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ABSTRACT

The LMS adaptive algorithm of Widrow and Hoff has 
been improved upon and expanded to generate an algorithm 
suitable for updating ARMA models. Failure of the 
algorithm to converge provides an automatic indication that 
the system has changed by the addition of a new noise 
source and hence the order must be increased. Computer 
experiments have indicated an acceptable rate of conver
gence with simple but realistic models. The algorithms 
derived have also been shown to be useful for multivariate 
analysis. Coherence functions are easily calculated using 
Fourier transforms of appropriate time series models.
Using adaptive filters to remove the effects of selected 
system variables prior to the calculation of the coherence 
function allows the calculation of partial coherence 
functions.



CHAPTER 1

INTRODUCTION

Significant advances have been made in the analysis 
of the inherent noise in nuclear power plants. On-line 
systems presently exist which continuously monitor 
neutronic noise and component vibration in order to predict 
component malfunction and prevent extensive damage. Such 
systems represent an economic, as well as a safety, benefit 
when properly used.

Spectral analysis is the most widely used technique 
for on-line analysis. Special purpose hardware units, as 
well as efficient software algorithms, exist for data pro
cessing. The representation of data in the frequency 
domain also provides a means of linear system characteriza
tion which is readily interpreted. In fact, for a 
Stationary, Gaussian random process, the power spectral 
density (PSDl represents a complete description of the 
process. However, spectral analysis is limited to the 
analysis of noise from a single channel or from pairs of 
channels that are independent of the remaining system 
variables. Power reactors, on the other hand, are charac
terized by strongly coupled thermal-hydraulic effects as 
well as nonlinear feedback effects. Also, the PSD does not
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represent an efficient system descriptor since a large 
number of values are required to have both fine resolution 
and wide range in frequency. This makes continuous pro
cessing cumbersome and generally results in processing 
techniques which ignore or eliminate much of the information 
concerning system dynamics.

Recent developments have applied time domain charac
terizations to reactor signals. These include auto
regressive (AR) [1] and auto-regressive moving average 
(ARMA) models [2, 3] for single channel data, and multi
variate auto-regressive models [4, 5] for entire system 
characterizations. AR and ARMA models represent efficient 
system descriptors since these are difference equations 
which describe the dynamic behavior of the system. The PSD, 
if desired, is readily obtained by taking the Z-Transform 
of these system equations. Spectral estimates obtained 
through time series models are smooth and do not exhibit 
the spurious peaks caused by the large variance in Fourier 
estimates 12]. •

While time.series models are more, easily analyzed 
than PSD’s, generation of an appropriate model requires 
significantly more computation than;;the Fourier analysis of 
the same data. ARMA modeling requires nonlinear least 
squares estimation - of the parameters and this can be time 
consuming using the floating point processors available 
with low cost minicomputer systems. Thus, the number of.



channels which could be continously monitored would be 
limited. The purpose of this paper is the development of 
an efficient algorithm for updating ARMA models. The 
algorithm iteratively updates each parameter using only 
functions of the residuals and is well suited for imple
mentation using fixed point arithmetic. A low cost moni
toring system could be designed using a special purpose 
fixed point processor and would be capable of monitoring 
a large number of channels. The system would also be 
capable of performing multivariate analysis, since the 
techniques used for the development of the ARMA algorithm 
are also useful for the estimation of partial coherence 
functions. The basic approach for selective multivariate 
analysis will be presented in this paper.



CHAPTER 2

TIME SERIES ANALYSIS OF REACTOR NOISE

Monitoring systems in use in nuclear power plants 
typically monitor the noise on several neutronics channels 
and vibrations in key elements of the primary loop. Power 
spectral density (PSD) functions are periodically calculated 
for each signal and various algorithms exist for deter
mining if significant changes are taking place which might 
be indicative of impending malfunction [6-9]. While the 
PSD does represent a complete descriptor for a Gaussian 
random process, it is difficult to extract specific in
formation using a general algorithm on an arbitrary function 
in tabular form. Thus, the previously referenced algorithms 
are limited in their ability to effectively use the in
formation intrinsic to the calculated PSD. In addition, 
the PSD estimates, which are generally obtained by squaring 
and averaging a number discrete Fourier transforms (DFT's) 
of finite data blocks, have an unusually high variance.
If the PSD's are determined by averaging over i\ spectra, 
then the standard error for each frequency value is equal 
to l/j/n times its expected value. Therefore, unless a 
large number of sample PSD's are calculated, the fine 
structure of the estimated PSD's, caused by the variance



in the estimates, can give rise to what appear to be valid 
spectral peaks, or can mask true spectral peaks [10].

In order to overcome some of the difficulties in
herent in spectral analysis, time domain techniques have 
been investigated for application to nuclear power plant 
noise analysis [1-3]. Autoregressive (AR) models have been 
used to generate a smoothed estimate of the PSD of a random

Vsignal, and autoregressive moving average (ARMA) models have 
been used for generating PSD’s and for identifying the poles 
in the system under observation. Characterizing a linear 
system in terms of poles and residue^ allows simple calcu
lations to determine the exact nature of changes which might 
occur in the system dynamics. This is not so readily 
accomplished using techniques for automated spectral 
analysis.

An AR model represents a linear regression of a 
parameter on a finite number of uniformly sampled past 
values and is generally written [11]

p ■
h=k-i + ak (2-1)1—-JL

where x^, k = 1,2,3,..,, represents a sequence of uniformly 
sampled data, [j, is the expected value of x̂ _, and a^, k = 
1,2,3,..., represents a sequence of independent identically 
distributed random disturbances. The <|k are the auto^ 
regressive coefficients and (2.1) is generally referred 
to as an AR Cp) model. Since the data to be analyzed are
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generated by removing the steady state value it will have 
zero mean and (2.1) will have no constant term. The" <j)1 s 
may be estimated by solving a set of linear equations known 
as the Yule-Walker equations [11]. These may be. generated 
from the equation

'pn = + ••• + *p"pn-p'' a = l'2,...p (2.2)
where e Represents the autocorrelation function for lag n \

. - \ 
and E {^signifies taking the expected value. It is easy to
demonstrate that for a stationary sequence

%  = • : (2-4)
Given a sequence of N data points, (2.3) is approximated by

1 N N
N k2nXkXk-h. N ^  V k - n

where S is an estimate of the variance of x(t).
An ARMA process is more general in that the model 

includes past values of the disturbance. An ARMA (p,g) 
is written

' p a
x = .!:;*ixk-i + ak~ . V i V s  <2-6)1=1 1=1k - " 3

where the 6.. are the moving average parameters. This is a ] •
more natural model for representing reactor noise since it 
has been shown that a uniformly sampled continuous system



of order p will be described by an ARMA (p,p-1) process 
[12, 13]. However, since the random disturbance is un
observable, calculation of the 0. and 0. requires nonlinear-L 3
least squares estimation [2, 11].

2.1 Estimation of the Power Spectral Density
The AR and ARMA models may be used as interpolating 

functions for generating a smoothed PSD. Introducing the 
backward shift operator, B, defined by

Bxn = xn-l (2-7)
then the ARMA model may be written

(1 - - • • • - = (1 - ̂ iB " • • • “
(2.8)

This algebraic representation for a difference equation is 
similar to the Laplace transformation of a linear differ
ential equation. The frequency response, which is ■ 
generated by the z-transform, is given by replacing B with 
e 3W J14J. Since the PSD of a real process is given as the 
square of the.magnitude of the transfer function it may be 
estimated

.|1 _ 6  e"ja)- ... -0 e"j^ | 2
SxxCh)1 ~ l l - ^ e ^ w  (2'9)

where S_^ ( w) is the PSD. Note that these calculations are 
over a normalized frequency range of 0 - II. In order to
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transfer this into Hz it is necessary to multiply a) by 
l/2wAt, where At is the sampling interval.

The information concerning the dynamics of the 
system is contained in the poles and residues of the trans
fer function so that it is not necessary to generate a PSD 
to analyze the system. The smoothed PSD is primarily use
ful for display purposes since it can convey a great deal 
of information to a trained engineer.

2.2 Application to On-Line Monitoring 
On-line monitoring systems based on PSD analysis 

look for some change in the measured PSD relative to a 
baseline. While a wide variety of techniques have been 
used 16-9] r these are all limited by the large variance 
inherent in the Fourier analysis of a random signal [2].
An ARMA model can generate a smoothed PSD, but the variance 
in its coefficients is large. This can be seen from the 
results obtained by analyzing the noise, from two operating 
power plants 32], These limitations are related due to the 
linear relationship between the time and the frequency 
domains, Many different models can generate a PSD which 
would fall within the envelope defined by a measured PSD. 
Thus f the ARMA parameters are not a good indicator of 
changes which might be indicative of a malfunction.

Another approach to the detection of change in a 
model is through the analysis of the residuals. If the
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model describing the system is adequate, then the residual 
sequence should represent white noise. This will generally 
be embodied in convergence criteria when determining a 
baseline model. Shifts in the parameters of the baseline 
model which do not represent a significant change in the 
dynamics of the system will not result in a change in the 
autocorrelation function of the residual sequence. Thus, 
rather than generate a new A.RMA model periodically to com
pare with the baseline model, it is only necessary to 
analyze the autocorrelation function of the residuals to 
assure that these are not statistically different from zero.

While determining a baseline model, a suitable 
convergence criterion might be that the .residual sequence 
represent white noise with 95% confidence. For a Gaussian 
white noise process, this would be assured if

Where N is the number of data samples.
A change from this model might be considered sig

nificant when the autocorrelation function indicates a non
zero autocorrelation with 95% confidence limits. This 
would be detected by a relationship

k k l 1 - L  (2.11)K / w
for several values of k. More suitable confidence limits 
might have to be established for each system being monitored



to assume an acceptable false alarm rate in the indication 
of potential malfunctions. •

While there may be no malfunctions during the 
operation of a reactor, gradual changes in the system 
dynamics will result from fuel burnup, control rod with
drawal, and the buildup of fission product inventories.
It will therefore be, necessary to periodically update the 
system model. - A simple algorithm for iteratively updating 
the parameters of an ARMA model, using functions of the 
residuals, will be developed in the .following sections 
This algorithm has the distinct advantage of being readily 
implemented using fixed point arithmetic. Thus, a rapid 
update can be made using relatively inexpensive hardware. 
Once the model has been updated the poles and.residues can 
be calculated to assess the nature and the severity of the 
detected change.



CHAPTER 3

ADAPTIVE MONITORING OF REACTOR NOISE

During normal operation, the random fluctuations in 
reactor power exhibit a quasi-stationary behavior. Al
though statistical descriptors of this noise,, such as a , 

-PSD, can be seen to drift slowly over a long period of
time, there is usually very little noticeable change over a 
few hours or a few days of operation. Time series analysis' 
can take full advantage of this since a linear model is 
generated to describe the dynamics of the variable under 
observation. When measured data are input into the model 
.the residuals are white noise. When a model is no longer 
adequate for a particular variable the residuals will 
exhibit measurable auto-correlation which is statistically 
different from zero. This may be caused by a shift in the 
poles or zeros of the system or the superposition of a 
newly generated noise source. If the change in the 
dynamics of the linear model is taking place slowly then 
it may be attributable to normal factors, such as control 
rod withdrawal or burnup. Significant changes over a 
period of hours or a few days are more indicative of an 
abnormal change occurring in the system.

r  "  \  ' ,
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It has been previously pointed out that an ARMA 

model is more appropriate for a uniformly sampled continuous 
system. Maximum likelihood parameter estimation for an ARMA 
model, however, entails non-linear least squares estimation 
which requires a large, general purpose computer for rapid 
solution. Thus, while analysis of the residuals can pro
vide an efficient means of detection of change in the 
dynamics, updating the ARMA model can be impractical ..for a 
reasonably priced on-line monitoring system. In order to 
overcome this limitation an efficient algorithm for 
estimating the ARMA parameters was developed.

3.1 The LMS Adaptive Algorithm 
The algorithm for updating ARMA models is an exten

sion of one suitable for applications to AR models. Widrow 
and Hoff developed the adaptive filter as a simple 
approximation to a Wiener filter 115, 16J. Given a signal 
corrupted with noise, called the primary input, and a 
reference input which is correlated with the unwanted 
noise, then a weighted sum of past values of the reference 
signal is used as a linear predictor for the unwanted .
noise. The filter weights are calculated using the least 

/ ' 
mean square (LMS). algorithm derived by Widrow and Hoff. '
The LMS algorithm is suitable for estimating the true
weights based on an initial guess, or tracking changes in
the weights due to a non-stationary noise source.
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A diagram of an adaptive noise cancelling system is 

shown in Figure 3.1. The observable parameters consist of 
the signal plus noise, y(t), and a signal linearly related 
to the noise, x(t). Each of these is.uniformly sampled to 
generate the sequences ŷ . and x̂ .. An estimate of the noise
is generated from past values of the reference input using
a linear relationship

pri. = E w.x . . (3.1)
k i=l 1

where {n̂ .} represents a sequence of estimated noise inputs. 
The signal is then estimated by subtracting the noise from 
-the signal plus noise

P
sk = Yk ” Bk = Yk “ .Z,wixk-i (3'2)i=l

The optimal weight vector is determined by minimizing 
E{S^} and it has been sfiown that the results are the same 
as those derived by Wiener 116]. Using vector matrix 
notation this weight vector may be written

H = R 1P (3.3)
where

W =

R is the pxp auto-correlation matrix given by

R - E « kx£} (.3.4)



y(t)i
P RI .  I N P U T

+ a - i {

A D A P T I V E
F I L T E R

X ( t )h ( t )
I REF.  I N P U T

Figure 3.1. An Adaptive Noise Cancelling System
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and P is a pxl cross correlation vector

P = E{ykXk ) (3.5)

The reference input vector, ' is defined by

k-p

The estimation of R and P and the calculation of
involves a considerable amount of computation. The LMS 
algorithm was developed to estimate [J iteratively using 
much simpler functional evaluations. The approach taken is 
to minimize the output variance using a method of steepest 
descent rather than by direct calculation. Thus, at each 
iteration the next value of the weight vector is calculated 
using the formula

and [i is the step size along the gradient. However, upon

(3.6)
where is the gradient of the variance of the output with
respect to the weight vector

(3.7)

substitution for E{s^}, the value of the gradient is



16

= -2P + 2Rlf . (3. 8)

This still involves estimation of the auto- and cross
correlation functions and a vector matrix multiplication.
An approximation chosen by Widrow and Hoff was to replace 
E{s^} by s^ so that

9®k _ - 8®k3w7 " 2sk 3w7 * (3.9)i i
Using the definition of s this may be reduced toJc

'»sk “ -2skxk-i • (3-10); 1 '
The resulting Widrow-Hoff LMS algorithm for updating the 
coefficients becomes

wj+1 - Wj + 2„skXk (3.11)

This final form is computationally simple and is easily 
implemented for real time processing of even high frequency 
signals.

3.2 An Improved LMS Algorithm 
The LMS algorithm has proven effective in removing 

additive noise from radar, seismic, and biomedical signals. 
However, its performance in signal processing is limited by 
the use of an instantaneous value as an estimate of an 
expected value. Limiting the fluctuations in the weight 
vector will require taking a very small step, p , at each 
iteration. This, however, will result in a very slow
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convergence to the true weight vector. In order to speed 
up convergence then it is necessary to use a better estimate 
of the gradient. Recalling the original value of V-* from 
(3.9) and using, the definitions of R. and P

Vj = 2RWj - 2P
= 2E{xkXk>W:i - 2E{ykXk>

= 2E{ (XkW ^  - Yk)Xk> ' "

= 2E{SkXk> . ; (3.12)

Thus the instantaneous value of the product of the output 
and past values of the reference input is replaced by its 
expected value. When the weight vector converges to its 
minimum value the gradient should be zero and from Eg.
(3.12) the output will then be uncorrelated with past 
values of the reference input. This, however, is the . •
purpose of the adaptive filter..

Steepest descent methods generally have poor rates 
of convergence since a small step size must be takpn to 
avoid overshooting the minimum. Therefore,,to assure 
rapid convergence it is desirable to take an optimal step 
size. This may be determined by considering the exact 
value of the -weight vector, which is given as a solution 
to the equation

R W -  P = 0 • (3.13)



The ±th equation is
18

P£ r..w. = p. (3.14)

and may be rewritten

:

Noting that from the definition of R,

r..w. = p . - . Z  r..w. . (3.15)ii i ^i . , i] 3

r .. = (3.16)n  x

and adding and subtracting r^vw^ from the right hahd side 
of (.3.16) the following equation is readily derived

1 Pw. = w . + — s- (p. - r . .w. ) . (3.17)
1 sx j-1 J 3 ■

An equation for iterating on \*j can thus be written

wj+1 = W j + •% (P-RV!j ). (3.18)
Sx

Using the previously derived estimate for R - Rty this 
becomes

' .yj+1 = W j + - %  E{skxk > , , (3 .19)
Sx

which is the same as the steepest descent equation with a
2step size, p , equal to 1/25^. Note that (3.18) also repre

sents a Gauss-Seidel iteration for a set of linear equa^ 
tions. Since the auto-coyariance function has the 
properties -



then these equations will always converge to the correct; 
solution regardless of the starting value 117] .

If the reference input and -the primary input are 
both the same then the adaptive filter can be used to 
estimate the parameters,of an AR model of the input 
variable. The output sequence {s^} then becomes the 
residuals of the model and, providing the order is suffi
cient, should represent white noise.

3.3 Extension to ARMA Models 
Estimation of the parameters of an ARMA model 

generally involves non-linear least squares estimation.
Since steepest descent is a commonly used method for non
linear, problems, then proper formulation of the problem can 
lead to an algorithm similar to the IMS algorithm. Given 
the ARMA (p , q)1 model

P g
*iYk-i+ ak - (3-20)r=l 3=1 .

the desired output would be y^ while the one step ahead 
predictor, y^,.which is determined by setting a^ to its 
unconditional expected yalue of zero, represent^ the filter 
output« The error to be minimized.is the estimate of the 
innovation process, given by



The nonlinearity in the problem arises from the fact that
the innovation process a^ cannot be measured directly and
must be calculated using Eq. (3.20). This then becomes a
function of the unknown ARMA parameters. Therefore an
explicit solution for these parameters is not possible and

2iterative techniques must be employed which minimize . 
However, during continuous on-line analysis of the reactor 
noise the changes expected in the model parameters are not 
significant so that the innovation sequence determined from 
an approximate model should be statistically similar to 
that generated from the best model obtained from maximum 
likelihood estimation. As the a^ are calculated they may 
be considered as measured and Eq. (3.20). treated as a 
linear equation for the updating of the ARMA parameters. 
Defining the augmented vectors
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and

w =

which can be written in partitioned form

Xk "

w  =

then the R matrix becomes

fY,
rs;

-9

R = El

and the gradient in the LMS algorithm is estimated by

^  = "2E ( ' ^ k ' )  ‘
The diagonal elements of R have two distinct values

rii =
Sy 1 1 P
S i > p a

(

resulting in separate equations for updating the auto
regressive and the moving average parameters

3.23)

3.24)

3.25)

3.26)
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( P 1 = V  + &  E(a%Y%}
y

gj+1 = gj + E{akAk) (3.27)
Sa

Convergence of (3.27) does not follow automatically 
as it did for the AR model. The reason for this is that 
the diagonal elements of R are no longer the dominant 
.elements in their respective rows. The off diagonal
elements generated by Y.AT and AY^ could be larger. Also,

' T •except for the submatrix YY / all of the elements of R
change following each iteration. This could lead to di
vergence or oscillations in the solution. Thus, rather 
than using the optimal step size, which is equivalent to a 
Gauss’-'Seidel iteration on linearized equation, these steps 
should be multiplied by a factor less than one to revert to 
a steepest descent solution. . Appropriate values of these 
factors might be determined for each reactor during initial 
installation as the correct model is being estimated. They 
should not be significantly less than one to assure rapid 
convergence.

Another factor concerning convergence arises from 
the particular linearizing assumptions and estimation of 
the gradients. In order for the moving average parameters, 
0, to converge it is necessary for the residuals to be white 
noise. This will not be the case when the model order is
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not sufficient to describe the system under observation. 
However, once an appropriate order has been established 
using standard techniques, it should not change unless 
there has been a change in the system. In this case 
failure of the algorithm to converge would be an indication 
that such a change has occurred. This provides a distinct 
advantage in reactor monitoring since the onset of equip
ment malfunction generally results in the superposition of 
a new noise source on existing noise sources. Vibration 
is one common problem and this will result in the order of 
the system increasing by two, since a second order linear 
system is needed to characterize oscillations.

/



CHAPTER 4

PERFORMANCE OF THE ARMA ALGORITHM

A test of the algorithm for updating ARMA models 
was performed by simulating data using several arma models
and then varying the parameters of the model used to provide
a first guess. At each iteration in the model fitting

4 -
process.a sequence of residuals.was generated using the 
relationship

n . - ? ji , ? Qn n
ak = *k ~ ^ ' h Y k - l  + jak-j ■

k = 1,2,...,N (4.1)

where the superscript n refers to the nth iteration. The
values of a^ and y1 for k < 0 were set to their uncon^ k k —
ditional expected values of zero. The ARMA parameters
were updated using the equations

n

1 = + a (4.2)

n .
E a, a 

.n+l = An „ „ k=l9 . - a  r  . (4.3)J 9E a.
k=l k

The parameter a represents the fraction of the estimated
24
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step size, as discussed in Section 3.3. While different 
values of a could be chosen for the AR and MA parameters, 
the results obtained did not indicate that there would be 
any distinct advantage in choosing separate values for a.

Initially, the first guess was generated by 
randomly varying the model parameters such that they were 
within + 25% of the true values. The parameter a was 
varied and the effects on convergence noted. With a set 
equal to one there were oscillations in the sum of the 
squares of the residuals and in the autocorrelation of the 
residuals. However, the ARMA parameters did eventually' 
converge. Reducing a to 0.5 did eliminate the oscillations 
but also slowed down the rate of convergence. Increasing 
g to Q.75 improved the rate of convergence without adding 
oscillations. This value was then chosen for a series of 
jriore realistic simulations.

4.1 Simulation Model 
An ARMA model was designed to be representative of 

the noise commonly encountered in a nuclear reactor while 
remaining simple enough to keep track of all of the param
eters during convergence. An ARMA (7,61 model generated 
to fit-"ttie'̂ d̂ tci '-for one channel of Oconee I neutronics 
monitoring system 12] was chosen as a basis. This model 
had one real pole and three pairs of complex poles (see 
reference 12] for a discussion. The real pole was just
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outside the unit circle. One pair of complex poles repre
sented a sharp resonance frequency and, together with the 
real pole, accounted for the overall structure in the 
frequency response of the system. The remaining two pairs 
of complex poles represented damped responses which were of 
lesser significance in describing the system dynamics.
Thus, these were eliminated and the remaining poles were 
used to generate an ARMA (3,2) model. The real pole near 
the unit circle was shifted due to stability problems. An 
intermediate model would be generated . for which the real 
root would move inside the unit circle and the residual 
sequence for this unstable model would blow up. This 
problem was readily eliminated by prefiltering the data to 
generate a new data sequence

zk = y* ~ z i w  (4-4)

where A is the pole near the unit circle. The. sequence was 
then fit to the ARMA (.2,2) model resulting from factoring 
out the problematic pole. ('Note that this . procedure is 
essentially the same as in the prewhitening used to improve 
spectral estimates.) However, in order to demonstrate the 
convergence characteristics of the derived algorithm, this 
problem was eliminated.

Two different changes in the system dynamics were 
made to simulate realistic changes which might occur in a 
system. First, damping was added to the sharp resonance.
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Since the initial'parameter values represent the system 
conditions prior to the time of the simulated data this 
represents a situation where the oscillatory behavior is 
becoming worse. Then the real pole was shifted further 
away from the unit circle, representing a system which is 
approaching a less stable state. Additional studies were 
performed by simulating a fourth order system which trying 
to fit the original third order system to the data. This 
was to demonstrate the inability of the algorithm to con
verge, given an insufficient order. The models used are 
presented in Table 4•1• Each simulation generated 500 
data points.

4.2 Simulation Results
The results obtained generally indicated reasonable 

rates of convergence with the derived algorithm. An 
important consideration is that each iteration requires 
only one functional evaluation, Standard techniques for 
nonlinear least squares estimation would require p+q+1 
evaluations for an AEMA (.p, q)„ f in order to estimate the p+q 
derivatives of the sum of the squares of the residuals.
This can represent a significant savings when applied to a 
high order system with a large number of data points.

The change in the damping of the resonance resulted 
in a significant change in the statistics of the model 
residuals. The autocorrelation of residuals was much



Table 4.1. Parameters of original model and three cases used in simulations.

Case *1 *2 *3 *4 61 02 83 Poles

Model -.72 .458 .85 .082 -.237 1.13 -.84±j.59
1 -.246 .531 .45 .216 -.087 1.13 -1.15±j.92
2 -. 82 .296 .80 .004 -.244 1.25 -.84+].59
3 -.345 .728 .729 -.337 -1.47 -.110 -.36 9 1.13 2.67 -.84+j.59

to
00



greater than the limit to be statistically different from 
zero with 95% confidence. Each simultation exhibited very 
similar convergence properties with the,number of itera
tions for convergence ranging from 17 to 19. Figure 4.1 
shows the average value of |p̂ | of the residual sequence 
for ten simulations. The dip in the plot is due to a sign 
change after the first or second iteration. Note that 
after the first few iterations the value of | |  decreases 
in an exponential fashion. Similar results were obtained 
in the factors,used in updating all of the ARMA parameters. 
The simultaneous convergence of all the parameters indicates 
that using different fractions for the AR and the MA 
parameters should not provide any significant improvement. 
Figure 4,2 shows the sum of the squares of the residuals 
(SSR). f I P-jJ ? and the optimal step size for for a typical 
simulation. Here the similarity in the convergence of 
@2 and is obvious. Note also that SSR converges much 
more rapidly than the ARMA parameters indicating that this 
is not.a .sensitive measure of model convergence. •

The shi.ft in the real pole had a much less pro
nounced effect on model residuals. Many of the simulations 
resulted in autocorrelation estimates which were below the 
limit for 95% confidence of non-zero values. However, in 
spite of this the number of iterations required was much 
greater than for the previous case. This is probably due 
to the fact that a small change in a real pole will have a
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lesser effect on a systems dynamic response than a similar 
change in the damping of a narrow resonance. Thus, the SSR 
will have a broader minimum along trajectories associated «•* 
with changes, in the real pole and steepest descent schemes 
will be less efficient along such trajectories. Figure 
4.3 shows |PjJ 'for a typical simulation.

During the simulations with damping in the resonance 
it was noticed.that after the first few iterations, the 
changes in the ARMA. parameters did not change signs. This 
raised the possibility of accelerating, convergence by in
creasing the step size as the autocorrelation-function . 
approached that of white noise. Since the shift in the real 
pole produced residuals with a small autocorrelation, the 
step size was varied to determine if any improvement could 
be obtained. •Increasing the parameter a from 0.75 to 0.9
did impfoye the rate of convergence but introduced oscilla
tions in the parameters as they converged. Figure 4.4 
shows ior three different simulations where the number of 
iterations to convergence ranged from 8 to 23. Note that 
the scale is linear to emphasize the changes in sign.
Further increasing a to 1,0 increased the oscillations but 
did not improve convergence. A value of 1.25 for a re
sulted in a sequence of iterations which oscillated between 
two distinct sets ojE parameter values. Figure 4.5 shows 
for ex = 1.0 and a = 1.25. Thus, it appears that little is
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to be gained by attempting to accelerate convergence by 
increasing the step size.

Finally, a fourth order system was simulated to 
verify that the algorithm will not converge if the order of 
the assumed model is not sufficient to describe the system.
A real pole was added to the third order system based upon 
the results of fitting different models to the Oconee I 
data 12]. Attempting to fit a third order model to these 
data resulted in the. system parameters oscillating around 
the optimal values. Typical results can be seen in Figure 
4.6. The large change in the SSR with relatively small 
changes in ARMA parameters indicates a steep slope with a 
well defined minimum for this function. Thus,, the residuals 
are a sensitive function of the ARMA parameters, which 
contradicts the linearizing assumption in the derivation of 
the ARMA algorithm. This was not the case when fitting a 
correct order model since, as previously noted, the SSR 
converges much more rapidly than the ARMA parameters.

Since it is known that the algorithm will not con
verge r given an insufficient order., then the oscillations 
are to be expected. However, to use this to detect when 
an increase in order is required, it is necessary to reduce; 
the oscillations which can be caused by taking too large a 
step. Once an appropriate model has been derived simula
tions can be performed using the model to generate data.
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Each of the poles can be varied, as was done in these 
simulations, to determine an optimal step size.

4 . 3 - Parameters of Converged ■ Models 
The ARMA parameters of the converged model were in 

reasonable agreement with the simulated model. These 
parameters, as well as the poles of the models, are pre
sented in Table 4.2. It is immediately obvious from Table
4.2 that the relative error in the pole's is much less than 
the relative error in the ARMA parameters. Thus, the poles 
represent a more repeatable measure of the system's state, 
and should.be.used’ in assessing the severity of any change 
which has taken place. This is especially true for higher 
order systems.- ■



Table 4.2. Summary of AR parameters of converged models —  Numbers in parentheses 
represent 95% confidence limits based on results, of ten simulations.

Case ' *1 ■•*2 ' ' *3 Poles

Model -.72 .458 .85 1.13 
.84+].59

1 -.691 (.067) .497 (.027) .862 (.037) 1.10 (.02)
.840 (.012)±j.588 (.017)

2 -.756 (.069) . 383 (.078) .805 (.041) 1.19 (.067)
.833 (.017)±j.592 (.014)

u>ID



CHAPTER 5

EXTENSION TO MULTIVARIATE ANALYSIS

Multivariate analysis of the coherent noise in 
different channels of reactor instrumentation can help • 
characterize the complex interdependence existing between 
system variables. This allows increased understanding of 
the system while supplying information potentially useful . 
for the diagnosis of detected malfunctions. Multivariate 
autoregression analysis has been proposed as a means of 
decomposing the complex feedback mechanisms in a nuclear 
power plant 14-73.' This approach, however, requires a 
large amount of computation and, by generating all of the 
open loop transfer functions between the variables
analyzed, produces a large amount of information which is

/of little interest. The multivariate AR is used primarily
for calculating partial coherence functions to identify

'• - " '8-

functional relationships between variables. However, by 
reviewing the definition of the partial coherence function, 
it will become apparent how to use adaptive filters to 
generate the same functions.

5.1 Coherence Analysis 
The coherence function is a frequency-dependent 

linear correlation coefficient. It provides a measure of
- : ' 40
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the possible relationship between two variables, through a 
linear transfer function. Given two random variables, 
x(t) and y(t), the coherence between them is defined by [10]

|Svx(o)) |2 
" Sxx(h))Syy(a)) •(5’1)'

where (co) is the coherence function, (w) is the cross
spectral density. between x(t) and y (t) , and S- («) arid 
S (u) are the PSD's of x(t) and y(t), respectively. It 
can be shown that [10]

Tx y 5 1- ' (5.2).:

If x (t) and y (t)1- are uncorrelated then the cross spectral 
density will be zero and hence the coherence will be zero 
also. Conversely if x (t) and y(.t) are linearly related 
such that

t
. . x Ct). = f h(;T)y (t-x) dx . (5.3)

then J10J

and

Sxy = H(.M)Syy (5.4)

sxx = lH <“ ! I2^ y: (5 .5 )

Yxy f 1. (5-6)
H Co))„ is the frequency response *function of the linear 
operator h Ct). .

If there are different system variables, other" than 
x(t)„ and y(.t), then these may affect the coherent function
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in different ways. As a .result, interpretation of coherence 
functions for complex systems can be ambiguous. Consider, 
for example, a third variable, z(t), such that x(t) and 
y. (t) are both linearly related to z (t) . The coherence 
between x(t) and y(t) may be large even if there is no 
direct functional relationship between them. Alternatively, 
if x(t) is the sum of linear functions of y(t) and z(t) then 
it will have reduced coherence with either of them.

The partial coherence function has been defined to 
eliminate some of the problems in interpreting coherence 
functions in multivariate systems. The partial coherence 
between any two variables may be defined as the ordinary 
coherence between the residuals after the effects of the 
remaining system parameters have been removed by linear 
least squares prediction 1.10] , Consider the removal of 
z (_tlt This is equivalent to using past values of z (t) as . 
a linear predictor to x („t 1 or,

. Px(.t) = £ w. . z (t-iAt) (.5.7),
i=l X1

where w^^., i = 1,2, . , . ,p, is a set of weights and At 
represents the sampling interval. In discrete form this 
may be rewritten

P '
xn = i . V L zn_i- (5-S)1—JL

The weights are determined to minimize the mean square 
2error, e , given by
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e2 = E{ (xn - xn)2>. (5.9)

Denoting these optimal weights by w^^, the residuals of x^.
Ax , are given by

11 P -Ax = x - E w .z . . (5.10)n n . , xi n-i i=l
A similar relation can be derived for the linear least 
squares removal of. z (t) from y(t)

P v  • '
■  yn •' .f.vvi • (5.1Di-l

The ordinary coherence between the sequences {Ax^} and 
{Ay^} is an estimate of the partial coherence between x(t) 
and y (t) conditioned by zjt). The sequence {Ax^} defined 
by (5.9) and (5.10) is the same sequence that would result 
if xft) were the primary input and z (t) were the reference 
input to an adaptive filter. Thus the improved LMS . 
algorithm,. (.3.201, could be used to calculate the weight 
vector of the adaptive filter,

• Extension to higher order systems is straightforward. 
Figure 5.1 shows a system of cascaded adaptive filters . 
capable of removing'the variables z^(t) , Z£(t),...,zn (t) 
from x(t). The weight, vectors in such a system would be 
determined sequentially. That is, the weights in the first 
stage would be iterated until convergence. The output of 
this stage would then be the primary input to the second 
stage for the calculation of this weight vector. This



x( t )
- i I

Figure 5.1. Cascade of Adaptive Filters for the Removal of n Variables
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process would be repeated until the weight vectors for all 
n filters have been calculated. A sequence of similar 
calculations would be performed for the removal of the same 
variables from y(t) and the output of each cascade of 
filters analyzed for the determination of the partial co
herence function.

The adaptive filter approach to partial coherence 
calculation provides more flexibility than multivariate AR 
analysis. A multivariate AR analysis for a system with n 
state variables will generate sufficient information for 
calculating the partial coherence between all n(n-l) 
possible pairs of states» Using adaptive filters it is 
possible to analyze only those variables which are con
sidered important. The variables which are removed by 
linear prediction can also be selectively chosen from the 
temainincf system variables. Useful information might be 
obtained by comparing the coherence between two variables 
both with and without the removal of the effects of a 
third variable.

5.2 Calculation of Coherence Functions 
The adaptive filter can also be used as an aid in 

calculating coherence functions. The transfer function of
I ' . . , .

an adaptive filter is defined by

■ ' P  :- W(w). = I. w e -)nw . (5.12)
n—1 n ■



If x(t) is the reference input and y (t) is the primary 
input, then a transformation of the time domain formulation 
of the optimal weight vector yields the result

• s
|W (m) r  = . (5.13)

XX

The coherence function is then given by
S

Y = |W(to)|2 . (5.14)
y yy

Sxx(m) and S (w) can be obtained by transforming 
appropriate AR or ARMA models of x(t) and y(t).



CHAPTER 6

CONCLUSION

„„ An approach to time series analysis of reactor 
noise has been developed which promises to significantly 
improve the capabilities of on-line monitoring systems.
ARMA modeling of single channel data generates a system: 
description which is more readily interpreted than spectral 
information. An algorithm which allows adaptively fol̂ . 
lowing changes in ARMA modeling was shown to be effective 
using appropriately designed simulations. A distinct 
advantage of the algorithm is its ability to detect an 
increase in the system order by its failure to converge. 
This also simplifies the characterization of the nature of 
detected changes.

The derivation of the algorithm also led to tech
niques for extracting information on the interrelationships 
existing between several system variables. It was also 
shown how time series techniques can be used to calculate 
coherence functions. These applications were not analyzed 
But appear to represent an area ripe for further research. 
Among the questions to be answered are:

1. Which reactor parameters are most important for
multivariate analysis?

:



2. Which subset of all possible interrelationships 
will yield.the most useful data?

3. What are the practical limitations on sequentially 
processing finite word length data as with the 
proposed cascades of adaptive filters?
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