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ABSTRACT

A numerical procedure is presented to examine the elastic 

buckling and post-buckling behavior of a cantilever beam-rigid bar 

system under the action of axial arid transverse static loading. The 

nonlinear governing differential equations for inextensional deforma

tion of the system are solved numerically using a 4th order Runge- 

Kutta integration scheme. The Newton-Raphsori iteration procedure is 

used to systematically improve trial solutions of the differential 

equations. The method of analysis presented is then used to determine 

the post-buckling behavior of the system for several ratios of beam 

length to rigid bar length.



CHAPTER 1

INTRODUCTION

The subject of elastic stability or instability, although in 

the literature for roughly 200 years, has come to be of considerable 

practical importance in only the past half century. Due to the use of 

high strength materials and, therefore, the resulting increased 

slenderness of compression members, the integrity of a structure may 

be threatened not by being over stressed, but by becoming elastically 

unstable.

In certain instances, the serviceability of a member need not 

come to an end when the member has buckled. In the aircraft industry, 

to keep weight to a minimum, use is made of the post-buckling strength 

of plates, for example. Central to handling or incorporating the 

stability phenomena in engineering design is a better understanding of 

the buckling and post-buckling behavior of structures.

Motivation for the research discussed herein came about as a 

consequence of attempting to construct a stability curve for the simple 

structural system shown in figure 1. The stability curve was to show 

how the buckling load Pcr for the system varies with the length ratio 

Ll/L. According to the traditional small deformation, small rotation 

theory of elastic stability the critical load must satisfy the equation
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tan(KL) = KL(1 + Ll/L)

in which

LI = length of the rigid link 

L = length of the beam

and

K = ^P/EI

Z
/
/
/
/

FLEXIBLE RIGID

- LI

Figure 1. Beam-Rigid Bar System.

A plot of Pcr versus Ll/L and mathematical analysis of the equation 

show that in the limit as LI approaches zero, PCr approaches zero.

The result, of course, is unacceptable because it is known that for 

Ll = 0, Pcr = (4.493)2EI/L2. In the book by Godden, the system 

with an Ll/L ratio of 2/3 is shown, along with an approximate solution 

for PCr for the system. Beyond this, no further mention is made of the 

system. The apparently paradoxical situation regarding Pcr is resolved 

when it is recognized that as Ll becomes small, the rotation of the 

rigid bar during buckling is not small and therefore, the traditional



linear theory of buckling is not applicable. The nonlinear analysis 

that follows was formulated in order to gain further insight into the 

statical behavior of the system.

In Chapter 2 of this thesis, the governing equations are 

developed, and in Chapter 3, the numerical method of solution is 

explained. A presentation and discussion of the results appear in 

Chapter 4.



CHAPTER 2

DEVELOPMENT OF GOVERNING EQUATIONS

In deriving the governing equations for the system, the beam 

was assumed to be uniform, made of a linearly elastic material, and 

to undergo inextensional deformation. The geometric and force 

variables that enter into the analysis are shown in Figure 2.

L + LI

Figure 2. Deflected Configuration Showing 
Geometric and Force Variables.

4



5
Figure 2 illustrates the system in its deflected configuration.

The angle ^ is the rotation of the tip of the beam, 9 at S = 0. The

angle 3 is the rotation of the rigid bar from the horizontal. The

variables P and Q are, respectively, the axial and transverse point 

loads applied to the system. The variable u is the horizontal displace

ment that the roller support undergoes, measured from the undeformed 

configuration.

The objective of this analysis is to determine how P varies 

with u for fixed values of Q.

To simplify the presentation, derivatives with respect to 

length S, in other words d( )/dS, will be written as ( )' .

From Figure 3, which represents a portion of the flexible beam 

just to the left of the interior hinge, a moment summation about point 

a, whose coordinates are X,Y, yields

NY + VLX - M = 0 (2.1)

(X,Y)N

— N

Figure 3. Free-Body of Beam Segment 
to Left of Hinge.
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From Figure 4, which represents a free body diagram of the 

rigid bar, a summation of moments about point c yields

Vr (L1 c o s  3 ) - N(LI sin 3 ) = 0 (2.2)

N

LI

Figure 4. Free-Body of Rigid Bar.

From a free body diagram of the interior hinge, a summation 

of vertical forces yields

Vl = Q + VR (2.3)

From equation (2.2),

VR = N tan 3 (2.4)

Substituting equation (2.4) into equation (2.3) , and noting, from the
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free body of the rigid bar in Figure 4, that P = N, then equation 

(2.3) becomes

VL = Q + p tan B (2.5)

Combining equations (2.5) with (2.1), and again noting that P = N, 

the first governing equation then becomes

M = PY + (Q + P tan B )% (2.6)

Noting that, from the known moment-curvature relationship,

M = - EI0 *

where Q° is the curvature along the beam, equation (2.6) becomes

El 0 ° = - PY - (Q + P tan B )K (2.7)

The remaining relationships can be derived by considering the

geometry of an elemental line segment of length dS along the length of 

the beam as shown in Figure 5. From the deformed configuration,

sin 0 = Y (2.8)

cos 0 = X * (2.9)
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dS

dYdSY

X

Figure 5. Elemental Line Segment in the Undeformed 
and Deformed Configurations.

Equations (2.7), (2.8) and (2.9) are the governing differential 

equations for the system. The associated boundary conditions are

Y = 0 @ S = 0 (2.10)

X = 0 @ S = 0 (2.11)

0 = 0  @ S = L  (2.12)

In addition, auxiliary conditions of compatibility of displacements of 

the beam and rigid bar can be derived from the geometry shown in Figure 

2, namely



Y = LI sin 3 (2 • 13)

X = L + LI - (LI cos 6 + u) (2.14)

at S = L.

Differential equations (2.7) , (2.8) and (2.9) , with boundary 

condition equations (2.10), (2.11) and (2.12) and the auxiliary equa

tions (2.13) and (2.14) are the governing equations for the problem.



CHAPTER 3

NUMERICAL SOLUTION

In the previous chapter, the governing differential equations 

for the problem were derived. The solution of the nonlinear boundary 

value problem represented by the equations could be expressed exactly 

in terms of elliptic integrals. However, due to their complexity, 

the solution would have to be evaluated numerically to be of practical 

value. In this work, as a practical alternative to working with 

elliptic integrals, solutions are obtained by a numerical integration 

procedure which in principle yields exact results. This chapter is 

concerned with an explanation of this numerical procedure.

The general solution of the governing differential equations 

satisfying boundary conditions (2.10) and (2.11) can be considered 

as a function of S with g, P, Q  and ip = 8 at S = 0 as parameters. If, 

say, O and 3 are considered as prescribed quantities, then, the 

boundary condition (2.12) and the auxiliary condition (2.13) provide 

two independent equations for the determination of P and ip in terms of 

Q and 3 • In the principle these equations can be solved analytically 

and the auxiliary condition (2.14) may then be used to obtain u as a 

function of 0 and 3 • In this way, the "load P - deflection u" 

response for fixed Q is obtained in parametric form with 3- as the

10



parametero

Procedures for numerical execution of the analysis were 

developed. The procedures worked well for 0 <u < 2L1, but failed when 

attempts were made to obtain responses for u > 2L1. To circumvent the 

numerical difficulties, the response problem was modified in the sense 

that Q and u were adopted as independent parameters and the boundary 

condition (2.12) and the two auxiliary conditions (2.13) and (2.14) 

were considered as equations to determine 3 , and P. The procedures 

described in the following paragraphs pertain to the analysis in which 

Q and u are taken as independent parameters.

To set out the procedure, assume solutions of the differential 

equations can be expressed in the form

0 = 0 (S; ijj, g, P, 0, u)

X = X (S; \p, B, P, g, u) (3.1)

Y = Y (S; iljr gz P, g, u).

where S, i];, 3/ p/ and Q  are as defined in Figure 2. Then, by construc

tion, let

G ( ip, 3, P, Q, u) = 0 (L; ijj, 3, P, Qr n)

H ( ifjr 3, P, g, u) = Y (L; 3, P, g, u) - Id. sin 3 (3.2)

F ( 3, p, g, u) = x (l; ijjr 3, p, g, u) - li (i-cos3 ) -l t u

Making use of equations (2.12), (2.13) and (2.14), equations (3.2)
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become

G ( Tpr 3 / Pf Q z U) = 0

H ( 1/j, 0, P, Q, u) = 0 (3.3)

p ( Bf Pz Qz u) = 0

Considering u and Q as independently assignable parameters f then

equations (3.3) can be thought of as three equations that define the 

parameters \p, 3/ and P in terms of u and 0. For any selection of the 

values for the parameters, the functions G, H, and F can be evaluated 

without actually producing the functions themselves. This is accom

plished by direct numerical integration of the governing differential 

equations. If, for any choice of the parameters, the functions G, H, 

and F equal zero, then these quantities, along with the corresponding 

values of X and Y, define a state of equilibrium.

In application, the numerical method is one of organized trial 

and error, and is based upon the Newton-Raphson root finding method.

To outline the procedure, consider u and Q as prescribed, and that the 

problem is to calculate the corresponding -values of \jjf 3, and P. Let 

if; , 3/ and P represent trial values, and let

^ - ijj =
A

Ail)

3 - 3 = A3 (3.4)

p - zxp = Ap
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Then A3f AP may be viewed as small corrections which, when
added to g, and P, yield the correct values for 3, and P. The 
equations that must be satisfied for the determination of the correc

tions are

0

0 (3.5)

0

To arrive at equations from which estimates of Ax|h A3, and AP can be 
calculated, the functions

G (.$ + Aip, 3 + A3, P + AP, 0 + AQ, u + Au)
H (if; + Aif;, 3 + A3f P + AP, Q  + AQ, u + Au) (3.6)

F ($ + Aip, 3 +  A3, P + AP, Q + AQ, u + Au)

/n /sare expanded in Taylor's series about the point (' ip, 3, P, Q, u) . 
Introducing the notation

■ 9.11. = ( ) - i|;
S ip

with similar notation for the partials with respect to the remaining 
variables, this yields

G ($ + Aip, 3 + A3, p + AP, Q, u) =

H ($ + Â , 3 + A3, p + Ap , Q, u) =

F (̂  + Aip, 3 + A3, p + AP, Q, u) =
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G = G + G^ A\|J '+ Gg Ag + Gp £P + Gq AS + Gy Au + h.q.t.
H = H + HtJj AtJ; + Hg Ag + Hp Ap + Hq Ao + Bq Au  + h..o.t. (3.7)

F = F + AxJj + Fg Ag + Fp Ap + Fq AQ + Fu Atj + h.o.t.

The caret (A ) signifies that the quantity involved is to be evaluated
A Zk ^at the point ( ijj, 3, P, Q, u) „ Exact alternate forms of the equations 

to be solved for Ai|V A3/ and AP are obtained by setting G = H = F = 0 

in the series equations (3.7). Approximations to Ai}V ABg and AP are 

obtained by neglecting the nonlinear terms in equations (3.7). In 

other words approximate corrections are obtained by solving the linear 

equations

0 = G + AiJ; + Gg AB + Gp AP
' 0 = H + H^jj Alfj + Hg A3 + Hp AP (3.8)

0 = f + A\ j j .+ Fg A3 + Fp Ap

After having found Axpr A3' and AP from the foregoing equations, we 
can calculate improved trial values,

= $ + A iIj

3 = 3 + A3

s = P + Ap

Further improvements are obtained by repeating the foregoing computa- 

tions using ijj, 3 , and P in place of yjr  ̂3 , and P. Iterations can
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continue until a satisfactory level of convergence has been reached.

An important step in the above scheme is that of obtaining
a ^sufficiently accurate trial values ip, 3, and P. One method of 

obtaining trial values is based on the series expansions. Assume that 

ip , 3 , P, u , and Q are such that all of the governing equations are 

satisfied. Also, assume that

* = ^ + Aip

3 = 3 + A3 (3.10)

p = p + AP

are to be determined such that the governing equations are satisfied 

when

Q = Q + _ A Q
(3.11)

u = u 4- A u

where AQ and Au are small. Expanding the functions

G (* + Aip , 3 + A3 , P + Ap, Q + AQ, u + Au)

H (ip + Aip •, 3 + A3 , P + AP, 0 + AQ, u + Au) (3.12)

F (ip + Aip , 3 + A3 , P t AP, Q +  AQ, u  + A u )

in Taylor - s series about the point (. ip , 3 ' Q, u)_ yield
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G = G + Gty A-lj; + Gg Ag + Gp AP + Gg AQ + Gu Au + h.o.t.

H = H + Ity Ai/j + *Hg Ag + Hp AP + Hq AQ + Hu Au + h.o.t. (3.13)

F + *? + Axj; + Fg Ag + Fp AP + F q  AQ + Fu Au + h.o.t.

where the overbars indicate that the quantity is to be evaluated at the 

point ( xp, g- / P, Q, u) . In view of the fact that the point ( xjj, g ,

P, 0, u) represents a solution of the governing equations, G = H = F = 0. 

Exact equations for the calculation of Aif; r Ag , and AP are obtained by 

setting G = H = F = 0in the series expansions, since if; + Axp , g + Ag 7 

P + Ap, Q + Aq, and u + Au represent a solution of the governing 

equations. Approximations to Alp, Ag, and AP are obtained by 

neglecting the nonlinear terms in equations (3.13)r in other words by 

solving the linear equations

0 = Ĝ  Ax|j + Gg Ag + GP AP + Gq AQ + Gu Au

0 = AxJ; + Hg Ag + Hp AP + H0 AQ + Hu Au (3.14)

0 =  Fijj Aljj + Fg Ag + Fp AP + Fq Aq + Fu Au

for Ai/J, Ag , and AP with AQ and Au as assigned quantities. The trial

values for ifj, g , and P, corresponding to Q = Q + AQ and u = u + Au,

then become

ip =  \jj +  Aijj

g = g + Ag ' (3.15)

P = P + AP
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The key to application of the foregoing procedures is the 

evaluation of the partial derivatives of the functions G, H, and F. 

Because these functions are not available in analytical form, an 

indirect method for the evaluation of the required derivatives is 

used. The indirect method involves deriving differential equations 

whose integrals will yield the desired results.

The first step in the derivation consists of observing that 

when considering 0, X, and Y as functions of S, with ijj, g, P, Q, and 

u as independent variables, the derivatives with respect to S in the 

governing differential equations should be understood to be partial 

derivatives with respect to S. Thus, equations (2.7), (2.8), and

(2.9) are now written as

- PY - (Q + P tan 3 )X

sin 0 (3.16)

cos 0

Now, because S, ijj, 3, Q, P, and u are considered as independent

variables, second mixed partial derivatives are related. For example,

( es^ = ( or, e Slp = exjjS

( Xs)%j, = (x ̂ )g o r ' XŜ =  x  ijjS (3.17)

< YS ^ = (Y or, YS^ =  Y ips

US

Ys
8sii
ds

Similar relations hold for the mixed derivatives involving S and 3,
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S and P, S and Q, and S and u. How the relations are employed is 

illustrated in the derivation of. the differential equations for the 

quantities 8̂ , , and . Partial differentiation of equation

(3.16) with respect to ijj yields

(. es)̂  = ( e ^ s  =  -  P Y ip -  (Q + P  tan 3
( y s)-ip =  (Y ^)g = S^cos 0 (3.18)

( = (X^)s = ~ B^sin 0

Integration of equation (3.18), subject to the boundary conditions

6̂  “ 1 Y^p = 0 X̂ jj = 0  @ S — 0 (3.19)

yields the desired quantities: 0^ , , and . Equations (3.16)

and (3.18) can be integrated simultaneously to determine the values of 

0 , Y, X, 0^ , , and . Recalling the functions G, H and F/

as defined by equations (3.2), one obtains

(3.20)

To complete the numerical process, equations (3.16) are 

differentiated partially with respect to the four remaining parameters 

3 / P, Q/ and u. This leads to twelve additional equations to be

G Tjj - 0^ |S=L

H ip ~ Y ip |s=L
F = x \p |s=L
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solved for the remaining differential coefficients. The equations are

1 £S = -PY g QX g + P (tan £ (X g J -

c |3S = onCDl sin 0

r 3s e3 cos 0

6 PS = -PYp - QXp - tan £ (X - PXp) - Y

XPS = -  0 p sin 0

CO = 6p cos 0 '

CD = ' -pyq - (Q + P tan 3) Xg - X

Xqs = " eQ sin 0

yQS 0Q cos 0

CD E, = -pYu - (Q + p tan 3)XU

xuS = - 6 U sin 0

YuS =r eu cos 0

The boundary conditions for equations (3.21) are

03 = 0 =  0 y3 =  0

6p = 0 Xp =  0 ^p =  0

0Q = 0 xe =  0 yQ =  0

IIPCD 0 xu =  0 Yu = 0

at S = 0.



CHAPTER 4

DISCUSSION OF RESULTS AND CONCLUSION

The solution procedure developed in Chapter 3 was programmed 

in FORTRAN IV for processing on the CYBER 175 University Computer

Systems at The University of Arizona.

Figures 6, 7, 8, and 9 are load P - deflection u plots for

the system with nondimensional rigid link lengths of 0.1, 0.3, 0.5,

and 0.7, respectively. The results are presented in non-dimensional 

form. A discussion of the results follows.

Discussion of Results

A study of Figures 6, 7, 8, and 9 indicates that for each plot, 

there are three distinct critical points on the load-deflection curve. 

The first occurs when u = 0, the second when u = 2L1, and the third 

occurs when u first exceeds 2L1. Each point represents a critical 

load for distinct buckling cases for the system as it changes from 

the undeformed configuration, defined by u = 0, to the final 

configuration. The three cases are shown in Figure 10. According to 

the traditional small deformation, small rotation theory of elastic 

stability, the critical load for each case must satisfy the following 

equations:

20
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Figure 6. Load-Deflection Curve With a
Link Length of 0.1L.
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Figure 7. Load-Deflection Curve With a
Link Length of 0.3L.
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Figure 8. Load-Deflection Curve With a
Link Length of 0.5L.
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Figure 9. Load-Deflection Curve With a
Link Length of 0.7L.
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Figure 10. Three Distinct 
Buckling Cases.

1) for case 1

tan KL = KL(1 + Ll/L)

2) for case 2

tanh KL = KL(1 - Ll/L)

3) for case 3

tan KL = KL(1 - Ll/L)

where

LI = length of the rigid link 

L = length of the beam
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and

K = ^P/EI

For the four different rigid link lengths investigated in this thesis, 

there was agreement to at least four significant digits between those 

values that satisfied the above equations and the critical values 

that were determined via the program.

In addition to the three distinct buckling cases, other key 

behavior points discernible from Figures 6, 7, 8, and 9 are as follows:

1) for u = Ll for each of the four rigid link lengths,

P = 0. This corresponds to the configuration wherein

the rigid link is vertical, i.e. 3 = 90°.

2) for u slightly greater than 2L1, the value of P is

greater than Pcr corresponding to case 3, which indicates 

a reserve post-buckling strength, and is more apparent 

for the smaller link lengths.

3) for u considerably greater than 2L1, the value of P 

decreases, reaches a minimum, and then begins to 

increase without bound. For rigid link lengths of 

0.1L and 0.3L P goes negative for a range of u, which 

indicates that the rigid link assumes a vertical 

positioning twice, since P becomes equal to zero twice.

For rigid link lengths of 0.5L and 0.7L, this circum

stance never occurs.

4) for the rigid link length of 0.7L, the system can 

assume only one configuration for values of PL^/EI



between 1.13 and 3.03. This necessarily represents 

an ideal, stable condition.

For the numerical scheme employed, the criteria used for 

convergence is expressed by the relationship

where £ was to be less than .0002 for 0 < u < 2L1, and less than 

.001 for u > 2L1.. The rate of convergence of the scheme proved to be 

rapid, requiring no more than 3 iterations for 0 < u < 2L1, and 2 

iterations for u > 2L1. Eight integration points were used for the 

range 0 < u < 2L1, which gave excellent results from the Runge-Kutta 

"one-sixth" rule method, and twenty for "the range u > 2L1, in 

expectation of large changes in geometry of the beam.

Conclusion

The nonlinear analysis performed has shown that in the initial 

postbuckling phase of deformation the axial load must decrease with 

increasing displacement u to .maintain static equilibrium. This indi

cates that the system would probably undergo catastrophic buckling 

when the load is at or very near the critical load. In addition, the 

results clearly indicate the complexity of a system wherein relatively 

large deformations are realized.

Further work in the area of this thesis could be carried out. 

Some additional areas that could be developed further might be as 

follows:

2. An effort to develop the program further, with an eye 

to calculating shears and axial loads throughout the
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system.

2. Altering the program to take other variables as the 

prescribed parameters.

3. Allowing for a different system of applied loads.

4. Deriving governing equations for the system wherein

the beam is no longer considered inextensional.

5. Possibly allowing for different support conditions.
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