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ABSTRACT

A practical technique is developed for the phased operation of 
a hexagonally-configured synthetic-aperture imaging system. This sys
tem consists of six identical circular sub-apertures, centered on the 
apexes of a regular hexagon, and is capable of achieving a spatial 
resolution nearly equal to that of an equivalent single-aperture system. 
Phased and non-phased images are compared with each other and with 
images produced by the equivalent single-aperture system. Three basic 
configurations for achieving the desired phasing are examined: indepen
dent prism-compensated telescopes, separated primary collector segments, 
and independent afocal telescopes. Of these configurations, the third 
shows the most promise for phased'operation in the visible and near 
infrared regions of the spectrum. Basic .geometry requirements for 
this configuration are examined, and tolerance limits are obtained 
for piston error, tilt, decenter, atmospheric turbulence, and such 
total support-system errors as gravity-induced sag and warping. The 
tolerance limit for any single error, or combination of errors, is 
established when the cross-correlation of the diffraction-limited 
impulse response and the aberrated impulse response falls to a specified 
value. This value is given as a fraction of the autocorrelation of the 
diffraction-limited impulse response.

In •addition, the use of a phased-, multi-aperture telescope as 
a multiple-base Michelson stellar interferometer is proposed.

xv



CHAPTER 1

INTRODUCTION

The recent theories, discoveries and advances of. modern astron
omy are calling for ever larger and more precise astronomical imaging 
systems. Requirements for greater light gathering power, as well as 
better resolution of fine spatial detail are common. For most of 
these problems, the primary limit to both resolution and light gather
ing capability is aperture size. The production of larger and larger 
objectives to meet these demands is, however, becoming increasingly 
difficult. The cost and time required to fabricate such huge mirrors, 
as well as their sheer weight and size, are significant practical 
obstacles. In addition, the materials that meet the extreme tolerances 
on homogeneity and dimensional stability are few in number and costly 
as well. As a result, alternate technigues for achieving high resolu
tion and greater light-gathering power are being examined; One such 
technique permits the synthesis of large apertures by combining a 
number of smaller ones. This technique, called aperture synthesis, is 
relatively new and has expanded rapidly to include application in many 
areas of optics.

Instruments configured by this technique are believed to re
quire substantially less material, cost less, and entail fewer fabrica
tion problems than large single-objective systems.

1
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When aperture synthesis is applied to astronomical instrumenta
tion, several component telescopes or telescope objectives must be com
bined into a single system with a single image plane common to all.
The Major optical problems.encountered in achieving diffraction-limited 
image performance appear to be internal alignment, interaperture phase 
matching and atmospheric turbulence. While space-born systems will not 
be troubled by atmospheric disturbances, all such systems must be 
phase matched for the correct image plane interferences to occur at 
all field angles.

The study of synthetic aperture telescopes is a recent develop
ment in Optical Science, and has been seriously studied for only a few 
years. During the winter of 1966-7, the "Optical Maser Panel" of the 
Scientific Advisory Committee to the Air Force Systems Command consid
ered the application of aperture-synthesis techniques, previously used 
at radio frequencies, to the optical region of the spectrum. The . 
principal motivation for this was the realization that the spatial 
resolution limit in large telescopes was imposed primarily by the 
state of fabrication technology and by the costs encountered. It was 
considered important that aperture synthesis be explored as a new ap
proach to this problem, enough so that the National Academy of Sciences 
was approached for sponsorship. The result was the four-week Woods 
Hole Summer Study on Synthetic Aperture Optics, which summarized the 
state of the art and provided serious speculation on ideas considered 
potentially feasible. This, study resulted in a two-volume report con
taining reviews of the applicable fields of optics (Woods Hole Summer



Study, 1967) such as interferometry, feedback controlled optical 
surfaces, imaging with partially filled apertures, aperture systhesis 
with coherent illumination and post detection image processing. A com
plete summary of this report was published by J. W. Goodman (1970). -

The Woods Hole study stimulated considerable interest, thought 
and research into the field where further ideas and concepts were 
generated. One notable result was a Symposium on Synthetic Aperture 
Optics held at the Optical Sciences Center of The University of Arizona 
in 1970 (Stockton, 1970). The Symposium served as a status report on 
the progress of the field to that date. It revealed that there are 
definite parameters that must be considered in the development of 
partially-filled apertures, and that there are distinct disadvantages 
in their use. Noted disadvantages are a relatively poor image signal- 
to-noise ratio and, in the case of ground-based systems, inferior 
response in the presence of atmospheric turbulence.

At about this time, the first large scale application of aper
ture synthesis, the Multiple Mirror Telescope (MMT),.was conceived as
a ground-based astronomical instrument consisting of six, 1.83 m-
diameter CasSegrainian telescopes positioned in a hexagonal array and 
having an overall diameter of 6.858 m. The component telescopes are 
held together by a large space frame structure and mounted in an alti
tude- over- azimuth mount, as shown in Fig 1,;' The design and construe- ' 
tion of such an instrument was initiated in 1971, an is expected to 
become operational sometime during 1977, It is to be mounted on the 
8500 ft. summit of Mount Hopkins, in southern Arizona.
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Fig. 1. Diagram of the Multiple Mirror Telescope.
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When this instrument becomes operational in its current configu

ration, it will have a spatial resolution no better than any one of its 
component systems. This is due to the fact that the six images are
superimposed without regard to the length of the optical paths that
segments of an incident wavefront must travel in forming a single 
image. In order for a multi-aperture imaging system to attain the • 
spatial resolution of an equivalent single-aperture system, the several 
wavefront segments must arrive at the final image plane in-phase. The 
problem of phasing multi-aperture images then is of fundamental im- , 
portance to the study of synthetic apertures.

The phasing of synthetic-aperture images is a multi-faceted 
problem encompassing several fields. The following are believed to be 
the four basic steps that are required in order to understand the 
phasing problem and develop practical multi-aperture imaging systems 
exhibiting phased imagery.

STEP 1: Examine current phasing concepts and develop new
ones in an effort to find one or more which appear
applicable at the practical levels of technology.

STEP.2: Develop image-quality criteria for multi-aperture
phased images, and use these criteria to determine 
which parameters have the most significant effect 
on the images. Determine tolerance levels for 

• . these parameters that would provide basic input
data to the design of real, phased-image synthetic- 
aperture systems.



6
STEP 3: Develop real-time monitoring schemes for detection

and measurement of phase errors.
STEP 4: Finally, develop control schemes to adjust, optical

and/or mechanical components of the system to mini
mize or eliminate the measured errors.

The purpose of this dissertation is to report work on several 
aspects of the phasing problem. The basic efforts have been directed 
at the examination of various techniques for phasing and an exploration 
of the effects of anticipated types of phase errors on the image. The 
goal has been to determine those errors which appear most significant 
and to assign general levels of tolerance to these errors.

As there are a myriad of synthetic-aperture configurations to 
which a large number of relevant parameters may be assigned, it was 
necessary to restrict the scope of this work to the configuration 
consisting of six circular sub-apertures centered on the apexes of a 
regular hexagon.

Chapter' 2 describes phased and non-phased imagery, using the 
MMT as an example. Chapter 3 gives the three fundamental techniques 
for phasing such arrays, and describes the geometrical restrictions on 
their application. Chapter 4 then describes the types of phase errors 
examined and the reasons for their choice. Chapter 5 gives descrip
tions of the image quality and comparison criteria used, and a detailed 
description of the computer modeling scheme used to simulate the 
phased images and generate the comparison is included in Chapter 6.
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Finally, the results of this computer simulation are given in Chapter 
;7, and their interpretation in Chapter 8.



CHAPTER 2

PHASED MD. NON-PHASED IMAGES

In a multi-aperture telescope, a phased image is< one-that is 
formed when the several convergent image-forming wavefront segments of 
the original incident wavefront arrive at a combined, image plane at 
the same time, or "in phase". A multi-aperture instrument that does 
not, or cannot, meet this conditions produces non-phased images. The 
differences in image characteristics of phased and non-phased multi- 
apertures are significant, both in image structure and spatial resolu
tion. Simple, non-phased superposition of images from several 
identical and perfect component systems provides a combined image con
taining the sum of the component energies, but also shows several . 
inherent geometrical and phase imperfections. These imperfections 
distort the image structure and seriously limit spatial resolution.
On the other hand, in-phase superposition, using the same array configu
ration, will produce an image that is diffraction-limited with a 
spatial resolution nearly equivalent to that obtained.from an aperture 
whose diameter may be circumscribed about the total array. Such phased 
imaging systems are, however, subject to geometrical and phase restric
tions not normally encountered in non-phased imaging arrays. Phased 
images are more sensitive to environmentally-induced misalignments, 
atmospheric turbulence, and surface fabrication errors. Coherentj or 
in-phase superposition of component images over a finite wavelength
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interval will require compensation if refractive elements are used. In 
addition, the ability to image a finite object scene requires a matching 
of component phase with field angle.

In this chapter, the image formed by a specific non-phased
array, the MMT, is examined. Also studied are the. imperfections that
are typically encountered with this type of instrument, as well as the 
resultant image characteristics. For purposes of phasing, these im
perfections must be known so that their sources may be designed out. of 
future multi-aperture systems.

As with most modern large astronomical telescopes, the MMT’s
design was developed from a large number of astronomical, engineering,
cost, and technological constraints. Its array configuration, for 
instance, was determined from the availability of six appropriate 
primary mirror blanks, and ah estimate of the space required between 
the mirrors for convenient design of mirror cells. In addition, this 
configuration provides axial symmetry for simplicity in both the opti
cal and mechanical design. This hexagonal placement of primary 
collectors (Fig. 2) gives a total light collecting area equivalent to a 
single 4.48 m diameter conventional circular aperture. Basically, the 
klMT consists of six independent and axially-symmetric telescopes, 
having both a common image plane (simple superposition) and common 
mounting structure. It is a novel design, incorporating an altitude- 
over- azimuth mounting, a sophisticated space frame tube structure called 
the Optical Support Structure (OSS), and an unconventional, fully 
rotating building. More detailed descriptions of these and other fea-

i
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5.054 6858

6.077 -

Fig. 2. The MMT Aperture Configuration.
(All Dimensions in Meters)

tures of this instrument may be found in the literature (Meinel et al., 
1972; Weymann and Carleton, 1972; Sanger and Shannon, 1973; Hoffmann,
1974).

The optical system of the MMT itself consists of six telescopes 
of identical Cassegrainian design. Each 1.83-m diameter primary is 
figured to a true parabola (k = -1.0), while its associated secondary 
is figured to a hyperbola (k = -1.435). The geometrical design for the 
individual or component telescopes (Fig. 3) was developed such that 
collimated stellar light, when incident on the primaries inside the 
telescope's working field, is reflected back toward the object in a 
convergent cone. Before the light readies the paraboloid's focus, it 
is intercepted by a convex secondary mirror and reflected back toward 
the primary in the classical Cassegrainian manner. Prior to striking



Tertiary-Incoming Stellar Light Primary

Secondary

Component Telescope 
Optical Axis

Combined Image Plane
Beam Combiner Segment

Combined System Optical Axis

Fig. 3. Basic Geometrical Configuration of One Component Telescope in the MMT.



the primary a second time, the light is folded radially inward toward 
the central axis of the array by a planar folding flat called the 
tertiary. The six radial beams generated by the component telescopes 
strike a truncated hexagonal pyramid of glass, made up of six plane 
mirrors, called the beam combiner. This beam combiner directs the 
beams toward the rear of the system, but at slightly converging angles 
so that all six beams meet the central axis of the array at the same 
point and from a common superimposed focus. Table 1 gives some of the 
specific optical properties of these component telescopes..

The common image plane in the MMT is made up of six individual 
images which are superimposed directly on one another. As noted, in
dividual component image-forming beams, reflected off the beam com
biner, are convergent, thus inclined with respect to one another. This 
implies that these image planes are also tilted with respect to both 
the nominal image plane and one another. The image planes for two 
opposite telescopes in the array are shown in Fig. 4. Stellar images 
lying on a line perpendicular to the line connecting the centers of the 
two component apertures, and common to all three focal planes, will all 
be correctly focused and lie at the correct position in the image field. 
All others, not lying on this line will be both out of focus and contain 
field position errors. The effect is found to be maximum in the two- 
aperture case for a star image located at the edge of the field nearest 
either aperture. When all six image planes are combined, only stars on 
the array axis will be imaged in focus and correctly positioned in the 
image plane. Therefore, errors in focus and image position are
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Table 1. Some Optical Properties of the MMT Cassegrainian Telescopes

TYPES MEASUREMENTS-

Primaries Diameter = 1.83 m 
Focal length: 4.937 m
f-ratio: 2.72
Sagittal depth: 4.17 cm

Secondaries Focal length: -0.7421 m
Eccentricity: e = 1.198255
Diameter of optical secondaries: 26.03 cm
Diameter of infrared secondaries: 23.495cm

Secondary Vertex-Primary 
Focal Point Separation

Effective f-ratios and 
Scales

Focal mode I (typical): 26.732 
Optimum focal point: 26.582
Focal mode I (typical): ’31.74; 3.57"/mm 
Optimum focal point: 29.92; 3.80"/mm

On-Axis Beam Size on Focal mode I: 25.171 cm
Secondaries Optimum focal point: 25.019 cm

Diameter of 5" Pupil: Focal mode I: 25.781 cm
Secondaries Optimum focal point: 25.654 cm

On-Axis Beam Size at Focal mode I: 12.395 cm
Tertiary Optimum focal point: 11.506 cm

Diameter of 5" Pupil at Focal mode I: 16.967 cm
Tertiary Optimum focal point: 16.027 cm
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Fig. 4. Diagram of Tilted Image Planes for Two-Aperture 
Imaging System.
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dependent on field height and field azimuth coordinates. These image 
errors introduce severe field limitations on both the geometrical and 
phased images.

To examine these effects in more detail, assume again that the 
aperture is composed of only two opposing aperture components. The 
axis of either beam, converging to its geometrical image point, is 
inclined at some angle (3 with respect to the combined system's optical 
axis. Also, the image plane for the component system will be similarly 
inclined with respect to the nominal focal plane (Fig. 5). If the 
image point is anywhere other than on the line common to both the real 
and desired image planes, the image will be both displaced and defocus
ed if viewed with respect to the desired plane. R. R. Shannon and 
G. M. Sanger (1973, pp. 38-39) found that, the lateral displacement 
(Ah) in the nominal focal plane (Fig. 6) is

Ah = h - h cos 6 

and the defocus (Af) is

Af = h sin 6.

Both are linear effects with respect to the field height, and are re
lated to the combined.system P/No. through.the angle g.

Extension of this concept to more than two component optical 
systems leads to a geometrical image of a single point object that is 
comprised of several closely packed defocused images (the number being 
equal to the number of components in the; array). These images are 
slightly displaced and defocused with respect to the nominal image
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Combined System Optical 
Axis

Component Telescope 
Image Cone Actual Image Plane

Desired Image Plane

Fig. 5. Relationship between Actual and 
Desired Image Planes•

Combined System 
Optical Axis

Af

Desired Image Plane

Fig. 6. Geometrical Image Defocus and Decenter.



point (Fig. 7). The amount of defocus and displacement in each image 
is dependent on the image positions in the field of each component 
imaging system. In the six-component case of the MMT, the axis of tilt 
for the actual image planes is rotated 60° in azimuth from every other 
image plane. The direction of image displacement for any given image 
plane will be the same across the entire field (Fig. 8), but the effec
tive field height (h*) will change with the field azimuth angle (a) so 
that

Ah.. = h ! cos g x i

and
Af. = h! sini i

i=l
> where h.' = h sin a. ,o i x

i=l

Therefore, the amount of blur,and displacement in a particular telescope 
is dependent on the position of the stars in its field and the orienta
tion of that telescope with respect to the total array. M. Ruda (1974), 
using ray trace routines in an automatic design program for the MMT, 
obtained plots of the geometrical image at a given field hight for dif
ferent azimuth angles (Fig. 9), and for different field heights at a 
fixed azimuth (Fig. 10). In these plots, each circle represents the 
circle encompassing 100% of the image energy obtained from one component 
telescope. The different sizes and lack of overlap is the result of the 
discussed effects. .
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Fig. 7. Three Component MMT Geometrical Image Construction.
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Fig. 8. Combined Image Plane Showing Image Decenters in 
Positive z Direction for Images Anywhere in the 
Field.



Fig. 9 . Geometrical Image Structure at Seven Tenths of the Field for Varying Azimuth Angles.
(From Ruda, 1974)
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H = Fractional Field Height

1 arcsecond— I

Fig. 10. Geometrical Image Structure at a 
Single Azimuth Angle, but Varying 
Field Height. (From Ruda, 1974)



It is well known that the intersection of a cone and a plane 
normal to its axis describes a circle. As the angle between.the plane 
and the cone axis decreases, the eccentricity of the intersection 
curve grows. For the imaging cone and image plane of interest here, 
the eccentricity of the geometrical image, is assumed negligibly small. 
Using the MMT configuration as an axample, this inclination from the 
normal angle is 4.89°, so that the major and minor ellipse axes differ 
by only 3.6%. As a result, the eccentricity is only 0.085, indicating 
that the effect is indeed small compared to other image defects. It 
is clear that tilted image planes represent a serious problem in pro
ducing high quality, phased images from multi-aperture telescopes.

A second field-dependent error found in this type of combination 
of two or more optical systems is the optical path length error. For 
correct imagery, each component system must provide an image that is 
both in phase with the others, and has a constant phase across its own 
image plane. As with the defocus and decenter errors, the path length 
or phase relations are correct on axis. For off-axis points, however, 
a path length difference, dependent on the field angle 0, will be 
observed across the image plane. This phase difference may be calcu
lated by finding the optical path difference (OPD) between the centers 
of component apertures for a given incident wavefront (Fig. 11). A. B. 
Meinel (1970) found this path difference to be OPD = (D - d)6. The 
result is that the surface of constant phase in the image plane will 
not coincide with the combined image plane, but will be.inclined at 
some angle. This error will also have to be corrected in phased array



Incident Wavefront

OPD

Aperture "BAperture "A1

Combined System Optical Axis

Fig. 11. Diagram of Off-Axis OPD in Component Imaging Systems.
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instruments; otherwise.the correct inter-image interferences will not 
take place in the combined image plane.

Perhaps the most important single optical, component, when con
sidering image phase in the basic MMT optical design, is the beam com
biner. This element determines the exit pupil.F/No. for the entire 
system. .F/No. is defined here from the overall exit pupil cone angle 
for a dilute beam, and as such, is xmconventional. Normally, the image 
intensity or total image energy varies with the speed of the objective, 
but for these purposes it will always be six times the energy contained 
in one component image. In other words, F/No. may be taken only as a 
descriptor for the total angular size of the image cone produced by a 
particular beam combiner. The F/No. also, determines the magnitude of 
the image plane tilt with respect to the nominal focal plane, and the 
field vignetting properties of the instrument. The vignetting of the 
exit pupil by the beam combiner is just as important to the image 
quality, from the diffraction point of view, as the image plane tilt is 
geometrically. This property of non-phased arrays must be controlled 
and understood. It will be shown (Chapter 3) that no field vignetting 
will be tolerable in phased instruments, as it destroys the necessary 
isoplanatism.

In a conventional astronomical instrument, vignetting is well 
understood and reasonably straight forward, occurring at the secondary. 
In the MMT and similar array instruments, however, the vignetting takes 
place principally at the beam combiner and is therefore different de
pending upon the shape of the beam combiner segments. For hexagonal
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segments, as in the MMT, the vignetting would have a six-fold symmetric 
azimuth dependence unless each element is suitably masked so that it 
appears circular when viewed from the combined image plane. Figure 12 
diagrams the beam combiner as it would appear from the image plane. By 
masking as indicated, the apertures become circular, eliminating the 
azimuth dependence of vignetting. Also, the maximum vignetting-free 
field may now be specified by a single number. This number"becomes 
useful as the maximum field over which image structure and resolution 
(phased images) may be maintained. Thus, for any particular beam 
combiner, the largest field angle useful for phased imagery is the 
maximum field angle for which no vignetting occurs. This may be ob
tained from

' e = 2 LZ-Z.
Ymax

where is the maximum field half angle. Determining 0 is, of course, 
dependent upon obtaining y, Y and from the specific optical design.
Figure 13 shows the percentage vignetting that is encountered for MMT 
beam combiners designed for F/5, F/8, and F/10. This figure indicates 
that faster systems give larger vignetting-free fields, but neglects 
the fact that the relative image plane tilts become larger, bringing 
into play the decenter-defocus effects now encountered. A beam com
biner must be chosen which optimizes the system for each individual 
application through trade-offs on field, image plane tilt, and F/No.
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the Combined Image Plane.
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There is an additional problem with the beam combiner element 
in the MMT, or similar array, which is related to the field dependence 
of vignetting. That is, the larger a beam combiner becomes, the 
larger the associated vignetting-free field of view. While .this is a 
desirable property, the above defined F/No. also becomes larger, forcing 
the dilution of the exit pupil to increase. In phased-array instru
ments, such increased dilution has detrimental effects on the Modula
tion Transfer Function (MTF) of the system relative to the desired 
function. As the dilution increases, certain near mid-band regions of 
the MTF will lose contrast. It may even reach a point where the con
trast of these regions reaches zero, rendering such frequencies useless 
to the techniques of post-detection processing, which is of considerable 
importance to modern astronomy.

To summarize, the combined image generated by the MMT, or any
like array having component images similarly superimposed, will not be

• ■ ' . - directly applicable to phased imagery for several reasons. First, the
inherent relative image plane tilts generate field-dependent defocus 
and image position errors. Second, current beam combiner designs seri
ously limit the useful field of phased instruments. In addition, A 
designs imcorporating beam combiners whose useful fields vignette, are 
seen to have detrimental effects on the MTF of the system where post
detection processing may be required. Finally, the field dependence 
of the OPD destroys.the image phase relationships necessary for 
first-order phased imagery. Therefore, to obtain satisfactory images 
from a combination of two or more optical systems, the errors described
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above must be corrected, or at least compensated. As the problems are 
inherent to the MMT-type of design, alternate approaches to the optical 
system design will be required. Toward this end, three possible 
alternatives are described and discussed in Chapter 3. It will be 
evident that all these alternatives have geometrical restrictions on 
them, as well as varying degrees of practical applicability which will 
limit both their versatility and their general utility.



CHAPTER 3

TECHNIQUES FOR PHASING

The major problem of producing phased imagery is one of insur
ing that all of a synthetic aperture's component wavefronts arrive at 
any image point at the same time. In this chapter, three basic tech
niques for providing such phased images are reviewed. One in particular, 
a method of combining separate but identical telescopes, appears to be 
somewhat superior due to inherent difficulties encountered in the other 
two. This cluster of independent systems concept is developed to show 
the geometrical relationships, first-order invariant relationships, and 
the conditions for isoplanatism that must be maintained over the entire 
field to insure phased imagery. It should be noted that in phasing 
multiple images, the absolute path lengths, measured along individual 
chief rays, need not be considered as long as the optical path lengths 
in the component systems are identical at all field angles. That is, 
relative wavefront phase is all that is important in producing phased 
imagery. The problem here is approached from this point of view.

Before proceeding, it should be noted that the phasing of a 
multi-aperture system is taken principally to mean phase matching and 
compensation within an instrument structural envelope. Effects such as 
atmospheric turbulence and scattering are external to the instrument 
itself and, therefore, not easily controlled. Such non-instrumental 
effects may be compensated by monitoring the exit pupil wavefront.

30



31
Control would be accomplished by first determining which systematic 
error or combination of errors "best fits" the observed external error. 
Correction, or at least partial compensation, could be achieved by 
treating.the external errors as quantitative variations on exiting sys
tematic errors and compensating appropriately. An example is the dif
ferential tilt and piston-phase errors generated between component tele
scopes induced by differences in the air columns encountered by each 
telescope aperture; It may be possible to at least minimize these with 
the necessary piston and tilt compensating mechanisms designed into the 
intra-telescope correction scheme. In fact, in exit pupil monitoring 
of phase errors, no distinction between internal and external errors will 
be possible. When a suitable phasing scheme has been developed that 
appears feasible, all that remains, to develop a practical system, is a 
determination of tolerable levels of error in the relevant properties of 
the total optical, mechanical, and environmental system; These param
eters and tolerance levels are considered in subsequent chapters.

Three Possible Phasing Techniques 
To date, research has conceived three ways to accomplish the 

required geometrical and phase compensations necessary to eliminate the 
field dependence of focus, image position error, and inter-system phase 
delays. These are:

1. To synthesize a large primary objective by assembling 
small segments on its hypothetical objective surface. 
Precision would be maintained for image phase by means



32of servo-mechanisms controlled by a figure sensor- 
computerized error signal generating system.

2. To combine or cluster several axially symmetric and 
independent imaging systems into a single structure 
so that all the component images are superimposed on 
one another. This system is phased by the addition
of a prism compensator element that corrects the field* 
dependence of image position, defocus, and time delay.

3. This system is similar in concept to the second, but 
is configured in a way that eliminates the need for 
prism compensation.

As there are significant differences and disadvantages in each 
of these methods, it has been necessary to examine each one before a 
decision could be made regarding the method best suited to practical 
application.

The first method mentioned is to combine the images of separated 
segments of a single large hypothetical parabolic surface (Fig. 14). 
Neglecting atmospheric effects within the diffraction-limited field of 
view of the paraboloid, the very nature of the single surface assures 
phased imagery provided that the segments are kept within tight toler
ances with respect to the referenced surface.

D. A. Markle (1967) of the Perkin-Elmer Corporation, has report
ed on the use of active figure control on an optical system of this 
configuration. The relative position of three 120° pie-section segments 
of a 50.8 cm diameter objective mirror was automatically controlled by
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Fig. 14. Segmented Objective Technique for 
Phased Image Formation.
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using a closed loop servo control system. Control accuracies of less 
than A/20 (A ^ 0.5y) were achieved, which is considerably better than 
the accuracies believed required for phased imaging. Although this 
indicates feasibility of this type of segmented aperture as a 
phase-image generator, its use on a practical level seems questionable. 
This is principally due to the very great expense and significant 
fabrication difficulties in obtaining large, good quality off-axis 
aspherics.

The second concept of a multi-aperture system that may be used 
for producing, phased imagery is a cluster of axially-aligned and indi
vidually rotationally-symmetric Cassegrainian telescopes. All the 
images are superimposed on a common image plane, as shown in Fig. 15.
It is found that such a system must contain a refractive prism phase 
compensating element to correct the field dependence of image position 
and defocus inherent to this type of system (discussed in Chapter 2).
A. B. Heine1 (1970) originally conceived this technique by showing that 
a prism placed a distance L in front of the common image plane of two 
separated but identical telescopes, and having a vertex angle given by

: . o =M  - . . .

where N = index
F = P/Number

could correct for these field phase errors. Later, R. R. Shannon and 

Go Mo Sanger (1973, pp. 45-47) verified this work, and examined the
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problems associated with prisms in a convergent light beam. Prisms, 
being refractive elements, introduce chromatic aberration, even 
after correction utilizing achromatic or apochromatic prism configura
tions. In addition, introduction of a glass wedge into a convergent 
beam causes significant contributions to third and higher-order ana- 
morphic aberrations. While these problems might be eliminated by the 
use of cylindrical lenses, additional problems arise in what is now a 
very complicated aberration problem. Therefore, the method of using a 
prism-compensated cluster of identical telescopes seem impractical 
principally because of the magnitude and complexity of the aberration 
and color problems.

The last method of producing phased imagery uses a cluster of 
independent telescopes, but in a way that directly obtains the desired 
phased characteristic. The approach is to arrange several identical 
afocal "beam contracting" systems about a central axis, each consisting 
of an objective, a secondary recollimating element, and a number of 
plane mirrors to redirect the collimated beams into a common secondary 
imaging system.

Examination of Fig. 16 shows how this system works. Collimated 
light enters the system and is transformed into converging cones by the 
objectives (A). When the desired smaller beam diameter is reached, the 
light is recollimated by secondaries (b) and appropriately folded by 
plane mirrors (C) to enter the secondary image forming system (D).
This system provides a phased image at point (E). Figure 17 shows other 
possibilities obtained by application of this concept. This type of 
system was originally proposed by R. R. Shannon and A. B. Meinel (1972),
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Fig. 16. Diagram of the Multi-Telescope Phasing Technique. 
(From Shannon and Sanger, 1973, pp. 45-47)
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Fig. 17. Examples of Possible Phased 
Multi-Telescope Systems -
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where required geometrical and phase relationships were noted as 
necessary for correct full-field phased imagery.

It is this type of mulfi-aperture imaging system that will be 
further developed, as it appears to be most adaptable to practical 
application. The remainder of this chapter is devoted to the conditions 
that must be met by this system to correctly image in a phased manner.

The Pupil Invariant and Isoplanatism
An optical imaging system, in its most general and abstract 

form, may consist of any number of optical elements. These elements, 
positive or negative, refractive or reflective, large or small, are 
only required here to produce a real image. Such a system is treated . 
as a "black box." so that its precise structural nature need not be 
known. This black box is considered completely specified by its input 
(entrance pupil) and output (exit pupil) properties.

The image generated by either a conventional or segmented aper
ture black box will only be phased and diffraction-limited if an invar
iant phase relationship is established between its entire entrance and 
exit pupils. That is, from the optical standpoint, the problem boils 
down to one of establishing the correct phase matching of the entrance 
and exit pupils.

In a conventional single aperture system, there exists, for any 
plane within the system, a paraxial constant known as the Lagrange 
Invarient (I). While this invariant is only a paraxial invariant, it 
does.establish the first-order requirements of image position and scale 
so that all higher-order imaging conditions must satisfy it if accurate
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isoplanatic imagery is to be obtained. With reference to Fig. 18, 
this constant is defined by:

I = Nuy - Nuy ' (

For any optical system, I is constant for all planes, so that for any 
pair of planes one and two,

NlVl,"-NlVl ' N2V2 - N2V2 ’ '
Considering the generalized optical system in Fig. 18, the invariant 
relationship between the entrance and exit pupils' becomes

>% - "kVp • '

but the lateral magnification is defined as m^^s N'u'/Nu, so that for 
the pupils,

Yp Nk \  
iatp = y = Nu' 

p

iThis gives m^y^ = y^ , which is the paraxial invariant relation
ship that must be met for phased imagery to occur across the image plane. 
It does not depend on the nature of the system, its size, number of 
surfaces, or other physical properties. In order for a multi-telescope 
system to function as a phased array, it must also obey the above invar
iant relationship across its entire pupil. For this to occur, however, 
it is found that multi-aperture systems are subject to certain geo
metrical restrictions, and limited to fields whose size are on the 
order of an isoplanatic patch. •
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Fig. 18. Pupil Properties of a Generalized Optical System.
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Geometrical Restrictions

Consider a large single-aperture imaging lens, working at 
normal conjugates and covered with an aperture mask. This mask contains 
two smaller apertures located on one diameter such that their outer 
edge coincides with the outer edge of the original lens. As the pupil 
invariant relationship is not destroyed by masking, phased imagery by 
these two subapertures will result. The lateral dimension of the 
diffraction limited PSF for these two apertures in the direction (x) 
of the line joining the masked aperture centers is significantly 
reduced from that obtained from one of these apertures alone. While 
this dimension is still larger than that obtained from a single large 
circular aperture with the same outside dimension as the pair, it is 
significantly smaller than for a single subaperture. In. the other 
direction (y), the dimension is larger, corresponding to the central 
disk diameter obtained from the small masked apertures. Figure 19 
shows these two images in detail, normalized to a central peak height 
of unity. If the resolution may be defined by, or at least directly 
related to, this central spot diameter then it may be concluded that 
the resolution of the lens aperture and the masked aperture are.similar 
in the x plane.

The meaning of the term resolution is used here as a direct 
extension of the classical Rayleigh Criterion (Stone, 1963, p. 181) 
for just resolving two point sources with a conventional single aper
ture. According to this criterion, two point sources are considered 
resolved if the central peak of the diffraction image of one point 
lies directly over the first dark ring of the other image. The simple
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Fig. 19. Point Spread Functions of Phased Objectives.
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extension used here is to define the relative resolution as the average 
radial distance from the center of the image peak to the first dark ring 
or region; This is useful for most aperture configurations, and indi
cates that the larger this distance, the poorer the resolving power of 
that aperture.

Now, if this same two-aperture system is modeled by a pair of 
identical, independent axially-symmetric telescopes on the same mount, 
the desired pupil Coordinate invariance will no longer hold. The 
resultant time averaged PSF is found to be just the diffraction image 
of one of the component apertures, but containing twice the total energy. 
This implies that the image shown in Fig. 20 at the same lateral scale 
as Fig. 19, will only have the spatial resolution of one of the compo
nent apertures. In addition, this system produces an image that is not 
isoplanatic across the field due to the relative tilts of the two image 
planes and their effects discussed in Chapter 2.

The question now arises as to how these independent systems may 
be phased. It was noted earlier that the detrimental effects of tilted 
image planes could be eliminated by the use of the third phasing tech
nique discussed in the previous section. Even using this, an inherent 
fieId-dependent phase error (Fig. 21) due to a time delay of t = (D6)/c 
from one telescope to the next will remain (except for axial images).
The following development shows how this final first-order phase error 
may be eliminated, and the resulting restrictions that must be placed 
on the relative location of the telescopes with respect to one another. 
These arguments are carried out on two apertures for simplicity, but
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may be extended to arrays containing- more than two apertures at the
expense of geometrical complexity.

Figure 22 shows the entrance pupil of the two component
multi-telescope, where each aperture represents a separate telescope.
Plane wavefronts arriving from distant point objects (may be two points
contained in a single point object) located in the meridian plane at
field angles û . and u^ encounter the entrance pupil plane. These
incident angles may have similar of different magnitudes, but they
must lie within the working field of the system (field here implies
the vignetting free field), as shown in Fig. 23. The corresponding
fieId-dependent wavefront, or optical path errors (W), in an array
component entrance pupil are

W1 = and W2 = ypu2/X . (1)

If it is assumed that the system is configured such that the pupil in
variant relationship is met, then the pupil coordinates are related by 
m , so that the exit pupil aperture radii are d'/2 and located at
(0, ± y ), where y = (Dl - d')/2 andF F

d1 = m dP
D' = mpD
? = m u.1 P .11u0 = m u„2 p 2 (2)

The resulting wavefront segments emerging from the exit pupils will be 
spherical, converging toward their respective image points in the back



48

d/2d/2

D- 2d

Fig. 22. Two Aperture Entrance Pupil Diagram.

Entrance Pupil Plane

Incident
Wavefront #2

Aperture #1 Array Axis

D-d

Incident 
Wavefront #1 u

Aperture #2

Fig. 23. Side View: Two-Aperture Phased Entrance Pupil.
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focal plane and tilted with respect to one another. That is,

W1 = ypUl/X 311(1 W2 = ypU2/X ' (3)

with respect to the desired wavefronts. This indicates that there are 
two relations that must be met by individual imaging systems for phase

(4a) 

(4b)

The time delay or phase error across the entrance pupil of the 
entire array for the described object point field angles is found by 
determining the distance from the incident wavefront to the entrance 
pupil plane. It is these distances that are important in determining 
the relationship of the relative locations for component systems. 
Normally, they are completely determined by system geometry, but here 
an additional restriction is found. To show this, consider the overall 
phase error in the entrance pupil:

matching to occur. First,

iu.i
ui

:SL
1= 1,2

and second.

u.i
u.i

d'
d~ 1= 1,2



50
The conjugate nature of the entrance and exit pupils indicates 

that this phase error will be propagated through the optical system to 
the exit pupil and be of similar form. That is:

*;•(-;-=4 4 ?
h  = (yP ’ ■ " f ” ) f" (6)

The correct phase match between the entire entrance and exit pupil 
planes, at any arbitrary field angle up to the field limit, will be 
obtained if ■

I
d). -  d). = 0  Y1 Y1 i = 1,2

or, taking the first field angle as representative.

' / D - d\ U1 1 / ' D' - d'\ U1h~ h = 0 = yv - T~J ~ ■ 5T (Jp -
which yields

Now, the first term is zero by noting Eq. 4a and 4b, and the second 
will vanish only if

D' - d' - d* 
D - d  “ d

This reveals that the pupil will be correctly matched if the above 
geometrical relationship and the invariance is maintained across the
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entire pupil. This geometrical condition on component size and 
relative location is termed "aperture extension ratio" after R. R. 
Shannon (Shannon and Smith, 1974) whose work served as the model for 

this development.
In summary, then, as long as the required configuration for 

removal of the field dependence of the image position and defocus is 
maintained, first-order imagery will be achieved over the whole field.
In addition, maintenance of the required symmetry (aperture extension 
ratio) will provide diffraction imagery of spatial resolution comparable 
to that of a conventional single-aperture imaging system of equivalent 
diameter. However, the shapes of the diffraction images will be con
siderably different due to the significant differences in pupil shapes.

Isoplanatism

Isoplanatism is the term given to the property of an optical 
imaging system to produce an identical image shape to that of a point 
object, independent of that object point field location. In reality, 
optical systems only demonstrate this property over regions of the 
field described above as isoplanatic patches. These patches vary 
widely in size, depending upon the optical system quality, field 
properties and vignetting characteristics. To this point, it has been 
assumed that the images, if correctly phased, are nearly isoplanatic 
over the vignetting free field of the system. This will be true only 
if the invariant holds across the entire pupil, as in a conventioanl, 
perfect optical system. Thus it remains to be'shown that the invariant 
relationship between the entrance and exit pupils, derived in the
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previous section with paraxial quantities remains valid over the 
entire pupil extent. This may be accomplished by suitably choosing 
the field of view for the segmented system.

Consider a generalized non-paraxial imaging system. Using the 
techniques of linear optical theory, the imaging properties of this 
system may be represented by a transmission function T(x^,y^;xo,yo)
(Born and Wolf, 1964, p. 481). This function is defined as the complex 
amplitude disturbance at the point (x^,y^) in the image plane due to a 
disturbance of unit amplitude at the point (xo,y ). in the object plane.
If the irradiance distribution of the entire object is denoted by 
I(x ,y ),the image irradiance may be determined from

ICxi,yi)= c//lCxo,yo)|T(xi,yi;xo,yo)|2dxodyo
-00

where the squared modulus (|T|2) is generally referred to as the point 
spread, function, or the inpulse response, of the system. The functional 
form of |t |2 is determined by the specific optical system under consider
ation, and is found to be proportional to the Fourier transform of the 
Lens Transmission Function (LTF, see Chapter 6), This function com
monly has a maximum at the Gaussian image point and falls off rapidly 
as the distance, from this point is increased.

Consider now the form of jT(x^,y^,xo,yo)|2 as the object point 
is moved about in the object field. Its functional form will vary 
depending upon the field point due to the varying field dependent 
aberrations encountered. It is common to divide the image plane up 
into isoplanatic patches where |T|2 is nearly constant, that is.
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T(x1$yi;xo$yo) = TCx^ma^-mejx^-o^-e)

and m = lateral magnification.

For well-designed optical systems, these regions are generally 
comparable in size to the desired operating field of the system. 
Therefore for the purposes of this work, the chosen operating field 
is selected to be the same size as the isoplanatic patch so that the 
point spread function is shift-invariant over the entire field. This 
leads to the fact that the pupil magnification relation must be indepen
dent of the pupil, coordinates of this restricted, but, by definition, 
total field being used. . Thus by choosing the field size to be identical 
to the isoplanatic patches, the pupil invariant relation will hold over 
real fields if the optical system is well designed.



CHAPTER 4

STUDY OF SYSTEMATIC PARAMETERS

To this point, the concepts and characteristics of phased and 
non-phased images for multi-aperture imaging systems have been discussed. 
Also, several conceptual schemes for producing phased array images have 
been examined and compared. Of these, one scheme, using an array of 
relatively small component telescopes as "beam contractors" and a sec
ondary imaging system, stood out as having potential for development 
into a real instrument. Before the design and fabrication of such a 
real instrument may be undertaken, however, it will be necessary to 
know how sensitive the phased image will be to various systematic and 
environmental factors known to produce adverse effects in the image.
The remaining problem, then, is one of ascertaining which of these 
parameters have the most significant effects on the phased image and 
its ability to transmit spatial information.

This chapter presents the types of errors that arise, and how 
they are classified in this, study. It should be noted that this is 
not a study of design aberrations as discussed by Hooker (1974, pp.
36-40). It is a study of the types of real systematic errors that are 
most likely to appear in a telescope's optical system after integration 
with its mechanical support and mounting. These errors amount to 
total system and environmental factors that contribute to phase altera
tion of the wavefront segments as they traverse the optical system.
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To examine these errors and their effects, an experimental 

scheme (described in Chapter 6) has been devised which simulates, by 
computer, phased-array telescope apertures via modeling of their exit 
pupils. This model allows all types of phase--and some specific types 
of amplitude— variations to be examined in terms of their effects on 
the point spread and modulation transfer functions. For this study, 
known quantities of these errors are programmed in, and the resultant 
phased-image examined structurally. The results of these simulations 
are compared to the outputs of the same system working in ideal condi
tions. The basic comparison is a simple normalized cross-correlation 
of the "aberrated" and perfect point spread functions. The purpose of 
this effort is to find how much of these errors are tolerable before 
the phased image structure becomes unacceptable with respect to the 
optimum diffraction image shape and resolution.

As noted, the types of phase error examined are attributable 
to the immediate environment (support and mounting included) of the 
optical system. This type of error is due to the realities of inte
grating the optical system with the electrical, mechanical, thermal, 
and meteorological properties of the total system rather than a. direct 
consequence of the optical system itself. The systematic errors arise 
from deformations of the mechanical support resulting from differential 
thermal loading, wind-and drive-induced vibration, gravitational load 
variations and variations in personnel and instrument loadings. Also, 
phase errors will arise from the time-dependent random properties of 
atmospheric turbulence.
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Direct modeling and analysis of these properties, while possible, 

is exceedingly complicated and difficult. In most instances, the pre
cise nature of these effects is highly dependent on a specific system, 
design and its operational environment. Effects such as vibration 
dynamics, differential thermal expansion, structural resistance to 
gravity and instrument loadings are highly variable. Thermal expansion, 
for example, is dependent on the heat transfer properties of the mount, 
dome, support structures, and solar shading if operated during the day. 
Vibration is dependent on available modes, damping, and coupling to 
oscillatory drives such as wind and motor drives. Properties such as 
gravitational deflections are somewhat more predictable, but are still 
strongly dependent bn specific designs.

Some generality is possible, however, if the real properties are 
replaced by their net effects in the exit pupil of the optical system. 
That is, the net result of any systematic or environmental disturbance 
to. the optical system may be represented by a phase error appearing in 
the exit pupil. The precise relationships between an error and its 
corresponding effect in the exit pupil are totally dependent on a 
specific design. This allows one to examine some of the effects in the 
image due totally to changes in the available degrees of freedom of the 
exit pupil. By doing this a complete set of relative error sensitivi
ties may be obtained so that when a specific design is available, real 
systematic parameters may be compared with respect to their effects on 
the image.

The degrees of freedom available to a single wavefront phase 
surface in the exit pupil:are two degrees of lateral motion (x,y)
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termed decenter, a longitudinal motion ; (z) termed piston error, and 
two degrees of tilt, one radial (± a^) and the other, tangential (+ â .).
In addition, the surface itself may be warped in an infinite number of
ways. These surface-shapes may, however, be broken up into random and 
analytic. The analytic errors are the standard optical aberrations, 
while the random errors result from a combination of optical fabrication 
errors and atmospheric turbulence.

; This study examines each of these properties (exclusive of 
optical aberration errors) for their relative effects on the phase 
image. Combinations of these errors on a single component aperture 
and the entire array are studied. Fabrication errors will be neglected
simply because continued surface figuring will render these errors
small compared to the other errors being considered. Due to the great 
number of possible combinations, only a few specific forms are 
considered. They have been chosen with regard to the following assump
tions :

1. The entire array is mounted in a single structure
2. The telescope is sufficiently large to require an 

alti-azimuth mounting
3. The telescope is ground based
4. The aperture is a collection of six circular 

•components arranged on the apexes of a regular hexagon.

Errors Examined 
The exit pupil errors for this multi-apertured system are 

examined two ways. First, the tilt, decenter, and piston phase errors
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on a single component are examined. It is assumed that one aperture 
behaves like any other for this purpose, and that difference in result
ant point spread functions is only in orientation. The second way to 
combine one or more of the errors over the entire array, where the 
combinations are restricted to the lowest order effects expected in 
real systems. '

Piston Error
Piston error is a term applied to a constant longitudinal phase 

shift across a component aperture with respect to the entire pupil.
The effects of piston error are studied here by varying the piston 
phase on aperture A (Fig. 24), where the subapertures are labeled 
counterclock-wise around the array.

The major systematic properties whose variation results in 
piston errors are gravitationally-caused structure deflections, thermal 
loads, and atmospheric turbulence.

In reality, the phase errors that result from the above system
atic properties will be combinations of tilt, decenter, and piston 
error, rather than any single one. The isolation of each error, however, 
provides data on the relative sensitivity of the image to each for aid 
in establishing tolerancing properties. Turbulence is included as 
contributing to piston error as it is possible that a random piston 
phase bias may appear on component apertures due to differential turbu
lence in the several separate columns of air above the component tele
scopes.
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Single Aperture Errors Introduced on Aperture A

Fig. 24. Aperture Identification System.



For piston error alone, the principal causes will be gravita
tional and thermal bending of the support structure. By supporting the 
structure on trunions along an assumed x axis, the most significant 
axial shifts will be in the y- direction, or

n
P(y) = ^  An y11

' (i=l) ■

where is a constant, dependent on altitude angle, whose value is 
arbitrarily chosen to be zero when horizon pointing. Although an x 
dependence is possible, the work here considers only linear and para
bolic y dependences, as they provide reasonable representations of this 
effect for purposes of general tolerancing. Possible random piston 
bias due to differential turbulence is also examined. Piston random 
bias at a single instant is due to differential average optical paths 
that different regions of a wavefront must traverse before entering 
the telescope. The result is that wavefront segments arrive at the 
exit, pupil at slightly different times .

The modeling scheme used here to examine the effects of phase 
errors asks only for the magnitude of the error in wavelengths. There
fore, piston phase error, as with all others, is examined only in mono
chromatic light. In exploring the image of a single field point with 
this monochromatic image condition, piston phase shifts of an integral 
number of wavelengths have no effect on the image formed. If, however, 
the more realistic case of a finite wavelength band is considered, it 
is seen that for any piston error, only a very few of the spectral
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conponents will be out of phase an integral number of wavelengths.
For this reason, over a finite spectral hand, the image quality will 
decrease with increased piston error. More will be said in Chapter 7 
on this subject.

Tilt Error
Tilt error is used here to mean a linear dependence of phase 

shift on the lateral pupil coordinates. It is examined in the radial 
and tangential directions with respect to the array’s optical axis.
This error stems from gravitational and thermal deflections of the 
support structure and tilts in the incident wavefront due to turbulence. 
Metheny (1975) indicates that one effect of severe atmospheric turbu
lence is the tilting of wavefront segments incident on the telescope.

The MMT is equippped with a real-time chief ray restoration 
system incorporating a laser point source reference and solid state 
quadrant detector for error.signal generation (Hoffman, 1974). Its 
purpose is to maintain the superposition of the six component images 
during observation periods. It is likely that similar or more sophisti
cated schemes will be required on all such array telescopes. This 
system will correct for the tilt component of the phase error, but not 
the coma or astigmatism that will result from tilt„ As the model used 
here is incapable of simulating this condition, tilt has been examined 
alone. For tilts of a few wavelengths, the associated coma and astig
matism will be relatively small so that tilt may be considered predom
inant. That is, for small tilts (<<1A) the problem may be viewed as
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being dependent on tilt alone, so that modeling in this manner is 
correct.

Tilt is explored first on a single aperture, where the tilt is 
varied in both the radial and tangential directions. When extended 
to consideration of the entire aperture, tilt error is studied in a 
manner similar to that employed in the piston error study. The antici
pated errors are, however, equally dependent on both the x and y direc
tions, as well as bn the sign of the tilt itself (tilt toward or away 
from the combined system axis). Figure 25 describes the two cases 
considered. In addition to deflection-caused tilts, significant 
time-dependent tilts due to turbulence are explored. The random tilts 
are studied for several instants of time by selecting the tilt amplitude 
and orientation for each aperture of the array using Monte Carlo tech
niques. The several instantaneous cases are^then averaged for an 
approximation of the time-average effect on the point spread and optical 
transfer functions.

Aperture Decenter Errors
Aperture decenter error is the term given here to the lateral 

shift of the optical axis of a component aperture with respect to its 
nominal position in the array. No tilts are involved. The only sys
tematic property that is a source for decentering will be support 
structure deformations. The effect is studied here by decentering the 
A component aperture in both the radial and tangential directions and 
comparing the generated image with the perfect image as before. The 
effect is only significant when subapertures change their relative
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Fig. 25. Principal Cases of Array Tilt.
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position in the array. Lateral shifts of the entire array do not 
affect the phased image structure, only its position. Figure 26 shows 
the three cases of array decenter considered here. They represent the 
most probable decenter patterns.expected from an alti-azimuth mounted 
structure.

Combinations of Tilt, Decenter, and Piston Errors
The most probable error situations to be encountered in real 

array telescopes will result from combinations of all three previously 
discussed phase errors, tilt, decenter, and piston error.

There are a great many combinations of errors that could be 
generated from these three basic types. There are, however, a great 
many of these combinations that are highly improbable in specific 
applications of any array telescope type. Consideration of these 
combinations is of little use as their probability of occurrence is 
small. For this study, the number of combinations is held to the 
lowest order errors anticipated in the MMT Optical Support Structure.

It should be noted that aperture decenter errors have been 
omitted in this combination of errors due to the fact that very large 
decenters, on the order of centimeters, are required before significant, 
image alteration is observed. The MMT Optical Support Structure is. 
capable of holding the aperture lateral positions to much greater 
accuracies. It is anticipated that all future support structures will 
also have this capability. In addition, the model sampling interval V ;- 
was approximately 10 cm in the aperture, so that decenters on this 
order are required before the model is even sensitive to them.
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Fig. 26. Principal Cases of Aperture Decenter.



For the MMT in a ground-based environment, three general causes 
of systematic error are anticipated that the designer may be able to 
control. These result from gravitational and thermal loads of the 
support structure as before. They are characterized by a "bending" of 
the aperture plane about the altitude, trunion axis (Case I, Fig. 27) or 
the y axis perpendicular to it (Case II). Finally, both effects could 
exist simultaneously producing an aperture plane warped into a saddle 
point surface whose local curvature in the y direction is negative 
(with respect to the z axis) and positive in the x direction. (Fig. 28). 
Tolerance levels on these types of errors are important in the design 
and are examined here. Turbulence is purposely omitted, not as insigni
ficant, but because it is a separate problem requiring specifically 
designed control schemes utilizing the techniques of real time figure 
or wavefront control (adaptive optics). Turbulence will be considered 
as a separate problem.

Atmospheric Turbulence
The final and perhaps most significant phase error in the 

list of errors having adverse effects on a phased image is atmospheric 
turbulence. In a multi-aperture system the net effect of turbulence 
is to place a random phase error across the incident wavefront. The 
turbulence theories of Kolmogorov, as presented by Tatarski (1961), 
model turbulence as a non-stationary random process, dependent on the 
statistics of the size and index of the turbulence cells. The purpose 
of their work has been to predict both the phase correlation length 
and variance of a wavefront as it traverses the atmosphere. This
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model, in its general non-stationaxy form has been only partially 
successful, but approximations using stationary statistics have pro
duced some results. As the theory of atmospheric turbulence is not 
the prime concern of this study, only some recently measured results 
will be used.

The amplitude of the observed phase retardations in a wavefront 
incident on a telescope aperture are dependent on the size of the tele
scope aperture and the wavelength of the radiation entering it. It- is 
necessary then to specify both these parameters before numerical values’ 
of phase shifts may be assigned. For the purposes of this work, the 
specific example of the MMT telescope will be used. Therefore, we 
choose an aperture diameter of 6.85 m and a wavelength of 0.6 u.

Recently, experimental data has been collected for this general 
wavelength region (Breckenridge, 1976) in Southern Arizona, the region 
chosen for the MMT. This was carried out by measuring the maximum 
fringe displacement in a field-folding interferometer mounted on the 
McMath Solar Telescope at Kitt Peak. The measurements were taken on 
three consecutive evenings, using pupil point separations ranging from 
20 to 150 cm on four stellar sources (a Tan, a Aur, g Ori, and a Boo).
By using the described sampling distance range, an atmospheric charac
teristic curve was determined. Extrapolation of these data (Fig. 29) 
to an aperture diameter corresponding to that of the MMT was carried 
out. A value of 36.5 for the peak-to-valley fringe amplitude was 
obtained. Assuming that this value of the point separation still lies 
on the log-linear region of the curve, this corresponds to a
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pe ale-to-peak phase error of about 18.25X at 0.6 p.. It is this value 
that is used as the basic turbulence amplitude in the modeling to 
follow. The use of this data is believed justified as theory is 
generally found inadequate and little other measured data is available.



CHAPTER 5

CRITERION FOR SPECIFYING IMAGE QUALITY

In attempting to develop phased imagery for segmented-aperture 
astronomical telescopes, the objectives are to approximate closely the 
diffraction limited image and the potential resolution of a conventional 
aperture whose diameter is equivalent to the entire array. Oncq the 
basic phased image is obtained, the problem becomes one of determining 
how closely the optical parameters must be maintained to. call this image 
phased. The intended result will be a set of optical system tolerances 
and ranges necessary for maintaining a reasonable approximation to the 
desired phased image. Before their establishment, however, a set of 
image quality criteria are required against which the evaluation param
eters may be compared. While there are several commonly used criteria, 
the basis of this work will be modeled after the criterion of Hopkins 
(1957). That is, "The tolerance on aberration is made subject to the 
criterion that the response of the optical system for a given spatial 
frequency shall not be less than 0.8 of the response of the same system 
in the absence of aberration". While this frequency-response criterion 
will be used as a constraint, the intent of this study is to examine the 
structure of the point spread function. For this more direct comparison 
of images, the tolerances will be selected principally from the criteria 
that the correlation of the perfect image with the aberrated image must 
not fall below 0.8. As will be shown, this is a more stringent

' . '
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requirement than the frequency response level, but it is necessary to 
achieve Rayleigh resolution levels comparable to those obtainable from 
equivalent single-aperture systems, the ultimate goal of this work.
In addition, it should be noted that these are target criterion only; 
judgement of tolerance levels will require examination of the frequency 
response, wavefront properties and specific system designs and applica
tions before meaningful tolerance values may be assigned.

Five specific comparison parameters were chosen for measurement 
against the criterion in this tolerancing study. They are: the 
exit-pupil wavefront variance, the volume under the MTF curve, the 
cross-correlation between the desired PSF and the aberrated PSF, the 
average radial energy distribution and the image fidelity. The reason 
for adopting these is that they are readily adaptable to the forms of 
output from the system modeling program, and are general enough to give 
some meaning to the considered optics. Also, they are reasonably indic
ative of the overall image quality.

The exit-pupil wavefront variance is a numerical descriptor 
associated with the level of statistical difference between the wave- .
front actually transmitted, and the wavefront that would be transmitted

2by an aberration-free system.. This variance (a ) is defined as
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where

W(x,y) = actual transmitted wavefront
Wp(x,y) = perfect transmitted wavefront, and 

A = area of the exit pupil

x y

This is the mean of the squared wavefront error minus the squared mean 
of the wavefront error. The variance is a direct measure of the phase 
error in the optical system under consideration, and is therefore quite 
useful in examining the phase error magnitudes involved.

MTF. It is normalized to the volume under the un-aberrated system, 
and gives a relative measure of an individual system’s ability to 
transmit spatial information to the final image plane. The MTF is 
defined as the modulus of the optical transfer function, which comes 
from an autocorrelation of the pupil function, or:

The volume under the MTF curve, which is of interest here, is given by

The second evaluation parameter used is the volume under the

00

MTF = |OTF | = | jj P(5

MTFV MTF df df x y
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This is used to provide relative numerical evaluations of various 
optical system's ability to transmit structural information.

intensity distribution,of the actual image to the intensity
distribution of the ideal image (Imp(x,y)). Both were suggested by 

Linfoot (1964, pp. 30-35) who states, "At present it seems impossible to 
single out any one of the three (only two are used here) evaluations 
$, Q, T as superior to the others". The third, T (relative structural 
content) is not used here since it is similar in most respects to the 
volume under the MTF and, therefore, redundant. The other two are used 
as they are relatively easy to obtain with the analysis scheme used 
here.

The image fidelity ($) is defined in terms of a normalized 
fidelity defect, where the fidelity defect is a mean square difference 
given by

Image fidelity ($) and correlation quality (Q), relate the

F .

normalized by (F = the working field)

(Imp (x,y)) dxdy
F

so that the image fidelity is given by

F 1 - J J (Imp - Im)2 dxdy
F

F
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The other parameter, the correlation quality (Q) is nothing 

more than the correlation between the image intensity functions 
Imp(x,y) and Im(x,y). This cross-correlation for the entire working 
field (F) is defined by

In all of these parameters, it is assumed that the systems are 
isoplanatic.

The last parameter used is the average radial energy distribu
tion. This parameter will be used to compare the relative resolutions 
of point images formed which contain known quantities of the phase 
errors being explored. The comparison will be made by finding the 
relative radial distances that must be reached before the fractional 
energy contained within a circle of that radius will be equivalent 
to the fractional energy contained in the central lobe of the 
un-aberrated image. This will be defined as

2ir r
rdrde

o

o o
where

2v 00
l(r,0) rdrd8

o o

and I(r ) is that fraction of total energy contained in a circle of 
radius r .
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Computer Program "EVALUATE11 

A computer program named EVALUATE was written to compute the
numerical values for the image quality criterion and evaluation param
eters discussed in the previous section. It inputs data in the form of 
64 x 64 complex matrices which were originally generated by a program 

called OTF (Chapter .6) and cataloged as semi-permanent files. Then, 
depending upon the nature of the input matrices. (Input, PSF, or OTF), 

any combination of the evaluation parameters may be computed. It is the 
output from this program that provided the raw data for the tolerancing 
study.

Pupil Functions) are called from permanent file and read into two com
plex matrices labeled AR(64,64)' and A(64,64) respectively. Next a 
data card is read which indicates that the matrices contain OTF, PSF,. 
or Exit Pupil information. With all necessary data attached, it next 
checks to see if the matrices are to be treated as exit pupil matrices. 

If so, the variance of the aberrated matrix from the aberration-free 
matrix is evaluated. This is performed in three basic steps. First, 
the mean of the wavefront phase error squared (xx) is calculated from

The logic sequence of the program is described in Fig. 30. 
First, both aberrated and aberration-free matrices (PSF, OTF, and Exit

imaginary (AR(i,j)) 
real (AR(i,j))

1=17 j=17

imaginary (A(i,j))
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Fig. 30. Block Diagram of the Logic Sequence in Program "EVALUATE
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where the limits of the sum describe the input matrix which is only 
32 x 32 in size. Second,, the mean of the wavefront error (yy) is 
calculated using the same relation as above, only omitting the square. 
Finally, a value for the variance itself is obtained by evaluating

2
Variance = ( = )  -

where N is the number of matrix points over which this is summed.
If the Exit Pupil Wavefront Variance is not required, then the 

modulus of both matrices is found in the usual manner by replacing each 
complex matrix point with the modulus M where

/ ' 2 ' 2 M = yj (Real) + (Imaginary)

At this point, either the PSP or the OTF calculations are made 
depending upon the specification card. These are calculated as follows

1. Point spread function—  the intent here is to evaluate 
the "degree of similarity" between the perfect and 
aberrated spread functions.

64 ' 64
Cross-Correlation = CC(PSF) =

i=l j=l

(■
(Real (A(i,j)) - Real (AR(i,j))

(Real (A(i,j)) 2
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and the Image Fidelity = F(PSF) =

= 1.00 . (Real CA(iJD)- Real (AR(i,3) » 2>
(Real (A(i,j)))2

Optical Transfer Function —  The OTF is normalized with 
respect to its volume here to show relative transfer of 
spatial information between the perfectly phased pupil 
and the un-aberrated one.

1-64 j-64

64 64

"P
Volume = MTFV - — - ^  ^  Real (AR(iJ))

i-1 j-1

where V = the aberration-free MTF volume.P

The average radial energy distribution was calculated separately 
as no provision was made for it in the original version of program 
EVALUATE. As a result, eight radial profiles of the PSF, generated by 
the OTF routine taken at every 45° position were averaged and plotted 
on the plotter of a Hewlett-Packard Model 9100 B desk calculator-pletter. 
In addition, while plotting the average radial profile, a running total 
was - retained so that a percentage radial energy distribution could be 
plotted. It is this percentage radial energy distribution that is 
used for comparing Rayleigh resolutions in the various situations.



CHAPTER 6

SYSTEM TOLERANCING USING IMAGE SIMULATION 
IN INCOHERENT LIGHT

The theory of incoherent image formation in the mathematical 
framework of partially coherent light provides a theoretical technique 
for determining tolerable levels of phase error in multi-aperture 
imaging systems. As it is principally the impulse response that is 
being used as the examination tool in this study, the theory of partial 
coherence is used here to calculate the multi-aperture impulse response 
to an incoherent source. The resulting calculated impulse response for 
an unaberrated, diffraction-limited system is used as the desired goal 
image in attempting to phase such systems. By cross-correlating this • 
impulse response with the impulse responses of the same system contain
ing known errors, it is possible to set approximate tolerance levels oh 
the various optical system parameters that will maintain a specified 
level of approximation to the desired image. The end result is a set 
6f tolerances on individual and combinations of system parameters that 
are believed to achieve the desired accuracy of approximation.

It is found, however, that analytic closed form solutions for 
the impulse response in such multi-aperture systems (MAS) can only be 
achieved in the completely aberration-free case. Analytic solutions are 
possible for a few specific forms of phase aberration in conventional 
systems, but to this author's knowledge, none are known for MAS of the
type being considered here. As a result, it is necessary to resort to

' ' ■ '
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numerical methods for impulse response determination, calculations of 
optical transfer functions, and the impulse response cross-correlations.

Calculation of the Incoherent Impulse Response 
For a'Hexagonal Array Telescope

The solution to the problem of telescopic image formation of
an incoherent stellar point source is treated here as a special case
(the incoherent limit) to the problem of general image formation in
partially coherent light. An outline of this image formation problem
is given in Appendix I. The solution assumes that the Mutual Coherence
Function (MCF) of the object (F^(oc >xs ,%)) is known for all points
in the plane. A temporal Fourier transform gives the Mutual Spectral

A -> ->Density Function (MSDp = (xs >xs >v)) of the object, which is then
:: 1 2

in a form that may be propagated to the entrance pupil of the MAS.
This gives the MSDF at the entrance pupil (rent;(x2’x2 »v)) • This en
trance pupil MSDF is then translated to the exit pupil by making use of 
the fact that pupil planes are conjugate planes whose coordinates are 
related through the pupil magnification (m̂ ) by the invariant relation 
given in Chapter 3. Specifically, the MSDF in the exit pupil Crex^t 
(x^,x^,v)) is the product of the lens transmission function and rent- 
The lens transmission function (LTF) contains the optical system infor
mation such as pupil shape, phase aberrations, and any amplitude 
attenuation. This exit pupil coherence function is finally propagated 
to the image plane giving the MSDF in the image plane (r^n (xf >xf >v))•
The image MCF (T. (x- ,x- ,t)) is merely the inverse temporal Fourier xin x - Xg

 ̂ i ■transform of T. (x„ ,x£ ,v) and is related to the desired intensity inv f^' ±2
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distribution in the image plane by .

'7>1 1 1 .

Now, it has been shown that (Marathay, 1971) the incoherent imaging
problem is linear in terms of its spectral density I(x ,v) as well

S1as spatially stationary so that

I£m CXf,v) = 4tt_ JJ I(xs,v) |A(xf - mxs)|2 dxs (8)
k2

Xs.

Being a linear system, the impulse response (H(x^,v)) will have 
fundamental importance. By substituting a point source object for 
I(xs,v) in the above equation, Î ni(xf b e c o m e s  the desired impulse 
response. The point source will be defined by

I(x„,v) = I(v) lim rect / (x„ - xA) \
s b -> 0 I — ^ --—  I

= I(v) 6(xs - x0) 

so that the resultant impulse response may be written as

H(xf, v) = 4rr_ J J |a(xf - mxs)|2 6(xs - Xq) I (v) dx^

k2 4
However, for this work, the impulse response will be defined for a 
quasimonochromatic source at the object plane origin. To do this, the 
quasimonochromatic band is assumed to be taken out of a very slowly 
varying function of v so that across this narrow band, it is nearly



constant and may be set equal to one so that I(v) - 1. This reduces 
equation 10 to

a;x = •• - . - mx jj2 (11)
k2

This is the general result. All that remains is to find an explicit 
expression of A(x^ - mx^) for the specific ease of the hexagonal array 
aperture and substitute it into the impulse response equation to get 
the particular result.

It is given in Appendix I that A(x^ - mx^) is the spatial.
Fourier transform of the lens transmission function (L(x)),

-> • -> ->-i2w(x_ - mx ) « x
A(xf - mxs) = 1 J J L(x) e dx (12)

x 2 ^ '  J

and in order to proceed, an expression for the transmission function
is required. For the hexagonal MMT-type of array being considered
here (Fig. 31), the LTF is split up into three parts. These are the
pupil function, the phase transmission function, and the amplitude
transmission function. These may be written to include none, any, or
all of the anticipated errors and aberrations effecting the image,
which were described in Chapter 4.

The pupil function is defined here to be an expression for the
aperture shape of the system for the hexagonally configured array of
circular telescopes. The pupil may be represented as 

'
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a.

Fig. 31. Hexagonally Configured Pupil Normalized 
to its Overall Radius.
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thwhere is the position of the axis of the i component telescope.
The. a. are the radii of the component apertures, all of which are 

1
identical here, or -

6 ' -
ai 2  = a 0* ' ■

i=l ■

Also, the cylinder or cyl function is given by

-> ->= 1 if x - x. < a.i — i

= 0 if x - x. > a. (14)i — i

The second part of the lens transmission function is the phase 
transmission function. This is broken down into four parts which are 
aberrations of the entire array, aberrations of each component system, 
random phase errors due to atmospheric turbulence and fabrication 
imperfections, and differential phase changes along component system 
chief rays. These are represented as:

1.) Aberrations across the entire array

: where1

i j k

corresponding to the usual expansion over a symmetrical 
optical system.

2.) Aberrations in each component system corresponding to
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phase errors from imperfect design and internal mis- 
collimation.

J
j = 1

where w(x.,y.) = 
3 3

n n n

2  2  w s :k(v +yj2)Ij/2k=0 L=0 m=0

3.) Random phase errors due to atmospheric turbulence and 
fabrication-errors.
Turbulence = exp(-ik atm (x)) where atm(x) = .

- i In A(x)

Fabrication = ^  exp(-ik fab(x))
i=l

For purposes of this work, it will be assumed that there are no fabrica
tion errors, as continued work on the optical elements will render these 
errors small compared to the turbulence level for normal ground-based 
conditions.

4.) The optical path length error, due to differences in 
. the absolute lengths of component systems measured

between the entrance and exit pupils along the chief 
rays, is
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6

Y  e ^ O - ' V
3 = 1

The third and final part of the lens transmission function is
called the amplitude transmission function. It describes any spatial

.variation of the amplitude is termed an apodization, and represented

For most systems, this is considered uniform and of unit magnitude with 
the exception of scintillation effects due to turbulence. These effects 
become significant only when the propagation paths are long and turbu
lence high. As stellar light must traverse the entire vertical atmo
sphere, the scintillation will be significant, and is therefore modeled 
in the study of atmospheric effects.

Now, combining these phase and amplitude components together 
gives the expression for the general form of a hexagonally-configured 
aperture lens transmission function. This is written as:

dependence of the transmitted amplitude inside the pupil. Any spatial

here by:
6

i=l

L(x) = ABC e 
6

ik(W(x) - atm(x) - fab(x))

xk(w(x. ,y.) + (A i t(xi,yi)
i=l

I - 1
i=l

Cx - x.)
(15)

/



Substituting this into Eq. 12 gives an expression for the general 
impulse response. As noted earlier, however, it is generally not 
possible to solve this analytically, exceptiin the unaberrated case.
For this case of an aberration-free optical system, perfectly aligned, 
in a vacuum or completely calm non-scattering atmosphere, and containing 
perfectly fabricated components, the lens transmission function reduces 
to:

i=l
(16)

so that
dx

becomes
6 , •> x^  / x - x. )

(17)

*7“ "7" "7" "7" —7Now, perform the change of variable  ̂= x^ - mx^ and p = x - x^, so that
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and finally performing the indicated Fourier transform, the result is'

■ x zz i=i z

which may be directly substituted into the formula for the impulse 
response, and subsequently plotted to show the shape and structure of 
the unaberrated point spread function (PSF). It is interesting to note 
that this multi-aperture spread function is nothing more that a super
position of normal diffraction-limited circular aperture spread 
functions where the phase shifts introduced by displacing several wave- 
front segments (aperture components) have been taken into account. 
Figure 32 shows a computer generated isometric plot of the resultant 
PSF. The remaining calculations for the aberrated systems must be 
carried out numerically on a computer as analytic solutions are 
extremely difficult. The next section will go into the computer pro
gram used for these calculations, and a description of how the optical 
system is modeled.

One additional interesting point is that such an optical sys
tem might be adapted for use as a Multiple Baseline Michelson Stellar
Interferometer (MBSI). Further study along the lines of an MBSI are 

( . . - . 
given in Appendix II, which shows that it may be both feasible and
(in some respects) possible at a practical level to fabricate such a
device.
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Point Spread Function for an 
unaberrated hexagonal array- 
synthetic aperture system.

1.0 /l

0.5

0.0

/

/

/ A

-1 x

Generating Pupil

jy iii F1 .  1 1  : -.. i

Fig. 32. Unaberrated Synthetic Aperture PSF.
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Computer Program for Numerical Image Simulation 

A numerical simulation of the multi-aperture optical system 
under consideration was done using a modified form of the program "OTF" 
developed by the Optical Sciences Center, University of Arizona.

This program was developed for use on either CDC 6000 or 7000 
series computers (Fell, Rancourt, and Shannon, 1971). It generates 
Point Spread and Modulation Transfer Functions (PSF, MTF) from user 
specified inputs. The work carried out here used a version of the 
program which was modified specifically for this work, and run on CDC 
6400 computers belonging to The University of Arizona and Kitt Peak 
National Observatory.

Essentially the program allows the generation of a widely varied 
range of lens transmission functions (exit pupil functions) by internal 
program generation routines accessed at the user's option and/or a 
completely external generation of the input matrix through the writing 
of a subroutine called GRID. From this input matrix, however generated, 
the program will generate a number of useful outputs. These outputs

Oamount to matrix printouts, isometric plots, x axis, y axis and 45 
section plots, or contour maps of the real, imaginary, modulus or phase 
of the Amplitude Spread Function (ASF), the Point Spread Function, or 
the Optical Transfer Function. In addition, modifications necessary to 
this study were made which allowed one to manipulate only the central

t \
quadrant of the matrix, save entire matrices for future manipulation 
(used in cross correlations for tolerancing) or obtain section data at . 
arbitrary angles.
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1 The general computational approach used is based on the linear 
nature of optical systems, diffraction theory, and the two-dimensional 
fast Fourier transform. The usual assumptions in diffraction theory are 
made, as well as assuming that the image plane is essentially a single 
isoplanatic patch. Figure 33 describes diagrammatically the operation 
sequence that the program carries out in generating desired output 
information.

To begin with, the program generates the lens transmission 
function by one or both the techniques described above in the form of a 
32 X .32 matrix of complex numbers. Unless otherwise specified, the 
input pupil is assumed to be circular of radius normalized to one. To 
this, amplitude and phase variations of the form:

20 m. n

i=l

or
20 m. n.

i=l

or

2m. n.
2  P 1 (p cos <|0 1 
i=l

may be added via internal computation. . Non-circular and un-conventional 
shapes and phase departures if used, require the use of the subroutine



Internal generation of

the lens transmission 
or exit pupil function'

Grid Subroutine 
Matrix Generation

Input
Matrix

F.T. = Fourier Transform

F.T. = Inverse Fourier Transform

Amplitude 
Spread Function 

(ASF)

Squared Modulus

Point Spread 
Function 

(PSF)

Optical
Transfer Function

Output Routines 
Available

I.a. Matrix Printout 
b. Isometric Plot

. c. Contour Map . 
d. Section Plots

of
II.a. Real 

b. Imaginary
— SB*) c. Modulus

d. Phase '
of

III.a. Central Quad
rant

b . Entire Matrix 
of

IV.a. OTF
b. PSF
c. ASF
d. Input

or
V. Save Matrix

Fig. 33. Schematic Diagram of Program OTF.
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GRID which separately, or in addition to the internal system, generates 
the input matrix.

Having evaluated an input matrix, the program carries out a two- 
dimensional fast Fourier transform giving the ASF as a 64 X 64 matrix of 
complex numbers. If required, this matrix has its squared modulus taken, 
providing the point spread function also as a 64 X 64 matrix. Finally, 
this PSF matrix may again be Fourier transformed to give a complex 64 X 
64 matrix form of the OTF. Appropriate routines are available to print 
or plot desired parts of these matrices.

To summarize then,

LTF = generated from input data and/or GRID 
ASF = F.T. (LTF)
OTF = F.T.-1(PSF)
MTF = |OTF|

As this is a computer technique, employing matrix techniques and 
restrictions due to approximations, certain systematic errors arise 
which should be noted. These amount to differences between the computer 
generated information and comparable information derived from analytic 
computation or experimental results. The differences are due princi
pally to the necessary Cartesian pupil sampling, restrictions on the 
fast fourier transform routine, and sampled outputs.

Hooker (1974, p. 82), using a standard version of this program, 
showed that a circular pupil is represented by an irregular polygon in 
the input matrix due to this Cartesian sampling. He also showed that
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the pupil shaped for circular sub-apertures in a multi-aperture array 
are different at the center and the edge of the pupil. For the case 
of a multi-aperture array ove'rlayed on a matrix, the exact shape of the 
polygon is dependent on the position of each sub-aperture and may be 
different for each sub-aperture. Figure 34 shows the shapes of the 
sub-apertures for the hexagonal array being explored here where the 
input 32 X 32 matrix is overlayed. The differences in component aper
tures becomes evident. In general, the smaller the sub-aperture, 
the poorer the matrix approximation to the real desired pupil. It is 
possible to run OTF at double matrix sizes so that the sampling rate 
is doubled, and the modeling error reduced, but the core capacity of 
the current CDC 6400 computer configuration is exceeded.

Hooker also showed, at least for a circular pupil and a simi
lar form of the hexagonal array, that the errors due to this sampling 
are small (Fig. 35), which indicates two things. First, the computer 
simulation technique is limited to pupil features whose size is large 
compared to the sampling frequency and second, the calculated results 
will have to be interpreted only with respect to general shape and 
position features rather than any fine detail present.

Additional error occurs in the output of the calculated results
for the same reason. Cartesian sampling of the output surfaces may
produce significant errors in the generated results. As an example,
errors arise from matrix points which span sharp peaks or valleys typi-

. - 
cal of amplitude and point spread function shapes. As shown in Fig.
36, large errors in the heights or depths of these regions may occur.
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Desired Shape

Actual Shape
Aperture Number

5

NOTE: Dots represent points in the overlayed input
matrix lying inside the pupil.

Fig. 34. Sampling Errors in Pupil Generation.
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Computer-Calculated Transfer Function of an Individual Pupil Element.
Fig. 35. Simulation Error due to Sampling Techniques. 

(From Hooker, 1974, p. 82)
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i
Fig. 35. Continued.
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Actual Image Distribution

Plot of Sampled Output from 
Computer Simulation

6H

6H

6H

Image Plane Coordinate

Fig. 36. Sampling Errors in Output Image Distribution.
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From information processing theory, it is possible to determine 

sampling rates that are sufficiently high to recover all of the pre
sented signal. Examining this for the image simulation problem shows 
that while the available sampling rate is not high enough, the errors 
introduced are small so that again useful results are obtained in a 
comparative sense.

According to the Whittaker-Shannon Theorem (J. W. Goodman, 1968, 
pp. 21-25), any band-limited function may be represented by an array of 
sampling points if their spacing is small enough. According to the 
theorem, the function will be correctly reproduced if the sample spac- 
ing is less than, or equal to, l/2f^, where f^ is the maximum spatial 
frequency contained in the function. .

The types of functions studied here are-not band-limited in the 
strict sense, but contain most of their energy over a relatively narrow 
region of space. As a result, application of the sampling theorem will 
only show a sampling rate target and provide a comparison with.the 
sampling rate available in program OTF. •

• Again, using the MMT Focal Mode I as an example, the cutoff 
frequency will be

f = L = 1 because L = 1 ,
2Xz' 2AF/NO z' F/No

when the object is at, or near, infinity. For Focal Mode I, f^ =26.26/ 
mm. As the image specification calls for 90% of the totad image energy 
to be contained in a circle one arc second in diameter, its physical 
size will be 0.280 mm (3.57 arc seconds/mm image plane scale) in
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diameter. This indicates that adequate sampling will be achieved for 
rectangular matrices containing no less than 15 X 15 points across the 
image distribution. Program OTF,. however, uses only the center 9 X 9  

of a 64 X 64 matrix to sample the image distribution. This shows that . 
some percentage of high frequency information is lost, and that only 
the large features in the plots may be considered useful for analysis. 
Relative to one another, however, as long as the matrices are not 
rotated or displaced, the output consistency is acceptable in attempt
ing to determine sensitivity to phase errors. This is valid as the 
same sampling array is overlaid on both the aberrated and aberration- 
free pupils in exactly the same place so that the sampling errors are 
identical in both cases.



CHAPTER 7

RESULTS

This chapter presents the results of exploring the effects of 
pupil phase error on the structure and resolution of the point spread 
function generated by a phased hexagonal array telescope system. 
Specifically, systematic and environmentally produced phase errors 
generated by the.anticipated Multiple Mirror Telescope design were 
considered. The intent of this exploration has been to determine the 
types of phase error the phased image is sensitive to, and to establish 
the tolerable limits on these errors for high quality images.

There are two philosophies that may be adopted in acquiring. 
data towards this goal. First,, data may be collected to determine how 
accurately the position and orientation of the component optical sys
tems must be maintained before phase matching occurs on a level suffi
cient to significantly increase the spatial resolution above that of a 
single-component optical system. Second, data may be acquired to 
determine how much the position and orientation of a component wavefront 
may vary from the optimal before the phased image is degraded below 
some reasonable level. The goal of the work has been to achieve the 
resolution and PSF structure of the perfectly phased instrument. For 
this reason, the second approach is more direct. It attacks the problem 
from the standpoint’ of "how bad can it get" before the desired image is 
no longer achieved. The chosen approach however, will demand more
stringent tolerances on the phase error than those necessary to achieve ;

/ . ■ '103. -
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some degree of improvement in resolution over a single component's 
resolution. ' ■

As previously noted, the examination has been carried out by 
constructing a computer simulation of the MMT exit pupil and numerically 
applying the techniques of linear imaging theory to obtain facsimiles 
of the point image distributions. This has been done for monochromatic 
light in a manner that is independent of specific system properties, 
but that may be programmed to be sensitive to any one or all of the 
anticipated errors and aberrations. . The simulation is accomplished by 
modeling the net effects of the systematic errors in the exit pupil. ;
The most probable errors may be examined by considering the available 
degrees of freedom in the exit pupil. For reasons given in Chapter 4, 
the list of specific errors actually examined becomes short. It con
sists. of the previously described piston phase error, phase tilt error, 
aperture decenter error, atmospherically-induced random phase error, 
and specific first-order combinations.

The results of the simulation are presented in five basic 
sections. Each section is devoted to one of the four principal errors, 
with the last dedicated to specific error combinations anticipated in 
the completed MMT or like design. In the cases of aperture decenter, 
piston, and tilt, the results are presented for aberrations of only 
one component aperture. This is followed with the results of the 
simulation of these same respective errors in their most probable 
error situations for the entire array. In all cases, the amount of 
error was increased in reasonable increments until the image structure
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was subjectively judged as significantly degraded, or objectively when 
the established quality criterion levels were exceeded.

For each simulation run made, a variety of data was acquired. 
Using the perfectly phased and unaberrated MMT image for an example, 
a description of the form of the presented results is now given. Each 
run of the simulation program "OTF" generates three dimensional iso
metric plots of the point spread function and corresponding modulation 
transfer function (Fig. 37). It also generates eight azimuthal sec
tions of the PSF for the calculation of the average radial profiles 
and fractional image energy distributions. These plots (Figs. 38 and . 
39) were generated by averaging the eight profiles of the PSF at 45° 
azimuth increments around the distribution. The resultant average 
profile was then plotted with a Hewlett-Packard Model 9100B desk calcu
lator. Normalization was carried out by seeking the point of highest 
intensity in the matrix and setting it to one. This point need not 
necessarily lie in the matrix center which corresponds to the Gaussian 
image point. Thus, some of the resultant average profiles will not 
reach a value of one in their center. The fractional energy versus 
radial position plots were generated by evaluating the total energy 
inside a circle of radius rQ on the image plane and dividing this by 
the computed total image energy or:

■ JoI  U r p
i=0Percent Radial Energy = ----------
00

i=0 .
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Point Spread Function
Modulation Transfer 

Function
Imagery generated from a 
perfectly-phased unaberrated 
MMT array telescope.

Fig. 37. Unaberrated MMT PSF and MTF.
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Fig. 38. Average Radial Profile of the Unaberrated PSF.
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Fig. 39. Average Radial Energy Distribution 
for the Unaberrated PSF.
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From the aforementioned stored matricies of the PSF, exit pupil wave- 
front, and MTF, calculated values of the correlation quality, image 
fidelity, wavefront variance, and normalized MTF volume are obtained 
from program EVALUATE. The values of these parameters were plotted 
from run to run as an indicator of the image sensitivity to the error 
being investigated. An example of the format is presented in Fig. 40.

Piston Phase Error

Piston phase error was first modeled for a single aperture by 
introducing, in 0.1X increments, increasing amounts of error to aper
ture A. The resultant point image and transfer functions for piston 
errors from Q.1X to 0.5X are given in Fig. 41. Table 2 tabulates the 
evaluation parameters from 0.0X to 1.5X. From these data it is immedi
ately noted that all the measured evaluation parameters follow a cosine 
dependence on piston error. Although the plots of these parameters 
(Fig. 42) do not appear truly cosinusoidal, they represent actual 
cosines, but distorted due to the log nature of the plot. This effect 
is due to the fact that for monochromatic light, nX of piston phase 
error results in no relative phase differences across the aperture. '
This is not the case for the polychromatic light and will be discussed 
in Chapter 8.

The presented PSF and MTF curves, generated from their respective 
matricies were given for only a one-half wave piston error range. This 
is again due to the cosine nature of the phase dependence. The curves 
presented are representative of. all possible single wavelength point 
image shapes. Examination of these plots indicates that the effect of
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Fig. 40. Example of an Evaluation Parameter Plot.
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Generating
Aperture

Point Spread Function

Numbers in components of the 
generating aperture indicate 
the amount of piston error 
introduced.

Modulation Transfer 
Function

Fig. 41. PSF Plots for 0.1A to 0.5A Piston
Phase Error on Aperture A.
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Fig. 41, Continued.
Piston Phase Error on Aperture A
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Point Spread Function

Modulation Transfer 
Function

Fig. 41, Continued. PSF Plots for 0.IX to 0.5X
Piston Phase Error on Aperture A.
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Fig. 41, Continued.
Piston Phase Error on Aperture A
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Generating Aperture

Point Spread Function

Modulation Transfer 
Function

Fig. 41, Continued. PSF Plots for 0.1A to 0 .5A
Piston Phase Error on Aperture A.



Table 2. Quality Criterion for Single Aperture Piston Error Study.

Number of Waves of Positive MTF Normalized. Correlation Image
Piston Error (A) MTF Volume Volume Quality Fidelity

0.0 22.563 1.000 1.000 1.000
0.1 21.996 .975 .964 .964
0.2 20.373 .902 .869 .870
0.3 17.919 .794 . .753 .753
0.4 14.999 .664 .658 .657
0.5 12.239 .542 .622 .619
0.6 14.999 .665 . .658 . .657 .
0.7 17.918 .794 .753 .753
0.8 20.373 .902 .869 . .870
0.9 21.996 .975 .964 .964
1.0 22.563 1.000 , 1.000 1.000
1.5 12.240 .542 .622 .620"
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piston error is an increase of energy in the secondary peaks located 
near the first and second diffraction ring locations of the Airy pattern 
for the entire array. The most pronounced variations lie along a line 
parallel to the line passing through the aberrated aperture center and 
the array center. The first ring secondary peaks along this line 
approach intensity levels nearing 0.75 that of the now-reduced central 
lobe intensity while the second ring side lobes reach levels as high 
as 0.20 for the worst case of 0.5X piston error. It must be noted 
that the plots are all normalized to unity here so the heights of the 
plotted PSF's are unchanged in the various situations.

The computed average radial profiles for this case are shown 
in Fig. 43. They indicate that the major effect of single aperture 
piston phase shifts is a gradual but steady shift in energy from the 
central Airy-like spot to the immediately surrounding annular region.
The increase in irradiance in the surrounding region increases from 
about 0.05 to about 0.2 with the major change taking place in the 0.3A 
to the 0.5X phase shift region.

Entire Array Piston Error
Two types of piston error across the entire array were 

studied. These were both a linear and parabolic Y axis dependence, as 
well as a random piston bias induced either by long-period structural 
oscillations or atmospheric turbulence.

. In the cases of the Y axis linear and parabolic dependences, 
no major differences were found. The structure of the images in both 
cases were as anticipated, similar in structure but varied significantly
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in magnitude. For the linear case, the error was examined for a maxi
mum range of 1.OX in increments of 0.2X. The resultant simulated PSF 
and MTF curves are shown in Fig. 44, and their associated evaluation 
parameters are plotted in Fig. 45. It is observed that the major image 
structural changes occur in the X direction. The first ring of sec
ondary peaks reach intensity levels as great as the central region and 
vary radically with phase changes of this type. Examination of the 
evaluation parameters show a generally monotonic decrease with the 
image criterion levels being exceeded at about 0.24X of this type of 
error. One very pronounced feature is observed in the average radial 
profiles and energy distributions (Fig. 46 and Fig. 47). This is a 
definite shift of energy into the first ring secondary peaks but not 
much in the second or beyond. It is expected that this will have a 
definite effect on the relative resolution.

The results, for the Y axis parabolic piston error, are very 
similar to those found in the Y axis linear piston case. The reason 
for this is that the errors introduced are very much,alike, the only 
differences being the magnitudes of the errors placed on the respec
tive subapertures. In the parabolic case, the error was examined over 
a range extending from 0.IX to 0.5X in increments of 0.1X. The results 
of the direct simulation are presented in Fig. 48, and the quality 
evaluation parameters for this series are graphically tabulated in Fig. 
49. It is indicated from this data that less than 0.IX of this type 
of error will be allowable if high quality images are required. It is 
interesting that the 0,3X simulation indicates a reasonably good image
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structure where cases of less error generate considerably inferior 
images. Further investigation of this may prove useful. An examina
tion of the average radial profiles and energy distributions (Fig. 50 
and 51) indicates that the average irradiance at a radial position, 
corresponding to the first ring of secondary peaks, is only the minimum 
of a relatively smooth varying dependence on the imposed piston error. 
The general indication however, is that the phased array diffraction 
image is seriously degraded by analytic combinations of piston error 
introduced by variation in the mounting structure.

Random Piston Error
Random piston error will result from either long-period oscil

lation of the array supporting structure or from differential bias on 
the component air columns due to atmospheric turbulence. It represents 
the dynamic component that will appear in piston error and in reality 
will appear simultaneously with the previously studied static piston 
error forms. Five simulations of instantaneous random piston error 
were made (Fig. 52). The magnitude of the error was determined by a 
Monte Carlo technique for a maximum piston error of 1.0 waves. The 
evaluation parameters for each run were determined (Fig. 53) but as the 
modeled process is a dynamic one, only the average values have any real 
meaning. These average values are:

Correlation Quality 
Image Fidelity- - -

0.343 
0.188 
0.0738A 
0.721

Wavefront Variance- - 
Normalized MTF Volume
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Fig. 52, Continued. PSF and MTF Simulations of Images
Containing Random Piston Error.
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Again, it is observed that phase error of a few tenths of waves is 
sufficient to destroy the structural shape of the diffraction image.
An examination of the average radial profile of all five simulation 
runs (Fig. 54) bears this out. It indicates that the central Airy 
disk feature will disappear into a reasonably uniform disk whose 
diameter corresponds that that of the Airy disk for one of the compo
nent apertures. The average energy distribution (Fig. 55) however, has 
not significantly changed.from that of the other cases of piston error. 
That is, the majority of the point image energy lies within the Airy 
disk for a single component aperture as would be expected.

Tilt Error

The study of the effects of tilt error on the phased image was 
handled in a manner identical to the piston error study. The work 
first concentrated on a single aperture and then considered tilt 
effects for the entire array. As with the piston study, the final 
section concentrated on the effects of random tilt errors.

Single aperture tilt was divided into two separate parts.
These were tilt in the radial direction and tilt in the tangential 
direction. It was hoped that some feeling for directional sensitivity 
with respect to the array could be obtained. For both the radial and 
tangential studies six simulation runs were made, ranging from a mini
mum tilt of 0.1A to a maximum of 2.OX. The resultant PSF's are pre
sented in Fig. 56 for radial tilt, and Fig. 57 for tangential tilt. It 
should be noted that the values shown in the component apertures of 
these two figures represent the imposed tilt value in that run.
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Fig. 56, Continued. PSF Simulations for Single
Aperture Radial Tilt Error.
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Fig. 57. PSF Simulations for Single Aperture
Tangential Tilt Error.



150

Generating Aperture (Run 3)

Point Spread Function (Run 3)

Point Spread 
Function 
(Run 4)

Generating Aperture (Run 4)

'/A\\ V r-~:

I
1

X

Fig. 57, Continued.
Single Aperture Tangential Tilt Error



151

Generating Aperture (Run 5)

;.Y'v
W  V V - -f. • :

Point Spread Function (Run 5)

Point Spread 
Function 
(Run 6)

Fig. 57, Continued. PSF Simulations for Single
Aperture Tangential Tilt Error.



152
Although the evaluation parameters (Figs. 58 and 59) show the image 
degradation to exceed the tolerable limits set by the discussed quality 
criterion at about 0.5 waves average, it will be seen that the image 
structure maintains its gross characteristics reasonably well. In both 
the radial and tangential cases for a tilt range up to 2.0 wavelengths, 
the image retains its central intensity maxima and the first and 
second ring of peaks do not exceed levels above 0.25 of the central 
spot. Therefore, if one is only interested in achieving spatial reso
lutions slightly better than for a single component, and would be 
satisfied with quality considerably less than diffraction-limited 
performance, small tilt error is probably an insignificant factor.
This assumes that the tilt error is slowly varying, does not exceed the 
levels modeled, and that tilts of much larger magnitude are compensated 
for by an image position control loop. .

An examination of the average radial profiles and fractional, 
energy distributions for these cases (Figs. 60 to 63) support the above 
claim. None of the profiles show radical differences from the unaber
rated one or from one another. In addition, the expected differences 
in the dependence of image quality on tilt direction were not found. 
While there is a slightly higher drop-off in quality for tangentially 
directed tilts, the actual differences were found to be very small.

Tilt Error on the Entire Array
The study of tilt error when it is present in all the sub

aperture components was also broken down into two cases. The tilt 
was examined first for tilts about an axis perpendicular to the trunion
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axis and then for tilts about a direction parallel to the trunion axis. 
In both cases, the simulation was. carried out for a range of 1 to 4 
tenths of a wavelength in tenth wavelength increments. The point image 
simulations for both cases were simulated with the results shown in 
Fig. 64 and Fig. 65. From these plots, it is clear that the major image 
changes occur in the direction of the tilt. This is as would be expec- . 
ted, but it is only true in the entire array case. The orientation of 
the tilt with respect to the array coordinates, however, varies consid
erably. That is, the changes in the simulated PSF's are noted to be 
considerably more pronounced in the radial direction rather than in the 
tangential. The average radial profiles (Figs. 66 to 69) show this as 
well.

An unexpected dependence on the error magnitude was also dis
covered in these profiles. . The 0,IX and 0.3A runs for tilt parallel to 
the trunion axis show good conformity to the diffraction image, but the 
0.2A and 0.4A runs are very poor. In addition, the tilt error case for 
error perpendicular to the trunion axis shows this same dependence. The 
one difference being that the good images were formed for tilt errors 
of 0.2A and 0.4A. These results seem to indicate that an oscillatory 
dependence on the array tilt exists. Certainly, the image structure is 
very sensitive to small changes of tilt across the entire pupil. The 
resultant values of the evaluation parameters are plotted in Figs. 70 
and 71'. They show that, based on the established criterion, only 0.2A 
to 0.3A across the entire pupil will be tolerable. While these magni
tudes are similar to other tolerances for other errors, strict
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Fig. 64, Continued.
Tilt Error Parallel to the Trunion Axis
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adherence will be required on the array tilt due to the rapid varia
tions .

Random Tilt Error
The last of the tilt error types to be examined is a random 

tilt error. As with random piston errors, their cause will most 
likely be due to differential turbulence in the separate air columns 
above the component imaging systems. The evaluation parameters plotted 
in Fig. 72 do not indicate trends but rather only a means of examining 
the resultant data. These results, as well as the image simulations 
in Fig. 73 are for instants of time only and must be averaged to give 
some meaningful concept of dynamic tilt errors. This has been done for 
the average radial profile in Fig. 74, and the average radial energy 
distribution in Fig. 75. These plots were generated by averaging all 
five instantaneous plots in an equally weighted manner.

These results show, in general, that random tilt error, ranging 
from 0,IX to 1.0A. will have a strong influence on the phased image 
structure. All four simulation runs give images considerably different 
from one another and show little resemblance to the diffraction limited 
image. A tolerance of less than 0.1A was assigned here only because 
all runs containing more error showed very poor image shapes.

To obtain the most realistic form of tilt error, it would be 
necessary to add these errors to the previously described static errors. 
The combination of the entire array errors both random and due to 
structural deformations yield results similar to those just described 
for random tilt alone. Therefore, in the most general case of an array
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system containing tilt errors alone, phase tolerances of less than 0.1 A 
should be expected.

Aperture Decenter Error

Aperture decenter error was originally intended to be studied 
exactly as the tilt and decenter errors. It was divided up into single 
aperture and entire array studies in the normal way. The single aper
ture study simulation runs (Fig. 76) were carried out, but the image 
showed no change over the range studied (0.25 to 1.00 inches of inward 
radial decenter). It was found that the resultant evaluation param
eters stay near unaberrated levels and the subjective structure analysis 
reveal no observable differences between the aberrated and diffraction 
images. Therefore, it is believed that the diffraction image for a 
multi-aperture imaging system is very insensitive to decenter of single 
component apertures.

While either a single aperture decenter or a decenter of an 
entire array may be in the order of inches, the effect will remain 
small with respect to the actual pupil. Thus, the phased image will be 
relatively uneffected. The simulations for single aperture decenters 
were tested up to a full inch, but in the current design of the MMT 
optical support structure, lateral shifts of only a few thousandths 
are expected." Aperture dec enter is therefore anticipated to be an 
extremely small effect and can be neglected for most practical phasing 
applications.

Two other points with respect to aperture decenter should be 
considered. . First, a simulation of the entire array, containing a ^
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Generating Aperture (Run 1)

Point Spread Function

Modulation Transfer 
Function 
(Run 1)Note: Indicated Decenters are

radially inward and measured 
in inches.

Fig. 76. PSF and MTF Simulations for Single Aperture
Radial Decenter Error.
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Generating Aperture (Run 2)

Point Spread Function

Modulation Transfer 
Function 
(Run 2)

Fig. 76, Continued.
Single Aperture Radial Decenter Error



180

1.0"

X

3)
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Modulation Transfer 
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(Run 3)

Fig. 76, Continued. PSF and MTF Simulations for Single
Aperture Radial Decenter Error.
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Generating Aperture (Run 1)

Point Spread Function

Modulation Transfer 
Function 
(Run 1)

Note: All apertures decentered
1.50" radially inward.

Fig. 77. Simulations of the PSF &nd MTF for Radial Inward 
Decentcr Error for the Entire Array.



radial inward decenter of 1.50 inches was carried out. The results of 
that run are shown in Fig. 77, and verify the above statements as well 
as extend them to the entire array. Second, for a 6.85 m diameter 
array sampled with the 32 by 32 point matrix, a sample point spacing of 
only 10.16 cm, or about 4 inches is achieved. This spacing is far 
greater than any of the runs made or anticipated in any real system. 
Thus, the modeling scheme is too coarse to analyze this small an error 
with much accuracy; however, even a 4 inch decenter amounts to only a 
1.8 percent shift of the apertures so that the error is still fairly 
small. Finally, the resultant values for the evaluation parameters 
obtained for decenter errors (Figs. 78 and 79) show virtually no change 
so that the diffraction image is seen to show very little dependence on 
lateral shifts of component apertures.

Atmospheric Turbulence

Atmospheric turbulence is an important factor in the high 
resolution operation of any large ground-hased imaging system." This is 
because there is no fully developed practical method of compensating 
for it as with the other internal errors. The modeling was accomplished 
here by superimposing a random matrix over both the transmission and 
phase parts of the system's exit pupil before the imaging transforms 
were carried out. The input data used for this model were the results 
of measurements taken in Southern Arizona (see Chapter 4). The actual 
numbers applied to the model were an extrapolation of this data to the 
MMT's 6.85 m diameter. It is clearly seen from the results in Fig. 80 
that for the extrapolated peak-to-peak value of 18.25 waves of
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turbulence, the phased image is almost completely uncorrelated with the 
diffraction image. Also, the dependence of image quality on turbulence 
level, when plotted on an inverse vertical scale to that shown in Fig. 
80, shows a slope of near unity. In any case, the image correlation 
quality falls below the criterion level of 0.8 at a peak-to-peak phase 
error of 0.1A. If one examines the simulated images (Fig. 81) at the 
various levels of turbulence modeled, however, the results produced 
show little ill effect until a turbulence level of about 0.5A is 
reached. To examine this difference further, five runs were made at a 
level of 0.5A. The results were averaged and plotted in Figs. 82 and 
83 showing the average radial profile and energy distributions of the 
image. These plots confirm that the image shape is at least subjec- 
tively useful at a 0.5A turbulence level and that phased work may be 
done, even in relatively high noise level situations. This level of 
turbulence is, however, very low and corresponds to a very good seeing 
situation of about 0.25 arc seconds. The implication is that at normal 
seeing levels turbulence will completely destroy the diffraction image 
without compensation.

Combinations of Analytic Errors

The last and most realistic error examined is a combination of 
all of the internal errors previously considered. This simulation is 
important as it most closely simulates a real situation that would be 
encountered by an actual system. In this case, all of the previously 
considered errors would be lumped together and examined simultaneously. 
For the,specific cases examined however, only tilt and piston error .
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Fig. 81. PSF and MTF Simulations for Atmospheric Turbulence.
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Generating Aperture (Noise = 0.1A)

'' X

Point Spread Function

Modulation Transfer 
Function

r

/ '' /'x

.

Fig. 81, Continued.
Atmospheric Turbulence
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Generating Aperture
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Fig. 81, Continued. PSF and MTF Simulations for
Atmospheric Turbulence.
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Fig. 81, Continued.
Atmospheric Turbulence
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Generating Aperture (Noise = 0.4A)
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Fig. 81, Continued. PSF and MTF Simulations for
Atmospheric Turbulence.
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Generating Aperture (Noise = 0.5X)
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Fig. 81, Continued.
Atmospheric Turbulence
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Fig. 81, Continued. PSF and MTF Simulations for
Atmospheric Turbulence.
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Radial Distance in the Image Plane

Fig. 82. Average Radial Profile for the PSF in 
0.5X Turbulence.

•H+->

Radial Distance in the Image Plane

Fig. 83. Average Radial Energy Distribution for the 
PSF in 0.5A Turbulence.
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were actually modeled in this simultaneous manner. The reasons for 
this are twofold. First, it was found that quantities of up to 4 cm 
of aperture decenter have no observable effect on the phased image.
As stated, this is a far greater distance than the tenths of mm de
center anticipated for real systems. It is thus considered small and 
will be omitted in this modeling. Secondly, atmospheric turbulence 
was left out, not because it is insignificant, but because it is a 
separate problem, taking place outside of the instruments' physical 
envelope and requiring separate compensating and control systems. .

Three cases of tilt-piston error combinations were considered 
These were based on the assumption that the most significant system
atic error in the system will be warping of the support structure due 
to gravitational, thermal and wind load variations. For simplicity, 
the lowest order sags of the structure were selected for modeling. 
Case 1 and Case 2 of the combination error runs are merely,the simple 
assumed parabolic, sagging of the support structure in the X and Y 
directions respectively (Fig. 28, Chapter 4). The results of the X. 
direction simulation are shown in Fig. 84 and the Y direction in Fig. 
85. Equal amounts of the piston and tilt errors were applied in both 
cases for a total error range running from 0.25 to 1.0X. Subjective 
analysis of the PSF plots shows that the structure is radically and 
immediately,altered. The image changes are in the direction of the 
introduced warp of the pupil as would be expected. All images fall 
below criterion quality levels at or near 0.1A of the combined errors 
This implies that the more complex the deformation of the exit pupil
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Fig. 84. PSF and MTF Simulations for X Axis
Tilt-Piston Error Combinations.
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Fig. 84, Continued.
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Fig. 84, Continued. PSF and MTF Simulations for X Axis
Tilt-Piston Error Combinations.
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Fig. 85. PSF and MTF Simulations for Y Axis
Tilt-Piston Error Combinations.
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Fig . 85, Continued.
Y Axis Tilt-Piston Error Combinations
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Fig. 85, Continued. PSF and MTF Simulations for Y Axis
Tilt-Piston Error Combinations.
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wavefront, the closer the tolerances on the wavefront error. The image 
evaluation parameters plotted in Figs. 86 and 87 for Cases 1 and 2 bear 
this out. The approximate error level is about half of what would be 
allowed for either error separately. In each case, an average radial 
profile and energy distribution were computed. They represent an 
average of the combined runs for each case and indicate basically, the 
image is extremely sensitive to this simple structure bending.

The third arid final case of the tilt-piston error simulations 
is made up of a combination of Cases 1 and 2. That is, it is a bending 
or sag in both the X and Y directions, as indicated in Fig. 29, Chapter 
4. The results of this simulation are shown in Fig. 90. These simula
tions exhibit similar image shapes to those found for Cases 1 and 2, 
but the overall magnitude is larger. The resultant calculations of 
correlations, fidelities, variances, and profiles, presented in Figs..
91 and 92, are essentially the same as in the first two single direction 
cases. Finally, with the addition of turbulence to this system, the 
image will most likely have a low correlation with the desired image, 
even for error combinations amounting totally to about 0.1X.
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Fig. 90, Continued.
Tilt-Piston Error Combinations in Both the X and Y Directions
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Fig. 90, Continued. PSF and MTF Simulations for Tilt-Piston
Error Combinations in Both the X and Y Directions.
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CHAPTER 8

INTERPRETATION OF RESULTS

As this study produced a rather large quantity of data. Chapter 
7 is necessarily long. For the sake of some brevity, no attempt was

imade to discuss the observed effects in detail. The present chapter 
will attempt to accomplish this by means of a summary of important 
results. Specific observations, implications, and interpretations for 
the individual error classifications are made. In addition, the ef
fects of a polychromatic field and wavelength variation are discussed, 
a method for monitor and control is outlined, and some suggestions for 
continued research along these lines are considered.

. Results Summary

The intent of this study has been to determine the relative 
sensitivity of the impulse, response structure to the lowest order 
errors expected in a multi-aperture exit pupil. These errors arise 
from the various systematic and environmental factors known to effect 
a multi-aperture astronomical imaging system. They manifest themselves 
principally as alignment errors in the system's exit pupil and may be. . 
reduced to one, or a combination, of its available degrees of freedom. 
For simplicity, this study was limited to those degrees of freedom.

In a single aperture circular pupil, the available degrees of 
freedom involve the entire pupil. The major distinction between a 
circular pupil and a multi-aperture system is the interaperture phase
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effects involving only segments of the total pupil. This is unique to 
multi-aperture systems. It is these interaperture effects that are 
most significant in the phased image structure and that are considered 
here. As described, the errors studied were tilt, aperture decenter, 
atmospheric turbulence and piston phase error.

One interesting and perhaps significant observation is that the 
dependence of image quality on increasing quantities of error is not a 
monotonically decreasing function in all instances, as observed in con
ventional circular systems. An example is the observed periodic be
havior of the image quality with increasing amounts of piston error on 
a single pupil component. Such a system will exhibit a perfect image 
whenever the piston error is exactly nx, and a severely aberrated image 
whenever the phase error is nX/2, where n is an integer. .

As mentioned, the intent of this work has been to determine • 
phase error tolerance levels subject to the principal criterion that 
the correlation quality shall not fall below the 0.8 level. The ob
jective results of this study are summarized in Table 3. In it, the 
calculated allowable error levels are presented. These levels were 
determined by finding the amount of each specific error that forced 
the image quality to a value of 0.8. The corresponding values of the 
image fidelity, normalized MTF volume, and the wavefront variance for 
the same error value are also given. From these tabulated values, it 
is evident that the tolerable level of phase error is approximately the 
same for all of the error types examined. That is, with the exception 
of aperture decenter and atmospheric turbulence, the average maximum
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Table 3. Tolerance Level Results Summary .*

Error
Approx.
Tolerance
Level

Normalized
iMTF

Volume
Wavefront
Variance

Image
Fidelity

Single aperture piston error 0,26 X 0.83 0.81

Y axis linear piston error 0.35 X 0,73 -- 0.89
Y axis parabolic piston error 0.19 X 0.52 . — — —. / 0,43
Random piston error (average 
values)

0.63 X 0.38 0.77 X 0.19

Single aperture radial tilt 
error

0.23 X 0.76 0.013X 0.82

Single aperture tangential 
. tilt error

0.99 X 0.77 0.015A 0.91

Tilt error parallel to the 
Trunion axis

0.17 X 0.63 0.012X 0.72

Tilt error perpendicular to 
the Trunion axis

0.04 X 0.94 0.015X 0.66

Random tilt error <0.1 X 0.67 0.039X 0.372

Aperture decenter errors >1.50" -1.0 -0.0 X -1.0
Atmospheric turbulence error 0.07 X 0.83 0.008X 0.94
Tilt piston error combination 

(X axis)
0.1 X 0.75 0.0 M X 0.86

Tilt piston error combination 
(Y axis)

0.13 X 0.34 0.043X 0.31

Tilt piston error combination 
(X and Y axes)

0.1 x 0.74 0.039X 0.88

^Correlation Quality in All Cases = 0,8.
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amount of tolerable phase error appears to be about 0.2A (0.219-x is the

2calculated average of all the runs with a variance of only o = 0.024X). 
Also, the values of the other parameters show some tendency to remain 
at constant levels. The calculated average values for these are:

Normalized MTF Volume = 0.74
Image Fidelity = 0.73
Wavefront Variance = 0.027%.

The study of aperture decenter speaks for itself. The decenter 
was simulated for both the single aperture and the entire array out to 
a decenter of 38.1 mm. No significant observable degradation of the 
image was apparent. While this was anticipated to some extent, the 
fact that the actual change in the pupil was very small and the simula
tion matrix sampling rate was large (214 mm), the result is still sig
nificant. It indicates that as long as the relative positions of the 
component apertures are maintained to within a millimeter or two, the 
image degradation from pure aperture decenter will be insignificant.
This is not a.difficult specification to meet, as the current design of 
the MMT optical support structure is apparently capable of maintaining 
position to within a few tenths of millimeters.

It should be noted, however, that an aperture decenter will
introduce a path error into that component's imaging distance equiva-

/
lent to the change in radial distance from the array center. This 
error, a piston phase error, will force the decenter tolerance to be 
the same as that imposed on piston phase error. Meeting this tolerance
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will be extremely difficult, if not impossible, to achieve in a large 
structure without the use of real time phase compensation schemes.

In addition to the evaluation parameter data used to produce 
Table 4, data on the structural nature of the PSF and MTF were gener
ated through isometric plots and radial profiles. These were presented 
in Chapter 7 and provide the basis for a second subjective measure of 
the tolerance levels required for the diffraction image. The subjec
tive examination compared these plots to determine the levels of error 
required to produce "significant changes" in the basic image structure. 
The results are presented in Table 4. The random piston and tilt error 
studies are necessarily omitted, as they become meaningful only in a 
statistical sense. Examination of these tabulated results for the 
other error types shows that'the average phase error tolerable from 
this standpoint is about 0.24X. This value is somewhat higher than the 
average of the objective data, but indicates reasonable agreement.

General Implications
Several generalizations and conclusions may be drawn from the 

collective data. These would indicate that the design and fabrication 
of a phased-array astronomical telescope, capable of near diffraction- 
limited imagery, is subject to extreme positional tolerances. It also 
implies that real time monitoring and compensating control are a re
quirement for any such system to operate consistently. There are three 
immediate general implications to this study:



Table 4„ Results of Subjective Study of Error Tolerance Levels,

Error Subj ective 
Tolerance Remarks

Single aperture piston error 0.3 X The first bright ring of secondary peaks show ' 
significant increases with respect to the 
central peak. The orientation of these peaks 
corresponds to the aberrated aperture's orien
tation in the array.

Y axis linear piston error 0.4 X The X axis first bright ring secondary peaks 
become significant at this level. Images 
show very poor resemblance to -the diffraction- 
limited image above this level.

Y axis parabolic piston error 0.1 X The image degrades very rapidly, and is es
sentially uncorrelated with the diffraction 
image at O.lX. Following' this, it improves 
with increasing'error out to a shift of 0.3X.

Radial tilt single aperture Oil X 
to 
0.2 X

While all the images are marginal, they seem 
to take a significant downward turn at about 
0.3X. All images show quantities of scattered 
energy.

Tangential tilt single aperture 0.7 X At this error level the relative irradiance in 
the secondary peaks appears to be significant.

Tilt parallel to the Trunion axis 0.2 X Images beyond this level are severely degraded, 
showing no central peak and varying numbers of 
high-irradiance secondary peaks.
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r Table 4, Continued.

Error
Subjective
Tolerance Remarks

Tilt perpendicular to the Trunion 
axis

<0.1 X All simulated images appear substantially 
degraded.

Decenter error large All the simulated images are subjectively 
identical to the diffraction-limited image.

Atmospheric turbulence -0.5 a The image retains good shape, but shows in
creasing light levels as the RMS error 
increases. At 0.5x RMS the scattered light 
level becomes significant to this observer.

Tilt piston error combinations:
X axis <0.1 X All images appear degraded beyond the tolerance 

level.
Y axis <0.1 A All images appear degraded beyond the tolerance 

level.

X and Y axes <0.25 A All images appear degraded beyond the tolerance 
1eve1.



The phase tolerance on most types of monochromatic phase 
error studies is less than one wave, and averages about 
+ 0.2 waves.
Atmospheric turbulence is the most severe error encoun
tered. It is a dynamic error that for a 6 m plus aper
ture will completely destroy the image structure at the 
seeing levels considered here. The additional problem 
of the speed at which the variations occur will make 
this the most difficult error to control. It may be 
possible to reduce the atmospheric turbulence control 
scheme to one of best-fitting tilt and piston phase 
errors to the incident gross wavefront feature, and then 
compensating for them. This may reduce the RMS phase 
error to a level that is acceptable for high quality 
images.
Of the internal systematic errors studies, the tilt and 
piston phase errors are the most significant in terms of 
their effect on the phased image. Although the imposed 
tolerances are not greatly different than the others, 
they will be the errors most commonly encountered and 
that have the most profound effect on the image structure. 
In addition, the errors resulting from the most probable 
first-order bends of a support structure add up to a 
combination of tilt and piston error. A combination of 
these errors is found to reduce the tolerable error to



about +_ 0.12X maximum. These errors are, however, ana
lytic in the sense that they arise from gravitational 
effects, and are slowly varying functions of time. As 
a result, these errors could easily be controlled by a 
system compensating for the tilt and piston effects of 
the atmosphere. In fact, as the error sensing would 
necessarily take place in the exit pupil, where both in
ternal and atmospheric effects are present, the control 
of internal tilt and piston error would be automatic.
The general implication is that the important gross 

t phase errors may be reduced to combinations of tilt and
piston.

Piston Error.• Piston error was found to be one of the two most
- /

significant phase errors effecting the diffraction-limited image. A 
tolerance of approximately 0.25 waves was established for single aper
ture error, and from 0.2 to 0.35X for the examined cases of entire 
array piston error.

For the single aperture case, the image quality was found to 
have a cosinusoidal dependence on piston error. The period of this 
dependence is based on wavelength. The problem is somewhat complicated 
for polychromatic light and is discussed in the section on polychromatic 
fields.

For piston error on all component apertures, there were two 
cases considered. These cases were Y-axis dependent piston error. The 
first was piston error linearly dependent On the Y-coordinate, and the
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second had a parabolic dependence on the Y-coordinate. These error- 
types were chosen as representative of the lowest-order bending modes 
of a trunion-mounted support structure. The results were virtually 
identical in both cases, with the exception of the magnitudes of errors 
and image quality degradation rates. The parabolic case, perhaps the 
most realistic, degrades about twice as fast as the linear case, and 
the tolerance is therefore about half. That is, the tolerance for the 
linear error is 0.35X, while the parabolic error is only 0.19X.

Random piston errors between 0 and 1 wavelength yielded an 
averaged correlation quality of about 0.7. The interesting result here 
is that the average radial profiles of several runs give what appears 
to be an annular image, with the highest irradiance level residing at a 
radial position, near the first ring of secondary peaks. Under these 
circumstances, the resolution differs from that achievable with a single 
component element by only 12.2 percent.

Tilt Error. Tilt error is the second significant internal 
phase error in a multi-aperture imaging system of this type. The 
single aperture study was divided into two separate cases: one for
radially-directed tilts, and the other for tangentially-directed tilts. 
This was done to determine if any dependence in tilt orientation is 
present. It is clear from the data and the established tolerances 
(0.23X for radial, as opposed to 0.94X for tangential), that the image 
is considerably more sensitive to radial tilts. This is unfortunate 
since the lowest-order bends of the support structure generally result 
in radially-directed tilts.



In examining the entire array tilt, it was anticipated that the 
tolerances would be very tight since most of the tilts are radially 
directed. The results bear this out. For tilt along the trunion axis, 
the tolerance is about 0.17A. For tilt perpendicular to the trunion 
axis, it was established at the very low value of 0.04A. For the 
average of random tilts in arbitrary directions, the tolerance level 
cannot exceed Q.IX. All of the images that had tilts in excess of 
about 0.IX indicate large changes in their structure, generally con
taining one or more regions of high irradiance at locations, other than 
the desired image point. The implication is that control of radial 
tilt is extremely important to good phased imagery from this type of 
system.

Tilt and Piston Error Combinations. The next logical step in 
analysis is to look at combinations of the anticipated errors as this 
will be as near a simulation to the real system as is possible. Three 
cases were considered (see Chapter 4) which contained combinations of 
the two most important errors -- tilt and piston -- (decenter was shown 
to manifest itself as piston error). The combinations were again the 
results of modeling the lowest-order bends in a support structure con
taining the entire array. Bends in the Y axis allowed 0.IX, while in 
the X axis 0.13A was allowed. For the most complex case, a bend into a 
saddle point-like surface still was allowed about 0.1X. In general,' 
uncompensated tilt error and combinations of tilt and piston error due 
to gravity’sags, cannot exceed about a tenth wave before the image 
experiences significant changes.
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Atmospheric Turbulence. The study of atmospheric turbulence 

showed, as anticipated, that if all other errors could be controlled or 
compensated, uncorrected turbulence would destroy the image. The image, 
subjected only to an atmosphere modeled at a level equivalent to one 
tenth the measured data from Southern Arizona, was shown to be nearly . 
uncorrelated with the desired image. It was also indicated that seeing 
conditions, about twice as good, would provide an image that maintained 
a reasonable similarity to the desired image. The implication is that 
the basic phased image, subjected only to turbulence errors, would be 
limited to phase errors of less than a tenth lambda. Therefore, the 
image will be useful at times of good seeing and completely destroyed 
during periods of moderate or poor seeing (more than 1 wave). This 
suggests that experiments on a ground-based phased array instrument, in 
which the atmosphere is uncompensated, will be dependent upon the 
severity of the turbulence.

The Effects of a Polychromatic Field

To this point, the entire study has been carried out for mono
chromatic light, with the exception of the theory which was carried out 
for quasimonochromatic fields. Most astronomical imaging systems, how
ever, operate in polychromatic fields containing major portions of the 
visible or infrared regions of the spectrum. Normally, polychromatic 
light is treated as nothing more than a superposition of light comprised 
of many wavelengths, where the proper scale factors are taken into 
account. While this is generally true, multi-aperture systems exhibit 
some rather interesting subtleties that are not inconsequential. Two
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effects, both, of similar origin when polychromatic fields are imaged 
by multi-aperture systems, are discussed. Additional study may reveal 
several more.

Piston error is the first and most important of these effects. 
It was established that image quality has a cosinusoidal dependence on 
the amount of single aperture piston shift introduced in monochromatic 
light. For a given piston shift in polychromatic light, however, each 
wavelength will appear to have shifted by a slightly different amount. 
That is, what appears to be a half-wave phase shift for one wavelength 
may only be a tenth wavelength for another. The result is a super
position of images from the multiple wavelengths that is more than a 
simple superposition of identical images of different color and scale. 
It is rather a superposition of images containing different colors and 
different shapes. Thus, assuming no other errors are present, the 
composite image structure will bear little resemblance to the diffrac
tion-limited image. It is also conceivable that the resultant image.
* would not be of noticeably higher resolution than for one of the com
ponent system images alone.

The second effect is similar to the one just discussed, but 
results from phase tilt error. That is, the phased image would, as

. . . .  " ' . ibefore, be a superposition of images of different color and shape.
These errors will occur in a multi-aperture system with far more sig
nificance than in a system of conventional pupil shape.

The implication is that many of the simulated images presented 
here are somewhat unrealistic for polychromatic imaging applications.
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Also, the phase error tolerances established are somewhat larger than 
will be allowable in multiple wavelength imaging. In fact, the toler
ances will.probably be somewhat dependent on the width of the band 
being imaged; the wider the band, the smaller the allowable error. 
Suppose the spectral bandwidth is denoted by <5A, and the mean wave
length by A0. Then, if SA/Ao << 1, the polychromatic phase effects 
will follow the results reported above. If, however, 6A/Ao is in the 
order of 0.5, then the chromatic phase effects become dominant. The 
0.5 level is chosen as 0.2 to 0.25A of phase shift about the observed
tolerance level for the errors studied. That is, if A = 0.6p, 6A =o
+_ 0.15A, so that a.band from O.ASy to 0.75p would be tolerable. This 
is quite obviously a useful spectral range. In the infrared, for Ao = 
10y, the allowable band would extend from 7.5y to 12.5p; also quite 
useful. These indicate that useful imagery may still be obtained for 
imaging in light containing large spectra,! bandwidths. It should be 
noted, however, that 6.A will generally not. contain all wavelengths 
present in the imaging system. This is because it is usually defined 
as a half-width at half-maximum value rather than a total bandwidth 
value. Those wavelength regions outside 6A will result in further dis
placed image energy and degradation to the image structure. The amount 
of this displaced energy must be weighed against the image quality 
ultimately desired before actual bandwidth values may be assigned.

There is one final note regarding wavelength dependence that 
must be considered. This is the absolute wavelength region in which 
the imaging is performed. It is a well known fact, for instance, that
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infrared and visible light behave differently in traversing a medium 
in which the index of refraction is wavelength dependent. This effect 
is especially important when imaging through the atmosphere as infrared 
radiation is considerably less sensitive to turbulence than the visible 
wavelengths. Therefore, compensation of turbulence effects will be 
less difficult in the infrared regions of the spectrum. The other 
aspect of this is simply the absolute accuracies and excursion ranges 
to which the control system must be designed. If tolerances of about 
0.2X are necessary, it will be easier to control an array working at 
X = lOy rather than one working at X = 0.4 to 0 .Sy, as the relative 
position accuracies are twenty times greater.

Some Ideas for Phase Control

While it isn't the main purpose of this study to consider con
trol schemes for phase error, a few words with respect to the results ' 
may be useful. It has been stated that a reasonable first level of 
phase control above simple chief-ray position control would be to con
trol tilt and piston phase error. Such control could reduce the ef
fects of turbulence and compensate for the most critical internal 
alignment errors. The scheme for accomplishing phase control is obvi
ously made up of an error sensor and a compensation system. In the 
case of a hexagonal array, a relatively simple scheme may be possible.
A potential monitoring scheme concept is discussed first.

The relative phase of the radiation across the exit pupil of 
the telescope is the pertinent information in phase monitoring. The 
method proposed here for sensing the phase is to re-image the exit
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pupil along separate but identical paths. The two beams could then be 
recombined to form a white-light interference pattern. If fringes are 
present in all the component apertures, the pattern may be scanned with 
an image dissector (equipped with an up-converter if the instrument is 
working in the infrared) for error signal generation. In addition, it 
may be necessary to monitor the absolute gross path lengths of each 
component system. This could be accomplished by using a laser-unequal- 
path interferometer which simultaneously compares all fifteen inter- 
aperture path differences. Such a device would require fifteen fringe 
counting detectors. As a result, data reduction would be comprised of 
converting the 16 channels of input data into 18 control signals: three
control signals for each telescope, two of which provide tilt orienta
tion and magnitude, and the third, piston error.

The control scheme is the second part of the system. As indi
cated, the only phase errors that must be controlled are tilt and 
piston errors. Piston error may be adjusted by simply altering the 
path length. For an MMT-type of array, the simplest way to accomplish 
this is to move components of the beam combiner. The motion would be 
a linear, radial, in-andKnit motion, corresponding to the appropriate 
fraction of the measured path error. As the motion of the beam com
biner segment would only be a few wavelengths at most, the lateral 
displacement of the component image would be correspondingly small. It
is. believed that this is insignificant compared to the anticipated Airy

<

disk diameter for the phased image which is in the order of. 0.02 mm.
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It would be possible to compensate for this, if necessary, by program
ming in the appropriate mirror tilt with the radial motion.

The phase tilt error may be corrected at the secondary of each 
component telescope. The control signals would tilt the secondary in 
a manner opposite the observed tilt error for compensation. In doing 
so, however, significant contributions to coma and astigmatism may be 
generated due to the misaligned component surfaces. It has been shown 
theoretically, that these errors may also be corrected (Ruda, 1974). 
This would require an extension of the system in order to control five 
degrees of freedom on the secondaries by. the addition to two axes of 
lateral motion and one of longitudinal motion. Hie required motion is 
complex, but may be controlled if all five dpgrees. are present.

In summary, if successful monitoring of the tilt and piston 
phase errors is achieved, both turbulence and internal misalignment 
could, for the most part, be controlled. This would be possible at the 
secondary and beam combiner elements of each individual system, One 
important point to note is that the control loop bandwidths for both of 
these surfaces would have to be sufficiently fast to compensate for 
turbulence. While servo bandwidths of modern systems easily reach 
these levels, one is faced with the problem of severe coupling to the 
mechanical support structure through mechanical resonances within the 

' same frequency range. The dynamic design considerations for a large 
system with 100 Hz control loops in it, driving several Kg optical 

. components, will be extremely complicated and difficult.
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Suggestions for Future Research,

The results of this work were obtained for monochromatic light. 
While some evidence (see page 226) indicates that they will remain 
valid over substantial wavelength regions, it will be necessary to 
further examine the effects of polychromatic light before meaningful 
final tolerances can be obtained. This work is believed to be the 
next step in a full optica1-phase analysis of multi-aperture systems.

In addition, it was assumed here that control of only the tilt 
and piston phase bias components is sufficient to reduce the effects 
of atmospheric turbulence to acceptable levels. If this is not the 
case, it will be necessary to know by how much it would improve the 
RMS error level, and if it is necessary to compensate for the phase 
detail due to turbulence by methods of real time adaptive surfaces.
Such a study would be extremely useful.

Finally, this work is but a small part of the total problem 
outlined in Chapter 1. Before phased multi-aperture astronomical 
imaging systems become a reality, considerable work must be carried out 
in all aspects of this problem. Key to all of this will be the develop
ment of real and practical schemes for phase error sensing and compen
sation.



APPENDIX I

OUTLINE OF IMAGE FORMATION FOR 
SYNTHETIC APERTURES IN PARTIALLY COHERENT LIGHT

The following is an outline for a solution to the problem of 
determining the intensity distribution in the image plane for the 
special case of a stellar source using the MMT or similarly configured 

synthetic aperture optical systems. The basis for this solution is the 
theory of image formation in the mathematical framework of partial 
coherence, and follows the method given in "Coherence Theory" (Marathay, 

1971), a set of unpublished class lecture notes and "The Theory of 
Partial Coherence" (Beran and Parrent, 1974). The notation is essen
tially that of A. S. Marathay, modified only to be consistent with the 
main body of this paper. The solution to the problem may be conveniently 
broken up into five basic parts. These are: ;

PART I; An examination of the nature of the source to
determine the structure and the object's coherence 
function. ..

PART IT; Propagation of the Mutual Spectral Density
Function (MSDF), from the source to the entrance 
pupil of the optical system.

PART III; Description of the transmission function of the 
optical system.

231 ■■
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■PART IV: Propagation of the MSDF from the entrance pupil to

the exit pupil, taking into account the pupil 
magnification.

PART V: Propagation of the MSDF from the exit pupil to the
image plane, and calculation of the resultant 
desired intensity distribution.

The assumptions, made for the most part in the general solution 
and for this particular application, are:

. . 1.. The source used is:
a) Incoherent.
b) A white-light radiator.

. c) Circular of radius a .o
d) Of uniform intensity. (Commonly, this type of

source is considered a spherical Lambertain radiator 
where the resultant source is assigned this distri
bution on a planar disk of the same diameter.)

2. The usual sign convention and approximations in dif
fraction theory hold here. Atmospheric effects, when 
considered, are represented by their effects to the 
phase part of the Lens Transmission Function (LTF), but 
are beyond the scope of this problem. The atmosphere is 
modeled for this study only numerically by matrix repre
sentation of the phase and amplitude distribution
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resultants in the exit pupil.

4. White-light source only by approximation from a quasi- 
monochromatic solution about the visible spectral 
range's effective wavelength (0.55 ]um)..

5. The stellar source is axially positioned.
6. The optical system is designed to be unvignetted over 

the total usable field and is essentially isoplanatic.

,The system's configuration, and the notation used, are given in

plane, exit pupil, image plane, and the axial distances separating these

lens system itself is described entirely by its effect on a perfect 
incident wavefront in the exit pupil, and is called the LTF. This is 
described by (simplest case).

where W(x) is the usual symmetrical aberration expansion. Generally the 
LTF also contains the quadratic approximation to the spheric;: 1 phase 
curvature for convergence to the image point. L(x), for an MMT-type of 
MAS will look like

Fig. 93. It describes the variables for the entrance pupil, object

planes. As mentioned, it is the entrance and exit pupils that are used 
in describing the various field distributions of interest here. The

LTF = L(x) exp {ikW'(x)}

6
exp {ikw(x.1)}cyl

1=1



Entrance PupilWavefront Deformation Due to 
Atmospheric Turbulence Exit Pupil

Fig. 93. Schematic Diagram of the Basic Imaging System Containing 
the Hexagonally Configured Pupil.
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In addition, utilization of the pupil planes requires that the 

axial distances be measured from the pupils rather than the principal 
planes. This distinction requires the use of an additional pupil magni 
fication factor, and a modification of the first order thin-lens 
imaging equation to look like

1 ♦_! . J .
z On 2) z' zf

where:
m is the pupil magnification

z- - (m )f and —  = - mm f p z p

Now, the most common representation for a partially coherent 

source is merely

rob (x , x , t) = (t + r #  *(t)\
S1 2 X S1 2 /

but for the case of an incoherent stellar source being considered here, 
the representation is:

e ®  • • '

r0b($S1- V  T) = e v) 5($s, - > *I 2 1 1 2
■ -00

e"12,,VTdv

It is assumed here that I(x , v) is known so the r , (x , x ,
S1   ob S1 2

v) is also known over the object field of interest. The object MSDF is



then the temporal fourier transform of the object coherence function so 
that:

MBSFdb ■ rob($Sl- v) = 6 ICV  "I <C$sr " $s2)

Now, by applying the general integral form of the propagation law for a 
partially coherent field given by .

o s s

9^1 (^1» v) . ®2'
Bn. Bn

d?1d?2 •

elkvTdv

where the appropriate Green's functions (Ĝ  and G^) are of the form:

, s^, v) 
_ _  .

4 Try*-2(1 - ikr.) z. 1Kri v l i e
47T

1=1,2 i=l,2

it is found that for the specific case of propagation to the entrance 
pupil of the MAS that:
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To transfer to the exit pupil, the fact that the pupils are conjugate 
planes is utilized. The exit pupil MSDF is nothing more than the 
product of the entrance pupil MSDF with the LTF, appropriately scaled, 
or:

-ik
LTF(xp LTF*(x^) e 2zf 1

xi - xi

or for the case here.

rexitC4 ‘ 4 -  ^  = rent 4 /mp- v) '

cyl
i=l

4  = 1

4  -  4 i

'4  - x2i
k a.

eik[W(xp - W(xp]

ikw(xjp

ikw(x^) ' *

All that remains now is to propagate  ̂ x̂ , v) to the image plane,
take its inverse transform, and then find the intensity distribution 
desired. When this is performed, it is found that the coherence function 
in the image is given by
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where

A(xf - mx_ ) A*(xf . - mx_ ) dx dx 
1 1 2 2 1 2

A(xf - mxs ) 
i i

[Xi Xij ikw (x.) e i

J = 1

eikKe*i-) J • e-i^ (5 - ) 1  ^
AZ i Si ^dx. i=l,2

and finally the desired intensity distribution in.the image plane may be 
found. This is merely:

^im(xfj/ xf * 03 ~ $ / e i2irV̂ v  J j  I (xs , v) exp •



which may be applied to any MAS by simply substituting specific LTF's
appropriately transformed into the A and A* terms in the image intensity

A - • ; . .. ' :
function. ■



APPENDIX II

A CONCEPT FOR A MULTIBASE MICHELSON STELLAR INTERFEROMETER

. The- examination of the Mutual Coherence Function (MCF) and its 
properties in the image plane of an MMT-type of synthetic aperture 
telescope triggered the idea of utilizing an array telescope as a form . 
of stellar interferometer. The several apertures offer an obvious set 
of aperture pairs from which interference patterns of stellar radiation 
may be obtained. The following is the result of an exploration of 
this idea, demonstration that useful measurements of stellar diameters 
might be obtained and feasible experimental configurations developed.
An example of a potential experimental configuration is examined for 
both visible and infrared wavelengths using the described concepts.

It is generally not possible to resolve even the largest of 
stellar objects at normal optical arid infrared wavelengths with common 
modern telescopes. Historically, stellar interferometry has been the 
only technique available to provide data on the diameter of a stellar 
source. This data results in only one diameter of an assumed circular 
source, and then only in one orientation. The assumption that the 
source is circular is considered valid, but somewhat arbitrary. Data 
in other orientations may show different diameters indicating, for 
instance, a source which spins rapidly on its axis, flattening it in a 
manner similar to that seen in the shape of Jupiter. Recently, however, 
post-detection processing and the techniques of speckle int erf erometry
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(Labeyrie, 1970; Dainty, 1972; Gezari et al . 1973; Korff, Dryden and 
Miller, 1973; Liu and Lehmann, 1973; Russell and Goodman, 1971) have 
been employed which allow the computer generation of the autocorrela
tion of the diffraction-limited image from instruments of low optical 
quality. This work has shown that gross stellar image shape and 
structure may be generated, but at the expense of great quantities of 
money and time. Therefore^ stellar interferometry is still a tech
nique that will continue to provide useful information.

Classically, a Michelson Stellar Interferometer (Born and Wolf, 
•1965, p. 271) is" a device that samples the incident radiation from a 
stellar source at two widely separated points. This pair of samples 
is combined to form an interference pattern whose fringe visibility 
can be interpreted as a measurement of the complex degree of coherence 
at the telescope aperture. The most important and widely used applica
tion of a stellar interferometer is to measure indirectly the diameter 
of stellar sources calculated from measurements, of fringe visibility 
for various separations of the sampling, mirrors. The interferometer 
measured directly the one-dimensional fourier transform of the bright
ness distribution of the object being studied. ..

One well-known experiment by Michelson and Pease (1921, 
p. 249) showed that the 2.54 m Mt. Wilson reflector, mounted with a 
6.096 m interferometer, could be used to measure the diameter of Alpha 
Orionis (Betelguese). On December 13, 1920, they found that a sampling 
mirror separation of 3.073 m gave no interference fringes in the image 
plane. Calculations indicated from this the star's diameter was 0.047 
arc seconds (to within about 10%). .'
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Ways of forming interference patterns using a stellar interfero

meter are many and varied, depending on the types of detectors used.
The most common, however, is still the one used by Michelson and Pease, 
shown schematically in Fig. 94. Four mirrors, through M^, inclined 
at 45° with respect to the baseline, redirect the two samples of the 
incident stellar wavefront into the telescope (M,_ and . Here, the 
light is brought together at the image plane where the interference 
pattern is formed and measured. For the measurement of a visible 
star's angular diameter, it is assumed (Michelson and Pease, 1921, p. 
256) "the star is spherical and the radiation on the surface immediately 
surrounding the star is incoherent and uniform". It is found, however, 
that the phenomena of "limb.darkening" must be taken into account. A
typical limb-darkened representation of the distribution of radiation
across a stellar disk is given by:

1 = VCR2 - r2)n

where -
r = the radial distance from the center of the star
R = the radius of the star
n = the exponent of limb darkening

Normally, visibility of interference fringes is defined by:

I - I .,, max m mV =  -T—
I + I .max m m

but for the case of a stellar interferometer.
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D (baseline)

Cassegrain
Telescope

Assumed Stellar Disk
Interference Pattern formed 
< Here.

Fig. 94. Schematic Diagram of a Michelson Stellar 
Interferometer.



where d is the separation of the sampling mirrors, and

C(d) = 2 f i(a) cos ad) da
p •

S (d) = 2 [ i (a) sin ad) da
1 Ao

P 2 I i (a) da

The quantity i (q) -,is the intensity at the image plane due to an elemen
tary strip of the source (Born and Wolf, 1965, p, 273).

The variation of fringe visibility as a function of the sam
pling mirror separation distances are calculated and shown for various 
apertures in Fig. 95 (a circular disk-source having the above described 
intensity distribution is shown in Part C). Making measurements of the 
visibility above has been accomplished, but it is found to be difficult 
. in practice. If one obtains visibility data and makes the usual 
assumptions about the source, its angular diameter may be determined by 
observing the smallest value of the sampling mirror separation for 
which the visibility V(d) is a minimum. It is found that when such a 
situation is achieved that

d = —0 1 where A = 0.5 (2 point sources)
A = 1.22 (uniform disk)
A > 1.22 (disk with limb 

darkening)
and knowing d, 0 of the source may be calculated.
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V
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A/A8 A/G 3A/28 2A/80
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A/6 2 A/80

(a) (b)

1

2A/6A/60
(c)

(a) Two equal point sources with angular separation 8 in the 
direction of the line joining the apertures.

(b) Uniform rectangular source with sides parallel to the line 
joining the apertures and of angular width 0.

(c) Circular disk source of angular diameter 8 = 28 , with in
tensity distribution 1(8) = (8^ - 8^)P, where 8 is the
angular radius from the center.

Fig. 95. Variation of Fringe Visibility with Aperture
Separation. (From Born and Wolf, 1965, p. 374)



In the practical case, however, achievement of useful, results is 
no simple task. Michelson Stellar Interferometers (MSI) have, in 
addition to the conventional telescope optics, several small optical, 
components separated by relatively large distances. This greater 
number of components must be aligned typically to within a few wave
lengths of light. R. H. Miller (1972) has described an alignment 
.system which, if implemented, would essentially eliminate the problem. 
The concept is to mount additional optics on the stellar interferometer 
arms that act as arms of a separate internal interferometer whose in
terference pattern is generated near the stellar interference pattern. 
The device would provide relative OPD and chief-ray error information 
that could be used as an input to a servo loop for real time correction. 
In addition, use of "white light" interferometry will allow measure
ments of the absolute OPD to be made.

Another major practical problem encountered in stellar inter
ferometry is that of atmospheric turbulence. Atmospheric turbulence 
has the net effect of distorting the incident stellar wavefront into an 
irregular surface, with the result that the interference pattern be
comes non-uniform and positionally unstable. Techniques utilizing 
devices known.as "Fringe Detectors" (Miller, .1970). may be employed that 
greatly reduce this problem through long integration times. As yet, 
however, no simple way of eliminating it exists. Problems such as 
these will be of prime importance to any experimental investigations, 
using the techniques of stellar interferometry.
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The reason for discussing basic stellar interferometry, its 

characteristics and problems, is that it provides a base from which to 
develop a similar instrument, utilizing a multiple-aperture configura
tion. In it, any aperture can be used in conjunction with any other 
aperture to provide measurements of discrete points in the lateral 
coherence function of the source. The instrument will be called a 
Multiple Base Stellar Interferometer (MBSI). Measurements taken in this 
way could provide useful results. The various orientations of the MBSI 
could be used to determine the angular diameter of the source in 
several orientations. Such information could lead to spatial (struc-= 
tural) information on the source. These measurements could also be 
used to approximate the angular diameter of sources whose lateral co
herence width is significantly larger than the maximum baseline length 
achieveable in the array.

Consider the-schematic of an MMT-type of aperture as shown in 
Fig. 96. The six apertures, taken two at a time as an interferometer 
pair, give 15 possible base lines from which visibility measurements 
may be taken. Six of these, however, are redundant in that their base- 
length and orientation, are identical to others, differing only in 
lateral position. Thus, we have nine useful non-redundant bases, and 
six measures that could be used as checks.

It is well known, however, that if all of the apertures of the 
component telescopes are used, the interference pattern visibility 
would be very nearly zero. Points within apertures, and between aper
tures would interfere, giving complete time-variant interference patterns
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Fig. 96. Possible Interferometric baselines for a 
Hexagonal Array.
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that are of little use. Time averaged measurements would give a nearly 
uniform pattern, also of little use.

As a result, it is necessary to mask the telescope apertures.
The size should probably be in the order of 4 to 6 inches in diameter. 
The masked apertures must be small enough to correspond with atmos
pheric cell size and minimize overlap of the fringe pattern frequencies 
but large enough to keep reasonable integration times for the detectors.

Masking allows the creation of more baselines as well as correct 
aperture size. The masks are built such that three small circular 
apertures are located at the inner edge, center, and outer edge of each 
array component telescope on a radial line. They are oriented such 
that they extend from the array center through the center of each com
ponent telescope, as shown in Fig. 97 for two adjacent telescopes.
Taking measurements at each of the three mask positions gives a total 
of 27 non-redundant baselines to work with. Each measured baseline 
and aperture pair for a given source will produce an image distribution 
containing interference fringes of a calculable spatial frequency that 
are oriented perpendicular to the baseline joining the centers of the 
two apertures. These two pieces of information may serve as baseline 
indentifiers.

Consider two apertures to be one of the many possible pairs in 
the MMT-type of array whose radii are given by a, and separated by one 
of the several possible baselengths (L) available. Assuming the opti
cal system' contains diffraction-limited optics, the aperture may ber
described by ,
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a(x,y) = cyl( j  * 6 (x - + 6.(x + |o

where a = the radius of the apertures
L = the distance between the aperture centers and the 

incident intensity distribution I(x,y) = 1 implies 
that U(x,y) = 1, as it is assumed that U(x,y) =
+ A  (x,y). '

The amplitude spread function is related to the fourier transform of
Xthe aperture function by

îkz 
iXz

U(x,y) =  --- F jT. [a(x,y)]
x y

’ n = xi".
where

U(x,y) = amplitude spread function, and

F.T. [d(x,y) ] = (isl/ t/ ?2 + n2 )j1(2aTr /?2 + p2) cos (irLC)

so that
UCx.y) =(2aaikz/i/ x2 * y2 ) j 1 (Jut:*/ 4- y^ \ TlI.X

—  ' C0S(-Ii ^

The resultant intensity distribution is given by 

I(x,y) - U(x,y) U*(x,y) =(4a2/x2 + y 2 )

c°s2 ( ^ | y ,
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This would be expected neglecting atmospheric turbulence, optical 
imperfections, and partial coherence effects. Examination of the 
cosine squared term shows that the interference fringe frequency is 
dependent (as expected) upon the distance between the apertures being 
considered, and implies that the fixed baselines in the MMT would have 
fixed fringe frequencies. This provides the method of identifying the 
apertures that are producing the interferences seen. It also leads to 
the possibility of interference identification through fourier analysis.

In this concept, the interference pairs can be identified 
simply by noting the frequency of the interference. Because of the 
direct relation between fringe frequency and baseline, we can identify 
the interference pair by multiplying the fundamental frequency of the 
aperture (shortest baseline) by the normalized distance between the 
interference pair of interest. A table of the normalized distances 
for the real MMT aperture is given in Table 5. The normalization is 
to apertures A and B for position number 1 of the MMT aperture.

Table 5. Normalized Baseline Distances in the MMT.

Aperture Baseline
1

Mask Position 
2 3

AB 1.0000 1.5714 2.1429
AC 1.7321 2.7218 3.7115
AD 2.0000 3.1429 4.2857

i
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Thus, the basis for measurement of the coherence of stellar 

radiation using the MMT aperture configuration has been provided. It 
is found that there are nine possible spatial frequencies that can be 
measured for each mask position. In these nine non-redundant pairs, 
there are only three baseline lengths at each mask position. The rest 
are due to differences in orientation. Therefore, by using the three 
masks and taking three measurements, one for each mask, it is possible 
to obtain 27 non-redundant visibility measurements.

For the information to be useful in making an array telescope 
perform as a MSI in measuring the angular diameter of assumed circular 
stellar sources, it will be necessary to compare the visibility ob
tained in the measurements to the theoretical value of the visibility. 
The hexagonal array aperture will provide two or, in some cases, three 
measures of visibility in any of six possible orientations of baselines 
discussed above. These points can be fitted to a theoretical visibil
ity curve and plotted against the aperture separation (10 . When the 
best fit is achieved, extrapolation of the fit curve to its first zero 
provides the usual data necessary for source angular diameter deter
mination. :

Errors in the measured values of the visibility will have a 
significant influence on the calculation of the stellar diameter. The 
absolute position of the measured points on the visibility curve will 
introduce significant uncertainty. It is believed that these errors 
are large enough to preclude the collection of data of sufficient 
accuracy to note the spherical flattening of a source due to rotation
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as seen in Jupiter. This would be dependent on how close the measure
ments are to the maximum of the central lobe in the visibility curve.
The closer they fall to the center of the curve, the greater the error 
becomes.

When the visibility measurements are taken at only a small 
fraction of the distance to the first zero it is not likely that 
measurements of the accuracy required for a stellar angular diameter 
determination can be made. Multiple Observations will allow a statis
tical convergence to the diameter, but the number of these observations 
may become large.

Now, the same procedure is applied to the rest of the data 
along the other orientations. If the source is circular, the measure
ments of stellar size will be identical within systematic-error factors. 
The several measurements will allow statistical evaluation of the final 
computed diameter. If the source is asymmetric, the other orientations 
will supply additional information about its shape.

This technique will work directly only for equatorially-mounted 
instruments. Altitude-over-azimuth mountings cause the aperture to 
rotate with respect to the celestial field of view as the source is 
tracked across the sky. If the source is non-circular, the measured 
value of visibility will not be axially symmetric,, and its measurement 
will change with time. Alti-azimuth instruments will give useful data 
for symmetric sources, however, as the coherence width will also be 
independent of the orientation. It may even be possible to use them 
on asymmetric sources if the experimental scheme is configured to allow



255
very short integration times, as the relative rotation is rendered in
significant.

This technique may feven be employed to gather more data on 
asymmetric sources by taking short exposures at long intervals. This 
would provide an even larger number of measurements at new orientations. 
Erroneous measures of the lateral coherence width; will result however, 
if one or more of the measured points on the visibility curve are loca
ted beyond the first zero. The measured point(s) will appear inconsis
tent due to the large variance of these points from the computed curve. 
Fig. 98 illustrates this, indicating the difference between the actual 
and measured widths for a hypothetical case. As long as the.actual 
coherence width is larger than twice the longest interferometric base
line, all the measured points will lie inside the first zero where an 
accurate extrapolation may be made.

Perhaps the most important aspect, of a concept for a new 
scientific instrument is the question of what contribution it will 
make to the store of scientific knowledge; The MBSI will provide (just 
as conventional configurations do), measurements of singular astronomi
cal objects. these objects could be the stellar, quasi-stellar, or 
even extended nebulous objects enclosing stellar centers. The data 
produced by the MBSI will provide angular diameters of smaller and 
fainter sources than presently achieveable, and would perhaps do so 
until instruments such as the one kilometer MSI is built (Miller, 1966). 
Finally, the statistical extrapolation technique may provide data fur
ther away from the main sequence stars.
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Fig. 98. Measurement Error Due to Sampling Beyond 
the First Zero.
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Experimental Configuration

The question now arises as. to what sort of experimental config
uration will provide the visibility and spatial data necessary in deter
mining a source’s angular diameter using an MMT type of system. One 
answer, in the form of a schematic experimental configuration, will be 
presented utilizing an assumed fully-phased hexagonal array telescope. 
This configuration, while not the only possible one, seems to hold 
some promise. The intention will be to examine only a schematic out
line of the experiment, rather than a detailed package with its associ
ated realities of calibrations, fabrication errors, environmental 
effects, signal detectability, noise, etc.

A block diagram of the proposed experimental arrangement for 
visible wavelengths is shown in Fig. 99., The diagram illustrates the 
three required major sequential stages: the interference pattern
recorder, the linear processor, and the coherent fourier transform 
scanner. The interference pattern recorder provides an appropriately 
exposed negative of the composite image of a selected stellar source 
generated by the masked synthetic aperture telescope. The resulting 
negative is processed in a manner that provides a linear relationship 
between the incident intensity and the transmitted amplitude distribu
tions. Finally, the coherent fourier transform scanner generates the 
two-dimensional fourier transform of the processed negative and scans it 
with either a linear array of photodiodes or an image dissector that 
outputs the desired interference visibility and position information.
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It should be noted that this is intended only as a rudimentary 

conceptual scheme. For the sake of brevity and clarity of the basic 
system, calculations of the effects of film granularity, time constants, 
illumination levels, noise, etc., have been.,omitted until more specific 
systematic forms become available.

Interference Pattern Recording
The first stage in obtaining the desired stellar diameters is 

to generate interference patterns in the image plane, and correctly 
record them on photographic film. As previously discussed, the multi
aperture telescope provides 27 non-redundant visibility measurements 
.taken nine at a time on each of three negatives. The remaining 18 
redundant measurements on each of the negatives could be used to provide 
statistical checks, but only in the case of rotationally-symmetric 
sources.

The masking is achieved by laying correctly-sized masks on each 
of the telescope's primary mirrors. Each mask would contain three 
circular holes located along one diameter, such that two holes lay at 
the edges, and the third in the center of each covered primary mirror. 
The line joining the centers of these three holes must be oriented on 
each telescope so that it also pesses through the center of the total 
array, as shown in Fig. 100. Provision for covering any two of the 
holes on each mirror makes the simulations of aperture positions 1, 2 
and 5 straight forward.
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Fig. 100. Masking Scheme for Obtaining All B a s e l i n e s .
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At this point, an appropriate astronomical source is selected. 

The phased and masked telescope is then pointed toward it, locked-on, 
and placed in a tracking mode. The result is an image of the source 
containing all 15 of the expected inter-aperture interference patterns. 
The individual interference pattern orientation and fringe spacing 
provide the data necessary to determine the individual interferometer 
baseline length and orientation. The fringe visibility, in addition 
provides the desired degree of coherence. The information contained in 
this image, however, is unfortunately confused by the fact that all the 
interference patterns are superimposed on one-another, and at the same 
time on the relatively complex stellar image intensity distribution.
This makes direct measurement by means of a traveling micros cope dif
ficult, if not impossible."

The solution is to photographically record the image, and 
generate its two-dimensional fourier transform, whose structure will be 
more readily measurable. This can be accomplished either directly,^ by 
means of the traveling microscope and photometer, or indirectly using 
detector array/image methods.

Processing -

To record the image photographically in the recording stage, 
the film must be exposed and developed in a manner that renders it a 
linear mapping, rather than the non-linear D-log E convention. That is, 
it is necessary to use the film in a manner that allows a linear mapping
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of the incident intensity during exposure into complex amplitude trans
mittance after development. During the exposure (E), we. know that

... .E = IT

and that by assuming the film is being used in the nearly log-linear
region of the H and D curve (Born and Wolf, 1965, p. 455), the density
(D) may be written as

D = log i_ = Ynlog E - Dq
n

where
Tn = the intensity transmittance

D = the film constant o
Yn = the slope of the H § D curve (n refers to the positive

or the negative case) 
which, when solved for the intensity transmittance gives:

Tn = KnI"Yn

where •
' D .. ■ ■ ' • ,

Kn = 10 Yn

It is the amplitude transmittance -(t ) that is of interest
here. Due to the fact that it is a coherent optical processor in which
the film is placed, will be defined as (Goodman, 1968* p. 155)
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Tn(x,y) = + A(x,y)

where
)̂(x,y) are the phase shifts introduced by development

changes in emulsion thickness, and irregularities 
in emulsion and plate manufacture.

These phase variations may be eliminated by immersing the plate in an 
index-matching oil in a liquid gate, leaving for all practical purposes

Tn = A(x,y)

Now, substituting the relation for the. intensity transmittance, we have

-Yn/2

where
k =  + /IT" n n

Noting • this, we see that the amplitude transmittance will be a linear 
mapping of intensity if Yn is 2. This is easily achieved since the 
negative y may be controlled reasonably well by proper selection of the 
emulsion type, developer, and careful control of the development time.

A second way to achieve a linear mapping of intensity to ampli
tude transmittance, shown to be very successful by Adam Kozma (1966), 
is to plot a transmittance vs. exposure (TE) curve. An example of 
a typical TE curve is shown in Fig. 101. If the film is "biased" to
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some operating point. "0", located in the nearly linear region, the TE 
curve may be approximated by

Tn = To + B(E " V  . ’

where 3 is the slope of the curve.at point "0". Since a film of any y 
may be used with this scheme, the choice of a high gamma film is appro
priate as small changes in exposure are more easily detected as changes 
in transmittance. This is accomplished, unfortunately, at the expense 
of reduced dynamic range in exposure, implying that a trade-off exists 
between a film’s y and dynamic range.

The choice of method to be used is dependent on the type of 
film employed and the exposure necessary to record a useful image of a 
particular source. It is important that the densities be produced 
within the linear region of either curve's anticipated linearity range. 
Faint sources may be treated by the "Square Law" technique of develop
ing for y =2, while bright sources may be recorded by the biased n
exposure technique. Faint sources require long exposures, so that 
emulsion reciprocity effects will become significant. Exposure control 
becomes difficult, while bright sources allow shorter exposures and are 
more readily controlled and as such, are more adaptable to the biased 
exposure.technique.

A second effect that must be monitored in recording the image 
with a photographic emulsion is the spatial frequency response or Mod
ulation Transfer Function (MTF) of the film. This is defined as

ĵ PP _ Recorded Exposure Contrast 
True Exposure Contrast
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Therefore, as the data of interest is fringe visibility or contrast, 
the transfer factor of the film will be extremely important in determin
ing the actual fringe Visibility.

■z .Typical cut-off frequencies (contrast below 0.1 for a test ob
ject contrast of 1000 to 1) have been tabulated (Eastman Kodak, 1962, 
pp. 4d-5d) for emulsions commonly used for astronomical purposes. A 
selected group of .these is given in Table 6. The fundamental spatial

Table 6. Typical Cut-Off Frequencies for Common Emulsions.

Emulsion Cut-Off Range (lines/mm)

Type: 105-0 55-68
ld3a-0 55-68
1-0 69-95
III-O 96-135
V-0 > 225

frequencies anticipated for an MBSI, configured as shown in Fig. 102, 
may be approximated by the equations for a Young's, interferometer. 
Solving for the fringe frequency (ff in line pairs per millimeter of 
Ip/mm) gives:

ff = 1___ = 66.67 Ip/nun (visible) where F/No = 30
~ XF/No 3.33 Ip/mm (10y IR)

-3 '■ ' ^ " ■■■■' 2 :■ ■ ■! •_ Xv ■ 0.5 x 10 mm (visible), XJR = 1 x 10 mm (lOy IR)
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These frequencies indicate that at visible wavelengths, only some emul
sions will be useful so that care will be necessary in their selection. 
Alternately, the visible light interferometer can be made to operate 

. at .a higher F/No. On the other hand, at X = lOp, almost all common 
scientific emulsions can be used. In addition, MTF's of most films are 
known for normal exposure levels, but at extreme exposures, the MTF 
curve is dependent upon the variation of the film y with processing 
time and temperature, as well as exposure variation due to reciprocity 
effects. Film y varies with development time in a typical manner shown 
in Fig. 103a, and development time with temperature shown in Fig. 103b, • 
for the commonly used scientific developer D-19.

In summary, the goal for processing the negative, regardless of 
which method was used for its recording, is to achieve a particular 
gamma. In processing, therefore, the effects such as reciprocity, spec
tral sensitivity, variation of contrast with wavelength, adjacency 
effects and halation effects will have to be taken into account Since 
the density, MTF, and dynamic range are all important to obtain accurate 
results from this experiment. It is not the purpose here to go into 
details of processing film, but the above factors will have to be taken 
into account before the film may be successfully used with the processor.

The Coherent Fourier Transform Scanner
The purpose of the last sybsystem of the experimental scheme is

to generate the two-dimensional Fourier transform of the recorded image
• ■ (. '

produced by the MBSI, and scan the results to extract the amplitude
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and position of the desired discrete frequency points obtained. Each 
point represents either a positive or negative frequency component of 
the image, corresponding to any one of the inter-aperture interferences. 
The position of the spot corresponds to the spatial frequency and 
orientation of the interference fringes, which relate to the baseline 
and orientation. The amplitude of the spot is a measure of the con
trast or visibility of the fringes, which is directly related to the 
desired degree of coherence. The scanner configuration may be used to 
produce the desired true two-dimensional transform, by setting the 
scanner up as shown in Fig. 104. To show that this configuration will 
produce the desired exact .transform realtion, it is only necessary to 
show that U^(x^,yp is the fourier transform of t (x,y), representing 
the amplitude transmittance of the recorded image. To do this, assume 
that the laser and beam-expander supply a constant illumination of 
uniform amplitude A to the negative, so that: ,

U~ (x,y) = A.

Now, we know that 

+U (x",y) = U (x,y) P(x,y)
where

P(x,y) = tn (x,y) p(x,y).
and

P(x,y) •= the. pupil function
tn (x,y) = the negative transmittance function
p(x,y) = the negative aperture given by rect x/a*rect y/b.
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Now, according to Goodman. (1968, p., 86) if we assume that the Fresnel 
approximations are good over the distances involved and

o. xdo
F.T. (Atn(x,y)) = U(xL,yL) where xL = |g-, yL = 21

F-T- K) = VVd
Then, making use of the Fresnel Transfer Function

ikd -iXdnir(52 + n2)
H (5,n) = e 0 e

where the constant phase shift has been neglected, we have that

-iAird (£2 + n2)
UL(C,n) = Uo(5,n) e

The amplitude distribution after traversing the lens is the product 
of the distribution preceding the lens, and the amplitude transmit
tance of the lens amounting to a phase curvature, or:

u; - F.T. ( y x L ,yL>

Then by applying the Fresnel Propagation Law in the desired fourier 
plane:

ll (Xf + Tf) " [irXd0 (x^ + y^) ]
Uftxf,yf) - rff e *

- ' i2„

//.,u.x:>lSXrr;VW— CO '

—  o-nrl V  = 2L_ •where , and y = ^  ; or



However, the object in our case is to be placed a distance f(dQ = f) in
front of the lens, which causes the curvature term to vanish, leaving 
only the desired exact fourier transform relation required.

to detect and record the amplitudes and positions of the interference
pattern spectra. One commonly used technique is to scan the fourier
plane with a linear array of detectors. The spacing of individual
detectors in the array may be determined in the usual manner using the
Whittaker-Shannon Theorem (Goodman, 1968, pp. 21-25), which indicates
that the distance between detectors must be less than l/2£ , wheremax'
£max is the maximum spatial frequency in the distribution being scanned. 
This is determinant for any band-limited distribution such as the de
scribed scanner whose maximum spatial frequency is calculable from the 
autocorrelation of its pupil function.

would be necessary for production of the necessary position, and ampli
tude information. Alternate photoelectric forms of detection and

00

dxdy
—  00

The final task of the scanner is to scan this transform plane

To this point, it has been assumed that photographic recording
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processing may prove more practical as methods of real time fourier 
transforming are possible using digital computers. Consider a system 
which replaces the photographic recorder and fourier transform scanner 
with an image dissector and integrating computer system. The image 
tube is used to record the magnified image intensity distribution as a 
complex matrix in computer storage. This may be accomplished by digi
tizing the tube scans at discrete points. Several whole picture scans 
must be integrated numerically for an adequate picture to be built up.

This stored matrix requires the assignment of a phase matrix 
to it for completion of the required complex matrix in storage. This 
may be accomplished by assuming a constant phase across the entire 
matrix, or recording the appropriately processed exit pupil phase matrix 
from the telescope's phase control system. r ,

The next step is to perform a numerical fourier transform on 
the completed matrix. This will generate the fourier transform distri
bution in a form that contains the position and amplitude information 
necessary for baseline identification and visibility determination.
The information would be best located from heuristic search routines 
and output as x and y locations along with the associated amplitudes. 
The locations identify the baselines and the amplitudes correspond to 
the measured visibility.
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