and
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*t
du*
dt

(5.2.11)

where the material time derivative is defined with respect to the solid phase, i.e..

( ' ) d( ) d( ) sdO
dx.

(5.2.12)

Simon [1992] demonstrated the equivalence between the poroelastic and the biphasic 

formulations. It was shown that the biphasic solid displacements, w /, and associated 

derivatives are equal to the poroelastic total displacements, w., and respective derivatives. 

Furthermore, the mixture description of the problem dictates that all phases are present at the 

same position of the solid phase. For this reason, all solid displacements w ill be represented 

without the superscript s and with the acknowledgment of the equivalence between the total 

and solid displacements. The solid velocity, v / , will still be represented with the subscript 

s to provide clarity with respect to the other constituent velocities. The velocity gradient is

dui
dxj \ r L i r D i j + w ij (5.2.13)

where D~ is the rate of deformation or velocity strain and W- is the vorticity or spin tensor

^ 1] = + UjJ) , Wjj — — (My "  Ujj) . (5.2.14)



125

The displacement of fluid at this point is u(, defined in an average sense such that the 

volume of fluid that is displaced through a unit area perpendicular to the x.-axis is given as 

nuf . The relative fluid displacement is defined in the same manner but relative to the 

deforming solid as

- u ) . (5.2.15)

The relative fluid velocity is similarly defined as the average fluid velocity relative to the 

deforming solid

vf= n {v(-v" ). (5.2.16)

It should be noted that the apparent relative fluid velocity given in equation (5.2.16) is a

fr  d w -
definition and in general v / = s n̂ce n tn general is not constant. The relative 

volumetric fluid strain rate is

B £ = v £ .  (5.2.17)

The concentration is defined as the mass of the species per unit fluid volume

c b-dmV
dVf

p= + , - . (5.2.18)

Note that there are a number of different measures of the species count. The charge density 

is given as the number of equivalent charges (F . is the Faraday constant equal to 96,500
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coulombs per equivalent charge) present in a unit of tissue (total) volume

a(3 _ Differential number of equivalent charges R _
C = dV p =

(5.2.19)

The apparent density is the mass of the species per unit tissue (total) volume and is given as

pP=MPcP P = + , - (5.2.20)

where is the atomic weight of the species. The apparent density o f the species and the 

concentration are related by the porosity

c^=n ~lM^c^-n ™1p*3 P = + , - .  (5.2.21)

The concentration gradient is

dxi
P - (5.2.22)

5.2.2 Electroneutrality

The solute should be electrically neutral with the charged species subject to 

electroneutrality given as

z +c + + z~c~ 
M + M~

+ ̂ = 0 (5.2.23)

where c F is the density of fixed charges attached to the solid skeleton and z*3 are the
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valences of the P species. These charges are usually attached to proteogylcans or 

glycoaminoglycans. This relationship will be introduced as a constraint in the finite element 

formulation presented in Chapter Seven.

5.2.3 Conservation of Mass

In the absence of chemical reactions, the Eulerian mass balance for each phase 

becomes

dpn

xi

3 (p V )
dx-

r]=s,f,+. (5.2.24)

Using equation (5.2.24), the conservation of mass for the incompressible solid and 

incompressible fluid phases, respectively, reduces to

8n | dvi 
dt dxi

dinVj)
dxi

(5.2.25)

and

dn | djnvf) 
dt dxi

(5.2.26)

Adding equations (5.2.25) and (5.2.26) results in a constraint due the incompressibility of 

both the solid and fluid phases

i
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0 v / a [n (v /-v /) ]

dxi dxi
0 (5.2.27)

Dkk+D(k=°- (5.2.28)

For the two ions, the mass balance is written as

app
dt ) 3x,

: o p -  - (5.2.29)

The conservation of mass for the species can then be written as

dxi dxi .
(5.2.30)

The first term in equation (5.2.30) represents the material time rate of change of the apparent 

species density with respect to the deforming solid. The second represents the differential of 

species flux relative to the moving solid. The third term represents the convection of the 

species by the moving solid.

5.2.4 Entropy Inequality

The balance of energy and the second law of thermodynamics are used to develop the 

entropy inequality (Lai et al. [1991])



129

E Dt
+HnD nT

Dt J

n ^ n
dx.

(5.2.31)

where A ^ -A 11 (T,#^*, p(,p+,p") is the Helmholtz energy density for each constituent1, T is 

the absolute temperature, q? is the heat flux vector, Hn is the entropy density of the r| 

component, E- is Almansi’s strain, is the momentum supply to the r| constituent, and

S X l = d O  + v n 3 0  
Dt dt ) x 1 dxi

(5.2.32)

Three constraints must be imposed on equation (5.2.31). The incompressibility condition

(5.2.33)

and the kinematic constraints of the conservation of mass for both species written in the form

^  + P^ L = 0  p = +, - .
Dt dx.

(5.2.34)

The total entropy inequality can be written as

1 The principle of equipresence dictates that all of the Helmholtz densities should be 
functions of all of the independent variables.
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v — - p '— - P- — -dx; ® dx7

+°y-^--AX -pH  - Pi ^  -pivi +dXj dXj

A ( ^ ) + kX ^ P ^ )  +

k-(^ p : + p ^ < ) 2 o

(5.2.35)

where

D M i  _ D'Ey  | aA^ ff  V  ̂ r 0A^ f l y

Dr a£ .* Dr apf Dr dp+ Dr dp" Dr
r)=s,f,+ ,- (5.2.36)

and

a A i ^ * _  d A V - i ^ - i X
— A " " — (5.2.37)

Substituting equation (5.2.36) into equation (5.2.35) yields
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K p* V-dA'  +9'— + 9 — WtoF* - ” ^ 6m] - ^ L
3e ;  d s j  be;  ■ ; "

+ [ - p - a v  _ . p . a v . p - a v , ^
a /  apf a /  a /  a t

. [ - p - a v .p f a V .p .a v .p .a A : ^ ^
dp* dp* dp* dp*

',3A* „fdAf „ + 8A+ „-dA- ^ D p
+ [ - p ' ^ _ - p ^ + K‘]: mdp" Dtdp" dp" dp"

d^. d /  dx. dEz* dx i

+ t - A * + p — - p*— -v, ' )  
dp+ dxt 8 E *  d x i

+ l - p r + P ^ ^dp" a.*, • p — ^ - j f v r - v / )
SEi Sx:

* - p * ^ # ( Y - Y ) + ip ' -  -  - P
dA/ dp" _ - d A " dp/.

dp+ dxi dpf dxi dp" dxt df/ dxi
](vt" -  v /)

+ [ p - 5 A _ d p _ _ p + dA dp j + [V  + nAd..]
dp+ dp"

dvf

9

dv;
+  [ a ty  +  K + p + ^ ] - ^ -  +  l o - j  + K " P ’ d ( / ] - ^ -  ^  0 *

(5.2.38)

The inequality above must be true for arbitrary values of the primary variables, 

pC p+, p", v / ,  v /, v / ,  vt~ and must be true also for arbitrary values of their derivatives. 

Therefore, the coefficients of those derivatives must be zero, i.e.,

- (1 -„ )X 8;
p q ’

"qqj
(5.2.39)
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(/^=-nXbij,

a i i ~  K+P ^z; ’

aii = - k‘P'5. ,

o = p ' ^ +(/ ^ - / +P ' ^ : - p - a-4
d { /  d f f  d p f  d f f

K* = P- ^ : +(/ ^ +P * ^ - p - aA
dp* dp* dp* dp*

and

K

dp"
+ P

- d A  

dp"

which leaves the following inequality to be satisfied

(5.2.40)

(5.2.41)

(5.2.42)

(5.2.43)

(5.2.44)

(5.2.45)
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[-p f + ̂  + p”̂  -  p'— ^ ] ( v / -  v,’)
dx i d f/ dxi s E * dxi

+[-#;+p'— - p — -^-kv;  -v,') 
dp+ d x i  dE*k d x i

+ [ - p ;  +p — - p ' - ^ - ^ K v r  -v />
dp" d x i  3 E *  d x i

*  -  P '^ r l^ K v ,'  -  v/)
dp d x i Qpf d x i

dp" dx. apf dx.

-ip — - p'— ^ K v; -v,o i o.
dp+ dx. dp" dx.

(5.2.46)

Following the analysis of Snijders [1994], assume that the coefficients of the relative 

velocities above can be represented by the inner product of a semi-positive definite tensor, 

with the respective relative velocity, vk -  vk , so that for each term in equation (5.2.46) 

the inequality is automatically satisfied, i.e.,

$ H v? -v? )(v? -vf)> 0 . (5.2.47)

Using these tensors, the coefficients of equation (5.2.46) can be expressed as

/ f ( v / - v / ) : ,dAg d f /_ pfdAfdE<
dx. dp^ dx.

"ft

as;
(5.2.48)
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and

/ * > / - v / ) = -p ^ + p$—  -  p +̂ - | ^ ,
ap ^  d£z; dxi

(5.2.49)

^ > / - v/ )  = -A " + P
dA " dp" _ _ dA - d£z;

dp" dxi BEa dxi
(5.2.50)

(5.2.51)

/ / ( v /  -  v/ >= -  p-^ L i§ d ,
dp d%. dp  ̂ d%.

(5.2.52)

(5.2.53)

5.2.5 Lagrange Multipliers

5.2.5.1 Incompressibility Condition

Snijders [1994] identified the Lagrange multiplier, A. Assuming that the barotropic 

fluid is macroscopicaUy non-viscous, the microscopic Cauchy stress tensor o f the fluid is 2^ 

and is given by



135

(5.2.54)

where p  is the pore fluid pressure. The fluid stress, o .̂, is the bulk average o f the microscopic 

Cauchy stress tensor defined as

<  Vfe .

(5.2.55)

Assuming that the mixture is on a microscopic scale, which is appropriate for soft tissue 

(Snijders [1994]), the element volume, V-/  is small and the pore fluid pressure can be 

considered constant throughout this volume. With this assumption,

npb^- -nkb^. (5.2.56)

Therefore, the Lagrange multiplier, X, which is responsible for enforcing the incompressibility 

condition, is equivalent to the hydrodynamic pore fluid pressure (= negative of the pore fluid 

stress)

X=p = -Tzf. (5.2.57)

5.2.5.2 Species Conservation of Mass

Bow en [1980] showed that the chemical stresses can be expressed in terms of the 

chemical potentials, Kjj



o p
Kt =A% r - ^  P = +’ “ - (5.2.58)

Substituting for the chemical stress from equations (5.2.41) and (5.2.42) yields

K§=A Pd.. + kP6„ P = +, - .  (5.2.59)

Snijders [1994] noted that kP represents the pressure dependent contribution to the chemical 

potential and can be neglected following Richards [1980]. Therefore, the chemical stresses 

acting on both species are zero. Furthermore, it can be seen that the chemical.potentials are 

scalar (isotropic)

K ii = =A » P = + , - .  (5.2.60)

where |a.p is the scaler chemical potential of the P species.

5.2.6 Constitutive, Relations and Momentum Interactions

The identification of the Lagrange multipliers allows the development of the material 

constitutive behavior. The total stress acting on the material is

aij=°Sij+ 4 + a i + ° r  ' (5.2.61)
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The constituent stresses are

:(P*— + p f i ^ + p . i i : + p -a A _ ) F MF M+(1 _n)^
(5.2.62)
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< 4 =n7t/6M’ (5.2.63)

and

(5.2.64)

Therefore, the total stress can be written as an effective stress principle

0ij-° ij+7lf6ij (5.2.65)

where of. is the effective stress given as

<  - (p'^T t p*ii: t p -ii7)F„1FJS1. (5.2.66)

The actual form o f equation (5.2.66) will be discussed in Chapter Six.

The momentum interactions can be determined from equations (5.2.43) through 

(5.2.45) and equations (5.2i48) through (5.2.53) to be

(5.2.67)

p; = - AV ■ (5.2.68)

and
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dxi -/,v -4V-/;.y (5.2.69)

where = v /1 -  v f .

5 .2 .7  Equations of Motion

The equations of motion arise from the balance of linear momentum

D V n
(5.2.70)

Including the effects of an electric field and neglecting gravity, the body forces become

z nF
pn6.r| = -------nc nE

M 11
r|=j,,+, (5.2.71)

where F e = - ^ -  is the gradient in the voltage potential, z 13 are the ionic valences, and
dx.

Z SC S _ Z FC F

M s M f
. In the absence of inertial forces, equation (5.2.70) for all phases becomes

V > pY = o , (5.2.72)

(5.2.73)
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and

ZPF- o
----- - n c ^ ' + p f ^  p = + , - .  (5.2.74)

Summing equations (5.2.72) through (5.2.74), using electroneutrality, and noting that 

Pi = 0, yields the total equilibrium for the material
s,w,+,-

(5.2.75)

Equation (5.2.75) represents the equations of motion of the "entire material. The equations 

of motion for the fluid and the ionic phases can be determined by substituting the expressions 

for momentum interactions (equations (5.2.67) through (5.2.69)) into equations (5.2.73) 

through (5.2.74) respectively to yield

dx. 4 Y (5.2.76)

(5.2.77)

and
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- n-ML-
dxp —  -fij vj

i
V ^ I dxi

0. (5.2.78)

These equations represent the equations of motion for the fluid and the species in terms of the 

fluid and chemical potentials. From these equations it is clear that the coefficient matrices 

are the anisotropic drag coefficients between the q and i; constituents and are the fundamental 

properties in the mixture formulation. However, it may be difficult to isolate the influences 

of these properties experimentally. For this reason, a poroelastic formulation will be used to 

produce a more physically relevant set of field equations and corresponding material 

parameters. It should be noted that, in general, the material properties in both formulations 

will be functions of deformation and concentration.

5.5 Eulerian Poroelastic Description

This section will present the equations of motion with respect to the Eulerian 

poroelastic description where all quantities are expressed relative to the deforming solid in 

the current configuration. The advantages of the poroelastic description allows for a more 

physically relevant formulation and a simpler implementation of the boundary conditions. 

Namely, it is more intuitive to apply a stress boundary condition on the whole material as 

opposed to a single phase.

Equations (5.2.76) through (5.2.78) are rewritten with the fluid and ion velocity 

expressed relative to the solid velocity, i.e.,
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v?r=n(v? - v/) r| =/, +, - (5.3.1)

resulting in

and

where

and

’n p /a T  ~ +a^ Vj+r+̂  Vj' r = 0 ’ (5.3.2)

-ftp+-^ — + a ^ vf -  a- Y r + a~ v , r + -------ftp+- ^ -  = 0 ,
a%, y 7 9 y v 1 M + dx.

(5.3.3)

-  d l l  - /  / r  - +  + r  - -  - r-np - Y + a / v /  +a# v, - a # Vj — »Pi i „ p-^ E != o ,
Af" dx.

(5.3.4)

P +=A% p = A -
dx. dXj dx

(5.3.5)

a s E= / f  n ' 5 -

Equations (5.3.3) and (5.3.4) can be rewritten as

(5.3.6)
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+ + + -1

+ _

1 V i

^  . .A■n“c ■—!— +
M n c  dxj +ajkVj

.n h - ^ - I ± n*c-M .
dXjdxj M~

(5.3.7)

Solving for vi+r and v - r in terms of the potentials, the electric field andvfr , yields

.dr n 2c ^ - d r-n 2c -d i£  + -  cm ^++
zy 8%. 9 Sbcy

z X n 2c x r - ^ +
8% .

iZ k „ 2 C
M - 7 8x. (5.3.8)

and

-<% n 2c -a - nzc +̂ tL  + —  
7 d X j J dxj M d X j

n 2c% ,2̂  +A+-8pe
8%y

+  ( ^ i j  ~ a j k  +  & ij ~a j k ) v k

(5.3.9)

where

(5.3.10)

5.3.1 Generalized Darcy Law

It is desired to identify a generalized Darcy law that identifies pressures (mechanical, 

electrical, chemical) that act to drive fluid motion relative to the solid. Similar to the 

poroelastic formulation, it is expected that gradients in mechanical fluid pressure will drive
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the fluid. However, with the introduction of ionic species, the presence of an chemical fluid 

pressure that can drive the fluid is also expected. The chemical fluid pressure gradient should 

be dependent on the gradients in concentration and electrical effects as the solutes in the fluid 

try to equilibrate and attain a constant chemical potential throughout the media (Donnan 

equilibrium under no mechanical loading). The osmotic pressure gradient will cause fluid to 

be imbibed or expelled which causes a volume change in the solid skeleton. This effect is 

referred to as osmotic swelling.

Substitution of the relative species velocities, equations (5.3.8) and (5.3.9), into the 

fluid equation of motion, equation (5.3.2), results in

-  fc fv f -  b?n 2c -  b^n 2c

- V — +" i — , odx. dx.

(5.3.11)

where

: a ik a ij ( a mk' +  a m k % )  ~ a t  + d mj a mk.
J - (5.3.12)

(5.3.13)

and
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bilf= + d f a p .> ++„f+ f-i

By defining the osmotic pressure gradient to be

d X m d X m
ini'" -T—  + b itnC

+f„ X Fcdiie 
M + dxm

(5.3.14)

(5.3.15)

equation (5.3.11) can be rewritten to form a generalized Eulerian Darcy law where relative 

fluid velocity is driven by both mechanical and chemical pressure gradients

' 8 #  + d7TcX 
\  dx. d x - ,
\  J J /

:vl
f t - (5.3.16)

where

kij= n (5.3.17)

d7TC _  C icd c"  E* d E k l e d \x e
^  S im  3  + <?imkl ^  S im  ^

d x i  «  = +)-  d x m , d x m d x m
(5.3.18)

and

„ ac.
S im ■ E blmC

P = +,-

P/r p d /
8c “

p^dT i m
8A£
8c“ ’

(5.3.19)
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(5.3.20)

(5.3.21)

The Darcy law expression describes the motion of the fluid relative to the deforming solid. 

The chemical fluid pressure gradient is a function of the chemical potentials of the fluid and 

the ions, the electric field and associated electrical parameters, and the material properties. 

In the absence of ions, it can be seen that equation (5.3.16) produces the traditional 

poroelastic Darcy law of Biot [1941].

5.3.2 Conservation of Mass

From equation (5.2.30), the conservation of mass for each species is given as

The concentration of species mass per unit fluid volume is related to the apparent density 

through the porosity,

(5.3.22)

pa-n c a «  = +," . (5:3.23)

In terms of concentration, equation (5.3.22) becomes
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d(nca) | d[cav*r]
+nc “■ =0 Ct -  - (5.3.24)

dt dx. dx.

where y = c “v “ris the relative species flux of the a species. Equation (5.3.24) could be 

considered the general expression for the conservation of mass for the species.

In the Eulerian view, the instantaneous time rate of change (d ( )!dt at constant x.) 

should be determined independently as opposed to the material time derivative (d( )/dt at 

constant X.). In terms of the instantaneous time rate of change, equation (5.3.24) becomes

Equation (5.3.25) is the Eulerian description of the conservation of mass for the ionic species. 

In the case of infinitesimal strain,

d(nca) | d[cav*r]  ̂ d(nc“v /)
(5.3.25)

8t

d(nc a) _ d(nc a) 
dt dt

(5.3.26)

Using this value in equation (5.3.24) yields the small strain conservation of mass

(5.3.27)

5.3.3 Relative Species Mass Flux

The Eulerian relative species mass flux is
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jr- c “v“r. (5.3.28)

Using the expressions for relative species velocity, the Eulerian relative species flux can be 

written as

.  a r
ji - E

P = + , -

/  o  \
. ^ a c 13 ia^ F cd[le

 ̂ tJ dxj lJ M p dXĵ
+ b 7 c aVJ (5.3.29)

where

/ “P= n 2c “c pa f ,
(5.3.30)

7«P_,Pa 
Lij ~ h j  ’

< -  E
Y = +»'

jaydny

(5.3.31)

and

h
a E',

P = + > -

« p  3 p p

(5.3.32)

In equation (5.3.29), the first term on the tight hand side represents the flux due to the 

anisotropic diffusion of both species. The second term represents the flux due to the strain 

dependence of the chemical potentials. The third term represents the flux due to the presence
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of an electric field. The last term is the flux of species due to the convection by the moving 

fluid (relative to the deforming solid).

5.4 Lagrangian Formulation

5.4.1 Conservation of Mass

A  Galerkin weighted residual method will be used to formulate the Lagrangian 

description o f the conservation o f mass. The Galerkin application will produce a form of the 

principle of virtual velocities. The integrals over the current volume (Eulerian) volume are 

mapped to the reference volume (Lagrangian). This provides the relations between the 

Eulerian material properties and the Lagrangian material properties. Finally, the Lagrangian 

conservation of mass can be inferred from the weak form of the Lagrangian conservation of 

"mass. The general expression for the conservation of mass is

=  0 . (5.4.1)

Noting that = c “v “r, equation (5.4.1) can be rewritten as

(n c“) + —— +nca— — = 0 . 
dxi ■ dxi

dv,s (5.4.2)

A  weak form of the conservation of mass is given as



149

6c “(nc “) dVi
d jr

6ca— dV+ 
dxi

A
6c “ nc dV=0 (5.4.3)

which is the principle of virtual velocities. Substituting for the relative species mass flux 

yields

6c “(nc “) dV

+ 6c"-
dxi - E

P = +,-

,apacp iapz^Fcd[ie

ij dxj ij M p dxjj
- h l ^ + b f c ’v fHjkf

*]
(5.4.4)

+ J 6c"  

v

nc
dxi

dV=0

which can be rewritten as

bca(nca)dV+  | 6 c “ ^
:pF„

\

‘J M p dx.y

- E —
P = +. - x̂i\

d fd c * \ dV -  6c « d
(

dx.
h

a dEkl

dV

A
ijkl'

dxJ j

6 c a— (b~fc avfjdV  + I 6c'
' s A
n c &

v i

dV=0

(5.4.5)

or
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/(l) +/(2) +/(3) +/(4) +/(5) +/(6)=0 (5.4.6)

where / (n) represents the nth integral in equation (5.4.5). The conversion of the Eulerian 

description and the Lagrangian will be examined for each of the above integrals. The 

mapping between Eulerian and Lagrangian was shown in Chapter Two and is again presented 

here. The total current and reference volumes are related by the volume strain

/ =
dV
dV0 (5.4.7)

The current and reference differential total surface areas are related by the Nanson equation

dx.
it-dA. — J ------n njd A ( .

' dx. 0; 0
(5.4.8)

The mapping for spatial differentiation is

_d_ = _ d _ 3
dx. dX. dxf.

(5.4.9)

The Eulerian and Lagrangian relative fluid velocities are related for an incompressible fluid 

by

(5.4.10)
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The species and fluid chemical potential functions are the same value in both the

Eulerian and Lagrangian frames but functions of different variables

p“(c , c -,£,*) = p “( c +, c - , i y (5.4.11)

which leads to

/

where

dy* _ dxjd \ia 
dxi dxi dXj

(5.4.12)

dp01 _ dp06 d c + + dp“ dc + dp01 d^ki 
dxi d c + dxi d c ' dx,. dxi

(5.4.13)

and

dp01 _ dp" d c + 1 dp01 d c ' | dp01 dEu 
dx. dc + dX. + d c ' dX. dEw dX

(5.4.14)

Now, consider the integrals, I (n)

1. Integral 7 (1)

1'= bca(nca)dV= dca(nca) JdV0.

v

(5.4.15)

2. Integral / (2)
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i 2= h d a E
d

J V =  6 c * E  9

f  n \^ Z PFc d i i e

dx. k l} M p dx.y J dXk kl M p a x j

with

r“P_ T^jfc/«P^/

3. Integral / (3)

Applying the divergence theorem to this integral yields

-  8<S“ E  - fJ (i ■,
y

r ,ap dcP 
aij dx.

J /

d f ^ - d V
dxi p = +, - dxy.

v

-  6 c -  £

A

,ap3cP

' 4 ,
nztM.

Mapping between the Eulerian and Lagrangian descriptions results in

. /*=  [  i * £ l  E  jE id * E L 2 £ L d v o - 1 s c ' £
dX k p = +>- dx. dXy dX; j  p = +,-

Vo
dx.  ̂ dx. dx;

nokdA 0.

Thus, / (3) can be written as

_d_

ro8
> 

«o 1II% jcxp
dxz- * 4 J J  p=+.- “ dxJ

(5.4.16)

(5.4.17)

(5.4.18)

(5.4.19)

v
(5.4.20)
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with

Y '  7 « Y  d f t Y

dcP
E (

Y = + . -

oty ^(IY
" dcP

(5.4.21)

4. Integral / (4)

The same procedure used with integral / (3) is used with integral / (4) resulting in

(5.4.22)

where

y-<  ̂ap
3x. p ^ -  # dEw dx. p=+,-

(5.4.23)

5. Integral / (5)

Following the same procedure as in integrals / (3), and 7 (4) yields

(5.4.24)

where
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%
dxi

dxJ
d x t

6. Integral / (6)

Integral / (6)can be mapped directly using

J ^ ip ij  j

to result in

A
6c “ nc dV= |  6 c in c aj)dV0.

Vo

Integral 7®  and 7®  can be combined as

7 1+76 adjnc J) irr 
0

0̂

(5.4.25)

(5.4.26)

(5.4.27)

(5.4.28)

With these integrals, the weak form of the Lagrangian conservation of mass becomes
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^ d{riJca)dy^_ I ' jap d cp

k
m\

ct
m"Md F /

p =+»-

‘i K + l s e ’ Z

*0

j y °

P=+)- d xA
r« p £ _ ^ a ^

"' AfP axv
(5.4.29)

+ 6c£ ( b ^ f ) d V 0* L c in c ^ d V ^ O .

V0

The Lagrangian differential equation for the conservation of mass can be inferred from 

equation (5.4.29) as

d(Jnca) + %
& dx.

(5.4.30)

where the Lagrangian relative species mass flux is

rotr
Jj E

P = +»-

japdcP f«p2PF« dn'
mp axkj

(5.4.31)

5.4.2 Generalized Darcy Law

The generalized Eulerian Darcy law can be expressed as

/ + d7tc'V

*-j dxi i
J r (5.4.32)
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Using the correspondence rules, this expression can be directly transformed to produce the 

modified Lagrangian Darcy law, i.e.,

* d t /
ax. dx.; = vf (5.4.33)

where

k:.=J— ijfc,
ij dx„

(5.4.34)

and

a7tc
ax E £

3c “
^  S im k l

« = +,-
(5.4.35)

with

- E
/)

NX p=+,- dca r r ^ d c “
- e ^ ^ v a

P=+.- d c “
(5.4.36)

d x f*  dxk ’

(5.4.37)

and
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As with the Eulerian form, this Darcy law expression describes the motion of the fluid relative 

to the moving solid due to both mechanical and chemical fluid pressure gradients. It is 

important to note that the chemical fluid pressure in equation (5.4.35) contains the chemical 

potentials of both the fluid and the ions as well as the electric field and associated electrical 

parameters. In the absence of ions, equation (5.4.33) produces the Lagrangian poroelastic 

Darcy law.

5.5 Isotropy

If the material is considered to be isotropic in the Eulerian view, (a^*3 = a “*36~), the 

modified Eulerian Darcy law reduces to

(5.5.1)
dx; dx.

where

1
(5.5.2)

bff = -aff+a +f(a ~fd +~+a +fd ++) + a ~f(d +~a +f+d " V " ), (5.5.3)
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with

and

dx- ai a  = +, -

(5.5.4)

g “ = -  E  ^ p / c P - ^ - 4 — ,
pT(- d ca d c“

(5.5.5)

•?*/'
% = + , -

(5.5.6)

z aF
e =  y -  & “ / c “ ----------------£ .

M “a= + ,-
(5.5.7)

The isotropic Lagrangian Darcy law is

L ' 8 #  dif
a z . d z .y

=vf (5.5.8)

where

k-j—JH-jk (5.5.9)
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and

^ 1 =  y  g « c d c ^ + E ^ + e d t f  
d x i ai ? , - s  d x i kl d x i s  dx.

with

E  b ^ c ^ - f / r  
P=n- 8ca

a v

dca

and

t S  = - E 6^-|FVr#
%= + ,- 3EU ' ' S £ m

The relative species mass flux for the isotropic case is

j  r = -  E  | a? “p—  - 1 “P-z P/7c
p = +1- 1 dx. M P dx.

with

l aP=nc “c pa “p,

/ “P = /P“,

(5.5.10)

(5.5.11)

(5.5.12)

(5.5.13)

(5.5.14)
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<rp= T  r ?
Y = + , “

(W
dcP’

rf“p# J pa a#p,

»■-•- se„

b +jr= [a +fd ++ + a '- â+_] ,

and

(5.5.15)

(5.5.16)

(5.5.17)

(5.5.18)

In the Lagrangian isotropic description, the relative species mass flux is

rar
J i -E

P = + , -

' j« p d cp rapzfiFc dne

’ axj ' a/ p ax,J
+ 6 c X (5.5.19)

where

r«p 7 ^ “p, (5.5.20)

/3«P= V  f “vdp7 
# ~ vh- ij d c t ’

(5.5.21)
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‘‘ijkl =7HS E  l
P=+»“ seu ’

(5.5.22)

and

G*=b«. (5.5.23)

Note that the material property ^  does not undergo any transformation from Eulerian to 

Lagrangian and remains isotropic if  the Eulerian form is isotropic. The term b â c av f  is the 

mass flux of species a that is convected by the fluid. The relation between the Eulerian and 

Lagrangian relative fluid velocities is defined such that the fluid flux through an area is the 

same in both descriptions. Since there is no mapping for the concentration, the total mass 

flow due to convection through an area is the same in both the Eulerian and Lagrangian 

views. Because the area difference is incorporated into the mapping of relative fluid velocity, 

there is no need for any additional mapping on the material property, ba^. In the anisotropic 

case, the change in geometry between the Eulerian and Lagrangian states affects the value of 

the material property and a transformation of the material property is necessary to account 

for this change as shown in equation (5.4.25).

5.6 Summary of Equations

The governing equations derived in this chapter for the porohyperelastic transport- 

swelling theory (hereby referred to as PHETS) are presented in this section. These equations 

govern the motion of the solid skeleton, pore tissue fluid, and the concentrations of two
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charged species dissolved within the fluid. The theory is valid for finite deformations and 

material norilinearities. It also includes the effects of species convection by the mobile tissue 

fluid as w ell as the chemical/electrical swelling effects of fluid motion driven by osmotic 

effects. Note that the Donnan equilibrium is captured in the Darcy law and the relative 

species mass flux in the conservation of mass.

1. Conservation

a. Eulerian Total Linear Momentum

dXj (5.6.1)

Lagrangian Total Linear Momentum

5 L 0
dXj

(5.6.2)

c. Fluid Momentum Conservation (Modified Darcy Law) 

i. Eulerian

j (  dv?  d7Tc'1 
tj j j

Vfr (5.6.3)

ii. Lagrangian
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j~( dnf dnc>
K  — + -----

9 dX. dX.
\  J J /

d. Species Mass Conservation

i. Eulerian

d(nc P) [ d [cpv fr]  ̂ d(ncpv /)  

dt dxt dxi

ii. Lagrangian

djnJcV) r _ q

dt dXi

(5.6.4)

(5.6.5)

(5.6.6)

2. Constitutive

Total Cauchy Stress (Lagrangian will be presented in Chapter Six)

pq
3 ^ Jqj

K K  + * ' \ , (5.6.7)

b. Chemical Fluid Pressure

Eulerian

■ dc“ £* dEklacOC E ~ fcl e (
— <? z m + S  8  inf.

Lz a = +, -

(5.6.8)



ii. Lagrangian

d n c _ „ ac d c 01 | _£ ^ _g
"T r  —1/ ^  iftl  —\  - r y   ̂ItftJcl ' - i - r y  v  ZW ^  - y

dA. « = +,- dXOT dAOT dAm
(5.6.9)

c. Relative Species Flux

i. Eulerian

+ < c “v f (5.6.10)

ii. Lagrangian

rocr E
P = +,-

japdc13 râ F c diie
K jk dxk " ^ MP dx^

-A
% dEki

>zi x
(5.6.11)

Constraints

a. Incompressibility

i. Eulerian

D ^ D ’̂ 0 (5.6.12)

ii. Lagrangian

« A +i3» =0 (5.6.13)

b. Electroneutrality
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z +c + + z c 
M + M '

+ ̂ = 0 (5.6.14)

The above equations describe the general porohyperelastic transport-swelling 

(PHETS) field theory that could be used for the analysis of soft tissues where the coupled 

effects of species distribution on deformation and species convection/diffusion are important. 

This theory will be implemented in a finite element program as outlined in the Chapter Seven. 

In addition to the material properties used to describe the effective elastic response (which 

will be described in the next chapter), there are nine anisotropic material properties to be 

determined for the case with two charged species present (ct,p=+,-). They are: coupling 

coefficients, (3), convection coefficient, (2), chemical swelling parameters, gz“c

(2) and g?  (1), and permeability, k~ (1). (In the mixture field theory, as expected, there are 

also nine anisotropic material properties to be determined: six drag coefficients /J n=/J^ 

(£,r) =/,+,-) and three chemical potentials, | / ,  p +, p ~) In general, these properties are not 

constant and may be functions of deformation and concentration. The next chapter will 

present a detailed description of the constitutive relations as well as the functional dependence 

of the material properties.
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CHAPTER 6

MATERIAL PROPERTIES IN POROHYPERELASTIC 

TRANSPORT-SWELLING FIELD THEORY

Chapter Three examined in-depth the behavior that constitutive models for soft tissues 

should demonstrate. This chapter will build upon the material models developed for the 

porohyperelastic field theory. An exponential Fung-Mooney material form will be used to 

describe the solid constitutive law. The diffusion, convection, and osmotic response are all 

dependent on chemical and electrical potentials which w ill be presented here. In addition to 

these potentials, the functional dependence of the material properties w ill be discussed.

6.1 Total Material Constitutive Behavior

The total constitutive law for material was developed in Chapter Five. The total stress 

is given by

fdAf  +dA + .BAV- +p p (6.1.1)

which clearly can be expressed as an effective stress principle where

aM~
y a A / +p+a r + p - a !

'll "4/
(6.1.2)
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Conjugacy between the Eulerian and Lagrangian views is

(6.1.3)

Substitution of equation (6.1.2) into equation (6.1.3) yields

(6.1.4)

Now define a new Lagrangian energy function A that satisfies

The effective 2nd Piola-Kirchoff stress is then

(6.1.5)

(6.1.6)

where A is a function of Green’s strain and concentration. At this point, it is clear that A can 

be replaced by a generalization of the effective strain energy density function. Equation 

(6.1.6) then becomes

s;
d w e

dEi j '
(6.1.7)
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This function differs from that presented in Chapter Three because the material parameters 

in W e can be functions of species concentration. The same notation for W e will be used 

here with this functional dependence presumed unless otherwise noted.

Using the same procedure as in Chapter Three, the total Cauchy stress can also be 

split into hydrostatic and deviatoric components

oij- o /ij + n'bij

where 7i / = -^okk is the hydrostatic stress and

°ij ~ D E V (a i) > D E V ia ^  -  a -  —% 8z)

Thus, the total anisotropic Cauchy stress can be written as

a i]= D E V \ + 1T/d,;

(6.1.8)

(6.1.9)

(6.1.10)

The effective strain energy density function is written as a function of Green’s strain, 

fluid strain, and concentration. When the solid skeleton and tissue fluid are both 

incompressible, then solid deformation and the fluid strain are not independent and the 

effective strain energy density function can be written as a function of only Green’s strain and 

concentration. If the material is isotropic, the effective strain energy density function can be 

written in terms of the deviatoric strain invariants and concentration

W e(£ r c “) = W e(7v 72, J , c a) (6.1.11)
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where

l 1=J-2% , I2=J-4% ,

I\ =3 +2Ekk, / 2 = 3 +4 ^  + 2 ( £ ^ - £ L S „ ) ,
(6. 1. 12)

and the results of Chapter Three can be used to develop an expression for the total stress

o^DEM - r ' C E
# = 1,2

1 a # e s i

a£ - + ^ 5 s + # 8 r (6.1.13)

The transformation of Cauchy stress (equation (6.1.1)) to 2nd Piola-Kirchoff stress 

results in

s 6= E
11= 1,2

d w e 57w I g  a # '  57„ 
a/„ 5E, 3  ̂ " 37 dE„

+ m î -  + m iKf
9 a / 9

(6.1.14)

where C is Green’s deformation tensor given as

C rS =  F krF kS = 2 E rS + b r (6.1.15)

For the finite element models, the incremental form of the 2nd Piola-Kirchoff stress will be

needed. Then,
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d w e s i n _ i H C  d w e dh  
S/„ S£s 3 5 " 31. 3£„j

+JH..— e# '  t  J
S7 J lJdt d j  j

where

d/„  d E ij

\  '

-E E
/  .

« = 1 ,2 m = l ,2
X

d2w *n dIm
d E -  d E kl

| d2w e d j  d/„ ] a # g a2/„
d J d l J E u d E i j  d l n d E „ d E kl

V
a 2 # e  d / „

Z - /

n = l ,2 ,  3 / > '  3 E S /

c + + E
w = l ,2

d2w e dh
ar.dc-SE^

c~,

d_
dt

T '  l H c
5 ,  3H>c " i r w , - E%=1,2

a # c

3f„

2 a # e C
3 # af, d£ti

a2#* d/n a/m ! a2w e a / d̂ „ r aw e d2h
22/

#1=1,2 , 37„3/„ 3E„ 3£H; d l nd J  S E kl d E rs d j n d E rsd E kl

Y - ' h c  s !w ‘ --d l* c + + y  - ‘ h c  3 2 &
■Y.2 3 " "a7„3c* 3£„ 6  3 * " 3 lndc-3 E r,

(6.1.16)

(6.1.17)

(6.1.18)
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and

d dW e _ E d2W e din t d2w e dJ
dt 8J n = l , 2 , 3^7, 3EHj + S J 2 3F« dJdc +

d2W e
dJdc'

Substituting equations (6.1.18)-(6.1.21) into equation (6.1.17) yields the 

constitutive relation for the 2nd Piola-Kirchoff stress

c ' + D l c - + J H /

(6.1.19)

(6. 1.20)

incremental

(6.1.21)

where
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Dm J2
n = l ,2

d2W e 37„ dlm + d2w e dJ dh + dWe 32/„
Z-/

m = l,2 K s i js ,  dEii d\ d J d lJ EkidEij dln dEipEu

n = l ,2

I n  n r  d l n  2 „  dWe dln
3 d-h  dErs 3HiJ ^  dEu

_  \

\ Hf r . E
m = l,2

d2W e dK  91, 
37 A  dErs dEu

] d2W e dJ 91 n +  dWe d2I
dJdln d E id  d E rs dln d E J E k i

dJ u  d w e 
\3 E U ij dJ °J ) \  o&u

+JH. T d2w e 3/,
_  \

2̂Ti/ e

(6.1.22)

and

■E
n = l t2

d2w e 91 „ -E l H f „  ^  S7*)
n = l >2 3 ’  " di  Sc-SBn 

\  11 /

+JH. d2W e
>dJdca

(6.1.23)

If the strain energy density function is not dependent on concentration then D~ vanishes. 

Although the general form has been presented here, experiments have observed little change 

in the elastic response over the physiological range concentrations of species such as albumin. 

For this reason, the effective strain energy density function will not be considered a function 

o f concentration. More research is needed to more clearly demonstrate any concentration 

dependence of the effective strain energy density function.
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6.1.1 Fung-Mooney Form of Strain Energy Density Function

Following the analysis in Chapter Four, an exponential Fung-Mooney form of the 

strain energy density function will be used to capture the exponential-like drained elastic 

behavior. If the material is considered to be isotropic, the deviatoric strain invariants can be 

used and the strain energy density function can be expressed in terms of those invariants, i.e.,

W % ,  c “) = W W ,  J 2j , c  “)] = | c 0(e * - 1 ) ,  

4 > ( A  , 7 2 , J , c “ )  =  C 1 ( 7 1  -3 )  + C 2 ( 7 2 - 3 ) + Z / ( J - 1 ) 2

(6.1.24)

where the material properties C0, Cl , C2, and Z zcan be functions of concentration. In the 

examples presented in Chapter Eight, these material properties are assumed to be independent 

of concentration. The incremental relation between the 2nd Piola-Kirchoff stress rate and the 

Green’s strain rate can be determined from this form.

6.2 Chemical Potentials

The porohyperelastic transport-swelling field theory has shown that the gradients in 

the chemical and electrical potentials are the primary driving forces on the species. The 

theory presented here has removed these gradients in favor of the gradients on the primary 

field variables, i.e.,

6(1" _ 3(1“ dc+ [ dc' [ 8fia dEki 
3Z. d c + 3X. + gc - 3Z. dEkl 3%.

(6.2. 1)
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where

na n“(E ;,c P)=ji“(Er cP). (6.2.2)

This relation is substituted into the expressions for osmotic pressure gradient and relative 

species flux to obtain, respectively.

d n c _ y ,  „ ac d c a [ dE ki , - g dpe
-~ivy '  ̂ § im -~i-wr $ imkl —.-vr $ ifii .«= +, - dZm dZm dZm

(6.2.3)

and

-  = C « - = _ E
P = +>-

TfCiP dc P r«P^
>  A VdZfc ^ m p a z ^

(6.2.4)

where

ac_ 4  4
d z .^  dxfe d z (6.2.5)

dx dZOT_dx. 
a z  d z _ E *

0i=+,- M a
(6.2.6)
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~ E
Simkl

^Xj  E

d x f jqkl dxq - E  t
Ci= + ,

“/c “
jqdE„

(6.2.7)

and

r«P _  T J ap d X l 

kl ~J dX iij dxj’ (6.2.8)

^ - j 3Xidxi IY=+,-

r  - j -dx-n mnkl J dxi P= + .'

7 “Y d p .Y d x l

’ ac»]dxj’

i “P d p 13

dx . ’

(6.2.9)

(6.2.10)

I

and

“/_  dXk afdXj
kl~ ^ ij^Xi (6.2.11)

Thus, the chemical potentials are an integral part o f the material properties of the problem and 

must be examined.

The existence of chemical potentials in physico-chemical theory has been well 

researched and can be found in Fitts [1962], Katchelsky and Curren [1975], Richards [1980], 

and Lai et a l [1991] among other sources. In classical physico-chemical theory, the chemical
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ga = g “ + ̂ to[Y<**a] (6.2.12)

potential of a species can be written as a function of a single species (up to this point the

theory allows for the potentials to be functions of more than one concentration)

where R is the universal gas constant, T is the absolute temperature, y a is the activity 

coefficient, and x  “ is the mole fraction of species a. In terms of concentration, the chemical 

potential can be rewritten as

m“ =  £ o +  “] • (6.2.13)

In the porohyperelastic transport-swelling field theory developed here, the chemical 

potential p “ = jla is equal to the Helmholtz free energy density A a=Aa («=+,-). 

Equipresence dictates that these functions should be dependent on strain, species 

concentration, and fluid density. Lai et al. [1991] assumed that the Helmholtz free energy 

density functions can be expressed as a polynomial function of the invariants of strain, i.e.,

A “ = / “ + / “ ire + /3“ (tre)2 + /“ tr(ee) (6.2.14)

where the coefficients of equation (6.2.14) are functions of species concentration and fluid 

density.

Neglecting higher order terms (small strain case), this becomes



177

Comparison of equation (6.2.15) with equation (6.2.13) produces the expressions for the 

coefficients

fi  = £ o + P] P = +, -  (6.2.16)

and

f l  = 0 p = + , - .  (6.2.17)

Therefore when / p is zero, the strain dependence of the species chemical potentials is 

removed.

The fluid chemical potential can be obtained by examining the Gibbs-Duhem equation 

in the absence of the solid

p ^ / +c +d\i+ + c "dn* + dn? = 0 . (6.2.18)

A a=fi+fZtn. (6.2.15)

Integrating equation (6.2.18) results in

d(\ny+) - — c - - —T
C

dQn.y~)-nf (6.2.19)

which can be rewritten as
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*/= ̂ - ^ [ ( f ) +c + + <b~c-] ~
Pr Pr

(6.2.20)

where (j)“ are osmotic coefficients. Recalling that

p ^ /  = (fjA f -  7/ (6.2.21)

yields an expression for the Helmholtz free energy density for the fluid

^ / = tio~^7-[(l>+c + + <f> c ~\- 
Pr

(6.2.22)

Comparing this with the polynomial representation of

A f=fl +f2tre (6.2.23)

results in expressions for the coefficients f {  and / /

Pr
(6.2.24)

and

fl=Q- (6.2.25)

When f (  is zero, the strain dependence of the fluid chemical potential is removed.

In this dissertation, these are the models that will be used to describe the dependencies
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of the species chemical potentials. The species chemical potentials are then assumed to be 

functions only of their respective species, ie .,p “=p“(c “) and are independent of deformation. 

(The fluid chemical potential is a function of both concentrations, c + and c~ as a ramification 

of the Gibbs-Duhem equation). In general the species and fluid chemical potentials will be 

functions of deformation (strain) and concentrations of other species. The expressions for the 

potentials given above were derived based on classical physico-chemical theory which does 

not account for the presence of a solid phase. It is unknown what this deformation 

functionality should be when the solid is included. Lai et al. [1991] and Laible et al. [1994] 

imply that there may be a dependence on the dilatational strain. However, this is based on an 

infinitesimal strain assumption (neglecting the higher order terms in the Helmholtz polynomial 

expression). In the finite strain case, there could be a significant dependence on the 

deformation of the solid. Future research efforts should include the study of these effects 

because the assumption of no strain dependence in the chemical potentials has far reaching 

ramifications regarding the behavior of other material parameters as w ill be shown below.

The material properties were previously given as functions of the chemical potentials. 

With the arguments of the chemical potentials determined, these material properties can now  

be examined and the fundamental quantities that need to be determined through experimental 

methods can be identified.

When the potentials are not a function of strain.

^mnkl dx. E tfmp dft13

P=+.- dXj
0 (6.2.26)
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and

~ E  _  ^Xj  E
S imkl ~ Q^Sjqkl

dXj
- E
«  = + ,"

(6.2.27)

Eliminating the strain dependency from the chemical potentials also impacts the 

dependencies of the Eulerian drag coefficients presented in Chapter Five. The Eulerian 

phenomenological equations (equations of motion) are

A / s -  -  -ff-J-
ij vi (6.2.28)

"P
dx i

(6.2.29)

and

-fi.
S  S  r~+ ~

ij vj  ~fij VJ - f ij  VJ
z~F„

dxi
0. (6.2.30)

It is clear that if the potentials are functions of concentration and not strain, then the 

anisotropic drag coefficients must be functions of concentration alone. Since the material 

properties and are functions of they will also be dependent only on

concentration. Therefore, the Eulerian material property (and, thus, ), in addition to 

being a function of concentration, is also a function of deformation due to the presence of the
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porosity in the respective expressions. However, the Eulerian convection coefficient, 

(and, therefore, g “c and^J) will be a function of concentration alone.

6.3 Functional Dependence of the Lagrangian Material Properties

It is desired to specify the Lagrangian material properties as the fundamental 

properties to be used in the finite element implantation and in experimental studies. These 

material properties, however, are not constant and in general, will be functions of species 

concentration and deformation. The specific functionality must be determined through proper 

experimental methods. Nevertheless, the origins of these dependencies can be seen by 

examining the complete Lagrangian material expressions.

Because the diffusivity has an obvious physical significance, it is more natural to 

consider it a primary material property instead of the coupling coefficients, (to which the

difihsivities are explicitly related). The Lagrangian species diffusion coefficients are given by

9 dc Pj a^
(6.3.1)

Substituting for the potentials yields

j ^ _ j dXk
da

7 a(3 RT
h i F

(6.3.2)

Thus, the Lagrangian species diffusion coefficients are obviously functions of both 

concentration and strain. These coefficients will now be specified as the fundamental
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quantities and as general functions of concentration and strain, i.e.,

d^ = d^ {E kl,c \ c - ) .  (6.3.3)

These functions can be determined experimentally using the appropriate data reduction 

schemes. The diffusivities have been shown to be functions of the coupling coefficients, i.e.,

7«P _ r«p 9qp 
ij ij dcP

(6.3.4)

Since the coupling coefficients are symmetric (in a and (3), the diffusivities are nonsymmetric 

(in a and (3). However, the off-diagonal terms are not independent and are related by

(6.3.5)

Equation (6.3.5) should be incorporated into the experimental determination of the material 

properties to maintain the nonsymmetric aspect of the diffusion coefficients.

The other primary material properties can also be treated in the same manner as 

general functions which are to be determined using experimental data. These properties can 

be written as

r a f _  d X k a f d x j

b a - & ; h w l
c \c ~ ) (6.3.6)

and
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hi -  J~fakirfo '  kkl(Eir c \c ~ ) .  (6.3.7)

From these primary material property functions, all other material parameters, such 

as IJ*5, g “c, and g - , can be determined in closed form for use in a numerical implementation.

6.4 Soft Tissue Material Responses

Much of the discussion of the porohyperelastic response of soft tissues in Chapter 

Three applies to the porohyperelastic transport-swelling model presented here. Even with the 

consideration of the dissolved species, the material still undergoes distinct undrained, drained, 

and pressurized flow responses (described in Chapter Three). However, there are additional 

arterial states of interest due to chemically-induced swelling and species transport effects. By 

provoking these different states experimentally, data reduction routines can be developed to 

determine the material property(s) that primarily influence the response. These states will be 

described in further detail in Chapter Eight.

6.5 Discussion

This chapter has outlined the dependence and functionality of the material properties 

associated with the porohyperelastic transport-swelling field theory. Assumptions were made 

to limit the analysis to the case where the properties associated with the elasticity are 

independent of concentration and where the chemical potentials are independent of strain. 

These simplifications allow the analysis, in conjunction with experimental methods, to identify
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some fundamental material property trends and the basic influences o f material property 

dependencies. The fundamental Lagrangian material properties are the properties associated 

with the effective strain energy density function, C0, Cl , C2, and K /, the diffusivity, , 

the convection coefficient, b^, and the permeability, These properties can all be 

considered functions of concentration and Green’s strain and determined from the 

experimental methods presented in Chapter Eight
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CHAPTER 7

FINITE ELEMENT IMPLEMENTATION

A  finite element formulation of the general porohyperelastic transport-swelling 

(PHETS) theory is presented here. The formulation allows for the solution of the nonlinear 

governing equations derived in Chapter 5 for arbitrary geometry and loading. The material 

properties presented in Chapters Four and Eight can be introduced into the finite element 

models developed here.

7.1 Finite Element Formulation

For the PHETS formulation, a mixed u -  c “ method will be used where the 

primary unknown variables are the displacements, ui, the pore fluid stresses, izf , and the 

concentrations, c 01. These quantities will be designated at the nodes and interpolated in the 

finite element scheme. In this chapter, both the Eulerian and Lagrangian finite element forms 

will be presented. The Galerkin forms of both views will be given, however, only the 

Lagrangian formulation will be expanded and implemented in a FORTRAN computer 

program. A  modified Petrov-Galerkin method will be implemented to accurately handle 

convective effects.

7.2 Principle of Virtual Velocities Method

A  weak form of the total equilibrium for the material is
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b u .^ d V = 0 .
‘ dxj (7.2.1)

Similarly, a weak form of the incompressibility constraint can be written as

16iiSr(Du +D $dV=0. (7.2.2)

Finally, a weak form of the Eulerian species conservation of mass is

6c “
d(nca) i8ddJi _i_d(nc*vi ) 

dt dxi dxt
dV = 0 . (7.2.3)

Conservation of mass in the Eulerian sense with the material time derivative is

/

+ nc
\

dX;1 /  J
6 c pc?y=0. (7.2.4)

The above integrals represent a formulation of the principle of virtual velocities. To 

introduce the correct weighting functions to handle convective effects, a modified Petrov- 

Galerkin approach will be used. The next sections will express these integrals in the forms 

appropriate for implementation of the finite elements.

7.2.1 Total Equilibrium

The principle of virtual velocities expression for the total equilibrium is
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0.

v

Applying the divergence theorem to this equation results is

d6u.

A

Noting that

(7.2.5)

(7.2.6)

(7.2.7)

equation (7.2.6) becomes

' ^ o i d V *  [ ^ -K fd V :
"I J X̂i

V

bupjPjdA. (7.2.8)

7.2.2 Bulk Fluid Motion

The principle of virtual velocities expression for the incompressibility constraint is

dV=0.

v
(7.2.9)

Substitution o f the Darcy law into equation (7.2.9) yields



188

by? . d(llf +TCc) dV=0. (7.2.10)

Application of the divergence theorem to equation (7.2.10) results in

dd#, dt/ 8 8 # ,  87TCbtfD^dV- II ^ ^ k ,. :— dv- II ^L .kv— dV+ I b¥ v[rnkdA =0. (7.2.11)
dxk kj dXj

V  V

[<dxk J dXj J

7.2.3 Conservation of Species Mass

The principle of virtual velocities formulation for the conservation of mass was 

derived in Chapter Five and is given as

j d(nc “)
dV- be01 J2

p = +(-  d x t y J  )

p = +>- d x l

/ap £ ^ c d #
M p dx,

+ 8c “

j j

d(nc“v /)

vi

dV+j  bca-^-(b;fc avf)c

V

dV=0.

(7.2.12)

Applying the divergence theorem to selected terms in equation (7.2.12) yields
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IS c ‘ ^ nc^ dV-f I d f — dVJ St J dx, pft- axj

dcabif v f ^ d V +  j  8cac aj - f b lfvfjdV +  J 8ca
d(nc “v /)

dV=Q

(7.2.13)

where

z-ccrx .ocr . glc
(Ji \=Ji ~Ji :-  e  d f ^ ~ *  E

p = + ,  -  dx- p = + ,  -

j r = c « b S r.

M p dx'j (7.2.14)

The choice of ( / “r)s as the specified surface flux is recommended to avoid spurious reflections 

of mass back into the mesh due to the convection occurring at the boundary (ABAQUS 

theory manual). Note that in terms of the material time derivative (which will be used in the 

Lagrangian formulation), equation (7.2.13) becomes
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6dad(nJca) dV+ I d f — dV
dt dxi p = dXj

dbca y  z«pgp̂ c 8ne 
dx. p = +)- ij M p dx.

dV+ be a( j i ) / i idA

+ II bcabfv jf — dV* 1 5 c “c “— (bif v / ,)d F = 0' 5a:, J 3x}  •’ ‘ 1
V

(7.2.15)

7.5 Eulerian Principle of Virtual Velocities

Equations (7.2.8), (7.2.11), and (7.2.13) combine to present the Eulerian principle of 

virtual velocities which forms the basis for the finite element implementation

bDip jidV+ bDkkvfdV= bu p /jdA , (7.3.1)

5 * ^ - j  j  1
' V V

(7.3.2)

and

I ^ . d tnc1') d]/ i I SSc^ •£  d f — dV
J dt J 3x, p t -  9

V A

+1 t e “b;fv f? £ -d V +Jbc«c«^ -(b i?vf)dV +J b c ^ dV=0.

(7.3.3)

y y
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7.4 Lagrangian Principle of Virtual Velocities

Using the appropriate correspondence rules, equations (7.3.1), (7.3.2), and (7.2.13) 

can be transformed into the Lagrangian principle of virtual velocities

lE fy'dV '*  |  b E f l ^ i V ^  I b u ,T /0JM o, (7.4.1)

4,

b ¥ E p t dV0- | | | b t/v f^ d A e ,
d x ^ d x  " 0 d x k kJ dxj (7.4.2)

and

where

&i« d (J n n d v  |  M r  g
*  0 J ax, 9 ax, 0

- f e z  ^ ^ ^ 0 ^ 8 6
dZ. pt^ - * MP dZ, (7.4.3)

6cab f v f — dV0 + |  5 c ac*— lbfv(r)dV0 = 09 7 ax, 0 J ax,v 9 7' 0
Vo v0

zrarx rar rac
(/,• X=7i : - J2 E  i ^ F‘ dpe

p=+>- 9 ax, p=+>- mp ax,
rote
Ji ■■c*W -

(7.4.4)



192

7.5 Finite Element Approximation

An approximation to the solution of equations (7.4.1) through (7.4.3) will be made 

in a finite element by introducing interpolation functions of the primary unknown variables 

over that element. The mixed formulation developed in this research denotes these primary 

variables as the solid displacements, ui, the pore fluid stresses, t/ ,  and the concentrations, 

c “ .

Because the solid and fluid phases are incompressible, the pore fluid stress is 

indeterminate. The mixed formulation eliminates this difficulty by interpolating the pore fluid 

stress. However, to avoid numerical difficulties, such as mesh locking and checkerboarding, 

it is required that the order of the interpolation functions for the pore fluid stress be lower 

than that of the solid displacements. A number of combinations of interpolation functions are 

possible. Hughes [1987] recommends that pore fluid stress be interpolated bilinearly over an 

element when the solid displacements are biquadratic. Furthermore, the nodal species 

concentrations will also be interpolated linearly for reasons that w ill be discussed in Section

7.11 in order to accommodate the Petrov-Galerkin formulation.

The virtual quantities will be interpolated with the same shape functions as the actual 

quantities with the exception of those in the weak form of the species conservation of mass 

which will undergo a modified Petrov-Galerkin treatment, described in Section 7.11. The 

virtual and actual quantities are interpolated as

&Ui=NZfiiM =JV“d«, ui=N^Um =Nuu, (7.5.1)
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=Nnb:kf , TZf =NMiJM=NKKf, (7-5.2)

bca= N ^ d “ =Ncbca, c a=N^c*=Ncca. (7-5.3)

where the barred quantities represent the vector of unknown nodal quantities and M is the 

number of nodes in the element. In equation (7.5.1), is the row vector of interpolation

functions and N u is a matrix of these functions given as

N “ 0 0 'N“ 0 0 . 

0 N “ 0 0 N “ 0 . 

0 0 N “ 0 0 N “ .

C  o o
0 N" 0 

o o N “

(7-5.4)

In this finite element formulation, the following conventions will be used:

1. Column vectors are represented by { }. Row vectors are represented by ( ). 

Rectangular matrices are represented by [ ]. A superscript T denotes the transpose 

of a matrix.

2. The vectors of unknown nodal quantities are represented with a bar and are grouped 

by nodes such that



194

11 ‘"12 “ 13 “ 2 1 "  UM1 UM2U T={un  Un  W13 M.

7t/ r =<7î  11̂  T^- 

c“r = (c“ c2“ C

(7.5.5)

3 •" ^AfX

3. Symmetric stress and strain tensors are represented as column vectors as in 

Zienkiewicz [1977], i.e.,

^11 * 1̂2 ^13

^12 ^22  *̂ 23 

1̂3 2̂3 *̂ 33

(7.5.6)

with similar expressions for the strain measures.

7.6 Primary Variable Gradients 

7.6.1 Strain-Displacement Relation

In the Lagrangian formulation, Green’s strain, E~, is used as the strain measure. In 

terms of displacement,

E>,
1dui

2 Ji

duk duk 

dXi dXj
(7.6.1)

This expression can be split into hnear (small strain) and nonlinear components, i.e..
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E = E o + E n l (7.6.2)

where

En

8m1 1

azj
du2

ell ' dX2

e22
du3

e33 dX3
2812 dt<1 du2
2813 d x 2 + d x 1
2e23 du. du~

+
dx3 a x 1
du2 du3
d x 3 d x 2

- - B q u (7.6.3)

with
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d < div2“ dN"
0 0 0 o ... 0 0

d x 1

a/v;
' az1

8N2"
az1

dN"
0 0 0 0 ... 0 M  0

ax2 ax2 az2
dAT," dN" dN"

0 0 0 0 0 0az3 dX3 d x 3

dN? d N “
0

div2“ div2“
0 dN“ 0

8X2 dX1 dX" az1 d x l

d N ‘
0

dN" dN"
0

dN" 3at; 0  ^
d x 3 d x 1 d x 3 az1 az3 az1

0
a/v; dN"

0
dN" dN"

0
aiv;

az3 dX2 d x 3 dX2 d x 3 d x 2

(7.6.4)

The nonlinear component can be written as

f'S 1—1
CD 0 0

0 02 0

e 0 03

02 0 f 0

0 " 0 0 f

0 03 02

(7.6.5)

/

where
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91
s/j du2 du3 

d^"
, e?c. (7.6.6)

and A is a 6x9 matrix.

Zientiewicz [1977] showed that

E.rr = —A 0 + —A 0 =A 0 (7.6.7)

where 0  can be written in terms of the interpolation functions and the nodal displacements as

Q=Gu (7.6.8)

in which

dN“

dM“

d7V2“
0

dN0“
dXi

dN“
'axj'

0Z3“
axj"

0 -0 *5l 0 0 ^ 0 d <
"ax^

d < d/v“

0 0 ^ 0  0 ^ 0  0
dN“

“ «  0 0

- f  • 
0 0

SAC
0

0

(7.6.9)

This is a NDIM2x(ND1M*M) matrix where NDIM is the number o f spatial dimensions.

Therefore,
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' 1Enl-AG u

Enl=BnlU ■

Now, the complete strain-displacement relation can be written as

E = B u  , B  = B 0 + B NL.

It can also be shown that

E = B uu , "o+ 2" NL'

7.6.2 Pore Fluid Stress Gradient

The gradients in pore fluid stress can be written as

Vt/ =

5t/

v -̂i
d v f

^2
d v f

>=VNnn f = B * n f

(7.6.10)

(7.6.11)

(7.6.12)

(7.6.13)

(7.6.14)

where
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0 < d <

d x 1 0Z1 0Z1

d < dN?

3X, 0Z2 SX2

d < 3 ^
0Z3 0Z3 dX3

7.6.3 Concentration Gradient

The gradients in concentration of the a species can be written as

199

(7.6.15)

where

0 C  “

VC“:
d c a

>=VNcccl=Bcca

d c a

K

d N f d <

d x 1 0Z1 d x l

dN* d < 3Nm

dX2 ax2 SX2

dNi S N ‘ 3JV̂
d x 3 d x 3 0Z3

(7.6.16)

(7.6.17)
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7.7 Discretized Elemental Equations

The interpolated elemental variables are substituted into equations (7.4.1), (7.4.2) and 

(7.4.3) to produce the discretized elemental equations of motion. Note that

VT _d___ a___ d_
d x l dx2 d x 3 (7.7.1)

and

(ni) = j = m TE = m Tm (7.7.2)

where H  is the vector-matrix representation of Finger’s strain tensor, i.e.,

H T=(KHll H22 H33 Hn H13 H23y  (7.7.3)

Using the above relations^ the discretized elemental Galerkin formulation becomes

B TS edV0 + B THJNnTZfdV0 N uTTTn0dA0, (7.7.4)

V0 Vo 0̂

N*TJETm  - I BnTkBnTtjrdVn

(7.7.5)

-  I BnTk(VTic)dV0 = -  II N nTvrrTd 0dA0,

Vo 0̂

and
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NapT(JNcca)HTBu dV0 + j  Napl(nJ)Ncca dV0

vo \ Vo

M p
+ B cTJ2 ccadV0 -  B cT Y ,  ^ PV

J P=+>- J P=+'"
yo r

+ I +V7tc]®cc W 0

Vo

^ r(l¥cc“)V ^ “/&(S,tit/ +V7Tc)kv0= -  I A

Vq

(7.7.6)

where

Vttc =g+cB cc+ +g~cB cc~ + f^ u  TB uT+gEYu tB uT 
+geV\ie+geV\xe

(7.7.7)

and IV0*’ are modified Petrov-Galerkin weighting functions which will be discussed in Section 

7.11.

Although to this point the formulation has been fully anisotropic, it should be noted 

that the implementation of the finite elements will be isotropic. This is useful for evaluating 

the last volume integral in equation (7.7.6)

j  Nap r(l¥cc “)V V 09*  ( S ^ + V t̂ V q =

Vo ‘ v0

If the material is considered to be isotropic, then

Nap T(Ncca)V1[bafvfr}lV0. (7.7.8)
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V r{ ^ V ]  = (VZ> “/)r/ r -  & K/j .

Therefore,

J  =

J*NapTcaTN cT(Vba'f)T̂ _BnTtf +VKc\lVQ+^ N ^ TcaTN cTb afM Tm  dV0. 

Vo V)

Equations (7.7.4), (7.7.5), and (7.7.6) can be rewritten as

C p + P int= P ext

wherep is a column vector containing all of the nodal unknowns, i.e..

C

and

' 0 0 0 0
■̂nu 0 0 0

0 0
€ c -u 0 0 ce-e-

(7.7.9)

(7.7.10)

(7.7.11)

(7.7.12)

<C (7.7.13)
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(7.7.14)

(7.7.15)

with

C_ N *TJH TBdV0, (7.7.16)

Cc*c+= I N+pT(nJ)NcdV0,

vQ
(7.7.17)

N+pTc+TN cTJHTBdV0

v0

+ I N +pTc+TN cTb +fJETBdV0, 

Vo

(7.7.18)
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Cc -u = 'N~pTc~ TN cTJHTBdV0 + N~pTc~TN cTb ~fJHTBdVQ,

Cc-c-= tN -pr(nJ)NcdV0,

Vo

B TS edV0 +

v0

B THJNKnfdV0,

Vo

B%TkB*nfdV0 -

v«

|  BnTk(Vnc)dV0,

Vo

B cTJ2 d^B crd V 0 
P=+.-

dV0+ N+pTc+TB cW fk[B*Tif+VKc}lV0

+ J  N ^ c ^ N ^ ty b ^ flk iB ^ f+ V T tc)]dV0,

v0

(7.7.19)

(7.7.20)

(7.7.21)

(7.7.22)

(7.7.23)
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< t= I b cTE  d ?B cc-dV0
P=+>-

rr£  rpv
P = +,-

:pF X JVq + J N~pTc-TB cTf ' fk[BnTtf +V7ic} /y 0

v0

+

AfP j

ATprc" TN cT(Vb ~f)T[k(Bn:Kf +Vnc)]dV0,

N uTT Tn0dA0,

0̂

A0

n 'i’T ; 7̂ ,

0̂

and

N-P%r\ d A 0.

(7.7.24)

(7.7.25)

(7.7.26)

(7.7.27)

0̂

(7.7.28)
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7.8 Electroneutrality Constraint

The electroneutrality constraint is

M + M~
z Fc F (7.8.1)

where c F is the fixed charge density. This constraint can be applied to equation (7.7.11) with 

a Lagrange multiplier (Zienkiewicz [1977]) to produce an 'augmented form’ of the elemental 

differential equation

Cap a + (Pint)a = (Pext)a (7.8.2)

where pais& column vector containing all of the nodal unknowns and the Lagrange multiplier,

A, i.e.,

I
u

Tlf

P (7.8.3)c +

c~

X
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and

ca--

0 0 0 0 0

0 0 0 0

<Cc+u 0 Cc+c+ 0 0

Cc-u 0 0 ^c-c- 0

0 0 0 0 0

(7.8.4)

p :

p i

<  * i C (7.8.5)

with

T,c"X

AT
A ^ 0, (7.8.7)

(7.8.8)

(7.8.6)
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and

int
z~F„

N cdV0c~,

Qpextyi

1
ext̂

z Fc FdVn.

(7.8.9)

(7.8.10)

(7.8.11)

The Lagrange multiplier is constant over the element so it should be assigned to one node in 

the element as its value and as a dummy variable to the remaining nodes in the element. 

Together, equations (7.8.2) through (7.8.11) represent a nonlinear set of first order 

differential equations that describe an initial boundary value problem to be integrated in time 

and solved.

7.9 Time Integration

A  modified single parameter Newmark algorithm with a Newton-Raphson iterative 

solution method is used to integrate equation (7.8.2). With the application of the time
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integrator, the problem can be expressed as an incremental ‘effective static problem’ to solve 

for the increments in primary unknowns. It is understood that the vectors and matrices from 

this point on are the augmented quantities as given in the previous section and the superscript 

a has been removed. The solution procedure attempts to satisfy the following equations at 

time tn +Af

- f "  (7.9.12)

and

f?»+i= # » +i +6A?/ ?n+i (7.9.13)

where

Pn+X=Pn + ̂ - Q)^tPn- (7-9.14)

The solution algorithm is as follows

1. Set iteration counter z=0

2. Determine predictor values

(7.9.15)

.[z] _ P n + 1  P  n + 1

P " ' , =  6  A t
0 (7.9.16)



210

3. Evaluate residual forces as

(7.9.17)

4. Form effective stiffness matrix as

(7.9.18)

5. Solve incremental equations

K*A.pm = x|r[i] (7.9.19)

Correct predictor values

.[i+l] _ Pn+l
P"*1 = 0A«

(7.9.20)

(7.9.21)

7. Check for convergence in Ap[i] and/or t|r[i]. If converged, continue to Step 8; if  not 

converged, set i=i+l and go to Step 3.

8. Set

P n + l  = P n + l
(7.9.22)
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9. Set n=n+\ and repeat solution process at next time step.

P n^ P nll (7.9.23)

For the time integration scheme outlined above, 0=0 is a forward difference 

approximation (O(At) accurate), 0=1 is a backward difference approximation (O(At) 

accurate), and 0=t6 is a trapezoidal rule or Crank-Nicholson approximation (0(A t2) 

accurate). Details on the accuracy and stability of the time integration scheme can be found

in Hughes [1987].
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7.10 Determination of Effective Stiffness Matrix

The effective stiffness matrix can be considered to be the incremental stiffness matrix, 

i.e..

f  (7.10.1)
dPn+l

where the dot in equation (7.10.1) implies the instantaneous rate (increment). In order to 

obtain tjr , t|r must be expressed in terms of pn+l only. Therefore, equation (7.9.16) should 

be used to eliminate the velocities in equation (7.9.17).

To find the effective stiffness matrix, the relationships and identities in the following 

sections must be used.

7.10.1 Increment in Strain-Displacement Relation

and

where

AS =MsGu

(7.10.2)

(7.10.3)

(7.10.4)

and
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Ms
^13^3 1 0  0

A A  A A  ^ 23^3 ’ 1 3 = 0  1 0

^13^3 $23^3 ^33^3_ .0  0  1

(7.10.5)

A  similar expression w ill be used for MH where H  is Finger’s strain tensor.

7.10.2 Incremental Stress-Strain Relation

As shown in Chapter Three, the increment in effective 2nd Piola-Kirchoff stress is 

given as

4 /  D i j k f i i j ’ S e=DE (7.10.6)

where

A

Sym

-̂ 1133 ^1112 n̂1113 ^1123

^2233 ■̂ 2212 ■̂ 2213 ^2223

■̂ 3333 -̂ 3312 •̂ 3313 ■̂ 3323

■̂ 1212 •̂ 1213 ■̂ 1223

■̂ 1313 •̂ 1323

. ̂ 2323

(7.10.7)

7.10.3 Increment in Finger's Strain

The increment in Finger’s strain tensor is given as (Mattiasson [1981])
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where

(7.10.8)

-2

# i A i  

»21»21 

^31^31 

^11^21 

HnHn

H21̂ 31

^12^12

^22^22

^32^32

^12^22

H 12H 32

^22^32

^13^13

^23^23

H33H33
H13H23

H13H33

H23̂ 33

HnHn

* 2 1 * 2 2

* 3 1 * 3 2

* 11*22

* 1 1 * 3 2

* 2 1 * 3 2

* 1 1 * 1 3

* 2 1 * 2 3

* 3 1 * 3 3

* 1 1 * 2 3

* 1 1 * 3 3

* 2 1 * 3 3

* 1 2 * 1 3

* 2 2 * 2 3

* 3 2 * 3 3

* 1 2 * 2 3

* 1 2 * 3 3

* 2 2 * 3 3

(7.10.9)

7.10.4 Incremental Stiffness

Using the expressions given in Sections 7.10.1 through 7.10.3, the effective stiffness 

matrix can be given as

(7. 10. 10)

where

iMa--Z“x,+  I B rm d V 0 + I G TMsGdV0, (7.10.11)
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K.,= JiVHJN"dV0 , (7.10.12) 

Vo 

(7.10.13) 

K = - j'Brc; fBrc dV 
1t1t 0' (7.10.14) 

; --..-·1.,..-' \ Vo 

K = - j'Brc T k -+c B c dV + Krc_c • + Krc_c • 
1tC + g 0 k 8 ' (7.10.15) 

Vo 

K.,~=-f B'Tk'g-"B"dV0 + K~"~ +Kr, (7.10.16) 

Vo 



216

BdV0+ f /

. 1

i N+pTJNcc+ H TBdV0+ J N+pTJ ( l -b +f)c+TN cTH TBuTH TBdV0

v° p

N +pTJ(l -b +f)c+TN cTa TG TM HGdV0

N +pTJ (l-b  +f)c+tN ctu tB TB HBdVQ + J  N+pTJ ( l -b +f)c+TN cTH TBd\

+EC- U +KC. U +Kcr+U +Ke*u +KC'U +ECg U,

Kc.% = J  N+p Tc+TB C Tb+fkB*dV0,

K.C +C
t = JZV+pT(Jn)NcdV0+ j N +pTJHTm  Ncdv0 + J BcTd ++B cdV0

+J  N+pT[b+fkB*Ttf\TB cdV0+ J  N tpW ffcVKc]rB cdV0

f V°
+ I N+pTd+TB cTb+fkg+cB cdV0 +Kcy  +Kq*c* +Kcy  +KC*C\

vo

Kc*c-= I B cTd +~BcdV0+ I NpTc+TB cTb +fkg-cB cdV()

+Kc*c'+Kcy~ +Kcy~+K c*c'

(7.10.17)

(7.10.18)

(7.10.19)

(7. 10.20)
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c7
AT

Fo> (7.10.21)

Z c-M= I N~pTJNc5~ H TEdV0+ I N~pTJ(l ~b ~f)c~TN cTH TBU TH TBdV0

N~pTJ(\ -b~f)c-TN cT£ T GTM HGdV0

T
Vo

(7.10.22)

+ II N~pTJ(l-b  ~f)c~TN cTUTB TD HBdV0

+ eX? " N~pTj(X-b~f)c~TN cTH TBdV0 +KC/  +EC-U +KC[ U +Ecgu +KC~U +Ecg u,

N~p Tc~ TB cTb~fkB*dVn (7.10.23)

cTd +B cdV0 + I N~ptc~tB cTb~fkg+CB cdV0

+ ^ y  + x v \

(7.10.24)
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and

c (T - l - J 1N-pT(Jn)NedV0 + J N -pTJBTm  N cdV0 + J B cTd~ B cdVQ

?  V° f  V°

N~p T[ f fkBnTtf] tB cdV0 + IATP V0

f  V°
+ I N-pTc~TB cTb~fkg-cB cdV0 +Zc/ ’ +Z^"c' +EC?~+Kc/ ~ ,

(7.10.25)

II z ~F,
4V0, (7.10.26)

JP
M  +

^ W 0, (7.10.27)

z X
(7.10.28)

In the above expressions, Z ^ , Z ^ , Z 1̂ , Z ^  represent the contributions to the 

incremental stiffness due to the strain and concentration dependence of the material 

properties. General expressions for these quantities are given in Appendix A.4. For 

simplicity, this implementation will assume that in the forward step, the material properties
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are constant. This makes these stiffnesses vanish. The material properties will be updated 

in the corrector step and used in the next iteration.

7.11 Petrov-Galerkin Weighting Functions

The presence of convection can cause numerical inaccuracies due to artificial diffusion 

and numerical dispersion. An appropriate choice for the Galerkin weighting function for the 

species transport integrals can correct for these numerical difficulties.

The Petrov-Galerkin approach, given in Yu and Heinrich [1986,1987], specifies a 

modified weighting function that helps to eliminate the artificial diffusion present in truncation 

error in the numerical approximation. They recommend using a modified weighting function 

which has the following form for the poroelastic transport-swelling formulation

(7.11.1)

where, for the P species,

aP = coth-^- -  — ,
2 yP

(7.11.2)

(7.11.3)
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and h is the mesh length in the direction of fluid velocity given as

h - 1

11/1
( |v /r|Av+ |v /r|Ay) (7.11.4)

for a two-dimensional rectangular mesh. In the above equations flv̂ H represents the 

Euclidean norm and y*3 is the relative Peclet number for the P species. To achieve the 

maximum effectiveness of this technique within the context of this finite element formulation, 

the concentration should be accurate to first order (linear interpolation functions) and the time 

integration should be accurate to second order.
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7.12 Finite Element Program

The finite element formulation was implemented in a FORTRAN program which will 

be referred to as PHETS (PoroHyperElastic Transport-Swelling). The program is capable 

o f performing analyses with three different element types: ID constrained rod, 2D plane 

strain, and 2D axisymmetric plane strain. The main capability of the program is the simulation 

of the porohyperelastic transport-swelling field theory. Within this theory, the analysis can 

be reduced to linear and nonlinear elasticity (compressible and incompressible), linear and 

nonlinear poroelasticity, mass transport with convection and diffusion, and linear and 

nonlinear poroelasticity with the coupled convection/diffusion of two charged species.

Because many of the integrals outlined in the previous are nonsymmetdc, a 

nonsymmetric banded matrix solver was employed for the solution of the incremental finite 

element equations. If it is known that the problem does not involve nonsymmetries, a switch 

can be toggled to activate a banded symmetric solver to save computation time. The program 

is fed with an input file containing all geometry, material information, and loading and 

boundary condition descriptions. There are a variety of material models (elastic, Mooney 

hyperelastic, Fung-Mooney hyperelastic, etc.) built into the program.

7.12.1 Element Type Description

The section will briefly outline the general characteristics of the three element types 

used in the program. The three element types are ID constrained rod, 2D plane strain, and 

2D axisymmetric plane strain. All o f the elements are have the full capability to simulate the 

porohyperelastic transport-swelling theory.
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Theoretically, the ID constrained rod is a ‘confined compression’ element with all 

strains associated with the 2- and 3-directions set to zero. Thus, the only active degrees of 

freedom are in the 1-direction and all shear strains are zero. It is important to realize that this 

is not a true ID  problem, but a 3D problem reduced to a single freedom direction. The 

incremental stress-strain relation is

Su=Dn i A l  (7.12.1)

with

(7.12.2)

This element is useful for analyzing a column of material where the sides are constrained from 

any motion other than along the axis of the column.

The 2D plane strain element is equivalent to the standard 2D plane strain element 

found in other general purpose FEM codes. This is essentially a 3D element with all strains 

associated with the 3-direction set to zero. The incremental stress-strain relation for this 

element is

4 ^1111 1̂122 £*1112 A i

' $22 ► = ■̂ 2211 -£*2222 £*2212 < A 2
1̂2 Pl2ll -£*1222 £*1212 2En

(7.12.3)

where Green’s strain is defined in the usual manner. This element is useful for analyzing
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The 2D axisymmetric plane strain element is a modification o f the standard 

axisymmetric element. Whereas the standard axisymmetric element has freedoms in both the 

r- and z-directions, the axisymmetric plane strain element has a freedoms only in the r- 

direction with the potential of a possibly non-zero uniform strain in the z-direction. All shear 

strains are zero. The incremental stress-strain relation is

problems with a long body where the ends are fixed and all loading occurs in the plane

perpendicular to the long axis.

S r r
® R R R R ® R R @ @ D r r z z E r r

" * ^ 0 6 ►= D q q r r 7 ) 0 0 0 0 D q q z z
<E q q

^ z z P z Z R R T ^ z z e © D  7.7,77. p z z

(7.12.4)

where

Em = \ 0 i - V .  = E z z ' j a z - D ,  (7.12.5)

XR
dr
dR ’ (7.12.6)

and Xz is some specified uniform stretch in the axial direction. The axisymmetric plane strain 

element is useful in the analysis of a cylinder or tube under radial loading and axial stretch.
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7.12.2 Verification of Finite Element Program

7.12.2.1 Linear Elasticity

The linear elastic capability of the program was verified by analyzing problems o f  

simple tension for the ID and 2D plane strain elements and simple shear/pure shear for the 

2D plane strain element and comparing the results with the analytical solutions. Other 

problems where the solutions were known (pure and simple shear, simple tension, etc.) were 

also used to confirm the accuracy of the program. The 2D axisymmetric plane strain element 

was verified by examining both thick and thin walled cylinders under internal pressure. For 

the case of a non-zero axial strain, the results were verified by comparing the results with 

ABAQUS simulations.

The finite elasticity was confirmed by examining problems where the material is 

considered to be hyperelastic and comparing the results with ABAQUS or with analytical 

solutions, if  available. A  semi-analytical solution exists for the case of an incompressible 

hyperelastic (neo-Hookean, Mooney, or Fung-Mooney) cylinder under internal pressure. This 

solution was outlined in Section 4.5.2.2. The capability of the program for analyzing 

compressible hyperelastic problems was verified by comparing the results with ABAQUS.

7.12.2.2 Poroelasticity

The poroelastic capability of the program was verified by simulating the well known 

Terzaghi consolidation problem where a column of height h comprised of a porous 

compressible material (with properties G, v, and permeability k) is subjected to a suddenly 

applied pressure, P0, and allowed to transiently drain and consolidate to steady state. The
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analytical solution for the displacement at the top of the column is (Biot, [1941])

mx(0>0,
o  “  1 _[_gn_l)71j2cf

ux(t) = - — a h P j 2 ----- ------e 2h +ahP0, (7.12.7)
7T2 i (2n - 1)2

ux(°°)=ahP0,

where a = — y , c = — , and G is the shear modulus. The pore fluid pressure distribution

is

p(x,0+)=Po,

(7.12.8)

p(x,°°)=0.

Figures 7.1 and 7.2 show the comparison of the analytical and numerical (PHETS and 

ABAQUS) solutions for this problem. There is good agreement between the numerical and 

analytical solutions for this problem. More importantly, the results PHETS exactly match 

those from ABAQUS (taken as a benchmark) which verifies the PHETS results. Further 

accuracy in the problem will be achieved through more refined spatial and temporal 

discretization.

It is important to note that for poroelastic problems (linear and nonlinear), there is an 

accuracy condition on the initial time step that needs to be satisfied to eliminate spurious 

oscillations in the pore fluid stress on the boundary where there is a step in load application. 

Vermeer and Verruijt [1981] give this condition as
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At = — A /2 
6Ek

where A/ is the element size near the boundary.

(7.12.9)

%  8 - -

S  4--

—  Analytical 
a Abaqus 
o PHETS

Figure 7.1 - Analytical, PHETS, and ABAQUS Settlement at x/h=0 for Terzaghi 
Consolidation
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Figure 7.2 - Analytical, PHETS, and ABAQUS Pore Fluid Stress at x/h=0.1 for Terzaghi 
Consolidation

7.12.2.3 Mass Transport

The capability of the PHETS program for analyzing mass transport problems was 

verified by comparing the results with the solutions from several well known problems in heat 

and mass transfer. For all elements, the linear diffusion capabilities were confirmed by 

examining such problems as the transient heating of a slab, transient heat flow through the 

wall of a solid cylindrical tube, and other problems where the solutions were known.

To verify the convection/diffusion implementation as well as test the Petrov-Galerkin 

formulation, the problem of convected pulse of solute was analyzed (Yu and Heinrich 

[1986]). This problem concerns the convection and diffusion of a pulse of solute in a constant 

velocity flow field over a length L. The Peclet number for this problem is 20 which signifies 

that while transport is dominated by convection there will be still be a non-negligible diffusive



228

c(x,0)=e-(x-u)2/4d (7.12.10)

with the analytical solution given as

= (7.12.11)
/I + r

where u is the velocity of the flow and d  is the diffusivity (here, b cf= 1). For this problem, 

«=0.25, L=2, and <i=3.90625xl0"4. The number of elements was 64 (Ax=0.03125). Figure 

7.3 shows the results of the PHETS simulation as compared to the analytical solution and an 

ABAQUS simulation of the problem for t=2 and t=4 (the initial pulse is also shown). It can 

be seen that there is good agreement between the PHETS solution and the analytical solution. 

Furthermore, there is exact agreement between the PHETS results and the ABAQUS results. 

If the Petrov-Galerkin is not implemented spurious oscillations can be seen on the trailing 

edge of the pulse in Figure 7.4. Improved accuracy could be achieved by including the 

numerical dispersion control term in the Petrov-Galerkin formulation (p * 0  in Yu and 

Heinrich, [1986]). However, the diffusion/convection in soft tissues is unlikely to be 

subjected to the types of loads and boundary conditions that would make numerical dispersion 

significant. For this reason, this aspect was not included in the Petrov-Galerkin formulation.

contribution. The boundary conditions are zero concentration at x=0 and zero gradient in

concentration at x=L. For the one dimensional case, the pulse is initially defined as
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Figure 7.3 - Comparison of Petrov-Galerkin Phets Simulation with ABAQUS and 
Analytical Solution for Convection/Diffusion of Mass Pulse
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Figure 7.4 - Comparison of PHETS (without Petrov-Galerkin) Simulation with 
Analytical Solution for Convection/Diffusion of Mass Pulse
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7.12.3 Finite Strain and Finite Poroelasticity

Finite poroelasticity was verified by comparing the program results with those from 

ABAQUS for poroelastic problems with finite strains, specifically hyperelasticity, such as the 

inflation of a porous hyperelastic cylinder under undrained, drained, and flowing conditions 

(as detailed in Chapter Three). The dimensions and material properties used in this simulation 

are the same as given in Section 4.8 of Chapter Four. Figure 7.5 shows the internal 

pressure/radius response of a porous hyperelastic arterial cylinder under undrained and 

drained conditions at Az = 1.5. Figure 7.6 shows the internal pressure/radius response under 

the flowing test conditions at the same axial stretch. The PHETS program exactly matched 

the ABAQUS solutions in all cases for these problems. This was expected as the element 

type and time integration is the same within both programs. The arterial wall problems 

presented here thoroughly excite the nonlinear aspects of the program and the agreement 

between PHETS and ABAQUS was taken as confirmation of the PHETS implementation. 

Additional problems were also used to verify the PHETS program. These problems are not 

presented here but included simple tension and compression of a Mooney-Rivlin hyperelastic 

material, the inflation of a Mooney-Rivlin hyperelastic cylinder under internal pressure, and 

the consolidation of a porous column with finite deformation. All results attested to the 

veracity of the PHETS program.



231

x  PHETS
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----- AB AQUS Drained_____________

Figure 7.5 - PHETS, ABAQUS, and Analytical Pressure-Radius Responses for 
Undrained and Drained Arterial Simulations (Analytical for Undrained Only).
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Figure 7.6 - PHETS and ABAQUS Pressure-Radius Responses for Arterial Flowing 
Simulation.



7.13 Summary

This chapter has presented the finite element formulation o f the porohyperelastic 

transport-swelling (PHETS) field theory. A  mixed finite element method was chosen to 

handle the indeterminate pore fluid stress. Thus, the unknown degrees of freedom are 

displacement, pore fluid stress, and species concentration. The use of interpolation functions 

allows the formation of a differential equation that is first order in time which can be 

assembled into an effective stiffness problem using of a single parameter time integrator. 

Newton-Raphson iteration is used in the time integrator to linearize the nonlinear solution 

procedure and solve for the increments in the unknown variables. A  modified Petrov- 

Galerkin scheme is applied to eliminate the numerical difficulties encountered in the analysis 

of convective phenomena. The entire FEM formulation was implemented with a FORTRAN 

code and was verified by simulating a variety of problems and comparing with either the 

known solutions or the finite element package ABAQUS.
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CHAPTER 8

PHETS FINITE ELEMENT AND EXPERIMENTAL RESULTS:

. APPLICATIONS AND EXPERIMENTS

This chapter will present the analysis of certain soft tissue problems with the finite 

element implementation of the porohyperelastic-transport swelling theory (PHETS). The 

FEMs will be used to describe the deformation and fluid and mass transport in large arteries 

under various loading and boundary conditions. While anisotropic behavior has been 

observed for a variety of soft tissues, all models in this chapter will be considered isotropic. 

The general PHETS theory and subsequent finite element implementation can be used in their 

present form for anisotropic materials, however the experimental methods and data for the 

determination of the anisotropic material properties are not yet available. Furthermore, the 

isotropic models can still provide insight into the deformation and transport behaviors of these 

materials.

Experimental data reduction routines will be developed to determine the material 

properties associated with transport and their dependence on deformation and concentration. 

These routines are similar to those presented in Chapter Four and will be tested using results 

from the PHETS finite element program as experimental data. A  general protocol to be used 

in the actual experiments will be presented.



8.1 Applications ofPHETS FEMs

8.1.1 Convection and Diffusion of a Single Species With No Swelling

In the simulations below, the transport of a single uncharged species through a 

deforming material is considered. This is achieved by using c = c + and setting all parameters 

associated with the anion, c “, equal to zero. With only a single uncharged species present 

in the wall, the electrical effects are also neglected.

8.1.1.1 Example 1 - Drained With Constant Steady State Species Distribution

A  large artery, modeled as an axisymmetric tube, is subjected to the drained

experimental conditions at an axial stretch of A = 1.5. A  mechanical pressure is rapidly

applied to the inner surface of the artery. Simulating the pressurization with DC200 water-

immiscible fluid, the boundary conditions on this inner surface specify no fluid flow and no

species flux across the surface. The artery is immersed in a bath at zero pore fluid stress and

a specified concentration. The bath solution is considered to be PBS which is physiologically

balanced to remove any concentration-dependent fluid motion and associated swelling effects 

3itc( =  0). After the sudden inflation, the boundary conditions are such that the fluid will 

drain (or imbibe) as the pore fluid seeks to equilibrate with the bath pore fluid stress at steady 

state. The species will diffuse and be convected by the moving fluid over time. Because there 

is no chemically-induced swelling, the steady state condition for the fluid is no fluid motion. 

As steady state is reached for the fluid, the mechanism for the transport of the species 

becomes simply diffusion and the concentrations will equilibrate to a constant concentration 

(equal to the external bath concentration) throughout the artery wall. Although the steady

234
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Tests were run at two different applied pressures. The loads and boundary conditions 

are given in Table 8.1. In these two cases, the coupling between the poroelastic and transport 

problems is due to the finite deformation and convection. Again, because of the balanced 

nature of the free tissue fluid (PBS), there is no fluid motion due to concentration (osmotic)

rlT tc
effects ( —  = 0).

d x i

The effective stress is described by a Fung-Mooney exponential effective strain energy 

density function as given in Chapter Six. The Eulerian permeability is assumed constant 

throughout the de-endothelialized wall. The wall is assumed to be de-endothelialized so that 

the analysis can focus on the effects o f the media. The intima is a complex layer of material 

that is very difficult to describe using bulk continuum based properties. Characterizing the 

media initially will provide a framework in which to study the behavior of the intimal layer as 

a barrier to fluid and species transport. Values for the elastic material properties and 

permeability are taken from Chapter Four. The transport properties are estimated from the 

literature (Simon et al[1996]). In this example, the implicit functionality of the diffusivity on 

porosity and concentration (see Chapter Six) is neglected and the Eulerian diffusivity is 

assumed to be constant throughout the wall.1 A ll properties are given in Table 8.2.

state solutions are somewhat simple, this problem demonstrates the transient diffusion and

convection of the species through an arterial wall under finite deformation.

i

In transport problems where the species is driven by chemical potentials and Pick’s law, 
it is common to assume that the diffusivity is constant over some small range of 
concentration where the changes in the potentials are assumed to be small.
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Table 8.1 - Boundary Conditions for Example 1

Case
Applied
Pressure

[ m m H g ]

Fluid Boundary 
Conditions

Species Boundary 
Conditions

R -R { ii II >

ii

1-A 70 No Flow

oII No Flux c = 10.0

1-B 180 No Flow

oII
>

No Flux c = 10.0

Table 8.2 - Material Properties for Examples 1 and 2

Material
Property

Co
[ m m H g ] q q K' [ m m 2

/ m m  H g  s e c ]

7 CCdrr

[ m m 2/ s e c ]
b<f

Value 61.0 0.907 0.002475 20.0 1.313x l 0‘7 2.5X10"6 1.0

Figure 8.1 shows the deformation of the artery under the Example 1 conditions for 

the two applied internal pressures. Since there is no concentration dependent fluid motion, 

the deformation is independent of the species transport. As expected, Figure 8.2 shows that 

the steady state species concentrations are constant over the deformed thickness of the artery 

wall (the transients are included as well). Figure 8.3 plots the transient variation of species 

concentration at R/(Re ~R) =0.5 for the 2 applied pressures of Example 1. At the higher 

pressure, the wall thickness is smaller which decreases the length scale associated with 

diffusion. Therefore, it can be seen that steady state is reached sooner at the higher pressure. 

As the fluid reaches steady state, the fluid velocity goes to zero throughout the wall and 

therefore the influence of convection vanishes. Furthermore, the time scale associated with 

the fluid flow is much smaller than that for the mass transport. Since much of the fluid motion
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occurs after short times, when the concentration distribution is essentially uniform, the effects 

of convection are minimal. The fluid motion ceases much faster than any significant transport 

effects so diffusion becomes the primary mechanism for transport. This is illustrated in Figure

8.4 where it can be seen that the fluid velocity goes to zero much faster than the concentration 

goes to steady state.

P=70 mmHg P—180 mm Hg

Figure 8.1 - Original and Deformed Meshes for Arterial Model at P=70 mm Hg and 
P- 180 mm Hg
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Figure 8.2 - Transient Concentration Distributions for Example 1 at P=70 mm Hg and 
P- 180 mm Hg
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Figure 8.3 - Transient Concentration at R!(Re ~R) = 1/2 for P=70 mm Hg and P=180 
mm Hg
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Figure 8.4 -Transient Concentration and Relative Fluid Velocity at RI(Re- R)= 112 for 
P=180mmHg 

8.1.1.2 Example 2 - Drained With Varying Steady State Species Distribution 

Example 1 was repeated with the boundary condition for concentration at the inner 

surface of the artery set to a constant as shown in Table 8.3. The material properties are the 

same as in Case 1 (Table 8.2). Again, the diffusivity was assumed to be constant. Since 

concentration-driven fluid motion is neglected, the deformations are identical as in Example 

1 (Figure 8.1). Figure 8.5 shows the variation with time of the species concentration at 

RI(Re- R) =0.5 for the two tests of Example 2. Similar to Example 1, steady state is reached 

faster at the higher pressure (and the corresponding greater deformation). The transient and 

steady state concentrations at the two pressures are plotted against the deformed radial 

position in Figure 8.6. Also shown in this figure is the analytical solution for the steady state 

distribution of a species with the appropriate boundary conditions across the deformed 
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thickness (because the cylindrical wall has become thin with the deformation, the distribution 

is almost linear). As expected, the agreement is excellent (accuracy subject only to mesh 

refinement). In addition to providing insight into the transport of osmotically-balanced 

species through the artery wall with negligible steady state convection, these results serve to 

validate the influence of the deforming solid on the transport of the species.

Table 8.3 - Boundary Conditions for Example 2

Case
Applied 
Pressure 
[mm Hg]

Fluid Boundary 
Conditions

Species Boundary 
Conditions

R =Ri ii R = Ri R = Re

2-A 70 No Flow

oII c= 1.0 c= 10.0

2-B 180 No Flow

oII>

c= 1.0 c= 10.0

5.00E+00 --

Od 4.00E+00--
- P=70 mm Hg 
• P=180mm Hg3  3.00E+00 - -

c 1.00E+00 - -

O.OOE+OO
2500015000 2000010000

time [s]

Figure 8.5 - Transient Concentration at R!(Re ~R) = 1/2 for P=70 mm Hg and P=180 mm 
Hg
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8.1.1.3 Example 3 - Drained With Non-constant Diffusivity

The tests of Example 2 were repeated to introduce a non-constant diffusivity. Using 

the chemical potentials defined in Chapter Six, the isotropic Eulerian diffusivity can be 

expressed as a function of concentration, porosity, temperature, and the intrinsic properties 

of the material, i.e..

d cc
r r (8. 1. 1)

RTAssuming that a™-----  is constant (arbitrarily set as 2.5xl0"6 m nf/g sec), the Eulerian
M c

diffusivity becomes an explicit function of porosity and concentration. Equation (8.1.1) was

12.00 j

1 0 .0 0 -

§
8 .0 0 -

i
6 .0 0 -

S 4 .0 0 -

2 .0 0 -

0 .0 0 -

x Analytical 
Solution Ova 
Deformed Wall

P=70 mmHg 
H---------1-------- 1-

P=180 nmHg 
-------1---------1—I---------h-

2.20 2.30 2.40 2.50 2.60 2.70 2.80 2.90 3.00 3.10

Deformed Radial Position [mm]

Figure 8.6 - Transient Concentration Distributions for Example 2 at P=70 mm Hg and 
P- 180 mm Hg
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used in the FEMs with the same boundary conditions as those given in Table 8.3. The 

porosity is a function of the volume strain and the initial porosity (n0 = 0.5 is a typical value 

for soft tissues)

n = \  - / ^ ( l  - n 0). (8.1.2)

The convection coefficient can be considered an intrinsic property of the material and does 

not contain any explicit dependence on concentration or deformation.

Figure 8.7 shows the steady state distributions of species concentration for these tests 

at two pressures. The influence of the non-constant diffusivity on the species distribution is 

apparent when these results are compared to Figure 8.6. As the concentration increases 

towards the outer region of the arterial wall, the diffusivity correspondingly increases and thus 

the flux and subsequent transport increases. The porosity distribution through the wall is 

shown in Figure 8.8. Since it does not change significantly across the wall, the spatial effect 

o f porosity on diffusivity is insignificant. However, it should be noted that as the porosity 

increases, the diffusivity also increases. This stems from the condition that the diffusivity 

should be maximum when there is no solid present (n  = 1, no solid) (the drag on the species 

from the solid vanishes) and should go to zero as the volume of fluid decreases to zero (n -0 ,  

no solvent).
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Figure 8.7 - Transient Concentration Distributions for Example 3 at P=70 mm Hg and 
P=180 mm Hg
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Figure 8.8 - Porosity Through Deformed Arterial Wall at P=70 mm Hg and P=180 mm 
Hg

8.1.1 A Example 4 - Flowing With Varying Steady State Species Distribution

The simulations of Example 4 represent a primary motivation for the development of 

the PHETS theory and FEMs. The problems consider the interaction between the highly 

deformable soft tissue and the combined convection/diffusion mechanisms of species 

transport. Unlike the previous examples, the convective effects in Example 4 are significant. 

In these tests, the pore fluid stress boundary conditions are such that at steady state, there is 

a steady fluid flux through the wall. This will produce some steady state convection, in 

addition to diffusion, through the artery wall. These tests are similar to the experiments 

performed by Tedgui and Lever [1985] where the artery was pressurized with a buffered 

saline solution containing no tracer and immersed in a bath containing a known concentration 

of 131I-labeled albumin. Under pressurization, the albumin diffuses from the outside surface
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of the artery to the inside surface and is convected in the opposite direction. The boundary 

conditions for the tests of Example 4 are given in Table 8.4. The material properties are the 

same as those given in Table 8.2 with the diffusivity once again assumed constant.

Table 8.4 - Boundary Conditions for Example 4

Case
Applied
Pressure
[mmHg]

Fluid Boundary 
Conditions

Species Boundary 
Conditions

R =Rj R =Re R -R t R -R e

2-A 70

o1II oII c = 1.0 c = 2.0

2-B 180

oOOt—i1II oII c = 1.0 c = 2.0

Figure 8.9 shows the transient pore fluid stress distributions through the wall plotted 

against the deformed radial position. The steady state pore fluid stress distribution and fluid 

velocities are shown in Figure 8.10. The Peclet number, Pe, is

Pe
b cfvfr(re~ri)

1 ccdrr
(8.1.3)

(where v /r is essentially constant through the wall for this case (constant Eulerian 

permeability)) which leads to Pe = 3.7 at 70 mm Hg and Pc = 9.5 at 180 mm Hg. Figure 8.11 

shows the species distributions plotted against deformed radial position. Besides the obvious 

influence of the higher distension at the higher pressure, the influence o f the higher pressure 

(and higher Peclet number) is evident in the distributions. This can be seen more clearly when 

the concentrations are plotted against the normalized deformed position r* = (r -  rz)/(r , -  r.) 

in Figure 8.12. These results qualitatively match the results given in Tedgui and Lever [1985]
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under similar conditions (pressures, Peclet numbers, etc.). This is not meant to imply the 

accuracy of the transport material properties used in this example. However, it is clear that 

the PHETS theory and FEM implementation have demonstrated the capability to model the 

complex transport of a species through a nonlinearly deforming porous body. Later in this 

chapter, these tests will be used in conjunction with data reduction routines for the 

determination of material properties. 
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Figure 8.9 - Transient Pore Fluid Stress Distributions Through Arterial Wall at P= 70 mm 
Hg and P=180 mm Hg in Example 4 
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Figure 8.10 - Steady State Pore Fluid Stress and Relative Fluid Velocities for P=70 mm 
Hg and P=180 mm Hg in Example 4
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Figure 8.12 - Steady State Concentration Distributions at P=70 mm Hg and P=180 mm 
Hg Plotted Against Normalized Radial Position, r * = (r -  r.)/(r, -  r .)

8.1.2 Numerical Issues

To obtain the highest degree of accuracy in finite element analyses, the usual course 

of action is to increase the spatial and temporal discretization. However, in problems such 

as poroelasticity, diffusion, and diffusion/convection, there are criteria regarding the 

spatial/temporal interaction which must be satisfied to ensure the accuracy and stability of the 

numerical simulation. The difficulty in the implementation and application of the PHETS 

theory and FEM is that these criteria may contradict each other and be difficult to satisfy. 

Furthermore, the arguments of the criteria may be highly problem dependent and unknown 

prior to the creation of the model. This section will outline some of these issues and concerns 

within the context of the PHETS theory and the analyses done in this dissertation.
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8.1.2.1 Initial Time Step: Accuracy and Stability

For poroelastic problems where there is a step boundary condition to be imposed 

(Le., rapid inflation of a porous cylinder), Vermeer and Verruijt [1981] presented a criterion 

for the initial time step size to be used to ensure accuracy and stability. For the one 

dimensional case, the criterion is

A,^ (A*)2 (8L4)

where 0 is a time integration parameter, E is the modulus, k is the permeability and Ax is the 

element size on the boundary with the step condition. While most accuracy and stability 

conditions place maximum constraints on the time step size, this constraint limits the minimum 

time step size.

For linear small strain problems, this criterion is easily determined a priori. However, 

in the case of finite deformation, all o f the parameters in equation (8' 1.4) with the exception 

of 0, may be variable. In the problems examined here, specifically porohyperelastic models 

of large arteries, this criterion may, in general, be merely a conservative rule as opposed to 

an absolute criterion. For example, in the case of a Fung-Mooney exponential large artery 

under internal pressure, the deformation decreases the effective element size. Additionally, 

as the deformation increases, the material becomes exponentially stiffer leading to a higher 

effective modulus. These two factors aid in relaxing the criterion. Numerical experiments 

revealed that for the class of problems analyzed in this dissertation, the criterion can be 

violated by as much as a factor of ten on the initial time step size with no adverse effects. 

This does not necessarily allow for more accurate data to be collected at earlier times. It
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simply represents the effects of the deformation on changing the time scale of the problem 

(decreasing, in these cases). The time scale associated with the inaccuracies and instabilities 

at early times also undergoes a corresponding change (also decreasing for the examples 

presented here). This is, however, highly problem dependent so the criterion should still serve 

as a conservative guide for all problems pending numerical experiments.

In problems with transient species diffusion, a similar criterion exists for the selection 

of the initial time step, i.e.,

A ^ - L ( A x)2
6d

where d is the diffusivity. For the cases of finite deformation in this dissertation, this criterion 

also becomes a conservative guide for the initial time step size.

Difficulties develop when there are poroelastic and diffusive transport processes 

occurring over the same time domain, as in Examples 1 and 2 in this chapter. In these 

examples, the initial time step (based on original geometry) required for the diffusion problem 

is much greater than that for the poroelastic problem (although these problems are coupled, 

they will be treated distinctly here). In fact, the time step size specified from the diffusion 

criterion is on the order of the time to steady state of the poroelastic problem. Finite 

deformation only exacerbates this problem. One possible solution is to stagger the time 

integration of the two problems in an attempt to capture the transient effects of both the fluid 

motion and species diffusion. This can be numerically expensive, forcing the calculation of 

many time steps where there is no coupling. Therefore, in this dissertation, the larger time 

step (specified for diflusion) was used, effectively bringing the poroelastic solution to steady



251

state on the first time step. This is acceptable since the steady state poroelastic solution in 

these examples was the drained state with no fluid motion removing any steady state 

interaction between the fluid motion and species transport (they are still coupled by the 

deformed material which is at steady state). This leaves diffusion as the only mechanism for 

transport. These examples could be viewed as cases where the artery is allowed to reach the 

drained state before any concentration boundary conditions are imposed.

8.1.2.2 Convection/Diffusion Effects

When there is convection present in the model (due to boundary conditions, swelling, 

etc.), the criterion for the initial time step based on diffusion does not apply (unless diffusion 

is still dominant). A  different constraint must be now satisfied. The Courant number in one 

dimension,

h
Courant = ---------- (8.1.6)

Ax

where y is the relative fluid velocity, should be less than or equal to one. This criterion is 

tremendously difficult to satisfy for a fully coupled porohyperelastic-transport swelling 

problem because in general the relative fluid velocity is spatially and temporally varying in 

addition to being coupled to the species distribution. Furthermore, the deformation is 

changing the characteristic element length.

Because there are so many factors in the determination of the Courant number, a 

conservative approach was adopted in the analyses of this dissertation. An uncoupled
/
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porohyperelastic analysis was done on the problem o f interest to determine the maximum non

concentration-induced relative fluid velocity (pore fluid stress driven flow usually dominates 

in large arteries). This velocity was then used in equation (8.1.6) to determine the proper 

time step size. In most cases, the limits in the relative fluid velocities were such as to make 

the Courant number much less than one for a significant portion of the time domain. For 

example, in a large artery under flowing conditions, the maximum relative fluid velocity 

occurs just after the rapid pressurization. To account for these large velocities, the time step 

is set to keep c < 1. These velocities are generally much larger than the steady state velocities 

which will leave the Courant number small over much o f the transient domain. Thus, stability 

will be assured at the expense of accuracy (the Courant number close to unity will provide the 

greatest accuracy) and computational time. An automated time stepping scheme was 

introduced to compensate for this effect and to increase the time step as the problem 

approaches steady state. In short, the time stepping scheme will increase the step size if  it is 

determined that the Courant number is not likely to become greater than one in the next time 

step.

Another factor in the determination of the relative fluid velocity is the effect o f 

nonlinear material property variations. Significant changes in the values o f material properties 

can occur due to changes in deformation and/or concentration. These effects are problem 

dependent and not easily predicted. As with the previous example, it is sometimes useful to 

perform an uncoupled analysis to obtain some estimate of the problem bounds and then 

discretize the fully coupled problem appropriately.
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8.1.2.3 Petrov-Galerkin Weighting Functions

There were no apparent difficulties in the implementation o f the Petrov-Galerkin 

weighting functions. What is unique about this implementation is that although the finite 

element formulation is in the reference configuration (undeformed mesh), the finite 

deformation is producing strains that are mapped to the undeformed mesh and the Lagrangian 

material properties. These effects essentially translate to applying the Petrov-Galerkin scheme 

on a deforming mesh. Additionally, the conservation of mass for the species is expressed in 

relative terms which produces a term for the convection due to the solid motion. It was 

thought that there may be some difficulties with this integral. However, there were no 

apparent adverse effects for the problems analyzed for this dissertation.

8.2 Experimental Determination of the Transport Properties

The objective of this section is to develop the techniques for the experimental 

determination of the material property functions associated with species transport through 

large arteries. The primary material property functions are those associated with diffusion and 

convection. The elastic properties and the permeabilities are assumed to be independent of 

species concentration. It is desired to design experiments, similar to those developed in 

Chapter Four, that can isolate the different transport mechanisms so the material property 

functions can be determined.

Previous efforts have attempted to identify the diffusive and convective material 

properties of arterial tissues. Lovich and Edelman [1995], using data from rat abdominal 

aortas, showed that the primary mechanism for transmural heparin transport was diffusion.
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However, they speculated that in larger arteries, the influence of convection may be more 

significant. This is evident in the data of Tedgui and Lever [1985] where the Peclet numbers 

for rabbit aortas were greater than one for applied pressures in the physiological range. These 

interactions are important to identify the most efficient means of drug delivery. If diffusion 

is dominant then either endovascular (from the inside of the artery) or perivascular (from the 

outside of the artery) methods may be used with success. However, if convection is 

significant then endovascular methods may be more efficient (convection generally occurs 

from the inside to outside in large arteries) (Lovich and Edelman [1995]).

8.2.1 Determination ofDijfusivity

Experimental methods will be presented in this section that provide the means to 

determine the values and functional dependence of the medial diffusivity. Once obtained, 

these values can be used in conjunction with data from Tedgui and Lever [1985] to determine 

the functional dependence of the medial convection coefficient.

The objective is to design experiments that isolate the diffusion mechanism of species 

transport in the artery. This was achieved in the simulation presented in Example 2, which 

was the case of species diffusion over the deformed drained poroelastic state. The 

experimental methods needed to isolate diffusion in this manner are presented in Section 

8.2.4.

Following Example 2, the distribution of tagged albumin at a given time through the 

deformed wall will be similar to that shown in Figure 8.13 (data from FEMs using an arbitrary 

diffusivity). At this time, the species gradient through the wall can be approximated by a
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straight line from the bath concentration to the position of the diffusion front (concentration 

approximately equal to initial concentration) moving across the wall, rf , as shown in Figure 

8.13. The front position is estimated by extrapolating the slope from the value atr = r, to 

where it crosses the initial concentration in Figure 8.13.
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Deforrned Radial Position [mm]

Figure 8.13 - Concentration Distribution at Time, tf , with Front Location, rf 

The gradient can be approximated as

6c
dr re ~ rf

(8.2. 1)

The average species velocity can be estimated as
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(8.2.2) 

The average species concentration is calculated in a thin-walled average sense as 

(8.2.3) 

The value of the diffusivity can then be determined by equating the two expressions for 

species flux (with no convection) 

(8.2.4) 

Substituting equations (8.2.1) through (8.2.3) into equation (8.2.4) yields 

(8.2.5) 

If the diffusivity is assumed to be an arbitrary function of strain energy ( 4>) (similar to the 

permeability), then the experiment can be run at different pressures and the constants in that 

function can be determined by minimizing the difference between the two models for flux in 

a least squares sense, i.e., 

(8.2.6) 
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where N  is the number of data points,

4 >  =  C 1 ( 7 1  - 3 )  + C2(I2-3 )+ K /( J - 1)2 (8.2.7)

and 4> is calculated using the thin-walled tube approximations of the principle stretches

re - ri
Re-Ri

K *
r e + r i

R e + R i

X r= s-. (8.2.8)

The procedure was implemented in a FORTRAN program called DIFF using a multi

dimensional simplex method. The accuracy of the procedure was analyzed by using an 

arbitrary function for the diSusivity and simulating the experiments at different pressures (70, 

100, 140 mm Hg) with the PHETS FEMs. These FEMs are identical to those given in 

Example 2. The FEM data was then used with the data reduction DIFF program to 

reproduce the diffusivity function. Note that approximations for the concentration gradient, 

velocity, etc. other than those above may be used with improved accuracy. Future work will 

focus on refining the data reduction algorithm to eliminate the error associated with the 

approximations.

Various forms for were considered. The first assumed arbitrarily that the

Eulerian diffusivity was constant, d™ = 2 .5 x l0 6 mm2/s (independent of strain). Figure 8.14 

shows the comparison of the diffusivity with that produced by the data reduction scheme. 

There is good agreement between the actual and predicted value for the diffusivity.

The Eulerian diffusivity function was then assumed to be a linear function of (f), i.e.,
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<X 4>)=A (|)+B  (8.2.9)

where A =0.00005 mm2/s and B=-0.00007 mm2/s. The variation of (|) across the artery wall 

at P=70 mm Hg is shown in Figure 8.15. The variations of <|) at the other sample pressures 

(100 and 140 mm Hg) are similar with the values of <|) generally higher due to the higher 

applied load. The comparison between the linear function and that produced by the data 

reduction scheme is shown in Figure 8.14. While the results do not agree well, it should be 

noted that the data reduction scheme correctly identified the trend of the diffusivity as 

increasing with increasing <|). Additionally, the predicted diffusivity is o f the same order of 

magnitude as the actual values (over the thin-walled tube values of <f)) produced by the 

applied loads). It can then be concluded that the data reduction scheme produces reasonable 

values for the diffusivity given the approximations involved in the data reduction scheme.
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Figure 8.14 - Actual and Predicted Values for the Diffusivities Based On DIFF program
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Figure 8.15 - Variation of <j> Across Arterial Wall at P—10 mm Hg

Finally, the Eulerian diffusivity was assumed to be a nonlinear function of (f), i.e.,

d “ ( $ ) = A e - B* (8.2.10)

where A=613208.9 mm2/s and 5=-13.80. The influence of such a strong (j) dependence can 

be seen in Figure 8.16 which shows the variation of (j) through the wall and the subsequent 

values of the diffusivity through the wall. The strain parameter <f) decreases monotonicaHy 

from the inside of the wall to the outside. On the outside of the wall, the relatively low values 

of (j) produce relatively high values for the diffusivity which raises the concentrations near the 

outside boundary conditions. On the inside of the wall, the relatively high values of cj> 

produce low values for the diffusivity which hinders the rapid transport of mass resulting in 

concentrations close to the initial values of the wall. These effects can be seen in Figure 8.17
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in the transient concentration distributions over the arterial wall for P=70 mm Hg. Small 

spatial oscillations can be seen in the distributions of the species in Figure 8.17. The cause 

of these oscillations is unknown but it is suspected that they are due to some slight numerical 

instability due to the large variation in diffusivity through the wall.

T 0.001
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Figure 8.16 - Variation of c|) and Diffusivity Through Arterial Wall at P=70 mm Hg
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Figure 8.17 - Transient Concentrations Through Arterial Wall at P=70 mm Hg with 
Nonlinear Diffusivity
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Figure 8.18 - Actual and Predicted Values of the Diffusivity for Nonlinear Case

The comparison of the known diffusivity function and the data reduction results is
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shown in Figure 8.18. Constant, linear, and exponential forms were used in the data 

reduction to try and capture the variation. The exponential function provides very good  

agreement at values of <j> around the mean values of the tube at the applied pressures (the thin • 

tube value of <j> varies from 1.88 to 1.94 as pressure varies from 70 mm Hg to 180 mm Hg). 

However, this function produces unacceptably high values for the diffusivity at low levels of 

<j>. The linear function produced from the data reduction scheme does a reasonably good job 

of capturing the trend of the diffusivity at low values of (J> but misses the asymptotic behavior. 

The constant value of the diffusivity predicted by the data reduction program accurately

i
predicts the order of magnitude of the diffusivity but cannot capture the variation. From these 

results, it may be deduced that a bilinear function may be the best approximation to an 

exponential diffusivity function.

8.2.2 Determination of Convection Coefficient

Once the diffusivity function has been determined, the convection coefficient can be 

identified for rabbit thoracic aortas using the Peclet numbers published by Tedgui and Lever 

[1985]. The average Peclet number is

Peave
frrf ( 4 > ) v / V e ~r)

< (4 > )
(8.2.11)

where is the fluid velocity averaged through the whole wall given by
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P.-P 
- fr ~ k (-") 1 e 
Vr rr'+' • 

r -r. e 1 

(8.2.12) 

Since the permeability and the diffusivity are known functions of <j>, the convection coefficient 

function can be determined by minimizing the difference in a least squares sense between the 

calculated Peclet number and the experimental values obtained by Tedgui and Lever [1985] 

(or any other source) at different pressures, i.e., 

(8.2.13) 

where N is the n~r of data points and <I> is obtained using thin-walled tube 

approximations. This procedure was coded in a FORTRAN program call CONY. 

Data was generated with the PHETS FEMs and reduced using the CONY program. 

For simplicity, only a constant values for the Eulerian material properties (permeability, 

diffusivity, and convection coefficient) were used in this analysis. The data reduction scheme 

determined the convection coefficient to be 1.20 compared with the actual value of 1.0. The 

error in this case is simply due to the error introduced in the determination of the diffusivity. 

More error may be introduced if there is some assumed dependence of b cf on <I> because <I> 

is calculated using thin-walled tube approximations. Nevertheless, the agreement with the 

actual value is acceptable as the data reduction scheme accurately assessed the influence of 

the convection coefficient. Furthermore, when the data was reduced assuming a linear 

dependence on <j>, the CONY program produced a negligible <I> dependence for the 



264

convection coefficient The linear relationship was determined to be

b c/=0.0000012<|> + 1.19. (8.2.14)

8.2.3 Discussion of Data Reduction Routines

The examples above have demonstrated the ability of the data reduction routines to 

provide a reasonable estimation of the functionality of the diffiisivity and the convection 

coefficient. It should be stressed, however, that the functionality of these quantities for the 

materials in large arteries is unknown. Functional forms other than those given here may 

provide better approximations. Future research efforts should focus on refining these data 

reduction methods in order to more accurately identify the functionality o f the arterial 

diffusivity and convection coefficients.

8.2.4 Experimental Procedures

This section will present a preliminary protocol for the acquisition of experimental 

data for the determination of arterial transport properties. The primary task is to design 

experiments that can be used to identify the diffusivity of the material that comprises the 

media in a large artery. At this point, it is assumed that the data for the determination of the 

convection coefficient of the media will come from another source (such as Tedgui and Lever 

[1985]).

In order to isolate the diffusion of a single species as the primary mechanism for 

species transport, the experiment should be designed so that there is no fluid motion through



265

the wall and therefore no convection of species. The drained state, presented in Chapters 

Three and Four, satisfies this criterion. The same preparation of the artery as discussed in 

Chapter Four should be used for these experiments. To provoke the drained condition, the 

artery is inflated to pressure with water-immiscible DC200 and allowed to reach steady state. 

The artery should be immersed in a PBS solution with a known concentration o f albumin. At 

steady state, the wall is at a state of strain with the pore fluid stresses throughout the wall 

equilibrated with the bath pore fluid stress ( t/ = 0). Under this condition, there is no fluid 

motion and the concentration of albumin in the wall should be uniform. All information 

concerning the drained state should be available through the finite element models such as 

those presented in Chapters Four and Seven. When the drained conditions is attained, the 

artery should be immersed in a PBS solution with a known concentration o f ‘tagged’ albumin. 

It should be noted that while a gradient in tagged albumin exists to drive diffusion, the 

physiological concentration of albumin in the wall is still uniform. This removes any spatial 

concentration dependence of the diffusivity. The tagged albumin will diffuse into the wall 

transiently. Prior to reaching steady state (the approximate time to be determined from 

preliminary experiments), the artery should be frozen and excised. The distribution of tagged 

albumin in the wall should be determined by optical methods. These experiments should be 

repeated at various internal pressures to determine the strain dependence of d™. 

Experiments should also be done at various levels of physiological (bath) concentrations to 

investigate the concentration dependence of the diffusivity as well as the elastic properties.

From the distribution of tagged albumin at different pressures, the procedures outlined 

above in Section 8.2 (program DIFF) could be used determine the values and dependence of
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the media diffusivity as a function of strain and concentration. These diffusivities can be used 

with data from the literature and the convection coefficient data reduction scheme (program 

CONY) to determine the convection coefficient and any associated functionality.

8.3 Discussion of Results

This chapter has demonstrated the ability of the porohyperelastic-transport swelling 

theory (PHETS) to describe the transport of species within soft tissues such as large arteries. 

In addition to describing the behavior associated with the finite deformation and fluid motion, 

the theory and subsequent finite element models can also capture the effects of material 

nonlinearity manifested in the material properties. Of primary importance to the study of soft 

tissues is the coupling between the deformation/fluid motion and the transport of species 

dissolved within the fluid. The theory presented in this dissertation has clearly demonstrated 

its applicability to problems in soft tissue mechanics, specifically large arteries.

The examples presented in this chapter represent a simplification of the PHETS 

theory. The problems analyzed here were primarily concerned with the interaction between 

the deformation/fluid motion and the transport of a single uncharged species. In large 

arteries, the transport of a single species such as albumin, LDL, heparin, etc. is crucial to the 

understanding the causal factors associated with atherosclerosis and other arterial concerns 

such as drug delivery systems. However, in other soft tissues, the effects of charged species 

can be important. The more general case of charged ionic species was not investigated 

because it is felt that there needs to be more research focused on the mechanisms and 

influences of the various electrical effects modeled by the PHETS theory . The PHETS theory



provides the framework within which this research should be focused.
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CHAPTER 9

CONCLUSIONS AND RECOMMENDATIONS

The overall goal of this dissertation was to develop accurate modeling tools to aid in 

the analysis of biological structures, specifically soft tissues such as large arteries. From the 

research done in attaining this goal, a number of conclusions can be made as well as 

recommendations as to the future direction of this work.

9.1 Conclusions

1. A  porohyperelastic theory was developed for the analysis of large arteries. The theory 

describes the nonlinear transient deformation and pore fluid flow o f a saturated porous 

material. This work used a nonlinear finite strain hyperelastic material to describe the 

effective material behavior. The isotropic hyperelastic relation was an exponential function 

of the deviatoric strain invariants. This relation, with the proper material constants, can 

accurately describe the nonlinear material behavior of large arteries. The fluid motion is 

determined by a Darcy law which relates gradients in pore fluid stress to the velocity of the 

fluid relative to the solid. The theory was implemented numerically using the finite element 

program ABAQUS.

2. The porohyperelastic theory was used in conjunction with optimization schemes to 

produce data reduction routines that calculate material properties based on experimental data.
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The data reduction programs use analytical relations and thin-walled tube assumptions to 

determine the best functional fit to experimental data in a least squares sense. The routines 

were verified using sample ‘experimental’ data produced by ABAQUS. Experiments on in 

situ rabbit aortae were designed and performed for the determination of arterial material 

properties. The material constants in the constitutive relations were determined using these 

experiments and the data reduction schemes. The resulting finite element simulations (using 

the appropriate properties) demonstrated excellent agreement with the experimental results. 

This verified that the tools developed here could be used confidently to determine soft tissue 

material properties. Secondly, the routine provided a framework on which to build additional 

schemes for the determination of the species transport characteristics of soft tissues.

3. The material properties determined from the experimental results were allowed to 

have a functional dependence on the state of strain. This was based on previous observations 

that the permeability of the intima may have some strain dependence. While it was 

determined that the medial permeability could be considered constant, the permeability of the 

intima decreases with increasing strain (increasing internal pressure). This causes a 

characteristic nonlinearity in the plot of wall fluid flow vs. internal pressure. Additionally, the 

permeability of the intima is lower than that of the media because the intima serves as a barrier 

to the transport of fluid and mass across the inner surface of the wall. Although permeability 

was used in this porbelastic analysis to describe the behavior of the intima, it is important to 

realize that the intima should be characterized as a barrier resistance as opposed to a 

permeability in a continuum sense.
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4. The rabbit aortas analyzed here were found to be close to incompressible; that is, the 

drained bulk modulus was large. Even so, numerically simulated arteries were found to 

increase in volume due to transient net fluid intake when allowed to drain or reach as steady 

state flowing condition after pressurization. Even with a high resistance intimal layer present 

on the internal surface, it was found that in early times after step loading, fluid was imbibed 

into both inner and outer surfaces. These results may provide some insight into the fluid 

transport through the artery wall after a sudden change in intraluminal pressure.

5. A  porohyperelastic transport-swelling (PHETS) theory was developed in this 

dissertation. This theory couples the porohyperelastic response to the transport of charged 

electrolytes within the mobile tissue fluid. The transport of the species includes the diffusion 

through the fluid, the convection by the fluid, and the transport due to electrical effects. The 

relative fluid motion is governed by a modified Darcy which states that the relative fluid 

velocity is proportional to the gradients in pore fluid stress and chemical fluid pressure. The 

chemical fluid pressure is due to the species concentration distributions, species and fluid 

chemical potentials, and electrical potentials. This theory concerns itself with the presence 

of a single cation and a single anion as well as the existence of a fixed charge density attached 

to the solid; however, with slight modification, the theory could be used to describe more than 

two charged species.

6. Similar to the porohyperelastic field theory, an exponential strain energy density 

function was used to capture the characteristic arterial wall deformation. The chemical
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potentials (which drive species motion) and the species material properties (which act as drag 

coefficients between the different phases) were allowed to be functions of concentration 

whose form is to be determined by experimental methods. The more general case would view  

these quantities as functions of both strain and concentration. Since the chemical potentials 

used in this research were from classical physico-chemical theory, they are based on no solid 

phase present and thus do not have any strain dependence.

7. The porohyperelastic transport-swelling theory was implemented in a FORTRAN- 

based finite element computer program. A mixed Lagrangian formulation was used with the 

unknown variables being solid displacement, pore fluid stress, and species concentration. A  

modified Newmark time integration routine was used with a Newton-Raphson iterative solver 

to produce the numerical solution. The program was verified by simulating problems for 

which the solutions are w ell known.

8. Finite element models were used to investigate the transport o f a single species by 

diffusion and convection through an arterial wall under internal pressure and nonlinear 

deformation. The effects of material and geometric nonlinearities on the transient and steady 

state species distributions were examined and found to exert influences that would not be 

captured with a linear analysis. The PHETS models produced results similar to published 

results under similar conditions of high Peclet numbers. These simulations indicated the 

capability of the PHETS theory and FEMs to model the complex interactions between the 

nonlinear material deformation, fluid motion, and species transport. Given the proper material

271
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parameters, these models could be used to further the understanding of the transport of 

species associated with atherschlerosis as well as aid in the development of drug delivery 

systems to locally treat the disease.

9. The porohyperelastic transport-swelling theory was used to produce data reduction 

schemes for the determination of the transport material properties. The data reduction 

programs were verified using the generation of ‘experimental’ data using the finite element 

code. Experiments were designed to produce data to be used for the determination of the 

diffusion related material properties of the media. The medial properties associated with 

convection can then be determined using values of wall Peclet numbers from the literature. 

The data reduction schemes allow the determination of the Lagrangian material properties as 

a function of strain and qoncentration.

9.2 Recommendations

1. The material properties in porohyperelastic transport-swelling theory developed here 

were allowed to only be functions of concentration (with the exception of permeability). 

Research should be done to examine the strain dependence of the material properties. For 

example, the chemical potentials used in this dissertation were those derived from classical 

physico-chemical theory and therefore do not include the presence of a solid phase. Currently 

it is unclear what form a strain-dependent chemical potential might have. The idea of a first 

order polynomial in strain invariants as proposed in Lai et al. [1991] may be sufficient for the 

linear small strain case, but will be inadequate for the nonlinear finite strain problem.
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2. More experimental work is necessary to determine the functional dependence of the 

material properties. The work presented here attempted to include only a simple 

concentration dependence whereas in general, the material properties will be functions o f  

strain and concentration. In addition to the including these effects in the theory (as mentioned 

above), the corresponding experiments need to be designed in order to identify this 

functionality. Additionally, a more general case of the porohyperelastic transport-swelling 

theory could be developed that includes the transport of many electrolytes which would 

increase the number o f unknown material properties.

3. While the theories presented here were developed for general anisotropy, the 

application of the theory was restricted to isotropic cases. Previous research efforts have 

demonstrated the anisotropic material response of soft tissues and these effects should be 

included to provide a more accurate assessment of the material behavior. This can become 

most significant in structures such as the intervertebral disc that lack the single dimensional 

response (radial direction due to symmetry) of an artery.

4. The porohyperelastic transport-swelling theory was combined with experimental 

methods and data reduction schemes to characterize the material properties of the media. 

More fundamental research is needed to investigate the convection and diffusion phenomena 

as it occurs across the intima. This layer cannot be viewed as a material in a continuum sense 

and must be approached as barrier function layer. This makes the analysis difficult as the 

influence of the intima on the transport of species and fluid is very significant. Efforts must
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5. The effects o f remodeling should be integrated into the porohyperelastic transport- 

swelling theory. These effects, in which the material changes its state of stress to compensate 

the stresses due to applied mechanical loads, can significantly effect the deformation and 

response of soft tissues. While, remodeling effects were not included in the theories presented 

here, this dissertation provided the means to incorporate the ‘opening angle’ prestressing in 

a large artery. This effect and other similar phenomena should be investigated and accounted 

for in future formulations.

6. The theories presented in this dissertation have neglected the effects o f smooth muscle 

cells and other physiological effects that could be significant. Smooth muscle cells can 

provide a constriction to the artery in response to some chemical or neural stimuli. In the 

experiments performed for this research, the smooth muscle cells were intentionally relaxed 

to remove their influence. However, the active effects of smooth muscle cells may play an 

important role in the deformation of the artery and in the formation of atherosclerotic plaques. 

Similarly, the effects of active phenomena in the tissue should be considered and included if  

necessary. For example, Tedgui and Lever [1985] have shown that under certain conditions, 

low density lipoproteins can become trapped within the artery wall. Furthermore, Fry [1985] 

has suggested the importance of including a reaction term in the mass transport of species 

within the artery wall. These effects obviously could have a significant consequence on the

be made to relate the dependence of the intimal response on such macroscopic metrics such

as strain, fluid velocity, and species distribution.
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transport of LDL and albumin.

7. Finally, the finite element program developed for this research should be applied to 

problems within soft tissue and arterial mechanics to provide insight into important 

physiological phenomena. The theory, finite element program, and corresponding data 

reduction routines provide a suite of tools that can be applied to issues such as arterial 

hypertension, accumulation of LDL in the artery wall, arterial drug delivery systems, 

deformation of other soft tissues such as the intervertebral disc and articular cartilage, and 

other problems in biomechanical engineering. These tools should provide future research with 

an advanced foundation on which to expand and refine the critical analysis of soft tissues.
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APPENDIX A

A. 1 Hyper elastic Material Derivatives

This appendix presents the expressions for ABAQUS representation of the Fung- 

Mooney strain energy density function derivatives.

W l W . l r C e *
3<t> 31,

Oa (A. 1.1)

d W e _ d W e dtj) 
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A.2 UHYPER User Subroutine

This appendix presents the FORTRAN user subroutine used to implement the

Fung-Mooney strain energy density function in ABAQUS.

SUBROUTINE UHYPER(BIl,BI2,AJ,U,UIl,UI2,UI3,TEMP,NOEL,CM) 
IMPLICIT DOUBLE PRECISION (A -H ,0-Z)
CHARACTER* 8 CM  
PARAMETER (ZERO=O.ODO)
DIMENSION UI1(3),UI2(6),UI3(6)
C0=61.0 
C l =0.907  
C2=0.0025 
CK=22.0
PH I=Cl*(BIl-3.0)+C 2*(BI2-3.0)+CK *(A J-l)**2  
U=0.5*C0*(EXP(PHI)-1.)
DUDPHI=0.5 *C0*EXP(PHI)
DU2DPHI2=DUDPHI
DU3DPHI3=DUDPHI
UI1 (1 )=DUDPHI*C 1
UI1 (2)=DUDPHI*C2
UI1 (3)=DUDPHI*2. *CK*(AJ-1)
UI2(1)=DU2DPHI2*C1*C1
UI2(2)=DU2DPHI2*C2*C2
UI2(3)=DU2DPHI2*2.*CK*(1.+2.*CK*(AJ-1.)**2)
UI2(4)=DU 2DPHI2 *C 1 *C2 
UI2(5)=DU2DPHI2*C 1 *2. *CK*( AJ-1.) 
UI2(6)=DU2DPHI2*C2*2.*CK*(AJ-1.)
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U I3(l)=D U 3D Pffl3*C l*C l*2.*C K *(A J-l.)
UI3(2)=DU3DPHI3*C2*C2*2.*CK*(AJ-1.)
UI3(3)=DU3DPHI3*C 1 *C2*2.*CK*(AJ-1.)
U I3(4)=D U 3D Pffl3*C l*2.*C K *(l.+2.*CK *(AJ-l.)**2)
UI3(5)=DU3DPffl3*C2*2.*CK *(l.+2.*CK *(AJ-l.)**2)
UI3(6)=DU3DPffl3*CK**2*(AJ-l)*(12.+8.*CK *(AJ-l)**2)
RETURN
END

A.3 Experimental Protocol

This appendix presents the protocol for data collection from the experiments on in situ

rabbit aortas.

1. Calibrate Gould chart recorder and pressure transducer.

2. Prepare rabbit artery for experiments. Record rabbit number, weight and blood 
pressure.

3. Mark artery and measure lengths lt and lg.

4. Prepare artery for Lp (flowing) test.

5. Precondition artery by pressurizing the artery 3 times. When artery is producing a 
repeating pressure-radius curve, the preconditioning is complete.

6. Pressurize artery to 125 or 150 mmHg.

7. At this pressure, stretch artery to desired axial stretch level, as determined from lg the 
deformed gauge length. At this stretch, secure artery such that length will remain 
constant throughout tests. Measure lengths lg and lt.

8. With the endothelium intact, inflate the artery with PBS to pressures of 50 ,75 , and 
100 (and 125?) mmHg.

9. After each pressurization, wait until bubble velocity is constant (steady state). Record 
bubble velocity and corresponding pressure and measure deformed external diameter 
de and deformed total length lt using video.

10. Repeat Step 9 for each pressure.



279

11. Prepare artery for undrained tests.

12. Calibrate video by placing a measure of known length in view o f the video camera and 
in the plane of the artery .

13. Pressurize artery to 125 or 150 mmHg.

14. At this pressure, stretch artery to desired axial stretch level, as determined from lg the 
deformed gauge length. At this stretch, secure artery such that length will remain 
constant throughout undrained pressure tests. Record time for video measurement 
of deformed gauge and total lengths, lg and If

15. Pressurize artery to 2 5 ,5 0 ,7 5 ,1 0 0 ,1 2 5  (and 150 depending on Step 11) mmHg in 
a rapid manner provoking the undrained response of the artery. This can be done 
using an infusion pump. During pressurization, the artery should be immersed in a 
bath of physiologically buffered saline solution (PBS).

16. At each pressure, record pressure and corresponding time for later video 
measurements of deformed external diameter de gauge length lg, and infusion pump 
data for dj..

17. At each pressure, make sure that deformed gauge length lg has not changed.

18. Repeat steps 7-11 at a new stretch level The new level of axial stretch should be 10- 
20% lower than previous axial stretch level.

19. If necessary, recalibrate video.

20. Remove endothelium and repeat Steps 6-7 (Lp test) for P—75 mmHg,

21. Prepare artery for drained test.

22. Inflate deendothelialized artery to P—75 mmHg with Dow  Coming 200 Solution 
(DC200).

23. At each pressure, wait until bubble velocity reaches zero indicating that the steady 
state drained condition has been reached.

24. Record pressure and measure deformed external diameter de and gauge length lg using 
calipers. Use infusion pump to record the internal volume change of the artery.

25. Prepare artery for reference measurements.
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26. Release artery from constraints and depressurize to zero pressure. At this point, mark 
time for video measurement of reference gauge and total lengths, Lg and 
respectively.

27. Photographs are taken of the cut and uncut arterial cross-section. The photographs 
are used to determine the undeformed internal and external radii, R, and %, 
respectively.

28. Half polar angle, 0O, is measured from the cut arterial cross-section and used to later 
determine the opening angle, a.

29. Values for the porosity and endothelium thickness are taken from other experiments.

A.4 Incremental Stiffnesses Due to Material Property Derivatives

The section outlines the general forms of the incremental stiffnesses due to the 

dependencies of the material properties on strain and concentration.

f^-+cr  +Z^+C r  +KC- UE = j  N+pTc+TB cTb+fic(fln%f +Viijdv0 

+j N +pTc+TN cr(Vb+f)it (b t̂cS+VnjdV0

v0

(A.4.1)

M ic'd- +zc-c r  + K iuS = I N-prc-TB cTf~f£(B*TCf +Vv;jdV0

N ~ p Tc ~ TN cT(Vb ~f)il( r 1̂ +Vuc)dV0

(A.4.2)



281

Z ^ c~c*' +Kcy*c+ +Kc- Uu = I B cTd++ B cc+dV0+ j B cTd+' B cc~dV0-V-

Z 6/ 5" +Kc~c' i+ +Kc-Ui  = I B cTt +B cc+dV0 + f B cTd ' B cc~dV0

e?;c'c- +ẑ +c+r  +zt+“i = IbcT +I z FcV|xW0 + I 5cT"
/ \

M-J% edVi

jl-W0 ur. -  J mcTf +

Vo

2ff 'c>  +Kcr c 'c* + Z t%  = II B cll
( z +F X

x
V ( I w 0 + j  B cTl 

Vo

t  \
z'F„

x M- , V n W (

+Kc~c*d+ +Kce uU = J N+pTV TB cTb +f +VnjdV0 

+J N +pTc+TN cTjB +f H Tm  dv0+ J n ^ rA[c+ 7i ¥c +V7rc)]rfV0

(A.4.3)

(A.4.4)

(A.4.5)

(A.4.6)

(A.4.7)



282

cs c r  +T̂ e c'c+ +Kce uu = I N~ptc~tB cTb~f k(ync)dV0

V°

+ I N~p tc~tB c Tt f  W %%fdV0

t  v: t
- I N~pTc~TN cTJfrf H Tm  dV0+ I N~pTAlc~TN cT(VTf f) ^ nTtf +Vti:c)]j

(A.4.8)



283

REFERENCES

Ayorinde, O.A., Kobayashi, A.S., Chen, J.C.H., and Merati, J.K., 1975a, “A Finite 
Element Large Deformation Analysis of a Tapered Aorta,” ASME Winter Annual Meeting 
75-WA/Bio-5.

Ayorinde, O.A., Kobayashi, A S ., and Merati, J.K., 1975b, “Finite Elasticity Analysis 
of Unanesthetised and Anesthetised Aorta,” J. Appl. Mech., 42,547-551.

Baldwin, A.L., Wilson, L.M., and Simon, B.R., 1992, “Effect of Pressure on Aortic 
Hydraulic Conductance,” Arteriosclerosis and Thrombosis, 12,163-171.

Biot, M.A., 1941, “General Theory of Three-Dimensional Consolidation,” J. Appl. 
Physics, 12,155-164.

Biot, M.A., 1962, “Mechanics of Deformation and Acoustic Propagation in Porous 
Media,” J. Appl. Physics, 33,1482-1798.

Biot, M .A , 1972, “Theory of Finite Deformations of Porous Solids,” Indiana Math 
J., 21, 597-620.

Bergel, D.H., 1961, “The Static Elastic Properties of the Arterial Wall,” J. Physiol., 
165,445-457.

Bergel, D.H., 1972, in Cardiovascular Fluid Dynamics, 2 ,1 -6 4 .

Bowen, R.M., 1980, “Incompressible Porous Media Models by Use of the Theory of 
Mixtures,” /n t  J. Eng. ScL, 18,1129-1148.

Chuong, C.M., and Fung, Y.C., 1983, “Three Dimensional Stress Distribution in 
Arteries,” / .  Biomech. Eng., 105, 268-274.

Chuong, C.M., and Fung, Y.C., 1984, “Compressibility and Constitutive Equation of 
Arterial Wall in Radial Compression Experiments, J. Biomech., 17 ,35-40 .

Cox, R.H., 1975, “Anisotropic Properties of the Canine Carotid Artery in vitro,” J. 
Biomech., 8, 293-300.

DeSimone, P., Vigianni, G , 1976, “Consolidation of Thick Beds of Clay,” Proc. Conf. 
Numerical Methods in Geomechanics, C.S. Desai, Ed., 2 ,1067-1081.



284

Doyle, J.M., and Dobrin, P.B., 1971, “Finite Deformation Analysis o f the Relaxed and 
Contracted Dog Artery,” Microvascular Res., 3 ,400-415.

Duff, IS ., Erisman, A M ., and Reid, J.K., 1986, Direct Methods for Sparce Matrices, 
Oxford University Press, New  York.

Eisenberg, S.R., Grodzinsky, A.J., 1987, “The Kinetics of Chemically Induced 
Nonequilibrium Swelling of Articular Cartilage and Corneal Stroma,” J. Biomech. Eng., 109, 
79-89.

Fatt, L, 1968, ‘Dynamics of Water Transport in the Comeal Stroma,” Expl. Eye Res., 
7 ,402-412.

Fitts, D .D ., 1962, Nonequilibrium Thermodynamics, McGraw Hill.

Fry, D.L., 1973, “Responses of the Arterial Wall to Certain Physical Factors,” CIBA 
Foundation Symposium, 12,93-111.

Fry, D.L., 1985, “Mathematical Models for Arterial Transmural Transport,” Amer. 
J. Physiol, 248, H240-263.

Fung, Y.C., 1990, Biomechanics, Motion, Flow, Stress, and Growth, Springer-Verlag, 
N ew York.

Gaballa, M .A A , 1989, “Nonlinear Multiphase Mechanics of Soft Tissues using Finite 
Element Methods,” Ph.D. Thesis, University of Arizona, Tucson, Arizona.

George, A  and Liu, J.W., 1981, Computer Solution of Large Sparce Positive Definite 
Systems, Prentice Hill, New Jersey.

Gibson, R.E., England, G.L., and Hussey, M.J.L., 1967, “The Theory of One 
Dimensional Consolidation of Clays,” Geotechnique, 17,261-273.

Ghaboussi, J., and Wilson, E.L., 1973, “Flow of Compressible Fluid in Porous 
Media,” Int. J. Num. Meth. Eng., 5 ,419-443.

Ghista, D.N., Kobayashim A S ., and Davids, N, 1975, “Analyses of Some 
Biomechanical Structures and Flows by Computer-Based Finite Element Method,” 
Computers in Biology and Medicine, 5, 119-161.

Holmes, M.H., 1985, “A  Theoretical Analysis for Determining the Nonlinear 
Hydraulic Permeability of a Soft Tissue From a Permeation Experiment,” Bull. Math. Biol, 
47, No. 5, 669-683.



285

Huyghe, J.M., Arts, T., Van Campen, D.H., and Reneman, R.S., 1992, “Porous 
Medium Finite Element Nodel of the Beating Left Ventrical,” Am. J. Physiol, 262, 1256- 
1267.

Hughes, T.J.R., 1987, The Finite Element Method. Linear Static and Dynamic Finite
Element Analysis, Prentice Hall, New Jersey.

Jaunzemis, W., 1967, Continuum Mechanics, MacMillon, N ew York, 433.

Jayaraman, G., 1983, “Water Transport in the Arterial Wall - A  Theoretical Study,” 
J. Biomech., 16, 833-840.

Jayaraman, G., 1985, “Filtration Across a Porous Elastic Matrix - An Application to 
the Water Transport in the Artery Wall,” Advances in Bioengineering, ASME-BED-Vol. 1, 
53-54.

Katchalsky, A., and Curran, P.F., 1975, Nonequilibrium Thermodynamics in 
Biophysics, Harvard University Press, Cambridge.

Kaufmann, M.V., Simon, B.R., McAfee, M.A., and Baldwin, A.L., 1995a, 
“Poroelastic Finite Element Formulation Including Coupled Transport and Swelling Effects,” 
ASME Summer Bioengineering Conference.

Kaufmann, M.V., Simon, B.R., and Baldwin, A.L., 1995b, “Poroelastic-Transport 
Finite Element Formulation Including Convection and Swelling,” ASME Winter Annual 
Meeting, Biomechanics Division.

Kaufmann, M.V., Simon, B.R., Meyer, P.J., and Baldwin, A.L., 1995c, “ABAQUS 
Finite Element Analysis of a Porohyperelastic Material with Swelling By Thermal Analogy,” 
ASME Winter Annual Meeting, Biomechanics Division.

Kenyon, D.E., 1976, “Transient Filtration in a Porous Elastic Cylinder,” J. Appl. 
Mech., 98 ,594-598.

Kenyon, D.E., 1979, “A  Mathematical Model of Water Flux Through Aortic Tissue,” 
Bull. Math. Biol, 41 ,79-90 .

Lai, W.M., Hou, J.S., and Mow, V.C., 1991, “A Triphasic Theory for the Swelling 
and Deformation Behaviors of Articular Cartilage,” J. Biomech. Eng., 113, 245-258.

Lai, W.M., Gu, W., and Mow, V.C., 1994, “Flows of Electrolytes Through Charged 
Hydrated Biological Tissue,” part o f “Mechanics USA 1994" edited by A.S. Kobayashi, Appl. 
Mech. Rev., 6, part 2, S277-281.



286

Laible, J.P., Pilaster, Simon, B.R., Krag, M.H., Pope, M., and Haugh, L.D., 1994,”A  
Dynamic Material Parameter Estimation Procedure for Soft Tissues Using a Poroelastic Finite 
Element Model,” J. Biomech. Eng., 116,19-29.

Lanir, Y., 1987, “Biorheology and Fluid Flux in Swelling Tissues. I. Biocomponent 
Theory for Small Deformations, Including Concentration Effects,” Biorheology, 24,173-187.

Lee, J.S., Frasher, W.G., and Fung, Y.C., 1967, “Two Dimensional Finite 
Deformation Experiments on D og’s Arteries and Veins,” AFOSR Sci. Rep., 67-1980, 
Defense Doc. Center.

Lovich, M.A., and Edelman, E.R., 1995, “Mechanisms of Transmural Heparin 
Transport in the Rat Abdominal Aorta Following Local Vascular Delivery,” to be published.

Maroudas, A., 1975, “Biophysical Chemistry of Cartilaginous Tissues with Special 
Reference to Solute and Fluid Transport,” Biorheology, 12, 233-248.

Mattiasson, K., 1981, “Continuum Mechanics Principles for Large Deformation 
Problems in Solid and Structural Mechanics,” Department of Structural Mechanics, Cgalmers 
University of Technology, Goteborg, Sweden.

M cAfee, M.A., 1994, “Porohyperelastic Analysis for Large Arteries and 
Determination of Material Properties,” Master’s Thesis, University of Arizona, Tucson, 
Arizona.

Mesri, G., and Rokhsar, A., 1974, “Theory of Consolidation of Clays,” ASME J. 
Geotech., Eng. Div., KM), 889-904.

Monte, J.L., Krizek, R.J., 1976, “One Dimensional Mathematical Model for Large 
Strain Consolidation,” Geotechnique, 26,495-510.

Mow, V.C., Kuei, S.C., and Lai, W.M., 1980, “Biphasic Creep and Stress Relaxation 
of Articular Cartilage in Compression,” J. Biomech. Eng., 102,73-84.

Myers, E.R., Lai, W.M., and Mow, V.C., 1984, “A Continuum Theory and an 
Experiment for the Ion-Induced Swelling Behavior of Articular Cartilage,” J. Biomech. Eng., 
106* 151-158.

Oden, J.T., 1972, Finite Elements of Nonlinear Continua, McGraw-Hill, New York.

Laible, J.P., Master, D.S., Krag, M.H., Simon, B.R., and Haugh, L.D., 1993,"A
Poroelastic-Swelling Finite Element Model With Application to the Intervertebral Disc,”
SPINE, 18, No. 5, 659-669.



287

Patel, D.J., Janicki, J.S., and Carew, T.E., 1969, “Static Anisotropic Elastic Properties 
of the Aorta in the Living Dog,” Circ. Res., 25 ,765 .

)
Richards, E G ., 19%0, An Introduction to Physical Properties of Large Molecules in 

Solution, Cambridge University Press, Cambridge.

Salzar, R.S., Thubrikar, M.J., and Eppink, R.T., 1991, “Pressure-Induced Mechanical 
Stress and Artherosclerosis in the Carotid Artery Bifurcation,” Annals Biomed. Eng., 19, 
587-596.

Simon, B.R., Kobayashi, A.S., Strandness, D.E., and Wiederhielm, C.A., 1971, 
“Large Deformation Analysis of the Arterial Cross Section,” J. Basic Eng., 93,138-146.

Simon, B.R., Kobayashi, A .S., Strandness, D.E., and Wiederhielm, C.A., 1972, 
“Reevaluation of of Arterial Constituive Equations —  A  Finite Deformation Approach,” Circ. 
Res., 3 ,491-500.

Simon, B.R., Kobayashi, A.S., Wiederhielm, C.A., and Strandness, D.E., 1973, 
‘Deformation of the Arterial Vasa Vasorum at Normal and Hypertensive Arterial Pressures,” 
J. Biomech., 6, 349-359.

Simon, B.R., and Gaballa, M .A , 1986, “Poroelastic Finite Element Models for Large 
Arteries,” Advances in Biomechanics, ASME-BED-Vol. 2 ,140-141.

Simon, B.R., and Gaballa, M.A., 1988, “Finite Strain, Poroelastic Finite Element 
Models for Large Arterial Cross Section,” Computational Methods in Biomechanics, R.L. 
Spilker and B.R. Simon, eds., ASME-BED-Vol. 9,325-334.

Simon, B.R., 1992, “Multiphase Poroelastic Finite Element Models for Soft Tissue 
Structures,” Appl. Mech. Rev., 45,191-218.

Simon, B.R., Kaufmann, M.V., McAfee, M.A., and Baldwin, A.L., 1993, “Finite 
Element Models for Arterial Wall Mechanics,” J. Biomech. Eng., 115 ,489-496,1993.

Simon, B.R., Kaufmann, M.V., McAfee, M.A., and Baldwin, A.L., 1995a, 
“Porohyperelasdc Analysis of Large Arteries. Part I. Field Equations and Finite Element 
Models,” to be published.

Simon, B.R., Kaufmann, M.V., McAfee, M.A., and Baldwin, A.L., 1995b, 
“Porohyperelasdc Analysis of Large Arteries. Part II. Lagrangian Field Equations and

Owen, D.R.J., and Hinton, E., 1980, Finite Elements in Plasticity: Theory and
Practice, Pineridge Press, Swansea, U.K..



288

Determination of Material Properties,” to be published.

Simon, B.R., Kaufmann, M.V., McAfee, M.A., and Baldwin, A.L., 1995c, “Finite 
Element Models for Soft Tissues Based on Porohyperelastic Transport-Swelling Theory,” 
1995 ASME Summer Bioengineering Conference.

Simon, B.R., Laible, J.P., Pilaster, Simon, B.R., Yuan, Y., and Krag, M.H., 1996, “A  
Poroelastic Finite Element Formulation Including Transport and Swelling in Soft Tissue 
Structures,” to be published in J. Biomech. Eng..

Smiles, D.E., and Poulos, H.G., 1969, “The One Dimensional Consolidation o f  
Columns of Soil of Finite Length,” Australia J. Soil Res., 7 ,285-291.

Snijders, J.M.A., 1994, The Triphasic Mechanics of the Intervertebral Disk, Ph D. 
Thesis, University of Technology, Eindhoven, The Netherlands.

Spilker, R.L., Suh, J.K., and Mow, V.C., 1988, “A Finite Element Formulation for 
the Nonlinear Biphasic Model for Articular Cartilage and Hydrated Soft Tissues Including 
Strain Dependent Permeability,” in Computational Methods in Bioengineering, R.L. Spilker 
and B.R. Simon, eds., BED-Vol.9, ASME, M ew York, 81-92.

Takamizawa, K., and Hayashi, K., 1987, “Strain Energy Density Function and 
Uniform Strain Hypothesis for Arterial Mechanics,” J. Biomech., 2®, 7-17.

Takamizawa, K , and Hayashi, K., 1988, ‘Uniform Strain Hypothesis and Thin-Walled 
Theory in Arterial Mechanics,” Biorheology., 25, 555-565.

Terzaghi, K., and Peck, R.B., 1967, Soil Mechanics in Engineering Practice, Wiley, 
N ew York.

Tedgui, A., and Lever, M.J., 1985, “The Interaction of Convection and Diffusion in 
the Transport of 131I-Albumin within the Media of the Rabbit Thoracic Aorta,” Circ. Res., 57, 
856-863.

Thubrikar, M.J., Roskelley, S.K., and Eppink, R.T., 1990, “Study of Stress 
Concnetration on the Walls of the Bovine Coronary Arterial Branch,” J. Miomech., 23 ,1 5 -  
26.

Vawter, D.L., 1978, “Influence of Lung Parenchyma on the Boundary Conditions for 
Pulmonary Hemodynamics,” Proceedings, 1st Mid-Atlantic Conference on Bio-Huid 
Mechanics, Virginia Institute ans State University, Blacksburg, VA, 195-203.

Vaishnav, R.N., and Vassoughi, J., 1984, “Incremental Formulations in Vascular



289

Mechanics,” J. Biomech. Eng., 106,105-111.

Vermeer, P .A , and Verraijt, A , 1981, “An Accuracy Condition for Consolidation by 
Finite Elements,” Int. J. Num. Anal. Meth. Geomech., 5 ,1 -14 .

Weinbaum, S., Pfeifer, R., and Chien, 8., 1989, “The Search for the Large Endothelial 
Pore and Its Possible Link to the Localization of Atherogenesis,” PCH Physico., Chemical 
Hydrodyn., 10, 705-726.

Wiederheim, C.A., Kobayashi, A S ., W oo, L.Y., and Stromberg, D.D., 1968,” 
Structural Response of Relaxed and Constricted Arterioles,” J. Biomech., 1 ,259-270.

Yu, C. C., and Heinrich, J.C., 1986, “Petrov-Galerkin Methods for the Time- 
Dependent Convective Transport Equation,” Int. J. Num. Meth. Eng., 23, 883-901.

Yu, C .-C , and Heinrich, J.C., 1987, “Petrov-Galerkin Method for Multidimensional, 
Time-Dependent Convective-Diffusion Equations,” Int. J. Num. Meth. Eng., 24,2201-2215.

Yuan, Y., 1991, “Nonlinear Structural .Analysis of Poroelastic Materials and its 
Application in Arteries,” Ph D. Thesis, University of Arizona, Tucson, Arizona.

Yuan, Y., and Simon, B.R., 1992, “Constraint Relations for Orthotropic 
Porohyperelastic Constitutive Laws and Finite Element Formulations for Soft Tissues,” 
Advances in Bioengineering, BED-Vol. 22, 203-206.

Zienkiewicz, O.C., 1977, The Finite Element Method, McGraw-Hill.


