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ABSTRACT

The four-pole9 two-zero* Inverse Chebyshev low-pass function is 
introduced9 as well as an active RC structure capable of realizing the 
function. The structure is analyzed* using 5 variable elements. With 

the jco axis zero position as a parameter* an optimization program is 

applied* yielding a family of solutions for zero positions in the range

2.0 to 4.0 r.p.s. To check these results* a well-known circuit analy

sis program is used and a working model is built and tested.

Finally* the sensitivity problem is addressed* and both analytical 

and empirical analysis is done to determine magnitude sensitivity for 

each component.

The advantages of this circuit include its single-amplifier 

realization of the four-pole* two-zero Inverse Chebyshev function* and 

reasonable magnitude sensitivities. It is particularly useful at low 

frequencies where a flat passband and steep transition band are required. 

The finite zero is a great advantage in applications where high rejection 

of one particular frequency in the stopband is required.



CHAPTER 1

1INTRODUCTION

In the past decade since the introduction of the integrated 

operational amplifier, much work has been devoted to * the development 

of active RC structures capable of realizing popular filtering func

tions . Such functions include the maximally-flat magnitude, or Butter- 

worth function, the Chebyshev function, and the maximally-flat delay, 

or Thomson function. Each of these approximations offers certain 

advantages, and their all-pole characteristics have allowed the develop

ment of many alternative structures for their realization.

The principal advantage of the Butterworth function is its flat 

passband. Its transition band steepness is better than the Thomson, but 

is not as good as the Chebyshev function. The Chebyshev, however, in 

exchange for greater transition band steepness, does not have a flat 

passband. It is used in those applications where some passband ripple 

is acceptable. Some applications, however, require both the flat pass

band of the Butterworth function and the transition band steepness of 

the Chebyshev function* A function which meets both of these require

ments is the Inverse Chebyshev. Unlike the all-pole functions outlined 

above, the Inverse Chebyshev function has one or more finite jco axis 

zeros. The effect of the zeros is to increase the transition band steep

ness over that of a Butterworth function of the same order, and to



produce complete rejection of one or more specific frequencies in the 

stopband. The details of this approximation for the four-pole, two zero

case are given in Chapter 2.

An appropriate structure for the realization of the Inverse 

Chebyshev function has been described by Kerwin and HueIsman (1966) 

and by Kerwin (1966). This structure is capable of realizing a pair of 

complex-conjugate poles and a pair of complex-conjugate zeros on the jw 

axis. It may be used in cascade with appropriate all-pole structures 

to realize any Inverse Chebyshev function desired. This scheme will 

require at least two operational amplifiers for higher order filters.

Recent work by Kerwin (1980a) has yielded a low-pass, single

amplifier realization for the three-pole, two-zero. Inverse Chebyshev 

function. This circuit allows arbitrary choice of the zero position. 

Further work by Kerwin (1980b) has yielded a single-amplifier, low-pass 

circuit capable of realizing a four-pole, two-zero Inverse Chebyshev 

function. The zero position is twice that of the -3dB frequency.

It was not known if the four-pole, two-zero circuit described 

above could be used for any arbitrary choice of the zero position. I 

investigated this problem, and found that it could be readily used for

a wide range of zero positions. The details of this investigation are

given in Chapter 3. To complete the study of this structure, analytical 

as well as empirical analysis was performed to determine magnitude 

sensitivity to variations in each of the circuit's components. These 

results are given in Chapter 4.
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As final verification of the theory developed in Chapters 2 

through 49 a working circuit was tested in the laboratory. The outcome 

of these tests is given in Chapter 5.



CHAPTER 2

APPROXIMATION OF THE 4-POLE, 2-ZERO 
INVERSE CHEBYSHEV FUNCTION

One method of obtaining the Inverse Chebyshev function entails

a sequence of operations which are performed on the usual Chebyshev

low-pass function. This method is rather cumbersome for higher order

functions, and yields one pair of complex-conjugate zeros for each pair

of complex-conjugate poles (Johnson, 1976). Thus, if the original

Chebyshev function is fourth order, this process yields a fourth order

Inverse Chebyshev function with two pairs of j GO axis zeros. The topic of

this investigation is a similar function. The difference here is that
thonly one jo) axis zero pair is required for an n order filter. Although 

it can be argued that this is not truly an Inverse Chebyshev function, 

other authors have applied the term to any maximally-flat magnitude 

filter function which has one or more jo) axis zero pairs (Christian 

and Eisenmann, 1966). This function allows a somewhat simpler approxi

mation process than that described above.

A general expression for the four-pole, two-zero Inverse Cheby

shev transfer function can be written as follows:

T(s) = — ----- 3 652 2 1 ---------  ( D
as + bs + cs + ds + 1.0

4
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Let. the ju) axis zero frequency be a) . The e coefficient above is 

determined immediately. Its value is:

e = ^  (2)

To continue the approximation process, the magnitude squared expression 

is formed:

1 0 .) — 4 , r y  —  <3)a( jco) + b ( j g o ) + c(jw) + d( joo) + 1.0

-eo)2 + 1.0
A 3 9ao) — j boo — cco + j doo 4- 1.0

(4)

|T(jco) |2 = T(ja))T*(jto)

(-eh)2 + 1.0)
(atô  — cco2 + 1.0) + j (—bo)2 + dco)

f-eco2 + 1.0)
(acô  - cco2 + 1.0) - j (-bco2 + dco)

(-eco2 +  1.0)2
(aco4 - cco2 + 1.0)2 + (-bco3 + dco)2

2 A 2e oo - 2eoo 4- 1.0
a2co8+(b2-2ac)co6+(2a+e2-2bd)co4+(d2-2c)co2+1.0

(5)

(6)

(7)

To ensure a maximally flat passband, numerator and denominator coeffi

cients for like powers of oo must be equal. This condition is expressed 

as follows:

b^ - 2ac = 0 (8)



2 22a + c - 2bd = e (9)

2d - 2c = -2e (10)

By setting the cutoff frequency to GO  ̂= 1.0 r.p.s., Equation 6 above
becomes:

I T(jl) | 2 = 1/2 =  ------T  [ e^1,Q) ^ 1,0]---3---- :-- o
[a(1.0) -c(1.0) +1.0] +[-b(1.0) +d(1.0)]

(11) 
 + 1-°>2   (12)

(a — c + 1.0)̂  + (—b + d)

Rewriting Equation 12,

. (a - c + 1.0)2 + (-b + d)2 = 2(-e + 1.0)2 (13)

Equation 13 expands to the following:.

a2 + (b2 - 2ac) + (2a + c2 - 2bd) + (d2 - 2c) + 1.0

= 2(e2 - 2e + 1.0) (14)

By substituting Equations 8, 9 and 10 into Equation 14<, the a coeffi
cient may be obtained.

a2 + 0 + e2 - 2e + 1.0 = 2e2 - 4e + 2.0 (15)

a2 = e2 - 2e + 1.0 (16)

a2 = (1 - e)2 (17)

a = + (1 - e) (18)



Since e will always be less than 1, the expression for the positive 

real a coefficient is:

a = 1 - e (19)

Using this result. Equations 8, 9 and 10 above reduce to the following:

2b - 2(1 - e)c = 0 . (20)

2(1 - e) + c2 - 2bd = e2 (21)

d2 - 2c = -2e (22)

The d coefficient is obtained from Equation 22:

d = /2(c - e) . (23)

The b coefficient is obtained from Equation 20:

b = /2 (1 - e)c (24)

By substituting Equations 23 and 24 into Equation 215 an expression for 
c in terms of e is obtained.

2(1 - e) + c2 - 2/2(1 - e)c /2(c - e) = e2 (25)

After much algebraic manipulation. Equation 25 becomes:

C4 + (-12 + 12e - 2e2)c2 + (16e - 16e2)c +

(4 - 8e + 4e2 + e4) = 0 (26)

Rather than applying a general formula to Equation 26 to solve for c, 

one may iterate for the c coefficient. Once c is known, it may be
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substituted back into Equations 23 and 24 to obtain the d and b 

coefficients. This completes the approximation process.

The range of practical zero positions is dictated by the result

ing stopband performance. It was determined that values of in the 

range 2.0 to 4.0 r.p.s. give good stopband characteristics. Filter 

coefficients for this range of ti) are given in Table 1. All calcula

tions were done on a programmable hand calculator.

One drawback of the Inverse Chebyshev function is its stopband 

performance. At frequencies beyond the magnitude response rises

from its zero to a value of minimum stopband attenuation, and then de

creases towards 0 as the frequency increases further. This minimum 

attenuation value is an important parameter in practical filter design.

Its value is |T(jw )I, where w is the "peak return" frequency.1 max 1 max
The actual value of go , and I T(joo ) I depend upon the zero position,max 1 max 1
go . An expression for the exact value of go may be derived as follows. -00 max

From Equation 7,

| TOO)) l2 = - 2- g-- 2  (-eu)2 +21.0)2  ̂ 2 -----    (27)
a go +(b —2ac)oo +(2a+e —2bd)Go +(d —2c)go +1.0

Substituting Equations 8, 9, 10 and 19 into Equation 27 yields

I T( jk)) | 2 = ----- ------2 8~ea)22+41,0)2 2---- ----  (28)(1 - e) a) + e a) - 2eu + 1.0
2To find the extrema of this function, the first derivative of |T(jto)|

is computed. After much algebraic manipulation, its value is found to

be



Table 1. Four-pole* two-zero Inverse Chebyshev low-pass coefficients.

('Leo' r-P-s. a b c d e

2.0 .750000 2.045739 2.790033 2.253900 .250000

2.1 .773243 2.099381 2.849944 2.290496 .226757

2.2 .793388 2.145714 2.901536 2.321605 .206612

2.3 .810964 2.186021 2.946301 2.348304 .189036

2.4 .826389 2.221307 2.985400 2.371408 .173611

2.5 .840000 2.252375 3.019758 2.391551 .160000

2.6 .852071 2.279876 3.050119 2.409228 .147929

2.7 .862826 2.304338 3.077082 2.424833 .137174

2.8 .872449 2.326192 3.101139 2.438683 .127551

2.9 .881094 2.345800 3.122697 2.451037 .118906

3.0 .888889 2.363459 3.142091 2.462105 .111111

3.1 .895942 2.379421 3.159604 2.472062 .104058

3.2 .902344 2.393895 3.175471 2.481054 .097656

3.3 .908173 2.407062 3.189894 2.489203 .091827

3.4 .913495 2.419076 3.203043 2.496613 .086505

3.5 .918367 2.430066 3.215064 2.503370 .081633

3.6 .922840 2.440147 3.226086 2.509552 .077160

3.7 .926954 . 2.449416 3.236212 2.515220 .073046

3.8 .930748 2.457959 3.245541 2.520432 .069252

3.9 .934254 2.465849 3.254153 2.525235 .065746

4.0 .937500 2.473151 3.262120 2.529672 .062500



d| T(1u)) 12 = a)7[ e V  - 3ea)2 + 2]
dh) [(1 - e)2m8 + e2(o4 - 2eco2 + l.O]2

The numerator has a root of. multiplicity seven at the origin, due to

the maximally-flat magnitude constraint. Additionally, it has roots

oo = + /l/e and ■+_ /2/e. By examining Equation 2 above, it is obvious

that + / l / e is the zero position, so oo must be — , max

oo = /2 oo (30)max -oo

Now that oo is known, an expression for the magnitude response at oomax max
may be developed. Substitution of Equation 30 into Equation 28 yields

2 [(-e) (/2a)_oo)̂  + 1.0]^
 ̂ max) * (l-e)2(/2M )8 + e2(/2a) )4 - 2e(/2w )2 + 1.0N z N  x _nn  on

2 2 (-2ew + 1)
16(1 - e)2co8 + 4e20)4 - 4ew2 + 1.0x . — OO — oo — CO

(31)

Substituting Equation 2 yields

|T(jMmax)|2 - ^ _ -----------  , _  (32)
16(1 - + —~")oo +4.0 - 4.0 + 1.02 4 —oo00 00 —oo —oo

Simplifying further.
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After algebraic manipulation, the final expression for go ^ in terms of 

minimum stopband attenuation is obtained:

1.01.0 +

This is an important design relationship. It may be used to select the

required zero position if a specific stopband attenuation is required.

Table 2 gives values of go and |t(1go ) I for selected values of gomax 1 J max 1
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Table 2, Peak return frequency and magnitude response for the
four-pole9 two-zero Inverse Chebyshev low-pass function.

go » r.p. s.—o o y r 0) 9 r.p.s. max lT(3V x ,l- dB

2.0 2.828 -33.627

2.1 2.970 -35.586

2.2 3.111 -37.426

2.3 3.253 -39.160

2.4 3.394 -40.802

2.5 3.536 -42.362

2.6 3.677 -43.849

2.7 . 3.818 . -45.269

2.8 3.960 -46.629

2.9 4.101 -47.934

3.0 4.243 -49.188

3.1 4.384 -50.396

3.2 4.525 -51.561

3.3 4.667 -52.686

3.4 4.808 -53.774

3.5 4.950 -54.827

3.6 5.091 -55.848

3.7 5.233 -56.839

3.8 5.374 -57.801

3.9 5.515 -58.736

4.0 . 5.657 -59.645



CHAPTER 3

REALIZATION

One structure capable of realizing the four^pole, two-zero 

Inverse Chebyshev low-pass function is shown in Figure 1. It was 

first used by Kerwin (1980b) to realize the case where the zero po

sition is twice the -3dB frequency. The following analysis proves 

that this structure may be used for any value of the zero position.

Note that only Ĉ , , C^, R̂ , and K are variable quantities

The indefinite admittance matrix for the circuit is shown in 

Figure 2. Several simplifications may be made immediately. By assign

ing node seven as the ground reference point, both column seven and 

row seven may be deleted from the matrix. Furthermore, since no ex

ternal sources are applied to nodes two through seven, 1  ̂through 1  ̂

may be set to 0. Since the gain, K, is modeled as a voltage-controlled 

voltage source, columns six and eight may be combined. The reduced 

matrix is shown in Figure 3.

The desired result is the voltage transfer function from the 

circuit input, node 1, to the circuit output, node 8. To simplify the 

computation of this function, intermediate variables were assigned as 

follows:

A = -1.0 (35)

13
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Vi o R1 —A/\Aw»-

R5 <.500

1.00 V,
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-- < 
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1

1
:4 R41— ws-----

► <

1.00
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Vv7

1.00
2/e

K

V v 7 V v 7

-4 O 8

Figure 1. Four-pole, two-zero low-pass circuit.



T1 1.0 -1.0 0 0 0 0 0 0

l 2
-1.0 1-0+4 +scl

1
' R2

0 0 0 0 -sCi

h
0 -1/R2 1.0 + ̂ -+ sC + st/e 

2 2
-1.0 - a / e 0 -SC2 0

h
0 0 -1.0 2.0 + 2 s / e 0 -1.0 -2s/e 0

s
0 0 - s i / e 0 2s/e + 2.0 -s/e 0 -2.0

h 0 0 0 -1.0 -s/e 1.0 + s/e + sC^ -sC3 0

h 0 0 1 cn -2st/e 0 -sC3 s(C2 + + 2/e) 0

o
T 0 -scl 0 0 -2.0 0 0 2.0 + sC

Figure 2. Indefinite admittance matrix for the four-pole, two-zero low-pass circuit.



h 1.0 -1.0 0 0 0

0 -1.0 1.0 + ~ +  sC 
R2 1

1
" R2

0 0

0 0 1 1.0 +-^L-+ sC„ + s/e 
2 2

-1.0 -l/l

0 = 0 0 -1.0 2.0 + 2s/e 0

0 0 0 to1 0 2s/e + 2

0 0 0 0 -1.0 -2̂/e.

'8 0 -scl 0 0 -2.0

Figure 3. Reduced indefinite admittance matrix.
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B = 1.0 + — h sC
R2 1

c = —-1R,

(35)

(37)

D = -sC. (38)

E = 1.0 + ̂  + sC0 + s/e

F = -s/e 

G = 2.0 + 2s/e

H = IT

J = -2.0 - s/e 
K

1 . s/i sC-
K K + K + K 

L = 2.0 + sC,

(39)

(40)

(41)

(42)

(43)

(44)

(45)

Making these substitutions, the Indefinite Adminittance Matrix of 

Figure 3 now becomes

V,
V,

T1 1.0 A 0.0 0.0 0.0 0.0
0 A B C 0.0 0.0 D
0 0.0 c E A F 0.0
0 = 0.0 0.0 A G 0.0 H
0 0.0 0.0 F 0.0 G J
0 0.0 0.0 0.0 A F K

. I8.
0.0 D 0.0 0.0 2A L

(46)
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Only rows two through six may be used to solve for T(s). By examin

ing row 2, it is clear that

AV1 + BV2 + CV3 + DVg = 0 (47)

To obtain T(s) from Equation 47, it is first necessary to solve for 

and in terms of Vg. This may be done by solving an auxiliary system 

of equations formed by rows three through six. This system may be ex

pressed as shown.

E A 
A G 
F 0 
0 F

vn 02
-HV0. 3 8

V, -JV04 8
Vc -KV05 8

(48)

Direct application of Gaussian Elimination yields the following 

upper diagonal system:

C E A F V2 0
0 A G 0 V3 -HV8
0 0 -FG

A G V4
HFV

0 0 0 F + A2
F V5_ [V8 <"fG + f  - K>J

(49)

Back substitution is applied to obtain the following expressions:

V5 =

V4 =

-JA + FAR - KFG
2 2 GF + GA

JAF - HF - KGA
2 2 G(F + A )

V,

V,

(50)

(51)
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V3 =

V2 =

-HA - JF + KG
f2 + a2

2 2 EHA + EJF - EGK + KA + KF
2 2 C(F + A )

(52)

(53)

The expressions for Vg and are now substituted into Equation 

47 above. After algebraic manipulation, this expression becomes

AV„ + (BEHA+BEJF-BEGK+BKA2+BKF2-C2HA-C2 JF+C2KG+DCF2+DCA2)
2 2 C(F + A ) V8=0

(54)

Finally, T(s) is formed: 

V ’
T(s) = -AC(F2 + A2)_8 _

V1 (BEHA+BE JF-BEGK+BKA2+BKF2-C2HA-C2JF-I-C2KG+DCF2+DCA2 )
(55)

At this point. Equations 35 through 45 may be substituted 

into Equation 55. After all substitutions are made, the resulting 

function can be written in the form

T(s) = K(es + 1.0)
b. s4 + b0ŝ  + b0ŝ  + b 1 s4-1.04 d Z ±

(56)

Note that this result is identical in form to Equation 1, 

except for the addition of the multiplicative constant K. The final 

expressions for the denominator coefficients of Equation 56 are as 

follows:
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b4 = e(C1C3R2 + C^O.^) + 2/1 0 ^ 2 ^ ^  (57)

b3 = 2 0 ^ 2 ^ 2  + e[(R2 + 1. 0) (Ĉ  + C2) + C^l-K) + (4-2K) ]

+  V e  [ C 1C2 R2 (4-2K) +  2C3 (C1 +  + 2C3 R2 (C2 +  20^)]

(58)

b2 = (Ĉ  + C2)(Cg)(R2 + 2) + R2C2(C3 + Ĉ ) + e[l + (4-2K)(1 + R2)] 

+ 7e[C3(6 + 4R2) + (4-2K)(C1 + C2) U  + R2)] (59)

bl = C3(R2 + 3) + C1(1"K) + c2(R2 + 1) + ^ ( R2 + 2) (4-2K)
(60)

As mentioned above, this structure has been used for the case 

where.e = .25, corresponding to a zero at 2.0 r.p.s. The component 

values for this case were used as a check on Equations 57 through 60.

To solve Equations 57 through 60 for Ĉ , Ĉ , Ĉ , and K as 

a function of e, a digital computer approach was employed. A software 

optimization package by Huelsman (1968), named GOSPEL, was used.

It was discovered that the use of five unconstrained variables 

would not guarantee a unique solution to Equations 57 through 60. To 

obtain smooth, predictable variations in Ĉ , and K as a func

tion of the zero position, it became necessary to constrain one variable.

Several GOSPEL runs were made with no constraint on the variable 

components to obtain rough trends for the component values. It was 

noted that the value of was the most linear function of the zero 

position.
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Noting this, a simple power expression was fitted to the 

values obtained. The value is given as

C„ = 6.59222'-.6.70486 (co ̂ ~-07106 (61)
j  — CO .

This expression has zero error at 2,0, 3,0, and 4,0 r.p.s.

With constrained to the power expression above, GOSPEL

was once again employed to solve for a family of solutions versus the 

zero position. Under these conditions, GOSPEL converged to unique solu

tions for the remaining component values, Ĉ , Ĝ , and K. These 

results are shown in Table 3 and Figure 4,

After plotting the curves shown in Figure 4, it became apparent

that C1 was practically independent of 03 , This constraint was1 —00
evaluated by assigning the value ,75 to . GOSPEL was used again,

allowing Ĉ , Ĉ , and K to vary. The results obtained indicate that

C may in fact be given a constant value. The results of allowing C '
1 1

to remain constant are shown in Table 4 and Figure 5.

For a given zero position, the results of either Table 3 or 

Table 4 may be used.

To further simplify the results shown in Figure 5, an attempt 

was made to simultaneously constrain both and Ĉ . was.once again

given the value .75, and a least-squares linear fit was found for Ĉ .

With these constraints in effect, the GOSPEL program was run for the 0)_̂ =

2.0 r.p.s. case. Under these conditions, the program did not converge 

to a solution.

To obtain component values for zero positions not shown in 

Tables 3 and 4, it is permissable to apply linear interpolation between
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Table 3. Component values with constraint.

“-oc* r-P-S- C1 C2 . c3 R2 K

2.0 .693634 1.297501 .209607 1.666706 2.341875

2.1 .716447 1.405003 .231697 1.584448 2.408314

2.2 .734752 1.502268 .252689 1.525812 2.477586

2.3 .748860 1.589463 .272682 1.485712 2.549472

2.4 .759080 1.666698 .291765 1.460819 2.623774

2.5 .765768 1.734224 .310015 1.448701 2.700321

2.6 .769333 1.792511 .327499 1.447421 2.778966

2.7 .770232 1.842297 .344278 1.455270 2,859576

2.8 .768947 1.884540 .360403 1.470675 2.942026

2.9 .765937 1.920285 .375924 . 1.492250 3.026214

3.0 .761618 1.950587 .390881 1.518758 3.112045

3.1 .756341 1.976408 .405314 1.549164 3.199435

3.2 .750395 1.998599 .419256 1.582600 3.288307

3.3 .744000 2.017858 .432739 1.618387 3.378601

3.4 .737324 2.034746 .445792 1.655993 3.470249

3.5 .730498 2.049733 .458439 1.694976 3.563195

3.6 .723616 2.063197 .470706 1.735011 3.657427

3.7 .716743 2.075390 .482613 1.775852 3.752845

3.8 .709930 2.086562 .494180 1.817294 3.849447

3.9 ,703213 2.096889 .505425 1.859181 3.947187

4.0 .696614 2.106510 .516366 1.901391 4.046015
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4.0"

3.0"

2 .0--

1.0--

2.0 2.5 3.0 3.5 4.0
W_co' r.p.s.

Figure 4. Component values with constraint.



Table 4. Component values with constraint.

(0 , r.p.s.
— oo 1 C1 C2 C3 R2 K

2.0 .75 1.495790 .216256 1.330697 2.347704

2.1 .75 1.525888 .235711 1.389482 2.412319

2.2 .75 1.558613 .254541 1.438697 2.479661

2.3 . 75 1.593792 .272823 1.479258 2.549647

2.4 .75 1.631251 .290616 1.512051 2.622201

2.5 .75 1.670829 . .307965 1.537928 2.697256

2.6 .75 1.712382 .324906 1.557690 2.774758

2.7 .75 1.755780 .341467 1.572080 2.854653

2.8 .75 1.800898 .357668 1.581780 2.936883

2.9 .75 1.847635 .373528 1.587405 3.021400

3.0 .75 1.895891 .389061 1.589513 3.108152

3.1 .75 1.945579 .404278 1.588600 3.197086

3.2 .75 1.996617 .419189 1.585109 3.288146

3.3 .75 2,048935. .433803 1.579428 3.381284

3.4 . 75 2.102466 .488125 1.571898 3.476440

3.5 .75 2.157142 .462164 1.562825 3.573557

3.6 .75 2.212927 .475928 1.552469 3.672619

3. 7 .75 2.269744 . . 489418- 1.541057 3.773519

3.8 .75 2.327562 .502645 1.528786 3.876244

3.9 .75 2.386333 .515612 1.515830 3.980734

4.0 .75 2.446009 .528323 1,502336 4.086926
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W_co' r-P-s-

Figure 5. Component values with constraint.
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adjacent entries. Many attempts were made to fit simple curves to this 

data. Unfortunately9 no concise way of expressing the component values 

as a function of was found. To verify the results shown in Tables 

3 and 45 a circuit analysis program called SPICE (Cohen and Pederson9 

1976) was applied to selected entries. All results of this analysis 

showed excellent agreement with theoretical predictions.



/

CHAPTER 4 

SENSITIVITY ANALYSIS

One of the most important problems encountered in the applica

tion of active RC filters is that of sensitivity. Sensitivity is a \

means of expressing the way in which filter performance is affected by 

changes in its component valeus. For low-pass structures such as that 

described in Chapter 3, the designer is most often concerned with changes 

in the filter’s magnitude response.

The structure analyzed in Chapter 3 is capable of realizing the 

four-pole, two-zero Inverse Chebyshev function over a wide range of zero 

positions. From a theoretical standpoint, the circuit is quite attrac

tive. It provides a flat passband, steep transition band, and a finite 

zero, all in a single amplifier configuration. To assess its value as 

a practical circuit, a complete sensitivity analysis was performed.

Two different methods were used in this analysis. For components 

Cl5 C29 C3* R2* for the gain, K, an analytical approach was employed.

Equations 56 through 60 allow direct computation of the associated 

magnitude sensitivities. For components Ĉ , Ĉ , Ĉ , R^, R^, R^, and R,_, 

an empirical approach was used. In this case, SPICE was used to evaluate 

the deviations in magnitude response which result from small perturba

tions in individual component values. Since these perturbations are 

actually incremental changes, the results of the SPICE analysis will not

. ^
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agree exactly with the results of a theoretical sensitivity investiga

tion. For practical purposes, however, the SPICE results are quite 

valid, and may be used for design considerations. To obtain exact
X-

sensitivity results for components C., C_, C,, Rn, R , R , and R_, the4 o 1 i 4 _)
original circuit must be re-analyzed with these components included as 

variable quantities.

To find the magnitude sensitivity to Ĉ , Ĉ , C ,̂ R ,̂ and K, the 

following relationship was used:

■ slI ( j<»>l ,  Re sT<j™> (62)
X X

Equations 56 through 60 in Chapter 3 give T(s) as a function of the zero

position and the components of interest. Since T(ju)) is a very compli

cated expression, the computation of I was simplified by applying

the following relationship,

£  Sai- a. s1 £ Sbi b. s1

< <s)' 

where T(s) is of the form

T(s) = = -------  — -1 2 2 3 --------------- (64)
b + b. s + b„s + b-s + b. s o 1 2 3 4

Note that for the Inverse Chebyshev function, = 0.

Combining Equations 62 and 63, and substituting j(0 for s,
2 4 .

■ Z Sai a.(jti))1 £ S i b. (jw)1
4 i(jB)l - -  ^  - i’" : (65)
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a. b .S^i and S i  are known as coefficient sensitivities» In this case, x 

represents the component in question. To compute I for a given

component, each of the six coefficient sensitivities must first be 

evaluated. These coefficient sensitivities are functions of the zero

position. As a result, is a function of both the zero frequency
x  • \

and the signal frequency.

To compute the coefficient sensitivities, the usual definition 

for relative sensitivity was used:

7 <M >

Application of Equation 66 to the coefficient expressions, 

Equations 56 through 60, yield the following coefficient sensitivities: 

b (1.0~K)C1

b (R + 1.0)C

b. (R + 3.0) C
SC 3 = •b,—  (69)

b. [c. + C_ 4- /e (4.0 - 2K)] ' R.
- b,-------------  (70>

b. [-C. - 2/e (R„ + 2.0)] • K
SK ' — ------ b^— -------- <7»

b- [C„(R9+2.0) + R9C + /e(4-2K)(R9+1.0)]-C
S /  = —  -  ----- --- — ---  — -----  (72)
C1 2



[c (R +2.0) + R9(C +C..) + /e(4.0-2K) (R +1.0) ]" C„
------ z J ^ ^--  ^ (73)

b2
[(C1+C2)(R2+2.0) + R2C2 + Ve(4R2+6.0)]-C3

-  —  '   <74>

[2C2C3+C1 (C3+C2) +e(4.0-2K) +/i[4C3+ (4.0-2K) (C-j+C^) ]] ’R£ 
—  -

(75)

[-2e(R2+1.0) - 2ye(C3+C2)(R2+1.0)]'K Z
b2

76)

12 C2 C3R2+e[(1-K)+R2(4.0-2K)]+/e[C2R2(4.0-2K)+2 C3+4 C3R2]]-C^

“ V  ~  ^
(77)

2 ClC3R2+e (R2+1 *0 ) +v^  [C1R2 ( 4.0-2K) +2C3+2C3R2 ] • C2
b3

(78)

[2C1C2R2+e(R2+1.0)+/e[2(C1+C2)+2R2 (0^2^) ]• C3

b3
2C^C C3+e[(C3+C2)+C^(4.0-2K)]+ye[c^+C2(4.0-2K)+2C3(C2+2C^)]}R2



A computer program was written to evaluate Equation 65. Sensi

tivity data was generated for three different zero positions, using 

component values from Table 4. These results are shown in graphical 

form in Figures 6 through 10. SPICE was used to check these results.

To complete the sensitivity analysis, SPICE was used to compute 

the effect of selectively increasing the value of Ĉ , Ĝ , C^, R̂ , R̂ ,

R̂ , and R̂  by one percent. A one-percent decrease in R^ and Cg was also 

evaluated. The effect on the magnitude response in this case was quite 

similar to that found for a one-percent increase in R^ and C^, except 

of opposite sign. Figures 11 through 17 show these results.

As shown in Figures 6 through 17, all magnitude sensitivities 

are reasonable. The sensitivity to K is the worst problem with this
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1.0--

.5--

1.0 3.0

-.5"

— 1.0 - -

Figure 6. Magnitude sensitivity to Ĉ .

1.0 -

1.0 3.0

— 1.0 - -

— 2.0 - -

-3.0 -

Figure 7. Magnitude sensitivity to .
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2 .0 “ -

3.0

— 2.0 - -

- 6 .0 --

Figure 8. Magnitude sensitivity to Ĉ .

5-

1.0 3.0

-i.o-

-1.5-

Figure 9. Magnitude sensitivity to R̂ .
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10.0 - - r. p. s

5.0 -

r.p.s

1.0 3.0

Figure 10. Magnitude sensitivity to K.
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3.0
r. p. s r. p. s

1.0

- 2.0

r.p.s

r. p. s

Figure 11. Magnitude response deviation for a
1% increase in C..4

3.0
r.p.s r.p.s

4.0 --

2.0 - -

1.0

— 2.0

-4.0 __

4.0
r.p.s

Figure 12. Magnitude response deviation for a
1% increase in Ĉ .
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r. p. s r. p. s

8.0 —

6.0 - -

4.0 __

2.0 - -

3.0

r.p.sr.p.s
r.p.s.

Figure 13. Magnitude response deviation for a
1% increase in C..b

1.0
r.p.s

r. p. s
3.01.0

r.p.s

- 1.0 r. p. s
—  00

3.0 r.p.s

Figure 14. Magnitude response deviation for a
1% increase in R̂ .
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=  2.0 
r. p. s

= 3.0 
r.p.s

= 4.0 
r.p.s.1.0 - -

1.0 3.0

= 4.0 
r.p.s

- 2.0

r.p.s 3.0
r.p.s.

Figure 15. Magnitude response deviation for a 
1% increase in R̂ .

i|T(j<o)|
= 3.0 
r. p. s

r.p.s). r.p.s r.p.s
4.0--

2 .0--

1.0
— 2.0 - -

r.p.s-4.0-- 3.0
r.p.s

4.0
r.p.s

Figure 16. Magnitude response deviation for a
1% increase in R..
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= 3.0 
r.p. sr. p. s r. p. s

1.0

- 2.0 - -

— 4.0 - -

r.p. s r.p.s r.p.s

Figure 17. Magnitude response deviation for a 
1% increase in R̂ .



structure. Fortunately9 this parameter may be easily stabilized 

through the use of appropriate precision components.



CHAPTER.5

MEASURED RESULTS

As a final check on the theory developed in Chapters 1 through 

4, a working model was designed and built. A zero position of 3.Or.p.s. 

was selected for the frequency-normalized filter. Normalized component 

values are as follows:

= 1.0 ft HuH .750000F K = 3.108152

R2 =1.589513^ C2 " 1.895891F •

r3 = l.Ofi C3 = .389061F

R. = 1.0Q 4 C4 = .666667F

R_ = . 5J2 5 s = .333333F

C6 = .333333F

These values were obtained from Table 4. To simplify measurements, the

cutoff frequency was scaled to the relatively low value of 5 kHz. The

frequency scaling factor is.5.0 x 10^ x 2tt = 3.141593 x 10^. The scaled

values are: H. H 
U 23.8732iiF

R^ = 1.0J2 C2 = 60.3481UF K = 3.108152

R2 = 1.5895130 C3 " 12.3842yF

Rg — 1.00 C4 = 21.2207yF

R. =1.00 4 C5 = 10.6103yF

R^ — .50 C6 = 10.6103yF
40
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3After frequency scaling, an impedance scaling factor of 5-0 x 10 was 

applied to all components. The final component values are as shown.

R1 = 5 k£2 C = 4775 pF K = 3.108152

R2 = 7.948 kO C2 = 12,070 pF

R3 = 5  k# C3 = 2477 pF

R, = 5 kfi C. = 4244 pF4 4
R5 = 2.5 M  C5 = 2122 pF

C6 = 2122 pF

The voltage-controlled voltage source was implemented with the 

simple operational amplifier circuit shown in Figure 18. To lower the 

source impedance of the test generator, the follower circuit shown in 

Figure 19 was used.

To mimimize temperature-related errors, all resistors used were 

of either carbon film or metal film construction. All capacitors used 

in the filter were high quality factor (high-Q) mica types. The bypass 

capacitors shown in Figure 18 were of Mylar construction. To obtain 

the component values shown above, series and parallel connections of 

standard components were used. The final values used to construct the 

circuit were as follows:

= 4.989 kfi ci = 4772 pF
R2 = 7.944 M2 <=2 = 12,061 pF
R3 = 4.997 M2 C3 = 2479 pF
R. = 4.992 M2 4 = 4245 pF
R = 2.496 M25 C5 = 2116 pF
R, = 4.767 M2 o =6 = 2116 pF
R? = 10.043 M2



+15
VDC

OV

-15,»
VDC

U : WA741TC or 
CA3140T

Figure 18. Voltage-controlled voltage source implementation.

From Signal 
Generator

+15
VDC

O  V.

-15
VDC

U0: PA741TC

Figure 19. Voltage follower implementation.



43
Initial testing was done without potentiometer Rg in place. 

Amplifier was a yA741. Under these conditions, fairly high deviations 

from the expected response were encountered. To eliminate errors at the 

higher measurement frequencies, the yA741 was replaced with a CA3140 

amplifier. . The resulting gain-bandwidth of the voltage-controlled voltage 

source is about 5 times better with the CA3140 in place. As shown in 

Chapter 4, the magnitude response is particularly sensitive to the 

V.C.V.S. gain value. The performance was improved by adding potentio

meter Rg. Rg was adjusted to give the flattest passband possible.

Direct measurement.of Rg, R̂ , and Rg indicated that the optimal K value 

was somewhat higher than the design value. It appears that a higher 

than nominal gain was needed to compensate for errors in other circuit 

components.

The test setup that was used is shown in Figure 20. The narrow

band A.C. voltmeter was employed to reduce measurement errors from 60 

Hz induced noise. It also greatly enhanced measurements around the 

15 kHz zero frequency. The results of these tests are shown in Table 

5. The circuit analysis program mentioned in Chapter 3, called SPICE, 

was used to predict nominal filter performance. These results are also 

shown in Table 5, along with deviations in the actual response.

The observed performance verifies the theory developed in 

Chapters 1 through 4. The deviations noted in Table 5 are assumed to 

be due to component value errors and measurement errors. Although great 

care was taken to secure accurate component values, some error was



Burr-Brown Model 527

+ 15 VDC 
Supply

Circuit Board Assemblyr
| Voltage FollowerWavetek Model 186

5 MHz Signal 
Generator Filter

Hewlett-Packard Model 5302A

50 MHz 
Counter

_l

Hewlett-Packard Model 
3410A or 427A

A. C.
Voltmeter

Figure 20. Test setup.
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Table 5. Magnitude response test results.

Frequency Theoretical Response Actual Response Deviation
(kHz) (dB) (dB) (dB)

.05 0.0 0.0 0.0

.1 0.0 +0.1 +0.1

.2 0.0 0.0 0.0

.4 0.0 +0.1 +0. 1

. 8 0.0 0.0 0.0
1.0 0.0 +0.1 +0.1
2.0 0.0 +0.2 +0.2
3.0 -0.1 +0.2 +0.3
3.5 -0.2 +0.1 +0.3
4.0 -0.6 -0.3 +0.3
4.5 , -1.5 —.1.2 +0.3
5.0 —3.0 —3.0 0.0
6.0 -7.6 -7.9 -0.3
7.0 -13.0 -13.5 —0.5
8.0 -18.3 -18.6 -0.3
9.0 -23.3 -23.7 -0.4
10.0 . -28.2 -28.5 -0.3
11.0 -33.1 -33.5 -0.4
12.0 -38.3 -38.5 -0.2
13.0 -44.3 —44.4 -0.1
14.0 -52.6 -52.9 -0.3
15.0 —  CO -90.8 -
16.0 -56.6 -57.0 -0.4
17.0 -52.4 -52.7 -0.3
18.0 -50.6 -50.9 -0.3
19.0 -49.7 -50.0 -0.3
20.0 -49.3 —49.6 -0.3
21.0 -49.2 -49.4 -0.2
22.0 -49.2 -49.4 -0.2
23.0 -49.4 —49.6 — 0.2
24.0 -49.6 -49.8 -0.2
25.0 -49.9 -50.1 -0.2
30.0 -51.7 -51.9 -0.2
40.0 -55.5 -55.8 -0.3
50.0 -58.9 -59.0 -0.1

Notes: 1.

2.
3.
. 4.

Magnitude response values have been adjusted by subtracting 
the B.C. gain value, ZOlog^K (dB).
The -3 dB frequency was set to 4.970 kHz with Rg.
The observed zero frequency was 15.002 kHz.
The observed peak return frequency was between 21.0 and 22.0

5. The input level was held at > 79 Vr.m. s, at all frequencies 
except 15 kHz; 3.0 Vr.m.s. was used there.
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probably introduced by temperature variations and stray resistance and 

capacitance in the wiring. The narrow-band A.C. voltmeter was checked 

with a similar instrument at several measurement frequencies. Good 

agreement was observed between the two.



CHAPTER 6

CONCLUSIONS

The structure presented in Chapter 3 has been shown to be a good 

practical design. It is attractive from the standpoint that it can 

realize the four-pole, two-zero Inverse Chevyshev function with a single 

amplifier. Furthermore, this circuit requires fewer passive elements than 

multiple amplifier configurations. The various magnitude sensitivities 

are higher than those of some alternate structures, but nonetheless are 

still quite reasonable. Care must be taken to stabilize the gain.

This filter should find applications where a flat passband and 

steep transition band are required. Further development of this struc

ture may allow realization of fourth-order elliptic functions.

47
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