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Abstract

Due to the fast increasing capabilities of modern computers it is now feasible to calculate

spectra of small atom and molecules with the greater level of accuracy than high-resolution

measurements. The mathematical algorithms developed and implemented on high performance

supercomputers for the quantum mechanical calculations are directly derived from the first

principles of quantum mechanics. The codes developed are primarily used to verify, refine,

and predict the energies associated within a given system and given angular momentum state

of interest. The Hamiltonian operator used to determine the total energy in the approach

presented is called the internal Hamiltonian and is obtained by rigorously separating out the

center-of-mass motion (or the elimination of translational motion) from the laboratory-frame

Hamiltonian. The methods utilized in the articles presented in this dissertation do not include

relativistic corrections and quantum electrodynamic effects, nor do these articles assume the

Born-Oppenheimer (BO) approximation with the exception of one publication. There is one

major review article included herein which describes the major differences between the non-BO

method and the BO approximation using explicitly correlated Gaussian (ECG) basis functions.

The physical systems studied in this dissertation are the atomic elements with Z < 7 (although

the discusion is not limited to these) and diatomic molecules such as H+
2 and H2 including nuclear

isotopic substitution studies with deuterium and tritium, as well as electronic substitutions

with the muon particle. Preliminary testing for triatomic molecular functionals using a model

potential is also included in this dissertation. It has been concluded that using all-particle

ECGs with including the addition of nonzero angular momentum functions to describe nonzero

angular momentum states is sufficient in determining the energies of these states for both the

atomic and molecular case.
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Disseration Summary

A Research Questions

The primary focus for this disseration is to:

1. verify, refine, predict and assess experimental spectral obseravations and measurements

of small atoms, diatomic and triatomic molecules in static bound states with the highest

level of accuracy to-date by using:

(a) the postulates of quantum mechanics which enables the:

i. builing of a total wave function that is:

A. normalizable;

B. square intregrable;

C. single-vauled;

D. finite;

E. expanded using in a linear combination of basis functions in the superpostion

principle;

F. and obeys the propery symmetry requirements for all the exchanges of iden-

tical particles (i.e. antisymmetric wave function with respect to exchange for

fermions and symmstric wave function with respect to exchange for bosons);

ii. coupling of all the interactions of the particles in the Hamiltonian operator that:

A. does not assume the Born-Oppenhiemer approximation;

B. directly includes mass polarization;

C. is spherically symmertic;

D. easily allows for isotopic substitions;

E. has “atomic” like opperations for any given molecular physical system;

F. and is easly used to determinine the exceptation value in a single step;

(b) the Rayleigh-Ritz variational scheme;

(c) the analytic energy gradient of the secular equation to minimize the energy eigenval-

ues;

2. obtain exact analytic solutions to the time-independant Schodinger equation to obtian a

complete state function by utilizing:

(a) new types of Explicitly Correlated Gaussian basis functions that include pre-exponentially

correlated:
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i. interparticle distance functions for atomic systems with zero angular momentum;

ii. sine and cosine functions of squared interparticle distance for molecular systems

with zero angular momentum;

(b) modified Explicitly Correlated Gaussian basis functions to include states of particles

in a system with non-zero angular momentum:

i. 4S (L=0, M=0) ground and excited states of the nitrogen atom;

ii. 3P (L=1, M=0) ground and excited states of the carbon atom;

iii. 2D (L=2, M=0) excited states of the lithium atom;

iv. 1D and 3D (L=2, M=0) excited states of the berylium atom;

v. 2F (L=3, M=0) excited states of the lithium atom;

vi. 2Π (N=0) states of HD+

vii. 2Σ vibrational states of HD+ for N=1 rotational excitation, including charge

assymetry and lifetimes of rovibraitonal levels;

viii. Ortho-Para isomerization of 2Σ H+
2 ;

ix. Ortho-Para isomerization of 3Σ H2;

x. Ortho-Para isomerization of 3Σ D2;

xi. rovibrational states for dpµ, tpµ, tdµ;

xii. rovibrational states for ortho-para H+
3 ;

(c) optimizied computer codes that is efficient in calculateing the overlap and Hamil-

tonian matrix elements and the variational energy by reducing the total number of

operations used in the programmed formulas;

3. extract new knowledge about the chemical physics for a given system based off the data

obtained when possible.

B Scientific Relevance

In the early part of the twentieth century there was a strong effort made to describe the nature

of atoms and molecules. Niels Bohr (7 October 1885 AD 18 November 1962 AD) made an

attempt to describe the structure of atoms with fundamental concepts about quantization and

quantum theory [1–3], and although he was not quite correct, the model he developed was able

to justify the well-known Rydberg formula (1888 AD) of Johannes Rydberg (November 8, 1854

December 28, 1919 AD). Bohr received the Nobel Prize in 1922 for his contributions of the Bohr

model. Many of the artcles feartured in this disseration verify, perdict, and asses very accuarte

Rydberg states of small atoms (Z < 7) as well as the rovibrational states of small molecules.
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In prior years, Rydberg worked side-by-side with Walter Ritz (22 February 1878 AD 7 July

1909 AD) to develop the combination principle about the relationship between frequencies and

spectral line of elements. Ritz developed a way to solve the eigenvalue problem that is used

in this dissertation. With the testing of the method mechanically by John William Strutt, 3rd

Baron Rayleigh (12 November 1842 30 June 1919), known for the Rayleigh scattering of light,

the method is called Rayleigh-Ritz method even though it was written by Ritz. In short, it

allows for the approximation of the of the solutions to the eigenvalue problem. He also used the

notion of the linear combination of function basis functions to approximation the total function

space. The work presented in this disseration uses the superpostion principle to approximate

the total wave function (Ψ) either atomic or molecuar; Ψ =
∑K

k ckφk, where k is the index

on the sum, K is the total number of basis functions φk used in the approximation, and ck is

the linear expansion coefficient. This mathematical expansion, infact, is one of the principles of

quantum mechanics.

A few years after Bohr’s worldly success, Robert J. Oppenheimer (whom in his later life as a

Professor of Physics at the University of California, Berkeley, worked the design of the atomic

bomb in the Manhattan Project) would along-side his Ph.D. adviser, Max Born (11 December

1882 AD 5 January 1970 AD), make a significant contribution to quantum theory with an

approximation made for motions of the nuclei by assuming that the total (atomic and molecular)

wave function (Ψ) is a product of nuclear (Ψnuclear) wave functions and electronic wave functions

(Ψelectronic) [4], Ψ = ΨnuclearΨelectronic. He effectively decoupled the motion of the particles

to ease the computation of spectral properties. With their assumption the correspounding

Hamiltonian Opperator (Ĥ) used to determined the total energy (E) of the time-indepenent

Schrodinger equation (ĤΨ=EΨ) for the system under consideration became easier to analyze.

The Born-Oppenheimer Approximation effectively reduces the number of variables to consider

in the kintic energy (T̂ ) term and Coulomb interactions in the potential energy (V̂ ) term.

One unique aspect of the work presented in this dissertation is to not make the assumptions

that Born-Oppenheimer (BO) did especially for small atoms and molecules (Z < 7), thus the

method used is termed non-Born-Oppenheimer (nonBO). The concequences of this is that all

particles in the physical system of interest are correlated in the wave function, i.e., the wave

is not decoupled: Ψ 6= ΨnuclearΨelectronic and are all the particles are treated on the same (or

equivalent) footing with the Hamiltonian operator. Sir William Rowan Hamilton (4 August 1805

2 September 1865) was responsible for the reformulation of classicle mechanics into opperator

mechanics which deals heavily with differential equations. For every measureable observable

there is a corresponding operator. This is also one of the postulates of quantum mechanics.

With a seemingly exact representation of both the wave function and the Hamiltonan operator,

and with the use of the use of the Rayleigh-Ritz method, the energies for a given system and
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state are solved for variationally:∑K
k

∑K
l c†kcl〈φk|Ĥ|φl〉∑K

k

∑K
l c†kcl〈φk|φl〉

≥ E0, (1)

where the dagger (†) indicates the complex conjugate and E0 is the exact energy of the system.

Setting this equation to zero yields the secular equation (H − eS)c = 0 where H and S are the

Hamiltonian and overlap (k×k) matrices defined by the elements of summation (Hkl = 〈φk|Ĥ|φl〉
and Skl = 〈φk|φl〉) in the above equation and the c is a vector of linear coefficients with elements

c†kcl. Each published manuscript in this disseration has an indepth derivation of Hkl and Skl

matrix elemnets for each system that is considered. The Hamiltonian used in this work is

presented after the next few passages. However, the coordiante system must be defined and

introduced first.

In the nineteen-thirties, Linus Pauling (28 February 1901 AD - 19 August 1994 AD) and Edgar

Bright Wilson Jr. (18 December 1908 AD - 12 June 1992 AD) popularized quantum mechanics

as it is applied to chemistry [6]. This particular read is so thought provoking that I made an

attempt to study it during high school chemistry the year 2000 AD. Pauling was so inlfuential

during his time that Oppenheimer, asked Pauiling to join the efforts on the Manhattan Project.

Pauling declined however, and continued on to be a major political activist for the atomic

bomb on the Emergency Committee of Atomic Scientist during World War II along with Albert

Einstein (14 March 1879 - 18 April 1955). Pauling eventually recieved a Nobel prize for chemistry

in 1954 AD and later on he recieved a Nobel Peace price in 1964 AD for his politcal activism.

By the mid nineteen-fifties, after a great deal of work with Pauling, Wilson and others de-

veloped the concept of the internal coordinates [5] to determine the vibrational frequencies

of molecules. Due to the fact that the energies of bound states for atoms and molecules do

not depend on the position of the physical system in free space, the consideration of the cen-

ter of mass motion is disregarded. The internal Cartesian coordinate frame (Internal CCF)

is used in this work instead of the laboratory Cartesian coordinate frame (LCCF); please re-

fer to Figure 1. The internal coordinates formulated by Wilson ({ri, rij} where i and j are

indix for particles) arise from separating the center of mass motion from the laboratory Carte-

sian coordinate frame (LCCF) and choosing the most distinguishable (or the heaviest) par-

ticle in the physical system as the center of the internal coordinate system. With this, ri
is defined in terms of the laboratory Catessian coordinates {Ri, Rij}, ri = |R1 − Ri+1| and

rij = |Ri+1 − Rj+1|. In set notation, from the LCCF transformation to the internal CCF is as

follows: {R1, R2, R3, . . . , RN} → {r0, r1, r2, . . . , rn} where r0 is the center of mass coordinates.
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Figure 1: The image below displays the LCCF

and the Internal CCF for a 3 particle system

(also called a 2 pseudoparticle), i.e. Helium

atom, Li+, Be2+, HD+, T+
2 , and so on. The

center of mass coordinates are not shown.

With this separation, the physical prob-

lem is reduced from three times the to-

tal number of particles (3N) in the sys-

tem to three times the total number

of pseudoparticles (3n where n=N-1 be-

cause the center is techniqully a parti-

cle). This transformation is described

in detail in each article featured in this

dissertation. The i−th pseudoparticle

has pseudocharge (qi) that is equal to

its’ real charge (Qi+1) and has a pseu-

domass (µi) which equals the reduced

mass with respect to the central particle

(µi = M1Mi+1

M1+Mi+1
). The central particle’s

charge q0 = Q1 and mass m0 = M1 re-

main the same value in this coordinate

system. Now that the coordinate system has been defined, the internal Hamiltonian can be

shown in atomic units:

ĤInt = −1
2

 n∑
i=1

1
µi
∇2

ri
+

n∑
i 6=j

1
m0
∇′ri
∇rj

+
n∑

i=1

q0qi
ri

+
n∑

j>i=1

qiqj
rij

. (2)

The first term is the kinetic energy description of each psuedoparticle. The second is the mass

polarization and is also the operation that Oppenheimer neglected to consider resulting in the

BO approximation. The third is the Coulomb interaction of each pseudo particle with the center

particle. And the forth is the Coulomb interaction for a pair of pseudoparticles.

Now that the coordinates and the Hamiltonian is defined, the particulars of the total atomic and

molecular wave function (Ψ) and basis funcitons (φk) can be introduced. In the nineteen-fiftes,

-sixties, and -seventies, there was some efforts made to the properties of atoms and molecules

with a linear combination of Gaussian Atomic Orbitals to form Molecular Orbitals (LCAO-MO).

Typically this is accomlished by using Slater determinants. In this work Slater determinants

are not used, all particle explicily correlated Gaussians (ECG) basis funcitions are used instead.

The form of ECGs represented by φk(r) is:

φk = exp
[−r′ (Ak ⊗ I3) r

]
, (3)

where Ak is an n×n symmetric matrix, ⊗ is the Kronecker product symbol, and I3 is a 3×3 iden-

tity matrix. Here r is a 3n-column vector of internal coordinates: r = {x1, y1, z1, ..., xn, yn, zn},
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and r′ is a row vector of the same internal coordinates. To create the Gaussian square the vector-

matrix-vector quadratic form is used. The quadratic form is used throughout the derivation of

Hamiltonian and overlap matrix elements.

Even though complicated wave function shown above could be written back then, the compu-

ational power and the mathematical techniques needed to solve integrals were not developed.

The United States Stock market provided powerful motivation for the developent of matrix

calculus in mathematics during the nineteen-eighties [7]. Much of the math developed during

that time made the techinques for using ECGs possible.

Since it is required that the basis functions used in a bound-state calculation are square inte-

grable which effectively imposes restrictions on the Ak matrix. The Ak matrix must be positive

definite. Rather than restricting the Ak matrix elements, Ak is represented in a Cholesky fac-

tored form as: Ak = LkL
′
k, where Lk is a lower triangular matrix. With this representation,

Ak is automatically positive definite. It should also be mentioned that this form of Ak matrix

does not limit the flexibility of the basis functions since any allowable choice of the Ak matrix

can be represented by some Lk matrix. This is because any symmetric positive matrix can be

represented in a Cholesky factored form. In the BO limit the Ak matrix becomes diagonal. All

off-diagonal elements are zero.

In the nineteen-ninties there was a strong effort made by the Adamowicz group in Arizona to test

both BO and nonBO quantum mechanical calculations using ECGs incorparting all the details

discussed about the method [8, 9] thus far. The work in the Adamowicz group at Univeristy of

Arizona at this time only involved n = 1 electronic systems (hydrogen, detuerium, and tritium).

The electron affinities for these systems were determined as well with the same theoretical

framework [10, 11]. With the early work being succesful, the group began to make modifications

to ECGs by using complex expontial ECGs [12]. ECGs were also used to determine the Bethe

logorithm for the ground state of hydrogen atom [13]. Procedures for calculating Hamiltonian

and overalp matrix elements with single-center all-electron atomic explcitly correlated Gaussian

functions (ECGs) had been developed for atomic configurations containing n psuedo particles

and all being s electrons [14–27]. Just before my arrival to Arizona systems with one p electron

while all other are electrons in s states had been developed [28–34].

My first project concerned the development of the algorithms for calculating atomic states with

two p electrons and other electrons being s electrons (E). The ground state of the carbon atom

belong to this group of states. To accomplish this effectively angular momentum is coupled

using vector addition and Clebsch-Gordon coefficients [35]. The devlopment included solving

the integrals containing the generalized kinetic-energy and potentail-energy operators. In the

finite-nuclear-mass approach the kinetic-energy operator contains the conventional kinetic en-

ergy terms, as well as the so-called mass-polarization terms which couples the motion of the
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electrons in the system. The potential-energy operator contains the Coulombic electron-nucleus

and electron electron interactions. The derived expressions for the integrals were checked for

correctness with MATHEMATICA, coded in Fortran90, and tested in some model calculations.

The Fortran90 code was written using a multi-processor approach (MPI) to achieve the most

effective calculation scheme. Several simplifications and performance-enhancement solutions

(such as the explicit use of the sparcity of matrices) were implemented in the code to achieve

the highest calculation speed.

High accuracy in the atomic calculations can only be achieved when the non-linear parameters

of the ECGs are extensively optimized using the variational method. This optimization can

be significanly accelerated if the optimization procedure is supplied with the energy gradient

determined with respect to the optimized parameters. In the work that followed the algorithm

for calculating energy gradient for ECGs used to expand the wave functions of states with n−2

s electrons and two p electrons was developed and implemented in a computer code writen

in Fortran90 (Section F). The gradient vector contains derivatived of the Hamiltonian and

overlap matrix elements with respect to the exponential ECG parameters. The correctness of

the expressions for these derivatives were tested using the finite-difference-derivative approach,

which was implemented in Mathematica. After the correctness was confirm, the gradient code

was integrated with the code for the calculation of the energy and for the optimization of the

ECGs. The first application calculations, which were performed with the code concerned two

lowest 3P states of the carbon atom.

The laboratory experiments have provided a wealth of high-resolution data concerning ground

and excited states of atoms to compare theoretical calculations to. The data is available on a

NIST (National Institute of Standards and Technology) website. A large group of states for

smalled atoms are D states. To perform calculations of these states new algorithms were devel-

oped and implemented (Section G). It was shown that in order to obtain very high accuracy in

the calculations, ECGs representing configurations with n− 1s electrons and one d electron, as

well as ECGs representing configurations with n− 2 s electrons and two p electrons have to be

included in the ECG basis set used in the calculation of the D state. The work on the D states

included the derivation of the algoriths for calculating the Hamiltonian and overalp matrix ele-

ments, as well as the matrix elements of the analytical energy gradinent. The algorithms were

first tested against calculations performed with Mathematics where multidimentional numeri-

cal integration was applied. After passing the tests, the algorithms were coded in Fortran90

and implemented on a mutiprocessor computer system using the MPI parallization protocol.

Some model atomic calculations were included in the paper to illustrate the performance of the

algorithm.

After the development phase was completed for the D-state computer program it has been used

in several application projects. The applications we considered are 2D states of the 6Li and 7Li
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atoms (Section H, I, J), 1D and 3D of beryllium atom (Section K, L), and 2D states of boron

atom (Section M). Due to the success of the D-states project the next project to be accomplished

was the developement of F states and particlularly 2F states of 6Li and 7Li (Section N , O).

This also lead to the consider of 4S states of nitrogen atom (Section D) (and happends to be

my personal favorite article).

Another project that I developed was to improve ECGs by introducting the interparticle distance

squared prefactors to the ECG basis functions. This project was succesful in reducing the

number of basis functions used to converge the energy by one fourth from when the factor was

not present. This project was tested on 1S0 states of beryllium atom (Section C).

The diatomic work included in this dissertation is also the epilogue to work accomplished by the

Adamowicz group [36–75] which included molecular systems such as H+
2 , HD+, HT+, He-He+,

LiH+, BeH+, H2, HD, D2, T2, LiD, and BH all in N=0 rotational excitaton state. I took the

ECG method one step further and developed codes for the N=1,2 rotational excitaton states

(including preliminary derivations for N=3 states) for HD+ (Section P, Q, R, S), H+
2 (Section T,

X), H2 (Section U), D2 (Section V), and for muonic molecules (Section W). The methodology

for these calculations is that same as for the atomic case.

Further, tests were preformed on sine and cosine of squared interparticle distances premultiplier

functions for ECGs in triatomic molecular calculations such as the determining the rovibrational

spectra for ortho-para H+
3 . Preliminary tesing on the Morse potential proved to be sucessful

(Section Y) and codes for triatomics are in the current phase of being built. Ortho-para H+
3 is

considered future work (along with a 3P ground and excited state oxygen and 2P ground and

excited state fluorine calculations). Triatomic molecular calculations had been attemped in the

group in prior years and the attemps left great room for improvement [76–83].

During my career working on this dissertataion I was also included in the writing of a major

review article (Section Z). This is one review amoung other great resources to study this type of

work [84–86]. To say the least, through the work presented in this dissertation the ECG method

has proven to be and effecive way to preform very accurate atomic and molecular calculations.

As a general guidline to performing very accurate quantum mechanical non-Relativistic non-

Born-Oppenhiemer variational calculations for small atoms and molecules one should follow

these general steps:

• Define physical system to consider by defining the physical variables:

– number of particles and pseudoparticles (N and n).

– organize them into bosons and ferions and determine the spin state of interest for

each set.
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– include angular momentum functions for the state of interest.

– design the correctly symmetrized wave function for all the particles to obey exchange

properties.

• Use matrix calculus to determine exact solutions to the second order differential equation

present in the internal Hamiltonian and for integrations over all space.

• Emplement the formulas on high preformance super computing using MPI protocals and

in MATHEMATICA/Mat Lab for debugging the computer code.
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Explicitly correlated, n-electron, one-center s Gaussian (ECG) functions that depend on the inter-
electron distances in the exponent are combined with s ECGs which also depend on the interelectron
separations through pre-exponential r2

i j multipliers. The pre-exponentially r2
i j -dependent ECGs are

included in the basis to better describe the interelectron correlation and the interelectron cusps. The
basis set is tested in the calculations of the ground state of the beryllium atom (9Be). © 2011 American
Institute of Physics. [doi:10.1063/1.3553177]

I. INTRODUCTION

Very accurate quantum mechanical calculations of the
electronic structures of small atoms have always provided the
testing ground for new computational methods for calculating
the ground and excited bound states of atomic systems. The
testing has been possible due to the availability of very accu-
rate gas-phase spectra of these systems. The wave functions
of the ground and excited states can be obtained on the base
of the Ritz variational principle that involves the energy min-
imization with respect to the parameters the wave functions
depend upon. If a wave function is expanded in terms of some
basis functions, the optimization, apart from the linear expan-
sion coefficients, may also include the nonlinear parameters
involved in the basis functions. The accuracy of the final en-
ergy value obtained in the calculation depends on whether the
chosen basis functions are capable of providing a good repre-
sentation of the calculated state and whether an effective opti-
mization of the basis functions parameters can be performed.

In atomic calculations the possible choices of the basis
functions are limited. The most crucial limitation is related to
the need of accurate and expeditious calculation of the Hamil-
tonian matrix elements in the variational minimization of the
energy. Also, the basis set has to accurately describe the state
of the system under consideration and, in particular, the elec-
tron correlation effects in the state. As these effects concern
electrons avoiding each other in their motions around the nu-
cleus, the most effective basis functions for describing the
correlation phenomenon are functions explicitly dependent on
the interelectron distances. These types of functions are called
explicitly correlated. The most efficient explicitly correlated
functions are those that simultaneously depend on distances
of all electrons in the system.

The most serious problem in development of methods
employing explicitly correlated functions is the difficulty that
may arise in accurately calculating the integrals that appear in
the Hamiltonian matrix elements. As the complexity of these
integrals grows with the increasing number of electrons, this

a)Author to whom correspondence should be addressed. Electronic mail:
klshark@email.arizona.edu.

may lead to difficulty in extending the calculations to systems
with more electrons.

Among the basis functions most often used in quan-
tum calculations of small atoms with less than four elec-
trons there are the Hylleraas functions1–4 and the exponential
functions.5–8 For a three-electron atomic system the Hylleraas
function has the following form:

φ(r1, r2, r3) = rn1
23rn2

31rn3
12rn4

1 rn5
2 rn6

3

× exp(−α1r1 − α2r2 − α3r3), (1)

where ri are electron–nucleus distances, ri j are interelectron
distances, ni are non-negative integers, and α’s are parame-
ters which are subject to optimization in the variational calcu-
lation. One notices that the Hylleraas functions are only cor-
related through in the pre-exponential factors and there is no
ri j presence in the exponent. In the exponential functions

φ(r1, r2, r3) = exp(−α1r1 − α2r2 − α3r3

−β1r23 − β2r31 − βr12), (2)

the opposite takes place, the ri j factors are only present in the
exponent. Recently, it was demonstrated that the exponential
functions (2) are very effective in calculations of atoms with
three electrons.8 Clearly, they are capable of describing both,
the short-range cusp behavior of the wave function as defined
by the Kato conditions and the long-range behavior. However,
neither the Hylleraas functions nor the exponential functions
have been applied to study atomic systems with more than
three electrons. This limitation has been related to the lack of
algorithms for calculating Hamiltonian matrix elements with
those functions for systems with more than three electrons.

Another type of basis functions that has been very pop-
ular in high-accuracy atomic calculations are explicitly cor-
related Gaussian functions. The most accurate results for
four- and five-electron atoms have been obtained with those
functions.9–12 The main advantage of using Gaussians in
atomic calculations is due to the simplicity of the Hamiltonian
integrals with those functions and their possible easy general-
ization to atoms with an arbitrary number of electrons. How-
ever, these functions have improper short-distance Kato cusps
and a too-fast decaying long-range behavior. Even though
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these deficiencies can be effectively remedied by using longer
expansions, they affect the amount of computer time needed
for a well-converged calculation. An issue may also arise in
the calculation of relativistic effects because some of these
effects are represented with singular operators and shorter ex-
pansions of the wave function in terms of Gaussians, which
may not provide sufficient accuracy of the results.

In the calculations of small atoms with only s electrons,
we have used Gaussian functions where the ri j dependency is
limited to the exponential factor.9–12 For an n-electron system
these functions have the following form:

φk(r1, r2, . . . , rn) = exp[−r′ (Ak ⊗ I3) r], (3)

where r is a vector formed by the r1, r2, . . . , rn vectors stack
on top of each other, Ak is a n × n symmetric matrix, I3 is
a 3 × 3 identity matrix, ⊗ is the Kronecker product symbol,
and prime indicates vector (matrix) transpose.

In order to improve the quality of the atomic Gaussians
(3), particularly in terms of providing a better description of
the cusp behavior, one can include in those functions pre-
exponential factors similar to those present in the Hylleraas
functions (1),

φk(r1, r2, . . . , rn) =
(∏

�n
i> j r

ni j

i j

)
exp[−r′ (Ak ⊗ I3) r].

(4)

However, from a practical point of view, it is easier to use
even powers of the interelectron distances in such factors (ni j

even), or just their squares (ni j = 2), because the evaluation
of the Hamiltonian integrals is then more straightforward. By
including the r2

i j prefactors in Gaussians (3) one gets the fol-
lowing exponentially and pre-exponentially explicitly corre-
lated Gaussian functions:

φk(r1, r2, . . . , rn) =
(∏

�n
i> j r

2
i j

)
exp

[−r′ (Ak ⊗ I3) r
]
.

(5)

Even though, in principle, all interelectron distances should
be included in �n

i> j r
2
i j , a simpler approach with only a limited

number of those distances can also be considered. In such an
approach the Gaussian basis set would comprise the following
subsets of functions:

{{exp[−r′ (Ak ⊗ I3) r]}, {r2
i j exp[−r′ (Ak ⊗ I3) r]},

{r2
i j r

2
kl exp[−r′ (Ak ⊗ I3) r]}, . . .}. (6)

In particular, one can consider a basis set that only includes
the two first subsets,

{{exp[−r′ (Ak ⊗ I3) r]}, {r2
i j exp(−r′ (Ak ⊗ I3) r)}}.

(7)

In this work, we have derived algorithms for calculating
the Hamiltonian matrix elements with functions involving the
basis set (7), and we have tested the effectiveness of these
functions in calculations of the ground state of the beryllium
atom. Apart from the Hamiltonian integrals, we have also de-
rived the formulas for the energy gradient determined with re-
spect to the Gaussian exponential parameters. The variational

energy minimization is greatly accelerated if the energy gradi-
ent is available. As the formulas for the Hamiltonian integrals
and the gradient matrix elements for Gaussians without the
r2

i j factors, as well as the integrals and the gradient for Gaus-
sians with the r2

i j factors were derived before,13, 14 we only
show here (in the Appendix) the formulas for mixed matrix
elements that combine functions with and without the r2

i j fac-
tors.

II. THE HAMILTONIAN

For an atom with N particles (i.e., N − 1 electrons and
a nucleus), the laboratory-frame nonrelativistic Hamiltonian
has the following form:

Ĥlab = −
N∑

i=1

1

2Mi
∇2

Ri
+

N∑
i> j=1

Qi Q j

Ri j
, (8)

where Mi are the masses of the particles, Qi their charges,
Ri are the Cartesian position vectors in the coordinate frame,
and ∇Ri are the gradients with respect to Ri . Ri j is the distance
between the i th and j th particles, Ri j = |R j − Ri |. After sep-
arating out the center of mass motion of the system from (8)
an internal Hamiltonian, Ĥ , is obtained. This internal Hamil-
tonian in the internal Cartesian coordinate system with the
center at the nucleus has the following form:

Ĥ = −1

2

⎛
⎜⎝ n∑

i=1

1

μi
∇2

ri
+

n∑
i, j=1
i �= j

1

m0
∇′

ri
∇r j

⎞
⎟⎠

+
n∑

i=1

q0qi

ri
+

n∑
i> j=1

qi q j

ri j
, (9)

where n = N − 1 is the number of particles (pseudoelec-
trons) the internal Hamiltonian describes, ri = Ri+1 − R1 are
their internal Cartesian coordinates, m0 is the nucleus mass
and q0 is its charge, qi = Qi+1 are the electron charges,
and μi = m0mi/ (m0 + mi ) are their reduced masses, where
mi = Mi+1. We call the particles described by (9) pseudoelec-
trons because, even though they have the same charges as the
electrons, their masses are reduced electron masses. Thus, the
Hamiltonian (9) describes the motion of n pseudoelectrons
in the central field of the charge of the nucleus. This mo-
tion is coupled through the Coulombic interactions between
the pseudoelectrons and their interactions with the nucleus
charge,

∑n
i=1

q0qi

ri
+ ∑n

i> j=1
qi q j

ri j
, where ri j = |r j − ri |, and

through the mass polarization term, − 1
2

∑n
i, j=1
i �= j

(1/m0) ∇′
ri
∇r j .

III. NUMERICAL ILLUSTRATION

We have tested the basis set (7) in ground state calcu-
lations of the beryllium atom. The basis set was grown to
the size of 2000 functions by incremental additions of 100
functions starting from an initial randomly-chosen basis set
of 100 functions. The growing of the basis set by each 100-
function subset involved two steps. In the first step the basis
set was increased by adding functions one by one and op-
timizing their exponential parameters using a minimization
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TABLE I. The convergence of the total variational ground state energy of the 9Be atom with the number of functions in the basis set. Two
explicitly correlated Gaussian basis sets with and without r2

i j factors are used. For the former basis the numbers of Gaussians with and without

r2
i j are shown. The energies are in hartrees.

Basis set with r2
i j Basis set without r2

i j
No. of functions without/

No. of functions with r2
i j Energy Energya

600 142/458 –14.6664315837 –14.6664292152
800 189/611 –14.6664339226 –14.6664324019
1000 230/770 –14.6664347302 –14.6664338281
1200 267/933 –14.6664349812 –14.6664344440
1400 322/1078 –14.6664351510 –14.6664348137
1600 361/1239 –14.6664352503 –14.6664350436
1800 390/1410 –14.6664353213 –14.6664351772
2000 416/1584 –14.6664353873 –14.6664352548
10000b 10000/0 –14.6664355044

aEnergy obtained with the number of basis functions specified in the first column of the table.
bReference 12.

procedure that employs the analytic energy gradient. The new
functions were guessed by adding random perturbations to the
basis functions already included in the basis set and select-
ing the functions that lowers the energy the most. The op-
timization of each new function also involved determination
of whether the function contributes to the energy more with
or without the r2

i j factor. Based on this, the factor was either
included in or removed from the function. After addition of
100 functions was completed, the whole basis set, including
the newly added functions, was reoptimized. In this reopti-
mization, we used a cyclic approach that involved looping
over all functions in the basis set one by one and reoptimiz-
ing their parameters. The cyclic optimization was repeated
several times before moving to adding the next set of 100
functions.

The results of the test are presented in Table I. For each
size of the basis set the total energy and the number of
functions of each type (i.e., with or without the r2

i j factor)
is shown. We also show the energies obtained before8 with
basis functions without the r2

i j factors. The following con-
clusions can be drawn based on the results presented in
Table I:

1. The basis set that combines Gaussians with and with-
out the r2

i j factor produce noticeably lower energies for
the same number of functions than the basis set with-
out the r2

i j factors. For example, the energy correspond-
ing to 2000 Gaussians without the r2

i j factors is already
obtained with the basis set with and without the factors
when the number of basis functions is about 1600.

2. As the number of basis functions increases, the percent-
age of Gaussians with the r2

i j factors in the basis set also
slightly increases. It is about 76% for the 600-function
and about 79% for 2000 functions. This indicates that
these functions provide important contributions to the
total energy of the atom and more effectively describe
the interelectron correlation effects than Gaussians with-
out the factors.

3. Even though the improvement in terms of the number
of basis functions needed to achieve a certain accuracy

level of the total energy is noticeable, it is not very
significant. Including Gaussians with the r2

i j prefactors
in the basis set leads to about 20% reduction of the num-
ber of basis functions in the Be calculations. The con-
traction of the size of the basis set is a positive feature,
as it is usually desirable to use fewer basis functions in
the variational calculation particularly if such calcula-
tion is followed by a calculation of other properties of
the system.

4. Another reason for including Gaussians with the r2
i j

prefactors in the basis set is related to the precision of
the calculation. As the present calculations indicate,
the variational procedure favors adding these types of
functions to the basis set over functions without the
prefactors, because this leads to more substantial lower-
ing of the energy. This means that there are features in
the wave function which need these functions to be more
effectively described. In the calculations that employs
only Gaussians without the prefactors, the same features
still need to be represented. This can be accomplished
by forming certain linear combinations of the Gaussians
without the prefactors that mimic the needed functions.
However, as one can notice, the Gaussians with the r2

i j
prefactors can be obtained by differentiating the Gaus-
sians without the prefactors with respect to their certain
exponential parameters. Thus, the above-mentioned
linear combinations have to represent these derivatives
and, as such, have to contain Gaussians which are al-
most identical but entering the linear combinations with
opposite signs. The presence of such almost linearly
dependent functions in the wave function expansion
usually leads to lower accuracy of the calculation.
Obviously such lowering does not happen if Gaussians
with r2

i j prefactors are included in the basis set.
5. A point which needs to be mentioned is related to the

cost of the calculations. Naturally, as the algorithms
for calculating the Hamiltonian integrals and the energy
gradient with the Gaussians without the prefactors are
somewhat simpler than for the Gaussians with the pref-
actors, the calculation cost is lower. However, this is
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fully offset by the need to use more functions in the
basis set. As the computer code used to do the calcu-
lations with the basis including Gaussian with the pref-
actors has not be fully optimized, it is difficult to say at
this time which type of the basis involves lower compu-
tational cost. More tests are needed to access this aspect
of the calculations, as well as the precision issue men-
tioned in the previous point.

IV. SUMMARY

A new basis set of explicitly correlated Gaussian func-
tions is implemented to perform high-accuracy variational
atomic calculations. The basis set combines Gaussians with
and without pre-exponential r2

i j factors. The algorithm for
the calculations developed in this work includes the ana-
lytical first derivatives of the energy (i.e., the energy gra-
dient) determined with respect to the Gaussian exponential
parameters. The use of the gradient significantly acceler-
ates the process of the variational energy minimization. The
test calculations involving the new basis set performed on
the ground state of the beryllium atom show that the Gaus-
sians with the r2

i j factors more effectively describe the inter-
electron correlation effects than the Gaussians without those
factors.

Apart from atoms, the pre-exponentially and exponen-
tially correlated Gaussians can also be considered for use
in molecular calculations. For example, in calculations of
molecules with only σ electrons the following Gaussians can
be used:

φk(r1, r2, . . . , rn) =
(∏

�n
i> j r

2
i j

)
exp[− (r − s)′

× (Ak ⊗ I3) (r − s) ], (10)

where s is the vector of the shifts of the Gaussian centers, and
n is a non-negative even integer number. This basis set may
better describe the molecular electron correlation effects than
the basis without the pre-exponential factors.

APPENDIX: HAMILTONIAN MATRIX ELEMENTS AND
THE GRADIENT

As the derivation of the Hamiltonian matrix elements and
the gradient elements is analogical to that presented in our
previous works,13, 14 we only show here the final formulas for
those quantities. Let ψk be a Gaussian function without the r2

i j
multiplier,

ψk = exp[−r′Akr]. (A1)

In the above function Ak = Ak ⊗ I3. To assure square inte-
grability of ψk (and also φl defined next) Ak is constructed
using the Cholesky factorization, Ak = Lk L ′

k , where Lk is a
lower triangular matrix. This makes Ak automatically posi-
tive definite for any values of the Lk matrix elements ranging
from ∞ to −∞. Elements of the Lk matrix are the variational
parameters in the energy minimization in the present calcula-
tions. The vector-matrix-vector quadratic form can be utilized
to represent the pre-exponential factors, r2

i j ,

φl = r2
i j exp[−r′Alr] = r′Wlr exp[−r′Alr], (A2)

where Wl is a somewhat sparse 3n × 3n symmetric matrix
with only twelve nonzero elements, six of value 1 and six
of value −1. To properly represent x2

i , y2
i , z2

i , x2
j , y2

j , and
z2

j terms of r2
i j , the element 1 is placed in the (3(i − 1)

+ 1, 3(i − 1) + 1), (3(i − 1) + 2, 3(i − 1) + 2), and (3(i
− 1) + 3, 3(i − 1) + 3) positions for pseudoelectron i and
(3( j − 1) + 1, 3( j − 1) + 1), (3( j − 1) + 2, 3( j − 1) + 2),
and (3( j − 1) + 3, 3( j − 1) + 3) positions for pseudoelec-
tron j . To represent the xi x j , yi y j , and zi z j products of r2

i j ,
the element −1 is placed in the (3(i − 1) + 1, 3( j − 1) + 1),
(3(i − 1) + 2, 3( j − 1) + 2), (3(i − 1) + 3, 3( j − 1) + 3),
(3( j − 1) + 1, 3(i − 1) + 1), (3( j − 1) + 2, 3(i − 1) + 2),
and (3( j − 1) + 3, 3(i − 1) + 3) positions. The overlap
matrix elements between (A1) and (A2) is

Skl = 〈ψk |φl〉 = 1

2
π3n/2|Akl |−3n/2 tr

[
A−1

kl Wl
]
. (A3)

Akl is the sum of Ak and Al . The derivative of the Skl with
respect to the nonlinear parameters are

∂〈ψk |φl〉
∂ vech Lk

= −1

2
π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Lk

)
tr

[
A−1

kl Wl
] + vech

((
A−1

kl WlA−1
kl + (

A−1
kl WlA−1

kl

)′)
Lk

)
T

}
(A4)

and

∂〈ψk |φl〉
∂ vech Ll

= −1

2
π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Ll

)
tr

[
A−1

kl Wl
]+vech

((
A−1

kl WlA−1
kl Wl +

(
A−1

kl WlA−1
kl

)′)
Ll

)
T

}
. (A5)

T is a transformation matrix that has the dimension of
3n(3n + 1)/2 × 3n(3n + 1)/2 and is defined as

T = d vech Lk (vech Lk)

d (vech Lk)′
, (A6)

where Lk = Lk ⊗ I3. The notation vech Lk (vech Lk) indi-
cates that the 3n (3n + 1) /2-dimension vector, vech Lk , is a
function of the n (n + 1) /2-dimension vector vech Lk . The

kinetic energy matrix element is

〈ψk | − ∇′
rM∇r|φl〉 = π3n/2|Akl |−3n/2

{
3 tr

[
A−1

kl Wl
]

× tr
[
A−1

kl Ak M Al
]

+2
(
tr

[
A−1

kl WlA−1
kl AkMAl

]
+ tr

[
A−1

kl AkMWl
]) }

, (A7)
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where M = M ⊗ I3. M is and n × n matrix with the diagonal elements set to 1/(2m1), 1/(2m2), ..., 1/(2mn) and the off-diagonal
elements are set to 1/(2m0). Again, m0 is the mass of the nucleus and m1, ..., and mn are the electron masses. The derivatives are

∂〈ψk | − ∇′
rM∇′

r|φl〉
∂ vech (Lk)

= −π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Lk

)
× (

3 tr
[
A−1

kl Wl
]

tr
[
A−1

kl Ak M Al
] + 2

(
tr

[
A−1

kl WlA−1
kl AkMAl

] + tr
[
A−1

kl AkMWl
]))

+3 tr
[
A−1

kl Ak M Al
]

vech
((

A−1
kl WlA−1

kl + (
A−1

kl WlA−1
kl

)′)
Lk

)
T + 3 tr

[
A−1

kl Wl
]

× vech
((

A−1
kl Ak M Al A−1

kl + (
A−1

kl Ak M Al A−1
kl

)′)
Lk

)
− vech

((
M Al A−1

kl + (
M Al A−1

kl

)′)
Lk

)
+2

(
vech

((
A−1

kl WlA−1
kl AkMAlA−1

kl + (
A−1

kl WlA−1
kl AkMAlA−1

kl

)′)
Lk

)
T

+ vech
((

A−1
kl AkMAlA−1

kl WlA−1
kl + (

A−1
kl AkMAlA−1

kl WlA−1
kl

)′)
Lk

)
T

− vech
((

MAlA−1
kl WlA−1

kl + (
MAlA−1

kl WlA−1
kl

)′)
Lk

)
T

+ vech
((

A−1
kl AkMWlA−1

kl + (
A−1

kl AkMWlA−1
kl

)′)
Lk

)
T

− vech
((

MWlA−1
kl + (

MWlA−1
kl

)′)
Lk

)
T

)}
(A8)

and

∂〈φk | − ∇′
rM∇′

r|ψl〉
∂ vech (Ll)

= −π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Ll

)
× (

3 tr
[
A−1

kl Wl
]

tr
[
A−1

kl Ak M Al
] + 2

(
tr

[
A−1

kl WlA−1
kl AkMAl

] + tr
[
A−1

kl AkMWl
]))

+3 tr
[
A−1

kl Ak M Al
]

vech
((

A−1
kl WlA−1

kl + (
A−1

kl WlA−1
kl

)′)
Ll

)
T + 3 tr

[
A−1

kl Wl
]

× vech
((

A−1
kl Ak M Al A−1

kl + (
A−1

kl Ak M Al A−1
kl

)′)
Ll

)
− vech

((
M Al A−1

kl + (
M Al A−1

kl

)′)
Ll

)
+2

(
vech

((
A−1

kl WlA−1
kl AkMAlA−1

kl + (
A−1

kl WlA−1
kl AkMAlA−1

kl

)′)
Ll

)
T

+ vech
((

A−1
kl AkMAlA−1

kl WlA−1
kl + (

A−1
kl AkMAlA−1

kl WlA−1
kl

)′)
Ll

)
T

+ vech
((

A−1
kl AkMAlA−1

kl WlA−1
kl + (

A−1
kl AkMAlA−1

kl WlA−1
kl

)′)
Ll

)
T

− vech
((

A−1
kl WlA−1

kl AkM + (
A−1

kl WlA−1
kl AkM

)′)
Ll

)
T

+ vech
((

A−1
kl AkMWlA−1

kl + (
A−1

kl AkMWlA−1
kl

)′)
Ll

)
T

) }
. (A9)

The potential energy matrix element is

〈ψk | 1

ri j
|φl〉 = 2π3(n−1)/2|Akl |−3n/2λ−1/2

{
1

2
tr

[
A−1

kl Wl
] − 1

6
λ−1 tr

[
A−1

kl WlA−1
kl J

] }
. (A10)

Here, matrix J has a very simple structure

J =
{

Eii , i = j for ri

Eii + E j j − Ei j − E ji , i �= j for ri j
, (A11)

where Ei j is a matrix with 1 in the i, j th position and 0’s elsewhere. The derivatives of the potential energy matrix element are

∂
〈
ψk

∣∣∣ 1
ri j

∣∣∣φl

〉
∂ vech Lk

= −π3(n−1)/2|Akl |−3/2λ−1/2 ×
{(

3

2
vech

((
A−1

kl + A−1′
kl

)
Lk

) − 1

2
vech

((
A−1

kl J A−1
kl + (

A−1
kl J A−1

kl

)′)
Lk

))

×
(

1
tr

[
A−1Wl

] − 1
λ−1 tr

[
A−1WlA−1J

]) + 1
vech

((
A−1WlA−1 + (

A−1WlA−1)′)
Lk

)
T

2 26
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+1

6
λ−2 vech

((
A−1

kl J A−1
kl + (

A−1
kl J A−1

kl

)′)
Lk

)
tr

[
A−1

kl WlA−1
kl J

]

−1

6
λ−1

(
vech

((
A−1

kl WlA−1
kl JA−1

kl + (
A−1

kl WlA−1
kl JA−1

kl

)′)
Lk

)

+ vech
((

A−1
kl JA−1

kl WlA−1
kl + (

A−1
kl JA−1

kl WlA−1
kl

)′)
Lk

))
T

}
(A12)

and

∂
〈
ψk

∣∣∣ 1
ri j

∣∣∣φl

〉
∂ vech Ll

= −π3(n−1)/2|Akl |−3/2λ−1/2

{(
3

2
vech

((
A−1

kl + A−1′
kl

)
Ll

) − 1

2
vech

((
A−1

kl J A−1
kl + (

A−1
kl J A−1

kl

)′)
Ll

))

×
(

1

2
tr

[
A−1

kl Wl
] − 1

6
λ−1 tr

[
A−1

kl WlA−1
kl J

]) + 1

2
vech

((
A−1

kl WlA−1
kl + (

A−1
kl WlA−1

kl

)′)
Ll

)
T

+1

6
λ−2 vech

((
A−1

kl J A−1
kl + (

A−1
kl J A−1

kl

)′)
Ll

)
tr

[
A−1

kl WlA−1
kl J

]
−1

6
λ−1

(
vech

((
A−1

kl WlA−1
kl JA−1

kl + (
A−1

kl WlA−1
kl JA−1

kl

)′)
Ll

)

+ vech
((

A−1
kl JA−1

kl WlA−1
kl + (

A−1
kl JA−1

kl WlA−1
kl

)′)
Ll

))
T

}
. (A13)
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An algorithm for quantum-mechanical nonrelativistic variational calculations of L = 0 and M = 0
states of atoms with an arbitrary number of s electrons and with three p electrons have been imple-
mented and tested in the calculations of the ground 4S state of the nitrogen atom. The spatial part of
the wave function is expanded in terms of all-electrons explicitly correlated Gaussian functions with
the appropriate pre-exponential Cartesian angular factors for states with the L = 0 and M = 0 symme-
try. The algorithm includes formulas for calculating the Hamiltonian and overlap matrix elements, as
well as formulas for calculating the analytic energy gradient determined with respect to the Gaussian
exponential parameters. The gradient is used in the variational optimization of these parameters. The
Hamiltonian used in the approach is obtained by rigorously separating the center-of-mass motion
from the laboratory-frame all-particle Hamiltonian, and thus it explicitly depends on the finite mass
of the nucleus. With that, the mass effect on the total ground-state energy is determined. © 2014 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4873916]

I. INTRODUCTION

The development of methods utilizing explicitly corre-
lated functions (ECF) in atomic and molecular calculations
have intensified in recent years as these types of methods can
significantly elevate the accuracy of the predictions of spec-
troscopic properties obtained in the calculations. There are a
number of ways explicitly correlated functions can be intro-
duced into the quantum mechanical calculations. This can be
done, for example, in the framework of the coupled-cluster,
perturbation-theory many-body, and configuration-interaction
methods with the approach termed R12 or F12 introduced by
Kutzelnigg et al.1 The ECFs can also be used in the frame-
work of very accurate variational calculations of small atomic
and molecular systems performed with and without assuming
the Born-Oppenheimer (BO) approximation. An example of
such an approach is the global vector representation non-BO
method2 or the generalized Ritz variational scheme.3

The method for very accurate quantum mechanical cal-
culations of small atomic systems presented in this work also
does not assume the BO approximation. It involves rigorously
separating the center-of-mass motion from the laboratory-
frame Hamiltonian and using the resulting “internal” Hamil-
tonian to calculate bound states of the system. The ECFs
employed in the present approach are all-particle explicitly
correlated Gaussian (ECG) basis functions multiplied by pre-
exponential Cartesian angular factors. The ECGs are exten-
sively optimized in the calculations in terms of the non-
linear parameters of these functions. The particular method
presented in this work is the next in the series of methods
developed over the last couple decades in this laboratory.4, 5

In recent years, the development has included ECGs meth-
ods for calculating atomic bound states with higher angular

momenta.6–8 As the Hamiltonian used in these methods, as
well as in the present method, explicitly depends on the nu-
cleus mass the finite-nucleus-mass effect can be directly ob-
tained from the calculations. The calculations can also be per-
formed for an infinite nuclear mass allowing one to compare
the results of such calculations with those obtained from cal-
culations where the BO approximation is assumed.

In view of the rapid development in computer capabil-
ities, particularly massively parallel systems, it is important
that algorithm development continues to be carried out so
when more powerful systems become available, codes ex-
ist to take full advantage of these new capabilities. Among
the works of this group concerning the implementation of
ECGs in atomic and molecular calculations there have been
projects – the present project being one of them – which still
await more powerful computers to be fully utilized. In Ref. 9,
for example, we performed variational calculations on the
ground and first excited state of the six-electron carbon atom
using just over 1000 ECGs. To obtain the same energy con-
vergence for this system as for the four-electron beryllium
atom,7 we estimated that we needed to use between 10 000
and 20 000 ECGs; a computationally prohibitive number to-
day. The most time consuming step of the calculation is the
optimization of the nonlinear parameters of the ECG basis
functions. This step is essential and unavoidable if high accu-
racy results are to be obtained. Even though our atomic and
molecular calculations have been extensively parallelized and
they utilize the analytic energy gradient determined with re-
spect to the ECG nonlinear parameters (which greatly accel-
erates the optimization process), calculations like those for
the carbon atom can take weeks or even months to complete.
The reason for this is the limited computer power available
to us, particularly in terms of the number of processors. At
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present we can use up to 48 processors in a single calculation.
If we wanted to complete the carbon calculations with the en-
ergy converged to 10−8-10−9 hartrees in less than a couple of
weeks, our algorithm would need access to several thousand
processors. Lack of access to a computer with that many pro-
cessors has not discouraged us from undertaking development
of algorithms for even more challenging and ambitious cal-
culations, because such development may eventually lead to
breakthroughs when larger computer systems become avail-
able, as they certainly will. Moreover, the algorithms devel-
oped to calculate, for example, ground states of six-electron
systems, like the carbon atom, can also be employed to cal-
culate excited states of systems with smaller total number of
electrons but with some electrons having non-zero angular
momenta. Such calculations can be carried out even with the
presently available computer systems to very high accuracy.

In this work, we continue the development and imple-
mentation of algorithms for atomic variational calculations
performed with the use of all-electrons ECGs. The focus
of the development is the 4S ground state (and other states
of the same symmetry) of the nitrogen atom. The work in-
cludes derivation of the Hamiltonian and overlap matrix el-
ements and the matrix elements of the energy gradient deter-
mined with respect to the Gaussian nonlinear parameters. The
derivation of the Hamiltonian and overlap matrix elements is
similar to the derivation of the corresponding matrix elements
for atomic F states, which was recently published.11 Thus,
only the new elements of the derivation, which differentiate
the present formulas from the ones published before, are de-
scribed. The derivation of the gradient matrix elements is new
because for the F atomic states has not been completed yet, so
it is presented in full. The work ends with a numerical illus-
tration of the use of the derived algorithms in the calculations
of the ground state of the nitrogen atom.

II. THE HAMILTONIAN

We consider a general nonrelativistic atomic system con-
sisting of N particles, i.e., N − 1 electrons and a nucleus. Let
us first make no distinction between the particles, so the sys-
tem could be an atom or a molecule. The ith particle has mass
Mi, charge Qi, and the position vector in the laboratory Carte-
sian coordinate frame (LCCF) , Ri . The nonrelativistic LCCF
Hamiltonian for the system is

Ĥlab = −
N∑

i=1

1

2Mi

∇2
Ri

+
N∑

i>j=1

QiQj

Rij

, (1)

where ∇Ri
is the gradient with respect to Ri , and Rij is the

distance between the ith and jth particles, Rij = |Rj − Ri |.
The center-of-mass motion of the system can be sepa-

rated out in the LCCF Hamiltonian (1) to yield a Hamilto-
nian describing the center-of-mass motion and, in the atomic
case, another Hamiltonian describing the internal motion of
the electrons relative to the nucleus. The separation can be ac-
complished by representing the LCCF Hamiltonian in a new
coordinate system whose first three coordinates are the LCCF
coordinates of the center of mass and the remaining 3N−3
coordinates are the relative internal coordinates describing the

positions of the electrons with respect to the nucleus. By plac-
ing the nucleus at the origin of the new, internal Cartesian co-
ordinate system it becomes the reference particle for all other
particles (electrons) in the atom. The internal coordinates are
defined as: ri = Ri+1 − R1.

The internal Hamiltonian obtained using the above co-
ordinate transformation depends only on the internal coordi-
nates. For an atom, it describes the motion of n = N − 1 pseu-
doelectrons in the central field of the nucleus. We use the term
“pseudoelectron” because, even though the charges of the par-
ticles described by the internal Hamiltonian are real electron
charges, their masses are not electron masses, consequently,
they are reduced masses. Denoting the mass of the nucleus as
m0 and the charge as q0, setting the pseudoelectron reduced
masses to be μi = m0mi/(m0 + mi) with mi = Mi+ 1, and with
the pseudoelectron charges equal to qi = Qi+ 1, the internal
Hamiltonian is

Ĥ = −1

2

⎛
⎝ n∑

i=1

1

μi

∇2
ri

+
n∑

i=1,j=1,i �=j

1

m0
∇′

ri
∇rj

⎞
⎠

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

. (2)

The motions of the pseudoelectrons are described by their ki-
netic energy terms, − 1

2

∑n
i=1

1
μi

∇2
ri

, the kinetic-energy cou-
pling terms also known as the mass polarization terms (or BO
terms), − 1

2

∑n
i=1,j=1,i �=j (1/m0)∇′

ri
∇ri

, and the Coulombic in-
teractions of each pseudoelectron with the nucleus and all
other pseudoelectrons. The prime symbol (′) is used to denote
the vector (and matrix) transposition operation. The Coulom-
bic interactions are dependent on the distances between the
pseudoparticles and the origin of the internal coordinate sys-
tem, ri, and on the relative distances between the pseudoelec-
trons, rij, where rij = |rj − ri |. This Hamiltonian is used in
the present calculations.

III. THE BASIS FUNCTIONS

To obtain the energy eigenvalues of Hamiltonian (2),
the standard Rayleigh-Ritz variational scheme is used. Since
the total internal atomic wave function, �, is dependent
on the spatial coordinates, r, and the spin coordinates, m,
of the pseudoelectrons: � = �(r, m), and because internal
Hamiltonian (2) is spin independent, the calculation of the
Hamiltonian and overlap matrix elements can be carried out
by first integrating over spin variables, which leaves behind
only spatially dependent integrals. The spatial wave functions,
�(r), in those integrals are approximated by linear combina-
tions of F number of basis functions (notation not to be con-
fused with F atomic states), ψf (r)

�(r) =
F∑

f =1

cf Ŷψf (r), (3)

where cf is the linear variational parameter, and Ŷ is some
permutational symmetry projection operator discussed in
Sec. IV.
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The basis functions ψf (r) for an n-electron atomic sys-
tem with only s electrons has only a radial exponential part
and it is spherically symmetric (or rotationally invariant). In
our calculations, ψf (r) has the form of an ECG function

ψf = exp[−r′(Af ⊗ I3)r], (4)

where Af is an n × n symmetric matrix, ⊗ is the Kro-
necker product symbol, and I3 is a 3 × 3 identity ma-
trix. In ECGs, all one-pseudoelectron exponential variables
and all two-pseudoelectron coupling exponential variables
are included by the use of a quadratic form involving a
vector-matrix-vector product, r′(Af ⊗ I3)r (this form is used
frequently in this work as it allows for some ease in the eval-
uation of the Hamiltonian and overlap matrix elements).

It is required that the basis functions used in a bound-
state calculation are square integrable which effectively im-
poses restrictions on the Af matrix. The Af matrix must be pos-
itive definite. Rather than restricting the Af matrix elements,
Af is represented in a Cholesky factored form as: Af = Lf L′

f ,
where Lf is a lower triangular matrix and its elements can vary
from −∞ to +∞. With this representation, Af is automati-
cally positive definite. It should also be mentioned that this
form of Af matrix does not limit the flexibility of the basis
functions since any allowable choice of the Af matrix can be
represented by some Lf matrix. This is because any symmet-
ric positive-definite matrix can be represented in a Cholesky
factored form.

For an atomic system, where some electrons have non-
zero angular momenta, the ECG functions (4) need additional
multiplicative angular components to be placed in front of the
exponent. In the recent works, this group has developed meth-
ods for calculating atomic systems with one electron in a p
state (and all other electrons in a an s state),8 two electrons in
a p states,9 one electron in a d state,10 and one electron in an f
state11 (not to be confused with the fact that we are also using
f as a basis function index). The focus in this work is on states
of an atom with three p electrons and an arbitrary number of
s electrons with total orbital angular momentum of L = 0 and
its projection on the z-axis of M = 0.

For a state with three p electrons and an arbitrary number
of s electrons, the basis functions can be obtained by cou-
pling together the angular momenta of the p electrons us-
ing the appropriate Clebsch-Gordan coefficients. Thus, a lin-
ear combination of the following non-normalized forms of
spherical harmonic functions: Y 0

1 = zi , Y 1
1 = 1/

√
2(xi + iyi),

and Y−1
1 = 1/

√
2(xi − iyi) expressed in the Cartesian coordi-

nates, where the common constant factor and the 1/r
li
i factor

were dropped (li is the angular momentum quantum number
of the ith electron), is generated. Let us suppose that the or-
bital quantum numbers of electrons i, j, and k are li, mi, lj, mj,
lk, and mk, respectively. Using the bra-ket notation, the angu-
lar part of the basis function corresponding to particular L and
M can be represented as the following linear combination:

|LM〉 =
∑

mi ,mj ,mk
mi+mj +mk=M

(L M|li mi ljk mjk)(ljk mjk|lj mj lk mk)

× |li mi〉|lj mj 〉|lk mk〉, (5)

where the (L M|li mi ljk mjk) and (ljk mjk|lj mj lk mk) factors
are the Clebsch-Gordan coefficients.12 With that, the angular
part of the basis function for a state of three p electrons with
L = 0 and M = 0 becomes

(xjyi − xiyj )zk + (xiyk − xkyi)zj + (xkyj − xjyk)zi, (6)

where again the 1/(rli
i r

lj
j r

lk
k ) factor was dropped. Therefore,

the full form of the basis function φf is obtained by multiply-
ing together (4) and the angular component (6)

ψf = {(xjf
yif − xif yjf

)zkf
+ (xif ykf

− xkf
yif )zjf

+ (xkf
yjf

− xjf
ykf

)zif } exp[−r′Af r]

= {(
r′vxj

f

)(
r′vyi

f

)(
r′vzk

f

)− (r′vxi

f

)(
r′vyj

f

)(
r′vzk

f

)
+ (r′vxi

f

)(
r′vyk

f

)(
r′vzj

f

)− (r′vxk

f

)(
r′vyi

f

)(
r′vzj

f

)
+ (r′vxk

f

)(
r′vyj

f

)(
r′vzi

f

)− (r′vxj

f

)(
r′vyk

f

)(
r′vzi

f

)}
× exp

[− r′Af r
]
. (7)

In the above, vector-vector products are used to replace the
angular Cartesian coordinates. These replacements allow for
a more generalized approach in deriving the expressions for
the Hamiltonian matrix elements. The vectors vxi

f , vyi

f , vzi

f ,

vxj

f , vyj

f , vzj

f , vxk

f , vyk

f , and vzk

f used in (7) are sparse 3n vectors
comprising of only one element of a nonzero value of “1” in
the position describing the nonzero-angular-momentum par-
ticle and its angular coordinate. Note that, in general, the vf

vectors cannot be represented as a Kronecker product of an n-
component vector vf with I3: vf �= vf ⊗ I3. Remember, the
prime symbol (′) represents a vector or matrix transposition.
Finally, Af = Af ⊗ If .

For simplicity, in the derivation of the Hamiltonian and
overlap matrix elements, we will be considering the following
general ECG with a cubic pre-exponential factor:

φf = (r′vx
f

)(
r′vy

f

)(
r′vz

f

)
exp

[− r′Af r
]
, (8)

where we have dropped the notation that indicates that φf is
a function of r, as well as the notation for the non-zero angu-
lar momentum particles i, j, and k. This information does not
affect the derivation of matrix elements and is only used at
the level of writing the computer code. The information that
is important to keep in mind in the derivation of the Hamil-
tonian and overlap matrix elements is that the angular fac-
tors are products of the Cartesian coordinates x, y, and z for
three different electrons. The derivation of the Hamiltonian
and overlap matrix elements will be carried out with func-
tions (8). As basis function (7) has six unique terms, there
will be a total of 36 elemental integrals when solving for each
Hamiltonian or overlap matrix element.

IV. PERMUTATIONAL SYMMETRY

For atoms, the basis functions used in the wave function
expansion should possess the proper symmetry with respect
to the permutations of identical particles (electrons) involved
in the system. Since the Hamiltonian is spin independent,
the spin can be completely eliminated from the consideration
leading to a nontrivial symmetry projection operator, Ŷ , that
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needs to be applied to the spatial wave function and, thus, to
each basis function. This operator is a linear combination of
some permutation operators and its construction is described
below.

In calculating the overlap and Hamiltonian matrix ele-
ments all the permutations, in general, can be applied to the
ket as P̂ = Ŷ †Ŷ (the dagger stands for conjugate). This re-
sults in each matrix element being a sum of elemental matrix
elements in which the ket basis function is transformed by
different permutation operators P̂ . Thus, for (8) we have

〈φf |P̂ |φg〉 = 〈φf |φ̃g〉 and 〈φf |Ĥ P̂ |φg〉 = 〈φf |Ĥ |φ̃g〉, (9)

where φ̃g stands for permuted φg. As the calculation of matrix
elements with permuted kets can be done using the same pro-
cedure as for non-permuted ones, P̂ will be dropped from the
notation for simplicity. The permutation operation transforms
r to P̂ r. But this in effect is equivalent to transforming matrix
Ag and vectors vx ′

g , vy ′
g , and vz′

g according to

P̂
(
vx ′

g r
)(

vy ′
g r
)(

vz′
g r
)

exp[−r′Agr]

= (vx ′
g Pr

)(
vy ′

g Pr
)(

vy ′
g Pr

)
exp[−r′P′AgPr], (10)

where P = P ⊗ I3 is the permutation matrix corresponding to
permutation operator P̂ in the 3n dimensions.

To build the permutation symmetry projector for
fermions, a Young tableaux is constructed. For n fermions and
for the total spin of the system being s, the so-called symme-
try quantum number, p, is calculated as p = n

2 − s. Then a
partition is defined as μ = [2p1n−2p]. The partition describes
the structure of the Young tableaux for the state of the system
under consideration. The tableaux consists of two boxes in the
first p rows and one box in the remaining n − 2p rows. The
nitrogen atom in the ground state with three p electrons and
the total spin of three halves has a partition of μ =[2213] and
the following Young tableaux:

5 6
7 8
2
3
4

,

where, as the nucleus is labeled as particle “1,” the labels for
the electrons are “2,” “3,” “4,” “5,” “6,” “7,” and “8.”

With this, the permutation symmetry projector can now
be constructed using the Young tableaux in the following way:

Ŷ = ŜÂ, (11)

where Ŝ and Â are idempotent symmetrization and antisym-
metrization operators. Ŝ is constructed as a product of sym-
metrizers over particles in each row of the Young tableaux
and Â is constructed as a product of antisymmetrizers over
particles in each column.

Thus, in the case of the nitrogen atom in a 4S state
(with L = 0 and M = 0), the symmetrization opera-
tor is Ŝ = (1̂ + P̂56)(1̂ + P̂78) and the antisymmetrizer
is Â = (1̂ − P̂68)(1̂ − P̂57)(1̂ − P̂27 − P̂25)(1̂ − P̂32 − P̂37

− P̂35)(1̂ − P̂43 − P̂42 − P̂47 − P̂45) with 1̂ being the identity
operator. Hence, in this case the complete permutation oper-
ator, P̂ , has n! = 7! = 5040 terms and this is the number of

elemental terms that need to be calculated for each Hamil-
tonian or overlap matrix element. Each of these 5040 terms
comprises 36 terms due to the use of (8), as alluded at the
end of Sec. III. Therefore, for the ground state of the nitrogen
atom, each Hamiltonian or overlap matrix element involves
using the formula for calculating the corresponding elemental
integral 180 240 times. Due to this, it is very advantageous
to minimize the number of operations in the determination of
each of these 180 240 terms.

To accomplish an effective reduction in the number of
operations, a new method was explored. In pervious works,
the calculation of P′AgP would take 2n3 operations (for ni-
trogen 686 operations) and for P′vg , (3n)2 operations (for ni-
trogen 441 operations). In this work, P′AgP is reduced from
2n3 (686) to n2 (49) operations and P′vg is reduced from (3n)2

(441) to n (7) operations. This is a rather significant reduction
of the number of operations.

There are two classes of permutations: symmetric and
asymmetric permutations. If P is symmetric, P′ is equal to
P. If P is asymmetric, then P′ is not equal to P. To explain
the new approach, we will first show what P and P′ matrices
do to a vector of pseudo-particle indices {1, 2, 3, 4, 5, 6, 7}
(v vector). Remember in the internal reference frame the nu-
cleus is the 0th particle and the particles 1, 2, . . . , and 7 are
the electrons. Also electrons 1, 2, and 3 are p electrons and 4,
5, 6, and 7 are s electrons.

Let us start by showing the symmetric and asymmetric
permutations of three pseudo particles; say 2, 3, and 4 which
is the permutation of a two p electrons and one s electron

Psym = P ′
sym =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

0 0 0 1 0 0 0

0 0 1 0 0 0 0

0 1 0 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Pasym =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 1 0 0 0

0 1 0 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

and

P ′
asym =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0

0 0 0 1 0 0 0

0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

150.135.239.97 On: Mon, 16 Mar 2015 16:34:07

42



174112-5 K. L. Sharkey and L. Adamowicz J. Chem. Phys. 140, 174112 (2014)

There are eight unique operations

Psymv = {1, 4, 3, 2, 5, 6, 7}, P ′
symv = {1, 4, 3, 2, 5, 6, 7},

v′Psym = {1, 4, 3, 2, 5, 6, 7}, v′P′
sym = {1, 4, 3, 2, 5, 6, 7},

Pasymv = {1, 3, 4, 2, 5, 6, 7}, P ′
asymv = {1, 4, 2, 3, 5, 6, 7},

v′Pasym = {1, 4, 2, 3, 5, 6, 7}, v′P′
asym = {1, 3, 4, 2, 5, 6, 7}.

(12)

As one notices, for the symmetric operation, Psym, the resul-
tant vectors are all the same. However, for the asymmetric op-
eration, Pasym, the resultant vectors are different. P ′

asymv and
v′Pasym are called the “backwards directions” and Psymv and
v′Pasym are called the “forwards directions.” The same types
of operations occur for permuting the elements of a matrix. In
other words, P ′

symA and P ′
asymA permute the rows of A in the

backwards direction, APsym and APasym permute the columns
of A in the backwards direction, PsymA and PasymA permute the
rows of A in the forwards direction, and AP ′

sym and AP ′
asym

permute the columns of A in the forwards direction. There-
fore, the operations of P ′

symAPsym and P ′
asymAPasym permute

the rows and columns of A in the backwards direction and
PsymAP ′

sym and PasymAP ′
asym permute the rows and columns

of A in the forwards direction.
The forwards and backwards directions are used to cre-

ate the looping scheme in the computer code. We store the
forwards-direction permutation (P v = v′P′) in the first half, a
vector and the backwards-direction permutation (P ′v = vP′)
in the second half of the vector, making this a 2n-component
vector (Pvec).

The use of Pvec is where we save in the number of
operations. For instance, the elements for forwards asym-
metric or symmetric permutation on matrix A is PAP ′

(s,t)
= A(pvec(s),pvec(t)). The elements for the backwards asym-
metric or symmetric permutation on matrix A is P ′AP(s,t)

= A(pvec(s+n),pvec(t+n)) because the backwards direction is
stored in the second half of Pvec for the gradient determi-
nation. In other words, we do not actually have to multiply
matrices to permute a matrix. As long as we know the order of
particles, we know the order of the permuted matrix or vector.
We will be referring to this vector in the upcoming sections
involving the gradient.

V. ENERGY AND ENERGY GRADIENT

The minimization of the energy functional with respect
to the parameters cf leads to the secular equation

(H − εS)c = 0, (13)

where H and S are F × F hermitian matrices of the
Hamiltonian and overlap integrals, with the elements Hfg

= 〈φf |Ĥ Ŷ †Ŷ |φg〉 and Sfg = 〈φf |Ŷ †Ŷ |φg〉, respectively. c is
a F-component vector of the linear expansion coefficients cf .
The solutions of Eq. (13) give upper bounds, ε, to the exact
ground and excited state energies of the system. The corre-
sponding sets of the linear expansion coefficients, c, define
the wave functions. There exist F solutions of (13), however,
for the sake of avoiding using an additional index, we will
assume that we are interested in a particular solution.

The differential of (13) is

d(H − εS)c = (d H)c − (d ε)Sc − ε(d S)c + (H − εS) d c.

(14)
Multiplying by c† from the left, we obtain

d ε = c†(d H − ε d S)c. (15)

In the above equation, it is assumed that the wave function
is normalized so that c†Sc = 1 (although we do not actually
derive normalized matrix elements we can make them nor-
malized when we code them). The relation (15) is essentially
the same as the well known Hellmann-Feynman theorem.

Now let us assume that αt is some nonlinear parameter,
on which the basis function φt depends. It is obvious that only
the elements in the tth row and tth column of the matrices
H and S depend on αt. Thus, the derivative of an arbitrary
element of H (as well as S) can be written as

∂Hfg

∂αt

= ∂Hfg

∂αt

(δf t + δgt − δf t δgt ), f, g, t = 1 . . . F.

(16)
From (15) and (16), it is easy to find that the derivative of the
total energy, ε, with respect to the parameter αt, is

∂ε

∂αt

= c∗
t

F∑
g=1

cg

(
∂Htg

∂αt

− ε
∂Stg

∂αt

)

+ ct

F∑
g=1

c∗
f

(
∂Hf t

∂αt

−ε
∂Sf t

∂αt

)
−ctc∗

t

(
∂Ht t

∂αt

−ε
∂St t

∂αt

)

= 2�
⎡
⎣c∗

t

F∑
g=1

cg

(
∂Htg

∂αt

− ε
∂Stg

∂αt

)⎤⎦

− ctc∗
t

(
∂Ht t

∂αt

− ε
∂St t

∂αt

)
. (17)

By calculating such a derivative for each αf (f = 1. . . F), we
can get the entire energy gradient. In practice, it is advan-
tageous to evaluate the derivatives of ε with respect to the
entire vech Lf matrix rather than doing this separately for in-
dividual parameters (Lf)11, (Lf)21, . . . , (Lf)nn. This is because
the calculation of the derivatives with respect to the elements
of matrix Lf involves many identical operations and repeating
them separately for each element is much less efficient than
calculating all of them in a single step.

As it can be seen from (17), the calculation of the gradient
of ε with respect to vech Lf involves the following derivatives
of the H and S matrix elements:

∂Hfg

∂(vech Lf )
,

∂Hfg

∂(vech Lg)
,

∂Sfg

∂(vech Lf )
, and

∂Sfg

∂(vech Lg)
.

(18)

Next, we derive the expressions of the Hamiltonian and over-
lap matrices and the above expressions for their derivatives.
The derivatives of the kinetic and potential matrix elements
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are derived separately

∂〈φf |T̂ + V̂ |φg〉
∂(vech Lf )

,
∂〈φf |T̂ + V̂ |φg〉

∂(vech Lg)
,

∂〈φf |φg〉
∂(vech Lf )

, and
∂〈φf |φg〉

∂(vech Lg)
. (19)

First, we will describe the details of the overlap integral
derivation (Sec. V B), then we will show the potential energy
V̂ matrix elements (Sec. V C) and the kinetic energy T̂ matrix
elements (Sec. V D).

A. Matrix elements

The following general p-dimensional Gaussian integral is
used to evaluate the Hamiltonian and overlap matrix elements:∫ +∞

−∞
exp[−x ′Ax + y ′x] d x = πp/2

|A|1/2
exp

[
1

4
y ′A−1y

]
,

(20)

where x is a p-component vector of the integration variables,
A is a symmetric p × p positive-definite matrix to ensure
square integrability of the integrand, y is a p-component con-
stant vector, and A−1 is the inverse of A. The use of (20) re-
quires that Af and Ag have to be symmetric and positive defi-
nite (as eluded in Sec. III).

B. Overlap matrix elements

The overlap integral between two Gaussian basis func-
tions with cubic polynomial pre-exponential multipliers, (8),
is the most important integral to consider because it aids in
building a mathematical framework for the derivation of the
kinetic and potential matrix elements. All necessary mathe-
matical manipulations used in the overlap derivation are also
used in deriving the kinetic and potential matrix elements.
There are very few additional tools needed in these other
derivations. Should we need any additional operation, it will
be explained in the section where the particular integral is
derived.

The overlap integral between two cubic ECGs (8) is

〈φf |φg〉 =
∫ +∞

−∞

(
r′vx

f

)(
r′vy

f

)(
r′vz

f

)(
r′vx

g

)(
r′vy

g

)(
r′vz

g

)
× exp[−r′Afgr] d r

=
∫ +∞

−∞
(r′Xfgr)(r′Yfgr)(r′Zfgr) exp[−r′Afgr] d r,

(21)

where Afg ≡ Af + Ag . Remember from Sec. IV that the ba-
sis functions g are permuted and that we have dropped the
notation where we used a tilde (Ãg) that indicates this op-
eration and we (for simplicity) are writing Ag . This means
that the elements of Ag are: (Ag)(s,t) ≡ (Ãg)(s,t) = (P′AgP)(s,t)

= (Ag)(Pvec(s+n),P vec(t+n)). The plus n shift in referring to cer-
tain elements of Pvec is due to the fact that this permutation
is considered the backwards direction and is stored in the sec-
ond half of the vector (Sec. IV).

The quadratic form replaces the vector-vector square of
the particle coordinates in the following way: (r′vx

f )(vx′
g r)

= r′Xfgr such that Xfg = 1/2(vx
f vx′

g + vx
gvx′

f ) (likewise for y
and z coordinates). To apply (20) to (21), one needs to express
the pre-exponential multipliers in the form of a Gaussian ex-
ponent (or a Gaussian transform). This involves rewriting the
φfφg function as a Gaussian derivative with respect to param-
eters ωx, ωy, and ωz

φf φg = (r′Xfgr)(r′Yfgr)(r′Zfgr) exp[−r′Afgr]

= − ∂

∂ωx

∂

∂ωy

∂

∂ωz

exp[−r′(Afg + ωxXfg

+ωyYfg + ωzZfg)r]|ωx=ωy=ωz=0, (22)

where in general terms the partial-derivative transformation is

r′Dr = − ∂

ωδ

exp[−ωδr′Dr]|ωδ=0, (23)

with ωδ being a parameter of the partial differentiation. The
following Gaussian function:

ϕfg = exp[−r′(Afg + ωxXfg + ωyYfg + ωzZfg)r] (24)

is now the function to integrate over the r variable

〈φf |φg〉 = − ∂

∂ωx

∂

∂ωy

∂

∂ωz

〈ϕfg〉
∣∣∣
ωx=ωy=ωz=0

= − ∂

∂ωx

∂

∂ωy

∂

∂ωz

∫ +∞

−∞
exp[−r′(Afg + ωxXfg

+ωyYfg + ωzZfg)r] d r
∣∣∣
ωx=ωy=ωz=0

. (25)

By directly applying equality (20) to the above, the overlap
becomes

〈φf |φg〉 = −π3n/2 ∂

∂ωx

∂

∂ωy

∂

∂ωz

|Afg + ωxXfg + ωyYfg

+ωzZfg|−1/2

∣∣∣∣∣
ωx=ωy=ωz=0

, (26)

which now needs to be differentiated. The order of the differ-
entiation does not matter in this case because the differenti-
ation is a linear operation. The differentiation was shown in
Ref. 9, therefore, the individual steps are not shown here, only
the result

〈φf |φg〉 = π3n/2|Afg|−3/2

{
1

8
ηxηyηz + 1

4
(ηxηyz + ηyηxz

+ ηzηxy) + 1

2

(
ηxyz + ηyxz

)}
. (27)

The above expression for the overlap-matrix elements con-
tains symbols involving η with subscripts. These symbols are
defined as trace operations of the matrices that involve quan-
tities defined by the subscripts. The trace operations have cer-
tain properties due to the structure of the A−1

fg matrix and the
Xfg , Yfg , and Zfg matrices. Remember that all of these ma-
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trices are symmetric and that we are permuting the g basis
function. Thus, the η quantities in (27) are

ηx = tr[A−1
fg Xfg] = 1

2

((
A−1

fg

)
(xf ,P vec(xg ))

+(A−1
fg

)
(Pvec(xg),xf )

) = (A−1
fg

)
(xf ,P vec(xg)),

ηy = tr
[
A−1

fg Yfg

] = 1

2

((
A−1

fg

)
(yf ,P vec(yg ))

+(A−1
fg

)
(Pvec(yg),yf )

) = (A−1
fg

)
(yf ,P vec(yg)),

ηz = tr
[
A−1

fg Zfg

] = 1

2

((
A−1

fg

)
(zf ,P vec(zg))

+(A−1
fg

)
(Pvec(zg),zf )

) = (A−1
fg

)
(zf ,P vec(zg)),

ηxy = tr
[
A−1

fg XfgA−1
fg Yfg

] = 0,

ηxz = tr
[
A−1

fg XfgA−1
fg Zfg

] = 0,

ηyz = tr
[
A−1

fg YfgA−1
fg Zfg

] = 0,

ηxyz = tr
[
A−1

fg XfgA−1
fg YfgA−1

fg Zfg

] = 0, and

ηyxz = tr
[
A−1

fg YfgA−1
fg XfgA−1

fg Zfg

] = 0. (28)

The orthogonality properties are used in the above equa-
tions to find the values of the trace operations. The first
three traces ηx, ηy, and ηz are equal to the (xf , P vec

(
xg

)
),

(yf , P vec
(
yg

)
), and (zf , P vec

(
zg

)
) element of the A−1

fg ma-
trix, respectively. The xf, yf, and zf indices correspond to the
pseudoparticles that have angular non-zero angular momen-
tum and their pseudoparticle numbers are i, j, and k in ba-
sis function φf. The Pvec

(
xg

)
, Pvec

(
yg

)
, and Pvec

(
zg

)
in-

dices correspond to the permuted pseudoparticles that have
angular non-zero angular momentum and their pseudoparti-
cle numbers are i, j, and k in basis function φg, as mentioned
in Sec. III. With the above under consideration, the final form
of the overlap integral is

〈φf |φg〉 = 1

8
π3n/2|Afg|−3/2ηxηyηx

= 1

8
π3n/2|Afg|−3/2

(
A−1

fg

)
(xf ,P vec(xg))

×(A−1
fg

)
(yf ,P vec(yg))

(
A−1

fg

)
(zf ,P vec(zg)). (29)

Note that the above formula only depends on the (n × n) ma-
trix A−1

fg and not on the (3n × 3n) matrix A−1
fg . With that, since

we know the xf, Pvec(xg), yf, Pvec(yg), zf, and Pvec(zg) in-
tegers, we never have to build the Xfg , Yfg , and Zfg matrices
in the code. This is a large saving in the number of operations
because we never have to make the product of A−1

fg Xfg nor do

we have to take the trace of the product, tr[A−1
fg Xfg].

To calculate the energy gradient, the derivatives of the
overlap integral with respect to the ECG nonlinear vech Lf

and vech Lg parameters are needed. First, consider a few gen-
eral symmetric matrices A and B. The trace of the two can be

converted to a vector form via the following relation:

(vec A)′ vec B = tr[A′B]. (30)

In the case that B = L, a lower triangular matrix, we have

(vec A)′ vec L = (vech A)′ vech L. (31)

The above is a necessary transformation used in taking the
derivative. It can be applied to determine the derivative of a
trace

d tr [A] = tr [d A] . (32)

It is also necessary to define the derivative of a determinant

d |A| = |A| tr[A−1 d A]. (33)

We also use the derivative of an inverse matrix

d A−1 = −A−1 d AA−1. (34)

With that the derivatives for the overlap matrix elements are

∂〈φf |φg〉
∂(vech Lf )′

= −1

4
π3n/2|Afg|−3/2

{
3

2
vech

[
A−1

fgLf

]′
ηxηyηz

+( vech
[
A−1

fg XfgA−1
fg Lf

]′
ηyηz

+ vech
[
A−1

fg YfgA−1
fg Lf

]′
ηxηz

+ vech
[
A−1

fg ZfgA−1
fg Lf

]′
ηxηy

)T } , (35)

and

∂〈φf |φg〉
∂(vech Lg)′

= −1

4
π3n/2|Afg|−3/2

{
3

2
vech

[
PA−1

fgP ′Lg

]′
ηxηyηz

+( vech
[
PA−1

fg XfgA−1
fg P′Lg

]′
ηyηz

+ vech
[
PA−1

fg YfgA−1
fg P′Lf

]′
ηxηz

+ vech
[
PA−1

fg ZfgA−1
fg P′Lg

]′
ηxηy

)T } . (36)

In the above expressions, we have utilized the symmetry of
the matrices to reduce the number of terms. After making sim-
plifications we are left with two types of vech operations; one
involving (n × n) matrices and the other (3n × 3n) matrices.
The latter vech type must be contracted to the (n × n) dimen-
sion, which is the dimension of the former vech type. This is
achieved by using transformation matrix T . T has the dimen-
sions of 3n(3n+1)

2 × n(n+1)
2 and is defined as

T = d vech Lf (vech Lf )

d(vech Lf )′
, (37)

where the notation vech Lf

(
vech Lf

)
indicates that the

3n(3n + 1)/2-dimension vector vech Lf is a function of the
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n(n + 1)/2-dimension vector vech Lf . The derivative of
vech Lf with respect to vech Lf is defined as the 3n(3n + 1)/2
× n(n + 1)/2 matrix of partial derivatives whose stth element
is the partial derivative of the sth component of vech Lf (a
column vector) with respect to the tth element of

(
vech Lf

)′
(a row vector). It should be noted that T is independent of in-
dex f and is a matrix consisting of 0’s and 1’s. (37) can now
be rearranged to the following form:

d vech Lf = T d vech Lf , (38)

and a similar form for d vech Lg . The T transformation was
first used in Ref. 10. Next, we substitute d vech Lf and
d vech Lg with (38).

Luckily, in this approach, the vech operation involving
the transformation matrix can be significantly simplified due
to the fact that each of the Xfg , Yfg , and Zfg , involves only
one dimension in the A−1

fg space. Thus, one can write

vech
[
A−1

fg XfgA−1
fg Lf

]′T = vech
[
A−1

fgDx
fgA

−1
fgLf

]′
(39)

and

vech
[
PA−1

fg XfgA−1
fg P′Lg

]′T = vech
[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
,

(40)
where Dx

fg is an n × n matrix that has only a 1 in the
(xf,Pvec(xg)) position, if xf = Pvec(xg) or a 1/2 in the
(xf,Pvec(xg)) and (Pvec(xg),xf) positions if xf �= Pvec(xg)
(zeros everywhere else). There are similar relations for the y
and z coordinates. We effectively reduce the gradient from a
3n × 3n matrix problem to a n × n matrix problem. With this,
the use of T is never needed in the code nor is the use of
the Kronecker product of a n × n matrix with the 3D identity
matrix.

It is important to point out that the only differing element
between the derivative with respect to vech Lf and vech Lg

is the permutation operation. Therefore, it is advantageous to
program only one formula and use the Pvec vector to cre-
ate the looping scheme. Comparing Eqs. (39) and (40) with
Eq. (31) it is advantageous to know explicitly what the ele-
ments of the “A” matrix seen in Eq. (31). The stth element of
the matrix for the vector half operation in Eq. (39) is described
by the following operation:(

A−1
fgDx

fgA
−1
fg

)
(s,t) = 1

2

((
A−1

fg

)
(s,xf )

(
A−1

fg

)
(Pvec(xg),t)

+ (A−1
fg

)
(s,P vec(xg))

(
A−1

fg

)
(xf ,t)

)
, (41)

and for the permuted matrix in Eq. (40) we have(
PA−1

fgDx
fgA

−1
fgP ′)

(s,t)

= 1

2

((
A−1

fg

)
(Pvec(s),xf )

(
A−1

fg

)
(Pvec(xg),P vec(t))

+(A−1
fg

)
(Pvec(s),P vec(xg))

(
A−1

fg

)
(xf ,P vec(t))

)
. (42)

Notice that the use of the Dx
fg matrix is not necessary to use in

the coding of the formulas. Again, all we need to know is the
particle index and we can hardwire the code. Since we know
matrix elements of the “A” matrix in the vector half operation,
we can easily explicitly program the vech operation without
having to store any matrix multiplications. This again is a sig-
nificant reduction in the coding of the gradient formulas. This
is also true for the permutations matrices P and P′. All we
need to know is the elements of Pvec. We will be using this
same approach in the derivations of the potential energy and
kinetic energy matrix elements.

C. Potential energy matrix elements

The potential energy integrals are, in general, defined by

〈φf | 1

ri ′j ′
|φg〉 (43)

and due to the fact that ri ′j ′ is a multiplicative operator the
result is the same as that presented in Ref. 9. Note that if
i′ = j′ then 1/ri ′j ′ = 1/ri ′ (i.e., the operator representing the
interaction of the nucleus charge with the i′ pseudoelectron).
We are using i′ and j′ so these indices are not confused with
the i, j, and k angular factors of φf and φg. Using analogical
orthogonality conditions as used in Sec. V B, the formula for
the potential matrix elements is

〈φf | 1

ri ′j ′
|φg〉 = 1

4
π (3n−1)/2|A−1

fg |−3/2λ−1/2

{
ηxηyηz

−λ−1

3

(
ηxηyηzJ + ηxηyJ ηz + ηxJ ηyηz

)

+λ−2

5

(
ηxηyJ ηzJ + ηxJ ηyηzJ + ηxJ ηyJ ηz

)

−λ−3

7
ηxJ ηyJ ηzJ

}
, (44)

where

λ = tr
[
A−1

fg Ji ′j ′
] =

⎧⎨
⎩

(
A−1

fg

)
(i ′,j ′) i ′ = j ′

(
A−1

fg

)
(i ′,i ′) + (A−1

fg

)
(j ′,j ′) − 2

(
A−1

fg

)
(i ′,j ′) i ′ �= j ′ , (45)

and

ηxJ = tr
[
A−1

fg Ji ′j ′A−1
fg Xfg

] =
⎧⎨
⎩

(
A−1

fg

)
(i ′,xf )

(
A−1

fg

)
(Pvec(xg ),j ′) i ′ = j ′

((
A−1

fg

)
(i ′,xf ) − (A−1

fg

)
(j ′,xf )

)((
A−1

fg

)
(Pvec(xg),i ′) − (A−1

fg

)
(Pvec(xg),j ′)

)
i ′ �= j ′ . (46)

There are analogous operations for the Yfg and Zfg terms.
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Using the same techniques as presented in Sec. V B, the gradient is

∂〈φf | 1
ri′j ′ |φg〉

∂(vech Lf )′
= (

λ−1 vech
[
A−1

fg Ji ′j ′A−1
fgLf

]′ − 3 vech
[
A−1

fgLf

]′)〈φf | 1

rij

|φg〉

−1

4
π (3n−1)/2|Afg|−1λ−1/2

×
{

2 vech
[
A−1

fgDx
fgA

−1
fgLf

]′
ηyηz + 2 vech

[
A−1

fgD
y

fgA
−1
fgLf

]′
ηxηz + 2 vech

[
A−1

fgDz
fgA

−1
fgLf

]′
ηxηy

+ 2
λ−2

3
vech

[
A−1

fg Ji ′j ′A−1
fgLf

]′
(ηxηyηzJ + ηxηyJ ηz + ηxJ ηyηz)

− λ−1

3

(
2 vech

[
A−1

fgDx
fgA

−1
fgLf

]′
ηyηzJ + 2ηx vech

[
A−1

fgD
y

fgA
−1
fgLf

]′
ηzJ + ηxηy

(
∂ηzJ

∂(vech Lf )′

)

+ 2 vech
[
A−1

fgDx
fgA

−1
fgLf

]′
ηyJ ηz + ηx

(
∂ηyJ

∂(vech Lf )′

)
ηz + 2ηxηyJ vech

[
A−1

fgDz
fgA

−1
fgLf

]′

+
(

∂ηxJ

∂(vech Lf )′

)
ηyηz + 2ηxJ vech

[
A−1

fgD
y

fgA
−1
fgLf

]′
ηz + 2ηxJ ηy vech

[
A−1

fgDz
fgA

−1
fgLf

]′)

− 4
λ−3

5
vech

[
A−1

fg Ji ′j ′A−1
fgLf

]′ (
ηxηyJ ηzJ + ηxJ ηyηzJ + ηxJ ηyJ ηz

)

+ λ−2

5

(
+ vech

[
A−1

fgDx
fgA

−1
fgLf

]′
ηyJ ηzJ + ηx

(
∂ηyJ

∂(vech Lf )′

)
ηzJ + ηxηyJ

(
∂ηzJ

∂(vech Lf )′

)

+
(

∂ηxJ

∂(vech Lf )′

)
ηyηzJ + 2ηxJ vech

[
A−1

fgD
y

fgA
−1
fgLf

]′
ηz + ηxJ ηyJ

(
∂ηzJ

∂(vech Lf )′

)

+
(

∂ηxJ

∂(vech Lf )′

)
ηyJ ηz + ηxJ

(
∂ηyJ

∂(vech Lf )′

)
ηz + 2ηxJ ηyJ vech

[
A−1

fgDz
fgA

−1
fgLf

]′)

+ 6
λ−4

7
vech

[
A−1

fg Ji ′j ′A−1
fgLf

]′
ηzJ ηyJ ηzJ

− λ−3

7

((
∂ηxJ

∂(vech Lf )′

)
ηyJ ηzJ + ηxJ

(
∂ηyJ

∂(vech Lf )′

)
ηzJ + ηxJ ηyJ

(
∂ηzJ

∂(vech Lf )′

))}
. (47)

Comparing vech
[
A−1

fg Ji ′j ′A−1
fgLf

]′
operation of the above formula to Eq. (31), the elements of the “A” matrix analogous for the

vector half are determined by the following:

(
A−1

fg Ji ′j ′A−1
fg

)
(s,t) =

⎧⎨
⎩

(
A−1

fg

)
(s,i ′)

(
A−1

fg

)
(i ′,t) i ′ = j ′

((
A−1

fg

)
(s,i ′) − (A−1

fg

)
(s,j ′)

)((
A−1

fg

)
(i ′,t) − (A−1

fg

)
(j ′,t)

)
i ′ �= j ′ . (48)

The partial derivatives not explicitly written in the above equation are

∂ηxJ

∂(vech Lf )′
= vech

[
A−1

fg Ji ′j ′A−1
fgDx

fgA
−1
fgLf

]′ + vech
[
A−1

fgDx
fgA

−1
df Ji ′j ′A−1

fgLf

]′
, (49)

we have that the matrices in the above are (
A−1

fg Ji ′j ′A−1
fgDx

fgA
−1
fg

)
(s,t)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2

((
A−1

fg

)
(s,i ′)

(
A−1

fg

)
(i ′,xf )

(
A−1

fg

)
(Pvec(xg),t) + (A−1

fg

)
(s,i ′)

(
A−1

fg

)
(i ′,P vec(xg))

(
A−1

fg

)
(xf ,t)

)
i ′ = j ′

1
2

(((
A−1

fg

)
(s,i ′) − (A−1

fg

)
(s,j ′)

)((
A−1

fg

)
(i ′,xf ) − (A−1

fg

)
(j ′,xf )

)(
A−1

fg

)
(Pvec(xg),t)

+((A−1
fg

)
(s,i ′) − (A−1

fg

)
(s,j ′)

)((
A−1

fg

)
(i ′,P vec(xg)) − (A−1

fg

)
(j ′,P vec(xg))

)(
A−1

fg

)
(xf ,t)

)
i ′ �= j ′

(50)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

150.135.239.97 On: Mon, 16 Mar 2015 16:34:07

47



174112-10 K. L. Sharkey and L. Adamowicz J. Chem. Phys. 140, 174112 (2014)

and (
A−1

fgDx
fgA

−1
fg Ji ′j ′A−1

fg

)
(s,t)

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
2

((
A−1

fg

)
(s,xf )

(
A−1

fg

)
(Pvec(xg),i ′)

(
A−1

fg

)
(i ′,t) + (A−1

fg

)
(s,P vec(xg))

(
A−1

fg

)
(xf ,i ′)

(
A−1

fg

)
(i ′,t)

)
i ′ = j ′

1
2

((
A−1

fg

)
(s,xf )

((
A−1

fg

)
(Pvec(xg),i ′) − (A−1

fg

)
Pvec(xg),(j ′)

)((
A−1

fg

)
(i ′,t) − (A−1

fg

)
(j ′,t)

)
+(A−1

fg

)
(s,P vec(xg))

((
A−1

fg

)
(xf ,i ′) − (A−1

fg

)
xf ,(j ′)

)((
A−1

fg

)
(i ′,t) − (A−1

fg

)
(j ′,t)

))
i ′ �= j ′

. (51)

In Sec. V B, it was shown that the Dx
fg , D

y

fg , and Dz
fg are not to use in the programming of the formulas. This is also true for

the Ji ′j ′ matrix.
Now for the derivative of the potential energy matrix elements with respect to vech Lg , we have

∂〈φf | 1
ri′j ′ |φg〉

∂(vech Lg)′
= (

λ−1 vech
[
PA−1

fg Ji ′j ′A−1
fgP ′Lg

]′ − 3 vech
[
PA−1

fgP ′Lg

]′)〈φf | 1

rij

|φg〉

−1

4
π (3n−1)/2|Afg|−1λ−1/2

×
{

2
(

vech
[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηyηz + vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηxηz

+ vech
[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′
ηxηy

)
+2

λ−2

3
vech

[
PA−1

fg Ji ′j ′A−1
fgP ′Lg

]′ (
ηxηyηzJ + ηxηyJ ηz + ηxJ ηyηz

)

−λ−1

3

(
2 vech

[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηyηzJ + 2ηx vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηzJ + ηxηy

(
∂ηzJ

∂(vech Lg)′

)

+ 2 vech
[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηyJ ηz + ηx

(
∂ηyJ

∂(vech Lg)′

)
ηz + 2ηxηyJ vech

[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′
+
(

∂ηxJ

∂(vech Lg)′

)
ηyηz + 2ηxJ vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηz + 2ηxJ ηy vech

[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′)

−4
λ−3

5
vech

[
PA−1

fg Ji ′j ′A−1
fgP ′Lg

]′
(ηxηyJ ηzJ + ηxJ ηyηzJ + ηxJ ηyJ ηz)

+λ−2

5

(
+ vech

[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηyJ ηzJ + ηx

(
∂ηyJ

∂
(
vech Lg

)′
)

ηzJ + ηxηyJ

(
∂ηzJ

∂
(
vech Lg

)′
)

+
(

∂ηxJ

∂
(
vech Lg

)′
)

ηyηzJ + 2ηxJ vech
[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηz + ηxJ ηyJ

(
∂ηzJ

∂
(
vech Lg

)′
)

+
(

∂ηxJ

∂
(
vech Lg

)′
)

ηyJ ηz + ηxJ

(
∂ηyJ

∂
(
vech Lg

)′
)

ηz + 2ηxJ ηyJ vech
[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′)

+6
λ−4

7
vech

[
PA−1

fg Ji ′j ′A−1
fgP ′Lg

]′
ηzJ ηyJ ηzJ

−λ−3

7

((
∂ηxJ

∂
(
vech Lg

)′
)

ηyJ ηzJ + ηxJ

(
∂ηyJ

∂
(
vech Lg

)′
)

ηzJ + ηxJ ηyJ

(
∂ηzJ

∂
(
vech Lg

)′
))}

. (52)

The elements of the matrix in the vector half vech [PA−1
fg Ji ′j ′A−1

fgP ′Lg]′ are

(
PA−1

fg Ji ′j ′A−1
fgP ′)

(s,t) =
⎧⎨
⎩

(
A−1

fg

)
(Pvec(s),i ′)

(
A−1

fg

)
(i ′,P vec(t)) i ′ = j ′

((
A−1

fg

)
(Pvec(s),i ′) − (A−1

fg

)
(Pvec(s),j ′)

)((
A−1

fg

)
(i ′,P vec(t)) − (A−1

fg

)
(j ′,P vec(t))

)
i ′ �= j ′ . (53)

and for
∂ηxJ

∂
(
vech Lg

)′ = vech
[
PA−1

fg Ji ′j ′A−1
fgDx

fgA
−1
fgP ′Lg

]′ + vech
[
PA−1

fgDx
fgA

−1
fg Ji ′j ′A−1

fgP ′Lg

]′
, (54)
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we have that the matrices in the above are (
PA−1

fg Ji ′j ′A−1
fgDx

fgA
−1
fgP ′)

(s,t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

((
A−1

fg

)
(Pvec(s),i ′)

(
A−1

fg

)
(i ′,xf )

(
A−1

fg

)
(Pvec(xg),P vec(t))

+(A−1
fg

)
(Pvec(s,),i ′)

(
A−1

fg

)
(i ′,P vec(xg))

(
A−1

fg

)
(xf ,P vec(t))

)
i ′ = j ′

1
2

(((
A−1

fg

)
(Pvec(s),i ′) − (A−1

fg

)
(Pvec(s),j ′)

)((
A−1

fg

)
(i ′,xf ) − (A−1

fg

)
(j ′,xf )

)
×(A−1

fg

)
(Pvec(xg),P vec(t))

+((A−1
fg

)
(Pvec(s),i ′) − (A−1

fg

)
(Pvec(s),j ′)

)((
A−1

fg

)
(i ′,P vec(xg)) − (A−1

fg

)
(j ′,P vec(xg))

)
×(A−1

fg

)
(xf ,P vec(t))

)
i ′ �= j ′

, (55)

and (
PA−1

fgDx
fgA

−1
fg Ji ′j ′A−1

fgP ′)
(s,t)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2

((
A−1

fg

)
(Pvec(s),xf )

(
A−1

fg

)
(xf ,i ′)

(
A−1

fg

)
(′,P vec(t))

+(A−1
fg

)
(Pvec(s,),P vec(xg))

(
A−1

fg

)
(xf ,i ′)

(
A−1

fg

)
(i ′,P vec(t))

)
i ′ = j ′

1
2

(((
A−1

fg

)
(Pvec(s),i ′) − (A−1

fg

)
(Pvec(s),j ′)

)((
A−1

fg

)
(i ′,xf ) − (A−1

fg

)
(j ′,xf )

)
×(A−1

fg

)
(Pvec(xg),P vec(t))

+((A−1
fg

)
(Pvec(s),i ′) − (A−1

fg

)
(Pvec(s),j ′)

)((
A−1

fg

)
(i ′,P vec(xg)) − (A−1

fg

)
(j ′,P vec(xg))

)
×(A−1

fg

)
(xf ,P vec(t))

)
i ′ �= j ′

. (56)

D. Kinetic energy matrix elements

The kinetic-energy operator in (2) is expressed as a sum
which can be written in the following form:

− 1

2

⎛
⎝ n∑

i=1

1

μi

∇2
ri

+
n∑

i=1,j=1,i �=j

1

m0
∇′

ri
∇rj

⎞
⎠ = −∇′

rM∇r.

(57)
Here, the mass matrix M is M = M ⊗ I3, where in the M ma-
trix the diagonal elements are set to: 1/(2m1), 1/(2m2), . . . ,
1/(2mn), while the off-diagonal elements are set to 1/(2m0).
Again, for an atom m0 is the mass of the nucleus and m1, . . . ,
and mn are the electron masses.

In the derivations of the formulas for the kinetic-energy
matrix elements, we are using the “asymmetric” form of the
basis functions (8) and the integral to calculate is

〈φf | − ∇′
rM∇r|φg〉 = 〈∇rφf |M|∇rφg〉. (58)

The gradient operator acting on φf produces the following
vector:

∇rφf = {vx′
f

(
r′vy

f

)(
r′vz

f

)+ vy′
f

(
r′vx

f

)(
r′vz

f

)+ vz′
f

(
r′vx

f

)(
r′vy

f

)

−2Af r
(
r′vx

f

)(
r′vy

f

)(
r′vz

f

)}
exp[−r′(Af

)
r]. (59)

When the derivative vector of φf (∇rφf) is multiplied by the
derivative vector of φg (∇rφg) terms which need to be inte-
grated over r are obtained. Only terms being even functions

of r contribute and the result of the integration can be written
as

〈∇rφf |M|∇rφg〉
= vx′

f Mvx
g〈(r′Yfgr)(r′Zfgr) exp[−r′Afgr]〉

+vy′
f Mvy

g〈(r′Xfgr)(r′Zfgr) exp[−r′Afgr]〉

+vz′
f Mvz

g〈(r′Xfgr)(r′Yfgr) exp[−r′Afgr]〉

−2
〈(

r′Af Mvx
gvx′

f r
)
(r′Yfgr)(r′Zfgr) exp[−r′Afgr]

〉
−2
〈(

r′Af Mvy
gvy′

f r
)
(r′Xfgr)(r′Zfgr) exp[−r′Afgr]

〉
−2
〈(

r′Af Mvz
gvz′

f r
)
(r′Xfgr)(r′Yfgr) exp[−r′Afgr]

〉
−2
〈(

r′vx
gvx′

f MAgr
)
(r′Yfgr)(r′Zfgr) exp[−r′Afgr]

〉
−2
〈(

r′vy
gvy′

f MAgr
)
(r′Xfgr)(r′Zfgr) exp[−r′Afgr]

〉
−2
〈(

r′vz
gvz′

f MAgr
)
(r′Xfgr)(r′Yfgr) exp[−r′Afgr]

〉
+4〈(r′Xfgr)(r′Yfgr)(r′Zfgr)(r′Bfgr) exp[−r′Afgr]

〉
,

(60)
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where Bfg = 1/2(Af MAg + Af MAg). To obtain the term
cancellation in the above, the orthogonality conditions of
ECGs is utilized. For example,〈(

vx′
f Mvy

g

)(
r′vy

f vx′
g r
)
(r′Zfgr) exp[−r′Afgr]

〉
(61)

is zero due to the fact that A−1
fg (and also M) has zeros for

elements corresponding to, e.g., (xi, yj), (xi, yi), etc., therefore,
we do not write these terms out. Every integral in (60) was
solved in our previous work9 except for the last (the tenth)
integral. Thus, (60) becomes

〈∇rφf |M|∇rφg〉

= M(xf ,P vec(xg ))

4
π3n/2|Afg|−3/2ηyηz

+M(yf ,P vec(yg ))

4
π3n/2|Afg|−3/2ηxηz

+M(zf ,P vec(zg ))

4
π3n/2|Afg|−3/2ηxηy

− (A−1
fgAf M)(xf ,P vec(xg ))

4
π3n/2|Afg|−3/2ηyηz

− (A−1
fgAf M)(yf ,P vec(yg ))

4
π3n/2|Afg|−3/2ηxηz

−
(
A−1

fgAf M
)

(zf ,P vec(zg ))

4
π3n/2|Afg|−3/2ηxηy

−
(
MAgA

−1
fg

)
(xf ,P vec(xg ))

4
π3n/2|Afg|−3/2ηyηz

−
(
MAgA

−1
fg

)
(yf ,P vec(yg ))

4
π3n/2|Afg|−3/2ηxηz

−
(
MAgA

−1
fg

)
(zf ,P vec(zg ))

4
π3n/2|Afg|−3/2ηxηy

+4〈(r′Xfgr)(r′Yfgr)(r′Zfgr)(r′Bfgr) exp[−r′Afgr]〉.
(62)

One should note that the first nine terms of the above expres-
sion are reduced from (3n × 3n) dimensions to (n × n) di-
mensions. The last tenth integral is solved in a similar fashion
as the first nine integrals. The procedure uses partial deriva-
tives (23) of Gaussian functions to effectively integrate over
all spatial variables. The method is used four times in the
integral. As the procedure involving the differentiation over
partial-derivative variables ωx, ωy, and ωz is the same as used
in Sec. V B, we only explicitly show the calculation of the
last, fourth partial derivative with respect to the parameter ωβ

4〈(r′Xfgr)(r′Yfgr)(r′Zfgr)(r′Bfgr) exp[−r′Afgr]〉

= 4
∂

∂ωx

∂

∂ωy

∂

∂ωz

∂

∂ωβ

〈exp[−r′(Afg + ωxXfg + ωyYfg + ωzZfg + ωβBfg)r]〉|ωx=ωy=ωz=ωβ=0

= −4
∂

∂ωβ

π3n/2|Afg + ωβBfg|−3/2

×1

8
tr[(Afg + ωβBfg)−1Xfg] tr[(Afg + ωβBfg)−1Yfg] tr[(Afg + ωβBfg)−1Zfg]|ωβ=0

= 3

4
π3n/2|Afg|−3/2ηxηyηzτ + 1

2
π3n/2|Afg|−3/2(τxηyηz + ηxτyηz + ηxηyτz), (63)

where τ = tr[A−1
fgAf MAg] and

τx = tr
[
A−1

fg BfgA−1
fg Xfg

] = 1

4

((
A−1

fgAf MAgA
−1
fg

)
(xf ,P vec(xg )) + (A−1

fgAf MAgA
−1
fg

)
(Pvec(xg ),xf )

+(A−1
fgAgMAf A−1

fg

)
(xf ,P vec(xg )) + (A−1

fgAgMAf A−1
fg

)
(Pvec(xg ),xf )

)
. (64)

In the above, we applied Eqs. (32)–(34). With all matrices reduced to (n × n) dimensions the final formula for the kinetic energy
integral is

〈∇rφf |M|∇rφg〉 = 1

4
π3n/2|Afg|−3/2

{
3τηxηyηz

+(M(xf ,P vec(xg )) + 2τx − (A−1
fgAf M

)
(xf ,P vec(xg )) − (MAgA

−1
fg

)
(xf ,P vec(xg ))

)
ηyηz

+(M(yf ,P vec(yg )) + 2τy − (A−1
fgAf M

)
(yf ,P vec(yg )) − (MAgA

−1
fg

)
(yf ,P vec(yg ))

)
ηxηz

+(M(zf ,P vec(zg )) + 2τz − (A−1
fgAf M

)
(zf ,P vec(zg )) − (MAgA

−1
fg

)
(zf ,P vec(zg ))

)
ηxηy

}
. (65)
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The calculation of the gradient requires no new techniques and gives the following result:

∂〈∇rφf |M|∇rφg〉
∂(vech Lf )′

= −3 vech
[
A−1

fgLf

]′〈∇rφf |M|∇rφg〉

−1

4
π3n/2|Afg|−3/2

{
3

(
∂τ

∂(vech Lf )′

)
ηxηyηz

+6τ vech
[
A−1

fgDx
gf A−1

fgLf

]′
ηyηz + 6τηx vech

[
A−1

fgD
y

gf A−1
fgLf

]′
ηz + 6τηxηy vech

[
A−1

fgDz
gf A−1

fgLf

]′
+( vech

[
A−1

fgD
y

gf A−1
fgLf

]′
ηz + ηy vech

[
A−1

fgDz
gf A−1

fgLf

]′)
×(M(xf ,P vec(xg )) + 2τx − (A−1

fgAf M
)

(xf ,P vec(xg )) − (MAgA
−1
fg

)
(xf ,P vec(xg ))

)
+( vech

[
A−1

fgDx
gf A−1

fgLf

]′
ηz + ηx vech

[
A−1

fgDz
gf A−1

fgLf

]′)
×(M(yf ,P vec(yg )) + 2τy − (A−1

fgAf M
)

(yf ,P vec(yg )) − (MAgA
−1
fg

)
(yf ,P vec(yg ))

)
+( vech

[
A−1

fgDx
gf A−1

fgLf

]′
ηy + ηx vech

[
A−1

fgD
y

gf A−1
fgLf

]′)
×(M(zf ,P vec(zg )) + 2τz − (A−1

fgAf M
)

(zf ,P vec(zg )) − (MAgA
−1
fg

)
(zf ,P vec(zg ))

)
−ηyηz

[(
∂τx

∂(vech Lf )′

)
+ vech

[
A−1

fgAf MDx
fgA

−1
fgLf

]′ + vech
[
A−1

fgDx
fgMAf A−1

fgLf

]′
− vech

[
MDx

fgA
−1
fgLf

]′ − vech
[
A−1

fgDx
fgMLf

]′
+ vech

[
A−1

fgDx
fgMAgA

−1
fgLf

]′ + vech
[
A−1

fgAgMDx
fgA

−1
fgLf

]′]

−ηxηz

[(
∂τy

∂(vech Lf )′

)
+ vech

[
A−1

fgAf MD
y

fgA
−1
fgLf

]′ + vech
[
A−1

fgD
y

fgMAf A−1
fgLf

]′
− vech

[
MD

y

fgA
−1
fgLf

]′ − vech
[
A−1

fgD
y

fgMLf

]′
+ vech

[
A−1

fgD
y

fgMAgA
−1
fgLf

]′ + vech
[
A−1

fgAgMD
y

fgA
−1
fgLf

]′]

−ηxηy

[(
∂τz

∂(vech Lf )′

)
+ vech

[
A−1

fgAf MDz
fgA

−1
fgLf

]′ + vech
[
A−1

fgDz
fgMAf A−1

fgLf

]′
− vech

[
MDz

fgA
−1
fgLf

]′ − vech
[
A−1

fgDz
fgMLf

]′
+ vech

[
A−1

fgDz
fgMAf A−1

fgLf

]′ + vech
[
A−1

fgAgMdz
fgA

−1
fgLf

]′]}
, (66)

where

∂τ

∂(vech Lf )′
= vech

[
A−1

fgAf MAgA
−1
fgLf

]′ + vech
[
A−1

fgAgMAf A−1
fgLf

]′
− vech

[
MAgA

−1
fgLf

]′ − vech
[
A−1

fgAgMLf

]′
(67)

and

∂τx

∂(vech Lf )′
= − vech

[
A−1

fgDx
fgA

−1
fgAf MAgA

−1
fgLf

]′ − vech
[
A−1

fgAgMAf A−1
fgDx

fgA
−1
fgLf

]′
− vech

[
A−1

fgAf MAgA
−1
fgDx

fgA
−1
fgLf

]′ − vech
[
A−1

fgDx
fgA

−1
fgAgMAf A−1

fgLf

]′
+ vech

[
MAgA

−1
fgDx

fgA
−1
fgLf

]′ + vech
[
A−1

fgDx
fgA

−1
fgAgMLf

]′
. (68)

There are analogous derivatives with respect to vech Lf for τ y and τ z.
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The derivative with respect to vech Lg is

∂〈∇rφf |M|∇rφg〉
∂(vech Lg)′

= −3 vech
[
PA−1

fgP ′Lg

]′〈∇rφf |M|∇rφg〉

−1

4
π3n/2|Afg|−3/2

{
3

(
∂τ

∂
(
vech Lg

)′
)

ηxηyηz

+6τ vech
[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηyηz + 6τηx vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηz

+6τηxηy vech
[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′
+( vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′
ηz + ηy vech

[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′)
×(M(xf ,xg ) + 2τx − (A−1

fgAf M
)

(xf ,P vec(xg )) − (MAgA
−1
fg

)
(xf ,P vec(xg ))

)
+( vech

[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηz + ηx vech

[
PA−1

fgDz
fgA

−1
fgP ′Lg

]′)
×(M(yf ,yg ) + 2τy − (A−1

fgAf M
)

(yf ,P vec(yg )) − (MAgA
−1
fg

)
(yf ,P vec(yg ))

)
+( vech

[
PA−1

fgDx
fgA

−1
fgP ′Lg

]′
ηy + ηx vech

[
PA−1

fgD
y

fgA
−1
fgP ′Lg

]′)
×(M(zf ,zg) + 2τz − (A−1

fgAf M
)

(zf ,P vec(zg )) − (MAgA
−1
fg

)
(zf ,P vec(zg ))

)
−ηyηz

((
∂τx

∂(vech Lg)′

)
+ vech

[
PA−1

fgAf MDx
fgA

−1
fgP ′Lg

]′ + vech
[
PA−1

fgDx
fgMAf A−1

fgP ′Lg

]′
− vech

[
PMDx

fgA
−1
fgP ′Lg

]′ − vech
[
PA−1

fgDx
fgMP ′Lg

]′
+ vech

[
PA−1

fgDx
fgMAgA

−1
fgP ′Lg

]′ + vech
[
PA−1

fgAgMDx
fgA

−1
fgP ′Lg

]′)

−ηxηz

((
∂τy

∂(vech Lg)′

)
+ vech

[
PA−1

fgAf MD
y

fgA
−1
fgP ′Lg

]′ + vech
[
PA−1

fgDx
fgMAf A−1

fgP ′Lg

]′
− vech

[
PMD

y

fgA
−1
fgP ′Lg

]′ − vech
[
PA−1

fgD
y

fgMP ′Lg

]′
+ vech

[
PA−1

fgD
y

fgMAgA
−1
fgP ′Lg

]′ + vech
[
PA−1

fgAgMD
y

fgA
−1
fgP ′Lg

]′)

−ηxηy

((
∂τz

∂(vech Lg)′

)
+ vech

[
PA−1

fgAf MDz
fgA

−1
fgP ′Lg

]′ + vech
[
PA−1

fgDz
fgMAf A−1

fgP ′Lg

]′
− vech

[
PMDz

fgA
−1
fgP ′Lg

]′ − vech
[
PA−1

fgDz
fgMP ′Lg

]′
+ vech

[
PA−1

fgDz
fgMAgA

−1
fgP ′Lg

]′ + vech
[
PA−1

fgAdMDz
fgA

−1
fgP ′Lg

]′)}
, (69)

where
∂τ

∂
(
vech Lg

)′ = vech
[
PA−1

fgAf MAgA
−1
fgP ′Lg

]′ + vech
[
PA−1

fgAgMAf A−1
fgP ′Lg

]′
− vech

[
PMAf A−1

fgP ′Lg

]′ − vech
[
PA−1

fgAf MP ′Lg

]′
(70)

and
∂τx

∂
(
vech Lg

)′ = − vech
[
PA−1

fgDx
fgA

−1
fgAf MAgA

−1
fgP ′Lg

]′ − vech
[
PA−1

fgAgMAf A−1
fgDx

fgA
−1
fgP ′Lg

]′
− vech

[
PA−1

fgAf gMAgA
−1
fgDx

fgA
−1
fgP ′Lg

]′ − vech
[
PA−1

fgDx
fgA

−1
fgAgMAf A−1

fgP ′Lg

]′
+ vech

[
PMAf A−1

fgDx
fgA

−1
fgP ′Lg

]′ + vech
[
PA−1

fgDx
fgA

−1
fgAf MP ′Lg

]′
. (71)

There are analogous derivatives with respect to vech Lg

for τ y and τ z. We use the same technique that is pre-
sented in Secs. V B and V C to determine the ele-

ments of the matrices which appear under the vech op-
eration. To save space, we do not show all of these
elements.
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TABLE I. Total infinite-nuclear-mass (∞N) variational energies (in hartrees) for the 4S ground state of the nitrogen atom obtained with 8, 16, and 32 all-
electrons ECGs are compared with the energy obtained in the Monte Carlo calculations.13 The finite-nuclear-mass energies (14N and (15N) are also shown, as
well as the differences between these energies and the ∞N energy (entries (14N–∞N) and (15N–∞N) in the table).

No. of ECGs ∞N 14N 15N 14N–∞N 15N–∞N

8 − 53.963540822 −53.961467625 −53.961605460 0.002073197 0.001935363
16 − 54.314348182 −54.312270739 −54.312408854 0.002077443 0.001939328
32 − 54.445609473 −54.443532859 −54.443670919 0.002076614 0.001938554
Monte Carlo13 − 54.58867(8)

VI. NUMERICAL ILLUSTRATION

The algorithm described in Secs. V B–V D has been im-
plemented in parallel Fortran90. The parts of the code for cal-
culating individual integrals has been tested against the values
obtained from numerical integration. The parts of the code
for calculating the derivatives (gradients) of the individual in-
tegrals have been tested using numerical differentiation. We
also used numerical differentiation to test the code which cal-
culates the total energy and its gradient. Once we were satis-
fied that everything was working correctly, we have used our
program to perform some calculations of the ground state of
the nitrogen atom.

As the number of processors available to us for a single
calculation is limited to 48, only very preliminary results for
the nitrogen ground state are generated. The calculations are
initiated with only 8 ECGs, which are constructed using or-
bital exponents taken from the standard STO-3G basis set for
the nitrogen atom. In the initial guess for the eight basis func-
tions, the Af matrices for all functions are assumed to have the
diagonal form. Also in all eight function the i, j, and k electron
indices are assumed to be equal to 1, 2, and 3, respectively.
In the optimization of the 8-ECGs basis set, the optimization
variables are the matrix elements of the Lf matrices and their
variational optimization is performed using a procedure that
utilizes the energy gradient determined with respect to these
variables. As each Lf matrix has n(n + 1)/2 = 28 independent
parameters, the optimization of the 8-ECGs basis set involves
optimization of 224 variables. The optimization is carried by
taking one ECG at a time and optimizing its Lf parameters.
Several optimization cycles involving all ECGs in the basis
set are done this way. When a satisfactory convergence is
achieved for the 8-ECGs basis set, the basis is extended to
16 ECGs. This extension is carried out by adding one ECG at
a time. The parameters of a new ECG are obtained by taking
one of the most contributing ECGs from the 8-ECGs basis set
and randomly perturbing its Lf matrix elements. After that the
newly guessed function is checked for any linear dependency
with the ECGs already included in the basis set. If none is
found the optimization proceeds. The linear-dependency test
is also performed after the ECG is optimized and, if any is
found, the ECG is rejected and a new one is added and opti-
mized.

In the process of enlarging the basis set, apart from the
optimization of the Lf parameters of each added ECG, an opti-
mization of the i, j, and k indices is also performed. For seven-
electron nitrogen, there are 7!

(7−3)!3! = 35 different {i, j, k} sets.
After the Lf parameters of a newly added ECG are generated,
an optimization of the {i, j, k} set is performed by calculating

the energy for all 35 different sets and selecting the one which
gives the lowest energy. Subsequently, the ECG Lf parameters
are optimized. In this way, the eight functions added to the 8-
ECGs basis set to form a 16-ECGs basis are generated. Next,
starting with the 16-ECGs basis set a basis set of 32 ECGs is
generated. This is the largest basis set we are able to generate
within the limited computational resources available to us for
the calculations.

The optimization of the 8-, 16-, and 32-ECGs basis sets
are carried out using an infinite nuclear mass of the nucleus.
The total ground-state energies obtained in the calculations
are shown in Table I. As our approach also allows for finite-
nuclear-mass calculations, the three basis sets are used to cal-
culate the ground state energy of 14N and 15N (the nuclear
masses are 25 519.04526me and 27 336.52896me, respec-
tively, where me is the electron mass). Reoptimization of the
nonlinear parameters of the ECGs is not performed when the
mass of the nucleus is changed from infinity to a final value,
because, as our experience shows, this would have negligible
effect on the energy. The current CPU time for one optimiza-
tion cycle for a single ECG in the basis set of 32 ECGs, which
involves calling the subroutine for calculating the energy and
the gradient about 100 times, is equivalent to about 100 CPU
one-processor hours. To achieve a satisfactory energy conver-
gence about 1000 cycles is needed.

The results of the calculations are also shown in Table I.
The energies obtained for ∞N are compared with the result
obtained in the Monte Carlo calculations by Seth et al.13 Ob-
viously, one cannot expect quality results in the calculations
of the ground state energy of the nitrogen atom when only
32 ECGs are used. One would need to build a basis set with
more than 10 000 ECGs to reach an adequate accuracy in such
calculations. However, the convergence of the energy with the
number of basis functions seems to indicate that the algorithm
and its computational implementation developed in this work
are correct.

Using the energies of the 14N and 15N isotopomers and
the ∞N energy, one can calculate the energy shifts due to the
finite nuclear masses. This is done in Table I. It is interesting
that, despite using very few basis functions, these shifts seem
to be convergent to three significant figures. The energy shifts
for 14N and 15N determined with 32 ECGs are 0.002076614
and 0.001938554 hartree, respectively.

VII. SUMMARY

A method for variational calculations of the 4S states of
the nitrogen atom, including the ground state, which employs
explicitly correlated all-electrons Gaussian basis functions,
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is developed and implemented. The development includes
the analytic energy gradient determined with respect to the
Gaussian exponential parameters. The implementation of the
gradient is key in effective optimization of the parameters. As
the algorithm is very amenable to an effective parallelization
due to the possibility of separating the calculation of every
matrix-element of the Hamiltonian or the energy gradient ma-
trices, the code is expected to run very effectively on a multi-
processor computer system. We hope to gain access to such a
system in near future to fully exploit the capabilities that the
work here-in offers.
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A new algorithm for calculating the Hamiltonian matrix elements with all-electron explicitly correlated
Gaussian functions for quantum-mechanical calculations of atoms with two p electrons or a single d electron
have been derived and implemented. The Hamiltonian used in the approach was obtained by rigorously
separating the center-of-mass motion and it explicitly depends on the finite mass of the nucleus. The approach
was employed to perform test calculations on the isotopes of the carbon atom in their ground electronic states
and to determine the finite-nuclear-mass corrections for these states.
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I. INTRODUCTION

In recent years there has been a renewed interest in very
accurate quantum-mechanical calculations of the electronic
structures of small atoms �1–7�. The interest has been moti-
vated by both new, more accurate measurements performed
on the spectra of these systems and by the development of
new computational methods that allow these systems to be
described with much higher accuracy than before. Most of
the work in the field has been centered on two- and three-
electron atomic systems, which can be very accurately cal-
culated using Hylleraas-type functions. However, the exten-
sion of the Hylleraas function approach to atoms with more
than three electrons has not been achieved due to complica-
tions appearing in determining the Hamiltonian matrix ele-
ments �6�. An alternative approach to perform very accurate
calculations on atoms, which is not restricted to systems with
two or three electrons, has been based on employing explic-
itly all-electron correlated Gaussian functions. For several
years now, this research group has been actively contributing
to the development of the Gaussian function approach for
very accurate atomic calculations �8–13�. The key features of
this approach have been the explicit inclusion of the nuclear
motion in the nonrelativistic Hamiltonian and the use of the
analytical energy gradient determined with respect to the
Gaussian exponential parameters in the variational optimiza-
tion of the wave functions expanded in terms of the Gauss-
ians. In a recent work on the beryllium atom �13� we dem-
onstrated that calculations utilizing large basis sets of
Gaussians that include lowest-order relativistic and quantum
electrodynamics �QED� corrections can reproduce the lowest
excitation transition energy of this system with the accuracy
matching that of the most accurate experiments.

In order to extend correlated Gaussian calculations to
larger systems and to a wider range of electronic states, pro-
cedures have to be developed to deal with electronic configu-
rations that include electrons with nonzero angular momen-
tum. The first step in this direction was the development and
implementation of algorithms for calculating energy and en-
ergy gradient for atomic states with one p electron �10�.
These algorithms were recently employed �11� in very accu-

rate calculations of some S→P transition energies of the Be
atom. Some other applications to four- and five-electron
atomic systems are forthcoming. The next step in extending
the capability of the approach utilizing Gaussians in atomic
calculations is the development of algorithms for calculating
Hamiltonian matrix elements for systems with either two p
electrons or a single d electron. Such development has re-
cently been completed in our laboratory and is described in
this work. Derivations of the Hamiltonian matrix elements
were carried out using matrix calculus.

The derived algorithms have been implemented and some
test calculations concerning the smallest atom with two p
electrons in the ground state—the carbon atom—have been
performed. The results of these test calculations are shown in
Sec. VI. The prototype computer code, which has been writ-
ten, is not yet in a form that can be used to perform large-
scale calculations involving thousands of Gaussian basis
functions. To run such calculations an algorithm for calculat-
ing the analytical energy gradient has to be implemented.
This task is currently being pursued. Procedures for calculat-
ing the lowest-order relativistic corrections will also need to
be implemented. Only then can calculations of transition en-
ergies for the carbon atom produce results with an adequate
accuracy. Even though very precise calculations of the elec-
tronic states of the carbon atom is our ultimate goal in this
work, as this atom plays a central role in all biomolecules, as
well as in many molecular systems found in the interstellar
space �14–18�, we are also planning to perform calculations
of excited electronic states of the beryllium and boron atoms,
as well as singly and multiply charged ions of the nitrogen
and oxygen atoms. Hence, the present development opens to
us a new array of systems and states where the high accuracy
quantum calculations can be tested against most accurate
high-resolution spectroscopic experiments.

II. HAMILTONIAN

Consider a nonrelativistic atomic system consisting of N
total particles; N−1 total electrons and a nucleus. The ith
particle has mass Mi, charge Qi, and a position vector in the
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laboratory Cartesian coordinate frame Ri. The nonrelativistic
Hamiltonian for the system is

Ĥlab = − �
i=1

N
1

2Mi
�Ri

2 + �
i�j=1

N
QiQj

Rij
, �1�

where �Ri
is the gradient with respect to Ri, and Rij is the

distance between the ith and jth particles, Rij = �R j −Ri�.
The center-of-mass motion of the system can be separated

out of the laboratory-frame Hamiltonian �1� to yield a Hamil-
tonian describing the center-of-mass motion and another de-
scribing the internal motion of the electrons relative to the
nucleus. This is accomplished by placing the nucleus at the
origin of a new internal Cartesian coordinate system such
that it becomes the reference particle for all other particles in
the system �electrons in the case of an atom�. The internal
coordinates are defined as: ri=Ri+1−R1. With the three co-
ordinates describing the center of mass denoted as r0 and the
total mass of the system being Mtot=�i=1

N Mi, the coordinate
transformation is

r0 =
M1

Mtot
Ri +

M2

Mtot
R2 + ¯ +

MN

Mtot
RN,

r1 = − R1 + R2,

r2 = − R1 + R3,

]

rn = − R1 + RN. �2�

The internal Hamiltonian obtained using the above coordi-
nate transformation depends only on the internal coordinates,
and for an atom, as one can describe, represents the motion
of the n=N−1 pseudoelectrons in the central field of the
nucleus. Denoting the mass of the nucleus as m0 and the
charge as q0, the internal Hamiltonian is

Ĥ = −
1

2
��

i=1

n
1

�i
�ri

2 + �
i=1,j=1,i�j

n
1

m0
�ri

� �rj� + �
i=1

n
q0qi

ri

+ �
i�j=1

n
qiqj

rij
, �3�

with the pseudoelectron charges denoted as qi=Qi+1 and their
reduced masses being �i=m0mi / �m0+mi�, where mi=Mi+1.
The particles described by the Hamiltonian �3� are called
pseudoelectrons because, even though they have the same
charges as the electrons, their masses are reduced electron
masses. The motions of the pseudoelectrons are coupled
through the mass polarization term, − 1

2�i=1,j=1,i�j
n

�1 /m0��ri
� �ri

, and through the Coulombic interactions. The
prime in the mass polarization term indicates the matrix or
vector transpose; this notation is used throughout this work.
The Coulombic interactions are dependent on the distances
between the pseudoparticles and the origin of the internal
coordinate system, ri, and on the relative distances between
the pseudoparticles, rij, where rij = �r j −ri�.

III. BASIS FUNCTIONS

The basis function suitable for describing an
n-pseudoelectron system with two p electrons �or, more gen-
erally, two electrons with arbitrary orbital quantum numbers�
can be obtained with a standard procedure of adding angular
momenta. Suppose that orbital quantum numbers of elec-
trons i and j are li and lj �all other electrons are assumed to
be in the s state�. Using the bra-ket notation the “angular”
part of the wave function of the system corresponding to the
total orbital angular-momentum number L and the projection
on the z axis, M can be represented as the following linear
combination:

�L M	 = �
mi,mj

mi+mj=M

�L M�limiljmj��limi	�ljmj	 , �4�

where the �L M � limiljmj� factors are the Clebsch-Gordan co-
efficients �see, for example �19�, �. The radial �i.e., rotation-
ally invariant� part of the wave function in our case will be in
the form of Gaussians. Using the explicit form of spherical
harmonics in Cartesian coordinates and tables of the Clebsh-
Gordan coefficients one can easily show that for a state of an
atom with L=1 �and, for certainty, M =0� containing two p
electrons, such as the ground state of the carbon atom, for-
mula �4� becomes

xiyj − xjyi, �5�

where the common constant factor and the 1 / �ri
lirj

lj� factor
were dropped. Thus, suitable explicitly correlated Gaussian
basis functions for the calculations of the ground state of the
carbon atom are

�k = �xik
yjk

− xjk
yik

�exp�− r��Ak � I3�r� , �6�

where ik and jk are fixed integers that indicate the p elec-
trons, Ak is an n�n symmetric matrix, the subscript k re-
flects the fact that the matrix elements are unique for each
basis function, � is the Kronecker product, I3 is a 3�3
identity matrix, and r is a 3n vector that has the form

r =

r1

r2

]

rn

� =

x1

y1

z1

]

xn

yn

zn

� . �7�

For the sake of simplicity, we will write basis functions as

�k = �xik
yjk

− xjk
yik

�exp�− r�Akr� , �8�

where Ak=Ak � I3.
Using a general quadratic form in place of �xik

yjk
−xjk

yik
�

allows for a more generalized approach in deriving the ma-
trix elements. We define our basis functions as
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�k = �r�Wkr�exp�− r�Akr� , �9�

where Wk is a sparse 3n�3n symmetric matrix comprising
only four nonzero elements, two of which have values of 1/2
the other two −1 /2. The 1/2 elements are placed in the �3ik
−2,3jk−1� and �3jk−1,3ik−2� positions, while the −1 /2 el-
ements are placed in �3jk−2,3ik−1� and �3ik−1,3jk−2� po-
sitions. It should be noted that, in general, we could use a
nonsymmetric matrix Wk with only two nonzero elements
�yielding the same quadratic form� since there are only two
terms in Eq. �8�. However, in practice it is much more con-
venient to deal with symmetric matrices as the derivations of
matrix elements becomes considerably simpler in this case.

Furthermore, Wk matrix can be easily changed to obtain
basis functions suitable for calculations of systems in D
states �i.e., L=2�. In the case of a D state formed by a single
d electron �li=2, lj =0, L=2, M =0�, the basis functions
are

�k = �xik
2 + yik

2 − 2zik
2 �exp�− r�Akr� . �10�

If a D state is formed by two p electrons �li=1, lj =1, L
=2, M =0�, the basis functions should be

�k = �xik
xjk

+ yik
yjk

− 2zik
zjk

�exp�− r�Akr� . �11�

Finally, the most trivial case of an S�L=0, M =0� state of an
atom formed by two p electrons should be described with
spherically symmetric basis functions,

�k = �xik
xjk

+ yik
yjk

+ zik
zjk

�exp�− r�Akr�

= rik
�r jk

exp�− r�Akr� . �12�

The basis functions used in a bound-state calculation must be
square integrable which effectively imposes restrictions on
the Ak matrix. The Ak matrix must be positive definite.
Rather than restricting the Ak matrix elements, Ak is repre-
sented in a Cholesky factored form as Ak=LkLk�, where Lk is
a lower triangular matrix. With this representation, Ak is au-
tomatically positive definite. It should also be mentioned that
this form of Ak matrix does not limit the flexibility of basis
functions since any allowable choice of Ak matrix can be
represented by some Lk matrix, because any symmetric posi-
tive matrix can be represented in a Cholesky factored form.

IV. PERMUTATIONAL SYMMETRY

The trial wave function and the basis functions used in the
wave-function expansion should possess the proper symme-
try with respect to the permutations of identical particles in-
volved in the system. This symmetry depends on whether the
particles are bosons or fermions. Since the Hamiltonian is
spin independent, the spin can be completely eliminated
from the symmetry consideration, leading to a nontrivial

symmetry projection operator, Ŷ, that needs to be applied to
the spatial wave function and, thus, to each basis function.
This operator is a linear combination of some permutation
operators. In calculating the overlap and Hamiltonian matrix
elements all the permutations can be applied to the ket as

P̂= Ŷ†Ŷ �the dagger stands for conjugate�. This results in cer-

tain sums of elementary matrix elements in which the ket is
affected by some permutation,

��k�P̂��l	 = ��k��̃l	 and ��k�ĤP̂��l	 = ��k�Ĥ��̃l	 . �13�

Here �̃l stands for permuted �l. The calculation of matrix
elements with permuted kets can be done using the same
procedure as for nonpermuted ones and, therefore, it is re-
quired to only transform elements of matrices Al and Wl
accordingly, i.e.,

P̂�r�Wlr�exp�− r�Alr�

= �r�P�WlPr�exp�− r�P�AlPr� , �14�

where P= P � I3 is the permutation matrix corresponding to

permutation operator P̂.
To build the permutation symmetry projector for fermi-

ons, a Young tableaux is constructed. For n fermions �elec-
trons� and for the total spin of the system being s, the sym-
metry quantum number, p, is calculated as p= n

2 −s. Then a
partition is defined as �= �2p1n−2p�. The partition describes
the structure of the Young tableaux for the state of the system
under consideration. The tableaux consists of two boxes in
the first p rows and one box in the remaining n−2p rows.
The carbon atom with six electrons and the total spin in the
ground state of one has a partition of �= �2212� and the fol-
lowing Young tableaux:

4 5

6 7

2

3

where the following particle numbering convention is used:
the nucleus is labeled as “1,” electrons “2” and “3” represent
the p electrons, and electrons “4,” “5,” “6,” and “7” are
spin-paired s electrons. The permutation symmetry projector
can now be constructed using the Young tableaux in the
following way:

Ŷ = ŜÂ , �15�

where Ŝ and Â are idempotent symmetrization and

antisymmetrization operators. Â is constructed as a product
of antisymmetrizers over particles in each column of the

Young tableaux. Ŝ is constructed as a product of
symmetrizers over particles in each row. Thus, in the present

case Â= �1̂− P̂46��1̂− P̂26− P̂24��1̂− P̂32− P̂36− P̂34��1̂− P̂57�. 1̂

is the identity operator. The symmetrization operator is: Ŝ
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= �1̂+ P̂45��1̂+ P̂67�. As mentioned above, the operator which
should be applied to �l is Y†Y.

V. MATRIX ELEMENTS

In the beginning, it is necessary to briefly explain the
notation scheme used throughout this work. The scheme is
the same as the one used in our previous work �10�. As a
rule, small Greek letters are used to denote scalar quantities.
Bold small Greek letters represent usual three-component
vectors. Capital Greek letters are used for 3�3 matrices.
Small Latin letters normally denote n-component vectors �n
is the number of pseudoparticles�. Bold small Latin letters
should be understood as 3n-component vectors. If such a
letter has an index that means it is a three-component vec-
tors. For example, r is a 3n-component vector, while ri is a
three-component vector. Capital Latin letters are used for n
�n matrices. At last, bold capital Latin letters are 3n�3n
matrices. Vertical bars around a matrix denote its determi-
nant, while same bars around a vector or a scalar stand for
absolute value or length. All matrix-matrix and matrix-vector
products that appear in formulas should be treated using con-
ventional matrix algebra. For example, a product of a p�q
matrix and a q�k matrices yields a p�k matrix.

Before evaluating the matrix elements, we also need to
give a well-known formula for the following general
p-dimensional Gaussian integral:


−�

+�

exp�− x�Ax + y�x�dx =
�p/2

�A�1/2exp�y�A−1y� , �16�

where x is a p-component vector of variables, A is a sym-
metric p� p positive-definite matrix, y is a p-component
constant vector, and A−1 is the inverse of A. The above inte-
gral is frequently used in the derivation of the overlap and
Hamiltonian matrix elements in this work. It is convenient to
rewrite the basis function �9� as a derivative with respect to
some parameter �k,

�k = −
�

��k
exp��− r��Ak + �kWk�r���k0, �17�

where the following Gaussian function is called the genera-
tor function,

	k = exp�− r��Ak + �Wk�r� . �18�

Gaussian basis functions in the form given by expression
�17� are used in the derivations of the overlap and the Hamil-
tonian matrix elements.

A. Overlap integral

The overlap integral between two Gaussian basis func-
tions �17� is

��k��l	 =
�

��k

�

��l
�	k�	l	

=
�

��k

�

��l


−�

+�

exp�− r��Akl + �kWk + �lWl�r�dr��k=�l=0,

�19�

where Akl�Ak+Al. Equation �16� can be now directly ap-
plied yielding the following derivative:

��k��l	 = �3n/2 �

��k
� �

��l
�Akl + �kWk + �lWl

−1/2��k=�l=0.

�20�

Here, recall that the differential of the determinant of an
arbitrary matrix X and its inverse are

d�X� = �X�tr�X−1dX� , �21�

and,

dX−1 = − X−1�dX�X−1. �22�

In Eq. �21� tr� . . . � denotes the trace of a matrix. Differenti-
ating Eq. �20� with respect to �l and �k using Eq. �21� and
setting �k=�l=0 yields

��k��l	 =
1

2
�3n/2�Akl�−1/2�1

2
tr�Akl

−1Wk�tr�Akl
−1Wl�

+ tr�Akl
−1WkAkl

−1Wl�� . �23�

Formula �23� contains 3n�3n matrices. For computing pur-
poses, it is desirable to reduce the dimensions of the matrices
from 3n�3n to n�n by factoring I3 using the definition of
the Kronecker product whenever possible. The determinant
of Akl, which is a 3n�3n matrix, can be reduced to an ex-
pression involving the determinant of the Akl matrix, an n
�n matrix. If X is an 3n�3n matrix in the form X=X � I3,
its determinant can be calculated as

�X� = �X � I3� = �X�3. �24�

This is the only simplification that can be made in the over-
lap formula �23�, which results in the final form of the over-
lap matrix element,

��k��l	 =
1

2
�3n/2�Akl�−3/2�1

2
tr�Akl

−1Wk�tr�Akl
−1Wl�

+ tr�Akl
−1WkAkl

−1Wl�� . �25�

It is worth mentioning that I3 cannot be factored out of the
traces in Eq. �25� by applying the following transformation:

tr�AC� = tr�AC � I3� = 3 tr�AC� , �26�

by using the following matrix product property:

�A � B��C � D� = �AC � BD� , �27�

where A and C are arbitrary 3n�3n matrices in the follow-
ing form A=A � I3, and B and D are equal to I3. For ex-
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ample, it is not possible to apply the above transformation in
the case of the Wk matrix, which is used to generate the
pre-exponential angular factor in the basis function �6�, be-
cause there is no such n�n matrix Wk that satisfies the con-
dition

Wk = Wk � I3. �28�

The sparsity of Wk matrix cannot be explicitly exploited at
the level of the formulas, but it has to be handled when the
formulas are coded in the computer program. This simplifi-
cation involves eliminating as many as possible multiplica-
tions involving zeros which significantly reduces the calcu-
lation time.

Additionally, when Wk is specified to describe basis func-
tions for two p electrons of the form xik

yjk
exp�−r�Akr� and

xik
xjk

exp�−r�Akr�, as seen in Eqs. �8� and �11�, tr�Akl
−1Wk�

and tr�Akl
−1Wl� become zero. This fact significantly reduces

the final formula for these cases from Eq. �25� to

��k��l	 =
1

2
�3n/2�Akl�−3/2tr�Akl

−1WkAkl
−1Wl� . �29�

This simplification is used throughout the derivation of
Hamiltonian matrix elements. However, when Wk is used to
describe basis functions for one d electron of the form xik

2 as
seen in Eq. �10�, the traces mentioned above are nonzero
and, therefore, Eq. �25� cannot be reduced any further.

B. Kinetic energy integral

The kinetic-energy operator in Eq. �3� is expressed as a
sum that can be written in the following form:

−
1

2
��

i=1

n
1

�i
�ri

2 + �
i=1, j=1, i�j

n
1

m0
�ri

� �rj� = − �r�M�r.

�30�

Here the mass matrix M is M=M � I3, where in the M ma-
trix the diagonal elements are set to
1 / �2m1� , 1 / �2m2� , . . . , 1 / �2mn�, while the off-diagonal el-
ements are set to 1 / �2m0�. Again, m0 is the mass of the
nucleus and m1 , . . ., and mn are the electron masses. Using
Eq. �18� the kinetic-energy integral for the basis functions �k
and �l is

��k� − �r�M�r��l	 =
�

��k

�

��l
��r	k�M��r	l	 . �31�

The gradient operator acting on the generator function pro-
duces

�r	k = − 2�Ak + �kWk�r	k. �32�

Plugging this into the kinetic-energy integral gives the fol-
lowing four integrals:

��r	k�M��r	l	

= �− 2�Ak + �kWk�r	k�M�− 2�Al + �lWl�r	l	

= 4��	k�r�AkMAlr�	l	 + �	k�r�AkMWlr�	l	

+ �	k�r�WkMAlr�	l	 + �	k�r�WkMWlr�	l	� . �33�

These four integrals can be evaluated using the following
auxiliary integral:

�	k�r�Br�	l	

= − � �

�

�	k�exp�− 
r�Br��	l	�


=0

= − �3n/2� �

�

�Akl + �kWk + �lWl + 
B�−1/2�


=0
, �34�

where 
 is a parameter and B is some symmetric matrix.
Notice that matrices in the four integrals above are not nec-
essarily symmetric. However, we can always substitute a
nonsymmetric matrix X in a quadratic form with a symmet-
ric one �X+X�� /2→X while keeping the quadratic form un-
changed.

Next, after some straightforward manipulations, one can
show that

��k�r�Br��l	 = −
1

2
�3n/2 �

�

�Akl + 
B�−1/2�

��1

2
tr��Akl + 
B�−1Wk�tr

���Akl + 
B�−1Wl�

�tr��Akl + 
B�−1Wk�Akl + 
B�−1Wl���

=0

=
1

2

�3n/2

�Akl�3/2�1

4
�1�2 tr�Akl

−1B� +
1

2
�1 tr�Akl

−1WlAkl
−1B�

+
1

2
�2 tr�Akl

−1WkAkl
−1B� +

1

2
�3 tr�Akl

−1B�

+ tr�Akl
−1WkAkl

−1WlAkl
−1B� + tr�Akl

−1WlAkl
−1WkAkl

−1B�� ,

�35�

where we have defined: �1=tr�Akl
−1Wk�, �2=tr�Akl

−1Wl�, and
�3=tr�Akl

−1WkAkl
−1Wl�.

Now, using Eqs. �31�, �33�, and �35�, and making some
simplifications, the final formula for the kinetic-energy ma-
trix elements is

��k� − �r�M�r���l	

= �3n/2�Akl�−3/2�1

2
�1�2 tr�Akl

−1AkMAl�

+ �3 tr�Akl
−1AkMAl�

+ �1�tr�Akl
−1WlAkl

−1AkMAl� − tr�Akl
−1AkMWl��

+ �2�tr�Akl
−1WkAkl

−1AkMAl� − tr�Akl
−1WkMAl��

+ 2�tr�Akl
−1WkAkl

−1WlAkl
−1AkMAl� + tr�Akl

−1WkMWl�

+ tr�Akl
−1WkAkl

−1AkMWl� + tr�Akl
−1WlAkl

−1WkMAl�

+ tr�Akl
−1WlAkl

−1WkAkl
−1AkMAl��� . �36�

Similarly to the overlap formula, the kinetic-energy formula
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can be further reduced for basis functions �8� and �11� to

��k� − �r�M�r���l	

= �3n/2�Akl�−3/2��3 tr�Akl
−1AkMAl�

+ 2�tr�Akl
−1WkAkl

−1WlAkl
−1AkMAl�

+ tr�Akl
−1WkMWl� + tr�Akl

−1WkAkl
−1AkMWl�

+ tr�Akl
−1WlAkl

−1WkMAl�

+ tr�Akl
−1WlAkl

−1WkAkl
−1AkMAl��� . �37�

C. Dirac delta function and potential energy integral

The potential-energy operator in the internal Hamiltonian
�3� depends on the inverses of the interparticle distances be-
tween the electrons and between the electrons and the nuclei,
ri and rij, and, therefore, a more general elemental integral
can be considered,

��k�rij
� ��l	, � � − 3, �38�

which gives the integrals required for computing the
potential-energy matrix elements when �=−1. To obtain the
expression �38� we will first evaluate an auxiliary integral
that involves the following three-dimensional Dirac delta
function:

�a1r1 + a2r2 + . . . + anrn − ��

� „�a � I3��r − �…

= lim

→�

�


�
�3/2

exp�− 
��a � I3��r − ��2� , �39�

where a is a real n-component vector, � is a real three-
dimensional parameter, and 
 is a parameter. When we set
a=ei−ej, where em is an n-component vector whose mth
component is 1 and all others are zeros, then Eq. �38� can be
expressed as

��k�rij
� ��l	 = 

−�

+�

������k�„�a � I3��r − �…��l	d�

= 
−�

+� �

��k

�

��l
�����	k�„�a � I3��r − �…

��	l	��k,�l=0d� , �40�

where

�	k�„�a � I3��r − �…�	l	

= lim

→�

�


�
�3/2

�	k�exp�− 
r��aa� � I3�r

+ 2
��a � I3����r − 
�2��	l	 . �41�

It should be noted that integrals involving delta function �39�
with some particular choice of vector a can be very useful in
evaluating matrix elements of many important quantities.
Even though here the evaluation of potential-energy matrix
elements is of concern, we will assume that a is some gen-
eral vector when deriving integral �41�.

Applying formula �16� in Eq. �41� we obtain

�	k�„�a � I3��r − �…�	l	

= �3�n−1�/2 lim

→�


3/2�Akl + �kWk + �lWl

+ 
�aa� � I3��−1/2exp�
2��a � I3�����Akl

+ �kWk + �lWl + 
�aa� � I3��−1��a � I3����

�exp�− 
�2� . �42�

Taking limit �42� as 
 approaches infinity can be done by
expanding both the determinant and the exponent into an
inverse power series with respect to 
. Both the determinant
and the exponent term contain an inverse of a matrix. This
inverse can be computed using the Woodbury matrix identity,
which has the following form:

�A + UBV�−1 = A−1 − A−1U�B−1 + VA−1U�−1VA−1, �43�

where A is a p� p matrix, U is a p�q matrix, V is a q� p
matrix, and B is a q�q matrix. The Woodbury identity gives
an explicit form of the inverse of a rank q update of some
initial matrix A. In our case, the initial matrix �analog of A in
Eq. �43�� is the following 3n�3n matrix:

Gkl = Akl + �kWk + �lWl. �44�

The analog of UBV in Eq. �43� is the following matrix:


�aa� � I3� = �a � I3��
I3��a� � I3� . �45�

Applying the Woodbury identity to the inverse matrix men-
tioned before yields

�Gkl + 
�aa� � I3��−1 = Gkl
−1 − Gkl

−1

��a � I3���kl +
1



I3�−1

�a� � I3�Gkl
−1,

�46�

where

�kl = �a� � I3�Gkl
−1�a � I3� . �47�

Now, using the inverse power-series expansion

��kl +
1



I3�−1

= �kl
−1 −

1



�kl

−2 +
1


2�kl
−3 −

1


3�kl
−4 + ¯ ,

�48�

and after some simple multiplications with rearrangement,
the limit of the expression in the exponent of Eq. �42� is

lim

→�


2��a � I3�����Gkl + 
�aa� � I3��−1��a � I3��� − 
�2

= − ���kl� . �49�

Let us note that the determinant in Eq. �42� can be written as
a determinant of the same inverse matrix that appears in the
exponent
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�Gkl + 
�aa� � I3��−1/2

= ��Gkl + 
�aa� � I3��−1�1/2

= �Gkl�−1/2�I3n − �a � I3���kl +
1



I3�−1

�a� � I3�Gkl
−1�1/2

.

�50�

Here, again the expansion �48� is used and the well-known
Sylvester’s determinant theorem is applied, which says that
if A and B are p�q matrices then,

�Ip + AB�� = �Iq + B�A� . �51�

The limit of the pre-exponential factor in Eq. �42� can then
be easily evaluated,

lim

→�


3/2�Gkl + 
�aa� � I3��−1/2 = �Gkl�−1/2��kl�−1/2. �52�

With this, the expression for integral �42� can be written as

�	k�„�a � I3��r − �…�	l	

= �3�n−1�/2�Gkl�−1/2��kl�−1/2 exp�− ���kl
−1��

� �kl. �53�

The next step is to differentiate Eq. �53� with respect to �k
and �l and set �k=�l=0. To accomplish the differentiation,
let us give the explicit formula for the differential of matrix
�Y�X−1Y�−1, where X is some arbitrary square matrix and Y is
a rectangular constant matrix,

d�Y�X−1Y�−1 = �Y�X−1Y�−1Y�X−1�dX�X−1Y�Y�X−1Y�−1.

�54�

Also, notice that the following product, which will appear in
the expression for the integral with delta function, can be
simplified,

�a� � I3�Akl
−1�a � I3� = a�Akl

−1a � I3 = �I3, �55�

where �=tr�Akl
−1aa��. Upon using Eqs. �54� and �55�, and

defining D=aa�, D=D � I3 we recover

� �

��k

�

��l
�kl�

�k,�l=0
= �3�n−1�/2�Akl�−1/2�−3/2 exp�− ��2��1

4
�1�2 +

1

2
�3 −

1

2
�−1�1

2
�1 tr�Akl

−1WlAkl
−1D� +

1

2
�2 tr�Akl

−1WkAkl
−1D�

+ tr�Akl
−1WlAkl

−1WkAkl
−1D� + tr�Akl

−1WkAkl
−1WlAkl

−1D�� +
1

2
�−2�tr�Akl

−1WkAkl
−1WlAkl

−1D�

+ tr�Akl
−1WkAkl

−1D�tr�Akl
−1WlAkl

−1D� + �1���a� � I3�Akl
−1WlAkl

−1�a � I3�� + �2���a� � I3�Akl
−1WkAkl

−1�a

� I3�� + 2���a� � I3�Akl
−1WkAkl

−1WlAkl�a � I3�� + 2���a� � I3�Akl
−1WlAkl

−1WkAkl�a � I3���

− �−3�1

2
tr�Akl

−1WkAkl
−1D����a� � I3�Akl

−1WlAkl
−1�a � I3�� +

1

2
tr�Akl

−1WlAkl
−1D����a� � I3�Akl

−1WkAkl
−1

��a � I3�� + ���a� � I3�Akl
−1WkAkl

−1�a � I3��a� � I3�Akl
−1WlAkl

−1�a � I3�� + ���a� � I3�Akl
−1WlAkl

−1�a � I3�

��a� � I3�Akl
−1WklAkl

−1�a � I3��� + �−4����a� � I3�Akl
−1WkAkl

−1

��a � I3�����a� � I3�Akl
−1WlAkl

−1�a � I3���� . �56�

The above lengthy expression is the most general formula for
the integral that involves delta function �39�.

The final step in deriving the formula for the ��k�rij
� ��l	

matrix element is to integrate over �= ��x ,�y ,�z�. Here we
need to specify a particular form of a. As was mentioned
above, in case of rij we simply set a=ei−ej. If the matrix
element that contains ri is needed, then we set a=ei. In place
of aa� and aa� � I3 we will use matrices J and J=J � I3,
respectively. Matrix J has a very simple structure,

J = �Eii, i = j for ri

Eii + Ejj − Eij − Eji, i � j for rij ,
� �57�

where Eij is a matrix with 1 in the i , jth position and 0’s
elsewhere.

There are three types of integrals involved when Eq. �56�
is integrated. These integrals have the following general
forms:


−�

+�

���� exp�− ��2�d� , �58�


−�

+�

����������exp�− ��2�d� , �59�


−�

+�

����������������exp�− ��2�d� , �60�

where �=tr�Akl
−1J� and �, �, and � are certain 3�3 matri-

ces.
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Integral �58� is a table integral with the following value:


−�

+�

���� exp�− ��2�d� = 2���3 + �

2
���3+��/2. �61�

In order to evaluate the second of the three integrals, integral
�59�, we can write the quadratic form ����, where � is a
3�3 matrix, explicitly, term by term,

���� = �11�x
2 + �22�y

2 + �33�x
2 + 2�12�x�y + 2�13�x�z

+ 2�23�y�z. �62�

The diagonal terms involving �x
2, �y

2, and �z
2 are even func-

tions and lead to nonzero integrals. The off-diagonal terms
are odd functions and the integrals involving these terms
vanish. Since the integrals involving �x

2, �y
2, and �z

2 obviously
have the same value �apart from their factors, �11, �22, �33�
we can write the resulting integral as

tr���
−�

+�

�����x
2 exp�− ��2�d�

=
1

3
tr���

−�

+�

�����2 exp�− ��2�d� . �63�

The latter integral is a table one, similar to Eq. �61�. Thus,
for Eq. �59� we have


−�

+�

����������exp�− ��2�d� =
2�

3
��5 + �

2
�tr�����5+��/2.

�64�

The same procedure can be also applied to evaluate Eq. �60�,
where the only nonzero integrals are those involving even
functions such as �x

4, �x
2�y

2, etc. All other terms involving such
odd functions as �x�y

3 or �x�y�z
2 vanish. With that, one can

obtain the following formula for integral �60�:


−�

+�

����������������exp�− ��2�d�

=
2�

15
��7 + �

2
���7+��/2�2 tr���� + tr���tr���� . �65�

Using expressions �58�–�60� we can perform integration of
Eq. �56� and after some rearrangement and simplification
obtain the following final formula for the ��k�rij

� ��l	 matrix
element:

��k�rij
� ��l	 =

2��3n−1�/2

�Akl�3/2 ��3 + �

2
���/2�1

4
�1�2 +

1

2
�3

+
�

12
�−1��1 tr�Akl

−1WlAkl
−1J�

+ �2 tr�Akl
−1WkAkl

−1J� + 2 tr�Akl
−1WkAkl

−1WlAkl
−1J�

+ 2 tr�Akl
−1WlAkl

−1WkAkl
−1J��

+
��� − 2�

60
�−2�2 tr�Akl

−1WkAkl
−1JAkl

−1WlAkl
−1J�

+ tr�Akl
−1WkAkl

−1J�tr�Akl
−1WlAkl

−1J��� . �66�

The case when �=−1 represents the integrals that appear in
the potential-energy matrix elements. In this case the matrix
element becomes

��k�
1

rij
��l	 = 2��3n−1�/2�Akl�−3/2�−1/2�1

4
�1�2 +

1

2
�3

−
1

12
�−1��1 tr�Akl

−1WlAkl
−1J�

+ �2 tr�Akl
−1WkAkl

−1J� + 2 tr�Akl
−1WkAkl

−1WlAkl
−1J�

+ 2 tr�Akl
−1WlAkl

−1WkAkl
−1J��

+
1

20
�−2�2 tr�Akl

−1WkAkl
−1JAkl

−1WlAkl
−1J�

+ tr�Akl
−1WkAkl

−1J�tr�Akl
−1WlAkl

−1J��� . �67�

It is worth noticing that, when � is zero, Eq. �66� should
produce the formula for the overlap integral, and, as it can be
easily verified, it does. Also, when �=2 Eq. �66� reproduces
formula �35� if we set B=J.

Finally, utilizing the fact that �1=tr�Akl
−1Wk� and �2

=tr�Akl
−1Wk� are zero for basis functions �8� and �11�, the

potential-energy integral can be reduced to

��k�
1

rij
��l	 = 2��3n−1�/2�Akl�−3/2�−1/2

��1

2
�3 −

1

6
�−1�tr�Akl

−1WkAkl
−1WlAkl

−1J�

+ tr�Akl
−1WlAkl

−1WkAkl
−1J��

+
1

20
�−2�2 tr�Akl

−1WkAkl
−1JAkl

−1WlAkl
−1J�

+ tr�Akl
−1WkAkl

−1J�tr�Akl
−1WlAkl

−1J��� , �68�

and this concludes the derivation of the algorithm for the
calculation of the potential-energy matrix element.

VI. NUMERICAL ILLUSTRATION

The algorithms for calculating overlap and Hamiltonian
matrix elements have been implemented in a computer pro-
gram that carries out the variational calculation of the
ground-state energy and the wave function. The program
uses the standard procedure for solving the secular equation
through simultaneous diagonalization of the overlap and
Hamiltonian matrices. It also performs an optimization of the
nonlinear parameters contained in the wave function using
the conjugated gradient method. The algorithms for calculat-
ing the matrix elements were first implemented in the forms
provided by the expressions described in the previous sec-
tion. Since some of the matrices involved in these expres-
sions are very sparse, a second “production” version of the
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code was developed where multiplications by zero were vir-
tually eliminated, resulting in a 250 times increase in the
speed of the calculations.

The first testing of the program was performed for the 3P
state of the He atom with the two electrons occupying two p
orbitals. A minimal basis set of one p-orbital Gaussian was
used in the calculations. After an energy matching produced
by the standard Hartree-Fock calculation was obtained, the
next test was performed for the ground 3P state of the carbon
atom. Again, the calculations were carried out with a mini-
mal set of Gaussians consisting of an s orbital and an sp
shell. After successfully passing this test, the program was
used in larger scale correlated calculations on the ground 3P
state of the carbon atom.

In the carbon atom calculations, the major 12C isotope of
this system with the nuclear mass of 21 868.663 82me, where
me is the electron mass, was considered first. As the approach
developed in this work explicitly includes the effects due to
the finite-nucleus mass in the Hamiltonian, the nucleus mass
has to be entered into the calculation. The 12C calculations
involved increasing the basis set of explicitly correlated
Gaussians from a single function to a set of 50 functions.
Initially this process involved adding one Gaussian at a time
to the basis set and running 100 iterations of the conjugated
gradient procedure that optimized the nonlinear Lk param-
eters of all Gaussian functions in the basis set. After a set of
twenty Gaussians was generated in this fashion the further
enlargement of the basis set was done in subsets of five func-
tions at a time. In Table I the results of the calculations are
presented. Only energies obtained with basis sets with
lengths increasing in increments of five functions are shown.
After the calculations for 12C were completed, the basis sets
generated for this system were used to calculate the energies
of two other carbon isotopes, 13C and 14C. In those calcula-
tions only the linear-expansion coefficients were varied. The
masses of the 13C and 14C nuclei used in the calculations
were 23 697.667 79me and 25 520.350 57me, respectively.
The energies obtained for these isotopes are also shown in
Table I along with the energies obtained for �C, i.e., for an
infinite mass of the carbon nucleus.

It is clear that with only 50 Gaussians the total energies
obtained in the calculations are far from being converged. A

high-quality calculation of the ground state of the carbon
atom would require the use of thousands of correlated Gaus-
sians. However, the purpose of the present calculations was
to demonstrate that our algorithm produces energies consis-
tent with the values obtained in previous carbon atom calcu-
lations. For example, our best energy value for �C of
−37.756 894 78 a.u. obtained with 50 Gaussians compares
well with the one obtained by Sundholm and Olsen in the
finite-element MCHF calculations of −37.792 860 a.u. �the
Hartree-Fock limit is −37.688 619 a.u.� �20�. The next step
in performing high accuracy calculations on the carbon atom
and its isotopes with all-electron explicitly correlated Gauss-
ian functions will be completed after an algorithm for calcu-
lating the energy gradient is implemented.

The present approach allows for determining the energy
effect due to the finite mass of the nucleus. This effect is
calculated by subtracting the �C energy from the energy ob-
tained for the particular isotope. The results presented in
Table I �the numbers in parentheses� the finite nuclear mass
effect is, as expected, the largest for 12C and the smallest for
14C. The results also show that the values of the mass effects
are quite well converged for all isotopes within the range of
the basis set sizes used in the present calculations. One can
attribute the better convergence of the mass effect than that
of the total energies to cancellation of errors that likely oc-
curs in this case. To our knowledge, this is the first time the
finite-nuclear mass effect was calculated for the carbon iso-
topes using a variational approach where this effect is explic-
itly included in the total variational energy.

VII. SUMMARY

In the present work, we presented general formulas for
calculating the Hamiltonian and overlap matrix elements
with all-electron explicitly correlated Gaussian functions for
systems with either two p electrons or a single d electron and
an arbitrary number of s electrons. The formulas have been
implemented and tested for correctness. The Hamiltonian
used in the present approach was obtained by separating out
the center-of-mass motion from the laboratory-frame Hamil-
tonian and explicitly includes terms due to the finite-nucleus

TABLE I. Nonrelativistic energies of three carbon isotopes, 12C, 13C, and 14C, and the carbon atom with infinite nuclear mass, �C as a
function of the number of basis functions. All energies are in atomic units. In parenthesis we show the correction due to the finite-nuclear
mass calculated as E�xC�−E��C�.

Basis Size E�12C� E�13C� E�14C� E��C�

5 −37.12320387 �0.001711599� −37.12333593 �0.00157899� −37.12344870 �0.00146622� −37.12491492

10 −37.48739372 �0.00171599� −37.48752615 �0.00158356� −37.48763925 �0.00147046� −37.48910971

15 −37.59657279 �0.00171719� −37.59670532 �0.00158466� −37.59681849 �0.00147149� −37.59828998

20 −37.66214873 �0.00171470� −37.66228105 �0.00158215� −37.66239404 �0.00146916� −37.66386320

25 −37.69207132 �0.00171434� −37.69220362 �0.00158204� −37.69231661 �0.00146905� −37.69378566

30 −37.71313236 �0.00171502� −37.71326473 �0.00158265� −37.71337776 �0.00146962� −37.71484738

35 −37.72968478 �0.00171382� −37.72981704 �0.00158156� −37.72993000 �0.00146860� −37.73139860

40 −37.74022531 �0.00171473� −37.74035764 �0.00158240� −37.74047066 �0.00146938� −37.74194004

45 −37.75013443 �0.00171611� −37.75026688 �0.00158366� −37.75037998 �0.00147056� −37.75185054

50 −37.75517818 �0.00171660� −37.75531066 �0.00158412� −37.75542380 �0.00147098� −37.75689478
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mass effects. In our calculations for the carbon atom and its
isotopes, these effects have been determined.

Presently, the method developed in this work can only be
applied to perform calculations with small sets of explicitly
correlated Gaussians. This is because the calculations in-
volve optimization of nonlinear parameters of Gaussians,
which is a very costly procedure. As we have shown in our
previous atomic calculations �8–13�, this optimization can be
significantly accelerated by employing the analytical energy
gradient determined with respect to the Gaussian nonlinear
parameters. Thus, before large-scale atomic calculations are

attempted with the method developed in this work, an algo-
rithm for calculating the gradient has to be implemented.
Such is the aim of the next stage of our project.
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Analytical energy gradient in variational calculations of the two lowest
3P states of the carbon atom with explicitly correlated Gaussian
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Variational calculations of ground and excited bound states on atomic and molecular systems
performed with basis functions that explicitly depend on the interparticle distances can generate
very accurate results provided that the basis function parameters are thoroughly optimized by the
minimization of the energy. In this work we have derived the algorithm for the gradient of the
energy determined with respect to the nonlinear exponential parameters of explicitly correlated
Gaussian functions used in calculating n-electron atomic systems with two p-electrons and �n−2�
s-electrons. The atomic Hamiltonian we used was obtained by rigorously separating out the kinetic
energy of the center of mass motion from the laboratory-frame Hamiltonian and explicitly depends
on the finite mass of the nucleus. The advantage of having the gradient available in the variational
minimization of the energy is demonstrated in the calculations of the ground and the first excited 3P
state of the carbon atom. For the former the lowest energy upper bound ever obtained is reported.
© 2010 American Institute of Physics. �doi:10.1063/1.3419931�

I. INTRODUCTION

Very accurate quantum mechanical calculations of the
electronic structures of small atoms have always provided
the testing ground for new computational methods for calcu-
lating the ground and excited bound states. The testing has
been possible due to the availability of very accurate gas-
phase spectra of these systems. Previously, the only atoms
for which the accuracy of the calculations matched the accu-
racy of the experiments were the one-, two-, and three-
electron ones �see, for example, Refs. 1–8�. Recently, it was
demonstrated that with the use of the variational method and
of the explicitly correlated Gaussian functions �ECGFs�, one
can also calculate the energies of ground and excited states
of four-electron atoms and corresponding electronic transi-
tion frequencies with experimental accuracy.9–14

In order to extend the range of the atomic states that can
be calculated with ECGFs, we have recently derived algo-
rithms for the Hamiltonian matrix elements to calculate
states with one and two p-electrons.15,16 The development of
algorithms for calculating states of atoms that include elec-
trons with higher angular momenta using ECGFs is currently
in progress. All algorithms have been developed for an arbi-
trary number of electrons and using the Hamiltonian that
explicitly includes the finite mass of the atomic nucleus. This
Hamiltonian is obtained by separating out the kinetic energy
of the center of mass motion from the total nonrelativistic
laboratory-frame Hamiltonian. As this separation is rigorous,
the total energies obtained in the calculations correspond to
true internal bound states of the studied system. Also, by

setting the mass of the nucleus to values corresponding to the
different isotopes of the system, the isotope spectral shifts
can be calculated. Another advantage of having a variable
nuclear mass in the Hamiltonian is the possibility of calcu-
lating infinite-nuclear-mass energies. These energies can be
directly compared to the energies obtained in the standard
atomic calculations performed assuming the Born–
Oppenheimer �BO� approximation, which is the way the ma-
jority of the atomic calculations have been done. We should
add that as some of those calculations have been performed
using the reduced electron mass, not all the energies from
literature are directly comparable with our results.

Achieving high accuracy in the atomic �and molecular�
calculations with ECGFs is possible provided that the non-
linear exponential parameters of Gaussians are extensively
optimized based on the variational principle. This usually is a
process that takes large amounts of computer time. To accel-
erate the basis set optimization in the ECGF calculations we
have derived and implemented analytical derivatives �i.e.,
gradient� of the energy with respect to the nonlinear
parameters15,17–21 involved in the Gaussian functions. The
gradient-based approach has enabled us to perform very ac-
curate BO and non-BO calculations of atomic and molecular
systems with accuracy unmatched by any previous
calculation.22–27

In this work we continue the development of the gradi-
ent algorithms for calculating the atomic energy levels. The
work is focused on the first derivatives of the energy with
respect to the parameters of explicitly correlated Gaussians
describing atomic states with two p-electrons. The derivation
of formulas for the gradient presented here involves an ap-
proach based on the powerful technique called the matrixa�Electronic mail: ludwik@u.arizona.edu.
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differential calculus. This elegant and very useful technique
is described in Magnus and Neudecker28 and, unfortunately,
is not well known outside of the disciplines of mathematical
statistics and econometrics. Some steps involved in the
present derivations will be useful in deriving algorithms for
the energy gradients with atomic ECGFs representing states
involving electrons with higher angular momenta.

The formulas for the energy gradient derived in this
work have been implemented using the Message Passing In-
terface �MPI� protocol and the calculations have been run on
a multiprocessor computer system. Some details concerning
the implementation are described in Sec. IV. In the next step
we tested the code in calculations concerning the two lowest
3P states of the carbon atom, which is the smallest system
with two p electrons in the ground state. These tests are also
described in Sec. IV.

II. THE METHOD

A. The Hamiltonian

For an atom with N particles �i.e., N−1 electrons and a
nucleus� the laboratory-frame nonrelativistic Hamiltonian
has the following form:

Ĥlab = − �
i=1

N
1

2Mi
�Ri

2 + �
i�j=1

N
QiQj

Rij
, �1�

where Mi are the masses of the particles, Qi are their charges,
Ri are the Cartesian position vectors in the coordinate frame,
and �Ri

are the gradients with respect to Ri. Rij is the dis-
tance between the ith and jth particles, Rij = �R j −Ri�. After
separating out the center of mass motion of the system from

Eq. �1� an internal Hamiltonian, Ĥ, is obtained. This internal
Hamiltonian in the internal Cartesian coordinate system with
the center at the nucleus has the following form:

Ĥ = −
1

2��i=1

n
1

�i
�ri

2 + �
i,j=1

i�j

n
1

m0
�ri

��rj� + �
i=1

n
q0qi

ri
+ �

i�j=1

n
qiqj

rij
,

�2�

where n=N−1 is the number of particles the internal Hamil-
tonian describes, ri=Ri+1−R1 are their internal Cartesian co-
ordinates, m0 is the nucleus mass, q0 is its charge, qi=Qi+1

are the electron charges, and �i=m0mi / �m0+mi� are their
reduced masses, where mi=Mi+1. We call the particles de-
scribed by Hamiltonian �2� pseudoelectrons because even
though they have the same charges as the electrons, their
masses are reduced electron masses. Thus, Hamiltonian �2�
describes the motion of n pseudoelectrons in the central field
of the charge of the nucleus. This motion is coupled through
the Coulombic interactions between the pseudoelectrons and
their interactions with the nucleus charge,

�
i=1

n
q0qi

ri
+ �

i�j=1

n
qiqj

rij
,

where rij = �r j −ri�, and through the mass polarization term,

−
1

2 �
i,j=1

i�j

n

�1/m0��ri
��rj

.

The prime in the mass polarization term indicates the matrix/
vector transpose; this notation is used throughout this work.

B. The basis functions

The atomic system considered here has two p-electrons
and �n−2� s-electrons. The standard procedure for adding
angular momenta can be applied to construct basis functions
for such a case. In our previous work16 we showed that for
an atom with two p-electrons and the total angular momen-
tum quantum number L=1 and its projection on the z-axis
M =0, such as for the ground state of the carbon atom, the
angular factor in the basis functions should be

xiyj − xjyi. �3�

Thus, the suitable explicitly correlated Gaussian basis func-
tions for calculating the ground 3P state of the carbon atom
are

�k = �xik
yjk

− xjk
yik

�exp�− r��Ak � I3�r� , �4�

where ik and jk are integers that indicate the label of the p
electrons, Ak is an n�n symmetric matrix, the subscript k
reflects the fact that the matrix is unique for each basis func-
tion, � is the Kronecker product, I3 is a 3�3 identity matrix,
and r is a 3n vector of the electron �pseudoelectron� coordi-
nates that has the form

r =�
r1

r2

]

rn

� =�
x1

y1

z1

]

xn

yn

zn

� . �5�

In a simplified form, basis function �4� can be written as

�k = �xik
yjk

− xjk
yik

�exp�− r�Akr� , �6�

where Ak=Ak � I3. In the approach described in this work we
use yet another representation of basis function �4�, which is
more convenient in the computational implementation and
more general in terms of providing a representation for other
types of angular ECGFs. The representation utilizes the
sparse 3n�3n symmetric matrix Wk, which for function �4�
comprises only four nonzero off-diagonal elements, two of
which have values of 1/2 the other two −1 /2. The 1/2 ele-
ments are placed in the �3ik−2,3jk−1� and �3jk−1,3ik−2�
positions, while the −1 /2 elements are placed in
�3jk−2,3ik−1� and �3ik−1,3jk−2� positions. With such Wk

basis function �4� has the following form:

�k = �r�Wkr�exp�− r�Akr� . �7�

To make function �7� square integrable it is convenient to
represent Ak in a Cholesky factored form as Ak=LkLk�, where
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Lk is a lower triangular matrix. With this �k is automatically
square integrable regardless of the values of the Lk matrix
elements. The convenience of using the Cholesky represen-
tation of Ak comes in the variational minimization of the
energy with respect to the exponential parameters of �k.
When those parameters are the Lk matrix elements, the opti-
mization can be carried out without any restrictions concern-
ing the values of the variables. Such restrictions would be
necessary if the optimization parameters were the Ak matrix
elements.

The lower triangular matrix, Lk, representing the param-
eters of �k is stored in a vector form, vech Lk, meaning
“vector half.” This particular vector operation utilizes the
structure of a lower triangular matrix. The vech operation is
built by stacking the columns of the matrix one on top of the
other, but by using only the lower triangular portion of the
matrix, i.e., by starting with the diagonal element of the col-
umn and including all elements below the diagonal element
of that column. The vech operation transforms an n�n ma-
trix to an n�n+1� /2 vector. This operation effectively elimi-
nates the storage of zeros from the upper triangular of the Lk

matrix. The vech operation is also used in the gradient deri-
vation in this work to store the derivatives of the Hamil-
tonian and overlap matrix elements calculated with respect to
the elements of vech Lk.

C. Total energy and energy gradient

The optimization of the Lk Gaussian parameters in this
work is performed through the minimization of the
Rayleigh–Ritz variational energy functional. The spatial part
of the wave function of the system, �, is approximated as a
linear combination of K basis functions �k,

��r� = �
k=1

K

ckŶ�k�r� , �8�

where ck are the linear variational parameters and Ŷ is a
permutational symmetry projector represented as a linear
combination of permutational operators. As the Hamiltonian
is spin independent, the calculations can be carried out using
the spin-free approach. This requires that the basis functions
have the appropriate spatial symmetry. In practice, the imple-
mentation of the symmetry is accomplished at the level of
calculating the overlap and Hamiltonian matrix elements as
it was described in our previous work.16 In brief, the ket
functions in those matrix elements are operated on with the

permutation operator P̂= Ŷ†Ŷ �the dagger stands for conju-

gate�, where the Ŷ operator can be derived using a Young
tableaux �see our previous work16� suitable for the state un-
der consideration.

The minimization of the Rayleigh–Ritz functional with
respect to the ck coefficients leads to the secular equation

�H − �S�c = 0, �9�

where H and S are K�K Hermitian matrices of the
Hamiltonian and overlap integrals, with the elements Hkl

= 	�k�ĤŶ†Ŷ��l
 and Skl= 	�k�Ŷ†Ŷ��l
, respectively, and c is a
K-component vector of the linear expansion coefficients ck.

The lowest energy solutions of Eq. �9� represent the ground
state and the higher energy solutions represent excited states.
All of them remain upper bounds to the corresponding exact
energies regardless of any particular choice of the basis func-
tions and the values of the linear coefficients.

The differential of the secular Eq. �9� is

d�H − �S�c = �dH�c − �d��Sc − ��dS�c + �H − �S�dc .

�10�

Multiplying the above equation by c† from the left we obtain

d� = c†�dH − �dS�c . �11�

To get Eq. �11� we used Eq. �9� and assumed that the wave
function is normalized, c†Sc=1. Relation �11� is essentially
the same as the well known Hellmann–Feynman theorem.

Let �t be a vector of the nonlinear parameters the basis
function �t depends on. With that we can now determine the
complete energy gradient. As the tth row and tth column of
matrices H and S depend on �t, the derivative of any arbi-
trary element belonging to that row or that column of either
of the two matrices can be written as

�Hkl

��t
=

�Hkl

��t
�	kt + 	lt − 	kt	lt�, k,l,t = 1, . . . ,K , �12�

and

�Skl

��t
=

�Skl

��t
�	kt + 	lt − 	kt	lt�, k,l,t = 1, . . . ,K . �13�

Further, using Eqs. �11�–�13�, the derivative of the total en-
ergy, �, with respect to the parameters �t is

��

��t
= ct

��
l=1

K

cl� �Htl

��t
− �

�Stl

��t
� + ct�

l=1

K

cl
�� �Hlt

��t
− �

�Slt

��t
�

− ctct
�� �Htt

��t
− �

�Stt

��t
�

= 2Rct
��

l=1

K

cl� �Htl

��t
− �

�Stl

��t
�� − ctct

�� �Htt

��t
− �

�Stt

��t
� .

�14�

By calculating all such derivatives for all �k�k=1, . . . ,K� pa-
rameters, the complete energy gradient is obtained.

To make the calculations efficient it is best to evaluate
all derivatives of � with respect to the entire vech Lk vector
in a single step rather than performing separate differentia-
tion for individual parameters �Lk�11, �Lk�21, . . . , �Lk�nn be-
cause many of the operations in calculating the derivatives
are identical. With that, the calculation of Eq. �14� requires
the following derivatives of the H and S matrix elements:

�Hkl

��vech Lk�
,

�Hkl

��vech Ll�
,

�Skl

��vech Lk�
,

�Skl

��vech Ll�
. �15�

Now, we will derive the expressions for these derivatives.

D. Matrix elements

The overlap matrix element, Skl, for Gaussian basis
functions �k and �l is16

184106-3 Two lowest 3P states of the carbon atom J. Chem. Phys. 132, 184106 �2010�
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Skl = 	�k��l
 = 1
2
3n/2�Akl�−3/2� 1

2�1�2 + �3� , �16�

where �1=tr�Akl
−1Wk�, �2=tr�Akl

−1Wl�, �3=tr�Akl
−1WkAkl

−1Wl�,
and Akl=Ak+Al. Here and below vertical bars around a ma-
trix are used to denote the determinant of the matrix.

For code efficiency, it is advantageous to determine if
any of the traces involved in the formula for calculating an
overlap �or Hamiltonian� matrix element are equal to zero.
Having a zero trace can occur for two reasons: The first is
due to the sum of the diagonal elements simply adding to
zero; the second is due to all diagonal elements being zeros.
The latter case can be easily verified and, when it occurs,
appropriate simplifications can be made in the computer
code to avoid calculating such a trace. The verification in-
volves the analysis of the structure of the matrices whose
product is used to calculate the trace.

For example, by using the sparsity of Wk �Eq. �7��, its
product with the Akl

−1 matrix is found to be traceless. By
explicitly implementing the information regarding the spar-
sity in coding the formulas for the matrix elements and their

derivatives, one can effectively eliminate multiplications by
zeros and make the calculations significantly faster. While
only off-diagonal elements exist in Akl

−1Wk and Akl
−1Wl, the

product Akl
−1WkAkl

−1Wl is not traceless. There exist sets of
nonzero elements in Akl

−1Wk�i ,k� and Akl
−1Wl�k , i� that con-

tribute to the diagonal of Akl
−1WkAkl

−1Wl�i , i�. In this case the
trace is not zero and has to be calculated.

By considering the above, the formula for the overlap
integral �16� in our case simplifies to

Skl = 	�k��l
 = 1
2
3n/2�Akl�−3/2�3. �17�

This is the overlap integral formula used in calculating the
energy gradient. It should be noted that this formula cannot
be reduced or simplified any further.

The Hamiltonian matrix element, Hkl, consists of two
terms, the kinetic energy term, Tkl, and the potential energy
term, Vkl, where Hkl=Tkl+Vkl. The formula for kinetic en-
ergy term is

Tkl = 	�k� − �r�M�r���l
 = 
3n/2�Akl�−3/2� 1
2�1�2 tr�Akl

−1AkMAl� + �3 tr�Akl
−1AkMAl� + �1�tr�Akl

−1WlAkl
−1AkMAl� − tr�Akl

−1AkMWl��

+ �2�tr�Akl
−1WkAkl

−1AkMAl� − tr�Akl
−1WkMAl�� + 2�tr�Akl

−1WkAkl
−1WlAkl

−1AkMAl� + tr�Akl
−1WkMWl�

− tr�Akl
−1WkAkl

−1AkMWl� − tr�Akl
−1WlAkl

−1WkMAl� + tr�Akl
−1WlAkl

−1WkAkl
−1AkMAl��� , �18�

where M is the mass matrix and M=M � I3. In the M
matrix, the diagonal elements are set to
1 / �2m1� ,1 / �2m2� , . . . ,1 / �2mn�, while the off-diagonal ele-
ments are set to 1 / �2m0�. Again, m0 is the mass of the
nucleus and m1 , . . ., and mn are the electron masses. The
terms containing �1=tr�Akl

−1Wk� and �2=tr�Akl
−1Wk� are

again zero reducing the formula for the kinetic energy con-
tribution to the Hamiltonian matrix element to

Tkl = 	�k� − �r�M�r���l


= 
3n/2�Akl�−3/2��3 tr�Akl
−1AkMAl�

+ 2�tr�Akl
−1WkAkl

−1WlAkl
−1AkMAl� + tr�Akl

−1WkMWl�

− tr�Akl
−1WkAkl

−1AkMWl� − tr�Akl
−1WlAkl

−1WkMAl�

+ tr�Akl
−1WlAkl

−1WkAkl
−1AkMAl��� . �19�

The potential energy matrix element is

Vkl = 	�k�
1

rij
��l
 = 2
�3n−1�/2�Akl�−3/2�−1/2

��1

4
�1�2 +

1

2
�3 −

1

12
�−1��1 tr�Akl

−1WlAkl
−1J�

+ �2 tr�Akl
−1WkAkl

−1J� + 2 tr�Akl
−1WkAkl

−1WlAkl
−1J�

+ 2 tr�Akl
−1WlAkl

−1WkAkl
−1J��

+
1

20
�−2�2 tr�Akl

−1WkAkl
−1JAkl

−1WlAkl
−1J�

+ tr�Akl
−1WkAkl

−1J�tr�Akl
−1WlAkl

−1J��� , �20�

where J is a 3n�3n symmetric matrix, J=J � I3, with the
matrix J defined as

J = � Eii, i = j for ri

Eii + Ejj − Eij − Eji, i � j for rij ,
� �21�

where Eij is a matrix with one in the i , jth position and zeroes
elsewhere, and �=tr�Akl

−1J�. Applying again the same analysis
of traces as in the case of the overlap integral, the formula
for the potential energy matrix element reduces to

	�k�
1

rij
��l
 = 2
�3n−1�/2�Akl�−3/2�−1/2

��1

2
�3 −

1

6
�−1�tr�Akl

−1WkAkl
−1WlAkl

−1J�

+ tr�Akl
−1WlAkl

−1WkAkl
−1J��� . �22�
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Additionally the significant sparsity of the J matrix can be
explicitly considered in writing the computer code. With that
the number of operations used can be further reduced.

III. THE GRADIENT DERIVATION

Before differentiating the Hamiltonian matrix elements
with respect to vech Lk, it is useful to write the differential of
the Ak matrix,

dAk = �dLk�Lk� + LkdLk�, �23�

and the differential of Al,

dAl = P��dLl�Ll�P + P�LldLl�P , �24�

as these matrices contain the elements with which the deriva-
tives are determined. The differential of Akl is a sum of the
above two differentials,

dAkl = �dLk�Lk� + LkdLk� + P��dLl�Ll�P + P�Ll�dLl��P .

�25�

This differential can be extended to determine the differential
of Akl as

dAkl = dLkLk� + LkdLk� + P�dLlLl�P + P�LldLl�P

� dAkl � I3. �26�

All formulas for the Skl, Tkl, and Vkl matrix elements contain
the determinant of Ak and traces of matrix products involving
Akl

−1. The differential of the determinant of an arbitrary ma-
trix X, the differential of its inverse, and the differential of its
trace are

d�X� = �X�tr�X−1dX� , �27�

dX−1 = − X−1�dX�X−1, �28�

and

d tr�X� = tr�dX� . �29�

To show the gradient derivation, the overlap integral for-
mula �17� will be used, as it is the simplest of all three
formulas. Then the approach used there will be extended to
Eqs. �19� and �22�. Using Eqs. �27�–�29�, the differential of
the overlap matrix element �17� can be written as

dSkl = d	�k��l
 = − 1
2
3n/2�Akl�−3/2� 3

2 tr�Akl
−1dAkl��3 + d�3� ,

�30�

where

d�3 = tr�Akl
−1Akl

−1dAkWkAkl
−1Wl� + tr�Akl

−1WkAkl
−1dAlAkl

−1Wl�

= tr�Akl
−1WkAkl

−1WlAkl
−1dAk� + tr�Akl

−1WlAkl
−1WkAkl

−1dAl� .

�31�

As it is seen in the derivation of Eq. �31� the property of the
trace of a product of matrices was utilized. This property
allows a cyclic permutation of the matrices to be applied and
move the dAk and dAl differentials to the rightmost positions
in the respective matrix products. This is possible because a
cyclic permutation of matrices in the product under the
trance does not change the trace, i.e., tr�XY�=tr�YX�,
or more generally, tr�XYZ , . . . , PQ�=tr�YZ , . . . , PQX�
=tr�Z , . . . , PQXY�=¯.

Plugging in Eq. �26� to Eq. �31�,

d�3 = tr�Akl
−1WkAkl

−1WlAkl
−1�dLkLk� + LkdLk� + dLlLl� + LldLl��� + tr�Akl

−1WlAkl
−1WkAkl

−1�dLkLk� + LkdLk� + dLlLl� + LldLl���

= tr�Akl
−1WkAkl

−1WlAkl
−1dLkLk�� + tr�Akl

−1WkAkl
−1WlAkl

−1LkdLk�� + tr�Akl
−1WkAkl

−1WlAkl
−1dLlLl�� + tr�Akl

−1WkAkl
−1WlAkl

−1LldLl��

�32�

is obtained by using

tr�A + B� = tr�A� + tr�B� . �33�

To combine the dLk� term with the dLk term and the dLk� term with the dLk the following property of the trace involving matrix
transposition is applied:

tr�XYZ� = tr�Z�Y�X�� . �34�

Using relation �34� in Eq. �32� and transforming tr�Akl
−1dAkl�, also present in the overlap integral formula �30�, in the same way

d�3 was transformed we obtain

dSkl = d	�k��l
 = − 1
2
3n/2�Akl�−3/2� 3

2 �tr�Lk��Akl
−1 + Akl

−1��dLk� + tr�Ll��Akl
−1 + Akl

−1��dLl���3 + tr�Lk��Akl
−1WkAkl

−1WlAkl
−1

+ �Akl
−1WkAkl

−1WlAkl
−1���dLk� + tr�Ll��Akl

−1WkAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1WlAkl
−1���dLl� + tr�Lk��Akl

−1WlAkl
−1WkAkl

−1

+ �Akl
−1WlAkl

−1WkAkl
−1���dLk� + tr�Ll��Akl

−1WlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1WkAkl
−1���dLl�� . �35�
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Let us now list some useful properties of the vec and
vech operators. If X and Y are arbitrary square matrices and
L is a lower triangular matrix, then

�vec X��vec Y = tr�X�Y� , �36�

�vec X��vec L = �vech X��vech L . �37�

Both vec and vech operations transform a matrix into a vec-
tor. vec stacks the columns of a matrix one underneath the
other. Thus, it transforms an n�n matrix into an
n2-component vector. For example, if X is a 2�2 matrix
with elements Xij, then vec X is the following four-
component vector:

vec X =�
X11

X12

X21

X22

� . �38�

As described before, the second operator, vech, elements
transform an n�n matrix into an n�n+1� /2-component vec-
tor. For example, if X is a 3�3 matrix with elements Xij,
then vech X is the following six-component vector:

vech X =�
X11

X12

X13

X22

X23

X33

� . �39�

Using the vech operator, Eq. �30� can be written as

d	�k��l
 = 1
2
3n/2�Akl�−3/2��vech��Akl

−1 + Akl
−1��Lk��d vech Lk + vech��Akl

−1 + Akl
−1��Ll��d vech Ll��3 + vech��Akl

−1WkAkl
−1WlAkl

−1

+ �Akl
−1WkAkl

−1WlAkl
−1���Lk��d vech Lk + vech��Akl

−1WkAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1WlAkl
−1���Ll��d vech Ll

+ vech��Akl
−1WlAkl

−1WkAkl
−1 + �Akl

−1WlAkl
−1WkAkl

−1���Lk��d vech Lk + vech��Akl
−1WlAkl

−1WkAkl
−1

+ �Akl
−1WlAkl

−1WkAkl
−1���Ll��d vech Ll� . �40�

Equation �40� contains derivatives with respect to the
vech Lk and vech Ll vectors. However, it is computationally
advantageous that the derivatives are taken with respect to
vech Lk and vech Ll. To transform the expression
to the correct form, a transformation matrix, T, must be ap-
plied to the appropriate terms. This transformation matrix
has the dimension of �3n�3n+1� /2�� �n�n+1� /2� and is
defined as

T =
d vech Lk�vech Lk�

d�vech Lk��
. �41�

The notations vech Lk�vech Lk� indicate that the
3n�3n+1� /2-dimensional vector vech Lk is a function of the
n�n+1� /2-dimensional vector vech Lk. The derivative of

vech Lk with respect to vech Lk is defined as the
3n�3n+1� /2�n�n+1� /2 matrix of partial derivatives
whose ijth element is the partial derivative of the ith com-
ponent of vech Lk �a column vector� with respect to the jth
element of �vech Lk�� �a row vector�. It should be noted that
T is independent of index k and is a matrix consisting
of zeroes and ones. Equation �41� can be rearranged to the
following form:

d vech Lk = Td vech Lk, �42�

and a similar form for d vech Ll. Substituting d vech Lk and
d vech Ll in Eq. �40� with Eq. �42� and grouping terms with
vech Lk separately from vech Ll terms the following two de-
rivatives can be written:
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�	�k��l

� vech Lk

= −
1

2

3n/2�Akl

−1�3/2�3

2
vech��Akl

−1 + Akl
−1��Lk�tr�Akl

−1WkAkl
−1Wl� + vech��Akl

−1WkAkl
−1WlAkl

−1

+ �Akl
−1WkAkl

−1WlAkl
−1���Lk�T + vech��Akl

−1WlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1WkAkl
−1���Lk�T� , �43�

�	�k��l

� vech Ll

= −
1

2

3n/2�Akl

−1�3/2�3

2
vech��Akl

−1 + Akl
−1��Ll�tr�Akl

−1WkAkl
−1Wl� + vech��Akl

−1WkAkl
−1WlAkl

−1

+ �Akl
−1WkAkl

−1WlAkl
−1���Ll�T + vech��Akl

−1WlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1WkAkl
−1���Ll�T� . �44�

Applying the same operations as used to derive the derivatives for the overlap matrix element to the matrix elements for
kinetic and potential energies, Tkl and Vkl, their derivatives can be expressed. Nothing additional is required other than
meticulousness. These derivatives are

�Tkl

� vech Lk
=

�	�k� − �r�M�r���l

� vech�Lk�

= − 
3n/2�Akl�−3/2�3

2
vech��Akl

−1 + Akl
−1��Lk���3 tr�Akl

−1AkMAl� + 2�tr�Akl
−1WkAkl

−1WlAkl
−1AkMAl�

+ tr�Akl
−1WkMWl� + tr�Akl

−1WkAkl
−1AkMWl� + tr�Akl

−1WlAkl
−1WkMAl� + tr�Akl

−1WlAkl
−1WkAkl

−1AkMAl���

+ tr�Akl
−1AkMAl��vech��Akl

−1WkAkl
−1WlAkl

−1� + �Akl
−1WkAkl

−1WlAkl
−1���Lk� + vech��Akl

−1WlAkl
−1WkAkl

−1

+ �Akl
−1WlAkl

−1�WkAkl
−1���Lk��T + �3�vech��Akl

−1AkMAlAkl
−1� + �Akl

−1AkMAlAkl
−1���Lk� − vech��MAlAkl

−1

+ �MAlAkl
−1����Lk��T + 2�vech��Akl

−1WkAkl
−1WlAkl

−1AkMAlAkl
−1 + �Akl

−1WkAkl
−1WlAkl

−1AkMAlAkl
−1���Lk�

+ vech��Akl
−1WlAkl

−1AkMAlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1AkMAlAkl
−1WkAkl

−1���Lk�

+ vech��Akl
−1AkMAlAkl

−1WkAkl
−1WlAkl

−1 + �Akl
−1AkMAlAkl

−1WkAkl
−1WlAkl

−1���Lk� − vech��MAlAkl
−1WkAkl

−1WlAkl
−1

+ �MAlAkl
−1WkAkl

−1WlAkl
−1���Lk� + vech��Akl

−1WlAkl
−1WkAkl

−1AkMAlAkl
−1 + �Akl

−1WlAkl
−1WkAkl

−1AkMAlAkl
−1���Lk�

+ vech��Akl
−1WkAkl

−1AkMAlAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1AkMAlAkl
−1WlAkl

−1���Lk�

+ vech��Akl
−1AkMAlAkl

−1WlAkl
−1WkAkl

−1 + �Akl
−1AkMAlAkl

−1WlAkl
−1WkAkl

−1���Lk� − vech��MAlAkl
−1WlAkl

−1WkAkl
−1

+ �MAlAkl
−1WlAkl

−1WkAkl
−1���Lk� + vech��Akl

−1WkAkl
−1AkMWlAkl

−1 + �Akl
−1WkAkl

−1AkMWlAkl
−1���Lk�

+ vech��Akl
−1AkMWlAkl

−1WkAkl
−1 + �Akl

−1AkMWlAkl
−1WkAkl

−1���Lk� − vech��MWlAkl
−1WkAkl

−1

+ �MWlAkl
−1WkAkl

−1���Lk� + vech��Akl
−1WlAkl

−1WkMAlAkl
−1 + �Akl

−1WlAkl
−1WkMAlAkl

−1���Lk�

+ vech��Akl
−1WkMAlAkl

−1WlAkl
−1 + �Akl

−1WkMAlAkl
−1WlAkl

−1���Lk� + vech��Akl
−1WkMWlAkl

−1

+ �Akl
−1WkMWlAkl

−1���Lk��T� �45�

and
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�Tkl

� vech Ll
=

�	�k� − �r�M�r���l

� vech Ll

= − 
3n/2�Akl�−3/2�3

2
vech��Akl

−1 + Akl
−1��Ll���3 tr�Akl

−1AkMAl� + 2�tr�Akl
−1WkAkl

−1WlAkl
−1AkMAl�

+ tr�Akl
−1WkMWl� + tr�Akl

−1WkAkl
−1AkMWl� + tr�Akl

−1WlAkl
−1WkMAl� + tr�Akl

−1WlAkl
−1WkAkl

−1AkMAl���

+ tr�Akl
−1AkMAl��vech��Akl

−1WkAkl
−1WlAkl

−1� + �Akl
−1WkAkl

−1WlAkl
−1���Ll� + vech��Akl

−1WlAkl
−1WkAkl

−1

+ �Akl
−1WlAkl

−1�WkAkl
−1���Ll��T + �3�vech��Akl

−1AkMAlAkl
−1� + �Akl

−1AkMAlAkl
−1���Ll� − vech��Akl

−1AkM

+ �Akl
−1AkM����Ll��T + 2�vech��Akl

−1WkAkl
−1WlAkl

−1AkMAlAkl
−1 + �Akl

−1WkAkl
−1WlAkl

−1AkMAlAkl
−1���Ll�

+ vech��Akl
−1WlAkl

−1AkMAlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1AkMAlAkl
−1WkAkl

−1���Ll�

+ vech��Akl
−1AkMAlAkl

−1WkAkl
−1WlAkl

−1 + �Akl
−1AkMAlAkl

−1WkAkl
−1WlAkl

−1���Ll� − vech��Akl
−1WkAkl

−1WlAkl
−1AkM

+ �Akl
−1WkAkl

−1WlAkl
−1AkM���Ll� + vech��Akl

−1WlAkl
−1WkAkl

−1AkMAlAkl
−1 + �Akl

−1WlAkl
−1WkAkl

−1AkMAlAkl
−1���Ll�

+ vech��Akl
−1WkAkl

−1AkMAlAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1AkMAlAkl
−1WlAkl

−1���Ll�

+ vech��Akl
−1AkMAlAkl

−1WlAkl
−1WkAkl

−1 + �Akl
−1AkMAlAkl

−1WlAkl
−1WkAkl

−1���Ll� − vech��Akl
−1WlAkl

−1WkAkl
−1AkM

+ �Akl
−1WlAkl

−1WkAkl
−1AkM���Ll� + vech��Akl

−1WkAkl
−1AkMWlAkl

−1 + �Akl
−1WkAkl

−1AkMWlAkl
−1���Ll�

+ vech��Akl
−1AkMWlAkl

−1WkAkl
−1 + �Akl

−1AkMWlAkl
−1WkAkl

−1���Ll� + vech��Akl
−1WlAkl

−1WkMAlAkl
−1

+ �Akl
−1WlAkl

−1WkMAlAkl
−1���Ll� + vech��Akl

−1WkMAlAkl
−1WlAkl

−1 + �Akl
−1WkMAlAkl

−1WlAkl
−1���Ll�

− vech��Akl
−1WlAkl

−1WkM + �Akl
−1WlAkl

−1WkM���Ll� + vech��Akl
−1WkMWlAkl

−1 + �Akl
−1WkMWlAkl

−1���Ll��T� .

�46�

The derivative of the potential energy matrix elements is determined to be

�Vkl

� vech Lk
=

�	�k�
1

rij
��l


� vech Lk

= 2
�3n−1�/2�Akl�−3/2�−1/2��1

2
�−1 vech��Akl

−1JAkl
−1 + �Akl

−1JAkl
−1���Lk� −

3

2
vech��Akl

−1 + Akl
−1��Lk��

� �1

2
tr�Akl

−1WkAkl
−1Wl� −

1

6
�−1�tr�Akl

−1WkAkl
−1WlAkl

−1J� + tr�Akl
−1WlAkl

−1WkAkl
−1J���

+
1

2
�vech��Akl

−1WkAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1WlAkl
−1���Lk� + vech��Akl

−1WlAkl
−1WkAkl

−1

+ �Akl
−1WlAkl

−1WkAkl
−1���Lk��T +

1

6
�−1�vech��Akl

−1WkAkl
−1WlAkl

−1JAkl
−1 + �Akl

−1WkAkl
−1WlAkl

−1JAkl
−1���Lk�

+ vech��Akl
−1WlAkl

−1JAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1JAkl
−1WkAkl

−1���Lk� + vech��Akl
−1JAkl

−1WkAkl
−1WlAkl

−1

+ �Akl
−1JAkl

−1WkAkl
−1WlAkl

−1���Lk� + vech��Akl
−1WlAkl

−1WkAkl
−1JAkl

−1 + �Akl
−1WlAkl

−1WkAkl
−1JAkl

−1���Lk�

+ vech��Akl
−1WkAkl

−1JAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1JAkl
−1WlAkl

−1���Lk� + vech��Akl
−1JAkl

−1WlAkl
−1WkAkl

−1

+ �Akl
−1JAkl

−1WlAkl
−1WkAkl

−1���Lk��T −
1

6
�−2 vech��Akl

−1JAkl
−1 + �Akl

−1JAkl
−1���Lk��tr�Akl

−1WkAkl
−1WlAkl

−1J�

+ tr�Akl
−1WlAkl

−1WkAkl
−1J��� , �47�
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�Vkl

� vech Ll
=

�	�k�
1
rij

��l


� vech Ll

= 2
�3n−1�/2�Akl�−3/2�−1/2��1

2
�−1 vech��Akl

−1JAkl
−1 + �Akl

−1JAkl
−1���Ll� −

3

2
vech��Akl

−1 + Akl
−1��Ll��

� �1

2
tr�Akl

−1WkAkl
−1Wl� −

1

6
�−1�tr�Akl

−1WkAkl
−1WlAkl

−1J� + tr�Akl
−1WlAkl

−1WkAkl
−1J��� +

1

2
�vech��Akl

−1WkAkl
−1WlAkl

−1

+ �Akl
−1WkAkl

−1WlAkl
−1���Ll� + vech��Akl

−1WlAkl
−1WkAkl

−1 + �Akl
−1WlAkl

−1WkAkl
−1���Ll��T

+
1

6
�−1�vech��Akl

−1WkAkl
−1WlAkl

−1JAkl
−1 + �Akl

−1WkAkl
−1WlAkl

−1JAkl
−1���Ll� + vech��Akl

−1WlAkl
−1JAkl

−1WkAkl
−1

+ �Akl
−1WlAkl

−1JAkl
−1WkAkl

−1���Ll� + vech��Akl
−1JAkl

−1WkAkl
−1WlAkl

−1 + �Akl
−1JAkl

−1WkAkl
−1WlAkl

−1���Ll�

+ vech��Akl
−1JAkl

−1WkAkl
−1WlAkl

−1 + �Akl
−1JAkl

−1WkAkl
−1WlAkl

−1���Ll� + vech��Akl
−1WlAkl

−1WkAkl
−1JAkl

−1

+ �Akl
−1WlAkl

−1WkAkl
−1JAkl

−1���Ll� + vech��Akl
−1WkAkl

−1JAkl
−1WlAkl

−1 + �Akl
−1WkAkl

−1JAkl
−1WlAkl

−1���Ll�

+ vech��Akl
−1JAkl

−1WlAkl
−1WkAkl

−1 + �Akl
−1JAkl

−1WlAkl
−1WkAkl

−1���Ll��T −
1

6
�−2 vech��Akl

−1JAkl
−1 + �Akl

−1JAkl
−1���Ll�

��tr�Akl
−1WkAkl

−1WlAkl
−1J� + tr�Akl

−1WlAkl
−1WkAkl

−1J��� . �48�

IV. NUMERICAL ILLUSTRATION

The carbon in the ground 3P state has four s- and two
p-electrons �the electron configuration: 1s22s22p2�. As this is
the smallest atom with two p-electrons in the ground elec-
tronic state, it is a good model system to test the procedure
for calculating the energy gradient described in this work.
The calculations performed in this work have concerned,
apart from the ground state, also the first excited 3P state of
this system and the corresponding transition energy with re-
spect to the ground state. This energy is very well established
experimentally as 71 352.51 cm−1 �the transition between
the J=0 sublevels�.29

Before the calculations for the carbon atom were started,
the gradient procedure was tested for correctness. In the test-
ing we first compared the values of the derivatives of indi-
vidual Hamiltonian and overlap matrix elements determined
with respect to the elements of the Lk matrix with the deriva-
tives calculated using the numerical differentiation. After this
test was successfully completed, the derivatives of the total
energy were checked also against the values obtained using
the numerical differentiation.

The first test calculation for the carbon atom was per-
formed for the ground state of the 12C isotope with only ten
basis functions. For the initial values for the nonlinear pa-
rameters of these functions we used the orbital exponents
taken from the standard 3-21 G orbital Gaussian basis set.
Squares of these exponents were used as the diagonal ele-
ments of the Lk matrices in the initial guesses for the basis
functions and the off-diagonal elements of these matrices
were set to zero. Next a gradient-based optimization was
performed where the values of all Lk matrix elements of the
ten basis functions were simultaneously optimized. This and

the other optimizations performed in this work have been
done with the Broyden–Fletcher–Goldfarb–Shanno �BFGS�
algorithm. This algorithm is usually somewhat more efficient
for small and medium size optimization problems than the
conjugate gradient and limited-memory BFGS algorithms.
The full BFGS algorithm requires storing the complete Hes-
sian �or more precisely, the Cholesky factor of it�, which
becomes prohibitively expensive for problems with many
thousands of variables. However, for the calculations per-
formed in this work the storage requirements for the Hessian
update are moderate and the BFGS algorithm works effi-
ciently.

In Table I we show how the total energy and the norm of
the energy gradient were changing in that optimization as
functions of the iteration number �only values for interaction
numbers being whole multiples of 200 are shown�. As one
can see, it took the optimization procedure 1677 iterations to

TABLE I. The convergence of the total 12C atom energy and the gradient
norm in a global optimization calculation with ten ECGFs in the basis set.
The energy is in hartrees.

Iteration No. Energy Gradient norm

0 34.707 161 49 0.46�10−2

200 36.621 903 54 0.30�10−4

400 36.782 963 59 0.21�10−5

600 36.893 867 67 0.21�10−5

800 36.913 420 84 0.15�10−5

1000 36.919 845 57 0.13�10−6

1200 36.922 242 62 0.52�10−6

1400 36.923 386 06 0.30�10−7

1600 36.923 439 51 0.51�10−11

1677 36.923 439 52 0.38�10−15
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lower the gradient norm from about 10−2 to
10−15 hartree bohr. When the gradient norm approached
10−15 the variational energy in the given basis was converged
to ten significant figures. This type of optimization progress
is not unusual when a small basis set is optimized. For larger
basis set the progress of the optimization is usually much
slower due to a much larger number of the parameters opti-
mized �in the carbon calculations there are 21 parameters per
Gaussian; 10�21 total in the calculation with ten basis func-
tions� and due to a stronger interdependency between the
basis functions. The ten-function test showed to us that the
gradient procedure works correctly and, as expected, the
lowering of the gradient norm is accompanied by a system-
atic convergence of the energy.

A basis set of ten functions is also used to show the
advantage of the basis set optimization that involves the gra-
dient versus the optimization without the gradient. Both op-
timizations in the test have been performed for the ground
state of the 12C atom and both were started using the same
initial ten-function basis set. To quantity, which is compared,
is the total energy obtained after running the optimization for
one CPU hour. In the optimization that does not utilize the
gradient, this amount of CPU time allowed to lower the total
energy from the initial 33.505 631 97 to 35.132 739 46
hartree. In the optimization with the gradient, during the
same amount of time the energy was lowered to
35.926 912 85 hartree clearly showing the advantage of
utilizing the gradient in the variational energy minimization.

The next test was performed for the two 3P carbon states
mentioned above. Both states, i.e., the 2s22p2 3P ground
state considered in the first test and the 2s22p3p 3P state
have the same spatial symmetry. For each of the two states
the basis set was grown to the size of 500 functions by in-
cremental additions of sets of 20 �in the early stage of the
optimization� or 50 �when the number of functions exceeded
200� functions. In generating the new functions we used the
functions already included in the set. By randomly perturb-
ing the exponential parameters of these already included
functions and selecting those from the modified function set
that contribute the most to the energy the new subset of
functions to be added to the basis set was generated. The new
functions were subsequently optimized using the gradient-
based procedure. Two types of optimizations have been per-
formed. When the basis set contained less than 80 functions,
we used a “global” optimization approach where we simul-
taneously optimized all functions in the basis set. When the
basis set exceeded 80 functions, the optimization involved
tuning the parameters of only one function at the time and
cycling over the whole basis set several times. We found this
type of strategy to be more time efficient and robust for
larger basis sets than the simultaneous optimization of all
nonlinear parameters.

We should mention that besides the Lk parameters, there
are two integer parameters, ik and jk, in each Gaussian �6�
that can be optimized. Optimization of these parameters usu-
ally has a small effect on the energy, but for the sake of
completeness of the basis set, it needs to be performed espe-
cially if very accurate energy is sought for. In this work we
only optimized the value of the second parameter, jk, setting

the first to be equal to one in all basis functions �ik=1�. This
optimization was only done once for each function just after
the function was added to the basis set.

In Table II we show how the total energies of the two 3P
states of 12C converge with the number of basis functions.
Results obtained using the basis sets ranging from 100 func-
tions to 500 functions in increments of 100 are shown. We
also show the convergence of the transition energy. As one
can see, 500 functions are definitely not enough to achieve a
high level of convergence for the energy of either of the two
states. Thousands of Gaussians are needed to achieve the
spectroscopic accuracy in this case. However the results ob-
tained with basis sets with sizes up to 500 functions quite
adequately illustrate that the gradient procedure works effi-
ciently in lowering the energies of both states. We should add
that the number of the optimization cycles for smaller basis
sets was larger than for the larger sets �only three for the set
with 500 functions�. This was related to the amount of the
computer time we were able to allocate for this project. This
resulted in the energies for the smaller sets to be better opti-
mized than the energies obtained with the larger sets. As the
energy of the upper state �2s22p3p 3P� requires more opti-
mization cycles than the energy of the ground state to be
converged to a similar level, the transition energies obtained
with the basis sets containing 400 and 500 basis functions
are not as low as they would be, if more cycles were per-
formed. In Table II we also show the energies of the two
states calculated with 500 functions for �C. This was done
by setting the mass of the nucleus to infinity. In those calcu-
lations we used the 12C basis functions without reoptimizing
their exponential parameters �only the linear parameters of
basis functions were recomputed�.

The ground state energy converging faster than the en-
ergy of the excited state is due to more complicated nature of
the spatial wave function of latter state than the former. The
difference in the convergence patterns causes the transition
energy calculated as the difference between the total energies
of the two states to be an upper bound to the exact value.
Thus, as the number of basis functions increases the transi-
tion energy decreases. The target value of the experimental
transition energy of 71 352.51 cm−1 is still off by less than

TABLE II. The convergence of the total nonrelativistic energies of the
ground and first excited 3P states �2s22p2 3P and 2s22p3p 3P� of 12C and �C
and the corresponding transition energy with the number of basis functions.
Total energies are in hartrees and transition energies are in cm−1.

Basis size 2s22p2 3P 2s22p3p 3P Transition energy

12C
100 37.810 500 84 37.471 761 87 74 344.61
200 37.828 749 14 37.499 145 61 72 339.61
300 37.834 299 63 37.506 664 64 71 907.57
400 37.837 007 63 37.509 749 61 71 824.83
500 37.838 416 07 37.511 548 21 71 739.20

Experimenta 71 352.51

�C
500 37.840 128 79 37.513 262 95 71 738.76

aReference 29.
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400 cm−1 at the basis set size of 500 �where the result is
71 739.20 cm−1�, but the energy seems to be converging to
the right value. We should also mention that the contribution
of the relativistic and quantum electrodynamics effects �not
considered in the present work� to the 2s22p2→2s22p3p
transition energy may be quite significant—of the order of
102 cm−1.

As for the total energy of the ground state, our
lowest result obtained with 500 Gaussians for �C is
37.840 128 79 hartree. This value is significantly lower
than the previous best variational ground state upper bound
of 37.792 860 hartree obtained by Sundholm and Olsen30

in their finite-element multi-configuration Hartree-Fock cal-
culations with a large atomic orbital basis set. In our calcu-
lations the Sundholm and Olsen energy value was already
reached before the basis set size was increased to 80 ECGFs.
Our result can also be compared to the complete-basis-set
limit for the carbon ground state energy estimated by Woon
and Dunning31 to be 37.838 16 hartree based on their con-
figuration interaction results obtained with the aug-cc-
pCVXZ type basis sets. The comparison suggests that Woon
and Dunning slightly underestimated the magnitude of the
correlation energy contribution.

We should note that, in general, the results of a multipa-
rameter variational optimization can be dependent on the ini-
tial guess for the basis functions used to start the growing of
the basis set. However, as the growing progresses and the
basis set becomes more complete, the dependency of the
results on the initial guess should decrease to eventually
completely disappear at the limit of completeness. Another
problem, which seems to also become less severe as the basis
set becomes larger, are linear dependencies among ECGFs.
This problem is addressed in the calculations by examining
each new basis function before and after the function is op-
timized and added to the basis set for possible linear depen-
dency with all other functions already included in the basis
set. If a linear dependency appears, the new function is dis-
carded and a new function is generated. This process contin-
ues until a linearly independent function is found.

V. SUMMARY

In this work we presented formulas for calculating the
analytical derivatives of the total energy of an atom with two
p-electrons with respect to the exponential parameters of ex-
plicitly correlated all-electron Gaussian functions used to ex-
pand the wave function of the system. The derivatives, which
are collected in the gradient vector, have been employed in
the variational calculations concerning the ground and the
first excited 3P state of the carbon atom. As only 500 Gaus-
sians have been used in the calculations, the results concern-
ing the total energies of the two states, as well as the transi-
tion energy, are not converged to the spectroscopic accuracy.
However they clearly demonstrate the advantage of using the
analytical gradient in the variational energy minimization.
Even with only 500 Gaussians in the basis set, our lowest
energy of the carbon ground state is significantly lower that
the best literature result.

The present calculations have been carried out on a mul-
tiprocessor computer system using the MPI protocol. There
are two ways this project will further evolve in the future.
The first involves redesigning the procedure for the gradient-
based energy minimization procedure so it can be executed
with high efficiency using hundreds or even thousands of
processors. With that calculations for the carbon atom and
for other systems of similar size can be performed using
large basis sets capable of producing results with the spec-
troscopic accuracy. The second way involves calculations of
excited states of four- and five-electron atomic systems.
Those states can either be states with two p-electrons or
states with one d-electron, as the present approach can easily
be extended to those latter types of states.
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An algorithm for the variational calculation of atomic D states employing n-electron explicitly corre-
lated Gaussians is developed and implemented. The algorithm includes formulas for the first deriva-
tives of the Hamiltonian and overlap matrix elements determined with respect to the Gaussian nonlin-
ear exponential parameters. The derivatives are used to form the energy gradient which is employed
in the variational energy minimization. The algorithm is tested in the calculations of the two lowest D
states of the lithium and beryllium atoms. For the lowest D state of Li the present result is lower than
the best previously reported result. © 2011 American Institute of Physics. [doi:10.1063/1.3523348]

I. INTRODUCTION

Very accurate quantum mechanical calculations of the
ground and excited states of small atoms have always
provided the testing ground for new computational meth-
ods for atomic calculations. The testing has been pos-
sible due to the availability of very accurate gas-phase
spectra of these systems. An important group of states
for which such high accuracy experimental data are avail-
able are D states. For example, the NIST atomic spec-
tra database1 among the 182 states of the lithium atom
lists ten 2 D states which correspond to the electron con-
figurations 1s2nd, where n = 3, 4, . . . , 12. For the beryl-
lium atom among the 219 levels listed there are 11 1 D
states and 10 3 D states. The lowest 1 D state corresponds to
the electron configuration 1s22p2 and the rest to the config-
urations 1s2nd2, n = 3, 4, . . . , 12. The 3 D states correspond
to the configurations 1s2nd2, n = 3, 4, . . . , 12.

A literature search reveals that only the lowest 2 D state
of lithium has been calculated with high accuracy. The best to
date variational energy for this state was reported by Yan and
Drake2 and it is equal to −7.335 523 541 10(43) a.u. (an ex-
trapolated result). There are no calculations with similar ac-
curacy for the D states of beryllium. Part of the reason for
the lack of calculations of these states is due to the basis set,
which for most works concerning atomic levels has involved
Hylleraas type functions. These functions, while very effec-
tive in the calculations of two- and three-electron atoms,2–7

have not yet been extended to four-electron atoms due to dif-
ficulties with calculating the Hamiltonian matrix elements.

Another type of basis function that has been very popular
in high-accuracy atomic calculations are correlated Gaussian
functions that explicitly depend on the interelectron distances.
The most accurate results for four- and five-electron atoms
have been obtained with those functions.8–11 The main ad-
vantage of using Gaussians in atomic calculations is due to
the simplicity of the Hamiltonian and overlap integrals with
those functions, which can be evaluated analytically for an ar-
bitrary number of electrons. However, these functions cannot

satisfy the Kato cusps conditions and are too fast decaying at
large distances. As the calculations have shown8–11 these de-
ficiencies can be effectively remedied by using longer expan-
sions and by performing extensive optimization of the Gaus-
sian nonlinear parameters using the variational approach.

In this work we have derived and implemented algo-
rithms for calculating the Hamiltonian matrix elements with
explicitly correlated Gaussian functions for describing D
states of small atomic systems. We also derived and im-
plemented algorithms for calculating first derivatives of the
matrix elements determined with respect to the Gaussian
exponents. These derivatives are used to calculate the energy
gradient, which is employed in the variational optimization of
the Gaussian parameters. The variational energy minimiza-
tion is greatly accelerated if the energy gradient is available.
To test the algorithms, we have performed calculations of
two lowest 2 D states of lithium and two lowest 1 D states of
beryllium.

In the approach we use in this work we explicitly account
for the finite mass of the nucleus in the variational nonrela-
tivistic calculations. This is done by means of using a Hamil-
tonian that explicitly depends on the masses of all particles
including the mass of the nucleus (see Sec. I A). In this way
the results change when a different isotope is considered. The
approach also allows us to obtain results corresponding to an
infinite mass of the nucleus. Such results generated here for
lithium in the present work allow for a direct comparison with
the calculations performed by Yan and Drake.2

A. The Hamiltonian

We consider an atom with N particles (i.e., N − 1 elec-
trons and a nucleus). We start with the laboratory-frame
nonrelativistic Hamiltonian and we separate out the center-
of-mass motion. This is done by introducing an internal
Cartesian coordinate system centered at the nucleus. The sep-
aration of the center-of-mass motion is rigorous and results in
the laboratory Hamiltonian becoming a sum of the operator

0021-9606/2011/134(4)/044120/9/$30.00 © 2011 American Institute of Physics134, 044120-1
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representing the kinetic energy of the center-of-mass motion
and the following “internal” Hamiltonian:

Ĥ = −1

2

⎛
⎜⎝ n∑

i=1

1

μi
∇2

ri
+ 1

m0

n∑
i, j=1
i �= j

∇ri · ∇r j

⎞
⎟⎠

+
n∑

i=1

q0qi

ri
+

n∑
i> j=1

qi q j

ri j
, (1)

where n = N − 1, ri is the distance between the i th electron
and the nucleus, m0 is the nucleus mass and q0 is its charge,
qi are electron charges, and μi = m0mi/ (m0 + mi ) are elec-
tron reduced masses. The Hamiltonian (1) describes the
motion of n (pseudo)electrons, whose masses have been
changed to the reduced masses, in the central field of the
charge of the nucleus. This motion is coupled through the
Coulombic interactions,

n∑
i=1

q0qi

ri
+

n∑
i> j=1

qi q j

ri j
,

where ri j = |r j − ri |, and through the mass polarization term,

−1

2

n∑
i, j=1
i �= j

(1/m0) ∇ri · ∇r j .

II. THE BASIS SET

In this work we consider atomic D states correspond-
ing to electronic configurations where one or two electrons
of the n electron atom is occupying a non-s state. Examples of
such states include the above-mentioned 2 D 1s2nd1 states of
lithium and the 1 D and 3 D 1s22s1nd1 states of beryllium. To
describe an atomic state with a single d electron one, in princi-
ple, needs to use the following explicitly correlated Gaussian
function:

φk = (
x2

ik
+ y2

ik
− 2z2

ik

)
exp[−r′ (Ak ⊗ I3) r], (2)

where ik is an electron label whose value can vary from 1 to
n and is unique for each basis function. The prime indicates
the matrix/vector transpose; this notation is used throughout
this work. Ak in Eq. (2) is an n × n symmetric matrix, ⊗ is
the Kronecker product, I3 is a 3 × 3 identity matrix, and r is
a 3n vector that has the form

r =

⎛
⎜⎜⎜⎝

r1

r2
...

rn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1

y1

z1
...

xn

yn

zn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3)

We will denote (Ak ⊗ I3) in Eq. (2) as Ak . However, in the
wave functions of some of the D states there can be com-
ponents corresponding to two electrons being in p states
coupling to a D state. For example, the lowest 1 D state of

beryllium is dominated by the 1s22p2 configuration. Also, the
lowest 2 D state of lithium has a non-negligible contribution
from a similar configuration (1s12p2).2 Thus, the Gaussian
basis set that can best capture all the angular coupling effects
in D states is the following basis:

φk = (
xik x jk + y jk yik − 2zik z jk

)
exp[−r′(Ak ⊗ I3)r], (4)

where electron indices ik and jk are either equal or not equal
to each other.

We use a general quadratic form r′Wkr in place of
(xik x jk + yik y jk − 2zik z jk ) allowing for a more generalized ap-
proach in deriving the matrix elements. With that, our basis
functions are

φk = (r′Wkr) exp[−r′Akr], (5)

where Wk is a sparse 3n × 3n symmetric matrix that
for ik = jk comprises only three nonzero elements:
W3(ik−1)+1,3(ik−1)+1 = 1, W3(ik−1)+2,3(ik−1)+2 = 1, and
W3(ik−1)+3,3(ik−1)+3 = −2, and for ik �= jk it comprises
six elements: W3(ik−1)+1,3( jk−1)+1 = W3( jk−1)+1,3(ik−1)+1 = 1

2 ,
W3(ik−1)+2,3( jk−1)+2 = W3( jk−1)+2,3(ik−1)+2 = 1

2 , and
W3(ik−1)+3,3( jk−1)+3 = W3( jk−1)+3,3(ik−1)+3 = 1. It should
be noted that, in general, we could have used a nonsymmetric
matrix (for ik �= jk) Wk with only three nonzero elements
(yielding the same quadratic form) since there are only
three terms in Eq. (4). However, in practice it is much
more convenient to deal with symmetric Wk matrices as the
derivations of matrix elements becomes considerably simpler
in this case.

As the basis functions used in describing bound states
must be square integrable, restrictions must be imposed on the
Ak matrices. Each Ak matrix must be positive definite. Rather
than restricting the Ak matrix elements, which usually leads to
cumbersome constraints, we use the following Cholesky fac-
tored form of Ak : Ak = Lk L ′

k , where Lk is a lower triangular
matrix. With this representation, Ak is automatically positive
definite for any values of Lk ranging from ∞ to −∞. Thus,
the variational energy minimization with respect to the Lk pa-
rameters can be carried out without any restrictions. It should
be noted that the Lk L ′

k representation of Ak matrix does not
limit the flexibility of basis functions, because any symmet-
ric positive matrix can be represented in a Cholesky factored
form.

The linear expansion coefficients of the wave function in
terms of the basis functions and the elements of the Lk matri-
ces are optimization variables. Also, for each basis function
the ik and jk indices are optimized. This optimization is only
done once for each basis function when the function is first
added to the basis set.

III. THE HAMILTONIAN INTEGRALS AND THE
GRADIENT

In order to fully exploit the sparsity of the Wk matrices
and make the calculation more efficient, three cases have been
distinguished in the calculation of the Hamiltonian and over-
lap integrals. The first case concerns the integrals between the
basis functions with ik �= jk , the second case the integrals for
functions with ik = jk , and the third case the mixed integrals.
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Similar separation is applied in the calculation of the energy
gradient. As the integrals and the gradient are similar to those
published before for atomic states with two p electrons,12, 13

we only present the final formulas in the Appendix.
As the total atomic wave function must be antisymmet-

ric with respect to the permutation of the electron labels an
appropriate symmetry projection needs to be applied to each
basis function. In this work we use the spin-free formal-
ism. The Young projection operator, Ŷ , which imposes proper
symmetry, has to be applied only to the spatial part of the
wave function and thus to each basis function, Ŷφk . Ŷ is a lin-
ear combination of permutational operators, P̂γ , and, as the
Hamiltonian is invariant with respect to all permutations of
the electrons, in the calculation of the overlap and Hamil-
tonian matrix elements it is easy to arrange that the per-
mutational operators are applied to the ket only. In brief,
the ket functions in those matrix elements are operated on
with the permutation operator P̂ = Ŷ †Ŷ (the dagger stands
for conjugate), where the Ŷ operator can be derived using
the appropriate Young tableaux for the state under consid-
eration. For lithium in a 2 D and beryllium in a 1 D state
the Young operators can be chosen as Ŷ = (1̂ + P̂34)(1̂ − P̂23)
and Ŷ = (1̂ − P̂45)(1̂ − P̂23)(1̂ + P̂24)(1̂ + P̂35), respectively,
where the nucleus is labeled as 1, and the electrons are labeled
as 2, 3, 4, 5, 1̂ is the identity operator, and P̂i j is the permuta-
tion of the the i th and j th electron.

A. Total energy and energy gradient

The optimization of the linear expansion coefficients, the
Lk Gaussian parameters, and the ik and jk indices, is per-
formed in this work through the minimization of the standard
Rayleigh–Ritz variational energy functional. In the minimiza-
tion the energy gradient is employed. The calculation for each
state is performed independently from other states and the pa-
rameters of the basis functions are optimized specifically for
that particular state. In the process of generating the basis set,
we start with a small randomly selected set of functions and
this set is then grown by incremental additions of small groups
of functions. The added functions are generated randomly
based on the actual distribution of nonlinear parameters of
the functions already present in the basis set. At this step a
significant number of random candidates are generated and
only those that give the best improvement of the total energy
are selected. When a new group of functions is added to the
set their nonlinear parameters are optimized with the gradient-
based method. After this is finished the nonlinear parameters
of the entire basis set (one function at a time) are reoptimized.

IV. NUMERICAL TESTS

The first test of the approach developed in this work
concerns the lowest 2 D state of lithium. As mentioned this
state was calculated before by Yan and Drake.2 As their cal-
culation was performed with an infinite mass of the lithium
nucleus, we also first carried a calculation setting the mass
of the nucleus (m0) to infinity. The convergence of the to-
tal energy with the number of Gaussian functions in the ba-

TABLE I. The convergence of the total variational energy of the lowest 2 D
state of lithium with the number of Gaussians obtained in the present infinite-
nuclear mass variational calculations. The energies are in hartrees.

Basis set size Energy

1900 −7.335 523 530 70
2300 −7.335 523 538 22
2700 −7.335 523 540 89
3100 −7.335 523 541 96
3500 −7.335 523 542 51
3900 −7.335 523 542 82
1673a −7.335 523 540 35
∞a,b −7.335 523 541 10(43)

aFrom Ref. 2.
bThe energy obtained by extrapolating to infinity in terms of the parameter � used in
the integral formulas by Yan and Drake (Ref. 2).

sis set is shown in Table I. As one notices, the energy is
converged to about ten significant figures. The energy value
obtained in the present calculations with 3900 Gaussians of
–7.335 523 542 82(60) a.u. is lower than the previous best
variational upper bound of Yan and Drake2 by about 2 × 10−9

hartree. The Yan and Drake energy is obtained in our calcula-
tions with about 2600 Gaussians in the basis set. The lithium
test clearly shows that Gaussians can effectively describe the
D states of small atomic systems. Also, the agreement be-
tween Yan and Drake’s and our results give us confidence that
the algorithm and its implementation works correctly.

The next test concerns the energy differences between
the energies of the two lowest 2 D states of 7Li correspond-
ing to the electron configurations 1s23d1 and 1s24d1 and the
7Li 1s22s1 ground state energy. These energy differences can
be compared with the experimental values taken from the
NIST atomic spectra database.1 Here we used a finite nuclear
mass approach, which is possible in our scheme. The con-
vergence of the total nonrelativistic energies with the number
of basis functions obtained in those calculations are shown in
Table II. We also show in Table II the energy of the 7Li ground
state obtained in our previous work14 and the energy of 7Li+

calculated in this work. The latter value is used to determine
the 7Li nonrelativistic ionization potential (IP). The reason
we need the 7Li IP is to compare it with the relative ener-
gies of the 2 D states determined with respect to the energy
of the ground state. Such a comparison must show that in the
limit of exciting the d electron in 7Li to increasingly higher
2 D states, the relative energy should converge to the 7Li IP
as the electron becomes removed from the atom. Naturally,
as only two 2 D states are calculated in this work and not a
wider range of the Rydberg 1s2nd1 states is considered, the
consistency of the results and not the convergence will be
tested.

It should also be mentioned that, as the present results do
not include relativistic corrections, the agreement with the ex-
perimental values is not expected to be perfect. This is why we
need the IP value. If the algorithm implemented in this work
is correct, the difference between the experimental and calcu-
lated nonrelativistic IPs should be similar to the differences
between the calculated relative energies of the two 2 D states
of 7Li and their corresponding experimental counterparts. The
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TABLE II. The convergence of the total variational finite mass energies of the two lowest 2 D states of 7Li with the number of Gaussians. The total energies
are in hartrees and the ionization potentials (IP) in cm−1.

No. of basis functions 7Li 1s23d1 7Li 1s24d1 7Li+ 1s2 7Li 1s22s1

2600 −7.334 927 304 45 −7.310 595 236 10
2800 −7.334 927 304 88 −7.310 595 237 62
3000 −7.334 927 305 14 −7.310 595 238 65
3200 −7.334 927 305 41 −7.310 595 239 66
3400 −7.334 927 305 59 −7.310 595 240 28
3600 −7.334 927 305 75 −7.310 595 240 76
10000a −7.477 451 930 7
300b −7.279 321 516 83
400 −7.279 321 519 40
500 −7.279 321 519 72

Energy differencec 31280.54 36620.81 43484.60
Experimentd 31283.08 36623.38 43487.15
�e −2.54 −2.57 −2.55

aFrom Ref. 14.
bCalculations for 7Li+ have been performed in this work.
cCalculated relative to the ground 1s2 2s1 state of 7Li. For the 7Li 2D states the energies obtained with 3600 Gaussians were used. For 7Li+ the energy obtained with 500 Gaussians
was used.
dFrom Ref. 1.
eDetermined as the calculated energy difference minus the experimental energy difference.

results presented in Table II show that they are indeed very
similar. The IP of 7Li calculated at the nonrelativistic level
of 43 484.60 cm−1 is lower than the experimental value by
2.55 cm−1. This is very close to the differences between the
experimental and calculated relative energies of the two 2 D
states, which are 2.54 and 2.57 cm−1, respectively. Clearly,
the relativistic contribution to the relative energies of the 2 D
states of 7Li from the Rydberg d electron is very small. It
should be said that the present finite-mass calculations of the
two 2 D states of 7Li are the first ever performed. Also, these
are the first calculations that described the 1s24d1 2 D 7Li state
with a similar accuracy as the lower 1s23d1 2 D state.

The last test concerns the two lowest 1 D states of the
beryllium atom (9Be). This test is performed to show the ca-
pability of the method developed in this work to describe

D states of atoms with more than three electrons—the task
which is still out of reach for other types of explicitly cor-
related basis functions. The results of the beryllium cal-
culations are shown in Table III. Here we also show the
convergence of the total nonrelativistic energies for the 9Be
1s22p2 and 1s22s13d1 1 D states with the number of basis
functions and the relative energies with respect to the ground
1s22s2 1S state. As in Table II, the results also include the IP
value, as well as the experimental values taken from the NIST
atomic spectra database.1

First, as one notices, the total variational energies for
beryllium 1 D states are not as well converged with the
number of basis functions as the energies for the two 2 D
states of lithium. The lowest energy values corresponding to
configurations 1s22p2 and 1s22s13d1, which we obtained in

TABLE III. The convergence of the total variational finite mass energies of the two lowest 1 D states of 9Be with the number of Gaussians. The total energies
are in hartrees and the energy differences with respect to the ground state in cm−1.

No. of basis functions 9Be 1s22p2 9Be 1s22s13d1 9Be+ 1s22s1 9Be 1s22s2

1200 −14.407 341 480 5 −14.372 916 534 2
1300 −14.407 343 628 4 −14.372 918 282 8
1400 −14.407 345 233 1 −14.372 919 011 1
1500 −14.407 346 376 9 −14.372 920 572 8
1600 −14.407 347 946 1 −14.372 921 316 6
1700 −14.407 347 875 3 −14.372 921 585 6
1800 −14.407 348 488 2 −14.372 922 259 3
10000a −14.666 435 504
8000b −14.323 863 494 4

Energy differencec 56863.03 64418.71 75185.87
Experimentd 56882.43 64428.31 75192.64
�e −19.40 −9.60 −6.77

aFrom Ref. 15.
bFrom Ref. 16.
cCalculated relative to the ground 1s22s2 state of 9Be. For the 1 D Be states the energies obtained with 1800 Gaussians were used.
dFrom Ref. 1.
eDetermined as the calculated energy difference minus the experimental energy difference.
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our calculations are –14.407 348 488 2 and –14.372 922 259 3
a.u., respectively. We estimate that the remaining uncertainty
for these values is of the order of 10−6 a.u. It would take sev-
eral thousand Gaussians to converge them to the level of accu-
racy reached for lithium and such calculations will be carried
out in the future. However, even with the present results, the
agreement with the experiment for the relative energies is very
good. Also the difference between the calculated relative en-
ergies and the experimental energies seems to converge to the
IP calculated based on very accurate total energies of 9Be and
9Be+ taken from our previous works.15, 16 The results show
that, unlike for lithium, the relativistic correction to IP of 9Be
is almost three times smaller than for the relative energy of
the lowest 1 D state of this atom.

V. SUMMARY

The following has been accomplished in this work.

1. An algorithm for nonrelativistic variational calculations
of atomic D states has been developed and implemented.

2. The approach has been used to obtain new improved up-
per bound to the variational infinite-mass energy of the
lowest 2 D state of lithium.

3. High-accuracy lithium calculations have also been per-
formed for the two lowest 2 D states of the 7Li isotope
using the finite-mass regime enabled by the approach.
The results show very good agreement with the experi-
ment.

4. It has been demonstrated that the approach can be used
to carry out calculations of D states of an atomic system
with more than three electrons.

The work presented here will be extended in the future to
study wider range of Rydberg D states of the leading isotopes
of lithium and beryllium. The approach will also be used in
calculations of D states of atoms and atomic ions with more
than four electrons.

APPENDIX A: MATRIX ELEMENTS AND THE
GRADIENT

Below, we show the expressions for the Hamilto-
nian and overalp matrix elements and the corresponding

derivatives with respect to the Lk matrix elements. We do
not show how those quantities have been derived because the
procedure was very similar to that presented in our previous
works.12, 13

Let us first define a quantity common to the overlap, ki-
netic, and potential energy matrix elements:

η = tr
[
A−1

kl WkA−1
kl Wl

]
, (A1)

and a quantity common only to the kinetic energy matrix ele-
ment:

τ = tr
[
A−1

kl Ak M Al
]
. (A2)

In Eq. (A2) M is the mass matrix whose diagonal elements are
set to 1/(2m1), 1/(2m2), . . . , 1/(2mn), while the off-diagonal
elements are set to 1/(2m0). Again, m0 is the mass of the
nucleus and m1, . . . , mn are the electron masses. Next we
define

λ = tr
[
A−1

kl J
]
, (A3)

common only to the potential energy matrix element, where
matrix J has the following simple structure:

J =
{

Eii , i = j for ri

Eii + E j j − Ei j − E ji , i �= j for ri j

, (A4)

and Ei j is a matrix with 1 in the i, j th position and 0’s else-
where.

In addition to these quatities we also define opera-
tions used to determine the gradient formulas. First, the
“vech” operation transforms an n × n matrix into an n(n +
1)/2-component vector and, second, the transformation ma-
trix, T , formed by the first derivatives of the elements
of vech of a 3n × 3n matrix Lk (Ll) with respect to
the elements of vech of n × n matrix Lk (Ll). T is
defined as

T = d vech Lk (vech Lk)

d (vech Lk)′
≡ d vech Ll (vech Ll)

d (vech Ll )
′ . (A5)

The overlap integral for φk and φl basis functions is

〈φk |φl〉 = 1
2π3n/2|Akl |−3/2η, (A6)

and its derivatives with respect to vech Lk and vech Ll are

∂〈φk |φl〉
∂ vech Lk

= −1

2
π3n/2|A−1

kl |3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Lk

)
η

+ vech
((

A−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl WlA−1
kl

)′)
Lk

)T
+ vech

((
A−1

kl WlA−1
kl WkA−1

kl + (
A−1

kl WlA−1
kl WkA−1

kl

)′)
Lk

)T }
, (A7)

∂〈φk |φl〉
∂ vech Ll

= −1

2
π3n/2|A−1

kl |3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Ll

)
η

+ vech
((

A−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl WlA−1
kl

)′)
Ll

)T
+ vech

((
A−1

kl WlA−1
kl WkA−1

kl + (
A−1

kl WlA−1
kl WkA−1

kl

)′)
Ll

)T }
. (A8)
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The kinetic energy matrix element is

Tkl = 〈φk | − ∇′
rM∇′

r|φl〉 = π3n/2|Akl |−3/2
{
3ητ + 2

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMAl
] + tr

[
A−1

kl WkMWl
]

− tr
[
A−1

kl WkA−1
kl AkMWl

] − tr
[
A−1

kl WlA−1
kl WkMAl

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AkMAl
])}

, (A9)

and its derivative with respect to vech Lk and vech Ll are

∂Tkl

∂ vech Lk
= ∂〈φk | − ∇′

rM∇′
r|φl〉

∂ vech(Lk)

= −π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Lk

) (
3ητ + 2

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMAl
] + tr

[
A−1

kl WkMWl
]

+ tr
[
A−1

kl WkA−1
kl AkMWl

] + tr
[
A−1

kl WlA−1
kl WkMAl

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AkMAl
]))

+3τ
(

vech
((

A−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl WlA−1
kl

)′)
Lk

)
+ vech

((
A−1

kl WlA−1
kl WkA−1

kl + (
A−1

kl WlA−1
kl WkA−1

kl

)′)
Lk

))T
+3η

(
vech

((
A−1

kl Ak M Al A−1
kl + (

A−1
kl Ak M Al A−1

kl

)′)
Lk

)
− vech

((
M Al A−1

kl + (
M Al A−1

kl

)′)
Lk

))
+ 2

(
vech

((
A−1

kl WkA−1
kl WlA−1

kl AkMAlA−1
kl + (

A−1
kl WkA−1

kl WlA−1
kl AkMAlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WlA−1
kl AkMAlA−1

kl WkA−1
kl + (

A−1
kl WlA−1

kl AkMAlA−1
kl WkA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl AkMAlA−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl AkMAlA−1

kl WkA−1
kl WlA−1

kl

)′)
Lk

)
− vech

((
MAlA−1

kl WkA−1
kl WlA−1

kl + (
MAlA−1

kl WkA−1
kl WlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WlA−1
kl WkA−1

kl AkMAlA−1
kl + (

A−1
kl WlA−1

kl WkA−1
kl AkMAlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WkA−1
kl AkMAlA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl AkMAlA−1
kl WlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl AkMAlA−1
kl WlA−1

kl WkA−1
kl + (

A−1
kl AkMAlA−1

kl WlA−1
kl WkA−1

kl

)′)
Lk

)
− vech

((
MAlA−1

kl WlA−1
kl WkA−1

kl + (
MAlA−1

kl WlA−1
kl WkA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WkA−1
kl AkMWlA−1

kl + (
A−1

kl WkA−1
kl AkMWlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl AkMWlA−1
kl WkA−1

kl + (
A−1

kl AkMWlA−1
kl WkA−1

kl

)′)
Lk

)
− vech

((
MWlA−1

kl WkA−1
kl + (

MWlA−1
kl WkA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WlA−1
kl WkMAlA−1

kl + (
A−1

kl WlA−1
kl WkMAlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WkMAlA−1
kl WlA−1

kl + (
A−1

kl WkMAlA−1
kl WlA−1

kl

)′)
Lk

)
+ vech

((
A−1

kl WkMWlA−1
kl + (

A−1
kl WkMWlA−1

kl

)′)
Lk

))T }
, (A10)
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∂Tkl

∂ vech Ll
= ∂〈φk | − ∇′

rM∇′
r|φl〉

∂ vech Ll

= −π3n/2|Akl |−3/2

{
3

2
vech

((
A−1

kl + A−1′
kl

)
Ll

) (
ητ + 2

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMAl
] + tr

[
A−1

kl WkMWl
]

+ tr
[
A−1

kl WkA−1
kl AkMWl

] + tr
[
A−1

kl WlA−1
kl WkMAl

] + tr
[
A−1

kl WlA−1
kl WkA−1

kl AkMAl
]))

+3τ
(

vech
((

A−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl WlA−1
kl

)′)
Ll

)
+ vech

((
A−1

kl WlA−1
kl WkA−1

kl + (
A−1

kl WlA−1
kl WkA−1

kl

)′)
Lk

))T
+3η

(
vech

((
A−1

kl Ak M Al A−1
kl + (

A−1
kl Ak M Al A−1

kl

)′)
Ll

)
− vech

((
A−1

kl Ak M + (
A−1

kl Ak M
)′)

Ll
))

+2
(

vech
((

A−1
kl WkA−1

kl WlA−1
kl AkMAlA−1

kl + (
A−1

kl WkA−1
kl WlA−1

kl AkMAlA−1
kl

)′)
Ll

)
+ vech

((
A−1

kl WlA−1
kl AkMAlA−1

kl WkA−1
kl + (

A−1
kl WlA−1

kl AkMAlA−1
kl WkA−1

kl

)′)
Ll

)
+ vech

((
A−1

kl AkMAlA−1
kl WkA−1

kl WlA−1
kl + (

A−1
kl AkMAlA−1

kl WkA−1
kl WlA−1

kl

)′)
Ll

)
− vech

((
A−1

kl WkA−1
kl WlA−1

kl AkM + (
A−1

kl WkA−1
kl WlA−1

kl AkM
)′)

Ll
)

+ vech
((

A−1
kl WlA−1

kl WkA−1
kl AkMAlA−1

kl + (
A−1

kl WlA−1
kl WkA−1

kl AkMAlA−1
kl

)′)
Ll

)
+ vech

((
A−1

kl WkA−1
kl AkMAlA−1

kl WlA−1
kl + (

A−1
kl WkA−1

kl AkMAlA−1
kl WlA−1

kl

)′)
Ll

)
+ vech

((
A−1

kl AkMAlA−1
kl WlA−1

kl WkA−1
kl + (

A−1
kl AkMAlA−1

kl WlA−1
kl WkA−1

kl

)′)
Ll

)
− vech

((
A−1

kl WlA−1
kl WkA−1

kl AkM + (
A−1

kl WlA−1
kl WkA−1

kl AkM
)′)

Ll
)

+ vech
((

A−1
kl WkA−1

kl AkMWlA−1
kl + (

A−1
kl WkA−1

kl AkMWlA−1
kl

)′)
Ll

)
+ vech

((
A−1

kl AkMWlA−1
kl WkA−1

kl + (
A−1

kl AkMWlA−1
kl WkA−1

kl

)′)
Ll

)
+ vech

((
A−1

kl WlA−1
kl WkMAlA−1

kl + (
A−1

kl WlA−1
kl WkMAlA−1

kl

)′)
Ll

)
+ vech

((
A−1

kl WkMAlA−1
kl WlA−1

kl + (
A−1

kl WkMAlA−1
kl WlA−1

kl

)′)
Ll

)
− vech

((
A−1

kl WlA−1
kl WkM + (

A−1
kl WlA−1

kl WkM
)′)

Ll
)

+ vech
((

A−1
kl WkMWlA−1

kl + (
A−1

kl WkMWlA−1
kl

)′)
Ll

))T }
. (A11)

And finally, the potential energy matrix element is

Vkl = 〈φk | 1

ri j
|φl〉 = 2π (3n−1)/2|Akl |−3/2λ−1/2

{
1

2
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1
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(
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, (A12)

and its derivatives with respect to vech Lk and vech Ll are

∂Vkl

∂ vech Lk
=

∂〈φk | 1
ri j

|φl〉
∂ vech Lk

= 2π (3n−1)/2|Akl |−3/2λ−1/2

{(
1

2
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) − 3

2
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)
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Very accurate variational nonrelativistic calculations are performed for the five lowest Rydberg 2D states
(1s2nd1, n = 3, . . . ,7) of the lithium atom (7Li). The finite-nuclear-mass approach is employed and the wave
functions of the states are expanded in terms of all-electron explicitly correlated Gaussian function. Four thousand
Gaussians are used for each state. The calculated relative energies of the states determined with respect to the
2S 1s22s1 ground state are systematically lower than the experimental values by about 2.5 cm−1. As this
value is about the same as the difference between the experimental relative energy between 7Li+ and 7Li in
their ground-state energy and the corresponding calculated nonrelativistic relative energy, we attribute it to the
relativistic effects not included in the present calculations.

DOI: 10.1103/PhysRevA.83.012506 PACS number(s): 31.15.ac, 31.30.jf

I. INTRODUCTION

The NIST atomic spectra database [1] list 10 2D states
among the 182 states of the lithium atom. These states cor-
respond to the Rydberg electron configurations 1s2nd, where
n = 3,4, . . . ,12. A literature search reveals that only the lowest
state of this series has been calculated with high accuracy
using the variational method by Yan and Drake [2]. Their
energy obtained using the infinite-nuclear-mass approach
was −7.335 523 541 10(43) a.u. (an extrapolated result). We
recently recalculated this energy using an extended set of
explicitly (or exponentially) correlated Gaussian (ECG) basis
functions and we obtained the value −7.335 523 542 82 a.u.,
which is noticeably lower than that of Yan and Drake (in
the present work an even lower energy value of −7.335 523
542 97 a.u. was obtained). We also calculated the energy
of the lowest 2D state of 7Li, as well as the energy of the
second-lowest state, using the finite-nuclear-mass approach.
The calculation was an example included in the work [3] that
featured implementation of the ECG variational method for
calculating D states of small atomic systems. In that approach,
high accuracy of the results is achieved by employing the
analytical energy gradient determined with respect to the ECG
nonlinear parameters in optimizing those parameters by the
variational energy minimization [3–5].

Our ECG method for atomic D states [3] not only enables
us to perform calculations with an infinite nuclear mass, but
also enables finite-nuclear mass calculations. This is possible
because the Hamiltonian we use in the calculations is ob-
tained by rigorously separating out the center-of-mass motion
from the all-particle laboratory-frame Hamiltonian; thus, it
explicitly retains the dependency on masses of all particles
of the systems (the electrons and the nucleus). Therefore, the
energy of the ground and excited states determined in the
calculations at the basis set limit correspond to exact solutions
of the nonrelativistic Schrödinger equation.

Very accurate quantum mechanical calculations of the
ground and excited states of small atoms have always provided
testing grounds for new approaches for atomic calculations.
Very accurate gas-phase spectra of these systems make such

testing possible. Excited D states of small atoms are among
the most precisely measured [1]. Therefore, calculations using
state-of-the-art methods is an interesting undertaking.

As the ECG functions depend on the interelectron distances,
they provide a very effective basis for calculations that deal
with the electron correlation effects. Very accurate results for
three-, four-, and five-electron atoms (with all electrons in s

states or one electron in a p state and the rest in s states)
have been obtained with those functions [6–13]. The main
advantage of using Gaussians in atomic calculations is due
to the simplicity of the Hamiltonian and overlap integrals
with those functions, which can be evaluated analytically
in a compact form for an arbitrary number of electrons.
However, Gaussians do not satisfy the Kato cusps conditions
and are too fast decaying at large distances. These deficiencies
cause a certain slowdown of the convergence to the exact
nonrelativistic wave function. Fortunately, as the calculations
have shown [6–13], they can be effectively remedied by using
longer expansions and by performing extensive optimization
of the Gaussian nonlinear parameters using the variational
energy minimization.

II. THE HAMILTONIAN

The standard atomic quantum-mechanical calculations are
performed with infinite nuclear mass, that is, assuming the
Born-Oppenheimer (BO) approximation. If a higher accuracy
is needed, the BO energy is augmented by corrections
accounting for the finite mass of nucleus. As our approach
aims at calculating the atomic states with very high accuracy,
the account for the finite nuclear mass is done at the zero-order
level by using a Hamiltonian that explicitly depends on the
nuclear mass. This Hamiltonian, called the internal Hamil-
tonian, is obtained from the laboratory-frame nonrelativistic
Hamiltonian by rigorously separating out the center-of-mass
motion. For an atom with N electrons, this is done by a
transformation from the laboratory-frame coordinates to a new
set of coordinates comprising three Cartesian coordinates of
the center of mass and 3N − 3 internal Cartesian coordinates
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describing the positions of the electrons with respect to the
nucleus. By eliminating the center-of-mass motion we obtain
the following internal Hamiltonian:

Ĥ = −1

2

⎛
⎜⎜⎜⎝

n∑
i=1

1

µi

∇2
ri

+
n∑

i,j = 1
i �= j

1

m0
∇′

ri
∇rj

⎞
⎟⎟⎟⎠

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

, (1)

where n = N − 1, ri is the distance between the ith electron
and the nucleus, m0 is the nucleus mass (12 786.3933me for 7Li
and 10 961.898me for 6Li, where me = 1 is the electron mass),
q0 is its charge, qi are electron charges, and µi = m0mi/(m0 +
mi) are electron reduced masses. The Hamiltonian (1) de-
scribes the motion of n (pseudo)electrons, whose masses are
the reduced masses, in the central field of the nuclear charge.
This motion is coupled through the Coulombic interactions,∑n

i=1
q0qi

ri
+ ∑n

i>j=1
qiqj

rij
, where rij = |rj − ri |, and through

the mass polarization term, − 1
2

∑n
i,j = 1
i �= j

(1/m0)∇′
ri
∇rj

(prime

indicates the matrix or vector transpose).

III. THE BASIS SET

In this work we consider a Rydberg series of the five lowest
2D states of the lithium atom. Even though the states are
described as corresponding to the 1s2nd1, n = 3,4, . . . ,7,
configurations, they also contain small contributions from
other configurations, in particular the 1s12p2 configuration.
To effectively describe all these contributions with ECGs the
following functions need be included in the basis set [3]:

φk = (
xik xjk

+ yjk
yik − 2zik zjk

)
exp[−r′(Ak ⊗ I3)r], (2)

where electron labels ik and jk are either equal or not equal to
each other and they can vary from 1 to n. Ak in (2) is an n × n

symmetric matrix, ⊗ is the Kronecker product, I3 is a 3 × 3
identity matrix, and r is a 3n vector that has the form

r =

⎛
⎜⎜⎜⎝

r1

r2

...
rn

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

x1

y1

z1

...
xn

yn

zn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3)

Using the general quadratic form r′Wkr in place of (xik xjk
+

yik yjk
+ 2zik zjk

), we can write the basis functions (2) as

φk = (r′Wkr) exp[−r′Akr]. (4)

Wk is a sparse 3n × 3n symmetric matrix that
for ik = jk comprises only three nonzero elements,
W3(ik−1)+1,3(ik−1)+1 = 1, W3(ik−1)+2,3(ik−1)+2 = 1, and
W3(ik−1)+3,3(ik−1)+3 = −2, and for ik �= jk it comprises
six elements, W3(ik−1)+1,3(jk−1)+1 = W3(jk−1)+1,3(ik−1)+1 = 1

2 ,

W3(ik−1)+2,3(jk−1)+2 = W3(jk−1)+2,3(ik−1)+2 = 1
2 , and

W3(ik−1)+3,3(jk−1)+3 = W3(jk−1)+3,3(ik−1)+3 = 1.
As the basis functions (2) are used in expanding wave

functions of bound states, they have to be square integrable.
This happens if the Ak matrix is positive definite. Rather than
restricting the Ak matrix elements, which usually leads to cum-
bersome constraints, we use the following Cholesky factored
form of Ak: Ak = LkL

′
k , where Lk is a lower triangular matrix.

This makes Ak automatically positive definite for any values
of the Lk matrix elements ranging from ∞ to −∞. Thus,
the variational energy minimization with respect to the Lk

parameters can be performed without any restrictions. It should
be noted that the LkL

′
k representation of Ak matrix does not

limit the flexibility of basis functions, because any symmetric
positive matrix can be represented in a Cholesky factored form.

IV. THE WAVE FUNCTION AND ITS VARIATIONAL
OPTIMIZATION

Appropriate symmetry projections are used to make the
wave function antisymmetric with respect to the permutation
of the electron labels. In this work, we use the spin-free
formalism. In this formalism, the symmetry projections acting
on the spatial parts of the wave function, that is, the basis
functions, can be represented using the Young projection
operators, Ŷ , which are linear combinations of permutational
operators, P̂γ . As the Hamiltonian is invariant with respect
to all permutations of the electrons, in the calculation of the
overlap and Hamiltonian matrix elements the permutational
operators can be applied to the ket (or the bra) only. More
specifically, the ket basis functions in those matrix elements
are operated on with the permutation operator Ŷ †Ŷ (the dagger
stands for conjugate), where the Ŷ operator is derived using the
appropriate Young tableaux for the state under consideration
(for details of the formalism, see, for example, [14]). For
2D states of lithium the Young operator can be chosen as
Ŷ = (1̂ + P̂34)(1̂ − P̂23), where the nucleus is labeled as 1,
and the electrons are labeled as 2, 3, and 4, 1̂ is the identity
operator, and P̂ij is the permutation of the ith and j th electron
labels.

In the linear coefficients of the expansion of the wave
function in terms of the basis functions, the elements of the Lk

matrices are optimization variables. For each basis function
the ik and jk indices are also subject to optimization. The
optimization of ik and jk is only done once for each basis
function when the function is first added to the basis set.

The standard variational approach involving minimization
of the Rayleigh-Ritz variational energy functional is used in
the present calculations. The functional is minimized in terms
of the Lk Gaussian parameters and the ik and jk indices. As
described before [3], in the energy minimization with respect
to Lk , we employ the analytical gradient. The calculation for
each state is performed independently from other states and
the parameters of the basis functions are optimized specifically
for that particular state. In this process, the basis set is grown
from a small randomly selected set of functions or from a
small set taken from the next lower state to the final set of
4000 functions. In the growing process, functions are added to
the basis set one by one with the Lk parameters guessed based
on the parameters of the functions already included in the set.
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TABLE I. The convergence of the total variational finite-mass energies (in hartrees) of the five lowest 2D states of 7Li with the number of
the Gaussian basis functions. The 6Li and ∞Li energies are also shown for the basis set of 4000 Gaussians. In parantheses we show estimates
of the remaining error in the norelativistic energy.

Basis 1s23d1 1s24d1 1s25d1 1s26d1 1s27d1

7Li
1500 −7.334 926 995 76 −7.310 595 039 75 −7.299 333 955 70 −7.293 217 366 17 −7.289 528 735 55
2000 −7.334 927 301 78 −7.310 595 225 70 −7.299 334 059 55 −7.293 217 637 00 −7.289 529 803 71
2500 −7.334 927 304 17 −7.310 595 234 33 −7.299 334 083 67 −7.293 217 697 58 −7.289 530 047 16
3000 −7.334 927 305 17 −7.310 595 238 60 −7.299 334 093 11 −7.293 217 721 01 −7.289 530 114 13
3500 −7.334 927 305 66 −7.310 595 240 54 −7.299 334 096 82 −7.293 217 729 79 −7.289 530 142 67
4000 −7.334 927 305 99(60) −7.310 595 241 52(200) −7.299 334 098 85(300) −7.293 217 734 51(500) −7.289 530 165 34(2000)
6Li
4000 −7.334 828 079 52(60) −7.310 496 331 21(200) −7.299 235 334 92(300) −7.293 119 050 12(500) −7.289 431 528 90(2000)
∞Li
4000 −7.335 523 542 97(60) −7.311 189 578 43(200) −7.299 927 555 94(300) −7.293 810 713 64(500) −7.290 122 856 24(2000)

After a function is selected, its ik and jk indices and the Lk

parameters are optimized. At this stage, the function is checked
for any linear dependency with the functions already included
in the basis set and, if such linear dependency appears, the
function is rejected. After a certain number of new functions
are added, the whole set is reoptimized by cycling over all
functions one by one and reoptimizing their Lk parameters.
After parameters of a function are reoptimized, it is checked
for linear dependency with all other functions in the set. If
such dependency is found, the parameters of the functions are
reset to their values before the reoptimization.

This elaborate scheme used in the present work to avoid
linear dependency between the basis functions is necessary
to keep the calculation numerically stable. An instability may
arise if two or more functions become nearly identical and
their linear coefficients have opposite signs. In that case, some
undesirable and uncontrollable numerical noise may appear
in the energy eigenvalues, leading to inefficiencies or even
failures in the minimization process.

V. RESULTS

The present calculations target the lowest five states of the
2D Rydberg series of the lithium atom. The optimization of
the ECG basis sets for these states have been performed for
the 7Li isotope and then used to also calculate the 2D energy
levels of the 6Li isotope, as well as of the lithium atom with an
infinite nuclear mass (∞Li). The ∞Li are shown because they
can be compared with the results obtained in the standard way
that involves the BO approximation.

The first set of results is presented in Table I. It shows
the convergence of the total energies of the 7Li states with
the number of basis functions. In the table, we also show the
energies of 6Li and ∞Li calculated with 4000 ECGs, that is,
the largest basis sets used in the calculations. One can see
that the energies of all five states are very well converged. As
expected, the convergence is somewhat better for the lowest
states than for the upper states.

The next set of results is shown in Table II. It concerns the
relative energies of the five 2D states of 7Li, 6Li, and ∞Li with

TABLE II. Energies (in cm−1) of the five lowest 2D states of 7Li determined with respect to the ground 2S (1s22s1) state and their
comparison with the experimental energies. Only the results of the calculations performed with 4000 Gaussians are shown. The uncertainty of
the calculated values due to finite size of the basis is less than 0.01 cm−1.

1s23d1 1s24d1 1s25d1 1s26d1 1s27d1 1s2∞d1b

7Li
Calculateda 31 280.54 36 620.81 39 092.35 40 434.73 41 244.06 43 484.60
Experiment [1] 31 283.08 36 623.38 39 094.93 40 437.31 41 246.5 43 487.15
�c −2.54 −2.57 −2.58 −2.58 −2.44 −2.55
6Li
Calculateda 31 280.19 36 620.30 39 091.80 40 434.17 41 243.49 43 484.00
∞Li
Calculateda 31 283.21 36 623.90 39 095.62 40 438.12 41 247.51 43 488.22

aCalculated relative to the ground 1s22s1 state of Li. E(7Li) = −7.477 451 930 7 hartree, E(6Li) = −7.477 350 681 2 hartree, and E(∞Li) =
−7.478 060 323 8 hartree taken from [8].
bEnergy difference between the ground 1s22s1 state of Li and the ground 1s2 state of Li+. E(7Li+) = −7.279 321 519 72 hartree from [3], and
E(6Li+) = −7.279 223 016 09 hartree and E(∞Li+) = −7.279 913 412 58 hartree calculated in this work with 500 Gaussians.
cDetermined as the calculated energy difference minus the experimental energy difference.
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TABLE III. Energy differences (in cm−1) between adjacent 2D states of 7Li, 6Li, and ∞Li. For 7Li we show the convergence of the differences
with the basis-set size. For 6Li and ∞Li we only show the results obtained with 4000 Gaussians. For 7Li the results of the calculations are
compared with the experimental values.

Basis 1s23d1–1s24d1 1s24d1–1s25d1 1s25d1–1s26d1 1s26d1–1s27d1

7Li
1500 5340.25 2471.52 1342.44 809.56
2000 5340.27 2471.54 1342.40 809.39
2500 5340.27 2471.54 1342.39 809.35
3000 5340.27 2471.54 1342.39 809.34
3500 5340.27 2471.54 1342.39 809.33
4000 5340.27 2471.54 1342.39 809.33
Experiment [1] 5340.30 2471.55 1342.38 809.2
6Li
4000 5340.20 2471.50 1342.37 809.32
∞Li
4000 5340.69 2471.73 1342.49 809.39

respect to the corresponding ground 2S (1s22s1) states of these
systems. For 7Li, we also include the experimental values [1]
and the differences between those values and the calculated
ones. Since the present calculations do not include relativistic
and QED corrections, the agreement with the experimental
values cannot be expected to be perfect. As one can see, the
calculated values are systematically off from the experiment by
almost a constant value of −2.58 to −2.54 cm−1. This almost
constant discrepancy can be explained by the fact that the
magnitude of the relativistic and QED corrections changes very
little as the valence electron gets excited to increasingly higher
d state. The magnitude of the discrepancy is consistent with the
estimate of 3.4 cm−1 one can obtain using the simple Desclaux
approximation [15]. The discrepancy for the highest 1s27d1

state (−2.4 cm−1) is different from −2.58 cm−1 because
the experimental energy of this state is only given with one
significant figure after the decimal point.

There is an additional data point in the table which is
related to the energy difference between the Li and Li+ ground
states. The nonrelativistic value for this energy difference is
−2.55 cm−1 off from the experimental value. This number
is very similar to the other differences shown in the table, as
it should be, because, as those other differences correspond
to excitations of the valence electron to states which are
increasingly further removed from the atom, the Li/Li+
difference corresponds to the complete removal of the electron
from the atom.

In the last table, Table III, we show the energy differences
between adjacent 2D states for 7Li, 6Li, and ∞Li isotopes. For
7Li the calculated results are compared with values determined
from the experimental data. As the relativistic effects are

very similar for all five states, the energy differences agree
very well with the experiment. The 1s24d1 → 1s25d1 and
1s25d1 → 1s26d1 transitions only differ from the experiment
by 0.01 cm−1. However, for the 1s26d1 → 1s27d1 there is a
more noticeable difference mainly caused by not-so-accurate
experimental energy value for the 1s27d1 state. The results of
the present calculations allow for refinement of this energy.
This can be done by taking the experimental energy of
the 1s26d1 state of 40 437.31 cm−1 and adding to it our
very well-converged 1s26d1 − 1s27d1 energy difference of
809.33 cm−1. Due to a negligible contribution of the relativistic
and QED effects, the energy value of 41 246.64 cm−1 obtained
this way should be quite accurate. This value is slightly
different from the experimental value of 41 246.5 cm−1 in [1].
The same procedure can be applied to determine the energies
of the 2D states of 6Li, once the energy of the 1s23d1 level
becomes available from the experiment.

VI. SUMMARY

The following have been accomplished in this work.
(i) Very accurate variational calculations have been per-

formed for the first five Rydberg states of the 7Li atom using
all-electron ECG basis functions. The results agree very well
with the experimental data.

(ii) The calculated energies allow for slight refinement of
the energy of the 1s27d1 state of 7Li, which is known with
somewhat lower precision than the energies of the lower states.

(iii) The results obtained for 6Li may help in performing
measurements of yet unmeasured Rydberg 2D states of this
system.
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Very accurate variational non-relativistic calculations are performed for four higher Rydberg 2 D
states (1s2nd1, n = 8, . . . , 11) of the lithium atom (7Li). The wave functions of the states are ex-
panded in terms of all-electron explicitly correlated Gaussian functions and finite nuclear mass is
used. The exponential parameters of the Gaussians are optimized using the variational method with
the aid of the analytical energy gradient determined with respect to those parameters. The results of
the calculations allow for refining the experimental energy levels determined with respect to the 2S
1s22s1 ground state. © 2011 American Institute of Physics. [doi:10.1063/1.3591836]

I. INTRODUCTION

The NIST atomic spectra database1 lists ten 2 D states
among the 182 states of the lithium atom. These states cor-
respond to the Rydberg electron configurations 1s2nd, where
n = 3, 4, . . . , 12. An examination of the relative energies of
these states reveals that higher Rydberg states of these sys-
tems, as well as their isotopes and ions, have been measured
much less precisely than the lower lying states. For example,
while for the lowest four 2 D states of 7Li (the 1s23d1, 1s24d1,
1s25d1, and 1s26d1 states) the relative energies with respect
to the ground 2S 1s22s1 state are reported with the precision
of two significant digits after the decimal point (in wave num-
bers), the higher states (the 1s27d1, 1s28d1, and 1s29d1 states)
are reported with only one significant digit after the point,
and the highest states (the 1s210d1, 1s211d1, and 1s212d1

states) are reported with no digits after the point. Also, the
2 D 1s212d1 state is the highest for which the energy level is
given. It is equal to 42 725 cm−1.

Recently we presented a set of very high-level calcula-
tions performed for the lowest five 2 D of the 7Li atom where
the relative nonrelativistic energies of those states were con-
verged with the accuracy better than 0.01 cm−1.2 In the calcu-
lations we employed all-electron explicitly correlated Gaus-
sian functions and optimized their exponential parameters
with a variational approach that employs the analytical energy
gradient determined with respect to those parameters. 4 000
Gaussians were used for each state.

The gradient-aided optimization has been key to obtain
very accurate results in our calculations performed with
various types of explicitly correlated Gaussian basis func-
tions for a number of atomic and molecular systems.3–9

The algorithms for calculating the energy and the energy
gradient used in the 7Li 2 D-state calculations,2 as well as
in the present calculations, were presented in our previous
works.10–12 They have been derived using a non-relativistic
Hamiltonian that explicitly depends on the mass of the

a)Electronic mail: ludwik@u.arizona.edu.

nucleus. This Hamiltonian, called the internal Hamiltonian,
Ĥint , is obtained by rigorously separating the kinetic energy
of the center-of-mass motion from the laboratory-frame
Hamiltonian. Ĥint has the following form in atomic units:

Ĥint = −1

2

⎛
⎜⎝

n∑
i=1

1

μi
∇2

ri
+

n∑
i, j=1
i �= j

1

m0
∇′

ri
∇r j

⎞
⎟⎠

+
n∑

i=1

q0qi

ri
+

n∑
i> j=1

qi q j

ri j
, (1)

where n is the number of electrons, ri is the distance be-
tween the i th electron and the nucleus, m0 is the nucleus
mass (12 786.3933me for 7Li and 10 961.898me for 6Li,
where me = 1 is the electron mass), q0 is its charge, qi are
electron charges, and μi = m0mi/ (m0 + mi ) are electron
reduced masses. The Hamiltonian [Eq. (1)] describes the
motion of n (pseudo)electrons, whose masses are the reduced
masses, in the central field of the nuclear charge. This
motion is coupled through the Coulombic interactions,∑n

i=1
q0qi

ri
+ ∑n

i> j=1
qi q j

ri j
, where ri j = |r j − ri |, and through

the mass polarization term, − 1
2

∑n
i, j=1
i �= j

(1/m0) ∇′
ri
∇r j (prime

indicates the matrix/vector transpose).
As Ĥint is explicitly dependent on the mass of the nu-

cleus, it allows for direct calculation of energy levels of a par-
ticular isotope without resorting to accounting for the finite
mass of the nucleus using the perturbation approach. Such
perturbation calculations are performed in the commonly used
approach after the initial nonrelativistic calculation is done
with the mass of the nucleus set to infinity. The finite-nuclear-
mass calculation in this work are performed for the 6Li and
7Li isotopes. We have also performed infinite-nuclear-mass
calculations by setting the mass of the nucleus in Eq. (1) to
infinity.

0021-9606/2011/134(19)/194114/4/$30.00 © 2011 American Institute of Physics134, 194114-1
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II. THE REFINING PROCEDURE

Very accurate quantum mechanical calculations of the
ground and excited states of small atoms have always pro-
vided grounds for fruitful interplay between the experiment
and theoretical calculations. They make possible the testing
of new theoretical approaches for very accurate atomic calcu-
lations. However, the calculations we recently performed on
the five lowest Rydberg 2 D states of the 7Li atom 2 opens an-
other possible way of the theoretical/experimental interaction.
It involves refining the experimentally obtained energy levels
of high Rydberg states of small atoms with the theoretical cal-
culations. Such refining was suggested in the work concern-
ing the lowest five 2 D states of the 7Li atom.2 In that work
we showed that, when the excitation level increases from the
lowest 2 D 1s23d2 state to the fourth 1s26d2 state, the energy
difference between the experimental and the calculated en-
ergy converges to a constant value of −2.58 cm−1. As the dif-
ference is clearly due to not including in the calculations the
relativistic and QED effects, its constant value indicates that
these effects become virtually identical as the level of excita-
tion in the Rydberg series increases. An unexpected deviation
from the −2.58 cm−1 limit appears for the fifth 1s2 7d1 state.
This deviation happens not because the energy of this state
is less tightly converged in the calculations, but because the
experimental value is not as accurate as for the lower states.
Recall that this experimental value is given with only one sig-
nificant figure after the decimal point.1

Another interesting observation can be made by the anal-
ysis of the calculated and the experimental energy differences
(or transition energies) between adjacent 2 D states. As the
excitation level increases the calculated energy differences
converge almost exactly to the experimental energy differ-
ences. From the calculations, the differences are: 5340.27,
2471.54, and 1342.39 cm−1 for the transitions between the
1s23d1 ← 1s24d1, 1s24d1 ← 1s25d1, and 1s25d1 ← 1s26d1

states, respectively, and from the experiment they are 5340.30,
2471.55, and 1342.38 cm−11. Based on this trend and taking
into account that the calculated transitions are converged to
the level better than 0.01 cm−1, one would expect that for the
1s26d1 ← 1s27d1 transition the experiment and the calcula-
tion should give virtually the same transition energies, but this
again does not happen because the experiment is not precise
enough.

The above results allowed for refinement of the ex-
perimental energy of the 1s27d1 state reported as 41 246.5
cm−1 in Ref. 1. This is done by taking the experimen-
tal energy of the 1s26d1 state of 40 437.31 cm−1 and
adding to it our calculated, very well-converged, 1s27d1-
1s26d1 energy difference of 809.33 cm−1.2 Due to a
negligible contribution of the relativistic and QED effects,
the energy value of 41 246.64 cm−1 obtained this way
should be more accurate than the experimental value of
41 246.5 cm−1.1 In the present work the refining procedure is
applied to the energy levels of the 1s28d1, 1s29d1, 1s210d1,
and 1s211d1 2 D Rydberg states of 7Li. The experimental
energies of these states are reported as 41 771.3, 42 131.3,
42 389 and 42 578 cm−1,1 respectively. As it takes significant
effort to achieve tight enough convergence of the calcula-

tions for high Rydberg states to be used in the refinement,
considerable computational resources have been employed
in the present calculations. Besides 7Li we have also cal-
culated the energies of the corresponding 2 D states of 6Li
and ∞Li. The calculation for the latter system were done to
provide a reference for the conventional calculations done
with a fixed nucleus.

III. BASIS SET AND ITS OPTIMIZATION

The basis set of explicitly correlated Gaussians used in
this work to describe the 2 D states of the Li atom has the
following form:12

φk = (xik x jk + y jk yik − 2zik z jk ) exp[−r′(Ak ⊗ I3)r], (2)

where electron labels ik and jk are either equal or not equal
to each other and can vary from 1 to n. Ak in Eq. (2) is an
n × n symmetric matrix, ⊗ is the Kronecker product, I3 is a
3 × 3 identity matrix, and r is a 3n vector of the electron co-
ordinates. To assure that the Gaussians [Eq. (2)] are square
integrable – this happens when the Ak matrix is positive def-
inite – we use the following Cholesky factored form of Ak :
Ak = Lk L ′

k , where Lk is a lower triangular matrix with matrix
elements ranging from ∞ to −∞. With that, Ak is automat-
ically positive definite and the Gaussian is square integrable.
Also the variational minimization of the energy, if it is done
with respect to the Lk parameters, can be carried out without
any constraints.

We use the spin-free formalism to implement to correct
permutational symmetry of the wave function. In this formal-
ism, one constructs a symmetry projector acting on the spatial
parts of the wave function to enforce the desired symmetry
properties. The construction can be done using the standard
procedure involving Young operators as described, for exam-
ple, in Ref. 13. For 2 D states of lithium, the Young operator
can be chosen as: Ŷ=(1̂ + P̂34)(1̂ − P̂23), where the nucleus
is labeled as 1, and the electrons are labeled as 2, 3, and 4, 1̂
is the identity operator, and P̂i j is the permutation of the i th
and j th electron labels. As the internal Hamiltonian [Eq. (1)]
is fully symmetric with respect to all electron permutations,
in the calculation of the overlap and Hamiltonian matrix el-
ements, Ŷ may be applied to the ket basis functions only (as
Ŷ †Ŷ ).

The basis set for each of the four states considered in
this work has been optimized separately. The optimization
involved minimization of the variational energy functional
in terms of the Lk parameters and the ik and jk indices of
the Gaussians. As before, the analytical gradient has been
employed in the minimization. A more detailed description
of the procedure can be found in our previous works.2, 12 The
basis set optimization have been only performed for the 7Li
states. In the 6Li and ∞Li calculations we only readjusted
the linear expansion coefficients of the wave function in
terms of the Gaussians (through the diagonalization of the
Hamiltonian/overlap matrix).
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TABLE I. The convergence of the total variational nonrelativistic finite-nuclear-mass energies (in hartrees) of the 1s27d1, 1s28d1, 1s29d1, 1s210d1, and
1s211d12 D states of 7Li with the number of the Gaussian basis functions. The 6Li and ∞Li energies are also shown for the largest basis set of Gaussians used
for the particular.

Basis 1s27d1 1s28d1 1s29d1 1s210d1 1s211d1

7Li 2500 −7.289 530 047 16 −7.287 136 416 89 −7.285 494 619 23 −7.284 316 321 71 −7.283 431 377 49
3000 −7.289 530 114 13 −7.287 136 759 19 −7.285 495 308 73 −7.284 318 710 52 −7.283 438 066 11
3500 −7.289 530 142 67 −7.287 136 888 58 −7.285 495 777 44 −7.284 320 229 54 −7.283 444 693 31
4000 −7.289 530 165 34 −7.287 136 955 73 −7.285 496 027 21 −7.284 321 216 56 −7.283 448 518 87
4500 −7.289 530 175 47 −7.287 136 992 14 −7.285 496 180 65 −7.284 321 866 40 −7.283 450 758 38
5000 −7.287 137 013 90 −7.285 496 265 89 −7.284 322 271 47 −7.283 452 070 90
5500 −7.287 137 027 21 −7.285 496 323 31 −7.284 322 501 61 −7.283 452 874 54
6000 −7.287 137 036 58 −7.285 496 359 46 −7.284 322 641 12 −7.283 453 426 08
6500 −7.287 137 042 83 −7.285 496 385 62 −7.284 322 738 45 −7.283 453 824 34
7000 −7.285 496 404 42 −7.284 322 808 00 −7.283 454 092 25

6Li −7.289 431 539 04 −7.287 038 437 52 −7.285 397 820 45 −7.284 224 239 28 −7.283 355 534 82
∞Li −7.290 122 866 37 −7.287 729 546 68 −7.286 088 778 00 −7.284 915 091 83 −7.284 046 308 13

TABLE II. Energies (in cm−1) of the 1s28d1, 1s29d1, 1s210d1, and 1s211d12 D states of 7Li determined with respect to the ground 2 S (1s22s1) state and
their comparison with the experimental energies. The comparison also includes the results for the 1s25d1, 1s26d1, and 1s27d1 states taken from Ref. 2. Only
the results of the calculations performed with the largest basis set used for each state are shown.

1s25d1 1s26d1 1s27d1 1s28d1 1s29d1 1s210d1 1s211d1 1s2∞d1b

7Li Calculateda 39 092.35 40 434.73 41 244.04 41 769.29 42 129.41 42 386.96 42 577.64 43 484.60
Experiment1 39 094.93 40 437.31 41 246.5 41 771.3 42 131.3 42 389. 42 578. 43 487.15
�c −2.58 −2.58 (−2.5 ) (−2.0 ) (−1.9 ) (−2.0) (0.0) −2.55

6Li Calculateda 39 091.80 40 434.17 41 243.48 41 768.71 42 128.78 42 386.35 42 577.01 43 484.00
∞Li Calculateda 39 095.62 40 438.12 41 247.50 41 772.78 42 132.88 42 390.48 42 581.15 43 488.22

aCalculated relative to the ground 1s22s1 state of Li. E(7Li) = −7.477 451 930 7 hartree, E(6Li) = −7.477 350 681 2 hartree, and E(∞Li) = −7.478 060 323 8 hartree.
bEnergy difference between the ground 1s22s1 state of Li and the ground 1s2 state of Li+. E(7Li+) = −7.279 321 519 72, E(6Li+) = −7.279 223 016 09, and E(∞Li+)
= −7.279 913 412 58 hartree (from Ref. 12).
cCalculated energy difference minus experimental energy difference.

TABLE III. Energy differences (in cm−1) between the 1s27d1, 1s28d1, 1s29d1, 1s210d1, and 1s211d12 D states and the 1s26d1 2 D state of 7Li, 6Li, and
∞Li. For 7Li we show the convergence of the differences with the basis set size. For 6Li and ∞Li we only show the results obtained with the largest basis set
used for each state. For 7Li the results of the calculations are compared with the experimental values.

Basis 1s26d1 − 1s27d1 1s26d1 − 1s28d1 1s26d1 − 1s29d1 1s26d1 − 1s210d1 1s26d1 − 1s211d1

7Li 2500 809.35 1334.69 1695.02 1953.63 2147.85
3000 809.34 1334.62 1694.87 1953.11 2146.39
3500 809.33 1334.59 1694.77 1952.78 2144.93
4000 809.33 1334.58 1694.72 1952.56 2144.10
4500 809.33 1334.57 1694.69 1952.42 2143.60
5000 1334.56 1694.67 1952.33 2143.32
5500 1334.56 1694.65 1952.28 2143.14
6000 1334.56 1694.65 1952.25 2143.02
6500 1334.56 1694.64 1952.23 2142.93
7000 1694.64 1952.21 2142.87
Experiment1 809.2 1334.0 1694.0 1952.0 2141.0

6Li 809.32 1334.54 1694.61 1952.19 2142.84
∞Li 809.39 1334.66 1694.77 1952.36 2143.04
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TABLE IV. Energies (in cm−1) of the 1s27d1, 1s28d1, 1s29d1, 1s210d1,
and 1s211d12 D states of 7Li obtained by adding the best values of the cal-
culated 1s2nd1 − 1s26d1 (n = 7, . . . , 11) energy differences to the experi-
mental energy of the 1s26d1 state of 40 437.31 cm−1. Rough estimates of
the errors of the calculated energies are given in parentheses.

State Calculation Experiment

1s27d1 41 246.64(1) 41 246.5
1s28d1 41 771.87(1) 41 771.3
1s29d1 42 131.95(2) 42 131.3
1s210d1 42 389.52(10) 42 389.0
1s211d1 42 580.18(30) 42 578.0

IV. RESULTS

While it was sufficient to use 4 000 Gaussians in the
basis set to achieve the sub 0.01 cm−1 convergence of the
transition energies for the five lowest 2 D Rydberg states
of 7Li, in the calculations of higher members of the series
more basis functions are needed to achieve the satisfactory
convergence of the energy. As it is shown in Table I, it takes
6 000 Gaussians to have eight digits in the energy of the
1s28d1 state converge, but even with 7 000 Gaussians the
seventh digit of the energy of the 1s211d1 state is not quite yet
converged. In Table I we also show the energies for 6Li and
∞Li obtained with the basis sets generated for 7Li without
reoptimization of the Gaussian exponential parameters.

The energies from Table I obtained with the largest basis
set generated for each state are used to determine the rela-
tive energies with respect to the ground 1s22s1 state shown in
Table II. The comparison of these energies with the 7Li exper-
imental values1 shows that (as mentioned above), where those
latter values are available with the accuracy of two significant
figures after the decimal point, the calculated/experimental
difference is constant and equal to −2.58 cm−1. This differ-
ence (see Table II) is, as one can expect, very close to the dif-
ference between the calculated and experimental ionization
energies of 7Li of −2.55 cm−1. In the table, the ground 1s2

state of 7Li+ is called 1s2∞d1 for consistency. The reason
the value of the difference is not exactly equal to −2.58 cm−1

can be related to the relativistic and QED effects in the 1s2nd1

states not being quite yet constant with the n value at n = 11.
In order for the refinement procedure to work, the en-

ergy difference between the 1s26d1 state (the highest state for
which the experimental energy is determined with two signif-
icant digits after the decimal point) and the 1s2nd1, where n
> 6, has to be well converged. This convergence is shown in
Table III. As one can see, while the values of the difference
for the n = 7, 8, and 9 states are essentially converged, the

convergence for the next state (n = 10) is within 0.03-0.10
cm−1 and for the n = 11 state it is about 0.1–0.3 cm−1.
Clearly, more basis functions are needed to fully converge the
energy for this last state. Though it is doable, at present it ex-
ceeds the practical limits of our computational capabilities.

The (1s2nd1-1s26d1) energy differences obtained with
the largest basis sets generated for particular states, along with
the experimental energy of the 1s26d1 state and the above-
described refinement procedure are used to generate the es-
timates for the energies of the 1s2nd1, n = 7, . . . , 11, states.
These estimates are compared with the experimental values
in Table IV. Based on the convergence patterns we assigned
to each energy a rough estimate of the error. The comparison
allows us to claim that the refined values of the state energies
are more accurate than the experimental counterparts.

V. SUMMARY

In conclusion, it should be noted that at present time the
above refinement procedure can only be applied to higher
Rydberg states where the relativistic and QED contributions
to the transition energies between the considered states are
negligible. Also, the procedure assumes that relatively high
Rydberg state is experimentally very accurately determined
(in our case it is the 1s26d1 state for the 2 D Rydberg series
of the 7Li atom). The same procedure can also be applied to
determine the energies of states not yet experimentally mea-
sured such as the 1s2nd1 2 D Rydberg states of 7Li for n > 12.
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Very accurate variational nonrelativistic finite-nuclear-mass calculations employing all-electron
explicitly correlated Gaussian basis functions are carried out for six Rydberg 2D states (1s2nd, n
= 6, . . . , 11) of the 7Li and 6Li isotopes. The exponential parameters of the Gaussian functions are
optimized using the variational method with the aid of the analytical energy gradient determined
with respect to these parameters. The experimental results for the lower states (n = 3, . . . , 6) and
the calculated results for the higher states (n = 7, . . . , 11) fitted with quantum-defect-like formulas
are used to predict the energies of 2D 1s2nd states for 7Li and 6Li with n up to 30. © 2013 AIP
Publishing LLC. [http://dx.doi.org/10.1063/1.4801855]

I. INTRODUCTION

Atoms in highly excited Rydberg states are formed in the
interstellar medium due to the interaction with ultraviolet and
X-rays radiations from various space objects.1, 2 They are also
formed due to interaction with high energy particles in shock
waves resulting from supernova explosions and interstellar
clouds collisions.3 Thus, astronomers have observed infrared
radiation originating from transitions between excited states
of Rydberg atoms (RA) (hydrogen, helium, lithium) with the
principal quantum numbers varying in a large range of values.
Based on the infrared radiation, one can estimate the popula-
tion of states of the Rydberg atoms in stellar atmospheres,
atmospheres of cooling stars (dwarfs), planetary nebulas, and
clouds of interstellar gas. In the laboratory methods for inves-
tigating RA became widely established in the 1980s.4 These
methods not only allowed increasing the effectiveness of clas-
sical single-photon light excitation but also made it possible
to use two-photon excitations in RA studies. There has also
been considerable interest in the processes of collisional ion-
ization of highly excited atoms due to its practical use in laser
atom cooling, Bose-Einstein condensation, controlling exci-
tation processes of single atoms, creating quantum computer
logical units, quantum teleportation, etc. Naturally occurring
lithium is composed of two stable isotopes, 6Li and 7Li, with
the latter being by far the more abundant one: about 92.5% of
the atoms. 6Li and 7Li are two of the primordial nuclides that
were produced in the Big Bang. A small percentage of 6Li is
also known to produced by nuclear reactions in certain stars.5

The NIST atomic spectra database6 lists four series of
Rydberg states of the 7Li isotope corresponding the follow-
ing electronic configurations: 1s2ns, 1s2np, 1s2nd, and 1s2nf.
Among them there are ten 2D 1s2nd states, with n = 3, 4, . . . ,

a)Author to whom correspondence should be addressed. Electronic mail:
ludwik@u.arizona.edu

12. In Table I, the experimental energies of these states deter-
mined with respect to the 2S 1s22s state taken from Refs. 6
and 7 are listed and it is important to notice that the precision
of the measurements decreases as n increases. For the low-
est four 2D states of 7Li and 6Li, namely, the 1s23d, 1s24d,
1s25d, and 1s26d states, the relative energies with respect
to the ground 2S 1s22s state are known from Ref. 7 with
the precision of 3–4 significant digits after the decimal point
(in wavenumbers). The energies of four higher states of 7Li,
1s27d, 1s28d, and 1s29d, are known from Ref. 6 with only one
significant digit after the point. The highest states measured,
the 1s210d1, 1s211d1, and 1s212d1 states, are reported with no
digits after the point.

Recently, we presented a set of high accuracy calcula-
tions performed for the lowest nine 2D of the 7Li atom where
the relative nonrelativistic energies of the lower states were
converged with the accuracy better than 0.01 cm−1.8, 9 In the
calculations we employed all-electron explicitly correlated
Gaussian functions and optimized their exponential param-
eters with a variational approach that employs the analytical
energy gradient determined with respect to those parameters.
In this work, we have significantly increased the accuracy of
the calculations of the upper six of the previously calculated
nine 2D states of 7Li by adding more basis functions to the ba-
sis set for each state. For example, the basis set for the ninth
state (1s211d) now consists of 11 000 Gaussians, up by 4000
from the previously used 7000.9 The accuracy achieved in the
calculation is now sufficient to extrapolate the energies of the
Rydberg 2D 1s2nd states of both 6Li and 7Li up to n = 30.
In generating the predictions, we use the quantum-defect and
other simple related formulas.

Technical details of the algorithms for calculating the en-
ergy and the energy gradient used in Refs. 8, 9, and 12, as well
as in the present calculations, were presented in our previ-
ous works.10, 11 These algorithms were derived using the non-
relativistic Hamiltonian obtained by explicitly and rigorously

0021-9606/2013/138(16)/164308/6/$30.00 © 2013 AIP Publishing LLC138, 164308-1
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TABLE I. Experimental energies (in cm−1) of the 1s2nd, n = 3, . . . , 12, 2D
states of 7Li determined with respect to the ground 2S (1s22s) state.

n J 7Li6 7Li7 6Li7

3 3/2 31 283.08 31 283.0505(10) 31 282.6062
5/2 31 283.12 31 283.0866(10) 31 282.6423

4 3/2 36 623.38 36 623.3360(10) 36 622.8217
5/2 36 623.40 36 623.3511(10) 36 622.8368

5 3/2 39 094.93 39 094.861 39 094.310
5/2 39 094.94 39 094.869 39 094.318

6 3/2 40 437.31 40 437.220 40 436.633
5/2 40 437.32 40 437.220 40 436.633

7 3/2, 5/2 41 246.5
8 3/2, 5/2 41 771.3
9 3/2, 5/2 42 131.3
10 3/2, 5/2 42 389.0
11 3/2, 5/2 42 578.0

separating out the kinetic energy of the center-of-mass motion
from the laboratory all-particle (nucleus+electrons) Hamilto-
nian. This Hamiltonian, called the internal Hamiltonian, Ĥint,
has the following form in atomic units:

Ĥint = −1

2

⎛
⎜⎝

N∑
i=1

1

μi

∇2
ri

+
N∑

i,j=1
i �=j

1

m0
∇′

ri
∇rj

⎞
⎟⎠ +

N∑
i=1

q0qi

ri

+
N∑

i>j=1

qiqj

rij

, (1)

where N is the number of electrons, ri is the distance be-
tween the ith electron and the nucleus, m0 is the nucleus mass
(12 786.3933me for 7Li and 10 961.898me for 6Li, where me =
1 is the electron mass), q0 is its charge, qi are electron charges,
μi = m0mi/(m0 + mi) are electron reduced masses, and prime
indicates the matrix/vector transpose.

As Ĥint is explicitly dependent on the mass of the nu-
cleus, it allows for direct calculation of energy levels of a
particular isotope without resorting to accounting for the ef-
fect due to the finite-mass of the nucleus using the perturba-
tion approach. Such perturbation approach is used in conven-
tional calculations after the initial nonrelativistic calculations
are done with the mass of the nucleus set to infinity. The finite-
nuclear-mass (FNM) calculation in this work are performed
for the 6Li and 7Li isotopes. Infinite-nuclear-mass (INM) cal-
culations are also done by setting the mass of the nucleus
in (1) to infinity.

II. BASIS SET AND ITS OPTIMIZATION

The following explicitly correlated Gaussians (ECG) are
used in this work to describe the 2D 1s2nd Rydberg states of
the Li atom,8, 9, 12

φk = (xik xjk
+ yjk

yik − 2zik zjk
) exp[−r′ (Ak ⊗ I3) r], (2)

where electron labels ik and jk are either equal or not equal to
each other and can vary from 1 to n. Ak in (2) is an n × n sym-
metric matrix, ⊗ is the Kronecker product, I3 is a 3 × 3 iden-
tity matrix, and r is a 3n vector of the electron coordinates.

The square-integrability of the Gaussians (2) is enforced by
representing the Ak matrix in the following Cholesky-factored
form: Ak = LkL

′
k , where Lk is a lower triangular matrix with

matrix elements ranging from ∞ to −∞. In such a form Ak is
automatically positive definite and the Gaussian is square in-
tegrable. The elements of the Lk matrices are the parameters
which are optimized in the variational energy minimization. It
is important that this minimization can be carried out without
any constraints.

The Pauli principle requires that the total wave function
of the system be antisymmetric with respect to permutations
of fermions. In our calculations, we have employed the spin-
free formalism that allows to simplify the treatment of the per-
mutational symmetry and deal with just the spatial part of the
wave function. In this formalism, one constructs an appropri-
ate symmetry projector acting on the spatial part of the wave
function. The construction of the projector can be done us-
ing the standard procedure involving Young operators as de-
scribed, for example, in Ref. 13. For doublet states of lithium,
the Young operator can be chosen as: Ŷ = (1̂ + P̂34)(1̂ − P̂23),
where the electrons are labeled as 2, 3, and 4 (the nucleus is
labeled as 1), 1̂ is the identity operator, and P̂ij is the per-
mutation of the ith and jth electron labels. As the internal
Hamiltonian (1) is fully symmetric with respect to all electron
permutations, in the calculation of the overlap and Hamilto-
nian matrix elements, Ŷ may be applied to the ket basis func-
tions only (as Ŷ †Ŷ ).

The basis set for each of the states considered in this work
has been generated and optimized separately. The optimiza-
tion involves minimization of the variational energy func-
tional in terms of the Lk parameters and the ik and jk indices
of the Gaussians. The basis-set growing process starts with
a small number of ECGs and involves incremental additions
of more functions, optimizing their Lk parameters and the ik
and jk indices, and then reoptimizing the parameters of all
ECGs in the basis set. As mentioned, the analytical gradient
is employed in the minimization. A more detailed description
of the procedure can be found in our previous works.8, 9, 12

The basis set optimization has been only carried out for the
states of the main 7Li isotope. In the 6Li and ∞Li calcula-
tions, we only readjusted the linear coefficients of the ECG
wave-function expansion (through the diagonalization of the
Hamiltonian/overlap matrix).

Significant computational effort has been invested in
increasing and reoptimizing the basis sets for states with
n = 7, . . . , 11 in comparison with our previous works8, 9

where the maximal number of ECGs used was 7000. For ex-
ample, for the n = 11 state the basis set was increased to as
many as 11 000 functions. The new improved energies for the
n = 7, . . . , 11 states are shown in Table II. We only show
the results obtained with larger basis sets than those used in
our previous calculations.8, 9 As one can see, for all six states
the energies are noticeably lower that those calculated before.
Particularly improved is the energy of the highest n = 11 state.
The energies for 6Li and ∞Li computed with the largest basis
set generated for a particular state are also shown in Table II.

The results from Table II are used to generate the rela-
tive energies of the n = 7, . . . , 11 states of 7Li determined
with respect to the ground 2S 1s22s state. They are presented
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TABLE II. The convergence of the total nonrelativistic finite-nuclear-mass energies (in hartrees) of the 1s27d, 1s28d, 1s29d, 1s210d, and 1s211d 2D states of
7Li with the number of basis functions. The 6Li and ∞Li energies are also shown for the largest basis set used for each particular state.

Basis 1s26d 1s27d 1s28d 1s29d 1s210d 1s211d

7Li 4500 −7.293 217 739 34
5000 −7.293 217 741 43 −7.289 530 182 64
5500 −7.293 217 742 68 −7.289 530 186 73
6000 −7.293 217 743 45 −7.289 530 189 60
6500 −7.293 217 744 03 −7.289 530 191 78
7000 −7.289 530 193 38 −7.287 137 047 53
7500 −7.289 530 194 37 −7.287 137 050 77 −7.285 496 418 23 −7.284 322 856 22 −7.283 454 285 38
8000 −7.289 530 195 09 −7.287 137 053 11 −7.285 496 427 09 −7.284 322 897 99 −7.283 454 422 52
8500 −7.289 530 195 64 −7.287 137 053 47 −7.285 496 434 24 −7.284 322 924 09 −7.283 454 512 88
9000 −7.285 496 439 63 −7.284 322 944 12 −7.283 454 578 27
9500 −7.284 322 958 88 −7.283 454 630 82

10 000 −7.283 454 670 69
10 500 −7.283 454 704 15
11 000 −7.283 454 730 88

6Li 11 000 −7.293 119 059 64 −7.289 431 558 66 −7.287 038 447 80 −7.285 397 855 65 −7.284 224 390 23 −7.283 356 173 46
∞Li 11 000 −7.293 810 723 15 −7.290 122 886 01 −7.287 729 556 97 −7.286 088 815 23 −7.284 915 242 80 −7.284 046 946 85

in Table III. The convergence of these relative energies with
the number of the basis functions are shown. As one can see,
for all considered states, except for the last n = 11 one, the
energies are converged to better than 0.01 cm−1. The results
for 6Li and ∞Li are also shown in Table III.

In our previous work,9 it was shown that the differ-
ence between the calculated nonrelativistic energies of the
2D 1s2nd n = 3, . . . , 7 states of 7Li and the experimental
values6 converges to a constant equal to −2.58 cm−1. This
happens because the dominant (by far the largest) contribu-
tion to the calculated/experimental energy difference comes
from relativistic and quantum-electrodynamic (QED) effects

of the lithium core electrons, which become virtually con-
stant as the Rydberg d-electron gets increasingly more ex-
cited and diffuse. The difference of −2.58 cm−1, as one can
expect, is very close to the difference between the calcu-
lated ionization energy (IE) and the experimental IE of 7Li of
−2.55 cm−1. These two values can be viewed as correspond-
ing to the 2D 1s2nd state with n = ∞. Based on the constant
calculated/experimental energy difference we proposed a re-
finement procedure for the energies of the states which are
measured less precisely in experiment.9 The procedure, which
simply involves adding −2.58 cm−1 to the best nonrelativis-
tic energy value, was applied to refine the energies of the 2D

TABLE III. Calculated nonrelativistic energies (in cm−1) of the 1s2nd, for n = 6, . . . , 11 and n = ∞, 2D states of 7Li determined with respect to the ground
2S (1s22s)a state. Energies of 6Li and ∞Li, as well as the 6Li/7Li isotope shifts, are also shown.

Basis 1s26d 1s27d 1s28d 1s29d 1s210d 1s211d 1s2∞d

7Li 4500 40 434.73
5000 40 434.73 41 244.06
5500 40 434.73 41 244.06
6000 40 434.73 41 244.05
6500 41 244.05
7000 41 244.05 41 769.29
7500 41 244.05 41 769.29 42 129.37 42 386.93 42 577.56
8000 41 244.05 41 769.29 42 129.36 42 386.92 42 577.53
8500 41 244.05 41 769.29 42 129.36 42 386.92 42 577.51
9000 42 129.36 42 386.91 42 577.50
9500 42 386.91 42 577.49

10 000 42 577.48
10 500 42 577.47
11 000 42 577.46

43 484.60
6Li 40 434.17 41 243.48 41 768.71 42 128.78 42 386.32 42 576.87 43 484.00
Isotopic shift from 7Li − 0.56 − 0.57 − 0.58 − 0.59 − 0.59 − 0.59 − 0.60
∞Li 40 438.11 41 247.50 41 772.77 42 132.88 42 390.45 42 581.01

aEnergies of the ground (1s22s) state of Li (in hartrees):15 E(7Li) = −7.477 451 930 7, E(6Li) = −7.477 350 681 2, and E(∞Li) = −7.478 060 323 8.
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1s2nd7Li states with n = 7, . . . , 11. The more accurately cal-
culated energies of these states in the present work allow for
even more precise refinement. The new, more refined energies
for the n = 7, . . . , 11 states and the experimental energies for
the n = 3, . . . , 6 states are now used to predict the energies
of states with n = 12, . . . , 30. In the extrapolation procedure
we use the quantum-defect expression for the energy, as well
as two other simple functional forms of the extrapolant. The
procedure is described in Sec. III.

III. THE QUANTUM-DEFECT EXTRAPOLATION
PROCEDURE

The quantum-defect effect on the energies of Rydberg
states of an atom refers to a correction applied to the equa-
tion expressing the energies in terms of the principle quantum
number to take into account the fact that the inner (core) elec-
trons do not entirely screen the charge of the nucleus in the
interaction of the nucleus with the Rydberg electron.14 The
quantum-defect effect is a particularly useful concept in con-
junction with highly excited states of the alkalis that contain
a single electron in their outer shell. For multi-electron atoms
in Rydberg states with a low value of the orbital angular mo-
mentum, there is a high probability of finding the excited elec-
tron near the nucleus where it can polarize or even penetrate
the ion core, modifying the potential. The resulting shift of
the energy levels expressed in the atomic units is represented
mathematically as an angular-momentum dependent quantum
defect, δl,

E(l)
n = − 1

(n − δl)2
. (3)

The largest shift occurs when the orbital angular momentum
is equal to zero and decreases when l increases.

In the present work, we employ three quantum-defect-
like extrapolation formulas (called Models 1–3). They express
relative energies of 2D 1s2nd states of 7Li with respect of
the ground 1s22s state as a function of n. The use of three
different functional forms allows to assess (at least roughly)
the accuracy of the extrapolation. The energy is determined
as a difference of the excitation limit, which is equal to the
ground state energy of 7Li+, minus the quantum-defect-like
term. The three models differ in the form of this last term
with Model 1 being equivalent to (3), and Models 2 and 3 in-
cluding some additional n-dependent higher order correction
terms. The general formulas for the three models are:

Model 1 : E(n) = a1 − b1

(n − c1)2
, (4)

Model 2 : E(n) = a2 − b2

(n − c2)2
+ d2

(n + e2)3
, (5)

and

Model 3 : E(n) = a3 − b3

(n − c3 + d3n2)2
, (6)

where a1, b1, c1, a2, b2, etc., are adjustable parameters. The
parameters are determined by fitting the energies of n = 3,
. . . , 11 states of 7Li. The first four (n = 3, . . . , 6) energies

were the experimental values taken from Ref. 6 (as each line
is a doublet, an average of the two line frequencies is used),
while the next five (n = 7, . . . , 11) are obtained from the re-
finement procedure described above. The n = ∞ limit is the
experimental energy of 7Li+ (n = ∞; IE = 43487.15 cm−1.
The fitting resulted in the following E(n) expressions for the
three models (in cm−1),

Model 1 : E(n) = 43 487.15 − 109 752

(n − 0.001 155 3)2
, (7)

Model 2 : E(n) = 43 487.15 − 109 800

(n − 0.000 652 355)2

+ 9133.91

(n + 16.5388)3
, (8)

and

Model 3 :

E(n) = 43 487.15

− 109 801

(n − 0.000 695 785 + 2.405 66 × 10−5n2)2
.

(9)

Next, expressions (7)–(9) have been used to determine the en-
ergies of the 2D 1s2nd Rydberg series for n = 1, . . . , 30. The
results are shown in Table IV.

Next, the approach used for 7Li is applied to predict
Rydberg energies for the 2D 1s2nd states of 6Li. Even though
the experimental energy levels of 6Li were measured for the
lowest four 2D states (see Table I), we do not use them in
the extrapolation. As the calculations performed in this work
render nonrelativistic energies of the 6Li isotope (shown in
Table III), these energies can be used to determine the iso-
tope shifts of these energies with respect to the energies of
7Li. These shifts are also shown in Table III. The shift val-
ues should provide very good estimates for the experimen-
tal shifts because the missing contributions from the differ-
ences in the relativistic corrections (the so-called recoil cor-
rections) and QED corrections between 6Li and 7Li can be
expected to be very small. Thus, by adding the nonrelativis-
tic isotope shifts to the best energy values of the 7Li (i.e., the
first four experimental, and the next five plus the 6Li+ en-
ergy of 43 486.55 cm−1 obtained from the refinement pro-
cedure) one can obtain very good estimates of the energy
levels for 6Li. These estimates are used in conjunction with
Eqs. (4)–(6) to obtain parameters for Models 1–3, which, in
turn, are used to predict the energy levels of the 6Li 2D1s2nd
Rydberg series for n = 12, . . . , 30. This has been done and
the following extrapolants have been generated:

Model 1 : E(n) = 43 486.55 − 109 751

(n − 0.001 153 02)2
,

(10)

Model 2 : E(n) = 43 486.55 − 109 677

(n − 0.001 033 06)2

− 1080.17

(n + 1.908 09)3
, (11)
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TABLE IV. The energies (in cm−1) of the Rydberg 1s2nd, n = 3, . . . , 30, states for 6Li and 7Li obtained from the three quantum-defect-like formulas (Models
1–3) discussed in the text. The energies are relative to the 2S 1s22s ground states of the respective isotopes. The “fitted data” are the points used to obtained the
quantum-defect extrapolation formulas (see text). For 7Li the first four (n = 3, . . . , 6) energies of the fitted data are the experimental energies and the next five
(n = 7, . . . , 11) are energies obtained by adding 2.58 cm−1 to the nonrelativistic energies from in Table III. For 6Li the fitted data are obtained by adding the
calculated isotope shifts to the 7Li data.

7Li 6Li

n Model 1 Model 2 Model 3 Data Model 1 Model 2 Model 3 Data

3 31 283.09 31 283.07 31 283.14 31 283.10 31 282.62 31 282.68 31 282.70 31 282.66
4 36 623.69 36 623.47 36 623.52 36 623.38 36 623.16 36 622.96 36 623.00 36 622.88
5 39 095.04 39 094.92 39 094.94 39 094.94 39 094.48 39 094.38 39 094.39 39 094.38
6 40 437.31 40 437.28 40 437.30 40 437.32 40 436.74 40 436.73 40 436.73 40 436.75
7 41 246.57 41 246.62 41 246.62 41 246.63 41 246.00 41 246.06 41 246.05 41 246.06
8 41 771.78 41 771.86 41 771.87 41 771.87 41 771.20 41 771.29 41 771.29 41 771.29
9 42 131.84 42 131.95 42 131.96 42 131.94 42 131.25 42 131.37 42 131.38 42 131.35
10 42 389.38 42 389.50 42 389.52 42 389.49 42 388.79 42 388.91 42 388.93 42 388.90
11 42 579.92 42 580.04 42 580.07 42 580.04 42 579.33 42 579.46 42 579.48 42 579.45
12 42 724.84 42 724.96 42 724.99 42 724.24 42 724.37 42 724.41
13 42 837.61 42 837.74 42 837.78 42 837.02 42 837.14 42 837.19
14 42 927.10 42 927.21 42 927.26 42 926.50 42 926.62 42 926.67
15 42 999.29 42 999.40 42 999.45 42 998.69 42 998.81 42 998.86
16 43 058.37 43 058.47 43 058.53 43 057.77 43 057.88 43 057.94
17 43 107.33 43 107.43 43 107.50 43 106.74 43 106.84 43 106.90
18 43 148.37 43 148.46 43 148.53 43 147.77 43 147.86 43 147.93
19 43 183.09 43 183.18 43 183.25 43 182.49 43 182.58 43 182.65
20 43 212.74 43 212.82 43 212.89 43 212.14 43 212.23 43 212.30
21 43 238.25 43 238.33 43 238.40 43 237.65 43 237.73 43 237.81
22 43 260.37 43 260.44 43 260.51 43 259.77 43 259.84 43259.92
23 43 279.66 43 279.72 43 279.80 43279.06 43 279.13 43 279.21
24 43 296.59 43 296.65 43 296.73 43 295.99 43 296.06 43 296.14
25 43 311.53 43 311.59 43 311.67 43 310.93 43 311.00 43 311.07
26 43 324.78 43 324.83 43 324.92 43 324.18 43 324.24 43 324.32
27 43 336.59 43 336.64 43 336.72 43 335.99 43 336.05 43 336.12
28 43 347.15 43 347.20 43 347.28 43 346.55 43 346.61 43 346.68
29 43 356.64 43 356.68 43 356.77 43 356.04 43 356.09 43 356.17
30 43 365.19 43 365.24 43 365.32 43 364.60 43 364.65 43 364.72
∞ 43 487.15 43 487.15 43 487.15 43 487.15 43 486.55 43 486.55 43 486.55 43 486.55

Max. error 0.2959 0.0753 0.1307 0.2763 0.0776 0.1214
RMS error 0.1288 0.0296 0.0483 0.1247 0.0289 0.0469
Mean abs. error 0.1006 0.0200 0.0313 0.1032 0.0185 0.0332

and

Model 3 :

E(n) = 43 486.55

− 109 801

(n − 0.000 681 077 + 2.460 71 × 10−5n2)2
.

(12)

The energies of the 6Li energy levels obtained using (10)–(12)
are given in Table IV.

Naturally, the model with the largest number of free pa-
rameters (Model 2) provides the best fit to the original data
(energies of the n = 3, . . . , 11 states) in Table IV. The dis-
crepancy between the energies of n = 12, . . . , 30 states pre-
dicted with the different models does not exceed 0.1–0.2
cm−1. The accuracy of the present predictions can also be
evaluated by comparing the experimental values of the low-
est four 2D1s2nd states of 6Li with the measured quantities
from Ref. 7. For example, for the lowest state, the values pre-

dicted by Models 1, 2, and 3 are 31 282.62, 31 282.68, and
31 282.70 cm−1, respectively, while the measured value is
31 282.6243 cm−1 (this value is an average of two doublet
lines). For the fourth state the corresponding predicted val-
ues are 40 436.74, 40 436.73, and 40 436.73 cm−1 from Mod-
els 1, 2, and 3, respectively, while the experimental value is
40 436.633 cm−1. This seems to indicate that the accuracy of
the present prediction is of the order of 0.1–0.2 cm−1. We
believe that such accuracy is sufficient for the present predic-
tions to be useful in guiding the experimental measurements
of yet unmeasured 2D energy levels of 6Li and 7Li.

IV. SUMMARY

An approach which combines high-accuracy quantum
mechanical calculations, the experimental data, and the
quantum-defect extrapolation formulas has been employed to
predict the energies of 2D 1s2nd Rydberg states of the 6Li
and 7Li isotops. The calculations have been performed with
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all-electron explicitly correlated Gaussian functions, whose
nonlinear parameters have been extensively optimized using a
method involving analytically calculated energy gradient. The
predictions concern the states with n = 12, . . . , 30. The pre-
dicted energy values can guide experimental measurements of
these quantities.
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1 D states of the beryllium atom: Quantum mechanical nonrelativistic calculations employing
explicitly correlated Gaussian functions
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Very accurate finite-nuclear-mass variational nonrelativistic calculations are performed for the lowest five
1D states (1s2 2p2, 1s2 2s1 3d1, 1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1) of the beryllium atom (9Be). The
wave functions of the states are expanded in terms of all-electron explicitly correlated Gaussian functions. The
exponential parameters of the Gaussians are optimized using the variational method with the aid of the analytical
energy gradient determined with respect to those parameters. The calculations exemplify the level of accuracy
that is now possible with Gaussians in describing bound states of a four-electron system where some of the
electrons are excited into higher angular states.

DOI: 10.1103/PhysRevA.84.044503 PACS number(s): 31.15.ac, 31.15.V−

I. INTRODUCTION

We recently investigated the Rydberg series of 2D states of
the lithium atom in very accurate quantum-mechanical calcula-
tions carried out with explicitly correlated Gaussian functions
[1,2]. A total of nine states were computed. For the upper states
the results obtained in the calculation enabled refinement of the
experimentally determined energies of those states. Rydberg
D states have also been measured with high accuracy for the
beryllium atom, and the corresponding data are gathered in the
NIST atomic spectra database [3]. The database lists eleven 1D

and ten 3D states of this system. In the lithium calculations we
noticed that the difference between the energies of the 2D states
calculated at the nonrelativistic level of theory with the finite-
nuclear-mass approach and the experimental energies become
almost constant at higher quantum numbers, indicating that the
relativistic and quantum electrodynamic (QED) corrections for
the states corresponding to those numbers are virtually identi-
cal. The calculations also showed that the difference converges
to the energy difference between the ground-state energies
of Li and Li+ as it should. This is because by exciting the
valence electron to increasingly higher 2D states we essentially
remove it from the atom and form the Li++e− system. One aim
of the present calculations is to test if a similar convergence
occurs for a four-electron atom where the relativistic and QED
corrections are considerably larger in magnitude.

The variational approach we developed that employs the
explicitly correlated Gaussians for describing excited higher
angular momentum states of small atoms is currently the only
method capable of delivering energies of these types of states
for atomic systems with more than three electrons with an
absolute accuracy of 10−7–10−8 hartree. An important feature
of the method that enables achieving the high accuracy is the
use of the analytic gradient of the energy in the variational
optimizations of the exponential parameters of the Gaussians.
In this work we test what level of energy convergence can
be achieved with the method for the five lowest 1D Rydberg
states of the beryllium atom. Can the sub-0.01-cm−1 accuracy

*ludwik@u.arizona.edu

achieved for the D states of the 7Li atom [1] be also achieved
for 9Be? The states considered in this work correspond to
the following electronic configurations: 1s2 2p2, 1s2 2s1 3d1,
1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1. These states are
calculated with high accuracy.

The gradient-aided optimization and related algorithms
were described in our previous works [2,4,5]. These algorithms
were derived using a nonrelativistic Hamiltonian that explicitly
depends on the mass of the nucleus. This Hamiltonian,
called the internal Hamiltonian Ĥint is obtained by rigorously
separating the kinetic energy of the center-of-mass motion
from the laboratory-frame Hamiltonian. It has the following
form in atomic units:

Ĥint = −1

2

⎛
⎜⎝

n∑
i=1

1

μi

∇2
ri

+
n∑

i,j=1
i �=j

1

m0
∇′

ri
∇rj

⎞
⎟⎠

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

, (1)

where n is the number of electrons, ri is the distance
between the ith electron and the nucleus, m0 is the nucleus
mass (16424.2037me for 9Be, where me = 1 is the electron
mass), q0 is its charge, qi are electron charges, and μi =
m0mi/ (m0 + mi) are electron reduced masses (mi = me,
i = 1, . . . ,n). Prime indicates the matrix or vector transpose.

Because Ĥint is explicitly dependent on the mass of the
nucleus, it allows the direct calculation of energy levels of a
particular isotope without resorting to accounting for the finite
mass of the nucleus using the perturbation approach. It also
allows infinite-nuclear-mass (INM) calculations by setting the
mass of the nucleus in Eq. (1) to infinity. Since the results of
such calculations can be directly compared with conventional
calculations performed with an infinite nuclear mass, we have
included the INM results in this work.

II. BASIS SET AND ITS OPTIMIZATION

While the wave functions of higher 1D states of Be are
described as corresponding to the 1s2 2s1 nd1 configurations,

044503-11050-2947/2011/84(4)/044503(3) ©2011 American Physical Society
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the lowest state corresponds to the 1s2 2p2 configurations. This
indicates that in all 1D states the two types of configurations
mix to some extent. This mixing reflecting the different ways
the angular momenta of single electrons are added to form a 1D

state has to be properly represented by the basis set used in the
calculations. Because there are five degenerate states for each
1D energy level (the states correspond to five different values
of the ML quantum number), one needs to perform calculations
for only one of them. In this work we have calculated the
ML = 0 states. An appropriate explicitly correlated Gaussian
basis set for such states consists of the following functions [2]:

φk = (
xik xjk

+ yjk
yik − 2zik zjk

)
exp[−r′ (Ak ⊗ I3) r], (2)

where electron labels ik and jk are either equal or not equal
to each other and can range from 1 to n. Ak in Eq. (2) is an
n × n symmetric matrix, ⊗ is the Kronecker product, I3 is
a 3 × 3 identity matrix, and r is a 3n vector of the electron
coordinates. Gaussians (2) have to be square integrable which
implies that the Ak matrix has to be positive definite. To
make it happen we use the following Cholesky factored
form of Ak: Ak = LkL

′
k , where Lk is a lower triangular

matrix with matrix elements ranging from ∞ to −∞. Ak

in such a form is automatically positive definite and the
Gaussian is square integrable. The advantage of using Ak as
LkL

′
k in the variational minimization of the energy is that

this minimization can be carried out with respect to the Lk

parameters without any constraints regarding their values.
In the approach employed in the present calculations we

use the spin-free formalism to implement the correct permu-
tational symmetry of the wave function. In this formalism, an
appropriate symmetry projector is applied to the spatial parts of
the wave function to impose the desired symmetry properties.
The symmetry projector can be constructed using the standard
procedure involving Young operators as described, for exam-
ple, in Ref. [6]. For 1D states of beryllium, the Young operator
can be chosen as Ŷ = (1 − P̂13)(1 − P̂24)(1 + P̂12)(1 + P̂34),
where P̂ij denotes the permutation of the spatial coordinates
of the ith and j th electrons. Since the internal Hamiltonian (1)
commutes with all electron permutations, in the calculation
of the overlap and Hamiltonian matrix elements, Ŷ may be
applied to the ket basis functions only (as Ŷ †Ŷ ).

The variational optimization of the basis set for each of
the five states considered in this work has been performed
separately. For each set of basis functions, the Lk parameters

and the ik and jk indices were optimized. As mentioned, the
analytical gradient was employed in the minimization of the
energy with respect to the Lk parameters. A more detailed
description of the procedure can be found in our previous
works [1,2,5]. The basis sets for the considered states were
only optimized for 9Be. In the case of the infinite nuclear mass
(∞Be), we only reoptimized the linear expansion coefficients
in the basis functions, because the change in the wave function
due to setting m0 to infinity is relatively small.

III. RESULTS

The most time-consuming step of the calculations was the
generation of the Gaussian basis sets for the considered states.
The basis set for each state was grown from a small number
of randomly chosen number of functions to the size of 4200
functions. The growing process involved adding subsets of
100 functions to the basis and optimizing them one by one
with the gradient-aided optimization procedure. At this stage,
the ik and jk indices involved in the preexponential factor of
each Gaussian were also optimized. After the addition of each
subset was completed, the whole basis set was optimized by
cycling over all functions and optimizing them again one by
one. The optimization of basis functions may yield linearly
dependencies between basis functions in the basis set. Linear
dependencies between basis functions are undesirable because
they may cause inaccuracies in the computed energies or even a
complete failure of the optimization procedure. In the approach
we use, the linear dependencies are eliminated by checking
whether each function after its parameters are reoptimized
overlaps too much with any other function in the basis set.
If this happens the parameters of the function are reset to
their values before the reoptimization. We noticed that linear
dependencies appear more often for smaller basis sets, but tend
to become less frequent as the size of the basis set increases.

In Table I we show the convergence of the energies of
the five considered states with the number of functions in
the basis set. With the results obtained with 4200 Gaussians
we also show estimates by how much the particular energy
differs from the estimated exact value. As one notices,
the convergence is not quite uniform. It indicates that it is
somewhat more difficult to converge the lowest 1s22p2 state
than the next 1s2 2s1 3d1 state. For higher states, as expected,
the convergence becomes slower as the level of excitation

TABLE I. Convergence of the total variational nonrelativistic finite-nuclear-mass energies (in hartrees) of the 1s2 2p2, 1s2 2s1 3d1,
1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1 1D states of 9Be with the number of basis functions. For the largest basis set of 4200 functions, we also
show ∞Be energies. The values in parentheses indicate the estimated difference between our variational upper bounds and the exact energies.

Basis 1s2 2p2 1s2 2s1 3d1 1s2 2s1 4d1 1s2 2s1 5d1 1s2 2s1 6d1

9Be 2100 −14.40734958 −14.37292338 −14.35308024 −14.34295507 −14.33726185
2400 −14.40735018 −14.37292393 −14.35308080 −14.34295582 −14.33726318
2700 −14.40735055 −14.37292425 −14.35308114 −14.34295629 −14.33726404
3000 −14.40735072 −14.37292439 −14.35308137 −14.34295650 −14.33726452
3300 −14.40735086 −14.37292451 −14.35308148 −14.34295670 −14.33726489
3600 −14.40735097 −14.37292461 −14.35308157 −14.34295685 −14.33726516
3900 −14.40735105 −14.37292468 −14.35308165 −14.34295696 −14.33726536
4200 −14.40735112(40) −14.37292473(30) −14.35308171(50) −14.34295705(60) −14.33726551(70)

∞Be 4200 −14.40823703(40) −14.37382438(30) −14.35398265(50) −14.34385775(60) −14.33816595(70)
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TABLE II. Convergence of the energies (in cm−1) of the 1s2 2p2, 1s2 2s1 3d1, 1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1 1D states of Be
atom determined with respect to the ground 1 S (1s2 2s2) state.a The calculated energies are compared with the experimental energies. For ∞Be
only the energies obtained with the largest basis set are shown.

Basis 1s2 2p2 1s2 2s1 3d1 1s2 2s1 4d1 1s2 2s1 5d1 1s2 2s1 6d1 1s2 2s1 ∞d1 b

9Be 2100 56862.79 64418.46 68773.53 70995.75 72245.27
2400 56862.66 64418.34 68773.41 70995.58 72244.97
2700 56862.58 64418.27 68773.33 70995.48 72244.79
3000 56862.54 64418.24 68773.28 70995.43 72244.68
3300 56862.51 64418.22 68773.26 70995.39 72244.60
3600 56862.48 64418.20 68773.24 70995.36 72244.54
3900 56862.46 64418.18 68773.22 70995.33 72244.50
4200 56862.45(5) 64418.17(5) 68773.21(5) 70995.31(10) 72244.46(15)

75185.87
∞Be 4200 56668.01(5) 64220.72(5) 68575.47(5) 70797.63(10) 72046.84(15)

75190.54

Experiment [3] 56882.43 64428.31 68780.86 71002.34 72251.27 75192.64
Differencec −19.98 −10.14 −7.65 −7.03 −6.81 −6.77

aThe ground-state energy E(9Be) = −14.666435504 hartree, and E(∞Be) = −14.667356486 hartree were taken from Ref. [7]
bEnergy difference between the ground 1s2 2s2 state of Be and the ground 1s2 2s1 state of Be+. E(9Be+) = −14.3238634944 hartree and
E(∞Be+) = −14.3247631764 hartree [8].
cDifference between the calculated 9Be value and the experimental transition energy.

increase (i.e., as n in 1s2 2s1 nd1 increases). However,
overall, even for the highest considered state (1s2 2s1 6d1),
the estimated error with respect to the exact energy is only
0.000 000 70 hartree. In Table I we also show the INM results
calculated in the basis sets of 4200 Gaussians.

In Table II we show the convergence of the relative
energies of the five states 9Be calculated with respect to the
ground-state (1s2 2s2) energy. The relative energies are also
shown for ∞Be. The calculated values are compared with
the experimental transition energies [3] and the differences
between the experimental and the calculated transition
frequencies are shown. As mentioned, these differences are
due to the relativistic, QED, and other higher-order effects
not accounted for in the calculations.

In Table II we also include the 9Be electron ionization
energy obtained experimentally and in the calculations.
This entry is marked as 1s2 2s1 ∞d1 because removing an
electron from the Be atom is equivalent to exciting it to the
Rydberg ∞d state. As mentioned, one may expect that as
the excitation level increases, the experimental–calculated
difference of the transition energies should show convergence
to the difference between the experimental and calculated
ionization energies, if the calculated energies are obtained
at the nonrelativistic level. Upon examination of the values

shown in the table, it is clear that the expected trend indeed
occurs. The experimental–calculated difference smoothly
converges from below to the value of −6.77 cm−1, which is the
difference between the calculated nonrelativistic ionization
potential of 9Be and the experimental value of this potential.

IV. SUMMARY

In this work we have presented high-accuracy calculations
of the five lowest 1D states of the 9Be atom. Up to 4200 all-
electron explicitly correlated Gaussian functions were used for
each state and their exponential parameters were extensively
optimized using a procedure which utilizes the gradient of
the energy determined with respect to these parameters. It
was shown that, as expected, the difference between the
experimental and relative energies determined with respect
to the ground 1S 1s2 2s2 state and the corresponding energy
calculated at the nonrelativistic level of the theory converges
with the increasing level of the electronic excitation to the
difference between the experimental and calculated ionization
potentials of 9Be. Since the difference can be primarily
attributed to the relativistic and QED effects not yet accounted
for in the calculations, it shows that the contribution of these
effects becomes almost constant for higher Rydberg states.
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1. Introduction

We  have recently investigated the lowest five Rydberg 1D states
of the 9Be isotope of the beryllium atom [1] with very accurate vari-
ational quantum mechanical calculations carried out with explicitly
correlated Gaussian (ECG) functions [1]. 4200 ECGs were used for
each state. It was shown that the difference between the energies
relative to the ground (1s2 2s2) 1S state obtained in the calculations
and the experimental energies [2] converge to the energy differ-
ence between the ground state of the 9Be+ ion and the ground state
of the neutral 9Be atom of about 6.77 cm−1. As the calculations
were performed at the nonrelativistic level of theory, the differ-
ence between the calculated values and the experimental results
were due to the relativistic and quantum electrodynamics (QED)
effects which were not included in the calculations. The Hamil-
tonian used in the calculations reported in Ref. [1] was  obtained
by rigorously separating out the kinetic energy of the motion of
the center of mass from the laboratory-frame Hamiltonian. Thus
it was explicitly dependent of the mass of the nucleus. Therefore
the adiabatic and nonadiabatic effects were directly included in the
calculations. It can be expected that the effects are dominated by
the adiabatic contribution with the nonadiabatic effect being only
a very small correction to the total energy. Thus the total energy

∗ Corresponding author at: Department of Chemistry and Biochemistry, University
of  Arizona, Tucson, AZ 85721, USA.

E-mail address: ludwik@u.arizona.edu (L. Adamowicz).

correction due to the finite nuclear mass can be likely very accu-
rately determined within the conventional framework using the
first-order perturbation theory and the infinite-nuclear-mass (BO)
wave function.

In the present work the approach used in the calculations of the
1D singlet states of 9Be [1] is applied to calculate the energies of the
lowest four triplet 3D states of this atom. The lowest five 1D beryl-
lium states correspond to the following electronic configurations:
(1s2 2p2) and (1s2 2s nd), n = 3, 4, 5, and 6, while the lowest four 3D
states correspond to the configurations (1s2 2s nd),  n = 3, 4, 5, and 6
[2]. Among the lowest triplet states there are no states dominated
by configurations with two p electrons like the (1s2 2p2) config-
uration. All lowest triplets are dominated by configurations with
three s electrons and one d electron. The calculated energies allow
for estimating the triple-singlet energy gaps for the corresponding
states.

This work is a part of the on-going effort in our laboratory
to develop, implement, and apply quantum mechanical methods
for very accurately predicting spectra of small atoms. The meth-
ods employ explicitly-correlated all-electron Gaussian functions.
Beryllium is the smallest system which is hard to describe accu-
rately using any other type of basis functions (i.e. non-Gaussian),
due to complications arising in the calculation of the Hamiltonian
matrix elements. Beryllium is also a system whose spectra have
been measured with very high accuracy; thus it provides a very
good model for the validation of the calculation methods. One of
the properties which can be used as a stringent test of the accuracy
of atomic calculations is the determination of the singlet–triplet

http://dx.doi.org/10.1016/j.cplett.2014.10.012
0009-2614/© 2014 Elsevier B.V. All rights reserved.
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energy gaps between atomic excited states corresponding to the
same electronic configurations. These gaps are determined in the
experiment with very high precision. In this work we show that
such high precision is now possible in the theoretical calculations
involving ECGs. The very accurate calculations, such as those pre-
sented in this work, are also useful as benchmarks for testing
calculations performed with other methods and, as such, they can
contribute to further development of theoretical methods for cal-
culating atomic spectra of increasingly larger and complex atomic
systems.

The nonlinear parameters of the ECGs used in our calculations
are extensively variationally optimized using a procedure which
employs the analytic energy gradient determined with respect to
these parameters. The basis set for each state is generated inde-
pendently in a process which involves adding ECGs in groups and
optimizing their nonlinear parameters. A basis set including 8100
ECGs is generated for each of the considered 3D states. As this is
an almost two times the number of functions used in the previous
calculations of the 1D states, additional calculations are performed
to increase the basis sets for the 1D states from 4200 functions to
8100 functions. This allows for the calculations of the singlet–triplet
energy gaps to be carried out with the same number of ECGs for both
1D and 3D states.

The energies of the Rydberg D states of beryllium were mea-
sured with high accuracy and the results are available from the NIST
atomic spectra database [2]. The database lists eleven 1D and ten
3D states of this system. The transition energies with respect to the
ground 1S (1s2 2s2) state expressed in wavenumbers are given with
the accuracy of two significant figures after the decimal point. We
aim to achieve a similar precision in the calculations performed in
this work. However, as mentioned, due to neglecting the relativis-
tic and QED effects, the relativistic energies obtained in the present
calculations are expected to be off from the experiment by a few
wavenumbers. A good estimation of this difference can be obtained
by calculating the difference between the nonrelativistic energies
of the ground states of 9Be and 9Be+ [3,4] and the corresponding
difference obtained from the experiment [2]. As mentioned, the
value obtained this way  is 6.77 cm−1. This is the value of the differ-
ence between the experimental and the calculated nonrelativistic
energies of the (1s2 2s nd)  (for both 1D singlet and 3D triplet) states
should be converging to as the excitation level (i.e. the n value)
increases.

The variational approach employing the explicitly correlated
Gaussian is currently the only method capable of delivering ener-
gies of higher-angular-momentum states for atomic systems with
more than three electrons with absolute accuracy of 10−7 to
10−8 hartree. To achieve this level of accuracy one needs to use
large ECG basis sets with the number of functions counted in
thousands and one needs to perform a thorough optimization of
the ECGs. In the ECG approaches we have developed, the ana-
lytic gradient of the energy determined in terms of the Gaussian
nonlinear parameters has been used to variationally optimize
these parameters. In the present work the aim is to calculate
the nonrelativistic energies of the five lowest 1D states and the
four lowest 3D states at an about 0.01 cm−1 accuracy level. This
would be similar to the accuracy achieved for the D states of the
7Li atom in our previous calculations [5]. This is the first time
the D states of beryllium are calculated with such high accu-
racy.

The gradient-aided optimization and the related algorithms
were described in our previous works [6–8]. These algorithms have
been derived using a non-relativistic Hamiltonian that explicitly
depends on the mass of the nucleus. This Hamiltonian, called the
internal Hamiltonian, Ĥint, is obtained by rigorously separating the
kinetic energy of the center-of-mass motion from the laboratory-
frame Hamiltonian. The internal Hamiltonian has the following

form in atomic units:

Ĥint = −1
2

⎛⎜⎝ n∑
i=1

1
�i
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ri

+
n∑

i,j=1
i  /=  j

1
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∇′
ri
∇rj

⎞⎟⎠ +
n∑

i=1

q0qi

ri
+

n∑
i>j=1

qiqj

rij
,

(1)

where n is the number of electrons, ri is the distance between the ith
electron and the nucleus, m0 is the nucleus mass (16424.2037me for
9Be, where me = 1 is the electron mass), q0 is its charge, qi are elec-
tron charges, and �i = m0mi/(m0 + mi) are electron reduced masses
(mi = me, i = 1, . . .,  n). Prime indicates the matrix/vector transpose.
The explicit dependence of Ĥint on the mass of the nucleus allows
for direct calculation of energy levels of a particular isotope. This
isotope in the present calculation is 9Be. It also allows for perform-
ing infinite-nuclear-mass calculations by setting the mass of the
nucleus in Eq. (1) to infinity. Such calculations are also done in
this work, as they can be directly compared with the conventional
Born-Oppenheimer calculations.

2. Basis set and its optimization

The 1D Rydberg states of Be include a state dominated by
(1s2 2p2) configuration, which is the lowest state of this symme-
try, and states dominated by (1s2 2s nd) configurations, which have
higher energies. However, in all 1D states, as well as in 3D states,
the two  types of configurations mix  to some degree. This mixing
reflects the different ways the angular momenta of single electrons
are added to form the 1D and 3D states. The configuration mix-
ing has to be properly represented by the basis set used in the
calculation. As there are five possible ML values for L = 2 and the
nonrelativistic energy is degenerate for all five, only states with a
particular ML need to be calculated. In the present work these are
the ML = 0 states. Thus, the following all-electron ECGs are used [6]:

�k =
(

xik
xjk

+ yjk
yik

− 2zik
zjk

)
exp

[
−r′ (Ak ⊗ I3) r

]
, (2)

where electron labels ik and jk are either equal (the (1s2 2s nd)  con-
figurations) or not equal (the (1s22p2) configurations) to each other
and can range from 1 to n. Ak in Eq. (2) is an n × n symmetric matrix,
⊗ is the Kronecker product, I3 is a 3 × 3 identity matrix, and r is a 3n
vector of the electron coordinates. ECGs (2) have to be square inte-
grable which implies that the Ak matrix has to be positive definite.
This can be accomplished by expressing the Ak matrix in the fol-
lowing Cholesky factored form of Ak: Ak = LkL′

k
, where Lk is a lower

triangular matrix with matrix elements ranging from ∞ to −∞.  Ak
in such a form is automatically positive definite and the Gaussian
is square integrable. In the variational optimization in this work
the matrix elements of Lk (not Ak) are the ones that are optimized.
As their optimization can be performed without any constraints
regarding their values, they are convenient parameters to use.

The so-called spin-free formalism [9,10] is used in this work
to implement the correct permutational symmetry of the wave
function. In this formalism, an appropriate symmetry projector
is applied to the spatial parts of the wave function to impose
the desired symmetry properties. The symmetry projector can
be constructed using the standard procedure involving Young
operators as described, for example, in Ref. [11]. For 1D and 3D
states of beryllium, the Young operators can be chosen as: Ŷ=(1 −
P̂13)(1 − P̂24)(1 + P̂12)(1 + P̂34) and Ŷ=(1 + P̂12)(1 − P̂14 − P̂34)(1 −
P̂13), respectively, where P̂ij denotes the permutation of the spatial
coordinates of the ith and jth electrons. As the internal Hamiltonian
(1) commutes with all electron permutations, in the calculation of
the overlap and Hamiltonian matrix elements, Ŷ may  be applied to
the ket basis functions only (as Ŷ †Ŷ).
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Table 1
The convergence of the total variational nonrelativistic finite-nuclear-mass energies (in hartrees) of the (1s2 2s2), (1s2 2s nd), n = 3, 4, 5, 6, 1D states and the (1s2 2s nd), n = 3,
4,  5, 6, 3D states of 9Be with the number of the Gaussian basis functions. 1D and 3D ∞Be energies, obtained with 8100 ECGs, are also shown.

Basis 1s2 2p2 1s2 2s 3d 1s2 2s 4d 1s2 2s 5d 1s2 2s 6d

1D 9Be 5400 −14.40735126817 −14.37292484606 −14.35308185745 −14.34295724585 −14.33726584864
5700 −14.40735128819 −14.37292486218 −14.35308187927 −14.34295727535 −14.33726589351
6000 −14.40735130269 −14.37292487873 −14.35308189329 −14.34295730524 −14.33726592990
6300 −14.40735131419 −14.37292489022 −14.35308190235 −14.34295732543 −14.33726596692
6600 −14.40735132360 −14.37292489927 −14.35308191065 −14.34295734030 −14.33726599355
6900 −14.40735133127 −14.37292490632 −14.35308191845 −14.34295735300 −14.33726601478
7200 −14.40735133732 −14.37292491226 −14.35308192498 −14.34295736312 −14.33726603148
7500 −14.40735134240 −14.37292491611 −14.35308193059 −14.34295737182 −14.33726604509
7800 −14.40735134646 −14.37292492176 −14.35308193576 −14.34295737953 −14.33726605668
8100 −14.40735134996 −14.37292492512 −14.35308193996 −14.34295738616 −14.33726606667

∞Be 8100 −14.40823725876 −14.37382457934 −14.35398288149 −14.34385808410 −14.33816650933

3D 9Be 5400 −14.38373107153 −14.35690196726 −14.34477209179 −14.33827538070
5700 −14.38373109063 −14.35690199376 −14.34477214670 −14.33827545744
6000 −14.38373110458 −14.35690202051 −14.34477218481 −14.33827551811
6300 −14.38373111539 −14.35690204015 −14.34477221320 −14.33827556492
6600 −14.38373112396 −14.35690205452 −14.34477223556 −14.33827560397
6900 −14.38373113125 −14.35690206591 −14.34477225429 −14.33827563641
7200 −14.38373113705 −14.35690207531 −14.34477226805 −14.33827565848
7500 −14.38373114210 −14.35690208295 −14.34477228068 −14.33827568079
7800 −14.38373114662 −14.35690208955 −14.34477229138 −14.33827570468
8100 −14.38373115044 −14.35690209496 −14.34477229961 −14.33827572560

∞Be 8100 −14.38463459713 −14.35780391205 −14.34567332942 −14.33917633118u

The ECG basis set for each considered state is obtained in a sep-
arate calculation. The basis set is built starting from a small set
of ECGs constructed by using a standard orbital basis set (in this
case all Ak are diagonal matrices). A procedure to grow the basis
set we found effective is to add one ECG at a time to the basis and
optimizing its nonlinear parameters (i.e. the matrix elements of
its Lk matrix) with the gradient-aided procedure. After addition of
each new hundred ECGs all basis functions are reoptimized again
using the one-function-at-a-time approach. After cycling over all
basis functions 2–5 times in this reoptimization the calculation
moves on to adding next hundred functions. The initial forms of
the newly added functions are generated by randomly perturbing
the parameters of the functions already included in the basis set and
choosing the function which after the perturbation contributes the
most to the total energy. After a function is generated it is checked
for linear dependency with all other functions in the basis set. Lin-
ear dependencies between basis functions are undesirable because
they may  cause inaccuracies in the computed energies or even a
complete failure of the calculation. If a linear dependency is found,
the function is rejected and a new function is generated. Also, after
optimization (reoptimization) each function is checked for linear
dependency and, if any is detected, the function is reset to it origi-
nal form before the optimization. In this way the linear-dependency
problem is controlled. A more detailed description of the procedure
can be found in our previous works [5,6,8]. The basis sets are only
optimized for the states of the 9Be isotope. For Be with an infinite
nuclear mass (∞Be) only the linear expansion coefficients of the
wave functions in terms of the ECGs are reoptimized. This is done
by solving the secular equation while the basis functions are taken
from the calculations of the corresponding states of 9Be. Such an
approach is justified by the observation made in our previous cal-
culations that the change of the wave function due to setting m0 to
infinity is small and very little can be gained by reoptimizing the
nonlinear parameters.

3. Results

The generation of the ECG basis sets for the considered states is
by far the most time consuming step of the calculations. As men-
tioned before the basis set for each state is grown to the size of
8100 ECGs. This assures that the relative energies between states

are determined with the accuracy of about 0.01–0.04 cm−1 or bet-
ter. In Table 1 the convergence of the total energies of the five 1D
states and four 3D states considered in the calculations is shown for
the basis set increasing from 5400 to 8100 ECGs. As one notices the
convergence is not quite uniform. As expected, it is better for the
lower states than for the higher ones. In Table 1 we also show the
infinite-nuclear-mass results calculated in the basis sets of 8100
ECGs for both 1D and 3D states. These latter values can be com-
pared with the energies obtained in conventional BO calculations.
Also the differences between the 9Be and ∞Be energies give a very
accurate estimation of the nuclear-mass effect in the total energies
of the D states.

An interesting feature, which shows in the results, is the absence
of the 1s22p2 state among the 3D states and it presence among
the 1D states. The experiment [2] confirms this prediction. It likely
results from the singlet (1s2 2p2) (or more general (1s2 np mp)) con-
figurations having lower energies than the corresponding triplet
configurations. This difference in energies is also the reason why
more ECGs with different ik and jk (see Eq. (2)) appear in the basis
sets of the 1D states than of the 3D states. For example, in the 7 500
ECG basis set of the 1D (1s2 2s 6d) state there are 1741 ECGs with dif-
ferent ik and jk, while in the 7 500 ECG basis set of the 3D (1s2 2s 6d)
state there are only 595 such ECGs. This also shows that the 1D
states of Be have a more significant (1s2 np mp) character than the
3D states.

The convergence of the relative energies for the considered
states with respect to the 1S (1s2 2s2) state is shown in Table 2. These
relative energies are compared with the experimental energies [2].
As one can see, the difference between the experimental energies
and the calculated ones converges to the difference between 9Be
and 9Be+ for both 1D and 3D states. This is an expected behavior
because this difference is due to not accounting for the relativis-
tic and QED effects in the present calculations. The magnitudes of
these effects become progressively closer for higher lying 1s22snd
states because the excited nd electron contributes increasingly less
to the effects as its excitation level increases. Eventually the rel-
ativistic contribution to the total energy of the (1s2 2s nd)  states
becomes very similar to this contribution for the ground state of
9Be+ (equal to 6.77 cm−1). For example, for the (1s2 2s 6d) 1D and 3D
states the values are 6.93 and 6.75 cm−1, respectively. This explains
the convergence pattern of �(exp. – calc.) shown in Table 2.
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Table  2
The convergence of the nonrelativistic energies of the (1s22s2, 1s22snd), n = 3, 4, 5, 61 D states and the (1s22snd), n = 3, 4, 5, 63 D states of 9Be with the number of the Gaussian
basis  functions. The energies are determined with respect to the ground (1s22s2)1

S state [3]. The energy corresponding to the (1s22s ∞ d) state is equal to the ground state
energy of the 9Be+ ion [4]. �(exp. – calc.) is the difference between the experimental and the calculated (with 8100 ECGs) relative energies. All values are given in cm−1. The
values  in parentheses are estimated uncertainties due to the finite size of the basis.

Basis 1s2 2s2 1s2 2s 3d 1s2 2s 4d 1s2 2s 5d 1s2 2s 6d 1s2 2s ∞ d

1D 9Be 5400 56 862.4172 64 418.1435 68 773.1761 70 995.2715 72 244.3888
5700 56 862.4128 64 418.1400 68 773.1714 70 995.2651 72 244.3790
6000 56 862.4097 64 418.1364 68 773.1683 70 995.2585 72 244.3710
6300 56 862.4071 64 418.1338 68 773.1663 70 995.2541 72 244.3629
6600 56 862.4051 64 418.1319 68 773.1645 70 995.2508 72 244.3570
6900 56 862.4034 64 418.1303 68 773.1628 70 995.2480 72 244.3524
7200 56 862.4021 64 418.1290 68 773.1613 70 995.2458 72 244.3487
7500 56 862.4009 64 418.1282 68 773.1601 70 995.2439 72 244.3457
7800 56 862.4000 64 418.1269 68 773.1590 70 995.2422 72 244.3432
8100 56 862.3993 (100) 64 418.1262 (200) 68 773.1580 (200) 70 995.2407 (200) 72 244.3410 (300)
8000 75 185.8656

Experiment 56 882.43 64 428.31 68 780.86 71 002.34 72 252.27 75 192.64
�(exp.  – calc.) 20.03 10.18 7.70 7.10 6.93 6.77

3D 9Be 5400 62 046.4512 67 934.7590 70 596.9589 72 022.8222
5700 62 046.4470 67 934.7531 70 596.9468 72 022.8053
6  000 62 046.4439 67 934.7473 70 596.9385 72 022.7920
6300  62 046.4416 67 934.7430 70 596.9323 72 022.7817
6600  62 046.4397 67 934.7398 70 596.9273 72 022.7732
6900  62 046.4381 67 934.7373 70 596.9232 72 022.7660
7200  62 046.4368 67 934.7352 70 596.9202 72 022.7612
7500  62 046.4357 67 934.7336 70 596.9175 72 022.7563
7800  62 046.4347 67 934.7321 70 596.9151 72 022.7511
8100  62 046.4339 (200) 67 934.7309 (200) 70 596.9133 (300) 72 022.7465 (400)
8000 75 185.8656

Experiment 62 053.72 67 941.66 70 603.76 72 029.50 75 192.64
�(exp.  – calc.) 7.29 6.93 6.85 6.75 6.77

The ground state energy of 9Be, E(9Be)=−14.666435504 hartree, is taken from Ref. [3].
The ground state energy of 9Be+, E(9Be+)=−14.3238634944 hartree, is taken from Ref. [4].

Table 3
Calculated and experimental, singlet–triplet (s–t), 1D-3D, energy differences (in
cm−1) between states of 9Be corresponding to the electronic configurations the
(1s2 2s nd), n = 3, 4, 5, and 6. The total energies for both singlet and triplet states used
in  the s–t energy-difference calculation are obtained with 8100 ECGs. The values in
parenthesis are estimated uncertainties.

1s2 2s 3d 1s2 2s 4d 1s2 2s 5d 1s2 2s 6d

Calculated 2371.69 (1) 838.43 (1) 398.33 (2) 221.59 (2)
Experimental 2374.59 839.20 398.58 221.77
Exp. – calc. 2.90 0.77 0.25 0.18

Finally, the total energies of the lowest (1s2 2s nd) 1D and 3D
states of 9Be allow for the calculation of the singlet–triplet energy
gaps and for comparing these gaps with the experiment. In these
calculations the lowest (1s2 2p2) 1D state is not included, as it does
not have a counterpart in the spectrum of the 3D states. The results
of the singlet–triplet gap calculations are presented in Table 3. As
one can see, also in this case the experimental and calculated values
get closer as the level of excitation increases. Again, the absence of
the relativistic and QED effects in the calculated energies is respon-
sible for the exp. – calc. difference. However, as the core electronic
configurations (1s2 2s) in the 1D and 3D states become increasingly
more similar when the Rydberg nd electron becomes excited to
higher levels and contributes less to the relativistic effects, the
difference between the experimental and calculated energy gaps
decreases. For the (1s2 2s 6d) it is only equal to 0.18 cm−1.

4. Summary

This work presents the first high-accuracy calculations of the
four lowest 3D states of the 9Be atom. Up to 8100 all-electron
explicitly correlated Gaussian functions are used for each state and

their exponential parameters are extensively optimized using a
procedure which utilizes the energy gradient determined with
respect to these parameters. It is shown that, as expected, the dif-
ference between the experimental and calculated relative energies
determined with respect to the ground 1S (1s2 2s2) state con-
verges with the increasing level of the electronic excitation to
the difference between the experimental and calculated ioniza-
tion potentials of 9Be. It is also shown that the singlet–triplet
gap between the experimental and calculated energies of the
corresponding 1D and 3D states becomes smaller with the increas-
ing level of excitation. In order to see full convergence of the
experimental and calculated energies at all excitation levels the
relativistic and QED effects need to accounted for in the calcula-
tions. The capabilities to do such calculations are hard to describe
accurately currently being explored.
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Accurate non-relativistic variational calculations are performed for the seven lowest members of the
2D Rydberg series (1s22s2p2, and 1s22s2nd, n = 3, . . . , 8) of the boron atom. The wave functions
of the states are expanded in terms of all-electron explicitly correlated Gaussian basis functions and
the effect of the finite nuclear mass is directly included in the calculations allowing for determining
the isotopic shifts of the energy levels. The Gaussian basis is optimized independently for each state
with the aid of the analytic energy gradient with respect to the Gaussian parameters. The calculations
represent the highest accuracy level currently achievable for the considered states. The computed
energies are compared with the available experimental data. © 2012 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4742819]

I. INTRODUCTION

Improving the accuracy of quantum mechanical calcula-
tions of ground and excited states of small atoms has been a
goal pursued since the birth of quantum mechanics. Progress
in this area is important for keeping up with the constantly
improving gas phase spectroscopic measurements of the
atomic energy levels.1, 2 Much of the up-to-date atomic and
molecular spectroscopic data obtained in those measurements
typically has a resolution that exceeds 0.01–0.001 cm−1.3

Unfortunately, apart for one-, two-, and three-electron atoms,
modern theoretical approaches are usually unable to match
such a high accuracy level using computer hardware available
today. Therefore, in order to provide the ability to treat quan-
tum mechanical systems with higher accuracy some signifi-
cant advances in the methodology of the calculations must be
made.

Apart from striving to match the spectroscopic accuracy
there is also a need to provide an input from the calculations
that would allow the determination of atomic and nuclear
properties. When the predictions of the theoretical calcula-
tions on small atoms and molecules are combined with high
resolution measurements it may be possible to accurately de-
termine the values of various properties and even fundamental
constants, such as nuclear radii, nuclear electric quadrupole
moments, electron/nuclear mass ratio etc.

Another reason for the development of highly accu-
rate methods capable of treating atoms with several elec-
trons is testing high-order relativistic and QED correc-
tions. The theory of these effects in few-electron atoms is
still not completely understood and is an area of active
research.

Performing very accurate calculations on ground and ex-
cited states of small atoms and molecules is important for
providing reference data. Such data is needed for the develop-
ment and testing of less accurate and computationally cheaper
quantum-chemical approaches. In this way a link is estab-

lished between small systems, where the application of the
highest level of theory is possible, and those systems whose
treatment, due to their size, must involve cruder approxima-
tions in the theoretical models.

Obtaining highly accurate solution of the Schrödinger
equation for a few-electron system is a nontrivial task. The
main reason for the difficulties is the multidimensional na-
ture of the wave function as the amount of computational ef-
fort required for its accurate representation grows very rapidly
with the number of dimensions. This property comes as a re-
sult of the correlations in the motion of electrons. The de-
velopment of methods to describe such correlations is one
of the main goals of the electronic structure theory. Per-
haps the most accurate class of methods to treat correla-
tions in the electronic structure calculations is the so-called
explicitly correlated approaches. The wave function of the
system in those approaches is expanded in terms of basis
functions that explicitly depend not only on the distances
between the nuclei and the electrons but also on the inter-
electron distances. Particularly powerful is the Rayleigh-Ritz
variational approach. With a proper choice of basis func-
tions that have the right behavior at two- and three-particle
coalescence points relative accuracies exceeding 10−40 have
been achieved for the He atom.4–6 As the number of elec-
trons is increased, however, it becomes difficult to evaluate
matrix elements with those basis functions. Thus, a simple
form of the basis functions must be employed. The lowest
states of the three-electron Li atom have been computed vari-
ationally in the basis of Hylleraas-type functions to relative
accuracy of 10−15.7 Increasing the number of electrons to
four narrows down the choice of the basis even further. Cur-
rently there is only one type of all-particle explicitly cor-
related basis functions whose matrix elements are known
to be representable in a compact analytic form that allows
efficient computer implementation. These are the Gaussian
functions.

0021-9606/2012/137(6)/064313/5/$30.00 © 2012 American Institute of Physics137, 064313-1
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A distinct property of the variational expansions employ-
ing explicitly correlated Gaussians (ECGs) is that the qual-
ity of the trial variational wave function and the convergence
of the calculations to the exact non-relativistic limit depend
sensitively on the choice of the Gaussian nonlinear parame-
ters. To achieve high accuracy in the calculations of four- and
five-electron systems one must perform extensive optimiza-
tion of those parameters. In spite of that, ECGs have been
applied with great success in many recent calculations on few-
electron atoms.8–15 Some of those calculations reported ener-
gies matching the experiment within the uncertainty of the
measurements. Very high accuracy was obtained in the cal-
culations for low-lying S and P states of the boron atom.15 It
should be noted that extending the applicability of the vari-
ational method employing ECGs to systems larger than the
boron atom and to excited atomic states with higher angular
momenta will require the use of tangibly more powerful com-
puters than those available today (at least when high accuracy
is required). Advances in computer hardware and improved
computational approaches may certainly make such calcula-
tions feasible in the very short future.

In this work, we performed all-electron ECG calculations
of seven lowest 2D Rydberg series of the boron atom. The
ECG basis set for each state was generated independently in
a process involving incremental addition of small groups of
functions to the basis and optimizing their nonlinear param-
eters. The calculations were performed on a multi-core com-
puter system with each state being calculated using 16 cores.
Over a year of continuous computing was involved. As there
is usually no end to such calculations, because one can keep
adding more basis functions to achieve increasingly better en-
ergy convergence, we decided to stop after generating 1700
ECGs for each state. As it will be described in Sec. II, the key
component of growing the ECG basis sets has been the use of
the analytical energy gradient determined with respect to the
Gaussian nonlinear parameters.

II. FORMALISM

Many atomic quantum-mechanical calculations are usu-
ally performed with the assumption of infinite nuclear mass,
i.e., they are based on the clamped-nucleus approximation.
Finite nuclear mass effects in those calculations, if necessary,
are computed perturbatively. In our approach, however, we
use the Hamiltonian, which explicitly includes the nuclear
mass. This Hamiltonian, which we call the internal Hamil-
tonian, is obtained from the laboratory frame non-relativistic
Hamiltonian by rigorously separating out the center of mass
motion. Such separation can be achieved by using a coordi-
nate transformation from the laboratory Cartesian coordinate
(LCC) system to a new coordinate system, which comprises
three coordinates of the center of mass in the LCC system
and 3n internal Cartesian coordinates, where n is the number
of electrons. The internal coordinates describe the positions of
the electrons with respect to the nucleus. By transforming the
laboratory frame Hamiltonian for the atom to the new coordi-
nate system one obtains the operator representing the kinetic
energy of the center-of-mass motion and the Hamiltonian that
describes the internal motion of particles (for details see

Refs. 16–19). The internal Hamiltonian has the following
form:

Ĥ = −1

2

⎛
⎜⎝

n∑
i=1

1

μi

∇2
ri

+
n∑

i,j=1
i �=j

1

m0
∇ri

· ∇rj

⎞
⎟⎠ (1)

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

,

where ri is the distance between the ith electron and the
nucleus, m0 is the nucleus mass [expressed in electron
masses, me, the nuclear masses of the two most common
boron isotopes are m0(10B) = 18 247.4689me and m0(11B)
= 20 063.7375me], q0 is its charge, qi are the electron
charges, and μi = m0mi/(m0 + mi) are the reduced masses of
the electrons. The Hamiltonian (2) describes the motion of
n (pseudo)electrons, whose masses are the reduced masses, in
the central field of the nuclear charge. This motion is coupled
through the Coulombic interactions between the electrons
and the nucleus,

∑n
i=1

q0qi

ri
, and through the interactions

between the electrons,
∑n

i>j=1
qiqj

rij
, where rij = |rj − ri |,

as well as through the mass polarization term,
− 1

2

∑n
i,j=1
i �=j

(1/m0)∇ri
· ∇rj

.

In this work, we consider the Rydberg series of the seven
lowest 2D states of the boron atom. These states can origi-
nate from either four electrons being in s states and one in a
d state or three electrons being in the s states and two in p
states. The dominant electronic configurations of those states
are 1s22s2nd1 and 1s22s2p2, respectively. To effectively de-
scribe both types of configurations with ECGs the following
functions need be used in the basis set:20

φk = (xik xjk
+ yjk

yik − 2zik zjk
) exp[−r′(Ak ⊗ I3)r], (2)

where electron labels ik and jk are either equal or not equal to
each other and they can vary from 1 to n. Ak in (2) is an n × n
symmetric matrix, ⊗ is the Kronecker product, I3 is a 3 × 3
identity matrix, and r is a 3n vector that has the form,

r =

⎛
⎜⎜⎜⎝

r1

r2
...

rn

⎞
⎟⎟⎟⎠ =

⎛
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x1

y1

z1
...

xn

yn

zn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (3)

Using the general quadratic form, r′Wkr, in place of prefactor
(xik xjk

+ yik yjk
+ 2zik zjk

) one can write the basis functions (2)
as

φk = (r′Wkr) exp[−r′Akr]. (4)

Here, Ak = Ak ⊗ I3 and Wk is a sparse 3n × 3n symmet-
ric matrix that for ik = jk comprises only three non-zero
elements: W3(ik−1)+1,3(ik−1)+1 = 1, W3(ik−1)+2,3(ik−1)+2 = 1,
and W3(ik−1)+3,3(ik−1)+3 = −2, and for ik �= jk it compri-
ses six elements: W3(ik−1)+1,3(jk−1)+1 = W3(jk−1)+1,3(ik−1)+1

= 1/2, W3(ik−1)+2,3(jk−1)+2 = W3(jk−1)+2,3(ik−1)+2 = 1/2, and
W3(ik−1)+3,3(jk−1)+3 = W3(jk−1)+3,3(ik−1)+3 = 1.
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As the basis functions (2) are used in expanding wave
functions of bound states, they have to be square integrable.
This mandates that matrix Ak is positive definite. Rather
than performing optimization of Ak matrix elements subjected
to a number of constraints, we instead represent Ak in the
Cholesky form, Ak = LkL

′
k , where Lk is a lower triangular

matrix. This automatically makes matrix Ak positive definite.
Thus, the variational energy minimization with respect to the
Lk parameters can be performed without any constraints. It
should be noted that the use of the Cholesky factorization
does not limit the flexibility of basis functions, because any
symmetric positive definite matrix can be represented in the
Cholesky form.

Since any few-particle system containing identical parti-
cles must obey the Pauli principle, the basis functions used in
the variational expansion of the wave function need to pos-
sess certain permutational symmetry properties. In our ap-
proach we employ the spin-free formalism,21, 22 which effec-
tively eliminates the spin part of the wave function from con-
sideration. Suitable spatial basis functions are generated from
elementary functions (4) by the action of the Young projection
operator, Ŷ , which is a certain (generally nontrivial) linear
combination of permutational operators, P̂γ . As the Hamil-
tonian is invariant with respect to all permutations of the elec-
trons, in calculating the overlap and Hamiltonian matrix el-
ements the permutational operators can be applied to the ket
(or the bra) only. More specifically, the ket basis functions in
those matrix elements are operated on with the permutation
operator Ŷ †Ŷ (the dagger stands for conjugate). The Ŷ oper-
ator is derived using the appropriate Young tableaux for the
state under consideration. Assuming that the first particle in
the boron atom is the nucleus, and particles 2 through 6 are
electrons, one of the possible choices of the Young operator
for the doublet states is

Ŷ = (1̂ − P̂24)(1̂ − P̂26 − P̂46)(1̂ − P̂35)(1̂ + P̂23)(1̂ + P̂45).
(5)

Here, P̂ij is the permutation operator of the spatial coordinates
of the ith and jth electrons. As there is 120 possible permuta-
tions of five electrons, each Hamiltonian and overlap matrix
element is a sum of 120 terms.

III. RESULTS AND DISCUSSION

Each of the seven states of the 2D Rydberg series of the
boron atom considered in this work has been calculated inde-
pendently. The optimization of the ECG basis sets for these
states have been performed for the 11B isotope and then the
basis was used to also calculate the 2D energy levels of the
10B isotope, as well as of the boron atom with an infinite nu-
clear mass (∞B). This time-saving simplification is possible
because upon changing the nuclear mass the wave function
changes only slightly (true as long as the mass of the nu-
cleus is significantly larger than that of electrons). That small
change of the wave function can be described very well by
readjusting only the linear coefficients of the basis functions.
The simplification has virtually no effect on the accuracy of
the calculations. The energies of ∞B system have been cal-
culated because they can be compared with the results ob-

tained in the traditional approaches that involve the Born-
Oppenheimer approximation.

The present calculations have been performed using the
standard Raleigh-Ritz variational scheme. The elements of Lk

matrices of the basis functions have been optimized based
on the minimization of the total energy. Generating the ba-
sis set for a particular state was initiated with a small, ran-
domly chosen set of functions and involved incremental addi-
tion of new functions and optimizing them with an approach
employing the analytic energy gradient. The new functions
were added to the basis set one by one with Lk parameters
chosen as a best guess out of several hundred random candi-
dates. The random Lk matrices of the candidate functions were
generated based on the parameters of the functions already
included in the set. After a new function was selected, its ik
and jk indices and the Lk parameters were optimized. Next,
the function was checked for any linear dependency with the
functions already included in the basis set and, if such linear
dependency appeared, the function was rejected and replaced
by a new function. This new function was then subject to op-
timization. After a certain number of new functions (usually
a hundred) was added to the basis set following the above
procedure, the whole set was reoptimized by cycling over all
functions, one by one, and by reoptimizing their Lk parame-
ters. After the parameters of a function were reoptimized, the
function was again checked for any linear dependency with
all other functions in the set and its parameters were reset to
their original values if the linear dependency within a certain
predefined threshold occurred. The cyclic optimization of all
functions was repeated several times. The process of growing
the basis set continued until 1700 ECGs were generated for
each state. Given the computational resources available to us
at present, 1700 ECGs presently represents the practical limit
for the number of functions which can be generated and op-
timized in the calculations of D states of an atom with five
electrons.

The total non-relativistic energies obtained in the cal-
culations are presented in Table I. For the 11B isotope the
energies obtained with 500, 700, 900, 1100, 1300, 1500,
and 1700 ECGs are shown to demonstrate the convergence
patterns. The convergence analysis shows that, as expected,
better accuracy is achieved for the lower lying states. This
clearly is a reflection of the increasing number of the radial
nodes in higher states. For 10B and ∞B we only show the
energies obtained with 1700 ECGs. The convergence level
of those energies is essentially the same as that of the 11B
values.

Using the total energies of the states from Table I we can
determine the energies corresponding to transitions between
states. These in turn can be directly compared with the exper-
imental data taken from Ref. 23. Such a comparison is pre-
sented in Table II. First let us examine the convergence of
the calculated transition energies for 11B for the different ba-
sis set sizes. This examination reveals an interesting pattern.
While for the second lowest transition, 1s22s23d → 1s22s24d,
the transition energy obtained with 1500 and 1700 ECGs dif-
fer by less than a wavenumber and for the third transition,
1s22s24d → 1s22s25d, by slightly more than a wavenumber,
for the first transition, 1s22s2p2 → 1s22s23d, the difference
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TABLE I. The convergence of the total non-relativistic energies (in hartrees) for the lowest 2D states of 11B with the number of ECGs in the basis set. Energies
calculated for 10B and ∞B with the 1700 ECG basis generated for 11B are also presented. Values in parentheses show estimated remaining differences between
the calculated energies and the infinite basis set limits.

Isotope Basis 1s22s2p2 1s22s23d 1s22s24d 1s22s25d 1s22s26d 1s22s27d 1s22s28d

11B 900 −24.434 277 −24.402 837 −24.379 032 −24.367 593 −24.361 095 −24.356 914 −24.353 686
1100 −24.434 435 −24.402 915 −24.379 102 −24.367 699 −24.361 326 −24.357 251 −24.354 188
1300 −24.434 532 −24.402 958 −24.379 144 −24.367 758 −24.361 450 −24.357 470 −24.354 560
1500 −24.434 595 −24.402 988 −24.379 170 −24.367 794 −24.361 519 −24.357 613 −24.354 822
1700 −24.434 637(150) −24.403 007(50) −24.379 186(50) −24.367 815(60) −24.361 563(130) −24.357 699(200) −24.354 998(500)

10B 1700 −24.434 509(150) −24.402 883(50) −24.379 062(50) −24.367 692(60) −24.361 439(130) −24.357 575(200) −24.354 839(500)
∞B 1700 −24.435 853(150) −24.404 251(50) −24.380 430(50) −24.369 060(60) −24.362 807(130) −24.358 942(200) −24.356 241(500)

is still more than three wavenumbers. It is possible that the
slow convergence of the first transition is related to the differ-
ent configurational composition of the lowest 2D state, which
is dominated by the 1s22s2p2 configuration, while the other
states are dominated by 1s22s2nd configurations. The config-
uration composition of a state may reflect on how fast (or
slow) its energy converges with the number of ECGs in the
basis set. Starting from the fourth transition the differences
between 1500 and 1700 ECG results start to increase. This
happens because describing higher excited states becomes in-
creasingly more difficult due to the number of nodes in their
wave functions. To remedy this the basis set size for excited
states needs to be increased and this increase needs to be usu-
ally larger when going from a higher excited state to the next
one than from a lower state to the next.

Let us now examine the agreement of the calculated tran-
sition energies with the experimental values. As the present
calculations have included neither relativistic nor QED cor-
rections, one may expect deviations between the calculated
and the experimental values due to that. These deviations are
usually higher for lower transitions than for higher ones be-
cause the relativistic+QED corrections to the state energies
vary more for lower states than for higher states. This trend
can be seen by comparing the experimental transition ener-
gies with the calculated values in Table II. While for the low-
est transitions the experimental-calculated difference is about
20 cm−1, it reduces to about 3 cm−1 for the second and third
transitions. After that the difference starts to increase again,
but this increase is not due to physical reasons, but due to

the calculations being by far less converged in terms of the
number of basis functions than for lower states. This makes,
for example, the calculated result for the highest 1s22s27d
→ 1s22s28d transition be off from the experiment by as much
as 70 cm−1.

Having the energies of the 2D states calculated for the
11B and 10B isotopes allows for calculating the isotopic shifts
of the interstate transition energies. These shifts could be also
derived from the spectra measured for 11B and 10B, if such
spectra for the latter system existed. In Table III we show
how the shifts converge with the number of the basis func-
tions. As it is seen, even though the transition energies are not
yet converged very well with the number of ECGs, the shifts
are (within the digits shown). The appearance of negative
shifts in the table needs to be explained, as one would expect
the energy differences between adjacent states to be always
higher for 10B than for 11B. They should be higher because
the (pseudo)electrons are slightly lighter in 10B and in 11B.
However, as mentioned, the basis sets generated in this work
are far from being well converged and the appearance of very
small (−0.01 cm−1) negative values in Table III is likely an
artifact of this lack of convergence. The data for the 1s22s26d
→ 1s22s27d transition seems to confirm this assertion. As one
can see, as the basis size reaches 1700 the negative difference
obtained for the smaller basis sizes becomes zero. A conclu-
sion which can be drawn from the results shown in Table III
is that, except for the lowest transition energy, where the iso-
topic 10B/11B shift is larger and measurable (0.62 cm−1), for
the other transitions it is negligible.

TABLE II. Calculated non-relativistic transition energies between the adjacent states of the lowest seven mem-
bers of the 2D state series of 11B and the corresponding experimental values. All values are in cm−1.

1s22s2p2 1s22s23d 1s22s24d 1s22s25d 1s22s26d 1s22s27d

Transition → 1s22s23d → 1s22s24d → 1s22s25d → 1s22s26d → 1s22s27d → 1s22s28d

Basis
900 6900.47 5224.54 2510.46 1426.11 917.77 708.36
1100 6917.86 5226.37 2502.48 1398.78 894.43 672.23
1300 6929.71 5226.65 2498.87 1384.53 873.39 638.73
1500 6936.88 5227.54 2496.74 1377.11 857.30 612.46
1700 6941.98(20.) 5228.11(2.) 2495.48(3.) 1372.24(15.) 848.15(20.) 592.76(50.)

Experiment Ref. 23 6910.80 5225.68 2492.05 1359.82 820.03 531.94
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TABLE III. Finite nuclear mass effect on the transition energies between adjacent 2D states. The differences
between the calculated transition energies of 11B and 10B are shown. All values are in cm−1. The uncertainties in
the final values due to finite size of the basis do not exceed 0.01 cm−1.

1s22s2p2 1s22s23d 1s22s24d 1s22s25d 1s22s26d 1s22s27d

Transition → 1s22s23d → 1s22s24d → 1s22s25d → 1s22s26d → 1s22s27d → 1s22s28d

Basis
900 0.62 0.01 −0.01 −0.01 −0.01 0.00
1100 0.62 0.01 −0.01 −0.01 −0.01 0.00
1300 0.62 0.01 −0.01 −0.01 −0.01 0.00
1500 0.62 0.01 −0.01 −0.01 0.00 0.00
1700 0.62 0.01 −0.01 −0.01 0.00 0.00

IV. SUMMARY

The lowest seven Rydberg 2D states of the two stable
isotopes of the boron atom, 10B and 11B, are investigated
with non-relativistic finite-nuclear-mass variational calcula-
tions that employ all-electron explicitly correlated Gaussian
functions. The ECG basis set for each state is generated in-
dependently by incremental addition of more functions and
by optimizing their exponential parameters with the use of an
approach utilizing the analytical energy gradient determined
with respect to these parameters. Due to the high computa-
tional cost of the calculations, the basis set for each state has
only been increased to the level of 1700 functions. With these
many functions the energy convergence is as good as previ-
ously achieved for four-electron systems. Thus, the present
results should be considered as preliminary.

1S. A. Diddams, J. Opt. Soc. Am. B 27, B51 (2010).
2F. Quinlan, S. Ozharar, S. Gee, and P. J. Delfyett, J. Opt. A 11, 103001
(2009).

3A. L. Wolf, S. A. van den Berg, W. Ubachs, and K. S. E. Eikema, Phys.
Rev. Lett. 102, 223901 (2009).

4C. Schwartz, Int. J. Mod. Phys. E 15, 877 (2006).
5C. Schwartz, e-print arXiv:math-ph/0605018.
6H. Nakashima and H. Nakatsuji, J. Chem. Phys. 127, 224104 (2007).

7L. M. Wang, Z.-C. Yan, H. X. Qiao, and G. W. F. Drake, Phys. Rev. A 83,
034503 (2011).

8K. Pachucki and J. Komasa, Phys. Rev. Lett. 92, 213001 (2004).
9K. Pachucki and J. Komasa, Phys. Rev. A 73, 052502 (2006).
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A new algorithm for quantum-mechanical nonrelativistic calculation of the Hamiltonian matrix ele-
ments with all-electron explicitly correlated Gaussian functions for atoms with an arbitrary number
of s electrons and with three p electrons, or one p electron and one d electron, or one f electron is
developed and implemented. In particular the implementation concerns atomic states with L = 3 and
M = 0. The Hamiltonian used in the approach is obtained by rigorously separating the center-of-mass
motion from the laboratory-frame all particle Hamiltonian, and thus it explicitly depends on the finite
mass of the nucleus. The approach is employed to perform test calculations on the lowest 2F state
of the two main isotopes of the lithium atom, 7Li and 6Li. © 2013 American Institute of Physics.
[http://dx.doi.org/10.1063/1.4794192]

I. INTRODUCTION

In recent years there has been a renewed interest in very
accurate quantum mechanical calculations of the electronic
structures of small atoms.1–13 The interest has been motivated
by both new, more accurate spectral measurements performed
on these systems and by the development of new compu-
tational methods that allow the spectral levels of these sys-
tems to be calculated with much higher accuracy than be-
fore. Most of the work in the field has been centered on
two- and three-electron atomic systems because they can be
very accurately calculated using Hylleraas type functions. As
the extension of the Hylleraas function approach to atoms
with more than three electrons has not yet been achieved
due to difficulties in determining the Hamiltonian matrix
elements,12 alternative approaches had to be found. One of
them is based on employing explicitly correlated all-electron
Gaussian (ECG) functions. This research group has been ac-
tively contributing to the development of ECG methods for
very accurate atomic calculations14–19 for several years now.
There have been two important features in these methods that
set that development apart from the works carried by oth-
ers. The first has been the explicit inclusion of the nuclear
motion in the nonrelativistic Hamiltonian used in the vari-
ational calculations of the energies and the wave functions
of the atomic system under consideration. The second has
been the use of the analytical energy gradient determined
with respect to the Gaussian exponential parameters in the
variational optimization of the Gaussians. For example, in
the recent work on the beryllium atom,19 where the gradient
was used in the ECG optimization, it was demonstrated that
calculations utilizing large basis sets of Gaussians that also
include lowest order relativistic and QED corrections can re-
produce the lowest excitation transition energy of this sys-
tem with the accuracy matching that of the most accurate
experiments.

In order to extend the use of ECGs to larger atomic sys-
tems and to widen the range of electronic states in the calcula-
tions procedures need to be developed to describe states where
some electrons have non-zero angular momenta. Thus this re-
search group carried out the development and implementation
of algorithms for calculating energy and energy gradient for
atomic states with an arbitrary number of s electrons and one
p electron,17 and states with s electrons and two p electrons or
one d electron.20, 21 These algorithms have enabled calcula-
tions of the ground state for the boron and carbon atoms. The
next step, which is carried out in the present work, is extend-
ing the ECG approach to atomic states where, besides some
number of s electrons, there are either three p electrons, or one
p and one d electron, or one f electron. States of these kinds in-
clude, for example, the ground 1s22s22p3 state of the nitrogen
atom. The development presented in this work includes the
derivation of the overlap and Hamiltonian matrix elements for
ECGs used to calculate of energies of such states. Derivations
of the Hamiltonian matrix elements is carried out using the
matrix-calculus approach. The derived algorithms are imple-
mented and tested for correctness in calculations of the lowest
2F state of two isotops of the lithium atom, 7Li and 6Li. The
results of these tests are shown in Sec. VII.

It is worth mentioning that the formulas for the atomic
systems with the angular momentum of L = 3 have broader
applicability than just the calculations of atomic F states.
Some elements and formulas obtained in the present deriva-
tions can be useful in deriving the overlap and Hamiltonian
matrix elements for atoms with higher orbital angular mo-
menta, as well as for diatomic systems in higher rotational
states. For instance, the general form of the potential energy
matrix elements for an atom with L = 3 can be used to cal-
culate overlap matrix elements for rotationally excited J = 3
states of diatomic molecules when the Born-Oppenheimer ap-
proximation is not assumed. Also, one part of the formula for

0021-9606/2013/138(10)/104107/16/$30.00 © 2013 American Institute of Physics138, 104107-1
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the kinetic energy matrix elements can be used to calculate
the overlap matrix elements for atoms with L = 4 granted that
certain matrices are redefined. This is a unique aspect of the
calculations preformed using ECGs.

F states of small atoms have not been as accurately mea-
sured as S, P, and D states. For example, there are only two
2F states reported in the NIST Atomic Spectra Database22

for 7Li. These are the lowest 1s24f state and the first excited
1s25f state. For both of them the reported transition energies in
wavenumbers determined with respect to the 2S ground state
are given with only one significant figure after the decimal
point. The theoretical calculations not only deliver higher ac-
curacy in predicting the energies of these states but the calcu-
lations can also provide data on more of them. This has been
the motivation for the development carried out in this work.

The prototype computer code which has been written is
not yet in a form that can be used to perform large-scale pro-
duction calculations involving thousands of ECGs. To run
such calculations an algorithm for calculating the analytical
energy gradient has to be developed and implemented. This
task will be pursued in the near future. The implementation
will involve efficient message passing interface (MPI) paral-
lelization of the calculation which takes advantage of multi-
processor computer environment. Procedures for calculating
the lowest order relativistic corrections will also need to be
implemented. Only then can calculations of transition ener-
gies for such systems as the nitrogen atom can be expected to
provide high-accuracy results.

II. NOTATION

In the beginning, it is necessary to briefly explain the no-
tation scheme used throughout this work. The scheme is the
same as the one used in our previous work.17 To start, small
greek letters are used to denote scalar quantities, bold small
greek letters represent three-component vectors, while capital
greek letters are used for 3 × 3 matrices. Small latin letters
denote n-component vectors (n is the number of electrons in
the atom; see the beginning of Sec. III) and bold small latin
letters denote 3n-component vectors. If such a letter has an in-
dex (subscript) this means it is a 3-component vector. For ex-
ample, r is a 3n-component vector, while ri is a 3-component
vector. Capital latin letters are used for n × n matrices and
bold capital latin letters are used for 3n × 3n matrices.

All matrix-matrix and matrix-vector products that appear
in formulas are calculated using the conventional matrix al-
gebra. For example, a product of a p × q matrix and a q × k
matrices yields a p × k matrix. Vector or matrix transposi-
tion is denoted by a prime (′) symbol and, at last, vertical bars
around a matrix denote its determinant, while vertical bars
around a vector or a scalar stand for the absolute value or the
length, respectively.

III. THE HAMILTONIAN

We consider a nonrelativistic atomic system consisting
of N particles, i.e., N − 1 electrons and a nucleus. The ith
particle has mass Mi, charge Qi, and the position vector in
the laboratory Cartesian coordinate frame (LCCF), Ri . The

nonrelativistic LCCF Hamiltonian for the system is

Ĥlab = −
N∑

i=1

1

2Mi

∇2
Ri

+
N∑

i>j=1

QiQj

Rij

, (1)

where ∇Ri
is the gradient with respect to Ri , and Rij is the

distance between the ith and jth particles, Rij = |Rj − Ri |.
The center-of-mass motion of the system can be sepa-

rated out in the LCCF Hamiltonian (1) to yield a Hamiltonian
describing the center-of-mass motion and another Hamilto-
nian describing the internal motion of the electrons relative
to the nucleus. The separation can be accomplished by repre-
senting the LCCF Hamiltonian in a new coordinate system
whose first three coordinates are the LCCF coordinates of
the center of mass and the remaining 3N-3 coordinates are
the relative internal coordinates describing the positions of the
electrons with respect to the nucleus. By placing the nucleus
at the origin of the new, internal Cartesian coordinate system
it becomes the reference particle for all other particles (elec-
trons) in the atom. The internal coordinates are defined as:
ri = Ri+1 − R1. The three coordinates describing the center
of mass are denoted as r0 and the total mass of the system is
Mtot = ∑N

i=1 Mi .
The internal Hamiltonian obtained using the above co-

ordinate transformation depends only on the internal coor-
dinates. For an atom, it describes the motion of n = N − 1
pseudoelectrons in the central field of the nucleus. We use the
term “pseudoelectron” because, even though the charges of
the particles described by the internal Hamiltonian are elec-
tron charges, their masses are not electron masses but re-
duced masses. Denoting the mass of the nucleus as m0 and the
charge as q0, setting the pseudoelectron reduced masses to be
μi = m0mi/(m0 + mi) with mi = Mi+1, and with the pseudo-
electron charges equal to qi = Qi+1, the internal Hamiltonian
is

Ĥ = −1

2

⎛
⎝ n∑

i=1

1

μi

∇2
ri

+
n∑

i=1,j=1,i �=j

1

m0
∇′

ri
∇rj

⎞
⎠

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

. (2)

The motions of the pseudoelectrons are described by
their kinetic energy term, − 1

2

∑n
i=1

1
μi

∇2
ri

, the kinetic-energy
coupling term also known as the mass polarization term,
− 1

2

∑n
i=1,j=1,i �=j (1/m0) ∇′

ri
∇ri

, and the Coulombic inter-
actions of each pseudoelectron with the nucleus and all
other pseudoelectrons. The Coulombic interactions are de-
pendent on the distances between the pseudoparticles and
the origin of the internal coordinate system, ri, and on the
relative distances between the pseudoparticles, rij, where
rij = |rj − ri |. This Hamiltonian is used in the present cal-
culations.

IV. THE BASIS FUNCTIONS

To obtain the energy eigenvalues of Hamiltonian (2)
the Rayleigh-Ritz variational scheme is used. Since the total
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internal atomic wave function, �, is dependent on the spatial
coordinates, r, and the spin coordinates, m, of the pseudoelec-
trons: � = � (r, m), and because internal Hamiltonian (2) is
spin independent, the calculation of the Hamiltonian and over-
lap matrix elements can be carried out by first integrating over
spin variables, which leaves behind only spatially dependent
integrals. The spatial wave functions, �(r), in those integrals
are approximated by linear combinations of K basis functions,
ψk(r):

� (r) =
K∑

k=1

ckŶψk(r), (3)

where ck is the linear variational parameter, and Ŷ is some
permutational symmetry projection operator discussed in
Sec. V.

The basis function ψk(r) for an nelectron atomic system
with only s electrons have only a radial part and it is spheri-
cally symmetric (or rotationally invariant). In our calculations
ψk(r) has the form of an ECG function,

ψk = exp[−r′ (Ak ⊗ I3) r], (4)

where Ak is an n × n symmetric matrix, ⊗ is the Kro-
necker product symbol, and I3 is a 3 × 3 identity matrix.
In ECGs all one-pseudoelectron exponential variables and
all two-pseudoelectron coupling exponential variables are in-
cluded by the use of a quadratic form involving a vector-
matrix-vector product, r′ (Ak ⊗ I3) r (this form is used fre-
quently in this work as it allows for some ease in the evalua-
tion of Hamiltonian and overlap matrix elements).

It is required that the basis functions used in a bound-state
calculation are square integrable which effectively imposes
restrictions on the Ak matrix. The Ak matrix must be posi-
tive definite. Rather than restricting the Ak matrix elements,
Ak is represented in a Cholesky factored form as: Ak = LkL

′
k ,

where Lk is a lower triangular matrix. With this representa-
tion, Ak is automatically positive definite. It should also be
mentioned that this form of Ak matrix does not limit the flexi-
bility of the basis functions since any allowable choice of the
Ak matrix can be represented by some Lk matrix. This is be-
cause any symmetric positive matrix can be represented in a
Cholesky factored form.

For an atomic system, where some electrons have non-
zero angular momenta, the ECG functions (4) need additional
multiplicative components to be placed in front of the expo-
nent. As mentioned, in the recent works this group has devel-
oped methods for calculating atomic systems with one elec-
tron in a p state,14, 17 and either two electrons in p states,20 or
one electron is in a d state23 (all other electrons are in s states).
The focus in this work is on states with total orbital angular
momentum of L = 3 and its projection on the z axis of M = 0.
Such states correspond to atoms with either one f electron, or
one p electron and one d electron, or three p electrons (again,
all other electrons are in s states).

For a state with one f electron the basis functions can
be obtained by using the following non-normalized form of
spherical harmonic function Y 0

3 expressed in the Cartesian
coordinates: (

3x2
i + 3yi − 2z2

i

)
zi, (5)

where the common constant factor and the 1/r
li
i factor were

dropped; li is the angular momentum quantum number of the
ith electron. To be all inclusive, this particular state (L = 3
and M = 0) can also be formed by one p and one d elec-
tron, or three p electrons and explicit angular functions can be
obtained with a standard procedure of coupling angular mo-
menta with the use of Clebsch-Gordan coefficients. Our pre-
vious work20 describes a method for coupling two electrons, i
and j. A similar procedure is applied here and for the angular
component of the basis function corresponding a L = 3 and
M = 0 configuration with one p and one d electron is(

x2
i + y2

i − 2z2
i

)
zj + 2(xixj + yiyj )zi (6)

and again, the constant factor and the 1/r
li
i r

lj
j factor were

dropped.
For the three p electron case the procedure is analogical.

Let us suppose that the orbital quantum numbers of electrons
i, j, and k (k in this case is not the index for the basis function
expansion) are li, mi, lj, mj, lk, and mk. Using the bra-ket nota-
tion, the angular part of the a basis function corresponding to
particular L and M can be represented as the following linear
combination:

|L M〉 =
∑

mi ,mj ,mk
mi+mj +mk=M

(L M|li mi ljk mjk)

× (ljk mjk|lj mj lk mk)|li mi〉|lj mj 〉|lk mk〉,
(7)

where the (L M|li mi ljk mjk) and (ljk mjk|lj mj lk mk) factors
are the Clebsch-Gordan coefficients.24 With that, the angular
part of the basis function becomes

(xixj + yiyj − 2zizj )zk + (xixk + yiyk)zj + (xjxk + yjyk)zi

(8)
after the common constant factors and the 1/(rli

i r
lj
j r

lk
k ) factor

were dropped.
The three angular functions shown in (5), (6) and (8)

can be represented using a single expression

(xixj + yiyj − 2zizj )zk + (xixk + yiyk)zj + (xjxk + yjyk)zi,

(9)
which is the same as (8). By setting j = i and k = i (9) be-
comes (5) and by setting j = i and k = j it becomes (6). There-
fore, (9) is the suitable general form of the angular factor for
an ECG basis function for the L = 3 and M = 0 states. The
three-electron lithium atom is the smallest system for testing
the correctness of the Hamiltonian integrals over ECGs with
the general angular factor (9). However, in this work testing
has been also performed using one electron functions (the hy-
drogen atom) and two-electron ECGs (the helium atom). The
testing concerned the correctness of the integral formulas, as
well as the correctness of the computer code written using
FORTRAN 90.

As an aside, (7) is the formula to use to determine the
angular factor for the main configurations that need to be used
to describe the ground state of the nitrogen atom. For nitrogen
atom, with L = 0 and M = 0, the ECGs need to have the
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following angular factors:

(xjyi − xiyj )zk + (xiyk − xkyi)zj + (xkyj − xjyk)zi . (10)

The nitrogen ground state will be calculated in a future project
after the pilot FORTRAN 90 code developed in this project is
made more efficient and after the analytical energy gradient is
evaluated. This will be discussed further in Sec. VII.

It should be mentioned that for the lithium atom in an
excited L = 3 and M = 0 state, ECGs with angular factor
(5) are expected to be the most contributing functions in the
wave function expansion. Only a small percentage of the basis
functions needed to describe such a state are expected to have
the (6) and (8) angular factors. Therefore, it is not the focus
of this work to include these small contributions in the basis
set. The primary focus of this work is to show, based on the
lithium 2F state calculations, the correctness of the derived
Hamiltonian and overlap matrix elements (see Sec. VI). Thus,
as in generating the numerical results presented in Sec. VII
only ECGs with angular factor type (5) are utilized, the ECG
basis set is not strictly complete.

To construct the full form of the basis function, �k(r),
for L = 3 and L = 0 states, the rotationally invariant ECG (4)
and the angular portion in the general form, (9), are multiplied
together

ψk = {(xik xjk
+ yik yjk

− 2zik zjk
)zkk

+ (xik xkk
+ yik ykk

)zjk

+ (xjk
xkk

+ yjk
ykk

)zik } exp[−r′(Ak)r]

= {(
r′W1

kr
) (

v1′
k r

) + (
r′W2

kr
) (

v2′
k r

) + (
r′W3

kr
) (

v3′
k r

)}
× exp[−r′ (Ak) r], (11)

where general quadratic forms replaced (xik xjk
+ yik yjk

− 2zik zjk
), (xik xkk

+ yik ykk
), and (xkk

xjk
+ ykk

yjk
), and vector-

vector products replaced zi, zj, zk. These replacements allow
for a more generalized approach in deriving the expressions

for the Hamiltonian matrix elements. W(1,2,3)
k used in (11) are

sparse 3n × 3n symmetric matrices comprising mostly zeros.
Note that W(1,2,3)

k cannot be represented as a Kronecker prod-
uct of W

(1,2,3)
k and I3: W(1,2,3)

k �= W
(1,2,3)
k ⊗ I3. Vectors v(1,2,3)′

k

used in (11) are 3n row vectors. Each has a single non-zero
element equal to one placed in the 3(kk − 1) + 3 position in
v1′

k , in the 3(jk − 1) + 3 position v2′
k , and in the 3(ik − 1) + 3

position in v3′
k . Finally, Ak = Ak ⊗ I3.

In general, the W(1,2,3)
k matrices have only non-zero ele-

ments corresponding to the coefficient of the polynomial term
divided by 2 and placed symmetrically in the matrix in posi-
tions to obtain the correct quadratic form. In other words

W(1,2,3)
k = (1/2)

(
V(1,2,3)

k + V(1,2,3)′
k

)
, (12)

where V(1,2,3)
k is as an asymmetric matrix. This is called

matrix symmetrization. For instance, the sum of quadratic
coordinate products, (xik xjk

+ yik yjk
− 2zik zjk

), corresponds
to W1

k , where the first term is represented by the non-zero
element both equal to 1/2 placed as the following two
elements in the matrix: W1

k(3(ik − 1) + 1, 3(jk − 1) + 1)
and W1

k(3(jk − 1) + 1, 3(ik − 1) + 1), and likewise for the
second term, 1/2 is placed as the following matrix elements:
W1

k(3(ik − 1) + 2, 3(jk − 1) + 2) and W1
k(3(jk − 1) + 2,

3(ik − 1) + 2), and for the third term, −2/2 = −1 is placed as

the following matrix elements: W1
k(3(ik − 1) + 3, 3(jk − 1)

+ 3) and W1
k(3(jk − 1) + 3, 3(ik − 1) + 3). Alternatively,

the representation with asymmetric matrix V1
k can be used.

In this case V1
k has 1 in the V1

k(3(ik − 1) + 1, 3(jk − 1) + 1)
and V1

k(3(ik − 1) + 2, 3(jk − 1) + 2) positions, and −2 in
the V1

k(3(ik − 1) + 3, 3(jk − 1) + 3) position. The matrix-
symmetrization formula is used in this work in deriving the
integrals contributing to the Hamiltonian matrix elements.
The derivation is described in VI.

Finally, due to linearity of (10) and (11), we can rewrite
them as

ψk (r) =
3∑

q=1

(
r′Wq

k r
) (

vq′
k r

)
exp[−r′(Ak)r]. (13)

With that the total spatial wave function becomes

� (r) =
K∑

k=1

ckŶ

3∑
q=1

(
r′Wq

k r
) (

vq′
k r

)
exp[−r′(Ak)r]. (14)

Thus, for simplicity, in the derivation of the Hamiltonian and
overlap matrix elements, we will be considering the following
general ECG with a cubic pre-exponential factor:

φk = (r′Wkr)(v′
kr) exp[−r′(Ak)r], (15)

where we have dropped the notation that indicates that φk is
a function of r and the summation over index q. The deriva-
tion of the Hamiltonian and overlap matrix elements will be
carried out with functions (15). The summation over q is im-
plemented at the stage of writing the FORTRAN 90 computer
code. As q changes from one to three for each basis function
ψk (r), the overlap and Hamiltonian matrix elements deter-
mined for ψk (r) and ψl (r) will be a sum of nine elements
determined with functions (15). Each of these nine elements
includes a sum over permutation-symmetry operators which
is described next.

V. PERMUTATIONAL SYMMETRY

For atoms, the basis functions used in the wave function
expansion should possess the proper symmetry with respect
to the permutations of identical particles (electrons) involved
in the system. Since the Hamiltonian is spin independent,
the spin can be completely eliminated from the consideration
leading to a nontrivial symmetry projection operator, Ŷ , that
needs to be applied to the spatial wave function and, thus, to
each basis function. This operator is a linear combination of
some permutation operators and its construction is described
below.

In calculating the overlap and Hamiltonian matrix ele-
ments all the permutations, in general, can be applied to the
ket as P̂ = Ŷ †Ŷ (the dagger stands for conjugate). This re-
sults in each matrix element being a sum of elemental matrix
elements in which the ket basis function is transformed by
different permutation operators P̂ . Thus for (15) we have

〈φk|P̂ |φl〉 = 〈φk|φ̃l〉 and 〈φk|Ĥ P̂ |φl〉 = 〈φk|Ĥ |φ̃l〉, (16)

where φ̃l stands for permuted φl. As the calculation of matrix
elements with permuted kets can be done using the same pro-
cedure as for nonpermuted ones, P̂ will be dropped from the
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notation for simplicity. The permutation operation transfor-
mation r to P̂ r. But this in effect is equivalent to transforming
matrices Al and Wl , and vector vl according to

P̂ (r′Wlr)(v′
lr) exp[−r′Alr]

= (r′P′WlPr)(v′
lPr) exp[−r′P′AlPr]

= [r′(P′WlP)r][(v′
lP)r] exp[−r′(P′AlP)r], (17)

where P = P ⊗ I3 is the permutation matrix corresponding to
permutation operator P̂ .

To build the permutation symmetry projector for
fermions, a Young tableaux is constructed. For n fermions and
for the total spin of the system being s, the so-called symme-
try quantum number, p, is calculated as p = n

2 − s. Then a
partition is defined as μ = [2p1n−2p]. The partition describes
the structure of the Young tableaux for the state of the sys-
tem under consideration. The tableaux consists of two boxes
in the first p rows and one box in the remaining n − 2p rows.
The lithium atom with three electrons and the total spin of
one half has a partition of μ =[2111] and the following Young
tableaux:

3 4

2

where, as the nucleus is labeled as “1”, the labels for the elec-
trons are “2”, “3”, and “4”.

With this, the permutation symmetry projector can now
be constructed using the Young tableaux in the following way:

Ŷ = ŜÂ, (18)

where Ŝ and Â are idempotent symmetrization and antisym-
metrization operators. Ŝ is constructed as a product of sym-
metrizers over particles in each row of the Young tableaux
and Â is constructed as a product of antisymmetrizers over
particles in each column.

Thus, in the case of the lithium atom in a 2F state (with L
= 3 and M = 0), the symmetrization operator is Ŝ = (1̂ + P̂34)
and the antisymmetrizer is Â = (1̂ − P̂23) with 1̂ being the
identity operator. Hence the total permutation operator, P̂ , has
n! = 3! = 6 terms and this is the number of elemental terms
that need to be calculated for each Hamiltonian or overlap
matrix element. Each of these six terms comprises nine terms
due to the use of (14), as alluded at the end of Sec. IV. There-
fore, for lithium, each Hamiltonian or overlap matrix element
involves using the formula for calculating the corresponding
elemental matrix element 54 times.

VI. MATRIX ELEMENTS

The following general p-dimensional Gaussian integral is
used to evaluate the Hamiltonian and overlap matrix elements:∫ +∞

−∞
exp[−x ′Ax + y ′x] d x = πp/2

|A|1/2
exp

[
1

4
y ′A−1y

]
,

(19)

where x is a p-component vector of the integration variables,
A is a symmetric p × p positive-definite matrix to ensure

square integrability of the integrand, y is a p-component con-
stant vector, and A−1 is the inverse of A. The use of (19) re-
quires that Ak and Wk have to be symmetric and positive def-
inite (as eluded in Sec. IV).

A. Overlap matrix elements

The overlap integral between two Gaussian basis func-
tions with cubic polynomial pre-exponential multipliers, (15),
is the most important integral to consider because it aids in
building a mathematical framework for the derivation of the
kinetic and potential matrix elements. All necessary mathe-
matical manipulations used in the overlap derivation are also
used in deriving the kinetic and potential matrix elements.
There are very few additional tools needed in these other
derivations. Should we need any additional operation, it will
be explained in the section where the particular integral is
derived.

The overlap integral between two cubic ECGs (15) is

〈φk|φl〉 =
∫ +∞

−∞
(r′Wkr)(v′

kr)(r′Wlr)(v′
lr)

× exp[−r′(Akl)r] d r, (20)

where Akl ≡ Ak + Al . To apply (19) to (20) one needs to ex-
press the pre-exponential multipliers in the form of a Gaussian
exponent. There are two different methods one can use to ac-
complish this. Both methods in the end lead to the same final
result, but each method has its unique advantage and involves
different difficulties that need to be overcome, It should be
mentioned that in the derivation of the kinetic-energy matrix
elements both methods are needed and in the derivation of
the potential-energy matrix elements only one method can be
used.

The first method (indicated by superscript “I” in front of
the matrix element) involves rewriting basis function (15) as
a derivative with respect to parameters ωk and νk:

φk = (v′
kr)(r′Wkr) exp[−r′Akr]

= − ∂

∂νk

∂

∂ωk

exp[−r′(Ak + ωkWk)r + νkv′
kr]|νk=ωk=0.

(21)

The following Gaussian function is now the function to
integrate:

I ϕk = exp[−r′(Ak + ωkWk)r + νkv′
kr]. (22)

The overlap integral has the following form:

I 〈φk|φl〉 = ∂

∂ωk

∂

∂ωl

∂

∂νk

∂

∂νl

〈
I ϕk

∣∣I ϕl

〉∣∣∣∣
ωk=ωl=νk=νl=0

= ∂

∂ωk

∂

∂ωl

∂

∂νk

∂

∂νl

∫ +∞

−∞
exp[−r′(Akl + ωkWk

+ωlWl)r + (νkvk + νlvl)
′r] d r|ωk=ωl=νk=νl=0.

(23)
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By directly applying equality (19), the above becomes

I 〈φk|φl〉 = π3n/2 ∂

∂ωk

∂

∂ωl

∂

∂νk

∂

∂νl

|Akl + ωkWk + ωlWl|−1/2

× exp

[
1

4
(νkvk + νlvl)

′ (Akl + ωkWk + ωlWl)
−1

× (νkvk + νlvl)

] ∣∣∣
ωk=ωl=νk=νl=0

, (24)

which now needs to be differentiated. The order of the differ-
entiation does not matter in this case because the differentia-
tion is a linear operation.

Let us first take the derivative with respect to νk and ν l

and then set these parameters to zero. As the exponent is the
only term dependent on the νk and ν l parameters, the result is

1

4
v′

k (Akl+ωkWk+ωlWl)
−1 vl+1

4
v′

l (Akl+ωkWk+ωlWl)
−1 vk

= 1

2
v′

k (Akl + ωkWk + ωlWl)
−1 vl

= 1

2
v′

l (Akl + ωkWk + ωlWl)
−1 vk, (25)

where we used the fact that the inverse of Akl + ωkWk

+ ωlWl is a symmetric matrix. Conveniently we can choose
which one of the right-hand-side terms we wish to use and for
the overlap formula shown below we use the second of the
two.

Now we can take the derivative with respect to ωk and
ωl. In general, the differential of a determinant of an arbitrary
matrix X raised to power p and the differential of its inverse
are

d |X|p = p|X|ptr [X−1 d X], (26)

where tr [. . .] denotes the trace of the matrix and,

d X−1 = −X−1 (d X) X−1. (27)

Applying (26) and (27), taking the derivatives with re-
spect to ωk and ωl of the remaining terms, and setting these
parameters equal to zero, the final expression for the overlap
matrix element is

I 〈φk|φl〉 = π3n/2|Akl|−1/2

×
{

1

8
tr

[
A−1

kl Wk

]
tr

[
A−1

kl Wl

]
v′

lA
−1
kl vk

+1

4

(
tr

[
A−1

kl WkA−1
kl Wl

]
v′

lA
−1
kl vk + tr

[
A−1

kl Wk

]
v′

lA
−1
kl WlA−1

kl vk + tr
[
A−1

kl Wl

]
v′

lA
−1
kl WkA−1

kl vk

)
+1

2

(
v′

lA
−1
kl WkA−1

kl WlA−1
kl vk + v′

lA
−1
kl WlA−1

kl WkA−1
kl vk

)}

= π3n/2|Akl|−3/2

×
{

1

8
ηkηl tr

[
A−1

kl vkv′
l

]

+1

4

(
ηkl tr

[
A−1

kl vkv′
l

] + ηktr
[
A−1

kl WlA−1
kl vkv′

l

] + ηl tr
[
A−1

kl WkA−1
kl vkv′

l

])
+1

2

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl vkv′
l

] + tr
[
A−1

kl WlA−1
kl WkA−1

kl vkv′
l

])}

= π3n/2|Akl|−3/2

{
1

8
ηkηlηv + 1

4
(ηklηv + ηkηlv + ηlηkv) + 1

2
(ηklv + ηlkv)

}
. (28)

There are a few manipulations that can be done to simplify
the overlap formula. First, the determinant of Akl , can be re-
duced to an expression involving the determinant of the Akl

matrix. In general, if X is an 3n × 3n matrix is in the form
X = X ⊗ I3, its determinant can be calculated as

|X| = |X ⊗ I3| = |X|3. (29)

Second, to obtain the last expression in (28) we replaced each
quadratic form appearing on the left-hand side of Eq. (28)
by the corresponding trace. For example, the quadratic form

v′
lA

−1
kl vk was replaced by tr [A−1

kl vkv′
l]. This transformation

needs to be remembered when the first method for deriving
the overalp integral is compared with the second method. Also
we have introduced a new abbreviated notation for the trace
(i.e., tr [. . .] = η), where the subscript of η denotes the ma-
trix/matrices involved in the trace. Due to the fact that every
trace is dependent on at least one angular component matrix,
Wk , Wl , or vkv′

l multiplied by the A−1
kl matrix, the presence

of A−1
kl under the trace is not explicitly shown. Also, we rep-

resented the matrix product A−1
kl Wk by a subscript k in η,
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the matrix product A−1
kl Wl by subscript l, and the product

A−1
kl vkv′

l by subscript v. As the terms involved in the over-
lap integral also show up in the kinetic and potential energy
matrix elements, this notation also simplifies the lengthy for-
mulas obtained for those elements.

The second method for evaluating the overlap integral
(indicated with a superscript “II” on the matrix element) in-
volves replacing the product (v′

kr) (v′
lr) in (20) with the fol-

lowing quadratic form: (r′vkv′
lr). Since vkv′

l is an asymmetric
matrix, but (19) requires that the matrices are symmetric, (12)
is used:

Wvkl
= 1

2
(vkv′

l + vlv′
k). (30)

In (20) we factor out the 1/2 from the matrix Wvkl
:

II 〈φk|φl〉 = 1

2

∫ +∞

−∞
(r′Wkr)(r′Wlr)(r′Wvkl

r)

× exp[−r′(Aklr)] d r. (31)

Here, the major difference from method “I” is the absence of
the exponential term. Now, all left to be done is to deal with
the determinant. This by itself is much less complicated than
dealing with both the determinant and the exponent. We use
the same trick as in method “I” and represent the prefactors in
the integrand as derivatives of a Gaussian function:

II 〈φk|φl〉 = −1

2

∂

∂ωk

∂

∂ωl

∂

∂ωv

〈II ϕk| exp[−r′ωvWvkl
r]|II ϕl〉

∣∣∣
ωk=ωl=ωv=0

= −1

2

∂

∂ωk

∂

∂ωl

∂

∂ωv

∫ +∞

−∞
exp[−r′(Akl + ωkWk + ωlWl + ωvWvkl

)r] d r
∣∣∣
ωk=ωl=ωv=0

, (32)

where II ϕk = exp[−r′ (Ak + ωkWk) r]. Now, (19) can be directly applied to the above yielding the following derivative:

II 〈φk|φl〉 = −π3n/2 1

2

∂

∂ωk

∂

∂ωl

∂

∂ωv

|Akl + ωkWk + ωlWl + ωvWvkl
|−1/2

∣∣∣
ωk=ωl=ωv=0

. (33)

Differentiating the above with respect to ωv , ωl, and ωk using only (26) and (27), and setting these parameters equal to zero
results in

II 〈φk|φl〉 = 1

2
π3n/2|Akl|−3/2

×
{

1

8
ηkηl tr [AklWvkl

]

+1

4
(ηkl tr [AklWvkl

] + ηl tr [AklWkAklWvkl
] + ηktr [AklWlAklWvkl

])

+1

2
(tr [AklWkAklWlAklWvkl

] + tr [AklWlAklWkAklWkAklWvkl
])

}

= 1

2
π3n/2|Akl|−3/2

×
{

1

8
ηkηl tr [A−1

kl (vlv′
k + vkv′

l)]

+1

4
(ηkl tr [A−1

kl

(
vlv′

k + vkv′
l)] + ηktr [A−1

kl WlA−1
kl (vlv′

k + vkv′
l)] + ηl tr [A−1

kl WkA−1
kl (vlv′

k + vkv′
l)]

)
+1

2
(tr [A−1

kl WkA−1
kl WlA−1

kl

(
vlv′

k + vkv′
l)] + tr [A−1

kl WlA−1
kl WkA−1

kl (vlv′
k + vkv′

l)]
)}

= I 〈φk|φl〉. (34)

It is usually advantageous to reduce the number of operations performed in calculating a matrix element by, for example,
reducing the number a traces that need to be calculated. This can be done in the last two terms in (34). Using the following
matrix identities for A, B, C, . . . , being p × p matrices: (AB)′ = B′A′ and (ABC)′ = (C′B′A′), and the identity concerning cyclic
permutation of matrices in a trace, tr [ABC . . .] = tr [BC . . . A] = tr [C . . . AB], (28) can be transformed to the overlap formula,
(28), obtained with method “I”. This involves the following:

tr
[
A−1

kl Wvkl

] = tr
[
A−1

kl (vkv′
l + vlv′

k)
] = tr

[
A−1

kl vkv′
l

] + tr
[
vkv′

lA
−1
kl

]
= 2tr

[
A−1

kl vkv′
l

] = ηv, (35)
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tr
[
A−1

kl WkA−1
kl Wvkl

] = tr
[
A−1

kl WkA−1
kl (vkv′

l + vlv′
k)

] = tr
[
A−1

kl WkA−1
kl vkv′

l

] + tr
[
vkv′

lA
−1
kl WkA−1

kl

]
= 2tr

[
A−1

kl WkA−1
kl vkv′

l

] = ηkv, (36)

tr
[
A−1

kl WlA−1
kl Wvkl

] = tr
[
A−1

kl WlA−1
kl (vkv′

l + vlv′
k)

] = tr
[
A−1

kl WlA−1
kl vkv′

l

] + tr
[
vkv′

lA
−1
kl WlA−1

kl

]
= 2tr

[
A−1

kl WlA−1
kl vkv′

l

] = ηlv, (37)

and
1

2

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl (vkv′
l + vlv′

k)
] + tr

[
A−1

kl WlA−1
kl WkA−1

kl (vkv′
l + vlv′

k)
]) = ηklv + ηlkv. (38)

It is worth mentioning that I3 cannot be factored out
from the traces using tr [A] = tr [A ⊗ I3] = 3tr [A] to sim-
plify the overlap formulas because W(k,l,vkl ) �= W(k,l,vkl ) ⊗ I3.
If W(k,l,vkl ) did equal W(k,l,vkl ) ⊗ I3 then applying the follow-
ing general property of the matrix product:

(A ⊗ B) (C ⊗ D) = (AC ⊗ BD) , (39)

to the traces in (28) would be necessary. Here, A and C are
arbitrary 3n × 3n matrices in the following form A = A ⊗ I3,
and B and D are equal to I3 (not to be confused with
Ak = Ak ⊗ I3).

It should also be stated that the sparsity of the W(k,l,vkl )

matrices and the v(k,l) vectors cannot be explicitly exploited
at the level the formula derivation. It has to be handled when
the formulas are coded in the FORTRAN 90 computer pro-
gram and it involves eliminating multiplications by zeros.
This elimination should significantly reduce the calculation
time of the matrix elements and needs to be implemented be-
fore the computer program developed in the present work is
applied to calculate larger atomic systems.

B. Kinetic energy matrix elements

The kinetic-energy operator in (2) is expressed as a sum
which can be written in the following form:

− 1

2

⎛
⎝ n∑

i=1

1

μi

∇2
ri

+
n∑

i=1,j=1,i �=j

1

m0
∇′

ri
∇rj

⎞
⎠ = −∇′

rM∇r.

(40)
Here the mass matrix M is M = M ⊗ I3, where in the M ma-
trix the diagonal elements are set to 1/(2m1), 1/(2m2), . . . ,
1/(2mn), while the off-diagonal elements are set to 1/(2m0).
Again, for an atom m0 is the mass of the nucleus and m1, . . . ,
and mn are the electron masses.

In the derivations of the formulas for the kinetic-energy
matrix elements, we are going to use the “asymmetric” form
of the basis functions (15) and the integral to calculate is

〈φk| − ∇′
rM∇r|φl〉 = 〈∇rφk|M|∇rφl〉.

(41)

The gradient operator acting φk produces:

∇rφk = {v′
k(r′Wkr) + 2(Wkr)(v′

kr) − (Akr)(v′
kr)(r′Wkr)}

× exp[−r′(Ak)r], (42)

where we have included the necessary symmetry required by
(19). Thus, the following nine integrals need to be calculated:

〈φk| − ∇′
rM∇r|φl〉

= v′
kMvl〈(r′Wkr)(r′Wlr) exp[−r′(Akl)r]〉 (43)

+ 2〈(r′Wkr)(v′
kMWlr)(v′

lr) exp[−r′(Akl)r]〉 (44)

+ 2〈(v′
kr)(r′WkMvl)(r′Wlr) exp[−r′(Akl)r]〉 (45)

+ 4〈(v′
kr)(r′WkMWlr)(v′

lr) exp[−r′(Akl)r]〉 (46)

− 2〈(r′Wkr)(v′
kMAlr)(r′vl)(r′Wlr) exp[−r′(Akl)r]〉

(47)

− 2〈(v′
kr)(r′Wkr)(r′Wlr)(r′AkMvl) exp[−r′(Akl)r]〉

(48)

− 4〈(v′
kr)(r′Wkr)(r′AkMWlr)(v′

lr) exp[−r′(Akl)r]〉
(49)

− 4〈(v′
kr)(r′WkMAlr)(r′Wlr)(v′

lr) exp[−r′(Akl)r]〉
(50)

+ 4〈(v′
kr)(r′Wkr)(r′AkMAlr)(v′

lr)(r′Wlr) exp[−r′(Akl)r]〉.
(51)

Note that not all necessary matrix symmetrizations have been
applied, but they will be included as each integral is dis-
cussed. Due to the fact that each of the nine integrals are
different, the evaluation of each may or may not require
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the use of all transformations and manipulations described
in Sec. V. Each evaluation is discussed in the in following
passages.

The first of the nine intergals in (43) has a similar form
as one of the integrals derived in Ref. 20, i.e., the overlap be-
tween two ECGs with quadratic pre-exponential multipliers,
and, therefore, the result is straightforward to write

v′
kMvl〈(r′Wkr)(r′Wlr) exp[−r′ (Akl) r]〉

= tr [Mvlv′
k]π3n/2|Akl|−3/2

{
1

4
tr

[
A−1

kl Wk

]
tr

[
A−1

kl Wl

]

+ 1

2
tr

[
A−1

kl WkA−1
kl Wl

] }

(43) = tr [Mvkv′
l]π

3n/2|Akl|−3/2

{
1

4
ηkηl + 1

2
ηkl

}
, (52)

where tr [Mvkv′
l] = tr [Mvlv′

k] is obtained by using the above-
mentioned matrix transpositions and cyclic permutation of
matrices in the trace, and ηk, ηl, and ηkl are the overlap-
integral trace components. The only other integral of the nine
that has the same form as (43) is (46). If method “II” from
the overlap-integral derivation is used and 1/2 is factored out
from the Wvkl

matrix and if the product of r′WkMWlr is sym-
metrized and substituted with:

r′WkMWlr = 1

2
r′(WkMWl + WlMWk)r, (53)

and denoted as 1
2 r′M46r, (46) becomes:

4〈(v′
kr)(r′WkMWlr)(v′

lr) exp[−r′(Akl)r]〉

= 4
1

2

1

2
〈(r′Wvkl

r)(r′M46r) exp[−r′ (Akl) r]〉

(46) = π3n/2|Akl|−3/2

{
1

4
tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl M46
]

+ 1

2
tr

[
A−1

kl Wvkl
A−1

kl M46
]}

(46) = π3n/2|Akl|−3/2
{
ηvtr

[
A−1

kl WkMWl

]
+ tr

[
A−1

kl WkMWlA−1
kl Wvkl

]}
. (54)

Here, it is more advantageous from a programming
standpoint, to have tr [A−1

kl WkMWlA−1
kl Wvkl

] instead of
tr [A−1

kl WkMWlA−1
kl vkv′

l] + tr [A−1
kl WlMWkA−1

kl vkv′
l].

Next, after realizing that integrals (44) and (45) are sim-
ilar in structure, they can be derived using method “I” de-
scribed in Sec. VI A. As the only difference is one less deriva-
tive to take, the end result is similar in form as the previous
two described integrals, (43) and (46). There are no new ma-
nipulation nor new formulas that need to be used in the deriva-
tion. Therefore, the derivation of these integrals, which fol-
lows, will not be explained in detail,

2〈(r′Wkr)(v′
kMWlr)(v′

lr) exp[−r′ (Akl) r]〉 = −2
∂

∂ωk

∂

∂νm

∂

∂νl

×〈exp[−r′(Akl + ωkWk)r + (νmWlMvk + νlvl)
′r]〉∣∣

ωk=νm=νl=0

(44) = π3n/2|Akl|−3/2

{
1

2
ηktr[A−1

kl WlMvkv′
l]

+ tr
[
A−1

kl WkA−1
kl WlMA−1

kl vkv′
l

] }
,

2〈(v′
kr)(r′WkMvl)(r′Wlr) exp[−r′ (Akl) r]〉 = −2

∂

∂ωl

∂

∂νm

∂

∂νk

×〈exp[−r′ (Akl + ωlWl) r + (νmWkMvl + νkvk)′ r]〉∣∣
ωl=νm=νk=0

(45) = π3n/2|Akl|−3/2

{
1

2
ηl tr

[
A−1

kl WkMvlv′
k

]
+ tr

[
A−1

kl WlA−1
kl WkMvlv′

k

]}
. (55)

Note that in integral (45) vlv′
k is used and not vkv′

l like all other previous integrals.
Integrals (47) and (48) have the same form as those which appeared when method “I” was applied to evaluate the overlap

matrix element. These two integrals are

−2〈(r′Wkr)(v′
kMAlr)(r′vl)(r′Wlr) exp[−r′ (Akl) r]〉 = −2

∂

∂ωk

∂

∂ωl

∂

∂νm

∂

∂νl

×〈exp[−r′ (Akl + ωkWk + ωlWl) r

+ (νmAlMvk + νlvl)
′ r]〉∣∣

ωk=ωl=νm=νl=0

(47) = −π3n/2|Akl|−3/2

{
1

4
ηkηl tr

[
A−1

kl AlMvkv′
l

]
+ 1

2

(
ηktr

[
A−1

kl WlA−1
kl AlMvkv′

l

]
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+ ηl tr
[
A−1

kl WkA−1
kl AlMvkv′

l

] + ηkl tr
[
A−1

kl AlMvkv′
l

])
+tr

[
A−1

kl WkA−1
kl WlA−1

kl AlMvkv′
l

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AlMvkv′
l

]}
, (56)

−2〈(v′
kr)(r′Wkr)(r′Wlr)(r′AkMvl) exp[−r′ (Akl) r]〉 = −2

∂

∂ωk

∂

∂ωl

∂

∂νm

∂

∂νk

×〈exp[−r′ (Akl + ωkWk + ωlWl) r

+ (νmAkMvl + νkvk)′ r]〉∣∣
ωk=ωl=νm=νk=0

(48) = −π3n/2|Akl|−3/2

{
1

4
ηkηl tr

[
A−1

kl AkMvlv′
k

]

+ 1

2

(
ηktr

[
A−1

kl WlA−1
kl AkMvlv′

k

]
+ ηl tr

[
A−1

kl WkA−1
kl AkMvlv′

k

] + ηkl tr
[
A−1

kl AkMvlv′
k

])
+ tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMvlv′
k

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AkMvlv′
k

]}
. (57)

Integrals (49) and (50) are similar to those which appeared when the overlap matrix element was derived with method “II”.
Symmetrization needs to be applied to the ECG prefactors in both integrals

r′AkMWlr = 1

2
r′ (AkMWl + WlMAk) r (58)

and

r′WkMAlr = 1

2
r′ (WkMAl + AlMWk) r. (59)

These prefactors are denoted as 1
2 r′M49r and 1

2 r′M50r, respectively. Thus

−4〈(v′
kr)(r′Wkr)(r′AkMWlr)(v′

lr) exp[−r′ (Akl) r]〉 = −4
1

2

1

2
〈(r′Wkr)(r′M49r)(r′Wvkl

r) exp[−r′ (Akl) r]〉

(49) = −π3n/2|Akl|−3/2

{
1

8
ηktr

[
A−1

kl Wvkl

]
tr

[
A−1

kl M49
]

+ 1

4

(
tr

[
A−1

kl WkA−1
kl Wvkl

]
tr

[
A−1

kl M49
]

+ ηktr
[
A−1

kl M49A−1
kl Wvkl

]
+ tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl WkA−1
kl M49

])
+ 1

2

(
tr

[
A−1

kl WkA−1
kl M49A−1

kl Wvkl

]
+ tr

[
A−1

kl M49A−1
kl WkA−1

kl Wvkl

])}

(49) = −π3n/2|Akl|−3/2

{
1

2
ηkηvtr

[
A−1

kl AkMWl

]

+ ηkvtr
[
A−1

kl AkMWl

] + ηvtr
[
A−1

kl WkA−1
kl AkMWl

]
+ 1

2
ηktr

[
A−1

kl AkMWlA−1
kl Wvkl

]
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+ tr
[
A−1

kl WkA−1
kl AkMWlA−1

kl Wvkl

]

+ tr
[
A−1

kl AkMWlA−1
kl WkA−1

kl Wvkl

] }
(60)

−4〈(v′
kr)(r′WkMAlr)(r′Wlr)(v′

lr) exp[−r′ (Akl) r]〉 = −4
1

2

1

2
〈(r′M50r)(r′Wlr)(r′Wvkl

r) exp[−r′ (Akl) r]〉

(50) = −π3n/2|Akl|−3/2

{
1

8
ηl tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl M50
]

+ 1

4

(
tr

[
A−1

kl WlA−1
kl Wvkl

]
tr

[
A−1

kl M50
]

+ ηl tr
[
A−1

kl M50A−1
kl Wvkl

]
+ tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl WlA−1
kl M50

])
+ 1

2

(
tr

[
A−1

kl WlA−1
kl M50A−1

kl Wvkl

]
+ tr

[
A−1

kl M50A−1
kl WlA−1

kl Wvkl

]) }

(50) = −π3n/2|Akl|−3/2

{
1

2
ηlηvtr

[
A−1

kl WkMAl

]
+ ηlvtr

[
A−1

kl WkMAl

] + ηvtr
[
A−1

kl WlA−1
kl WkMAl

]
+ 1

2
ηktr

[
A−1

kl WkMAlA−1
kl Wvkl

]
+ tr

[
A−1

kl WlA−1
kl WkMAlA−1

kl Wvkl

]
+ tr

[
A−1

kl WkMAlA−1
kl WlA−1

kl Wvkl

] }
. (61)

The last integral has not appeared in any of our prior works. However its derivation does not require any new manipulations.
It is evaluated in the same way as the overlap integral was using method “II”. Using the following symmetrized term:

r′AkMAlr = 1

2
r′ (AkMAl + AlMAk) r, (62)

denoted as 1
2 r′M51r we obtain

4〈(v′
kr)(r′Wkr)(r′AkMAlr)(v′

lr)(r′Wlr) exp[−r′(Akl)r]〉

= 4
1

2

1

2
〈(r′Wkr)(r′M51r)(r′Wlr)(r′Wvkl

r) exp[−r′ (Akl) r]〉

= ∂

∂ωk

∂

∂ωl

∂

∂ωv

∂

∂ωm

〈exp[−r′(Akl + ωkWk + ωlWl + ωvWvkl
+ ωmM51)r]〉∣∣

ωk=ωl=ωv=ωm=0

= π3n/2 ∂

∂ωk

∂

∂ωl

∂

∂ωv

∂

∂ωm

|(Akl + ωkWk + ωlWl + ωvWvkl
+ ωmM51)|−1/2

∣∣
ωk=ωl=ωv=ωm=0

= π3n/2|Akl|−3/2

{
1

16
ηkηl tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl M51
] + 1

8

(
ηkl tr

[
A−1

kl Wvkl

]
tr

[
A−1

kl M51
]

+ ηktr
[
A−1

kl WlA−1
kl Wvkl

]
tr

[
A−1

kl M51
] + ηktr

[
A−1

kl WlA−1
kl M51

]
tr

[
A−1

kl Wvkl

] + ηkηl tr
[
A−1

kl M51A−1
kl Wvkl

]
+ ηl tr

[
A−1

kl WkA−1
kl Wvkl

]
tr

[
A−1

kl M51
] + ηl tr

[
A−1

kl WkA−1
kl M51

]
tr

[
A−1

kl Wvkl

])
+ 1

4

(
ηktr

[
A−1

kl WlA−1
kl M51A−1

kl Wvkl

] + ηktr
[
A−1

kl M51A−1
kl WlA−1

kl Wvkl

] + ηl tr
[
A−1

kl WkA−1
kl M51A−1

kl Wvkl

]
+ ηl tr

[
A−1

kl M51A−1
kl WkA−1

kl Wvkl

] + tr
[
A−1

kl WkA−1
kl WlA−1

kl Wvkl

]
tr

[
A−1

kl M51
]

+ tr
[
A−1

kl WlA−1
kl WkA−1

kl Wvkl

]
tr

[
A−1

kl M51
] + tr

[
A−1

kl WkA−1
kl WlA−1

kl M51
]

tr
[
A−1

kl Wvkl

]
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+ tr
[
A−1

kl WlA−1
kl WkA−1

kl M51
]

tr
[
A−1

kl Wvkl

] + ηkl tr
[
A−1

kl M51A−1
kl Wvkl

]
+ tr

[
A−1

kl WkA−1
kl Wvkl

]
tr

[
A−1

kl WlA−1
kl M51

] + tr
[
A−1

kl WkA−1
kl M51

]
tr

[
A−1

kl WlA−1
kl Wvkl

])
+ 1

2

(
tr

[
A−1

kl M51A−1
kl WkA−1

kl WlA−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl WlA−1

kl M51A−1
kl Wvkl

]
+ tr

[
A−1

kl M51A−1
kl WlA−1

kl WkA−1
kl Wvkl

] + tr
[
A−1

kl WlA−1
kl M51A−1

kl WkA−1
kl Wvkl

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl M51A−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl M51A−1

kl WlA−1
kl Wvkl

]) }
. (63)

The above expression needs to be simplified to reduce the the number of terms. The simplification is achieved by using the same
procedure as shown in the overlap derivation preformed with method “II”. As an aside, it is worth mentioning that at this stage
of the derivation the above formula has the same form as the the overlap integral for ECGs with quartic-polynomial angular
factors which are needed to calculate atomic L = 4 and M = 0 states with one g electron, if appropriate matrix replacement is
done. Now, the simplification gives the following:

(51) = π3n/2|Akl|−3/2

{
1

4
ηkηlηvtr

[
A−1

kl AkMAl

] + 1

2

(
ηklηvtr

[
A−1

kl AkMAl

]

+ ηkηlvtr
[
A−1

kl AkMAl

] + ηkηvtr
[
A−1

kl WlA−1
kl AkMAl

] + 1

2
ηkηl tr

[
A−1

kl AkMAlA−1
kl Wvkl

]
+ ηlηkvtr

[
A−1

kl AkMAl

] + ηlηvtr
[
A−1

kl WkA−1
kl AkMAl

]
+ ηk

(
tr

[
A−1

kl WlA−1
kl AkMAlA−1

kl Wvkl

] + tr
[
A−1

kl AkMAlA−1
kl WlA−1

kl Wvkl

])
+ ηl

(
tr

[
A−1

kl WkA−1
kl AkMAlA−1

kl Wvkl

] + tr
[
A−1

kl AkMAlA−1
kl WkA−1

kl Wvkl

]))
+ (ηklv + ηlkv) tr

[
A−1

kl AkMAl

] + ηv
(
tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMAl

] + tr
[
A−1

kl WlA−1
kl WkA−1

kl AkMAl

])
+ 1

2
ηkl tr

[
A−1

kl AkMAlA−1
kl Wvkl

] + ηkvtr
[
A−1

kl WlA−1
kl AkMAl

] + ηlvtr
[
A−1

kl WkA−1
kl AkMAl

]
+ tr

[
A−1

kl AkMAlA−1
kl WkA−1

kl WlA−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl WlA−1

kl AkMAlA−1
kl Wvkl

]
+ tr

[
A−1

kl AkMAlA−1
kl WlA−1

kl WkA−1
kl Wvkl

] + tr
[
A−1

kl WlA−1
kl AkMAlA−1

kl WkA−1
kl Wvkl

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AkMAlA−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl AkMAlA−1

kl WlA−1
kl Wvkl

] }

= 6 I 〈φk|φl〉tr
[
A−1

kl AkMAl

] + π3n/2|Akl|−3/2

×
{

1

2

(
ηkηvtr

[
A−1

kl WlA−1
kl AkMAl

] + 1

2
ηkηl tr

[
A−1

kl AkMAlA−1
kl Wvkl

] + ηlηvtr
[
A−1

kl WkA−1
kl AkMAl

]
+ ηk

(
tr

[
A−1

kl WlA−1
kl AkMAlA−1

kl Wvkl

] + tr
[
A−1

kl AkMAlA−1
kl WlA−1

kl Wvkl

])
+ ηl

(
tr

[
A−1

kl WkA−1
kl AkMAlA−1

kl Wvkl

] + tr
[
A−1

kl AkMAlA−1
kl WkA−1

kl Wvkl

]))
+ ηv

(
tr

[
A−1

kl WkA−1
kl WlA−1

kl AkMAl

] + tr
[
A−1

kl WlA−1
kl WkA−1

kl AkMAl

])
+ 1

2
ηkl tr

[
A−1

kl AkMAlA−1
kl Wvkl

] + ηkvtr
[
A−1

kl WlA−1
kl AkMAl

] + ηlvtr
[
A−1

kl WkA−1
kl AkMAl

]
+ tr

[
A−1

kl AkMAlA−1
kl WkA−1

kl WlA−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl WlA−1

kl AkMAlA−1
kl Wvkl

]
+ tr

[
A−1

kl AkMAlA−1
kl WlA−1

kl WkA−1
kl Wvkl

] + tr
[
A−1

kl WlA−1
kl AkMAlA−1

kl WkA−1
kl Wvkl

]
+ tr

[
A−1

kl WlA−1
kl WkA−1

kl AkMAlA−1
kl Wvkl

] + tr
[
A−1

kl WkA−1
kl AkMAlA−1

kl WlA−1
kl Wvkl

] }
. (64)

This concludes the derivation of all elementary integrals needed to calculate the kinetic-energy matrix element.
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C. The Dirac delta function and potential
energy integral

The potential-energy operator in the internal Hamiltonian
(2) depends on inverses of the interparticle distances between
the electrons and between the electrons and the nucleus, rij

and ri. Therefore, the following general elemental integral
needs to be considered:

〈φk|rν
ij |φl〉, ν > −3. (65)

This integral allows for calculating all required integrals con-
tributing to the potential energy matrix element by setting
ν = −1. The criteria that ν > −3 will be clarified in the
derivation. To integrate (65) we first need to evaluate the fol-
lowing auxiliary integral that involves a three-dimensional
Dirac delta function:

δ(a1r1 + a2r2 + . . . + anrn − ξ )

≡ δ((a ⊗ I3)′r − ξ )

= lim
β→∞

(
β

π

)3/2

exp[−β((a ⊗ I3)′r − ξ )2], (66)

where a is a real n-component vector, ξ is a real three-
dimensional parameter, and β is a parameter. When we set
a = ei − ej, where em is an n-component vector whose mth
component is 1 and all others are zeros, then (65) can be ex-
pressed as

〈φk|rν
ij |φl〉

=
∫ +∞

−∞
|ξ |ν〈φk|δ((a ⊗ I3)′r − ξ )|φl〉 d ξ

= 1

2

∫ +∞

−∞

∂

∂ωv

∂

∂ωk

∂

∂ωl

|ξ |ν〈II ϕk|

× exp[−r′ωvWvkl
r]δ((a ⊗ I3)′r−ξ )|II ϕl〉|νk,νl ,ωk,ωl=0 dξ ,

(67)

where we used method “II” from the overlap-integral section,
and where

〈II ϕk| exp[−r′ωvWvkl
r]δ((a ⊗ I3)′r − ξ )|II ϕl〉

= lim
β→∞

(
β

π

)3/2

〈II ϕk| exp[−r′ωvWvkl
r]

× exp[−βr′(aa′ ⊗ I3)r + 2β((a ⊗ I3)ξ )′r − βξ 2]|II ϕl〉.
(68)

It should be noted that integrals involving delta function (66)
with different choices of vector a can be useful in evaluating
matrix elements for many other important quantities. For this
reason, even though we are only concerned here with the eval-
uation of potential-energy matrix elements, we will assume
that the a vector has a general form when deriving integral
(68).

Applying formula (19) in (68) we obtain

〈II ϕk| exp[−r′ωvWvkl
r]δ((a ⊗ I3)′r − ξ )|II ϕl〉

= π3(n−1)/2 lim
β→∞

β3/2| Gkl + β(aa′ ⊗ I3)|−1/2

× exp

[
1

4
(2β((a ⊗ I3)ξ ))′ (Gkl + β((aa′ ⊗ I3))−1

× (2β((a ⊗ I3)ξ ))

]
exp[−βξ 2], (69)

where Gkl = Akl + ωkWk + ωlWl + ωvWv . Taking the limit
in (69) for β approaching infinity can be done by expanding
both the determinant and the exponent into an inverse power
series with respect to β. This approach is explained in detail
in Ref. 20. Applying the approach to evaluate the limit of (69)
with respect to infinite β gives:

〈II ϕk| exp[−r′ωvWvkl
r]δ((a ⊗ I3)′r − ξ )|II ϕl〉

= π3(n−1)/2|Gkl|−1/2|kl|−1 exp
[−ξ ′−1

kl ξ
]
. (70)

The next step involves differentiating (70) with respect to ωk,
ωl, and ωv and setting ωk = ωl = ωv = 0. To perform the dif-
ferentiation, let us recall another matrix identity for the differ-
ential of a matrix inverse in the form: (Y′X−1Y)−1, where X is
some arbitrary square matrix and Y is a rectangular constant
matrix (or a vector)

d(Y ′X−1Y )−1 = (Y ′X−1Y )−1Y ′X−1(d X)X−1Y (Y ′X−1Y )−1.

(71)

In the differentiation it is important to notice that the fol-
lowing simplification can be done in the following product,
which appears in the expression for the integral with the delta
function:

(a′ ⊗ I3)A−1
kl (a ⊗ I3) = a′A−1

kl a ⊗ I3 = λI3, (72)

where λ = tr [A−1
kl aa′]. Using (71) and (72), and defining J

= aa′ and J = J ⊗ I3, we can make the final step in deriv-
ing the formula for the 〈φk|rν

ij |φl〉 matrix element by integrat-
ing over ξ = {ξx, ξy, ξz}. Here we need to specify a particular
form of a. As mentioned above, in case of rij we simply set a
= ei − ej. In case of the matrix element involving ri we set a
= ei. With that matrix J has a very simple structure:

J =
{

Eii, i = j for ri

Eii + Ejj − Eij − Eji, i �= j for rij

, (73)

where Eij is a matrix with 1 in the i, jth position and 0’s
elsewhere.

There are four types of integrals involved when integrat-
ing over ξ . These integrals have the following general forms:

∫ +∞

−∞
|ξ |ν exp[−λ−1ξ 2] d ξ , (74)

∫ +∞

−∞
|ξ |ν(ξ ′�(1)ξ ) exp[−λ−1ξ 2] d ξ , (75)

∫ +∞

−∞
|ξ |ν(ξ ′�(2)ξ )(ξ ′�(3)ξ ) exp[−λ−1ξ 2] d ξ , (76)

∫ +∞

−∞
|ξ |ν(ξ ′�(4)ξ )(ξ ′�(5)ξ )(ξ ′�(6)ξ ) exp[−λ−1ξ 2] d ξ ,

(77)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

150.135.239.97 On: Mon, 16 Mar 2015 15:56:20

135



104107-14 Sharkey, Kirsonov, and Adamowicz J. Chem. Phys. 138, 104107 (2013)

where λ = tr[A−1
kl J ], and �(1. . . 6) are certain 3 × 3 matrices.

Integral (74) is the following standard integral:∫ +∞

−∞
|ξ |ν exp[−λ−1ξ 2] d ξ = 2π�

(
3 + ν

2

)
λ(3+ν)/2,

(78)

where ν must be greater than negative three to avoid the argue-
ment of the gamma function going zero or a negative value.
Integrals (75) and (76) were evaluated in the previous work20

and are ∫ +∞

−∞
|ξ |ν(ξ ′�(1)ξ ) exp[−λ−1ξ 2] d ξ

= 2π

3
�

(
5 + ν

2

)
λ(5+ν)/2tr [�(1)], (79)

∫ +∞

−∞
|ξ |ν(ξ ′�(2)ξ )(ξ ′�(3)ξ ) exp[−λ−1ξ 2] d ξ

= 2π

15
�

(
7 + ν

2

)
λ(7+ν)/2

(2tr [�(2)�(3)] + tr [�(2)]tr [�(3)]). (80)

To evaluate integral (77) we have to explicitly write the
following quadratic form: (ξ ′�(4)ξ )(ξ ′�(5)ξ )(ξ ′�(6)ξ ). The
lengthy resulting expression becomes much easier once we
realize that odd functions yield zero value after integration.
Integrating only the even terms we obtain the following for-
mula for integral (77):

∫ +∞

−∞
|ξ |ν(ξ ′�(4)ξ )(ξ ′�(5)ξ )(ξ ′�(6)ξ ) exp[−λ−1ξ 2] d ξ

= 2π

105
�

(
9 + ν

2

)
λ(9+ν)/2(4(tr [�(4)�(5)�(6)]tr [�(5)�(4)�(6)]) + 2tr [�(4)�(5)]tr [�(6)] + 2tr [�(5)�(6)]tr [�(4)]

+ 2tr [�(6)�(4)]tr [�(5)] + tr [�(4)]tr [�(5)]tr [�(6)]). (81)

Using expressions (78)–(81) we can now perform integration and, after some rearrangement and simplification, we obtain the
following final formula for the 〈φk|rν

ij |φl〉 matrix element:

〈φk|rν
ij |φl〉 = π (3n−1)/2

|Akl|3/2
�

(
3 + ν

2

)
λν/2

{
2|Akl|3/2π−3n/2〈φk|φl〉1

+ λ−1
(ν

3

) [
ηklJv + ηlkJv + ηJklv + ηJlkv + ηkJlv + ηlJkv + ηklηJv + ηkvηlJ + ηlvηkJ

+ 1

2
(ηk (ηJlv + ηlJv) + ηl (ηJkv + ηkJv) ηv (ηklJ + ηlkJ)) + 1

4
(ηkηlηJv + ηkηlJηv + ηkJηlηv)

]

+ λ−2

(
ν (ν − 2)

3 × 5

)[
ηJklJv + ηJlkJv + ηJkJlv + ηJlJkv + ηkJlJv + ηlJkJv

+ 1

2
(ηkηJlJv + ηlηJkJv + ηvηkJlJ + ηkJ (ηJlv + ηlJv) + ηlJ (ηJkv + ηkJv) + ηJv (ηklJ + ηlkJ))

+ 1

4
(ηkηlJηJv + ηlηkJηJv + ηvηkJηlJ)

]

+ λ−3

(
ν (ν − 2) (ν − 4)

3 × 5 × 7

) [
ηJkJlJv + ηJlJkJv + 1

2
(ηkJηJlJv + ηlJηJkJv + ηJvηkJlJ)

+ 1

4
ηkJηlJηJv

]}
, (82)

where the traces appearing in the above expression were defined in the overlap-integral section. The subscript J in η indicates
the matrix product of A−1

kl J.
The case when ν = −1 represents the integrals that appear in the potential-energy matrix elements. In this case the matrix

element becomes

〈φk| 1

rij

|φl〉 = π (3n−1)/2

|Akl|3/2
λ−1/2

{
2|Akl|3/2π−3n/2〈φk|φl〉1

− λ−1

(
1

3

)[
ηklJv + ηlkJv + ηJklv + ηJlkv + ηkJlv + ηlJkv + ηklηJv + ηkvηlJ + ηlvηkJ

+ 1

2
(ηk (ηJlv + ηlJv) + ηl (ηJkv + ηkJv) ηv (ηklJ + ηlkJ)) + 1

4
(ηkηlηJv + ηkηlJηv + ηkJηlηv)

]
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+ λ−2

(
1

5

)[
ηJklJv + ηJlkJv + ηJkJlv + ηJlJkv + ηkJlJv + ηlJkJv

+ 1

2
(ηkηJlJv + ηlηJkJv + ηvηkJlJ + ηkJ (ηJlv + ηlJv) + ηlJ (ηJkv + ηkJv) + ηJv (ηklJ + ηlkJ))

+ 1

4
(ηkηlJηJv + ηlηkJηJv + ηvηkJηlJ)

]

− λ−3

(
1

7

)[
ηJkJlJv + ηJlJkJv + 1

2
(ηkJηJlJv + ηlJηJkJv + ηJvηkJlJ) + 1

4
ηkJηlJηJv

]}
. (83)

It is worth noticing that, when ν is zero, (82) should reproduce the formula for the overlap integral (28) and it does. This
concludes the derivation of the potential-energy matrix element.

VII. NUMERICAL TESTS

The above-described formulas for the Hamiltonian and
overlap matrix elements have been coded in FORTRAN 90 and
implemented to run in a parallel environment using the MPI
approach. The codes for individual integrals have been tested
by comparing the results obtained by running the code with
the results obtained using the MATHEMATICA program. The
test concerned one-, two-, and three-particle cases. After the
tests provided a consistent set of answers, the code for cal-
culating the Hamiltonian and overlap matrix elements have
been interfaced with a code for solving the secular equation
problem and for the optimization of the Gaussian nonlinear
parameters. The resulting computer problem has been used
to perform calculations of the lowest 2F state of the lithium
atom.

It should be noted that, due to the complexity of the ex-
pressions for the matrix elements, the code to calculate them,
which has been written in this work, has the most simple and
transparent structure possible. With that, this is not the most
efficient code one can possibly generate in this case. Thus,
even the lithium test calculations took a considerable amount
of computer time. Also, as it was the case in the calculations
of the lowest 2D states of lithium,23 obtaining very well con-
verged results requires generating several thousand of ECGs
in the the basis set. This had been accomplished for the 2D
states by using the analytical energy gradient determined with
respect to the Gaussian nonlinear parameters in growing and
optimizing the ECG basis set. For the Li 2F states one needs
to follow a similar approach and this will be pursuit in our fu-
ture work. At that stage the integral code will be rewritten to
explicitly take advantage, among other things, of the sparsity
of the matrices involved in calculating the matrix elements.

In the first step of the testing of the code for the low-
est Li 2F state the basis set was grown from a small number
of ECGs first to the size of 60 functions, then increased to
100, and finally increased to 140 functions. At each of these
three basis-set sizes the basis set was thoroughly variationally
optimized to get the lowest possible energy. As the total en-
ergy of the system in our approach explicitly depends on the
nuclear mass, we chose to perform the optimization for the
major lithium isotop, 7Li. After the 60-, 100-, and 140-ECGs
basis sets were generated for the lowest 2F state of 7Li they
were use to calculate the corresponding energies of 6Li and
∞Li. The results are shown in Table I. In the table we also in-

cluded the results obtained for the two lowest 2D states of 7Li.
This was done to compare the convergence rates, which for
the lowest 2D and 2F states should be similar, and to compare
the final energies, which for the 2F state and the second lowest
2D state should be close. The energies of all states considered
in the calculations are compared with the estimated accurate
energy values obtained by adding the experimental energies
of the states determined with respect to the ground 2S state
of 7Li to our best nonrelativistic energy of 7Li obtained in the
previous calculations.25 As one can see upon examining the
results in Table I, the 2F state calculations show a similar con-
vergence rate as the calculations for the two 2D states. Also
the difference between the energy obtained for the higher of
the two 2D states with 140 ECGs is higher than the estimated
accurate energy value for that state by a similar amount as the
corresponding difference for the 2F state. These features af-
firm that the results and the code used to generate them are
correct.

The calculated energy values for the lowest 2F state of
7Li and 6Li allows for determining the isotopic shift in the
energy corresponding to the transition between this state and
the ground 2S state. The calculations of this shift are shown
in Table II. Upon examining the values presented in the

TABLE I. The convergence of the total energies (in hartrees) of the lowest
2F (1s24f) state of 7Li, 6Li, and ∞Li.

Basis 1s23d 1s24d 1s24f

7Li
60 −7.334 497 039 −7.309 958 039 −7.310 245 752
100 −7.334 840 132 −7.310 448 107 −7.310 503 729
140 −7.334 886 705 −7.310 507 219 −7.310 543 810
Estimateda −7.334 915 639 −7.310 583 488 −7.310 552 459
6Li
60 −7.310 146 845
100 −7.310 404 819
140 −7.310 444 899
∞Li
60 −7.310 840 062
100 −7.311 098 062
140 −7.311 138 147

aCalculated by adding the experimental transition energy of 7Li determined with re-
spect the ground state and reported in Ref. 22 to the 7Li ground-state energy of
−7.477 451 930 7 hartree taken from Ref. 25.
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TABLE II. The convergence of the 6Li-7Li isotopic shift of the transition
between the 2F (1s24f) state and the 2S (1s22s) ground statea with the number
of ECG basis functions used in the expansion of the 2F (1s24f) state. All
values are in cm−1.

No. of basis Transition energy Transition energy
functions for 7Li for 6Li Difference

60 36697.51 36697.00 −0.51
100 36640.90 36640.38 −0.51
140 36632.10 36631.59 −0.51

Experiment 36630.2 36629.7
(measured22) (predicted)

aGround-state energies of 7Li and 6Li of −7.477 451 930 7 and −7.477 350 681, 2
hartree are from Ref. 25.

table one notices that the transition energy for 7Li, for which
the experimental value is known,22 converges very well to the
experimental energy. The transition energy obtained with 140
ECGs of 36 632.10 cm−1 is only by about 2 cm−1 off from the
value obtained in the experiment of 36 630.2.22 Interestingly,
the calculation of the isotopic shift renders the same value of
−0.51 cm−1 regardless of the size of the basis set indicating
that this value is already well converged with 60 ECGs in the
basis set. Adding this shift to the experimental transition en-
ergy for 7Li gives an estimate for the corresponding transition
for 6Li of 36 629.7 cm−1. Perhaps, having this estimate, an
experiment can be performed to measure this transition.

VIII. SUMMARY

In the present work we presented general formulas for
calculating the Hamiltonian and overlap matrix elements with
all-electron explicitly correlated Gaussian functions with cu-
bic polynomial pre-exponential multipliers. Such ECGs can
be used to calculate ground and excited states of atomic sys-
tems with either one f electron, or one p and one d electron, or
three p electrons and an arbitrary number of s electrons. For
example, such functions can be used to calculate the ground-
state energy of the nitrogen atom. The formulas have been
implemented and tested for correctness. Following the tests,
variational calculations of the lowest 2F state of 7Li have been
performed with basis sets of three different lengths, 60, 100,
140 functions. They rendered values, which, when subtracted
from the calculated 7Li ground-state energy, gave values of
the transition energy which shows good convergence to the
experimental energy.

As the Hamiltonian used in the present approach is ob-
tained by separating out the center of mass motion from the
laboratory frame Hamiltonian, the calculated energy value is

directly dependent on the nuclear mass. Thus, repeating the
calculations for the 6Li isotop allowed for estimation of the
isotopic shift the transition energy and for predicting the tran-
sition energy for 6Li. The availability of this prediction may
help with the future measurement of this quantity.
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Variational non-relativistic calculations are performed for the four lowest Rydberg 2F states (1s2nf, n = 4, . . . , 7) of the
main isotope of the lithium atom (7Li). The finite-nuclear-mass approach is employed and the wave functions of the states
are expanded in terms of all-electron explicitly correlated Gaussian function. A total of 140 Gaussians are used for each
state. The calculated relative energy of the two lowest states is compared with the experimental value, which is the only value
available in the literature. The two results agree within a few wavenumbers.

Keywords: electron correlation; explicitly correlated Gaussian; internal Hamiltonian; lithium; non-Born–Oppenheimer

1. Introduction

Very accurate quantum mechanical calculations of the
ground and excited states of small atoms have always pro-
vided testing grounds for new approaches for atomic cal-
culations. Very accurate gas-phase spectra of these systems
make such testing possible. However, the experimental data
concerning atomic states where a valence electron (elec-
trons) is excited to states with high angular momenta are
sparse. This happens due to low intensities of transitions
involving these states. Thus, theoretical calculations of the
transition energies performed for such states with state-of-
the-art methods can help to identify them in experimental
measurements.

The National Institute of Standards and Technology
atomic spectra database [1] lists only energies of two 2F
states among the 182 states of the main isotope of the
lithium atom (7Li). These states correspond to the elec-
tron configurations 1s2nf, where n = 4 and 5. Both states are
listed with accuracy of only one-tenth of a wavenumber, i.e.
one digit after the decimal point in the value, while lower an-
gular momentum states have accuracy of one-hundredth of a
wavenumber. Determining the extra digit in the wavenum-
bers with very high accuracy can be aided through the
theoretical development described in this work.

The theoretical method used here is a variational non-
Born–Oppenheimer (BO) and non-relativistic approach
where explicitly correlated Gaussian (ECG) functions are
utilised. These calculations, on the two lowest measured 2F
states of lithium, are the first ever calculations performed
for F states of an atom with the use of basis functions

∗
Corresponding author. Email: klshark@email.arizona.edu

which explicitly depend on the interelectron distances. In
this work, we determine the four lowest 2F states (1s2n f 1,
n = 4, 5, 6, 7), two states above what is currently mea-
sured. Our previous work [2] only calculated the lowest 2F
state. Such a dependence usually allows for achieving much
higher accuracy than possible with calculations performed
with orbital basis sets.

The Hamiltonian used in the present calculations is ob-
tained by rigorously separating out the centre of mass mo-
tion from the all-particle laboratory-frame Hamiltonian and
it explicitly retains the dependency on masses of all parti-
cles of the systems including the nucleus. This enables us to
perform calculations not only with infinite nuclear masses,
but also with finite nuclear masses, which in the present
work are the masses of the 6Li and 7Li isotopes. As an
aside, electron masses may also be varied to present other
fundamental particles (such as a muon) but is not carried
out in this work.

As the ECG functions depend on the interelectron dis-
tances, they provide a very effective basis for calculations
that deal with the electron correlation effects. The main
advantage of using Gaussians in atomic calculations is due
to the simplicity of the Hamiltonian and overlap integrals
with those functions, which can be evaluated analytically
in a compact form for an arbitrary number of electrons
(or fermions). However, Gaussians do not satisfy the Kato
cusps conditions and are too fast decaying at large distances.
These deficiencies cause a slowdown of the convergence to
the total energy and the wave function with the number
of basis functions used in the calculations. Fortunately, as

C© 2013 Taylor & Francis
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the calculations have shown [3–9], they can be effectively
remedied by using longer expansions and by performing ex-
tensive optimisation of the Gaussian nonlinear parameters
using the variational energy minimisation.

2. The Hamiltonian

The standard atomic quantum mechanical calculations are
performed with infinite nuclear mass, i.e. assuming the BO
approximation. If a higher accuracy is needed, the BO en-
ergy needs to be augmented with corrections accounting for
the finite mass of nucleus determined using the perturbation
theory. The account for the finite nuclear mass can also be
done directly at the zero-order level by using in the varia-
tional calculations a Hamiltonian that explicitly depends on
the nuclear mass. It is obtained from the laboratory-frame
non-relativistic Hamiltonian by rigorously separating out
the centre of mass motion. Such a Hamiltonian is called
the internal Hamiltonian and is the approach used in the
present calculations.

The transformation from one reference frame to another
starts with the laboratory-frame coordinates and obtains a
new set of coordinates comprising three Cartesian coordi-
nates of the centre of mass and 3N − 3 internal Cartesian
coordinates describing the positions of the electrons with
respect to the nucleus where N is the number of particles
in the atom, i.e. one plus the number of electrons. Through
eliminating the centre-of-mass motion, the following inter-
nal Hamiltonian is obtained:

Ĥ = −1

2

(
n∑

i=1

1

μi

∇2
ri

+
n∑

i �=j

1

m0
∇′

ri
∇rj

)

+
n∑

i=1

q0qi

ri

+
n∑

j>i=1

qiqj

rij

, (1)

where n = N − 1 is the number of electrons in the atom, ri is
the distance between the ith electron and the nucleus, m0 is
the nucleus mass (12786.3933me for 7Li and 10961.898me

for 6Li, where me = 1 is the electron mass), q0 is its
charge, qi are electron charges, and μi = m0mi/(m0 + mi)
are electron reduced masses. The prime symbol (′) indicates
vector/matrix transposition. Hamiltonian (1) is used in the
present calculations.

3. The basis set

To obtain the energy eigenvalues of Hamiltonian (1) for a
Rydberg series of the four lowest 2F states of the lithium
atom, the Rayleigh–Ritz variational scheme is used. Since
the total internal atomic wave function, �, is dependent on
the spatial coordinates, r, and the spin coordinates, m, of
the electrons: � = � (r, m), and because internal Hamil-
tonian (1) is spin independent, the calculation of the Hamil-
tonian and overlap matrix elements can be carried out by

first integrating over spin variables, which leaves behind
only spatially dependent integrals. The spatial wave func-
tions, �(r), in those integrals are approximated by linear
combinations of K basis functions, ψk(r),

� (r) =
K∑

k=1

ckŶψk(r), (2)

where ck is the linear variational parameter and Ŷ is ap-
propriate permutational symmetry projection operator. This
operator is a linear combination of all permutation operators
for the set of n electrons multiplied by linear coefficients.
These coefficients are determined assuming that the state
(or states) of interest is an eigenfunction of the Ŝ2 and Ŝz

operators representing the square of the total spin and its
projection on a selected axis (e.g. z-axis).

To build the permutation symmetry projector for
fermions, a Young tableau is constructed [10]. For n
fermions and for the total spin of the system being s, the
so-called symmetry quantum number, p, is calculated as
p = n

2 − s. Then a partition is defined as μ = [2p1n − 2p].
The partition describes the structure of the Young tableau
for the state of the system under consideration. The tableau
consists of two boxes in the first p rows and one box in
the remaining n−2p rows. The lithium atom with three
electrons and the total spin of one-half has a partition of
μ = [2111] and the following Young tableau:

where, as the nucleus is labelled as ‘1’, the labels for the
electrons are ‘2’, ‘3’, and ‘4’.

With this, the permutation symmetry projector can now
be constructed using the Young tableau in the following
way:

Ŷ = ŜÂ, (3)

where Ŝ and Â are idempotent symmetrisation and anti-
symmetrisation operators, respectively. Ŝ is constructed as
a product of symmetrisers over particles in each row of
the Young tableau and Â is constructed as a product of
antisymmetrisers over particles in each column.

Thus, in the case of the lithium atom in a 2F state
(with L = 3 and M = 0), the symmetrisation operator is
Ŝ = (1̂ + P̂34) and the antisymmetriser is Â = (1̂ − P̂23)
with 1̂ being the identity operator. Hence the total permu-
tation operator, P̂ , has n! = 3! = 6 terms and this is the
number of elemental terms that need to be calculated for
each Hamiltonian or overlap matrix element.

The basis functions used in the present calculations
also have to be eigenfunctions of the L̂2 and L̂z operators
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with the eigenvalues 3(3 + 1) and 0 (L = 3 and M = 0),
respectively. In an L = 3 and M = 0 state of an atom,
there is one f electron and all other electrons are s electrons
(case 1), or one p electron and one d electron (case 2), or
three p electrons (case 3; again, all other electrons are in
s states). The corresponding angular factor for these three
cases is (in a general form)

(xixj + yiyj − 2zizj )zk + (xixk + yiyk)zj

+ (xjxk + yjyk)zi, (4)

where for case 1: k = j = i, for case 2: k = j �= i, and for
case 3: k �= j �= i. To construct the full form of the basis
function, φk(r), for L = 3 and L = 0 states, the rotationally
invariant ECG is used,

φk = exp[−r′(Ak ⊗ I3)r], (5)

where Ak is an n × n symmetric matrix, ⊗ is the Kronecker
product symbol, and I3 is a 3 × 3 identity matrix. Thus, the
general form of the ECGs used in the present calculations
is obtained by multiplying Equation (5) by Equation (4),

ψk = {(xixj + yiyj − 2zizj )zk + (xixk + yiyk)zj

+ (xjxk + yjyk)zi} exp(−r′Akr), (6)

where Ak = Ak ⊗ I3. Using this general form allows us
not to need multiple derivations of matrix elements for the
different cases.

It is required that the basis functions used in a bound-
state calculation are square integrable which effectively im-
poses restrictions on the Ak matrix. The Ak matrix must be
positive definite. Rather than restricting the Ak matrix el-
ements, Ak is represented in a Cholesky factored form as:
Ak = LkL

′
k , where Lk is a lower triangular matrix. With

this, Ak is automatically positive definite and Equation (6)
is square integrable.

It should also be mentioned that for the lithium atom
in lower excited L = 3 and M = 0 state, ECGs with the
case 1 angular factor are expected to be the most con-
tributing functions in the wave function expansion. Only a
small percentage of the basis functions needed to describe
such a state are expected to have the case 2 and case 3

angular factors. Also, it should be noticed that if the Ak

matrices in ECGs belonging to cases 1, 2, and 3 have non-
zero off-diagonal matrix elements, the ECGs have non-zero
overlap. This means that if one uses only case 1 basis func-
tions, where the angular factor is

(
3x2

i + 3yi − 2z2
i

)
zi in

the calculation, as it is done in the present work, contri-
butions from case 2 and case 3 ECGs are also effectively
accounted for. It is not the most efficient way of accounting
for these contributions, but it may suffice particularly if the
contributions are expected to be small.

4. Results

The present calculations target the lowest four states of the
2F Rydberg series of the lithium atom. The optimisation
of the exponential parameters (i.e. the Lk matrix elements)
of the ECGs has been done separately for each state and
has been performed for the 7Li isotope. The initial values
of the parameters at the beginning of the optimisation for
a particular 2F state have been taken from the optimised
basis set of the same length performed for the correspond-
ing 2D state. Next the basis sets generated for all four 2F
states of 7Li have been used to calculate the energies of the
corresponding 2F states of the 6Li isotope, as well as for the
lithium atom with an infinite nuclear mass (∞Li). The ∞Li
energies have been calculated because they can be directly
compared with the results obtained in the standard way that
involves the BO approximation.

In the calculations of the 2S, 2P, and 2D Rydberg states
of the lithium atom performed in our previous works, the
energy gradient determined with respect to the Gaussian
exponential parameters (i.e. the Lk and Ll matrix elements)
were used. That allowed for generating much larger basis
sets. As the energy gradient is not implemented for the F
states yet, it has not been possible to generate large basis sets
for the states of lithium considered in this work. That has
limited the accuracy of the present calculations. The number
of ECGs used for each state is 140. Current research is
being conducted on how to reduce Hamiltonian and overlap
matrix formula size to obtain reasonably programmable
gradient formula.

The first set of results is presented in Table 1. It shows
the total energies of the 7Li, 6Li, and ∞Li states obtained

Table 1. Total variational finite-mass energies (in hartrees) of the four lowest 2F states of 7Li, 6Li, and ∞Li obtained with 140 ECGs.

States 1s24 f 1s25 f 1s26 f 1s27 f

7Li
−7.310 545 310 73 −7.299 231 027 85 −7.293 059 529 66 −7.289 137 107 95

6Li
−7.310 446 400 36 −7.299 132 263 39 −7.292 960 845 71 −7.289 038 475 24

∞Li
−7.311 139 646 62 −7.299 824 477 32 −7.293 652 503 29 −7.289 729 772 49
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Table 2. Transition energies (in wavenumbers) between adjacent
lowest four 2F states of 7Li, 6Li, and ∞Li obtained with 140 ECGs.

(1s25 f ) → (1s26 f ) → (1s27 f ) →
(1s24 f ) (1s25 f ) (1s26 f )

7Li
Calculated 2483.20 1354.49 860.87
Experiment [1] 2474.3
6Li
Calculated 2483.17 1354.47 860.86
∞Li
Calculated 2483.39 1354.59 860.94

in the present calculations. As it was the case for S, P, and
D states of lithium calculated before, the 140-ECGs energy
for the lowest 1s24 f 2F state can be expected to be somewhat
more accurate than the 140-ECGs energy of the next lowest
1s25 f state, as well as the energies of the 1s26 f and 1s27 f
states. Thus the interstate transition energies calculated as
differences between the total 140-ECGs energies of each
of the two adjacent states, shown in Table 2, are somewhat
higher than they should be. This is evident by comparing
the transition energy between the 1s24 f and 1s25 f states
of 2483.20 cm−1 with the experimental value of 2474.3
cm−1. The transition energies between the 1s25 f and 1s26 f
states and 1s26 f and 1s2 7f states, also shown in Table 2, are
also likely to be somewhat overestimated. However, they
can provide within about 9 cm−1 energy values that can
help the experiment to identify these states in the lithium
spectrum.

5. Summary

The following has been accomplished in this work:

(1) First ever variational calculations employing all-
electron ECG basis functions have been performed
for the lowest four 2F Rydberg states of the 7Li
atom. The calculated transition energy between the
1s24f and 1s25f states of 7Li agrees within 9 cm−1

with the experimental value. This is the only tran-
sition energy for the 2F states of lithium available
from the experiment.

(2) The transitions energies corresponding to the 1s26f
and 1s27f states calculated in this work can assist in
the measurement of these states in the experiment.

A method to be considered in the future may include
another remedy for the deficiencies of the ECG basis set
as described in Section 1. This work would include ECGs
which also depend on the square of the interelectron sepa-
rations through pre-exponential multipliers (r2

ij ). ECGs of
this type were tested on the ground state of the beryllium
atom (9Be) [11]. Including this factor in the present work
would result in very complicated formulas to derive and
implement although not impossible.
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calculations with all-electron explicitly correlated Gaussian functions
for molecules containing one π electron

Wei-Cheng Tung,1 Michele Pavanello,2 Keeper L. Sharkey,1 Nikita Kirnosov,3

and Ludwik Adamowicz1,3

1Department of Chemistry and Biochemistry, University of Arizona, Tucson, Arizona 85721, USA
2Department of Chemistry, Rutgers, The State University of New Jersey, Newark, New Jersey 07102, USA
3Department of Physics, University of Arizona, Tucson, Arizona 85721, USA

(Received 26 November 2012; accepted 27 February 2013; published online 22 March 2013)

An algorithm for variational calculations of molecules with one π electron performed with all-
electron explicitly correlated Gaussian (ECG) functions with floating centers is derived and imple-
mented. The algorithm includes the analytic gradient of the Born-Oppenheimer electronic energy de-
termined with respect to the ECG exponential parameters and the coordinates of the Gaussian centers.
The availability of the gradient greatly accelerates the variational energy minimization. The algorithm
is tested in calculations of four electronic excited states, c3�u, C1�u, i3�g, and I1�g, of the hydro-
gen molecule at a single internuclear distance specific to each state. With the use of the analytical
energy gradient, the present calculations yield new, lowest-to-date, variational energy upper bounds
for all four states. © 2013 American Institute of Physics. [http://dx.doi.org/10.1063/1.4795094]

I. INTRODUCTION

It is understood that to obtain a very accurate solution of
an atomic or molecular electronic Schrödinger equation, the
wave function needs to be expanded in terms of basis func-
tions explicitly dependent on the interelectronic distances.
Only such functions are capable in describing the correlated
motion of the electrons in the system. The explicitly corre-
lated Gaussian functions (ECGs) introduced by Boys1 and
Singer2 in 1960 are examples of such functions. Due to the
simplicity of the calculation of the Hamiltonian matrix ele-
ments with such functions for an arbitrary number of elec-
trons, ECGs have become increasingly popular in very ac-
curate quantum mechanical calculations of small atoms and
molecules in the last 20 years. They have been successfully
applied in very accurate atomic and molecular calculations
performed with and without the assumption of the Born-
Oppenheimer (BO) approximation for systems with various
numbers of particles.3 The calculations include very accurate
determination of BO potential energy surfaces (PESs) of two-
electron,4, 5 three-electron,6, 7 and four-electron8, 9 systems.

In recent years, we have developed and implemented sev-
eral methods for more efficient generation of potential en-
ergy curves (PECs) of two-, three-, and four-electron diatomic
molecular systems with σ electrons employing ECGs without
angular premultipliers. Though these calculations have repro-
duced the experimental rovibrational transitions very accu-
rately, small differences have still been shown between the
theoretical and the experimental data. It has been clear that
these differences are not caused by inaccuracies of the BO
PECs but due to the exclusion of the nonadiabatic, relativis-
tic, and quantum electrodynamic (QED) effects in the calcu-
lations. Thus it became apparent that to improve the accuracy
of the molecular calculation, one should first calculate the adi-

abatic and nonadiabatic corrections to the BO energies to cor-
rect the deficiency arising from assuming the BO approxima-
tion. Second, as the nonrelativistic Schrödinger equation does
not account for the magnetic interactions between particles,
they need to be accounted for by calculating the relativistic
corrections. Finally, one should also include the QED correc-
tions which account for the interaction of the electrons with
fluctuating electromagnetic field.

Implementation of the nonadiabatic corrections requires
one to generate excited-state BO PECs.10, 11 Also, in order to
extend the BO ECG molecular calculations to larger systems
and to widen the range of electronic states, ECGs which de-
scribe molecular systems with π electrons need to be imple-
mented. In the present work we carry out the development of
algorithms for such calculations.

Molecular BO calculation with ECGs require large
amounts of computational resource. Building an adequate
ECG basis set to achieve the desired high accuracy in the
PEC/PES calculations and reoptimizing this basis set for each
PEC point are the most time consuming steps in the PEC/PES
calculations. We have demonstrated on several examples that
the availability of the analytical energy gradient determined
with respect with the Gaussian nonlinear parameters (the ex-
ponents and the coordinates of the shift vectors) greatly im-
proves the effectiveness in the variational energy minimiza-
tion with respect to those parameters. Also, with the gradient
the rate of the energy convergence is faster and higher accu-
racy is achieved with fewer basis functions.

In the present work, algorithms for calculating energy
gradient determined with respect to the nonlinear parameters
of ECGs with floating centers used in calculating n-electron
molecular systems with one π -electron are presented. The al-
gorithms are tested in the calculations of some selected singlet
and triplet � states of the hydrogen molecule. With the use
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of the gradient in the optimization we expect to obtain BO
energies for the � states as accurate as obtained before for
� states. If this proves to be the case, PEC calculations for
� states of diatomic molecules with more than two electrons
will be performed in future works. The future works will also
include calculations of the PESs of � states of some planar
molecules such as, for example, the H+

3 molecular ion.

II. BASIS FUNCTIONS

The spatial part of the electronic wave function repre-
senting the considered electronic state of the molecule is ex-
panded as

�(r) =
M∑

k=1

ckφk(r), (1)

where M is the size of the basis set, ck are the linear expansion
coefficients, and for � states of a linear or a planar molecule
φk are the following all-electron ECGs with shifted centers
(also called floating ECGs):

φk(r) = ymk
exp[−(r − sk)′(Ak ⊗ I3)(r − sk)]. (2)

In Eq. (2), with n being the number of electrons, r is the 3n-
dimensional vector of the electron Cartesian coordinates, sk is
a 3n-dimensional shift vector of the Gaussian centers, Ak is a
n × n symmetric matrix, and ymk

is one of the coordinates in
the r vector (mk is an integer that depends on k with values
from 1 to n). For a linear molecule the ymk

coordinate has to
be different than the coordinate along the molecular bonding
axis (as the z coordinate is used here as the coordinate of the
molecular bonding axis, ymk

is either x or y coordinate of the
mk electron; without loss of generality we will assume that it
is the y component).

To carry out matrix-vector multiplications related to the
derivation of the Hamiltonian and overlap matrix elements, Ak

is expanded to the size 3n × 3n using the Kronecker product,
⊗, of Ak and the 3×3 identity matrix, I3. For φk(r) to be square
integrable, Ak has to be a positive definite matrix3 which, in
our approach, is achieved by representing Ak in the Cholesky-
factorized form as: Ak = LkL

′
k , where Lk is a lower triangular

matrix, and L′
k is its transpose. As Ak is positive definite for

any values of the Lk matrix elements ( i.e., these values can
range from −∞ to +∞) it is convenient to use the Lk matrix
elements as variational parameters in the calculation because
their optimization can be carried out without any constraints.
If Ak matrix elements were the variational parameters, con-
straints would need to be imposed on their values to keep Ak

positive definite.
In the derivations we often use the following alternative

representation of the basis function (2):

φk = ∂

∂αk

exp[−(r − sk)′(Ak ⊗ I3)(r − sk) + αkymk
]|αk=0

= ∂

∂αk

exp[−(r − sk)′(Ak ⊗ I3)(r − sk) + αkvkr]|αk=0

= ∂

∂αk

ϕk|αk=0, (3)

where φk is called generator function, αk is a parameter, and
vk is 3n vector whose all components are zero except the 3(mk

− 1) + 2 component which is set to one. For example, if
n = 2 and mk = 1, the vk is

vk =

⎛
⎜⎜⎜⎜⎜⎜⎝

0
1
0
0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4)

III. PERMUTATIONAL SYMMETRY

The required antisymmetry of the wave function is im-
plemented through appropriate symmetry projections applied
to each basis function. As the so-called spin-free formalism
is used in this work, the spatial symmetry projections need
to be constructed. This is done using the Young projection
operators, Ŷ , which are linear combinations of electron-pair
permutational operators, P̂ij (for details of the formalism see,
for example, Ref. 12). For the single states of the hydro-
gen molecule the Young operator is Ŷ = (1̂ + P̂12) and for
the triplet state it is: Ŷ = (1̂ − P̂12), where P̂ij is the permu-
tation operator of the spatial coordinates of the ith and jth
electrons.

Under the BO approximation, the eigenfunctions of the
Hamiltonian transform like irreducible representations of the
point groups of the molecules. This is achieved by acting on
each basis function with a projection operator for the partic-
ular irreducible representation of the point group to which
the molecule belongs. In the present study of homonuclear
diatomic molecule, such as H2, the electronic state that cor-
responds to 1�g state has the gerade overall symmetry, the
projection operator can be written as P̂P = 1̂ + î, where î

is the inversion operator. While for its 1�u state, the corre-
sponding projection operator is written as P̂P = 1̂ − î to sat-
isfy the ungerade overall symmetry. The projection operator
is applied to each basis function, and action of the projection
operator on the basis functions is similar to how the permu-
tation operators do. Therefore, the permutation operator used
in the present BO calculation is the product of operations be-
longing to the group of permutation of n electrons and ele-
ments of the point symmetry group the molecule belonging
to13

P̂ = Ŷ ⊗ P̂P . (5)

As the Hamiltonian is invariant with respect to all per-
mutations of the electronic labels, in the calculation of the
Hamiltonian and overlap matrix elements P̂ is applied to the
ket only. The operator can be represented as a permutation
matrix, P = P ⊗ I3, and the application of P̂ to the basis
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functions gives

P̂ φl =φ̃l = ∂

∂αl

ϕ̃l

∣∣∣∣
αl=0

= P̂
∂

∂αl

exp[−(r − sl)
′Al(r − sl) + αl(vl)′r]

∣∣∣∣
αl=0

= ∂

∂αl

exp[−(Pr − sl)
′Al(Pr − sl) + αl(vl)′(Pr)]

∣∣∣∣
αl=0

= ∂

∂αl

exp[−(Pr − PP−1sl)
′Al(Pr − PP−1sl)

+ αl(P′vl)′r]

∣∣∣∣
αl=0

= ∂

∂αl

exp[−[P(r − P−1sl)]
′Al[P(r − P−1sl)]

+ αl(P′vl)′r]

∣∣∣∣
αl=0

= ∂

∂αl

exp[−(r − P−1sl)
′P′AlP(r − P−1sl)

+ αl(P′vl)′r]

∣∣∣∣
αl=0

= ∂

∂αl

exp[−(r − Psl)
′P′AlP(r − Psl)+αl(P′vl)′r]

∣∣∣∣
αl=0

.

(6)

IV. MATRIX ELEMENTS

The molecular integrals with Gaussians (2) have been
published in different formats.14 The format used in this work
is the most convenient for deriving the analytical energy gra-
dient. Some definitions used in the integral formula are

ṽl = P′vl ,

Ãl = P ′AlP,

Ãkl = Ak + Ãl,

A = A ⊗ I3,

ek = Aksk, ẽl = Ãl s̃l , ẽ = ek + ẽl ,

s̃ = Ã−1
kl ẽ,

γ = − s′
kAksk − s̃′

lÃl s̃l + ẽ′Ã−1
kl ẽ. (7)

Terms used in the integrals and in the energy gradient with
ECGs for molecular states with only σ electrons can be found
in Ref. 3. The terms are used in the expressions for following
integrals and the corresponding integral derivatives: S�

kl , T�
kl ,

dsk
S�

kl , dsk
T�

kl , dkS�
kl , and dkT�

kl .
The matrix elements with floating ECGs are evaluated

using the following general p-dimensional integral:∫ +∞

−∞
exp[−x ′Ax + y ′x]dx = πp/2

|A|1/2
exp

[
1

4
y ′A−1y

]
, (8)

where x is a p-component vector of variable, A is a symmetric
positive-define p × p matrix, and y is a p-component constant
vector. The matrix element of operator Ô with the ECGs is
evaluated as the following derivative of the corresponding ma-
trix element expressed in terms of the generator functions:15

〈φk|Ô|φ̃l〉 = ∂

∂αk

∂

∂αl

〈ϕk|Ô|ϕ̃l〉
∣∣∣∣
αk,αl=0

, (9)

where φ̃l = P̂ φl and ϕ̃l = P̂ ϕl , and P̂ is the appropriate per-
mutation operator.

A. Overlap integral

The derivation of the overlap integral is the simplest case
for using Eq. (9). The first step in the derivation is the eval-
uation of the integral between two generator functions. This
can be easily done by directly applying Eq. (8) to the prod-
uct of the two generator functions involved in the overlap in-
tegral. We use the fact that Ã−1

kl ≡ (Ãkl ⊗ I3)−1 = Ã−1
kl ⊗ I3

and |Ãkl| ≡ |Ãkl ⊗ I3| = |Ãkl|3. The 〈φk|φ̃l〉 integral can be
obtained by differentiating 〈ϕk|ϕ̃l〉 with respect to αk and αl,
and setting both of these parameters to be zero at the end of
the derivation.

〈φk|φ̃l〉 = ∂

∂αk

∂

∂αl

〈ϕk|ϕ̃l〉
∣∣∣∣
αk,αl=0

= ∂

∂αk

∂

∂αl

∫ +∞

−∞
exp[−(r − sk)′Ak(r − sk)

+ αk(vk)′r−(r−s̃l)
′Ãl(r−s̃l) + αl (̃v

l
)′r]dr

∣∣∣∣
αk,αl=0

= ∂

∂αk

∂

∂αl

∫ +∞

−∞
exp

[
− r′Ãklr + 2

(
Aksk + Ãl s̃l

+ 1

2
αkvk + 1

2
αl ṽl

)′
r
]

dr

∣∣∣∣
αk,αl=0

× exp[−s′
kAksk − s̃′

lÃl s̃l]

=
(

πn

|Ãkl|
)3/2

∂

∂αk

∂

∂αl

exp

[(
ẽ + 1

2
αkvk + 1

2
αl ṽl

)′

× Ã−1
kl

(
ẽ + 1

2
αkvk + 1

2
αl ṽl

)]∣∣∣∣
αk,αl=0

× exp[−s′
kAksk − s̃′

lÃl s̃l]

=
(

πn

|Ãkl|
)3/2

exp[γ ]

[
1

2
(vk)′Ã−1

kl ṽl + (s̃′vk)(s̃′ṽl)

]
.

(10)

It is usually advantageous to use normalized ECGs in the
derivation of the Hamiltonian and overlap matrix elements be-
cause with that the elements have similar magnitude which
helps to make the calculation more numerically stable. The
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overlap integral with the normalized ECGs is

S�
kl = 〈φk|φ̃l〉

(〈φk|φk〉〈φ̃l|φ̃l〉)1/2

=23n/2

( |Ak|1/2|Ãl|1/2

|Ãkl|
)3/2

exp[γ ]

×
[

1

2
vkÃkl ṽl+(s̃′vk)(s̃′ṽl)

] [
1

4
vkAk ṽk+(s′

kvk)2

]−1/2

×
[

1

4
vkÃl ṽl + (s̃l

′ṽl)2

]−1/2

=S�
kl

[
1

2
vkÃkl ṽl+(s̃′vk)(s̃′ṽl)

] [
1

4
vkAk ṽk+(s′

kvk)2

]−1/2

×
[

1

4
vkÃl ṽl + (s̃l

′ṽl)2

]−1/2

. (11)

As shown in the above equation, the terms which are
identical to those appearing in the integrals with σ ECGs are
collecting together and denoted by superscript �. We use the
notation throughout this work. For example, the overalp with
σ ECGs is denoted as S�

kl , the kinetic energy integral as T�
kl ,

the derivative of S�
kl with respect to sk as dsk

S�
kl , the derivative

of T�
kl with respect to sk as dsk

T�
kl , the derivative of S�

kl with
respect to Ak as dkS�

kl , and the derivative of T�
kl with respect

to Al as dkT�
kl . These quantities can be found in Ref. 3.

B. Kinetic energy integral

The derivation of the kinetic energy integral follows the
derivation of the overlap integral. The kinetic energy operator
is

T = −1

2
∇′

r∇r, (12)

where subscript r denotes the gradient with respect to all 3n
coordinates of n electrons. Thus the integral is

T�
kl = − 1

2
〈φk|∇′

r∇r|φ̃l〉 = 1

2
〈∇′

rφk|∇rφ̃l〉

= 1

2

∂

∂αk

∂

∂αl

〈∇′
rϕk|∇rϕ̃l〉

∣∣∣∣
αk,αl=0

. (13)

The gradient operator acting on the generator functions φk

gives

∇rϕk = (−2Akr + 2Aksk + αlvk
)
ϕk. (14)

Plugging Eq. (14) and the corresponding term for ∇rϕ̃l into
〈∇′

rϕk|∇rϕ̃l〉 gives the following nine integrals:

〈∇′
rϕk|∇rϕ̃l〉 = 4〈ϕk|r′AkÃlr|ϕ̃l〉

− 4〈ϕk|r′AkÃl s̃l|ϕ̃l〉 − 2〈ϕk|αlr′Ak ṽl|ϕ̃l〉
− 4〈ϕk|s′

kAkÃlr|ϕ̃l〉 + 4〈ϕk|s′
kAkÃl s̃l|ϕ̃l〉

+ 2〈ϕk|αls′
kAk ṽl|ϕ̃l〉 − 2〈ϕk|αkvk′Ãlr|ϕ̃l〉

+ 2〈ϕk|αkvk′Ãl s̃l|ϕ̃l〉 + 〈ϕk|αkαlvk′ṽl|ϕ̃l〉.
(15)

In order to use Eq. (8) for calculating the integrals in (15),
one needs to make the term which appear in each integral be-
tween the vertical bars to be exponentiated. This can be done
using the transformation described in Eq. (3). This leads to
the following:

〈ϕk|C|ϕ̃l〉 = − ∂

∂β
〈ϕk| exp[−βC]|ϕ̃l〉

∣∣∣∣
β=0

, (16)

where C can be a matrix, a vector, or a scalar. If it is a ma-
trix, it must be symmetric. Therefore, in the first step one uses
Eq. (16) to represent the integrals in Eq. (15). Then each in-
tegral is evaluate separately with a similar procedure as used
in Eq. (10). In the first integral the product AkÃl is, in gen-
eral, not symmetric and must be symmetrized before the in-
tegration is performed. To do that the following equality is
used: r′(AkÃl)r = 1

2 r′(AkÃl + AlÃk)r, which is true for any
quadratic form. With that we have

∂

∂αk

∂

∂αl

〈
ϕk

∣∣∣∣∣r
′(AkÃl + ÃlAk)r

2

∣∣∣∣∣ ϕ̃l

〉∣∣∣∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]

×
{(

3

2
tr
[
Ã−1

kl AkÃl

]+ s̃′AkÃl s̃
)

×
(

1

2
vk′Ã−1

kl ṽl + (s̃′ṽl)(s̃′vk)

)

+ 1

4
ṽl′Ã−1

kl AkÃlÃ−1
kl vk + 1

4
vk′Ã−1

kl AkÃlÃ−1
kl ṽl

+
(

1

2
vk′Ã−1

kl AkÃl s̃ + 1

2
s̃′AkÃlÃ−1

kl vk

)
(s̃′ṽl)

+
(

1

2
ṽl′Ã−1

kl AkÃl s̃ + 1

2
s̃′AkÃlÃ−1

kl ṽl

)
(s̃′vk)

}
. (17)

The other integrals in (15) involve vectors so no additional
complication arises. These integrals can be evaluated directly
using (16). The integrals are

∂

∂αk

∂

∂αl

〈ϕk|r′AkÃl s̃l|ϕ̃l〉
∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]

{
1

2

(
vk′Ã−1

kl AkÃl s̃l

)
(s̃′ṽl)

+ 1

2

(
ṽl′Ã−1

kl AkÃl s̃l

) (
s̃′vk

)
+ (s̃′AkÃl s̃l)

[(
s̃′ṽl

) (
s̃′vk

)+ 1

2
vk′Ã−1

kl ṽl

]}
, (18)

∂

∂αk

∂

∂αl

〈ϕk|αlr′Ak ṽl|ϕ̃l〉
∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]

[
1

2
vk′Ã−1

kl Ak ṽl+(s̃′Ak ṽl)(s̃′vk)

]
,

(19)
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∂

∂αk

∂

∂αl

〈ϕk|s′
kAkÃlr|ϕ̃l〉

∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]

{
1

2

(
vk′Ã−1

kl ÃlAksk

)
(s̃′ṽl)

+ 1

2

(
ṽl′Ã−1

kl ÃlAksk

) (
s̃′vk

)
+(s̃′ÃlAksk)

[
1

2
ṽl′Ã−1

kl vk + (s̃′ṽl)(s̃′vk)

]}
, (20)

∂

∂αk

∂

∂αl

〈ϕk|s′
kAkÃl s̃l|ϕ̃l〉

∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]
(
s′
kAkÃl s̃l

)
×
[

1

2
ṽl′Ã−1

kl vk + (s̃′ṽl)(s̃′vk)

]
, (21)

∂

∂αk

∂

∂αl

〈ϕk|αls′
kAk ṽl|ϕ̃l〉

∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]
(
s′
kAk ṽl

)
(s̃′vk), (22)

∂

∂αk

∂

∂αl

〈ϕk|αkvk′Ãlr|ϕ̃l〉
∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]

[
1

2
vl′Ã−1

kl Ãlvk + (
s̃′Ãlvk

)
(s̃′ṽl)

]
,

(23)

∂

∂αk

∂

∂αl

〈φk|αkvk′Ãl s̃l|φ̃l〉
∣∣
αk,αl=0

= π3n/2|Ãkl|−3/2 exp[γ ]
(
vk′Ãl s̃l

) (
s̃′ṽl

)
, (24)

∂

∂αk

∂

∂αl

〈φk|αkαlvk′ṽl|φ̃l〉
∣∣
αk,αl=0 = π3n/2|Ãkl|−3/2

× exp[γ ]
(
vk′ṽl

)
. (25)

By applying Eq. (9)–(15), plugging above integrals into
it, and with some rearrangement of the terms, the kinetic en-
ergy integral for two normalized ECGs is

T�
kl =1

2

{
S�

kl

[
(s̃′vk)

(
2ṽl′Ã−1

kl AkÃl s̃ + 2s̃′AkÃlÃ−1
kl vl

− 2ṽl′Ã−1
kl Ak ẽl − 2ṽl′Ã−1

kl Ãlek

− 2s̃′Ak ṽl + 2e′
k ṽl
)+ (s̃′vl)

(
2vk′Ã−1

kl AkÃls

+ 2s̃′AkÃlÃ−1
kl ṽk − 2vk′Ã−1

kl Ak ẽl

− 2vk′Ã−1
kl Ãlek − 2s̃′Ãlvk

+ 2vk′ẽl

)+ ṽl′Ã−1
kl AkÃlÃ−1

kl vk + vk′Ã−1
kl AkÃlÃ−1

kl ṽl

− vk′Ã−1
kl Ak ṽl − ṽlÃ−1

kl Ãlvk + vk′ṽl
]

+ T�
kl

[
vk′Ã−1

kl ṽl + 2(s̃′vk)(s̃′ṽl)
]}

×
[

1

4
vk′A−1

k vk + (
vk′sk

)2
]−1/2

×
[

1

4
ṽl′Ã−1

l ṽl + (
ṽl′s̃l

)2
]−1/2

. (26)

C. Potential energy integral

Two potential energy integral, the electron repulsion inte-
gral and the nuclear attraction integral, are derived in a similar
way as

V�
kl,ij =

〈
φk

∣∣∣∣ 1

rij

∣∣∣∣ φ̃l

〉
= ∂

∂αk

∂

∂αl

〈
ϕk

∣∣∣∣ 1

rij

∣∣∣∣ ϕ̃l

〉∣∣∣∣
αk=αl=0

, (27)

where the 1/rij can be represented by the following Gaussian
transformation:

1

rij

= 2

π1/2

∫ ∞

−∞
exp

[−u2r2
ij

]
du

= 1

π1/2

∫ ∞

−∞
exp

[−u2r′Jij r
]

du. (28)

The matrix Jij=Jij ⊗ I3 has the matrix elements, Jij,defined
as

Jij =
{

Eii if i = j

Eii + Ejj − Eij − Eji if i 	= j
. (29)

In order to apply a similar procedure as used to derive the po-
tential energy integral with σ ECGs, we define the following
two vectors and a scalar:

ep =Aksk + Ãl s̃l + 1

2
αkvk + 1

2
αl ṽl ,

sp =Ã−1
kl ẽp,

γ p = − s′
kAksk − s̃′

lÃl s̃l + ẽp′Ã−1
kl ẽp, (30)

and rearrange ϕkϕ̃l to the following form:

ϕkϕ̃l = exp[(r − s̃p)′Ãkl(r − s̃p) + γ p]. (31)

Now, by plugging Eqs. (28) and (31) into Eq. (27), the ex-
pression obtained in Eq. (32) is the same as the starting point
of the derivation of V�

kl,ij . αkvk and αlvl are absorbed in s̃p.
Therefore, one can apply the same procedure to derive the
V�

kl,ij integral as used before to derive the V�
kl,ij integral3 and

we get〈
ϕk

∣∣∣∣ 1

rij

∣∣∣∣ϕl

〉
= 2

π1/2
exp[γ p]

∫ +∞

0

∫ +∞

−∞

×exp[−(r − s̃p)′Ãkl(r − s̃p) − u2r′Jij r] drdu

= 2

π1/2
exp[γ p] exp

[−s̃p′Ã−1
kl s̃p

]
×
∫ +∞

0

∫ +∞

−∞
exp[−r′(Ãkl + u2Jij

)
r

− 2(Ãkl s̃p)′r] drdu

=2π (3n−1)/2 exp[γ p] exp[−s̃p′Ãkl s̃p]

×
∫ +∞

0
|Ãkl + u2Jij |−3/2

× exp [s̃p′Ãkl

(
Ãkl + u2Jij

)−1
Ãkl s̃p] du. (32)
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The determinant in the above formula can be written as

∣∣Ãkl + u2Jij

∣∣ =|Ãkl|
∣∣I + u2Ã−1

kl Jij

∣∣
=|Ãkl|

(
1 + u2 tr

[
Jij Ã

−1
kl

])
, (33)

where I is the n × n identity matrix. We use the fact that
(A + B)−1 = (A + B)−1 ⊗ I3. The inverse term in Eq. (32)
is evaluated by using the Sherman-Morrison formula, which
states that for an arbitrary invertible matrix X and vectors y
and z, such that 1 + z′X−1y 	= 0, the following applies:

(X + yz′)−1 = X−1 − X−1yz′X−1

1 + z′X−1y
. (34)

The matrices Jii and Jij can be represented as15

j i(j i)′ = Jii, (j j − j i)(j j − j i)′ = Jij , (35)

where ji is an n-component vector whose ith component is
one, while all others are zero. With that, we can rewrite the
inverse term in Eq. (32) as

(
Ãkl + u2Jij

)−1 = Ã−1
kl − u2Ã−1

kl (j j − j i)(j j − j i)′Ã−1
kl

1 + u2(j j − j i)′Ã−1
kl (j j − j i)

=Ã−1
kl − u2Ã−1

kl Jij Ã
−1
kl

1 + u2 tr
[
Jij Ã

−1
kl

] . (36)

Hence,

〈
ϕk| 1

rij

|ϕl

〉
=2π

∣∣Ãkl

∣∣−3/2
exp[γ ]

×
∫ +∞

0

(
1 + u2 tr

[
Jij Ã

−1
kl

])−3/2

× exp

[
− u2s̃p′Jij s̃p

1 + u2 tr
[
Jij Ã

−1
kl

]
]

du. (37)

The integral in the above equation can be converted to the
error function using the following identity:

∫ +∞

0
(1 + αu2)−3/2 exp

[
− βu2

1 + αu2

]
du

= π1/2

2β1/2
erf

[(
β

α

)1/2
]

. (38)

With this, we get

〈
ϕk

∣∣∣∣ 1

rij

∣∣∣∣ ϕ̃l

〉
= π3n/2|Ãkl|−3/2 exp[γ ]

1(
s̃p′Jij s̃p

)1/2

× erf

⎡
⎣( s̃p′Jij s̃p

tr
[
Jij Ã

−1
kl

]
)1/2

⎤
⎦ . (39)

Now, we use the following identity to convert the error
function to the F0 function

F0[t] = 1

2

(π

t

)1/2
erf [t1/2]. (40)

Hence,

〈
ϕk

∣∣∣∣ 1

rij

∣∣∣∣ ϕ̃l

〉
= 2π (3n−1)/2|Ãkl|−3/2 exp[γ ]

(
tr
[
Jij Ã

−1
kl

])−1/2

× F0

[
s̃p′Jij s̃p

tr
[
Jij Ã

−1
kl

]
]

. (41)

We now differentiate the above equation with respect to the
parameters αk and αl and set both parameters to be zero. With
some rearrangement, the electron repulsion integral over nor-
malized ECGs is

ER�
kl,ij = 2

(πα)1/2
S�

kl

{[
1

2
vk′Ã−1

kl vl + (s̃′vk)(s̃′ṽl)

]
F0

[ρ

α

]

+
[

(s̃′vk)

(
s̃′Jij Ã−1

kl ṽl

α

)
+ (s̃′ṽl)

(
s̃′Jij Ã−1

kl vk

α

)

+ vk′Ã−1
kl Jij Ã−1

kl vl

2α

]
F1

[ρ

α

]

+
(

s̃′Jij Ã−1
kl ṽl

α

)(
s̃′Jij Ã−1

kl vk

α

)
F2

[ρ

α

] }

×
[

1

4
vk′A−1

k vk + (
vk′sk

)(
vk′sk

)]−1/2

×
[

1

4
ṽl′Ã−1

l ṽl + (
ṽl′s̃l

)(
ṽl′s̃l

)]−1/2

, (42)

where α and ρ in this case (i.e., for the electron repulsion
integral) are α = tr

[
JijA

−1
kl

]
and ρ = s̃′Jij s̃.

In deriving the nuclear attraction integral we use the fol-
lowing 3n vector t which contains three coordinates of the tth
nucleus repeated n times:

t =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rtx

rty

rtz

...
rtx

rty

rtz

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (43)

and the following quadratic form representing the square of
the distance between the tth nucleus and ith electron:

r2
it = (r − t)′Jii(r − t). (44)

Following the same approach as used in deriving the electron
repulsion integral, the nuclear attraction integral is now found
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to be

NA�
kl,it = 2

(πα′)1/2
S�

kl

{[
1

2
vk′Ã−1

kl vk + (s̃′vk)(s̃′ṽl)

]
F0

[
ρ ′

α′

]

+
[

(s̃′vk)

(
(s̃ − t)′JiiÃ−1

kl ṽl

α′

)

+ (s̃′ṽl)

(
(s̃ − t)′JiiÃ−1

kl vk

α′

)
+ vk′Ã−1

kl JiiÃ−1
kl ṽl

2α′

]

× F1

[
ρ ′

α′

]

+
(

(s̃ − t)′JiiÃ−1
kl ṽl

α′

)(
(s̃ − t)′JiiÃ−1

kl vk

α′

)

× F2

[
ρ ′

α′

]}

×
[

1

4
vk′A−1

k vk + (
vk′s̃k

)(
vk′sk

)]−1/2

×
[

1

4
ṽl′Ã−1

l ṽl + (
ṽl′s̃l

)(
ṽl′s̃l

)]−1/2

, (45)

where α′ and ρ ′ in this case (i.e., for the nuclear attraction
integral) are α′ = tr[JiiÃ

−1
kl ] and ρ ′ = (s̃ − t)′Jii(s̃ − t).

V. ENERGY GRADIENT

If the non-zero component of the 3n v vector is not on
the same axes as the Gaussian shift centers, the terms that si-
multaneously involve the Gaussian shift vector and the v vec-
tor vanish. This is because vksk = 0 and vk(W ⊗ I3)sk = 0,
where W is a n × n matrix. Therefore, the above-derived nor-
malized integrals reduce to

S�
kl =S�

klη
S
1 ηS

2 , (46)

T�
kl = 1

2

[
S�

kl

(
ηT

1 + ηT
2 − ηT

3 − ηT
4 + ηT

5

)+ T�
klη

T
6

]
ηS

2 , (47)

ER�
kl = 2 (πα)−1/2 S�

kl

(
ηS

1 F0

[ρ

α

]
+ α−1ηER

1 F1

[ρ

α

])
ηS

2 ,

(48)

NA�
kl = 2(πα′)−1/2S�

kl

(
ηS

1 F0

[
ρ ′

α′

]
+ α−1ηNA

1 F1

[
ρ ′

α′

])
ηS

2 ,

(49)

where the following abbreviations are used:

ηS
1 = 1

2
vk′Ã−1

kl ṽl ,

ηS
2 = 4

(
vk′A−1

k vk
)−1/2 (

ṽl′Ã−1
l ṽl

)−1/2
,

ηT
1 = ṽl′Ã−1

kl AkÃlÃ−1
kl vk,

ηT
2 = vk′Ã−1

kl AkÃlÃ−1
kl ṽl ,

ηT
3 = vk′Ã−1

kl Ak ṽl ,

ηT
4 = ṽl′Ã−1

kl Ãlvk,

ηT
5 = vk′ṽl ,

ηT
6 = 2ηS

1 ,

ηER
1 = 1

2
vk′Ã−1

kl Jij Ã−1
kl ṽl ,

ηNA
1 = 1

2
vk′Ã−1

kl JiiÃ−1
kl ṽl . (50)

Following Kinghorn,16 the gradient of a molecular inte-
gral over kth and lth ECGs with respect to the nonlinear pa-
rameters of the kth ECG (i.e., the exponential parameters Lk

and the Gaussian centers sk) is derived using the methods of
the matrix differential calculus. The calculation of the gradi-
ent of the BO energy with respect to vech Lk and sk involves
the following derivatives of the Hamiltonian and overlap ma-
trices elements:

∂Hkl

∂(vech Lk)
,

∂Skl

∂(vech Lk)
,
∂Hkl

∂sk

,
∂Skl

∂sk

, (51)

where vech transforms an n × n matrix in to a n(n + 1)/2-
component vector.15 For example, if X is a 3 × 3 matrix with
elements Xij, then

vech X =

⎛
⎜⎜⎜⎜⎜⎜⎝

X11

X12

X13

X22

X23

X33

⎞
⎟⎟⎟⎟⎟⎟⎠

. (52)

We will now derive the derivative for each individual integral.

A. Overlap derivative

The derivative of the overlap integral with respect to sk is
simply:

dsk
S�

kl =dsk

(
S�

kl

)
ηS

1 ηS
2 , (53)
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and the derivative of the overlap integral with respect to Lk is

dkS�
kl =dk

(
S�

kl

)
ηS

1 ηS
2 + S�

kldk(ηS
1 )ηS

2 + S�
klη

S
1 dk(ηS

2 ). (54)

In order to determine ∂Skl

∂(vechLk) , we use the following relation
to remove the Kronecker products:3, 16

v′Av = tr [(v · v)A] . (55)

With that, the differentials of dk(ηS
1 ) and dk(ηS

2 ) are

dkη
S
1 = − 1

2
vk′Ã−1

kl d(Ak)Ã−1
kl ṽl

= − 1

2
tr
[
Ã−1

kl (ṽl · vk)Ã−1
kl d(Ak)

]

= − 1

2

{
vech

[
Ã−1

kl (ṽl · vk)Ã−1
kl Lk

]

+ vech
[(

Ã−1
kl (ṽl · vk)Ã−1

kl

)′
Lk

]}′
vech

[
dLk

]
,

dkη
S
2 = 2

[
ṽl′Ã−1

l ṽl
]−1/2[

vk′A−1
k vk

]−3/2[
vk′A−1

k d(Ak)A−1
k vk

]

= 2
[
ṽl′Ã−1

l ṽl
]−1/2[

vk′A−1
k vk

]−3/2

× tr
[
A−1

k (vk · vk)A−1
k d(Ak)

]

= 4
[
ṽl′Ã−1

l ṽl
]−1/2 [

vk′A−1
k vk

]−3/2

× vech
[
A−1

k (vk · vk)A−1
k Lk

]′
vech[dLk]. (56)

B. Kinetic energy derivative

The differential of kinetic energy integral with respect to
sk is

dsk

(
T�

kl

) = 1

2

[
dsk

(
S�

kl

)(
ηT

1 + ηT
2 − ηT

3 − ηT
4 + ηT

5

)
+ dsk

(
T�

kl

)
ηT

6

]
ηS

2 (57)

and the differential of the kinetic energy integral with respect
to Lk is

dk

(
T�

kl

) = 1

2

[
dk

(
S�

kl

) (
ηT

1 + ηT
2 − ηT

3 − ηT
4 + ηT

5

)
+ S�

kldk

(
ηT

1 + ηT
2 − ηT

3 − ηT
4 + ηT

5

)
+ dk

(
T�

kl

)
ηT

6 + T�
kldk(ηT

6 )
]
ηS

2

+ T�
kl

ηS
2

dk(ηS
2 ). (58)

The differential of the η-dependent terms in the above expres-
sion are derived as

dkη
T
1 = −ṽl′Ã−1

kl d(Ak)Ã−1
kl AkÃlÃ−1

kl vk+ṽl′Ã−1
kl d(Ak)ÃlÃ−1

kl vk

− ṽl′Ã−1
kl AkÃlÃ−1

kl d(Ak)Ã−1
kl vk

= − tr
[
Ã−1

kl AkÃlÃ
−1
kl (vk · ṽl)Ã−1

kl d(Ak)
]

+ tr
[
ÃlÃ

−1
kl (vk · ṽl)Ã−1

kl d(Ak)
]

− tr
[
Ã−1

kl (vk · ṽl)Ã−1
kl AkÃlÃ

−1
kl d(Ak)

]
= {− vech

[
Ã−1

kl AkÃlÃ
−1
kl (vk · ṽl)Ã−1

kl Lk

]
− vech

[(
Ã−1

kl AkÃlÃ
−1
kl (vk · ṽl)Ã−1

kl

)′
Lk

]
+ vech

[
AlÃ

−1
kl (vk · ṽl)Ã−1

kl Lk

]
+ vech

[(
AlÃ

−1
kl (vk · ṽl)Ã−1

kl

)′
Lk

]
− vech

[
Ã−1

kl (vk · ṽl)Ã−1
kl AkÃlÃ

−1
kl Lk

]
− vech

[(
Ã−1

kl (vk ·ṽl)Ã−1
kl AkÃlÃ

−1
kl

)′
Lk

]}′

× vech[dLk], (59)

dkη
T
2 = −vk′Ã−1

kl d(Ak)Ã−1
kl AkÃlÃ−1

kl ṽl+vk′Ã−1
kl d(Ak)ÃlÃ−1

kl ṽl

− vk′Ã−1
kl AkÃlÃ−1

kl d(Ak)Ã−1
kl ṽl

= − tr
[
Ã−1

kl AkÃlÃ
−1
kl (ṽl · vk)Ã−1

kl d(Ak)
]

+ tr
[
ÃlÃ

−1
kl (ṽl · vk)Ã−1

kl d(Ak)
]

− tr
[
Ã−1

kl (ṽl · vk)Ã−1
kl AkÃlÃ

−1
kl d(Ak)

]
={− vech

[
Ã−1

kl AkÃlÃ
−1
kl (ṽl · vk)Ã−1

kl Lk

]
− vech

[(
Ã−1

kl AkÃlÃ
−1
kl (ṽl · vk)Ã−1

kl

)′
Lk

]
+ vech

[
AlÃ

−1
kl (ṽl · vk)Ã−1

kl Lk

]
+ vech

[(
AlÃ

−1
kl (ṽl · vk)Ã−1

kl

)′
Lk

]
− vech

[
Ã−1

kl (ṽl · vk)Ã−1
kl AkÃlÃ

−1
kl Lk

]
− vech

[(
Ã−1

kl (ṽl · vk)Ã−1
kl AkÃlÃ

−1
kl

)′
Lk

]}′

× vech[dLk], (60)

dkη
T
3 = − vk′Ã−1

kl d(Ak)Ã−1
kl Ak ṽl + vk′Ã−1

kl d(Ak)ṽl

= − tr
[
Ã−1

kl Ak(ṽl · vk)Ã−1
kl d(Ak)

]
+ tr

[
(ṽl · vk)Ã−1

kl d(Ak)
]

={− vech
[
Ã−1

kl Ak(ṽl · vk)Ã−1
kl Lk

]
− vech

[(
Ã−1

kl Ak(ṽl · vk)Ã−1
kl

)′
Lk

]
+ vech

[
(ṽl · vk)Ã−1

kl Lk

]+ vech
[(

(ṽl · vk)Ã−1
kl

)′
Lk

]}′

× vech[dLk], (61)
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dkη
T
4 = − ṽl′Ã−1

kl d(Ak)Ã−1
kl Ãlvk

= − tr
[
Ã−1

kl Ãl(vk · ṽl)Ã−1
kl d(Ak)

]
= − {

vech
[
Ã−1

kl Ãl(vk · ṽl)Ã−1
kl Lk

]
+ vech

[(
Ã−1

kl Ãl(vk · ṽl)Ã−1
kl

)′
Lk

]}′
vech[dLk],

(62)

dkη
T
6 = − ṽl′Ã−1

kl d(Ak)Ã−1
kl vk

= − tr
[
Ã−1

kl Ãl(vk · ṽl)Ã−1
kl d(Ak)

]
={− vech

[
Ã−1

kl (vk · ṽl)Ã−1
kl Lk

]
− vech

[(
Ã−1

kl (vk · ṽl)Ã−1
kl

)′
Lk

]}′
vech[d(Lk)]. (63)

C. Potential energy derivative

The differential of the electron repulsion integral with re-
spect to sk is

dsk

(
ER�

kl

)
= 2 (πα)−1/2

[
dsk

(
S�

kl

) (
ηS

1 F0

[ρ

α

]
+ α−1ηER

1 F1

[ρ

α

])

+ S�
kl

(
ηS

1 α−1F1

[ρ

α

]
+ ηER

1 α−2F2

[ρ

α

])
dsk

(ρ)

]
ηS

2 ,

(64)

where dsk
(ρ) = 2s̃′Jij Ã−1

kl Akd(sk). The differential of electron
repulsion integral with respect to Lk is

dk

(
ER�

kl

)
= 2π−1/2dk

[
α−1/2S�

kl

(
ηS

1 F0

[ρ

α

]
+ α−1ηER

1 F1

[ρ

α

])]
ηS

2

+ ER�
kl

ηS
2

dk

(
ηS

2

)

= 2π−1/2

{
α−1/2dk

(
S�

kl

) (
ηS

1 F0

[ρ

α

]
+ α−1ηER

1 F1

[ρ

α

])

− 1

2
α−3/2dk(α)S�

kl

(
ηS

1 F0

[ρ

α

]
+ α−1ηER

1 F1

[ρ

α

])

+α−1/2S�
kl

[
dk

(
ηS

1

)
F0

[ρ

α

]
+ ηS

1
αdk(ρ) + ρdk(α)

α2

× F1

[ρ

α

]
−α−2dk(α)ηER

1 F1

[ρ

α

]
+ α−1dk

(
ηER

1

)
F1

[ρ

α

]

+ ηER
1

αdk(ρ) + ρdk(α)

α3
F2

[ρ

α

] ]}
ηS

2

+ ER�
kl

ηS
2

dk

(
ηS

2

)
. (65)

The dk(α), dk(ρ), and dk(ηER
1 ) are derived as follows:

dk(α) = − tr[Jij Ã
−1
kl dk(Ak)Ã−1

kl ]

= − vech
[
Ã−1

kl Jij Ã
−1
kl

]′
vech[dLk], (66)

dk(ρ) = dk

(
s̃′Jij s̃

)
= dk

[(
s′
kAk + s̃′

lÃl

)
Ã−1

kl Jij Ã−1
kl

(
Aksk + Ãl s̃l

)]
= 2 tr

[
Ã−1

kl Jij (s̃ · sk)d(Ak)
]− 2 tr

[
Ã−1

kl Jij (s̃ · s̃)d(Ak)
]

= {2 vech
[
(sk · s̃)Jij Ã

−1
kl Lk

]
+ 2 vech

[(
(sk · s̃)Jij Ã

−1
kl

)′
Lk

]
− 4 vech

[
(s̃ · s̃)Jij Ã

−1
kl Lk

] }′
vech[dLk], (67)

dk(ηER
1 ) = − 1

2

(
vk′Ã−1

kl d(Ak)Ã−1
kl Jij Ã−1

kl ṽl
)

− 1

2

(
vk′Ã−1

kl Jij Ã−1
kl d(Ak)Ã−1

kl ṽl
)

= − 1

2
tr
[
Ã−1

kl Jij (ṽl · vk)Ã−1
kl d(Ak)

]
− 1

2
tr
[
Ã−1

kl (ṽl · vk)Ã−1
kl Jij Ã

−1
kl d(Ak)

]
=
{

− 1

2
vech

[
Ã−1

kl Jij Ã
−1
kl (ṽl · vk)Ã−1

kl Lk

]

− 1

2
vech

[(
Ã−1

kl Jij Ã
−1
kl (ṽl · vk)Ã−1

kl

)′
Lk

]

− 1

2
vech

[
Ã−1

kl (ṽl · vk)Ã−1
kl Jij Ã

−1
kl Lk)

]

− 1

2
vech

[(
Ã−1

kl (ṽl · vkÃ−1
kl Jij Ã

−1
kl Lk

)′
Lk

] }′

× vech[dLk]. (68)

The formula of the differential of the nuclear attraction
integral is very similar to the formula for the electron repul-
sion integral. One simply replaces ρ by ρ ′, α by α′, Jij by Jii ,
Jij by Jii, and s̃ by (s̃ − t) in the expression for the electron
repulsion integral.

D. Numerical test

The formulas for calculating the Hamiltonian, overlap
matrix elements, and their derivatives have been implemented
in a computer program. The variational optimization of the
wave function is carried out by the minimization of the
Rayleigh quotient:

E = 〈�|Ĥ |�〉
〈�|�〉 (69)

with respect to the linear expansion coefficients (ck) in Eq. (1)
and the nonlinear Lk and sk parameters in Eq. (2). The nonlin-
ear parameters are optimized using a quasi-Newton procedure
and the optimal linear parameters are obtained by solving the
secular equation in each optimization step. To expedite the
quasi-Newton optimization, the analytical energy gradient de-
termined with respect to the Lk and sk parameters is supplied
to the procedure in the calculation. The availability of the gra-
dient considerably accelerates the optimization process. The
norm of the gradient is also calculated to determine how well
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TABLE I. Comparison of the BO energy convergence between this work and the best previous calculations for the considered � states of the H2 molecule at
selected internuclear distances (R). Energies are in Eh.

This work Cencek et al.
M i3�g I1�g c3�u C1�u

75 −0.659 561 213 8 −0.659 511 343 8 −0.737 477 353 5 −0.718 366 590 4 −0.718 366 558
150 −0.659 565 353 2 −0.659 515 029 3 −0.737 478 804 7 −0.718 367 943 3 −0.718 367 912
300 −0.659 565 533 7 −0.659 515 330 8 −0.737 478 902 6 −0.718 368 021 4 −0.718 368 012
600 −0.659 565 537 4 −0.659 515 336 0 −0.737 478 909 9 −0.718 368 028 9 −0.718 368 027

Best previous −0.659 565 253 −0.659 515 056 −0.737 478 627
Ref. 17a 18b 17c 19d

R(a0) 2.0 2.0 2.0 1.952

aCalculated with 177 generalized James-Coolidge functions.
bCalculated with 193 generalized James-Coolidge functions.
cCalculated with 142 generalized James-Coolidge functions.
dCalculated with ECGs.

converged is the energy. If the gradient in our calculation falls
bellow 10−12 a.u. the optimization is terminated and consid-
ered finished.

In order to test the correctness of the derived formulas
and their implementation and to illustrate the performance of
the method, four � electronic states of the hydrogen molecule
are calculated at a single selected internuclear distance spe-
cific to each state. The considered states and the correspond-
ing symmetry operators are

i3�g :(1 − P̂12)(1 + î),

I 1�g :(1 + P̂12)(1 + î),

c3�u :(1 − P̂12)(1 − î),

C1�u :(1 + P̂12)(1 − î).

The following can be noted about the computational time
needed for a �-state calculation. Due to the more complicated
nature of the algorithms for the � states shown in the present
work in comparison with the corresponding algorithms for the
� states, the time required to evaluate the integrals and their
derivatives with respect to the ECG nonlinear parameters is
four times longer. We have also observed that the time needed
to optimize the ECG nonlinear parameters for a � state is on
average four times longer than to perform a similar optimiza-
tion for a � state, if one aims to achieve a similar convergence
level for the energy.

The convergence of the BO energy of the hydrogen
molecule in the C1�u state obtained at R = 1.952 a0is com-
pared with that of the best previous ECG calculations of
Cencek et al.19 in Table I. As it can be seen in the table our BO
energy converges noticeably faster than theirs for M ≤ 300.
We attribute this higher efficiency to the use of the analytical
gradient in optimizing the ECG nonlinear parameters.7, 9 The
convergence pattern is very similar as in our previous calcula-
tions of the ground state HeH+ molecule.5 In the work on the
HeH+ calculations, we concluded the basis set of 600 ECGs
is virtually complete for describing a two-electron molecular
system. This seems also to be the case with the C1�u state of
H2. Therefore, as expected, Cencek et al. and our BO energies
are almost identical at M = 600.

In Table I we also compare our BO energies for the other
three � states of the hydrogen molecule with the best litera-
ture results calculated with generalized James-Coolidge (JC)
functions. The effectiveness of both basis functions are shown
to be similar when describing the H2 molecule in its ground
states.13, 20 In the present work, we observe a small improve-
ment over the previous calculations of about 10−7 Ehwhen the
similar number of JC and ECG basis functions are adopted in
the calculation of the � states of the H2 molecule. The ac-
curacy of our BO energies are estimated to be about 10−8

Ehwhen 600 ECGs are used to expand the electronic wave
function. Though the improvement is minor, our experience
shows that the advantage of using the analytical gradient in
the variational optimization of the nonlinear parameters of
the ECGs will be more pronounced for molecular systems
with more than two electrons.9 For such systems one needs
to use many more ECGs reaching into thousands to describe
the BO wave functions with a similar accuracy as for H2. In
such cases, if the optimization can be made more effective,
one can use fewer ECGs to achieve the desired level of the en-
ergy convergence. PES/PEC calculations of � states of some
three- and four-electron systems, which are forthcoming, will
allow for further testing this feature.

VI. SUMMARY

In this work, we derived formulas to calculate the over-
lap, kinetic energy, and potential energy integrals with ECGs
capable of describing molecules with an arbitrary number of
electrons including a single π electron. To accelerate the vari-
ational optimization of the ECG nonlinear parameters (the
Gaussian exponents and the coordinates of the Gaussian cen-
ters), we also derived formulas for the analytical derivatives
of the BO electronic energy with respect to these parameters.
In the calculation the gradient is determined and provided to
the quasi-Newton procedure which does the optimization in
each iteration, and this expedites the search for the energy
minimum. The formulas for the gradient are implemented in a
computer codes which utilizes the parallel computer architec-
ture and the message passing interface (MPI). The efficiency
and the correctness of the implementation is tested in calcu-
lations of four � excited states of the hydrogen molecule. It
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is found that the efficiency as well as the accuracy of the final
results are similar as achieved in our previous calculations of
� states. For all four � states considered in the calculations
we obtained new improved energy upper bounds.

As mentioned, the next step to improve the accuracy of
the PEC/PES after the BO calculations are completed is to in-
clude the adiabatic and nonadiabatic corrections. In our pre-
vious work we have included both corrections, but the in-
clusion of the nonadiabatic correction was done in an effec-
tive way through the modification of the vibrational and ro-
tational masses used in the calculations of the rovibrational
energy levels. These masses were invariant on the geome-
try of the system. A more correct and accurate accounting
for the nonadiabatic effects can be done with a perturbation-
theory approach.10, 11 It involves a sum-over-state procedure.
Thus excited-state BO PECs/PESs need to be calculated. The
present work facilitates a procedure for such calculations. Be-
sides, the procedure can be also used to probe molecular prop-
erties in excited states, as well as to describe ground states
of molecules, which have the � symmetry, such as the CH
radical.
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An algorithm for quantum mechanical variational calculations of bound states of diatomic molecules
corresponding to the total angular momentum quantum number equal to one (N = 1) is derived
and implemented. The approach employs all-particle explicitly correlated Gaussian function for the
wave-function expansion. The algorithm is tested in the calculations of the N = 1, v = 0, . . . , 22
states of the HD+ ion. © 2013 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4826450]

I. INTRODUCTION

The development and implementation of a method for
extending the very accurate non-BO calculations with all-
particle explicitly correlated Gaussians (ECG) to states where
the diatomic molecule is excited to the first rotational state
and also vibrationally excited to an arbitrary level. The de-
velopment includes the derivation and implementation of the
Hamiltonian matrix elements and the matrix elements of the
energy gradient determined with respect to the exponential
parameters of the Gaussians. Details of the derivations of the
matrix elements are described and the implementation pro-
cedure is discussed. By using the described approach, it is
possible to calculate bound states of diatomic molecules with
an arbitrary number of σ electrons whose rotational motion is
excited to the first excited level (N = 1 states). This is done in
direct all-particle variational calculations. An important fea-
ture of the approach is that the Born-Oppenheimer (BO) ap-
proximation is not assumed at this approach, i.e., the approach
is non-BO.

Explicitly correlated Gaussians are becoming increas-
ingly more popular in various types of molecular quantum
mechanical calculations.1, 2 The application of the ECGs in
this work represents a direction where these functions are
used to obtain very accurate energies of bound states of small
molecular systems. As the goal of such calculation is to pre-
dict the energies of the ground and excited rovibrational states
to the accuracy approaching 10−9-10−10 hartree, extensive op-
timization of the Gaussian nonlinear parameters needs to be
performed. In this optimization, the availability of the analytic
gradient is of key importance.

The variational minimization of the total energy is much
faster and more effective with the use of the energy gradient.
This is why in this work we also show the derivation of the
derivatives of the Hamiltonian and overlap matrix elements,
which are used to generate the gradient.

II. THE HAMILTONIAN

We consider a nonrelativistic molecular system in the lab-
oratory coordinate frame with the total number of nuclei (nuc)

equal Nnuc and the total number of electrons (elec) equal Nelec.
The total number of particles in the system is: Ntot = Nnuc

+ Nelec. The ith particle in the system has mass Mi, charge Qi,
and its position in the laboratory Cartesian coordinate frame is
described by vector Ri . The laboratory-frame nonrelativistic
Hamiltonian for the system is

Ĥlab = −
Ntot∑
i=1

1

2Mi

∇2
Ri

+
Ntot∑

i=1,j>i

QiQj

Rij

, (1)

where ∇Ri
is the gradient with respect to the position coordi-

nates of the particle, Ri , and Rij is the distance between the
(i,j) pair of particles: Rij = ||Rj − Ri ||.

The center of mass motion (or translational motion of
the system as a whole) can be rigorously separated out from
the internal motion of the particles in the laboratory-frame
Hamiltonian (1). This separation yields two Hamiltonians:
one representing the kinetic energy of the motion of the cen-
ter of mass described by the following vector in the laboratory
coordinate frame:

r0 = M1

Mtot
Ri + M2

Mtot
R2 + . . . + MNtot

Mtot
RNtot

, (2)

where Mtot = ∑Ntot

i=1 Mi is the total mass of the system, and
the second representing the internal motion of the particles,
which in this work is described by the following vectors re-
ferring particles 2, . . . , Ntot are referred to particle 1 (particle
1 is assumed to be the reference particle):

r1 = −R1 + R2,

r2 = −R1 + R3,

...

rntot
= −R1 + RNtot

.

(3)

Thus, the internal coordinates are: ri = Ri+1 − R1, i = 1, . . . ,
ntot, where ntot = Ntot − 1. In this work, we are concerned
with bound internal states of the system, and as a result,
the center-of-mass Hamiltonian can be disregarded because
the system’s internal stationary states do not depend on the

0021-9606/2013/139(16)/164119/20/$30.00 © 2013 AIP Publishing LLC139, 164119-1
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position of the center of mass in free space. Therefore, only
the internal Hamiltonian is considered. Thus, the separation
of the laboratory-frame total Hamiltonian into the center-of-
mass Hamiltonian and the internal Hamiltonian is accom-
plished by the coordinate transformation from the labora-
tory coordinates, Ri , to the coordinate set consisting of the
r0 vector and the ri , i = 1, . . . , ntot, vectors obtained by
placing one of the nuclei (usually the heaviest) at the ori-
gin of a new, internal Cartesian coordinate system such that
it becomes the reference particle for all other particles in the
molecule. As the transformation alters the masses of the par-
ticles (see below), the non-reference particles can be called
pseudoparticles. The distance between pseudoparticles i and
j is the same as the distance between the original particles:
rij = ||rij || = ||rj − ri || = ||Rj+1 − Ri+1||.

In the new coordinate frame, the internal coordinates, ri ,
represent the motion of the ntot pseudoparticles in the central
field of the charge of the reference nucleus. The pseudopar-
ticles described by the internal Hamiltonian have the same
charges as before the transformation, but their masses are now
reduced masses. Denoting the mass of the reference nucleus
as m0 and its charge as q0, setting the pseudoelectron reduced
masses to be μi = m0mi/(m0 + mi) with mi = Mi+1, and with
the pseudoparticle charges equaling qi = Qi+1, the internal
Hamiltonian is3

Ĥ = −1

2

⎛
⎝ ntot∑

i=1

1

μi

∇2
ri

+
ntot∑
i �=j

1

m0
∇′

ri
∇rj

⎞
⎠

+
ntot∑
i=1

q0qi

ri

+
ntot∑

i=1,j>i

qiqj

rij

. (4)

The motions of the pseudoparticles are coupled through the
mass polarization term,

∑
i �=j (1/m0) ∇′

ri
∇ri

, and through the
Coulombic interactions. The Coulombic interactions are de-
pendent on the distances between the pseudoparticles and the
origin of the internal coordinate system, ri, and on the relative
distances between a pair pseudoparticles, rij. In the calcula-
tions performed in this work for the HD+ ion, we use the fol-
lowing masses: the mass of proton Mp = 1836.15267245me

and the mass of deuteron Md = 3670.4829652me, where me

is the electron mass.
The problem represented by the internal Hamiltonian (4)

is “atom-like” because it describes the motion of particles in
a spherically symmetric (isotropic) potential. As a result, the
Hamiltonian commutes with the square of the all-particle to-
tal angular-momentum operator, N2, which is a sum of the
electronic, L, and nuclear, R, angular momenta (or, more
precisely, the total angular momenta of the pseudoparticles),
N = L + R. Thus, the commutation relation is [Ĥ ,N̂2] = 0.5

Therefore, by expanding the total internal wave function of
the system in terms of basis functions which are eigenfunc-
tions of the square of the total angular momentum operator,
states corresponding to different eigenvalues of N2 can be sep-
arated. While in the previous works we have considered states
with N = 0, i.e., so-called pure vibrational states,4 in this
work we consider states with N = 1, i.e., the first-rotationally
excited states.

III. NOTATION

Let us start with briefly explaining the notation scheme
used throughout this work. The scheme is the same as the one
used in our recent atomic work,6 but it is somewhat different
from the notation used in our previous diatomic work.7 Here
is the notation convention used in this work:� Lower-case Greek letters, e.g., α, β, χ , γ , ν, η, τ ,

λ, are used to denote scalar quantities, variables, and
parameters;� Bold lower-case Greek letters, e.g., ξ , represent vec-
tors in 3D space; three-component vectors;� CAPITAL Greek letters, e.g., �, �, are used for 3 × 3
matrices;� Lower-case Roman font Latin letters, e.g., x, y, z, are
used as variables;� Lower-case Latin letters, e.g., a, denote ntot-
component vectors;� Lower-case Sans − Serif font Latin letters, e.g., c, are
used as k-component vectors (k is the number of basis
functions used in a wave function expansion);� Bold lower-case Latin letters, e.g., v, denote 3ntot-
component vector. One exception is if such a letter
has an index/subscript corresponding to the particle in-
dex, then this means it is a 3-component vector. For
example, r is a 3n-component vector, while ri is a
3-component vector. An index/subscript on the basis
functions k and l keeps the original definition;� Capital Latin letters, e.g., A, are used for n × n matri-
ces;� Bold CAPITAL Latin letters, e.g., A or W, are used
for 3n × 3n matrices;� CAPITAL Roman font Latin letters, e.g., S, T, V, R,
are used for scalar quantities;� Sans − Serif font Latin letters, e.g., S and H, denote
k × k matrices.

Vector or matrix transposition is denoted by a prime (′)
symbol and, finally, vertical bars around a matrix denote that
it is a determinant of a matrix, while vertical bars around a
vector or a scalar stand for the absolute value or the length,
respectively.

IV. THE BASIS FUNCTIONS

To obtain the energy eigenvalues of Hamiltonian (4), the
standard Rayleigh-Ritz variational scheme is used

〈|Ĥ |〉
〈|〉 ≥ E0, (5)

where E0 is the exact non-relativistic energy of the system.
The total molecular wave function, , depends on the spatial
coordinates, r, of the particles and their spins, s. Due to the
fact that (4) is spin independent, the calculation of the Hamil-
tonian and overlap matrix elements is first reduced by inte-
grating over the spin variables, leaving behind only spatially
dependent integrals, which can be calculated using the spatial
wave function, (r). This wave function is approximated by
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a linear combination of K basis functions, φk(r)

 (r) =
K∑

k=1

ckŶ φk(r), (6)

where ck is the linear variational parameter, and Ŷ is a per-
mutational symmetry projection operator specific to the con-
sidered state of the system. In the calculations of HD+ de-
scribed in this work, there are no indistinguishable particles,
and therefore Ŷ = 1̂.

The basis functions describing the ntot-pseudoparticle
“atomic molecule” are constructed using, as one of their com-
ponents, the following rotationally invariant ECG functions:

φk (r) ≡ φk = exp[−r′ (Ak ⊗ I3) r], (7)

where Ak is a ntot × ntot symmetric matrix, ⊗ is the
Kronecker product symbol, and I3 is a 3 × 3 identity matrix.
The basis functions used in a bound-state calculation must be
square integrable and this effectively imposes restrictions on
the Ak matrix. The Ak matrix must be positive definite. Rather
than restricting the Ak matrix elements, Ak is represented in a
Cholesky factorized form as Ak = LkL

′
k , where Lk is a lower

triangular matrix. With this representation, Ak is automati-
cally positive definite for any real values of the Lk matrix
elements.

The ECG functions, unfortunately, have a maximum
when the distance between two particles is zero. However,
two particles with alike charges repel and the probability of
them occupying the same point in space is very small (much
smaller for a pair of nuclei than for a pair of electrons5, 8).
Therefore, the ECG functions (7) must be modified to de-
scribe the virtually zero probability of two nuclei closely ap-
proaching each other. Also, as a purpose of the molecular
non-BO calculations is to describe states where the molecule
is excited to vibrationally excited states which are repre-
sented by wave functions with spatial nodes in terms of
the coordinates describing the internuclear distances, addi-
tional flexibility needs to be introduced in the ECGs to de-
scribe these features. To achieve this, functions (7) are mul-
tiplied by non-negative even powers of the internuclear dis-
tances. In diatomic non-BO calculations, this factor is r

mk

1
(r1 is the deuteron-proton distance in the case of the HD+

molecule)

φN=0
k = r

mk

1 φk, (8)

such that r1=(x2
1 + y2

1 + z2
1)1/2 = (r′J11r)1/2, where J11 is a

square diagonal 3ntot × 3ntot matrix, whose (1,1), (2,2), and
(3,3) elements are equal to one and the remaining elements are
zero, and the mk power in our calculations is optimized in the
range from zero to 250. The above functions are used for ex-
panding the wave functions of states with rotational quantum
number equal to zero (N = 0). For the first excited rotational
states of a diatomic molecule corresponding to the rotational
quantum number N = 1 and Nz = 0 (i.e., the quantum number
associated with the projection of the total angular momentum
on the z axis), functions (8) are multiplied by an angular fac-
tors which in terms of the Cartesian coordinate are just zi (for
convenience in this work we replace zi by xi, as zi and xi are

completely equivalent)

φN=1
k = xiφ

N=0
k . (9)

However, as the electronic excitations are much higher in
terms of energy than the rotational excitations, the contribu-
tions from basis functions (9) with xi, where i = 2, . . . , ntot, to
the rovibrational states, where the molecule is in the ground
electronic state, is rotationally excited to the first excited rota-
tional state, and is vibrationally excited to an arbitrary level,
are expected to be much smaller in comparison to the most
contributing basis functions with xi = x1. The numerical re-
sults obtained for HD+ presented later in this work support
this conclusion. Also, it should be mentioned that the Gaus-
sians used in the present calculations, even though they do
not explicitly include xi, i = 2, . . . , n (for HD+, x1 is the x
coordinate of the vector pointing from the deuteron, which is
the reference particle, to the proton and x2 is the x coordi-
nate of the vector pointing from the deuteron to the electron),
preexponential multipliers effectively include contributions of
the xiφ

N=0
k functions because functions x1φ

N=0
k and functions

xiφ
N=0
k , i = 2, . . . , n, have non-zero overlap if the Ak matrix

has non-zero off-diagonal elements. Therefore, if the contri-
butions of the xiφ

N=0
k , i = 2, . . . , n, basis functions are small,

as they expect to be for the vibrational states of the HD+

molecule excited to the first excited rotational state, these con-
tributions should be well described by including only x1φ

N=0
k

Gaussians in the basis set. If the contributions are larger (this,
for example, is expected to happen for muonic molecules),
one needs to explicitly include xiφ

N=0
k , i = 2, . . . , n,

Gaussians in the calculation.
Thus, in this work the derivation of the integrals and

their computational implementation only concerns basis
functions

φN=1
k = x1r

mk

1 exp[−r′ (Ak ⊗ I3) r]. (10)

V. MATRIX ELEMENTS

In describing the derivation of the Hamiltonian and over-
lap matrix elements, we start with the overlap derivation be-
cause it is the simplest of the integrals involved. It is also
convenient to start the explanation of the N = 1 overlap in-
tegral with the derivation of the overlap integral for the N
= 0 case (basis functions (8)) because it was not described
in detail in Ref. 7, where the integral was first used. Also,
to better understand the derivation of the matrix elements of
the internal Hamiltonian and the gradient operator for the
N = 1 case, we will describe the derivation of the N = 2
overlap integral because the formula for this integral will be
applied in the derivation of some integrals contributing to the
kinetic-energy matrix element for the N = 1 case. The deriva-
tion of the kinetic-energy matrix element will be shown after
the derivation of the overlap integral, and it will be followed
by the derivation of the potential-energy matrix element. Be-
fore we start the explanation of the derivation of the overlap
integral, we recall some commonly used integrals and matrix-
calculus properties relevant to the derivations of integrals
involving ECGs.
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A. Useful transformation properties

The following general p-dimensional Gaussian integral
is the primary integral used when evaluating the Hamiltonian
and overlap matrix elements:∫ +∞

−∞
exp[−x ′Xx + y ′x] d x = πp/2

|X|1/2
exp

[
1

4
y ′X−1y

]
,

(11)

where x is a p-component vector of variables, X is a symmetric
p × p positive-definite matrix (this ensures square integrabil-
ity of the integrand), y is a p-component constant vector, and
X−1 is the inverse of X.

Some properties of the matrix algebra are useful in the
present derivations, as well as in simplifying the final integral
formulas for the computational implementation and for writ-
ing an optimal computer code. Therefore, the following few
equations are given as useful tools, which are used throughout
this work. For a 3p-dimension matrix obtained as X = X ⊗ I3

such that X is a p × p matrix and I3 is the 3 × 3 identity ma-
trix, we have the following relation between the determinants
of X and X:

|X| = |X|3. (12)

The determinant of the inverse of X is related to the determi-
nant of the inverse of X through the following:

|X−1| = |X|−1. (13)

The inverse of 3p-dimensional matrix X = X ⊗ I3 is

X−1 = X−1 ⊗ I3. (14)

When X is multiplied by a constant, e.g., αX, the determinant
of the product is

|αX| = αp|X|, (15)

where p, again, is the dimension of X.
The following operations involving traces are used to

simplify integral formulas and to determine the gradient of
the integrals. For the trace of a product of two square sym-
metric matrices, X and Y, we have the following property:

tr [XY ] = tr [YX] . (16)

The trace of a product of three square matrices that are not
symmetric is equal to the traces of the following transposi-
tions of the matrices:

tr[XYZ] = tr[Y ′X′Z′] = tr[Z′Y ′X′]. (17)

If X, Y, and Z are symmetric, then X ′ = X, Y ′ = Y, and
Z ′ = Z can be substituted into to the above.

The following “vec” and “vech” operations are used in
the derivation of the energy gradient. The first operation al-
lows us to represent the trace of a matrix product as a vector-
vector product. Assuming that X and Y may not be symmetric,
we have

(vec X)′ vec Y = tr[X′Y ]. (18)

Since the energy derivative is taken with respect to the matrix
elements of lower triangular matrix L of a basis function, it is

useful to show how to get from the equation involving (vec L)
an equation involving (vech L)

(vec X)′ vec L = (vech X)′ vech L. (19)

Two other useful matrix differential properties are: first, the
derivative of a determinant is

d |X| = |X| tr[X1 d X], (20)

and, second, the derivative of the trace of a matrix is

d tr [X] = tr [d X] . (21)

Other useful transformations we refer to in the deriva-
tions are the following mixed-product property:

(W ⊗ X) (Y ⊗ Z) = WY ⊗ XZ, (22)

and the Woodbury matrix identity

(A + XYZ)−1 = A−1 − A−1X
(
Y−1 + ZA−1X

)−1
ZA−1.

(23)
The following is a usefully vector-matrix (x-A) rearrangement
involving trace:

|xAx| = tr [Axx] . (24)

And finally, the following separation property concerning the
determinant of a sum of two matrices is also useful:

|X + Y | = |X||Ip + YX−1| (25)

and

|Ip + X| = 1 + tr [X] . (26)

B. Overlap matrix elements and the 3D-Dirac
delta function

1. Overlap integral and its gradient for N=0 states

The overlap between two basis functions (8) for the
N = 0 states of a diatomic molecule with σ electrons is〈

φN=0
k

∣∣φN=0
l

〉 = 〈
φk

∣∣rmk+ml

1 |φl〉. (27)

The presence of the r
mk+ml

1 prefactor of the multiplied basis
functions, which depends on the distance between the cen-
tral nucleus and the pseudonucleus, requires that the follow-
ing general elemental integral is considered:

〈φk|rν
1 |φl〉, ν > −3. (28)

This integral allows for calculating the overlap matrix element
by setting ν = (mk + ml). The condition that ν > −3, which is
related to the integration over the Gaussian variables, will be
clarified in the derivation. To integrate (28), we first need to
evaluate the following auxiliary integral that involves a three-
dimensional Dirac delta function:

δ(a1r1 + a2r2 + . . . + anrn − ξ )

≡ δ((a ⊗ I3)′r − ξ )

= lim
β→∞

(
β

π

)3/2

exp[−β
(
(a ⊗ I3)′r − ξ

)2
], (29)
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where a is a real n-component vector, ξ is a real three-
dimensional parameter, and β is a parameter. When we set
a = e1, where e1 is a n-component vector whose 1st element
is 1 and all others are zero, then (28) can be expressed as

〈φk|rν
1 |φl〉 =

∫ +∞

−∞
|ξ |ν〈φk|δ((a ⊗ I3)′r − ξ )|φl〉 d ξ . (30)

It should be noted that integrals involving delta function (29)
with different choices of vector a are useful in evaluating ma-
trix elements for many other important quantities. For this rea-
son, even though we are only concerned here with the evalu-
ation of the overlap matrix elements, we will assume that the
a vector can have a general form when deriving integral (31).
Now using (29) in (30) the following is obtained:

〈φk|δ((a ⊗ I3)′ r − ξ )|φl〉

= lim
β→∞

(
β

π

)3/2

〈φk| exp[−βr′(aa′ ⊗ I3)r

+ 2β ((a ⊗ I3) ξ )′ r − βξ ′ξ ]φl〉, (31)

of which integration over the r variables is straightforward
using (11). Substituting a for a ⊗ I3 and aa′ for aa′ ⊗ I3, (31)

becomes

〈φk| exp[−βr′aa′r + 2β (aξ )′ r − βξ 2]φl〉
= π3n/2|Akl + βaa′|−1/2

× exp

[
1

4
(2β (aξ )′)(Akl + βaa′)−1 (2β (aξ ))

]
exp[−βξ ′ξ ].

(32)

In order to find the limit expression in terms of β of the above
equation, let us suppose the limits of a function of x, f(x), and
another function, g(x), at x → ∞ exist. Then the limit of the
product of f(x) and g(x) also exists

lim
x→∞ f (x) g (x) = lim

x→∞ f (x) lim
x→∞ g (x) . (33)

Therefore, taking the limits of the determinant and the expo-
nent of (32) can be done independently. First, we will find
the limit of the determinant function and then the limit of the
exponential function.

When determining the limit (for either the determinant or
the exponential term), the necessary transformations needed
are (22) and (23) followed by a Maclaurin series expansion
in terms of β. Remembering the β3/2 factor of (31) and using
(13), the steps of finding the limit of the determinant are as
follows:

lim
β→∞

β3/2|Akl + βaa′|−1/2 = lim
β→∞

β3/2

∣∣∣∣A−1
kl − A−1

kl a
[

1

β
I3n + a′A−1

kl a
]

a′A−1
kl

∣∣∣∣
1/2

= lim
β→∞

β3/2

∣∣∣∣A−1
kl − A−1

kl a
[(

a′A−1
kl a

)−1 − 1

β

(
a′A−1

kl a
)−2

]
a′A−1

kl

∣∣∣∣
1/2

, (34)

where we only use the zero- and first-order terms of the Maclaurin expansion. Now using the (25) form of Sylvestor’s theorem,
the above becomes

lim
β→∞

β3/2|Akl + βaa′|−1/2 = lim
β→∞

β3/2

∣∣∣∣A−1
kl

∣∣∣∣
1/2∣∣∣∣I3ntot

− a
[(

a′A−1
kl a

)−1 − 1

β

(
a′A−1

kl a
)−2

]
a′A−1

kl

∣∣∣∣
1/2

= lim
β→∞

β3/2

∣∣∣∣A−1
kl

∣∣∣∣
1/2∣∣∣∣I3ntot

− a
(
a′A−1

kl a
)−1

a′A−1
kl + 1

β
a
(
a′A−1

kl a
)−2

a′A−1
kl

∣∣∣∣
1/2

. (35)

In the second line of the above, the identity matrix, I3ntot
, cancels out the series of matrices with the minus sign and the only

surviving terms are

lim
β→∞

β3/2|Akl + β(aa′ ⊗ I3)|−1/2 = lim
β→∞

β3/2

∣∣∣∣A−1
kl

∣∣∣∣
1/2∣∣∣∣ 1

β

(
a′A−1

kl a
)−1

∣∣∣∣
1/2

, (36)

where 1/β can be factored out of the determinant using (15). The final result is then

lim
β→∞

β3/2|Akl + β(aa′ ⊗ I3)|−1/2 = lim
β→∞

β3/2|A−1
kl |1/2

(
1

β

)3/2

λ−3/2

= |Akl|−3/2λ−3/2, (37)

where (12) and (24) are used to simplify the final formula, and λ = tr[A−1
kl aa′].
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Next, the limit of the exponential term as β approaches infinity is obtained in a very similar fashion except we now use the
second-order term in the expansion

lim
β→∞

exp[β2 (aξ )′ (Akl + βaa′)−1 (aξ ) − βξ ′ξ ] = lim
β→∞

exp
[
β2ξ ′a′A−1

kl aξ − β2ξ ′a′A−1
kl a

(
a′A−1

kl a
)−1

a′A−1
kl aξ − βξ ′ξ

+β2ξ ′a′ 1

β

(
a′A−1

kl a
)−2

a′A−1
kl aξ − β2ξ ′a′ 1

β2

(
a′A−1

kl a
)−3

a′A−1
kl aξ

]
= exp

[ − ξ ′ (a′A−1
kl a

)−1
ξ
] = exp[−ξ ′�−1ξ ] = exp[−λ−1ξ ′ξ ], (38)

where � = a′A−1
kl a. This concludes finding the limit for β

approaching infinity and (31) becomes

〈φk|δ((a ⊗ I3)′ r − ξ )|φl〉
= π3/2(n−1)|Akl|−3/2λ−3/2 exp[−λ−1ξ ′ξ ]. (39)

By plugging the above back into Eq. (30), we are left with
integration over ξ . The following 3D integral was determined
in Ref. 6∫ +∞

−∞
|ξ |ν exp[−λ−1ξ 2] d ξ = 2π�

(
3 + ν

2

)
λ(3+ν)/2 ; ν > −3,

(40)

and is applied to (39) after which we obtain

〈φk|rν
1 |φl〉 = π3/2(n−1)|Akl |−3/2λ−3/2

∫ +∞

−∞
|ξ |ν exp[−λ−1ξ ′ξ ] d ξ

= 2√
π

π3n/2�

(
3 + ν

2

)
|Akl |−3/2λν/2

= 2√
π

�

(
3 + ν

2

)
〈φk|φl〉λν/2, (41)

where 〈φk|φl〉 is the overlap between two functions (7)
which is

〈φk|φl〉 = π3n/2|Akl|−3/2, (42)

and λ = tr[Akl(aa′)]. To finalize the derivation of the
N = 0 overlap formula, the following needs to be substi-
tuted in the above: ν = mk + ml and a = e1 which leads to
λ = tr[A−1

kl J11] = (A−1
kl )11 = α. Thus, the final formula for

the N = 0 overlap integral becomes〈
φN=0

k

∣∣φN=0
l

〉 = 〈φk|rmk+ml

1 |φl〉

= 2√
π

�

(
3 + mk + ml

2

)
〈φk|φl〉α(mk+ml )/2,

(43)

which was the equation presented in Ref. 7. As mentioned
previously, the above-shown derivation was not explained in
detail in that paper.

The method used to determine the N = 0 overlap integral
will be now used for deriving the N = 1 and N = 2 overlap
integrals. Again, we are also evaluating the overlap integral
for the N = 2 states because the formula for this integral will
be used in the derivation of the N = 1 kinetic-energy integral.

In the pervious diatomic calculations, we found it help-
ful to use normalized ECGs in evaluating the integrals, be-

cause the range of values of the Hamiltonian and overlap
matrix elements determined over normalized functions is
much narrower than the range of values for unnormalized in-
tegrals. Thus, the normalization of the integrals significantly
lowers the numerical noise in the calculations. So, to keep
consistent with pervious works, we also normalize the inte-
grals in this work. To normalize the overlap integral, the fol-
lowing two integrals are needed:〈

φN=0
k

∣∣φN=0
k

〉 = 〈φk|r2mk

1 |φk〉

= 2√
π

�

(
3 + 2mk

2

)
〈φk|φk〉2−mk

(
A−1

k

)mk

11 ,

(44)〈
φN=0

l

∣∣φN=0
l

〉 = 〈φl|r2ml

1 |φl〉

= 2√
π

�

(
3 + 2ml

2

)
〈φl|φl〉2−ml

(
A−1

l

)ml

11 .

With this and some simplifications, the normalized overlap
integral becomes

SN=0
kl =

〈
φN=0

k

∣∣φN=0
l

〉
(〈
φN=0

k

∣∣φN=0
k

〉 〈
φN=0

l

∣∣φN=0
l

〉)1/2

= γ1 (mk,ml) Skl

[(
α(

A−1
k

)
11

)mk
(

α(
A−1

l

)
11

)ml
]1/2

,

(45)

where γ 1 is a function of mk and ml equal to

γ1 (mk,ml) = 2(mk+ml )/2�
( 3+mk+ml

2

)
[
�
(
mk + 3

2

)
�
(
ml + 3

2

)]1/2 . (46)

To effectively minimize the energy, the gradient with re-
spect to the elements of (vech Lk)′ and (vech Ll)

′ are needed.
The calculation of the energy gradient involves evaluation of
the derivatives of the Hamiltonian and overlap integrals with
respect to the (vech Lk)′ and (vech Ll)

′ elements. To deter-
mine the derivatives of the overlap integral, Eqs. (16)–(21)
are used. The formulas for the overall derivatives are

∂SN=0
kl

∂ (vech Lk)′
= 3

2
SN=0

kl vech
[ (

L−1
k

)′ − 2A−1
kl Lk

]′
+mk SN=0

kl

(
A−1

k

)−1

11 vech
[
A−1

k J11A
−1
k Lk

]′
− (mk + ml) SN=0

kl α−1vech
[
A−1

kl J11A
−1
kl Lk

]′
,

(47)
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and

∂SN=0
kl

∂ (vech Ll)
′ = 3

2
SN=0

kl vech
[ (

L−1
l

)′ − 2A−1
kl Ll

]′
+ml SN=0

kl

(
A−1

l

)−1

11 vech
[
A−1

l J11A
−1
l Ll

]′
− (mk + ml) SN=0

kl α−1 vech
[
A−1

kl J11A
−1
kl Ll

]′
.

(48)

2. Overlap integral and its gradient for N=1 states

The overlap integral between two N = 1 basis functions
(10) is determined using partial differentiation of a function
where the prefactor x2

1 is placed in the exponent of an expo-
nential function〈

φN=1
k

∣∣φN=1
l

〉
= 〈φk|x2

1r
mk+ml

1 |φl〉 = 〈φk|x2
1r

ν
1 |φl〉

= ∂

∂νk

∂

∂νl

〈φk|rmk+ml

1 exp
[
r (νkvk + νlvl)

′] |φl〉
∣∣
νk=νl=0

= − ∂

∂ωkl

〈φk|rmk+ml

1 exp
[−r′ (ωklWN=1

kl

)
r
] |φl〉

∣∣
ωkl=0,

(49)

where vk and vl are ntot-element vectors with one in the first
element and zeros everywhere else, WN=1

kl is a 3ntot × 3ntot

matrix with one as the (1,1) element and zeros every-
where else, and νk, ν l, and ωkl are parameters. This is
the technique described in Ref. 9. Now using the Dirac
delta function (29) to approximate r

mk+ml

1 , as described in
Sec. V B 1, it is an easy exercise to show that the integra-
tion over r and taking the limit as β approaches infinity can
be done in the same way as it was done there. Therefore,
we will begin the derivation at (39) with the only modifica-
tion being that Akl → Gkl = Akl + ωklWN=1

kl , which changes

the definition of λ−3/2 in the determinant to tr
[
G−1

kl aa′]−1/2

= |a′G−1
kl a|−1/2 = |�kl|−1/2 and changes the definition of λ−1

in the exponent to
(
a′G−1

kl a
)−1 = �−1

kl . Thus, we have

〈φk|x2
1r

ν
1 |φl〉 = 〈φk|x2

1δ((a ⊗ I3)′ r − ξ )|φl〉

= − ∂

∂ωkl

π3n/2

π3/2
|Gkl|−1/2|�|−1/2

×
∫ +∞

−∞
|ξ |ν exp

[ − ξ ′�−1
kl ξ

]∣∣
ωkl=0 d ξ .

(50)

Applying the derivative operator, the above becomes

〈φk|x2
1rν

1 |φl〉 = π3n/2

π3/2
|Akl|−3/2λ−3/2

∫ +∞

−∞
|ξ |ν d ξ exp[−λ−1ξ ′ξ ]

×
(

1

2
ηN=1

kl − 1

2
λ−1 tr

[
A−1

kl WN=1
kl A−1

kl aa′] + λ−2ξ ′a′A−1
kl WN=1

kl A−1
kl aξ

)
, (51)

where ηN=1
kl = tr

[
A−1

kl WN=1
kl

]
and λ recovers its original definition. Now both (40) and

∫ +∞

−∞
|ξ |ν(ξ ′�(1)ξ ) exp[−λ−1ξ 2] d ξ = 2π

3
�

(
5 + ν

2

)
λ(5+ν)/2 tr[�(1)] ; ν > −5, (52)

which is a formula determined in Ref. 10 with �(1) being a 3 × 3 symmetric matrix, can be applied to (51) yielding the following
equation:

〈φk|x2
1r

ν
1 |φl〉 = 2√

π
�

(
3 + ν

2

)
〈φk|φl〉λν/2

×
(

1

2
ηN=1

kl − 1

2
λ−1 tr

[
A−1

kl WN=1
kl A−1

kl aa′] +
(

3 + ν

2 × 3

)
λλ−2 tr

[
A−1

kl WN=1
kl A−1

kl aa′]) . (53)

Plugging in a = e1 and ν = mk + ml allows for simplification of the terms in the above such that λ → α, ηkl → α, and
tr[A−1

kl WN=1
kl A−1

kl aa′] → α2, and the final formula for the overlap integral for N = 1 states is

〈
φN=1

k

∣∣φN=1
l

〉 = 2√
π

�

(
3 + mk + ml

2

)
〈φk|φl〉α(mk+ml )/2

(
1

2
α − 1

2
α−1α2 +

(
3 + mk + ml

6

)
αα−2α2

)

=
(

3 + mk + ml

6

) 〈
φN=0

k

∣∣φN=0
l

〉
α. (54)
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To normalize this integral, the following two integrals are
needed:

〈
φN=1

k

∣∣φN=1
k

〉 =
(

3 + 2 mk

6

) 〈
φN=0

k

∣∣φN=0
k

〉
2−1 α, (55)

and

〈
φN=1

l

∣∣φN=1
l

〉 =
(

3 + 2 ml

6

) 〈
φN=0

l

∣∣φN=0
l

〉
2−1 α. (56)

With that we have

SN=1
kl =

〈
φN=1

k

∣∣φN=1
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉 〈
φN=1

l

∣∣φN=1
l

〉)1/2

= 2 γN=1 (mk,ml) γ1 (mk,ml) Skl

×
⎡
⎣(

α(
A−1

k

)
11

)mk+1 (
α(

A−1
l

)
11

)ml+1
⎤
⎦

1/2

, (57)

where γ N = 1 is the following function of mk and ml:

γN=1 (mk,ml) =
(

3 + mk + ml

(9 + 6 (mk + ml) + 4 mkml)
1/2

)
.

(58)

The corresponding formulas for the gradient are

∂SN=1
kl

∂ (vech Lk)′
= SN=1

kl

{
3

2
vech

[ (
L−1

k

)′ − 2A−1
kl Lk

]′

+ (mk + 1)
(
A−1

k

)−1

11 vech
[
A−1

k J11A
−1
k Lk

]′
− (mk + ml + 2) α−1 vech

[
A−1

kl J11A
−1
kl Lk

]′}
,

(59)

and

∂SN=1
kl

∂ (vech Ll)
′ = SN=1

kl

{
3

2
vech

[ (
L−1

l

)′ − 2A−1
kl Ll

]′

+ (ml + 1)
(
A−1

l

)−1

11 vech
[
A−1

l J11A
−1
l Ll

]′
− (mk + ml + 2) α−1 vech

[
A−1

kl J11A
−1
kl Ll

]′}
.

(60)

3. Overlap integral and its gradient for N=2 states

The particular (N = 2)-type basis function, which will
be considered here has the preexponential factor equal to
(x2

1 + y2
1 − 2z2

1)2. The overlap integral between two N = 2
functions of this type is determined using partial differentia-
tion of a function where the prefactor (x2

1 + y2
1 − 2z2

1)2 is put
into the exponent of an exponential function

〈
φN=2

k

∣∣φN=2
l

〉 = 〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
r

mk+ml

1 |φl〉 = 〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
rν

1 |φl〉

= ∂

∂ωk

∂

∂ωl

〈φk|rmk+ml

1 exp
[−r′ (ωkWN=2

k + ωlWN=2
l

)
r
] |φl〉

∣∣
ωk=ωl=0 (61)

using the method described in Ref. 10. Using again the Dirac delta function (29) to represent r
mk+ml

1 , as it was done in
Sec. V B 1, integrating over r, and taking the limit as β approaches infinity is now done analogically as it was done
before.

Thus, we again begin the derivation at (39) with the only modification being that Akl → Gkl = Akl + ωkWN=2
l + ωlWN=2

l

which changes the definition of λ−3/2 in the determinant to tr
[
G−1

kl aa′]−1/2 = |a′G−1
kl a|−1/2 = |�kl|−1/2 and changes the defini-

tion of λ−1 in the exponent to
(
a′G−1

kl a
)−1 = �−1

kl . What follows is

〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
rν

1 |φl〉 = 〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
δ
(
(a ⊗ I3)′ r − ξ

) |φl〉

= ∂

∂ωk

∂

∂ωl

π3n/2

π3/2
|Gkl|−1/2|�kl|−1/2

∫ +∞

−∞
|ξ |ν exp

[−ξ ′�−1
kl ξ

] ∣∣
ωk=ωl=0 dξ . (62)

Now applying both derivatives, the above becomes
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〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
rν

1 |φl〉 = π3n/2

π3/2
|Akl|−3/2λ−3/2

∫ +∞

−∞
|ξ |ν d ξ exp

[−λ−1ξ ′ξ
]

×
{(

1

2
ηN=2

k − 1

2
λ−1 tr

[
A−1

kl WN=2
k A−1

kl aa′] + λ−2ξ ′a′A−1
kl WN=2

k A−1
kl aξ

)

×
(

1

2
ηN=2

l − 1

2
λ−1 tr

[
A−1

kl WN=2
l A−1

kl aa′] + λ−2ξ ′a′A−1
kl WN=2

l A−1
kl aξ

)

+ 1

2
ηN=2

k,l + 1

2
λ−2 tr

[
A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aa′]

− 1

2
λ−1

(
tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′] + tr
[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′])

+ λ−2
(
ξ ′a′A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aξ + ξ ′a′A−1
kl WN=2

l A−1
kl WN=2

k A−1
kl aξ

)
− λ−3

(
ξ ′a′A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aξ

+ ξ ′a′A−1
kl WN=2

l A−1
kl aa′A−1

kl WN=2
k A−1

kl aξ
) }

, (63)

where ηN=2
k = tr[A−1

kl WN=2
k ], ηN=2

l = tr[A−1
kl WN=2

l ], ηN=2
k,l = tr[A−1

kl WN=2
k A−1

kl WN=2
l ], and λ reverses to its original definition.

Now (40), (52), and

∫ +∞

−∞
|ξ |ν(ξ ′�(2)ξ )(ξ ′�(3)ξ ) exp[−λ−1ξ 2] d ξ

= 2π

3 × 5
�

(
7 + ν

2

)
λ(7+ν)/2{2 tr[�(2)�(3)] + tr[�(2)] tr[�(3)]}; ν > −7, (64)

which is a formula determined in Ref. 11, where �(2) and �(3) are 3 × 3 symmetric matrices, are applied to (63) yielding

〈φk|
(
x2

1 + y2
1 − 2z2

1

)2
rν

1 |φl〉 = 2√
π

�

(
3 + ν

2

)
〈φk|φl〉λν/2

{
1

4
ηN=2

k ηN=2
l + 1

2
ηN=2

k,l

− λ−1

(
1

4
ηN=2

k tr
[
A−1

kl WN=2
l A−1

kl aa′] + 1

4
ηN=2

l tr
[
A−1

kl WN=2
k A−1

kl aa′]

+ 1

2
tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′] + 1

2
tr
[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′] )

+ λ−2

(
1

2
tr
[
A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aa′]

+ 1

4
tr
[
A−1

kl WN=2
k A−1

kl aa′] tr
[
A−1

kl WN=2
l A−1

kl aa′])

+
(

3 + ν

3

)[
λ−1

(
1

4
ηN=2

k tr
[
A−1

kl WN=2
l A−1

kl aa′] + 1

4
ηN=2

l tr
[
A−1

kl WN=2
k A−1

kl aa′]
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+ 1

2
tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′] + 1

2
tr
[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′])

− λ−2
(
tr
[
A−1

kl WN=2
l A−1

kl aa′] tr
[
A−1

kl WN=2
k A−1

kl aa′]
+ 2 tr

[
A−1

kl WN=2
l A−1

kl aa′A−1
kl WN=2

k A−1
kl aa′])]

+ 1

15

(
3 + ν

2

)(
5 + ν

2

)
λ−2

(
2 tr

[
A−1

kl WN=1
k A−1

kl aa′A−1
kl WN=1

l A−1
kl aa′]

+ tr
[
A−1

kl WN=1
k A−1

kl aa′] tr
[
A−1

kl WN=1
l A−1

kl aa′]) }. (65)

Plugging in a = e1 and ν = mk + ml, the terms in the above simplify such that λ → α, ηN=2
k = 0, ηN=2

l = 0, and ηN=2
k,l = 6α,

the above becomes

〈
φN=2

k

∣∣φN=2
l

〉 = 2√
π�

( 3+mk+ml

2

) 〈φk|φl〉α(mk+ml )/2

(
15 + m2

k + m2
l + 2 mkml + 8 (mk + ml)

5

)
α2, (66)

〈
φN=2

k

∣∣φN=2
l

〉 =
(

15 + m2
k + m2

l + 2 mkml + 8 (mk + ml)

5

) 〈
φN=0

k

∣∣φN=0
l

〉
α2. (67)

To normalize the above integral, the following two integrals are needed:

〈φN=2
k |φN=2

k 〉 =
(

15 + 4 m2
k + 16 mk

5

) 〈
φN=0

k

∣∣φN=0
k

〉
2−2

(
A−1

k

)2

11 , (68)

and

〈φN=2
l |φN=2

l 〉 =
(

15 + 4 m2
l + 16 ml

5

) 〈
φN=0

l

∣∣φN=0
l

〉
2−2

(
A−1

l

)2

11 . (69)

The final formula for the overlap N = 2 integral is

SN=2
kl = 〈φN=2

k |φN=2
l 〉(〈φN=2

k |φN=2
k 〉 〈φN=2

l |φN=2
l 〉)1/2

= 22 γN=2 (mk,ml) γ1 (mk,ml) Skl

⎡
⎣(

α(
A−1

k

)
11

)mk+2 (
α(

A−1
l

)
11

)ml+2
⎤
⎦

1/2

, (70)

where γ N = 2 is a function of mk and ml defined by

γN=2 (mk,ml) =
(

15 + m2
k + m2

l + 2 mkml + 8 (mk + ml)(
225 + 256 mkml + 240 (mk + mk) + 64

(
m2

kml + m2
l mk

) + 60
(
m2

k + m2
l

) + 16m2
km

2
l

)1/2

)
. (71)

The gradient of the above overlap integral is

∂SN=2
kl

∂ (vech Lk)′
= SN=2

kl

{
3

2
vech

[ (
L−1

k

)′ − 2A−1
kl Lk

]′
+ (mk + 2)

(
A−1

k

)−1

11 vech
[
A−1

k J11A
−1
k Lk

]′
−(mk + ml + 4)α−1 vech

[
A−1

kl J11A
−1
kl Lk

]′}
,

(72)

and

∂SN=2
kl

∂ (vech Ll)
′ = SN=2

kl

{
3

2
vech

[ (
L−1

l

)′ − 2A−1
kl Ll

]′
+ (mk + 2)

(
A−1

l

)−1

11 vech
[
A−1

l J11A
−1
l Ll

]′
−(mk + ml + 4)α−1vech

[
A−1

kl J11A
−1
kl Ll

]′}
.

(73)
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C. Kinetic energy integral

The kinetic energy operator in (4) can be written in the
following quadratic form:

−1

2

⎛
⎝ n∑

i=1

1

μi

∇2
ri

+
n∑

i �=j

1

m0
∇′

ri
∇rj

⎞
⎠ = −∇′

rM∇r. (74)

In (74), the mass matrix M is M = M ⊗ I3, where in the M
matrix the diagonal elements are set to 1/(2μ1), 1/(2μ2), . . . ,
1/(2μntot

) while the off-diagonal elements are set to 1/(2m0).
Again, m0 is the mass of the reference nucleus and μ1, . . . ,
and μntot

are the reduced masses of the pseudoparticles.
The kinetic energy matrix element is〈

φN=1
k

∣∣ − ∇′
rM∇r

∣∣φN=1
l

〉 = 〈∇rφ
N=1
k

∣∣M∣∣∇′
rφ

N=1
l

〉
. (75)

First, we determine the derivative of the basis function (10)

〈∇rφ
N=1
k | = 〈

vN=1
k

(
r′J11r

)mk/2
exp

[−r′Akr
] ∣∣

+ 〈
mk

(
vN=1′

k r
) (

r′J11r
)mk/2−1

(J11r) exp
[−r′Akr

] ∣∣
− 〈

2 (Akr)
(
vN=1′

k r
) (

r′J11r
)mk/2

exp
[−r′Akr

] ∣∣
= 〈

vN=1
k φN=0

k

∣∣ + 〈mk

r2
1

(J11r) φN=1
k

∣∣ − 〈
2 (Akr) φN=1

k

∣∣.
(76)

Multiplying the above by the mass matrix and then by the cor-
responding ket containing the l-basis function, the following
nine integrals are obtained:

〈∇rφ
N=1
k

∣∣M∣∣∇′
rφ

N=1
l

〉 = 〈
φN=0

k

∣∣vN=1′
k MvN=1

l

∣∣φN=0
l

〉
, (77)

+ml

〈
φN=0

k

∣∣vN=1′
k MJ11r

r2
1

∣∣φN=1
l

〉
, (78)

− 2
〈
φN=0

k

∣∣vN=1′
k MAlr

∣∣φN=1
l

〉
, (79)

+mk

〈
φN=1

k

∣∣r′J11MvN=1
l

r2
1

∣∣φN=0
l

〉
, (80)

+mk ml

〈
φN=1

k

∣∣r′J11MJ11r

r4
1

∣∣φN=1
l

〉
, (81)

− 2 mk

〈
φN=1

k

∣∣r′J11MAlr

r2
1

∣∣φN=1
l

〉
, (82)

− 2
〈
φN=1

k

∣∣r′AkMvN=1
l

∣∣φN=0
l

〉
, (83)

− 2 ml

〈
φN=1

k

∣∣r′AkMJ11r

r2
1

∣∣φN=1
l

〉
, (84)

+ 4
〈
φN=1

k

∣∣r′AkMAlr
∣∣φN=1

l

〉
. (85)

Each of the above nine integrals are evaluated separately.
The first of the nine integrals, (77), contains the vector-

matrix-vector product vN=1′
k MvN=1

l = M11 which can be
pulled out of the bra-ket because it is not a quantity depen-
dent on the integration variables r. This results in the follow-
ing formula:〈

φN=0
k

∣∣vN=1′
k MvN=1

l

∣∣φN=0
l

〉 = M11
〈
φN=0

k

∣∣φN=0
l

〉
. (86)

To normalize this term, we rewrite the above in terms of the
overlap integral for the k and l N = 1 basis functions. To do
this, we divide it by the ratio of (45) and (57)〈

φN=0
k

∣∣vN=1′
k MvN=1

l

∣∣φN=0
l

〉
= α−1M11

6

(3 + mk + ml)

〈
φN=1

k

∣∣φN=1
l

〉
. (87)

After that the final normalized form of the integral is〈
φN=0

k

∣∣vN=1′
k MvN=1

l

∣∣φN=0
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈
φN=1

l

∣∣φN=1
l

〉)1/2

= α−1M11
6

(3 + mk + ml)
SN=1

kl . (88)

The second of the nine integrals (78) contains a vector-
matrix-vector product vN=1′

k MJ11r that is dependent on the
integration variables r, but can be simplified to x1 M11 which
changes the integral in the following way:

〈
φN=0

k

∣∣vN=1′
k MJ11r

r2
1

∣∣φN=1
l

〉 = M11
〈
φN=1

k

∣∣ 1

r2
1

∣∣φN=1
l

〉
. (89)

This integral is not new because 1
r2

1
multiplied by r

mk+ml

1

equals r
mk+ml−2
1 and we can use the overlap formula (53) with

ν (the general power of r1) equal to mk + ml − 2 instead of
mk + ml. With this we obtain the following formula:

〈
φN=0

k

∣∣vN=1′
k MJ11r

r2
1

∣∣φN=1
l

〉 = mk M11

(
3 + mk + ml − 2

6

)
2√
π

�

(
3 + mk + ml − 2

2

)
〈φk|φl〉α(mk+ml−2)/2α

= α−1 mk M11

(
2

3 + mk + ml

) 〈
φN=1

k

∣∣φN=1
l

〉
, (90)

where we used the same method as in the first of nine integrals to normalize the integral. Thus, the normalized formula is〈
φN=0

k

∣∣ vN=1′
k MJ11r

r2
1

∣∣φN=1
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈
φN=1

l

∣∣φN=1
l

〉)1/2 = α−1 mk M11 SN=1
kl

(
2

3 + mk + ml

)
. (91)

The fourth integral (80) is analogical integral to the above. The quadratic form in this integral, r′J11MvN=1
l

= x1 M11 = vN=1′
k MJ11r, is the same as in the above integral and, therefore, the result can be immediately
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written as

〈
φN=1

k

∣∣ r′J11MvN=1
l

r2
1

|φN=0
l 〉(〈

φN=1
k

∣∣φN=1
k

〉〈
φN=1

l

∣∣φN=1
l

〉)1/2 = α−1 ml M11 SN=1
kl

(
2

3 + mk + ml

)
. (92)

The next integral to evaluate is the fifth integral (81). This integral contains the vector-matrix-vector product r′J11MJ11r that
equals to M11 r2

1 . This results in a very similar integral as the previous two integrals

〈
φN=1

k

∣∣r′J11MJ11r

r4
1

∣∣φN=1
l

〉 = mk ml M11
〈
φN=1

k

∣∣ 1

r2
1

∣∣φN=1
l

〉

= mk ml M11

(
3 + mk + ml − 2

6

)
2√
π

�

(
3 + mk + ml − 2

2

)
〈φk|φl〉α(mk+ml−2)/2α

= α−1 mk ml M11

(
2

3 + mk + ml

) 〈
φN=1

k

∣∣φN=1
l

〉
, (93)

and after the normalization we obtain

〈
φN=1

k

∣∣ r′J11MJ11

r2
1

∣∣φN=1
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈
φN=1

l

∣∣φN=1
l

〉)1/2 = α−1 mk ml M11 SN=1
kl

(
2

3 + mk + ml

)
. (94)

Now we evaluate the third (79) and seventh (83) integrals together by first combining the x1 prefactor of φN=1
k and

φN=1
l with their respective vector-matrix-vector products. Next, we add the two together and by combining like terms we

get

− 2
〈
φN=0

k

∣∣vN=1
k MAlr

∣∣φN=1
l

〉 − 2
〈
φN=1

k

∣∣r′AkMvN=1
l

∣∣φN=0
l

〉 = −2
〈
φN=0

k

∣∣WN=1
kl MAlr

∣∣φN=0
l

〉
− 2

〈
φN=0

k

∣∣r′AkMWN=1
kl

∣∣φN=0
l

〉
= − 2

〈
φN=0

k

∣∣r′AklMWN=1
kl r

∣∣φN=0
l

〉

= − 2 M11

(
3 + mk + ml

6

)
2√
π

�

(
3 + mk + ml

2

)

×〈φk|φl〉a(mk+ml )

= − 2 α1 M11
〈
φN=1

k

∣∣φN=1
l

〉
. (95)

After normalization, the formula is

−2

〈
φN=0

k

∣∣r′AklMWN=1
kl r

∣∣φN=0
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈
φN=1

l

∣∣φN=1
l

〉)1/2 = −2 α−1 M11 SN=1
kl . (96)

To evaluate integrals sixth (82) and eighth (84), we add their vector-matrix-vector products together. Notice that the resulting
integral resembles the N = 2 overlap integral (65). To obtain an expression for the two integrals, we replace WN=2

k with WN=1
kl ,

WN=2
l with (mlAk + mkAl) MJ11, and ν with mk + ml − 2. After some simplifications, we obtain the following:
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−2
〈
φN=1

k

∣∣r′ (mlAk + mkAl) MJ11r

r2
1

∣∣φN=1
l

〉

= −2
2√
π

�

(
3 + mk + ml − 2

2

)
〈φk|φl〉α(mk+ml−2)/2

×
{

3

4
ηN=1

kl tr
[
A−1

kl (mlAk + mkAl) MJ11
] + 1

2
tr
[
A−1

kl WN=1
kl A−1

kl (mlAk + mkAl) MJ11
]

(
mk + ml − 2

3

)
α−1

(
3

4
ηN=1

kl tr
[
A−1

kl (mlAk + mkAl) MJ11A
−1
kl J11

]

+3

4
tr
[
A−1

kl (mlAk + mkAl) MJ11
]

tr
[
A−1

kl Wn=1
kl A−1

kl J11
]

+1

2
tr
[
A−1

kl WN=1
kl A−1

kl (mlAk + mkAl) MJ11A−1
kl J11

] + 1

2
tr
[
A−1

kl (mlAk + mkAl) MJ11A−1
kl WN=1

kl A−1
kl J11

])
(

3 + m2
k + m2

l + 2mkml − 4 (mk + ml)

15

)(
1

2
tr
[
A−1

kl WN=1
kl A−1

kl J11A−1
kl (mlAk + mkAl) MJ11A−1

kl J11
]

+1

4
tr
[
A−1

kl WN=1
kl A−1

kl J11
]

tr
[
A−1

kl (mlAk + mkAl) MJ11A
−1
kl J11

])}

= −2

(
1 + mk + ml

2

)(
3 + mk + ml

6

)
2√
π

�

(
1 + mk + ml

2

)
〈φk|φl〉α(mk+ml−2)/2α

(
A−1

kl (mlAk + mkAl) M
)

11

= −2 α−1
〈
φN=1

k

∣∣φN=1
l

〉 (
A−1

kl (mlAk + mkAl) M
)

11 . (97)

After normalization, the formula becomes

−2
〈
φN=1

k

∣∣ r′(mlAk+mkAl )MJ11r
r2

1

∣∣φN=1
l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈φN=1
l

∣∣φN=1
l

〉)1/2 = −2 α−1 SN=1
kl

(
A−1

kl (mlAk + mkAl) M
)

11 . (98)

The ninth integral (85) also requires the use of (65), where WN=2
k becomes WN=1

kl , WN=1
l becomes 1/2 (AkMAl + AlMAk) (to

satisfy required symmetry), and ν remains as mk + ml

4
〈
φN=1

k

∣∣r′AkMAlr|φN=01
l 〉 = 4

2√
π

�

(
3 + mk + ml

2

)
〈φk|φl〉α(mk+ml )/2

{(
3 + mk + ml

4

)
α tr

[
A−1

kl AkMAl

]

+
(

2 + mk + ml

2

)(
3 + mk + ml

3

) (
A−1

kl AkMAlA
−1
kl

)
11

}

= 〈φN=1
k

∣∣φN=1
l

〉{
6 tr

[
A−1

kl AkMAl

] + α−1 2 (mk + ml + 2)
(
A−1

kl AkMAlA
−1
kl

)
11

}
. (99)

After normalization, the formula becomes

4
〈
φN=1

k

∣∣r′AkMAlr
∣∣φN=1

l

〉
(〈
φN=1

k

∣∣φN=1
k

〉〈φN=1
l

∣∣φN=1
l

〉)1/2 = SN=1
kl

{
6 tr

[
A−1

kl AkMAl

] + 2 (mk + ml + 2) α−1
(
A−1

kl AkMAlA
−1
kl

)
11

}
. (100)

To finalize the kinetic-energy part of the Hamiltonian matrix element, we now combine all nine normalized integrals

T N=1
kl = SN=1

kl

α

{
M11

((
6

3 + mk + ml

)
+ (mk + ml + mkml)

2

3 + mk + ml

− 2

)

+ 6 τ1 α + 2 (2 + mk + ml) τ2 − 2 τ3

}

= SN=1
kl

α

{
M11

(
2 mk ml

3 + mk + ml

)
+ 6 τ1 α + 2 (2 + mk + ml) τ2 − 2 τ3

}
, (101)

such that τ1 = tr
[
A−1

kl AkMAl

]
, τ2 = (

A−1
kl AkMAlA

−1
kl

)
11, and τ3 = (

A−1
kl (mlAk + mkAl) M

)
11.
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The gradient of the kinetic-energy matrix element is

∂T N=1
kl

∂ (vech Lk)′
= ∂SN=1

kl

∂ (vech Lk)′
T N=1

kl

SN=1
kl

− α−1 T N=1
kl

∂α

∂ (vech Lk)′

+ SN=1
kl

α

{
6 α

∂τ1

∂ (vech Lk)′
+ 6τ1

∂α

∂ (vech Lk)′
+ 2 (2 + mk + ml)

∂τ2

∂ (vech Lk)′
− 2

∂τ3

∂ (vech Lk)′

}
, (102)

and

∂T N=1
kl

∂ (vech Ll)
′ = ∂SN=1

kl

∂ (vech Ll)
′
T N=1

kl

SN=1
kl

− α−1 T N=1
kl

∂α

∂ (vech Ll)
′

+ SN=1
kl

α

{
6 α

∂τ1

∂ (vech Ll)
′ + 6τ1

∂α

∂ (vech Ll)
′ 2 (2 + mk + ml)

∂τ2

∂ (vech Ll)
′ − 2

∂τ3

∂ (vech Ll)
′

}
. (103)

For the τ 1 derivatives, we obtain

∂τ1

∂ (vech Lk)′
= − (

vech A−1
kl AkMAlA

−1
kl Lk

)′ − (
vech A−1

kl AlMAkA
−1
kl Lk

)′
+ (

vech MAlA
−1
kl Lk

)′ + (
vech A−1

kl AlMLk

)′
, (104)

and

∂τ1

∂ (vech Ll)
′ = − (

vech A−1
kl AkMAlA

−1
kl Ll

)′ − (
vech A−1

kl AlMAkA
−1
kl Ll

)′
+ (

vech A−1
kl AkMLl

)′ + (
vech MAkA

−1
kl Ll

)′
. (105)

For τ 2, we have

∂τ2

∂ (vech Lk)′
= − (

vech A−1
kl AkMAlA−1

kl WN=1
kl A−1

kl Lk

)′ T − (
vech A−1

kl WN=1
kl A−1

kl AlMAkA−1
kl Lk

)′ T
− (

vech A−1
kl AlMAkA−1

kl WN=1
kl A−1

kl Lk

)′ T − (
vech A−1

kl WN=1
kl A−1

kl AkMAlA−1
kl Lk

)′ T
+ (

vech MAlA−1
kl WN=1

kl A−1
kl Lk

)′ T + (
vech A−1

kl WN=1
kl A−1

kl AlMLk

)′ T , (106)

and

∂τ2

∂ (vech Ll)
′ = − (

vech A−1
kl AkMAlA−1

kl WN=1
kl A−1

kl Ll

)′ T − (
vech A−1

kl WN=1
kl A−1

kl AlMAkA−1
kl Ll

)′ T
− (

vech A−1
kl AlMAkA−1

kl WN=1
kl A−1

kl Ll

)′ T − (
vech A−1

kl WN=1
kl A−1

kl AkMAlA−1
kl Ll

)′ T
+ (

vech A−1
kl WN=1

kl A−1
kl AkMLl

)′ T + (
vech MAkA−1

kl WN=1
kl A−1

kl Ll

)′ T . (107)

To transform the expression to the correct form, a transformation matrix, T , must be applied to the appropriate terms. This
transformation matrix has the dimensions 3n(3n+1)

2 × n(n+1)
2 and is defined as

T = d vech Lk (vech Lk)

d (vech Lk)′
. (108)

The notation vech Lk (vech Lk) indicates that the 3n(3n + 1)/2-dimension vector vech Lk is a function of the n(n + 1)/2-
dimension vector vech Lk . The derivative of vech Lk with respect to vech Lk is defined as the 3n(3n + 1)/2 × n(n + 1)/2
matrix of partial derivatives whose ijth element is the partial derivative of the ith component of vech Lk (a column vector) with
respect to the jth element of (vech Lk)′ (a row vector). It should be noted that T is independent of index k and is a matrix
consisting of 0’s and 1’s. (108) can be now rearranged to the following form:

d vech Lk = T vech Lk, (109)

and a similar form for d vech Ll . The approach was first used in Ref. 12. Next, we substitute (d vech Lk) and (d vech Ll)
with (109).

For τ 3, we have

∂τ3

∂ (vech Lk)′
= − (

vech A−1
kl (mlAk + mkAl) MJ11A

−1
kl Lk

)′ − (
vech A−1

kl J11M (mlAk + mkAl) A−1
kl Lk

)′
+ml

(
vech MJ11A

−1
kl Lk

)′ + ml

(
vech A−1

kl J11MLk

)′
, (110)
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and
∂τ3

∂ (vech Ll)
′ = − (

vech A−1
kl (mlAk + mkAl) MJ11A

−1
kl Ll

)′ − (
vech A−1

kl J11M (mlAk + mkAl) A−1
kl Ll

)′
+mk

(
vech MJ11A

−1
kl Ll

)′ + mk

(
vech A−1

kl J11MLl

)′
. (111)

This concludes the derivation of the kinetic-energy part of the Hamiltonian matrix elements.

D. Potential energy integral

In the derivation of the diatomic potential-energy part
of the Hamiltonian, there are four types of integrals that
need to be considered. They involve four different types of
the electrostatic interactions which are present in the inter-
nal Hamiltonian. The interactions are: first, the Coulombic
interaction of the reference nucleus with the pseudonucleus,
second, the Coulombic interactions of the reference nucleus
with each pseudoelectron, third, the Coulombic interaction of
the pseudonucleus with each pseudoelectron, and fourth, the
Coulombic interaction of each pseudoelectron with another
pseudoelectrons. The first integral type is the simplest because
the operator involved contains r1 which also appears in the
r

mk

1 and r
ml

1 factors of the basis function for which the ma-
trix element is calculated. Thus, the derivation of this integral
can be carried out using the same method as used to evaluate
the overlap integral (and the same as used in the derivations of
the kinetic-energy integral). The other three integral types will
be derived using a different approach and the derivation will
be carried out for all of them together.

We start the derivation of the potential-energy matrix el-
ement with the derivation of the integral containing the 1/r1

operator

〈
φN=1

k

∣∣ 1

r1

∣∣φN=1
l

〉 =
〈(

x2
1

) r
(mk+ml )
1

r1
exp[−r′Aklr]

〉

= 〈 (
x2

1

)
r

(mk+ml−1)
1 exp[−r′Aklr]

〉
. (112)

One can easily recognize that (41) can be applied to the above
with ν = mk + ml − 1. With this, the potential energy formula

for the integral-type one is〈
φN=1

k

∣∣ 1

r1

∣∣φN=1
l

〉 = 2√
π

(
3 + mk + ml − 1

6

)

×�

(
3 + mk + ml − 1

2

)
〈φk|φl〉α(mk+ml−1)/2α.

(113)

Now we normalize this integral. Rewriting the above in terms
of 〈φN=1

k

∣∣φN=1
l

〉
allows us to express the above in terms of

SN=1
kl . This enables us to perform the normalization. To do

this, we multiply the above by(
6

3 + mk + ml

)
1

�
( 3+mk+ml

2

) 1

α
, (114)

which results in the following final formula for the integral
involving the 1/r1 potential-energy operator:

R
N=1(1,1)
kl = SN=1

kl γ2 (mk,ml)

(
2 + mk + ml

3 + mk + ml

)
1√
α

, (115)

where

γ2 (mk,ml) = � (2 + mk + ml)

� (3 + mk + ml)
. (116)

Apart from its contribution to the complete potential-energy
Hamiltonian matrix element, the above formula is also used to
verify the correctness of the integral involving the potential-
energy operator 1/rij, which is derived next.

Now we consider the potential-energy integral involving
the 1/rij operator. For this operator, we use the following inte-
gral transform:

1

rij

= 2√
π

∫ ∞

0
exp

[−u2r2
ij

]
d u, (117)

along with partial differentiation

〈
φN=1

k

∣∣ 1

rij

∣∣φN=1
l

〉 =
〈(

x2
1

)
r

(mk+ml )
1

1

rij

exp[−r′Aklr]

〉

= − ∂

∂ωkl

(−1)m
∂m

∂um

2√
π

∫ +∞

0

〈
exp

[−r′ (Akl + ωklWN=1
kl + uJ11 + t2Jij

)
r
] 〉

d t
∣∣
ωkl=u=0, (118)

where mk + ml = 2m, m = 0, 1, 2, . . . , and WN=1
kl has only one non-zero element with a value of 1 in the (1, 1) position.

Continuing, we have

〈
exp

[−r′ (Akl + ωklWN=1
kl + uJ11 + t2Jij

)
r
] 〉 = π3n/2

∣∣Akl + ωklWN=1
kl + uJ11 + t2Jij

∣∣−1/2

= π3n/2|Akl|−3/2

× ∣∣I3n + ωklWN=1
kl A−1

kl + uJ11A−1
kl + t2Jij A−1

kl

∣∣−1/2
, (119)
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where (25) was used. Applying − ∂
∂ωkl

to the above, setting ω to zero, and using (26) the above becomes

1

2
π3n/2|Akl|−3/2|In + uJ11A

−1
kl + t2JijA

−1
kl |−3/2ηN=1

kl (120)

with

ηN=1
kl = tr

[
DWN=1

kl A−1
kl

] =
(
α + t2 (αβ − χ )

)
(1 + uα + t2β + ut2 (αβ − χ ))

, (121)

where D = (I3n + uJ11A−1
kl + t2Jij A−1

kl )−1, α = tr[A−1
kl J11] = (A−1

kl )11, β = tr[A−1
kl Jij ], and χ = tr[A−1

kl J11A
−1
kl Jij ]. Now apply-

ing (26) to the determinant simplifies the integration over r to

∂

∂ωkl

〈
exp

[−r′ (Akl + ωklWN=1
kl + uJ11 + t2Jij

)
r
] 〉 = 1

2
π3n/2|Akl|−3/2(1 + uα + t2β + ut2 (αβ − χ ))−3/2

× α + t2 (αβ − χ )

(1 + uα + t2β + ut2 (αβ − χ ))

= 1

2
π3n/2|Akl|−3/2 α + t2 (αβ − χ )

(1 + uα + t2β + ut2 (αβ − χ ))5/2
. (122)

The next step is to integrate over t by plugging the above back into (118) and applying the following integrals that are obtained
from MATHEMATICA: ∫ +∞

0
1/

(
s + rt2

)5/2
d t = 2

3

( r

s

)−1/2
s−5/2 = 2

3
r−1/2s−2, (123)

and ∫ +∞

0
t2/

(
s + rt2)5/2

d t = 1

3

( r

s

)−3/2
s−5/2 = 1

3
r−3/2s−1. (124)

With that we have〈
φN=1

k

∣∣ 1

rij

∣∣φN=1
l

〉 = 1

2

2√
π

π3n/2|Akl|−3/2 (−1)m
∂m

∂um

∫ +∞

0

α + t2 (αβ − χ )(
1 + uα + t2β + ut2 (αβ − χ )

)−5/2 d t
∣∣
u=0

= a

2

2√
π

π3n/2|Akl|−3/2 (−1)m
∂m

∂um

×
{

2

3
(β + u (αβ − χ ))−1/2 (1 + uα)−2 + (αβ − χ ) /α

3
(β + u (αβ − χ ))−3/2 (1 + uα)−1

} ∣∣
u=0. (125)

Finally, the partial differentiation operator can be applied.
Using the well-known Leibniz formula for differentiating
the nth derivative of a product of functions, Faa’ di Bruno
method for the nth derivative of the composite function,
and setting r = (β + u(αβ − χ )) and s = (1 + uα) we
obtain

dq r−1/2

d uq
= (−1)q

� (1/2 + q)

� (1/2)
b−1/2−q (ab − c)q , (126)

dq r−3/2

d uq
= (−1)q

� (3/2 + q)

� (3/2)
b−3/2−q (ab − c)q , (127)

dq−m s−1

d um−q
= (−1)m−q � (−q + m + 1)

� (1)
am−q, (128)

and

dq−m s−2

d um−q
= (−1)m−q � (−q + m + 2)

� (2)
am−q . (129)

With that the final formula is

〈
φN=1

k

∣∣ 1

rij

∣∣φN=1
l

〉 = α
1

2

2√
π

π3n/2|Akl|−3/2 1

3

αm

√
β

� (m + 1)

×
⎧⎨
⎩

m∑
q=0

γ3 (q)

(
1 − χ

αβ

)q [
2 (−q + m + 1) + 1/2 + q

1/2

(
1 − χ

αβ

)]⎫⎬
⎭ . (130)
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To normalize the above, we need to write it in terms of 〈φN=1
k |φN=1

l 〉. By multiplying the above by

6

(3 + 2m) �
(

3+2m
2

) , (131)

and replacing 〈φN=1
k |φN=1

l 〉 with SN=1
kl , the following normalized formula is obtained:

R
N=1,ij

kl = SN=1
kl

(3 + 2m)

γ2 (m)√
β

×
⎧⎨
⎩(3 + 2m) − χ

αβ
+ 2

m∑
q=1

γ3 (q)

(
1 − χ

αβ

)q [
(−q + m + 1) + (1/2 + q)

(
1 − χ

αβ

)]⎫⎬
⎭ , (132)

where

γ2 (m) = � (m + 1)

� (m + 3/2)
, (133)

and

γ3 (q) = � (1/2 + q)

� (q + 1) � (1/2)
. (134)

It is easily shown that for the 1/r1 potential-energy operator
the above reduces to (116) with mk + ml = 2m, β = α, and
χ = α2.

Now we consider the gradient of the potential-energy
matrix element determined with respect to (vech Lk)′

and (vech Ll)
′

∂α

∂ (vech Lk)′
= −2 vech

[
A−1

kl J11A
−1
kl Lk

]
, (135)

∂β

∂ (vech Lk)′
= −2 vech

[
A−1

kl JijA
−1
kl Lk

]
, (136)

∂χ

∂ (vech Lk)′
= −2 vech

[
A−1

kl J11A
−1
kl JijA

−1
kl Lk

]
−2 vech

[
A−1

kl JijA
−1
kl J11A

−1
kl Lk

]
, (137)

∂R
N=1,ij

kl

∂ (vech Lk)′
= ∂SN=1

kl

∂ (vech Lk)′
R

N=1,ij

kl

SN=1
kl

− 1

2β
RN=1

kl

∂β

∂ (vech Lk)′

+ SN=1
kl

(3 + 2m)

γ2 (m)√
β

χ

(αβ)2

(
∂α

∂ (vech Lk)′
β + ∂β

∂ (vech Lk)′
α − αβ

χ

∂χ

∂ (vech Lk)′

)

×
⎧⎨
⎩1 + 2

m∑
q=1

γ3 (q)

(
1 − χ

αβ

)q
[
q (−q + m + 1)

(
1 − χ

αβ

)−1

+ q (1/2 + q) + (1/2 + q)

]⎫⎬
⎭ . (138)

This concludes the derivation of the gradient for the potential-energy matrix element.

VI. NUMERICAL ILLUSTRATION

The algorithms for the Hamiltonian matrix elements and
the corresponding matrix elements of the energy gradient
have been implemented in a computer program written using
Fortran90 and MPI (message passing interface) parallel pro-
tocol. After checking the code for correctness using various
tests, such as direct numerical integration and differentiation
performed with MATHEMATICA, a production version was
generated and used in the present calculations.

A diatomic model system for which very accurate cal-
culations for an extended range of rovibrational states have
been published in the literature13–16 is the HD+ ion. This sys-
tem is particularly interesting to be calculated with a non-
Born-Oppenheimer approach because in the highest bound
vibrational states the electronic charge distribution becomes
asymmetric as a result of the electron becoming more stable
when its density shifts towards the deuteron and away from
the proton. This effect is purely nonadiabatic in nature and
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can only be described if either direct non-BO method is used
in the calculation or if nonadiabatic corrections are calculated
to the BO electronic wave function using the perturbation the-
ory scheme.

In the present calculation, we considered all bound rovi-
brational states corresponding to the total angular momentum
quantum number equal to one (N = 1), i.e., the (v,1) states,
where v = 0, . . . , 22. The purpose of the calculations has
been to first calculate the total non-BO energies of these states
and determine the corresponding (v,0)→(v,1) transition
energies and the dissociation energies, and then to compare
them with the literature values. This comparison is done to
validate the correctness of the method implemented in this
work.

The first step of the calculations has involved generating
the ECG basis set for each of the 23 (v,1) vibrational states.
This task has been carried out independently for each state
and has involved the following procedure. The starting point
in the procedure involved taking the ECG basis sets gener-
ated before for the (v,0) states and, by multiplying all the
basis functions by x1, producing the initial basis sets for the
(v,1) state calculations. In the next step, the ECGs in these ba-
sis sets have been variationally optimized using the gradient-
based procedure. Only exponential Lk parameters have been
adjusted with the mk powers in the preexponential factor r

mk

1
kept the same as they were in the (v,0) basis functions. In
the optimization procedure, the ECGs have been optimized
one-by-one by cycling over the whole basis set several times.
As such optimization occasionally makes functions linearly
dependent, a procedure has been implemented to monitor the
ECGs for linear dependency and remove/modify the functions
when a linear dependency appears.

After the first optimization step has been completed for
all (v,1) states, the basis set for each state has been increased
by a thousand ECGs, with the mk and Lk for each added
function optimized. After each basis set has been grown by
a thousand functions, several cyclic optimizations have been
performed for each set to increase the accuracy of the en-
ergy. The results of the basis set optimization are shown in
Table I. For each state, we show the energy calculated before
the addition of the thousand functions and after the addition.
We also show the number of ECGs used in the calculations.
One can see that the final number of functions varies from
state to state and it is smaller for lower states than for the
top ones. This is typical for calculating states correspond-
ing to different excitation levels, which differ in terms of
the number of nodes in their wave functions. As the higher
states have more nodes than the lower states, more ECGs
are needed to represent their wave functions with an accu-
racy which is more-less uniform throughout the whole set
of states. As one notices, the addition of a thousand ECGs
to each basis set, leads to very small improvement of the
total energy (the largest one is of the order of 1.0× 10−9

hartree) indicating that the energies of all states are very well
converged.

In the next step, the (v,0)→(v,1) transition energies are
calculated. This is done by subtracting from our best ener-
gies of the (v,1) states calculated in this work the energies
of the (v,0) states obtained with the same number of ECGs

TABLE I. Convergence of the total energy for the (v,1) rovibrational states
of HD+ with the number of ECGs (# ECGs). Energy is given in hartrees.

v # ECGs Energy v # ECGs Energy

0 1000 − 0.597698117270 1 1000 − 0.588991101048
2000 − 0.597698117430 2000 − 0.588991101393

2 2000 − 0.580721817887 3 2000 − 0.572877266933
3000 − 0.580721817949 3000 − 0.572877267102

4 2000 − 0.565446156398 5 2000 − 0.558418853179
3000 − 0.565446156586 3000 − 0.558418853772

6 3000 − 0.551787358384 7 3000 − 0.545545294252
4000 − 0.551787358546 4000 − 0.545545294365

8 3000 − 0.539687917327 9 3000 − 0.534212153253
4000 − 0.539687917664 4000 − 0.534212153571

10 3000 − 0.529116643823 11 3000 − 0.524401837382
4000 − 0.529116644298 4000 − 0.524401837887

12 3000 − 0.520070088900 13 3000 − 0.516125824708
4000 − 0.520070089352 4000 − 0.516125825569

14 4000 − 0.512575697349 15 4000 − 0.509428840269
5000 − 0.512575697721 5000 − 0.509428841143

16 5000 − 0.506697146745 17 5000 − 0.504395560512
6000 − 0.506697147635 6000 − 0.504395562033

18 5000 − 0.502542374245 19 6000 − 0.501159138174
6000 − 0.502542376164 7000 − 0.501159139178

20 6000 − 0.500269319648 21 6000 − 0.499902780157
7000 − 0.500269319879 7000 − 0.499902780540

22 6000 − 0.499864341698
7000 − 0.499864342032

as used for the (v,1) states. The results are shown in Table II
and compared with the transition energies taken from other
works, where the calculations were performed using the stan-
dard approach based on the zeroth-order on the BO approxi-
mation. As one can see, the present results differ by less than
0.001 cm−1 from the results obtained by Blaint-Kurti et al.13

except for the next to the last state where the difference in-
creases to 0.0011 cm−1. The last v = 22 state was not calcu-
lated by Blaint-Kurti et al.,13 but for this state, as well as for
two lower states, there are very accurate results obtained by
Wolniewicz and Orlikowski.16 As one can see in the table, our
results agree with these latter results to 0.001 cm−1, as well
as with the experimental results.17, 18

Finally, in Table III we show dissociation energies calcu-
lated for the (v,0) and (v,1) states obtained using our non-BO
energies. Our results are compared with the results of Moss,14

Wolniewicz and Orlikowski,16 and Blaint-Kurti.13 As one can
see, our results are very close to the results obtained by those
authors. However, as one can also notice, the dissociation en-
ergies for the (v,0) states obtained in the present calculations
are somewhat closer to the the literature results than the en-
ergies for the (v,1) states. However, the overall agreement is
still very good. For example, for the top three states our re-
sults for both (v,0) and (v,1) states agree with very accurate
results of Wolniewicz and Orlikowski16 to 0.001 cm−1.

VII. SUMMARY

In conclusion, a new very accurate method for direct vari-
ational non-BO calculations of first-rotationally excited states
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TABLE II. The total energy of the (v,0) rovibrational states of HD+ in hartrees, energy difference between the (v,0) and (v,1) states, � in cm−1, difference
between � obtained in this work and � taken from calculations performed by others in cm−1, and difference between the � obtained in this work and the
experimental �.

v Energy(v,0) � Presenta Presentb Presentc Presentd Expe-present

0 − 0.597897968559 43.8623 − 0.0010 − 0.0024
1 − 0.589181829407 41.8600 − 0.0010 − 0.0024
2 − 0.580903700198 39.9185 − 0.0008 − 0.0021
3 − 0.573050546421 38.0304 − 0.0009 − 0.0021
4 − 0.565611041956 36.1882 − 0.0009 − 0.0021
5 − 0.558575520587 34.3844 − 0.0008 − 0.0020
6 − 0.551935948624 32.6118 − 0.0008 − 0.0020
7 − 0.545685914996 30.8627 − 0.0007 − 0.0019
8 − 0.539820640551 29.1293 − 0.0007 − 0.0018
9 − 0.534337013108 27.4035 − 0.0006 − 0.0018
10 − 0.529233634746 25.6764 − 0.0005 − 0.0017
11 − 0.524510909642 23.9385 − 0.0004 − 0.0017
12 − 0.520171143833 22.1789 − 0.0003 − 0.0015
13 − 0.516218708875 20.3855 − 0.0003 − 0.0014
14 − 0.512660191254 18.5442 − 0.0005 − 0.0015
15 − 0.509504647351 16.6375 − 0.0002 − 0.0013
16 − 0.506763873460 14.6446 − 0.0002 − 0.0011 − 0.004
17 − 0.504452691198 12.5384 0.0004 − 0.0009 − 0.003 − 0.001e

18 − 0.502589226577 10.2825 0.0001 − 0.0006 − 0.003
19 − 0.501194793353 7.8252 0.0000 − 0.0007 − 0.004
20 − 0.500292453455 5.0772 0.0000 − 0.0005 0.016 0.000
21 − 0.499910359334 1.6634 0.0011 − 0.0002 − 0.064 − 0.001 − 0.0006e

22 − 0.499865778314 0.3152 0.0000 − 0.049 0.000 − 0.0002e

aReference 13.
bReference 14.
cReference 15.
dReference 16.
eThe experimental values for the (21,0)→(21,1) and (22,0)→(22,1) transitions are taken from Ref. 18; the experimental value for the (17,0)→(17,1) transition is determined using
the (17,0)→(22,0) and (17,1)→(22,1) transitions taken from Ref. 17, and the (22,0)→(22,1) transition s taken from Ref. 18.

of diatomic molecules with σ electrons utilizing explicitly
correlated all-particle Gaussian functions have been devel-
oped and implemented in this work. The above-shown com-
parison with the literature results validates the correctness of
the algorithms and of the corresponding computer code which
have been generated in this work. As the method is not limited

to any particular number of electrons, several interesting ap-
plications concerning rovibrational states of diatomics can be
performed. Particularly interesting would be the application
of the new method to systems with more than two electrons
which are more scarce than those for one- and two-electron
systems. Such applications will be forthcoming.

TABLE III. Comparison of the dissociation energies obtained in this work for the (v,0) and (v,1) states of HD+ with the literature values. All results
are in cm−1.

Present study Presenta Presentb Presentc

v/N 0 1 0 1 0 1 0 1

0 21 516.0097 21 472.1474 − 0.0001 0.0023 − 0.0001 0.0009
1 19 603.0382 19 561.1783 0.0000 0.0023 0.0000 0.0009
2 17 786.1989 17 746.2803 0.0000 0.0022 0.0000 0.0009
3 16 062.6308 16 024.6004 0.0001 0.0022 0.0001 0.0010
4 14 429.8483 14 393.6602 0.0001 0.0021 0.0001 0.0009
5 12 885.7299 12 851.3455 0.0001 0.0021 0.0001 0.0009
6 11 428.5123 11 395.9005 0.0001 0.0021 0.0001 0.0009
7 10 056.7885 10 025.9258 0.0001 0.0020 0.0001 0.0008
8 8769.5095 8740.3802 0.0003 0.0021 0.0003 0.0010
9 7565.9924 7538.5889 0.0001 0.0019 0.0002 0.0008
10 6445.9303 6420.2539 0.0002 0.0019 0.0003 0.0008
11 5409.4120 5385.4735 0.0001 0.0018 0.0004 0.0008
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TABLE III. (Continued.)

Present study Presenta Presentb Presentc

v/N 0 1 0 1 0 1 0 1

12 4456.9435 4434.7646 0.0009 0.0024 0.0011 0.0014
13 3589.4843 3569.0987 0.0003 0.0018 0.0004 0.0008
14 2808.4799 2789.9357 0.0003 0.0018 0.0003 0.0008
15 2115.9181 2099.2805 0.0009 0.0023 0.0010 0.0013
16 1514.3877 1499.7431 0.0010 0.0021 0.0009 0.0011
17 1007.1419 994.6035 0.0017 0.0026 0.0017 0.0013
18 598.1586 587.8762 0.0017 0.0022 0.0001 -0.0001
19 292.1159 284.2907 0.0013 0.0020 0.0014 0.0014
20 94.0752 88.9980 0.0002 0.0007 0.001 0.001 0.0002 0.0002
21 10.2152 8.5519 0.0005 0.0006 0.000 0.001 − 0.0012 − 0.0024
22 0.4308 0.1156 0.0001 0.0001 − 0.001 − 0.001

aReference 14.
bReference 16.
cReference 13.
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Very accurate non-Born-Oppenheimer quantum-mechanical calculations are performed to determine
the average values of the interparticle distances and the proton-deuteron density function for the
rovibrationally excited HD+ ion. The states corresponding to excitations to all bound vibrational
states (v = 0, . . . , 22) and simultaneously excited to the first excited rotational state (N = 1) are
considered. To describe each state up to 8000 explicitly correlated all-particle Gaussian functions
are used. The nonlinear parameters of the Gaussians are variationally optimized using a procedure
that employs the analytical energy gradient determined with respect to these parameters. The re-
sults show an increasing asymmetry in the electron distribution with the vibrational excitation as the
electron density shifts towards deuteron and away from the proton. © 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4834596]

I. INTRODUCTION

Due to asymmetric mass distribution the HD+ molec-
ular ion has been an interesting model system for stud-
ies of the nonadiabatic coupling between the electronic and
nuclear motions. The charge asymmetry of the HD+ has
been investigated both theoretically1–6 and experimentally.7–9

Ben-Itzhak et al.8 studied the dissociation of HD+ in the elec-
tronic ground state following ionization of HD by fast proton
impact and discovered that the H+ + D(1s) dissociation chan-
nel is more likely than the H(1s) + D+ channel by about 7%.
This symmetry breakdown can only be explained if the finite
nuclear mass correction to the Born-Oppenheimer (BO) ap-
proximation is taken into account. In the non-BO calculations
performed with explicitly correlated Gaussian functions,1, 2 it
was shown that, while in the first 21 vibrational states (ν = 0,
1, . . . , 20) only minor charge asymmetry is present in the wave
functions, in the highest two states (ν = 21 and ν = 22)
HD+ is strongly polarized and the system can be described
as a complex of D atom interacting with a distant proton (D
+ H+ is also the lowest energy dissociation product of the
HD+ ion). In this work we investigate the effects of the rota-
tional excitation on the charge asymmetry in the HD+ system.

II. THE HAMILTONIAN

Let us begin with placing a molecule consisting of Nnuc

nuclei and Nelec electrons in a laboratory (lab) frame of Carte-
sian coordinates. Let in this system the position of ith particle
with mass Mi and charge Qi be described by vector Ri . The
nonrelativistic total Hamiltonian for the system is

Ĥlab = −
Ntot∑
i=1

1

2Mi

∇2
Ri

+
Ntot∑

i=1,j>i

QiQj

Rij

, (1)

a)Author to whom correspondence should be addressed. Electronic mail:
ludwik@u.arizona.edu

where ∇Ri
is the gradient with respect to the particle coordi-

nates, Rij = |Rj − Ri |, and Ntot = Nelec + Nnuc. We can rig-
orously separate the center-of-mass motion from the internal
motion of the particles using a transformation to a new coor-
dinate system whose first three coordinates are the Cartesian
coordinates of the center of mass in the laboratory coordinate
system (r0) and the remaining 3(Ntot − 1) coordinates (ri) are
the relative coordinates describing the positions of particles 2,
. . . , Ntot with respect to particle 1 called the reference parti-
cle (usually the reference particle is chosen to be the heaviest
particle in the system):

r0 =
Ntot∑
j=1

Mj

Mtot

Rj ,

(2)
ri = Ri+1 − R1,

where index i varies from 1 to ntot = Ntot − 1. The internal
motion is represented by the following internal Hamiltonian:

Ĥ = −1

2

⎛
⎝ ntot∑

i=1

1

μi

∇2
ri

+
ntot∑
i �=j

1

m0
∇′

ri
∇rj

⎞
⎠

+
ntot∑
i=1

q0qi

ri

+
ntot∑

i=1,j>i

qiqj

rij

, (3)

where μi = m0mi/(m0 + mi) is the ith reduced mass,
mi = Mi + 1, qi = Qi + 1, and rij = |rj − ri |. One notices that
Ĥ describes the motion of ntot “pseudoparticles” with masses
μi and charges qi in the central field of the charge of the refer-
ence particle placed in the center of the coordinate system. As
Ĥ describes a system which is atom-like, its eigenfunctions,
which are also eigenfunctions of the square of the total angu-
lar momentum and its projection on a selected axis, transform
as irreducible representations of the group of rotations.10

0021-9606/2013/139(20)/204105/8/$30.00 © 2013 AIP Publishing LLC139, 204105-1
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It was shown in Refs. 11 and 12 that the basis set consist-
ing of explicitly correlated Gaussian functions with preexpo-
nential multipliers x1 and r

mk

1

φN=1
k = x1r

mk

1 exp[−r′ (Ak ⊗ I3) r] (4)

is suitable for accurately describing nonadiabatic states of a
diatomic system with the total angular momentum equal to
one (N = 1). In function (4), the positive-definite symmetric
matrix Ak contains the nonlinear parameters of the Gaussian,
r is a 3n × 1 vector of the internal Cartesian coordinates of
the n pseudoparticles, and I3 is a 3 × 3 identity matrix. The
prime (“′”) denotes the vector/matrix transposition. The r

mk

1
term (r1 is the distance between the two nuclei) uniformly
shifts the Gaussian peak some distance away from the origin,
allows the basis to go to zero when the r1 distance becomes
zero, and describes the nodal properties of the wave function
in excited vibrational states. In our calculations the mk power
is an even-number variational parameter which can vary from
1 to 250. x1 in (4) ensures the correct angular behavior of
the wave function consistent with the N = 1 total angular
momentum.

It should be noted that (in general) the basis function (4)
should contain the premultiplier xi instead of x1 in the prefac-
tor, but since electrons are much lighter than nuclei, we can
safely assume that the excitation to the N = 1 state almost
exclusively involves exciting the nuclear motion and not the
motion of the electrons. For HD+ such an electron excitation,
which can mix with the corresponding excitation of the nu-
clear motion, would involve promoting the electron to a π

state, which is high on the energy scale. It should be also noted
that, as the overlap integral between Gaussian (4) and a Gaus-
sian where x1 is replaced by x2 is not zero if the off-diagonal
elements of matrix Ak are not zero, some contributions of the
x2-type Gaussians are included in the calculations even if the
basis set only includes x1-type Gaussians. This is certainly
not the most effective way to include these contributions (the
most effective way would be to include them directly), but if
they are very small it should suffice.

The algorithms for calculating the Hamiltonian and over-
lap matrix elements, as well as for calculating the matrix
elements of the analytic energy gradient determined with
respect to the nonlinear parameters of the Gaussians, for
N = 1 rovibrational states of diatomic molecules, including
the HD+ ion, were derived in our previous work.11 The cal-
culations of the energies of all 23 bound vibrational states of
HD+ shown in that work provided an illustration of the pro-
cedure. In the present work the wave functions generated in
Ref. 11 are used to calculate the average interparticle dis-
tances and the internuclear density function (also called the
nuclear correlation function) for the considered states. The
main focus of the work is the analysis of how the rovibra-
tional excitation affects the charge asymmetry in HD+.

III. FORMULA DERIVATION

The following general p-dimensional Gaussian integral
is the primary integral form used when evaluating matrix el-
ements (whether those elements are Hamiltonian, overlap, or

any particular expectation value):

∫ +∞

−∞
exp[−x ′Xx + y ′x]dx = πp/2

|X|1/2
exp

[
1

4
y ′X−1y

]
.

(5)
In the above formula, x is a p-component vector of vari-
ables, A is a symmetric p × p positive-definite matrix, y is
a p-component constant vector, and X−1 is the inverse of
X. To apply this formula, it is advantageous to represent all
terms in the integrand (the Gaussian basis functions and all
multiplicative factors) as Gaussian functions. To determine
the nuclear correlation function the delta function involved
in the formula is also written in the form of a Gaussian
function.

A. Nuclear correlation function

The Gaussian representation of the 3D Dirac delta func-
tion is used to evaluate the matrix elements for the nucleus-
nucleus correlation function for a diatomic molecule in an
N = 1 excited state:

〈
φN=1

k

∣∣δ (r − ξ )
∣∣φN=1

l

〉
= 〈

(x1) φN=0
k

∣∣δ (r − ξ )
∣∣ (x1) φN=0

l

〉

= lim
β→∞

(
β

π

)3/2 〈(
x2

1

)
r

mk+ml

1 exp[−r′(Akl + βJ11)r

+ 2βξ ′(a′
1 ⊗ I3)r − βξ ′ξ ]

〉
, (6)

where ξ is a vector of coordinates of a point at which the
nuclear correlation function is determined. The plotting of
the correlation function is done by first calculating this func-
tion on a grid of points and then plotting the results. β is the
limit variable in the Gaussian representation of the 3D Dirac
delta function. J11 is a 3n × 3n symmetric matrix defined as:
J11 = J11 ⊗ I3, where J11 is an n × n matrix with only one el-
ement equal to one in the (1,1) position built from J11 = a1a

′
1,

where a1 is a n-component vector with zeros everywhere ex-
cept in the first position.

In the next step of the derivation a Gaussian transforma-
tion is used to represent the pre-exponential multipliers of the
two Gaussians involved in the matrix element. The product of
the pre-exponential multipliers x1 × x1 = x2

1 is represented in
the Gaussian form as

x2
1 = − ∂

∂ω
exp[−ωr′Wr]

∣∣∣∣
ω=0

, (7)

where ω is the differentiation variable and W is a 3n × 3n
matrix with only one element of value one in the (1, 1) posi-
tion and zeros everywhere else. It should be mentioned that I3

cannot be factored from W, i.e., W �= W ⊗ I3. The product
of pre-exponential multipliers r

mk

1 r
ml

1 = r
mk+ml

1 is also repre-
sented in the Gaussian form as

r
mk+ml

1 = (−1)
mk+ml

2
∂

mk+ml
2

∂u
mk+ml

2

exp[−ur′J11r]

∣∣∣∣
u=0

, (8)
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where the u is the differentiation variable. Let m = (mk

+ ml)/2. With this the integral becomes

〈
φN=1

k

∣∣δ (r − ξ )
∣∣φN=1

l

〉

= (−1)m+1 ∂

∂ω

∂m

∂um
lim

β→∞

(
β

π

)3/2

×〈exp[−r′ (Akl + (β + u) J11 + ωW) r

+ 2βξ ′(a′
1 ⊗ I3)r − βξ ′ξ ]〉

∣∣∣∣
u=ω=0

. (9)

Applying (5) to the above and taking the limit as β approaches
infinity involve a Taylor series expansion and some matrix
transformations. The outcome of this exercise has been shown
as an intermediate result in Refs. 13 and 14. In fact, in the
latter paper, one derivative was determined after taking the
limit. The corresponding derivative operation in this work is
−∂/∂ω and, therefore, using the result from Refs. 13 and 14,
the following is immediately obtained:

〈
φN=1

k

∣∣δ (r1 − ξ )
∣∣φN=1

l

〉 = ξ 2
x

〈
φN=0

k

∣∣δ (r1 − ξ )
∣∣φN=0

l

〉
. (10)

By rewriting the formula in terms of the overlap integral11 the
following is obtained:

〈
φN=1

k

∣∣φN=1
l

〉

= 2

3
π (3n−1)/2|Akl|−3/2αm+1

(
m + 3

2

)
�

(
m + 3

2

)
, (11)

where α = (A−1
kl )11. Finally the following is obtained:

〈
φN=1

k

∣∣δ (r1 − ξ )
∣∣φN=1

l

〉

= 〈
φN=1

k

∣∣φN=1
l

〉 ( 6

3 + 2m

)
1

2π�
(
m + 3

2

)α−5/2ξ 2
x

(
ξ 2

α

)m

× exp

[
−ξ 2

α

]
. (12)

This concludes the derivation of the nuclear correlation
function.

B. Average interparticle distances

To evaluate the expectation values of interparticle dis-
tances (〈rij〉) with the non-BO N = 1 wave function the fol-
lowing relation is used:

r−1
ij = 2√

π

∫ ∞

0
exp

[ − t2r2
ij

]
d t. (13)

Since rij = r2
ij /rij , we can represent rij as

rij = 2√
π

∫ ∞

0
r2
ij exp

[−t2r2
ij

]
d t

= − ∂

∂γ

2√
π

∫ ∞

0
exp[−(t2 + γ )r′Jij r] d t |γ=0, (14)

and then the matrix element of the expectation value with the
basis functions φN=1

k and φN=1
l can be written as

〈
φN=1

k

∣∣rij

∣∣φN=1
l

〉

= (−1)m
2√
π

∂

∂γ

∂

∂ω

∂m

∂um

∫ ∞

0
〈exp[−r′(Akl + ωW + uJ11

+ (t2 + γ )Jij )r]〉 d t

∣∣∣∣
γ=ω=u=o

. (15)

Equation (122) from the potential energy derivation shown in
Ref. 11 immediately yields integration over r:

− ∂

∂ω
〈exp[−r′(Akl + ωW + uJ11 + (t2 + γ )Jij )r]〉|ω=0

= 1

2
π3n/2|Akl|−3/2

× α + (t2 + γ )(αβ − χ )

(1 + uα + (t2 + γ )β + u(t2 + γ )(αβ − χ ))5/2
, (16)

where β = tr[A−1
kl Jij ] and χ = tr[A−1

kl J11A
−1
kl Jij ]. Next we

apply −∂/∂γ to the above and obtain the following:

− ∂

∂γ

∫ ∞

0

α+(t2 +γ )(αβ −χ )

(1+uα+(t2 +γ )β +u(t2 +γ )(αβ −χ ))5/2 d t

∣∣∣∣
γ=0

= 1

3

χ + 3α(β + u(αβ − χ ))

(1 + αu)3(β + u(αβ − χ ))1/2
. (17)

Finally we take the (−1)n∂n/∂u derivative. After applying
the Leibniz and Faa Di Bruno formulas the following is
obtained:

∂n

∂un

1

(1 + αu)3

∣∣∣∣
u=0

= (−1)n αn � (n + 3)

� (3)
, (18)

∂n

∂un

1

(β + u (αβ − χ ))1/2

∣∣∣∣
u=0

= (−1)n (αβ − χ )n β−n−1/2 � (n + 1/2)

� (1/2)
, (19)

and

∂n

∂un
(β + u (αβ − χ ))1/2

∣∣∣∣
u=0

= (−1)n (αβ − χ )n β1/2−n (−1/2)n , (20)

where (x)n is a Pochhammer symbol. Now one can apply the
Leibniz formula and after some rearrangement the following
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TABLE I. The convergence of the total energy and some expectation values involving interparticle distances for the ν = 22 state with the number of the basis
functions (K). All quantities are expressed in atomic units.

K E 〈rdp〉 〈rde〉 〈rpe〉 〈r2
dp〉 〈r2

de〉 〈r2
pe〉

1000 − 0.4998518601 20.81309798 1.819888001 20.53105321 458.7510388 7.085406975 457.1731248
2000 − 0.4998643218 35.08555795 1.551042561 35.06196102 1414.711596 3.639133601 1416.77289
3000 − 0.4998643389 35.34866671 1.551914622 35.32414937 1452.088547 3.651517233 1454.13787
4000 − 0.4998643413 35.47303704 1.551978876 35.44842811 1470.831535 3.652596283 1472.88009
5000 − 0.4998643417 35.46903403 1.552034539 35.44437200 1470.601019 3.653445646 1472.64868
6000 − 0.4998643419 35.47070779 1.552058351 35.44602242 1471.135261 3.653785862 1473.182576
7000 − 0.4998643421 35.46808699 1.552099031 35.44336231 1470.907782 3.654366541 1472.954496
8000 − 0.4998643421 35.46784927 1.552103730 35.44312008 1470.903784 3.654435028 1472.950427

is obtained:

〈
φN=1

k

∣∣rij

∣∣φN=1
l

〉

= SN=1
kl γ2 (m)

4 (m + 3/2) α
√

β

(
(m + 1) (m + 2) (3αβ + χ )

+
m∑

k=1

(m − k + 1) (m − k + 2) γ3 (k)

×
(

1 − χ

αβ

)k (
χ − 3αβ

2k − 1

) )
, (21)

where

γ2 (m) = � (m + 1)

� (m + 3/2)
,

γ3 (k) = � (k + 1/2)

� (k + 1) � (1/2)
.

To evaluate the matrix elements for the average values of the
squared interparticle distances, 〈r2

ij 〉, we can write the expec-
tation value in the following form:

〈
φN=1

k

∣∣r2
ij |φN=1

l

〉 = (−1)m
∂

∂γ

∂

∂ω

∂m

∂um
〈exp[−r′(Akl + ωW

+uJ11 + γ Jij )r]〉
∣∣∣∣
γ=ω=u=0

. (22)

Applying Eq. (16) and taking the mth derivative with respect
to u, we obtain

(−1)m+1 ∂

∂ω

∂m

∂um
〈exp[−r′(Akl +ωW+uJ11 +γ Jij )r]〉

∣∣∣∣
ω=u=0

= 1

4
π3n/2|Akl|−3/2 (α + γ (αβ − χ ))m+1

× (1 + γβ)−m−5/2 � (m + 5/2)

� (5/2)
. (23)

Taking the derivative with respect to γ and rearranging the
expression the result can be expressed in terms of the overlap
as

〈
φN=0

k

∣∣r2
ij

∣∣φN=1
l

〉 = 1

2α
SN=1

kl (3αβ + 2 (1 + m) χ ) . (24)

IV. RESULTS

In recent years there has been an ongoing discussion
concerning the concepts of the molecular geometry and the
molecular structure in the context of the non-BO approach
(for example, see Refs. 15–21). Since the nuclei are treated
on equal footing with the electrons in this approach, i.e., as
quantum particles, the concept of the molecular geometry be-
comes elusive. The information about the molecular structure
available from the non-BO wave function is provided as ex-
pectation values of the structural parameters such as the inter-
particle distances.

As it is usually the case, well converged values of the
interparticle distance is much harder to obtain than well
converge values of the total energies. The results shown in
Table I, where some expectation values calculated for the ν

= 22, N = 1 rovibrational state of HD+, provide examples of
this behavior. As this state is located very close to the disso-
ciation limit and has many radial oscillations it is the hardest
to describe. Thus the convergence pattern of its expectation
values provides a good test of how converged our results for
the expectation values and the total energy are. Very likely the
convergence for the lower states is better than for the ν = 22
state. Upon examining the convergence of the expectation val-
ues shown in Table I we conclude that at least four significant
figures for each expectation value are converged. The energy
is converged much better than that. All figures shown in the
table are converged.

The calculated average interparticle distances and the av-
erages of the squares of the internuclear distances for all 23
vibrational states of HD+ corresponding to the N = 1 to-
tal rotational quantum number are presented in Table II. As
expected, the expectation value of the internuclear distance,
〈rdp〉, increases with the vibrational excitation, and this in-
crease accelerates for top states. In the table we also show
the differences between the expectation values calculated
for the N = 0 and N = 1 states. Due to the rotational exci-
tation the 〈rdp〉 values are, as expected, consistently larger for
the N = 1 states than for the N = 0 states. For the top ν = 22,
N = 1 state 〈rdp〉 increases by as much as 6.849 a.u. Similarly
as for the N = 0 vibrational states also for the N = 1 states
the electron charge asymmetry is increasing with the vibra-
tional excitation. In the top ν = 22 state the electron is com-
pletely shifted from the proton to the deuteron and the bond,
which is covalent in low vibrational levels, becomes purely
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TABLE II. Dissociation energies (in millihartrees) and expectation values (in a.u.) of the deuteron-proton distance, rdp, the deuteron-electron distance, rde,
and the proton-electron distance, rpe, and their squares for the ν = 0, . . . , 22, N = 1 rovibrational levels of HD+. � is the difference between the corresponding
quantities of the N = 1 and N = 0 states. For example, �〈rdp〉 = 〈rN=1

dp 〉 − 〈rN=0
dp 〉. All quantities are expressed in atomic units.

ν Edis 〈rdp〉 〈rde〉 〈rpe〉 〈r2
dp〉 〈r2

de〉 〈r2
pe〉 �Edis �〈rdp〉 �〈rde〉 �〈rpe〉 �〈r2

dp〉 �〈r2
de〉 �〈r2

pe〉

0 97.83430222 2.057 1.689 1.690 4.277 3.538 3.541 − 0.1998511395 0.0018 0.0008 0.0015 0.0087 0.0044 0.0041
1 89.12728619 2.173 1.751 1.752 4.864 3.844 3.848 − 0.1907280143 0.0024 0.0007 0.0015 0.0091 0.0053 0.0046
2 80.85800275 2.294 1.815 1.816 5.502 4.175 4.179 − 0.1818822487 0.0020 0.0016 0.0015 0.0101 0.0056 0.0055
3 73.0134519 2.419 1.881 1.882 6.197 4.532 4.537 − 0.1732793185 0.0020 0.0008 0.0009 0.0116 0.0064 0.0061
4 65.58234139 2.549 1.950 1.951 6.955 4.921 4.927 − 0.1648853694 0.0021 0.0017 0.0009 0.0126 0.0064 0.0061
5 58.55503857 2.685 2.026 2.023 7.785 5.346 5.353 − 0.1566668155 0.0020 0.0015 0.0010 0.0137 0.0071 0.0072
6 51.92354335 2.828 2.097 2.099 8.697 5.812 5.821 − 0.1485900780 0.0027 0.0019 0.0016 0.0154 0.0083 0.0080
7 45.68147917 2.978 2.176 2.178 9.706 6.327 6.338 − 0.1406206304 0.0032 0.0013 0.0013 0.0172 0.0089 0.0088
8 39.82410246 3.138 2.260 2.263 10.83 6.899 6.913 − 0.1327228892 0.0029 0.0014 0.0019 0.0178 0.0108 0.0105
9 34.34833837 3.309 2.350 2.353 12.08 7.539 7.557 − 0.1248595366 0.0036 0.0021 0.0022 0.0239 0.0122 0.0118
10 29.2528291 3.493 2.447 2.450 13.50 8.263 8.286 − 0.1169904485 0.0036 0.0015 0.0024 0.0231 0.0131 0.0140
11 24.53802269 3.693 2.551 2.556 15.12 9.090 9.121 − 0.1090717542 0.0038 0.0021 0.0020 0.0337 0.0161 0.0156
12 20.20627415 3.913 2.666 2.672 17.00 10.05 10.09 − 0.1010544812 0.0040 0.0018 0.0022 0.0380 0.0171 0.0185
13 16.26201037 4.159 2.793 2.802 19.20 11.17 11.23 − 0.0928833064 0.0048 0.0022 0.0028 0.0405 0.0215 0.0196
14 12.71188252 4.438 2.937 2.949 21.84 12.52 12.60 − 0.0844935329 0.0058 0.0030 0.0028 0.0502 0.0276 0.0324
15 9.565025943 4.761 3.102 3.120 25.08 14.17 14.30 − 0.0758062081 0.0071 0.0032 0.0035 0.0741 0.0372 0.0373
16 6.833332435 5.146 3.297 3.324 29.20 16.25 16.46 − 0.0667258250 0.0082 0.0047 0.0046 0.0942 0.0494 0.0535
17 4.531746833 5.622 3.532 3.578 34.68 18.98 19.37 − 0.0571291649 0.0112 0.0054 0.0062 0.1281 0.0615 0.0706
18 2.678560964 6.243 3.828 3.918 42.45 22.75 23.58 − 0.0468504123 0.0157 0.0070 0.0083 0.1952 0.0939 0.1107
19 1.295323978 7.123 4.207 4.436 54.70 28.29 30.59 − 0.0356541750 0.0242 0.0091 0.0149 0.3536 0.1554 0.2138
20 0.405504679 8.601 4.572 5.565 78.64 35.82 47.39 − 0.0231335763 0.0508 0.0031 0.0487 0.8966 0.1617 0.7466
21 0.038965340 13.27 2.189 12.63 184.9 11.49 178.6 − 0.0075787947 0.3225 − 0.1169 0.4405 8.895 − 1.4541 10.44
22 0.000526832 35.47 1.552 35.44 1471. 3.654 1473. − 0.0014362818 6.849 − 0.0479 6.894 561.0 − 0.6118 561.7

ionic. In this state the average deuteron-electron distance of
1.552 a.u. is very close to 〈rde〉 = 1.500 in the deuterium
atom. Strong asymmetry of the electron density is significant
only in the two top vibrational levels. To explain this phe-
nomenon one needs to compare the stability of the hydrogen
and deuterium atoms. Due to the slightly larger reduced mass
of the pseudoelectron in D than in H, D is a slightly more
stable system. Thus, near the dissociation limit the electron
is increasingly more “attracted” to the deuteron resulting in
the charge asymmetry which eventually leads to the D + H+

dissociation channel being lower in energy than the H + D+

channel.
Another property allowing to elucidate the non-BO

N = 1, ν = 0, . . . , 22, rovibrational states is the nuclear cor-
relation functions. In Fig. 1 we compare the correlation func-
tions for the 1st, 4th, 10th, and 18th, N = 1 vibrational states
with the corresponding N = 0 states. One can seen that, while
rotationless (N = 0) states are spherically symmetric, the
N = 1 states are not. In Fig. 1 the nuclear correlation func-
tions for N = 1 states are shown at the cross section along the
xy plane. The cross section along the xz plane is identical to
the xy cross section, but along the yz plane the N = 1 nuclear
correlation function is zero.

Similar to the N = 0 case, the N = 1 nuclear correla-
tion function shows an oscillatory behavior with number of
oscillations equal to ν. Also, the spatial extent of the correla-
tion function increases with the increasing vibrational quan-
tum number. In all states the highest density maximum is the
one closest to the origin of the coordinate system and the last

maximum is the broadest. In the top two states, ν = 21 and
22, there is a dramatic increase of the extend of the correla-
tion function. The last maximum for the ν = 22 state is shifted
beyond 20 a.u.

We found it interesting to compare some details of the
nuclear correlations functions for the ν = 20, 21, and 22, N
= 0 and N = 1 states. This comparison is shown in 2D plots
of the correlation function along the x axis in Fig. 2. Upon
a careful inspection of the tails of these functions we notice
that the last minimum in the ν = 21 and 22 functions for both
N = 0 and N = 1 shows a gap between the axis and the
curve representing the function. The last minimum in the
curves does not touch the x axis indicating that there is no
node of the function at this point. There is a simple ex-
planation of this behavior. In non-BO calculations the elec-
tronic and nuclear motions are coupled. In a lower state the
corresponding non-BO wave function is to a very good ap-
proximation a product of a single electronic, a single vibra-
tional, and a single rotational wave function. In the top states,
state mixing is more significant due to degeneracy. In the
non-BO wave functions for these states, besides the contri-
bution from the single component that dominates the wave
functions for the lower states, other components may appear,
where an excited electronic state is combined with vibra-
tional wave functions with lower ν values. Such a contribu-
tion would not have nodes in the same points as the main
component. This leads to the behavior one sees in Fig. 2.
It is easy to see which electronic wave functions become
degenerate especially at larger internuclear separation. A
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FIG. 1. Comparison of the nuclear correlation functions for the ν = 0, 3, 9, and 17, N = 0 states (on the left) and the ν = 0, 3, 9, and 17, N = 1 states (on the
right) of HD+.
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FIG. 2. The nuclear correlation functions for the ν = 20, 21, and 22, N = 0 states (on the left) and the ν = 20, 21, and 22, N = 1 states (on the right) of HD+.

pair of such functions includes the function which describes
the electron localization at the deuteron and a function
which describes its localization at the proton. Perhaps, due
to the contribution of the latter function to the total non-
BO wave function of the ν = 22 state, there is non-zero
probability of HD+ dissociating not only to D + H+ but also
to H + D+.

V. CONCLUSION

To summarize, explicitly correlated Gaussian functions
are used in highly accurate description of the HD+ system
in rovibrational states corresponding to ν = 0, . . . , 22 and
N = 1. Calculations are performed without the Born-
Oppenheimer approximation and all three particles forming

HD+ are treated on equal footing. The non-BO wave func-
tions are used to calculate the nuclear correlation function
and some expectation values involving interparticle distances.
As previously observed for the N = 0 states of HD+, charge
asymmetry appears in the electronic density. It increases with
the vibrational excitation. In effect, the bond in the HD+ ion,
which is covalent in the lower vibrational states, becomes
ionic in the top two states. This transformation of the nature
of the bond is a purely nonadiabatic effect.
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A method for calculating the oscillator strengths for rovibrational transitions of a diatomic system within
an approach that is not based on the Born-Oppenheimer (BO) approximation is presented. The non-BO wave
functions representing the bound states of the system are expanded in terms of explicitly correlated Gaussian
functions. The method is applied to calculate oscillator strengths for the HD+ ion for transitions between
rotationless vibrational states and vibrational states which are rotationally singly excited. The effect of the
asymmetry of the HD+ charge distribution on the oscillator strengths and on the lifetimes of the states is
elucidated.

DOI: 10.1103/PhysRevA.89.012513 PACS number(s): 33.15.Mt, 33.70.Ca

I. INTRODUCTION

The simplest heteronuclear diatomic molecule, HD+, is
a popular model for highly accurate quantum-mechanical
calculations. The HD+ dissociation energies corresponding
to bound rovibrational states of the system were extensively
studied in calculations performed with various methods
[1–11]. The lifetimes of the states and the oscillator strengths
corresponding to interstate transitions were also investigated
by methods based on the Born-Oppenheimer (BO) approxima-
tion [12,13] and methods where the BO approximation was not
assumed [9,10]. Due to the HD+ uneven charge distribution
which is caused by the mass difference between the proton
and the deuteron and which increases with vibrational and
rotational excitation [14,15], this ion is an interesting system to
study. In the current article we calculate the oscillator strengths
between vibrational levels in the N (0 → 1) rotational band
and investigate the charge asymmetry effect on the lifetimes
of the rotationless levels. Here these quantities are calculated
without the Born-Oppenheimer approximation for the whole
vibrational spectrum of HD+.

II. THE METHOD

We consider the oscillator strengths of the transitions
between rovibrational states with the rotational quantum
numbers N = 0 and N = 1. In general, the oscillator strength
of the N ← N + 1 rotational transition is given by the
following formula:

fi→f = 2

3(2Nf + 1)
(Ei − Ef )|〈ψi |T̂ |ψf 〉|2. (1)

In the present calculations, Nf = 0, |ψi〉 = |ψN=0
ν 〉 =∑

k ckr
mk

1 exp[−r′Akr], and |ψf 〉 = |ψN=1
ν ′ 〉 = ∑

l clx1r
ml

1
exp[−r′Alr], and Ei and Ef are the corresponding state
energies. For HD+ the r vector consists of six Cartesian
coordinates. The first three of them, x1, y1, and z1, are the
coordinates of the vector which describes the position of the
proton with respect to the deuteron, and the last three, x2, y2,
and z2, are the coordinates of the vector which describes the

*Corresponding author: ludwik@u.arizona.edu

position of the electron with respect to the deuteron. The prime
denotes the vector transposition. Ak and Al are symmetric
3n × 3n matrices of exponential parameters and ck and cl

are linear expansion coefficients of the wave functions in
terms of the Gaussian basis functions. The internal coordinate
system used in the calculations, the form of the wave functions,
and the major mathematical relations to calculate the needed
Hamiltonian and overlap matrix elements are presented in
detail in Ref. [11]. Operator T̂ in (1) is defined in the following
way:

T̂ =
n∑

j=1

[
n∑

i=0

qi

(
δij − mj

M

)]
xj , (2)

where n is a number of particles in the system minus one
(i.e., the number of pseudoparticles), qi and mj are charges
and masses of the particles, respectively (index 0 corresponds
to the reference particle located in the center of the internal
coordinate system), and M is total mass of the system.
In the present calculations the deuteron is the reference
particle, and the two pseudoparticles are the pseudoproton
and pseudoelectron. We use the term pseudoparticle, because,
while the particles described by the internal Hamiltonian have
the same charges as the original particles, their masses are not
the original masses, but the reduced masses. For HD+ the T̂

operator in atomic units is

T̂ (HD+) =
(

1 − mp

M

)
x1 −

(
1 + 1

M

)
x2. (3)

In (3), M = mp + md + 1 is the sum of the mass of the
proton, mp, the mass of the deuteron, md , and the mass of
the electron, 1.

To calculate fi→f the following two integrals need to be
evaluated: 〈φN=0

k |xj |φN=1
l 〉, j = 1 and 2. The first integral with

x1 corresponds to the proton and the second integral with x2

corresponds to the electron. Using the overlap integral derived
for two N = 1 wave functions in Ref. [11] the following is
obtained:

〈
φN=0

k

∣∣xj

∣∣φN=1
l

〉 = π
3n−1

2

|Akl|3/2
�

[
3 + mk + ml

2

]
mk + ml + 3

3

× (
A−1

kl

) mk+ml
2

11

(
A−1

kl

)
j1. (4)
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After including the proper normalization factor,
1/

√
〈φN=0

k |φN=0
k 〉〈φN=1

l |φN=1
l 〉, the normalized expression

for the integral is〈
φN=0

k

∣∣xj

∣∣φN=1
l

〉
√〈

φN=0
k

∣∣φN=0
k

〉〈
φN=1

l

∣∣φN=1
l

〉
= γ1(mk,ml)

3 + mk + ml√
3(3 + 2ml)

Skl

×
((

A−1
kl

)
11(

A−1
k

)
11

) mk
2

((
A−1

kl

)
11(

A−1
l

)
11

) ml
2

(
A−1

kl

)
1j(

A−1
l

)1/2
11

, (5)

where

γ1 = 2
mk+ml

2 �
[ 3+mk+ml

2

]
√

� [mk + 3/2] � [ml + 3/2]
, (6)

Skl = 2
3n
2

‖Lk‖3/2‖Ll‖3/2

|Akl|3/2
. (7)

III. RESULTS

The total non-BO wave functions for the rovibrational
states of HD+ corresponding to the N = 0 and N = 1 total
rotational quantum numbers and to all 23 bound vibrational
states are expanded in terms of 1000–9000 explicitly correlated
Gaussian (ECG) functions which allowed to converge energy
up to the ninth decimal place. As the oscillatory nature of the
vibrational states increases with the level of excitation [15],
more Gaussians are needed for the higher states than for
the lower ones. These ECGs for N = 0 rovibrational states
were obtained in Ref. [14] and for N = 1 in Ref. [11]. The
ECG basis for each state was generated and optimized in a
separate calculation. The oscillator strengths and transition
probabilities per unit time for all possible 232 transitions
corresponding to the N (0 → 1) excitations and all possible
vibrational excitations and deexcitations (including the pure
rotational excitations, i.e., where the system is rotationally ex-
cited, but remains in the same vibrational state) are calculated.

High-accuracy oscillator strengths for the first six vibra-
tional levels and all rotational levels are available from the Tian
et al. study [9]. They did not calculate the oscillator strengths
for higher vibrational states due to, what can be presumed,
technical difficulties with maintaining sufficient numerical
precision for states with a higher number of radial nodes. As
such difficulties do not appear in our calculations, we are able
to calculate all bound rovibrational states corresponding to the
N = 0 and 1 total rotational quantum numbers. The calculation
of the oscillator strengths for the highest vibrational states is
particularly interesting because it can reveal how the charge
asymmetry affects these quantities, as well as the lifetimes
of the states. The results of Tian et al. [9] provide a good
reference to test our calculations. A comparison of their and
our results is shown in Table I. As one can see, our results agree
with those of Tian et al. within the number of figures which
are converged in our calculations. As the quality of the results
remains consistently high for all states calculated in the present
work, we can conclude that the oscillator strengths for higher
vibrational states shown in Table II are about as accurate as for
the lower states. This claim is also supported by a comparison
with the experimental results of Carrington et al. [16]. In
their work the oscillator strength for the 18-16 band was
found to be about 10−5, which is in good agreement with
the value 1.249 × 10−5 obtained in the present calculations
(see Table II). Also, in another work of Carrington et al. [17],
the authors write that the 21 → 17 transition was barely
detectable due to the noise originating from the dissociation
of the system from lower levels, primarily from the ν = 18
level. Also the 22 → 17 transition was affected by the same
effect. The results in Table II show that, indeed, the oscillator
strength is the largest for the 18 → 17 transition (f18→17 =
4.633 × 10−5), while the oscillator strengths of the 17 → 17
and 19 → 17 transitions are noticeably lower (f17→17 =
3.533 × 10−5 and f19→17 = 1.065 × 10−5). The oscillator
strengths of the transitions with the highest experimental
uncertainties are predicted to have oscillator strengths several
orders of magnitude lower than for other transitions (f21→17 =
4.141 × 10−7 and f22→17 = 2.603 × 10−8). Thus, the present
results seem to agree with the experimental observations.

TABLE I. Oscillator strengths for N (1 → 0) transitions. Vibrational numbers ν correspond to N = 0 states, and ν ′ to N = 1. Notation a[b]
means a × 10b. Every second line is a rounded value obtained by Tian et al.

ν ′

ν 0 1 2 3 4 5

0 1.567[−05] 6.838[−06] 2.179[−07] 1.598[−08] 1.879[−09] 3.046[−10]
1.566[−05] 6.839[−06] 2.180[−07] 1.599[−08] 1.881[−09] 3.049[−10]

1 −7.857[−06] 1.670[−05] 1.322[−05] 6.190[−07] 5.901[−08] 8.459[−09]
−7.858[−06] 1.669[−05] 1.322[−05] 6.192[−07] 5.904[−08] 8.464[−09]

2 −2.227[−07] −1.527[−05] 1.774[−05] 1.916[−05] 1.175[−06] 1.368[−07]
−2.227[−07] −1.527[−05] 1.773[−05] 1.917[−05] 1.175[−06] 1.369[−07]

3 −1.548[−08] −6.356[−07] −2.224[−05] 1.880[−05] 2.468[−05] 1.862[−06]
−1.549[−08] −6.358[−07] −2.225[−05] 1.879[−05] 2.469[−05] 1.862[−06]

4 −1.763[−09] −5.747[−08] −1.212[−06] −2.880[−05] 1.987[−05] 2.978[−05]
1.764[−09] −5.749[−08] −1.213[−06] −2.880[−05] 1.986[−05] 2.978[−05]

5 −2.792[−10] −7.973[−09] −1.339[−07] −1.931[−06] −3.493[−05] 2.096[−05]
−2.794[−10] −7.977[−09] −1.339[−07] −1.932[−06] −3.494[−05] 2.095[−05]
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TABLE II. Oscillator strengths for N (1 → 0) transitions. Vibrational numbers ν correspond to N = 0 states, and ν ′ to N = 1.

ν ′

ν 0 1 2 3 4 5 6 7 8 9 10 11

0 1.567[−05] 6.838[−06] 2.179[−07] 1.598[−08] 1.879[−09] 3.046[−10] 6.259[−11] 1.550[−11] 4.468[−12] 1.467[−12] 5.351[−13] 2.162[−13]

1 −7.857[−06] 1.670[−05] 1.322[−05] 6.190[−07] 5.901[−08] 8.459[−09] 1.605[−09] 3.759[−10] 1.040[−10] 3.306[−11] 1.182[−11] 4.599[−12]

2 −2.227[−07] −1.527[−05] 1.774[−05] 1.916[−05] 1.175[−06] 1.368[−07] 2.298[−08] 4.971[−09] 1.301[−09] 3.970[−10] 1.372[−10] 5.286[−11]

3 −1.548[−08] −6.356[−07] −2.224[−05] 1.880[−05] 2.468[−05] 1.862[−06] 2.547[−07] 4.883[−08] 1.182[−08] 3.410[−09] 1.134[−09] 4.223[−10]

4 −1.763[−09] −5.747[−08] −1.212[−06] −2.880[−05] 1.987[−05] 2.978[−05] 2.661[−06] 4.168[−07] 8.947[−08] 2.388[−08] 7.515[−09] 2.698[−09]

5 −2.792[−10] −7.973[−09] −1.339[−07] −1.931[−06] −3.493[−05] 2.096[−05] 3.445[−05] 3.555[−06] 6.260[−07] 1.484[−07] 4.323[−08] 1.471[−08]

6 −5.636[−11] −1.478[−09] −2.176[−08] −2.506[−07] −2.775[−06] −4.064[−05] 2.206[−05] 3.870[−05] 4.529[−06] 8.848[−07] 2.293[−07] 7.227[−08]

7 −1.378[−11] −3.402[−10] −4.601[−09] −4.649[−08] −4.122[−07] −3.728[−06] −4.592[−05] 2.317[−05] 4.249[−05] 5.570[−06] 1.196[−06] 3.360[−07]

8 −3.918[−12] −9.284[−11] −1.184[−09] −1.100[−08] −8.564[−08] −6.224[−07] −4.777[−06] −5.074[−05] 2.429[−05] 4.581[−05] 6.664[−06] 1.561[−06]

9 −1.265[−12] −2.916[−11] −3.561[−10] −3.119[−09] −2.234[−08] −1.428[−07] −8.849[−07] −5.911[−06] −5.507[−05] 2.543[−05] 4.862[−05] 7.792[−06]

10 −4.766[−13] −1.029[−11] −1.216[−10] −1.022[−09] −6.908[−09] −4.066[−08] −2.220[−07] −1.203[−06] −7.118[−06] −5.888[−05] 2.658[−05] 5.088[−05]

11 −1.798[−13] −4.059[−12] −4.671[−11] −3.775[−10] −2.449[−09] −1.361[−08] −6.838[−08] −3.272[−07] −1.581[−06] −8.383[−06] −6.211[−05] 2.775[−05]

12 −7.756[−14] −1.711[−12] −1.935[−11] −1.545[−10] −9.662[−10] −5.151[−09] −2.455[−08] −1.084[−07] −4.634[−07] −2.021[−06] −9.687[−06] −6.469[−05]

13 −3.786[−14] −7.990[−13] −8.912[−12] −6.925[−11] −4.249[−10] −2.195[−09] −9.953[−09] −4.155[−08] −1.641[−07] −6.355[−07] −2.527[−06] −1.100[−05]

14 −1.984[−14] −4.026[−13] −4.387[−12] −3.309[−11] −2.005[−10] −1.007[−09] −4.460[−09] −1.788[−08] −6.684[−08] −2.396[−07] −8.493[−07] −3.100[−06]

15 −1.078[−14] −2.133[−13] −2.270[−12] −1.710[−11] −1.001[−10] −4.999[−10] −2.171[−09] −8.454[−09] −3.039[−08] −1.032[−07] −3.396[−07] −1.110[−06]

16 −5.937[−15] −1.158[−13] −1.242[−12] −9.474[−12] −5.454[−11] −2.657[−10] −1.132[−09] −4.303[−09] −1.505[−08] −4.923[−08] −1.539[−07] −4.687[−07]

17 −3.304[−15] −6.591[−14] −7.128[−13] −5.378[−12] −3.128[−11] −1.501[−10] −6.213[−10] −2.320[−09] −7.947[−09] −2.536[−08] −7.644[−08] −2.215[−07]

18 −1.857[−15] −3.846[−14] −4.191[−13] −3.098[−12] −1.803[−11] −8.524[−11] −3.512[−10] −1.299[−09] −4.354[−09] −1.365[−08] −4.016[−08] −1.129[−07]

19 −1.029[−15] −2.201[−14] −2.399[−13] −1.744[−12] −1.010[−11] −4.731[−11] −1.952[−10] −7.171[−10] −2.385[−09] −7.356[−09] −2.125[−08] −5.850[−08]

20 −4.962[−16] −1.082[−14] −1.181[−13] −8.496[−13] −4.890[−12] −2.288[−11] −9.435[−11] −3.452[−10] −1.142[−09] −3.484[−09] −9.968[−09] −2.705[−08]

21 −8.522[−17] −1.856[−15] −2.043[−14] −1.457[−13] −8.366[−13] −3.924[−12] −1.615[−11] −5.894[−11] −1.946[−10] −5.910[−10] −1.685[−09] −4.543[−09]

22 −8.242[−18] −1.806[−16] −1.967[−15] −1.409[−14] −8.080[−14] −3.784[−13] −1.558[−12] −5.688[−12] −1.878[−11] −5.698[−11] −1.624[−10] −4.375[−10]

12 13 14 15 16 17 18 19 20 21 22

0 9.420[−14] 4.459[−14] 2.256[−14] 1.215[−14] 6.822[−15] 3.989[−15] 2.258[−15] 1.324[−15] 6.438[−16] 1.018[−16] 6.138[−18]

1 2.026[−12] 9.598[−13] 4.598[−13] 2.373[−13] 1.343[−13] 8.060[−14] 4.861[−14] 2.835[−14] 1.389[−14] 2.165[−15] 1.318[−16]

2 2.253[−11] 1.021[−11] 5.009[−12] 2.657[−12] 1.490[−12] 8.602[−13] 5.025[−13] 2.820[−13] 1.364[−13] 2.137[−14] 1.287[−15]

3 1.754[−10] 7.885[−11] 3.801[−11] 1.977[−11] 1.092[−11] 6.265[−12] 3.643[−12] 2.050[−12] 9.899[−13] 1.532[−13] 9.343[−15]

4 1.081[−09] 4.750[−10] 2.272[−10] 1.158[−10] 6.262[−11] 3.542[−11] 2.049[−11] 1.155[−11] 5.585[−12] 8.693[−13] 5.276[−14]

5 5.664[−09] 2.417[−09] 1.129[−09] 5.652[−10] 3.019[−10] 1.690[−10] 9.679[−11] 5.424[−11] 2.614[−11] 4.064[−12] 2.466[−13]

6 2.639[−08] 1.084[−08] 4.907[−09] 2.413[−09] 1.263[−09] 6.981[−10] 3.968[−10] 2.209[−10] 1.060[−10] 1.645[−11] 9.972[−13]

7 1.138[−07] 4.438[−08] 1.935[−08] 9.228[−09] 4.749[−09] 2.579[−09] 1.446[−09] 7.967[−10] 3.801[−10] 5.879[−11] 3.570[−12]

8 4.726[−07] 1.712[−07] 7.094[−08] 3.259[−08] 1.631[−08] 8.710[−09] 4.807[−09] 2.623[−09] 1.244[−09] 1.921[−10] 1.165[−11]

9 1.981[−06] 6.436[−07] 2.481[−07] 1.086[−07] 5.252[−08] 2.717[−08] 1.477[−08] 7.991[−09] 3.768[−09] 5.796[−10] 3.514[−11]

10 8.935[−06] 2.458[−06] 8.532[−07] 3.487[−07] 1.605[−07] 8.061[−08] 4.271[−08] 2.268[−08] 1.059[−08] 1.624[−09] 9.849[−11]

11 5.252[−05] 1.006[−05] 2.988[−06] 1.105[−06] 4.764[−07] 2.289[−07] 1.175[−07] 6.120[−08] 2.823[−08] 4.309[−09] 2.611[−10]

12 2.893[−05] 5.348[−05] 1.112[−05] 3.564[−06] 1.399[−06] 6.324[−07] 3.118[−07] 1.582[−07] 7.188[−08] 1.092[−08] 6.614[−10]

13 −6.65[5-05] 3.013[−05] 5.368[−05] 1.205[−05] 4.163[−06] 1.724[−06] 8.072[−07] 3.944[−07] 1.758[−07] 2.636[−08] 1.596[−09]

14 −1.229[−05] −6.758[−05] 3.134[−05] 5.303[−05] 1.274[−05] 4.735[−06] 2.045[−06] 9.594[−07] 4.144[−07] 6.260[−08] 3.780[−09]

15 −3.735[−06] −1.348[−05] −6.768[−05] 3.258[−05] 5.148[−05] 1.299[−05] 5.173[−06] 2.252[−06] 9.538[−07] 1.343[−07] 8.148[−09]

16 −1.421[−06] −4.416[−06] −1.445[−05] −6.679[−05] 3.388[−05] 4.910[−05] 1.249[−05] 5.264[−06] 2.016[−06] 3.326[−07] 1.983[−08]

17 −6.284[−07] −1.774[−06] −5.100[−06] −1.500[−05] −6.493[−05] 3.533[−05] 4.633[−05] 1.065[−05] 4.651[−06] 4.141[−07] 2.603[−08]

18 −3.065[−07] −8.140[−07] −2.139[−06] −5.682[−06] −1.478[−05] −6.262[−05] 3.726[−05] 4.529[−05] 6.009[−06] 2.682[−06] 1.469[−07]

19 −1.543[−07] −3.941[−07] −9.878[−07] −2.409[−06] −5.941[−06] −1.307[−05] −6.226[−05] 4.128[−05] 5.940[−05] 8.919[−07] 2.173[−08]

20 −7.018[−08] −1.759[−07] −4.255[−07] −1.015[−06] −2.242[−06] −5.478[−06] −8.018[−06] −7.943[−05] 6.100[−05] 2.123[−04] 8.351[−06]

21 −1.173[−08] −2.901[−08] −7.063[−08] −1.566[−07] −4.024[−07] −5.396[−07] −3.480[−06] −5.952[−07] −2.618[−04] 3.091[−04] 1.410[−05]

22 −1.129[−09] −2.790[−09] −6.769[−09] −1.510[−08] −3.782[−08] −5.507[−08] −2.889[−07] −4.784[−09] −1.409[−05] −6.824[−05] 3.774[−04]

Figure 1 shows the oscillator strengths for the rotational
transitions between the levels of the same vibrational band
(marked with ⊗ in the plot) and between the levels of two
adjacent vibrational bands (νf = νi + 1; marked with ⊕ in
the plot). It can be seen that, while the curves behave in
an expected way for lower states, the higher states do not
follow that trend. This is due to the purely nonadiabatic
effect which arises from the electron localization on the

deuteron in the top three vibrational states. This effect cannot
be described within the Born-Oppenheimer approximation.
Within this approximation, one would expect the value of
〈ψN=0|x1|ψN=1〉 to be twice the 〈ψN=0|x2|ψN=1〉 value. This
is because the average position of the electron predicted by a
calculation where the BO approximation is assumed is always
in the middle of the bond. In non-BO calculations, such as
the ones carried out in this work, there should be a small
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FIG. 1. (Color online) Oscillator strengths for N (1 → 0)
transitions.

difference between the BO and non-BO results concerning the
〈ψN=0|x2|ψN=1〉/〈ψN=0|x1|ψN=1〉 ratio for lower vibrational
states. This is seen in Fig. 2 where this ratio is plotted. However,
for the top three states, where the electron is much closer to
the deuteron than to the proton, the BO and non-BO results are
expected to diverge and this is also clearly seen in the plot.

The computed oscillator strengths can be used to calculate
the transition probabilities per unit time as

Wi→f = 2α3 2Nf + 1

2Nf + 3
(Ei − Ef )2fi→f , (8)

where α is a fine structure constant, and Ei and Ef are the
energies of the initial and final states, respectively. Factor
(2Nf + 1)/(2Nf + 3) is introduced to reverse the transitions
into the more intuitive N + 1 → N notation. The level lifetime
is then calculated as

τi =
⎛
⎝ ∑

f (Ef <Ei )

Wi→f

⎞
⎠

−1

. (9)

The present calculations allow for determining the lifetimes
of the rotationless levels, including the highest levels, with
four significant figures. The results are shown in Table III.
The results of the calculations performed by Peek et al. [12]

FIG. 2. Deviation from the simple BO prediction for the oscillator
strength components.

TABLE III. Lifetimes of rotationless vibrational levels in ms.

Peek Amitay Present
ν [12] [13] Tian [9] Pilon [10] study �rel

1 54.7 59 54.60856 54.60856 54.62 1.50[−4]
2 29.4 32 29.32100 29.32100 29.32 1.52[−4]
3 21.1 23 21.02754 21.02753 21.03 1.54[−4]
4 17.1 19 16.99992 17.00 1.56[−4]
5 14.7 16 14.69597 14.70 1.59[−4]
6 13.3 15 13.27
7 12.4 14 12.37
8 11.9 13 11.82
9 11.6 13 11.53
10 11.5 13 11.46
11 11.7 11.58
12 12.0 11.91
13 12.6 12.48
14 13.5 13.34
15 14.8 14.61
16 16.7 16.50
17 19.7 19.42
18 24.7 24.30
19 34.5 33.73
20 60.4 58.10
21 207. 236.8
22 2600. 2695.

and by Amitay et al. [13] within the BO approximation are
shown for comparison. The non-BO results of Tian et al.,
also shown in the table, were obtained by the authors using
the oscillator strengths and the energies published in Ref. [9].
These values, as well as the non-BO results of Pilon et al. [10],
are rounded off to seven significant figures in the table. Both
Tian et al. and Pilon et al. results are limited to the lowest few
vibrational states. All non-BO results compare well with the
values obtained in the present study. The small deviations of
the lifetimes obtained in the present study from those of Tian
et al. are shown in the table as �rel. A comparison of the present
non-BO results and the BO results of Peek et al. [12] shows
that the nonadiabatic effects are the largest for the top states.
For example, for the ν = 21 state, the BO lifetime differs from
the non-BO lifetime by almost 15%.

FIG. 3. Lifetimes of rotationless vibrational levels, ms.
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Figure 3 visualizes the results obtained for the lifetimes.
The lifetime of a particular state depends on the number
of the states available for transitions originating from that
state, on the corresponding transition energies, and on the
corresponding oscillator strengths. As an increasingly higher
excited state is considered, the number of terms in Eq. (9)
increases, the transition energies in the most contributing terms
become smaller, and the corresponding oscillator strengths
also become smaller due to the increasing dissimilarity of the
states’ wave functions. These competing effects lead to the
lifetimes being smaller for the intermediate states and higher
for both the lower and higher states.

IV. CONCLUSIONS

The non-BO method for calculating bound states of
diatomic molecules which are vibrationally excited, as well
as rotationally excited to the N = 1 level, described in
Refs. [11,18], was used in those works to determine the
rovibrational energy spectrum of the HD+ ion. Along with the
energies the corresponding wave functions were generated.

In this article the wave functions and the energies obtained
in the previous HD+ calculations [11] are used to calculate
the oscillator strengths for the transitions between all states
described in the calculations. The lifetimes for the states are
also calculated. It is shown that the charge asymmetry in
HD+, which significantly increases in the top two ν = 21
and ν = 22 vibrational states, elongates their lifetime by up
to 15%. These states are predicted to live 237 and 1695 ms,
respectively. It should be mentioned that the present non-BO
approach to calculate oscillator strengths and lifetimes can be
easily expanded to diatomic molecules with a larger number
of electrons. For example, work is currently in progress in our
group on calculating these quantities for the HD molecule.
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Direct  variational  calculations  are  performed  for  all bound  rovibrational  states  of the  H2
+ ion  correspond-

ing  to  the ground  and  first  excited  rotational  levels  (the  N  =  0 and  N  =  1  states).  The  Born–Oppenheimer
(BO) approximation  is  not  assumed  in  the  calculations  and all-particle  explicitly  correlated  Gaussian
basis  functions  are  used  for the  wave-function  expansion.  The  exponential  parameters  of the  Gaussians
are  optimized  with  the  aid of analytically  calculated  energy  gradient  determined  with  respect  to  these
parameters.  The  non-BO  energies  are  used  to determine  the  ortho–para  nuclear-spin  isomerization  ener-
gies  and  the non-BO  wave  functions  are  used  to determine  the expectation  values  of the  interparticle
distances.

©  2015  Elsevier  B.V.  All  rights  reserved.

1. Introduction

For over two decades we have been involved in the develop-
ment of methods for direct non-relativistic variational calculations
of bound states of molecular systems with an arbitrary numbers
of nuclei and electrons without assuming the Born-Oppenheimer
(BO) approximation [1,2]. We  use the term ‘direct’ to describe an
approach where energies and wave functions of the system are
obtained by solving the Schrödineger equation with the Hamil-
tonian which provides an exact and complete representation of
the system’s internal state and does not involve separation of the
equation into an electronic equation and an equation describing the
motion of the nuclei. In the first phase of the development of the
molecular non-BO methods we presented an approach for calcu-
lating pure (rotationless) vibrational states of diatomic molecules
with � electrons [3,4]. Recently we presented a non-BO method for
calculating bound rovibrational states of diatomics, where the rota-
tional motion is excited to the first excited level and the vibrational
excitation spans all possible vibrational quantum numbers (i.e. the
N = 1, v = 1, 2, . . . states) [5]. So far this method has been used to
study the N = 1, v = 1, 2, . . . states of HD+ and HD [6,7].

∗ Corresponding author at: Department of Chemistry and Biochemistry, University
of  Arizona, Tucson, AZ 85721, USA.

E-mail address: ludwik@u.arizona.edu (L. Adamowicz).

The approach used in our non-BO calculations employs a Hamil-
tonian, called the internal Hamiltonian, which is obtained by
rigorously separating out the operator representing the kinetic
energy of the center-of-mass motion from the laboratory-frame
nonrelativistic Hamiltonian of the system. The wave function in the
approach is expanded in terms of explicitly correlated all-particle
Gaussian basis functions (ECGs). In these functions the Gaussian
exponents explicitly depend on all inter-particle distances and the
preexponential factors depend on the distances between the nuclei
and include angular functions which describe the total angular-
momentum of the state. The key to achieving high accuracy in the
non-BO calculations is a thorough variational optimization of the
non-linear exponential parameters of the Gaussians. This optimiza-
tion in our approach involves the use the analytical energy gradient
determined with respect to these parameters by direct differenti-
ation of the energy expression. The use of the gradient allows for
extending the ECG basis sets to large sizes exceeding in many cases
10 000 functions.

It should be stressed that our non-BO approach is not limited
to any particular number of electrons in the molecule. Only
limitations of the computational resources restrict the size of
the molecule which can be calculated. Also the method involves
no separation of the Schrödinger equation of the molecule into
the electronic equation solved for different configurations of the
stationary nuclei and the equation describing the motion of the
nuclei where the interaction potential is the energy hyper-surface
(the energy curve in the case of a diatomic molecule) obtained in

http://dx.doi.org/10.1016/j.cplett.2014.12.060
0009-2614/© 2015 Elsevier B.V. All rights reserved.
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the electronic calculations. Such a scheme is used in the conven-
tional approach. In that approach the adiabatic and nonadiabatic
coupling of the electronic and nuclear motions is included through
corrections calculated using the perturbation-theory approach
and added to the potential energy surface. In the non-BO approach
the coupling is explicitly and directly included in the internal
Hamiltonian, which is used in the calculation.

The aim of this work is to calculate the complete N = 0 and
N = 1 rovibrational spectrum of the H2

+ ion and demonstrate how
a systematic increase of the size of the ECG basis set allows us
to achieve high and uniform accuracy level for all the consid-
ered states. The non-BO calculations produce total energies and
the corresponding non-BO wave function. The energies are used
to calculate the para–ortho isomerization energies of H2

+ corre-
sponding to all bound vibrational levels. The wave functions are
used to calculate the averaged proton–proton and proton–electron
interparticle distances, and the inter-proton correlation functions.
These functions provide an illustration of the relative distribution
of the protons in different rovibrational states of the H2

+ ion. To
the best of our knowledge, this is the first time the H2

+ correlations
functions are directly calculated using the non-BO wave functions.

2. Method

We  start with the total laboratory-frame nonrelativistic Hamil-
tonian describing a system of particles with masses Mi and charges
Qi. Without invoking any approximations this Hamiltonian can be
separated into an operator representing the motion of the cen-
ter of mass and an operator representing the internal energy of
the system. The separation can be performed by making a trans-
formation from the laboratory Cartesian coordinates, Ri, i = 1, . . .,
n + 1, where n + 1 is the number of particles (nuclei + electrons) in
the system, to the internal reference frame with the origin at a
selected particle called the reference particle (number one parti-
cle): ri = Ri+1 − R1. The new coordinate system comprises the three
laboratory coordinates of the center of mass and the 3n ri coor-
dinates. The transformation of the laboratory-frame Hamiltonian
to the new coordinate system yields the operator of the kinetic
energy of the center-of-mass motion, which only depends and the
three coordinates of the center of mass, and the following Hamil-
tonian representing the internal energy of the system, which only
depends on the 3n ri, i = 1, . . .,  n coordinates and does not depend
on the coordinates of the center of mass:

Ĥ = −1
2

⎛⎝ n∑
i=1

1
�i

∇2
ri

+
n∑

i=1,j=1,i /= j

1
m0

∇′
ri
∇rj

⎞⎠
+

n∑
i=1

q0qi
ri

+
n∑

j>i=1

qiqj
rij
, (1)

where M1 is the mass of particle one (the reference particle), and
∇ri is the gradient with respect to the x, y, and z coordinates of
ri. The charges and masses are mapped from the original parti-
cles as: {Q1, . . .,  Qn+1} → {q0, . . .,  qn}, and {M1, . . .,  Mn+1} → {m0,
. . .,  mn}. In the present calculations M1 and M2 are the proton
masses (Mp = 1836.15267245me, where me is the electron mass
[8]), and M3 is the mass of an electron. The reduced masses, �i,
are defined by �i = m0mi/(m0 + mi). The potential energy is the
same as in the laboratory-frame Hamiltonian, but is now writ-
ten using the internal coordinates, rij = ||rj − ri|| = ||Rj+1 − Ri+1|| and
rj = ||rj|| = ||Rj+1 − R1||. For vector/matrix transposition the symbol
prime (′) is used. More information on the nonadiabatic Hamilto-
nian and the center of mass transformation can be found in Refs.
[3,4].

As the internal Hamiltonian is fully symmetric (isotropic or
atom-like) with respect to all rotations around the center of
the internal coordinate system, its eigenfunctions transform as
irreducible representations of the fully symmetric group of rota-
tions. Thus, these functions are atom-like functions, which, besides
being eigenfunctions of the Hamiltonian, are also eigenfunctions of
the square of the total orbital angular momentum operator of the
system and the operator representing its projection on a selected
axis. Using basis functions that are eigenfunctions of these oper-
ators makes the Hamiltonian matrix block-diagonal. This allows
us to separate the calculations of states corresponding to differ-
ent total orbital angular momentum quantum numbers, N. In the
present work we  examine H2

+ states corresponding to N = 0 and
N = 1. The N = 0 states are called rotationless states. These states cor-
respond to the ground and excited pure ‘vibrational’ states of the
system. We  put ‘vibrational’ in quotes because, if the BO approxima-
tion is not assumed in the calculation, the electronic and vibrational
degrees of freedom mix and the wave function for a particular
‘vibrational’ state may  contain contributions from products of dif-
ferent electronic wave functions and different vibrational wave
functions. Same is true for the N = 1 states. Due to the coupling
of the vibrational and electronic motions the vibrational quantum
number is not, strictly speaking, a good quantum number. It should
be, perhaps more correctly, regarded as an ‘approximate vibra-
tional quantum number’ which numbers the consecutive states in
the manifold corresponding to the particular total orbital angular
momentum quantum number.

Two  types of ECG basis sets are employed in the present calcu-
lations. The first used to expand wave functions of the rotationless
(N = 0) states of H2

+ has the following form [3,4]:

�k(r) = rmk1 exp[−r′(LkL′k ⊗ I3)r], (2)

where r is a vector of the internal coordinates, r = {r′
1, . . .,  r′

n}′,
Lk is an n × n rank n lower triangular matrix of nonlinear varia-
tional parameters, and I3 is the 3 × 3 identity matrix. The Kronecker
product, ⊗, with the identity ensures rotational invariance of the
basis functions, thus they are angular momentum eigenfunctions
corresponding to N = 0. The Cholesky-factored form, LkL

′
k
, of the

nonlinear exponential parameters ensures the square integrabil-
ity of the Gaussian for any real values of the Lk matrix elements. As
these matrix elements are the parameters which are variationally
optimized in the calculation, the optimization can be performed
without any constrains between the parameters. The preexponen-
tial factor in (2), rmk1 , where r1 is the internuclear, is needed to
describe the very strong internuclear correlation, i.e., the effect
of the nuclei staying apart from each other at a considerable dis-
tance. The rmk1 factors also enable us to generate radial nodes in the
wave function as the system becomes excited to higher vibrational
states. The mk power of r1 is a non-negative even number which is
an additional variational parameter subject to optimization (in the
calculations performed so far for diatomic systems mk has ranged
from 0 to 250).

In systems with one electron and two  identical fermionic nuclei
(like H2

+) the total (internal) wave function is a product of the
nucleus–electron spatial function, the spin function for the elec-
tron, and the spin function for the nuclei. In the ground state of H2

+

the spatial function is symmetric with respect to the permutation
of the nuclear labels and the nuclear spin function is antisymmet-
ric. This is H2

+ in the (nuclear) low-spin state called para-H2
+. The

permutational symmetry of the electrons and the nuclei is imple-
mented in the basis functions (2) by projecting each basis function
using symmetry-projection operator P:

 k(r) = P�k(r) =
∑
P

�Pr
mk
1 exp[−r′(� ′

PLkL
′
k�P ⊗ I3)r], (3)

194



136 N. Kirnosov et al. / Chemical Physics Letters 621 (2015) 134–140

where the sum runs over all permutations of the labels of identical
particles and where �P are permutational matrices transforming
the internal coordinates. As P symmetrizes �k with respect to the
permutation of the proton labels, it is convenient to refer to the
laboratory coordinates to perform the symmetry operations and
then express the results in the internal coordinates. If we  wanted
to construct �P corresponding to permuting the proton labels, for
example, we would need to recall that r1 = R2 − R1 and permuting 1
and 2 gives R1 − R2 which is equal to −r1. Similarly the permutation
of r2 = R3 − R1 gives R3 − R2 = R3 − R1 − R2 + R1 = r2 − r1. Thus

∑
P in

(3) comprises two permutation matrices �P which in the internal
coordinates have the following form:(

1 0

0 1

)
,

(
−1 0

−1 1

)
. (4)

The coefficients �P are obtained from the matrix elements of the
irreducible representation of the considered state, and for para H2

+

they are both equal to one. Not that the rmk1 factor is always symmet-
ric with respect to permuting the protons. The states with the wave
functions constructed this way are N = 0 states, i.e. the rotational
ground states.

In the other form of H2
+, called ortho, the nuclear spin wave

function is symmetric with respect to permuting the labels of the
protons (high spin state) and the spatial function is antisymmet-
ric. The antisymmetric spatial function corresponds to the first
excited rotational state with N = 1. The ECG basis functions which
can describe such a state are obtained by multiplying the N = 0 ECGs
(2) by an angular factor in the form of the z coordinate of the r1 vec-
tor, z1 (note that z1 = Z2 − Z1 is antisymmetric with respect to the
proton permutation):

�k(r) = z1r
mk
1 exp[−r′(LkL′k ⊗ I3)r], (5)

and symmetrizing the exponential part of the function as it is done
in (3) with permutation matrices (4).

It should be noted that, in general, N = 1 basis functions can
also be obtained by replacing the z1 multiplier in (5) by z2. Such
functions represent promoting the electron to � excited states,
but deexciting the rotational motion of the nuclei to the ground
rotational state. However, these kinds of states are significantly
higher in energy than the rotational excitations of the nuclei and
they are likely to provide only a small contribution to the energy.
Also, as Gaussians (5) are not orthogonal to the Gaussians which z1
replaced by z2, i.e. Gaussians: z2rmk1 exp[−r′(LkL′k ⊗ I3)r], they effec-
tively include contributions from the latter functions. Therefore, if
the contribution of the z2rmk1 exp[−r′(LkL′k ⊗ I3)r], i = 2, . . .,  n, basis
function is small, as it is expected to be for the N = 1 state of H2

+,
this contribution should be approximately accounted for by only
including the z1rmk1 exp[−r′(LkL′k ⊗ I3)r] Gaussians in the basis set.

The spatial wave function for each state, � (r), is approximated
by a linear combination of K properly symmetrized basis functions,
 k(r). The linear variational parameter obtained by solving the sec-
ular equation. The optimization of the nonlinear parameters of the
Gaussians (i.e. the Lk matrix elements and the mk powers of r1) is
carried out by the minimization of the total non-BO internal energy
of the system. This minimization employs the analytical energy
gradient determined with respect to the Lk matrix elements. The
formula for the gradient was presented in [9].

3. Results

The calculations are performed for each state separately using
basis functions (2) for the N = 0 states and basis functions (5) for
the N = 1 states. The goal of the calculations is not to push the
accuracy of the results to limits of the available computational
resources, but rather to generate a basis set for each state with

a minimal number of functions that gives the energy accuracy of
about 3 × 10−9 hartree. Such an accuracy is sufficient to determine
the dissociation energy with the accuracy of about 0.001 cm−1.
Thus for different states the number of ECGs is, in general, dif-
ferent and increases with the vibrational excitation. The results
of the calculation allow for determining the dissociation energies
corresponding to the considered states and the para–ortho isom-
erization energy for each vibrational level of H2

+. One of the results
of the calculations are the non-BO wave functions for the consid-
ered rovibrational states. These functions can be provided upon
request to interested readers. They are also used in this work to
calculate expectation values of the interparticle distances (i.e., the
proton–proton and proton–electron distances) and to calculate the
proton–proton correlation functions.

The para–ortho isomerization was recently studied using the
approach employed in the present calculations for H2

+ [10]. The
results agreed with the experimental results with the accuracy of
the experimental data. The approach was also recently used to cal-
culate energies and lifetimes of rovibrational states of the HD+ ion
[9]. In those two  works a procedure was  developed to generate
ECG basis sets for calculating N = 0 and N = 1 states. The procedure
is employed in the present calculations.

In the first step of the calculations the N= 0 states are consid-
ered. We  start with the (N = 0, 	 = 0) state and we generate a small
(20-30 ECGs) basis set for it using a standard Gaussian orbital basis
set with some randomly chosen values for the mk parameters. This
basis set is optimized with the gradient-based method and then
enlarged in increments of 20 functions. The starting guess for a
new ECG is generated by randomly perturbing the Lk parameters
of some most contributing ECGs already included in the basis set
and choosing the one which gives the largest lowering of the total
energy. After checking if the new ECG is linearly independent with
the ECGs already included in the basis set, its mk power is optimized
followed with the optimization of its Lk parameters. After the opti-
mization is finished the ECG is again checked for linear dependency
and if none is found it is included in the basis set. After each 20 ECGs
are added this way  to the basis set, the whole set is reoptimized by
cycling over all basis functions one by one and reoptimizing their
Lk parameters. The cyclic optimization is repeated several times.
This process is terminated when the energy obtained with K basis
functions is only by about 1.0 × 109 hartree lower than the energy
obtained with (K-100) basis functions. In this way the 400-ECG and
500-ECG results for the (N = 0, /= =0) shown in Table 1 are gener-
ated. In generating a basis set for the next (N = 0, 	 = 1) state the
400-ECG basis set of the (N = 0, 	 = 0) state is used as the initial
guess and the Lk of ECGs are reoptimized using the cyclic opti-
mization. Next, the size of the basis set is increased by 100 using
the above-described approach. If this increase causes the energy
to only change by about 1.0 × 109 hartree the optimization stops.
If not additional 100 ECGs are added to the basis set. In this way
the energies for all (N =0, 	 = 0, . . .,  19) states shown in Table 1 are
generated. For the top 	 = 19 state the basis set has to be increased
to 1700 to reach the target accuracy.

The initial guesses for the basis sets for (N = 1, 	 = 0, . . .,  19) states
are generated from the basis sets of the N = 0 states by adding the z1
factor to each ECG. For example, such a set for the (N = 1, 	 = 0) state
is generated from the 400-ECG basis set of the (N = 0, 	 = 0) state.
Then, after reoptimization of the Lk parameters of the ECGs in the
initial set, 100 ECGs are added to the set with the procedure used for
the basis set enlargement for the N = 0 states. Again, if addition of
the new 100 ECGs lowers the energy of the the N = 1 state by only
about 1.0 × 109 hartree the growing of the basis set stops. In this
way the results for the (N = 1, 	 = 0, . . .,  19) states shown in Table 1
are generated.

The total N = 0 and N = 1 energies from Table 1 are used to
calculate the corresponding dissociation energies and the energy
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Table 1
The convergence of the total nonrelativistic non-BO energies of the N = 0 and N = 1, 	 = 0, . . .,  19 rovibrational states of H2

+ with the number of basis functions. All values are given in a.u. (hartrees).

	 No. ECGs Energy 	 No. ECGs Energy 	 No. ECGs Energy 	 No. ECGs Energy

N = 0 0 400 −0.59713906290 1 500 −0.58715567889 2 500 −0.57775190369 3 500 −0.56890849601
500  −0.59713906299 600 −0.58715567902 600 −0.57775190407 600 −0.56890849753

N  = 1 0 400 −0.59687372753 1 500 −0.58690430984 2 500 −0.57751402288 3 500 −0.56868369552
500  −0.59687372764 600 −0.58690430997 600 −0.57751402315 600 −0.56868369689

N  = 0 4 600 −0.56060921837 5 700 −0.55284074771 6 700 −0.54559264508 7 800 −0.53885738151
700  −0.56060921981 800 −0.55284074870 800 −0.54559264804 900 −0.53885738413

N  = 1 4 600 −0.56039715903 5 800 −0.55264116021 6 800 −0.54540533114 7 1000 −0.53868221291
700  −0.56039716022 900 −0.55264116074 900 −0.54540533238 1100 −0.53868221358

N  = 0 8 1000 −0.53263037643 9 1000 −0.52691011999 10 1000 −0.52169836327 11 1100 −0.51700035938
1100  −0.53263037755 1100 −0.52691012142 1100 −0.52169836528 1200 −0.51700036138

N  = 1 8 1100 −0.53246730009 9 1100 −0.52675917290 10 1100 −0.52155967388 11 1200 −0.51687416262
1200  −0.53246730075 1200 −0.52675917384 1200 −0.52155967520 1300 −0.51687416374

N  = 0 12 1200 −0.51282519809 13 1200 −0.50918624171 14 1200 −0.50610167207 15 1300 −0.50359507812
1300  −0.51282519968 1300 −0.50918624366 1300 −0.50610167448 1400 −0.50359508060

N  = 1 12 1300 −0.51271185535 13 1300 −0.50908627218 14 1300 −0.50601579200 15 1400 −0.50352426904
1400  −0.51271185634 1400 −0.50908627352 1400 −0.50601579419 1500 −0.50352427021

N  = 0 16 1400 −0.50169576822 17 1400 −0.50043703353 18 1400 −0.49983742764 19 1600 −0.49973122997
1500  −0.50169576967 1500 −0.50043703582 1500 −0.49983742855 1700 −0.49973123011

N  = 1 16 1500 −0.50164138415 17 1500 −0.50040097552 18 1500 −0.49982178676 19 1600 −0.49972884568
1600  −0.50164138521 1600 −0.50040097679 1600 −0.49982178765 1700 −0.49972884583

H  −0.49972783971
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Figure 1. Comparison of the nuclear correlation functions for the 	 = 0, 9, and18, N = 0 states (on the left) and the 	 = 0, 9, and19, N = 1 states (on the right) of H2
+. Correlation

functions for 	 = 0 are plotted for (− 
max < 
x < 
max , − 
max < 
y < 
max), and those for 	 = 10 and 19 are plotted in the range (0 < 
x < 
max , 0 < 
y < 
max) to better show the
oscillatory behavior.
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Table  2
Dissociation energies for the (	, 0) and (	, 1) states of H2

+ (EN=0
diss

= E(	, 0) − EH and
EN=1
diss

= E(	, 1) − EH) and the para–ortho isomerization energies (� = E(	, 1) − E(	,
0)). The isomerization energies are compared with the results of Wolniewicz and
Poll  [11] and Karr and Hilico [12]. All values are in cm−1.

	 EN=0
diss

EN=1
diss

� � [11] � [12]

0 21 379.292 21 321.058 58.234 58.234 58.232
1  19 188.193 19 133.024 55.169 55.169 55.167
2  17 124.303 17 072.094 52.209 52.208 52.207
3  15 183.399 15 134.061 49.338 49.338 49.336
4  13 361.918 13 315.377 46.542 46.541 46.539
5 11 656.936 11 613.132 43.804 43.804 43.802
6  10 066.162 10 025.051 41.111 41.110 41.109
7  8587.942 8549.497 38.445 38.445 38.444
8  7221.272 7185.481 35.791 35.791 35.789
9  5965.821 5932.692 33.129 33.129 33.127

10  4821.973 4791.534 30.439 30.438 30.437
11 3790.880 3763.183 27.697 27.696 27.696
12  2874.538 2849.662 24.876 24.874 24.874
13  2075.880 2053.939 21.941 21.940 21.940
14  1398.895 1380.046 18.849 18.847 18.847
15  848.761 833.220 15.541 15.540 15.540
16  431.911 419.975 11.936 11.935 11.935
17  155.651 147.737 7.914 7.913 7.913
18  24.052 20.619 3.433 3.433 3.433
19  0.744 0.221 0.523 0.523

Table 3
Expectation values of the proton–proton (〈rpp〉), and proton–electron (〈rpe〉) dis-
tances calculated for the (	, N = 0) and (	, N = 1) states of H2

+. All values are in
a.u.

	 〈rpp(	, N = 0)〉  〈rpp(	, N = 1)〉  〈rpe(	, N = 0)〉  〈rpe(	, N = 1)〉
0 2.0639 2.0666 1.6930 1.6944
1  2.1991 2.2019 1.7648 1.7662
2  2.3398 2.3427 1.8394 1.8409
3  2.4866 2.4897 1.9172 1.9189
4  2.6408 2.6440 1.9989 2.0006
5  2.8035 2.8070 2.0850 2.0869
6  2.9764 2.9801 2.1764 2.1784
7  3.1616 3.1656 2.2742 2.2763
8  3.3618 3.3662 2.3797 2.3820
9  3.5808 3.5857 2.4948 2.4974

10 3.8235 3.8291 2.6222 2.6251
11 4.0972 4.1036 2.7654 2.7687
12 4.4123 4.4199 2.9297 2.9336
13 4.7851 4.7944 3.1234 3.1282
14 5.2428 5.2547 3.3600 3.3662
15 5.8344 5.8510 3.6643 3.6728
16 6.6640 6.6899 4.0881 4.1013
17 8.0145 8.0660 4.7727 4.7987
18 11.1748 11.3827 6.3604 6.4645
19 25.2429 30.4520 13.3887 15.991

difference between N = 0 and N = 1 states for each 	 vibrational
state, which is the spin isomerization energy between the para and
ortho H2

+ for that 	. Both isomerization and dissociation energies
are shown in Table 2. In the table we also show the para–ortho
isomerization energies obtained from the results of Wolniewicz
and Poll [11]. Even though those results include the relativistic and
radiative corrections they only differ from our results by less than
0.002 cm−1. One can notice that the (N = 0, 	 = 19) and (N = 1, 	 = 19)
states, which according to our calculations are only bound by 0.744
and 0.221 cm−1, respectively, were not found in the calculations
of Wolniewicz and Poll. This result is confirmed by the compari-
son with the results of Karr and Hilico [12], which are in excellent
agreement with our calculations.

Finally in Table 3 we show expectation values of the
proton–proton (rpp) and proton–electron (rpe), distances calculated
using the non-BO N = 0 and N = 1 wave functions expanded in terms
of the largest basis set generated for these states in the calcula-
tions. Comparing the (N = 0, 	 = 0) results to those reported by Frolov
[13] and rovibrationally averaged distances obtained by Alexander

and Coldwell [14,15] we conclude that our distances are accu-
rate to the number of significant figures used. The values show
expected increasing trends with the increasing excitation level. The
results can be useful in benchmarking calculations performed with
conventional BO-approximation-based method. It is interesting to
examine the expectation values obtained for the highest bound
(N = 0, 	 = 19) and (N = 1, 	 = 19) states. The average rpp distance
already large for the former state (of 25.2429 a.u.) increases further
upon rotational excitation (to 30.4520 a.u.). Increases of rpp upon
rotation excitations also happen for lower states, but they are not
as significant as for the top states.

Another property which can be calculated using a non-BO wave
function is the interparticle correlation function [6,16]. For exam-
ple, the inter-nuclear correlation function is calculated as:

g(�) = 〈� (r)|ı
(

r1 − �
)

|� (r)〉, (6)

where ı(r1 − �) is a 3D Dirac delta function and � is the vector of the
coordinates of the point at which the nuclear correlation function
is calculated. The plotting of the correlation function is done by first
calculating this function on a grid of points and then plotting the
results. g(�) is plotted for some selected N = 0 and N = 1 rovibrational
states and the results are shown in Figure 1. The plots show the
angular behavior of the densities being spherically symmetric for
the N = 0 states and radially symmetric for the N = 1 states. Also, the
plots demonstrate how the vibrational nodal (oscillatory) structure
of the inter-nuclear correlation function changes with increasing
vibrational excitation level. The rmk1 factor in the N = 0 and N = 1
basis functions allows to represent these oscillations of the wave
functions.

4. Summary

A direct variational non-BO calculation is performed for all
bound N = 0 and N = 1 states of the H2

+ ion using large sets of
explicitly correlated Gaussian functions. Each state is calculated
separately and for each state the ECG basis set is extensively opti-
mized in terms of the Gaussian non-linear parameters using a
energy-minimization method which employs the analytical energy
gradient determined with respect to these parameters. The aim
of this work is to generate the most compact ECG basis sets for
the considered states, but still obtain energies accurate to about
3 × 10−9 hartrees. The non-BO wave functions are used to calcu-
late expectation values of the proton–proton and proton–electron
interparticle distances and the internuclear correlation functions.

Future work will involve including ECGs with z1 replaced by zi
in the N = 1 basis set in the non-BO calculations of the H2

+ rovibra-
tional states. This will allow to account for the angular-momentum
coupling between the nuclear and electronic rotational excitations.
Also, work is in progress in the development of algorithms for cal-
culating N = 2 and N = 3 states of diatomic molecules.
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We report the development of a direct variational method for calculating the first rotational excited state
of diatomic molecules with σ electrons where the Born-Oppenheimer approximation is not assumed. The
method employs all-particle explicitly correlated Gaussian basis functions. The exponential parameters of the
Gaussians are optimized with the aid of an analytically calculated energy gradient determined with respect to
these parameters. The method is tested in calculations of the ortho-para spin isomerization of the hydrogen
molecule in its all-bound vibrational states.
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I. INTRODUCTION

More than a decade ago a method for calculating pure
(rotationless) vibrational states of diatomic molecules with
σ electrons was introduced [1,2]. The method did not as-
sume the Born-Oppenheimer (BO) approximation and utilized
explicitly correlated all-particle Gaussian basis functions for
expanding the total wave function of the system. Since then
several applications of the method have been shown [3–5]
ranging from systems with two electrons such as HeH+ and all
isotopologues of H2 to a six-electron system, the BH molecule.

In this paper we report the development of a method
for extending the very accurate non-BO calculations with
explicitly correlated Gaussians (ECGs) to states where the
diatomic molecule is excited to the first rotational state and also
vibrationally excited to an arbitrary level. The development
includes the derivation and implementation of the Hamiltonian
matrix elements and the matrix elements of the energy gradient
determined with respect to the exponential parameters of
the Gaussians. The availability of the analytically calculated
gradient is key in carrying out the variational optimization
of the Gaussian parameters by the minimization of the total
energy.

The method is not limited to any particular number of
electrons in the molecule. Only practical limits related to
the computational resources restrict the size of the molecules
which can be calculated. Also the method is direct and does not
involve separation of the Schrödinger equation of the molecule
into the electronic equation solved for different configurations
of the stationary nuclei and the equation describing the motion
of the nuclei, from which the rovibrational levels are obtained.
Furthermore, not assuming the BO approximation means that
the adiabatic and nonadiabatic coupling of the electronic
motion and nuclear motions (vibrational and rotational) in
the present approach is included to infinite order and a
single Schrödinger equation is solved for each rovibrational
state of the system. Furthermore, as the method is strictly
variational, upper bounds to the exact nonrelativistic energies
are obtained and, if a sufficiently complete basis set is used in
the calculation, the results are exact within the nonrelativistic

*Corresponding author: ludwik@u.arizona.edu

limit. Thus, there is no need for using a combination of
the variational and perturbational techniques to describe the
adiabatic and nonadiabatic energy corrections, as is done in
methods based in the first order on the BO approximation.

In this work we test the method in calculations of the
N = 1 states of the H2 molecule, as this model system has
been studied with very high accuracy by other methods. The
quantities we determine are the ortho-para spin isomerization
energies for all H2 bound vibrational states. The increase of the
average internuclear distance with the vibrational excitation
and weakening of the intermolecular bonding affects the
rotational motion of the molecule. These effects are directly
and precisely described in the present approach without any
approximations concerning the separability of the motions of
the electrons and the nuclei.

II. NON-BORN-OPPENHEIMER APPROACH

In the fully nonadiabatic approach considered in this
work all particles forming the molecule are treated equally
with rigorous accounting for their given masses Mi and the
electrostatic interactions between their charges Qi . With-
out invoking any approximations, the total laboratory-frame
Hamiltonian of the system can be separated into an operator
representing the motion of the center of mass and an operator
representing the internal energy. We perform this separation
by making a transformation from the laboratory Cartesian
coordinates, Ri , i = 1, . . . ,N , where N is the number of
particles (nuclei + electrons) in the system, to an internal
reference frame with origin at a selected reference particle
(particle 1): ri = Ri+1 − R1. This transformation to the
internal coordinates together with the conjugate momentum
transformation yields the following nonadiabatic Hamiltonian
representing the internal energy of the system:

Ĥ = −1

2

⎛
⎝

n∑
i=1

1

μi

∇2
ri

+
n∑

j �=i

1

m0
∇′

ri
∇rj

⎞
⎠

+
n∑

i=1

q0qi

ri

+
n∑

j>i=1

qiqj

rij

, (1)
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where M1 is the mass of particle 1 (the reference particle), and
∇ri

is the gradient with respect to the x, y, and z coordinates of
ri . The charges and masses are mapped from the original par-
ticles as {Q1, . . . ,QN } → {q0, . . . ,qn}, and {M1, . . . ,MN } →
{m0, . . . ,mn}, where n = N − 1. In the calculations on para-
ortho hydrogen presented in this work M1 and M2 are
the proton masses (Mp = 1836.152 672 61me, where me is
the electron mass), and M3 and M4 are electron masses. The
reduced masses are μi defined by μi = m0mi/(m0 + mi).
The potential energy is the same as in the laboratory-
frame Hamiltonian, but is now written using the internal
distance coordinates rij = ||rj − ri || = ||Rj+1 − Ri+1|| and
rj = ||rj || = ||Rj+1 − R1||. For vector-matrix transposition
the prime is used. More general information on the nonadi-
abatic Hamiltonian and the center-of-mass transformation can
be found in Refs. [1,2].

III. EXPLICITLY CORRELATED GAUSSIAN BASIS
FUNCTIONS

The basis set of explicitly correlated Gaussian functions
used in the calculations of the rotationless states of diatomic
molecules [1,2] has the following form:

φk(r) = r
mk

1 exp[−r′ (LkL
′
k ⊗ I3

)
r], (2)

where r is a vector of the internal coordinates, r =
{r′

1, . . . ,r
′
n}′, Lk is an n × n rank-n lower triangular matrix of

nonlinear variational parameters, and I3 is the 3 × 3 identity
matrix. The Kronecker product ⊗ with the identity ensures
rotational invariance of the basis functions; thus they are
angular momentum eigenfunctions with N = 0. By writing
the exponential parameters of the Gaussians in the Cholesky
factored form, LkL

′
k ensures the square integrability of the

Gaussians. The preexponential factor in (2), r
mk

1 , where r1

is the distance between the two nuclei, is necessary to describe
the very strong internuclear correlation (i.e., the effect of
the nuclei staying apart from each other at a considerable
distance in the molecule) and the radial nodes of the wave
functions of vibrationally excited vibrational states. The mk

power of r1 is a non-negative even number which is an
additional variational parameter subject to optimization (in
the application calculations performed so far mk has ranged
from 0 to 250).

The permutational symmetry is implemented in the basis
functions (2) by projecting each basis function using a
symmetry-projection operator P:

ψk = Pφk =
∑
P

χP r
mk

1 exp[−r′(τ ′
P LkL

′
kτP ⊗ I3)r], (3)

where the sum runs over all permutations of the labels of
identical particles and where τP are permutational matrices
transforming the internal coordinates. For the lowest-energy
state of the hydrogen molecules (para-hydrogen), the total
spatial wave function is symmetric with respect to permuting
the proton labels and with respect to permuting the electron
labels. Thus, there are four permutations P in the sum on
the right-hand side of (3) and the τP matrices in the internal

coordinates have the following form:
⎛
⎝

1 0 0
0 1 0
0 0 1

⎞
⎠ ,

⎛
⎝

−1 0 0
−1 1 0
−1 0 1

⎞
⎠ ,

(4)⎛
⎝

1 0 0
0 0 1
0 1 0

⎞
⎠ ,

⎛
⎝

−1 0 0
−1 0 1
−1 1 0

⎞
⎠ .

The coefficients χP are obtained from the matrix elements
of the irreducible representation of the considered state, and
for the ground state of H2 they are all 1’s.

To describe the N = 1 rotationally excited molecule con-
sidered in this work, the Gaussian basis functions (2) are
multiplied by an angular factor in the form of the z1 coordinate:

φk(r) = z1r
mk

1 exp[−r′(LkL
′
k ⊗ I3)r]. (5)

In general, N = 1 basis functions can also be obtained by
replacing the z1 multiplier by zi , i = 2, . . . ,n, multipliers,
but, as such functions represent promotion of the electrons
to π excited states, but deexciting the rotational motion of
the nuclei to the ground rotational state. However, such states
are much higher in energy than the rotational excitations of
the nuclei and they do not need to be explicitly included in
the basis set used in the present calculations. Also, one should
realize that the Gaussians used in the present calculations, even
though they do not explicitly include zi , i = 2, . . . ,n, preex-
ponential multipliers, they effectively include contributions
of the zi exp[−r′(LkL

′
k ⊗ I3)r], i = 2, . . . ,n, functions, be-

cause the functions z1 exp[−r′(LkL
′
k ⊗ I3)r] and the functions

zi exp[−r′(LkL
′
k ⊗ I3)r], i = 2, . . . ,n, have nonzero overlap

if the LkL
′
k matrix product has nonzero off-diagonal elements.

Therefore, if the contributions of the zi exp[−r′(LkL
′
k ⊗ I3)r],

i = 2, . . . ,n, basis functions are small, as they are expected
to be for the vibrational states of the H2 molecule excited
to the first excited rotational state, these contributions should
be well described by including only z1 exp[−r′(LkL

′
k ⊗ I3)r]

Gaussians in the basis set. If the contributions are larger
(this happens, for example, in muonic molecules), one needs
to explicitly include zi exp[−r′(LkL

′
k ⊗ I3)r], i = 2, . . . ,n,

Gaussians in the calculation.
In the N = 1 states the spatial wave functions need to be

antisymmetric with respect to permuting the proton labels,
as these states describe ortho-hydrogen with parallel nuclear
spins. As the z1 = Z2 − Z1 factor is antisymmetric with
respect to this permutation, the remaining part of the basis
function (5) has to be symmetric to make the whole basis
function antisymmetric. Thus, in the calculation of the N = 1
states the same projection operator P is applied to the
r

mk

1 exp[−r′(LkL
′
k ⊗ I3)r] part of (5) as used for the N = 0

basis functions (2).
Since the total internal molecular wave function � is

dependent on the spatial coordinates r and the spin coordinates
m of the particles: � = �(r,m), and because the internal
Hamiltonian (1) is spin independent, the calculation of the
Hamiltonian and overlap matrix elements can be carried out
by first integrating over spin variables, which leaves behind
only spatially dependent integrals. The spatial wave function
for each state, �(r), is approximated by a linear combination
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of K properly symmetrized basis functions ψk(r):

�(r) =
K∑

k=1

ckψk(r), (6)

where ck is the linear variational parameter.

IV. VARIATIONAL METHOD AND ENERGY
MINIMIZATION

To obtain the energy eigenvalues of Hamiltonian (1) the
Rayleigh-Ritz variational scheme based on the minimization
of the Rayleigh quotient,

ε(a,c) = min
(a,c)

c′H(a)c
c′S(a)c

(7)

is used, where H(a) and S(a) are the Hamiltonian and overlap
K × K matrices, respectively. H(a) and S(a) are functions of
the nonlinear parameters contained in the basis-set exponent
matrices Lk . We write a for the set of these parameters and c
for the vector of the linear expansion coefficients of the wave
function in terms of basis functions. The expressions for the
overlap and Hamiltonian matrix elements with basis functions
(5) will be presented elsewhere [6].

A very important aspect of the variational calculations with
ECGs is that achieving high accuracy is possible only when
the nonlinear exponential parameters of the Gaussians are
extensively optimized based on the the minimization of the
energy. This process usually takes large amounts of computer
time. To accelerate the basis-set optimization it is beneficial
to derive and implement the analytic gradient of the energy,
(7), with respect to the nonlinear parameters of the Gaussians.
This was done in this work for the energy calculated using
basis functions (5).

To determine the gradient. we start with the differential of
the secular equation (H − εS)c = 0:
d(H − εS)c = (d H)c − (d ε)Sc − ε(d S)c + (H − εS) d c.

(8)

Multiplying this equation by c′ from the left we obtain

d ε = c′(d H − ε d S)c. (9)

To get (9) we utilize the secular equation and assume that the
wave function is normalized, i.e., c′Sc = 1. The expression for
d ε involves d H and d S which depend on the first derivatives
of the Hamiltonian and overlap integrals with respect to
the Gaussian nonlinear parameters. The formulas for these
derivatives will be provided elsewhere [6]. The relation in (9)
constitutes the well-known Hellmann-Feynman theorem.

V. NUMERICAL ILLUSTRATION

In our previous paper [4], very accurate non-BO calcula-
tions for the v = 0, . . . ,14, N = 0 states (rotationless states)
of the H2 molecule were described. The calculations were
performed for each state separately using the basis set (2)
containing 10 000 explicitly correlated Gaussian functions.
The gradient-based method was used in the optimization of the
exponential parameters of the Gaussians. Prior to the present
calculation on ortho-H2 (N = 1 states), we performed some
test non-BO calculations of N = 0 and N = 1, v = 0, . . . ,22
rovibrational states of the HD+ ion [6]. The point we tested was
how to generate good basis sets for the N = 1 states given very
well-converged and complete ECG basis sets for the N = 0
states. The tests showed that one can obtain very accurate re-
sults if for a particular N = 1 state one takes the basis set of the
corresponding N = 0 state with the same v, multiplies it by z1,
and reoptimizes only the exponential parameters of the Gaus-
sians (i.e., the elements of the Lk matrices) without changing
the mk powers in the preexponential r

mk

1 factor. This is the
approach employed in the present calculations. The reopti-
mization has been carried out using the gradient-based method.

The results of the calculations are presented in Table I.
The total N = 0 and N = 1 energies for all-bound vibra-
tional states (v = 0, . . . ,14; note that, strictly speaking, the
vibrational quantum number is not a “good” quantum number

TABLE I. Total energies (in hartrees) of the (v,0) and (v,1) states of H2 obtained in the present calculations and the (v,1) − (v,0) energy
difference [
 = E(v,1) − E(v,0); in cm−1], which is the ortho-para spin isomerization energy. 
 is compared with the results of the experiment
of Dabrowski [7] and, for the v = 0 state also with the results of the experiment of Salumbides et al. [8] (Expt. − 
). We also compare the
experiments with the 
 calculated by Komasa et al. [9] (Expt.− [9]). Estimated accuracy of the calculated total energies is shown in parentheses.

v E(v,0) [5] E(v,1) 
 Expt. − 
 Expt.− [9]

0 −1.164 025 030 84(100) −1.163 485 139 52(100) 118.4924 0.01 0.01
−0.0056 0.0016

1 −1.145 065 372 10(100) −1.144 552 418 73(100) 112.5803 0.03 0.04
2 −1.127 177 935 74(100) −1.126 691 329 65(200) 106.7977 0.08 0.09
3 −1.110 340 478 97(100) −1.109 879 819 21(200) 101.1031 0.05 0.05
4 −1.094 539 172 82(100) −1.094 104 267 67(200) 95.4506 0.05 0.06
5 −1.079 769 446 51(100) −1.079 360 346 27(200) 89.7871 0.00 0.01
6 −1.066 037 235 56(100) −1.065 654 272 60(200) 84.0507 −0.01 0.00
7 −1.053 360 761 46(100) −1.053 004 616 18(200) 78.1649 0.06 0.07
8 −1.041 773 036 77(100) −1.041 444 827 94(200) 72.0335 −0.01 −0.01
9 −1.031 325 382 01(200) −1.031 026 800 71(200) 65.5310 0.02 0.03
10 −1.022 092 394 52(200) −1.021 825 908 77(200) 58.4869 −0.03 −0.02
11 −1.014 179 060 63(200) −1.013 948 238 40(200) 50.6596 0.01 0.02
12 −1.007 731 114 94(200) −1.007 541 192 25(200) 41.6832 0.05 0.05
13 −1.002 950 400 07(200) −1.002 809 397 10(200) 30.9466 0.00 0.01
14 −1.000 115 946 89(200) −1.000 037 714 46(200) 17.1700 −0.03 −0.03
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when the BO approximation is not assumed and the vibrational
degrees of freedom are allowed to couple with the degrees
of freedom of the electrons) are shown in the table. These
energies are used to calculate the energy difference between
N = 0 and N = 1 states for each v, which is the spin
isomerization energy between the ortho- and para-hydrogen
for that v. The transition energies are compared with the
experimental values of Dabrowski [7] by showing in the table
the differences between the two sets of results. As one can see,
these differences oscillate around the (claimed) accuracy of the
experimental data. In the table we also show the differences
between the experimental transition energies and the energies
obtained by Komasa et al. [9] using the conventional approach,
where, at the zeroth order, the BO approximation is assumed
and a potential energy curve (PEC) is generated. Subsequently
this PEC is corrected for adiabatic and nonadiabatic effects and
used to calculate the rovibrational energy levels by solving the
Schrödinger equation for the nuclear motion. Interestingly,
the two sets of differences are very similar; when the deviation
between the experimental result and our calculated result is
larger, it is also larger between the experimental and the
Komasa et al. result (and nearly the same). This agreement
brings additional credence to our approach.

VI. CONCLUSION

A direct variational method for calculating rovibrational
states of diatomic molecules corresponding to the total
rotational quantum number equal to 1 (N = 1) has been
developed and implemented. The method employs explicitly
correlated all-particle Gaussian functions for expanding the
wave function of the system. The nonlinear parameters of the
Gaussians are variationally optimized with an approach em-
ploying an analytical energy gradient determined with respect
to these parameters. The method is tested in calculations of
the ortho-para spin isomerization energies of the hydrogen
molecule in its all-bound vibrational states. The results agree
with the experimental data and with a previous calculation
obtained with the conventional approach based in the zeroth
order on the BO approximation.
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Direct non-Born-Oppenheimer variational calculations of all bound
vibrational states corresponding to the first rotational excitation of D2
performed with explicitly correlated all-particle Gaussian functions
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Direct variational calculations where the Born-Oppenheimer approximation is not assumed are done
for all rovibrational states of the D2 molecule corresponding to first excited rotational level (the N = 1
states). All-particle explicitly correlated Gaussian basis functions are used in the calculations. The
exponential parameters of the Gaussians are optimized with the aid of analytically calculated energy
gradient determined with respect to these parameters. The results allow to determine the ortho-para
spin isomerization energies as a function of the vibrational quantum number. C 2015 AIP Publishing
LLC. [http://dx.doi.org/10.1063/1.4919417]

I. INTRODUCTION

The interest in high-accuracy calculations of the rovibra-
tional spectra of small molecular systems has been present
in the quantum chemistry research from its very early stages.
In recent years, examples of such calculations include calcu-
lations performed with artificial-channels method of Balint-
Kurti et al.1 and Moss,2 the Lagrange-mesh method of Pi-
lon and Baye,3 and various other methods specifically de-
signed to study three-particle systems4–6 where the Born-
Oppenheimer (BO) approximation was not assumed, as well
as methods based on the BO potential energy curve (PEC)
(surface) augmented with adiabatic, non-adiabatic, relativistic,
and radiative corrections.7,8

Direct variational calculations of bound states of molec-
ular systems with an arbitrary number of nuclei and an arbitrary
number of electrons without assuming the BO approximations
have also been a focus of our works for over two decades.9,10

More than decade ago, we introduced a non-BO method for
calculating pure (rotationless) vibrational states of diatomic
molecules in Σ states.11 Recently, we implemented a non-BO
method for calculating bound rovibrational states of diatomics
where the rotational motion is excited to the first excited level
and the vibrational excitation span all possible vibrational
quantum numbers (N = 1, v = 1,2, . . .).12 The method has
been applied to study charge asymmetry in the (N = 1, v = 1,
2, . . .) states of the HD+ ion and in the HD molecule.13,14

The approach we use in the non-BO molecular calcula-
tions employs explicitly correlated all-particle Gaussian basis
functions (ECGs) for expanding the wave function of the sys-
tem. In the variational optimization of the non-linear exponen-
tial parameters of these functions, we have used the analytical
energy gradient determined with respect to these parameters
by direct differentiation of the energy expression. The use of
the gradient is key in obtaining very accurate results in the

a)Author to whom correspondence should be addressed. Electronic mail:
ludwik@u.arizona.edu

calculations. Also, the use of the gradient allows for extending
the basis set of ECGs in the calculations to the size exceeding
10 000 functions. In this work, we apply the N = 1 method
to study the ortho-para isomerization of the D2 molecule.
The isomerization energy is determined as a function of the
vibrational quantum number.

It is important to stress that the approach we use is not
limited to any particular number of electrons in the mole-
cule. Only practical limits related to the computational re-
sources restrict the size of the molecules which can be calcu-
lated. Also, the method is direct and does not involve sepa-
ration of the Schrödinger equation of the molecule into the
electronic equation solved for different configurations of the
stationary nuclei and the equation describing the motion of
the nuclei, from which the rovibrational levels are obtained,
as it is done in the conventional approach. Furthermore, not
assuming the BO approximation means that the adiabatic and
nonadiabatic coupling of the electronic motion and the nuclear
motion (vibrational and rotational) is directly included in the
calculations and does not need to be accounted for using the
perturbation theory as it is done in the conventional approach.

The quantities we determine in this work are the ortho-
para spin isomerization energies for all D2 bound vibrational
states. The increase of the average internuclear distance with
the vibrational excitation and weakening of the inter-molecular
bonding affects the rotational motion of the molecule. The
present approach describes these effects directly and precisely
without any approximations concerning the separability of the
motions of the electrons and the nuclei.

II. METHOD

Not assuming the BO approximation means treating all
particles forming the system on equal footing with rigorous
accounting for their given masses, Mi, and the electrostatic
interactions between their charges, Qi. Without invoking any
approximations, the total laboratory-frame Hamiltonian of the

0021-9606/2015/142(17)/174307/7/$30.00 142, 174307-1 © 2015 AIP Publishing LLC
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system can be separated into an operator representing the
motion of the center of mass and an operator representing the
internal energy of the system. This separation can be performed
by making a transformation from the laboratory Cartesian
coordinates, Ri, i = 1, . . . ,n + 1, where n + 1 is the number
of particles (nuclei + electrons) in the system, to the internal
reference frame with the origin at a selected reference parti-
cle (particle one): ri = Ri+1 − R1. The transformation to the
internal coordinates together with the conjugate momentum
transformation yields the following nonadiabatic Hamiltonian
representing the internal energy of the system:

Ĥ = −1
2
*.
,

n
i=1

1
µi
∇2

ri +

n
i=1, j=1, i, j

1
m0
∇′ri∇r j

+/
-

+

n
i=1

q0qi
ri
+

n
j>i=1

qiqj

ri j
, (1)

where M1 is the mass of particle one (the reference particle) and
∇ri is the gradient with respect to the x, y , and z coordinates of
ri. The charges and masses are mapped from the original parti-
cles as {Q1, . . . ,Qn+1} → {q0, . . . ,qn} and {M1, . . . ,Mn+1} →
{m0, . . . ,mn}. In the calculations on the para-ortho dideu-
terium (D2) presented in this work M1 and M2 are the deuteron
masses (Md = 3670.482 965 4me, where me is the electron
mass15) and M3 and M4 are electron masses. The reduced
masses, µi, are defined by µi = m0mi/ (m0 + mi). The potential
energy is the same as in the laboratory-frame Hamiltonian
but is now written using the internal distance coordinates, ri j
= ∥r j − ri∥ = ∥R j+1 − Ri+1∥ and r j = ∥r j∥ = ∥R j+1 − R1∥.
For vector/matrix transposition, the symbol prime (′) is used.
More information on the nonadiabatic Hamiltonian and the
center of mass transformation can be found in Ref. 11.

The basis set of explicitly correlated Gaussian functions
used in the calculations of the rotationless (N = 0) states of
diatomic molecules11 have the following form:

φk (r) = rmk
1 exp

�−r′
�
LkL′k ⊗ I3

�
r
�
, (2)

where r is a vector of the internal coordinates, r
= {r′1, . . . ,r

′
n}′, Lk is an n × n rank n lower triangular matrix

of nonlinear variational parameters, and I3 is the 3 × 3 identity
matrix. The Kronecker product, ⊗, with the identity ensures
rotational invariance of the basis functions, thus they are
eigenfunctions of the square of the total angular momentum
operator with N = 0. By writing the exponential parameters of
the Gaussians in the Cholesky factored form, LkL′

k
ensures the

square integrability of the Gaussians. The pre-exponential fac-
tor in (2), rmk

1 , where r1 is the internuclear distance, is needed to
describe the very strong internuclear correlation, i.e., the effect
of the nuclei staying apart from each other at a considerable
distance in the molecule, and the radial nodes which appear
in the wave function when the system is vibrationally excited.
The mk power of r1 is a non-negative even number which is an
additional variational parameter subject to optimization (in the
application calculations performed so far, mk has ranged from
0 to 250).

In systems with two electrons and two identical bosonic-
nuclei (like D2; S(D) = 1), the total (internal) wave function is
a product of the spatial function, the spin function for the elec-

trons, and the spin function for the nuclei. In the ground state
of D2, the spin and spatial functions are symmetric with respect
to the permutation of the nuclear labels. A symmetric spatial
wave function can be constructed using basis function (2). The
spatial functions has to be also symmetric with respect to the
permutation of the electron labels, as the ground electronic
state of D2 is 1Σ+g . This is dideuterium in the (nuclear) high-
spin state called ortho-D2. The permutational symmetry of the
electrons and the nuclei is implemented in basis functions (2)
by projecting each basis function using a symmetry-projection
operator P,

ψk = Pφk =

P

χPrmk
1 exp

�−r′
�
τ′PLkL′kτP ⊗ I3

�
r
�
, (3)

where the sum runs over all permutations of the labels of
identical particles and where τP are permutational matrices
transforming the internal coordinates. There are four permu-
tations in the sum over P on the right hand side of (3) and the
corresponding τP matrices in the internal coordinates have the
following form:

*...
,

1 0 0
0 1 0
0 0 1

+///
-

,
*...
,

−1 0 0
−1 1 0
−1 0 1

+///
-

,
*...
,

1 0 0
0 0 1
0 1 0

+///
-

,
*...
,

−1 0 0
−1 0 1
−1 1 0

+///
-

.

(4)

The coefficients χP are obtained from the matrix elements of
the irreducible representation of the considered state, and for
the ground state of D2, they are all ones. Not that the rmk

1 factor
is always symmetric with respect to permuting the deuterons.
The states with the wave functions constructed this way are
N = 0 states, i.e., the rotational ground states.

In the other form of dideuterium called para deuterium,
the nuclear spin wave function (low spin state) and the spatial
wave function are both antisymmetric with respect to permut-
ing the labels of the nuclei. The spatial wave function is still
symmetric with respect to the permutation of the electrons
and the electronic spin function is antisymmetric with respect
to this permutation. The spatial wave function antisymmetric
with respect to the permutation of the nuclear labels of para
dideuterium corresponds to the first excited rotational state
with N = 1. The ECG basis functions which can describe such
a state are obtained by multiplying N = 0 ECGs (2) by an
angular factor in the form of the z coordinate of the r1 vector,
z1,

φk(r) = z1r
mk
1 exp

�−r′(LkL′k ⊗ I3)r� . (5)

These functions are eigenfunctions of the square of the to-
tal angular momentum operator with N = 1 and eigenfunc-
tions of the operator representing the z-axis projection of
the total angular momentum. In general, N = 1 basis func-
tions can also be obtained by replacing the z1 multiplier
by any of the zi, i = 2, . . . ,n multipliers. Such functions
represent promoting the electrons to π excited states, but de-
exciting the rotational motion of the nuclei to the ground
rotational state. However, these kinds of states are significantly
higher in energy than the rotational excitations of the nuclei
(particularly for heavier nuclei as deuterons) and they are
likely to provide only a small contribution to the energy. It is
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however difficult to predict how small. Also, as Gaussians (5)
are not orthogonal to the Gaussians which explicitly include
the zi, i = 2, . . . ,n pre-exponential multipliers, i.e., Gauss-
ians: zir

mk
1 exp

�−r′(LkL′
k
⊗ I3)r� , i = 2, . . . ,n, they effec-

tively include a contribution from these latter functions. There-
fore, if the contributions of the zir

mk
1 exp

�−r′(LkL′
k
⊗ I3)r�,

i = 2, . . . ,n, basis functions are small, as they expect to be for
the vibrational states of the D2 molecule excited to the first
excited rotational level, these contributions should be to some
degree accounted for by only including the z1r

mk
1 exp

� − r′(Lk

L′
k
⊗ I3)r�Gaussians in the basis set. Work is currently is prog-

ress in our lab on the implementation of the zir
mk
1 exp

�−r′(Lk

L′
k
⊗ I3)r�, i = 2, . . . ,n, Gaussians. This implementation will

allow us to determine the magnitude of these contributions
for different vibrational excitations and for different H2 iso-
topologues. It will also allow us to test the importance of the
coupling between nuclear and electronic angular excitations in
the N = 1 states.

The z1 = Z2 − Z1 factor in (5) is antisymmetric with
respect to the permutation of the nuclei. Thus, if the remaining
part of the basis function is made symmetric with respect to this
permutation, the whole basis function will be antisymmetric.
The symmetric character of the exponential part of (5) is
invoked by operating on this part with the same projection
operator, P, as applied to the rmk

1 exp
�−r′(LkL′

k
⊗ I3)r� part

of (5) as used for N = 0 basis functions (2). Thus, in the
calculations of states of the ortho dideuterium in the present
work, ECGs (2) are used and in the calculations of states of
para dideuterium, ECGs (5) are used.

The situation would be somewhat different if the z1 angu-
lar factor is replaced with the general zi factors in ECGs
(5). Making such functions antisymmetric with respect to
the permutation of the nuclear labels (1 and 2) leads to the
following transformation of the angular factor: zi = Zi+1 − Z1
→ (Zi+1 − Z2) = (Z(i+1) − Z1) − (Z2 − Z1) = zi − z1. Thus, af-
ter the 1-2 permutation, two ECGs are generated, the first one
with the zi factor and the second one with the z1 factor. As
both ECGs belong to generalized (5) basis set with the general
zi factors, the nuclear permutational symmetry can be easily
implemented.

Since the total internal molecular wave function, Ψ, is
dependent on the spatial coordinates, r, and the spin coordi-
nates of the particles, and because internal Hamiltonian (1)
is spin independent, the calculation of the Hamiltonian and
overlap matrix elements can be carried out by first integrat-
ing over spin variables, which leaves behind only spatially
dependent integrals. The spatial wave function for each state,
Ψ(r), is approximated by a linear combination of K properly
symmetrized basis functions, ψk(r),

Ψ (r) =
K
k=1

ckψk(r), (6)

where ck is the linear variational parameter.
To solve the Schrödinger equation with the internal Hamil-

tonian (1), the Rayleigh-Ritz variational scheme is used. It
involves the minimization of the Rayleigh quotient,

ε(a,c) = min
(a,c)

c′H(a)c
c′S(a)c , (7)

where H(a) and S(a) are the Hamiltonian and overlap K
× K matrices, respectively. H(a) and S(a) are functions of
the nonlinear parameters contained in the basis functions, i.e.,
the Lk matrix elements and mk powers of r1. We write a for
the set of these parameters and c for the vector of the linear
expansion coefficients of the wave function in terms of basis
functions. The expressions for the overlap and Hamiltonian
matrix elements with basis functions (5) were presented in
the recent paper.16 Also, as mentioned, the variational energy
minimization performed in this work involves the use of the
energy gradient determined with respect to the Lk matrix
elements. The gradient is determined by starting with the
differential form of the secular equation, (H − εS)c = 0,

d(H − εS)c = (dH)c − (dε)Sc − ε(dS)c + (H − εS)dc. (8)

Multiplying this equation by c′ from the left, we obtain

dε = c′(dH − εdS)c. (9)

To get (9), it is assumed that the secular equation is satisfied
for c and the wave function is normalized, i.e., c′Sc = 1. dH
and dS in the expression for dε are the first derivatives of
the Hamiltonian and overlap matrix elements with respect to
the Gaussian nonlinear parameters. The formulas for these
derivatives were presented in Refs. 12 and 16.

In the previous paper,17 we reported very accurate direct
non-BO calculations for the v = 0, . . . ,21, N = 0 states (i.e.,
pure vibrational states) of the D2 molecule (ortho D2). The
calculations were performed for each state separately using
basis set (2) of 10 000 ECGs. The exponential parameters of
the Gaussians were optimized with the gradient-based method.

The para-ortho isomerization was recently studied using
the approach employed in the present calculations for H2.18 The
results agreed with the experimental results with the accuracy
of the experimental data. The approach for non-BO calcula-
tions of N = 0 and N = 1 states was also recently used to
calculate energies and lifetimes of rovibrational states of the
HD+ ion.16 The point tested in those calculations was how to
generate good basis sets for the N = 1 states given very well
converged and complete ECG basis sets for the N = 0 states.
The procedure that has emerged from the testing as effective
and leading to very accurate results involves taking the ECG
basis sets generated for the N = 0 states and after addition
of the z1 factor using them as the initial starting basis sets in
the calculations of the N = 1 states. To increase the accuracy
of the calculations, the Lk matrix elements for all ECGs in
each basis set are first reoptimized (without changing the mk

powers in the pre-exponential rmk
1 factors). The reoptimization

involves taking one function at a time and reoptimizing its
non-linear parameters with gradient-based method. This step
is performed for all ECGs in the basis set and repeated by
cycling several times over the whole set. Next, additional 1000
ECGs are added to each basis set (2000 ECGs are added to the
basis set of the highest v = 21). The addition process involves
addition of one ECG at a time and the optimization of its non-
linear parameters (including the mk power). The initial guess
for a new added function is generated by randomly perturbing
parameters of some most contributing ECGs already included
in the basis and choosing the best one from this subset. After
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TABLE I. The convergence of the total nonrelativistic non-BO energies of the N = 1, v = 1, . . .,21 rovibrational states of D2 with the number of basis functions.
The N = 0, v = 1, . . .,21 rovibrational states taken from Ref. 17 are also shown. All values are given in a.u. (hartrees).

v

No.
ECGs Energy v

No.
ECGs Energy v

No.
ECGs Energy v

No.
ECGs Energy

N = 0 0 10 000 −1.167 168 809 21 1 10 000 −1.153 528 895 91 2 10 000 −1.140 431 695 37 3 10 000 −1.127 867 676 22
N = 1 0 10 000 −1.166 896 424 06 1 10 000 −1.153 266 124 64 2 10 000 −1.140 178 370 16 3 10 000 −1.127 623 661 28

11 000 −1.166 896 424 10 11 000 −1.153 266 124 80 11 000 −1.140 178 370 53 11 000 −1.127 623 661 81
N = 0 4 10 000 −1.115 829 305 19 5 10 000 −1.104 311 147 12 6 10 000 −1.093 310 001 43 7 10 000 −1.082 825 088 02
N = 1 4 10 000 −1.115 594 498 55 5 10 000 −1.104 085 483 07 6 10 000 −1.093 093 453 90 7 10 000 −1.082 617 675 30

11 000 −1.115 594 499 30 11 000 −1.104 085 483 97 11 000 −1.093 093 455 08 11 000 −1.082 617 676 60
N = 0 8 10 000 −1.072 858 285 95 9 10 000 −1.063 414 434 81 10 10 000 −1.054 501 734 16 11 10 000 −1.046 132 242 97
N = 1 8 10 000 −1.072 660 075 01 9 10 000 −1.063 225 551 00 10 10 000 −1.054 322 367 89 11 10 000 −1.045 962 664 51

11 000 −1.072 660 076 41 11 000 −1.063 225 552 63 11 000 −1.054 322 371 09 11 000 −1.045 962 667 33
N = 0 12 10 000 −1.038 322 491 81 13 10 000 −1.031 094 267 83 14 10 000 −1.024 475 850 67 15 10 000 −1.018 502 907 07
N = 1 12 10 000 −1.038 163 065 09 13 10 000 −1.030 945 469 33 14 10 000 −1.024 338 313 20 15 10 000 −1.018 377 436 46

11 000 −1.038 163 070 03 11 000 −1.030 945 492 32 11 000 −1.024 338 317 98 11 000 −1.018 377 449 86
N = 0 16 10 000 −1.013 220 707 84 17 10 000 −1.008 686 112 56 18 10 000 −1.004 970 759 27 19 10 000 −1.002 164 981 42
N = 1 16 10 000 −1.013 108 360 77 17 10 000 −1.008 588 277 23 18 10 000 −1.004 889 024 86 19 10 000 −1.002 102 535 09

11 000 −1.013 108 370 25 11 000 −1.008 588 286 28 11 000 −1.004 889 278 06 11 000 −1.002 102 550 99
12 000 −1.002 102 558 28

N = 0 20 10 000 −1.000 381 789 95 21 10 000 −0.999 735 148 48 D + D −0.999 727 630 49
N = 1 20 10 000 −1.000 342 422 89 21 10 000 a

11 000 −1.000 342 434 60 11 000 −0.999 727 754 04
12 000 −1.000 342 446 00 12 000 −0.999 727 845 47

aReoptimization of the 10 000 ECG basis set did not give an energy lower than the dissociation limit. To get an energy below this limit the basis set had to be increased to 10 700
functions.

addition of each 100 ECGs, the cyclic optimization of all basis
functions already included in the basis set is performed.

III. RESULTS

In this work, the focus of the calculations is the v
= 0, . . . ,21, N = 1 of D2 (para D2). The results of the calcu-
lation allow for determining the dissociation energies corre-
sponding to the considered states and the ortho-para isomeri-
zation energy for each vibrational level.

The energies of the N = 1, v = 0, . . . ,21 states obtained
in the calculations with 10 000 and 11 000 ECGs (also with
12 000 ECGs for the v = 21 state) are presented in Table I. The
energies obtained in the previous calculations17 are also shown.
The use of the vibrational quantum number v is approximate,
as this is not, strictly speaking, a “good” quantum number
in nonrelativistic non-BO calculations because the vibrational
motion of the nuclei couples with the electronic motion. Only
the quantum number N associated with the square of the total
angular momentum is a good quantum number.

The total N = 0 and N = 1 energies from Table I are used
to calculate the energy difference between N = 0 and N = 1
states for each v , which is the spin isomerization energy be-
tween the ortho and para deuterium for that v . The total ener-
gies for the N = 1 are also used to calculate the dissociation
energies. Both the isomerization and dissociation energies are
shown in Table II. The dissociation energies are compared with
the energies obtained from the results of Komasa et al.20 by
only including the BO contributions and the adiabatic and non-
adiabatic corrections (taken from the supplementary materials

included in the paper by Komasa et al.20). As one notices, our
result deviate somewhat from the results of Komasa et al. and
the difference increases with the vibrational excitation till the
excitation reaches the v = 18 state after which the difference
decreases. The difference is equal to 0.0017 cm−1 for the
ground vibrational state and increases to 0.0195 cm−1 for the
v = 18 state. Clearly, the approach used by Komasa et al.,
which employs the Born-Oppenheimer potential energy curves
augmented with the adiabatic and non-adiabatic corrections
obtained from finite-order perturbation-theory calculations, is
very different from our direct non-BO variational approach,
where the corrections are included to infinite order. So, this
can be a reason for the two sets of the dissociation energies
to differ. The second reason is related to the convergence of
each set of the results with the number of basis functions used
in the calculations. In the case of the calculations of Komasa
et al., those are the basis functions used in calculating the PEC
and in the present case are the ECG basis functions used in
expanding the non-BO wave functions of the considered states.
The third reason is neglecting in our calculations for the N = 1
states basis functions representing angular excitations of the
electrons. This last reason is likely to be the main source of the
discrepancy between the two sets of results.

In Table II, we also show the difference between the
isomerization energies obtained in this work and the energies
derived from the experimental data.19 Except for the highest
v = 21 state, the present results and the experimental results
agree within the estimated accuracy of the experiment. For the
v = 21 state, the calculated result of 1.6028 cm−1 is lower by
0.37 cm−1 than the experimental value of 1.97 cm−1. In the
last column in Table II, we show the difference between the
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TABLE II. Comparison of the dissociation energies for the (v,1) states of D2 obtained in the present calculations
(Epresent

diss = E(v,1)−2 ED) and the dissociation energies determined using the result from Ref. 20 that include
the BO energies and the adiabatic and non-adiabatic corrections (in parenthesis, the difference between the two
sets of results is shown). The ortho-para isomerization energies (∆= E(v,1)−E(v,0)), the differences between
the experimental isomerization energies19 and the present results (∆exp−∆), and the corresponding differences
between the experimental energies and the energies derived from the calculated results of Komasa et al.20 are
also shown. The results of Komasa et al.20 were obtained using the conventional approach involving solving the
nuclear rovibrational problem with the potential obtained from the electronic calculations. All values are in cm−1.

v E
present
diss Ediss

20 ∆ ∆exp−∆ ∆exp−∆20

0 36 689.3094 36 689.3111 (0.0017) 59.7816 0.01 0.01
−0.000 32(95)a −0.001 30(95)a

−0.001 12(95)b −0.000 68(95)b

1 33 697.8044 33 697.8063 (0.0019) 57.6716 0.01 0.01
2 30 825.3744 30 825.3763 (0.0019) 55.5984 −0.05 −0.05
3 28 069.9343 28 069.9365 (0.0022) 53.5550 −0.02 −0.02
4 25 429.8383 25 429.8407 (0.0024) 51.5339 −0.02 −0.02
5 22 903.9014 22 903.9039 (0.0025) 49.5273 −0.01 −0.01
6 20 491.4299 20 491.4327 (0.0028) 47.5264 −0.06 −0.05
7 18 192.2623 18 192.2653 (0.0030) 45.5215 −0.01 −0.01
8 16 006.8217 16 006.8247 (0.0030) 43.5020 −0.01 −0.01
9 13 936.1831 13 936.1867 (0.0036) 41.4548 0.08 0.08

10 11 982.1606 11 982.1649 (0.0043) 39.3656 −0.01 0.00
11 10 147.4177 10 147.4225 (0.0048) 37.2176 −0.02 −0.02
12 8 435.6039 8 435.6095 (0.0056) 34.9890 −0.01 −0.01
13 6 851.5287 6 851.5421 (0.0134) 32.6524 −0.03 −0.03
14 5 401.4216 5 401.4302 (0.0086) 30.1849 0.02 0.02
15 4 093.1622 4 093.1726 (0.0104) 27.5347 0.03 0.02
16 2 936.7329 2 936.7430 (0.0101) 24.6552 −0.03 −0.03
17 1 944.6892 1 944.7001 (0.0109) 21.4704 −0.03 −0.03
18 1 132.8507 1 132.8702 (0.0195) 17.8831 −0.02 −0.02
19 521.2364 521.2459 (0.0095) 13.7003 −0.01 −0.01
20 134.9364 134.9426 (0.0062) 8.6350 0.00 −0.01
21c 0.0472 0.0542 (0.0070) 1.6028 0.37 0.35

aThis difference is calculated with respect to the experimental result of Liu et al.21 The calculated ortho-para isomerization energy
of Komasa et al. only includes the BO contributions and the contributions from the adiabatic and non-adiabatic corrections.
bAlso determined with respect to the experimental result of Liu et al.,21 but the calculated values (both ours and Komasa’s et al.)
include the contributions from the relativistic and QED corrections taken from Komasa et al.20

cIn the calculation of the dissociation energy and the ortho-para isomerization energy for the v = 21 state using the results from
Ref. 20, it is assumed that the BO energy for that state is equal to twice the energy of the D atom, as this state is unbound at the
BO level.

experimental isomerization energies and the energies derived
from the calculated energies of Komasa et al.20 In their calcula-
tions they used the conventional approach, where at the zeroth
order, the BO approximation was assumed and the PEC was
generated. Next, the PEC was corrected for the adiabatic and
non-adiabatic effects, as well as relativistic and QED effects,
and used to calculate the rovibrational energy levels by solving
the Schrödinger equation for the nuclear motion. Even though
Komasa et al. calculated the vibrational energies with the
inclusion of the adiabatic, nonadiabatic, relativistic, and QED
corrections, in the present comparison, we use their energies
which only include the adiabatic and nonadiabatic corrections
(taken from supplementary materials from their paper), as
these effects are the only two of the above-mentioned four
corrections accounted for in the present calculations. The two
sets of differences shown in the last two columns of Table II
are almost identical indicating that the present direct non-
BO approach and the conventional approach yield, as they
should, very similar results. Interestingly, the BO calculations
of Komasa et al. did not produce an energy for the top N = 1,
v = 21 state, which the present calculations estimate to be

0.0472 cm−1 below the dissociation limit. Only after the addi-
tion of the adiabatic corrections, this state became bound in
their calculations. The two sets of results shown in the last two
columns of Table II differ by less than 0.003 cm−1 (except the
next to the last level where the difference is 0.004 cm−1). The
difference of 0.003 cm−1 is similar to the estimated uncertainty
of the present calculations.

The more accurate recent experimental results of Liu
et al.21 for the N = 0 and N = 1, v = 0 states of D2 allow for
making a more detail comparison of the ortho-para isomer-
ization energy for that vibrational state. The comparison is
shown in Table II. The estimated uncertainty of the exper-
imental value is 0.000 95 cm−1. While our energy differs
from the experimental value by −0.000 32 cm−1, the differ-
ence for the Komasa et al. result (without the relativistic and
QED corrections) is −0.001 30 cm−1. Including the relativistic
and QED corrections taken from the calculations of Komasa
et al. in both results raises the difference for our result to
−0.001 12 cm−1, but reduces the difference for the their result
to −0.000 68 cm−1. All differences are close to the uncertainty
of the experiment.
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TABLE III. Expectation values of the deuteron-deuteron, deuteron-electron, electron-electron distances, and
expectation values of the squares of these distances calculated for the (v,1) states of D2. All values are in a.u.

v ⟨rdd⟩ ⟨rde⟩ ⟨ree⟩ ⟨r2
dd⟩ ⟨r2

de⟩ ⟨r2
ee⟩

0 1.4356 1.5678 2.1926 2.0808 3.1155 5.7580
1 1.5032 1.6034 2.2375 2.3196 3.2678 6.0012
2 1.5727 1.6400 2.2842 2.5752 3.4280 6.2593
3 1.6444 1.6775 2.3332 2.8494 3.5970 6.5343
4 1.7185 1.7161 2.3847 3.1445 3.7759 6.8292
5 1.7954 1.7561 2.4391 3.4630 3.9661 7.1472
6 1.8757 1.7976 2.4971 3.8083 4.1694 7.4926
7 1.9598 1.8410 2.5592 4.1845 4.3879 7.8703
8 2.0486 1.8865 2.6262 4.5969 4.6243 8.2870
9 2.1429 1.9347 2.6993 5.0524 4.8824 8.7513

10 2.2440 1.9860 2.7797 5.5602 5.1670 9.2743
11 2.3535 2.0415 2.8691 6.1327 5.4844 9.8710
12 2.4737 2.1020 2.9700 6.7871 5.8439 10.5616
13 2.6076 2.1691 3.0855 7.5481 6.2583 11.3750
14 2.7596 2.2449 3.2202 8.4524 6.7466 12.3528
15 2.9364 2.3328 3.3808 9.5570 7.3384 13.5588
16 3.1486 2.4377 3.5776 10.9562 8.0821 15.0959
17 3.4140 2.5685 3.8284 12.8192 9.0643 17.1452
18 3.7668 2.7416 4.1660 15.4887 10.4592 20.0660
19 4.2845 2.9948 4.6651 19.8126 12.6946 24.7294
20 5.2223 3.4527 5.5699 28.9375 17.3502 34.3168
21 12.9601 7.2753 13.1397 199.0823 102.5360 205.0505

Finally in Table III, we show expectation values of the
deuteron-deuteron (rdd), deuteron-electron (rde), and electron-
electron (ree) distances and their squares calculated using the
non-BO N = 1 wave functions expanded in terms of 11 000
ECGs. The results show expected increasing trends. The re-
sults can be used to benchmark calculations performed with
conventional BO-approximation-based method. Of particular
interest is the expectation values of the last bound vibrational
state (N = 1, v = 21). As indicated in Table I, this state is still
not bound when the number of ECGs used is 10 000. Only after
increasing the basis size to 10 700 basis functions, its energy
dropped below the energy of two separate deuterium atoms. As
mention, its bonding energy obtained with 12 000 ECGs is only
0.0472 cm−1. This is consistent with expectation values of the
interparticle distances calculated for this state. The average rdd

and ree distances are about 2.5 longer than the results obtained
for the next highest state.

IV. SUMMARY

Direct variational non-BO calculations are performed
for all bound N = 1 states of the D2 molecule using large
sets of explicitly correlated Gaussian functions. Each state is
calculated separately and for each state, the ECG basis set
is extensively optimized in terms of the Gaussian non-linear
parameters using a energy-minimization method which em-
ploys the analytical energy gradient determined with respect
to these parameters. The calculated energies of the N = 1,
v = 0, . . . ,21 states and the energies of the N = 0, v = 0, . . . ,21
states calculated before are used to determine the ortho-para
isomerization energy for each vibrational state. These isom-
erization energies show, as expected, a decreasing trend with

increasing value of v . The results agree with the previous
calculations performed with the conventional approach based
in the zeroth-order on the BO approximation.

Future work will involve including ECGs with z1 replaced
by zi in the N = 1 basis set. This will allow for determining
the degree of the angular-momentum coupling between the
nuclear and electronic rotational excitations. Also, work is in
progress on the development of algorithms for calculating N
= 2 and N = 3 rovibrationally excited states of diatomic sys-
tems.
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I. INTRODUCTION

In our recent study [1] we developed an algorithm which allowed to calculate states of diatomic molecules with

an arbitrary number of electrons in singly excited rotational (N=1) states. The approach used does not assume the

Born-Oppenheimer (BO) approximation. The procedure was applied to generate N = 1 rovibrational spectra of HD+

[1], H2 [2], and HD [3]. For the HD+ [4] and HD [3] molecules the effect of the rotational excitation on the asymmetry

of the charge distribution was investigate. We also calculated the lifetimes of the rotationless levels of HD+ [5] and

HD [3]. The attempt was also to apply the procedure to simple three particle muonic molecules, but, even though

for N = 0 states the agreement with the previous calculations was very good, for the N = 1 there results were

off from the previously reported values by 10−4 in muonic atomic units. We attributed this loss of accuracy to the

way rotational excitations were described in the wave functions used in [1]. It should be mentioned that the loss of

accuracy in describing N = 1 states for molecules (e.g. HD+ or HD) with electrons was much smaller (the deviation

from the results obtained by Karr in [6] was on the order of 10−8 atomic units) than for systems where the electron(s)

was replaced by a muon and might be considered negligible for certain applications. In this work we remedy that

deficiency of the method.

For an n + 1 particle system and with the Hamiltonian, Ĥnonrel, used in the present approach is obtained by

separating out the operator representing the center-of-mass kinetic energy from the laboratory-frame nonrelativistic

Hamiltonian. Ĥnonrel (called the internal Hamiltonian) has the following form:

Ĥnonrel = −1
2

 n∑
i=1

1
µi
∇2

ri
+

n∑
i=1

n∑
j ̸=i

1
m0

∇ri · ∇rj

+
n∑

i=1

q0qi

ri
+

n∑
i<j

qiqj

rij
. (1)

In (1), qi, i = 0, . . . , n are the charges of the particles and ri, i = 1, . . . , n, are the position vectors of the (i + 1)-

th particle with respect to a chosen reference particle, which is numbered as 0. Usually the reference particle in

our calculations is the heaviest particle in the system. The separation of the laboratory-frame Hamiltonian into

the Hamiltonian representing the kinetic energy of the center-of-mass motion and the internal Hamiltonian is exact

(rigorous). In Ĥnonrel ri are the lengths of the ri vectors, rij = |rj − ri|, m0 is the mass of the reference particle, and

µi = m0mi/(m0 + mi) is the reduced mass of particle i. Hamiltonian (1) is rotationally invariant and represents n

“pseudoparticles” with charges equal to the charges of the original particles, but with masses being replaced by the

reduced masses, moving in the central potential of the charge of the reference particle. Due to the invariant character

of (1) its eigenfunctions transform according to the irreducible representations of the group of 3D rotations (SO(3)).

In particular, the ground state or any rotationless state of a system with positive (natural) parity is represented by a

spherically symmetric s-type wave function. Excited states have angular symmetries consistent with the SO(3) group
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of rotations. The coupling of the motions of the pseudoparticles in (1) is due to the Coulomb interactions and to the

mass-polarization terms, −1
2

∑n
i=1

∑n
j ̸=i

1
m0
∇ri · ∇rj .

If the BO approximation is not assumed the square of the total angular momentum operator commutes with the

Hamiltonian and the total angular momentum quantum number, N , is good quantum number. For molecules with

electrons the all-particle total angular-momentum operator, N̂ , which is a sum of the operators representing the

electronic, L̂, and nuclear, R̂, angular momenta. In [1] the assumption was made that, since the electrons are much

lighter than the nuclei, in the calculations of N = 1 states the contributions of electronic excited states should be

much smaller than the contributions where the nuclei are rotationally excited and they do not to be explicitly included

in the calculations. We argued that due to lack of the orthogonality between basis functions with the angular factors

corresponding to the rotational excitations of the nuclei and basis function with the angular factors representing the

angular excitations of the electrons, the latter approximately describe the former contribution. With that assumption

the explicitly correlated Gaussian (ECG) functions used in our diatomic non-BO N = 1 calculations had the following

form (we assume that particles 0 and 1 are nuclei; thus r1, which is the length of the r1 vector, is the internuclear

distance and x1 is the x coordinate of r1):

φN=1
k = x1r

mk
1 exp [−r′ (Ak ⊗ I3) r] , (2)

where r is a vector of the length 3n whose first three coordinates are the coordinates of the r1 vector, next three are

the coordinates of the r2, etc. Only non-negative even powers, mk, of the internuclear distance are used. In (2) Ak,

which is a symmetric n× n matrix, has to positive-definite in order for the function to be square integrable. This is

achieved by representing Ak in a Cholesky-factored form as Ak ≡ LkL′k, where Lk is a lower triangular real matrix. No

restrictions need to be placed on the Lk matrix elements and they can be varied in the (−∞, +∞) range. The elements

of the Lk matrices are the nonlinear parameters which are optimized for each basis function in our calculations. The

optimization process involves minimization of the total non-BO energy and employs the analytical gradient of the

energy functional determined with respect to the Lk matrix elements. The use of the gradient significantly accelerates

the optimization. Additionally, the mk powers of the internuclear distance, r1, are also optimized. This is done only

once after the function is first included in the basis set.

Even though we have been able to obtain quite accurate results for N = 1 states of some simple diatomic systems

using basis functions (2), the question of the completeness of this set of function has remained unanswered. The

lack of completeness may results from only including in the basis set ECGs with the x1 angular prefactor and not

include ECGs with xi, i = 2, . . . , n prefactors. For a molecule ECGs with such prefators would describe the coupling

between rotational excitations of the nuclei with excitations where the electrons and not the nuclei are excited to
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higher angular-momentum states. The modified ECGs, which can describe this coupling have the form:

φ
(i)
k = xir

mk
1 exp [−r′ (Ak ⊗ I3) r] , (3)

where index i ranges from 1 to the total number of pseudoparticles in the system, n.

This work has the following structure. First we derive the Hamiltonian and overalp matrix elements with ECGs

(3) and the element of the energy gradient vector comprising the first derivatives of the energy with respect to the

Lk matrix elements. Next we briefly describe the computational implementation of the algorithm. In the last section

we show application of the approach to calculate some lowest N = 0 and N = 1 bound states of heteronuclear

isotopologues of H+
2 with the electron replaced by a muon.

II. FORMULA DERIVATION

In order to derive analytical expressions for the Hamiltonian and overlap matrix elements analytical we follow the

approach explained in more detail in Ref. [1]. We also adapt the notation used in that work. Thus, similarly as before,

we use derivatives with respect to parameters to write the overlap between two basis functions (3), k-th and l-th , as:

⟨φ(i)
k |φ(j)

l ⟩ = ⟨ϕk|xixjr
mk+ml
1 |ϕl⟩

=
∂

∂νk

∂

∂νl
⟨ϕk|rmk+ml

1 exp
[
r (νkvk + νlvl)

′] |ϕl⟩
∣∣∣
νk=νl=0

= − ∂

∂ωkl
⟨ϕk|rmk+ml

1 exp
[
−r′

(
ωklW(ij)

)
r
]
|ϕl⟩
∣∣∣
ωkl=0

, (4)

where ϕk = exp [−r′ (Ak ⊗ I3) r], vk and vl are 3n-element vectors such that vkr=xi and vlr=xj ; W(ij) is a 3n × 3n

matrix such that r′W(ij)r=xixj . The way to construct these vectors and the matrix was described in [7].

Overlap

It was shown in [1] that

− ∂

∂ωkl
⟨ϕk|rmk+ml

1 exp
[
−r′

(
ωklW(ij)

)
r
]
|ϕl⟩
∣∣∣
ωkl=0

=

1√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩ tr

[
A−1

kl J11

]mk+ml
2

(
tr
[
A−1

kl W(ij)
]

+
mk + ml

3
· tr
[
A−1

kl W(ij)A−1
kl J11

]
tr
[
A−1

kl J11

] )
, (5)

where

⟨ϕk|ϕl⟩ = π3n/2|Akl|−3/2 (6)
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and J11 = J11 ⊗ I3, where J11 is a particular case of the matrix defined as:

Jij =


Eii, if i = j

Eii + Ejj − Eij − Eji, otherwise

(7)

where Eij is a matrix with 1 in a i,j position and 0’s elsewhere. Evaluating traces, we obtain:

tr
[
A−1

kl J11

]
=
(
A−1

kl

)
11

,

tr
[
A−1

kl W(ij)
]

=
(
A−1

kl

)
ij

,

tr
[
A−1

kl W(ij)A−1
kl J11

]
=
(
A−1

kl

)
1i

(
A−1

kl

)
1j

.

Plugging these into equation (5) and implementing the short hand notation, αij =
(
A−1

kl

)
ij

, we can write:

⟨φ(i)
k |φ(j)

l ⟩ =
1√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩α

mk+ml
2

11

(
αij +

mk + ml

3
· α1iα1j

α11

)
. (8)

In order to normalize the expression above, two integrals are needed:

⟨φ(i)
k |φ(i)

k ⟩ =
π

3n−1
2

2
3n−2−2mk

2

Γ
(

3+2mk

2

)
∥Lk∥

(
A−1

k

)mk

11

((
A−1

k

)
ii

+
2mk

3
·
(
A−1

k

)2
1i(

A−1
k

)
11

)
(9)

and

⟨φ(j)
l |φ(j)

l ⟩ =
π

3n−1
2

2
3n−2−2ml

2

Γ
(

3+2ml

2

)
∥Ll∥

(
A−1

l

)ml

11

(A−1
l

)
jj

+
2ml

3
·
(
A−1

l

)2
1j(

A−1
l

)
11

 . (10)

Thus, the normalized overlap has the following form:

S
(ij)
kl =

⟨φ(i)
k |φ(j)

l ⟩√
⟨φ(i)

k |φ(i)
k ⟩⟨φ(j)

l |φ(j)
l ⟩

= 2fklγ1(mk, ml)

(
α11(

A−1
k

)
11

)mk
2
(

α11(
A−1

l

)
11

)ml
2

× αij + mk+ml

3 · α1iα1j

α11((
A−1

k

)
ii

+ 2mk

3 · (A−1
k )2

1i

(A−1
k )11

)− 1
2
((

A−1
l

)
jj

+ 2ml

3 · (A−1
l )2

1j

(A−1
l )11

)− 1
2
, (11)

where

fkl =
1

23n/2

( |Akl|
∥Lk∥∥Ll∥

)−3/2

,

γ1(mk,ml) =
2

mk+ml
2 Γ

(
3+mk+ml

2

)√
Γ
(

3+2mk

2

)
Γ
(

3+2ml

2

) .
Before we compute the derivative of the overlap integral with respect to the Gaussian exponential parameters, let us

define two derivative operators:

∂k ≡ ∂

∂ (vechLk)′
, ∂l ≡ ∂

∂ (vechLl)
′ .
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Using these operators we evaluate the following derivatives:

∂k αx
ij =− xαx−1

ij · vech
[
A−1

kl (Eij + Eji)A−1
kl Lk

]′
(12)

∂k(A−1
k )x

ij =− x
(
A−1

k

)x−1

ij
· vech

[
A−1

k (Eij + Eji)
(
L−1

k

)′]′
(13)

∂k |Akl|x =2x |Akl|x · vech
[
A−1

kl Lk

]′
(14)

∂k ∥Lk∥x =x∥Lk∥x · vech
[(

L−1
k

)′]′
. (15)

Now we write the gradient of the overlap integral with respect to the exponential parameters of the k function as:

∂k S
(ij)
kl =S

(ij)
kl

{
3
2

vech
[(

L−1
k

)′ − 2A−1
kl Lk

]′
+

mk + ml

2α11
∂k α11 − mk

2(A−1
k )11

∂k(A−1
k )11

+
(

αij +
mk + ml

3
α1iα1j

α11

)−1(
∂k αij +

mk + ml

3
α1i

α11

(
α1j

α1i
∂k α1i + ∂k α1j − α1j

α11
∂k α11

))
− 1

2

(
(A−1

k )ii +
2mk

3
(A−1

k )21i

(A−1
k )11

)−1(
∂k(A−1

k )ii +
2mk

3
(A−1

k )1i

(A−1
k )11

(
2 ∂k(A−1

k )1i − (A−1
k )1i

(A−1
k )11

∂k(A−1
k )11

))
.

}
(16)

Similarly, we can calculate the derivatives with respect to the exponential parameters of the l function:

∂l α
x
ij =− xαx−1

ij · vech
[
PA−1

kl (Eij + Eji)A−1
kl P ′Ll

]′
(17)

∂l(A−1
l )x

ij =− x
(
A−1

l

)x−1

ij
· vech

[
PA−1

l (Eij + Eji)A−1
l P ′Ll

]′
(18)

∂l |Akl|x =2x |Akl|x · vech
[
PA−1

kl P ′Ll

]′
(19)

∂l ∥Ll∥x =x∥Ll∥x · vech
[
PA−1

l P ′Ll

]′
(20)

and

∂l S
(ij)
kl =S

(ij)
kl

{
3
2

vech
[
PA−1

l P ′Ll − 2PA−1
kl P ′Ll

]′
+

mk + ml

2α11
∂l α11 − ml

2(A−1
l )11

∂l(A−1
l )11

+
(

αij +
mk + ml

3
α1iα1j

α11

)−1(
∂l αij +

mk + ml

3
α1i

α11

(
α1j

α1i
∂l α1i + ∂l α1j − α1j

α11
∂l α11

))

− 1
2

(
(A−1

l )jj +
2ml

3
(A−1

l )21j

(A−1
l )11

)−1(
∂l(A−1

l )jj +
2ml

3
(A−1

l )1j

(A−1
l )11

(
2 ∂l(A−1

l )1j − (A−1
l )1j

(A−1
l )11

∂l(A−1
l )11

)) . (21)

Potential Energy

In order to evaluate the potential energy integral we calculate the expectation value of the 1/rpq operator. To

represent this operator we use the following integral transform:

1
rpq

=
2√
π

∫ ∞

0

exp
[−u2r2

pq

]
d u. (22)
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Now, using the partial differentiation with respect to two parameter, u and ω we get:

⟨ϕ(i)
k | 1

rpq
|ϕ(j)

l ⟩ = ⟨xixjr
(mk+ml)
1

1
rpq

exp [−r′Aklr]⟩

=− ∂

∂ω
(−1)m ∂m

∂um

2√
π

∫ +∞

0

⟨exp
[
−r′

(
Akl + ωW(ij) + uJ11 + t2Jpq

)
r
]
⟩ d t

∣∣∣
ω=u=0

, (23)

where mk + ml = 2m, m = 0, 1, 2, . . . . Integrating over the spatial coordinates gives:

⟨exp
[
−r′

(
Akl + ωW(ij) + uJ11 + t2Jij

)
r
]
⟩ = π3n/2|Akl + ωW(ij) + uJ11 + t2Jij |−1/2

=π
3n
2 |Akl|− 3n

2 |I3n + ωW(ij)A−1
kl + uJ11A−1

kl + t2JijA−1
kl |−

1
2 . (24)

Applying the derivative with respect to ω gives:

− ∂

∂ω
⟨exp

[
−r′

(
Akl + ωW(ij) + uJ11 + t2Jij

)
r
]
⟩ =

π
3n
2

2
|Akl|− 3n

2
αij + u(α11αij − η) + t2(βαij − θ)

(1 + uα11 + t2(β + u(α11β − χ)))
5
2
, (25)

where

β =


αpq if p = q

αpp + αqq − 2αpq otherwise

,

η =α1iα1j ,

χ =


α2

pq if p = q

(α1p − α1q)2 otherwise

, (26)

θ =


αiqαjp if p = q

(αip − αiq)(αjp − αjq) otherwise

.

Next the integration over parameter t is performed and the operator (−1)m+1∂m/∂um is applied. With that the

expectation value (23) becomes:

⟨ϕ(i)
k | 1

rpq
|ϕ(j)

l ⟩ =
π

3n−1
2

3|Akl| 3n
2

{
Γ(m + 1)αm−1

11 β−
3
2 (3α11αijβ − α11θ + 2mβη)

+
1√
π

m∑
k=1

Γ(m + 1)Γ(k + 1/2)
Γ(k + 1)

αm−k−1
11 β−k−3/2 (α11β − χ)k

× (α11((3 + 2k)αijβ − (1 + 2k)θ) + 2(m− k)βη)

}
. (27)

Normalization and simplification yields the final expression used to compute the potential energy integral:

R
(ij,pq)
kl =

S
(ij)
kl

β3/2(3α11αij −mη)
Γ(m + 1)

Γ(m + 3/2)

{
α11(3αijβ − θ) + 2mβη

+
1√
π

m∑
k=1

Γ(k + 1/2)
Γ(k + 1)

(
1− χ

α11β

)k

(α11((3 + 2k)αijβ − (1 + 2k)θ) + 2(m− k)βη)

}
. (28)
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Since the expressions for ∂k Sij
kl, ∂l S

ij
kl, ∂k αij , and ∂l α

ij are known, one can easily compute the gradient of (28)

treating operators ∂k and ∂l as ordinary partial differentiation operators.

Kinetic Energy

The kinetic energy operator can be written in the following quadratic form:

−1
2

 n∑
i=1

1
µi
∇2

ri
+

n∑
i̸=j

1
m0

∇′
ri
∇rj

 = −∇′
rM∇r, (29)

where the mass matrix, M, is M = M ⊗ I3 with the diagonal elements set to 1/(2µ1), 1/(2µ2), ..., 1/(2µn) and with

the off-diagonal elements set to 1/(2m0). m0 is the mass of the reference nucleus and µ1, . . . , and µn are the reduced

masses of the pseudoparticles.

The kinetic-energy matrix element is:

⟨ϕ(i)
k | − ∇′

rM∇r|ϕ(j)
l ⟩ = ⟨∇rϕ

(i)
k |M|∇′

rϕ
(j)
l ⟩. (30)

First, we determine the derivative of the basis function (3):

⟨∇′
rϕ

(i)
k | = ⟨vk (r′J11r)

mk/2 exp [−r′Akr] |

+ ⟨mk (v′kr) (r′J11r)
mk/2−1 (J11r) exp [−r′Akr] |

− ⟨2 (Akr)
(
vN=1′

k r
)
(r′J11r)

mk/2 exp [−r′Akr] |

=⟨vkϕN=0
k |+ ⟨mk

r2
1

(J11r)ϕ
(i)
k | − ⟨2 (Akr)ϕ

(i)
k |, (31)

where ϕN=0
k = rmk

1 exp [−r′ (Ak ⊗ I3) r] . Multiplying the above by the mass matrix and then by the corresponding
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ket containing the l function, the following nine integrals are obtained:

⟨∇rφ
(i)
k |M|∇′

rφ
(j)
l ⟩ = ⟨ϕN=0

k |v′kMvl|ϕN=0
l ⟩ (32)

+ ml ⟨ϕN=0
k |v

′
kMJ11r

r2
1

|φ(j)
l ⟩ (33)

− 2 ⟨ϕN=0
k |v′kMAlr|φ(j)

l ⟩ (34)

+ mk ⟨φ(i)
k |r

′J11Mvl

r2
1

|ϕN=0
l ⟩ (35)

+ mk ml ⟨φ(i)
k |r

′J11MJ11r
r4
1

|φ(j)
l ⟩ (36)

− 2 mk ⟨φ(i)
k |r

′J11MAlr
r2
1

|φ(j)
l ⟩ (37)

− 2 ⟨φ(i)
k |r′AkMvl|ϕN=0

l ⟩ (38)

− 2 ml ⟨φ(i)
k |r

′AkMJ11r
r2
1

|φ(j)
l ⟩ (39)

+ 4 ⟨φ(i)
k |r′AkMAlr|φ(j)

l ⟩. (40)

Each of the above nine integrals is evaluated separately using the formulas obtained in [1]:

⟨ϕN=0
k |v′kMvl|ϕN=0

l ⟩ =Mij
2√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩α

mk+ml
2

11 , (41)

⟨ϕN=0
k |v

′
kMJ11r

r2
1

|φ(j)
l ⟩ =M1i

1√
π

Γ
(

1 + mk + ml

2

)
⟨ϕk|ϕl⟩ tr

[
A−1

kl J11

]mk+ml−2
2

×
(

tr
[
A−1

kl W(1j)
]

+
mk + ml − 2

3
· tr
[
A−1

kl W(1j)A−1
kl J11

]
tr
[
A−1

kl J11

] )
, (42)

⟨ϕN=0
k |v′kMAlr|φ(j)

l ⟩ =
2√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩ tr

[
A−1

kl J11

]mk+ml
2

×
(

1
2

tr
[
A−1

kl W(1j)MAl

]
+

mk + ml

3
· tr
[
A−1

kl W(1j)MAlA−1
kl J11

]
tr
[
A−1

kl J11

] )
, (43)

⟨φ(i)
k |r

′J11MJ11r
r4
1

|φ(j)
l ⟩ =M11

1√
π

Γ
(

1 + mk + ml

2

)
⟨ϕk|ϕl⟩ tr

[
A−1

kl J11

]mk+ml−2
2

×
(

tr
[
A−1

kl W(ij)
]

+
mk + ml − 2

3
· tr
[
A−1

kl W(ij)A−1
kl J11

]
tr
[
A−1

kl J11

] )
, (44)
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⟨ϕN=1
k |r

′ (mlAk + mkAl)MJ11r
r2
1

|ϕN=1
l ⟩ =

2√
π

Γ
(

1 + mk + ml

2

)
⟨ϕk|ϕl⟩α(mk+ml−2)/2

11

×
{

3
4

tr
[
A−1

kl W(ij)
]
tr
[
A−1

kl (mlAk + mkAl) MJ11

]
+

1
2

tr
[
A−1

kl W(ij)A−1
kl (mlAk + mkAl)MJ11

]
·
(

mk + ml − 2
3

)
α−1

11

(
3
4

tr
[
A−1

kl W(ij)
]
tr
[
A−1

kl (mlAk + mkAl) MJ11A
−1
kl J11

]
+

3
4

tr
[
A−1

kl (mlAk + mkAl) MJ11

]
tr
[
A−1

kl W(ij)A−1
kl J11

]
+

1
2

tr
[
A−1

kl W(ij)A−1
kl (mlAk + mkAl)MJ11A−1

kl J11

]
+

1
2

tr
[
A−1

kl (mlAk + mkAl)MJ11A−1
kl W(ij)A−1

kl J11

])
·
(

3 + m2
k + m2

l + 2mkml − 4 (mk + ml)
15

)(
1
2

tr
[
A−1

kl W(ij)A−1
kl J11A−1

kl (mlAk + mkAl)MJ11A−1
kl J11

]
+

1
4

tr
[
A−1

kl W(ij)A−1
kl J11

]
tr
[
A−1

kl (mlAk + mkAl) MJ11A
−1
kl J11

])}
, (45)

⟨φ(i)
k |r′AkMAlr|φ(j)

l ⟩ =
2√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩α(mk+ml)/2

11

×
{

3
4

tr
[
A−1

kl W(ij)
]
tr
[
A−1

kl D
]
+

1
2

tr
[
A−1

kl W(ij)A−1
kl D

](mk + ml

3

)
α−1

11

(
3
4

tr
[
A−1

kl W(ij)
]
tr
[
A−1

kl D
]

+
3
4

tr
[
A−1

kl D
]
tr
[
A−1

kl W(ij)A−1
kl J11

]
+

1
2

tr
[
A−1

kl W(ij)A−1
kl DA−1

kl J11

]
+

1
2

tr
[
A−1

kl DA−1
kl W(ij)A−1

kl J11

])
·
(

3 + m2
k + m2

l + 2mkml

15

)(
1
2

tr
[
A−1

kl W(ij)A−1
kl J11A−1

kl DA−1
kl J11

]
+

1
4

tr
[
A−1

kl W(ij)A−1
kl J11

]
tr
[
A−1

kl D
])}

, (46)

where D = D⊗ I3 = 1
2 (AkMAl + AlMAk)⊗ I3. It is also easy to see that integrals (35) and (38) have the same form

as integrals (33) and (34), respectively, and thus produce analogous analytical expressions.

In order to simplify expressions (45) and (46) the following traces need to be evaluated:

tr
[
A−1

kl W(ij)A−1
kl Q

]
=tr

[
A−1

kl QA−1
kl W(ij)

]
=
(
A−1

kl QA−1
kl

)
ij

(47)

tr
[
A−1

kl QA−1
kl J11

]
=3
(
A−1

kl QA−1
kl

)
11

(48)

tr
[
A−1

kl W(ij)A−1
kl QA−1

kl J11

]
=
(
A−1

kl QA−1
kl

)
1j

(
A−1

kl

)
1i

(49)

tr
[
A−1

kl QA−1
kl W(ij)A−1

kl J11

]
=
(
A−1

kl

)
1j

(
A−1

kl QA−1
kl

)
1i

(50)

tr
[
A−1

kl QA−1
kl J11A−1

kl W(ij)A−1
kl J11

]
=tr

[
A−1

kl W(ij)A−1
kl J11A−1

kl QA−1
kl J11

]
=
(
A−1

kl

)
1i

(
A−1

kl

)
1j

(
A−1

kl QA−1
kl

)
11

, (51)

where Q is (mlAk + mkAl)MJ11 for (45) and 1
2 (AkMAl + AlMAk) for (46).

Using (41-46) to evaluate (32-40) and using (47-51) to simplify the resulting expression, after normalization we
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obtain:

T
(ij)
kl = 2S

(ij)
kl

(
αij +

2mα1iα1j

3α11

)−1
{

Mij +
mlM1iα1j + mkM1jα1i

3α11

−
((

A−1
kl AlM

)
ji

+
(
A−1

kl AkM
)
ij

+
2m

3α11

(
α1j

(
A−1

kl AlM
)
1i

+ α1i

(
A−1

kl AkM
)
1j

))
+

mk + ml

2m + 1
M11

α11

(
αij +

2m− 2
3α11

α1iα1j

)
− 1

3α11

(
(3αij + 2(m− 1)α1j)

(
mk

(
A−1

kl AlM
)
11

+ ml

(
A−1

kl AkM
)
11

)
+ α1j

(
mk

(
A−1

kl AlM
)
i1

+ ml

(
A−1

kl AkM
)
i1

)
+ α1i

(
mk

(
A−1

kl AlM
)
j1

+ ml

(
A−1

kl AkM
)
j1

))
+

4m(m− 1)
3

α1iα1j

α2
11

(
A−1

kl AkMAlA
−1
kl

)
11

+
2m

3α11

(
α1j

((
A−1

kl AkMAlA
−1
kl

)
1i

+
(
A−1

kl AlMAkA−1
kl

)
i1

)
+ α1i

((
A−1

kl AkMAlA
−1
kl

)
1j

+
(
A−1

kl AlMAkA−1
kl

)
j1

)
+ 3αij

(
A−1

kl AkMAlA
−1
kl

)
11

+ 3α1iα1jτ
)

+ 3αijτ
((

A−1
kl AkMAlA

−1
kl

)
ij

+
(
A−1

kl AlMAkA−1
kl

)
ji

)}
, (52)

where τ = tr
[
A−1

kl AkMAl

]
.

In order to evaluate the kinetic energy gradient, we need to evaluate the following elementary derivatives first:

∂k τ = − vech
[
A−1

kl (AlMAk + AkMAl)A−1
kl Lk

]
+ vech

[(
A−1

kl AlM + MAlA
−1
kl

)
Lk

]
(53)

∂k

(
A−1

kl AkM
)
ij

=− vech
[
A−1

kl (EjiMAk + AkMEij)A−1
kl Lk

]
+ vech

[(
A−1

kl EjiM + MEijAlA
−1
kl

)
Lk

]
(54)

∂k

(
A−1

kl AlM
)
ji

=− vech
[
A−1

kl (EijMAl + AlMEji)A−1
kl Lk

]
(55)

∂k

(
A−1

kl AkMAlA
−1
kl

)
ij

=− vech
[
A−1

kl

(
EjiA

−1
kl AlMAk + AkMAlA

−1
kl Eij

)
A−1

kl Lk

]
+ vech

[(
A−1

kl EjiA
−1
kl AlM + MAlA

−1
kl EijA

−1
kl

)
Lk

]
− vech

[
A−1

kl

(
AlMAkA−1

kl Eji + EijA
−1
kl AkMAl

)
A−1

kl Lk

]
(56)

∂l τ = − vech
[
PA−1

kl (AlMAk + AkMAl) A−1
kl P ′Ll

]
+ vech

[
P
(
A−1

kl AkM + MAlA
−1
kl

)
P ′Ll

]
(57)

∂l

(
A−1

kl AkM
)
ij

=− vech
[
PA−1

kl (AkMEij + EjiAAk)A−1
kl P ′Ll

]
(58)

∂l

(
A−1

kl AlM
)
ji

=− vech
[
PA−1

kl (AlMEji + EijMAl)A−1
kl P ′Ll

]
+ vech

[
P
(
A−1

kl EijM + MEjiA
−1
kl

)
P ′Ll

]
(59)

∂l

(
A−1

kl AkMAlA
−1
kl

)
ij

=− vech
[
PA−1

kl

(
EjiA

−1
kl AlMAk + AkMAlA

−1
kl Eij

)
A−1

kl P ′Ll

]
+ vech

[
P
(
A−1

kl EjiA
−1
kl AkM + MAkA−1

kl EijA
−1
kl

)
P ′Ll

]
− vech

[
PA−1

kl

(
AlMAkA−1

kl Eji + EijA
−1
kl AkMAl

)
A−1

kl P ′Ll

]
. (60)

Using these elementary derivatives the evaluation of the kinetic energy gradient becomes trivial.
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III. NUMERICAL ILLUSTRATION

The described algorithm was implemented in a parallel Fortran90 code. Even though the main purpose of developing

the above algorithms is to use them in the calculations of ordinary diatomic molecules, we decided to test them using

simple three-particle diatomic molecules with the electron replaced by a much heavier muon. Such a replacement

results in the calculations of the N = 1 states in much larger coupling between the configurations, where the nuclei

are rotationally excited, with configurations, where rotational excitation involves the muon. Thus, one can expect

that basis functions (2) with i ̸= 1 are going to have much larger contribution than for a molecule where the muon is

replaced by an electron. Thus the testing and the validation of the derived algorithms can be more revealing of any

possible error. Also, the existence of very accurate results obtained for the N = 0 and N = 1 states of the muonic

molecules used here for the testing [10] provides excellent grounds for comparison.

The three-particle systems chosen for testing are: deuteron-proton-muon (dpµ), triton-proton-muon (tpµ), and

triton-deuteron-muon (tdµ). Since the muon is much heavier than the electron, the muonic density shifts considerably

closer towards the heavier nucleus, making the approach based on the Born-Oppenheimer approximation inadequate.

Also, as mentioned, the contribution of the angular momentum of the muon to the total all-particle angular momentum

is expected to be significant. In this study we use the following CODATA 2010 recommended values of the proton,

deuteron, and triton masses (in MeV/c2):

mµ = 105.6583715, mp = 938.272046, md = 1875.612859, mt = 2808.921005.

The ground N=0 states of the three tested systems are calculated using the algorithm described in [8]. The method

employs the ϕN=0
k = rmk

1 exp [−r′ (Ak ⊗ I3) r] basis functions and, as demonstrated before [9], for ordinary diatomic

molecules produces very accurate results. Table I shows the comparison between the energies obtained for the ground

vibrational rotationless (N = 0) states of dpµ, tpµ and tdµ ions, as well as for the first vibrational rotationless state of

tdµ obtained with 3000 explicitly correlated Gaussian functions. The results are compared with the energies obtained

by Frolov [10]. The small difference between the two sets of results may be caused by the muon mass used by Frolov

being slightly smaller than that used in present study. This results in the ratio of the mass of the nuclei to the mass

of the muon being larger in Frolov’s calculations, which lowers the calculated energy. In order to analyze the effect

of this mass discrepancy, we perform calculations of the dpµ ground state with the masses used by Frolov [10] and

with a more extended basis set grown to 6000 functions. With that the deviation between our new result and Frolov’s

result is reduced to 3.77×10−12 m.a.u. (muonic atomic units). Based on this test it is determined that the differences

on the order of 10−9 m.a.u. between the present 3000-ECGs results and Frolov’s results shown in the Table I should

225



13

be primarily attributed to the difference in the muonic mass.

Table II shows the energies of the three muonic systems in the first rotationally excited state (N = 1) obtained using

4000 basis functions (3) employing the algorithm discussed in [1] and the algorithm presented in the present work.

Since the first method yields the discrepancies on the order of 10−4 m.a.u., we will only discuss the second, much

more accurate method. The variational optimization of the nonlinear parameters of the Gaussians is performed using

the analytical gradient-based procedure. Powers mk in the preexponential factors, rmk , are optimized stochastically

in the range from 0 to 250. Also the i index in the xi prefactor (i = 1 or 2 in the present calculations) is optimized.

The optimization of powers mk and index i is completely unbiased. The reason for a greater number of functions in

the calculations of the N = 1 states than of the N = 0 states is a somewhat slower convergence rate in the N = 1 case

than in the N = 0 case. As expected, the comparison with the results of Frolov ([10]) yields slightly bigger differences

than those observed for N=0 states, which means that the rotational excitation energy is calculated to be greater

than the one calculated by Frolov. That discrepancy should be also attributed to the mass differences since a greater

moment of inertia yields a smaller rotational transition energy.

In Table II we also show for each system the percentage of basis functions with angular prefactor x2 in the basis

set. These are the functions where the muon is involved in the rotational excitation. The numbers are relatively

consistent for all considered systems and range approximately between 25% and 28%. The remaining basis functions

have the x1 prefactor. It is interesting to note that for the system where the first excited ”vibrational” state with

N = 1 exists, i.e. tdµ, the number of ECGs with the x2 prefactor is somewhat smaller than for the ground vibrational

N = 1 state. This seems to indicate that with the vibrational excitation the muon contribution to the total angular

momentum decreases.

IV. CONCLUSION

In conclusion, a method for very accurate non-BO calculations of states with single rotational excitation of binuclear

systems with Coulombic interactions and with an arbitrary number of particles utilizing explicitly correlated all-

particle Gaussian functions have been developed and implemented. It is demonstrated that the method is capable

of delivering the spectroscopic accuracy of 10−3 cm−1 in the calculations of bound N = 0 and N = 1 states of the

heteronuclear muonic ions, dpµ, tpµ, and tdµ.

It is interesting to note that many of the calculations of the muonic ions have been performed using methods

restricted to three-particle systems and significant complications have arisen when attempts were made to increase

the number of particles even by one ([11]). Most of these previous calculations have been based on the work of Delves
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and Kalotas [12], including the very high accuracy calculations of Frolov and co-workers ([10, 13–15]) referenced in

the present work. Other approaches such as, for example, the hyperspherical approach [16], the Hylleraas method

([17]), and the methods employing sturmian basis sets (e.g., [18]), are also limited to few-body problems by design.

However, as mentioned, the present method can be applied to calculate binuclear systems with an arbitrary numbers

of particles. Thus, rotationally excited states of larger systems can be considered. At this point only limitations of

the computer resources constrain the applicability of the method.

Another interesting discussion point is the effect of the improper cusp and long-range behavior of the Gaussian

functions. The accuracy on the order of 10−12 muonic atomic units obtained in present study suggests that the

accuracy of the present calculations is probably more limited by the double numerical precision used in the calculations

than by the cusp deficiencies. Though, the improper cusp behavior is also a contributing factor. While the accuracy

of 10−12 m.a.u can be considered sufficient for all practical applications, it would be interesting to test this point by

increasing the accuracy of the calculations by, for example, using the Bailey arbitrary-precision computation package

[19, 20].

Aside from interesting applications involving exotic molecules, such as the muonic systems considered in this work,

which the present method enables to calculate, it would be interesting to apply the method to the conventional

molecules with electrons to see how large is the contribution of the angular momentum excitations of the electrons

to the total rotational excitation of the molecule. Such a contribution can be determined directly using the present

approach. A study of this phenomenon is in progress.
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TABLE I: N=0 energies expressed in muonic atomic units (m.a.u.). Energies obtained with [8] method are presented in the

form of EK , were K is a basis size. EF are the energies obtained by Frolov [10] (only twelve significant figures are shown).

dpµ tpµ tdµ tdµ∗

E1000 -0.512711788945 -0.519880083154 -0.538594969440 -0.488065321000

E1500 -0.512711789801 -0.519880084058 -0.538594970291 -0.488065351955

E2000 -0.512711789951 -0.519880084136 -0.538594970435 -0.488065352668

E2500 -0.512711790097 -0.519880084160 -0.538594970471 -0.488065352890

E3000 -0.512711790160 -0.519880084174 -0.538594970484 -0.488065352916

EF -0.512711792482 -0.519880085704 -0.538594971709 -0.488065354216

E3000-EF -2.31[-9] -1.53[-9] -1.21[-9] -1.33[-9]

TABLE II: N=1 energies expressed in muonic atomic units (m.a.u.). E
(1)
2000 are energies obtained with 2000 ECGs with the

method described in [1]. E
(i)
K are energies obtained with the basis set of size K; EF are energies obtained by [10] (only twelve

significant figures shown).

dpµ tpµ tdµ tdµ∗

E
(1)
2000 -0.490472091672 -0.499290669019 -0.523121437122 -0.481962409302

E
(1)
2000-EF -1.92[-4] -2.01[-4] -7.00[-5] -2.91[-5]

E
(i)
1000 -0.490664159378 -0.499492020855 -0.523191449196 -0.481991518938

E
(i)
1500 -0.490664160901 -0.499492022249 -0.523191450126 -0.481991523783

E
(i)
2000 -0.490664161514 -0.499492022793 -0.523191450416 -0.481991525254

E
(i)
2500 -0.490664161653 -0.499492022968 -0.523191450450 -0.481991525817

E
(i)
3000 -0.490664161694 -0.499492023018 -0.523191450466 -0.481991526131

E
(i)
3500 -0.490664161703 -0.499492023029 -0.523191450471 -0.481991526232

E
(i)
4000 -0.490664161705 -0.499492023032 -0.523191450474 -0.481991526256

EF -0.490664164604 -0.499492024990 -0.523191452004 -0.481991527055

E
(i)
4000-EF -2.90[-9] -1.96[-9] -1.53[-9] -7.99[-10]

% of φ(2) 28.58 28.27 25.92 24.46
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The derivation and implementation of a method for quantum mechanical calculations of rotation-

ally excited diatomic molecules is presented. This method is relevant in the context of molecules

with total angular momentum equal to two (N = 2). All-particle explicitly correlated Gaussian

basis functions are utilized for the wave function expansion. The derivation includes formulas for

calculating the Hamiltonian and overlap matrix elements, as well as formulas for determining the

analytic energy gradient determined with respect to the Gaussian exponential parameters. The gra-

dient is used in the variational optimization of these parameters. The Hamiltonian used is obtained

by rigorously separating the center-of-mass motion from the laboratory-frame all-particle Hamilto-

nian, and thus it explicitly depends on the finite masses of the nuclei. The method is variational and

is tested on the v = 0, 1, 2, . . . , 22 states of the HD+ ion. The results are compared with available

experimental data.

I. INTRODUCTION

It is important, in our view, that methods for very accurate calculations of molecular wave functions and the

corresponding energies of stationary bound states of molecular systems are developed and implemented in calculations

on state-of-the-art computer systems. Results of such calculations provide benchmarks for calculations performed with

less accurate methods. They also, placed vis-a-vis the most accurate experimental data obtained from spectroscopy

measurements, assess how closely the most accurate calculations compare with the experiment. The role of very

accurate calculations is also to predict or validate experimental observables before they are measured. This work

presents a theoretical development where explicitly correlated all-particle Gaussian functions (ECGs) are used to

expand the wave functions of a rovibrationally excited diatomic molecule with an arbitrary number of σ electrons.

The rovibrational states corresponding to the second excited rotational states and all bound vibrational states are

considered. ECGs have been shown to accurately describe atomic and molecular wavefunctions [1, 2]. This work is a

continuation of the previous work of Sharkey et. al. [3] where the ECG basis functions were used describe the first

rotational state of diatomic molecules.

The method used in this approach stands out from other modern day explicitly correlated methods (such as
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coupled-cluster, configuration interactions, and many-body perturbation theory) due to the fact that the calculations

are performed outside of the confines of the Born-Oppenheimer approximation. The Hamiltonian used in the approach,

called the internal Hamiltonian, is obtained by rigorously separating the center-of-mass motion from the laboratory-

frame all-particle Hamiltonian. It describes the internal state of the molecular system and explicitly depends on the

finite masses of the nuclei. All-particle correlation is accounted for in the basis functions because they explicitly depend

on the interparticle distances. The internal Hamiltonian is ”atom-like” and represents the motion of pseudoparticles

in the central field of the reference particle chosen to be the center of the internal coordinate system. The term

”pseudoparticles” is used because the particles the internal Hamiltonian describes have the charges of the original

particles, but their masses are reduced masses.

The variational method is used in the calculations. The non-linear parameters of the ECGs are extensively optimized

separately for each state through the energy minimization, which is aided by the analytical energy gradient determined

with respect to these parameters. The calculations of the gradient involves derivatives of the matrix elements of the

Hamiltonian and the overlap matrix elements determined with respect to the non-linear parameters of the two ECGs

contained in the particular matrix element. The derivation of the Hamiltonian and overlap matrix elements and the

corresponding matrix elements of the gradient vector for the ECGs used to describe rovibrational states of a diatomic

molecule with an arbitrary number of σ electrons is discussed. To test the new algorithm and show its performance,

calculations were carried out for the HD+ ion. All bound vibrational states corresponding to the second rotational

excitations are calculated. The results are compared to the most accurate previous calculations [4] and to some

available experimental data [14].

II. HAMILTONIAN

In this work we are concerned with bound stationary internal states of a diatomic system. The problem is solved

without invoking the Born-Oppenheimer approximation. We start with the total non-relativistic Hamiltonian written

in terms of Cartesian laboratory-frame coordinate system. Next, the center-of-mass motion is rigorously separated out

from this Hamiltonian. The separation of the laboratory-frame total Hamiltonian into the center-of-mass Hamiltonian

and the internal Hamiltonian is accomplished by the coordinate transformation from the laboratory-frame coordinates

to an internal frame coordinate system. The details of the transformation are described below.

First, let us start out by defining the problem we study. We take a molecule in a laboratory coordinate frame

with the total number of nuclei (nuc) equal to Nnuc and the total number of electrons (elec) equal to Nelec. The

total number of particles in the molecular system is then: Ntot = Nnuc + Nelec. The i-th particle in the system has

mass Mi, charge Qi, and its position in the laboratory Cartesian coordinate frame is described by the 3-component
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Cartesian vector Ri. The laboratory-frame Hamiltonian for the system is:

Ĥlab = −
Ntot∑
i=1

1
2Mi

∇2
Ri

+
Ntot∑

i=1,j>i

QiQj

Rij
. (1)

The gradient with respect to the position coordinates of the particle is ∇Ri , and Rij is the distance between the i and

j particles determined by Rij = ||Rj −Ri||. The double vertical bars stand for the absolute value of the Euclidean

norm.

The center-of-mass motion (or translational motion of the system as a whole) and the internal motion of the particles

forming the system are separated in the laboratory-frame Hamiltonian, (1). The separation yields two Hamiltonians;

one representing the kinetic energy of the motion of the center of mass described by the following vector in the

laboratory coordinate frame:

r0 =
M1

Mtot
Ri +

M2

Mtot
R2 + . . . +

MNtot

Mtot
RNtot , (2)

where Mtot =
∑Ntot

i=1 Mi is the total mass of the system, and the second representing the internal motion of the

particles. The second Hamiltonian, called internal, is expressed in terms of new internal coordinates described by the

following vectors referring particles 2 through Ntot to particle 1 which is chosen to be the reference particle:

r1 = −R1 + R2

r2 = −R1 + R3

...

rntot = −R1 + RNtot . (3)

In general the internal coordinates are: ri = Ri+1 − R1 where i = 1, . . . , ntot, and ntot = Ntot − 1. With this the

set of Ntot laboratory coordinate vectors, {R1, . . . ,RNtot} is transformed to the coordinate set consisting of {r0, ri,

. . . , rntot}. The reference particle is usually the heaviest particle in the system (i.e. one of the nuclei). There is

a one-to-one correspondence between the laboratory coordinates and the coordinates of the new coordinate system

consisting of the center-of-mass coordinates plus the internal coordinates. The distance between pseudoparticles i and

j is the same as the distance between the original particles: rij = ||rij || = ||rj − ri|| = ||Rj+1 −Ri+1||.

In the new coordinate frame the internal coordinates, ri, represent the motion of the ntot pseudoparticles in

the central field of the charge of the reference nucleus. The pseudoparticles described by the internal Hamiltonian

have the same charges as the original real particles before the transformation, but their masses are now reduced

masses. Physically, a pseudoparticle represents a pair consisting of an original particle and the reference particle.

Denoting the mass of the reference nucleus as m0 and its charge as q0, setting the pseudoparticle reduced masses be

to µi = m0mi/ (m0 + mi) with mi = Mi+1, and with the pseudoparticle charges equaling qi = Qi+1, the internal
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Hamiltonian is [5]:

Ĥ = −1
2

ntot∑
i=1

1
µi
∇2

ri
+

ntot∑
i ̸=j

1
m0

∇′
ri
∇rj

+
ntot∑
i=1

q0qi

ri
+

ntot∑
i=1,j>i

qiqj

rij
.. (4)

The motions of the pseudoparticles are coupled through the mass polarization term,
∑

i̸=j (1/m0)∇′
ri
∇ri , and through

the Coulomb interactions. The Coulombic interactions are dependent on the distances between the pseudoparticles

and the reference particle located at the origin of the internal coordinate system, ri, and on the relative distances

between pseudoparticles, rij . In the calculations performed in this work for the HD+ ion we use the following masses:

the mass of deuteron Md = 3670.4829652me and the mass of proton Mp = 1836.15267245me, where me is the electron

mass (me = 1 in atomic mass units, au.).

The molecular problem represented by the internal Hamiltonian (4) is “atom-like” because it describes the motion

of particles in a spherically symmetric, isotropic potential. Due to this feature, the Hamiltonian commutes with the

square of the all-particle total angular-momentum operator, N2, which is a sum of the electronic, L, and nuclear,

R, angular momenta (or, more precisely, the total angular momenta of the pseudoparticles), N = L + R. The

commutation relation is [Ĥ,N̂2] = 0 [7]. Therefore, by expanding the total internal wave function of the system

in terms of basis functions which are eigenfunctions of the square of the total angular momentum operator, states

corresponding to different eigenvalues of N2 can be separated. While in previous works we have considered states

with N = 0, i.e. so-called pure vibrational states [6], in this work we consider states with N = 2, i.e. the second-

rotationally-excited states.

III. THE TOTAL ENERGY AND THE ENERGY GRADIENT

The energy eigenvalues of the Hamiltonian (4) are obtained by using the standard Rayleigh-Ritz variational scheme:

⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩ ≥ E0. (5)

The exact nonrelativistic energy of the system is E0. The total molecular wave function, Ψ, depends on the spatial

coordinates, r, of the particles and their spins, s. The internal spatial coordinates r is a 3ntot-component vector

consisting of ntot, 3-component ri vectors. Likewise, the spin coordinates (s) are represented as a 3ntot-component

vector plus the three spin coordinates of the reference particle.

The internal Hamiltonian (4) is spin independent. The determination of the Hamiltonian and overlap matrix

elements is first reduced by separating integration variables r and s, and integrating over the spin variables. Since

the spin functions are normalized, each integration over the spin variables is equal to 1. This leaves behind only

spatially dependent integrals, which can be calculated using the spatial wave function, Ψ(r). This wave function is

approximated by a linear combination of K basis functions, ϕk(r):

Ψ (r) =
K∑

k=1

ckŶ ϕk(r), (6)
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where ck is the linear variational parameter, and Ŷ is a permutational symmetry projection operator specific to the

considered state of the system. The specific form of ϕk(r) is described in detail in Section IV. In the calculations of

HD+ described in this work, there are no indistinguishable particles (all particles are different), and therefore Ŷ = 1̂.

To minimize the energy functional with respect to the parameters ck the secular equation is used:

(H− εS)c = 0, (7)

where H and S are K × K hermitian matrices of the Hamiltonian and overlap integrals, with the elements Hkl =

⟨ϕk|ĤŶ †Ŷ |ϕl⟩ and Skl = ⟨ϕk|Ŷ †Ŷ |ϕl⟩, respectively. c is a K-component vector of the linear expansion coefficients

ck. Solutions of the equation (7) give upper bounds, ε, to the exact ground and excited state energies of the system.

There exist K solutions of (7).

The differential of (7) is:

d(H− εS)c = (d H)c− (d ε)Sc− ε(d S)c + (H− εS) d c. (8)

Multiplying (8) by c† from the left and rearranging for d ε we obtain:

d ε = c†(d H− εd S)c. (9)

In the above equation it is assumed that the wave function is normalized , c†Sc = 1. The relation (9) is essentially

the same as the well known Hellmann-Feynman theorem.

Now let us assume that αt is some nonlinear parameter, on which the basis function ϕt depends. It is obvious that

only the elements in the t-th row and t-th column of the matrices H and S depend on αt. Thus, the derivative of an

arbitrary element of H (as well as S) can be written as:

∂Hkl

∂αt
=

∂Hkl

∂αt
(δkt + δlt − δktδlt), k, l, t = 1 . . .K. (10)

From (9) and (10) it is easy to find that the derivative of the total energy, ε, with respect to the parameter αt, is:

∂ε

∂αt
= c∗t

K∑
l=1

cl

(
∂Htl

∂αt
− ε

∂Stl

∂αt

)
+ ct

K∑
l=1

c∗l

(
∂Hlt

∂αt
− ε

∂Slt

∂αt

)
− ctc

∗
t

(
∂Htt

∂αt
− ε

∂Stt

∂αt

)

= 2ℜ
[
c∗t

K∑
l=1

cl

(
∂Htl

∂αt
− ε

∂Stl

∂αt

)]
− ctc

∗
t

(
∂Htt

∂αt
− ε

∂Stt

∂αt

)
. (11)

By calculating such a derivative for each αt (k = 1 . . . K) we can get the entire energy-gradient vector. In practice,

it is advantageous to evaluate the derivatives of ε with respect to the entire vechLk matrix rather than doing this

separately for individual parameters (Lk)11, (Lk)21, . . . , (Lk)nn. This is because the calculation of the derivatives

with respect to the elements of matrix Lk involves many identical operations and repeating them separately for each

element is much less efficient than calculating all of them in a single step.
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As it can be seen from (11), the calculation of the gradient of ε with respect to vechLk involves the following

derivatives of the H and S matrix elements:

∂Hkl

∂(vechLk)
,

∂Hkl

∂(vechLl)
,

∂Skl

∂(vechLk)
, and

∂Skl

∂(vechLl)
. (12)

We derive expressions for the Hamiltonian (for this work Hkl ≡ HN=2
kl = TN=2

kl +VN=2
kl ) and overlap SN=2

kl matrices and

the above expressions for their derivatives. The derivatives of the normalized kinetic and potential matrix elements

are derived separately:

∂TN=2
kl

∂(vechLk)
,

∂VN=2
kl

∂(vechLk)
,

∂SN=2
kl

∂(vechLk)
,

∂TN=2
kl

∂(vechLl)
,

∂VN=2
kl

∂(vechLl)
, and

∂SN=2
kl

∂(vechLl)
. (13)

First, we will describe the details of the overlap SN=2
kl matrix elements derivation (Section V A) and the gradient of

the formulas including all necessary transformations. Then we will show the derivations for the kinetic energy TN=2
kl

matrix elements (Section V B) and the potential energy VN=2
kl matrix elements (Section V C) and display the gradient

formulas. We will now go on to describe the ECG basis functions and their properties specific for diatomic molecules.

IV. THE BASIS FUNCTIONS

The main component of an ECG basis function for expanding the spatial part of an ntot-pseudoparticle wave

function for an “atomic molecule” is the following exponential function:

ϕk (r) ≡ ϕk = exp [−r′ (Ak ⊗ I3) r] , (14)

where Ak is an ntot × ntot symmetric matrix, ⊗ is the Kronecker product symbol, and I3 is a 3 × 3 identity matrix.

The basis functions used in bound-state calculations must be square integrable. This effectively imposes restrictions

on the Ak matrix; it must be positive definite. Rather than limiting the elements of the Ak matrix, Ak is represented

in a Cholesky factorized form as Ak = LkL′k, where Lk is a lower triangular matrix. With this representation, Ak is

automatically positive definite for any values of the Lk matrix elements, positive or negative.

The ECG functions have a maximum when the distance between two particles is zero. This is ideal for particles with

opposite charges; such as a proton and an electron. However, as two particles with like charges repel, the probability

of them occupying the same point in space is very small; therefore having a maximum at the coalescence point is

undesirable. The probability of two particles occupying the same point in space is much smaller for a pair of nuclei

than for a pair of electrons [7, 8]. Therefore, the ECG functions (14) must be modified to describe the virtually zero

probability of two nuclei closely approaching each other. Also, as a purpose of the molecular non-BO calculations is to

describe the molecule in a vibrationally excited state, the system must be represented by a wavefunction with spatial

nodes in terms of the coordinates describing the internuclear distances. Additional flexibility needs to be introduced

in the ECGs to describe these features.
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To achieve this additional flexibility, the ECG functions (14) are multiplied by non-negative even powers of the

internuclear distances. In diatomic non-BO calculations, this factor is rmk
1 where r1 is the distance bewtween the

reference nucelus and the second nucleus (the deuteron-proton distance in the case of the HD+ molecule):

ϕN=0
k = rmk

1 ϕk, (15)

such that r1=(x2
1 + y2

1 + z2
1)1/2 = (r′J11r)

1/2, where J11 is a square diagonal 3ntot × 3ntot matrix. Similar to the Ak,

the J11 can be reduced to and ntot × ntot matrix J11 crossed with 3 dimensions I3: J11 = J11 ⊗ I3. The only nonzero

elements of J11 is the (1,1) element making the only nonzero elements of J11 the (1,1), (2,2), and (3,3) elements. The

mk power in our calculations is an even integer variational parameter which is optimized (in the range from zero to

250). When mk is equal to zero we have a usual ECG function (14).

The above functions are used for expanding the wave functions of states with rotational quantum number equal to

zero (N = 0). For the second excited rotational states of a diatomic molecule corresponding to the rotational quantum

number N = 2 and Nz = 0 (the quantum number associated with the projection of the total angular momentum on

the z axis) functions (15) are multiplied by Cartesian angular factors and take the following form:

ϕN=2
k = (x2

1 + y2
1 − 2z2

1)ϕN=0
k . (16)

The coordinates in the Cartesian angular factor are the relative coordinates between the two nuclei. The states being

described by basis functions (15) with angular factor (16) are rovibrational states of diatomic molecules corresponding

to the second rotational excitation. Since the contribution from the angular excitations of the electrons to the total

molecular angular momentum can be expected to be small, these basis functions are sufficient building blocks for our

molecular wave functions of states studied in the present work.

Thus, in this work, the derivation of the Hamiltonian and overlap integrals and their computational implementation

concerns the basis functions:

ϕN=2
k =

(
x2

1 + y2
1 − 2z2

1

)
rmk
1 exp [−r′ (Ak ⊗ I3) r] . (17)

This is the full form of the ECG used in this work.

V. MATRIX ELEMENTS

A. Overlap Matrix Elements

The normalized overlap (SN=2
kl ) matrix elements for the N = 2 rotationally excited states of diatomic molecules is

determined by the following expression:

SN=2
kl =

⟨ϕN=2
k |ϕN=2

l ⟩√
⟨ϕN=2

k |ϕN=2
k ⟩⟨ϕN=2

l |ϕN=2
l ⟩

. (18)
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The numerator will be solved for first and that formula will be used to determine the denominator. The overlap

integral between two N = 2 basis functions (17) is determined using the partial derivative of an ECG function. The

prefactor (x2
1 + y2

1 − 2z2
1)2 is a quadratic function and is placed in the exponent using the partial differentiation:

− ∂

∂ω
exp [−ωr′Wr] |ω=0 = r′Wr, (19)

where W in general is a 3ntot×3ntot matrix constructed to satisfy any quadratic form. We apply this operation twice

for the k and l basis function:

⟨ϕN=2
k |ϕN=2

l ⟩ = ⟨ϕk|(x2
1 + y2

1 − 2z2
1)2rmk+ml

1 |ϕl⟩

=
∂

∂ωk

∂

∂ωl
⟨ϕk|rν

1 exp
[−r

(
ωkWN=2

k + ωlWN=2
l

)
r
] |ϕl⟩

∣∣∣
ωk=ωl=0

, (20)

where WN=2
k and WN=2

l have only nonzero elements being in the (1,1), (2,2), and (3,3) positions, of values 1, 1, and

-2, respectively. In the work by Sharkey et al. [3] only one such derivative was taken. In that derivation a Dirac delta

function was used to approximate the rmk+ml
1 prefactor in the integration over all space. This was also used for the

N = 0 derivation [9] however was not explained in detail. We would like to clarify the usage of the Delta function for

the N = 2 case.

The rmk+ml
1 prefactor obtained from the multiplication of two basis functions (17) depends on the distance between

the central nucleus and the pseudonucleus. Therefore, the following general elemental integral is considered:

⟨φN=2
k |rν

1 |φN=2
l ⟩, ν > −3, , (21)

where φN=2
k =

(
x2

1 + y2
1 − 2z2

1

)
ϕk. This integral allows for calculating the overlap matrix element by setting ν =

(mk + ml). The criteria that ν > −3 is related to the integration over the Gaussian variables and will be clarified

in the derivation. To integrate (21) we first need to evaluate an auxiliary integral that involves the following three-

dimensional Dirac delta function:

δ(a1r1 + a2r2 + . . . + antotrntot − ξ) ≡ δ((a⊗ I3)′r− ξ)

= lim
β→∞

(
β

π

)3/2

exp
[
−β ((a⊗ I3)′r− ξ)2

]
, (22)

where a is a real ntot-component vector, ξ is a real three-dimensional parameter, and β is a parameter. When we

set a = e1, where e1 is an n-component vector whose first component is 1 and all others are zeros, then (21) can be

expressed as:

⟨φN=2
k |rν

1 |φN=2
l ⟩ =

∫ +∞

−∞
|ξ|ν⟨φN=2

k |δ((a⊗ I3)′r− ξ)|φN=2
l ⟩ d ξ (23)

It should be noted that integrals involving Delta function (22) with different choices of vector a can be useful in

evaluating matrix elements for other important quantities. For this reason, even though we are only concerned here
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with the evaluation of the overlap matrix elements, we will assume that the a vector has a general form when deriving

integral (24). Now, we apply (22) to the above bra-ket:

⟨φN=2
k |δ ((a⊗ I3)

′ r− ξ
) |φN=2

l ⟩ = lim
β→∞

(
β

π

)3/2

⟨φN=2
k | exp

[−βr′ (aa′ ⊗ I3) r + 2β ((a⊗ I3) ξ)′ r− βξ′ξ
]
φN=2

l ⟩

=
∂

∂ωk

∂

∂ωl
lim

β→∞

(
β

π

)3/2

exp [−βξ′ξ]×

⟨exp
[−r (Gkl + β (aa′ ⊗ I3)) r + 2β ((a⊗ I3) ξ)′ r

]⟩∣∣∣
ωk=ωl=0

, (24)

where Gkl = Akl+ωkWN=2
l +ωlWN=2

l . The following general p-dimensional Gaussian integral is the primary integral

form used to evaluate the above:∫ +∞

−∞
exp [−x′Xx + y′x] d x =

πp/2

|X|1/2
exp

[
1
4
y′X−1y

]
, (25)

where x is a p-component vector of variables, A is a symmetric p × p positive definite matrix to ensure square

integrability of the integrand, y is a p-component constant vector, and X−1 is the inverse of X. This is the primary

integral that is used in the previous ECG work [1]. To relate the two equations to each other we set: x ≡ r,

X ≡ Gkl + β (aa′ ⊗ I3), and y ≡ 2β ((a⊗ I3) ξ). Integrating over all space and taking the limit for β approaching

infinity gives:

⟨φN=2
k |δ ((a⊗ I3)

′ r− ξ
) |φN=2

l ⟩ =
∂

∂ωk

∂

∂ωl
π(3n−1)/2|Gkl|−1/2|Λkl|−1/2 exp

[−ξ′Λ−1
kl ξ

] ∣∣∣
ωk=ωl=0

. (26)

Here Λkl = (a⊗ I3)
′G−1

kl (a⊗ I3). Taking the limit as β approaches infinity was shown before in [3] and is a rather

complicated procedure, therefore we only show the final result. The next step is to take both derivatives. Applying

the full derivative operator, the above becomes:

⟨φN=2
k |δ ((a⊗ I3)

′ r− ξ
) |φN=2

l ⟩ = π(3n−1)/2|Akl|−3/2λ−3/2 exp
[−λ−1ξ′ξ

]×{ (
1
2
ηN=2

k − 1
2
λ−1 tr

[
A−1

kl WN=2
k A−1

kl aa′
]
+ λ−2ξ′a′A−1

kl WN=2
k A−1

kl aξ

)
×(

1
2
ηN=2

l − 1
2
λ−1 tr

[
A−1

kl WN=2
l A−1

kl aa′
]
+ λ−2ξ′a′A−1

kl WN=2
l A−1

kl aξ

)
+

1
2
ηn=2

k,l +
1
2
λ−2 tr

[
A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aa′

]
− 1

2
λ−1

(
tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′
]
+ tr

[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′
])

+ λ−2
(
ξ′a′A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aξ + ξ′a′A−1
kl WN=2

l A−1
kl WN=2

k A−1
kl aξ

)
− λ−3

(
ξ′a′A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aξ

+ ξ′a′A−1
kl WN=2

l A−1
kl aa′A−1

kl WN=2
k A−1

kl aξ
)}

, (27)

where the notation tr stands for the trace of a matrix. We also use η with sub- and superscripts to indicate the trace

operation: ηN=2
k = tr

[
A−1

kl WN=2
k

]
, ηN=2

l = tr
[
A−1

kl WN=2
k

]
, and ηN=2

k,l = tr
[
A−1

kl WN=2
k A−1

kl WN=2
l

]
. For the specifics

of the N = 2 case, ηN=2
k = 0, ηN=2

l = 0, and ηN=2
k,l = 6α, where α = (Akl)

−1
(11). The scalar λ = tr

[
A−1

kl aa′
]

such that
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aa′ = aa′ ⊗ I3 and aa′ = J11 where J11 is a n× n matrix with only one nonzero element in the (1, 1) position with a

value of 1.

The final step is to integrate over ξ from minus to plus infinity. To do this we use the following formulas:∫ +∞

−∞
|ξ|ν exp

[−λ−1ξ2
]
d ξ = 2πΓ

(
3 + ν

2

)
λ(3+ν)/2 ; ν > −3, (28)

∫ +∞

−∞
|ξ|ν

(
ξ′Ω(1)ξ

)
exp

[−λ−1ξ2
]
d ξ =

2π

3
Γ
(

5 + ν

2

)
λ(5+ν)/2 tr

[
Ω(1)

]
; ν > −5, (29)

∫ +∞

−∞
|ξ|ν

(
ξ′Ω(2)ξ

)(
ξ′Ω(3)ξ

)
exp

[−λ−1ξ2
]
d ξ =

2π

3× 5
Γ
(

7 + ν

2

)
λ(7+ν)/2

{
2 tr

[
Ω(2)Ω(3)

]
+ tr

[
Ω(2)

]
tr
[
Ω(3)

]}
; ν > −7, (30)

where Ω(1), Ω(2), and Ω(3) are general representations for some 3× 3 matrices. Using these and collecting like terms

to reduce the expression, we get the following overlap formula:

⟨ϕN=2
k |ϕN=2

l ⟩ =
2√
π

Γ
(

3 + ν

2

)
⟨ϕl|ϕl⟩λν/2

{
1
4
ηN=2

k ηN=2
l +

1
2
ηN=2

k,l

−λ−1

(
1
4
ηN=2

k tr
[
A−1

kl WN=2
l A−1

kl aa′
]
+

1
4
ηN=2

l tr
[
A−1

kl WN=2
k A−1

kl aa′
]

+
1
2

tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′
]
+

1
2

tr
[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′
])

+λ−2

(
1
2

tr
[
A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aa′

]
+

1
4

tr
[
A−1

kl WN=2
k A−1

kl aa′
]
tr
[
A−1

kl WN=2
l A−1

kl aa′
])

+
(

3 + ν

3

)[
λ−1

(
1
4
ηN=2

k tr
[
A−1

kl WN=2
l A−1

kl aa′
]
+

1
4
ηN=2

l tr
[
A−1

kl WN=2
k A−1

kl aa′
]

+
1
2

tr
[
A−1

kl WN=2
k A−1

kl WN=2
l A−1

kl aa′
]
+

1
2

tr
[
A−1

kl WN=2
l A−1

kl WN=2
k A−1

kl aa′
])

−λ−2
(
tr
[
A−1

kl WN=2
l A−1

kl aa′
]
tr
[
A−1

kl WN=2
k A−1

kl aa′
]

+2 tr
[
A−1

kl WN=2
l A−1

kl aa′A−1
kl WN=2

k A−1
kl aa′

])]
+

1
15

(
3 + ν

2

)(
5 + ν

2

)
λ−2

(
2 tr

[
A−1

kl WN=2
k A−1

kl aa′A−1
kl WN=2

l A−1
kl aa′

]
+tr

[
A−1

kl WN=2
k A−1

kl aa′
]
tr
[
A−1

kl WN=2
l A−1

kl aa′
])}

. (31)

The bra-ket in the above ⟨ϕk|ϕl⟩ = π3n/2|Akl|−3/2 which is the overlap between two ECG functions (14). Plugging in

that a = e1 and ν = mk + ml, the terms in the above simplify such that λ → α and the integral becomes:

⟨ϕN=2
k |ϕN=2

l ⟩ =
2√
π

Γ
(

3 + mk + ml

2

)
⟨ϕl|ϕl⟩α(mk+ml)/2

(
15 + ν2 + 8ν

5

)
α2, (32)

where we used the definitions of Wk and Wl. This formula can be reduced and rewritten as:

⟨ϕN=2
k |ϕN=2

l ⟩ =
(

15 + ν2 + 8ν

5

)
⟨ϕN=0

k |ϕN=0
l ⟩α2, (33)
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where it was shown in [3] that the overlap integral for the N = 0 state for diatomics is:

⟨ϕN=0
k |ϕN=0

l ⟩ = ⟨ϕ|rmk+ml
1 |ϕl⟩ =

2√
π

Γ
(

3 + mk + ml

2

)
⟨ϕk|ϕl⟩α(mk+ml)/2. (34)

To normalize the N = 2 overlap integral, the following two integrals are needed:

⟨ϕN=2
k |ϕN=2

k ⟩ =
(

15 + 4 m2
k + 16 mk

5

)
⟨ϕN=0

k |ϕN=0
k ⟩2−2

(
A−1

k

)2
11

, (35)

and

⟨ϕN=2
l |ϕN=2

l ⟩ =
(

15 + 4 m2
l + 16 ml

5

)
⟨ϕN=0

l |ϕN=0
l ⟩2−2

(
A−1

l

)2
11

, (36)

where in the above we need:

⟨ϕN=0
k |ϕN=0

k ⟩ =
2√
π

Γ
(

3 + 2mk

2

)
⟨ϕk|ϕk⟩α(mk) (37)

and

⟨ϕN=0
l |ϕN=0

l ⟩ =
2√
π

Γ
(

3 + 2ml

2

)
⟨ϕl|ϕl⟩α(ml). (38)

Using all of these formulas, the final normalized formula for the overlap N = 2 integral is:

SN=2
kl =

⟨ϕN=2
k |ϕN=2

l ⟩(⟨ϕN=2
k |ϕN=2

k ⟩ ⟨ϕN=2
l |ϕN=2

l ⟩)1/2

= 22 γN=2 (mk,ml) γ1 (mk,ml) Skl

( α(
A−1

k

)
11

)mk+2(
α(

A−1
l

)
11

)ml+2
1/2

, (39)

where γ1 (mk,ml) and γN=2 are functions of mk and ml defined by:

γ1 (mk,ml) =
2(mk+ml)/2Γ

(
3+mk+ml

2

)[
Γ
(
mk + 3

2

)
Γ
(
ml + 3

2

)]1/2
. (40)

and

γN=2 (mk,ml) =

(
15 + ν2 + 8ν

(225 + 256 mkml + 240 (mk + mk) + 64 (m2
kml + m2

l mk) + 60 (m2
k + m2

l ) + 16m2
km2

l )
1/2

)
. (41)

The final normalized overlap formula SN=2
kl is dependent on the normalized overlap Skl for two ECG basis functions

(14):

Skl =
⟨ϕk|ϕl⟩

(⟨ϕk|ϕk⟩ ⟨ϕl|ϕl⟩)1/2
= 23n/2

( ||Lk|| ||Ll||
|Akl|

)3/2

. (42)

To determine the gradient for the N = 2 overlap matrix elements:

∂SN=2
kl

∂ vechLk
and

∂SN=2
kl

∂ vech Ll
, (43)

we start by showing the gradient for Skl that was determined in [9]:

∂Skl

∂ (vechLk)′
=

3
2
Skl vech

[(
L−1

k

)′ − 2A−1
kl Lk

]′
(44)
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∂Skl

∂ (vech Ll)
′ =

3
2
Skl vech

[(
P ′L−1

l

)′ − 2PA−1
kl P ′Ll

]′
(45)

To obtain this we used the following definition for the derivative of a matrix determinant:

d |X| = |X| tr [X−1 d X
]
. (46)

In general X is some square matrix (X ≡ Akl). Next, we apply d Akl = dAk + d Al where:

d Ak = d LkL′k + Lk d L′k (47)

and

dAl = P ′ d LlL
′
lP + P ′Ll d L′lP. (48)

Using the above, it is a short exercise to show:

tr
[
A−1

kl d Akl

]
= 2

(
tr
[
L′kA−1

kl d Lk

]
+ tr

[
PL′lA

−1
kl P ′ dLl

])
. (49)

To write the derivative with respect to the ECG nonlinear parameters, vechLk and vechLl, we apply the following

general definition converting from the trace of a matrix to an equivalent vector operation:

(vec X)′ vecY = tr [X ′Y ] , (50)

and from there we can convert from a vector operation to a vech half operation:

(vecX)′ vecL = (vechX)′ vechL (51)

because we are using a special lower triangle matrix L ≡ Lk, Ll to construct the ECGs basis. We use these same

transformations to determine the derivative of the additional terms present in SN=2
kl . The gradient of the normalized

overlap matrix element is:

∂SN=2
kl

∂ (vechLk)′
= SN=2

kl

{
3
2

vech
[(

L−1
k

)′ − 2A−1
kl Lk

]′
+(mk + 2)

(
A−1

k

)−1

11
vech

[
A−1

k J11A
−1
k Lk

]′
− (mk + ml + 4) α−1 vech

[
A−1

kl J11A
−1
kl Lk

]′}
, (52)

and

∂SN=2
kl

∂ (vech Ll)
′ = SN=2

kl

{
3
2

vech
[(

P ′L−1
l

)′ − 2PA−1
kl P ′Ll

]′
+(mk + 2)

(
A−1

l

)−1

11
vech

[
PA−1

l J11A
−1
l P ′Ll

]′
− (mk + ml + 4) α−1 vech

[
PA−1

kl J11A
−1
kl P ′Ll

]′}
. (53)

This concludes the derivation of the overlap matrix elements for the the N = 2 rotationally excited states of diatomic

molecules. Next we present the derivations of the kinetic-energy matrix element followed by the derivation of the

potential-energy matrix element.
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B. Kinetic Energy Integral

The kinetic energy operator in (4) is written in the following quadratic form:

−1
2

 n∑
i=1

1
µi
∇2

ri
+

n∑
i̸=j

1
m0

∇′
ri
∇rj

 = −∇′
rM∇r. (54)

In (54) the mass matrix is equal to: M = M ⊗ I3, where in the M matrix the diagonal elements are set to 1/(2µ1),

1/(2µ2), ..., 1/(2µntot) while the off-diagonal elements are set to 1/(2m0). Again, m0 is the mass of the reference

nucleus and µ1, ..., and µntot are the reduced masses of the pseudoparticles with respect to the reference nucleus. The

normalized kinetic energy matrix element is:

TN=2
kl =

⟨ϕN=2
k | − ∇′

rM∇r|ϕN=2
l ⟩√

⟨ϕN=2
k |ϕN=2

k ⟩⟨ϕN=2
l |ϕN=2

l ⟩
. (55)

To solve we apply integration by parts to obtain:

⟨ϕN=2
k | − ∇′

rM∇r|ϕN=2
l ⟩ = ⟨∇rϕ

N=2
k |M|∇′

rϕ
N=2
l ⟩. (56)

Now, we determine the derivative of the basis function (17):

⟨∇rϕ
N=2
k | = ⟨2(WN=2

k r) (r′J11r)
mk/2 exp [−r′Akr] |

+ ⟨mk

(
r′WN=2

k r
)
(r′J11r)

mk/2−1 (J11r) exp [−r′Akr] |

− ⟨2 (Akr)
(
r′WN=2

k r
)
(r′J11r)

mk/2 exp [−r′Akr] |

= ⟨2(WN=2
k r)ϕN=0

k |+ ⟨mk

r2
1

(J11r)ϕN=2
k | − ⟨2 (Akr) ϕN=2

k |, (57)

and plug it back into the bra-ket above. By multiplying the above with the mass matrix and then by the corresponding

ket containing the l-basis function, the following nine integrals are obtained:

⟨∇rϕ
N=2
k |M|∇′

rϕ
N=2
l ⟩ = 4⟨ϕN=0

k |r′WN=2
k MWN=2

l r|ϕN=0
l ⟩ (58)

+ 2ml ⟨ϕN=0
k |r

′WN=2
k MJ11r

r2
1

|ϕN=2
l ⟩ (59)

− 4 ⟨ϕN=0
k |r′WN=2

k MAlr|ϕN=2
l ⟩ (60)

+ 2mk ⟨ϕN=2
k |r

′J11MWN=2
l r

r2
1

|ϕN=0
l ⟩ (61)

+ mk ml ⟨ϕN=2
k |r

′J11MJ11r
r4
1

|ϕN=2
l ⟩ (62)

− 2 mk ⟨ϕN=2
k |r

′J11MAlr
r2
1

|ϕN=2
l ⟩ (63)

− 4 ⟨ϕN=2
k |r′AkMWN=2

l r|ϕN=0
l ⟩ (64)

− 2 ml ⟨ϕN=2
k |r

′AkMJ11r
r2
1

|ϕN=2
l ⟩ (65)

+ 4 ⟨ϕN=2
k |r′AkMAlr|ϕN=2

l ⟩. (66)
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Each of the above nine integrals are evaluated separately. There are three general formulas that are used to solve

them. First, there is only one integral (equation 58) of the following form:

⟨ϕN=0
k |r′Zr|ϕN=0

l ⟩ = ⟨ϕk|rν
1 (r′Zr) , |ϕl⟩ (67)

where Z is some general symmetric positive-definite matrix. In the present case, Z ≡ WN=2
k MWN=2

l . This integral

is similar to the N = 1 overlap derivation ([3], equations 49-54) and can be solved by first transforming the quadratic

prefactor using partial differentiation as described in the overlap section. The first kinetic term (58) simplifies to the

following:

4⟨ϕN=0
k |r′WN=2

k MWN=2
l r|ϕN=0

l ⟩ = 4
2√
π

Γ
(

3 + ν

2

)
⟨ϕk|ϕl⟩αν/2M11α(3 + ν)

= 4M11α⟨ϕN=0
k |ϕN=0

l ⟩(3 + ν)

= 4M11α
−1⟨ϕN=2

k |ϕN=2
l ⟩ 5(3 + ν)

(5 + ν)(3 + ν)

=
20M11α

−1⟨ϕN=2
k |ϕN=2

l ⟩
5 + ν

(68)

It is ideal to describe all integrals in terms of ⟨ϕN=2
k |ϕN=2

l ⟩ to simplify the normalization process.

The second of the three integral types are of the following form:

⟨ϕN=0
k |r′Zr|ϕN=2

l ⟩ = ⟨ϕk|rν
1 (x2

1 + y2
1 − 2z2

1) (r′Zr) |ϕl⟩ = ⟨ϕk|rν
1

(
r′WN=2

l r
)
(r′Zr) |ϕl⟩ (69)

and

⟨ϕN=2
k |r′Zr|ϕN=0

l ⟩ = ⟨ϕk|rν
1 (x2

1 + y2
1 − 2z2

1) (r′Zr) |ϕl⟩ = ⟨ϕk|rν
1

(
r′WN=2

k r
)
(r′Zr) |ϕl⟩. (70)

These can be solved by first transforming the entire integral into the following expression using the partial differenti-

ation of an ECG function:

∂

∂ω1

∂

∂ω2
⟨ϕk|rν

1 exp
[−r′

(
Akl + ω1Z + ω2WN=2

k,l

)
r
] |ϕl⟩

∣∣∣
ω1=ω2=0

, (71)

which is very similar to the overlap for N = 2 described in Section VA with different matrices substituted into the

equation. For integrals (59), (60), (61), and (64), Z is substituted by WN=2
k MJ11, WN=2

k MAl, J11MWN=2
l , and

AlMWN=2
l , respectively. For the the overlap, Z is substituted by WN=2

k (or WN=2
l equivalently). This means that

we can use equation (31) with appropriate substitutions.

For integral (59), rν
1 becomes rν−2

1 and Z = WN=2
k MJ11. For this integral, it turns out that WN=2

k MJ11 =

M11WN=2
k , which simplifies the problem. With this (59) becomes:

M11⟨ϕN=0
k |r

′WN=2
k r

r2
1

|ϕN=2
l ⟩ = M11⟨ϕN=0

k |rν−2
1 (x2

1 + y2
1 − 2z2

1)|ϕN=2
l ⟩

= M11⟨ϕN=2
k |r−2

1 (x2
1 + y2

1 − 2z2
1)|ϕN=2

l ⟩. (72)
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Using (31) with the proper substitutions, evaluating the traces in terms of α, and simplifying the problem leads to:

2M11α
−1⟨ϕN=2

k |ϕN=2
l ⟩

ν + 5
. (73)

(61) is equivalent to (59), and, in turn, equivalent to (73).

For integral (60), Z = WN=2
k MAl. Again, using (31) with proper substitutions and algebraic manipulation leads

to a new parameter: (MAlA
−1
kl )11 = τ4. This parameter allows the expression to be simplified to the following:

α−1τ4⟨ϕN=2
k |ϕN=2

l ⟩. (74)

For integral (64), Z = AkMWN=2
l . After making the proper substitutions into (31), another parameter is obtained

which is similar to τ4. It is τ5=(A−1
kl AkM)11. With this we have a comparable expression:

α−1τ5⟨ϕN=2
k |ϕN=2

l ⟩. (75)

Finally, the last integral type is of the form:

⟨ϕN=2
k |r′Zr|ϕN=2

l ⟩ = ⟨ϕk|(x2
1 + y2

1 − 2z2
1)2(r′Zr)rν

1 |ϕl⟩ = ⟨ϕk| (r′Zr)
(
r′WN=2

k r
) (

r′WN=2
l r

)
rν
1 |ϕl⟩. (76)

It can be evaluated by transforming it into the following expression using the same technique as in the previous

derivations:

∂

∂ω1

∂

∂ω2

∂

∂ω3
⟨ϕk|rν

1exp[−r′(Akl + ω1Z + ω2Wk + ω3Wl)r]|ϕl⟩
∣∣∣
ω1=ω2=ω3=0

. (77)

Next we start from equation (31) and replace Akl with Akl + ω1AkMAl, and differentiate one more time. (77) can

be transformed into an analytical expression (see ref [10], equations, 28, 74-82), which can be simplified further to

various forms depending on the matrix, Z.

For integral (62), Z = J11:

⟨ϕN=2
k |r

′J11MJ11r
r4
1

|ϕN=2
l ⟩ = M11⟨ϕk|rν−4

1 (x2
1 + y2

1 − 2z2
1)2r′J11r|ϕl⟩

= M11⟨ϕl| rν−4
1

(
r′WN=2

k r
) (

r′WN=2
l r

)
(r′J11r) |ϕl⟩. (78)

After several simplifications and by evaluating the integral in terms of α, it can be shown that the integral is equivalent

to:

2M11α
−1⟨ϕN=2

k |ϕN=2
l ⟩

5 + ν
. (79)

For integral (63), Z = J11MAl:

⟨ϕN=2
k |r

′J11MAlr
r2
1

|ϕN=2
l ⟩ = ⟨ϕk|rν−2

1 (x2
1 + y2

1 − 2z2
1)2r′J11MAlr|ϕl⟩ =

⟨ϕk|rν−2
1

(
r′WN=2

k r
) (

r′WN=2
l r

)
(r′J11MAlr) |ϕl⟩, (80)
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and with simplifications it becomes:

α−1τ4⟨ϕN=2
k |ϕN=2

l ⟩. (81)

For integral (65), Z = AkMJ11:

⟨ϕN=2
k |r

′AkMJ11r
r2
1

|ϕN=2
l ⟩ = ⟨ϕk|rν−2

1 (x2
1 + y2

1 − 2z2
1)2r′AkMJ11r|ϕl⟩ =

⟨ϕk|rν−2
1

(
r′WN=2

k r
) (

r′WN=2
l r

)
(r′AkMJ11r) |ϕl⟩. (82)

With this, (65) can be simplified into the following:

α−1τ5⟨ϕN=2
k |ϕN=2

l ⟩. (83)

For integral (66), Z = AkMAl:

⟨ϕN=2
k |r′AkMAlr|ϕN=2

l ⟩ = ⟨ϕk|rν
1

(
x2

1 + y2
1 − 2z2

1

)2
r′AkMAlr|ϕl⟩

= ⟨ϕk|rν
1

(
r′WN=2

k r
)
(r′Wlr) (r′Zr) |ϕl⟩. (84)

For this final integral, two new quantities are defined: τ1 = tr[A−1
kl AkMAl], and τ2 = (A−1

kl AkMAlA
−1
kl )11. Using the

same approach as the last three integral the final formula is:

⟨ϕN=2
k |ϕN=2

l ⟩
2α

(
3ατ1 + τ2(4 + ν)

)
. (85)

With all of this together the total kinetic energy can now be evaluated. Since all of the integrals have been solved and

all of them contain ⟨ϕN=2
k |ϕN=2

l ⟩, and the kinetic energy integral is a linear combination of the integrals, ⟨ϕN=2
k |ϕN=2

l ⟩

can be factored out in the expression. With that the normalized kinetic-energy matrix element is:

TN=2
kl = 2SN=2

kl α−1

[
M11

ν + 5
(10 + 2ν + mkml) + τ4(−2−mk) + τ5(−2−ml) + 3ατ1 + τ2(4 + ν)

]
. (86)

Four τ parameters named have been introduced above. Their formulas can be transformed and simplified such

that there are only three unique τ parameters. These are the same three parameters as presented in [3]. This not

only simplifies the formulas themselves, but helps with coding them in the computer program. Additionally, it can

be shown that:

τ4(−2−mk) + τ5(−2−ml) = −τ3 − 2M11, (87)

where τ3 = (A−1
kl (mlAk + mkAl)M)11. The new kinetic energy formula becomes:

2SN=2
kl α−1

[
M11

ν + 5
(10 + 2ν + mkml)− τ3 − 2M11 + 3ατ1 + τ2(4 + ν).

]
(88)

To reiterate, τ1 = tr
[
A−1

kl AkMAl

]
, τ2 =

(
A−1

kl AkMAlA
−1
kl

)
11

, and τ3 =
(
A−1

kl (mlAk + mkAl) M
)
11

.
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The gradient of the kinetic energy matrix element is:

∂TN=2
kl

∂ (vechLk)′
=

∂SN=2
kl

∂ (vechLk)′
TN=2

kl

SN=2
kl

− α−1 TN=2
kl

∂α

∂ (vechLk)′

+
2SN=2

kl

α

{
− ∂τ3

∂ (vechLk)′
+ 3τ1

∂α

∂ (vechLk)′
+ 3α

∂τ1

∂ (vechLk)′
+

∂τ2

∂ (vechLk)′
(4 + ν)

}
, (89)

and

∂TN=2
kl

∂ (vechLl)
′ =

∂SN=2
kl

∂ (vechLl)
′
TN=2

kl

SN=2
kl

− α−1 TN=2
kl

∂α

∂ (vechLl)
′

+
2SN=2

kl

α

{
− ∂τ3

∂ (vechLl)
′ + 3τ1

∂α

∂ (vech Ll)
′ + 3α

∂τ1

∂ (vechLl)
′ +

∂τ2

∂ (vechLl)
′ (4 + ν)

}
. (90)

It should be noted that the gradient formulas for the τ parameters and their articulation in this paper are taken

directly from [3]. For the τ1 derivatives, we obtain:

∂τ1

∂ (vechLk)′
= − (vech A−1

kl AkMAlA
−1
kl Lk

)′ − (vechA−1
kl AlMAkA−1

kl Lk

)′
+
(
vech MAlA

−1
kl Lk

)′
+
(
vech A−1

kl AlMLk

)′
, (91)

and

∂τ1

∂ (vechLl)
′ = − (vech A−1

kl AkMAlA
−1
kl Ll

)′ − (vech A−1
kl AlMAkA−1

kl Ll

)′
+
(
vech A−1

kl AkMLl

)′
+
(
vechMAkA−1

kl Ll

)′
. (92)

For τ2 we have:

∂τ2

∂ (vechLk)′
= − (vechA−1

kl AkMAlA−1
kl WN=1

kl A−1
kl Lk

)′ T − (vechA−1
kl WN=1

kl A−1
kl AlMAkA−1

kl Lk

)′ T
− (vechA−1

kl AlMAkA−1
kl WN=1

kl A−1
kl Lk

)′ T − (vechA−1
kl WN=1

kl A−1
kl AkMAlA−1

kl Lk

)′ T
+
(
vechMAlA−1

kl WN=1
kl A−1

kl Lk

)′ T +
(
vechA−1

kl WN=1
kl A−1

kl AlMLk

)′ T , (93)

and

∂τ2

∂ (vechLl)
′ = − (vechA−1

kl AkMAlA−1
kl WN=1

kl A−1
kl Ll

)′ T − (vechA−1
kl WN=1

kl A−1
kl AlMAkA−1

kl Ll

)′ T
− (vechA−1

kl AlMAkA−1
kl WN=1

kl A−1
kl Ll

)′ T − (vechA−1
kl WN=1

kl A−1
kl AkMAlA−1

kl Ll

)′ T
+
(
vechA−1

kl WN=1
kl A−1

kl AkMLl

)′ T +
(
vechMAkA−1

kl WN=1
kl A−1

kl Ll

)′ T . (94)

To transform the expression to the final form, a transformation matrix, T , must be applied to the appropriate terms.

This transformation matrix has dimensions 3n(3n+1)
2 × n(n+1)

2 and is defined as:

T =
dvechLk (vechLk)

d (vechLk)′
. (95)

The notation vechLk (vechLk) indicates that the 3n (3n + 1) /2-dimension vector vechLk is a function of the

n (n + 1) /2-dimension vector vechLk. The derivative of vechLk with respect to vechLk is defined as the
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3n (3n + 1) /2 × n (n + 1) /2 matrix of partial derivatives whose ij-th element is the partial derivative of the i-th

component of vechLk (a column vector) with respect to the j-th element of (vechLk)′ (a row vector). It should be

noted that T is a binary matrix and is independent of index k. (95) can be now rearranged to the following form:

d vechLk = T vechLk, (96)

and to a similar form for d vechLl. The approach was first used in [11]. Next we substitute (d vechLk) and (d vechLl)

with (96).

For τ3 we have:

∂τ3

∂ (vechLk)′
= − (vechA−1

kl (mlAk + mkAl) MJ11A
−1
kl Lk

)′ − (vechA−1
kl J11M (mlAk + mkAl)A−1

kl Lk

)′
+ml

(
vechMJ11A

−1
kl Lk

)′
+ ml

(
vech A−1

kl J11MLk

)′
, (97)

and

∂τ3

∂ (vechLl)
′ = − (vech A−1

kl (mlAk + mkAl) MJ11A
−1
kl Ll

)′ − (vech A−1
kl J11M (mlAk + mkAl) A−1

kl Ll

)′
+mk

(
vech MJ11A

−1
kl Ll

)′
+ mk

(
vechA−1

kl J11MLl

)′
. (98)

C. Potential Energy Integral

To solve for the normalized potential energy matrix element, (VN=2
kl ), for the N = 2 rotationally excited states of a

diatomic molecule, the element is defined as:

VN=2
kl =

∑ntot

i=1,j>i qiqj⟨ϕN=2
k | 1

rij
|ϕN=2

l ⟩+
∑ntot

i=1 q0qi⟨ϕN=2
k | 1

ri
|ϕN=2

l ⟩√
⟨ϕN=2

k |ϕN=2
k ⟩⟨ϕN=2

l |ϕN=2
l ⟩

. (99)

All bra-kets in the numerator can be solved for in a single derivation. To do this we take a similar approach as used

in the evaluation of the overlap integral in the sense that we use the derivative of a Gaussian function defined in (19).

However, instead of using the delta function (22) for rmk+ml
1 we use the mth-partial derivative:

(−1)m ∂m

∂um
exp [−ur′J11r]

∣∣
u=0

= rm
1 , (100)

where m = (mk + ml) /2. Recall that the sum of mk and ml is even in the present approach. To represent the 1/rij

(or 1/ri) operator we use the following Gaussian integral transform:

2√
π

∫ +∞

0

exp
[−t2r′Jijr

]
d t =

1
rij

. (101)

With this the potential-energy matrix element is determined as the following integral:

⟨ϕN=2
k | 1

rij
|ϕN=2

l ⟩ = ⟨(x2
1 + y2

1 − 2 z2
1

)2
r
(mk+ml)
1

1
rij

exp [−r′Aklr]⟩

=
∂

∂ωk

∂

∂ωl
(−1)m ∂m

∂um

2√
π
×∫ +∞

0

⟨exp
[−r′

(
Akl + ωkWN=2

k + ωlWN=2
l + uJ11 + t2Jij

)
r
]⟩ d t

∣∣∣
ω=u=0

, (102)
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where Jij = Jij ⊗ I3 and its structure is:

Jij =

 Eii + Ejj − Eij − Eji for i ̸= j

Eii for i = j

(103)

(104)

Jij has dimension n× n with 1’s in the ijth-postion and zeros everywhere else. Next, we solve the bra-ket integrand.

To do this we apply equation (25) and recover:

⟨exp
[−r′

(
Akl + ωkWN=2

k + ωlWN=2
l + uJ11 + t2Jij

)
r
]⟩ = π3n/2|Akl + ωkWN=2

k + ωlWN=2
l + uJ11 + t2Jij |−1/2

= π3n/2|Akl|−3/2|I3n + ωkWN=2
k A−1

kl + ωlWN=2
l A−1

kl + uJ11A−1
kl + t2JijA−1

kl |−1/2.(105)

In the above we factor out the inverse of the determinant of the Akl matrix using:

|X + Y | = |X||Ip + Y X−1|, (106)

where X and Y are p× p square matrices.

Now we apply the derivative operation, ∂
∂ωk

∂
∂ωl

, to the above and set ωk and ωl to zero:

π3n/2|Akl|−3/2|In + uJ11A
−1
kl + t2JijA

−1
kl |−3/2

{
1
4
ηN=2

k ηN=2
l +

1
2
ηN=2

k,l

}
, (107)

where ηN=2
k = tr

[
DWN=2

k A−1
kl

]
= 0, ηN=2

l = tr
[
DWN=2

l A−1
kl

]
= 0, such that D = I3ntot + uJ11 + t2Jij . One cam

also show that:

ηN=2
k,l = tr

[
DWN=2

k A−1
kl DWN=2

l A−1
kl

]
= 6

( (
α + t2 (αβ − χ)

)
(1 + uα + t2β + ut2 (αβ − χ))

)2

, (108)

where

β = tr
[
A−1

kl Jij

]
=


(
A−1

kl

)
(ii)

+
(
A−1

kl

)
(jj)

− (A−1
kl

)
(ij)

− (A−1
kl

)
(ji)

for i ̸= j,(
A−1

kl

)
(ii)

for i = j,

(109)

(110)

and

χ = tr
[
A−1

kl JijA
−1
kl J11

]
=



(
A−1

kl

)
(1,i)

(
A−1

kl

)
(i,1)

+
(
A−1

kl

)
(1,j)

(
A−1

kl

)
(j,1)

− (A−1
kl

)
(1,i)

(
A−1

kl

)
(j,1)

− (A−1
kl

)
(1,j)

(
A−1

kl

)
(i,1)

for i ̸= j,(
A−1

kl

)2
(1,i)

for i = j.

(111)

(112)

Now, simplifying the determinant using:

|Ip + X| = 1 + tr [X] , (113)
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and plugging in the quantities described above the bracket integrand is:

⟨exp
[−r′

(
Akl + ωkWN=2

k + ωlWN=2
l + uJ11 + t2Jij

)
r
]⟩ =

=
6
2
π3n/2|Akl|−3/2

(
1 + uα + t2β + ut2 (αβ − χ)

)−3/2

(
α + t2 (αβ − χ)

)2
(1 + uα + t2β + ut2 (αβ − χ))2

=

=
6
2
π3n/2|Akl|−3/2

(
α + t2 (αβ − χ)

)2
(1 + uα + t2β + ut2 (αβ − χ))−7/2

. (114)

Plugging this result back into initial integral and integrating over variable t results in:

⟨ϕN=2
k | 1

rij
|ϕN=2

l ⟩ =
6
2

2√
π

π3n/2|Akl|−3/2 (−1)m ∂m

∂um

∫ +∞

0

α2 + 2t2α (αβ − χ) + t4 (αβ − χ)2

(1 + uα + t2β + ut2 (αβ − χ))7/2
d t
∣∣∣
u=0

= α2 6
2

2√
π

π3n/2|Akl|−3/2 (−1)m ∂m

∂um
×{

8
15

(β + u (αβ − χ))−1/2 (1 + uα)−3 +
4 (αβ − χ) /a

15
(β + u (αβ − χ))−3/2 (1 + uα)−2

+
((αβ − χ) /α)2

5
(β + u (αβ − χ))−5/2 (1 + uα)−1

}∣∣∣
u=0

. (115)

In the integration we use the following general integrals:∫ +∞

0

1/
(
s + rt2

)7/2
d t =

8
15

(r

s

)−1/2

s−7/2 =
8
15

r−1/2s−3, (116)

∫ +∞

0

t2/
(
s + rt2

)7/2
d t =

2
15

(r

s

)−3/2

s−7/2 =
2
15

r−3/2s−2, (117)

∫ +∞

0

t4/
(
s + rt2

)7/2
d t =

1
5

(r

s

)−5/2

s−7/2 =
1
5
r−5/2s−1, (118)

where s ≡ 1 + uα and r ≡ β + u (αβ − χ). Next the mth-derivative with respect to u is determined using the

well-known Leibniz equation:

dm f1 (g1 (u)) f2 (g2 (u))
d um

m∑
q=0

Γ (m + 1)
Γ (q + 1) Γ (−q + m + 1)

dq f1 (g1 (u))
d uq

dm−q f2 (g2 (u))
dum−q

. (119)

To properly apply this formula we write some useful derivatives:

dq r−1/2

duq
= (−1)q Γ (1/2 + q)

Γ (1/2)
β−1/2−q (αβ − χ)q (120)

dq r−3/2

duq
= (−1)q Γ (3/2 + q)

Γ (3/2)
β−3/2−q (αβ − χ)q (121)

dq r−5/2

duq
= (−1)q Γ (5/2 + q)

Γ (5/2)
β−5/2−q (αβ − χ)q (122)

dq−m s−1

dum−q
= (−1)m−q Γ (−q + m + 1)

Γ (1)
αm−q (123)

dq−m s−2

dum−q
= (−1)m−q Γ (−q + m + 2)

Γ (2)
αm−q (124)
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dq−m s−3

d um−q
= (−1)m−q Γ (−q + m + 3)

Γ (3)
αm−q. (125)

⟨ϕN=2
k | 1

rij
|ϕN=2

l ⟩ = α2 6
2

2√
π

π3n/2|Akl|−3/2 4
3× 5

αm

√
β

Γ(m + 1)

[
m2 + 4m +

15
4
−
(

m +
5
2

)
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To write the above in terms of the normalized N = 2 overlap integral we apply:

5
(15 + 16m + 4m2)

1
Γ
(

3+2m
2

) (127)

to the above and after some rearrangement and simplification we obtain the following final formula:
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. (128)

It is also important to mention that we used the following relation to effectively perform the simplification: Γ (x) =

(x− 1)!, and Γ (x + 1) = x!. It should also be mentioned that RN=2
kl needs to be multiplied by the appropriate charges

to obtain VN=2
kl .

The gradient formulas for the potential energy matrix elements are:
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(129)

and
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where
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Again, we need to multiply ∂RN=2
kl

∂ vech Lk
and ∂RN=2

kl

∂ vech Ll
by the appropriate charges to obtain ∂VN=2

kl

∂ vech Lk
and ∂VN=2

kl

∂ vech Ll
.

VI. NUMERICAL ILLUSTRATION

The above described algorithm has been implemented in a Fortran90 code paralellized via MPI protocol. The

correctness of the code was checked against numerical and analytical results obtained with MATHEMATICA and

MATLAB.

In the present calculation we consider all bound rovibrational states of the HD+ molecular ion corresponding to the

second excited rotational state. The HD+ system has been chosen due to the fact that in the highest bound vibrational

states it possesses a significant charge-distribution asymmetry as a result of the electron becoming more stable when

its density shifts towards the deuteron and away from the proton. This effect is purely non-adiabatic and to describe

it one either needs to perform a direct non-BO calculations (as done in the present study) or use perturbation

theory. Also, extensive literature data exist on this system, allowing for a thorough method bench-marking. The

bench-marking in this work involves performing non-BO calculations of the total energies of all ν = 0, . . . , 21 bound

vibrational states corresponding to the N=2 rotational excited state. The total energies of the states are used to

determine the (v,1)→(v,2) transition energies and the dissociation energies.

In the first step of the calculations we generated a ECG basis set for each of the twenty two considered states. For

each (v,2) state we started with the ECG basis set generated before for the (v,0) state and, by multiplying all the basis
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functions by the (x2
1 + y2

1 − 2z2
1) angular factor, we produced the initial basis set for the (v,2) state calculation. In the

second, the exponential Lk parameters of all ECGs were variationally optimized using the gradient-based procedure;

mk powers in the preexponential factor, rmk
1 , were kept the same. In the third step, a thousand ECGs were added to

the basis set of each state with the mk and Lk for each added function optimized with the gradient-based procedure.

The new functions were added to the basis set of each state one by one. The initial parameters of the added function

have been obtained by randomly perturbing the parameters of one of the most contribution ECGs already included

in the basis set. Afterwards, several cyclic optimizations were performed for each set to increase the accuracy of the

calculated energy value. The results of each step are shown in the Table I. Since the wave functions for lower states

have fewer nodes, a smaller number of ECGs is needed to accurately describe their wave functions. For higher states

with more complicated nodal structures, more ECGs are needed to represent them with similar accuracy. It can be

seen from the table that the addition of a thousand ECGs to each basis set leads to an energy decrease on the order

of 1.0×10−9 hartrees, which indicates a reasonably tight convergence.

The most accurate total energy values were used to calculate dissociation energies (shown in Table II) and

(v,1)→(v,2) transition energies (shown in Table III). In these tables we compare our results to the results ob-

tained by Karr and Hiliko [4], Moss [13], and Balint-Kurti [12]. It can be seen that the deviations from [4] and [13]

are the biggest for the ground vibrational state (0.0070 cm−1 in the dissociation and 0.0047 cm−1 in the transition

energy) and the smallest for the highest state (0.0007 cm−1 and 0.0001 cm−1, respectively). For the states in between

the general trend is that the difference becomes smaller as the vibrational-state qunatum number increases. Finally,

in Table IV we compare the experimentally measured rovibrational transition energies to our calculated values. The

difference between the two sets of results appears to be within the values of the radiative and relativistic corrections

for the different vibrational levels.

VII. SUMMARY AND FUTURE WORK

In conclusion, a new accurate method for direct variational non-BO calculations of rovibrational states of diatomic

molecules with an arbitrary number of σ-electrons corresponding to the second rotationally excited state has been

developed, implemented, and tested. It was assumed that the major contribution to the total energies of such

states comes from the rotational excitation of the nuclei and the angular excitations of the electrons provide much

smaller contributions. These latter contributions are not included in the present approach. The results show that

the contributions of the electronic angular excitations decrease for higher vibrational excitations to almost completely

disappear for the pre-dissociation states. In those pre-dissociation states the electron becomes localized by the

deuteron and its distance from the center of rotation (i.e. the center of mass) decreases significantly [15]. This charge

asymmetry causes the moment of inertia of the electron to become much smaller than for lower states where the
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density of the electron is more evenly distributed between the two nuclei. The smaller is the moment of inertia of a

particle, the smaller is the energy which can be accumulated in the rotational motion of the particle. This explains

the behavior observed in the present calculations.

The work to follow will aim at the explicit inclusion of all-particle angular momentum excitations and of the

coupling between them in the calculations. Also, in the future work the software developed here will be used to

calculate rovibrational spectra of diatomic molecules with more than one electron.
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TABLE I: Convergence of the total energy for the (v,1) rovibrational states of HD+ with the number of ECGs (# ECGs).

Energy is given in hartrees.

v # ECGs Energy v no. ECGs Energy

0 1000 -0.597 299 610 217 1 1000 -0.588 610 797 365

2000 -0.597 299 611 105 2000 -0.588 610 797 941

2 2000 -0.580 359 164 718 3 2000 -0.572 531 780 588

3000 -0.580 359 164 787 3000 -0.572 531 780 661

4 2000 -0.565 117 420 639 5 2000 -0.558 106 519 288

3000 -0.565 117 420 998 3000 -0.558 106 520 143

6 3000 -0.551 491 145 286 7 3000 -0.545 264 987 807

4000 -0.551 491 145 622 4000 -0.545 264 988 930

8 3000 -0.539 423 377 477 9 3000 -0.533 963 314 525

4000 -0.539 423 379 396 4000 -0.533 963 314 945

10 3000 -0.528 883 519 289 11 3000 -0.524 184 528 797

4000 -0.528 883 519 811 4000 -0.524 184 529 155

12 3000 -0.519 868 795 786 13 3000 -0.515 940 859 652

4000 -0.519 868 796 738 4000 -0.515 940 860 542

14 4000 -0.512 407 502 496 15 4000 -0.509 278 015 092

5000 -0.512 407 503 235 5000 -0.509 278 016 368

16 5000 -0.506 564 485 660 17 5000 -0.504 282 109 343

6000 -0.506 564 496 790 6000 -0.504 282 114 277

18 5000 -0.502 449 457 544 19 6000 -0.501 088 749 185

6000 -0.502 449 519 564 7000 -0.501 088 750 680

20 6000 -0.500 224 149 710 21 6000 -0.499 889 102 659

7000 -0.500 224 150 080 7000 -0.499 889 105 498
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TABLE II: Comparison of the dissociation energies obtained in this work for the (v,2) state of HD+ with the literature values

shown in the form [Ref.] - Present. All results are in cm−1

ν Present [13] [4] [12]

0 21384.6854 0.0070 0.0069 0.0028

1 19477.7113 0.0069 0.0068 0.0028

2 17666.6872 0.0066 0.0066 0.0026

3 15948.7749 0.0065 0.0064 0.0026

4 14321.5111 0.0063 0.0062

5 12782.7962 0.0062 0.0061

6 11330.8893 0.0060 0.0059

7 9964.4059 0.0059 0.0057

8 8682.3208 0.0057 0.0056

9 7483.9751 0.0055 0.0054

10 6369.0890 0.0053 0.0053

11 5337.7797 0.0051 0.0050

12 4390.5859 0.0056 0.0055

13 3528.5036 0.0048 0.0047

14 2753.0213 0.0045 0.0045 0.0016

15 2066.1783 0.0049 0.0048 0.0021

16 1470.6296 0.0025 0.0024 -0.0002

17 969.7046 0.0041 0.0041 0.0016

18 567.4965 0.0041 0.0040 0.0018

19 268.8423 0.0035 0.0035

20 79.0844 0.0018 0.0018 -0.0003

21 5.5506 0.0007 0.0008
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TABLE III: Pure rotational transition energies, the energy difference between the (v,1) and (v,2) states, ∆ in cm−1. (v,1)

energies taken from [3]. Difference between ∆ obtained in this work and ∆ taken from calculations performed by others in

cm−1 shown in the form [Ref.] - Present.

ν ∆ [13] [4] [12]

0 87.4620 -0.0047 -0.0046 -0.0019

1 83.4670 -0.0046 -0.0045 -0.0019

2 79.5932 -0.0045 -0.0043 -0.0018

3 75.8255 -0.0043 -0.0042 -0.0016

4 72.1491 -0.0042 -0.0041

5 68.5493 -0.0041 -0.0040

6 65.0112 -0.0039 -0.0038

7 61.5199 -0.0039 -0.0037

8 58.0594 -0.0036 -0.0036

9 54.6138 -0.0036 -0.0035

10 51.1649 -0.0034 -0.0034

11 47.6938 -0.0033 -0.0033

12 44.1786 -0.0031 -0.0031

13 40.5951 -0.0030 -0.0030

14 36.9144 -0.0027 -0.0027 -0.0008

15 33.1022 -0.0026 -0.0026 -0.0008

16 29.1135 -0.0004 -0.0003 0.0013

17 24.8989 -0.0015 -0.0015 -0.0003

18 20.3797 -0.0019 -0.0018 -0.0019

19 15.4485 -0.0016 -0.0016

20 9.9136 -0.0011 -0.0011 0.0005

21 3.0013 -0.0001 -0.0002
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TABLE IV: Comparison to experiment. Rovibrational transition energies with and without relativistic and radiative corrections.

All values are in cm−1. Experimental values taken from [14]. Corrections taken from [13].

(ν′,N ′)-(ν′′,N ′′) ∆ ∆corr Exp-∆ Exp-∆corr

(1,1)-(0,2) 1823.5071 1823.5282 0.026 0.005

(3,2)-(2,1) 1797.5054 1797.5267 0.017 -0.005

(3,1)-(2,2) 1642.0867 1642.1037 0.021 0.004

(18,2)-(16,1) 932.2466 932.2256 -0.023 -0.002

(18,1)-(16,2) 882.7534 882.7325 -0.022 -0.001

(17,2)-(14,1) 1820.2312 1820.2102 -0.022 -0.001

(17,1)-(15,2) 1071.5749 1071.5583 -0.014 0.003

(20,1)-(17,2) 880.7066 880.6649 -0.039 0.003

(20,2)-(17,1) 915.5191 915.4766 -0.043 -0.001

(21,2)-(17,1) 989.0529 988.9914 -0.061 0.001

(22,1)-(17,2) 969.5889 969.5246 -0.059 0.005
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A new functional form of the explicitly correlated Gaussian-type functions (later called Gaussians
or ECGs) for performing non-Born-Oppenheimer (BO) calculations of molecular systems with an
arbitrary number of nuclei is presented. In these functions, the exponential part explicitly depends
on all interparticle distances and the preexponential part depends only on the distances between the
nuclei. The new Gaussians are called sin/cos-Gaussians and their preexponential part is a product of
sin and/or cos factors. The effectiveness of the new Gaussians in describing non-BO pure vibrational
states is investigated by comparing them with rm-Gaussians containing preexponential multipliers in
the form of non-negative powers of internuclear distances (the internuclear distance in the diatomic
case). The testing is performed for a diatomic system with the nuclei interacting through a Morse
potential. It shows that the new sin/cos-Gaussian basis set is capable of providing equally accurate
results as obtained with the rm-Gaussians. However, especially for lower vibrational states, more
sin/cos-Gaussians are needed to reach a similar accuracy level as obtained with the rm-Gaussians.
Implementation of the sin/cos-Gaussians in non-BO calculations of diatomic and, in particular, of
triatomic systems, which will follow, will provide further assessment of the efficiency of the new
functions. © 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4897634]

I. INTRODUCTION

Accurate quantum-mechanical calculations of molecular
systems without assuming the Born-Oppenheimer (BO) ap-
proximation require the use of unconventional basis sets, be-
cause the motion of all particles in the system, nuclei and
electrons, has to be simultaneously described in the wave
function. To achieve high accuracy in the calculation the ba-
sis functions have to be explicitly dependent on the inter-
particle (i.e., electron-electron, electron-nucleus, and nucleus-
nucleus) distances. In our atomic and molecular non-BO cal-
culations, the explicitly correlated Gaussians (ECGs) have
been such functions.1, 2 The nature of the electron-electron
correlation is different than the nature of the nucleus-nucleus
correlation. Even though both correlations result from the
Coulombic repulsion of the particles with charges being ei-
ther both negative or both positive, the significantly different
masses of the two types of particles make them behave differ-
ently when they approach each other. For the much lighter
electrons, their wave functions more significantly overlap
than the wave functions of the much heavier nuclei. In effect,
the nuclei avoid each other to much greater extent than the
electrons. As we have demonstrated with the non-BO calcu-
lations of bound states of some small diatomic molecules,2 the
nucleus-nucleus correlation requires addition to the exponen-
tially correlated all-particle Gaussians preexponential multi-
pliers which are powers of the internuclear distance. These
powers, which also include the zero power, allow for separat-
ing the nuclei from each other in the wave function and also
allow for describing nodes in the wave function which appear
when the molecule is excited to higher vibrational states. The

preexponential correlation multipliers are not needed for the
electrons, as the electron correlation can be quite adequately
described through the dependency of the Gaussian exponent
on the inter-electron distances. For molecules with three nu-
clei, the Gaussians have to be multiplied by powers of all
three internuclear distances. With that the highly correlated
motion of the nuclei and the oscillation of the wave function
corresponding to vibrational excitations can be effectively
described.

The third type of correlation in the non-BO calculation
is the nucleus-electron correlation. The electrons, particularly
the core electrons, follow the moving nuclei due to the at-
tractive interaction. This effect needs to be described in the
non-BO wave function and thus by the basis functions used in
the wave-function expansion. As the exponential parts of the
Gaussians have maxima at the zero electron-nuclei distances,
these functions can very effectively describe the correlated
coupled motions of the nuclei and the electrons. Thus, also in
this case no preexponential correlation multipliers are needed.

Quantum mechanical molecular calculations without as-
suming the BO approximations regarding the separability of
the motion of electrons (presumed fast) and the nuclear mo-
tion (presumed slow) are rare. Low interest in such calcula-
tions is due to the fact that most problems in chemistry can
be adequately described within the BO framework. The non-
adiabatic effects, which are accounted for in non-BO calcu-
lations, rarely come into play at the level of accuracy rel-
evant to chemistry, and, if they do, in most cases they can
be treated using a local approach developed to describe coni-
cal intersections of the potential energy surfaces of two inter-
acting electronic states. However, if the results of quantum-
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mechanical calculations are to be used to predict results of
high-resolution gas-phase spectroscopy, the BO approxima-
tion has to be revoked. For example, in our recent studies of
the HD+ molecule3 it was shown that in rovibrational states
located near the dissociation limit, the electron density is
shifted almost entirely to the deuteron. This charge asymme-
try can only be described with a method where the BO ap-
proximation is not assumed.

Another aspect of basis set selection is related to the
spatial symmetry of the non-BO wave function. The basis
functions have to reflect the symmetry of the non-BO Hamil-
tonian used in the calculation. This Hamiltonian is obtained
by separating out the center of-mass motion from the full non-
relativistic laboratory-frame Hamiltonian of the system. In
our approach, the procedure starts with the laboratory-frame
Hamiltonian expressed in terms of laboratory Cartesian coor-
dinates. In this Hamiltonian, all particles involved in the sys-
tem are treated on equal footing. If the total number of parti-
cles (i.e., the electrons and the nuclei) is set to be n + 1 and
their masses, charges, and laboratory-frame position vectors
are denoted as Mi, Qi, and Ri, respectively, where i = 1, . . . , n
+ 1, the laboratory-frame nonrelativistic Hamiltonian, Ĥlab,
that includes the kinetic energy operators of all particles and
the Coulombic interactions within each pair of particles is

Ĥlab = −
n+1∑
i=1

1

2Mi

∇2
i +

n+1∑
i=1

n+1∑
j>i

QiQj

Rij

, (1)

where Rij = |Rj − Rj| are the interparticle distances.

The separation of the center-of-mass motion from Ĥlab is
accomplished by a transformation to a new Cartesian coordi-
nate system, whose first three coordinates are the coordinates
of the center of mass in the laboratory coordinate system, and
the remaining 3n coordinates are coordinates describing the
internal motion of the system. The internal coordinate sys-
tem is generated by placing a selected particle (usually the
heaviest one) at the origin of the system and calling it particle
1, and by referring all other particles to this reference parti-
cle using Cartesian position vectors ri defined as ri = Ri+1

− R1, i = 1, . . . , n. After the coordinate transformation Ĥlab

rigorously separates into the kinetic energy operator of the
center-of-mass motion and a Hamiltonian, Ĥ , dependent on
the ri coordinates which represents in internal motion of the
system. The internal Hamiltonian has the following form:

Ĥ =−1

2

⎛
⎝ n∑

i

1

μi

∇2
i +

n∑
i �=j

1

M1

∇′
i∇j

⎞
⎠+

n∑
i=1

q0qi

ri

+
n∑

i �=j

qiqj

rij

.

(2)
This Hamiltonian describes a system of n particles (pseu-
doparticles) with charges qi = Qi+1 and masses μi
= M1Mi+1/(M1 + Mi+1) moving in the central field of the
charge of the reference particle. The second term in paren-
theses in (2) is the mass polarization term that arises from
the transformation of the laboratory frame coordinate system
to the internal coordinate system. This term along with the
terms describing the Coulombic interactions between the par-
ticles couples the internal motions of the pseudoparticles. In
the potential energy term, ri and rij are defined as ri = |Ri

− R1| = |ri| and rij = |Rj − Ri| = |rj − ri|. Due to its
spherical symmetry, the internal Hamiltonian, (2), resembles
an atomic Hamiltonian. However, while in an atom, the par-
ticles moving in the central potential of the (positive) charge
of the nucleus are all electrons, the pseudoparticles described
by Hamiltonian (2) may have both positive and negative
charges. Also, the masses of the pseudoparticles may be sig-
nificantly different from the masses of the electrons in the
atomic Hamiltonian. The spherical symmetry (isotropy) of the
internal Hamiltonian dictates that its eigenfunctions form an
irreducible representation of a fully symmetric group of 3D
rotations. The basis functions have to reflect this symmetry.

By taking all the above-described necessary features of
the basis functions into the consideration, the following all-
particle ECGs have been chosen as the basis functions in
our non-BO calculations of rotationless states of diatomic
systems:2

φk = r
2m

k

1 exp[−r′(Ak ⊗ I3)r], (3)

where r1 is the internuclear distance, Ak is a positive-definite
symmetric matrix of exponential coefficients, r is a 3n × 1
vector of the internal Cartesian coordinates, ri, of the n pseu-
doparticles (r′ = (r′

1, r′
2, . . . , r′

n)), and I3 is the 3 × 3 iden-
tity matrix. The preexponential multiplier in (3) is the in-
ternuclear distance, r1, raised to a non-negative even power
2mk. This power varies from 0 to 250 in our non-BO diatomic
calculations.

As φk is a rotationally invariant function of the internal
coordinates, they have the right symmetry to be used for ex-
panding rotationless eigenfunctions of Hamiltonian (2). The

presence of r
2m

k

1 in (3) makes the φk functions well suited for
describing the nucleus-nucleus correlation. As each φk has a
maximum on a sphere centered at the origin with a radius de-
pendent on the values of mk and the exponential parameters,
Ak, the shape of the wave function, which for the lowest state
has a maximum around the equilibrium internuclear distance
of the system (r1 ≈ re), can be properly described. For vi-
brationally excited states, the corresponding wave functions
oscillate in term of the r1 coordinate and these oscillations
can also be effectively described using superpositions of the
φk functions.

In our approach, the basis functions are optimized using
the variational method. The optimization is performed for the
elements of the Ak matrices and for the mk powers r1. In sev-
eral papers, we have demonstrated that ECGs (3) form very
effective basis sets for non-BO calculations for the ground and
excited pure “vibrational” states of diatomic molecules with
σ electrons. We put the term “vibrational” in quotes because,
in the non-BO approach, the vibrational and electronic de-
grees of freedom couple and cannot be rigorously separated.
Hence, the vibrational quantum number is not, strictly speak-
ing, a good quantum number. Thus, the “vibrational states”
obtained in our calculations are states corresponding to a par-
ticular value of the total rotational quantum number, N, which
is a good quantum number. So far our diatomic non-BO cal-
culations have been limited to states with N = 0 and 1.2, 4

The diatomic basis functions (3) can be easily extended
to triatomic systems. Such an extension can be achieved
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by including in the Gaussian premultiplier powers of all
internuclear distances. With that the basis functions are

φk = r
2m

k

1 r
2n

k

2 r
2p

k

12 exp[−r′(Ak ⊗ I3)r], (4)

where r1 is the distance between the reference nucleus and
nucleus 2, r2 is the distance between the reference nucleus
and nucleus 3, and r12 is the distance between nuclei 2 and
3. In (4), Ak is again a symmetric positive-definite matrix of
exponential coefficients. Functions (4) should be good ba-
sis functions for expanding wave functions of rotationless
(i.e., pure vibrational) states of triatomic systems with σ elec-
trons, for example, H+

3 , H3, or LiH2. They should be able to
effectively describe the three types of correlations, i.e., the
electron-electron, nucleus-nucleus, and nucleus-electron cor-
relations in the non-BO calculation.

As demonstrated in our non-BO calculations of rovibra-
tional states of diatomic systems, the powers of the internu-
clear distance, r1, in basis functions (3) have to range from
0 to at least 250 to accurately describe the nucleus-nucleus
correlation and the nodes in the non-BO wave functions of
excited vibrational states. As the excitation level increases
larger powers of r1 are needed in the preexponential multi-
pliers. Similar trend is expected to occur in the basis func-
tions of triatomic systems (4) and here also the mk, nk, and
pk powers need to range from 0 to at least 250. We have de-
rived algorithms for calculating Hamiltonian and overlap ma-
trix elements with Gaussians (4) and we had made an attempt
to implement them in a computer program.5 However, the
test calculations showed that the algorithms are not numeri-
cally stable because they involve oscillating series with finite
number of elements whose values are large but have opposite
signs. We have not been able to overcome this problem yet
and thus this line of the development is presently on hold. In
mean time, we have been searching for other alternative types
of basis functions for use in triatomic non-BO calculations.

One type of functions which can potentially be as effec-
tive in expanding non-BO triatomic wave functions as func-
tions (4) are all-particle Gaussians multiplied by sin and cos
functions dependent on squares of the internuclear distances

φk = f1

(
ak

1r
2
1

)
f2

(
ak

2r
2
2

)
f12

(
ak

12r
2
12

)
exp[−r′(Ak ⊗ I3)r], (5)

where f1(ak
1r

2
1 ) is either sin(ak

1r
2
1 ) or cos(ak

1r
2
1 ) and f2 and f12

having analogical forms. In the diatomic case, basis function
(4) has the following form:

φk = f1

(
ak

1r
2
1

)
exp[−r′(Ak ⊗ I3)r], (6)

where the f1 functions is again either a sin or a cos function.
The sin and cos preexponential multipliers of the Gaussians
can be expressed using the Euler relations

sin
(
ak

1r
2
1

)= eiak
1 r2

1 −e−iak
1 r2

1

2i
and cos

(
ak

1r
2
1

)= eiak
1 r2

1 +e−iak
1 r2

1

2
,

(7)

where i = √−1.
We now express r2

1 as the following quadratic form: r2
1

= r′(J1 ⊗ I3)r, where J1 is an n × n matrix whose elements
are all zero except for the (1, 1) element which is equal to one.
With that the complex exponents can be incorporated into the
Gaussian exponent leading to the following form of (6) for
cos(ak

1r
2
1 ) being the premultiplier:

φk = 1

2
{exp[−r′((Ak + iBk) ⊗ I3)r]

+ exp[−r′((Ak − iBk) ⊗ I3)r]}, (8)

where Bk is an n × n matrix whose elements are all zero ex-
cept for the (1, 1) element which is equal to ak

1 . Analogically,
for sin(ak

1r
2
1 ) being the premultiplier in (6) we have

φk = 1

2i
{exp[−r′((Ak + iBk) ⊗ I3)r]

− exp[−r′((Ak − iBk) ⊗ I3)r]}. (9)

In ECGs (5) to be used as basis functions in the cal-
culation of triatomic pure vibrational states each of the f1,
f2, and f12 premultipliers in (5) has to be either a sin or a
cos function. This results in eight different combinations, i.e.,
sin sin sin , sin sin cos , etc. Again each of these combinations
can be expressed using the Euler representation of the sin /cos
functions. With that and with r2

12 expressed as a quadratic
form as: r2

12 = r′(J12 ⊗ I3)r, where J12 is an n × n matrix
whose elements are all zero except for J12(1, 1) = 1, J12(2, 2)
= 1, J12(1, 2) = −1, and J12(2, 1) = −1, Gaussian (5) with,
for example, a (cos cos cos ) premultiplier can be expressed in
a similar way as (8), i.e.,

φk = 1

8

8∑
l=1

exp[−r′((Ak + iBl
k) ⊗ I3)r] (10)

with the matrix elements of the Bl
k matrices being all zero

except for

B1
k (1, 1) = ak

1 + ak
12, B1

k (2, 2) = ak
2 + ak

12, B1
k (1, 2) = −ak

12, B1
k (2, 1) = −ak

12,

B2
k (1, 1) = −ak

1 + ak
12, B2

k (2, 2) = ak
2 + ak

12, B2
k (1, 2) = −ak

12, B2
k (2, 1) = −ak

12,

B3
k (1, 1) = ak

1 + ak
12, B3

k (2, 2) = −ak
2 + ak

12, B3
k (1, 2) = −ak

12, B3
k (2, 1) = −ak

12,

B4
k (1, 1) = −ak

1 + ak
12, B4

k (2, 2) = −ak
2 + ak

12, B4
k (1, 2) = −ak

12, B4
k (2, 1) = −ak

12,

B5
k (1, 1) = ak

1 − ak
12, B5

k (2, 2) = ak
2 − ak

12, B5
k (1, 2) = ak

12, B5
k (2, 1) = ak

12,

B6
k (1, 1) = −ak

1 − ak
12, B6

k (2, 2) = ak
2 − ak

12, B6
k (1, 2) = ak

12, B6
k (2, 1) = ak

12,

B7
k (1, 1) = ak

1 − ak
12, B7

k (2, 2) = −ak
2 − ak

12, B7
k (1, 2) = ak

12, B7
k (2, 1) = ak

12,

B8
k (1, 1) = −ak

1 − ak
12, B8

k (2, 2) = −ak
2 − ak

12, B8
k (1, 2) = ak

12, B8
k (2, 1) = ak

12.
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In an analogical way, basis functions with the (sin sin sin ),
(sin sin cos ), (sin cos sin ), etc., premultipliers can be repre-
sented.

The calculation of the overlap and Hamiltonian matrix
elements with basis functions (5) with f1, f2, and f12 being
either sin or cos functions reduces to calculating integrals
over functions exp [− r′((Ak + iBk)⊗I3)r]. The algorithms
for such calculation were presented in our previous work.6

In that work, we also derived algorithms for calculating the
analytical energy gradient determined with respect to the Ak
and Bk matrix elements. The gradient is used to the variational
minimization of the energy and in the optimization of the Ak
and Bk matrix elements.

The question we aim to answer in this work concerns
the efficiency of the ECGs with sin and cos premultipli-
ers in non-BO calculations of pure vibrational states of a
molecular system. In our previous work, where the efficiency
of Gaussians (3) was examined,7 tests were performed for
two diatomic models. To simplify these models, the calcu-
lations were not done with the complete non-BO Hamilto-
nian (2), but with the Hamiltonian where the electrons were
removed and replaced with a potential energy curve (PEC).
In the first model, the PEC was a Morse potential and in
the second model it was a H2 PEC. In both models, the
PECs were fitted with superpositions of origin-centered Gaus-
sian functions, rmexp (− ar2) (the function becomes origin-
centered in 3D space), which were also used for expanding
the wave functions representing the pure vibrational states.
The origin centering of these functions was important be-
cause in generalizing these types of functions to the case of
calculating non-BO rotationless states of the internal Hamil-
tonian (2), spherically symmetric basis functions need to be
formed. As function rmexp (− ar2) with r replaced by r1 (i.e.,
with the internuclear distance) is spherically symmetric in the
three-dimensional internal coordinate system, {ri}, and this
symmetry is not changed when exp (− ar2) is replaced with
exp [− r′(Ak⊗I3)r], the model used in the testing correctly
represented the problem, which was studied.

The test calculations showed that the origin-centered
rmexp (− ar2) basis functions provide an excellent represen-
tation for the diatomic rotationless vibrational wave func-
tions. This conclusion led to the development of a diatomic
non-BO approach where ECGs (3) were used and where the
system was represented by the complete internal nonrela-
tivistic Hamiltonian (2).8 A number of non-BO calculations
performed for pure vibrational states of some small diatomic
systems – the largest one being the BH molecule – has demon-
strated the high efficiency of Gaussians (3) in describing
bound rotationless states of these systems.2 The aim of this
work in to test basis functions which we hope will allow for
extending the non-BO approach to triatomic systems and be-
yond. These functions are ECGs with sin and cos premulti-
pliers later called sin/cos-Gaussians.

The testing, which is described in Sec. II is done for
a diatomic model system with the PEC represented by a
Morse potential. The wave functions in the calculations are
represented as superpositions of sin (br2)exp (− ar2) and
cos (br2)exp (− ar2) basis functions. These functions are also
origin-centered (in 3D space) as functions rmexp (− ar2).

They also have spherical symmetry as required in expand-
ing the wave functions of pure vibrational states. The a and
b parameters of the basis functions are optimized by the vari-
ational minimization of the total energy of the system. The
results of the calculations are compared with the exact solu-
tions of the Morse diatomic problem and with the results ob-
tained with rm-Gaussians containing as preexponential factors
non-negative powers of the internuclear distance.

II. DETAILS OF THE CALCULATION

Expanding the wave function in terms of basis functions
{φi}Ni=1

|ψ〉 =
N∑

i=1

ci |φi〉 (11)

and using the variational method to determine the energy and
the expansion coefficients, ci, results in the standard secular
equation

N∑
j=1

Hij cj = E

N∑
j=1

Sij cj , (12)

where Hij and Sij are the Hamiltonian and overlap matrix

elements, Hij = 〈φi |Ĥ |φj 〉 and Sij = 〈φi | φj 〉, respectively.
Equation (12) has, in general, N solutions, i.e., N vec-
tors {ck

i }Nk=1 and energies Ek. According to the Hylleraas-
Undheim-McDonald theorem, the nth lowest eigenvalue of
the equation is an upper bound to the exact nonrelativistic
energy of the nth excited state of the system. This property
facilitates a method for determining the nonlinear parameters
of the basis set, i.e., powers m and exponents a for the rm-
Gaussians and exponents a and b for the sin/cos-Gaussians,
that involves energy minimization with respect to these pa-
rameters. In this work, the minimization is carried out with
the simplex Amoeba method.9

The calculations involve determining the Hamiltonian
and overlap matrix elements in the sin/cos-Gaussian and rm-
Gaussian basis sets. Analytical formulas for the elements of
overlap and kinetic-energy matrices in these two basis sets can
be found in Appendixes A and B, respectively. The potential-
energy matrix elements are discussed in Secs. II A and II B.
Section II C deals with issue of how to avoid linear dependen-
cies between the basis functions in their variational optimiza-
tion. In Sec. II D, we describe the approach used to grow the
basis set to the size that gives the energy value of the consid-
ered state accurate to a certain assumed threshold.

A. Parametrization of the potential

For the testing purposes, the same Morse potential as in
Ref. 7 is used. The potential mimics the real potential for the
H2 molecule but, unlike the real potential, it has analytically
solvable energy eigenvalues which can be used for compar-
ison with the results obtained using the basis-set approach.
The form of the Morse potential is

VMorse(r) = De(1 − e−a(r−r
e
))2 − εH2

, (13)
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where the depth of the well is De = 0.17449 Eh, the width of
the potential is a = 1.4556 a−1

0 , the equilibrium distance is
re = 1.4011 a0, and εH2

= 1.17449 Eh. The exact analytical
solution of the Schrödinger equation for the Morse potential
is

En = a

μ

√
2μDe

(
n + 1

2

)
− a2

2μ

(
n + 1

2

)2

− εH2
, (14)

where n = 0 is the ground state. The reduced mass in the
testing is taken as μ = 918.076341 a.u. Also note that the
Morse potential can only support a limited number of bound
states, nmax, given by the condition

nmax ≤
√

2μDe

a
− 1. (15)

nmax for the Morse potential used in the present calculations
is equal to 11.

B. Numerical integration of the potential
matrix elements

The optimization procedure requires evaluation of the
potential-energy matrix elements for the given basis func-
tions in each iteration step. For the rm-Gaussians, the ma-
trix elements are calculated using the approach described in
Ref. 7. In that approach, the Morse potential is expressed as
a linear combination of the basis functions with powers m
and the exponents optimized using the least-square method
and the Minpack package.10 With such an expansion of the
Morse potential the potential-energy matrix elements are sim-
ple and can be evaluated analytically. The same holds true
for the sin/cos-Gaussians, but the corresponding formulas are
more complicated. Each consists of eight terms which, for
large exponents, may have very similar values but opposite
signs. Thus, in the evaluation of the matrix elements some
loss of precision may occur. In the best fit of the Morse po-
tential with sin/cos-Gaussian functions generated in this work
some large exponents can be found. Functions with such ex-
ponents are needed to describe the behavior of the potential
near zero. Even though we believe it is possible to represent
the Morse potential without using such high-exponent func-
tions, we have not attempted to find such a representation
because it is outside the aim of the present work. Instead, nu-
merical integration is used in the present calculations to eval-
uate the potential-energy matrix elements. The numerical in-
tegration is performed on a grid spanning from 0 to 30 a.u.
using the Romberg integration method of the 13th order. The
approach ensures that the matrix elements are calculated with
the accuracy of about 13-14 digits as determined by a com-
parison with the exact results obtained from Mathematica.

C. Linear dependencies

It is undesirable to include linearly dependent functions
in the basis set, as they may lead to numerical instabilities and
loss of the precision in the calculation. In order to prevent the
optimization of the basis set to converge to linearly dependent
functions, we use the penalty approach described in work of

Tung.11 In this approach, a positive-valued penalty term,

P =
∑
ij

β(|Sij |2 − t2), ∀i, j : |Sij | > t, (16)

is added to the total variational energy of the optimized state
whenever two or more basis functions have the normalized
overlap, Sij, higher than the chosen threshold, t. β in (16)
is a scaling factor. The penalty term depends on the overlap
integrals between the basis functions and increases as these
overlaps become closer to one. In the present calculations, the
penalty threshold is set to 0.98. This effectively ensures that
during the optimization no two basis functions overlap more
than 0.98. As a higher overlap than that would lead to an in-
crease of the value of the variational energy functional, which
includes the penalty term, basis functions never become lin-
early dependent.

D. Adding new functions to the existing basis

In order to successfully run an optimization of the basis
set, it is necessary to devise a method for increasing the size
of the set and still maintaining the already achieved precision
of the energy. For the rm-Gaussians, the integer index mi for
every newly added basis function is optimized by performing
calculations for the power ranging from 0 to 50 and selecting
the power leading to the lowest energy. The initial value of
the exponent, ai, for a new added basis function is selected
randomly within the range between 0 and 9 and the whole
process is repeated a couple of times for each choice of mi.

The sin/cos-Gaussian basis set is grown by gradually
adding sin/cos-Gaussians one by one. In the present calcu-
lations, we arbitrarily set the number of sin-Gaussians to be
equal to the number of cos-Gaussians. However, as these two
numbers do not need to be equal, in the future calculation
their ratio will be determined variationally. After a new basis
function is added to the basis set its ai and bi parameters are
optimized. The optimization also includes reoptimization of
the other Gaussians already included in the basis set.

III. RESULTS

The aim of this study is to compare the effectiveness
of the sin/cos and rm-Gaussian basis sets in determining the
bound states of a diatomic system represented by the assumed
Morse potential. For the purpose of the test, the target differ-
ence (precision) of the energies obtained in the calculations
and the exact energies (14) is set to be at least 10−7 Eh. It
turned out that both basis sets can provide results with such
precision. In Tables I and II, we show the numbers of basis
functions of the two types which are necessary for each state
to obtain an energy within the target precision. The results
are also depicted in Figure 1. An analysis of the plots and of
the data in the tables shows that more sin/cos-Gaussians than
rm-Gaussians are needed to achieve the target precision of
10−7 Eh. However, the ratio of the numbers of rm and sin/cos-
Gaussians decreases with the excitation level, as can be seen
from Figure 2. This is an expected behavior. As the excitation
level increases, the number of nodes in the wave function and
its oscillatory character also increase. The sin/cos-Gaussians
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TABLE I. Best energies obtained with the rm-Gaussians. The enlarging of
the basis set is stopped when the difference between the energy obtained in
the calculation and the exact energy drops below 10−7 Eh.

rm-Gaussian basis set

State n Exact energy (Eh) Best energy (Eh) No. of funct. Difference (Eh)

0 −1.160588789 −1.160588753 3 3.65 × 10−8

1 −1.134517246 −1.134517185 3 6.06 × 10−8

2 −1.110753541 −1.110753513 4 2.77 × 10−8

3 −1.089297674 −1.089297660 5 1.41 × 10−8

4 −1.070149644 −1.070149628 7 1.61 × 10−8

5 −1.053309453 −1.053309377 7 7.58 × 10−8

6 −1.038777099 −1.038777038 10 6.15 × 10−8

7 −1.026552583 −1.026552506 10 7.73 × 10−8

8 −1.016635905 −1.016635832 11 7.31 × 10−8

9 −1.009027065 −1.009026991 13 7.45 × 10−8

10 −1.003726063 −1.003726041 14 2.22 × 10−8

11 −1.000732899 −1.000732808 16 9.14 × 10−8

are oscillating functions and they should be increasingly bet-
ter suited to represent the wave functions for higher vibra-
tional states than the rm-Gaussians, each of which has only
one maximum.

The complete set of data obtained from the optimiza-
tion of the basis functions for each bound state is presented
in Figure 3. It shows how the difference between the calcu-
lated energy and the exact energy decreases as more sin/cos-
Gaussians are added to the basis set.

IV. SUMMARY

In this work, we introduce a new form of explicitly cor-
related Gaussian functions for non-BO calculations of bound
states of molecular systems with an arbitrary number of nu-
clei. It is an alternative to the Gaussians with the preexpo-
nential multipliers in the form of non-negative powers of the
internuclear distances (rm-Gaussians). In the new-type Gaus-
sians, the preexponential parameters are products of sin and
cos functions dependent on squares of the internuclear dis-
tances (sin/cos-Gaussians). The new basis functions are tested

TABLE II. Best energies obtained with sin/cos-Gaussians. The enlarging of
the basis set is stopped when the difference between the energy obtained in
the calculation and the exact energy drops below 10−7 Eh.

sin/cos-Gaussian basis set

State n Exact energy (Eh) Best energy (Eh) No. of funct. Difference (Eh)

0 −1.160588789 −1.160588691 8 9.82 × 10−8

1 −1.134517246 −1.134517168 11 7.83 × 10−8

2 −1.110753541 −1.110753462 12 7.91 × 10−8

3 −1.089297674 −1.089297591 14 8.30 × 10−8

4 −1.070149644 −1.070149605 16 3.92 × 10−8

5 −1.053309453 −1.053309374 15 7.84 × 10−8

6 −1.038777099 −1.038777002 18 9.68 × 10−8

7 −1.026552583 −1.026552534 22 4.94 × 10−8

8 −1.016635905 −1.016635841 22 6.47 × 10−8

9 −1.009027065 −1.009026992 23 7.34 × 10−8

10 −1.003726063 −1.003725972 24 9.11 × 10−8

11 −1.000732899 −1.000732832 28 6.68 × 10−8
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in the calculations of bound pure vibrational states of a di-
atomic system with the interaction of the nuclei represented
by a Morse potential. The test shows that, even though it takes
more sin/cos-Gaussians than rm-Gaussians to achieve simi-
lar precision of the energy, the former functions can effec-
tively describe the vibrational states. Future work will involve
implementation and testing of the sin/cos-Gaussians in all-
particle non-BO calculations of the pure vibrational states of
diatomic systems. Subsequently, some small triatomics (e.g.,
H+

3 ) will also be studied.
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APPENDIX A: MATRIX ELEMENTS IN THE
rm-GAUSSIAN BASIS SET

To evaluate the elements of the overlap and kinetic-
energy matrices, the following integral is needed to be

calculated:∫ ∞

0
rme−ar2

dr = 1

2
a− m+1

2 �

(
m + 1

2

)
, (A1)

where � being Euler’s gamma function. Let us start with
the overlap integral between the φi(r) = rm

i e−a
i
r2

and φj (r)

= r
m

j e
−a

j
r2

Gaussians

Sij = 〈φi | φj 〉 =
∫ ∞

0
4πr2rm

i e−a
i
r2

r
m

j e
−a

j
r2

dr, (A2)

where m = mi + mj + 2 and a = ai + aj. Straightforward use
of Eq. (A1) gives us

Sij = 2π (ai + aj )−(m
i
+m

j
)/2−3/2

�

(
mi + mj

2
+ 3

2

)
. (A3)

Analogically for an element of the kinetic-energy matrix,
we have

Tij = 〈φi |T̂ |φj 〉 = − 1

2μ
〈φi |∇2|φj 〉 (A4)

and with using integration by parts we obtain a following in-
tegral:

Tij = 1

2μ

∫ ∞

0
4πr2 d

dr
φi(r)

d

dr
φj (r)dr. (A5)

The derivative with respect to r of rm
i e−a

i
r2

as seen above is

d

dr
rm

i e−a
i
r2 = (mir

m
i
−1 − 2air

m
i
+1)e−a

i
r2

. (A6)

Inserting this expression into the equation for kinetic energy
(A5) and multiplying the brackets gives us three terms of the
type (A1).

Tij = 2π

μ

(
+ mimj

∫ ∞

0
r

m
i
+m

j e
−(a

i
+a

j
)r2

dr, m = mi + mj, a = ai + aj ,

− 2(miaj + mjai)
∫ ∞

0
r

m
i
+m

j
+2

e
−(a

i
+a

j
)r2

dr, m = mi + mj + 2, a = ai + aj ,

+ 4aiaj

∫ ∞

0
r

m
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+4

e
−(a

i
+a

j
)r2

dr

)
, m = mi + mj + 4, a = ai + aj .

Finally, using the well known identity �(x) = (x − 1)�(x − 1)
allows us to express all terms using a single gamma function
as

Tij = π

μ
(ai + aj )−(m

i
+m

j
)/2−1/2

�

(
mi + mj

2
+ 1

2

)

×
[
mimj −2(miaj +mjai)(ai +aj )−1

(
mi + mj

2
+ 1

2

)

+4aiaj (ai +aj )−2

(
mi + mj

2
+ 3

2

)(
mi + mj

2
+ 1

2

) ]
.

APPENDIX B: MATRIX ELEMENTS IN THE
SIN/COS-GAUSSIAN BASIS SET

This time the overlap integral reads

Sij = 〈φi |φj 〉

=
∫ ∞

0
4πr2sin/cos(bir

2)e−a
i
r2

sin/cos(bj r
2)e−a

j
r2

dr. (B1)

Now by inserting the Euler representation of the sin and cos
functions we get four integrations of the type∫ ∞

0
r2e−(a+bi)r2

dr =
√

π

4(a + bi)3/2
, (B2)
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where a = ai + aj for all four terms and b = ±bi ± bj. The
sign and the factor of i in front of each term depends on if the
basis function is of a sin or cos character. For example, the
overlap integral between functions φ1(r) = sin(b1r

2)e−a1r
2

and φ2(r) = cos(b2r
2)e−a2r

2
is

S12 = i
π3/2

4

[
1

(a1 + a2 + i(b1 − b2))3/2

+ 1

(a1 + a2 + i(b1 + b2))3/2

− 1

(a1+a2−i(b1+b2))3/2
− 1

(a1 + a2 − i(b1−b2))3/2

]
.

Note that, even though all terms in the integral above are com-
plex functions, the result of integration has to be a real num-
ber because the initial functions are real functions. This means
that the complex part has to cancel out.

For the kinetic-energy matrix elements, we start again
with the formula (A5). The derivatives of the basis elements
in this case are

d

dr
sin/cos(bir

2)e−a
i
r2

= 2r(bicos/−sin(bir
2) − aisin/cos(bir

2))e−a
i
r2

. (B3)

It does not matter if one takes a derivative of a trigonometric
function or an exponential function, in both cases an addi-
tional factor of r appears. This gives a combined r4 factor in
the main integration and all terms are of the type∫ ∞

0
r4e−(a+bi)r2

dr = 3
√

π

8(a + bi)5/2
. (B4)

Since we have two derivatives consisting of two terms and Eu-
ler’s representation gives us two terms for each sin/cos func-
tion, we get 42 = 16 terms in total for every matrix element.
Once again in each case a = ai + aj and b = ±bi ± bj with
every possible sign combination for the parameter products:
bibj, biaj, aibj, and aiaj in front. The sign and the factor of i for
each term of type (B4) has to be carefully worked out by an
explicit calculation. Using, for example, the same φ1 and φ2

functions as above we get the following kinetic-energy matrix
element:

T12 = 3π3/2

4μ
[+ib1b2(I − II + III − IV )

−b1a2(I + II + III + IV )

−a1b2(I − II − III + IV )

−ia1a2(I + II − III − IV )],

where abbreviations I, II, III, and IV stand for terms of type
(B4) with different b’s

I = 1

(a1 + a2 − i(b1 + b2))5/2
,

I I = 1

(a1 + a2 − i(b1 − b2))5/2
,

I II = 1

(a1 + a2 + i(b1 − b2))5/2
,

IV = 1

(a1 + a2 + i(b1 + b2))5/2
.

Other needed terms can be calculated analogically.
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1. INTRODUCTION

Since the early work of Hylleraas on the helium atom,1 it has
been common knowledge that, to accurately account for the
interaction between the electrons in an atom or a molecule,
wave functions that explicitly depend on interelectronic
distances must be employed. To overcome the algebraic and
computational difficulties associated with the use of the
Hylleraas functions for systems with more than two to three
electrons, in 1960 Boys2 and Singer3 introduced a simpler
format of basis functions that explicitly depend on the
interelectronic distances, the so-called explicitly correlated (or
exponentially correlated) Gaussian functions (ECGs). ECGs,
due to the simplicity of calculating the Hamiltonian matrix
elements with those functions, have become popular in very
accurate quantum-mechanical calculations of small atoms,
molecules, and other quantum systems in the past 30
years.4−7 They have been successfully applied in high-accuracy
atomic and molecular calculations performed with and without
the assumption of the Born−Oppenheimer (BO) approxima-
tion for systems with three to eight particles . Those include
very accurate calculations of the BO potential energy surfaces
(PESs) of two-, three-, and four-electron systems.
The problem of finding an effective and highly accurate

approximation to the wave function that describes electrons
and nuclei in an atom or a molecule, or more generally a system
of particles interacting with attractive and/or repulsive
Coulombic forces, is very complex and requires a careful
physical analysis and insight. This particularly applies to the
proper description of the interparticle correlation effects

resulting from the repulsion of charged equivalent particles
(e.g., electrons) subject to the Pauli exclusion principle. In
calculations where the BO approximation is not assumed, the
correlation effects also involve coupling of the motions of
particles with opposite charges, such as nuclei and electrons in a
molecule. In this case, the correlation effects include the
electron−nucleus correlation resulting from the electrons,
particularly the core electrons, following very closely the nuclei,
as they are strongly attracted to them.
Another issue that arises in describing the correlation effects

is related to whether the correlation is primarily radial, i.e.,
whether the shape of the Coulomb hole (in the case of two
repelling particles) is symmetric or it has some angular
anisotropy. The angular correlation anisotropy appears, for
example, in excited states of atoms, where two electrons may
occupy configurations where they are not only “radially”
separated but they are also separated by having different angular
wave functions. Such a situation occurs, for example, in excited
Rydberg 2D states of the lithium atom corresponding to
electron configurations 1s2nd, n = 3, 4, 5, ..., where, in addition
to the contribution to the wave function from the main 1s2d
configurations, there are contributions from configurations
1s1p2. We will elaborate on this issue later in this review.
The goal of the present publication is to review recent works

that have used all-particle ECGs in very accurate variational BO
and non-BO quantum-mechanical calculations on atoms and
molecules. In addition to providing a general overview, we will
focus particular attention on the key issues related to the
effective implementation of computational algorithms. We will
also describe several representative examples of BO and non-
BO calculations of some small atomic and molecular systems,
with emphasis on how well the results of the calculations
compare with the best available experimental measurements.
Even though the variational method combined with

expanding the wave function in terms of all-particle ECGs is
one of the most accurate methods available to solve for the
ground and excited states of quantum systems, it suffers from
unfavorable N! dependency on the number of identical
particles. This limits the applicability of the method at present
to small atomic and molecular systems. It should also be
mentioned that, even though orbital calculations are usually
significantly less accurate and slower converging for small
systems than the calculations with explicitly correlated
functions, in some instances with proper extrapolations such
calculations are quite competitive and capable of providing very
accurate results as well.
In Table 1 we summarize the acronyms used in this review.

1.1. Need for High-Accuracy BO and Non-BO Calculations

From the very beginning of molecular quantum mechanics, the
development of highly accurate theoretical models that produce
results agreeing with the most up-to-date high-resolution
spectroscopic measurements has been an important source of
knowledge and information. It has allowed the validation of the
theoretical foundations and provided better understanding of
the electronic structures of atoms and molecules. As the
experimental techniques advance and achieve higher levels of
precision, refinements have to be made in theoretical models to
describe effects and interactions neglected or treated more
approximately in the previous models. In recent years the
measurements of such quantities as molecular rovibrational
transition energies, ionization potentials, and electron affinities
have reached the precision of 0.01−0.001 cm−1 and even

Chemical Reviews Review

dx.doi.org/10.1021/cr200419d | Chem. Rev. 2013, 113, 36−7937

271



higher. Obtaining a similar precision in theoretical calculations
(which usually means converging the energy to the relative
accuracy of 10−6−10−9 or higher) is a very challenging task. As
recent works have shown,8−21 achieving high accuracy in the
calculations requires not only a very accurate description of the
correlation effects, but also the inclusion of relativistic, quantum
electrodynamics (QED) and, possibly, the effects due to the
finite size of the nuclei. These types of effects have already been
calculated for two- and three-electron atomic systems, leading
to theoretical results which are very precise and accurate when
compared to the experiments.22−32 Now the challenge lies in
extending these types of calculations to atoms with more than
three electrons and to small molecular systems with three or
more nuclei. High-accuracy theoretical results for such systems
will provide new grounds for the verification of the theoretical
models and for the assessment of their limitations. It should be
noted that based on the comparison of the theoretical and
experimental data it is in principle possible to accurately
determine the values of fundamental constants, nuclear radii,
nuclear quadrupole moments, and other quantities. Therefore,
highly accurate calculations on small atoms and molecules may
become a very valuable tool for the precision measurement
science. As an example, we can mention the determination of
the proton/electron mass ratio33 and the nuclear charge
radii.24,31,34−36

The development of high-level quantum-mechanical meth-
ods related to the use of ECGs in atomic and molecular
calculations can also serve as an important source of ideas and
technical solutions for the development of other approaches,
which can be applied to larger systems. As ECGs will start to
replace products of single-particle Gaussian orbitals as basis
functions in expanding the wave function in high-level
molecular BO calculations, these techniques may find new
applications. For example, further development of such
approaches as the R12 (F12) method37−41 may benefit from
utilizing the analytic gradient. Another example is the use of the
ECGs with time-dependent nonlinear parameters (e.g.,
Gaussian centers) in studying the dynamics of chemical
processes such as processes initiated by photoexcitations in
clusters. Techniques employing ECGs can also provide useful
tools for the development of methods that describe the
dynamics of the coupled nucleus−electron motion in atomic
and molecular systems which can now be studied with the
femto- and attosecond spectroscopies.
Another important reason for performing accurate calcu-

lations on small atoms and molecules with very high accuracy is
that such benchmark calculations can provide valuable
reference data for testing of less accurate quantum-chemical
methods. An example is the total nonrelativistic energy of the
system, which is one of the most commonly computed
quantities. The nonrelativistic energy is difficult to determine
very precisely even if highly accurate experimental data for
ionization potentials, electron affinities, dissociation energies, or
transition frequencies are available. This is because the
determination of the total nonrelativistic energy requires the
knowledge of the binding energies of all subsystems and, more
importantly, the exact contribution of relativistic and QED
effects. The latter quantities cannot be directly obtained in the
experiment.
There is also a predictive purpose for carrying out very

accurate atomic and molecular calculations. Several recent non-
BO and BO ECG calculations have produced quantities that
either have not yet been measured experimentally or have been
measured, but with significant error bars exceeding the
uncertainty of the calculations. The existence of very precise
theoretical predictions may inspire the development of more
precise experimental tools and stimulate remeasurement of
those quantities. The breadth and accuracy of the experimental
data have been increasing rapidly, and further major improve-
ments are expected due to the development of new
experimental methods for UV laser generation and frequency
metrology with phase-locked femtosecond combs.42 The data
collected using those new techniques are beginning to reveal
deviations that suggest that the accuracy of the existing
calculations is no longer adequate. For example, extensive
studies of the spectrum of H3

+, by Oka’s group at the University
of Chicago,43,44 have gone considerably beyond the limits of
the existing theoretical work. More accurate laboratory and field
(including interstellar) observations and measurements of
spectra of atoms and molecules require more accurate
theoretical calculations for interpretation and assignment.

1.2. Challenges in High-Accuracy Calculations

Very accurate BO calculations of ground and excited states of
atomic and molecular systems are rare in quantum-chemical
studies because they usually require in-house software develop-
ment and substantial computational resources. Even more
scarce are atomic and molecular calculations where the BO

Table 1. Glossary of Acronyms and Abbreviations Used in
This Review

abbreviation description

BO Born−Oppenheimer
non−BO non-Born−Oppenheimer
BP Breit−Pauli
CC coupled cluster
CH Coulomb Hamiltonian
CN clamped nuclei
COM center of mass
CPU central processing unit
D Dirac
DB Dirac−Breit
DBOC diagonal Born−Oppenheimer correction
DC Dirac−Coulomb
ECG explicitly correlated Gaussian
EFG electric field gradient
FPO frozen partial optimization
FICI free iterative-complement interaction
FNM finite nuclear mass
GPT Gaussian product theorem
GSEP/GHEP generalized symmetric/Hermitian eigenvalue problem
ICI iterative-complement interaction
INM infinite nuclear mass
JC James−Coolidge
KG Klein−Gordon
MDC matrix differential calculus
MBPT many-body perturbation theory
MV mass-velocity
NRQED nonrelativistic quantum electrodynamics
PEC potential energy curve
PES potential energy surface
QED quantum electrodynamics
SE Schrödinger equation
SVM stochastic variational method
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approximation is not assumed. High accuracy also requires that
the calculations include relativistic and QED corrections. Those
are usually calculated with the perturbation theory. A few
groups have developed capabilities to carry out such
calculations for systems with one and two electrons. The
actual applications, however, in most cases have been limited to
one- or two-electron systems only. This is particularly true for
molecular systems computed without using the BO approx-
imation. While the development of methods describing the
coupled motion of the electrons and the nuclei has received
some attention,45−51 none of the works has reached a level of
accuracy similar to that achievable in the calculations with
ECGs. Non-BO calculations of the ground and excited states of
molecular systems are difficult for the following reasons:
(i) Treating nuclei and electrons of a molecular system on

equal footing adds complexity to the problem due to the
increased number of the degrees of freedom one needs to
accurately represent in the wave function. Additional degrees of
freedom require additional computational effort.
(ii) The non-BO wave function needs to very accurately

represent the correlated motion of the nuclei and the electrons,
and it has to be constructed using basis functions that can
effectively describe the electron−electron, nucleus−electron,
and nucleus−nucleus correlation effects. It may sound
somewhat unusual to talk about the nucleus−nucleus
correlation, as the term “correlation” is usually used to
described the effects pertaining to electrons, but if nuclei and
electrons are treated on equal footing, as happens in non−BO
calculations, the nucleus−nucleus correlated motion also needs
to be represented in the wave functions in a similar way as the
electron−electron correlated motion is. In addition, the masses
of the nuclei being much larger than that of the electron may
lead to rapid variation of the relative internuclear wave function,
which is hard to represent with the usual basis functions.
Moreover, the nucleus−nucleus correlation is much stronger
than the electron−electron correlation in the sense that the
nuclei are heavy and they stay separated (i.e., their motion is
more correlated) with the separation distance varying much less
than the separation distance between much lighter and, thus,
more delocalized electrons. The nucleus−nucleus correlation
can only be described in the wave function by including
correlation factors.
(iii) After separating the translational degrees of freedom, the

internal Hamiltonian of an atomic or a molecular system in
isolation is “isotropic” (i.e., rotationally invariant) and its
eigenfunctions belong to the irreducible representations of the
group of three-dimensional (3D) rotations. It is necessary that
the basis functions used in the wave function expansion reflect
this symmetry.
(iv) As the vibrational and electronic degrees of freedom are

coupled, the manifold of the excited states for a non-BO
molecular system corresponding to a particular value of the
total rotational quantum number includes a mixture of
vibrational and electronic states. While the mixture for the
lower lying states is usually strongly dominated by a single
component, being a product of the electronic wave function
times a vibrational wave function, for states lying close to the
dissociation limit, two or more components may provide more
significant contributions. Those components may have
electronic wave functions representing different electronic
states and vibrational wave functions corresponding to different
vibrational quantum numbers. Some of those states may have

multiple nodes (e.g., high vibrational states) and require flexible
basis functions to be described.
(v) Including angular dependency in the wave function (to

determine higher rotational states) requires addition of angular
factors to the basis functions. For such functions, the
multiparticle Hamiltonian integrals are more complicated
than those for basis functions describing states with zero
angular momenta. More complicated are also the expressions
for the derivatives of the Hamiltonian matrix elements that
need to be calculated to determine the analytic energy gradient
whose use is crucial in the minimization of the variational
energy functional.
(vi) If accuracy similar to that of high-resolution experiments

is the aim of the calculation, the lowest-order relativistic and
QED effects need to be accounted for. Matrix elements
involving operators representing those effects are more
complicated than the Hamiltonian matrix elements.

1.3. Very Accurate BO Calculations of Molecular Potential
Energy Surfaces (PESs)

The first success of very accurate molecular calculations that
utilized explicitly correlated basis functions was the work of
Kołos and Wolniewicz concerning the H2 molecule. In their
work published in 197552 they presented calculations of the H2

spectra that agreed with the experimental data of Herzberg
within 1 cm−1. Their work also led to some revisions of
Herzberg’s original line assignment. In spite of the enormous
advances in computer hardware, it took the next 30 years to
achieve a comparable level of accuracy in the calculations of
rovibrational spectra of a three-proton, two-electron system,
H3

+. However, even at present the H3
+ rovibrational spectrum

is well understood only for states lying below the barrier to
linearity of this system, which is located 10 000 cm−1 above the
ground state level. Precise assignment of the spectral lines
above this barrier still remains a great challenge for both theory
and experiment. Once the assignment is made, the H3

+ ion will
be the best understood three-nucleus system ever studied
experimentally and theoretically.
The ECGs were introduced to quantum-chemical calcu-

lations by Boys and Singer.2,3 In 1964 an important paper by
Lester and Krauss on the Hamiltonian integrals with ECGs for
two-electron molecular systems appeared53 that had given
momentum to several works concerning implementation of
these functions in the molecular calculations. In the 1970s,
Adamowicz and Sadlej had extended the Lester and Krauss
approach to calculate the electron correlation energy for some
small diatomics in the framework of the perturbation
theory.54−60 About the same time Jeziorski and Szalewicz
employed ECGs in very accurate calculations of the interaction
energies using the symmetry-adapted perturbation theory.61,62

The late 1970s and early 1980s witnessed development of
nonvariational methods for calculating electronic structures of
atoms and molecules. Many-body perturbation theory (MBPT)
and the coupled cluster (CC) methods had been implemented
and started becoming routine tools for high-level ab initio
calculations of small and medium-size molecules.63,64 Motivated
by this development, the team of Monkhorst, Jeziorski,
Szalewicz, and Zabolitzky introduced ECGs to the CC
method65−68 and this was achieved by using the coupled
cluster equations at the pair level reformulated as a system of
integro-differential equations for spin-free pair functions. These
equations were solved using two-electron ECGs (also called
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Gaussian geminals). The work resulted in a series of benchmark
studies for small atomic and molecular systems.
Another important development concerning the use of ECGs

in MBPT/CC calculations of medium-size molecular systems
originated with the work of Kutzelnigg,37,69 who suggested that
linear rij correlation factors should be added to orbital products
to improve the description of the electron correlation. In order
to improve the computational efficiency in the calculations, he
suggested using the resolution of identity to avoid explicit
calculation of integrals involving more than two electrons. The
approach was termed the “R12 method” and quickly became a
mainstream technique in computational chemistry to perform
high-accuracy atomic and molecular calculations.70,71 Recently
the R12 method has evolved to an array of methods, most
notably the F12 method where the linear r12 correlation factor
is replaced by a Slater-type geminal,72,73 exp[−αr12], and the
G12 method where the explicit correlation is given by a
Gaussian geminal, i.e., exp[−αr122].
The works on the implementation of ECGs in the MBPT/

CC methods have been paralleled by progress in the ECG
variational calculations. For example, variational ECG calcu-
lations were able to reach a nanohartree (subwavenumber)
precision level for nonrelativistic adiabatic calculations of the
helium dimer74 and below picohartree level for the hydrogen
molecule75 using ECG calculations.
Following the important works of Kołos and Wolniewicz,

there have been several other works on very accurate
calculations of small molecular systems.76−80 As this review
primarily deals with the calculations performed with the use of
ECGs, we should particularly mention the works of the group
of Rychlewski.4,74,81−87

In recent years several methods have been developed and
implemented for more efficient generation of PESs of small
molecular systems employing ECGs.7 The key element of this
development has been the use of the analytical gradient
determined with respect to the Gaussian nonlinear parameters
in the variational energy minimization.88−91 One can compare
the increase of the efficiency associated with the use of the
gradient in this case with the efficiency increase in the
molecular-structure optimization after the energy gradient
determined with respect to molecular geometrical parameters
was introduced to the field. As computational resources become
increasingly more accessible and affordable, such calculations
become more feasible. However, as the size of the molecules
increases, the complexity and the cost of the ECG PES
calculations also increase. Let us consider two-electron systems
with different numbers of nuclei as an example. For a system
with one nucleus, e.g., the helium atom, one can reach 1 × 10−9

hartree accuracy of the energy with only 200 Gaussians.92 In
the case of two and three nuclei, H2 and H3

+, 500 and 1000
Gaussians are needed, respectively, to achieve similar
accuracy.93,94 Also, for a four-electron, four-nuclear system,
(H2)2, even 7000 Gaussians only yield 1 × 10−6 hartree
accuracy.95 In the ECG calculations of larger molecular systems,
besides the need for larger basis sets, a problem which one can
encounter and has to deal with more often is the occurrence of
the linear dependency between the basis functions. Effectively
dealing with this problem requires rather sophisticated
approaches. Also, better techniques for handling the usage of
memory, for guessing new basis functions when the size of the
basis set is being extended, and for the basis set optimization
have to be developed. These measures will be elaborated on in
this review.

The main purpose of the BO molecular calculations
employing ECGs is to generate PESs of ground and excited
states that can be used to perform rovibrational calculations.
The ECG PESs of small systems are usually capable of
delivering a subwavenumber accuracy for the full range of the
vibrational transitions provided that at least the adiabatic
correction is included in the energy of each PES point. We will
show examples of such calculations in this review. If the
calculations also provide the corresponding surface of the
molecular dipole moment, the rovibrational transition mo-
ments, and thus the band intensities, can be calculated. PESs
can also be used to perform reaction dynamics calculations
using either the classical trajectory approach or a wave packet
quantum approach. In both approaches nonadiabaticity, or
hopping between PESs of several electronic states, can be
simulated. Such simulations involve calculating adiabatic and
nonadiabatic coupling matrix elements, which can be relatively
easily done (though it has never been reported so far) for
energy points determined using wave functions expanded in
terms of ECGs.
The ECG PES calculations performed so far have been

limited to states described with wave functions with no nodes at
the nuclei. If such nodes exist, the Gaussians in the basis
functions need to be multiplied by a coordinate or a product of
coordinates.96 Such coordinate premultipliers to ECGs are also
used in other applications (see section 3).
Finally, the development and implementation of new

algorithms and procedures always involves solving numerous
technical problems at both the algebraic and computational
levels. A part of this review is devoted to this. We particularly
emphasize those issues that have broader implications and
applications in the areas that are not limited to the
development of methods for very accurate BO and non-BO
calculations of small atomic and molecular systems.

2. FORMALISM

2.1. Nonrelativistic Hamiltonian in the Laboratory Frame
and Separation of the Center of Mass Motion

Let us consider a system comprised of N nonrelativistic
particles interacting via Coulomb forces. If Ri is the position
vector of the ith particle in the laboratory Cartesian coordinate
frame, Mi is its mass, and Qi is its charge, then the Hamiltonian
of the system has the following form:

∑ ∑ ∑̂ = − ∇ +
= = >

H
M

Q Q

R
1

2i

N

i i

N

j i

N
i j

ij
Rlab

1

2

1
i

(1)

Here ∇Ri
denotes the gradient with respect to Ri and Rij = |Rj −

Ri| is the distance between the ith and jth particles. We will call
Ĥlab the laboratory frame Hamiltonian.
As the primary goal is solving for the bound states, the first

step will be to separate out the translational motion of the
system as a whole; i.e., we will eliminate the motion of the
center of mass from further consideration. There are several
possible ways to do that. Perhaps the most natural way is to use
the interparticle coordinates. Let us place some particle at the
origin of the new, internal, Cartesian coordinate system. This
particle is called the reference particle. Then we can refer the
other particles to the reference particle using relative
coordinates ri = Ri+1 − R1. These coordinates, along with the
three coordinates describing the position of the center of mass,
r0, are our new coordinates. If we denote the total mass of the
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system as Mtot = ∑i=1
N Mi, then the coordinate transform looks

as follows:
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while the inverse coordinate transformation is given by

= − − − −

= + − − − −

= − + − − −

⋮

= − − − + −

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

M
M

M
M

M
M

M
M

M
M

M
M

M
M

M
M

M
M

M
M

M
M

M
M

R r r r r

R r r r r

R r r r r

R r r r r

...

1 ...

1 ...

... 1

N
n

N
n

N
n

N
N

n

1 0
2

tot
1

3

tot
2

tot

2 0
2

tot
1

3

tot
2

tot

3 0
2

tot
1

3

tot
2

tot

0
2

tot
1

3

tot
2

tot

(3)

Upon the transformation of the laboratory frame, the
Hamiltonian Ĥlab in eq 1 separates into two operators, i.e.,
the Hamiltonian describing the motion of the center of mass
(COM) of the system

̂ = − ∇H
M
1

2 rCM
tot

2
0 (4)

and the following “internal” Hamiltonian that represents the
relative motion of the particles:

∑ ∑ ∑
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where n = N − 1, the prime symbol denotes the matrix/vector
transposition, rij = |rj − ri|, mi = Mi+1, qi = Qi+1, and μi = m0mi/
(m0 + mi). The Hamiltonian in eq 5 describes the motion of n
pseudoparticles with masses mi and charges qi in the central
field of the reference particle. The motions of the
pseudoparticles are coupled through the mass polarization
terms ∑i≠j

n (1m0)∇ri′∇rj and through the Coulombic inter-

actions dependent on the distances between the pseudopar-
ticles and the origin of the internal coordinate system, ri, and on
the relative distances between the pseudoparticles, rij.
Due to the separability of the internal motion and the motion

of the center of mass, the solution of the Schrödinger equation
(SE) with the laboratory Hamiltonian can be presented as the
product

ψ ψ= ′k r r rexp[i ] ( , ..., )nlab 0 0 1 (6)

where k0 is the momentum of the system as a whole and
ψ(r1,...,rn) is the solution of the SE with the internal
Hamiltonian.
The Hamiltonian in eq 5 can be conveniently written in the

matrix form. To do that we combine the coordinates of the
pseudoparticle positions and the corresponding gradients into
two 3n-component column vectors:
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With that we have

∑ ∑̂ = −∇′ ∇ + +
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Here M = M ⊗ I3 is the Kronecker product of the n × n matrix
M and the 3 × 3 identity matrix, I3. The diagonal elements of
matrix M are 1/(2μ1), 1/(2μ2), ..., 1/(2μn), while all off-
diagonal elements are equal to 1/(2m0).
2.2. Clamped-Nuclei Hamiltonian

Finding the eigenfunctions of the Coulomb Hamiltonian (CH)
in eq 1 expressed in the laboratory frame would involve
describing translational states of the COM and therefore the
use of plane waves in the trial wave functions. The resulting
states would be completely delocalized in space, having little
practical use from a chemical prospective. As pointed out in
section 2.1, the separation of the COM motion from the
internal motion generates a Hamiltonian of the type in eq 5.
Such a Hamiltonian in the mass polarization terms mixes
derivatives of the electronic and nuclear coordinates. The direct
use of the Hamiltonian in eq 5 is far from being trivial and is
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the subject of the sections devoted to the non-BO approach. To
simplify the problem, first Heitler and London97 and then Born
and Oppenheimer98 decided to consider the nuclei as being
particles with infinite masses. This led to a formalism, partly
used also by Handy and Lee,99 involving the splitting of the CH
into two contributions:

̂ = ̂ + ̂H H Tlab el n (9)

Ĥel is defined as

∑̂ = − ∇ +
=

H
m

V r r
1

2
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i
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e 1

2 e n
i

e

e

(10)

where {re} and {rn} are labels of electronic and nuclear
coordinates, respectively, and ∇r

2
i
e is a Laplacian operator that

acts only on the three Cartesian coordinates of the ith electron,
Ne represents the total number of electrons in the system. T̂n is
the kinetic energy of the nuclei and is defined as

∑̂ = − ∇
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α
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1

2

N
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1

2
n
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where Mα is the mass of nucleus α. From eq 11 it follows that if
the nuclear masses are allowed to reach very large values (at the
limit of infinite masses) the only term to survive in eq 9 is Ĥel,
also known as the clamped-nuclei (CN) Hamiltonian. In this
review, we refer to BO calculations as those that approximate
the eigenfunctions of the CN Hamiltonian, where the nuclei are
kept at fixed positions in space and the only variables the wave
function depends on are the positions of the electrons.
2.3. The Adiabatic Approximation

The SE involving the CN Hamiltonian has the following form:

̂ Φ = Φμ
μ

μH Er r r r r( ; ) ( ) ( ; )el
e n n e n

(12)

The solutions Φμ(r
e;rn) are also called electronic wave

functions, and sometimes the CN Hamiltonian is called the
electronic Hamiltonian. In this section we assume that the
solutions of eq 12 are nondegenerate. The semicolon separating
the electronic and nuclear coordinates in eq 12 denotes the fact
that the nuclear coordinates are treated as parameters in both
the Hamiltonian and the wave function. This means that the
nuclear coordinates take part in neither the derivative
operations nor the integrals.
In the calculation of the ground state wave function, once

Φ0(r
e;rn) is available, or approximated to a sufficient degree of

accuracy, a trial solution to the CH can be attempted as a
product of a purely nuclear function, denoted as χ(rn), with
Φ0(r

e;rn), namely

χΨ = Φr r r r r( , ) ( ) ( ; )a
0 e n n

0
e n

(13)

where the subscript “a” stands for adiabatic to indicate that the
electronic part of the wave function is calculated assuming that
the electrons follow the motions of the nuclei adiabatically, i.e.,
without transferring any part of their energy to the nuclei, and
vice versa.
Because the electronic wave function Φ0(r

e;rn) must be
independent of the COM motion, the nuclear coordinates in
the trial wave function above are a redundant set. In
mathematical terms we can impose the independence of the
electronic wave function from the COM motion by having
Φ0(r

e;rn) being a constant upon any displacement of the COM
coordinates, namely

̂ Ψ = − ∇ Ψ =H
M

r r r r( , )
1

2
( , ) 0rCM a

0 e n 2
a
0 e n

0 (14)

With the above properties of Ψa(r
e,rn), it can be used as a trial

wave function in the SE involving the CH with the assumption
that the electronic part needs no further improvement and can
be integrated out. The function χ(rn) is then obtained by first
integrating over the electronic coordinates with the Φ0(r

e;rn)
being replaced by Φ0(r

e,rn), where now the nuclear coordinates
are promoted from parameter to variable status. Carrying out
such a procedure, one obtains the following SE for the nuclear
functions χk(r

n):99
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where λk represents the eigenvalue corresponding to χk(r
n) and

the potential, in which the nuclei move, is generally specific to
the electronic state (μ), namely

= + ⟨Φ | ̂ |Φ ⟩μ μ
μ μU E Tr r r r r r( ) ( ) ( , ) ( , ) r

n n e n
n

e n
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The ⟨ ⟩re stands for integration over the electronic coordinates.
In the right-hand side of eq 15 terms that involve other
solutions to the CN Hamiltonian, or electronic excited states,
do not appear because they have not been introduced in the
ansatz in eq 13.
Equation 11 shows that the potential in which the nuclei

move is not just the corresponding eigenvalue of the electronic
wave function. An additional term needs to be added, called the
adiabatic correction, or the diagonal Born−Oppenheimer
correction (DBOC hereafter). Generally, the DBOC is specific
to the particular electronic state described by the wave function
Φμ(r

e,rn), and has the following form:

∑= − ⟨Φ |∇ |Φ ⟩μ

α α
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The inclusion of the DBOC of eq 17 corrects the CN energy by
a term of the order of O(me/M). In section 11.3 the
methodology of calculating the DBOC with floating ECG is
presented.
The above procedure to obtain the adiabatic corrections

should be taken by the reader with a grain of salt. Here, we aim
to approximate the solutions of the CH starting from the
solutions of the CN Hamiltonian. We are not trying to justify
whether the form of the trial wave function in eq 13 is
appropriate, such as having proper permutational and rotational
symmetry. For a more in-depth discussion of the links between
the CH and the CN Hamiltonian, we refer the interested reader
elsewhere.100,101

2.4. Including the Nonadiabatic Effects by Means of
Perturbation Theory

The correction derived in section 2.3 refines the CN energy by
a term having the O(me/M) magnitude. This correction
modifies the BO PES by the addition of a term. The corrected
PES is then

= +μ μ μU E Er r r( ) ( ) ( )n n
a

n
(18)

A nonadiabatic correction to the ground state energy cannot be
included in the same way as the adiabatic correction. That is
because any nonadiabaticity will mix ground and excited
electronic states, as well as ground and excited rovibrational
states. It is impossible to disentangle these two contributions.
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Therefore, the correction to the adiabatic energy must depend
on both nuclear and electronic coordinates, namely Ena

0 (re,rn),
and it is specific to the rovibrational adiabatic state considered.
The nonadiabatic correction is derived by considering wave
function corrections orthogonal to the adiabatic wave function
of eq 13, e.g., orthogonal to Φ0(re;rn) in the electronic
coordinates, and/or orthogonal to χ(rn) in the nuclear
coordinates. An ansatz of the wave function that goes beyond
the adiabatic approximation is commonly written as

∑ χΨ = Φ

= Ψ + Ψ

μ
μ μcr r r r r

r r r r

( , ) ( ) ( ; ) (19)

( , ) ( , ) (20)
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k k
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,
,

n e n

a
e n

na
e n

where Φμ are the wave functions of electronic excited states
obtained by solving the CN SE in eq 12, the χk are approximate
nuclear wave functions, and the cμ,k are some real-valued
expansion coefficients. For the sake of clarity, the label denoting
the electronic state has been omitted by the total wave
functions in eqs 19 and 20, as well as in the equations that
follow. In an intermediate normalization framework, the first
term of the series in eq 20 would be identical to the wave
function in eq 13.
The nonadiabatic correction can be derived using the

perturbative formalism with the CH represented as a sum of
adiabatic Hamiltonian, Ĥa, and a perturbation, Ĥ′. The
adiabatic Hamiltonian can be written in a spectral form in
terms of its eigenvalues and the CN electronic eigenfunctions
as

∑̂ = |Φ ⟩ ⟨Φ |
μ

μ
μ

μH Ua
(21)

and the perturbation is defined as what is left to make up the
CH:

̂ ′ = ̂ − ̂H H Hlab a (22)

In order to numerically solve the problem, it is not possible to
consider matrix elements of the Ĥ′ perturbation, as they are not
well-defined.102 A better approach103,104 is to start by splitting
the wave function into adiabatic and nonadiabatic contribu-
tions, as in eq 19, and derive perturbative-like solutions to the
nonadiabatic part.
By applying eqs 12 and 16, and by noticing that the first-

order nonadiabatic correction to the adiabatic energy is zero,
the first result can be derived right away, namely

⟨Φ | ̂ ′|Φ ⟩ =H 0r0 0 e (23)

Thus, the leading correction is a second-order quantity. The
first step in computing this correction is by finding an
expression for the first-order correction to the wave function,
that is, the Ψna term in eq 20. In doing so, Pachucki and
Komasa103,104 derived the following equation:
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where the operators have the same meaning as in eq 9; the
prime indicates that the reference state, Φ0, is excluded from
the inversion. The δχ function indicates the nonadiabatic
correction to the nuclear wave function. The Pachucki−
Komasa103,104 nonadiabatic correction to the electronic energy
takes the form
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which is of second order in terms of the perturbation eq 22. We
should note that the adiabatic ansatz involved in eq 25 could be
labeled with a rotational and a vibrational quantum number,
thus showing that the nonadiabatic corrections are specific to
each rovibrational state.
2.5. The Variational Method

Most of the calculations considered in this review are
performed within the framework of the Ritz variational method.
The main idea of the variational method in nonrelativistic
quantum mechanics is based on the fact that the expectation
value of the Hamiltonian of the system computed with an
arbitrary wave function, ψ(r) (here r denotes the coordinates of
all active particles), which satisfies the proper symmetry
constraints, is always an upper bound to the exact ground
state energy, ⟨ψ|Ĥ|ψ⟩/⟨ψ|ψ⟩ ≥ E0. This general property of the
energy functional facilitates a way to obtain very accurate
approximations to the exact wave function by the optimization
of the parameters, both linear and nonlinear, which the function
comprises. This optimization is accomplished by the energy
minimization. If the wave function is expanded in terms of
some basis functions

∑ψ ϕ=
=

r r( ) c ( )
k

K

k k
1 (26)

and only the linear coefficients are optimized, then the energy
minimization procedure reduces to solving the generalized
eigenvalue problem

ε=Hc Sc (27)

where H and S are K × K symmetric (or Hermitian if the basis
functions are complex) matrices of the Hamiltonian and
overlap ϕ ϕ= ⟨ | ̂ | ⟩HHkl k l and ϕ ϕ= ⟨ | ⟩Skl k l , while c is a K-
component vector of the linear coefficients. Equation 27 has K
solutions, i.e., K energy values and K corresponding wave
functions. According to the mini−max theorem, if the energy
values are set in an increasing order, the first one provides an
upper bound to the exact nonrelativistic ground state energy of
the system and the kth one provides an upper bound to the
exact energy of the (k − 1)th excited state (details of the proof
can be found in ref 5).
In addition to varying the linear coefficients in the wave

function expansion, one can also vary nonlinear parameters
involved in the basis functions. The accuracy of atomic and
molecular quantum mechanical calculations, particularly those
involving explicitly correlated basis functions, is primarily
achieved by performing extensive optimization of the basis
function nonlinear parameters.
2.6. Choices of Basis Functions for Highly Accurate
Variational BO and Non-BO Calculations

In atomic calculations the possible choices of the basis
functions are limited. The most crucial limitation is related to
the need for accurate and expeditious calculation of the
Hamiltonian matrix elements. Also, the basis set has to
accurately describe the state of the system under consideration
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and, in particular, the electron correlation effects in the state. As
these effects concern electrons avoiding each other in their
motions around the nucleus, the most effective basis functions
for describing the correlation phenomenon are functions
explicitly dependent on the interelectron distances. The most
efficient explicitly correlated functions are those that simulta-
neously depend on distances of all electrons in the system.
The most serious problem in the development of methods

employing explicitly correlated functions is the difficulty that
may arise in accurately calculating the integrals which appear in
the Hamiltonian matrix elements. As the complexity of these
integrals grows with the increasing number of electrons and
with the electrons occupying higher angular momentum states,
more complicated expressions for these integrals appear. This
may create difficulties in extending the calculations to systems
with more electrons.
Among the basis functions most often used in quantum

calculations of small atoms with less than four electrons, there
are the Hylleraas-type functions31,105−109 and the exponential
functions (also known as the Slater-type functions).110−113 For
a three-electron atomic system the Hylleraas function has the
following form (here we consider the states with zero total
angular momentum):

ϕ

α α α
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− − −

r r r r r r

r r r
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n n n n n n
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1 1 2 2 3 3
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where ri are electron−nucleus distances, rij are interelectron
distances, and α’s are parameters which are subject to
optimization in the variational calculation. One notices that
the Hylleraas functions are only correlated through the
preexponential polynomials and there is no rij presence in the
exponent. In the exponential functions

ϕ α α α β β
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r r r r r

r
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the opposite happens: the rij factors are only present in the
exponent. Recently, it was demonstrated that the exponential
functions in eq 29 are very effective in calculations of atoms
with three electrons113 and other four-body Coulomb
systems.114 Clearly, they are capable of describing both the
short-range cusp behavior of the wave function as defined by
the Kato conditions115 and the long-range behavior. However,
neither the Hylleraas functions nor the exponential functions
have been applied to study atomic systems with more than
three electrons. This limitation is due to the lack of algorithms
for accurate and efficient calculation of Hamiltonian matrix
elements with those functions for systems with more than three

electrons. However, such algorithms exist for ECGs, which will
be discussed later in this review.
Explicitly correlated functions have also been employed in

molecular BO calculations. The most thoroughly investigated
system has been the H2 molecule, whose first study dates back
to James and Coolidge.116 Some of the most impressive
calculations performed for this system have been those of Kołos
and Wolniewicz. The wave functions in their approach were
inspired by the work of James and Coolidge and were expanded
in terms of the following functions (denoted by Gk below)
expressed in terms of elliptic coordinates of the two electrons
denoted by the labels 1 and 2:117−120

= + ± +Λ ΛG x y g x y g(1, 2) ( i ) (1, 2) ( i ) (2, 1)k k k1 1 2 2
(30)

αξ αξ ρ ξ η ξ

η βη β η

βη β η

= − − ̅

+ ̅ + −

− − ̅

̅ ̅
̅

̅ + ̅+Λ+

g (1, 2) exp( )

{exp( ) ( 1)

exp( )}

v r s r s
v r s r

s s s p

, , , , 1 2 1 1 2

2 1 2

1 2 (31)

The “±” in eq 31 refers to singlet and triplet states, respectively,
Λ is the angular momentum projection quantum number, and p
= 0, 1 for g and u symmetries, respectively. ξj = (rja + rjb)/R and
ηj = (rja−rjb)/R are the elliptic, and xj and yj the Cartesian
coordinates for the two electrons with the z axis coinciding with
the internuclear axis (“a” and “b” denote nuclei). ρ = 2r12/R, r12
is the interelectronic distance, and ci, α, α̅, β, and β̅ are
variational parameters. Thus the basis set is defined by the set
of exponents vi, ri, si, ri̅, and s1̅. The calculations reported in
1995 by Wolniewicz120 with the basis functions in eq 31 still
remain some of the most accurate ever performed with the BO
approach involving the calculation of the potential energy
surface first and then calculating the rovibrational energy levels
by solving the Schrödinger equation for the nuclear motion.
The drawback of the basis functions in eq 31 is that they cannot
be extended to study molecules with more than two nuclei.
Even an extension of the approach to diatomics with more than
two electrons has not been accomplished. Thus, at present, the
only basis set of explicitly correlated functions that can be
extended to systems with more than two electrons and/or more
than two nuclei are Gaussians. We will describe the various
types of molecular Gaussian functions used in the BO and non-
BO, atomic and molecular calculations in section 3.
2.7. Competition between ECG and JC Functions

Very recently, Pachucki80 employed another type of explicitly
correlated functions, the James−Coolidge (JC) functions,116 in
BO variational calculations of the hydrogen molecule. In those
calculations he obtained a lower energy at the equilibrium

Table 2. BO Energies (in hartrees) of Hydrogen Molecule at RH−H = 1.4011 bohra

K energy ΔE type year authors

22 363 −1.174 475 931 400 215 99 0.000 000 217 179 772 54 JC 2010 Pachucki80

4800 −1.174 475 931 400 135 0.000 000 217 179 772 ECG 2008 Cencek and Szalewicz75

2400 −1.174 475 931 399 860 0.000 000 217 179 772 ECG 2008 Cencek and Szalewicz75

1200 −1.174 475 931 395 0.000 000 217 180 ECG 2008 Cencek and Szalewicz75

600 −1.174 475 931 326 0.000 000 217 180 ECG 2008 Cencek and Szalewicz75

300 −1.174 475 929 976 0.000 000 217 179 ECG 2008 Cencek and Szalewicz75

6776 −1.174 475 931 400 027 ICI 2007 Nakatsuji et al.122

7034 −1.174 475 931 399 84 0.000 000 217 179 76 JC 2006 Sims and Hagstrom123

883 −1.174 475 930 742 0.000 000 217 177 KW 1995 Wolniewicz120

aΔE is the energy difference between calculations at RH−H = 1.4011 bohr and RH−H = 1.4 bohr.
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internuclear distance than the previous best result by Cencek
and Szalewicz obtained with 4800 ECGs.75 The advantage of
using the JC basis set in H2 calculations lies in the fact that this
set comprises many fewer nonlinear parameters that need to be
optimized than the ECG basis set. However, the JC basis is
again restricted to two-electron, two-nucleus molecules and
cannot be extended to larger systems.
A comparison of the variationally lowest energies ever

obtained in calculations for the hydrogen molecule at the
equilibrium distance is shown in Table 2. Among those
energies, there is the result of Kołos and Wolniewicz (KW)121

obtained with generalized JC functions defined in eq 31, which
include more nonlinear parameters than the original JC
functions to better describe the long-range asymptotic behavior
of the wave function. There is also the result obtained by
Nakatsuji et al.122 with the iterative-complement-interaction
(ICI) method which essentially generated a set of basis
functions (exponents times prefactors) depending on elliptic
coordinates. This result was the best energy value at the time it
was published.
In Table 2 we also show the H2 BO energies of Cencek and

Szalewicz75 calculated at RH−H = 1.4 bohr with different
numbers of ECGs. The results are not quite comparable with
the other literature values because most of those values have
been calculated at RH−H = 1.4011 bohr. Based on the ECG basis
set Cencek and Szalewicz obtained for H2 at RH−H = 1.4 bohr,
they generated basis sets for several other internuclear distances
using a procedure that automatically shifts the Gaussian centers
to adjust them for the changing internuclear distance. This
allowed them to calculate an H2 PEC without reoptimization of
the Gaussians at each PEC point, which would be very time-
consuming. Only the linear expansion coefficients in the wave
function were reoptimized by solving the secular equation
problem. They showed that the shifting procedure allows
maintaining the accuracy of the whole PEC at an almost
constant level. This demonstrates that the computational time
for ECG calculations can be significantly reduced if an effective
approach for guessing new Gaussians to be added to the basis
set and for optimizing them is developed.
Another example where an effective approach of this kind

was impelmented is the ECG calculations of Cencek et al.124

concerning the molecular hydrogen dimer, (H2)2. The
approach involved contracting two large H2 ECG basis sets
to form a basis set for the dimer with tens of thousands of
ECGs. The nonlinear parameters in this basis set were not
optimized, but instead some additional ECGs were included to
better account for the interaction between the hydrogen
molecules. The nonlinear parameters of these added ECGs
were variationally optimized in the calculations.
We should stress that, even though the variational

calculations involving all-electron ECGs scale as the factorial
of the number of the electrons, they can be extended to larger
numbers of electrons than two, as the algorithms for calculating
the Hamiltonian and overlap matrix elements are general. This
is not the case for the JC functions, where the integrals need to
be rederived (they have not been yet) to calculate molecular
systems with more than two electrons.

3. EXPLICITLY CORRELATED GAUSSIAN BASIS SETS
As mentioned, the main advantage of using ECGs in atomic
and molecular calculations is due to the simplicity in evaluating
the overlap and Hamiltonian matrix elements and easy
generalization to atoms and molecules with an arbitrary

number of electrons. While ECGs have been shown to form
a complete basis set,125−127 they have improper short-distance
behavior (unable to satisfy Kato cusp conditions115) and too-
fast decaying long-range behavior. Even though these
deficiencies can be effectively remedied by using longer
expansions, they may cause a significant increase in the amount
of computational effort needed for a well-converged calculation.
Certain issues may also arise in the calculations of relativistic
corrections and other properties, where proper short-range
behavior is important.

3.1. Basis Sets for Atomic Calculations with Infinite and
Finite Nuclear Mass

We will first discuss the basis sets we have used in atomic and
molecular calculations performed without assuming the BO
approximation. For atoms, the non-BO calculations are more
often called finite-nuclear-mass (FNM) calculations. Even
though such atomic calculations are only marginally more
difficult (the Hamiltonian includes the mass polarization term,
which is absent when the nuclear mass is set to zero) and
essentially equally as time-consuming as the infinite-nuclear-
mass (INM) calculations, most very accurate atomic calcu-
lations published in the literature have been performed with the
INM approach. However, there have been also atomic
calculations which employed the FNM approach.15−17,128−131

This method not only allows for directly calculating energies of
ground and exited states of different isotopes, thus enabling
determination of isotopic energy shifts, but it also, by setting
the nuclear mass to infinity, allows generation of INM results.
When different isotopes of a particular element are calculated,
one may consider reoptimizing the nonlinear parameters of the
Gaussians in the basis set for each of them. However, as the
numerical experiments show, the change in the mass of the
nucleus can be effectively accounted for by readjusting the
linear coefficients of the basis functions, i.e., by recomputing the
Hamiltonian matrix and solving the eigenvalue problem with
the same basis set. Since the change of the wave function
remains small when the mass of the nucleus is varied (true as
long as the nuclear mass stays much larger than the mass of
electrons), such a simplification has virtually no effect on the
accuracy of the calculations.
In the calculations of atoms with only s electrons the rij

dependency in the Gaussian functions can be limited to the
exponential factor. For an n-electron system these functions
have the following form:

ϕ = − ′ ⊗A Ir r r r r( , , ..., ) exp[ ( ) ]k n k1 2 3 (32)

where r is a 3n-component vector formed by stacking r1, r2, ...,
rn on top of each other (ri is the distance between electron i and
the nucleus), Ak is a n × n symmetric matrix, I3 is a 3 × 3
identity matrix, “⊗” is the Kronecker product symbol, and the
prime indicates vector (matrix) transpose. In some of the
expressions in this review we will use a shorter notation for the
Kronecker product of a matrix and I3: Ak ≡ Ak ⊗ I3. In general,
Ak does not have to be a symmetric matrix. However, one can
always rearrange its elements in such a way that it becomes
symmetric without changing the quadratic form r′Akr. Since
dealing with symmetric matrices has certain practical
advantages in further considerations, we will always assume
the symmetry of Ak.
As the basis functions used in describing bound states must

be square integrable, some restrictions must be imposed on the
elements of Ak matrices. Each Ak matrix must be positive
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definite. Rather than enforcing the positive definiteness of Ak,
which usually leads to cumbersome constraints, we use the
following Cholesky factored form of Ak: Ak = LkLk′, where Lk is a
lower triangular matrix. With this representation, Ak is
automatically positive definite for any values of Lk ranging
from ∞ to −∞. Thus, the variational energy minimization with
respect to the Lk parameters can be carried out without any
restrictions. It should be noted that the LkLk′ representation of
Ak matrix does not limit the flexibility of basis functions,
because any symmetric positive definite matrix can be
represented in a Cholesky factored form.
In order to improve the quality of the atomic s-type ECGs

(eq 32), particularly in terms of providing a better description
of the short- or long-range behavior, one can include in those
functions preexponential factors similar to those present in the
Hylleraas functions defined in eq 28:

∏ϕ = − ′ ⊗
>

r A Ir r r r r( , , ..., ) ( ) exp[ ( ) ]k n
i j

n

ij
n

k1 2 3
ij

(33)

From a practical point of view, it is easier to use even powers of
the interelectron distances in such factors (nij even), or just
their squares (nij = 2), because the evaluation of the
Hamiltonian integrals is then more straightforward. By
including the rij

2 prefactors in Gaussians,32 one obtains the
following exponentially and preexponentially, explicitly corre-
lated Gaussian functions:

∏ϕ = − ′ ⊗
>

r A Ir r r r r( , , ..., ) ( ) exp[ ( ) ]k n
i j

n

ij k1 2
2

3
(34)

Even though, in principle, all interelectron distances should be
included in ∏i>j

n rij
2, a simpler approach with only a limited

number of those distances can also be considered. In such an
approach the Gaussian basis set would comprise the following
subsets of functions:

− ′ ⊗ − ′ ⊗

− ′ ⊗

A I r A I

r r A I

r r r r

r r

{{exp[ ( ) ]}, { exp[ ( ) ]},

{ exp[ ( ) ]}, ...}

k ij k

ij kl k

3
2

3

2 2
3 (35)

In particular, one can consider a basis set that only includes the
two first subsets:

− ′ ⊗ − ′ ⊗A I r A Ir r r r{{exp[ ( ) ]}, { exp( ( ) )}}k ij k3
2

3

(36)

Such a basis set was recently tested,132 and it was shown that
placing rij

2 factors in front of the Gaussian exponents leads to a
noticeable improvement of the energy convergence.
There is another issue that arises in atomic calculations,

particularly in those concerning excited states. It is related to
describing radial nodes and angular nodes in the wave
functions. In dealing with the radial nodes, for example, in
the calculations of 1S excited states of the beryllium atom, the
radial flexibility of the Gaussians is a key factor. For lower lying
states, the standard correlated Gaussians, eq 32, provide a
sufficiently flexible basis set to describe the few radial nodes.
However, for higher lying states with more radial nodes the
standard Gaussians may need to be modified to facilitate more
radial flexibility. This can be accomplished using the following
complex Gaussians:128,133,134

ϕ = − ′ ≡ − ′ + ⊗A B Ir C r r rexp[ ] exp[ (( i ) ) ]k k k k 3 (37)

where Ak and Bk are n × n symmetric matrices that represent
the real and imaginary parts of Ck, respectively.
Considering ground states of atoms with more than four

electrons (for example, the boron atom) or some excited states
of even smaller atomic systems requires that angular factors are
placed in front of the exponents of the Gaussian basis functions
(more details on the rotational symmetry of the basis functions
will be given in section 4.3). For the states corresponding to a
dominant configuration with just one p electron, the following
form of Gaussians can be used:

ϕ = − ′ ⊗z A Ir rexp[ ( ) ]k m k 3k (38)

Here mk is an integer that depends on k and may take values
from 1 to n. It is convenient to represent functions 38 as

ϕ = ′ − ′v r r A r( ) exp[ ]k
k

k (39)

where vk is a vector whose components are all 0, except the
3mkth component, which is set to 1.
For the case of states with two p electrons (for example, the

ground 1s22s22p2 state of the carbon atom) or one d electron,
one can use Gaussians with two electron coordinates placed in
front of the exponent:135−139

ϕ ξ ξ= − ′ ⊗A Ir rexp[ ( ) ]k i j k 3k k (40)

where ξik and ξjk can either be x, y, or z coordinates of electron
ik and jk, respectively, with ik and jk either equal or not equal to
each other.
In particular, in describing states with two p electrons (for

example, in the calculations of the 3Po ground and first excited
states of the carbon atom) the following Gaussian basis
functions135

ϕ = − − ′ ⊗x y x y A Ir r( ) exp[ ( ) ]k i j j i k 3k k k k (41)

were used. In calculating D states involving one d electron, the
Gaussians had the form138,139

ϕ = + − − ′ ⊗x x y y z z A Ir r( 2 ) exp[ ( ) ]k i j j i i j k 3k k k k k k (42)

where electron indices ik and jk are either equal or not equal to
each other.
It is convenient to use an alternative form of the angular

preexponential multiplier. It involves the general quadratic
form, r′Wkr, that represents the preexponential factor. This
form allows for a more generalized approach in deriving the
matrix elements. For example, the Gaussians with the factor
xikxjk + yikyjk − 2zikzjk) can be written as

ϕ = ′ − ′ ⊗A Ir W r r r( ) exp[ ( ) ]k k k 3 (43)

where Wk is a sparse 3n × 3n symmetric matrix that for ik = jk
comprises only three nonzero elements: W3(ik−1)+1,3(ik−1)+1 = 1,

W3(ik−1)+2,3(ik−1)+2 = 1, and W3(ik−1)+3,3(ik−1)+3 = −2, and for ik ≠ jk
it comprises six nonzero elements: W3(ik−1)+1,3(jk−1)+1 =

W3(jk−1)+1,3(ik−1)+1 = 1/2, W3(ik−1)+2,3(jk−1)+2 = W3(jk−1)+2,3(ik−1)+2 =

1/2, and W3(ik−1)+3,3(jk−1)+3 = W3(jk−1)+3,3(ik−1)+3 = 1. It should be
noted that, in general, we could have used a nonsymmetric
matrix Wk (for ik ≠ jk) with only three nonzero elements
(yielding the same quadratic form) since there are only three
terms in eq 42. However, as already mentioned, it is much more
convenient to deal with symmetric matrices in practice. The
main reason for this is that the derivation of matrix elements
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becomes considerably simpler. In a similar manner, one can
devise forms of Gaussians even for states with higher total
orbital angular momenta (or higher than 2 number of non-s
electrons). These forms, however, become progressively more
complex.

3.2. Basis Sets for Non-BO Calculations on Diatomic
Molecules

After separating the center-of-mass motion from the laboratory-
frame Hamiltonian of a molecule, the Hamiltonian that
describes the intrinsic motion of the system, the internal
Hamiltonian, is isotropic (i.e., spherically symmetric). Eigen-
functions of such a Hamiltonian form an irreducible
representation of the fully symmetric group of rotations.
Thus, those functions are atom-like functions, which, besides
being eigenfunctions of the Hamiltonian, are also eigenfunc-
tions of the square of the total orbital angular momentum
operator and the operator representing its projection on a
selected axis. As such, the Hamiltonian matrix calculated with
eigenfunctions of the square of the total orbital angular
momentum is a block-diagonal matrix. This allows for
separating the calculations of states corresponding to different
total orbital angular momentum quantum numbers. In
particular, when spherically symmetric basis functions are
used in the calculations, the so-called rotationless states are
obtained. Those states correspond to the ground and excited
“vibrational” states of the system. We put “vibrational” in
quotation marks because, if the BO approximation is not
assumed in the calculation, the electronic and vibrational
degrees of freedom mix and the wave function for a particular
“vibrational” state may contain contributions from products of
different electronic wave functions and different vibrational
wave functions. Due to this coupling of the vibrational and
electronic motions the vibrational quantum number is no
longer a good quantum number. It should be, perhaps more
correctly, regarded as a number which numbers consecutive
states in the manifold corresponding to the particular total
orbital angular momentum quantum number.
In the fully non-BO ECG calculations for diatomic molecules

performed so far only rotationless states, i.e., states represented
by spherically symmetric wave functions, have been consid-
ered.7,140,141 In the calculations of those states the following
explicitly correlated Gaussians multiplied by even powers of the
internuclear distance, r1 (the powers usually range from 0 to
250), have been used:

ϕ = − ′r r A rexp[ ]k
p

k1 k (44)

where it is assumed that the center of the internal coordinate
system is placed on the first nucleus (usually the heaviest one),
the first pseudoparticle represents the second nucleus, and the
remaining pseudoparticles represent the electrons.
As one notices, function 44 is spherically symmetric with

respect to the center of the coordinate system. All particles are
explicitly correlated in the Gaussian exponent (i.e., the
exponent explicitly depends on all interparticle distances).
There is also an additional correlation factor for the two nuclei
that depends on powers of the internuclear distance, r1

pk. The
purpose of this factor is to effectively separate the nuclei from
each other and to describe the oscillations of the wave function
resulting from vibrational excitation. In the vibrational ground
state the wave function should have a maximum for r1 around
the vibrationally averaged ground state internuclear distance.
The combination of the r1

pk factors with different pk powers and

the Gaussian exponent can very effectively generate such a
maximum. In the first vibrational excited state the wave
function has a single node and it can also be very well described
by Gaussians (44). Moreover, as the calculations of the
complete vibrational spectra for such systems as H2

+ and its
isotopologues,142−144 H2 and its isotopologues,145−149

HeH+,150,151 and larger systems21,152,153 have demonstrated,
the Gaussians can very effectively describe even the highest
vibrational excitations with multiple nodes.
The Hamiltonian integrals involving function 44 are more

complicated than integrals with functions without premulti-
pliers. With that the integrals take considerably longer to
compute. Also, we should note that the powers of the
internuclear distance in the basis functions used to calculate
the ground state are smaller than those needed to calculate
excited states.
In order to describe the vibrational states corresponding to

the first rotational excited states, one needs to use the following
Gaussians in expanding the wave functions of those states:

ϕ = − ′z r r A rexp[ ]k
p

k1 1 k (45)

Here we assume that the contribution of basis functions where
z1 is replaced by xi, where i ∼ 1, is unimportant. This
assumption may be not be strictly correct for higher states near
the dissociation threshold, for which z1 in eq 45 should be
replaced with zmk

, where mk ranges from 1 to n.

3.3. Basis Sets for Non-BO Calculations on Systems with
More Than Two Nuclei

Let us first consider a molecule with three nuclei (the simplest
such molecule is the H3

+ ion). Applying the same arguments as
used to justify the use of Gaussians eq 44 in non-BO diatomic
calculations, the appropriate basis set of correlated spherically
symmetric (one-center) Gaussians to describe rotationless
states of a triatomic molecule, such as H3

+, should consist of the
following functions:

ϕ = − ′r r r r A rexp[ ]k
p q t

k1 2 12k k k (46)

As one notices, the preexponential multipier of the functions in
eq 46 includes not one, as in eq 44, but three factors. The
factors are powers of all three internuclear distances in the
molecule. The presence of the powers allows for effectively
separating the nuclei and placing them at relative distances
which are on average equal to the equilibrium distances for the
state which is being calculated. The powers are also important
in generating radial nodes in the wave function in excited
vibrational states. Unfortunately, the Hamiltonian and overlap
matrix elements with the basis functions given in eq 46 become
more complicated. While the expressions for them were derived
in a closed algebraic form,154 an efficient numerical
implementation is problematic due to a large number of
summation loops in the integral formulas which results from
the powers of the internuclear distance in the preexponential
factor.
A Gaussian basis set which, in principle, can be used for

rotationless states of triatomic molecules and even of molecules
with more than three nuclei is the basis of complex Gaussians in
eq 37. An appropriate linear combinations of these Gaussians
should generate sine/cosine type oscillations in the wave
function which are needed in describing vibrational excited
states. Future tests will show how effective Gaussians (37) are
in describing those oscillations.
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3.4. Basis Sets for Non-BO Molecular Calculations in the
Presence of External Electric Field

Let us consider an isolated diatomic molecule without the BO
approximation. Such a consideration has many fundamental
aspects and also provides a procedure for describing asymmetry
in the charge distribution in molecular systems due to isotopic
substitution (such an effect takes place, for example, in the HD
molecule). As mentioned, the ground state (L = 0) wave
function of the molecule is a spherically symmetric function.
Let us now expose the molecule to a static electric field. If a
calculation performed with the BO approximation shows that
the molecule has a nonzero dipole moment or an anisotropy of
the polarizability, the interaction with the field will result in the
molecule orienting itself in space to minimize the interaction
energy. When the field is small this orientation is only partial,
but as the field increases the dipole moment axis of the
molecule or the axis of its highest polarizability essentially
becomes fully aligned with the direction of the field. It usually
takes a very small field to achieve this full alignment. One can
call this effect the orientational polarizability. When this
happens, the non-BO wave function of the molecule loses its
spherical symmetry and acquires an axial symmetry.
In addition to affecting the rotational state of the molecule

(in a way one can say that the field excites the molecule to a
high rotational state when the molecular dipole aligns with the
direction of the field), the field also affects the vibrational and
electronic motions. The field essentially polarizes the molecule
vibrationally and electronically. To describe the field-induced
deformation of a molecule in its ground state, the following
correlated Gaussians with shifted centers were used:155,156

ϕ = − − ′ −r s A r sexp[ ( ) ( )]k k k k (47)

where sk are the shifts of the Gaussian centers. Functions in eq
47 are also called explicitly correlated shifted Gaussians or
floating ECGs. The shifts allow for deforming the molecular
wave function to a cylindrical (oval) shape in the presence of
the field. ECG basis eq 47 is, in principle, also capable of
describing the ground state of the molecule in the absence of
the field. It is not the most optimal basis for such a case, but
with all the Gaussian centers being located at the origin of the
coordinate system, it has the right symmetry of the system
without the field. In refs 155 and 156 the non-BO dipole
moments of isotopologues of H2 and LiH were also evaluated
using an approximate procedure employing the finite-field
approach. Good agreement with the experimental values was
achieved. The reader may also review the recent paper by
Fernandez,157 where the procedure used in refs 155 and 156
and the results obtained there were put into question.

3.5. Basis Sets for Molecular BO Calculations

In molecular BO calculations, there is no need to transform the
coordinate system into an internal coordinate system
representation. That is because the nuclei are fixed in space
and therefore the center of mass does not move. A
consequence is that the coordinates can be represented in the
laboratory frame without any effect on the outcome of the
calculation. In BO calculations ECGs become functions of the
electronic coordinates only, expressed in the laboratory frame.
The simplest Gaussians used in the BO calculations are those
given in eq 47, with Lk, I3, and sk having the same meaning as in
eq 47, but with r containing only the electronic coordinates in
the laboratory frame stacked similarly to the definition in eq 7.

Gaussians 47 can only be used to describe states whose wave
functions do not have nodes on the nuclei.
Equations in sections 2.2 and 2.3 show how in BO

calculations the nuclear positions are formally present in the
wave functions as parameters. In most of the available quantum
chemistry software packages this parametrical dependence is
explicitly accounted for by centering the atomic orbitals to the
positions of the nuclei in a molecule. Deformations of the wave
function needed to describe the directionality of chemical
bonds are then obtained by employing Gaussian orbitals
containing premultipliers (usually powers of Cartesian
coordinates). Angular momentum functions with up to l = 5
are typically used.
The ECG-type functions defined in eq 47 do not include any

angular momentum factors. Employing such angular momen-
tum factors would be impractical as the formulas for calculating
matrix elements of the clamped-nuclei Hamiltonian sandwiched
by functions of the type in eq 47 quickly become complicated
when L ≥ 2. The problem is readily circumvented by avoiding
the use of angular momentum functions and making up for that
by allowing the centers of the ECGs to float. Technically, that is
achieved by not equating the sk vectors with the nuclear
positions. Using floating ECGs means that the basis functions
do not display any explicit parametrical dependence on the
nuclear positions. Instead their Gaussian centers, sk, are
considered to be adjustable parameters in the variational
optimization. It is important to note that employing a floating
centers basis set maintains an implicit parametrical dependence
with respect to the nuclear positions. This can be understood if
one realizes that the variationally optimized wave function is
found using a Hamiltonian that is explicitly dependent on the
nuclear positions, such as the CN Hamiltonian (11) used in the
BO calculations.
To summarize, the use of floating ECGs allows the

description of chemical bonds through the deformations of
the electron density that are described by basis functions that
float away from a nucleus. This choice of basis functions
enables employing numerically sound overlap and Hamiltonian
matrix elements at the expense of having to optimize 3Ne × K
nonlinear parameters, in addition to the Gaussian exponents
(Lk) and the linear expansion coefficients (ck) in eq 26, where
Ne and K are the number of electrons and the number of basis
functions employed.

3.5.1. Use of Premultipliers in ECG Basis Sets for
Molecular BO Calculations. ECGs with floating centers
defined in eq 47 perform best when used in the calculations of
states with nodeless wave functions at the nuclei. A node in the
wave function can only be described with floating ECGs by a
superposition of Gaussians that have opposite signs. Depending
on the nature of the node, such an “arithmetical” generation of
the node can lead to numerical instabilities. This does not
happen when the node lies, for example, on the imaginary line
interconnecting two nuclei, which is the case of Σu

+ excited
states in He2

92,158 and H2.
159 In this situation the node occurs

in a region away from where the electron density peaks (at the
nuclei); therefore, the arithmetic node generation is less likely
to incur into a numerical instability. Different is the case of
nodes occurring at the position of an nucleus. Such cases take
place in many excited states of small molecules and atoms, and
in some cases also in the ground state, as in the CH+ molecular
ion. To effectively describe a node at a nucleus, it is sufficient to
append a proper angular function as a premultiplier to the ECG
basis functions, namely
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ϕ = − − − ′ −Y r r r s A r s( ) exp[ ( ) ( )]k i k k k
nucl

(48)

where Y(ri − rnucl) is some angular momentum function such as
a spherical harmonic multiplied by the (ri−rnucl)l factor.
3.5.2. Ionic and Covalent Basis Functions. When atom-

centered atomic orbitals (AOs) are used in molecular BO
calculations, the wave function is expressed as an antisymme-
trized product of molecular orbitals (MOs) and spin functions.
The MOs are linear combination of AOs having proper spatial
symmetry. The wave function obtained with the outlined
procedure can then be decomposed into several antisymme-
trized products of atomic orbitals and spin functions. As an
example, consider the ground state of the hydrogen molecule in
the minimal AO basis constituted by two 1s orbitals centered
on either hydrogen atom, 1sA or 1sB, respectively. The spatial
electronic wave function becomes a product of doubly occupied
MOs denoted as σg:

σΨ =H g
2

2 (49)

The above product expanded in terms of the (unnormalized)
AOs (σg = 1sA + 1sB, where “A” and “B” refer to the atoms),
after some rearrangement, takes the form

Ψ =

+

+

+

r r

r r

r r

r r

1s ( ) 1s ( ) ionic

1s ( ) 1s ( ) covalent

1s ( ) 1s ( ) covalent

1s ( ) 1s ( ) ionic

H A 1 A 2

A 1 B 2

B 1 A 2

B 1 B 2

2

(50)

where the electronic coordinates in the laboratory frame of the
two electrons are included explicitly. In eq 50, labeling of
“ionic” and “covalent” products has been assigned to those
products of AOs that involve AOs centered on the same atom
or on different atoms, respectively. Similarly to the above case,
the application of ECGs to the calculation of the electronic
wave function of the hydrogen molecule involves basis
functions of the type

− −
−

−

⎡

⎣
⎢⎢

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
⎤

⎦
⎥⎥

A A

A A
r s r s

r s

r s
exp ( , )k k

k k

k k

k

k
1

1
2

2
11 12

21 22

1
1

2
2

(51)

which also can be labeled as “ionic” and “covalent” depending
on whether the centers sk

1 and sk
2 are in the neighborhood of the

same or different atoms. In the simplified case of eq 50 the
minimal AO basis set for the H2 molecule generated a wave
function having 50% ionic and 50% covalent products. This
hints that when using ECGs the ratio of ionic/covalent
functions must be optimized to achieve a better energy
convergence with respect to the number of basis functions
employed.
The simple example of eq 50 also shows how the ratio of

ionic/covalent basis functions must change as the internuclear
distances of a molecule are varied. Consider the spatial wave
function of the H2 molecule in its minimal AO basis when the
molecule is completely dissociated. Because the dissociation
limit consists of two noninteracting hydrogen atoms, the spatial
wave function becomes

Ψ = +s s s sr r r r
1
2

(1 ( ) 1 ( ) 1 ( ) 1 ( ))H A 1 B 2 A 2 B 12 (52)

which consists of a 100% covalent AO product and has no ionic
components. Therefore, when the H2 molecule is calculated

with ECGs, as the internuclear distance stretches, some basis
functions must convert from ionic to covalent. Such a
conversion may require migration of some Gaussian centers
by several atomic units and usually overcoming an energy
barrier, which is unlikely to occur during the variational energy
minimization. This problem will be tackled later in this review
when the details of the optimization of the nonlinear
parameters in BO calculations are discussed in sections 7.1.1
and 7.2.

4. SYMMETRY OF THE WAVE FUNCTION

The Hamiltonian of a few-particle Coulombic system always
possesses certain symmetries, or in other words, it commutes
with the wave function transformations that belong to certain
groups. Among these groups there may be continuous groups
such as the group of 3D rotations, or point groups, such as the
symmetric group Sp. In this section we briefly consider what the
possible implications of these symmetries are and how to
perform calculations that take them into account.

4.1. Permutational Symmetry

Practically any atomic or molecular system consisting of more
than two particles contains some subsets of identical particles in
it. Most commonly, we think of electrons in this regard.
However, the identical particles could also be nuclei and even
such exotic particles as positrons and muons. According to the
Pauli principle, the total wave function (including the spin
degrees of freedom) of such quantum systems must either be
symmetric or antisymmetric with respect to permutations of
identical particles. Any approximation to the exact wave
function, which aspires to be accurate, should take this
requirement into account. In variational calculations this puts
a constraint on the symmetry of the basis functions that can be
used. It should be said that in some cases, such as when we are
interested in the ground state of a bosonic system, we might in
principle use a basis that does not possess any symmetry. If the
state of interest is the lowest (or one of the very lowest) in
energy among the states of any symmetry, the total trial wave
function will eventually converge to the form corresponding to
the proper permutational symmetry as the basis size goes to
infinity. For any finite basis set, however, there is a big
likelihood of the presence of some symmetry contamination.
More importantly, such calculations are usually far less efficient
in terms of CPU time and memory requirements as the number
of basis functions necessary to achieve the same accuracy as in
the case of properly symmetrized basis is significantly larger.
Thus, even in those few special cases it is a good idea to use
basis functions of the proper symmetry. When we deal with
systems consisting of fermions (i.e., electrons), enforcing the
proper permutational symmetry on the basis functions is not
only a matter of the computational efficiency, it is essentially a
strict requirement. Even the ground state variational calcu-
lations of fermionic systems are not possible without a properly
antisymmetrized basis.
In general, in order to build properly (anti)symmetric wave

functions, one has to deal with both the spatial and spin
coordinates. Due to the fact that the Hamiltonian of a
nonrelativistic Coulomb system does not depend on the spin of
particles, it is possible to completely eliminate the spin variables
from consideration. The corresponding mathematical formal-
ism has been well developed (see, for example, monographs of
Hamermesh160 and Pauncz161). In this formalism projection
operators for irreducible representations of the symmetric
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group (called Young operators) are obtained in a straightfor-
ward manner from their corresponding Young tableaux. A
Young tableau is created from a Young diagram (sometimes
called Young frame), which, for a system of p particles is a
series of p connected boxes, such as

The shape of the Young diagram corresponding to the desired
irreducible representation of the symmetric group is
determined by the nature of the particles in the system
(bosons or fermions, and their spin). For a set of fermions with
spin 1/2 (i.e., electrons) the Young diagram for the spatial wave
function must contain no more than two columns. For
fermions with spin 3/2 the maximum number of columns
would be four. The number of columns for bosons is not
limited.
A Young tableau is created by filling a Young diagram with

numbers from 1 to p so that they increase when going from left
to right and from top to bottom, such as

Generally, there is more than one way to write a Young tableau.
The number of ways determines the dimension of the
representation. In the actual calculations we may restrict
ourselves with the use of basis functions corresponding to any
of the equivalent diagrams (the equivalent ones are those that
have the same shape). The shape of the diagram also
determines the multiplicity of the state. The tableaux in eq
54 would correspond to a doublet (a single unpaired electron),
while the following ones

correspond to a singlet and triplet, respectively.
Once we have an appropriate Young tableaux, the Young

operator can be written as Ŷ = S ̂Â, where

∏ ∏̂ = ̂ ̂ = ̂A A S S,
c

c
r

r
(56)

are the product of antisymmetrizers over each column and the
product of symmetrizers over each row, respectively.
The symmetrizers and antisymmetrizers can be conveniently

represented by compact expressions that involve transpositions
(pair permutations of particles), which we will denote P̂kl. For
example, if we have two particles whose numbers are 1 and 2,
then the symmetrizer is

̂ = + ̂S P112 12 (57)

The antisymmetrizer over particles 1 and 2 also has a simple
form:

̂ = − ̂A P112 12 (58)

For the sake of simplicity we dropped the normalization factor
in both expressions 57 and 58 as it not essential here. In the
case of larger than 2 number of particles over which the
symmetrization or antisymmetrization needs to be done, the

corresponding expressions can be given in a factorized form.
Let us assume that the number of particles in a subset is k and
their numbers range from 1 to k. Then the symmetrizer and
antisymmetrizer would look as follows:

̂ = + ̂ + ̂ + ̂ ··· + ̂ + + ̂ −S P P P P P(1 )(1 ) (1 ... )k k k k1,..., 12 13 23 1 1,

(59)

̂ = − ̂ − ̂ − ̂ ··· − ̂ − − ̂ −A P P P P P(1 )(1 ) (1 ... )k k k k1,..., 12 13 23 1 1,

(60)

Again, the normalization factors (1/√k!) were dropped for
convenience. As an illustration, let us write the Young operator
for a doublet state of five identical particles with spin 1/2
(corresponds to the first Young tableau in eq 54). We
symmetrize over rows 1 and 2 by applying 1 + P̂12 and 1 + P̂34.
Then we antisymmetrize over columns 1 and 2 by means of
operators (1 − P̂13)(1 − P̂15 − P̂35) and 1 − P̂24. The final
expression for the Young operator is then

̂ = − ̂ − ̂ − ̂ − ̂ + ̂ + ̂Y P P P P P P(1 )(1 )(1 )(1 )(1 )24 13 15 35 12 34
(61)

The operators whose matrix elements are needed in the
variational calculation (such as the Hamiltonian, etc.) usually
commute with all the permutation operators involved in the
projector Ŷ, and thus, they commute with Ŷ itself. Moreover, we
can restrict ourselves to the implementation of only those cases
where the permutational operators are applied to the ket,
because

ϕ ϕ ϕ ϕ⟨ ̂ | ̂| ̂ ⟩ = ⟨ | ̂| ̂ ̂ ⟩†Y O Y O Y Yk l k l (62)

Here Ô denotes an operator representing the quantity of
interest. Operator Y†Ŷ can be simplified so that it contains only
p! elemental terms (permutations), where p is the number of
identical particles.
Now let us consider how each of those permutations of

particles act on primitive ECG basis functions. A permutation
of the real particles (i.e., not the pseudoparticles) involved in a
permutational operator, P̂, can be represented as a linear
transformation of the laboratory-frame coordinates, R, of the
particles. Since the relation between the laboratory coordinates,
R, and the internal coordinates, r, is linear, the transformation
of the internal coordinates under the permutation of the
particles is also linear. Therefore, it can be described by a
permutation matrix, P = P ⊗ I3. The application of P̂ to the
simplest basis functions in eq 32 gives

ϕ̂ = ̂ − ′

= − ′

= − ′ ′

P P r A r

Pr A Pr

r P A P r

exp[ ]

exp[ ( ) ( )]

exp[ ( ) ]

l l

l

l

As can be seen from the above expression, the symmetry
transformation of ϕl is equivalent to a similarity transformation
of the matrix of the nonlinear parameters for that basis function
(Al → P′AlP). Based on this, a procedure that implements the
permutational symmetry in calculating matrix elements with
symmetry-projected basis functions can be developed. Evaluat-
ing these matrix elements involves a summation of integrals,
whose actual numerical values depend on transformed matrices
Ak and Al.
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4.2. Permutational and Spatial Symmetry in BO
Calculations

When employing all-electron basis functions, spatial symmetry
and permutational symmetry in BO wave functions are treated
on a similar footing. Generally, the basis functions in eq 47 do
not possess the proper permutational or spatial symmetry. As
mentioned above, in the general case, the approach usually
chosen is to project away the part of the basis functions that
does not have the proper symmetry. This is achieved by using
tensor products of Wigner-type projectors. The total symmetry
operator, P̂, acts on an ECG function as follows:

ϕ̂ = ̂ − − ′ −

= − − ′ ′ − ′

= − − ′ ′ ′ − ′

P P r s A r s

Pr PP s A P r PP s

r P s P A P r P s

exp[ ( ) ( )]

exp[ ( ) ( ( ))]

exp[ ( ) ( )( )]

l l l l

l l l

l l l (63)

The symmetry operator contains a product of operations
belonging to the group of permutations of n particles, if n are
the electrons in the studied molecule, and elements of the point
symmetry group the molecule belongs to. The general form of
the P̂ operator is

∑ ∑̂ = ̂ ⊗ ̂ =
!

̂ ̂
α

α α
Γ

=

!

∈

P P P
n g

D D OO
1

S
i

n

i
S

iG
G

G

1
n

n

(64)

where “⊗” stands for tensor product operation, G is the label of
a point group, Γ a specific irreducible representation of that
point group, and g is the number of elements in the point group
G. The coefficients Di

Sn and Dα
G can be the characters of a

specific irreducible representation of either the symmetric
group or the point group, or an element of the matrices that
constitute the irreducible representation. When calculating the
molecular electronic ground state, the irreducible representa-
tion to use is fully symmetric with every Dα

G = 1. Excited states,
instead, may have negative values of Dα

G, or values in magnitude
different from unity. As an example, consider the H3

+ molecular
ion. The point group symmetry for this ion in its ground state
equilibrium geometry is D3h. This point group contains six
elements, and for the A1 and E states, the projection operators
onto the respective point group symmetry irreducible
representation can be written as

σ σ σ̂ = + ̂ + ̂ + ̂ + ̂ + ̂P C C1D
A

3 3
2

1 2 3h3

1
(65)

σ σ σ̂ = − ̂ − ̂ + ̂ − ̂ − ̂P C C2 2D
E

3 3
2

1 2 3h3 (66)

respectively. The operator in eq 66 was obtained after noticing
that C3v is isomorphic with the permutation group of three

particles, S3, and by employing the Young tableau. It is

interesting to notice that at the ground state equilibrium
geometry of H3

+ there is a conical intersection of two
degenerate E states (the E representation is two-dimensional).
For the second of the two states the symmetry projector can be

generated using the Young tableau.

4.3. Spatial Symmetry in Non-BO Calculations

In the case when there are no clamped particles in the system
and no external fields are present, the Hamiltonian commutes
with the total orbital angular momentum operator, L̂2.
Therefore, the exact solutions of the corresponding Schrö-
dinger equation must also be the eigenfunctions of L̂2. For this

reason, basis functions for a variational calculation of a given
system/state need to possess certain rotational symmetry
properties. It should be said that in some cases the proper
rotational symmetry of basis functions is not strictly required.
For example, when one deals with the ground state of the
system and does not impose any rotational symmetry of the
wave function in the calculation, the total non-BO trial wave
function should converge to the ground state provided the basis
functions have sufficient flexibility and one performs a thorough
optimization of the linear and nonlinear parameters involved in
the trial function. The trial wave function will eventually
approach the right rotational symmetry of the ground state in
the limit of a complete basis set. Nonetheless, even in such a
case it is a good idea to use basis functions of the correct
symmetry as this yields a much faster convergence rate. For
consideration of excited states, the use of correct rotational
symmetry is usually not optional. If the symmetry is not
imposed, the trial wave function will simply converge to a
wrong state when the linear coefficients and nonlinear
parameters are optimized. To remedy this, one may include
some penalty terms in the variational energy functional which,
even without strictly imposing the right rotational symmetry,
would force the wave function to effectively assume this right
symmetry in the process of the basis set optimization.
In addition to the Hamiltonian commuting with L̂2, it also

commutes with the projection of the total orbital angular
momentum operator on a selected axis, L̂z (again, assuming no
clamped nuclei are involved in the system). Due to the
degeneracy of the energy levels corresponding to different
quantum numbers M (eigenvalues of L̂z), it is not required that
basis functions must correspond to a particular M value. In
principle, one can use any linear combination of basis states
with different M’s (and the same L and other quantum
numbers). However, for efficient numerical implementation, it
is desirable that the basis functions be real. This is automatically
satisfied when M = 0.
For states with L = 0 (even those that arise from the coupling

of the nonzero angular momenta of separate particles) the wave
function of the system is rotationally invariant. Thus, any
spherically symmetric Gaussian exp[−r′(Ak ⊗ I3)r] multiplied
by an arbitrary function of the absolute values of ri, rij, or their
dot products, is a suitable basis function. The actual choice of
the premultiplier is dictated by the structural peculiarities of the
considered system and its state, so that the convergence of the
variational expansion is sufficiently fast. For example, for the
ground state of an atom with s electrons only, it is usually
sufficient to use the premultipliers that are equal to unity. For
excited Rydberg states of atoms the calculation may benefit
from using in some of the basis functions factors of the form ri

2

or even higher even powers of the electron−nucleus distances
to better describe the radial nodes in the wave functions of
these states. For a diatomic molecule, where particles 1 and 2
are nuclei, premultipliers need to be introduced to describe the
spatial separation of these particles. As mentioned before, these
premultipliers can have the form of powers of the internuclear
distance, ri

2m = R12
2m, where m is an integer which in typical

non-BO calculations may range from 0 to 100.
To obtain a proper functional form of the basis functions

suitable for the calculations of states with a given L and
corresponding to a given coupling scheme (i.e., a certain set of
intermediate total angular momenta) of the orbital angular
momenta of the constituent particles, one can use the well-
known rules of the addition of the angular momenta. The case
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of an L = 1 state, in which all particles but one have zero
angular momentum (i.e., li = 1, lk = 0, k ≠ i; here lj is the orbital
angular momentum quantum number of particle j), is trivial
and leads to a prefactor in the form riY10(ri), where Ylm(ri)
denotes spherical harmonics. Since Y10(ri) is proportional to zi/
ri, the following basis functions are generated:

ϕ = − ′ ⊗z A Ir rexp[ ( ) ]k i k 3 (67)

In a slightly more sophisticated case of two particles with
nonzero angular momenta (li, lj) the expression for the
premultiplier is evaluated as the following sum:

∑| ⟩ = | | ⟩| ⟩

+ =

r r L M r r L M l m l m l m l m( )i
l

j
l

i
l

j
l

m m
m m M

i i j j i i j j
,

i j i j

i j

i j (68)

where (L M|li mi lj mj) are the Clebsch−Gordan coefficients,
and |li,mi⟩ are shorthand for spherical harmonics Ylimi

(ri). The
mathematical functions given by eq 68 without the ri

lirj
lj factor

are often called the bipolar harmonics.162

When many or all particles in the system have nonzero
orbital angular momenta, their coupling into multipolar
harmonics, which may symbolically be represented as

··· | ⟩| ⟩ | ⟩ ···| ⟩r r l m l m l m l m[[[ , , ] , ] , ]l
n
l

L M L M n n L M1 1 1 2 2 , 3 3 , ,
i n

12 12 123 123

(69)

becomes progressively more complicated as the number of
particles increases. Nonetheless, for any relatively small number
of particles, the exact form of the proper Gaussian premultiplier
can be easily determined with the use of modern computer
algebra packages. For very complicated cases one may also
employ the approach proposed by Varga, Suzuki, and
Usukura,5,163 which avoids the coupling of orbital angular
momenta completely. This approach can be particularly useful
in calculations of states with very high L. The spatial basis
functions in this approach have the following form:

ϕ = − ′ v Yr A r vexp[ ]( ) ( )k k
k p

LM
k2 k (70)

where vk = uk′r ≡ ∑i=1
n ui

kri, pk is a nonnegative integer
parameter, and ui

k are a set of additional nonlinear parameters.
Both pk and uk are subject to optimization. Only the total
angular momentum L appears in eq 70, while the coupling
scheme of the individual angular momenta of the particles is
not strictly defined. In general, it is a linear combination of
different coupling schemes corresponding to the same final L
value and this linear combination (or the weights of the
different coupling schemes) may change continuously during
the energy minimization. The energy minimization performed
with respect to uk amounts to finding the most suitable angle or
a linear combination of angles defined by the vk/vk unit vector,
in terms of which the wave function is expanded.

5. EVALUATION OF MATRIX ELEMENTS
The derivations of the Hamiltonian and overlap matrix
elements with ECGs can be conveniently carried out with the
use of the formalism of matrix differential calculus (MDC).
While this formalism is often employed in the field of
econometrics and statistics, it has not been well-known in
chemistry and physics. It has proven to be a very suitable tool
to work with all types of ECGs. A detailed introduction to the
subject of MDC can be found in ref 164. In this section we will
supply the reader with most important definitions and briefly
describe the general procedures for evaluating the Hamiltonian

and energy gradient matrix elements. For a complete
description and explanation of all technical details, we refer
the reader to refs 7, 91, 128, 134−137, and 166.
5.1. vech Operation

In some situations, such as when computing derivatives of
matrix elements, it is handy to make use of the operator vech. It
transforms a matrix into a vector by stacking the columns of a
matrix, one underneath the other, but for each column only the
elements located on and below the diagonal of the matrix are
used in the stacking. Hence, vech transforms an n × n matrix
into a n(n + 1)/2-component vector. For example, if X is a 3 ×
3 matrix with elements Xij, then

=

⎛

⎝

⎜⎜⎜⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟⎟⎟⎟

X

X

X

X

X

X

X

vech

11

21

31

22

32

33 (71)

The vech operator is particularly useful in the case of symmetric
matrices; then vech X contains only independent elements of X.
5.2. Gaussian Integral in p Dimensions

In the evaluation of the Hamiltonian and overlap matrix
elements the following p-dimensional Gaussian integral is used
most often:

∫ π− ′ + ′ =
| |

′
−∞

+∞
−x Ax y x x

A
y A yexp[ ] d exp[ ]

p/2

1/2
1

(72)

where x is a p-component vector of variables, A is a symmetric
p × p positive definite matrix, and y is a p-component constant
vector.
5.3. Evaluation of Integrals Involving Gaussians with
Angular Preexponential Factors

Let us start with the simplest n-particle ECG basis function that
is used to construct the basis for calculating bound states of
atoms with only s electrons:

ϕ = − ′r A rexp[ ]k k (73)

By directly applying eq 72, we obtain the expression for the
overlap integral between two basis functions given by eq 73:

ϕ ϕ π⟨ | ⟩ =
| |Ak l

n

kl

3 /2

3/2
(74)

where Akl = Ak + Al. In deriving integrals over Gaussian basis
functions representing atomic states with higher angular
momenta, the so-called “generator” functions are used. Let us
consider angular Gaussians generated by multiplying eq 73 by
one or two single particle Cartesian coordinates. For the former
case the generator Gaussian function is

ϕ α= − ′ + ′r A r v rexp[ ( ) ]k k k
k

(75)

where αk is a parameter and vk is a vector whose components
are all 0, except the 3mk component, which is set to 1. For the
latter case one can choose the generator Gaussian to be

ϕ α= − ′ + ′r A r r W rexp[ ]k k k k (76)
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where Wk (which will define the preexponential factor xikyjk −
xjkyik or a similar one) is a sparse 3n × 3n symmetric matrix
comprising only four nonzero elements, two of which have
values of 1/2 and the other two have values of −1/2. The 1/2
elements are placed in the (3ik − 2, 3jk − 1) and (3jk − 1, 3ik −
2) positions, while the −1/2 elements are placed in (3jk − 2, 3ik
− 1) and (3ik − 1, 3jk − 2) positions.
The generator Gaussians are used to generate Gaussian basis

sets for expanding wave functions with different angular
momenta. For example, the basis function zi exp[−r′Akr] is
generated from eq 75 by differentiating with respect to αk and
setting αk to 0. In this case the elements of the vk vector are all
0 except for the 3ith element, which is set to 1. In the same
manner, in order to generate the basis function (xikyjk − xjkyik)
exp[−r′Akr], one needs to differentiate the generator in eq 76
with respect to αk and set αk to 0. This approach, in principle,
can be extended to generate any angular preexponential factor
for a Gaussian basis function.
As an example, let us consider the overlap integral between

functions of the following type:

ϕ = − − ′x y x y Ar r( ) exp[ ]k i j j i kk k k k

It can be obtained as

∫

ϕ ϕ
α α

φ φ

α

α
α α

⟨ | ⟩ = ∂
∂

∂
∂

⟨ | ⟩

= ∂
∂

∂
∂

− ′ + +

α α

α α

= =

−∞

+∞

= =
r A W W r rexp[ ( ) ] d

k l
k l

k l

k

l
kl k k l l

0

0

k l

k l

(77)

This approach can be used to evaluate all other types of
integrals that appear in the calculations with ECGs containing
Cartesian prefactors.
In non-BO calculations of diatomic molecules a suitable basis

set consists of ECGs multiplied by powers of the internuclear
distance. Even in a simpler case of atomic calculations one
needs to deal with powers of the internuclear distance when
evaluating the matrix elements of the potential energy. To
obtain these matrix elements it is convenient to use an
approach employing the Dirac delta functions.The expression
for the matrix element of the Dirac delta function, δ(rij−ξ),
where ξ is some three-dimensional vector (parameter), allows
one to evaluate the matrix element of an arbitrary function
f(rij), which depends on a single pseudoparticle coordinate or a
linear combination of the coordinates. For the case of a simple
(no premultipliers) spherical Gaussians we have:

∫

∫

ξ ξ

ξ ξ

ϕ ϕ ϕ δ ϕ

ϕ ϕ
π

⟨ | | ⟩ = ⟨ | − | ⟩

= ⟨ | ⟩ ξ
−

−
⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

f f

f
A J

r r r( ) ( ) ( ) d

1
tr[ ]

e d

k ij l ij k ij l

k l
kl ij

3/2 1 1/2

2

(78)

with Jij being a symmetric matrix with 1 in the ii and jj diagonal
elements and −1 in the ij and ji off-diagonal elements. When f

depends only on the absolute value of the interpseudoparticle
distance, this formula becomes

∫ϕ ϕ ϕ ϕ
π

ξ ξ ξ⟨ | | ⟩ = ⟨ | ⟩ ξ
∞

− −f r f A J( )
4

(tr[ ] ) e dk ij l k l kl ij0

1 1/2 2 2

(79)

The above integral is easily evaluated analytically for many
common forms of f(rij) (including 1/rij). In the worst case
scenario it can always be computed with quadrature formulas.

5.4. Analytic Gradient of the Energy

A very important aspect of the atomic (and molecular)
calculations with ECGs is that achieving high accuracy is
possible only when the nonlinear exponential parameters of
Gaussians are extensively optimized based on the minimization
of the energy. This process usually takes large amounts of
computer time. To accelerate the basis set optimization in the
ECG calculations, one can derive and implement the analytic
gradient of the energy with respect to the nonlinear parameters
of the Gaussian basis functions. The term “analytic” here means
that the components of the gradient are not evaluated using
finite differences of the energy (which is a very costly procedure
since the number of those components may reach many
thousands for large basis sets). Instead, they are evaluated
numerically using analytic expressions. The use of the analytic
gradient has enabled the performance of very accurate BO and
non-BO calculations of various atomic and molecular systems
with accuracy unmatched by previous calculations.
Below we outline the approach used in calculating the

gradient. We start with the differential of the secular equation
(eq 27):

ε ε ε ε− = − − + −d(H S)c (dH)c (d )Sc (dS)c (H S) dc
(80)

Multiplying this equation by †c from the left, we obtain:

ε ε= −†d c (dH dS)c (81)

To get eq 81, we utilize eq 27 and assume that the wave
function is normalized, i.e., =†c Sc 1. For generality we also
assume that the basis functions and their linear coefficients may
be complex. The relation in eq 81 constitutes the well-known
Hellmann−Feynman theorem.
Now let αt be a nonlinear parameter, which basis function φt

depends on. As the tth row and tth column of matrices H and S
depend on αt, the derivative of any arbitrary element belonging
to that row or that column of either of the two matrices can be
written as

α α
δ δ δ δ

∂
∂

=
∂
∂

+ − =k l K
H H

( ), , 1, ...,kl

t

kl

t
kt lt kt lt

(82)

and

α α
δ δ δ δ

∂
∂

=
∂
∂

+ − =k l K
S S

( ), , 1, ...,kl

t

kl

t
kt lt kt lt

(83)

Next, applying relations 81−83, the derivative of the total
energy, ε, with respect to parameter αt is
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By calculating all such derivatives for each αt, the complete
energy gradient is obtained. The total number of the gradient
components is equal to the product of the basis size and the
number of nonlinear parameters contained in each basis
function.
To make the calculations efficient, it is best to evaluate all

derivatives of ε with respect to the entire vech Lk vector (and
other nonlinear parameters if any) in a single step rather than
performing separate differentiations for individual parameters
(Lk)11, (Lk)21, ..., (Lk)nn because many of the operations in
calculating the derivatives are identical. With that, the
calculation of expression 84 requires knowledge of the
following derivatives of the H and S matrix elements:
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The explicit expressions for these derivatives for different types
of ECGs were derived and presented in several pa-
pers.90,91,128,132,135−137,165−168

5.5. Evaluation of Matrix Elements for Molecular BO
Calculations

There are many similarities in the derivation of the integrals
used in BO calculations and the ones used in the non-BO
calculations. This is particularly the case in the derivation of the
overlap and the kinetic energy integrals. In the derivation of the
potential energy integrals, i.e., the electron repulsion and the
nuclear attraction integral, the following transformation and
identity can be employed.7

∫
π

μ μ= −
∞

r
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1 2
exp[ ] d
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2 2
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Here the square of the interelectron distance can be
represented as a quadratic form:

= ′r r J rij ij
2

(88)

Following Kinghorn,165 the gradient of the molecular
integrals with respect to the nonlinear variational parameters
(i.e., the exponential parameters Ak and the Gaussian centers
sk) are also derived using the methods of MDC. The gradient of
ε now involves the derivatives of the overlap and Hamiltonian
matrix elements with respect to not only vech Lk, but also with
respect to the coordinates of shift vectors sk:
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Details concerning the derivation of the gradient matrix
elements and the corresponding algorithms can be found in
refs 7 and 91.

6. VARIATIONAL OPTIMIZATION OF THE GAUSSIAN
NONLINEAR PARAMETERS IN ATOMIC AND
MOLECULAR NON-BO CALCULATIONS

6.1. Solution of the Generalized Eigenvalue Problem

Using quick and stable algorithms for solving the generalized
symmetric/Hermitian eigenvalue problem (GSEP/GHEP)
given by eq 27 is very crucial for the overall efficiency of the
variational calculations with ECGs. This is particularly
important when the size of the ECG expansion of the wave
function is large (thousands of terms). It is worthwhile to note
that, in principle, one can vary the linear coefficients of the basis
function without resorting to the solution of the generalized
secular equation at all. It is possible to simply minimize the
Rayleigh quotient based on some nonlinear optimization
algorithm (with appropriate orthogonality constraints imposed
on the wave function in excited state calculations). In practice,
however, using numerical algorithms of linear algebra is much
more convenient and computationally efficient.
The most straightforward approach to solving for all or some

of the eigenvalues in eq 27 is based on the reduction of the
GSEP/GHEP to the standard (i.e., nongeneralized) eigenvalue
problem. Due to positive-definite nature of S, it can be
factorized in the Cholesky form, = ′S LL . Then, after applying
the inverse of L on the left and the inverse of ′L on the right,
one obtains the standard eigenvalue problem. This scheme is
implemented in many numerical linear algebra packages, such
as LAPACK. However, this general algorithm has several
drawbacks, one of which is a relatively low speed. For large
matrix dimensions, K, the solution of eq 27 becomes quite
expensive, and for smaller atoms and molecules, it may even
take more computer time than the evaluation of the S and H
matrix elements. This happens because the solution of the
GSEP/GHEP with dense matrices requires ∝K3 arithmetic
operations, while the evaluation of matrix elements requires
only ∝K2 operations. Although the proportionality constant is
much larger in the latter K2 term than in the K3 term, as K
increases the time required to solve eq 27 may start to exceed
the time needed for the evaluation of matrix elements. For this
reason it is very important to use an eigensolver which is
efficient for large dimensions of the basis.
It should also be noted that in the calculations that involve

optimization of nonlinear parameters, eq 27 usually needs to be
solved a very large number of times (thousands, if not
millions). In addition to that, high relative accuracy of the
eigenvalues/eigenvectors is desirable in the calculations.
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Perhaps the most important factor in choosing the most
suitable algorithm is its ability to obtain the solution by
performing a quick update of the previous solution in the case
when just one or a few basis functions have been changed, i.e.
when only one or few rows/columns of matrices S and H have
been modified. One such computationally cheap scheme is
given by Varga and Suzuki.169 In their works they perform the
Gram−Schmidt orthogonalization, which reduces the general-
ized eigenvalue problem with already diagonalized (K − 1) ×
(K − 1) submatrices (this diagonalization needs to be carried
out only once if the first K − 1 basis functions are kept
unchanged) to the conventional form. Another option is to use
the inverse iteration method.170 In the vast majority of cases
one is usually interested in determining only a single
eigenvalue/eigenvector and a good approximation, εappr, to
the eigenvalue in usually known. The idea of the method is
simple and consists in performing the following iterations:

ε− =+(H S)c Scj j
appr

( 1) ( )
(90)

The initial vector to start the iteration process, c(0), can be
chosen randomly if no better guess is available. Another option
is to take the solution obtained in the previous step of the
optimization procedure and update it for the changed matrices
S and H. Such an approach works particularly well if the
changes in matrices S and H are small and limited to only a few
rows/columns of these matrices. The iteration process (90)
converges as long as the desired eigenvalue is closer to εappr
than any other eigenvalue. The rate of convergence depends on
the ratio (εappr − εnc)/(εappr − εi), where εi is the desired
eigenvalue and εnc is the next closest (after εi) eigenvalue.
Typically, just a few iterations are needed to obtain the desired
eigenvalue and the corresponding eigenvector with sufficiently
high accuracy. In each iteration one has to perform a matrix−
vector multiplication and solve a system of linear equations
with a symmetric (Hermitian) matrix ε−H Sappr . In the case
when the calculated state is the ground state of the system and
εappr is chosen to be below the actual eigenvalue, one can use
the Cholesky method (note that the matrix factorization
requiring ∝K3 operations needs to be performed only once
regardless of the number of iterations). In the general case,
however, the matrix ε−H Sappr is not positive definite and
instead of the Cholesky factorization one should use another
type of factorization, such as LU, QR, or LDLT (LDLH is used
for complex matrices). The LDLT factorization is probably the
best choice as it takes advantage of the symmetry of the matrix
and requires the least amount of computational work.
The above-described algorithm of solving the generalized

eigenvalue problem is rather robust and accurate despite an
apparent problem with the matrix ( ε−H Sappr ), which may
become ill-conditioned when εappr lies close to the actual
eigenvalue. As discussed by Partlett,170 the error which may
occur when solving the system of linear equations with a nearly
singular matrix is concentrated in the direction of the
eigenvector and therefore does not lead to a failure of the
algorithm.
A very important feature of the algorithm with LDLT

(LDLH) factorization is the fact that, upon changing the last
row and column (or a few last rows and columns) of matrices S
and H, the updated solution can be obtained by performing
only ∝K2 operations. Even in the case when one must obtain
the solution of GSEP/GHEP from scratch, the inverse iteration

scheme given by eq 90 is several times faster than the usual
reduction of GSEP/GHEP to the standard eigenvalue problem.
Besides that, the inverse iteration scheme generally exhibits
better numerical stability.

6.2. Generating the Initial Guess for Nonlinear Parameters

The convergence of the wave function expansion in terms of
correlated Gaussians strongly depends on how one selects the
nonlinear parameters in the Gaussian exponentials, as well as
other parameters present in the basis functions (including
integer parameters, such as the values of powers in
preexponential polynomials and the indices referring to the
coordinates of particles involved in those polynomials). In
order to reach high accuracy in the calculations, it is necessary
to perform optimization of those parameters. The key
component here, as was discussed before, is the use of the
analytic gradient. Another possible method, which can also be
very capable, is based on the stochastic selection of the
nonlinear parameters. The idea and the potential of this
conceptually simple yet very powerful approach (often called
SVM, stochastic variational method) was first demonstrated by
Kukulin and Krasnopol’sky171 and then further developed by
Varga and Suzuki.5,169,172 Some calculations based on stochastic
generation of the nonlinear parameters were also performed by
Alexander et al.,173,174 and others. It should be noted that even
if one heavily relies on the direct optimization with the use of
the analytical gradient, it is still very important to be able to
generate a good initial guess, where the optimization can start
from. As the numerical experience shows, a totally random
guess may lead to a convergence to a very shallow local
minimum and/or result in very slow progress of the
optimization. Unfortunately, the hypersurface of the objective
function (which is the total energy in our case) becomes
extremely complicated when the number of basis functions
exceeds a few tens. For this reason, generating a good initial
guess of the nonlinear parameters for a basis consisting of
thousands of functions is a nontrivial task. Usually the following
strategy works quite well. The basis set is grown incrementally
and the initial values of the nonlinear parameters of new basis
functions are selected using an approach similar to SVM. That
is, the selection procedure is based on the distribution of the
nonlinear parameters in the basis functions already included the
basis set. In its simplest version, the generation of each
nonlinear parameter of new random candidates can be done
using a linear combination of normal distributions centered at
the values defined by the nonlinear parameters of those already
included basis functions. For example, if each basis function, ϕk,
contains m continuous nonlinear parameters α1

k,...,αm
k , and the

current basis size is K, then the ith nonlinear parameter of the
candidates for the next basis function, ϕK+1, is obtained from
the following distribution:
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In the above equation σi
k are some constants whose magnitude

is comparable to the magnitude of αi
k. Usually a large number of

basis function candidates (hundreds if not thousands) is
generated and then tested against the total energy lowering.
The candidate which lowers the energy the most is then
included in the basis as ϕK+1. After that (or after including
several more basis functions), the nonlinear parameters of the
new basis function(s) are further optimized using the gradient-
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based approach. This procedure is repeated until the size of the
basis reaches the desired value. At the end of the procedure one
gets relatively good initial values of the nonlinear parameters.
Using these initial values, it is then possible to use algorithms
for direct minimization of the energy functional to continue the
optimization of the nonlinear parameters of basis functions
until the desired level of convergence is achieved.

6.3. Dealing with Linear Dependencies of the Gaussians
during the Variational Energy Minimization

In some cases thorough optimization of the nonlinear
parameters may lead to linear dependencies between basis
functions. The reason for the appearance of linear depend-
encies varies from case to case. Often the linear dependencies
arise as a result of poor ability of the basis functions to
effectively describe certain features of the wave function of the
system under study. In any case, the linear dependencies
between basis functions may cause numerical instabilities in the
calculation, particularly when solving the secular equation. It
should be noted, however, that the presence of linearly
dependent functions as such does not automatically lead to
numerical instabilities in the computed eigenvalues. Some linear
dependencies, such as those randomly generated, might not
cause any harm at all, provided a proper algorithm for solving
the generalized eigenvalue problem is chosen. On the other
hand, the linear dependencies that arise during optimization of
the nonlinear variational parameters may cause problems in the
calculation. This happens, for example, when the linear
coefficients of two (or more) basis functions are large, close
in magnitude, but have opposite signs. Let us assume that basis
functions ϕi and ϕj are almost identical (i.e., almost linearly
dependent). Remembering that each eigenvalue of eq 27 can be
represented as a simple Rayleigh quotient, it is not difficult to
realize that a cancellation of leading digits will occur in the
course of subtraction ⟨ϕi|Ô|ϕi⟩ + ⟨ϕj|Ô|ϕj⟩ − ⟨ϕi|Ô|ϕj⟩ − ⟨ϕj|Ô|
ϕi⟩, where Ô is either the Hamiltonian or the identity (overlap)
operator. Therefore, the “contributions” to the final eigenvalue
due to the linearly dependent basis functions will be of reduced
accuracy and, depending on the overall importance of those
basis functions, the last several digits of the computed energy
eigenvalue may be inaccurate. In the case of severe linear
dependencies the associated numerical inaccuracy may not only
affect the quality of the optimization of the nonlinear
parameters (which is sensitive to the accuracy of the computed
eigenvalues), but may even lead to completely unreliable
results. Therefore, it is generally a good practice to avoid severe
linear dependencies in the variational calculations.
There are several ways to keep the linear dependency

problem under control. The most straightforward approach is
to remove linearly dependent functions from the basis set. This
may be of particular use when new basis functions are
generated during the process of growing the basis set. The
criterion of linear dependency can be adopted from the Gram−
Schmidt orthogonalization process. Our experience has shown
that by far most often linear dependencies occur as pair linear
dependencies; i.e., one basis function becomes very close to
another one. When this happens, the magnitude of their
normalized overlap, Sij, becomes very close to unity. In this
case, testing for linear dependency amounts to checking all
current overlap matrix elements. When a new basis function is
added to the basis, the test is reduced to checking a single row
of the overlap matrix, which takes very little computational
time.

Rejecting a new basis function whose overlap matrix
elements exceed a certain threshold can be easily implemented
and works very well when a stochastic selection of new basis
function candidates is performed. The situation becomes
somewhat more complicated when one needs to optimize the
nonlinear parameters of the existing basis functions. One
possible way to proceed here is to simply discard any changes
of the nonlinear parameters that result in the basis function
becoming too linearly dependent with another function in the
basis set. However, this strategy cannot be easily adopted in
actual calculations, as it is the optimization procedure/software
that picks the values of the nonlinear parameters in each given
optimization step. A better approach is to use a penalty
function, which adds a certain positive value to the minimized
function (the total energy) whenever the overlap of two or
more basis functions is larger than the assumed threshold. Since
one wants to keep the objective function smooth, it narrows the
choice of possible expressions for the penalty function. One
can, for example, use the following form of it:

∑= ij (92)
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In eq 93, t is the value of the overlap threshold and β controls
the magnitude (i.e., maximum) of the penalty for each pair
overlap. The choice of t and β is usually based on experience
and may differ depending on the system and the size of the
basis. The value t = 0.99 can be a reasonable choice in most
cases, while β should normally be taken as a small fraction of
the total energy of the system. Excessively large values of β tend
to cause failures in the optimization, because then the objective
function exhibits very sharp “jumps”, which are inconsistent
with the assumption of a smooth, differentiable function. On
the other hand, too tiny values of β may not result in efficient
elimination of pair linear dependencies.

7. VARIATIONAL OPTIMIZATION OF THE GAUSSIAN
NONLINEAR PARAMETERS IN ATOMIC AND
MOLECULAR BO CALCULATIONS

7.1. Optimization Approach Used in the BO Molecular
Variational Calculations

A practical BO PES calculation involves (at least) two steps:
building the basis set for the wave function expansion at the
equilibrium structure of the molecule and generating the PES
for different geometrical structures. Both steps usually require a
significant computational effort. The computational resources
needed for the calculation increase rapidly with the number of
electrons (n! dependency). In general, three factors determine
the amount of the computational time needed for the
calculation. The first factor is the number of exponential
parameters involved in each ECG has, which is [(n(n + 1))/2]
+ 3n, where n is the number of electrons. The second factor is
the number of ECGs needed to reach the adequate level of the
energy convergence.95 This number increases with the increase
of the number of electrons in the system. The time needed for
the calculation of the Hamiltonian and overlap matrices scales
as K2 with the number of ECGs, K. Also, the calculation time
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for each primitive matrix element (before symmetrization)
increases as n3 with the number of electrons. The third factor is
related to satisfying the Pauli principle and implementing the
correct permutational symmetry of the wave function. It
involves acting with an appropriate symmetry operator either
on the ket or bra basis function in calculating each Hamiltonian
or overlap matrix element. As the symmetry operator includes
n! terms, the computational time of each matrix element scales
as n!. This is the factor which makes the calculation time
increase most rapidly when a larger system is considered.
There are also other factors that influence the calculation

time. One of them is the efficiency of the optimization of the
ECG exponential parameters. This efficiency usually decreases
as the number of electrons and the number of ECGs increase,
because more parameters have to be optimized. Therefore, the
development of more effective optimization strategies has
become particularly important as the molecules considered in
the calculations become larger. One of the goals of making the
optimization more effective has been the reduction of the
number of ECGs by better optimizing them. Optimization
approaches are discussed in sections 7.1.1 and 7.1.2.
7.1.1. Building the Basis Set. In building a larger basis set,

new ECGs need to be guessed. At the beginning of the basis
building process, an initial small set of functions is usually
randomly chosen using Gaussian exponents taken from a
standard orbital basis set. After this initial set is optimized, the
calculation proceeds to grow the basis set larger. One way to
guess new Gaussians is to employ the free iterative-comple-
ment-interaction (FICI) preoptimization procedure.175 More
details of the procedure are described in section 7.2. We should
note that the procedure adjusts the positions of the Gaussian
centers more efficiently than the procedure based on the energy
minimization where such center adjustment has to often
overcome significant energy barriers. After the basis set is
enlarged in this manner to a certain target number of functions,
a variational, gradient-based reoptimization can be applied to
the whole basis set.
In the optimization of the whole basis set, either one can

choose to optimize all nonlinear parameters simultaneously, i.e.,
perform the full optimization, or one can choose to optimize
only a part of the nonlinear parameters at a time. We call the
latter approach “partial optimization”. Usually the energy
converges significantly faster (in terms of the basis size) in
the full optimization than in the one-function-at-a-time
optimization.
In Table 3 we show the energy convergence with the number

of ECGs in BO calculations of the LiH molecule performed at
the equilibrium internuclear distance with the optimization
procedure employing the analytical energy gradient and the full
optimization approach.95 The results are compared with the
results of Cencek and Rychlewski81 obtained in the
optimizations performed without the gradient and employing
the one-function-at-a-time optimization approach. The compar-
ison shows the advantage of using the gradient-based full
optimization in this case. At the same basis sizes the energies
obtained by Tung et al.95 are considerably lower than those of
Cencek and Rychlewski. However, to be fair, it needs to be
mentioned that the calculations of Cencek and Rychlewski were
done 10 years before Tung et al.’s and certainly the improved
computer hardware has also contributed to the increased
accuracy of the results obtained in ref 95. Full optimization
does have certain drawbacks. They are the frequent appearance
of linear dependencies between the optimized basis functions

and, possibly, large memory demands. These limit the
usefulness of the approach.
As linear dependencies frequently appear in the basis set

optimization, particularly at earlier stages of the basis set
building (when K is small), they need to be continuously
eliminated in the course of the procedure in order to maintain
the numerical stability of the calculation. The progress made by
the basis set enlargement could be significantly hampered or
even put on hold by this phenomenon. As for the memory
demands, they occur because of the use of the analytical energy
gradient in the optimization. The gradient comprised the
derivatives of the Hamiltonian (and overlap) matrix elements,
eq 89. The size of the Hamiltonian matrix derivative is equal to
the number of nonlinear parameters in a single function times
the square of the size of the Hamiltonian matrix, K2([(n(n +
1))/2] + 3n). When thousands of ECGs are generated in the
calculation, the size of the Hamiltonian matrix derivative may
exceed the amount of random access memory available. It
should be mentioned that in principle it is possible to organize
calculations without storing the entire matrix derivative.
However, this comes at a cost of additional complexity and
somewhat increased computational time.
Though the linear-dependency problem can be easily

handled by switching to the one-function-at-a-time partial
optimization approach (called “partial optimization”), the use
of the full optimization is more desirable in the calculations.
Besides the better energy convergence (as shown in Table 3),
there are two other reasons. First, to build a molecular PES, the
basis sets at different geometries of the molecule have to be
reoptimized to ensure a similar accuracy level at all PES points.
This can be accomplished in the full optimization by
monitoring the norm of the analytical gradient vector and
always converging the calculation to a value of the norm below
a certain assumed threshold. This is not possible in the partial
optimization, because a small value of the gradient norm for
individual ECGs does not guarantee that at the end of the
optimization the norm of the total gradient is also small.
Second, as the molecular geometry is deformed from the
equilibrium in the PES calculation, the nonlinear parameters
require less adjustment. In such a case, it only takes a few
iterations for the full optimization approach to converge.
The procedure for handling linear dependencies between

basis functions in the BO calculations performed by Pavanello
et al.176 comprise four steps. They are called to identif y, to
replace, to avoid, and to bypass. At different stages of the
calculation (i.e., different sizes of the basis set) different
procedures are usually used to achieve the best overall

Table 3. Comparison of the Convergence of the BO Energy
with the Number of Basis Functions, in hartrees, for the
Ground State of the LiH Molecule at R = 3.015 bohr

basis size Tung et al.95 Cencek and Rychlewski81

75 −8.068 104 2 −8.066 975
150 −8.069 654 1 −8.069 481
300 −8.070 336 2 −8.070 221
600 −8.070 494 9 −8.070 452
1200 −8.070 529 4 −8.070 512
2400 −8.070 547 3 −8.070 538
estd −8.070 548a

aThe estimated nonrelativistic BO energy at R = 3.015 bohr made by
Cencek and Rychlewski81 using the BO energy of atoms, adiabatic
corrections, and the experimental equilibrium dissociation energy.

Chemical Reviews Review

dx.doi.org/10.1021/cr200419d | Chem. Rev. 2013, 113, 36−7957

291



computational performance. The four steps involve the
following:
1. To identif y.176 At various stages of the calculation the

overlap for each pair of basis functions is checked. Two
functions, ϕk and ϕl, are considered linearly dependent if the
following criterion is met:

ϕ ϕ

ϕ ϕ ϕ ϕ

|⟨ | ⟩|

⟨ | ⟩⟨ | ⟩
≥ tk l

k k l l (94)

If the absolute value of the overlap is close to 1 and higher than
a certain assumed threshold, t (typically 0.99 is used for t), this
pair of functions is marked as linearly dependent and further
treatment is applied to resolve the problem.
2. To replace.94 It is sufficient to replace one of the functions

in the linearly dependent pair to remove the linear dependency.
Nonlinear parameters of the replacement function, ϕ, are
generated by maximizing the overlap between the function and
the linear combination of the functions, ϕk and ϕl, of the
linearly dependent pair taken with the linear coefficients with
which the pair enters the wave function,

ϕ ϕ ϕ ϕ
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k k k l l l k l k l
2 2

(95)

After the optimization, the linearly dependent pair is replaced
by a pair comprising the newly generated function and one of
the old functions of the pair. After the replacement, the
optimization of the basis set is restarted.
3. To avoid.7,95 The replace procedure was proven to be

effective in the PES calculations of two-electron systems, (i.e.,
H3

+). However, the efficiency drops for four-electron systems.
Furthermore, any basis function replacement requires restarting
the optimization. Also, it usually results in some increase of the
total energy. The additional time needed for the energy to
return to the value before the replacement considerably slows
down the optimization process. This causes the function
replacement to be computationally expensive and impractical
when the size of the basis set becomes large. Thus, for larger
basis sets, instead of replacing functions in linearly dependent
pairs, a method that prevents the formation of linear
dependencies altogether in the optimization process was
developed.7,95 It involves adding the penalty term given by eq
93 to the variational energy functional. When the value of the
overlap between a pair of basis functions reaches threshold t,
the penalty term for that pair, which was zero (below the
threshold), becomes positive and its value increases if the pair
becomes more linearly dependent. In the minimization of the
energy functional, which includes the penalty term eq 93 for
each pair of basis functions, the functions automatically stay
linearly independent.
4. To bypass.95 In the case when linear dependency occurs

too frequently, and none of the above procedures is able to
correct the problem, a decoupled approach (partial optimiza-
tion) is applied in the optimization. In this approach, the basis
set is partitioned into subsets and each subset is optimized
separately. This lowers the probability of the linear dependency
occurrence. In extreme cases, each function is optimized
separately. This actually may improve the scalability of parallel
calculations as each processor in this case can carry out the
optimization of a different function and the amount of
interprocessor communication is significantly reduced. Usually,
after enlarging the basis set to a certain size using the partial

optimization, the approach is switched back to the full
optimization to finish the calculation.
As shown by Tung et al.,95 the linear dependency problem

becomes much less severe or even vanishes entirely when the
basis set grows to a large size. At that point, the basis set is
extended enough to describe certain missing features of the
wave function and the appearance of linearly dependent
functions (which would otherwise describe those features) in
the course of optimization is no longer favorable. This
explanation is based on an observation that certain features of
the wave function can be represented either by pairs of almost
linearly dependent functions or, alternatively, by functions
which are not linearly dependent but whose centers are shifted
to the right places. It is unpredictable which representation is
“used” in the basis set optimization. If, however, the
representation with a linearly dependent pair of functions is
selected by the optimization procedure, it can be always
converted to the other representation. This is what the replace
procedure does.

7.1.2. Generating the BO PES. The question in the PES
calculation is how to effectively generate basis sets for different
PES points. It is clear that, instead of regenerating a new basis
set for each PES point from the beginning, a more effective way
would be to generate the basis from the basis set of a nearby
PES point, where the optimization of the basis function
parameters was already performed, and then reoptimize it for
the next point. The high quality of the basis set at each PES
point is crucial for an effective and accurate PES calculation. In
generating the basis set for a PES point from the basis of a
nearby point, it is assumed that the two points are close enough
that the exponential parameters, Lk, for the two points are very
similar. The only parameters that need some adjustment are the
Gaussian shifts, sk. Two methods have been developed to
handle this problem: the spring model94 and the Gaussian
product theorem model.95 Both methods adjust the Gaussian
centers when the PES calculation moves from one PES point to
another.
In the spring model each Gaussian center is assumed to be

attached to every nuclei of the molecule with springlike
connections. If the position of nucleus α changes from Rα to Rα

+ ΔRα, the Gaussian center, sk
i , where i is the index of the

Gaussian, follow the nuclear movement and changes to sk
i +

Δski , where
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and Riα are the distances from a Gaussian center sk
i to the

nuclei.
The other method for adjusting the Gaussian centers is a

reformulation of the procedure by Cencek and Kutzelnigg.159

In brief, the procedure involves transforming each ECG to a
product of ECGs with centers coinciding with the positions of
the nuclei, ϕk = ∏i=1

N φi. A more detailed description of this
method can be found in section 12, where it is used for the
calculation of adiabatic corrections to the BO energy. By
shifting these centers along with shifting the nuclei in the point-
by-point PES calculation and then retransforming the ECG
from the product form back to its original form, the new basis
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set is obtained. These approaches work best if the PES points
are close to each other.
Though only the Gaussian centers are adjusted from one

PES point to a neighboring point, in the calculations performed
by Pavanello et al.94 and Tung et al.,95 the exponential
parameters, Lk, are tuned during reoptimization of the basis. It
is worth noting that there are as many as [(n(n + 1))/2] + 3n
nonlinear parameters, where n is the number of electrons, in
each Gaussian and K([(n(n + 1))/2] + 3n) is the number of
parameters in the basis set of K basis functions. Only the use of
the analytical gradient allows for an efficient optimization with
such a large number of variables.
Though the linear dependency is not a concern at this stage,

in the variational energy minimization one can either optimize
all the above-mentioned parameters simultaneously or optimize
them separately to achieve a better computational performance.
Also decoupling the optimization of the Gaussian centers from
the optimization of the Lk exponential parameters can be a
helpful approach. The advantage of decoupling is based on the
fact that the formulas for the first derivatives of the total energy
with respect to the Gaussian centers are much simpler than the
formulas for the derivatives with respect to the Lk exponential
parameters. In the decoupling approach, one usually performs
the optimization of the Gaussian centers first (total of K(3n)
parameters). This is followed by the optimization of Lk.

7.2. FICI Method and the Multistep Procedure Used in
Growing the Basis Set

Reaching spectroscopic accuracy with BO energy calculations
of molecules containing more than two electrons with floating
ECGs is a challenge.92 An important issue in the variational
optimization of floating ECGs is how to grow the basis set to
achieve a faster convergence of the calculation. In this section
some ideas concerning this topic are discussed. In particular we
describe how to tackle this problem with an approach based on
the free FICI method developed by Nakatsuji and co-
workers.177−179 The method described here has been applied
in calculations of three- and four-electron molecules.95,175,180

For two-electron molecules, such as H3
+, optimization of the

basis set based solely on the principle of minimum energy leads
to excellent results.94,176

The exact BO wave function, Ψ, satisfies the Schrödinger
equation involving the CN or the electronic Hamiltonian
defined in eq 10:

̂ − |Ψ⟩ =H E( ) 0el el (97)

A trial wave function, Φ, is not exact and does not satisfy eq 97.
Instead, it gives

̂ − |Φ⟩ ≠ΦH E( ) 0 (98)

where, for the sake of clarity, we dropped the subscript “el” and
introduced the subscript Φ to denote EΦ = ⟨Φ|H|Φ⟩/⟨Φ|Φ⟩. It
is easy to notice that the result of (Ĥ − EΦ) acting on Φ is a
function orthogonal to Φ:

⟨Φ| ̂ − |Φ⟩ =ΦH E( ) 0 (99)

Let us call function χ = (Ĥ − EΦ)Φ the Nakatsuji function
associated with Φ. If such an orthogonal function is added to
the wave function expansion, the energy would be lowered.
This is because χ has a nonzero off-diagonal matrix element
with the Hamiltonian and Φ, namely

χ⟨Φ| | ⟩ = ⟨Φ| ̂ − |Φ⟩

= ⟨Φ| |Φ⟩ − ≠

Φ

Φ

H H H E

H E

( )

02 2
(100)

Thus, the Ĥ − EΦ operator may be used to generate a
correction to the approximate wave function to bring it closer
to the exact wave function Ψ. Following this idea, Nakatsuji177
used the following series to construct Ψ:

∑Ψ = ̂ − Φa H E( )
k

k k
k

(101)

where Ek is the energy associated with the kth truncation of eq
101 and ak are determined variationally. Provided that Φ
satisfies certain conditions,177 eq 97 should monotonically
converge to the exact wave function as k increases. Even though
it is not yet clear whether the FICI method should lead to an
improvement of the convergence of the variational calculation,
it provides a systematic way of improving the variational energy.
In several applications of the FICI model to atomic and
molecular systems, Nakatsuji and co-workers177 showed how
expansions eq 101 obtained with just few iterations (usually k ≤
6) produce nonrelativistic BO energies with a sub-cm−1

absolute accuracy.
Utilizing the orthogonality of the Nakatsuji function

generated in eq 98 and the property in eq 100, Pavanello et
al.175 devised an approach where the floating ECG basis set in
the variational molecular calculation is enlarged by guessing
new Gaussians to best resemble the Nakatsuji function. In the
approach the following procedure based on the first-order term
in eq 101 was used. Let us assume that an approximate wave
function expanded in terms of K0 floating ECGs, ΦK0

, has
already been fully optimized. The procedure for growing the
basis set to K0 + K1 functions comprises the following five
steps:
1. A set of K1 new floating ECGs is constructed. The Ai

matrices of these functions are generated randomly and the
Gaussian centers, si, are placed at the nuclei. With the addition
of the new functions, the basis set now has K0 + K1 functions.
2. The linear expansion parameters of the wave function are

found by a simultaneous diagonalization of the Hamiltonian
and the overlap matrices.
3. Only the nonlinear parameters of the newly added floating

ECGs are optimized (recall that this step was termed partial
optimization before) using a functional that makes the newly
guessed functions to best approximate the Nakatsuji function
for ΦK0

.
4. The whole K0 + K1 basis set is fully optimized, i.e., the

nonlinear parameters of all K0 + K1 basis functions are subject
to variational optimization (recall that this step was termed full
optimization before). In every optimization cycle the linear
parameters are updated.
5. The incremental enlargement routine relabels the K0 + K1

set as the new K0 set, and the procedure returns to step 1.
The functional for the partial optimization of step 3 is

designed to best approximate the k = 1 term in eq 101 by K1
floating ECGs. It involves maximizing of the following
functional:

=
⟨∑ | ̂ − |Φ ⟩
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The partial optimization in step 3 will be called the FICI
refinement hereafter. In eq 102 the superscript 1 labels ECG
functions, gi

1, belonging to the K1 set. It is straightforward to
notice that the maximization of the F[K1] functional yields an
approximation to the Nakatsuji function (Ĥ − EK0

)ΦK0
. After

the maximization of F[K1], the newly refined K1 set of floating
ECGs is added to the K0 set and a partial variational
optimization of the K1 set is performed. Then steps 4 and 5
follow. The cycle of the five steps is repeated until satisfactory
convergence of the energy is reached.
7.2.1. Implementation. In the actual implementation,175

the maximization of the F[K1] functional is replaced by the
minimization of the following functional:

=
+

G K
F K

[ ]
1

1 [ ]1
1

2
(103)

Having F2 rather than F in the functional simplifies the
calculation, because the functional becomes independent of the
phase of the wave function. Using 1 + F2 instead of F2 prevents
the G functional from reaching a singularity at F ≃ 0, which can
happen if the initial choice of the K1 set is poor. In ref 175 the
minimization of G[K1] was carried out using the truncated
Newton optimization routine (TN) of Nash et al.181 To speed
up the convergence, it is also possible to supply the TN routine
with the analytical gradient of G[K1] determined with respect
to the nonlinear parameters of the functions in the K1 set:

175

∂
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= −
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G K
K

F K
F K

F K
K
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(1 [ ] )
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1

1

1
2 2

1

1 (104)

where ∂K1 represents the partial derivative with respect to the
nonlinear parameters of the floating ECGs belonging to the K1
set.
7.2.2. Improved Function Mobility and Barrier

Tunneling. As pointed out in section 3.5, an important aspect
of the floating ECG basis set is its flexibility in describing
different features of the wave function including its ionic and
covalent components. Usually the ratio of the number of ionic
basis function with respect to the covalent functions is
maintained at a certain level which varies depending on the
specific molecular system.94 If a certain ionic/covalent ratio is
set for a basis set optimized using the variational method, it
remains essentially unchanged during the calculation. This is
because changing it and making some ionic floating ECGs
become covalent or vice versa needs migration of centers of the
floating ECGs between atomic centers, which requires
overcoming energy barriers. This is unlikely to happen in the
variational energy optimization.
An analysis of how the FICI refinement deals with adjusting

the ionic/covalent ratio was carried out in ref 175. The
numerical evidence presented there showed that FICI allows
for a much improved function mobility in terms of a more
pronounced variation of the positions of the Gaussian centers
within each optimization cycle.

8. CALCULATION OF THE LEADING RELATIVISTIC
AND QED CORRECTIONS

Recent theoretical studies of the helium atom that include the
works performed by Morton et al.,23 Korobov,182,183 and
Pachucki26,29,184 have demonstrated that, by systematically
including the finite mass corrections, as well as the relativistic
and QED corrections, to the nonrelativistic energies of the
ground and excited states of this system, one can achieve an

accuracy of the predicted ionization and transition energies that
in some cases exceed the accuracy of the present-day
experiment. The recently published summary of the available
theoretical and experimental results for the bound stationary
states of He by Morton et al.23 demonstrates very well the high
level agreement between theory and experiment achieved in the
calculations. It also shows that for a few states such as 21P1 and
23PJ there is still some noticeable disagreement between the
theoretical and the experimental values.
High-accuracy calculations on the H2 molecule

118,185−187 also
revealed that to achieve a high level of agreement between the
experiment and the theory for electronic and vibrational
transition energies the dominant α2-dependent terms (where α
= 1/c is the fine structure constant), relativistic corrections, and
some higher order corrections have to be included in the
calculations. The effective operators for higher order
corrections are derived within the framework of nonrelativistic
quantum electrodynamics (NRQED). For example, all terms
up to α3 were included in the calculations for the He atom by
Morton et al.23 Also QED terms of the order of α4 were
included for some lower states in the calculations performed by
Korobov and Yelkhovsky,182,188 by Pachucki,29 and by Drake
and Martin.189 Moreover, there have been works where the
terms of the order of α6 for the He atom were calculated.26,184

These make the He atom the most accurately described atomic
system apart from the hydrogen atom. In addition to the
relativistic and QED corrections, some He calculations also
included corrections for finite values of the 3He and 4He
nuclear charge radii of 1.9659 and 1.167 fm, respectively, which
were derived from the isotope shift measured by Shiner et al.
and from the measurements of the Lamb shift of the muonic
hydrogen.190,191

Another system for which the theoretical calculations have
been often used to make a comparison with highly accurate
spectroscopic measurements is the lithium atom.192,193 The
most accurate calculations of this three-electron problem have
been performed using Hylleraas-type functions that are capable
of accurately describing the asymptotic behavior of the wave
function at both the electron and nuclear cusps and at infinity.
There have been several works devoted to very accurate Li
calculations.28,31,109,194−197 They have included the relativistic
corrections of the order of α2, as well as the QED corrections of
the order of α3 and estimates of the α4 corrections.27,198−200

QED which describes the behavior of quantum particles in an
electromagnetic field creates a general theoretical framework
for the analysis of the relativistic and QED effects in bound
states of atoms and molecules. However, even for small atomic
and molecular systems with a few electrons, accurate relativistic
calculations are very hard and too expensive to be carried out
on present-day computers. Furthermore, the QED Dirac−
Coulomb (DC) equation is only fully correct for a single
electron in the Coulombic field and approximations are
introduced when systems with more than one electron are
considered. Also, an additional problem appears due to the lack
of a lower bound for the negative energy spectrum in the DC
equation. Faced with those difficulties, an effort has been made
to develop an effective approach to account for the relativistic
effects in light atomic and molecular systems in the framework
of the perturbation theory. The zero-order level in such an
approach is the nonrelativistic Schrödinger equation. The
perturbation Hamiltonian representing the relativistic effects is
then obtained based on the NRQED theory.201,202 We should
mention that the perturbation approach to account for the
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relativistic corrections can also be developed without using
NRQED, as shown by Bethe and Salpeter.203 The relativistic
corrections can now be routinely computed by some quantum
chemistry packages.
In the NRQED theory the relativistic corrections appear as

quantities proportional to powers of the fine structure constant
α ≈ 1/137 (in atomic units α = 1/c, where c is the speed of
light in a vacuum):

α α α α= + + + +E E E E E( ) ...NR
2

REL
3

QED
4

HQED

(105)

This enables inclusion of increasingly higher order effects in a
systematic way in the calculations. The leading terms of the
expansion in eq 105, i.e., the nonrelativistic energy ENR, the
relativistic correction α2EREL, and the highest-order radiative
correction α3EQED, have been well-known since early works of
Bethe and Salpeter.203 The relativistic and QED corrections are
determined using the perturbation theory with the non-
relativistic wave function as the zero-order function. In addition
to the NRQED corrections, one can also calculate corrections
due to the structure of the nucleus and its polarizability. With
those corrections NRQED is at present the most accurate
theoretical framework for calculating bound state energies of
light atoms and molecules.
In most of the very accurate atomic and molecular

calculations the relativistic corrections are calculated as
expectation values of the appropriate NRQED operators with
the nonrelativistic wave function of the state of interest. If the
BO (i.e., infinite-nuclear-mass) wave function is used, one can
also include in the calculations the so-called recoil effects, which
are finite-nuclear-mass corrections to the relativistic energy.
In the calculations performed by Stanke et al.8−10,12−14,147,204

a somewhat different approach has been used. They started
with the relativistic mass-velocity, Darwin, spin−spin, spin−
orbit, and orbit−orbit operators for all particles involved in the
system expressed in terms of laboratory coordinates and
transformed them to an internal coordinate system. Then they
determined the corrections as expectation values of those
operators with the wave function obtained in a non-BO
calculation that treats the nuclei (or nucleus for an atom) and
the electrons on equal footing. In this way the recoil corrections
were automatically included in the relativistic energy. Such a
procedure allows, for example, direct calculation of how an
isotopic substitution in the system affects the relativistic energy.
The energy calculated this way includes the relativistic
contributions due to the motion of the nuclei, as well as
small relativistic contributions originating from the coupling of
the electronic and nuclear motions. The transformation of the
relativistic operators to an internal coordinate system is
discussed in section 8.4.

8.1. The Relativistic Hamiltonian

A complete account of the interactions between elementary
particles that include the electrostatic and magnetic forces
described by the Lorentz-invariant interaction potential can be
obtained from QED.205,206 Within this model particles interact
by emitting and absorbing virtual photons. Relativistic
corrections have a simple form only for the hydrogen atom.
For atoms and molecules with more electrons the relativistic
problem is much more complicated. To account for the
relativistic effects, a relativistic multiparticle Hamiltonian needs
to be constructed. Such a Hamiltonian can be written for two
interacting fermions described by a wave function consisting of

16 spinor components. However, for a more general case of N
interacting fermions and/or bosons, the construction of the
relativistic Hamiltonian cannot be done without making
significant approximations. This can be best accomplished
with the QED theory where a system of interacting particles in
the relativistic limit is described by a sum of single-particle
relativistic Hamiltonians (Hrel(i)) and two-particle interaction
operators accounting for the Coulombic interactions (Vij =
∑i>j 1/rij) and the relativistic interactions (Bij):

∑ ∑ ∑= + −
> >

H H i
r

B( )
1

i i j ij i j
ijrel

(106)

The Bij term originates from the application of the QED theory
to two interacting particles and is derived by taking into
account single-photon scattering amplitude in the calculation.
As in the non-BO approach one considers all particles on

equal footing, one is forced to make a distinction between the
fermions and bosons in the relativistic Hamiltonian. This
distinction appears at the level of formulating the theory and at
the level of the calculations. The case of the two interacting
particles being fermions (f−f) is well described in the literature.
Less discussed are cases where a fermion interacts with a boson
(f−b) or a boson interacts with another boson. The distinction
at the relativistic level between the fermions and the bosons
seems, perhaps, somewhat artificial and arbitrary, as the
difference in the relativistic treatment of the two types of
particles is small. However, a rigorous, very accurate relativistic
treatment of their interactions requires such a distinction. We
will now discuss the α2 relativistic contributions in two cases.
The first case concerns a system where all particles are fermions
and have spins equal to 1/2 (for example, the 3He atom). In the
second case the system consists of fermions (electrons and
some of the nuclei) and bosons (the other nuclei).
States of a single fermion with spin s = 1/2 (an electron) and

a single boson with spin s = 0 (for example, an α-particle) are
described by the one-particle relativistic Dirac (D) and Klein−
Gordon (KG) equations, respectively. The construction of a
general N-particle quantum relativistic equation is, however,
not as simple as in the case of the nonrelativistic Schrödinger
equation. In the Schrödinger equation, it is sufficient to include
the Coulomb operators to account for the interactions between
the particles. In the relativistic case, apart from the Coulombic
forces, there are interparticle interactions that are related to the
magnetic properties of the particles. Those properties result
from the orbital and spin motions of the particles. Furthermore,
since all the interactions between particles are affected by the
finite velocities of their motions, the so-called retardation
effects appear.

8.2. A System of N Fermions

A system that consists of N fermions in the absence of an
external field can be described using the Dirac−Breit (DB)
Hamiltonian (Hf−f) extended to an N-fermion case. We
consider only the Pauli approximation of this Hamiltonian.
Using the generalized form of the DB Hamiltonian and
expanding each term in powers of α, one gets Hrel

f−f (the Breit−
Pauli (BP) operator) as a sum of the following terms of the
order of α2:
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and

= + + + +− − − − − −H H H H H Hrel
f f

MV
f f
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where HMV
f−f is the mass−velocity Hamiltonian, HD

f−f is the
Darwin Hamiltonian, HOO

f−f is the orbit−orbit interaction
Hamiltonian, HSO

f−f is the spin−orbit Hamiltonian, and HSS
f−f is

the spin−spin interaction Hamiltonian.
8.3. A Fermion−Boson System

As derived by Datta and Misra,207 the fermion−boson
Hamiltonian in the nonrelativistic limit (Hrel

f−b) has to include
the interaction between the boson and the fermions. For a
single electron and a boson these additional terms are the same
as the nonrelativistic-limit Hamiltonian for two fermions with
one small exception. The difference between the two
Hamiltonians is the absence of the term in the Darwin
operator describing the interaction of the boson with the field
generated by the fermions. Let us explain this difference using a
two-particle system. The Darwin operator in the BP equation
for two fermions, 1 (M1,Q1) and 2 (M2,Q2), has the form
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describes the interaction of fermion 1 with the field generated
by fermion 2, and the second term
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is due to the interaction of fermion 2 with the field generated
by fermion 1. In the case of a fermion−boson pair (1 being the
fermion and 2 being the boson), the term describing the
interaction of the boson with the field generated by the
fermion, the term
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is absent in the order of α2. However, it will appear in higher
orders in α.208

8.4. Transformation of the Relativistic Operators to the
Internal Coordinate System

The transformation of the nonrelativistic Hamiltonian to the
internal coordinate system and the elimination of the COM
motion was described in section 2.1. A similar transformation
needs to be applied to the relativistic Hamiltonian. While a full
separation of the laboratory Hamiltonian into the Hamiltonian
describing the kinetic energy of the COM motion and the
internal Hamiltonian can be exactly performed, the separation
of the relativistic Hamiltonian into the internal and external
parts is not exact. In general, the BP Hamiltonian in the new
coordinate system can be written as a sum of three terms, Hrel =
Hrel

CM + Hrel
int + Hrel

CM−int, where Hrel
CM is the term describing the

relativistic effects of the motion of the center of mass, Hrel
int

describes the internal relativistic effects, and Hrel
CM−int describes

the relativistic coupling of the internal and external motions.
The contributions to the energy of the system due to Hrel

CM and
Hrel

CM−int vanish if the center of mass of the system is at rest. The
relativistic corrections to the internal states of the system are
calculated using Hrel

int. For states with the S symmetry, the
transformation of the coordinate system leads to the relativistic
operator in the following form:
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where, for consistency of the notation, we used mi = Mi+1.
8.5. QED Effects in Atomic Calculations

In this review we focus on the calculations of QED effects in
atoms with more than three electrons, because very accurate
energies of such systems can only be obtained with the use of
ECGs. An effective way for calculating atomic QED corrections
proportional to α3 and α4 was described in the work of
Pachucki et al.198 Let us consider a four-electron atom. The
leading QED correction that accounts for the two-photon
exchange, the vacuum polarization, and the electron self-energy
effects can be expressed as198
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The above expression does not include the recoil contributions,
which are usually much smaller than the leading contributions.
The last term in eq 112 is the so-called Araki−Sucher
distribution.196,209−211 This contribution is determined as the
following limit:

∫

πδ γ

⟨Ψ| |Ψ′⟩ = Ψ* Ψ′ Θ −

+ +

→
⎜ ⎟⎛
⎝

⎞
⎠

⎡
⎣⎢
⎤
⎦⎥

P
r r

r a

a

r r

r r

1
lim ( ) ( )

1
( )

4 ( )( ln ) d

a3 0 3

3

(113)

where Θ is the step function and γ is the Euler constant. To
overcome the usually slow convergence of the highly singular
P(1/rij

3), one can use the so-called expectation value identity
approach implemented by Pachucki et al.212

The term involving the so-called Bethe logarithm, ln(k0), in
eq 112 is more difficult to calculate for an atom with more than
one electron. The Bethe logarithm can be expressed as
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where for a four-electron atom
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High precision calculations of ln(k0) have been done for some
one- and two-electron atoms by Drake213 and Korobov and
Korobov,214 as well as for the three-electron lithium atom by
Yan and Drake197 and Pachucki et al.198 More recently, values
for the Bethe logarithm were also reported for the ground state
of Be+ and Li− and the ground and the first excited states of the
neutral Be atom by Pachucki et al.27,199 The procedure used to
evaluate the Bethe logarithm in those works was based on the
integral representation of ln(k0) proposed by Schwartz215 and
refined by Pachucki et al.199

The α4 QED correction is smaller than the leading α3

correction and can be determined approximately. The
dominant component of the α4 correction usually accounting
for about 80% of its value can be calculated using the following
formula:199
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The remaining α4 QED contributions are more difficult to
calculate because they involve some singular terms.29,182

9. RESULTS FOR ATOMS
The spectra of small atoms are measured with very high
accuracy. Thus they provide an excellent testing ground for
very accurate quantum mechanical methods. Below we will
provide a few examples of recent calculations on atomic
systems with three, four, five, and six electrons. In this we will
particularly emphasize the comparison of the calculated
quantities with the experimental values. The goal of the
comparison will be also to show how involved the calculations
have to be and what effects they need to include to match or
even approach the accuracy of the state-of-the-art experiment.
We will also comment on the role the calculations can play in
refining the spectral energies of small atomic systems.

9.1. Very Accurate Calculations for Three- and
Four-Electron Atoms and Atomic Ions

We will show here three examples of recent atomic calculations.
They concern the lowest five 1S states of the Be atom,14 the
lowest two 1S states of the C2+ ion,16 and the lowest five 2D
states of the Li atom.138,139 We chose these three examples
because they very well represent the interplay between the
experiment and theory in studying the atomic spectra.
The calculations of the five lowest 1S states of beryllium were

performed for the 9Be isotope.14 The basis set of 10 000 ECGs
was generated independently for each state in a process
involving starting with a small randomly chosen set of functions
and gradually adding more functions to the set and optimizing
them with the variational method employing the analytical
energy gradient determined with respect to the nonlinear
parameters of the Gaussians. In all other examples presented in
this section the basis set was grown in this way. After the final
basis sets were generated, the energies of the states were
recalculated for an infinite nuclear mass. The difference
between the finite- and infinite-nuclear-mass energies for each
state gives the mass correction.
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Next, the finite-nuclear-mass wave functions were used
calculate the leading relativistic correction employing the first-
order perturbation theory approach. We also calculated the α3

and α4 QED corrections. With the corrections were added to
the nonrelativistic energies the transition energies between the
adjacent states; i.e., the 21S → 31S, 31S → 41S, 41S → 51S, and
51S→ 61S transitions, were calculated. The results are shown in
Table 4. For each value the numerical uncertainty is shown.
They were determined based on the level of the convergence of
the particular value with the number of basis functions and on
other factors contributing to the numerical noise in the
calculations.
In Table 4 we also show the experimental transition energies

taken from the review paper of Kramida and Martin,216 but
originally measured by Johansson.217 The accuracy of the
experimental results can be estimated based on Johansson’s
statement, which can be found in his paper, that the error in his
transition energy measurement should be less than ±0.05 cm−1.
As each experimental transition included in Table 4 was
determined indirectly from two mP → nS transitions, it is
reasonable to assume the experimental uncertainty is about 0.10
cm−1 (or less).
As one can see in Table 4, the energies for the 21S→ 31S, 31S

→ 41S, 41S → 51S, and 51S → 61S transitions calculated using
the FNM nonrelativistic energies augmented with the
relativistic and QED corrections differ from the experimental
results by 0.12, 0.01, 0.05, and 0.06 cm−1, respectively. This
shows that the accuracy level of the present calculations is very
high. This is the first time higher excited states of a four-
electron atom have been calculated with such an accuracy. Also,
it is clear that including the correction for the finite nuclear
mass, and the relativistic and QED corrections, is necessary to
achieve this level of agreement between the theory and the
experiment.
The next example concerns the lowest two states of the C2+

ion. In an ion with a larger positive charge, such as C2+, the
relativistic and QED corrections are significantly larger than in
neutral atoms with the same number of electrons. For this
reason these corrections have a larger effect on of the transition
energies. Carbon is also an interesting system because it has
three stable isotopes, 12C, 13C, and 14C, and thus the nuclear
mass effects on its transition frequencies can be studied. In
presenting the results for C2+, we start with showing in Table 5
the convergence of the transition 21S0 → 31S0 energy as a
function of the number of basis functions for 12C2+, 13C2+, and
14C2+, as well as ∞C2+. As one can see, to achieve the
convergence of about 0.01−0.02 cm−1 of the transition energy,
a 10 000 function basis set was needed. This is a typical
convergence pattern for a transition energy of a small atom.
In Table 6 we show the convergence of the 21S0 → 31S0

transition energy of the three isotopes of C2+ as increasingly

higher level of theory is employed in the calculations. As one
can see, the inclusion of the finite mass correction changes the
transition energy by about 20 cm−1, adding the relativistic
correction has a much larger effect of about 300 cm−1, and the
QED correction adds about 20 cm−1. When all of the above
corrections are accounted for, the calculated transition energy
for 12C2+ becomes 182 519.031(1000) cm−1, which is only less
than a wavenumber off the experimental value of 182 519.88
cm−1.218

The third example concerns the most recent calculations
performed on the five lowest 2D Rydberg states of the lithium
atom.138,139 The results presented in Table 7 concern the
energies of the transitions between adjacent states of 7Li. The
calculated values are compared with the experimental results.218

Results obtained for 6Li, which has not yet been measured, as
well as the ∞Li results, are also shown. For 7Li, the results
obtained with different numbers of ECGs are also presented in
Table 7 to show the energy convergence pattern and
demonstrate that the transition energies obtained with 4000
basis functions are very well converged.
As the relativistic and QED effects can be expected to be very

similar for all five 2D states, the energy differences agree very
well with the experiment. The 1s24d → 1s25d and 1s25d →
1s26d transitions only differ from the experiment by 0.01 cm−1.
However, for 1s26d → 1s27d there is a more noticeable
difference mainly caused by a less accurate experimental energy
value for the 1s27d state. The results of the calculations allow
for a refinement of this energy. This can be done by taking the
experimental energy of the 1s26d state of 40 437.31 cm−1 and
adding to it the very well converged 1s26d−1s27d energy
difference of 809.33 cm−1. Due to a negligible contribution of
the relativistic and QED effects, the energy value of 41 246.64
cm−1 obtained this way should be quite accurate. This value is
slightly different from the experimental value of 41 246.5
cm−1.218 The same procedure can be applied to determine the
energies of the 2D states of 6Li, once the energy of the 1s23d
level becomes available from the experiment.
Finally, we should note that performing separate variational

calculations for the different isotopes of the same element is not
the way these types of calculations are usually performed.
Usually, for atoms heavier than hydrogen one first computes
the wave function with an infinite nuclear mass and
subsequently includes the finite-mass effects by adding the
first-order perturbation correction for the mass-polarization
operator. There are two reasons for using the finite-mass
approach in atomic calculations. First, as mentioned earlier, the
basis functions need to be optimized for just one isotope
(usually the main one) and in the calculations of other isotopes
only the linear expansion coefficients in the wave function are
allowed to adjust. The effort involved in such an adjustment
(done by solving the secular equation) is similar to the effort

Table 4. Transition Energies between Adjacent 1S States of the Be Atom Computed Using Finite- and Infinite-Nuclear-Mass
Nonrelativistic Energies and Then Corrected by Accounting for the Leading Relativistic and QED Effectsa

transition 21S → 31S 31S → 41S 41S → 51S 51S → 61S

ΔEnonrel (INM) 54 674.677(2) 10 568.242(3) 4077.009(6) 1998.997(30)
ΔEnonrel (FNM) 54 671.219(2) 10 567.627(3) 4076.765(6) 1998.876(30)
ΔErel 54 677.907(20) 10 568.090(30) 4076.915(40) 1998.994(70)
ΔEQED 54 677.401(24) 10 568.059(36) 4076.918(50) 1999.016(85)
ΔEHQED 54 677.378(30) 10 568.057(38) 4076.918(50) 1999.015(85)
experiment216,217 54 677.26(10) 10 568.07(10) 4076.87(10) 1998.95(10)

aThe results are taken from ref 14. All values are in cm−1.
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involved in calculating the first-order perturbation correction
accounting for the change of the nuclear mass. However,
performing the calculations variationally automatically allows
for accounting for higher-order mass effects. Second, the mass-
dependent wave function generated in FNM calculation can
subsequently be used to calculate relativistic corrections, as well
as other expectation values. Thus, these quantities automatically
include the mass dependency (for example, the recoil effects in
the case of the relativistic corrections), which in the
conventional calculation can only be accounted for by a
laborious perturbation procedure.
Finally, having compared the results for some 2D states of

lithium with the experiment, we should comment on the
accuracy one expects to achieve in variational calculations with
explicitly correlated Gaussians in comparison to the best
calculations performed with Hylleraas functions. Such a
comparison can be made, for example, for the lowest 2S and
2P states of Li because high-accuracy results obtained with the
Gaussians and Hylleraas functions exist for these states. The
comparison is shown in Table 8. As one can see, the Hylleraas
results are noticeably more accurate due to larger number of
basis functions used. However, the data in Table 8 also
demonstrate that when the nonlinear parameters of the
Gaussians are thoroughly optimized one can achieve very
high accuracy that is good enough for most applications that
require high precision. In fact, the convergence in terms of the
number of basis functions can be even better in the case of
Gaussians than in the case of the Hylleraas functions if
sufficient effort is invested in the optimization of the nonlinear
parameters of the Gaussians.

9.2. Calculations for Atomic Systems with Five Electrons

Precise calculations on five and more electron systems are of
particular importance as no calculations of spectroscopic
accuracy for such systems exist at the present time. Due to
increased complexity and much larger computational demands,
most methods exhibit a huge deterioration of the accuracy for
such relatively large systems. At the same time, these larger
systems are of great significance since they serve as an
important test for developing and tuning less accurate
quantum-chemical approaches.
As an example of the high level of accuracy achievable for a

five-electron atomic system with ECGs, we can consider the
results obtained for the ground and low-lying P and S states of
the boron atom.130 This example aims to demonstrate that, if
sufficient computational resources are used in the calculations,
ECGs are capable of producing results for the ground state and
some lower lying excited states which almost match the
accuracy achieved before for four-electron systems.
In Table 9 we present the results of the ECG calculations for

the two lowest L = 0 states and two lowest L = 1 states of the
boron atom.130 The convergence of the total nonrelativistic
energies of all four states is shown. A quick look at the
convergence patterns suggests that the uncertainty of the total
nonrelativistic energies does not exceed 2−3 μhartrees. In
Table 10 the ground state energy obtained with ECGs is
compared with some of the best literature data. As can be seen,
the ECG variational upper bound of −24.653 866 08 hartree for
the ground state energy lies noticeably lower than the best
recent upper bound of −24.653 837 33 hartree obtained in a
state-of-the-art CI calculation220 with the following very
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24s23p22d21f20g19h18i17k16l15m14n13o12q11r10t9u8v7w6-
x5y4z.
Another illustrative example of the calculations of a five-

electron system with ECGs is the singly ionized carbon atom.
The results of the recent ECG calculations for this system131

are shown in Table 11. Similar to the boron atom calculations,
the accuracy currently achievable with the variational method
employing ECGs is significantly higher than that of the best-to-
date literature values obtained with other methods. It is
interesting to note that the estimated accuracy for the excited
2S state of C+ is roughly twice lower than that for the ground 2P
state. In contrast, calculations on the B atom yielded the energy
of the first excited 2S state that was approximately 5 times more
tightly converged than the energy of the ground state. Such an
order of magnitude difference in the accuracy of the first excited
2S states of C+ and B does not result from a lower quality of the
C+ calculations, however. The main reason for a somewhat
worse convergence of the energy in the case of C+ is the fact
that the wave function of the lowest excited 2S state of this
system is dominated by the 1s22s2p2 configuration. This

Table 6. Convergence of the 21S0 → 31S0 Transition Energies (in cm−1) for 12C2+, 13C2+, and 14C2+ Including Increasingly
Higher Level Corrections (Finite-Mass, Relativistic, and QED) to the Energies of the Two Statesa

contribution included ΔE (12C2+) ΔE (13C2+) ΔE (14C2+)

Enonrel (INM) 182 264.940(20) 182 264.940(20) 182 264.940(20)
Enonrel (FNM) 182 242.205(20) 182 243.959(20) 182 245.458(20)
α2Erel 182 540.245(170) 182 542.000(170) 182 543.498(170)
α3EQED 182 520.583(170) 182 522.338(170) 182 523.836(170)
α4EHQED 182 519.031(1000) 182 520.785(1000) 182 522.283(1000)
experiment218 182 519.88

aThe values in parentheses indicate the remaining uncertainty due to finite size of the basis. In the case of α4 correction the uncertainty is due to an
approximate treatment of that correction. The results are taken from ref 16.

Table 7. Energy Differences (in cm−1) between Adjacent 2D
States of 7Li, 6Li, and ∞Lia

basis 1s23d−1s24d 1s24d−1s25d 1s25d−1s26d 1s26d−1s27d
7Li

1500 5340.25 2471.52 1342.44 809.56
2000 5340.27 2471.54 1342.40 809.39
2500 5340.27 2471.54 1342.39 809.35
3000 5340.27 2471.54 1342.39 809.34
3500 5340.27 2471.54 1342.39 809.33
4000 5340.27 2471.54 1342.39 809.33
expt218 5340.30 2471.55 1342.38 809.2

6Li
4000 5340.20 2471.50 1342.37 809.32

∞Li
4000 5340.69 2471.73 1342.49 809.39

aFor 7Li, the convergence of the differences with the basis set size is
shown. For 6Li and ∞Li only the results obtained with 4000 Gaussians
are shown. For 7Li, the results of the calculations are compared with
the experimental values. The results are taken from ref 139.

Table 8. Comparison of the Nonrelativistic Variational Energies of the 1s22s(2S), 1s23s(2S), and 1s22p(2P) States of ∞Li
Obtained in ECG Calculations with the Best Literature Values Obtained in Calculations That Used the Hylleraas Basisa

state source method basis size energy

1s22s(2S) Puchalski et al.113 Hylleraas 4172 −7.478 060 323 845 785
Puchalski et al.113 Hylleraas 13 944 −7.478 060 323 909 560
Puchalski et al.113 Hylleraas ∞ −7.478 060 323 910 10(32)
Wang et al.192 Hylleraas 3910 −7.478 060 323 880 889 238
Wang et al.192 Hylleraas 26 520 −7.478 060 323 910 134 843
Wang et al.192 Hylleraas ∞ −7.478 060 323 910 143 7(45)
Stanke et al.13 ECG 10 000 −7.478 060 323 81
Bubin219 ECG 3600 −7.478 060 323 884 4

1s23s(2S) Puchalski et al.193 Hylleraas 4172 −7.354 098 421 004 0
Puchalski et al.193 Hylleraas 9576 −7.354 098 421 379 9
Puchalski et al.193 Hylleraas ∞ −7.354 098 421 426(19)
Wang et al.192 Hylleraas 3910 −7.354 098 421 345 692 670
Wang et al.192 Hylleraas 26 520 −7.354 098 421 444 310 034
Wang et al.192 Hylleraas ∞ −7.354 098 421 444 316 4(32)
Stanke et al.13 ECG 10 000 −7.354 098 421 13
Bubin21 ECG 3600 −7.354 098 421 382 4

1s22p(2P) Puchalski et al.193 Hylleraas 4172 −7.410 156 532 150 2
Puchalski et al.193 Hylleraas 9576 −7.410 156 532 628 6
Puchalski et al.193 Hylleraas ∞ −7.410 156 532 665(14)
Wang et al.192 Hylleraas 4824 −7.410 156 532 310 89
Wang et al.192 Hylleraas 30 224 −7.410 156 532 650 66
Wang et al.192 Hylleraas ∞ −7.410 156 532 651 6(5)
Bubin219 ECG 3600 −7.410 156 532 553 2

aInfinite basis size stands for an extrapolated value.
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configuration is different from the dominant configuration
(1s22s23s) in the wave function of the lowest 2S state of B. The
latter configuration is easier and more effectively described with
the basis functions (32) than the 1s22s2p2 configuration which
results from a coupling of two p electrons to an S state. The
convergence in the calculations of the states dominated by the
1s22s2p2 configuration can probably be improved if prefactors
in the form of dot products ri′·rj are included in some basis
functions.
9.3. Calculations for Atomic Systems with Six Electrons

The carbon atom (12C) has been the largest system considered
so far in calculations performed with all-electron correlated
Gaussians.135,136 The calculations focused on the ground and
first excited 3P states of this six-electron system. As six-electron
basis functions are used in these calculations, there are 21
exponential parameters in each function to be optimized. Also,
each Hamiltonian or overlap matrix element involves
integration over 18 Cartesian coordinates. Even with the aid

of the analytic gradient in the variational optimization, such
calculations represent a daunting task. As only 32 processors
were used in the calculations, after investing a considerable
amount of computer time, a basis set of only 1000 Gaussians
was generated for each of the two states. Even though the
lowest ever variational energies have been obtained for both
states with that many functions, their number is clearly not
enough to determine the transition energy between the two
states with an accuracy even close to what we achieved for
smaller atoms. It would take a dedicated computer system with
hundreds of processors to reach high accuracy in the carbon
calculations.
However, even with up to 1000 basis functions in the basis

set, it is interesting to examine the convergence of the total
energies of the two states, as well as the convergence of the
transition energy. The data for such an analysis are shown in
Table 12. As one can see, only at best four digits in the total
energies are converged. The transition energy shows the right
convergence trend, but it is still off from the experimental value
in the third digit after the decimal point.

10. RESULTS FOR DIATOMIC MOLECULES OBTAINED
WITHOUT THE BORN−OPPENHEIMER
APPROXIMATION

The non-BO approach utilizing ECGs has been so far
implemented only for rotationless states (i.e., vibrational states)
of diatomic molecules. In this review we present examples of
those applications that best illustrate the accuracy level that the
approach can deliver.

Table 9. Convergence of the Total Nonrelativistic Energies (in hartrees) for the Main Isotope of Boron Atom, 11Ba

isotope basis 2Po (1s22s22p) 2S (1s22s23s) 2Po (1s22s23p) 2S (1s22s24s)
11B 1000 −24.652 494 17 −24.470 106 32 −24.430 979 54 −24.401 841 39

2000 −24.652 598 09 −24.470 136 27 −24.431 073 08 −24.401 923 14
3000 −24.652 615 70 −24.470 140 92 −24.431 088 39 −24.401 936 14
4000 −24.652 621 14 −24.470 142 33 −24.431 093 26 −24.401 939 96
5000 −24.652 623 43 −24.470 142 90 −24.431 095 31 −24.401 941 47
5100b −24.652 623 87(250) −24.470 143 16(50) −24.431 095 74(250) −24.401 941 83(150)

10B 5100b −24.652 500 24(250) −24.470 018 76(50) −24.430 971 75(250) −24.401 817 83(150)
∞B 5100b −24.653 866 08(250) −24.471 393 06(50) −24.432 341 44(250) −24.403 187 67(150)

aEnergies obtained for 10B and ∞B with the largest basis set of 5100 functions are also shown. The values in parentheses are estimates of the
remaining uncertainty due to finite basis size used in the calculations. The results are taken from ref 130. bBasis set was generated with a more
extensive optimization of the nonlinear parameters.

Table 10. Comparison of the Available Literature Results for
the Ground State Energy (in hartrees) of ∞B Atom

energy method (year)

−24.653 93 configuration interaction + experimental data (1991)221

−24.653 91 configuration interaction + experimental data (1993)222

−24.653 62(3) diffusion quantum Monte Carlo (2007)223

−24.653 79(3) diffusion quantum Monte Carlo (2011)224

−24.653 840 ECG, 2000 basis functions (2009)225

−24.653 837 33 selected configuration interaction (2010)220

−24.653 866 08 ECG, 5100 basis functions (2011)130

−24.653 868 5 estimate of the exact nonrelativistic energy130

Table 11. Total Nonrelativistic Energies (in hartrees) for the Lowest S and P States of C+ Iona

isotope basis 2Po(1s22s22p) 2S(1s22s2p2) 2Po(1s22s23p)
12C 1000 −37.429 043 99 −36.989 923 74 −36.828 842 62

2000 −37.429 146 64 −36.990 141 16 −36.828 982 35
3000 −37.429 162 43 −36.990 176 48 −36.829 004 48
4000 −37.429 167 20 −36.990 187 14 −36.829 011 34
4500 −37.429 168 35 −36.990 189 85 −36.829 013 05
5100b −37.429 169 55(250) −36.990 192 98(500) −36.829 014 78(350)

13C 5100b −37.429 301 59 −36.99032209 −36.82914677
14C 5100b −37.429 414 35 −36.990 432 34 −36.829 259 49
∞C 5100b −37.430 880 49 −36.991 865 91 −36.830 725 08

DMC,c −37.43 073(4)

aThe ECG results are taken from ref 131. bBasis set was generated with a more extensive optimization of the nonlinear parameters. cDiffusion Monte
Carlo, ref 224.
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10.1. Diatomics with One and Two Electrons: Charge
Asymmetry Induced by Isotopic Substitution

Two examples will be shown here. The first concerns the
calculations of the complete spectrum of vibrational states of
the HD+ molecule.143 As the calculations were performed

without invoking the BO approximation and the nuclei in them
possessed finite masses, it is interesting to analyze what effect
this has on the wave function and, in particular, on the
probability that the electron is on average closer to one end of
the molecule than to the other. The second example concerns
the HD molecule and its pure vibrational spectrum.
The HD+ pure vibrational spectrum has been studied by

many researchers, and very accurate, virtually exact calculated
nonrelativistic energies have been published in the litera-
ture.226,227 This includes the energy for the highest vibrational v
= 22 state, which is only about 0.4309 cm−1 below the D + H+

dissociation limit. In Table 13 we compare the ECG variational
energies for all 23 states143 with the values of Hilico et al.227 As
one can see, the values agree very well. The agreement is
consistently very good for all the states calculated.
The wave functions for all 23 states were used to calculate

the average internuclear distances and the average distances
between the nuclei and the electron. Also, averages of the
squares of the distances were calculated. The results are shown
in Table 13. As can be expected, the average internuclear
distance increases with the rising level of excitation. This
increase becomes more prominent at the vibrational levels near
the dissociation threshold. For example, in going from v = 21 to
v = 22 the average internuclear distance increases more than 2-
fold from 12.95 to 28.62 au. In the v = 22 state the HD+ ion is
almost dissociated. However, the most striking feature that
becomes apparent upon examining the results is a sudden
increase of the asymmetry between the deuteron−electron and
proton−electron average distances above the v = 20 excitation
level. In levels up to v = 20 there is some asymmetry of the
electron distribution with the p−e distance being slightly longer
than the d−e distance. For example, in the v = 20 state the d−e

Table 12. Convergence of the Total Nonrelativistic Energies
of the Ground and First Excited 3P States (2s22p2 and
2s22p3p) of 12C and the Corresponding Transition Energy
with the Number of Basis Functionsa

basis size 2s22p2 3P 2s22p3p 3P
transition
energy

12C
100 −37.810 501 −37.471 762 74 344.61
200 −37.828 749 −37.499 146 72 339.61
300 −37.834 300 −37.506 665 71 907.57
400 −37.837 008 −37.509 750 71 824.83
500 −37.838 416 −37.511 548 71 739.20
600 −37.839 692 −37.513 040 71 691.82
700 −37.840 423 −37.513 989 71 644.03
800 −37.840 982 −37.514 684 71 614.21
900 −37.841 364 −37.515 233 71 577.38
1000 −37.841 621 −37.515 565 71 561.08
experiment218 71 352.51

∞C
1000 −37.843 333 −37.517 279 71 560.65
DMCb 224 −37.844 46(6)
estimated
exact222

−37.845 0

aTotal energies of 12C and ∞C are in hartrees and transition energies
are in cm−1. The results are taken from ref 136. bDiffusion Monte
Carlo.

Table 13. Total Energies, Expectation Values of the Deuteron−Proton Distance, rd−p, the Deuteron−Electron Distance, rd−e,
and the Proton−Electron Distance, rp−e, and Their Squares for the Vibrational Levels of HD+ at the Rotational Ground Statea

v E, Bubin et al.143 E, ref 227. ⟨rd−p⟩ ⟨rd−e⟩ ⟨rp−e⟩ ⟨rd−p
2⟩ ⟨rd−p

2⟩ ⟨rp−e
2⟩

0 −0.597 897 968 5 −0.597 897 968 6 2.055 1.688 1.688 4.268 3.534 3.537
1 −0.589 181 829 1 −0.589 181 829 6 2.171 1.750 1.750 4.855 3.839 3.843
2 −0.580 903 700 1 −0.580 903 700 3 2.292 1.813 1.814 5.492 4.169 4.173
3 −0.573 050 546 4 −0.573 050 546 8 2.417 1.880 1.881 6.185 4.526 4.531
4 −0.565 611 041 8 −0.565 611 042 3 2.547 1.948 1.950 6.942 4.915 4.921
5 −0.558 575 520 0 −0.558 575 521 1 2.683 2.020 2.022 7.771 5.339 5.346
6 −0.551 935 948 2 −0.551 935 949 3 2.825 2.095 2.097 8.682 5.804 5.813
7 −0.545 685 913 7 −0.545 685 915 6 2.975 2.175 2.177 9.689 6.318 6.329
8 −0.539 820 639 4 −0.539 820 641 9 3.135 2.259 2.261 10.81 6.888 6.902
9 −0.534 337 011 0 −0.534 337 013 9 3.305 2.348 2.351 12.06 7.527 7.545
10 −0.529 233 631 7 −0.529 233 635 9 3.489 2.445 2.448 13.48 8.250 8.272
11 −0.524 510 905 9 −0.524 510 910 6 3.689 2.549 2.554 15.09 9.074 9.105
12 −0.520 171 137 4 −0.520 171 148 2 3.909 2.664 2.670 16.96 10.03 10.07
13 −0.516 218 698 8 −0.516 218 710 3 4.154 2.791 2.799 19.16 11.15 11.21
14 −0.512 660 176 7 −0.512 660 192 6 4.432 2.934 2.946 21.79 12.49 12.57
15 −0.509 504 627 0 −0.509 504 651 7 4.754 3.099 3.116 25.01 14.13 14.26
16 −0.506 763 834 4 −0.506 763 878 1 5.138 3.292 3.319 29.11 16.20 16.41
17 −0.504 452 646 6 −0.504 452 699 1 5.611 3.527 3.572 34.55 18.92 19.30
18 −0.502 589 181 5 −0.502 589 234 0 6.227 3.821 3.910 42.25 22.66 23.47
19 −0.501 194 732 3 −0.501 194 799 3 7.099 4.198 4.421 54.35 28.13 30.38
20 −0.500 292 401 7 −0.500 292 454 3 8.550 4.569 5.516 77.74 35.66 46.64
21 −0.499 910 333 9 −0.499 910 361 5 12.95 2.306 12.19 176.0 12.94 168.2
22 −0.499 865 777 5 −0.499 865 778 5 28.62 1.600 28.55 910.0 4.266 911.4
D atomb −0.499 863 815 2 1.500 3.002

aAll quantities are in atomic units. bD atom in the ground state.
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average distance is 4.569 au and the p−e distance is 5.516 au.
The situation becomes completely different for the v = 21 state.
Here the p−e distance for this state of 12.19 au is almost equal
to the average value of the internuclear distance, but the d−e
distance becomes much smaller and equals only 2.306 au. It is
apparent that in this state the electron is essentially localized at
the deuteron and the ion becomes highly polarized. An
analogous situation also occurs for the v = 22 state. Here, again,
the p−e average distance is very close to the internuclear
distance while the d−e distance is close to what it is in an
isolated D atom. One can say that in the low vibrational state
the HD+ ion is covalently bound, but in the highest two states it
becomes ionic.
The second example concerns the non-BO calculations of all

17 rotationless vibrational energies of the HD molecule.228 For
each state 10 000 ECGs were used in those calculations. The
total energies were used to calculate the v → v + 1 transition
energies, which are presented in Table 14. In Table 14 the ECG
transition energies obtained with and without the relativistic
corrections of the order of α2 are compared with the transitions
determined using the results of Pachucki and Komasa (PK).20

They performed their calculations using the standard approach
where the potential energy curve was calculated first and, after
being corrected for the adiabatic and nonadiabatic effects, as
well as relativistic effects, it was used to calculate the vibrational
frequencies. The comparison shown in Table 14 includes
vibrational frequencies calculated by the two methods with and
without the relativistic corrections.
First let us focus on the nonrelativistic transitions in Table

14. As one can see, the ECG non-BO results agree very well
with the PK values. The difference for the transitions between
low-lying states, as well as for the states in the middle of the
spectrum, is consistently less than 0.005 cm−1. As one can see
from the comparison with the experimentally derived
transitions, the difference between the ECG non-BO results
and those of PK is much smaller than the expected contribution
due the α3 QED and higher order corrections. For the three top

transitions the difference increases to about 0.01 cm−1. While
the exact reason for this discrepancy is not immediately clear, it
is possible that it arises as a result of the perturbation approach
used by PK and not accounting for the finite-nucleus-mass
effects for those two states as accurately as it is done in the
direct variational non-BO approach.

10.2. Diatomics with Three Electrons

As stated, the application of the non-BO ECG approach for
diatomic molecules is currently limited because of the form of
the basis set to pure vibrational states and to molecules with σ
electrons. However, it is not limited with respect to the number
of the electrons the molecule has. Hence, this is the first
accurate non-BO method available that allows performing
calculations of molecules with more than two electrons.
An example of non-BO ECG calculations performed for a

molecule with more than two electrons is the work on all five
pure vibrational transitions of the 7LiH+ ion.153 Up to 10 000
ECGs for each state were used in the calculations. Table 15
shows the convergence of the transition frequencies calculated
with and without the relativistic corrections with the number of
the basis functions. One can see that the third digit after the
decimal point for all transitions expressed in wavenumbers is
essentially converged. The significance of these calculations lies
in the fact that the pure vibrational spectrum of the 7LiH+ ion
has not been measured yet, and the very accurate predictions of
the vibrational transitions generated in the calculations can
guide the future experiment where such a measurement is
attempted.

10.3. Diatomics with More than Three Electrons

The major bottleneck in the non-BO calculations with all-
particle ECGs is their n! scaling with the number of identical
particles (electrons). As mentioned before, n! is the number of
permutations in the symmetry operator that needs to be
applied to each basis function to enforce the right permuta-
tional symmetry of the wave function. For example, in the

Table 14. Comparison of All Pure Vibrational Transition Energies (in cm−1) of HD Calculated with the ECG Non-BO
Approach and with (rel) and without (nonrel) Including the α2 Relativistic Corrections with the Transitions Reported by
Pachucki and Komasa (PK)20 a

transition Enonrel
v+1 − Enonrel

v Erel
v+1 − Erel

v Ev+1 − Ev

v → v + 1 Bubin et al. PK Bubin et al. PK experiment

0 → 1 3632.1586(4) 3632.1583 3632.1802(4) 3632.1792 3632.1595(17)229

1 → 2 3454.7187(5) 3454.7173 3454.7368(5) 3454.7341 3454.735(50)230

2 → 3 3280.7571(5) 3280.7573 3280.7690(5) 3280.7700 3280.721(49)230

3 → 4 3109.2661(5) 3109.2657 3109.2742(5) 3109.2740 3100.264(16)230

4 → 5 2939.1564(10) 2939.1548 2939.1604(10) 2939.1586 2948.149(17)230

5 → 6 2769.2297(10) 2769.2282 2769.2288(10) 2769.2272 2769.199(36)230

6 → 7 2598.1395(20) 2598.1399 2598.1324(20) 2598.1337
7 → 8 2424.3442(20) 2424.3411 2424.3333(20) 2424.3292
8 → 9 2246.0106(30) 2246.0103 2245.9915(30) 2245.9920
9 → 10 2060.9653(30) 2060.9616 2060.9417(30) 2060.9362
10 → 11 1866.5168(50) 1866.5167 1866.4822(50) 1866.4832
11 → 12 1659.3318(50) 1659.3302 1659.2894(50) 1659.2872
12 → 13 1435.1376(50) 1435.1373 1435.0828(50) 1435.0832
13 → 14 1188.3926(70) 1188.3918 1188.3246(70) 1188.3241
14 → 15 911.7483(70) 911.7379 911.6628(70) 911.6536
15 → 16 595.4111(70) 595.4216 595.3069(70) 595.3165
16 → 17 231.5728(70) 231.5815 231.4462(70) 231.4559

aThe values in parentheses indicate the estimated remaining uncertainty due to finite basis size used. The ECG non-BO results are derived from the
work of Bubin et al.149 The last column lists several transition frequencies derived from experimental data.
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calculations of the BH molecule there are 720 such
permutations.
The BH molecule is the largest system ever calculated with

the non-BO ECG approach.225 The aim of the calculations was
to determine the dissociation energy of this system. The results
are shown in Table 16 with the ECG FNM results obtained for
the boron atom also included. As can be expected, the energy
for the B atom converges significantly faster than for BH. With
2000 basis functions the nonrelativistic non-BO energy of B is
essentially converged within five significant figures while the
BH energy is converged within four figures. The better
convergence for the B atom than for BH assures that the BH
dissociation energy calculated as the difference between the
total energy of BH and the sum of the energies of the B and H
atoms is a lower bound to the true dissociation energy of this
system. We should add that, even with only 2000 basis
functions, the non-BO energies of the B atom and the BH
molecule shown in Table 16 are the best variational upper
bounds ever calculated for these systems. However, 2000 basis
functions is only enough to ensure convergence of two
significant figures in the dissociation energy. Our best result
for this energy is D0 = 28 083 cm−1 (28 074 cm−1 after adding
the relativistic corrections). An approximate extrapolation to an
infinite number of basis functions increases the dissociation

energy to D0 = 28 400 ± 150 cm−1. This result agrees with the
experimental value recommended by Bauschlicher et al.231 of
28 535 ± 210 cm−1. However, it is clear that in order to match
the experimental accuracy with the calculations the energies of
both B and BH will have to be computed with higher accuracy
and much larger ECG basis sets approaching or even exceeding
10 000 functions.

11. HIGHLY ACCURATE BO MOLECULAR
CALCULATIONS

11.1. Hydrogen Clusters

In this section we show that it is possible to reduce the
computational time needed for an ECG BO PES calculation by
avoiding costly optimization of the ECG nonlinear parameters
at every PES point and still maintain high accuracy of the
results throughout the whole PES. The approach developed for
this purpose will be described and illustrated through its
application in the calculations of the potential energy curve
(PEC) of the (H2)2 dimer in the linear geometrical
configuration keeping the monomer at the frozen internuclear
separation of 1.4 bohr.
An essential part of a very accurate ECG calculation is

growing the basis set from a small number of functions to a
large one that assures the desired accuracy of the results. In the
process of building the basis set is usually initiated with a set of
ECGs generated using contraction of basis sets of the
monomers.124 For (H2)2 this is

ϕ φ φ= ·k i j,(H ) ,H ,H2 2 2 2 (118)

where φi,H2
and φj,H2

are ECGs obtained for a hydrogen

molecule. As mentioned, the Gaussian centers of φi,H2
and φj,H2

are placed at the same monomer or different monomers to
produce the so-called ionic or covalent basis function. Next, the
basis set is enlarged by adding subsets of ECGs followed by
their partial or global optimization depending which of these
two procedures is more computationally efficient in the
particular case. As shown in Table 17,95 at RH2−H2

= 6 bohr
99.6% of the binding energy is recovered with the 5000 ECG
basis set.
In the calculations reported in ref 95 the procedure was used

to generate 5000 ECGs for (H2)2 for varying intermonomer
distances. With that, when moving to the next PEC point, only
the linear expansion parameters had to be recalculated.
However, as PEC points got further separated from the point
where the full basis set optimization was performed (at the
equilibrium), the procedure became increasingly less accurate.
To remedy this and to reduce the error, 2000 additional ECGs
were generated at each PES point with the FICI method and
added to the basis set. In this way a 7000 ECG basis set was
obtained for each PEC point. To verify if the FICI-optimized

Table 15. Convergence of the Pure Vibrational Transition
Energies of 7LiH+ Ion Determined with and without the
Inclusion of the Leading Relativistic Correctionsa

v′ → v″ basis size ENR
v″ − ENR

v′ EREL
v″ − EREL

v′
1 → 0 8000 355.051 355.072

9000 355.031 355.053
10000 355.015 355.037
10000b 355.011 355.034

2 → 1 8000 261.748 261.774
9000 261.757 261.778
10000 261.766 261.787
10000b 261.765 261.786

3 → 2 8000 169.991 170.000
9000 169.986 170.000
10000 169.981 169.998
10000b 169.980 169.997

4 → 3 8000 89.825 89.837
9000 89.821 89.821
10000 89.820 89.819
10000b 89.819 89.818

5 → 4 8000 35.260 35.265
9000 35.258 35.271
10000 35.258 35.260
10000b 35.259 35.260

aAll values are in cm−1. The results are taken from ref 153. bResults
obtained by performing several additional cyclic optimizations of the
nonlinear parameters.

Table 16. Nonrelativistic and Relativistic (Erel = Enonrel + α2⟨HMV⟩ + α2⟨HD⟩) Energies of B and BH in aua

basis size Enonrel(B) Erel(B) Enonrel(BH) Erel(BH) D0
nonrel D0

rel

500 −24.652 069 −24.659 230 −25.270 646 −25.277 747 26 084 26 070
1000 −24.652 494 −24.659 659 −25.277 313 −25.284 438 27 454 27 444
1500 −24.652 573 −24.659 733 −25.279 332 −25.286 461 27 880 27 872
2000 −24.652 598 −24.659 758 −25.280 280 −25.287 408 28 083 28 074

aValues for D0 are the corresponding dissociation energies expressed in cm−1. The results are taken from ref 225 with the exception of the last
column, D0

rel, which contains corrected data (ref 225 has an error in this quantity).
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additional set is capable of efficiently correcting the error, full
optimization of the 5000 ECG basis set was performed at some
selected PEC points. A comparison of the results obtained in
those optimizations95 with the energies obtained with the 7000
function basis sets is shown in Table 18.

Although the energies calculated with the full optimization
procedure are lower than the energies obtained without
reoptimizing the ECG nonlinear parameters, the energy
difference is nearly constant (about ∼0.19 K) as the
intermonomer distance increases beyond 8 bohr. Therefore,
one can conclude that the absolute error of the FICI-optimized
PEC is just under 0.15 K at RH2−H2

= 6 bohr and sub-0.3 K for
larger intermonomer distances. This validates the approach
used in the (H2)2 calculations and shows that the floating ECGs
are capable of representing the ground state wave function of
this four-electron four-center molecule with high accuracy.

11.2. Molecules with One Atom Other Than Hydrogen

In this section we describe high-accuracy, state-of-the-art PEC
ECG calculations of the LiH molecule.180 The PEC includes
finite-mass adiabatic corrections added to the BO energy. The
PEC accuracy is better than 0.3 cm−1, showing once again that
the variational method with ECGs complemented with the use
of the analytic gradient is a very high accuracy approach for
generating PEC/PESs for small molecules.
The ECG calculation of the LiH BO PEC of Tung et al.180

started with the 2400 ECG basis set (see Table 3) built using
the full optimization approach at the equilibrium internuclear
distance (RLi−H = 3.015 bohr). Using this basis set, the basis
sets for the adjacent PEC points were generated by applying
the Gaussian center shifting procedure. After shifting, the basis
sets were fully reoptimized using the full optimization
approach. This procedure was repeated until the target
internuclear distance of RLi−H = 40 bohr was reached. Similarly
to the (H2)2 ECG calculations, a concern one may have is
related to possible accumulation of error which may arise at
each PEC point due to its initial basis set not being generated
from “scratch”, but being extrapolated from the previous PEC
point. Such an accumulation would likely produce the largest
error for the longest internuclear distance (in the calculations it
was RLi−H = 40 bohr). In Table 19 the magnitude of this error is

examined by comparing the energy obtained at 40 bohr with
the estimated accurate energy obtained as a sum of the atomic
energies (the BO energy in Table 19 at RLi−H =∞ is the sum of
the BO energies of the Li and H atoms). As one can see, the
error is only about 10−6 hartree. Thus, no significant
accumulation of error had occurred.
As mentioned, the BO PEC generated in the calculations of

Tung et al.180 was corrected for the adiabatic effects to partially
overcome the deficiency of the BO approximation. At the
equilibrium distance the adiabatic correction lowers the depth
of the PEC well by 10.7 cm−1. Because the correction varies
with the internuclear distance, the shape of the corrected PEC
differs slightly from the PEC without the correction. This in
turn affects the energies of the vibrational levels, as can be seen
in Table 20. In the calculations of Tung et al.180 these levels
were obtained using Le Roy’s Level 8.0 program.233 In Table 20
we also compare the results from ref 180 with recent orbital-
based calculations of Holka et al.234 The first observation one
can make upon examining the results of Holka et al. shown in
Table 20 is that they were unable to obtain converged values
for the two highest transitions and had to resort to
extrapolation to determine them. Second, the root-mean-square
deviation (from experiment) for the best set of transitions
obtained by Tung et al., which were generated with the BO
ECG PEC corrected for the adiabatic effects, is half those by
Holka et al. It should be noted that the values by Holka et al.
also included scalar relativistic corrections. Nonetheless, the
comparison between the two sets is valid because those
corrections have a negligible effect on the calculated transitions.

Table 17. Convergence of the (H2)2 Interaction Energy, in
kelvina

basis size interaction energy

600 41.7197
700 39.6936
800 38.9714
900 38.6994
1000 38.4557
1500 37.2085
2000 36.3622
2500 35.6462
3000 35.3227
4000 35.0380
5000 34.9311
exact 34.785b

aThe interaction energy is determined with respect to the exact energy
of two isolated H2 molecules each with the internuclear distance equal
to RH2

= 1.448 736 bohr (2EH2
= −2.348 155 753 48 hartree75). The

calculations are performed at the intermonomer separation of 6
bohr.95. bBest literature value obtained using the monomer contraction
method with a 360 000 ECG basis set augmented with additional 2400
ECGs and extrapolated to the complete basis set limit.232 The
estimated standard deviation of the energy value is σ = 0.030 K.

Table 18. Comparison of the Total and Interaction Energies
of (H2)2 Obtained with 7000 ECGs (5000 ECGs Generated
with the Shifting Procedure and 2000 Generated with the
FICI Method) with the Energies Obtained with Fully
Optimized 5000 ECGsa

RH2−H2
(bohr) E7000

FICI E5000
FO ΔE E5000

FO

6.0 −2.348 045 14 −2.348 045 13 0.002 34.826
7.1 −2.348 202 03 −2.348 202 42 0.123 −14.841
8.0 −2.348 185 31 −2.348 185 89 0.182 −9.622
9.0 −2.348 167 82 −2.348 168 41 0.187 −4.101
10.0 −2.348 159 69 −2.348 160 24 0.174 −1.522
14.75 −2.348 154 53 −2.348 155 08 0.175 0.108
100.0 −2.348 154 87 −2.348 155 42 0.175 0.000

aCalculations have been performed at six selected PEC points
including the RH2−H2

= 6 bohr point. Total energies, E7000
FICI and E5000

FO , are

in hartrees, and the total energy differences, ΔE, interaction energies,
and ΔE5000FO , are in kelvin.95.

Table 19. Comparison of the Estimated and Calculated LiH
BO Energies at RLi−H = 3.015 and RLi−H = ∞180

E, estimated81 E, calculated180

RLi−H = ∞ −7.978 060 −7.978 059 1a

RLi−H = 3.015 −8.070 548 −8.070 547 3
aCalculated at RLi−H = 40 bohr.
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Let us now examine how well Holka et al.’s234 and Tung et
al.’s180 calculations reproduce the experimental dissociation
energy. In Holka et al.’s calculations, the energy at each PEC
point includes three components, i.e., the BO energy, the
diagonal adiabatic correction (DBOC), and the relativistic
(mass-velocity and Darwin) correction. The contributions of
the BO energy, the DBOC, and the relativistic correction to the
BO dissociation energy are 20 305.4, −12.0, and ∼−0.5 cm−1,
respectively. Compared with the results of Tung et al., Table 21
shows that Holka et al.’s results overestimate the BO
contribution by about 6.6 cm−1 and the adiabatic correction

by about 1.3 cm−1. Even though these two errors have opposite
signs and partially cancel each other, there is still a significant
difference of about 5.3 cm−1 between Holka et al.’s and Tung et
al.’s results and the experimental value. This error can be
averaged in the calculation of vibrational levels. The differences
of energies from the orbital calculation are competitive with the
ECG values. It should be noted that the result of Tung et al. is
virtually identical to the experimental value, which has an
estimated root-mean-square deviation of 0.16 cm−1 and a
maximum deviation of −0.79 cm−1.
As the dissociation energy is usually a good indicator of the

accuracy of the calculations, we compare the values of this
energy obtained with different methods with the experimental
energy in Table 22. The comparison shows that the ECG value
obtained by Tung et al.180 best matches the experiment.

Another good test of the quality of the calculations is to
examine the results obtained at the equilibrium internuclear
distance for the system. A large-scale CI [9s8p6d1f] performed
for LiH by Bendazzoli et al.236 gave the energy of −8.069 336
hartree, while the GFMC calculation of Chen et al.237 yielded
−8.070 21(5) hartree. CCSD[T]-R12 coupled-cluster method
with linear r12 terms254 gave E = −8.070 491 hartree. This
energy is close to the energy of −8.070 516 hartree obtained
with the iterative-complement-interaction method by Nakatsu-
ji.238 The first ECG calculations performed with 200 ECGs by
Cencek et al.239 gave the energy of −8.069 221 hartree. This
result, as well as other results obtained with larger ECG basis
sets by Cencek et al.81 were used to make an extrapolation to
the infinite basis set limit, which yielded −8.070 553(5) hartree.
This energy is consistent with and close to the result of −8.070
547 3 hartree obtained by Tung et al.180 with a basis of 2400
ECGs. When the ECG results are compared with the MR-
CISD calculations of Holka et al.,234 one becomes puzzled at a
discrepancy. Holka et al.’s energy obtained at R = 3.000 bohr of
−8.070 792 hartree is 239 μhartrees below the best ECG value
obtained at R = 3.015 bohr and about 50 times outside its
estimated uncertainty. The reason for this discrepancy is
unclear at the moment. It is possible that it is due to an
overestimated value of the size-consistency correction and (or)
flaws in the extrapolation procedure used in Holka et al.’s
calculations. In conclusion, currently only ECG-based ap-
proaches can provide reliable data and at the same time achieve
microhartree-level accuracy in the LiH calculations.

Table 20. Comparison of Calculated and Experimental
Transition Energies of 7LiHa

Holka et al.234 Tung et al.180

v′ → v″ ΔE1b,h ΔE2
c,h ΔEBO

d,h ΔE3
e,h

1 → 0 0.88 0.59 0.53 0.06
2 → 1 0.64 0.37 0.47 0.01
3 → 2 0.53 0.28 0.51 0.08
4 → 3 0.39 0.16 0.51 0.09
5 → 4 0.22 0.01 0.48 0.07
6 → 5 0.07 −0.13 0.41 0.03
7 → 6 −0.06 −0.22 0.40 0.02
8 → 7 −0.13 −0.28 0.41 0.05
9 → 8 −0.20 −0.32 0.41 0.07
10 → 9 −0.23 −0.32 0.44 0.12
11 → 10 −0.26 −0.32 0.40 0.11
12 → 11 −0.30 −0.32 0.36 0.08
13 → 12 −0.31 −0.30 0.35 0.09
14 → 13 −0.32 −0.25 0.31 0.07
15 → 14 −0.27 −0.17 0.30 0.09
16 → 15 −0.19 −0.04 0.37 0.15
17 → 16 −0.09 0.09 0.37 0.11
18 → 17 0.03 0.24 0.17 −0.17
19 → 18 0.16 0.40 0.25 −0.22
20 → 19 0.38 0.62 1.21 0.58
21 → 20 (0.89)f (1.13)f 0.12 −0.79
22 → 21 (2.43)f (2.70)f 1.61 0.60
rmsg 0.35 0.31 0.48 0.16

aThe calculated transitions include those obtained with and without
the adiabatic correction and are given in cm−1. ΔE is the difference
between the experimental and the calculated transitions. bThe BO
PEC includes DBOC, MVD (mass-velocity and Darwin), and
nonadiabatic contributions.234 cThe BO PEC includes DBOC and
MVD contributions.234 dThe BO PEC.180 eThe BO PEC includes
DBOC contributions.180 fValues in parentheses are extrapolated
vibrational levels.234 gThe root-mean-square calculations include the
vibrational transition up to v′ = 20 → v″ = 19. hCalculated transitions
are compared with the empirical values derived by Coxon and
Dickson.235 The uncertainty is smaller than 0.0001 cm−1 for v = 0−5,
smaller than 0.001 cm−1 for v = 6, and smaller than 0.01 cm−1 for v ≥
7.

Table 21. Comparison of the BO Potential Depth and the
Contribution of the DBOC Calculated by Holka et al. and
Tung et al.a

De (BO) ΔDBOC

Holka et al. 20 305.4 −12.0
Tung et al. 20 298.8 −10.7
ΔE 6.6 −1.3

aThe ΔE is the difference of two calculations.

Table 22. Comparison of Values of the LiH Dissociation
Energy Calculated with Different Methods with the
Experimental Energy

authors De (eV) method

Li and Paldus240 ∼2.5006 CCSD-[4R]/cc-pVQZ
Lundsgaard and
Rudolph241

2.492 full CI/all-electron

Gadeá and Leininger242 2.512 CCSD(T)/all-electron
Bande et al.179 2.521 FC LSE
Holka et al.234 2.5159a MR-CISD + Qp/cc-pwCVXZ (X =

Q, 5, 6)
Tung et al.180 2.51540b ECG
Stwalley and Zemke243 2.51535c experiment (±0.000 04 eV)
a7LiH. This value includes BO, DBOC, and MVD (mass-velocity and
Darwin) contributions. b7LiH. This value includes BO and DBOC
contributions. cExperimental value for 7LiH.
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The relativistic correction to the dissociation energy of 0.5
cm−1 (or 0.000 06 eV) calculated by Holka et al.234 indicates
that the accuracy of the calculations of the vibrational
transitions cannot be further improved by only including the
relativistic (and nonadiabatic) corrections to the BO PEC
corrected for the adiabatic effects. It will also need to involve
improving the quality of the PEC BO energies. One should be
able to achieve the accuracy of at least ×10−7 hartree in
calculating these BO energies in order for the relativistic effects
to start to matter. Such an increase of the accuracy is certainly
within the reach of ECG calculations.

11.3. Diagonal Adiabatic Corrections to the BO Energy for
Molecules Containing up to Three Nuclei

In this section we will not discuss specific calculations, but
rather describe how to perform calculations of the diagonal
adiabatic corrections (DBOC) when employing floating ECGs.
Including effects beyond the BO approximation in the
calculations involves the calculation of the gradient of the
wave function with respect to the nuclear coordinates.
Unfortunately, floating ECGs do not explicitly depend on the
nuclear coordinates, and therefore indirect methods to retrieve
that dependency need to be devised. In this section an
approach which is capable of approximately accounting for the
implicit dependency of the floating ECG basis functions on the
nuclear coordinates in calculating the DBOC is described in
mathematical terms. The method was first introduced by
Cencek et al.159 and it is based on the Gaussian product
theorem (GPT). The GPT states that the product of two
Gaussians is a Gaussian. In addition, it is possible to relate the
nonlinear parameters of the two Gaussians in the product to
the ones of the Gaussian being the product of the two.
Unfortunately, to our knowledge, there is no GPT equivalent
for floating ECGs and some approximations need to be made
to represent a floating ECG as a product of other floating
ECGs. Application of the GPT to diatomics is straightforward
and involves minimal approximation. As a testament of this,
there are above-reviewed calculations of the LiH molecule by
Tung et al.180 and calculations on other diatomics by Cencek et
al.,159 which have proven a high accuracy of the GTP-based
procedure.
More problematic is the extension of the GPT algorithm to

triatomics and, more specifically, their linear configurations. In
this section, we describe a general derivation of a GPT-based
approach to calculate the DBOC. The approach reduces to the
procedure of Cencek et al. for the diatomic case, but it also
allows for the calculation of the DBOC for triatomics even in
their linear configurations.
The calculation of the adiabatic corrections is performed by

using the Born−Handy formula:

∑ ∑= ⟨Ψ| − ∂
∂

|Ψ⟩
α α= =α α
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M Q
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i i
ad

1 1

3 2

2
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where K is the total number of nuclei in the molecule, Mα are
the nuclear masses, and iα denote the Cartesian directions of
the nuclear coordinate displacements. In the above approach,
the partial second derivative with respect to nuclear coordinate
Qiα is evaluated numerically by calculating the ground state BO

wave function at two nuclear configurations, where Qiα is

displaced backward and forward by a small distance, Qiα
+ and Qiα

−,
according to the following formula:159
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where ΔQ = Qiα
+ − Qiα

−, and S = ⟨Ψ(Qiα
+)|Ψ(Qiα

−)⟩. Let us now
describe how the nonlinear parameters of the wave function at
the shifted nuclear configuration can be approximated. As an
example let us consider H3

+. Let us first introduce three 3-
dimensional vectors, Q1, Q2, and Q3, containing the
coordinates of the three nuclei of H3

+. Next, we introduce
three two-electron “ionic” functions, ϕI, ϕII, and ϕIII, that have
the following shifts of the Gaussian centers:
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where i is equal to either 1, 2, or 3.
In this derivation the subscript i denotes the nonlinear

parameters of the newly introduced, atom-centered functions
ϕI, ϕII, and ϕIII, while the subscript k denotes the nonlinear
parameters of the function we are shifting.
The ϕI, ϕII, and ϕIII functions are called ionic because in eq

121 both Gaussian centers coincide with the position of a
nucleus. With that, we can approximate any floating ECG basis
function (ϕk) by a product of the three ionic functions
introduced above as

∑ϕ ϕ ϕ ϕ= = − ′ + ′ − ′
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where Ai is Ai ⊗ I3. By equating like terms in eq 122, one gets
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where sk is the 3n-dimensional (six-dimensional for H3
+)

Gaussian shift vector. By assuming that Ai = aiAk, eqs 123 and
124 become
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∑ =
=

a s s
i

i i k
1

3

(127)

Notice that eq 127 is actually composed of two independent
equations, one for the x coordinates and one for the y
coordinates. For nonlinear geometries of H3

+ eqs 126 and 127
are sufficient to predict the floating-ECG shift vectors for the
new geometrical configuration of the nuclei. The procedure
involves the following steps.
1. For each floating ECG, the three auxiliary functions, ϕI−

ϕIII, are constructed by using the H3
+ nuclear coordinates as the

shift vectors as shown in eq 121.
2. Three independent equations in eqs 126 and 127 are

solved to obtain the values of the a1, a2, and a3 parameters.
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3. The new Gaussian shift vector sk is computed directly from
eq 127 for the new, changed H3

+ geometry, i.e., Qi ± (1/
2)ΔQi.
However, eqs 126 and 127 are not independent when the

H3
+ geometry becomes linear. The linear case is dealt with by

making use of only those equations in eqs 127 and 125 which
do not zero out in this situation. In addition, eq 125 needs to be
simplified (approximated) by “decoupling” the terms corre-
sponding to different electrons in order to make eqs 123−125
specific to each Gaussian center. In the “decoupling” we assume
that the off-diagonal terms in Ak are small compared to the
diagonal terms. This turns eq 125 into an equation that
constrains the squares of the x-coordinates of the Gaussian
centers to the square of the corresponding x-coordinate of the
α nucleus:

+ + =a a a 11 2 3 (128)

+ + = αa x a x a x x1 1 2 2 3 3 (129)

+ + = αa x a x a x x1 1
2

2 2
2

3 3
2 2

(130)

where it is assumed that the linear H3
+ lies on the x-axis. With

that, even for a linear H3
+ configuration, the system of

equations, eqs 123−125, is nonsingular and can be solved. We
should point out that, strictly speaking, eq 125 (and in turn also
eq 130) is an ad hoc condition as it formally enforces the
product of the three nuclear-centered ECGs to have the same
norm as the original Gaussian.

12. CALCULATING MOLECULAR PROPERTIES WITH
ECGS: THE BO CASE

In addition to the total energy, some molecular properties
calculated with ECGs have also been a focus of recent studies.
Important properties, such as the quadrupole moment,244

dipole and quadrupole polarizabilities,245 one-electron den-
sity,92 electric field gradient at the nuclei,246 and post-BO
corrections to the total energy26,103,212 have been successfully
calculated with the ECG basis set even though ECGs are not
capable of satisfying the Kato cusp condition115 (see section
2.6). The ECGs decaying faster at large interparticle distances
than expected by the asymptotic conditions for the exact
solutions of the SE usually have small effects on the energy, but
may more strongly affect the calculations of some properties.
BO calculations performed with ECGs may need to involve
thousands of basis functions (from about 1000 for two-electron
systems176 to over 5000 for systems having more than four
particles95,180), if convergence of 10 significant digits in the
energy is targeted. In this review we limit ourselves to
describing only one example of property calculations. The
example concerns the electric field gradient (EFG) at the
nuclear positions in the H2 molecule, as well as its
isotopologues involving deuterium.
12.1. EFG at the Nuclei and the Deuterium Quadrupole
Constant

The EFG is an important quantity for many spectroscopies:
molecular beam resonance, nuclear magnetic resonance,247

nuclear quadrupole resonance,248 Mössbauer spectroscopy,249

and electron paramagnetic resonance,250 just to mention a few.
These techniques exploit specific nuclear characteristics (i.e.,
distinct isotopes, decay of excited nuclear states, nuclear spin
transitions, etc.), which may involve the coupling between the
quadrupole moment of a nucleus with the gradient of the

electric field due to the electron and nuclear charges at the
position of that nucleus.
The coupling constant of the nuclear quadrupole/EFG

interaction is defined by first-order perturbation theory as γ =
(2e2Q⟨q⟩)/(4πε0h), where ⟨q⟩ is the vibrationally averaged
anisotropic part of the EFG evaluated at the nucleus whose
quadrupole moment is Q, e and h are the electron charge and
the Planck constant, respectively, and 4πε0 is the usual constant
that appears in Coulomb’s law. γ in HD and D2 has been
obtained with four to five digit accuracy by Ramsey and co-
workers from molecular-beam magnetic resonance measure-
ments.251,252

The fundamental constant Q can be estimated by combining
the measured γ with a calculated value of ⟨q⟩. It is important to
stress that the accuracy of the calculations of ⟨q⟩ determines the
accuracy of the determination of the hyperfine quadrupole
interaction. The ECG calculation of ⟨q⟩ does not come without
complications, as EFG matrix elements over basis functions of
the type shown in eq 48 contain the second derivative of the
error function.246

In Figure 1 a plot of the difference between the EFG
calculated at the nuclei of the H2 molecule obtained by

Pavanello et al.246 and the previously best literature results253

for q as a function of the H−H internuclear distance is shown.
There are two important observations to be made about Figure
1. The first one is that the U-shaped trend of the curve seems to
suggest that the Kołos−Wolniewicz-type basis set used by Reid
et al. is likely not large enough. In addition, the curve shows
that the values calculated by Reid et al. are subject to some
numerical instability. Namely, there are some q values which
seem too high and some which seem too low.
In Table 23 the values of the deuteron quadrupole constant

Q are derived from the vibrationally averaged ⟨q⟩ value and the
experimentally measured quadrupole splitting. The value of Q
of 0.285 783(30) fm2 derived in ref 246 is so far the most
accurate to date. The uncertainty in this value is almost entirely
due to the experimental uncertainty of the quadrupole
interaction constant, γ (and perhaps also to the nonadiabatic
effects).

Figure 1. Difference between the field gradient calculated with ECGs
in ref 246 and the one calculated with the Kołos−Wolniewicz basis
functions in ref 253.
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13. SUMMARY

In this work we have attempted to review the current state of
efforts to use ECGs in calculations of small atomic and
molecular systems with very high accuracy. Such high accuracy
can be achieved either by performing very precise BO
calculations and correcting the results for adiabatic and
nonadiabatic effects or by treating the nuclei (nucleus for an
atom) and electrons on equal footing and explicitly including
their motions in the Hamiltonian and in the wave function. For
high accuracy, the results have to be also corrected for the
relativistic and QED effects. It is shown that by using large basis
sets of ECGs and by variationally optimizing their nonlinear
parameters with a method based on the analytical energy
gradient it is possible to determine the energies of ground and
excited states of these systems with an accuracy approaching
the accuracy of the most precise experimental measurements.
The ECGs seem to be capable of very well describing the
oscillatory nature of the wave function at any excitation level.
In moving forward with the development of ECG techniques

for very accurate BO and non-BO atomic and molecular
calculations, several directions need to be considered. Future
work needs to include extending the non-BO approach
presented in this review to diatomic states with rotational
quantum numbers higher than zero. It will also need to include
extending the non-BO approach to molecules with more than
two nuclei. Furthermore, the work, which is currently already in
progress, needs to concern the development of BO and non-
BO tools to calculate the leading QED effects in ground and
excited molecular states. With that, it is hoped that the
remaining differences between the results of the theoretical
calculations and the data acquired in experiments will be further
narrowed.
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(113) Puchalski, M.; Keḑziera, D.; Pachucki, K. Phys. Rev. A 2009, 80,
032521.
(114) Rebane, T. K.; Zotev, V. S.; Yusupov, O. N. Zh. Eksp. Teor. Fiz.
1996, 110, 55−62; J. Exp. Theor. Phys. 1996, 83, 28.
(115) Kato, T. Commun. Pure Appl. Math. 1957, 10, 151.
(116) James, H. M.; Coolidge, A. S. J. Chem. Phys. 1933, 1, 825.
(117) Kołos, W. J. Chem. Phys. 1994, 101, 1330.
(118) Kołos, W.; Wolniewicz, L. J. Chem. Phys. 1966, 45, 509.
(119) Wolniewicz, L. Can. J. Phys. 1976, 54, 672.
(120) Wolniewicz, L. J. Chem. Phys. 1995, 103, 1792.
(121) Kołos, W.; Wolniewicz, L. J. Chem. Phys. 1965, 43, 2429.
(122) Nakatsuji, H.; Nakashima, H.; Kurokawa, Y.; Ishikawa, A. Phys.
Rev. Lett. 2007, 99, 240402.
(123) Sims, J. S.; Hagstrom, S. A. J. Chem. Phys. 2006, 124, 094101.
(124) Cencek, W.; Komasa, J.; Pachucki, K.; Szalewicz, K. Phys. Rev.
Lett. 2005, 95, 233004.
(125) King, H. F. J. Chem. Phys. 1967, 46, 705.
(126) Jeziorski, B.; Bukowski, R.; Szalewicz, K. Int. J. Quantum Chem.
1997, 61, 769.
(127) Hill, R. N. Int. J. Quantum Chem. 1998, 68, 357.
(128) Bubin, S.; Adamowicz, L. J. Chem. Phys. 2008, 128, 114107.
(129) Bubin, S.; Adamowicz, L. Phys. Rev. A 2009, 79, 022501.
(130) Bubin, S.; Adamowicz, L. Phys. Rev. A 2011, 83, 022505.
(131) Bubin, S.; Adamowicz, L. J. Chem. Phys. 2011, 135, 214104.
(132) Sharkey, K. L.; Adamowicz, L. J. Chem. Phys. 2011, 134,
094104.
(133) Rebane, T. K.; Vitushinskii, P. V. Opt. Spectrosc. 2002, 92, 17.
(134) Bubin, S.; Adamowicz, L. J. Chem. Phys. 2006, 124, 224317.
(135) Sharkey, K. L.; Pavanello, M.; Bubin, S.; Adamowicz, L. Phys.
Rev. A 2009, 80, 062510.
(136) Sharkey, K. L.; Bubin, S.; Adamowicz, L. J. Chem. Phys. 2010,
132, 184106.
(137) Sharkey, K. L.; Bubin, S.; Adamowicz, L. J. Chem. Phys. 2011,
134, 044120.
(138) Sharkey, K. L.; Bubin, S.; Adamowicz, L. J. Chem. Phys. 2011,
134, 194114.
(139) Sharkey, K. L.; Bubin, S.; Adamowicz, L. Phys. Rev. A 2011, 83,
012506.
(140) Cafiero, M.; Bubin, S.; Adamowicz, L. Phys. Chem. Chem. Phys.
2003, 5, 1491.
(141) Bubin, S.; Cafiero, M.; Adamowicz, L. Quantum mechanical
calculations on molecules containing positrons. In Fundamental World
of Quantum Chemistry; Bran̈das, E. J., Kryachko, E. S., Eds.; Kluwer:
Dordrecht, The Netherlands, 2004; Vol. 3, p 521.
(142) Bednarz, E.; Bubin, S.; Adamowicz, L. J. Chem. Phys. 2005, 122,
164302.
(143) Bubin, S.; Bednarz, E.; Adamowicz, L. J. Chem. Phys. 2005, 122,
041102.
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1 D states of the beryllium atom: Quantum mechanical nonrelativistic calculations employing
explicitly correlated Gaussian functions

Keeper L. Sharkey,1 Sergiy Bubin,2 and Ludwik Adamowicz1,3,*

1Department of Chemistry and Biochemistry, University of Arizona, Tucson, Arizona 85721, USA
2Department of Physics and Astronomy, Vanderbilt University, Nashville, Tennessee 37235, USA

3Department of Physics, University of Arizona, Tucson, Arizona 85721, USA
(Received 12 July 2011; published 12 October 2011)

Very accurate finite-nuclear-mass variational nonrelativistic calculations are performed for the lowest five
1D states (1s2 2p2, 1s2 2s1 3d1, 1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1) of the beryllium atom (9Be). The
wave functions of the states are expanded in terms of all-electron explicitly correlated Gaussian functions. The
exponential parameters of the Gaussians are optimized using the variational method with the aid of the analytical
energy gradient determined with respect to those parameters. The calculations exemplify the level of accuracy
that is now possible with Gaussians in describing bound states of a four-electron system where some of the
electrons are excited into higher angular states.

DOI: 10.1103/PhysRevA.84.044503 PACS number(s): 31.15.ac, 31.15.V−

I. INTRODUCTION

We recently investigated the Rydberg series of 2D states of
the lithium atom in very accurate quantum-mechanical calcula-
tions carried out with explicitly correlated Gaussian functions
[1,2]. A total of nine states were computed. For the upper states
the results obtained in the calculation enabled refinement of the
experimentally determined energies of those states. Rydberg
D states have also been measured with high accuracy for the
beryllium atom, and the corresponding data are gathered in the
NIST atomic spectra database [3]. The database lists eleven 1D

and ten 3D states of this system. In the lithium calculations we
noticed that the difference between the energies of the 2D states
calculated at the nonrelativistic level of theory with the finite-
nuclear-mass approach and the experimental energies become
almost constant at higher quantum numbers, indicating that the
relativistic and quantum electrodynamic (QED) corrections for
the states corresponding to those numbers are virtually identi-
cal. The calculations also showed that the difference converges
to the energy difference between the ground-state energies
of Li and Li+ as it should. This is because by exciting the
valence electron to increasingly higher 2D states we essentially
remove it from the atom and form the Li++e− system. One aim
of the present calculations is to test if a similar convergence
occurs for a four-electron atom where the relativistic and QED
corrections are considerably larger in magnitude.

The variational approach we developed that employs the
explicitly correlated Gaussians for describing excited higher
angular momentum states of small atoms is currently the only
method capable of delivering energies of these types of states
for atomic systems with more than three electrons with an
absolute accuracy of 10−7–10−8 hartree. An important feature
of the method that enables achieving the high accuracy is the
use of the analytic gradient of the energy in the variational
optimizations of the exponential parameters of the Gaussians.
In this work we test what level of energy convergence can
be achieved with the method for the five lowest 1D Rydberg
states of the beryllium atom. Can the sub-0.01-cm−1 accuracy

*ludwik@u.arizona.edu

achieved for the D states of the 7Li atom [1] be also achieved
for 9Be? The states considered in this work correspond to
the following electronic configurations: 1s2 2p2, 1s2 2s1 3d1,
1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1. These states are
calculated with high accuracy.

The gradient-aided optimization and related algorithms
were described in our previous works [2,4,5]. These algorithms
were derived using a nonrelativistic Hamiltonian that explicitly
depends on the mass of the nucleus. This Hamiltonian,
called the internal Hamiltonian Ĥint is obtained by rigorously
separating the kinetic energy of the center-of-mass motion
from the laboratory-frame Hamiltonian. It has the following
form in atomic units:

Ĥint = −1

2

⎛
⎜⎝

n∑
i=1

1

μi

∇2
ri

+
n∑

i,j=1
i �=j

1

m0
∇′

ri
∇rj

⎞
⎟⎠

+
n∑

i=1

q0qi

ri

+
n∑

i>j=1

qiqj

rij

, (1)

where n is the number of electrons, ri is the distance
between the ith electron and the nucleus, m0 is the nucleus
mass (16424.2037me for 9Be, where me = 1 is the electron
mass), q0 is its charge, qi are electron charges, and μi =
m0mi/ (m0 + mi) are electron reduced masses (mi = me,
i = 1, . . . ,n). Prime indicates the matrix or vector transpose.

Because Ĥint is explicitly dependent on the mass of the
nucleus, it allows the direct calculation of energy levels of a
particular isotope without resorting to accounting for the finite
mass of the nucleus using the perturbation approach. It also
allows infinite-nuclear-mass (INM) calculations by setting the
mass of the nucleus in Eq. (1) to infinity. Since the results of
such calculations can be directly compared with conventional
calculations performed with an infinite nuclear mass, we have
included the INM results in this work.

II. BASIS SET AND ITS OPTIMIZATION

While the wave functions of higher 1D states of Be are
described as corresponding to the 1s2 2s1 nd1 configurations,

044503-11050-2947/2011/84(4)/044503(3) ©2011 American Physical Society
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the lowest state corresponds to the 1s2 2p2 configurations. This
indicates that in all 1D states the two types of configurations
mix to some extent. This mixing reflecting the different ways
the angular momenta of single electrons are added to form a 1D

state has to be properly represented by the basis set used in the
calculations. Because there are five degenerate states for each
1D energy level (the states correspond to five different values
of the ML quantum number), one needs to perform calculations
for only one of them. In this work we have calculated the
ML = 0 states. An appropriate explicitly correlated Gaussian
basis set for such states consists of the following functions [2]:

φk = (
xik xjk

+ yjk
yik − 2zik zjk

)
exp[−r′ (Ak ⊗ I3) r], (2)

where electron labels ik and jk are either equal or not equal
to each other and can range from 1 to n. Ak in Eq. (2) is an
n × n symmetric matrix, ⊗ is the Kronecker product, I3 is
a 3 × 3 identity matrix, and r is a 3n vector of the electron
coordinates. Gaussians (2) have to be square integrable which
implies that the Ak matrix has to be positive definite. To
make it happen we use the following Cholesky factored
form of Ak: Ak = LkL

′
k , where Lk is a lower triangular

matrix with matrix elements ranging from ∞ to −∞. Ak

in such a form is automatically positive definite and the
Gaussian is square integrable. The advantage of using Ak as
LkL

′
k in the variational minimization of the energy is that

this minimization can be carried out with respect to the Lk

parameters without any constraints regarding their values.
In the approach employed in the present calculations we

use the spin-free formalism to implement the correct permu-
tational symmetry of the wave function. In this formalism, an
appropriate symmetry projector is applied to the spatial parts of
the wave function to impose the desired symmetry properties.
The symmetry projector can be constructed using the standard
procedure involving Young operators as described, for exam-
ple, in Ref. [6]. For 1D states of beryllium, the Young operator
can be chosen as Ŷ = (1 − P̂13)(1 − P̂24)(1 + P̂12)(1 + P̂34),
where P̂ij denotes the permutation of the spatial coordinates
of the ith and j th electrons. Since the internal Hamiltonian (1)
commutes with all electron permutations, in the calculation
of the overlap and Hamiltonian matrix elements, Ŷ may be
applied to the ket basis functions only (as Ŷ †Ŷ ).

The variational optimization of the basis set for each of
the five states considered in this work has been performed
separately. For each set of basis functions, the Lk parameters

and the ik and jk indices were optimized. As mentioned, the
analytical gradient was employed in the minimization of the
energy with respect to the Lk parameters. A more detailed
description of the procedure can be found in our previous
works [1,2,5]. The basis sets for the considered states were
only optimized for 9Be. In the case of the infinite nuclear mass
(∞Be), we only reoptimized the linear expansion coefficients
in the basis functions, because the change in the wave function
due to setting m0 to infinity is relatively small.

III. RESULTS

The most time-consuming step of the calculations was the
generation of the Gaussian basis sets for the considered states.
The basis set for each state was grown from a small number
of randomly chosen number of functions to the size of 4200
functions. The growing process involved adding subsets of
100 functions to the basis and optimizing them one by one
with the gradient-aided optimization procedure. At this stage,
the ik and jk indices involved in the preexponential factor of
each Gaussian were also optimized. After the addition of each
subset was completed, the whole basis set was optimized by
cycling over all functions and optimizing them again one by
one. The optimization of basis functions may yield linearly
dependencies between basis functions in the basis set. Linear
dependencies between basis functions are undesirable because
they may cause inaccuracies in the computed energies or even a
complete failure of the optimization procedure. In the approach
we use, the linear dependencies are eliminated by checking
whether each function after its parameters are reoptimized
overlaps too much with any other function in the basis set.
If this happens the parameters of the function are reset to
their values before the reoptimization. We noticed that linear
dependencies appear more often for smaller basis sets, but tend
to become less frequent as the size of the basis set increases.

In Table I we show the convergence of the energies of
the five considered states with the number of functions in
the basis set. With the results obtained with 4200 Gaussians
we also show estimates by how much the particular energy
differs from the estimated exact value. As one notices,
the convergence is not quite uniform. It indicates that it is
somewhat more difficult to converge the lowest 1s22p2 state
than the next 1s2 2s1 3d1 state. For higher states, as expected,
the convergence becomes slower as the level of excitation

TABLE I. Convergence of the total variational nonrelativistic finite-nuclear-mass energies (in hartrees) of the 1s2 2p2, 1s2 2s1 3d1,
1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1 1D states of 9Be with the number of basis functions. For the largest basis set of 4200 functions, we also
show ∞Be energies. The values in parentheses indicate the estimated difference between our variational upper bounds and the exact energies.

Basis 1s2 2p2 1s2 2s1 3d1 1s2 2s1 4d1 1s2 2s1 5d1 1s2 2s1 6d1

9Be 2100 −14.40734958 −14.37292338 −14.35308024 −14.34295507 −14.33726185
2400 −14.40735018 −14.37292393 −14.35308080 −14.34295582 −14.33726318
2700 −14.40735055 −14.37292425 −14.35308114 −14.34295629 −14.33726404
3000 −14.40735072 −14.37292439 −14.35308137 −14.34295650 −14.33726452
3300 −14.40735086 −14.37292451 −14.35308148 −14.34295670 −14.33726489
3600 −14.40735097 −14.37292461 −14.35308157 −14.34295685 −14.33726516
3900 −14.40735105 −14.37292468 −14.35308165 −14.34295696 −14.33726536
4200 −14.40735112(40) −14.37292473(30) −14.35308171(50) −14.34295705(60) −14.33726551(70)

∞Be 4200 −14.40823703(40) −14.37382438(30) −14.35398265(50) −14.34385775(60) −14.33816595(70)
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TABLE II. Convergence of the energies (in cm−1) of the 1s2 2p2, 1s2 2s1 3d1, 1s2 2s1 4d1, 1s2 2s1 5d1, and 1s2 2s1 6d1 1D states of Be
atom determined with respect to the ground 1 S (1s2 2s2) state.a The calculated energies are compared with the experimental energies. For ∞Be
only the energies obtained with the largest basis set are shown.

Basis 1s2 2p2 1s2 2s1 3d1 1s2 2s1 4d1 1s2 2s1 5d1 1s2 2s1 6d1 1s2 2s1 ∞d1 b

9Be 2100 56862.79 64418.46 68773.53 70995.75 72245.27
2400 56862.66 64418.34 68773.41 70995.58 72244.97
2700 56862.58 64418.27 68773.33 70995.48 72244.79
3000 56862.54 64418.24 68773.28 70995.43 72244.68
3300 56862.51 64418.22 68773.26 70995.39 72244.60
3600 56862.48 64418.20 68773.24 70995.36 72244.54
3900 56862.46 64418.18 68773.22 70995.33 72244.50
4200 56862.45(5) 64418.17(5) 68773.21(5) 70995.31(10) 72244.46(15)

75185.87
∞Be 4200 56668.01(5) 64220.72(5) 68575.47(5) 70797.63(10) 72046.84(15)

75190.54

Experiment [3] 56882.43 64428.31 68780.86 71002.34 72251.27 75192.64
Differencec −19.98 −10.14 −7.65 −7.03 −6.81 −6.77

aThe ground-state energy E(9Be) = −14.666435504 hartree, and E(∞Be) = −14.667356486 hartree were taken from Ref. [7]
bEnergy difference between the ground 1s2 2s2 state of Be and the ground 1s2 2s1 state of Be+. E(9Be+) = −14.3238634944 hartree and
E(∞Be+) = −14.3247631764 hartree [8].
cDifference between the calculated 9Be value and the experimental transition energy.

increase (i.e., as n in 1s2 2s1 nd1 increases). However,
overall, even for the highest considered state (1s2 2s1 6d1),
the estimated error with respect to the exact energy is only
0.000 000 70 hartree. In Table I we also show the INM results
calculated in the basis sets of 4200 Gaussians.

In Table II we show the convergence of the relative
energies of the five states 9Be calculated with respect to the
ground-state (1s2 2s2) energy. The relative energies are also
shown for ∞Be. The calculated values are compared with
the experimental transition energies [3] and the differences
between the experimental and the calculated transition
frequencies are shown. As mentioned, these differences are
due to the relativistic, QED, and other higher-order effects
not accounted for in the calculations.

In Table II we also include the 9Be electron ionization
energy obtained experimentally and in the calculations.
This entry is marked as 1s2 2s1 ∞d1 because removing an
electron from the Be atom is equivalent to exciting it to the
Rydberg ∞d state. As mentioned, one may expect that as
the excitation level increases, the experimental–calculated
difference of the transition energies should show convergence
to the difference between the experimental and calculated
ionization energies, if the calculated energies are obtained
at the nonrelativistic level. Upon examination of the values

shown in the table, it is clear that the expected trend indeed
occurs. The experimental–calculated difference smoothly
converges from below to the value of −6.77 cm−1, which is the
difference between the calculated nonrelativistic ionization
potential of 9Be and the experimental value of this potential.

IV. SUMMARY

In this work we have presented high-accuracy calculations
of the five lowest 1D states of the 9Be atom. Up to 4200 all-
electron explicitly correlated Gaussian functions were used for
each state and their exponential parameters were extensively
optimized using a procedure which utilizes the gradient of
the energy determined with respect to these parameters. It
was shown that, as expected, the difference between the
experimental and relative energies determined with respect
to the ground 1S 1s2 2s2 state and the corresponding energy
calculated at the nonrelativistic level of the theory converges
with the increasing level of the electronic excitation to the
difference between the experimental and calculated ionization
potentials of 9Be. Since the difference can be primarily
attributed to the relativistic and QED effects not yet accounted
for in the calculations, it shows that the contribution of these
effects becomes almost constant for higher Rydberg states.
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All payments must be made in full to CCC. For payment instructions, please see
information listed at the bottom of this form.

License Number 3644340127218

Order Date Jun 08, 2015

Publisher AIP Publishing LLC

Publication Journal of Chemical Physics

Article Title Explicitly correlated Gaussian calculations of the 2D Rydberg states
of the boron atom

Author Keeper L. Sharkey,Sergiy Bubin,Ludwik Adamowicz

Online Publication Date Aug 10, 2012

Volume number 137

Issue number 6

Type of Use Thesis/Dissertation

Requestor type Author (original article)

Format Print and electronic

Portion Excerpt (> 800 words)

Will you be translating? No

Title of your thesis /
dissertation

ery Accurate Quantum Mechanical NonRelativistic Spectra
Calculations of Small Atoms & Molecules Employing AllParticle
Explicitly Correlated Gaussian Basis Functions

Expected completion date Jun 2015

Estimated size (number of
pages)

300

Total 0.00 USD

Terms and Conditions

AIP Publishing LLC  Terms and Conditions: Permissions Uses

AIP Publishing LLC ("AIPP"") hereby grants to you the nonexclusive right and license to use
and/or distribute the Material according to the use specified in your order, on a onetime basis,
for the specified term, with a maximum distribution equal to the number that you have ordered.
Any links or other content accompanying the Material are not the subject of this license.

1.  You agree to include the following copyright and permission notice with the reproduction of
the Material:"Reprinted with permission from [FULL CITATION]. Copyright [PUBLICATION
YEAR], AIP Publishing LLC." For an article, the copyright and permission notice must be
printed on the first page of the article or book chapter. For photographs, covers, or tables,
the copyright and permission notice may appear with the Material, in a footnote, or in the
reference list.

2.  If you have licensed reuse of a figure, photograph, cover, or table, it is your responsibility
to ensure that the material is original to AIPP and does not contain the copyright of another
entity, and that the copyright notice of the figure, photograph, cover, or table does not
indicate that it was reprinted by AIPP, with permission, from another source. Under no
circumstances does AIPP, purport or intend to grant permission to reuse material to which
it does not hold copyright.

3.  You may not alter or modify the Material in any manner. You may translate the Material
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into another language only if you have licensed translation rights. You may not use the
Material for promotional purposes. AIPP reserves all rights not specifically granted herein.

4.  The foregoing license shall not take effect unless and until AIPP or its agent, Copyright
Clearance Center, receives the Payment in accordance with Copyright Clearance Center
Billing and Payment Terms and Conditions, which are incorporated herein by reference.

5.  AIPP or the Copyright Clearance Center may, within two business days of granting this
license, revoke the license for any reason whatsoever, with a full refund payable to you.
Should you violate the terms of this license at any time, AIPP, AIP Publishing LLC, or
Copyright Clearance Center may revoke the license with no refund to you. Notice of such
revocation will be made using the contact information provided by you. Failure to receive
such notice will not nullify the revocation.

6.  AIPP makes no representations or warranties with respect to the Material. You agree to
indemnify and hold harmless AIPP, AIP Publishing LLC, and their officers, directors,
employees or agents from and against any and all claims arising out of your use of the
Material other than as specifically authorized herein.

7.  The permission granted herein is personal to you and is not transferable or assignable
without the prior written permission of AIPP. This license may not be amended except in a
writing signed by the party to be charged.

8.  If purchase orders, acknowledgments or check endorsements are issued on any forms
containing terms and conditions which are inconsistent with these provisions, such
inconsistent terms and conditions shall be of no force and effect. This document, including
the CCC Billing and Payment Terms and Conditions, shall be the entire agreement between
the parties relating to the subject matter hereof.

This Agreement shall be governed by and construed in accordance with the laws of the State
of New York. Both parties hereby submit to the jurisdiction of the courts of New York
County for purposes of resolving any disputes that may arise hereunder.

Questions? customercare@copyright.com or +18552393415 (toll free in the US) or
+19786462777.
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AIP PUBLISHING LLC LICENSE
TERMS AND CONDITIONS

Jun 09, 2015
All payments must be made in full to CCC. For payment instructions, please see
information listed at the bottom of this form.

License Number 3644880217773

Order Date Jun 09, 2015

Publisher AIP Publishing LLC

Publication Journal of Chemical Physics

Article Title An algorithm for quantum mechanical finitenuclearmass
variational calculations of atoms with L = 3 using allelectron
explicitly correlated Gaussian basis functions

Author Keeper L. Sharkey,Nikita Kirnosov,Ludwik Adamowicz

Online Publication Date Mar 12, 2013

Volume number 138

Issue number 10

Type of Use Thesis/Dissertation

Requestor type Author (original article)

Format Print and electronic

Portion Excerpt (> 800 words)

Will you be translating? No

Title of your thesis /
dissertation

ery Accurate Quantum Mechanical NonRelativistic Spectra
Calculations of Small Atoms & Molecules Employing AllParticle
Explicitly Correlated Gaussian Basis Functions

Expected completion date Jun 2015

Estimated size (number of
pages)

300

Total 0.00 USD

Terms and Conditions

AIP Publishing LLC  Terms and Conditions: Permissions Uses

AIP Publishing LLC ("AIPP"") hereby grants to you the nonexclusive right and license to use
and/or distribute the Material according to the use specified in your order, on a onetime basis,
for the specified term, with a maximum distribution equal to the number that you have ordered.
Any links or other content accompanying the Material are not the subject of this license.

1.  You agree to include the following copyright and permission notice with the reproduction of
the Material:"Reprinted with permission from [FULL CITATION]. Copyright [PUBLICATION
YEAR], AIP Publishing LLC." For an article, the copyright and permission notice must be
printed on the first page of the article or book chapter. For photographs, covers, or tables,
the copyright and permission notice may appear with the Material, in a footnote, or in the
reference list.

2.  If you have licensed reuse of a figure, photograph, cover, or table, it is your responsibility
to ensure that the material is original to AIPP and does not contain the copyright of another
entity, and that the copyright notice of the figure, photograph, cover, or table does not
indicate that it was reprinted by AIPP, with permission, from another source. Under no
circumstances does AIPP, purport or intend to grant permission to reuse material to which
it does not hold copyright.
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3.  You may not alter or modify the Material in any manner. You may translate the Material
into another language only if you have licensed translation rights. You may not use the
Material for promotional purposes. AIPP reserves all rights not specifically granted herein.

4.  The foregoing license shall not take effect unless and until AIPP or its agent, Copyright
Clearance Center, receives the Payment in accordance with Copyright Clearance Center
Billing and Payment Terms and Conditions, which are incorporated herein by reference.

5.  AIPP or the Copyright Clearance Center may, within two business days of granting this
license, revoke the license for any reason whatsoever, with a full refund payable to you.
Should you violate the terms of this license at any time, AIPP, AIP Publishing LLC, or
Copyright Clearance Center may revoke the license with no refund to you. Notice of such
revocation will be made using the contact information provided by you. Failure to receive
such notice will not nullify the revocation.

6.  AIPP makes no representations or warranties with respect to the Material. You agree to
indemnify and hold harmless AIPP, AIP Publishing LLC, and their officers, directors,
employees or agents from and against any and all claims arising out of your use of the
Material other than as specifically authorized herein.

7.  The permission granted herein is personal to you and is not transferable or assignable
without the prior written permission of AIPP. This license may not be amended except in a
writing signed by the party to be charged.

8.  If purchase orders, acknowledgments or check endorsements are issued on any forms
containing terms and conditions which are inconsistent with these provisions, such
inconsistent terms and conditions shall be of no force and effect. This document, including
the CCC Billing and Payment Terms and Conditions, shall be the entire agreement between
the parties relating to the subject matter hereof.

This Agreement shall be governed by and construed in accordance with the laws of the State
of New York. Both parties hereby submit to the jurisdiction of the courts of New York
County for purposes of resolving any disputes that may arise hereunder.

Questions? customercare@copyright.com or +18552393415 (toll free in the US) or
+19786462777.
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AIP PUBLISHING LLC LICENSE
TERMS AND CONDITIONS

Jun 10, 2015
All payments must be made in full to CCC. For payment instructions, please see
information listed at the bottom of this form.

License Number 3645490166029

Order Date Jun 10, 2015

Publisher AIP Publishing LLC

Publication Journal of Chemical Physics

Article Title Analytical energy gradient used in variational BornOppenheimer
calculations with allelectron explicitly correlated Gaussian functions
for molecules containing one π electron

Author WeiCheng Tung,Michele Pavanello,Keeper L. Sharkey, et al.

Online Publication Date Mar 22, 2013

Volume number 138

Issue number 12

Type of Use Thesis/Dissertation

Requestor type Author (original article)

Format Print and electronic

Portion Excerpt (> 800 words)

Will you be translating? No

Title of your thesis /
dissertation

ery Accurate Quantum Mechanical NonRelativistic Spectra
Calculations of Small Atoms & Molecules Employing AllParticle
Explicitly Correlated Gaussian Basis Functions

Expected completion date Jun 2015

Estimated size (number of
pages)

300

Total 0.00 USD

Terms and Conditions

AIP Publishing LLC  Terms and Conditions: Permissions Uses

AIP Publishing LLC ("AIPP"") hereby grants to you the nonexclusive right and license to use
and/or distribute the Material according to the use specified in your order, on a onetime basis,
for the specified term, with a maximum distribution equal to the number that you have ordered.
Any links or other content accompanying the Material are not the subject of this license.

1.  You agree to include the following copyright and permission notice with the reproduction of
the Material:"Reprinted with permission from [FULL CITATION]. Copyright [PUBLICATION
YEAR], AIP Publishing LLC." For an article, the copyright and permission notice must be
printed on the first page of the article or book chapter. For photographs, covers, or tables,
the copyright and permission notice may appear with the Material, in a footnote, or in the
reference list.

2.  If you have licensed reuse of a figure, photograph, cover, or table, it is your responsibility
to ensure that the material is original to AIPP and does not contain the copyright of another
entity, and that the copyright notice of the figure, photograph, cover, or table does not
indicate that it was reprinted by AIPP, with permission, from another source. Under no
circumstances does AIPP, purport or intend to grant permission to reuse material to which
it does not hold copyright.
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3.  You may not alter or modify the Material in any manner. You may translate the Material
into another language only if you have licensed translation rights. You may not use the
Material for promotional purposes. AIPP reserves all rights not specifically granted herein.

4.  The foregoing license shall not take effect unless and until AIPP or its agent, Copyright
Clearance Center, receives the Payment in accordance with Copyright Clearance Center
Billing and Payment Terms and Conditions, which are incorporated herein by reference.

5.  AIPP or the Copyright Clearance Center may, within two business days of granting this
license, revoke the license for any reason whatsoever, with a full refund payable to you.
Should you violate the terms of this license at any time, AIPP, AIP Publishing LLC, or
Copyright Clearance Center may revoke the license with no refund to you. Notice of such
revocation will be made using the contact information provided by you. Failure to receive
such notice will not nullify the revocation.

6.  AIPP makes no representations or warranties with respect to the Material. You agree to
indemnify and hold harmless AIPP, AIP Publishing LLC, and their officers, directors,
employees or agents from and against any and all claims arising out of your use of the
Material other than as specifically authorized herein.

7.  The permission granted herein is personal to you and is not transferable or assignable
without the prior written permission of AIPP. This license may not be amended except in a
writing signed by the party to be charged.

8.  If purchase orders, acknowledgments or check endorsements are issued on any forms
containing terms and conditions which are inconsistent with these provisions, such
inconsistent terms and conditions shall be of no force and effect. This document, including
the CCC Billing and Payment Terms and Conditions, shall be the entire agreement between
the parties relating to the subject matter hereof.

This Agreement shall be governed by and construed in accordance with the laws of the State
of New York. Both parties hereby submit to the jurisdiction of the courts of New York
County for purposes of resolving any disputes that may arise hereunder.

Questions? customercare@copyright.com or +18552393415 (toll free in the US) or
+19786462777.
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AIP PUBLISHING LLC LICENSE
TERMS AND CONDITIONS

Jun 10, 2015
All payments must be made in full to CCC. For payment instructions, please see
information listed at the bottom of this form.

License Number 3645491052585

Order Date Jun 10, 2015

Publisher AIP Publishing LLC

Publication Journal of Chemical Physics

Article Title An algorithm for nonBornOppenheimer quantum mechanical
variational calculations of N = 1 rotationally excited states of
diatomic molecules using allparticle explicitly correlated Gaussian
functions

Author Keeper L. Sharkey,N. Kirnosov,Ludwik Adamowicz

Online Publication Date Oct 30, 2013

Volume number 139

Issue number 16

Type of Use Thesis/Dissertation

Requestor type Author (original article)

Format Print and electronic

Portion Excerpt (> 800 words)

Will you be translating? No

Title of your thesis /
dissertation

ery Accurate Quantum Mechanical NonRelativistic Spectra
Calculations of Small Atoms & Molecules Employing AllParticle
Explicitly Correlated Gaussian Basis Functions

Expected completion date Jun 2015

Estimated size (number of
pages)

300

Total 0.00 USD

Terms and Conditions

AIP Publishing LLC  Terms and Conditions: Permissions Uses

AIP Publishing LLC ("AIPP"") hereby grants to you the nonexclusive right and license to use
and/or distribute the Material according to the use specified in your order, on a onetime basis,
for the specified term, with a maximum distribution equal to the number that you have ordered.
Any links or other content accompanying the Material are not the subject of this license.

1.  You agree to include the following copyright and permission notice with the reproduction of
the Material:"Reprinted with permission from [FULL CITATION]. Copyright [PUBLICATION
YEAR], AIP Publishing LLC." For an article, the copyright and permission notice must be
printed on the first page of the article or book chapter. For photographs, covers, or tables,
the copyright and permission notice may appear with the Material, in a footnote, or in the
reference list.

2.  If you have licensed reuse of a figure, photograph, cover, or table, it is your responsibility
to ensure that the material is original to AIPP and does not contain the copyright of another
entity, and that the copyright notice of the figure, photograph, cover, or table does not
indicate that it was reprinted by AIPP, with permission, from another source. Under no
circumstances does AIPP, purport or intend to grant permission to reuse material to which
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it does not hold copyright.
3.  You may not alter or modify the Material in any manner. You may translate the Material

into another language only if you have licensed translation rights. You may not use the
Material for promotional purposes. AIPP reserves all rights not specifically granted herein.

4.  The foregoing license shall not take effect unless and until AIPP or its agent, Copyright
Clearance Center, receives the Payment in accordance with Copyright Clearance Center
Billing and Payment Terms and Conditions, which are incorporated herein by reference.

5.  AIPP or the Copyright Clearance Center may, within two business days of granting this
license, revoke the license for any reason whatsoever, with a full refund payable to you.
Should you violate the terms of this license at any time, AIPP, AIP Publishing LLC, or
Copyright Clearance Center may revoke the license with no refund to you. Notice of such
revocation will be made using the contact information provided by you. Failure to receive
such notice will not nullify the revocation.

6.  AIPP makes no representations or warranties with respect to the Material. You agree to
indemnify and hold harmless AIPP, AIP Publishing LLC, and their officers, directors,
employees or agents from and against any and all claims arising out of your use of the
Material other than as specifically authorized herein.

7.  The permission granted herein is personal to you and is not transferable or assignable
without the prior written permission of AIPP. This license may not be amended except in a
writing signed by the party to be charged.

8.  If purchase orders, acknowledgments or check endorsements are issued on any forms
containing terms and conditions which are inconsistent with these provisions, such
inconsistent terms and conditions shall be of no force and effect. This document, including
the CCC Billing and Payment Terms and Conditions, shall be the entire agreement between
the parties relating to the subject matter hereof.

This Agreement shall be governed by and construed in accordance with the laws of the State
of New York. Both parties hereby submit to the jurisdiction of the courts of New York
County for purposes of resolving any disputes that may arise hereunder.

Questions? customercare@copyright.com or +18552393415 (toll free in the US) or
+19786462777.

359



XVI Permission for Section R

360



6/10/2015 Rightslink Printable License

https://s100.copyright.com/App/PrintableLicenseFrame.jsp?publisherID=43&publisherName=aip&publication=JCPSA6&publicationID=1844&rightID=1&typeOfUs… 1/2

AIP PUBLISHING LLC LICENSE
TERMS AND CONDITIONS

Jun 10, 2015
All payments must be made in full to CCC. For payment instructions, please see
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and/or any other alterations shall be made only with prior written authorization of Elsevier
Ltd. (Please contact Elsevier at permissions@elsevier.com)
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please be advised that your future requests for Elsevier materials may attract a fee.
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licensing transaction, (ii) these terms and conditions and (iii) CCC's Billing and Payment
terms and conditions.

8. License Contingent Upon Payment: While you may exercise the rights licensed
immediately upon issuance of the license at the end of the licensing process for the
transaction, provided that you have disclosed complete and accurate details of your proposed
use, no license is finally effective unless and until full payment is received from you (either
by publisher or by CCC) as provided in CCC's Billing and Payment terms and conditions.  If
full payment is not received on a timely basis, then any license preliminarily granted shall be
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materials.

9. Warranties: Publisher makes no representations or warranties with respect to the licensed
material.

10. Indemnity: You hereby indemnify and agree to hold harmless publisher and CCC, and
their respective officers, directors, employees and agents, from and against any and all
claims arising out of your use of the licensed material other than as specifically authorized
pursuant to this license.

11. No Transfer of License: This license is personal to you and may not be sublicensed,
assigned, or transferred by you to any other person without publisher's written permission.

12. No Amendment Except in Writing: This license may not be amended except in a writing
signed by both parties (or, in the case of publisher, by CCC on publisher's behalf).
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in this License at their sole discretion, for any reason or no reason, with a full refund payable
to you.  Notice of such denial will be made using the contact information provided by you. 
Failure to receive such notice will not alter or invalidate the denial.  In no event will Elsevier
or Copyright Clearance Center be responsible or liable for any costs, expenses or damage
incurred by you as a result of a denial of your permission request, other than a refund of the
amount(s) paid by you to Elsevier and/or Copyright Clearance Center for denied
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LIMITED LICENSE

The following terms and conditions apply only to specific license types:

15. Translation: This permission is granted for non-exclusive world English rights only
unless your license was granted for translation rights. If you licensed translation rights you
may only translate this content into the languages you requested. A professional translator
must perform all translations and reproduce the content word for word preserving the
integrity of the article. If this license is to re-use 1 or 2 figures then permission is granted for
non-exclusive world rights in all languages.

16. Posting licensed content on any Website: The following terms and conditions apply as
follows: Licensing material from an Elsevier journal: All content posted to the web site must
maintain the copyright information line on the bottom of each image; A hyper-text must be
included to the Homepage of the journal from which you are licensing at
http://www.sciencedirect.com/science/journal/xxxxx or the Elsevier homepage for books at
http://www.elsevier.com; Central Storage: This license does not include permission for a
scanned version of the material to be stored in a central repository such as that provided by
Heron/XanEdu.

Licensing material from an Elsevier book: A hyper-text link must be included to the Elsevier
homepage at http://www.elsevier.com . All content posted to the web site must maintain the
copyright information line on the bottom of each image.

Posting licensed content on Electronic reserve: In addition to the above the following
clauses are applicable: The web site must be password-protected and made available only to
bona fide students registered on a relevant course. This permission is granted for 1 year only.
You may obtain a new license for future website posting.

17. For journal authors: the following clauses are applicable in addition to the above:

Preprints:

A preprint is an author's own write-up of research results and analysis, it has not been peer-
reviewed, nor has it had any other value added to it by a publisher (such as formatting,
copyright, technical enhancement etc.).

Authors can share their preprints anywhere at any time. Preprints should not be added to or
enhanced in any way in order to appear more like, or to substitute for, the final versions of
articles however authors can update their preprints on arXiv or RePEc with their Accepted
Author Manuscript (see below).

If accepted for publication, we encourage authors to link from the preprint to their formal
publication via its DOI. Millions of researchers have access to the formal publications on
ScienceDirect, and so links will help users to find, access, cite and use the best available
version. Please note that Cell Press, The Lancet and some society-owned have different
preprint policies. Information on these policies is available on the journal homepage.

Accepted Author Manuscripts: An accepted author manuscript is the manuscript of an
article that has been accepted for publication and which typically includes author-
incorporated changes suggested during submission, peer review and editor-author
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communications.

Authors can share their accepted author manuscript:

‑         immediately

via their non-commercial person homepage or blog

by updating a preprint in arXiv or RePEc with the accepted manuscript

via their research institute or institutional repository for internal institutional
uses or as part of an invitation-only research collaboration work-group

directly by providing copies to their students or to research collaborators for
their personal use

for private scholarly sharing as part of an invitation-only work group on
commercial sites with which Elsevier has an agreement

‑         after the embargo period

via non-commercial hosting platforms such as their institutional repository

via commercial sites with which Elsevier has an agreement

In all cases accepted manuscripts should:

‑         link to the formal publication via its DOI

‑         bear a CC-BY-NC-ND license - this is easy to do

‑         if aggregated with other manuscripts, for example in a repository or other site, be
shared in alignment with our hosting policy not be added to or enhanced in any way to
appear more like, or to substitute for, the published journal article.

Published journal article (JPA): A published journal article (PJA) is the definitive final
record of published research that appears or will appear in the journal and embodies all
value-adding publishing activities including peer review co-ordination, copy-editing,
formatting, (if relevant) pagination and online enrichment.

Policies for sharing publishing journal articles differ for subscription and gold open access
articles:

Subscription Articles: If you are an author, please share a link to your article rather than the
full-text. Millions of researchers have access to the formal publications on ScienceDirect,
and so links will help your users to find, access, cite, and use the best available version.

Theses and dissertations which contain embedded PJAs as part of the formal submission can
be posted publicly by the awarding institution with DOI links back to the formal
publications on ScienceDirect.

If you are affiliated with a library that subscribes to ScienceDirect you have additional
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private sharing rights for others' research accessed under that agreement. This includes use
for classroom teaching and internal training at the institution (including use in course packs
and courseware programs), and inclusion of the article for grant funding purposes.

Gold Open Access Articles: May be shared according to the author-selected end-user
license and should contain a CrossMark logo, the end user license, and a DOI link to the
formal publication on ScienceDirect.

Please refer to Elsevier's posting policy for further information.

18. For book authors the following clauses are applicable in addition to the above:  
Authors are permitted to place a brief summary of their work online only. You are not
allowed to download and post the published electronic version of your chapter, nor may you
scan the printed edition to create an electronic version. Posting to a repository: Authors are
permitted to post a summary of their chapter only in their institution's repository.

19. Thesis/Dissertation: If your license is for use in a thesis/dissertation your thesis may be
submitted to your institution in either print or electronic form. Should your thesis be
published commercially, please reapply for permission. These requirements include
permission for the Library and Archives of Canada to supply single copies, on demand, of
the complete thesis and include permission for Proquest/UMI to supply single copies, on
demand, of the complete thesis. Should your thesis be published commercially, please
reapply for permission. Theses and dissertations which contain embedded PJAs as part of
the formal submission can be posted publicly by the awarding institution with DOI links
back to the formal publications on ScienceDirect.

 

Elsevier Open Access Terms and Conditions

You can publish open access with Elsevier in hundreds of open access journals or in nearly
2000 established subscription journals that support open access publishing. Permitted third
party re-use of these open access articles is defined by the author's choice of Creative
Commons user license. See our open access license policy for more information.

Terms & Conditions applicable to all Open Access articles published with Elsevier:

Any reuse of the article must not represent the author as endorsing the adaptation of the
article nor should the article be modified in such a way as to damage the author's honour or
reputation. If any changes have been made, such changes must be clearly indicated.

The author(s) must be appropriately credited and we ask that you include the end user
license and a DOI link to the formal publication on ScienceDirect.

If any part of the material to be used (for example, figures) has appeared in our publication
with credit or acknowledgement to another source it is the responsibility of the user to
ensure their reuse complies with the terms and conditions determined by the rights holder.

Additional Terms & Conditions applicable to each Creative Commons user license:

CC BY: The CC-BY license allows users to copy, to create extracts, abstracts and new
works from the Article, to alter and revise the Article and to make commercial use of the
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Article (including reuse and/or resale of the Article by commercial entities), provided the
user gives appropriate credit (with a link to the formal publication through the relevant
DOI), provides a link to the license, indicates if changes were made and the licensor is not
represented as endorsing the use made of the work. The full details of the license are
available at http://creativecommons.org/licenses/by/4.0.

CC BY NC SA: The CC BY-NC-SA license allows users to copy, to create extracts,
abstracts and new works from the Article, to alter and revise the Article, provided this is not
done for commercial purposes, and that the user gives appropriate credit (with a link to the
formal publication through the relevant DOI), provides a link to the license, indicates if
changes were made and the licensor is not represented as endorsing the use made of the
work. Further, any new works must be made available on the same conditions. The full
details of the license are available at http://creativecommons.org/licenses/by-nc-sa/4.0.

CC BY NC ND: The CC BY-NC-ND license allows users to copy and distribute the Article,
provided this is not done for commercial purposes and further does not permit distribution of
the Article if it is changed or edited in any way, and provided the user gives appropriate
credit (with a link to the formal publication through the relevant DOI), provides a link to the
license, and that the licensor is not represented as endorsing the use made of the work. The
full details of the license are available at http://creativecommons.org/licenses/by-nc-nd/4.0.
Any commercial reuse of Open Access articles published with a CC BY NC SA or CC BY
NC ND license requires permission from Elsevier and will be subject to a fee.
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