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ABSTRACT

This thesis presents a synthesis method to construct 
a lower order model from a portion of the response of a 
system. In Chapter 2, a mathematical approach is developed 
to describe the constraint on the sampling of the data.
A least-squares approach is used to fit the model to the 
data. Theoretical considerations of the sampling fre
quency, sample length, and root sensitivity are also 
discussed in Chapter 2. Computer programming is the tool 
to implement the synthesis process and to simulate the 
responses of the given system. Application programs written 
by the author are described in Chapter 3, and the DARE-P 
simulation package is used for simulation purpose. Three 
major factors, which determine the result of the synthesis 
are: (1) the order of the synthesis model, (2) the portion
of the response, and (3) the sampling interval. Results 
and implications of these three factors are present in the 
last chapter.



CHAPTER 1

INTRODUCTION

Standard methods of linear analysis determine the 
response of a system from a model which may be formulated 
in either the time domain or the frequency domain. This 
thesis discusses the opposite task, i.e., the synthesis of 
the model from a portion of the response. The major 
contribution of this thesis is found in Chapter 4, which 
illustrates some of the practical implications of the 
application of least-squares estimation to stable linear 
systems.

The least-squares approach to fitting a system 
model to data taken from a system has two important applica
tions. The first problem concerns the simplification of a 
high order model for preliminary design considerations.
Very often, a simple model yields significant insights into 
the design tradeoffs of control system which are masked by 
the computational complexity of a high order system.

This task may be undertaken by selecting the 
parameters of the model so that the model response fits 
the response of the high order system at several points in 
time. If the number of data points exceeds the number of 
parameters, then rather than an exact fit, a least-squares



fit to the data is needed. Least-squares estimation is 
particularly appropriate because a linear set of equations 
for the parameters can be obtained. This assures us of a 
unique solution to the equations.

A second problem of interest is one of identifica
tion of a system with no model of its behavior, or the 
testing of a model for a system. This thesis will demon
strate that, while a least-squares estimation of the system 
parameters will yield a satisfactory result, the estimation 
of the poles and zeros of the system may be subject to 
substantial error.

Chapter 2 presents the theory required for the 
computational techniques that are applied to the above 
problem. The theory is divided into three parts. The 
first is an analysis of the sampling considerations in 
selecting the data for representing the system response.
This part shows that unless the samples are taken throughout 
the response, and frequently enough, the model response will 
be a poor representation of the actual system. Roughly 
speaking, about three samples are required between zero 
crossings until the response has nearly reached steady 
state. The sampling requirements are dependent upon the 
accuracy of the data available and the tolerances on the 
fit of the model response to the data.

The next part of Chapter 2 discusses the application 
of least-squares estimation to selecting the parameters of



the model to fit the samples of the system response. This 
section will show that only a set of linear equations must 
be solved to determine the parameters, whereas the computa
tion of the roots is much less tractable.

This chapter concludes with a root locus analysis 
of the sensitivity of the poles and zeros of the model to 
errors in the parameters of the model. This result implies 
that widely different combinations of poles and zeros can 
yield nearly identical responses.

Chapter 3 will present the implementation of the 
analysis method. Phase variables are used to represent 
the system in state variable form. A computer simulation 
package, called DARE-P, is used to obtain the response of 
the model defined in phase variable representation. A 
discussion of the computational method for computing the 
parameters of the model, the poles-zero characteristics of 
the model, and the response of the model to step and 
impulse inputs follows.

Chapter 4 presents the implications of the theory to 
several cases of interest. Results and observations are 
based on three primary factors: (1) the order of the
approximating model, (.2) the matching portion of the 
response, and (3) the sampling interval. If the model is 
the same order of the original system, the least-squares 
approach yields a model nearly identical to the original 
system, as expected. However, the lower order matching is



tougher. Poor results can occur if either the numerator 
coefficients or the denominator coefficients of the model 
are based upon a small portion of the response. If the 
sampling interval varies as an independent variable of 
the model, an interesting pole-zero trajectory is observed.



CHAPTER 2

MODEL SYNTHESIS CONSIDERATION

2.1 Sampling the Output Response 
We wish to select a set of samples from the output 

response of the prototype system which will yield a fair 
representation of system response. It is well known that 
more than two samples per cycle of the highest frequency in 
the response are required.

If the continuous time signal f^(t) is bandlimited 
with a cutoff frequency below tt/T, then the discrete 
Fourier transform (DFT) of the ensuing number sequence is

F (ej“T) = Fa (w ) |o)| < tt/T

where F& (to) is the Fourier transform of f^(t) . If the 
original waveform is bandlimited to within tt/T, then the 
sample sequence f(k) is uniquely related to its analog 
counterpart f̂ (.t). The precise reconstruction of f (t) 
requires past and future values of f(k) which precludes 
exact real time data reconstruction with a finite number 
of samples. Practical processing of these data requires 
at least five samples per cycle of the response.

The resolution of the DFT depends upon the length 
of the sample. Two sinusoidal components in the response



can only be resolved if the reciprocal of length of the 
sample is less than the difference frequency (in Hertz).
In the examples shown in Chapter 4, the long term (i.e., 
low frequency components) response of the model differs 
significantly from the ideal if the samples of the response 
are taken over less than one period of the response. In 
this case, the samples, which are bunched together, give 
very little indication of the envelope of the response.

Example: Determine the frequency resolution of 2N
samples of a sinewave. Define the sinusoid by a complex 
exponential.

jw kT o

f(k) = <

I

< N

> N

then the DPT is a periodic sequence of pulses^

F(ei“T)
sin. [ (ro-m ) (H+0.5)T]

sin [ (a)-too) T/2] centered at w=w^+2nw/T 
n = 0, ±1, ±2, ...

The pulses are symmetric about the center frequency with 
amplitude 2N + 1, and the major lobe of each pulse is of 
width Aw = 4tt/ (2N+1) T. Thus, if the resolution is defined 
as 1/2 the width of the major lobe, then

Resolution = (2N+1)T Hz
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Note that (2N+1)T is the total duration of the sample of the 
sine wave. For large N, the transform approaches sharp 
pulses, each with an area given by 2tt/T. In the limit, the 
DFT approaches a sequence of impulses of amplitude 2ir/T 
centered at a)Q + 2n7r/T, n = ±1, ±2, ... .

2.2 Mathematical Approach 
A model of a system can be defined by a transfer 

function, H(s), which is a ratio of the Laplace transform 
of output, Y(s), to the Laplace transform of input, U(s), 
with zero initial conditions. For single-pole models, the 
transfer function H(s) can be written in terms of ratio of 
two polynomials, such as

H(s> ’ m i r  = urlrr < 0 <2.u
where 3̂  are the poles or singularities in the complex 
frequency plane, and B^ are their corresponding residues'.
And the degree of the denominator D(s), N is the order of
the system. It should be noted that the poles ŝ  must be
in complex conjugate pairs in order to ensure that H(s) is 
real (VanBlaricum and Mittra, 1975).

N s . t
h(t) = 1 [H(s)3 = Z B. e  ̂ (2.2)

3=1 1

.One can write the impulse response y(t) as

y(t) = [Y (s) ] = [H (s) ] = h(t) (2.3)



Now, assuming a model is represented by Eg. (2.2) (Dudley, 
1977), our task is to find the Bj and ŝ  to represent the 
system from a given impulse response, y(t). This is 
illustrated in the following manner.

We sample the continuous impulse response y(t) to 
obtain a sequence of discrete impulse response y ,

y = y(nT) 0 < ji < M+N-l (2.4)n — —

where N is the order of the system, N + M is the total 
number of sampling points, T is the sampling interval, such 
that the sampling rate is above the Nyquist frequency.
Assume that the first sample is taken at the time origin. 

Rewrite Eg. (2.3) in discrete form,

N w . nT
y = y (nT) = E B . e -1

j=l 3
or

N s.T n
y = Z B. (e 3 ) (2.5)
n j=l 3

Now, by defining complex variables (Z.) by]
s.T

Zy = e j = 1, 2, ..., N (2.6)

Eg. (2.5) becomes.
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Since there are N Z^'s, let us construct a 

polynomial, such that

N N
P(z) = n (z-z.) = £ a z (2.8)

j=l -1 m=o 111

with aN = 1.
A sub-task is to relate the a^'s in Eg. (2.8) to 

the given impulse response and then to find the roots of 
P (z) (i.e., Zy's). We want to show that

N
% ain y +k = 0 for any k (2.9)

m=o

Using Eg. (2.7), the left-hand side of Eg. (2.9) becomes

m+k.
j Zj ]

N N— E
Bm=o

N N
E

m=o j-i Bj

Interchanging the order of

N N
£

j=l m=o ^  "j

N k N= £ B. z. £
j=l -*  ̂m=o 

N
But since P(z^ ) = Z am im=o

-  ■ N£
j=l

Bj z^ P(z.

,m „k

,m „k

m (2.10)

(2.11)
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is equal to zero. Therefore, the relation of the impulse
response to the coefficient, a 's ism

N
am ym+k = 0 <2-12>m=o

Since a^ equals one, Eq. (2.12) becomes

aN yN+k + Z am ym+k = 0 (2-13)m=o

Z am ym+k = -%fk (2-14)m=o

Notice that there are only N a 1s that are unknown-t m
and thus N equations are sufficient to obtain these N 
unknowns (i.e., pick only N consecutive values).

Given a noiseless actual process g(t) of nth order, 
to match model y(t) of the same order to the actual 
process g(t), N-sample points are sufficient; that is,

y(kT) = g(kT) k = 0, 1, ..., N-l (2.15)

Then, from Eq. (2.14),

N-l
Z Vhk am = -gK+k k=0' 1..... N-1 (2-16)m=0

Now, obtain for the polynomial coefficients a 's and then~ m
obtain roots of Eq. (2.8).

In zaBecause of Eq. (2.6), sy = — — — are the poles of 
the model, this process is equivalent to the Prony method.



However, if the given actual process contains noise, or 
if a lower model is matched to the original high order 

system, then y(t) cannot always match g(t) for every t. To 
get the best match on M+N-l points of the process g(t), the 
least-squares method is applied. We minimize

M-l 9
e = £ ef (2.17)

k=0

where e^ is the generalized error, or "residual," which we 
define to be the difference between the difference equation 
describing the actual system and the same difference 
equation with the model substituted for the system, viz. 
(Dudley, 1977), . ‘

ek = -  am 9m+k - z ^  ym+k <2-18>m=o m=o

Now, substitute Eq. (2.18) into Eq. (2.17).

M-l N N ~
e = Z (. Z am g - Z am y ) (2.19)

. k=o m=o m=o

and by employing Eq. (2.12), Eq. (2.19) reduces to

M-l N 9
e J  (  ̂ am W  (2"20)k=o m=o

To minimize the error subject to the constraint a^=l.
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Z [2( Z an gn+k + gN+k)gm+kl = 0 (2.23)
k=o n=o

VZ [(9N+k + 1 an gn+k)9m+k] = 0 (2'24)k=o n=o

Z an gn+k = " gN+k (2.25)n=o

Equation (2.25) can be solved by the Hankel Matrix equa
tion

— —  — ,
go gl * * * 9N-1 ao "gN

gl g2 • • • g N al -gN+l

gM-2 9M-1 * * * gM+N-3 aN-2 _gM+N-2

9M-1 gM * * * 9M+N-2 aN-l _gM+N-l
—

or written in matrix form as,

GA = G (2.27)
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where G is an M*N matrix, A is the N-term column vector of 
coefficients, and G is a M-term column vector„ From Eq„ 
(2.27), if we suppose that the rank of matrix G is N, and 
the columns of G are linearly independent, the following 
unique solution can be derived.

A = G+ G, (2.28)

where

G+ = (GT G) -1 GT (2.29)
-fand G is Moore-Penrose pseudoinverse of G.

Now, by using Eq. (2.29), one can find G+, and by
Eq. (2.28), one can find the A, the N-term column vector
of coefficients, given that a^ = 1.

After the a 1s are formed, the roots of the m
denominator are. used to find the z^'s and the poles in the 
s-domain of the transfer function H(s). Choosing N values 
of yn, and using Eq. (2.7), the B^1s can be found. There
fore, the model represented by Eq. (2.5) is obtained to 
match the given process g(t). The choice of the N points 
for the numerator will affect the numerator in much the 
same way as this choice affects the denominator.

2.3 Root Sensitivity 
Once the coefficients of the model are determined 

from the least-squares estimation, the roots of the 
characteristic polynomial may be calculated by factoring
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the polynomial. This section shows that the sensitivity 
of the root positions to variations in the coefficients of 
the polynomial is of the same order as the polynomial.
This worst case condition occurs when the roots of the 
characteristic polynomial are close together as shown below. 
This implies that widely different pole-zero patterns can 
have nearly the same response.

For the characteristic polynomial,

n- 1 .
CP = Z c. s = 0 (2.30)

i= 0  1

Assume that the parameters c^ can change by an amount 
proportional to A from their nominal value. Each coeffi
cient may be represented by

c^ = c? + n^A (2.31)

0where c^ is the nominal value of the coefficient. Then the 
characteristic polynomial becomes,

n-l 0 . n- 1  i
Z cY s + A Z n. s = 0 (2.32)

i=0 1 i=0 1

This equation may be case into the conventional 
root locus format by dividing through by the first sum of 
terms,

Z n . s1
1 +-A----  ̂ r = 0  (2.33)

Z cY s 1
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If we view the A as a gain, and the ratio of polynomials as- 
an open loop transfer function, then the conventional root 
locus will yield the variations in the roots as the 
parameters change. The gain A is thus given by the product 
of the distances to the open loop poles divided by the 
product of the distances to the zeros.

Example: For the characteristic polynomial

3 2CP = s + c„s + c,s + c 2 1 o

with the coefficients given by.

c^ = 2 + A 

co = 1

The root locus is shown in Fig. 2.1. The variation required 
to move the pole to -1 -e is given by the distance to the 
poles divided by the distance to the zeros which is nearly,

A _ e * 1 * 1A - I
The worst case sensitivity occurs when the distance to the 
poles is very small. This may happen if several poles are 
all clustered together. For example, if the above coeffi
cients are changed to
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i /
//

\
V \

A

0.86]

j
-H<£k\°*5 /

\  A
-0.86]

Fig. 2.1 Root Sensitivity Case 1

the three poles are all at -1. The gain A for a change of 
e in the roots becomes,

A = E 3

Thus, a change of less than 0.1% in the parameter can 
cause a 10% change in the roots (Fig. 2.2).
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-- jl.O

(3) ■n0 »v̂ x
-H 6 k-- 1

- -jl.O

Fig. 2.2 Root Sensitivity Case 2



CHAPTER 3

MODEL SYNTHESIS IMPLEMENTATION

3.1 Phase-Variable
Matching a lower order system to a higher order 

system, through the utilization of.the impulse response of 
the two systems, is the basis for this part of the study. 
The procedure commences by obtaining the impulse response 
of the given system.

. The most direct method is to construct the hardware 
realization of the system and then obtain a step response, 
which is accomplished by applying a step input to the 
hardware system. The derivative of the measured step 
response produces the impulse response; however, imple
menting the system can be very expensive, laborious, and 
impractical.

Alternatively, computer simulation can be applied; 
more specifically, the DARE-P simulation package (Differen
tial Analyzer REplacement) is designed for exactly this 
purpose.

The DARE-P model description accepts only first 
order differential equations.; Phase variables are con
venient for converting a differential equation to state

18
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variables because they simply consist of one variable and 
its n- 1 derivatives.

Considering a general case, a system can be repre
sented by the block diagram shown in Fig. 3.1.

u 'n-1 * " ' 1 * * . . . + cn s + c1 os' n , ^n- 1  s + a ,s +... n- 1 + a^s + a 1 o

Fig. 3.1 Block Diagram Representation of a General System

The transfer function is separated into two parts 
as shown in Fig. 3.2. Therefore,

T(s) = = ortf ' H f y  (3el)

where,

X {s) _ ______________1_____________  /̂  2 )
U 's> " sn + a 1 sn - 1 + ... a. s + a ‘ ’n- 1 1 o

and

ilsT cn-lS + Cn-2S + ... + c!s + c 0 (3.3)
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U ) 1 X> C , sn ■*■+... +c n- 1 o Y>
sn + a , sn ■*" + ...+ a n- 1 o

Fig. 3.2 Alternative Block Diagram Representation

The transfer function of Eg. (3.2) can be repre
sented by a set of phase-variable equations.

Let x(t) = x^(t)

x1 (t) = % 2  (t) 

x2 (t) = x3 (t)

*n-l(t> = xn (t)
x (t) = -q x_(t) - a1x0 (t) ... a nx (t) + un o 1 1 z. n—i n

(3.4)

The second transfer function in Eq. (3.3) is the 
output equation such that the output, Y(s), is

Y(s) = ( c ^ s " - 1 + cn_2 sn - 2 + ... + c^s + c q ) X(s) (3.5)

and by using Eq. (3.5) , smX (s) -->Xm (t), and the phase
variables in Eq. (3.4) provide us with

y(t) = cn_ixn t̂  ̂ + cn-2Xn-l^t  ̂ + —  + clx 2 + coXl^t^
(3.6)
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Thus, the total phase-variable representation of the

transfer function has the following form.

0 1 0 . . 0 0 0

0 0 1 . . 0 1 0

x (t) = • • • • • x (t) + •

0 0 0 . . 0 1 0

"ao -al 3.2 • •* _an- 2 an-l 1

u (t)

(3.7)

y(t) = [co Cl ... cn _ 2 cn_1] x(t) (3.8)

3.2 DARE-P
DARE-P, developed at The University of Arizona, is 

used to simulate the system. The DARE-P is a user-oriented 
simulation language (Wait, 1977). A DARE-P system consists 
of basically four sections: control cards, model descrip
tion, initial condition, and output request (refer to 
Wait, 1977 on how to use control cards to run DARE-P in 
the Cyber 175 at The University of Arizona).

The model description section is the major section 
of the program. It consists of different functional 
blocks (refer to DARE-P user manual for detailed informa
tion) . For a simple application, a derivative block, which 
is begun by $D1 in column two, is sufficient. A derivative 
block is used to describe the system to be simulated by a
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set of first order equations. The format of state equations 
is the state variable followed by a period ".11; this 
signifies the first derivative of the state variable, which 
is followed by an equal sign "=" and, finally followed by an 
arithmetic expression.

The DARE-P application can be illustrated by 
simulating a fifth order Butterworth system which is 
represented by Eq. (3.9).

T (s) = f---— t------^ -----o---------  (3.9)
s + 5s + 10s + 10s + 5s + 1

Using the phase-variable technique as described in 
the previous section, we obtain the following state 
equations:

* 1
(t) X 2 (t)

X 2 (t) = x3(t)

*3 (t) = X4 (t)

*4 (t) = X5 (t)

X5 (t) = X 1 - "2 3 4 5

and the output equation is

y(t) = x^(t) (3.10)

State variable equations are translated to DARE-P 
statements in the model description block directly as 
follows:
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$D1

XI. = X2 
X2. = X3 
X3. = X4 
X4. = X5
X5. = -XI - 5.0*X2 - 10.0*X3 - 10.0*X4 - 5.0*X5 + U 
Y = XI

END

After defining the aforementioned system in the 
model description block, we also need to supply initial 
conditions and other parameters to the DARE-P in order to 
simulate the process. In the initial condition section, 
parameters can be defined by a variable name followed by an 
equal sign "=," and then followed by the value or expression 
to be assigned. The only parameter necessary in this 
section is a maximum time value, TMAX; otherwise a fatal- 
error will occur in run-time. If the values of other 
parameters have not been provided in the initial condition 
section, default values will be supplied by DARE-P; unde
fined variables are initialized to be zero, unless user 
specifies another value.

In our example, the maximum time is twenty units 
(seconds) and the input is a step. Thus, the initial 
condition section would be as follows:



TMAX = 20.0 
U = 1.0 
END

The final portion of the program is the output 
request section. For a simple simulation program, the 
result of simulation is stored in a time file. Special 
request can be used to store results in SAVE, CROSS, and 
STASH files. Results of the simulation are then extracted 
from the files in readable forms by output requests. Two 
common output forms are time-printer listing and time- 
printer plots.

If a listing and a plot of the output Y against the 
time T is desired, the following two output requests can 
be used:

LIST Y 
PLOT Y 
END
6/7/S/9

Again, we do not intend to describe a complete and 
detailed DARE-P user-operation procedure in this thesis.

3.3 Programming Description
In Chapter 2, we explained the computational con

sideration in matching two systems. In the previous 
section, a simulation using phase variable representation



and DARE-P language to obtain the impulse response of a 
given system, was discussed.

The simulated impulse response of the given system 
is used in a permanent file, called BUFF2. The data are 
provided to a program called MAIN, to construct a model 
which matches the given system response. Program MAIN is 
based on the algorithm discussed in Chapter 2.

The following block diagram of the total program 
(Fig. 3.3) and flow chart of the main program (Fig. 3.4) 
display the basic structure of the program.
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Building Data
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Running MAIN

RUN

Use DARE-? to generate 
data points. Put data 
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Use "BUFF 1" and elimi
nate page ejects and 
headings. Put new file 
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FIX

DARE-P

MAIN

Fig. 3.3 Block Diagram of Total Program
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Read INT,NR,NC,ISTOP
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Fig. 3.4 Flow Chart of MAIN
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wnere

•U-l

IFINS=

/ /  is 
N C >  ISTO

NC = N C + INC

Call COMPARE to 
Compare new A 
with previous A; 
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is the result of 
less No. of data

Set IFINE tof»1 n , if result
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Otherwise, IFIHE
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Ln Z.
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T=sampling 
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Call ROOT to 
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roots of poly
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^wnere_ To calculate S ' s 
the ooles of H(s)

Call CGJSEQ to 
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responding resi
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where ̂ i  m^  2_, bj zj j=i
m= 0,1,...,2N-1

Fig. 3.4— Continued



CHAPTER 4

RESULTS AND CONCLUSION

4.1 Results
This chapter presents, the results and implications 

of the synthesis of the model from a portion of a given 
system response. The synthesis method, which is discussed 
in previous chapters, has three major factors: (1 ) the order
of the synthesis model, (.2 ) the portion of the response to
be matched, and (3) the sampling interval which determines 
the number of data points within the portion of interest.
A 6 th order Butterworth system, whose transfer function is 
defined in Eg, (14,1)., is used to illustrate the synthesis. 
The impulse response of the following 6 th order system is 
matched with different models.

H(s) = ■ ■ -1-— g- (4.1)
(s+1 )

Three tables. Tables 4.1, 4.2, and 4.3, are constructed to 
give results of different runs by varying the three inde
pendent parameters, Three different order models are 
synthesized to match the 6 th order response, A table for 
each of the 3rd, 4th, and 5th order models is illustrated 
in Table 4.1, 4.2, and 4.3, respectively; each table is 
organized by columns and rows. The columns are associated

29



Table 4.1 3rd Order Synthesized Models -—  All the models in the tables consist .of 
N-l denominator coefficients listed in the left-hand columns (under 
"N") in ascending order from a0 to aN_j, where AN =1.0. N-2 numerator
coefficients are listed in the right-hand columns (under "D") in 
ascending order from c0 to cN_2 , where cN_3_ and cN are equal to zero.

Sampling Interval (sec.). .
Matching 

Time 
(sec.)

2 . 0 sec. 1 . 0 sec. • 0 . 8 sec. 0.4 sec.
N D -N D . N D N D

7 (A-l) 8 pts. (A-5) 1 0 pts. (A-9) 19 pts. (A-13)
Insufficient 
amount of 
sampling points

-0.1035 
0.6612 

" -0.2283
0.0294

-0.0118
-0.0765
0.6121

-0.1595
0.0234

-0.0079
-0.1004
0.6606

-0.2684
0.0066

-0.0017

14 8 pts. (A-2) 15 pts. (A-6 ) 19 pts. (A-10) 36 pts. (A-14)
0.0890 
0.5120 . 

' 0.8644
0.0987

-0.0893
0.0358
0.4044
0.3441

0.0389
-0.0174

0.0293
0.4095
0.2773

0.0279
-0 . 0 1 0 0

0.0160
0.4227
0.1470

0.0072
-0.0013

16 9 pts. (A-3) 17 pts. (A-7) 2 1 pts. (A-11) 41 pts. (A-15)
0.0907
0.5137
0.8739

0 ’0915 
-0.0904

0.0362
0.4040
0.3466

0.0391
-0.0175

0.0297
0.4089
0.2803

0.0280 
'-0 . 0 1 0 1

0.0164
0.4224
0.1480

0.0724
-0.0013

2 0 1 1 pts. (A-4) 2 1 pts. (A-8 ) 26 pts. (A—12) 51 pts. (A-16)
0.0909
0.5140
0.8754

0.0916
-0.0906

0.0362
0.4039
0.3469

0,0390
-0.0175

0.0298
0.4088
0.2805

0.0280
-0 . 0 1 0 1

0.0162
0.4223
0.1481

0.0724
-0.0013



Table 4.2. 4th Order Synthesized Models —  For explanation of table, see Table 4.1.

Sampling Interval (sec.) . . .
Matching

Time
(sec.)

2 . 0 sec. 1 . 0 sec. 0 . 8 sec. . f 0.4 sec.
N . D N D N D N D

7 (IB-1 ) 8 pts. (B-5) 1 0- pts. (B-9) • 19 pts. (B-13)
Insufficient 
amount of 
sampling points

0.1617
0.3268
0.1160
0.9949

0.0992
-0.0444
0 . 0 1 1 1

0.1585
0.2180
1.5391
0.7897

0.0861
-0.0344
0.0071

0.1770
-0.1296
1.5201
0.1614

0.0505
-0.0129
0.0014

14 8 pts. (B-2) 15 pts. (B-6 ) 19 pts. (3-10) 36 pts. (B-14)
0.2551
1.3130
2.6451
2.4970

0.2638 . 
-0.1766 
0.1782

0,1310
0.6773
1.6126
1.5431

0,1278 
-0i 0647 
0.0190

0 . 1 1 1 2
0.5366
1,4324
1.2482

0.1041
-0.0454
0.0103

0.0869
0.2363
1.2103
0.5581

0.0561
-0.0148
0.0016

16 9 pts. (B-3) 17 pts. (B-7) 2 1 pts. (B-ll) 41 pts. (B-15)
0.2601
1.3371
2.6480
2.5251

0.2694 
-0.1804 
0 i1876

0.1312
0.6799
1.6144
1.5486

0.1281
-0.0649
0.0191

0 . 1 1 1 2
0.5378
1.4325
1.2505

0.1042
-0.0455
0.0103

0.0867
0.2375
1.2091
0.5601

0.0561
-0.0148
0.0016

2 0 ll_pts. (3-4) 2 1 pts. (B-8 ) 26 pts. (B-12) 51 pts. (B-16)
. 0.2618 
1.3451 
2.6971 
2.5350

0.2713
-0.1817
0.1910

0.1312
0.6803
1.6146
1.5494

0.1281 
-0.0645 
' 0.0191

0 . 1 1 1 2
0.5380
1.4325
1.2510

0.1042
-0.0455
0.0103

0.0867
0.2377
1.2092
0.5603

0.0561
-0.0148
0.0016



Table 4.3 5th Order Synthesized Models —  For explanation of table, see Table 4.1.

Sampling Interval (sec.)
Matching 

Time 
(sec.)

2 . 0 sec. • 1 . 0 sec. 0 . 8 sec. 0.4 sec.
N D N D N D N D

7 (C-l) (05) 1 0 pts. (C-9) 19 pts. (C-13)
Insufficient 
amount of 
sampling points

Insufficient 
amount of 
sampling points

0.2946
1.7867
4.0319
5.1017
3.1364

0.3043
-0.0787
0.0161

-0.0029

0.1643
1.5173
2.7364
4.3128
2.3401

0.2230
-0.0391
0.0050

-0.0004

14 (C-2) 15 pts. (06) 23 pts. CC-10) 36 pts. (C-14)
Insufficient 
amount of 
sampling points

0.3812 
2.1628 
4.9940 
5.9416 
3.6609

0.3812
-0.1273
0.0329

-0.0095

0.3397
1.9450
4.5260
5.4844
3.4308

0.3401
-0.0983
0 . 0 2 2 2

-0.0045

0.2352
1.4314
3.2414
4.3353
2.6231

0.2402
-0.0449
0.0061

-0.0005

16 ' (C-3) 17 pts. (07) 2 1 pts. CC-11) 41 pts. (C-15)
Insufficient 
amount of 
sampling points

0.3826 
2.1699 
5.0098 
5.9568 
3.6690

0.3825
-0.1282
0.0333

-0.0096

0.3402 
1.9474 
4.5316 
5.4897 

• 3.4341

0.3404
-0.0985
-0.2232
—0.0046

0.2354 
1.4315 
3.2441 
4.3359 

. 2.6349

0.2403
-0.0449
0.0061

-0.0005

2 0 1 1 pts. (.04) 2 1 pts. (C-8 ) ,26 pts. (C-12) 51 pts". (C-16)

•
0.5441 0.5351 
2.9890 -0.3197 
6.6352 0.0454 
7.4603 -0.1199 
4.2660

0.3829 
2.1715 
5.0134 

' 5.9602 
3.6709

0.3828
-0.1284
0.0333

-0.0096

0.3403
1.9480
4.5331
5.4911
3.4350

0.3405
-0.0986
0.0223

-0.0046

0.2354
1.4316
3.2445
4.3360
2.6252

0.2403
—0.0449
0.0061

-0.0005
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with the sampling interval and the rows are associated with 
the length of the sample response.

The first consideration is the order of the model 
which attempts ito match a given response. It is quite 
obvious that the lower order model has more difficulty in 
matching a rapidly changing high order response. Typically, 
the response of a lower order system has less variation in 
the time domain. Figure 4.1, the 3rd order synthesis 
response (A-7 in Table 4.1), is illustrative of this fact 
in that it does not follow the 6 th order response as well 
as the 4th order (B-7 in Table 4.2) shown in Fig, 4,2; 
which, in turn, does not match as well as the 5th order 
(C-7 in Table 4.3) shown in Fig. 4,3, with the same matching 
time and sampling interval as the 3rd order. In most 
cases, a substantially lower order system cannot satis
factorily match the higher order system.

The coefficients of the characteristic equation vary 
as different portions of the response are being matched. As 
the length of the matching portion increases, the frequency 
resolution improves since more information about the 
response is contained in the samples. In general, the 
response should be observed up to, or at least close to, 
steady state. If the response portion under examination 
is long enough, differences in the length of the sample 
only cause a little change in the denominator coefficients. 
The variation of the coefficients corresponding to the
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Fig.
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4.1 Impulse Response of 3rd Order Synthesized Model 
A-7 (from Table 4.1) (1) Compared with the
Original 6 th Order System (2).
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4.2 Impulse Response of 4th Order Synthesized Model 
B-7 (from Table 4.2) (1) Compared with the
Original 6 th Order System (2).
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Fig.
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4.3 Impulse Response of 5th Order Synthesized Model 
C-7 (from Table 4.3) (1) Compared with the
Original 6 th Order System (2).
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variations in the sample length of six 4th order models is 
provided in Table 4.4 (i.e.. Table 4.4 consists of six 4th 
order models which were synthesized with a sampling 
interval of 0 . 8 seconds as the sample length increased from
5.6 seconds to 13.6 seconds). For example, the coefficient 
a2 for 5.6 seconds to 7.2 seconds, a difference of 1.6 
seconds, changes from 1.9424 to 1.5391. However, as the 
sample length increases from 1 2 . 0  seconds to 13.6 seconds, 
the variation (1.4321 to 1.4323) is small.

Depending on the pole-zero configuration of the 
original system, the change of the poles and zeros of the 
model may change substantially; however, the response varies 
little. (Recall the discussion of root sensitivty in 
Section 2.3). On the other hand, if the sample length is 
too short, the resolution in the frequency domain is worse 
and, in particular, the low frequency response is lost. 
Therefore, the model response does not match the original 
response over the long term. In some cases, the poles may 
even move across the jm axis to the right-half plane and ah 
unstable model results. Typical results due to variations 
in the sample length are shown in Figs. 4.4 (D-l in Table 
4.4), 4.5 (D-4 in Table 4.4), 4.6 (B-ll in Table 4.2),
4.7 (B-12 in Table 4.2), and 4.8, Figures 4.4, 4.5, 4.6, 
and 4.7 show the response of the synthesis models comparing 
with the original impulse response of the 6 th order system. 
Observe that in Figs. 4.6 and 417, the responses of the
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Table 4.4 Six 4th Order Synthesized Models as Matching Time 

Increases from 5.6 to 13.6 Sec. —  Sampling 
interval = 0 . 8 sec.

H(s)
c2s2+c 1s+c 0

4 3 2 s +agS +a2s +a1 s+aQ

Matching Time (sec.)
. 5.6 7.2 8 . 8 10.4 1 2 . 0 13.6

No. of Pts.
Coeff. 8 1 0 1 2 14 16 18

/ (D—1) (D-2) (D-3) (D-4) (D-5) (D-6 )
c 0 0.0694 0.0861 0.0956 0.1007 0.1031 0.1039

. C 1 -0.0250 -0.0344 -0.0401 -0.0433 •-0.0448 -0.0453

c 2 0.0045 0.0071 0.0087 0.0096 0 . 0 1 0 1 0 . 0 1 0 2

a o 0.3758 0.1585 0.1213 0.1133 0.1116 0 . 1 1 1 2

a l -0.4407 0.2180 0.4171 0.4945 0.5248 0.5348

a 2 1.9424 1.5391 1.4526 1.4346 1.4321 1.4323

a3 0.2438 0.7897 1.0460 1.1707 1.2254 1.2447
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Fig. 4.4 Impulse Response of 4th Order Synthesized Model 
D-l (from Table 4.4) (1) with Matching Time 5.6
Sec. Compared with the Original 6 th Order System 
(2).
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Fig. 4.5 Impulse Response of 4th Order Synthesized Model 
D-4 (from Table 4.4) (1) with Matching Time 10.4
Sec. Compared with the Original 6 th Order System 
(2) .
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Fig. 4.6 Impulse Response of 4th Order Synthesized Model
B-ll (from Table 4.2) (1) with Matching Time 16.0
Sec. Compared with the Original 6 th Order System 
(2)
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Fig. 4.7 Impulse Response of 4th Order Synthesized Model
B-12 (from Table 4.2) (1) with Matching Time 20.0
Sec. Compared with the Original 6 th Order System 
(2 )
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models with sample lengths of 16.0 seconds to 2 0 . 0  seconds 
are almost the same. However, the response of Fig. 4.4, 
the model with a sample length of only 5.6 seconds, is 
worse; it only matches in the beginning.

Figure 4.8 shows the trajectories of the poles and 
zeros of the four abovementioned models. As the sample 
length decreases, the poles and zeros move toward the right. 
In the case where the matching time is short, the complex 
poles are in the right-half plane.

The sampling interval is usually related to the 
Nyquist frequency. However, the Nyquist requirement on the 
sampling frequency is a sufficient condition but not always 
necessary for reconstruction of the original signal. As 
the sampling frequency gets higher, the error increases. 
Therefore, an increase in the sampling rate does hot neces
sarily improve the result. In this example, the best 
synthesis model is obtained when sampling frequency is 
close to the Nyquist frequency.

In the 6 th order system, let us take the approxima
tion that the frequency at which the response is -60 db down 
from the maximum (D.C.) amplitude will be the highest 
frequency component of the system. The cutoff frequency of 
the system is 1 rad/sec. and the slope Of the response 
beyond the cutoff frequency is -120 db/decade. Therefore, 
bandlimit frequency is nearly



where x = 0.5
then wB = (1) (.10)0.5 rad/sec.

= (iQ) 0.5B 2n 0.5033 HZ

The Nyquist frequency is

= 2 fg =1.0066
- 1 HZ

Hence, the sampling interval should be less than 1 second 
to satisfy the Nyquist condition.

Figures 4.9 (Bt4 in Table 4.2), 4.10 (B- 8 in Table 
4.2), 4.11 (B-12 in Table 4.2), and 4.12 (B-16 in Table 4.2) 
give comparisons of the response from the synthesized

this example. The response of the model (B-4 in Table 4.2) 
with a sampling interval of 2 seconds, in Fig. 4.9, gives 
a good result. (For further comparison between the 
responses of the above-referenced models, model responses 
are plotted in the same graph as shown in Fig. 4.13.) A 
root-ldcus is plotted as a function of sampling frequency 
as shown in Fig. 4.14. An interesting pole-zero trajectory

1 sec.

models as the sampling interval changes. The results show •
that the Nyquist frequency is not a necessary condition in
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Fig. 4.9 Impulse Response of 4th Order Synthesized Model 
B-4 (from Table 4.2) (1) with Sampling Interval
2.0 Sec. Compared with the Original 6 th Order 
System (2)
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Fig. 4.10 Impulse Response of 4th Order Synthesized Model 
B- 8 (from Table 4.2) (1) with Sampling Interval
1.0 Sec. Compared with the Original 6 th Order 
System (2)
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Fig. 4.11 Impulse Response of 4th Order Synthesized Model 
B-12 (from Table 4.2) (1) with Sampling Interval
0.8 Sec. Compared with the Original 6 th Order 
System (2)
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Fig. 4.12 Impulse Response of 4th Order Synthesized Model 
B-16 (from Table 4.2) (1) with Sampling Interval
of 0.4 Sec. Compared with the Original 6 th 
Order System (2)
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Fig. 4.13 (a) Impulse Response and (b) Step Response of
Four 4th Order Synthesized Models B-4 (from 
Table 4.2) (1), B- 8 (from Table 4.2) (2), B-12
(from Table 4.2) (3), and B-16 (from Table 4.2)
(4) as Sampling Interval Changes from 2.0 to 
0.4 Sec.
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Fig. 4.14 Trajectories of (a) Poles and (b) Zeros of Four 4th Order Synthesized 
Models B-4 (from Table 4.2) (1), B- 8 (from Table 4.2) (2), B-12 (from
Table 4.2) (3), and B-16 (from Table 4.2) (4) as Sampling Interval
Changes from 2.0 to 0.4 Sec.
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is observed. As the sampling interval gets smaller, the 
poles move toward the imaginary axis and the zeros move 
away from the imaginary axis. The finer sampling intervals 
cause the damping factor of the poles to be smaller and 
the response in the time domain to vary more rapidly. This 
observation may be caused by the fine sampling which 
introduces higher frequency components in the response.
The high frequency content is reflected in the reconstruc
tion of the response in the time domain of the model. (For 
more comparisons, refer to the root-locus, impulse response, 
and step response of different models which are shown in 
Figs. 4.15, 4.16, 4.17, and 4.18.)

4.2 Conclusion 
This thesis has discussed a synthesis of a low 

order model from a given portion of the system response 
using computational techniques. Lower order models have 
more difficulty in matching a higher order response, 
especially if the response has a rapid response. A sub
stantially lower order system cannot satisfactorily match 
the higher order system; however, there are two interesting 
and new observations. As the sample length of the response 
portion to be matched decreases, the poles and zeros move 
toward the right. If the portion is too short, the complex 
poles might even move into the right-half plane. As the 
sampling interval gets smaller, the poles move toward the
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(1), A- 8 (from Table 4.1) (2), A-12 (from Table
4.1 (3), and A-16 (from Table 4.1) (4) as
Sampling Interval Changes from 2.0 to 0.4 Sec.
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Fig. 4.17 (a) Impulse Response and (b) Step Response of 3rd
Order Synthesized Model A-4 (from Table 4.1) (1)
Compared with the Original 6 th Order System (2)
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Fig. 4.18 (a) Impulse Response and (b) Step Response of
Four 5th Order Synthesized Models C-4 (from 
Table 4.3) (1) , C- 8 (from Table 4.3) (2) , 012
(from Table 4.3) (3), and 016 (from Table 4.3) 
(4) as Sampling Interval Changes from 2.0 to 
0.4 Sec.
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imaginary axis and zeros move away from the imaginary axis. 
The finer sampling intervals introduce high frequency 
content in the process of synthesis.

The observations on the effects of sampling factors 
that determine the trajectories of the poles and zeros of 
a system should be examined in future study. For instance, 
one may use sampling intervals as a parameter to study a 
digital control system.

In this thesis, our attention is concentrated in 
the least-square method to determine the poles of a system. 
More is warranted on the. determination of the zeros. One 
may be able to move both the poles and zeros using a 
parameter such that the response remains invariant. This 
would imply that the overall sensitivity of the poles and 
zeros to parameter changes is much worse than indicated 
in the literature cited above.
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